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PREFACE.

THE first edition of this book was published shortly after

the appearance of Dr Salmon s admirable treatise, with the

hope that I could write a short and easy work upon a

similar plan, without losing the obvious advantages of his

harmonious and consecutive arrangement of the subject.

Hence the Reduction of the General Equation of the Second

Degree will be found to precede the discussion of the pro

perties of the curves, and the Parabola is treated of after

the Ellipse and Hyperbola ;
but I have arranged the chapter

on the Reduction of the General Equation, so that a very

small part of it will suffice, when the subject is read for

the first time.

My chief object was to write with special reference to

those difficulties and misapprehensions, which I had found

most common to beginners. In the later editions I have

tried, without losing sight of my original purpose, to make

the book suitable to the requirements of the time. The

present edition has been carefully revised throughout. I

have added a considerable amount of new matter, especially

in the way of illustrative examples worked out. I have also

changed the notation of the General Equation of the Second

Order, to that used by Dr Salmon.
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vi PREFACE.

It would be quite beyond the scope of an elementary

work to notice all the modern algebraic methods which have

been applied to the Conic Sections. I have wished to make

the treatise complete, as far as regards Cartesian Co-ordi

nates
; and, as Abridged Notation naturally leads to Tri-

linear Co-ordinates, I have given a short account of the

latter method also.

It is almost unnecessary to say, that I am very much

indebted to Dr Salmon s Conic Sections. Indeed, I have

found very little in other modern treatises, that has not

first appeared in Dr Salmon s book. In preparing the

later editions, I have received much valuable assistance from

the Rev. D. J. Davies, late Fellow of Emmanuel College,

Cambridge. Most of the alterations in the present edition

have been made by the advice, very kindly given, of Mr J.

S. Yeo, Fellow of St John s College, Cambridge.

G. HALE PUCKLE.

WlNDERMERE,

August, 1881.
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ALGEBKAIC GEOMETEY.

CHAPTER I.

Position of a Point on a Plane Loci Equations.

1. ALGEBRA is applied to Geometry, to investigate pro
blems which concern the magnitudes of lines or areas, or to

express the position of points and the form of curves. The

Algebraic proofs of the propositions of the second book of

Euclid are examples of the former application, and the use

of positive and negative signs with the Trigonometrical ratios

has introduced the reader to the latter. It is upon the latter

branch of the subject that we are now about to enter; and

we proceed to explain the system invented by Descartes, and

hence called the Cartesian system/ in which the positions

of points are determined by means of Co-ordinates.

2. In ordinary Algebra we have been in the habit of

considering the symbols + and as symbols of the reverse

operations of addition and subtraction. In Algebraic Geo

metry, as in Trigonometry, we use these symbols to indicate

contrariety of position. Thus, in any indefinite straight line

XX
,
let us consider as a fixed point from which distances

are to be measured, and let us take two points M, M , equi

distant from and on opposite sides of it; then, if we

p. cv s. 1



2 POSITION OF A POINT ON A PLANE.

denote the distance QM by + a, we shall express the distance

X M A M X

OM by a, i.e. we shall consider lines measured from left

to right as positive, and lines measured from right to left as

negative.

The propriety of this convention will best appear from an

example. Let us suppose X the east and X the west of

; then, if a man starting from walk 6 miles to the east

and then 2 miles to the west, the magnitude of his walk

will be represented by 8, but his position with reference to

his starting place by + 4, or, in order to find his position,

if we consider the distance he has walked east as positive,

we must consider the distance he has walked west as

negative. Similarly, if he walked 4 miles east and then 6

miles west, his position would be expressed by 2, or two

miles to the left of 0, but the magnitude of his walk by + 10.

This distinction must be carefully borne in mind, and it

must be remembered that the convention established above

has reference simply to the position of points on the line

XX
, with reference to

;
hence if we take OM= + 4&amp;gt; and

OM = 4, the student must be careful to avoid the error

of assuming MM to be represented by 4 4 or 0, as this

would be reasoning about the magnitude of a line upon

assumptions which have only been made about the position

of its extremities with regard to a fixed point.

3. A simple example will shew the great advantage of

the preceding convention, in rendering generally true formulae

that would otherwise be true for a particular case only. Let

and A be two fixed points upon the line XX
,
and M

a point moving upon the same line. In order to express the

distance of M from the point by means of the distances

OA and AM, let

OM= x, OA =
a, AM = x

;
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then, if the point M is placed to the right of A, we have

x = a + x (1) ;

if it is between and A,

x = a x (2) ;

if it is to the left of 0,

x x a (3).

Here we have supposed x and x to be the magnitudes of

OM and AM, without regard to sign; and we see that three

formulae are necessary to express the distance of M from 0,

when we consider all the positions that it can occupy. But,

if attention is paid to the signs of x and x, the formula first

obtained is equally true for the other two cases. For, if we

suppose M to pass from the right to the left of A, x becomes

#
,
and formula (1) becomes the same as (2), as long as x

is less than a or If lies between and A. If a is greater

than a, M will fall to the left of 0, and x becomes negative ;

in this case formula (1) becomes

x = a x
y

which is the same as formula (3).

4. To determine the position of a point on a plane.

Let us suppose that we know the position of two straight
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lelogram OMPN, P will be the point whose position we

wished to determine.

5. The line PM is usually denoted by the letter y, and

is called the ordinate* of the point; OM, which = PN, is

denoted by the letter x, and is called the abscissa of the point;

the two lines are called the co-ordinates of P. The lines xx
,

yy are called the axes of co-ordinates, and their point of

intersection is called the origin : xx is called the axis of x,

and yy the axis of y.

The point P is said to be determined when the values of

x and y are given, as by the two equations x a,y = l&amp;gt;] as,

for example, if it were given that x = 3 feet, y = 2 feet, we

should determine the point of which x and y are the co

ordinates by measuring 3 feet along Ox and 2 feet along Oy,

and completing the parallelogram of which these two lines

formed the adjacent sides. The corner of the parallelogram

opposite to would be the position of the point. The point

whose position is defined by the equations x = a, y b is

commonly spoken of as the point (ab). The axes are said

to be rectangular or oblique, according as angle y Ox is or is

not a right angle.

6. We have supposed hitherto that x and y, the co

ordinates of the point, are positive y/

quantities, and have measured the F, iff -p

distances along the lines Ox and Oy.

If x or y be negative, it will indi- Jff / hr__
.

xf? /a / jc&quot;

cate, according to the convention / / /
established above, that we must

J?
L- /

measure along Ox or Of/ , in order to A
find the position of the point. For

* The lines PM, &c. drawn parallel to one another from a series of

points, were called by Newton line ordinatim applicatse, and the abscissa}

OM. &c. were the distances cut ojf by these lines from a fixed line as Ox.
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example, if P, Pv P2 ,
P

3
be points, situated in the four

angles made by the axes, whose co-ordinates are of the same

magnitude, i.e.

PM = P,M = PJt = P
Z
M= b,

and OM= OM = a, these points will be represented by the

following equations :

&amp;lt;x=a,

The point represented by x = 0, y = is the origin ; by
x = 0, y = b is the point N on the axis of y ; by x = a, y = is

the point M on the axis of x, and so on.

7. To find the distance between two points P, R, whose

co-ordinates are known with reference to axes inclined to each

other at a given angle.

Let angle yOx = w, and let the co-ordinates of P be

PM(=y ), OM(=x ),
and of R, y/

f
,

draw PQ parallel to Ox, then

= x ~ x
&amp;gt;

of
j jf

i/ i

and L PQR = TT co
;
hence

PR* = PQ2 + RQ*-2PQ. RQ cos PQR
=

(x&quot;

- x Y + (y&quot;

- yj + 2(aT
~ a; ) (if

-
y ) cos to.

If one of the points as P were the origin, so that x = 0,

if
= 0, we should have
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COR. These formulae become much more simple when

to = 90, or the axes are rectangular ;
in that case, since

cos o&amp;gt;

=
0,

or, ifP be at the origin,

8. In using these formulae, attention must be paid to

the signs of the co-ordinates. If

the point P, for instance, be in

the angle ocOy , the sign of its

ordinate (y
f

) will be negative, and

we must write
y&quot;
+ y instead of

y&quot; y in the formulas; this may
be seen to agree with the figure,

as RQ will now = EN + PM.
The reader should draw figures, placing P and R in

different compartments and in other varieties of position,

that he may assure himself of the universal truth of the

expressions obtained for the distance PR.

Ex. To find the distance between two points whose co-ordinates are x= 2,

y= - 3 and x -
5, y= 6, the axes being inclined at an angle of 60.

Here x&quot; -x = - 5-2 = -
7, y&quot;-y

f=

and cos w= : hence, if d be the distance,

9. We have said that the student should, by different

figures, convince himself of the universal truth of the formula

of Art. 7
;
but a careful consideration of a few propositions

in this manner will shew him that this is not necessary, and

that the formula first obtained will, as in Art. 3, adapt itself

to the changes of the figure. Thus, in the fig. of Art. 7, QR
is the difference between the actual magnitudes of RN and
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PN, and must remain so, as long as P and Q are above Ox,

that is, as long as both the ordinates are positive. If P falls

below Ox, while R remains above it, QR is the sum of PM
and RN; and this change is provided for by the change of

the sign of PM. Hence, in Algebraic Geometry, we need not

examine every modification of the figure, as in Euc. II. 13
;

for any general figure, that we draw consistent with the con

ditions of a problem, will lead us to a result which will be

true for all possible cases comprehended in it.

10. To find the co-ordinates of a point (hk), where the

straight line joining two given points (x y ), (x&quot;y&quot;)
is cut in a

given ratio.

Let P, Q be the two given

points (x y), (x&quot;y&quot;),
R the point

(hk) whose co-ordinates are

sought, and let

PR : PiQ :: m : n.

Draw the ordinates PM,
RL, QN, and the line PEF
parallel to OT ; then

PR = PE_ML
UQ~ EF~TN
m _ x h

n
or

whence h =

h-x&quot;&amp;gt;

mx&quot; + nx

Similarly k =^+^,m + n
Ifm = n, or PQ is bisected in R,

tt 9 // 9

a result which is very frequently of use. It should be

verified for different figures, as in Art. 8.



POLAR CO-ORDINATES.

11. Polar Co-ordinates.

Besides the method of expressing the position of a point,

that we have hitherto made use of,

there is another which can- often be

employed with advantage. If a fixed

point be given, and a fixed line OA

through it, we shall evidently know the

position of any point P, if we know the

length OP and the angle POA. The

line OP is called the radius vector, the

fixed point is called the pole, the line OA the initial line ;

and this method is called the method of polar co-ordinates.

We shall, for the sake of brevity, call the point whose polar

co-ordinates are p and 0, the point

12. Tho sign is applied to polar co-ordinates on exactly

the same principles as those already explained in the case of

rectangular co-ordinates. Thus, if p represent any distance

measured from towards P, p represents an equal distance

measured from towards P
; and, if 6 represent any angle

measured from A towards P, 6 will represent an equal

angle measured from A towards Q. We shall define the

positive direction of p as that part of the line which marks

the boundary of the angle 6. A few examples will make this

clearer.

Let a be any distance OP, measured from towards P,

being the angle which OP makes with OA ;
then

Fig. 1. Fig. 2. Fig. 3.

hvf



TRANSFORMATION.

Fig. 4. Fig. 5.

tt.

=
-j , p = a represents P in Fig. 1

;

=
1, P

= -a Fig. 2;

=
^,p

= -a Fig.3;

=
TT, p a Fig. 4

;

=
-r&amp;gt; P

= a Fig. 5.

It is important to observe that the direction in which p is

measured depends not only on its sign, but also on the value

of 6
; thus, when =

,
- and p = a, p must be measured from

TC

to P as in fig. 3
;
and when 6 =

-^ , p
=

a, p must be mea

sured in exactly the same direction. Again, when 6 = 0, p
= a,

and when 6 = TT, p
= a, p must in both cases be measured

from towards A.

13. To transform polar co-ordinates into rectangular, or

rectangular into polar.

Suppose P to be the point whose polar co-ordinates

OP (= p), and angle POA (= 6) are

known. Take the pole as origin

of rectangular co-ordinates, OA and

a perpendicular through 0, as axes

of x and y, and let OM
(
= x) and

PM (= y) be the rectangular co-ordi

nates of P.
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Hence we have

y = p sin 6 x = p cos 6,

a? + y*
=

p*, tan 0=2.
sc

These equations will enable us to transform any equation from

polar co-ordinates to rectangular, and vice versd.

Ex. To transform the equation

a2
/)
sin2 6 = 2a&2 cos 6 - Irp cos2 9

to rectangular co-ordinates.

Multiplying by p we have

a2
/)

2 siu2 = 2a&2
/&amp;gt;

cos B - 6V cos2 9,

or a-y
2= 2ab-x - &2x2

,

the initial line being now the axis of x, and the pole the origin.

14. To determine the distance between two points whose

polar co-ordinates are given.

Let P, P be the two points, OP=p, angle POA =
0,

OP =
p, angle P OA =

;
then from

the triangle POP we have

PP 2 = OP 2 + OP2 - 20P . OP cos POP
,

or PP/2 =
p

2 + p
2 -

2p p cos (0
-

6),

which gives the required distance. o A

15. We shall now shew how the method of co-ordinates

may be applied to determine the position of straight lines and

the form of curves, and we will begin with a few of the sim

plest cases.

We have seen that the position of a point P is completely
determined by two equations x = a, y = b. Suppose we have

one only of these equations, x a, given us
; then, evidently,

if we draw a straight line PM parallel to Oy so that OM a,

the equation x a is satisfied by every point in that line pro-
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duced every way indefinitely. Hence the equation x a,

instead of representing a point, represents a straight line

parallel to the axis of y. In like manner the equation y = b

represents a straight line parallel to the axis of x. Hence the

point (ab) may be considered as the point of intersection of

the two straight lines represented by the equations x = a,

y = b, for at that point both equations are satisfied.

Again, the equation x is evidently satisfied by every

point in the axis of y, and may therefore be said to represent

that axis
;
and similarly, the equation y = represents the

axis of x. The intersection of these straight lines is the point

where both the equations x = 0, y = are satisfied, or the

origin.

16. If, instead of two equations to determine x and y, we

have a single equation, expressing a relation between them,

(as, for instance, 2x + 3y + 9 = 0,) the position of the point P
will be indeterminate

;
for we

may assign any values we

please, OM, OM
lt
OMV &c.,

to x, and the equation will

furnish us with corresponding

values of y, PAT, P^MV P2
il/

2,

&c., where we draw the ordi-

nate downwards, if the value

which we assign to x gives us

a negative value of y\ hence

we may obtain any number of

points P, Pj, P2 , &c., whose co-ordinates satisfy the equa
tion. We may take the points Mt

Mv If
2 ,
&c. as near as we

please, and so get an assemblage of points P, Pv P2 ,
&c. as

near to one another as we please. If the points are brought

indefinitely near to one another, they will form a continuous

line
;
hence we may consider the equation to represent the
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line which passes through all the points whose co-ordinates

satisfy it.

Ex. Suppose the equation to be y = S-3x\ then, the unit of measure

being known, if we take OM=1, we have PM=5, and P is a point in the line

represented ;
if 0^ = 2, P1

M
1
= &amp;lt;

2, and P
l
is another point ; by taking values

of x between 1 and 2 we may determine any number of points between P
and Pr If 0Ar2 -3, P.,3/2

= -l, and must therefore be drawn downwards;
if OJ/3

= 4, P3
J/

3
=:- 4, and must also be drawn downwards; by taking values

of x between 2 and 3, or 3 and 4, we may obtain any number of points be

tween Pl
and Po or P2 and P3 . If we take a negative value of x, or suppose

01/4= -
1, we have P41/4= 11, and so on : hence the line represented by the

equation will be that which passes through P, Plf
&c. and all other points

which satisfy the equation.

17. An equation between x and y may give us more than

one value of y for each assumed value of x, or vice versa ; for

example, the equation y*
= 6x will give, for every value of x,

two equal values of y with opposite signs, so that, for every

position of If, we shall have two positions of P, and two lines

will be traced out at the same time.

When a point is restricted by conditions of any kind, to

occupy any of a particular series of positions, that series of

positions is called the locus of the point, or the locus of the

equation that expresses the conditions
;
and the equation is

called the equation to the locus, or the equation to the curve

which passes through all the positions of the point.

The curve then, or locus, represented by an equation be

tween x and y, is the assemblage of all those points whose co

ordinates satisfy the equation ; hence, if x, y be quantities

which, when substituted for x and
?/, satisfy the equation, the

point (x y )
is a point on the locus.

18. Remarks similar to the above (Arts. 15 17) will

apply to polar co-ordinates; for, if p and are connected by
an equation, every value of will, according to the degree of

the equation, give one or more values of p, which must be

interpreted according to the rules of Art. 12.
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o

J)

T M

19. The following simple examples will shew the method
of representing loci by means of equations.

(i) To determine the locus of the equation y=x- 4, the axes being rect

angular.

Let Ox, Oy be the axes; now, when x = in the equation, 7/
= -4; hence,

if we take OD = 4 on the negative part of

the axis of y, D will be a point in the locus ,

(Art. 6). Again, when y = 0, # = 4; hence,

if we take OT=4, on the positive part of

the axis of
x&amp;gt;
T will be a point in the locus.

Draw the straight line DT, and produce it

indefinitely both ways; this will be the

locus of the equation ;
for take any point

P in this line and let its co-ordinates be

OM=x,PM=y, then, evidently, PA1=.MT,
since the line makes an angle of 45 with

Ox, and therefore

PM=OM-OT,
or y = x-&amp;lt;i.

Hence the co-ordinates of any point in the line DT satisfy the equation, and

DT is the locus required.

(ii) To determine the loci of the equations y = x and y = -x.

It is easily seen that, whatever be the inclination of the axes, the former

equation is satisfied by every point in a straight line bisecting the angle yOx,

and the latter by a straight line perpendicular to it, bisecting the angle DOx.

(iii) To determine the locus of the equation cc
2 + 2/

2= 9, the axes being rect

angular.

This equation asserts (Art. 7) that the distance of the point (xy] from the

origin is constant and =3. Hence the locus of the point is n circle whose

centre is the origin and radius = 3.

(iv) To determine the locus of the equa

tion, p=p sec 6.

Let be the pole, OA the initial line.

Take OD=p, and drawDP perpendicular to

OA ; then, if P is any point on the line,

OP= ODsecPOD, or, if OP= p, and the

angle POD = Q, we have p=p seed for any

point on DP
; hence DP is the locus.
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(v) To determine the loci of the equations p=a constant, d= a constant.

The first is evidently a circle with the pole for centre. The second is a

straight line passing through the pole, and is the initial line, if = 0.

20. As examples of determining the equation to a locus

from some known property it possesses, we may take the

following.

(i)
To find the equation to the locus, of which every ordinate (PM) is

greater than the corresponding abscissa (OM) by a given distance
( ;).

The condition is evidently expressed by
the equation y = x + b, and, if we take

OD = OT= b, as in the figure, the line DT
will plainly be the locus of the equation ; for,

whatever be the position of P on the line,

(ii) To find the equation to the locus, of ichich every ordinate (PM) is a

mean proportional between MO and MB, B being a point in Ox, and the axes

being rectangular.

Let OB = 2randthe angle yOx be supposed = 90; thensmcQPM 2=OM.MB,
the equation is

y*=x(2r-x) or y*= 2rx - x~.

21. It is evident then, that the examination of any equa
tion between two unknown quantities must generally give

rise to an assemblage of points, or a geometrical locus
; and,

conversely, if we can, by knowing some property of a locus

or the circumstances of its description, determine a relation

between the co-ordinates of any point taken arbitrarily on

the locus, that relation is the equation to the locus.

If a problem relate to the position of a single point, and

the data be sufficient to determine the position of that point,

the problem is determinate
; but, if one or more of the con

ditions be omitted, the data which remain may be sufficient

to determine more than one point, each of which satisfies the



EQUATIONS. 15

conditions of the problem; the problem is then indetermi-

] nate. Such problems will in general result in indeterminate

equations representing straight lines or curves, upon which

ithe required points are situated. If, for example, the hypo-
itenuse and one side of a right-angled triangle be given, the

! position of the vertex is fixed, for not more than one triangle
i can be described on the same side of the hypotenuse, with

these data
; but, if the hypotenuse only be given, the ver

tex may lie anywhere in the circumference of the semicircle

described on the hypotenuse as diameter
;
the problem of

finding the vertex is then indeterminate, and the semicircle

is said to be the locus of all the vertices of all right-angled

triangles described on one side of the given hypotenuse.

22. In the following pages we purpose to investigate

those lines only, which are represented by equations of the

first and second degree between two variables (x and y). An

equation of the first degree is an equation that involves no

power of either of the variables higher than the first, nor

leir product ;
its most general form is

equation of the second degree contains no term in which

the sum of the indices of the variables is greater than two
;

its most general form is

Ax* + 2Hxu + Bu* + 2fe + 2Fu + C = 0.

This peculiar arrangement of coefficients is adopted, be

cause formulae derived from the equation thus become

simpler and more easy to be remembered. It is obtained

from the symmetrical equation

Ax1 + Bif + Ct* + ^Fijz + 2Gzx + ZIIxij
=

0,

by making z = 1.
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EXAMPLES I.

1. FIND the points whose co-ordinates are (0, 1), (
-

2, 1),

(-5,0), (-2, -3).

2. Draw a triangle, the co-ordinates of whose angular points

are (0, 0), (2,
-

3), (
-

1,0), and find the co-ordinates of the middle

points of its sides.

3. A straight line cuts the positive part of the axis of y at a

distance 4, and the negative part of the axis of a; at a distance 3

from the origin : find the co-ordinates of the point where the part

intercepted by the axes is cut in the ratio of 3:1, the smaller

segment being adjacent to the axis of x.

4. There are two points P (7, 8) and Q (4, 4) : find the dis

tance PQ, (i)
with rectangular axes, and

(ii)
with axes inclined

at an angle of 60.

5. Work Ex. 4 when P is
(
-

2, 0), Q (
-

5,
-

3).

G. The co-ordinates of P are x =
2, y = 3, and of Q, x = 3,

y - 4 ; find the co-ordinates of 7?, so that PR : EQ : : 3 : 4.

7. The polar co-ordinates of P are p
=

5, & = 75, and of

Q, p
=

4, 0=15; find the distance PQ.

8. Find the polar co-ordinates of the points whose rectangular

co-ordinates are

(1) a =73, (2) X---J3, (3) .-l,
y= l

&amp;gt; y= i; y= i;

and draw a figure in each case.

9. Find the rectangular co-ordinates of the points whose polar

co-ordinates are

(1) P = 5, (2) P = -5, (3) P = 5,

fi
*

&amp;gt;

3

and draw a figure in each case.
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10. Transform the equations

x cos a 4- y sin a = a, x2
-I- xy + if

=
r,

from rectangular to polar co-ordinates.

11. Transform the equation p
2 = a2

cos 20 from polar to rect

angular co-ordinates.

12. A straight line joins the points (2, 3) and (-2, -3);
find the co-ordinates of the points which divide the line into three

equal parts.

13. If ABC is a triangle, and AB, AC are taken as axes of

x and y, find the co-ordinates
(i)

of the bisection of BC, (ii)
of the

point where the perpendicular from A meets BC, and
(iii)

of the

point where the line bisecting the angle BAG meets EG.

14. Find the co-ordinates of the same points, when AB is the

axis of x, and a straight line drawn from A perpendicular to AB
the axis of y.

15. The rectangular co-ordinates of a point S are h and k,

and a straight line PS is drawn, making an angle with the axis

of x
;
shew that the co-ordinates of P are

x = h + p cos 0, y - k + p sin 0,

where SP =p.

P. C. S.



CHAPTER II.

General Equation of the first degree. The straight line.

23. TJie general equation of the first degree betiveen two

variable quantities (x and y) represents a straight line.

Every equation of the first degree is included in the form

Ax + By + (7= (A),

A, B, and C being quantities which do not involve x and y ;

they represent numbers, are always invariable for any par
ticular equation, and are therefore called constants. Let now

(x\y\)&amp;gt; (^2) O^s) be three points in the line (whatever kind

of line it may be) represented by equation (A), and let the

abscissae be in order of magnitude, and therefore, from (A),

the ordinates also in the same order. Then, since the rela

tion among the co-ordinates is true for every point of the

line, it is true for these three, and we have

1-0=0 (2),

-0 = (3),

from (2) (1) A (x2 x^ + B (y2 y^)
=

0,

from (3)
-

(1) A (x3
-
x^ + B (ijz

-
y^)

=
0,

which evidently gives us

/-** ^vt /vi /yi
* *

\ / *
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Now, if P, Q, E be the points (a?^), (#2ya), 32/3),
and

be drawn parallel

Oj:, equation (4) gives us

RM_QL
MP~ LP&quot;

hence the triangles PJO, PLQ
are similar (Euc. vi. 6), and the angles JRPJIf, QPJD are equal,

and therefore Q is on the straight line PR. In like manner

it may be shewn that every other point in the line repre

sented by the equation

Ax + By +0=0
is in the same straight line with P and E. The line repre

sented is therefore a straight line.

24. It has been already stated that A, B, C are fixed

quantities for any particular line. They are, therefore, the

quantities which distinguish one line from another ;
for the

same symbols x and y are used, not only in the same line for

different points, but also for points in different lines. A little

care and practice are sufficient to prevent this apparent am

biguity from causing any confusion.

For instance,

Ax + By+C=0 (1),

ax + by + c = (2),

represent (except when one equation is formed from the other

and therefore expresses no new relation between x and y) two

different straight lines, since A, B, G are different from a,b,c ,

but x and y, though the same in both, have not the same

meaning in both, for in the first case x and y represent the

co-ordinates of any point in (1), and in the second the co

ordinates of any point in (2).

It is manifest that the position of the line does not

22
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depend upon the absolute magnitude of A, B, C, since, if we

multiply or divide the equation by any constant, it will still

represent the same line. It is seen, indeed, by dividing the

equation by one of the constants A, B, G, that there are in

reality only two independent constants involved; for instance,

if we divide by A, the equation becomes

T) ri

where
-j

and -j are the two constants that particularize the

line
;
and we shall see hereafter, that two conditions, which

determine these constants, are sufficient and necessary to fix

the position of a straight line in a plane.

We shall hereafter, for the sake of brevity, often speak of
&quot; the line represented by the equation Ax + By + C= 0,&quot;

as
&quot;

the line (Ax + By + C).&quot;

25. The converse of the preceding proposition is equally

true, that all straight lines are represented by equations of

the first degree ; but, if we wish to reason about any par
ticular straight line, with reference to two fixed axes, we must

have some data by means of which we may construct it, such

as the position (with reference to the axes) of one or more

points through which it passes, the angle it makes with

either of the axes, its distance from the origin, &c., &c.
;
and

we shall find that, as we suppose these data to vary, the form

of the equation (A&+By + C=Q) will vary too. We say

form, because, as the line itself is supposed to remain the

same, and only the means by which we determine its po
sition to alter, it is plain that its equation must remain really

the same also.

We shall now proceed to examine some of the most ob

vious of those conditions which fix the position of a line
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with reference to the axes, and find what form the equation
will take in each particular case. We shall first deduce the

forms from the general equation (Ax + By + (7 = 0), and

afterwards verify our results by independent geometrical con

siderations.

26. (I) Let DT be the line, and let the lengths OD
and OT (which are called its intercepts

on the axes) be the data to determine its

equation. It is plain that these are suf

ficient to do so, as there can be only one

straight line passing through D and T. W x\

Let then OD = b, OT=a.

Now, in the equation

(7=0 ..................... (A],

C
when # = 0, ?/

=
-TX, which are the co-ordinates of the point Z&amp;gt;;

^

Q
when y = 0, x = j ,

............................................. T,

therefore -~ = OD =
b, -^ = OT=a-,

jj *&.

but equation (A) may be written in the form

x
1

A B
fy* ft

which becomes - + 4 = 1,
a o

for these data
; hence, if by dividing out we write any equa

tion of the first degree in the form of (1), the quantities in

the denominators will be the intercepts on the axes.
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27. (II) Next let the data be the length of the perpen

dicular OE from the origin on DT, and the angle EOx which

it makes with the axis of x. These being known, the point E
is evidently known, and, as there can only be one straight

line drawn through E at right angles to OE, these data are

sufficient to determine the position of DT.

Let OE=p, angle EOT=a, and DOT=
o&amp;gt;,

the known

angle between the axes.

Then, as before,

- = OD, and .-. =B~ cos(a&amp;gt;-a)

- -
A =-OT, and /. = --2-,A cos a

and therefore (A) becomes
TX

,

P P
cos a cos (CD a)

or x cos a + y cos
(a&amp;gt; a)

=
p.

The coefficients of x and y in this equation are called the

direction-cosines of the line. It must be carefully remembered
that by a is meant the angle EOx which the perpendicular
makes with the positive part of the axis of x, i.e. it is the

angle through which Ox must be turned towards Oy, in order

that Ox may coincide with OE, with x on the same side of

as E is
;

for instance, if the data to determine the position of

the line were OE = p, angle E0x = 180 + a, E would lie in

EO produced, at a distance = p from
;
but p will in this

case, and always, be a positive quantity, since the positive

direction of OE may be defined as that which marks the

boundary of the angle a.
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COR. 1. If co = 90, or the axes be rectangular, the equa

tion becomes

x cos a + y sin a.=p,

a very useful form of the equation.

COR. 2. If the equation to any line be

Ax + Bi/+C=Q ........................ (1),

and the equation to the same line be written in the form

a?cosa+2/cos (ft&amp;gt; a) p .................. (2),

or x cos a + ysin a =p .................. (3),

according as the axes are oblique or rectangular, then, since

equations (2) or (3) are really identical with (1), we see that

A, B, and C are proportional to cos a, cos(a&amp;gt; a), and p
for oblique axes, and to cos a, sin a, and p for rectangular

axes and therefore, for the latter case,

cos a sn a p

equations which are often useful. For example, if we wish

to write equation (1) in the form (3), we have from (4)

sin a B cos a A

or

since p is always a positive quantity. Therefore, from (4)

A B
cosa =
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Hence equation (1) must be written, supposing G a positive

quantity,

Hence, any equation may be written in the form of (3),

by so adjusting the signs, that the term not involving x or y

may stand, as a positive quantity, as the right-hand member,
and then dividing the whole equation by the square root of

the sum of the squares of the coefficients of x and y.

For instance, the equation

3x - 4y + 7 =

will be written

--X + - =- (6)

We say that p is always a positive quantity, because we have

agreed above always to consider a as the angle which the

perpendicular on the line, and not that perpendicular pro

duced, makes with the positive part of the axis of x. If we
were to remove this restriction, p might sometimes be a

negative quantity, as we have explained (Art. 12) in the case

of polar co-ordinates. For instance, ^
equation (6) represents a line DT,

4 3
where sin EOx = -

, cos EOx = -
,

o o

7 */
and OE = ~

,
but the equation mayD

be written

where we must take the angle KOx (= 180 + EOx) whose43 7
sine = -

, and cosine = -
, and then measure OE= = in

o 5 o
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what is now the negative direction of the perpendicular.

This will evidently give us the same line DT; but in the

following pages, when we speak of the equation to a line

written in the above form, we shall always suppose p to be

positive.

28. (Ill) Again, let the data be the length of OD and the

angle DTx. Now, although we can draw an infinite number
of straight lines through D, there is only one that makes this

particular angle with the axis of x
; for, when we speak of the

angle which a straight line makes with the axis of x, we always
mean the angle which the part of the line above the axis

makes with the axis produced in a positive direction, i.e. the

angle D Tx, not DTO. These data then determine the line.

Let OD = b, DTx = a, and DOx = o&amp;gt;,
as before.

sn a

Sm &amp;lt;P

~
sn a

b. ^&quot;T ~*?
, , A sin a

and therefore -~= : 7-
-

r
;B sin (o) o)

but equation (A) may be written

A G
B&amp;gt;

and therefore the equation becomes for these data

sn a 7

0,
T sm (o) a)

which is often written

y mx + 6,

the constant ra being a short way of writing the constant

sin a

sin
(a&amp;gt; a)

*
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COR. 1. If o&amp;gt;

= 90, or the co-ordinates be rectangular,

m = tan or.

Also m will be positive only when a is less than o&amp;gt;. In the

figure the dotted line has m positive ;
in DT it is negative.

COR. 2. Every equation of the first degree may, by

dividing by the coefficient of y and transposing, be written

in the form

y = mx -f b,

where, for rectangular axes, m represents tan a, and for

oblique axes, m represents -. -, r, and where, for all
sin (a)

-
a)

axes, b represents the intercept of the line on the axis of y,

and will be positive or negative according as the line cuts

that axis above or below the origin. The constant m may
be called the angular coefficient of the line.

COR. 3. If the distance OD = 0, or the line pass through
the origin, we shall have

and the equation to the line will be

sin a
y -

/ \ x-

sm (a) a)

Hence the equation to any straight line passing through the

origin is of the form

y = mx.

29. (IV) Next let the data be the point P
f

through
which DT passes, and the angle DTx
which it makes with Ox. Let the

known co-ordinates of P be x and y ,

and let Z DTx = a, DOx =
a&amp;gt;,

as be-

fore.
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Then, since (x
f

y) is a point on the line

Ax + By+ (7=0,

therefore Ax + #/ + (7 = 0,

and A(x-x*)+B (y
-

?/)
=

0,

y-y A
or * ^ = - -T, :

a;

but as before,

, . A OD sin a.

and therefore -r;
=

-77777
= ~

r

hence

OT
~

sin
(o&amp;gt;

-
a)^

,
=

. f
a

vic a? sin (G) a)

x x
or -,7--x

-
sin

(a&amp;gt; a) sin a

COR. 1. If a) = 90, or the co-ordinates be rectangular

sin (CD a)
= cos a,

and the equation may be written

(-aQ = y-y
cos a sin a

or more commonly

y-y = m(x- x \

where m = tan a.

COR. 2. If the given point be the origin, and therefore

x 0, y = 0, this equation reduces to

y mxt

as in III. Cor. 3.
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30. (V) Next let the data be the co-ordinates of the

two points P and P&quot; through which the line passes. Let

the co-ordinates of P be x
} y, and of P&quot;,x&quot;, y&quot; \ then, since

P and P&quot; are points on the line,

Ax + By + C=0 ..................... (1),

therefore Ax + By + (7=0 ..................... (2),

and Ax&quot; + Ey&quot;+C=Q ..................... (3);

from (1)
-

(2) A (x
- x

} + B (y
-
y )

=
0,

from (3)
-

(2) A(x&quot; -x*) + B (y&quot;

-
y )

=
0,

whence we have for the required equation

COR. If one of the points (x&quot;
y&quot;&quot;]

be the origin, the equa
tion becomes, since x =

0, y&quot;

=
0,

y-y _y
t

X X X

or, after reduction,

&.*-/
x x&quot;

which is therefore the equation to a line passing through the

origin and (x y}.

31. All these equations may be obtained independently
from geometrical considerations, instead of being deduced

from the general equation of the first degree ;
thus

(I) The intercepts OD =
b, OT=a being given. Let

PM
(
=

y}, OM (
=

x) be the co-ordinates

of any point P in the line; then the

triangles DOT, PMT are always similar,

whatever be the position of P, and we
have

PM : MT=OD : OT,
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y _&or
a x a

whence, as before,
- + ~ = 1.
a o

This equation will be easily remembered, as each variable

stands over the intercept on its own axis. It is the same,

whether the co-ordinates are rectangular or oblique.

32. (II) Given the perpendicular (p) and the angle (a)

it makes with the axis of x. Let P
be any point in DT

;
OM

,
PM (x, y) its

co-ordinates. Draw MS perpendicular

to OE; then

coga==
os
x

and cos
(o&amp;gt; a)

= cos SRM

SR

(1),

~ M \

i i
EE

and also =
-j-p

,

_SR + RE
~RM+BP

m
8E
y

from (1) OS = x cos a.
;
from (2) SE= y cos

(&&amp;gt; a) ;

therefore x cos a -f y cos
(a&amp;gt; a)

= 05 + SE

COR. If yOx be a right angle, we have

OS
eos a = , sm a = cos
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and we obtain the equation

x cos a + y sin a = p.

33. (Ill) The length OD (= 6) and the angle DTx (= a)

being given.

Let OM(=ac) and PM (=y) be the co-ordinates of any

point P in the line; through

D draw DQ parallel to Ox

to meet MP produced in Q;
then

PQ _ sin

or

or

_ sin (180
-

g)

sin (a a&amp;gt;)

b-y = sisma
x

whence

or

as before.

sin
(o&amp;gt; a)

sin a

sin (w a)

y = mx -f b,

a? + 6,

COR. If yOx be a right angle, we have

therefore
b-y
x

= tan (180 -a),

- tan a,

or = tan a . x -f

It will be observed, that, in the figure we have chosen,

m is a negative quantity, since sin
(o&amp;gt; a) and tan a are both

negative. If we take the dotted line, the geometrical con

struction will shew that m is positive in that case.
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34. (IV) The co-ordinates (x, y) of the point P ,
and

the angle DTx (= a) being given.

Let P be any point (xy) on the line, and draw P Q pa
rallel to Ox, to meet the ordinate of P in Q

PQ _smPP Q
P Q sinQPP&quot;

?/
-
y sin (180

-
a)

or , ^7 r*
&amp;gt;x x sin (a co)

.
f IT sin a &amp;lt;V JK: JT

hence *
7 = ^ -, /x x sin (&) a) /

as before (Art, 29). This equation may be written

sin
(a&amp;gt; a) sin a

P P
where each member of the equation is evidently = . ;smw
hence we may write the equation thus,

x ~ x&amp;gt;

_. y y _
j

, sin a sin
(&&amp;gt; a) , ^^where s = -.

, c = ) -
. I = P P.

sin a&amp;gt; sin co

and where we must remember, that s, c are constants for any

given line, but I is a variable quantity, and equals the length
of the straight line between the points (xy) and (x y).

COR. If the axes are rectangular,
i t

x -* = y-y
sin (a -90&quot;) sin (180 -a)

and each member of the equation is equal to P P
;
hence we

may write the equation

x x

c

where 5 = sin a, c cos a, I P P.
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The geometrical meaning of this equation should be care

fully noted, as we shall frequently have occasion to use it

hereafter. The formula will evidently make I positive or

negative, according as the distance is measured from Pf

towards D or T
; and, as sin a and sin co are always positive,

the sign of I is always the same as that of y y.

It is also useful to observe, that, when the co-ordinates

are rectangular, this equation connects the rectangular and

polar co-ordinates of any point (xy), if we consider (x y) the

pole, and the initial line to be drawn through (x y} parallel

to the axis of x
;
for we have

or, with the ordinary notation of polar co-ordinates,

y y + p sm o&amp;gt;

x x + p c s &

35. (V) The co-ordinates of two points P (xy }
and

P&quot;
(x&quot;y&quot;) being given.

Let P be any point (acy) on the line
;
and draw P

Q&quot; Q
parallel to Ox, to meet the ordi-

nates of P and P&quot; in Q and
Q&quot; ;

then

PQ _P&quot;Q&quot;

QP~ Q&quot;P&quot;

or

or

as before.

-, 7,

x x x x 7

y-y J -y
x x x&quot; x

This equation may be written in the form

y - y = m (x
-

x&quot;),



where m =

x x

sin a

NUMERICAL EXAMPLES.

y&quot;-y

.,, , ,,.
-, , if the axes be oblique,
a)sin

= tan a, if the axes be rectangular,

which agrees with the result of (IV).

~ . sin a. ,

(JOR. oince m =
-,
-

r , we nave
sin (&) a)

m (sin CD cos a cos co sin a)
= sin a

;

therefore m (sin t cos &) tan a
)
= tan a ;

m sin &)
whence tan a =

1 + m cos &)
*

36. We will now give a few numerical examples on the

preceding articles.

Ex. 1. To find the equation to a straight line which cuts off intercepts on

the axes of x and y equal to 3 and - 5 respectively.

Writing a= 3, 6= - 5 in the equation of (I),

we have, for the required equation,

*_^-l
3 5~

Ex. 2. The perpendicular from the origin on a straight line =5, and

makes an angle of 30 with the axis of x; find the equation to the line, (i)

when the axes are inclined at an angle of GO
,
and (ii) when tJiey are rectan

gular.

Writing w= 60, a= 30, and ^ = 5 in the equation of (H),

x cos a + y cos (w
-

a) =p,
we have

N/3&quot;(x+y)
= 10,

for the equation when the axes are inclined at an angle of 60 ;
and if tho

axes are rectangular,

accos a +y&ma=p t

p. c. s. 3
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or

is the equation required.

Ex. 3. To find the equation to a straight line which makes an angle of

135 with the axis of x, and cuts off an intercept = - 3 on the axis of y, (i) if

the co-ordinates are rectangular, and (ii) if they are inclined at an angle

o/45.

(i) Writing &= -
3, and m= tan 135= - 1 in the equation of (III),.

we have, for the required equation,

y=-x-B.
(ii) Writing a= 135, w - a= 45 - 135= - 90 in the equation of (III),

sin a

^s-irTI

we have, for the required equation,

=--B.
Ex. 4. To find the equation to a straight line winch passes through the

points whose co-ordinates are

a; = 4, y= -2, and x= -3, T/= 5.

Writing 4 and -2 for x and y ,
and - 3 and - 5 for x and

y&quot;
in the

equation of (V)

y-y
1

y&quot;

-
?/

x-x x-x
Vfo have, for the required equation,

-5 + 2

or

Ex. 5. To find the equation to a straight line which passes through the

origin and a point whose co-ordinates are

x = 3, y=-2.
Writing 3 and - 2 for x and y in the equation of Art. 30, Cor.

y _y
x-~x&quot;

we have

for the equation required.
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Q!

37. We have hitherto considered those points in the

line only, whose co-ordinates are positive ;
but it may be seen,

in every case, by noticing the direction in which the co

ordinates are drawn, that the equation is satisfied by every

point in the line, if produced indefinitely both ways. We
will take the form of equation given in (III), with rectangular

co-ordinates, and suppose

the equation to DT to be

y = mx -f b, \ $
where b, as we have shewn

above, is a positive quan

tity and = OD, and m is, ~~j/ ^1 rx. -V y

for this line, a negative

quantity, and = tan a.

Hence, for the part between D and T, y is equal to the

difference of the absolute lengths represented by b and nix,

as was shewn in Art. 33
; but, if we take P on the other side

of the axis of y, so that x is negative, the quantity mx
becomes positive, and y is now equal to the sum of the

absolute lengths represented by mx and 6. We may easily

see from geometrical considerations that this is the case
;
for

PQ is the quantity which now represents the absolute length

of the quantity mx or tan a . DQ (the signs being disre

garded), and QM = 6
;
therefore PM, or

?/, which = the sum

of PQ and QM, = the sum of mx and b.

Again, if we take Pr

on the other side of the axis of x,

the ordinate will, as in the portion DT, represent the differ

ence of the absolute lengths of b and mx, since x is still

positive and m is negative; arid here M Q = b, and P Q = the

absolute length of mx or of tan a . DQ ,
and we see, geometri

cally, that the ordinate PM is tne difference of these lines :

also it is drawn upwards or in the negative direction, as it

evidently should be, since of the two quantities b and nu-,

32
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whose difference it is, the negative quantity, mx or P Q
f

,
is

the greater.

38. In order to trace the straight line represented by any

equation of the first degree, it is only necessary to determine

two points, through which the line passes ;
the line joining

these two points, and produced indefinitely both ways, will be

the locus of the equation. The following examples will shew

how this may be done most conveniently, (I) when the line

does not pass through the origin, and (II) when the line does

pass through the origin.

Ex. 1. To trace the lines

(i) 5y + 3x + 15 = Q,

(ii) 2?/- 5* +10= 0.

In
(i), when a:= 0, y= -3, or the line

cuts the axis of y at a distance OD (=3)
below the origin ;

when y = 0, x = -5, or

the line cuts the axis of a; at a distance

OT
(
= 5) to the left of the origin. Hence

the line DT, produced indefinitely, is the

locus of equation (i).

In
(ii),

when x= 0, y= -5, and when

y = 0,x= 2;

hence, if we take OD = 5, and OT = 2,

D T produced indefinitely will be the locus of equation (ii).

Ex. 2. To trace the lines

(i) 3x+4y = 0,

(ii) 2x-Sy= 0.

These lines pass through the origin, since the equations are satisfied by
the values x= 0, y=Q. To find another

point, we may take any value of one vari

able, and find the corresponding value of

the other. Thus in
(i) take OJ/= -4,

then PM=3
; hence P is a point in the

line, and PO produced indefinitely is the

locus of equation (i).

Again, in
(ii) take OM =3, then

hence P is a point in the line, and P O produced indefinitely is the locus

required.
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39. The equations to two straight lines being given, to

find the co-ordinates of their point of intersection.

Since the co-ordinates of every point on a line must

satisfy its equation, the co-ordinates of the point through
which both the lines pass will satisfy both equations, or they
will be the values obtained by solving the equations as

simultaneous.

Ex. To find the co-ordinates of the point where the two lines,

intersect.

The values of x and y, obtained by combining these two equations, are

.T= 2, t/
= l, which are, therefore, the co-ordinates of the point of intersection

of the lines.

40. We remarked (Art. 24) that the variables x and y
had not the same meaning in two different equations. If,

however, we combine these equations in any manner what

soever, we tacitly introduce the condition, that the values of

the variables are the same in each. All equations so obtained

are therefore satisfied by the co-ordinates of the points which

the loci have in common. It does not follow, that every point

in the locus of an equation so obtained is one of the common

points of the original loci. We may combine in such a

manner as absolutely to determine these co-ordinates, or we

may obtain some relation between them, expressed by an

equation, and, as this equation must represent some line,

straight or curved, and is satisfied by the co-ordinates of the

point or points of intersection, it represents a line passing

through those points.

We will take two simple examples of this.

(i) The values x = 2, y = 1, which satisfy the equations
Art. 39. Ex.

-11 = 0, 3# + 4y-10 = ......... (1),



38 INTERSECTION OF

will evidently satisfy the equation
4a? + 3y

- 11 + 3# + 4#
- 10 = 0,

or x + y - 3 = 0,

which is therefore the equation to a straight line, passing

through the intersection of the two lines represented by

equations (1).

(ii) Let the equations to two straight lines referred to

rectangular axes be

y = mx + 6.... .... (1), y = -x + b (2).

The geometrical meaning of these equations is (Art. 33)

that the lines cut off intercepts on the axis of y equal to b

and b
,
and that they make angles 0, 6 with the axis of x, so

related that

tan&amp;lt;9tan0 = -l (3).

Now, if 9 and & be quantities whose value is absolutely

known, we may treat (1) and (2) as simultaneous equations,

and obtain definite values for x and y }
the co-ordinates of the

intersection of (1) and (2), in terms of the constants 0, #
,

6, b . But, if all we know about 6 and ff is that they are

connected by equation (3), it is evident that for every value

of 6 there will be a corresponding value of &
,
and that each

pair will produce a new point of intersection. Suppose then

that we combine (1) and (2), so as to eliminate this variable

quantity m, (which = tan 6, by Art. 33,) instead of one of the

variables x or y. We obtain the equation

(y-b)(y-b ) + a? = o (4).

Equation (4) is a relation between the co-ordinates of the

intersection of (1) and (2) ; and, as it represents a line of some

kind, that line must pass through the intersection. But,

whatever value 6 and & have in (1) and (2), we shall, by the

same means, obtain equation (4), provided only that the

relation (3) exist between them. Hence, (4) passes through
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every point of intersection which can be generated by the

change of 6, and is called the locus of the intersection of (1)

and (2).

41. We may here remark that the student cannot be too

careful in considering the geometrical meaning of every

algebraic step he takes. The very facility with which alge

braic expressions are combined and manipulated, is often the

most serious drawback to his progress.

42. In finding the co-ordinates of the points where two

loci intersect, we shall sometimes fall upon impossible, and

sometimes upon infinite values of the variables. We gather
from the former, that the loci do not meet there

;
and the

latter will often give us some information about the geome
trical position of the loci. For instance, from the equations

y = mx + ~b (1), y = m x + b
f

(2),

we obtain, for the abscissa of the intersection,

b -b
X 7 .m m

If we suppose b and b to remain the same, while m ap

proaches indefinitely near to m in value, the value of x

becomes indefinitely great, and we infer from this that the

lines become parallel, which is evidently true by Art. 28. It

is in accordance then with the algebraic result, to say that

parallel straight lines meet at infinity; but it must be clearly

understood what this means.

Suppose DT and D T
to be the two lines, and

draw D L parallel to DT.

Then, if we suppose OD
(= b ) to remain the same,
and the point of intersec

tion P to move along DT o ,

to an infinite distance, the
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line D T tends to coincide with L L as its limiting position.

The equation of the second degree will furnish similar exam

ples, where it is very important to bear in mind this expla
nation.

43. We will now examine the meaning of the equation

Ax + By + C+k(ax + by + c)
= Q (1),

where k is any constant quantity, positive or negative, and

where the equations
Ax + By + (7=0 (2),

ax + by + c = (3),

represent two straight lines.

(i) Equation (1) will represent some straight line, since

it is an equation of the first degree.

(ii) It will represent a straight line passing through the

point where (2) and (3) intersect. For the co-ordinates of

the point of intersection of (2) and (3) satisfy both these

equations, and therefore evidently satisfy (1); hence the

point is on the line represented by (1).

(iii) Equation (1) may be made to represent any

straight line passing through the intersection of (2) and (3).

For, since k is an arbitrary quantity, undetermined by the

nature of the problem, equation (1) will represent a system of

lines fulfilling one condition only, viz. that of passing through
the intersection of (2) and (3). Any individual of the system,

particularized by the fulfilment of a second condition, can

have the appropriate equation assigned to it, by giving the

proper value to k. For example, if any line of the system

passed through a point (x y \ we should obtain the value of k
for that line from the equation

(Ax + By + C) + k (ax
f

+ by 4- c)
= 0,

and, substituting this value in (1), we should have the equa
tion required.
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Con. Similarly, if the equations to any two loci be

8 = 0, S* = 0,

where S and S stand for expressions involving x and y, the

equation

will represent a locus passing through the points of intersec

tion of the two first-mentioned loci.

Hence, if any equation involve an arbitrary constant k in

the first degree only, so that the equation may be written in

the form S + kS =
0, that equation will represent a series of

loci which pass through the points of intersection of

8 = 0, S = Q.

Ex. 1. The equation

x + 3^
_ 11 + ft (3j.

_L
4^

_
10) = 0,

or (4 + 3fc)a? + (3 + 4fc)y-ll-10fc=:0 .................. (1),

will, according as we give different values to k, represent a series of straight

lines passing through the point (x 2, y = l), which is the point of inter

section of the two lines represented by

3.T + 47/-10 = .............................. (2),

4x + 3y-ll = Q .............................. (3).

Let it be required to find the equation to a straight line passing through

the intersection of (2) and (3) and the point (1, 2). Then, putting

s=l,y= 2

in (1), we get a value of k which will give us the equation required,

Or, to find the equation to a straight line passing through the origin and

the intersection of (2) and (3) ; putting

*=0, y=0
in (1), we get the equation

x-2y=Q.

Ex. 2. The equation y mx + b may be written

(y
-

b)
- mx 0,

and, if m is indeterminate, this will represent a series of straight lines passing

through the intersection of the lines
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or cutting off an intercept = 6 from the positive part of the axis of y, as we

have already seen (Art. 28).

Ex. 3. The equation
y -y -m (x-x )=Q

represents, if m is indeterminate, a system of straight lines passing through

the intersection of the lines

y-y = 0, x-x = 0,

as we saw in Art. 29.

Ex. 4. The three bisectors of the sides of a triangle, drawn from the

opposite angles, meet in a point.

Let ABC be the triangle, CD, BE, AF the bisectors; then, taking CA, CB
as axes of x and y, the equations to these three straight lines (Euc. vi. 2,

Arts. 26, 30, Cor.) are respectively,

y_a 2x y_ T
,

2
.
?/_ 1

* & b
+
a b

+
a

The equation to a straight line passing through the intersection of BE and

AF must be of the form

or

If we put ft -1, this becomes the equation to CD; hence CD passes

through the intersection of BE and A F.

Ex. 5. To find the condition that the line

lx + my + n = (1)

should pass through the intersection of the lines

Ax+By+C=0 (2),

ax + by + c=0 (3),

or that these three lines should meet in a point.

Equation (1) must, as in Ex. 1, be of the form

(A+ka)x+ (B + kb)y+C+kc = Q;
hence (Arts. 24, 25),

A + kd_ B + kb _ C + kc

~~T~ ~m~ ~1T~ ;

therefore ^Siz^I^I^.me -nb na - Ic

the required condition, which becomes after reduction

I (Be - bC) +v
m (Ca - cA) + n (Ab

- aB) = 0.
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44. To find the general equation to the straight line,

referred to polar co-ordinates.

Writing x p cos 0, y = p sin 6 (Art. 13), in the equation

Ax + By + C = 0,

we have

Ap (7=0

for the general polar equation.

-A.

45. It is easily seen, that, as in the case of rectangular

and oblique co-ordinates, the form
of the general polar equation to the

straight line will vary according to

the data which determine the po
sition of any particular line. The

following data present the equation
under its most convenient form.

Let DT be the line, and let the perpendicular OE (=p)
from the pole, and the angle EO T (= a) which it makes with

the initial line, be the data to determine its position. Now if

Ap cos 6 + Bp&in + C = ............. (1),

be the equation to DT, we have, since E (py) is a point on

the line,

ApcoBd + Bpsui(JL + C**Q ............... (2).

From (1) and (2)

p sin 6 p sin a _ A
p cos 6 p cos a B .(3).

But from (1), when -0 = 0, --v, the point T,

and when = 90, p = -
^
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hence
-&amp;lt;^=

QD, -^ OT,

A OD
and - = - = cot a ;

and therefore, substituting in (3),

p sin 6 sin a p sin
2
a = p cos cos a +p cos

2
a

;

therefore p cos (0 a)
=

&amp;gt;,

or p=pSQc(0 a),

the polar equation for the above data.

This equation may be deduced at once from the equation

to the straight line in the form

x cos a + y sin a=p,

by writing p cos 6 for x, and p sin # for y, the data being

exactly the same in the two cases.

The same equation may be obtained very simply from

geometrical considerations
; for, if P be any point (p6) in the

line, we have

or p=psec (0 a).

If a = 0, or OE be taken for initial line, the equation is

p p sec 6.

46. We will collect here, for the sake of reference, the

different forms of the equation to the straight line, which we
have investigated.

-+? = !. Arts. 2G and 31.
a b

x cos a + y

8(- a)=p)
+ y sin a =

&amp;gt;J
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Arts. 29 and 34.

cos 4- Bp sin + (7 =
0)

//j \ i
Art 4o.

p=psec(0-ci) j

^ = constant Art. 19, v.

EXAMPLES II.

1 . DRAW the lines whose equations are

(1) y=5x+2, (2) 2/-7 = 5a + 3, (3) 7?/-3aj-0,

(4) 6-a=2y, (5) |+fj
= 2, (6) 2* + 3 = 0.

2. Find the equation to the straight line which passes through
the points (2, 5) and (0,

-
7).

3. The co-ordinates of the angular points of a triangle being

given, find the equations to the three straight lines, each of which

bisects two of the sides.

4. Two straight lines make each of them an angle of 45

with the axis of cc, and their intercepts on the axis of y are 6 and

8
; find the equation to the straight line which is equidistant

from the two, the axes being rectangular.

5. Find the equation to a straight line on which the perpen
dicular from the origin 6, and makes (1) an angle of 45, and
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(2) an angle of 225 with the axis of x, the axes being rect

angular.

6. Determine the point of intersection of the two lines

(3i/-a:
=

0) and (2x + y = l).

7. Find the equation to the straight line which passes through

the point of intersection of the straight lines

x _ 9y - a = 0, x + 3y - 2a = 0,

and is parallel to the line 3x + 4y = 0.

8. Find the equation to a straight line which is equidistant

from the two lines represented by the equation y = mx + c c .

9. Find the equation to the straight line that joins the

points of intersection of the two pairs of lines

+6y-7a =
0, )

10. Find the length of the perpendicular from the origin on

the line a (x
-

a) + b (y
-

b)
=

0, and the portion intercepted by
the axes, which are rectangular.

11. The rectangular co-ordinates of two points are 3, 5 and

4, 4 respectively; find the equation to a straight line which

bisects the distance between them, and makes an angle of 45 with

the axis of x.

12. Find the equation to a straight line which passes through

a given point (a&), and makes equal angles with the axes.

13. Find the equations to the diagonals of the parallelogram

formed by the four lines x = a, x = a
, y = b, y - b .

14. A straight line, inclined to the axis of x at an angle of

150, cuts the positive axes of rectangular co-ordinates in A and

B find the equation to a straight line bisecting AE and passing

through the origin.

15. Find the equations to the four sides of a square, the co

ordinates of two of its opposite angular points being (2, 3) and

(3, 4), the co-ordinates being rectangular.
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16. Find the distance of the origin of co-ordinates from the

line ? + ! = !, the axes being rectangular.
2 o

17. Find the equation to a straight line which passes through

the intersection of the lines x = a
t
x + y + a = Q, and through the

origin.

18. The axes of co-ordinates being inclined to each other at

an angle of 60, find the equation to a straight line parallel to the

line (x + y = 3a), and at a distance from it equal to \a J$ t

19. Shew that the lines y = 2x + 3, 2/=3#+4, y=4:X + 5,

all pass through one point.

20. Find the value of m, in order that the line (y
= mx + 3)

may pass through the intersection of the lines (y
= x + 1) and

(y = 2x + 2).

21. A straight line cuts off intercepts on the axes, the sum

of the reciprocals of which is a constant quantity ;
shew that all

straight lines which fulfil this condition pass through a fixed

point.

22. A straight line slides along axes of x and y, and the dif

ference of the intercepts is always proportional to the area it

encloses
;
shew that the line always passes through a fixed point.

23. If the distance of a point from the origin = twice its

distance from the axis of x, shew that it always lies in one of

two straight lines that pass through the origin ; axes rectangular.

24. Find the cosine of the angle which the line (Ax + By + C)

makes with the axis of x, the axes being inclined at an angle

of 45.

25. If a straight line cuts the (rectangular) axes of x and y
at equal distances from the origin, and a straight line be drawn

from the origin, dividing it in the ratio in : n, find the tangent of

the angle which this latter line makes with the axis of x.
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26. An equilateral triangle, whose side = a, has its vertex at

the origin, and its sides equally inclined to the positive directions

of rectangular axes ; find the co-ordinates of the angles, and thence

of the point bisecting the base.

27. Shew that the three straight lines which bisect the

angles of an equilateral triangle meet in a point, taking two of

the sides as axes.

28. The base of a triangle and the straight line joining the

bisection of the base with the vertex being axes, form the equa
tions to the straight lines which join the bisection of the other

sides with the opposite angles, and find their co-ordinates of inter

section.

29. Find the polar co-ordinates of the point of intersection

of the lines whose equations are

p = 2a sec 1 ^ J
and p = a sec I 6

^ J
,

and the angle between them.

30. Trace the line whose polar equation is

31. Shew that the polar equation to a straight line, passing

through the points (p O
), (p&quot;0&quot;)&amp;gt;

is

pp sin (0
- V) + p p&quot;

sin (&
-

6&quot;)
+

p&quot;p
sin

(0&quot;

-
0)
= 0.

What is the geometrical interpretation of this equation 1



CHAPTER III.

The straight line continued. Angles. Perpendiculars.

Equations representing straight lines.

47. To find the angle between two straight lines whose

equations are given, the axes being supposed rectangular.

Let tan TPT =
t, and let the equations to DT, D T be

y = mx + 6, y = m x + b ,

since any equation may be written in \
this form

;
then (Art. 33)

m = tan D Tx, m = tan L T x,

and tan TPT = tan (DTx - D T x),

m m1

~I + mm&quot;

which determines the angle TPT.

:c

COR. 1. Hence we see that, if m = m
, tan TPT = 0, or

the lines are parallel. Also, if m =
, tan TPT oo

,
or

the angle TPT is a right angle.

The condition then that the two lines

y = mx + b, y = m x + b

should be parallel, is

m = m
,

and that they should be perpendicular to each other, is

m =
.m

p. c. s.
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Con. 2. If the two lines are

Ax + By + (7=0, ax+by + c = Q,

the conditions of parallelism and perpendicularity are re

spectively Aa

hence two straight lines are perpendicular, if the coefficients of
x and y are interchanged, and the sign of one of them changed.

Ex. To find the angle between the lines

the axes lelng rectangular.

Here m~ -i, m =
J, and, if a be the angle between the lines,

48. The condition of parallelism, deduced in the last

article, is evident independently, and we have, in fact, as

sumed it in previous articles
;
for m and m are the tangents

of the angles which the lines make with the axis of x, and

those angles are equal, if the lines be parallel. The condition

of perpendicularity may be proved independently ; for, if we

consider TPT a right angle, we have

m = tan D T x = - cot DTx

1
m

*49. To find the angle between two straight lines, the axes

being oblique.

Let the lines be as before

y = mx +b, y = mx + b
;
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making angles a and a! with the axis of x
;
and let the angle

between the axes be co. Then (Art. 35, Cor.)

m sin co , m sin co

tan a = ^ ,
tan a = =

-, ;

1 + m cos co 1 + m cos w

hence, if /3 be the angle between the lines,

tan = tan (a -a )

m sin co m sin co

1 + m cos o) 1 + m cos a&amp;gt;

sn co

(1 +m cos co) (1 +m cos w)

(m m ) sin a&amp;gt;

1 + (in + m ) cos co + mm

Hence the condition of parallelism is as before m = m
;
and

the condition of perpendicularity is

1 + (m + m) cos co + mm = 0.

The condition of perpendicularity is much more complicated,

when the axes are oblique, than when they are rectangular,

as, indeed, are all formulae in which angles are involved.

For this reason we shall choose rectangular axes in the

solution of questions concerning angles, and shall not extend

the remaining articles of this chapter to the case of oblique

co-ordinates.

50. To find the equation to a straight line, which shall

make a given angle with a given straight line (y
= mx + b),

the axes being rectangular.

Let a be the given angle, and let tan a = t, and let the

42
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equation to the given line (DT) be

(1),

A
and the equation of the required line \;

y =m x +& (2),

where m is to be found by the con

ditions of the problem.

Then, since the required line may
lie either as PQ or PR, we shall have, by Art. 47,

m m
1 + mm

or =
m m
1 + mm

Hence

m = mt

and the required equation is

m + t -,,

y = T _~ . x+b* 1 + mt (3),

where b
f

still remains undetermined, as an infinite number of

straight lines may be drawn fulfilling this condition.

If we add another condition, that the line should pass

through a point P(xy\ the equation will be (Art. 29, Cor. 1)

y y = m (x x)

m t ,
,= = .= . (x

- x)
1 + mt v

and it may be seen from the figure, that there are, generally,

two straight lines fulfilling these conditions.
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COR. 1. If t= 0, or the problem be to find the equation

to a straight line which %)asses through a given point, and is

parallel to a given straight line, the equation is

COR. 2. If t = oo
,
or the problem be to find the equation

to a straight line which passes through a given point, and is

perpendicular to a given line, the equation is

V
~
V

~~ ~
(x
~ x

&quot;)&amp;gt;

7^i

for, if t becomes = oo
,
we have

m

1 + mt 1 _ ii^

Ex. To find the equation to the straight lines which pass through the

point (1, 2), and make an angle of 45 with the line

q
Here, m= -

j, t=l ; hence, according as we take upper or lower signs in

equation (4), we have

7y- x -13=0, y + 7x-Q = O
t

for the required equations.

51. The equation obtained in Cor. 1, is the same

as that of Art. 34, where its geometrical meaning is ex

plained.

The geometrical meaning of the equation of Cor. 2, may
be seen thus :

Let DT be the given line (y
= mx + 6), P (x y) the given
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point, through which the line

D T is drawn perpendicular

to DT, and let P be any other

point (xy) on D T] then, if

PR be drawn parallel to Ox,

to meet the ordinate PM in

E, we have

= tan PTx = - cot DTx,

or, since tan DTx = m,

y - y = _ *
u

x x
~

m

52. To find the length of a straight line drawn from a

given point (x y) to meet the line (Ax + By + (7=0).

The equation to a straight line through (x y) is (Art. 34)

where I is the distance of any point (xy) from the fixed point

(x y). If we substitute for x and y from (1) in the equation

to the given line, the resulting equation will refer to the

point where the two lines intersect, and we shall have for the

distance
(I)

from (x y) to that point, the equation

A(d +
or

4l f 7therefore I = -- .

+ By+C
.

Bs (2).

COR. If the axes are rectangular, and the line (1) is

perpendicular to (Ax + By + C = 0), we have (Art. 47)

9 B
c~ A (3),
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since the two lines make with the axis of x angles whose

tangents are, respectively, equal to

s , A
- and - ~.
c B

But, since s and c are the sine and cosine of the angle

which the line (1) makes with the axis of x,

from which and from (3) we have

A Bc=--=^= t
s=

hence from (2) we have for the perpendicular,

Ax + Zy+Ci~
according as we take c and s with the lower or upper signs.

As we are now considering the magnitude only of the

perpendicular, the algebraic sign with which it is affected is

immaterial. We shall see hereafter, that it is sometimes

necessary to select the appropriate sign for I
;
but for this

purpose we shall use a geometrical construction, and the

equation to the line in a less general form.

COR. 1. Since Ax +By + C is the only part in (4)

that varies with the position of (x y), it follows that the

Ax + By+C of any point (xy) varies as the distance of the

point from the line Ax + By + C = 0.

Similarly from equation (2) the lengths of parallel

straight lines drawn from a point (xy) to meet the line

(Ax + By + C = Q), vary as Ax + By + C, since Ac + Bs does

not vary in that case.
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COR. 2. If the point (x y ) be the origin, x = 0, y =
0,

and we have, for the distance of the line from the origin,

G

Ex. To find the length of the perpendicular from the point (x= 3, y = \

on the line (3?/-7x + 9= 0).

3x5-7x3+9 3
*

53 *. To find the area of a triangle in terms of the co

ordinates of the angular points, the axes being rectangular.

Let the three points be (xy), (x y ), (x y&quot;).
The

equation to the straight line joining (xy) and (x y&quot;)
is

(Art. 35)

(y
-
y) (*&quot;

- *0 - (*
- * ) (y&quot;

-
y) = o,

and the perpendicular upon this from the point (xy) is

(Art. 52)

(y y } (x x
) (x x) (y y ) ^

and the distance between (x y
f

)
and (x y&quot;)

is the denominator

of this fraction. But this perpendicular multiplied by this

distance is double of the area of the triangle. Hence

1
i n \(y

~
y } (* % ) (% %) (y&quot; y

is the area of the triangle, the upper or lower sign being

used, according as the expression is positive or negative.

If the three points (xy), (x y), (x&quot;y&quot;)
are in the same

straight line, the area becomes = 0, which gives, as it ought,
the equation of Art. 35. This gives an easy way of remem

bering the formula.

For the case of oblique axes see Chap. IV. Ex. 8.

1 From Salmon s Conic Sections.
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54. To find the length of the perpendicular from a

point (xy) on the line (x cos a + y sin a = p), the axes beiny

rectangular.

Let DT be the line

x cos a + y sin a = p,

and P the point (x y). Draw a

line ES through P parallel to DT,
and draw PQ, OEH perpendicular

to the lines DT and RS
,
then the

equation to ES must be

x cos a + y sin a = $//

=// suppose;

but since (x y ) is a point in ES, we have

# cos a+y sin a = p.

therefore PQ = x cos a + ?/ sin a. p,

and is known.

If the point (x y ) be on the other side of the line, as P,
the length of the perpendicular P Q will evidently be =pp,
or = p x cos a y sin a. Hence, if the equation to a line

be #cosa + 2/sina=jt?, where p is a positive quantity, the

length of the perpendicular from (x y) is

+ (x cos a. + y sin a
&amp;gt;),

the lower sign being used, when (x y ) is on the origin side of

the line.

55. Th sec that the cccosa + ysma p of any

point (xy) is negative or positive, according as (xy) is or is

not on the origin side of the line, and vanishes when (xy) is

on the line. Hence when we have once adopted a certain

name for a line, such as x cos a + y sin a p, we may say
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that the line has a positive and a negative side
;

the

positive side being that, for any point on which the ex

pression called the name of the line is positive, so that the

perpendicular on that side is written with the same sign

as the adopted name. The origin side is negative in Art.

54; if we called the line p a; cos a y sin a, the origin

side would be positive. The sign of the origin side, then,

is the sign of the expression which we have called the name

of the line, when x and y each = 0.

COR. 1. Similarly, as in Art. 52, Cor. 1, we see that the

Ax + By+C of any point (xy) changes sign, as the point

crosses the line Ax + By +(7=0; so that the origin side is

the positive or negative side of that line, according as G is

positive or negative.

COR. 2. It is easy to see that the results of Arts. 52 and

54 differ in appearance only ; for, if the equation

is written in the form a; cos a + y sin a p = 0, it becomes

(Art. 27, Cor. 2)

A B C

+~J?*
y

JA*+B*

and the perpendicular on this line, obtained by Art. 54, coin

cides with the result of Art. 52.

Ex. If the equation to a line be

the expression 3?/
- 4.r -f 3 is positive on the origin side, and negative on the

other, and the expressions

represent perpendiculars from points (x y ) on the origin side and the other

aide, respectively.
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56. The reasoning of the preceding article supposes
that the equation can be written in the form

x cos a + y sin a p = 0,

where p is a positive quantity, and a is defined by Art. 27,

Cor. 2; but, when the line passes through the origin, this

definition of a evidently fails, and the equation Ax + By = 0,

written in the form required, is either

or

.yZMTff*
&quot; v

The length of the perpendicular from (x y ) is still

, / i
-

\
Ax + By+ f cos a + y sm a), or + ._ --

;&quot;

* *

and we require to know, on which side of the line the ex

pression adopted as its name is positive. If the equation be

written in the form y mx = 0, it is evident that, for any

point above the line, y mx is positive ;
for y will then have

a larger positive or a smaller negative value, than it has on

the line for the same abscissa. Similarly, for any point

Mow the line, y mx is negative, where we consider the

positive part of the axis of y as above the line. Hence we

obtain the following rule. Write the coefficient of y positive ;

then the positive part of the axis of y is on the positive

side of the line.

Ex. If the equation to the line be

3y-4*=0,
the expression 3?/

- 4z is positive for points above the line, and negative for

points below it j
and the expressions

3j/_-4a/ -3^ + 4;*;

~5
&quot;

5

represent perpendiculars from points (x y )
above and below the line, respec

tively.
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*57. It has already been shewn (Art. 43) that the equa

tion

is the equation to a straight line passing through the inter

section of the lines

Now equation (1) admits of a very simple geometrical inter

pretation, if the lines (2) be written

in the form

xcosoL + ysma. p (3),

x cos /3 + y sin q
=

(4) ;

for let EK and ER be the lines (3) -^
and (4), and suppose the origin some

where in the angle opposite to KER, so that the positive

and negative sides of the lines are as in the figure. Then, if

we take any point, as P, (x y ) t the perpendiculars PK and

PR will be represented (Art. 54) by the expressions

x cos a + y sin a - p, x cos /3 + y sin /3 q,

and the equation

x cosot + y sin a p k(x cos (3 + y sin/3 5)= (5)

asserts that

PK k

and hence the locus of the point P, or of the equation

xcos a + y smap It (x cos @ + y sin /5 q) (6)

is a straight line passing through the intersection of (3) and

(4), and such that, if perpendiculars be dropped from any

point in it upon the lines (3) and (4), those perpendiculars
will be to one another in the ratio of k to 1. Hence also the

sines of the angles which (6) makes with (3) and (4) are in

the ratio of k to 1.
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*58. It will now be seen, why we have (Art. 54) con

sidered so carefully the signs of the perpendiculars, or rather,

investigated a method by which

we may always be able to write

the expressions for them, so that

those expressions shall represent

positive quantities; for if the

lines in question be DT and

D T
,
it is evident that the rea

soning of Article 54 will give us,

for the point P (x y )&amp;gt;

if its per

pendiculars on DT and D T are

as k to 1, the equation

x cos a + y sin a p _ k

x cos ft + y sin/3 q

~
I

or x cos a + y sin a p k (x cos /3 + y sin ft q)
= 0. . .(7),

as the equation to PR
;
whereas the point Q would, under

the same circumstances, give us the equation

a/ cos a + 2/

r

sina p _k
(x cos @ + y sin /3 q)

~~

1

or x cos a + y sin a. p -\-k(x cos /3 + y sin /3 g)
= 0. . . (8),

as the equation to QR.

COR. If k = 1, or the perpendiculars are equal, equations

(7) and (8) will represent the straight lines which bisect the

angles DRT and D RD. These lines are easily seen to be

at right angles, by the condition of Art. 47, Cor.

*59. In order to select the proper equation for any par
ticular line passing through R, where the ratio of the perpen
diculars or sines is given, the following rule, which may be

readily deduced from Art. 58, is universally true.

If any point in the required line is on the origin side of

both or neither of the given lines, the equation is of the form
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(7) ;
if it is on the origin side of one only, the equation is

of the form (8).

The equations to the lines, if given in any form, may (Art.

27, Cor. 2) be reduced to the form here used, and the above

test applied. Arts. 54 59 are equally true for oblique axes,

if (Art. 32) we use the equation x cos a + y cos
(&&amp;gt; a)

= p ;

but in that case the reduction of any equation to the re

quired form is more complicated.

*60. Equations (6) and (7) (Arts. 57, 58) usually present
some difficulty to the student, because we use the same sym
bols, x and y, to represent the co-ordinates of the point P,

and the co-ordinates of any point on the given lines. In

these articles, we have endeavoured to avoid this difficulty,

by first calling the co-ordinates of P x and y , considering

P as one fixed point. When we have obtained relations

(5) between these co-ordinates, by means of the conditions

of the problem, we may evidently (Art. 21) write x and

y for x and y t
in the equation to the locus of P, with

out any fear of confusion. We shall hereafter frequently

speak of the perpendicular from the point (xy) on the line

x cos a + y sin a p = 0, bearing in mind this explanation.

*Ex. To find the equations (axes rectangular) to the straight lines which

bisect the supplementary angles between the two lines,

Let DR, D R be the lines, which will evidently lie as in the figure ; then,

comparing their equations with the equation x cosa + y sin a=jp,

and writing them in that form, we have
,

(Art. 27, Cor. 2)

forZXR, a^2+|fa|l

for 72
&-~jy=Bj3.

Hence we have for the equation to the

bisector PR, any point of which is on the

origin side of both or neither of the given

line?,
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or 2y-2x = 11^3 -23.

For the bisector RQ, any point of which is on the origin side of one only,

Cl. Equations representing straight lines.

We shall now notice a few particular cases, where equa
tions of a degree higher than the first may be interpreted by
means of the preceding articles.

If we have the equations to two straight lines

Ax + By + C = 0, ax + by + c = 0,

it is evident that the equation of the second degree

(Ax + By + C) (ax + ly + c)
= 0,

will represent both the lines, for the co-ordinates of any

point in either of the lines, substituted in the equation, will

make one of the factors vanish, and the equation will be

satisfied. Similarly, if we multiply together the equations

to n straight lines, we shall obtain an equation of the wtli

degree, which represents them all. Conversely, if any equa
tion of the Tith degree can be separated into n factors of the

first degree, it represents n straight lines.

G2. To find the condition that an equation of the second

degree should represent two straight lines.

Let the equation of the second degree, in its most general

form,

be written as a quadratic in y y

LY + 2(ILc + F)y + A or + 2 Gx + C = 0.
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Solving this equation, we have

- (Hx + F) J(Hx + F?-B (Ax
2 + 2Gx + (7) .

y- ~%-
The expression under the root becomes

and, in order that equation (1) may break up into two equa
tions of the first degree, it is sufficient and necessary that

this expression should be a perfect square for all values of x
;

hence the condition is

(HF- BGJ = (H*
- AS) (F*

- BC),

or, expanding and dividing by B,

ABC+2FGH-AF*-BGz -CfP=0.., ......... (2).

If the quantity under the root do not contain x at all, the

equation will represent two parallel straight lines
; for, in

this case, the coefficient of x in the right-hand member of the

equation, which is (Art. 28, Cor. 2) the angular coefficient

of the lines, is not affected by the alteration of the sign of

the radical. These lines are imaginary, or the locus im

possible, when the quantity under the root is negative.

Ex. 1. The equation

y
i _ %Xy + 2*2 + 3y

_ 4^ + 2 = 0,

may be written

2/2
- 3 (*-

Solving for ?/, we have the equations

which are the equations required, since the original equation is obtained by

multiplying these two equations together.

Ex. 2. The equation

3x2 + 2xy + y&quot;
+ Gx + 2y + 3 =0,

when solved becomes
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which represents two imaginary straight lines, which may be said to intersect

in the only point for which the equation is satisfied, viz.

Q, 05+1 = 0, orx=-l, y = 0.

Ex. 3. The equation

4x2+ 8xy + 4?/
2+ 3x + By=

represents the two parallel lines,

63 (i).
The equation

Aa? + 2Hxy + Bif = .................. (1),

may be written

.................. (2).x x

?/

Solving this as a quadratic in -
,
we obtain

CO

y _-HjH*-AB
x~~ B

and, if we call these values fi and p, equation (1) is the same

as

which represents two straight lines, y = fix and y = /z/#,

through the origin, possible and different, possible and

coincident, or imaginary, according as H 2 AB &amp;gt;

=
&amp;lt; 0.

IS WlltLUll 1UI n

equation

If ra is written for
J in (2), /JL

and p are the roots of the

Similarly every homogeneous equation of the nth degree

may be written in the form

p. c. s.
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and will have n roots, possible or impossible,

!-* &*
which will give n straight lines, possible or imaginary, pass

ing through the origin.

63 (ii). Suppose we have two equations

Axz + 2H^j + ^f + 2Gx + 2Fy+ = ............... (1),

oa + fy = l ............... (2);

then the equation

Ax*+2Hxy+By*+2(Gx+Fy)(ax+by)+ C(ax+by)*=Q . (3)

is homogeneous and of the second degree, and therefore

represents two straight lines passing through the origin.

But the co-ordinates of any point common to (1) and (2) will

evidently satisfy (3) ;
hence (3) passes through the inter

sections of (1) and (2). Hence (3) represents two straight

lines joining the origin to the points of intersection of the

loci represented by (1) and (2). The equation to any straight

line may be written in the form (2) ;
and the meaning of (1)

will be fully explained hereafter.

64. The equation

will give two solutions of the form x = constant, and will

therefore represent two straight lines, possible or imaginary,

parallel to the axis of y. In like manner the equation

represents two straight lines parallel to the axis of x.

Similarly any equation of a higher degree, which involves

only one of the variables, will represent a series of straight

lines, possible or imaginary, parallel to one of the axes.
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65. If an equation of the second order can be written in

the form

(Ax + Sy + CY+(ax + by + c? = 0,

it can be satisfied by those values only of x and y, which

make

Ax + By + C = 0, and ax + by + c =
;

for otherwise we should have the sum of two positive quan
tities equal to zero. Hence the locus is a point, or may be

considered as two imaginary lines

Ax + By + C J - 1 (ax + by + c)
= 0,

which intersect in a real point.

G6. If an equation of the second order can be written in

the form

(Ax + By + &amp;lt;7)

2 + (ax + by + c)
2 = - P,

where P is positive, it can be satisfied by no real values of

x and y, since the sum of the two quantities on the left-hand

side can in no case be negative; the locus is therefore entirely

imaginary.

67. To find the angle between the straight lines repre
sented ~by the equation

Aa?+2Hxy + By*=Q .................. (1),

the axes being rectangular.

If the lines are y /JLX and y = //#, and 6 the angle be

tween them, then (Art. 47)

tan * = =,
also (Art. 63) ^ and /* are the roots of the equation

=0 .................. (2);

hence _
(^ +^ =_

, w =
^ .................. (3);

52
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therefore (//.
-

/* )

a =
(/* + /* )*

-

and

therefore tan = -

The lines are at right angles, if A + B = 0.

*C()R. 1. If the axes are inclined at an angle o&amp;gt;,
we have

(Art. 49)

tan0=- O-X) sill *&amp;gt;

! + (//,+ /* )
COS 0) + jJLfJlf

The lines are at right angles, if

COR. 2. With axes of any inclination, if the equation

representing two straight lines were

it could be written in the form

(7/-/*.r-/3)(7/-/^-/3 )
= ............ (5),

or w x*-(v, + fjL )xij + if + Px + Qy + R=0 ...... (6),

where P, Q, and R are constants. Hence, if (4) and (G) are

in reality the same equation,

_ _ __

4~ 27 B
which equations for p and /* are the same as (3); hence

/A and p are as before the roots of

m* -f 2Hm
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and the straight lines represented by (4) are parallel to those

represented with the same axes by (1), and contain the same

angle.

COR. 3. The straight lines represented by (1) are coin

cident, and those represented by (4) are parallel, if

H2 -AB=0,
in which case

Ax* + 2Hxy + By*
is a perfect square.

*6S. To find the equation to the straight lines ivhich bisect

the angles between the straight lines

A x* + 2Hxy -f Bif = (1),

the axes being rectangular.

Let the lines (1) be y fix = 0, y p x = 0, where
fj,

and

//,
are the roots of the equation Bm? + 2Hm + A = 0. Then

the equations to the bisectors are (Art. 58, Cor.)

or, when expressed as one locus,

or, simplifying and dividing by // p,

y 0. + n ) + 2x,j (1
-^ )

- x* 0* + /*0
= 0,

or, (Art. 07)

* ---^%-y = o (2).

The condition (Art. G3) that the lines (2) should be real

is (A B)
z + 4#2

&amp;gt;

;
hence the bisectors are always real,

whether the original lines are real or imaginary. They are

at right angles by Art. 67.
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EXAMPLES III.

1. FIND the equation to the straight lines which pass

through the point (1, 3), and make an angle of 30 with the line

(2y x + 1 = 0); axes being rectangular.

2. Draw the lines represented by the equation

(2y
- x + c) (3y + x-c) =

0,

and determine (1) where they intersect, and (2) at what angle; the

axes being rectangular.

3. Find the equation to a straight line which passes through
the point (c, 0), and makes an angle of 45 with the line

(bx
- ay = ab); axes being rectangular.

4. Find the equation to a straight line which is perpendicular

to the line (8y + 5x 3 = 0), and cuts the axis of y at a distance

= 8 from the origin ; axes being rectangular.

5. Find the cosine of the angle between the lines

(y-4x + 8 = 0) and (y
- 6x + 9 =0);

axes being rectangular.

6. Find the angle between the lines (4y + 3x + 5 = 0) and

(4x 3y + 6 = 0) ; axes being rectangular.

*7. Find the equations to the straight lines which pass through
the intersection of the lines (i/

= 2x + 4), (y
= 3x + 6), and bisect

the supplementary angles between them
;
axes being rectangular.

8. What is the geometrical signification of the equations

x2 + if
=

0, xy = ?

*9. Find the equations to the straight lines which bisect the

angles between the lines (I2x + y = 8) and (3x
- 4y = 3) ; axes

being rectangular.
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10. Shew that the lines represented by the equation

x* - xij
-

6?/
2 + 2x - y + 1 = 0,

are inclined to one another at an angle of 45; axes being rect

angular.

11. The equation 2?/
2

3xy 2x* 3y + 6x = 0, represents two

straight lines at right angles ;
axes being rectangular.

12. The equation ifZxy sec + x~ = 0, represents two straight

lines inclined to one another at an angle 6; axes being rect

angular.

13. What is the inclination of the co-ordinate axes, when

the lines represented by y
2

x* = 0, are perpendicular to one

another 1

*14. The equations to two straight lines are

x+3y-a=Q (1), y-x + a = Q (2);

find the equations to the straight lines which pass through the

intersections of (1) and (2), so that the ratio of the sines of the

inclination of each to (1) and (2) may be as 1 : ^5.

15. What must be the inclination of the axes in order that

the lines (xy 3y 2x + 6 = 0) may include an angle of 135?

16. Find the equations to the two straight lines which pass

through the origin, and divide into three equal parts the distance

between the points in which the axes of co-ordinates are intersected

by the line (x + y = 1).

17. Find the distance of the point of intersection of the lines

(Zx + 1y + 4 = 0), (2x + 5y + 8 - 0), from the line (y
= 5x + 6); the

axes being rectangular.

18. Find the perpendicular distance between the lines

Ax + fy + C = Q, Ax + i/+C = Q;

the axes being rectangular.
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1 9. On which sides of the line 3x - 2y = 1 do the points (1, 2),

(3 ? _4) lie 1 Shew that they lie on the same side of the line y = 3x.

20. The perpendicular from a point (x y )
on the line 3x+ 3 = 4y,

is -= (4y 3# 3). On which side of the line does (x y )
lie 1

o

21. Shew that the equation (3x + y) (2x- 3?/ + 8)
=

4, re

presents a locus which lies entirely in two of the angles formed

by the lines (3x + y = 0) and (2x
- 3y + 8 - 0).

22. Determine the loci represented by the polar equations

(i)
- a = 0.

(ii)
sin (0

-
a)
= 0.

(iii) (p a) (p
2

a*-ap tan sin 0)
= 0.

23. Find the angle between the lines

- - cos - 2 sin 0,
- = cos + 3 sin 0.

P P

24. Interpret the equations :

(i)
sin 20 = 0, (ii)

cos 30-0, (iii)

3 + a0
2 + /?0 + y = 0.

25. Find the area of the triangles whose angular points are

(i) (0, 6), (a, 0), (a, b)-} (ii) (a, 2a), (2, 3), (3a,-4a);

(iii) (0, 0), (a, y), (* , 2/ ).

26. Find the area of the triangle contained by the three

straight lines
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Transformation of Co-ordinates.

09. WHEN the position of a point or the equation to a

curve is given, with reference to any particular system of co

ordinates, it is frequently necessary to find that position or

equation with regard to some other system. We have already
shewn how to pass from rectangular to polar co-ordinates, and

the converse, and we shall now shew how we may perform
other transformations, such as altering the origin, passing
from rectangular to oblique co-ordinates, and others of the

same nature.

70. To transfer the origin of co-ordinates to a point

(x y) without altering the direction of the axes.

Let O X, O Fbe the new axes, respectively parallel to Ox

and Oy, the old ones
;
let the co-ordi- iy ly

nates of any point P, referred to the ill
old axes, be x, y, and, when referred

^/_ / ha!

to the new, X, Y; ~T
OR = x

, OR = y , and W ]iz M. ^
PM=PM + R

}
OM= OM + OR,

or y F+ y, x = X + x .

These formulae are true for rectangular and oblique axes.

Hence, to find what the equation to any locus becomes,

when the origin is transferred to a point (x y ), the new axes
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remaining parallel to the old, we must write x + x for x, and

y + y for y-

Ex. To find what the equation

?/
2 + 4y-4^ + 8 =

becomes, when the origin is transferred to a point whose co-ordinates are

x = l, 2/
= -2. v

Writing x+ 1 for x, and y - 2 for i/, we obtain the equation

y
z= 4x.

71. To find what the co-ordinates of a point become, if

the axes, being rectangular, are turned through a given angle

(a), the origin remaining the same.

fc

Let Ox, Oy, ON, PMloe the old axes and co-ordinates of

any point P, OX, OY, OM
,
PM

the new ones
;
let angle XOx =

a,

and let the old co-ordinates be x, ?/,

the new X, F; then, if M R, M S
be drawn parallel to Ox, Oij re

spectively, we have

OM= OS-RN
,

PM=PR+M S,

or, since angle RPM =
angle XOx a.,

x = Xcosot. Fsina, y = Fcosa -f Xsina;

hence, to find what the equation to any locus becomes, when
referred to the new axes, we must write

oLy sin a for x, and y cos a + x sin a for y.

It will be observed that x? + y*
= X2 + P, which ought to

be the case, since each is equal to OP2
.

The student should remember this figure, and be able
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readily to write the formulae from it. They may be verified

by observing that

if a = we must have x = X, y = Y;

if a = # = - F = J

Ex. To find what the equation x i
-y^= o? becomes, when the axes are

moved through an angle of 45.

1

Here, sin a= cosa=
~~7^,

and we must write

1 1

-j=(x-y)
for x, and

-j=
(x + y) for y\

hence, the equation becomes

72. To ^/i?icZ
w/ia f^e co-ordinates of a point become,

when the axes are changed from one oblique system to another,

the origin remaining the same.

Using the same notation as in Art. 71 and a similar figure,

we have

where by sin (xy) we mean the

sine of the angle which the axis of s

x makes with the axis of y, and

by sin (Xx) the sine of the angle which the axis of X makes

with the axis of x
;
and so with the rest.

Similarly, OM = OS +M R

sin (xy) sm (xy)

or x sin (xy)
= Ar

sin (Xy) + Y sin
( Yy).

\
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These formulae include the particular cases, where we

wish to pass from rectangular to oblique, or from oblique to

rectangular axes. The signs are those appropriate to the

figure, where (xy), (Xy), ( Yy] are all measured on the same

side of Oy, and (yx\ (Xx\ ( Yx) on the same side of Ox. It

must be remembered, that, in speaking of the angles made

by the axes, we mean the angles made by their positive

directions, and that (xy), (yx) are the same angle.

It is very. rarely necessary to make a transformation

such as the above
;
and for those which actually occur, it is

generally easier to obtain from the figure the formula re

quired, than to adapt those which we have obtained above.

We will give a simple case which is often useful.

73. To transform an equation from a rectangular to an

oblique system, tJie axis of x remaining the same, and the new

axis of y being inclined at an angle co to the axis of x.

Using the same notation as before, and a similar figure,

we have

OM=OM+M M
=OM +PM cosPM M,

or x X+ Ycosw
;

PM=PM sinPM M, ory = Fsin to.

Similarly, if the transformation were

from the axes Ox, OF to Ox, Oy, we
should have

Y=

Ex. Let the equation to be transformed from rectangular to oblique
axes be

Writing x + y cos u for x, and y sin u for y, we have
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Ax2+2A cos w

+ 2H sin o&amp;gt;

xy +A cos2 w

+ 2flf sin wcos w

+ B siu2 w

The following results of this transformation, which is a particular case of

Art. 76 (ii),
should be noted :

i

sin2 w sm j w

where a, 2h, b denote the coefficients of a;
2
, xy, y

z after the transformation.

74. If we wish to transfer the origin to a point (pcy \
and then change the direction of the axes, we have only to

add of and y to the formula of Arts. 7173. Thus, if the

changes of Arts. 70, 71 have taken place,

x = x +X cos a Y sin a, y = y + Y cos a + A&quot; sin a.

75. In the case of polar co-ordinates, if we wish to turn

the initial line through an angle a, we must write 6 + a for

in the equation, since the new 6 is less than the old

by the angle a.

76 (i).
The student must bear in mind that we make no

change in the locus, by changing the origin or axes. The

assemblage of points represented by the new equation is pre

cisely the same as that represented by the old, but the man
ner in which the axes are placed with regard to them is

changed, and therefore the equation, which expresses this

relative position, is not the same as before.

We may notice also that the degree of an equation cannot

be altered by transformation. For let Axp
y
q
represent any

term of an equation of the rfi degree, where p + q = n : then,

since (Art. 74) the old co-ordinates in terms of the new are

expressions of the first degree only, we should have

Ax*if =A (ax + by + c)
p
(djc + ey +/)7

,

and no term resulting from this multiplication can be of a
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higher degree than p + q or n. Hence, the equation cannot

be raised. It, consequently, cannot be depressed; for, if that

were possible, we might, by re-transforming it, raise it, which

has been proved to be impossible.

*7C (ii). -f&quot; Suppose we have an expression

Ax* + ZHxy + By\

referred to axes inclined at an angle o&amp;gt;,
and we transform it

to other axes inclined at an angle &amp;lt;, by making the substitu

tions of Art. 72 ;
and suppose it to become

where x, y and X, Y are the co-ordinates of a point P with

the old and new axes respectively. Then the same substitu

tion will make

a? + 2xy cos w + 2/

2 become X* + 2X7 cos
&amp;lt;/&amp;gt;

+ F2

,

since each of these expressions is equal to OP2
.

Now, if we take the expression

Ax* 4- ZHxy + By* + k (x* + %xij cos o&amp;gt; + y
2

) ...... (1),

or (A + k) x* + 2 (H + kcos w) xy + (B + k) y\

where k is any constant
; then, if this expression is a perfect

square, it will plainly not be altered in this respect by the

substitutions for x and
2/J. But from above, after these sub

stitutions (1) will become

+ I
72

) ...... (2).

Hence, if k be chosen so as to make (1) a perfect square, then

(2) will be a perfect square for the same value of k.

t From Salmon s Conic Sections.

J For example, (Px+Qy)- becomes after such a substitution

,
or {(Pa + Qc)
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Now (1) will be a perfect square, if

(H+k cos w)
2

-(A + k) (B + k)
= 0,

72
A + B-ZHcosco, H*-AB .

or #+ !--r-i -A;--=-5
--=0 ...... (3).

sin G) sin cu

Similarly (2) will be a perfect square, if

- h? - ab _
~lir?&amp;gt;~~

&quot;

~sln&amp;gt;

But, since both become perfect squares for the same

value of k, the two quadratics, (3) and (4), must be identical.

Hence, by equating the coefficients of corresponding terms in

(3) and (4), we prove the following proposition :

Ift by any change in the direction of the axes, the expression

be transformed into

then, if CD and
&amp;lt;j&amp;gt;

are the angles of inclination of the old and

new axes, respectively, we shall have

A + B- 2ZTcos &) _ a + b 2h cos &amp;lt;

2 2

,

and r-z
--

. . .

sin ft) sin
&amp;lt;f&amp;gt;

If &) and $ are both right angles, these equations take the

simpler forms

Compare Art. 73, Ex. and Art. 141 with this Article.
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EXAMPLES IV.

1. TRANSFORM the origin to a point (ab) in the equation

- 2ax - 2b + a2 + b
2 - c

2 = 0.

2. Transform the equation

x2
cos

2 a y
z
sin

2 a = a2

by turning the (rectangular) axes through an angle a.

3. Transform the equations x + y = c and x2

if - 0, by turn

ing the (rectangular) axes through an angle of 45.

4. If both systems be rectangular, and the equation to the

old axis of y referred to the new axes is x y = 0, the old and

new axes are inclined to one another at an angle of 45.

5. Transform the equation y
2 + ay cot a - kax -

0, from a

rectangular system to an oblique system inclined at an angle a,

retaining the same origin and axis of x.

6. Transform the equation 2x2

5xy + 2y = 4, from axes in

clined at an angle of GO
,
to the right lines which bisect the

angles between the axes.

7. Transform the same equation to rectangular axes, retain

ing the old axis of x.

8. Shew by the transformation of Art. 73, that, when the

axes are inclined at an angle CD, the expression of Art. 53 for the

area of a triangle must be multiplied by sin to.

9. If the origin and axis of x are taken as the pole and

the initial line, and the angle between the axes is w, shew that

we may transform from Cartesian to polar co-ordinates by the

formulae

sin (w - 0) sin

x=p -
y=--p- .

sin w sm u)



CHAPTER V.

Geometrical Applications.

77. WE shall now give a few examples of the applica

tion of the formulae we have obtained to the solution of

geometrical problems. In attempting to solve these pro
blems algebraically, the student will find that much depends

upon a judicious selection of the origin and axes, and the

application of the proper equations and formulae. He should

in every case consider the problem well, before he attempts
the solution, and form a definite plan, before he begins. He

may very possibly not be able to carry out his original

scheme, but his attempts to do so will probably suggest
some method by which he may solve the problem ;

and he

will, at any rate, avoid a practice very common to begin

ners, of working without any definite aim, and consequently

introducing and combining equations and formulae that only

serve to embarrass him, without in any way aiding him in

the solution.

78. To shcio that the perpendiculars drawn from the vertices on the oppo
site sides of a triangle meet in a point.

&quot;Let ABC be the triangle, CD, BE, AF the perpendiculars, and assume Ax,

Ay as rectangular axes
;

let the co-ordinates

of C be AD = x , CD = y ,
and let AB = x&quot;.

Now the proposition is proved, if we can

shew that the abscissa of the point where AF
and BE intersect is = x

,
for they will then

evidently intersect in CD. In order to shew

this we must find their equations, which -A -/&amp;gt; Jt &
we shall obtain (Art. 50, Cor. 2) by observing that they each pass through

p. c. s. G
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a given point, and are perpendicular to a given line. We must then first find

the equations to the lines AC, BC, to which they are perpendicular.

Since A C passes through the origin and the point C (x y
1

),
its equation is

(Art. 30, Cor.)

y*j&amp;gt;*

.............................. (i);

and since BE passes through B (x&quot;0),
and is perpendicular to (1), its equation

is (Art. 50, Cor. 2)

y=-^(x-x&quot;)
........................ (2).

Also, sinceBC passes through the points B (x&quot;0)
and C (x y ), its equation is

y=^,,(x-x&quot;)
..................... (3);

and since AF passes through the origin (0, 0), and is perpendicular to (3), its

equation is

At the point where (2) and (4) intersect, their ordinates must be identical
;

hence, equating their values, we must have, at that point,

y y

whence, at the point of intersection, x=x ,
which proves the proposition.

The student may exercise himself by solving this problem with DC as axis

of y instead of Ay: then, assuming DC, DA, DB to be known, he may express

the equations to AC and CB in terms of the portions of the axes they cut off

(Art. 26). It will then remain to prove that AF and BE intersect in a point

whose abscissa= 0.

79. To shew that the three perpendiculars through the middle points of the

sides of a triangle meet in a point.

Using the same axes and notation as in the last problem, we must find the

co-ordiuates of the three middle points M,
fll

,
M&quot; ; we can then find the equations

to the two perpendiculars HP, M&quot;P,

from the condition that they each pass

through a given point, and are perpendi
cular to a given line

;
if we then shew

that the abscissa of their point of inter-

section=AM
,
we shall have proved that

they intersect in the perpendicular from M .
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The co-ordinates of M&quot; are evidently &amp;lt;r IT i also (Art. 10) the co-ordinates

j

of M, the point of bisection of the line contained between the points B (x&quot;0)

I and C (x y ), are

_x +x&quot; _7/
~2~ y ~2

As before, the equation to AC is y = ,x and the equation to M&quot;P which

passes through M&quot; (
g y j , and is perpendicular to AC, is

Also, as before, the equation to J3&amp;lt;7 is

and the equation to MP, which passes through M (

^- J
,
and is

perpendicular to (2), is

v&quot;-X , .-.. , ^
At the point where (1) and (3) intersect, their ordinates must be identical

;

hence, equating their values, we have

which gives x , as the abscissa of the point of intersection
;
but this ab

scissa belongs to some point in the perpendicular from M
, which proves the

proposition.

80. In the figure of Euc. i. 47, ifKH and FG be produced to meet in M,
and MA produced to meet BC in T, shew that MT is perpendicular to BC.

Take AB, AC produced indefinitely, as axes of x and y, and denote the

sides of the triangle opposite to A, B, G by %
a,b,e; then the co-ordinates of M are x= -

b,

y=-c, and the equation to MA, which passes

through the origin and M, is (Art. 30, Cor.)

,-J.,

also the line BC cuts off from the axes of x

and y intercepts = c and b respectively ;
hence ^

(Art. 2G) its equation is

G 2
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x i/ b- + T=li or ?/=
c b c

which, by Art. 47, represents a line perpendicular to MA.

81. A straight line is drawn parallel to tlie, base of a triangle, and its

extremities joined transversely to the base ; find the locus of the intersection of

the joining lines.

Let ABC be the triangle, CB the

base, and ED parallel to it. Take AB,
AC as axes, and let AB = b, AC=c,
AE= e, AD = d; then the equations to

EB and CD are

also (Euc. vi. 2), (3),

from (1) e=- . from (2) cZ = ;b-x c-y

b_cx(b-x)
c~by(c-y)

.-. from (3)

whence c~x^ b^y~ be (ex by) = (

or (cx-by)(cx + by-bc)=(

Now (4) represents two straight lines,

*=o,6 c
= 1.

The former of these is a straight line passing through the origin and the

bisection of BC, for the co-ordinates of that point, x=-^^ 2/
=
o sati$fy tlie

equation ; and it is evidently the locus required. The latter represents the

base BC, which is not the locus of the intersections of EB and CD.

82. The result of Art. 81 should be noticed. As is fre

quently the case in the solution of algebraical questions, we

have arrived at two results, one which we were seeking, and

another which does not satisfy the geometrical conditions of

the problem. As shewn in Art. 40, the values of x and
ij

which satisfy equations (1) and (2) with the condition (3),

will satisfy (4) ;
and therefore (4) represents a locus, which
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passes through all the points where (1) and (2) intersect, as

d and e vary. It does not follow that every point, whose co

ordinates satisfy equation (-i), should be one of these points
of intersection.

83. The sides containing a given angle are in a given ratio, and the vertex

is fixed; supposing the extremity of one of the sides to move in a given straight

line, to find the locus of the extremity of the other.

Let OA, OB be the two sides, where

OB = 11. OA, and let angle AOB = a. Let A
move on the straight line AD

;
it is required

to find the locus of B. Take OD (=p), the

perpendicular from on AD, as initial line,

and let OB=p, angle BOD = 0; then

OA = OD sec AOD =p sec (0
-

a),

and OB = n. OA, or p
= np sec (0- a), which Q ~

is therefore the polar equation to the locus

of B. It represents (Art. 45) a straight line

at a distance = np from 0, the inclination of this distance to OD being a.

84. A straight line is drawn from a point 0, cutting two other straight

lines KA, KB in the points A, B, and in the straight line OAB a point P is

taken, so that OA, OP, OB are in harmonic progression ; find the locus of P.

The condition to be satisfied is

OP OA + OB

Draw any initial line Ox, and let the

equations to KA, KB bo

- = a cos + b sin 0,
- = a cos + b sin 0.

P P

since the general equation of Art. 44 may,

by dividing and transposing, be written in

tins form. Then, if the angle B0x=0,

JL .-...- i

OA

I

sin 0,

= (a + a
)
cos 6 + (6 + &

)
sin 0,therefore

and, writing p for OP, we have the polar equation to the locus of P. It is
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(Art. 43) the equation to a straight line passing through the intersection of

KA and KB ;
for it is equivalent to

a cos - b sin 6 ) + ( a cos 6 1) sin 6 } = 0.

P J \P J

EXAMPLES Y.

1. IN the fig.
of Euc. i. 5, if BG, CF meet in 77, shew that

AH bisects the angle BAG.

2. In the fig. of Euc. I. 47, shew that AL, BK, FO intersect

in one point, and that, if BG and CH be joined, the lines will be

parallel.

3. Prove algebraically Euc. vi. 2.

4. Let Ax bisect any straight line CD in
;
draw CB, cut

ting Ax in B and AD produced in E
; join DB and let it meet AC

produced in F, and join FE\ FE shall be parallel to DC.

5. In two given straight lines, drawn from a point 0, take

points P, Q in one, and P, Q in the other, so that OP, OQ, OP*,

OQ are in harmonical progression; shew that the locus of the

intersections of PQ and P Q is a straight line bisecting the angle

between the given lines.

6. Shew that the locus of a point, the algebraic sum of whose

distances from the sides of a polygon is constant, is a straight line.

7. Taking the requisite data to fix a parallelogram in a plane,

by equations to its sides, prove that the diagonals bisect each

other.

8. MANP is a parallelogram, having a given angle at A, and

also its perimeter a given quantity : shew that the locus of P for

all such parallelograms is a straight line.

9. A square is moved, so as to have the extremities of one of

its diagonals upon two straight lines at right angles to one another,

in its own plane ;
shew that the extremities of the other diagonal

will move upon two other straight lines at right angles.
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10. The hypotenuse of a right-angled triangle is made to

slide between two perpendicular straight lines ; find the locus of

the right angle.

11. Given the base and the difference of the squares of the

sides of a triangle ;
find the locus of the vertex.

12. Given the base and the sum of the sides of a triangle:O ?

if the perpendicular from the vertex on the base be produced

through the vertex, till its whole length equals one of the sides,

shew that the locus of the extremity of the perpendicular is a

straight line.

13. If Ax, Ay be two straight lines, and through any point P
there be drawn straight lines PP^Q^ PP

2Qa,
&c. meeting Ax in

P
lt
P

a, &c., and Ay in Q l9 Q2 , &c., then, if AP
lt
AP

2,
&c. are in

harmonical progression, so also are AQ^ AQ2 ,
&amp;lt;fcc.

14. AB, AC are two straight lines given in position; a

straight line DE meets them in D, E, respectively, so that

AD + AE is a constant length ;
also DE is divided in the point

P, so that DP bears a constant ratio to EP ; the locus of P is

a straight line.

15. If the angles of the triangle ABC are given, and A is

fixed, while B moves along a fixed straight line, shew that the

locus of C is a straight line.



*CHAPTER VI.

The Straight Line with Abridged Notation.

85. WE have shewn (Art. 43), that the equation

Ax + By + C + k(ax + by + c)
= Q (1)

can by varying k be made to represent any straight line

passing through the intersection of the lines

Ax + By+C=0, ax + by + c = (2).

Let the symbols L and M stand for

Ax -f By + C and ax + by + c
;

then equations (2) are written L =
0, M =

0, and equation

(1) is written L + kM=Q. The lines L = 0, 71/ = are

usually called the line (Z)/ the line (M), and their point

of intersection is called the point (L, M)

Instead of the equation L + kM= 0, it is often more con

venient to use the symmetrical form IL + mM = 0. This will

obviously make no real difference in the equation, since we
n\1

have simply substituted the arbitrary ratio
-j

for the arbi

trary constant k.

86. Since (Art. 47) the equations to parallel straight

lines may be written so as to differ only in their constant

term, any straight line parallel to (L) can be written in the
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form L + c = 0, where c is a constant. The lines (L + c),

(L c) are parallel to and equidistant from (L).

If any number of lines (L), (If), (N), &c. be parallel,

then the equation

lL + mM+nN+&c. = Q .................. (1)

will represent a straight line parallel to them; for (L), (If),

(N), &c. will be of the forms

Ax + By + (7= 0, Ax + By + C = 0, Ax + y + C&quot;
=

0, &c.

and equation (1) becomes

p ,

.

Ax + By H--r
p
-- =

0,
Z + 771 + w + &c.

which represents a straight line parallel to the given lines.

Again, if (L), (If), (N), &c. pass through one point, (1)

will generally represent a straight line passing through that

point ;
for the co-ordinates of the point make L = 0, M= 0,

^=0 simultaneously, and therefore satisfy (1). We say

generally, because I, m, n, might be such as to make the

left-hand member of (1) vanish identically.

87. The following example will shew how equations to lines may be

found in this system of Abridged Notation.

If (L), (M), (N) be the sides of a triangle ABC, opposite to A, J5, (7, and

points D, E, F be taken in (L), (M), (N), respectively, to shew that the sides of

the triangle DEF may be represented by

L +mM+~=0, M+nN+^
= 0, N+IL +^O,

where Z, m, n are constants.

We may write the equations

to CF, L + ntlf=0, to AD, M+nN=Q, to BE, N+IL = Q-,

and we have for the points
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Hence the equation to DE is, since it passes through D, of the form

M+nN+kL = .............................. (1);

and, since it passes through E, it is of the form

N+lL+k M=0.............................. (2);

and, comparing these forms, we have

kl n

whence k=nl, k =-, and (1) and (2) each hecome

OtJienvise, after writing equation (1), we may proceed thus. Since (1)

passes through E, the values J/=0, N+IL= satisfy the equation, and

therefore, substituting for N and M, we have, as hefore

nlL-kL = Q or k = nl.

Similarly it may he shewn, that the equations to the other sides may be

written as stated above.

88. If the equation to a straight line be written in the

form

p x cos a y sin a = 0,

so that (Art. 55) the origin is on the positive side of the line,

it is usual to employ one of the Greek letters for its abbre

viated form a = 0, so that all points, for which the expression

a is positive, are on the origin side of the line. Let /3
= 0, in

like manner, be written for

q x cos /3 y sin ft
= 0.

Then we have shewn (Art. 54) that the a and /3 of any

point are its distances from the lines
(OL)

and (J3).
We have

shewn also (Art. 58) that the equations

a - /j/3
= 0, a + & = 0,

are capable of a simple geometrical interpretation, and that

they represent two straight lines drawn through the inter-
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section of (a) and (/3), so that the perpendiculars dropped
from any point of either of them upon the lines (a), (/3), are

to one another as 7c : 1.

Particular attention must be paid to the position of the

origin, and the rules laid down in Art. 59 for determining
the sign of k. The positive and negative signs in the figure

of Art. 58 are now reversed
; but, exactly as in that article,

for all lines which lie in the same angle as the origin and

in the angle vertically opposite, the form is a Jeff
=

;
for

lines which lie in the other two angles the form is a -f fr/3
= 0.

The student must be careful to bear in mind, that these

remarks apply to the particular form of equation only, which

we denote by (a), (/3), &c. Many problems occur, as above

(Art. 87), where it is not necessary to introduce any limita

tion as to the forms of the equations or the position of the

origin.

89. We have shewn in Art. 58, Cor., that, when k = 1,

equations (7) and (8) of that article represent the bisectors

of the supplementary angles between the lines
;
hence the

equations to the bisectors of the angles between (a) and

09) are

a -13 = 0, a. + 13
= 0.

A little consideration will shew that the lines (a A-/3),

(&a /3) are equally inclined to the line (a /3); as are

also (a + kfi), (kz + J3) to the line (a + 0).

90. The properties of the Harmonic Pencil will serve

to illustrate this part of the subject.

DEF. Any four straight lines meeting in a point are

called a pencil of four lines, and a straight line drawn across

the pencil is called a transversal. A pencil is called har

monic if it divides any transversal harmonically, that is, so
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that the whole line is to one extreme segment, as the other

extreme segment is to the middle part. The four points
where a transversal meets the pencil are called a Range.

Let 0-4, OC, OB,
OD be any pencil,

and AGBD a trans

versal
;
then we shall

shew that the ratio

AD BD .-,_ 1S constant,

in whatever way AD
be drawn across the

system. If we denote

the anglesABO, A CO,

ADO, by B, C, D, we

have

AD _ AID AO
AG~ AO AG

BD
BC

D

sin AOD sin C

^
BO

BU ~BG

sin BOD sin C
sinl&amp;gt; sin BO C

.(i);

AD
_.

BD = smAOD .
sin -40(7

AC BC~ sinBOD smBOC&quot;

which is a ratio independent of the position of AD, and is

called the anharmonic ratio of the pencil. When the right-

hand member of equation (1)
=

1, the transversal is harmoni

cally divided, and the pencil is harmonic. We then have

AD : AC = BD : BC. (2),

and, if we consider AD, AB, AC as the first, second, and

third quantities, respectively, equation (2) asserts that the

first is to the third as the difference between the first and

second is to the difference between the second and third, and
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the quantities are therefore in harmonical progression. The
lines KO, KA, KP, KB, in the figure of Art. 84, form an har

monic pencil.

91. The lines

a = 0, = 0, a- = 0, a + 7c{3
=

0,

form an harmonic pencil.

Let OA, OB, be the lines, a = 0, = 0, then, if we

suppose the origin somewhere in the angle A OB, the lines

oi-k/3 = 0, a-+& = will (Art. 88) lie as 00 and OD
respectively. Then we have

sin AOO _ , sin AOD~
sin B00

~ &quot;

sin

therefore, from Art. 90 (1),

AD : AO = BD : BC.

92. Art. 91 is equally true, if the lines are

Z =
0, M=Q, L-kM=0, Z + H/=0,

for (Art. 27, Cor. 2) we have L = \y, M =
/^/3, where X and ^

are constants
;
hence the equations

L -W=0 and L + kM=0,

may be written

Xa - kfifl
= and Xa -f ^/3 = 0, or a - 7//9 = and a + k ft

= 0,

where // is written for --. These lines therefore form an
A/

harmonic pencil with (a) and (/3), that is with (L) and (M).
The student must be careful not to assume that (L Jl/),

(L + M) bisect the angles between (L) and
(J/) ; they do,

however, form an harmonic pencil with them.
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93. If (L), (M), (N) be three straight lines, and we can

find three constants I, m, n, such that

IL + mM+nN= (1),

identically, then all the three lines (L], (If), (N), pass through

one point, or are parallel.

For, since (1) is true identically, that is, for all values of

x and y, we have L jM-jN identically, and therefore

L = is the equation to a straight line passing through the

intersection of (M) and (N), if they meet, or (Art. 86)

parallel to them, if they are parallel.

Ex. (1) The three straight lines that bisect the angles of a triangle meet

in a point.

Taking the origin of co-ordinates within the triangle, let a= 0, /3
= 0, 7=

be the equations to the three sides
;
then the equations to the straight lines

bisecting the angles are

Here l=m=nl, and the lines therefore meet in a point.

Ex. (2) If, through the angular points of a triangle, there be drawn any
three straight lines meeting in a point, then three straight lines, drawn

through the same angles, equally inclined to the bisectors of the angles, will

also meet in a point.

The first three lines may be represented by

w/3 -ny=0, ny-la= 0, la - 7?i/3 =0,

putting
- for k &c.m

Then (Art. 89), the equations to the other three will be

and multiplying these by - -
, ,

and -

, respectively, they become

-2=o, ?-?=o. r--==m n n I I m

and therefore we see that these also pass through one point.
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Ex. (3) The straight lines joining the angular points of a triangle with
the middle points of the opposite sides intersect in one point.

Let ABC be the triangle, and the origin as

before within it: let o=0, /3
= 0, 7=0 be the

equations to BC, CA, and AB. Then if D be

the middle point of BC, the equation to AD is

L Bin CAD
:7=0;BinBAD

-

JL

but
sin CAD _ CD

&^sinBAD BD or CD

therefore

BinG ~AD sinB ~~AD

sin CAD sin C
sin BAD sin B

and the equation to AD becomes

)3sinJ5-7sin(7=0.

Similarly the equations to the other two lines are

and these three lines evidently pass through one point.

Ex. (4) It may be shewn in the same manner, that, if AD be perpen
dicular to BC, its equation is

/3
cos B -y cos C= Q,

and that those of the other perpendiculars are

7 cos C -a cos A=Q, acosA-pcosB = 0,

and these three pass through the same point.

94. Trilinear Co-ordinates.

The distances a, @, 7 of a point from the three sides of

a triangle, formed by the lines (a), (/3), (7), are called the

Trilinear Co-ordinates of the point, and the triangle is called

the Triangle of reference. By paying attention to the signs

of a, /3, 7, the position of a point may be defined by these

distances, and the properties of lines investigated by means

similar to those employed in the Cartesian System. In this

system it is usual to consider a as positive, when P is on the

same side of BC as A, and as negative when on the other
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side, so that the trilinear co-ordinates of a point within the

triangle of reference are all positive. It will be seen that this

is equivalent to considering the origin within the triangle,

and the symbols a, &c. to stand for p x cos a y sin a, &c.

COR. By writing the above values for a, &c., any equation

will be transformed from Trilinear to Cartesian co-ordinates.

95 (i). We proceed to shew the relation that must exist

between the trilinear co-ordinates of

a point. Let ABC be the triangle

of reference, the lengths of whose

sides are a, b, c. Take any point P
within the triangle, arid join it with

the angular points; then the dis

tances of P from BC, CA, AB are a, ft, 7, the trilinear co

ordinates of the point ;
and the areas of the triangles PBC,

PCA, PAB are

aa 1/3 cj
IT T 2&quot;

*

Hence, if A denote the area ABC, we have

aa + bft + cy = 2A,

as a constant relation that must always subsist between the

quantities a, ft, 7. If the point be taken outside the triangle,

the same relation will be seen to hold, by giving the proper

sign to a, ft, 7. It is clear that any point on BC gives

a = 0, which is therefore the equation to BC; similarly ft
= 0,

7 = are the equations to CA and AB. The point whose

trilinear co-ordinates are a, ft, 7 may be called the point

2A
(0^7) : thus the point A is the point , 0, 0.

Cb

95 (ii). It is important to observe, that a homogeneous

equation in a, ft, 7 speaks, not of the actual values of these
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quantities, but of their ratios; since every such equation may
be written so as to involve the ratios only. Thus we may
write

and we see that, if these equations are satisfied by a
, /3 , 7 ,

they are also satisfied by ky.
, k{3 y ky . Such equations then

involve two independent magnitudes only ;
and these can be

at once eliminated from three simple equations.

If the ratios of the co-ordinates of any point be given,

the actual values of the co-ordinates can be found from the

relation

ax + 6/3 4- cy
= 2A,

as will be seen in the examples below. In practice, however,

we rarely require the absolute values of the co-ordinates. It

is usual to make all equations homogeneous by the method

of Art. 96.

Ex. To find the trilinear co-ordinates of the points of intersection in the

Examples to Art. 93.

In Ex. 1 we have at the point of intersection a= B= y;

.. aa b8 cy
therefore = -~ = =

2A
therefore a=^= ^=aTb + ^

r

Compare this result with r=
,
the formula for the radius of the circle

inscribed in the triangle.

In Ex. 2 we have in like manner

aa _ b8 _ cy _
a?

~~
bin

~
en
~

al + bm + en

therefor6 = = =

t

The method is exactly the same for Ex. 3 and 4.

p. c. s.
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96. By means of the relation proved above (Art. 95)

any equation in trilinear co-ordinates can be made homo

geneous, by multiplying each term by
-

^-r
- raised to

a suitable power, since this quantity
= 1. Thus, the equation

to a straight line parallel to the line lx + ni/3 + ny = 0,

is (Art. 86) h + m/3 + ny + k = 0,

or as an equation homogeneous in a, /3, 7,

2A (h + m/3 + 717) + k (ay. + 6/3 + cy)
= 0.

Again, the equation a* + 7i/3 4- k = becomes

4AV + 2A/i0 (aa + Iff + 07) + k (aa + b& + cy}*
= 0.

97. The equation to any locus can be transformed from

Cartesian to Trilinear co-ordinates, without altering the de

gree of the equation. For (Art. 76 (i)) the axes may be made
to coincide with two sides of the triangle of reference, CB, CA,
without raising or depressing the equation ; then, if x, y and

a, /3 be the co-ordinates of any point P in the two sys

tems, respectively, and the angle
AGE = w, we have x = JB cosec w,

y=a. cosec o&amp;gt;

;
hence any equation

in x and y may be written as an

equation of the same degree in a,

(3, and can be made homogeneous
in a, /3, 7, by the method of Art. c

96. Hence the Cartesian equation to any straight line can

be transformed into an equation of the form

h + m/3 + 727
=

0,

that is to say, the general equation of the first degree in tri-



TRILINEAR CO-ORDINATES. 00

linear co-ordinates can be made to represent any straight

line, by giving suitable values to I, m, n.

98. Conversely, with one exception, every equation of

the form
h 4- mj3 + ny =

will represent a straight line
;
for it may be written

n ?i c

(I a\ fm b\ n 2A
or

(
---U + ---

/3 + = 0;
\n cj \n c) c

and by writing a = y sin
a&amp;gt;, /3

= x sin
&&amp;gt;,

as in Art. 07. we

have an equation of the first degree in x and y, with CB, CA
for axes. This will always represent a straight line, unless

I a m b 7 1-=-, =- or t, : m : n = a : o : c.
n c n c

COR. If the lines (L), (M), (N), are the sides of the

triangle of reference, then, since (Art. 92) we may write

ZXa + mpp 4- nvy = for IL + mM+ nN = 0,

it follows that any straight line can be represented by the

latter equation, and that it will always represent a straight

line, unless l\ : m/j, : nv = a : b : c.

99. We shall now examine the meaning of the equation

aa -f 6/3 4- cy 0, or a sin A + @ sin B + 7 sin (7=0,

since these two are equivalent.

We saw (Art. 2G) that the line (Ax + By + C=V) cuts

C1 C
off intercepts on the axes -j , -^ ; hence, if A and B

become very small, the intercepts on the axes are very

great. Let A and B each become indefinitely small, then the

72
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intercepts become indefinitely great, and the line is altogether

at an infinite distance from the origin. The equation may
now be written,

which cannot be satisfied by any finite values of x and y,

but may be satisfied by infinite values, since the product
x oo may be finite. We may express all this shortly by

saying that the equation 0=0, that is, a constant = 0,

represents a straight line situated altogether at an infinite

distance from the origin. The direction of the line is wholly

undetermined; and it must be clearly understood that the

equation, impossible in itself and representing nothing, de

rives its meaning from the possible equation of which it is

the limiting form. Similarly it would be absurd to say (Ap

pendix IV.) that the equation (7=0 gave two infinite values

of x, or that the equation Ex + C= had one infinite and

one finite root; but both these statements are intelligible,

if these equations are the limiting forms of Aa? + Bx + (7= 0,

where A and B in the former and A in the latter are in

definitely small.

In the same way the equation

ay. + bfi + cy =

is in itself impossible, since we have proved that

ay. + b/3 + cy

is a constant quantity, and cannot =
;
but the equation

IOL + ra/3 + ny = 0,

when the ratios I : m : n approach indefinitely near to

a : b : c, will represent a straight line altogether at an infinite

distance from the triangle of reference; for when this equa
tion is put in the form Ax + By + C = 0, as in Art. 98, the

values of A and B become in this case indefinitely small, and

the line, therefore, infinitely distant from the origin.
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100 (i). Tofind the condition that the two straight lines

m/3 + ny = ........................ (1),

+ n y = ........................ (2),

should be parallel.

Suppose a third straight line

\a+/a + i*y
= ........................ (3)

to pass through the point of intersection of (1) and (2).

Then for this point (1), (2), (3) are true simultaneously ;
and

a relation between the constants may be found, by solving

(1) and (2) for - and
,

and substituting the values so

found in (3). Now suppose X, /z, v to become a, b, c
;
then

the line (3), and therefore the point of intersection of (1)

and (2), has moved off to an infinite distance, and the re

lation obtained is the condition of parallelism. It will be

found to be

(mn m ri) a + (nl
r

ril) b + (Ini I m) c = 0.

100
(ii). To find the condition that the two straight lines

y = ..................... (1),

should be perpendicular.

Suppose the origin of rectangular Cartesian co-ordinates

to be somewhere within the triangle ; then, if we transform

the equations, as in Art. 94, Cor., using p, q, r and a, /3, 7,

(1) and (2) become

Ip + mq + nr l cos a

in cos
y

n cos 7

x I sin a

in sin /3

n sin 7

(3),
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Ip + m q + rir I cos a

m cos

x I sin a

m sin

n cos 7 n sin 7

Now (3) and (4) will be perpendicular, if the condition

of Art. 47 (Aa + Bb = 0) is fulfilled
;
that is, if

cos(a~/3)+m?i cos(7~a)=0.

+n l

But it is easily seen from a figure, that

cos (a
~

/3)
= cos C, cos (/3

~
7)
= cos A, cos (7

~
a)
= cos 5

;

hence the condition becomes

IV +mm + nri Im

-I m
cos C mri

|
cos A nl

f

\
cos B= 0.

mn -ril

101. To find the perpendicular distance from a given point

to a given straight line.

Let (a /3y) be the given point, and

(1)

the given straight line. Let (1) be transformed to equation

(3), Art. 100 (ii),
and let the point (afffy) in (1) be the point

(xy) in (3), so that fa + ra/3 + 717 would become the left-

hand member of (3), written with x
} y\ Then (Art. 52) the

length of the perpendicular is

+ 771/3 -f 717

where A = I cos a + m cos /3 + n cos 7,

B = Zsin a + m sin /3 + n sin 7.
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Hence A* + B* =

I* + m2 + n2 + 2lm cos (2
~

/3) + Zmn cos (/3
~
7) + 2&amp;gt;i/ cos (7

~
a)

= I* + m2 + w2 - 2lm cos - 2mn cos A - 2nl cos B.

102. To ^M the equation to a straight line which passes

through the points (a /3V)&amp;gt; (
a

&quot;/3&quot;7&quot;)-

Let the equation to the line be

h+ m/3 + ny =0 ..................... (1);

then h + m/3 + ny =0 ..................... (2),

and h&quot; + m/3 + ny&quot;=Q ..................... (3).

Eliminating n and m successively from (2) and (3), we
have

I m n

P y&quot;

-7
/3V =

7*a&quot;

- 7 a
=

a
^S&quot;

-
a&quot;/3

and the required equation is

+ (7
&quot; -

7&quot;&quot; ) /3 +W - &quot;

) 7 = 0.

103. To find the equations to a straight line in theform

where (zft y) is a fixed point on the line, and I is the dis

tance between (2/87) and (iffy), changing sign as in Art. 34.

Let be the fixed point (a /SV) on the line OQ whose

equation is required, and let P (zfiy) be any other point on

it; draw Oa, Ob, Oc parallel to BC, CA, AB} respectively,

and so that the angles b Oc, c Oa, a Ob may be the supplements
of the angles A, B, C, respectively. Let 6,

&amp;lt;j&amp;gt;, ^jr
denote the

angles POa, P0b } POc, all measured in the same direction
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from OQ as initial line, as in the figure. Draw PA
, PB , PC

perpendicular to Oa, Ob, Oc, or those lines produced ; then

= OPsmPOA =OPsm0,

hence
sin 6 sin

If we take P on the other side of 0, each of these ratios

OP-, hence the required equations are

0--OL

sm&quot;0

P
sn

_?-
cf&amp;gt; sin i

where p is positive or negative. The denominators in these

equations are called the direction sines of the line. The

symbols \, /i, v, when used with these equations, will always
mean these sines. If I, m, n are used, where I : ra : n
= A. : p : v, the ratios are still equal, but they are not then = p.
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COR. Since each of the above ratios is equal to

- (az+bf? + oy )

105

cv

the numerator of which is zero, it follows that

a\ + b/j, + cv 0,

a relation between X, p, v.

104 (i). The two following examples are good illustra

tions of the methods of this chapter. The latter deserves

especial notice.

Ex. 1. Let A, B, F, D be any
four points in a plane ;

then three

pairs of straight lines can be drawn,

so that each pair includes all four

points. Let these pairs be EC,

AC; BE, FE; BD, AF. The

figure is now called a complete quad
rilateral.

Let ABC be the triangle of re-

ference; then we may write the

equation to BD
& y A. &

Za-n7= ............ (1),

since it passes through (a, 7), and any value may be given to the arbitrary

ratio -
. Similarly the equation to AF may be written

m/3-ny= (2).

Hence the equation to FE since it passes through F, the intersection of

(a) and (mft-ny), may be written

mft-ny+ka= ........................ (3),

and since it passes through D, the intersection of (/3)
and (la-ny), when

/3
= in (3), la = ny: hence, substituting for ft

and 7, we have

(4).

and the equation to FE is

la+mft-ny =



106 TRILINEAR CO-ORDINATES.

Similarly the equation to CG, which passes through C (a, ft) and G
(la-ny, mp-ny), is

la-mp= .............................. (5),

and the equation to CE, which passes through C (a, p) and E (la + mp -
ny, y),

is 2a + mp= Q.............................. (6).

Hence (Art. 91) CB, CA, CG, CE form an harmonic pencil, for their

equations are

a= 0, /9=0, Za -771,3= 0, Zafnz = 0.

We leave it to the student to prove that EB, EF, EG, EC and GF, GD,
GC, GE form harmonic pencils. We might with equal propriety have used

the abbreviations L, M, N instead of the trilinear co-ordinates a, p, 7.

Ex. 2. If there be two triangles ABC, abc, such that the intersections of
the corresponding sides lie in a straight line, then the straight lines joining
the corresponding angles will meet in a point, and conversely.

Let P, Q, R, lying in one

straight line, be the intersec

tions of the corresponding sides.

Take ABC as the triangle of

reference, and let the equation

to PQR be

Za + TTi/3 + ny- 0. . .(PQR).

Then the equation to be, since

it passes through the intersec

tion of PQR and BC, is of the

form

or (be).

Similarly the equations to ca and ab are

..................... (ab).

From equations (be), (ca) we obtain by subtraction

(l-l )a-(m-m )p=Q ............... (Cc),

which therefore represents a straight line passing through c, the intersection

of be and ca. But it also represents a straight line passing through the

intersection of (a) and (p), i.e. through C. Hence it is the equation to Cc.
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Similarly the equations to Aa, Bb are

(m-m )p-(n-n )y= ......... (Aa),

and (n-n )y-(l-l )a= ......... (Bb),

and therefore (Art. 93) Aa, Bb, Cc meet in a point.

Conversely, suppose Aa, Bb, Cc to meet in O, and let the equation to

PQ, the straight line joining the intersections of BC, be and CA, ca, be

..................... (PQ).

Then the equations to be and ca will be (be) and (ca) as above. &quot;We shall

shew that the equation to ab is (ab). As above, the equation to COc is

(Cc) ; and therefore at the point we have

(I
- I

)
a= (m - m ) j3

= (n
- n

) y suppose.

Hence the equations to AOa, BOb will be (Aa) and (Bl). Now the line

represented by the equation (ab) passes through b, the intersection of BOb
and 6c; for it is obtained from the equations (Bb) and (be) by subtraction;

also it passes through a, the intersection of AOa and ca; for it is obtained

from the equations (Aa) and (ca) by addition. Hence the equation (a&)

represents ab. But the equation (ab) is evidently satisfied when 7= and

la + TO/3 + 717
= 0, i.e. the line ab passes through the intersection of AB and

PQ ; or AB, ab intersect in PQ. The triangles ABC, abc are said to be

homologous; PQR is called the axis and the centre of homology.

104 (ii). Areal Co-ordinates.

The relation

aa + bj3 + cy = 2A,

between the trilinear co-ordinates of a point P, may be

written

a* &/3 cy ,

2A
&quot;*&quot;

2A
&quot;*&quot;

2A

If therefore x, y, z denote the three ratios

qq l& cy

2A 2A 2A

they will be subject to the simple relation

+ z = l ........................ (1).
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Since x, y, z bear a constant ratio to a, /3, 7, they may be

used [Art. 95 (ii)] as the co-ordinates of P. They are called

areal co-ordinates, since they represent the ratios of the

triangles PEG, PGA, PAB, respectively, to the triangle

ABC; and, on account of the simplicity of the relation (1),

they may often be used with advantage.

In the use of these co-ordinates the same convention

must be adopted with regard to algebraic sign, as in Art. 94.

Thus the triangle PBC will be considered positive when it

lies on the same side of B G as does the triangle of reference,

and so for the other triangles.

The areal and trilinear co-ordinates of any point are con

nected by the relations

x _ y _ z 1

OOL

~
b/3

~
cy
~
2A

so that we can transform any equation or expression from the

one system to the other.

It follows from the above relation between the co-ordi

nates of the two systems, that an equation of the first degree
in areal co-ordinates represents a straight line

; also, if the

same straight line be represented by

lx + m/3+ny = 0,

I x + my + riz = 0,

. I m n
we nave 57-

=
77 = -7- .

la mo no

Hence we may obtain the relation between the coefficients

of the areal equation, which corresponds to any given relation

between the coefficients in the trilinear equation.

Ex. 1. The straight lines drawn through the angular points of a triangle

bisecting the opposite sides are (Art. 93, Ex. 3) represented by



EXAMPLES VI. 109

the internal bisectors of the angles (Art. 93, Ex. 1), by

|_* =0
, *-*=0, *-!^0;be c a a b

the straight line at infinity (Art. 99) by

Ex. 2. The condition that the two straight lines

Ix + my +nz=Q,

should be parallel (Art. 100 (i)),
is

mri - m n + nl - n l + lm - Im= 0.

Similarly, from Art. 100 (ii), may be obtained the condition of perpen

dicularity.

EXAMPLES YI.

The triangle ABC is supposed to be the triangle of reference.

1. Find the equation to a straight line through the vertex A
of a triangle, parallel to the base EC.

2. Find the equation to the straight line joining the middle

points of AJ3, AC.

3. Find the equation to the straight line passing through the

point (a yS y), and parallel to (la + ra/3 + ny = 0).

4. Find the equation to the straight line joining the feet of

the perpendiculars from A and B on BC and CA respectively.

5. If the lines represented by the equations

intersect in the line a -a (3
=

0, shew that the following relation

holds amongst the constants :

6. Find the co-ordinates of the point of intersection of tho

lines la. + m/3 + ny = Q and I a + m fi + ny - 0.
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7. Find the condition that the three points

may lie on one straight line.

8. Shew that the straight line, drawn through A parallel to

BC, and the bisector of EG from A
t
form an harmonic pencil

with AB and AC.

9. Interpret the equation aa + b/3
= 0.

10. In Art. 87 find the condition that AD, BE, CF may
pass through one point.

11. Find the equation to a straight line bisecting EC at right

angles.

12. The straight lines bisecting the three sides of a triangle

at right angles meet in a point.

13. Form the equation to a perpendicular to BC from C.

14. Find the condition that the equations

= /3 = 7 7 =
I m m n n I

may represent three parallel straight lines.

15. The straight line joining the middle points of the sides

of a triangle is parallel to the base.

16. Find the condition that the straight line,

la. + m(3 + ny = 0,

should be parallel to the bisector of the angle A of the triangle of

reference.

1 7. If the line la + mft + ny = is drawn across the triangle

of reference, shew that I, m, n cannot all have the same sign. If

it meets AB, AC, not produced, in M, Nt
find the lengths of

AM, Atf.

18. From the angles A, B, C of any triangle are drawn three

straight lines AA
,
BB

,
CO

, bisecting the angles; through A, B, C
are drawn three straight lines perpendicular to AA

,
BB

,
CC

,
to

meet BC, CA, AB, produced, in G, H, K; G, If, K are in one

straight line.
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19. ABO is a triangle, D and E are points within the tri

angle, such that the angle ABE = CBD, and BCD = ACE; shew

that BAD = CAE.

20. Interpret the equations

a + /2 + y=0, + y-a = 0, y+a-/J = 0, a + /3
-
y = 0.

21. The four angles of a quadrilateral ABCD are bisected by
four straight lines

;
the bisectors of A, B meet in E, of B, C in F,

of (7, Z&amp;gt; in G, of
Z&amp;gt;,

^1 in //. Prove that the directions of EG and

FH pass through the intersection of the directions of AD, JBC, and

AB, CD respectively.

22. From the angles of a triangle ABC straight lines are

drawn through a given point within the triangle, to meet the

opposite sides in E, F, G
} FGf, GE, EF are produced to meet BCy

CA, AB, in P, Q, R ;
shew that P

} Q, R lie in one straight line.

23. If two similar triangles have their homologous sides

parallel, the straight lines which join the equal angles meet in a

point.

24. Shew that the result of Ex. 5, page 42, may be obtained

by means of Art. 93.

25. Shew that the trilinear co-ordinates of the centre of the

circle circumscribed about the triangle of reference, are given by
the equations

a (3 y _ abc

cos A cos B cos C 4A
*

26. If be the centre of the circle circumscribed about the

triangle of reference, and if AO, BO, CO be produced to meet the

opposite sides in A
,
B

, C&quot;,
shew that three of the four straight

lines represented by the equations

a sec A ft sec B y sec (7 =

are the sides of the triangle A B C . Shew that, if BO, B G meet

in P\ CA, C A in Q; AB, A B in R-, P, Q, R will lie on the

fourth straight line.



CHAPTER VII.

The Circle.

105. WE have seen (Art. 61), that the general equation
of the second degree

Ax* + ZHxy C=

may sometimes represent two straight lines. Before ex

amining generally all the loci represented by it, we shall

shew that certain particular forms of it are capable of being

interpreted, and will represent circles. We shall afterwards

see that the circle is a particular case of a class of curves

represented by the general equation ;
and that the forms

which we interpret are particular cases of one of the classes

of equations into which we shall divide it. We adopt this

plan on account of the simplicity of the circle, and because

the reader is already familiar with its principal properties,

geometrically treated.

106. To find the equation to a circle whose centre and

radius are given, the co-ordinates being rectangular.

If C (ab) be the centre of the circle, P any point (xy) on

the circumference, and CR be drawn

parallel to Ox to meet the ordinate of

P in R, we have

or -a + 7/- = r,

where r = the radius of the circle.
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This follows directly from Art. 7 ;
and in fact the equa

tion only asserts, that the distance between the points (ab)

and (xy) is constant and equal to r.

If the co-ordinates be oblique, and inclined to one another

at an angle = o&amp;gt;,
we have, since angle CRP now = 180 CD,

(x
- of + (y

-
b)

2 + 2 (x
-

a) (y
-

1) cos &&amp;gt;
= r

2

;

but we shall seldom have occasion to use this equation.

COR. Expanding the general equation to the circle re

ferred to rectangular axes, we have

a? + f - 2ax - 2by + a? + b* - r* =
;

and hence it appears that the general equation to the circle

is of the form

=
0,

G, F, C being any constants. The equation

may be reduced to this form by dividing by A, and is there

fore the most general form that the equation can assume,

when the co-ordinates are rectangular.

107. Hence if we can reduce an equation to the form

we may always interpret it; for, adding G* + F2
to both

sides of the equation, we have

I. If 6r
2
4- F* - G is positive, this is the equation to a

circle, the co-ordinates of whose centre are

x G
) y = F

)
and whose radius = (G

z + F* C)\

p. c. s. 8
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II. If the quantity G2 + F* - C be = 0, the equation

may be considered to represent a circle with an infinitely

small radius, or (Art. 65) two imaginary straight lines

which intersect in the only real point for which the equation

is satisfied, namely the point ( G, F).

III. If G* + F2-C is negative, there are (Art. 66) no

values of x and y that can satisfy the equation, and the circle

is imaginary.

Ex. 1. The equation x&quot; + ?/
2 - 2x + 4y + 1 = 0, may be written

which represents a circle, the co-ordinates of whose centre are a? = l, y= -2,
and whose radius = 2.

Ex. 2. The equation x2 + y
2+ 2x - Qy + 10= 0, may be written

a circle, the co-ordinates of whose centre are x=-l, y = 3, and whose

radius =0.

Ex.3. x~ + y*-\-2x + 6y + ll=Qt or (z + l)
2 + (?/ + 3)

2= -
1, represents an

imaginary circle.

108 (i). If in the equation (x
-

a)
2 + (y

-
6)

2 = r
2

,
a = 0,

5 = 0, or the centre of the circle be origin, the equation
becomes

If a r, b = 0, or a diameter be chosen as axis of a?, and

its extremity as origin, the equation becomes

a? - 2rx + 7/

2 =
;

and similarly, if the axis of y be a diameter, and the origin

at its extremity, the equation is

108 (ii). It may be observed here, that in the circle, as

well as every other curve, if the origin is on the curve, there
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will be no term which does not involve either x or y for the

equation must be satisfied by the values x 0, y = 0, which

cannot be the case, if there be a term which does not vanish

when x and y vanish.

*109. From the figure of Art. 10G, we see that, if C is

origin, and the angle PCR =
0,

# = r cos #, y = rsm6;
or, if is origin,

x = a + r cos 0, y=b + r sin 6.

Thus the co-ordinates of the point P are expressed in

terms of a single variable.

Ex. To find the equation to the chord of a circle which passes through

two points, defined by a single variable.

Let the points be

rcos0, rsin0; rcos#, rsin0.

The equation to the chord (Art. 35) is

x - r cos 6 _ r cos
&amp;lt;f&amp;gt;

- r cos

y-r sin 6
~

r sin
&amp;lt;f&amp;gt;

- r sin

whence - cos^~ + - sin
v

-^= cos cos^p + sin sin^

If = 0, the equation becomes

-cos + - sin = 1 (2),

the equation to a line which is defined below (Art. 115) as the tangent at the

point (r cos 0, r sin 0).

110. If we expand the equation to the circle (Art 106),

referred to oblique axes, we obtain

82
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a;
2
4- 2 cos w . xy + ?/

2
2 (a + b cos

a&amp;gt;)

# 2 (6 + a cos
&&amp;gt;) y

+ a2 + 6
2 + 2a&cos&&amp;gt;-r

2 = ...... (1).

Hence, if the inclination of the axes be
&&amp;gt;,

the general

equation to the circle is

a;
2

+2.r?/cos&&amp;gt; + ?/

2 + 2&e + 2^y + C = ......... (2),

where 6r, .F, C are constants.

COR. In order then that the general equation

may represent a circle, we must have

A = B, H= A cos w,

where &&amp;gt; is the angle between the axes
;
for then, by dividing

by A, the equation can be reduced to the form of (2).

Ex. To determine the inclination of the co-ordinate axes, in order that

the equation

may represent a circle, and to find the magnitude of its radius.

Comparing the equation with equation (1), we have the equations

2cosw=-l, a- + b- + 2ab cos u - ?
-2= 0,

2 (a + b cos w) = k= 2 (b -fa cos
a&amp;gt;),

from which we obtain
2

111. The equation

will give us a well-known property of the circle; for it may be

obtained by eliminating k, by means of

multiplication, from the equations

y = k(x-r] (1),

1 Qt

y _ /x _J_ r
\

/2)

where k is a constant and perfectly arbitrary.



POLAR EQUATION. 117

But these equations evidently represent straight lines

which

(i) pass through the extremities of the diameter QR, which

is the axis of #; for (Art. 43) equation (1) represents a line

passing through the intersection of the lines y = 0, x r = 0,

which is the point R ; and (2) passes through the intersec

tion of y = 0, x + r = 0, which is the point Q.

(ii) intersect in the circle, since by eliminating k between

them we have the equation to the circle
;
and

(iii)
are at right angles to one another by Art. 47

;
and

they represent all lines which fulfil these three conditions.

Hence we see that the locus of the vertices of all right-angled

triangles on QR as base, is the semicircle QPR.

112. To find the equation to the circle referred to polar

co-ordinates.

Let Ox be the initial line, the pole; let the co-ordinates

of the centre C be the known quan
tities p, 6

,
and of any point P in the

circumference, p, 6
;
then

PO2 + CO2 - 2 PO . CO . cos POC= CP&amp;gt;

or p + _
/5/ cos-=r,

which is the polar equation required.

It will be seen that this is the formula of Art. 14, and only

asserts that the distance between the points, whose polar

co-ordinates are p, 6, and p, 6
,
is constant and equal to r.

COR. 1. The two values of p which may be found from

the equation

p*-2p cos (0-0 ) p +p
2 -r2 = 0,

are the two distances from the pole of the points P, P ,

where the radius vector, which makes an angle 6 with Ox,
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cuts the circle. The product of the roots of this equation

(Appendix) = p
2

r*} a quantity which does not change for

different values of 6. Hence the rectangle OP.OP is constant

for all positions of OP. When the roots are equal, or the

line touches the circle, as OR, we have

Hence OP. OP = OR\ as in Euc. in. 35, 36.

COR. 2. If p 0, or the centre be pole, the equation
becomes p

= r.

COR. 3. If p = r
y
and 6 = 0, or a diameter be the initial

line, and one extremity of it the pole, the equation becomes

p = 2r cos 0.

The reader will do well to verify by geometrical figures

the results obtained here and in Art. 108.

113. In the foregoing articles we have assumed one only
of the well-known geometrical properties of the circle, viz. that

the distance from the centre to the circumference is constant,

and from this property we have deduced the equation. Most

of the following articles will admit of being proved in a very

simple manner by those properties of the circle with which

the reader is familiar; but we prefer to deduce our proofs

from the equation alone, because this method is the same as

that which we shall use in the case of other curves
;
and it

is desirable that the student should perceive, that all the

properties of the circle may be obtained from its equation,

without any previous acquaintance with the curve. It will,

however, be an exercise very profitable to the student, if he

endeavour to deduce the equations of the following articles

from any of the properties of tangents, &c. which he may find

in Euclid.
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114. To find the length of a straight line drawn from a

point (xy
r

)
to meet the circle.

Let PQRS be a line whose equation is

drawn from the point P(x y) to cut the circle

(2).

Now, if we substitute for x and y from (1) in (2), the

result will be a quadratic in I, the two roots of which will be

the distances PQ, PR of the point (x y) from the points

where PS cuts the circle. As we have drawn the figure, the

two values of I are (Art. 34, Cor.) negative ;
if P were to lie

between Q and R, one root would be positive and the other

negative : if P were to lie in R8, both roots would be positive.

Making the substitution, we have

therefore, since s
2 + c

2 = 1,

or
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an equation which will always give two values for ?; hence

every straight line meets the circle in two real, coincident, or

imaginary points, according as the roots of (3) are real and

unequal, real and equal, or imaginary.

115. If the points of section Q, R, become coincident, by

Q remaining fixed, till R, moving along the curve, approaches

indefinitely near to Q, the line will be a tangent according to

Euclid s definition
;
for it is of indefinite length, and meets

the curve in one point only. We shall, however, find it con

venient to adopt language similar to that used in Algebra,

and to speak of two coincident points, just as we speak of

two equal roots, and do not call them one root. We shall

then take the following as our definition of a tangent, since it

is found more convenient than Euclid s, when we treat curves

by Algebraic methods.

DEF. If two points be taken on a curve, and a chord

drawn through them
; then, if the first point remains fixed,

while the second, moving along the curve, approaches indefi

nitely near to the first, the chord in its limiting position is

called the tangent to the curve at the first point.

11G. We shall have occasion to consider the followingO

particular forms which equation (3) of Art. 114 may assume.

If R = Q, the point (xy) is on the circle, and one value

of I becomes = 0.

If R = and Q = 0, both values of I become =
0, and the

line passes through two coincident points of the circle and is

a tangent.

If Q = 0, the roots of the equation are (Appendix) equal
and of opposite signs, and (x y) is therefore the middle point
of the chord.
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117. To find the equation to a straight line touching the

circle at a point (x y }.

Let PS (fig. Art. 114) be the line

~=^= .....................ax
(j O

cutting the circle

?+f = r- .......................... (2),

in the point Q (# ?/ ).
Then for the distances (/) between

(x y) and the points of section of the line and circle, we

obtain as in Art. 114, the equation

I
1 + 2 (ex + sy

1

) I + x* +
y&quot;&amp;gt;

- r
2 = 0,

or l
z + 2(cx+sy )l = ..................... (3),

since (xy) is on the circle, and therefore

Equation (3) gives us I = (as it should, for (x y ) coin

cides with one of the points of section), and also

the value of I in which is the distance QR. But, if we sup

pose the point R to move up to Q, this distance vanishes,

and the line becomes a tangent at Q (x y) ;
and we have, as

the condition that (1) should be tangent,

ex +*/=0 ........................ (4).

Eliminating c and s by means of this equation and the

equation to the line, we have

or

whence xx + yy = r,

which is the equation to the tangent at the point
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We leave the reader to obtain this equation geometrically,

by means of known properties of the tangent. For example,
he will find it easy to shew, from Euc. in. 16, Cor. that

x-x

which gives us equation (o) of this article.

118. If we transfer the origin to any point ( a, b), so

that the co-ordinates of the centre are a and b, we must

write in the equation to the tangent, by Art. 70,

x-a,x -a,y-l), y
- b for x, x, y, y t

respectively, and the equation becomes

119. To find the equation to the tangent in terms of its

inclination to the axis of x.

Let the equations to a straight line and a circle be

y = mx + b ........................ (1),

then, if we find values of x and y which satisfy both these

equations, these will be the co-ordinates of the points, where

line and circle intersect. Eliminating y between them, we

obtain

(1 + fTi
2

)
of + 2bmx + b

2 - r
2 = 0,

the roots of which equation are the abscissae of the points of

intersection. If these roots are equal, we have (Appendix)

whence = r* (1 + m2

).

If the two values of x are equal to one another, the two
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values of y must, from (1), be equal to one another. Hence

the two points in which (2) is cut by (1) will be coincident,

and (1) will be a tangent to (2). Hence, the equation to the

tangent which makes an angle tan
-1m with the axis of

x&amp;gt;
is

y = mx r Jl + ra
2

,

the double sign referring to the two tangents at the extremi

ties of any diameter, which are parallel.

COR. 1. Hence the condition that any line (y
= mx + b)

should touch the circle (a;

2
-f y* r

2

),
is

6
a = r

2

(l + m2

).

If this condition be written

b

ro*)*

it asserts (Art. 52) that the perpendicular from the centre

(0, 0) on the line y = mx + 6 is equal to the radius. Hence,

more generally, the condition that the line

Ax + Bi/ + C=0 ..................... (1)

should touch the circle

(
x -a) +(y-lY = r*.................. (2)

is that the perpendicular from the point (ab) on (1) should

be equal to the radius of (2). That is (Art. 52)

Aa + Bb+C _ T

(A* + Brf

COR. 2. Hence the equation to the tangent, in terms

of its distance from the centre, and the angle a which that

distance makes with the axis of x, is

x cos a + y sin a = r.

The same equation is obtained by writing x = r cos a,

y = rsina (Art. 109) in the equation of Art. 117.
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120. As a useful exercise, we shall obtain the equation
of Art. 119 as follows, by the method of Art. 63 (ii).

The equation to the two straight lines joining the origin

to the intersections of (1) and (2), will be

or (6
2 - rW) x* + 2r

2w xy + (6
2 - r

2

) ?/

2 = ...... (0)

If the lines represented by (3) coincide, we obtain

whence tf = r* (1 + m
2

).

Ex. To deduce each of tlie equations

from the other.

To deduce (2) from (1), suppose

xx + yy -r2= and y-mx-b=Q
to represent the same line

;
then we have

and, since x 2 + y
2= r*,

To deduce (1) from (2). Let (2) be written in the form of equation (1),

Art. 121; then, if we suppose (x y )
to be on the circle, so that x 2 + 7/

2= r3 ,

the equation becomes

?/
2M2 + 2x y m + x *= 0, or my + x = ;

hence
/j.
and

fj.
are each equal to -

, ,
and equations (2) of Art. 121 become

since the tangents which can be drawn from (x y )
now coincide.

121. To determine the equations to the tangents drawn to

a circle from any point (x y).

Let the equation to the tangent be

y mx = + rjl + m2

;
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then, since it passes through (xy), the co-ordinates of that

point satisfy the equation, and we have

(if
- mx)

z = r
2

(1 + ra
2

),

or (x*
- r

2

) m* - Zxy m + y
z - r

2 =
(1),

a quadratic to determine the two values of m, in the equa
tions to the two tangents which can be drawn to the circle

from (xy). If p and /* be the two roots, the required

equations will be (Art. 29, Cor. 1)

y-y = n(x-x), y-y =^ (x-x) (2).

COR. Solving equation (1), we have

y r Jx* + y
- r

2

whence we see that the values of ra are real, if # 2 + y* &amp;gt; ?-
2

,

or the point is outside the circle; they are equal, when

x l + ?/

2 = r
2

,
or the point is on the circle

;
and they are

imaginary, when x* -f-
y&quot;

2
&amp;lt; r

2

,
or the point is within the

circle. Hence we say, that from any point (x y }, there can

be drawn two real, coincident, or imaginary tangents to the

circle. We do not attach any geometrical meaning to the

term c

imaginary tangent. We simply mean to say, that,

even when
/j,

and p! are imaginary, equations (2) can be

formed, which satisfy the conditions of tangency, and are

satisfied by the co-ordinates of the point (x y). In Art. 62,

Ex. 2, we have a numerical example of imaginary lines which

pass through a real point.

The change in the sign of the expression, #2 + ?/

9
r
2

,

should be remarked, and compared with Art. 55.

122. The straight line drawn through any point in a

curve, perpendicular to the tangent at that point, is called

the Normal.
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In the case of the circle, if the point be (xy), the equa
tion to the normal is

y-y = m(x-x )\

and, since it is perpendicular to the tangent whose equation is

we + yy = r
*&amp;gt;

we have (Art. 47, Cor. 2) y mx
;
hence the equation to

the normal is

which, after reduction, becomes

the equation to a straight line passing through the origin ;

hence every normal in the circle passes through the centre,

as is proved in Euc. ill. 19.

123. To find the equation to the chord joining the points

of contact of two tangentsfrom any external point (x y).

Let P (x y) be the external point, and let PP&quot; be the

line whose equation is required.

Now the equation to PP&quot;, the

tangent at P&quot; (x y&quot;),
is (Art. 117)

xx&quot; +
yy&quot;

= r
2
,

and, since this line passes through
P (x y), the co-ordinates of P satisfy

the equation ;
hence

hence the values x =
x&quot;, y = y&quot; satisfy the equation

xx+yy =r7
,
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or P&quot;
(x&quot;y&quot;)

is a point on the line it represents ;
and by

exactly similar reasoning, P, the other point of contact, is on

this same straight line
;
hence

xx + yy = r2

is the equation to the chord joining the points of contact of

tangents drawn from the point (xy) ;
for it is the equation

to some straight line, and both P and P&quot; have been proved
to lie in it.

COR. Hence, to draw tangents to the circle from any
external point (xy), we have the two equations

to determine the co-ordinates at the points of contact. These

equations will always give two points, real or imaginary,

corresponding to the points of intersection of the line and

circle.

124. A chord of a circle is drawn through a fixed point

(xy }, and tangents are drawn at the points where it cuts the

circle ; to find the equation to the locus of the intersection of

these tangents, when the chord is turned about the point (xy).

Let F be the point (x y), P QR the chord, and let

the tangents at Q and R intersect in

P
(x&quot;y&quot;) ;

it is required to find the

locus of
P&quot;,

as the chord turns about

P\ Considering P R as the chord join

ing the points of contact of tangents
drawn from the point (x&quot;y&quot;)&amp;gt;

its equa
tion is (Art. 123)

but, since it passes through F (xy) we have

r ........................(2);
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In the case of the circle, if the point be (xy ) t
the equa

tion to the normal is

y-y =m(x-x};

and, since it is perpendicular to the tangent whose equation is

a^ + yy = r
*&amp;gt;

we have (Art. 47, Cor. 2) y mx =
;
hence the equation to

the normal is

which, after reduction, becomes

the equation to a straight line passing through the origin ;

hence every normal in the circle passes through the centre,

as is proved in Euc. ill. 19.

123. To find the equation to the chord joining the points

of contact of two tangentsfrom any external point (x y).

Let P (x y) be the external point, and let PP&quot; be the

line whose equation is required.

Now the equation to PP , the .

tangent at P&quot; (x y&quot;},
is (Art. 117) V. T,

xx&quot; +
yy&quot;

= r\

and, since this line passes through
P (x y }, the co-ordinates of P satisfy

the equation ;
hence

hence the values x
x&quot;, y = y&quot; satisfy the equation



CHORD OF CONTACT. 127

or P&quot;
(x&quot;y&quot;)

is a point on the line it represents ;
and by

exactly similar reasoning, P, the other point of contact, is on

this same straight line
;
hence

xx + yy = r2

is the equation to the chord joining the points of contact of

tangents drawn from the point (x y) ;
for it is the equation

to some straight line, and both P and P&quot; have been proved
to lie in it.

COR. Hence, to draw tangents to the circle from any
external point (xy), we have the two equations

to determine the co-ordinates at the points of contact. These

equations will always give two points, real or imaginary,

corresponding to the points of intersection of the line and

circle.

124. A chord of a circle is drawn through a fixed point

(x y ),
and tangents are drawn at the points where it cuts the

circle ; to find the equation to the locus of the intersection of

these tangents, when the chord is turned about the point (x y).

Let P be the point (x y ) t
P QR the chord, and let

the tangents at Q and R intersect in

P (x y&quot;) ;
it is required to find the

locus of
P&quot;,

as the chord turns about

Pf

. Considering P R as the chord join

ing the points of contact of tangents
drawn from the point (x&quot;y&quot;),

its equa
tion is (Art. 123)

xx&quot; + yf = f* ........................... (1);

but, since it passes through P (x y) we have

x x&quot; +y y&quot;

= r* ........................ (2);
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but
(x&quot;y&quot;)

is any point in the required locus, and its co

ordinates satisfy the equation

arf + yy=i* (3);

hence the co-ordinates of every point in the locus satisfy

this equation, which is therefore the equation required. The

locus is therefore a straight line. It is
1

evidently perpen
dicular to the line (xy yx0), i.e. to the line joining the

centre to the point (xy}.

125. The reasoning of the preceding article is very often

perplexing to the beginner. The difficulty commonly arises

from the use of the co-ordinates of P&quot;
(x&quot;y&quot;)

as constants in

equation (1), and afterwards as variables in equation (3).

We should bear in mind that, although P&quot; is a moveable

point, we do not examine its position during its motion, but,

taking it in any one of its several positions, we obtain a rela

tion between its co-ordinates, while in that position. The

relation so obtained is equally true for all positions, and is

therefore the equation to the locus of the point. Thus, equa
tion (2) is a relation obtained between the co-ordinates of

a certain point P&quot;. Equation (3) declares this relation to

be true for all points determined by the same law as P&quot;.

126. The line

xx + yy = r
2

,

is called the polar of the point (xy) with regard to the

circle

x + f^r\
and the point (xy )

is called the pole of the line. These

terms must not be supposed to have any such meaning, as

1 This statement must be omitted, when we refer to this proof in the case

of other curves.
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they have in Art. 11. As the equation to the polar is one

of the greatest importance, and will be frequently used in

the following pages, we will define its exact meaning in all

cases.

(1) The position of the point P in Art. 124 is not sub

ject to any limitation; hence, wherever the point (x y
1

) may
be, the equation xx + yy = r

2
&quot;

represents the locus of the

intersection of tangents drawn at the extremities of chords

which all pass through (x y).

(2) If the point be without the circle, this locus is

(Art. 123) identical with the chord joining the points of

contact of tangents drawn from (x y }.

(3) If the point be on the circle, the locus is also

(Art. 117) the tangent at the point (x y).

In the following figures, P is the point (x y ),
and EQ is

the line (xx + yy = r
a

).

Let P be within the circle
; then, if ST, S T are chords

drawn through P, and the tangents at their extremities meet

inland Q, RQ is the locus, and the polar has the inter

pretation (1) only.

p. c. s. 9
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Let P be without the circle; then the polar has the inter

pretations (1) and (2) ;
that is, R Q is the chord of contact of

tangents drawn from P, and also, if any chord PST be drawn,

the tangents at S and T intersect in HQ.

Let P be on the circle
;
then the polar is the tangent at

P. It has also the interpretation (1) ; for, if any number of

chords be drawn from P, as PS, PS
,
the tangents at the

extremities of those chords intersect in the line RQ. This is

evident, since RQ is itself one of the tangents in every case.

It has also the interpretation (2), for the chord of contact

now coincides with the tangent.

127. We saw (Art. 121) that from any point (x y) there

could be drawn two real, coincident, or imaginary tangents
to the circle

;
and we shewed in what sense we might say

that imaginary lines passed through real points. In a simi

lar sense we may say that real lines pass through imaginary

points. Thus the equation to the polar of (xy) may be

said to pass through the two real, coincident, or imaginary

points of tangency, according as (x y) is without, on, or

within the circle. We attach no geometrical meaning to the
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term imaginary point; we simply mean that the imaginary
values of x and y, obtained from the equations

xx + y,j
= r\ x* + y*

= r* ............... (1),

satisfy the real equation xx + yy = r
2

,
which is obviously

true. We will examine this a little more closely, that we

may see the conditions, under which two imaginary points

may lie upon and determine a real straight line, as it is evi

dent that not every two such points will do so. Since the

imaginary roots of a quadratic equation assume (Appendix)

the form a + fij^l, oL-{3j~^l, it follows that the two

values of x, obtained by eliminating y between equations (1),

may be assumed to be

Xl
= a. + ,

ar
a
= a -

and the corresponding values of y will be in like manner

2/ t

= 7 + $V -
1&amp;gt; 2/2

= 7
~

S\/
~ !

The equation to the straight line through (o^), (

will be (Art. 30)

or (y
-

7) /3
=

(a;
-

a) S,

which is a real straight line. Thus we see that a pair of

imaginary points, such as the above, will always determine

a real straight line
;
also the middle point between them is a

real point on the line, whose co-ordinates are

i
+ ^2 ,

7/1J/2* =
2

=
&amp;gt; 2/

=
~V~ =7*

Any real straight line will contain any number of ima

ginary points, since any imaginary value of one variable will

give us a corresponding imaginary value of the other ;
but

an imaginary straight line will pass through one real point

02
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only, namely that for which (Art. 65) the real and the ima

ginary parts of the equation vanish simultaneously.

128. We saw (Art. 124) that the polar of a point (xy)
is perpendicular to the line joining (x y ) with the centre.

Also, if P be the point (x y ) t QR the polar (xx + yy = r2

),

and CLR the perpendicular from C, we have (Art. 52)

CR =

but

hence we have an easy geo
metrical construction for the

polar; for, if in CP or CP pro
duced (according as CP &amp;gt; or

&amp;lt; CL) we take a point R, so

that

CR : CL = CL : CP,

and through R draw R Q perpendicular to CR, RQ will be

the polar of P. If SP is perpendicular to CR, SP is the

polar of R. This is a particular case of the property proved
in the next article.

129. If any point (x y ) be taken on the polar of the

point (x&quot;y&quot;),
then the polar of (x y) shall pass through

For the equation to the polar of (x y&quot;)
is

and the condition that (x y) should lie on this line, is

=r2
;

but this is also the condition to be fulfilled in order that the

polar of (x y), whose equation is
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should pass through the point (x&quot;y&quot;).

DEF. Two points arc said to be conjugate with respect

to a curve, when each lies upon the polar of the other
;
and

two straight lines are said to be conjugate, when each passes

through the pole of the other.

COR. Any straight line (Ax + By + C= 0) can be written

in the form
Ar* Br* .

which is of the form xx -f yif r
z =

0, and is therefore the

.
4

Ar2
J5r

2
. ,.

polar of a point
--

^- ,
--~-

;
hence the preceding propo

sition may be thus enunciated : If points be taken in any

straight line, the polars of these points will all pass through

a fixed point. This fixed point is, from above, the pole of

the straight line.

Ex. To find the pole of the line 3x + 5y-6=0 with respect to the circle

The equation to the line may be written

3 x 30 5 x 30__ a;+_
6
_

2/
_30= 0,

the pole of which is the point cc=lo, y = 25.

130. The polar of the intersection of two straight lines is

the straight line which joins their poles.

Let AP, BP be the two lines

intersecting in P, and let A
,
B

f

be their poles. Then, since the

point P is taken upon AP, the

polar of A
y
therefore the polar

of P passes through A . Simi

larly the polar of P passes

through B
;

therefore A B is
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133. The equations to two circles are given; to find the

equation of the straight line which joins their points of inter

section.

Let the equation to the two circles be

tf
2 + 2/

2 + 2fe+2% + &amp;lt;7=0 ............ (1),

x2 + y* + 2Gx + 2F y + C = ............ (2);

then, by Art. 43, if k be any constant,

is the equation to some locus passing through the points

where (1) and (2) intersect, since it is satisfied by those values

of x and y which satisfy (1) and (2). The equation may be

written

which evidently represents a circle (Art. 107) since it can be

reduced to the form

by dividing by 1 + k.

If k = 1, or (2) be simply subtracted from (1), the

equation becomes

which is therefore the equation to a straight line passing

through the intersections of (1) and (2).

COR. Equation (3) may be made to represent any parti

cular circle which passes through the intersection of (1) and

(2). For suppose that it passes through some other point

(x y) ; then, if the values x and y
f

are substituted for x and

y in (3), we shall have an equation to determine the value of

A? in the circle which we wish to represent. The circle is

now completely determined, as we should expect, since only
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one circle can be described through three points, i.e. about

a triangle.

*134. Let the equation to any circle (Art. 106, Cor.),

referred to rectangular axes, be

a}* + y*-r2Gx + 2Fy + C = (1);

then (Art. 107) it can be written in the form

(*_) +(?-&) -* =
&amp;lt;) (2),

where the point (ab) is the centre, and r the radius. Let $
denote the left-hand member of (1) and (2); then, since

(x a)
2
-f (y bj

2
is the square of the distance of any point

(xy) in the plane from the centre (ab), it is evident (Euc.

I. 47) that S is the square of the length of the tangent drawn

from (xy) to the circle. It is easily seen that S is positive,

zero, or negative, according as (xy) is without, on, or within

the circle.

COR. If the co-ordinates of any point (xy) satisfy the

equation S = kS
,
then the square of the tangent drawn from

(xy) to the circle 8 = is equal to k times the square of the

tangent drawn from it to the circle S 0. Hence Art. 133

proves the following proposition : If a point moves, so that

the tangents from it to two given circles are in a constant ratio,

its locus is another circle, which passes through the points of

intersection of the given circles.

*135. We have seen, by Art. 133, that, if S and S are

symbols standing for the expressions

a? + f + %Gx + 2Fy + C, x~ + y* + 2G x + ZF y + C\

so that

S=0 (1), S = Q (2)

are the equations to two circles, then the equation

-S =
(3)



138 THE CIRCLE.

is the equation to a straight line, and that, if the circles

intersect, the points of intersection will lie on (3). But (3) is a

real line, whether the circles intersect or not, and in the latter

case (Art. 127) is satisfied by the imaginary values of the co

ordinates of intersection. In either case it possesses the fol

lowing important property with regard to the circles : if, from

any point of it, straight lines be drawn to touch both circles, the

lengths of those lines are equal ; for the squares of the lengths

of the tangents to (1) and (2) from any point (xy) on (3) are

(Art. 134) equal to 8 and S respectively, and (3) asserts

that these are equal. The line (3) is called the Radical Axis

of the two circles.

*13G. The three radical axes belonging to thres given

circles meet in a point.

Let the equations to the three circles be

=
0, S =

0, S&quot;=0;

then the equations to the radical axes of these circles taken

two and two together, are

- =
0,

-&quot; =
0, S&quot;-S = 0.

At the point where the straight lines represented by the

first two of these equations intersect, we have

S-S = 0,
-&quot; = 0,

hence &quot;-=0;

that is, the third straight line passes through the intersection

of the first two.

*137. If in the equation to one of the circles,

we suppose r to vanish, the circle is reduced to the point

(ab) ; hence, if we subtract this from the other equation, the

radical axis is now a straight line, such that the tangents



EXAMPLES VII. 139

from any point of it to the circle are equal in length to the

distance of that point from a given point (ab).

If both radii vanish, and both circles become points, the

radical axis becomes a straight line, every point in which

is equally distant from two given points.

The student will find it easy to prove, that the radical

axis is perpendicular to the line joining the centres of the

two circles, and is consequently the common tangent, when

the circles touch.

* 138. If there be two unequal circles which do not inter

sect, there will evidently be two points, on the indefinite

straight line joining their centres, from each of which a pair

of tangents common to the two circles may be drawn. The

points will lie, one between the centres, and the other ex

terior to the smaller circle. They are called the Centres of

Similitude
1

.

EXAMPLES VII.

1. To find the centre and radius of the circle

x2 + y
2 _ Qx + 4v, + 4 = 0.

2. Investigate the line or lines represented by the equation

x3 + xif
- x3

r -xr2 -
ry

2 + r
3 = 0.

3. Find the common chord of two circles

4. To find the equation to a straight line which passes

through the centres of the two circles

1 The properties of these points are discussed at length in Salmon s Conic

Sections.
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5. To find the equation to a circle having for its diameter the

straight line joining the points of intersection of the line, y=-mx,
and the circle, y* = 2rx - x2

.

6. Find the equation to the circle, the diameter oC which is

the common chord of the circles

7. What is represented by the equation

8. Find a relation between the coefficients of the equation

A (x
2 + i/) + 2Gx + 2Fy + C = 0,

in order that (1) the axis of x, and (2) the axis of y, may be

tangents to the circle.

9. To find the inclination to the axis of x of -the tangents
drawn from any point (x y }

to the circle whose equation is

10. To find the relation between the quantities a, 6, r, in

order that the line - + \ - 1 may touch the circle x2 + y
2 - r

2
.

a b

11. To find the equation to a circle, the centre of which

is at the origin of co-ordinates, and which is touched by the line

y = 2x + 3.

12. To find the intercepts on the axes of co-ordinates of

the tangent to a circle
(a;

8 + y
2 = r

2

),
drawn parallel to a given

straight line, (x cos a + y sin ap).

13. If 2ar

,
2a&quot; be the inclination of two radii of a circle,

a;
8 + y

9 = r
8

,
to the axis of x, to find the equation to the chord

joining the extremities of the radii.
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14. If the pole always lie on a line

a

and the equation to the circle is x2 + if
= r

8

,
the equation to the

polar is of the form

where k is any constant.

15. If the pole of a straight line with regard to the circle

x* + y* = r
2
lie on the circle x^ + y

2 4r2

,
the polar will touch the

circle

16. Find the equation to the circle which has each of the

1 2
co-ordinates of the centre = - -

,
and its radius = -

,
the axes

V3
being inclined at an angle of 60.

17. Prove that the circles

have only one common tangent, and find its equation.

18. Find the locus of the middle points of chords drawn from

the extremity of the diameter of any circle.

19. Shew that the polar of the point (# ?/ )
with regard to the

circle (x a)
2 + (y b)

2 = r
2

is

(x a) (x a) + (y b) (y
r -

b)
= r

2
.

20. Find the locus of the vertices of all triangles which have

a given base, and a given vertical angle.

21. Prove Euc. in. 31, from the resulting equation.

22. Tangents are drawn to a circle xs + y
9 = r

2

,
at two points

(xy), (x&quot;y&quot;)
to find the distance of a point (hk) from a straight

line passing through the centre and the intersection of the two

tangents.
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23. To find the equations to straight lines touching a circle

at points, the common abscissa of which is unity.

24. Find the equation to a straight line touching the circle

and parallel to a given line y mx + c.

25. To find the equation to the straight line passing through
the origin of co-ordinates, and touching the circle

-0.

26. To find the length of the common chord of the circles

(
x - ay + (y-b)* = r*, (x-by+(y-ay = r\

27. Find the area between the two circles

x2 + y
2 + 2x + 4?/ = 0, x2 + 2/

2 + 2x + ky = 1.

28. To find the length of the chord of a circle x 2 + if r
2

,
made

by the straight line - + ,

-
1.

a b

29. If from a given point S, a perpendicular be drawn to the

tangent PY at any point P of a circle, of which the centre is C,

and, in the line MP at right angles to C/S and produced if

necessary, a point Q be taken, such that QM = SY, to find the

locus of Q.

30. Given the equation to a circle, and the chord of a circle
;

shew that a perpendicular let fall upon the chord from the centre

bisects the chord.

31. Find the diameter of the circle

x2 + 2xy cos u&amp;gt; + y
- ax - by - 0.

32. In the equation Ax + By + C =
0, if C is constant, and

A and B vary, subject to the condition A + B3 = a constant, tho

equation represents a series of tangents to a given circle.
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33. Find the equation to the circle which passes through the

points (0, 0), (
-

Sa, 0), (0, 6a), the axes being rectangular.

34. To find the locus of middle points of chords which pass

through a given point.

35. If on any radius vector through a fixed point 0, OQ be

taken in a constant ratio to OP, where P is a point on a given

circle, find the locus of Q.

36. The circles represented by the equation

(n + 1) (x* + 7/

2

)
- ax + nby,

where n is arbitrary, have a common chord.

37. Prove algebraically that the angles in the same segment
of a circle are equal, and that the angle in a semicircle is a right

angle.

38. Two sides of a triangle are b and c, and they include an

angle A
;

if these sides be taken as axes, the equation to the

circumscribed circle is

x~ -f 2xy cos A + if bx cy = 0.

39. Given the base and vertical angle, to shew that the locus

of the point of intersection of the perpendiculars from the angles

on the sides is a circle.

40. Given base and ratio of sides of a triangle ;
shew that the

locus of the vertex is a circle.

41. When will the locus of a point be a circle, if the square

of its distance from the base of a triangle be in a constant ratio to

the product of its distances from the sides ?

42. When will the locus of a point be a circle, if the sum of

the squares of the three perpendiculars from it on the sides of a

triangle be constant 1

43. Find the locus of a point, the square of whose distance

from a given point is proportional to its distance from a given

right line.
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44. Given the base of a triangle, and m times the square of

one of its sides n times the square of the other = a constant;

find locus of the vertex
;
find centre and radius of resulting circle,

and where it cuts base.

45. Find the equations to the circles which touch the three

lines, referred to rectangular axes,

46. The locus of the centres of all circles inscribed in all

right-angled triangles on the same hypotenuse is the quadrant
described on the hypotenuse.

47. The equation to a circle is if + xs = a (y + x) ;
what is the

equation to that diameter which passes through the origin of co

ordinates ?

48. To find the equation to a circle referred to two tangents

at right angles, as axes.

49. If through any point of a quadrant whose radius is R,

two circles be drawn, touching the bounding radii of the quadrant,

and r, r be the radii of these circles, rr = R*.

50. To find the equations to the straight lines which touch

both the circles

51. To find the equation to the circle which touches the

three straight lines, referred to rectangular axes,

52. To find the equations to two circles, which touch rect

angular axes of x and y, and pass through a given point (ab).

53. The straight lines joining the angles of a triangle with

the points in which the escribed circles touch the opposite sides,

meet in a point.

54. In any circle draw a chord AB\ from the middle point

E of the lesser segment draw any straight line cutting AB in (7,
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and meeting the circumference in D join AD, and in AD take

AP = AC ,
find locus of P.

55. The axes Ox, Oy out a circle in points A, A
, B, B re

spectively ;
to compare the values of x, y, at the intersection of the

chords AB ,
A B.

56. Determine the magnitude and position of the circle

p
2

-2p(cos0 + \/3sin0) = 5.

57. Find the locus of a point, such that, if straight lines be

drawn to it from the four corners of a given square, the sum of

their squares may be invariable.

58. A CB is the segment of a circle, and any chord A C is

produced to a point P, so that AC : CP is a given ratio; re

quired to find the locus of P.

59. Find the equation to a straight line which cuts a given

circle, when the straight lines drawn from the points of intersection

to the centre contain a right angle, and one of them is inclined

to the axis of x at a given angle.

60. Two straight lines revolve uniformly in one plane about

one extremity, the one moving twice as fast as the other. Find

the locus of their point of intersection, supposing them to begin

to move together in the same direction, from the straight line

joining their fixed extremities.

61. If any number of circles touch one another in one point,

all their polars, which correspond to a common pole, pass through

a single point.

62. To find the locus of the pole, when the polar of a given

circle always passes through a given point.

63. In the sides AB, AC of a given triangle ABC, take

two points M, N, such that =
&amp;gt;

and bhevv that the circle

described about the triangle AMN will always pass through a

given point.

P. C. S. 10



CHAPTER VIII.

General Equation of the Second Degree.

139. THE equation of the first degree has given us but

one species of line, viz. the straight line. We saw, in the

case of the circle, that an equation of the second degree may
represent a curve limited in every direction

;
and the case

where it represents two straight lines, shews us that it may
represent loci extending to infinity. These are but particular

cases of the equation of this degree, of which the most

general form is (Art. 22)

Aa? + ^Lllxy + By* + 2Gx + 2Fy + 0=0.

Oar object in the present chapter is to interpret this

equation, which for brevity we shall write
&amp;lt;p (xy) ;

and

we shall shew how, by a proper selection of origin and axes,

we may in every case reduce it to a form, from which we
shall be able to trace the locus, and deduce its most re

markable properties. It will be shewn in a future chapter,

that much of this can be accomplished without reduction of

the equation; and properties so established have the ad

vantage of applying to every particular form that the locus

may assume
;
but the proofs are of necessity more cumbrous

and difficult to a beginner, than those which we are about

to use.

140. If a point be so situated with regard to a locus,

that all chords of the locus, drawn through the point, are

bisected in it, the point is called the centre of the locus.
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Suppose G to be the centre of a locus and the chord

PCQ to meet the locus in P
and Q ;

then CP = CQ, and, if

we take C as the origin of co

ordinates, it is evident that the

co-ordinates of Q are the same
as those ofP, but with opposite

signs; i.e. if the co-ordinates of

P be x
, y ,

the co-ordinates of

Q are x
, y\ and this is true, whatever be the position

of P. Hence, the centre being origin, for every point (xy \
whose co-ordinates satisfy the equation, there will be a cor

responding point ( x - y\ whose co-ordinates also satisfy

the equation. From this it follows, that, when the centre is

the origin, the equation will not be altered by writing x,

y for x and y.

Also, if for every point P(xy ) there is a corresponding

point Q ( x, y ), the origin is the centre
; for, since the

triangles PCM, QGN will be equal in every respect, CP= CQ;

and, since the angles PCM, QCN are equal, CP and CQ are

in the same straight line
;

therefore every chord passing

through C is bisected. Hence, conversely, if an equation

is not altered by writing x and y for x and y, the origin

is the centre of the locus.

Now the equation $&amp;gt; (xy)
= cannot remain unaltered,

as above, unless the terms 2 Gx and 2Fy vanish from it
; hence,

if we select the centre of the locus for origin, we shall

simplify the equation by getting rid of these two terms.

141. In order, then, to find the centre of the locus, we

must transfer the origin to a point (xy), and then observe

what values of x, y make the new coefficients of x and y
vanish. These values will be the co-ordinates of the centre

with reference to the original axes.

102
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Writing (Art. 70) x + x for x, y + y for y in the general

equation, we have VX
A (x + xj + 2H(x + x) (y + y ) + B (y 4- yj

or

+ 2G

x + ZHx
+ 2%
+ 2F

where &amp;lt; (aty)
= Ax * + ZHx y + Bij* + 2& +

2J&amp;gt;
+ C.

Hence the co-ordinates of the centre, with reference to

the original axes, will be determined by the equations

Ax +Hy+ G = Q ..................... (1),

Hx + J3y +F=0 ..................... (2).

These two equations will, in general, give one and only one

value of x and y ; hence, loci of the second degree have in

(jeneral one, and only one, centre.

Its co-ordinates are found, by solving the above equations,

to be

, HF-BG , HG-AF_

Equations (1) and (2) may be thus remembered 1
: For (1),

take those terms only of the general equation, which involve

1 The rea-ler of the Differential Calculus will see, that the equations of the

centre are obtained by differentiating the equation &amp;lt;f&amp;gt;(xy)

= Q with respect to

x and y. The equation (xy)
= 0, when the origin is transferred to a point

(x y
1

),
is (x +x, 2/

/+ y) = 0, or, by a familiar expansion,

+ terms which involve higher differential coefficients, and therefore vanish;

hence, in order that the terms of the first degree in x and y may vanish, we

d&amp;lt;t&amp;gt; i d&amp;lt;t&amp;gt; ,must have . . 0,
-

. = 0.
dx dy
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x
; multiply each term by the index of x in it, and diminish

that index by unity. Equation (2) may be obtained similarly,

by substituting y for x in the above rule.

Ex. The equations for the centre of the locus represented by

3x2 + 2xy + 3if
- I6y + 23 = 0,

are bx + 2y = Q, and 2x + Gy - 16= 0, which become (1) and (2), when
divided by two.

COR. Since the equations for the centre do not involve

the constant term (7, it follows that all central loci, whose

equations can be written so as to differ in the constant term

only, are concentric.

* 142. The calculation of the value of
&amp;lt;f&amp;gt;

(x y), when (xy
f

)

is the
centre, may be thus facilitated

;

+ Gx +Ftf + C;

but these first two terms are each = 0, when (x y) is the

centre; therefore

hence the equation &amp;lt;f&amp;gt; (xy)
= 0, becomes, when the origin is

transferred to the centre,

Ax* + 2Hxy + Bif + 2G~ + 2F% +(7=0;
22 Ij

that is, we can transfer the origin to the centre, by sub

stituting the halves of the co-ordinates of the centre, for x

and y respectively, in the terms 2 Gx and

Ex. The equations for the centre of

3.c
2 + 2xy + 3//

2 -
IGy + 23 = 0,

are 6x + 2y = Q, and 2z + Gr/-16= 0; whence =-!, ?/
= 3 are the co-ordi-

o

nates of the centre ; and writing
- for y in the term - IGy, we have for the

reduced equation,
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143. We see then, that it will be always possible to find

one, and only one, pair of values for the co-ordinates of the

centre, except when Hz AB = 0. Hence the loci of the

second degree may be divided into two classes : (i) loci which

have a centre, where H* AB is not zero; and (ii) loci which

in general have not a centre, or rather, whose centre is in

finitely distant, where JET
8 AB = 0. It will be seen in

Art. 157, why we say in general.

144. We shall first consider the case of Central Loci.

We see by Art. 141, that, in the case of central loci, the

general equation may, by taking the centre (x y )
of the

locus as origin, be reduced to

Ax* + 2Hxy + Eif + ^(as y) = 0.

We next proceed to inquire, whether, by any change in

the direction of the axes, we can get rid of the term involving

xy, as it will be seen hereafter, that this will greatly facilitate

our inquiries into the form and properties of the curve.

Now it is manifest, that, if we can so transform the axes as

to get rid of the term involving xyt
the equation will be left

in the form

where, if any value be given to one of the variables, the

other will have two equal values with opposite signs ; hence,

in this case, each axis will bisect all chords parallel to the

other.

145. We have not hitherto supposed the axes necessarily

rectangular ;
but the generality of our reasoning would not

have been affected by such a supposition, since, if they had

been oblique, by transforming them to rectangular axes, we

should (Art. 76 (i)) have obtained an equation of the same

degree, and of the same form as the one we have assumed.
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We shall now, for the sake of simplicity, suppose such a

change, if necessary, to have been made, and the axes to

be rectangular; then, if we turn them round through any

angle 0, we must (Art. 71) substitute in the equation,

for x, x cos 6 y sin
;

for y, x sin + y cos 6.

Substituting, and arranging the terms, we have

AsirfO f

+ 2//sin0cos0

+2J3sin0cos0

-2//sin0cos0

+ cos
2

(2).

If now we put the new coefficient of xy 0, we obtain

2/7
tan20=T-f-y

........................ (3),

an equation from which we may determine the angle 0,

through which the axes must be moved, in order that the

term involving xy may vanish.

As the tangent of an angle may have any magnitude, it

follows that this equation will always give real values for 20.

There will be an infinite number of solutions
; for, if 2a be

one value of 20 which satisfies the equation, then the equa
tion is satisfied, if 20 = mr + 2a, where n is any integer.

?? 7T

Hence the values of 6 are expressed by -^-
+ a, and we

obtain a series of angles

3?rTT

a, a, TT

The only difference, that will be made by selecting dif

ferent values of 0, will be, that the axis of x and y in one

case may occupy the position of the axis of y and x in

another, or the positive and negative directions of the axes
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may change places. Hence, when the centre is origin, there

exists one system of rectangular axes, and one only, about

which the curve is so situated, that each axis bisects all

chords parallel to the other. Also there can be no such

system with any other origin ;
for a straight line bisecting a

system of parallel chords must pass through the centre,

which is the bisection of one of them. These axes are

called the axes of the curve. We shall see hereafter that

their position is that of the figures.

COR. 1. Since the direction of the axes depends upon
the quantities A, H, B only, it follows that loci, whose

equations can be written so as to have the first thfee terms

the same, have their axes parallel.

COR. 2. If we have H = 0, and A = B, the new coeffi

cient of xy vanishes for every value of 6, and tan 20 becomes

indeterminate. Hence in this case we may take any rect

angular axes whatsoever, without introducing the term xy
into the equation. This agrees with Art. 100, for the curve

is then a circle.

*14G. The axes of the locus, then, make angles 9 and

90 + with the axis of x, where 6 is determined from the

equation

tan 20
211

A-B
hence, the centre being origin, the equations to the axes are

y
- x tan =

0, y + x cot 6 = 0,
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or, as one locus,

2/

2 + (cot 6 - tan 0) xy - a? = 0,

2 A-n
or, since cot 6 tan 6 =

tan 20 11

A 7?
2

~&quot;~ -^ 2 A*
jj- y-y =0.

The student will observe that this is (Art. 68) the equa
tion to the straight lines which bisect the angles between

the straight lines represented by

Ax* + ZHxy + B\f = 0,

a coincidence which will be hereafter (Art. 186) explained.

147. We have shewn (Art. 141) that the coefficients of

the first three terms of the equation &amp;lt; (xy)
= 0, are not

altered by a transfer of the origin ;
we shall now shew, that

when the axes are moved through an angle 0, and the new

coefficients denoted by A ,
2H

,
B

,
we have the relations,

From equation (2) of Art. 145 we have

A = A cos
2 d + 2Hsm 6 cos + #sin2

9,

B = A sin
2
6 - 2//sin cos d + B cos

2

(9;

therefore A + B = A + B,

A-B = 2H sin 20 + (A
-
B) cos 20;

therefore

- 4 A B = (A - B }*
- (A + BJ

= {2H sin 2(9 + (A - B) cos
2&amp;lt;9]

2

-(A + B) ;

also 4// 2 = {2# cos 20 - (A - B) sin
2&amp;lt;9i

2

;

bonce 4 (II
2 - A B )

= 4H* + (A- B)*
- (A + B}\

or ir-AB = ir
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These results are very important, because we shall shew

that the nature of the curve depends upon the sign of

IFAB. We have on this account proved them inde

pendently, instead of taking them as a particular case of

Art. 76 (ii). It may be there seen that the sign of H2 AB
does not change for any transformation, since sin

2
co and

sin
2

&amp;lt;/&amp;gt;

are positive quantities.

COR. Since the axis of x of any rectangular system can

be made to coincide with the axis of x of any oblique system
with the same origin, without changing A+B and H* AB,
it follows that this article taken with Art. 73, Ex. proves

Art. 76 (ii).

*148. The preceding article furnishes us with an easy

method of arriving at the actual values of A and B . For,

since the equation can be reduced to the form

4V + fly + (ffy)
= o,

H f

is = 0, and we have

A + B = A + ...(!),
- AB = IP - AB...&);

hence

A -B =J(A-Bf + H* (3),

and from (1) and (3) A and B may be determined, the

values of A and B with the upper sign corresponding to the

values ofH and A with the lower.

The two results

A tf + Ef + (xy
r

)
= 0, B x* + A f + (*y) = 0,

will represent the same locus, the axes of x and y respectively

in the one being called the axes of y and x in the other.

* 149. If we simply wish to find the nature of the locus,

without fixing its position with regard to the new axes, Art.
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148 is sufficient. To find the appropriate values for A and
B

,
we may proceed as follows. As in Art. 147, we have

A - B = 211 sin 20 + (A - B) cos 20 ......... (1).

And from the value of tan 20 in Art. 145,

= (A-B) sin 20 - 2//cos 20 ............... (2).

Eliminating cos 20 between equations (1) and (2), we
have

211 (A
1 - B }

= {(A
- .)

2 + 47J2

}
sin 20 ...... (3).

If we determine to take for 20 the smallest positive angle
that satisfies equation (3), Art. 145, 20 must be less than 180,
since for angles between and 180 the tangent passes through

every possible value
;
hence sin 20 is positive, and so also is

(A - BY + 4#
2
. It follows then from (3) that A - B is of

the same sign as H. This will enable us to select the proper

sign in equation (3), Art. 148.

150. We see then, that the equation &amp;lt; (xy)
= may, in

the case of central loci, always be reduced to

We shall now divide these loci into two classes.

Class I. H* AB negative. Since the sign of this

quantity remains the same after transformation, and the

coefficient of xy is now =0, A B must be negative, i.e.

A andB must have the same sign, and the equation may be

written in the form

where P and Q are positive quantities. We shall now have

three cases.

(i) If R is positive, we have a locus not yet investigated,

which is called an Ellipse.
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(ii) If 7? = 0, the locus (Art. Go) is the two imaginary

straight lines

which meet in the real point x = 0, y ; or, as will appear

hereafter, is the Ellipse indefinitely diminished.

(iii) If R is negative, the equation (Art. 66) can be satis

fied by no real value of x and y, and the locus may be called

an imaginary Ellipse.

The circle belongs to this class
;
for its most general equa

tion may (Art. 110) be written, so that A = B =
1, and

H = cos &&amp;gt;

;
hence IP AB = cos

2
co 1, which is always

negative. It is in fact a particular case of locus (i), when

P=Q.

Class II. H^-AB positive. Here -A B must be

positive, i.e. A f

and Bf must have different signs, and the

equation may be written in the form

where P and Q are positive. In this case the sign of J? will

make no difference in the nature of the locus, since the equa
tion Qif Px* = R will represent one of the same form, the

axis of x in the former equation having the same position

with reference to the locus, as the axis of y in the latter.

Hence we have two cases.

(i) When R is not = 0, we have a locus not yet investi

gated, which is called an Hyperbola.

(ii) When 7? = we have the two intersecting straight

lines

= 0,

*151. To sum up briefly. In order to reduce the equa
tion to a Central Locus,
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(i) Find the Class (Art. 150) to which the locus belongs;
and then, if H* - AB is not = 0,

(ii) Write the equations of the centre (Art. 141), and

obtain the values of its co-ordinates.

(iii) Substitute the halves of these co-ordinates (Art. 142)

in the terms 2Gx and ZFy, and so reduce the equation to the

form
Ax* + ZHxy + B-if + 4&amp;gt; (xy }

= 0.

The origin is now transferred to the centre of the locus.

(iv) To reduce the equation to the form

^v+.z?y + 0(a;y) = o,

we have (Art. 148)

and the value of A B hence derived must (Art. 149) be

taken with the same sign as //. The axes have now been

turned through an angle determined by the equation

*Ex. Let the proposed equation be

5x*+2xy + 5y
i

-12x-12y = (1).

Here 7/2 -45=-24, or the locus belongs to Class I. The equations

y
of the centre are

whence x= y = l. If then we tramfor the

origin to a point C, so that OM=CM-l
t

C will be the centre, and the equation with

the new axes Cx
, Cy , parallel to the old

ones, is found by writing & = , y= i in the

last two terms of (1), to be

12 = ............ (2).
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O TT O

Next, if we take tan 20 = - - = - -= oo, we have 20= 90, 0=45;
A. x&amp;gt; t) O

hence, if axes are turned through 45, equation (2) becomes

4 *s +By-12 = (3),

where A + B = A + B= 10, -A B = IP- AB= -24
; whence A -B =2 (Art.

149), since H is positive. Hence A = 6, = 4, and (3) becomes

This is now seen to be the locus which (Art. 150) we have called an

Ellipse ; and its position with regard to the new axes will be seen hereafter to

be that of the figure. As the original equation contained no absolute term,

it is evident (Art. 108 (ii)) that is a point on the locus. Art. 288, applied to

the original axes, will be of use in tracing the curve.

153. Class III. We shall now consider the case where

H* AB=0. We saw (Art. 143) that in this case the co

ordinates of the centre become generally infinite
;
hence we

cannot destroy the terms 2Gx and 2Fy, by removing the

origin to the centre
; but, if we proceed as in Art. 145, and

move the axes through an angle 6, the new coefficient of xy
will vanish, when

tan 29 = A-B
for the introduction of the terms 2Gx and 2Fy will not affect

the proof. But, since (Art. 147)

if H = Q, either A or B must =0, and the equation will

assume the form

(1),

where we have supposed A to vanish. If we supposed B to

vanish, the equation would not represent a different form of

locus, but one having a situation with regard to the axes of x

and y, similar to the situation of the supposed locus, with

regard to the axes of y and x respectively.
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If we transform the origin to a point (# ;/), equation (1)

becomes

BY f 2G x + 2 (ff-if + F
r

)y + B y&quot;&amp;gt;

+ 2GV + ZF y + C =
;

and, if we take for x and y the only pair of values that can

be obtained from the equations

B y + F =
0, BY + 2 O r

x + 2*y + C&quot;
=

0,

the equation assumes its simplest form

B y*+2G x=0, or
2/

2 = Z^.

Precisely as in Art. 145, it will be seen that there is one

system of rectangular axes, and one only, which gives the

equation to the locus in this form. The axis of x is now

called the axis of the locus, and the origin of co-ordinates is

called the vertex.

If G = in (1). the equation becomes

which represents (Art. 64) two straight lines parallel to .the

new axis of x, which are real and different, real and coinci

dent, or imaginary, according as

Hence, when IP AB =
0, we have

(i) A locus not yet investigated, which is called a

Parabola.

(ii) Two parallel straight lines.

(iii) Two coincident straight lines.

(iv) A locus, of which no geometrical conception can be

formed, called two imaginary parallel straight lines.

*154. The preceding article is valuable, chiefly on ac

count of the general conclusions to which it leads us. The

values of A and B may be obtained as in Arts. 148, 149,
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and the student may prove that B or A vanish, according as

// is positive or negative, and that G C. But the calcula

tion of the values of G and P is tedious
;
and the student

will find the method of Art. 156 more convenient for the

working of numerical examples.

155. The reduction of Art. 153 may be made by a

method suggested by the form of the equation itself. For,

since H* AB =
0, the first three terms in the general

equation form a perfect square, and it may be written

(a^ + fy)
2 + 2. + 2^ + (7=0..... .......... (1),

where a and b are written for *JA and *JB. Suppose now

(Art. 52, Cor. 1), that the lengths of straight lines drawn

from (xy) to meet

ax + by
= ............ (2), 2Gx + 2Ft/+ (7=0 ............ (C),

respectively, and parallel to (3) and (2) respectively, are

where P and Q are constants. Now equation (1) may be

written

this equation asserts, that the square of a straight line drawn

from any point (xy) on the locus, parallel to (3) to meet (2) }

varies as the straight line drawn from the same point parallel

to (2) to meet (3) ; hence, if we take (2) for the axis of x

and (3) for the axis of y} the equation will assume the form

*156\ The new axes used in the last article are in

general not rectangular. We shall now shew how to trans

form equation (1) to the same form, the new axes being

1 From Salmon s Conic Sections.
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rectangular. We shall suppose the co-ordinates in equation

(1) to be rectangular.

If k be any constant, (1) may be written

(ax + by + &)
2 + 2 (# ~ ak) x + 2 (F-bk*) y + C-k

z =
0...(2).

The condition (Art. 47, Cor.) that the two lines

ax+by + k = (3),

2(G-aJc)x + 2(F-bkyij+C-k* =
(4),

should be at right angles, is

a(G-ak)+b(F-bk) =
(5);

Ga + Fb
whence h = 5 p-

= K say.

Substitute this value for k in (2), and for brevity write it

(ax + by + Ky + 2)JC + Qi/ + E =
(G),

where the two lines

ax + by + tc = (7), Px + Qy + E =
(8),

are at right angles to one another. Now (6) may be written

(ax + by + K)* _VP+Qa Px + Qy
tf + b* a +F&quot;

and we know from Art. 52, that

ax + by + K
and

Px+ Qy +_R
V5r+F VP2 + Q

a

are the lengths of the perpendiculars from a point (xy) on (7)

and (8) ; hence, if we construct the two lines (7) and (8), the

equation (9) asserts, that the square of the perpendicular

from any point (xy) of the locus on the first line, varies as the

perpendicular on the second line.

Hence, if we transform our axes, and make the line (7)

p. c. s. 11
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our new axis of x, and (8) our new axis of y, then our new

y will be the perpendicular on (7), and our new x will be the

perpendicular on (8), and equation (9) is reduced to the form

If the lines (ax + by = 0) and (2 Gx + 2Fy +(7=0) are at

right angles to one another, equation (1) may be written in

the form of equation (9) at once.

Since the left-hand member of equation (9) is always

positive, the points on the locus must be such as to make the

right-hand member positive also. This will be seen in

working the examples at the end of the article.

The lines (3) and (4), with K substituted for k in them,

are, as will be seen hereafter, the axis of the parabola and the

tangent at its vertex.

COR. Since the axis of the parabola (ax + ly + K = 0) is

always parallel to (ax -f ~by
=

0), it follows that, if the equa
tions to two parabolas can be written so as to have the first

three terms the same, their axes will be parallel. Also, since

K and L do not depend upon the constant term C, if the

equations can be written so as to differ in the constant term

only, the parabolas will have their axes coincident, and will

be equal.

*Ex. 1. Let the proposed equation bo

x--2xy + y~-8x +W = Q ........................... (1),

therefore
(
x -.y + k)*- (8 + 21&amp;lt;)

x + 2ky + 16 - /c
2 = ....... (2).

Then, that the lines may be at right angles,

-
(8 + 2/c)

- 2k = 0, whence k= - 2.

Equation (2) then becomes

(z- ?/- 2)
2 -4 (* + ?/- 3) = 0,

vhere (3) is written in terms of the perpendiculars on the lines

-7/-2 = ............ (4), x + y- 3=0 ............ (u
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Let CX and CY be the lines (4)

and (5) ; then, in order to make the

expression jc + y
- 3 positive, the

point (xy) must be on the positive

side of the line (5) ; that is, every

point on the locus is (Art. 55, Ex.)

on the side of CY remote from the

origin ; hence equation (3) asserts

that

where PM may be drawn on either

side of CX, but PN is always on

the side of CY remote from the

origin. If we take CX and CY
as the positive directions of the axes

of x and y respectively, equation (3) becomes

The form of the locus will be seen hereafter to be that of the figure.

Ex. 2. Let the equation be

x1 - 2xy + y~ + 8y -8 = (1) ;

then, exactly as in Ex. (1), the equation reduces to

.(2).2 V2
Here the lines CX, CY are the same as in Ex. (1) ; and, in order to make

x + y-3 negative, every point of the locus must be on the negative or origin

side of CY- hence the curve is the same as that in the figure, but is drawn

in the opposite direction and, if we take axes as in Ex. (1), equation (2)

becomes

Ex. 3. The equation

4.x
2 -

4.xy + ?/
- IQx -

20y= 0,

may at once be written

since (2x-y= 0) and (x + 2y = 0) are at right angles. The perpendicular on

the left hand may be on either side of the line (2x-y=Q), but that on the

right must (Art. 56) be above the line (x + 2y = 0). The figure will resemble

that of Ex. (1), the point C coinciding with 0. Art. 288, applied to the

original axes, will be of use in tracing the curves.

112
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157. We said, Art. 143, that, when H*-AB =
0, the

co-ordinates of the centre become generally infinite.

If.however H*-AB = and HF- BG=Q-,
A H G
H=-B

= F ........................ (1)

then also HGr AF=Q, and both the co-ordinates of the

centre in Art. 141 become = -
, and are therefore indetermi

nate. The two equations

will now, from (1), represent two straight lines that coincide
;

hence there are an indefinite number of centres, all situated

in that line. The proposed equation, with the above rela

tion between its coefficients, no longer represents a parabola ;

for the solution of Art. 62 becomes

- EC = 0,

which represents two parallel straight lines equidistant

from the line Hx + By -f- F 0, which is therefore a . line

of centres.

*EXAMPLES VIII.

Transform the following equations, illustrating each transfor

mation by a figure, as in Arts. 151, 156.

o

3. 3x2 + 2xy + 3y
f - 16y + 23 = to 4:e

2 + 2y*= 1.

4. x&quot;
-
lOxy + if + x + y + 1 = to 32 2 -

48?/
2 = 9.
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6.r-6y + 9 = to y
s =

6. xa + xy + y* + x + y-5 = to 9x2 + 3/=32

7.
* + 2^-y2 -2 = to x*-y*-j2 = ().

8. af-^ + y = to 4x2 - 4y
8 + 1 = 0.

9. Shew by transformation that the equation

represents two straight lines parallel to the axes.

10. Shew by transformation that the equation

3x* - 2xy + y*
- IQx - 2y + 19 = 0,

represents two imaginary straight lines passing through the point

(3, 4).

11. Shew by transformation that the equation

5x* - 4xy + if
- 4x + 2y + 2 = 0,

represents an imaginary ellipse.

12. Shew that any point on the line (y
= o; + l)isa centre of

the locus

1 3. Shew by transformation that the equation

represents two imaginary parallel straight lines.

14. What is the equation to the axis in Ex. 5, and to the

axes in Art. 151 Ex.?

1 5. Transform 1 Qx* + 1 6xy + 7y* + 64a + 32y + 28 = 0, the axes

being inclined at an angle of 60, to 4xa + y
8 =

9, the axes being

rectangular, and the axis of x remaining the same.



CHAPTER IX.

Central Conic Sections
1

, referred to their axes.

158. IN this chapter we shall consider the equations,

whose loci (Art. 150) we have called the Ellipse and Hyper
bola, namely,

Pz? +Qf = X, Ptf-Q/^R,
where P, Q, R are supposed positive.

The equation to the ellipse may be written

P Q
7? 7?

Put = a?, =
^&amp;gt;

*nen the equation becomes

where a and b are evidently the intercepts of the curve on

the axes of x and y respectively.

The equation to the hyperbola, which differs from that

1 The term conic section, or conic, must be understood to mean locus

of the second degree, and to embrace every variety of locus mentioned in

Chap. vin. It can be proved (Art. 323) that the section, made by any plane
in a cone standing on a circular base, is a locus of the second degree. It was
as sections of the cone, that the properties of these curves were first exa

mined. Hence the name.
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of the ellipse in the sign of the coefficient of ?/

2

only, may
be written in the corresponding form

*liV.
a2 b*~

but, in this case, when x 0, y
z = b

2

,
so that the intercept

on the axis of y is an imaginary quantity, or the curve does

not meet that axis.

159. The figure of the curves may now be deduced from

the simple form to which we have reduced their equations.
We will begin with the ellipse, and, since we may choose

whichever axis we please for axis of x, we shall suppose that

we have so chosen the axes, that a may be greater than b.

1GO. To find the polar equation to the ellipse ; the centre

being the pole.

Writing (Art. 13) p cos 6 for x, and p sin 6 for y in the
fM II

equation a + TJ = 1, we have

1 cos
2 6 sin

2

i To.

f tf

or
a2

sin
2 0+&2

cos
2

6&amp;gt;

which is the required equation. It may be written

a2 -
(a*

-
6&quot;)

cos
2

b* + (a
2 - 6

2

)
sin

2

and it will appear hereafter, that it is convenient to use the

abbreviation - -^ = e*. Hence, dividing numerator and
CL

denominator by a2

, we have

the form most commonly used.
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161. This equation will be found the most convenient for

tracing the ellipse
1
. The least value that 6

2 + (a
2

ff) sin
2 9

can have, is when 6 = or 180
; therefore, since

2 _
P ~ a-sn

the greatest values of p are the intercepts on the axis of x,

which are each = a.

Again, the greatest values of 6
2 + (a

2
6
2

) sin
2
6 are, when

sin
2
6 = 1, i.e., when 0=90 or 270; hence, the least values

of p are the intercepts on the axis of y, which are each = b.

The greatest chord then that can be drawn through the

centre is the axis of x, and the least chord, the axis of y.

From this property, these lines, A A (= 2a) and B B(= 23)

are called the axis major and the axis

minor of the curve. It is plain, that the

smaller sin
2

is, the greater p will be
;

hence, the nearer any radius vector is to

the axis major, the greater it will be. By
taking the two values of p, positive and negative, for each

value of 0, we shall, as 6 varies from to 90, trace the

portions AB, A B
; and, as 9 varies from 90 to 180, the

portions BA ,
B A. The form of the curve will therefore be

that of the figure. The points A ,
A are called the vertices.

162. We obtain the same value for p, whether we sup

pose = a, or 9 = a. Hence, Two radii vectores which

make equal angles with the axis will be equal. And it is easy
to shew that the converse of this theorem is true.

163. The figure of the ellipse may also be seen from the

following construction.

1 The Articles on the figure of the curves are taken chiefly from Salmon s

Conic Sections.
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Solving the equation to the ellipse for ?/, we have

/ O O

Now, if we describe a concentric circle with the radius a, its

equation will be

Hence, if a circle be described on the axis major, and on

each ordinate MQ a point P be taken,

such that MP may be to MQ in the con

stant ratio b : a, then the locus of P will

be the required ellipse; hence the circle

described on the axis major lies wholly

ivithoiit the curve.

We might, in like manner, construct the ellipse, by de

scribing a circle on the axis minor, and increasing each ordi

nate in the constant ratio a : b
;
hence the circle described

on the axis minor lies wholly within the curve.

We see also, that the equation to the circle is the par

ticular form which the equation to the ellipse assumes, when

b = a.

*164. Let CQ be joined, and let the angle QCM=&amp;lt;f&amp;gt;;

then, if x and y are the co-ordinates of P,

x = CQ cos
(f&amp;gt;

= a cos &amp;lt; y = - QM= - a sin
&amp;lt;f&amp;gt;

= b sin

Thus the co-ordinates of any point may be expressed in

terms of a single variable
&amp;lt;/&amp;gt;.

These values of x and y evi

dently satisfy the equation to the ellipse ; for, when substi

tuted in it, they produce the equation

cos
2

(f)
-fsin

2

&amp;lt;/&amp;gt;=!,
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which is always true. The angle &amp;lt;f&amp;gt;

is called the eccentric

angle of the point P.

Ex. 1. To find the equation to the chord of an ellipse, which passes through

two points whose eccentric angles are given.

Let the points be

a cos 0, b sin 6
;

a cos
&amp;lt;f&amp;gt;,

b sin ;

then the equation to the chord is

x - a cos 6 _ a (cos
- cos 0)

y -b sin 6
~

b (sin
- sin 6)

whence, exactly as in Art. 109, Ex. 1,

If the chord becomes a tangent, = 0, and the equation to the tangent is

- cos + r sin 0=1.
a b

Ex. 2. To find the equation to the normal at a point of an ellipse, whose

eccentric angle is given.

Let be the eccentric angle of the point ;
then the equation to the

tangent is

- cos + ^
sin 0=1 ........................ (1),

and the equation to a line passing through (a cos 0, &sin 0) perpendicular to

(1) is (Art. 50, Cor. 2)

y b sin _ a sin

x -a, cos
~~

b cos

-^fL- 3L = a-&*.
cos sin

1G5. To find the equation to the ellipse, when one of the

vertices is origin, the direction of the axes being the same as

before.

The problem is, to transfer the origin of co-ordinates to

the point A ( a, 0) ; hence, writing x a for x in the equa
tion to the ellipse,



FIGURE OF THE CURVES. 171

we have 2/

2 = -g (2ax #2

),a

for the equation to the ellipse when the origin is the ver

tex A .

166. We shall now investigate the figure of the hyper
bola from its equation

The intercept on the axis of x is evidently
=

a, but
2

that on the axis of y, being found from the equation
~ = 1

,

is imaginary ;
the axis of y then does not meet the curve in

real points.

If, however, we take an hyperbola whose equation is

v* x*

the axis of y will meet this curve at a distance = b from

the origin, and the axis of x will not meet it in real points.

This (for reasons evident hereafter) is

called the conjugate hyperbola, and pos

sesses properties which will be of use to

us in considering those of the original

curve. We shall then call the distance

A A (= 2a), between the two vertices,

or points where the curve meets the

axis of x, the transverse axis, and we shall call the distance

B B between the two points where the conjugate hyperbola
meets the axis of y, the conjugate axis. For we have chosen

as axis of x that which meets the hyperbola in real points,

and are therefore not entitled to assume a greater than b,

so that the terms axis major and axis minor would not here

be applicable.
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CODJUgfttfl bjpftfbobwill evidently bo an hyperbola,

whose, transverse- :inl
COHJUgfttC

axes correspond to the con-

:in.l irans\ Ml -ixca of the original curve.

1(&amp;gt;7. To find tic polar equation to the hyperbola, centre

pole.

Transforming the equation to the hyperbola to polar co

ordinates as in the case of the ellipse, we get

t aV_ ifV _ a fr*

p
b* cos* - af

sin tf

m V- (a
s+ & )~sin*0 (a -f & ) cos

- a**

Since fonnula? concerning the ellipse are altered to the

corresponding ini-iiiul;e fir I lie hyperbola hy &amp;lt;-hanging
the

sign of b*
t
wo must, in this cas-, use the abbreviation c*

for a . Dividing numerator and denominator by a*, we

have for the polar equation to the hyperbola, the

being pole,

_

6* COS
f 6 - 1

*

the form most commonly used.

168. The hyperbola may be conveniently trarrd from

this equation. The denominator /&amp;gt;* (a* -f 6*) sin&quot; will

jjlainly be greatest when 6 = or 180, therefore, for the&amp;gt;e

\ahies, p will 1)0 least; or, the troniWrt( wit in t/&quot;

which cm&amp;lt; In- duurn tlimuyh the centre to the curve.

As increases from U, f)
font inually increases, until

\\lieu Ihe denominator O f the \;due of ^ Incomes = 0, and

p becomes infinite. After this \alue of 0, p* becomes nega-
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live, and the radii vectores cease to meet the curve in real

p^LLts, until again

swO^p -
for tan0 = ),

?+P\ a/

when p again becomes infinite. It then decreases regularly as

6 increases, until 6 becomes = 180*, when it again receives its

minimum value = a. The lower part of the curve evidently

corresponds exactly with the upper.

The form of the hyperbola, therefore, is that represented

by the dark line in the figure, where the branches LAR,
1? extend to infinity. We have drawn the curves al

ways concave to the axis of x. We shall hereafter (Art 188)

prove the correctness of the figures in this respect

169. It was shewn that the radii vectores answering to

tan 6 - meet the curve at infinity. These radii vectores,

indefinitely produced, are, for reasons given in Artie ..:- 171,

called the asymptotes of the curve. They are the lines KR,
L L of the figure, and evidently separate the lines which

meet the curve in real points, from those which meet it in

imaginary points; Le. the whole of the curve is included in

the angles RCL, RCL. Hence the equations to the asymp-
are

y = -
x, or, as one locus, -^

~ = 0.

Similarly for the conjugate hyperbola, the equations to

the asymptotes are

a a? t/*

x = Y y. or, as one locus, -,_^*&
Hence the asymptotes of the conjugate hyperbola coin

cide with those of the original curve, and it lies wholly
within the angles RCL ,

LL lf, corresponding to the dotted

line in the figure.
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170. If a = by the hyperbola and its conjugate become

equal in every respect, and, since (Art. 169)

EGA will =45, or the angle between the asymptotes is a

right angle. This is called the rectangular or equilateral

hyperbola, and is to the hyperbola what the circle is to the

ellipse. Its equation is

^-2/
2 = a2

........................ (1).

See Art. 186 and Cors.

171. DEF. An asymptote is a straight line, the distance of
which from a point of a curve diminishes without limit, as

the point in the curve moves to an infinite distance from the

origin.

It must not be assumed, if the value of any radius vector

becomes infinite, as in Art. 169, that it is therefore an

asymptote to the curve. In fact, it will be proved hereafter,

that any lines drawn parallel to ER and LL have one point
of intersection with the curve at an infinite distance, just

as in Art. 42 we found the co-ordinates of the intersection

of parallel lines to be infinite : but in neither case do the

loci approach indefinitely near to one another. We shall

therefore shew that the lines ER and LL correspond to the

above definition.

If the ordinate MP be

produced to meet ER in

Q, the distance of the point
P from RR = PQsmPQC,
and therefore varies as PQ.
Now if CM = x, PM=y t

QM=yiy
we have from the

equations to the curve and

asymptote,
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therefore y,
2 -

y
2 = V, or y,

-
y =

j-g
.

But this value of y: y ,
which = PQ, becomes indefinitely

small, when yl
and y become indefinitely large, and there

fore RR is an asymptote. Similarly LL is an asymptote.

*172. The co-ordinates of any point in the hyperbola

may, as in the ellipse, be expressed by a single variable by
means of the eccentric angle; for we may put

x = a sec
&amp;lt;/&amp;gt;, y b tan

&amp;lt;j&amp;gt;,

since these values, when substituted in the equation

will give sec
2

$ tan
2

&amp;lt;/&amp;gt;

= ! ........................ (2),

which is always true. If a tangent MQ be drawn from the

foot of the ordinate MP, to the

circle on the transverse axis, the

angle QCM is the eccentric angle

of the point P; for

or x = a sec
&amp;lt;/&amp;gt;,

and therefore, from (1) and (2), y= b tan
&amp;lt;/&amp;gt;.

173. As in the case of the ellipse, we shall find the

equation to the hyperbola, when the vertex A is taken for

origin, by writing x + a for x in the equation

The result is ?/
2 =

&quot;1
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174. The quantity e is called the eccentricity of the

curve ;

. , ,,. 2 a2
Z&amp;gt;

2

in the ellipse, e =
^ J

. . , , , , a2 + 6
s

in the hyperbola, e =
^ .

CJL

Hence in the ellipse e is less than unity ;
and in the

hyperbola greater than unity. When a = 6 in the ellipse, or

the curve becomes a circle, e 0, and, if a remain the same,

e increases as b diminishes, or as the curve passes from a cir

cular to an oval form. If 6 is the angle between the asymp
totes of the hyperbola, in which the transverse axis lies, we

have

tan - = -
;

therefore sec
2
s = r,

= e*.
2 a 2 a&quot;

175. In the following investigations we shall in most

cases consider both the ellipse and hyperbola together, as

they have many properties in common, resulting from the

similarity of their equations ;
and the properties of the one

may be deduced from those of the other by changing the

sign of 6
2
. The properties of the conjugate hyperbola may be

deduced from those of the ellipse by changing the sign of

a2
,
or from those of the given hyperbola by changing the

signs of a2 and b2
. We shall, whenever we speak of the

ellipse and hyperbola together, use the signs which apply
to the ellipse.

176. To find the length of a straight line drawn to the curve

from the point (xy).

Let the equation to the line be

^-^--i ).
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Then, as in Art. 114, for the distances (1) between (x y )

and the points of section of the line and curve, we have

Y (sl + y Y~- - =1;

or

Now this equation will always give two values for Z;

hence every straight line meets the curve in two real, coin

cident, or imaginary points, according as the roots of (2) are

real and unequal, real and equal, or imaginary.

We shall hereafter have occasion to consider the follow

ing particular forms that this equation may assume :

If P = 0, one value of I (Appendix) becomes infinite.

If P= and Q = 0, both values of I become infinite.

If R =
0, the point (x y) is on the curve, and one value

of I becomes = 0.

If R = and Q = 0, both values of I become = 0, and

the line passes through two coincident points of the curve,

and is a tangent.

If (2
= 0, the roots of the equation are equal and of

opposite signs, and (xy) is therefore the middle point of the

chord.

177. If P = in equation (2), we have, according as the

curve is an ellipse or hyperbola,

c
8

s
2

c s
2

p. c. s. 12
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The former equation gives imaginary values for -
;

the

latter gives

but - is the tangent of the angle that the line (1) makes with
c

the axis of x\ hence (Art. 169) one value of I becomes infi

nite, if the line (1) is parallel to either asymptote, i.e. a straight

line drawn parallel to an asymptote meets the curve in one

point only at a finite distance from the origin, and in one

point at an infinite distance.

178. If P= and Q = 0, we have in the hyperbola

s_ b y c6
2

b
* .

~
, &amp;gt; ;r

= n .

c
~
a x sa

~
a

Hence by the first condition the line (1) is parallel to an

asymptote, and by the second the point (x y) is on the same

asymptote; i.e. the line (1) is one of the asymptotes, and

both the values of I are infinite.

179. We have said that a line parallel to an asymptote
meets the curve in one point at an infinite distance. This is

a short way of enunciating
the property, which may be

stated more clearly as follows.

Let-ZiT be the point (# y ),and
PKD a straight line cutting
the hyperbola in P and Z),

and let KL be a straight
line parallel to the asymp
tote OF; then, if the point
D moves along the curve to

an infinite distance, and the

line PKD turns about K, it
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will tend to coincide with XL, as its limiting position.

Without this explanation, the statement would probably

perplex the student, inasmuch as he would see that KL does

not actually meet the curve at infinity, for the distance

between it and the curve can never become less than the

distance between it and the asymptote. In the same way we
have said (Art. 42) that parallel straight lines meet at in

finity ;
and our statement here simply asserts, that the curve

tends to become a straight line parallel to KL, i.e. the

straight line CVt

180. To find the equation to a straight line touching

the curve

at the point (xy ).

The method employed is precisely the same as that used

in the case of the tangent to the circle (Art. 117), to which

the student may refer for the figure. We shall simply indi

cate the steps.

Let the equation to a straight line cutting the curve in

the point Q (ocy), be

then, for the distances (I) between (xy) and the points of

section of the line and curve, we obtain equation (2) of Art.

176, which becomes

# y
since -j + ~ = 1

;
for (x y ) is on the curve.

122
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Equation (2) gives us I = 0, as it should, for (x y ) coin

cides with one of the points of section, and also

the value of I in which equation is the distance (QR) of (xy )

from the other point of section R. If the line be a tangent at

Q (x y )&amp;gt;

this distance vanishes, and we have

Eliminating c and s, by means of this equation and equa

tion (1), we have

xx vy
or -a- +%a2

6
2

, xx yy ,whence
&quot;T+ J5

= *
QJ

which is the equation to the tangent at the point (x y), and

is easily remembered from its similarity to the equation to

the curve. The form of the equation, when the origin is

transferred, may be seen from Art. 118.

181. If m be the trigonometrical tangent of the angle
which the tangent at (x y ) makes with the axis of x, we have

m = s = __
6V

c
~

cfy

Since this value of m does not change, when x , y
are replaced by x, y ,

we see that tangents at the extre

mities of chords through the centre are parallel. Also at

the points B, ff, for which x 0, y =
6, m = 0, or the

tangents are parallel to the axis of x
;
and at A, A ,

for which

# = a, y = 0, m oo
,
or the tangents are perpendicular to

the axis of x.
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182. To find the equation to the tangent in terms of its

inclination to the axis of x.

The reader will have no difficulty in using the methods of

Arts. 119, 120 for the purpose of finding this equation in

dependently, or in deducing it from Art. 180. The resulting

equation to the tangent is

y = mx JnM 4- 6
a
.

The double sign refers to the two tangents at the extremities

of chords through the centre, since, by the last article, these

tangents have the same inclination to the axis of x.

COR. Hence if a straight line and a conic be represented

by
x* if

y = mx + /3, and g + y^
=

1,
CL

the condition of tangency is

/3
2 = mV + V.

183. If the tangent pass through the centre, we have

N/w?a
2
4- 6* = 0. (Art. 28, Cor. 3.) This gives an imaginary

value for m in the case of the ellipse, but for the hyperbola
we have

mV b
2 =

0, or m = -
;

a&amp;gt;

hence a tangent to the hyperbola drawn from the centre

coincides (Art. 1G9) with the asymptote, and meets the curve

at an infinite distance only. The asymptotes may there

fore be considered as straight lines touching the curve at an

infinite distance.

184. The result of the last article may be obtained from

the equation to the tangent at any point (ay), as follows :
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The equation to the tangent to the hyperbola at (x y), is

(Art. 180),

or- --.?-- (*v8 2 ~&quot;

hence, when y is indefinitely large, or the point of contact is

indefinitely distant, the right-hand member of (2) vanishes
;

also from the equation to the hyperbola, since (x y )
is a point

on the curve,

and therefore, when # and y become infinitely great, ulti

mately
a/

2 a2 x a
-72
=

-.a
or = + v .

y & y ~&

Hence equation (2) becomes, after reducing and trans

posing,

/yi fyj /yJ*
nt*

-= r, or as one locus, -5 -72 = ............ (2),a o do
which represents the two asymptotes.

In the ellipse the same process would give ultimately

& :

*
y
*~

6&quot;

which gives for the asymptotes of the ellipse the two imagin

ary straight lines

x y o? i/*- = J~^i l &amp;gt;

or as one locus,
-

2 -f ^
= 0.

It will perhaps be observed, that in the above proof we

began with the equation to one straight line (1), and, on

endeavouring to trace its limiting position, consequent on

the indefinite increase of x and y ,
we have obtained an

equation which represents two straight lines. Can each of
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these be the limiting position of (1) ? The difficulty vanishes,

if we take into consideration that (1) represents, not one, but

a class of lines, indefinite in their number, and subject only

to the limitation that (xy
1

) should be on the curve. The

suppositions we have made with regard to x and y ,
are

equally applicable to the whole class. Hence the result

ing equation (2) represents the limiting position, not of one

tangent, but of all of them.

185. Since the asymptote touches the branch RAL
(fig. Art. 166) at infinity, it must also, by the symmetry of

the figure, touch the branch RAL at infinity. But we saw

(Art. 176) that, when we combine the equations to a straight

line and the curve, the result is a quadratic, which will

determine two points of intersection, and only two. That is,

a straight line can only intersect a curve of the second order

in two points, and, when these two points coincide, the line

is said to touch the curve
;
hence the two points of contact

of the asymptote would seem to coincide. This difficulty

will be removed, when we consider that the asymptote RR
does not really touch the hyperbola at infinity, and that this

expression is only a short way of saying, that,, as the distance

of the point of contact becomes very great, whether on the

branch AR or A R, the tangent in each case tends to coin

cide with the line RR.

186. We see then that, if a central conic is referred to

its axes, the equations to the conic and its asymptotes are

the asymptotes being real, only when P and Q are of oppo

site signs. Now let any transformation of axes be made,

the centre remaining the origin, so that we write (Art. 72)

ax + by for x, and ax + b y for y, where a, a
, b, b represent

constant quantities ; then, if the equation to the conic becomes
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Ax* + ^Hxy + By* = R,

(for R will evidently not be altered),- the equation to the

asymptotes will become

Hence, with any axes whose origin is the centre, the

equation to the asymptotes is found by equating to zero

the terms of the second degree in the equation to the

conic. Also, since (Art. 141) these terms are not altered,

when the origin is transformed from the centre to any point

whatsoever, the direction of the axes remaining the same, we

shall, by equating them to zero in any equation, find a pair

of straight lines drawn through the origin parallel to the

asymptotes. This article explains the coincidence mentioned

in Art. 146, since the axes bisect the angles between the

asymptotes.

COR. 1. The equations of a conic and its asymptotes
differ by a constant only; and this remains true after any
transformation.

COR. 2. If P and Q are of different signs, the equations

represent the hyperbola, the asymptotes, and the conjugate.

Hence the equations of two conjugate hyperbolas differ from

the equation of their asymptotes by constants which are

equal and of opposite signs ;
and this also remains true after

any transformation.

COR. 3. The angle between the asymptotes is found by
Art. 67. If the asymptotes are at right angles, the hyperbola
is (Art. 170) rectangular, and we have

A + =0,orA+B- 211 cos o&amp;gt;

=
0,

according as the axes of co-ordinates are rectangular or

oblique.
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COR. 4. Since the equation Aa? + 2Hxy + By
2 = deter

mines the direction of the asymptotes, it follows that, if A =
in the general equation of the second degree, one asymptote
will be parallel to the axis of x, for its direction is given by
the equation y 0. Similarly, if B = 0, one asymptote will

be parallel to the axis of y. The locus will in either case

(Art. 150) belong to the hyperbola class, since IP AB
becomes H*, and must be positive.

187. To determine the equations to the tangents to an

ellipse or hyperbola) which pass through a given point (x y ).

The equation to the tangent is (Art. 182)

y mx = a?m* + b*.

Since it passes through (x y*), we have

or m + -- m +V- * = ..... ....... (1),a x a x

which equation gives two values of m
;
let them be fi and /t ;

then the equations of the tangents required are

y
-
y =

v&amp;gt; (
x - x

}&amp;gt; y-y = p (v-O ......... (2).

188. The roots of equation (1) of Art. 187 are real and

different, real and equal, or imaginary, according as

xY &amp;gt;

=
&amp;lt;(b*~ y&quot;

2

) (a
2 -

x&quot;)
............ (3),

&amp;lt;&amp;gt;r as ^J +
^-l&amp;gt;

=
&amp;lt;0 .................. (4),

and a little consideration will shew, that inequality (4) gives
the conditions that (x y) shall be tvithout, on, or within the

ellipse. Hence no real tangent can be drawn to the ellipse

from within the curve.
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To prove the same property for the hyperbola, we must

write 6
2

for 6
2

in (3), and we shall then obtain, instead

of inequality (4),

Condition (5) will evidently always give possible roots,

a/
2

when x does not exceed a
;
for then j is less than unity,

and consequently the whole expression is negative; but,

x 2

when x exceeds those values, ^ becomes greater than unity,a

and, in order that the whole expression may be negative, the

value of y must not be less than that of the ordinate of

the curve corresponding to x
y since it is that value which

makes

Hence inequality (5) gives the condition that (xy } should

be without, on, or within the curve (where the foci are con

sidered as within) ;
and no real tangent can be drawn to the

hyperbola from within the curve. The above reasoning shews

that the curves are, as we have drawn them, always concave

to the axis of x\ for, if this were not the case, it would

evidently be possible to draw a straight line from within,

which should pass through two coincident points of the

curve.

The reader will observe, that the expressions

are negative when (xy) is on the origin side of the curves,
and change sign when (xy) crosses the curves. This result

should be compared with Arts. 55, 121.
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189. To determine the locus of the intersection of two

tangents at right angles to one another.

If, in Article 187, the two tangents are at right angles,

pp = 1. Hence, from equation (1), since fifi! is the pro

duct of the roots,

therefore x* + y* = a2 + tf
;

or the locus of the point (xy \ where the tangents intersect,

is a circle, whose centre is C and radius = Va2
4- &

8
.

The corresponding equation for the hyperbola is, of course,

which is a circle, unless 6
2 be greater than a2

,
in which case

the locus is impossible ;
i.e. two tangents cannot be drawn at

right angles to one another, when 6
2

is greater than a2
.

In the equilateral hyperbola b = a, and the circle is reduced

to a point, namely the origin; hence only one pair of

tangents at right angles to one another can be drawn to

the equilateral hyperbola. These pass through the centre,

and are the asymptotes, which are tangents at an infinite

distance.

100. To find the perpendicular from the centre on the

tangent, in terms of the angle which it makes with the axis

of x.

If the perpendicularp make an angle a with the axis of

x, the equation to the tangent is (Art. 27)

a? cos a +y sina=^,

and hence, by the condition given in Art. 182, Cor.,

p
1 = a2

cos
2
a + 6

2
sin

2

a,

or since (Art. 174) 6
2 = a2

(1
- e

2

),
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Hence the equation to the tangent in the form given in

Art. 27 is

x cos a + y sin a a J\ e
2
sin

2
a = 0.

If we had used the signs suitable to the hyperbola, we

should have obtained the same result for that curve.

191. To find the equation to the normal at any point

WO-
By reasoning similar to that used in the case of the

circle (Art. 122), since the normal passes through the point

(xy) and is perpendicular to the tangent, whose equation is

xx yy _
a2

~ +
~F&quot;

:1

aV
its equation is y y = j~ (x x ) y

- = a&amp;lt;-6*.

x y

192. To find the equation to the normal in terms of its

inclination to the major axis, we may write it

y-y = m(x-x } ...... (1), where m =
, ...... (2),

and is the tangent of the angle which the normal makes
with the axis of x. We have then to express x and y in

terms of ra; that is, we must eliminate x and y between

the three equations, (1), (2), and the equation to the curve.

c, bin ayFrom
&amp;lt;2) -

whence L-T_ = iZ^JL^ = &quot;

,a ox x

since a2
?/

2 + &VJ = a2
6
9

:
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,, r , , . ., ,
,

therefore x = _
; and similarly ?/

=
V&V + a2 V&W + a2

Substituting these values in (1), we have

193. The intercepts of the tangent and normal on the

axis of x may be found by putting y = in their equations.

Let them meet the axis in T and G
; then, putting y =

in the equation to the tangent, we have

and in the same manner from the equation to the normal,

when y = 0, we have

-r* ,
r

The portion MT, intercepted on the axis between the

tangent and the ordinate of the point of contact, is called the

subtanyent, and MG is called the mlnormal. The length of

the subtangent is,

in the ellipse, CT
X

and in the hyperbola, CM CT x 7
=

;

fK SC
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In the same manner the length of the subnormal is,

_eV^*
a2

b* ,

in the ellipse,

in the hyperbola, MG x.
a&quot;

194. If in the equation to the tangent

^ W
a2 ^

6
2

&quot;

we write x,x for x, x ,
and y ,y for y,y respectively, the equa

tion remains unchanged. Hence (Art. 131) all the theories

of poles and polars proved for the circle in Arts. 123 127,

129, 130 are equally true for the ellipse and hyperbola, and

the proofs will require no alteration, except that we must

write the equations to the ellipse or hyperbola and its tan

gent, in the place of the equations to the circle and its

tangent. These properties are so important, that the student

is recommended to convince himself thoroughly of the truth

of the above assertion, by writing out the articles with the

requisite changes.

- 195. If, in the equation to the polar of the point (x y ), we

make y 0, the equation becomes .r = 1, the equation to a

straight line parallel to the axis of y ;
hence the polar of any

point on the axis of x, is parallel to the axis of y ;
and simi-

C .X

larly the polar of any point on the axis of y, is parallel to the

axis of x.
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If we take two points, H, S, on the axis of x, so that

in the ellipse OS = CH = a?= ae,

and in the hyperbola CS = CH= Ja + b* = ae,

the equations to the polars of these points will be, writing 0,

ae and 0, ae for y , x,

x = - for the polar of H, x = for the polar of
e e

These points are called the/oci, and their polars are called

the directrices of the curve.

In the ellipse, since e is less than unity, the foci lie between

the centre and the vertex, and the directrices KX, KX , the

polars, respectively, of H and 8, lie beyond the vertex. In

the hyperbola, since e is greater than unity, the reverse will

be the case. In the circle a = 6, and the foci coincide with

the centre
;
also (Art. 174) e = 0, so that the directrices are

infinitely distant. It will be seen hereafter, that the focus and

its polar, the directrix, possess many remarkable properties in

connexion with the curve.

COR. From the results of this article we have in the

ellipse,

In the hyperbola
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196. To find the distance of any point in the ellipse from
the focus, in terms of the abscissa of the point.

Since the co-ordinates of the point H are (x = ae,y 0),

the square of the distance of any point P (x y) from it, is

(Art. 7)

(x
- ae? + y

z = x 2 - 2aex + aV +
y&quot; ;

and, if P be a point in the curve,

since W = a2 aV. Hence

or HP = a- ex.

We do not notice the value (ex a), obtained by giving
the negative sign to the square root. For e is less than 1, and

x less than a, hence ex a is constantly negative, and need

not be taken into consideration, since we are now examining
the magnitude, not the direction, of the radius vector HP.

Writing ae for ae in the preceding proof, we have, for

the distance of P from the other focus,

hence SP + HP = 2a,

or the sum of the distances of any point in an ellipse from the,

foci is constant, and equal to the axis major.

197. In the case of the hyperbola, we obtain the same
value for //Pa

, but, in extracting the root, we must take

the value

IIP = ex -a,

since in the hyperbola x is greater than a, and e is greater
than unity, and consequently a ex is constantly negative.
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In like manner, we have

SP = ex + a
;

hence SP - HP = 2a,

or, in the hyperbola the difference of the focal radii is constant,

and equal to the transverse axis.

198. The property proved in the two last articles will

enable us to describe an ellipse or hyperbola mechanically ;

for, evidently, if a string SPH be fastened to two points S
and H, a pencil P, moved so as to keep the string always

stretched, will describe an ellipse of which 8 and H are the

foci, since SP + HP will be a constant quantity.

Also, any portion of an hyperbola may be described by a

ruler and cord
;

for let a ruler SR revolve

round 8 in the plane of the paper, and let a

cord be fastened to H, shorter than SR by a

given difference c; then a pencil P, which

should always keep the string stretched

against SR, would describe an hyperbola ;
for the difference

SP PH would always equal a constant quantity c, the differ

ence in the lengths of the ruler and cord.

199. The distance of any point on the curve from the

focus, is in a constant ratio to its distance from the directrix.

The equation to the directrix KX is (Art. 195)

ex-a = (1),

and the length of the perpendicular (fig. Art. 195) from any

point P(x y) in the ellipse on (1) is, (Art. 54), since P is on

the origin side of KX,
ex - a _ 1 Ep

e e

In the hyperbola, since P is not on the origin side of

p. c. s. 13
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KX, the perpendicular is

e e

Hence in both curves the distance of any point P from

the focus is to its distance from the directrix in the constant

ratio of e to 1.

/ 2 1*2

In the ellipse e = ^
,
and is less than 1, or the dis-

a

tance from the focus is less than the distance from the directrix.

/ 2 7~2

In the hyperbola e = - -
,
and is greater than 1, or the

a

distance from the focus is greater than the distance from the

directrix. It will afterwards be seen, that the parabola has

a focus, and that the distance of any point from the focus is

equal to the distance from the directrix.

Hence it is often given as a definition of a conic section,

that it is the locus of a point, whose distancefrom a given point

has a fixed ratio to its distancefrom a given straight line.

200. The double ordinate through the focus is called the

Latus Rectum. Putting x = ae in the equation to the curve,

we have

or y = -
; hence the latus rectum = = 2a (1

- e
!

) in the
a a

ellipse, and = 2a (e* 1) in the hyperbola.

*201. In the ellipse the normal bisects the interior angle
between the focal distances, and in the hyperbola the exterior

angle ; and the focal radii make equal angles with the tangent.

The equation to IIP, since it passes through
(ae, 0) is
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y = y
x ae x ae (1),

and similarly, the equation to

SPis

Hence, forming the equation to the bisector PG of the

angle between (1) and (2), we have, by the rules of Art. 59,

(x ae) y -f y x aey _ (x + ae) y y x aey

which we might shew by reduction to be the equation to the

normal at (# ?/). This may however be proved briefly as fol

lows. The denominators of (3) are evidently HP and SP,
and therefore reduce, for the ellipse, to a ex and a + ex, as

in Art. 196
; hence, to find where (3) meets the axis of x, we

have, making y = 0,

x ae _ (x + ae) t

a ex a + ex

hence x = CG = eV, and therefore (Art. 193) the bisector PG
is the normal.

The reasoning for the hyperbola is precisely the

but the denominators of (3) will now become ex

ex + a, and we shall have, to determine the point T
the bisector PT meets the axis,

x ae

ex a
(x + ae)

ex +a

hence x = CT= ,,

and therefore (Art. 193) the bi

sector PT is the tangent, and

consequently the normal PG bisects tho exterior angle HPR.

132
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202. The following is an easy geometrical proof of the

preceding results. In the ellipse and hyperbola CG e*x
;

hence in the ellipse,

also SP = a + ex, HP= a ex
;

therefore SG : HG = SP : HP,

and therefore, by Euc. VI. 3, PG bisects the angle SPH. In

the hyperbola,

SG = gV + ae, HG = eV ae
;

also SP = ex + a, HP= ex - a
;

therefore SG : HG=SP : HP,

and therefore, by Euc. VI. A, PG bisects the exterior angle

HPR.

203. To find the locus of the extremities ofperpendiculars

droppedfrom the foci upon the tangent.

Let SY, HZ be these perpendiculars; then the equation
to PT is, taking the fig. of the ellipse,

t/ v *

and, since HZ passes through H (Ja* 6
2

, 0), and is perpen
dicular to PT, its equation is

y.-ifr-VS^
If we eliminate 771 between these equations, we shall

obtain the equation to the locus required. The equations

may be written

y mx = Jm*a* + 6*, my -f x = ^a* f2 ;

adding their squares,
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or a? + y*
= a2

,

the equation to the locus of Z, which represents a circle on

the axis major as diameter.

204. If HZ is the perpendicular from H (ae, 0) on the

tangent, whose equation is

(I),

we have for the ellipse (Art. 54), since JT is on the origin

side of (1),

But

and therefore HZ= 6. /
-, (2).

Similarly SY=bJ -_ (3).

Hence SY.HZ=V (4).

In working this problem for the hyperbola, we must

remember that, in the case of HZ (fig. Art. 201), H is not on

the origin side of (1). We mention this, because the student

would otherwise probably be puzzled, by getting 6
a
as the

right-hand member of (4).
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If SY=p, SP = p, equation (3) may be written

the upper or lower sign being taken, according as the curve

is an ellipse or hyperbola.

205. Any focal chord is perpendicular to the line joining

its pole with the focus.

By definition, the directrix is the polar of the focus, and

conversely, by Art. 129, the polar of

any point in the directrix passes

through the focus. Hence assume

the pole of any focal chord PHQ to ^ c -JL\

be a point K (
-

, y } on the directrix,

then the equation to the chord is (Art. 123)

and the equation to a perpendicular HK to this chord, drawn

through the focus, is

and, when x CX = - in this equation, y = y = KX, or the
e

line which it represents passes through K, the pole of the

chord.

206. We have deduced all the above properties of the

ellipse and hyperbola from their equations alone
;
we shall

now shew how, conversely, their equations may be deduced

from a knowledge of their properties ;
for example, let it be

required to find the locus of a point (P), the distance of which
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ZL_M X,

from a given point (&) has a constant

ratio to its distance from a given straight

line (KX).

Suppose SP : PK = e : I
;
draw SX

perpendicular to KX, and divide SX in

0, so that SO : OX = e : 1
;
then

will be a point in the locus
;

take OSx, Oy as axes, and

let OM (=x), MP (=;/) be the co-ordinates of P; let OS = d,

and, therefore, OX -
. Then

e

or

whence we obtain

(1),

an equation of the second degree between x and y.

207. We proceed to interpret this equation by the

methods of Chap. vm. The locus belongs to the Ellipse,

Hyperbola, or Parabola class, according as H* AB is nega

tive, positive, or zero, where A, 211, B are the coefficients of

a?, x]), y
z

, respectively; that is, according as

4 (e
2

1) &amp;lt;&amp;gt;
= 0, or as e &amp;lt;&amp;gt;

= 1.

I. Suppose e to be less than unity, or the locus to belong

to Class I. The equation may be written

or x
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Transferring the origin to a point x = ---
, y = 0, we

1 6

obtain

which represents an ellipse with the centre for origin, unless

d = 0, or the given point is on the given line, in which case

the equation (Art. 107. II.) represents two imaginary straight

lines, and is satisfied by the real values x = 0, y = only. If

we replace the known quantity
--

by a, and put a2

(l e
2

)
= V,

we obtain the equation

which has been already discussed.

II. Suppose e to be greater than unity, or the locus to

belong to Class n. In this case 1 e and 1 e
2
are negative;

we shall therefore write the equation,

jie - 1 e - 1

/ d \
2 f d*

or I x -\
--

1 ,r -.
t

v 2 .

V e - IJ e -I (e-1)

Transferring to the point x = ----
, y 0, we obtain

Q ~~
-L

which represents an hyperbola with the centre for origin,

unless d = 0, or the given point is on the given line, in which

case the locus is the two straight lines



FOCAL PROPERTIES. 201

If we replace the known quantity
---

by a, and put
& J.

we obtain the equation

which has been already discussed.

III. Suppose e to be equal to unity, or the locus to

belong to Class ill. The equation in this case becomes

y =
4&amp;gt;dx.

This represents the curve called the Parabola, which we
have not yet discussed, unless d = 0, in which case it repre
sents two straight lines coinciding with the axis of x.

COR. Hence we see that the simplest form, by which

the three conic sections may be represented, is

2/

2 = mx + nx2

&amp;gt;

where the curve is an ellipse, hyperbola, or parabola, accord

ing as n is negative, positive, or zero.

The point will plainly be one of the vertices of the

curve, S the focus, and KX the directrix.

208. If we take the given point for origin, with any rect

angular axes, and if the equation to the given line be

x COBOL + y sin a p = ............... (1),

then the distances of any point (xy) on the locus from the

origin and (1), respectively, are

(X* + yy and (x cos a -f y sin a p).

Hence the equation to the locus is

x* + ?/

2 =
(x cos a + y sin a - p)*.
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Or, still more generally, if the given point be (x y \ and

the given line

Ax + By + C-Q,
the same distances are

and the equation to the locus is

(x
- xj + (y

- yj = -^^(Ax + By + C)\

These equations of the second degree may be interpreted

by Chap. vm.

209. To find the polar equation to the ellipse or hyper

bola, the focus being pole.

Here we have to find the polar equation to the locus of

Art. 206, the given point being a focus, and the given line

the corresponding directrix. In the figure of Art. 206 let

SP = p, angle PSx = e, SX=c;
then SP = e.PK = e (SX+ &!/),

or p = e(c + pcos 0) ..................... (1).

Let 6 = 90
;
then p = ec, or the whole chord through S,

i.e. the latus rectum, is equal to 2ec; hence, if we denote

the latus rectum by 21, (1) may be written

P(* 1

p= ,
or-=l ecosO ......... (2),

1 - e cos p

the equation required.

By the figure used it will be seen, that this is the equa
tion, when the left-hand focus is taken in the ellipse, and
the right-hand focus in the hyperbola, with their correspond

ing directrices, and the point P has been taken in that

branch of the hyperbola, in which the pole lies. If we take
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the other foci and directrices in each, and the point P in

the left-hand branch of the hyperbola, the equation will be

- = 1 +ecosd (3).
P

210. The student is recommended to trace the curves

from equations (2) and (3) of Art. 209, substituting for I its

value, a (1 e
2

) in the ellipse, and a (e
2

1) in the hyperbola.
He will find, in the latter, that each equation represents both

branches, the positive values of p tracing the branch in which

the pole lies, and the negative values of p (Art. 12) tracing
the other branch. For example, if he traces from equation

(2), he will observe, that, when 6 = cos&quot;

1 -
,
the value of p

o

becomes infinite, and the radius vector is (Art. 174) parallel

to the asymptote CR (fig.
Art. 166). Let this angle = a

;

then as 6 varies from

to a, a to TT, TT to 2-7T - a, 2?r - a. to 2?r,

p varies from

(ae + a) to oo
,

oo to ae a, ae - a to oo
,

oo to (ae + a),

thus tracing the branches, AR, RA, AL, L A . Thus it

appears that E
, R, and L, Lf

are consecutive points on the

hyperbola, a result which has been noticed in Art. 185.

211
(i). To find the locus of a point P, the sum of whose

distances from two given points S andH is a constant quantity.

Let SP =
p, HP = p , SP + HP = 2a, SH=2c, angle

PS11=0; then

p + p = 2a,

whence p
2 =

p* 4ap -f 4a
2

,

but p* = p
z + 4c

2 -
4c/&amp;gt;

cos
;

therefore a2

ap = c
9

cp cos 0,

~~~
p ~

c cos 6 - a
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now, if we write ae for c, where e is less than unity, since

SP + IIP &amp;gt; SH, and therefore a &amp;gt; c, the equation becomes

which is, evidently (Art. 209), the equation to an ellipse,

whose foci are S and H, and whose eccentricity
= e.

211 (ii). To find the locus of a point P, the difference of

whose distances from two given points S and H is a constant

quantity.

Let IIP = P , SP =
p, TT - PHS = 0, then

p -p = 2a,

whence p
72 = p

2
-f 4ap + 4a2

,

also p
z = p*+ 4c

2 + 4cp cos

hence, as before, we have

_*y-i) -

P
1 - e cos

where e is greater than unity, since 811 is greater than

SP-HP,oTc&amp;gt;a.

This equation (Art. 209) represents an hyperbola, whose

foci are S and H, and whose eccentricity is e.

212. Confocal Conies.

If the equation to a central conic referred to its axes is

then, the distance between the foci of the conic

(f + k
T

P^TT;.
-

is 2 {(a* + K)
-

(& + A;)}

1 or 2 (a
2 - &

2

/; hence, by giving proper
values to k, (2) may be made to represent any conic confocal
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with (1). The reader should observe the effect of varying k,

in making the confocal take the form of ellipse, hyperbola, &c.

Ex. 1. To find how many conies, confocal to (1), can be drawn through a

given point (x y ).

Suppose these confocals to be represented by (2) ; then, if (x y )
lies upon

(2). we have

also

two equations to determine a2 + k and b2 + k. Eliminating a* + k, we have

aV)(6
2 + /c)-a

2 Y2= ............ (5).

The values of b&quot; + k obtained from this equation, are both real by the

theory of quadratic equations ;
and real corresponding values of a2 + A; can be

obtained from (4). Hence two conies confocal to (1) can be drawn through

the point (x y ). If the point (x y )
be on the given conic (1), one of these is,

of course, the conic itself.

Ex. 2. Two confocal conies cut each other at right angles at all their

common points ; and, of the two which can be drawn through any given point,

one is an ellipse and the otJier an hyperbola.

Let (1) and (2) be the two confocal conies, and let (x y ) be a common

point ; then, by subtraction,

a;
1

y
z

but this is the condition that the tangents

should be at right angles, which proves the first proposition. Also, in order

that (x y )
should be real, we see from (G) that (a- + k)a~ and (6

2 + A-)6
8 must

be of different signs, which proves the second.
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EXAMPLES IX.

THE following problems are enunciated, some for the ellipse,

and some for the hyperbola, though many of them are equally

applicable to both curves.

1. If the tangent to an hyperbola, at a point whose abscissa

CM is positive, meet the transverse axis in T ; A M, A A, AT
will be in harmonical progression.

2. The distance of the centre of an ellipse from a tangent

inclined to the major axis at an angle &amp;lt;,

is = a (1
- e

2
cos

2

&amp;lt;)*.

3. The distance of the focus of an ellipse from a tangent

inclined to the major axis at an angle &amp;lt;!&amp;gt;,

is

a {e sin
&amp;lt;f&amp;gt;

+ (1
- e cos

2

)}.

4. Find the angle (0) at which the focal distance SP is in

clined to the major axis, when SP is a mean proportional between

the semi-axes of an ellipse, when a - 50, b = 30.

5. If in any hyperbola, three abscissa? be taken in arithmetical

progression, the focal distances of the extremities of the ordinates

of these points will also be in arithmetical progression.

G. Shew that the equations to the tangents to an ellipse

(3x* + ?/

2 =
3), inclined at an angle of 45 to the axis of x, are

7. If the semi-axes of an ellipse are 5 and 4, find the angle
nt which CP is inclined to the major axis, when an arithmetic

mean between CA and C.

*8. Find the eccentric angle (i)
at the extremity of the latus

rectum of an ellipse, and
(ii)

at the point where x -
y.
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9. If any number of hyperbolas be described, having the same

transverse axis, the tangents drawn at the extremities of their

latera recta will all pass through one point.

10. If the tangent at any point P in an hyperbola intersect

the axis in T, and CP meet the tangent at A in L\ ET is parallel

toAP.

p ajj PTI a 1 _
11. Shew tan - tan ~ =

^ ,
where P is any point in

2t 2i 1+c
an ellipse.

12. Find the points of intersection of the ellipse and hyper

bola whose equations are

^ +V =
i, 3* -c/=i,

and shew that at each of these points the tangent to the ellipse is

the normal to the hyperbola.

13. If CA, CB be the semi-axes of an ellipse, shew that, when

SBII is a right angle, CA
2

: CB2 = 2 : 1.

14. Find the condition that the line ( + - = 1
)
should touch

\w n J

the hyperbola I
2 -^

=

15. The tangent to an ellipse is inclined to the major axis at

an angle &amp;lt;

;
shew that the area included by this tangent and the

axes is =
J- (a&quot;

tan
&amp;lt;/&amp;gt;

+ b
2
cot

&amp;lt;/&amp;gt;).

1C. The circle described on any radius vector SP of an ellipse

as diameter, will touch the circle on the axis major.

17. Find where the tangents from the foot of the directrix

will meet the hyperbola, and what angle they will make with the

transverse axis.

18. Find the equation to the tangent at the extremity of the

x3
v

s

Litus rectum of an ellipse whoso equation is ~
a
+ ~-j = 1.



208 EXAMPLES IX.

19. A tangent at the extremity of the latus rectum of an

hyperbola meets any ordinate PM produced in R
\
shew that

SP MR, where S is the focus through which the latus rectum

passes.

*20. If the sum of the eccentric angles of two points on

an ellipse is constant and equal to 2a, the chord joining those

points is always parallel to the tangent at the point whose

eccentric angle is a.

21. Find the radius of a circle inscribed in a semi-ellipse,

touching the axis minor.

22. From the point where the circle on the major axis is

intersected by the minor axis produced, a tangent is drawn to the

ellipse ;
find the point of contact.

23. If from the extremities of the minor axis two straight

lines be drawn through any point in the ellipse, and intersect the

axis major in Q and R, then CQ . CR = CA 2
.

24. If a rod slide between a vertical wall and a horizontal

plane, any point on it traces out an ellipse.

25. If a tangent be drawn to the interior of two concentric

ellipses, the axes of which are in the same straight line, meeting
the exterior one in P, Q, and at P, Q tangents be drawn to the

latter, intersecting in R, prove that the locus of R is an ellipse.

26. Shew that the locus of one end of a given straight line,

whose other end and a given point in it move in straight lines at

right angles to one another, is an ellipse.

27. If with the co-ordinates of any point in an elliptic quad
rant as semi-axes, a concentric ellipse be described, the chord of

the quadrant of the one will be a tangent to the other.

28. The locus of the centre of a circle touching two circles

externally is an hyperbola.

29. The locus of the centre of a circle touched by one circle

externally and one internally is an hyperbola.

30. Find the locus of the extremity of the perpendicular from

the centre on the tangent to the hyperbola.
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*31. Find the co-ordinates of the pole of the chord of

an ellipse, which passes through two points whose eccentric

angles are and &amp;lt;.

*32. Prove Arts. 203, 204 by means of the equation to the

tangent obtained in Art. 164, Ex. 1.

33. If 3AC = 2CS in an hyperbola, find the inclination of the

asymptotes to the transverse axis.

34. If from a point P in an hyperbola, PK be drawn parallel

to the transverse axis, cutting the asymptotes in / and K
t
then

PK . PI = a2

, or, if parallel to the conjugate, PK . PI=b\

35. Is the point (2, 3) without or within the hyperbola
2x2

3?/
2 = 7] Shew that the straight line joining this point

with the point (6, 4) cuts the curve.

36. If A, A be the extremities of the major axis of an

ellipse, T the point where the tangent at P meets AA
, QTR a

line perpendicular to AA
,
and meeting AP, A P in Q and R re

spectively, then QT=TM.

*37. Find the eccentricity and latus rectum of the conic

x* + frf
_ 2x + 4y - 6 - 0,

the axes being rectangular.

38. Find the equations to the asymptotes of the curve

and find the angle between the asymptotes of

x2

lOa:?/ + 2/

2 + & + 7/ + l=0,

the axes in the latter case being rectangular.

39. How many normals can be drawn to an ellipse from

a point on the major axis, and how many from a point on the

minor axis 1

40. In the equilateral hyperbola, the eccentricity is the ratio

of the diagonal of a square to its side.

P. C. S. 14
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41. A tangent at any point P of an ellipse meets the axis

major produced in T, and the axis minor produced in t
;
to find

the locus of a point Q in Tt
t
such that, QT :Qt = m:n.

42. To find the locus of the intersection of the ordinate of

any point in an ellipse produced, with the perpendicular from

the centre upon the tangent at that point.

43. If the normal at P meet the axis major of an ellipse in

G, and GK be drawn perpendicular to SP
t
GK = e . PM, where

PM is the ordinate of P.

44. If SQ be drawn, always bisecting the angle PSC, in an

ellipse, and equal to a mean proportional between SC and SP, find

the eccentricity of the curve which is the locus of Q.

45. Two straight lines, such that the product of the tangents

of their inclinations to the axis of x is constant, touch an ellipse ;

shew that the locus of their intersection is an ellipse, or hyperbola,

according as the product is negative or positive.

46. Shew that the locus of the summit of a movealle right

angle, one side of which touches one, and the other side the other

of two confocal ellipses, is a concentric circle.

47. If P be any point in the hyperbola, S and II the foci,

find the locus of the centre of the circle which is inscribed in

SPH.

48. If a tangent at any point of an hyperbola be intersected

by the tangents at the vertices in II and K, the circle on UK as

diameter passes through the foci.



CHAPTER X.

Central Conic Sections. Conjugate Diameters.

The Hyperbola referred to its Asymptotes.

213. WE saw (Art. 145), that there is only one system

of rectangular axes, about which the ellipse and hyperbola

are so situated, that each axis should bisect all chords parallel

to the other. We shall now shew, that there are an infinite

number of oblique axes, which possess the above property

with regard to the two curves.

214. To find the locus of the middle points of any system

ofparallel chords.

Let Q Q be one of the chords, M its middle point (xy),

and let the equation to QQ be

X X II V
ij_ fc/_Co (1).

Now, if we substitute for x and y from this equation in

the equation

142
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we obtain equation (2) of Art. 176, to determine the dis

tances (1) of the point (x y) from the intersection of (1) and

(2). But, since these distances (MQ, MQ )
are equal in

magnitude, the two values of I are equal and of opposite

signs (Art. 34, Cor.) ;
hence the coefficient of I = 0, or

which is a relation between the co-ordinates of the middle

point of the chord Q Q . But, since the chords are parallel,

s and c are the same for them all, and the same relation

holds for the middle points of all
;
hence the equation to the

locus required is

ex sy
a* b*

which represents a straight line (CM) through the centre.

If ra be the tangent of the angle which the chords make
m

with the axis of x, m -
,
and the equation is

c

The equation for the hyperbola is, of course,

b
2

y =-^ x-

COR. If (x y ) be the point P, where CM meets the

curve, we have

6V
&quot;|

5V&quot;

but the right-hand member (Art. 181) represents the tan

gent of the angle, which the tangent at (x y) makes with

the axis of x. Hence the tangent at the extremity of CP is

parallel to the chords bisected by that line, as it evidently
should be, since it may be considered as the limiting position
of any chord QQ , as it moves parallel to itself up to P.
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215. The straight line, which bisects any system of

parallel chords, is called a diameter of the curve, and the

chords are called the ordinates of that diameter. We have

seen above (Art. 214), that, if the equation to one of the

chords be

y=mx + c,

the equation to the diameter, of which those chords are ordi

nates, is

y X.am

We see then, that all diameters pass through the centre,

and, conversely, since m may have any value, all lines passing

through the centre are diameters. We shall see hereafter,

that the same is true in the case of the parabola ; but, the

centre of the parabola being infinitely distant, all its dia

meters will consequently be parallel.

216. If two diameters be such, that one of them bisects

all chords parallel to the other, then the second will bisect all

chords parallel to the first.

Let the diameter CP (y
= mx) bisect all chords parallel

to the diameter CD (y
= mx). Then, by Art. 215,

t
-
f , or mm =

otm
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and this is the only condition that must hold, in order that

(&amp;lt;y

= fn
r

x) should bisect all chords parallel to (y
= mx).

217. Diameters so related, that each bisects every chord

parallel to the other, or, more commonly, such portions of

these diameters, as are intercepted by the curve, are called

Conjugate Diameters ; and the condition that the diameter

(y
= mx) should be conjugate to the diameter (y=m x) is,

by the last article,

Vmm = --
2-

a,
2

We shall see hereafter that only central curves can have

conjugate diameters.

If 6, & be the angles which the conjugate diameters make
with the major axis, we have

in the ellipse,

in the hyperbola,

tan 6 tan &
,

a

tan tan = ^

hence, in the ellipse the conjugate diameters fall on different

sides of the axis minor; for, if one of the angles 6, 6 be

acute, and its tangent positive, the other must be obtuse,

and its tangent negative ;
and we see by similar reasoning,

that in the hyperbola the conjugate diameters lie on the same

side of the conjugate axis.

218. Also, of any two conjugate diameters, only one can

meet the hyperbola ; for if

one of the tangents (tan 6)

be less than -, the other
a

(tan ff) must be greater

than -
, and it is evident
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from Art. 169 that the diameter, which makes the angle 6

with the axis, will fall within the angle RCL, made by the

asymptotes, and meet the curve, while the diameter, which

makes the angle 6 with the axis, will fall within the angle

RCL ,
and will not meet the curve, for it has been shewn

that tan. RCA =-,
a

If, in the hyperbola, tan = tan 6 = + -
,
the two dia

meters coincide with the asymptote RR or with LL
,
accord

ing as we take the upper or lower sign. An asymptote is

thus a self-conjugate diameter, and therefore should meet and

not meet the curve, which agrees with its meeting the curve

at infinity.

If tan 6 tan 6 -
,
in the ellipse, the angles and &

01

are supplementary, and, by the symmetry of the figure, the

conjugate diameters are equal ;
hence the equal conjugate

diameters in an ellipse are parallel to chords joining the

extremities of the major and minor axes
;
and if an ellipse

and hyperbola have the same centre and axes, the equal

conjugate diameters of the ellipse coincide with the asymp
totes of the hyperbola. Their equation as one locus is

_&amp;lt;-o;
&quot; **

a b

219. When the ellipse becomes a circle, &
2 = a2

,
and

tan 6 tan & = -
1,

or all conjugate diameters of the circle are at right angles to

one another.

When the hyperbola is rectangular,

tan 6 tan & = 1,

therefore 6 + & = 90 or = 270.
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Since the asymptotes make angles of 45 and 135 with

the transverse axis, the conjugate diameters of the rectangular

hyperbola are equally inclined to the asymptotes.

220. We saw (Art. 195), that, when the curve is referred

to its axes, as axes of co-ordinates, the

polar of any point in the axis of x is

parallel to the axis of y, and vice versd.

This may be now seen to be a property
of all conjugate diameters, including

the axes as a particular case. For suppose the equations to

CP and CD to be

6
2

Now, if (x y) be any point on CD, the equation to the

polar of (x y )
is

t i

~~1 + TT = 1 (3),

which is the equation to a line making with the axis of x

6V
an angle whose tangent is

, ;
but since (x y) is on (2),

I* , 6V
y v #

,
or m = 57 ,am ay

and therefore (3) is parallel to (1) ;
hence the polar of any

point on CD is parallel to CP, and vice versd.

COR. If (x y) be the point D, where the diameter meets

the curve, the equation to the polar

Us V

will represent the tangent at D
; hence, the tangent at the

extremity of any diameter is parallel to its conjugate, as we
saw in Art. 214, Cor.
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221. The co-ordinates of the extremity of any diameter

&quot;being given, to find those of the extremity of the diameter con

jugate to it.

Let CP, CD (fig. Art. 220) be a pair of conjugate diame

ters in the ellipse, and let x
, y be the co-ordinates of P; then

the equations to CP and CD (Art. 216) are

*=*&quot; 1* --&amp;lt;
2

&amp;gt;-

To find the co-ordinates of D
(xy}&amp;gt;

we have from (2) the

relation

ay ox
r^ = / (3).ox ay

also ay + 6V - a2
6
2 = az

y
* + 6

2

since (xy), (xy) are points on the curve
;

,QN ay + 6V ay
2 + 6V 2

hence from (3) ^a = ~
2/2 &amp;gt;

or from (4) 6V = a2

/
2

,

V2

hence (7-ZV =
j y ,

or - =
^- ,

and from (2) .ZW = -
at, or | = -

.

a 6 a

The other pair of values (x =
j y , y xj have refer

ence to the extremity D .

222. In the hyperbola, if the diameter CP meet the

curve, CD will not (Art. 218) meet it; and, indeed, it is evi

dent that the method of the last article will give us imagi

nary values of the co-ordinates of D
; for, as in equation (3) of

the last article, we have for the co-ordinates of D (jc),
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(1),

(2),

ay _ bx

~bx ay

ay-6V -(ay2 -6V2

)
hence ^-i =

2~~^
b x ay

which would give 6V = - a2
?/

2
. If, however, we take D (xy)

as the point where CD meets the con

jugate hyperbola, whose equation is

&amp;lt;?/

2 T2

^2
-

&quot;

= 1

we have

ay _ 6V = a=6
2 = - (ay - 6

2^ 2

),

whence, from (2) and (1)

6 ,

The other pair of values have reference to D\

We shall therefore define the extremity of the diameter

conjugate to CP, as the point where it meets the conjugate

hyperbola!

It is evident, by exactly the same reasoning as we have

used in the case of the hyperbola itself, that, if we consider

CD as a diameter of the conjugate hyperbola, CP will be the

diameter conjugate to CD
;
and whatever is proved of the

point P, as a point in the hyperbola itself, is true of the

point D, as a point in the conjugate hyperbola; for instance,

(Art. 220), the tangent at D is parallel to
&amp;lt;7P,

and so forth.

* 223. If &amp;lt; is the eccentric angle of the point P, we shall

have (Arts. 1C4, 221) in the ellipse,

for P, x = a cos
&amp;lt;, y = 6 sin

^&amp;gt;;

for D,x = a sin
&amp;lt;, y

= 6 cos
&amp;lt;/&amp;gt;;

and (Arts. 172, 222) in the hyperbola,

for P, x = a sec
(j&amp;gt;, y = 6 tan

cf&amp;gt;
;
for D, x = a tan

&amp;lt;f&amp;gt;, y = b sec &amp;lt;.



CONJUGATE DIAMETERS. 219

These results will be found very useful in the solution of

problems which relate to conjugate diameters.

*224. If
(f), $ be the eccentric angles of P and D in the

ellipse, we have for D
x = a cos &amp;lt;

= a sin $, y = b sin &amp;lt;

= b cos
cf&amp;gt;

;

therefore cos &amp;lt;

= sin $, sin = cos 0,

whence &amp;lt;

= 90 +
&amp;lt;f&amp;gt;.

If the eccentric angle ty of any point in the conjugate

hyperbola, be constructed as in the given hyperbola, the co

ordinates of the point may be written,

x = a tan &amp;lt;

, y = b sec &amp;lt;

,

7/
2

X*
since these values satisfy the equation ?s 5

= 1
; hence, if

&amp;lt;,

o cz&amp;gt;

&amp;lt;/&amp;gt;

be the eccentric angles of P and Z) in the given and con

jugate hyperbola respectively, we have for D
x = a tan

&amp;lt;j&amp;gt;

= a tan
(f&amp;gt;, y = b$QC(f&amp;gt;

= b sec
;

therefore tan
&amp;lt;f&amp;gt;

= tan ^, sec &amp;lt;

= sec $,

whence
&amp;lt;f&amp;gt;

=
&amp;lt; .

COR. The above properties afford a simple method of

constructing geometrically the diameter CD, conjugate to a

given one CP. For, if we construct the eccentric angle of P
by Arts. 164, 172, we may construct the eccentric angle of D
as above, and thus find the point D.

225. In the ellipse, the sum of the squares of any two

semi-conjugate diameters is equal to the sum of the squares

of the semi-axes; and, in the hyperbola, the same is true of
their difference.

Let P (xy } and D
(x&quot;y&quot;)

be the extremities of any two

semi-conjugate diameters CP (a ),
and CD (& ); then
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a
f* = CI = ar +

y&quot;,

and 6
2

2/2 72/2
- + -. (Art. 221.)

Therefore a 2 + & =
(a

2 + 6
2

) +
1

= a2 + 6
2

,
in the ellipse ;

since in that case -= + ra
= 1.

a2
6

Also a 2- - I* =

= a2
6
2
in the hyperbola ;

x* y2

since in that case
7?

&quot;~

J?
= *

COR. If a2 = ft
2

,
we have in the hyperbola,

a 2 -& 2

=0,

or every diameter in the equilateral hyperbola equals its con

jugate; hence, by symmetry, they are equally inclined to the

asymptotes, as in Art. 219.

226. The rectangle contained by the focal distances of

any point, is equal to the square of the corresponding semi-

conjugate diameter.

In the ellipse CD2 = a; + V - CP\ (Art. 225)

but

therefore (7D
2 = a2 - eV 2 = (a

-
ex) (a + ex)

= HP.SP. (Art 196.)

A similar investigation for the hyperbola would lead us to

the same result.
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227. To find the length of the perpendicular from the

centre on the tangent at any point P (xy ))
in terms of the

semi-diameter, conjugate to CP.

If p be the length of a perpendicular from the origin on
/v/-y 97 ?/

the line 2
- +~ =

1, we have (Art. 52, Cor. 2)

,, c ab f , /2 6V*
therefore j9

=
-p- ;

for b
2 = ^- +

&amp;lt;r 11 \ / n v nJL y \ I L&amp;gt;
& a

L 1 I

.a*
+
6V I a b

,
as in Art. 225.

228. Allparallelograms, whose sides areformed by straight

lines passing through the extremity ofone diameter and parallel
to its conjugate, are equal in area.

By Art. 220, these lines are tangents to the curve, for

it is there proved that the tangent at the extremity of any
diameter is parallel to its conjugate ; and, by Art. 181, the

tangents at the extremities of any diameter are parallel to

one another.

Let PP
,
DD be two conjugate diameters, and let the

sides of the parallelogram be tangents at P, P , D, D . Then

the area of the whole parallelogram
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= 4 times the parallelogram CPFD
= 4.CQ.CD,

where CQ is the perpendicular from the centre on the tan

gent at P,

= 4 . V (by Art. 227)

229. From the last article may be found the angle be

tween any two conjugate diameters which are given ; for, if

this angle be =7, and the given semi-conjugate diameters

be a
, b t we have

ab sin 7 = parallelogram CPFD
= ab;

, ab
hence sm 7 = -77-, .

ab

This equation together with the relations

a 2 + 6
2 = a2 + b\ in the ellipse,

a 2 _ Z/
2 = a2 -

fc

2

,
in the hyperbola,

determine also the magnitude of two conjugate diameters

that contain an angle 7. Their position is known from the

equation

tan0tan(0 + 7) = --5,

where 6 is the angle that CP makes with the axis of as.

230. The angle 7, PCD, in the ellipse, is always, except

in the case of the axes, greater than a right angle, P being

supposed in the first and D in the second quadrant; for

if m and m be the tangents of the angles, that CP and CD
make with the major axis,

m -m ,-
N

tan7 = -_ -5 ........................ (1),
1 4- mm
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and since m = --
,

arm

we have tan 7 = r-= ,-
-

m (a*
- b

2

)

and therefore, since m is always positive, and a greater than

6, 7 is &amp;gt; 90, unless m = 0, in which case 7 = 90.

When a = 6, tan 7 =00, or the conjugate diameters of

the circle are all at right angles to each other, as we found in

Arts. 132, 219.

Also, since (Art. 229) a b sin 7 = ah, sin 7 will be the

least when a b is the greatest ;
but

2a b = a 9 + b&quot;

2 -
(a
-

V)*
= a2 + b* - (a

- b }\

and a b is the greatest, when a = b . Hence sin 7 has its least

value, when a = b
;
or the equi-conjugate diameters contain

the largest obtuse angle, which is determined by the equa
tion

231. To find the equation to the ellipse or hyperbola, when

referred to any two conjugate diameters (2a , 26 ) as axes.

We saw (Art. 145), that there is only one system of rect

angular axes, to which, when a central curve is referred, its

equation is of the form

an equation which asserts that all chords parallel to one axis

are bisected by the other. But every diameter (Art. 216)

bisects the chords parallel to its conjugate ;
hence there are

an infinite number of oblique axes, which will give the equa-
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tion in the above form, the only limitation being, that they
should pass through the centre, and that the angles (6, 6 ),

which they make with the major or transverse axis, should be

subject to the condition

tan tan ff =
^ ,

in the ellipse,

tan 6 tan # =
-,, in the hyperbola.

Hence, the reasoning of Arts. 150, 158 applies to conju

gate diameters, in precisely the same manner as to the axes

of the curve
;
and the equations to the ellipse and hyperbola,

referred to any pair of conjugate diameters, the parts of

which intercepted by the curve are 2a and 26 ,
are

#2

y x* y
z

a* b* a 2
6

a

282. Since this equation is of precisely the same form

as the equation to the curve referred to its axes, it follows

that every property, that has been deduced from the latter,

may be deduced from the former, so long as those properties

do not depend upon the inclination of the axes
; and, with

this limitation, everything which has been proved of the

axes, is true of any pair of conjugate diameters.

For example, the equation to the tangent at any point

(xy }, when the curve is referred to any conjugate diameters

(2o ,
26

),
is

^ , yy -i
a*

+
6&quot;

&quot;

and the intercept on the axis of x, and the subtangent, are, as

/
3 2 2

before, 7 and r
-

. Also, if we wish to draw a tangentx x G
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to the curve from an external point (x y )&amp;gt;

we have, as in

Article 123,

as equations to determine the points of contact.

233. The equation to the asymptotes, when the hyper
bola is referred to any pair of conjugate diameters, is (Art.

186)

^~~^
=

;

also, the equations to the conjugate hyperbola and its

asymptotes, when referred to the same (Art. 222) conjugate

diameters, are

7 2 /2
~&quot;* * 1 7 /*2 19 ^

b
2 a 2

b* a*

234. We may obtain a simple geometrical method for

constructing a pair of conjugate diameters, containing a given

angle, as follows.

The reasoning of Art. 216 is equally applicable, when the

curve is referred to any pair of conjugate diameters 1

;
hence

we see that, when the curve is referred to a pair whose semi-

lengths are a
,
&

, the condition that the two lines

y = mx, y m x

should represent two conjugate diameters is

mm =
75 .

1 In the proof of Art. 214, if u is the angle between the conjugate dia

meters, we have (Art. 34),
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Now, if the curve be referred to these two diameters, the

equation may be written

which equation may be split into the two

where k is a perfectly arbitrary quantity ;
now these two

straight lines (i) pass through the extremities of the diameter

which is the axis of x
; (ii) intersect in the curve, since by

eliminating lc between them we have the equation to the

curve
; (iii)

fulfil the same conditions, with regard to their

inclinations to the axis of a; as a pair of conjugate diameters,

for

Straight lines drawn in this manner from the extremities

of any diameter to a point in the curve, are called Supple
mental Chords ; hence diameters parallel to any pair of sup

plemental chords are conjugate.

Hence, to draw a pair of conjugate diameters containing

any given angle, describe on any diameter a segment of a

circle containing that angle, and join the point where it

meets the curve with the extremities of the assumed dia

meter. We thus obtain a pair of supplemental chords in

clined at the given angle. The straight lines drawn through
the centre parallel to these, will be the required conjugate
diameters.

The property of supplemental chords was demonstrated

for the circle (Art. Ill), when it was shewn that all supple
mental chords in the circle are at right angles, as are all

conjugate diameters.
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235. The above property is evident geometrically thus.

Let PP be any diameter, and Q any

point in the curve
;
draw CR, CR to

the middle points of PQ, P Q respec

tively ;
then OR and CR are (Euc.

VI. 2) parallel to P Q and PQ respec-

tively ;
but CR bisects all chords pa

rallel to PQ, or CR
;
and CR bisects all chords parallel to

P Q, or CR. Hence CR, CR are conjugate, and PQ, P Q
are parallel to conjugate diameters.

236. Tangents at the extremities of any chord intersect

in the diameter of which the chord is an ordinate.

If we take that diameter and its conjugate as the axes

of x and y, the equation to the tan-

crent will beo
xx yy _
J? i

-Ji*-
1 *

according as we take Q (x y*) or

Q (x , y }
as the point of contact.

In each case, when y = 0, & has the same value = r , or

the tangents meet CP produced in the same point.

This may also be proved as follows. Let the equation
to the chord be

Ax + By + C=0 ........................ (1);

then, by Art. 215, the equation to the diameter that bisects

it may be written

BVx-Aa?y = Q ........................ (2).

If (afy ) be the point of intersection of tangents at the

extremities of (1), then, by Art. 123, (1) is equivalent to

152
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Aa* BV C
whence

^~&quot;~~Y&quot; &quot;T

..................... (4);

and the values of of and y in (4) will be seen to satisfy (2).

Hence the point of intersection is on the diameter.

COR. Conjugate diameters are (Art. 129) conjugate lines

through the centre, the poles of which are infinitely distant.

Cf. Art. 220.

237. The Asymptotes.

The following articles relate exclusively to the hyperbola,

since the asymptotes of the ellipse have been shewn to be

imaginary.

The diagonals of all parallelograms, described as in

Art. 228, are parallel to the asymptotes.

Take CP (= a) and CD (= V) as the axes of x and y ;

then F (fig. Art. 228) is the point (a 6
),

and the equations
to CF, PD are

*-^ = *
+ 2-l

a V
U

a
+ V~

They are therefore parallel to the asymptotes, whose equa
tions are (Art. 233)

238. Hence, if any two conjugate diameters CP, CD be

given in position, we can find the asymptotes, by completing
the parallelogram CPFD, the diagonals of which will shew

the direction of the asymptotes; or, if the asymptotes be

given, we can find the position of the diameter conjugate to

any diameter CP, whose position is given ; for, if we draw

PO parallel to one asymptote to meet the other in 0, and

produce PO to D, making OD=PO, CD will be the dia

meter conjugate to CP.
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239. If any line (RR) cut an hyperbola and its asymp

totes, the portions (RQ), (RQ) intercepted between the curve

and the asymptotes are equal.

The equation to the two asymptotes, considered as one

locus, is (Art. 1C9)

Now let the equation to

RR, passing through a point

P (x y ), be

x-x _ y - y _

then, for the distances of P
from R and jR

,
we have from

(1) and (2)

and the condition that P (x y) should be the middle point

of RR is, exactly as in Art. 214,

c^_s1/ = () 4)
.

but this is the condition (Art. 214) that (x y) should be on

the diameter bisecting QQ. Hence, if P be the middle

point of RR, it is also the middle point of QQ ,
and we

have

,
and . .

COR. Equation (4), which is the condition that (xy)
should be the middle point of the chord RR, is also

(Art. 180) the condition that the line should be a tangent
to the curve at the point (x y ) ; hence, if the middle point

(x y
f

)
ofRR be on the curve, RR is a tangent, or the portion

of the tangent intercepted by the asymptotes is bisected at the

point of contact. This follows directly from the considera-
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tion, that the tangent SP S is the limiting position of RR,
when it is moved parallel to itself up to P.

240. From the equation to the hyperbola referred to its

axes, to derive the equation ivhen referred to its asymptotes as

axes.

Let the lower asymptote be taken for axis of x, and let

CM, PM be the original co-ordinates,

CN, PN the new ones
;
draw NQ per

pendicular to CM, and NV parallel to

it, meeting PM produced in
F&quot;,

and leb

the angles ROM, LCM each = a
;
then

tan a = -
, and, if a2 + 6

2 = m2

,
we have

a
a . b

cos a = ,
sin a = .m in

Now CM = NV+ CQ = PNcos a + CJVcos a,

PM = PV-QN= PNsm a - CN sin a
;

hence we must write in the equation to the hyperbola,

f / \
for x, (y + x) cos a, or m

for y,

which gives

or

(y x} sin a, or m

which is therefore the required equation. The equation to

the conjugate hyperbola is (Art. 175)

241. The result of the last article may be obtained in

dependently as follows. Let the equation to the hyperbola
referred to its asymptotes be

= ......... (1).
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Putting y = 0, we have for the points where the curve

meets the axis of x,

Ax* + 2Gx + C=Q (2);

but, since the two roots of this equation are infinite, we

have (Appendix) A = Q, G = 0. Similarly B =
0, F= 0, and

equation (1) becomes

2/% + &amp;lt;7=0, oray = c
2

(3).

If now h and k be the co-ordinates of the vertex, and co

the angle between the asymptotes, we have

M- = c
2

(4), CA* = h2 + fc + 2kk cos to (5).

But since CA bisects the angle between the axes, h = k,

and therefore from (4),
= c

;
hence from (5)

2c
2

(1 + cos a))
= a- (6);

a) b
&amp;lt;&amp;gt;c0

2aa

but tan = -
,

. . 1 + cos o&amp;gt;
= 2 cos =

-,- =g- &amp;gt;

2 a 2 a&quot; + b
2 *

therefore

242. The equation then to an hyperbola referred to its

asymptotes is xy k, where A; is a constant, and is positive

or negative, according as the curve lies in the angles where

x and y are both positive or both negative, or in those where

x and y are of different signs ;
also the equations to the

asymptotes are as = 0, y = 0. Hence, if any transformation

whatsoever of axes be made, so that (Art. 74) we have to

write

for x, ax -f by + c
;

for yt
a x + b y + c

,

the equation to the hyperbola will become

(ax + b?/ + c)(ax + b y + c) =k (1),

where ax + by + c = (2), a x + b y + c =
(:*),

are the asymptotes, since x 0, y = are transformed to

these equations. Hence the equation to any hyperbola, what

ever be the origin or axes, may be written in the form (1).
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Conversely, if any equation of the second degree can be

written as (1), it represents an hyperbola with (2) and (3) for

asymptotes ;
for suppose the lengths of straight lines drawn

from (xy), parallel to (3) to meet (2), and parallel to (2) to

meet (3), to be (Art. 52, Cor. 1) respectively

p (ax + by + c), q (ax + Vy + c} ;

then, since equation (1) may be written

p (ax + by + c) x q (a x + Vy + c
)
=

kpq,

it asserts that the product of two such lines, drawn from any

point (xy) on the locus, is constant
; hence, if (2) and (3) are

taken as axes, we shall have xy = a constant, which equation

(Art. 150) must represent an hyperbola; for it cannot be

broken into two linear equations, unless the constant = 0, in

which case it represents the axes.

Since the equation xy = k represents the conjugate hyper
bola if the sign of k is changed, so also does equation (1),

which is obtained from it
;
and all the curves obtained from

(1) by varying k only, have the same centre and asymptotes.

Also, if we draw the lines (2) and (3), and mark their positive

and negative sides (Arts. 55, 56), it is easy to see in which

angles the hyperbolas lie. If the positive sign is used with k,

the curves must lie in the ++ and compartments formed

by the lines
;
for then the expressions

ax + by + c, a x + Vy + c

are both positive or both negative. If the negative sign is

used, the curves lie in the + and + compartment.

Ex. The equation

represents an hyperbola, of which the

asymptotes are the lines

The curve lies in the + + and in

the -- compartments formed by the

lines, as in the figure.
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243. To find the equation to the tangent at any point (x y ),

when the asymptotes are the co-ordinate axes.

Let co be the angle between the asymptotes, and let the

equation to a line cutting the hyperbola in (xy) be (Art. 34)

sin a sin (co a.)
where s = --

, c = -
;sm a&amp;gt; sin co

then, substituting from this equation in the equation to the

hyperbola

2 72

we have (si + y ) (cl + x) = -7 ,

or sc? + (sx + cy }
I = .................. (3),

since (xy) is a point on the curve, and therefore

, , a2
4- 6

2

*2/=

Equation (3) will give us, by reasoning exactly similar to

that used in Art. 117, as a condition that equation (1) should

represent a tangent at (x y],

sx+cy = ........................ (4),

and from (1)

_ from (4);

, a2 + 6*
hence ocy + yx = 2^ y ,

o&amp;gt;r ocy +yx =
^~

which is the required equation.
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244. Since the equation

is not altered, when x changes places with x
t
and y with # ,

it follows (Art. 131) that this is the equation to the polar of

(xy), when the hyperbola is referred to its asymptotes, and

that the properties of Arts. 123127, 129, 130 may be

proved by it.

245. We may make use of the equation to the chord of

contact in the above form, to shew on which branch of the

hyperbola the tangents fall, that are drawn from any external

point (xy
1

).
The points of contact are determined (Art. 123,

Cor.) by the equations

(2).

Eliminating y between (1) and (2), we have

4?/V-2(a
2 + ^)^ + (

2

+^) =0 (3).

If a^, x2
are the roots of (3), we have

a* ^ V* , A \ ( 2 , 72\ X&amp;gt;
/&quot;\=

, (4), XX =(a +&)T ; (-3).

Now, if x and y are both positive or both negative, the

abscissae of the points of contact are so also; for from (5)

they must be of the same sign, and from (4) that sign must

be the sign of y ; hence, if (x y) lies in the same angle of the

asymptotes as the curve, the points of contact lie in that

angle. If the point (xy )
lies in either of the two angles

which do not contain the curve, so that x and y have differ

ent signs, the product of the roots of (3) is negative ; hence,

in this case, the abscissae of the points of contact have oppo
site signs, and the tangents fall upon both branches.
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EXAMPLES X.

*1. PROVE Arts. 221, 225227 by means of the eccentric

angle.

2. If CP, CQ be semi-diameters, at right angles to each

other,

1 111
3. If, from the focus S of an ellipse, perpendiculars be drawn

on CP, CD, conjugate diameters, these perpendiculars produced
backwards will intersect CD and CP in the directrix.

4. If p, r and p ,
r be respectively the focal distances of two

points, P, D, the extremities of a pair of conjugate diameters of an

ellipse, then

pr + p r = a2 + l~.

5. If a tangent to an hyperbola at P cut off CT, Ct from the

axes, then, PT.Pt = CD2

, CD being the semi-conjugate diameter.

6. In the rectangular hyperbola all diameters at right angles

to one another are equal.

7. From the extremities P, D of two conjugate diameters,

normals are drawn to the major axis of an ellipse ; the sum of the

b
2

squares of these two = (a
2 + b

2

).

8. If the tangent at the vertex A cut any two conjugate

diameters of an ellipse produced in T and t, then, AT . At = 6*.

9. The lengths of the equal conjugate diameters of an ellipse

are J2 (a
3 + b

2

),
and the eccentric angles of their extremities are

45 and 135.
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10. The locus of the middle points of chords of an ellipse,

which pass through a fixed point, is an ellipse with the same

eccentricity, and if the fixed point be the focus, the major axis of

the ellipse is SC.

11. The tangent at any point of an hyperbola is produced to

meet the asymptotes j shew that the triangle cut off&quot; is of constant

area.

12. If the asymptotes of the hyperbola are axes, shew that

the equation to one directrix is x + y a = 0.

13. If any two tangents be drawn to an hyperbola, and their

intersections with the asymptotes be joined, the joining lines will

be parallel.

14. Shew that the locus of the points of quadrisection of all

parallel chords in a circle is a concentric ellipse.

15. If the angle between the equal conjugate diameters of an

ellipse is 60, find the eccentricity.

16. If a be the angle between two conjugate diameters which

make angles 0, with the axis major,

cos a = e
2
cos cos 6 .

*17. CP, CD are semi-conjugate diameters of an ellipse, and

PF is a perpendicular let fall from P on CD or CD produced ;

determine the locus of F.

*18. The chords joining the extremities of the conjugate

diameters of an ellipse will all touch in their middle points a

concentric ellipse with axes aj2, bj2, coincident with those

of the original curve.

19. If a circle be described from the focus of an hyperbola,
with radius equal to half the conjugate axis, it will touch the

asymptotes in the points where they are cut by the directrix.
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20. Trace the curve, referred to rectangular axes,

(x-3yY
[

(3* + 4y + 6)
2

_
25&amp;gt;

21. The radius of a circle, which touches an hyperbola and

its asymptotes, is equal to that part of the latus rectum produced,

which is intercepted between the curve and the asymptote.

22. The equation to the diameter conjugate to

x y x y--- = is - + ^ = 0.
c s c s

the hyperbola being referred to its asymptotes.

23. An ellipse being traced upon a plane, draw the axes and

the directrix, and find the focus.

24. Find the angle between the asymptotes of the hyperbola

xy = bx2 + c, the axes being rectangular ; and write the equation
to the conjugate hyperbola.

25. Tangents are drawn to an hyperbola, and the portions

intercepted by the asymptotes are divided in a given ratio
; shew

that the locus of the point of division is an hyperbola.

26. Draw the asymptotes of the hyperbolas

xy - 1x - 3y - 2 = 0, xy + 2x* + 3 = 0,

and place the curves in the proper angles.

*27. Find the locus of the intersection of tangents to an

ellipse, which are parallel to conjugate diameters.

28. Find the equation to the locus of the middle points of

all chords of a given length, in an ellipse.

29. If two concentric equilateral hyperbolas be described, the

axes of the one being the asymptotes of the other, they will

intersect at right angles.

30. If P be the middle point of a straight line AB, which is

so drawn as to cut off a constant area from the corner of a square,

its locus is an equilateral hyperbola.
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31. If S and // be the foci of an equilateral hyperbola, and

a circle be described upon SET, then the quadrantal chord of this

circle will be a tangent to that described upon the transverse

axis.

32. If a be the acute angle between the axes of co-ordinates

of the ellipse (x* + y*
= c

2

),
find the lengths of the axes and the

eccentricity.

33. If AA be any diameter of a circle, PQ any ordinate to

it, then the locus of the intersections of AP, A Q is an equilateral

hyperbola.

34. In an equilateral hyperbola, focal chords parallel to con

jugate diameters are equal.

35. If a series of straight lines have their extremities in two

straight lines at right angles to one another, and all pass through

a given point, the locus of their middle points is an equilateral

hyperbola.

36. PQ is an ordinate to the axis major AA of an ellipse,

meeting the curve in P and Q j
draw AP, A Q intersecting in R

;

the locus of R is an hyperbola with the same centre and axes.

37. If tangents be drawn, making a given angle with the

axes of all ellipses having the same foci, the locus of the point of

contact is an equilateral hyperbola.

38. If normals be drawn to an ellipse from a given point

within it, the points where they meet the curve will all lie in an

equilateral hyperbola which passes through the given point, and

has its asymptotes parallel to the axes of the ellipse.

39. Find the locus of the middle points of chords in a circle,

which touch a concentric ellipse.

*40. If normals be drawn from the extremities of conjugate

diameters to an hyperbola, and the point of their intersection be
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joined to the centre, this line produced will be perpendicular to

the straight line passing through the extremities of the conjugate

diameters.

41. Given in position, a straight line AB and a point P out

side it; a straight line PM is drawn, intersecting AB in C, from

the extremity M of which a perpendicular MD on AB intercepts

CD of a given magnitude ;
find the locus of M.

42. The locus of the centres of all circles, which cut off from

the directions of two sides of a triangle chords equal to two given

straight lines, is an equilateral hyperbola, having two conjugate

diameters in the directions of these sides.

43. A straight line passes through a given point and is ter

minated in the sides of a given angle ;
find the locus of the point

which divides it in a given ratio.

44. From a point P perpendiculars are dropped upon the

sides of a given angle, so as to contain a quadrilateral of given
area

;
shew that the locus of P is an hyperbola, whose centre is

the vertex of the given angle.

45. Given the base of a triangle and the difference of the

tangents of the base angles ;
shew that the locus of the vertex is

an hyperbola, of which the perpendicular through the centre of

the base is an asymptote.

46. If about the exterior focus of an hyperbola, a circle be

described with radius equal to the semi-conjugate axis, and tan

gents be drawn to it from any point in the hyperbola, the straight

line joining the points of contact will touch the circle described on

the transverse axis as diameter.

47. If, from the centre of an equilateral hyperbola, a straight

line be drawn through any point P, and if &amp;lt; and
&amp;lt;j&amp;gt;

be the angles

which this line and the polar of P respectively make with the

transverse axis, then

tan
&amp;lt;/&amp;gt;

tan &amp;lt; =!.
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48. Prove that the circle which passes through any three of

the four points, in which the equilateral hyperbola

x2 +
&quot;llixy

-
y&amp;gt;

+ 2gx + Zfy + c =

cuts the rectangular co-ordinate axes, is equal to the circle

49. Find the locus of the middle points of a system of parallel

chords, drawn between an hyperbola and the conjugate hyperbola.

50. If, in two concentric hyperbolas, whose axes are coin

cident, two points be taken, whose abscissae are as the transverse

axes of the hyperbolas, the locus of the middle point of the straight

line joining them is an hyperbola, whose axes are arithmetic

means between those of the given hyperbolas.

51. If tangents be drawn from different points of an ellipse,

of lengths equal to n times the semi-conjugate diameter at the

point, the locus of their extremities will be a concentric ellipse

with semi-axes equal to a*Jn* + 1, bjvf + 1.

52. If a length PQ = CD be taken in the normal to an ellipse,

the locus of the point Q is a circle, whose radius a 6 or a + b,

according as Q is taken within or without the ellipse.
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The Parabola.

246. WE saw (Art. 153) that there is one pair of rect

angular axes, to which when the parabola is referred, its

equation may be written in the simple form

y*
= Lx.

We shall now proceed to determine its form and principal

properties from this equation, and shall suppose L to repre

sent a positive quantity.

Since y = + jLx, when x 0, y 0; hence the origin is

a point in the curve, and the line (x 0)

meets the curve in two coincident points; &quot;-...

that is to say, the axis of y is a tangent
to the curve. No part of the curve can

lie on the left side of the origin, for

negative values of x would render y

imaginary. It must be symmetrical
with regard to the axis of x, since every value of x gives

two equal values of y with opposite signs; also, as x increases

indefinitely in a positive direction, y increases indefinitely in

both positive and negative directions
;
hence the form of

the curve is that of the figure : the point A is the vertex,

and Ax the axis of the parabola.

If the equation be

y*
= -Lx,

p. c. s. 1C
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no positive values of x will give real values for y, but x may
have any negative value

; hence, in this case, no part of the

curve lies on the right of the origin, and, by exactly the same

reasoning as before, the curve may be seen to correspond to

the dotted line in the figure. It is proved to be concave

to the axis of x in Art. 258, and this is also evident from

Art. 249.

247. The parabola, like the hyperbola, has infinite

branches, with this important difference in their nature.

The tangent to the hyperbola, and consequently the direction

of the branch, tends ultimately to coincide with a straight

line making. a finite angle with the axis of x, viz. the asymp
tote

;
while the tangent to the parabola, as will be shewn

hereafter (Art. 254, Cor.), tends ultimately to become parallel

to that axis and infinitely distant from it.

248. We saw (Art. 153), that the parabola might be

considered as a central curve, with its centre removed to an

infinite distance. We may therefore regard the parabola as

an elongated ellipse ; and, as this analogy is very useful in

enabling us to foresee the properties of the curve, we shall

prove the following proposition.

249. If we suppose the distance between one vertex and

focus of an ellipse to be given, while the axis major increases

without limit, the curve will ultimately become a parabola.

The equation to the ellipse, when the vertex A is origin,

is (Art. 165) y

and, in order to find out what this

equation becomes under the proposed

circumstances, it will be necessary to

express b in terms of a and the dis-



CONNECTION WITH CENTRAL CONIC SECTIONS. 243

tance (d) A S between the vertex and focus, which is sup

posed to remain finite. Now,

cZ + x/

whence b* -

and the equation becomes

2 _ 2ad - d2

or ?/

2 = f%d -

or, when a = oo
, ^

2

which is the equation to a parabola.

Since -,= 2 , and therefore vanishes, when a is in

finite, we have e
2 = 1

2
=

1, when a = oo
;
hence the para-

(X

bola may be considered as an ellipse whose eccentricity
= 1.

The same property may be proved in the same manner

for the hyperbola : in that case, 6
2 = 2ad + d2

,
which value

must be substituted in the equation

We shall, for the future, use the equation to the para
bola in the form

derived from its analogy with the ellipse ;
and we shall call

that point on the axis of a;, at a distance = d from the vertex,

which was the focus of the ellipse, the focus of the para
bola.

162
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* 250. The co-ordinates of any point in the parabola, as

in the ellipse and hyperbola, may be expressed by a single

variable. For the values

evidently satisfy the equation y* =4dx. The value of p will

be seen (Art. 254, Cor.) to be cot a, where a is the angle

which the tangent at the point makes with the axis of x.

Ex. 1. To find the equation to the chord joining two points defined by the

single variable, /x.

Let the points be

dp?, 2dfj.; dp 2
, 2df* ;

then the equation to the chord is

.(1);

whence (/* + /* ) y = 2x + 2dfn.fi .

If
/j.
=

fi ,
the chord becomes a tangent, and the equation to the tangent is

ny = x + dp?........................... (2).

If tan-1 m is the angle which the tangent makes with the axis of x, m= -
,

and (2) becomes

y=mx+- ........................... (3),

as in Art. 256.

Ex. 2. To find the equation to the normal at the point (/z).

Since the normal passes through the point (eZ/r, 2d/x), and is perpen
dicular to the tangent (2), its equation is

or y+ px = 2dp + dfjp ....................... (-1).

If tan&quot;
1 m is the angle which the normal makes with the axis of x, m -

and equation (4) becomes

y=mx 2dm dm3
,

as in Art. 201.
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251. To find the length of a straight line drawn from a

point (x y) to meet the parabola.

As in Art. 114, let the equation to the line be

*=-**-i .................. a);

then, for the distances of (x y) from the points of section of

the line and the parabola (y
z =

4&amp;gt;dx),
we have

therefore s
2
Z
2 + 2 (sy

-
2dc) l + y

2 -
4&amp;gt;dx

f = ......... (2),

or

Now this equation will always give two values for l\

hence every straight line meets the parabola in two- real,

coincident, or imaginary points, according as the roots of (2)

are real and unequal, real and equal, or imaginary.

We shall hereafter have occasion to consider the following

particular forms that this equation may assume.

If P = 0, one value of I (Appendix) becomes infinite.

If P and Q = 0, both values of I become infinite.

If E = 0, the point (x y) is on the curve, and one value

of I becomes = 0.

If R = and Q = 0, both values of I become = 0, and the

line passes through two coincident points of the curve, and

is a tangent.

If Q = 0, the roots of the equation are equal and of op

posite signs, and (x y ) is therefore the middle point of the

chord.

252. If P= 0, that is, if s = in equation (2), the line

(1) is parallel to the axis of the parabola, since s and c are

the sine and cosine of the angle which (1) makes with the
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axis. In this case then, one value of I becomes infinite;

hence a straight line drawn parallel to the axis of a parabola

meets the curve in one point only at a finite distance from the

origin, and in one point at an infinite distance.

If P = 0, Q = 0, both values of I become infinite
;
but

this gives

A , 2r?c 2dc
s =

, y= =
-0-

= 00;

so that the line is parallel to the axis of the parabola by the

first condition, and infinitely distant from it by the second.

Hence no straight line at a finite distance from the origin

meets the parabola, as the asymptotes meet the hyperbola,

altogether at an infinite distance. In other words, the para
bola has no asymptotes.

253. We have said that a straight line, drawn parallel

to the axis of a parabola, meets the curve in one finite point,

and in one point at infinity. We adopt this language, be

cause it is in accordance with the algebraic result ;
it is a

short way of enunciating what may be stated more clearly

as follows. Let K be the point (xy )&amp;gt;

and KPD a straight

line cutting the parabola in P and

D, and let KL be drawn parallel

to the axis; then, if the point D
moves along the curve to an in

finite distance, and the line DK
turns about K, KD will tend to

coincide with KL as its limiting

position. Without this explana-

tion, the statement is not intel

ligible, as the line KL does not actually meet the curve at

infinity; indeed, as shewn in Art. 246, the curve becomes

indefinitely distant from it. As in the case of the hyperbola,

our statement must be held to assert, that the curve tends
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to become a straight line parallel to KL. We have ex

plained in Art. 42 the meaning of the assertion, that parallel

straight lines meet at infinity.

254. To find the equation to a straight line touching the

parabola in the point (x y).

We shall proceed exactly as in the case of the circle and

ellipse, and shall simply point out the steps in the proof.

Let the equation to a line cutting the curve in (xy) be

x-x _y-y _~T ~9
..................... (1)

then, for the distances of (x y) from the points of section of

the line and the parabola (y* 4&amp;lt;dx),
we have, as in Art. 251,

sT + 2 (sy
-

2dc) l + y
z - *dx =

0,

or sT + 2(s/-2dc)Z = ........................ (2),

since y
a

4*dx
f

. Equation (2) gives us 1 = 0, as it should,

and
8*1 + 2 (sy

f -
2dc)

= 0.

If the line (1) be a tangent at (x y \ I vanishes, and we

have

sij -2dc = ........................ (3).

Eliminating s and c by equations (1) and (3), we have

or yy = Zdx - 2dx + y
2

,

or, since y
z = 4:dx, we have

yy = 2d (x 4 a/),

for the equation to the tangent at (x y).

COR. If a be the angle which the tangent makes with

the axis of x, we have
2d

tan a = --
.

V
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When y 0, tan a = oo
,
or the tangent at the vertex is per

pendicular to the axis, as we saw in Art. 246. Also as y
increases from to oo

,
tan a decreases from co to 0, or the

tangent, and therefore the direction of the curve, tends con

tinually to become parallel to the axis. This agrees with

Art. 253.

255. If we make y = in the equation to the tangent,

we have x = x or AT = AM.
Hence the subtangent MT= Zx,
and is bisected at the vertex.

Also, writing x = in the

equation to the tangent, we have
~/
7r

for the intercept A F, /
y 2

hence, when x and y become infinite, the intercepts of the

tangent at (x y) on the axes become infinite, or the tangent
has no limiting position at a finite distance from the origin,

as it has in the case of the hyperbola, where it becomes the

asymptote.

25G. To find the equation to the tangent in terms of its

inclination to the axis.

This equation can be found independently, or deduced

from the equation of Art. 254 by the methods of Arts. 119,

120. The resulting equation to the tangent is

m*

Con. Hence if a straight line and a parabola be repre
sented by the equations

the condition of tangency is b .
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257. To determine the tangents to a parabola which pass

through a given point (x y).

The equation to the tangent is

y =mx+ m (*)

and, since it passes through (x y), we have

V = mx -\ :m

or m2 -Xra + -, = 0.. ..(2);x x

which equation gives two values of m, and therefore shews

that, in general, two tangents may be drawn to the curve

through a given point.

If
//,, fjf be the two roots of the equation, the equations

to the two tangents will be

y-y =fA(x-x) t y-y =p (x-x).

258. The roots of equation (2) (Art. 257) are real and

different, real and equal, or imaginary, according as

?/

2 -
4&amp;gt;dx

r

&amp;gt;
=

&amp;lt;

;

and it is easy to see, that this inequality gives the condition

that (x y) should be without, on, or within the curve. Hence

no real tangent can be drawn to the parabola from within the

curve, &c., as in Art. 188.

By reference to Arts. 55, 121 Cor., 188, it will be seen

in every case, if
(f&amp;gt; (xy) is the equation to the locus, and

(xy) any point in the plane, that &amp;lt; (xy) changes sign when

(xy) crosses the locus.

259. To determine the locus of the intersection of two

tangents at right angles to one another.
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If in (Art. 257) the two tangents are at right angles,

Hence, from (2), since pp is the product of the roots,

-= x = -1
X

or x = d is the equation required, which represents a

straight line perpendicular to the axis of x, at a distance = d

on the negative side of the origin. It will be seen hereafter

(Art. 263) that this is the directrix of the parabola.

260. It will be remembered that the equation to the

same locus in the case of the ellipse (Art. 189), was found to

be a circle whose equation is

x* + y*
= a2 + tf , (1),

and we shall now shew that, when the ellipse passes into a

parabola, this circle becomes the directrix. For, transferring

the origin in (1) to A by writing x a for x, we have

* y \/&amp;gt;

but ifAS = d,tf = 2ad - d2

(Art. 249), and (2) becomes

d* = .- (3).

Dividing (3) by a and then making a infinite, we obtain

the equation
x = d,

the equation (Art. 263) to the directrix of the parabola.

From this analogy, (1) is called the director circle of the

ellipse.

261. To find the equation to the normal to a parabola at

any point (xy).

Since the normal passes through (xy), its equation is

y-y = m(x-x),
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and, since it is perpendicular to the line

ytf
= 2d(x + aT) ..................... (1),

we have m = -
-^ , and the equation is therefore

y-y = -(x-*} .................. (2).

Putting y = in this equation, we have (fig. Art. 255),

for the intercept of the normal on the axis of x,

Also MG =AG AM, or the subnormal = 2d.

COR. If m is the tangent of the angle that the normal

makes with the axis of x, we have

*tm =
-j^;

also y
z = kdx

;

therefore y = 2dm, x din?\

hence, substituting these values in equation (2), we obtain

y = mx 2dm dm3
.

262. If in the equation to the tangent

yy = 2d (x + a/),

we write #
,
x for x, x, and y , y for y, y, respectively, the

equation remains unchanged. Hence (Art. 131) all the

theories of poles and polars proved for the circle in Arts.

123 127, 129, 130, are equally true for the parabola; and

the proofs will require no alteration, except that we must

write the equations to the parabola and its tangent, in the

place of the equations to the circle and its tangent. The

student should convince himself of the truth of the above

assertion, by writing out the articles with the requisite

changes.
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263. If y = 0, the equation to the polar becomes

x + x = 0,

which shews us that the polar of any point on the axis of x

is parallel to the axis of y.

The polar of the focus, whose co-ordinates are (Art. 249)

x d, y = 0, will have for its equation

a straight line perpendicular to the axis of the parabola,

lying to the left of the vertex, and at a distance from it = d.

The polar of the focus is called the directrix of the parabola.

264. To find the distance of any point in the parabola

from the focus.

Since the co-ordinates of the focus (S) are x = d, y = 0,

the square of the distance of any point P (x y) from it

(Art. 7)
=

(x -dY + y *;

but, if (xy) be a point on the curve,

hence

or

SP2 =
(x
- df + 4dx =(d + x )\

SP=d + x.

265. The distance from the directrix of any point in the

parabola, is equal to its distance from
the focus.

The equation to the directrix is

(Art. 263)
x + d=0 (1);

and, if a perpendicular be dropped
from any point P (xy) in the curve

upon (1), we have (Art. 54)
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This property is analogous to that proved for central curves

(Art. 199), since we shewed (Art. 249) that the parabola

might be regarded as an ellipse whose eccentricity (e)
= 1.

266. The property proved in the last article will enable

us to describe a parabola mechanically, by
means of a ruler and cord. For let a ruler

x

RNK, right-angled at Nt
slide along a line

LX, and let a cord whose length is = NR be

fastened at R and at a point S; and while

NK slides along LX, let a pencil P be moved,

so as to keep a portion of the string stretched

against RN. Then P will trace out a par-
I

abola; for the distance PN will be always

equal to SP. LX will be the directrix, and S the focus.

267. The double ordinate through the focus may be

found, by putting x d in the equation y*
=

4&amp;lt;dx
;
then

2/

2 = *d\ or y = 2d;

hence the double ordinate = 4td. This quantity, as in the

case of the ellipse, is called the Latus Rectum of the curve.

The latus rectum of the ellipse or hyperbola

-
(Art. 8QQ) - (Art. 2*9),d

when a becomes infinite, or the curve passes into a parabola.

*268. The tangent and the normal at any point make

equal angles with the focal distance of the point and the line

drawn through it parallel to the axis.

Draw PX parallel to Ax
;
then the equation to SP, since

it passes through (x y }, (dy 0) is
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- ...............

r-y-O (2);

hence the equation to PG, the bisec

tor of the angle between (1) and (2), is
^ * ** a x

(xr

-^
y^7fy

^(y-y}...(^

making y = in (3), we have, since (Art. 264)

hence (Art. 261) PG is the normal at P.

It will be seen that this is a modification of the property

proved for the ellipse (Art. 201) ;
for we may suppose the

line PX. to be in the direction of another focus H, at an infi

nite distance, and the angles tPX and SPT to correspond to

the angles which the tangent makes with the two focal dis

tances in the ellipse.

269. The above may be shewn geometrically thus :

ST = AS + AT = d + x (Art. 255),

SG =SM+MG =af-d+2d = d + a;
;

therefore (Art. 264) ST=SG = SP;

hence the angle SPG = the angle SGP = the angle GPX,

and the angle tPX = the angle PTS= the angle SPT.

Ex. The exterior angle between two tangents to a parabola is half the

angle between the focal distances of the points of contact.

Let PT and PT be the two tangents, T being the nearer to A ; and let

them intersect in Q, and let TQ be produced to F; then

therefore PSP=PSx - P Sx,

= 2(PTS
= 2 VQP

1

.
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270. To find the locus of the extremities ofperpendiculars

droppedfrom the focus on the tangent.

The equation to the tangent in terms of its inclination to

the axis is (Art. 256)

d
y = mx -\ ;& ninm

hence the equation to a straight line SY,

drawn through the focus (d, 0), and per

pendicular to this tangent, is T A

y = -- (x d).m x

If we combine these equations in any way, the resulting

equation will be satisfied by the co-ordinates of Y. Our

object is to eliminate ra, which quantity particularizes the

tangent ; hence, subtracting, we have

m

Therefore x = is the equation to the required locus,

which evidently represents the axis of y, or the tangent at

the vertex. This equation may be obtained from the corre

sponding equation for central conies, as in Article 249.

271. To find the length of the perpendicular from the

focus on the tangent.

Let SY=p,SP =
p (fig. Art. 270); then for the perpen

dicular from S (d, 0) on the line

yy -

we have +

therefore =
dp.
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272. Any focal chord is perpendicular to the straight line

joining its pole with the focus.

By definition, the directrix is the polar of the focus, and

therefore (Art. 129) the polar of any point in the directrix

will pass through the focus. Hence we may assume the pole

of any focal chord to be a point ( d, y
r

) in the directrix; then

the equation to the chord is (Art. 123)

yy = Zd(x-d) (1),

and, the equation to a perpendicular to this line, through the

focus (d, 0), is

y^(*-$ (2),

and, when x = d in (2), y=y
f

, or the line represented by (2)

passes through the point ( d, y), which is the pole of the

chord; hence the truth of the proposition.

273. To shew that the locus of a point, whose distance

from a given point is equal to its distance from a given

straight line, is a parabola.

This is the converse of what was proved in Art. 265, where

it was shewn, that the distance of any point in the parabola
from the focus is equal to its distance from the directrix.

It has already been proved as a particular case of Art. 206.

274 (i). To find the polar equation to the parabola, the

focus leing the pole.

Here we have to find the polar equation to the locus of

Art. 273, the given point being the focus, and the given line

the directrix. Exactly as in Art. 200, if we make e = 1, we
obtain as the equation

- = 1 - cos 6,
P

where I is put for half the latus rectum, and is equal to 2cZ.
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274 (ii). Confocal parabolas.

The equation to a parabola with the focus as origin is

y*
= d(x + d) (1),

and by varying d (1) can be made to represent any parabola,

confocal to (1) and with the axis coincident.

Ex. To find how many parabolas, confocal and ivith coincident axes, can

be drawn through a given point (x y
1

).

If the point (x y )
lies upon (1), we have the equation

4cF + 4dx -y *=
(2),

a quadratic in d, whose two roots (always real) will determine the two con-

focal parabolas which can be drawn through the point. Also, since (2) may
be written

4f + 2t^-l =
(3),

y y y

2d
it follows that the product of the two values of 7 is -

1, or the two tangents

(Art. 254) at (x y )
are at right angles. The parabolas will be turned in

opposite directions, the two values of d in (2) being of different signs.

275. Diameters.

We saw (Art. 153) that there is only one system of rect

angular axes, which will give the equation to the parabola

under the form if
= Lx. Here the axis of x is a diameter,

for it bisects all chords parallel to the axis of y ;
and the

axis of y is a tangent (Art. 246) at the extremity of that

diameter. The same will be the case if the general equa
tion be reduced to the form y*

= Lx with oblique axes, as in

Art. 155
;
so that, if the general equation of the second

degree represent a parabola, the equations

JJx + JBy = 0, 2Gx + 2Fy + C = 0,

will represent the diameter through the origin and the

tangent at its vertex. We shall now consider these other

diameters, and shew that the form of the equation, when the

axes are a diameter and the tangent at its vertex, is always

f = Lx.

P c. s. 17
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276. To find the locus of the middle points of any system

ofparallel chords.

We shall proceed as in the case of central curves. Let

QQ be one of the chords, M (xy)
its middle point, and let the

equation to QQ be

c s

Then for the distance (I) from

(xy )
of the points of section of

the chord and parabola (y*=^dx),

we have equation (2) of Art. 251 to determine MQ and MQ ;

but, since these distances are equal in magnitude, the two

values of I are equal and of opposite signs; hence the co

efficient of I = 0, or sy 2dc =
; and, since s and c are the

same for all the chords, this relation holds for the ordinates

of all the middle points ;
hence the equation required is

sy
- 2dc = 0,

which represents a straight line (PX) parallel to Ax.

If m be the tangent, of the angle that the chords make

with the axis, the equation becomes

2d . s
y ,

since m -
.m c

COR. It is evident, as in central curves, that the tangent
at P, the extremity of PX, is parallel to the chords

;
for the

2cZ
ordinate y of P =

,
and the equation to the tangent is

??i

yy = 2d (x + x
),

or y = m (x + of),

which is the equation to a straight line parallel to the

chords.

277. As in central curves, the straight line which bisects

any system of parallel chords is called a diameter of the
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parabola, and the chords are called the ordinates of the

diameter. We see then that the equations to a chord and

the diameter of which it is an ordinate are, respectively,

y = mx + c and y = m

Hence all diameters of a parabola are parallel to the axis ;

this agrees with the fact that the centre of a parabola is at

an infinite distance. Conversely, all straight lines parallel

to the axis may be considered as diameters
;
for by giving a

suitable value to m in the equation y = , y may receive

any value we please.

278. The polar of any point in a diameter is parallel to

the ordinates of that diameter.

We saw (Art. 2G3), that this is true when the diameter

2(Z
is the axis of the parabola. Let y = be the equation to

any diameter
;
then the equation to the polar of any point

(xy) in it is

yy =

and, since y =
,
this equation becomes

y m (x + # ),

which is the equation to a straight line parallel to the chords

which the diameter in question bisects. If the point (x y }

be the extremity A of the diameter (fig. Art. 280), the

equation

yy = 2cZ (x + x)

represents the tangent at A
; hence, the tangent at the ex

tremity of any diameter is parallel to the ordinates of that

diameter, as we saw in Art. 276.

172
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279. Since all diameters of a parabola are parallel, it

cannot have conjugate diameters : it has however properties

which correspond to the properties of conjugate diameters

in central curves, and which may be foreseen by regarding

the parabola as deduced from the ellipse by the method of

Art. 249.

If we refer the ellipse to any diameter and the tangent
at its vertex, as axes, the equation will be

J&amp;lt;&~m-t) ........................... (1),

which results from writing x a for x in the equation to the

ellipse referred to any two conjugate diameters 2a and 2Z/.

Now this equation is of the same form as the equation to

the ellipse, when the vertex is origin, the major axis the

axis of x, and a tangent at the vertex the axis of y. Hence,

regarding the parabola as an elongated ellipse, we may con

ceive (fig. Art. 280) that any diameter A X has a conjugate
at an infinite distance, parallel to the tangent AY, and we

foresee that the equation to the parabola, when referred to

A X, A Y as axes, will be in the same form (y*
= Lx), as

when it is referred to the axis of the curve and the tangent
at its vertex as axes.

For suppose fig. Art. 280 to represent part of an ellipse,

A the extremity of a diameter, and the origin in equation (1) ;

and suppose that A X meets Ax in the centre C, and there

is a diameter CD (
= b ) conjugate to CA (= a) ;

let SA = d
f

:

then (Art. 226) we have

SA . IIA = CD-, or d (2a
- d )

= I
2

;

hence equation (1) may be written

2 / , d/2
\ /. a?\ a

?/
= 2cZ -- 2# - -

.

V a] \ a a
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Now, when the centre is removed to an infinite distance,

both a and a become infinite
;
also

a : a = sm CA A : sin CAA ,

which is a ratio of equality when A O becomes parallel to

Ax, as it does, when their point of intersection (C) becomes

infinitely distant
;
hence in this case equation (1) becomes

&

We shall, in the next article, prove this property inde

pendently.

280. If we transfer the origin to the extremity A (xy)
of one of these diameters, we

have, writing x + x for x and

y -f y for y in the equation

f =

or 7

since

(1),

?/

/2 =

a.If we now preserve the axis of

cc, and take a new axis of y,

(A Y) inclined at an angle 9

to the axis of x
;
then

the old y = PN= PM sin 6,

the old x = A N =AM +PM cos 0,

A M and PM being the new co-ordinates of the point P,

when A X, A Y are axes. Hence, writing y sin 6 for y ami

x + y cos 6 for x in (1), the equation becomes

3/

2
sin

2
6 + 2y ?/ sin Q =

4&amp;lt;d(x + y cos 0),

ysin
a

0+y (2/sin0-4Jcos0) = 4&amp;lt;fo (2).or

Now, in order that (2) maybe reduced to the form ?/

2 =
we must have
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2/ sin - 4d cos 6 = 0, or tan = -T ;

t/

but this is the tangent of the angle which the tangent at

A (x y) makes with the axis of x\ hence, when we use a

diameter and the tangent at its vertex as co-ordinate axes,

the equation to the parabola will be

where is the inclination of the axes.

But -^,- = d cosec
2 6 = d (1 + cot

2

G)

and the equation to the parabola, referred to any diameter

and the tangent at its vertex, is

where d is the distance of the origin from the focus. This

includes the case of the axis of the parabola and a tangent
at its vertex.

281. The quantity 4&amp;gt;SA is called the parameter of the

diameter which passes through A
;
when the diameter is

the axis of the parabola, it is sometimes called the principal

parameter, as well as the latus rectum. In all cases it equals

the double ordinate through the focus
;
for draw QQ through

the focus parallel to the tangent at A
;
then (Art. 260)

and

or QR = 2SA
,
and QQ = 4SA .
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282. Since the equation to a parabola, referred to any
diameter and the tangent at its vertex, is of the same form

as when the diameter is the axis, it follows that every pro

perty, which has been proved for the latter system, is true

for all the others, so long as the property does not depend

upon the inclination of the axes. For example, if we have

for the equation to the parabola referred to such axes,

f-MX
we shall find, exactly as in Art. 254, that the equation to the

tangent at any point (x y] is

y/ =
2d&amp;gt; + aO;

hence, as before, the subtangent is double the abscissa
;
also

the equation to a straight line joining the points of contact

of two tangents drawn from any point (xy) is

y,j=M(x+x),
and so on.

283. Tangents at the extremities of any chord will inter

sect in the diameter of which the chord is an ordinate.

Let the parameter of the diameter be 4cZ
; then, if we

take the diameter and the tangent at its extremity as axes,

the equation to the tangent will be (fig. Art. 280),

according as we take Q (xy }, or Q (x
f

, y ) t
as the point of

contact. In each case, when y = 0, x has the same value

= # , or the tangent meets the diameter produced in the

same point.

The student will find no difficulty in adapting the latter

part of Art. 236 to the case of the parabola.
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EXAMPLES XI.

1. FIND the length of the side of an equilateral triangle, one

of whose angles is at the focus and the other two on the parabola.

2. Draw the curves x2 + 2y = and y=2x- x2

,
and find their

points of intersection, the axes being rectangular.

3. The rectangle contained between two ordinates y lt ?/fl
of a

parabola (if
= 4dx) is equal to d2

;
find the magnitudes of y^ and ya ,

the distance between them being = d.

4. Shew that a straight line, drawn from the point of the

parabola of which the abscissa is Sd, and cutting the axis at

the point x = 4c?, will, if produced, meet the curve again at the

point x = 2d, and be a normal at that point, 4td being the latus

rectum.

5. From any point there cannot be drawn more than three

normals to a parabola. If the point be on the axis, and the

abscissa less than 2d, one only can be drawn.

C. The tangent at any point of a parabola will meet the

directrix and latus rectum produced in two points equidistant
from the focus.

7. Two equal parabolas have a common axis
;
a straight line,

touching the interior and bounded by the exterior, will be

bisected in the point of contact.

8. Find a parabola which shall touch a given circle at a

given point, its axis being coincident with a given diameter.

9. To prove that the area of a triangle inscribed in a para
bola is equal to

where y\ y&quot;, y&quot;
are the ordinates of the vertices of the triangle,

y*
- 4dx being the equation to the curve.
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10. If a parabola intersect a circle in four points, prove
that the ordinates of the points of intersection which lie on one

side of the axis of the parabola are together equal to the sum of

the ordinates of the points of intersection which lie on the other

side of the axis.

11. Two tangents are drawn to a parabola at points whose

co-ordinates are a, b, a
,

I) . To find the point in which they

intersect.

12. Trace the curve y = x x*, and determine whether the

straight line x + y 1 is a tangent to it.

13. From points in the exterior of two equal parabolas having
the same axis, tangents are drawn to the interior one

; they will

touch it at the extremities of diameters whose distance from one

another is constant.

14. Three parabolas, having their axes parallel, intersect;

shew that the three chords passing through their points of contact

pass through one point.

15. Two tangents to a parabola make angles whose tangents

are
/A, p with the axis

;
find the equation to the tangent at the

extremity of the diameter of which the chord of contact is an

ordinate.

16. Find the locus of the middle points of chords passing

through any fixed point, and adapt the proof to (i)
the focus,

ii)
the vertex, and

(iii)
the foot of the directrix of a parabola.

17. If A be the vertex, S the focus, and PSp the focal chord

of a parabola, prove that the rectilinear triangle PAp varies as

the square root of the distance Pp.

18. If a straight line be drawn from the foot of the directrix

of a parabola, making an angle 45 with the axis, it will touch all

parabolas having the same axis and directrix.

19. Find the equation to the normal at the extremity of the

latus rectum of the parabola whoso equation is if
= \ d (x-d), ami

find its distance from the origin of co-ordinates.
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20. Lp is a normal to the parabola at L, the extremity of

the latus rectum, meeting the parabola again in p. Shew that the

diameter in which the tangents at L and p intersect, passes

through the other extremity of the latus rectum.

21. Two ordinates to a parabola meet the axis in points

equidistant from the focus, and the vertex is joined with the

point where one of the ordinates meets the parabola; find the

equation to the locus of the point where this line intersects the

other ordinate.

22. Two tangents are drawn to a parabola, making angles

6, with the axis. Prove that
(i)

if sin . sin 6 be constant, the

locus of the intersection of the tangents is a circle, whose centre

is in the focus
; (ii)

if tan . tan 6 be constant, the locus is a

straight line perpendicular to the axis
; (iii)

if cot 6 + cot & be

constant, the locus is a straight line parallel to the axis ; (iv) if

cot 6 cot 6 be constant, the locus is a parabola equal to the

original parabola.

23. A series of triangles are constructed on a given base,

their vertices being in a straight line parallel to the base
;
shew

that the perpendiculars through the extremities of the base to

the sides of these triangles, will intersect in a parabola, whose latus

rectum is the distance between the lines.

24. To find the equation to a parabola, referred to the two

tangents at the extremities of the latus rectum as axes.

25. To find the area of a triangle included between the

tangents to parabolas y
a = 4dx, y* = 48#, at points, the common

abscissa of which is a, and the portion of the ordinate intercepted
between the two curves.

26. To find the magnitude of the ordinate of such a point
in a parabola (?/

a =
4dx) that the intercepts on the axes of co

ordinates of a tangent drawn to the curve at this point may be

equal to each other.

27. The three altitudes of any triangle described about a

parabola all pass through a single point in the directrix.
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28. To find the distance of the vertex and focus from the

tangent in terms of the inclination of the tangent to the axis

of x.

29. Find the locus of the centre of the circle which shall

always touch a given circle and a given straight line.

30. From the vertex of a parabola a straight line is drawn

inclined at an angle 45 with the tangent at any point ;
find the

equation to the curve which is the locus of their intersection.

31. In the focal distance SP take Sp equal to the ordinate

Find the polar equation to the locus traced out by the

point p.

32. From two points in a diameter of a parabola two pairs

of tangents are drawn to the curve
;
the trigonometrical tangents

of the inclination of one pair to the axis are
/A,, ^2 , and of the

other /x3 , fj,t ;
to prove that

1_ I

11
-_ i __

33. The vertex of a parabola is taken for the centre of a

given circle
;
to find the equation to a straight line touching both

circle and parabola.

34. If from any point Q of the line BQ, which is perpen
dicular to the axis CAB of a parabola whose vertex is A, QP be

drawn parallel to the axis to meet the parabola in P
;
shew that,

if CA be taken = A B, the locus of the intersection of AQ and GP
is the original curve.

35. A parabola being traced upon a plane, draw the axis and

directrix, and find the focus.

36. Two equal tangents cannot be drawn to a parabola,

except from a point on the axis.

37. Transform the equation to the tangent to the ellipse in

the form y = mx + ^a*}H*+ b\ into the corresponding equation, for

the parabola.
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38. Given the radius vector, drawn from the focus to any

point of a parabola, and the angle it makes with the curve ;
find

the latus rectum and the position of the vertex.

39. The locus of the centre of a circle which passes through

a given point and touches a given straight line is a parabola.

40. If from the focus of a parabola straight lines be drawn

to meet the tangents at a given angle, prove that the locus

of their points of intersection will be that tangent to the

parabola, the inclination of which to the axis is equal to the

given angle.

41. The abscissa and double ordinate of a parabola are h

and k, and the diameters of the circumscribed and inscribed circles

are R and r. Prove that R + r - h + k.

42. If PQ be a chord of a parabola which is a normal at P
t

and the tangents at P and Q intersect in a point T, shew that

PT is bisected in the directrix.

43. To find the equation to all parabolas which are touched

by the straight lines y = .

Z

44. Find the equation to the parabola, referred to the tangent
and normal at the positive extremity of the latus rectum, as axes.

45. Two normals to a parabola (if
=

4cfcc) are always at right

angles to each other ; to find the locus of their intersection.

46. To find the equations to all the common chords of the

two curves if = 2cx - x*, if
= idx.

47. To prove that a series of circles, of which the centres

are in a parabola, and which pass through the focus, all touch

the directrix.

48. The distance of a point from one given straight line

varies as the square of its distance from another given straight

line ;
shew that its locus is a parabola, having the second line as a

diameter, and the first as a tangent at its vertex.



EXAMPLES XI. 2G9

49. If the focus is origin, the equation to the tangent to the

parabola, in the form of Art. 27, is

d
x cos a + ?/ sin a + =0.

cos a

50. From a point P, the concourse of two tangents (PQ, PQ )

to a parabola, PABC is drawn meeting the curve in A, C, and

QQ in B. PA, PR, PC are in harmonical progression.

51. To find the locus of the intersection of perpendiculars
from the focus on the normal.

52. If two tangents be drawn to a parabola, prove that a

third tangent, parallel to the chord joining the points of contact,

will bisect the parts of the other tangents, which are included

between their point of intersection and their points of contact.

53. The abscissa of two points in a parabola, reckoned along

the axis, are x, 3x, and the corresponding focal distances r, 2r
;
to

find the position of the former of these points.

54. Any number of parabolas are described having the same

vertex and axis, and any straight line is drawn at right angles

to the common axis. If any points whatever in this line be

taken as poles, to prove that all the polars belonging to all the

parabolas will intersect in a single point.

55. The centre of an ellipse coincides with the vertex of

a parabola, and the axis major of the ellipse is perpendicular to

the axis of the parabola ; required the proportion of the axes of

the ellipse that it may cut the parabola at right angles.

5G. Given a point where a parabola intersects a given

diameter, and also the parameter of that diameter ;
shew that the

locus of the vertex is an ellipse.

57. A parabola slides between rectangular axes; find the

locus of
(i) the focus, and

(ii)
the vertex.



CHAPTER XII.

General properties of Conic Sections.

IN this chapter we shall shew how the chief proper
ties of the loci of the second degree may be deduced from

the general equation of the second order without reduction.

We shall begin by tracing the loci. If the axes are rect

angular, the method of Chap. vill. may be used for this

purpose, and is to be preferred, if we wish to determine the

elements of the locus, such as the axes, position of foci, &c.
;

but the following method may be used with great advantage,
when the axes are oblique, and in all cases where we wish

simply to trace the form of the locus, without determining
its elements.

284. Solving the equation

Ax* + 2Hxy + Bif + 2Gx + 2Fy + C=0 ......... (1),

(which we shall call
&amp;lt;f&amp;gt; (xy)

=
0), so as to obtain y in terms

of #, we have, as in Art. 62,

Let us draw the right line (DT in
figs, of Arts. 286,

287, 292) whose equation is

then, in order to obtain the ordinates corresponding to any
abscissa x of the locus represented by (1), we have only to
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increase and diminish the ordinate of (2) corresponding to x

by the quantity

~
J(ll*

- AB) x* + 2 (11F -BU) x + V* - JJ(J. . . (3).

This line (2) then bisects every chord of the locus parallel to

the axis of
?/,

and is therefore a diameter.

Con. Similarly, from the solution as a quadratic in x,

we find that the line

y+G = ........................ (4)

is the diameter bisecting all chords parallel to the axis of x.

Equations (2) and (4) are those obtained in Art. 141, to

determine the centre.

285. In order then to trace the locus, we must examine

expression (3), which we shall call F; for, as long as the

values given to x render the quantity under the root positive,

we can find two points of the locus corresponding to every

abscissa
;
if they make it = 0, the two points coincide

; and,

if they make it negative, the value of F is imaginary, or no

point of the locus corresponds to the abscissa in question.

For the sake of brevity we shall write

F =

HF-BG P-BO
where Q___, fl--,
and may be cither positive or negative quantities. The

student will observe, that Q is the abscissa of the centre

obtained in Art. 141
;
and this will be seen to agree with

the results hereafter obtained.

Now the expression #2 + 2Qx + R may be written
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We have then three cases :

(i) If Q
2 - R is positive, that is, if the roots of the

equation

x* + 2Qx + R =

are real and unequal, the expression can be broken up into

real factors,

(x + Q + JQ* )(*+Q-f- -R),

or (x a)(x fy,

where a -f Z&amp;gt;

= - 2Q, ab = R. This expression is positive for

all real values of x, except for those which lie between a

and b
;
and it attains its greatest negative value,

- (Q
z -

JB),

when

Also, if we make x = Q -f h or = Q h, the values of the

expression are the same.

(ii) If Q
2 R = 0, or the roots of the equation are real

and equal, the expression becomes (x + Q)
2
.

(iii) If Cf R is negative, that is, if the roots of the

equation are imaginary, the expression cannot be broken up
into real factors. We shall write it

where the symbol D2
is used to denote the positive quantity

R Q
2
. This expression can never be negative for any real

value of x, and has its smallest positive value when x Q ;

also, if we make x = - Q + h or = - Q - h, the values of the

expression are the same.

28G. We shall now apply these results to the three cases,

when //
2 AJ3 is negative, positive, or zero.
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I. When IP AB is negative. In this case we know,

by Art. 150, that the locus is an ellipse or circle, a point, or

imaginary.

(i) Let the roots be real and unequal ; then Y, which in

this case may be written

F=
&amp;gt;J(H*

- AB) (x -a)(x- 6),

is = 0, when x = a and when x = b, and is real for those

values of x only that lie between a and b, since these are

the only values that make (x a) (x b) negative ;
hence

the locus lies wholly between the two lines (D L and DR),

parallel to the axis of y, whose equations are

x a = 0, x b = 0.

J/ R

These lines are tangents to the curve at the points where

the diameter (2) DT cuts it; for, if we put x = a in the

equation to the curve and diameter, the two ordinates to

the curve will become equal, and will equal the ordinate of

the diameter. The value of each is

P. C. s,
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Hence the line x a = passes through two coincident

points of the curve, and is a tangent. Similarly # 6 =

is a tangent at the other extremity of the diameter. It will

be observed that they are both parallel to the ordinates of

the diameter.

The value of Y will be greatest, when x = - -
(i.e.

= -
Q),

z

the abscissa of (7, the point midway between D and D
;
for

we have shewn that this value of x gives the expression

x* + 2Qx + E, or (x-a)(x-l),

its largest negative value. This point is the centre of the

curve
; for, if we write

b , a + 1 ,

cc = -y + h, or x = --
h,

we have shewn that the values of (x a) (x b), and there

fore of Y, are the same. From this it follows, that if we take

QM=QN=h, we shall have CV= Cff, and

hence, as in Art. 140, GCS is a straight line, and is bisected

in (7, which is therefore the centre. The curve then, which

is evidently an ellipse, has the form given in the figure. CP
is the diameter conjugate to CD, since it is parallel to the

ordinates of CD.

Ex. Let the equation be

2x2 - 4xy + 4
j/
8 - 2* - 8y + 9 = 0,

whence 2y- x - 2 J-(x-l)(x-5) = 0.

The curve has then for diameter the line 2y-x-2=0; it lies wholly
between the lines z-l = 0, x-5 = 0; and the largest value of Y, correspond

ing to *=3, is F=l. The oo-ordinates of the centre are a; = 3, y=|.
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(ii) Let the roots be real and equal Then

1

and the equation to the locus is

hence, since H* AB is imaginary, the equation can only
be satisfied by the values of x and y which make

Hx + By + F = 0, and x + Q = 0,

and the locus may be considered as an ellipse reduced to a

point, or as two imaginary straight lines which intersect in C.

Ex. Let the equation be

5z2 + xy +yz - 10x - 2y + 10 = 0,

whence y + 2z-l &amp;gt;J~^l (z-3) = 0,

an equation which is satisfied by one pair of real values only, namely,

x= 3, y= -5.

(iii) Let the roots be imaginary. Then

and, since (x + Q)
z
-f D* can never be negative, F is never

real; and the locus therefore may be called an imaginary

ellipse.

Ex. Let the equation be

5x2 - 8xy + 4y
2 - 3x + 4y + 2=0 ;

solving for y, we have for the quantity under the root

(f 1\ 2
3)

-(* +*+!), or
-{(*

+
2)

+
4}

a quantity which can never be positive. The locus is therefore imaginary.

182
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287. II. When Hz AB is positive. In this case we

know, by Art. 150, that the locus is either an hyperbola or

two intersecting straight lines.

(i) Let the roots be real and unequal Then

As in the case of the ellipse, the diameter DT, whose

equation is

Ex + By + F=0,
meets the curve in the points D , D, and the lines D L, DR,
whose equations are x a = 0, x 6 = 0, are tangents at those

points. Also, since (x a) (x b) is negative for values of

x between a and b, Y is imaginary for those values
;
hence

no part of the curve lies between the parallels D L, DE.

Beyond those limits any number of points of the locus may
be found, equidistant from the diameter DT; and, since

Y is real when x has any real value, positive or negative,

except those which lie between a and 6, we shall obtain four

infinite branches, and the curve, which is evidently an hyper

bola, has the form given in the figure. As in the ellipse, C,

the middle point of DD
, may be shewn to be the centre, and

CP the diameter conjugate to CD.
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Ex. Let the equation be

3x3 - 8xy -f 4?/
2 - x+ 4y + 5 = 0,

whence 2t/-2ce + l *Jx
z

-3x-&amp;lt;i = Q
t

or 2fc

The curve then has 2y-2a;+l = for a diameter; and z4-l= 0,a;-4=
are the tangents at the points where it meets the curve. It has four infinite

branches, but no part of it lies between x = - 1 and x= 4.

(ii) Let the roots be real and equal. Then the equation
to the locus is

which represents two straight lines which intersect in C, for

which point

Hx + By + F=0, and x + Q = 0.

The line DT is still a diameter of the locus, which may
be called a Rectilinear Hyperbola.

(iii) Let the roots be imaginary. Then

F =

and, since (x + Q)
2 + Dz

is positive for every real value of x,

the value of F is real for every such value. Since Y does not

vanish for any real value of x, the diameter DT

which bisects all chords parallel to the axis of y, does not

meet the curve; for the ordinate of the curve cannot be m;ul.

equal to that of the diameter. As before, any number of

points may be found equidistant from the diameter DT, by

taking values of F corresponding to different values of x.

The least values of F will be when x- Q, represented

by CP, CP in the figure; and on each side of this line

the values of F increase indefinitely, forming an hyperbola
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with four infinite branches, as in the figure. As in the

ellipse, it may be shewn that C is the centre
;

also CP is

parallel to the ordinates of the diameter CD, and is therefore

the diameter conjugate to it.

Ex. Let the equation be

3s2 - 8xy + 4?/
2 + 6:r - 4y - 4 = 0,

whence 2y
- 2x - 1 =k *Jx*

- 2x + 5 = 0,

or 2y - 2x - 1 =fc *(x - 1
)

2 + 4= 0.

Since the quantity under the root can never =0, the curve does not meet
the diameter 2y-2x-l = Q; and, since it can never be negative, there are

points on the curve corresponding to every abscissa. The smallest value of

3Y is I, corresponding to x = l. The co-ordinates of the centre are x = l, y=^

288. It is often useful in tracing the figure of a curve,

to find the points where it cuts the axis of x, by putting y
in the equation, and vice versd, and to see, in each case,

whether the points so found are possible and different,

possible and coincident, or imaginary.

Ex. Let the equations be

/
2 + 4s + 6y -1-1=0 ........................ (1),

........................ (2).
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It will be found that (1) touches the axis of x where x - =
, and the axis

of y where y= --; and that (2) does not meet the axis of x, and touches
o

the axis of y where y = l.

We shall be aided in tracing the figure of the hyperbola,
if we find the asymptotes, which we now proceed to do.

289. To find the equation to the asymptotes of a conic

sectionfrom the general equation.

We have seen (Art. 186) that the equations to a conic

and its asymptotes differ only in the constant term. Hence,
if

&amp;lt;p (xy)
= is the equation to a conic, the equation to its

asymptotes is
&amp;lt;/&amp;gt; (xy) + //,

=
0, where

//,
is determined by the

condition that the equation should split into factors, and so

represent two straight lines. Let then the equation to the

asymptotes be

Ax* + ZHxy + Eif + 2 Gx + 2Fy + C+ fi
= 0.

Proceeding exactly as in Art. 62, but writing C + p for C,

we obtain the condition

ABC+2FGH-AF* - BG* - CH*
whence ^= H* - AB

Cf. Arts. 186, 242.

Ex. 1. If the equation to the conic is

3x8 - Sxy + 47/
2 + Gx - 4t/

- 4 = 0,

the equation to the asymptotes will be

3x2 -
Sxy + 4/ + Gx - 4y

-

Solving for ?/, we have

* -2x + 5-/t=

hence /x
=

4, and the equation to the asymptotes is
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Ex. 2. If a conic and its asymptotes are represented by

and the co-ordinates of the centre are x y ; then, since the asymptotes pass

through the centre, we have &amp;lt; (x y } +/x=0, and their equation becomes

291. The foregoing results have been obtained on the

supposition that the equation can be solved as a quadratic in

y\ that is, we have supposed that B does not = 0. This must

always be the case with the loci of Class I., for, if A or

B were to vanish, H* AB could not be negative. But if

H* AB is positive, or the locus belongs to Class II., either

A or B may vanish. If B vanishes, we have, solving

for x,

which will give results similar to those obtained above, and

the locus may be traced in the same manner.

If both A and B vanish, the equation is of the form

=0;

hence we cannot solve the equation as a quadratic, and

trace the locus by the method of the preceding articles. If
TT

we multiply by
-

,
the equation may be written

a form of equation which has been fully explained in

Art. 242.

Ex. Let the equation be

whence (2*
-

1) (y + 3) = 5,

which represents an hyperbola, whose asymptotes are 2x- 1=0, y + 3 = 0.
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292. III. When H*-AB = 0, the locus is (Art. 153)
a parabola, two parallel straight lines, two coincident straight

lines, or imaginary. In this case if we draw the diameter

DT whose equation is

Hx + By + F= 0,

we shall have, for the quantity to be added and subtracted

from the ordinates of this line, in order to obtain the ordi-

nates of the curve,

F= 2 (HF- BG)x + F*- EG,

or = i *f~2~(HF-BG)(x-a),

where a may be either positive or negative.

&quot;We shall then have three cases :

(i)
HF BG positive. Then, as in the ellipse, if we

draw the line DR whose equation is x a = 0, it will be a

tangent to the curve at the point D. Also, if x is less than

OR (or a), the values of F become imaginary, or no part of

the curve lies to the left of DR. For all values of x from OR
to infinity, Y is real, and the curve, which we see to be a
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parabola, may be traced as before, and will have two infinite

branches, as in the figure.

(ii) HFBG negative. In this case Y is imaginary,

if x a is &amp;gt; 0, that is, if x &amp;gt; OR
;
hence the curve has no

part to the right of D. It will be a parabola, with the infinite

branches turned in the direction opposite to those of the

figure.

Ex. 1. Let the equation be

z2 - 2x / + y
2 + 3z - 2^-1 = 0,

whence y - x - 1 =t *J-(x- 2)
= 0.

The curve cuts the diameter y-o;-l = 0ata point where x= 2, y = 3, and

has no part lying to the right of the tangent x- 2= 0. Its infinite branches

will be turned in the direction opposite to those of the figure.

Ex. 2. Let the equation be

whence y - x - 1 *Jx~2= 0.

The curve cuts the diameter y-x-l = Q in the points x=2,y = B. No

part of the curve lies to the left of the line, x - 2 = 0, parallel to the axis of y,

and this line is a tangent. The form is that of the figure.

(iii) HF- EG = 0. In this case

and is real, zero, or imaginary, according as the quantity
under the root is positive, zero, or negative. In the first

case, the locus is two straight lines, parallel to the diameter

DT whose equation is

and equidistant from it
;
in the second, these two lines coin

cide with the diameter; in the third, the equation has no

real geometrical signification, but may be said to represent
two imaginary straight lines parallel to DT. The locus may
be called a Rectilinear Parabola.
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293. An equation belonging to Class III. is not always

capable of being solved as a quadratic in both x and y. IT,

can, however, always be solved as a quadratic in one of them;

for, if both A and B were to vanish, since H z AB 0, H
would also vanish, and the equation would not be of the

second degree. Hence the locus may always be traced by
the method above.

*294. The two following articles will shew how certain

results can be obtained by means of Art. 76 (ii), without

reducing the equations.

(I) To find the eccentricity of the conic &amp;lt; (xy)
=

0, the

axes being rectangular.

Suppose (Art. 150) the equation to be reduced to the

form

then it is easily seen, from Arts. 158, 174, that

B -A A- B
e - -r-, or e - -~-

y

according as the foci of the conic are on the axis of x or of y.

Now the sum and product of these two values of e
2

,
are each

equal to

(A - BJ _ (2

-A B -A B H*-AB

If we denote this quantity by Q, e* will be determined by
the equation

4 /&quot;\ 2 _f_ f\ n f\ fty\

If the conic is an ellipse, H3 - AB, and therefore Q, is

negative ;
and one value of e* must from (2) be positive, and

the other negative. The real value of e is the eccentricity

required. If the conic is an hyperbola, H* AB is positive,
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and both values of e* are positive, since both the sum and the

product of the roots of (2) are positive. In this case equation

(1) represents hyperbolas lying (Arts. 186, 242) between the

same asymptotes, but in different angles of the asymptotes,

according to the sign of &amp;lt; (xy) ;
and these have not the

same eccentricity. To select the proper value of e
2

,
we must

use the methods of Chap. viii.

If 26 is the angle between the asymptotes of an hyperbola,
in which lies the transverse axis of the curve, we have

(Arts. 67, 174, 186)

_ _~_ 4 (sec
2

0-1) _~

(A + B)
Z

~

(2
- sec* e

from which equation (2) may be obtained.

Ex. To find the eccentricities of the conies

3x2 + 2ary + 3y
2
-16y + 23 = ........................ (1),

x*-10xy+y* + x + y + l = Q........................ (2).

In (1) A = 3, 77=1, B = 3, and therefore Q=--; hence the equation

becomes 2e4 + e* -1=0, from which e2= - 1 or -
. Since 772 - AB is negative,z

the conic is an ellipse, and its eccentricity = -.

In (2) A = l, 7/=-5, 7?= 1, and therefore Q = ^?5
hence the equation

becomes G64 -25 2 + 25=0, from which e2= ? or |. Since IP-AB is posi-2 o

tive, the conic is an hyperbola. The co-ordinates of the centre are x=y=- .

and the equation may (Art. 161, Ex.) be reduced successively to

x*-10xy + y* + l
= 0, and 4^-6**-?=Q,o o

This gives
-- as the proper value of c*.
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(II) To find the length of the equi-conjugate diameters,
and the equation to them, in the ellipse whose equation is

Ax* + 2Hxy + By
z + C = ............... (1),

the axes being inclined at an angle &&amp;gt;.

Equation (1), reduced to the axes of the curve by the

transformation of Art. 72, becomes

(7=0 .................. (2),

where -A X=.-, A&amp;gt; + B&amp;gt;
=

sin a) sin a

Also the equation to the equi-conjugate diameters (Art. 218)
is

^v-^y = o ........................ (3).

At the intersection of (2) and (3),

*_ C 2 _ C
:

~2Z&quot;
y ~~

~2 ;

then, if r is the length of the semi-diameter,

ZA B 2(H*-AB)

If a circle with this radius is described, concentric with

the ellipse, its equation with the original axes is

2 C (A + B- 2
,+ Zcy cos o&amp;gt; +y = -Ly..- 2 ...... (4).

By the reasoning of Art. 63 (ii), we have, for the equation

to two straight lines joining the origin to the intersections of

(1) and (4),

But these intersections are the extremities of the equi-

conjugate diameters
;
hence (5) is the equation required.
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295. To find the length of a straight line drawn from

any point (x y) to meet a conic section.

Let the equations to the line and conic, referred to any
axes whatsoever, be

(2).

Then, as in Art. 114, we have, to determine the distances

of (xy) from the points of intersection of (1) and (2), the

equation

Y) = (3),Ac*

+ 2Hcs + F)s

where &amp;lt; (xy) = Ax
* + ZHxy + By

* + 2Gx + 2Fy + C.

The remarks on the corresponding equation, obtained in

Art. 170, may be applied without alteration to (3). We
leave the student to verify results already obtained about

the asymptotes, by equating to zero the coefficients of I* and

I, as in Arts. 177, 178.

296. The rectangle on the segments of the chord will

be equal to the product of the roots of equation (3), and
therefore

Bs*

and, if another chord be drawn through the same point (x
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and its direction be determined by s and c , quantities cor

responding to s and c above, the rectangle on its segments

hence the ratio of the rectangles is

Ac 2 + 2Hcs + Bs* : Ac* + 2Hcs + Bs\

a ratio which does not depend upon the point (ay*), and

which remains the same, as long as the chords make, respec

tively, the same angles with the axes
; hence, if QQ ,

RR be

two chords of a conic, and P their point of intersection, the

ratio PQ . PQ : PR . PR is not altered by moving each

chord parallel to itself, and so shifting the position of P in

any manner. The reader will observe that this conclusion

might have been deduced from the equations of Arts. 114,

176, 251.

COR. 1. Let CV, CS be semi-diameters parallel to QQ,
RR respectively ;

then

PQ . PQ _ CV*
PR.PR~ CS*

COR. 2. Let QQ ,
RR move parallel to themselves, till

they become tangents at L and T
;
then PQ . PQ becomes

DL*, and PR . PR becomes D272

;
hence

PL _CV
CS

COR. 3. Let Q, Q , R, R be the four points where a

circle intersects the conic ;
then (Euc. ill. 35, 36)

.:CV=CS;

hence the diameters parallel to QQ and RR are equal,

and therefore equally inclined to an axis of the conic
;

i.e.

if a conic and a circle intersect in four points, any two chords
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passing through the four points are equally inclined to an

axis of the conic.

Ex. If a, 0, 7, 8 be the eccentric angles of the four points of intersection

of a circle and an ellipse, then will a +p + y+8= 2nir.

The chords joining two of the points must make the same angle with one

side of the axis, as the chord joining the other two does with the other ;
and

the equations to the chords being (Art. 164, Ex. 1)

x a + 8 y . a + 8 a/3
a
C08-2%- Sm

&quot;IT

= C S
8

a + 8
we havo tan- = - tan

,
Z t

COR. 4. A particular case of Cor. 3 is when three of the

points of intersection approach indefinitely near to one an

other. The circle is then called the Circle of Curvature at

the point to which the three points have approached ;
and it

will be observed, that one circle and one only can be drawn

through these points, since three points determine a circle.

If then QQ and RR &amp;lt; move parallel to themselves, till the

points Q, R, Q approach indefinitely near to one another,

the&quot; result of Cor. 3 may be thus stated: The common chord

of a conic and the circle of curvature at any point, and the

tangent to the conic at that point, are equally inclined to an

axis of the conic.

*207. To find the equation to the tangent of a conic sec

tion at the point (x y).

Exactly as in Art, 117, if (xy ) is on the curve,

and the condition that equation (1) (Art. 295) should be

a, tangent is

(Ax + Hy +G)c+ (Hx +By + F)s = ...... (4).
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From (1) and (4) we obtain the equation to the tangent

y-y _ _ AaS + Hy +G
x-x Hx+By+F&quot;

Multiplying up, and remembering that (xy) is a point
on (2), we get equation (5) in the form

(Ax +Hy + G}x + (Hx + By + F)y + Gx +Fy + 0=0.. .(C).

COR. If the curve passes through the origin, (7=0; and

the equation to the tangent at the origin (0, 0) is

hence, if a conic passes through the origin, the equation to

the tangent at the origin is obtained by equating to zero the

terms of lowest dimensions in the equation to the conic.

*298. Equation (6) of Art, 207 is not altered, if x

changes place with x and y with y ;
hence (Art. 131) the

equation to the polar is of the same form as the equation to

the tangent, and all the theories of poles and polars proved

for the circle in Arts. 123127, 129, 130, can be proved for

any conic by means of this equation.

The equation to the polar of the origin, found by putting

x = y = in (6), is

+ C=0.

*299. If any quadrilateral ABFD (fig. Art. 104) be in

scribed in a conic, then each of the points E, C, G is the pole

of the straight line joining the other two.

Take ED, EF as the axes of x and y y
and let

1 The reader of the Differential Calculus ^Yill observe that this equation Is

(-^(y-^o.
r. c. s. 19
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then the equations to CA and CB are

and the equations to AF and BD are

Now by adding (1) and (2), we obtain the equation

which is therefore (Art. 43) the equation to a straight line

passing through C. But we obtain the same equation by

adding (3) and (4) ;
therefore also (5) passes through G.

Hence (5) is the equation to CG.

Now, if the equation to the conic is

Aa? + ^Hxy + Bif + 2Gx + 2Fy + C=Q ......... (6),

a and a are found by putting y = in (6), and are therefore

the roots of the equation Ay? + 2Gx + C 0; hence (Appendix)

11 2G . .. . 1 1 2F

and equation (5) becomes

Gx + Fy+ C=Q,

which is (Art. 208) the polar of the origin; hence CG is

the polar of E. Similarly GE is the polar of C
;
and hence,

by Art. 130, EC is the polar of G. The points Et G, G arc

called a conjugate triad with respect to any conic passing

through A, Bt F, D. Cf. Art. 340.

*300. To find the equation to the normal to a conic

section at a point (# ?/ ), the axes being rectangular.
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The equation to the normal will be, from equation (5) of

Art. 297,

y-y ^Hx + By + F
x- x Ax + Hy + G

COR. If the curve passes through the origin, the equa
tion to the normal at the origin becomes

Fx-Gy = 0.

*301. To find the equation to the diameter of a conic

section, bisecting chords drawn parallel to a given line.

In Art. 295 let (1) represent one of the chords, and let

o

the given line be y = mx, so that - = m. Then, if (xy)
c

be the middle point of the chord, we have, as in Art. 132,

for the equation to the diameter,

Ax + Hy + G + (IIx + By + F)m = 0,

or x(A+mH) + y(H+mB) + G + mF=0 ...... (1).

If this be written in the form y = mx + b, we have

A -f mil-

or A + U(m + m ) + J3mm = Q ............ (2).

The symmetry of this equation shews that chords parallel

to y = m x are also bisected by a diameter parallel to y = mx.

It is therefore the condition that the lines y - mx and y = mx
should be parallel to conjugate diameters of the conic

COR. If y = mx and y = m x arc a pair of conjugate

diameters of the conic

A3t+2Hxy + By* + C = .................. (3),

and are represented by the equation

ao;
2 + 2/uvi/ + Inf

= ..................... (4),

192
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then (Art. 63) m and m are the roots of the equation

2h
-=-

and from (2) we have the relation

,

therefore m + m -=-
,

mm = T ;

(5),

as the condition that the straight lines (4) should be

conjugate diameters of the conic (3). See Examples xn. 53.

Ex. To find the length of the equi-conjugate diameters of (3) and the

equation to them, from condition (5).

Write the equation to a concentric circle, radius r, and get the equation

to straight lines joining the origin with the intersections of this circle and

(3), as in Art. 294 (II) ;
then apply condition (5), to determine r.

*302. Tangents at the extremities of any chord intersect

in the diameter of which the chord is an ordinate.

*303. The polar of any point on a diameter and the

tangents at the extremities of a diameter are parallel to the

ordinates.

We leave the student to prove these two propositions for

any conic. As we have found the equation to the diameter

bisecting any system of parallel chords, and shewn that the

equation to the polar is of the same form as the equation
to the tangent, he will find no difficulty in imitating the

proofs of Art. 220 and the latter part of Art. 236.

Ex. 1. To find the equation to the axes of the conic
&amp;lt;f&amp;gt; (xy)

= 0, the axes of

co-ordinates being rectangular.

Since a conic is symmetrical with respect to an axis, tangents from any

point (x y) on an axis are equal. Let the directions of two tangents from

(xy) be determined, as in Art. 295, by c, s and c
, s, and let their lengths be

I and t
; then, since the roots of the equation (3) are equal in this case,

= _
Ac* + 2HC8 + s2 (Ac* + 2Hcs + 13s*)*

where P=Ax + Ily + G, Q=2Ix+By +F; and we have similar equations
for/

, c , * . But, if J
2=l 3

,

Ac* + 2Hcs + Z?#2=A
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therefore PV + 2PQcs + QV=PV 3 + 2PQcY + (?V
2

;

whence A (c
2 -c 2)-# (s

2 -s2
)
= 2H(cV-cs) ........................ (1),

and P2
(c

2 -c 2)-g 2
(s

2 -s2
)
= 2PQ(cV-cs) ..................... (2).

But c2 +s2= l = c 2 + s
2

, or c2 -c 2 = .s
2 -s 2

; hence dividing (2) by (1), and

writing for P, Q their values, we find that the point (xtf) must lie on the

conic
*
_ (Ax + Hy + G) (Hx + By + F)~

A-B H
which is therefore the equation to the axes. Cf. Arts. 146, 341 (ii), Ex. 1.

Ex. 2. To find the equation to a locus of a point P, such that the line

joining P to the centre of the conic is perpendicular to the polar of P.

Let (x y
1

) he a point on the locus, which is (Art. 195) the axis ; then the

polar of (x y )
is

(Ax + Hy +G)x + (nx + By + F)y + Gx + Fy +C= ......... (1).

Also the equation to a straight line joining P with the centre may (Art.

141) be written

Ax +Hy+G + k(Hx + By-r F) = ..................... (2);

If (2) is at right angles to (1), we have (Art. 47, Cor. 2),

(A + kH)(Ax + Hy + G) + (H+kB)(Hx + By + F) = ......... (3);

and, since (x y ) is a point on (2),

therefore Ax + IIy +G + k (Hx +By + F)=0 ..................... (4).

Eliminating k between (3) and (4), we find that (x y )
must lie on the

conic (3), Ex. 1.

Ex. 3. To find the equation to the axis of the parabola whose equation,

with rectangular axes, is

(ax + by)* + 2Gx + 2Fy + C= Q ........................ (1).

This may be deduced from Ex. 1, by writing a2
, a&, 62 for A, II, B;

but the following is easier.

The polar of any point (x y )
on the axis, with regard to (1), is

(a*x + dby + G)x + (aM + b*y + F)y + Gx + Fy +C= ......... (2);

and the direction of the axis is given (Art. 156, Cor.) by the equation

ax + by=Q ....................................... (3).

Since (2) is (Art. 263) perpendicular to (3), we have

a (aV + aby + G) + b (abx + by + F) = Q ;

whence a2
(ax

1 + by )
+ Ga + &2 (ax

1

+ by ) + Fb= 0.

The equation to the axis is therefore

The same result is obtained from Art. 156, by writing the value of K in

equation (7).
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304. Polar equation, the focus being pole.

It is proved in Arts. 209, 274 (i), that the focal polar equa

tion to any conic may be written

- = 1 e cos 0,
P

where I = half the latus rectum, and e = 1 for the parabola,

the left-hand focus being the pole in the ellipse, and the

right-hand in the hyperbola.

Ex. In any conic section the semi-latus rectum is an harmonic mean

between the segments, made by the focus, of any focal chord.

Let PSp be the focal chord
;
then

- = 1 - e cos 6,
= 1 - &amp;lt;? cos (IT + 6} ;&f cy

1 1 1-ecose I + ecos0 2

sp +
sj&amp;gt;

= ~T~ ~T&quot;
=
!

which proves the proposition.

305. To find the polar equation to the chord of a conic

section, the focus being the pole, and thence to deduce the

polar equation to the tangent.

Let the equation to the conic and the chord be

- = l-ecos0 ... (1),
- = Acos0 + Bco&(0-*)...(2)

1

;

P P

and let the angular co-ordinates of two points on the conic be

a /3, a + ft , then, if (2) passes through a fi, we have for

this point, from (1) and (2),

1 - ecos (a
-

)
= - = A cos (a

-
/3) + B cos ;

therefore (A + e) cos (a
-

/3) +Bcosj3 - 1 = (3).

1 The student should satisfy himself that any straight line can be repre

sented by equation (2).
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Similarly, if (2) passes through a + /?,

(/l + e)cos(a + /3) + cos/3-l = (4).

Subtracting (4) from (3), we have

A + e = 0, and therefore Bcos - I = ;

hence, if (2) is the chord joining the two points, it becomes

- = sec {3 cos (0 a) e cos 6 (5).
P

If the chord becomes a tangent at the point a, /3
=

0, and

(5) becomes

- = cos (6 a) e cos 0.

P

306. In any conic section, if SP, SQbe two radii vectores,

and PT, QT tangents at P and Q, then ST bisects the angle

PSQ, unless PT, QT be drawn to di/erent branches of the

hyperbola, in which case ST bisects the angle supplementary
to PSQ.

Take the left-hand focus in the ellipse and the right-hand
focus in the hyperbola, and let the vectorial angles of P and

Q be a and
;

it will be seen from Art. 210 that these
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angles are as in the figure ;
for in the polar equation used in

Art. 304, the outer branch of the hyperbola corresponds to

the negative values of the radii vectores, but the vectorial

angle is formed by the positive direction of the radius vector.

Then the equations to PT, QT are

- = cos (9 a) e cos 6,
- = cos (6 /3) e cos 6

;

and therefore at the point T we have from these two equa
tions

cos (6 a)
= cos (6 y3).

Now we cannot have 6 j3
= 6 a, since a and /9 are by

hypothesis not equal ;
we therefore take 6 ft

= a 6
;

hence =

In the figure drawn for the hyperbola, this value of 6 is

the angle which TS produced makes with Sx, and ST bisects

the supplemental angle QSP . It will be seen that in this

case PT, QT subtend supplemental angles at the focus
;
for

QST= TSP = 180 - TSP.

The figure for the parabola is similar to that drawn for the

ellipse.

Ex. 1. If the chord of a conic subtends at the focus a constant angle, it

tc ill always touch a fixed conic.

Let the angle be 2/3; then the equation to the chord is

- = sec ]9 cos (0
-

o)
- e cos 0,

P

or ^-- = cos(0-a)-ecos/3cos0,

which is a tangent to the conic

I cos 8 ,-- = 1 - e cos /3 cos 0,

a conic with the same focus as the first, and whose eccentricity is e cos B, and
latus rectum 21 cos/3.
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Ex. 2. To find the locus of the pole of the chord in Ex. I.

The co-ordinates of the pole (p 6
r

)
will satisfy the equations to the two

tangents at the extremities of the chord
; hence

-= cos (0 -a + p)-ecosd
f

, -,=cos (0
-
a-/S) -cos &;

hence, as in Art. 306, =o. Substituting for a in either equation, we get

-,= cos fi-e cos &

hence the pole lies upon a conic whose equation is

Zsecfl
-^- = 1 -e sec/3 cos 6.

Ex. 3. To find the equation to the chord of contact of tangents from the

point (f!e
r

).

Let a-/9, a + ^3 be the angular co-ordinates of the points, the tangents at

which pass through (p6
f

) ; then the equation to the chord through these

points is

- = sec /3 cos (6
-

a)
- e cos 9 ;

and the equations to the tangents are the same as in Ex. 2. Hence, as in

Ex. 2, we have

&= a,
-= cosfl-ecos0 .

P

Substituting for a and in the equation to the chord, we have for the

equation required

(- + e cos e] (-, + e cos e } = cos (0-0 ).

\P J \P /

Ex. 4. The circle, which passes through the points of intersection of three

tangents to a parabola, will pass through the focus.

Let P, Q, R be the points of tangency,

and let the tangents at P, Q intersect

in r
;
at Q\ E, in p ;

at E, P, in q ;
then

by Art. 269, Ex.

ESP RSQ + QSPT2r= -g ,

=pSQ+QSr,

=pSr;

that is, pSr is the supplement of pqr,

which (Euc. in. 22) proves the proposition.
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307. To find the equation to a conic, when the tangent

and normal at any point are the axes ofy and x.

Since the axis of y is a tangent at the origin, when x =

in the general equation

Ax* + 2Hxy + B*f + 2Gx + 2Fy + C = 0,

the values of y become each =0; hence F =
0, (7=0, and

the equation is reduced to

Ax* + ZHxy + By* + 2Gx = 0,

where the axis of x is any straight line drawn through the

point of contact. If the axes are rectangular, they are the

tangent and normal at the origin.

Ex. If, through a given point on a conic, any two straight lines at right

angles to each other be drawn to meet the curve, the straight line joining their

extremities will pass through a fixed point on the normal of the given point.

The equation to the conic, referred to the tangent and normal at the

point, is

Ax^ + 2Hxy + By^ + 2Gx = Q (1).

Let the equations to the two lines be

&amp;lt; = mx, &amp;lt;/=--*,

or as one locus

whence 7/
2 -/m- -Wz/-z2 = ........................ (2).

Multiplying (2) by B and subtracting it from (1), -we have

as the equation to a locus which passes through (Art. 43) the intersections of

(1) and (2). But this equation represents two straight lines, namely, the

tangent at the given point (z= 0), and

(A+B)x+\2H+B (m -
^V?y +

2(7 = 0,

which must represent the chord joining the extremities of tho two lines.
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The point, where this line cuts the normal, which is the axis of x, is found

by making y = in the equation ;
thus we obtain

2G
x= -

A + B*

hence the chord cuts the normal at an invariable distance from the origin.

In the circle the point of section is the centre, by Euc. in. 31.

308. To find the equation to a conic section, ivhcn the

axes of co-ordinates are tangents to the curve.

Suppose the axes of x and y to touch the conic at dis

tances a and b from the origin. Putting y and x

successively in the equation &amp;lt;f&amp;gt;
(xy) 0, we obtain

Axz + 2Gx + C=0 ...... (1), %2 + 27^ + 0=0 ...... (2),

where the roots of (1) are each =a, and the roots of (2) are

each = b
;
hence (Appendix)

I-^1 1- _^ \-- -= --&amp;gt;

tf~C a~ C &~C b C

and the equation &amp;lt; (xy)
= becomes, after dividing by C and

substituting these values,

or

309. If the conic belongs to the parabola class,

4
therefore k = 0, or k = -
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If k = 0, the equation represents two coincident straight

4
lines. If k

7 ,
it becomes

ab

? + S_lY = *S?, or* +f2 /*?=!;a b ) ab a b V ab

therefore
/

V/^/V/f
= 1

. or Va +V l
= 1;

for the latter form is equivalent to the former, if we remem

ber that the radicals may be positive or negative.

*310. Any straight line drawn through the intersection of

two tangents to a conic section, is harmonically divided by the

curve and the chord of contact.

Take the two tangents as axes
;
then the equation to the

conic is

and the equation to the chord of contact is

Let the equation to any straight line through the origii

be

H- W
where I is the distance of any point (xy) from the origin

Hence, to find the distance from the origin of the points o:

intersection of (1) and (3), we have
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Now, if
j,

, p be the roots of this quadratic in
j , that

is, if I
,

I&quot; are the values of I at the points where (1) and (3)

intersect, we have

Also, for the point of intersection of (2) and (3), we have

d si ^ 1 c s

a
+

6
=1 or

r
= +

6
...............

hence, denoting this value by l
lt
we have from (5) and (6)

2 = 1,1
i
t

?-7&quot;

or ^ is an harmonic mean between I and I&quot;.

COR. ^4ny straight line drawn through the pole is liar-

monically divided by the curve and the polar.

This has been proved for the case when the pole is

without the conic. If the pole is within the conic, let A be

the pole, EG the polar (fig. Art. 340), and let AE be any

straight line drawn through A, meeting the polar in B;
then, if two tangents are drawn from E, the chord of contact

will (Art. 129) pass through A, and therefore the straight

line AE is harmonically divided, as above.

311. Conditions necessary to determine a locus of the

second degree.

We observed (Art. 24), that the general equation of tin*

first degree has in reality only two independent constants,

though apparently containing three, and that, consequently,

a straight line could be subjected to two independent con

ditions only, since these would give two relations between

the constants, which would suffice to determine them. The

general equation of the second degree contains six coeffi-
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cients
; but, as we may divide all the terms by one of these

coefficients, we see that the equation contains five inde

pendent constants only. To determine a locus of the second

degree, we must give the values of these five constants, or

give five independent equations between them, by which

they may be determined
; but, in this case, it is necessary to

examine, whether the equations admit of a system of real

solutions, or of more than one, and whether the resulting

equation of the second degree represents a curve, or one

of those varieties, which have been explained above. The

simplest condition would be, that the locus should pass

through five points; for the co-ordinates of these points,

substituted successively in the general equation, will give

five equations to determine the five constants. These equa

tions, being of the first degree, will admit of one system of

real solutions, and one only, if they are consistent and inde

pendent; but we have not shewn that this condition will

always be satisfied. We shall therefore prove the follow

ing theorem.

312. Through five real points, no four of which are in the

same straight line, one conic section and one only can be drawn.

We will first consider the case, where no three are in

the same straight line. Let the axes be so chosen that two

of the points are on the axis of x, and two upon the axis

of y, and suppose the points on the axis of x and y, respec

tively, to be at distances a, a and b, b from the origin. Let

the equation to the conic be

Ax* + ZHxij + Bif+2Gx + 2Fy + C = (1);

then the values of a, a and b, b will be found by putting

y and x successively
= in (1), and will therefore be the

roots of the equations

=0 (2),



CONDITIONS NECESSARY TO DETERMINE A CONIC. 303

therefore
-,

= ~ ,

- + =
aa C a a C

l_B 1 1 2F
lb ~C }

6
+

6 G&quot;

Hence the general equation becomes, after dividing by C
and substituting,

Let (x y) be the fifth point ; then, by substituting x
t y
TT

in (4), we shall obtain a simple equation to determine -^.G
Hence one conic and one only can be drawn through the

five points.

If three of the five points be in one straight line, we
shall have (x y) on one of the axes, and therefore x or

y ;
in either case the value of -~ from (4) would be

L&amp;gt;

infinite, and therefore equation (4) would, by dividing by -~
,

become xy 0, and would represent the two axes of co-or

dinates, which form one of the system of conies which can be

drawn through the first four points. We might have foreseen,

that the locus in this case could not be an ellipse, hyperbola,

or parabola, since these curves cannot be cut by a straight

line in more than two points.

If more than three of the points are in one straight line,

the coefficients of (1) cannot all be determined by the method

of this article
;
and it is obvious that this ought to be the

case, since more than one&quot; pair of straight lines can then be

made to pass through the five points.

Thus we have proved, that we can always find a real

equation of the second degree, and one only, which is satis-
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fied by the co-ordinates of the five points. This will always

represent a real geometrical locus, since the imaginary loci of

the second degree (Arts. 150, 153) could not be satisfied by
the co-ordinates of these points.

Ex. To shew that equation (4) of the conic passing through four points

can be put in the form

where k is arlitrary, and to interpret this equation.

The equation is of the form S+kS =Q, and represents (Art. 43, Cor.) a

system of conies, passing through the intersections of the conies S= 0, S =Q,
which are two pairs of straight lines drawn through the four points.

313. We may say, generally, that a conic can be made
to fulfil five independent conditions, where each condition

enables us to eliminate one constant. Thus the position of

the centre must be counted as two conditions, for it gave us

(Art. 141) two relations between the coefficients, and enabled

us to eliminate two. Again, the position of the focus must

count as two
;

for the general equation to a conic with a

focus at a given point (xy) may be written (Art. 208)

(*
- xf + (,j- yj = (Px + Q,J + Rf......... (1),

involving three undetermined constants only. It must not

be assumed that five conditions such as the above will always

give us one conic and one only, as in Art. 312.

Ex. 1. How many parabolas can be drawn through four points ?

We have here five conditions, since H2-AB=Q is one. Suppose no

three of the points to be in one straight line
; then we obtain equation (4) of

Art. 312 for a conic passing through the four points. If the conic is a

parabola, we have

___
C J aa ltb&quot;

If the product aa bb is positive, there will be two parabolas passing

through the four points ; if the product is negative, no real parabola can be

drawn through them. If more than two points are on the same straight

line, the parabola is rectilinear, or parallel straight lines.
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Ex. 2. How many conies with a given focus can be described about a

triangle ?

Let the focus be (x y ),
and the angular points be (xjjj, (avy.,), (ra?/3) ;

then, if we write 5j
2 for the known quantity (xl

- x )- +(yl
-
y )

2
&amp;gt;

so tliat 5
i
ls

the distance between (x^^ and the focus, we have, from equation (1)

(Art. 313),

!
= (Pxl + QVl + R), S2 = (Px.2 +Q,jn_ + R) t

53= (/&amp;gt;*
+ Qy3 + It).

Every combination of signs gives a system of equations, to determine P,

Q,R, and there are eight combinations; but evidently, if we change the signs
in the three equations, it is equivalent to changing the signs of P, Q, R,
which would leave equation (1) the same. Hence there are four different

solutions, and four different conies can be described about the triangle.

314. When a conic has been subjected to four conditions

only, there will remain one arbitrary constant in the equa

tion, and there will be an infinity of curves fulfilling the

given conditions. We may then find the locus of any of

the remarkable points of the curve
; for, having introduced

the conditions, we may obtain the equations for determining
the point in question, and find the equation to the locus by

eliminating the arbitrary constant between them.

Ex. 1. A conic is described, touching two straight lints at given distances

(a and b) from their point of intersection ; find tlie locus of its centre.

Taking the two lines as axes, the equation to the conic is, by Art. 303,

hence, the equations for the centre are (Art. 141)

Eliminating fr, we have for the required locus,

ay-bx = 0,

a straight line bisecting the chord of contact.

Ex. 2. To find the locus of the centre of a conic which passes through four

points.

p. c. s. 20
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Equation (4), Art. 312 may be written

IVx* + 1-xy + aa
y&quot;

- IV (a + a) x - aa (b + b
) y + aa 66 = 0,

where k is undetermined. The equations for the centre arc

2bb x + ky
- 66 (a + a )

= 0,

2aa y + kx - aa (b + b
}
= 0.

Eliminating k, we obtain for the required equation

266 cc
2 - 2aa ?/

2 - bb (a + a )x + aa (b + b )y= 0.

This is a conic passing through the origin, that is, through the intersection

of one of the three pairs of straight lines which can be drawn through the

four points. By similar reasoning it will pass through the intersection of

every pair, as it ought ;
for each pair is a conic of the system, and the inter

section its centre. It cuts the axis of x again, where x=
;
that is, it

passes through the middle point of the line joining two of the points. Hence

it bisects all the six lines which join the points. It will be an hyperbola if

aa and 66 have the same sign, and an ellipse in the contrary case.

Ex. 3. If the four points are on a circle, the locus of the centre is a rect

angular hyperbola.

See Euc. in. 35, 3G, and Art. 186, Cor. 3.

Ex. 4. If aa = - bb (Ex. 2), and the axes are rectangular, all the conies

draicn through the four points are rectangular hyperbolas, and the locus of the

centre is a circle.

It should be noted, as a particular case of the above, that the three pairs

of straight lines which can be drawn through the four points are (Art. 67) at

right angles. See Examples xn., 13, 14, 15, and Art. 327, Ex. 3, 4.

Similar conies.

DEF. Two curves are said to be similar and similarly

placed, when, any point being taken in the plane of one

curve, another point can be found in the plane of the

other, such that parallel radii, drawn from and to the

first and second curve respectively, are to one another in a

fixed ratio. They are said to be similar when they can be

made to fulfil the above condition, by turning one of them

round a fixed point.

The points 0, are called Centres of Similarity.
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*316. If, in the planes of two curves, one suck pair of

points, as and
, can be found, an infinity of other pairs

can be found.

For suppose OB, O B to be parallel radii in the fixed

ratio of 1 : k; and take in the first figure any point 0, and

draw O C parallel to OC, so that

O C : OC=0 B : OB = k : 1;

and join CB, C B
;
then the two triangles 0GB, O CK are

similar (Euc. VI. G), and therefore C B is parallel to CB
,

also

C B : CB=0 Bf

: OB = k : 1;

therefore, since OB, O B are any parallel radii, C and C
are centres of similarity. Hence for every point in the first

figure there is a point in the second, such that the pair are

centres of similarity.

*317. If C be the centre of the first curve, C must be

the centre of the second
;
for every diameter EGA is bisected

in C, therefore every parallel diameter B C A through C is

bisected in C
;
for otherwise the ratio CB : C B would not

be equal to the ratio CA : C A .

Hence, if two central conies are similar, the centres of the

curves are centres of similarity.

*318. All conies, whose eccentricity is the same, are

similar fgures.

Let two of such conies, which are evidently (Art. 174-) of

202
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the same class, be placed with their axes parallel, and a focus

in one coincident with the corresponding focus in the other
;

then, the common focus being pole, their equations are

(Art. 304)

I I- = 1 e cos 6,
- = 1 e cos 6 :

P P

hence, when 6 is the same in each, we have the parallel

radii vectores in the proportion of the latera recta. The

two conies then are similar, and the common focus is a centre

of similarity.

COR. All parabolas are similar figures ;
and they will be

similarly placed, if their axes are parallel. This will be the

case (Art. 156, Cor.), if the conditions obtained in the next

article are satisfied.

*319. To find the condition that two central conies should

le similar and similarly placed.

By Art. 317 their centres must be centres of similarity.

Now we may, by transferring the origin to the centre of each,

the axes in each case remaining parallel to their original

direction, reduce the equations (Art. 141) to the form

(7=0 (1),

C&quot;
=

(2),

where the first three terms in each remain unchanged. Let

the equation to any straight line through the centre of (1) be

?-*-*.. .. ..(3),
c s

where I is the distance of the centre from (xy) ; then, for

the distance of the intersection of (1) and (3) from the centre,

we have

P (Ac* + 2//C5 + B) + (7=0.
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Similarly with equation (2) we should have

r (A c
2 + 2H cs + B s*) + C =

;

hence, writing m for -
,
we have

c

If the ratio I
2

: I
2
is constant for all values of m, that is,

whenever the direction of the line (3) is the same in each

case, we must have

A + 2Hm + Bin*

or A-pA + Z (H- fiir) m + (E - p,B) m2 =
0,

for all values of m
;
but this can be only the case, when

A II B= - =

Hence, if two central conies are similar and similarly placed,

their asymptotes are (Art. 186) parallel, and the coefficients

of the highest powers of the variables arc the same in both,

or differ by a constant multiplier only.

*320. Condition (5) is necessary, in order that the

curves should be similar and similarly placed. We proceed

to enquire whether it is sufficient. Suppose it fulfilled; then

the equations to the curves, referred to the centre of each, as

before, may evidently be written in the form

Ax2 + ZHxy + Bif + C =
;

and we have, from Art. 319, equation (4), for the constant

ratio of the corresponding radii,

I
2

_G_
P~ (J*
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If the ratio I : I is real and finite, the centres of the

curves are centres of similarity, and therefore (Art. 316) the

curves are similar and similarly placed. But, if C and C be

of different signs, the ratio I* : P will be negative, so that

the fixed ratio of the radii is imaginary, and the condition is

fulfilled algebraically only. If the curves be of the Ellipse

class, we see, by Art. 150, that in this case one of them

represents an impossible locus. If they be of the Hyperbola

class, they will (Art. 242) represent two hyperbolas with

parallel asymptotes, but not lying in the same angles of the

asymptotes.

Again, one or both of the quantities C, C might = 0, in

which case the fixed ratio would be zero, infinite, or indeter

minate
;
but in this case one or both of the equations would

(Art. 150) represent straight lines which intersect, imaginary
in the case of the ellipse, and real in the case of the hyper
bola.

Ex. The three equations

4x2+ 6xy - 4?/
2
-f 6.r - 8y+ 1= 0,

2x2 + 3xy -
2yt + 7x - y + 3 = 0,

G.r
2+ 3xy - G#

2 + I2x + 9y + 4= 0,

fulfil the conditions of Art. 319. If the origin is transferred to the centre of

each, the equations become

// + |Lo ........................... (1),

2^ =0 ........................... (2),

?/2- = ........................... (3).

For (1) and (2) the ratio I* : ft is infinite : for (2) and (3) it is zero
;
and

for (3) and (1) it is negative. By writing the equations in the form

t

it is seen (Art. 242) that (1) and (3) represent hyperbolas with parallel asymp

totes, but lying in supplemental angles ; and (2) represents a pair of straight

lines parallel to these asymptotes.
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*321. If two conies are similar and not similarly placed,

they can, by definition, be made to fulfil the conditions of

Art. 319
, by turning one of them round a fixed point.

Let equations (1) and (2) of Art. 319, transformed to

rectangular axes, if necessary, represent two conies, similar

but not similarly placed, and let conic (1) be turned about

the origin through such an angle a, that it may be similarly

placed with (2). This will, of course, as far as regards the

change in its equation, be the same as if the axes were

turned through an angle a, and we shall have a new

equation,

(7=0 .................. (3),

and, from Art. 76 (ii),
we have

But, since (3) is similar and similarly placed to (2), we

have

a li b

from which equations we have

72 T _ 2 / rr 2 A ~n \ ft i 7

-rT /O ^ 7 f 79 7

71 2 A B h ab
Hence

. .

therefore

(F+&y
ir-A B H 2 -AB

is, from (4), the required condition. If this is satisfied, the

conies will be similar, with the same exceptions as in Art.

320. This is simply the condition (Art. 186, Cor. 3) that the

asymptotes should contain equal angles, or that (Art. 294) the

eccentricities should be determined by the same equation.
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In like manner the condition of similarity for oblique axes is

H^-A B H*-AB
^A +K - 2H cos

fi&amp;gt;) (A + B-2H cos
a&amp;gt;)

2 *

822. Sections of the Cone.

The surface described by an indefinite straight line, which

is carried round the perimeter of a given circle, always passing

through a given point, is called a cone. The circle is called

the base of the cone, the fixed point the vertex, and the line

joining the vertex and the centre of the base is called the axis.

A cone is said to be right, if the axis is perpendicular to the

plane of the base, and oblique, if the axis is inclined at any
other angle to that plane. As the generating line is not

limited, the surface of the cone consists of two portions or

sheets (fig. Art. 324), perfectly similar, situated on opposite

sides of the vertex, and of indefinite extent. It is evident,

from the method in which the cone is generated, that every

plane parallel to the base will cut the cone in a circle, and

that every plane through the axis will cut it in two straight

lines, in both which cases the section will be represented by an

equation of the second degree. We shall now shew that the

same is the case, in whatever manner the plane cuts the cone.

We shall content ourselves with proving this property in the

case of right cones only, since a full investigation of this part

of the subject will be found in most Geometrical Treatises.

323 (i). Every section of a right cone by a plane is a curve

of the second degree.

OBS. The generating line, in a right cone, will always
make the same angle with the axis.

Let HRKL be a plane ;
AB a fixed line, the axis of a

cone, inclined at an angle a to the plane ;
A C a perpendicular
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from A, the vertex, on the plane ;
AP the generating line,

revolving round AB, inclined to it at a constant angle /3.

Then P, the extremity of AP, will evidently trace out some

section of the cone on the plane, which is supposed to be

intercepted between the vertex and the circle, round the

perimeter of which the generating line is carried.

Draw PM perpendicular to EG produced ; join BP and

CP. Take C as origin, CM as axis of x, and a perpendicular

to it in the plane HRKL, as axis of y ;
let P be the point

(xy) and AB = a.

=
y~ + (

x + a cos a)
3

)

since Z ABC = ot
;
also

J5P2 = a
2 + ^P2 - 2a ^4P cos &

= a2 + (a
2
sin

2
a + y* + a;

2

) 2a cos /3v/a
2
sin

2
a 4- y* + ^ J

. .
(-)&amp;gt;

since j4._Z = ^4. G -f- C2 .

Equating (1) and (2), we have for the locus of P

aa
cos

2
a + 2ax cos a = a2 + a

2
sin

2
a - 2a cos fija? sin

j
a + a?&quot; + y

j

,

or cos /3 Ja*sm*a + x* + y*
= a sin

8
a - a; cos 3,

a curve of the second degree.
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323 (ii). Comparing this equation with the general

equation of the second degree,

Aa? + ZHxy + Bif -f 2Gx -f 2Fy + C= 0,

we see that in this case

A = cos
2

j3
- cos

2

a, //= 0, B = cos
2

ft.

Now (Arts. 150, 153), the curve is an Hyperbola, Parabola,

or Ellipse, according as IT AB &amp;gt;
=

&amp;lt; 0, or as

- cos
2

ft (cos
2

ft
- cos

2

a) &amp;gt;
=

&amp;lt; 0,

as cos
2
a. cos

2

/3 &amp;gt;
=

&amp;lt; 0,

as sin (j3 + a) sin (ft
-

a) &amp;gt;
=

&amp;lt; 0,

as sin (ft a) &amp;gt;
=

&amp;lt; 0,

or as ft &amp;gt;

=
&amp;lt; a,

since /3 + a is by construction less than TT, and therefore

sin (ft + a) always positive.

324. &quot;We may easily identify the above results with the

forms of the curves that we

have already discovered
; for,

let SAR be a cone, AO the

axis, B the point where the

cutting plane EE cuts the

axis; draw BP parallel to

AR, then we have by our

assumptions

and hence

Z SAR 4- Z AEB =

If ft &amp;lt; a, these two an

gles are less than two right s

angles, and the point E will

lie below the point P, and
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the section will evidently be limited in every direction, and

be an Ellipse.

If /3
=

of, the two angles = two right angles ;
the point E

coincides with P, and the cutting plane is parallel to AE.
The section will evidently be limited at P, and unlimited in

the direction PB, and be a Parabola.

If fi &amp;gt; a, the two angles are greater than two right angles;

the point E lies above P, and the cutting plane meets both

sheets of the cone. The section will be unlimited in every

direction, and be an Hyperbola.

325. The following subjects are dealt with as examples
in the next chapter.

Intersection of hyperbolas, Art. 327. Circle of Curvature,

Art. 330. Envelopes, Arts. 337, 338. Equation to a pair of

tangents to the conic
&amp;lt;j&amp;gt;(a;y)

= 0, Art. 339. Equation to the

director circle. Art. 339. Equations to determine the foci,

Art. 341 (ii).

EXAMPLES XII.

1. Employ the method of this chapter to verify the results

obtained in Examples VIII.

2. What must be the value of k, in order that the equation

2*2 + kxy - y*
- 3* + Gy

- 9 - 0,

may represent a pair of straight lines 1

3. Shew that the equation

Gar - 4xy + if
- Gx + 2y - 11 =

represents an ellipse, lying wholly between the lines x=3 and
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4. Shew that the equation

2xa - xy + y
2 -2x + 2y + 13 =

represents an hyperbola, no part of which lies between the lines

x = 3 and x = - 2.

5. Shew that the equation

represents a parabola, extending indefinitely in the positive direc

tion of the axis of x.

6. Shew that the equation

a2 _ 2xy - y
2 + 2x - Zy + 5 =

represents an hyperbola, whose ordinates are always real.

7. Shew that the equation

3x2 + 2xy + y* + Gx + 2y + 7 =

represents an imaginary locus.

8. Find the asymptotes and the eccentricity of each of the

hyperbolas

the axes being rectangular.

9. Trace the curve xa + y
y = (ax + 6y 4- c)

2

, and determine the

focus and directrix.

10. Find the axes of the hyperbolas

xy-ax + by = Q ...... (1), xy-ax + a* = ...... (2),

the axes of co-ordinates being inclined at an angle a.

11. If the equation to a conic is not altered when x and y

change places, the bisector of the angle between the positive

directions of the axes is an axis of the curve
;

if it is not altered,

when x is changed to - y and y to - x
}
the bisector of the supple

mentary angle is an axis.
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12. Shew from Art. 284, or otherwise, that, if the axes of

co-ordinates are parallel to conjugate diameters, B = in the

general equation.

13. If A, B, C, D be four points, situated as in Art 314,
Ex. 4, and A, B, C be any three of the points; then D is the

orthocentre of the triangle ABC.

14. The circle which bisects the sides of a triangle passes

through the feet of the perpendiculars from the angles on the

opposite sides, and bisects the distances of the angular points from

the orthocentre.

15. If a conic is drawn through four points, shew that the

locus of the centre is a conic whose asymptotes are parallel to the

axes of the two parabolas drawn through the four points.

*16. Find the equation to the tangents at the points where

the conic whose equation is

(ax + by-l) (ax + l&amp;gt;y

-
1) + cxy =

meets the axis of y, and the equation to the straight line joining

their point of intersection with the point where the conic touches

the axis of x.

*17. From Art. 301 find the direction of the axes of the

conic, the axes of co-ordinates being supposed rectangular; (2)

find the equations of the centre, and shew that they represent

diameters bisecting chords parallel to the axes of co-ordinates
;

(3) if these diameters are parallel, shew that the locus is a

parabola.

18. In the conic
&amp;lt;j&amp;gt;(xy)

=
0, shew that Gx + Fy = Q is a

chord bisected at the oriin.

19. Given the length of a focal chord PSp in a conic, and the

rectangle contained by the segments SP, Sp; find the latus

rectum.
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20. A circle is described concentric with a given conic

section \
find the equation to their common diameters, and the

condition that the curves should touch.

*21. If two hyperbolas have the same asymptotes, their

eccentricities are equal, or are connected by the equation

e*
&quot;*~

e^~

22. Two concentric conies have in general one and only

one pair of common conjugate diameters.

*23. If any straight line OR be drawn through a point 0,

and P, the pole of that line, be joined to 0, then the straight lines

OP, OR will form an harmonic pencil with the tangents from 0.

24. Find the locus of the centres of the conies, obtained by

varying each of the constants in the general equation of the

second degree.

25. If &amp;lt;

(xij)
= is a parabola, and the axes rectangular, find

the latus rectum.

26. How many rectangular hyperbolas can be drawn through

four points A, Bt C, D, which are not all in the same straight

line?

27. A conic section is cut in four points by a circle, and two

straight lines, each passing through two of the points of inter

section, are taken as axes of co-ordinates
;
shew that the equation

to the conic may be written in the form

fl/ + c = 0.

28. From a point two tangents Oil, OK are drawn to a

conic section
;
a straight line MQR is drawn, parallel to OK, to

intersect Oil in If, and the curve in Q, R. Shew that

Mil* ; MQ.MR = OU* : OK\

If QR meets the chord UK in T, then MQ . MR = MT\
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29. From the equation to the tangent in Art. 305, find the

angle that it makes with the axis of x.

30. In the parabola, if SP, SQ be two radii vectores, and

PT, TQ tangents at P and Q, then SP . SQ = ST*.

31. If a chord of a conic section subtends a constant angle
at the focus, shew that the locus of the foot of the perpendicular

upon it from the focus is in general a circle, but in one case is a

straight line.

32. PSF, QSQ are two focal chords of a conic
;
shew that a

straight line through S bisecting the angle PSQ\ will intersect the

chord QP produced in the directrix.

33. The angular co-ordinates of the extremities of two chords

of a conic are, as in Art. 305, a
/?,

a + J3 and y J3, y + (3 ;
find

the locus of their intersection, if y a = e, where {3 and c are

constants.

34. Having given two points, through which a conic section

is to pass, and the directrix; shew that the locus of the corre

sponding focus is a circle whose centre is on the line joining the

two points.

35. A small arc of a conic being traced upon a plane, shew

how to determine the nature of the conic to which it belongs.

36. If in a conic section a series of right-angled triangles is

described, having the right angles at a given point in the curve,

and tangents be drawn at the extremities of the hypotenuses, the

points of intersection of these tangents lie in one straight line,

37. A series of triangles is inscribed in a conic section, having
a common angular point, the angle at which is bisected by the

normal to the curve at the angular point; shew that the sides,

opposite the common angular point, will all meet in the point

of intersection of the tangents drawn at the two ends of the

normal.
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38. How must Art. 307 Ex. be enunciated, if the conic is a

rectangular hyperbola ?

39. If the equation to a conic is &amp;lt; (xy)
= 0, interpret the

equations

Ax2 + IIIxy + Bif = 0... (1), 2&B+2 JFy+C =
0...(2) &amp;gt;

-4aj + 2/fy+2 =
0...(3), By + 2IIx + 2F= 0...(4).

40. Shew that the locus of the centre of a rectangular hyper
bola described about a given equilateral triangle is the circle

inscribed in the triangle.

41. Shew that two parabolas cannot touch each other in

more than one point.

42. If the parallel chords of a conic are divided in any

proportion, the locus of the dividing point is a conic,

43. Find the equation to a circle referred to two tangents of

length a, containing an angle o&amp;gt;.

*44. Shew that two conies of the same class, whose axes are

proportional in magnitude and parallel in direction, cannot have

more than two real finite points in common.

*45. A pair of tangents are drawn from a point to a conic,

and a straight line bisecting the angle between them cuts the

chord of contact in 0; shew that the polar of is the external

bisector of the angle between the tangents.

46. If two tangents be taken for axes, the co-ordinates of the

centre of a conic are proportional to the lengths of the tangents ;

hence shew that, if straight lines are drawn from the centre

parallel to the tangents, so as to form a parallelogram, the chord

joining the points where they cub the conic is parallel to the

diagonal.

47. In the sides AB, AC of a given triangle AEG take two

points M, N, and in the line joining them take a point P
t

such that

EM : MA=AN : NC =MP : PN -

9

find the locus of P.
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48. If a conic be inscribed in a triangle, and touch two sides

at the point of their bisection, shew that the straight line joining

the centre and the third point of contact will pass through the

opposite angular point.

*49. Shew that the equation (axes rectangular) to the equi-

conjugate diameters of the conic

5x + 2xy + 5y - I2x - I2y =

is x- + 1 Qxy + y&quot;

- 1 2x - 1 2y + 1 2 = 0.

*50. If the equation to an ellipse is Axs + 2Hxy + By
3 + (7 = 0,

shew that the equation to an hyperbola upon the same axes is of

the form

(A + B] (Ax
2 + 2IIxy + By

2

)
+ 2 (IP -AB) (x* + y*) + C&quot;

=
0,

and find the value of C (axes rectangular).

51. Shew that the equation (axes rectangular)

(rf-7+(yV &amp;lt;*)=

represents two ellipses. Find the principal axes, and shew that

the semi-diameter, drawn to the point where their common tangent

meets either of them, is equal to ,J3a.

52. If the general equation of the second degree represents a

parabola, and the axes (rectangular) are tangents, find the equation

to the axis and directrix, and the co-ordinates of the focus.

*53. Shew that the asymptotes and any pair of conjugate

diameters of an hyperbola form an harmonic pencil. Hence, if

Ja3 + 27/a:7/ +%3
-f (7 = 0, ax3 + 2/ixy + faf

= 0,

are the equations of the curve and the diameters, shew that

P. C. S. 21



*CHAPTER XIII.

Abridged Notation and Trilinear Co-ordinates,

326. BY reasoning precisely similar to that made use of

in the case of straight lines, we see that, if

S = 0, S =
(1),

be two conic sections (S and S being of two dimensions in x

and
?/),

then

S + kff = (2),

where k is some arbitrary constant, since it is also of two

dimensions, is also a conic section
; and, since the co-ordinates

of the points of intersection of equations (1) evidently satisfy

equation (2), therefore (2) represents a system of conic sec

tions, passing through the four points of intersection of (1).

327. We say/owr, because the elimination of one of the

variables between two equations of the second degree pro

duces, generally (Appendix), an equation of the fourth degree.

If the resulting equation should in particular cases fall below

the fourth degree, in consequence of the coefficients of one or

more of the higher powers vanishing, the curves may still be

said to intersect in four points, one or more of these points

being infinitely distant. If therefore we take into account

points which are infinitely distant or imaginary, or both, we

may say, that two Conic Sections always intersect in four

2)oints. In considering the infinitely distant points of inter-
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section of two conies, we must bear in mind (Arts. 42, 179,

253) that, when algebraic results lead to the conclusion that

loci meet at infinity, the geometrical interpretation is, that

the loci tend to have the same direction, or, in other words,

to become parallel straight lines.

Ex. 1. If two hyperbolas have an asymptote of one parallel to an asymp
tote of the other, they will meet in three finite points and one infinitely distant

point.

Ex. 2. If two liyperbolas have a common asymptote, or have the asymp
totes of one parallel to the asymptotes of the other, they will meet in two

finite and in two infinitely distant points.

These propositions may be easily proved by Arts. 240, 242. They may
be illustrated with every variety of figure, by drawing on thin paper two

hyperbolas with their asymptotes, and placing them one over the other,

against the light.

Ex. 3. Every conic, which, passes through the intersections of two rectan

gular hyperbolas, is also a rectangular hyperbola.

For, if the A +B of S= and the A + B of S = both vanish (the axes

being rectangular), BO does the A +B of S + kS = Q.

The above includes (Art. 67) pairs of straight lines at right angles, which

must be considered rectangular hyperbolas. So that every pair of straight

lines drawn through the four points of intersection, is one of the conies of

the system, and the lines are at right angles.

Ex. 4. If a rectangular hyperbola circumscribe a triangle, it parses through

the point of intersection of the perpendiculars from the angles on the opposite

sides.

Let ABC be the triangle, and let a perpendicular from A on BC meet the

curve again in D
;
then A, B, C, D are the intersections of two rectangular

hyperbolas ;
and therefore BD, CA and CD, AB are at right angles, which

proves the proposition.

328. Since three pairs of straight lines (Art. 104, Ex. 1)

can be drawn through four points, two conies will have six

chords of intersection. The reader who is acquainted with

the Theory of Equations will observe, that the imaginary

points of intersection of two conies must occur in pairs

similar to those of Art. 127; and consequently the chord of

21 2
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contact, joining a pair of such points, is real. Thus, if two

conies intersect in four imaginary points, and the pairs be

A, B and C, D, the chords AB and CD are real. The rest

are imaginary ; for, if A C, for example, were real, C would

be the intersection of two real straight lines, and would

therefore be real. Again, if the conies intersect in two real

and two imaginary points, the chord joining the two real

points, and that joining the two imaginary points, will be

real, and the rest imaginary.

Ex. Shew that for three values of Jc the equation S+kS = Q will repre-

sent a pair of straight lines.

Let the equations, for which 5= 0, S = stand, be

ax*+ 2hxy + by- + 2gx + 2fy + c = 0,

a x2 + 2h xy + Vy* + 2g x + 2fy + c =
;

then the equation S + kS = Q will be

Ax2+ 2Hy + Bij&quot; + 2Gx + 2Fy + C= 0,

where A = a + ka
,
H=h + kh

f

,
&c. The condition that this equation should

represent two straight lines (Art. G2) is

ABC + 2FGH - AF* - BG* - CH-= ;

and, if A, //,...&c. are replaced by their values a+ka ,
h + 7ch ,...&c. we shall

obtain an equation of the third degree in k. The roots of this equation,

substituted in S + kS O, would give us the equations to three pairs of

straight lines. These are the three pairs of chords, real or imaginary, which

can be drawn through the four points of intersection of (S) and (S ). One

root of a cubic equation, and therefore one value of k, must always be real.

329. Suppose that S = LM, where L and M are of one

dimension in x and y ;
then S = represents two straight

lines and

S + kLM=Q (1),

will represent a conic, two of whose chords of intersection

with the conic (S) are

L =
0, M=Q.

This can be instantly deduced from the previous article
;

for, since the conic (S ) has become two straight lines, the

conic (1), which passes through the intersections of (S) and
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these straight lines, must have the lines for two of its six

chords of intersection with (S).

It can be also shewn independently, as follows. Since

the co-ordinates of the points of intersection of (L) and (S)

make these expressions vanish simultaneously, they also

make the expression S + kLM vanish, and therefore satisfy

equation (1). Hence the conic (1), passing through the inter

sections of (L) and (S), has (L) for its chord of intersection

with (S). Similarly (J/) may be shewn to be a chord of

intersection of (1) and (S).

Ex. If L, M are of the forms Ax + By+C, Ax-By+C ; then, if th&amp;lt;-

axes of co-ordinates are parallel to the axes of (S), they will also be parallel to

the axes of (S + kLM).

330. The conies (S) and (S + kLM) will touch one

another, if two of their points of intersection coincide. This

will be the case, if either (L) or (M) touches (), or if (L)

and (M) intersect in a point on (S). Hence, if T = is the

equation to the tangent to (S) at a given point (x y \ then

S + kT(Ax + By + C) = Q (1)

is the equation to a conic touching (S) at the point (x y).

If the straight line (Ax + By + 0=0) pass through the

point (x y \ which gives C = - Ax By ,
three of the points

of intersection will coincide
;
and the equation to a conic,

having such a contact with (S), is

S+kT(Ax + B!/-Ax -y )
=

(2).

If we introduce the conditions (Arts. 10G, 110) that equ.

(2) should represent a circle, we shall have two equations,

by which A and B may be determined, and we may thu*

obtain the equation (Art. 290) to the circle of curvature at

the point (x y).

If the line (Ax + By + C = 0) coincides with (T), the

conies will have four points coincident, and the equation is
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The above equations may be written without the multi

plier k\ thus S+kLM=0 may be written S + NM=0,
where N kL, and consequently (L) and (^Y) represent the

same straight line.

Ex. 1. To find the equation (axes rectangular) to the circle of curvature

at the origin of the conic

The tangent T= is (Art. 297, Cor.) x= 0, and the chord A(x-x )

+ B(y-y )=Q becomes Ax + By = Q. Then the required equation is

3x2 + 2xy + 4y
2 + x + x (Ax + By) = 0,

where we omit the multiplier k, since kA, kB are not more general than

A,B; then, from the conditions for a circle, 3 + ^1= 4, and 2 + ^ = 0, and

the equation becomes
4r2 + 47/

2 + o:= 0.

Ex. 2. To find the equation (axes rectangular) to the circle of curvature

at the point (/j.) of the parabola y~= 4dx.

The equation to the tangent (Art. 250) is

py--4 &amp;gt;8*6;

and eince (Art. 296, Cor. 4) the tangent and the chord make equal angles with

the axis of the parabola, the equation to the chord is

=-- or

Hence the required equation is

y- -Ux + kfay-x- dfjr) (w + x- 3dp-) =0,

which becomes after multiplication

The condition of Art. 296 has made (Art. 329, Ex.) the term containing xy
vanish from the equation ; the condition that the coefficients of x~ and 7/

2 should

be equal, gives k= - -
^ ; and the equation becomes after substitution

x* -f ?/
2 - 2d (3/A

2 + 2) x + 4dfj.
5
y
-

Bd-/j.
4= 0.

Ex, 3. To find the radius and the co-ordinates of the centre of the circle

of curvature at any point (xy ) of a parabola.

From the result of Ex. 2 we have

2(
r=
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Ex. 4. To find the equation to the circle of curvature at the point of an
ellipse, whose eccentric angle is 0.

The ellipse being referred to its axes, the equation to the tangent
(Art. 164) is

-cos + | sin = 1;

and, as in Ex. 2, the equation to the chord is

y - 6 sin _ 6 cos x

Hence the required equation is

y . ,
\ fx ?/ \

os + - sin 0-1 I I - cos - - sin - cos 201=0,

^2
+

frs

~ 1 + k
(j^

cos*0 - p sin2 -
2^

cos3 +
2|

sin3 + cos
20)

=0 ;

whence, as in Ex. 2, fc=-a2 ~ -_
.

a2 sin2 + i- cos 2

The equation after substitution becomes

?/
2 -2(a2 -&2

) f^cos
3

0-| sin3

J
+a2

(3cos
2 0- l) + fc

2
(3 sin2 0- 1) = 0.

If the point (0) be (x y
1

),
the equation is

where a is the semi-diameter through (x y ),
and b the semi-conjugate.

331. If L = JLT, then &amp;gt;S becomes of the form L*
t and the

equation S =
0, or L? = 0, represents two straight lines

which coincide. Then, by following out the same train of

reasoning as that used above, we see that, since the lines

(L) and (M) coincide, the conic (S + kU) will pass through
the two pairs of coincident points of intersection of (S) and

(L
z

), and will therefore touch (S) and have (L) for a common
chord of contact. The conic (S + kL*) is said to have a

double contact with (S) along the line (L). The annexed

figures will shew the position of the conies of Arts. 329, 331.

It is evident from an inspection of the figure, that l\v&amp;lt;&amp;gt;

out of the three pairs of chords common to (S + kLM) and

(S) have now come into coincidence with the chord of contact
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(L), and that the remaining pair have become tangents at

its extremities. If we had made use of these chords instead

of (Z) and (M) in the equation, we should have proved that

the equation to a conic, having a double contact with ($) at

two given points, may be written in the form 8 + kTT = 0,

where (T) and (T) represent the tangents at these points.

These results will be seen to agree with Art. 335.

332. The equation $ -f IcL = may be considered as a

limiting form of the equation S + kLAI=Q; for it may be

written

S + (0 . x + . y + V) L = 0,

which indicates that one of the chords of contact has (Art.

09) become indefinitely distant. It will represent a series

of conies, having (L) for their common chord, similar (Art.

319) to (S), and similarly placed. Hence two similar and

similarly placed conies have two finite and two infinitely

distant points of intersection, a result which may easily be

verified by the equations of Arts. 319, 320.

If the curves are hyperbolas, their asymptotes are (Art.

18G) parallel, and the infinite points of intersection are ex

plained by the tendency of the curves to merge into two

pairs of parallel straight lines. If the curves are ellipses,

as the chord moves off, its intersections with (S) become

necessarily imaginary, and we can attach no geometrical

meaning to the infinitely distant points of intersection. If
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the curves are parabolas, their axes are parallel, and the

curves tend to become four straight lines parallel to their

axes, and infinitely distant from them.

333. The equation S + k = may be written

and is therefore a particular case of the equation S + IcD = 0.

It represents a conic, having a double contact with (S), the

chord of contact being infinitely distant. Now S + / =
differs from S = in the constant term only ;

hence the

conies are not only similar and similarly placed, but they are,

(Art. 141, Cor., 145, Cor.), if central conies, concentric, and

their axes and asymptotes are coincident. If the curves are

hyperbolas, they have their asymptotes as common tangents
at infinity, and therefore touch one another, and have a

common chord, at infinity. If they are ellipses, we can

attach no geometrical meaning to the infinitely distant, but

imaginary, points of contact. If they are parabolas, they
are equal, and their axes are (Art. 156, Cor.) coincident; and

it may be seen that two such curves approach indefinitely

near to one another, or touch, at infinity, by writing the

equations to the curves, y
2 = 4dx and 7/

2 = 4d (x + h) t
and

using the method of Art. 171.

334. If S also, as well as S , can be split up into two

linear factors, then each of the two conies becomes two

straight lines, and our equation S + kS = becomes of the

form

LN+kMR-0,
where L, IT, N, R are all of one dimension in x and y ;

and

this represents a conic section passing through the four

points of intersection of S and /S&quot;
=

0, or, in other

words, circumscribing the quadrilateral formed by these four

straight lines. We shall, however, prove this proposition

independently ;
it may be stated thus :
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Q,M = 0,N=0,R = 0, be the equations to the four
sides of a quadrilateral taken in order, then the equation

LN+JcMR = ........................ (1)

represents a system of conies circumscribing the quadrilateral.

For the co-ordinates of the point (L, I/) make L and M
simultaneously vanish, and therefore make the expression

LN+ kMR vanish, and therefore satisfy equation (1). This

corner of the quadrilateral lies therefore in (1). Similarly it

may be shewn that the points (M, N), (N, R), (R, L), or the

other three corners, lie in (1), and therefore that (1) (which

being of two dimensions in x and y must be some conic) is

one of a system of conies circumscribing the quadrilateral.

We have noticed an equation of this form in Art. 312, Ex.

Since the expressions L, M, N, R are proportional to the

perpendiculars from the point (xy) on the four sides of the

quadrilateral, we have the following geometrical interpreta

tion of equation (1). If any quadrilateral figure be inscribed

in a conic, the product of the perpendiculars, drawn from any

point on the curve to two opposite sides, is in a constant ratio

to the product of the perpendiculars on the other two sides.

335. If M=R in the equation LN+kMR = 0, it be

comes

and we see that, owing to the two opposite sides of the quad
rilateral approaching to and ultimately coinciding with each

other, instead of two chords of intersection, (M) and (R), of

the circumscribing conic, we have only one chord, which will

be one of contact
;
for the lines (L), (N) will then each pass

through two consecutive points in the circumscribing conic,

and will therefore be tangents to it. We have noticed in

Art. 308 the particular case, where the tangents are them

selves the axes of co-ordinates.
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Ex. 1. The general equation of the second degree may be written

Ax- + 2Hxy + By* + (2Gx + 2Fy + C) (0 . x + . y + 1) = 0,

and is therefore of the form LN+kMR = 0. The first three terms represent

two straight lines through the origin, parallel (Art. 18G) to the asymptotes,

each meeting the curve in one finite and one infinite point. The lino

(2Gx + 2Fy + C= Q) is the chord joining the two finite points, and the line at

infinity joins the two infinite points.

If C-0, or the origin is on the curve, the two finite points coincide, and

=
Q) is the tangent at the origin, as in Art. 297, Cor.

Ex. 2. The ordinary equation to central conies may be written

=Q .............................. (1),

where j;-a=0 and x + a = Q are two tangents, and y = Q is their chord of

contact.

Ex. 3. If the vertex is origin, the equation of Ex. 1 is

(x-2a)x +fa= 0,

or, as in Art. 2-10,

Now, when a becomes infinite, or the curve becomes a parabola, this

equation becomes

where one tangent (0 . a; -2=0) has (Art. 99) become infinitely distant.

Ex. 4. The equation to an hyperbola referred to its asymptotes may be

written

xy= (0.x + Q.y + kY,

the lines x= 0, y= Q being tangents, whose chord of contact is infinitely

distant.

Similarly the ordinary equation to the hyperbola may be written

with a like interpretation.

Ex. 5. The general equation to the parabola may be written

(ax + by? + (2Gx + 2Fy + C) (0 . x + . y + 1) = 0,

where (Art. 275) the line (ax + by = Q) is a diameter, and (2Gx

the tangent at its vertex, the tangent at the other end of the diameter being

infinitely distant.
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336. If we write the equation of Art. 335 in the form

LM= R*, which is equally general, any point on the locus

may be defined by the equations

L_E_M
1~

a &amp;gt;

* *

the equations R = pL, M=

where
//,

is arbitrary, representing a pair of straight lines,

drawn through (L, R) and (M, R) and intersecting at a point

on the curve, which we may call the point //,.

337. To find the equation to the chord joining two points

on the conic Lj\I=R*, and to deduce the equation to the

tangent.

Let fAlt /JL2 (Art. 33G) be the two points ;
then at these

points we have

L_R_M L_R_M
I ^ .ff&quot; 1&quot;*

&quot;

Suppose the equation of the chord to be

lL + rR + mM=0 ..................... (3),

then, since fiv /x2
both lie on this line, we have, from (1) and

(2), the equations

...... (4), l + r/jL.2 +mp* = Q ...... (5);

*J77 V
hence, obtaining the values of

-j
, j

from (4) and (5), and

substituting them in (3), we have for the equation to the

chord,

/WC-O^H-^) R +M=0 ............... (G).

If we make /* t
=

/*2
in equation (6), we obtain, for the

equation to the tangent at
JJLV

/^-2^72 + il/^O .................. (7).
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338. Conversely, if a linear equation contains an arbi

trary constant of the second degree, the straight line which

it represents will touch a fixed conic. For its most general
form is

fj.

9

L-2fiR+3I=Q ..................... (1),

where
//,

is arbitrary, and L, M, R are linear
;
and this repre

sents a tangent to the conic LM= R*. The conic is called

the Envelope of the system of lines represented by (1).

It is plain that only two lines of the system, that is two

tangents to the conic, can be drawn through a given point,

namely those answering to the values of
//,

determined by the

equation

itl -fyR+M -Q .................. (2),

where L
,
M

y
R are the results of substituting the co-ordi

nates of the given point in L, M, R. If the given point is on

the curve, the two tangents coincide, and the roots of (2) are

equal. The condition that this should be the case, is the

equation to the envelope. Cf. Arts. 121, 188, 258.

Ex. 1. To find the envelope of tlie line

1 - u2 2u &amp;lt;1&amp;gt;

Since cos &amp;lt;=,,, sin 0= -
,,, where tan =ft,

tlie equation becomes

(C + A .r) f -
2BijfjL + C - Ax = 0,

arid the equation to the envelope is

Ex. 2. Given the vertical angle and the sum of the sides of a triangle, to

find the envelope of the base.

If the sides be taken for axes, the equation to the base is

where a + 1 = 7c, a constant. Then

-+ r^-=l. Or
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and the equation to the envelope is

(x-y + k) = 4kx,

a parabola touching the sides.

Ex. 3. Find the envelope of a line such that the sum of the squares of the

perpendiculars on it from two fixed points may be constant.

Take for axes the line joining the two fixed points, and a perpendicular

through its middle point, so that the co-ordinates of the fixed points may be

y = 0, x= c : then, if the sum of the squares k, the equation is

Ex. 4. If the difference of the squares be given in Ex. 3, to shew that the

envelope is a parabola.

Ex. 5. The sides BC, CA, AB of a triangle being divided at the points

D, E, F, so that

BD_CE _AF_
DC~~EA~ FB~ U

to find the envelope of FE.

It AC and AB are taken for axes of x and y, the equation to FE is

n + 1 n + L

which may be written

2

and FE is therefore a tangent to the conic

which (Art. 308) is a parabola touching AB, AC, at the points L ,
C.

339. It will be observed, that we have considered in the

present chapter equations representing conies passing through
some four fixed points. Each equation has involved an un

determined constant k
t
which may receive different values,

distinguishing the different conies which can be drawn

through the same four points. By giving a suitable value to
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k, we may make the equation represent any conic whatsoever

passing through the four points. For let S = represent

any such conic, and let (x y) be any other point in it
; then,

by substituting #
, ?/ in the equation, we shall obtain the

appropriate value of k, when the locus passes through (x y ).

If this value of k is substituted in the equation, the conic

represented by it will pass through the same five points as

2 = 0, and therefore (Art. 312) be identical with it.

Ex. 1. Find the equation to the conic section that passes through the

intersection of the circles

x*+y*-4x-Sy = 28 .............................. (1),

*2 + 7/
2= 4 .............................. (2),

and through the centre of (1).

Equation (1) may be written

(or-2)
2 + (y-4) = 43

and its centre is therefore the point (2, 4).

The equation to the required conic will be of the form

and, since it passes through the point (2, 4), we have,

therefore & = 3,

and the equation becomes

or

or

a circle, the co-ordinates of whose centre are (, 1), and whose radius

is 2^/5.

Ex. 2. To find the equation to a pair of tangents drairn from the point

(x y )
to the conic 0(.r?/)=0.

The tangents are a conic having a double contact with 0(r?/)=0 along

the polar (say I/ = 0) of (x y ).
The equation therefore (Art. 331) is

&amp;lt;f&amp;gt;(xy)

+ kL- = Q; and the locus passes through the two pairs of coincident points of

intersection of (*y)
= and L2= 0. Written at length (Art. 208) the equa-

tioii is
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and, since the locus passes through (x y ), we have from this equation

Hence the only conic answering the conditions is

&amp;lt;f&amp;gt; (xy) &amp;lt;j&amp;gt; (x y ) ={(Ax +Hy + G)x + (Hx + By + F)y + Gx + Fy + C}
2
,

which must therefore be the tangents.

Ex. 3. To find the equation to the director circle of the conic $ (xy) y

the axes being rectangular.

The pair of tangents in Ex. 2 are at right angles, if (Art. 67) the sum of

the coefficients of x- and if- in their equation vanishes ; and this is the

case, if

but, if the tangents are at right angles, (x y )
must (Art. 189) be on the

director circle
;
and the required equation is therefore, after expansion,

(IP - AB) (x
2 + ?/) + 2 (HF- B G) x + 2 (HG - AF) y - C (A + B) +F2 + G2- 0.

In the case of the parabola, the terms of highest dimensions vanish, and

the equation represents the directrix.

340. By means of Art. 335 we may interpret the equa
tion

for it may be written in either of the

forms

(IL + mM) (IL
- mM) - n*N* = 0,

(IL + nN) (IL
- nN) - m*M* = 0,

and therefore represents a conic, so

situated, that AB (N) is the chord of -&quot;

contact of (IL+ mM), (IL mM), the ,

pair of tangents through C (L, M), and

CA (M) is the chord of contact of (IL
the pair of tangents through B (L, N). In other words

C (L} M) is the pole of AB (N), and B (L, N) is the pole

of CA (M); and consequently (Art. 130) -4 (Mt N) is the

pole of BG (L). It will be seen from the equation that,

although A (M, N) is the pole of BG (L), the tangents

from A are imaginary.

nN), (IL-nN),
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The points of intersection of the lines (L\ (M), (N) form

(Art. 299) a conjugate triad, and the triangle formed by (L),

(M), (N) is (Art. 130) self-conjugate, or self-polar.

341 (i). Suppose the equation to the conic of the preced

ing article to be (Art. 88)

and that the lines (a), (/3) are at right angles. Then this

equation asserts, that the square of the distance of a point on

the locus from the point (a, /3) has a constant ratio to the

square of its distance from the line (7) ; hence the locus is a

conic with (a, /3) for focus, (7) for directrix, and e for eccen

tricity. Now (1) may be written

hence (Art. 335) the lines (ey a), (ey + a) are tangents, and

the focal chord (#) is their chord of contact. But (ey a),

(ey + a) meet in (7) ;
hence tangents at the extremities of any

focal chord intersect in the directrix. Also they meet in (a),

which is perpendicular to (/9); hence every focal chord is

perpendicular to the straight line joining the pole with the

focus. The lines (a), (/3), (7) occupy the positions of HK,

PQ, KX in the fig.
of Art. 205.

341 (ii). If we take the focus (a, ) for origin and tlu&amp;gt;

lines /3, a for rectangular axes of x and y, the equation

a
8 + /3

2 = e
2

7
2 becomes that obtained in Art. 208,

a? + y*
= e

2

(x cos y + y sin 7 -p)~,

or (x + J^ly) (x
- J^ly) = e

2

(# cos y + y sin 7 -p)*.

From the form of this equation, we sec- that the- t\v.

imaginary straight lines

(x + J -^ly) (x -J -^y) = 0, or *a

+y = 0,

P. C. S. 2 2
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are tangents to the conic, and

x cos 7 + y sin 7 p =

is their chord of contact, or the polar of the focus (Arts. 127,

195). But x* + y*
= also represents a circle (Art. 107) of

indefinitely small radius, whose centre is the origin. That is,

if the focus is origin and the axes rectangular, the equation

to a pair of tangents from the origin satisfies the conditions

for a circle
;
and the same will be true, if the origin is trans

ferred to any point ;
for then the equation a? -f y

2 = will

become

Ex. To find equations to determine the foci of &amp;lt;f&amp;gt; (xy) = 0.

The equation to a pair of tangents to
&amp;lt;j&amp;gt; (xy) from a point (x y )

is (Art.

339, Ex. 2),

and, if this satisfies the conditions for a circle, i.e. if (x y )
is the focus,

11$ (x y }
= (Ax + Hy + G) (Hx

f + By
1 + F).

Hence the foci are given by the equations,

^_
A-B H

These equations for the foci may be seen by Arts. 67, 186 to represent

rectangular hyperbolas, or straight lines at right angles. The equation

(Ax + Hy + G)
2 - (Hx+ By + F)

2
_ (Ax + Hy + G) (Hx + By + F)

A-B H
represents the axes, as proved in Art. 303, Ex. 1.

342. Pascal s TJieorem. The three pairs of opposite sides

of a hexagon inscribed in a conic intersect in points which

all lie in one straight line.

Let Z = 0, J/=0, zV=0, R =
0, S=0, T=0, be the

equations to the six sides of the hexagon, and let Q = be

the equation to the diagonal joining (L, T) and (N, J?); then,
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since the conic is circumscribed about the quadrilateral whose

sides are (L), (M\ (N), (Q), its equation (Art. 334) can be

written in the form

LN + kMQ = Q (1);

also, since it is circumscribed about the quadrilateral whose

sides are (R), (S), (T), (Q), its equation can be written in

the form

RT+k SQ =
(2);

then, since (1) and (2) represent the same locus, one of them

must be derived from the other by the introduction of some

constant factor X; that is,

LN+ kMQ = \(RT + k SQ)

identically; hence

LN- \ItT = (\k S - kM) Q

identically; but LN\RT=0 represents a locus passing

through the points (L, R), (L, T), (N, R), (N, T), hence

(\k S kM) Q = 0, which evidently represents two straight

lines, represents the same locus
;
but Q = passes through

the points (L, T), (N, R), hence \k S-kM=Q must pass

through the other two points (L, R), (N, T); but it evi

dently passes through (M, S), hence (L, R), (M, S), (N, T)
are in one straight line.

343. Brianclioris Theorem. If tangents be drawn at the

six angular points A, B, C, D, E, F, of a hexagon inscribed

in a conic, so that the tangents at A, B meet in c, those at B, C
in d, &c.; then the three straight lines cf, da, eb meet in

a point.

This follows at once from Pascal s Theorem, or vice versd.

For c is the pole of AB and / is the pole of DE-, hence

(Art. 130) the intersection of AB, I)E is the pole of cf.

Similarly BC, EF da,

and CD, FA eb.
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But these three intersections lie on one straight line; there

fore the three polars meet in a point. Conversely, if the

three polars meet in a point, the three poles will lie on one

straight line.

344. Trilinear Co-ordinates.

Since (Art. 96) every equation with these co-ordinates

can be made homogeneous, the general equation of the

second degree (Art. 22) is

A + Bfi* + Oy
2
4- 2F/3y + 2Gya. + 2Ha/3 = 0.

&quot;We shall call the equation &amp;lt; (a/3y)
= 0.

Precisely as in Art. 97, it may be seen that the Cartesian

equation to any conic can be transformed into an equation
of the above form; that is to say, the general equation
of the second degree in Trilinear Co-ordinates can be made
to represent any conic, by giving suitable values to the

constants.

COR. If L = 0, M= 0, N- = be the equations to the

sides of the triangle of reference, it is evident, as in Arts. 92,

98 Cor., that the above statements are true, if we write the

abbreviations L, M, N, instead of the trilinear co-ordinates

a, /3, 7. The same remark will apply to Arts. 345, 347.

345. To find the equation to a conic section which cir

cumscribes the triangle of reference.

Let the equation to any such conic be

then, since the conic passes through the point 6Y

(0, 0,
J,

the equation must be satisfied by these values; but this

gives
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hence we must have (7=0. Similarly it may be shewn

that -4 = 0, and 5 = 0, and the equation becomes

Fj3y + Gyz + Hoi/3 = 0.

This equation may be written in the form

- + = + 5=0,
a 7

and evidently involves two independent arbitrary constants

only, the conic having already fulfilled three conditions.

Ex. To find the equations to the tangents at A, B, C of the conic circum

scribing the triangle ABC.

By writing the equation lpy + mya + na.p= in the form

lpy + a(my + np) = ........................... (1),

we see that it is reduced to lfiy
= Q, if we put my+ n/3

= 0. Hence the lino

my + nfi
= Q meets the conic in the points in which it meets the lines

/3
= 0, 7= 0; but these two points coincide, since the line my + w/3

= passes

through the intersection of j3
= 0, 7= ;

hence the straight line and the conic

meet one another in two coincident points, that is, they touch one another

at the point A. We may obtain this result by putting j3
= 0, 7 = in equa

tion (2) of Art. 351, Ex. 1. Hence the tangents at A, B, G are

346. To find the condition that the conic circumscribing

the triangle of reference should be a circle.

Let DE be the tangent at the point A ;
then the angles

DAB, EAC are equal to the angles C and B respectively.
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Also, since DE lies in the -\ and \- compartments formed

by the lines (/3), (7), we have for its equation (Art. 57),

[

/ =Q .

7 sin DAB sin B sin C

but (Art. 345, Ex.) its equation is I-
- =

: hencem n

m sin B ~. ., , I sin A= -: ~ . Similarly = - ^ ,

ft sin C ^ m sm JD

and the equation to the circle required is

/?7 sin A + 72 sin B + a/3 sin 6Y =
0,

or a/rty + 672 + ca/3 = 0.

Ex. If one focus of a conic which touches the three sides of the triangle

of reference lies on a fixed straight line, shew that the other focus will lie on a

conic circumscribing the triangle ; and hence deduce Art. 306, Ex. 4.

If (a/37), (a /3V) be the foci, we have (Art. 204),

If therefore the co-ordinates of one focus of the conic satisfy any homo

geneous equation f(a^) = 0, the co-ordinates of the other focus will satisfy

the equation

Thus, if one focus of a conic lies on the line

la + mp + ny= Q............................... (1),

the other focus will lie on the locus

that is, on a conic circumscribing the triangle of reference.

If the ratio of I : m : n approaches indefinitely near to the ratio a : b : c,

the line (1), and consequently the focus, become indefinitely distant, and the

conic is a parabola. In this case (2) becomes the circle circumscribing the

triangle.

347. To find the equation to a conic, which touches the

three sides of the triangle of reference.
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Let the side BO (a) be a tangent to the conic represented

by the equation &amp;lt;/&amp;gt;
(oL/3y)

=
; then, making a. = 0, we have

which is the equation to a locus passing through the inter

section of (a) and the conic
; but, as in Art. 63 (i), we may

see that it represents two straight lines

(3-my = Q, ft
- my =

0,

which pass through the angle A (/3, 7), and therefore join

(0, 7) with the intersection of (a) and the conic. If these

two straight lines coincide, that is, if F2 = BC, (a) will pass

through two coincident points, and be a tangent. Hence, if

(a), (ft), (7) are all tangents, we have

These conditions shew that A, B, C have the same sign,

since the product of any two of them is positive. We shall

suppose that the general equation has been so written, as to

make A, B, G positive, and shall assume, therefore, that

A =
F, E=m\ C=n*;

therefore F= mn, G = nl, H= Im,

and the equation &amp;lt; (5/37)
= becomes

?iV 2mnj3y Znlyx 2lmz@ = 0.

The signs of F, G, H may be taken in eight different

ways, thus

The upper line, where all are positive, or only one, will

give the equations

(h + mjB + nif = 0, (la + m/3 - ny? = 0, &c.,

and will represent coincident straight lines, which fulfil the

conditions of the problem, in that they meet (2), (/3), (7) each



344 TKILINEAR CO-ORDINATES.

in two coincident points ;
but they cannot be said in any

geometrical sense to touch them.

The lower line, where all are negative or only one, will

give four forms of the equation, which represent curves; they
are equivalent to

wy = 0. ..(4),

as may be seen by bringing these equations to a rational

form. The first of these forms, which corresponds to

ZV + m2

/3
2 + wV - ZmnjBy

-
Znlya

- 2lmz/3 = . . . (5),

may be considered to include the other three, since these may
be obtained from (1) and (5) by changing the sign of one

of the quantities I, m, or n. Thus, if we suppose that I, m,

or n may denote a negative as well as a positive quantity, we

may use (1) or (5) as the general equation to a conic which

touches the three straight lines (a), (/3), (7).

Ex. 1. If a conic is inscribed in a triangle, shew that the three straight

lines, joining the angles with the points of contact on the opposite sides, meet

in a point.

Equation (5) may be written in the form

717 (ny
- 2la - 2m/3) + (la

-
m/3)

2= 0,

which is (Art. 335) the equation to a conic referred to two tangents (7) and

(ny
- 2la - 2??z/3), which have (la

-
m/3) for their chord of contact ; but (la

-
m/3)

passes through (a, /3),
and is therefore the straight line joining C with the

point where the conic touches (7) or AB. Hence the three straight lines

which join the angles with the points of contact on the opposite sides, are

Zct-m/3= ...... (1), m/3-W7= ...... (2), ny-la = Q ...... (3),

and these lines (Art. 93) meet in a point.

Ex. 2. To find the equation to the straight line on which (Art. 130) the

poles of (1), (2), (3) lie.

The three tangents to the conic, at the points where (1), (2), (3) meet it

again, are

W7-2Ja-2;;//3 = 0, la - 2m - 2ny = 0, m/3
-

2/17
- 2la= 0.
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For the points where these tangents intersect the opposite sides (7), (a),

(), respectively, which points are the poles of (1), (2), (3), respectively, we

have

y=0, la + mp= ,
a= Q, m/3+ ny = 0; /3

= 0, ny + la=Q t

all which points lie on the line

348. To find the equations to the inscribed and escribed

circles of the triangle of reference.

The equations must be of the form

Jla + Jm@ + Jny = .................. (1).

Then, at the point A ,
where EG meets the inscribed

circle, we have a = 0, and therefore from (1)

= 0, OTmft = ny.... ........... (2).

From (2), and from the figure, if the radius =r, we have

at the point A

A -n T&amp;gt;

r cot-- sin B cos
2
-^m _ 7 _ AB sm B 2 2

~n~(3~ A
r
Csi^C~ C .

~&quot;

,C
r cot = sm G cos =

2t

and similar equations may be obtained for the points B ,
C

;

hence
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9
A ,B 2 &amp;lt;7

I : m : n = cos -^ : cos
&amp;lt;r

: cos --
,

Z 25 2

and the required equation is

COS -
\/ + COS - V/3 + COS -^7=0.

Next let the circle touch 5(7, and J.J9, ^L&amp;lt;7 produced;

then, as before, we have at the point A\ m@ nj ;
and from

this relation and the figure, we have

^7T-S . D . 9
B

A -D
-

T&amp;gt;

rcot 5 smB Binsm ^4 5 sin 5 2

.TT- . . Z
r cot s sin (7 sin ^J 2

Also, at the point B we have la. ny ;
and from this relation

and the figure, since a is negative at B (Art. 94),

K-C . n . , C
-vn n rcot S sm ^ sin on a B C smC 2 2

r cot sin ^. cos -

.1, r 7 2
^ -

2
5 - (7

therefore Z : m : n cos ^ : sin
2

: sin
-^ ,

2 2 - Z

and the required equation is

A ,
- B ,-3 . (7 ,- A

cos
^-

s/ a + sin V/3 + sm - ^7 = 0.

Similarly the equations to the other escribed circles may
be written down. It may be observed, that, as a. is negative

for every point of the circle, V a is an impossible quantity
in appearance only.

349. To find the length of a straight line drawn from
the point ( /3Y) to meet the conic

Atf + Bp + (77
2 + 2/^87 + 2^72 + 27/2/8 = ...... (1).
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Let the equations to the straight line be (Art. 103)

^ = 0^P =
V^/

= p (2)
.

then, for the distance of (zfi y) from the curve, we must

write in (1)

a = \p +&, ft
=

/j,p + ft , v = VP + 7 -

Making this substitution, and arranging, we have

&amp;lt;/&amp;gt;
(\IJLV) f + 2 (A\ + Hfj,+ Gv) a!

-f 2 (GX +^ + Cv) v

To this equation the remarks of Art. 17G may be applied

without alteration.

850. To find the equation to the tangent to the conic

$ (z(3y)
= at the point (oL fi y&quot;).

Let equations (2) of the last article represent the tangent;

then since (iffy) is on the curve, (f&amp;gt; (off^y)
= 0, and from

equation (3) we obtain for the condition of tangency, as in

Art. 117, &c.

= o ..... ....... (4),

or

+ Gv

AOL

E&
(5);

then, since X, //, v are, from (2), proportional to a a
, $ ff,

7 7 for every point in the tangent, we may substitute these

values for \, JJL,
v in (5); hence we obtain

AOL

Hff
+ GJ

Goi

AOL
Z = 0,
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since (a. /3 &amp;lt;y ) is on the curve
;
hence the equation to the

tangent at (a /3 7 ) is

7 = 0.

351. The reader who is acquainted with the Differential

Calculus will observe that the above equation to the tan

gent is equivalent to

Those not acquainted with that subject may regard -y-

as a symbol used to denote the result of the following opera

tion : Take those terms only in the equation to the conic,

which contain a, multiply each term by the index of a. in it,

and diminish that index by unity. For -y-, perform the same
dOL

operation, and then write a?, /3 , 7 for a, /3, 7. The symbols

-775 &amp;gt; ?7?7 j &c. must be understood in a similar manner. The
dp dp

result, when divided by two, will be the equation to the

tangent obtained above. Arts. 350, 351 are true for homo

geneous equations only.

Ex. 1. To find the equation to the tangent at the point (affiy ) of the

conic.

.............................. (1),

and the equation to the tangent is

This may be written in another form; for, since (a Y) is on the

curve,

ip y my a! na ff

np + my = - H
;, ly + na = -.-J ma +lp = f- ;

ct LJ *y
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therefore, substituting in (2) and dividing by a(?y ,
we have

h mp ny
ft

,

^2+^2+^
= ................................. I

3
)

COR. In order that any straight line

\a + pp + vy= ................................. (4)

should touch the conic, we have, by comparing (3) with (4),

Xa 2
_ up* _ vy

*

~r~^r~ir ;

hence, since a
, (?, y satisfy (1), we have for the condition of tangency

*/1\ + fjmfj.+ ,Jnv = 0.

Ex. 2. To find the equation to the tangent at the point (a. fi y ) of the

conic.

............ (l),

da&quot;

or

Here we may obtain

from form (1); then, since (a/3 7) is on (2), we have, by transposing and

squaring,

la mfi
- ny =

and the equation to the tangent becomes, after substitution and reduction,

COR. In order that any straight line

\a + fj.p+ vy= Q (4)

should be a tangent, we have, by comparing (3) with (4), the condition

Hence, from (2), the required condition is
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352. Since the equation to the tangent is not altered

when we write a
,
a for a, a

,
or /3 , /3 for ft, ft ,

or 7 , 7 for 7, 7 ,

we see, as in Art. 131, that the equation to the polar of the

point (a/3 y ) is identical in form with the equation to the

tangent.

353. To find the co-ordinates of the centre.

Let (i?/3 y) be the centre
;
then since all chords through

the centre are bisected in the centre, the roots of equation (3),

Art. 349, must be equal and of opposite signs, whatever be

the direction of the chord
;
hence (Arts. 350, 351)

for the values of \ p, v in every chord. If we eliminate

from (1) by means of the relation (Art. 103, Cor.)

a\ + bfj, + cv = 0,

we

for the values of
//,

and v in every chord. But this requires

that

adz bdff cdy&quot;

which are therefore the equations for finding the centre.

See Art. 95 (ii) and examples.

COR. 1. Since /, ,
?

,
=~ are proportional to a, b. c,

az dp ay

by substituting in the equation to the polar of (aft y), we
obtain

a* + bj3 + cy = 0,

the equation (Art. 99) to a line at an infinite distance. This

we might have inferred from the fact that tangents at the

extremities of diameters are parallel, or meet at infinity.
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COR. 2. If we begin by assuming that the polar of the

centre is the line at infinity, we may at once obtain the

equations for the centre (a /3Y), by comparing the equation

to that line with the equation to the polar of the point

Ex. To find the centre of the conic inscribed in the triangle, and thence

to deduce the equations to the inscribed and escribed circles.

The equations for the centre are

l-
(la

- mp - ny )
= (mp - ny -

la) = (ny
- la - mp),

la. mp - ny _ mp - ny - la _ ny - la - mp ^

amn bnl elm

adding numerators and denominators of these fractions two and two, we

obtain
a p y

bn + cm
~~

cl + an
~
am + bl

In order that the centre may be at the point a =p=y ,
which is the centre

of the inscribed circle, we must have

bn + cm= cl + an= am + bl,

abn + cam bcl + abn cam + bcl
r ^

=
&

=
c

J

bcl cam abn
whence

j

or I : cos2
^ =m : cos2 n : cos2 ;

2&amp;gt; & &

and \ve obtain the equation of Art. 3-18.

Similarly we may obtain the equations to the escribed circles, whose

centres are at the points

S54&amp;gt;. To find the condition that the conic
&amp;lt;f&amp;gt; (z/3y)

should be an ellipse, parabola, or hyperbola.

If we eliminate 7 between the equations

have a homogeneous equation in a and 3, representing
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two straight lines through the angular point C of the triangle

of reference, drawn to the points where the conic meets the

line at infinity. These will be parallel to the asymptotes of

the conic; and the condition that these lines should be imagi

nary, real and coincident, or real and different, will- be the

condition required (Arts. 177, 252).

Ex. To find the condition that the equations

.............................. (1),

...... w ...................... (2),

should represent ellipses, parabolas, or Injperbolas.

Equation (1) after the above substitution is

maa~ + (la + mb- nc) ap + Ibfi-
= 0,

from which we get the required condition,

Z
2a2+ ra262+ n2

c2 - 2lmab - 2mnbc - 2nlca &amp;lt; &amp;gt;0.

Eliminating y from equation (2), we have

-n(aa + 6/3)
= 0,

which becomes, when brought to a rational form,

(na + Zc)
2 a2 + 2

{ (na
-

Ic) me + (na + Ic) nb } a/3 + (me + nb)
2

/3
2= 0,

from which we obtain the required condition,

(I m n
linn (- + - + -

\a b c

355. To fold the condition that the conic

should be a rectangular hyperbola.

Transform to rectangular Cartesian co-ordinates, as in

Art. 100 (ii) ;
then the sum of the coefficients of X* and ?/

2

must = 0. The condition will be found to be

A+B + C- ZFcos A-2GcosB- 2H cos (7 = 0.

356. To find the condition that the conic
&amp;lt;f&amp;gt;

(x/3y)
=

should be a circle.

If (a /3Y) be the centre in Art. 349, the coefficient of p
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in equation (3) must vanish, and we have, to determine the

semi-diameters,

Now suppose the line (2), Art. 349, to be drawn parallel
to the side BO of the triangle (fig. Art. 103) ;

then

X = sin 6
; p = sin &amp;lt;

= sin C
;
v = sin ^ = sin B

;

and we obtain for the semi-diameters parallel to BG

&amp;lt;t&amp;gt; (0, sin C,
- sin B) I

2 + &amp;lt; (a /3 7 )
=

0,

or B sin
2 C+ C sin

2 B - 2F sin B sin C = - j

P

Similar expressions may be obtained for the semi-diameters

parallel to CA, AB-, but, if the curve is a circle, these are all

equal, and conversely ;
hence the required condition is, after

substituting for sin A, sin B, sin C the proportionals a, b, c,

Ab* + Ba* - 2Hab = Be* + Cbz - 2Fbc = Co? + Ac3 - 2Gca,

From this may be obtained the results of Arts. 346, 348.

Cf. Art. 353, Ex.

357. To find the condition that tJie conic &amp;lt; (z{3y)
=

should be a pair of straight lines.

This is the condition that
&amp;lt;f&amp;gt; (a/ify) should be the product

of two linear factors. It is the same as that of Art. 62, since

the equation may be made to assume the same form as the

Cartesian equation, by dividing by 7
2
.

358. To find the equation to the asymptotes of the conic

Since the equations of a conic and its asymptotes differ

by a constant only, the equation will be
&amp;lt;/&amp;gt;

(cc/tfy) + k = 0, or

in a homogeneous form,

(&amp;lt;&quot;
+W + o7)

! = ............ (1),

r. c. s. 23
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a form of equation which reminds us that the asymptotes are

a conic having a double contact with &amp;lt; (oifiy)
=

along the

line a* 4- 1/3 + cy = at an infinite distance. Also since the

asymptotes pass through the centre (a /3Y)&amp;gt;
we have

&amp;lt;

(a. /3 y) + It = 0, and the equation becomes

(a/37)
= *

359. The equation to any two circles, with Cartesian co

ordinates, can be written (Art. 110) so as to have the terms

of the second degree the same
;
that is to say, if S = repre

sents a circle, any other circle can be represented by

8 + Ax +% + C = 0.

Hence it follows, as in Art. 344, that, if S = is the equa
tion to a circle, with Trilinear Co-ordinates,

S+ lot. + m@-\-ny =

will represent any other circle
;
or we may use (Art. 9G) the

homogeneous form

S+(h + m{3 + ny) (at + b/3 + cy) = 0.

If the two circles are concentric, their equations will differ

only by a constant; that is, any circle concentric with =0
will be represented by S + c = 0, or, in a homogeneous form,

COR. 1. If (S) is the circle circumscribing the triangle

of reference, the equation to any other circle may be written

in the form

a/3y + lyz + ci& + (I* + ??*/3 + 717) (aa + 1/3 + cy)
=

;

and if the general equation

Aa* + BIB* + Oy
2 + 2F0y + 2&amp;lt;77a + 2JJa =

0...(2)

be the equation to a circle, it must be identical with
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By equating the coefficients of (2) and (3), we may
obtain the conditions of Art. 356, that (2) should represent

a circle.

COR. 2. The radical axis of two circles, whose equations

are written in the above form, will be found by subtracting

one equation from the other, which leaves a linear equation,

as in Art. 133.

Ex. 1. To find the equation to the circle, which passes through the feet of

the perpendiculars from the angles of the triangle ABC upon the opposite

sides.

Let the equation be (Arts. 359, Cor. 1)

afiy+ lya + ca/3= (la +mp + ny} (act + & + cy) ;

;hcn for the point A ,
the foot of the perpendicular from A on

J&amp;gt;(7,
\ve have

a :p: y = Q : AA 1

cos C : AA cosB= : : -.
cos B cos C

Substituting (Art. 95 (ii)) the latter proportionals in the equation, we

ve

a _ (
m n \ ( b c \

cos B cos C
~

\cos B cos CJ \cos B cos CJ

,

since 6 cos C + ccos B a
y

.(1).
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Let the equation be

0/37 + bya + cap= (la + mp+ ny) (aa + bfi + cy] ;

then, for the middle point of BC, we have

a :
/3 : 7=0 :

|
sin C :

|
sin Z? = : :

*
.

Substituting the latter proportionals in the equation, we have

and similar equations may be obtained from the other middle points ;
hence

mw_a2 w Z _ &2 Z ra _ c2
^

~b
+

c
=

~2abc c
+ a~2abc* a b~ 2abc

adding the two last equations and subtracting the first, we havo

21 b + c2 - a2 _ cos A
m

~a~ 2abc a

therefore, by symmetry,

I m n _ 1

cos .4
&quot;~

cosjB
~~

cos C
~

2

and, substituting these proportionals in the equation to the circle, we havo

This equation is the same as that obtained in Ex. 1
;
hence in every tri

angle the same circle passes through these six points.

Suppose the three perpendiculars AA ,
BB

,
CC ,to meet in P then A ,

B ,

C will be the feet of the perpendiculars dropped from 7?, A,P, on the sides of

the triangle BAP ; hence the circle which passes through A\ B ,
C passes

through the middle points of AP and BP, and for a similar reason must

pass through the middle point of CP. Hence the bisections of the sides, the

feet of the perpendiculars, and the bisections of AP, BP, CP all lie on the

game circle. This is called the Nine Points Circle of the triangle ABC.

See Art. 314, Ex. 4, and Examples xn., 14.

In the following examples we shall find the equations to the inscribed

and escribed circles of the triangle of reference, in the form of Art. 359, in

order to prove that they are touched by the Nino Points Circle.

Ex. 3. To find the equation to the circle inscribed in the triangle of

reference.
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This equation may (Art. 348) be written

a2 cos*
| +

2 cos* | +V cos* |
-

2/37 cos21 cos2 - &c. = 0,

which must (Art. 359, Cor. 1) be identical with

k (afr+ bya + cap) +^ cos* ~ + g Cos* ? + ? cos* ^ (aa + 1ft + cy) = 0.

Equating the coefficients of py in these two equations, we obtain

7? C T&amp;gt; C
-a&c&=c2 cos4-+&2 cos*- + 2&ccos2 cos2

(77
/Tf\ 2

ccos2

! + &cos2

^J=s
2
,

where 2s = a + 6 + c. Hence the equation to the circle becomes

=?-- 1- cos* --- +
j-

cos* -- + - cos* ^ J
(aa+ lp+ cy)

Ex. 4. To find the equation to the escribed circle opposite to A.

As in Ex. 3, it may bo shewn that this equation may be written

= -r- {aas
2 + 6j3(s-c)

2 + C7(s-&)
2
} (aa + bp+ cy),

CLOC

from wnich the equations to the other escribed circles may be written down

by symmetry.

Ex. 5. To sheio that the Nine Points Circle touches the inscribed and

escribed circles.

By subtracting the equation to the inscribed circle from the equation to

the Nine Points Circle, we obtain for their radical axis

-c c-a a-
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and (Art. 351, Ex. 2) this is a tangent to the inscribed circle if

A 13 C
cos2 -(&-(?) cos2 (c-a) cos2 -(a -6)

an identity which may easily be proved. Similarly the radical axis of the

Nine Points Circle and any of the escribed circles may be shewn to be a

tangent to the two circles. Hence the Nine Points Circle touches the in

scribed and escribed circles.

SCO. Areal Co-ordinates.

In this system an equation of the second degree will

(Art. 104 (ii)) represent a conic section
; and, if the same

conic be represented in trilinear and areal co-ordinates,

respectively, by

A i
2 + BP + &amp;lt;77

2 + 2F/3y + 2Gy* + 2H*/3 = 0,

and A a? + ffy* + CV + ZF ys + 2G zx + ZH xy = 0,

, x y z 1
we have = ~ = =-,

aa fc/tf cy 2A

_A_ B J7_ _F_ _G_ H
A a*

~
B b*

~
CV

~
Fbc

~
G ca

~
H ab

;

so that we can at once transform any equation or expression

from the one system to the other.

Ex. The general equation in areal co-ordinates will (Art. 35G) represent

a circle, if

B + C-2F C +A-2G A+B-2H
a2 & c*

It will (Art. 355) represent a rectangular hyperbola, if
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1. If two conies have each a double contact with a third

conic, a pair of the chords of intersection of the first two, as well

as the chords of contact of the first two with the third, all pass

through one point.

2. Find the equation to an ellipse referred to any pair of

conjugate diameters, by considering it as circumscribed about the

quadrilateral formed by joining the extremities of these diameters.

3. Shew from Art. 345, Ex. that Ifiy + mya. + naft - is the

equation to a conic circumscribed about a quadrilateral, when two

of its angular points coincide.

4. Interpret the equation (Art. 329) S + kLHf= 0, (i)
when

one of the asymptotes of (S) is parallel to (Z), and
(ii)

when one

is parallel to (L) and the other to (J/).

5. If three conies have each a double contact with a fourth,

six of their chords of intersection will pass, three by three, through
the same points.

G. ABC is a triangle, and P any point, such that the squares

of the three areas PAB, PJ1C, PCA is equal to the square of the

triangle ABC ; prove that the locus of P is an ellipse.

7. If L~ 0, J/=0, N=Q meet in a point, can any conic be

represented by &amp;lt;j&amp;gt; (LMN) = ?

8. Interpret the following equations, \vhere L, J/, N are

linear, and k constant.

(i) LJf+ky=Q, (ii)
ZJ/+F =

0, (iii)
L2 + U1 = 0.

9. The equations to two conies are a/3
=

/x

3

y
9 and ay = A.

3

/3

2

;

shew that a + 4X/x (A/3 + ^ty)
- is the equation to their common

tangent,
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10. AB and AC are two tangents to a conic, and the bisector

of the angle BAG meets BC in D ; prove that the segments of

any chord through D subtend equal angles at A.

11. If the asymptotes of an hyperbola (xy = \m*) coincide

with the conjugate diameters of an ellipse which has a double

contact with the hyperbola, then 4a2
6
2 =w4

,
where a, b are the

semi-conjugate diameters.

12. If three conies have a common chord, the other three

common chords meet in a point.

13. Find the envelope of a line which cuts off from the axes

intercepts whose sum is constant.

14. The bisectors of the angles A, B, C meet the conic round

ABC in D, E, F shew that the equations to BD, CD, DE are,

with the notation of Art. 345,

m+n m+n

(m + n) a + (n + 1) ft- ny = 0.

Hence shew that DE, EF, FD will meet AB, BC, CA, respec

tively, in points which lie on one straight line.

15. In Art. 338, Ex. 5, if FD and DE meet CA and AB
respectively in Q and It, shew that the envelope of QR is the

same parabola.

16. Shew that a pair of tangents through any angle of a self-

conjugate triangle form an harmonic pencil with the sides which

meet in that angle.

17. From the equation to the circle circumscribed about a

triangle shew that the feet of the perpendiculars dropped upon
the sides of the triangle from any point in the circumference lie

in one straight line.

18. With the angular points of a triangle ABC as centres,

and the sides as asymptotes, three hyperbolas are described, so

that the perpendicular distance of the vertex of each from its
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asymptotes is the same ; shew that the intersection of each pair

lies on the axis of the third.

19. The asymptotes to an hyperbola are tangents to an

ellipse ;
shew that the chords which join the points of intersection

of the two curves are parallel.

20. If Z = 0, lf=0, JY=Q are parallel straight lines, the

equation &amp;lt; (LMN) ~ can only represent parabolas and parallel

straight lines.

21. Shew that the tangents to a conic, drawn at the angular

points of an inscribed triangle, will meet the opposite sides in

points which all lie in one straight line.

22. A conic is inscribed in the triangle of reference; shew that

the equations to the straight lines joining the points of contact are

la + m/3
-
ny 0, ny + la mfi = 0, m/3 + ny la=Q.

23. If ABC be a triangle, and AP, CP be so drawn, that

sin PAG : sin PAB = sin PCB : sin PCA,

shew that the locus of P is a conic section, to which two sides of

the triangle are tangents.

24. A fixed conic circumscribes a triangle ABC, and is

touched at B and C by a variable conic, which meets CA, AB
again in D and E

;
shew that BD, CE intersect in a fixed line

passing through A, and that DE passes through a fixed point.

25. Three circles, which touch each other mutually, are

described with the angular points of a triangle as centres ; shew

that the three straight lines, which join the centre of one circle to

the point of contact of the other two, meet in a point.

26. If the tangents to a circumscribed conic at the angular

points of the triangle of reference are parallel to the opposite sides,

the conic is an ellipse, whose equation is

b
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27. The equation to the circle which passes through tlae

centres of the three escribed circles is

aj3y + bya + ca/3 + (a + (3 + y) (aa + b/3 + cy)
= 0.

28. The equation to the circle, which passes through the

centres of the inscribed circle and two escribed circles which touch

CA said AB, is

afiy + bya + ca/3 + (a
-

j3
-

y) (aa + bf&amp;gt;
+ cy)

= 0.

29. A conic circumscribes a triangle; and any conic is

described having a double contact with this, and such that the

bisector of the angle C is the chord of contact. Prove that the

straight line joining the points, in which the hitter conic cuts CB
and CA, meets AB in a fixed point.

30. Interpret the equations

Vtt sin A + V/3 sin B + Vy sin (J = 0,

Va cos A + V/3 cos B + Vy cos C = 0,

Va + V/2 + Vy = 0.

31. If a conic touch the sides of the triangle of reference in

A
,
B

,
C

,
then

(i) any one of the lines AA
,
BB

,
(7(7

,
drawn

from the opposite angles, passes through the intersection of tan

gents drawn to the conic at the points where the other two cut it
;

and
(ii)

if p, q, r be perpendiculars drawn from the point where

these three lines meet (Art. 347, Ex. 1), the equation to the

conic is

/i + /? + /V p \ q V r

32. Find the diameter of a circle described about a semi-

ellipse bounded by its axis minor.

33. If a conic be inscribed in a quadrilateral, the line joining

its points of contact with two opposite sides passes through the

intersection of the diagonals.
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34. From the equation to a conic circumscribing a quadri

lateral, shew that, if the conic be a circle, the opposite angles of

the quadrilateral are supplementary.

35. Shew that the three conies

_.- -- --
lm n*~ tun I*

~
nl m*

meet in a single point, and that, if the constants
I, m, n are

connected by the equation -, -f --h - - 0, where A, u, v are fixed
I in n

quantities, the locus of that point is a conic circumscribing the

triangle of reference. Explain this by a geometrical figure.

36. The curve la
2 + ra/3

2 + ny*
= will be a circle, if

I m n

sin 2A
=

sin 2
=

sin 2C

37. Find the condition that the equation l/3y + mya + naj3 =

may represent a rectangular hyperbola; hence prove that every

rectangular hyperbola described about a triangle passes through
the point of intersection of the perpendiculars from the angles on

the opposite sides.

38. Shew that la
2 + mjB

2 + ny* will represent a rectangular

hyperbola, if I + m + n = Q.

39. An equilateral hyperbola is described, with regard to

which a given triangle is self-conjugate ;
shew that the curve

passes through the centres of the inscribed and escribed circles of

the triangle.

40. Find the locus of a point (i)
such that the square of the

tangent from it to a fixed circle is in a constant ratio to the

product of its distances from two fixed lines
;
and

(ii)
such that

the tangent from it to a fixed circle is in a constant ratio to its

distance from a fixed line.



APPENDIX.

PROPERTIES OF QUADRATIC EQUATIONS.

I. THE most general form of a quadratic is

= ........................ (1).

Solving this in the ordinary manner, we obtain

The roots of (1) are, therefore,

- b + b* - 4ac - I - tf - 4ac

hence, (i) if b2
&amp;gt; 4ac, we shall have Z

2
4ac a positive quan

tity, and therefore Jb* 4ac a possible quantity, and the two

roots will be real and different, (ii) If b
2 = 4ac, JW 4ac = 0,

and therefore the two roots will be real and equal, (iii)
If

b
z

&amp;lt; 4ac, b* 4ac is a negative quantity, and Jb* 4ac is

imaginary, and therefore the two roots are imaginary.

Hence, the roots of equation (1) are real and different,

real and equal, or imaginary, according as

II. If a, /3 represent the roots of ax* + l&amp;gt;x + c 0, given

in (3), we have

This property is expressed by saying that, if any quad
ratic be so written, that the coefficient of x* is unity, then the
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coefficient of x is equal to minus the sum of the roots, and the

last term is equal to the product of the roots.

(* (*

If - is positive, the roots have the same sign ;
if - is

a (JL

negative, they have different signs.

III. If we write equation (1) in the form

c^ + 6- + a = ........................ (4),x x

that is, as a quadratic in -
, so that the roots are - and -~

,

X OL p
we have in the same way

1 1
== _& JL_a

a (3~ c a/i

~~

c
&quot;

IV. (i) If c = in (1), the quadratic is divisible by x,

so that one root is x = 0, and the other x --
. If 6 =

a

as well as c = 0, the quadratic is divisible by a?
2

,
so that each .

of the roots is = 0. This is also evident from (3).

(ii)
If b only = 0, the sum of the roots =

;
that is, the

roots are equal and of opposite signs.

(iii) If a = 0, then one of the roots is x co
; for, if we

write the equation in the form (4), the roots are by (i)
- = 0,
C!&,.,. c ml . ,- =

,
which gives x =00, x

y.
This may be seen

X C

from the form of solution given above, for, if we multiply the

numerator of (2) by b + N/6
a

4ac, we obtain the roots in

the form

and, by putting a in (5), we obtain the same result as

above. If b == as well as a = 0, it will be seen in the same

way that each root = oo .
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V. If there be two equations given of the second degree

between two unknown quantities, the elimination of either

of them will produce, generally, an equation of the fourth

degree.

Since the general equation of the second degree may be

written

,A A
two equations of this form may be written

o + Qa? + J2 = 0, x* + Qx+R = ......... (1).

By subtraction we obtain

(&amp;lt;?-&amp;lt;2&amp;gt;
+ -_R = .................. (2),

and, eliminating x between (2) and either of equations (1),

we have

(R-RJ + (QK-RQ)(Q-Q )
= ............ (3).

A consideration of the values of Q, E, &c., will make it

evident that (3) will contain y*, but no higher power of y.



ANSWERS TO THE EXAMPLES.

I.

&quot;\ (
1

c\ (I
3\

v* I v (2*- 2- 3 - &quot;--

4. 5, ^37. 5. 3VI, 3V3. 6. H
,
?!

7 7

9. a) = = : (2)x~-
5

= V- l. 8. (1) p = 2, 6=30&quot;; (2)

!P)-^-i W -
f ,

y = -^?; (3)x =^,y=-^. 10- pcos(0-a) = a,

P
2

(2 + sm26l) = 26!
. 11. (x

s +
2/=)

2 =
a&quot;

(x&amp;gt;

-
y&quot;).

12. f.i;4-i- 13.
(i)|, |; (H)^,

be cos B ,,.. be ..c + bcosA bsmA

7 .. x . o
T&amp;gt;

(n) c sm8

1?, c cos B sin 2?
; (111) y = - ,

II.

2. y-6a; + 7 = 0. 3.

2# - o^ - #
2) (7/3

- ya)
is one equation. 4. y-x-l = 0.

5. (i) ?/ + a; - G \/2 = ; (ii) y + x + G*J~2 = 0.

3 1
7.

8. y = ?MX -f c. 9. 4 (x + y) 5a 0.

10.
(a

* + b
2

)*&amp;gt;

(a--=^-. 11. y--l=0.
ab

12. a-f7/ = a + 6. 13. (a-a)y-(b -b)x = a h-aV,
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15. a-2 = 3 x = 3 = 4. 16. - 6_.

17. 7/+2^=0. 18. x + y = 2a, or = 4a, according to

the side 011 which the line is drawn. 20. m = 3.

(A-B /2Y
21, 22. Use Art. 43. 24. cos

2 a --V* --

25. -.
n

28. Co-ordinates of vertex being o, y t
the intersection is

o,y. 29. P = 2a, =
^;

the angle = .

31. Take the general polar equation (Art. 44), and proceed

as in Art. 30. One triangle is equal in area to the sum of two

others.

III.

0; (ii) 135. 3. (a 6) y= (b=Fa)(

4. 5v-8#-40 = 0. 5. -7==-,
V629

c + 77y=l. 13. Any angle. 14.

15. 45 or 135. 16. 2x = y, 2y

ft O /^ /&amp;gt;

17. -^- 13. *=
19. (1, 2) on the origin side; (3, -4) on the side remote

from the origin. 20. The side remote from the origin.

22.
(i)

and
(ii) Straight lines inclined at an angle a to the

initial line,
(iii)

A circle whose radius = a
;
a circle whose equa

tion is p + a cos =
;
and a straight line p cos a = 0. 23. 45.

24. (i) The initial line and a perpendicular to it through the

pole, (ii) A perpendicular to the initial line through the pole,

and two straight lines drawn through the pole, making angles of
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30 and 150 with the initial line,
(iii)

Three straight lines, real

or imaginary, passing through the pole. 25. (i)
-

;

(ii) 4a2

; (iu)*i(*y-ay). 2G. 1.

IV.

1 . xa + y
s = c

2
. 2. x&quot; cos 2a - a:?/ sin 2a - a3

.

3. \/~2x = c, xy - 0. 5. y
2 s^2 a = 4a#.

6. 27?/
2
-a;

2
=:12. 7. 3x2 + Kty

2 - 7V3aj = G.

V.

4. Take Ox, 00 as axes. 10. A straight line through
the intersection of the perpendicular lines. 11. A straight

line perpendicular to the base.

VI.

1. lfi + cy
= 0. 2. -aa + bj3 + cy

= 0.

3. I (a
-
a) + m(P~P )

+ n (y
-
y )

= 0.

4. a cos A + (3 cos B y cos = 0. G.
mn

ft y 2A
i,
--

/T -; &amp;gt; i, i / &amp;gt;\ 1 &amp;gt;

see ^r*. 95, Ex.
nl nl Lm I in a (mn m n) + &amp;lt;fcc.

7. a (/3 Y &quot; -
ft&quot; /) 4- /3 (yV&quot;

- y &quot;a&quot;)

-f y (a&quot;/T
- a

&quot;/3&quot;)

= 0.

10. lmn= -1.

11. It is parallel to (/? cos 7? -y cos C), Art. 93, Ex. 4;heiu--,

using Art. 86 aud the condition that it passes through the

bisection of BC, where j3
=

^ sin (7, y = ^ sin ^, we obtain

= sm (C
-

B}.

13. /? + a cos (7 = 0. 14. ^ + 6wi + en = 0.

/,/

P. C. S. 1 1-

17. vlJ/=-
,
AN = . -.

lb-ma Ic-ua
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20. A straight Hue passing through the points where the

external bisectors of the angles of the triangle meet the opposite

sides. The three sides of a triangle formed by joining the points

where the bisectors of the angles meet the opposite sides.

VII.

1. Co-ordinates of centre are 3 and - 2
;
rad. = 3.

2. A circle whose rad. = r, and a tangent to it. 3. x 4- y - 3.

4. a + 7/+l-0. 5. (l+m
2

)(x* + y
2

)-2r(x + my) = Q.

6. a2 ax + if = r
2

~ . 7. An imaginary locus.

8.
(i)

G* = AC, (ii)
F* = AC. 9. See Art. 121.

10. i=A+i. 11. * +
/&amp;gt;-!.

12. , ~.
r
2 a2

b~ 5 cos a sniu

13. x cos (a +
a&quot;)

+ y sin (a +
a&quot;)

= r cos
(a&quot;

- a
).

U. Use Art, 129 and Cor.

16. x2 + y
2 + xy + x + y - 1 = 0. 17. x = a + c.

18. A circle, whose diameter = the radius of the given circle.

20. The segment of a circle on the base, which contains the

given angle. 22.
*(*-*&quot;) +W-y&quot;) 2* **% 10.

{(x
- x

&amp;gt;Y

+
(y&amp;gt;-y&quot;r-$

24. y-b = m(x-a}r(l + m3

)*.
25. 4y - 3x = 0.

26. {4r
2 - 2(a-b)

2

fi. 27. Area = TT.

28. 2 (r
2 -

-rjrj^
. 29. Take CS as axis of x;

. ,

the locus is a straight line.

33. x2 + y* + 8a - bay = 0. 34. Take the given point

as pole, and a straight line through the centre as initial line ;

then the radius vector of the locus is half the sum of the roots in

the polar equation to the circle. The result is a circle described

on the line joining the point and the centre, as diameter.
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35. A circle whose centre is on the line joining the given

point with the given circle. 41. The triangle must be

isosceles, and the ratio one of equality (Art. 106, Cor.).

42. The triangle must be equilateral. 43. A circle.

44. The centre is on the base.

45. (x-ab =Fby + (y-b-b )

2 =
(b -b)

2
. 47. y = x.

48. x2 + y
2 - 2r (x + y) + r2 = 0. 49. Take the bounding

radii as axes, and use the equation of Ex. 48
;
then the circle

passes through (kk) on the quadrant, where h2 + k2 = It
2
,
and the

roots of the equation obtained from this condition are r and / &c.

50. The tangent to the first circle is x cos a + y sin a = r, and

to the second (x
-

a) cos J3 + y sin ft
= r ; if these represent the

same line, the equation is (r /) x {a
3 -

(r r
)

2

}* y = ar.

51. Write r =
a+ tt +b

in the result of Ex. 48. See Art.

119, Cor. 1. 52.

See Ex. 49. 53. If the circle touches DC in Z, then

L = s c, &c.
;

take two sides as axes. 54. If AE be

initial line, AP =
p, PAE= 0, the polar equation to the locus is

p sin = a sin (0 + a), where a = AE, a = t EAB.

55. - =-A &amp;gt;,-,-*
5G. The polar co-ordinates of the

y OA OA

centre are p = 2,
= and rad. = 3. 57. A circle whose

centre is the intersection of the diagonals. 58. Take A as

pole and the diameter through A as initial line; if C2 = n.AC,
the locus is a circle whose radius = (n + 1) r.

59. If a be the given angle, centre origin, the equation is

60. A circle whose centre is the fixed extremity of one of

the lines. Gl. Take the common tangent and common

diameter as axes, and use Art. 43. 62. A straight line

perpendicular to the line joining the fixed point and the centre.

G3. Take AS, AC as axes; then the equation to the circle

is (Art. 110) jc* + 2xy cos u&amp;gt; 4- y
2 + 2Gx + 2Fy = ; then assume
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: MA = AN : NC = n : 1, and thus find AM and AN;
D and E may be found from the condition of the circle passing

/vt n i
Tj/i

through M and N. For the fixed point
- = - =

,-,
-

, 67
-

.

b c b + c~ 4- 26c cos A

VIII.

14. y-x = 0] ?/-a;=0, y + jc-2 = 0. 15. Use Art. 70.

IX.

5&amp;gt;/5-3V3 5\/l7
&quot;

27

8.
(i) cos^e; (ii)

tan~
l

^.
11. In any triangle ABC,

A. B s-c
tan - tan -^ = . dxx22s

14. -. b=l. 17. The extremities of the latusm n&quot;

rectum
;

tan&quot;
1

e. 18. The equation 3^/ ^6* 9a -

will represent the four tangents. 21. r = eb.

22. The extremity of the latus rectum. 25. PQ is a

tangent to the inner ellipse at (x y ) t
and the polar of R (hk) with

regard to the outer; by comparing these equations we get x, y in

terms of h, k, &c. 28 and 29. Use Art. 197.

30. ar + 9 = aV-&. 31.

33. tan~ l

. 34. Use equation Art. 34, P being

?/), and combine with equation to asymptotes as one locus, fec.

35. See Art. 188.

37. -,; t 3. 38. y = 3x, Zy = x; tan ^^/G. See
v -1

Arts. 186, G7. 39. See Art. 192. Four, if the points on
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the major and minor axes are not further from the centre than

a2 - b
3

, a2 - If---- and y respectively ; from other points, two.

41. ( ]*+(}* =
(
m + ny. 42. An ellipse whose

\y / \ x /

x2
l)&quot;ir

equation is -5 + -~ = 1. 44. Use the polar equation of

/ }

Art. 209
;
the eccentricity is A/T 45. See Art. 187.

x2
i/
2 xs

y
2

46. The equations to the ellipses are + p =
1, 2 +-R2

=
1,

where a2
b
2 - a2

/3

2

; take equations to tangents in form of
2

Art, 182. 47. The centre (xy}, P(x y ) ) then ^
a

. 1 - cos= tair
^

=-i-
,
which may be expressed in terms

of x . Similarly
- = tan2 -- - itc. Dividing the resulting
( Ct&

&quot;~~ OC J

equations, we obtain x = a for the equation.

X.

10. Use equation of Art. 34, and so obtain a polar equation

to the locus with the fixed point as pole. 14. See Art. 1G3.

15. ^-. 17. Use Art. 223 to form the equations to
o

CD and PF. The equation to the locus is + -=( ,

-
5 )

2/

3 x2
\x* + y)

18. Use Art. 223. 20. Art. 155 will suggest the solu

tion. 21. The perpendicular from the centre (x
f

, 0) on the

asymptote = a x, &.c. 22. Use the method of Arts. 214

216 with the equation of Art, 240. 23. Draw a diameter

by Art. 214, and the axes by Art. 234; then BS=a, hence the

focus and latus rectum ;
draw a tangent at the extremity of the latus

rectum by Art. 214, Cor.; this gives the directrix, Examples ix. 17.

24. tan 1 -
. 26. x = 3, y = 2 ;

x = 0, y + 2x = 0.
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27. Use Art. 223 to form the equations to the tangents at

P and D. The equation is a*if + 6V - 2a2
b
2
. 28. If 2p

.2 2 as
y

s+b2x2

be the length of the chord, the equation is
a
- + r^ + ff

2

4
~

2 , 4 2
= 1.

ci&quot; o a y +o XT

32. See Arts. 218, 225, 230; a? = 2c
2
cos

2

&quot;,
&
2 = 2c

2
sin

2
&quot;,

e
2 = ~

. 34. Use equation of Art. 34, and Art. 219.
1 + cosa

37. If (x y )
is the point of contact, and m, c constants, we

JV
have --5-7 - m. a2

b
z = c ; from these and the equation to the

a y

ellipse we must eliminate a and b.

39. Use Arts. 1 32, 1 82 ;
the equation is (a

2 + y
2

)

2 = aV + &y.
40. Use Art. 223

;
the normal at D is perpendicular to CP.

41. A rectangular hyperbola, of which AB is an asymptote.

42. Take the sides as axes
; then, when x = 0, the difference

of the roots = one of the lines, and similarly when y = 0, &c.

43. An hyperbola whose asymptotes are parallel to the lines

containing the given angle. 49. Use equation of Art. 34

for any one of the chords, (x y
f

) being middle point, and combine

it with the equations to the two hyperbolas ; then, if A. satisfies

one equation, X will satisfy the other ; substituting and elimi

nating X, we have for the required equation

50. Prove the ordinates of the points proportional to the

conjugate axes, (fee.

XL
1. 4^(2*^3). 2. (0,0), (4, -8).

3. y^d (J5 - 2),, ya
= d(V5 + 2)* 5. Art. 261. Cor.

8. Taking the centre of the circle as origin, and the given

diameter as axis of x, the latus rectum = twice the abscissa of the

point of contact. 11. x = vr , y = \ (b + b
).

12. A parabola having its axis parallel to that of y, and its

vertex at the point x =
-J, y = J. The straight line is a tangent at
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the point x = 1, y = 0. 13. Take (hk) a point on the outer,

and find the points of tangency by Art. 123, Cor. The difference

of the ordinates of these points is constant. 14. See Art. 13G.

15. y = fX + . See Arts. 283, 257.
2/A/A

1G. Parabolas whose latera recta = half that of the original
curve. Use Art. 34. 17. See Art. 304, Ex.

19. Distance = 2fid. 20. See Art. 129, Cor.

21. 2/

2 =- -. 22. See Art. 259.
%d-x

24- x+ = *j2d5. 25. 2a( ~ s. 2G. 2d.

27. Art. 256 for equations to sides. 28.
dco*

4&amp;gt; _A_
sin &amp;lt; sin &amp;lt;*

29. A parabola whose focus is at the centre of the given circle.

30. Use Art. 25G. The equation is d(y + x)*=(y
2

+x*)(y-x).
31. If the focus be pole, the axis initial line, the polar

f\

equation is p = 2d cot ^ . 33. y = inx + r Vl + wi
2

,
where

m = (- 35 - Find a diameter by Art. 276,

and draw a tangent at its vertex by Art. 278
;
draw a focal

chord by Art. 269, the diameter of which will intersect the tangent
in the directrix

;
then find the focus by Art. 272. 36. Equal

tangents from (x y }
would make equal angles with the polar of

(x y). Use Art. 257. 38. Latus rectum = 4p sin*&amp;lt;/&amp;gt;,
if p

and
&amp;lt;f&amp;gt;

are the given quantities. 43. T/
8 = h (x h), where

h is any constant. 44. (y
-

x)
3 - SdxJZ = 0. 45. Take

^d _ x 11

equation Art. 2G1, Cor., m3 + - - m + -,
= 0, and suppose the roots

d d

to be p, , p ;
then the sum =

/x
-- + /u/

= 0; the sum of the

products, two and two, = -l-f/x, f//,
--

)
= ~

;
: ^e product

-
fjj
= -

; eliminating /x
and

/x ,
we have y*

= d(x- 3d).
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49. See Art. 271. 50. Take equation (2) of Art. 251,

and divide by I
2

,
so as to get a quadratic in y ;

then follow the
i

method of Art. 310. 51. A parabola whose equation is

y~
= d (x

-
d). 53. An extremity of the latus rectum.

55. a*=2b*. 56. Let the tangent of one of the

parabolas at the given point be inclined at an angle 6 to the

diameter; take the diameter and a perpendicular through the

point as axes, and find the co-ordinates of the vertex (Art. 280)

in terms of 6 and the parameter ;
then eliminate 6.

57. Take y*-kdx as the equation to the parabola in one of

its positions; then the equations to the rectangular axes are

y = mx +
, y = ---- md; the perpendiculars on these lines from

the focus or vertex will be the x and y of the locus, if the lines

are axes of co-ordinates; \vriting these equations, and eliminating

m, we obtain
(i)

x2

if
=

d~(x
2 + ?/

2

), (ii)
x 3

y*(x* + y*)
= d2

.

XII.

2. m = l. 8. 2x-a = Q, 8
ty
- 6z - 3a = 0, e=\~ ,

/5
?/_2a: = 0, y + 2x + 2 = 0, e . 10. Semi-transverse

a

(1) 2Jab sin ^ , (2) 2a sin ^ ; Semi-conjugate (1) 2Jab cos -
,

a A ~&amp;lt;

(2) 2acos^. See end of Art. 241. 13. Since all pairs

of lines drawn through the four points are at right angles, AD,
BC ; BD, CA ; CD, BA are at right angles, and D is orthocentre.

Conversely, if D is orthocentre of ABC, and AD, BD, CD meet

the sides in A
,
B

,
C ;

then DC = AC tan DAC = AC cot B, and

CC = b sin A whence CC . DC = AC . BC
; and, if C A, C C be

axes, we have aa = bb
,
&c. 1 4. Let D be the orthocentre of

ABC
\
then the locus of the centres of the conies A BCD, all of
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which are rectangular hyperbolas, will be the circle. The feet of

the perpendiculars are the centres of conies of the system ;
for the

bisections see Art. 314, Ex. 2. This is the Nine Points Circle of

the triangle ABC. See Art. 359, Ex. 1 5. 15. See

Arts. 312 and 313, Ex. 1. 16. Transfer the origin to the

point of tangency; then use Art. 297, Cor., and retransfer. The

result is

a;{c+a(6 -6)}=0; (b y-l)(b -b)-x{c-a(b -b)} = 0;

2ax + (b

19.
Sp

. 20.

H* = (A &) (B &) ;
where the conic and circle are

Ax2 + 2ffxy + By* = 1, and k (x
2 + if)

= 1.

21. See Art. 294 (1). 22. .Use Art. 301. Cor.

23. See Art. 310. 24. For A or
,
Hx + By + F= 0;

for ff, By* + Fy = Ax* + Gx ;
for B or F, Ax+Ty+G=Q ; for C, the

conies are concentric. 25.
( V ~

&amp;gt;/J
^ gee Art 15G

(A + )$

26. Generally one
;
but an infinite number if the perpendicu

lars from A on JBC, B on CA, C on AB meet in D, where A, Bt C
are any three of the points. 27. Use Art. 296, Cor. 3.

2S. Use Arts. 296, 308. 29. tan =
sma

3033. Use Art. 305. 33. The locus is a conic, whose

eccentricity is e cos fi sec ^ . 35. Draw two diameters, &amp;lt;fec.

36. See Art. 307, Ex. 38. The hypotenuse is parallel

to the normal. 39. (1) Two straight lines through the

origin, parallel to the asymptotes. (2) The straight line joining
the points at a finite distance, in which (1) meets the curve.

(3) If lines be drawn parallel to Ox, from the points of inter

section of the curve with Oy, they meet the curve in two points,

the line joining which is represented by (3). (4) Similarly for Oy
and Ox. 41. Use Art. 308. 42. Use Art. 295.

43.
( + y -

a)*
= xy sin

9
. 44. See Arts. 3 18320.

a

P. c. s. 25
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46. Art. 314, Ex. 1, and Art. 296, Cor. 2. 47. A parabola
to which AB, AC are tangents. 48. Take the two sides as

axes, and use Art. 314, Ex. 1. 50. For the first part :

See Arts. 218, 294 (II), 186, Cor. 1. To find C : Let the

equations to the ellipse and hyperbola, referred to their axes, be

A x*+ y
2+C = and A&quot;x

2 +
B&quot;if

+ C = 0; then the latter equation
must be equivalent to A x2

By* (7 = 0. Comparing these forms

and using Art. 147, we find = C J(A - f + 4#2
.

51. The ellipses are equal, and if 2a, 2/3 are their axes,

a* = a2

J2 (J2 + I), (3
2 = a2

J2 (Jl
-

1).
52. The directrix

is Gy + Fx =
;

for the focus, -- = = -~
=, ;

the axis is
Or (JT + f ~

(G
2 + F2

)(Gx-Fy) + (G&quot;-F
2

)
(7 = 0. See Arts. 259, 263, 272,

283. 53. See Arts. 92, 233. Let the asymptotes be

y = ax, y =
(3x, and the conjugate diameters y = ax, y = (3 x ;

then (Art. 92) the two latter equations are equivalent to

y-ax + k(y-j3x) = Q, y - ax - k (y
-

fix)
= 0.

Comparing these equations and eliminating k, we have

but

XIII.

4.
(i) Conies having three points of intersection finite, and

one infinite,
(ii)

Conies having two points of intersection finite,

and two infinite. 7. See Art. 86. 8.
(i)

Similar and

similarly placed hyperbolas, having that portion of (N) which

is intercepted between (L) and (M) as common chord, (ii)

Hyperbolas having (L) and (M) for asymptotes, (iii) Parabolas,

of which (L) is a diameter, and (M) the tangent at its vertex.

9. Compare the equation la + mft + ny = with the equation

to the tangent (Art. 337) of each curve, and eliminate p,r

14. Use equation fiy + ka* =
;

then the chord through D is

a + k (/3
-

y)
-

; eliminate a, and use Art. 89. 1 1. From the

symmetry of the tigs, the common chord must pass through the
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centre. 12. See Art. 329. 13. A parabola.

17. The equation asserts that two triangles are together equal
in area to a third. 18. The three hyperbolas will be fty

= I
s
,

ya = m*, aft
= n2

t
and their axes (3 y = 0, y a = 0, a - /?

=
;

then the condition gives l-m = n; hence the first may be written

ya
- I

2 -
(a
-

/?) y = 0, &c. 1 9. Take the asymptotes as two

sides of the triangle of reference. 27, 28. See Art. 359.

30. Conies touching the sides of the triangle of reference
; (i)

at

their middle points ; (ii) at the feet of the perpendiculars from the

angles; (iii)
where the bisectors of the angles meet the sides.

31. See Art. 347, Ex. 1. 32. The equation to a circle,

having two common chords (L), (M) with the ellipse (S), would

be included in the equation. S + kLM =
(
Art. 329); hence the

equation is

where the chord x a - has become a tangent, &c. then use

Art. 106, Cor. 33. Take equation (Art. 348) to the conic

touching three sides; then use Art. 351, Ex. 2, Cor. for the

fourth side. 34. Take the equation ay + kj3
=

0, and write

for a, p - x cos a - y sin a, &c.
;
then use Art. 106, Cor.

35. The point is denned by ^ = = 2. 36. See Art. 356.J
I m n

37. See Art. 355. The condition is Jcos .4-1-mcos^+M oos (7=0.

39. See Art. 340.

40.
(i) A conic passing through the four points in which the

fixed lines intersect the circle, (ii)
A conic touching the circle

at the two points where the fixed line meets it. See Arts. 134,

334, and suppose (S) to be a circle in Arts. 329, 331.
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