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** Abstract : The Van der Pol differential quation issolved by averaging method .
** Subjects. Vibration Mechanics, The Differential equations .
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This worksheet demonstrates Maple's capabilitiesin finding the graphical solution and dealing with the stability of the steady s
tate solution of Van der Pol 's differential equation .
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We consider the Van Der Pol differential equation :_ XWX IT(l B )X 0
Two topics that we will be in discussion are

- Finding the steady state solution of this equation by averaging method .
- Estimating the stability of solution obtained .

1 .Define the model of pr oblem : We examine the effect of non-linear system under external force caused by the
AC generator (seefigl.)

Ea
1| |
I|| i

/__x Ecosvt
\ £ Ecosut

{_} - AC gﬁ.:nerator
R C : Capacity
zo— R : Resistance
L L L : Inductor
i 1 : Current intensity

(figl.)
The differential equation of thismodel is given in the form
11 1 X
LX"+(x- a)x'+— = Ecoswvt
¢ (1)

1 2 2 1 —_
After simplifying we obtain : X'+k* (X" - )X+Xx = ecosvt (2)

2 . Construct thealgorithm .
Generaly the Van Der Pol differential equation can be expressed by



[APPROVED

By CO HONG TRAN at 1:38 pm, Jun 24, 2009

X'+ f (x, X')X+g(X) = F(t) (3)

Inthe special caselet f(x,x')=m1- | x3) and g(X) =w°X
the equation will be rewritten as: X"+W2X- I’T(l- | X2)X': 0

n
X =~ xT=wt;m =—
By using the transform W (4)

= X W Y = X2
X' = IW,x' WW

Then VI and substitute these relationsto (2) it follows:
woX" L WPX | X2 QX' —
+52 - MWEE- S =
Nl N
" 2 [
o X"+X - m (1- X?)X'=0 (5)
o X'+x- m(1- x?)x'=0
Thus we begin with : (6)
To normalize this equation we find the solution which is expressed in the form
x=acos(t+ qg)
It is advantageoustowrite | = t+ g thenthesolutionwill be X = acog (7)

Fromthetransform X= aco§ , X = -asn

Wehave X' = dX'/dt = -a'sinj -acog .|

By substitutingto (6) , it gives
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- a'sinj - acosj j '+acosj - ml- a®cos’j ).(-asinj )=0 (8)

Intheotherhand  dx/dt = X = a'cog - asinj .J' = -asin (9)

Obviously we reach to the following system of differential equations

i- a'sinj - acosj j '=-m1- a®cos’j ).asinj - acosj

%a'cosj - asinj j '=-asinj

>A =Matri x([[-sin(phi),-a*cos(phi)], [cos(phi),-a*sin(phi)]]);

_gsin(f) -acos(f)y
A= cos(f ) -as-n(f)?

> u: =vector([-mu*a*(1-(a*cos(phi))”"2)*sin(phi)-a*cos(phi),-a*sin(phi)]);
u:=[-nma(l- a®cos(f)?)sin(f)- acos(f),-asin(f)]

> S:=sinplify(linsolve(A u));

S:=[a(-1+cos(f)?) nm(-1+a?cos(f)?), msin(f) cos(f)- ma?sin(f ) cos(f )*+ 1]

> a(tt):=sinplify(S[1]):
a(tt) :=a(- 1+ cos(f)?) nm(-1+a?cos(f )?)

> phi(tt):=sinplify(S[2]);
f(tt) :=nsin(f) cos(f)- ma?sin(f) cos(f )*+1

(10)

By using the symbols att) = a(t) , f() = f'(t) (11)
Execute the averaging method for a'(t) and f’(t) , we have
> a0(tt):=normal (i nt(nmu*a*(1-a*2*cos(phi)”™2)*sin(phi)”2, phi=gamma..gama+2*Pi)/(2*Pi));

ao(tt) := - 213 ma (-4 +a%)

> phiO(tt): =i nt(nu*a*(1-a”2*cos(phi)”™2)*sin(phi)*cos(phi), phi =gamma..gamma+2*Pi)/(2*Pi);
fo(tt):=0

Theexpressonsof @ and | ' arecalculated intheforms:
a = m< att):=a(-1+co(f)’)n(-1+a’cos(f)?)



— a0(tt) :=- éma(-4+a2)
(12)

i’ = me f(tt):=msin(f)cos(f)- masin(f)cos(f)’+1 , — fO(tt):=0 (13)

The steady state solution occurswhen a0 = 0 or a0 = 2

If a0 = 0 then Xx= X = 0 thisisa trivial solution ( equilibrium ).

If a0 = 2 then Xx= 2c0§ and X =-29n] . (14)
The necessary and sufficient condition for solution stability includes

a =da/dt = Y(a) with Y(ao) = Oand Y '(a0) < O

> Psi(a):=a0(tt);

Y (a):=- ;ma(-4+a2)

> DaohantuaPsi (a):=normal (diff(Psi(a),a));

DachamcuaPsi(a) ::; m- g ma’

> print("Dao ham cua hama' (t) |

a v a''(t)= ", DaohantuaPsi(a));
ll §
8

"Dao ham cuaham a(t) la:}" a'(t)= "

N

> subs(a=2, DaochantuaPsi (a));
-n

> print("Gatri cua a' '(t) tai a
"Giatri cuad'(t) taia=2la:a'(2)="-n

2 la: a'(2) ", subs(a=2, DaohantuaPsi (a)));

> subs(a=0, DaohantuaPsi (a));
1
ém

Ola: a'(0) ", subs(a=0, DaohantuaPsi (a)));

> print("Gatri cua a' '(t) tai a

"Giatri cuaad'(t) taia=01la: a'(0) = ; m

1
Thusif ao = 0, a'(0)= > M then the solution is not stable .



If a0 = 0, a'(0)= -n then thesolution isstable asymtotically.

Note : By solving the equation ( 12) for the vibration amplitude a(t) (“ slowly varying coefficients* ) then finding the solution
expression x(¢) of Van Der Pol differential equation , we get
> a0(tt);

- éma(-4+a2)

> diff _eq:=diff(a(t),t)=-nmura(t)*(-4+(a(t)"2))/8;
diff_eq :=%Ita(t) =- ;ma(t) (-4+a(t)?)

> init_con:=a(0)=ao;

init_con:=a(0)=ao

> bi endo: =[ dsol ve({diff_eq,init_con}, {a(t)})];
biendo := 8a(t) = 2 L a(t)=-2

"™ (a0?- 4) e (a0?- 4)
1- 2 1- 2
ao ao

> bi endo[ 1] : =si npli fy(bi endo[1]);
1

biendo, ;= a(t) =2
1 - -
~a0?+e ™ a02- 4™
ao?

( accepted )

> bi endo[ 2] : =si npl i fy(biendo[ 2]);
1

biendo, :=a(t) =-2
2 - -
~a0?+e ™ a02- 4™
ao?

( eliminated)



> X: =bi endo[ 1] *cos(phi);
x:=cos(f)alt)=2 cos(f)

-mt -mt
ca0?+e ™ a0?- 4™
ao®

with | =t+ g. (15)
> X:=t->2*cos(t + gamma)/sqgrt((ar2-ar2*exp(-nu*t)+4*exp(-nmu*t))/a2);
X:=t® 2 cos(t+ ©)

-mt -mt
a2- a2 ™ 4ge"™
a2

The graphical solution of Van Der Pol’ s equation :

> a: =0.5;

a=.5

> y:=t->2*cos(t + gamma)/sqrt((anr2-a"2*exp(-0.1*t) +4*exp(-0.1*t))/a"2);
yEt® 2 cos(t+c¢)

-1t -1t
a2- a2 Vgt
a2

> plot(y(t),t=0..4*Pi);

> ani mat e(2*cos(x*t + gamma)/sqrt((a”2-a”2*exp(-0.1*t) +4*exp(-0.1*t))/a"2),x=-6*Pi..6*Pi,
t=0..10);

: 0.8
0.6 0.6
iEE 0.4
0.2 0.27
T ETTE R 0 V2§ 6 g
A5 -0 5 U E 0 e | .
0.2 g =
: 0.4
-0.44 ]
; 0.6
-0.6 ]




Use graphical method to consider the solution stability of Van Der Pol’s differential equation :
> wi t h( DEt ool s): nu: =0. 5;

> DEpl ot ({(D@@) (x) (t)+x(t)-mu*(1-x(t)"2)*D(x) (t)=0}, {x(t)}, t=-
10..50,[[x(0)=1,D(x)(0)=1]], stepsi ze=0.05,titl e=" Nghi em on di nh cua pt Van Der Pol ");
Mghiern on dinh coa pt Wan Der Pal

10 10 20 a0 40 &0

3. Conclusion.

From graphical results, we reach to conclusion that the steady state solution stability of Van Der Pol diffential equation must be
precise

and estimating the property of solution obtained is very necessary .

As presented above, we might also use the normalizationto (2) by determining the non-trivial solution in the form

X = Mcoskt + Nsinkt + x*

%x' = -kMsinkt + kNcoskt + x*'

(16)

with k=1
dx'/dt = x' = -M'sInt -Mcost + N'cost - Nsint + x*”

Otherwise



dx/dt = xX = M'cost -Msint + N'snt + Ncost + x*'
= -Msnt + Ncost + x*'

Substitute X to (6) after simplifyingit follows:

iM'cost+N'sint=0

| . . .

1- M'sint + N'cost = n{1- (M cost + Nsint)®].[- M sint + N cost]
> A =Matrix([[cost,sint], [-sint,cost]]);

._@cost  sintp
A'_gsint costE
> f:=vector([[0], [mu*F]]);
f:=[[0],[mF]]

> V. =linsolve(A f);
Vo= ssint [-nF] - [0] cost ) sint[0] +[-nF] cost

' g sint®+cost? sint? + cost? E
We rewrite the expressions : M’ = sint [~ WF]
N = [ MF]cost (17)
With

F =[1- (M cost + Nsint)?].[- M sint + N cost]

Use averaging method for (17) weget :
1

M = m<-Fsnt> = -§M(4-M2+2N2-3N)
’ 1 2
N = m< Fcost> = - oN(-4- 5M*+N)

The steady state solution exissswhen M= 0 and N = 0 (trivia solution)

(18)

|
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Or M= 2 or M=-2 and N= 0

Thus X = 2cost , X = - 2cost
If M= 0 ad N=0 oo N=4 Then X = 49nt

The steady state solutions can be formed generally

7

éXx = 2cost + 4sint
€x = -2cost + 4sint
But these forms are equivalentto X = 2C0S [see (14) ]

Next we begin with Krylov —Bogoliubov approximate method for the Van der Pol’ s differential equation
X'+w?x- ml- | x*)x'=0

N — 2 1
with TO6X)=-@Q- X)X and misasmal constant .
The solution will beestimated by X = r(t) cog (t)

By taking the first order approximate terms ( neglecting the second and third order errors of constant m ) we can find the
amplitude r(t) and the global phase functionj (t) from the following system

‘| 2 APPROVED

i) = m "\ ( cosu,- rwsinu)sinudu = - r, ) By CO HONG TRAN at 1:38 pm, Jun 24, 2009
; W ) 5

" ° (19)

.I. p

il ') =w+ Of (r cosu,- rwsinu) cosudu = /a,(r)

T 0

If theinitial condition r(0) = ro issatisfied then the solution of ( 15) will be equivalent to the solution of second order linear

diffarantial oniiatinn
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X' (t) +a,(r,)X'(t) +a,(r,)x(t) =0 (20)
nt

with the error of estimation based on the order of

The first order approximate is noticeable in the case of periodic vibration , because the equivalent linear differential equation gives us
the accumulation and dissipation of energy based on vibration period which we might obtain from the given non-linear differential equation .
Thereforeit is useful to apply the equivalent second linear differential equation to observe the non-linear resonant phenomenon .
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