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PREFACE.

It is right to prefix to this Memoir some short account

of its author, and of the circumstances under which his Essay

is given to the world.

Charles James Hargreave was born in December, 1820,

at Wortley, near Leeds, Yorkshire, and was educated at a

local school, which, under the designation of Bramham Col-

lege, maintains its repute, and under the same head-master.

He entered University College at an early age, and having

obtained the degree of LL.B., with honours, in the Univer-

sity of London, he was elected Professor of Jurisprudence

at University College in 1843, which professorship he

retained until his appointment in 1849 as one of the

Commissioners of the Incumbered Estates Court, Ireland.

In 1851 he received the rank of Q. C, and became one of

the Benchers of the Inner Temple. In 1858 the Court was

placed on its present footing, and the Commissioners became

Judges. The following sketch of his professional career

and legal acquirements is from the pen of one of his

colleagues in the court, (Judge Longfield,) who had peculiar

opportunities during sixteen years of estimating his worth.

"His intellect was especially adapted for Mathematics

168956



VI PREFACE.

and for the more scientific branches of law. Accordingly, he

selected the law of real property to be his peculiar business,

and became, first, a pupil of Mr. Greening, and afterwards of

of Mr. Duval, both eminent conveyancers in London. He
was also for a short time in a solicitor's olhce in London. He
was called to the bar by the Inner Temple in 1844, and very

rapidly obtained a high reputation and increasing practice.

The eminent conveyancer Mr. Christie had the highest

opinion of him, and frequently described him as the best

qualified person in England for the important office which

at a very early age he was called upon to fill."

" He was appointed one of the Commissioners for sale of

Incumbered Estates in Ireland, in 1849, before he had arrived

at his twenty-ninth birth-day."

" He entered upon the duties of his office with great zeal,

and devoted the summer with his colleagues to the prepara-

tion of a code of rules and practice for the new Court.

Those rules were so well adapted to their object that they

continue in force to this day, with very trifling alterations. It

is to be borne in mind that Mr. Hargreave's practice had been

confined to the chambers of a conveyancer, and that he had

had no experience touching the rules and practice of Courts

of Equity. Nevertheless, he showed the greatest readiness in

comprehending the spirit and effects of every rule, and he

exerted himself to ensure that no rule should be wanted that

was necessary for the protection of the suitor or the public,

but that no unnecessary rules should add delay and expense

to the proceedings in the suit. His advice and opinion on

every point relating to the practice of conveyance were

always received with considerable deference."

"The proceedings of the Court after the rules were published

consisted of two different branches. There was the perusal of

abstracts of title, the settlement of deeds, and the determina-
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tion of their construction and the rights of the parties. This

was the conveyancer's proper department, and he executed it

with great skill and industry. He was a neat and accurate

draughtsman, and very felicitous in finding proper forms of

expression. He omitted nothing, and repeated nothing. His

forms were equally free from prolixity and ambiguity. The

next great branch of business was the decision of causes

after argument. Here he was without experience. It may

be said that his first experience in a court of justice was to

preside in it as judge. But no person could observe any

deficiency. His patience, his learning and his impartiality

quickly secured the respect and confidence of the practitioners

in his court, and his unequalled sweetness of temper made

him a general favorite. Although of a nervous and sensitive

temperament, nothing seemed to irritate him. He acted on

all occasions with great firmness, persisting in selling estates

according to his own judgment, when he might have secured

his own ease and safety and apparent popularity, by refusing

to sell at the only prices that could then be obtained. But

he was most in his element when an unusual combination of

circumstances and complicated deeds seemed to produce

inextricable confusion. His habits of order and his fine

mathematical mind at once arranged the rights of the parties

with a certainty approaching mathematical demonstration.

He never seemed happier than when he was engaged in a

subtle mathematical analysis, or in determining the rights

arising from a deed when every event occurred except those

contemplated by the conveyancer who drew the instrument.

But he is no more. And for the good feeling and discern-

ment of the Irish it must be said, that they loved and

honoured him while he was living, and deeply lamented him

when he was removed."

The following, from the pen of his friend and fellow-
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student Mr. J. Waley of Lincoln's Inn (who succeederl him

in the Professorship at University College) will also be read

with interest:

—

" My recollections of Hargreave begin with a " prize-day
"

at University College, London, on which he—then very

young—was singled out by Professor De Morgan for praise

beyond all the rest of the class at University College ; and

on graduating at the University of London, he was a very

successful student, distinguishing himself in Classics as well

as Mathematics, though his special excellence lay in the

latter.

" We were afterwards fellow-pupils in the chambers of the

late Mr. Duval, who has had a share in the training of many

distinguished lawyers of the past and present generations.

The acute eye of the great conveyancer almost immediately

discovered Hargreave's merit. He was, even before he was

out of his pupilage, exact, ready and full of law. I remem-

ber, for example, that it was desired to confer on the tenant

for life of a great estate, the power of accepting surrenders

of leases for lives and granting in their place leases for terms

of years certain. Hargreave maintained that the only

equivalence possible between a lease for lives and a lease for

years was equality in money value, while Mr. Duval thought

that some comparison founded upon the probabilities of life,

and expressed in terms of time, should be adopted. The

point was mentioned to Professor De Morgan, whose view

confirmed that taken by Hargreave.

"From the time that Hargreave went to Ireland,! of course

ceased to be in habitual intercourse with him, though we

remained on terms of friendly intimacy until his lamented

death. To the eminent qualities w^hich distinguished him as

a judge, others more within the scope of their action can

better than myself bear testimony. The patience, assiduity
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and l*^arning, the moderation and love of justice, which

invariably distinguished him, were, no doubt, important

elements in the success of the great legal and social experi-

ment which was worked out by means of the Incumbered

Estates Court.

*' Reverting to my own personal experience, if I were to

state my impression of Hargreave as a lawyer, I should say

that he was singularly clear, full and exact, quick and

inventive, and, at the same time, very judicious and discrimi-

nating—and applying the great acuteness which was native

to his mind, not in subtle reasonings or refined conclusions,

but in aid of a sound common sense and spirit of fairness. I

must also pay a passing tribute to his singularly amiable and

equable temper, to the kindness and gentleness of his

disposition. During the many years that we were in close

association, never, I think, have I seen him for a moment

irritated or vexed, never have I heard him say an angry or

unkind word to or of anyone."

Although it is as a mathematician that Judge Hargreave

is likely to be known to most of the readers of this Essay,

precedence has been given in this sketch to his legal career,

because, in truth, law was the business of his life, and mathe-

matics the relaxation with which he filled up the intervals of

official labour. And it is to be feared that his premature

death must be imputed to his having chosen as his principal

recreation, one which only substituted one form of mental

labour for another, and which gave his brain scarely any rest

from continuous exertion. One of his earliest memoirs is

that by which he is best known, viz. : that on the Solution

of Linear Differential Equations, which was published in the

Philosophical Transactions for 1848, and to which was

awarded one of the Royal Medals of the Royal Society.

Shortly after the publication of this paper he was elected a
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Fellow of the Royal Society. The other papers which he

contributed to the Philosophical Transactions were, " On
General Methods in Analysis for the Resolution of Linear

Equations in Finite Differences and Linear Differential

Equations," Phil. Trans. 1850, p. 261 ; and " On the Prob-

lem of Three Bodies," 1858. He also contributed the fol-

lowing papers to the London and Edinburgh Philosophical

Magazine :
" Notes on the Solution of Differential Equa-

tions," 1847, p. 8 ;
" Analytical Researches concerning

Numbers," 1849, p. 36 ;
" On the Valuation of Life Contin-

gencies," 1853, p. 39 ;
" On the Application of the Calculus

of Operations to Algebraical Expressions and Theorems,"

p. 351 ;
" On the Law of Prime Numbers," 1854, p. 114

;

" On Differential Equations of the First Order," 1864, p. 355.

The honorary degree of LL.D. was conferred on him by the

University of Dublin in 1852, in company with Professor

Boole, a mathematician also too early lost to science.

A few months ago Judge Hargreave's attention was

attracted by the problem which forms the subject of the

present Essay, and which, humanly speaking, may be re-

garded as the cause of his death. For some time previously

he had not enjoyed robust health, and his friends had, on

this account, frequently endeavoured to withdraw him from

the mathematical investigations which seemed to form his

favorite occupation during the intervals of court business.

Their efforts, however, were in vain, and he sacrificed all

relaxation, and even sleep, to the study of this problem,

which strongly excited his interest. Over-exertion of the

brain brought on an illness, of which he died at Bray, Co.

Wicklow, on the 23rd April, 1866.

It remains to add a few words as to my own share in the

publication of this Essay. I had beipn permitted by Judge

Hargreave to read his memoir when the first draft of it was
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complete ; and my views being different from his, some

controversy ensued, in which I had occasion to experience

that sweetness of temper of which Judge Longfield speaks

—

for nothing could exceed the patience and good humour with

which he bore my criticisms. The result of our discussion

was, that while he admitted the validity of my objections to

some non-essential parts of his memoir, he held that my prin-

cipal difficulties arose from my not having thoroughly appre-

hended the spirit of his argument ; and he believed that by

recasting his essay, he could state his argument in such a

manner as to be more easily intelligible. Accordingly, he

proceeded to re-write his memoir, and sent part of it to press.

But before I had the opportunity of studying it in its new

form, I was summoned to what proved to be the death-bed

of its author. His medical advisers had then prescribed, as

the only hope of saving his life, that he should completely

abandon mathematical studies. And in order that he might

be able to put from his thoughts the subject on which he had

been labouring, I took away with me the manuscript of this

Essay, the last appendix to which I had just written from

his dictation, and undertook to see it through the press. It

proved to be too late to save his life ; but it has been his

widow's desire that I should proceed with the task I had un-

dertaken, and submit the papers that had been placed in my
hands to the judgment of the mathematical world. If there

should be need to bespeak for them any indulgent considera-

tion, it will readily be granted to a work which is under the

disadvantage of not having received its author's own final

revision. My own duty I have considered to be confined to

correcting typographical errors, and obvious slips of the pen

;

and I have not thought myself at liberty to make any other

alteration. I have to some extent gone over the numerical

calculations, but only partially, as I considered that any
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error in these would not affect the validity of the main argu-

ment.

In conclusion, I have to bear testimony to the regard and

esteem which Judge Hargreave's character inspired. My
own intimacy with him can only be said to date from the

time when he consulted me on the subject of this paper
;
yet

I knew him long enough to learn how gentle and amiable,

how thoroughly honest and sincere he was ; and I feel that

in his premature death, I have to mourn not only the public

loss of an able mathematician and an efficient judge, but

that of a valued friend.

George Salmon.

Trinity College, Dublin,

July 3rd, 1866.
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INTRODUCTION.

1. The problem, "To resolve an algebraic equation," differs

in a logical sense from the problems which occur in other

branches of mathematical science. The only object which

we have in view in this resolution is, to conceive and express

a certain formula or combination of symbols. When the

formula is so conceived or expressed, the problem is fully

performed. We have not to predicate any proposition con-

cerning it, or to prove any fact connected with it. The
formula, so soon as it is conceived, proves itself to be what

it professes to be—that is, an adequate representative of the

root of the proposed equation. If any person, speculating

upon combinations of two things or symbols xi and CC2,

should, by chance, or by trial, or as the result of a method,

conceive the combination

i ]^xi -\- X2 -\- V xi^ + xz^ — 2xi X2
} ,

he would have thereby effected the resolution of the equa-

tion of the second degree. He is not called upon to say or

prove anything about the formula, because by its mere form

it represents identically—that is, by performance of the

indicated operations only, the two things which it ought to

represent. It is immaterial how the conception- of the com-

bination is arrived at. It is not necessary that it should be

B
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acquired as the result of a method, or of a process of reason-

ing. The mere existence of the formula proves its truth,

and shows that the problem is in fact done.

We are not, however, very likely to be able to conceive

or express the corresponding formulae, or combinations of

three or more things, as the mere result of chance, or even

of unassisted trial.

To proceed with any well-founded hope of a successful

result, it is necessary to reason on the subject; and on such

a question, all reasoning must be in effect of an a priori

character.

2. This problem, from the nature of it, therefore admits

of being dealt with in a manner which in other branches of

science could not be regarded as legitimate ; that is to say,

by processes of a tentative character, whether assisted or not

by rules derived from general principles. Without applying

any principle, a mathematician skilled in combinations,

would readily light upon that combination of two symbols

which represents the root of a quadratic equation. Obvious

principles of symmetry and homogeneity, coupled with the

knowledge that the result to be arrived at must undergo

variations in multiplicity of value, when certain known

combinations of the symbols vanish, would enable him to

arrive tentatively at the formula which is capable of repre-

senting, at the same time, three independent symbols ; or, in

other words, to resolve algebraically the cubic equation.

And if, in addition to the principles and knowledge above

mentioned, he began to speculate successfully upon the

possibility of finding combinations of several symbols which,

on the one hand, are not symmetric, and which, on the

other hand, do not possess what may be called their full

complement of values, it is not difficult to imagine that he

might, in a somewhat tentative manner, arrive even at the
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solution of an equation of the fourth degree, by discovering

such a combination of four symbols as should algebraically

be a representation of each of them.

It is obvious, however, that the practical limit of this kind

of mixed process would soon be arrived at ; and the inquirer

would probably then be led to consider, whether he could

discover, a priori, all the possible combinations of symbols

which enter into the expression of a root of an algebraic

equation.

He would probably regard it as certain, that all those

combinations of symbols, whose disappearance indicates a

change in the status or condition of the equation, (such as the

condition which denotes the equality of two of the symbols

;

the conditions which denote the equality of several symbols

;

the conditions w^iich denote various systems of equalities

between the symbols; the conditions which denote that

whenever a particular system of equalities exists there also

exists another system of equalities of a more extended

nature ; as, for example, the condition that whenever an

equation has two equal roots it will have three equal roots,

or two pairs of equal roots, etc.), would in some shape appear

in the expression which represents the root, and would so

appear as to alter the multiplicity of value of the expression

by .their vanishing. He might even be led to suppose that

the expression for the root would consist exclusively of this

class of combinations ; as the entry of a combination foreign

to this class would enable him to make a change in the shape

of the expression of the root, and perhaps also a change in

its multiplicity of value, by causing this foreign combination

to become zero ; whilst, at the same time, the vanishing of

the combination is not one of the conditions which produce

a change in the status or condition of the equation or of its

roots, A fuller consideration of the nature of algebraic

B 2
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expressions involving radicals, (such as in fact we are now

treating of, under the name of multiplicity of value), would

probably induce him to doubt the correctness of so general

a conclusion, as he would become aware that there might be

an expression in which such extraneous combinations as

have been above mentioned appear, and are visible to the

eye; and yet, that this expression might be equivalent to

another in which these extraneous combinations do not

appear ; and this equivalence, or equality of ultimate value,

might exist without .our being able to reduce the one expres-

sion to the other by any algebraic process.

To illustrate this notion, let us consider a numerical

cubic equation

x^ -\- Ax^ - 2x - 20 =0
whose arithmetical roots are in fact 2, and — 3 ± V — 1. The

algebraic root is that formula which we obtain by substi-

tuting these numerical co-efficients in the known algebraic

form of resolution. We know that this latter result must

really be equivalent to the arithmetical roots ; but we cannot

by any algebraic process reduce it to these in point of form.

Bearing in mind this class of considerations, we are not to

assume that all methods of resolving the same algebraic

equation will conduct us to the same form, or even to several

forms admitting of having their equivalence algebraically

shown. It has, in fact, been made the subject of elaborate

proof, in reference to the equations of the third and fourth

degrees, that all the modes of solution hitherto discovered,

are algebraically reducible to one and the same irreducible

form; and it has even been attempted to be shown that

every possible form of solution must be so reducible. I refer

to this here not for the purpose of adopting or contesting

these results, as they form the subject of consideration in

the sequel of this essay, but merely to illustrate the necessity
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of not assuming that all modes of solution necessarily con-

duct to the same result, so far as relates to the form of the

resolution, even when it is so conceived as to be irreducible.

3. Up to the present time, the net result of trial, d, priori

speculation, artificial processes, and systematic methods,

applied to this subject, has been to produce formulae for the

equations of the second, third and fourth degree, which,

(with some qualification), actually fulfil the conditions of

algebraic resolution ; and to produce, in respect to all higher

equations, arguments, more or less conclusive, and not uni-

versally accepted, to prove that their algebraic resolution is

impossible.

It is, I think, obvious that when we have failed by all the

above ways to reach the resolution of the general algebraic

equation, the only method left to us is to proceed by steps
;

that is, in effect, so soon as we have resolved the problem in

any one case, say the lowest, to endeavour to make use of

this step, in order, if possible, to mount to the next step
;

and to do this, as far as possible, upon some general principle,

the applicability or non-applicability of which is shown by

the success or failure of the attempt to apply it.

4. The position which this problem of algebraic resolution

occupies in the existing state of the science is peculiarly

unsatisfactory in a philosophic point of view. We seem to

be stopped in our researches by an invisible barrier set up at

an arbitrary point of the road on which we are travelling.

If it be true that there is some number m such that the

equation of the {rfh — ly^ degree is algebraically resoluble

while the equation of the m^h degree is not ^algebraically

resoluble, it must be because the second problem is not ejus-

dem generis with the first ; and consequently that there

must be some simple and elementary way of stating the first

problem which is not algebraically applicable to describe the
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second. Yet nothing of this kind has manifested itself in

all the infinite researches which have been made into this

problem. The cases which have been resolved are known

by that fact to be resoluble, but not very clearly in any other

way. The cases which are not resoluble are demonstrated

to be irresoluble not by anything really peculiar to these

cases of such a nature as to distinguish them from the others,

but by an elaborate enquiry into all the possible modes of

algebraic expression, and an exhaustive proof that no one of

them can qualify itself to be the expression of the root.

To proceed in this subject upwards by steps, to endeavour

to feel consciously where the barrier intervenes, and to learn

why it intervenes exactly there and not elsewhere, is the

problem, which I have proposed to myself in this essay, and

to the discussion of which I now proceed.
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NOTATION, DEFINITIONS, AND ELEMENTARY THEOREMS.

5. I consider the general algebraic equation, (which for

shortness I shall call a quantic), in the form

I denote by the symbol (Ip) the resultant of <^i and 0^ ; that

is, the result of substituting ai for x in <^p, and changing the

sign. The quantic may be placed under the form

in which t is written for x—ai; and in which (11) is written

only for the sake of symmetry, as it is zero. The values of

(12), (13), &c. are

(12) = ai« — as
;

(13) = 2 cci^ — Saiaz + as ;

(14) = 3 ai* - 6 ai* as + 4 cti as - ^4

;

(15) = 4ai' - 10 ai^ aa + 10 ai' as - 5ai a4 + a"̂5 >

For the above quantic, I propose to call x the argument

;

ai, as, . . . a„, the coefficients ; and the several values of x, viz.,

Xi, oki x^y the roots.

If, in the second form of the quantic written above, we

consider (x — ai) or ^ as a new argument, we have a series of

new coefficients (12), . . . (in), which are (n — 1) in number.

I shall speak of this throughout as " the linear transforma-

tion." The expressions (12), . . . ., (I'^i) are therefore all

symmetric functions of (xi — ai), {X2 — ai), . . . and {x^, — ai).



8 NOTATION, DEFINITIONS,

If we find occasion to use other resultants, we shall adopt

a similar notation. Thus (23) will denote the resultant of

^2 and </)3, &c.

All functions employed are of necessity homogeneous
;

and the degree of a function is always estimated with refer-

ence to the roots xi, Xny . . . Xn-i, x^^ ; or, which is the same

thing, with reference to the coefficients ai, as, . . . an~\, a„ : all

roots being of the same degree, and each coefficient of the

degree denoted by its suffix. The resultants above given,

for example, are respectively of the 2nd, 3rd, 4th, 5th, &c.

degree.

The symbol S prefixed to any function of roots means

the sum of all the values which the function can assume by

interchanges of the roots.

The symbol B^ denotes some symmetric function of

X\. . .x„ of the p*^ degree. 8p therefore also is a rational

function of the same degree of ai. . . a„.

The symbol Rp denotes some rational function of Xi. . .x„

of the y* degree, which may or may not be symmetric.

These symbols however do not mean throughout the same

symmetric or rational function. The letter iV is appropriated

to denote numerical factors ; but other letters will sometimes

be used.

6. We shall have much occasion to make use of the discri-

minant of a quantic. The linear transformation shows not

only that the discriminant of a quantic, but that every

combination of the roots or coefficients of a quantic whose

vanishing denotes the condition or one of the conditions of

some system or systems of equalities between the roots,

(for example, all the leading Sturmian coefficients of the

quantic), admits of being expressed in terms of the {n — 1)

quantities (12), (13), . . .
,
(In).
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For the purposes of this paper we need only consider the

discriminant.

The discriminants of quantics up to the quintic are as

follows

:

Discriminant.

Quadratic

Cubic . .

Quartic .

Quintic .

(12).

4 (12)3— (13)2.

81 (12)* (14)— 54 (12)3 (13)2 -f 18 (12)^ (14)^

— 54 (12) (13)2 (14) + 27 (13)^ + (14)^

3456 (12)-^ (15)^ + 11520 (12)^ (13) (14) (15)

— 6400 (12)* (14)3 _ 5120 (12)3 (13)^ (15)

+ 3200 (12)=* (13)2 (14)2 — 1440 (12)' (14) (15)2

+ 2640 (12)2 (13)2 (15)2 4- 4480 (12)^ (13) (14)2 (15)

— 2560 (12)2 (14)* — 10080 (12) (13)^ (14) (15)

+ 5760 (12) (13)2 (14)3 ^ 120 (12) (13) (15)'

— 160 (12) (14)2 (15)2 ^ 345g (13)5 (15^

— 2160 (13)* (14)2 + 360 (13)^ (14) (15)2

+ 640 (13) (14)3 (15) _ 256 (14)5 4. (15)*.

Each of these may be considered as affected by any

numerical multiplier. The discriminant of the quartic

admits of being placed in the form

27( (12)3+ (12) (14) - (13)^)' - (3 (12)2 _ (14) y

.

which, from its similarity to that of the cubic, leads to an

interesting result which will hereafter be stated.

7. If the quantic admits of algebraic resolution through

the medium of the linear transformation, the rational part of

the root will always be ai; and consequently the residue of

the expression of the root will be functions of the (n — 1)

quantities (12), (13), . . , (1 ^0- This proposition will be
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understood as not excluding the possibility of resolving the

original quantic by some method which does not include, or

operate through, the linear transformation. We do not say

that the rational part of the root is necessarily a,, and that

the irrational parts are functions of (12), ...(In); but

that if the rational part be ai in consequence of the resolution

of the equation being effected through the medium of the

linear transformation, the irrational parts will be functions

exclusively of the (n — 1) resultants.

We always regard Xi . . . x^ as n independent roots or

symbols ; and ai . . . . an SiS n independent coefficients or

parameters. We do not recognize the possibility of relations

existing between them, or of any character being attributed

to them.

By the term " transformation" applied to ^„, we mean its

change into one or more equations of the same degree (n),

in which there exist one or more relations between the

coefficients and the roots. We shall use z as the argument

of such conditioned equations, and the letter h for the

coefficients.

Such an equation in z being called \„ we shall denote the

resultant of Xi and Xp by (p 1), so as to distinguish them from

the resultants of the equation in x.

In connection with </>„ we shall have occasion to discover

and employ a subsidiary equation of a lower degree, which

is ordinarily called the resolvent. The argument of this will

be y ; and when we find it necessary to use its resultants, we

shall call them for distinction (I • II), (I • III), (I • IV) . . &c.

8. Many of the results arrived at in this paper will be

merely indicated and not actually calculated. To make this

indication succinct and expressive, I propose to denote cer-

tain symmetric functions of the roots by short symbols.

The following will suffice, viz. : to denote
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(n — 1) S (x^) S (oc^) — n^{x^ x'^) hypq,p and q being different,

and

(?i- 1) ( S {x^)y - 2n^ ipcP x^) by^ ;

also to denote

(n - 1) (71. - 2) S {x^) S (aj^) S (r»'") - n^^ {x'' xP xf) hj p qr,

p, g, and r being different
;

(n-l) (n-2) /s {xP)y S (a?') - 2^^ S (a;^!3?Pa?») byppg,

|) and q being different ; and

{n-l) (n-2) ( S (x^) V - ^m^ S (x^x^x^,) hj ppp.

In the actual applications, p, g, and r will of course be

numbers. The formulae which are composed of these and

similar expressions will consist wholly of symmetric functions

of aji . . . x„. In most cases we shall have occasion to express

such formulae, both in the shape of functions of a^i . . x„

and in the shape of functions of ai . . . a„ . The one is of

course convertible into the other at pleasure.



[ 1-^ ]

CONSIDERATIONS RELATING TO THE OPERATIONS USED

IN THIS SUBJECT.

9. The only operations which we have to consider in this

purely algebraic theory, are addition, multiplication, and

elevation to prime powers ; with their respective inverses.

The first of these gives occasion to consider whether

quantities are positive or negative; the second whether

they are whole or fractional; the third whether they are

rational or irrational.

It is evident, therefore, that in substance all our investiga-

tions will have reference simply to the rationality or

the irrationality of expressions, as we can so conduct them

as ordinarily to exhibit by the mere form of the expressions

used whether they are positive or negative, and whether

they are whole or fractional. If p be a prime number, and

P an expression which cannot be obtained by the raising

of any other algebraic expression to the pih. power, then

y^^~P is an irrational or surd expression. It cannot be

represented in any form which is free from the radical ; and

if we assume it to have p values, all these values are neces-

sarily indistinguishable infer se. We attribute p values to

the expression because we know that \^Pl^is the same

as each of the p forms |a x/ P| ^ where a is an unreal pth.

root of unity. Nevertheless, we do not really identify each

root by putting before it any particular power of a, seeing

that the symbol 1^ still enters in all its ambiguity.

If by any process of reasoning, we arrive at expressions
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such as -^ P in reference to which there is an a "priori

necessity that its several values must be algebraically dis-

tinguishable, then we may conclude that y/ P is not a surd

or irrational expression ; but that it is of the form s/ Q^i in

which case we can write down separately the several values

a Qi and distinguish them one from another in such a

manner that each separate value can always be identified.

In such a case as this, we can consider P as being the

product of the p different quantities aQ^ a Q, . . aF Q.

In the contrary case no such expression as Q exists; and

if we write ^ P in place of it, we merely reintroduce into

each factor all the ambiguity of the original expression.

10. It may perhaps be supposed that this is a merely

metaphysical distinction. Whether this be so or not, the

distinction is a real one; and it constitutes probably the

clearest mode of distinguishing between the two notions, a

rational expression and an expression which is identically

and necessarily surd.

We shall have frequent occasion to make use of this

distinction in the course of our researches; and it may be

convenient to exhibit an instance of it byway of anticipation.

In the case of a cubic equation, we shall find that a certain

product of two rational functions of the roots, each of the

third degree, is a perfect cube of a symmetric function of

the same roots of the second degree ; and we shall also be

aware independently that the same proposition expressed in

the same terms is equally applicable to two other cubics in

which the symmetric function of the second degree is in the

one case a times, and in the other case a^ times, what it is

in the original cubic, a being an unreal cube-root of unity.

This last consideration conducts us to the conclusion, (which

is a very important one), that each of the two rational func-

tions whose product is a perfect cube, is itself also a perfect
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cube ; for otherwise we could not divide each factor into

three distinguishable subordinate factors.

To fix our ideas more closely, let it be considered as

proved that two rational functions of the roots have for

their product (12)3, ^nd that they would equally have had

this expression for their product if in the cubic a (12) or

a^ (12) had been written for (12), which is the same thing

as writing a{x — ai) and a^ {x — ai) for each x— ai. Then

it follows that each of the two rational functions is a

perfect cube, and therefore a perfect cube of a linear func-

tion of the roots. This is the only way in which each factor

can be divisible into subfactors which differ only in the

substitution of a {x — ai) and a^(x — ai) for each x — a\.

The only alternative mode of composing this cubic pro-

duct is to suppose that one factor is of the form R^ R\, and

the other RxR'^ ; and we coald then only represent the

sub-factors as ^ Ri^ R'l, and this expression multiplied by a

and a^. We should have no power of distinguishing the

sub-factors so as to apply them in a proper manner to the

three distinct cases to which we know from independent

considerations that they ought to be applicable.

The principles here stated are of great importance in our

method of dealing with algebraic equations, and they will be

more developed as we proceed.



[ 15 ]

SYSTEMS OF EQUALITIES, CRITICAL FUNCTIONS.

11. Conditions existing among the roots of a quantic may-

expressed in terms of the roots, or in terms of the coefficients

Thus if we wish to impose the linear condition

we multiply together the 1 .2 . . .n equations which include

this and all its changes by transpositions of the roots. The

result so far as the roots enter, is a symmetric function of

them, and may therefore be expressed rationally in terms of

the coefficients. If J.i . . . . ^„ are not all different, the

degree of the condition is some submultiple oil .2 . . n.

The most important condition which we have occasion to

consider is that whose existence causes the quantic to have

two equal roots. This condition is expressed by equating to

zero the product of all the values of Xp — Xq. These are

n (n — 1) in number : and since for every factor Xp — x^

there is also a factor a?,— ^p, this condition when expressed

in the roots is a perfect square. When expressed in the

coefficients, it is the resultant of <^„_i and </>„, i. e. the discri-

minant of 0„.

In like manner the conditions of three equal roots are :

first, the condition of two equal roots as above given ; and

secondly, the condition that the first derivative shall also

have two equal roots, or that the quantic shall have a com-

mon root with its second derivative. Thus, in the cubic, the

conditions of two equal roots may be represented as

(23) = 0,(12) = 0;
or as

(23) = 0, (13) = 0,
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or since

(23) = (ISy - 4(12)^

as (12) = 0, (13) = 0.

A little consideration will show that in the case of the

cubic, the conditions of three equal roots can be presented

by means of linear relations between the roots. For since

(23) is a perfect square, and is of the 6th degree, we can

write down the condition of two equal roots as a function of

the third degree: and as the further condition (13) is also of

that degree, we can by a suitable value of N present both

conditions under the form

iV(13) + V(23) =0,

which expressed in the roots is a rational function having

two values. The value of N must be such that these two

conditions are equivalent to (12) = 0, (23) = 0; or to

(12) = 0, (13) = 0.

They are equivalent to (13) = 0, as we see by adding

them ; and if we make W unity, they become equivalent to

(12)3 or (12) = 0; as we can see by multiplying them. We
have therefore two rational functions of Xi, Xz and Xs, whose

product is the cube of a certain expression (12); audit

follows from the considerations stated in (9) and (10) that

each of these rational functions is a perfect cube of a linear

function of the roots. We have, therefore, three linear

functions of the roots, each of which when cubed gives

(13) + V(23) ; and three other linear functions of the roots

each of which when cubed gives (13) — ^(23); and the sum

of the cubes of one of each set is to be a symmetric function

of the roots.

Under these conditions it is easy to see that, (a being a

unreal cube root of unity),

A (xi }- aXu + a ^Xs), A (xi -{- a ^Xz + a Xs),

and the four forms derived from these by multiplying by a
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and by a^, are the only linear functions which will serve the

purpose.

We may, therefore, say that, for the cubic, the conditions

of three equal roots may be represented linearly by

Xi -\- a X^ -\- a^ Xs = 0, Xi + a^X2 -\- a X3 = 0,

each of which is a six-valued function, whose cube is a two*

valued function, of the roots.

12. We can apply a similar mode of reasoning to the

quartic also. The condition of two equal roots is (34) = 0;

and the further condition for three equal roots is (23) = 0.

The first condition being of the 12th degree in the roots

and a perfect square, its square-root is homogeneous with

the other condition (23) = 0, or any other condition of the

sixth degree.

Now, as (34) can be placed under the form

27 ((12)3 -^ (12) (14) - (13)^) • - (3 (12)« - (14)) '»

or

27((23)-(12)(3(12)'-(14)))«- (3(12)^ - (14))*^

the conditions (23) = 0, (34) = 0, taken together, would

be satisfied by 3 (12)^ - (14) = 0, and (12)^ + (12) (14) -

(13)* = 0; and we may consider any two of the three

3 (12)« - (14) = 0, (12)3 4. (12) (14) _ (13)2 == 0, (34) = 0,

as the conditions of two equal roots.

By a suitable value of iV, therefore, the two conditions can

be both expressed by

F ( (12)3 + (12) (14) - (13)» ) ± VW) ;

for the sum of these is one condition, and the product

becomes the other if N be V 27. Repeating the argument

of the last section, mutatis mutandis, we therefore find that

c
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the conditions for three equal roots in a quartic can be

represented by some two functions, such as

i^a + a R's + a 'R\

i^2 + a *i2'2 + a R"2

being separately equated to zero, the R's being certain

rational functions of the second degree of Xi, a??, x^, and Xi,

which we should find by performing the calculations.

Other interesting results might probably be obtained by a

systematic investigation of the various conditions of systems

of equalities ; but the foregoing will be sufficient for our

purpose.
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THE QUADRATIC.

13. The simple application of the linear transformation

constitutes, ipso facto, the resolution of the quadratic. It

places it in the form

{x - axf - (12) = ;

from which we deduce

x = ai± VjU) ;

which is equivalent to stating that the combination

i { fl?i + ah-{- Vxi^ + X2^ — 2xiXi }

represents x\ and Xz.

It is obvious that the quadratic admits of no transformation

except the linear one, and consequently that the above is the

only possible form of the root. The rational part being (Xi,

the irrational part contains nothing except a function <Bf

(12). The quadratic can undergo only one change of sys-

tem in reference to equalities of roots ; viz., the change from

its general" form to that of two equal roots. There can,

therefore, only be one radical in its root, and that a square-

root radical. Its solution is therefore unique.

Referring to the principles laid down in (9) and (10), and

considering that the roots of the quadratic are expressible

in the form ^i+ VS^ we can immediately discern an a priori

necessity that ^2 when expressed in terms of the roots is a

perfect square. To solve the quadratic is to express the

roots (which are arbitrary) in such a manner that we can

always distinguish one from the other. Any result which

should fail to give the two roots in a distinguishable form,

c 2
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would fail in one of the essential properties of a solution.

Now, if S2 were not a perfect square, there would be no

possibility of distinguishing, algebraically, between the two

forms of the expression, in consequence of the permanent

ambiguity of the radical sign\/ . That radical must be

expelled as the necessary condition of resolution.

In this consideration we see the first step towards the

views embodied in Abel's Theorem.

The process by which we have arrived at the result, as

well as the result itself, shows that we have been inverting

an ordinary algebraic operation. If in the given quadratic

we write 2ait for x, the equation presents itself in the form

^' " ^ "" ~ ^'""^ (suppose)

which we may call

(f>t = V.

The problem we have solved then is to find the form of the

function <^""^ in

t = 0-V

where <^ has the special form here ascribed to it, containing

no symbols but t, which is a multiple of x.

The algebraic statement of the problem is as definite as if

we were to say, '* Given v = P, what function of v is ^."
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THE CUBIC.

14. Having made the first step in the ascent by the resolution

of the quadratic, we 'proceed to consider how we can from

thence ascend to that of the cubic. The linear transformation

suggests to us that it is at all events possible that the rational

part of the root may be ai ; and it teaches us that in that

case the irrational portions will be functions exclusively of

the two quantities (12) and (13). There appears, therefore,

some natural propriety in enquiring whether we can find

functions of the roots which themselves shall be the roots of

some equation of the second degree, whose coefficients are

capable of rational expression in terms of those of the cubic.

Again, the general considerations stated in the introduc-

tory part of this essay suggest to us that if we can find such

functions, there must exist some relations of a specific cha-

racter between them and the roots of the cubic, if they are

to be capable of being made of any use in aiding to resolve

the cubic.

In reference to the algebraic expression of the roots of an

equation of any degree, we can hardly avoid assuming that

it must undergo a change in its form and its multiplicity of

value, whenever any change takes place in the status of the

equation itself in regard to the systems of equalities which

may subsist between the roots. In enquiring for a quadratic

whose resolution may aid us in solving a cubic, we shall evi-

dently have occasion to make comparison of their respective

roots ; and in so doing the idea readily suggests itself to us

that any variation in the system of equalities subsisting

between the roots of the one will be attended by some vari-

ation in the system of equalities subsisting among the roots
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of the other; and that in each case there will be a con*e-

sponding change in the constituents of the expressions which

denote the roots of each. Thus, in the case under considera-

tion, we observe that if the cubic have three equal roots,

each root is ai , and the irrational part of the root vanishes

;

so that any radicals which may enter into the expression of

the root must wholly disappear when all the roots are made

equal ; such disappearance taking place identically when the

expression is written down in terms of the roots ; and taking

place by means of the two conditions of three equal roots,

when the expression is in terms of the coefficients. Con-

sequently, in such case, the quadratic would cease to exist,

as its coefficients are, on this hypothesis, functions of the

irrational parts of the roots of the cubic. Again, when the

cubic is made to have two equal roots and no more, the irra-

tional parts of the roots undergo a variation in form, and

are altered in multiplicity of value. We may expect a cor-

responding change to take place in the quadratic ; and this

can only be by reason of the quadratic undergoing such an

alteration that the expression for its root is altered in multi-

plicity of value. Now a quadratic can only undergo one

change in respect of the passage from one system of equali-

ties to another ; for it must have either two unequal roots or

two equal roots. We have, therefore, no choice of critical

functions to embarass us ; and we are in effect reduced to

the simple enquiry, Whether we can find a quadratic whose

coefficients are rational functions of those of the cubic,

and therefore of the two expressions (12) and (13), and
whose discriminant is the same as that of the cubic.

In answering this question, we begin by observing that

the discriminant of a cubic is of the sixth degree in its roots,

and that of a quadratic of the second degree in its roots.

It follows that if the discriminants are to be equal, the argu-
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ment of the quadratic in y must be of the third degree, and

its coefficients therefore of the degrees 0, 3, 6 respectively.

The most general equation of such a form is

y' - 2Fi (13) y +N, (12y + Ns (13^ = ;

and it is obvious that we may make iVs equal to without

loss of generality. For, if iVa were retained, it could be

made to vanish by some linear transformation, (such as

2/=^+ i\r4(13)); and such a transformation affects neither

the rationality of the coefficients, nor the expression for the

discriminant. In the equation

y' - 2]Sri(U) y -\- m(12y =
,

we have, therefore, to ascertain if the factors iVi and Ni

admit of having such a relation between them as will make the

discriminant of this equation the same, to a numerical factor,

as that of the cubic. The discriminant of this quadratic is

m'(uy-]sr,{i2y;

and comparing this with the discriminant of the cubic as

given in section (6), we observe that they become identical,

provided we make iVa equal to 4^i^ The absolute value of

Ni is immaterial ; we may call it unity ; and we arrive at the

result, that the quadratic

2/^-2(13) 2/4-4(12)^=0

has the required connection with the cubic.

By solving this quadratic, two values for y are found in

terms of (12) and (13), i. e., of ai, as, and as. These values

are completely known.

These two values of y are also expressible in terms of

xi, iCa, and Xs by substituting for (12) and (13), (or for ai, as, as),

their equivalents as symmetric functions of xi, oh, and Xs ; so

that, in fact, we have

2/1 = ^8 + VsT
y<i = Si - V Sq.
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We perceive at once, without further proof, that these two

expressions are rational ; for we know that >S^6 being the discri-

minant of the cubic, is a perfect square when expressed in

terms of the roots. This rationahty of y when expressed in

terms of the a;'s may be clearly exhibited by comparing y
as expressed in terms of yi and 3/2, with y as expressed in

terms of a?i, aJs, and Xz. The former is

i (2/1 + 2/2 + ^2/1" - ^2/1 2/2 + 2/2')

;

and the latter is

lii^xY - l^x^{xx)+ ajia?2a?3+ VNUxi - X2) (xi - Xs) (a?2— ics) r

where iV^ is a known numerical factor.

A comparison of these shows us that both yi + 2/3 and yi — y%

are expressible rationally in terms of the oj's ; so that yi and y^

are separately so expressible. Consequently each 2/ is a

rational function of Xi — ai, Xz — ai, Xs — ai; and as the

product of the two ^'s is a perfect cube of a rational function

of the coefficients, we conclude as in (9) and (10), that each y
expressed in the roots is a perfect cube ; and therefore the cube

of a linear function of xi — ai, Xz — ai, x^— ai. In short we have

2/1* = Ai {xx — a\) + J.2(a?2 - ai) + ^3(0^3 — ai),

yi — Bi (xi — ai) + ^2 (a?2 — ai) + ^3 {xs — ai)
;

where yi and y^ are fully known, and the ^'s and B's deve-

lope themselves as the result of a calculation by an extraction

of roots, which we have proved we can fully perform.

These combined with

= (a?i - ai) + {x2 - ai) + (xs - ai),

determine the roots.

The reader will not fail to see the analogy between this

mode of resolving the cubic, and the discussion heretofore

given relative to the rational and linear expression of the

conditions of three equal roots.
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15. I have called attention to the necessity which exists for

calculating, or seeing our way to the calculation of, y both as

a function of o-i, (Xa, and a^ and of cci, x%j and Xz. It must be

calculated as a function of the a's in order to give us t/i and

2/2 . It need not be actually calculated as a function of the

x's ; for the only "practical result of such calculation is to

find the J.'s and 5's, which, as we have seen, can be inferred

from some obvious considerations without actually forming

and reducing Sz ±. V S^. My object is of a purely the-

oretical character; and if it were confined to the cubic, I

might consider it in that point of view as fully accomplished,

having succeeded in showing the resolubility of the cubic

from considerations of an d priori character.

It is necessary, however, with a view to the extending of

the theory to equations of higher degrees, to enter more

fully into the character of this resolution, and the method

by which we have proceeded.

If we direct our attention exclusively to the results which

we have obtained, and which succeed in expressing certain

known linear functions of the three (x— aiYs in terms of

the coefficients, viz., in the forms 3/1* and 2/2*, we find that we

have not in fact arrived at a perfectly definite solution of

the cubic. In forming yi^ and y^^ we have nothing to

guide us as to which of the three cube-roots of unity is to

be employed as the numerical factor. We merely know that

the same cube-root must be used as the factor for both.

There is no method by which this question can be decided,

so long as we confine ourselves strictly to algebraic resolu-

tion. The utmost we can do is to point out certain criteria

which will be successful in appropriating the formulae ; but,

from their nature, they cannot in general be applied except

in an arithmetical manner. In some cases, indeed, and

universally in the case of the cubic, we are able by attributing
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characters to the arbitrary symbols, to determine which set

of formulae is to be employed.

Thus if we choose to say that o-i, a^ a^ shall be real in char-

acter, we can by the theory of equations determine under what

circumstances Xi^ iCa, Xz, or one or more of them, shall be real

or unreal ; and we can thus learn which roots of unity must

be used in the formation of 2/1* and 3/2*, so as to adapt the

solution to the conclusion thus arrived at. All this, however^

is outside the province of strict algebraic resolution, which

requires that coefficients and roots shall always remain

arbitrary in value and general in character ; that they shall

be in fact mere symbols without attributes or meaning.

On consideration, it will be found that this difficulty or

ambiguity is of the essence of any true theory of algebraic

solution ; and that a thorough enquiry into its origin and

operation will open important views as to the connection

between an equation and its algebraic root.

If, bearing this point in mind, we retrace our steps on the

road we have traversed, we readily discover the origin of

the above-mentioned circumstance, and we see that it is

attended by a remarkable consequence.

On examining the quadratic in y^ (which has proved by

reason of the identity of discriminants to be what is gene-

rally called a resolvent for the cubic in a?), we observe that

a certain function of the coefficients, viz. (12), enters into it

under the form (12)^, and not in any other manner; so that

the quadratic would have been precisely the same if the

original cubic, instead of being, (as it is),

(x-^-aif^ 3(12)(a;-ai)-(13) = 0,

had been {x - aif - 3 a (12) {x - ai) - (13) = 0,

or {X - aif - 3 a ^(12) {x - ax) - (13) = ;

which three equations, it will be observed, are essentially
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distinct from each other, having no root in common. So

soon, therefore, as we find that the resolution of the cubic is

to be effected (if at all) through the roots of this quadratic,

we become aware that we must at this point necessarily lose

all trace or means of distinguishing which of the three equa-

tions above written it is that we are solving.

Whatever solutions we arrive at must be just as much

solutions of any one of those equations as of any other ; and

the fact that we actually obtained the quadratic from one

cubic and not from another can have no bearing on the

retrospective process.

But the connection between these three equations admits

of being considered in another point of view. The first

equation is changed into the second by substituting a{x — ax)

for each x — o-i, and it is changed into the third by substituting

a^ {x — aij for each {x — ai.) Similarly the second may be

changed into the first or into the third by changing each

x— ai into a proper numerical multiple of it ; and so also the

third may be similarly changed into the second or first.

The form of the root of the cubic must, therefore, so far

as it contains in it that of the quadratic, be capable of

admitting of one kind of variation when each x — ai is

changed into a{x — ai) and of another kind of variation when

each a?— (Xi is changed into a? (x— ai). Consequently, although

y itself is incapable of admitting of any such change, there

must be some function of y entering into the expression of

X which is capable of presenting this change on the face of

it. This implies that y cannot be such a function that it

must necessarily retain the surd form above given to it;

for if it were, no function of y could undergo the change

above indicated. In short, in order to fulfil the above

conditions y must be rational in both its values; and the

six values of y^ must all be capable of linear expression
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in terms of the three values of a? — ai ; and the connexion

between the numerical coefficients must be such as will fulfil

the above results of substitution. There is only one method

in which this can be done, namely, by making the expression

for one pair y^ and y%^, a times these values for another,

and a^ times these values for the third, (as they must be since

the cube of one set must be the same as that of the others)

;

and creating such further relations between the numerical

factors as will produce this result. Finally, each value of

2/1* must be different from the corresponding value of y^\

and the result is that we are led to three systems,

Cyx^=A ( (oji — ai)+ a {x^— ai)+ a^ (xa — ai)\

^

[y^^=A ((xi- ai)+ a^ (ak -ai) + a (xs -ai)jj

fyi^=A (a{xi- ai) + a^ (ok - ai) + (xb -ai)f^

Ij/zi—A ( a (^1 — ai) 4- (cca— ai) + a^ {Xz — Cb^))

(y^—A (a^{xi — ai)+ {o(k — ai) + a{xs--ai)y\

\yz^—A (a^{x\ — ai)+ a (a?2— ai) + (xb — cti)
JJ

which amongst them resolve the three cubics

(ic-aiy-3(12)(a;-ai)-(13) = 0,

(x - aif - 3 a (12) (x - ai) - (13) = 0,

(a; - ai)^ - 3 (an2) (^- ai) - (13) = ;

but we are left without the means (algebraically) of appro-

priating any one system to any one equation except in the

limited manner above indicated.

This necessary ambiguity, so far from being a defect in

the resolution, is an important element in making it perfect,

provided we adhere to the strict notion of treating a?i, ^3, Xst

as symbols only.

16. It will now be readily observed, that if we had been
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aware beforehand of this remarkable property, or rather

necessity, of an algebraic solution, we shouhl have been able

at once to have predicated that any quadratic equation pos-

sessing the property of a resolvent for the cubic must have

the same discriminant as the cubic.

It is an essential feature of this algebraic resolution of the

cubic that the values of y-^ and yi shall be expressible ration-

ally and linearly as functions of the sch or of the {x — aif^.

The values of yi and y^ mast, therefore, be capable of

rational expression in terms of the same symbols : and no

form of 2/' - 2 Ni (13) y+ N^ (12)^= will fulfil this condition,

unless such a relation exists between Ni and iVs as makes

Ni^ (13)^— JV2 (12)^ a perfect square; and this, in fact, is the

condition of equality of discriminants. Conversely, we also

perceive that if the discriminants are made equal, the roots

of the quadratic will then possess every property which is

necessary to qualify the quadratic to perform the office of a

resolvent, not only to the cubic in question, but to the con-

jugate cubics which cannot in the matter of resolution be

separated from it.

17. The theory, however, of this resolution remains in some

sense imperfect, unless we establish, a priori^ that a quadratic

with rational coefficients, and having a discriminant identical

with that of the cubic, must possess the qualities of, and be,

in fact, a resolvent. At present, it appears only as the result

of a calculation. Now, what is the precise connection

between the cubic and the quadratic which results from the

identity of the discriminants ? It consists in the following

particulars :—that y is of the third degree in the x's : that

the coefficients of the quadratic are symmetric functions of

the x'b of an appropriate degree : that whenever any two x's

are equal, the values of y are also equal, so that the whole

of the irrational part of the roots of the quadratic must also
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present itself in the irrational part of the root of the cubic;

and, lastly, that whenever all the x's are equal, the equation

in y totally disappears, along with the irrational parts of the

expression for x.

Now observing that S2 and S^ are functions of xi — ai,

x-2 — ai, Xs — ai, or (by reason of the equation a?i — cti+ a?2— ai

-\-X3 — ai= 0) of any two of them, we see, conversely, that the

irrational parts of the root of the cubic are functions of yi

and 2/2 exclusively ; and functions of them of such a nature

that their irrational part always presents itself in them

unaltered. It is also obvious that yi and y^ must enter

symmetrically, since there is no rnethod of distinguishing one

from the other. The ^'s, therefore, must be capable of being

represented as symmetric irrational functions of yi and y^

exclusively; or to speak more in detail, as an irrational

function of one y combined with the same irrational function

of the other y.

Moreover, from what we have heretofore proved, it results

that 2/ is a function of such a nature that its own value can

undergo no alteration when each x — ai is changed into

a (x — ai), or each (x — ai) is changed into aXx — ai), whilst, at

the same time, there must exist some function of y which

shall assume a times its existing value, when each x — ai is

changed into a(x — ai), and a^ times its existing value when
each (x — ai) is changed into a^ (x — ai). This is the same

thing as saying that y must be a function
((f)

of some

function xfj of y, say (p {\p y), such that the distinctions pro-

duced by the changes above mentioned visibly exist in \p y,

but are obliterated in (<// y) ; or that is a function

which denotes an operation which obliterates all distinctions

arising from the introduction of the factors a and a^. Such

a function can obviously only be the operation of cubing.

Consequently we have y = {y^f = ( a y^Y = {a ^y^Y ; or each y
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is a perfect cube of some three-valued function of the

(a?— ai)'s of the character above described. It follows that

y must be rational ; for if it were not rational, neither the

cube-root of y nor any other function of y could be ex-

pressed in a form which should be capable of alteration by

the change of each {x — a\) into a{x — a\) or a^(x — a\). This is

immediately seen from the form of y as >S^3± V 8^^ in which

both 8s and 8q are identically functions of the three values

of (x — ai)^^ and not otherwise functions of the three values

of a? — (Xi ; so that, if ^S^e were an irreducible surd, no function

of y could present itself otherwise than in a similar form.*

It is not, I think, with any sufficient degree of clearness

pointed out in elementary works that the algebraic resolu-

tion of the cubic is necessarily of the ambiguous or halting

character above described. The theory, in fact, has got

mixed up with the general theory of equations in which

the coefficients have a character of reality attributed to

them ; and speculations are gone into as to the character of

the roots, such as whether they are positive or negative,

real or unreal, commensurable or incommensurable, and so

on. These speculations, although of great importance,

have nothing to do with algebraic resolution, whose final

object in the case of a cubic is to conceive a function of

three symbols aji, Xz and Xs^ which has identically, by the

mere performance of the operations indicated in it, the three

values aji, X2 and Xz.

This we have effected, in a peculiar manner.

We obtain the result in the form

^1 +'/8, -f V 8, +^ ^8 - \/ 8,

which has of necessity nine values; and these, properly

* Such forms as i?^ + ^/'rI for y* are inadmissible, as they would lead to values

of y from which the square-root radical sign could not be extirpated ; and as y ^ and y^

are arbitrary, this result would be inconsistent with (13).
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assorted, solve three distinct cubics ; the criterion being that

we are to employ that cube-root of unity which makes the

product of 2/1^ and 2/2* that particular cube-root of (12)^ which

appears in the equation to be resolved.*

18. We may recapitulate our examination of the cubic

by stating that we have discussed it in two modes.

The first mode is tentative, and gives us the solution

merely as the result of an actual calculation. We find, as a

matter of fact, that ^S^e expressed in the roots is a perfect

square, and that S3 ± VS^ similarly expressed are perfect

cubes. In the second mode, we show, d priori^ that Sq is a

perfect square ; and we then point out, from considerations

of a general character,'that the reducibility must extend also

to the cube-root of the two-valued expression above given.

This result is clearly seen to depend on the peculiar form of

the resolvent in the two particulars, that it has the same

discriminant as the cubic ; and that by reason of the manner

in which (12) enters into it, viz., only through its cube, it

gives us necessarily also the solution of the two other and

conjugate cubics above mentioned.

We have also discussed this second mode in a two-fold

manner. We hare shown from the identity of the critical

functions of the cubic and the quadratic, that y must not

only be rational, but that it must be a two-valued function,

each value being a perfect cube of a linear function : and

we observe incidentally from this circumstance that the

resolvent in y must be just as applicable to resolve two

certain other cubics as the one under consideration. We
have also independently shewn that since (12) enters into

the quadratic only through its cube, the quadratic, being

known to be a resolvent to the cubic, would stand in the

* See, however, " Todhunter's Theory of Equations," pp 92-9G. Also,

Professor Cayley in Phil. Mag. Vol. xxi
, p 213.
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same relation (i. e., the relation of a resol\'ent) to the three

conjugate cubics, whose roots are all different; and that

4his leads us also to the same conclusion, viz., that y is

rational, and that the six values of y^ are so connected that

they must be linear in the cc's, and be in other respects

connected in the manner we have pointed out. It is to this

last point of view that I desire to call particular attention, as

we shall in the course of this Essay find this circumstance

frequently occurring, and always in connection with two

equations which have their critical functions identical.

19. Besides the linear transformation, there is only one

other transformation which a cubic admits of without losing

its form ; viz., that transformation which consists in making

(21) in the new equation to vanish. This is in effect the

Tschirnhausen transformation ; which, we know, reduces

the cubic to a binomial form by means of a quadratic, and

gives, in effect, the same form of roots which we have

obtained (Serret, p. 216). The solution of the cubic is,

therefore, unique in form.

20. The question now suggests itself, whether the reso-

lution of the cubic is an ordinary algebraic operation of an

inverse kind, as was the case with that of the quadratic.

We can write the cubic in the form

(ic_ai)^-3(12)(«-ai)-(13) = 0;

and if in this we make

{x-ai)= V3 (12) t, we have t^-t= ^. ( =v (suppose).

This is of the form (lit = v\ and we have been finding

what is the form of 0~^ in ^= ^-^ v.

The algebraic statement of the problem is therefore the

same as in the case of the quadratic; and the root of a

complete cubic is in effect a function of one single symbol v.
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THE QUARTIC.

FIRST METHOD.

21. Proceeding to tlie quartic, we infer as before from tlie

linear transformation that, if the quartic is resoluble through

that transformation, the rational part of its root in such a

resolution is ai, and the irrational parts are functions of the

three expressions (12), (13) and (14); and we are led to

enquire whether we can find a cubic whose coefficients are

rational functions of those of the quartic, and which has the

same discriminant (to a numerical factor) as that of the

quartic.

Having regard to the considerations heretofore developed,

it will be readily seen that our object in looking for such a

cubic is, that it may be a resolvent of the quartic ; that is,

that its roots may enter, as it were bodily, into the expression

for the root of the quartic. Hence the necessity that the

discriminants must be the same; for we know that in the

root of any general equation its discriminant must enter.

The discriminant of a quartic is of the twelfth degree in

its roots, and that of a cubic is of the sixth degree in its

roots. The argument, therefore, of a cubic in y which is to

have the same discriminant as the quartic in a?, must be of

the second degree, and its coefficients of the degrees 0, 2,

4, and 6 respectively. The most complete form of such a

cubic is

f- 3A^i (12) f+S(N, (12)«+ i\^/ (14)) y - (^Ns (12y (14)+

i\^8a3«) = 0;
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there being no need to introduce into the last term any

multiple of (12)^, since it could be made to vanish by a

linear transformation. With these numerical constants at

our disposal, or rather their ratios, we are to enquire whether

such values can be given to them as will make the discrimi-

nant of this cubic the same as that of the quartic. The

discriminant of this cubic is

4(IIiy-(IIII)2;

where

a'U) = (JS'i'-N.) {I2y-F/ (14), or 0(12)^-i\r/ (14);

(I-III) = {2m' - dmN.){12Y - (dNiN.^ - iV^3)(12)(14) + i\V(l 3)^

or D (Uy-JE (12) (14) + i\V (13)^.

The discriminant of the quartic is given in (6).

Writing them side by side, we have

(12)'

(I2y(i4).

(14)»

(12)» (13)=

(12) (13)= (14).

(13)'

Discriminant of Cubic. Discriminant of Quartic.

AC'-D^

2DE-12(?N,' ...

12CN,''-E'
...-4i\r/3

...-2DF3

81

18

1

-54
... 2.E'iV3' -54
...- N/' 27.

The comparison of these gives the six relations

:

Z)i\V+ 108iV7^= 0,

^i\^3'-108i\^/^= 0,

6C'm'-Di:-ic^2w,''=o,

\2Cm'^-E'-^12m''= 0.

The first of these equations implies

d2
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Therefore

But E must be equal to Ns or INi^; consequently Nb= 0.

It thus appears, that, although we have to satisfy six

equations with only four constants, yet the problem is pos-

sible ; for the values here obtained verify all the six equations

independently of whatever value may be assigned to iVi ; and

(making iVi = 6, to avoid fractions) we find that the cubic in

y which has the required properties, is

2/^-18 (12) /+ 3 ^27(12^+ 3 (14)U-54 (13)^= 0.

We can, therefore, by resolving this cubic, firsts express

the three values of y explicitly in terms of (12), (13), and

(14), i.e., of ai, aa, as and ar, and secondly, express them in

terms of symmetric functions of the x's under radicals, by

substituting for each coefficient its corresponding value in

the x's.

It is not necessary here actually to write down the first of

these modes of expression ; it is sufficient to see that they

are known. The second may be represented by the formula

6 5

VSiz being, of course, reducible as being the square-root of

the discriminant of the quartic expressed in its roots.

If our object were merely to solve the quartic by any
process (tentative or otherwise) which should present itself

as feasible, we should find now no further difficulty in this

resolution. We should simply expand Ss±Re in terms of

the x's, and extract the cube-root of each of them. We
should find, as a matter of calculation, that the extraction is
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possible so as to present y in a rational shape ; and also that

each value oi y thus obtained would be a perfect square,

and would therefore produce, bj extraction of the square-

root, a linear function of the x'^ ; whose coefficients would

be found by the process ; and we should thus be conducted

to the resolution of the quartic.

22. We desire, however, with a view to the construction of a

general theory of resolution, or, if that cannot be effected, with

a view to discover the circumstances which render algebraic

resolution possible, or the reverse, to establish upon a priori

grounds the fact that y is rational, and the square of a linear

function of the a?'s. The proof of such fact must of course

be based upon the nature of the connection which exists

between the quartic in x and the cubic in y. This con-

nection in substance is that the two equations have the same

discriminant ; for if we assume the rationality of the coeffi-

cients of the cubic, everything else in its form flows from

the identity of the discriminants. The equations are so

allied, that there must be at least one common radical in the

expression of their roots; and this fact makes one step

towards establishing the rationality of y by enabling us to

say that >Sii2 is a perfect square when expressed in the ic's.

If we proceed to enquire further in this sense, we shall

find another relation between the two equations. When the

cubic has three equal roots, not only does its discriminant

vanish, but the two components of the discriminant, the

functions (I • TI) and (I • III) are each zero ; and we have

(14) -3 (12)^= 0,

(12)«+ (12) (14) -(13)^= 0;

which give

4 (12)''- (13)^ = 0;

and this, with the vanishing of the discriminant, constitute

the conditions of three equal roots for the quartic.
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In short, all the conditions between the coefficients which

affect the multiplicity of value of the roots of the cubic

operate in a similar manner upon the roots of the quartic;

from which we infer that all the radicals which enter into

the root of the cubic must enter also without any alteration

of shape into any algebraic expression for the root of the

quartic which may result from this process. And this we

may regard as the property, or definition, of a resolvent.

Now for a quartic we have already ascertained that the

conditions of three equal roots can be represented as the

product of six functions,

jRa+ alt'%+ a^i^'s ; R2+ a^R'%+ a-R "a

;

a{R^+ aR^+ a'R',) ; a{R2+ a^R'^+ aR',)
;

a\R,+ aR'z+ a^R'^)
I
a\R^+ a'R'2+ aR",)

;

in which the three R's are rational functions of the second

degree of the roots of the quartic. We should thus learn

indirectly that the values of y are rational.

It is material, however, for us to establish this rationality

in a more direct manner, from the connection between the

quartic in x and the cubic in y, coupled with the fact that

the product of the roots of the cubic is the square of a

rational function of the coefficients of the quartic.

Now the identity of the critical functions shows us (as in

the case of the cubic) that 2/1, y^, and ys enter into the values

of the four {x — (Xi)'s in such a manner as to preserve intact

their irrational parts, so that the values of x— ai being, from

the nature of the case, symmetric in respect to yi, 7/2, and ys

must be irrational functions of these symbols ; and must there-

fore consist of irrational functions of yi, yz, and ys separately,

or (which is in effect the same thing) combined only in pairs

;

and the other fact to which we have adverted (relative to the

product of the roots of the cubic) shows us that, intimate as is
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the connection between the cubic and the quartic, there is also

another quartic with which this cubic is allied in precisely

the same manner ; the two connections being so absolutely-

identical, that if we trace our steps backward we cannot

discover from which of the two quartics the cubic was

derived, so that whatever results we arrive at through this

cubic must be common to the two quartics, although (as we
shall see) they have no root in common.

Retracing our steps, then, we examine the cubic, and we
find that the function (13) does not enter into it except

through the form (13)^; and consequently that the same

cubic would have been derived in the same way, if the

quartic, instead of being

(^x-aY-Q (12) {x - a^y - 4 (13) (a; - ax) - (14) = 0,

had been

(a;-ai)*-6(12) (a?-ai)2 4-4(13) (cc - ai) - (14) = 0.

Consequently 2/ is a function of the four values of (x — ai)

only through the four values of {x — aif ; as indeed we may
make visible to the eye, if we express y in that form, since

(12), (13)*^, and (14) can each be so expressed.

That being so, 2/ is such a function that it cannot itself

undergo any change when each of the four {x — aifs is

changed into the corresponding —(x— a\). ,

But, on the other hand, from the connections which we
pointed out between the equations, it is easy to see that if

the root of the quartic be algebraically expressible, it must

be so expressible through some function of y which will

admit of a change in value when each {x — ai) is changed

into^the corresponding — (aj — ai); since this root is under

that change to become the root of a new quartic which has

no root in common with the quartic under consideration.

There must, then, be some mode of dealing with y, which
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will cause the result of such dealing to exhibit, what y itself

cannot exhibit, the capacity of changing under the substitu-

tions before mentioned.

In other words, there must be some function (^) which

operating on y explicitly exhibits a change when each {x— a\)

is changed into the corresponding —{x — a\)\ but which

faculty of changing is wholly obliterated when we perform

upon ^y the inverse operation ^~\ We have then a func-

tion ^~^(^y)^ in which ^y exhibits the effect of the change,

while in ^~\^2/) ^^ 2/' ^^^ effect is entirely obliterated. We
must therefore conclude that ^~^ is the operation of squaring

;

and "^ the operation of taking the square-root.

All this requires that y must be rational when expressed

in terms of the a;'s ; for if the cube-roots which enter into

the expression of 2/ were irreducible surds, any root, or

power or function of y would also be of that character, and

would contain y only through the four values of {x — a\f.

The three values of y being rational and their product a

perfect square, it follows from considerations similar to those

stated in section (9) and (10), that each of the y'% is a perfect

square, and therefore each value of 7/* is a rational and linear

function of the four values oi x - a\\ and it is, of course,

obvious that the three values which constitute one set will be

the same as th^ three which constitute the other set, but

with changed signs.

Speaking apart from the conditions of the problem, it is not,

of course, absolutely necessary that each of these three rational

quantities should be a square because their product is one.

They might be of the form RR' , R'R' and R'R. But if

they were, (13)^ would be made up of three factors, each

repeated twice ; whereas, in order to satisfy the exigencies of

the problem, (which are the same when —{x — a\) is written

for x — a\)^ it is necessary that for every factor there should
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be another factor differing from it in sign, and in sign only.

And, finally, as the signs or square-roots of unity will enter

in a symmetric connection with the roots, we must have

yi^ = ±A
y

(xi - ai) + (X2

-

ai)+ (xs -ai)-{-(xi — ai
j ,

y2'' = ±A I (xi - ai) - (x2 - ai) + (xa - ai) - (a?4 -a\)
)

,

y^ =±.A i {xi — ai) — (X2 — cti) - (xs — ai)+ (xi — ai) I
;

in which we retain ai merely because it is convenient to

write down the two quartics which these forms indiscrimi-

nately solve, as

(x-aiy-6(12) (^_ai)2-4(13) (ic-ai)-(14) =
(x-aiy-Q(l2) (^—(^i)2 + 4(13) (x—ai)—(U) =

With that numerical form of the cubic which we have used,

A is found by calculation to be Vf .

23. In the arithmetical application of the formulae to our

original equation, we must use that square-root of unity which

will make (yi y% y^Y of the same sign as (13); and for the

other form that square-root which makes (yi y^ y^Y of the

same sign as — (13).

The necessary ambiguity of the solution of the quartic is

a well-known and admitted fact ; and the criterion is given

in elementary works, as it has not been found possible to

evade it by collateral considerations, as was done in the

cubic.

The function which expresses the algebraic solution by

this method is therefore of the form

/ 3/ zzz ^^ __

+ VSs~\ra'VS,+ VSi,+ al/Se - V Si
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which is evidently eight-valued, even when all ambiguity

arising out of the solution of the resolvent cubic has been

disposed of.

24. We do not find ourselves able in this case to express

the problem in the simple algebraic form ^^= 1;, so as to

describe the process of resolution as the simple inverse of an

ordinary algebraic operation ; and, accordingly, we find that

that multiple of oj — ai which we call t is not in our expression

of the root a function of any one symbol v.

At present, therefore, we must admit that the root of a

general quartic, in the shape at least in which we have found

it, is not capable of being represented by any function of a

single symbol or parameter.
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THE QU ARTIC
(Continiied).

SECOND METHOD.

25. The success of the foregoing d priori method, as applied

in the two instances of the cubic and the quartic, depends

on the following circumstances :

—

1st. That there exists an equation of the next inferior

degree, whose coefficients are rational functions of those

of the given quantic, and which has the same discriminant

as the given quantic.

2nd. That the absolute term of the new equation, or the

product of its roots, is a perfect power of a rational function

of the original coefficients, the exponent of the power being

the same as the degree of the argument of the auxiliary-

equation.

3rd. That the rational function last mentioned, enters

the new equation only through the medium of that power of

it above referred to.

In the course of this demonstration we ascertained the

remarkable fact, that the whole process was equally appli-

cable to a set of original quantics, as many in number as

would be denoted by the exponent of the last term of the

equation in y; the members of the set having a certain

similarity inter se, but being so far distinct that they have

no root in common.

A similar inference also we observed to be deducible from

the equality of the discriminants, and the fact that in both

cases the discriminants possessed a particular form, viz.
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S^-\-NS' ^ Both these peculiarities conducted us in a nearly

similar manner to the conclusion that y must be not only

rational in the x's, but a power of a rational and linear

function of them.

In the case of the cubic, these circumstances presented

themselves in the course of the investigation, in a manner

which was free from difficulty or peculiarity. In finding

the auxiliary equation, so soon as its form was written

down, we were able to see at once that such a ratio could be

assigned between the numerical constants as would produce

the desired result. It was otherwise- in the case of the

quartic. There, we had but four ratios at our disposal, whilst

there were six equations to be satisfied by them. We could

not predicate a priori that four ratios could be so assigned

as to satisfy these six equations ; and, therefore, we could not

know beforehand that such an equation as we were looking

for existed. This is a circumstance very worthy of attention,

as it seems to indicate that the method which we pursued,

if not imperfect, was yet not the most natural or simple in

point of Theory.

The obvious remedy for this apparent imperfection is to

endeavour to diminish the number of equations to be satisfied.

In order to equate two general functions of the 12th degree

containing (12), (13), and (14), we must satisfy six equations,

there being seven terms possessing coefficients. Examining

these terms as they appear in the first column of the com-

parison in section (21), we see that, if we strike out (12), we

have only two terms left ; and the ratio between their co-

efficients can be determined without any redundancy of

equations or other chance of inconsistency.

If, then, we take a quartic whose coefficients are subjected

to the condition (1 2) = 0, which is equivalent to

3(S^)^-8 2(0^) = O,
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it exists in the conditional form

z"- 4 6i0^+ 6 6iV-4 63;^+ ^4 = O;

and the cubic which has the same discriminant is

2/^+ 9 (41) 2/ -54 (31)^ = 0.

We can resolve this cubic so as to determine explicitly

the three values of y in terms of (41) and (31), or of 61, 63,

and 64; but we can no longer express y in any unique

manner in terms of the 0's. We may indeed express y by

simply substituting J S for 61, \ S {zzz) for 63, and ZxZiZ^Zi.

for 64; but such an expression would admit of indefinite

variation by means of the condition 3 i^zf— % S {zz).

The problem is now before us in a form similar in many
leading circumstances to those which we have already solved

;

but in one important respect, it occupies a different position.

Whatever train of reasoning we may base on the intimate

connection between the quartic in z and the cubic in y^ and

on the cardinal fact that (31) enters into the cubic only

through its square, we have no means of making any

application of our results unless we find some method of

discovering a unique expression for y\ and moreover any

result we might arrive at would not bring us to that w^hich

we are seeking, the resolution of the general quartic in x.

Before proceeding further, then, with the considerations

to which we are led by the points of similarity existing

between this case and those which we have discussed, we

must ascertain whether the general quartic in x^ with its full

complement of parameters, can be transformed into the

species of conditioned quartic which is now under considera-

tion ; and, if so, in what manner such transformation must

be made.

To those who are acquainted with the transformation of

Tschirnhausen it will not fail to suggest itself that it is the
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one to wliicli we must resort. We must therefore explain

this transformation at length.

26. Taking the complete quartic in x

of — 4ai x^-\-QaiX^'- 4a3 a?+ a^= ,

we require to transform it into a quartic in z; z being such

a function (if) of x as will cause the result to appear in a

form which is subjected to the required condition (21) = 0.

This, at least, is the problem in the form in which we are

naturally led to propose it. We shall see in result that we

ought to have contemplated the possibility of there being

not merely one such quartic, but a system of such quartics.

The most general form of \p for this purpose, is

z= \px= hx^-{-kx^+ lx;

for if we should introduce any power of x higher than the

third, the form would be reducible by means of the original

quartic to the form just written down ; and we need not

introduce a constant or absolute term since that would incor-

porate itself with z. Let, then,

= hx^+ kx^ -\-lx = \px;

then the transformed equation in 0, is

0* — S (ipoo) 0^+ S (\px.\px) 02 _ s (\px'ipx'\px) + ipxi xpxn xfjXs \pxi = ;

and in order to satisfy the condition (21) = 0, it is necessary

that the coefficients h, k, and I should be so taken that we

shall have

3 /s (^x)\^-8 S (-iPx . iPx) = 0;

or, in the notation given in (8).

33 h'-\-2'd2 hk-\-2'Mhl-{-22 k''+2'2lkl-{-Til' = 0.

This relation may be satisfied in two distinct ways ; the first

of which admits of three varieties, and the second of two.
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In tlie first place, as we liave two constants at our disposal,

and only one condition to satisfy, we may make one of the

three h^ k, and I, equal to zero ; in which case the ratio sub-

sisting between the other two is determined by resolving a

quadratic equation. Thus we may make ^, = 0, and deter-

mine the ratio oi k to I by the quadratic

22k'+2'21kl-^Tll'= 0.

We thus obtain two forms of ip ; and for each form a corre-

sponding quartic in which has the property which we
require it to have. The result will be arrived at in a system

or pair of quartics ; in each of which the form of \p, and the

coefficients of the quartic in 0, will contain functions of ai,

as, as, and ai, of a known specific quadratic-irrational form.

Similar modes of transformation would be obtained by making

A;= 0, or ?= 0, in the first instance.

In the second place, we observe that the condition admits

of the form

(Mh+ ¥2k+JHy-\-(d3 . 22 - 32 . 32) A;2

-i- 2(33.2l-32".3r)Z^Z-f (3y.ir-3l.3r)?'= 0;

which we can divide into two linear conditions

33^+ 32^+31^= 0,

Ak+{B + VB'-ACr)l= 0;

Af B and C being the three symmetric functions of the 10th,

9th and 8th degrees above given. If we assign any conve-

nient value to h^ then k and I are determined by a linear

process ; and thus again is represented in two ways as a

function of x^ whose coefficients are functions of ai, as, as

and a4, which contain another known specific quadratic-

irrational, and the coefficients of the two quartics in 0, are

known in a similar manner.

The other method of effecting the reduction is similar to
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the above, and may be obtained from it mechanically, by

interchanging 1 and 3 in the above formula, and, at the

same time, interchanging h and I. A distinct form of irre-

ducible irrational is obtained for each mode of elimination.

The degrees of the new functions introduced are respectively,

14 and 18. All these methods appear to be quite distinct.

In every manner then of solving this problem, we arrive

at a system of two quartics ; each of which is turned into

the other by changing the sign of the square-root radical

which appears in every coefficient. "We shall confine our

future remarks to one of these possible transformations ; and

we select, as apparently the simplest, the form in which z is

a quadratic in x, viz

:

z — hx^-^-lx

~rix^+ [n± V21''2i-'22'Tljx

or

l,z = 3(ai^ - az)x^ + {3(4ai^ - 5am+a^)± A/9(4ai^- 5(Xia2 +

asY— 3(ai^ — (X2) (48^1* — l'2ai^a-2+ 9a2^+ IGaias — ai)} x.

The radical last written down is the essentially irrational

form which will pervade the whole of our future results.

Whether, when its subject is expressed in terms of the cc's,

it is actually irreducible or not, is not material. We shall

always speak of it as irreducible, by which we mean that we

never attempt to reduce it by extracting the square-root.

There can however be no doubt that it is in fact irreducible.

With this value of 0, 61 is i^z; ha is i^(zzz)', and hi is

01 02 03 04 ; which are all manifestly now expressible in terms

of ai, as, as, and ai, these expressions all containing the irre-

ducible radical, but being in other respects rational.

I may here call attention to the important fact that it is

now evident that we are proceeding by a route, which, (if it
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leads to a result), will produce the result in such a form that

the irrationals in it are not functions exclusively of (12), (13),

and (14) ; a result, therefore, which will not, or at least may

not, explicitly exhibit the rational part of the root of the

quartic in x in the form of ai. That the sum of the roots of

the quartic in x in whatever form obtained, must be in fact

equivalent to 4(Xi is of course quite obvious ; but we are not

to regard it as indispensable that in each root there must

appear a rational part which is simply ai, and that the residue

of the root will be a function of (12), (13), and (14). The

result, then, which we have arrived at is, that the general

quartic is equivalent to a system or pair of conditioned

quartics of the form

0*-.46i0^+ 66i«0«- 4630+ 6^ = 0,

with the relation z = kx^-\-lx<, where l^k^ 6i, 63, and 64 are

quadratic-irrational functions of ai, aa, as, and a^, all possessing

precisely the same kind of irrationality; and each of them

having two values, (one for each system), according as we

consider the above quadratic-radical to be affected with one

or other of the two square-roots of unity.

27. Now, confining our attention for the present to one

of these conditioned quartics, and reverting to the cubic in y
which we have previously found having its coefficients

rational functions of those of the quartic in 0, and having

the same discriminant, viz.

2/H9(41)7/-54(31)« = 0,

we perceive thatwe have the means of expressing (31) and (41),

f which are respectively 63 — 61^ and — (hi — 61*) + 46i (hs—hi)

\

in terms of ai, aa, as, and a-4 ; these expressions each con-

taining the same quadratic-irrational, which we will call

E
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We can, therefore, express y completely in terms of

ai, as, as, and a4, the expression involving irrationals, which,

in Sir William Hamilton's notation, are of the third order.

And we can, of course, by substituting for each coeffi-

cient its corresponding equivalent as a symmetric function

of the ic's, exhibit y in terms of the cc's in an expression con-

taining the same order of irrationality.

So far as relates to the theory of the subject, it is of

course immaterial whether we first exhibit 2/ as a function

of ai, as, as, and a4, and then substitute for each a its corre-

sponding symmetric function of xi, Xz, Xz^ and Xi. ; or whether

we first calculate 2/ as a function of the aj's, and then for

each symmetric combination which appears, substitute the

equivalent function of the a's.

Our theory, however, does require that both forms should

be seen to admit of explicit calculation: and it is particu-

larly to be observed that the expression whether in terms of

the coefficients or of the roots of the quartic in x is no longer

indefinite, but (for each separate mode of transformation) an

absolutely unique expression.

We may therefore now resume the argument in proof of

the rationality of y in the same plight as we had it in the

cases previously considered, and with the same means of ap-

plying its results. We have, as before, y actually expressed

in terms of cci, a?2, Xs^ and X4. in a unique manner; and

whatever results we arrive at by conceiving y expressed in

terms of the z'^ may be transferred to the actual expression

for y in terms of the oj's provided we make the transfer with

a due regard to the relation between each and its corre-

sponding X.

Let us then first examine the connection between the

quartic in z or \px^ and the cubic in 2/, in order to ascertain

if it is of such a nature as to admit of the application of the
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d priori argument as to the form of y ; or in other words

whether it is such a connection of critical functions as

qualifies the cubic to be a resolvent for the quartic.

Now the two equations have the same discriminant, so

that one radical entering into the expression of y in terms of

the z's will also enter into the root of the quartic, if it is

algebraically expressible; and in the conditioned form of

the quartic, the discriminant is in reality the only critical

function which exists.

The quartic is

which has really only two parameters, so that we cannot

introduce two conditions. In fact, we cannot suppose the

equality of three or four roots, without causing the cubic

to disappear, and the quartic to become simply (0— 61)^ = 0.

The connection between the quartic and the cubic is

therefore as intimate as it was in the case of the general

equation ; and we may be assured that whatever affects the

multiplicity of value of the expression for y will also affect

in a similar manner the multiplicity of value of the expres-

sion for ;2; or \px; and therefore that all the radicals which

enter into y enter also in an unaltered form into the root of

the quartic as obtained by the process. These radicals are

the three distinct forms of

V (Siy + V(31> + (i(41))' + V (31)^ - /(31>+ (4(41))'

which we can express uniquely in terms of xi, x%^ x^ and iCi,

and also of ai, a^ as, and a*.

It may perhaps be urged by way of objection that we are

speaking of these functions as if they were really expressed

in terms of the ;s's whilst we have no definite means of

making such an expression. With reference however to the

e2



52 THE QUARTIC.

discriminant, this is not in fact the case, as we always know

how to express that function, if not in a unique manner,

yet in the manner which renders it a perfect square ; and

that is all we require. It will be observed that the discrimi-

nant of the quartic in a? is a factor of that of the quartic in

z when the latter is expressed in terms of the a;'s, so that

the latter vanishes when the former does.

But independently of this, the objection is not of any

weight, Properly speaking we have no equation in z\ for

the symbol z is merely used as an abbreviation of that form

of ^^jx which in this transformation is equal to z. The

equation which we are considering is still an equation in x^

differing from an ordinary quantic in x in this respect, that

its argument is not x but tltx (or in this transformation

l^-^-lx). This should be borne in mind throughout, as we

never attempt to solve any conditioned quartic, but deal

entirely in the matter of resolution with the complete quartic

in x^ placing it for convenience in its trinomial form

{:^x - biY - 4(31) (xpx - h) - (41) = 0.

When the cubic has three equal roots, it is reduced to

2/^ = 0, both (31) and (41) being zero; and both the radicals

disappear from the root. The quartic degenerates simply into

(z — biY = 0, or (-^l^x
— biY = ; and has also three equal roots.

Also whenever it has three equal roots, it has four equal

roots, if considered as an equation in z. But if considered

as an equation in x, then, when it has three equal roots, it is

reduced to \px — bi; and when it has four equal roots it

becomes x = ai. It is not necessary to consider the matter in

any detail in this place ; but of course it may happen that,

in such extreme cases as these, the transformation may be

nullified in consequence of relations existing between the

original coefficients or roots which are inconsistent with the

form of the equation in z.
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Speaking generally, we find that tlie conditions of two

equal roots and of three equal roots are the same for the

quartic and for the cubic ; and therefore that the two radicals

which enter into the root of the latter enter in an unaltered

shape into any algebraic expression for the root of the

former, so that such expression must be in effect some

function of y\ combined with the same function of y^ and

also the same function of y^. We are thus entitled to

conclude that the connection between the quartic and the

cubic continues, in this transformation in the same condition

as we found it in the foregoing case ; and we may proceed

to argue upon the peculiar form of the cubic in a manner

similar to that in which we proceeded before.

We observe then that the quadratic-irrational combination

of coefficients or roots which we have designated (31) does

not enter into the cubic in y except through its square

;

which leads us to the fact that this cubic resolvent is equally

applicable to that other quartic which we shall obtain if in

our original conditioned quartic we substitute—(31) for (31)

;

or, which is the same thing, —{z — h\) for (0— 61). The

quartic in z given by the transformation of the original

quartic in x is

(^ _ uy - 4(31) {z - 61) - (41) = ;

the conjugate quartic therefore is

{z - W*+ 4(31) {z - 61) - (41) = ;

and the quartic in x which would have produced this last

form is that which we should obtain from the original quartic

by substituting - {kx'^ -j-lx- hi) for {kx'^ + Ix" - 61) ; k, I, and 61

being all supposed to be expressed in terms of ai, a2, as, and

ai.

The expression for y, therefore, must admit of being placed

in such a form that some function of it shall be capable of

OF THE '^^
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variation by the above mentioned change of each (z — hi) or

each (kx^+ l — bi), while at the same time we know that 3/

itself is incapable of such a change. As before we infer that

this can only mean that y^ exhibits this faculty of changing

while (yiy does not exhibit it; and we thence perceive the

necessity that y when fully expressed in terms of the x's

must be a rational function (not now of the x's but) of those

expressions which represent z in terms of x; for if y were a

function not reducible by extraction, any function of it

would necessarily contain the four (0 — 6i)'s only through the

four (0— 6i)2's, inasmuch as (41) and (31)2 ^re identically

functions of the four (z — hiy's. This being the case, the

square-root of each y must be a linear function of these same

four expressions xpxi, \pxz^ xpxs, and xpXi for the same reason

as in the last case. In short each y when expressed in terms

of the x's, (and there is but one way in which it can be so

expressed), will be actually reducible, by performance of all

the operations indicated in it, (not, of course, including the

square-root radical which we regard as ipso facto irreducible),

to a whole rational function of ipxi^ \px<i, tpxs^ and ipXi of the

second degree; \p being of that particular form kx^-\-lx

which represents the value of z in the transformation ; and

also each value of y^ will be actually reducible to a linear

function of xf^xi, ipx^, ipxs, and xpxi. Performing the reductions,

we obtain

A i(\px — bi)-\-A 2(\l^xz -bi)-\-A ^{ijjx^ — hi)-\-A i(\pxi - hi) = ^/iS

Bi{\pxi - hi) + jB2(;//^2- 61) + ^3 (-iPxs - hi) + B^ixpxi - hi) = 2/2*,

Ci {\pxi - hi)+ C2 {ipX2- hi) + Cs {\pX3 - hi) + C4 {\pXi - hi) = 2/3*

;

which, combined with

(xpxi — hi) + (\poih - hi) + (xpxs - hi) + {\pxi — hi) = 0,

determine \pxi, ipX2, \pxs, and \pxi completely. The J.'s, B's, and

C"s are numerical factors which have sprung up in the course
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of the reductions ; and 3/1, 2/2, and y^ are the known irrational

functions of cti, as, as, and a^ previously determined.

This process being supposed to be gone through for one

transformed quartic and its form of ;//, we may go through

it again in precisely the same manner for the other trans-

formed quartic and its corresponding form of ^; and we
thus obtain another set of values of \pxi^ \pX2j \pxz, and ipXi^

in which -ip represents the other value of z. That is, in the

case under consideration, we first determine

hxx*+ Ixi^ hx^+ Za?2, kxz^+ Ixz, hx^+ Ixi^

where I is of one value say 21 + V 21 .2T— 22.11 ; and

then determine

te"+ Vx\^ hxz^+ Vxi^ kxi+ Vxi^ to»

+

Vxi,

where V has the other value, say,

21- V'21. 21-22. 11.

Now, if we form any symmetric function of kx^-^-lxx and

hx^-^-Vxx^ this will be a function of x\ all whose coefficients

are rational functions of ai, as, aa, and a* ; then x\ itself is

absolutely determined by expelling all powers of x\ higher

than the first by means of the original quartic in x\. For

example, if we take the sum of hx^-{-lx\ and kx^-^-l'xx^ we

obtain

F„ denoting a known function of ai, as, as, and a4 ; and we

obtain x\ by extirpating aji*, aji^, and x^^ from cci*— 4ai x^-\-

Gas x^ — 4a3 x\-\-a\— 0, and

(ai« - as) a?i'+ (4ai^- 5ai as+ o^s) a;i - F„= 0.

There is, therefore, no further extraction of roots than is

implied in finding the double set of y^, y^ and y^. It is,

of course, obvious that the irrational functions of ai, aa, as,
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and a4, which represent one set y^^ y}^ y^^ represent the other

set also by simply changing throughout the sign of V/g.

28. We thus acquire a new form of solution for the quartic,

the essence of which consists in the introduction of a special

irrational element pervading the whole process and the final

result, and producing a material change in the character of

the root, inasmuch as each term of it now contains only two

constituents.

Had we taken ^ of the form lix^+ Ix^ we should have ob-

tained another new form of solution of the quartic, whose dis-

tinction would have depended on the introduction of a known

irreducible radical V 1%-, producing a similar effect on the

root; and had we taken ;// of the form hx^+ kx^, we should

have obtained another new form of solution of the quartic in-

volving another known irreducible radical ^7,0 with similar

consequences. Moreover, if we had retained ^p in its full

form hx^ + kx^ + Ix, we should have got another distinct

solution of the quartic, whose leading feature would have

been the introduction of one or other of two known irre-

ducible radicals of the respective degrees VIu and VIis-

The ordinary solution of the quartic, being the one to

which we were led in the former section, may be dis-

tinguished as the solution which does not introduce an irre-

ducible radical. The possibility of arriving at such a solution

depended upon a circumstance which we could not have

anticipated d jjWori, viz. the power of finding certain

rational combinations of the roots which were capable of

being the roots of a cubic with coefficients rational functions

of those of the quartic.

This means in effect that there exist rational functions of

four symbols which have exactly three values.

The solutions given in this section do not involve this

proposition. We do not deal with rational combinations of
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the roots; but with certam combinations which possess a

specific kind of irrationality; to wit, that kind of irra-

tionality which consists in their being of the form A-\-B V

I

where A and B are rational, and / is rational, but not a

perfect square, that is, not necessarily a perfect square. We
have ascertained that there are several distinct forms of the

irrational a//, the introduction of any one of which enables us

to find a new mode of solution. In each case, we find that

if we deal with functions of the roots which possess the

specific irrationality under consideration and no other, we
may assert that we can find a three-valued function of four

symbols ; and so arrive at the solution of the quartic.

If we had fallen upon the method of this chapter without

knowing that of the last, we should have got a solution of

the quartic without any knowledge of the fact that there

exist three-valued rational functions of four symbols.

The method of this chapter and that of the last are quite

independent of each other, as we have purposely avoided em-

ploying any results derived from the former method. If the

first method had failed to produce a result, it would not have

afforded any reason for thinking that the second would also

fail to do so. It may very well happen, for anything we can

know a priori, that an equation, not algebraically resoluble by

a process which implies that the rational part of each root is

ai, and the irrational parts functions of (12), (13), (14), &c.,

may yet be algebraically resoluble by the introduction of

some irrational function, (such as the /of this section), which

alters the algebraic character of the proposed problem. It

happens in the case of the quartic that the problem admits

not only of statement in two ways, but also of resolution in

both modes of statement.

In estimating the character and merits of the second

method of resolving the quartic, it is necessary that we
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should not lose sight of the fact, that the values of the

coefficients A,B, and C of the process are discoverable by the

actual performance of the operations which we have pointed

out, and that it is not necessary to call in aid any results of

the former method.

Nevertheless, by collating the two processes, we may
arrive at once at the conclusion that the A, B, and C of this

process are the same as those of the last process; inasmuch

as we may observe that the equation whose argument is z or

^x, is, in fact, a particular case of the general quartic. Now,

as the general quartic is in fact soluble by the first process,

we must ascribe to J., 5, and G such numerical values as will

be consistent with that solution. In other words, we need

not in practice compute the values of y in this second pro-

cess in explicit terms of the a's, seeing that we can find the

coefficients by a simple reference to the former process.

In the new process, a rational function of each root is

expressible ultimately in terms of six irrational functions

(of the fourth Hamiltonian order) of the coefficients, besides

the quasi-rational part, which is the sum of the two values

of 61, though it can obviously be also expressed by a smaller

number of functions, but not so symmetrically.

The reader will be careful not to acquire the idea that

we have been solving the general quartic by first finding the

solution of the conditioned or trinomial quartic. We have

not attempted the solution of any limited form, and do not

here recognize any mode of solving a limited form except to

take one of the solutions of the general quartic and to

import into it the condition which represents the limitation.

29. It is perhaps scarcely necessary to point out that the

new method of solution necessarily involves one or other of

the five quadratic-irrationals which are introduced by the

Tschirnhausen transformation. No other irrationals would
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produce any effect towards obtaining a solution essentially

distinct from the known linear solution. We might, for

example, in the known linear solution when expressed in

terms of the roots, introduce in place of each x any function

of X with irrational coefficients, and then turn the results

into functions of (Xi, as, as, and ai ; which at first sight might

appear to lead to some new form of resolution. This would

obviously in general be nothing but a circuitous way of

expressing the root, and in substance it would remain the

same. But when we take the particular irrationals of the

Tschirnhausen process in the way in which that process in-

troduces them, we find that the result is represented in a

very different manner by reason of the vanishing of one of the

constituents out of the form or framework of the root,

viz. Sn.

In order that the formula in section (23), containing 82^ Ss,

and ^12, may represent the root of the general quartic, it is an

essential feature of the formula that none of these quantities

can vanish. >S^2 for example could only vanish by reason of a

condition existing between the coefficients and roots of the

quartic, and we do not admit the existence of any condition.

But if we substitute for each x in the expression of the root

some function of x (say x^)i it ^^y happen that that func-

tion is such as to cause Sz, for example, to vanish identically

without in any manner affecting the perfect generality of

the root, or introducing any condition between the roots.

What we have proved is, that this does take place whenever

the function thus introduced is one of the quadratic-irrational

forms proceeding from the Tschirnhausen transformation.

Now, when this occurs, there is a discontinuity of form

produced in the expression for the root, which precludes us

from reducing that root back, by algebraic processes, to the

form from which we are supposed to have derived it. If Si



00 THE QIJATITIC.

lias once vanished by tlie effect of the process which we have

performed upon it under the radicals, it cannot be restored

by any process which operates only outside the radicals.

Let the root be called p ; then if we substitute ^x for each

X in that root, the result will be both equivalent to and

algebraically reducible to y^p so long as the form of the root

is not varied by the substitutions. But if X be such a func-

tion, that the substitutions produce a variation of form, the

result of them can no longer be represented explicitly

by ;^|0, although it may in an arithmetical sense be equivalent

to it. The arithmetical equivalence remains, but the alge-

braic reducibility is put an end to by the sudden springing

up of a discontinuity in the form.

The vanishing of this term for the particular irrationals

in question is theoretically a matter of great importance.

In an algebraic point of view, it presents the problem of

resolution in another form. It shows that in fact the root

of a quartic, like that of a quadratic or a cubic, can be

represented as a function of a single parameter, (31)*-^^(41)';

a fact which did not flow from the linear mode of resolution,

and could not be inferred from the form of the root which

that process gave.

This, it will be understood, is the real distinction between

the old and the new solutions ; but I will add some observa-

tions which will more completely illustrate the distinctness

of the two results.

30. Although the only new solutions which w^e obtain are

those which we have described, yet it is competent for us to

introduce any linear transformation into the original quartic,

before we proceed to apply the Tschirnhausen process ; and

every different linear transformation would cause a differ-

ence in the irrational introduced by this method. These,

however, would obviously be not really distinct solutions, but
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merely linear variations of those which we have found. If we

first make use of that linear transformation which causes the

coefficient of the second term to vanish, we obtain a great

simplification of all our formulae without any loss of gene-

rality or the introduction of any condition.

It will be easier therefore in any calculations we make, to

adopt this as the standard mode of transformation. It is

effected by writing x— a\ for x\ making a\ zero in all the

formulae, and then considering that as, eta, and a^ respectively

mean -(12), (13), and -(14). We will compute them in

this way, writing 02, Ca, and C4, in lieu of as, as, and a4, to

indicate that they mean the above combination of coefficients.

This being so, we now have

\Px = k(x- ai)' -\-l(x — ai),

in which Jc is — Scs, and Z is — 3c3 H- v" 3 (9c3^ — C2Ci-\- '6cs^). We
then obtain 61 = Oca^ ; and

463= l^'2 (xxx) + I'^k S (x^xx)+ Ik^ 2 (x^x^x) + Ar^ S (x^x'x'),

or

hs= 03^3+ 3c2 c 1 1' + 54c23 C'il-2 7c2^ (icz^ - da d)
j

which, when divided out by means of

I' + eCal - 3C2 (9C22 - C4) = 0,

gives

h = SU/ ci - 513c23 C32 - dcz' Ci' 4- 162c2 ca^ ci - lOSca*

+ (Slcs^ C3 - 21c2 C3 c,+ SQc3') VZ^
Similarly

b4 = Ci (l'+ 64.c-^P-10Sc2^C3 l-\-Slc2* d)

= 9c4 {243c2' - SGc's" c^ + 32402^ d'+ C'^ a' - 24c2 Cs' d+ 72c3*

- (72c23 cb - 4:C2 cs d+ 24c3«) VT^ .

These crive

(31) = - 72902"+ 81c2^C4 -51dc,'c,' - dc^'d'+'l 62c2C^d - IO8C3

+ (8IC2' C3 - 21c2 cs d + 36c23) V77
= Bi2+ Bg V /g suppose;
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4(41)= -656W+ 243c/ C4- 6156c.'* C32 + 972c.'' Cg^ c.-1296c.^c3^

- 3c22 C4H 72c.2 C32 Ci^ - 216c3* d

+ 12 (8IC26 C3 - 3c2^ C3 C4+ 36c22 a - C3 C3 ci' + 6c3^ C4) \^I^

= -B16+A3 V/g suppose;

from which we have to form

y= ^{ v'^(31)^+V(31)^+ (i(41)y+ ^(31)2- V(3l)H^(i(4T))^|

(31 )2 being ^132+ ^^^2 /^ 4- 2B, Bn VT',

and (31 Y+ (K^^ ))' ^^^i'^g
'

Bn'+ 6j5i2^ J59« /e+ ^9^ /e^ + B,i+ 3^,^ ^ib^ ^e

+ ^4^12^ ^9+ 4^12 5/ /e+ 3^16^ 5i3 + 5is^ /e) VX
As a particular case, let us suppose the equation to have

two equal roots, so that the values oi y are

6(31)»-3(31)*,-3(31)«

whence

and we have

01+ 02— 2^3— 04 = 4 (3 1)*

01+ 02+02-04= 2 V^2(3iy
01-02-03+ 04= 2V^ (31)*

01+ 02+ 08+ 04= 36c22;

^i = 9c22+ a/(31)(1+ i/-2)

;^,= 9C22+ V(31)(l- V'^^)

03 = 9c22— '/'(31)

04 = 9c22— ^"(31,

being - 3c2 (^ - aiY - (3c3 - Vh) {x - ai).

Now, in (31) change the sign of /g, and we have similar

values for

- 3c2 (x - aiY - (3c3+ VT^) (X - ai)
;
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and the addition of these gives

- 6c2 {x — a\f - 6c8 (a? - ai), or ^x,

which is represented by

>F«?i = 18C2^+ (1 + V^T) { v'^,3+ jg, V/e + V 5i2 - ^9 VTe}

y^xi

=

iSca^+ (1- >/ :r2)
I

do. ]-

^Xz=lSc2^ -
\

do.
I

'¥Xi= lScii^ -
I

do.
J-

where B12, B9, and Je have the values before assigned.

The ordinary process would give a result, no doubt arith-

metically equivalent to this ; but in it the cube-root radicals

would not appear at all, and the expression would be entirely

free from surds. But the mere form of (31) shows that its

cube-root cannot be algebraically taken, for it would have

to be of some form B4.-\-BiVl6i which is an impossible form,

seeing that (31) does not contain any symbol of one degree.

31. There is, however, one case in which the expression

which w^e have obtained for the root assumes in effect the ordi-

nary form, i. e., what the ordinary form would be under the

same restrictions ; viz. when such a condition exists between

the coefficients that !& itself is equal to zero. This circum-

stance requires attention.

I have already pointed out that the discriminant of the

quartic in or \px, 1 27 (13)* + (14)^
J

contains in it as a factor

the discriminant of the quartic in x. Consequently, when-

ever the latter discriminant is zero, the former is so also.

But the converse of this is not the case. When the discriminant

of the quartic in z vanishes, that circumstance shows us either

that the equation in x has two equal roots, or that for some two

cc's the value of k (xi+ cc-) + ^ is zero. In point of fact we have

four cases. First, the equation in x has two equal roots ; in that

case the discriminants of both the conditioned quartics vanish.
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Secondly, the condition h {Xi + o^a) + ^ = subsists ; in that case

the discriminant of the first conditioned quartic vanishes,

and that of the other does not. Thirdly, the condition

k{xi-^x%)-\-V = subsists, and then the vanishing is in the

second quartic only. Fourthly, I^ is zero, then neither

discriminant vanishes ; but the two quartics merge into one

with rational coefficients, and z is simply a rational function

of x^ namely 3 {ai^ ~a^)x^ — ?> (4^1^ — 5ai aa+ as)^?; and there

ceases in effect to be in that particular case any real distinc-

tion between this solution and the ordinary one.

Another point of view which seems to indicate an essential

distinctness of each of these new solutions as compared with

the old solutions, (which I call the solutions by a linear

transformation), is this—that we operate through a resolvent

cubic, which is wholly distinct from the resolvent cubic of

the existing modes of resolution.

If we take Euler's method of resolving the quartic, which

leads to the same form as what I call the linear solution, and

compare it (for example) with Simpson's method, we might

at first be inclined to say that they are essentially different,

because the radicals enter in another manner. But they are

in fact the same in ultimate analysis, as has been recently

shown in a very clear manner. (See Mr. Ball's Memoir in

Quarterly Journal of Mathematics. No. 25, p. 6.)

Strictly speaking, in the new method of resolution by

transformations through quadratic radicals, we do not arrive

at a resolvent cubic, but rather at a resolvent sextic with

rational coefficients, which can be divided into two cubics,

each with quadratic-irrational coefficients.

This circumstance constitutes an essential difference,

because so soon as we see that the two forms are not refer-

able to the same cubic, we know that there is no other

equation to which they can be referred except the quartic
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itself whicli we are solving ; and it is a matter of course that

any solutions, however different, must be capable of being

connected through the quartic itself.

32. We may conclude this branch of the subject with

this observation, that we now see that in final analysis the

resolution of the quartic is an ordinary algebraic operation

of an inverse kind, a fact which the former mode of solution

did not enable us to prove.

The general quartic is reducible to the form

or, making — 61 = ^ 4 (31) ^,

(41)

V 4 (31)

that is, simply <j)t = v; from which we have been finding

what is the form of 0~^ in ^= (fT'^v.

The results of this chapter give rise to observations in

reference to the proposition supposed to have been established

by Sir William R. Hamilton, as to the impossibility of finding

new forms of resolving the quartic ; but it will be con-

venient to postpone them, until we have ascertained how

far these modes of resolution by irrationals can be pursued.

The Tschirnhausen transformation admits of another mode

of application to the solution of the quartic, (commonly

called Tschirnhausen's solution), as follows : transform the

quartic in x into a quartic in t by means of the condition

(13) = 0, instead of (12) = 0. This will be effected by means

of a cubic; and the new equation in ^ will be in effect a

quartic containing only even powers of t, and therefore

resoluble by taking the square-root of the root of a quadratic

equation, whose coefficients are such functions of ai, as, as,

and ai as are derived from the solution of a cubic.

F
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This, in fact, leads to the same cubic resolvent as the

linear method, and is one of the solutions already known.

We may therefore conclude that the solutions by quadratic-

irrationals here given are the only distinct solutions which

exist besides the linear one.
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THE QUINTIC.

33. In discussing the quintic, we shall follow as closely as

possible the methods which we have pursued for the lower

quantics, so as to invite attention, by the form of the reason-

ing, to any circumstances which may present themselves

differing from those which appeared in the case of the

inferior degrees.

If the root of the quintic be algebraically expressible

through the medium of the linear transformation^ the

rational part will be ai, and the irrational parts will be func-

tions of the four quantities (12), (13), (14), and (15). We
therefore proceed to enquire whether we can find a quartic

whose coefficients are rational functions of (12), (13), (14),

and (15) ; and whose discriminant is equal to that of tlie

quintic. If we find such a quartic, we shall know that its

roots are functions of some kind of the five {x — aifs.

The discriminant of a quintic is of the 20th degree in its

roots: that of a quartic is of the 12th degree in its roots.

No degree, therefore, can be assigned to the argument of a

quartic which can make its discriminant actually identical

with that of the quintic. We may, however, properly seek

for a quartic whose discriminant shall be a power of that of

the quintic; so that the principal critical function, or condi-

tion of two equal roots, shall still be same for both.

The least common multiple of 12 and 20 is 60: and con-

sequently the simplest mode of effecting our object is to

make the argument of the quartic of the fifth degree, in

which case the discriminant of the quartic will be of the

f2
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60tli degree, and must therefore be made equal to the cube

of that of the quintic. The coefficients of such a quartic

will be of the degrees 0, 5, 10, 15, 20.

o4. There is no difficulty in writing down the most general

form of such a quartic, (which, of course, involves a large

number of numerical constants) ; and in forming its discri-

minant, and comparing it with the cube of the discriminant

of the general quintic, as given in (6) : and thus ascertaining

whether the required quartic in y exists, and, if so, what are

its coefficients. The process, however, is long ; and we can

arrive at a result in a more summary manner by availing

ourselves of certain peculiarities which flow from the cir-

cumstance that the discriminant of the quartic is to be the

cube of a rational function of (12), (13), 14), and (15).

Whenever the first derivative of a quartic has all its three

roots equal, then it is plain that the discriminant of that

quartic is a perfect cube. In other words, a quartic of the

form
{y-ly+m^O

has a discriminant which is a perfect cube, viz., the cube

of m.

If we denote the discriminant of the quintic as given at

(6), by the symbol A, and write iV^sA for m, and for I its most

general form iVi (12) (13) + iV^o (15), we have a quartic which

fulfils all our requirements in the shape

U - (iVi (12) (13)+iY.(15)U ^-i\^3A = 0.

I believe it will be found that we should come at some

form similar to this by going through the process at length

;

and it might perhaps be interesting to ascertain whether the

problem is quite definite, or whether there is any excess of

equations or of constants. This enquiry, however, is not

essential for our present purpose.
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Solving the equation in 2/, we at once discover that the ex-

pression for y in terms of the x& is ^2950 facto irreducible ; i.e.,

not reducible to a rational form by extraction of roots. The
root of this quartic contains V A or V V ^. Now, of these

two square-roots, the first in the order of calculation can

always be performed, since A is by definition a perfect

square when expressed in the x'^. But the square-root of A
similarly expressed cannot be the square of any rational

function of the ic's, since it is of the form ^xxx^x*' with half

the terms negative, an expression which certamly is not a

square. We cannot, therefore, determine 2/ as a rational

function of the five values of x — cii.

If V A had proved perfectly reducible, we should have

got a rational expression for y in terms of the five (a? — ai)'s;

or, in other words, we should have got a rational function

of five independent symbols, possessing exactly four values:

a result inconsistent with the known laws which govern the

multiplicity of values of combinations of symbols ; so that,

in fact, we might have known beforehand, that we should fail

in this search.

We must proceed, then, in some manner analogous to that

which we adopted in the second method of dealing with the

quartic ; and ascertain if we can conduct the investigation

through such a route as to introduce irreducible irrationals,

and thus perhaps escape the necessity of passing through the

linear transformation. We cannot find a four-valued rational

combination of five symbols ; but we may possibly find irra-

tional functions (of known specific irrationality) of five

symbols, the consideration of whose multiplicity of value

may lead us to a solution of the quintic, corresponding in

general character with those solutions of the quartic which

were obtained by the use of certain quadratic- irrationals.

It may be noticed, en j)assant, that although the y's are
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not rational, yet that they admit of being divided into two

pairs, so that the product of the two members of each pair

is rational. Thus we have

2/i2/2=(i\^i(12)(13)+iV.(15)Y- V^aA,

2/3 2/4 = (
iV^i (12) (13) + iV.

(15)
J+ Vi^sA

;

which, when expressed in the roots, are rational.

This, in itself, is not a material circunistance, inasmuch

as we know that for any quantic we can always find a two-

valued function of the roots by introducing the square-root

of the discriminant. We shall find, however, in the sequel,

that it is worth while to bear this circumstance in mind.
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DIGRESSION ON SOME SPECIAL FORMS.

35. Before proceeding further with the general problem, it

will form a digression not without interest to ascertain if

there are any conditioned forms of quintics in which ,^ A is

totally reducible. It would probably be very difficult to

determine generally under what conditions this reduction is

possible ; but the observation suggests itself, that if A, when

expressed in terms of the coefficients, is an ipso facto square

function, there is at least some probability that it may be made

a perfect fourth power when expressed in the roots. Whether

this should be so or not, the case which we are contemplat-

ing would have this peculiarity, that the products yi y^ and

2/8 2/4 would not only be rational, but would also be capable

of symmetric expression in terms of the roots.

If we examine the terms of A as given in (6), it is not

difficult to see that, by making (13) equal to zero, and

introducing a relation between (12) and (14), we shall

arrive at some cases in which A will be a natural square, and

for which the relations between the coefficients will be of a

simple character. Let then (1 3) = 0, and (14) -N (12)'= ;

then the discriminant, (see 6), becomes

(6400iy3+ 2560i\^*+ 256iVs) (12)'«

+ (1440iV^+160iV^2+ 3456) (!2)'^(15)'-(15)^

which will be a perfect square provided we have

iVrs+ 35iV^4 + 475i\r3^3105iV"2^9720iY+ 11664 = 0;

or

(i\r
-f- 4)2 (i\r4. 9)3 = 0;

thatisiV^= -4, ov N=^ -9.
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The two equations represented by these conditions, are

(^_5,)5_ JO (21) (0-61)^+20 (21) (0_6i)-(51) = O;

which give respectively for the values of y

(51)+ a/ ((51)^- 128 (21)* )^

and

(51)+ ^(^(51)^-1728(21)^^;

so that we have

2/12/2= 128 (2l)^ or 1728(21)*;

2/3 2/4= 2 (51)2 -128 (21)*, or 2 (51)2-1728 (21)*

;

which are rational and capable of symmetric expression.

One of them also is a perfect fifth-power; and in both (21)

never enters except through (21)*; so that they would have

been derived equally from any one of the four other quintics

which we should obtain by changing (21) successively into

a (21), a' (21), aM2I), and a* (21) ; or, what is the same

thing, changing z — b into a{z — bi), a\z — bi),a{z — bi), and

a^iz-bx).

Now if 2/1 and 2/2 were known to be rational functions of

the (0 — 6i)'s, it would follow that they would be each fifth-

powers, inasmuch as their product is a fifth-power ; for no

other mode of obtaining a fifth power as a product would

admit of being applicable to all the five quintics. Similarly,

if they were known to be of an irreducible form

—

it would be necessary that this form should admit of having

its fifth-root extracted so as to result in some form

for otherwise no function of 2/1 or 2/2 could ever appear in a
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form admitting of variation, in passing from one to another

of the five quintics above referred to.

In both cases the product of yi^ and 2/2* is rational ; and

consequently the formula

a2/i* + a>*,

being equal to

^-- N{2\)
a2/iH T'

a2/i*

is a five-valued function of the roots. Expressing the five

values tlius

—

2/1* + 2/"-^ a^i* + a*2/2*» a^yx^-\-a^y'z^, a%^ + a'y2^, a%^-\-ayi^,

and forming the equation in t of which these are the roots,

viz.

:

^*-5iY(21)f+5iV^^(21)^?J-2(51) = 0;

then we know that ^ is a function of the (0 — 6i)'s, having

exactly five values.

Wlieni\r^ = 128, i.e. in the first of the two equations under

consideration, we have

^^-10- 2? (21)f-f20-2t (21)^^-2 (51) = 0;

or putting t= 2\v,

i;*-10(21)^4-20(21)'''y-(51)=0;

that, in fact, v or 2"^ t, or f^
j +(^ j

is identical with

{z — hi) ; and this is the solution of the equation ; as the

reader, I presume, has anticipated from the fact that the

equation is in truth De Moivre's form. We thus see that in

this case yi and y-z admit of a rational form, and, accordingly,

that i is a linear function of the (0 — 6i)'s, having exactly five

values by interchange of roots.

For the other quintic, the equation in t is

f-10(54)J(21)f + 20(54)§ (21)^)5-2 (51) = 0;

so
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This circumstance might at first view lead us to conclude

that the second of these two equations in z is reducible to

the same form as that of the first by some transformation in

which the new argument t would be a rational function of z

with coefficients expressible in terms of (21) and (51). This,

however, is not a legitimate deduction from what we have

proved. We have shown that for each of these equations

the formulsB which we call y\ and y% are expressible as perfect

fifth powers in terms of the z\ respectively, but in both

cases each expression is not unique but infinitely various

;

and we cannot compare one equation with the other without

finding unique expressions for these resolvent functions;

that is without going back to the complete quintic with five

independent parameters of which each of the two equations

in z may be regarded as a distinct transformation. Conse-

quently what we have really proved is, that if the complete

quintic in ^ were reducible to the second form by the trans-

formation z = -ipxit would be reducible to the first form in t

by a further transformation in which t would be expressible

as a rational function of z, say xz. In such case it will be

observed that the coefficients \p and -^ would be expressible

only in terms of the coefficients of the general quintic in x,

and could not be expressed in terms of (21) and (51).
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THE QUINTIC.
(Resumed).

36. The course wliicli we adopted in our second method of

dealing Avith the quartic, supplies the clue to that which we

are now to follow.

If we look at the discriminant of the quintic, and in it

cause (12) and (13) both to vanish, we find that it assumes

what we may now begin to regard as a canonical form of a

discriminant. In the cubic, the discriminant is (13)^ -|-iV(12)^

;

in the conditioned quartic, it is (14)^ + iV"(13)*; in the

quintic conditioned as we now propose, it is (15)*+ iV(14)*;

N being always ±(/i— 1)'*~\ We shall thus be able to fulfil

what appears to be an essential condition of resolubility

;

viz., we shall obtain an equation in y whose absolute term

will be a perfect fifth power of a rational function of the co-

efficients, viz., (41)*, and which will not contain (41) except

through (41)*. The first question for consideration, there-

fore, is whether we can find means to express the effect of

the two conditions (12) =0, (13) = in terms of the roots.

The conditioned quintic with which we propose now to

deal is

0*- 56i;^*4-106i' 03- 106i3 0^+55, ^_ 5^ = 0;

and of the four quantities (21), (31), (41), (51), the two latter

alone have any significant value. The most complete form

of a quartic in y whose coefficients are rational functions

of those of the quintic in z is, under these circumstances,

y'-^m{5l)y^-^QN,{biyy'-iNz{hiyy+ N^{4iy==0-,

in which we have purposely omitted from the last term any

multiple of (51)*, seeing that it would vanish under a proper
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linear transformation. We are now to ascertain what rela-

tions must exist between the five N's in order that the

discriminant of this quartic may be the cube of that of the

proposed quintic in z.

To find this discriminant, we have

(MI) = (Ni' - m) (5iy = C(5iy suppose,

(I-III) = (2N,^ - SN.m+ Ns) (5 1)'= D(6 ly suppose,

{l'iy) = {3Nx'-6m'N,+ 4:NiN^,) (6iy-N; {Uy
= U(5ly-]Sri (4iy, suppose.

Consequently, it is, see (6.),

(SlG*E-64:C'D'-\-lS(?i:'-54:CL'U-i-27D*+ F^)(b'\y'

- {%lG'N,+ mC'N,E- UCD'N,-^?>E'N,) (51)" {^\y

+ {\^C'NI-^?>EN:) {b\y (41)'»

which we have to compare with

{(5iy-256(4iy}';

so that, if we make iVi, (which is arbitrary), = 256, we have

the three equations

6(7^+^=1;

21C'+ \2(7E-\^CD'^-E' = \;

SIC'E-UCW+ISC'E:'-54.CD'E+27D'+ E'= 1.

Deducting the second from the square of the first, we have

9(7^+ 18(71)^ = 0,

one solution of which is (7=0; whence JS'=l,and D= 0;

that is i\ri= l, j^^2=l, i\^3=l ; and we find that the equation

in y is

(2/-(5]))*+ 266(4])>-(51)*= 0;

and that it is arrived at without any redundancy of equations,

or chance of inconsistency between them. The other solution,

(7'+ 2 Z)^ = 0, gives the same result.

We can, therefore, express y in terms of (41) and (51), or
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61, 64, and 65 ; and therefore also in terms of the z's ; but we

have no unique expression for y in this latter way, because

the application of the conditions (12) =0 and (13) = 0, (which

are 2{^xf-h S {xx) = 0, and 2 (2^)^-25 S (xxx)=.0)^ would

cause it to assume an indefinite variety of forms.

Having thus placed the quintic in such a form that we

have been able to find a quartic in y not only adequately

connected with it in respect of identity of critical functions,

but also such that the expression (41) enters into it only

through its fifth-power, and that the product of the four

values of 2/ is a perfect fifth-power of (41), we may expect

to be able to discuss the character of y as to its rationality

or the nature of its irrationality, provided we can find some

unique mode of representing 2/ as a function of the coeffi-

cients or roots of a complete quintic whose root is connected

with that of the quintic in 2; by a definite relation ; that is,

in other terms, provided we can find a method of adequately

representing a complete quintic by means of one containing

only two parameters ; as we did in the case of the quartic.

If I have succeeded in carrying with me up to this point,

the intelligent conviction of my readers, they will now

become aware that the next step towards the resolution of

the quintic, is one which will render it necessary for us to

resort to the celebrated transformation of the quintic known

as the Tschirnhausen-Jerrard transformation. In short, the

principal question now remaining is, whether the complete

quintic can be represented by a quintic which is, or by

a system of quintics all of which are, subjected to the con-

ditions (12) =0, (13) =0; and this is, in fact, the problem

which the above-mentioned transformation enables us to

resolve.

Taking the complete quintic in x,

x^ — 5ai £c* -h lOaa x^ — lOas oc:^ + Oai a; — «& = ;
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we are required to transform it into a qnintic in 0, z being

such a function ^, of cc, as will cause the result to appear in

a form possessing the required relations, which we now

designate as (21) = 0, (31) =0. The fullest form of ^ avail-

able for this purpose is

z = \px= hx*+ kx^+ Ix^+mx ;

and the transformed equation in z then is

0*- S {^x)z^+ S {\fjX'\px) 03 _ s {\px'\l>X'\px) ^+ ^{\pX'-4^X'\pX'ipx)z

— \pxi ' xpa^ • xpxs • \pXi • \px^= 0.

In order to satisfy the conditions (21) = 0, and (31) =0, it

is necessary that h, k, I and m should be so taken that we

shall have

4.f ^(^px)y -10^ {xpx»ipx)=0,

(.12) f S(^) Y-150 S ^jX'-^X'-iPx) = 0.

In the notation above given, the first of these equations of

condition is

/i2.44+ 2M.4B+ 2/i^^2 + 2/m. 41+^2.33

+ 2A;Z."32 + 2Z:m.3r+^'^.22 + 2Zm.2T+m'.ri = 0;

which admits, by means of the disposable constant, of divi-

sion into two linear equations in different manners, of which

the following appears to be the easiest.

It will readily appear that this condition admits of the

following form :

—

(11.22-I2.T2) (mIlH-nT+^i3+ /ii4)«

+
(
(11.22 - 12.12) ^4- (li'. 23-12.13) fc+ (iT.2T- 12.14) h \

4- |(n • 22- 12 . 12) (11 . 33- f3. 13) -(il . 23- 1?. ISJ^} k'

+ 2 Hil . 22 - 12 . 12) (IT. 34 - 13 . 14)- (Il .
23"- 12 . f3)

(11.24-12. 14)[/?, A;

-^{(ri.22-12.T2)(n.4l-i4.14)-(li.24-12.14)=»}/t2==0.
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This can be divided into two parts by means of the dispos-

able constants ; the first two terms being made equal to zero

;

and the last three terms (which contain only h and k) being

also separately equated to zero. We thus have a quadratic in

h and k with rational coefficients, (which I propose to call the

first quadratic), whose solution gives a linear relation be-

tween h and k. The coefficient of this relation is a quadratic-

irrational of the 30th degree.

Substituting for h in the equation formed by the sum of

the first two terms above being made zero, we have another

quadratic equation with quadratic-irrational coefficients,

(which I call the second quadratic) ; and its solution gives a

linear relation between m, I and k, whose coefficient is what

we may call a quadratic-quadratic-irrational. We have

thus linear values for A; and h in terms of I and m. Sub-

stituting these in the cubic equation of condition, which, in

this notation, is

. h^ 4i4+ 3 h^ k 443-f 3/i2 I 442 + 3/^^ m 441

+ ?^h¥ 433+ 6 M^ 432 + 6Mm43i
+ 3;iZ'422-f6/i^m42l

+ 3 Am' ill

+ ^3 333+ 3 ^*' ^ 3'32^+3 y^^rn 331

+ 3y;;Z2 322 +6Hm 321

+ 3A;m'3n

+ ;«222 + 3Z'm22i

+mUlT=0;
the result is produced in the form

^im3+ 3^2m'^+ 3^8m^'+ ^4^^=:0;

where ^i, ^g, J.8, and Ai are quadratic-quadratic-irrational

functions of ai . . . a^, . Consequently, the relation between
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m and I is determined, by the solution of this cubic, in the

shape of an irrational function of the coefficients of the

original quintic ; which irrational function is of the specific

kind which we have described; viz., such a function as pro-

ceeds from the resolution of a given cubic equation whose

coefficients are themselves derived from the solution of a

given quadratic equation whose coefficients are themselves

irrational functions proceeding from the solution of another

given quadratic equation whose own coefficients are rational

functions of ai, ^2, as, ^4, and a^ . We may call such an

irrational a cubic-quadratic-quadratic-irrational. The form

of -(px being thus completely determined, we ascertain hi, hi,

and b^ by substituting this form of \p in the symmetric func-

tions which compose the coefficients of the transformed

equation. The labour of effecting these calculations would

be very great ; and I shall only go so far into them as is

necessary to exhibit with some clearness the form of the

result. ^

Now h in terms of k is formed from

the suffix of each letter denoting the degree of the known

rational function which the letter represents. Substituting

for h in the cubic, it becomes

m'I^i^^e+ 'SmHlU A\,+ 3 m'k (lis A,e+ 11^A,,

+ 1U Vho)A,,'+ Sml'i22A,e'+ (^mlk(12SA,,-}-lUA^,

+ T24 v'XMi/+ Smt{mA,,'+TUA\,A,,

-{IM A,,(Al +I,o) +(n4:A,,^+ 2 •1UA,,A,,) VZo

+l'm A,,'-^Sl' k (221 A,e'+ 2UA,e' Ar,-}-22l Au' VXo)

+ 3lk'(m A,,'-f^U ^,6 -4 16+ 244 A,e (A,,'-hI^)

+ (2SiA,,'+ 2-22lA,,A,,) VT^o)
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+ J<^(m ^3^ + 3-331 Al A,,+ 3 • 3l4 A,, {Al + U +

444 (A\,+ 3^,,/3o) + (3 -334^?, + 6 • 3r4^,e^i5+

444(3^^5+ /3o))v/Xo)

Again k in terms of I proceeds from

TTA,,m+(l2+ VA^AJ.-UA,,T3+A,,U+ Vl^oU)k= 0,

where A^^ —(IT- 22—12 -12); and, determining h so as to

make denominators rational, we have

A:((T3.4,e+i4^i5y-i4^/3o)+ ^i6(13 A,,+U A,,+U VXo)

which we may call

J.^ A:+ il 16 (13^16+13 ili5+n V'Z;) (^nm+ (12+ v'X6)/;) = 0.

The complete expression for the cubic, therefore, will be

m»|lTI^4o'+3.IT^4o'^J?«+ 3.TrM4o-B;9+n'J5,,,

^ ^{^^TiA^'B^+S^Tl'A^B^+n^B,^)VZo}

+ 3m'»
Z
I ll2 At,'+(i2 + VX) A\B,i+ 211 A^'B^-h

2 11(12+ VAe)A,oB,,+ li'A^Bs,+li'0^2+s^A:,)B,,,

+ (^^o^TS +vX) ^26+2 n^«'' 5^+ 2 TI(l2+s/X)

A^ B^-{-'iV A^ B^+Ii^ (12

+

s/~A,) B,o2
) s/~lZ}

+ 3m ^^ I T22 ^o'+ 2 (12 +s/X) il*o' ^43+n ^.o' ^43

+ (12+V^e^ -4*0 ^79+ 2 n (T2 +V^e) ^40 ^80

+^(12+^1^)^5117

+ (2 (12 + VA) AJ' B,, + il A^' B,, +

(12 +A/JU?^4o5ei+ 2 0(12+ V'X) ^40^4.+

n (12 + V'Ze) =5,0
) VJ^^
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+ 3 ^« 1 222 ^,0^ + 3 (12 + V'A,) A^' B,,+ 3 (12+ V^^'A^B^

+ (12+ ^26^^117+ (3(12+ VA,)AJB,,^'^{U-^JT^Y

A,, ^64+ (12 + V~AJ Ao2 )n/X } ;

in which the jB's are all rational, and not very difficult to

express.

Before solving this cubic, it will be convenient to multiply

it by the expression which corresponds with the coefficient

of m^ with — -vZ/go written for \/ 1^ so as to rationalize it ; and

then if we make I equal to that product (which is rational),

we shall be able to determine m^ by solving the cubic, in a

whole form.

If we conceive this to be done, we have then a tolerably

accurate idea of the form of the coefficients of this cubic,

and of the way in which the two kinds of quadratic-irration-

ality enter into them ; and if we suppose these coefficients

substituted in the root of a general cubic equatioi^ in its

ordinary form, we obtain an idea of the kind of irrational to

which this transformation leads us. This radical is the

essentially irrational form which will pervade the whole of

our future results. We shall call it irreducible, not so much
because we know that none of the subordinate radicals

which enter into it can be reduced by extraction, but

because we do not desire to reduce it and never attempt to

do so. We may be tolerably certain that in point of fact it

would be irreducible when expressed in terms of the aj's, but

it is not necessary to prove this.

There is then no further difficulty in determining h siwdik.

The result which we have arrived at it is, that the general

quintic is equivalent to a system of conditioned quintics,

twelve in number of the form

0^-5 5i0*+ 10 6iV- 10 h,^z'^bh^-h^O,
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with the relation

where k : h, I: h, tyi : h^ hi, hi, and 65, are cubic-quadratic-

quadratic-irrational functions of cti, as, as, a*, and a^, all

possesMng the same kind of irrationality, and each of them

having twelve values arising from the different square and

cube roots of unity which we make use of in solving the

equations which give rise to the irreducible function.

In the mode of elimination which I have now fully in-

dicated, i. 6., eliminating h and k so as to obtain the cubic

between I and tyIj we observe that the subjects of the two

quadratic-radicals which are introduced are respectively of

the sixth and thirtieth degrees, and that the highest coefficient

in the cubic rises to the 126th degree, and would be of the

249th degree when one of the extreme coefficients is ration-

alized. This is however the simplest mode of proceeding.

If we had eliminated I and m first, and obtained the

ultimate cubic between h and k^ the subjects of the two

quadratic-radicals would have been of the fourteenth and

fiftieth degrees respectively ; and the highest coefficient in

the cubic would have been of the 192nd degree, and of

twice this degree when rationalized.

Results of an intermediate character in degree would have

been obtained by eliminating k and I first, and getting the

cubic between h and m, and so on. There appear to be six

methods of varying this elimination, so that there will be at

least six apparently distinct modes of effecting the transfor-

mation by the introduction of different radicals ; and it is

possible that these may be capable of still further variation.

Every method, however, leads to the result in the shape

of twelve conditioned quintics, each with its corresponding

relation between z and x.

40. Let us, for the present, confine our attention to one of

o2
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these conditioned quintics; then, reverting to the quartic in

y which we have found having its coefficients rational func-

tions of those of the quintic in 0, and having the same dis-

criminant, we find that we have by its resolution a complete

expression for y in terms of ai, as, (Xs, (Xi, and a^\ the expres-

sion involving throughout it the peculiar irrationality above

adverted to. And we can by substituting for each coeffi-

cient the symmetric function of the x'^ which is equivalent to

it, express y in terms of the a;'s exclusively ; and this expres-

sion of y is for each mode of transformation absolutely unique.

Now, the quintic in z or -^fjx and the quartic in y have the

same critical functions, so that y is, as it were, capable of

being a resolvent for the quintic. Neither equation, in

reality, has any other critical function than the discriminant

:

for the quintic has but two parameters, and is therefore sus-

ceptible of only one condition. The equation in y answers

to this peculiarity by the fact, that when it has two equal

roots, it has all its roots equal.

The discriminant of the quintic in a? is a factor of that of the

quintic in z^ so that the latter vanishes when the former

does ; and as the square-root of the discriminant is the only

function which in the expression for y appears under a radi-

cal at all, we need not consider any other systems of equali-

ties. As a matter of fact, however, it is obvious that when

the quintic in z or -^fjx has more than two equal roots, it

reduces itself to (\fjX — hif = Qj and the quartic become y^= 0.

But we must bear in mind, that if we suppose such condi-

tions to exist between the coefficients of the original quintic

as would be inconsistent with the form of the quartic in 0,

the transformation might require to be modified, or might

even be nullified.

41. When, however, we come to look closely into the

nature of the argument heretofore developed in proof of the
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rationality of tlie 2/'s, and to apply it in a case like the

present where the quartic whose roots are these 2/'s is of a

limited form, we cannot avoid perceiving that there is a

material variation in one of the leading circumstances

between this case and those which have been already con-

sidered.

The substantial basis of the argument was, that in any

algebraic expression for the root of the quantic, the roots of

the resolvent must appear, siTYipliciter and unaltered. In

this condition there is a tacit implication that these last-

mentioned roots are independent of each other, and that no

one of them can be expressed in direct terms of the others.

Now in the quartic in y at present under consideration this

is not the case. Any two of the roots may be separately

expressed as linear functions of the other two, so that in

substance there are only two independent roots of the resol-

vent. If for a moment we consider yi and yz as the two

independent roots, then ys and y^ are each of the form

iV"i yx-\-Nz y%\ and in any function of 2/1, 2/2, y% and 2/4, it is

evident that y\ and 2/3 would no longer enter siTnjpliciter^

but in combination ; and thus the basis on which rests the

applicability of the argument as to the rationality of y
fails us.

We must therefore adopt another course, and, reflecting

that we have not four but only two independent elements in

the resolvent, we may reasonably conclude that if we require

its root to be rational, it will result in the form of a quadratic.

If we appropriate the roots of the quartic thus,

2/1=(51)+^^ \

2/2=(51)-^^
( ^ (5iy- 256 (41)S

2/s=:(51)+V-l^A,r ^^ ^ ^ "
y4 =(51)-V-l^A;3

we readily observe that y\ 2/2 and 2/3 2/i ^^^ rational (though
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not symmetric) functions of the 0's ; and that their product

is 256 (4:iy which is a fifth-power of a rational and symme-

tric function of the z's. If we call these products Fi and F2

respectively, they are the roots of the quadratic

F'-2(51)^ F+256(4iy=0.

Now as each value of F is a rational function of the s;'s, and

their product is a perfect fifth-power of a rational function

of the 0's, viz. of (41) ; it follows that each F is a perfect

fifth-power of a rational function of the second degree of

the z's ; for we cannot suppose, consistently with the other

requirements of the problem that they would be of the forms

RR* and R'R\ or R'R'' and R'R'', (which are the only alter-

natives) ; inasmuch as these forms would only produce the

same two components or factors, each repeated five times

;

and we could not adapt them, as we must do, at the same

time to the five quintics in or \px, which we obtain by

writing a (0 — 61), a^ (z - 61), a^ (z - 61), and a*(z— 61) for (z- 61)

in the original quintic.

42. The result, therefore, is that if each F be calculated,

(and the calculation involves only one extraction of a root,

viz. : the square-root of the discriminant), the result of that

calculation is to produce two expressions of the 10th degree

which admit of having their fifth-roots taken; and these

fifth-roots, therefore, will be of the form, (calling — 6i or

\px — hi by the symbol ^,)

^{A2t'')+ ^{BUt)=Y^^

in which the co-efficients A and B will present themselves as

the result of the calculation ; and Fi and F2 are known

functions of ai, as, as, a^, and a^ .

Thus, instead of obtaining the values of four linear un-

symmetric functions of the fs we obtain two unsymmetric

functions of them of the second degree ; which, although
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they do not so directly conduct us to the complete resolution

as linear functions might have done, are yet sufficient to

show that the quintic is resoluble.

We have here fallen upon a circumstance very similar to

that which took place in the case of the cubic. We were

prepared to prove from a priori condsiderations that the

functions Fi and F2 must be rational when expressed in

terms of the ic's; that is, of course, rational functions of

those functions of x which we have called z. But in fact

we find that we do not require any such proof, inasmuch as

the expressions are identically rational functions of the 2;'s

in consequence of the discriminant of any equation being

always capable of being expressed as a perfect square in the

roots. Nevertheless, as in the case of the cubic, we may,

as a matter of theory, consider that it is possible to prove

a priori the rationality of the F's in this sense, as well as the

fact, which probably cannot be proved otherwise, that they

are perfect fifth-powers.

43. Having thus obtained these functions for one form of

yp we may write down the corresponding functions for all the

other forms of 1//, and combine them in the following manner:

let -ip with three suffixes attached, be employed to denote the

origin of its different forms ; thus \pm is used to denote that

form of \p which in the transformation is obtained by using

the second root of the cubic, the first root of the second

quadratic, and the second root of the first quadratic, and so

on. Then if we form the functions F for ;//iii, tpzn^ \p311 and

combine them in any symmetric manner, we shall obtain two

other functions corresponding with F; but from which that

part of the irrationality of the ^'s which proceeds from the

cubic, will have disappeared; and the new functions which

we may call -^^ will contain only the irrationality proceeding

from the two quadratics. If we denote these by x^h we can
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then write down the same results, using throughout the

second root of the second quadratic in place of the first,

which will give )(2i: and any symmetric combination of these

two, will give a new function, which we may call Xi which

will contain only the irrationality which proceeds from the

first quadratic. And if we then write down Xs, (forming it

from Xi by using the second root of the first quadratic in

lieu of the first), and combine Xi and Xs symmetrically, we

shall ultimately arrive at a form ju which will be a rational

function of the x's, with rational coefficients. Thus, if we

make all these symmetric functions simple sums, we shall

obtain two rational unsymmetric functions of the roots of

this form

S (Ai (fix)A+ S (5i^ . ^oj) = >Sf ( Fi^)

;

In these rational functions of the roots, we need not

retain in evidence any powers of x higher than the fourth,

for such powers could ]be eliminated by means of the original

equation. So neither need we retain in these functions all

the five x's ; as we could eliminate some of them by means

of the two values of F* and the equations S ^= 0, S (^ Q = 0,

and ^{ttt) = 0.

Having obtained these rational and unsymmetric functions

of the roots, we are able by known processes to determine

the roots themselves without introducing any other radicals.*

The roots are all thus completely determined, without any

further extractions than are necessary to obtain the (F*)'s.

All the 24 values of F* are of the same form, but with

* I refer especially to the methods given in the 11th and 12th Lessons of

Serret. If I have in the text overstated the power of these methods, it does

not affect my argument, as any deficiency in the system Y is fully supplied by

the additional system in section 46".
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different combinations of the square-roots and cube-roots of

unity, as above specified.

44. Throughout the whole of this essay, I have been

careful to point out the necessity, as a matter of theory, of,

in every instance, calculating, or seeing our way to the

calculation of, the values of y in two forms ; first, in explicit

irrational functions of ai . . . a^, and secondly, in terms

of symmetric functions oi X\ . . , x^ under radicals ; such

last-mentioned functions being reducible, in one class of cases,

to completely rational functions of the ic's, and in another

class of cases to the specifically irrational function which is

introduced by the transformation employed. It is this re-

ducibility which enables us to resolve the equation ; and in

actually effecting the reductions by extraction, we neces-

sarily find the coefficients which we have called ^'s,5's, and

C's ; and this is the natural method of finding them.

In the foregoing cases of the cubic and the quartic, we were

able to infer the values (or at all events the ratios) of the

corresponding numerical factors from considerations of a

simple character, derived mainly from the fact, that the

results would be applicable to the conjugate equations as

well as to the equation under solution.

In the case of the quintic, if we had made all the necessary

calculations for expressing Y in terms of xi^ x%^ aJs, x\^ and cCs,

it would not be worth while to speculate on a 'priori grounds

as to the value of these coefficients, as we could then detect

them by mere inspection. Now, we are obliged to calculate

F in terms of ai, aa, aa, a4, and a^ ; and as there are no

extractions of roots to be performed, the additional labour of

expressing it in terms of the ic's would not be very great.

The reason why I say that there are no extractions to be

performed is, that we can form VA without forming A itself;

since a/A is the square-root of the discriminant of the
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original quiiitic multiplied by the 10 expressions of which

h (xi^-^xx^ x^+ xi X2^-\-Xs^) + k (xi^+ xiOk+ Xz^) + I {xi-\-X2) +m
is one, with some numerical factor.

45. The reader will be careful not to imagine that we
have been solving the general quintic by first solving the

trinomial form. We have made no attempt to solve the

latter as a special form ; nor could we, in the reasoning of

this essay, recognize any mode of solving it, except to take

the solution of the complete quintic and to introduce into it

the conditions ai^ =ao, ai^^a^. We do not allege or imply

that the equation in z is solved by any such system as the

above would become if z were written for each \fjx. We
must bear in mind that the 2/'s in that system are expressed

in terms of (Xi, (X2, a^, a^ and as, and not in terms of h^, 64,

and 65. We know the 6's in terms of the a's, but it is not

possible to express the z's in a definite manner in terms of

the 6's.

46. The case of the quintic illustrates the principles and

theory of resolution more completely than that of the other

prime quantic which we have considered, namely, the cubic.

We might easily have been led to infer from the circum-

stances which presented themselves in the resolution of the

cubic, that it is an essential feature of a resolvent that its

roots should be expressible rationally in terms of the roots

of the quantic. From the case of the quintic, however, we

learn that this is not the fact ; and we are conducted to the

real principle, which is based upon the necessity that all our

results in the way of resolution shall be equally applicable to a

set of quantics of the same degree, in number equal to the ex-

ponent of the original quantic when that exponent is prime.

This principle is, that of whatever order of irrationality

(including rationality) the root of the resolvent is, when

expressed in terms of the roots of the quantic, its prime-root
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will also be of exactly the same order of irrationality, or

rational, as the case may be.

The value of y, in short, when reduced as far as possible,

is always of such a form that, {n being the degree of the

quantic, in this place supposed to be prime), its nth root is

capable of being expressed by the n values of 1« P, P being

of the same radical form as y, but having each member of it

of a degree which is g)th of the degree of the corresponding

member of y.

In the cubic, y was found to be rational, and of the third

degree ; therefore y^ was rational and linear.

In the quintic y appears under the form

Sf,-\-s/ Pio

;

consequently y^ will be expressible under the form

Pi + s/ Pa

the 8 being a symmetric, and the P's rational functions of

the ;//t»'s or z's ; or, to speak more accurately, of such functions

of the aj's as would be converted respectively into symmetric

and rational functions of the -tpx's^ if for a moment we were

to conceive them as so expressible ; and there is, therefore,

this connexion between the four values of t/* that they admit

of being divided into two couples, the product of whose

respective members is a rational function of the five values

of i/zic, or rather such a function of the five a;'s as would be

equivalent to some rational function of the ipx's.

The quartic resolvent, in short, is divisible into two quad-

ratics; in each of which the fifth-root of the product of

its roots is rational in the sense above indicated ; and which

are so connected that the product of this fifth-root in the

one quadratic and the corresponding fifth-root in the other,

is not only rational but symmetric in the same sense. We
may therefore consider that we have two quadratic resolvents

connected by the property last mentioned.
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I propose to call by the name " De-Moivrian Equation"

that quantic of prime degree (p) whose roots are expressible

under the form aP-\- aF~^ Q, PQ being a symmetric or one-

valued function of the roots. It is then easy to see that

resolution by means of one quadratic resolvent is in effect

reduction to a De-Moivrian form.

We may observe this in the case of the cubic ; for its roots

come out ultimately under the form aP+ a^ Q, where PQ
is symmetric in the roots, and rational in the coefficients.

Similarly, in the cases of the two particular quintics dis-

cussed in (35), each root, or a rational function of each

root, appears under the form aP+ a^Q where PQ is a

rational function of the coefficients.

The peculiarity of such cases is that since aP+ aF~^Q is

Sf

in fact a P-\ p, it is an expression which has only p values,

and it must therefore be a rational function of some one root.

Now, consider a case which differs from the above in this

respect only, that PQ is not symmetric in the roots, and not

rational in the coefficients ; but c^e^yii-symmetric in the roots,

and involving a square-root radical when expressed in the

coefficients.

This is what takes place in the general quintic when

supposed to be expressed under the argument \px, and it

occurs in a two-fold manner.

For if we make the five values of a^/i* + a*2/a* the roots of

the De-Moivrian quintic

then the value of A is {yiy^)K which is a rational two-

valued function of the \px's, and of the form P+ V^ in the

coefficients. Similarly, making the five values of a^/g^-f

a*2/4* the roots of

f-5Bf-h6BH-2(61) = 0,
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the value of B is (1/3 2/*)* which is also a rational two-valued

function of the i/;a?'s, and of the form P+V Q in the coeffi-

cients ; and at the same time these two De-Moivrian forms

are so connected that for each value of A of the form

p_j_^ Q in the first of them, the corresponding value of B is

P — '>/~Q in the second, P and Q being the same in both.

We thus learn that a y\^ + ay^^ is a five-valued function by

reason of the quadratic-radical which enters into it being

restricted to one sign ; and that a y^+ a'^y} is a similar five-

valued form under the restriction that the radical has the

other sign. In like manner we may observe that the five

values of aFi^+ a^Fs* are the roots of the De-Moivrian

quintic, with coefficients symmetric functions of the 0's,

f-h' 256* (41) t^-\-b' 256*^ (41)'^^- 2 (51)^ = 0.

46". On further considering the theorems which profess to

determine the roots of equations from the values of non-

symmetric functions of those roots, I think it admits of some

doubt whether the system Fin section (43), would, of itself, be

sufficient for the complete ascertainment of the separate roots.

But it is easy to see that the powers of the quartic resolvent

are not exhaused by the results of that section, and that

other equations can be procured by considering the indivi-

duals of each couple of the roots of the resolvent separately.

Since (yiy^y is rational, when yi^ is of the form Pi+ -/Ps,

then 2/2* must be of the form Pi— a/P2, the P's being the

same in both. Similarly, if ys^ is P/ + a/P/ then 2/4* is

P/- VM7T
Now, if we consider every possible value of aF 2/1*+ a' y^K

we observe that there are five of them, and no more, which

are rational and linear functions of the z's. These are

2/1* + 2/2*, and this expression multiplied by a, a*^, a^ and a*

successively.
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A similar observation applies to tlie possible values of

We thus arrive at the following five systems of equations,

vrriting t for \^ — 61,

a\y.^+ y,^) = ^{Bt)]

a\y.i+ y.^) = ^{Am
a'(:y,-+y.^) = ^{Bt)]

a\y,^+ y.i) = ^{At)'\

a(y,i+ y^) = ^{Bt)}

Let these systems be repeated for each of the twelve forms

of ^ or \px — hi with the corresponding functions of y ; and

we shall then have 120 equations, which may be combined

symmetrically in twelves, so as to produce the following

systems, (S in this place denoting the sum of the twelve

forms to which it applies): viz.,

S(yii)+S(y.i)=^(A\x),

%3*)+ %.*)=2(BXa;); ^

and the four derived from it by the use of the fifth-roots of

unity as above. In this expression Xo; is a rational function

of a? of the fourth degree whose coefficients are rational

functions of ai, a2, as, a*, and a^.

We cannot algebraically determine which of the five

systems is to be employed for the given quintic. We only

know that the five systems relate to the given quintic and

the four conjugate quintics which, in point of resolution,

necessarily accompany it.

The systems Y and y are clearly sufficient to determine the

roots.
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GENERAL REMARKS.

47. The number of values which a complete function of the

roots of a quantic acquires by transposition of the roots is

1 ' 2'3 . . . n; and in the solution of such a quantic we may-

expect to have ultimately that number of elements.

In our solution of the cubic, we have to employ as we

have seen 2 • 3 equations, each of which contains one radical.

In our first, or imperfect solution of the quartic, we had

2 • 3 equations, each containing two radicals ; in all twelve

elements.

In our second, or complete solution of the quartic, we find

2 • 2 • 3 equations, each containing two radicals, which pro-

duces 24 or the full complement of elements.

In our solution of the quintic, we have 2 • 5 equations,

each containing 2.2*3 radicals, which produces the proper

number of elements, viz. 120.

In all our processes we have operated through a resolvent,

i. e., an equation whose roots enter into the algebraic ex-

pression of the root of the given quantic. We of course

except the quadratic, as that is the lowest equation which

can have a discriminant.

In the cubic, the resolvent is a quadratic with rational

coeflScients.

In the first method of dealing with the quartic, the resol-

vent is a cubic with rational coefficients.

In the the other method, it is ultimately a sextic with

rational coefficients, capable of division into two cubics with

quadratic-irrational coefficients.

In the case of the quintic, the resolvent proves to be of
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the 24th degree with rational coefficients, capable of separa-

tion into twelve quadratics having coefficients of the

specifically irrational form which we have had to consider.

In every case, the final term of the resolvent is the appro-

priate power, (the third in the cubic, the second in the

quartic,and the fifth in the quintic), of a rational function of

the coefficients of the original quantic ; which enables us to

infer that its roots will be equally applicable to the ex-

pression of the conjugate quantics as to that of the original

quantic.

This consideration, whilst it limits or qualifies the meaning

of the term resolution, is at the same time the very circum-

stance which renders resolution algebraically possible.
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COMMENTS ON PRIOR RESEARCHES.

48. The results arrived at in this essay are at variance with

those of Abel and Sir William R. Hamilton, in their elabo-

rate investigations of this subject. The two results are

not, however, diametrically opposed to each other, inasmuch

as our conclusions rather verify theirs, provided we impose

a certain condition. It must be admitted, however, that this

condition is one of large import ; and one which, in fact, we

have not seen any reason for imposing at all. Abel's cele-

brated proposition is:—"If a root can be expressed as an
*' irreducible irrational function of the coefficients, every

" radical which enters into the composition of the function

" is expressible as a rational function of the roots ; and
*' this rational function has the same multiplicity of value

*'by transposition of the roots, as the irrational has by
" reason of the different roots of unity which are implied in

" its radicals." Our results verify the truth of this proposi-

tion in every case in which the equation is resoluble and

actually resolved through the medium of the linear transfor-

mation alone. In that case, the first radical in the order of

calculation is the square-root of the discriminant, which is

reducible to a rational form ; and thereupon it follows that

all the superior radicals in the root are also similarly

reducible.

But we have seen, in reference to certain quantics, that

there are methods of solution not operating exclusively

through the medium of the linear transformation ; and that

in such cases the first radical in the composition of the root

H
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is the discriminaDt of an equation whose coefficients are not

rational functions, but irrational functions of a certain

specific character of irrationality, of the coefficients. In

that case, the square-root of the discriminant can still be

taken ; but the result of such extraction is a function of the

specific irrationality under consideration. Adopting this

view, the first part of Abel's theorem should be; that of

whatever order, degree and kind of irrationality, including

rationality, the first radical that enters into the composition

of the root is, when reduced as far as possible ; of that same

order, degree and kind of irrationality will also be all the

other radicals which enter into the composition of the root,

when similarly reduced; and with this qualification the

second part of the theorem may be conceded, excluding from

among the functional radicals which are supposed to have

several values, those which we treat as essentially irreducible.

49. Sir William Hamilton's first important theorem is, in

effect, that no method exists of resolving a quartic essen-

tially different from those two methods which have been long

known and universally adopted ; which indeed he conceives

to be (as in fact they are) in ultimate analysis substantially

but one. Our results verify the theorem, but only on the

assumption that we are dealing with such modes of resolu-

tion as can be arrived at through the linear transformation.

We have found several essentially different modes of

resolution, if we free ourselves from this restriction.

We have in fact found, as an equivalent for the general

quartic, a system of conditioned quartics with irrational

coefficients, through the discussion of which (without actu-

ally solving them) we can arrive at the solution of the

original quartic.

50. The theorem that in any algebraic expression of a

root, every radical is equivalent to a rational function of the
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roots, is, I think, sufficiently disproved in the case of a quar-

tic bj the mere existence of the Tschirnhausen transforma-

tion, when applied to introduce the condition (12) = 0.

That transformation teaches us that the two systems, one of

which is

x* — 4: aix^-\- 6 a^x^- — 4, a3X-\-cu = 0,

and the other is

0*-46i 0^+ 661^ 0^-463 z+h=0; {z= kx^-\-lx),

z'-4:Wz^+ QW'z^-4:Wz+W = 0; (z = kx'-^rx\

are equivalent, and therefore that w^e can express the resolu-

tion of the first system in the same radicals which we have

to employ for the resolution of the two members of the

second system, and that notwithstanding there may be an-

other and simpler mode of resolution for the first system.

But inasmuch as all quartics are resoluble by the ordinary

process, (the first method of this essay), the two quartics in

z are expressible by an algebraic formula in which the con-

stituent is expressed in terms of 61, 63 and 64, and is equiva-

lent to a rational function of the z's. If then we substitute

in this formula for hi, h^ and 64, their respective equivalents

in terms of ai, aa, (I3 and a<i, every function of 61, 63, and 64

which appears in the root is turned into a corresponding

function of the a's, each of the form A-\-B VI. Now,

whatever may be the form of the radicals which enter into

the solution of the quartics in z, we can always express the

solution of the quartic in x, by means of them. The reso-

lution of the quartic in x is therefore, independently of any

process in this essay, shown to be expressible by means of

radicals whose ultimate element is not a rational function of

the a's or of the x\, but a rational function of the 6's or

of the 2;'s, and therefore a quadratic-irrational function of

the a's or the x's. It is proper, however, to observe, that we

h2
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should not have known a jpriori that one form was not redu-

cible to the other.

51. As it is essential to the due understanding of the

theory of this essay that no ambiguity should be suffered to

remain on this last mentioned point, I will at the risk of

repetition, give some further explanations relative to the

new solution, confining them for the present to the case of

the quartic. In the ordinary mode of resolving the quartic,

the root expressed in its simplest form, that is, after the

removal of all parameters which admit of being removed, is

of the following form :

—

x — ai y
~7^= V i + ^^+v/Q+^-P-n/Q

+ V 1 + a IjPJ^^q-^a'l/P- VQ

+ \X 1 +a^/P+V"Q+a/P- VQ;

in which P and Q are two independent parameters, each

being a rational but non-integral function of the coefficients,

or a symmetric but non-integral function of the roots. They

are non-integral because each of them contains a power of

^2 in its denominator.

Now, no doubt, in general, we do not alter the essential

character of this form of resolution, by substituting through-

out it for each x any function oi x (say ipx) with or without

irrational co-efficients. We merely obtain a more complicated

representation of x, which, we may presume, must ordinarily

be algebraicallyreducible to our original form. For to suppose

otherwise, would be in effect to make the expression of the

root almost arbitrary in form. But although this is so as a

general proposition, yet we have found that there are cer-

tain special or singular forms of -ipx, which operate in such a
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way as to alter what I have called the frame-work of the

root, and which in this method of representing the root by-

means of two parameters has the effect of producing a zero

in the denominators. The functions P and Q, the essential

parameters of the root, cease to exist in that form ; and we

are obliged, and at the same time enabled, to represent the

root in another and different manner, viz., as a function

which contains only one parameter. By this method we

obtain

4/1-fx/l +P+^l- Vl+P= v/
+ \/ al/l +s/TVP+ a^'/l-^TTP

+ Y/ a^^^l+x/T+P+a/l- VT+P
= X ^ simply.

And although two parameters can thus be made to degene-

rate into one by an algebraic process, yet we cainiot even

conceive any reverse algebraic process, which can have the

effect of carrying us back from the formula with one para-

meter to any formula which shall contain two independent

parameters. For in whatever way we alter the constituents

of P, ^P is still a function of one symbol. These singular

forms of T|r therefore conduct us to entirely new solutions

of the quartic ; solutions it must be observed more in analogy,

(in a particular point of view,) with the known solution of the

quadratic and cubic, than is the one which has been hereto-

fore given ; for we thus in all three cases reduce the problem

to one of strict algebraic inversion.

We are therefore warranted in considering that Abel and

Sir William Hamilton, either altogether omitted to weigh

the possible effect of changes in the argument by means of
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transformation, or else too hastily conclTided that all possible

changes of the argument must necessarily lead to reducible

results. We are also justified in introducing into Abel's

theorem the qualification which I have suggested ; a qualifica-

tion which still leaves it a theorem of singular beauty and

value, though it is no longer capable of being applied, in the

manner in which it has been applied, to limit the power of

algebraic expression in the resolution of equations. This

limitation, if it exists, will depend upon and must be sought

for upon other grounds.

52. The objection which I have established in the case of

the quartic to Abel's theorem, applies equally in principle to

that of the quintic, so soon as we learn, by means of the

Tschirnhausen-Jerrard transformation, that there exists (in

several forms) a special irrational function, the introduction

of which in the manner pointed out in this essay brings the

expression for the argument of the resolvent to a reducible

form ; i. e. reducible, not to rational functions of the x's or

the a's, but to rational functions of the 0's and the 6's, and

therefore to the specifically irrational functions of the x's

and the a's which w^e have so introduced.

The first radical which enters into the root, so as to be

capable of reduction is the square-root of the discriminant

of the quintic in \px expressed in terms of Xi"X^; such

sqnare-root is not (as Abel's theorem implies) rational, but

a cubic-quadratic-quadratic-irrational function of a given

species.

The next set of radicals consists of the fifth-roots of the

two values of Y; each of these is reducible in like manner.

Thus Abel's theorem is verified except as to the form of the

ultimate results. They are not rational, but they are all of

the same irrationality.

53. If I have correctly apprehended the proof of Abel's
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theorem in the form in which it is demonstrated by Sir W.
Hamilton, it appears to me that the qualified mode of state-

ment which I have suggested is the one to which the

demonstration naturally conducts us. It is proved that the

first reducible radical which enters into the expression of the

root is the square-root of the discriminant, which square-

root can always be extracted; and it is also proved that

the superior radicals in the expression of the root are

similarly reducible. The theorem demonstrated is, therefore,

sufficiently stated by saying that all the radicals in the

expression are reducible to the same form in point of

rationality as the square-root of the discriminant. I do not

find anything in the proof which necessarily implies that the

discriminant and its square-root cannot be made irreducibly

irrational even by means of transformations.

54. Further, it appears to me that Abel's proof as given

in his own works, if read by the light of the Tschirnhausen-

Jerrard transformation, would rather lead to the conjecture

at least, if not to the conclusion, that the quintic has a

quadratic resolvent. The argument of Abel proves, from

very elaborate a priori considerations that the first radical

operation to be performed must be a square-root, and the

next a fifth-root. What he actually infers from this is, that

there is a reductio ad absurdum in being obliged to equate

such a function as|P-hVQ|-^ which is ten-valued, to a

linear function of the roots which is necessarily 120-valued.

We now know that this was an erroneous conclusion, because

we are able to reconcile this difference in multiplicity of

value. We may either consider P and Q themselves as

identically twelve-valued, in which case both sides have 120

values ; or^ we may consider that the function of the roots is

reduced in multiplicity of value from 120 to 10, by reason

of its being composed symmetrically of twelve different
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forms of yfr, in which case both sides have 10 irrational values

of the same kind of irrationality.

If Abel had been aware of the possibility of the transfor-

mation which we have employed, he would scarcely have

failed to see that it gave an opportunity of escape from his

reductio ad ahsurduni ; and I should suppose that Sir Wm.
Hamilton, who did know the transformation, was prevented

from applying it in this manner in consequence of his argu-

ment having taken a rather different course from that of

Abel in its latter part. The proper conclusions to draw

from Abel's argument are : First, that if a quintic is algebrai-

cally resoluble, it has a quadratic resolvent; a fact which

would at once have shown that the quintic, in order to be

resoluble, must be capable of reduction without loss of

generality to a quintic with two parameters ; for the notion

of a resolvent implies that the roots of the quantic are

expressible in terms of those of the resolvent ; and, secondly,

that if the general quintic can be transformed into a quintic

with two parameters and whose discriminant is (and therefore

whose roots and coefficients are) susceptible of 12 values,

then its resolution becomes possible.
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CONCLUSION.

55. The leading ideas of this essay are the following :

1st. The method of proceeding by steps, based upon the

notion that any algebraic expression for the root of a com-

plete equation must contain in it the roots of an equation of

some lower degree, being all rational functions of the roots

of the proposed equation. This idea, which in its first con-

ception is probably based on the fact, that the solution of

a complete equation involves that of all equations of lower

degree, suggests to us the necessity of discovering a resol-

vent, i. e. an equation whose critical functions correspond

with those of the given quantic.

2nd. The special property of all effective resolvents, that

they apply not exclusively to the given quantic, but to a set

of quantics, which have a peculiar connection inter se, but

no common roots. This circumstance, manifests itself in the

fact that the root of the resolvent, when expressed in terms of

the roots of the quantic, is a perfect power of another ex-

pression similar to it in point of rationality, the exponent

of the power being the number of individuals in the set of

quantics to which it must necessarily be applicable, if it is

applicable to the given quantic. If we call this number p,

we may say that the pth root of the root of the resolvent

must be of the same form as the root itself, substituting for

each symmetric function of the roots of the quantic of the

degree mp, a rational function of the same roots of the

degree m.
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3rdlj. The transformation of the quantic by means of the

introduction of certain specifically irrational functions of the

roots or coefficients of the quantic, which are of such a

nature that they make an essential alteration in the form of

the root, whilst at the same time they apply to the original

quantic in its complete and unaltered form. This is the

property which produces uniqueness in the expression which

we obtain for the root of the resolvent when expressed in

terms of the roots of the quantic,—a feature which could

not exist if that root were expressed in terms of the coeffi-

cients or roots of any conditioned quantic whatever.

In general we can make no use of a resolvent unless we

can express its roots in a perfectly unique manner ; and ex-

pression in a unique manner is impossible except in terms of

the roots or coefficients of some equation between whose

roots or whose coefficients there exists no relation whatever.

Thus, in the quintic we cannot express the root of the resol-

vent uniquely in terms of the ic's ; we must go back to the

complete quintic in x before we obtain a unique expression.

We never, therefore, attempt to solve the trinomial form

;

we merely make use of the special properties which it pos-

sesses, when it is so framed as to he a perfect equivalent to

the complete quintic.

4thly. The consideration that these transformations are in

certain cases applicable in such a manner as to diminish the

number of parameters of which the root is composed without

affecting the generality of the problem ; or, in other words,

to alter the algebraic statement of the problem by reducing

it from the form, " Given (j) (u, Vj w . . ) = 0," to find u =
\p(v,w . . );" to the form of a simple inversion, "Given

u = (jtv, to find (fr^ in ^' = (jr^ u ;" and to do this without

qualifying its scope.

We have found that this can be done for all complete
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algebraic equations up to the fifth degree inclusive ; or, in

other words, that the problem of algebraic resolution can be

fully disposed of in all cases in which it admits of a parti-

cular mode of statement. Beyond this point we cannot go

in this direction ; for we have arrived at the place where

there is necessarily a fundamental change in the very state-

ment and conditions of the problem. This I conceive is

the real barrier to algebraic resolution : the impossibility of

inventing any problem of two parameters, or any problem of

simple inversion, which shall be an adequate representative

of a complete algebraic equation of the sixth or higher

degrees.

I therefore submit that this essay contains a theory of

algebraic resolution which is complete in itself; and that the

reason why we cannot proceed further, at all events in this

direction, is, that the problem begins at this point to involve

other and different considerations ; and that so far as it admits

of general algebraic treatment, the subject, as a problem of

simple inversion, has been brought to its natural end.
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SEQUEL, FURTHER EXPLAINING THE GENERAL PROCESS
AND DEFINING THE EXTENT OF ITS THEORETICAL
APPLICATION.

After the remarks made in section 35 in reference to

the supposed reducibility of the particular equation there

considered to the De-Moivrian form, it may perhaps appear

unnecessary to apply to the result obtained in this section,

observations of a similar purport. Nevertheless, the point

is a very important one ;
- and a correct appreciation of it

is absolutely necessary to the full understanding of the

methods developed in the essay.

It is of the essence of these methods that they must apply

exclusively to the complete or general equation of the given

degree. I say " exclusively" notwithstanding the fact that

any results obtained must of course be applicable to every

equation of that degree; for, although that is necessarily

the case, yet the process of resolution is not intelligible in

theory or possible in fact, except on the assumption that the

equation proposed for resolution is complete of its kind.

We have indeed succeeded in solving one limited or

conditioned quintic, viz : the De-Moivrian ; but this resolu-

tion was in truth effected by the aid of an observation which

may be called artificial, inasmuch as it depends upon an

ocular inspection of two equations showing that they are

identical. But speaking generally, we may say that the

process of reasoning which we pursue compels us to discuss

the equation to be resolved exactly as if it were the general

equation of the same degree ; or, in other words, as a case of
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a problem which in itself has the full number of parameters,

and whose roots are wholly independent. The neglect of

this consideration would lead to serious error. Thus it

might be supposed that the result of sections 46 and 46°

would lead to the conclusion that the trinomial quintic

x^-i-ba^x-a^^O, is directly reducible to the De-Moivrian

form. This, I need not say, is entirely out of the question.

What then is it, that has been proved ? It is this :—that if

in any trinomial form (z-hy + 5 (41) (2;-6i)-(51) = 0, 6i,

(41) and (51), are such functions of the five parameters

of the general quintic in x that the quintic in is a trans-

formation of, and therefore equivalent to, the general quintic

in x, then we can also find an equation of the De-Moivrian

form (as given at the end of section 46) whose roots have

a specific connection with those of the quintic in z^ and

therefore with those of the general quintic in x.

The explanation of the difference between the false

conclusion and the true one is derived from the circumstance

that the process of transformation when applied to a general

algebraic equation in such a manner as to diminish the

number of parameters is a process which has no inverse

either in fact or in conception. For example, if we transform

the complete quartic with its four parameters to the form

0*— 4 (31)0+ (41) = 0, which has, considered by itself, only

two parameters, we can express (31) and (41) in terms of

ai, a2, ag and a^. But if we were given a quartic 0* — 4:h^z-[-

6^= 0, we could not perform or even conceive any process

which would turn it into a general quartic with four

parameters ; and it is the basis of all the reasoning of this

essay that we are not to regard any conditioned equation

except in connection with some general equation of the same

degree of which it is a transformation ; that is, in fact, the

general equation of the degree under consideration.



110 SEQUEL.

The theory of transformation through which we operate

implies that the equation to be transformed is the general

equation of that degree ; that is, we must deal with it as if

it were quite general, even if in fact it is not. The reason

of this is obvious. All the formulae of transformation, the

coefficients of the function which connects the new argument

with the old one, and the coefficients of the new equation

must be expressed primarily in terms of the roots of the

given equation; by means of which we can then express

them, if we desire it, in terms of the coefficients, whether

such coefficients are in fact arbitrary or subject to conditions

inter se. But the expression of these elements of trans-

formation in terms of the roots requires that the given

equation shall be regarded as general, for otherwise there

would be no possibility of obtaining any unique expression

for them. In other words, we cannot devise any theory or

system for transforming one conditioned form of equation

into another by means ofone unique and universally applicable

formula; but if we consider the given equation as being

theoretically complete with its full complement of parameters,

we can then deduce the necessary formulae of transformation
;

which although unchangeable when expressed in the roots

of the given equation would vary according to any condi-

tions between the coefficients when expressed in terms of

those coefficients.

There is one mode of expressing the root of any quantic

(supposed to be algebraically resoluble) in terms of the roots

which need not vary whatever conditions may exist between

the coefficients. At the same time when conditions do exist

between the coefficients the mode of expressing the root in

terms of the roots may be varied indefinitely by means of

these conditions. What I desire to point out clearly is that

we are to resort to the former unique mode of expression.
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and not to any of the various forms of tlie latter ; and thus

we virtually treat the quantic, however it may be conditioned,

as if it were complete, because we employ that form of its

root which would equally serve for the complete quantic.

It will, now, 1 think, appear quite clearly that we cannot

directly transform such an equation as 0^+ 5640—65 = 0,

where 64 and 65 are two simple parameters, into a De-Moivrian

quintic ; but if 64 and 65 represent the complex forms which

render the equation in a transformation of, and equivalent

to, the general quintic in x whose coefficients are the five

arbitrary quantities ai, as, cts, a* and as, then we are able

to express all further transformation of this quintic in a per-

fectly unique manner in terms of the coefficients or roots of

the general quintic ; and it is thus, and thus only, that we can

succeed in proving that the general quintic, being reducible

to Jerrard's form, is also reducible to De-Moivre's form;

whilst at the same time Jerrard's form simpliciter is not so

reducible.

I will give a specimen of the fallacious reasoning to which

I refer, with a statement of the legitimate conclusion. Take

the general trinomial equation

(0 - 61)"+ n 6„_i (0 - 61) - 6„= 0, (n being prime).

The discriminant of this is hn"^^ (n - 1)""^ hn^i" ; and it is easy,

by following up the formula used in the quintic, to write

down the De Moivrian n — tic which has the same discrimi-

nant. For if we take the quadratic in F whose roots are

[K~^ ±Vb'^'- (7^-1)"-^ 6_r| "

and then form the De-Moivrian whose roots are the n values

of aFi+ a"~^ F2, (a being an unreal nth root of unity), we

should then have a De-Moivrian in ^; to which form, if we

neglect the considerations put forward in this note, we
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might be apt to suppose the conditioned trinomial n — tic

would be reducible.

The considerations here developed show that the reason-

ing leading to this conclusion is erroneous ; and we should

perceive the futility of the result, if we attempted to go

through the actual process of transformation. Let us

endeavor to form the values of Y, which ought to be rational

functions of the roots of the quantic in 2^ — 61 of the degree

^ ; and first we must find F". This is, as we have seen,

very readily expressible in terms of 6„_i and 6„ ; but what

are the corresponding expressions for 6^1 and 6„ in terms of

the roots? The answer is, there is no unique expression

for these coefficients in terms of the roots : for the {n — 2)

conditions which exist between the roots would turn every

function of them into an infinitely various expression.

There is, therefore, no possibility of establishing a definite

connection between F or ^ and the 0's.

Now let us consider it in the other point of view; and

suppose that the trinomial quantic with z — bi for its argument

is a transformation of, and therefore equivalent to, the com-

plete quantic of the '^ith degree in x, with the n independent

parameters ai, . . . a„. We can then express Fi and Fa and

therefore also the five values of t, in terms of the coefficients

;

for by hypothesis 61, 6„_i and 6„ are functions (complex

indeed but still discoverable) of the n parameters ai . . a„,

and therefore expressible in a perfectly unique manner in

terms oi xi . . Xn-

We can then apply the reasoning of the essay to show

that the square-root radical in the value of F is actually

reducible, as indeed we know a priori that it is so iden-

tically; and also that the n\h root would be capable of

extraction in the shape of functions of the (^^)th degree of

that complex function of x which is denoted by z. And we
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could then form the De-Moivrian in t', which, even if it did

not lead to resolution, would yet determine unsymmetric

functions of the roots very likely to conduct to resolution.

Now, in point of theory, the general n — i\Q is reducible

to the trinomial form by Tschirnhausen's process ; though

the practical limits of this reduction are very narrow, in

consequence of the process requiring the algebraic solution

of equations of which we cannot a priori say that they are

resoluble. Neither, on the other hand, are we entitled to

predicate that they are irresoluble ; for although they are of

higher degree than the given equation, yet they contain only

a limited number of parameters, and may therefore be

soluble in some artificial manner.

It will, perhaps, now be asked, what is the proper course

to be adopted when the given quantic is not a complete

quantic, but conditioned. Let us suppose, for example, that

the quantic as proposed for solution is already of the above

trinomial form. It may be urged, what is the use of reduc-

ing the quantic to the trinomial form by a complicated pro-

cess, when it is already of that form to begin with. The

answer to this question expresses the fallacy of any argument

which would lead to the notion, that the trinomial form is

directly reducible to De Moivre's form. It points out, in the

clearest manner, the difference between {z — h\f -\-bhi.(z — hi)

— 65 = 0, considered as an individual case of a quintic, and

the same form writing (41) for 64, and (51) for 65 where (41)

and (51) are functions, such as we have heretofore employed,

of the five parameters of a general quintic in x. The two

equations are entirely dissimilar, even when in (41) and (51)

we consider ax^— a^, and ai^ — a^ as both zero, so as to make

the original quintic trinomial. The one trinomial form is

rational and one-valued ; the other has coefficients which

still continue to be cubic-quadratic-quadratic irrationals, and
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twelve-valued. The result therefore is, that even in this

extreme case, it is necessary to go through the whole process

of transformation precisely as if the given equation were a

complete quintic. Of course, the expressions for Y and t in

terms of the coefficients of the given quantic, would be very

much simplified for such conditioned forms, but they would

not be altered in multiplicity of value, nor would the expres-

sion of them in terms of the roots be in any away affected.

Probably the only form capable of solution without trans-

formation is the De-Moivrian, in reference to which, as con-

nected with the processes of this essay, we may say with truth,

solvitur ambulando. We hardly regard it as an equation

to be solved, but rather as a universal resolvent.

Although we cannot, in practice, reduce the general

n — tic to the trinomial form above considered, it is of some

interest to enquire how far the method of resolution deve-

loped in the essay would be applicable to it, if the reduction

were really practicable. We are not to consider the subject

as if our want of power to express the transformation arose

from some cb priori or theoretical impossibility. As a matter

of algebra^ the general quantic is reducible to the trinomial

form ; because we can find algebraic equations, the discovery

of a root of which, in any way whatever, would produce a

satisfactory result. Algebraically we have no need to go

further, unless it should happen that the solution of the new

equations arrived at would necessarily involve the solution

of the given quantic, which, as a matter of fact, is obviously

not the case ; for we are entitled to regard a problem, which

is not per se a problem of algebra as solved, when we have

reduced it to a system of algebraic equations.

It may, perhaps, appear a strange thing to say, that the

algebraic resolution of equations is not a problem of algebra.

But, in point of fact, it is perfectly clear that such is the
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case. If we were to consider it as a problem of algebra, we

could not propose it in any terms which would not jper se

imply that it was solved. It would be an extreme case of

solvitur amhulando. If I take any algebraic problem, I have

solved it when I have reduced it to an algebraic equation.

Algebra goes no further, and when any one requires me to

solve the equation, then he is giving me a new problem ; and

algebraically I have solved that as soon as I have reduced it

to a system of algebraic equation, whose solution does not

necessarily presuppose the solution of the given one.

I therefore say, that theoretically, the reduction of an

71 — tic to the trinomial form is possible; so that it becomes

legitimate to enquire how far this would conduct us in the

path of actual resolution. We, therefore, now suppose that

the general n — tic in x is reduced to

(z-hiy^{n-l){n-l l)(^-6i)-(nl) = 0,

where z is of the form

hx'^^ + kx''-''-\-ljr-^+ . . . Xx

and h,k,l^ . . . A, (n — 1, 1) and (n 1)

are capable of unique expression in terms of xi . . . Xn

exclusively. We have scarcely the means of determining

how many values each of these symbols would have. Theo-

retically, there appears no need to go beyond 1, 2, 3 . . .

(n — 2) values. Probably, however, any practical method of

effecting this object would produce twice this number of

values.

The resolvent in y obviously is,

(y - {n l)y~' - (« 1)"-' + (« - 1)"-' (« - 1, 1)"= 0,

and its roots can always be divided into 2=1 sets of two, of

the form,

{n 1) ± l"^' "-^^
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whose nth. roots, according to the theory developed in the

essay, must be of the form.

multiplied respectively by the ^th roots of unity.

Let, for example.

Ri' ± /3' "V R'n-x t)e 2/1 and y^

Ri'' ± (5' ""VRZIx l)e y, and y,

Rr ± i^^'^l/'RrZ, be 2/3 and y.

(w-l) («-l) / (n:^)

Rx' ± i3
^

^'"i/ i^„., ^ be 2/„.2 and 2/„.i

then, if in reference to each of these we take every possible

value of

a 2/2P-1 + a"~'
2/2P

for the n values of a, it is obvious that of these values which

are ru^ in number there are n and n only which are rational

and linear functions of the 0's. These are 2/2p_i + Vip '> and

this expression multiplied successively by a, a^^ . . a"~^ We
therefore arrive at the following n system of equation, each

system containing ~ members.

2/1" +2/2^ =^{At)

2/3^ +2/? =S(50

2/n-2"+2/«-l"=S(XO

and the same multiplied necessarily by a, . .
0""^

We then repeat this system for every possible form of t or

\l)X — 61, which we have from this reason supposed to be twice
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1, 2 . . (71 — 2); in order to produce in all (1, 2 . . n)

equations. We then combine them systematically, in ex-

actly the same manner as is pointed out in 46"; and we

should arrive at n systems, solving indiscriminately the n —

tic and the (n — 1) other n — tics, which in point of resolution

necessarily accompany it.

We thus obtain the interesting result, that in order that a

general quantic of prime degree should be algebraically reso-

luble, it is a necessary and sufficient condition that it should

be capable of reduction to the trinomial form, a fact which

is evidently intimately allied with Mr. Harley and Professor

Boole's investigations as to the binomial form of the

Differential Equations resulting from trinomial algebraic

equations.

I think one may see an a priori reason for this necessity

in the distinction to which I have alluded, between problems

of algebra which are considered as solved when the proper

algebraic equations are obtained, and problems of algebraic

resolution. For a general quantic, its algebraic resolution is

not a problem of algebra; for a trinomial quantic, the

algebraic resolution is a problem of algebra: viz, the inver-

sion of a function: finding t in terms of v from v= (l)t.

In the case of quantics of composite degree, the equation

in y still holds good with a change of sign in one of the

terms when n is even. Some variations would probably be

required in the further investigations ; but it is not necessary

to go into their detail, partly because there is no probability

of the reduction to the trinomial form being practically

possible, and partly because the resolution of equations of

prime degree implies that of all equations.
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APPENDIX

Since the foregoing essay has been put into type, I have

obtained another method of discussing the quintic, which

appears to open some new views on the general subject. I

find that the quintic is capable of resolution, or some approach

to resolution through the medium of a cubic resolvent, in

the following manner :

—

Inspecting the discriminant of the quintic at section (6),

it will be easily seen that it can, in effect, be represented as

the sum of a fifth power and a third power, under certain

conditions existing among the elements (12), (13), (14) and

(15). For if we make (12) = and (14) = 0, it becomes

(15) ('(15)3-3456 il3y\

and as (15) cannot vanish except under very special con-

ditions, we may consider that for such an equation the

condition of two equal roots is

(15)3-3456(13)^= 0.

Now we know that by an application of the Tschirnhausen-

Jerrard transformation, the general quintic can be expressed

in a form which contains only (13) and (15); or since the

equation is a conditioned one, it will be better to write (31)

and (51); (21) and (41) being each equated to zero.
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We divide the condition (21) into two parts exactly as we

did in section 44; and substituting the values in (41) = 0,

which by an extension of the notation in section 8 is

we obtain the final ratios of h, k, I, and m by the solution of

a quartic; so that altogether we determine them by the

resolution of two quadratics and a quartic, and thus find that

in order to effect the transformation completely it is necessary

to have 16 forms of ipX] instead of the 12 which we had in

section (44).

We have therefore 16 quintics of the form

(^Px - hy - 10 (31) (^px - 6i)2 - (51) =

in reference to each of which it is now easy to see that we

can find a cubic of the form

y'-Sm (51) f+3N (51)^ 2/ -^3 (31) =0

which will have a discriminant vanishing simultaneously

with that of the conditioned quintic. We do not in the

absolute term insert a multiple of (51)' because it would

vanish by a linear transformation.

Proceeding exactly as in section 36, but equating the dis-

criminant of the cubic to the square of that of the quintic,

we find 1^1 = 1, iVa = 1, N's= 3456 : and the cubic is

(2/ -(51))' + (51)^ -3456 (31)'^= 0,

or

2/= (51)+^ 3456 (31)^-(51)^

We find then that this cubic so obtained has all the qualifi-

cations of a resolvent. Its last term is the fifth-power of a

rational and symmetric function of the (ipx — hiys-, and

that function enters into the cubic only through that fifth-

power ; so that the equation in y must apply similarly to the
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five quintics obtained by using successively (31), a(31),

a*(31), a^(31), and a^(31) for the coefficients of the middle

term; which is the same thing as employing successively

(\Px-bi), a\^px-h^, a{\fjx -hi), a\\px-bi), and a{\px-hi) for

the argument of the quintic. Without repeating at length

the argument so often employed, we infer, as before, that y^

must be capable of actual extraction, in the form Ri if the

values of y be rational, and in the form Ri-]-^ Rs if the

cube-root which appears in y is irreducible: one or other of

which must be the case. The latter, no doubt, must be the

correct view ; it evidently tends in the direction of resolution,

but I have not considered in what way it ought to be

carried out.

•^ OF THE ^

UNIVERSITY
OF
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APPENDIX No. II.

When I wrote this section in which Abel's theorem is repre-

sented as true in a qualified sense, and, as so qualified, still a

theorem of importance, I was quite under the impression

that my criticism upon it went as far as my own arguments

and conclusions justified me in going. On further reflec-

tion, however, I think it quite clear that the theorem cannot

be maintained in any sense as a statement of any real

proposition connected with the resolution of equations. In

short, so far as it is true, it is a truism, and amounts to

nothing more than a circuitous definition of resolution.

When we represent the root of a quantic in terms of sym-

metrical functions of the symbols which denote the roots, Ave

learn nothing by being told that all the radical operations

which enter into it can be actually performed by extraction

;

because if they could not be so performed, it would be

impossible to reduce the expression to the linear unsym-

metric functions of the roots denoted by Xi, Xa . . Xi.

The formula Si-\- V ISn cannot be Xi and cca unless the

square-root radical can be disposed of by extraction; the

formula Si + 4/ &+ V^ + V Sz-VS^ cannot be Xi, x% and

ajs, unless we can see that it is so identically by the extraction

of the radicals, and so on. So far, therefore, as the theorem

is true, it is a mere statement of an identical proposition.
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APPENDIX No. III.

If we once adopt the definition of resolution in the sense

which I have indicated on p. 105, we see an immediate

necessity that all prime quantics, in order to be resoluble,

must be reducible to a trinomial form. The trinomial

form contains only one parameter really, and if we take the

several forms by substituting successively ax, &c., for x, we

arrive at the same results, though possibly not in the same

order, as if we substitute a, &c., times the parameter for the

parameter itself. No multinomial form, involving more

parameters, can have this property. There is, however,

one multinomial form of a prime ntic, which adapts itself

to this theory of resolution, viz., the De Moivrian of that

degree. This really possesses but one parameter, and has

the same property of being accompanied by a system of

other equations, all solved by the same formula. This

affords a strong d 'priori reason for thinking that the trino-

mial form and the De Moivrian, have some conjugate rela-

tion between them ; and, therefore, though I have not gone

over the steps of Mr. Jerrard's attempt to prove the mutual

reducibility of these forms, I feel strongly inclined to beUeve

in the accuracy of results coinciding with views to which I

have been led by a totally different process.

THE END.

R. CHAPMAN, PRINTEB, DUBLIN.
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