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HE Engineering Experiment Station was established by act of

I the Board of Trustees, December 8,1903. It is the purpose of

the Station to carry on investigations along various lines of en-

gineering and to study problems of importance to professional engi-

neers and to the manufacturing, railway, mining, constructional and
industrial interests of the State.

The control of the Engmeermg Experiment Station is vested in the
heads of the several departments of the College of Engineering. These
constitute the Station Staff, and with the Director, determine the char-
acter of the investigations to be undertaken. The work is carried on
under the supervision of the Staff, sometimes by research fellows as
graduate work, sometimes by members of the instructional staff of the
College of Engineering, but more frequently by investigators belonging
to the. Station corps.

The results of these investigations are publishe(f in ‘the form of
bulletins, which record mostly the experiments of the Station’s own
staff of investigators. There will also be issued from time to time in
the form of circulars, compilations giving the results of the experiments
of engineers, industrial works, technical mstltutlons, and governmental
testing departments,

The volume and number at the top of the_title page of the cover
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University of Illinois; above the title is given the number of the Engi-
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Engineering Experiment Station, Urbana, Illinois.
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CHARACTERISTICS AND LIMITATIONS OF THE SERIES
TRANSFORMER

I. INTRODUCTION

1. Uses of the Series Transformer—High potential distribution
and the large currents carried by feeders have made the use of series
transformers, or so-called “current transformers,” imperative. Where
high voltages are used it would be a source of considerable danger to
bring the potential of the distribution system to the switchboard and
controlling apparatus. The use of the series transformer, in connec-
tion with the potential transformer, makes it possible to meter the power
and control such system without handling voltages which are dangerous
to life. Furthermore, if live potentials were brought to the switch-
board, the proper insulation of instruments and controlling apparatus
would be accomplished only with considerable difficulty and expense.
Again in the present day system of distribution, even where the voltage
may be so low as to overrule the above objection, the feeders leading
from the station may carry such large currents as to make the use of
series transformers a decided convenience. Obviously it is much
cheaper and easier to run small wires to instruments requiring but a
low value of current than to bring large feeders to a board on which
are mounted cumbersome instruments of sufficient capacity to carry the
full live current. The demands of convenience and safety, then, have
placed the series transformer in its present position of importance.

In general, the function of the series transformer is to furnish a
current in a circuit not metallically connected with the main circuit,
which current shall bear a definite constant ratio to the main current,
and shall be 180° out of phase with it. The uses to which this second-
ary current is put may be divided into two classes: (1) to give indica-
tions in metering instruments, and (2) to furnish power for the opera-
tion of regulators, time-limit relays, and like controlling apparatus. But
with the series transformer the ideal is never completely realized, and
consequently the above function is but imperfectly performed.

2. Scope of Bulletin—It is the purpose of this bulletin to study
the imperfections of the series transformer, to determine how and to
what extent certain constants influence its operation, and to deduce cer-
tain general characteristics. The first part of the bulletin will be de-
voted to a discussion of the fundamental principles of the series trans-
former and the representation by vector diagrams of its operation. A
deduction of current relations by the method of complex quantities, and
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a discussion of conclusions that may be derived therefrom will follow.
The derivation of current relations by the use of instantaneous current
values will then be given. In this last named part particular stress will
be laid upon the application of the current transformer for the purpose
of recording transient phenomena. A comparison of the results obtained
for stable condition by the two methods and a general summary will be
given in conclusion.

LOAD

INSTRUMENTS

Frc. 1. SyMBoLs USED FOR CONSTANTS OF CIRCUIT

II. CHARACTERISTICS OF THE SERIES TRANSFORMER

3. General Features of the Series Transformer—In construction
the series transformer does not greatly differ from the ordinary power
potential transformer, inasmuch as both consist essentially of two elec-
trical circuits interlinked by a magnetic circuit. In the potential trans-
former for furnishing power there is, of course, a variation of primary
current with secondary current; in fact, the primary current is a
function of the secondary current. In the current transformer, how-
ever, the effect of the secondary current upon the primary current is
so very small as to be negligible. The primary current is determined
by the constants of the main circuit, and is taken to be independent of
variations in secondary load and current. Herein then, lies the basic
element of distinction between the power potential transformer and the
current transformer. This dependence of the primary current upon the
constants of the main circuit only, and its independence of variations
in secondary current, is the starting point for the theory of the current
transformer which follows. Naturally, this difference in operation be-
tween the two types of transformers makes a difference in their design,
and just how and why some of the design constants differ will be pointed
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out later after a development of the theory has made their bearing on
the operation of the transformer clearer.

There are certain facts about the series transformer which are gen~
erally known among men who have anything at all to do with it. It is
known that the series transformer consists of two coils metallically sep-
arate, wound on a laminated iron core; that the coil comnected in the
line generally has fewer turns than the secondary coil across which the
instruments are connected, and that the ratio of the turns is about in
inverse proportion to the ratio of the currents. It is known that it is
dangerous to leave the secondary open-circuited because if a current
flows in the primary, high voltages will be induced in the open-circuited
secondary and there will be high heating of the iron core which may
cause disaster. It is also known that slight variations in secondary load
(or resistance and reactance) do not change the transformation ratio
to a very great extent, and that the ratio is nearly constant for all values
of primary current within a given range. It is also known that when
used in connection with wattmeters annoyance is often caused by a cer-
tain angle of phase displacement from the ideal position. These very
nearly constant factors, however, such as current ratio and phase angle
are very often subject to great variations, and in the following discussion
it is proposed to investigate the relations between these factors and the
constants of the transformer and load; to determine how and to what
extent they are influenced by these constants

4. Vector Diagrams for the Series Transformer—At the outset it
is thought advantageous to study the vector diagram representation of
the current transformer in order to gain familiarity with its operation.
Fig. 1 is given to indicate the constants represented by the different
symbols. Fig. 2 is a simple vector diagram of a series transformer hav-
ing no core loss. This would be the case with a transformer having
an air core. The voltage e across the load is taken as the reference vec-
tor, and the primary current I’ lags behind it an angle § dependent upon

the power-factor of the load. ( tan 6 :—-}f ) In phase with I” is

¢’ the total primary flux, or the flux which could be set up in the exist-
ing magnetic circuit by the primary ampere-turns if no counteracting
force were present. A part of this flux, ¢/, however, is set up in a
path not interlinked by the secondary coil, that is, it does not thread
the secondary coil, and hence has no effect on the secondary circuit.*

*The leakage flux of the primary, it is readily seen, actsonly as a react-
ance in the primary circuit and does not affect the ratio of the currents in
the transformer. Since, however, the primary leakage reactance is an in-
herent constant of the transformer, it is thought well to introduce it here
for the completeness of the discussion.
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This flux is, of course, in phase with the primary current. Since it is
established in a path external to the secondary coil, it is very properly
called leakage flux, and if subtracted from the total primary flux, gives
as a resultant what might be called the useful primary flux, in phase
with the primary current, and represented in the diagram by the vector
¢-¢/. Now in order that a current may flow in a secondary circuit
having impedance, there must be induced in the secondary an e.m.f.,
and to accomplish this there must exist in the core a real flux leading
the induced em.f. by 90°. This flux, indicated in the diagram by ¢y is
the only flux really existing in the core and is the resultant of the useful
primary flux and the useful secondary flux ¢” — ¢+, as indicated in
the diagram. ¢” is the total secondary flux, and ¢.” is the secondary
leakage flux, corresponding to ¢’ and ¢.', for the primary. I” is, of
course, in phase with ¢”. The induced secondary voltage is indicated
in the diagram by E”. The angle « between E” and I” is dependent upon

theresistance and reactance of the secondary circuit ( tan « = s F;

re 4 r
TIME

F16. 2. VECTOR DIAGRAM FOR FLUX IN TRANSFORMER WITH
ZeErO CORrRE Loss

where x, is the secondary leakage reactance.) g is known as the angle
of phase displacement of the secondary current, and is the angle by
which the secondary current leads its ideal position of 180° out of phase
with the primary current. The function which gives 8 in terms of
other constants of the transformer will be derived later. The variations
in the positions and magnitudes of the vectors with the constants of the
transformer are not readily seen from this diagram, but there are cer-
tain things which might be expected from an examination of the dia-
gram. For instance, it might be expected that a decrease in secondary
reactance or an increase in secondary resistance, either of which has
the effect of decreasing o, would as a consequence increase 8. It will
be seen later that such a variation actually takes place.
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It is oftentimes convenient to draw the vector diagram using currents
in place of fluxes, as is done in Fig. 3. If the ratio of turns is other
than 1 to 1, it will be necessary to consider the magnitude of the current
. vectors given in ampere turns, or what amounts to the same thing, if
the primary current vector is drawn to scale the secondary current
should be multiplied by the ratio of the number of secondary turns to
primary turns to give the magnitude of the secondary current vector.
The resulting current vectors will then be in terms of primary current
directly, and it will not be necessary to divide by the number of turns
as would be the case if the vectors were scaled off as ampere-turns.

F16. 3. VECTOR DIAGRAM FOR CURRENTS IN TRANSFORMER
wItH ZErO COrRE Loss

Fig. 3 is a vector diagram of a current transformer with an iron core,
having consequently some core loss. It is very similar to the diagram
in Fig. 2 with the exception that the flux vectors are plotted as currents,
and the core loss component I, is taken into consideration. Core loss
represents power dissipated in a secondary circuit, and requires in phase
components of current and electromotive force. Since the dissipation
of energy takes place in a secondary circuit and we have already drawn
a vector for secondary e.m.f. the current vector I, in phase with E” will
give the required representation of energy dissipation. This current /
is consumed in the core, and hence is not available in the useful second-
ary circuit. Subtracting I, from i” gives the true secondary current I”
as represented in the diagram. The angles « and B correspond to the
angles ~ and B8 of Fig. 2. In both Fig. 1 and Fig. 2, E, is the electro-
motive force across the primary and v the angle that it makes with the
primary current. From Fig. 3 the effect of core loss is readily seen. It
decreases the secondary current I”, and with an inductive secondary cir-
cuit it decreases also the phase angle 8. Since it is impossible to con-
struct a transformer which has not at least the secondary reactance due



8 ILLiNo1S ENGINEERING EXPERIMENT STATION

to leakage flux, it must follow that in a commercial transformer core loss
has both of the above effects. If these were its only effects it might be
thought, ignoring efficiency, that core loss is desirable. But it will be
seen later that hysteresis loss is accompanied by a variation in core
reluctance that is extremely undesirable so far as regulation is concerned.

5. Formulas for Current Ratio and Phase Angle—Use of Complex
Quantities.—With these vector diagrams in mind we may proceed with
a mathematical discussion of the current transformer by the use of
complex quantities. In the following derivation it will be considered
for simplicity, that permeability of the iron is constant. The error thus
introduced is not so great as might at first be expected, due to the fact
that the iron in a current transformer is gemerally worked at a very
low density on the straighter portion of the saturation curve. However,
the assumption of constant permeability still makes it possible to dis-
cuss from the resulting equations the effects of variation in permeability.
If the permeability is taken constant the hysteresis loop vanishes, and -
the only remaining core loss is the eddy current loss. With sufficiently
careful lamination and at the low value of flux density used, this loss -
may be very small. Indeed in a commercial current transformer the
core losses are very small. Neglecting then for the present all core
losses, the following derivation will correspond to the vector diagram
of Fig. 2 and will be rigid for a transformer with an air core. Let a
sine wave of e.m.f. ¢ instantaneous yalue — e¢V/2 sin ot, be impressed
upon the circuit as indicated in Fig. 1. Then since the effect of the
secondary current upon the primary current is neglected

e

b R OLE T A A
IWR_].X_z—f—ﬂl o HGORs, s AS AR sl EIl
where R—;j X is the load impedance.
; el A eX
where = = —
R + X? R? + X?

The flux set up by the primary current or the total primary flux is
proportional to the primary current and in phase with it or

=K1 MI X10° .oovvieeai. . (R)
where K= i/:—T— X 108; (1= combined reluctance of iron circuit
475

*In all these following equationsinvolving complexquantity, timeiscon-
sidered the independent variable and is represented by counter clock-wise
rotation. The inductive impedance is £ — /X and thus there is a lagging
current /= 7+ ji,. z
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and leakage path ) , and ¥ is the number of primary turns. Of ¢’ a
certain part known as leakage flux does not thread the secondary, but
produces a reactive e. m. f. in the primary, which is given by the fol-
lowing expression: i

’ . 27w f h 'l?' L

?r =] 103 --..(3)

It should perhaps be pointed out that the value given above for electro-
- motive force, current,and flux, as well as those to follow, are all ef-
fective values.
Equation (3) gives an expression for reactive primary em.f. in
terms of leakage flux. But the primary leakage reactance z, also gives
the value of this e.m.f., as follows:

e.r’:i_'[’xl..........-......,.......(4)

Combining (3) and (4) we obtain

w —
108 i
I’z Iz
‘or &y = — W=~ LS e - (D)
27Tf]\71 oM

An expression for the magnetizing flux ¢, may be obtained by-
starting with the induced secondary e.m.f. This em.f. must be suf-
ficient to overcome all of the impedance of the secondary circuit in-
cluding the leakage x,. Hence, we may write

B =1I" 2" coooviiiiiiniii L (6)

But the induced secondary e.m.f. is dependent upon the magnetizing
flux in the following relation:

Ell —
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Combining (6) and (7) an expression for magnetizing flux in terms
of secondary current and impedance is obtained as follows:

7. 7 7TfN2(?M — g
108 e
‘Whence,
” (4
By=—j : £ TORMNSASIENEY. 1 vlel ofetelal (8)
. [OWA D

The total secondary flux is proportional to the secondary current
and in phase with it, or

" =K Mo I” 105 oo (9)

where K, — %r X 10%; (P2 = combined reluctance of iron circuit
2 .

and leakage path).

In a manner similar to that for obtaining equation (5) for the pri-
mary leakage flux, the following expression for the secondary leakage .
flux is obtained, ’
. I” Z9

q) n
g o Ny

T O AN e . Sl 1k (10)

If we subtract from the total primary flux the primary leakage flux
we obtain what may be called the useful primary flux. Similarly the
difference between the total secondary flux and the secondary leakage
flux gives the useful secondary flux. The sum of these two useful
fluxes then gives the magnetizing flux, or expressed in the form of an
equation,

Gl ENGRa e i o s G 8 B da e bt (11)

which may be written

' — & + =0 — By =0.............(12)
2 3 - \\,‘Z"J‘ ;»"}K/'
Substituting in (12) the expressions for the various fluxes given by
equations (2), (5), (9),(10), and (8), and dividing through by 10°, we
obtain
¢ = R o e e S e N N T

K MNMID —
¥ o M mM w]\rg
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1 . ) ; 2l
K N——) T Ko No — — —=INIE—10L (R
or (1M v + ( K2 N2 w1V2+ mN) (13")

(K1 NP o—21) oNe A

Whence, 1" = — - ..(14)
< oM (K NPow—2ze +52") -
But Z"=(ratr)—j(m+a)
And jZ"=(m+z)+j(re+r).........(15)
Substituting (15) in (14),
_‘[”:— (K1N12w—w1)1v2 I/ ..(16)

M[K2N22w+z +j(7'2—!—7“)] £ ooado

which might better be written

-

Bl N, (K1 N?ow —21)

Ni(K2 N o +ﬂ7)’+(r2—|—r)2[ s i L A

The ratio of secondary current to primary current then becomes

L"__lz (K1N12m—x1)

el (18)
¥ Nll/(KQN22w—|—w)2—|—(7'2+7')2 (

Equation (18) may be reduced as follows: K, and K, represent
the primary and secondary magnetic conductances respectively. If
W= Oﬂ X 10 represents the conductance of the iron path, and
k, and k, represent the magnetic conductances of primary and secondary
leakage paths respectively, then for K, and K, in equation (18) may
be substituted:

K =Ptk
K,=F 4k
IR No (FNL2o + K Nlow—21)

T MV (FNet adee fal F (rnfry
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DU
kl Nl w = 2}1
24k a8
kz N2 ©w = a:2

i Ne FN2 o
—_ = - — .. (19)
o N V(FN2w -+ a2+ @) + (r2+ 7 )

which shows the dependence of current ratio upon the primary leakage
reactance. To show more clearly the relation between the currents and
the number of turns equation (19) may be reduced to the form:

Fo
xa—l—x

I” Nl

.... (20
I N2 \/(F + re 7‘)2 ( )

2
= et w
from which it is seen that with no secondary resistance or reactance the
ratio of currents is inversely as the ratio of the number of turns. Fur-
thermore, the lower the reluctance of the iron circuit, and consequently
the greater the value of ¥, the higher the frequency, and the greater the
number of secondary turns, the more nearly does the transformation
ratio equal the ratio of the number of turns.

Equation (20) is useful in showing certain relations, but equation
(18) may be reduced in another way which yields results of interest.
From equation (?2)

® =K, N, I'X 108

and N, O =K N ET X108

But N, ® =L, I X108

Whence E,N?=L, :

and o VN 20 =L o AR S s e (R1)
Where X, is the total inductive reactance 6f the primary coil

Similarly, BN 2 o= X e e RS R e (22)

If the primary leakage reactance @, be subtracted from the total
primary reactance X,, and the difference multiplied by the ratio of the
secondary turns to the primary turns the result will be the mutual in-
ductive reactance X, or
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%(Xl—xl)ZxYM LR Lo (2)3))

Now substituting (1), (22) and (23), in (18), the following expres-
sion is obtained,

III XM

e e e e R L (24)
Rt 8 V(iXe+ 2P+ (redr)

From (24) it is seen that with zero resistance of the secondary coil and
load, the ratio of transformation is as the ratio of the mutual inductive
reactance to the total reactance of the secondary circuit.

From equation (20) it is seen that the effect of increasing the sec-
ondary resistance or reactance is to decrease the secondary current; that
the effect of increasing the frequency or increasing F, which means
decreasing the magnetic reluctance, is to increase the secondary current.
Equation (20) further shows that a large number of secondary turns
makes variations in frequency, permeability, and secondary resistance
and reactance less effective in influencing the transformation ratio, and
hence points to the desirability of a large number of secondary turns.

Referring again to equation (17) it is seen that the phase angle
between the secondary current and the projected primary current is

B = arc tan A ety are tan A el ... (25)
Ko N2 w + FN? o + 22 + 2
or B:arctanm’_{— e e e e SRR | -3 |
Xot+x

Stating equation (25") in words the tangent of the phase angles is
directly proportional to the total secondary resistance, and inversely
proportional to the total secondary reactance.

If it is desired to study the current ratio from the design constants
of a transformer, equation (18) will be found the more convenient; if
it is desired to study this ratio from data taken experimentally, equation
(24) may perhaps be used more conveniently. The equations for phase
angles are so simple that there would be no trouble in using either one
or the other.
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As an example a transformer having the following constants may
be considered : K

r, = .0058 ohms.
z, = .058 ohms at 60~

K = .000015
F =.00001425
N, =14

N, =138

T, =1 ohm

z,=K N,? o= 1.11 ohms at 60~
z, =K N,20 = 100 ohms at 60~
N
N

=105

o e Fe kAR by e o £~
N

0.09 ~J
e \\ I \\
0.07 \
' T~
0.06 ~
\\

1=
S
O

fd
o
>

I. VARIATION OF TRANSFORMATION
— RATIO WITH RESISTANCE - (x=1 OHM)
| _II. VARIATION OF TRANSFORMATION
RATIO WITH REACTAINCE x (rl=l OIHM)
1 1 | 1 Il 1 :
0 20 40 60 80 100
SECONDARY LOAD RESISTANCE
AND REACTANCE
OHMS AT 60 CYCLES
F16. 4. EFFECT OF SECONDARY L,OAD RESISTANCE
AND REACTANCE ON TRANSFORMATION RATIO

TRANSFORMATION RATIO I": I/
e =]

=
(=3
—
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Taking the secondary load reactance equal to 1 ohm, we may study
the effect of secondary load resistance upon the transformation ratio.
Fig. 4 Curve I. shows the relation between the transformation ratio and
secondary load resistance. It is seen that for reasonable values of re-
sistance (say up to 5 ohms) the ratio is but little affected. Beyond 10
ohms, however, an increase in the resistance results in quite an appre-
ciable decrease in the value of secondary current, and the rate of de-
crease becomes greater with increased resistance. If the secondary load
resistance be taken as 1 ohm, the effect of secondary load reactance upon
the transformation ratio may be studied. Fig. 4 Curve II. shows the
variation of the transformation ratio with secondary load reactance. It
is seen that the ratio is very appreciably decreased by increasing the re-
actance and that the ratio of decrease is greatest for low values of
reactance. Comparing then secondary resistance and reactance as re-
gards their effect upon the transformation ratio, it may be said that for
reasonable values the effect of increasing the former is to decrease but
negligibly the ratio, whereas an increase in the latter results in a very
considerable decrease of the ratio.

Taking the secondary load reactance equal to 1 ohm at 60 cycles, and
choosing three values of secondary load resistance, viz., 1 ohm, 10 ohms,
and 50 ohms, three curves were plotted, one for each value of resistance,
showing the effect of varying the frequency upon the transformation
ratio. These curves are given in Fig. 5. An inspection of these curves
shows that for high values of frequency the effect of variation in frequency
upon the transformation ratio becomes negligible, and also that the
lower the secondary resistance, the lower the frequency at which the
ratio becomes practically constant. With 1 ohm secondary load resist-
ance it is seen that the ratio is practically constant above 25 cycles.
With reasonably low secondary resistance then it may be concluded that
the effect of frequency variation, within commercial limits, upon the
transformation ratio is quite small. Tt should not be forgotten, however,
that below a certain critical frequency for a given value of secondary
resistance decreasing the frequency will result in a very rapid decrease
of the transformation ratio.

The effect of secondary load resistance on the phase angle 8 will be
considered next. Taking the secondary load reactance z equal fo 1,
the curve shown in Fig. 6, was plotted showing the variation of phase
angle with the secondary load resistance. It is seen that the increase in
phase angle is practically proportional to the increase in resistance for
reasonable values of . By taking the secondary load resistance equal
to unity, the variation of phase angle with secondary load reactance may
be studied. Fig. 7 shows the relation between these two quantities. Tt is
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noted that increasing the secondary reactance decreases the phase angle,
the ratio of decrease being almost constant for reasonable’ values of z.
The effect of « in decreasing the phase angle, however, is not nearly as
great as the effect of r in increasing it. As shown by the curves, a given
change in z changes the phase angle by less than 29, of that caused by
an equivalent change in 7.

By taking secondary load resistance equal to 1 ohm, and secondary
load reactance equal to 1 ohm at 60 cycles, Fig. 8 was drawn showing
the effect of frequency on the magnitude of the phase angle. This curve
shows that the phase angle is very semsitive to changes in frequency
within the range of commercial frequencies, the phase angle at 25 cycles
being more than twice as great as at 60 cycles and over five times as
great as at 133 cycles.

6. Formulas for Current Ratio and Phase Angle of Series Trans-
formers with Iron Cores—Throughout the above discussion zero core
loss and constant magnetic reluctance have been assumed. In other
words the above discussion applies rigidly to a transformer with an air
core. The commercial series transformer, however, has an iron core.
As was pointed out previously, due to the low flux density in the core
and careful lamination, the core loss in such a transformer is very small;
so small in fact, as to be of no consequence in affecting the validity of
the foregoing discussion. In using an iron core, however, there is an
effect more objectionable than the hysteretic core loss, viz., the accom-
panying variation in core reluctance.

An examination of equation (19) shows that with given constants
and frequency, the ratio of secondary current to primary current is con-
stant, independent of the value of primary current. This is true of an
air core transformer where the permeability of the core, and consequently
the factor F', are constant. But in a transformer with an iron core the
permeability and consequently the factor F varies with the flux density.
Since the flux density varies with the primary current, it must follow
that the factor F' is a function of the primary current, and consequently
it is not to be expected that the ratio of secondary current to primary
current will be constant for all values of primary current in a trans-
former with an iron core. In order to determine the nature of the
variation in ¥ and the consequent variation in the current ratio, it will
be necessary to consider that portion of the saturation curve around
which the transformer operates. In Fig. 9 Curve I. is given an assumed
saturation curve. The scales of the co-ordinates are not given because
they are not important for our purpose. The essential thing that con-
cerns us is the shape of the saturation curve.
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It will be remembered that the factor F is given by the expression:
Hl— _427_ X 10
/.)
where p is the reluctance of the iron circuit. Then we may write
F = ﬁl_”_lﬂ_’i_ Sk L, L D Redsk (26)

where a is the average cross section and [/ the length of the iron circuit.
Again for a given transformer, this may be written

== RO ONSTamEIss oot . e s kRN S (27)

From the saturation curve a curve may be derived whose ordinates are
proportional to the permeability p by dividing the ordinates of the sat-
uration curve by corresponding abscissas, and plotting the quotients as
ordinates of the new curve. From (27) the ordinates of this new curve
will also be proportional to ¥, and by properly choosing the scale it wili
be possible to so plot it that the value of F' corresponding to any point
on the saturation curve may be directly read from it. It will be seen
how this may be done.

The point of operation on the saturation curve depends upon the
voltage that must be induced in the secondary to send the secondary
current through the secondary impedance. This voltage is of course di-
rectly proportional to the secondary current, and to the impedance of
the secondary circuit. For a given frequency the flux is proportional to
the voltage. If the normal secondary load then is known and the full
load secondary current, the flux for this condition may be computed
from the relation.

I// Z//

PR — -
N o Ny

JOSERTE R b (2 8)

which is obtained from equation (8) by dropping the complex quantity
symbols. This establishes a point on the saturation curve, as denoted
by A in Fig. 4. From the saturation curve the value of permeability u
at this point may be found, and knowing the dimension of the iron cir-
cnit F' may be calculated from equation (26). This value of F is then
laid off to scale as an ordinate through point A, and the other ordinates
are plotted proportionally, as explained above from equation (27). This
gives Curve II of Fig. 9. As an example, let the normal secondary load
for the transformer under consideration be r = 1 ohm and z = 1 ohm,
and let the value given for F apply to the point of normal full load
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operation indicated by A in Fig. 9. Curve II of Fig. 9 gives the values
F at other points on the saturation curve. Let the problem of plotting
a curve showing the variation of current ratio with primary current be
considered. .

It is known that with constant secondary load the variations in
secondary current and induced voltage are proportional, and that there-
fore, the flux is proportional to the secondary current. For any per-
centage of full load secondary current then the corresponding point
on the saturation curve may be found from A, Fig. 9 by direct propor-
tion. Going up along the ordinate from the point thus found to Curve

II, the corresponding value of F is obtained. This value of F is substi-

tuted in equation (19), and the ratio % calculated. From this ratio

and the value of secondary current the corresponding primary current
in per cent of full load primary current may be determined, and thus a
point on the required curve established. This is done for a sufficient
number of values of secondary current to enable a smooth curve to be
drawn through the points obtained. Table 1 gives a convenient tabula-
tion for these computations, and Fig. 10 gives the result. It is seen
that above 609 of full load primary current the ratio is very nearly
constant, and that below 409 it falls off very rapidly. The variation
in current ratio with primary current may be more clearly shown by
plotting as ordinates the difference between the ratio for a given value
of primary current and the ratio for full load primary current expressed
in percent of full load primary current. In Fig. 11 such a curve, cor-
responding to Fig. 10, is shown by a full line. For the purpose of gen-
eral comparison with the theoretical curve, there is also shown in Fig.
11, by a dotted line, a curve obtained experimentally. No unusual pre-
cision was used in obtaining the data for this curve, the currents being
measured simply by two ammeters. The very close similarity of the two
curves is apparent. It is to be expected that the magnitude of the
ordinates, and even the shape of such curves from different transform-
ers will differ even more than these do, inasmuch as they depend not
only upon the point of operation on the saturation curve, but also upon
the shape of the saturation curve, especially upon the prominence of the
first bend, indicated by B in Fig. 9. Since there is very considerable
variation in saturation curves for different qualities of iron, close agree-
ment between curves derived from them cannot be expected. The curves
in Fig. 10 and Fig. 11, however, point very truly to the general way in
which transformation ratio and primary current vary.
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With values of F already determined for various values of primary
current, it is an easy matter to substitute these in equation (25), and
find the corresponding phase angles. Fig. 12 shows the variation of
the phase angle 8 with the primary current. It is noted that above 609
full load primary current the variation in phase angle in small, but be-
low 409 it increases quite rapidly.

Curves similar to those shown in Fig. 10, Fig. 11,and Fig. 12 may
be determined for any other secondary load by making use of the fact
that the ordinate of point A Fig. 9 is directly proportional to the sec-
ondary impedance. Knowing the new values of secondary resistance and
reactance, and having established the new point A, the method of de-
termining the new curves is exactly the same as that given above.

7. Discussion of Curves Plotted from Formulas.—The curves which
have been plotted, showing the variations of transformation ratio and
phase angle with various constants of the transformer are largely self-
explanatory. Perhaps the most general observation that can bhe made
from them is that the factor which least affects the transformation ratio
is likely to greatly affect the phase angle, and wice wersa. Thus from
Curve I. Fig. 4 it is seen that for reasonable values the effect of sec-
ondary resistance upon the transformation ratio is practically negligible,
whereas Fig. 6 shows that its effect upon the phase angle is very great.
Again the effect of secondary reactance upon the ratio is very consid-
erable as shown by Curve II. Fig. 4 whereas its effect upon the phase
angle is quite small, as shown by Fig. 7. The curves in Fig. 5 show
that the effect of changes in frequency becomes less as the secondary re-
sistance is decreased. This then together with the fact that the phase
angle increases almost in direct proportion to the secondary resistance
points to the desirability of a low value of secondary resistance.
On the other hand, the secondary reactance, neglecting its effect upon
the point of operation on the saturation curve, is not a matter of such
great consequence, for increasing it decreases but little the phase angle,
and the effect of changes in its value upon the transformation ratio is
practically constant for all reasonable values of reactance. The effect
of changing either secondary resistance or reactance is to change the
point of operation on the saturation curve and, as a consequence, to
change the shapes of the curves in Fig. 10, Fig. 11, and Fig. 12. The
desirability of using iron having as nearly constant permeability at low
densities as possible is made evident by Fig. 10, Fig. 11, and Fig. 12.
These figures also indicate that the reliable working range lies above 50
or 60 per cent full load current.
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III. TaHEORY OF THE SERIES TRANSFORMER BASED ON INSTANTANEOUS
‘CURRENT VALUES

8. Symmetrical Currents in Series Transformer with Air Core.—
The development of the theory of the current transformer based on in
stantaneous current values will be next considered. This method of
treatment is especially valuable when the application of the series trans
former to circuits carrying transient currents is studied. The following
treatment is largely the outgrowth of a series of tests and calculations
on the short-circuit currents of alternators. A number of oscillograph
records of short-circuit current were taken, and the instantaneous values
compared with those calculated from the constants of the alternator.
The agreement was close in tests made in the laboratory where the os-
cillograph was direct connected to the system; but very considerable dis-
crepancies were found in some tests made outside of the laboratory,
where the oscillograph was connected in the secondary circuit of a series
transformer. Since the theory of the short circuit currents of alterna-
tors would not explain the peculiarites in the latter curves, a study of
the action of series transformers on unsymmetrical or transient currents
was undertaken in an attempt to explain the phenomena. The results of
this investigation show that the series transformer (especially with iron
core) is unreliable for recording transient or unsymmetrical currents.

While there is really only one type of current transformer in practical
use, which type has an iron magnetic circuit, it is of interest to consider
the action of such a transformer without iron. The air core type will
be discussed first, since its operation can be expressed by a mathematical
equation, and thus clear insight into the whole problem can readily be
given.

As has already been explained, a series transformer is a mutual in-
ductance where the effect of the secondary circuit upon the primary cur-
rent is so small as to be negligible. Since the secondary circuit is closed
upon itself, the differential equation of the circuit becomes,

di” - Lty = |

da—}—mz + Xy == e QIR T8 H(20)
Where r,, X,, and ¢” are the resistance, reactance, and current in the
secondary circuit; Xy is the mutual inductive reactance between the
primary and secondary circuits; and + is the primary -current. As

X

stated above 14 is not affected by ¢” and therefore %is not a function

of 17, and the single differential equation is sufficient for the solution
of the problem.
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If the primary current ¢ contains a transient term, as the starting
alternating current in an inductive cireuit,

iV —=A[sin(6—s)—sin (6 —s)e*d]........(80)
Where 4 — the maximum value of voltage across the primary divided
’
by the primary impedance — c R — LI , § = arc tan i, 6, is
Z' z1 a

the angular displacement of the voltage from its zero position when the
circuit is closed, and ¢’ is the time in electrical radians counted from
the time of closing the circuit, or 6’ = (6 — 61). Differentiating
equation (30)

%:A[cos(@—s)—i—asin(@——s)e‘“e'] ...... 619)
Equation (31) substituted in equation (29) gives
Xe % + g = — Xy A [cos (6 —s) + asin (BIfs)s’“B’; (32)
Equation (32) is easily written in the familiar form
(‘Z;; + b= — X}f [cos (8 —s) + asin(61—s) s"‘o': (33)

Where the factor % is replaced by &
B 2

@
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The solution of equation (33) is

X,
‘_Y: e {fe"9 [cos(a —.8) 4 asin (81 — 8) a‘“e']d#)-{—a’g

,L”I: AAN A

A.ﬁ%sin(&——s—l—B)_}_ a

Py in (6; — a8’ Cf—bl?%
e g e R S

Xy ;sin(e—-s—i-ﬁ)
e S sy
X v F1 (b—a)

sin (6, — g)e*® + b€ ‘ (34)

Where 8 = arc tan b
When 6=6,, that is when 6’ = 0,
==} and 4 =)

Therefore, solving equation (34) for C

g .
0:_[81!1(1 S+ﬁ)-|- g sin(Bl—s)]....(35)

Vi1 (b—a)
= Sdigoe 6 — .. (36
(b—a)\/<1+b‘~* S o e
Where P = arc tan d B o o SRR RS p ] e G
1+ ab

Knowing the instantaneous values of 4" and 4" and the ratio of the
secondary to primary turns Jl—;—? , the instantaneous value of magnetizing

3 1
current 4 is given by the following equation,

=1 + — ar A N TR e oo, s (D)

1
Substituting equation (34) and (30) in (37)

i:A%sin(O—s)—sin(81—3)5*‘9'—
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Xy N2 [sin(H—s—i—B) a

= in (B1—s) et 0-b9’]§ 38
X: N SRRSO SO S ERET f e g5

Xy V2

X2 N1 )
the trigonometric functions into one, the equation becomes

fi:A%\/(1A2k_k2)sin(8—s—zé)—

Representing by the constant K and replacing and combining

41
GLoF o520 ) SRCH =G e ™ — C's‘be'é R 1)
Where % — arc tan #k) , which is the angle of lag of the
( £

stable magnetizing current behind the primary current.

Example 1. As an example of the application of this method the
transformer for which data have already been given may be considered,
with the additional data .

A=5]

8, — 175"

The following data, previously given, will be needed,

e 2:0.1
1

5= " _0.01
T2

XMZIO

X = 100

Do o

N,

s = 85° (calculated)

Substituting these constants in equation (30)
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Pt egas ) 0 T (A"
p from equation (36") is
R =arc tan Ll arc tan (— .09) = — 5°
1 - ab

The value of C from equation (36) becomes
G = sk
B = arc tan = 35 minutes

Hence, from equation (34)
= —0.1[sin (6 — 84.4°) — 1119 4 11198 ] (B)

% = arc tan L = 10°45’
+1—k

That is, the stable condition of the magnetizing current lags 10° 45
behind the primary current.
1 from equation (39) becomes
%= [.05 sin (6'— 95.75° ). 4 .055 &0 — 1035 e8], . (C")

In Fig. 13 equations (A’), (B’), and (C’) are plotted with 6 as
abscissas and ¢, ¢”, and ¢ as ordinates. The ordinates derived from equa-

tion (B’) are multiplied by the transformation ratio % — 10 and

M

turned 180° so as to be superimposed upon the primary current for bet-
ter comparison. The curves thus plotted show clearly the error in sec-
ondary current due to the air core transformer with a 5% magnetizing
current.

9. Unsymmetrical Currents in Series Transformer with Aiwr Core.—
As a second problem a series transformer traversed by an unsymmetrical
primary current might be considered. If the current lies entirely above
the zero line, the equation would be

V=A[sin@+1—0e*® ]......... ....(40)
Where ¢ =sin §, 1
Differentiating (40) and substituting in equation (29)

d,L’II
de

And the solution of equation (41) is

o X, :
+ bhi"=—4 }f (cos8+ Cae® ). ..... (41)
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-

o Xy [si 6 ¢
A [Sm( -l-ﬁ)_{_ a :
X vV (o—8,)

Where 8 = arc tan b, and since when & = 6y, 8 = 0and i”" =0

g T gin (61 + B) aC ]
o [I/_b2+1 iy prRp

9’+ o e-be’] (42)

1
If the time constant =3 of the primary circuit is exceedingly small,

then e*8’ will practically be zero in a very short time; (&) will be large
in comparison to (5) and equation (42) becomes, after an infinitesimal
time.

L Xy ( sin(6-+8) [sin (61 + B)
: VET1 LvEF1

— sin 61— 1] ¥ % (43)

And equation (40) becomes
P =A[8in€® + 17 ...l (44)
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Substituting equations (44) and (43) in (37)

i:AFm9+1— m<e+ﬁy+0wq(m)

Where

N e o
VEE+1

i [Sin (61+8)

I/ZJ?——F‘I_ — sin ) — l] ......... (46)

Equation (45) may be further reduced to the form

i:A[Jl_ﬁﬂ:ﬁanw_wq+1+0ﬂﬂ 4n)

G AR
Where s’ — arc tan —Iﬁé—————
(P+1—k)

Example 2. Assume that the same transformer is used as in Ex-
ample 1, but that the constant (a) is very large and the primary wave
of the form,

3 e T o (A")
Then from equation (43) F
"= —.1[sin (8+35)+e1........ (B)
And from (47)
i=.05sin (8 —10.75° ) — .95  1........ (€

10. Effect of Constants of Transformer on Instantaneous Current
Values—The curves on Fig. 14, plotted from equations A”, B”, and C”
show clearly how the current in the secondary of the transformer grad-
ually becomes symmetrical in reference to the zero line, while the mag-
netizing current creeps up to a line which is symmetrical in respect to
the primary current. j '

The reactance of the secondary, X,, as has previously been indicated,
contains two factors, X', and z,, of which X’s represents that portion of
the flux that interlinks with the primary coil, and x, represents that
portion of the flux that does not interlink with the primary coil, and is
known as leakage reactance. X', and X, hold a definite relation to each
other, which ratio, is that of the secondary turns N, to the primary
turns N,. The transformation ratio of the transformer for zero second-
ary impedance is that ratio of the mutual inductive reactance X to the
total secondary self inductive reactance X,, which ratio can only be
considered equal to the ratio of the respective turns in so far as z, can
be neglected in comparison to X’,. The resistance in the secondary cir-
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cuit has little effect on the transformation ratio, but does produce a dis-
placement in phase in the stable condition, and introduces large errors
in the transient term, since b is directly proportional to r,. The smaller
the factor b, the more closely the secondary current follows the primary
current and therefore, for observing transient currents, the secondary
leakage reactance improves the accuracy; while resistance, though small,
introduces large errors. The value of z, is limited only in so far as its
effect upon the primary current can be neglected. As increase of z, does
increase the magnetizing current, but this increase is in phase with the
primary current and therefore no displacement results, and the trans-
formation ratio is only diminished. Therefore, a transformer designed
to be used for transient phenomena should have an exceedingly large
secondary reactance and a very small secondary resistance.
Under stable conditions, equation (34) becomes

Xy sin (6 — s + B)

X VFEF1

=2 A Xy
VX + r?

= —

sin (6 —s 4+ 8)....oun.. (48)
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Since X', is large in comparison to either r, or z,, it is evident from
the above equation that an increase of r, has little effect on the trans-
formation ratio, while an increase in z, has an appreciable effect. Also,

) :

T ) the angle of displacement 8
is directly proportional to r,, while increasing x, decreases the displace-
ment. In other words, the magnetizing current required to force the
secondary current through the resistance r, lags ninety degrees behind
that portion of the primary current that is transferred to the secondary,
while the magnetizing current required to force the secondary through
the reactance z, is in phase with the said current.

11. Series Transformer with Iron Core and Negligible Secondary
Leakage Reactance.—This gradual increase, or creeping of the magnetiz-
ing current of the series transformer with unsymmetrical currents, has a
much greater and more disastrous effect in the case of an ordinary
transformer with an iron core. In the case of the air core transformer
the magnetizing current was a direct function of the primary current in
all stable conditions; but this, as has already been shown, does not hold
true in the case of the transformer with an iron core. The mutual in-
ductive reactance X, and the corresponding self-inductive reactance X’,
depend, in exactly the same way, upon the reluctance of the core circuit,
and consequently their ratio is a constant, with a value the same as that
of the ratio of the number of primary and secondary turns. The leakage
reactance , is more or less independent of the permeability of the core,

since B is small (arc tan

and consequently the transformation ratio is not a constant

M
X'y + @2
but depends upon the magnitude of the magnetizing current. Further-
more as X', decreases it necessarily approaches the value of 7, and the
error due to the increasing factor b becomes very large.

It is unfortunate that the saturation curve of the iron cannot be rep-
resented by a mathematical equation and therefore the only solution of
the problem is the tedious step by step method. Although this method
obviously is not absolutely correct, it does give a close approximation.
Consider first the problem where the secondary leakage reactance z, is
negligible. From the terminal conditions and constants of the circuit,
the primary current at any instant may be determined, as by equation
(30). From equation (37),

Ny

{ =il i e )
1

where the quantities are expressed arithmetically instead of algebraically.
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The nature of what follows makes it more convenient to express the
relation in this manner. Since the secondary leakage reactance is negli-
gible, the change of flux need give only the e.m.f. necessary to force the
secondary current through the resistance r,, or

2
Ddezz el M e (6 5.0)
where D is a proportionality constant. Equation (50) may be written
s e
1_1.2 d0(51)
Substituting (51) in (49)
o A RNRI AR
AT d8=1(52)

Changing from differential to difference, that is, replacing as approxi-
mation d by A gives
5 e el

RS Aezz.................(53)

Taking increments of 10° for A 6 gives

iRl ol .
@———Nl 5 NSO =—17

Nl 72

Whence NG = ]72 57 AL M s B [ A GR (54)

If the remanent magnetism in the core of the transformer at the
time the circuit is made be denoted by ¢,, the flux ¢ at any instant is
given by the expression,

Pl e N D R A S X (5 )

Substituting (54) in (55),
VSR o 9
¢:4>0—}—2N2D.l?o[z—z]............( )

r
For convenience let 7, have such a value that .175 "5— becomes equal

to unity. Then (56) becomes

bt |
b=t By [ — il (B0
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As indicated above, the primary current may be determined from the
conditions of the main circuit. Assuming a value for ¢, we may take
as a first approximation

: ¥y
! — =t Foa Hh0 Bl b A NSO o 55 bt (e
=t 3 i (58)

From the saturation curve a value of ¢ corresponding to ¢ is ob-
tained, and substituted in equation (57). From (57) then a second
approximate value of ¢ is obtained, which from the saturation curve
gives a very close second approximate value of . The following example
may illustrate more fully the method of procedure.

Example 3. Assume the ratio of secondary to primary turns to be
10; the per cent of primary magnetizing current to be 1.29% ; the
primary current as given by equation (A’); a residual magnetism in
the core of .5 units; and the saturation curve given in Fig. 15 to be that
of the primary coil. The tabulation shown in Table 3 is a convenient
form. Table 2 is a convenient tabulation for determining values of 7.

Column 2 of Table 3 is obtained from Table 2. The value of A ¢’

in column 3 is equal to times the primary current ¢/, and ¢ in

N
No
column 4 is the sum of A ¢’ in column 3 and the value of ¢ in column
8 of the preceding line. (%) in column 5 is found from the saturation
curve for the value of flux corresponding to 4. From (¢'—) of col-
umn 6 the values of /\ ¢ in column 7 are obtained and added to 8 of
the preceding line. This gives the value of flux from which the final
value of magnetizing current ¢ is determined. From column 10, i” is
obtained. In Fig. 16 are plotted curves for the above case similar to
those in Fig. 12. The much more disastrous effect of the magnetizing
current in a transformer with an iron core is readily seen from a com-
parison of these two sets of curves.

12. Series Transformer with Iron Core and Appreciable Secondary
Leakage Reactance.—If the reactance of the secondary must be consid-
ered the change of flux must give an em.f. sufficient to overcome the
reactance drop as well as the resistance drop of the secondary, or

dp ¥ di”
g; = 1ot + 22 T (59)

ae
. Example 4. Take the data of Example 3, but consider secondary
leakage reactance. Changing from differentials to differences, and tak-
ing increments of # = 10°, we obtain

573 DG =re” + 22513 NG" oo vnen ... (60)
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5.73
And i”:T;[DA¢—x2Ai”]..............(61)
Substituting (61) in (49) .
Y i % ?ig [D NZ4 &
VTN e R R Al
Which reduces to.
1757 &

&
pp =0 o [ — 1] +32 s e Els (62)
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Again, let r, have such a value that .175 —% becomes equal to unity.
Then D = .175 r,, and equation (62) becomes
ek s N R S e
Qtﬁ_—ﬂrg [¢" — 4] + 5.7 3 AN e (O3

Taking the secondary reactance equal to the secondary resistance,
equation (63) becomes

N
R N; (B0 L 579 NS e, (64)
Ve
But from equation (49) A" = '{é DA ANE Sardo oiate 50l (85)
Substituting (65) in (64) it becomes
Fe
N¢ = ]\—’: 3[@" — ]+ 5.3 [AT — AiJ% S si(16/67)

Now substituting equation (66) in equation (55), an expression
for the flux is obtained

‘AT
¢ = ¢+ = N; ;[@-'_ i1 + 5.73 [Ad — m‘]%

N
¢:¢o+z:ﬁ%(iqramgr)—(z+5.73Ai)$..<67)

As a first approximation, the parenthesis containing ¢ may be omitted,
and equation (67) becomes

A‘Y‘
¢ = ¢o+§‘]‘vi Ve A B BRI 5 b s ot ok (BB

With this value of ¢’ an approximate value 4 is obtained from the sat-
uration curve. By this value of ¢ the parenthesis of equation (67) is
then filled in, and a second approximate value of ¢ obtained, whence
by means of the saturation curve, a second very close approximatle value
of 4 is obtained.

Table 4 is a convenient form for tabulation. Column 7 of Table 4
gives ¢ as obtained by the first approximation, and column 8 gives the
corresponding magnetizing current. Column 12 gives /A ¢ as obtained
when using 4, and column 13 gives the second approximation of ¢.
Column 14 gives the corresponding value of magnetizing current, and
from 15 the value of secondary current may be obtained. ¢ in column ¥
is obtained by adding A ¢  of column 6 to ¢ of the previous line in
column 13. In Fig. 17 are plotted curves from the above case similar
to those shown in Fig. 13 and in Tig. 14.
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Fig. 16 and Fig. 17 (corresponding to examples 3 and 4), show
clearly the errors introduced by the use of the series transformer with
an iron core in recording transient phenomena. The “steadying” effect
of secondary reactance is made evident by a comparison of the two
curves.

The oscillograph record, shown in Fig. 18, is that of the current
through the secondary of the series transformer together with the cur-
rent through the primary, which is the starting current of an inductive

circuit with an electrical time constant (%). of 10. These experi-

mental curves are very similar to those as calculated from Examples 3
and 4 although the constants are somewhat different.

13. Comparison of Methods of Computation for Series Transform-
ers.—The agreement between the two methods of solution, namely, the
“complex quantity method” and the “differential equation method” may
be pointed out briefly as follows. If transient terms be dropped, and the
maximum value of equation (34) be divided by the maximum value of

37
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equation (30) this will be the same as the quotient of the effective values,
or the transformation ratio will be
%:_XM ,——:——_)E—"i‘_._ ...... (69)
1 X0y 5 + 1 V' rd -+ X?

It will be remembered that secondary load resistance and reactance
were taken equal to zero in the second method. If therefore, r and z
in equation (R4) be replaced by zero, the agreement with equation (69)
is evident. Again a comparison of equations (34) and (30) shows that
the angle of phase difference between the two currents 4" and ¢ under
stable conditions is B and

o
B = arc tan b = arc fan X

If » and 2 in equation (R5") be replaced by zero, the agreement in
phase angle as obtained by the two methods is evident.

IV. CoxcrLusioNs

The conclusions that may be drawn from the preceding discussion
in regard to the behavior of current transformers, are of a qualitative
rather than a quantitative nature. The examples chosen, however, have
been such as to give a fair and reasonable representation of magnitude,
but the main purpose has been to derive and explain the general char-
acteristics of the current transformer, and to point out some of -its
limitations.

To enumerate again in detail all the results of this investigation is
thought unnecessary. An examination of the figures will show most of
them. In conclusion a few of the most general and important results
are given:

1. The transformation ratio and phase angle of a series transformer
having a core of constant permeabilty (as air) are constant under given
conditions for all values of primary current; but this is not so with a
transformer having an iron core. With an iron-cored series transformer
the form of variation depends upon the shape of the saturation curve,
and upon the range over which the transformer operates. The range
over which the permeabthty remains most nearly constant is the range
over which the ratio remains most nearly constant. In a transformer of
constant core reluctance the so-called magnetizing current is propor-
tional to the primary current, and its phase position is constant.

2. The introduction of resistance in the secondary cireuit of a series
transformer has the effect of increasing the phase angle, and this increase
in phase angle is practically proportional to the secondary resistance for
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reasonable values. Increasing the secondary resistance decreases but
slightly the transformation ratio. Hence it may be said that in general
the introduction of secondary resistance is very objectionable when the
transformer supplies current for a wattmeter, but is not seriously ob-
jectionable when the transformer supplies current for an ammeter.

3. The effect of secondary reactance, and the equivalent effect of
magnetic leakage is to reduce the phase angle slightly, and the trans-
formation ratio very considerably.

4. The phase angle increases with decreased permeability, and conse-
quently in a transformer with an iron core the phase angle increases as
the line current decreases.

5. The effect of changes in frequency within a range of 10 cycles is
not generally serious. It should be pointed out, however, that in addi-
tion to the effects of frequency shown in the curves, in a transformer with
an iron core, decreasing the frequency raises the point of operation on
the saturation curve, and hence increases the core loss and alters the
form of variation of transformation ratio and phase angle with primary
current.

6. The desirability of a high number of turns was pointed out. With
a reasonably high number of turns and a not excessive value of second-
ary resistance the effect of frequency over a considerable range is
negligible.

7. The effect of core loss is to decrease the secondary current, this
effect being lessened by inductive secondary load. Increased core loss
decreases the phase angles, and this effect is increased by inductive sec-
ondary load.

8. In an iron-core series transformer the value of flux density should
be low (say B = 2,000 at full load). This means a low value of mag-
netizing current. To this end excessive secondary impedance should be
avoided, as increased impedance requires an increase in flux in praec-
tically direct proportion to the impedance. Since the effect of magnetic
leakage is equivalent to the effect of secondary reactance, the transformer
should be designed with a view to minimum magnetic leakage. This
requires a well closed iron circuit.

9. For recording instantaneous values of current in transient or
unsymmetrical systems, the commercial series transformer with an iron
core is quite inadequate, and cannot be relied upon.

10. If necessity demands the use of a series transformer in recording
transient or unsymmetrical currents, an air-core transformer, designed
to have a very small secondary resistance and a large secondary reactance
will be found to give results nearer to those desired than can be obtained
with an iron core transformer.
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TABLE 2
DETERMINATION OF VALUES OF ¢’

1 2 3 4 5 6 7 8 9 10

8' 6' 9 “‘S) ! ~0 Z 2 '
degrees | radians (delgrees sy Hie i sin(@;—s) e8| 6 |(6—s)|sin(6—s) 2

0 .0 90 0 1 1.000 175 90 1.000 0
10 .175 5 L0175 | .983 .983 185 100 .985 —.002
20 .349 L .0349 | .965 .965 195 110 .940 —.025
30 .524 & .0524 | .950 .950 205, 120 .866 | —.084

40 .699 o .0699 | .935 .935 215 130 .766 —.169
50 .873 < 0873 | .92 .92 225 140 .643 | —.277

60 | 1.048 “ .1048 | .90 .90 235| 150 .500 | —.400

70 1.223 £ .1223 | .8856 .885 245 160 .342 —.543

80 1.398 %] .1398 | .87 .87 2551 170 .174 —.696

90 1.572 - .1572 | .855 .855 265 180 0 —.855
100 1.747 24 L1747 | .84 .84 275 190 | —.174 | —1.014
110 1.922 (3 .1922 | .825 .825 285 200 | —.342 | —1.167
120 2.095 o .2095( .81 .81 295 210 {—.500 |(—1.310
130 2.27 g .227 | .795 .795 305 220 | —.643 | —1.438
140 2.44 ) .244 | .785 .785 315 230 |—.766 |—1.551
150 2.62 D .262 | .77 .77 325 240 | —.866 | —1.636
160 2.79 & .279 | .76 .76 335 250 |—.940 [—1.700
170 2597 r .297 | .745 .745 345 260 |—.985 |—1.730
180 3.14 & .314 | .73 .73 355 270 |—1.000({—1.730
190 | 3.32 & .332 | .715 .715 365, 280 [—.985 |—1.700
200 3.49 e .349 | .705 .705 375 290 | —.940 | —1.645
210 3.67 X .367 | .69 .69 385 300 [—.866 |—1.556
220 3.84 4 .384 | .68 .68 395 310 |—.766 |—1.446
230 4.02 £ .402 | .67 .67 405 320 |—.643 |—1.313
240 4.19 @ .419 | .66 .66 415 330 [—.500 | —1.160
250 4.37 £ .437 | .65 .65 425 340 | —.342 —.992
260 4.54 Lo .454 635 .635 435 350 [—.174 —.809
270 4.72 & .472 | .62 .625 445 360 0 —.625
280 4.89 < .489 | .615 .615 455 370 174 —.441
290 5.07 < .507 | .605 .605 465 380 - .342 —.263
300 5.24 % .524 | .59 .59 475 390 .500 [ —.090
310 5.42 L0 .542 | .58 .58 485 400 .643 .063
320 5.59 <8 .5569 | .57 .57 495 410 .766 .196
330 | 5.76 £ .576 | .56 .56 505 420 .866 | .306
340 5.94 28 .594 | .55 .55 515 430 .940 .390
350 6.11 2 .611 | .54 .54 525 440 .985 .445
360 6.28 < .628 | .5351 .535 535 450 1.000 .465
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TABLE 3
SOLUTION OF EXAMPLE 3
1 2 3 4 5 6 7 8 9 10
, 9 y ,_1\71 T ! 5 b 7 _._ZV1 P i : g . N
2] 7 A _Tv_;z o3 Z (/= )R A ¢_.N—2(z —i) Lo} b (i z)__l_v_l.z
0 0 0 500 O 0 0 .00 © 0
10 0 0 .500| © 0 0 .500| 0 0
20 .025 .002 .502| 0 .025 .002 .502| 0 .025
30 .084 .008 .510|.001 .083 .008 .510] .001 .083
40 .169 .017 .527].002 .167 .017 .5271.002 .167
50 L2717 .028 .55656(.003 .274 .027 .554|.003 274
60 .400 .040 .595 | .004 .396 .040 .594 | .004 .396
70 .543 .054 .649 | .006 .537 .054 .648| .006 .537
80 696 .070 .718  .007 .689 .069 L7171 .007 .689
90 .855 .085 .803].008 .847 .085 .802(.008 .847
100 1.014 .101 .9031.010| 1.004 .100 .902 | .010 1.004
110 | 1.167 L117 (1.019).011( 1.156 .116 1.018| .011 1.156
120 TR0 L131 [1.1491.012| 1.298 .130 1.148|.012 1.298
130 1.438 .144 11.291.013| 1.425 .143 1.290( .013 1.425
140 1.551 .155 [1.445|.014 | 1.537 .154 1.444|.014 1.537
150 | 1.636 .164 |1.607(.016| 1.620 .162 1.606) .016 1.620
160 1.700 170 (1.776.018 | 1.682 .168 1.774|.018 1.682
170 | 1.730 173 |1.947(.020| 1.710 171 1.945|.020 1.710
180 1.730 L1738 [2.118(.023 | 1.707 171 2.116| .023 1.707
190 1.700 .170 [ 2.286| .026 | 1.674 .167 2.283|.026 1.674
200 1.645 .164 [2.448(.031] 1.614 .161 2.444 | .031 1.614
210 | 1.556 .156 [2.600|.036| 1.520 .152 2.596 | .036 1.520
220 1.446 .145 2.741(.043| 1.403 .140 2.737|.043 1.403
230 1.313 .131 {2.868|.050| 1.263 .126 2.863 | .050 1.263
240 1.160 116 [2.979(.059| 1.101 .110 2.973 | .058 1.102
250 .992 .099 (3.072|.067 .925 .093 3.066 | .066 .926
260 .809 .081 (3.147}.074 .735 1073 3.1391.073 .736
270 .625 .062 [3.202].080 .b4b .0565 3.194|.079 .546
280 .441 .044 |3.238|.085 .356 .036 3.229 | .084 357
290 .263 .026 |3.256]|.086 AT77 .018 3.247].085 .178
300 .090 .009 |3.256 | .086 .004 .000 3.247| .085 .005
310 | —.063| __.006 |3.241|.084| _.147 SLN0A5 3.233|.083 —.146
320 | —.196| __.020 |3.213|.081| __.277 —..028 3.205(.080 45206
330 | —_.306| __.031 [3.174|.077|_.383 —.038 3.167(.076 388
340 | __.390| __.039 |3.128(.072| —.462 —.046 3.120 | .071 - .461
3560 |__.445| _.044 (3.076].067| —.512 —.051 3.069 | .066 PRl I |
360 | _.465| __.046 |3.023!.062(._.527 _-.053 3.017| .061 __.526
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PUBLICATIONS OF THE ENGINEERING EXPERIMENT S 'ATION

Bulletin No. 1. Tests of Reinforced Concrete Beams, by Arthur N. Talbot. 1904. None
availuble.

Circular No. 1. High-Speed Tool Steels, by L. P. Breckenridge, 1905. Nomne available.

Bulletin No. 2. Tests of High-Speed Tool Steels on Cast Iron, by L. P. Breckenridge and
Henry B. Dirks. 1905. None available.

Circular No. 2. Drainage of Earth Roads, by Ira O. Baker. 1906. None available.

Circular No. 3. Fuel Tests with Illinois Coal. (Compiled from tests made by the Tech-
nologic Branch of the U. S. G. S., at the St. Louis, Mo., Fuel Testing Plant, 1904-1907, by
L. P. Breckenridge and Paul Diserens. 1909. Thirty cents.

Bulletin No. 3. The Engineering Experiment Station of the University of Illinois, by
L. P. Breckenridge. 1906. None available.

Bulletin No. 4. Tests of Reinforced Concrete Beams, Series of 1905, by Arthur N. Talbot.
1906. Forty-five cents.

Bulletin No. 5. Resistance of Tubes to Collapse, by Albert P. Carman. 1906. Fifteen Cents.

Bulletin No. 6. Holding Power of Railroad Spikes, by Roy I. Webber. 1906. Thirty-five
cents.

Bulletin No. 7. Fuel Tests with Illinois Coals, by L. P. Breckenridge, S. W. Parr and
Henry B. Dirks. 1906. Thirty-five cents.

Bulletin No. 8. Tests of Concrete: I. Shear; II. Bond, by Arthur N. Talbot. 1906.
None available.

Bulletin No. 9. An Extension of the Dewey Decimal System of Classification Applied to
the Engineering Industries, by L. P. Breckenridge and G. A. Goodenough. 1906. Revised
edition, 1912. Fifty cents.

Bulletin No. 10. Tests of Concrete and Reinforced Concrete Columns, Series of 1906, by
Arthur N. Talbot. 1907. None available.

Bulletin No. 11. The Effect of Scale on the Transmission of Heat through Iocomotive
Boiler Tubes, by Edward C. Schmidt and John M. Snodgrass. 1907. None available.
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Bulletin No. 17. The Weathering of Coal, by S. W. Parr, N. D. Hamilton, and W. F.
Wheeler. 1908. Twenty cents.

Bulletin No. 18. The Strength of Chain Links, by G. A. Goodenough and L. E. Moore.
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Fifteen cents.

Bulletin No. 22. Tests of Cast-Iron and Reinforced Concrete Culvert Pipe, by Arthur N.
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Fifteen cents.

Bulletin No. 24. The Modification of Illinois Coal by Low Temperature Distillation, by
S. W. Parr and C. K. Francis. 1908. Free upon request.

Bulletin No. 25. Lighting Country Homes by Private Electric Plants, by T. H. Amrine.
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Bulletin No. 26. High Steam-Pressures in Locomotlve Service. A Review of a Report to
the Carnegie Institution of Washington, by W. F. M. Goss. 1908. Free upon request.
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Bulletin No. 28. A Test of Three Large Reinforced Concrete Beams, by Arthur N. Tal-
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Bulletin No. 30. On the Rate of Formation of Carbon Monoxide in Gas Producers, by
J. K. Clement, L. H. Adams, and C. N. Haskins. 1909. Free upon request.

Bulletin No. 31. Fuel Tests with House-heating Boilers, by J. M. Snodgrass. 1909. Free
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Bulletin No. 32. The Occluded Gases in Coal, by S. W. Parr and Perry Barker. 190g.
Fifteen cents.

Bulletin No. 33. Tests of Tungsten Lamps, by T. H. Amrine and A. Guell. 1909.
Twenty cents.

Bulletin No. 34. Tests of Two Types of Tile Roof Furnaces under a Water-tube Boiler,
by J. M. Snodgrass. 1909. Free upon request.

Bulletin No. 35. A Study of Base and Bearing Plates for Columns and Beams, by N.
Clifford Ricker. 1909. Twenty cents.

Bulletin No. 36. The Thermal Conductivity of Fire-Clay at High Temperatures, by J. K.
Clement and W. L. Egy. 1909. Free upon request.

Bulletin No. 37. Unit Coal and the Composition of Coal Ash, by S. W. Parr and W. F.
Wheeler. 1909. Thirty-five cents.

Bulletin No. 38, The Weathering of Coal, by S. W, Parr and W. E. Wheeler. 1909.
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Bulletin No. 39. Tests of Washed Grades of Illinois Coal, by C. S. McGovney. 1909.
Free upon request.

Bulletin No. 40. A Study in Heat Transmission, by J. K. Clement and C. M. Garland.
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Bulletin No. 41. Tests of Timber Beams, by Arthur N. Talbot. 1910. Free upon request.

Bulletin No. 42. The Effect of Keyways on the Strength of Shafts, by Herbert F. Moore.
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Bulletin No. 43. Freight Train Resistance, by Edward C. Schmidt. 1910. Seventy-five
cents.

Bulletin No. 44. An Investigation of Built-up Columns under Load, by Arthur N. Talbot
and Herbert F. Moore. 1911. Free upon request.

Bulletin No. 45. The Strength of Oxyacetylene Welds in Steel, by Herbert L. Whitte-
more. 1911, Free upon request.

Bulletin No. 46. 'The Spontaneous Combustion of Coal, by S. W. Parr and F. W. Kress-
mann. 1911. Free upon request.

Bulletin No. 47. Magnetic Properties of Heusler Alloys, by Edward B. Stephenson. 1911.
Free upon request.

Bulletin No. 48. Resistance to Flow through Locomotive Water Columns, by Arthur N.
Talbot and Melvin L. Enger. 1911. Free upon request.

Bulletin No. 49. Tests of Nickel-Steel Riveted Joints, by Arthur N. Talbot and Herbert
F. Moore. 1911. Free upon request.

Bulletin No. s0. Tests of a Suction Gas Producer, by C. M. Garland and A. P. Kratz.
1912. Free upon request.

Bulletin No. 51. Street Lighting, by J. M. Bryant and H. G. Hake, 1912. Free upon request.

Bulletin No. 52. An investigation of the Strength of Rolled Zinc, by Herbert F. Moore.
1912, Free upon request.

Bulletin No. 53. Inductance of Coils, by Morgan Brooks and H. M. Turner. 1912. Free
upon request.

Bulletin No. 54. Mechanical Stresses in Transmission Lines, by A. Guell. 1912. Free
upon request.

Bulletin No. 55. Starting Currents of Transformers, with Special Reference to Trans-
formers with Silicon Steel Cores, by Trygve D. Yensen. 1912. Free upon request.

Bulletin No. 56. Tests of Columns: An Investigation of the Value of Concrete as Re-
inforcment for Structural Steel Columns, by Arthur N. Talbot and Arthur R. Lord. 1912.
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Bulletin No. 57. Superheated Steam in Locomotive Service. A Review of Publication No.
127 of the Carnegie Institution of Washington, by W. F. M. Goss. 1912. Free upon request.

Bulletin No. 58. A New Analysis of the Cylinder Performance of Reciprocating Engines,
by J. Paul Clayton. 1912. Free upon request.

Bulletin No. 50. The Effects of Cold Weather upon Train Resistance and Tonnage Rating,
by Edward C. Schmidt and F. W. Maruis. 1912. Free upon request.

Bulletin No. 6o. The Coking of Coal at Low Temperatures, with a Preliminary Study of
the By-Products, by S. W. Parr and H. L. Olin. 1912. Free upon request.

Bulletin No. 61. Characteristics and Limitations of the Series Transformer, by A. R.
Anderson and H. R. Woodrow. 1912. Free upon request.
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