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PREFACE

In this text-book, compiled at the request of the publishers, a

rigid adherence to Robert Simson's well-known editions of

Euclid's Elements has not been observed ; but no change has

been n)ade on Euclid's sequence of propositions, and com-

paratively little on his modes of proof. Here and there useful

corollaiies and converses have been inserted, and a few of

Simson's additions have been omitted. Intimation of such

insertions and c-itissions has been given, when it was deemed

necessary, in the proper place. Several changes, mostly, now-

ever, of arrangement, have been made on the definitions.

By a slight alteration of the lettering or the construction of

the figure, an .attempt has been made througliout, and par-

ticularly in the Second Book, to draw the attention of the

reader to the analogy which exists between certain pairs o'-

propositions. By Euclid this analogy is well-nigh ignored.

In the earning of both cungruent and similar figures, care

has been taken to write the letters which denote corresponding

points in a corresponding order. This is a matter of minor

importance, but it does not deserve to be neglected, as is too

often the case.

The deductions or exercises appended to the various pro-

positions (' riders,' as they are sonietiuies termed) have been

intentionally made easy and, in the First Book, numerous. It

is hoped that beginners, who have little confidence in their

own reasoning power, will thereby be encouraged to do more

than merely learn the text of Euclid. It is hoped also tliat

sufficient provision has been made for all classes of beginners,

Beeiug that the questions, deductions, and corollaries to be
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proved number considerably over fifteen hundred. It should

be stated that when a deduction is repeated once or oftener, in

the same words, a different mode of proof is expected in each

case.

In the appendices, much curtailed from considerations of

space, a few of the more useful and interesting theorems of

elementary geometry have been given. It has not been thought

expedient to introduce the signs + and — ,to indicate opposite

directions of measurement. The important advantages which

result from this use of these signs are readily apprehended by

readers who advance beyond the ' elements,' and it is only of

the ' elements ' that the present manual treats.

The historical notes, which are not specially intended for

beginners, may save time and trouble to any one who wishes

to investigate more fully certain of the questions which occur

throughout the work. It would perhaps be well if such notes

were more frequently to be found in mathematical text-books

:

the names of those who have extended the boundaries, or

successfully cultivated any part of the domain, of science

hould not be unknown to those who inherit the results of

their hibour.

Thou;,'h the utmost pains have been taken by all concerned

in the production of this volume to make it accurate and

workmanlike, a few errors may have epcaped notice. Cor-

rections of these will be gratefully received.

The editor desires to express his thanks to Mr J. R. Pairman
for the excellence of the diagrams, and to Mr David Traill,

M.A., B.Sc, and Mr A. Y. Fraser, M.A., for valuable hints

while the work was going through th« prees.

Edinbukcjh Academy,

April IdOL
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EUCLID'S ELEMENTS.
BOOK I.

DEFINITIONS.
1. A point has position, but it has no magnitude.

A point is indicated by a dot with, a letter attached, as the

point P. • P
The dots employed to represent points are not strictly geometrical

points, for they have some size, else they could not be seen. But

in geometry the only thing connected with a point, or its representa-

tive a dot, which we consider, is its position.

2. A line has position, and it has lejigth, hut neither

breadth nor thickness.

Hence the ends of a line are points,

and the intersection of two lines is a point.

A line is indicated by a stroke with a letter attached, as the

Hne a C
Oftener, however, a letter is placed at each end of the line, as

the line AB. A B
The strokes, whether of pen or pencil, employed to represent lines,

are not strictly geometrical lines, for they have some breadth and

some thickness. But in geometry the only things connected with a

line which we consider, are its position and its length.

3. If two lines are such that they cannot coincide in any

two points without coinciding altogether, each of them is

called a straight line.

Hence two straight lines cannot inclose a space, nor can they

have any part in common. q
Thus the two lines ABC and ABD,

which have the part AB in common,
cannot both be straight lines. ^ ^ -q

EucUd's definition of a straight line -^

is ' that which lies evenly to the points within itself.'
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4. A curved line, or a curve, is a line of which no pan
is straiglit. ^

Thus A BC is a curve.

5. A surface {ov suix'iticies) lias position, and it liu.s

lengtli and lnvadth, but not thickness.

Hence the bound-

aries of a surface,

and the intersection

of two surfaces, are

lines. Thus AB,
ACB, and DE are

lines.

6. A plane surface (or a plane) is such that ii any two

points whatever be taken on it, the straight line joining

them lios wholly in that surface.

This definition (which is not Euclid's, but is due to Heron of

Alexandria) affords the practical test by which we ascertain whether

a jjiven surface is a plane or not. We take a j)iece of wood or iron

'with one of its edges straight, and ajiply this edge in various

positions to the surface. If the straight edge fits closely to the

surface in every position, we conclude that the surface is plane.

7. ^\nien two straight lines arc drawn from the same

point, tliey are said to contain a plane angle. Tlie straight

lin"s are «dled tlie arms of the angle, and the point is

called the vertex.

Thus the strai^'ht lines A B, A (' drawn
from A are said to contain the angle

BA C , AB and A C arc the arms of th«

angl»-, and A is the vertex.

An angle is sometimes denoteil by

three letters, but the.se letters must be

{•laced so that the one at the vertex shall always be between the

other two. Thus the given angle is called BAC or CAB, never

ABC, ACB, CBA, BCA. When only one angle is formed at a

vertex it is often denoted by a single letter, that letter, namely, at
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the vertex. Thus the given angle may be called the angle A.

when there are several angles at the

same vertex, it is necessary, in order to

avoid ambiguity, to use three letters to

express the angle intended. Thus, in the

annexed figure, there are three angles at

the vertex A, namely, BAC, CAD, BAD.
Sometimes the arms of an angle have

several letters attached to them ; in which case the angle may be

denoted in yarious ways.

Fig. 1. Fig. 2.

F G
D' ^E

Thus the angle F (fig. 1) may be called AFC or BFC indifferently

;

the angle G (fig. 2) may be called AGB or CGB ; the angle A
(fig. 3) may be called BAC, FAG, DAE, FAC, GAB, and so on.

It is important to observe that all these ways of denoting any

particular angle do not alter the angle ; for example, the angle BAG
(fig. 3) is not made any larger by calling it the angle FA G, or the

angle DAE. In other words, the size of an angle does not depend

on the length of its arms ; and hence, if the two arms of one angle

are respectively equal to the two arms of another angle, the angles

themselves are not necessarily equal

As a further illustration, the angles A, B, Cwith imequal arms
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are all equal ; of the angles D, E, F, that with the shortest arms is

the largest, and that with the longest arms is the smallest.

8. If three straight lines are drawn from the same point,

three different angles are formed.

Tluis AB, AC, AD, drawn from A,

form the three angles BAC, CAD,
BAD.

The angles BAC, CAD, which

have a common anu AC, and lie on

opposite sides of it, are called adjacent angles ; and the

angle BAD, which is equal to angle i^^C'and angle CAJ)

added together, is caUed the sum of the angles BAC and

CAD. Since the angle BAD is obtained by adding together

the two angles BAC and CAD, the angle CaD will he

obtained by subtracting the angle BAC from the angle

BAD; and similarly the angle BAC will be obtained by

subtracting the angle CAD from the angle BAD. Hence the

angle CAD is called the difference of the angles BAD and

BAC ; and the angle BAC is called the difference of the

angles 5^ Z) and CAD.
9. The bisector of an angle is the straight line that

divides it iiitd two equal angles.

Thus (see preceding fig.), if angle BAC is equal to angle CAD,
AC is called the bisector of anemic HAD.
The word hisect, in Mathematics, means always, to cut into two

equal parts.

10. Wlien a straight line stands on

another straight line, and makes the

adjacent angles equal to each other, eacli

of the angles is called a right angle ; and

the straight line which stands on the other

is called a perpendicular to it.

Thus, if A r> stands on CD in audi a manner

tii*t the adjacent angles ABC, ABD are equal to one another, then

]>
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these angles are called right angles, and AB is said to be perpen-

dicular to CD.

11. An obtuse angle is one which is greater than a right

angle.

Thus Ji is an obtuse angle.

12. An acute angle is one which is less than a right

angle.

Thus B is au acute angle.

13. When two straight lines intersect each other, the

opposite angles are called vertically opposite angles.

Thus AEC and BED are vertically A
opposite angles ; and so are AED and

BEC. Q^^ --«^£

14. Parallel straight lines are such as are in the

same plane, and being produced

ever so far both ways do not

meet.

Thus AB and CD are parallel

sti aight lines.

If a straight line EF intersect two parallel straight lines AB, CD,

the angles AOH, GHD are called alternate angles, and so are

angles BGH, GHC ; angles AGE, BGE, CHF, DHF are caUed

exterior angles, and the interior opposite angles corresponding to

these are CHG, DHG, AGH, BGH.

15. A figure is that which is inclosed by one or more

boundaries ; and a plane figure is one bounded by a line

or lines drawn upon a plane.

The space contained within the boundary of a plane

figure is called its surface ; and its surface in reference to

that of another figure, with which it is compared, is called

its area.
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The word tlgure. as here defined, it restricted to closed figures

ThvL%ABC,DEFa, ^ ^^

according to the / ^^

definition, would

not be figures. The
word is, however,

very frequently ^ ^ E^ ^
naed in a wider sense to mean any combination of jioints, lines, or

surfaces.

1 G. A circle is a plane figure contained by one {curved)

line which is called the circumference, and is such that all

straight lines drawn from a certain point within the figure

to the circumference are equal to one another. This point

is called the centre of the circle.

Thus A BCDEFO is a circle, if all the straight lines which can

be drawn from ti) the circumference,

such as OA, OB, OC, &c., are equal

to one another ; and is the centre

of the circle.

Strictly speaking, a circle is an

inclosed space or surface, and the cir-

cumference is the line which incloses

it. Frequently, however, the word
circle is employed instead of circumfer-

ence. ^_^_^
Tt is usual to denote a circle by three ^

letters placed at points on its circumference. The reason for this

will ap])ear later on.

17. A radius (plural, radii) of a circle is a straight line

drawn from the centre to the circumference.

Tlius OA, OB, OC, &c. are radii of the circle ACF.

18. A diameter of a circle is a straight line drawn

through the centre, and terminated both ways by the cir-

cumference.

Thus in the preceding fi^nire BF \it * diameter of the circle

AOF.
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RECTILINEAL FIGURES.

19. Bectilineal figures are those which are contained by

straight lines.

The straight lines are called sides, and the sum of all the

sides is called the perimeter of the figure.

20. Rectilineal figures contained by three sides are called

triangles.

21. Rectilineal figures contained by four sides are called

ciuadrilaterals.

22. Rectilineal figures contained by more than four sides

are called polygons.

Sometimes the word polygon is used to denote a rectilineal figure

of any number of sides, the triangle and the quadrilateral being

included-

CLASSIFICATION OF TRIANGLES.

First, according to their sides—
23. An equilateral triangle is one that

has three equal sides.

Thus, if AB, BC, CA are all equal, the triangle

-1BC is equilateral.

24. An isosceles triangle is one that has two

equal sides.

Thus, if AB is equal to AC, the triangle ABG ie

isosceles.

A

25. A scalene triangle is one that has

three unequal sides.

Thus, if AB, BC, CA are all imequal, the

triangle ABC is scalene.



8 EUCLID 8 ELEMENTS. [Book I

Second, according to their angles^—
26. A right-angled triangle is one that

has a right angle.

Thus, if ABC is a right angle, th6 triangle ABG
is right-angled. g

27. An obtuse-angled triangle is one that has an obtuse

angle.

Thus, \{ ABC is an obtuse angle, the

triangle ABC is obtuse-anglecL

^^ ^^C
28. An acute-angled triangle is one that has three acute

angles. ^

Tlius, if angles A, B, C are each of them
acute, the triangle ABG is acute-angled.

29. Any side of a triangle may be called the base. In

an isosceles triangle, tlie side which is neither of the equal

sides is usually called the base. In a right-angled triangle,

one of the sides wliich contain the right angle is often called

the base, and the other the perpendicular ; the side opposite

the riglit angle is called the hypotenuse.

Any of the angular points of a triangle may be called a

vertex. If one of the sides of a triangle has been called the

base, the angular point opposite that side is usually called

the vertex.

Thus, if BC is called the base of a triangle A BC, A is the vertex.

30. If the sides of a triangle be prolonged both ways,

niiie angles are formed in addition to the angles of the

triangle.
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Thus at the point A there are the angles CAH, HAF, FAB;
at B, the angles ABG, GBD,
DBC; at C, the angles F

BOK, KCE, ECA.

Of these nine, six only

are called exterior angles,

the three which are not

so called being HAF,
GBD, KCE. Angles G

ABC, BCA, CAB are

sometimes called the

Interior angles of the triangle.

CLASSIFICATION OF QUADRILATERALS.

31. A rhombus is a quadrilateral that has aU its

equal.

L

Thug, if AB, BC, CD, DA are all equal,

the quadrilateral ABCD is a rhombus.

The rhombu.s ABCD is sometimes named
by two letters placed at opposite corners,

as ACotBD.
Euclid defines a rhombus to be ' a B

^uadiilateral that has aU its sides equal, but its angles not right

angles.'

32. A square is a quadrilateral that has all its sides

equal, and all its angles right angles.

Thus, if AB, BC, CD, DA are all equal,

and the angles A. B, C, D right angles, the

quadrilateral ABCD is a square. The square

ABCD is sometimes named by two letters

placed at opposite corners, as ^ C or BD

;

«nd it is said to be described on any one of

its four sides.

D
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33. A parallelogram is a quadrilateral whose opposite
sides are parallel.

Thus, a A Bis parallel to CD, and AD parallel to BC, the quad-
rilateral ABCD is a jiarallelogram.

The parallelogram ABCD is some
times named by two letters placed
at opposite corners, as .4C or BD ;

and any one of its four sides may be
called the base on which it stands. B^

34. A rectangle is a quadrilateral whose opposite sides

are parallel, and whose angles are right angles.

Thus, ii AB is parallel to CD, AD
parallel to BC, and the angles A, B,C, D
right angles, the quadrilateral ABCD is

a rectangle. The rectangle A BCD is

sometimes named by two letters i)laced

at ojiposite corners, as AC or BD. In B
books on mensuration, BC and AB would be called the length
and the breadtli of the rectangle. The definitions of a square
and a rectangle are somewhat redundant— that is, more is said
about a square and a rectangle than is absolutely necessar"
to distinguish them from other quadrilaterals. This w ill be sf
later on,

35. A trapezium is a quadrilateral that has two sides
parallel.

Thus, if AD is parallel

to BC, the quadrilateral

ABCD is a trapezium.

The word trapezoid is some-
times used instead of t-a-

pezium.

36. A diagonal of a quadri-

lateral is a straight line joining

any two opposite cornens.

ThuB AC and BD are diagonals
of the quadrilateral ABCD.
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POSTULATES.
Let it be granted :

1. That a straight line may be drawn from any one point

to any other point.

2. That a terminated straight line may be produced to

any length either way.

3. That a ciicle may be described with any centre, and

at any distance from that centre.

The three postulates may be considered as stating the only

instruments we are allowed to use in elementary geometry. These

are the ruler or straight-edge, for drawing straight lines, and the

compasses, for describing circles. The ruler is not to be divided at

its edge (or gratluated), so as to enable us to measure off particular

lengths ; and the compasses are to be employed in describing

circles only when the centre of the circle is at one given point, and

the circumference must pass through another given point. Neither

ruler nor compasses can be used to carry distances.

If two points A and B are given, and we wish to draw a straight

line from A to B, it is usual to say simply 'join AB.^ To produce

a straight hne, means not to make a straight line when there is

none, but when there is a straight line already, to make it longer.

The third postulate is sometimes expressed, 'a circle may be

described with any centre and any radius.' That, however, is not

to be taken as meaning with a radius equal to any given straight

line, out only with a radius equal to any given straight liae drawn

from the centre.

[The restrictions imposed on the use of the ruler and the com-

passes, somewhat inconsistently on Euclid's part, are never

adhered to in practice.]

AXIOMS.
1. Things which are equal to the same thing are equal

to one another.

2. If equals be added to equals, the sums are equal.

3. If equals be taken from equals, the remainders arf

squaL
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4. If equals be added to unequals, the sumg are

unequal, the greater sum being obtained from the greater

unequal.

5. If equals be taken from unequals, the remainders are

unequal, the greater remainder being obtained from the

greater imequal.

6. Things which are doubles of the same thing are equal

to one another.

7. Things which are halves of the same thing are equal

to one another.

8. The whole is greater than its part, and equal to the

Bum of all its parta

9. Magnitudes which coincide with one another are equal

to one another.

10. All right angles are equal to one another.

11. Two straight lines which intei'sect one another cannot

be both parallel to the same straight line.

An axiom is a self-evident truth, or it is a statement the truth

of which is admitted at once and without demonstration. Some
of Euchd's axioms are general—that is, they apply to magnitudes of

all kinds, and not to geometrical magnitudes only. The first axiom,

which says that things which are equal to the same thing are equal

to one another, applies not only to lines, angles, surfaces, and solids,

liut also, for example, to numhers, which are arithmetical, and to

forces, wliich are ])hy8ical, magnitudca It will be seen that the

til at eight axioms arc general, and that the last three are

geometrical.

It ought perhaps, to be noted that some of the axioms are often

apjilied, not in the general form in wliich they are stated, hut in

paiticular cases tliat come under the general form. For example,

under the gt-neral form of Axiom 2 would come two particular cases :

If equals Ix' a<Mod ti> the same thing, the sums are equal; and If

tlip same thing V)e added to equals, the sums are equal. Again, a

particular caae coming under the general form of Axiom 4 would

be : If the same thing be added to unequals, the sums are uuequ i
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the greater sum being obtained from the greater unequal. Axioms
6 and 7, on the other hand, are only particular cases of more general

ones—namely, Things which are double of equals are equal, and
Things which are halves of equals are equal ; and these axioms

again are only particular cases of still more general ones : Similar

multiples of equals (or of the same thing) are equal, and Similar

fractions of equals (or of the same thing) are equal.

Axiom 9 is often called Euclid's definition or test of equality

;

and the method of ascertaining whether two magnitudes are equal

by seeing whether they coincide—that is, by mentally applying the

one to the other, is called the method of superposition. Two
magnitudes (for example, two triangles) which coincide are said to

be congruent; and this word, if it is thought desirable, may be

used instead of the phrase, ' equal in every respect.' Axiom 10 is,

strictly speaking, a proposition capable of proof. The proof is not

given here, as at this stage it would perhaps not be fully appreciated

by the pupil. After he has read and understood the definitions

of the third book, he will probably be able to prove it for himself.

Axiom 1), frequently referred to as Playfair's axiom (though

Playfair states that it is assumed by others, particularly by Ludlam
in his Rudiments of Mathemafirs), has been substituted for that

given by Euclid, which is proved as a corollary to Proposition 29.

QUESTIONS ON THE DEFINITIONS, POSTULATES, AXIOMS.

1. How do we indicate a point ?

2. What is the only thing that a point has ? What has it not ?

3. Could a number of geometrical points placed close to one another

form a line ? Why ?

4. Draw two lines intersecting each other in two points.

5. Could two straight lines be drawn intersecting each other in

two points ?

6. What is Euclid's definition of a ' straight' line ?

7. Could a number of geometrical lines placed cldse to one another

foi-m a surface ? Why?
8. When two points are taken on a plane surface, and a straight

line is drawn from the one to the other, where will the

straight line lie ?

9. If a straight line is drawn on a plane surface and then produced,

where will the produced part lie ?
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10. Would it be possible to draw a straight line upon a surface that

was not plane ? If so, give an example.

11. How many arms has an angle ?

12. What name is given to the point where the arms meet?

13. When an angle is denoted by three letters, may the letters be

arranged in any order ?

14. If not, in how many ways may they be arranged, and what
precaution must be observed ?

15. When is it necessary to name an angl*

by three letters ?

16. How else may an angle be named?
17. OA, OB, OC are three straight lines

which meet at O. Name the three

angles which they form.

Name the angle contained by OA and

OB ; by OB and OC ; by OC and OA.
OA, OB, OC, OD are four straight

lines which meet at 0. Name the

SIX angles which they form.

Name the angle contained by OA and

OB ; by OB and OC ; by OC and

OD; by OA and OC ; by OB and

OD : by OA and OD.
Write down all the ways in which the angle

A can be named.

22. If the arms of one angle are respectively

•qual to the arms of another angle,

what inference can we draw regarding

the sizes of the angles ?

In the figure to Question 17, if the angles

AOB and BOC oxg added together, what

angle do they form ?

In the same figure, if the angle AOB is taken away from the

angle A OC, what angle is left ?

2ij. In the same figure, if the angle BOC is taken away from the

angle A OC, what angle is left ?

26. The following questions refer to the figure to Question 10 :

(a) Add tof^ethcr the angles AKJB and HOC ; AOB and BOD

.

^OCand COD: BOC m\A COD.

(6) From the aiiKle AOD subtract successively the augles COD,

AOB. AOC, BOD.

18

19,

20,

21

23

24.
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(J

(c) From the angle BOD subtract the angles COD, BOO.
(d) To the sum of the angles AOB and BOC add the difference

of the angles BOD and BOC ; and from the sum of AOB
and BOC subtract the difference of BOD and COD.

27. Draw, as well as you cau, two equal angles with unequal arms.

28. II II two unequal n equal n

29. If two adjacent angles are equal, must they necessarily be right

angles ? Draw a figure to illustrate your answer.

30. K two adjacent angles are equal, what name could be given to

the arm that is common to the two angles ?

31. When an angle is greater than a right angle, what is it c»ll«d?

32. II less II n

'33. It equal to » n

34. In the accompanying figure,

name two right angles, two
acute angles, and one obtuse

angle.

35. What are angles AEC, AED
called with reference to each

other? angks AEC, BED?
angles AEC, BEC ? angles

BEC, AED? angles BEC,
BED?

36. Would it be a suflBcient defini-

tion of parallel straight lines

to say that they never meet though produced indefinitely

lar either way ? Illustrate your answer by reference to the

edges of a book, or otherwise.

37. Draw three straight lines, every two of which are parallel.

38. Draw three straight lines, only two of which are parallel.

39. Draw three straight lines, no two of which are parallel.

40. What is the least number of lines that will inclose a space?

Dlustrate your answer by an example.

41. How many radii of a circle are equal to one diameter?

42. How do we know that all radii of a circle are equal ?

43. Prove that all diameters of a circle are equal.

44. Are all lines drawn from the centre of a circle to the circtint*

ference equal to one another ?

45. What is the distinction between a circle and a circum*

ference ?

46. Is the one word ever used for the other t
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Name it in five other

47. How many letters are generally used to denote a circle?

48. Would it be a sufficient definition of a diameter of a circle to

say that it consists of two raflii ?

49. Prove that the distance of a point inside a circle from the centre

is less than a radius of the circle.

50. Prove that the distance of a point outside a circle from the

centre is greater than a radius of the circle.

61. What is the least number of straight lines that will inclose a

space?

62. What name is given to figures that are contained by straight

lines?

63. Could three straight lines be drawn so that, even if they were

produced, they would not inclose a space ?

54. What is the least number of sides that a rectilineal figure can

have ?

55. ABC is a triangle.

ways.

5G. If vl if is equal to ^C, what is triangle ABG
called ?

57. If AB, BC, CA are all equal, what is

triangle A BC called ?

58. If AB, BC, CA are all unequal, what
called?

59. Wliat name is given to the sum of A B, BC, and CA ?

60. Wliich side of a triaui^le is called the l>ase ?

61. Which side of an isosceles triangle is called the base ?

02. When the hyi)oteuuse of a triangle is mentioned, of what sort

must the triangle be ?

63. What names are sometimes given to those sides of a right-

angled triangle which contain the right angle ?

64. Would it be a sufficient definition of an acut«--angled triangle to

say that it had neither a right nor an obtuse angle ?

66. ABC is a triangle. Name by one letter

the angles respectively opposite to

the sides AB, BC, CA.

66. Name by three letters the angles respec-

tively opi>08ite to the sides AB, BC,

CA.
67. Name the sides respectively opposite to the angles A, B, G.

t8. Name by one letter and by three ittters the angle contained by

AB and AC; by AB and BC ; by AC and BC.

triangle ABG
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69. Name all the triangles in the accompanying ligur«.

70. Name the additional triangles that

would be formed if AD were

joined.

71. Name by three letters all the angles

opposite to BC, to BE; to CE.

72. Name all the aides that are opposite

to angle A : to angle D.

73. Name all the angles in the figure that

are called exterior angles of the

triangle BEC ; of the triangle AEB ; of the triangle CED.
74 ABCD is a quadrilateral. Name it in seven other ways.

75. If the diagonals AC, BD ^^
\ t\

drawn, and E be their point y^ \

of intersection, how many y^ \

triangles will there be in the y^ \ -
diagram ? Name them.

76. Name the two angles opposite to the diagonal AC.
77. .. .. " BD.
78. II through which the diagonal ^Cpass«8.

79. II II II II BD II

80. Could a square, with propriety, be called a rhombus ?

81. Could a rhombus be called a square ?

82. Could a rectangle be called a parallelogram ?

83. Could a parallelogram be called a rectangle ?

84. WoiUd it be a sufficient definition of a parallelogram to say that

it is a figure whose opposite sides are parallel ? Why ?

85. Could a parallelogram or a rectangle be called a trapezium?

86. Could a trapezium be called a parallelogram or a rectangle ?

87. What is a diagonal of a quadrilateral, and how many diagonals

has a quadrilateral ?

88. How many sides has a polygon ?

89. Which postulate allows us to join two points ?

90. II II produce a straight hue ?

91. II II describe a circle ?

92. In what sense is the word 'circle ' used in the third postulate?

93. What are the only instruments that may be used in elementary

plane geometry ? Under what restrictions are they to b«

used?

94. What is an axiom ? Give an example of one.

95. State Euchd's axiom about magnitudes which coineida
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90. Would it be correct to .say, magnitudes which fill the same space,

instead of niairiiitndes wliich coincide ? Illustrate your aoswer
by reference to straight lines, and angles.

97. Wliat is Euclid's axiom about right angles ?

ys. Wiiat is the axiom al)(>ut parallels ?

99. Would it be correct to say, two straight lines which pass

through the same point cannot be both parallel to the same
straight line ?

100. Could two straight lines which do not jiass through the same
point be both parallel to a third straight line ?

EXPLANATION OF TERMS.

Propositiopa are divided into two classes, theorems and problems.

A theorem is a truth that requires to be proved by means of other

truths already known. The truths already known are either axioms
or theorems.

A problem is a construction which is to be made by means of

ceHaiii instninunts. The instruments allowed to be used are (see

the remarks on the postulates) the ruler and the compasses.

A corollary is a truth which is (more or less) easily inferred from
**• proposition.

/n the statement of a theorem there are two parts, the hypothesis

and the conclusion. Thus, in the theorem, ' If two sides of a tri-

angle be equal, the angles opposite to them shall be equal,' the part,

'if two sides of a triangle be equal,' is the hypothesis, or that which
is assumed; the other part, 'the angles opposite to them shall be
eipial,' is the conclusion, or that which is inferred from the hypo-

thesis.

The converse of a theorem is derived from the theorem bj' inter-

changing the hypothesis and the conclusion. Thus, the converse

of the theorem mentioned above is, ' If in a triangle the angles

opposite two sides be equal, the siiles shall be e(|ual.'

When the hyjwthesis of a theorem consists of .several hypothese.s,

there may be more than one converse to the theorem.

In proving proj)ositions, recourse \a sometimes had to the following

methmL The {iropositiou is supposed not to be true, and the con-



Book I.] QUESTIONS, TERMS, SYMBOLS. 19

secjuences of this supposition are then examined, till at length a

result is reacUed whicn is impossible or absurd. It is therefore

inferred that the proposition must be tnie. Such a method of proof

is called an indirect demonstration, or sometimes a reductio ad

absnrdum (a reducing to the absurd).

SYMBOLS ANT) ABBREVIATIONS.

+, read plus, is the sign of addition, and signifies that the magni-

tudes between which it is placed are to be added together.

-, read minus, is the sign of subtraction, and signifies that the

magnitiide written after it is to be subtracted from the magni-

tude \\Titten before it.

~ , read difference, is sometimes used instead of miniis, when it is

not known which of the two magnitudes before and after it is

the greater.

<c is the sign of equality, and signifies that the magnitudes between

which it is placed are equal to each other. It is used here as

an abbreviation for ' is equal to,' ' are equal to,' ' be equal to,

and ' equal to.'

J. stands for ' perpendicular to,' or ' is perpendicular to.'

f II
' parallel to,' or ' is parallel to.'

/ II ' angle.'

li II ''tnai.~:e.

H™ II
' parallelogram.'

© II
' circle.'

O" II 'circumference'

II 'therefore.' This symbol turned upside down (•.•),

which is sometimes used for 'because' or 'since,' I have not

introduced, partly because some writers use it for ' therefore,'

and partly because it is easily confounded with the other.

AB^ stands for ' the square described an ABJ'

AB • 5C. stands for 'the rectangle contained hy AB and BC
A : B stands for 'the ratio of A to B.'

\A:B\ stands for ' the ratio compounded of the ratios of ^ to .5

iB:C) and £ to a'
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A : B = C : D stands for the proportion ' .4 is to Z? as C is to D.'

The small letters a, b, c, m, n, p, &c. stand for number*.

A pp. stands for ' appendix.'

Ax. II 'axiom.'

Const. II ' construction.*

Cor. II
' corollary.'

I)ef. II 'definition.'

Hi/p. II
' hypothesis.'

P08t. II
' postulate.*

Rt, „ 'right.'

In the references given at the right-hand side of the page (EncliiJ

gives no references), the Roman numerals indicate the number of

tlif! book, the Ara])ic numerals the number of tlie proposition.

Thus, I. 47 means the forty-seventh proposition of the first book.

In the figures to certain of the theorems, it will be seen that some
lines are thicl; and some dotted. The thick lines are those which

are given, the dotted lines are those which are drawn in order to

prove the theorem. [ In a few figures this arrangement has been

neglected to attain another object.]

In the figures to certain of the problems, some lines are thick,

some thin, and some dotted. The thick lines are those which are

given, the thm lines are those which are drawn in order to effect

the construction, and the r]ott«d lines are tho.-e which are necessary

for the proof that the construction is correct.

In the figures which illustrate definitions, the iiuM are abuos*:

invariably thin.
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PROPOSITION 1. Problem.

To deecnhe ati equilateral triangle wi a given straight line.

Let AB he the given straight line :

it i^ 7'eq2iired to describe an equilateral triangle on AB.

With centre A and radius AB, describe BCD. Post^ 5

With centre B and radius BA, describe ACE; Post 3

and let the two circles intersect at C.

Join AC, BC. Poet. 1

ABC shall be an equilateral triangle.

¥oT AB =AC, being radii of the BCD; 1 Vef. IG

ard AB = BC, being radii of the ACE; I. Def. 16

.-. AC = BC. J.Ax.l
AB, AC, BC aie all equal,

and ABC is an equilateral triangle. /. Def. 23

DEDUCTIONS.

1. If the two circles intersect also at F, and AF^ BF be joined,

prove that ABF is an equilateral triangle.

2. Show Low to find a point which is equidistant from two given

points.

3. Show how to make a rhombus having one of its diagonals equal

to a given straight line.

4. Show how to make a rhombus having each of its aidea equal t«

a given straight line.
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5. If ABYie i>rixliicefl both ways to meet the two circles again at D
and L\ jnove that the straight hue DE is equal to the sum

of the three siiles of the triangle A BC.

6. Show how to find a straight line equal to the sum of the thrM

sides of any triangle.

Show how to find a straight line which shall be :

7. Twice as great as a given straight line.

8. Thrice m h h

9. Four times n ii n

10. Five ,. ;: « n Ac.

PROPOSITION 2. Pboblm.

From a giv^n point to draw a straight line equal to a giv»n

straight line.

Let A be the giren point, and BC the given straight line

:

it is required to draw from A a straight line - BC.

Join AB, Post. 1

and on it descrilx- the cMiuilateral A DBA. I. 1

With centre B and mdius BC, describe the CEF

;

Post. 3

and produce DB to meat the Q" CEF in E. Post \
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"With centre Z), and radius DE, describe the EGH; Pmt. 3

and produce DA to meet the Q"* EGH in G. Post. 2

AG shaU = BO.

Because DE - DG, being radii of EGH, I. Def. 16

and DB = i)-4, being sides of an equi-

lateral triangle
;

/. Def. 23

.'• remainder BE = remainder AG. I. Ax. Z

But BE = BC, being radii of CEF; I. Def. 16

AG = BC. L Ax. 1

1. K the radius of the large circle be double the radius of the small

circle, where will the given point be ?

2. AB ia & given straight line ; show how to vJraw from A any

number of straight lines equal to A B.

3. AB is a. given straight line ; show how to draw from B any

number of straight lines equal to AB.
4. AB is a given straight line ; show how to draw through A any

number of straight lines double of AB.

5. AB is a given straight line ; show how to draw through B any

number of straight lines double of AB.
6. On a given straight line as base, describe an isosceles triangle

each of whose sides shall be equal to a given straight line.

May the second given straight line be of any size ? If net, how
large or how small may it be ?

Give the construction and proof of the proposition

—

7. When the equilateral triangle ABD is described on that side of

AB opposite to the one given in the text.

8. When the equilateral triangle ABD is described on the same

side of AB a& in the text, but when its sides are produced

through the vertex and not beyond the base.

9. When the equilateral triangle ABD is described on that side of

AB opposite to the one given in the text, and when its sides

are produced through the vertex.

10. When thp given point A is joined to G instead of B. .^fake

diagrams for all the cases that can arise by descnbmg the

equilateral triangle on either side of AC, and producing ite

ides either beyond the base or through the vertex
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PROPOSITION 3. Problem.

From thr greater of tico <jivcn straight lines to cat ojf a pa^*

equal to the las.

\
-B

Let AB and C be the two given straight lines, of which

AR \s the greater :

it is required to cat offfrom AB a paii = C.

From A draw the straight line AD = C; /. 2

with centre A and radius AD, describe the DEF, Post. 3

cutting AB &t E. AE shall = C.

For AE = AD, being radii of O DEF. I. Def 16

But AD = C; Const.

AE = a I. Aj-. 1

1. Give the construction and the proof of this propoeition, using

the point B in8t«ad of the point A.

2. Produce the less of two given straight lines so that it may be

equal to the greater.

3. If from AB (fig. 1 and fig. 2) there be cut oS AD and BE, eaeh

equal to C, prove .4E — BD.

FT«. 1. Pig. S.

AD EB AK DB

4. Show how to find a straight line ocjual to the sum of two given

straight lines.
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5. Show how to find a straight line equal to the difference of two
given straight lines.

6. Show that if the diflference of two straight iin^s be added to the

sum of the two straight lines, the result will be double of the

greater straight line.

7. Show that if the difference of two straight lines be taken away
from the sum of the two straight lines, the result will be

double of the less straight line.

PEOPOSITION 4. Theorem.

If two sides and the contained angle of one triamjle he eqiia

to hco sides and the contained angle of another triangle,

the two triangles shall he equal in every je^jyect—fhai if,

(1) The third sides shall he equal,

(2) The remaining angles of the one triangle shall he 'y^^nal

to the remaining angles of the other triangle

,

^^i\ The areas of the two triangles shall he equal.

A D

In As ABC, DBF, let AB = DE, AC = DF, l A=^ l D :

it is required to prove BC == EF, lB = l E, ^ C = L F,

A ABC = A DEF.

If A ABC\)Q applied to A DEF,
so that A falls on D, and so that AB falls on DE

;

then B will coincide -with E, because AB = DE. tfyp.

And because AB coincides with DE, and lA= i^D. lly^.
.'. ^CwiUfaUon DF.
And because AC = DF, ^W-
.•

. C will coincide with F.
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A D

N'ow, since B coincides with E, and C with F,
.•. -SC will coincide with ^i^; / Dgf 3
'.BG=EF. 7.^:,; 9

Hence also l B will coincide with l E

;

.'. L B = L E; /. Ax. 9
and L C will coincide with l F; .-. l C = l F, I. Ax. 9
and A ABC will coincide with A DEF

;

.-. A ABC = A DEF. /. Ax. 9

In the two as ABC, DEF,
1. li AB = DE, AC = DF, but z A greater than i D, wliere

would .4C fall when ABC is applied to J)EF as in the
proposition ?

2. li AB ^ DE, AC = DF, but z J less than i D, where would
^CMall?

3. II AB = DE, lA= lD, but AC greater than Z)/; where
would C fall ?

4. If AB ^ DE, L A = I D, hut AC less than DF, where
would (J fall ?

5. Prove the proposition beginning the sujierposition with the point

B or the point C instead of the point A.

3. If the straight line CD bisect the straight line AB perpendicu-

larly, prove any point in CD equidistant from A and B.

7. GA and CB are two equal straight lines drawn from the point

C, and CD is the bisector of z yl CB. Prove that any {>oiut

in CD is equidistant from A and B.

** 'Hie straigiit line that bisects the vertical angle of an isosceles

triangle bisects the baso and is perjiendicnlar to the base.

\f. ABCD is a qua<lrilat»ral, one of whose diagonals is BD. If

AB = CB, and liD bisects l ABiJ, prove that AD = CD,
and that /i/Miisects also l ADC.

(0. Prove that the diagonals of a W]uare are equaL
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11. ABCD is a square. E, F, G, H are the middle points of AH
£C, CD, DA, and EF, FG, GH, HE are joined. Prove that

EFGH has all its sides equal.

12. Prove by superposition that the squares described on two equal

straight lines are equal.

13. If two quadrilaterals have three consecutive sides and the two
contained angles in the one respectively equal to three

consecutive sides and the two contained angles in the other,

the quadrilaterals shall be equal in every respect.

PROPOSITION 5. Theorem.

Tkfi angles at the base of an isosceles tnangle are eq'ti^\

unci if the equal sides he produced, the angles on the

other side of the base shall also be equal.

D
In A ABC, let .45= AG, and let AB, AC he produced to

D Mnd E:
it is required to prove L. ABC = L. ACB and l. DBC =
_ EGB.
In BD take any point F,

irid from AE cut o^ AG = AF

;

I. 3

join BG, GF. Post. 1

C FA = GA Const.

(1) m As AFC, AGB,l AG = AB Hyp.

( I. FAG= L GAB;
,.FC=GB,lAFC=lAGB,lAGF^cABG. 7.4

c
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A

(2) Because the whole AF = whole A G, Const.

bmjL the part AB = part AC; Hyp.

the remainder BF = remainder CG. I. Ax. 3

I BF = CG Proved in (2)

(3) In As BFG, GGBA FC = GB Proved in (1)

( L BFC = L GGB; Proved in (1)

lBCF= L CBG, and l FBC = l GCB. I. 4

(4) Because whole l ABG = whole l AGF, Proved in (1)

and the part L CBG = part l BCF; Proved in (3)

.-. the remainder l ABO = remainder l ACB ; I. Ax. 3

and these are the angles at the base.

But it was proved in (3) that l FBC = L GCB ;

and these are the angles on the other side of the base.

Cor.—If a triangle have all its sides equal, it will also

have all its angles equal ; or, in other words, if a triangle be

equilateral, it will be equiangular.

1, If two anules of a triangle be unequal, the sides opposite to

them will also lie unequal.

2. Two i.soHceles trianj,'lc9 A BC, DBC stand on the same base EC,

and on o]>posite sides of it ; prove i ABD = i A CD.

S. 'I'wo iaoBceles trianRleB A BC, DBC stand on the same base BC,

and on the same side of it ; prove z ABD = l AC/).

4, In the figure to the second deduction, if AD be joined, prove that

a will bisect the angles at A and D.
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5. ABC is an isosceles triangle having AB = AC. In AB,AC, two

points D, E are taken equally distant from A ; prove that

the triangles ABE, ACD are equal in all respects, and also

the triangles DEC, ECB.
6. Prove that the opposite angles of a rhombus are equal.

7. -D and E are the middle jioints of the sides BC and CA of a

triangle ; DO and EO are perpendicular to BC and CA ;

show that the angles OAB and OBA are equal.

8. Prove the proposition by supposing the A ABC, after leaving a

trace or impression of itseK, to be lifted up, turned over, and

applied to the trace.

9. Prove the first part of the proposition by supposing the angle at

the vertex to be bisected.

PROPOSITION 6. Theorem.

ff two angles of a tnangle he equal, the sides opposite them

shall also he equal.

In A ^^Clet L ABC = L ACB:
>t is required to prove AC = AB.

If AC is not = AB, one of them must be the greater.

I.'t AB be the greater;

:iiid from it cut off BD = AC, I. 3

and join DC. Post. 1

r DB = AC Gomi

In As DBC, ACBA BC = CB
( lDBC = ^ ACB: Hiff^
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.-. area of A DBC = area of A ACB; L 4

which is impossible, since A DBQ is a part of A AGB.

Hence ^C is not unequal to AB

;

that is, AC = AB.

Cob.—If a triangle have all its angles equal, it will also

have all its sides equal ; or, in other words, if a triangle be

equiangular, it will be eqviilateral.

1. If two sides of a triangle be unequal, the angles opposite to them
will also be unequal.

2. If ^5Cbe an isosceles triangle, and if the equal angles AiC,
ACB be bisected by BD, CD. which meet at D ; prove t^*t

DBC is also an isosceles triangle.

3. In the figure to /. 5, if BG^ CF intersect at H, prove tiiat

HBC is an isosceles triangle.

4 Hence prove that FH = OH, and that AH bisc-cts L A.

5. By means of what is proved in the last deduction, give a method

of bisecting an angle.

6. Prove the proposition by supposing the .j ABC, after leaving a

trace or impression of itself, to be lifted up, turned over, and

•pplied to the trace.

PROPOSITION 7. Theorem.

Tko triangles on the same base and on the .same side of it

ccmnot have their conterminous sides equal.CD f. /E

A B A 15 A Ji

If it 1)€ possible, let the two A.s ABC, ARD on tJi-^

Mune 1 'ii.se AB, and on the same side of it, have AG = Ai!>\

und.BC ^ BD.
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Three cases may oociir :

(1) The vertex of each A may be outside the other A.

(2) The vertex of one A may be inside the other A.

(3) The vertex of one A may be on a side of the other A.
In the first case join CD ; and in the second case join

CD and produce AC, AD to E and F.

Because AC = AD, .-. l ECD = i. FDC. I. 5

But i. ECD is greater than l. BCD ; I. Ax. o
.-. L Jf^'ZJC' is greater than l. BCD.
Much more then is l BDC greater than l BCD.
But because BC = BD, .-. l BDC = l BCD; I. 5

that is, z_ BDC is greater than and equal to z. BCD,
which is impossible.

The third case needs no proof, because BC is not = BD.
Hence two triangles on the same base and on the same side

of it cannot have their conterminous sides equal.

1. On the same base and on the same side of it there can be only

one equihiteral triangle.

2. On the same base and on the same side of it there can be only

one isosceles triangle having its sides equal to a given straight

line.

3. Two circles cannot cut each other at more than one point eitlur

above or below the straight line joining their centrei.

PEOPOSITION 8. Theorem.

If three sides of one triangle be respectively equal to three

sides of another triangle, the two triangles shall be equal

in every respect; that is,

(!) The three angles of the one triangle shall be respectively

equal to the three angles of the other triangle,

(S) Tlxe areas of the two triangles shall be equal.
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A D G

In ZlH ABC, DEF, let AB = DE, AC = DF, BC = EF

:

it is required to prove ^ A = L D, l B = l E, lG = lF,

and A ABC = A DEF.
If A ABC be applied to A DEF,

so that B falls on E, and so that BC falls on EF;
then C will coincide with F, because BC — EF. Hyp.

Now since BC coincides with EF,

.•. BA and ^Cmust coincide with ED and DF.

For, if they do not, Init fall otherwise as EG and GF

;

then on the same base EF, and on the same side of it;

there will be two As DEF, GEF, having equal pairs

of conterminous sides,

which is impossible. /. 7

.-. BA coincides with ED, and AC with DF.
Hence z. A will coincide with z. Z>, .*. lA=lD; I. Ax. 9

and I. B will coincide with lE, .-. lB^ l E; I. Ax. 9

and L C will coincide with l F, .-. ^G = L F; I. Ax. 9

an<l A ABC will coincide with A DEF,
.-. A ABC =^ A DEF. I. Ax. 9

1. The straight line which joins the vertex of an isosceles triangle

to the rniihlK- jioint of the base, is perpendicular to the base,

and V>i8ecta the vertical angle.

2. The opposite angles of a rliombus are equal.

3. Either diagonal of a rhombus bisects the angles through whick

it passes.

4. ABCD is a quaflrilatcral having AB = BC and AD ^^ DC-
prove that the diagonal BD bisects the angles through which

it passes, and that l A = L C
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5. Two isosceles triang;*<es stand on the spjjie base and on opposite

sides of it
;
prot ' that the straight line joining their vertices

bisects both vertical angles.

6. Two isosceles tri igles stand on the same base and on the same

side of it ; prov^, that the straight line joining their vertices,

being produced, bisects both vertical angles.

7. In the figures to the fifth and sixth deductions, prove that the

straight line joining the vertices, or that straight line

produced, bisects the common base perpendicidarly.

8. Hence give a construction for bisecting a given straight line.

9. The diagonals of a rhombus or of a square bisect each other per-

pendicularly.

10. If any two circles cut each other, the straight line joining their

points of intersection is bisected perpendicularly by the

straight line joining their centres.

11. Prove the proposition by applying the triangles so that they

may fall on opposite sides of a common base. Join the two
vertices, and use L 5 (Philon'a method; see Frieoiein's

Produs, p. 266).

PROPOSITION 9. Problem.

To bisect a given rectilineal angle.

Let ACB be the given rectilineal angle

it is required to bisect it.

In .4C take any point D,

and from CB cut off CE = CD. i. S
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Join DE, and on DE, on the side remote from C,

describe the equilateral A DEF. /. 1

Join CF. CF shall bisect z. ACB.
( DC = EC Const

In As DCF, ECF, } CF = CF
( DF = EF; L Def. 23

.-. L DCF = L ECF; /. 8
that is, CF bisects l A CB.

1. Prove that C/* bisects angle DFE.
2. If the eciuilateral triangle DEF were described on the Bame side

of DE as C is, what three positions might F take ?

3. Show that in one of these positions the demonstration remains
the same as in the text.

4. Would an isosceles triangle DEF described on the base DE
answer the purpose as well as an equilateral one? If so,

why?
5. Prove the proposition and the first deduction, using I. 5 and

I. 4 instead of I. 8.

6. Divide a given angle into 4 eqiial parts.

7. Could the number of equal jiarts into which an angle may be
divided be ertended V>eyond 4? If so, eniunerate the

numbers,

t. Prove from an equilateral triangle that if a right-angled triangle

have one of the acute angles double of the other, the hypot-

•ouBe is double of the side ep[>osite the least angle.
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PROPOSITION 10. Problbm.

To bisect a given straight line.

C

D
Let AB be the given straight line :

it is required to bisect it.

On AB describe an equilateral A ABC, I. 1

and bisect l ACB by CD, which msets AB at D. I. 9

AB shall be bisected at D.

L AC= BC I. Def. 23

In As AGB, BCD, \ CD = CD
[ L ACD = L BCD; Const.

.-. AD = BD; I. 4

that is, AB is bisected at D.

1. Would an isosceles triangle described on ^5 as base, answer the

purpose as well as an equilateral one ? If so, why ?

2. Prove that CD, besides bisecting AB, is perpendicular to AB.
3. In the figure to I. 1, suppose the two circles to cut at C and

F ; prove that CF bisects AB.
4. Hence give (without proof) a simple method of bisecting a given

straight line.

5. In the figure to the third deduction, prove that AB and CF
bisect each other perpendicularly.

6. Enunciate the preceding deduction as a property of a rhombus.

7. Divide a given straight line into 4 equal parts.

8. Could the number of equal parts into which a straight line may
be divided be extended beyond 4 ? If so, ^lumerate the

niunbers.
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9. Find a straight line half as long again as a given straight line.

10. Find a straight line equal to half the sum of two given straight

lines.

11. Find a straight line equal to half the difference of two given

straight liaeo.

12. If, in the figure to the proposition, / ^ is bisected by AF,
which meets BC at /; prove BF = BD, and AF = CD.

PROPOSrnON ll. problem.

To draw a straight Hne pp^rpendicular to a given straight

line from, a given point in the same.

F

Let ABhe the given straight line, and C the given point

in it:

it is required to draio from C a perpendicular to AB.

In A C take any point /),

and from CD cut off CE = CD. I. 3

On DK describe the equilateral A DEF, /. 1

and join GF. CF shaU be i. AB.

(DC= EC Const.

In As DCF, ECF, ] CF = CF
( DF = EF; I. Def 23

.-. L DCF = L. ECF; I. 8

•. GFiB ± AB. . I. Def 10

1. Would an isosceles triangle described on DE as base answer the

purpose as well aa an equilateral one ? If so, why ?
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t. U the glrcn point were situated at either end of the given

straight line, what additional constructioM would be necessary

in order to ilraw a perpendicular ?

3. At a i^iven poiut in a given straight line make an angle equal

to half of a ri^ht angle.

4 At a given poiut in a given straight line make an angle equal to

one-fourth of a right angle.

5. Construct an isosceles right-angled triangle.

6. Construct a right-angled triangle whose base shall be equal to

half the hypotenuse.

7. Find in a given straight line a point which shall be equally

distant from two given points. Is this always possible ? If

not, when is it not ?

8. ABC is any triangle; AB is bisected at L, and AC a,t K.

From L there is drawn LO perpendicular to AB, and from

K, KO perpendicular to AC, and these perpendiculars meet

at O. Prove that OA, OB, OC are all equal.

9. Compare the construction and proof of I. 9 with those of I. 11,

and show that the latter proposition is a particular case of

tbe former.

PROPOSITION 12. Problem.

To draxD a straight line perpendicular to a given straight

line from a given point without it.

C

T

Let i4J? be the given straight line, and C the given point

without it

:

it is required to draw fram C a perpendicular to AB.

Take any point D on the other side of AB ;

with centre C and radius CD, describe the EDF, cutting

AB, ov AB proiuced, at B and F.
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BkectEFat G;
and join CG.

Join CE, OF.

CEG^FG
In As CGE, GGF, \ GG = GG

( GE = GF;
.-. L GGE = L. GGF;
.-. GG is ± AB.

GG shall be J. AB.
I 10

Chmt

I. Def. 16

/. 8

i. Z^e/. 10

1. Is CEF an equilateral triangle ?

2. Prove that CG bisects z ii'C/'.

3. Instead of liiaectiug EF at O and joining CO, would it answer
the purpose equally well to bisect i EOF by CO ?

4. Instead of taking D on the other side of A B, would it answer

equally well to take D'\n AB itself ?

6. Two jKjiuts are situated on opposite sides of a given straight

line. Find a point in the straight line such that the straight

lines joining it to the two given points may make equal

angles with the given straight line. Is this always possible ?

6. Use the tenth deduction on I. 8 to obtain another method of

drawing the perpendicular.

PROPOSITION 13. Theorem.

T7ie angles which one btraifjht line makes with another on

one side of it are together equal to two right angles.

L6t AB make with GD on one side of it the l b ABG,
ABD-
it is required to prove l ABG + l ABD = 2 rt. ls.
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C B DOB D
(i) If L ABC = L ABD,

then each of them is a right angle

;

/. Def. 10

.-. L ABC + -1 ABD = 2Tt. L s.

(2) If L ABC be not - ^ ABD,
from B draw BE ± CD. / 11

Then l s ^5(7, BBD are 2 rt. z. s. Const.

But ^ ^5C + L ABD = L BBC + l EBD ; I. Ax. 9

.-. L ABC + L ABD = 2 rt. ^ s. /, Ax. I

Cob. 1.—Hence, if two straight lines, cut one another,

tihe four angles which thej' make at the point where they

cut are equal to four right angles.

For L AEC + L AED - 2 tt. z. a,

/. 13

jnd L BED + L BEC -^ 2 rt. z. s.

/. 13

.'. L AEC + L AED + L BED + l BEC = 4 rt. ^ s.

Cor. 2,—All the successive angles made by any number
of straight lines meeting at one point are together equal to

four right angles.

Let OA, OB, OG, OD, which

meet at O. make the successive

angles AOB, BOC, COD, DOA: E- —

^

it is required to prove these ^s
•= i ri. LS.

Produce AO to E.
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Then l AOB + l BOG + l COD + l DOA
= ( z. AOB + L BOB) + (

L EOD + l DOA)
= 2 rt. ^s + 2 rt ^s. /. 13

= 4 rt. L s.

Def.—Two angles are called supplementary when their

Sinn is two right angles; and either angle is called the

supplement cf the other.

Thus, in the figure to the proposition, l ABC qxv^ l ABD
are supplementary ; l ABC is the supplement of L ABD,
and L ABD is the supplement of L ABC.

Def.—Two angles are called complementary when their

sum is one right angle; and either angle is called the

complement of the other.

'ilius, in the figure to the proposition, L ABD and

L ABE are complementary ; l ABD is the complement

of L ABE, and l ABE is the complement of l ABD.

1. In the figure to Cor. 1, name all the angles which are supple-

mentary to / AEC, to L A ED, to i BED, to z BEC.
2. In the figure to Cor. 2, name the angles which are supplemen-

tary to L AOB, I BOE, L COE, l EOD, i AOD.
3. In the ligure to I. 5, name the angles which are supplementary

to z ABC, L ACB, L DBC, l ECB, i £FC, L CQB,
L ABG, L ACF.

4. In the accompanying figiire, z AOB \b

right. Name the angles which are

complementary to L AOC, L AOD,
L BOD, I BOC.

5. In the same figure, if z ^0C= z BOD,
prove z AOD = z BOC; and if

z AOD = z BOC, prove z AOC =
L BOD.

6. la the figure to the proposition, if z s ^ BC and A BD be

bisscted, prove that the bisectors are perpendicular to each

other.

7. If the angles at the base of a triangle be equal, the angles on

the other side of the base must also be equal
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8. If the base of an isosceles triangle be produced both ways, the

exterior angles thus formed are equal.

9. ABC is a triangle, and the sides AB, AC are produced to D
and E. If z DBC = L ECB, prove A ABC isosceles.

10. ABC is a triangle, and the base BC is produced both ways.

If the exterior angles thus formed are equal, prove A ABC
isosceles.

PROPOSITION 14. Theorem.

If at a point in a straight liiie, two other straight lines on

opposite sides of it make the adjacent angles together

equal to ttco right angles, these two straight lines shall

be in one and the same straight line.

C B D
At the point B in AB, let BC and BD, on opposite sides

of AB, make l ABC + l ABD = 2 rt. ^ s :

it is required to prove BD in the same straight line with BG.

If BD he not in the same straight Hne with BG, produce

CB to E; Post 2

then BE does not coincide with BD.

Now since CBE is a straight line,

.. ABC + L ABE = 2 rt. ^ s. /. 13

But L ABC + L ABD = 2 rt. ^ s
;

Hgp.

L ABC + L ABE = L ABC + z. ABD. I. Ax. 1

Take away from these equals z. ABC, which is common ;

L ABE = L ABD, I. Ax. 3

which is impossible
;

.*. BE must coincide witli BD;
that is, BD is in the same straight line with BG.
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1- ABCD, EFGH are two squares. If they be placed so that /^ falls

on C, and FE along CD, show that FG will either fall along

CB, or be in the same straight line with it.

2. If in the straight line AB, a. point E be taken and two straight

lines EC, ED be drawn on opposite sides of AB, making

L AEC = L BED, prove that EC and ED are in the same

straight line.

3. If four straight lines, AE, CE, BE, DE, meet at a point E, so

that L AEC= L BED and i AED = L BEC, then AE and

EB are in the same straight line, and also CE and ED.
4. P is any point, and AOB a right angle ; PM is drawn perpen-

dicular to OA and produced to Q, so that QM = MP ; PN
is drawn ])erpendicular to OB and produced to li, so that

i?JV^ = NP. Prove that Q, 0, R lie in the same straight

line.

5. If in the enunciation of the proposition the words ' on opposite

sides of it' be omitted, is the proposition necessarily truo?

Draw a figure to illustrate your answer.

PROPOSITION 15. Theorem.

If hto straight Ihies cut one another, the vertically opposite

angles shall he eqtuU.

A'

Let AB and CD cut one another at E:
it is required to jnove l AEC = z. BED, and l BEG =
L AED.

Because CE stand.s on AB,

L AEC + i. BEG = 2 rt. ^ 8. /. 13

BecauB* BE stands upon CD,

L BEC + - BED = 2 rt ^ 8
;

/. 13

u AEG + ^ BEG - - BEG + l BED. I. Ax. 1
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Take away from these equals L BEG, which is common
;

L AEC =^ L BED. LAx.Z
Hence also, L BEC = L AED.

1. Prove I AEC — l BED, making L AED the common angle.

2. „ / BEC = : AED, „ L AEG
3. ,- L BEC = L AED, .. L BED
4. If z AED is bisected by FE, and FE is produced to O, prove

that EG bisects l BEG.
5. If I AED is bisected by FE, and / BEC bisected by GE, prove

FE and GE in the same straight line.

6. If in a straight line A B, a point E be taken, and two straight

lines, EC, ED, be drawn on opposite sides of AB, making

z AEC = L BED, prove that EC and ED are in the same

straight line.

7. ABC is a triangle, BD, GE straight lines drawn making equal

angles with BG, and meeting the opposite sides in D and E
and each other in F ; prove that if L AFE = L AFD, the

triangle is isosceles.

PROPOSITION 16. Theorem.

// one- side of a triawjle he produced, the exterior angle shall

he greater than either of the interior opposite angles.

Let ABC he a triangle, and let BC be produced to D .•

it is required to prove l. ACD greater than l BAG, and alto

greater than l. ABC.

Bisect ^C at iJ; /. 10

p
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join BE, and produce it to F, making EF = BE; I. 3

and join CF.

( AE =-- CE Const

In As AEB, CEF,
] EB = EF Const.

i u AEB = L CEF; 1. 15

L EAB = lECF. L 4

But I. ACD is greater than L ECF; I. Ax. 8
.•. Z- ACD is greater than z. EAB.

Hence, ii AChe produced to G,

L BCG is greater than l ABC.
But ^ ACD - /. i?(7(;; /, 15

.•. L ACD is greater than z. ^5C.

1. I'lovc L A less than AEF, BEG, ACD, BCG.
2. n I F „ FCn, FCO, BEC, A EF.

3. ,. I ABE „ AEF, BEC, ACD, BCG.
4. „ I CBE „• ACD, BCG, AEB, CEF.
5. „ I ACB „ AEB, CEF.
6. „ z BEC V ACD, BCG.
7. .. z BCE - AEB, CEF.
8. M z A^C/' M yl A'/-', BEC.
y. Draw three figures to show that an exterior angle of a triangle

may be greater than, equal to, or less than the interior

adjacent angle.

10. From a j>oint outside a given straight line, there can be drawn
to the straight line only one perpendicular.

11. ABC is a triangle whose vertical z J is bisected by a straight

line which meets BC at D ; prove z ADC greater than
iDACuDil z .4 Z>Z? greater than i BAD
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12. In the figure to the proposition, if AF be joined, prove : (1) AF
= BC. (2) Area ol /\ ABC = area of A BCF. (3) Area of

A ABF = area of a AGF.
13. Hence construct on the same base a series of triangles of equal

area, whose vertices are equidistant.

14. To a given straight line there cannot be drawn more than two
equal straight lines from a given point without it.

15. Any two exterior angles of a triangle are together greater than

two right angles.

PROPOSITION 17. Theorem.

2%e sum of any two angles of a triangle is less tiian two

right angles.

A

Let ABC be a triangle :

it is required to prove the sma of any two of its angles less

than 2 rt. l s.

Produce BC to B.

Then ^ ABCis less than l ACD. /. 16
.-. L ABC + L ACB is less than l ACD + l ACB.
But L ACD + L ACB = 2 Tt. Ls; /. 13

.-. L ABC + ^ ACB is less than 2 rt. ^ s.

Now '- ABC and l ACB are any two angles of the triangle

;

.•. the surA of any two angles of a triangle is less than

2 rt. L s.

1. Prove that in any triangle there cannot be two right angles, or

two obtuse angles, or one right and one obtuse angle.
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2. Prove that in any triangle there must be at least two acute

angles.

3. From a point outside a straight line only one perpendicular can

be drawn to the straight line.

4. Prove the proposition l>y joining the vertex to a point inside the

base.

5. The angles at the base of an isosceles triangle are both acute.

6. All the angles of an equilateral triangle are acute.

7. If two angles of a triangle be unequal, the smaller of the two
must be acute.

8. The three interior angles of a triangle are together less than

three right angles.

9. The three exterior angles of a triangle made by producing the

sides in succession, are together greater than three right

angles.

Prove by indirect demonstrations the following theorems :

10. The perpendicular from the right angle of a right-angled triangle

on the hypotenuse falls inside the triangle.

11. The perpendicular from the obtuse angle of an obtuse-angled

triangle on the opposite side falls inside the triangle.

12. The perpendicular from any of the angles of an acute-angled

triangle on the opposite side falls inside the triangle.

12. ITie perpendicular from any of the acute angles of an obtuse-

angled triaiigie on the opposite side falls outside the triangle.

PROPOSITION 18. Theorem.

The greater side of a triangle has the greater angle opposite

to it. A.

Let ABC ho a triauglo, having /I C greater tiian AB.-

it is required to prorr l. ABC greater than l. 6.

Frnni A C e,ut olF AD - ABy 1. 3

and join BD.
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Because L ADB is an exterior angle of A BCD,
.-. L. ADB in greater than L G. /. 16

Bvii L ADB = L ABD, since AB = AD; I. 5

.•. L ABD is greater than z. C.

Much more, then, is L ABC greater than L O.

1. If two angles of a triangle be equal, the sides opposite them
must also be equaL

2. A scalene triangle has all its angles unequal.

3. If one side of a triangle be less than another side, the angle

opposite to it must be acute.

4. ABCD is a quadrilateral whose longest side is AD, and whose

shortest is BC. Prove i. ABC greater than i ADC, and

i. BCD greater than i BAD.
5. Prove the proposition by producing AB to D, so that AD shaCll

be equal to AC, and joining DC.

6. Prove the proposition from the following construction : Bisect

I A hy AD, which meets BC at D; from AC out off

A£ = AB, and join DE.

PROPOSITION 19. Theorem.

T7te greater angle of a triangle has the greater side opposite

to it.

Let ABC he a triangle having l B greater than /. 0:

it is required to prove AC greater than AB.

If ^C be not greater than AB,
then AC mii?t be = AB, or less than AB.

If AC = AB, then l B = l C. 1.5

But it is noi

;

.-. ^C is not = AB.
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If ^ C be less than AB, then l. B must be less than l C. IAS
But it is not

;

.*. ^C is not less than AB.
Hence AC must be greater than AB.

Cor.—The perpendicular is the shortest straip^ht line that

can be drawn from a given point to a given straiglit line;

and of others, tliat which is nearer to the perpendicular is

less than the more remote.

F D EG
From the given point, A,\ci there be drawn to the given

Btraight line, BC, (1) the perpendicular AD, (2) AE and
AF equally distant from the perpendicular, that is, so that

DE = DF, (3) AG more remote than AE or AF

:

it is required to prove AD the least of these straight lines,

and AG greater than AE or AF.

{ AD = AD
In As ADE, ADF, ) DE = DF Hyp.

I
L ADE = L ADF; I. Ax. 10

.-. AE ---- AF. /. 4

Because l ADE is right, .'. l AED is acute; /. 17

.-. .^^ is greater than AD. /. 19

Hence also AF is greater than AD.
Because L AEG is greater than /. ADE, /. 16

.'. L AEG is obtuse;

/- AGE is acute; /. 17

.". ^46^' is greater than AE. / 19

Hence also AG ia greater than AF, and than AD.
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1. The hypotenuse of a right-angled triangle is greater than either

of tlie other sides.

2. A diagonal of a square or of a rectangle is greater than any one
of the sides.

3. In an obtuse-angled triangle the side opposite to the obtuse
angle is greater than either of the other sides.

4. From J, one of the angular jwints of a square ABCD, a straight

line is dra-s\Ti to intersect BC and meet DC produced at E

;

prove that AE \s greater than a diagonal of the square.

6. From a point outside not more than two equal straight lines can
be drawn to a given straight line.

6. The circumference of a circle cannot cut a straight line in more
than two points.

7. ABC is a triangle whose vertical angle A is bisected by a
straight line which meets BC at D : prove that AB'm greater

than BD, and AC greater than CD.

PROPOSITION 20. Theorem.

TJie sum of any two sides of a triangle is greater than the

third side.

Let ABChQ a triangle :

it is required to lirove that the sum of any two of its sides is

greater than the third side.

' Produce BA to D, making AD'= AC, I. 3

and join CD.

Then l ACD = l D, since AD = AO. I. 5

But L BCD is greater than z. ACD

;

.'. L BCD is greater than L D

;

,'. BD is greater than BC. I. 19
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BvABD = BA + AC;
.-. BA + AC IB f/reiiter than BC.

Now BA and A C are any two sides
;

.•. the sum of any two sides of a triangle is greater than

the third side.

Cor.—'l"he difference of any two sides of a triangle is less,

than the third side.

For BA + AC is greater than BO. '

I. 20

Takinf' A C from <'acli of th'-^st unequals,

there K'raains BA greater than BC - AC; I. Ax. 5

tliat is, the tliird side is greater than the difference between

the other two.

1. Prove the proposition by producing CA instead of BA.
2. II M di'awing a j>eri)eadicular from the

vertex to the base.

3. It II bisecting the vertical angle.

4. In the first figure to I. 7, the sum of AD and BC is greater than

the sum of AC and BD.
5. A diameter of a circle is greater than any other straight line i»

the circle which is not a diameter.

6. Any side of a quadrilateral is less than the sum of the other

three sides.

7. Any side of a polygon is leas than the sum of the other sides.

S. The sum of the distances of any jioiut from the three an;,'les di

a triangle is greater than the semi-perimeter of the triangle.

Di-cnss th<' three cases when the point is inside the triangle,

when it is outside, and when it is on a side.

9. The Bi-mi-perimeter of a triangle is greater than any one side,

and less than any two sides.

10. Thr- sum "f the two diagonals of any quadrilateral is greater

than the sum of any jxair of opposite sides.
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11. The perimeter of a quadrilateral is greater than the su and
less than twice the sum of the two diagonals.

12. The sum oi the diagonals of a quadrilateral is less than the sum
of the four straight lines which can be drawn to the iour

angles from any other point except the intersection of the

diagonals.

13. The sum of any two sides of a triangle is greater than twice the

median * drawn to the third side, and the excess of this sum
over the third side is less than twice the median.

14. The perimeter of a triangle is greater, and the semi-perimeter is

less, than the sum of the three medians.

PROPOSITION 21. Theorem.

Iffrom the ends of any side of a triangle there he drawn two

straight lines to a point within the tnangle, tliese

straigM lines shall he together less than the other tioo

sides oj the triangle, hut shall contain a greater angle.

A

Let ABC »e a triangle, and from B and C, the ends of

BC, let BD, CD be drawn to any point D within the

triangle :

it is required to prove (1) that BD + CD is less than

AB + AC; (2) that l BDC is greater than l A.

* Def.—A media) line, or a median, is a straight line drawn from any
vertex of a triangle o the middle point of the opposite side.
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A

Produce BD to meet AG oi E.

(1) Because BA + AE is greater tlian BE; I. 20

add to each of these uncquals EC

;

.-. BA + AC\s greater than BE + EC. L Ax. 4

Again, CE + ED is greater than CD

;

I. 20

add to each of these uncquals DB ;

.-.CE + EBis greater tlian CD + DB. 1. Ax. 4

Much more, then, is BA + ^C greater than CD + DB.

(2) Because CED is a triangle,

.-. L. BDC is greater tlian L DEC; I
and because BAE is a triangle,

.•. L DEC is greater than l A ;

much more, then, is l BDC greater than u A

1. Prove the first part of the proposition b'; produ.iu^ GD instead

olBD.
2. Prove the second part of the proposition by joiring A D and

producing it.

3. In tlie second figure to I. 7, prove that the perimeter of the

triangle A CB is greater than tliat of A DB.
4. Prove the same tiling with respect to the third fipire to I. 7.

5. If a point be taken inside a triangle and joined to the three

vertices, the sum of the three straight lines s» drawn shall be

less than the perimeter of the triangle.

6. If a triangle and a (|uadriIatoral stand on the siine base, and on

the same side of it. and the one iitiire fall within the other,

that which has the greater surface shall have the greater

perimeter. '
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PROPOSITION 22. Problem.

3 1» make a triangle the sides of wftich shall he equal to three

given straight lines, hut any two of these must he greater

than the third.

Let A, B, C be the three given straight lines, any two of

which are greater than the third :

it is required to make a triangle the sides of which, shall he

respectively eq2ial to A, B, C.

Take a straight line DE terminated at D, but unlimited

towards E ;

and from it cut off DF = A, FG = B, GH = C. /. 3

"With centre i^and radius FD, describe the DKL;
with centre G and radius GH, describe the HKL,
cutting the other circle at K

;

join KF, KG. KFG is the triangle required.

Because FK = FD, being radii of DKL, I. Def 16

FK = A.

Because GK = GH, being radii of HKL, L Def. 16

GK = C.

And FG was made = B ;

.*. A KFG has its sides respectively equal to A, B, C.

1. Could any other triangle be constructed on the base FG fulfilling

the given conditioos ?
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2. li A, B, C be all equal, which preceding proposition shall we
be (-'iiabled to solve ?

3. Draw a figure showing what will hapi)en when two of the given

straight lines are together equal to the third.

4. Draw a figure showing what will liappen when two of the given

straight lines are together less than the third.

5. Since a quadrilateral can be divided into twc triangles by
drawing a diagonal, show how to make a quadrilateral whose

sides shall be ecjual to those of a given quadrilateral

6. Since any rectilineal figure may be decoinjtosed into triangles,

show how to make a rectilineal figure whose aides shall be

equal to those of a given rectilineal figure.

PROPOSITION 23. Problem.

At a given point in a given straight line, to make an angle

equal to a given angle. a
o

B
Let AB be the given straight line, A the given point in

it, and l C the given angle :

it is required to make at A an angle = l C.

In CD, CE, take any points J), E, and join DE.

I^Iake A AFG such that AF= CD, FG = DE, GA = EC. I. 22

A is the required angle,

(AF= CD Const.

In As AFG, CDE, }aG = CE Const.

[FG =DE; Const.

.'. L A = L C 1.8
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1. At a given poiut in a given straight line, to make an angle equal

to the supplement of a given angle.

2. At a given point in a given straight line, to make an angle equal

to the complement of a given angle.

3. If on« angle of a triangle is equal to the sum of the other two,

the triangle can be divided into two isosceles triangles.

4 The straight line OC bisects the angle AOB ; prove that if OD
be any other straight line through without the angle A OB,
the sum of the angles DOA and DOB is double of the angle

DOC.
5. The straight line OC bisects the angle AOB ; prove that if OD

be any other straight line through within the angle AOB,
the diflference of the angles DOA and DOB is double of the

angle DOC.
Construct an isosceles triangle, having given :

6. The vertical angle and one of the equal sides.

7. The base and one of the angles at the base.

Construct a right-angled triangle, having given :

8. The base and the perpendicular.

9. The base and the acute angle at the base.

Construct a triangle, having given :

m. The base and the angles at the base.

\1. Two pides and the included angle.

12. The Daae, an angle at the base, and the sum of ihe other two
sides.

13. The base, an angle at the base, and the difference of the other

two aides.

PKOPOSITIOK 24. Theorem.

If two triangles have tioo sides of the one respectively equal

to two sides of the other, hut the contained angles

unequal, the base of the triangle tohich has the greater

contained angle shall be greater than the base of the

other.*

* The proof given in the text is different froui Euclid's, which is

defective.
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D
[B0<A L

-"G

Let ABC, DEF be two triangles, having AD = DE,
AC = DF, but L 5^C greater than ^ EDF:
it is required to prove BC greater than EF.

At D make L EDG = L BAC

;

I. 23

cut off DG = AC or DF, I. 3

and join EG.
Bisect L FDG by DH, meeting EG at H; /. 9

and, if F does not lie on EG, join FH.
I BA = ED Hyp.

In As ABC,DEG,\ AC = DG Comt.

( L BAC =^ /- EDG; Comt.

..BC = EG. 7.4

( FD = GD Comt.

In As FDH, GDJI,
]

DH = DH

.. FH ^ GH. /. 4

Ilcnco A'// + FH = EH + GH - £(?.

But EH + FH is greater than EF; L 20

.-. EG is greater than EF

;

.-. i^C is greater than EF.

1. ^5C is a circle whose centre is 0. If

z JO/? is greater than i HOC, prove

that .4 /} ifi greater than fiC.

2. In the same figure, prove that AC iB greater

than AB or BC.

3. A BCD is a quadrilateral, having AB ~ CD,

but I BCD greater than i ABC ; pn.ve that BD'w
than -la
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4. ^5C is an isosceles triangle, having AB = AG. AD drawn to

the base BC does not bisect z ^4 ; prove that Z) is at unequal

distances from B and C.

5. Prove the proposition with the same construction as in the text,

but let A DEG fall on the other side of DK

PROPOSITIOX 25. Theorem.

If two triangles have two sides of the one respectively equal

to two sides of the other, but their bases unequal, the

angle contained by the two sides of the triangle lohich

has the greater base shall be greater than the angle

ccrdained by the two sides of the other.

A D

Let ABC, DEF be two triangles, Laving AB = DE,
AC ^ DF, but base 5(7 greater than base EF

:

it is required to ^rove L A greater than L D.

If .1 ^ be not greater than ^ D, it must be either equal

to L D, or less than z. D.

But I. J. is not = L D, for then base BC would be

- base EF, I. 4

which it is not. Hyp.

And L A\B not less than .:. D, for then base BC
woidd be less than base EF, I. 24

which it is not. Hyp.
.'. L A must be greater than L D.

J. in the figure to the first deduction on I. 24, if ^5 is greater

than BC, prove that i AOB is greater than i BOG.
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2. ABCD is a quadrilateral, having AB = CD, but the diagonal

BD greater than the diagonal AC ; prove that L DCB is

greater than / A BO.

3. A BCD is a quadrilateral, having AB = CD, but z BCD greater

than /L ABC : prove that z Z>^^ is greater than / ADC.
4. ABCD is a quadrilateral, having AB — CD, but / Z>^i^ greater

than L ADC; prove that i /?6'Z) is greater than z ABC.
5. ABC is a triangle, having AB less than AC. D is the middle

point of BC, and ^Z) is joined
;
prove that z ADB is acute.

6. .i4£C is an isosceles triangle, having AB =^ AC. Dis any point

such that BD is greater than DC; prove that AD does not

bisect z ^.

7. ABC is a triangle, having AB less than A C, and .^ 2) is the

median drawn from A ; prove that G, any point in AD, is

nearer to B than to C.

PROPOSITION 26. Thijorem.

If two angles and a side in oiie triang/e he resj)ectire/y etjual

to two angles and the corresponding side in another

tnangle, the two triangles shall be equal in every respect ;

that is,

( 1 ) The remaining sides of the one tnangle shall be equal to

the remaining sides of the other.

(2) The third angles shall he equal.

(3) The areas of the two triangles shall be equal.

In As ABC, DEF \ei l ABC ^ l DEI<\ l AJB
L. DFK. :ni.l liC ^ EF:
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it is required to prove AB = DE, AC =^ DI l A = ^ D,

A ABC = A DBF.

li AB be not = DB, one of them r.i\Lot te t. le greater.

I^et AB be tlie greater, and make BG = D£J; I. 3

and join GC.

( GB = DE % Cond.

In As GBC, DEF, ]
BC = EF Hyp.

( L B = ^E; Hyp.

.'. - GCB = L DFE. L 1.

But L ACB = L DFE; Hyjh
.'. L GCB = L ACB, whicli is impossible.

Hence AB is not unequal to DE, that is, AB = DE.
( AB = DE Proved

Xow in As ABC, DEF, } BC = EF Hyp.

( L B = L E; Hyp.
'. AC = DF, L A = L D^ A ABC = A DEF. I. 4-

In As ABC, DEF lei l B = l E, l C = z. i^, and

AB = DE:
it is required to prove BC = EF, AC = DF, l BAC
= L EDF, A ABC = A DEF.

If BC be not =- EF, one of them must be thei greater.

Let BC be the greater, and make BH = EF; I. 3

and join AH.
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(
AB = DE Hyp.

In As ABU, DEF,
j
BH= EF Comt.

i L B = L E/ Hyp.
.-. - AHB = L DFE. /. 4

But L AOB = L DFE

;

Hyp.
.-. L. AHB = L ACB, which is impossible. /. IG
Hence BO is not unequal to EF, that is, BG = EF.

i AB = DE Ui/o.

5fcw in i"^? ABC, DEF, I BC = EF Proved

( L B ^ L E: Htip.

.-. AG = DF, L BAG = l EDF, A ABG^A DEF. 1. 4

1. Prove the first case of the proposition l)y suporpositioii.

2. The strai<^ht line that bisects the vertical angle of an isosceles

triangle bisects the base, and is perpendicular to the
Ijase.

3. The straight line drawn from the vertical angle of an isosceles

triangle perpendicular to the base, bisects the base and the
vertical angle.

4. Any iK>int in the bisector of an angle is equidistant from the
arms of the angle.

5. In a given str.iight line, find a point such that the per
peiidiculars drawn from it to two other straight lines may be
eejiial.

6. Through a given jioint, draw a straight line which shall be
crpiidistant from two other given jwiints.

7 'Xirough a given jtoint, draw a stmiglit line which shall form
with two given intersecting straight lines an isosceles

triangle.
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PROPOSITION A. Theorem.

If two sides of one triangle he respectively equal to two sides

of another triangle, and if the angles ojj^josite to one

pair of equal sides be equal, the angles opposite the

other irnir of equal sides shall either he equal or sup-

plementanj.

In As ABC, DEF let AB = DE, AC = DF, l B =
L E:
it is required to prove either L C = jL F, or L C + l F
= 2 rt. ^ s.

L A\s, either = l D, ox not.

Case 1.—When l A = l D,
A D

i.L A ^ L D
In As ABC, DEF, }lB= l E Hyp.

( AB = DE; Hyp.
'. As ABC, DEF are equal in all respects, and
. C = ^ F. L 26

Case 2.
—

'VMien z. ^ is not = l D.

A D

B C E

At D make c EDG = l BAG; 1. 23
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A

[Bock I

B E F G
and let EF, produced if necessary, meet DG at G.

I lBAC = ^ EDG Comt.
In As ABC, DEG,

]
_ ABC - _ IJEG Hyp.

i AB = DEj H,jp.

.-. AG = DG, and ^ a = l. G. I. 26

Xow AC = DF; HyjK
DF = DG;

.'. L DFG = L DGF. I. b

But L DEE is supplementary to l DFG; /. 13

.-. L i)i^^ is supplementary to l. DGF,
and consequently to l C.

Note.—It often happens that we wish to prove two triangles

equal in all respects when we know only lliat two sides in the one
are resjiectively equal to two sides in the other, and that the angles

opposite ODe pair of equal sides are equal. In such a case, since the

angles opposite the other pair of equal .sides may either be equal or

supplementarj", we must endeavour to prove that they cannot be
snpplen)entary. To do this, it will lie sufficient to know
either (1) that this pair are both acute angles,

or (2) that they are both obtuse angles,

or (3) that one of them is a riglit angle, since the other must
then be a right angle whether it be equal or supplementary to it.

We can tell that this pair of angles must be both acute in certain

cases.

(a) When the pair of angles given equal are both right angles.

(f>) II M .1 It obtuse II

(c) II II equal sides ojiposite the g'r'en angles are

greater than the other pair of equal sides.

Hence the following important Corollary :
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If the hypotenuse and a side of one right-angled triangle be

respectively equal to the hypotenuse and a side of another right-

angled triangle, the triangles shall be equal in all respects.

PROPOSITION 27. Theorem.

If a straight line cutting tioo other straight lines make tht

alternate angles equal to one another, the two straight

hues shall he parallel.

F'

Let EF, which cuts the two straight lines AB, CD, make

L AGH = the alternate i. GHD:
it is required to prove AB ||

CD.

If AB is not
II
CD, AB and CD being produced will

meet either towards A and C, or towards B and D.

Let them be produced, and meet towards B and D at K.

Then KGH is a triangle
;

.-. exterior l. AGH is greater than the interior

opposite L GHD. I. 16

S,Mi L AGH = L GHD; H>ip.

which is impossible.

.". AB and CD, when produced, do not meet towards

B and D.

Hence also, AB and CD, when produced, do not meet

towards A and C ;

.. ^5 is
II
CD. I. Def. 14
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In tbe figure to 1. l(j :

1. Prove A B \\ CF.

2. Join AF, and prove AF |j BO.
lu the H^^ure to 1. "28

:

3. If I AGE = L DlIF, prove AB \\ CD.
4. If L BGE = L CIIF, prove AB \\ CD.
5. li I AGE + c CIIF = 2 rt z s, prove AB \\ CD.
6. If I BGE + L DHF = 2 rt l%, prove AB

\\ CD.
7. The opposite sides of a square are parallel.

8. The opposite sides of a rhombus are parallel.

9. The quadrilateral whose diagonals bisect each other is a '|>*

PROPOSITION 28. Theorem.

If a straight line catting two other straight lines make (1) an

exterior angle equal to the interior opimsite angle on the

same side of tlie cutting line, or (2) tfie two interior

angles on the same side of the cutting line together

equal to two right angles, the two straight lines shall be

. parallel.

F

Case 1.

Let EF, which nits the two straight lines AB, CD, make

the exterior l. EHB = tin- interior opposite L GIID

:

it is required to prove AB \\ CD.

Because l EGB = l UHD, Hyp.

1
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and L EGB = L AGH, being vsitically opposite 3 /.IS
.-. L AGH = L GHD;
and they are alternate angles

;

.-. AB is
II
CD. I. 27

Case 2.

Let EF, which cuts the two straight lines AB, CD, make

L BGH + L GHD = 2 rt. ^ s :

it is required to prove AB || CD.

Because L BGH + l GHD = 2 rt. z. s, Hyp.

and L AGH + l BGH = 2 rt. ^ s

;

/. 13

.-. L AGH + ^ BGH = L. BGH + l GHD.
From these equals take L. BGH, which is common

;

.-. I. AGH = L. GHD; I. Ax. 3

and they are alternate angles

;

.-. AB is
II
CD. I. 27

Cor.—Straight lines which are perpendicular to the same

straight line are parallel.

1. If z BGE + I DHF = 2 rt. i s, prove AB \\ CD.

2. If z AGE + L CHF = 2 rt. z s, prove AB \\ CD.

3. If z AGE - Z DHF, prove J5 |1 CD.

4. n z if6'i; = z C///', prove ^^ |: CD.

5. The opposite sides of a square are parallel.

6. A BCD is a quadrilateral having i A and z 5 supplementary,

as well a.a I B and z C ; prove that it is a [I™,

PROPOSITION 29. Theorem.

If a straight line cut two parallel straight lines, it shall

maJi-e (1) the alternate angles equal to one another;

(2) any exterior angle equal to the interior opposite

angle on the same side of the cutting line ; (3) tfi^ two

interior angles on the same side of the cutting line equal

to two right angles.
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Let EF cut the two parallel straight lines ABy CD:
it is required to prove:

(1) L AGH = alternate u GHD;
(2) exterior L EGB = interior opposite L GHD;
(3) L BGH + L GHD = 2 rt. l h.

(1) If L AGH be not - l GHD, make l KGH =
L. GHD, I.^'i

and produoe KG to L.

Because l KGH = alternate L GHD, Const.

.-. KL
II
CD. I. 27

But ^^ is also
II
CZ); Hyp.

.-. AB and KL, wliich cut one another at G, are both
||
CD,

which is impossible. /. Ax. 11

.'. L AGH is not unequal to l GHD

;

.'. L AGH= L GHD.

(2) Because l AGH = i. GHD, Proved

and L AGH = l EGB, being vertically opposite; /. 15

.-. L EGB = L. GHD.

(3) Because L AGH = L GHD; Proved

to each of these equals add L BGH

;

.-. L AGH + L BGH = L BGH + l GHD. I. Ax. 2

But L AGH + L BGH = 2 rt. ^ s

;

/. 13

.-. L BGH + L GHD = 2 rt. ^ a.
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Cor.—If a straight line meet two others, and make with

tliem the two interior angles on one side of it together less

than two right angles, these two other straight lines will,

if produced, meet on that side.

Let KL and CD meet EF and make l KGH + l CHG
less than 2 rt. z. s :

it is required to i)rove that KG and CH ivill, if produced,

meet towards K and C.

K not, KL and CD must either be parallel, or meet

towards L and D.

(1) KL and CD are not parallel

;

for then l KGH + L CHG would be = 2 rt. ^ s. /. 29

(2) KL and CD do not meet towa'ds L and D ;

for then z. s LGH, DHG would form angles of a triangle,

and woidd .'.be together less than 2 rt. z. s. /. 17

Now since the four i. s KGH, CHG, LGH, DHG are

together = 4 rt. z. s, /. 1

3

and the first two are less than 2 rt. z. s

;

Hyp.
.'. the last two must be greater than 2 rt. L s.

Hence KL and CD must meet towards K and Q.

[This Cor. is the converse of 1. 17.]

1. In the diagram to I. 28, \iAB\a\\ CD, prove L AGE = z DHF\
and z BOE + z DHF = 2 rt. z s.

2. If a straight line be perpendicular to one of two parallels, it is

also |ierpendicular to the other.

X A straight line drawn parallel to the base of an isosceles triangle,

and meeting the sides or the sides produced, forms with them
another isosceles triangle.

4. If the arms of one angle be respectively parallel to the arms oi

another angle, the angles are either equal or supplementary.

Distinguish the cases.

5. Is it always tnie that if two angles be equal, and an arm of the

one is parallel to an arm of the other, the other arms must be

parallel?
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C. If anj- straight line joining two parallels be bisected, any other

straight line drawn through the point of bisection anJ.

terminated by the parallels will be bisected at that i>oiut.

7. The two straight lines in the last deiluction will intercept equal

portions ot the parallels.

8. If througli tlie vertex of an isosceles triangle a parallel be drawn
to the base, it will bisect the exterior vertical angle.

9. If the bisector of the exterior vertical angle of a triangle be

parallel to the base, the triangle is isosceles.

10. The diagonals of a ! '" bisect eacli other.

11. Prove that by the following construction L ACB is bisect^^d : In

A C take any point /> ; draw DE X A C, and meeting CB at E.

Prom E draw EF x BE and = EC ; join OF.

PROPOSITIOX 30. Theorem.

Straight lines which are j>rt/Y{Z/<7 to the mane straight line.

are parallel to one another.

A B

C D

Let AB and CD bo each of Uiem ||
EF

:

it is rejpiired to prove AB
\\
CD.

If AB and CD be not paralkl, tlicy will meet if pro-

duced ; and then two straight lines which intersect each

other will both be
||
the same straight line, which is im-

possible. /. Ax. 11

.-. AB is
II
CD.

1, Two li™ are situated either on the same side or on different sides

of a common ba.se. Prove that the sides of the |1"" which are

opjMjsite the common base are I!
each other.

2. Prove the proposition in Euclid's manner by drawing a straight

line OHK to ctit AB. CD, and EF. and apj.lying I. 29, 27.
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PROPOSITIOX 31. Problem.

Through a given point to dmic a straight line parallel to a

giren straight line.

E-
-J

F

B— D

Let, A be the given point, and BC the given straight line

:

it is required to draw through A a straight line
||
BC.

In i?C take any point D, and join AD ;

at A make L DAE = l ADC; I. 23

and produce EA to F. EF shall be
||
BC.

Because the alternate z. s EAD, ADC are equal,

.-. EF is
II
BC. I. 27

1. Give another construction for the proposition by means of I. 12,

II, and a proof bj- means of I. 28.

2. Through a given point draw a straight line making with a given

straight line an angle equal to a given angle.

3. Through a given point draw a straight line which shall form

with two given intersecting straight lines an isosceles tri-

angle.

4. Through a given point draw a straight line such that the part

of it intercepti'd between two parallels may be equal to a

given straight line. May there be more than one solution to

this problem ? Is the problem ever impossible ?

PROPOSITION 32. Theorem.

If a side of a triangle he produced, the exterior angle is

equal to the sum of the two interior opposite angles,

and the sum of the three interior angles is equal to two

right angles.
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-D

Let ABC be a triangle having BC produced io D:
it is required to prure (1) z. ACD = ^ A + L B ;

(2) L A+ :.B+ L ACB = 2 rt. ^. s.

Through C draw CE
\\ AB. I. 31

(1) Because .4C meets the parallels AB, CE,
.-. L A = alternate l ACE. /. 29

Because BD meets the paralk-ls AB, CE,
.-. interior ^ ^ = exterior ^ ECD

;

I. 29

.-. ^ ^ + ^ 5 = L ACE + L ECD,
= i. A CD.

(2) Because i. A + l B = ^ ACD

;

Proved

adding l ACB to each of these equals,

.', I. A -{ ^ B + L ACB = L ACD + ^ ACB,
= 2 rt. I. s. /. 13

Cor. 1.—If two triangles have two angles of the one

respectively equal to two angles of the other, they are

mutually equiangular.

For the third angles differ from 2 rt. l. s by equal amoimts

;

.*. the third angles are equal.

CoR. 2.—The interior anglesof aquadri-

lateral are equal to four right angles.

For the quadrilateral ABCD may be

divided into two triangles by joining AC

:

and the six angles of the two As /\MC, ^'

ACD = 4 rt. ^s. /.32
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But the six angles of tlie two triangles = the interior angles

of the quadrilateral

;

.-. the interior angles of the quadrilateral = 4 rt. cs.

Cor. 3.—A five-sided figure may
be divided into three (that is, 5 — 2)

triangles by drawing straight lines

from one of its angular points.

Similarly, a six-sided figure may be

divided into four (that is, 6-2)
triangles ; and generally a figure of n

sides may be di\aded into {n - 2) triangles.

Hence, by a proof like that for the quadrilateral,

the interior z. s of a five-sided figure = 6 rt. ^ s
;

I. r< six-sided « = 8 rt. ^ s ; and

» » figure with n sides = {2n — 4) rt. ^ s.

1. If an isosceles triangle be right-angled, each of the base angles

is half a right angle.

2. If two isosceles triangles have their vertical angles equal, they

are mutually Equiangular.

3. If one angle of a triangle be equal to the sum of the other two,

it must be right.

4. If one angle of a triangle be greater than the sum of the other

two, it must be obtuse.

5. If one angle of a triangle be less than the sum of the other two,

it nnist be acute.

6. Divide a right-angled triangle into two isosceles triangles.

7. Hence show that the middle i>oint of the hypotenuse of a right-

angled triangle is equidistant from the three vertices.

8. Hence also, devise a method of drawing a perpendicular t/j
'

given straight line from the end of it without producing the

straight line.

9. Each angle of an equilateral triangle is two-thirds of a right angle

10. Hence show how to trisect * a right angle.

* It is sometimes stated that the problem to trisect ani/ angle is beyond

the power of Geometry. This is not the case. The problem is beyond

tlie power of Elementary Geometry, which allows the use tf only the

ruier and the compasses.
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11. Prove the second part of the proposition by drawing through A
a straiglit line DAE \\ BC. '(The Pythagorean proof.)

12. If any of the angles of an isosceles triangle be two-thirds of a

right angle, the triangle must be equUateral.

1 3. Each of the base angles of an isosc:eles triangle equals half the

exterior vertical angle.

14. If the exterior vertical angle of an isosceles triangle be bisected,

the bisector is |[ the base,

lo. Show that the space round a point can be filled up with six

equilateral triangles, or four squares, or three regular hexagons.

16. Can aright angle be divided into any other number of equal

parts than two or three ?

17. In a right-angled triangle, if a perpendicular be drawn from the

right angle to the hypotenuse, the triangles on each side of

it are equiangular to the whole triangle and to one another,

lii. Prove the seventh deduction indirectly ; and also directly by
producing the median to the hypotenuse its own length.

19. If the arms of one angle be respectively perpendicular to the

arms of another, the angles are either equal or supj>lementary.

20. Prove Cor. 3 by taking a point inside the figure and joining it

to the angular points.

PROPOSITION 33. Theorem.

The straight lives which Join the ends of two equal and

jmrallcl straitjlit linos towards the same parts, arc

themselves equal and parallel.

A .B

C D

Let AB and CD be equal and parallol

:

It is reqvirrd to prove AC and BD equal and parallel.

Join BC.

Because BC meets the parallels AB, CD,
. I. ABC = alternate i. DCB. 1. 29
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( AB = DO Hyp.

In As ABC, DCB, 3 BC = GB
( L ABC = L DOB; Proved

.'. AC = DB, L ACB = L DBC. I. 4

Because CB meets AC and BD, and makes the alter-

nate L s ACB, DBG equal

;

Proved

.-. AG\s\\BD. I. 27

1. State a converse of this proposition.

2. If a quadrilateral have one pair of opposite sides equal and
parallel, it is a I,™.

3. What statements may be made about the straight lines which

join the ends of two equal and parallel straight lines towards

opposite parts ?

PROPOSITION 34. Theorem.

A parallelogram has its opposite sides and angles equal, and
is bisected by either diagonal.

A

Let AGDB be a \f of which BG is a diagonal

:

it is required to prove that the opp)Osite sides and angles oj

AGDB are equal, and that A ABC = A DCB.

Because BG meets the parallels AB, CD,
.-. - ABC = alternate l DCB; I. 29

rind because i?C meets the parallels AC, BD,
.-. I. ACB = alternate _ DBC. I. 29

I _ AI^C = _ DCB Proved

In As ABC, DCB, ] _ ACB = /. DBG Proved

( BC = CB;
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.-. AB = DC, AC = DB, l BAC = l CDB,
A ABC = A DCB. /. 26
Again because l ABC was proved = i. DCB, I. 29
and 1. DBC was proved = z. ACB; I. 29
.-. the Avhale L ABD = the whole /. DCA.

Cor.—If the arms of one angle he respectively parallel to
the arms of another, the angles are either (1) equal or (2)
supplementary.

For (1) L. BAC has been proved = ^ CDB

;

and (2) if BA be produced to E,

L EAC, which is supplementary to l BAG, /. 13
must be supplementary to L CDB.

1. If two sides of a ||™ which are not opposite to each other be
equal, all the sides are equal.

2. If two angles of a |i'" which are not opposite to each other be
equal, all the angles are right.

3. If one angle of a li"" be right, all the angles are right
4. If two II"" have one angle of the on^ = one angle of the other,

the ll™ are mutually equiangular.

5. If a quadrilateral have its opposite sides equal, it is a ||"".

0. If a quadrilateral have its opposite angles tMjual, it is a Ip.

7. If the diagonals of a ||°» be equal to each other, the |i™ is a
rectangle.

8. If the diagonals of a H" bisect the angles through which they

pass, the I]™ is a rhombus.

0. If the diagonals of a ||"' cut < nch other perpendicularly, the ||" is

a rliombtis.

10 Tf the dingonals of a |"" be ef|ual and cut each other perpen-

dicularlv, the "" is a aqn.ire.

11. F^how bow to bisect a straight line by meaos of a pair of parallel

rulera.
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12. Every straight line drawn tbrough the intersection of the

diagonals of a ||", and terminated by a pair of opposite sides, is

bisected, and bisects the H'".

13. Bisect a given H"" by a straight line drawn through a given point

either within or without the |!".

The straight line joining the middle points of any two sides of a

triangle is ||
the third side and = half of it

If the middle {loints of the three sides of a triangle be joined

with each other, the four triangles tlience resulting are equal.

16. Construct a triangle, having given the middle points of its three

sides.

14.

15

PEOPOSITION 35. Theorem.

Parallelograms on the same base and between the same
parallels are equal in area.

A. DE FAEDF

B C B C

Let ABCD, EBCF be \r on the same base BC, and

between the same parallels AF, BC

:

it is required to prove \\^ ABCD =
H"" EBCF.

Because AF meets the parallels AB, DC,
.'. interior L A = exterior l FDC ;

and because AF meets the parallels EB, FC,
.'. exterior z. AEB = interior l F.

( L EAB = u FDC
In As ABE, DCF, ! l AEB = l DEC

{ AB = DC;
.: A ABE = A DCF.
Hence quadrilateral ABCF - A ABE

= quadrilateral ABCF - A DCF;
r EBCF = ir ABCD.

/. 29

/. 29

Proved

Proved

7.34

7.26
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Note.—This projiosition affords a means of measuring the area of
a ir ; thence (l)y I. Si or 41) the area of a triangle ; and thence (by
I. 37, Cor.) the area of any rectilineal figure. For the area of any
11"' = the area of a rectangle on tlie same base and between the same
l)arallels ; and it is, or ought to be, explained in ])ooks on Mensura-
tion, that the area of a rectangle is found by taking the product of
its length and breadth. Tliis plirase 'taking the proilnct of its

length and breadth,' means that the numbers, whether integral or
not, which express thf length and breadth in terms of the same
linear unit, are to bt Jj'.ultijjlied together. Hence the method of
finding the area .->£ z. \\"^ is to take the product of its base and
altitude, the altitude being defined to be the [)erpendicular drawn
fco its base from any point in the side opiiosite.

1. Prove the proposition for the case when the jwints £> and B
coincide.

2. Equal 11"'" on the same base and on the same side of it are
between the same parallels.

3. U through the vertices of a triangle straight lines be drawn
ll the

opposite sides, and produced till they meet, the resiUting

figure will contain three equal ||°'».

4. On the same base and between the same parallels as a given ||™,

construct a rlmmbus = the H".

6. Prove the equality of as ABE and DCF \n the proposition by
I. 4 (as Euchd does), or by I. 8, instead of by I. 26.

PROPOSITION 36. Theorem.

Parallelograms on equal basee and between the same jKirallels

arc equal in area.

A D E H

B CI G
Let ABCD, EFGH be ||™ or equal bases BC, FG, and

hatwfion the same pariill(3ls, AH^ : -G

:

it M required to prove
fl'"
ABCD -

|f» EFGH.
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Join BE, CH.

Because BG = FG, and FG = EH, Hyp., I. 34

.-. BG == EH.
And because BG is

1|
EH,

.-. EB is
II
iTC; /. 33

.-. EBGH is a ||-". /. Def. 33

Kow
ll""
ABGD - !|" ^5(7/7, being on the same base

BG, and between the same parallels BG, AH; I. 35

and IP EFGH = jp -S^^C^T/, being on the same base

EH, and between the same parallels EH, BG; I. 35

.-. W^ ABGB = \r EFGH.

1. Prove the proposition by joining AF, BG instead of BE, CH.
2. Divide a given H"" into two equal |i°".

3. In how many ways may this be done ?

4. Of two 1|°" which are between the same parallels, that is the

greater which stands on the greater base.

5. State and prove a converse of the last deductiou.

6. Equal |i°" situated between the same parallels have equal bases.

PEOPOSITION 37. Theorem.

Triangle-^ on the same base and between the same parallels

are equal in area.

E A p F

B C

Let ABG, DBG be triangles on the same base BC, and

between the same parallels AD, BC:
it is required to prove A ABG = A DBC.^
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Through B draw BE
\\
AC, and through C draw CF

II
BD; I. 31

and let them meet AD produced at /J and F.

Then EBCA, DBCF are ||™

;

/• Def. 33

and 11" EBCA = \f DBCF, being on the same base BC,

and between the same parallels BC, EF. J. 35

But A ABC = half of
ll'"
EBCA, I. 34

and A DBC = half of T DBCF; L 34

.-. A ABC = A DBC

Cor.—Hence any rectilineal figure may be converted into

an equivalent triangle.

Let ABCDE be any rectilineal figure :

U is required to convert it into an equivalent triangle.

Join AC, AD;
through B draw BF \\ A C, through E draw EG \\ A D, I.

and l«t them meet CD produced at F and G.

Join Ai>^ AG. AFG is the required triangle.

31
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For A AFO = A ABC, &nd A AGD ^ A AED ; I. 37

.-. A AFC + A ACD + A AGD = A ABC + AACD
+ A AED.
.-. A AFG = figure ABCDE.

1. ABC is any triangle ; DE is drawn
|| the base BC, and meets

AB, AC at Z) and E ; BE and CD are joined. Prove

A DBC = u EEC, A BDE =- a CED,a,ndi a ABE = a A CD.
2. ABCD is a quadrilateral ha\'ing^5

|| CD; its diagonals ^ C,

BD meet at 0. Prove a AOD = a BOC.
3. In what case would no construction be necessary for the proof

of this proposition ?

4. Convert a quadrilateral into an equivalent triangle.

5. ABC is any triangle, D a point id. AB ; find a point ^in BC
produced such that A DBE = a ABC.

PROPOSITION 38. Theorem.

Triangles on equal bases and beticeen the same parallels are

equal in area.

Ov ^ P-- -,TT

B C E F

Let ABC, DEF be triangles on equal bases BC, EF, and
between the same parallels AD, BF

:

it is required to prove A ABC = A DEF.

Through B draw BG
|| AC, and through F draw

FH\\DE; 7.31
and let them meet AD produced at G and H.
Then GBCA, DEFH are \\^'

;

and ir GBCA = ||°^ DEFH, being on equal bases £C, EF,
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G. i ? -.H

and between tlie same parallels BF, GIL J. 36

But A ABC = half of |r GBCA, I. 34

and A J)EF = half of ||'" DEFH

;

I. 34

.-. A ABC = A DEF.

Cor.—Tlie. straight line joining any vertex of a triangle

to the middle point of the opposite side bisects the triangle.

Hence the theorem : If two triangles have two sides

of the one respectively equal to two sides of the other and

the contahied angles supplementary, the tri.^ngles are equal

in area.

1. Of two triangles which are between the same parallels, that is

the greater which stands on the greater base.

2. State and prove a converse of the last deduction.

3. Two triangles are between the same ])arallela, and the base of

the first is double the biiae of the second
;
prove the first

triangle double the second.

4 The four triangles into which the diagonals divide a H^'are equal.

5. If one diagonal of a quadrilateral bisects the other diagonal, it

also bisects the quadrilateral.

6. ABCD is a ll"" ; E is any point '\n AD or AD produced, and F
any point in BC or BC produced ; AF, DF, BE, CE are

joined. Prove A AFD= A BEC.

7. ABC is any triangle ; L and A' are the middle points oi AB
and AC ; BK and CL are drawn intersecting at G, and A

G

is joined. Prove A BGC = h AGC = c, AGB.
8. A BCD is a ||"' ; P is any ])oint in the diagonal BD or BD pro-

duced, and PA, PC are joined. Prove A PAB — A PCB^
and A PA D - A PCD.

9. Bisect a triangle by a straight liue drawn frotu a given point in

•ae of the sidea
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PROPOSITION 39. Theorem.

Equal triangles on the same side of the same base are hettoeen

the same parallels.

Awb ^D

Let As ABC, DBC on the same side of the se- le base

EC be equal, and let AD be joined :

it is required to i^rove AD \\
BC.

If AD is not
II
BC, through A draw AE \\

BC, I. 31

meeting BD, or BD produced, at E, and join EC.

Then A ABC = A EBC. I. 37

But A ABC = A DBC; Hyp.

A EBC = A DBC;
which is impossible, since the one is a part of the other.

.-. AD is
II
BC.

1. The straight line joining the middle points of two sides of a

triangle is 1| the third side, and = half of it.

2. Hence prove that the straight line joining the middle point of

the hypotenuse of a right-angled triangle to the opposite

vertex = half the hyiioteuuse.

3. The middle points of the sides of any quadrilateral are the

vertices of a il™, whose perimeter = the sum of the diagonals

of the quadrilateral. Wlien will this 1|™ be a rectangle, a

rhombus, a square ?

4. If two equal triangles be on the same base, but on opposite sides

of it, the straight line which joins their vertices will be

bisected by the base.

5. Use the first deduction to solve I. 31.

6. In the figure to I. 16, prove AF \\ BC.

7. If a quadri1ateral.be bisected by each of its diagonals, it is a H"".

8. Divide a given triangle into four triangles which shall be equal

in every respect.
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PROPOSITION 40. Theorem.

Equal triangles on ihe same side of equal bases which are in

the same straight line are between the same parallels.

BO E F

Let /\s ABC, DEF, on the same side of the equal bases

BC, EF, which are in the same straight line BF, be equal,

and let AD he. joined :

it is required to prove AD
\\
BF.

K AD is not
||
BF, through A draw AG

\\
BF, I. 31

meeting DE, or DE produced, at G, and join GF.

Then /\ABC= A GEF. J. 38

But A ABC = A DEF; Hyp.

A GEF = A DEF;
which is impossible, since the one is a part of the other.

.-. AD is
II
liF.

1. Prove the pro])03ition by joining AE ami A F.

2. Prove the proposition by joining Dli and DC.

3. Any number of equal triangles stand on the same side of equal

b es. If their bases be in one straight line, their vertices

will also be in one straight line.

4. Equal triangles situated between the same parallels have equal

bases.

5. Trapeziums on the same base and between the same jjarallels

are equal if the sides opposite the common base are equal.

6. The median from the vertex to the base of a triangle biaeet»

every parallel to the base.

7. Hence devise a method of bisecting a given straight line.
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PROPOSITION 41. Theorem.

If a parallelogram and a triangle he upon the same base arid

beiween the name parallels, the parallelogram shall be

double of the triaiKile.

B

Let the ||» ABCD and the A EEC be on the same base

BC, and between the same parallels AE, BC :

it is required to prove jl" ABCD = twice A EBC.
Join AC.

Then A ABC = AEBC. I. 37

But ir ABCD = twice A ABC; I. 34

II" ABCD = twice A EBC.

1. Prove the proposition Ijy drawing through C a parallel to BE.
2. If a ll™ and a triangle be on equal bases and between the same

parallels, the |i™ shall be double of the triangle.

3. A ' ™ and a triangle are equal if they are between the same
jiarallels, and the base of the triangle is double that of the li™.

4. State and prove a converse of the last deduction.

5. If from any point within a |I^ straight lines be drawn to the

ends of two opposite sides, the sum of the triangles on these

sides shall be equal to half the |1™. Is the theorem true when
the point is taken outside? Examine all the cases.

6. ABCD is any quadrilateral, AC and BD its diagonals. A ll™

EFGH is formed by drawing through A, B, C, D parallels to

AC and BD. Prove ABCD = half of EFGH.
7. Hence, show that the area of a quadrilateral = the area of a

triangle which has two of its sides equal to the diagonals of

the quadrilateral, and the included angle equal to either of
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the angles at which the diagonals intersect; and that tw»
quadrilaterals are equal if their diagonals are equal, and
also the angles at the intersection of ttie diagonals.

PROPOSITION 42. Problem.

To describe a parallelogram that shall he eqiud to a given

triangle, and have one of its angles equal to a given angle.

A Fa

B E €
Let ABC be the given triangle, and D tlie given angle

:

it is required to desa'ibe a ||'" equal to A ABC, and having

one of its angles equal to L D.

Bisect BC aX E; /. 10

and at E make l CEF = l D. I. 23

'Througli A iiaw AG
||
BC ; througli Cdraw CG

\\
EF. I. 31

FECG is the 11"" required.

Join AE.

The figure FECG is a H"

;

/. />/ 33
and 11'" FECG = twice A AEC. I. 41

But -nee A ABE = A AEC, /. 38

A ABC = twice A AEC,-

ir f^i^CG = A ABC
and L. CEF w;is made = l D.

1. Describe a rectangle equal to a given riangle.

2. Describe a triangle that slia" be eg, al to a given ||™, and have
one of its angles equal to a given angle.

3. On the same base as cT, H"" cons.ruct a right-angled triaugl*

= the ir,

4. OoDitruct a rhoruous = a given trian<^le.
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PROPOSITION 43. Theorem.

The complements of the 2oarallelograrns which are about a

diagonal of any parallelogram are equal.AH D

B G C

Let ABCD be a
jl"",

and AC one of its diagonals

;

lot EH, GF be !|"" about AC, that is, through which AC
passes, and BK, KD the other ||'"' which fill np the figure

ABCD, and are therefore called the complements :

it is required to prove complement BK = complement KD.

Because EH is a ||'" and AK its diagonal,

A AEK = A AHK. I. 34

Similarly A KGC = A RFC; I. 34

.-. A AEK + A KGC = A AHK + A KFC.
But the Avhole A ABC = whole A ADC; I. 34

.*. the remainder, complement BK = the remainder, com-

plement KD.

1. Name the eight H"' iuto which ABCD is divided by EF and

GH, and prove that they are all eqniaucriilar to H™ ABCD.
2. Prove 11"^ AG = |;'" ED, and f" BF = !;" DG.
3. If a point K he taken inside a |1"' ABCD, and through it

parallels he drawn to A B and BC, and if ||"» BK = li»' KD,
the diagonal AC passes tlirough K. (Converse of I. 43.)

4. Eacli of the ||"'" ahoiit a diagonal of a rhombus is itself a rhombus.

5. Eai'h of the i;'"' about a diagonal of a square is itself a square.

6. Each of the Ij"'" abfmt a square'sdiagonal produced is itself a square.

7. When are the complements of the ||"" about a diagonal of any

H"* equal in every respect ?
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PROPOSITION 44. Problem.

On a given straight line to describe a parallelogram whioh

shall be equal to a given triangle, and have one of its

angles equal to a given angle.

Let AB be the given straight line, C the given triangle,

and D the given angle :

it is required tu describe on AB a I]"
= A C, and having an

angle = l D.

Describe the ||'" BEFG -AC, and having L EBG =

L D ; and let it be so placed that BE may be in the same

straight line witli AB. I. 42

Through A draw AH \\
BG or EF, J. 31

aiul let it meet FG produced at If;

join HB.
Because IIF meets the parallels AH, EFy

.-. L AHF + L IIFE = 2 rt. ^s; /. 29

.-. L BIIF + L IIFE is less than 2 rt. ^s;

.-. HB, FE, if i)rodueed, will meet towards B, E. I. 29, Cor.

I^t them be ])roduced and meet at A' ;

through K draw h'L \\
EA or FH, I. 31

and produee HA, GB to L and M.

A BAIL is the H" requirod.

For FHLK is a
|i"',

of which HK is a diagonal,

and AG, ME are ||"" about UK ;
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complement BL = complement BF, /. 43

= A C.

And L ABM = l EBG, I. 15

= L D.

1. On a given straight line describe a rectangle equal to a given

triangle.

2. On a given straight line describe a triangle equal to a given |i'",

and having one of its angles equal to a given angle.

3. On a given straight line describe an isosceles triangle equal to a

given 11™.

4. Cut off from a triangle, by a straight line drawn from one of

tke vertices, a given area.

PROPOSITION 45. Problem.

To descnhe a parallelogram equal to any given rectilineal

figure, and having an angle equal to a given angle.

9 F G L

K H M
Let ABCD be the given rectilineal figure, E the given

angle :

it is required to describe a \\^ = ABCD, and having an angle

^ L E.

Join BD, and describe the ||" FH = A ABD, and

having L K = ~ E

;

I. i2

on GH describe the H"" GM = A BCD, and having

L GHM = L E. I. 44

FKML is the H"" required.
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F O L

P>e<^ause L K = l. GUM, since each — L E

;

to each of these equals add L GIIK

;

L K + L (llIK = L GHM + i. GIIK.

r.ut L. K + ^ GllK = 2 it. L s

;

.'. L GHM + L. GIIK = 2 it. ^s;

.-. KH and //,1/ are in the same straight line.

Again, because FG and GL drawn from G are hoth
||
KM ;

.'. FG and GL must he in the same straight line? /. Ax. 11

l\'o\v because KF and ML are both
||
HG,

.-. A' /-Ms
II
3/Z>;

and AM/ is
II
/'L;

.-. /'AM/L is a ir.

But ir i^AWL = r FH + ir OM,
= A ABD + A /^CA
= figure ABCD;

and L K = L E.

I. 21)

/. 14

/. 30

Const.

Cond.

1. Could two ll™" have a common side and top;cther not form one

11*" ? Illustrate hy a figure.

2. Describe a rectangle equal to a given rectilineal figure.

o. On a given straight line describe a rectangle equal to a given

rectilineal figure.

4. Given one side and the area of a rectangle ; find the other side.

Tt. Describe a |i"' equal to a given rectilineal figure, and having an

anf;le equal to a given angle, using I. .37, <-'or.

fi. Describe a 1!'" equal to the sum of two given rectilineal figures.

7. Describe a |1™ equ»l to the difTerence of two given rectilineal

ligure&
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PROPOSITION 46. Probibm.

On a given straight line to describe a square.

C, iD

Let AB be the given straight line :

it is required to describe a square on AB.

From A draw AC ^_ AB and = AB

;

I. 11, 3

through C draw CD
\\
AB, /. 31

and throD^ B draw BD \\ AC. /. 31

ABDC is the .quare reqiiired.

For ABDC is a
ll^" ;

/. Def. 33

.-. AB = CD and AG = BD. I. 34

But AB = AC; Const.

.'. the four sides AB, BD, DC, CA. are all equal

Because ^(7 meets the parallels AB, CD,
.-. L A ^ L 0=2 rt. /-s. /, 29

But z. 4 is right

;

.•. L C IB also right.

Now L. A = L D &Tidi L C = L B; /. 34

.*. the four lb A, B, D, Care right;

.-. ABDC is a square. /. Def. 32

1< What is redundant in Euclid's definition of a square ?

2. If two squares be equal, the sides on which they are described

are equal.

3. ABDC is constructed thus: At A and B draw AC and BD
1. AB and = A B, and join CD. ABDC is a square.

4 ABDC is constructed thus : At A draw AC X. AB and = AB ;

with ^ and C as centres, and a radius = AB ov AC, describe
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two circles intersecting at D ; and join BD. DC. ABDG is

a square

5. Describe a scuiave na\ang given a diagonal.

PROP0.5ITION 47. Theorem.

The sqtiare described on the hi/poti'iuse of a rifjht-angled

triawile is equal to the square) described on the other

two sides.*

G

Let A BC be a right-angled triangle, having the right

angle BA C :

it is required to prove thai the square described on BC =
square on BA + square on AC.

On AB, BC, CA describe the squares GB, BE,

CH; I. 4G

through A dmw AL
\\
BD or CE; J 31

and join AD, CF.

Because l BAC ^- l BAG = 1 xi. ^s,

.•. GA and AC fnnii one straiglit line. /. 14

Similarly, HA and All form one st might line.

* Thifl theoicm is usually attributed to Pytliagoras (580—610 ac.V
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Now L DBC = L FBA, each beiBg right.

Add to each l. ABC;
.-. L ABD = L FBC.

i AB = FB I. Def. 32

In As ABD, FBC, \ BD = BC I. Def. 32

( L ABD = L FBC; Proved

.-. A ABJ) = A FBC. I. 4

But ll" BL = twice A ABD, being on the same

base BD, an<l between the same
H**
BD, AL ; I. 41

and square B'i = twice A FBC, being on the same

base BF, and between the same ||' BF, CG; I. 41

.-.
If" BL = square BG.

Similarly, if AE, BK be joined, it may be proved

that li" CL = square CH

;

.-. \r BL + W"^ CL = square BG + square CH,

that is, square on BC = square on BA + square on A C.

[It is usual to write this result BG- = BA- + AC'^; but see p. 113.]

Cor.—The difference between the square on the hypoten-

use of a right-angled triangle and the square on either of the

sides is equal to the square on the other side.

For since BC- = BA'^ + AC\
.-. BC- - BA^ = AC\
and BC - AC^ = BA\

Nott;.—This proposition is an exceedingly important one, and

numerous demonstratiDiis of it have been given by mathematicians,

iome of them such as easily to afford ocular proof of the equality

asserted in the enunciation. With respect to Euclid's method of

proof (which is not* that of the discoverer), it may be remarked

tliat he has chosen that position of the squares when they are aU

exterior to the triangle. The pupil is advised to make the seven

other modifications of the figure which result from placing the

squares in different positions with respect to the sides of the

irian2;le, aud to adapt Euclid's proof thereto. It will be found that

AG and AC, as well as AH and AB, will always be in the s«me

* Se« Friedlein's Proclm, p. 426.

G
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btraight line, only, instead of being drawn in opposite directions from

A as in the text, they will sometimes be drawn in the same direction .

that IS ABlJ and /'fiC will sometimes be supjilementary instead

of equal; and that then the equality of as ABD and ! BC will

foliow, not from I. 4, but from I. 38, Cor.

All the different varieties of figure are obtained thus :

Call A' the square on the hypotenuse, Y and Z the squares on the

other sides. Describe

(\) X outwardly, F outwardly, Z outwardly.

(2)

(3)

(4)

(5)

(6)

(7)

(8)

inwardly.

inwardly

outwardly,

inwardly.

inwardly.

outwardly.

inwardly.

outwardly.

inwardly.

outwardly.

inwardly.

The following methods of exhibiting how two squares may be

dissected and put together so as to form a third square, are jirobably

the simplest and neatest ocular proofs yet given of this celebrated

proposition :

FIRST METHOD.

K

\) c

ABGII. BCEF are two squares placed side by side, and so that

AB and BC form one straight line. Cut off CD = AB, and join

ED, DII.

(1) If, round I'J as a ])ivot, A ECD is rotated like the hands of a

watch througli a right angle, it will occupy the positim A7'A'. If,

n)und // as a pivot, A HAD is rotated in a manner opposite to the

hands of a watch throui-h a right au^le, it will ()ccu])y the position

HGK. The two sfpiares ABdU and BCEF will then be trans-

formed into the square DEKH.
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(2) If A ECD be slid along the plane in such a way that EC
alwayo »'*»7T)=)ins vertical, and D moves along the line DH, it will

come to occupy the position KGH. If A HAD be slid along the

plane in such a way that HA always remains vertical, and D moves

along the line DE, it wiU come to occupy the position KFE. The

two squares ABGH and BCEF will then be transformed into the

square DEKH.
[This method is substantially that given by Schooten in his

Exercitationes Mathematics (1657), p. 111. The first or rotational

way of gettinti A3 ECD, HAD into their places is given by J. C.

Sturm in his Mathesis Enucleata (1689), p. 31 ; the second or trans-

lational way is mentioned by De Morgan in the Quarterly Journal

9/ Mathematics, vol. i. p. 236.]

SECOND METHOD.

E

H'-

>D

ABC is a right-angled triangle. BCED is the square on the

h^'potenuse, ACKH and ABFG are the squares on the other sides.

Find the centre of the square ABFG, which may be done by
drawing the two diagonals (not shown in the figure), and through it

draw two straight lines, one of which is |j BC, and the other j_ BC.
The square ABFG is then divided into four quadrilaterals equal in

every respect. Through the middle points of the sides of the square

BCED draw parallels to AB and ^C as in the figure. Then the

parts 1, 2, 3, 4, 5 will be found to coincide exactly with 1', 2', 3',

4', 5'.

[This method is due to Henry Perigal, F.P«,A.S., and was dis
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covered about 1830. See The Messenger of Mathematics, new series,

voL ii. pp. lO.S-106.]

1. yhow how to tind a square — the sum of two given ciquare«.

2. II II = II three n

3. II II = the difiFerence of two n

4. II II double of a given square.

5. .1 .. half

6. 11 II triple n

7. The square described on a diagonal of a given squars ia twice

the given square.

8. Heuce prove that the square on a straight line is four times the

square on half the line,

9. The squares described on the two diagonals of a rectangle are

together equal to the squares described on the four sides.

10. The squares described on the two diagonals of a rlionibus are

together equal to the squares described on the four sides.

11. If the hypotenuse and a side of one right-angletl triangle be

equal to the hypotenuse and a side of another right-angled

triangle, the two triangles are equal in every rP8i)ect.

12. If from the vertex of any triangle a jjerpendicular be drawn to

the base, the difference of the squares on the two sides of

the triangle is equal to the difference of the squares on tlic

segments of the base.

13. The square on the side opposite an acute angle of a triangle is

less than the squares on the other two sides.

14. The square on the side o|)posite an obtuse angle of a triangle is

greater than the squares on the other two sides.

15. Five times the square on the hyj)otenuse of a right-angled

triangle is equal to four times the sum of the squares oi»-

the medians drawn to the other two sides.

16. Three times the square on a side of an equilateral triangle is

equal to four times the square on the |)cq>endicular drawn

from any vertex to the opposite side.

17. Divide a given straight line into two parts such that the sum
of their squares may be equal to a given square. Is this

always possible ?

18. Divide a given straight line into two parts such that the square

on one of them may be double the scpiare on the other.

19. If a straight line bo divided into .iny two parts, the square on

the whole line is greater than the sum of the squares on the

two parts.



Book L] PROPOSITION 47. 95

20. The sum of the squares of the distances of any point from two
opposite corners of a rectangle, is equal to the sum of the

squares of its distances from the other two corners.

The following deductions refer to the figure of the proposition in

the text. They are all, or nearly all, given in an article in Leyboum's
Mathematical Kepositctry, new series, vol. iii. (1814), Part II. pp.
71-80, by John Brausby, Ipswich.

21. What is the use of proving that AG and AC are in the same
straight line, and also AB and AH?

22. AF and AK are in the same straight line.

23. BG is
II
CH.

24. Prove As ABD, FBC equal by rotating the former round 5
through a right angle. Similarly, prove A s J CE, KCB equal,

25. Hence prove AD i. FC, and Ae\ KB.
26. I s ABC and DBF are supplementary, as also are z s ACB and

ECK.
27. Hence prove as FBD, KCE = A ABC.
28. FG, KH. LA all meet at one pr>int T.

29. AS AGN, TI/G. OA T, II TA are each = a ABC.
30. If from D and E, perpendiculars DU, EVhe drawn to FB and

KC produced, as UBD and VEG are each = a ABC.
Prove b\' rotating.

31. DF- + Eli- = 5 6C'2.

32. The squares on S'le sides of the polygon DFGHKE = 8 BC\
33. If from F and A' perpendiculars FM, KN be drawn to BO

produced, and /be the point where AL meets BC, A BFM
= A ABI, and a CKjST^ a ACI.

34 FM + KX = BC, and BX=CM = AL.
35. If DB and EC produced meet FG and KH at P and Q, prove

by rotating A ABC that it = each of the A s FBP, KCQ.
36. If PQ be joined, BCQP is a square.

37. ABPT is a Ij™, and = rectangle BL ; ACQT is a r, and =
rectangle CL.

38. ADBT is a i;'", and = rectangle BL ; AECT is a j™, and =
i£ctangle CL.

39. DFPU and EKQVare I°>S and each = 4 A ABC.
40. ADUH and AEVG are !r^ and each = 2 a ABO.
41. 5^ is _ CT, and C/' ± 5^.
42. Hence prove that AL, BK, OF meet at one point 0. (See

App. I. 3.)
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43. If BK meet A C in X, and CF meet ABin W, A s BR X'. COW
are each = l. A BC.

44. A W = AX.
45. A ^CJr= A 5CX, and A ^5X= A £CIf.

46. Quadrilateral A ]VOX = A BOC.
47. If from O and // perjiendiculars Giff, HS be drawn to AC or BG

produced, and if these jierpendiculars meet AH and .4Cin }'

andZ, prove by rotating a J i^C that it = A OA Y ov a ZAH.
48. DU produced passes through Z, EV produced through >',

GV through ]Y, and HU through A'.

49. If through A a parallel to BC be drawn, meeting OR in O', and

HS in ir, AS AGO', AZW are = A ABI, and As .4 YG'

sindAHH'= a A CI.

50. //? = IS; OR + IIS = MN ; FM -i- OR + HS + KN
= 2 (BC + AI) ; OR = BS; HS = CR.

PROPOSITION 48. Theorem.

If the square described on one of the sides of a triangle he

equal to the squares described on the other ttvo sides of

it, the angle contained by tlioee two sides is a right

angle. D

Let ABC be a triangle, and let BC^ = BA^ + AC^ ,•

it is required to prove l BAC right.

i^rom A draw AD ± AC, and = AB

;

I. 11, 3

and join CD.

Because AD - AB ; .-. AD^ = ABf.

To each of these equals add AC^ ;

.'. ALP- + AC^ = AB^ + AC^.
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But Aiy^ + AC^ = CD\ I. 47

and AE^ + AC^ = BG^

;

Hyp.
.-. (7Z>2 = BC^;
.'. CD = BC.

(BA = DA Const.

In As BAC, DAC, < AC = AG
isC = DGj :e*vved

: L BAG = u DAC, I. 8

= a right angle.

1. In the construction it is said, draw AD X AC. Would it not

be simpler, and answer the same purpose, to say, produce AB
to D. Why?

2. Prove the proposition indirectly by drawing AD x AC, and on

the same side of J 6' as AB, and using I. 7 (Proclus).

3. If the square on one side of a triangle be less than the sum of

the squares on the other two sides, the angle opposite that

side is acute.

4 If the square on one side of a triangle be greater than the sum

of the squares on the other two sides, the angle opposite that

side is obtuse.

5. Prove that the triangle whose sides are 3, 4, 5 is right-angled.*

6. Hence derive a method of drawing a perpendicular to a given

straight line from a point in it.

7. Show that the following two ndes,t due respectively to Pytha-

goras and Plato, give numbers representing the sides of

right-angled triangles, and show also that the two rules are

fundamentally the same.

(a) Take an odd uumber for the less side about the right angle.

Subtract unity from the square of it, and halve the remain-

der ; this will give the greater side about the right angle.

Add unity to the greater side for the hypotenuse.

(6) Take an even number for one of the sides about the right

angle. From the square of half of this number subtract

unity for the other side about the right angle, and to the

square of half this number add unity for the hypotenuse.

* This is said by Plutarch to have been known to the early Egyptians.

+ See Friedlein's Proclus, p. 428, and Hultsch's Heronis . . . reliquice,

pp. 56, 57.
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APPENDIX I.

Proposition 1.

The straiftht line joiiiinr/ fhe middh- points of any tivo sitlen of a

iriangle is parallel to the third aide and equal to the hull of it.

Let ABC be a triangle, ami let L, K be the mitlille points of

AB,AC:
it is required to prove LK \\ BG and = half of BG.

Join BK, GL.

Because AL = BL, ..A BLG = ha\i of i\ ABC ; I. 38

and because AK ^ CK, .-. a BKC = half of A ABC; I. 33
.-. A BLG= A BKC.
.-. LK is II BC. I. 39

Hence, if // be the middle of BC, and HK be joined, HK is || AB ;

.'. BHKL is a ll">

;

/. Def 33

.-. LK -- BH =. half of BG. I. 34

Cor. 1.—Conversely, The straight line drawn through the middle

point of one side of a triangle parallel to a second side bisects the

third side.*

CoR. 2.

—

AB is a given straight line, G and D are two points,

either on the same side of A li or on opposite sides of A B, and such

that.'lC and /if) are parallel. If through fJ the middle point of

AB, A straight line be diawu \\ AC or BD to meet Cf) at F, then

• The corollaries and converses given in the Appendices should be

proved to be true. Many of th«m are not obvious.
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F is the middle point of CD, and Ef is equal either to half the sum
of ^C and BD, or to half their difference.

Proposition 2.

The straight lines draivn perpendicular to the sides of a trianglefrom
the middle points of the sides are concurrent {that is, pass through

the same point).

See the figure and demonstration of IV. 5.

If S be joined to H, the middle of BC, then Sff is ± BC. I. 8

Note.—The jwint S is called the circumscribed centre of a ^ BG.

Pkoposition 3.

ITie straight lines drawn frovi the vertices of a triangle perpendicular

to the opposite sides are concurrent*

L A K

Let AX, BY, CZ he the three perpendiculars from A, B, C on
the opposite sides of the a ABC

;

it is required to i/rove AX, BY, CZ concurrent.

Through A, B, C draw KL, LH, HK \\ BC, CA, AB. I. .31

Then t!ie figiu-es ABCK, ACBL are ir»

;

I. Def 33

.-. AK = BG^AL, I.M
that is, .4 is the middle point of KL.

* Pappus, Vll. 62. The proof here given seems to be due to F. J,

Servois : see his Solutionspeu connues de differcns problemes de Geonetrie-

pratique (1804), p. 15. It is attributed to Gauss by Dr K. Baltzer.
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Hence also, B and C are the middle points of LH and HK.
Sut since ^A', BY, CZ are respectively X BC, CA, AB, CotiM-

they miist be respectively ± K L, LII,,HK, I. 29

and .*. concurrent. App. I. 2

NoTK—The point O is called the ortJiocentre of the A ABC (an

expression due to W. H . Besant), and A X YZ, formed by

joining the feet of the perpendiculars, is called sometimes the jiedal,

sometimes the orthocentric, triangle.

Proposition 4.

The medians of a triangle are concurrent

A BLC= t. ALC,
A BLO = A ALO; /. .38

/. Ax. 3

/ 33

B H C

Let the medians BK, CL of the ::, ABO meet at O

:

it is required to prove that, if H be the mkldle point of BC, the

median AH ivill pass through Q.

Join AO.
Because BL = AL

and
.-. A BQC=i^AQC,

= twice A CKO
.-. BG = twice GK, or BK = thrice GK,
that is, tlie median CL cuts BK at its point of triaection remo*^e

from B.

Hence also, the median AH cuts BK at its point of trisection remote

from B,

that is, A II passes through O.

Cor.— If the points //, A', L be joined, the medians of thi?

A HKL are concurrent at O.

NoTE.-^The point O is called the cenlroid of the A ABC (an
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expression due to T. S. Davies), and A HKL may be called the

median triangle. The centroid of a triangle is the same point as

that which in Statics is called the centre of gravity of the triangle,

and may be found by drawing one median, and trisecting it.

Proposition 5.

The orthocentre, the centroid, and the circumscribed centre of a

triangle are coUinear {that is, lie on the same straight line), and

the distance between the first two is double of the distance between

the last ti^^oj*

B X H C
Let ABC be a triangle, its orthocentre determined by drawin

AX and BY x BC and CA ; S its circumscribed centre determine i

by drawing through H and K the middle points of BC and CA, I^S

and F.S .L BC and CA ; and AH the median from A :

it is required to prove that if SO be joined, it will cut AH at the

centroid.

Let SO and AH intersect at O ;

join P and Q, the middle points of GA, GO ;

« U .. V, „ „ OA, OB;
and join HK.
Because H and K are the middle points of CB, CA ;

.-. HK is
II
AB and = half AB. App. I. 1

Because U and V are the middle points of OA, OB ;

.-. UV\a\\ AB and = half AB, App. I. 1

/. iT^isil C^Fand = VV.

* First given by Euler in 1765. See Novi Commentarii Academice

Scientiarum Jmperialis Petropolitance, vol. xi. pp. 13, 114.
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A
LBccx L

li X H a
Because Sff and OU are both ± BC .-. SH is \\ OU ; I. 28, Cor.

" .^A' M OV „ CA .-. S;K „ \.<>V. 1.28, Coi:

Hence the as SHK, OUV are mutually equiangular, /. 34, Cor.

and since HK = UV .-. SH = OU /. 20
= half^O.

Again, l>ecause P and Q are the middle points of GA, GO

;

.-. PQ is MO and r= half AG : App. I. I

.-. PQ is
II
SH and = SH.

Hence thcAs I/GS, PGQ are equal iu all res)iects
; /. 20, 2(i

.-. HG= PG = ha.U AG;

.'. G is the centroid, -^PP- !• '^

and SG = QO = half OG.

Cor.—The distance of the circumscribed centre fr<iin any side of a

triangle is half the distance of tlie orthocentre from tb<; opposite

vertex.

For SH was proved = half OA.

Loci.

Many of the problems which occur in geometry consist in the

fin<liiig of points. Now the position of a point—and jmsition is the

only property whi'h a point, jiossesses— is determined by certain

conditions, and if we know these conditions, we can, in general

find the point which satisfies them. It will l.e seen that in plane

geometry tiro conditions suffice to determine a point, provided the

conditions be mutually consistent and independent. When only

one of the conditions is given, though the point cannot then be

determined, yet its ]>o8ition may be so restricted as to enable us

to say that whenver the jioint may be, it must always lie on some

one or two lines which we can describe ; for example, straight lines
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or the circumferences of circles. The given condition may, however,

lye such that the point which satislies it will he on a line or hnes

which we do not as yet know how to describe. Cases where this

occurs are considered as not belonging to elementary plane

geometry.

Def.—The line (or lines) to which a point fulfilling a given con-

dition is restricted, that is, on which alone it can lie, is (or are)

called the locus of the point. Instead of the phrase 'the locus of a

point,' we frequently say 'the locus of points.'

For the complete establishment of a locus, it ought to be proved

not only that all the points which are said to constitute the locus

fulfil the given condition, but that no other points fulfil it. 'Ihe

latter part of the jiroof is generally omitted.

Ex. 1. Find the locus of a point having the property (or fulfilling

the condition) of being situated at a given distance from a given |X)int.

Let A be the given point, and suppose

B, C, D, &c. to be points on the locus. Join

AB, AC, AD,kc.
Then AB = AC = AD = &c.

;
Hyp.

and hence B, C, D, &c. must be situated on

the 0°® of a circle whose centre is A, and

whose radius is the given distance.

Moreover, the distance from A of any point

not situated on the O"* would not be = AB, AC, AD. &c.

This O*^^ .'. is the required locus.

Ex. 2. Find the locus of a point having the property (or fulfilling

the condition) of being equidistant from

two given points.

let A and B be the given points.

Join AB, and bisect it at C ; then G
is a definite fixed point.

Suppose D to be any point on the locus,

and join DA, DB, DC. ^/.

Then DA = DB ; Hyp.
'

and since DC is common, and AC = BC, '

Const.

.: DCis ± AB. I. 8, Def. 10

Hence, if a set of other points on the locus be taken, and jointed

to the definite fixed point C, a set of perpendiculars to AB will be

obtained. The Ljcus therefore consists of all the perpendiculars that

can be drawn to J5 through the point C; that is, CD produced

indefinitely either way is the locus.

D

C
-'-B
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Proposition 6.

Straight lines are dratvn from a given fixed point to the circumfer-

ence of a given fixed circle, and are bisected : find the locu*

of tlieir middle points.

j^—!Z!I>^

^^^^/^ 7\

Let A be th« given fixed point, C the centre of the given fixed

circle ; let A B, one of the straight lines drawn from A to the O "=*,

be bisected at ^

:

it is required to find the locus of E.

Join AC, and bisect it a,t D

;

/. 10

join DE and CB.

Because DB joins the middle points of two sides of A ACB,
..I)E=hCB. App.I.]
But CB, being the radius of a fixed circle, is a fixed length

;

.". DE, its half, is also a fixed length.

Again, since A and C are fixed points,

.•. AC is a, tixed straight fine ;

.•. D, the middle point of AC, is a fixed point

;

that is, E, the middle point oi AB, is situated at a fixed distance

from the fixed point D.

But A B was any straight line drawn from A to the O •*
;

.•. tlie midiile points of all other straight lines drawn from A to the

O" must be situated at the same fixed distance from the fixed point

H;
.". the locus of the middle points is the o** of a circle, whose
centre is D, and whose radius is half the radius of the fixed circle.

From the figure it will he seen that it is immaterial wliethcr AB
or AB' is to be considered as the straiglit line drawn from A to the

O". For if E" be the middle point of AB', then UD^^B^G,
that is = half the radius of the fixed circle

;

.*. the locus of H is the same 0~ as befors.
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ri'He reader is requested to make figures for the cases when the

given point A is inside the given circle, and when it is on the O "* of

the given circle.]

INTERSECTION OF LOCL

Since two conditions determine a point, if we can construct the

locus satisfying each condition, the point or points of intersection of

the two loci wiU be the point or points required. A familiar example
of this method of determining a point, is the finding of the position

of a town on a map by means of parallels of latitude and meridians
of longitude. The reader is recommended to apply this method to

the solution of I. 1 and '22, and to several of the problems on th»
construction of triangles.

DEDUCTIONS.

1. The straight line joining the middle points of the non-paraUel
sides of a trapezium is |1 the parallel sides and = half their

sum.

2. The straight line joining the middle jwints of the diagonals of a
trapezium is

il
the parallel sides and = half their difference.

3. The straight Ime joining the middle points of the non-parallel

sides of a trapezium Insects the two diagonals.

4 The middle points of any two opposite sides of a quadrilateral

and the middle points of the two diagonals are the vertices

of a !;".

6. The straight lines which join the middle points of the opposite
sides of a quadrilateral, and. the straight line which joins the
mid lie points of the diagonals, are concurrent.

6. If from the three vertices and tue cetitroid uf a triangle perpen-
diculars be drawn to a straight line outside the triangle, the
perpendicular from the centroid = one-third of the sum of

the other peqiendiculars. Examine the cases when the
straight line cuts the triangle, and when it passes through
the centroid.

7. Find a point in a given straight line such that the sum of its

distances from two given points may be the least possible.

Examine the two cases, when the two given points are on
the same side of the given line, and when they are on
different sides.
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8. Find a point in a given straight line such that the difference ot

its distances from two given points may be the greatest

possible. Examine the two cases.

9. Of all triangles having only two sides given, that is the greatest

iu which these sides are perjiendicular.

10. The ]>erimeter of an isosceles triangle is less than that of

any other triangle of equal area standing on the same

base.

11. Of all triangles having thfi same vertical angle, and the bwes

of which pass through the same given point, the least is tnat

which has its base bisected by the given point.

12. Of all trianu'Ies formed with a given angle which is contained

by two sides whose sum is constant, the isosceles triangle has

the least perimeter.

13. The sum of the i)erpendiculars drawn from any point in the

base of an isosceles triangle to the other two sides is con-

stant. Examine the case when the point is in the base

produced.

14 The sum of the perpendiciUars drawn from any point inside an

equilateral triangle to the tliree sides is constant. Examine

the case when the point is outside the triangle.

1.5, The sum of the perpendiculars from the vertices of a triangle on

the opposite sides is greater than tlie semi-perimeter and less

than the perimeter of the triangle.

IG. If a ]>er[)en(licular be drawn from the vertical angle of a triangle

to the base, it will divide the vertical angle and the base

into parts such that the greater is next the greater side of

tlie triangle.

17. The bisector of the vertical angle of a triangle divides the base

into segments such that the greater is next tbe greater side

of the triangle.

18. The median from the vertical angle of a triangle divides the

vertical angle into parts such that the greater is next the less

side of the triangle.

10. If from the vertex of a triangle there be drawn a perpendicular

to the ojiposite side, a bisector <>i the vertical angle and a

median, the second of these lies in j)osition and magnitude

between the other two.

20. The sum of the three angular bisectors of a triangle is greater

than the semiperioieter, and less tkan the perimeter of the

triangle.
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21. If one side of a" triaDgle be greater than another, the perpen-

dicular on it from the opposite angle is less than the

coiiedponding perpendicular on the other side.

22. If one side of a triangle be greater than another, the median

drawn to it is less than the median drawn to the other.

23. If one side of a triangle be greater than another, the bisector

of the angle opposite to it is less than the bisector of the

angle opposite to the other.

24. The hypotenuse of a right-angled triangle, together with the

perpendicular on it from the right angle, is gi-eater than the

sum of the other two sides.

25. The sum of the three medians is greater than three-fourths of

the periuieter of the triangle.

26. Construct an equilateral triangle, having given the perpendicular

from any vertex on the opposite side.

Construct an isosceles triangle, having given :

27. The vertical angle and the perpendicular from it to the base

28. The perimeter and the perpendicular from the vertex to the

base.

Construct a right-angled triangle, having given

:

29. The hypotenuse and an acute angle.

30. The hypotenuse and a side.

SI. The hypotenuse and the sum of the other sides.

32. The hypotenuse and the difference of the other sides.

33. The perpendicular from the right angle on the hyjjotenuse and

a side.

34 The median, and the perpendicular from the right angle, to the

hypotenuse.

35. An acute angle and the sum of the sides about the right angle.

36. An acute angle and the difference of the sides about the right

angle.

Construct a triangle, having given :

37. Two sides and an angle opposite to one of them. Examine the

cases when the angle is acute, right, and obtuse.

38. One side, an aagle adjacent to it, and the sum of the other two

sides.

39. One side, an angle adjacent to it, and the difference of the other

two sides.

40. One side, the angle opposite to it, and the sum of the other two

sides.

H
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41. One side, the angle opposite to it, and the difference of the

other two sides.

42. An anL;le, its bisector, and the perpendicular from the angle on

the opposite side.

-13. The angles and the sum of two sides.

i4. The angles and the difference of two sides.

45. The {lerinieter and the angles at the base.

4i). Two sides and one median.

47. One side and two medians.

48. The three medians.

Construct a square, having giren :

49. The sum of a side and n. diagonal.

50. The difference of a side and a diagonal.

Construct a rectangle, having given :

51. One side and the angle of intersection of the diagonals.

52. The perimeter and a diagonal.

53. The perimeter and the angle of intersection of the diagonals.

54 The difference of two sides and the angle of interst^jtion of the

diagonals.

Construct a 1|™, having given :

65. The diagonals and a side.

5f). The diagonals and their angle of intersection.

J7. A side, an angle, and a diagonal.

58. Construct a ||™ the area and perimeter of which shall = the area

and perimeter of a given triangle.

50. The diagonals of all the I'"" inscribed* in a given H™ intersect one

another at the same point.

GO. In a given rhombus inscribe a square.

01. In a given right-angled isosceles triangle inscriljo a square.

G2. In a given square in.scribe an equilateral triangle having one of

its vertices coinciding \nth a vertex of the square.

6.S. A A', JiB\ CC" are straight lines drawn from the angular points

of a triangle through any point O within the triangle, and
cutting the ojiposite sides at A', B\ C. A P, BQ, CR are cut

off from AA\ BB", CO', and = OA , UR, OC Prove

A A'BG' = A PQR.

* One figure i.s inscribed in aaother when the vertices of the first figure

ore on tlie sides of the secon'i.
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G4. On AB, AC, aides of A ABC, the ir- ABDE, ACFG are

describad ; DE and FG are i)roduced to meet at H, and AH
is joined ; through B and C, BL and CM are drawn || AH,
and meeting DE and FG at L and J*/. If LM be joined,

JSCJ/^Z is a !:», and = li"" BE + ||" C(?. (Pappua, IV. 1.)

65. Deduce I. 47 from the preceding deduction.

66. If three concurrent straight lines be respectively perpendicular

to the three sides of a triangle, they diWde the sides into

segments such that the sums of the squares of the alternate

segments taken cyclically (that is, going round the triangle)

are equal ; and conversely.

67. Prove App. I. 2, 3 by the preceding deduction.

68. If from the middle point of the base of a triangle, perpendiculars

be drawn to the bisectors of the interior and exterior vertical

angles, these perpendiculars will intercept on the sides

segments equal to half the sum or half the difference of the

sides.

69. In the figure to the preceding deduction, find all the angles

which are equal to half the sum or half the difference of the

base angles of the triangle.

?0. If the straight lines bisecting the angles at the base of a triangle,

and terminated by the opposite sides, be equal, the triangle is

isosceles. Examine the case when the angles below the base

are bisected. [See Nouvelles Annates de Mathematiques

(1842), pp. 138 and 311 ; Lady^s and Gentleman's Diary {or

1857, p. 58 ; for 1859, p. 87 ; for 1860, p. 84 ; London, Edin-

burgh, and Dublin Philosophical Magazine, 1852, p. 366, and

1874, p. 354]

Loci.

1. The locus of the points situated at a given distance from a

given straight line, consists of two straight lines parallel to

the given straight line, and on opposite sides of it.

2. The locus of the points situated at a given distance from the
0"=* of a given circle consists of the O"' of two circles con-

centric with the given circle. Examine whether the locus

will ahvnys consist of two O "^.

[The distance of a point from the circumference of a circle is

measured on the straight line joining the point to the centre

of the circle.]
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3. The lociis of the pi>ints equidistant from two given straight lines

which intersect, consists of the two bisectors of the angles

made by the given straight Hues.

4. What is the locus when the two given straight lines are

parallel ?

5. The locus of the vertices of all the triangles which have the

same base, and one of their sides equal to a given length,

consists of the O'^ oi two circles. Determine their centres

and the length of their radii.

6. The locus of the vertices of all the triangles which have the

same base, and one of the angles at the base equal to a given

angle, consists of the sides or the sides produced of a certain

rhombus.

7. Find the locus of the centre of a circle which shall pass through

a given point, and have its radius equal to a given straight

line.

8. Find the locus of the centres of the circles which pass through

two given points.

9. Find the locus of the vertices of all the isosceles triangles which

stand on a given base.

10. Find the locus of the vertices of all the triangles which liave

the same base, and the median to that base equal to a given

length.

11. Find the locus of the vertices of all the triangles which have the

same base and equal altitudes.

12. Find the l«>cus of the vertices of all the triangles which have the

same base, and their areas eq\ial.

13. Find the l-icus of the middle points of all the straight lines

drawn from a given point (o meet a given straight line.

14. A series of triangles stand on the same base and between the

same parallels. Find the locus of tli- middle points of their

sidi'S.

15. A stries of |,'"" stand on the .same base and between the same

parallels. Find the locus of the intersection of their

diagonals.

IG. From any point in the b.ise of a triangle si might lines are

drawn j.arallel to the sides. Find the locus of the intersection

of the diagonals of every 11'" thus formed.

iV. Straight lines are drawn par.-illel to tlie b.ase .,f a triangle, to

meet tii- sides or the sides produced. Find the locus of th«u-

tniddle points.
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18. Find the locus of the angular point opposite to the hypotenuse
of all the right-angled triangles that have the same hypoten-

use.

19. A ladder stands upright against a perpendicular wall. The foot

of it is gradually drawn outwards till the ladder lies on the

ground. Prove that the middle point of the ladder has

described part of the o "^^ of a circle.

20. Find the locus of the points at which two equal segments of a
straight line subtend equal angles.

21. A straight line of constant length remains always parallel to

itseK, while one of its extremities describes the O "* of a circle.

Find the locus of the other extremity.

22. Find the locus of the vertices of all the triangles which have the

same base BC, and the median from B equal to a given
length.

23. The base and the difference of the two sides of a triangle are

given : find the locus of the feet of the perpendictilars drawn
from the ends of the base to the bisector of the interior

vertical angle.

24. The base and the sum of the two sides of a triangle are given
;

find the locus of the feet of the perpendiculars drawn from
the ends of the base to the bisector of the exterior vertical

angle,

25. Three sides and a diagonal of a quadrilateral are given : find the
locus (1) of the undetermined vertex, (2) of the middle point

of the second diagonal, (3) of the middle point of the straight

line which joins the middle points of the two diagonals.

(Solutions raisonnees des ProUemes enoiices dant lea Elimenta
tk <jfeo77ieirie de M. A. Amiot, 7^™^ ed. p. 124^)
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BOOK II.

DEFINITIONS.
1. A rectangle (or rectangular parallelogram) is said to

be contained by any two of its conterminous sides.

c

Thus the rectangle ABCD is said to

be contained by A B and BC; or by BC
and CD ; or by CD and DA ; or by
DA and AB.
The reason of this is, that if the lengths of any two conterminous

sides of a rectangle are given, the rectangle can be constructed ; or,

what comes to the same thing, that if two conterniinuus s des of one

rectangle are respectively etjual to two conterminous sides of anothei

rectangle, the two rectangles are equal in all respects. The truth

of the latter statement may be proved by applying the one rectangle

to the other.

2. It is oftener the case than not, that the rectangle con-

tained by two straight linos is spoken of when the two

straiglit lines do not actually contain any rectangle. Wlien

this is so, the rectangle contained by the two straight lines

will signify the rectangle contained by either of them, and

a straight line equal to the other, or the rectangle contained

by two other straight lines respectively equal to them.

F^. 1. Fig. 3.

FL

H

A

C—
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Thus ABEF (fig. 1) may be considered the rectangle contained

by AB and CD, if BE = CD ; CDEF (fig. 2) may be considered

the rectangle contained by AB and CD, if DE = AB ; and EFGH
(tig. 3) may be considered the rectangle contained \>^ AB and CD, if

EF = AB&uAFG = CD.

3. As the rectangle and the square are the figures which

the Second Book of Euclid treats of, phrases such as ' the

rectangle contained by ^J5 and AC,' and 'the square

described on AB,' -will be of constant occurrence. It is

usual, therefore, to employ abbreviations for these phrases.

The abbreviation which will be made use of in the present

text-book* for 'the rectangle contained by AB and BC is

ABBC, and for ' the square described on AB,' AB^.
4. When a point is taken in a straight line, it is often

called a point of section, and the distances of this point

from the ends of the line are called segments of the line.

D
A 1 'B

Thus the point of section D divides AB into two segments AD
and BD.

In this case AB is said to be divided internally at D, and AD and
BD are called internal segments.

The given straight line is equal to the sum of its internal seg-

ments ; for AB = AD + BD.

5. When a point is taken in a straight line produced, it

is also called a point of section, and its distances from the

ends of the line are called segments of the line.

A
^ D D A B

Thus D is called a point of section of AB, and the segments into
which it is said to divide AB axe AD and BD.

* In certain written examinations in England, the only abbreviation
allowed for ' the rectangle contained by AB and BC is rect. AB, BC,
and for ' the square described on AB,' sq. on AB ; the pupil, therefore, if

preparing for these examinations, should practise himself in the use of
«uch abbreviations.
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In this case, AB is saiil to 1)e divided exkrnalh/ at D, and

A />, JiD are called exhrnal stt/ineiits.

The uiven straight line is equal to the difference of its external

segments ; ioT AB = AD - BD, or BD - A D.

6. When a straight line is diviLlod into two segments,

such that the l-ectangle contained hy tlie whole line and

one of the segments is equal to the square on the othei-

sogmont, the straight line is said to be divided in medial

section.*

A 5 „

Thus, if ^5 be divided at // int<i two fegments AJ/ and JiJf,

such that AB-BH = All \ AB is said to be divided in medial

section at //.

It will be seen that AB is internally divided at If ; and in

general, when a straight line is said to be divided in medial section,

it is understood to be internally divided. But the definition need

not be restricted to internal division.

W A B

Thus, if ^i? be di\-ided at //' into two segments AH' and BH',
such tliat AB BW = All"-, AB in this case also may be said to be

divided in medial section.

7. The projection t of a point on a straight line is the

foot of the perpendicular drawn from the point to the

straight line. .

D
Thus D is thi' projection of A on the straight line BO.

8. The projection of one straight line on another straight

• The phrase, 'medial fpction,' seems to be due to Leslie. See his

ilemniU nf dnomvlrii (IHCK)), y. 66.

t .Sonictrmes the aibfct vc ' ortliogonal ' is pre&xed to the word pro-

ectioD, to distinguish this kind from utheiB.
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line is tliat portion of tne secona intercepted between per-

pendiculars drawn to it from the ends of the first.

Fig. 1. Fig. 2.

U H K 1^ i E A ti K D F

Thus the projections oi AB and CD on EF are, in fig. 1, GH and

KL : in ti^;. 2, AH and KJ).

While the straight line to be projected must be limited in length,

the straight line on which it is to be projected must be considered

as unlimited.

9. If from a parallelogram there be taken away either

of the parallelograms about one of its diagonals, the

remaining figure is called a gnomon.

A C B A C B

H G/

/
G K

D FED F E

Thus if ADEB is a \\"\ BD one of its diagonals, and HF, CK
l|ma about the diagonal BD, the figure which remains when HF or

CK is taken away from ADEB is called a gnomon. In the first

case, when HF is taken away, the gnomon ABEFGH (inclosed

within thick lines) is usually, for shortness' sake, called AKF or

HCE ; in the second case, when CK is taken away, the gnomon
ADEKGC would similarly be called AFK or CHE.
The word ' gnomon ' in Greek means, among other things, a

carpenter's square,* which, when the 11"° ADEB is a square or a

* Another less known figttre was, from its shape, called liy the ancient

geometers, 'the shoemaker's knife.' See Pappus, IV. section 14.
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rectangle, the figure ^^Z' resembles. The only gnomons mentioned
by Euclid in the second book are parts of squares.

The more general definition <;iven by Heron of Alexandria, that a

gnomon is any figure which, when added to another figure, produces

a figure similar to the original one, will be partly understood after

the fourth proposition has been read.

PROPOSITION 1. Theorem.

// there he two straight lines, one of which is divided inter-

nally into ajiy number of segvients, the rectanule cun-

iained h'j the two straight lines is equal to the rectangles

contained hij the undivided line and the several segments

of the divided line.

C E F D

G K H

Let AB and CD be the two straight lines,

and let CD bo divided internally into any number of seg-

ments CE, Eh\ FD :

it is required to prove ABCD = AB-CE + ABEF
+ ABED.
From Cdraw CO _L CD and - AB

;

/. 11, 3

through G draw GH
\\
CD,

and through E, F, D draw EK, FL, DH
\\
CG. I. 31

Then CH = CK + EL + EH; I. Ax. S

that is, GCCD= GC- CE + KEEF + LFFD.
But GC, KE, LFare each = AB

;

Const., I. 34

.-. AB. CD = AB. CE + AB.EF+ AB- FD.
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ALGEBRAICAL ILLUSTRATION.

Let AB ^a,CD = b, CE=c, EF^ d, FD = e;

then b — c + d + e.

How ABCD = ab,

and AB OF + AB • EF + AB FD = ac + ad + a*.

But since b = c + d + e,

.: ab = ac + ad + ae ;

.\ AB-OD = AB.CE + AB.EF+ AB-FD.

1. The rectangle contained by two straight lines is equal to twice

the rectangle contained by one of them and half of the other.

2. The rectangle contained by two straight lines is equal to thrice

the rectangle contained by one of them and one-third of the

other.

3. The rectangle contained by two equal straight lines is equal to

the square on either of them.

4. If two straight lines be each of them divided internally into any
number of segments, the rectangle contained by the two
straight lines is equal to the several rectangles contained by
all the segments of the one taken separately with all the

segments of the other.

PKOPOSITION 2. Theorem.

If a straight line be divided internally into any two segments,

the square on the straight line is equal to the sum of the

rectangles contained by the straight line and the two

segments.

I...
D

^

...1
F E

Let AB be divided internally into any two segments

AC, CB:
it is required to prove AB^ = AB • AC -V AB • CB.
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A C^ B
I

[Book n.

d" F
...J
E

On AB describe the square ADEB, I. 46

and through C draw CF
||
AD, meeting DE at F. I. 31

Then AE = AF + CE; I. Ax. 8

that is, AB^ = DA AC + EB CB.

But DA and EB are each = AB ;

.-. AB' = ABAC+ AB.CB.

ALGEBRAICAL ILLUSTRATION.

lA^AC = a,CB = b;

then AB = a + b.

Now, J /?2 = (a + 6)2 = a2 + 2ah + h\

AudiABAC ¥ AB-CB=(a + b)a + (a + h)h = a^ + 2ab + lfl;

.•.AB^ = ABAC+ AB.CB.

1. Prove this proposition by taking another straight line = AB,

and usinf; the prccedinf; proposition.

2. If a straight line be divided internally into any three segments,

the square on the straight line is e<iual to the sum of the

rectangles contained by the straight line and the three

segments.

3. If a straight line be divided internally into any number of

segments, the square on the straight line is equal to the sum

of the r(>ctanglc8 contained by the straight line and the

several segments.

Show that the proposition is equivalent to either of the following :

4 The 8(piare on the sum of two straight lines is equal to the two

rectangles contained by the sum and each of the straight lines.

6, The square on the greater of two straight lines is equal to the

rectangle contained by the two straight lines together with

the rectangle contained by the greater and the difference

between the two.
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PROPOSITION 3. Theorem.

If a straight line he divided externally into any two segments,

the sijuare on the straight line is equal to the difference

of the rectangles contained hy the straight line and the

two segments.
A BO

D E F

Let AB be divided externally into any two segments

AC, CB:
it is required to jjrove AB^ — AB • AC — AB • CjJ.

On AB describe the square ADEB, I. 46

and through C draw CF \\ AD, meeting DE produced at

F. I. 31

Then AE = AF - CE

;

I. Ax. 8

that is, AB'^ = DAAC-EB- CB.

But DA and EB are each = AB ;

.-. AR^ = AB-AC - AB- CB.

Note.—The enunciation of this proposition usually given is :

If a straight line be divided into any two parts, the rectangle

contained by the whole and one of the parts is equal to the rectanfle

contained by the two parts together with the square on the afore-

said part.

That is, in reference to the figure,

AC-AB = AB^ + AB-BC,
an expression which can be easily derived from that in the text,

ALGEBRAICAL ILLUSTRATION.

Let AC = a, CB = b;

then AB — a - b.

Now, AB* = (a - b)- = a^ -2ab + b',
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&nd AB AC - AB CB = {a - b) a - {a - b) b = a'^ - 2ab + b^

;

..AB^ = AB.AC- AB-CB.

1. Prove this proposition by taking another straight line = AB,
and using the first proposition.

Show that the proposition is equivalent to either of tho

following

:

2. The rectangle contained by the sum of two straight lines and

one of them is equal to the square on that one together with

the rectangle contained by the two straight lines.

3. The rectangle contained by two straight lines is equal to the

square on the less together \yith the rectangle contained by
the less and the difference of the two straight lines.

PROPOSITION 4. Theorem.

If a straight line he divided internally into any two segments,

the sqyxi.re on the straight line in equal to Ihr squares on

the ftvff segments increased by twice the rectangle con-

tained by the segments.

A OB
Hs- K

D F E

Lot AB be divided internally into any two segments

AC, CB:
it is required to prove AB"^ ^AC- + CB^ + 2 AC CB.

On AB descri})e the square ADEB, and join BD.
Througli C draw CF

\\ AD, meeting DB at G ;

and through G draw HK \\ AB, meeting DA and EB
at // and A'.

Beraii.se CG \\ AD, .-. l. CGB - L ADB

;

and because AD - AB, .-. l. ADB ^ ^ ABD;

I. 4(1

/. 31

/. 29

/. 5
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.-. L CGB = ^ ABD,
= L CBa i

CB = CG. I. 6

Hence the ||" CK, having two adjacent sides equal, has

all its sides equal. /. 34

But the ll" CK has one of its angles, KBC, rigJit,

since l KBC is the same as l. ABE;
.'. it has all its angles right

;

I. 34

.-. the 11" CK is a square, and = CB^. I. Dcf. 32

Sunilarly, the T HF is a square, and = HG^ = AC\
Again, the ||" AG = AC- CG = AC- CB;

GE = AC- CB; I. 43

AG + GE=2AC-CB.
Now AB^ = ADEB,

= HF+ CK + AG + GE, L Ax. 8

= AC-^ + CB^ + 2 AC- CB.

Cor. 1.—The square on the sum of two straight lines is

equal to the sum of the squares on the two straight lines,

increased hy twice the rectangle contained by the 'two

straight lines.

For a AC and CB he the two straight lines,

then their sum = AC + CB = AB.
Now since AB^ = AC^ + CB^ + 2 AC - CB, II. 4

.-. {AC + CBf = AC^ + CB^ + 2 AC- CB.

CoR. 2.—The 11"* about a diagonal of a square are them-

selves squares.

[It ifi recommended that II. 7 be read immediately after II. 4.]

OTHERWISE ;

C
H B

4S2= AB-AC + AB-BC, II.

1

= {ACAC + BC-AC) + (AC-BC + BC - BG), IL 3
= AC^ + BC +2 AC-BC.
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ALOKBKAiu;-:^. .:.::jliaTKATroN.

Let AC = a, CB = b;

then AB = a + b.

Now A 52 z= (or + 6)2 = a^ + 2ah + b^.

and AC-' + CB' + '2AC-CB = a- + b^ + 2ab

;

.
. AB'- = AC-' + CB^ + 2AC- CB.

1. Name the two figures which form the sum of the squares on AG
and CB.

2. Name the figure which is the square on the sum of AC and CB.

3. Name the figure which is the difference of the squares on ^i?
and Ja

4. Name the figure which is the difference of the squares on AB
and BC.

5. Name the figure which is the square on the diflFerence of AB and

AC.
6. Name the figure which is the square on the difiference of AB and

BC.

7. By how much does the square on the sum of ^t7 and CB exceed

the sum of the squares on AC and CB ?

8. Show that the proiK)sition m.ay he enunciated: The square oh

the sum of two straight lines is greater than the sum of

the squares on the two straight lines by twice the rectangle

contained by the two straight lines.

9. The square on any straight line is equal to four times the square

oil half of the line.

VO. If a straiglit line be divided internally into any three segments,

the scjuare on the whole line is equal to the squares on the

three segments, together with twice the rectauglea contained

by every two of the seunients.

1 1. Illustrate the preceding deduction algebraically.

PROPOSITION 5. Theorem.

(f a ffrau/Iif line he (lirided into firii ct/i/dl, diid ditto inlcrnaUij

into twit vnr/jual i^cfpiients, tin; nrfitntfi<< conftiiucd Inj

the uniyiutl segments is equal In the ilijjferencc between

the siii/aiT on half th^, line and thr .sqnare on the dine

between the points of section.
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C D

12S

-J*B

H.\y M

Let AB he divided into two equal segments AO, CB,

and also internally into two unequal segments AD, DB :

it is required to prove AD-DB = CB"^ - CD^.

Gn CB describe the square CEFB, and join BE. I. 46

Through D draw DHG \\ CE, meeting EB and EF at

//and G;
through H draw MHLK \\

AB, meeting FB and EC at

J/andL;
and through A draw AK

\\ CL.

Then AD-DB = AD- DH,

= 4L + CZT,

= CM + HF,
= gnomon GMG.

But C52 _ CD^ 3. c'jj^ _ ^^72^

= CEFB - LEGH,
= gnomon CMG. I. Ax. 8

..-. AD-DB = 052 - Qj)2

Cor.—The difference of the squares on two straight lines is

equal to the rectangle contained by the sum and the differ

ence of the two straight lines.

Let A C and CD be the two straight lines :

it is required to prove

AC^ - CD'- = {AC + CD) (AC - CD).

7.31

//. 4. Cor. 2

I. Ax. 8

I. 36, 43

/. Ax. 8

I. 34
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AC + CD = AD,
and AC - CD = CB - CD = DB;
.-. (AG + CD) - (AG - CD) = AD DB,

= CB^ - CD\
^ AC^ - CD".

II, ^

ALGEBRAICAL ILLUSTRATION.

Let AC = CB = a, CD ^ b

;

then AD = a + b, and DB =za- h.

Now AD DB = (a Jr h) (a - h) = a* -l^,
and CB2 - CD^ = a^ - b^

;

.-. AD DB = CB^ - CD\

1. By bow much does the rectangle AG CB exceed the rectangle

AD • JJB ? The rectangle contained by the two interna'

segments of a straight line is the greatest possible when thp

segments are equal. (Pappus, VII. l.S.)

2. The rectangle contained liy the two internal segments of :,

straight line grows less according as the point of section is

removed farther from the middle jioint of the straight line.

(Pappus, VII. 14.)

X Prove that AG = half the sum and CD = half the difference of

AD&ndDB.
4. Name two figures in tlie diagram, each of which = the rectangle

contained by half thf sum, and half the difference oi AD and

OB.

6. Name that figure in the diagram which is the square on half the

sum oi A [) and l)li.

6. Name that figure in the diagram which is the square on half the

difference of ^4 Z^ and DB.
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7. Hence show that the proposition may be enunciated : The rect-

angle contained by any two straight lines is equal to the

square on half their sum diminished by the square on half

their difference.

8. The perimeter of the rectangle AD • DB = the perimeter of the

square on CB.

9. Hence show that if a square and a rectangle have equal peri-

meters, the square has the greater area.

10. Construct a rectangle equal to the difiference of two given

squares.

11. By means of the first deduction above, and II. 4, show that the

sum of the squares on the two segments of a straight line is

least when the segments are equal.

12. The square on either of the sides about the right angle of a

right-angled triangle, is equal to the rectangle contained by
the sum and the difference of the hypotenuse and the other

side.

PROPOSITION" 6. Theorem.

If a straight line be divided into ttvo equal, and also exter-

nally into two unequal segments, the rectangle con-

tained by the unequal segments is equal to the difference

between the square on the line between the points of

section and the square on half the line.

K L M H

DBl-'' i

c

/
13 F G

Let AB be divided into two equal segments AC, CB, and

also externally into two unequal segments AD, BD :

ii is required to profe AD • DB -=-- CD'^ - CB^.

On CB describe the square CEFB, and join BE. I. 46
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c
B

}C.

I. 31

II. 7, Cor. 2

L Ax. 8

/. 36, 43

/. Ax. 8

/.34

E F G

Through D draw HDG
||
CE, meeting EB and EF produced

at 77 and G;
through H draw HMLK

\\ AB, meeting FB and EG pro-

duced at M and L ;

and through A draw AK
\\ CL.

Then ADDB = AD- DH,
= AH,
= AL+ CH,
= CM + HF,
= gnomon CMG.

Bmt CD^ - CB"- = Lm - CB\
= LEGH - CEFB,
= gnomon CMG. I. Ax. 8

.-. ADDB = CD"^ - CB^.

Cor.—The difference of the squares on two straight linos

is equal to the rectangle contained by the sum and the

difference of the two straight lines.

Let A C and CD be the two straight linee :

it is required to prove

GD^ - AC^ --^ (CD + AG) (CD - AG).

CD + AC = AD,
and CD - AC = CD - CB = DB

;

.'. {CD + AC) ' (CD - AG) = ADDB,
= cn» - GB', II t

= GD' - AC'.
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OTHERWISE :
*

A C B
B- I I -D

Let AB he divided into two equal segments AC, CB, and also

externally into two unequal segments AD, DB:
it w required to prove AL> DB = CD^ - CB'.

Produce BA to E, making AE = BD. I. 3

Then EC = CD, and EB = AD.
Now, because ED is divided into two equal segments EC, CD, and
also internally into two unequal segments EB, BD,
.: EB-BD = CD'' - CB'

;

II. B
.:ADBD = CD' - CB'.

ALGEBRAICAL ILLXJSTRATIOK.

Let AC = CB = a, CD = b :

then AD — b + a, and DB = b - a.

Now AD DB = (b + a) {b - a) = b^ - a»,

aBdCZ>2 - CBr- = b' - a';

.: ADDB = CD' - CBi

1. Does the rectangle AD • DB exceed the rectangle AC • CB i'

Examine the various cases.

2. The rectangle contained by the two external segments of a
straight line grows greater according as the point of section

is removed farther from the middle point of the straight

line.

3. Prove that AC = half the difference, and CD = half the sum of

ADa.ndDB.
4. Name two figures in the diagram each of which = the rectangle

contained by half the sum and half the difference oi AD and
DB.

5. Name that figure in the diagram which is the square on half the
sum oi AD and DB.

6. Name that figure in the diagram which ia the square on half the
difference oi AD and DB.

* Due to Mauricius Brescius (of Grenoble), a professor of Mathematics
in Paris (probably about the end of the sixteenth century).
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7. Hence, show that tlie proposition may be enunciated : The
rectangle contained by any two straight lines is e(}ual to

the square on half their sum diminished 1)v the square on
half their difference.

8. The i)erimeter of the rectangle AD • DB = the perimeter of the

square on CD.

PROPO^SITIOX 7. Theorem.

If a straight line be divided ejternaUij into any two seg-

ments, the square on the straight line is equal to the

squares on the two segments diminished by itvice the

rectangle contained by the segments.

H KG
r-

;

"Vj

• KI ''
'

A.V ,\ 10

\/.. L....i
D E F

Let AB be divided externally into any two segments

AC, CB:
it is required to prove AB^ = AC'^ + CBfi - 2ACCB.
On AB describe the square A DUB, and join BD. I. 46

Through C draw CF
\\
AD, meeting DB produced at G ;

and through G draw IIK
\\
AB, meeting DA and EB pro-

duced at H and K. /. 31

Because CO
\\
AD, .-. l CGB = ^ ADB ; J. 29

and because AD = AB, .-. u ADB = .. ABD; I. 5

.-. L GQB = I. ABD,
= L. CBG; I. 15

CB = GG. I. 6

Hence the H" GK, having two adjacent sides equal, has all

its sides equal. /. 34
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But the II" CK has one of its angles, KBG, right,

since l KBC = l. ABE; /. 15

.• . it has all its angles right

;

/. 34

.-.the ir G^ is a square, and = CSl /. Def. 32

Similariy, the |r HF is a square, and = HG'^ - AC\
Again, the T AO ^ AC CG = AC • CB

;

GE = AC- CB; I. 43

AG + GE = 2 AC- CB.

Now AE- = ADEB,
= HF+ GK - AG - GE, I. Ax. 8

= AC'^ + CB- - 2 AC- CB.

Cor. 1.—The square on the difference of two straight

liaes is equal to the sum of the squares on the two straight

lines diminished by twice the rectangle contained by the

two straight lines.

For if .4C and CB be the two straight Hnes,

then their difference == AC — CB = AB.
Now since A& = AC- + CB'^ - 2 AC- CB, II. 7

(AC - CBf = AC^- + CB^ - 2 AC- CB.

CoR. 2.—The IP about a square's diagonal produced are

themselves squares.

OTHERWISE ;

B
H C

AB^= AB-AG - AB-BC, II. S
= (AC-AC - BC-AC) - (AC - BC - BC BC), 77.2,3
= AG^ + BC^-2AC-BC.

ALGEBRAICAL ILLUSTRATION,

Let^C = a, CB = b;

then AB = a - h.

Now AB^ = (a - hf = a^ - 2ab + 62,

and AC-^ ^ CB^ - 2 AC -CB = a? + ^ - 2ahi
.\AB^ = AC^+CB^-2ACCB.
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1. Name the two figures which form the sum of the squares on AC
and OB.

2. Name the figure wliich is the square on the difference of AC
and CB.

3. Name the figure which is the difference of the squares on A B
and JC.

4. Name the figure which is the square on the difference of . 1 fi

and AC.
5. By how much is the square on the difference oi AC and CB

exceeded by the sum of the squares on ^C and CB ?

6. Show that the proposition may be enunciated : The square on

the difference of two straight hues is less than the sum of

tlie squares on the two straight lines liy twice the rectangle

contained by the two straight lines.

7. The sum of the squares on two straight lines is never less than

twice the rectangle contained by the two straight lines.

8. If a straight line be divided internally into two segments, and
if twice the rectangle contained by the segments '<e equal to

the sum of the squares on the segments, the straight line is

bisected.

PROPOSITION 8. Theorem.

The sqtiare on the sum of ttoo straight lines diminished by

trie si/uare on their difference, is equal to four times the

rectangle contained h>i the two straight lines.

B C

Hf"
I

I

Mh
I

e""6
""

D

Let AB and BO be two straight lines :

it w rpguired to prove (AB + BCY — {-AB

4 AB BO.

BC)-'
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Place AB and BO in the same straight line,

and on i4C describe the square ACDE. I. 46

From CD, DE, EA cut off CF, DG, EH each - AB ; I. 3

through B and G draw BL, GN
\\
AE,

and through F and H di-aw FM, HK
||
AC. I. 31

Then all the 1|"" in the figure are rectangles. /. 34, Cor.

Now because CD, DE, EA are each = AC, I. Def. 32

Mid CF, DG, EHave each = AB

;

Const.

DF, EG, AH are each = BC;
.-. the foiu- rectangles AK, CL, DM, EN ar« each

= AB • BC.

Because AC = AB + BC,
.-. ACDE = AC^ = (AB + BC)K
Because BL, FM, GN, HK are each = AB, I. 34

and BK, FL, GM, HN are each = BC

;

I. 34

KL, LM, MN, NK are each = AB - BC;
.'. the rectangle KLMN is a square, and = {AB — BC)-.

Hence {AB + BCf - {AB - BCf = ACDE - KLMN,
= AK + CL + DM + EN,
= 4AB- BC,

OTHERWISE :

{AB + BC)' = AB"- + EC + 2AB. BG, II. 4, Cor. 1

{AB - BOy- = AB^ + BC^ - 2 AB ' BC. 11. 7, Cor. 1

Subtract the second equality from the first

;

then {AB + BCf - {AB - BC)" = 4. AB • BG.

ALGEBRAICAL ILLUSTRATION.

Let J5= a, BC = b ;

then AB + BC = a + b, and AB - BC = a - b.

Now {AB + BC)^ - {AB - BC)^ = (a + h)^ - {a - bf = Aah,

»iid4:ABBC= 4<ib;

.\ {AB + BC)- - {AB - BC)^ = 4.AB BC.
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1. Name the figure which is the square on the 8um of AB and BG.
2. Name the figure which is the square on the difference of AB

and BC.
3. Name the figures by which the square on the sum of AB and

BC exceeds the square on the difference of AB and BC.
4. By how much does the square on the sum of AB and BC exceed

the sum of the squares on A B and BC ?

5. By how much does the sum of the squares on AB and BC
exceed the square on the difiference of AB and BGf

PROPOSITION 9. Theorem.

If a sfra!(jht line he ilivided into hoo equal, and also inter-

nalLij into two unequal segments, the sum of the squares

on the two unequal segments is double the sum of the

squares on half the line and on the line between the

points of section.

A CD B

Let AB be divided into two equal segments AC, CB, and

also internally into two unequal se^fments Al), DB :

it is required to prove AD- + DH^ = 2 AC^ + 2 GL^.

From draw CE ± AB, and = AC or CB, I. 11, 3

and join AE, EB.
Thrcu^'li /; draw DF

\\
CE, meeting EB at F; I. 31

through F draw EG
\\
AB, meeting EC aXG; /. 31

and join AF.

(1) To prove l AEB right.

Because l ACE is right,

.-. L CAE + i. CEA = a right angl*. /. 32
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But L. CAE = L CEA; I. 5

.•. each of them is half a right angle.

Similarly, l CBE and l CEB are each haK a right angle

;

.-. I. AEB is right.

(2) To prove EG = GF.

L EGF is right, because it =• a ECB ; /. 29

and I. GEF was proved to be half a right angle;

.-. L GEE is half a right angle

;

/. 32

.-. L GEF = u GEE;
EG = GF. I. 6

(3) To prove DF = DB.
L FDB is right, because it = a ECB; I. 29

and L. DBF is half a right angle, being the same qa l CBE

;

.-. L DEB is half a right angle; /. 32

.-. L. DBF = L. DEB;
DF = DB. I. 6

Now AD'^ + DB^ = ^Z)2 + DF2^ (3)

AF\ I. 47

AE"^ + EF^, 7.47,(1)

= AC- + CE^ + EG^ + GF\ I. 47
'2 AC^ \- 2 GF^, Const., (2)

2AC^ + 2CD\ I. 34

OTHERWISE :

Consider A C and CD as two straight lines

;

then AD = AC+ CD,
and DB = CB - CD = AC - CD.
Henct AD^ = (AC + CD)"- = AC^ + CD2+ 2AC CD, 11. 4, Cor. 1

and DB»={AC -CD)-^ = AC^ + CD'i-2AC-CD. II.l,Cor.l
Add the second equality to the first

;

then AD^ + DB^ = 2 AC- + 2 CDK

ALGBBRAICAL ILLUSTRATION.

Let AC = CB = a,CD = b;

then AD r= a + b, and DB = a - b.

Now AD' + DB^ = (o + bf + (a - 6)2 = 2a? + 26*
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ami 2AC^ + 2CD"- = 2a? + 2i»;

.-. AD^ + DBT- = 2 AC-' + 2GD\

1. Show that the proijosition may be enunciated : The square on
the siun together witli the square on the difference of two
straight lines = twice the sum of the squares on the two
straight lines. Or, The sura of the squares on two straight

lines = twice the square on half their sum together with

twice the square on half their difference.

2. By how much does AD- + DBr exceed AC^ + CB'^
.S. The sum of the squares on two internal segments of a straight

line is the least i)ossible when the straight line is bisected.

4. The sum of tlie squares on two internal segments of a straight

line becomes greater and greater tlie nearer the point of

section apjiroaches either end of the line. (Euclid, x. Lemma
before Prop. 43.)

.'5. Prove that AD- + DJT- = 4 CD'' + 2AD- DB.
6. In the hypotenuse of an isosceles right-angled triangle any ])oint

is taken and joined to the oi)posite vertex
; prove t)mt twice

the square on this straight line is equal to the sum of the

squares on the segments of the hypotenuse.

PROPOSITION 10. Theorem.

If a straight line he divided info two eqtuil, and also exter-

nally into two unequal segments, the sum of the squares

on the two unequal segments is double the sum of the

squares on half the line and on the line between the

points of section. _,

L'\ f ^£-,D

G- ::--/^-::,:^F

I>et AB be divided into two equal segments AC, CB, and

alflo externally into two unequal segments AD, DB

:
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it is required to prove AD- + DB^ = 2 AC^ + 2 CD\

From' C draw CE ± AB, and = ylC or CB, /. 11, 3

and join AE, EB.

Through D draw DF\\ CE, meeting EB produced

at F; L 31

through F draw FG
\\
AB, meeting EC produced

at G; I, 31

and join AF.

(1) To prove l AEB right.

Because l ACE is right,

,-. L CAE + L CEA = a right angle. / 32
But L CAE = L CEA; I, 5

.•. each of them is half a right angle.

Similarly, l CBE and l CEB are each half a right angle

;

.'. L AEB is right.

(2) To prove EG = GF.

L EGF is right, because it = ^ ECB

;

/. 29

and L GEF was proved to be half a right angle

;

.-. L GEE is half a right angle

;

/. 32
.-. u GEF = L GEE;

EG = GF, L 6

(3) To prove DF = DB.
L FDB is right, because it = .'. ECB

;

and L DBF is half a right angle, being = l CBE;
.'. L. DFB is half a right angle

;

.•- L DBF = L DFB;
DF = DB.

Vow AD"^ + DB^ = ,4i)2 .. DF\
AF\

AE^ + EF^,
= AC- + C^2 + EG^ ^ Qp2^

2AC^ + 2GF\
2AC' + 2CD^.

I. 29

I. 15

/. 32

/. 6

(3)

7.47

/. 47, (1)

/. 47

CoTuf., (2)

/. 34
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,B D

g' :::::vvu;:=:iH

OTHERWISE :

Consider JC and CD as two straight lines

;

then AD = CD + AC,
and DB=GD - CB=CD - AC.
Hence AD''- = (CD + ACy' ^CD^ + AC» + 2CD AC; II. 4, Cor. 1

and Dm = (CD -AC)^= CD^ + AC'^ -2CD- AC. II. 7, Cor. 1

Add the second equality to the first

;

then AD^ + DB^ = 2CD^ + 2ACK

OR :
*

^ A C B
E . 1 —

D

Let AB he divided into two equal segments AC, CB, and also

externally into two unequal segments A D, DB :

it is required to prove AD^ + DB^ =2AC^ + 2 CD*.

Produce BA to E, making AE = BD. I. 3
Then EC = CD, and EB = AD.

Now because ED is divided into two equal segments EG, CD, and
also internally into two unequal segments EB, BD

;

.-. EB^ + BD^ = 2 EC^ +2CB'; IJ.9

.-. AD' + Bm = 2 C'Z)2 + 2AC\

ALGEBRAICAL ILLUSTRATION.

Let AC = CB = a, CD = h;

then A D = b + a, and DB = b - a.

Now AD^ + I'BT- = (A + 0)2 + (6 - a)« = 262 + 2(»«,

and 2 yl C^ +2 CD" = 2 a" + 2//-

;

.-. Atr- + DB' = 2 AC' + 2 CD'.

• Clavii Commentaria in KurHdis Eltmenta Oeometrica (1612), p. 92.
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1. Show that the proposition may be enunciated : The square on

the sum together with the square on the difference of two
straight lines = twice the sum of the squares on the two
straight lines. Or, The sum of the squares on two straight

lines = twice the square on half their sum together with

twice the square on half their difference.

2. By how much does AD- + DB- exceed AC- + CB^I
3. The sum of the squares on two external seguients of a straight

line becomes less and less the nearer the point of section

approaches either end of the line.

4. Prove that AD^ + DB^ = 4 CD^- - 2AD- DB.
5. In the hypotenuse produced of an isosceles right-angled triangle,

any point is taken and joined to the opposite vertex
; prove

that twice the square on this straight line is equal to the aom
of the squares on the segments of the hypotenuse.

PROPOSITION 11. Problem.

To divide a given straight line internally and externally* in

medial section.

F — G

H'
A 'h

B
\^

E^
L' D

C L

O' V

Let AB be the given straight line

:

U is required to divide it in medial section.

The second part of this proposition is not given by £uchd.
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A H

E^v^

L'
C [i

O' F
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(1) Internally:

On AB describe the square ABDC. I. 46

Bisect AC Sit E; /.TO

join EB, and produce CA to F, making EF = EB. I. 3

On ^i^ (the difference of EF and EA) describe the

square AFGH. I. 46

H is the point required.

Complete the rectangle FL.

Because CA is divided into two equal segments CE, EA,

and also externaDy into two unequal segments GF^ FA ;

GF.FA = EF-^ - EA\ II. 6

= Em - EA\
= AB'-; Lilt Cor.

that is, CFFG = AB^;

that is, CG = AD.
Yxom each of these equals take AL;

FII = HD;
that is, AH'^ = DB BH,

= ABBH.
(2) Externally :

On AB describe the square ABDC. I. 46

Bisect ^C at J:; /. 10

join EB, and produce ACio F', making EF' = EB. I. 3
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On AF' (the sum of EF' and EA) describe the square

AF'G'ir, I. 46

H' is the point required.

Complete the rectangle F'L'.

Because CA is divided into two equal segments CE, EA,

and also externally into two unequal segments OF', F'A ;

CF' F'A = EF'-^ - EA\ II. 6

= EB^ - EA\
= AB-^

;

I. 47, Cor.

that is, CF'-F'G'= AB'2;

that is, CG' = AD.
To each of these equals add AL' ;

F'H' = H'D;
that is, AH'- = DB BH\

- AB . BH'.

Cor. 1.—If a straight line be divided internally in medial section,

and from tlie greater segment a part be cut off equal to the less

segment, the greater segment will be divided in medial section.

For in the j)roof of the proposition it has been shown that CF FA
= AB-, that is = AC-;
.'. CF is divided internally in medial section at A.

Now, from AB, which = AC, the greater segment of CF, a part

AH has been cut off = AF, the less segment of CF;
and AB has been shown to be di^nded in medial section at H.

Let .4^ be divided internally in medial section at C, so that AC
is the greater segment.

G F E D C
A 1—I 1 -( —i

—

B

From A C cut o^AD = BC ; then AC ha divided in medial section

at D, and AD is the greater segment.

From A I) cut off .4 ^ = CD ; then AD'va divided in medial sectioL

at E, and AE is the greater segment.

From AE out oS AF = DE ; then AEm divided in medial sectioc

at F, and AF \s the greater segment.

J
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From AFcxxt oS ACf = EF ; then AF'va divided in medial section

at O, and AO '\9 the greater segment.

This process may evidently be continued as long as we please, and it

will be seen on comparison that it is equivalent to the arithmetical

method of finding the greatest common measure. That method, if

applied to two integers, always, however, comes to an end ; unity, in

default of any other number, being always a common measure i>f any

two integers. In like manner any two fractions, whether vulgar or

decimal, have always some common measure, for instance, unity

divided by their least common denominator. From these considera-

tions, therefore, it will appear that the segments of a straight line

divided in medial section cannot both be expressed exactly either

in integers or fractions ; in other words, these segments are incom-

mensurable.

Cor. 2.—If a straight line be divided internally in medial section,

and to the given straight line a part be added equal io the greater

segment, the whole straight line will be divided in medial section.

For this process is just the reversal of that described in Cor. 1,

as will be evident from the following. (See fig. to Cor. 1.)

Let AF he divided in medial section at O, so that AG is the

greater segment.

To AF add FE, which = AG ; then AE is divided in medial

section at F, and A F is the greater segment.

To AE add ED, which = AF ; then AD is divided in medial

section at E, and AE \'i the greater segment.

To AD add DC, which = AE ; then AC is divided in medial

section at />, and AD is the greater segment.

To A C add CB, which = A D ; then A B is divided in medial

section at C, and AC is the greater segment.

ALGEBRAICAL APPLICATION.

"Lei AB^a; to find the length of AH or A //'.

Denote AH hy x ; then BH — a - x.

Now, since AB BII = AH^
.'. a (a — x) = X*, a quadratic equation, which being solved gives

o(\/5-l) -a(\/5 + \)
7. = ^ '" 2 •
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\f5 - 1
The first value of x, which is less than a, since—^— is less tha»

unity, corresponds to AH ; and the second Talue of x, which is

numerically greater than a, since ^— is greater than unity,

corresjK)nds to AH'. The significance of the - in the second value

cannot be explained here ; it will be enough to say that it indicates

that AH and AH' are measured in opposite directions from A.

The following approximation to the values of the segments of a

straight line divided internally in medial section, is given in Leslie's

Elements of Geometry (4th edition, p. 312), and attributed to Girard,

a Flemish mathematician (17th cent.).

Take the series 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, &c., where

each term is got by taking the sum of the preceding two. If any

term be considered as denoting the length of the straight line, the

two preceding terms will approximately denote the lengths of its

segments when it is divided internally in medial section. Thus, if

89 be the length of the hne, its segments will be nearly 34 and 55 ;

because 89 x 34 = 3026, and 55^ = 3025. If 144 be the length of

the line, its segments will be nearly 55 and 89 ; because 144 x 55

= 7920, and 89^ = 7921.

1. It is assumed in the construction that a side of the square

described ou AF will coincide with AB. Prove this.

2. UAB- BH = AH\ prove that AH is greater than BH.
3. If CH be produced, it will cut BF at right angles.

4. The point of intersection of BE and CH is the projection of A
on OH.

5. It is assvmied in the proof of the second part that a side of the

square described on AF' will be in the same straight line with

AB. Prove this.

6. li AB- BH' = AH'-, prove that AH' is greater than AB.
7. If CH' be produced, it wiU cut BF' at right angles.

8. The point of intersection of BE and Cff is the projection oi

A on CH'.

9. Prove that HB is divided externally in medial section at A,
and H'B internally at A.

10. Hence name all the straight lines in the figure that are divided

internally or externally in medial section.
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PROPOSITION 12. Theorem.

Jn obttise-angled triangles, the square on the side opposite the

obtuse angle is equal to the sum of the sqtiares on the

other two sides increased by twice the rectangle contained

by either of those sides and the projection on it of the

other side.

A

Let ABC be an obtuse-angled triangle, having the obtuse

angle ACB ; and let CD be the projection of CA on BC

:

it is required to prove ABT- = BC^ + CA'^ + 2BC- CD.

Because BD is divided internally into any two segments

BC, CD,
.-. BD"- = BC^ + CZ)2 4- 2 BC- CD. II. 4

Adding DA- to both sides,

BD^ + DA"^ = BC'^ + CD^ + DA^- + 2BC- CD;

.: AB^ = BC- + CA^- +2BCCD. 7.47

ALGEBRAICAL APPLICATION.

Let the sides opposite the <: 3 .<4 , ^, C be denoted by o, b, c,

BO that AB = c,BC = a,CA = b;

then, since AB^^ BC- + CA^ + 2BC- CD, II. 12

c« = o* + b- {2a -CD

;

„^ c" - a2 - ft2

CD= „ ;

c-i - a- - b"^ a' - ft* + e»

BD^ BC + CD = a-\- ^ - = 2a

Urnro, if the three sides of an obtuse-angled triangle nn- known,

we can calculate the lent,'th» of the sftjnicntH into whif;h eitlur side

about the obtuse angle is divided by a perpendicular from one of the

acute angles.
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1. If from B there be drawn BE x AC produced, then BC • CD
= AC-CE.

2. ABCD is a H"' having t ^50 equal to an angle of an equilateral

triangle ; prove BD^ = BC- + CD^ + BC CD.

3. If ^^- = ^C- + 3 CD- (figure to proposition), how will the

perpendicular AD divide BC ?

4. If z. ^CB become more and more obtuse, till at length A falls

on BC produce'!, what does the proposition become ?

PROPOSITION 13. Theorem.

In every triangle the square on the side opposite an acute

angle is equal to the sinn of the squares on the other two

sides diminished by twice the rectangle contained by

either of those sides and the projection on it of the other

side.

B D C D B C

Let ABC hQ any triangle, having the acute angle ACB ;

and let CD be the projection of CA on BC :

it is required to prove AB^ = BC'^ + CA^ - 2BC- CD.

Because BD is divided externally into any two segments

BC, CD,

BD^ = BC^ + CD''- -2BC- CD. 11. 7

Adding DA^ to both sides,

£D2 + DA^ = BC^' + CD2 + DA'^ -2BC- CD;
.: AB^ = BC^ + GA^ -2BC-CD. 7.47

AXGBBKAICAL APPLICATIOW.

As before, lei AB ^ c, BC = a, CA = b ;

then, since AB^ = BC^ + CA'^ -2BC • CD, II. 13
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c- = aS + 62 - 2a CD

;

2a

a"^ + b^ -c* a'^ - b^ + d^

CD^

(fig. 1) BD = BC-CD = a -
2a 2a

and (fig. 2) BD = CD - BC ^ £~^ " " = W '

Hence, from the results of this proposition and the preceding, if the

three sides of any triangle are knowTi, we can calculate the lengths,

of the segments into which any side is divided by a perpendicular

from the opposite angle.

Hence, again, if the three sides of any triangle are known, we cap

calculate the length of the perpendicular drawn from any angle of ^
triangle to the opposite side.

For example (tig. 1), to find the length of AD.

AD'- = AC"- - CD\ /. 47, Cof

., /a2 + i2 _ c2\2
= ^-(—2^r—

;

_ 4a2 62_ (a2 + fc2 _ c^f

4a2
'

_ (2a6 + g" + 62 - c2) (2a6 - a" - ^ + c»)

^ {{a? + 2a6 + 62) - c^} {c^ - (g? - 2a6 + 6«)}~
4a2

_ {(a + 6)2 - c2} {c2- (a - 6)'}

_ (g + 6 + c) (a + 6 - c) (c + g - 6) (e - g + 6) .

4a2
'

.'. AD = ^ V(« + 6 + c) (g + 6 - c) (g - 6 + c) (6 4- c - g).

This expression for the length ol AD may be put into a ahorter

and more convenient form, thus :

Denote the semi-perimeter of the A ABC by a

;

then g + 6 + c = the perimeter = 2« ;

.-. g + 6-c = g + 6 + c-2c=28-2c = 2(«-c),
a-6 + c = g + 6 + c-26 = 2«-26 = 2(«-6),

and 6 + c — g = a + 6 + c-2g = 2«-2g = 2(«-a).'



Book n.] PROPOSITION 13. 145

Hence ^X> - ^ \ 2« • 2 (< - c) • 2 (« - 6) • 2 (« - •),

2= — V« (8 - a) (« - 6) i« - c).

a

Similarly, the perpendicular fromBonCA = -rV« (s — o) (« - 6) (» - c)

and II II GouAB =—Va (s - a) (« - 6) (« - e).
c

Hence, lastly, if the three sides of a triangle are known, we can

calculate the area of the triangle.

For the area of a ABC = \ BC • AD, I. 41, 35

= v«(« -«)(«- ^) (s - c);

which expression may be put into the form of a nile, thus :

From half the sum of the three sides, subtract each side separ-

ately ; multiply the half sum and the three remainders together, axA

the square root of the product will be the area.*

1. If from B there be drawn BE X AC or AC produced, th«i

BC-CD = AG-CE.
2. A BCD is a li=" having / ABC double of an angle of an equilateral

triangle
;
prove BD^ = BC^ + CD"^ - BC CD.

Z. If ABP = AC" + ZCD- (fig. 1 to proposition), how will the

perpendicular AD divide BC ?

4k If z ^CB become more and more acute till at length A falls on

CB or CB produced, what does the proposition become ?

5. If the square on one side of a triangle be greater than the siun

of the squares on the other two sides, the angle contained by

these two sides is obtuse. (Converse of II. 12.)

6. If the square on one side of a triangle be less than the sum of

the squares on the other two sides, the angle contained by

these two sides is acute. (Converse of II. 13.)

7. The square on the base of an isosceles triangle is equal to twice

the rectangle contained by either of the equal sides and the

projection on it of the base.

* The discovery of this expression for the area of a triangle is due to

Heron of Alexandria. See Hultsdi's fferonit Alexandrini . . . reliquia

(Berlin, 1864), pp. 235-237.
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PROPOSITION 14. Problem..

To dfscribe a square that shall be equal to a given rectilineai

figure.

Let A be the .c;iven rectilineal figure

:

it is required to describe a square = A.

Describe the rectangle BCDE = A. /. 45
Then, if BE = ED, the rectangle is a square, and what
Avas required is done.

But if not, produce BE to F, making EF = ED. I. 3
liisect BF m G

;

/ 10
with centre G and radius (?/" describe the semicircle BHF

;

and produce DE to //. Efji ^ ^
Join GH.

Because BF is divided into two equal segments BG,
GF, and also internally into two unecjual segments BE,
EF

;

BE-EF = GF"- - GE\ //. 5

= GH^ - GE\
= EIP- I 47, Co*

BD = Eir-

A = EIP.

1. From any point in the arc of a semicircle, a perpendicular is

drawn to tlio iliameter. Pn.ve that the square on this j)er-

[>endicular .-- tlie rectangle contained by the segments into
which it ilirides the diameter.
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2. Divide a given straight line internally into two segments, such
that the rectangle contained by them may be equal to the
square on another given straight line. What hmits are there
to the length of the second straight line ?

3. Divide a given straight hne externaUy into two segments, such
that the rectangle contained by them may be equal to the
square on another given straight hna Are there any limits
to the length of the second straight line ?

4. Describe a rectangle equal to a given square, and having one of
its aides equal to a given straight line.

APPENDIX II.

Proposition 1.

The mm of the squares on two sides of a triangle is double the sum.
oftlte squares on half the base and on the median to the base.*

I. 12

//. 12

//. 13

B DEC
Let ABC be a triangle, AD the median to the base BO

it is required to prove AB^ + AC^ = 2 BD- + 2 AD-.
Draw AE x BC.
Then AB' = BD^- + AD^ + 2BD. DE,

and AC^ = CD^ + AD^ - 2 CD • DE
But BD^ = CD^ and BD DE = CD DE, since BD=GD-
.: ABT' + AC-^ = 2 BD-^ + 2 AD''.

CoK.—The theorem is true, however near the vertex A may b« to
tHe base BC. When A falls on BC, the theorem becomes XL 9;when A falfe on BC produced, the theorem becomes U. 10.

* Pappus, vn. 12a
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NoTB.— It may be well to remark that the converse of the

theorem, ' If A BC be a triangle, and from the vertex A a straight

line AD he drawn to the base BC, so that AB^ ^ AC* = IBD"^

+ 1AD-, then D is the middle point of BC^ is not always true.

A
A

Atpp. II. 1

B D C C B D' C D
For, let A BC, ABC he two triangles having AC = AC.
Find D, the middle point of BC. D must fall either between B

and C, between C and C, or on C.

In the first case, join AD.
Then AB^ + AC^ = 2 BD- + 2 AD"^;

AB^ + AC^ = 2BD-' + 2AD^;
and we know that D is not the middle point of BC.

Ill the second case, find D' the middle point of BC, and join A D'.

ihen ABT- + AC'' = 2Biy' + 2Aiy^; App.II.i

AB"- + AC' =2BD'^ + 2AD'-^;

and we know that D' is not the middle point of BG.

The third case needs no discussion.

Proposition 2.

The difference of the squares on two sides of a triangle is double tJu

rectangle contained by the base and tin distance of its middle point

from the perpendicular on itfrom the vertex.*

B DEC B D CE
Let ABC be a triangle, D the middle point of the base BC, and

AE the perpendicular from A on BC:
U ia required to prove AB"^ - AC^ = 2 BC • DS.

• Pappus, VII. laO.
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7.47For JJ3» - AC^ = (BE^ + AlP) - {EC* + AE*),

= BE-' - EC^
= {BE + EC) (BE - EC), II. 5, 6, Cwrr.

^ BC1DE in fig. 1 ;

or = 2 DE BC in fig. 2,

= 2BC- DE.

Proposition 3.

If the straight line AD he divided internally at any two points C and

B, then ACBD + AD-BG=^AB' CD.*

A C B D

FotAG-BD + AD-BC= AC
= AC
= BD
^BD
= AB
^AB

• BD + (BD + AB) . BC,
• BD + BD . BC + AB BC, II. 1

• (AC + BC) + AB BC, 11. 1

.AB + AB. BC,
(BD + BC)y II. 1

CD.

LOCI.

Pbqposition 4.

find the locus of the vertices of all the triangles which have the same

base and the sum of the squares of their sides equal to a given

aqtuwi.
M

B D C

Let BC be the given base, M^ the given square.

Suppose ^ to be a point situated on the required locus.

Join AB, AC;
biaect BC in D, and join AD.

* Sul«r, Jfovi Comm. Fetrop., voL i p. 49.

y.M)
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Tlien, siace ^ is a point ou the locus, AB'^ + AC* = M\ Hyp.

But AB' + AC^- = 2 HD" + 2 AD^

;

App. II. 1

.-. 2BD- + 2AD"- = M-;

.-. AD-^ = iJ/- - BDK
Now i M- is a constant magnitude, and so is BD\ being the aquan

on half the criven base ;

.-. § J/- - ED- must be constant

;

.•. AD- must be constant

And sirce AD- is constant, AD must be equal to a fixed length
;

that is, the vertex of any triangle fulfilling the given conditions is

always at a constant distance from a fixed point D, the middle of

the given base. Hence, the locus required is the O" of a circle

whose centre is the middle point of the base.

To determine the locus completely, it would be necessary to find

the length of the radius of the circle. This may be left to the

reader.

Proposition 5.

Find the locus of the vertices of all the triangles which have the same

base, and the dijfei-ence of tlie squares of their sides equal to a

given square.

M

Let EC be the given base, M'^ the given square.

SupjKJse A to be a ])oint situated on the required loCQBL

Join AB, AC

;

bisect EC in D, and draw AE x EC or BC produced. T. 10, 12

Then, since .4 is a point on the locus AB' - AC'^ = M". Hyp.

But AB' - AC* = 2BC- DE

;

App. II. 2

.-. 2 BC DE = M\
Now 3/^ is a constant magnitude, and so is 2 BC

;

.". DE must V)e constant

;

.-. a perpendicular drawn to EC from the vertex of any triangle

fulfilling the given conditions will cut BC a.t a. fixed point

A
/ 1

>
'

\

\
•

•
• \

^
y

#
^

•
•

^
^

P. !) E c
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li AC^ - AB^ = M-, the perpendicular from A on ^BC will cut

£C at a point E' on the other side of D, such that BE' = DE.

Hence, the locus consists of two straight lines drawn perpendicular

to the base and equally distant from the middle point of the base.

DEDUCTIONS.

1. If from the vertex of an isosceles triangle a straight line be

drawtf to cut the base either internally or externally, the

difference between the squares on this line and either side

is equal to the rectangle contained by the segments of the

base. (Pappus, III. 5.)

2. The sum of the squares on the diagonals of a \\^ is equal to the

sum of the squares on the four sides.

3. The sum of the squares on the diagonals of any quadrilateral is

equal to twice the sum of the squares on the straight lines

joining the middle points of opposite sides,

4. The sum of the squares on the four sides of any quadrilateral

exceeds the sum of the squares on the two diagonals by four

times the square on the straight line which joins the middle

points of the diagonals. (Euler, Novi Comm. Petrop., i. p. 66.)

5. The centre of a fixed circle is the middle point of the base of a

triangle. If the vertex of the triangle be on the O", the

sum of the squares on the two sides of the triangle is con-

stant.

6. The centre of a fixed circle is the point of intersection of the

diagonals of a ||™ . Prove that the sum of tlie squares on the

straight lines drawn from any point on the o "* to the four

vertices of the
|

™ is constant.

7. Two circles are cdocentric. Prove that the sum of the square*

of the distances from any point on the o" of one of the

circles to the ends of a diameter of the other is constant.

8. The middle point of the hypotenuse of a right-angled triangle is

equidistant from the three vertices.

9. Three times the sum of the squares on the sides of a triangle

is equal to four times the sum of the squares on the three

medians, or equal to nine times the sum of the squares

on the straight lines which join the centroid to the three

vertices.

lO. If ABCD be a quadrilateral, and P, Q, B, S he the middlo.

points of AB, BC, CD, DA respectively, then 2 PB^ + AB*
{ CIP = 2 QS^ + BC^ + DAK
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11. Thrice the 8um of the squares on the tridea ef any pentagon =

the sum of the squares on the diagonals together with four

times the sum of the squares on the five straight lines joining,

in order, the middle points of those diagonals.

12. If ^, ^ be fixed points, and any other point, the sum of the

squares on OA and OB is least when O is the middle point

oiAB.
13. Prove II. 9, 10 by the following construction : On AD describe

a rectangle AEFD whose sides AE, J)F are each -- AG or

CB. According as /) is in J ^, or in .45 produced, from
DF, or i)i?' produced, cut off FO ' DB ; and join EC, CO,
GE. Show how these figures may be derived from those in

the text.

14. If from the vertex of the right angle of aright-angled triangle a

perpendicular be drawn to the hypotenuse, then (1) the square

•n this perpendicular is equal to the rectangle contained by
the segments of the hypotenuse

; (2) the square on either sidt,

is equal to the rectangle contained by the hypotenuse and the

segment of it adjacent to that side.

15. The sum of the squares on two unequal straight lines is

greater than twice the rectangle contained by the straight

lines.

16. The sum of the squares on three unequal straight lines is greater

than the sum of the rectangles contained by every two of the

straight lines.

17. The square on the sum of three unequal straight linoa is greater

than three times the sum of the rectangles ooutaineti by
every two of the straight lines.

18. The sum of the squares on the sides of a triangle is less than
twice the sum of the rectangles contained by every two of

the sides.

19. If one side of a triangle be greater than another, the median
drawn to it is less than the median drawn to the other.

20. If a straight line AB he bisected in C, and divided internally

at D and E, J) being nearer the middle than E, then
AD DB = AE EB + CD DE + CE ED.

21. ABCiaan isosceles triangle having each of the angles 5 and
G=2A. HD is drawn x A C ; prove A D" + DC" -^ 2 liD"^

^SL Divide a given straight line internally so that the Mjuares on
the whole and on one of the segments may be dotiblc of the

square od the other segment.
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23. Given that .45 is divided internally at H, and externally at H\
in medial section, prove the following :

(1) AH -BH = (AH + BH) • {AH - BH);
AH BH = (BH + AH) {BH - AH).

(2) AH . (AH - BH) = BH^; AH • (AH + BH) = BH^.

(3) AB' + BH"- = 3 AH^ t, AS^ + BH"^ = 3 AHK
(4) {AB + BH)^ = 5 AH^ ; (AB + BH)"^ = 5 AHK
(5) {AH -BHy' = 3BH^ - AH^; {BH ~ AH)^=3 AH^ - BH\
(6) {AH+BH)^^SAH^ -BH''; (AH + BHr- ^Z BH^ - AH"-.

(7) {AB + AH)^ :^ SAH"--3BH"-; (AH - AB)'^=8AH"-3BH'\
(8) AB^ + AH' = iAH'^ - BH'^; AB- + AH'=4:AH"^ - BH\
24. In any triangle ABC, if 5P, CQ be drawn ± C^, .B^, produced

if necessary, then shall BC" ^ AB BQ + AC CP.

25. If from the hypotenuse of a right-angled triangle segments be

cut off equal to the adjacent sides, the square of the middle

segment thus formed = twice the rectangle contained by the

extreme segmenta. Show how this theorem may be used tc

find nutubers expressing the sides of a right-angled triangle.

(Leslie's Eieyytents of Geometry, 1820, p. 315.)

LOCL

1. Given a a ABC ; find the locus of the points the sum of the

squares of whose distances from B and C, the ends of the

base, is equal to the sum of the squares of the sides AB, AC.

2. Given a A ABC ; find the locus of the plants the difference

of thfe squares of whose distances from B aud C, the ends

of the base, is equal to the difference of the squares of the

sides AB, AC.

S. C* the A ABC, the base BCia given, and the sum of the sides

AB, AC ; find the locus of the point where the perpendicular

from C to AC meets the bisector of the exterior vertical

angle at A.

* Oi the A A BC, the base BC is given, and the difference of the

sides AB, AC; find the locus of the point where the per-

pendicular from C to AC meets the bisector of the interior

vertical angle at A.

5. A variable chord of a given circle subtends a right angle at a

fixed point ; find the locus of the middle point of the chord.

Examine the cases when the fixed point is inside the circl^

outside the circle, and on the O"'



1^4

BOOK IIL

Fig. 1. Fig. 2.

DEFINITIONS.
i. A circle is a plane figure contained by one line

which is called the circumference, and is such that all

straiglit lines drawn from a certain point within the figure

to the circumference are equal. This point is called tho

centre of the circle, and the straight lines drawn from the

centre to the circumfereD'*e are called radiL

Cor. 1.— If a point be situated inside a circle its distance

from the centre is less than a radius ; and if it he situated

outside, its distance from the centre is greater than a radiua

Thus, in fii;. 1,

OP, the (listanc*

of the point P
from the centre

O, is less than

the radius OA ;

in Hg. 2, OP is

greater than tlie

radius OA.

Cor. 2.—Conversely, if the distance of a point from the

centre of a circle ho less than a radius, the point must he

situated inside the circle ; if its distance from tlie centre Im?

greater than a radius, it must be situated outside the circle.

Cor. 3.—If the radii of two circles be equal, the circum-

ferences are equal, and so are the circles themselves.

This may be renden-d evident by a)>i)lying the one circle to thy

other, so that their centres shall coincide. Since the radii f)f theoae

oircle are equal to those uf the other, every point in the circum-
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ference of the one circle will coincide

circumference of the

other ; therefore, the

two circumferences

coincide and are equal.

•Jonsequeutly also the

two ciicles coincide

and are equal. q""^ ^ „-

Cor. 4.—Conversely, if two circles be equal, their radii

nre equal, and also their circumferences.

This may be proved indirectly, by supposing the radii unequal.

Cop. .5.—A circle is given in magnitude when the length

of its radius is given, and a circle is given in position and

magnitude when the position of its centre and the length of

its radius are given. (Euchd's Data, Definitions 5 and 6.)

Cor. 6.—The two parts into which a diameter divides a

circle are equal.

This may be proved, like Cor. 3, by superposition.

The two parts are therefore called semicircles.

CoR. 7.—The two parts into which a straight line not a

Jiameter divides a circle are unequal.

Thus if ^45 is not a diameter of the circle

ABC, the two parts ACB an 1 ADB into

\vhich AB divides the circle are unequal.

For if a diameter AE be drawn, the part

ACB is less than the semicircle ABE, and the

part ADB is Lrreater than the semicircle A DE.

2. Concentric circles are those which have

centre. B

3, A straight line is said to touch a

circle, or to be a tangent to it, when it

meets the circle, but being produced

does not '"U: 't.

Thus BC is a tangent to the circle ADE.
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4. A straight line drawn from a point outside a circle,

and cutting the circumference, is called a secant.

Thus ECA and EBD are secants of

the circle ABC.
If the secant EC.i were, like one of

the hands of a wa^ Ji, to revolve round

^ as a pivot, je points A and G
would approac' one another, and at D^
length coinci'' . When the points A
and C coincided, the secant would
have become a tangent. Hence a tangent to a circle may be
defined to be a secant in its limiting position, or a secant which
meets thu circle in two coincident points.

This way of regarding a tangent straight line may be applied also

to a tangent circle.

5. Circles which meet but do not cut one another, are

said to touch one another.

Thus the circles ABC, ADE, which meet but do not intersect, are

said to touch each other. In fig. 1, the circles are said to

touch one another intmia/l;/, although in strictness only one of

them touches the other internally ; in fig. 2, they are said to

touch one another externally.

6. Tlie points at which circles touch each other, or at

which straight lines touch circles, are called points of

contact.

I'hus in tha fig<">efl to definitions 3 and 5, the points A arc points

• 0( •OQWlCt.
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7. A chord of a circle is the straight line joining any

two points on the circumference.

Thus AB iaa, chord of the circle ABC.

8. An arc of a circle is any part

of the circumference.

Thus ACB is an arc of the circle ABC;
so is ADB.

9. A chord of a circle which does not pass through the

centre divides the circumference into two unequal arcs.

These arcs are called the major and the minor arcs, and

they are said to be conjugate to each other.

Thus the chord AB divides the circumference of the circle ABC
into the conjugate arcs ADB, ACB, of which ADB is a major arc,

and ACB a minor arc.

10. Chords of a circle are said to be equidistant from the

centre when the perpendiculars drawn to them from the

centre are equal ; and one chord is farther from the centre

than another, when the perpendicular on it from the centre

is greater than the perpendicular on the

other.

Thus in the circle ABC, whose centre is 0,

if the perpendiculars OG, OH on the chords

AB. CD are equal, AB and CD are said to be

equi'Hstaiit from ; if the perpendicular OL
on the chord EF is greater than OG or OH,
the chord EF is said to be farther from the

centre than AB or CD.

11. A segment of a circle is the figure contained by a

chord, and either of the arcs into which the chord divides

the circumference. The segments are called major or minor

segments, according as their arcs are major or mmor arcs.

Thus (see figure to definition 7) the figure contained by the

minor arc ACB and the chord AB is a, minor segment ; the figure



158 EUCLID'S ELEMENTS. [Book IIL

contained by the major arc ADB and the chord AB is a major

segment.

It is worthy of observation tliat a segment, like a circle, is

generally named by three letters ; but the letters may not be

arranged anyhow. The letters at the ends of the chord must be

placed either first or last.

12. An angle in a segment of a circle is tlie angle

contained by two straight lines drawn

from any point in the arc of the

segment to the ends of the chord.

Thus ACB and ABB are angles in the

segment ACB.

13. Similar segments of circles are those which contain

equal angles.

Thus if the angles

C and F are equal,

the segment ACB is

aaid to be similar to \^L^ ^jj D^'^ ^E
the segment DFE.

14. A sector of a circle is the figure contained by an

arc and the two radii drawn to the ends of the arc.

Thus if O be the centre of the circle ABD,
the Hgure OA CB is a sector ; so is OA DB.

It is obvious that, when the radii are in the

same straight line, the sector becomes a semi-

circle.

1 5. The angle of a sector is the angle

contained by tlie two radii.

Thn.-^ the angle of the sector OACB is the angle AOB.

16. Two radii of a circle not in the same straight line

divide the circle into two sectors, one of which is greater

and tlie other less than a seniieirrle ; the former may be

called a major, and the latter a minor sector.

ThuB OAJJB is a major sector, and OACB is a minor sector.
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17. Sectors have received particular names according to

the size of the angle contained by the radii. When the

contained angle is a right angle, the sector is called a

quadrant ; when the contained angle is equal to one of the

angles of an equilateral triangle, the sector

is called a sextant. ^J!^~^ c

Thus if AOB is a right angle, or one-fourth

of four right angles, the sector OAB is a

quadrant; if AOC is two-thirds of one right

angle (see p. 71, deduction 9), or oue-sixth

of four right angles, the sector OAC is a

sextant.

18. An angle is said to be at the centre, or at the

circumference of a circle, when its vertex is at the centre,

or on the circumference of the circle.

A
Thus BEC is an aujle at the centre, and

BAC an angle at the circumference of the

circle ABC.

19. An angle either at the centre or at

the circumference of a circle is said to

stand on the arc intercepted between the

arms of the angle.

T}ius the angle BEC at the centre and the angle BAC at the

circumference both stand on the same arc BDC.
In respect to the angle BEC at the centre of the circle ABC, it

may readily occur to the reader to inquire whether the minor arc

BDC is the only arc intercepted by EB and EC, the arms of the angle.

Obviously enough EB and EG intercept also the major arc BAG.
What, then, is the angle which stands on the major arc BAC ? This

inquiry leads us naturally to reconsider our definition of an angle.

20. An angle may be regarded as generated (or described)

by a straight line which revolves roimd one of its end

points, the size of the angle depending on the amount of

revolution.
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Thus if the straight lino OB occiijiy at first the jiosition OA, and
then revolve roiuul O in a manner oppoaite to that of tiie hands of

a watcli, till it comes into the positif)n OB,
it will have fjeuerated or described the angle

AOB. If Oi? continue its revolution round

till it occupies the i)Osition 0I>, it will

have generated the angle AOJ) ; if OB .

till continue its revolution round till it

occupies successively the positions OF, Oil,

it will have generated the angles AOF,
AOH. The angles AOB, AOI), AOF,
AOH, being successively generated by the

revolution of OB, are therefore arranged in order of magnitude,
AOD being greater tiian AOB, ^OF greater than AOD, and AOH
greater than A OF.

It is plain enough that OB, after reaching the position Oil, may
continue its revolution till it occupies the position it started from,

when it will coincide again with OA. OB will then have described

a complete revolution. If the revolution be sujiposeu to continue,

the angle generated by OB will grow greater and greater (since its

size depends on the amount of revolution), but OB itself will return

to the positions it occupied before ; and therefore in its second
revohition OB will not indicate any new direction relatively to OA,
which it did not indicate in its first Hence there is no need at

present to consider angles greater than those generated by a straight

line in one complete revolution.

21. In the course of tlie rovohition of OB from the

position of OA round to OA again, OD will at some time or

otlier occupy the position OE, which is in a straight line

with OA ; the angle AOK tiius generated is called a straight

(or sometimes a flat) angle.
' WTien Oli occupies the position OC midway between tliat

of OA and OE (that is, when the angles ^r>»6'and COE sltp.

equal), the angle AOC thus generated is called a right

angle. Hence a straight angle is equal to two right angles.

When OB occupies the position 00 which is in a straight

line with OC, the angle A 0(! thus generated is an angle of

three right angles ; when OB again coincides with OA, it has
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generated an angle of four right angles. Hence angle AOB
is less than a riglit angle ; angle AOD is greater than one

right angle, and 'ess than two ; angle AOF is greater than

two and less than three right angles; angle AOH is greater

than three and less than four right angles.

22. It has been explained how OB, starting from the

position OA, an'l revolving in a man-

ner opposite to that of the hands of a

watch, generates the angle AOB, less

than a right angle when it reaches the

position OB. But we may suppose

that OB, stai-ting from OA, reaches the position OB by
revolving round O in the same mamier as the hands of a

watch ; it will then have generated another angle AOB,
greater than three right angles. Thus it appears that two

straight lines drawn from a point contain two angles having

common arms and a common vertex. Such angles are said to

be conjugate, the greater being called the major conjugate,

and the less the minor conjugate angle. When, however,

the angle contained by two straight lines is spoken of, the

minor conjugate angle is understood to be meant.

23. It will be apparent from the preceding that the sum
of two conjugate angles is equal to four right angles ; and

thai, when two conjugate angles are unequal, the minor

conjugate must be less than two right angles, and the major

conjugate greater than two right angles. When two con-

jugate angles are equal, each of them must be a straight

angle.

Major conjugate angles are often called reflex angles, and

to prevent obtuse angles from being confounded with reflex

angles, obtuse angles may now be defined to be angles greater

than one right angle, and less than two right angles.
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PROPOSITION 1. Problem.

To find the centre of a (jicen circle.

C

Let ABC be the given circle

:

it is required to find its centre.

Draw any chord AB, and bisect it at D; I. 10
from D draw DC ± AB, /. 11

and let DC, produced if necessary, meet the Q''" at C and E.

Bisect CE at F. /. 10

F is the centre of ABC.
For if F be not the centre, let G be the centre

;

and join GA, GD, GB.

iAD^BD Const
In As ADG, BDG, ) DG = DG

I
GA = GB; in. Daf. 1

.-. L ADG = L. BDG; >. 8

.-. L ADG is right. /. Def. 10

l>ut L v4/>>C is right; Const.

.". L. ADG = L ADC, which is impossible;

.
•

. (/ is not the centre.

Now G is any point out of CE;
.'. the centre is in CE.

But, since the centre is in CE, it must l)e at F, the middle

point of CE.
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Cur. 1.—The straight line which bisects any chord of a

circle perpendicularly, passes through the centre of the circle.

Cor. 2.—Hence a circle may be described which shaU

pass through the tlu-ee vertices of a triangle.

A

For if a circle could be described to pass through A, B, C,

the vertices of the triangle ABC, AB and AC would be

chords of this circle

;

.•. DF, which bisects AB perpendicularly, would pass

through the centre. ///. 1, Cur. 1

Similarly EF, which bisects AC perpendicularly, would

pass through the centre. ///. 1, Cor. 1

Hence F will be the centre, and FA, FB, or FC the radius.

1. Show how, by twice applying Cor. 1, to find the centre of a

given circle.

2. Similarly, show how to find the centre of a circle, an arc only

of which is given.

3. Describe a circle to pass through three given points. When is

this impossible ?

4. Describe a circle to pass through two given points, and have

its centre in a given straight line. When is this impossible ?

5. Describe a circle to pass through two given points, and
have its radius equal to a given straight line. When is this

impossible ?

6. A quadrilateral has its vertices situated on the O'* of a circle.

Prove that the straight lines which bisect the sides perpen-

dicularly are concurrent.

7. From a point outside a circle two equal straight lines are

drawn to the O*^*. Prove that the bisector of the angle they

contain passes through the centre of the circle.
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8. Show also that the same thin^ is true when the point is taken
either within the circle or on the O*^*.

9. Hence give another method of finding the centre of a given
circle.

PROPOSITION 2. Theorem.

If any two points he taken, in the circumference of a circle,

the straight line which joins them shall fall within the

circle.*

Let ABC be a circle, A and B any two points in the 0°*
'

it is required to prove that AB shall fall within the circle.

Find D the centre of tlie ABC; III. 1

take any point E in AB, and join DA, DE, DB.

Because DA = DB, .-. l A ^ l B. /. 5

But L DEB is greater tlian L A ; /. 16

.'. L DEB is greater tlian l B ;

DB is gTeaicv than DE. 7.19
Now since DE drawn frona tlie centre of the ABC is less

than a radius, ii'must be within the circle. ///. />/. 1, Cor. 1

But E is any point in AB, except the end points A and B;
.'. AB itself is within the circle.

1. Prove that a straight line cannot cut the O" of a circle in more
than two points.

• Euclid's proof is indirect. The one in the text is, found in Clavii

Commentaria in Euclidit Ekmenta (1G12), p. 109.



sook mi PROPOSITIONS 2, 3. ids

2. Describe a circle whose o~ shall pass through a given point,

whose centre shall be in one given straight line, and whose

radius shall be equal to another given straight line. May
more than one circle be so drawn ? If so, how many ? When
mil there be only one, and when none at all ?

PROPOSITIOX 3. Theorems.

If a straight line drawn through the centre of a circle bisect

a chord which does not pass through the centre, it shall

cut it at right angles.

Conversely : If it cut it at right angles, it shall bisect it.

C

(1) Let ABC he a circle, F its centre ; and let CE, which

passes through F, bisect the chord AB which does not pass

through F:
it is required to prove CE J_ AB.

Join FA, FB.

(AD = BD
In As ADF, BDF, ) DF = DF

I FA = FB;
.: L. ADF = L. BDF;
.'. CE is ± AB.

(2) In ^^Clet CEhe ± AB :

it is required to prove AD = BD.

Hyp.

in. Def 1

/. 8

L Def 10
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Join FA, FD.

C L ADF = L BDF
In As ADF, BDF, ) l FAD = l FBD

( DF = DF;
-. AD = BD.

I. 5

/. 2G

1. Ill the ti<,nire to the proposition, C and E are on the O". Need
tliey be so ?

2. The 0''« of a circle passes through the vertices of a triangle.

Prove that the straiglit lines drawn from the eentre of the
circle perpendicular to the sides will bisect those sides.

3. Two concentric circles intercept between their O'" two equal
jjortions of a straight line cutting them both.

4. Through a given point within a circle draw a chord which shall

be bisected at that point.

5. If two chords iu a circle be parallel, their middle points will lie

on the same diameter.

G. Hence give a method of finding the centre of a given circle.

7. If tlie vertex of an isosceles triangle be taken as centre, and a
circle be described cutting the base or tlie base proiluced, the

segments of the base intercepted between the O™ and the

ends of the base will be equal.

8. If two circles cut each other, any two |>arallel straight lines

drawn through the jioints of intersection to the O"' will be

equal.

9. If two circles cut each other, any two straight lines <lrawn

thri Mgh one of the jKjints of intersection tn the O""^ and
making equal angles with the line of centres will be vquaL
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PROPOSITION 4. Theorem.

Tftwo chords of a circle cut one another and do not both pass

through the centre, they do not bisect one another.

B^ ^C
Let ABC be a circle, AC, BD two chords which cut

one another at E, but do not both pass through the centre :

it is required to j^rove that AC, BD do not bisect one another.

(1) If one of them pass through the centre, it may bisect

the other which does not pass through the centre ; but it

cannot be itself bisected by that other.

(2) If neither of them pass through the" centre, let AE
= EC, and BE = ED.
Find F the centre of ABC, III. 1

and join FE.

Because FE passes through the centre, and bisects A C,

.-. L FEA is right. ///. 3

Because FE passes through the centre, and bisects BD,
.: - FEB is Tight; III. 3

.-. L FEA = I. FEB, which is impossible.

.'. AC, BD do not bisect one another.

1. If two chords of a circle bisect each other, what must both of

them be ?

2. No II™ whose rliagonals are unequal can have its vertices ou the

O" of a circle.

«/. 2Jo II™ except a rectangle can have its vertices on the O '* of a

circle.
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PROPOSITION 5. Theorem.

If two circles cut one another, they cannot have the same

centre.

A

Let the 0s ABC, ADE cut one another at A:
it is reqidred to jjrove that they cannot have the same centre.

If they can, let F be the common centre.

Join FA, and draw any other straight line FCE to meet

the two O'™-

Then FA = FC, being radii of ABC, III. Def. 1

and FA = FE, being radii of ADE; III. Def. 1

FC ~ FE, wliich is impossible.

.•. Q)?, ABC, ADE cannot have the same centre.

1. If two circles do not cut one another, can they have the same
centre ?

2. If two circles cut one another, can their common chord be a

diameter of either of them ? Can it be a diameter of both ?

3. If the common chord of two intersecting circles is the diameter

of one of them, prove that it is ± the straight lino joining the

centres.

4. If two circles cut one another, the distfince between their

centres is less than the sum, and greater than the diflference

of their ra<lii.

fi. Prove the converse of the preceding deduction.
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PROPOSITION 6. Theorem.
-

If two circles touch one another internally, they cannot have

the same centre.

Let the 0s ABC, ADE touch one another internally at A :

it is required to pwce (hat they cannot have the same centre.

If they can, let F be the common centre.

Join FA; and draw any other straight line FEG to meet

the two O'*'-

Then FA = FG, being radii of © ABC, III. Def. 1

and FA = FE, being radii of ADE; III. Def. 1

FC = FE, -which is impossible,

.'. 0s ABC, ADE cannot have the same centre.

1. If two circles touch one another externally, can they hare the

same centre ?

2. Enunciate III, 5, 6, and the preceding ik'duction in one state-

ment.

3. If one circle be inside another, and do not touch it, the distance

between their centres is less th.an the difference of their

radii.

4. If one circle V>e outside another and do not touch it, the distance

between their centres is greater than ttie sum of their radii,

f. Prove the converses of the two preceding deductions.
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PROPOSITION 7. Theorem.

If from any point wUhin a circle tcJiicIi is not the centre,

straight lines he drawn to the circumference, the greatest

is that whicli pasties through the centre, and the remain-

ing part of that diameter is the least ; of the others^

that which is nearer to the greatest is greater than the

more remote; and from the given ^jom^ straight lines

which are equal to one another can be drawn to the

circumference only in j^aifs, one on each side of the

diameter.

Let ABC he a circle, and P any point within it which is

not tlie centre ; from P\et there be drawn to the 0°° DPA,
Pli, PC, of which DPA passes through the centre :

it is required to prove (1) that PA is greater than PB ;

(2) that PB is greater than PC;
(3) that PD is less than PC;
(4) that only one straight line can he

drawn from P to the Q'^ = PC

Join OB, OC.

(1) Because OB = OA, being radii of the same circle

;

.-. PO + OB = PO + OA, or PA.

But PO + OB is greater than PB

;

I. 20

PA is greater than PB.
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(2) In As POB, POC, WB = OC III. Def. i

( L POB is greater than l POG;

.-. PB is greater than PC. 1. 24

(3) Because OC - OP is less than PC, L 20, Gor.

and OG — OD, being radii of the same circle

;

.-. OD - OP is less than PC

;

.-. PD is less than PC.

(4) At make l POL = u POG, 1. 23

and join PL.

i PO = PO
In As POL, POC, \ OL = OG IIL Def. 1

( L POL = L POG

;

Const.

.'. PL = PC. L 4

And besides PL no other straight line can be drawn from

P to the O™ = PG.

For if PM were also — PC,

then PM — PL, which is impossible.

Cor.—If from a point inside a circle more than two equal

straight lines can be drawn to the 0''^ that point miist be

the centre.

For another proof of this Cor., see III. 9.

1. Prove PC greater than PD, using I. 20 instead of I. 20, Cor.

2. Wherever the point P be taken, provided it be inside the circle

ABC, the Slim of the greatest and the least straight lines

that can be drawn from it to the O '^'' is constant.

3. Find another point whose greatest and least distances from the

O*^* are respectively = those of P from the 0"=®. How many
such points are there ? Where do they lie ?

4. Prove, by considering POA and POD as infinitely thin triangles,

that PA is ereater than PB, and PC greater than FD by
1.24
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PROPOSITION 8. Theorem.

Iffrom any point without a circle straight lines be drawn to

the circumference, of those which Jail upon the concave part

of the circumference the greatest is that which 2)asses

through the centre, and of the others that which is nearer ta

the greatest is greater than the more remote: but of those

which fall on the convex part of the circumference the least

is that which, when produced, passes through the centre,

and of the others that which is nearer to tJie least is less than

the more remote ; and from the given point straight lines

which are equal to one another can be drawn to th'> circumr

ference only in pairs, one on each side of the diameter,

C

Let ABC be a circle, and P any point without it ; from

P let thc-ie be drawn to the Q" ^^^. ^'^-'^-^> ^^'C** o*

which PDA passes through the centre O :

it is required to prove (1) that PA is grmter than PB ;

(2) that PB is greater than PC;

(3) timt PD is le.^s than PE

;

(4) that PE is less than PF

;

(5) that only one straight line can

be draumfrom P to tfis C* = PF.

Join OJJ, OC, OE, OF.

(1) Because OB = OA, being radii of the same circle

;

PO + OB = PO + OA, or PA.

But PO + OB is greater than PB

;

L 20

/, PA is greater than PB.
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CPO^PO
(2) In As FOB, POC, WB = OC III. Def. 1

( I. P05 is greater than z. POC

,

.'. PB is greater than PC. I. 24

(3) Because OP - OB is less than PE, I. 20, Cor.

and OB = OD, being radii of the same circle

;

.'.OP - OD is less than PE

;

.'. PD is less than PE. , p^ _ p^

(4) In As POE, POP, \oE = OF III. Def. 1

i u POE is less than l FOE

;

.-. PE is less than PF. I. 24:

(5) At make l FOG = l FOF, I. 23

and join PG. PO = PO
In As FOG, FOE, \ OG = OF III Def. 1

( L FOG = L FOE; Const.

.-. PG = PF. L 4

And besides PG no other straight line can be drawn from

P to the O'* = PF.

For if PH were also = PE,

then PH = PG, which is impossible.

1. Prove PE greater than PD, using L 20 instead of 1. 20, Cor.

2. Prove that PE is less than PF. using I. 21 instead of I. 24.

3. Wherever the point P be taken, provided it be outside the circle

ABC, the difference of the greatest and the least straight

lines that can lie drawn from it to the O "* is constant.

4. Compare the enunciations of the last deduction and of the analo-

gous one from III. 7, and state and prove the corresponding

theorem when the point P is oil the C* of the © ABC.
5. Prove that A D is greater than BE, and BE greater than CF.

6. If the straight line PFC be supposed to revolve round P as a

pivot, till the points F and G coincide, what would the

straight line PFC become ?

7. The tangent to a circle from any external point is leas than any

secant to the circle from that point, and greater than the

external segment of the secant.
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8. Could a line be drawn to sei)arate the concave from the convex

part of the o " of the © ABC viewed from the pointP ? How ?

PROPOSITION 9. Theorem.

Iffrom a point within a circle more than two equal straight

lines can he draw7i to the circumference, that point is thfi

centre.*

Let ABC be a circle, and let three equal strai<:jht linea

DA, DB, DC be drawn from the point D to the Q"*

:

it is required to prove that D is the centre of the circle.

Join AB, BC, and bisect them at E, F; /. 10

and join DE, DF.
L AE - BE Canst.

In As AED, BED,
\
ED = ED
(da - DB; Hyjx

.-. L AED - L BED; I. 8

.-. /;/;is LAB;

.-. DE, since it bisects AB perpendicularly, must pass

through the centre of the circle. ///. 1, Cor. 1

Henoo also DF must pass through tlio centre
;

.•. I), the only point common to DE iiiid DF, is the centre.

Prove the proposition by using the eiu'hth deduction from III. 1.

• In thf MSS. of Euclid, two proofw of tliis pro|iosition occur, only the

sucr>u(l of wliicli SiinBun inserted in liiti edition. Thu one given in tk«

t«xt iii the tinit.
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PROPOSITION 10. Theorem.

One circle cannot cut another at more than two points^*

If it be possible, let the ABC cut the © EBO at more
than two poiBts—namely, at B, C, D.

Join BC, CD, and bisect them at ^and G ; I. 10

through FoxidiG draw FO, GO ± BC, CD, I. 1

1

and let FO, GO intersect at 0.

Because BC is a chord in both circles, and FO bisects it

perpendicularly,

.•. the centres of both circles lie in FO. III. 1, Cor. 1

Hence also the centres of both circles lie in GO ;

.'. is the centre of both circles,

which 13 impossible, since they cut one another. Ill, 5
.*. one circle cannot cut another at more than two points.

1. Two circles cannot meet each other in more than two points.

2. If two circles have three points in common, how must they be
situated ?

3. Show, by supposing the radius of one of the circles to increase
indefinitely in length, that the first deduction from IIL 2 is

a particular case of this proposition.

* In the MSS. of Euclid, two proofs of this proposition occur, only the
second of which Simson inserted in his edition. The one given in the
text is the first.
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PROPOSITION 11. Theorem.

If Iwo circles touch one another internally at any point, the

straiijht lute which joins their centrea, being produced,

shall paiiti through that point.

A

Let the two Os ABC, ADE, whose centres are i^and <?,

touch one another internally at the point A :

it is required to prove that FG produced pasdcs through A.

If not, let it pass otherwise, as FGHL.
•Join FA, GA.

Because FA = FL, being radii of © ABC, TIL Def. 1

and GA = GH, being radii of ADE; IIL Def. 1

.-. FA - GA = FL - Gil,

= FG + IIL;

.-. FA - GA'is greater tlian FG by HL.
But FA - GA is less than FG ;

"

/. 20, Cor.

.'. FA — GA is both greater and less than FG, which is

impossible

;

.•. FG produced must pass through A.

1. If two circles touch internally, the distance between their contres

is equal to the diffiTencc of their radii.

2. TwocireU'8 toucli internally at a ])()int, and through that point a

Btrai^ht line is drawn to cut the o«" of the two circles. If

the pfiints of intersection be; joined with the respective

centres, the two straight lines will be parallel.

3. Thifl proposition is a particular case of the tenth deductioa from 1. 8,
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PROPOSITION 12. Theorem.

If two circles touch one another externdUy at amj poitit, the

straight line which joins tfceir centres shall pass through

that point.

Let the two ©s ABC, ADE, whose centres are F and <?,

touch one another externally at the point A :

, it is required to prove that FG passes through A.

If not, let it pass otherwise, as FLHG.
Join FA, GA.

Because FA = FL, heing radii of ABO, III. Def. 1

and GA = GH, being radii of ADE; III. Def. 1

.-. FA + GA = FL + GH,
= FG - HL ;

.-. FA + GA is less than FG by HL.

Bnt FA + GA is greater than FG; I. 20

.-. FA + GA is both less and greater than FG, which is

impossible
;

.-. FG must pass through A.

1. If two circles touch externally, the distance between their

centres is equal to the sum of their radii.

2. Two circles touch externally at a point, and through that point

a straight line is drawn to cut the O"* of the two circles. If

the points of intersection be joined with the respective

centres, the two straight lines will be parallel

3. This proposition isaparticular case of the tenth deduction fromL 8.
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PROPOSITION 13. Theorem.

Two circles cannot touch each other at more jJoints than out,
iohdher intcrnallij or exlernally.

A

A

For, if it be possi])le, let the tAvo 0s ABC, BDC touch
each other at the points B ami C.

Join BC, and draw AD bisecting BC perpeii-
dirularly.

/. 10, 11

Because B and C are points in tlie O"*' of both circles,
.'. ^C is a chord of both circles.

And because AD l)isects BC perpendicularly, Con^.
.-.AD passes through the centres of both circles

;

///. 1, C,>r. 1.

.-. AD passes also through the points of contact
BnndC,

III. U, 12
which is impossible.

Il.'nce the two 0s ABC, BDC cannot touch each other at
more points than one, whether internally or externally.

1. If the distance between the centres of two circles be equal to
the stim of their radii, the two circles touch each other
externally.

2. If the distance between the centres of two circles be equal to
tho difference of their radii, the two circles touch each other
internally.
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PROPOSITION 14. Theorems.

Equal chords in a circle are equidistant from the centre.
Conversely: Chords in a circle which are equidistant frarn

the centre are equal.

(1) Let AB, CD be equal chords in the ABC, and
EF, EG their distances from the centre E:
it is required to prove EF = EG.

Join EA, EC.
Because EF drawn through the centre E is _l AB

.'. EF bisects AB, that is, AB is double of AF. '///. 3
Hence also CD is double of CG.
Now since AB = CD, .-. AF = CG, and AF^ = CG'^
But because EA = EC, .-, EA- = EC^ •

•• ^^'' + J^E' = CG"' + GEK
'

J ^^
Take away AF'^ and CG'^ which are equal •

' "

••• FE^ = GE\ and FE = GE.

(2) Let AB, CD be chords in the ABC, and letEF, EG, their distances from the centre E, be equal •

d IS required to prove AB = CD.
Join EA, EC.
It may be proved as before that AB = Vl AF CD ~ 9 rn

and that AF^ + FE"^ = CG^ + GE\
' ^^ - ^ ocr,
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Hup.Now FE- = QE\ since FE = GE;
.-. AF^ = CG\ and yli?' = CG

;

.-. 2 AF --= 1 CG, tliat is, ^/i = CD.

1. If a series of equal chords be placed iu a circle, their middle

points will lie on the O™ of another circle.

2. Two parallel chords in a circle whose diameter is 10 inches, are

8 inches and 6 inches ; find the distance between them.

3. If two chords of a circle intersect each other and make equal

angles with the diameter drawn through their point of inter-

section, they are equaL

4. If two secants of a circle intersect, and make equal angles with

the diameter drawn through their point of intersection, those

parts of the secants intercepted by the O '^^ are equaL

5. If in a given circle a chord of given length be placed, the

distance of the chord from the centre will be fixed.

G. Prove the converse of the preceding deduction.

7. If two efjual chords intersect either within or without a circle,

the segments of the one are equal to the segments of the

other.

PROPOSITir)X 15. Theorems.

The diameter is the greatest chord in a circle; and of all

others that which is nearer to the centre is yreafer than

one more remote.

Conversili/ : The greater chord is nearer to the centre than

the less. ^ j^
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Let ABC be a circle of which AD is a diameter, and

BC, FG two other chords whose distances from the centre

Fare EH, EK

:

it is required to prove :

(1) that AD is greater than BC or FO ;

(2) that, ifEH is less than EK, BC must he greater than FG;
(3) that, ifBC is greater than FG, EHrmist be less than EK.

(1) Join EB, EC.

Because AE = BE, and ED = EC; III. Def. 1

.-. AD = BE + EC.
But BE + EC is greater than BC; I. 20
.'. AD is greater than BC.

(2) Join EB, EC, EF.

It may be proved, as in the preceding proposition,

that BC is double of BH, that FG is double of FK,
and that EH^ + HB'^ = EK'^ + KFK
Now EH'^ is less than EK"^, since EH is less than EK ; Hyp.
.-. HE^ is greater than KF'-, and HB greater than A',^^.

.•. twice HB is greater than twice KFy
that is, BC is greater than FG.

(3) Join EB, EC, EF.

It may be proved, as before, that BC=2 BH, FG = 2 FK,
and that EH^ + HB^- - EK^- + KF^.
Now, since BC is greater than FG, Hyp.
.-. BH is greater than FK, and BH^ greater than FK-.
Hence EH^ must be less than EK% and EH less than EK

1. 'JTie shortest chord that can be drawn through a given point

within a circle is that which is perpendicular to the diameter

through the point.
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Of two chords of a circle which intersect each other, and make
unequal angles with the diameter drawn through their point
of intersection, that which makes the less angle is the
greater.

If two secants of a circle intersect each other, and make unequal
angles with the diameter drawn through their ])oint of inter-

section, that part ^\llicll is intercepted by the o=e on the
secant making the less angle is greater than the corresponding
part on the other.

Through either of the points of intersection of two cirxjles draw
the greatest possible stfaight line terminated both ways by
the O "*'. Draw also the least possible, and ohow that tb*
two are at right angles to each other.

PROPOSITION 16. Theorem.

Tlie straight line draim perpendicular to a diameter of a
circle from, either end of it, is a taiujent to the circle

;

and every other straiyht line drawn through tlie same
point cuts the circle*

* Euclid's proof of this proposition is indirect. The one in the
text is given by Orontius Finieus (1544), the second part, however,

being somewhat simjilitied.
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Let ABC be a circle, of which F is the centre and AG b.

diameter; through C let there be drawn DE ^_ AC, and

any other straight line HK :

it is required to prove that DE is a tangent to the ABC,
arid that HK cuts the circle.

Take any point G in DE, and join FG

;

from F draw FL ± HK. I. 12

Because z. FCCr is right, B^yp-

.'. FG is greater than FG, a radius of the circle ; /. 19 Cor.

.'. the point G must be outside the circle. ///. Def. 1, Cor. 2

Now G is any point in DE, except the point G;
.". DE is a tangent to the circle. ///. Def. 3

Again, because l FLG is right. Const.

.'. FL is less than FG, a radius of the circle ; /. 19 Cor.

.'. the point L must be inside the circle. ///. Def. 1, Cor. 2

Now Z is a point in HK;
.-. HK cuts the circle.

1. Draw a tangent to a circle at a given point on the C^.
2. Only one tangent can be drawn to a circle at a given point on

its O"*.

3. Two (or a series of) circles touch each other, externally or

internally, at the same point. Prove that they have the

same tangent at that point.

4. L' a series of equal chords be placed in a circle, they will be

tangents to another circle concentric with the former.

5. A straight line will cut, touch, or lie entirely outside a circle,

according as its distance from the centre is less than, equal

to, or greater than a radius.

6. Draw a tangent to a circle which shall be || a given straight

line.

7. Draw a tangent to a circle which shall be ± a given straight

line.

8. Draw a tangent to a circle which shall make a given angle with

a given straight Une. How many tangtnts csax be drawn in

Mob of the three cases ?
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PKOPOSITION 17. Problem.

To draw a tangent to a circle from a given point.

G

Let BDC be the giren circle, and A the given point

:

it is required to draw a tangent to the O BDCfrom A.

Case 1.—When the given point A is inside the O BDC,
the problem is impossible.

Case 2.—When the given point yl is on the O" of the

O BDC.
Find E the centre of the O BDC; III. 1

join EA, and through A draw FG ± EA. I. 1

1

Then FG is a tangent to the BDC. III. 16

Case 3.—When the given point A is outside the

BDC.
Find E the centre of the O BDC; III. 1

and join AE, cutting the O™ of HOC alt D.

With centre E and radius EA, describe AGE

;

tlirougli D draw FDG J. AE, and meeting the O" of

AGF:xi yi'and G. L 11

Join EF, EG, cutting the Q™ of O BDC at B and C,

and join AB, AC. AB <ye AC \& the required tangent.
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( AE= FE III. Def. 1

In ^s ABE, FDE,
]
EB = ED III. Def. 1

( L E = L. E;
.•- <L ABE = A FDE, L 4

= a right angle. Const.

.-. AB is a tangent to the BDG. III. 16

Hence also, -4C is a tangent to the BDG.

Ck)B.—The two tangents that can be drawn to a circle

from an external point are equal.

By comparing As ABE, FDE it may be proved that

AB = FD; I 4

and by comparing As ACE, GDE, it may be proved that

AC=GD.
"

7.4
Now, since EG is a chord of the AFG, and ED
drawn through the centre is J. FG

;

Const.

.-. FD - GD. III. 3

Hence AB = AG.

1. Prove AB=^AC\^y {a) I. 47, {h) L 5, 6.

2. The tangeuts AB, AC make equal angles with the diametex

tlirough A.
3. Prove i BAG supplementary to L BEG. State this result in

words.

4. Ko more than two tangents can be drawn to a circle from ap

Lxtemal point.

5. If a quadrilateral be circumscribed * about a circle, the sum of

two opposite sides is equal to the sum of the other two.

6. Generalise the preceding deduction.

/. if a ||"> be circumscribed about a circle, it must be a rhombus.

8. From a point outside »a circle two tangents are drawn. The
straight line joining the point with the centre bisects per-

pendicularly the chord of contact. (In fig. 2, BG is th«

chord of contact.)

* A figure is circumscribed about a circle when its sides touoh tb«

circie.
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PKOPOSITION 18. Theorem.

The radius of a circle drawn to the point oj contact ofa

tangent is perpendicular to the tangent.

A

D C G E

Let ABC be a circle wliosc centre is F. and DE a tangent

to it at the point C :

a is required to prove tltat the radius FC is ± DE.

If not, from /' draw FG ± DE, and meeting the 0°°

at B. I. 12

Because l FGG is a right angle, Const.

.-. FG is less than FC. I. 10 Cor.

But FC = FB; III. Def 1

.•. FG is less than FB,

which is impossible

;

.-. /^C must bo ± DE.

1. Tanj,'ents at the ends of a diameter of a circle arc parallel.

2. If a series of chords in a circle he tangents to another concentric

circle, the chorda are all equal.

.3. If two circles be concentric, and a chord of the greater be a

tangent tf) the less, it is bisected at the point of contact

•L riirough a given point within a circle draw a chord which shall

Ik- ccpial to a given length. May the given point be outside

the circle ? What are the limits to the given length?

5 Deduce this i)rrij)OHilinn from I. .5, by supposing the tangent DE
V. be at first a secant.

%. Two circles, whose centres are A and D, hare a commoR
tengent CD ; prove AC\\ UD.
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PROPOSITION" 19. Theorem.

The straight line drawn from the paint of contact of a
tangent to a circle perpendicular to the tangent passes

t/'.rotigh the centre of the circle.

A

Let DE be a tangent to the O ABC at tke point C, and

iet CA be i. DE :

it is required to prove that CA passes through the centre.

A not, let F be the centre,

and join EG.

ihen L ECE is right. ///. 18

But L ACE is right

;

Hyp.
.'. L FCE = L ACE, which is impossible;

,'. CA must pass through the centre of the circle.

1. In the figure, .4 is on the O*^. Need it be so ?

2. This proposition is a particular case of III. 1, Cor. 1.

.'i. A series of circles touch a given straight line at a given po.

Where will their centres all lie ?

4. Describe a circle to touch two given straight lines at two given

points. When is this problem possible ?

J. If two tangents be drawn to a circle from any point, the angle

contained by the tancents is double the angle contained by

the chord of contact and the diameter drawn through eitkor

point of contact
M
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PROPOSITION 20. Theorem.

All angle at the centre of a circle is double of an angle at the

circumference which stands on the same arc.

F J" ^

In the Q ABC let l EEC at the centre and l BAG at

the O'^* stand on the same arc BG:
U is required to jyrove l BEG = twice l BA C.

Join AE and produce it to F.

Because EA = EG, .'. i. EAG = l EGA; A b

.-. L EAG + L EGA = twice l EAG.
But I. PEG = L EAG + L EGA; L 32

L FEG = twice l EAG.
Similarly z. FEB = twice l EAB.
Hence, in figs. 1 and 2,

L FEG -\- L FEB = twice l EAG -^^ twice l EAB,
that is, L BEG = twice l. BAG;
and in fig. 3,

u FEG - L FEB = twice l EAG - twice l EAB,
that is, L BEG = twice ^ BAG.

1. In the figiiree to the proposition, Z' is on the O*". Need it be so ?

2. The angle in a semicircle is a right angle.

It. B and C are two fixed points in the O™ of the circle ABC^
Prove that wherever A be taken on the arc BAC, the magni-

tude of the angle BA is constant
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PROPOSITION 21. Theorems.

Angles in tlie same segment of a circle are equal.

Conversely : If two equal angles stand on the same arc,

and the vertex of one of them he on the conjugate arc,

the vertex of the other will also he on it*
C

A n f^ ,.^0 A

(1) Let ABD be a circle, and ^ s ^ and C in the same

segment BCD :

it is required to prove l A ^ l C.

Find F the centre of the ABD^ III. \

and join BF, DF.

Then l BFD = twice l A, III. 20
and ^ BFD = twice l G; III. 20

L A = lC.

(2) Let L^ A and C, which are equal, stand on the same
arc BD, and let the vertex A be on the conjugate arc BAD :

it is required to prove that the vertex C will also he on it.

If not, let the arc BAD cut BC or BG produced at G ;
join DG.

ITien L A = L. BGD. Ill 21
Bu*; ^A = ^ C; Hyp.
.•. L BGD = - C, which is impossible. / 16

Hence Cmust be uii the circle which passes through^. A, D.

* Tlw second part of this proposition is not given by Euclid.
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1. In the figure to III. 4, if AB, OD be joined, A AEB is equi*

angular to A DEO.
2. If from a point E outside a circle, two secants EGA, EBD be

drawn, and AB, CD be joined, A AEB is equiangular to

A DEC.
3. Given three points on the O ** of a circle ; find any number of

other points on the O" without knowing the ceutre.

4. Two tangents AB, AC are drawn to a circle from an external

point A; D is any point on the O"* outside th« ABC.
Show that the sum of L& ABD, ACD is constant.

6. Is the last theorem true when D lies elsewhere on the O *• ?

6. Segments of two circles stand upon a common chord AB.
Through C, any point in one segment, are drawn the straight

lines AGE, BCD meeting the other segment in E, D. Prove

that the length of the arc DE is invariable wherever the point

Cbe taken.

PROPOSITION 22. THsoREMa

The opposite angles of a quadrilateral inscribed in a circle

are supplementary.

Conversely : If the opposite angles of a qiuxdrilateral ha

supplementary, a circle may be circumscribed about the

quadrilateral.*

A ^ ^A

(I) Let the quadrilateral ABCDhQ inscrihcd in the ABC:
it is required to prove that i- A + l C - 2 rt. ^s.

Find Fthe centre of the Alil), III. \

and join HF, DF.

* The second part of thin proposition ia not given by Euclid, and he

proves the first part by joining AC, Bl).
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Then l BFD = twice l A, III. 20

and the reflex i. BFD = twice l O; III. 20

.•. the sum of the two conjugate L s BFD
= twice I. A + twice z. C

But the sum of the two conjugate /. s BFD
= 4 rt. z. s

;

///. Def. 23

L A + L C = lYt. LS.

(2) Let z. s j4 and G, which are supplementary, be

opposite angles of the quadrilateral ABCD,
and the vertex A be on an arc BAD which passes also

through B and D :

it is required to prove that the vertex C ivill be on the con-

jugate arc.

If not, let the arc conjugate to BAD cut BC or BC
produced at G; III. 1, Gar. ^

join DG.
Then ^ ^ is supplementary to l BGD. HI. 22

But L Ahs, supplementary to L G

;

Hyp-

L BGD = L G, which is impossible. /. 16

Hence G must be on the circle which passes through B, A, D.

Cor.—If one side of a quadrilateral inscribed in a circle be

produced, the exterior angle is equal to the remote interior

angle of the quadrilateral.

For each is supplementary to the interior adjacent angle.

/. 13, ///. 22

1. If a ll"" be inscribed in a circle, it must be a rectangle.

2. If, from a point ^outside a circle, two secants EGA, EBD be

drawn, and AD, BC be joined, a AED is equiangular to

A BEC.
3. If a polygon of an even number of sides (a hexagon, for example)

be inscribed in a circle, the sum of its alternate angles is half

the sum of all its angles.

4. If an arc be divided into any two parts, the sum of the angles in

the two segments is constant.
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5. Divide a circle into two segments, such that the angle in the one
segment shall be (a) twice, (b) thrice, (c) live times, (d) seven

times the angle in the other segment.

6. ACB is a right-angled triangle, right-angled at C, and is the

point of intersection of the diagonals of the square described

on AB outwardly to the triangle; prove that CO bisects

z ACB.
7. What modification must be made on the last theorem when the

square is described on AB inwardly to the triangle ?

8. If two chords cut off one pair of similar segments from two circles,

the other pair of segments they cut off are also similar.

9. Given three points on the O "^® of a circle : find any number of

other points on the 0*=* without knowing the centre.

10. ABC is a triangle ; AX, BY, CZ are the three perpendiculars

from the vertices on the opposite sides, intersecting at O.

Prove the following sets of four points concyclic (that is,

situated on the O" of a circle): A,Z,0, Y; B,X,0,Z;
C, Y,0,X; A, B, X, Y; B, C, Y,Z; 0, A, Z, X.

PROPOSITION 23. Theorem.

On the same chord and on the same side of it there cannot be

two similar segments of circles not coinciding with one

another.

If it be possible, on the same chord AB, and on the same

side of it, let there be two similar segments of Os ACB,
ADB not coinciding with one another.

Draw any straight line ADC cutting the arcs of the

segments at D and C

;

and join BC, BD.

Because segment ADB is similar to segment ACB, Hyp.

.-. L ADB = L. ACB, III. DhJ. 13

which is impossible. /. 16
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Hence two similar segments on the same chord and on

the same side of it must coincide.

1, Of all the segments of circles on the same side of the same

chord, that which is the greatest contains the least angle.

2. Prove by this proposition the second part of IIL 2L

PROPOSITION 24. Theorem.

Similar segments of circles on equal chords are equal

E F

Let AEB, CFD be similar segments on equal chords AB,

CD:
it is reqtiired to prove segment AEB - segment CFD.

If segment AEB be applied to segment CFD,
so that A falls on G, and so that AB falls on CD ;

then B Avill coincide with D, because AB = CD. Hyp.

Hence the segment AEB being similar to the segment CFD,

must coincide with it

;

///. 23

.'. segment AEB = segment CFD.

1. Similar segments of circles on equal chords are parts <A equal

circles.

2. ABC, ABC are two as
such that AG = AG'.

Prove that the circle

which passes through

A, B, G is equal to

the circle which passes

through A, B, G'.

3. UABGD is a H™, and 5^ makes with AB, L ABE = l BAD,
and meets DC produced in E, the circles described about

AS BCD, BED will be equal.



^^* aUCUD's ELEMENTS. ^sook lit

PROPOSITION 25. Problem.
An are of a circle being given, to complete the circle.

B

F
°

Let ABC be the given arc of a circle

:

it is required to complete the circle.

Take any point B in the arc, and join AB BC.
Bisect AB and BC at D and E ;

'
"

j jqdraw DF and EF respectively ± AB and BC / 1

1

and let them meet at F.
' "

Because DF bisects the chord AB perpendicularly,
.-. DF passes through the centre. /// i Qor 1Hence also, ^i^ passes through the centre;
.'. F is the centre.

Hence, with Fas centre, and FA, FB, or J^C as radius the
circle may be completed.

1. Prove that DF&nd EF must meet.
2. Prove the proposition with Euclid's construction, which ia •

Bisect the chord ^6' at IJ, draw DB ^ AC, meeting the aniat B, and join AB. At A make , BAE = l ABD and

centt^
meet 5/> or BD produced at i7. ^ shalJ b^ the

3. Find a point equidistant from three given points. When is theprublem impossible?
4. The straight lines bisecting perpendicularly the three aides of »tnangJe are concurrent.
5. Find a point equidistant from four given pointa. When latheproblem poasible ?
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PROPOSITION- 26. Theorem.

In equal circles, m- in the same circle, if two angles, whether
at the centre or at the circumference, he equal, the arcs
on which they stand are equal.

A D

Let ABC, DBF be equal circles, and let ^ s G^ and H at
the centres be equal, as also ^ s ^ and Z) at the O"' : -

it is required to prove that arc BKG = arc ELF.
Join BC, EF.

Because Os ABC, DEF are equal, Hyp.
.-. their radii are equal. ///. j)ef 1, Cor 4

( BG = EH
In As BGC, EHF, \ GC = HE

(^ G= ^H; Hyp
.'.BC = EF. j^
But because l A = l D
.-. segment BACi?, similar to segment EDF; III. Def. 13
and they are on equal chords BC, EF,
.-. segment BAG = segment EDF. '

III "y^

Now O ABC = O DEF; Hyp
.'. remaining segment BEG = remaining segment ELF
.-.arc BKC = arc ELF.
CoK.—In equal circles, or in the same circle, those sectors

are equal which have equal angles.
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1. If AB and CD he two parallel chords in a circle ACDB, prove

arc AC = arc BI>, and arc AJJ = arc BC.
2. In equal circles, or in the same circle, if two angles, whether at

the centre or at the O" be xinequal, that which is the

greater stands on the greatc arc.

3. If two ojiposite angles of a (jiiadrilateral inscribed in a circle be

equal, the diagonal which does not join their vertices ig a

diameter of the circle.

4. Any segment of a circle containing a right angle is a semicircle.

5. Any segment of a circle containing an acute angle is greater

than a semicircle, and one containing an obtuse angle is less

than a semicircle.

6. If two angles at the O** of a circle are supplementary, the sum
of the arcs on which they stand = the whole o "*.

7. Prove the proposition by superposition.

8. If two chords intersect within a circle, the angle they contain is

equal to an angle at the centre standing on half the sum of

the intenejited arcs.

9. If two cliords produced intersect without a circle, the angle they

contain is equal to an angle at the centre standing on half the

ditlVrence of the intercepted arcs.

10. Skow how to divide the 0°* of a circle into 3, 4, 6, 8 equal parts.

PROPOSITION 27. Theorem.

fn equal circles, or in the same circh, if two arcs he equal,

the anfjles, loheiher at the centre or at tJie circumference,

which stand on them are equal.

A D
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Let ABC, DEFhe equal circles, and let arc BC = arc EF:
it is required to prave that l BGC - l EHF, and l. A
= L D.

If L BGC be not = l EHF, one of them must be the

greater.

Let L BGC be the greater, and make l BGK = i. EHF.
I. 23

Because the circles are equal, and l BGK = i, EHF,
.-. arc BK = arc EF. III. 26

But arc BC = arc EF; Hyp.
.-. arc BK = arc BC, which is impossible.

Hence l BQC must be = ^ EHF.
Now, since ^ ^ = half of ^ BGC, III. 20

and z. Z) = half of l EHF, III. 20

.'. i. A= L D.

C«R.—In equal circles, or in the same circle, those sectors

are equal which have equal arcs.

\. 1i AG and BD be two equal arcs in a circle ACDB, prove chord

AB
I!
chord CD.

2. In eqiial circles, or in the same circle, if two arcs be unequal,

that angle, whether at the centre or at the O"", is the greater

which stands on the greater arc.

3. The angle in a semicircle is a right angle.

4. The angle in a segment greater than a semicircle ie less than

a right angle, and tlie angle in a segment less than a semi-

circle is greater than a right angle.

5. If the sum of two arcs of a circle be equal to the whole O *•, the

angles at the 0*=* which stand on them are supplementary.

6. Prove the proposition by superposition.

7. Two circles touch each other internally, and a chord of the

greater circle is a tangent to the less. Prove that the chord

is divided at its point of contact into segments which subtend

equal angles at the point of contact of the circle*.
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PROPOSITION 28. Theorem.

In equal circles, or in the same circle, if two chords he eqtial,

the arcs they cut off are equal, the major arc equal t»

the major arc, and the miliar equal to the minor.

A D

O H
Let ABC, DEF be equal circles, and let chord BC =

chord EF:
it is required to prove that major arc BAC = major arc

EDF, and minor arc BGC = minor arc EUF.

Find K and L the centres of the circles,

and join BK, KC, EL, LF.

Because Os ABC, DEF are equal,

.*. their radii are equal.

(
BK = EL

In As BKC, ELF, ] KC = LF
( BC = EF;

.'. L K = L L;

.-. arc BGC = arc EHF.
But O^- ABC = O" DEF;

nil

H,ip.

IIL Def. 1, Cor. 4

Hyp.

L 8

///. 26

///. Def. 1, Cor. 4

.•. remaining arc BAC = remaining arc EDF.

1. \i AC and BD be two equal chords in a circle ACDB, prove

chord ABY chord CD.
2. Hence devise .a m« thod of drawing through a given point v

straight line parallel to a given straight line.
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3. If two equal circles cut one another, any straight line drawn

through one of the points of intersection will meet the circles

again in two points which are equidistant from the other

point of intersection.

PROPOSITION 29. Theorem.

In equal circles, or in the same circle, if two arc* be equal,

the chords ichich cut them off are equal.

A D

///. 1

G H
Let ABC, DBF be equal circles, and let arc BGC

ERF:
it is required to prove that chord BC = chord EF.

Find K and L the centres of the circles,

and join BK, KC, EL, LF.

Because the circles are equal, Hyp-
.'. their radii are equal. ///. Def. 1, Cor. 4

And because the circles are equal, and arc BGC — arc EHF,
.-. L K = lL. III. 27

< BK = EL
In As BKC, ELF, \ KC = LF

( L K = L L;
.'. BC = EF. I, 4

1. If ^C and BD be two equal arcs in a diole ACDB, prove chord
AD=^ chord BC.

2. Prove the proposition by superposition.
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PROPOSITION 30. Problem.

To bisect a given arc.

B

Let ADB be the given arc :

it is requited to bisect -it.

Draw the chord AB, and bisect it at C; I. 10

from C draw CD _L AB, and meeting the arc at D. /. 11

D is the point of bisection.

Join AD, BD.
i AC = BC Const.

In As ACD, BCD,
]

CD = CD
i L ACD = L BCD;

.: AD = BD. I. 4

But in the same circle equal chords cut off equal arcs, the

major arc being — the major arc, and the minor = the

minor

;

and AD and BD are both minor arcs, since DC if produced

would be a diameter; ///. 1, Cor. 1

.-. arc AD = arc BD. III. 28

1. If two circles cut one another, the straight line joining their

centres, bein.; produced, bisects all the four arcs.

2. A diameter of a circle bisects the arcs cut ofi" by all the chords

to which it is y)erpendicular.

3. Bisoot the arc A I)R without joining AB.
4. Prove A DAR greater tlian any other triangle on the sune base

AB, and having its vertex on the arc ADB.
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PEOPOSITION 31. Theorem.

An angle in a semicircle is a right angle; an angle in a

segment greater than a semicircle is less than a right

angle ; and an angle in a segment less than a semicircle

is greater than a right angle.

Let ABC be a circle, of which E is the centre and BO
a diameter; and let any chord AC \\q drawn dividing the

circle into the segment ABC which is greater than a semi-

circle, and the segment ADC which is less than a semi-

circle :

it is required to prove

(1) L in semicircle BAC — art. l ;

(2) L in segment ABC less than art. L',

(3; L in segment ADC greater than a rt. l .

Join AB ;

take any point D in arc ADC, and join AD, CD.

(1) Because an angle at the O""' of a circle is half of the

angle at the centre which stands on the s;ime arc ; ///. 20

.-. u BAC = lialf of the straight ^ DEC,
= half of two rt. ^ s, ///. Def. 21

= a rt. -•-

.

(2) Because l BAC + l B is less than two rt. l a, I. 17

and /L BAG = a rt. l
,

.*. ^ B ia less than a rt. z..
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A.

(3) Because ABGD is a quadrilateral inscribed in the circle,

.-. L B + L. D = two rt. Z.S. . ///. 22
But L B ia less than a rt. ^

;

.'. ^ Z> is greater than a rt. l.

1. Circles described on the equal sides of an isosceles triangle as
diameters intersect at the middle point of the base.

2. Circles described on any two sides of a triangle as diameters
intersect on the third side or the tliird side produced

3. Use the first part of the proposition to solve I. 11, ind I. 12.

4. Solve III. 1 by means of a set square.

6, Solve III. 17, Case .3, by the following construction : Join AE,
and on it as diameter describe a circle cutting the given circle

at B and C. B and C are the points of contact of the
tangents from A.

6. If one circle pass through the centre of another, the angle in the
exterior segment of the latter circle is acute.

7. If one circle be described on the radius of another circle, any
chord in the latter drawn from the point in which the circles

meet is bisected by the former.

8. If two circles cut one another, and from one of the points of
intersection two diameters be drawn, their extremities and
the other point of intersection will be in one straight Une.

0. Use the first part of the jiroposition to find a square equal
to the difference of two given squares.

10. The middle point of the hyjiotenuse of a right-angled triangle ia

equidistant from the three vertices.

1 1. State and prove a converse of the preceding deduction.
12. Two circles touch externally at A ; B and G are points of

contact of a common tangent to the two circles. Prove
L BAG righi.
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PROPOSITION 32. Theorem.

If a straight line he a tangent to a circle, and from the point

• of contact a chord be draum, the angles which the chord

makes with the tangent shall be equal to the angles in

the alternate segments of the circle.

E B F

Let ABC be a circle, EF a tangent to it at the point B^
and from B let the chord BD be drawn :

it is required to prove l DBF = the l in the segment BAD,
and L DBE = the l in the segment BCD.

From B draw BA J. EF

;

/. H
take any point C in the arc BD, and join BG, CD, DA.

Because BA is drawn _L the tangent EF from the point
of contact,

.•. BA passes through the centre of the circle

;

.•. L. ADB, being in a semicircle, = a rt. ^
;

.'. L BAD + L ABD - a rt. l,

= L ABE.
From these equals take away the common L ABD;
.-. L BAD = L DBF.
A epAn. because ABCD is a quadrilateral in a circle,

- ^4 -I- ^ (7 = 2 rt z. s. HI. i2
But L DBF + L DBE = 2 rt. z. s

;

/. 13
L A + L C = L DBF + L DBE.

N

///. 19

///. 31

/. 32
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Now L A = L DBF;
'. L C ^ L DBE.

1. The chord which joins the points of contact- of parallel tangents

to a circle is a diameter.

It two circles touch each other externally or internally, any

straight line passing through the point of contact cuts ofif

pairs of similar segments.

If two circles touch each other externally or internally, and two

straight lines be drawn through the point of contact, the

chords joining their extremities are parallel.

If two tangents be drawn to a circle from any point, the angle

contained by the tangents is double the angle contained by

the chord of contact, and the diameter drawn through either

point of contact.

Enunciate and prove the converse of the propositioiu

A and B are two points on the O" of a given circle. With B
as centre and BA as radius describe a circle cutting the

(jiven circle at G and AB produced at D. M ike arc DE =
arc DC, and join AE. A E is a tangent to the given circle.

Show that this proposition is a particular caae either of IlL 21,

or of IIL 22, CJor.

PROPOSITION 33. Problem.

On a given straight line to describe a segment of a circle

uihich shall contain an angle equal to a given angle.

H — H
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Let AB be the given straight line, l C the given angle :

it is required to describe on AB a segment of a circle which

shall contain an angle = l. C.

At A make i. BAD = l G. I. 23

From A draw AE ± AD; /. 11

bisect AB at F, /. 10

and draw FG ± AB. I. 11

Join BG.
( AF = BF Const.

In As AFG, BFG, ] FG ^ FG
i L AFG = L BFG;

.'. AG = BG; 7. 4

.•. a circle described with centre G and radius AG will

pass through B.

Let this circle be described, and let it be AHB.
The segment AHB is the required segment.

Because AD is l. AE, a diameter of the O AHB,
.'. AD is a tangent to the circle. ///. 16

Because AB is a chord of the circle drawn from the

point of contact A,

.'. the angle in the segment AHB = l BAD, III. 32

^ L C.

1. Show that the point G could be found equally well by making
at B an angle = L BAE, instead of bisecting AB perpendicu-

larly.

Construct a triangle, having given :

2. The base, the vertical angle, and one side.

3. The base, the vertical angle, and the altitude.

4. The base, the vertical angle, and the perpendicular from one

end of the base on the opposite side.

5. The base, the vertical angle, and the sum of the sides.

6. T^'^. l^TSP, tho vertical angle, and the difference of the sides.

[Several other methods of solving this proposition will be found iu

T. S. Davies's edition (12th) of Hutton's Course of Mat/iemattci,

ruL I pp. 389, 390.]
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PROPOSITION 34. Problem.

From a given circle to cut off a segment which shall contain

an angle equal to a given angle.

A

E B F

Let ABC be the given circle, and i. D the given angle :

it is required to cut offfrom O ABC a segment ickich shall

contain an angle = lD.

Take any point B on the 0"> and at B draw the

tangent EF. III. 17

At B make l FBC ^ l D. /. 23

The segment BAC is the required segment.

Because EF is a tangent to the circle, and the chord BC
is drawn from the point of contact B,

.-. the angle in the segment BAC = ^ FBC, III. 32

= - /;.

Through a given point either within or without a given circle,

draw a straight line cutting off a segment containiDg a given

angle. Is the problem always possible ?

PROPOSITION li'). 'J'JIEOREMS.

If two chords of a circle cut one another, the rectangle cwi-

tnined hg fhr srgmrvts of the one i^hall he eqv(d to tlie

rectangle cont'iined by the segments of the other.
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Conversely : If two straight lines cut one another so that the

rectangle contained by the segments of the one is equal

to the rectangle contained by the segments of the other,

the four extremities of the two straight lines are

eoncyclic*

D

B c

(1) Let AC, BD two chords of the circle ABC cut one

another at E :

it is required to prove AE • EC = BE • ED.

Find F the centre of the O ABC, III. 1

and from it draw EG ± AC, and EH ± BD. /. 12

Join FB, EC, EE.

Because EG drawn from the centre is ± AC,
.'. ACia bisected at G. III. 3

Because ^Cis divided into two equal segments ^ G-', GC^

and also internally into two unequal segments AE, EC,
.-. AE.EC= GC^ - GE'^, II. 5

= (EC- - EG^) - (FE-^ - FG^), I. 47, Cor.

FC^ - FEK
Similarly, BEED = FB^ - FE\
But EC^ = FB'

;

.-. FC^ - EE' = FB^ - FE^

;

AE-EC = BE-ED.

(2) Let the two straight lines AC, BD cut one another

at E, so that AE-EC = BE- ED •

it is required to prove the four points A, B, C, D eoncyclic

* The «econd part of this proposition is not given by Euclid.
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1',-

Since a circle can always be described through thre«

points which are not in the same straight line,

let a circle be described through A, B, C. III. 1, Cor. 2

If this circle do not pass also through D, let it cut BD
or BD produced at the point D';

tnen AE • EC = BE ED'. III. 35

But AE-EC = BE- ED; Hyp.

.-. BE- ED' = BE.ED;
ED' = ED, which is impossible;

.-. the circle which passes through A, B, Cmust pass also

through D.

Cor.—If two chords of a circle when produced cut one

another, the rectangle contained by the segments of the

one" shall be equal to the rectangle contained by the seg-

ments of the other ; and conversely.

Let AC, BD, two chords of the O ABC, cut one another

when produced at E :

it is required to prove AE - EC = BE - ED.
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Find F the centre of the O ABC, III. 1

and from it draw FG ± AC, and FH ± BD. L 12

Join FB, FC, FE.

Because FG drawn from the centre i?, 1. AC,
.-. AGis, hisected at G. III. 3

Because .4C is divided into two equal segments AG, GC,

and also externally into two unequal segments AE, EC,

.\AE-EC= '

GE^~ - GC^; ' 11.6

= {FE-2 - FG^) - (FC^ - FG'-), I. 47, Cor.

FE^- - FC'\

SimHarlj, BE ED = FE^ - FB^.

But FC- = FB^

;

... FE-^ - FC- = FE^- - FB^;

AE-EC = BE-ED.

The converse is proved in exactly the same way as the

converse of the proposition.

Note.—It was proved in the proposition that

AE EG = FC^ - FE\
Now, if the ABC and the point E be fixed, FC and FE are

constant lengths, and . •. FC'^ - FE' is a constant magnitude.

Hence AE EC is constant.

But ^C is any chord through E;
.'. the rectangles contained by the segments of all the chords that

can be drawn through E are constant

;

or, in other words, if a variable chord pass through a fixed point

inside a circle, the rectangle contained by the segments which the

point makes on it is constant.

This constant value may be called the internal potency of the point

with respect to the circle.

It was proved in the cor. that AE EC = FE^ - FCK
Hence, as before, if the © ABC and the point E be fixed, AE EC
is constant

;

that is, if a variable chord pass through a fixed point outside a

circle, the rectangle contained by the segments which the point

makes on it is constant.
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This conrtant value may be called the external potency of theI>oint with respe-t to the oiivle.

F^ncy oi tne

Wheu the tK.iut is situate.! on the 0«of the circle its potencywith resi>ect to the circle is zero.
' P®^°<=y

[The phrase ' potency of a point with resi.ect to a circle '

is dueto .sterner. See Jacob Steiner's Gesanunelte Werke, volTp. S.]
1. If t.vo circles intersect, and through any point in their commonchord two other chords be drawn, one in each circle, theirtour extremities are concyclic
2. ABC is a triangle, AX, BY, CZ the perpendiculars from its

3. ^ fiC is a triangle right-anglai at C; from any point Z) in ^fi

T/T P'-'^''»'^f' ^ l>erpeuciicular t.. AB is drawn, meeting

4. ABC IS any tnaucle
; D and E are two points on AB and ACor on^5and--ieproduced either through the vertex or below

the base^ such that . ADE = :. ACB. Prove AB . AD
5. Tt^»gb a point P within a circle a chord APB is drawn such

« pJ'^Vr o ,%^^''^''^"*^^- iJetermine the squar..
6. Prove \ I. B, and VI. C.

^

PROPOSITIOX 36. Theorem.

I/,from a point inthout a circle a secant and a tangent b^
ch-airn to the circle, the rectangle contained by the
secant and its external segment shall be equal to the
mjuare on the tangent.
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Let ABC be a circle, and from the point E without it
let there be drawn a secant EGA and a tangent EB .-

it u required to prove AE- EC = EB^.

Find F the centre of the O ABC, ///. ]

and from it draw FG ± AC. / 10
Join FB, FC, FE.

Because FB is drawn from the centre of the circle to B,
the point of contact of the tangent EB,
.-. L FBE is Tight

'

jjj J

8

Because FG, drawn from the centre, is ± AC,
.

•

. ^ C is bisected at G. jjj 3
Because ^C is divided into two equal segments AG, GC,
and also externally into two unequal segments AE EC
.'. AE.EC= GE-^ - GC\ '

>/. 6
= {FE' - FG^) - (FC^^ - EG'), I. 47, Car.

FE' - FC%
FE^ - FB'

= ^^' ' L 47, Cor.

I. Prove the proposition when the secant passes through the centre
of the circle. (Euclid gives this particular case.)

i. If two circles intersect, their common chord produced bisects their
common tangents.

3. If two circles intersect, the tangents drawn to them from any
point m their common chord produced are equal

4. ABC is a triangle, AX, BY, CZ the perpendicuiars from ita
vertices on the opposite sides. Prove AG • AY = AB-AZBG-BX = BA.BZ,CA'CY=CB.CX.

C. From a given point as centre describe a circle to cut a given
straight Ime in two points, so that the rectangle contained
by their distances from a fixed point in the straight line may
be equal to a given squara

& Show, by revolving the secant EBD (fig. to III. 35, Cor.) round
it, that this proposition is a particular case of III. 35, CW.
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PROPOSITION 37. Theorem.

Iffrom a point without a circle two straight lines be draicrt,

one of which cuts the circle, and the other meets it,

and if the rectangle contained by the secant and its

external segment be equal to the square on the line

which meets the circle, that line shall be a tangetd.

G

Let ABC be a circle, and from the point E without it

let there be drawn a secant ECA and a straight line EU
to meet the circle ; also, let AE • EC = EB^ :

it is required to prove that EB is a tangent to the O ABC.

Draw EG touching the circle at G, III. 17

and join tlie centre E to B, G, and E.

Then l. FGE = a rt. a. ///. 18

Now, since EG is a tangent, and ECA a secant,

EG^ = AE.EC, IIL 36

= EB^; Hyp.

EG = EB.
lEB^EG

In As EBF, EGF, ] BE = (!F

( EF = EF;
. . L EBF = L EGF, L 8

= a rt. L
;

. j:i? is a tangent to the O ABC. HI. 16
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1. Prove tke proposition indirectly by supposing EB to meet the

circle again at D.

2. Prove the proposition indirectly by drawing the tangent EO on
the other side of EF, and using I. 7.

3. Describe a circle to pass through two given points, and touch a

given straight line.

4. Describe a circle to pass through one given point, and touch two
given straight lines. Show that to this and the previous

problem there are in general two solutions.

5. Describe a circle to touch two given straight lines and a given

circle. Show that to this problem there are in general four

solutions.

B. Describe a circle to pass through two given points, and touch a
given circle. Show that to this problem there are in general

two solutions.

7. .45 is a straight line, C and D two points on the same side of

it ; find the point in .45 at which the distance CD subtends

the greatest angle.

[The third, fourth, fifth, and sixth deductions, along with IV. 4, 5,

•re cases of the general problem of the Tangencies, a subject on which
Apollonins of Perga (about 222 B.C.) composed a treatise, now lost.

This problem consists in describing a circle to pass through or touch

any three of the following nine data : three points, three straight

lines, three circles. It comprises ten cases, which, denoting a point

by P, a straight line by L, and a circle by C, may be symbolised

thuu: PPP, PPL, PPC, PLL, PLC, PCC, LLL, LLC, LCG,
CCC. An excellent historical account of the solutions given to

this problem in its various cases will be found in an article

by T. T. Wilkinson, 'De Tactionibus,' in the Transactions of

the Historic Society of Lancashire and Cheshire (1872). To the

authorities there mentioned should be added Das Problem des

ApoUonitis, by C. HeUwig (1856) ; Das Problem des Pappus vo» den
BerUhrungen, by W. Berkhan (1857) ; 'The Tangencies of CJnles

and of Spheres,' by Benjamin Alvord, published in 1855 in -the

8th vol. of the Smithsonian Contributions, and 'The Interseo*io» of

Circles and the Intersection of Spheres,' by the same author i» Hba

American Joujnal of Mathematics, voL v., pp. 25-44.]
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APPENDIX IIL

Radical Axis.

Def. 1.—The locus of a point whose potencies (both external «r
both internal) with respect to two circles are equal, ia called th«

radical axus* of the two circles.

Proposition 1.

The radical axis of two circles is a straight line perpendicular to th*

line of centres of the two cirdts.

C

Let A and B be the centres of the given circles, whose radii are

a anil b, and suppose C to be any point on the required locus.

Join CA, CB, and from C draw CD x AB the line of centres.

Since the potency of C with resjtect to circk A = AC'^ - a', Def.

and since the potency of C with respect to circle B = BC'^ - b^ ; Def.

.: AC^ - a^ =BC"--ly^i

.-. AC - BC^ = a^ - 6».

But since the circles A and B are given, their radii (a and b) ar*

constant

;

.'. the squares on the radii (a- and h^) are constant
;

.. the difference of the squares on the radii (a^ - 6*) is constant

;

.-. AC^ - BC^ is constant.

Hence the locus of C is a straight line x AB. App. II. 6

'* This name, as well as that of * radical centre,' was introduced by

L. Gaultier dc Tours. See Journal de VEcoU polytechnique, 16* oaluM^

tome ix. (1813), pp. 139. 143.
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OoR. 1.—Tangents drawn to the two circles from any point in

their radical axis are equal.

Cor. 2.—The radical axis of two circles bisects tleir common

tangents. Hence may be derived a method of drawing the radical

axis of two circles.

CoK. 3.—If the two circles are exterior to each othet- and have n»

common point, the radical axis is situated outside both circles.

Cor. 4.—K the two circles touch each other either externally or

internally, their radical axis consists of the common tangent at the

point of contact.

Cor. 5.—If the two circles intersect each other, their radical axis

consists of their common chord produced.

Cor. 6.—If one circle is inside the other and does not touch it,

their radical axis is situated outside both circles.

Cor. 7.—The radical axis of two unequal circles is nearer to the

centre of the small circle than to the centre of the large one, but

nearer to the O" of the large circle than to the O** of the small

«ae.

Proposition 2.

The radical axes of three circles taken in pairs are concurreni,*

D

F/

Let A,B, C be three circles, whose radii are a, b, c:

it is required to prove that the radical axis ofA and B, that ofB and

G, and that of G and A all meet at one point.

* This theorem, in one of its cases, is attributed to Monge (1746-1818),

In Poncelet's Propriitis Projectives des Figwres, § 7L
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D

F/

Suppose the centres of the three circles not to be in the same
straight line.

Then DE, the radical axis of B and G, and DF, the radical axis of

C and A, will meet at some point D ;

for they are respectively ± BG and GA, and BG and CA are not in

the same straight line.

Since Z) is a point on the radical axis of B and (7;

.-. BD"- - 62 = CD"- - c\

Since D ia a point on the radical axis of G and A ;

.-. GD^ - c^ = AD^ - a?;

.-. AD^ - a2 = BD-^ - 62

;

.•. Z> is a point on the radical axis of A and B,

that is, the radical axis of A and B passes through D.

Def. 2.—The point of concourse of the radical axes of three circlea

taken in pairs, is called the radical centre, of the three circles.

Cor. 1.—When the three circles all cut one another, the radical

centre lies either within or without all the three circles.

Cor, 2.—When the centres of the three circles are in one straight

line, the radical axes are all parallel, and the radical centre therefore

is infinitely distant.

CoR. 3.—When the three circles all touch one another at the

aiune point, the common tangent at that point is the radical axis

of all three, and the radical centre therefore is indeterminate—that

is, any point on the common radical axis will he a radical centre.

Cor, 4.—In all other cases the radical centre is outside the three

OoR. .5.— If from the raflical centre tangents be drawn to the

tiwee circlea, their pointe of contact will be concycUc.
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Cor. 6.—If there be several points from which equal tangents can

be drawn to three circles, these three circles must have the saine

radical axis, and the several points must be situated on it.

Cor. 7.—The orthocentre of a triangle is the radical centre of the

circles whose diameters are the sides of the triangle, and also the

radical centre of the circles whose diameters are the segments of the

perpendiculars between the orthocentre and the vertices.

Proposition 3.

Tofind the radical axis of two circles which have no common point.

Let A and B be the two circles.

Describe any third circle C so as to cut the circles A and B.

Draw FH the common chord of A and C, and EK the common

cnoid of B and C, aud let them meet at D.

From D draw DG ± AB.
Then FB is the radical axis of A and C, and ED the radical axis

of B and G ;
App. III. 1, Cor. 5

.-. D is the radical centre of A, B, and C; App. III. 2

.•. i) is a point on the radical axis of A and B j

.-. DG is the radical axis of A and B. App. III. 1

Cor. 1.—The radical axis of A and B may also be obtained thus :

After finding D, draw a fourth circle to intersect A and B. A
second pair of common chords wiU thus be obtained whose intersec-

ciun wili determine another point on the radical axis of A aad B,

Join D with this other point.



816 BUCUD S ELEMENTS. [Book lit

i^oTi, 2, --The radical centre of three circles which have no common
point may be found by describing two circles each of which shall cut

all the three given circles.

DEDUCTIONS.

1. Find a point inside a triangle at which the three sides shall

subtend equal angles. Is this always possible ?

2. Given two intersecting circles, to draw, through one of the points

of intersection, a straight line terminated by the circles, and

such that (a) the sum, {b) the difference, of the two chords

may = a given length.

3. Of all the straight lines which can be drawn from two given

points to meet on the convex 0"=* of a circle, the sum of

those two will be the least, which make equal angles with

the t;mgent at the point of concourse.

4. With th'3 extremities of the diameter of a semicircle as centres,

any ^wo other semicircles are drawB to"vhir.g each other

exterLally, and a straight line is drawi. to touch them both.

Prove ihat this straight >:•• will also touch the original

semicircle.

5. Find a point in the diameter produced of a given circle, such

that a tangent drawn from it to the circle shall be of given

length,

6. ABC is a triangle having i BAC acute ;
prove BC- less thaa

AB- + A C- by twice the square on the tangent drawn from

A to the circle of which BC is a diamfter.

7. ABC is a triangle, AX, BY, CZ, the ])erpendiculars from its

vertices on the opjiosite sides. Prove that these jterpendiculars

bisect the angles of A A' YZ, and that t^s AYZ, XBZ, X YG,

ABC are mutually equiangular.

8. If the perpentliculars of a triangle be produced to meet the circle

circumscribed about the triangle, the segments of these

perpendiculars between the orthocentre and the O"* are

bisected by the sides of the triangle.

9. If O be the orthocentre of A ABC, the circles circumscribed

about A 8 .4 5(7, AOB, BOC, COA are equal.

lOl If D, E, F be situated respectively on BC, CA, AB, the sides

of A ABC, the O'** of the circles circumscribed about the

three as AEF, BFD, CDE will pass through the sanaft

point.



_^]t m.] APPENDIX ni. 310

11. If on the three sides of any triangle equilateral triangles be

described outwardly, the straight lines joining the circum-

scribed centres of these triangles will form an equilateral

triangle.

Construct a triangle, haviug given the base, the vertical angle, and

12. The perpendicular from the vertex to the base.

13. The median to the base.

14. The projection of the vertex on the base.

15. The point where th(=- bisector of the vertical angle meets khe base,

ll). The sum or difference of the other sides.

17. Construct a triangle, having given its orthocentric triangle.

18. Draw all the common tangents to two circles. Examine the

various cases. (One pair are called direct, the other pair

transverse, common tangents.)

ID. Of the chords drawn from any point on the o*® of a circle to the

vertices of an equilateral triangle inscribed in the circle, the

greatest = the sum of the other two.

20. If two chords in a circle intersect each other perpendicularlv,

the sum of the squares on their four segments = the squar«

on the diameter. (This is the 11th of the Lemmas ascribed

to Archimedes, 287-212 B.C.)

21. A quadrilateral is inscribed in a circle, and its sides form chords

of four other circles. Prove that the second points of inter-

section of these four circles are concyclic.

22. If four circles be described, either all inside or all outside of

any quadrilateral, each of them touching three of the sides or

the sides produced, their centres will be concyclic.

23. The opposite sides of a quadrilateral inscribed in a circle are

produced to meet. Prove that the bisectors of the two

an;^les thus formed are ± each other.

5i4. Tf the opposite sides of a quadrilateral inscribed in a circle be

produced to meet, the square on the straight line joining the

points of concourse = the sum of the squares on the two

tangents from these points. (A converse of this is given in

Matthew Stewart's Propositiones Geomelricce, 1763, Book i.,

Prop. 39.)

i)5. If a circle be circumscribed about a triangle, and from the ends

of the diameter X the base, perpendiculars be drawn to the

other two sides, these perpendiculars will intercept on the

sides segments = half the sum or half the difference of the sides,
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26. In the figure to the preceding deduction, find all the angles

which are = half the sum or half the difference of the base

angles of the triangle.

27. If from any point in the O"* of tlie circle circumscriVjed about a

triangle, perpendiculars be drawn to the sides of the triangle,

the feet of these perpendiculars are collinear. (This theorem

is frequently attributed to Robert Simson, 1687-1768. I

have not been able to find it in his works.)

28. If from any point in the 0"=* of the circle circumscribed about a

triangle, straight lines be urawii, making with the sides, in

cyclical order, equal angles, the feet of these straight lines

are collinear.

29. li F he any point in the C "* of the circle circumscribed about

A ABC, X, Y, Z, its projections on the sides BC, CA, AB,
the circle which passes through the centres of the circles

circumscribed about As AZY, BXZ, GYX is constant in

magnitude.

30. If a straight line cut the three sides of a triangle, and circles be

circumscribed about the new triangles thus formed, these

circles will all pass through one point ; and this point will be

concyclic with the vertices of the original triangle. (Steiner'a

Oesammelt-. Werke, vol. i. p. 223.)

31. If any number of circles intersect a given circle, • and pass

through two given points, the straight lines joining the inter-

sections of each circle with the given one will aU meet in the

same point.

32. A series of circles touch a fixed straight line at a fixed point

;

show tliat the tangents at tlie points where they cut a parallel

fixed straight line all touch a fixed circle.

33. ABCD is a (piadrilateral having AB = AD, and z C = i B
+ I D ; prove AC = AB or AD.

34. From C two tangents CD, CE are drawn to a semicircle whose

diameter is .4^; the cliords AE, BD intersect at F. Prove

that C/' produced \s 1. AB. (This is tlie 12th of the Lemmas
ascribeil to Archimedes, and the ]>receding deduction is

assiuned in the proof of it.)

35. On the same supjmsition, prove that if the chords AD, BE
intersect at /", F C produced is i A B.

3t). A series of circles intersect each other, and are such that tho

tangents to tliem frouj a fixed jioint arc equal
;
prove that the

Common chords of each ))air j>a88 through this point.
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37. Find a point in the O"* of a given circle, the sum of whose

distances from two given straight lines at right angles to each

other, which do not cut the circle, is the greatest, or the

least possible.

38. From a given point in the O "' of a circle draw a chord which

shall be bisected by a given chord in the circle.

39. From a point P outside a circle two secants PAB, PZ)C are

drawn to the circle ABCD; AC, BD are joined and intersect

at 0. Prove t'aat lies on the chord of contact of the

tangents draw n from P to the circle. (See Poudra's (Euvres

de Desargues, tome i., pp. 1S9-192, 273, 274.)

iO. Hence devise a method of drawing tangents to a circle from an

external point by means of a rider only.

LOCL

Find the locus of the centres of the circles which touch

1. A given straight line at a given point.

2. A given circle at a given point.

3. A given straight line, and have a given radius.

4. A given circle, and have a given radius.

5. Two given straight lines.

6. Two given equal circles.

7. A series of parallel chords are placed in a circle ; find the Iocs
of their middle points.

8. A series of equal chords are placed in a circle ; find the locus of

their middle points.

9. A series of right-angled triangles are described on the .'same

hy|)otenuse ; find the locus of the vertices of the right angles.

J 0. A variable chord of a given circle passes through a fixed point

;

find the locus of the middle jwint of the chord. Examine the

cases when the fixed point is inside the circle, outside the

circle, and on the C.
1 1. Find the locus of the vertices of aU the triangles which have the

same base, and their vertical angles equal to a given angle.

12. Of the A ABC, the base BC is given, and the vertical angle A;
find the locus of the point D, such that BD = the sum of the

sides 5.4, AC.
1.1 Of the A ABC, the base BC is given, and the vertical angle A ;

find the locus of the point D, such that BD = the difference

of the aides £.4, .4C
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14. AS is a. fixed chord in a given circle, and from any point C in

the arc A CB, a perpendicular CD is drawn to A B. With O
an centre and CD as radius a circle is described, and from A
and B tangents are drawn to this circle which meet at P ;

find the locus of P.

15. A quadrilateral inscribed in a circle has one side fixed, and the

opposite side constant ; find the locus of the intersection of

the other two sides, and of the intersection of the diagonals.

16. Two circles touch a given straight line at two given points, and

also touch one another ; find the locus of their point of

contact.

17. Find the locus of *he points from which tangents drawn to a

given circle may be perpendicular to each other.

18. Find the locus of the points from which tangents drawn to a

given circle may contain a given angle.

19. Find the locus of the points from which tangents drawn to a

given circle may be of a given length.

20. From any point on the o " of a given circle, secants are drawn

such that the rectangle contained by each secant and its

exterior segment is constant ; find the locus of tl e ends of the

secants.

21. .4 is a given point and BC a given straight line ; any point P
is taken on BC, and AP ia joined. Find the locus of a i)oiut

Q taken on A P such that .4 P • .4 C^ is constant

22. The hypotenuse of a right-angled triangle is given ; find the loci

of the comers of the squares described outwardly on the sides

of the triangle.

23 A variable chord of a given circle passes through a fixed point,

and tangents to the circle are drawn at its extremities ;
prove

that the locus of the intersection of the tangents is a straight

line (This straight line is called the dolaroi the given fixed

point and the given fixed point is called the/(?/f, with refer-

ence to the given circle. See the reference to Desargues on

p. 221.) . ,.,,,.,
24. Examine the case when the fixed point is outside the ciiclo.
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BOOK IV.

DEFINITIONS.
1. Any closed rectilineal figure may be called a polygon.

Thus triangles and quadrilaterals are polygons of three and

four sides.

Polygons of five sides are called pentagons ; of six sides, hex-

agons ; of seven, heptagons ; of eight, octagons ; of nine, nonagons

or enneagons ; of ten, decagons ; of eleven, undecagons or hen-

decagons ; of twelve, dodecagons ; of tifteen, quindecagons or pente-

decagons ; of twenty, icosagons.

Sometimes a polygon having 7i sides is called an 7i-gon.

2. A polygon is said to be regular when all its sides are

equal, and all its angles ('(jual.

It is important to observe that the triangle is unique among
polygons. For if a triangle have all its sides equal, it must have all

its angles equal
(
I. 5, Cor.

)
; if it have all its angles equal, it must

have all its sides eq\i il (I. 6, Cor.)

Polygons with more thati three sides may have all their sides

equal without having th«ir angles eijual ; or they may have ali

their angles equal without having their sides equal. A rhombus and

a rectangle are illustrations of the preceding remark.

Hence in order to prove a polygon (other than a triangle) regulai,

it must be proved to be both equilateral and equiangular.

3. When each of the angular points of a polygon lies on

the circumference of a circle, the polygon is inscribed in

the circle, or the circle is circumscribed about the polygon.

4. When each of the sides of a polygon touches the cir

cumference of a circle, the polygon is circumscribed about

the circle, or the circle is inscribed in the polygon.

5. The diagonals of a polygon are the straight lines

which join those vertices of the polygon which are not

consecutive.
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PROPOSITION 1. Problem.

In a givpH circle to place a chord equal to a (jiren straight

line which in not greater than the diameter of the circle.

"Let D be the given straight line which is not greater than

the (liunieter of the given O ABO:
it is required to place in the ABC a chord = D.

Draw BC any diameter of the ABC. III. 1

Then if BC - D, wliat was required is done.

But if not, BC is greater than D. Hijp.

Make CE = D

;

1.3

with centre C and radius CE, describe the AEF

;

join CA.

Then CA = CE, being radii of the AEF,
= D. Const.

1. How many chords can be i)lace(i in the circle equal to the give»

straight line D ?

2. Place a chord in the © ABC equal to the given straight line D,

and so that one of its extremities shall be at a given point

in the O". How many chords can be so jjlaced?

3. About a given chord to circumscribe a circle. How many circles

can be so circumscribed ? \Vhere will their centres all lie ?

What limits are there to the lengths of the diameters of all

8Bch circles ?
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4. About a given chord to circumscribe a circle having a given

radius. How many circles can be so circumscribed ?

Place a chord in the ABC equal to the given straight line D,

and so that it shall

5. Pass through a given point within the circle.

6. II II II without II

7. Be parallel to another given straight line.

8. Be perpendicular » n „

PEOPOSITION 2. Problem.

In a given circle to inscribe a triangle equiangular to a given

triangle.

LeftABC be the given circle, and DEF ih.Q given triangle :

it is required to inscribe in ABO a triangle equiangular to

ADEF.
Take any point A on the Q** of ABC,

and at A draw the tangent GAH. III. 17

Make l HAC = l E, SiXiA l GAB = l F; I. 23

join BC. ABC is the required triangle.

Because the chord ^C is drawn from A, the point of

contact of the tangent GAH,
L B = L HAC, III. 32

= L E. Const.

Similarly, /. C = l GAB, III. 32

= I. F; Const.
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.'. remaining l BAO = remaining l D; I. 32, Cor. 1

.-. A ABC is equiangular to A DEF.

1. Show that there may he innumerable triangles inscribeil in the

© A BC equianf^nlar to the given A DEF.
2. If the problem were, In a given circle to inscribe a triangle

equiangular to a given A DEF, and having one of its vertices

at a given points on the O '^*, show that six diflferent positions

of the inscribed triangle would be possible.

3. GKven a © ABC ; inscribe in it an equilateral triangle.

4. Two A s ABC, LMN are inscribed in the © ABC, each of them
equiangular to the a DEF ; prove as ABC, LMN equal in

all respects.

PROPOSITION III. Problem.

Ahotit a given circle to circamscrthe a triangle equiangular

to a given triangle.

L

D

Let ABC he. the given circle, and DEF the given triangle

:

it 7> rft/nired to circumscribe about ABC a triangle equi-

angular to A DEF.

Produce EF both ways to G and H.

Find tlie centre of the O ABC, III. 1

and draw any radius OB.

Make l BOA - ^ DEO, and z. BOC - l DFU ; I. 23

ami at A, B, C, draw tangents to the circle intersecting each

otner at L, M, N. LMN is the required triangle.
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Because 0AMB is a quadrilateral,

.-. the sum of its four ^s = 4 rt. /.s. /. 32, Cor. 2

But ^ 0AM + - OBM - 2 rt. ^s; ///. 18

.*. L M is supplementary to l BOA.
But L DEF is supplementary to l DEG, /. 1

3

and L BOA = l DEG; Const.

.'. L M = I. DEF.
Similarly, l N = L DFE

;

.•. remaining l L = remaining L D

;

I. 32, Cor. 1

.'. A LMN is eqmangular to A )jEF.

1. It is assumed in the proposition that the tangents at .^4, J?, C
will meet and form a triangle. Prove this.

2. Show that there may be innumerable triangles circumscribed

about the © ABC equiangular to the given a DEF.
3. Given a © ABC ; circumscribe about it an equilateral triangle.

4. If the points of contact of the sides of the circumscribed equi-

lateral triangle be joined, an inscribed equilateral triangle

will be obtained.

£L A side of the circumscribed equilateral triangle is double of a

side of the inscribed equilateral triangle, and the area of the

circumscribed equilateral triangle is four times the area of the

inscribed equilateral triangle.

Supply the demonstration of the proposition from the following

constructions, which do not require EF to be produced :

6. In the given circle, whose centre is O, draw any diameter BOG.
Make z GOA = i E, l G0C= l F, and &iA,B,C draw tan-

gents intersecting at L, M, X. LMN is the required triangle.

7. At any point B on the O™ of the given circle draw a tangent

PBQ, and on the tangent take any points P, Q, on opposite

sides of B. At P make z QPU = i E, and at Q make
I PQR = I F. Assuming that PR, QR do not touch the

given circle, from the centre draw perpendiciUars to PR,
QR, and let these perpendiculars, produced if necessary, meet
the circle at A and C. At A and C draw tangents LM,
LS to the circle. LMN is the required triangle.

8. In the given circle inscribe a A ABC equiangular to A DEF.
Bisect the arcs AB, BC, CA, and at the points of bisection

draw tangents.
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9. Any rectilineal figure ABODE is inscribed in a circle. Bisect

the arcs A B, BC, CI), DE, EA, and at the points of bisection

draw tangents. The resulting figure is equians^ular to

A RCDE.
10, Two triangles are circumscribed al)out the © ABC, each of them

ecjuiangular to A DEF ; prove that they are equal in all

respects.

11. Describe a triangle equiangular to a given triangle, and such

that a given circle shall be touched by one of its sides, and
by the other two produced. Show that thera are three

solutions of this deduction.

PROPOSITION 4. Problem.

To inscribe a circle in a given trianglt.

A

Let ABG be the given triangle :

it ii required to inscribe a circle in A A BO.

Bisect L s ABG, ACB by BI, CI, whicli intersect at I; 1.9

from /draw ID, IE, IF ± BC, CA, AB. I 12

( _ //>/? - L IFB
In As IDB, IFB, )^llil)-L IBF Const.

(
IB - IB;

.-. ID = IF. L2Q
Similarly, ID = IE ;

.-. II), IK IF are all oj[niil
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With centre / and radius ID describe a circle, which will

pass through the points D, E, F.

Of this circle, ID, IE, IF will be radii

;

and since BC, CA, AB are ± ID, IE, IF, Const.

.-. BC, CA, AB wiU be tangents to the O DEF ; III. 16

.-. the DEF is inscribed in the A ABC.

Note.—This proposition is included in the more general

one, to describe a circle which shall touch three given straight

lines. See Appendix IV. 1, p. 250.

1. It is assumed in the proposition that the bisectors BI, CI will

meet at some point /. Prove this.

2. If IA be joined, it will bisect i BAG.
3. The centre of the circle inscribed in an equilateral triangle is

equidistant from the three vertices.

4. The centre of the circle inscribed in an isosceles triangle is

equidistant from the ends of the base.

5. Prove AF + BD + CE = FB + DC + EA = semi-perimeter

of A ABO.
6.- Prove AF + BO = BD + CA = CE + AB = semi-perimeter

of A ABC.
7. With A, B, G, the vertices of a ABC as centres, describe three

circles, each of which shall touch the other two.

8. Find the centre of a circle which shall cut off equal chords from

the three sides of a triangle.

9. If through / a straight line be drawn || BC, and terminated by
AB,AC, this parallel wiU be equal to the sum of the segments

oi AB, AG between it and BC. Examine the cases for Ij, Ij,

I3, in Appendix IV. I.

10. If Z>, E, F, the points of contact of the inscribed circle, be

joined, a DEF is acute-angled,

11. The angles of A DEF are respectively complementary to half

the opposite angles of a ABC.
12. ABC is a triangle. D and E are points va. AB and AC, or

in AB and AC produced. Prove that the vertex A, and the

centres of the circles inscribed in a s ABC, ADE, are coUinear.

13. Draw a straight line which would bisect the angle between two
straight lines which are not parallel, but which cannot be

produced to meet.
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PROPOSITION 5. Problem.

To circumscribe a circle about a ijicen triangle.

A A

/. 10

/. 11

Const.

/. 4

Let ABC be the given triangle :

it is required to circumscribe a circle about A ABO.

Bisect vl/i at L and ^Cat K ;

from L and K dmw LS ± AB and KS ± AO,

and let LS, KS intersect at S.

Join SA ; and il" S be not in BC, join SBy SO.

r AL = BL
In As ALS, BLS,< I^S = LS

( lALS= l. BLS;
.-. SA = SB.

Similarly, SA = SO

;

.-. SA, SB, SC am all equal

With centre S and radius SA, describe a circle

;

Ihis circle will pass througli tho points A, B, C, and will bo

circumscribed about the A ABC

Cor.—From the three figures it appears that aS', the centre

of the circumscribed circle, may occupy three positions:

(1) It may be inside the triangle.

(2) It may be on one of the sides.

(3) It may be outside the triangle.
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In the first case, when aS' is inside the triangle, the L s

ABC, BCA, CAB, being in segments greater than a semi-

circle, are each less than a right angle
;

///. 31

.*. the triangle is acute-angled.

In the second case, when S is on one of the sides as BG,

L. BAC, being in a semicircle, is right; ///. 31

.•. the triangle is right-angled.

In the third case, when <Sis outside the triangle, L BAC,
being in a segment less than a semicircle, is greater than a

right angle; 111.31

.'. the triangle is obtuse-angled.

And conversely, if the given triangle be acute-angled, the

centre of the circumscribed circle will fall within the

triangle ; if the triangle be right-angled, the centre will fall

on the hypotenuse ; if the triangle be obtuse-angled, the

centre will fall without the triangle beyond the side

opposite the obtuse angle.

1. It is assumed in the proposition that the perpendiculars at L and

A' wiU intersect. Prove this.

2. With which proposition in the Third Book may this proposition

be regarded as identical ?

3. Give an easy construction for circumscribing a circle about a

right-angled triangle.

4. An isosceles triangle has its vertical angle double of each of the

base angles. Prove that the diameter of its circumscribed

circle is equal to the base of the triangle.

5. A quadrilateral has one jiair of opposite angles supplementary.

Show how to circumscribe a circle about it.

6. If a peq)endicular SH be drawn from Sto BC, it will bisect BG.

7. If the perpendicular in the preceding deduction meet the circle

below the base at D, and above the base at E, prove

(a) I BSD = L CSD = i BAC;
(b) L BSE = L CSE = L ABC + l ACB ;

(c) L ASE= J. ABC - L ACB;
(d) that AD and AE bisect the interior and exterior

vertical angles at A.
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10.

11

8. The angle between the circumscribed radius drawn to the vertex

of a triangle, and the perpendicular from the vertex on the

opposite side, is equal to the difference of the angles at the

base of the triangle.

9. The centre of the circle circumscribed about an equilateral

triangle is equidistant from the three sides.

The centre of the circle circumscribed about an isosceles triangle

is equidistant from the equal sides.

When the inscribed and circumscribed centres of a triangle

coincide, the triangle is equilateral.

12. When the straight line joining the inscribed and circumscribed

centres of a triangle jjasses through one of the vertices, the

triangle is isosceles.

13. If // be the middle point of BC, what will the jwint i^ be in

reference to A HKL ?

14. SA, SB, SO are respectively ± the sides of the orthocentric

triangle of A ABC.
The straight line joining the inscribed centre of a triangle to

any vertex bisects the angle between the circumscribed radius

to that vertex, and the perpendicular from that vertex on the

opposite side.

15

PROPOSITION 6. Problem.

To inscribe a square in a given circl".

A

Let ABC he the given circle :

it /> required to inscribe a square in ABC.

Find the centre of the ABC, HI. 1
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and through draw two diameters A C, BD ±. each

other

;

/. 1

1

join AB, BC, CD, DA. ABCD is the required square.

(1) To prove ABCD equilateral.

r AO = AO
In As AOB, AOdJ OB = OD

I L AOB = L ADD;
.'. AB = AD. L 4
Hence also AB = BC, BC = CD

;

.•
. ^i^C'Z) is equilateral.

(2) To prove ABCD rectangular.

Because z.s ABC, BCD, CDA, DAB are right, being

angles in semicircles
; /// 31

.-. .45(7/) i£ rectangular;

.-. ABCD is a .square. /. Def. 32

Cor.—If the arcs AB, BC, CD, DA be bisected, the

points of bisection along with A, B, C, D will form the

vertices of a regular octagon inscribed in the circle. If the

arcs cut off by the sides of the octagon be bisected, the

vertices of a regular figure of 16 sides inscribed in the circle

will be obtained. Eepeateil bisections will give regular

figures of 32, 64, 128, 256, &c. sides inscribed in the

circle. All these numbers 4, 8, 16, 32, 64, &c. are com-

prised in the formula 2", where n is any positive integer

greater than 1.

1. Prove that A BCD is equilateral by using III. 26, 29.

2. The square inscribed in a circle is double of the square on the

radius, and half of the square on the diameter.

3. All the squares inscribed in a circle are equal.

4. If the ends of any two diameters of a circle be joined consecu-

tively, the figure thus inscribed is a rectangle.

5. What is the magnitude of the ande at the centre of a circle

subtended by a side of the inscribed square ?

6. If r denote the radius of the given circle, then the side of the

inscribed square will be denoted by r\2.
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PROPOSITION 7. Problem.

To circmnscnbe a square about a given circle.

^
E

^ o

V. J

Let ABC be the given circle :

it is required to circumscribe a square about ABC.

Find the centre of the ABC, III. 1

and through draw two diameters AC, BD _L '"ach

other. /. 11

At A, B, C, D, draw EF, FG, Gil, HE, tangents to the

circle, ///. 17

EFGH is the required square.

(1) To prove ^F(?^ equilateral.

Because J^/'and GH atc both ± AC,

and BD is also ± AC

;

.-. EF, BD, and GH are all parallel.

Hence also FG, AC, and HE arc all parallel;

.*. all tho (juadrilatcrals in the figure 'ire ||"'".

Hence EF and (/// are each = BD,
and FG and HE are each = A C.

r.nt AC = BD;
.'. EF, FG, GH, HE arc all equal.

(2) To prove EFGH rectangular.

Beciuse OE is a
Ij™,

.-. l E ^ L AOD

;

.*. iL ^ is right

///. 18

Comt.

r 28, Cor.

/ Def. 33

/. 34

/. 34

/. 34
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Hence also Ls F, G, H are right.

.*. EFGH is a square.

235

/. Def. 32

1. It is assumed in the proposition that the four tangents a.t A, B,

C, D will form a closed figure. Prove this.

2. The square circumscribed about a circle is double of the square

inscribed in the circle.

3. All the squares circumscribed about a circle are equal.

4. If a rectangle be circumscribed about a circle, it must be a square.

5. If tangents be drawn at the ends of any two diameters of a

circle and produced to meet, the figure thus circumscribed is

a rhombus.

6. What is the magnitude of the angle at the centre of a circle,

subtended by a side of the circumscribed scjuare ?

7. If r denote the radius of the given circle, then the side of the

circumscribed square will be denoted by 2r.

PROPOSITION 8. Problem.

To inscribe a circle in a given squara.

A li D

Let ABCD be the given square :

it vs required to inscribe a O in ABCD.

Join A C, BD intersecting at ;

and from draw OE, OF, OG, OH J_ the sides of the

square.
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B F

LBA = DA I. Def. 32

In As BAC, DAG, IaC^AG
( EC r= DG; I. Def. 32

.-. L BAG = L DAG, and l BGA = l DCA; I. 8

.*. the diagonal AG bisects l s BAD, BGD.
Hence also, the diagonal BD bisects l s ABG, ADd

[ L DEB = L OFB
In As OEB, OFBy ] l QBE = l. DBF

( OB = OB;
.'. OE = OF. I. 26

Hence also OF = OG, OG = Off;

.-. OE, OF, OG, OH axQ aU equal.

With centre and radius OE, describe a circle which

will pfiss through the points E, F, G, fl.

Of this circle, OE, OF, OG, Ofl will be radii

;

and since A B, BG, GD, DA are ± OE, OF, OG, OH, Gonst.

.-. AB, BG, GD, DA will be tangents to

O EFGff; III. 16

.-. O EFGff is inscribed in the square ABGD.

1. Could O, the centre of the inscribed circle, be found in any other

way than by joining AC, BD

^

2. Show that a circle cannot be inscribed in a rectangle unless it

be a square.

.3. Inscribe a circle in a piven rhombus.

4. Enumerate the I!""" in wliich circles can be inscribed.

6. If a denote a side of the given square, then the radius of the

inscribed circle will bo denoted by Ja.
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PEOPOSITION 9. Problem.

To circumscribe a circle about a given square.

J)

Let ABCD be the given square :

it is required to circumscribe a circle about ABCD.

Join AC, ED intersecting at 0.

iBA^DA I. Def. 32

In As BAG, DAC, \ AC ^ AC
( BG = DC; I. Def. 32

.-. L BAC = L DAG, and l BGA = l DCA, I. 8

.•, the diagonal ^C bisects :. s BAD, BCD.
Hence also, the diagonal BD bisects l s ABC, ADC.
Because l OAB - L OBA, each being half a rt. l,

.: OA = OB. I. 6

Hence also OB = OC, and OC = OD;
.'. OA, OB, OC, OD are all equal.

With centre and radius OA, describe a circle which

will pass through the points A, B, G, D,

and .•. will be circumscribed about the square ABCD.

1. Show that a circle cannot be circumscribed about a rhombus
unless it be a square.

2. Circumscribe a circle about a given rectangle.

3. Enumerate the H""' about which circles can be circumscribed.

4. If a denote a siile of the given square, then the radius of the

circumscribed circle will be denoted by ^\/2.
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PROPOSITION 10. Problem.

To describe an isosceles triangle having each 0/ the angles ai

the base double of the third angle.

E

Take any straight line AB,

and divide it internally at Cso that AB BC = A C-. II. 1

1

With centre A and radius AB, describe the BDE,
in which place the chord BD = AC. IV. \

Join AD. ABD is the required iso.sceles triangle.

Join CD, and about A ACD circumscribe the

ACD. IV. 5

Because AB - BO = AC\ Comt.

= BD^;
.-. BD is a tangent to the ACD. Ill 37

Because the chord DC is drawn from D, the point of

contact of the tangent BD ;

_ BDC = L A.- in. 32

Add to each the _ CDA ;

^ BDA ^ L A ^ L CDA

;

_ DBA - _ .1 -{- - CDA. I. T)

But _ nCB ^ .. A ¥ ^ CDA

;

L 32

L DBA or - DBC = l DCB ;
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DC=DB, 1.6
= AC.

.-. L A = L CDA, or c A + c CDA = twice l A. /. 6

But I. BDA = L A { ^ CDA ;

.-. L BDA, and consequently l DBA = twice l A*

1. The A DBCia equiangular to A ABD.
2. Angle A = one-lLfth of two right angles.

3. Divide a right angle into five equal parts.

4. The A CAD has one of its angles thrice each of the other two.

5. On a given base, construct an isosceles triangle having each of

its base angles double of the vertical angle.

6. On a given base, construct an isosceles triangle having each of

its base angles one-third of the vertical angle.

7. The small circle in the figure to the proposition must cut the
large one. (Campanus.)

8. If the small circle cut the large one at F, and DF be joined,

DF=BD. (Campanus.)

9. BD is a side of a regular decagon inscribed in the large circle.

10. A G and CD are sides of a regular pentagon inscribed in the
small circle.

11. The small circle = the circle circumscribed about A ABD.
12. If BF be joined, BF is a side of a regular pentagon inscribed

in the large circle.

13. If AF and FC be joined, as ADF, FAC possess the property
required in the proposition.

14 If DC be produced to meet the large circle at G, and BG be
joined, BG is a side of a regular pentagon inscribed in the
large circle.

15. If FO be joined, FG bisects ^C perpendicularly.

16. Divide a right angle into fifteen equal parts.

17. The square on a side of a regular pentagon inscribed in a circle

is greater than the square on a side of the regular decagon
inscribed in the same circle by the square on the radius.

(Euclid, XIII. 10.)

18. Show, by referring to I. 22, that the large circle could be omitted
from the figure of the proposition.

19. Show that the proposition could be proved without describing

the small circle, by drawing a perpendicular from D to

BC.
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20. Show that the centre of the circle circumscribed about A BGD
is the middle point of the arc CD.

21. What is the maf;nitude of the angle at the centre of a circle

subtended V>y a side of the inscribed regular decagon ?

22. If r denote the radius of the circle, then the side of the iuBcribed

regular decagon will be denoted by \t{\/5 - 1).

PROPOSITION 11. Problem.

To inscribe a regular pentagon in a given circle.

A

Let ABC be the given circle :

it is required to inscribe a regular pentagon in ABC.

Describe an isosceles A FGII, liaving each of its ls G, H
double of L. F; IV. 10

in the O ABC inscribe a A ACD equiangular to A FGII,

so that Z-s^CA/lZ^C may each be double of l CAD. IV. 2

Bisect Ls ACD, ADC hy CK, DB

;

I. 9

and join AB, BC, DE, EA.
ABCDE is the required regular pentagon.

(1) To prove the pentagon equihiti'ral.

Because l. s ACD, ADC are each double of L CAD, Const.

and they are bisected by CE, DB ;

.-. the five l sADIi, BDC, CA I), DCE, ECA are all ciual
;

.•
. the five arcs A B, BC, CD, DE, EA are all equal ; ///. 20

.-. the five chords AB, BC, CD, DE, EA are all equal. ///. 29
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(2) To prove the pentagon equiangular.

Since the five arcs AB, BC, CD, DE, EA are all equal,

.-. each is one-fifth of the whole O" ;

.-. any three of them = three-fifths of the O"-
Now the five l s ABC, BCD, CDE, DEA, EAB stand each

on an arc = three-fifths of the 0°*

;

.-. these five angles are all equal. ///. 27

1. How many diagonals can be drawn in a regular pentagon ?

2. Prove that each diagonal is
li a side of the regular pentagon-

3. All the diagonals of a regular pentagon are equaL
4. The diagonals of a regular pentagon cut each other in medial

section.

5. The intersections of the diagonals of a regular pentagon are the
vertices of another regular pentagon.

6. The intersections of the alternate sides of a regular pentagon
are the vertices of another regular pentagon.

7. If BE be joined, show that there will be in the figure five

pentagons, each of which is equilateral but not equiangular.

8. Prove a ABC less than one-third, but greater than one-fourth

of ABODE.
9. Prove A ACD less than one-half, but greater than one-third of

ABCDE.
10. Use the twelfth deduction from IV. 10, to obtain another

method of inscribing a regular pentagon in a given circle.

11. What is the magnitude of an angle of a regular pentagon ?

12. Knowing the magnitude of an angle of a regular pentagon, how
can we construct a regular pentagon on a given straight line ?

13. Construct a regular pentagon on a given straight line, by any
other method.

14 If the alternate sides of a regular pentagon be produced to meelj

the sum of the five angles at the points of intersection is

equal to two right angles. (Campanus.)

15. What is the magnitude of the angle at the centre of a circle

subtended by a side of the inscribed regular pentagon ?

16. If r denote the radius of the circle, then the side of the inscribed

regular pentagon will be denoted by JrV 10 - 2\/5.
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PROPOSITION 12. Problem.

To circumscribe a reijalar pentagon about a given circle.

F

A^ ^E

H C

Let ABC be the tjiven circle

:

it is required to rJrcuiihscribe a regular pentagon about ABO.

Find A, B, C, D, E the vertices of a regular pentagon

inscribed in the circle ;
IV. 1

1

at tliese pouits draw FG, Gil, UK, KL, LF tangents to

the circle. ///. 17

FGHKL is the required regular pentagon.

Find tlie ccntn^ of the circle, ///. 1

iiiid join OB, Oil, 00, OK, OD.

(1) To jirnvc tlic pentagon equiangular.

Becau.se OBIK' is a quadrilateral

;

.•. the sum of its four ^s --- 4 rt. lb. I. 32, Cor. 2

lUit L OBH + L OCH - 2 rt. ^s; ///. 18

.-. L. yy//6' is su]i])lempntarv to l BOC.

Hence also, l OKI) is supplementary to _ COD.
I'ut since B, C, 1) are consecutive vertices of an inscribed

regular ])cntagon
;

nvv. BC - MK CD; 111.1%

L BOC - L. COD. III. 27

Hence L BIIC - l. CKD.
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Now L BHC and i. GKD are any two consecutive angles

of the pentagon
;

.•, all the angles of the pentagon are equal.

(2) To prove the pentagon equilateral.

iBO = CO
In As BOH, COH, \ OH = OH

i BH = GH; III. 17 Cor.

.-. L BOH = L COH; I. 8

.-. L BOC is double of ^ HOC.
Hence also, L DOC is double of l KOC
But because z. BOC = l DOC, .: l HOC = l KOC.

i L HOC = L KOC
In As HOC, KOC, \ l OCH = l OCK HI. 18

( OC = OC;
.-. HC =^KC; I. 26

.-. HK is douhle of HC.
Similarly, GH is double of HB.
But since HB ^ HC, .. GH = HK.
Now GH and HK are any two coji.secutive sides of the

pentagon

;

•
. all the sides of the pentagon are equal.

1. It is assumed in the proposition that the five tangents at

A, B, C, D, E will form a closed figure. Prove this.

2. Prove that the regular pentagon circumscribed about a circle

might be obtained thus : Inscribe a regidar pentagon ABODE
in the circle ; bisect the arcs A B, BC, CD, DE, EA , and at

the points of bisection draw parallels to the sides of the

inscribed pentagon.

;;. \Vhat is the magnitude of the angle at the centre of a circle

subtended by a side of the circumscribed regidar pentagon ?

4. If any regular polygon be inscribed in a circle, tangents at its

vertices wUl form another regidar polygon of the same number
of aides circumscribed about the circle.
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PROPOSITION 13. Problem.

To inscribe a circle in a given regular pentagon.

Cod
Let ABODE be the given regular }ieiitap;on:

it w required to inscribe a circle in ABODE.

Bisect L s BOD, ODE by 00, DO intersecting at ; 7. 9

join OB, and draw OF, OG ± BO, OD. I. 12

i BO = DO Hyp.

In As BOO, DOO,
]

00 = 00
( L BOO = i. DOO; Const.

.-. L OBO = L ODO. I. 4

But L ODO is half of the angle of a regular pentagon ; Oontst.

.
•

. L. OBO is half of the angle of a regular pentagon

;

.-. 0^ bisects L OBA.
Hence also, OA would bisect z. BAE, and OE, L AED.

i L OFO = i. OGO
In As OFO, OGO, \ l. OOF = l. OOG Oonst.

{ 00 = 00:
.-. OF ^ OG. I. 26

Now since is the point where the bisectors of all tlie

angles of the pentagon meet, and OF, OG are perpendiculars

on any two consecutive sides

;

,•. the jierpeiiili('ular.s from on all the sides are equal.

Hence the circle described with O as cc^ntre and OF as
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radius, will pass through the feet of all the perpendiculars

from ;

and will touch AB, BC, CD, DE, EA. III. 16

1, Find the centre and radius of the circle inscribed in a regular

pentagon by means of a square. (A set square or T square

is meant.)

SL The area of a rtsular pentagon is equal to the rectangle con-

tained by its semi-perimeter and the radius of the inscribed

circle.

PEOPOSITION U. Problem.

To circumscribe a circle about a given regular pentagon.

A

Let ABODE be the given regular pentagon :

it is required to circumscribe a circle about ABODE.

Bisect L s BOD, ODE by 00, DO intersecting at ; I. 9

and join OB, OA, OE.

OB, OA, OE bisect the l s OBA, BAE, AED. IV. 13

Because i. 00D = L ODO, each being half of the angle

of a regular pentagon

;

.-. 00 = OD. I. 6

Hence also, OD = OE, OE = OA, OA = OB

;

.'. the circle described with as centre and OA as radius,

will pass through A, B, O, D, E,

and will be circumscribed about the pentagon ABODE.

1. Find the centre and radius of the circle circumscribed about a

regular pentagon by means of a square.
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2. The square on the diameter of the circle circumscribed %bout a
regular pentagon = the square on one of the sides of the

pentagon together with the square on the diameter of the

inscribeil circle.

3. If a denote a side of the given regular pentagon, then the

radius of the circiunscribed circle will be denoted by

AaVsO + 10V5.

PROPOSITION 15. Problem.

To inscribe a regular hexagon in a given circle.

Let ABO be the given circle :

it is required to inscribe a regular hexagon in ABC.

Find the centre of the circle, ///. 1

and draw a diameter ADD.
With centre D and radius DO, describe the O EOC;
join EO, CO, and produce them to B and F.

Join AB, BC, CD, DE, EF, FA.

ABCDEF is the required regular hexagon.

(1) To prove tlie hexagon equilateral.

As DOE, DOC are equilateral : /. 1

.-. ^ s DOE, DOC are each one-third of two rt. L s. /. 32

But ^ DOE + L DOC + L. COB = two rt. ^s; /. 13

.-. L COB - one-third of two rt. ^ s.

Hence ^s BOA, AOF, FOE are each = one-third of two

rt ^a; /. 15
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.-. the six ^s AOB, BOC, COD, DOE, EOF, FOA are

all equal

;

.-. the six arcs AB, BC, CD, DE, EF, FA are all

equal; ///. 26

. •. the six chords AB, BC, CD, DE, EF, FA are aU

equal. ///. 29

(2) To prove the hexagon equiangular.

Since the six arcs AB, BC, CD, DE, EF, FA are aU equal,

.*. each is one-sixth of the whole O"

;

.'. any four of them = four-sixths of the whole 0''^

Now the six l. s FAB, ABC, BCD, CDE, DEF, EFA stand

each on an arc = four-sixths of the O"*

;

.-. these six angles are all equal. ///. 27

Cor.—The side of a regular hexagon inscribed in a circle

is equal to the radius.

1. If the points A,C, Ehe joined, A ACE is equilateral.

2.
' The area of an inscribed equilateral triangle is half that of a

regular hexagon inscribed in the same circle.

3. Construct a regular hexagon on a given straight line.

4. The area of an equilateral triangle described on a given straight

line is one-sixth of the area of a regular hexagon described

on the same straight line.

5. The opposite sides of a regular hexagon are parallel.

6. The straight lines which join the opposite vertices of a regular

hexagon are concurrent, and are each
|| one of the sides.

7. tlow many diagonals can be drawn in a regular hexagon ?

8. Prove that six of them are parallel in pairs.

9. The area of a regular hexagon inscribed in a circle is half of the

area of an equilateral triangle circumscribed about the circle.

10. The square on a side of an inscribed regular hexagon is one-third

of the square on a side of the equilateral triangle inscribed

m the same circle.

IL What is the magnitude of the angle at the centre of a circle

subtended by a side of an inscribed regular hexagon ?

12. Give the constructions for inscribing a circle in a regular

hexagon ; and for circumscribing a regular hexagon about a

•ircle, and a circle about a regular hexagon.
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PROPOSITION 16. Problem.

To inscribe' a regular quindecagon in a given circiSt

A

Let ABC be the given circle

:

it is required to inscribe a regular quindecagon in ABC.

Find AC a, side of an equilateral triangle inscribed in the

circle; fV. 2

and find Ali, BE two consecutive sides of a regular penta-

gon inscribed in the circle. IV. 11

Then arc ABE = | of the O",
and arc AC = ^ oi the O"^ ;

arc CE = (^ - ^), or jK, of the C.
Hence, if CE be joined, CE will be a side of a regular

quindecagon inscribed in the O ABC.
Place consecutively in the O** chords equal to CE ; IV. 1

then a regular quindecagon will be inscribed in the circle.

1. How could the regular quindecagon be obtained, if, besides AG,
a side of an equilateral triangle, only one side AR oi the

regular [K-ntagon be drawn ?

2. How coulfl the regular cmindecagon be obtained by making us*

of the sides of the regular inscribed hexagon and decagon ?
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3. In a given circle inscribe a triangle whose angles are as the

numbers 2, 5, 8 ; and another whose angles are as the numbers

4,5,6.

4. Give the constructions for inscribing a circle in a regular quin-

decagon ; and for circumscribing a regular quindecagon about

a circle, and a circle about a regular quindecagon.

5. How many diagonals can be drawn in a regular quindecagon ?

6. Show that if a polygon have n sides, it will have \n(n - 3)

diagonals.

7. Show that the centres of the circles inscribed in, and circum-

scribed about, any regular figure coincide, and are obtained

by bisecting any two consecutive angles of the figure.

Note 1.—The regular polygons of 3, 4, 5, and 15 sides, and such

as may be derived from them by continued arcual bisection, were,

till the time of Gauss, the only ones discovered by the ancient

Greek, and known to the modem European, geometers to be

inscriptible in a circle by the methods of elementary geometry.

Gauss, in 1796, found that a regular pol^-gon of 17 sides was

inscriptible, and in his Disquisitiones Arithmeticae, pubhshed in 1801,

he showed that any regular polygon was inscriptible, provided the

number of its sides was a prime number, and expressible by 2" + 1.

(A good account of Gauss aud his works is given in Nature, voL xv.

pp. 533-537.)

Note 2.—The polygons of which Euclid treats are all of one

kind, namely, convex })olygnns, that is to saj', polygons each of

whfjse angles is less than two right angles. There are others,

however, called re-entrant^ and iniersectant (or concave, and crossed),

such as ABCD in the accompanying figures. The reader will find

it instructive to inquire how far the properties of convex polygons

(for example, quadrilaterals) are true for the others. Among the

interaectant polygons there is a class called stellate or star, which
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are obtained thus: Suppose A, B, G, D, E (see fig. to IV. 11) t*

1)6 five priints in order on the O** of a circle. Join AC, CE, EB,
BD, DA ; then ACEBD is a star pentagon. If the arcs AB, BC,
&c. are all equal, the star pentagon A CEBD is regular. Similarly,

if 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 denote the vertices of a regular decagon

inscril)ed in a circle, the regular star decagon (there can be only

one) is got by joining consecutively 1, 4, 7, 10, 3, C, 9, 2, 5, 8, 1.

It will be found that if a regular polygon have n sides, the number
of regular star polygons that may be derived from it is equal

to the number of integers prime to n contained in the series

2, 3, 4, ... \{n - 1). (For more information on the subject of star

polj'gons, see Chasles, Aper^u Historique sur VOr'tfjiiie et le Devel-

opjx'ment des Methodes en GeomStrie, sec. ed. pp. 476-487, and GeorgM
Dostor, ThSorie Gdnerale des Polygones EtoiUs, 1880.)

APPENDIX IV.

Proposition 1.

To describe a circle which shall touch three given straujM lines.

(1) If the three straight lines be so situated that every two are

parallel, the solution is impossible.

(2) If they be so situated that onli/ tiro are parallel, there can be

two solutions, as will appear from the following figure :

I. r\ I-i D

Let AB, CD, EF be the three straight lines of which A B is
li GL.
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Bisect L 3 AEF, CFE by EI and FI, which meet at I;

from / draw ///, IK, IL respectively L AB, EF, CD.

Then A 8 lEH, lEK are equal in all respects ;

.-. IH = IK.

Similarly, IK = IL ;

.-. IH = IK = IL.

Now since is a,i H, K, L are right,

.•. the circle described with / as centre and IH as radius will

touch A B, EF, CD. III. 16

A similar construction on the other side of EF will give another

circle touching the three given straight lines.

(3) If they oe so situated that no two are parallel, then they will

ti'tner all pass through the same point, in which case the sohition

is mpossibie ; or they will form a triangle with its sides produced,

\)\ which case four solutions are possible.

1.9
L 12

7.26

7.26

I,1^1 \lL
Y^n:^^^ ]«!

yx^P}X//^" T^
w

\. /r

\
^.„^^^ —-^^^>^'\^

1
D^ ^^

rh
Y>
^o,

><V
Da

Fi/^\I
/

1\

l">et AB, BC, CA produced be the three given straight lines

c'orming by their intersection the A ABC.
If the interior z s 5 and C be bisected, the bisectors wiU meet

iib some point 7, which is the centre of the circle inscribed in the

triangle, as may be proved by drawing perpendiculars ID, IE, IF
1,0 the sides BC, CA, AB of the triangle. 77. 4

ii the exterior angles at B and C be bis«cied by 57j, CIi wjaiah

Q
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h .M \
V. ^ I,

v^^7 'V^7\

^.^ ^|i^<\/\ _^
Ds \y\

\ ^^'^Of
Di

FyC^\/^''
II

meet at /j, and perpendiculars I\Di, I^E^, IiFi be drawn to the

sides BC, and AC, AB produced,

it may be proved that I\D^, IiE^, I^F^ are all equal, and
.•. that /j is the centre of a circle touching BC, and AC, AB pro-

duced.

Hence also, /j, the point of intersection of the bisectors of the

exterior angles at C and A, will be the centre of a circle touching

CA, and BA, BC produced; I^, the point of interse''*''ion of the

bisectors of the exterior angles at A and B, will be the centre of a

circle touching A B, and CB, CA produced.

Cor.—The following sets of points are coUinear :

A, I, /i ; B, I, /, ; C, I, h ; 1-2, A,J^; h, B, /, ; A. C, I^.

In other words, the six bisectors of the interior ar"^ exterior angles

at A, B, C meet three and three in four j)oints, /, /„ /,, L, which are

the centres of the four circles touching the three given straight lines.

Or, the six straight lines joining two and two the centres of the

four circles which touch AB, BC, CA, pass each through a vertex of

the A ABC.
The circles whose centres are /,, /j, I3 are called escribed or

erscribed circles of the A ABC, an expression which, in its French

form (ex-itiscrit), is said to be due to Simoi' Lhuilier. See his

tUhnens dAnalyse GeomHrique et dA iidh/se Alg^hrique (1809), ;>. 198,
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It is usual to denote the radius of the circle inscribed in a triangle

by r, the radii of the three escribed circles by Vi, rj, rj, and the

radius of the circumscribed circle by R.

the mediosceibel) circle.

Proposition 2.

TTie circle which passes through the middle points of the sides of a

triangle passes also through the feet of the perpendiculars from
the vertices to the opposite sides, and. bUects the segmenis of ik-.

'jerpendiculars between the orthocentre and the vertices.

z^
\^

y^^%
^y^W^t%

.ii^^ ''^^^---•"" \
B H X C

Let ABC be a triangle ; H, K, L the middle points of its sides :

X, y, ^ the feet of its perpendiculars ; C, V, IT the middle puints

of AO, BO, CO :

U is required to prove that one circle icill 2^ass through these nine points.

Join HK, HL, HU, HV, HW, KU, KV, UV, UW, WL, UL.

In :^ ABO,L U is i:
BO, and in A CBO, HW is |1 BO; App. I. I

.-. LL' is \\ HW. 7.30

Similarly, in A s ABC, AOC, LH and UW are !1 AC; App. 1. 1

.-. LHWU 'is& !!".

But since BO is ^ AC, /. LU, HW are i. LH, UW;
.'. LH WU is a rectangle.

.*. the four points H, W, U, L lie on the circle described with HU
or L W as diameter. ///. 3 J

Similarly, HK, U V are
I| A B, and HV,KU: CO ; App. I.

'

and since AB is ± CO, .•. HKUV is a rectangle.

.*. the four points H, K, U, V lie on the circle described with HU
or K V as diameter. ///. 31
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A

B H X

HfBce the six points H, K, L, U, V, W lie on the same circle, and

H U, K V, L W are diameters of it.

But since the angles at A', Y, Z are right

;

.•. X lies on the circle whose diameter is HU,
Y „ „ KV,
Z .. M LW

;

III. 31

.'. the nine specified points are concycUc.

Cor. 1.—Since HU, K V, I W are diameters of the same circle,

their common point of intersectir^ ". M is the centre.

Cor. 2.

—

M is midway between the orthocentre and the circum*

scribed centre.

Let iS" be the circumscribed centre, and SH be joined.

Then SH is ± BC (III. 3) ; and .-.
|| OU.

But SH =0U [App. J. 5, Cor.) ; .-. SHOU is a r ;

.-. the diagonal SO bisects HU, that is, passes through M, and is

itself bisected at M.

Cor. .3.—The medioscribed diameter = the circumscribed radius.

For SHUA is a ir ; and .-. HU = SA.

Cor. 4.— :,bABC,A OB. BOC, COA have the same medioscribed

circle.

Since the medioscribed circle of i\ ABC passes through U, L, V,

the middle points of the sides of A AOB, and since a circle is

determined by three points; .*. the medioscribed circle of A ABC
must also be the medioscribed circle of A AOB. Similarly for the

other triangles.

Cor. 5.—By reference to Cor. 3, it will be seen that the circles

circumBcribed about ^s ABC, AOB. ROC, COA must be equaL

(Carnot, GiomHrk de PosUion, 1803, § 130.)
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Cor. 6.

—

The medioscribed circle of A ABC is also the medio-

scribed circle of an iiitiuite 8eries of triangles.

For H, K, L; the middle points of the sides of a ABC, may W-

taken as the feet of the perpendiculars of another A A'B'C ; the

middle points of the sides of A A'B'C may be taken as the feet of

the peri)endiculars of a A A"B"C" ; and so on.

Or, instead of the median A HKL, as XKL, YLH, ZHK may
be taken as median triangles, and the triangles formed of which they

are the median triaiigles ; and so on.

[The circle HKL is generally called the nine-point circle of A .4 BC,
a name given by Terquem, ' le cercle des neuf points.' Following,

however, the suggestion of an Italian geometer, Marsano, who calls

it ' il circolo medioscritto,' I have adopted the name medioscribed.

The property that one circle does pass through these nine points

was first published in Gergonne's Annales de Mathematiques, vol. xi.

p. 215 (1821), in an article by Brianchon and Poncelet. See this

reference, or Poncelet's Applications d'Analyse et de O^ometrie,

voL ii. p. 512. It is i)r(jbable that K. W. Feuerbach of Erlangen,

and T. S. Davies «f Woolwich, also discovered the property inde-

pendently, though they weie later in publication. See Feuerbach's

Eigenschaften einiger merkicilrdigen Punktedes geradlinigen DreiecJcs

(1822), and a paper by Davies on 'Symmetrical Properties of

Plane Triangles,' in the Philosophical Magazine for July 1827.

For other i)roofs, see Rev. Joseph \\'olstenholme in Quarterly

Journal of Pure and Applied Mathematics, vol. ii. pp. 138, 139 (1858) ;

W. H. Besant in the Messenger of Mathematics (old series), vol. iii.

pp. 222, 223 (18()6) ; William Godward in the Mathematical Reprint

fro.ii the Educational Times, vol. vii. p. 86 (1867) ; Desboves'

Questions de Geomitrie Elementaire, 2eme ed. p. 146 (1875) ; and
Casey's Elements of Euclid, p. 153 (1882).

The proof in the text was given by T. T. Wilkinson of Burnley
in the Ladifs and Gentleman^ s Diary for 1855, p. 67.

It may be mentioned that it was discovered by Feuerbach (see

his Eigenschaften, &c. § 57) that the medioscribed circle touches the

inscribed and escribed circles of A ABC. The proofs that have
been given of this theorem by elementary geometry are rather

compUcated : see Lady's and Gentleman's Diary for 1854, p. 56
;

Quarterly Journal of Pure and Applied Mathematics, vol. iv. (1861),

p. 245, and vol. v. (1862), p. 270; Baltzer, Die Elemente der
Mathematik, vol. ii. pp. 92, 93. It is also proved by J. J. Robinson
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iii tb« Lady's and OentUman'a D'tarij for 1S57 (and it seems to have
beeu first noted by T. T. Wilkiusou), that the medioscribed circle

touches an infiaite series of circles.]

DEDiicrroys.

1. Every equilateral figure inscribed in a circle is equiangular.

2. In a given circle inscribe (a) three, (l>) four, (c) five, (</) six equal

circles touching each other and the given circle.

3. The perpendicular from the vertex to the base of an equilateral

trian'j;le = the side of an equilateral triangle inscribed in a

circle whose diameter is the base.

4. The area of an inscribed regular hexagon = three-fourths of the

area of the regular hexagon circumscribed about the same circle.

5. In9cril)e a regular hexagon in a given equilateral triangle, and
compare its area with that of the triangle.

6. Inscribe a regular dodecagon in a given circle, and prove that its

area = that of a square described on the side of an equilateral

triangle inscribed in the same circle.

7. Construct a regular octagon on a given straight line.

8. A regular octagon inscribed in a circle = the rectangle contained

by the sides of the inscribed and circumscribed squares.

9. The following construction is given by Ptolemy (about 130 A.D.)

in the first book of his Almagest, for inscribing a regular

pentagon and decagon in a circle : Draw any diameter AB,
and from C the centre draw CD ± AB, meeting the O "• at

D ; bisect AC &t E, and join ED. From EB cut oflF EF =
ED, and join DF. CF will be a side cf the inscribed regular

decagon, and DF a side of the inscribed regular pentagon.

Prove tliis.

10. A ribbon or stri|i of paper whose edges are parallel, is folded up

/ . into a flat knot of five edges. Prove that the sides of the

knot form a regular jientagon.

11. Construct a regular decagon on a given straight line.

12. In a given square inscribe an equilateral triangle one of whose
vertices may be (a) on the middle of a side, (b) on one of the

angular points, of the square.

Construct a triangle having given

13. The inscribed circle, and an escribed circle.

14. Two escribed circles.

15. Any three of the centres of the four contact circles.
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16. The base, the vertical angle, and the inscribed radius.

17. The perimeter, the vertical angle, aud the inscribed radius.

18. The base, the sum or difference of the other two sides, and the

inscribed radius.

19. Prove the following properties with respect to A ABC (see fig.

on p. 251):

(1) 8= AEi= AFi = BD., = BF2 = CD3 = CEs.

C s-a= AE ^ AF ^ BD^ = BF3 = CD. = CE,.

{2)1 s-b = AE-i = AF-i ^ BD = BF = CD^ = CE^.

( 6-c = AE^ = AF, = BD, = BF^ = CD = CE.!a = EEx = EifEz = FF, ^ F2F3.

b = DD.i = D\D; = FF^ = FiF-i.

c = DD3 = DiZ*.^ = EE3 ^ EiE^.

ia + b= F^F^.
'

(a - b = FF3.

(4) < 6 + c = D.2D3. (5)}b - c = DDi.
(c +a= EiE3. (c - a^ EE^.

(%) a + b + c = AE + AE, + AE., + AE3
= AF' + AF^ + AF.^ + AF3

^ BD ^- BD, + BD^_ + BD3
= BF + BFi + BF2 + BF^

= CD + CDi + CD., + CD3
= CE + CEi + CE.2 + CE3.

(7) a?+ l)- + c'' = AE-' + AEi- + AE.p + AE-i'

= AF-^ +AF^^ + AF.^ + AF^^
= BD- + BD{- + BD.i^ + BDi-

= 5/2 + BF^- + BF.r + BFi"
= CD' + CD^r + CA- + GD3'

= CE' + CE^' + CEi + CE^.

(8)
l
+ Bi' + Bi{ + Bii + Bir

-3Y; V, +;; %

,

( + cr' + Ch^ + CI,' + cir) '^<^ + ^i +^--' +'^3).

. AD^ + AD{' + AD.f + AD3^\

(9) \ -r BE- + BhY + BEf + BE^' } = 5 (a- + F- + r').*•s -r x>/v -t-

( + CF' + CFi' + CF2' + CF3'

* The last four sets of expressions may be written more shortly by

using the Greek letter Z (sigma) as equivalent to ' the sum of all such

terms as.' Thus (6) would hea+b + c='Z {AE) = 2 {AF) = &c.

(9) would be S (AD^) + 2 (BE^-) + 2 (CF'^) = 5 {a"- + b* + c"). Tliis

property is due to W. H. Levy ; see Lady's and Oentleinan's Diai-y for

1852, p. 71.
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(10) Triangles mutually equiangular in sets of four are :

AIE, AI,E„ AhK,AhE., ; BIF, BI,h\, BI,F., BI.F,;

GID, CI,D„ &h_b„, CL^D^.

(11) Mention other twelve triangles which are mutually eciui-

angular in sets of four.

(12) Triangles mutually ('(juiangular in sets of three are :

A IB, ACI„ I,CB: BIC^BA I,, I.AC ; CIA, CBL,, hBA.
(13) Triangles mutually equiangular in sets of four are :

I,BL, I^CI.,, IBh, ICI,; 7,673, hAI^, ICh, lAI^y
I.,Al\, L^BI.,, fAL, IBIy

114) Express in terms of la A, B, C,

(a) The angles of ^.s /i/„/:,, DEF ; hBC, hCA. hAB

;

AEF, BFD, ODE.

(6) ,. subtended by ^Z?, BC, CA at 7, 7i, h, h.

(c) .. " DE,EF,FD;hh,hI„hIi;
hD, hE, LiF a.i'l.

^ \ D and J7j are equidistant from the middle point of BG ;

so are D^ and D-^. Similar relations hold for the E points

and the h' points.

20. Of tiie four points /, 7], I.,, I?,, any one is the orthocentre of the

triangle formed by joining the other three, and in each case

ABC is the orthocentric triangle.

21. The orthocentre and vertices of a triangle are the inscribed

and escribed centres of its orthocentric triangle. Verify in

the four cases.

22. Six straight lines join the inscribed and (^scribed centres ; the

circles described on these as diameters pass each through two
vertices of the triangle, and the centres of these six circles

lie on the O" ot the circle circumscribed about the triangle.

23. FVove the second part of the last deduction without assuming

the pro])erty of the niedioscrfljed circle.

24. Prove the following properties (sec fig. on p. 251) :

(1) The radii 7,A. I«E.,, i\^F,^ an> concurrent at -S', ; ID, I^E^,

I^F^ at .4, ; I^dI IE, l^F^ at B^ ; I.,D„ I^Ei, IF&t CV

(2) The figures AJ^SJ„, 5,7,AV3. CJ^S'j^ are rhombi, and

AiI-iBJ^CiI.^ is an equilateral hexagon whose opposite

sides are parallel.

(8) AS AjBiC'i, /j/j/:, are congrue- t, and their corresponding

sides are parallel.
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(4) The points Si, A^, Bi, Cj, are the circum«crib«d centres of

AS IJih, 11J,, IIJu Ihh.

(5) The figures AJ'bJ,^, B^lL\h, CJAJ„ are rhombi, and /is

the oirnimscribed centre of a A^BiCy

(6) The circumscribed circle of A ABC is the medioscribed

circle of t^s IJJ^, IJJ^, IIJi, 11J.: ^i^jC,, S^B^Ci,

SiC\Ai, SiA^Bi ; and its centre is the middle point of ISi.

[See Davies' Symmetrical Properties, &c. quoted on p. 255.]

25. The area of a ABC = rs = j\ {s - a) = r^ (s - b) = r^ (s - c).

26. Tlie bisector of the vertical angle of a triangle cuts the O"^* of

the circumscribed circle at a point which is equidistant from

the ends of the base and from the centre of the inscribed

circle.

27. The diameter of the circle inscribed in a right-angled triangle

together with the hypotenuse = the sum of the other two sides.

28. The rectangle under the two segments of the hypotenuse of a

right-angled triangle made by the point of contact of the

inscribed circle = the area of the triangle.

29. Twice the circumscribed diameter = the sum of the three

escribed radii diminished by the inscribed radius.

30. The sum of the distances of the circumscribed centre from the

sides of a triangle = the simi of the inscribed and circum-

scribed radii ; and the sum of the distances of the orthocentre

from the vertices — the sum of the inscribed and circumscribed

diameters. (Camot's Geometrie de Position, § 137.)

31. Examine the case when the circumscribed centre and orthocentre

are outside the triangle.

32. If AiBiCi be the triangle formed by joining the escribed centres

of A ABC; A^B^C^ the triangle formed bj' joining the

escribed centres of A A.iBiC\ ; A^B^C^ the triangle formed
by joining the escribed centres of A A^B^C, ; and this process

of construction be continued, the successive triangles ^vili

approximate to an equilateral triangle. (Booth's New Geo-

metrical Methods, vol. ii. p. 315.)

33> ii an equilateral polygon be circumscribed about a ci.rcip- it \v\\\

be equiangular if the number of sides be odd. Examme the

case when the nimiber of sides is even.

Z^ AB, CD, two alternate sides of a regular polygon, are produced

to meet at E, and is the centre of the polygon. Prove A,

E, C, conoyclic, and also D, E, B, O.
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35. The sum of the perpendiculars on the sides of a regular n-gon

from any point inside = « times the radius of the inscribed

circle. Examine the case when the point is outside.

Loci.

The base and the vertical angle of a triangle are given ; find the

locus of

1. The orthocentre of the triangle.

2. The centre of the inscribed circle.

3. The centres of the three escribed circles.

4. The centroid of the triangle.

5. ABC is a triangle, and E is any point in .4C. Through E a
• straight line DEF is drawn cutting AB &t F and BC pro-

duced at Z>; circles are circumscribed about as AEF, CDE.
Find the locus of the other point of intersection of the circles.

(>. AB and AC are two straight lines containing a tixed angle;

and between AB and AC there is moved a straight line DE
of given length. The perpendiculars from 1 > and E to AB
and AC meet at /', and the perpendiculars frum D and E to

AC and AB meet at ; find the loci of () and P.

7. Given the vertical angle of a triangle, and the sum of the sides

containing it ; find the locus of the centre of the circle cir-

cumscribed about the triaugle.

8. A circle is given, and in it are inscribed triangles, two of whose

sides ar^' respectively parallel to two fixed straight lines.

Find the locus of the centres of the circles inscribed in these

triangles.

9. A circle is given, and from any point P on another given con-

centric circle of greater radius, tangents are drawn touching

the first circle at Q and R ; find the loci of the centres of the

inscribed and circumscrilied circles of the triangle PQR.
xO. A i>oint is taken outside a square such that of the straight lines

drawn from it to the vertices of the square, the two inner

ones trisect the angle between the two outer ones ; show that

the locus of the point is the O** of the circle circumscrilx*!

about the square.
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BOOK y.

DEFINITIONS.
1. A less magnitude is said to be a submultiple of a

greater magnitude, Avhen the less measures the greater

;

that is, when the less is contained a ce^rtain number of

times exactlj' in the greater.

2. A greater magnitude is said to be a multiple of a less,

when the greater i« measured by the less ; that is, when
the greater contains the less a certaiu number of times

exactly.

3. Equimultiples of magnitudes are multiples that con-

tain these magnitudes, respectively, the same number of

times.

4. Ratio is a relation of two magnitudes of the same

kind to one another, in respect of quantuplicity (a word

which refers to the number of times or parts of a time that

the one is contained in the other). The two magnitudes

of a ratio are called its terms. The first term is called the

antecedent ; the latter, the consequent.

Tbe ratio of .4 to £ is usually expressed A : B. Of the two terms

A and B, A is the antecedent, B the consequent.

5. If there be four magnitudes, such that if any equi-

multiples whatsoever be taken of the first and third, and

any equimultiples whatsoever of the second and fourth, and

if, according as the multiple of the first is greater than the

multiple of the second, equal to it, or less, so is the multiple

of the third greater than the multiple of the fourth, equal
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to it, or le!=is; then the lirst of the magnitudes lias to the

second the same ratio tliat the third has to the fourtli.

Cor.—Conveisely, if tlie first of four magnitudes have to the

.secontl the saino ratio that the third has to the fourth, and if any
equimultiples whatsoever lie taken of th*^ f.rst and third, and any
whatsoever of tlie second and fourth ; then according as the multiple

of the first is greater than the multiple of the second, equal to it,

or less, the multiple of the third shall be greater than the multiple

of the fourth, equal to it, or less.

6. Magnitudes are said to be proportionals wlien the

fii"st has the same ratio to the second that the third lias to

the fourth ; and the third to the fourth the same ratio

which the fifth has to the sixth ; and so on, whatever be

their number.

When four magnitudes. A, B, C, D, are proportionals, it is usual

to say that ^ is to 5 as C to D, and to write them thus

—

A : B:.C:D,OT thus, A : B = C : D.

7. In proiiortionals, the antecedent terms of the ratios

are called homologous to one another ; so also are the con-

sequents.

8. "\^Tien four magnitudes are proportional, they consti-

tute a proportion. The first and last terms uf the itroportion

are called the extremes ; the second and third, the means.

9. "When of the ecjuimultiples of four magnitudes, taken

as in the fifth definition, the multiple of the first is greater

than that of the second, but the multiple of the third is

not greater than the niulti}>le of the fourth ; then the first

has to the second a greater ratio than the third magnitude

has to the fourth ; and the third has to the fourth a less

ratio than the first has to the second.

Cor.—Conversely, if the first of four magnitudes have to the

second a greater ratio than the third has to the fourth, two numhers

m and n may be found, such that, while m times the first magnitude
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is greater than n times the second, m times the third shall not be

greater than n times the fourth.

10. When there is any number of magnitudes greater

than two, of which the first has to the second the same

ratio that the second has to the third, and the second to the

third the same ratio which the third has to the fourth, and

so on, the magnitudes are said to be continual proportionals,

or in continued proportion.

11. When three magnitudes are in continued proportion,

the second is said to be a mean proportional between the

other two.

Three magnitudes in continued proportion are sometimes said to

be in geometrical progression, and the mean proportional is then

called a geometric mean between the other two.

12. When there is any number of magnitudes of the

same kind, the tirst is said to have to the last of them the

ratio compounded of the ratio which the first has to the

second, and of the ratio which the second has to the third,

and of the ratio which the third has to the fourth, and so

on to the last magnitude. Thus :

li A, B, C, D be four magnitudes of the same kind, the ratio of

A to D ia said to be compounded of the ratios of A to B, B to C,

i A -.B

and C to X>. This is expressed A : D = < B-.C
( C:D

13. A ratio which is compounded of two equal ratios is

said to be duplicate of either of tliese ratios.

Cob.— If the three magnitudes A, B, and C are continual pro-

portionals, tlie ratio of A to C is duplicate of that of A to B, or of

B to C. For, by the last definition, the ratio of ^ to C is com-

pounded of the ratios of A to B, and of B to C ; but the ratio of

A to B = the ratio of B to C, because A, B, C are continual pro-

portionals ; therefore the ratio of A to C, by this definition, is

duplicate of the ratio of A to B, or of B to C.
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14. A ratio which is compounded of three equal ratios is

said to be triplicate of any one of these ratios.

Cor.— If four magnitudes A, B, C, D be continual proportionals,

the ratio of A to 1) is tri[)Iicate of tlie ratio of A to B, or of B to C,

or of G to D. For the ratio of .4 to Z* is compounded of the three

ratios of A to B, B to C, C to D ; and these three ratios are equal

to one another, because A, B, C, D are continual pi 'portionals

;

therefore the ratio of ^ to 2> is triplicate of the ratio of A to B, or

of ^ to C, or of C to D.

The following technical words may be used to signify

certain ways of changing either the order or the magnitude

of the terms of a proportion, so that they continue atill to

be proportionals :

15. By alternation, when the first is to the third, as the

second is to the fourth. (V. 16.)

16. By inversion, when the second is to the first, as the

fourth is to ilie third. (V. A.)

17. By addition, when the sum of the first and the

second is to the second, as the sum of the third and the

fourth is to the fourth. (V. 18.)

18. lly subtraction, when the diflference of the first and

the second is to the second, as tlie difference of the tliird

and the fourth is to the fourth. (V. 17.)

19. By equality, when there is any number of magni-

tudes more than two, and as many others, so that they are

proportionals when taken two and two of each rank, and

it is inferred—that the first is to the last of the first rank

of magnitudes, as the first is to the last of the others. Of

this there are the two following kinds, wliich arise from the

different onler in which the magnitudes are taken two and

two :

20. By direct equality, when the first magnitude is to

the second of the first rank, as the first to the second of
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the other rank ; and as the second is to the third of the first

rank, so is the second to the third of the other; and so

on in a direct order. (V. 22.)

21. By transverse equality, when the first magnitude is

to the second of the first rank, as the last but one is to the

last of the second rank ; and as the second is to the third

of the first rank, so is the last hut two to the last but one

of the second rank ; and as the third is to the fourth of

the first rank, so is the last but three to the last but two

of the second rank ; and so on in a transverse order. (V. 23.)

AXIOMS.
1. Equimultiples of the same, or of equal magnitndeB;

are equal tu one another.

2. Those magnitudes of which the same, or equal magni-.

tudes, are equimultiples, are equal to one another.

3. A multiple of a greater magnitude is greater than the

same multiple of a le.s.

4. That magnitude of wliich a multiple is greater than

the same multiple of another, is greater than that other

magnitude.

PROPOSITION 1. Theorem.

If any number of magnifwJes le equimultiples of as many
others, each of each, ivhat multiple soever any one of

the first is of its submultiple, the same multiple is the

sum of all the first of the sum of all the rest.

Let any number of magnitudes A, B, and C be equi-

multiples of as many others D, E. and /•', each of each :

it is required to pro re that A + B + C is the same multiple

0/D + E+ F that A is of D.
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Let A contain /), B contain E, and G contain F^ each

any number of times, as, for instance, three times;

then A ^ D ^ D ^ D.

Similarly, B = E + E + E,

and = F + F + F;
.•.A + B+C=D + E+F taken three times. /. Ax. 2

Hence also, if ^, ^, and were each any other equimultiple

of D, E, and F, A + B + C would be the same midtiple

oiD + E + F.

Cor.—Hence, if m be any number, viD + niE + mF
= m{D + E + F).

PROPOSITION 2. Theorem.

J/ io a multiple of a magnitude by any number, a multiple

of the same magnitude by any number be added, the

sum will be the same multiple of that magnitude that

the sum of the two numbers is of unity.

Let A = 7nC, and B = nC:

it is required to prove A + B = (m + n) C.

Since A = mC, A - C+ C+ 0+ ....... repeated m times.

Similarly, B=C+ 0+ C+ repeated n times
;

A + B= C+ C+ C+ repeated m + wtimes,

that i.s, A + B = (m + n)C

;

.'. A + B contains C as often as there are units in m + n.

Cor. 1.—If there be any number of multiples whatsoever,

as .4 = mE, B = nE, C=pE, then A + B+C=(jn + n +j))£.

Cor. 2.—Since A + B + C = (m + n + p)E,

and since A ^ mE, B = nE, and C = pE,

.', mE + nE + pE ' (m + n + p)E.
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PROPOSITION^" 3. Theorem.

If the first of three magnitudes contain the second as often

as there are units in a certain number, and if the second

contain the third as often as there are units in a certain

number, the first tcill contain the third as often as there

are units in the product of these two numbers.

Let A = niB, and B = nC:

it is required to prove A = mnC.

Since B = nC,

rnB = nC + nC + nC + repeated m times.

But nC + nC + nC + repeated w times = C multiplied

by n + n + n + repeated m times. V. 2, Cor. 2

Now )i + n + n + repeated m times = mn:
.•. mB = mnO.

But A = 7nB

;

Hyp.

A - mnC.

PROPOSITIOX 4. Theorem.

It any equimultiples be taken, of the antecedents of a propor-

tion and any equimultip>les of the consequents, these

midtiples taken in the order of the terms are propor-

tional.

Let A:B= C:D, and let m and n be any two numbers

:

it is regiiired to prove niA : nB = mC : nD.

Of mA aiivi /wCtaice equimultiples by any number p/
and of uB and nD take equimultiples by any number q.

Then the equimultiples of mA and mC by p are equi-

multiples also of A and C, for they contain A and C as
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often as there are units in pm ; V. 3

and they are equal to pmA and pmC.
Similarly the multiples of nB and nD by q are qnE, qnD.

2s ow since A : B = C : D, and of A and C there are

taken any equimultiples pmA and pmC, and of B and D
there are taken any equimultiples qnB, qnD

;

'\i pmA be equal to, greater, or less than qnB, then pmC is

equal to, greater, or less tlian qnD. V. Drf. 5, Cor.

^Mt ptnA, pmC are also equimultiples of 7nA and mC by p;
and qnB, qnD are also equimultiples of nB and nD by q ;

.'. mA : nB = mC : nD. V. Def. 6

PROPOSITION 5. Theorem.

If one magnitude he the same multiple of another, which a

inagnitude taken from the first is of a magnittide taken

from the other, the remainder is the same multiple of

the remainder that the whole is of the iclwle.

Let A and B be two magnitudes of which A is greater

than B, and let mA and mB be any equimultiples of them

:

il is required to prove that mA - mB is the same multiple

ofA —B thai mA is ofA; that is, that mA — mB = m{A — B).

Let D be the excess of A above B

;

then A - B = D.

Adding B to both, A = D ^ B ;

.-. mA = 7vD -f 7nB. V 1

Taking mB from both, mA — mB = mD.
Now D ^ A - B; .-. mA - mB = m(A - B).
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PEOPOSITIO^^ 6. Theorem.

Ij from a multiple of a magnitude by any number a multiple

of the same magnitude by a less number be taken atcay,

the remainder icill be the same multiple of that magni-

tude that the difference of the numbers is of unity.

Let mA axid nA be multiples of the magnitude A by the

numbers m and n, and let m be greater than n :

it is required to prove mA — nA = {m — n) A.

Let m — 11 = q; then m = n +q

;

.-. mA = nA + qA. V. 2

Taking nA from both, mA — nA = qA ;

.'. mA - nA contains A as often as there are units in q,

that is, as often as there are units in ?/i - n;

.'. mA — nA — (m — w) A.

PEOPOSITION A. Theorem.

The. terms of a proportion are proportional by inversion.

ljiiA:B=C:D:
it is required to prove B -. A = D : C.

Let mA and mC be any equimultiples of A and C,

nB and nD any equimultiples of B and D.

Then, because A : B = C : D,

ifmA be less than jiB, mCwiU. be less than nD; V. Def. 5, Cor.

.'. if nB be greater than ???-.4, nD will be greater than mC.

For the same reason, if nB = mA, nD = mC,

and if nB be less than mA, nD will be less than mC
But nB, nD are any equimultiples of B and D,

and mA, mC are any equimultiples of A and C;

.-. B:A = D:C. V. Def 6
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PROPOSITION B. Theorem.

If the first he the same multiple or submultiple of the second

that the third is of the fourth, the first is to tfie second

as the third to the fourth.

Let mA, niBhe equimultiples of the magnitudes A and 5/
it is required to prove mA •.A = mB:B, and A : mA = B:mB:

Of mA and jnB take equimultiples by any number n,

and of A and B take equimultiples by any number p ;

these will be nmA, pA, nniB, pB. V. 3

Now if nmA be f^reater than pA, nm is greater than p;
and if nm is greater than p, nmB is greater than pB ;

.-. when nmA is greater than pA, nmB is greater than^jB.

Similarly, if nmA = pA, nmB = p)B,

and if nmA is less than pA, nmB is less than pB.

But nmA, nmB are any equimultiples of mA and mB,
and pA, pB are any equimultiples of A and B;
.: mA :A=mB:B. V. Def 5

Again, since mA : A = mB : B,

.
•

, A : mA = B : mB, by inversion. V. A

PROPOSITION C. Theorem.

ff fhp first term of a proportion he a multiple or a ffuh-

multiple of the second, the third is the same multiple or

suhmidtiple of the fniirfh.

"Let A : B = C : D, and first let A = }7iB .-

it is required to prove C = mD.

Of A and C take equimultiples by any number aa 2,
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and of B and D take equimultiples by the number 2m ;

these wiU be 2A, 20, 2,nB, 2mD. V. 3

Now since A = niB, 2A = 2mB ;

and since A : B = C : D, .'. 2C = 2mD

;

V. Def. 5

.-. C = mD.

Next let ^ be a submultiple oi B :

it is required to prove that C is the same submultiple of D.

Since A : B = C : D, Hyp.

B : A = D : C, hj inversion. V. A
But A being a submultiple oi B, B is a. multiple of A ;

.'. D is the same multiple of C;

.•. C is the same submultiple of D that A is of B.

PROPOSITION 7. Theorem.

Equal magnitudes have the same ratio to the same magni-

tude ; and the same has the same ratio to equal magni-

tudes.

Let A and B be equal magnitudes, and C any other :

it is required to prove A : C = B : C, and C : A = C : B.

Let mA, mB be any equimultiples of A and B,

and nC any multiple of C
Because A = B, mA ^ mB ; V. Ax. 1

.•. if mA be greater than nC, mB is greater than nC;

and if mA = nC, mB = nC

;

and if mA be less than nC, mB is less than nC
But mA and mB are any equimultiples of A and B, and nC
is any multiple of C ;

.-. A : C= B : a V. Def. 5

Hence also C : ^ = C : .B, by inversion. V. A
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PROPOSITION 8. Theorem.

Of unequal magnitudes, the greater has a greater ratio to any

other magnitude than the less has ; and tlie same

magnitude has a greater ratio to the less of two magni-

tudes than it has to the greater.

Let A + 5 be a magnitude greater than A, and C a third

magnitude :

it is required to prove A + B : C greater than A : C,

and C : A greater than C : A + B.

Let m be such a number that 7nA and inB are each of

them greater than C, and let 7iC be the least multiple of C
that exceeds mA + niB ;

then vC - C will be less than mA + mB,
that \s,-{n - \)C will be less than m{A + B);

.: m(A + B) is greater than {n -\)C.

But because nC is greater than mA + mB,
and C is less than mB;

nC— C is greater than 7nA,

that is, 7nA is less than nC - C, or (n -l)C.

Hence the multiple oi A + B hy m exceeds the multiple of

C by w— 1, but the multiple of A by m does not exceed the

niidtiple of C by n — 1
,

.: A + B : C \& greater than A : C. V. Def 9

Again, because the multiple of C by 7i— 1 exceeds the

multiple of A by m, but does not exceed the multiple of

A + B hy in ;

.-. C : i4 is greater than C : A + B. V. DeJ d
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PROPOSITION 9. Theorems.

Magnitudes which have the same ratio to the same magnitude

are equal to one another ; and those to which the same

magnitude has the same ratio are equal to one another.

First let ^ : C = B : C .-

it is required to prove A = B.

For if A be greater than B,

then A : C is greater than B : O. V. 8

And if B be greater than A,

then 5 : C is greater than A : 0. V. 8

Hence A = B.

Next let C:A = C.B:
it is required to prove A =B.

For A : C = B : Cfhy inversion

;

V. A
.: A=^ B.

PROPOSITION 10. Theorems.

That magnitude which has a greater ratio than another has

to the sams magnitude is the greater of the two ; and

that magnitude to which the same has a greater ratio

than it has to another magnitude is the less of the two.

Let A : C he greater than B : C :

it is required to prove A greater than B.

Because .4 : C is greater than B : C,

two nnmbers m and n may be found such that mA ip greater

than nC, ami 7nB not greater than nC; V. Def. 9, Cor.

.' . niA is greater than mB,

.'. A is greater than B. V. Ax. 4

Next let C : 5 be greater than C'. A:
it is required to prove B less than A.



274 Euclid's elements. [Book v.

For two numbers m and n may be found such that nC
is greater than tiiB, and uC not greater than niA ;

.•. mB is less than niA;

.'. B is less than A. V. Ax. 4

PROPOSITION 11. Theorem.

Uatlus that are equal to the same ratio are equal to one

another.

L^\.A:B= C:D^xAG:D = E\F:
ii /,.• required to prure A : B = E : F.

Take mA, mC, mE any equimultiples of A, C, and E,

and nB, nD, nF any equimultiples of B, D, and F.

Because A : B - C : D, if mA be greater than 7iB,

mC must be greater than nD. V. Lh'f. 5, Cor.

liut because C : D = E : F, ii mC be greater than nD,

mE must be greater than nF

;

V. Def. 5, Cor.

.'. if mA be greater than nB, mE is greater than 7iF.

Similarly, if inA = nB, mE = ??/^,

and \f mA be less than 7iB, mE is less than nF

;

.-. A:B = E:F. V. Def. 5

PROPOSITION 12. Theorem.

If an]) number of mafjnitudes he proportionals, as one of the

antecedents is to its consequent, so is the sum of all tJie

antecedents to the sum of all the consequents.

Let A : B ^ C : D and C : D =- E : F:

it is required to prove A: B = A + G+E: B+ D + F.

Take mA, mC, mE any equimultiples of A, C, and E,

»nd 7iB, nD, nF any equimultiples of B, D, and F.
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Because A : B = C : D, \i viA be greater than nB,

mC must be greater than iiD ; V. Def. 5, Cor.

and because C : D = E : F, when mC is greater than tiD,

riiE is greater than nF. V. Def. 5, Cor.

.-. if niA be greater than nB, inA + mC + mE is greater

than nB + nD + uF.

Simihirly, if mA = nB, niA + mC + mE = nB + nD + nF;

and if 7nA be less than nB, ynA + 7nC + mE is less than

nB + nD + nF.

Now mA + mC ->r mE = m{A + C + E)

;

V. 1 Cor.

so that mA and mA + mC + mE are any equimultiples of

AandA + C+E.
Similarly, nB and 7iB + ?iZ) + nF are any equimultiples of

B and B + D + F;
.'. A : B = A + C + E : B + D + F. V.Def.b

PEOPOSITION 13. Theorem.

If the first have to the second the same ratio which the third

has to the fourth, hut the third to the fourth a greater

ratio than the fifth Jias to the sixth, the first shall also

have to the second a greater ratio than the fifth has to

the sixth.

Ijet A:B = C : D, hut C : D greater than E : F:
it is required to prove A : B greater than E : F.

Because C : D is greater than E : F,

there are two numbers m. and n such that mC is greater than

nD, but mE is not greater than nF. V. Def. 9

But because A : B = C : D, ii mC is greater than nD,

mA is greater than nB

;

V. Def. 5, Cor.

.'. mA is greater than tiB, and mE is not greater than nF;

.-. A -.B is greater than E : F. V. Def 9
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PROPOSITION 14. Theorem.

If the first term of a proportion he greater than the third,

the second shall he greater than the fourth ; and if

equal, equal; and if less, less.

Let ^ :Z^ = C.D:
it is required toprove that ifA he greater than C, B is greater

than D ; if A = C, B = D ; if A he less than C, B is less

tlLan D.

First, let A be greater tlian C ;

then A : B is greater than C : B. F. 8

But A:B ^ C.D; IIiip.

.
•

. (7 : D is greater than C : B

;

F. 1

3

.*. B is greater than D. F. 10

Similarly, it may be proved that ii A = C, B = D

;

and if A be less than C, B is less than D.

PROPOSITION 15. Theorem.

Magnitudes hare the same ratio to one another which their

equimultip/es have.

Let A and B be two magnitudes, and m any number :

it is required to prove A : B = mA : niB.

Because A : B = A : B ; V. 7

.-. A : B ^ A + A : B + B, V. 12

2 A:2 B.

Again, since A : B = 2 A :2 B;
/. A : B = A + 2 A : li + 2 B, V. 12

3 A: 3 B ;

and so on for all the equimultii)les of A and B.
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PROPOSITION 16. Theorem.

TJie terms of a pruportiun, if tliey be all of the same kind,

are proportional by alternation.

'LetA:B=C:D:
it is required to prove A : C = B : D.

Take mA, mB any equimultiples of A and B,

and nC, nD any equimultiples of C and D.

Then A : B = mA : mB. F. 15

But A:B= C:D; Hyp.

C:D= mA -.mB. V. 11

Again, C : D = nC.nD; V. 15

.-. mA -.mB = nC : nD. V. 11

Now, if mA be greater than nC, mB is greater than 7iD ;

if 7nA = 7iC, mB = nD; and if mA be less than nC,

mB is less than nD; F. 14

.'. A:C = B:D. V. Def 5

PROPOSITION 17. Theorem.

The terms of a proportion are proportional by subtraction.

'LeiA + B:B= C + D . D:
it is required to prove A : B = C : D.

Take mA and nB any multiples of A and B by the

numbers m and u ; and first let mA be greater than 7iB.

To each of these unequals add mB ;

then mA + mB is greater than mB + nB. I. Ax. 4

But mA ¥ mB = m{A + B), V. 1, Cor.

and mB + nB = {m + n)B

;

V. 2

.*. m{A + B) is greater than {ra + n)B.
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Now because A + B : B = C + D : D,

if ni{A + B) be greater than (7/i + n)B, m{C + D) is greater

than {m + n) D; V. Def. 5, Cw.
or viC + mD is greater tlian mD + nD

;

that is, taking mD from both, tiiC is greater than nD.

Hence when rtiA is greater than nB, mC is greater than nD.

Similarly it may be proved that if mA = nB, mC = nD ;

and if mA be less than nB, mC is less than nD

;

.'. A : B = C: D. V. Def. 5

Cor.—The proposition is equivalent to the following

:

U A.B = C:D, then A - B : B ^ C - D : D.

Hence also, on the same hypothesis, it may be proved

that A - B:A = G- D:G; that A: A-B=C:C-D;
and that B : A - B = D : - D.

[If it be thought desirable, any one of these jhanges on the

proportion A : B = C : D may be denoted by the word subtractioru]

PROPOSITION 18. Theorem.

The terms of a proportion are proportional by addition.

LetA:B=C:D.-
it is required to prove A + B : B — C + D : D.

Take m{A + B) and nB any multiples oi A ¥ B and B.

First, let m be greater than n.

P.ecause A + B \» greater than B ;

m(A + B) is greater than nB.

Similarly m{C + D) is greater tlian nD ;

.-. when m is greater than n,m{A + B) is greater than nB,

and m{C + D) is greater than nD.

Second, let m = n.

In the same manner it may be proved that in this case

m{A + B) is greater than nB, and m{C + D) greater than nD.
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Third, let m be less than u.

Then m{A + B) may be greater than nB, or may be equal

to it, or may be less than it.

First, let m{A + B) be greater than ttB ;

then mA + mB is greater than nB. V. 1

Take mB, which is less than nB, from both

;

.*. mA is greater than nB — mB,
or mA is greater than (n — m)B. V. 6

But because A : B = C : D ; Syp.
.-. if mA is greater than (n - m)B, mC is greater

than (n - m)D,

that is, ?nC is greater than nD — mD. V. 6

Add mD to each of these unequals

;

then mC + mD is greater than nD,

that is, m{C + D) \% greater than nD. V. 1

If therefore m{A + B) is greater than nB, m{C + D) is

greater than nD.

In the same manner it may be proved that,

if m{A + B) = nB, m(C + D) = nD;
if m{A + B) be less than 7iB, m{C + D) is less than nD.

Hence A + B : B = C + D : D. V. Def. 5

CoR.—Hence also, on the same hypothesis, it may be

proved

that A + B.A = C + D:C; that A : A + B=C : + D;
and that B : A + B = D : C + D.

[If it be thought desirable, any one of these changes on the pro-

portion A : B = G : D may be denoted by the word addition. The
words addition and subtraction, as being more significant of the

operations performed on the terms of the proportion, have been
substituted for composition (componemhi) and division (diiridendo),

which are the translations of the words {<ru)ih<n;, haipiiris) used by
the Greek geometers.]
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PROPOSITION 19. Theorem.

If a whole magnitude be to a icliole as a magnitude taken

from the frst is to a magnitude taken from the other^

the remainder shxdl he to the remainder as the whole to

Hie tchole.

Let A : B = C : D, and let C be less than A

:

it is required to prove A — C : B — D = A : B.

Because A : B = G : D

;

Hyp.

A:C=n:D, by alternation

;

K 16

/. A - G:C = B - D:D, by subtraction
; F. 17

.-. A - C:B - D = C:D,hy alternation; V. 16

.-. A - C:B - D = A:B. K. 11

PROPOSITION 20. Theorem.

If there be three magnitudes, and other three, which, taken

two and ttoo in direct order, have the same ratio; if

the first be greater than the third, the foinih shall he

greater than the sixth ; and if equal, equal ; and if less,

less.

Let A, B, C be three mafrnitudes, and D, E, F other

three, such that A : B = D : E, Q.ndi B : C = E : F :

it is required to prove that if A be greater than C, D will he

greater than F ; if A = C, D will = F ; if A be less than C,

D vnll he less than F.

First, let ^ be greater than C ;

then A : B \i^ rrreator tlian C : B. V. 8

But A:B = D: E; Hyp-

.-. D:E is greater than C : B. V. 13
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Now B:C = E:F; Hyp.

C:B = F: E,hj mversion; V. A
.•

. D :Eis greater than F:E; V. IS

.-. D is greater than F. K. 10

Second, let A = C ;

V. 7

Hyp.

V. 11

V. 11

F.9

Third, let A be less than C ;

then C is greater than A ; and, as was shown in case first,

C.B = F:E, SiUdiB-.A - E : D.

.-. by case first, if C be greater than A, F \^ greater thaii D,

that is, if A be less than C, D is less than F.

then A :.B = C.B.
But A •.B ^ B.E;

, *, C :B = D:E.
Now C:; 5 - F-.E;"

•'• D .E = F:E;
D = F.

PEOPOSITIOX 21. Theorem.

If there he three raa'iaitades, and otlwr three, which, iu,ken

tiro and two in transverse order, have the same ratio;

if the first be greater than the third, the fourth shall

be greater than me sixth ; and if egual, equal; and if

less, less.

Let A, B, C be three magnitudes, and D, E, F other

three, such that A : B =^ E : F, and B : C = D : E :

it is required to prove that if A he greater than C, D will he

greater tlian F ; if A = C, D will = F; ifA be less than C,

D will he less titan F.

First, let A be greater than C;

then A: B is greater than C .B. F. 6
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But A:B=E:F; Hyp.
.'. EiFis greater than C:B. F. " 1

3

Xow B:C= D:E: Hyp,
.-. C:B = E:D,hy inversion

;
F. A

. . E : Fis greater than E : D : V. \ 3

.-. D is greater than F. V, 10

Second, let A = C ;

then A.B=C:B. V. 7

But A:B = E:F; Hyp.
.-. C:B = E:F, Kll
NowC':i? = E.D;
.'. E:F = E:D; r. il

D = F. F. 9

Third, let A bo less than C

;

then ^ : ^ is less than G\B, F. 8

^\3X A\B = E'.F; • mjp.
.-. E\F\s less than G:B F. 1

3

Now C:B ^ E:D;
.-. i; : /'is less than J^JrD, F. 13

Z> is less than F. V. 10

PROPOSITION 22. Theorem.

Tf there he any nnmher of magidtudetf, and as many others,

tchich taken two and two in direct order, have the same

ratio; the Jirst ftha/l hare to the la^^t of the first niaipii-

ttides the Kame r(dio irhirk the fiml of tlir olhcre; has

to the last.

First, let there be tliree magnitudes A, B, C, and other

three /;, E, F, such tliat A : B ^ D : E, and B.C = E:F:
it is required to prove A : C - D : F.

Of A and 1) take any o(iuimultiplc8 whatever mA, mD
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•of B and E any whatever nB, nE; and of C and F any

".yhatever qC, qF.

Because A: B = D: E; Hyp.

rtiA : nB = mD : nE. V. 4

'Similarly nB :qC = nE : qF; V. 4

.-. according as inA is greater than qG, equal to it, or less,

inD is greater than 7F, equal to it, or less, \ . 20

. A:C = D.F. V. De/.d'

Second, let there be four magnitudes A, P C, D,

anl other fcur E, F, G, H, such that A:l^ ^ E:F,
B:C=F:G, C.D^G.H:
it is required to prove Ji : D = E : H.

Since A, B, C are three magnitudes, and E, F, G, other

iMee, which, taken two and two in direct order, have the

same ratio,

^ : C = ^ : G^, by the first case.

But because C : D - G : H

;

Hyp.

A : D = E : H, hy the first case.

8'milarly the demonstration may be extended to any

number of magnitudes.

PEOPOSITION 23. Theorem.

If there he any number of magnitudes, and as many ailhers,

which taken tico and tivo in transverse order, have t\t

same nitio ; the first shall have to the last of the first

magnitudes the same ratio which the first of the others

has to the last.

First, let there be three magnitudes A, B, G, and other

three D, E, F, such that A : B = E : F, and B : G = D . Iti

it is required to prove A : C = D .F.

a
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Of A, B, and D take any equimultiples mA, 7fiB, mD ;

jnJ of C, E; and F take any equimultiples nC, nE, nF.

Because A : B = mA : mB, F. 1
"•

and E:F=nE:nFy V. 15

and because A : B = E :F; Hyp,
niA :mB = nE -.nF. V. V

Again, because B : C = D : E

;

Hyp.

mB: nC = mD:nE

;

V. 4

.•. according as mA is greater than nC, equal to it, or less,

i/iD is greater than 7iF, equal to it, or less
; F. 21

.. A:G = D:F. V. Def. a

Second, let there be four magnitudes A, B, C, D,

and other four E, F, G, H, such that A : B = G . H,
B.C= F:G, C.D = E'.F:
it is required to jjrove A : D - E : H.

Since ^4, B, C are three magnitudes, and F, G, H otner

three, which, taken two and two in transverse order, have

the same ratio,

A:C = F:H,hYX\iQ first case.

But becanso C : D = E : F

;

Hyp.
A -.D = E:H hy the first case,

hiimilarly the demonstration may be extended to any

number of magnitudes.

Cor.—From this proposition and the preceding it may
be inferred that ratios which are compounded o^' tqual ratios

are equal to one another.

aipd i„ has bee '. ihown that A : C ^ D :F,
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PROPOSITION 24. Theorem.

If the first has to the second the same ratio which the third

has to the fourth, and the fifth to the second the same

ratio zchich the sixth has to the fourth ; the first and

fifth together shall have to the second the same ratio

wmch the third and sixth together have to the fourth.

Let ^ : 5 = C : D, and E : B ^ F : D:
>'t is required to prove A + E : B = G + F : D.

Because E : B = F : D ;

B : E = D : F, by inversion. V.A
But A.B ^ C: D; Hyp.

A:E=C:F, by direct equality

;

V. 22
.-. ^ + ^ : ^ = a + i^ : i; by addition. V. 18

But again, E : B = F : D ; Hyp.
.-. A + E:B = C + F:D,hy direct equality. V. 22

PROPOSITIOX D. Theorem.

The terms of a jyrojyortioii are proportional by addition and
subtraction.

Lit A -.B = C:D:
it is required to pirove A + B : A - B = C + D : C - D.

Because A - B : B = C - D : D, hy subtraction

;

F. 17

B: A - B = D:C - D, hy inversion

;

V. A
But A + B:B = C + D .D,hy addition

;

F. IS

.-. A -{- B:A - B == C + D -.0 - D,hy direct

equality. F. 22

rProposition 25 has been omitted, as being of little use.]
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BOOK VT.

DEFINITIONS.

i. Slmilax rectilineal figures are those which ha"" their

several angles equal, each to each, and the sides about the

equal angles proportional.

Of the two requisites for similarity among figures, namely, eq\u-

angularity and proportionality of sides, it will be seen from VL 4, 5,

that if two triangles possess the one, they also possess the other.

In this respect triangles are uniqtie. Hence, in order to prove two

rectilineal figures (other than triangles) similar, it must be shown
that they possess both requisites.

2. "When any proportion is stated among the sides of

two similar figures, those pairs of sides which form ante-

cedents or consequents of the ratios are called homologous

sides.

3. Similar figures are said to be similarly described upon

given straight lines when the given straight lines are

homologous sides of the figures.

4. AVhcn two similar figures have their homologous sides

parallel and drawn in the same direction, they are said to

be similarly situated ; when they have them parallel and

drawn in (i{)posite directions, they are said to be oppositely

situated.

5. 'i'rianglcs and parallelograms which have their sidcu

about two of their angles proportional in such a manner

that a side of the first figure is to a side of the second, as

the other side of the second is to the other side of the first,

are said to have these sidas reciprocally proportionaL
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6. The altitude of a triangle is the perpendicular drawn

from the vertex to the base, or the base produced ; the

altitude of a parallelogram is the perpendicular drawn from

any point in one of its sides to the opposite side, or that

side produced.

7. A straight lire is said to be cut in extreme and mean
ratio when the whole line is to one segment as that segment

is to the other.

A" m the case of medial section, a straight line might be cut in

extreme and mean ratio both internally and externally ; but internal

division only is generally implied by the phrase.

PROPOSITIOX 1. Theorem.

Trianqh-^ cDt'l iiamUelograms of the same altitude are to one

another an their banes.

E A F

Let As ABC, ACD, and |r EC, CF have the same

altitude, namely, the perpendicular drawn from A to BD^
or BD produced

:

it is required to prove BC : CD = A ABC : A ACD,
and BC.CD^ W"" EC : ||'" CF.

Produce BD both ways, and take any number of straight

lines BG, GB, HK each = BC, I. 3

and DL, LM, any number of them, each = CD

;

I. 3

and join A with the points K, H, G, L, M.
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E A F

Because KH, HG, GB, BC are all equal, Const.

'. As AKH, AHG, AGB, ABC are all equal. /. 38

.'. whatever multiple the base KC is of the base BC, the

same multij^Ie is A AKC of A ABC.
Similarly, whatever multiple the base CM is of the base

CD, the same multiple is A ACM oi A ACD.
And if the base KC be equal to, greater, or less than the

base CM, A AKC will be equal to, greater, or less than

A ACM. L 38

Now since there are four magnitudes BC, CD, A ABC,
A ACD;
and of BC and A ABC (the first and third) any equi-

multiples whatever have been taken, namely, KC and

A AKC,
and of CD and A ACD (the second and fourth) any equi-

multiples whatever have been taken, namely, CM and

A ACM:
and since it has been shown that if KC bo equal to, greater,

or less than CM,
A AKC is equal to, greater, or less than A ACM;
.-. BC'.CD = A ABC: A ACD. V. Def. 5

Again, because BC:CD= A ABC
BC:CD^2AABC

A ACD;
2 A ACD F. 15,11

r CF. I. 41

Cor. 1.—Triangles and parallelograms that have equal

altitudes are to one another as their bases.
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Cor. 2.—Triangles and parallelograms that have equal

bases are to one another as their altitudes.

For each triangle or H" may be converted into an equi-

valent right-angled triangle or rectangle with base and

altitude = its base and altitude ; and in these latter figures

the bases and altitudes may be interchanged.

1. If two triangles or |!™^ have the same ratio as their bases, they

mii.st liave equal altitiides ; if they have the same ratio as

their altitudes, they must have equal bases.

2. Tilt' rectangle contained by two straight lines is a mean pro-

])ortional between their squares.

3. A, B, and C are three straight lines ; prove that A has to B the

same ratio as the rectangle contained by A and C has to the

rectangle contained by B and C.

4. A quadrilateral is such that the perpendiculars on a diagonal

from the opposite vertices are equal. Show that the quadri-

lateral can be divided into four equal triangles by straight

lines drawn from the middle point of the diagonal.

5. AB is
II
CD, and AD, BC are joined, intersecting at E ; prove

AE:ED = BE: EC.
6. Triangles ABC, DEFhave L A^ L D, and AB = DE ; prove

.„A ABC : A DEF ^ AC : DF.
7. A D, BE, CF dra\vn from the vertices of A ^BC to the opposite

sides are concurrent at : prove BD : DC = :^ AOB : a A OC,

CE :EA=d. BOC : A BOA, AF : FB = c COA : a COB.
i. E\a the middle point of AD, a median of A ABC ; BE is joined

and produced to meet A C at F. Prove CF = 2 AF.
9. ABC is any triangle ; from BC and CA are cut off BD = one-

fourth of BC, and CE = one-fourth of CA. If AD, BE
intersect at 0, prove that CO produced will divide AB into

two segments in the ratio of 9 to 1.

10. Perpendiculars are drawn from any point within an equilateral

triangle to the three sides. Prove that their sum is constant.

11. Triangles and
|

™^ are to one another in the ratio compounded of

the ratios of their bases and altitudes.
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PROPOSITION 2. Theorems.

If a strai(jht line he drawn parallel to one side of a Irinnffle,

it shall cut the other sides, or those sides jn'udneed
''

proportionally.

Conversely : If the sides or the sides produced be chI jno-

portionally, the straight line joining the points of

section shall he parallel to the remaining side of the

triangle.

A A

(1) Let DE be drawn
||
BC, one of the sides of A ABC:

it is required to prove that BD : DA = CE : EA.

Join BE, CD.

Then A BDE = A CDE, being on the same base DE,
and between the same parallels DE, BC

:

I. 37

.-. A BDE : A ADE = A CDE : A ADE. V. 7

But A BDE : A ADE = BD : DA, VI. 1

and A CDE : A ADE = CE : EA ; VI 1

BD : DA = CE : EA. V. II

(2) Let BD : DA - CE : EA, and DE be joined

:

// is regiiircd to j^fore DE
\\
BC.

Join BE, CD.

Because BD : DA = CE : EA, Ht/p.

and BD .DA = A BDE : A ADE, VI 1

and CE '. EA = A CDE : A ADE. VI 1

* This useful extension was introduced by Robert Simson.
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.-. A BDE : A ADE = A CDE : A ADE ; V. 11

A BDE = A CDE. V. 9

Now these triangles are on the same base DE and uu the

same side of it

;

.-. DEi&WBG. I. 39

1. The straight line which joins the middle points of two sides of a

triangle is
|i
the third side.

2. The straight line drawn through the middle point of one of the

sides of a triangle and li
another side will bisect the third side.

3. Any two straight lines cut by three parallel straight lines are

cut proportionally. (Euclid, Data, Prop. 38.)

4. Any straight line drawn
|i
the parallel sides of a trapezium divides

the non-parallel sides, or those sides produced proportionally.

5. In the figures to the proposition, if DE be
|i
BC, prove BA : AD

= CA : AE, and conversely.

6. ABC is any angle, and P a given point within it ; draw through

P a straight line terminated by BA, BC, and bisected at P.

7. In the base BC of a ABC any point D is taken, and DE, DF,
drawn || AB, AC respectively, meet the other sides at E, F

:

prove A AFE a mean proportional between a s FBD, EDC.
Examine the case when D is taken in BC produced.

8w ABC, DBC are two triangles either on the same side, or on

opposite sides of a common base BC j from any point E
in BC there are drawn EF, EG respectively || BA, BD,
and meeting the other sides in F, G. Prove FG || AD.
Examine the case when E is taken in BC produced.

9. ABC is any triangle ; D and E are points on AB and AC such

that DE is 1| BC : BE and CD intersect at F. Prove that

A ADF = A AEF, and that AF produced bisects BC.
Examine also the cases when D and E are on AB and AC
produced.

10. Prove the following construction for trisecting a straight line

AB in G and H : On AB as diagonal construct a I;"" ACBD

;

bisect .4 C, BD in E and F. Join DE, FC cutting AB iuG
and/f.

11. AB is a straight line, and C is any point in it ; find in AB
produced a point D such that AD : DB — AC : CB.
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PKOPOSITION 3. Theorems.

If the vertical angle of a triangle he bisected hy a straight

line which also cuts the base, the internal segnients of

the base shall hare to one another the same ratio as the

other sides of the triangle have.

Conversely : If the intei'nal segments of the base have to one

another the same ratio as the other sides of the triangle

have, the straight line drawn from the vertex to the

point of section shall bisect the vertical angle.

£

P.

(1) Let the vertical L BAC oi the A ABC bo bisected

by AD, which meets tlie base at 1) :

it is required to prove that BD : DC — BA '.AC

Throuf^h G draw CE \\
DA, I 31

and let CE meet BA jtroduced at E.

Because DA and CE arc parallel,

.-. L BAD = L AEG, and l DAC = L ACE. I. 29

But z. BAD = L DAC; Hyp.

.-. L AEG = L ACE;
AG = AE. I. 6

Because DA is
|| GE, a side of the A BCE,

.'. BD.DG^ BA :AE; ' VL 2

.'. BD-.DC = BA .AG. V. 7
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(2) Let BD.DC=BA'. AC, and AD he joined :

it is required to prove l BAD = L DAG.

Through C draw CE
\\
DA, I. 31

and let UE meet BA produced at E.

Because DA is
||
CE, a side of the A BCE,

.-. BD : DC = BA : AE. VI. 2

But BD : DC = BA : AC; Hyp.
.-. BA -.AE = BA .AC; V. 11

AE = AC, F. 9

and L. AEC =^ l ACE. L 5

But because DA aud CE are parallel,

.-. L AEC = L BAD, and - ACE = l DAG; 1. 29

.-. L. BAD = L DAG.

1. With the same figure and construction as iu I. 10, prove that

AB is bisected.

2. If a straight line bisect both the base and the vertical angle of a
triangle, the triangle must be isosceles.

3. The bisector of an angle of a triangle divides the triangle into two
others, which are proportional to the sides of the bisected angle.

4. ABC is a triangle whose base BC is bisected at Z); z s ADB,
ADC are bisected by DE, DF meeting AB, AC nt E, F.

Prove EF \\ BC.
5. Trisect a given straight line.

6. Divide a given straight line into parts which shall be to one
another as 3 to 2.

7. Divide a given straight line into n equal parts.

8. The bisectors of the angles of a triangle are concurrent.

9. Express BD and DC (fig. to the proposition) in terms of a, b, c,

the three sides of the triangle.

10. AB is a diameter of a circle, CD a chord at right angles to

it, and E any point in CD ; AE, BE produced cut the circle

at i^and G. Prove that the quadrilateral CFDG has any
two of its adjacent sides in the same ratio as the other two.

11. R is the middle point of BC (fig. to the proposition) : prove

HC:HD = BA + AC-.BA - AG.
12. The straight lines which trisect an angle of a triangle do not

trisect the opposite side.
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PROPOSITION A.* Theorems,

If the extenor vertical angle of a Mangle he bisected hy a

straight line wliich also cuts the base jtroriuced, the

external segments of the base shall have to one another

the same ratio as the other sides of the triangle have.

Converseh/ : If the external segments of the base have to one

another the same ratio as the other sides of the triangle

have, the straight line drawn from the vertex to tlie

point of section shall bisect the exterior vertical angle.

(1) Let the exterior vertical l CAP of tlie A ABC be

bisected by AD, which meets the base produced at D:
it is required to jn'ove that BD : DC = BA -.AC.

Through C draw CE
\\
DA, I. 31

and let CE meet BA at E.

Because DA and CE are parallel,

.-. L FAD = L AEC, and l DAC = l. ACE. I. 29

But L FAD = L DAC; Hyp.

.-. L AEC = L ACE;
AC = AE. I. 6

Because DA is
||
CE, a side of tlie A BCE,

• Assumed in Pappus, VII. U'.), second proof.
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BD : DC = BA : AE

;

VI. 2

BD : DC = BA : AC. V.I

(2) Let BD : DC = BA : AC, and AD be joined :

it is required to prove L FAD = L DAC.

Through C draw CE \\
DA, I. 31

and let CE meet BA at E.

Because DA is
i|
CE, a side of the A BCE,

.-. BD : DC = BA: AE. VL 2

But BD :DC=BA.AC; Hyp.

.'. BA:AE = BA:AC; V. 11

AE = AC, V. 9

and L AEC = l ACE. I. 5

But because DA and CE are parallel,

.-. ^ AEC = L FAD, and /. 4Ci; = L DAC; I. 29

.-. L FAD = ^ Z)^a

i. What does the proposition become when the triangle is isosceles ?

2. The bisector of the vertical angle of a triangle, and the bisectors

of the exterior angles below the base, are concurrent.

3. Express BD and DC (fig. to the proposition) in terms of a, b, c,

the three sides of the triangle.

4. Prove the tenth deduction from VI. 3 when E is taken in CD
produced.

5. P is any point in the O''® of the circle of which AB is a,

diameter; PC, PD drawn on opposite sides of AP, and

making equal angles with it, meet AB a,i C and D. Prove

AC:CB = AD:DB.
I). AB is a straight line, and C is any point in it; find in AB

produced a point D such that AD : DB = AC : CB.

7. Prove the proposition by cutting off from BA produced, AB
= AC, and joining DE.

& If in any A ABC there be inscribed a A XYZ (K being on BC,
y on CA, Z on AB), such that every two of its sides make
equal angles with that side of a ABC on which they meet,,

tlten AX. BY, CZ are respectively ± BC, CA, AB.
Examine the case when X and Y are on BC and .reproduced.
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PROPOSITION 4. Theorem.

If two triangles he mutually equiangular, they shall he similar^

those sides being homologous which are opposiic to equal

angles*

K

In As ABC, DOE, let l ABC = l DCE, l BCA =
L. CED, I. BAG - L CDE:
it is required to prove As ABC, DCE similar.

Place A DCE so that CE may be contiguous to BC,
and in the same straight line with it. /. 22

Because l ABC + l ACB is, less than 2 rt. ^ s j /. 17

and L ACB = c DEC; Hxjp.

L ABC + L DEC is less than 2 rt. ^ s
;

.-. BA and ED if produced will meet. /. 29, Cor.

Let them be produced and meet at F.

Because l. DCE = ^ ABC, Hyp.
,-. BF is

II
CD; I. 28

and because L BCA = /. CED, Hup-
.'. ^Cis||/'J^'; J.' 28

.-. FACI) is a 11"';

.-. AF = CD, and AC = FD. I 34

• This theorem is usually attributed to Thale8 (640-546 B.O.).
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Now because ylC is
||
FE, a side of the A FBE^

.-. BA-.AF = BC-.CF; VI. 2

.-. BA:CD= EC: CE

;

V. 7

.'. BA:BG= CD: CE, by alternation. V. 16

Again, because CD is
||
BF, a side of the A FBE,

.'. BC :CE = FD: DE

;

VI. 2

.-. BC.CE = AC-.DE; V. 7

.-. BC : CA = CE : DE, by alternation. 7. 16

Lastly, because AB, BC, CA are three magnitudes,

and DC, CE, ED other three

;

and since it has been proved that AB : BC = DC : CE,

andBC: CA - CE.ED;
.'. AB'.AC = DC: DE, by direct equahty. V. 22

Hence As ABC, DCE are similar. VI. Def. 1

1. From a given triaiiL^e another is cut off by a parallel to the

base ; prove the two triangles similar.

2. Two right-angled triangles are similar if an acute angle of the

one be equal to an ac .te angle of the other.

3. Two isoscuk'S triang.es are similar if their vertical angles are

equal.

4. ABCD is a rhombus ; through D a straight line is drawn so as

to cat BA and BC producd at E and F. Prove As EAD,
DCF similar.

5. Two chords AC, BD of a circle ABC intersect at E, either

within or without the circle ; prove As AEB, CED similar,

and also as AED, BEC.
6. The straight line which joins the middle points of two sides of a

triangle is half of the third side.

7. A straight line which is
!i
one of the ^ides of a triangle and =

half of it must bisect each of the other sides.

8. K one of the two parallel sides of a trapezium be double of the

other, the diagonals intersect at a point of trisectiou.

9. In mutually equiangidar triangles the perjMjndiculars drawn from

corresponding vertices to the opposite sidles are proportional

to those sides.

iO. The median to the base of a triangle bisects all the parallels to

the base intercepted by the Sides.
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11. Three straight lines AB, AC, AD are drawn through one point

A, and are cut by two parallels at the points E, F, O and

B, C, D respectively : prove BC : CD = EF : FO.

12. Hence devise a method of dividing a given straight line into any

number of equal parts.

13. Prove the proposition from VI. 2, by superposing the one

triangle on the other.

PROPOSITION 5. Theorem.

If two triangles have the sides taken in order about each of

their angles proportional, they shall he similar, those

angles being equal which are opposite to tlie homologous

sides.

G

In As ABC, DEF, let AB : BC = DE.EF, BC :GA
= EF : FD, and BA : AC = ED : IJF:

it is required to prove As ABC, DEF similar.

At E make l FEG = z. ABC, aiid at F make l EFG
= L ACB. I. 23

Then l G = l A, I. 32, Cor. 1

and A ABC is equiangular to A GEF

;

.-. AB: BC = GE : EF. VI. 4

But ^/? : BC = DE : EF

;

Ih/p.

.-. DE : EF --. GE : EF; V 1

1

DE - GE. V. 9
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Similarly, i^i?'^ GF.

Now As DEF, GEF have the three sides of the one

respectively equal to the three sides of the other

;

.'. they are mutually equiangular. /. 8

But A ABC is equiangular to A GEF

;

.'. A ^^Cis equiangular to A DEF.
Hence As ABCl DEF are similar. VI. Def. 1

1. What is the analogous proposition in the First Book proving the

equality of two triangles ?

2. The triangle formed by joining the middle points of the sides

of another triangle is similar to that other.

3. Prove the proposition from the following construction : From
AB cut o^AG = DE, and through G draw GH \\ BG, meeting

AC&tH.

PROPOSITION 6. Theorem.

If tioo triangles have one angle of the one equal to one angle

of the other, and the sides about these angles pro-

portional, they shall he similar, those angles being equal

which are opposite to the homologous sides.

A

In As ABC, DEF, let l BAG = l EDF, and BA-.AC
= ED : DF:
it is required to prove As ABC, DEF similar.

At D make l FDG = _ BA C, or i. EDFy I. 23
and at /' make l. DFG = - A CB. /. 23
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/. 32, Gor. 1

VI. 4

Hyp.

V. 11

F. 9

Cmst.

L 4

Then l. G = L B,

and A i4i?C is equiangular to A DGF

;

.-. 5^: ^6'= GD.DF.
BntBA:AC= ED : DF

;

.'. ED:DF= GD.DF;
ED = GD.

i ED ^ GD
Now in As EDF, GDF, | DF = DF

i L EDF = L GDF;
.', lE= L G,wA L DFE = L DFG.
But L B = L G, ixndi L ACE = L DFG;
.'. L B ^ L E, and l ACB = l DFE.
Hence As ABC, DEF are similar. VI. Def. 1

1. What is the analogous proposition in the First Book proving the

equality of two triangles ?

2. Prove the proposition with the same conBtruction as in the third

deduction from VI. 5.

3. ABC is a triangle, and the perpendicular AD drawn from A to

BC falls within the triangle. Prove that if AJ) ia a mean
proportional between BD and DC, L BAC is right, and that

if -^.S is a mean proportional between BC and BD, L BAG
is right.

4. i45 is a straight line, D and E two points on it; Z'/^and EG
are paralkl, and jnojiortional \m AD and AE. Prove A, F,

and G to be in one straight line.

5. AB is divided internally at G and D so that AB:AG
= AC : A D. From A any other straight line AE \b drawn
= AC. I'rove as ABE, AED similar, and that EC bieecta

I BED.
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PROPOSITION 7. Theorbm.

If two triangles have two sides of the one proportional to

two sides of the other, and the angles opposite to one

pair of homologous sides equal, the angles opposite to

the other p^nir of homologous sides shall he either equal

or supplementary.

A

^ ^"^ ' E F G
In As ABC, DBF, let BA : AC = ED : DF, and l B

= L E:
it is required to prove either lC=lF, orLG+LF
= 2rt. L s.

(1) z. ^ is either = z. Z>, or not.

If L A = L D, then since l B = l E, Uyp-
.-. L G= L F. I. 32, Cor. 1

(2) If z. ^ is not = L D,

at D make l EDG = l A; I. 23

and, if necessary, produce EF to meet DG.
Because l B = l DEG, Hyp.

and L A^ L EDG; Const

.-. A ABC is equiangular to A DEG; I. 32, Cor. 1

.-. BA : AC = ED : DG. VI. 4

But BA-.AC = ED: DF; Hyp.

.: ED:DF= ED-.DG; F. 11

DF^DG; F. 9

.-. I. DFG = L G. /. 6
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/. 13Now L DFE is supplementary to l DFG ;

L DFE is supplementary to L G ;

_ y^F^ is supplementary to l. C.

Note.—See the note appended to I. A., p. 62.

1. What is the analogous proposition in the First Book proving,

under certain conditions, the equality of two triangles ?

2. ABG is a triangle, and ^Z> is drawn ± BG. If BC : CA
= AB : AD, then a ABG is right-angled.

PROPOSITION 8. Theorem.

In a right-angled triangle, if a perpendicular be drawn from
the right angle to the hypotenuse, the triangles on each

side of it are similar to the whole triangle and to one

another.

Let A ABC be rif,'ht-angled at A, and let AD be drawn

perpendicular to tlie ]iyi>otenuse BC:
it is required to prove £:^sDBA and DAC similar toA ABC,
and to one another.

^ ^ { L ADB =: L. CAB
In As /)/?.!, .1/i(7,[ ^B = ^B;

.'. these triangles are mutually e<iuiangular ; /. 32, Cor. 1

.•. they are similar. VI. 4

In the same way. As DAC mvX ABCmny lie proved similar.

Now .sinco As DBA and DAC sxo similar to A ABGy
they are simihir to one another.
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Cor.—From the similarity of As DBA, DAC \i follows

that BD : DA = AD : DC. (1)

From the similarity of As ABC, DBA it foUows that

CB : BA = AB : BD. (2)

From the similarity of As ABC, DA C it follows that

BC : CA = AC : CD, (3)

and BC : BA = AC : AD. (4)

These results expressed in words are :

(1) The perpendicular from the right angle on the hypo-

tenuse is a mean proportional between the two segments

into which it divides the hypotenuse.

(2) and (3) Either of the sides is a mean proportional

between the hypotenuse and its projection on the hypo-

tenuse.

(4) The hypotenuse is to either side as the other side is

to the perpendicular.

1. If from any point in the O ** of a circle a perpendicular be drawn

to any radius, and a tangent from the same point to meet

the radius produced, the radius will be a mean projiortional

between the segments intercepted between the centre and

the points of concourse.

2. That part of a tangent to a circle intercepted by tangents at the

extremities of any diameter is divided at the point of contact

so that the radius is a mean proportional between the seg-

ments.

5. Prove BD:DG = duplicate of BA : AC.
4. ABC is a triangle ; AD and AE are drawn to the base BC so aa

to make l s ADB, AEC each = the vertical i BAC; prove

(\) BD : AD = AE : CE, (2) CB : BA = AB : BD,
(3) BC .CA=AC: CE, (4) BC : BA = AC : AE.

Draw figures for the cases when z BA C is acute and obtuse,

and deduce from this theorem the resiUts given in the Cor. to

the proposition.

6, Examine the converses of the results (1), (2), (3), (4) of the Cor.

to the proposition, and of the preceding deduction.
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PROPOSITION 9. Problem.

From a given straight line to cut off any aliquot part,

O

A F

Let ^^ be the given straiglit line :

it is required to cut offfrom AB any aliquot part.

From A draw AC, making any angle with AB;
in AC take any point D;
and from AC cut off AE, containing AD as many times as

AB contains the part required. /. 3

Join £B, and through D draw DF
||
EB. I. 31

AF is the part required.

Because DF is
||
EB, a side of A ABE,

ED:DA = BF : FA ; VL 2

EA :DA=BA: FA, by addition. K 18

But EA contains DA a certain number of times

;

.•. BA contains FA the same number of times. V. C

1. Which proposition in the First Book is a particular case of this ?

2. Trisect a given straight line.

3. Show liow to find three-fifths of a given straiglit line.

4. From a given t riangle or H™ cut off any aliquot part.

5. Show how to find four-sevenths of a given ||"'.
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PROPOSITION 10. Problem.

Jb divide a given straight line internally and externally in

a given ratio.*

E,

Let AB be the given straight line, K : L the given ratio

:

it is required to divide AB internally and. externally in the

ratio K : L.

Draw a straight line AE making an angle with AB ;

I ut. off AF = K, and FG, FH on opposite sides of Fy each

= L, 1.3

Join BG, BH;
and through F draw FC \\

BG, and FD
\\
BH, meeting AB

produced at D. C and D are the required points.

Because FC is
||
BG, a side of the A ABG,

AC : CB ^ AF : FG, VI. 2

= K:L. F. 11

A-gain, because FD is
||
BH, a side of the A ABH,

AD-.DB = AF: FH, VI. 2

= K:L. V.n

I. AB and AC are two straight lines, and .4C is divided inter-

nally at the points Z) and E. Divide AB similarly to ^C.

* This proposition has been inierted instead of Euelid'g teatk, M'hich

is g^ven as the first dednotien.
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2. Make the figure and prove tlie projioaition when K is less than
L. What becomes of the external section when K — L .

3. Divide a given triangle or ||"' into two parts which shall have to

eacli other a given ratio.

4. Given two points on the O" of a circle, to lind a tliird point on

the o™ snch that the ratio of its distances from the two
given points may be equal to a given ratio.

PEOPOSITION 11. Problem.

To find a third proportional to two given straight lines.

A B D

Let AB, AC ha the two given straight lines:

it. is required to find a third proportional to AB, AG.

Place AB, AC bo as to contain any angle

;

produce AB, AC, making BIJ = AC; I. S

join BC, and through D draw DE
\\ BC. I. 31

CE is the third proportional.

Because BC is
||
DE, a side of A ADE,

AB .BD = AG: CE

;

VL 2

AB : AC = AC : CE. since BD = AC. V. 7

1. Does the magnitude of the third proportional to two straight

lines depend on the order in which the straight lines are

taken ? How many third proportionals can be found to two

straight lines ?

2. To AH and AC obtain the tliird projiortioiial measured from A.

3. By VI. 8, Cor., tind a third proportional to two straight lines in

two other ways.
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4. AB and AC are two straight lines drawn from A. Produce

CA to D, making AD = AC ; describe a circle through the

three points B, C, D, and produce BA to meet it at E. AE
is a third projiortional to A B, A C.

£l Use the fourth deduction from VI. 4 to find a third proportional

to two given straight lines.

6. Use the fourth deduction from VI. 8 for the same purpose.

PROPOSITION 12. Problem,

To find a fourth j^roportiotial to three given straight lines.

A-

B-

C-

D G
Let A, B, C be the three given straight lines

:

it is required to find a fourth proiyortional to A, B, C.

Take two straight lines DE, DF containing any angle
;

from these cut off DG = A, GE = B, and DH = C; /. 3

Join GH, and through E draw EF
\\ GH. I. 31

HF is the fourth proportional.

Because GH is
||
EF, a side of A DEF,

DG:GE = DH : HF

;

VI. 2

A:B ^ C:HF. V. 7

1. Which previous proposition is a jiarticular case of this? !C-

2, Does the magnitude of the fourth proportional to three straight

lines depend on the order in which they are taken ? How
many fourth proportionals can be found to three straight

lines?

H. To A, B, C obtain the fourth proportional measured from D.
JU By a method similar to that of the fourth deduction from VI. 1 1,

find a fourth proportional to three given straight lines,
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5. Given a triangle or I|" ; coustruct another triaugle or H" which

shall have to it a given ratio.

6. AB and AC are two straight lines, and Z> is a point between

them. Draw through J) a straiu'ht line such that the part*

of it intercepted between JJ and the two given straight iine?

may be in a given ratio.

PROPOSITION 13. Problem.

To find a mean proportional between two given straight lines.

A y, G

Let AB, BC be the two given straight lines

:

ii is required to find a mean proportional between AB, BG.

Place AB, BC in the same straight line,

and on .4C describe the semicircle ADC

;

I. 10

from B draw BD 1. AC. /. 11

BD is the mean proportional.

3oin AD, CD.

Then A ADC is right-angled, and AC \s the hypoten-

use
;

///. 31

.•. BD is a mean proportional between AB, BC. VI. 8, Cor.

1. If the given straight lines were AC, BC, placed as in the figure

to the proposition, show how to find a mean proportional

between them.

2. To find a mean proi)ortional between A Ii, BC placed as in tlie

figure to the propf)!'ition. Describe any circle passing through

A and C; join J! to the centre O, and draw DBh' L OB,

meeting the o"" at D and E. BD or bE is the mean pro-

portional.
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?. To find a mean proportional between AC, BC, placed as in the

figure to the proposition. Describe any segment of a circle

on AC, make z CBD = the angle in the segment, and join

CD. CD is the mean proportional.

4. Half the sum of two straight lines is greater than the mean
proportional between them.

5. A point E is taken in the side AB of a ||™ ABCD ; DE meets

BC produced iu F. Prove A AEF a mean proportional

between as AED and BEF.
6. By repetitions of the process of finding a mean proportional,

what numbers of mean proportionals could be found between

two given straight lines so as to form a continued proportion ?

Devise an algebraical expression which will include all these

numbers.

PROPOSITION 14. Theorems.

Equal parallelograms, which have one angle of the one equal

to one angle of the other, have their sides about the

equal angles reciprocally proportional.

Conversely : Parallelograms which have one angle of the one

equal to one angle of the other, and the sides about the

equal angles reciprocally proportional, are equal.

(1) Let AB and BC be equal ||"", having l DBF =
L GBE:
U is required to prove that DB : BE = GB : BF.

Piaee the ||"' so that DB and BE may be in one straight

line.
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Then since l GBE = l DBF;
.'. L GBE + L FBE = L DBF + l FBE,

= 2 rt. ^ s ;

.'. GB and BF are in one straight line.

Complete the H"" FE.

Hyp.

Because IP AB = IP BC,
.-. r ^B IP FE =

II™ BC : IP FE.

But IP AB IP i*"^ = Z>5 : BE,
and IP BO IP i^J5; = (?i? : BF;

DB BE = GB: BF.

I. 13

I.U

Hyp.

V.7.

VL 1

VI. 1

K. 11

(2) Let L DBF = l GBE, and DB : BE *-- GB : 2?/'.

i7 iff required to prove |p AB = |p ifC

Make the same construction as before.

Because DB i?i; = GB BF, Hyp.

and DB BE = ^AB IP FE, VI. 1

and GB BF = IP BC IP i^£/ r/. 1

\f^AB IP ^^^ = IP BC IP /'^; V. 11

^*, IP ^i? = IP BC. F. 9

1. Prove the proposition by joining EF and DO, and using the

fifth deduction from VI. 2.

2. Prove .4 Z>, CO and the diagonal of the H" FE <ha,vrn through B
concurrent.

3. Prove AG \\ EF.
4. Ek^ual rectangles have their bases and altitudes reciprocally

proportional, and conversely,

fi Equal i'"" that have their side* reciprocally propcirtional are

mutually oquiangidar.
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PROPOSITION 15. Thborems.

Equal triangles which have one angle of the one equal to one

angle of the other have their sides about the equal angles

recijyrocalli/ 2Jrox)ortional.

Conversely : Triangles which have one angle of the one equot

to one angle of the other, and their sides about the equal

angles reciprocally ^proportional, are equal

E

(1) Let BAC, DAE be equal triangles having

L BAC = L DAE:
it is required to prove that AC : AD = AE : AB.

Place the triangles so that AC and AD may be in one

straight line.

Then since l DAE ^ l BAC, Hyp.
.'. L DAE + L BAD = _ BAC + l BAD,

= 2 rt. Ls;

.*. EA and AB are in one straight line.

Join BD.
Because A BAC = A.DAE,

.'-. A BAC: A BAD = A DAE
But A BAC: A BAD = AC
and A DAE : A BAD = AE

AC : AD = AE

J. 13

3. /. 14

iTyp.

A BAD. V. r

AD, VJ.i
AB; VI. 1

AB. V. 11
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(2) Let ^ BAC = l DAE, and AC : AD = AE

.

it ii' required to prove A BAC - A DAE.

Make tlie same construction as before.

ABi

Because AC

:

^i> = AE AB, Hyp.

and AG'. .4Z> = A BAC A BAD, VI. 1

and AE : AB = A DAE A BAD; VI. 1

.-. ABAC: A BAD = A DAE A BAD; V. U
,*, ABAC = A DAE. V.9

1. Could this proposition have been inferred from VI. 14 ?

2. Prove the proposition by joining CE, and using the fifth deduc-

tion from VI. 2.

3. If in the figure to VL 14, .4 J? and EG be joined, what modifica-

tion of this proj)03ition should we be enabled to prove ?

L If A ABC'is right-angled at B, and BD, the perpendicular on

A C, is produced to E so that DE is a third proportional to

BD and DC, A A DE = c BDC.
5. Equal triangles which have the sides about one pair of angles

reciprocally proportional have those angles either equal or

supplementary.

6. If, in the fig. to VI. 8, BE be drawn ± BA, and meet AD pro-

duced at E, then ^ ABD = Cs. ECD.
~ Find a i)oint in a side of a triangle, from which two straight

lines drawn, one to the oj)po8ite angle, and the other || the

base, shall cut ofi" towards the vertex and towards the base,

equal triangles.

Examme the case for a point in a side produced.
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'.PROPOSITION 16. Theorems.

If four straight lines he proportional, the rectangle contained

by the extremes is equal to tJie rectangle contained by the

means.

Conversely: If the rectangle contained by the extremes be

equal to the rectangle contained by the means, the four

stratyht lines are proportional.

E „. F

L.—

-

Kr

Al

i

C!- D

(i) Let AB : CD = EF : GH

:

tt is required to 2yro>:e AB • GH = CD • EF.

From A draw AK 1. AB, and = GH

,

from C draw CL ± CD, and = EF

;

and complete the rectangle*, KB, LD.

E'xause AB : CD = EF . GH,
and CL = EF, and AK ^ GH

:

AB : CD = CL : AK,
that is, the sides about the equal angles of the H"" KB, LD
are reciprocally proportional.

KB = LD; yj. U
,\ AB'AK = CD. CL;
.\ ABGH= CDEF.

(2) Let AB.GH = CD- EF:
U is required to prove AB : CD := JlSF GH.

11, 3

11,3

/. 31

Hyp.

Const.

V. 7
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LH

Kr-

c JD

Make the same construction as before.

. Because AB . GH = CD - EF,

ouid AK= GH, and CL = EF

;

AB • AK = CD . CL,

that is, the p' KB, LD which have l A
.-. AB.CD= CL -.AK;

.-. AB-.CD = EF-.GH.

Hyp.

Const.

= L. C. are equal.

VL U
V.7

.. In the figure to VI. 8, prove {\) BD DO = AD"; (2) CB BD
= AW-, (3) BC- CD = AG\ (4) BG AD = BA • AC.

2. Using the results (2) and (3) of the preceding deduction, pvove

1.47.

3. Show that these results are established in Euclid's proof of I. 47.

4. Two chords AC, BD of a circle ABC intersect at E, either

within or without the circle ;
prove AE • EC = BE • ED.

5. In the figure to the fourth deduction from VI. 8, prove

(1) BD CE= AD- AE, (2) CB BD = AB',

(3) BC •CE = AC", (4) BC AE = BA A C.

3. Using the results (2) and (3) of the preceding deduction, show

that when z BAC is acute, AB- + AC is greater than BC^
by BC- DE; when c BAC is obtuse, AB"- + AC' is leas

than BC^hyBC-DE.
7. What becomes of the rectangle BC - DE when i. BAG La

right?

<s. oive another proof of III. 35 and its Cor.

S A square is inscribed in a riglit-anglod triangle, one side of the

square coinciding with the hypotenuse ; prove that the area

of the square — the rectangle contained by th* extreme

eogments of the hynotenuse.
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PROPOSITION 17. Theorems.

If three straight lines he proportional, the rectangle containea

by the extremes is equal to the square on the mean.

Conversely: If the rectangle contained by ihe extremes b"

equal to the square on the mean, the three straight line'*

are proportional.

C

fi) LeiA.B = B.G.
it IS required to prove A-G =^ BP".

Make D = B.

Because A \ B = B : C, Hyp
A.B^D-.G; F. V

A-C^B.D, VL 16
- B'.

(2) Let ^.a - B-:

it is required to prove A : B = B :0.

Make the same construction as before.

Because A • C = B'^, Hyp.
A.C = B.D;
A.B = D:C; VL 16

A:B = B-.a V.7

1. Of which proposition is this merely a particular case ?

2. Prove that a straight line divided in extreme and mean ratio in

divided in medial section, and conversely.

3. From B, one of the vertices of !;" A BCD, a straight line is drawn
cutting the diagonal AC a.t E, CD at F, and J i) produced at
G: prove GE • EF = BE-.

a
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PROPOSITION 18. Problrm.

On a given straight line to describe a redilineal figure ichich

shall be smdlar to a given rectilineal figure,*

iH

Let AB be the given straight line, CDEF the rjiven

rectilineal figure :

it is required to describe vn AB a rectilineal figure wAich

ahall be similar to CDEF.

join DF.

At A make L BAG =- L DCF, and at B make ^ ABG
= L CDF; I. 23

then A GAB is equiangular to A FCD. I. 32, Cor. 1

At G make l BGH = l DFE, and at B make z. GBH
= i. FDE; I. 23

then A HGB is eouiaagular to A EFD. I. 32, Cor.

:

ABHG is the figure required.

<1) To prove ABHG and CDEF mutually equiangular,

liecause i. AGB = L CFD, and L BGH =

.. DFE, Const.

.-. the whole i. AGH = the whole l CFE.

(Similarly, i. ABII = ^ CDE.

But L A -- ^ C, and l H = l E; Cnn^., I. 32, Cor. 1

.". ABHG and CDEF arc mutually tMiuiangular.

* The (second case added by Simson has been omitted as unnecessary.



Book VL] PROPOSITION 18. 317

(2) To prove that ABHG and CDEF have their sides

proportional.

Because As AGB, CFD are mutually equiangular,

.-. AG:GB = CF-.FD. VI. i

Because As BGH, DFE are mutually equiangular,

.-. BG : GH = DF : FE. VI. 4

Now since AG, GB, GH are three magnitudes,

and CF, FD, FE other three

;

and since it has been proved that AG : GB = CF : FD,
and GB.GH^FD: FE

;

.-. AG'.GH = CF: FE, by direct equality. V. 22

Similarly, AB : BH = CD : DE.
But BA:AG = DC: CF, VI 4

and GH:HB = FE: ED; VI 4

.•. ABHG and CDEF have their sides about the equal

angles proportional.

Hence ABHG and CDEF are similar. VI Def. 1

The method of construction and proof would be similar

if the given rectilineal figure had more than four sides.

1. How many polygons could be described on AB similar to the

polygon CDEF?
2. Would the following constructions answer the same purpose as

that given in the text ? (a) Place AB and CD either parallel

or in the same straight line ; through A and B draw A G,

BG respectively
|| CF, DF ; through G and B draw GH,

BH respectively
|1 FE, DE. (b) Place A B || CD, and let AG,

BD meet at O. Jom OE, OF, and let AG, BH drawn

respectively
|1 CF, DE meet OF, OE at G, H. Join GH.

3. If on BA, BG, BH, or on these lines produced, there be taken

points L, M, N. such that BL : BA = BM : BG = BN-.BH^
the figure BLMN is similar and similarly situated to the

figure BAGH.
%. How could a figure BLMN similar and oppositely situated to

the figure BAGH be obtained?
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PROPOSITION 19. Theorem.

Similar triangles are to one another in the duplicatb raiii

of their homologous sides.

D

G

Let ABC and DEF be similar triangles, having l B —

L E, and _ C = i. F, so that BC and EF ar-j homologous

sides

:

it is required to lyrove A ABC : A DEI" = duplicat.; A
BC : EF.

Take BG a third proportional to BC and EFj

80 that BC:EF= EF : BG

;

VL J

1

and join AG.

Because AB : BC = DE : EF, Hm
AB.DE = BG : EF, by alternation, V. IJ

= EF -.BG; V. 11

that is, the sides of As ABG, DEF about their equal angles

B and E are reciprocally proportional.

.-. A ABG = A DEF. VL 15

Again, because BC : EF = EF : BG, Const.

BC : BG = duplicate of /?a:^F.

V. Dof. 13, Cir

But /^C : 5(? - A ^ nC : A /I />Y/, VI 1

.-. A J //r
: A ^ /?^' - duplicate of HC : EF

;

V. \ 1

.-. A ^i^a : A yji;/' = duplicate of BC:EF, V 7
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1. If three straight lines be proportional, as the first is to the third

80 is any triangle described on the first to a similar and
similarly described triangle on the second.

Prove the proposition Tvith either of the following constructions :

2. Take EG, measured along EF produced, a third proportional to

EF &udi EC, and join DG.
3. From EC cut off EG = EF ; join AG, and through G draw

GHWAC.
4. Similar triangles are to one another in the duplicate ratio of

(1) their corresponding medians, (2) their corresponding alti-

tudes, (3) the radii of their inscribed circles, (4) the radii of

their circumscribed circles. (Assume, what can be easily

proved from V. 23, Cor., that if two ratios be equal, their

duplicates are equal.)

PKDPOSITIOX 20. Theorem.

Similar iiohjgons may he divided into the same number of

similar triangles, having the same ratio to one another

that the polygons have ; and the polygons are to one

another in the duplicate ratio of their hornoloyous sides.

M

Let ABODE, FGHKL be similar polygons, and let AL
and FG be homologous sides :

it is required to prove that ABODE and FGHKL may he

divided into the same number of similar triangles; that

these triangles have each to each the same ratio wliich the

polygons have ; and that the polygons are to erne another in

the duplicate ratio of their homologous sides.
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Join BE, EC, GL, LH.

Because tlie polygon ABODE is similar to the polygOBi

Hyp.

VI. Def. 1

VI. 6

TV. Def. 1

TV. Def. 1

VI. Def. 1

FGHKL,
.'. L A = L F, and BA : AE = GF : FL ;

.-.A ABE is similar to A FGL.
Because the polygons are similar,

.-. L ABC = L FGH;
and because As ABE, FGL are similar,

.-. L ABE = L FGL;

.'. the remainder, l EBC = remainder, l LGH.
And because As ABE, FGL are similar,

.-.EB-.BA = LG:GF;
and because the polj'gons are similar,

.-. BA: BC = GF : GH. VI. Def. 1

.-.EB: BC = LG : GH, by direct equality ; I'' 22

that is, the sides about the equal ^s EBC, LGH are prO'

portional

;

.-.A EBC is similar to A LGH. VI 6

For the same reason, A EDC is similar to A LKH.

Because A ABE is similar to A FGL,
.-. A ABE : A FGL = duplicate of BE : GL. VI 19

Similarly, A EBC: A LlHI - duplicate of BE:GL;
.-. A ABK : A FGL = A EBC : A LGH. V. 1

1

Because A EBC is similar to A LGll,

.'. A EBC : A LGH = duplicate of EC : LH. VL 19
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Similarly, A ECD : A LHK = duplicate of EC : LH

;

.'. A EBC : A LGII = A ECD : A LHK. V. 11

Hence A ABE : A FUL = A EBC : A LGH = A ECD
: A LHK;
.-. A ABE : A /^C?L = A ABE + A EBC + A iJC'Z)

: A FGL + A ZG'i/ + A LHK, V. 12

= polygon ABCDE : polygon FGHKL.

Lastly, A ABE : A FGL = duplicate of AB : FG; VL 1

9

ABCDE : FGHKL = duplicate of^5 : i^fi^. V. 1

1

CoR.—If three straight lines be proportional, as the first

is to the third, so is any rectilineal figure described on the

first to the similar and similarly described rectilineal figure

on the second.

For, take M a third proportional to AB and FG. VI. 1

1

Then since AB : FG = FG : M, Const

.-. AB:M = duplicate of AB : FG, V. Def. 13, Cor.

But ABCDE : FGHKL = duplicate of AB : FG, VL 20

.-. AB: M - ABCDE : FGHKL. V. 1

1

1. Squares are to one another in the duplicate ratio of their sides.

2. Similar polygons are to one another as the squares on their

homologous sides, or lioiuologous diagonals.

3. The perimeters of similar polygons are to one another as the

homologous sides.

4. Polygons are similar which can be divided into the same number
of similar and similarly situated triangles.

5. Prove that similar polygons may be divided into the same

number of similar triangles having their vertices at points

situated witliiu the polygons. (Such points are called homo-

logous points with reference to the polygons.)

6. Could homologous points with reference to similar polygons be

situated outside the polygons, or on their sides ?

7. If two polygons be similar and similarly situated, the straight

lines joining their corresponding vertices are concurrent.

Examine the case when the polygons are similar and oppositely

situated.
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8. Use the preceding theorem to inscribe a square in a given

triangle. How many squares can be inscribed in a triangle ?

9. In a given triangle inscribe a rectangle similar to a givei

rectangle. How many such rectangles can be inscribed ?

PEOPOSITION 21. Theorem.

Polygons which are similar and equal have their homologous

sides equal*

K'

Let ABCD, EFGH be two similar and equal polygons,

having BC and FG homologous sides :

it is required to prove BC — FG.

Take KL a third proportional to BC and FG. VI. 11

Because BC : FG = FG : KL, Const.

BC: KL = ABCD : EFGH. VL 20, Cor.

But ABCD = EFGH; .-. BC = KL V. 14

Again, since BC : FG = FG : KL, Const.

BC-KL = FG^. VL17
But BC- KL = BC^, since BC = KL;

BC^' = FG"-, and BC = FG.

Prove the proposition imlirectly.

•Euclid's 21st proposition is 'Rectilineal figures which are similar to

the same rectilineal fi^iire are similar to each other,' a tlieorem which
may be regarded as self-evident. In jdacc of it there has been substituted

the lemma which occurs after the li2d i)ropnsition, and which is assumed
in the proof of it. The demonstration of this lemma given in the text is

due to Commandine (Endidis Elcmcntwum Libri XV., 1572).
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PROPOSITION 22. Theorems.

Iffour straight lines he proportional, and there he similarly

described on the first and second any two similar poly-

gons, and on the third and fourth, any two similar

2)ohjgons, tlie polygons shall he jirnportional.

Conversely : If there he similarly described on the first and

second offour straight lines two similar polygons, and

two similar polygons on the third and fourth, and

if the polygons he proportional, the four straight lines

shall he proportional.

K

0^=^. X

\ \
^
\

\

Si -..

(1) Let AB:CD = EF: GH,
and let there be similarly described on AB and CD the

similar polygons KAB, LCD, and on EF and GH the

similar polygons MF, NH :

it is required to prove KAB : LCD = MF : NH.

Take X a third proportional to AB and CD, VI. 11

and a third proportional to EF and GH. VI. 1

1

Because AB : CD = EF : GH, Hyp.

and AB : CD = CD : X, Const.

and EF:GH= GH : ; Const.

CD.X =GH:0. r. 11
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K

B ĉ ^.

y\ If g» iH o
-R

NoM- siiux' AB, CD, X are three magnitudes,

and Ei\ GH, otlier three

;

and since AB.GD = EF : GH,
and CD:X = GH:0;

AD:X = EF:0,hy direct equality. V. 22
But AB:X = KAB : LCD, VI. 20, Cor.

and EF:0 = MF-.NH; VI. 20, Cor.

KAB: LCD = MF : NIL F. 1

1

(2) Lot KA B : LCD = MF : NH :

it is required io prove AB : CD = EF : GH.

Take PR a fourth proportional to AB. CD, EF, VI 12

and on PR let a polygon SR bo similar and similarly

described to the polygons MF, NH. VI. 18

Because AB : CD = EF : PR, Const.

KAB : LCD = MF:SR. VI 22

But KAB : LCD = MF : NH

;

Hyp.
MF-.SR^ MF : NH

;

K 11

SR = NH. V. 9

Ilonce P/2 = G//, since 6'iZ and A7/are similar. VI. 21

N..W AB.CD = EF: PR : Const.

.-. AB:CD = EF:GH V. 7

1. li AR: CD = EF : 67/. tlxn /I /?2 : CD- = ^/''^
: 0H\

2. if two ratios be equal, tlieir duiilicatea are equaL

i
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PEOPOSITIOX 23. Theobem.

Mutually equian(iular paralhlugrams have to one another

the ratio which in compounded of the ratios of their

sides*

Let 11" AB be equiangular to f BC, ha\ang L DBF
= L GBE:

(DB:BE\
it is required to prove ||" AB : H" BC —

j j^ „^ .

Place the (j""^ so that DB and BE may be in one straight

line;

then GB and BE are in one straight line. VI. 14

Complete the H"" FE.

Then |r AB
and r FE

DB
FB

BE,
BG;

i ir AB
t li" FE rBcf -{

DB
FB

BE
BG

But ir ^5 T BC f
1!"' ^5

~
) 11"' FE

p FE
\r BC

ir ^5 : ir i?C \
DB
FB

BE]
BG

VI 1

VI 1

V 23, Cor.

V. Def 12

V. 11

1. Triangles which have one angle of the one equal or supplemen-

tary to one angle of the other are to one another in the ratio

conipoimded of the ratios of the sides about those angles.

* Tlie proof in the text, due to Franciscus Flussas Candalla, 1566, ia

3omewhat shorter than Euclid's.
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2. Show that VI. 14 is a particular case of the proposition.

3. Show that
S
"^.^

'-^,f,\ =DB-BF: EB BO.
( FB : BG

\

y

4. Hence enunciate differently the A D
proposition and the first de-

duction.

5. Prove the proposition from the j
aocompanyini,' Hijure. /

6. Deduce VI. 19 from the first de- B^
ductiou.

PROPOSITION 24. Theorem.

Parallelograms about a diagonal of any j>arallelogram are

similar to the whole parallelogram, and to one another.

Let ABCD be a H", ^C one of its diagonals, and let EG^
HKhe 11™ about ^C-
if is required to prove that ||"" EG, HK are similar to

11" ABCD, and to one another.

Because DC is,
\\
GF, .-. l ADC = l AGF; I. 29

and because i5Ci8 || EF, .\ l. ABC = _ AEF. I. 29

And L s BCD, EFG are each = ^ BAD

;

I. 34
.-.

II"'
ABCD is equiangular to ||"' AEFG.

Again, because l. ABC = l AEF, I. 29

and L BAC is common
;

.-. As ABC, ylA'/'are mutually equiangular; /. 32, Cor. 1

.-. AB : BC = AE : EF. VI. 4
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But since the opposite sides of ||°

.-. AB:AD= AE-.AG,

and CD:BC= FG: EF,

and CD:DA= FG : GA ;

are equal,

327

I. 34

V. 7

V. 7

V. 7

thftt is, the sides of the |r ABCD, AEFG about iheir

equal angles are proportional.

.-.
II"
ABCD is similar to |p AEFG. VI. Def. 1

Hence also, T ABCD is similar to ^ FHCK

;

.'.
II" AEFG is similar to |r FHCK.

1. From this proposition and VI. 14, deduce I. 43.

2. Prove |,™ EG : h™ £F = h™ FD : |i™ //A'.

3. Prove that EG, BD, and HK are parallel

PROPOSITION 25. Problem.

To describe a rectilineal figure which shall be similar to one

and equal to another given rectilineal figure.

Let ABC be the one, and D the other given rectilineal

figure

:

it is required to describe a figure similar to ABC, and — D.

On BC describe any H" BE = the figure ABC, I. 45

and on CE describe the ||" CM = the figure D, and having

lFCE^ l CBL. I. 45
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Between BC and CF find a mean proportional GH; VI. 13

and on GH construct the figure KGH similar and similarly

described to the figure ABC. VI. 18

KGH is the figure required.

It may be proved as in I. 45 that BG ajid CF form one

straight line, and also LE and EM

;

.-. BC:CF= |]'" BE : ||'" CM, VI. 1

= ABC-.D. V. 11

P.ut because BC : GH = GH : CF, Const.

and because ABC, KGH are similar and similarly described

;

BC : CF = ABC : KGH. VI. 20, Cor.

Hence ABC : D = ABC: KGH; F. 11

KGH ^ D. K 9

1. Construct an equilateral triangle = a given square.

2. Construct a square = a given equilateral triangle.

3. Construct a square = a given regular pentagon.

4. Constnict a regular pentagon = a given square.

5. Construct an r(iuiiateral triangle = a given regular hexagon.

6. Construct a regular hexagon = a given equilateral triangle.

7. Construct a jtolygon similar to a given polygon, and having a

given perimeter.

8. Construct a jiolygon similar to a given polygon, and having a

given ratio to it. '
v ^ ^i * .,4 V

9. Through a given point inside a circle draw a chord so that it

shall be divided at the point in a given ratio.
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PROPOSITIOX 26. Theorem.

If two similar jyarallelograms have a common angle and he

similarly situated, they are about the same diagonal.

"Lei the. (["' ABCD, AEFG be similar and similarly

situateJ, aiid have the common angle BAD:
it is required ro prove that they are about the same diagonal.

Join AC, AF,

Because |p ABCD, AEFG are similar and similarly

situated,

.'.ACand AF will divide them into similar triangles ; VI. 20
0-. A ABC is similar to A AEF

;

. . /. BAC= L EAF; VL Def. 1

.-. ^/'faUsalong^a

Note.—This proposition is the converse of VI. 24, and should be
read immediately after it.

1. Prove the proposition by supposing AC to cut EF at H, and
drawing HK \\ EA to meet AG bx K.

2. Extend the proposition to the case of two similar and oppo.-itely

.situated H""'.

3. From a given H™ cut off a similar |)™ having a given ratio to the

syfev II™.
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PROPOSITION 27. Theorem.

Of all the paraUehgrams imcribed In a iriawjle ^o as to

have one of the angles at the base common to them all,

the greatest is that tchich is described on half the base.*

A

B D G O

Let ABC be a triangle, having its base BC bisected at D.

Let BE and BH be ||"" inscribed in it so as to have i. B of

the triangle connnon to both :

it is required to jyrove Ij" BE greater than
jl""
BH.

Complete the \r FBCL, and produce GH, KH to M
and N.

Because BD = DC, .: FE = EL; I. 34

II"
KE - 11™ EN. I. 36

Again, ir MN = ir DH. I. 43

But ir ^^ is greater than H" MN;
11™ KE is greater than r DII.

Add to each of these unequals ||'" KD;
then II"'

BE is greater than |p BH.

1. Make the construction and prove the proposition when O lies

between B and D.

2. When AB = BC and / ^ is right, what does the proposition

become ?

* The enunciation of this proposition is different from tnat given by

Euclid, but the proposition itself is substantially the same. The proof

has been somewhat modified.
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PROPOSITION 28.* Problem.

To divide a given i<traight line internally so that the rect-

angle cnntained by its segments may he equal to a given

rectangle.

Let AB be the given straight line; K and L the sides of

the given rectangle :

it is required to divide AB internally so that the rectangle

contained by the segments may be = K • L.

Draw AC ± AB, and = K, /. 11, 3

and on the same side of AB draw BD A. AB, and

= L. L 11, 3

Join CD, and on it as diameter describe the semicircle CED
cutting AB at E. AE • EB shall be = A' • L.

Join CE, ED.
Because l CED is right, ///. 31

.-. L AEC - complement of l BED, /. 13

= L BDE; I. 32

and L. CAE = l EBD.

* Some editors of Euclid omit this and the following proposition. In
the form in which Euclid presents them, they are diflScvilt to understand
and apply. The problems in the text are particular cases of Euchd's
propositions, and the solutions given are to be found in Willehrord Snell's

ApoUonius Batavus, or Edmund HaUey's ApoUonii Pergoei Conica (1710),

Book VIU. Prop. 18, SchoUon.
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.-. As AEC, BDE are mutually equiangular

;

/. 32, Cor. 1

.-. AE -.AC^BD: BE; VI. 4

.'. AE-EB= AC BD, VL 16

= K-L.

1. If E' be the otlier i)oiut in wLich the semicircle cuts AB, prove

AE' • E'B ^ K.L.
2. Prove AE = BE and E'B = AE.
S. What limits are there to the size of the rectangle K • L?
4. Solve the problem otherwise by converting the rectangle K • L

into a square.

PROPOSITIOX 29. Problem.

To divide a given sfraii/Jd Hue cjienmll;/ so that the reef-

auijle contained by its seymeuta may be equal to a given

rectangle.

Let AB ho the given straight line, A' ami L the sides of

the given r(M;tanglc :

it M roiimred to divide AB externally .so tJiat the rectangle

contained by the segments mny hr K • L.

PraAV AG X AH, and = A', /. 11, 3

and on the ojipo.situ side of AB draw BI) J. AB, and

= L. I. 11, 3
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Join CD, and on it as diameter describe the semicircle CED,
cutting AB produced at E. AE- EB shall be = K • L

Join GE, ED.
Because i. CED is right, ///. 3?

L AEC ~ complement of L BED,
= L BDE; /. 32

and L CAE = l EBD.
. : As AEC, BDE are mutually equiangular ; /. 32, Cor. 1

.-. AE.AC ^ BD: BE; VI. 4

.-. AE-EB = AC' BD, VI. 16

= K L.

1. If E' be the point in which the semicircle described on the other

side of CD cuts AB produced, prove AE' • E'B — K • L.

• 2. Yroye AE' =BE &n^ E'B = AE.
I 3. What limits are there to the size of the rectangle K • L ?

4. Solve the problem otherwise by converting the rectangle K • ti

into a square.

PROPOSITION 30. Problem.

To divide a given straight line in extreme and mean ratio.

Let AB be the given straight line

:

it is required to divide it in extreme and mean ratio.

Divide AB internaUy at C so that AB • BC ^ AC^ II. 1

1

Because AB BC = AC^; Const.

AB:AC= AC:BC. VI. IV

1. If in the figure to VI. 8, BC be divided in extreme and mean
ratio at D, then AC = BD ; and conversely.

2. AB and DE are two straight lines divided internally at C and
F so that AC : CB = DF : FE ; ii AB BC ^ AC'^, prove

DE EF=^ DF-.
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PROPOSITION" 31. Theorem.

Any reeiilineal fitjurc described on the hupotenuse of a right-

avgled triangle is equal to the similar and similarly

described figures on the other two sides.

Let A ABC be right-anj,'led at A, and let X, Y, Z be

rectilineal figures, similar and similarly described on BGy

AB, AC:
it is required to prove X = Y + Z.

Draw AD ± BG. I. 12

Then CB . BA ^ AB : BD

;

VI. 8, Cor.

CB-.BD = X : Y, VI. 20, Cor.

and BD.CB = Y : X,hy inversion. V. A.

Similarly, DC : CB = Z : X;
.-. BD + DC:CB = Y+ Z.X. V. 2i

But BD + DC ^ CB; .-. Y + Z =^ X.

1. From this ])ropo8ition deduce I. 47.

2. Has I. 47 ever been used in any of the propositions which help

to jnove Vr. 31 ?

3. Prove VI. 31 from VI. 22 and I. 47.

4. If on A/i, AC, BC semicircles are described, those on AB and

AC being exterior to the triangle, that on BC not being so,

the Slim of the areas of the two crescont-shap^d figures will

= A AB('. Assume tliat semicircles are HJinilar figures.

The cresceut-shaiied figures are often called the lunulcs of

Hippocrates of Chios (about 450 b.c.).
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PEOPOSITION 32. Theorem.

If two triangles, ichich have two sides of the one proportional

to two sides of the other, be joined at one angle so as to

have their homologous sides parallel, the remaining sides

shall he in the same straight line.

A

B E

Let ABC, DCE be two triangles, having BA '. AC =
CD : DE, and having AB

\\
DC, and AC

\\
DE

:

it is required to prove BC and CE in the same straight line.

Because AB is
||
DC, and ^C is

||
DE, Hyp.

.-. L A = L D. I. 34, Cor.

And because BA:AC=CD: DE, Hyp.
.'. As ABC, DCE are mutually equiangular; VI. 6

.-. L B = L. DCE.
To each of these equals add l BCD ;

then L B + ^ BCD = l. DCE + l BCD.
But ^ i? + - BCD = 2 rt. ^s; Z 29

L DCE + L BCD = 2 rt. ^s;
.*. BC and CE are in the same straight line. 7. 14

1. Show, by producing ED its own length to F and joining CF,
that the enunciation of the proposition is defective.

t From the points A and B there are drawn, either in the same

or in opposite directions, two parallels AC, BD, and in like

manner two other parallels AE,BF; MAG:BD = AE: BF,
then BA^ , DC, FE are concurrent. (Simson's Sediones ConiccB,

1735, ii., Lemma 2.)
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3. The same things being supposed as in the last deduction, if CH,
I)L drawn i)arall(.l to each other meet AB, or AB produced

at H and L, then EH and FL will be parallel. (Lemma 3.)

PROPOSITION 33. Theorem.

In equal circles, angles, whether at the centres or at the

circumferences, have the same ratio as the arcs on which

tlieij stand ; so also have the sectors.*

Let ABC, DBF be equal circles, and let ^ s BGC, EHF
be at their centres, and .:. s ^4 and D at tlieir O""

:

it is required to 2>rove

arc BC : arc EF = l BGC : l. EHF,
arc BC :arcEF = ^ A : i. D,

arc BC : arc EF = sector BGC : sector EHF.

Take any numlx^r of arcs CK, KL, LM each = BC,

and FP, PCI, any number of them, each = EF;
and join GK, GL, GM, IIP, IIQ.

Because arcs BC, CK, KL, LM are all equal, Const.

.-. ^ s BGC, CGK, KGL, LGM are all equal. ///. 27

.•. wliatever multii)le arc BM is of arc BG, the same multiple

is L. BGM of L BGC.

* Tlie last part of the theorem was added by Tlieon of Alexandria

(about 380 A.D.). The proof in the text is not his.
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Similarly, whatever multiple arc EQ is of arc EF, the same

multiple i3 i. EHQ of i. EHF.
And if arc BM be equal to, greater, or less than arc EQ,

L BGM will be equal to, greater, or less than

L. EHQ. in. 27

Now since there are foxu' magnitudes BC, EF, l. BGC,

L EHF;
and of BC and l. BGC (the first and third) any equi-

multiples whatever have been taken, namely, BM and

^ BGM,
and of EF and L EHF (the second and fourth) any equi-

multiples whatever have been taken, namely, EQ and

L. EHQ;
and since it has been shown that if BM be equal to, greater,

or less than EQ,

u BGM is equal to, greater, or less than l EHQ;
.-. arc BC : arc EF = l BGC : l EHF. V. Def. 5

Again, because arc BC : arc EF = i. BGC : l. EHF;
.'. arc BC : arc EF = half /. BGC : half l EHF, V. 1 5, 1

1

L A : I.D. III. 20

Lastly, because arcs BC, CK, KL, LM are all equal

;

.-. sectors BGC, CGK, KGL, LGMave all equal ; ///. 27, Cor.

.-. whatever multiple arc BM is of arc BC, the same

multiple is sector BGM of sector BGC.
Similarly, whatever multiple arc EQ is of arc EF, the same

multiple is sector EHQ of sector EHF.
And if arc BM be equal to, greater, or less than arc EQ,

sector BGM will be equal to, greater, or less than sector

EHQ. III. 27, Cor.

Hence, as before, arc BC : arc EF = sector BGC : sector

EHF. V. Def. 5

If arcs of different circles have a common chord, straight lines

diverging from one of its extremities will cut the arcs projwr-

tionally.
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PROPOSITION B.* THEOREJf.

If the interior or the exterior vertical amjle of a triangle oe
bisected hij a straight line which also cuts the base, the
square on this bisector shall be equal to the difference

between the rectangle contained by the sides of the

triangle and the rectangle contained by the segments of
the base.

(1) Let ABC be a triangle, having the interior vertical

i yyylC bisected by AD :

it is reipiircd to prove AD^ = AB • AC - BD • DC
About tlie A ABC circumscribe a circle; IV. 5

produce AD to meet the Q™ ^it E, and join EC.

I A A ni, iL^n J ^ ^^^^ = ^ ^^C! Hyp.
In AsABD,ALC,\

^ ^^^ ^ ^ ^^^. ^,^f

^

.

•

.
these triangles are mutually equiangular. /. 32, Cor. 1

.-. AB.AD = AEiAC; VI 4

.-. AB. AC = AE-AD, VI IG
= ED. AD + AD"-, 11.2,

= BD.DC + AD\- III 35
AD^ = ABAC - BD.DC.

* The first part of the theorem is given in Schooten's Exerdtationes
Mathematicce (1657), p. 65.
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(2) Let ABO be a triangle, having the exterior vertical

2- £'^C bisected by AD :

it is required to prove AD^ = BD • DC — AB • AC.

About the A ABC circumscribe a circle
; IV. 5

produce DA to meet the Qf" at E, and join EC.
Because l B'AD = l CAD; Hyp.

.'. supplement of i. B'AD = supplement of l CAD;
L BAD = ^ EAC. I. 13

In As ABD, AEC
{ ^ ^^^ ^ ^ ^j^eC; III. 21

.'. these triangles are mutually equiangular. /. 32, Cor. 1

.-. AB-.AD = AE: AC; VI. 4

.-. AB' AC == AE- AD, VI 16

= ED-AD - AD\ n. 3
= BD-DC - AD'-; HI 35, Cor.

AD^ = BD - DC - AB . AC.

1. K, in fig. 1, AE be a diameter of the circle, of what shape will

A ABC be ?

2. In that case prove AD^ = AB AG - BD - DC, if AD be any
straight line drawn to the base BC.

3. Could the bisector of the exterior vertical angle of a triangle be
a diameter of the circle circumscribed about the triangle ?

4 Prove AE ED = BE'^ or CE-\

6. if a straight line be cut internally and externally in the same
ratio, the square on the segment between the points of section

= the difference between the rectangle contained by the

external segments, and the rectangle contained by the internal

segments.

6. Prove that the converse of the proposition is true except when
AB = AC.

7. Exjjress in terms of a, b, c, the sides of a triangle, the bisectors

of the interior and the exterior vertical angles.

8. Construct a triangle having given two sides and

(1) the bisector of the angle included by them,

(2) the bisector of the angle adjacent to that included by
them.
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PROPOSITION C* Theorem.

If from the vertical angle of a triangle a 2)erpendimlar

he draion to the base, the rectangle contained liy the

sides of the triangle is equal to the rectangle contained

by the pirinndicular and the diameter of the circle

circumscribed about the triangle.

A

Let ABC be a triangle, AD the perpendicular from A on

the base BG, and AE a diameter of the circle circumscribed

al)Out ABC-
it is required to prove AB • AC = AD • AE.

Join EC.
( lADB= lACE III. 31

In As ABD, AEG,
j ^ ^^^ ^ ^ ^p^,. jjj 2\,nr22,Gor.

.'. these triangles are mutually equiangular. /. 32, Cor. 1

.-. AB-.AD = AE-.AG; VI 4

.-. AB-AC = AD. AE. VI K'

1. Converaely, if ABC be a trianglp, AE the diameter of the

circumscri])ed circle, and if A T) be drawn to BC so that

AI)AE=AB-AG, then AD\» X. BC.

2. Constnict a trianclc, having given the base, the vertical angle,

and the rectanL'le Cfmtained by the sides.

3. If a circle be circumscribed abnut a triangle, and two stiaiglit

lines be drawn from the vertex making equal angles witk tho

aides, one of the straight lines mee;ting the base, or the jase

* Given by Brahmegupta, an Indian mathematician (bom 598 A.D.).
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produced, aud the other the 0"=*, the rectangle contained by
these straight lines == the rectangle contained by the sides

of the triangle.

4.. From the preceding deduction deduce VI. B and C.

\ 5. Ex|>ress the cL-cumscribed radius of a triangle in terms of any
two sides aud the perpendicular on the third side ; and the

area of the triangle in terms of the three sides and the cir-

cumscribed radius.

6. The rectangles contained by any two sides of triangles inscribed

in the same or equal circles are proportional to the perpen-

diculars on the third sides.

7. If in the figure to VI. D the diagonals intersect at F, prove

BA EC -.CB-CD^BF: CF, and conversely.

8. In the same figure prove

AB-AD + CB-CD:BA.BC+DA- DC = AC: BD.

PROPOSITION D.* Theorem.

The rectangle contained by the diagonals of a quadrilateral

inserihed in a circle is equal to the sum of tJie two rect-

angles contained hy its opposite sides.

A

Let ABCD be a quadrilateral inscribed in a circle, and

AC, BD its two diagonals :

it is required to prove AC- BD = AB • CD + AD EC.

Make l. BAE = l DAC. I. 23

* This theorem is often called Ptolemy's (about 140 a.d.) because it

occurd in his Almagest, I. 9.
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A

To each of these equals add l EAC;

.-. u BAG = L EAD.
( L BAG = L EAD

In As ABG, AED,
\ ^ j^cB = :. ADE; III. 21

.', these triangles are mutually equiangular. /. 32, Cor. 1

.-. BG'.GA=ED: DA ; VI. 4

.-.AD-BG = AG-ED. F/. 16

In As ABE, AGD,
| ^ ^^^ ^ ^ ^CD

;

III. 21

.-. these triangles are mutually equiangular. /. 32, Gor. 1

.-. AB.BE = AG: GD

;

VL 4

.-. AB. GD - AG- BE. VI. 16

Hence, AB GD + AD • BC = AG BE + AG ED,
= AG-BD. II. 1

1. An equilakral triangle is inscril^ed in a circle, and from any.

jK>int on the O" straight lines are drawn to the vertices;

I)rove that one of these is equal to T. ; sum of the other two.

2. In all quadrilaterals that cannot be iuccribed in c circle, the

rectangle contained by tlie diagonals is less than the sum of

the two rectangles contained by the ojiposite sides.

3. Prove the converse of the proposition.

4. ABC is a triangle inscribed in a circle; D, E are taken on

AB, AC BO that B, D, E, C are concyclic ; the circle AI)H
cuts the former in F. Prove that FM + FB : FC + FD =
A B.AC. (Pt. Tuckar.)
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APPENDIX VI.

TRANSVERSALS.

Def. 1.—When a straight line intersects a system of straight lines,

it is called a transversal.

This definition of a transversal is not the most general (that is,

comprehensive) one, but it will suffice for our present purpose.

Proposition 1.

If a transversal cut the sides, or the sides produced, of a triangle, the

product of three alternate segments taken cyclically is equal to tfie

product of the other three, and conversely*

G^.-

Let ABG be a triangle, and let a transversal cut BC, CA, AB,
or these sides produced at D, E, F respectively :

it is required to prove AF • BD CE = FB DG • EA.

Draw AG !l BG, and meeting the transversal at G. I. 31

Then as AFG, BFD are mutually equiangular ; /. 29

.: AF : AG = BF : BD

;

VL 4
.-. AF- BD^AG BF. (1) VI. 16

* Given in the third book of the Spherics of Menelaus, who lived at

Alexandria towards the close of the first century A.D. For a full accoimt

of the theorem, see Chasles' Apcr(u Historique sur Vorigine el U
d&veloppement des Alethodes en Geometric, p. 291,
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Again, A s AEG, GED are mutually equiangular
; /. 29

.'. AG:AE=GD: GE

;

VI. 4

.-.AG-GE^CD- AE. (2) VI. 16

Multiply equatious (1) and (2) together, and strike out the common
factor AG ; then AF - BD GE = FB • DG • EA.

Cor. 1.—The equation AF BD • GE = FB • DG EA may be

put in any of the following four usefid forms :

AF : FB = DG EA : BD GE,
BD.DG = EAFB: GE • AF,
GE : EA = FB DG : AF BD,

AF BD_ GE _
FB ' DO ' EA ~ ^•

Cor. 2.—Consider ABG as the triangle, DEF as the transversal:

then AFBD GE = FB • MC • EA. [\)

Consider AFE as the triangto, BGD as tlie transversal

;

then AB FD • EG = BF DE GA. (2)

Consider BDF a,s the triangle, AEC as the transversal

;

then liG DE FA = GD • EF • A B. (3)

Consider GED as the triangle, A FB as the transversal

;

then GB DF- EA = BD •' FE A G. (4)

Any one of these four equations may be deduced from the other

three by multiplying them together and striking out the factors

common to both sides.

The converse of the theorem (which may be jiroved indirectly) is.

If two jHiints be taken in tin- sides of a triangle, and a third point

in the third .side produced, or if three j)ointa be taken in the three

sides protluced of a trian-Je, such that tlu; jfrodiut of three alternate

segments taken cyclically is e(]iial to the i>roduct of the other three,

the three points are coUincar.
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Proposition 2.

If three concurreM straight lines be drawn from the vertices of a

triangle to meet the opposite sides, or two of those sides produced,

the product oj three alternate segvients of the sides taken cyclically

tc equal to tlie p;odv£t of the other three ; and conversely*

B D C B CD
Let ABC he & triangle, and let AD, BE, CF, which i>ass through

any point 0, meet the opposite sides in D, E, F

:

it is required to prove AF BD CE = FB • DC EA.

Consider ABD as a triangle cut by the transversal COF

;

then AF BC . DO ^ FB CD OA. (1) App. VI. 1

Consi.ler ADC as a triangle cut by the transversal BOE;
then AO DB CE = OD • BC EA. (2) App. VI. 1

Multiply equations (1) and (2) together, and strike out the common

factors AO, DO, BC

;

then AF-BD-CE^ FBDC EA.

Cor.—Repeat Cor. 1 to the preceding theorem.

The converse of the theorem (which may be proved indirectly) is,

If three straight lines be drawn from the vertices of a triangle to

meet the opposite sides, or two of those sides produced, so that the

product of three alternate segments of the sides taken cyclically is

equal to the product of the other three, the three straight lines

are concurrent.

* This theorem is first found in a work of the Marquis Giovanni Ceva,

De lineis rectis sc invicem secantibus, statica constructio (1678), Book L,

Prop. 10. The proof given in the text is due to Camot, the founder ot

the Theory of Transversals. See his Essai sur la Theorie dea Tranavtr-

sales (1806), p. 74.
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Note.—To distinguish readily between the converse of Menelaua's

theorem and that of Ceva's, it shouhi be observed that in the first

case an even number of the points D, E, F are situated on the sides,

and an odd number on the sides prodiiced ; in the second case

matters are reversed.

Proposition 3.

Y two triangles be s-ituated so tliat the straight lines joining cor-

responding vertices are concurrent, the points of intersection

of corresponding sides are coUinear ; and conversely*

T^t ABC, A'B'C be two triangles such that A A', BR, CO' are

concurrent at O ; and lot the corresponding sides BC, BC meet ia

L, AC, A'C in M, AB, AB' in N:
it is required to jrrove L, M, N coUinear.

Consider AOB as a triangle cut by the transversal A'B'N ;

then AN BB' OA' = NB BO A'A. (1) App. VI. 1

Consider AOC as a triangle cut by the transversal A'C'M

;

then AA' OC CAT = A'O CO MA. (2) App. VI. 1

Consider BOC as a triangle cut by the transversal B'C'L ;

then BO C'C LB = BB OC CL. (3) App. VI. 1

• Due to fiirard Decargues, an architect of Lyon, who was bom 1.593,

and died 1G«j2. Sec Poudra's Qiiivres de Desargues, tome L pp. 413, ^30.
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Multiply the equations (1), (2), (3) together, and strike out the

common factors

;

then AN BL CM = NB LG MA ;

, . L, M, X are collinear. -^PP- VI- 1

The converse of the theorem (which may be proved indirect!}') is,

If two triangles be situated so that the points of intersection of

corres[)onding sides are collinear, the straight lines joining corre-

sponding vertices are concurrent.

HARMONICAL PROGRESSION.

Def. 2.—If a straight line be cut internally and externally in the

same ratio it is said to be cut harmonically ; and the two points of

section are said to form with the ends of the straight line a

harmonic range.

A C B L)
I I

Thus, ii AB be cut internally at C, and externally at D, in the

same ratio, AB is said to be cut harmonically ; and the points

A, C, B, D are said to form a harmonic range.

Def. 3.—The points C and D are said to be harmonically con-

Jugate to each other (harmonic conjugates) with respect to the

points A and B. The segments AB, CD are sometimes (Chasles'

Geometric Superieure, § 58) called harmonic conjugates.

Since a straight line can be cut internally, and therefore externally

in any ratio, it may be cut harmonically in au infinite number of

ways.

The ancient Greek mathematicians * defined three magnitudes

to be in harmonical progression when the first is to the third as tiie

d'tference between the first and second is to the difference between

the second and third. Now, if AB be cut internally at C and

externally at D in the same ratio,

AD:DB = AC:CB;
AD-.AC = DB:CB by alternation, K. 16

= AD - AB:AB - AC.

Hence, if AD, A B, AC be regarded as the three magnitudes, it will

be seen that they ai-e in harmonical progression, since they conform

to the definition.

* Pythagoras probably first On tlie different progressions, see Pappog,

m., section 12.
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Proposition 4.

IfG and D are harmonic conjugates with respect to A and B, then

A and B are harmonic conjugates vnth respect to C and D.

A C B D
> I

Since G and D are harmonic conjugates \vith respect to A and B,

.'. AB is cut internally at C and externally at D ia the same ratio ;

.-. AD : DB = AC : GB; App. VI. Def. 3

.-. AD : AG = DB.GB, hy alternation, V. 16

that is, GD is cut externally at A and internally at B in the same

ratio;

.-.A and B are harmonic conjugates with respect to G and D.

CoR. 1.—Hence, if A, G, B, D form a harmonic range, not only

are AD, A B, AG in harmonic progression, but also AD, GD, BD.

Cor. 2.—The points which are harmonic conjugates to two given

points are always situated on the same side of the middle of the

line joining tlie two given points.

(1) (2)

A () I' li D

(3)

D A C B

A I) r; C

(4)

A D O B

Suppose A and B the given points, the middle of AB.
Since G and D are liarmonic conjugates with resjwct to A and B,

.-.AD: DB - A G : CB. App. VL Def. 3

Kow if D be situated (as in figs. 1 .and 2) to the right of 0,

then A D must be greater than DB ;

.•. AG must be greater than GB,

that is, C also ia situated t» the right of O.

If D be situated (as in figs. .'{ and 4) to the left cA O,

then AD must be less than DB

;

.'. AG must bo les.s than GB,

th*t is, C also is situated to the left of 0.
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CoK. 3.—If any three of the points forming a harmonic range be
given, the fourth may be determined-

A C B D
I I

Four cases are all that can arise, namely, when A, C, B, or D is

to be found.

(1) If A, C, B are given, D can be found by dividing AB exter-

nally in the ratio AG : CB.

(2) If C, B, D are given, A can be found by dividing DC exter-

nally in the ratio DB : BC.

(3) li A, B, D are given, C can be found by dividing AB inter-

nally in the ratio AD : DB.
(4) If A, C, D are given, B can be found by dividing DC inter-

nally in the ratio DA -.AC.

Pkoposition 5.

IfAD, AB, AC are in harmonical progression, and the mean AB is

bisected at 0, then OD, OB, OC are in geometrical proijression ;

and conversely*

A O C B L)
I I I

Since A D, A B, AC are in harmonical progression,

AD:DB = AC:CB; App. VI. Def. 2
.-. OD + OB -.OD - OB = OB + OC-.OB - DC;

CD : OB = OB : OC. Converse of V. D
Cor. 1.—Since OD:OB = OB: OC, .-. OBT- = OC OD. VI. 17

Now if A and B are fixed points, OB- is constant

;

.•. OC OD is constant.

Hence if OC diminishes. OD increases, that is, if C moves nearer

to 0. D moves farther away ; and if OC increases, OD diminishes,

that is, if C moves away from O, D moves nearer to O. In other

words, if C and D move in such a manner as always to remain

harmonic conjugates with respect to the fixed points A and B, they

must move in opposite directions. Also, the nearer C approaches to

O, the farther does D recede from it ; and when C coincides with O,

D must be infinitely distant from it, or as it is ofte» expressed, at

infinity.

•Pappus, VII. KiO.
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Cor. 2. OD -.OD = OBT- : AG - CB.

Cor. 3. 00 : OD = AC- : AD\
[Corr. 2, 3 are given iu De La Hire's Sectiones Conicce, 1685, p. 3.]

Proposition 6.

IfAD, AB, AC are in harmonical pro(]rrssion, and the mean AB in

bisected at O, then AD, OD, OD, BD are proportionals; and
conversely*

A O C B D

ForADDB= {OD + OB) • {OD - OB),

= OD- - OB', II. 5, Cor.

= OD' - OD . OG, App. VI. 5
= OD CD ; II. 3

AD:OD= CD: BD. VI. 16

CoR. 1.—Since OD CD =^ AD DB ;

2 ODCD = 2A/)DB;
(AD + DB) -CD =2 AD- DB,

a result which, considering AD, CD, BD as the terms in harmonica!

progression, may be stated thus :

The rectangle under the harmonic mean and the sum of the

extremes is equal to twice the rectangle under the extremes.

CoR. 2.—The geometric mean between two straight lines is a

geometric mean between tlie arithnntic and the harmonic means of

the same straight lines. [The arithmetic mean betwcin two magni-

tudes is half their sum.]

DenotL- the aritlimetic, geonutric, and harmonic means between

A I) and DB by a, </, h repinctively ;

then a = ^ {AD
+

'DB) = OD, ff = AD DB, h = CD.
Now since AD DB =^0D- CD, .-. g- = a'h;
.-. a:<f = g:h.

* Papi-u.., \ IL 160.
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Proposition 7.

If AD, AB, AC are in harmonical progression, and the mean AB is

bisected at 0, then CB : CD = CO : GA ; avd conversely.*

A O C B D

For^C . CB = (OB + 00) [OB - OC),

= OBT- - 0C-, II. 5, Cor.

= OC-OD - 0C\ App. VI. 5

= OC-CD; n.3
.-. CB : CD= CO: CA. VI. 16

Cor. 1. DB : DC =^ AO : AC. (De La Hire's Sectiones Conicas,

p. 3.)

Cor. 2. AB CD = 2AC BD = 2AD. BC.

Cor. 3. AB^ + CD''- = (AC + BD)-.

Proposition 8.

If AD, AB, AC are in harmonical progression, then

AD- DB - AC CB = CD- ; and conversely.

A O C B D

Bisect ABAtO.
Then AD DB = iOD + 0B)(0D - OB) = OD^ - OB^, II. 5, Cor.

and ACCB= (OB + OC)-(OB - OC) = OB- OC' ; II. 5, Cor.

.-. AD-DB - AC-CB= OD' - 2 OB^ + OC'-,

= OD'' - 2 OD OC + 0C\ App. VI. 5

= (OD - OC)-"- = CIP. II. 7

The theorem may also be proved without bisecting AB.

The following definitions are necessary for some of the deductions ;

Dkf. 4.—If four points A, C. B, D forming a harmonic range be

joined to another point 0, the straight lines OA, OC, OB, OD are

said to form a harmonic penciL OA, OC, OB, OD are called the

rays of the pencil, and the pencil is denoted hy -A CBD.

* Pappus, Vn. 160.
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Dkf. 5.—If the straight line joining the centres of tvvn circles be

divided internally and externally in the ratio of the radii, the jH>ints

of section are called the internal and external centres of similitude

of the two circles. (The plirase ' centre of similitude ' is due to

Euler, 1777. See Nov. Act. PHrop., ix. 154.)

Def. 6.—The figure which results from protlucing all the sides of

any ordinary quadrilateral till they intersect is called a complete

quadrilateral; and the straight line joining the intersections of pairs

of o[)])08ite sides is called the third diagonal. (Carnot, Essai sur

la Thiorie des Transvernaks, p. 69.)

To the notation adopted for points and lines connected with

the triangle ABC on pp. 98-100, 252, 253, should he added the

following

:

N, P, Q denote the points where the bisectors of the interior

IS A. B, C meet the opposite sides.

N\ P', Q' denote the points where the bisectors of the exterior

IB. A, B, meet the opposite sides.

A by itself denotes tlie area of A ABC.

p denotes the radius of the circle inscribed in the orthocentric

A A' YZ.

DEDUCTIONS.

1. C7and D are two points both in AB, or both in AB produced

:

show that AC: CB is not = AD: I)B.

2. Find tlic geometric mean bt^tween the greatest and the least

straight lines that can be drawii to the O" of a circle from a

point (1) within, (2) without the circle.

3. In the fig\ire to IV. 10, as ABD, ACD, DCB Are in geometrical

progression.

4. Construct a right-angled triangle whose sides shall be in geo-

metrical progression.

5. If a straight line be a common tangent to two circles which

touch each other externally, that i)art of tliu tangent between

the points of contact is a geometric mean between the

diameters of the circles.

flL Any n-gtilar polygon inscril>ed in a circle is a geometric mean

between the inscribed and circumscribed regular polygons yf

half the number uf sides.
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7. To find a mean proportional between AB and BG, C being

situated between A and B. Produce AB to E, making
BE = AC ; with A and E as centres and AB as radius,

describe axes cutting in D ; join BD. BD is the mean pro-

portional. (See Wallis's Algebra, Additions and Emendations,

1G85, p. 164)

Of three straight lines in geometrical progression :

8. Given the mean and the sum of the extremes, to find the

extremes.

9. Given the mean and the difference of the extremes, to find the

extremes.

10. Given one extreme and the sum of the mean and the other

extreme, to find the mean and the other extreme.

11. Given one extreme and the difference of the mean and the other

extreme, to find the mean and the other extreme.

12. Find two straight lines from any two of the six following data :

their sum, their difference, the sum of their squares, the differ-

ence of their squares, their rectangle, their ratio.

13. If two triangles have two angles sui)plementary and other two
angles equal, the sides about their third angles are propor-

tional.

14 Divide a straight line into two parts, the squares on which shall

have a given ratio.

15. Describe a square which shall have a given ratio to a given

polygon.

16. Cut off from a given triangle another similar to it, and in a given

ratio to it.

17. Cut off from a given angle a triangle = a given space, and
such that the sides about that angle shall have a given

ratio.

18. ACB is a semicircle whose diameter is AB, and on AB is

described a rectangle ADEB, whose altitude — the chord of

half the semicircle ; from C, any point in the O ", CD, CE are

drawn cutting AB a.t F and G. Prove AGP + BF'^ = AB^-.

(Due to Fermat, 1658. See Wallis's Opera Mathematica,

1695, voL i. p. 858.)

19. If two chords AB, CD intersect each other at a point E inside a

circle, the straight lines A D, BC cut off equal segments from
the chord which passes through E and is there bisected.

20. Enunciate and prove the preceding theorem when the chords

AB, CD intersect each other outside the circle.
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Prove the following proj>ertie8 of A ABG:

21. <{s ~ a) : A = A : {s - b) (« - r).

22. s:s — a — (s - b) (s - c) :r^ = i\- : {s - b) (8 — c).

2;>. rrir^r^ = A^.

24. a^ = Tir-i + r^r^ + r^r-i.

2). sa = i\(r« + J's), sb = rj (rs + rj), sc — 7-3 (?•] + r.^',

2(i. r(ri + r^ + r.^) ^ AF FB ^ BD . DC + CE EA.
27. A = i7?(xr + r^ + ^J).

23. 2s : Xr + YZ + ZX = R : r.

29. A ABC : A A' YZ = R: p.

30. 2i?p = ^O • OX = BO- or = CO- OZ.

31. a2 + 62 + (.2 ^ 8/?"- + 4ii>

32. Sr- = R(R - 2r).

33. 5/j2 = 7A^' + 2ri), ,S/„2 .= 7?(7? + 2r2), 57,2 = /.-{T? + 2rs).

34. .S72 + 67i2 + SI^ + S'li = 12i?2.

3r>. a2 + 62 4. c- + r2 + n^ + r^ + rj^ = 167?=.

3G. 77,-' + 77.,2 + 773-2 + 7i7„2 + I^I.^^ + 73742 = 487P.

37. HD-= HD{- = NX - HN ; nD^= HD? = IIX • UN'.
38. HX ND = 7/7>> • DX ; HX • NDy = IID^ - 7J>,X.

3'J. IIX • N'D., = IID.,-D«X ; HX - .V'Ai = ///>3 • D.iX.

40. HN • NX = DN NDx ; 77iV" • .V'A' = D.jN' N'D-.^

[Regarding theorem 21, see p. lin. It has, however, been con-

jectured, and with probability, that thi- treatise in which it occurs is

a work of Heron the youn;^'t>r, au'l therefore long 8ubsef|Uont to the

date of the elder Heron. The theorem was known to Brahniegupta,

628 A.D. For theorems 22, 3G, 25, 26, see Davies in Ladies' Diary,

lt>35, ]>p. 5C, ."lO ; 1836, p. 5i» ; and Philosoi>/iicai Magazine for June

1827, p. 28. For 23 and 24, se Lhuilier, EU-mcm cfAnnh/se, p. 224.

For 27, 28, 29, 30, 31, 34, 3."). see Feuerbach, Ei'jemcha/ten, &c.,

section vi., theorems 3, 4, 5, G, 7 ; section iv., § "K) ; section ii., § -9.

Theorem 32 is usually attributed to Euler, who gave it in 170.").

It occurs, however, in vol. i. i>age 123, by William Chappie, of the

Miscellanea Curiona Mathematira, and j)robably appeared a))Out

1746. Theorem 33 is given in John Landen's Malhemallcal

Lticul/ratioiiK, n.-jf), p. 8. .Some of the jiroiicrties 37-40 are well

known ; but I cannot trace them to their s(uirces. Hundreds of

other beautiful properties <•( the triangle m.iy Ik; found in Thomas

Weddle's paj>er8 in the Lady 8 and QeiUUmana Diary for 1843,

18iji, 1848.J
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Construct a triangle, having given :

41. The vertical angle, the ratio of the sides containing it, and the

base. (Pappus, VII. 155.)

42. The vertical angle, the ratio of the sides containing it, and the

diameter of the circumscribed circle.

43. The vertical angle, the median from it, and the angle which the

median makes with the base.

44 The vertical angle, the perpendicular from it to the base, and

the ratio of the segments of the base made by the perpen-

dicular.

45. The vertical angle, the perpendicular from it to the base, and

the sum or difference of the other two sides.

46. The base, the perpendicular from the vertex to the base, and the

ratio of the other two sides.

47. The base, the perpentlicular from the vertex to the base, and the

rectangle contained by the other two sides.

48. The segments into which the perpendicular from the vertex

divides the base, and the ratio of the other two sides.

49. The perpendiculars from the vertices to the opposite sides.

50. The sides containing the vertical angle, and the distance of the

vertex from the centre of the inscribed circle.

TRANSVERSALS.

The following five triads of straight lines are concurrent

:

1. The medians of a triangle.

2. The bisectors of the angles of a triangle.

8. The bisector of any angle of a triangle and the bisectors of the

two exterior opposite angles.

4. The perpendiculars from the vertices of a triangle on the opposite

sides.

5. AL, BK, CFio. the figure to I. 47.

6. If two sides of a triangle be cut proportionally (as in VI. 2), the

straight lines drawn from the points of section to the opposite

vertices will intersect on the median from the third vertex ;

and conversely.

7. The points in which the bisectors of any two angles of a triangle

and the bisector of the exterior third angle cut the opposite

sides are collinear.

8. The points in which the bisectors of the three exterior angles of

a triangle meet the opposite sides are collinear.
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9. If a circle be circumscribed about a triangle, the points in which

tangents at the vertices meet the opposite sides are colhuear.

10. The perpendiculars to the bisectors of the angles of a triangle

at their middle i>oints meet the sides opposite thoso angles

in three points which are collinear. (G. de Longcharaps.)

11. OA, O'A', 0"A" are three parallel straight lines; 00', A A'

meet at B" ; O'O", A'A' at B; 0, A "A at if'. Prove

B, B', B" collinear.

12. If a transversal cut the sides, or the sides produced, of any

polygon, the product of one set of alternate segments taken

cyclically is equal to the product of the other set. (Camot's

Essni 8ur la T/ieorie des Transveraalet^, p. 70.)

13. If a hexagon be inscribed in a circle, and the opposite sides be

produced to meet, the three points of intersection are

collinear. (Particular case of Pascal's theorem.)

14. Prove with reference to fig. on p. 345.

AO BO CO : DO . EO FO = AB BC • CA I AF . BD ' CS.

(Davies's edition of Hutton's Mathematics, 1843, vol ii.

p. 219.)

15. If a point A be joined with three collinear points B, 0, D, then

will

AC •BD±ABr-.CD = AD^ BC ± BD - DC BC,

the upper sign being taken when D lies between B and C,

and the lower when it does not. (Matthew Stewart's Some
General Theorems of considerable use in the livjlier }>art-8 of
Mathematics, 1746, Prop. II.) Deduce from the preceding

theorem, App. II. 1 ; deduction 1 on p. 151 ; VI. B; and
App. VI. 8.

16. If the O"' of a circle cut the sides BC, CA, AB, or those sides

produced, of A ABCui the points D,D', E.E', F,F', then will

A FAF'- BD. BD'.CE- CE' = FB F'BDC- D'C EAE'^A.
(('amot's Essai, &c., p. 72.)

17. Prove with reference to fig. on p. 251.

AI-BI .CI-.ABBC- CA = ABBCCA : AI, BI, CI3.

(C. Adams's J)i- merkiciirdujaten Eigensdia/len des yerad-

lini'jen Dreieds, 1846, p. 20.)

18. Prove the following triads of straight lines connected with

A A BC concurrent

:
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(1) ^A BE, CF (7) AD.i,BE, CF^ (13) BC, E„F^, E^F^

(2) AD„ BE,, CF, (8) AD.., BE,, CF (14) CA, F,D„F^B,
(3) AD.., BE.., CF. (9) AB, DE, D,E, (15) AB, XP, IJ^
(4) ADi, BE-i, CF^ (10) BC, EF, E^F. (16) BC, PQ, iX
(5> AD„ BE„, CFi (11) CA, FD, F^D^ (17) CA, QN, hh
(6) AD, BE-i, CF., (12) AB, D^E.^DjE^

19. If the triads (5), (6), (7), (8) meet at the points /', //, I,', I^
respectively, prove that these four points are the inscribed

and escribed centres of the triangle formed by drawing
through A, B, C parallels to the opposite sidc^.

20. If the triads (9), (10), (11) meet at the points Q^, N„ P,,

(12), (13), (14) „ „ Q.U X.., P.,,

(15). (16), (17) n „ Q^N3,P3;
then Qi, N,, P, will lie on one straight line re,

Q» -^i. Pi II 11 p,

Qi,^s,P3 •- w q;
and the three straight lines n, p, q will be concurrent.

(Stephen Watson in the Lady's and Gentleman's Diary for

1867, p. 72.)

HAEMONICAL PROGRESSION.

1. When a straight line is cut in extreme and mean ratio, the
difference of the segments equals half the harmonic mean
between them.

Of three straight lines in harmonical jtrogression, having given
2. The mean and the greater extreme, find the less extreme.

3. The mean and the less extreme, find the greater extreme.

4. The two extremes, find the mean. (Pappus, III. 9, 10, 11.)

5. If from any point in the O "* of a circle straight lines be drawn
to the extremities of a chord, and meeting the diameter ± the

chord, they will divide the diameter harmonically. (Pappus,

VII. 156.)

6. If two tangents be drawn to a circle, any third tangent is cut

harmonically by the two former, by their chord of contact,

and by the circla

7. In the figures to VI. 2, if BE, CD intersect at F, then AF is

cut harmonically by DE and BC ; and AF bisects BC.
8. If from a point outside a circle two tangents and a secant be

drawn, that part of the secant between the external point
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and the chord of contact of tlie tangents is cut harmonically

by the '^". (Pappus, VII. 154)

9. A, C, 13, 1) form a harmonic range ; on .^^ as diameter a circle

i.s described, and from D there is drawn ;j perpendicular to

AD. If E be any point in this perpendicular, EC is cut

harmonically by the O"^* of the circle. (Pappus, VII. 161.)

10. AFB is a circle, of which v45 is a diameter ; D is any point in

A B, and 1)F is ± AB ; EDO is a chord drawn through D
such that DE equals the radius. Show that DE, DF, DC
are the arithmetic, geometric, and harmonic means between

AD and DB ; and prove App. VI., 6, Cor. 2.

11. A PB is a circle of which ^ Z^ is a diameter ; D is any point in

AB [iroduced, and DF is a tangent to the circle ; FC is

drawn X AB, and E is the middle point of AB. Show that

DE, DF, DG are the arithmetic, geometric, and harmonic

means between AD and DB ; and prove App. VL, 6, Cor. 2.

J2. If one of the four rays of a pencil be || a transversal, and the

alternate ray bisect the segment of the transversal between

the remaining rays, the pencil is harmonic.

13. If a transversal be || one ray of a harmonic pencil, the conjugate

ray will bisect that segment of the transversal intercepted

by the other pair of rays.

14. The base of a triangle is cut harmonically by the bisectors of the

interior and exterior vertical angles.

15. If two alternate rays of a harmonic ))encil be at right angles,

one of them bisects the angle included by the remaining pair

of rays, and the other bisects the supplementary angle.

l(i. If a pencil divide one transversal harmonically, it wiU divide

all transversals liarmonically.

17. A, C, B, D and A, C, B', D' are harmonic ranges. Provfe that

CC , BB', DD are concurrent.

18. yl5 is a straight line, and C any point in it ; onAB any A ABE
is described, and CE is joined ; in CE any point O is taken,

and AO, BO are joined and produced to meet BE and AE
in F and G. Prove that FO produced will cut AB aX D,

the point harmonically conjugate to C with respect to A
and B.

[The last seven theorems are given in De La Hire's Sectuynes

Conica; pp. 5-9 ; theorem 16, however, is a ]>articidar case of Pappus,

VIL 129.]
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19. ABC is a, triangle ; AD and AE, the bisectors of the interior

and t xterior vertical angles, meet the base BC at I) and E.

Prove that the rectangles BD DC, BA AC, BE EC are

in arithmetical progression when the difference of the base

angles is equal to a right angle, in geometrical progression

when one of the base angles is right, and in harmonical

progression when the vertical angle is right (Larduer's

Elements of Euclid, 184.3, p. l2(J6.)

20. If K and L represent two regular polygons of the same sumber

of sides, the one inscribed in, and the other circumscribed

about, the same circle, and if M and X represent the inscribed

and circumscribed polygons of twice the number of sides
;

M shall be a geometric mean between K and Z, and N shall

be a harmonic mean between L and M. (Library of Useful

Knowledge, Geometry, 1847, p. 96.)

CENTRES OF SIMILITTrDE.

1. When is the internal centre of similitude situated on botk

circles ? How, in that case, is the external centre situated ?

2. When is the external centre of similitude situated on both

circles ? How, in that case, is the internal centre situated ?

3. When are both centres of similitude outside both circks, and

when inside both circles?

4. When is the internal centre of similitude inside both circles, and

the external centre outside both ?

5. When two circles intersect, the straight line joining either point

of intersection to the internal centre of similitude bisects the

angle between the radii drawn ti> this point, and the straight

line joining it to the external centre of similitude bisects the

external angle between the radii.

6. The direct common tangents to two circles pass through the

external, and the transverse common tangents through the

internal, centre of similitude.

7. If from either ceiitre of similitude of two circles a tangent be

drawn to one of the circles, it will be a tangent also to the

other. (Pappus, VII. i 18.)

8. The vertices of a triangle are the external centres of similitude

of the inscribed circle and each of the escribed circles, and
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the internal centres of similitude of every pair of the escribed

circles.

9. The points in which the bisectors of the interior angles of a

triangle meet the opposite sides are the internal centres of

similitude of the inscribed circle and each of the escribed

circles.

10. The points in which the bisectors of the exterior angles of a
triangle meet the opposite sides are the external centres of

similitude of every pair of the escribed circles.

11. The secants drawn through the ends of parallel radii of two
circles pass through the two centres of similitude. (Compare

Pappus, VII. 110.)

12. If through either centre of similitude of two circles a common
secant be drawn, and the points of intersection on each circle

joined with the centre of that circle, the resi'lting radii will

be parallel in paira

13. Any common secant drawn through either centre of similitude

divides the circles into pairs of similar segments.

14. The straight line joining the vertex of a triangle to the escribed

point of contact on the base, intersects the inscribed radius

perpendicular to the base on the inscribed circle.

15. Enunciate and prove the corresponding property for the inscribed

point of contact on the base.

16. The middle point of the base of a triangle, the inscribed centre,

and the middle of the line drawn from the vertex to the

point of inscribed contact on the base, are coUinear.

17. Enunciate and prove the corresponding property for the escribed

centre.

18. If a variable circle have with two fixed circles, contacts of the

same species (that is, either both external, or both internal),

the chord of contact will pass through the external centre of

similitude of the two fixed circles ; if contacts of different

species, through the internal centre of similitude. (Poncelet,

Propriet^.a Projrctivcs, § 261. ("omparc Pai)pu8, IV. 13.)

19. If each of two circles have contacts with anotlier pair of circles

either both of the same species, or both of different species, a

centre of similitude of either pair lies on the radical axis of

the other pair. (Poncelet, Propr'rHen Projfictirps, § 268.)

20l The six centres of similitude of three circles lie thre« and thre«
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on four straight lines, called aoces of similitude. (This theorem

is attributed sometimes to D'Alembert, 1716-1783, aometimea

to Monge.j

Loci.

1. Straight lines are drawn parallel to the base of a triangle and

terminated by the other sides or the other sides produced

;

find the locus of their middle points.

2. Straight lines are drawn from a given point to a given straight

line, and are cut internally or externally in a given ratio ;

« find the locus of the points of section.

3. Straight lines are drawn from a given point to the O"* of a

given circle, and are cut internally or externally in a given

ratio ; find the locus of the points of section.

4. Hence find the locus of the centroid of a triangle whose base and

vertical angle are given.

5. Find the locus of the points the ratio of whose distances from

two given straight lines is equal to a given ratio.

6. \i A, B, C be three points in a straight line, aud D a point at

which AB and BC subtend equal anL;les, the locus of D is the

O** of a circle.

7- Given the base of a triangle and the ratio of the other two aides

;

find the locus of the vertex.

8. Find the locus of the intersection of the diagonals of all the

rectangles that can be inscribed in a triangle.

9. ABC and ADE are similar triangles; ABC remains fixed,

but ADE is rotated round A. Find the locus of the inter-

section of the straight lines which join the corresponding

vertices B and D, C and E.

10. A BCD is a rliombus whose diagonal ^C is equal to each of

its sides ; through D a straight line PQ is drawn to meet

BA and BG produced at P and Q, and AQ, CP are joined,

intersecting at M. Find tbe locus described by M when PQ
turns round D.

11. A series of triangles have the same base BC, and the sides which

terminate at B are equal to a given length ; find the locus of

the point at which the bisector of the angle B intersects the

opposite side.

Examine the case of the bisector of the exterior angle at B.
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12. AB ia Sk diameter of a circle. A right angle, whose vertex is at

A, revolves round A, and its sides intersect the tangent at B
in the points C and D ; find the locus of the interaection of the

tangents drawn to the circle from the points C and D.

13. Jf F and A' Y' are two parallel straight lines, and A, B, C three

tixed collinear points. A straight line revolver round A and

meets XY and XT' at D and E ; tind the loci of the inter-

sections of BE and CD, and of BD and CE.

i4. XY and XT' are two parallel straight lines, and O is a point

midway between them. Through straight lines are drawn

terminated by X }' and X' Y', and equilateral triangles are

described on these straight lines ; find the locus of the third

vertices of the triangles.

• 5. XTand XT' are two parallel straight lines, and O is a fixed

point. Through O straight lines are drawn to X }' and X' I ,

and on the segments intercepted between X Y and X' Y'

similar triangles are described ; find the locus of the tliird

vertices of the triangles. (The last three examples are taken

from Vuibert's Journal de Mathcmatiques Elimentairea, 1"

An nee, pp. 13, 20 ;
3* Annee, p. 5.)

MISCELLANEOUS.

1. Show that the pcriiondiculars of a triangle are concurrent, by a

method which will prove at the same time that the ci.-oure-

scribed centre, tlie centroid, and the orthocentre are collinear,

and that their distances from each other are in a constant

ratio.

2. The circumscribed centre, the centroid, the medioscribed centre,

and the orthocentre form a harmonic range ; and tlie centroid

and the orthocentre are the internal and external centres of

siraUitudc ^f the circumscribed and medioscribed circles.

3. All straight lines diiuvn from Uie i>rthocentre to the O"* <>f the

circumscribed circle are bisected by the O" of the medio-

8cril>ed circle.

4. What i.s the analogous proj>erty for tiio straiglit lines drawn

from the centroid to the O"^ of the circumscribed circle?

5. The inscrilx'd centre, the centroid, an>l the jwint /' (see the I'.Hli

dediK-tion <>n p. .3.''»7) are collinear, and their distances from

•ach other arc in a constant ratio.
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6. The middle point ./ of /'/ is the centre of the circle inscribed in

the centroidal a HKL.
7. The points H, J, and the middle point of AT are collinear.

8. The points /', J, G, I form a harmonic range ; and G and /' are

the internal and external centres of similitude of the circles

inscribed in A s ABC, HKL.
9. The inscribed circle of a HKL is also the inscribed circle

of the triangle formed by joining the middle points of

Ai ,Br\cr.

10. Deduce the properties corresponding to those in the last

live deductions for the escribed centres, the centroid,

and the points /j', I«', 13. (See the 19th deduction on

p. 357.)

11. To find the centre of the circle ABC. With any point P on the

O " as centre, and any radius PB, describe the circle ABD
cutting the given circle at A and B. In this circle place the

chord BD = BP, and join AD, meeting the given circle at^;
EB or ED will be the radius of the given circle. (J. H.

Swale. See Philosophical Magazine, 1851, p. 541.)

1*2. ABC is a triangle, right-angled at C. Angle B is bisected

by BD, which meets AC a.t D ; prove 2 BC- : BC- - CD- =
CA : CD. (John Pell, 1644. This theorem is susceptible of

a good many proofs.)

IS. Of the four triangles formed bv /. I\, I2, l?. (see fig. on p. 251),

the centroid of any one is xne orthocentre of the triangle

formed by the centroids of the other three.

14. The middle points of the three diagonals of a complete quadri-

lateral are in one straight line. The circles describe<l on these

'three diagonals as diameters have the same radical axis ; this

radical axis is perpendicular to the straight line through the

middle points of the diagonals, and it contains the orthocentres

of the four triangles formed by taking the sides of the quadri-

lateral three and three. (The first part of this theorem is

ascribed to Gauss, 1810 ; the last part is due to Steiner. See

his Gesammelte Werke, vol. i. p. 128.)

15. In a given circle to inscribe a triangle

(a) whose three sides shall be parallel to three given straight lines.

(6) two of whose si.des shall be parallel to two given straight

lines, and the third shall pass through a given point.

X
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(c) two of whose sides shall pass through two given points, and
the third shall lie parallel to a given straight line.

{(T) whose three sides shall pass through three givin iK)int3.

[The last of these problems is often called Castillon's, whoso

solution was published in 1776. A very full history, by T. S.

Davies, both of it and of the more general problems to which it gave

rise, will be found in 77(f Mathematician, vol. iii. (1856), pp. 75-87,

140-154, 225-233, 311-322. It may be interesting to compare alac

Pappus, VIL, 105, 107, 108, 109, 117.]
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