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NOTE:

This worksheet demonstrates Maple's capabilities in researching the numerical and graphical solution of the
variable boundary problem of a thick-walled cylinder of material enclosed in a thin metallic shell .

All rights reserved. Copying or transmitting of this material without the permission of the authors is not
allowed .

Abstract :

The relations between stress and strain in linear viscoelastic theory are discussed from the viewpoint of
application to problems of stress analysis. This consideration includes some important differences from the
estimation of linear viscoelastic laws for the representation of material properties , and the integral operators
expressing the creep function or relaxation function can be applied . By using of the differential operator for the
relation between stress and strain it is usually most convenient to solve some problems which have the variable
boundary .

Problem Definition

We consider a thick-walled cylinder of material enclosed in a thin metallic shell . ( Fig. 1)
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(Fig1).

The outer radius of cylinder : b ; the thickness of the metallic shell : 7 .

da

The inner radius a is assumed by : a(?), satisfied the condition dt
. The varying pressure influences upon the inner surface is a given function q(t) .
Notice that the tube and shell are under the plain strain conditions and the material is incompressible.

By setting . the radical stress , “5 . the circular stress ,

u(r,1) : the radical displacement ,
i du -
A

i
¥ are the deformation respectively .

The diferential equation of equilibrium:
Bywhat we introduce in (I) it follows that the diferential equation of equilibrium can be written consequently :
do o0,-0,
+2r—% g
dar r (1)

In this case we have the law of viscoelasticity relation :

gg,—0,=2G(e;—e,)

(2)
At the inner boundary : r=a , G = -q(t)
The circular deformation of the cylinder of material obtained by integrating :
: b1-v’
es(b)=—— a,(b)
& 3)

Here E and Y are the elastic constants of the shell material .

The second boundary condition : e= "¢ (b)
Because of incompressibility of material and zero axial strain :
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adu u t k(e
g,+e,=—+—=0 u(r.t)=—= k() gr:—.ge:_¥
a r it follows that : bz 2
) (4.29)
~ kit
g.—0, = = 4G (‘ )
From (2) we obtain : r 4)
do  ~k(t
- 4G {J ) =1
By substituting (4) to (1) , the deduction can be rewritten : dr r (5)
’*Gﬁc f
o) =220+ k@
Integrating (5) gives : (6)
By using the condition: r=a , g, = . q@)
LG;.:{r 2Gk(t
—g(0)=- 3'+k1m ho=228_ g0
then a and a (1) (7)
The relation (6) becomes
1 1 =
o, (r.1)= 2[ = 1]@:(:)—@(:)
a-{r g
)
b1-v’
g=—— a,(b)
Consider the second boundary condition : h E , then we arrive at the integral
equation for k(t) :
1 k(t 1
1) EL . ]Gﬁ:(r] 7@
)
inwhich we set up :
1 k(¢ 1
i ;}3' i 2[ - ]Gﬁ:(r) g(t)
c a-(r) (10)
. The equation (9) can be considered as especial case of the general formation :
KU; Tj: E(F)‘.ﬁ'(?—f:‘ (11)
The authors of [2] have considered the simplest case of a viscoelastic body expressed by formular :
2G = af— + G
ot (12)

Here & - B are the given constants defined by experiments on material . The equation (9) now becomes
differential for k() .

1 1] g
c)[ _! lkor=q0
{ Z) b \dr Z@) b)) b o)

From (13) , we find out the solution k(t) correspondently w1th choosing the functions a(t) and q(t) .
For examples , some authors have taken :




a,

Here q = const . [ S - E in case of elasticity , S = 37 incase of Newton's fluid ] . By
integrating (13) we obtain the solution of the viscoelasticity problem . In generally the differential equation for
k(t) would be established in symbolic form by using the operator :

a(t) =

&
~ B(I )
e o &
o= (1)
e (15)
Numerical and graphical solution:
Here we have used the parameters :
r=46 =13 a = L0 5= 1 25000000 &= 0 S0 MA0 00
w=05 &=13 4.1 Pp=2 G- 1 Ko — ol
(13) canbe rewitten as the following :
FI—-RE 1Yyd, % FoF1=-8F 17
i 5 ‘ Lf,r,'lll|]$| g |k|.‘.r‘,=;j
-« 7 - \“"TI ’ , F; & :c.- o {
“q g et
The analytic solution :
3 | "‘.‘::-ﬁ - 2
L ewt’s ['E]
ei, df, { Koo R ﬁ'llz' et {‘I::[
L g r = -
= N i e
e, I-_ ¥
|-
(-b* +b 51+ :a;‘.- :
ihe ey peessiom ol Nwedwme ki
J—4.5u (=12 + 0011 W o - oy |
e : 2
b e AN TYIES Pt
frote the given condidon &8 = 00 we obtain
R = asariazozy 10710 cd o ponamzessy 107 o pomaepzes vy 10V et

&l = 04542742027 10 ¢! 0.1

or=0z2013 1ol
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> restart;

with(DEtools):

a(t)=a[0]/sqgrt(1-delta*t);
eq:=alpha*(1/7a(t)"2-1/b"2)*diff(k(t),t)+(beta*(1/a(t)"2-1/b"2)-
1/ (b"2*c))*k()=q(D);

eq:=subs(a(t)=a[0]/sqgrt(1-delta*t),eq);

eq:=subs(q(t)=q[0].eq):

nok:=dsolve(eq,k(t));

(t) 4
a =
V1 —09t¢t

eq ::a(a(lt)z — —) (— (1))
+(B(M b) Z) HO =40
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nok =k(t) =

)[ cab?d

_qoa(z)b2<—b2+b26t+a(2)

cabld —

4 (a

dt

a

Bt

o

+ I e(_ )(—b2+b28t+a(2))[

cabld

ag

|

.5, b =1.5, a[0] = 1,

> restart;

with(DEtools):

cof = 1000:

eq := alpha*(1/7a(t)"2-1/b"2)*(diff(k(t), t))+(beta*(1/a(t)"2-1/b"2)-
1/(b"2*c))*k(t) = q(t);eq := subs(a(t) = a[0]/sgrt(l-delta*t), eq);
eq := subs(q(t) = q[0], eq);

nok := dsolve(eq, k(t));

nok := evalf(subs(c = 1.2, delta = 0.5e-2, alpha =

beta = 2, q[0] = 1, nok), 3);

u = k(t)/(r*cof);

cof :=1000

L1

eq —a —
! (a(t)z b?

(g
+ (B2

1 1
— - k —
P sz j (1) = q(1)
_ (1—& 1
eq :=a, —

ad

ag b?
1 1
] - —bzcj k(1) =q(1)

1—-0%¢+ 1
ag b




nok =k(t) =

[—cab28+a8} B
P+ 25+ agqoe(?)

a

dt

(-8 S
+ crlel *) (=P +pterta) M

I
k=k(t)= .
k) s Tooia [U

450 (—1.25 + 0.0112£)47 ¢(+900) g 4 _CI] e(4.oot))

1 k(t)
1000

u .=

> k() :=(int(-4.50*(-1.25+.112e-
1*s)M147 . *exp(4.00*s),s=0..1t)+.22013eld4)*exp(-4.00*t)/(-1.25+.112e-
1*t)N148.:

plot(k(t),t=0..6,labels=[t,"k(t)"],color=blue,style=line, linestyle=4,thickn
ess=2);



1.25

—_
=

kith o 75

=
g
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e

0 1 2 3 4 ] b
t

> plot3d(u, r

=0 .. 1.5, t=0 .. 6, axes = boxed, labels = ["r", "t(s)",
"u(r,)"1, grid =

[40, 401);
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6, axes = boxed,

= [40, 40])

gri

-k(t)/r"2;

plot3d(epsiloﬁ[r]/cof, r =0 .. 1.5,
['r, "t(s)”, "elr](r,)"],

> epsilon[r]
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plot3d(epsilon[theta]/cof, r = 0 .. 1.
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> epsilon[theta]



>

> restart;

k(t) = (Int(-4.50*(-1.25+0.112e-1*t)"147 . *exp(4.00*t), t)+_Cl)*exp(-
4.00*t)/(-1.25+0.112e-1*t)"148.;

I
k =
0 (—1.25 +0.0112¢)" [(

J—4.50 (—1.25+ 0.0112 )47 (4000 4

> k() :=(int(-4.50*(-1.25+.112e-
1*tau)™147 . *exp(4.00*tau) ,tau=0. .t)+.22013el4)*exp(-4.00*t)/(-1.25+.112e-
1*t)"148. - ;k0:=subs(t=0,k(t));

k0 ==4.542742027 1071 (—2.728896378 10"
+ 2.949026378 1014 &%) &

> edk := kO = .1;
Cl = evalf(solve(edk, C1), 5);

edk :=0.09999938024 = 0.1

Cl=()
> u:=k(t)/r/10"3:



epsilon[theta] :=k(t)/r"2/10"3:
epsilon[rt]:=-k(t)/r"2/10"3:

print(’* NUMERICAL AND GRAPHICAL SOLUTION ');
print(" OUTPUT  DATA ");

N:=10;

M:=6;

d:=1;

> for m from 1 to N do
r:=evalf(1.25*m/N,3);
u:=k(t)/r/10"3:

epsilon[theta] :=k(t)/r"2/10"3:
epsilon[rt]:=-k(t)/r"2/10"3:

printf(” t k(t) u(r,t) e[theta]
\n\n");
for J from O to M do
printf(""%10.1F %10.5F %10.5F %10.5F \n"", d*j,
subs(t=d*j,k(t)), subs(t=d*j,u), subs(t=d*j,epsilon[theta]));
end do;
end do;

1254 .
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kitl-analysis salution

knum
r

unum =

>
plot3d(u,r=0..1.5,t=0..6,axes=boxed, labels=[""r","t(s)","u(r,t)"],grid=[40,4
o0D:;

cof:=10"3:
epsilon[r]:=-k(t)/r"2:

plot3d(epsilon[r]/cof,r=0..1.5,t=0..6,axes=boxed, labels=["r","t(s)","e[r](r
.6)"],9rid=[40,40]);
epsilon[theta] :=k(t)/r"2:

plot3d(epsilon[theta]/cof,r=0..1.5,t=0..6,axes=boxed, labels=["r","t(s)","e[
th](r,t)"],grid=[40,40]);

with(plots):
N:=3;

for j from O to N do

a[0]:=1/(j+1):

plot([a[0]/sgrt(l-delta*t),a[0]/sqgrt(1-
delta*t),1.25,1.5],t=0..(1.95+j)*3600,color=[blue,blue,black,red],thickness
=[1,2,2,2],style=[line,point,point,point], labels=["t(s)","a(t)"],symbol=[di
amond,cross], linestyle=4,legend=[ "a(t) ", a(t) , b-h = 1.25","b = 1.57]);
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> func_bankinhtrong(50, 5.2, 2, 7, Hh);
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