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PREFACE

The best types of examples and applied problems to be found

in American or Foreign Textbooks or collections of examples are

included in this book.

All examples have been constructed by the author, and the

subject matter covers standard courses of study and meets col-

lege-entrance requirements.

The collection is adapted for use with any textbook.

In presenting a new subject nothing is too simple for illustra-

tive material, and accordingly a great number of very simple

single-step process examples have been included.

The following new features are presented : New Mental Exer-

cises ; new types of very simple Process-Examples ; new types of

Blank Forms ; new types of Preparatory Examples, and an exer-

cise on the Functional Notation. Many arithmetic examples are

found in the first parts of exercises ; Decimal Fractions are used

commonly ; there is a new exercise on Incomplete Polynomial

Squares, and a very complete exercise on Complex Fractions.

The exercise on Eationalization contains a great variety of

forms and in particular has " confusing forms " grouped together.

There is an exercise on Exponential Equations and a set of

Equations having Irrational Coefficients.

New types of Proportion Examples apply the Transformation

Principles, the Determination of Specified Ratios, and Elimina-

tion.

The exercises on Proportion are so constructed that, if desired,

the subject may be taken with fractional equations .early in the

course.

The treatment of Graphs is simple, and Intersecting Lines are

so chosen that they meet near the origin.
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IV PREFACE

There are many new practical applied problems.

Under the head of Equivalent Equations a very simple intro-

duction is given to Linear Equations.

The collection of examples on Fractional and Literal Equations

is very complete and simple, and many forms occurring in later

mathematical work are given.

The Completion of the Square with reference to a given Bi-

nomial is carefully worked out both in factoring and in quadratic

equations.

There is an exercise on Special Irrational Equations in both

Exponential and Eadical Notation.

Special exercises for Synthetic Division and Applications of

the Remainder Theorem are provided, and the treatment of Fac-

toring and Quadratic Equations is very complete.

The review exercises contain many examples requiring distinc-

tions to be made between Confusing Forms, and the examples are

so chosen as to afford Cumulative Reviews at different points.

The Index cross-classifies the examples in such a way that

principles may be quickly illustrated by choosing examples from

different subject-headings.

Applied Problems, which have to do with questions or situa-

tions which would reasonably require or admit of algebraic solu-

tion, have been included. Questions which would naturally arise

in the search for truth have been made the basis for practical

problems, but there are no falsely practical problems which are

concerned with unreal situations or which arise from juggling

with statistics or which bring in information which may of itself

be interesting in its proper place, but which has no reasonable or

sensible place in illustrating algebraic principles.

The book is especially adapted for use in examinations because

of the great variety of material and also because of the fact that

no definitions or explanations are given.

The author wishes to acknowledge the enthusiastic reception

which has been given his examples by teachers using his First

Course in Algebra, and especially to thank the teachers of math-

ematics in his home city who have shown such a friendly attitude

toward his work and whose constructive criticisms and recom-
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mendations have been of great value in the preparation of the

present collection of examples.

He would especially thank the Committee of Teachers from the

four Worcester High Schools, Mr. Geo. H. Boyden, Miss Grace L.

Hill, Miss A. Mae Lawrence, Mr. Wendell P. Parker, Miss Har-

riet E,. Pierce, Mr. Chester T. Porter, and Miss Mary Trumbull,

who inspired the present work.

He would extend thanks to the Superintendent of Schools,

Mr. Homer P. Lewis, for his kind interest and encouragement,

extending over many years.

He would also express sincere and grateful appreciation to the

Assistant Superintendent of Schools, Mr. John F. Gannon, whose
interest and enthusiasm in the undertaking have been a large

contributing factor to its successful completion.
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EXAMPLES IN ALGEBRA

NUMERICAL SUBSTITUTIOJfJS ;, : ,',-,>, ,

EXERCISE 1

Find the values represented by each of the following expres-

sions when the letters are replaced by the given numerical values.

If a = 3, 5 = 2, c = 1, d = 4, find the value of

1. a + b. 16. 4 a. 31. 4 + 26. 46. a' -2.
2. 6 + c. 17. 6 6. 32. 2d-c. 47. c^ + 3.

3. a-\-d. 18. 2 c. 33. 5 6 + 2 d. 48. d^ + 9.

4. a — c. 19. 8(^„ 34. 3a -7c. 49. a2 + b\

5. d-b. 20. 3a6. 35. Sc + 5d. 50. b' + c\

6. a + 1. 21. 5 6d 36. a\ 51. (c^ + dO^
7. 6 + 5. 22. 3cd 37. b\ 52. (a^ - c2)2.

8. c + 2. 23. 6a6. 38. c\ 53. a'-\-b.

9. cZ-3. 24. 7a6c. 39. d\ 54. d'-(^.

10. 4 -a. 25. 4 6cd. 40. a?b\ 55. ¥ + d?.

11. 1 -b. 26. 2 a + 1. 41. a2 + 2. 56. 2a2 + 6.

12. Q>-^G. 27. 36-2. 42. 62-1. 57. 362 + 2c.

13. d-1. 28. 4c + 6. 43. c2 + 3. 58. 5c2 + 6l

14. 2 + 6. 29. 5fZ-17, 44. 5 + ^2. 59. a^ + 2 b\

15. 6 -a. 30. 7a-2. 45. 6^ + 1. 60. W-{-d\

If a = 2, & =:3, a; == 1, 2/ = o, find the value of

61. rt- + bx. 64. by-a\ 67. ax^-4-2/^

62. ab+y\ 65. a6aj -y- 68. 4.ab -xy.
63. &2 — xy. 66. 3a2 -2bx. 69. 5 by -x\

PARENTHESES

EXERCISE 2

Eemove parentheses and find the numerical values of the fol-

lowing expressions.

1. io_(4-3). 3. 15-(8-5). 5. 7-(10-8).
2. 12-(4 + 3). 4. 4+(9-6). 6. 15-2(7-3).

1
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7. 20 + 3(11-9). 14. 10 + 4[30-4(10-4)].
a 19-4(6-3). 15. 10-9[8-7(6-5)].

. 9y l^cxjj 5(10 - 7). 16. - (- 3).

±6. ^'2i'-3'(8-l). 17. -(-(-2)).

'^^,i)-[4-(3-l)]. 18. -(-(-(-4))).
12. 11 -[10 -(8 -5)]. 19. 5 -(-(-2)).
13. 13-2[9-3(7-5)]. 20. 7-(-(-(-l))).

21. 6-(3-2(-l)).
22. 3-(-(-(-3)))-(-(-3)).
23. 5-(-(-(-2)))-(-(-(-l))).
24. 12-2(-2(-2)).

POSITIVE AND NEGATIVE NUMBERS

EXERCISE 3

Classification of Quantities as Being either Positive or Negative

Classify the following changes in temperature as being both

positive, both negative, or one positive and the other negative

:

1. l>om 70° F. to 100° E. and to 60° F. respectively.

2. From 72° F. to 105° F. and to 212° F. respectively.

3. From 80° F. to 32° F. and to 0° F. respectively.

4. From 10° F. above zero to 3° F. below zero, and to 8° F.

below zero respectively.

5. From 12° F. below zero to 18°F. below zero and to 22° F.

below zero respectively.

6. From 40° F. above zero to 13° F. below zero and to 65° F.

above zero respectively.

7. From 9°F. above zero to 31° F. below zero and to 40° F.

below zero respectively.

8. From 15° F. below zero to 0°F. and to 8°F. below zero

respectively.

9. From 2°F. below zero to 5°F. above zero and to 0°F.

respectively.



POSITIVE AND NEGATIVE NUMBERS 3

Which of the following cities may be selected as points of

reference in order that the distances to the remaining two may
be classified as being both positive or both negative ?

10. (a) Boston, Albany, Buffalo.

(b) Montreal, Buffalo, Chicago.

(c) Quebec, Washington, D.C., New Orleans.

Which of the following cities may be selected as points of

reference in order that the distances to the remaining two may
be classified as being one positive and the other negative ?

11. (a) Edinburgh, London, Paris.

(6) Cairo, Lisbon, Vienna.

(c) Glasgow, Cairo, Cape Town.

Regarding a man's income as representing a positive quantity,

classify the following items as positive or negative quantities

wherever possible

:

12. (a) Interest on money deposited in a bank.

(6) Interest paid on money borrowed on a note.

(c) Money paid for car fare.

(d) Cash prize won in an athletic contest.

Regarding money on hand as representing a positive quantity,

wherever possible classify the following items as positive or

negative quantities with reference to the depositor

:

13. (a) Money deposited in a bank.

(6) Interest received on money deposited in the bank.

(c) Interest paid on a mortgage held by the bank.

(d) Money withdrawn from the bank,

14. Classify the above with reference to the bank.

With reference to the equator, classify the latitudes of the

following places as being positive or negative quantities:

15. St. Louis, Richmond, Buenos Ayres, Berne, Athens, Zanzi-

bar, Calcutta, Constantinople, Honolulu, Melbourne.

With respect to the meridian passing through Greenwich,

classify the longitudes of the following places as being positive

or negative quantities

:

16. Dublin, Havana, San Francisco, Quito, Manila, Odessa.
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ADDITION OF POSITIVE AND NEGATIVE NUMBERS

Simplify the following

:

1. +3 + +4.

2. +2 + +6.

3. +4 + +8.

4. +5 + +2.

5. +7 + +10.

6. +6 + +1.

7. +8 -f +12.

8. +9 4- -2.

9. +10 + -4.

10. +7 + -3.

11. +1 + -2.

12. -5 + +9.

13. -11 + -9.

14. -12 + -12.

EXERCISE 4

ing:

15. -13 + -11. 29. +14 + -9.

16. +12 + -14. 30. -8 + +15.

17. -3 4- +11. 31. -18 + +18.

18. -15 -h +13. 32. -17 + -16.

19. -14 + +20. 33. -4 ++20.

20. +19 + -15. 34. +2 + +3 + +8.

21. -16 + -17. 35. +3 + +5 + -1.

22. +13 + +16. 36. +5-\-+e-^ -9.

23. +11 + -10. 37. -11 + +13 +-6.

24. -20 +-19. 38. +16 ++14 +-19.

25. -1 + +18. 39. +15 + -18 + -9.

26. +17 + +6. 40. -20 +-13 +-17.

27. -10 + +13. 41. -12 + -11 +-4.

28. +18 + -8. 42. +13 ++19 ++11.

SUBTRACTION OF POSITIVE AND NEGATIVE NUMBERS

EXERCISE 5

Perform the following indicated subtractions

:

1. From +5 subtract +3. 3. From +11 subtract +5.

2. From +8 subtract +2. 4. From +14 subtract +10.

5. -12 --7. 17. -10 -+19. 29. +15 --2.

6. -15 --11. 18. +18 --22. 30. +4 --17.

7. -7 --4. .19. -19 -+11. 31. +19 --31.

8. -3 --5. 20. -2- +7. 32. +31 --29.

9. -6 --8. 21. +21 --16. 33. -28 -+22.

10. "9 --6. 22. +9 --12. 34. +26 --34.

11. -4-+15. 23. +15 --15. 35. -37 -+23.

12. +6 --9. 24. -20 --20. 36. +29 - "11.

13. +3 --8. 25. +12 --8. 37. -23 -+32.

14. +13 --14. 26. +7 --13. 38. -33 - "39.

15. +16 -+17. 27. +17 --18. 39. -35 -+27.

16. -17 -+13. 28. +22 --19. 40. +32 -"28.
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41. -38 -+32, 47. -31--+49. 53. -47 -+31.

42. +30 -+37. 48. -45---35. 54. +49 --44.

43. +39 -+35. 49. +43--+26. 55. -50 -+46.

44. -27 --40. 50. +41--+19. 56. -48 -+41.

45. +23 --21. 51. -24---41. 57. +42 + -48.

46. +34 -+47. 52. +28--+42. 58. +36 + -43.

Simplify the following

:

59. +1-+2-I-+6. 67. -26-_ +34 + -40.

60. +2 --10 + +8. 68. +35---40 --25.

61. +10 --10 + +13. 69. -31 + -32 - -33.

62. -1--19 + +12. 70. +27 + +27 - -16.

63. +20 + -13 --18. 71. -41-_ +43 - +50.

64. -16 + -21 -+30. 72. +44-- -46 - -33.

65. +23 +-27 -+33. 73. +40---42 --43.

66. -21 + -29 -+30. 74. -39-- +41 + +37.

MULTIPLICATION OF POSITIVE AND NEGATIVE
NUMBERS

EXERCISE 6

Simplify the following

:

1. +2 X +4. 16. -5 X -19. 31. +20 X +35.

2. +3 X +6. 17. -20 X -17. 32. -19 X +40.

3. +5 X -9. 18. +18 X -10. 33. -30 X -22.

4. +6 X +2. 19. +15 X -15. 34. +28 X +50.

5. +8 X +3. 20. -16 X -16. 35. -36 X -3.

6. +9 X +8. 21. -9 X +21. 36. +34 X +30.

7. +7X+11. 22. -13 X +20. 37. -23 X +60.

8. +12 X +7. 23. +19 X -2. 38. -25 X +70.

9. +4 X -5. 24. +21 X -7. 39. +40 X ^26.

10. +10 X -13. 25. -21 X -6. 40. +27 X +30.

11. +14 X -5. 26. -4 X +14. 41. -20 X +37.

12. +16 X -3. 27. -3 X +16. 42. +30 X +45.

13. -8 X +9. 28. -12 X -8. 43. +22 X -30.

14. -6 X +12. 29. +9 X -11. 44. +13 X -40.

15. -2 X -18. 30. +17 X -20. 45. +25 X -25.
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46. +17 X -17. 51. +7 X +7 X -1. 56. +20X-14X-1
47. +18 X +18. 52. +6 X +8 X +3. 57. +5x-6x +7.

48. -21 X -21. 53. -9 X -5 X -4. 58. +11 X -1 X -12

49. +2 X -3 X -1. 54. -10 X -9 X +8. 59. +16 X -5 X +4.

50. +4 X -7 X -2. 55. +12 X -4 X +2. 60. -18 X -3 X +2.

POWERS OF POSITIVE AND NEGATIVE NUMBERS

EXERCISE 7

Find the values of the following indicated powers

:

I. Arithmetic Numbers

1. 2\ 4. 3*. 7. 72. 10. 3^ 13. 4^ 15. 103

2. 23. 5. 4^ 8. 2\ 11. 82. 14. 2«. 16. 122

3. 32. 6. 5\ 9. 2\ 12. 83.

II. Positive axd Negative Numbers

17. (+2)3. 21. (-3)3. 25. (+9)3. 29. (-16)2.

18. (-3)^ 22. (-6)3. 26. (-11)2 30. (-3)^

19. (-4)3. 23. (+8)2. 27. (-5y. 31. (-4)^

20. (-5)2. 24. (-2y. 28. (+7)3. 32. (-10)^

33. +22 + +32. 36. ;-7)2_(-6)2. 39. (-2)^-f-25.

34. +52 --42. 37. +82- (-7)2. 40. -3'-(-3y.

35. +33 --52. 38. - 102 -(-5)3. 41. -62 --2^

DIVISION OF POSITIVE AND NEGATIVE NUMBERS

EXERCISE 8

Simplify the following

:

1. +6-^+3. 10. +20 --10. 19. -30-f--15.

2. +8- +2. 11. -22 ^ -11. 20. +28 --14.

3. +10- +5. 12. +12- +6. 21. -38 --19.

4. +14 --7. 13. -7 -^ +7. 22. +32 --16.

5. +18 --6. 14. +13 - -13. 23. +60 --12.

6. -9-+I. 15. +19-1. 24. -34 -+17.

7. -12- +4. 16. +21 - -3. 25. -39 --13.

8. -16- +8. 17. -27 ^ -9. 26. -24 --4.

9. +15 --5. 18. +33 ^ +11. 27. -56 — -7.
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28. +63 -+9. 33. -90- +18. 38. -91 -i---7.

29. -75-- +15. 34. -99-^-+11. 39. +132 H- +12.

30. +78--+13. 35. +108--f- -36. 40. +144- -36.

31. +74---2. 36. -92--+4. 41. +196- +14.

32. +51---17. 37. +84 -r-+7. 42. -169 -^ +13.

43. (+8x+3)-+2. 52. (-36--12)x+4.
44. (-10x+3)---5. 53. (-42 -- -7) X -6.

45. (-6x-4)--3. 54. (-48 -- -3) X +5.

46. (+12x+5)--+4. 55. +3x(-10--2).
47. (-15---5)x+2. 56. -5x(-12-+3).
48. (-16--+8)x-3. 57. -18 -(-2 x-3).

49. (+18--+2)x-l. 58. -15 -(+20 --4).

50. (-21-- -7) X -3. 59. -11 X (-14 --7).

51. (+^J4>(+3)H--8. 60. -7x(-24--3).

LITERAL EXPRESSIONS

ADDITION OF MONOMIALS

MENTAL EXERCISE 9

Perform the following indicated additions

:

1. a 8. -7x 15. - Sad 22. 5 by

a 11a; - 11 ad 4. by

2. -b 9. -8a; 16. 16 xy 2 by

-b 8.T - 9 xy 23. 6 c'

3. 2c 10. -12y 17. 4.c'x 2(^

3c -ISy ^c^x 5 c'

18. 9 by'

Sbf
- 17 c'd'

24. Idw
4. 5d

_d
11. 9z

-19z
19.

— 5dw
3dw

5. -^9 12. 13 w 21 c^d^ 25. 4c xw
-9 -20w

20. - 26 a^y' — 2xw
6. 6h 13. Sab 31 a^y-" — xw

A_h 2ab
21. ax 26. 11 y'

7. 5x 14. 6 be 2 ax -32/3

-2x 9 be 3 ax Sf



8 EXAMPLES IN ALGEBRA

27. 12z'^w 33. 22a^bc 38. 9 6c 42. 13 xy

4:Z^w a'bc -10 be 15 xy

-4:z^w - 3 a'bc 12 be 17 xy

28.

29.

-20 2^

10 w''

-3 abc

— 5 abc

— 7 abc

34.

35.

28 ab^G

— aWc
- 5 ab'^c

31 a;?/;^^

- 11 xyz'

39.

-14&C

-Bx'y
dx'y

13 0;'^

18 a;^^,

43.

19 xy

. IS xhjz""

12 x'yz''

16 x^yz^

14 a;V
30.

31.

- 13 bxy

-7 bxy

- 9 bxy

Ucm^
- 16 cm2

36. -43
-27

xyz'

xY
xY
xY

40. 7

-8
-9
10

xyz

xyz

xyz

xgz

44., U:^yh'

14 a^,v'2'

22 a^2/'^3

25 c^yh'

18 cm2 37. 7a2& 41. 32 a6 45. 13 abx

32. - 17 d/i2

- 13 dJi'

29 d/i^

5a^b

Sa'b

Qa^b

7ab
11 ab

2ab

— 15 abx

27 abx

12 abx

46. - 23 b\^d

37 6V(^

-6 6V(Z

47. -25
-35
-45

a^mw

a^mw

ahnw

48. Smnx"^

17 7nnx'^

17 mr?£c2

- 6Vr7 95 a^mw
SU-33 m7ia;2

49. la
3_a

52.

id
55. SS. .04 6

.05 6

50. b 53. 56. 59. 5.67 a;

- 2.31 X

51. 54. 57. .2 a

.3 a

60. 2.0012/

- .102 2/

61. 0.7 c + 0.02 c. 65. .6Sy-\-.025y.

62. 8.1 d + 0.05 d 66. 1.0012 + 9.099 2.

63. 1.1c 4-.He. 67. 100.1 w - 1.001 w.

64. 10.1 a; -1.01 a;. 68. 11.01 a - 10.11 a.



SUBTRACTION 9

Add the following with reference to the similar parts

:

69. Find the sum of xz and yz.

70. ax

bx

75. 6/i

bh

80. x^w

— y^w

85. Qcd

5bd

71. cy

dy

76. cx

-dx
81. X

xy

86. 2 ax

Sbx

72. mz

2^

77. 3 A;

-hk
82. be

6_

87. 5 xy

-2xz

73. 3w
yiv

78. 2ab
3b

83. ab

be

88. -9ab
— 4:ac

74. ad

d

79. a^d

¥d
84. xy

y_z_

89. 12 a6c

-5 abd

90. Find the sum of a{x + y) and b{x + y).

91. Find the sum of 3(a;2 --/),4: a{x'-f\'<and -2 6(0^-2/2).

92. x(c--d)

-d)

94. x{y-

-(y-
96. 2ab(g-k)

Scd(g-k)

93. a(b 4- c)

(b + c)

95. 2 a(m -f 71

b(m -+- 1\

97. a\x-\-y)

-b\x + y)

98. a{x^-y^)

K^-y')

99. -((

2d{c:2 + l)

SUBTRACTION OF MONOMIALS

MENTAL EXERCISE 10

Perform the following indicated subtractions

:

1. 6a 5. -lOe 9. 5r 13. -15z
4a -7e Ir z

2. 96 6. -13m 10. Ss 14. -17 w
66 5m 10 s 17 w

3. lie 7. 14 n 11. -3a; 15. -ISh
3c

-12^ 8.

-271

12.

-8a;

— ^y 16.

-ISh

4. -16^ 2 a'

-4c? -12g -6y -a^
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17. 553 19. -19a;2 21. 6ab 23. - 29 bd

23 a^^ 27 a6 41 bd

20. 21 y^ 22. 31 ac

26 ac

18.

7 63

4td'

-Ud'

25. 24.a'b

-Ua'b

26. - 37 cd2

-18cd2

27. 42m2n2

- 31 mhi^

28. -5Sx^y^

46a^2/'

29. 16a6c
- 73 a6c

30. -25 cdy

71 cdy

31. 56 bgm
— 17 bgm

21

-19

32.

y' 22.

- 43 a^ftc

2Sa'bc

33. 62aWc
- 47 aZ/^c

34. - 77 abc"

- 38 a6c2

35. 76a262c

- 67 aWc

36. - 39 ab-'c^

93a6V

37. 45 a^ftc^

54 a^bc'

38. -56a^yh
67x^y^z

24. 33 mw
— 27 mw

39. - 101 a^xy

— 75 a^xy

40. 123 m'nw
95 m^Tizi;

41.

42.

158 S2/W

85 S2/W

-193^72^

89(/?ig

43. — 150 chw

91 c/iw

44. - 239 6fc2

167 6fc2

46. 56

*»

47. *<=

i^
48. *««

id

49. ^h
|A

50. ffc

-ifc

45. 2 a

51. |??i 56. .11 ^y 61. .36 gr

-f m .03 ^y 3.64 gr

52. —^n 57. 1.6 a 62. .345 a;

— -|n .Iq — .655 a;

53. .5x 58. 2.28 & 63. - .5SSy

.2x .026 -5.417?/

54. .7?/ 59. .33 c 64. 1.001 2^

.Sy .03 c - .011 z

55. .08:3 60. 2.51 d

.04 g .25 d!

65. From ax subtract bx.

Perform the following subtractions with reference to similar

parts

:



SUBTRACTION 11

66. ac

ac

dy

71.

72.

, hw
— nw

76.

77.

— bnq

— hnq

5axyz

2bxyz

81.

82.

-Ixf

67. ab

bc_

68. aw 73. - gf 78. 2ab 83. xy

mw — m'lf b xz

69. — ct

-dt
74. axy

bxy

79. -Scd
-d

84. xY
-yH^

70. -ay
xy

75. m^xw
— n^xw

80. 5:^y

-y
85. xyz

yzw

86. From a{x -|- y) subtract — b{x + y).

87. 5(a + b) 91. x{a + b) 95. a{b -f 1)

2(a + b) y(a + b) (6 + 1)

88. 8(c — a) 92. c{m — n) 96. m{n — 1)

— 3(c — g) d(m — n) — (?^ — 1)

89. — 6(?n< — n) 93. 7i(m — a;) 97. {x — 1)

9(m — n) — c(m — x) x(x — 1)

90. - 18(^ + /i) 94. " a{G -\- 1) 98. 2(c + 6^)

-
18fa 4- h) - bjc + 1) 3 6(c + gr)

99. a;?/(2; — w) 101. a;(ic?/ — 2:)

z(z — w) vK^y — ^)

100. ab{a — 6c) 102. ax(bx — c?/)

c(a — be) — 6y(6a; — cy)

EXERCISE 11

Reduce each of the following polynomials to simplest form :

1. 2a — 46 + 6c — a + 56 — 2c.

2. 5x-\-ly — 2z — 4:X — Qy-^z.

3. lla-2d + 36 + 4d-6-f-«.
4. 12a-6 + d4-3c-f26-2c-a + 3 6.

5. lSx-13y + Uz-14:iv-2z + 2y-2w-j-4:Z.

6. 6aj + ?/-10 2;-32/-2a;H-92; + 4a;-5?/ + 8 2!.

7. 3a + 56-c + 2-2a — 46-f6c + 7-a,



\
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8. 5Jc-4,m-Sn + 9-Sk-\-4:m-\-Sn-9-2 7c.

9. 4.a^ -2 ab -\-10 cP -\- 3 ah -}- a' + 2 b' - 3 c' - ab -\- 6bl

10. 9x''-xy + S-5ay' + Sy'- + xy-\-5-4:x'-Sy\

ADDITION AND SUBTRACTION OF POLYNOMIALS

EXERCISE 12

Perform the following indicated additions :

1. 3 a + 2 6 2. 6a--96 3. 76- lie 4. 6cZ-|- ^

a + 5b 8a--36 4 6- 19 c ed-12g

5. -10h-15y 6. -16m-20q 7. 15a6- cd

-Sh+ 4:y - 17 m - 11 ^ - 23 «6 + 29 cd

8. 9 a2 - 14 be 9. 2a4- 56- 7c 10. 46-12c-23d
- 26 a2 + 33 6c 3a-116 + 14c 66-fl2c- 7d

.1. 9x-Sy-\-3z 12. 10 a— m-\-15w
3x-Sy-\-9z -a-{-19m-2Sw

.3. 13a2-1762 + C2 14. 11 iB2 H- 13 a;?/ + 21 2/2

41 a" - 21 62 _ 33 c" llx^-31xy-12y^

Perform the following indicated subtractions :

15. 5aH-26 16. 6c-3d 17. 8m-llm 18. 16x-\-21y

3a+ 6 4:c-2d 4m + 14m 32 a; -23y

19. 7a + 6 20. 9 6 — 3c 21. 5x — 7y 22. 3a — 66

2a + 6 9 6 + 8 c -5x-\-7y 3a-6b

23. 2a + 36 — 4c 24. x — 3y-\-oz 25. 8a + 6 6— 4c

a-5l)^7c -2x + 4:y-ez -3a-56 + 7c

26. 10a-7 6+12c 27. 3a;-4y-h52; 28. 4a2 + 962-16

3a-Tb~10c 5x+ 4:y-3z 5a^-\-3b^-l

Find the sums of the following groups of expressions

:

29. a + 26 + c; 3a + 6 + c; a + 6 + 4c.

30. 2x-\-y-\-3z', a; + 42/ + »; 5x-\-6y -\-Sz.

31. 56-c + 2d; 36-2cH-4d; 6-3c + d



SUBTRACTION 13

32. 6x — dy — 2z', 7x — 10y — Sz'j 4:X — 5y — Sz.

33. 7 a — 2b-\-6x', 5a + 8&— 4ic; a — 9b — Sx.

34. 56 + 9d-4?o; Sb-7d-3w; 6b-2d-w.
35. g — 4:h-\-Sk; 7g — h — 2k; 3g-i-5h — 6k.

36. m— 3a;4-7?/; 5 m —8 x-{-2y', 9m — 4:X-{-6y.

37. 26-5c-3d; -9&-c-4d; 86 + 6c + 7(«.

38. 6aH-3c — 22;; —4a — 7c — 82; — a + 5c + 9 2J.

39. 3^-2/i + 4A;-10; 3;i-2A: + 8; -2g-k-\-l.

40. 2£c3-2/2 + 10; /-2^2_9. ^^3+^2.

41. 4 71^ + ^2 _ 7 ; _ 6 n^ + 4 i; ; 7 n^ — ^2 _ 1; + 7.

42. a3_4^^2^_2a62 + 263; 3a2ft + 2a62. a%-b\
43. 962c-66c2-76V-c^ -862c + 66c2H-762c3.

44. 4:xy —2xz + 10 a;?/2; ; — 6 a;?/ — 9 xyz -\-2yz\ 3xy + 4:xz — xyz

-3yz.

45. 7fc3 + 8A:-ll; -4A;2 + 12; _5A;3-6fc-2; _ fc3 _|_ 5 ^2

-fe + 2.

EXERCISE 13

Perform the following indicated subtractions, reversing the

signs mentally; the answers to the first sixteen examples may
be obtained mentally

:

1. 2x + y 5. (jh-k 9. -lOa-6
x — y Sh — k —lla-\-b

10. —xy— w
2xy + 2w

11. 4a — 5 &

-3a-66

12. ab — cd

— ab + cd

15. _4a-56 + 6c

5a + 6& + 7c

16. Sx-7y-\-ez
-6x-\-7y-Sz

2. Sx-^4:y

2x-5y

3. 4a-76
5a-6b

4. 7y+ w
7y~2w

13. — xz 4- ad

2xz — 2ad

14. Sx-\- y + z

2x-\-2y-z

6. 2x-\- a

-3x-2a

7. -2^-3
-3v-4

8. 2+ a;

3-2aj
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17. From 6 7i - 10 A; - 7 subtract 4 /i- 5 A: -2.
18. From 5^ + 8 A: — 9 subtract 2 /i + 3 A: — 4.

19. Subtract x^-^2 xy -f- 2/^ from 2 x^ — 2xy -{-2y\

20. From 3 a^ + 4 6c + 8 subtract 4 a^ - 2 6c - 3.

21. Subtract a^ + 3 a& + 6^ f^^jj^ 4 a^ + lo a6 + 13 J^.

22. Subtract h^ + ^^c -f ftc^ + c^ from W + cl

23. From oi? -\- ^ x^y -^ 3 xy"^ -\- y^ subtract a? + y^.

24. Subtract /i^ - 3M + 3 /iA;^ - T^ from /i^ - ]{?.

25. From x^ -f- ic'^ + ic subtract — 2 oi? — Z x^ -\- x.

26. From ar?/ 4- yz -\- zx subtract —xy-\-yz — zx.

27. Subtract 2 m^ — mn — 5 7^^ from 3 m^ + mw — 4 t?.

28. Subtract 6 a^ _ 7 a6 - 8 6^ from 7 a^ - 8 a6 - 7 ft^.

29. Subtract 5 ft^cs _ 10 h& + 16 c^ from 5 ^^c^ + 10 h& + 16 c^.

30. S ubtract m^+ 3 m^/i+ 3 mn^+ n^ from ?7i^—3 m^/i -h3 m^i^— n'.

31. From /i4 4- 5 Wk + 6 /i^A;^ -f- 3 /ifc^ _^ ^4 subtract 5 /4=^A; + 6 ^2A;2

+ 3 ^A:'.

32. Subtract a^ - a^h + W' from 3 a^ - a^?, _|_ 4 afts 4.^ ?)3^

33. From h x" -\- ^ x'y'^ ^ ?> x^y ^ 1 y^ subtract 3 a?^ + 6 a^?/^ — 5 ?/^.

34. Subtract 4: m^-\-7 m?n + 6 m^w^ + ti^ from 4 wi'* + 10 m'%

-15mV4-9w^.
35. From 12 a^ + 19 aj^^/ + 17 a;?/2 + 21 2/3 subtract ^Qi? + ll3?y

— a;^/^ — 20 y^.

36. From 13 ^^ - 23 ^Vi + 11 ^/i^ + 14 /i^ subtract lZg'>-24.g'h

+ 10^3/^2_^14 7i^

37. From the sum of a; -f 2 ?/ + 3 2 aud 3 aj — ?/ + 4 2;, subtract

2x — y — 5z.

38. From the sum of oa — 6 + 4c and 4a — 26— 3c, subtract

3a + 36-5c.
39. Subtract 3^ + 2 7i4-2A; — 3r from the sum of g — h-\-lc — r

and 2g — }i-{-2k — r.

40. Subtract 7x — Sy — z — w from the sum of 6a; — 2/ + 425-|-to

and Sx-\-4:y — 2z-{-iv.

41. From the sum of m^ + mn -\- n^ and Sm^— 2 mn — 4 n^, sub-

tract 2m'^ — Smn — 3 ?i^

42. Subtract a;^/ 4- 3 2/2 — 4 2;2>y from the sum of 6 xy — 4t yz -\- zw

and — 4: xy -i- 2 yz — 3 zw.
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43. From the sum of ax-{-xy, xy — yz, and za — yz, subtract

ax -j- xy -\- yz -{- za.

44. From the sum of Sah-\- ax, —4.ax-\-xy and 2by — 2 ax,

subtract 2 ab — 2 ax -\- xy -\- by.

PARENTHESES

EXERCISE 14

Eemove the following parentheses and simplify

:

1. a-\7a-(3y-2x)-^(x-2y)l.
2. l2x-(Sy-x)^-[-(4.y-x)-2x].
3. 3a-[a-(2«-36)+ 3tt]-(5^-4).

4. 2x+lSx-{'ix-Sy)']+(4:y-3x).
5. 3x-2y-[\ + 2z-Sx-(jj-{-5z) -7xl-{-z}.

6. 5 X — 14: X — 2 y — \4: X — 2 y — (2 X — y — 2 X -\- xl — 4: y^.

7. x — [x — \x — (x — x-^x)\'].

8. a;-2/-[a; + 2/-5a;-2/4-(aJ + 2/-a;-2/)!]-

MULTIPLICATION

PRODUCTS OF POWERS OF EQUAL BASES

EXERCISE 15

Express each of the following products of different powers of

the same base as a single power of the given base.

1. 2' X 2\ 12. /i« X ll\ 23. n^ X '}i^ X n^.

2. 42x4. 13. y:-^ X F. 24. x^ X x'» X a^^°.

3. 3' X 3. 14. ^?i' X m^*^. 25. (j2m
>^

^j3m^

4. 5^x5. 15. 71^ X n^. 26. Z>^« X b''\

5. 2' x 2\ 16. a^Xx\ 27. & X c-.

6. a' X a\ 17. a^ X a^ X a*. 28. fZ"-2 X ^2.

7. b' X b'. 18. ?>3 X b' X Z^'^. 29. /^n+5
><

/^n-5^

8. c^ X c\ 19. C^ X c"* X c^ 30. ^a+6+1 >^ ,^«-6-]

9. d' X d\ 20. d^ X d^*' X rf'. 31. aj« X a;^ X ^.

10. e! X e^ 21. h^ X /i^ X /i. 32. yin ^ ,j^3n
><

yM

11. if X ^^. 22. iiv- X m^ X /?i^*'. 33. ^2r ^ ^3.
><

^U
^
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52.

53.

Express each of the following powers of powers as a single

power of the given base

:

40. {oP)\ 46. {g')\

41. (62)3. 47_ (/^2)6^

42. {&)\ 48. (V)2.

43. lay. 49. (m^)^

44. i^y. 50. (7i6)7. 56. (6-)2.

45. ((/2)5. 51. (p8)9^ 57^ (^ny^

Express each of the following powers of products as products

of powers

:

34. (22)3.

35. (33)2.

36. (52)2.

37. (62)2.

38. (102)3

39. (72)2.

{fy\
54. (Sl2)12.

(a2)-.55.

58. (d^)».

59. Ql'^y,

60. (A;")".

61. {m^y.

62. {n^y)'^.

63. {x'^y^.

64. (3a)2.

65. (4 6)^

66. (6c)2.

67. -{2 ay.

68. (3m)^.

69. (-7a;)2.

70. {-^yy.
71. (-2 2)1

72. - 2 ah'').

73.

74.

75. (

76. -

77.

78.

79.

80.

(3 hey.

(2 xyy.

Zyzy.

— (5 ywy.

-(-3ac)3

(a26)3.

{hey.

{c'cpy.

81. (m"7i)^.

82. (a;22/3)7.

83. (a62c)2.

84.

85.

86.

87.

88.

89.

90.

(a26c)2.

-{ah^cy.

(a'h'(^y.

(-2xYzJ

91. (hey.

92. (a26)».

93. {cdy.

94. —(xyy.
95. («"'&)'».

96. (a^Y)^^-

— (7 xhfzy. 97.

-(-4cc4)^

(a6)^

98.

99.

-(a^'hy

(a^-hy.

(2 y?yy\

Express the following products of powers as powers of

products

:

100. 23 X z^. 105. h^ X &.

101. 52 X 22. 106. m" X n\

102. 32 X 72. 107. a2 X 62 X c2.

103. 42 X 32. 108. a? xfx^.
104. a2 X 52. 109. %aW.

110. 25aj2?/22;2.

111. 32a56V.

112. 64aV;2«.

113. (-a)46^

114. (-xyfz^.

PRODUCTS OF TWO OR MORE MONOMIALS

EXERCISE 16

Perform the following indicated multiplications

:

1. a 3. — c 5. 2n 7. -72/ 9. -llw
2 4 3 5 -8

2. 3 4. d 6. 4:X 8. 9z 10. c

h -5 6 -6 d^
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11. — h 17. mw 23. 5 &
— x^ nx —c^

12. ab 18. a^b 24. — 7 d^

c2 -d'— c

13. — aJ2; 19. xif 25- 3 /i^

^ 2; 2 7i

14. —6c 20. b^y 26. 5?>^3

— a —n^ 6 m
15. a6 21. 2a2 27- 8c^

cd _a_ 3_c^

16. a?/ 22. 3 b^ 28. 9 d^

41. — 7 x^yz 45. a'"^"

13 2/2^ ab

29. 10^ 35. -6xy
-4^3 Sxz

30. 11 ^^ 36. 12 mn
-7h' 12 mx

31. ISJi^ 37. 15 a^b

3k^ -4.be

32. lab 38. 116c2

4 a. 9 6(«

33. 14 6c 39. 16 mhi

5 be — 6mn2

34. 4a6 40. 17a36

116c 11 ab^

49.

a2«6*

50. S2x-y2m^3m

51.

-Hxyz

14 a2-+i6«-i

52.

- 5 a'b'

a»-i6"cn+1

a"+^6'»c
n-1

42. 19 a26c 46. nify^

— 5 abc^ xy

43. l^x^y'^z 47. «'*2/'"

6 a.'?/

V

— a;y

44. 12a26V 48. — a-^iC"

11 a^63c — ay

53. ab xbcx ca. 60. ar^i/^^' X ic?/':^''^ X y^zhv^

54. xyxxzx xio. 61. (8 a26)(2 ac4)(6 63c).

55. a^b X 6^0 X c^a. 62. — (9 m3a;)(3 m^x)(2 mux).

56. a6c X a6 X a. 63. (3 a36')(4 6V)(— 5 cV).

57. a^^^xftVxc^d^ 64. (7xV)(-3.T^2/4)(5?/V^.

58. -a^xxb^yxc^a?y\ 65. -(6 a36c)(2aV)(3 6V).

59. a26c X a63c x a6c*. 66. (- 8 x^yh){- 3 a;/)(4 a^z^).

67. (-2a36c)(-4a62d)(-3 6c2d3),

68. (- 5 a^yz') (2 a;^^^^) (- 6 2/2J^«0•

69. (- 7 a26V)(2 a'b^y')(- 6 6V2/2).

70. (- 9 a26V)(- 5 a^b'd'){- 2 b^&d^).
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POLYNOMIAL MULTIPLIED BY A MONOMIAL
EXERCISE 17

Perform the following indicated multiplications :

1. a + & 9. 4 a + 6 17. x^ — /
2 3 c -xy

2. b-c
3

3. x-[-y

z

4. y-z
10

5. 2m + Sn
4

6. 67i-8/6'

5

7. 2a; + 32/

-4

8. 1 m — n
-8

10. d-5h'
4.x

11. 6 m — 5 n

-2y

12. ab -\-cd

xy

13. ab -f- ac

be

14. xy-xz
xy

15. ab — be

ca

16. a'^-b^

ab

18. 2 mn -\-3bc

4 ax

19. 7 ax + 5 by

Smyi

20. Scd + 9 bh

-2kr

21. 4 ax^ + 3 by^

2cd

22. 3a^b + 5ab^

4ab

23. 6 xy"^ — 7 yh
-2xyz

24. 4 ax^ -f- 3 by""

-3abh

25. 6 xyz"^ + 5 xhjz 28. a^ -\- a^ -\- a -\- 1

4xyz 2 a

26. 9 a-^^^c + 12 a6V
Sabc

29. b^-_ 62 -1- 6 _ 1

4 62

30. a^--2a6H-62
3a6

.
27. 11 y^y^z^ — 6 o^if

7a;V

31. m2 — 2 wri + n^ 32. a6 + 6c + ca 33. a6c+ abd + 6cd

— 2mn a6c a6cd

34. (a + 6 + c) a6c. 39. {y? — xhj + a;/ - /) xy.

35. (i»2_|.2/2_^;^2_^a,2/;3)a??/2!. 40. (a^ + 62 + c) a62c3.

36. (1 + a + a2 _|_ ^3>) ^4^ 41. (xyz — yzw — zwx)xyzw.

37. (a;4 _ ^ _^ ^2 _ ^ _^ 1^ ^.2^ 42. (ic4 _|. a^y _^ 3.22; _|_ ^.^^ xyzw.

38. (a3 + a26 + a62 + 63)a^ 43. (2a2?/-3 622-4c2w)5a6c.
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44. (l — a%^-\-a^b^c — aV/cd)abcd.

45. (4:a'^x-3b'^y-j-2xy)5cxy.

46. (8 a^¥ + 13 6V + 6 chl') (- 4 a&cd).

47. (a" + a"+i + a"+2 _j_ a^+^) a. 48. (6^" + b^'' -f- d^^ + &") b.

49. (c"-3 + c"-2 4- c^-i + c») c. 50. (d«-i+ d'»+ d''+i+ c?'*+2>)^n^

51. (n^'-S + 7l2'-l _|_
,^2r+l _|_ ,^2r+3) ^^2_

52. (m^^-^ — m^'-^ + m^'-^ — m'-^) m^
53.^ (a«-2 + a"-i6" + a'»?>«+i + 6"+2) ^ft,

54. {x""-^ — ic"-^?/""^ + a^'"~
V~^ — .y"~^) ^'^V-

55. (a2-+2 + a2^+l&2- - a2-?>2x+l _ ^2x4-2) ^x^x^

56. (m"+^ — irV^hi^ + m^+^n^ — n'^) m"~^/i°+K

POLYNOMIAL MULTIPLIED BY A POLYNOMIAL

EXERCISE 18

Perform the foliowin

results numerically :

1. aH-6
x+y

4.

indicated

f-\-9

f-9

muItiplications checking all

7. 2 m +3 n

4 m + 5 /I

2. 6 + c

b + d

5. k^ + h 8. 6^-lOn
7^+ 3 71

3. c-d
d-e

6. 9. a^b^-c

10. x-^y-^z
x-^z

16. 3 a2 + 4 a6 + 5 62

2a-36
11. y — z -\-w

z — w
17. a + 6 + c

a-\-b-\-Q,

12. 2a-2&-3c
3 a + 2 6

18. b — G-\-d

b — c-^d

13. 5x-^.y-S2
2x^y

19. a + x-\-y

a-x-y
14. 6m-8n + 10g

n- 3q
20. x-y + 2

x-\-y-2

15. 57i-7A; + 9w;

2/i-4w;
21. a-\-b + 5

a-64-4
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22. a^ + a-hl 24. (a^ - ab -\- b^)(a + b).

^-^
. 25. {2x'^hxy-\-ly')i^x-Zy).

23. a2^2a6 + 62 26. (2 c^ + 3 cd + 4 ^2) (6 ^ - 5 d).

.
^ + & 27. (w4 + w;' + l)K-w;=^ + l).

'28. (a2-h2a-3)(a2 + a-6).
29. (5r2 4-4r-2)(3r2-2r-5).
30. (a2 - 3 a6 - 6^) (^2 + 3 a6 + 62).

31.
C^/^ + gY + 2/') (^' - ff + 2/').

32. (A;2 - A:?/ + 2/') (2 A:2 - 3 % + ?/').

33. qi^J^t?y^Uf^f)qi-y).
34. (fP-4d24-3d + l)(d2-2d4-5).
35. (2/3_5^2 + i)(2^3 + 5^ + l),

36. (s6-3s^ + 2s2-l)(s3-s + l).

37. (6 A:^ + 4 A:^ _|_ 2 A; 4_ 1) (A:4 _ ^2 _ i)

38. (a2-'a6 4-&' + a+& + l)(a + 6-l).
39. (1 _ 2 m + 2 ??i2 - m^) (1 + 2 m + 2 7^12 + m^).

Multiply

40. aj2 _j_ 2/2 _|_ 2;2 — cc?/ — 2;ic — 2:2/ by a; + ?/ + 2;.

41. cc^ + x'^y + a.'3?/2 + xhf 4- a:?/'' + ?/^ by a? — ?/.

42. x^ — xY + xY — ^Y + .V^^ by a?2 _j_ 2/3.

43. a'b - 62c3 - c3d2 + d^a by a26c2 - ab'^c.

44. 5 a^d' — 4 &3c3 -j. 5 c^a^ by 4 a6 — 5 6c H- 4 ca.

45. a26c — a¥c + a6c2 by a62c2 — a26c2 + a262c.

46. ct62c3 - a¥c^ 4- a^b(^ by a263c - a36c2 + a^b^c.

47. |a2 + ia + iby ia + f 50. |m2+m?i+ f ?i2by fm+fw.

48. ^x^-^x + ihy^x-^. 51. |_^%^_1 by 6a-i.

49. l-a^-lab-^ib^hj^a+ib. 52. i-|a+|a2-4 as^y 2-5a.

EXERCISE 19

Perform the following multiplications

:

1. (3 a;n+4_4 ^n+z^ Q x^+%2 x»+^ - 3 a;'').

2. (2a;»+2-h5a;'»+i4-3a.-'* + 2)(3aj-l).

3. (4a^» + 2a3"4-5a2'* +6«")(2a + 3).

4. (a'^-^b^ + a"-262 + a'-V>)(a36" - a'-ft^).
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5. (a2« — a^ + l)(a2'^ + a'' — 1).

6. (a--i6"+i + a"+i6"-i)(a"-i5"+i - a^+'b''-').

7. la^+^ + a2^ + a2^-i)(a2^-i - a^x _^ ^2^+1^,

8. (0;"'+'* + ic'" + l)(a.'"»-'^ — x"* + 1).

9. (a;"+2 _ ^^"+1?/ + a^"2/"+^ — y''+^)(x — 1/).

10. (a.-^'' — 3 aj^" + 3 a;'* — l)(i^"+ 3 a;^" — 3 a;" + 1).

EXERCISE 20

Simplify each of the following expressions

:

1. l + 2|l+3[l + 4(l + 5a^)]!.

i
2. x-\(y-z)-[x-\-y-z-2{x-y-{-z)']\.
3. 2 + 2|2-2[2 + 2(2-2a.')]S:

4. (a; + l)_2S(a; + 2)+3[(x + 3)-4(a: + 4)]J.

^5. a-56 + c[d-e(/+^)]J.
6. 5J4[3(2 + a)]|-55-4[-3(2-a)]S.

37. 7;&-4[6-4(5 + 2/)]S-6J6-4[6-2(&-2/)]J.
ya ajl + &[l+c(l + c^)]|-d51 + c[l + 6(l + a)]j.

%9. aJ6-c[a-6(a + 6 + c)-(6 + a)]-c-6|.
10. 62_5j5^^|-^(5 _c)+6(c-a)+c(a-6)]J.

SPECIAL PRODUCTS
' SQUARE OF A BINOMIAL SUM

EXERCISE 21

Expand each of the following

:

1. (a + 3)2. 7. (A: + 9)2. 13. (15 + ?^)2. 19. (5^ + 4)2.

2. (b + iy. 8. (m + 10)2- 14. (2 ^+1)^. 20. (3 A; + 5)2.

3. (c + 6)2. 9. (ll + ri)l 15. (Sb. + 1)2. 21. (6^ + 7)2.

4. (c + 7)2. 10. (a; + 12)2. 16. (4 c + 1)^ 22. (5 + 8^)2.

5. (ry + dy. 11. (13 + ^)2. 17. (5oi+iy. 23. (9 + 6)c)2.

6. {s + hy. 12. (2^ + 14)2. 18. (4e + 3)2. 24. (7 + 9 7>l)2

25. (10 a• + 3)2. 31. (16 s + 3 ivy. 37. (20c + 5(/)2.

26. (4 a + 5&)2. 32. (12 x-^5yy. 38. (10 6 + 16A;)2.

27. (3 c-f 7d)2. 33. (7^ + 20^)2. 39. (Ud-\-5ny.
28. ((3 /i + 10^^)2 34. (IS k + 10 iiy 40. (12 h-\- 11 ry.

29. (5 m + 13 71) 2. 35. (19 a + 2c)2. 41. (21s + 2 vy.

30. (2r-fl7 2/)^. 36. (3 6 + 18d)2. 42. (8a6 + 5)2.
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43. (9 xy + 10)2. 45. (7 a? + 4 2/;2)2. 47. (10 XIV + 9 yzy.

44. {11La4-4&c)2. 46. (6a6 + 5cd)2• 48. (15 ac + 5 bay.

SQUARE OF A BINOMIAL DIFFERENCE

EXERCISE 22

Expand each of the following

:

1. (a -3)1 15. (a; -19)2. 29. (2 s - 15)2.

2. (b-iy. 16. (2 a -1)2. 30. (4g-8)2.

3. (c-sy. 17. {ih-iy. 31. (9 a - 3 6)2.

4. (4-d)2. 18. (9 c - 1)2. 32. (6 c -7 ay.

5. {5-ey. 19. (l-4d)2. 33. (5 h - 12 ry.

6. (6-/)^. 20. (1-5 e)2. 34. (9p-7qy.
7. (^-9)^. 21. (8^-1)^. 35. (Sx.-7zy,

8. (10-^)2. 22. (3 h - 5)2. 36. (Ut-Ayy.
9. (h-nr. 23. (4 h - 7)2. 37. (lOq-Szy.

10. (12-771)1 24. (6 V - 5)2. 38. (6 r - 11 yy.

11. (n - 14)2. 25. (7w-9)2. 39. (15m- 5^)2.

12. (16-r)2. 26. (8-6s)2. 40. (12n - 20 yy.

13. {s-i7y. 27. (11 _ 4 ^)2. 41. (17 g-5ry.
14. (is-ty. 28. (13 r- 3)2. 42. (2 ah - 18)2.

43. [5-^cgy, 46. (3 ma; -8 nyy.

44. [5 ah - 10 cdy. 47. {2 ay -9^>x)2.

45. ^9 icw — 4 yzy. 48. (Jed -6M)2.

MULTIPLICATION OF THE SUM OF TWO TERMS BY
THEIR DIFFERENCE

EXERCISE 23

Obtain the following products

:

1.

2.

3.

4.

5.

6.

7.

(x + y)(x-y).

(c + A:)(c — k).

(r -\- w)(r — w).

(m + q)(m - q).

(a + z)(a-z).

(a; + 3)(a;-3).

(2/+4)(2/-4).

8. (5-^z)(5-z).

9. (6-{-io)(6-iv).

10. (k-\-9)(k-9).

11. (1H-^)(11-^).
12. (h + 13)(/i - 13).

13. (14 + A:)(14 - k).

14. (m + 17)(m-17).
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15. (16 + w)(16-7i). 29. (loq-\-12z)(15q-12z).

16. (2a + l)(2a-l). 30. (17 d-^ 6v)(17 d -6v).
17. (3 6 4-l)(3 6-l). 31. (18 71 + 3 s)(18 n - 3 s).

18. (c + 2d){c-2d). 32. (10i)4-16 0(10p-16 0.

19. (c + 7d)(c-7d). 33. (9g H-20r)(9g-20r).

20. (a + o 6)(a - 5 6). 34. {19 a -^ 5 Ji){19 a - 5 h).

21. (a4-8c)(a-8c). 35. {6 c +12 g)(6c- 12 g).

22. (4a + 3 6)(4a-3 5). 36. (4 s + 14 2)(4 s- 14^).

23. (5C + 7 q)(oc-7 q). 37. (3 a6 + 5)(3 a6 — 5).

24. lsk-\-Sic)(Sk-3tv). 38. (2ccZ + 9)(2cd-9).

25. (9 7i + ll;2)(9 7i-ll2). 39. (7 -\- G my){7 - 6 my).

26. (12m + 8r)(12m-8r). 40. (S + 9nz)(S -9 nz).

27. (7^ + 15«)(7^-15^). 41. (4a6 4-5c)(4a6-5c).

28. (13n + 9s)(13n-9s). 42. {10 x-^7 yz)(10 x - 7yz).

43. (11 bk+9 w){llbk-9iv).

44. (8^i»H-10 7i?/)(8(/aj-10%).

45. (12 am + 13 6?i)(12 am -13 6/1).

46. (7a6c + 8d)(7a6c-8d).
47. (14 aj + 11 yzw){14: a; — 11 yzw).

48. (15 ab + 10 cd){15 ab - 10 cd).

49. (16 be + 15 m?i)(16 be — 15 m?i).

50. (17 mn + 18 pg) (17 mn - 18 pg).

SQUARE OF A POLYNOMIAL

EXERCISE 24

Expand each of the following

:

1. (a + 26 + 3c)2. 11. {x + y-z-iy.
2. (4c + (^ + 5e)2. 12. (a - 6 + c - 2)2.

3. (6^4-3n+w)2. 13. {Sx-y-}-2z-wy.
4. {4: X -\- 7 y -{- 2 zy. 14. (a-26 + c-5d)2.

5. (5a-6 + 2c)2. 15. (7 - a - 6 - c)2.

6. (4aj + 32/-^)l 16. (2a + 36 + 4c + 5d)2.

7. (6a-26-3c)2. 17. (a — 6 — c — fZ — e)2.

8. (9a + 26 + 1)2. 18. (a-26 + c-3d + e)2.

9. {7x-Sy + 2y. 19. (4a;+22/-^ + 3w;-5)2.
LO. (a + 6 + c + 1)2. 20. {x-2y + Sz-2w-{-iy.



24 EXAMPLES IN ALGEBRA

PRODUCT OF TWO BINOMIALS IN WHICH THE FIRST
TERMS ARE EQUAL AND THE SECOND TERMS ARE
UNEQUAL

EXERCISE 25

Obtain each of the following indicated products

:

1. (a + 2) (a +3). 4. (d + 6)(d + l). 7. (^ + 8)(^ + 9).

2. (6 + 4) (6 + 6). 5. {h-\-7){h + 4:). 8. (m + 10)(7?i + 7)

3. (c + 5)(c + 8). 6. (A:4-3)(A; + 7). 9. (x-9){x-6).

10. (y-7)(y-S). 31. (y-20)(2/-7).
11. (.-12) (.-5). 32. (^+10)(^ + 19).

12. (w;-10)(^-13). 33. (s-17)(s-3).

13. (a.-l)(a;-17). 34. (a6 + 2)(a& + 5).

14. (2/ -2) (2/ -19). 35. (cd-f-3)(cd4-2).

15. (r-3)(r-14). 36. (mn + 6)(mw — 5).

16. (,_7)(.-ll). 37. (A:v-7)(A;v-6).

17. (a + 9)(a-5). 38. (a5c + 4)(a6c-3).

18. (5-fl3)(?;-2). 39. (.T2/2: - S){xyz - 5).

19. (c-f-14)(c-5). 40. (a6i» + 4:)(a6a?-7).

20. (d-L5)(d4-6). 41. (m7iv — 10)(;m7iv + 9).

21. (r + 12)(r-6). 42. (2a + l)(2a + 3).

22. (;^ + 17)(7,_2). 43. (2& + o)(2 6 + 4).

23. (^-19) (^ + 2). 44. (3c-4)(3c-8).
24. (g-l)(g4-32). 45. (2m-5)(2m + 7).

25. (^-23)(i; + l). 46. (3 7i-l)(3n + 4).

26. (^ + 18)(i-3). 47. (4n-t-l)(4n-5).

27. (w;-5)(w; + 14). • 48. {ox-2)l5x-3).
28. (, + 12)(.-10). 49. (6a;-5)(6a; + 7).

29. (h~W){h-\- 10). 50. (7x + 3)(7a;-4).

30. {k-13)(k + 20).

PRODUCT OF TWO BINOMIALS OF THE FORMS ax -{-

b

AND ex + d

EXERCISE 26

Obtain each of the following indicated products

:

1. (3a4-2)(a + l). 3. (4 c + l)(2c + 3).

2. (2 6 + l)(3 6+4). 4. (5 d -\- 7){d + 1).
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5. (^ + 2)(6^-+-5). 24. (

6. (7h-\-3)C2h-rl). 25. (

7. {Sk + o)(k-l), 26. (1

8. (9m-2)(7«, + l). 27. (

9. (6n-l)(4?i + 3). 28. (<

10. (5r-4)(2r-3). 29. (.

11. (7.-9)(s-4). 30. (

12. (lla;-8)(3a; + 2). 31. (.

13. (102/-7)(52/-4). 32. (.

14. (12 2 + 5)(7 2-3). 33. (

15. (13w + 6)(5z(;-2). 34. (

16. (8s-15)(3s + 5). 35. (

17. (9? + ll)(4«-5). 36. (.

18. (15v + 14)(5v-4). 37. (<

19. (6^^ + 17)(2A:-o). 38. (

20. (10a + 19)(2a + l). 39. (:

21. (16 6-9)(5 6 + 3). 40. Q
22. (14d + ll)(4d4-3). 41. (:

23. (20^4-17)(o/i-4). 42. (:

13 a- 18)(2a-3).

7g4-12)(4g-7).
6g-^7){llg-10).
12c-13)(5c + 7).

8w; + 9)(7w-8).
19A; + 7)(3A;-1).

17 c - 4)(3 c - 10).

13 6 + 9)(5 b - 4).

18/i + 7)(8^-3).
lo^-ll)(6^ + 5).

lG7n + 9)(5m + 3).

14 7i + 13)(7n-6).
5 r + 3 s)(4 r + 7 s).

9p-4.q){5p-2q).
12b-\-7d)(Sb-5d).
15c- 13^)(4c + 3.7).

147i + 17g)(3 7i-4g).

16 7« — 9 w)(8 m + 5 iv).

13r-\-9z)(7r-4:z).

EXERCISE 27

Obtain each of the following products

:

1. (m-\-n-\- q) {m-\-n — q).

2. (a + cH-4)(a + c-4).

3. {b + d-\-2){b^-d-2).

4. {a-\-b-\-l)(a-b + l).

5. (2+c + c^)(2-c + c^).

6. {a-\-b + c){a-b-c).

7. (a; + 2/ + 2;)(x-?/-2;).

8. (m + n -h l)(m — n — 1).

9. (5 + cH-3)(6-c-3).
10. {a-\-b- c){a —b-\-c).

11. (.^4-2/-2)(aJ-2/ + 2;).

12. (m + n — 5)(m — n + 5).

13. (a + 6 + 3)(a + 6 + 2).

14. (a;_2/+7)(a;-2/-4).

15. (m-f-n + 2)(7H + 7i + l).

16. (a;H-2/+4)(a.-H-2/ + 5).

17. (a+& + 6)(a + &4-3).

18. (6 + c + 7)(6 + c + 2).

19. (a;-2/ + 4)(a;-?/ + l).

20. {y-z-{-b){y-z^3).

21. (a-?; + 6)(a-6-2).
22. (6-c + 9)(6-c-5).
23. (c-ic — 3)(c — a; — 4).

24. (d-2/-7)(d-2/-2).

25. (m — g — 10)(m — g — 6).

26. (m— t/;- ll)(m — w — 7).

27. (a+6+c+ c?)(aH-6— c — c?).

28. {x-\-y-\-z-\-w){x-\-y~z— w).
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29. (a+ 64-cH-l)(a-f-6—c— 1). 32. (x—y-\-z—w)(x—y—z-\-w).

30. (a;+2/+2!+3)(x+?/-2;-3). 33. (a-6+ c-2)(a-6-c-f-2).

31. (a—6+c—d)(a— 6— c-l-c?).

POWERS OF A BINOMIAL

EXERCISE 28

Obtain the indicated powers of the following binomials:

1. (a + by. 7. (m-\-ny. 13. (a -{-by.

2. (c + l)3. 8. {m-\-iy. 14. (a + 1)^

3. {1 + dy. 9. (1+n)^ 15. (1 + 6/.

4. (x-yy. 10. (g-hy. 16. (6-cy.

5. (a;-l)^ 11. (^-1)^ 17. (6-1)^

6. (1-aj)^ 12. (1-^)^ 18. {1-by.

Find the first three terms in the expansions of each of the fol-

lowing binomials

:

19. {a-\-by. 23. {m + ny. 27. (c-^zy\

20. {a-\-iy. 24. ln-\-xy. 28. {d-\-xy\

21. (6 — c)«. 25. (a + wy^. 29. (a + 2/y^

22. (c + c?7. 26. (a + 6)". 30. (m + w)^".

DIVISION

QUOTIENTS OF INTEGRAL POWERS

EXERCISE 29

Express the following quotients of different powers of the

same bases as single powers of positive bases

:

1. 3^ -=-32. 9. 3^2^38. 17. 6^3^610.

2. 27^2*. 10. 410-48. 18. c^^^c\

3. 8^-T-32. 11. 6'-^6\ 19. h''-i-h\

4. 63-6. 12. (-3)8-^-(-3)^ 20. (f'-^g'^

5. 57-54. 13. (-6)9-r-(-6y. 21. m"-m".
6. 4»-4«. 14. (-2)8 -(-2). 22. ¥'-r-¥\

7. 710-79. 15. (-2yo-=-(-2)^ 23. (-ny'-r-(-ny.

8. 2"-^2^ 16. a8-^a«. 24. (-r)i^-(-r)\
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25. {-xr^{-- xy\ 44. 63<=+2 H- b. 63. ^m+n _j_ /y2n-l^

26. (-yr^(--yr- 45. c4d+5 _5_ ^2^ 64. ySn+r _^ yr-2^

27. i-^rn- zy. 46. d3m+6 ^ ^3^ 65. ^4x+y _j_ Ax-y

28. a'^^a. 47. h-+b--r-h\ 66. a36+5c ^ ^6+2c^

29. b--^b\ 48. JC^+n ^ J^n^ 67. ^4x+72/ .^ ^3x+5y^

30. c^*" -^ c. 49. a2m+5 _j_ ^m^ 68. ^6m+5n _j_ ^4m+2r»

31. d" - d*. 50. 54n+7^ ^2n_ 69. ^2d+3 ^ ^d+3^

32. m" -r- m^. 51. 0^-2- C^'-. 70. X'^+b+c _j_ a;«.

33. a'"-i-a\ 52. ^3x+2^^2x_ 71. ^n.+n+3^^n.

34. C^cf. 53. a3^+2^a'-+i. 72. gr+s+S _^ 2;5.

35. -d^-d^ 54. ^4«+6 ^ 52.+4_ 73. «"'+"+'•
-f- a"'+'*.

36. (-^)^^(--gy- 55. ^5n+6 _^ c'*"'''^ 74. fjx+y+z _^ ^.+.^

37. (-hy^i--hy 56. d^-^d^-1. 75. Cr+s+4 _^ ^s+4^

38. a"^+'^a. 57. ^«'-^^-2. 76. (j^x+y+7 _j_ (jx+tf+l^

39. b^+^^b. 58. /i-- - /i'-l 77. ^a+6+c _j_ ^a+5^

40. &^-^c^. 59. Jcr+^^JC'^-I, 78. ^m+n+8 _j_ |#n+6^

41. d'^^dK 60. ^2n _^ ^n-l_ 79. ^a+b+4 _j_ 2a+2^

42. g^^g^. 61. n3r+2_^^2r-2^ 80. ^2m+n+l _j_ ^m+n+2^

43. a'^+' -r- a. 62. ^4x+3 _^ ^4x-5^ 81. ^3r+2s+4 _i_ ^3r+s-t 3^

82. X*'^'^^^'^^" -r. ^a+2b+c^ 83. yba+eb+7c _i_ ^4a+36+2c^

DIVISION OF ONE MONOMIAL BY ANOTHER

EXERCISE 30

Obtain the following quotients of monomials :

1. 2b)6b^

2. 3c)12c^

3. 5 d)25 d'

4. 4^)-24/i2

5. 6m)- 30 m^

6. -77i)28w^

7. -8a;)- 16 a;^

8. 2a2}8_^

9. 3&2)15&4

10. 4 c^)20 c«

11. -9d^)-18di°

12. 7h')Uh^

13. 6a6)--12a263

14. 4 cd)S c^d

15. -3^a;)21^a.-e

16. - 11 g^m)- 22 g^m^

17. 12 62A;7^36W

18. 9 xyz)
—'21 xhf^

19. 15g'^6^c)30g^&V

20. - 13 gcY)52 g^cy
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21. 14 a^6V)56 a^b'c^d 30. 75 m'^w^ ^ (- 15 mhv^).

22. 16a^tfz)-mxyzV 31. (- 90 n'z')^(- 10 n'^).

23. - 15 «WMoW^ 33, L ,2 A- ; 18 hJ^.

24. -9 6Vg^)-72 6VyV 34^ 80 a^?)^ - 16 a^^V.

25. 42a8^6a2. 35. 63 ^cy;^^ ^ 7 ^,2^2^2^

26. 39 6^^ 13 6^
. 36. (-OOa'b^d)---l-loabd).

27. 72 aH>^ ^ 12 aW. 37. - 45 7/1Vio^ ^ 9 mVio^.

28. 56 Z>Vi7 -- 8 62^3. 38. 50 g'h'k' ^ 25 g'kK

29. 44 a?'*?/^ -j- — 11 xhf. 39. 51 a;Y2;« -f-(— 17 a^?/V).

40. (- 57 a*bY) -- (- 19 a'bY).

41. a^'b^ -7- ab. 47. c^^+^^+i -=- civ.

42. c^rf'" -f- cd.

43. m*n^ -7- mn.,

44. x^'^ff^ -J- a;"y.

45. a^'^x^"' -5- «'"«''

46. 5^'-2/2^ -^ ft^r^^^

DIVISION OF A POLYNOMIAL
EXERCISE 31

Perform the following indicated divisions :

1. 2 a)6 ab + Sac ^^ 4. abc + 10 cfbd

2. 3

6

)12 be + 18 bx
' ^«&

3. 6 d)S0dxy + A2d 14. 15a;V+18a://^

4. 5 m)5 m- 10 mn
^^ ^3^, _ ^^ ^^^,^3

5. 7n)14n^+21na^ ^^-^
4^,^,^^ *

6. 4 c)8 cy - 28 cw ^^ IS a^b^- 12 a^hc

7. S x)24:xy-\-16x'
' ^a^b-

8. 9.y)27?A+45y^z^ 17.
^4. xf - 35 x^fz

^

9. 6 ti;)30 xhv^ + 48 ?A(;4 /J^2/

^^^ =

T - 16 m^xy — 44 ??iVz
10. 3 a')6a'b-\- 12 a'c

^^-
-^^^^^

^^ 8a6^ + 14 6V \^g 10 a'b'c- 15 a^bc^ + 5 a^bc

48. ^n+2^,n+l _^ 52^n^

49. flr+igr+2 ^ ^r+1^2.

50. a2-+363n+2 ^ ^252,

51. c3-+5ri2x+4 _^ c^+2(^2x+3^

52. ^.4a+26^3a+4c _^ ^2a+6^2a+3c^

^L BY A MONOMIAL

2 6« 5 a^^c

-8c^(^ 20 9 «'^c^ + 12 a^6^(

4c^ *

'

3a6c

-_ 4 c^ - 8 c'd!" __ 9 a^ftc^ + 12 a^ft^c + 24 a?>^o2
i«. '—' . «u.



21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

DIVISION 29

7 a262c2

30 :^^z'' + 12 a;^yV - 18 x^t^

— 6 0^2/^2;^

25 m^T^z" — 30 m^nh^ — 45 nv'n^:^

— bmhih^

28 r^s^it?*^ + 32 r^s^M;^ — 44 ?-^8^?c8

4'r^s-w^

40 a?hd'> + 24 a^6^d^ + 32 a^?>^rZ^

8a26c?3

27 m%^;<;^— 18 m^yiV— 54 m^ii'^z^

— 9 wi^nV
33 a;^y^2^ - 44 ft^^y^g^ - 22 afy'z'

11 x^y^z^

49 g'h'Tc' + 42 ^^/i^fc^ + 35 g'h'k'

— 7 ^''/i^^

-24 a^c'h' - 12 q^c^^^ - 48 a'cVi^

- 12 a^cVi^

- 26 ftVi^Ti^ - 13 h-Ji^n'' - 39 ^Vt^^s

- 13 h^l&,i^

31. (f a%G + J a^\- + y\ a6c^) -- 2 a6c.

32. (I a^ly-^ + f a^ftV -}_ 3 a-6V) ^ 3 a^hH^.

33. (-|- iC2/V — 2 a;^2/^2; —
^j; ^yz^") -^ |- i»?/2.

34. (|- TYV'nho^ — \^ mhi'^nfi — i-| m%^z^^) -r- 5 mhihv^.

35. (I a^^d^- 1 a^b'd - i a^^^^^) ^ ( _ ^ a'bd).

36. [3(a + 6)' + 9(a + ?>)^ + ^(a + 6)^]^ 3(a + by.

37. [5(x + yy - W{x + 2/)' - 30(a; + .7/)^] - b(x + 2/)l

38. [4(6 - ay + 20(6 - ay + 16(6 - d)^] ^ 4(6 - c^)^

39. [6(^^ - /i^) 4- 18(^ - ny + 12(^ - /O^]
-^ 6(gr _ A).

40. (a'"+^ + a'"+^ 4- a'"+^) n-a.

41. (6"+^ + 6"+^ + 6"+^) -T- 62.

42. (c2"+3 + c2"+2 + c2"+i) ^ c2".

43. (d''+2-(^«+4+ f^«+6)^da+l.

44. (a^^+4 - a;3"+3_ ^^n+2)^ ^2^+2^

45. (?/« + 2/'" + 2/'" + y'") -^ ?f'

46. (gSn 4- ;24n _|_ gSn _,_ 22n>) ^ ^2^
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DIVISION OF ONE POLYNOMIAL BY ANOTHER

EXERCISE 32

When performing the following divisions, check all results

numerically. Divide

:

\. a2 + 6 a + 8 by a + 2. 4. 21 d^ + 38 d + 16 by 7 d + 8.

2. 6 ?>2 + 5 & - 6 by 3 ?> - 2. 5. 1 + 2 c + 2 c^ + c^ by 1 + c.

3. 5c2 + c-6by 5c + 6. 6. Ga^H- 8a + 28 by 3a + 7.

7. 6 a2 + 13 a6 + 6 6'^ by 2 a + 3 6.

8. 8ic2-22a.'?/ + 15?/2by 2a;-32/.

9. a« + h^ by a^ 4. 52^

10. m^ + 2 ?i^ + 3 m^?! + 4 m?*^ by ^i + n.

11. A:^ + A:%i — kmn} — m^ by h — m.

/ 12:' a^ _ 2 a^d 4- 2 aft^ - ?>^ by ci" - h\

V%3. 16a;*- 1 by 2a;-l.

14. 32 m^ + 1 by 2 m + 1.

15. 3a«-24by a2-2.
16. 6 c?3 - ^2 _ 12 d + 4 by 3 cT' + 4^-1.
17. 2* + 22^0^ + n)^ by 2;2 + zw + wl

18. 5* — g^ - g2 4- g by g2 + fy + 1.

19. /i4-_ 6 7^3^ _|_ 9 /i2^2 _ 4 2;4 by 7i2 4- 3 7i2 - 2 ;^2.

20. c4-c3-8c2 + 10c-10by c2 4-2c-2.

21. 15 a* - a + 8a2 - 1 - 19a3 by 5 a^ _ 3 a _ 1.

-^-22. 6 2/*-13a;^/3 4-13a;22/2-13.^•3?/-5a;4 by 2y''-Zxy-x\
23. c5-6c4+ 16c3-25c2 + 13c + oby c3-4c2 + 3c + l.

24. x^ — 4: y?y + 6 xy — 4 a;?/^ 4- y^ by 07^ — 2 a;?/ + y"^.

25. s^ + 3 s* - 20 s^ - 60 s2 4- 64 s + 192 by s^ + 9 s^ 4. 26 s + 24.

26. 3a;5-8a^-5a.-3 + 26a;2-28a; + 24by a.''-2a;2-4a; + 8.

_ 27. a^ + 10 aW + Z>^ + 10 a^ft^ 4. 5 a*?; 4- 5 aft* by a^ 4. 2 a6 + h\

28. 3 a;^ + 7 a;*?/ — 11 o^y"^ — 11 a;^?/^ + 6 a;/ — 18 2/^ by a; + 3 y.— 29. 1 4- 2 a2 - 7 a* - 16a« by 1 + 2 a + 3 a2 + 4a^

30. -yC _ 2 ^3 + 1 by V- - 2 v - 1.

-^.31. 3a;« + 43a;2 4-6a:^- 30 a; 4- 80 - 32 ;»'»+ 20 a;^ by ;r + 8.

32

.

15 «« + 16 a^ + 8 a* - 9 a^ - 7 a^ H- 19 a - 42 by 5 a- + 2 a - 7.



DIVISION 31

33. c' -6 c^d^ + 14 c^d^ - 12 c^d^ by c^ - 2 c^d\

34. a^ + 2/^ + 2^ — 3 xyz hy x + y-\-z.

J

T^T XT1 r\ r\

EXERCISE 33

36 6 9 -^2^3

l

2 2 7,15 _ 5.0 3. 7,12 i 8.0.3. 7.9 _ 8.0 3. M _i_ 5_0 3. W _ 3 "U^ _8_ 7,3 _ 1_5^•"3" 160^^240" 360"^300" 2"Jl5" 8*

O 1 Z-8 1 1 L.7 I 2 2 3 1.6 _ 2 9 1.5 I 1 X.4 U^ JL 7,2 _. X X, I i
*^- 6" '^ ~ 6

"0
'^ ^^ TY6 0" '^

4 2 0" "^ T^ 4 2" "^ "j 3
"^

5 "^ "^ 7
*

4. a^_ -y) ci4 _|_ 10 a3 _ 30^2 4. 90 a - 27 by 81 a - 27.

8 4 2 *^ 16 '2

6. 771^ -
-J
m^ + 3«5 771^ + 1 771^ - |f m^ + -y- m^ + 1^ 771 - 1 by

I m2 — i m + i.

7. a^_67«4^_8_.3_^3^|^^^2_^|j^_^|by|a2_^a + f

9. ar+^ + a'"^ + aft'" + h'^'^^ by a"* + 6'".

10. 2 a^'" — 6 a2'"5"' + 6 a'^h'^'^ — 2 ^^^ by 2 a"* — 2 6"*.

11. a*" + a2"62n _|_ 54n
j^y

g^2n _^ ^jn^n ^ 52n^

SYNTHETIC DIVISION

EXERCISE 34

Find the quotient and remainder when

1. i»2 + 5 07 4- 7 is divided by cc + 3.

2. 2/^ -1-7 ?/ + 11 is divided by 2/ + 4.

3. 2^ _ 17 2 _|. 39 is divided by 2; -h 3.

4. w;2 _ 48 ^ ^ 97 ig divided by zo -h 10.

5. a^ + 11 a^ — 19 a -f- 117 is divided by a + 4.

6. 6^ - 19 &2 4- 18 6 - 17 is divided by 6 - 5.

7. c^ — 14 c2 + 28 c — 42 is divided by c — 6.

8. d^ _ 5 d^ -f 6 # - 10 (^ -1- 1 is divided by d + L
9. A:' -f- 2 A:^ + 3 A:2 -h 4 A: -[- 5 is divided by A: — 5.

10. 3 a;^ — 5 a;* -h 6 a^ — 2 a;2 + a; — 1 is divided by a; — 2.
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Employing the Remainder Theorem, find the numerical value

of each of the following expressions when x is given the value

indicated:
11. a^+3cc2-}-4aj + 3, when a; = l.

12. 2 a^ + a;2 + 7 a; + 4, when x= —1.

13. a:^-\-2x^-\-3x-\-5, when cc = 2.

14. i^-^2x'^ + 5x-^7, when x = 2,

15. x^ — Sx'^-\-lTx— 10, when x = l.

16. a^ i-5x'^-{-3x + l, when a; = 2.

17. a^ + 9 a?^ — 7 £c -j- 5, when x = l.

18. x^ — 7 a;2 -f 13 a? — 6, when x = 2.

19. 3a^ + 2a;2-f a; + 5, when a; = 2.

20. 2 a.-3 — 5 ar^ 4- 4 a; + 7,.when aj = 3.

21. 3a^ + a;2 — 7a; + 9, when a-^rl.

22. 4 a^ — 9 aj2 — a? + 6, when x = l.

23. 2 a^ + a?^ + 3 a; + 2, when a; = 2.

24. 4 a^ — 3 a;2 + 2 a? + 5, when x = 3.

25. 3a^ + 7a.'2-4a.- + 3, when a; = -3.

26. 4 a^ — 5 a;2 -j- 3 aj — 4, when a; = — 2.

27. 2 a^ — 9 a;^ + 4 a^ -1- 5, when x = 5.

28. 3 a^ + 11 ar' — 7 aj + 5, when a; = — 1.

29. 2a^ + lla;2-3aj + 10, whenaj = -5.

30. 6 a^ — 3 ar^ + 7 a; + 4, when a; =— 2.

31. 11 a^ — 9 ar^ -h 7 a; + 1, when a; = — 1.

32. a;^ + 2a^ + 3a;2+a; + l, when x=l.
33. a^ — a^ — 7 x^ + a? — 6, when a; = 1.

34. a^ — 3 ar^ + aj2 _^ 2 a; + 5, when a; = 3.

35. x^-^2x^-{- 7, when a; = 2.

36. x^ -j- 1, when a; = 3.

37. a^ + 4 ar^ + 12, when a; = 4.

38. a^ + 15 a; + 3, when x = 5.

39. 2 a.-^ + 7 a; + 20, when a; = 2.

40. 2a^ + 5ar^-33a;4-12, whena; = 3.

41. 3 a^ — 6 a;2 -f 5 a; + 21, when a; = 2.

42. 2a^4-5a^ + 2a; + l, when a; = l.

43. 3 a;^ + 5 a;2 4- 4 a; + 1, when a; = — 1.



FUNCTIONAL NOTATION 33

SPECIAL QUOTIENTS
MENTAL EXERCISE 35

Obtain each of the following quotients mentally, stating in each

case the general principle applied

:

a^ + f
x-\-y

a-\-b

G-d

m— n

6. -' 11.
a — b

7.
^^ ^^ , 12.

a'-b'

a — b

a" + &"

a + b

g,W _ yW

X — y
a'-\-S

0+2
o^-f-l

-27
y--3
1^-0^

1 + X

1- x'

1- X
ai2--&12

a--b
a«--6«

3. ^. 8. ^^^ ^ 13.

10. ::—!-::. 15.
a + ?> ic + 1 a + b

FUNCTIONAL NOTATION
EXERCISE 36

Find the values of the following functions :

1. If /(x)= x + 5, find /(I), /(2), /(O), /(- 5), /ft).
2. If /(x)= x-1, find/(0),/(l),/(2),/(- 1).

3. .If f(x)=x + b, find expressions for /(a), /(—a:), f{2),f(b).

4. If /(x) = xS find /(I), /(3), /(5), /(O), /(i).

5. If /(a;)= K^ find expressions for/(a),/f-Y/(- x),ff-

6. If/(x)= x + i, find/(l),/(2),/(-l),/(3).

7. If/(a)= a^ + a + l,find/(l),/(2),/(3),/(-4).

a If/(6)=6'-6 + l,find/(l),/(2),/(-l),/(-3),/(4).

9. If fix)= a;' + 3 X + 2, find /(O), /(I), /(5), /(- 1).

10. lifid)= 2<P + 3d-5, find/(0),/(2),/(-l),/(5).

11. If/(/0=3ft^-7ft + 9, find/(0), /(!),/(- !),/(- 2).

12. If /(,r, 2/)= a; + y, find fix, a), fib, y), fie, d), /(2, 3), fix, 0),

/(0,2/)./(0,0),/(l,2),/(5, -3).

13. If fiy, z)= y-z, find fiy, 0), /(O, z), /(O, 0), /(j,, 1), /(2, 2),

/(8,5),/(2,7).

14. If/O-c, y)= x^ + y, find/(a;, -y),fi-.x, 2/),/(2, l),/(3, 5),

/(4, -7).
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15. If f{a, 6)= a^- 2 a6+ h\ find /(a, 1), /(I, h), f{a, 0), /(O, 6),

/(0,0),/(6,2),/(3,7).

16. If /(6)= 63 + &2 _^ 6, find /(c), /(a^), /(- ^.), /(I), /(-I),

/(0),/(-2).
17. If /(a, h,c)=a-{-h-\- c, find /(a;, 2/, 2), f{a, a, a), /(I, 2, 3),

f(2x,Sy,z),f{a,0,c),f{a,b,iy

18. If /i(a)= 3a + l, and /a (a) == 2 a + 5, find /i(o)+/2(«);

/,(a)-/,(a);y;(l)x/,(l).

19. If /i(x)=a;2 + 5a; + 6 and /a (x)= £c + 3, find /i(x)+/2(i»)
;

/,(a^)-/,(a^);/,(-l)+/2(-l).

20. If /i (a?) = a; + 4 and / (x) = x + 6, find / (a;) — /g (a;)
;

/iWx/2(a;);/,(l)-^/2(l).

EXERCISE 37

Find the numbers represented by the following functions for

the values specified by applying the Eemainder Theorem

:

1. If f(x) = a^ + 4 x-2 + 2 a.' + 9, find /(2), /(3), /(4).

2. If/(a^) = a^3 + 6ar^-5a^ + 10, find/(- l),/(2),/(3).

3. If f(x) = a;4 + 2 a.-^ + 3 a;2 + 4 a; - 8, find /(I), /(2), /(3).

4. If f{x) = 2 a.-^ + 4 a^^ - 7 a^ + 9, find /(I), /(- 2), /(3).

5. If /(a;) = 2x'-^5x^ + 3x'-4.x-\-l,fiud f(l), f{2), /(- 3).

6. Uf(x) = 3a:4^5^_,_2a;2 + 6a;+9, find/(l),/(2),/(- 4).

7. If/(a?) = 4a;4-5a;3-lla^2^2a; + 4, find /(I), /(-2),

/(3).

8. If /(x) = 6 a^ + 15 a^ + 7 a;2 -f 8 aj + 12, find /(- 1), /(- 2),

/(-3).
9. If/(a^) = 2a;5-8aj4_^10x3-17a;2 + 19aj + 13, find /(I),

/(2),/(3).

10. If /(«)= 3 a;5 + 11 a;^ + 3 a^ - 14 a;2 - 21 a; + 12, find /(I),

/(2),/(-3).

GRAPHS
EXERCISE 38

Plot the points whose coordinates are

1. (2,4). 4. (4,3). 7. (5,0).

2. (3,5). 5. (7,1). 8. (6,2).

3. (1, 6). 6. (9, 9). 9. (2, - 1).
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10. (3, -4).

11. (1, -5).

12. (4,-6).

13. (5, -5).

14. (6, - 8).

IS. (7, 0).

16. (0,-9).

17. (-1,3).

18. (-2,4).

19. (-3,5).

20. (-6,0).

21. (-8,6).

22. (-5,-:2).

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

-4,-1).
-6,-2).
-9, -7).

0, -4).

3, 0).

-3,0).

0, 3).

0,-3).

5, 4).

5,-4).

5,4).

5,-4).

0, 0).

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

(3, i).

(4, i).

(-5,21).

(-6,-31)
(7,-4.5).

(8,-6.6).

(3.5, 2.3).

(4.4, 6.6).

1-3.9, -9.1).

(0.7, 2.8).

(5, 1).

(5, 0).

(5,-1).

EXERCISE 39

7. 2/ = 5.

8. y = -8.
9. 2/ = 0.

10. X = 4:.

11. x = 6.

12. x = — 7.

13. y = X + 1.

14. y = x-}-S.

15. 7/ = .^ — 2.

16. y=:2x + l.

17. ?/ = 3 ic + 4.

18. y = 4:X-2.

19. ?/ = 5a;H-3.

22. y =
23. 7/ =
24. ?/ =
25. 2/ =
26. 2/

=
27. ?/ =
28. ?/ =
29. 2/

=
30. 2/

=
31. 2/

=
32. 2/

=
33.. 2/

=
34. 2/

=
35. y =
36. 2/

=
37. 2/

=
38. 2/

=
39. 2/

=

— 3ic+5.

-4a;-l.
x\

2x\

3a;2 + l.

4 x" - 2.

5 a;2 _ 15.

x^ + a.*.

ic2 + 3 a;.

a;2 — 4 a;.

2a^^ + a;.

2 a'2 - X.

3x^ + x + l.

4a;2 + x + 3.

2a;2+5a?4-2.

cc^ + 5 ic — 6.

X- -\-l x — ^.

x^-\-x- 20.

41.

42.

43.

44.

45.

46.

y = x^—12x-{-20,

Plot portions of the graphs of the following equations

:

1. y = x. 21. 2/
=

2. y = 2x.

3. 2/ = 4 a;.

4. y = — x.

5. y = -Sx
6. 2/ -2

47. ?/ =

2/ = ic^+lla;+ l().

y = - ar.

y = — ay^ -\- 5 X.

y = ^x'^-2x-^?>.

y=— 2x^-\-3x—i).

1
2/= -.

48. y = -
1

49. w =2/ = -.
a;

50. 2/

51. ?/ =y =

52. 2/
=

20. y = -2x + 4:. 40. 2/ = ^^-9«'« + 8.
53. ?/

=

a^-l

1

a;-3
1

a; + 4

6

a;-2
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54 y- ^ 58. x =:/-9. 63. 2/=a^.
^' y-2x+i 59. a??/ == 24. 64. ?/ = .^'3 + 1.

55. y={x+\){x-^). 60. xy.= 36. 65. y=:x^ — 4.x.

56. x^{y+l){y-^). 61. Xl/:= -20. 66. 2/ = .'V^ + 2.'c2.

57. y = x^ — ^. 62. xy -.= -1. 67. y = 3? -^x- — x.

68. y = :(? + x^ + x-\-l. 73. 7/ = iB3-3x2 + 6x-ll,
69. y=:^Qi? + ^X' + 2x-\-l. 74. 2/ = a;3_^4^_,_2a;4-5.

70. y = x^-^x'-\-2x-l. 75. 2/ = ar^-4a^ + 2it'-5.

71. y = — a?-{-^x- — 2x + l. 76. .V
= a;4-10a;-+12.

72. ?/ = a^ + 3ic2_^e.a; +11. 77. 2/ = a;4-13a:2_^3e^

EXERCISE 40

Plot the graphs of the following equations

:

1. 3a) + 5?/ = 15. 9. 2x-\-5y = 10.

3a; + 4 2/ = 12.
"

10. 4a;+10.?/ = 20.

3. 4aj-72/= 28. 11. 6x + 15 ?/ = -30.
4. 7i» + 3?/ = -21. 12. a.- -2/ = 10.

5. 2aj + 32/ = 6. 13. y — x = 10.

6. 2^ + 3?/ = 10. 14. x-\-y = 10.

7. 2x-3?/ = 10. 15. x + ^ = -10.

8. 3 a; -2?/ = 6.

SOLUTION OF EQUATIONS BY GRAPHS

EXERCISE 41

Plot the graphs of the following equations and locate the points

in which they intersect : .

1. x-\-2y = ^ and 3a; — 2/ = 3.

2. x-\-y=12 and x-~y = Q.

3. x-{-y = l and x — yz=zl.

4. 5aj — 42/ = — 22 and x-\-2y= ^.

5. 2a; + 32/ = 9 and 3a;+?/ = — 4.

6. 4a; — 5?/ = — 15 and 2 a? + ?/ = — 11.

7. 5 a; + 6 2/ = 12 and 3 a; — 2/ = 21.

8. 2a; — 3y = 14 and 3a; — 2/ = -7.

9. a; — 10 2/ = — 10 and a; =10.

10. 3 a; + 4 2/ = 36 and x = y.
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11. y = x^ and y = x-^2.

12. 2/ = ^'-3 a;- 10 and 16 re + 7?/ = 8.

13. y — x^ — ^ and y = 1.

14. 2/ = .1-2 — 9 i» + 8 and x = \f — ^y^ 12.

15. 2/ = ^"^ — 9 and x= y"^ — 4.

16. 2/= ic^ — 25 and x — y"^ — 16.

17. a;2/=24 and a; = 2/.

18. xy = 3 and cc + 2/ = 4.

19. xy = 6 and a; + ?/ = 5.

20. a;?/ = 16 and x — y = 6.

21. 372/ = 12 and 5x— Sy = — 14:,

IDENTICAL EQUATIONS

MENTAL EXERCISE 42

Show that each of the following equalities is an identity

:

1. 2 « + 3 a = 5 a. 12. 13 a + 7 a = (5 X 4)a.

2. 4 6+66 = 106. 13. 16 6 + 3 6 -38 6 --2.

3. 8 c - 2 c = 6 c. 14. 19 a^ + 5 a2 = 8 a X 3 a.

4. lld = 6d + 5d 15. 2362 + 562 = 76 + 46.

5. 13 e = 20 e - 7 e. 16. 31 c^ - 9 c^ = 11 c X 2 c.

6. 6m + 9m = 4 m + llm. 17. {x + 2)(x — 2)=x'^~4:.

7. 7 7i + 10?i = 207i-3ri. 18. (2/ + 3)(2/-3) =2/^-9.

8. 12a;-4a;=17.'c-9a;. 19. (z -{-S)lz-S) = z'' -64.
9. 2(3a + 4 6)=6a + 8 6. 20. (1 + m)(l -m)= 1 - w^.

10. 3(56 + 7 c) =15 6 + 21c. 21.' (a + 3)2= a^ + 6 a + 9.

11. 4(6 c- 5)= 24 c -20. 22. (6 + 6)2=36 + 12 6 + 62.

23. (9-c)2=81-18c + c2.

24. a(a + 4) + 4 = a2 + 4{a + 1).

25.
'
62 + 16(6 + 4) = 6(6 + 16) + 64.

26. «(«- 20) + 100 = a;2- 20(0^-5).

27. a;(ic-6)+3(2a;-3) = x2-9.
28. x{x - 12)+ 12(a; - 3) = a;2 - 36.

29. a;(a; + 18)-9(2a; + 9)=ic2_81.

30. a;(x-22)+ll(2a;-ll)=a:2_i21.
31. x(x + 24) - 24.(x + 6) = a^2 _ i44_

32. 28(a; + 7)-a;(a; + 28) = 196-a;2.
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33. (a + iy-4.a = {a-iy. 36. (c -\-5y - 20 c = (c- 5y.

34. {b-{-2y-Sb = {b-2y. 37. ld-4:y-\- 16 d={d-\-4.y.

35. (a+3)2-12a = (a-3)2. 38. (m- 6)^ + 24 m = (m + 6)'^

39. (7- 7i)2+ 28 71 = (7 + n)2.

40. (2a-{-by-Sab = (2a-by.
41. (36-4 c)2 4- 48 6c = (3 5 + 4 cy.

42. (a + 1)2 -(a -1)2 = 4 a. 44. (c + 5)^ - (c- 5)^- 20 c.

43. (6 + 2)2 -(6 -2)2 -8 6. 45. (7-a;)2-(7 + aj)2 = -28a;.

46. (9-2/)2-(9 + 2/)2 = -36^.
47. (a - 5 6)2 - (a + 5 6)2 = -20 a6.

48. (a + 6)2 + (a - 6)2 - 2 a2 + 2 62.

49. (6 + c)2 + (6-c)2 = 2 62 + 2c2.

50. (m — ny + (m + n)2 = 2(m2 + w^).

51. (l-a;)2+(l + a;)2 = 2 + 2i»2^

EQUIVALENT EQUATIONS

MENTAL EXERCISE 43

From each of the following conditional equations derive an

equivalent equation by transposing to the first member, the terms

containing x, and to the second member, all other terms. Then

simplify the members separately:

1. a; - 5 = 0. 10. aj - 8 = 2. 19. a; - 4 = 4.

2. a; + 7 = 0. 11. x- - 9 = 13. 20. a; + 7 = — 7.

3. X — a = 0. 12 a; + 3 = 7 21. 3 = 4 - a;.

4. ic + 6 = 0. 13. x + 7 = 8. 22. 4 = 9 - a;.

5. = 9 - a;. 14. 6-}-x = 11. 23. 5 = 11 - X.

6. = 12 - a^. 15. 8 + a; = 14. 24. 6 = 4 - a;.

7. = _ 0^ + 14. 16. a; + 9 = 2. 25. 12 = 5 - X.

8. = -a;-17. 17. a; + 11 = 2. 26. S=-3-x.
9. a; - 2 = 1. 18. x-\-5 = 5. 27. -15 = ll-.'c.

28. _ 5 = - a; - 2. 34. 2a; =:13 + X.

29. _ 12 = _ a; - 18. 35. 4a; =:3a; + 5.

30. a; - 1 - a = 0. 36. (yx =:8 + 5a;.

31. a; + 2 - 6 = 0. 37. 9a; =:8a'--15.
32. a; - 4 + c = 0. 38. 23 a; == 22 a; -24.

33. a; + 9 + d = 0. 39. 3 a;--25 = 2 a;.
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40. 12ic-7 = lla;. 63. 27a; + i==2 + 26a;.

41. 15x-^4. = Ux. 64. 23a;-i = 22a;H-l.

42. _ 3aj-10=-4a;. 65. 34a; + f = 33a; + 1.

43. 17 + 30a; = 29a;. 66. fa; + l = |a; + 6.

44. 14-8a;=-9a;. <^ 67. |a; 4- 2 = fa; + 9.

45. 2 a; 4- 5 = a; + 7. ;o68. fa; - 7 = 9 + fa;.

46. 3a;-l = 2a; + 6. 69. f a; - 13 = 4 - fa;.

47. 4a; - 7 = 3a; - 2. 70. fa; - 10 = 3 - fa;.

48. 5a; 4-8 = 4.'» 4- 5. 71. fa; - | = f - |a;.

49. 7 a; + 3 = 6 a; — 5. 72. y4_ a; — | = | — J^- a;.

50. 10a; 4- 11 = 9a; + 7. 73. ^x - {j-= \j- - ^x.

51. 13 a;- 6 = 12 a; -5. 74. 37_ a; 4- 18 = - -j^'^a; - 18.

52. 6a; + 17 = 23 4-5a;. 75. ^^a; - 23 = 23 4- fa;.

53. 15 a; — 1 = 11 + 14 a;. 76. 35 a; 4- 1 = a 4- 34 x.

13 + 12 a; = 11 a; + 21. 77. 37 a; - 2 = 36 a; + &.

4 -15a; = 11 -16a;. 78. 40a; + c = 39a; + 5.

16-17 a; = -18a;-19. 79. 42 a; - d = 41a; - 6.

5 — 19a; =- 6 -20a;. 80. m - 48a; = 4 - 49a;.

-19a;-3S = -20a;-31. 81. 50a; + i = 49a; + a.

-28a;-37 = -40-29a;. 82. 54a; +6 = i + 53a;.

-31 a; - 11 = 29 - 32a;. 83. *61 a; + 6 = a + 60a;.

c^ 61. 21 a; + 1 = 1 + 20a;. 84. 63 a; - c = 62a; + 6.

62. 26 a; + ^ = 25 x + 1.

From each of the following conditional equations derive an

equivalent equation by omitting the identical terms from both

members :

90. ax -\-x = ax -^ 2.

91. 6a; + a; = 3 + bx.

92. 7nx — 1 = a; + mx.

93. X -\- a = a.

94. a; — ca; = — d — ex.

MENTAL EXERCISE 44

From each of the following conditional equations derive an

equivalent equation in which the coefficient of x shall be unity :

1. 2 a; = 8. 3. 4 a; = 12. 5. 6 a; = 42.

2. 3a; = 15. 4. 5a; = 30. 6. 7a; = 66.

85. X -\- a = a + c.

86. X + 6= a + 6.

87. X — d = b — d.

88. m -\- d = m + X.

89. a — b = X — b.
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7. 9 a; = 81.

8. U = 2x.

9. 18 = 3 a;.

10. 25 = 5x.

11. 33 = llaj.

12. 42 =14 a;.

13. 8 a; = -24.

14. 9x = — 54.

15. 11 a; = -77.

16. -16 = 8 a;.

17. -7 = 7 a;.

18. -22 = 2 a;.

19. 3a; = L
20. 4aJ = l.

21. 5a; = — 1.

22. 1 = 6 X.

23. 1 = 8 X.

24. — 1 = 9 a;.

25. 2a; = 0.

26. = 3 X.

27. 5 a; = 2.

28. 7 X = 3.

29. 8 a; = 5.

30. 9 a; = 2.

31- 3 = 11 a;.

32. 4 = 13 a;.

33. — 5 = 14 X.

34. 3 a; = 4.

35. 2a5 = 5.

36. 4 a; = 7.

37. 5 a; = 13.

38. 6 a; = 19.

39. 7 a; = 29.

40. 8a; = 43.

41. 9.^ = -28.

42. 12 a; = -25.
43. 24 = 7 a:.

44. 32 = 9 a;.

45. 43 = 11 a;.

46. -49 = 13 a;.

47. -52 = 12 a;.

48. 6x = S.

49. 8 a; = 2.

50. 18aj = 6.

51. 42 a; = 7.

52. 65 a; = 5.

53. 34aj = 2.

54. 50aj = -10.

55. 3 aj = a.

56. 4 a; = 6.

57. 5 a; = c.

58. 6x = d.

59. 7a; = 2m.

60. 8a; = 3n.

61. 9 a.- = 5 A:.

62. 6a = llaj.

63. 12 6 = 17 a;.

64. 10 a; =? 8 a.

65. 12 x = Uh,
66. 16 a; = 18 c.

67. 21 d = Ux.
68. 33 A; = 6 a;.

69. 3a; = i

70. 4a; = ^.

71. 5x = |.

72. 6a; = ^.

73. 8a;=|^.

74. 9 a; = - }.

75. 2a; = |.

76. Sx = ^^.

77. 4a; = |f
78. 5a; = ^^.

79. ^fl; = 2.

80. ix = 3.

81. ^X=::5.

82. i-a; = 4.

83. I a? = 9.

84. ^x = l.

85. yL^ = 12.

86. Jic = -10.

87. j\x = -S.
88. Jija;= -13.

89. |^a; = 0.

90. 6: la..

= iaj.91. 12 = t
92. —14 = ^ a;.

93. lx = ^.

94. iaj = i.

95. iaj = f
TT .^ 9.96.

97.

6"

98. j\x=^.
99. 2^y a? = 2-8 •

100. oV^=3V
101. ia.= J.

102. |a; = i.

103. ia; = i.

^^- T7 ^ = "5"-

105. ^05 = 1

106. 1^35 = ^
107. -^x = l.

108. ^V^ = i-

109. |=2V^-

111. i = ia5.

112. |a; = l.

113. fa;=l.
114. |a;= l.

115. |a;=:l.

116. |a; = l.

117. ^05 = 1.
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129. |« = 6. 140. {^ = ^x.

130. ix=7. 141. ^ = ix.

131.

132.

133.

134.

135.

136.

137.

138.

139.

LINEAR EQUATIONS

EXERCISE 45

Solve each of the following equations regarding x as represent-

ing the unknown number

:

118. ix= 0.

119. 1 = V' ^'

120. l = ix.

121. l = ^x.
122. |a^= 2.

123. -V-a^ = 4.

124. ^x = S.

125. ix-^5.
126. f.T = 4.

127. ^%x = S.

128. lx = 9.

ix = 6. 142. U=ix.
ix = ^.

•

143. iic = ic.

f^ = f 144. ix = ib.

l^ = A. 145. ix = ic.

ix = i. 146. ix= ^\d.

I^ = |. 147. ix=ia.
f^=«- 148. jkx = ^b.

l^ = f 149. ia; = im.

i = ¥^- 150. ^V^ = i«-

1. 2x = 6, 21. cx^\. 40. ^ a; = 3.

2. 3x = 12. 22. m = nx. 41. f«' = TV
3. 10 = 5x. 23. — a = hx. 42. |.T=J.
4. 15 = Sx. 24. 2 = dx. 43. (a + h)x = a.

5. Tx = 7. 25. 3x= f 44. (m — n)x = 1.

6. 6x = -lS. 26. 6a; = |. 45. ax = b-\- c.

7. 8a7 = -32. 27. 8a; = |. 46. mx = m + 1.

8.

9.

-x = 5.

-60^ = 30.
28. mx = -,

n

47.

48.

ax = c — d.

a; -h 1 = 3.

10. -9x = 36. 29. ia; = 3. 49. a; + 4 = 9.

11. -\\x = -22. 30. \x = b. 50. x-2 = 6.

12. -12a^ = -48. 31. ix = S. 51. a;-7 = 3.

13. 3a; = 4. 32. i^ = i'
52. l + aj = 5.

14. 5a; = 2. 33. i«'= TV 53. 3 + :r = 2.

15. 6a.« = l. 34. i^ = h 54. 5 = a^+ l.

16. 3 = 5 X'. 35. ix = i. 55. 12 = a^-2.

17. 13 = -6x. 36. f^ = |. 56. 14 = 3 + a:.

18. 17 = - 2 X. 37. 1 = 4^. 57. 20 = 7 + a?.

19. ax — h. 38. ^ = ix. 58. 15 = 18 + x.

20. hx = 62, 39. 1x^2. 59. 9 = a; - 10.
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60. x-\-a = b. 74. 12-5a; = 2. 87. .2 a; = 3.

61. c — x — d. 75. 14-f 6aj= -10. 88. .4 0^ = .8.

62. m = n -{-x. 76. 8 = 3^ + 2. 89. .9.T=9.

63. a = c~x. 77. 9 = 5 if -h 29. 90. .7 x = 5.6.

64. 2aj + l=7. 78. 17 = 5a; + 2. 91. 6x = 3.6.

65. 3 oj -f- 2 = 14. 79. 24 = 2x + 4. 92. .3 X = .09.

66. 4a;-5=3. 80. 29 = 5 a; - 6. 93. .2x=.08.
67. 5x-\-6 = l. 81. 31 = 6a.--5. 94. .01 x = l.

68. 6x-l = 17. 82. 14 = 20 + 3a^. 95. .02x==10.

69. 7 0^-9 = 19. 83. 3 a; = a + 2. 96. .01flj=.001.

70. 3a;-8 = -20. 84. 5x = 7 — b. 97. .2aj= 20.

71. 4 + 3 0^ = 13. 85. 9x-l + c2. 98. .05 X = .5.

72. 6 + 8a^= 38. 86. .la; = 2. 99. .002 a; =.06.

73. 9-2a; = l.

EXERCISE 46

Solve the following equations, verifying all results by substitu-

tion
;
the first sixty-four examples may be solved mentally

:

1. 4 X -h 5 = 3 .T + 7. 20. 17 - 18 X = 87 - 25 x.

2. 6 x + 11 = 5x4-17. 21. 15 + 11 x = 79 -5a;.

3. 10x-7 = 9x + 8.' 22. 2x + 23 = 5x+2.
4. 7x-10-6.T = 0. 23. 4x-23 = l-4a;.

5. 5x + ll-4x = 0. 24. 2x-37 = 7x + 3.

6. llx-6-9x = 0. 25. 3x + 5 = 9x + 59.

7. 3x4-l = i»— 1. 26. 5x + l + 2x = 15.

8. 9a; + l = 3.x + 5. 27. 6x-2 + 3x = 25.

9. 13 X + 4 = 11 X + 10. 28. 7 X + 10 - 4 X = 40.

10. 6x-ll = 2x + 9. 29. 9x-2-4x = -57.

11. 13x-18 = x + 6. 30. 12x = 84-30-x.
12. 8x-13 = 3x-53. 31. 5x-4 + 6x-7 = 0.

13. 22x + 15 = 19x-12. 32. 13x-50-2x = x.

14. 15x + 37 = 3x + 13. 33. 19x-5 + 2x = 39.

15. 12xH-l = 28 + 3x. 34. 18x-33-7x= 3x-L
16. 19 + 17x = 59-3x. 35. 4x-f 5 + 6x = 7 + 8x + 4.

17. 15x-13 = 29 + 8x. 36. 5 x + 7 + 3 x= x+ 10+ 6x.

18. 21 + 22x = 8x-35. 37. 8 x-|-3+6 x=4 x-j- 11 -f 9x.

19. 7x + 2 = 4x + 7. 38. 9 x-7-5x=llx+5-8aj.
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39. 9x— 7—4:X=10x-\-5— 7x. 42. 22 x — 9 — 6 x=5x — 6-\-x.

40. 15 - 7 » + 6 = 12— 2 a;+ 19. 43. 7x — 5-\-2x = 3x + 8 + x.

41. 5a;+12-8.T=19-13it'+2. 44. 4 oj -}-9- 7 iK=8 a;-ll-|-3a;.

45. 11 + 7^ — 18 -3 07 = 9 + a? + 5.

46. 12 + lla7 + 3 = 5a;-2-4a.-.

47. 19.T+ 9-12a; + 6 = 2a; + 354-3a;.

48. 25 4- 12 .T - 23 + 14 a; = 25 ic + 12 - 23 a; + 2.

49. 8-4a;-24-9if = 74-2a;-19-6a;.
50. 7 a; + 9 — 3 a; + 5 = 4 a; — 11 + 2 a; + 45.

51. 3 a? H- 13 + 5 a; - 7 = a; + 7 + 2 a; + 2.

52. 14 a.' — 1 + 3 a- + 5 = 7 aj + 2 — 4 a^ - 8.

53. 5a;-(2a; + 3)^12. 57. 9 a; - 2(1 + 4 a;) = 3.

54. 3 a; -(13 -a;) = 61. 58. 17 - 3(a; + 11) = - 7a:.

55. 12 - (4 a; 4- 7) = 13. 59. 6{x - 4) = 4(a; - 3).

56. 17x4- 5(2 -3 a;) = 18. 60. 3(a; - 6)- 2(4- a;) = 0.

61. 7(3-a;)-4(7-2aj) = 0.

62. 6(a; + 5)-12 = 3(3;«-l)4-4a;.

63. 22-5(3-2a;)=a7-4(a;4-8).
64. 8(a; - 7) - 6(x - 5) = 5(a; - 4) - 4(a; -^ 3).

65. (x 4- 1)2 z= .t2 4- 5. 68. (3a;4-l)'-2a; = 9a^4-13.

66. (a; - 3)2 = a.-^ - 21. 69. (a^ + l)(a; 4- 2) = a^^ ^ 11.

67. (a7 + 4)2 = a7(a;H-3). 70. (a: + 3)(a; + 5) = a;2H-31.

71. (a;4-l)(^4-5) = (a; + 2)(a; + 3).

72. (a;-10)(a;-7) = (a;-9)(a?-6).

73. (a;4-2)(aj4-4) = (a;4-3)(a;H-l)4-l.

74. (a;-4)(a;4-l)-(a;-5)(a;-2) = 0.

75. (a7-6)(aj-l)-(a; + 7)(aj4-3) = 0.

76. (2a; + l)(3a;4-l) = (6aj-l)(i»4-2).

77. (16 x - 5)(3 a; 4- 4) = (12 a; - 1)(4 a; 4- 3).

78. (2a;-f 5)(5 a;- 4) -5 a.' =(10 x-3)(aj + 1)4- 8.

86. 1 a; — i a: = 4./ 79. lx = S-ix.'
80. f x = l-fa;.
81. ^x= S-\-^x.

82. Jx = 4 + ix.

83. fa;- 7 = 1- a;.

84. ix-l = l-ix.
85. ix-{-ix = 2.

87. \x — \x = 12.

i-x-[-\x = ^
i-^ -7 f2" "I "3 — ¥*

O' 89. I a; + I a; = |. ^/ ^ <; - --

^ 90. |x-5 = f a;-4. ,- -_ v Ct-

^^91. i- a; — -i^ a: 4- ^ a; = -^. < "Z

"

^ 92. ia3 + ia; + ia; = a;-13.
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^ 93. ^{x + 3) = 4. 96. i(x J^4t)-\x = 8.

^ 94. 4(0^ - 4) = 1. 97. \{x + 7) = J-^C^' + 6).

^^95. |(a;+l)-2 = 0. ^^ 98. j(5a:- 1) - 8 = i(^a^ - 2).

\i. 99. Kl-^)-T^(2-a^) = A(3+aj).
100. ^(a;-15)-J^(9a^-2) = ia; + i

101. i(a: + i)-K^-i) = 10.

102. i(4a^-i-)+t(3a.-i)-TV-
103. |(12a?-f)-f(14a^ + J)=84.

104. ^_ll + a. = l(6..-9)-|^.

Equations in which decimal fractions appear among the coeffi-

cients.

105. .5 a- =.015. 108. .5a; = l. ill. .25 a; = 1.25.

106. .01 a! = 200. 109. .3 a; = 3. 112. .2.^•=48-.04a;.

107. .7 a; = .07. 110. .2 a; = 4. 113. a;-.l= l-.l a;.

114. .2 x + 3 -.04 a.' = 3.8. 115. .2 a; + .04 = .25 a; - .26.

116. .093 -.la; = .02 a; -.13 a.' + .01.

117. a; - 10 -h .1 a; = 1100 - .01 x.

118. 3-.2a; + 30 = .02a;-300 + .002a;.

ALGEBRAIC EXPRESSION

MENTAL EXERCISE 47

1. By how much does a exceed h ?

2. By how much does m oxceed n ?

3. By how much does a exceed 16 ?

4. By how much does 25 exceed x ?

5. By how much does h exceed 2 ?

6. What number must be added to y to obtain h ?

7. By what number must y be diminished to equal z ?

8. What number is less than 12 by 6 ?

9. What number is j]^eater than 16 by a ?

10. If X represents an integer, how may the next greater integer be rep-

resented ? The next less ?

11. If m represents an odd integer, how may the next greater odd integer

be represented ? The next less ?

12. If 2x represents an even integer, how may the next greater even

integer be represented ?
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13. Find an expression for three consecutive integers of which x is the

least.

14. Find an expression for three consecutive integers of which y is the

greatest.

15. Find an expression for three consecutive integers of which z is the

one between the other two.

16. If a number represented by n is separated into two parts one of

which is 4, what is the other part ?

17. If a number represented by n is separated into two parts one of

which is a, what is the other part ?

18. Find an expression for the greater of two numbers if the less is I and

the difference is d.

19. A man sold a horse for %li and gained $c on the cost. Find an

expression for the cost of the horse.

20. A boy is 16 yeare old now. Find an expression for his age x years

ago. How old will he be in y years ?

21. If a boy is y years old now, how old will he be 4 years from now ?

How old was he 5 years ago ?

22. A man has %a and spends %x. Find an expression for the sum

remaining.

23. In uniform motion Distance = Rate x Time.

How far can a person walk in h hours at the rate of m miles per hour ?

24. How long will a train require to move uniformly a distance of

X miles at the rate of r miles per hour ?

25. If a man's expenses are $io per week, how much will they be for a

year?

26. How much will a man whose wages are %d per day earn in n days ?

In ah days ?

27. Express $cZ in terms of cents.

28. Express c cents in terms of dollars.

29. Express d dimes in terms of dollars.

30. Express $x and y dimes in terms of cents.

31. Express U half dollars and q quarters in terms of cents.

32. Express y yards in terms of feet.

33. Express /feet in terms of inches.

34. Express i inches in terms of yards.

35. Express m inches in terms of feet.

36. Express a feet plus h inches in terms of inches.

37. Express y yards plus /feet plus i inches in terms of inches.

38. Find an expression for g gallons in terms of quarts. In terms of

pints.

39. Find an expression for p pounds in terms of ounces and of t tons in

terms of pounds.
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40. Find an expression for g gallons plus q quarts in terms of quarts.

41. Find an expression forp pounds plus y ounces in terms of ounces.

42. Find an expression for a acres in terms of square rods.

43. Find an expression for x acres plus y square rods in terms of square

rods.

44. Express h hours in terms of minutes.

45. Express m minutes in terms of hours. In terms of seconds.

46. Express d days plus h hours in terms of hours.

47. Express x hours plus y minutes in terms of seconds.

48. What is the cost of h books at c cents each ?

49. If h books cost $d, find an expression, for the cost of one book.

50. If one book costs c cents, how many cents do h books cost ? How
many dollars ?

51. If the interest on -$ 1 for one year is r cents, what will be the interest

on $ d for one year at the same rate ?

52. Find an expression for one per cent of x ; five per cent of y ; seventy-

five per cent of z ; thirty-seven and one-half per cent of w.

53. Find an expression for x per cent of h.

54. Find an expression for x per cent of x.

55. Find an expression in square feet for the area of a rectangular room
which is I feet long and w feet wide. In square yards.

56. What is the area in square feet of a square room each of whose sides

is X feet in length ? In square yards ?

57. Find an expression in square yards for the area of a rectangular room

which is a yards long and b yards wide. In square feet.

PROBLEMS
PROBLEMS SOLVED BY MEANS OF LINEAR EQUATIONS

EXERCISE 48

Solve the following problems, and examine all of the solutions

obtained to see if they satisfy the conditions of the given prob-

lems:

1. Find two numbers whose sum is 33 and whose difference is 6.

2. Find two numbers whose sum is 18 and whose difference is 8.

3. Find two numbers whose sum is 30 and whose difference is 4.

4. Find two numbers whose sum is 55 and whose difference is 7.

5. Find two numbers whose sum is 60 and whose difference is 8.

6. Find two numbers, the greater of which exceeds the less by one, whose

sum is 75.

7. Find two numbers, such that the greater exceeds the less by one,

whose sum is 49.
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8. Find two consecutive numbers whose sum is 67.

9. Find three consecutive numbers whose sum is 36.

10. Find three consecutive numbers whose sum is 60.

11. Find four consecutive numbers whose sum is 198.

12. Find two consecutive odd numbers whose sum is 44.

13. Find two consecutive even numbers whose sum is 70 ?

14. What number is it whose double is 49 more than its fourth part ?

15. What number is it whose double is 30 more than its third part ?

16. What number is it whose double is 36 more than its fifth part ?

17. What number is it whose double is 77 more than its sixth part ?

18. Find two numbers differing by 18 whose sum is four times their

difference.

19. Find two numbers whose difference is 18 and whose sum is twice

their difference.

20. Find two numbers whose difference is 28 and whose sum is twice

their difference.

21. Find two numbers differing by 16 whose sum is twice their difference.

22. Find two numbers differing by 8 whose sum is seven times their

difference.

23. Find two numbers differing by 23 whose sum is five times their dif-

ference.

24. Separate 85 into two parts such that one part shall exceed the other

by 11.

25. Separate 74 into two parts such that one part shall be greater than

the other part by 2.

26. Separate 72 into two parts such that one part shall exceed the other

part by 18.

27. Separate 125 into two parts such that one part shall be less than the

other by 23.

28. Separate 147 into two parts such that one part shall be less than the

other by 37.

29. If 2 a; + 9 represents 23, what number will x + 3 represent ?

30. If 3 X + 5 represents 35, what number will x + 2 represent ?

31. If 4 X — 1 represents 43, what number will x — 4 represent ?

32. If X — 10 represents 3, what number will 10 — x represent ?

33. If 4 X — 7 represents 25, what number will 5 x — 8 represent ?

34. If 2 X — 7 represents 17, what number will 3 x — 5 represent ?

35. At what time between one and two o'clock are the hands of a watch

together ?

36. At what time between 6 and 7 o'clock are the hands of a watch to-

gether ?

37. At what time between 5 and 6 o'clock are the hands of a watch to-

gether ?
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38. At what time between 12 and 1 o'clock are the hands of a watch
opposite each other ?

39. At what time between 7 and 8 o'clock are the hands of a watch op-

posite each other ?

40. At what time between 9 and 10 o'clock are the hands of a watch
opposite each other ?

41. At what time between 3 and 4 o'clock are the hands of a watch
at right angles to each other ?

42. What number when subtracted from 85 will produce the same result

as when added to 37 ?

43. What number when subtracted from 50 will produce the same result

as when added to 12 ?

44. What number when subtracted from 75 will produce the same result

as when added to 35 ?

45. What number when subtracted from 63 will produce the same result

as when added to 27 ?

46. Find the number whose double increased by 5 is equal to 19.

47. Find the number whose double increased by 14 is equal to 40.

48. Five times a certain number diminished by 7 is equal to four times

the number increased by 3. Find the number.

49. What number exceeds 6 by as much as three times the number ex-

ceeds 28 ?

50. What number is that from which if 14 be subtracted, f of the differ-

ence will be equal to 20 ?

51. Find A's age if in 34 years he will be three times as old as he is now.

52. Find A's age, if in 24 years he will be four times as old as he is now.

53. Find B's age, if in 45 years he will be four times as old as he is now.

54. Eight years hence a man will be twice as old as he was 10 years ago.

How old is he now ?

55. A's present age is four times B's. Find the ages of A and B if in

20 years A's age will be double B's age.

56. Divide |75 between A and B in such a way that A shall receive $29

more than B.

H 57. Divide $96 between A and B in such a way that A shall receive

tNvice as much as B.

58. Divide $ 154 between A and B in such a way that B shall receive $24

more than A.

59. Two men starting from towns 80 miles apart travel toward each other,

one at the rate of 6 miles an hour, and the other at the rate of 4 miles an

hour. In how many hours will they meet ?

60. Two men starting from the towns Of (name here two towns in your

State) which are (give here the distance between the towns in miles) apart

and travel toward each other, one at the rate of (name some number of
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miles per hour which you think a man could walk) and the other at the rate

of (name the number of miles per hour which you think the other man could

walk) per hour. In how many hours will the men meet ? Vary the prob-

lem by choosing different cities or towns and different rates at which the

men are supposed to walk.

61. Two ships starting from (name two cities) which are about (state

here your estimate of the distance from one city to the other) miles apart,

sail toward each other, one at the rate of (name some rate in miles per hour

for one ship) miles per hour, and the other at the rate of (name some rate in

miles per hour for the other ship). In how many hours will the ships meet ?

Vary the problem by choosing different cities and different rates for the

ships.

K 62. A rectangular field is five times as long as it is wide. The length of

the fence about the field is 180 yards. What are the length and the width of

the field ?

63. A rectangular field is twice as long as it is wide. The length of the

fence about it is 210 yards. What are the dimensions of the field ?

Y 64. A rectangular field is three times as long as it is wide and the dis-

tance around it is 320 yards. Find its dimensions.

65. Separate 65 into two parts such that two times one part shall equal

three times the other part.

66. Separate 95 into two parts such that two times one part shall equal

three times the other.

67. Separate 147. into two parts such that four times one part shall

equal three times the other part.

68. Separate 36 into two parts such that one part shall be 6 greater than

two times the other part.

69. What number is that to which if 3 be added, \ of the sum will equal

16?

70. What number is that to which if 8 be added, \ of the sum will

equal 16 ?

71. What number is that to which if 25 be added, f of the sum will

equal 30 ?

72. One-fourth of a certain number exceeds \ of the number by 5. Find

the number.

73. The excess of a number over 12 equals \ of that number. Find the

number.

74. The seventh part of a number is 5 less than \ of the number. What
is the number ?

^ 75. One-fourth of a number added to four times the number is equal to

34. Find the number.

X 76. One-fifth of a number increased by twice the number is equal to 22.

Find the number.
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77. Find a number such that its fifth part shall exceed its twelfth part

by 7.

78. One-fifth part of a certain number exceeds 6 by as much as 6 exceeds

one-seventh of the number. Find the number,

79. Find a number which when multiplied by 7 exceeds 27 by as much
as 27 exceeds twice the number.

EXERCISE 49

Solve the following problems and examine the solutions to see

if they satisfy the given conditions

:

1. The sum of the ages of A and B is 42 years, and four years hence A's

age will be four times that of B's. Find their present ages.

2. In a company of 30 persons a resolution is carried by a majority of 6,

all voting. How many voted for the measure ?

3. In an informal ballot a resolution was adopted by a majority of six

votes, but in a formal vote one-third of those who had before voted for it

voted against it and the resolution was lost by a majority of four votes. How
many voted each way in the formal ballot ?

4. A grocer estimated that his supply of sugar would last eight weeks.

He sold on an average 50 pounds a day more than he expected. It lasted

him six weeks. How much did he have ?

5. Determine how an amount of ^ 135 must be divided among three per-

sons in such a way that the share of the first shall be three times that of the

second, and the share of the second twice that of the third.

6. A sum of $ 7924 was beciueathed to three persons with the stipulation

that the first was to receive twice as nmch as tiie second and one-half as

much as the third. Determine the amounts.

7. A man wishes to divide the sum of $09 into five parts in such a way
that the first part shall exceM the second by $3, be less than the third part

by !$10, greater than the fourth part by .-^O, and less than the fifth part by

$ 16. Find the parts.

8. A paymaster wishing to use $25,662 on pay day requested the paying

teller to make up the amount in the following way : A certain number of

$ 100 bills, three times as many fifties, four times as many twenties as fifties,

twice as many tens as fifties, three times as many fives as tens, as many twos

as tens, as many ones as twos.

How many bills of each denomination were given ?

9. At two stations A and J? on a fine of railway the prices of coal are

$3.50 per ton and $4 per ton, respectively. If the distance between A and B
be 150 miles and coal can be shipped for one-half a cent per ton per mile,

find the place on the railway between A and B at which it will be indifferent

to a customer whether he buys coal from A or from B.
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10. A farmer estimated that his supply of feed for his 50 cows would

last only 12 weeks. How many cows must he sell in order that the supply

may last 20 weeks ?

11. A contractor undertakes to put in a concrete foundation in a given

time. By the terms of the contract he is to receive $ 12 for each day's work

during the given time, and is to forfeit $ 5 for each day taken beyond that

time. If the total amount received was $167 for 21 days' work, find the

time for the original contract.

12. It was estimated that a certain amount of earth could be excavated

by a steam shovel alone in 12 days, or by a gang of laborers alone in 28 days.

After being used a certain number of days the shovel was disabled and the

work was then completed by the men, who worked 2 days less than the

time during which the shovel had been used. During how many days was

the shovel used ?

13. Sixty laborers were engaged to remove an embankment. Some of

them were engaged at the rate of $ 1.10 a day, and the others at the rate of

$1.60 a day. The memorandum having been lost, it is required to find how
many worked at each rate if the total amount paid was $ 80.

14. The help of a certain factory numbering 316 consists of men and boys.

If the weekly pay of each man is $ 12 and that of each boy $4, find the num-

ber of each, if the weekly pay roll amounts to $2688.

15. It is observed that a square room requires one and one-ninth square

yards less of carpeting than a rectangular room whose length is one yard

longer and width two feet less than the side of the square room. Find the

area of each of the rooms.

V 16. A man has $ 5600 in four banks. He has twice as much in the second

bank as in the first, as much in the third as in the first and second together,

and twice as much in the fourth as in the first and third together. How
much money has he in the fourth bank ?

17. A man invests ^ of his capital at 4 per cent., ^ at 3 per cent., and the

remainder at 3^ per cent., and thus secures an annual income of $1390.

What is his capital ?

18. A man invests f of his capital at 3 per cent, and the rest at 3| per

cent., and thus receives an annual income of $55.50. What is his capital ?

19. A man desires to invest his capital of $ 20,000 partly at 5 per cent, and

partly at 3 per cent. How must he invest the amounts so that his yearly in-

come shall be at the yearly rate of 4^ per cent. ?

20. How may $ 10,800 be invested partly in 5 per cent, stock whose market

value is eighty cents on a dollar, and the remainder in 6 per cent, stock selling

for one dollar and twenty cents on a dollar, in order that the income from

the two sources may be the same ?

21. How long will it take an investment of $ 5730 to amount to $6589.60

at 3 per cent, simple interest ?



52 EXAMPLES IN ALGEBRA

22. At what time between ten and eleven o'clock are the hands of a watch

together ?

23. At what time between 9 and 10 o'clock are the hands of a watch

opposite each other ?

24. At what times between 7 and 8 o'clock will the hands of a clock be at

right angles to each other ?

25. At what time between 4 and 5 o'clock is the minute hand of a watch

two minutes in advance of the hour hand ?

26. Two trains start at the same time from different stations 400 miles

apart. One travels at the rate of 48 miles an hour and the other at the rate

of 32 miles an hour. How far does the faster train travel before meeting the

slower one ?

27. Two hours after a train left a certain station a second train was dis-

patched, and it overtook the first train in four hours. To accomplish this it

was necessary for the second train to run 15 miles an hour faster than the

first. How many miles per hour did the trains run ?

28. Where must a side track be placed on a single-track railway in order

that an express train, traveling at the rate of 46 miles an hour, may not be de-

layed by an accommodation train traveling toward it at the rate of 29 miles an

hour, the two trains starting at the same time from two places 60 miles apart ?

29. If an outward trip of an excursion train is made at the rate of 20

miles an hour and the return trip at 16 miles an hour, the whole time being

9 hours, what is the distance ?

30. Two ships start from a given port at the same time, one going north

at the rate of 11 miles per hour and the other going south at the rate of 7

miles per hour. How long after starting will they at these rates be exactly

108 miles apart ?

31. Two ferry boats, whose rates are 15 miles and 12 miles an hour,

respectively, start simultaneously from opposite shores of a river, three-

fourths of a mile wide. Where will they meet ?

EXERCISE 50

Problems in Science

1. A certain grade of sulphuric acid is known to be 96 per cent. pure. How
much distilled water must be added to a gallon of this sulphuric acid in order

that the mixture may be 80 per cent, pure ?

2. How much water must be added to a pint of alcohol 85 per cent, pure

in order to make the mixture three-fourths water '?

3. How much 12 per cent, solution of a certain chemical must be added

to a gallon of 4 per cent, solution to raise it to a 6 per cent, solution ?

4. How much water must be added to 6 quarts of acid which is 10 per

cent, of full strength to make the mixture 8J per cent, of full strength ?
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5. How much water must be added to a gallon of three per cent, solution

of a certain chemical to reduce it to a one per cent, solution ?

6. How many ounces of pure silver must be melted with 300 ounces of

silyer 600 fine in order to make a bar of metal 800 fine ?

By 600 fine is meant the number of parts in 1000 which are pure metal.

7. How many ounces each of two bars of silver which are 800 fine and

725 fine, respectively, must be melted together to make a bar of 60 ounces

which shall be 775 fine ?

8. How many pounds of pure copper must be melted with 500 pounds of

gold fI pure in order to make the composition y% pure gold ?

9. It has been said that the crown of Hiero of Syracuse, which was part

gold and part silver, weighed 20 pounds in the air and 18| pounds when

weighed while immersed in water. Find how much gold and how much sil-

ver it contained, knowing that 19^ pounds of gold and 10| pounds of silver

each lose one pound when weighed immersed in water.

10. The pendulum of a clock swings 364 times in 5 minutes while that

of a second clock swings 233 times in 4 minutes. After how long will the

second have swung 582 times less than the first ?

INTEGRAL FACTORS

PREPARATORY EXERCISE 51

Perform the following indicated multiplications

:

1. 3(a4-6). 3. 2xQ)-c). 5. a'^{a-h).

2. 5(aj + 2). 4. 4a(a2 + l). 6. h^h-'-h + l).

7. xy (x^ - xy -{- y""). 9. 2 a'^b^ix -Sy -\-4.z).

8. a^bc^a + b-^-c). 10. a"'6'»c'»(a + & + c).

EXPRESSIONS ALL OF WHOSE TERMS CONTAIN A
COMMON MONOMIAL FACTOR

EXERCISE 52

Factor each of the following expressions

:

1. 3a + 3 6. 8. 24 ab - 42 cd. 15. ac — cd.

2. 5x — 5y. 9. S6xy-63. 16. a2 - ab.

3. 7 m + 14 71. 10. 5m- 10. 17. ¥ + be.

4. 12 rr - 4 2/. 11. 12 + 6 a;. 18. ax — x^.

5. 15 a- 18 6. 12. 7-142/. 19. by + bh.

6. 16x-S6y. 13. ab + ac. 20. 15m + 18mw

7. 8 c + 22 de. 14. bx + xy. 21. 5xy-20x\
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22. 12 ah + 54 ac. 27. hex — hey. 32. x^yz^ + a^^^/^^.

23. 21x2^— 492/:2^ 28. xyz — yzw. 33. d^li^k — d1i^k\

24. a^y + xy"^. 29. a^hc—ah'^c. 34. a^^)^^ + aft^c^.

25. a^h — ahl 30. x^yz -{- xyz\ 35. a^6^c + a«6V.

26. ahc + ahd, 31. ftc^d + ft^cdl 36. a^ + ac + af?.

37. a6c+6cd + cde. 41. a^ftc^d + aZ^^cd^ + a^^cc?*^

38. xy-^x^y+xy\ 42. 6 a^ft + 12 afe^ + 18 a^fe^.

39. a26c + a/;2c _j_ a6c2. 43. 21 a;^?/ -7a;?/22+14 x-?/2.

40. a^Y^^ + a;^2/^^^ + •'^2/^^^- 4*. 13 a^V - 39 a^z - 26 xhv.

45. 60 a{/2??i -|- 84 hyhn + 36 cpf^m.

46. 38a^2/' + 57a^?/3-19a^.

47. 34 a'b^ - 51 a^bc + 85 a''bc\

48. 32 ajY;22_ 43 ^y^2_^ (54^2^42;.

49. 77 in^nr — 99 7?i^ii -f 88 mrs^.

50. 13 a^^g'a^^ + 15 ag^x"^ — 2 a^a; — 9 agx.

51. aZ>2c2^2 _|_ a25(.2^2 _|. a2^2c(^2 _^ a'^j)2f,2fjl^

52. a^?/^2;2 H- .a^Y^:^ + a^y^z^.

53. a2^>Vd4 + ahh^d"^ + a^^c^d^

~
t. 3 a^2/^2: — 6 a;?/^^^ + 3 x'^y^.

>. aa;'"?/"' — ^aj"*?/"" + ca;"*?/"* — dx'^y'^.

54.

55.

56.

1. (a + 6)(a; + ?/). 6.

2. (m + 7i) (a + h). 7.

3. (x-y){2a-\-h). 8.

4. (m-n)(3m + 4).
'

9.

5. (a.2 + l)(x+l). • 10.

PREPARATORY EXERCISE 53

Perform the following indicated multiplications :

(2 a- 3 &) (a + 4 6).

(a-\-h){x + y^z).

{2x — y){m — n-\- 4).

(a + 6 + c) (a; 4- 2/ + z).

{x-y-\-z){r^s-t).

PREPARATORY EXERCISE 54

Write each of the following expressions as the product of two

factors

:

1. 3 (a + 6)+ a; (a +• h). 5. x{a — c) + y(a — c).

2. hlx + y)-\-ylx + y). 6. 3 m(a; + 2) + (a; + 2).

3. 2{m — n)-\-a{m — n). 7. 4.x{y —l)—".^z{y — 1),

4. a(& + c) + d(6 + c). 8. ^{x-y)-h{y-xy
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9. a5(a;2-2)+c(2-a;2).

10. a{x-}-y)+b{x-\-y)-\-c{x-\-y),

11. x(a — b)~y(a — b)-{-z{a — b).

12. w(a + l)— 7i(a^-l)^-(a-^l)•

13. 5x(2a-b)-2y(b-2a) + l2a-b).

EXPRESSIONS IN WHICH GROUPS OF TERMS HAVE A
COMMON FACTOR

EXERCISE 55

Factor each of the following expressions

:

1. ax -\- ay + bx -\- by. 12. 1 — x + x"^ — o?.

2. mx 4- my -f- 7ix -f- ny. 13. l-\- a + b + ab.

3. bm — bn -{-cm — en. 14. ci^ + 2 a^ + 3 a 4- 6.

4. aa; + 2a-f &a; + 2 6. 15. 21 + 3 a.- -f 7 x^ + a?.

5. c2/ + 3c + d2/4-3d. 16. a2 + 4a + a6 + 46.

6. ax + ay + ^x-^-^y. 17. .i^^ + a; + ?/ + a^?/-

7. bm — bn — cm -{- en. 18. y"^ — yz-\- xy — xz.

8. a6 + a?/ + 6a; + a;?/. 19. a^ + a^ — 5 a — 5.

9. bc + by — cx — xy. 20. 6 + 6 ?/ + ?/ + /•

10. mn — ma; — n?/ + 2/2^. 21. ax-\-ay-\-az-\-bx+by-\-bz.

11. a^ + a^ + a-l-l. 22. 6 a-\-^b-{-b c-{-ax-\-bx-\-cx,

23. ac)' + aZj -j- am + 2 (/ + 2 A; + 2 m.

24. ca; — CI/ + C3 + da; — dy -\- dz.

25. 2 mn — 2ny — mx -f- .x^ -\-2 n'^ — nx.

26. 21 6 - 5 a + 3 a6 - 2 ac - 14 c - 35.

27. xz + x — 5yz — 5y — 6z — 6.

28. aa; -\-ay—bx — by -{-bz — az.

29. ax — bx -{- X — ay -\- by — y.

30. ex — dx -{- cy — dy -\- cz — dz.

31. am — 6n + an — 6m + cm + c/i.

32. a6a; + bcx + caa; + aby + 6c?/ + cay.

33. a^c + 6^6 4- ahl + 6^^ + a^e + 62c.

Fill in the following blank forms with numbers and letters

such that the resulting expressions can be factored

:

34. ( ) + ( )+ ( ) + ( ).

35. ( )-( )+ ( )-( )•



56 EXAMPLES IN ALGEBRA

PREPARATORY EXERCISE 56

1. Commit to memory the squares of all of the integral num-
bers from 1 to 25 inclusive.

2. Commit to memory the cubes of all of the integral numbers

from 1 to 12 inclusive.

3. Commit to memory the following powers

:

2\ Z\ 4^ h\ ^\ 2\

Find the following indicated roots

:

4. vi.

5. V25.

6. V8i.

7. ^ST.

8. Vl69.

9. V196.

10. V324.

PREPARATORY MENTAL EXERCISE 57

In the following exercise find the missing terms which will

when supplied make the expressions trinomial squares of the form

a2 4- 2 «& + &':

11. V361.

12. V576.

13. V^.
14. ^h\

15. V^.

16. V4a2.

17. V9 62.

2«, 3'5^

18. V25 c\

19. ^8 0^3.

20. a/27 y\

21. V36 c\

22. V25 d\

23. V16 x'\

24. ^16 x^\

1. a^+C ) + 9. 15. 9a;2+( ) + 4.

2. ?>^ + ( ) + 25. 16. 162/2+( ) + 25.

3. c2 + ( ) + 64. 17. 49 2^-( ) + 4.

4. d2 + ( ) + 100. 18. 9ic^-{ )4-9.

5. aj2_( )-f-16. 19. 16a2-( )-M6.
6. 2/^-( )+49. 20. 6^ + ( ) + c'^.

7. ^^-( ) + 8L 21. a2-( )+a;^

8. d2+( )-f-121. 22. c^-( )+^^.

9. e2_( )4-144. 23. 4rt2_( ) + a,2.

10. 4a2 + ( ) + l. 24. 9/i2_( )_^/^2^

11. 962 + ( )4-l. 25. y2_( )+6422.
12. 16c^ + ( )+l. 26. 22_( )-f8lM;2.

13. 36d2-( ) + l. 27. l + ( ) + a:l

14. 2592-( ) + l. 28. l-( ) + 2/^.



INTEGRAL FACTORS 57

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

l + (
)+169a2.

1_( ) + 196 62.

4a2+( ) + 9n2.

l + (
)+121c2.

l-( )
4- 225^2.

1652 + (
)+25c2

9cZ2-(

25 .^2 + (

49 a;2 -I- (

36 a2 - (

64 62 -
(

49a;2+(

81a2+(
121 o? - (

9d2 + (

) + 16 h\

)+64?/2.

)+16 2/^

) + 462.

) + 9 c2.

) + 49 2/2.

)+25 62.

) 4- 16 62.

) -h 100 m2.

4 2/2 + ( ) + 169 22.

8ic2-( )4-121w;2

100/i2-( )+64g2.
121A:2-( ) + 49m2.

225 7-2 -
( ) 4- 36 v2.

25s2-( ) + 256i2^

196 7i2 + ( )+25r2.

a2 + 2 a6 H- ( ).

c2 -f 2 cd + ( ).

a2 + 2 ac + ( ).

62 -f 2 6m + ( ).

c2_2cfc+( ).

57. d2 + 4d + ( ).

58. a)2^6a; + ( )•

^2 + 102/ + ( ).

K 2/2_i4^ + ( )^

22 + 18 2+ ( ).

a2_24a + ( ).

4a2 + 12a + ( ).

9 62 + 186 + ( ).

25 c2 + 40 c + ( ).

49 d2 - 28 d + ( ).

+ 2 m + 1.

+ 2aj + l.

+ 42/ + 1.

+ 102+1.
+ 16W + 1.

+ 4 a + a2.

+ 6 6 + 62.

+ 12 c + c\

+ 14 d + d\

-{-2ak-\- kK

+ 2 mn + n2.

-.2 a?/ + 1/2.

— 4 a2 + 22.

- 10 6.?/ + 2/2.

+ 6a; + ( ).

+ 127y + ( ).

-102+ ( ).

-24w + ( ).

59. f
60 -2

61

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

TRINOMIAL SQUARES

EXERCISE 58

Factor each of the following expressions

:

1. a;2 + 2aj + l. 5. r2-2ri; + 'u2.

2. m2 — 2m + l.

3. z'^-2ziv + w\

4. a2 . 2 aA: + ^•2.

6. q'^-2qx-^x\

7. a2 + 4 a + 4.

8. 62 + 8 6+16.

9. c2 + 12c + 36.

10. d^-lSd + Sl.

11. 25 + 10a+a2.

12. 49 -14?/ + 2/2.
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13. 64-16 2 + 22. 31. 100 a2 - 280 a6 + 196 62.

14. 100 + 20^ + ^1 32. 256 c2 + 96 cd + 9 d2.

15. 4a2 + 4a + l. 33. 64 a2&2 + 80 a&c + 25 cl

16. 9 62 + 6 6 + 1. 34. 16 a;2 - 56 X2/2 + 49 2/2^2.

17. 36c2 + 12c + l. 35. 4 c2 - 36 cc?e + 81 ^2^1

18. 81n2-18?i + l. 36. 25 a262 + 40 a6cd + 16 c2cZ2.

19. 16a2 + 24a6 + 9 62. 37. 36 a2ic2 - 84 a6a;2/ + 49 62/.

20. 9c2 + 30cfZ + 25(i2. 38. 9 62/ + 48 6c2/2 + 64 02^2.

21. 25 A:2 + 70 few; + 49 ^2. 39. 49 a22/2 + 42 a6a;?/ + 9 62^^.

22. 121s2 + 44s^ + 4^l 40. 4: ah"^ - 20 acmz + 25 chn\

23. 49 ^2 _ 140 % + 100 /. 41. 2o aW-c'' - 60 abed + 36 d\

24. 16/ + 72(/m + 81m2. 42. 81 rc2+ 180 a^?/2zu + 100 3/222^;^

25. 121 A;2 - 242 ^'s + 121 s2. 43. (x-hyy+2{x + y)-\-l.

26. 36 m2 + 108 mn + 81 n\ 44. (a - 6)2 - 2(a - 6) + 1.

27. 81(Z2-126de + 49e2. 45. (m + ?i)2 + 6(m + ?i) + 9.

28. 64 7^2 + 320 /iw; + 400 ^(;2. 46. (x - yf -^ 10(x - y) -\- 25.

29. 225 r2 - 120 7-s + 16 s2. 47. 16 + 8(a + 6) + (a + 6)2.

30. 169 «2 _ 260 ^m; + 100 ^o2. 48. 36 - 12 (a - a?)+ (a - a;)2.

49. (a + 6)2+2(a + 6)(.T + 2/) + (a; + 2/)2.

50. (a-by-2(a-b){x-y)-^(x-yy.
51. (6 + c)2 - 8(6 + c) (o^ + 2/) + 16(a; + yf.
52. 9(a + 6)2+ 12(a + 6) (c + d)+ 4(c + df.

53. 49(d + kf - 70(d + k) (m + w;) + 25(?7i + wf.

PREPARATORY EXERCISE 59

Supply the terms necessary to make the following polynomials

complete squares

:

1. a2 + 62 + c2 + 2a6 + ? + ?. 7. 4 a.-2 + 9 / +^2 + ? +? + ?.

2. x''-\-y''-^z^ + 2xy-?-?. 8. 9 a2 + 0^2 + 16/ + ? + ? + ?.

3. 52 + 7^2 + m2-? + 2 6m-?. 9. 62 + 25 / + ^2 + ?-?- ?.

4. A;2 + Z2_|_^i2_9_?4.2?m. 10. a2 + 36 ?i;2 + 16- ? - ?+?
5. w'^-\-x^-ty^-2wx + ?-?. 11. a^2 + 49^y2_|_4_|.9_9_'?.

6. c2 + c?2+7i2 + ?-2cA-?. 12. 25a2 + '462 + 64-? + ?-?.
13. 49a2 + 9 62+?-? + 28a-12 6.

14. 9a;2 + ? + ? + 6it'2/-l-30.T + 102/.

15. 4a2 4-52^9 + ?4.i2a + ?.

16. a2 + ? + ? -2 ac + 2 a^/-?.
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17. 25a^-^? + 9-? + S0x-6y.
18. h^-{-?-{-y'^-\-?-?-2ny.

19. ?-{-?^?^2bx-{-2bm + 2 mx.

20. 9 -^? -\-? — 2xy + 2xz — 2yz.

EXERCISE 60

Obtain factors of the following expressions, checking all re-

sults numerically

:

1. a2 + 2a6 + &2 4-2a4-26 + l.

2. m2 4- 2 mn -\-7i^ + 10 m + 10 n + 25.

3. a2 + 62 + ic2 _|_ 2 a6 + 2 aa; + 2 bx.

4. x'' + 6xy + 9y^-{-2x-{-6y-{-l.

5. c2 4- d2 + e2 - 2 cd - 2 ce + 2 de.

6. c2 + d2_^4 — 2cc? + 4c — 4d
7. ic2 + 2/2 -f 22 ^ 2 2a; — 2 22/ — 2 ojy.

8. 4a2 + 62 + l_j_4a6+ 4a + 26.

9. 9 a2 + 4 62 4- c2 — 12 a6 - 6 ac + 4 6c.

10. a(a+ 2 fc)+ w(w + 2 a)+ A:(A: + 2 w).

11. 6(6 + 2c)+c(c + 2d)+ c?(d + 26).

12. a(a-26)+6(64-2c)4-c(c-2a).
13. (ar^ + 2 yz)+ (?/' + 2 a;?/)+ (^^ + 2 aJ2).

14. a2 4-62 + c2 — 2(a6 — ac4-6c).

15. 4 a;2 -h 2/2 + 9 22 + 2(2 a;?/ - 6 a;2 - 3 yz),

PREPARATORY EXERCISE 61

Obtain each of the following indicated products :

1. {x-\-S){x-3). 6. (5a + 26)(5a-26).

2. (2/ + 5)(2/-5). 7. (7 xy -{- z)(7 xy - z).

3. (2 + 6)(2-6). 8. (a"4-8)(a'»-8).

4. (2 a -f 1)(2 a - 1). 9. (a;^ + l)(a^ -1).

5. (3a; + 4)(3aj-4). 10. {y^ + ^){y^ - A).

THE DIFFERENCE OF TWO SQUARES

EXERCISE 62

Factor each of the following expressions

:

1. a2-4. 3. c2-25. 5. /i2_81.

2. 62-16. 4. d2_49. 6. 25-a;2.
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7. 36 — 2/^ 24. 25p2_l44a;W. 41. or^^ — 64 2/2^

8. 64: -z\ 25. 100 a262 _ 81 a^y. 42. 49 a^^ - 100 ft^*.

9. 81a2_l. 26. 196c2d2-100my. 43. 100 a^- - 121 n^.

10. 49 62_l. 27. 225aV-169 6y. 44. 64: a'^'' - A9 r\

11. 100a2-62. 28. 256 a^d^ _ 144 ^^2^2^ 45^ a;2^_l.

12. 4c2-25dl 29. 289aV-49 6y. 46. 2/'^-L

13. 9r^-16w\ 30. 324 a2?i2 _ 64 cW. 47. 4:a^b^G^-l.

14. 16g2_49^2 31, I21aj^-1. 48. 9xyz'-l.
15. 25 ^2 _ 54 ^2 32. 64 .T^- 9. 49. 16 a^'^b^c'^ - d\

16. 1-121^2. 33. 25 2/^-16. 50. 25ai"68c«-d4e^

17. 1-I69aj2 34 36:^10 -49. 51. m^a^'^-l.

18. 2oa''-lUb\ 35. 64A:i2-100. 52. rV-i^.
19. 9 62 _ 100 cl 36. 81-121 a}\ 53. a^* - b^\

20. 25-64 0-262. 37. 144 62 _ 169 x^ 54. Ax^-l.
21. 64-49a;2?/2. 38. 16?y2-8l2*^. 55. 9 a2« - 52.

22. 81-36m2w;2 39 ^<^a^-25b^\ 56. 16x^^-y\

23. 36-81c2^2^ 40. 9a2»-25. 57. 4a4i/_9,

Fill in the following blank forms and factor

:

58.
( )2-( )2. 59.

( y-i y.

PREPARATORY EXERCISE 63

Remove the inner parentheses only :

1. lx+(y-z)']lx-(y-z)'].
2. [a + (6-c)][a-(6-c)].
3. [a-^(x-y-{-z)^la-{x-y-{-z)'].

4. [(a-6)H-(c-d)][(a-6)-(c-d)].
5. [(a^-2/) + (a + 5)][(a)-2/)-(a + 5)].

6. [(a-4) + (6-c)][(a-4)-(6-c)].

EXERCISE 64

Obtain factors of the following expressions, checking all re-

sults numerically

:

1. (a-|_6)2_i. 5. (a + 6)2- 81 c2.

2. (a + 6)2-4c2. 6. (c - 7i)2- 100 ry2.

3. lx-y-\-zy-l. 7. 36A2_49(^^^_,_^.)2,

4. (a 4.6-0)2-9^2. 8. 25?i2_64(a + d)2.
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9. 4a2-9&2(c + d)2. 23. {a-{-hf-(x-y -\-zy.

10. IQx'-^^yXz + wf. 24. {a-hy-\x-{-y-zy.
11. 49c2(£c + 2/)2-l. 25. (x-?/- 2)2- (a + 5)2.

12. 81 d2(a; - m)2- 4. 26. (a + 6 - c)2- 9(a;-2/)2.

13. (a + 6)2-(c-f d)2. 27. 9(aj+?/)2-16(;2 + w;)2.

14. (a; + yf-{z + wf. 28. 9(a - 5)2- 49(c - df.

15. \a4-xf-{h~yy. 29. 4 a;2- 49(a + 6 + c)2.

16. (6-m)2-(c + 7i)2. 30. 64(^ + /i)2-121(A: + r)2.

17. (a_6)2-(c-d)2. 31. 36(^-a;)2-169(/i-2/)^

18. (a + 6 + c)2- d\ 32. 225 (a + hf- 225(c + d)2.

19. {x-y-\-zy-w\ 33. 49(a2+ 6)2_144(a + &2^2,

20. a2-(6 + c+d)2. 34. 16(a2 + 62)2_i21(a + 6)2.

21. 62_(a,_2/_^^)2^ 35. 64(a + 6 + c)2-169r:«2^

22. c2-(m-«-z(;)2. 36. 121(a- 6 -f c)2 - 225 ^2.

EXPRESSIONS THE TERMS OF WHICH MAY BE SO
GROUPED AS TO APPEAR AS THE DIFFERENCE

OF TWO SQUARES

EXERCISE 65

Factor each of the following expressions

:

1. x^ -{- 2 xy -\-
y"^ — z^.

2. m2 + 2 mn + ^2 — v?.

3. a^~2ah-^h^-y\
4. c2 - 2 cd + ^2 - lz\

5. a2-f 2a6 + 62-4.

6. c2-2cc^ + d2_9^

7. a24-2a6 + 62-l.

a g^ — 2 gk -{- k^ — 4: m\
9. /i2 _ 2 hx 4- aj2 - 16 i/2.

10. a2 + 6a6 + 962_c2. 22. 8l2)2 + 36paj + 4 .'c2 - 1.

11. x^ -10 xy-{- 25 y^-z''. 23. 1 - 9 tt2- 30 a6- 25 62.

12. m2-12m7i + 36n2-^2^ 24. 49 a2- 28a& + 4 ^2- 9 c2

25. 36d2_,_(50c?2^4_25z2-121w;2.

26. 64c2-48cn + 9n2-16?;2.

27. aW + 28 a6 H- 196 - 169 c".

28. c2^2 _ 24 c^ + 144 - 121 k\

29. a2 + 2 a6 + b^- c'-2cd- d\

13. 1 _ a2 _ 2 a6 - 62.

14. l-x'-2xy-y\
15. 4:-c^-2cd-d\
16. 9 — m2 + 2 mn — n2.

17. 25 a2 - 10 a6 + 62 _g2^

18. c2_ 18 c + 81-^2.

19. /i2 _ 20 7i + 100 - k\

20. 16a2_ 8a6 + 62-16.

21. 49 c?2 -Udr + r^- 49.
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37.

38.

39.

40.

30. c^-2ch-\-h^-m'-2mr-r^.
31. lc^-^2kn-\-n^-r'-^2rs-s\

32. Ji' -.2ht-{-f- iv- + 2ny- y\

33. 9a2 + 6a5H-62_c2-4cQ5-4d2.
34. 0.-2-100;?/ + 252/2-36:^2

35. a2-14a^ + 4962_a^_16a;?/-64/.
36. 10062_206d + d2-?/2 + 182/3-8l22.

48a2-3 62. 41. aa^y-axy^.

7x2-632/2. 42. a;2-2/2 + a;2+2/2;.

45-125a262. 43. a;2_y2_^^_y^

28 x'y^ -7(c + d)2. 44. a'b - ah' + a'b + abK

EXERCISE 66

Factor each of the following expressions

:

1. a4 + a2_|_i^ 4. d'- 14^2+1. 7. 252;^ + 9;z2_^i,

2. 64_6 52 4.i, 5. 4a;'4--21a!2_|_i^ 8. 36w;4-37t(;2 + l.

3. C4_7c2 + 1. 6. 16 y''- 17 2/2+1. 9. m^-8m2 + 4.

10. n^^5n'-\-9. 18. 81d4 + 41f^2^2_,_25^4^

11. x^-x' + U. 19. 121 ^4 + 101 ^2/^2 _p 25 /i^

12. 2/^-142/2 + 25. 20. 81(X^ + 143a262 + 64 64.

13. 4a4+3a2?>2 + 9 64. 21. 49 ari + 64 2/^ + 87^22/2.

14. 16 64_^4 62c2 + 25c^ 22. 25m4 + 36w4 + 35m2n2.

15. 36r* + 83r2s2 + 49s^ 23. 25 a* + 81 68 + 41 a^6*.

16. 25c^ + 35c22/2 + 36 2/^ 24. xi2-34a;y + 8l2/^2.

17. 121 m* + 116 m2w;2 ^ 35 ^4

PREPARATORY EXERCISE 67

Find two numbers having given their product and also their

sum:

1.

2.

3.

Product 2, sum 3.

Product 6, sum 5.

Product 3, sum 4.

4. Product 8, sum 6.

5. Product 10, sum 7.

6. Product 16, sum 8.

7. Product 6, sum 7.

8. Product 21, sum 10.

9. Product 16, sum 10.

10. Product 30, sum 11.

11. Product 20, sum 9.

12. Product 54, sum 15.

13. Product 55, sum 16.

14. Product 84, sum 19.

15. Product 4, sum — 5.

16. Product 12, sum — 8.
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17. Product 35, sum — 12. 21. Product — 42, sum + 1.

18. Product 48, sum — 14. 22. Product — 40, sum — 3.

19. Product — 24, sum -|- 2. 23. Product — 63, sum — 2.

20. Product — 24, sum — 2. 24. Product — 4, sum 0.

25. Product — 65, sum — 8.

TRINOMIALS OF THE TYPE x" -{- sx -\-

p

EXERCISE 68

Factor each of the following expressions :

1. a2 + 4a-f 3.

2. b^^6b-{-5.

3. c2 + 6c + 8.

4. cP^5d-^6.
5. a;2-f-7a; + 12.

6. ^2^10gr + 21.

7. ^2_^8^ + 15.

8. m2 + 12m + 32.

37. 62 + 16 6 - 57.

38. a" - 13 a - 68.

39. c2 + 12c-64.
40. cP -h 23 d + 132.

41. a;2_ 18 a; + 77.

42. y^ + Ay - 96.

43. ^2 + 22^ + 85.

44. r2-7r-120.
45. s2 + 6s-160.
46. 62-32 6 + 240.

47. c2 - 29 c + 190.

48. d2 + 27d + 170.

49. /i2 + 6/i -280.

50. A;2 - 18 ^- + 180.

51. a262 + 5 a6 + 6.

52. x^y"^ — 5 xy + 4:.

53. k''w^-Skw-2S.
27. 62 + 10 6 - 39. 54. cY + cy - 30.

9. m2 + 10 m + 24.

10. 2/2 + 12 2/ + 35.

11. z''-^15z-{-50.

12. iv"^ + 15 w + 56.

13. s2_12s + 27.

14. a2_14a + 48.

15. ^2 _ 16^ + 55.

16. ^^-19^ + 90.

17. r2_16r + 48.

18. a2_ 180+45.
19. a;2_i6a; + 63.

20. ^2 -18 2/ + 80.

21. Z'^-4:Z- 12.

22. 62 + 5 6 - 24.

23. A;2_3A;-54.

24. ?7i2 — 4 m — 45.

25. t^-St-S3.
26. a2 + 5a - 66.

28. n2 + 107i-56.
29. c2 - c - 56.

30. (P^d- 72.

31. /i2_|.23/i + 130.

32. s2_20s + 91.

33. r2 + 2 r - 99.

34. v2_4^,_140.
35. A2_^22/i + 96.

36. 0? - 23 a + 90.
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55. c2d4-4cd2_5. 59. (x-yy-\-ll(x-y)-\-24:.

56. k*r^-\-Sk^r-10. 60. (r -{- sf - 12(r -\- s) + 27

.

57. (aH-6)2 + 6(a + 6)4-8. 61. (t - vf- 13(t - v)-[- 36.

58. (c + d)2 , io(c + d)+ 21.(c-fd)2_j_l0(c + f^)+ 21.

Fill in the following Blank Forms in different ways and then

factor

:

62. ( )2 + 5( )+6. 65. 62_^6 6-( ).

63. ( )2-7( )+12. 66. c''-6c-\-( ).

64. a2 + 6a+( ). 67. d2-6d-( ).

68. Write binomials in the above Blank Forms and then factor.

TRINOMIALS OF THE TYPE a^'« + sa;"' + jp

EXERCISE 69

Factor each of the following expressions

:

1. a4 + lla2 + 30. 22. ci8 + l9c« + 84.

2. Z,4_pl2 62_f_20. 23. n2o + 2ni»-35.

3. x'-\-15x'' + 56. 24. a''^ + 20 a' + 96.

4. a4 + 9a2 + 18. 25. d2- + 16d- + 63.

5. a;4 + 2a^-15. 26. 52m -86-- 65.

6. c4_c2-90. 27. a'^d _ lo^d _ 39^

7. c6 4- 5 c3 -j- 4. 28. r2« + llr«H-30.

8. d^-^Sd'-^7. 29. 2/2"-14?/« + 48.

9. a6 + 19a3 + 90. 30. ^s^- _ 2 ;s^ - 35.

10. 66^66^-55. 31. 4 d2 + 16 d + 7.

11. ^_7^3_i20. 32. 4 c2 + 20 c + 9.

12. a;6 _ 18 aj3 ^ 72. 33. 4ar'-28aj + 13.

13. c8 + 5c^ + 6. 34. 9 ^2 _ 18 d + 8.

14. -y8_,_7^4_l70. 35. 25a2-35a + 12.

15. sio_ 7^5.^10. 36. 49 2/'^ + 142/-3.

16. A:io_ 13^5.^42. 37. 16 t'2 + 40 V + 9.

17. 7iio-20/i^ + 99. 38. 81/i2_45/,_i4.

18. a,io^lOa;5_96. 39. 36^2 + 24^-5.
19. mi» + 22m^ + 40. 40. 64a;2-80a;-ll.

20. 2/12 + 9 2/^ + 20. 41. c2 + 15cd4-26cP.

21. zi^-17;37 + 70. 42. 62-12 6a; + 27a^.



INTEGRAL FACTORS 65

43. a'^-19ad-\-34:d'^. 45. a^ - 12 xy - 2S y\

44. y^-21yz + 8Sz\

Fill in the following Blank Forms and factor

:

46. ( )^ + 7( )2 + 6. 48. ( )« + ( y-20.
47. ( y-2( )2-24. 49. ( y-12( y-2S.

TRINOMIALS OF THE TYPE ax^ + bx-{-c.

EXERCISE 70

Factor each of the following expressions

:

1. 2x^-]-3x-\-l. 17. 6c2 + 17c + 12. 33. 5 x'^
-{- IS x - 6.

2. 32/2 + 4?/ + l. 18. Sd^-{-lSd + 9. 34. 17/+62/-11.
3. 4^2 + 52; + L 19. 9^2_|_|9^_^2. 35. Um^-\-7Sm+15.
4. 2a2 4-5a + 2. 20. 9/^2 + 21/^+ 10. 36. 14a2-33a + 18.

5. 2ft2 + 7& + 3. 21. 7;32_20z + 13. 37. 54 a^ - 15 a - 50.

6. 3c2 + 7c + 2. 22. Sw^-25w-\-17. 38. 36m2 + 27m + 2.

7. 3d2 + 10d + 3. 23. 19A:2-21A:+2. 39. 30 m^ - 47 ??i - 5.

8. 2g'' + 5g + 3, 24. Il/i2_30/i+19. 40. 8?>2_146-39.

9. 4/i2 + 13/i + 3. 25. 22s2 + 29s + 7. 41. 7aj2_io.T + 3.

10. 5A;2^13A; + 6. 26. 10^2 + 17^+7. 42. 30 c^- 31c + 8.

11. 3r2 + llr + 6. 27. 14:t^-19t + 5, 43. 56 x!" -^ 65 x - 9.

12. 4s2 + lls + 6. 28. 5y^ + 6y-ll. 44. 4.0y^ -hUy -83.

13. 6w2 + i3^y_j_2. 29. 15a2 4-8a-7. 45. 7 a;^ + 13 + 20 a;.

14. 6a2-13a + 7. 30. 1462-36-11. 46. 28 ic2 + 17 _ 48 a;.

15. 762-1564.2. 31. 13d''-7d-6. 47. 48 a;2 _ 23 a; - 13.

16. 7c2-16c + 4. 32. 4^2 4.5^_9_ 43. 18 aj2 + 37 a; + 19.

49. 20 a2- 17 a -3. 57. 6 a262 + 7 a6c - 5 c2.

50. 8a262 + 103a6-13. 58. 3(4 ar^ - 21) - a;.

51. 17 a2a;2 _^^ax-\- 4. 59. 13 m2 - (m + 14).

52. 20m2 + 19mn + 3n2. 60. 15 + w(19 w - 34).

53. 7 62 4- 41 6c - 6 c\ 61. /i(22 h - 19) - 15.

54. 40 aj2 -S3xy + 42 y^ 62. 6(1 + 15 6)- 16.

55. 9 a;2 - 4 aJ2/ - 13 y\ 63. 2(3 2/2 - 28 z^) + 41 yz.

56. 9a;2+55a^-562/2. 64. 7 c(29 d + 14 c)+ 14 ^2.

Fill in the following Blank Forms and factor

:

65. 2a;2+( )a; + 7. 67. 8 2;2 + ( )5; + 10.

66. 3 2/2 -( )2/ + 8. 68. 10w;2-( )«;-21.
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BINOMIAL SUMS AND DIFFERENCES OF LIKE POWERS
EXERCISE 71

Factor each of the following binomials

:

1. x^ + y\ 20. 512 -dl 39. m' + 128.

2. f-z\ 21. c^-l. 40. 128a7-l.
3. d^ + 1. 22. a' + bK 41. 81a^-5^
4. 1 + 6'. 23. c' - d^ 42. 125 + 27 a\

5. c'-l. 24. a^ + 1. 43. 16a4_i.
6. l-a\ 25. 1 + 6^ 44. 16a4_625 6^

7. a' + S. 26. 6^-L 45. 81 x' - 256 y\

8. Sa? + 1. 27. 1 - al 46. 1296 - a\

9. 125 + a\ 28. a5 + 32. 47. 2401 - x\

10. 27 & + 1. 29. 32 - 61 48. 32 a' - 243 b\

11. o? + ^h\ 30. a^H-L 49. 1024 a^ + 6^

12. 8 c^ + d\ 31. 32a^+l. 50. 3125 + c^

13. W - 64. 32. a« - 6^ 51. 64a« + l.

14. 27 - d\ 33. a«-l. 52. 64 a« + b\

15. m' + 216. 34. l-b\ 53. 1000 m'-z\
16. 216 - nK 35. X'-64:lf. 54. 1728 a' - b'\

17. a' + 343. 36. x'-y\ 55. 32ai" + l.

18. 343 a' - 1. 37. V - 1. 56. a'' + 612.

19. C3 + 512. 38. a' + 1.

Fill in the following Blank Forms and factor

:

57. x^+( ). 58. f-( ). 59. z^-{ ). 60. -m;*^ + ( ).

POLYNOMIALS OF THE THIRD DEGREE
PREPARATORY EXERCISE 72

Obtain the following products :

1. (a + l)(a + 2)(a + 3). 8. (a - l)(a - 6)(a - 9).

2. (6 + 2)(6 + 3)(6-f-5). 9. (m-{-l)(m + 2){m -S).

3. (c + l)(c4-4)(c + 6). 10. (a + l)(a-2)(a + 3).

4. (a + 2)(a + 4)(a + 7). 11. (d -2)((i -3)(d + 5).

5. (x-^l){x + 5){x-{-6). 12. (6_5)(6 + 6)(6-8).

6. (2/-2)(2/-3)(y-4). 13. (a + l)(a + 6)(a + 6).

7. (6_3)(6-5)(6-7). 14. (a; + 2) (a; + 2) (a; + 9).

15. (a + 4)(a + 4)(a + 4).
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EXERCISE 73

Factor each of the following polynomials :

1. x^-6x' + llx-6. 11. a.-3-8a;2 + 21aj-18.

2. a^- 7x2 4.i4^_8, 12. a.-^ - 8 a;^ + 11 a; + 20.

3. a^-8aj2-j-19a;-12. 13. a^ - 7 x^ - 28 a; - 20.

4. a;3-lla;2 + 31a;-21. 14. a^ - 9a;2 + 24aj - 20.

5. a:^ - 10 a;2 -h 31 x - 30. 15. x' — 7 x""-^ 15 x + 9.

6. x" - 14 a;2+59 x - 70. 16. a;^ + 16 x^ + 41 a; -f 26.

7. ar' — 13«2+47a;-35. 17. a^ + ox^ -f 8a; + 4.

8. a^ - 12 a;2 + 41 a; - 42. 18. ^ + 10 x" - 13 a; - 22.

9. a^ - 10a;2 + 27 a; - 18. 19. o^-^x'-Z^x- 27.

10. a^-12a;2 + 29a;-18. 20. a^ - 9 a;^ -|- 15 a; + 25.

Determine either by the Remainder Theorem or by the pro-

cess for long division whether or not a; + 2 is a factor of each of

the following expressions:

21. a^+4aj2_,_2a; + 4. 27. ar'- lOa;^ + 27a;- 18.

22. x^-x'^ — ^x-\-2. 28. a;3 + 10x2 + 29a;+ 20.

23. a.-3-2a;2 + 4a;-6. 29. ^(a;^ _ 9) _ 2(3 a;2 _ 7)

24. a;3 _,_ 2 a;2 _ 29 a; - 30. 30. xix" - 10) - 3(a;2 _ 8).

25. x3+3a.'2 + 3a.-4-2. 31. a-^ + 6 a;^ - a; - 18.

26. a;3_|_^2_io^,_j_g 32. a;3-25a;2 + 71a;-46.

Determine whether or not a; — 2 is a factor of each of the fol-

lowing expressions:

33. a;3_|_9^2_^8a;-60. 37. a;^ _j_ 3 a;^ + 4 a; - 24.

34. a;3 _j_ 7 ^2 _ 3^ _ 30^ 3Q^ a.-^
- 9 a;^ - 3 a; -f 40.

35. a;3-5a;2 + 10 a;- 8. 39. a.^ + 6a;2- 21 a;- 8.

36. a;3-i-10a;2_25a;_j_2. 40. a;^ - 14 a;^ _|_ 27 a; _ 6.

Fill in the following Blank Forms and factor:

41. a3-fl4a2 + ( ) + 40. 43. & -\- { )(? + {
)c-48.

42. 6-'' + 13 62 + ( )
4- 36. 44. d^ - ( )d2 _ (

y_ 30.

EXERCISE 74

Miscellaneous

Factor each of the following expressions

:

1. 2 a + 2 ft. 3. cx+ cy + dx + dy. 5. a^ — 16.

2. 15c-5cc?. 4. c2-16c + 64. 6. 62_64.
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7. x^ -{- 2 xy + y"^ — vfi. 44. 144^2_25A;2.

a 11 mx— 11 my. 45. 2/^ + 27 2/ + 50.

9. x^^4.x-5. 46. 9 C2d2 + Q ^^^ _,_ J.2^

10. mn -}- n -|- m + 1. 47. 01? -[- X^ + X.

11. 52_75^10. 48. a^ + a;2 + a; + 1.

12. 5a;2 4-6a;-|-l. 49. 27 62 _ 3 d\

13. 7 d2 - 14 (i + 7. 50. ^2^2 _ ^2^2^

14. /i^ + l. 51. m zV- 12 zw + \.

15. a^ + a\ 52. 169 mH'' - 1.

16. 3g2_3. 53. c2 4- 2 cfZ + d2 - 4 h\

17. 25 -m^ 54. xhjz + xy^z.

18. a^-9. 55. ^2- 30 2 + 81.

19. 6^-49. 56. 3 c2 + 13 c + 4.

20. a;4_25/. 57. a^ + a2 - a - 1.

21. 4-a^. 58. A;3-8.

22. 81^*-1. 59. 8 m^ - 1.

23. .3 cd, - .12 de. 60. a:^ + a;2 + 1.

24. OJ^+l. 61. ?o2-18 2^-63.

25. y'-l. 62. 5d2 + llc? + 2.

26. 5 c2 - 10 cd + 5 dl 63. 67i2A;2 _ 62/^2^;.

27. 49 x2 - 9 2/^ 64. d'-Sd^-4.d-i-12.
28. 81_18^-f ^2_ 65. 4 + 4 6 + 62 + 61

29. c2 _ 9 c + 20. 66. 7a2^_8a + l.

30. 362 + 56 + 2. 67. /i2_97i_70.
31. 6 gr/i + 18 g\ 68. 5x + 5 — a? — x\

32. 5 7^-5 81 69. 9 m^n^ + 30 mn + 25.

33. Sd' + ecd + Sd''. 70. x^yz + x7fz-\-xyz'^.

34. 4a2 + 12a6 + 962. 71. 121a^y^-4:zhv\

35. 27 62 + 36 be. 72. 169?/'-1002i«.

36. d''-\-2d-24.. 73. 27-\-n\

37. 2/i2 + ^_3. 74. 2a3 + 54.

38. 4c2-9. 75. m' + w^

39. c2(i2_9. 76. (a + 6)2 + 8(a + 6)+15.
40. 100 - ¥k\ 77. (c_d!)2-6(c-d)-72.
41. 25 d^ - 81. 78. 29 c2 - 26 cd - 3 d^.

42. aj2_s^_28. 79. 2d^-\-S3dh-j-Slh\

43. 100^2_i21t«2. 80. a^c + 2 a6c + bh.
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81. a^-\-a^ + 25.

82. a"" + a^b"^ -\- b\

83. 12 ccP + 24 c'^d - 36 c\l\

84. 26m3?i-13?>i2H2_|_39^j^^3

85. a262 + 21 a6 + 80.

86. c'-3cW-\-d\
93. 9(a;-2/)^-42(a;

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

87. 49a2_28a6 + 4 62.

88. 81 xhf + 90 xyzw + 25 z^w^

89. c2d2 + 20 cd -j- 96.

90. m'^n'^ -\- IS 7nn — AS.

91. a^b^-{-l.

92. (m + ?z)2 + 12(w + 7i)4-36.

-y)+49.
94. (gr + ^.)2 + 2(^+/0(A:^-^)4-(A:^-^(;)2.

95. (a-&)2 + 8(a-?>)(c-d)+16(c-d)2.
123. 2 a& — 1.5 ac — .5 ad
124. (cc + ?/)2 + 24(a; + 2/)+ 95.

125. 121g^-66gh-\-9g^-9k\
126. a'^+2ab+ b''-c^-2cd-(P.

127. 4 64 + 16 62^25.

128. 16.^'4 — 49a;2^2_j_9 2^4^

129. ^10 + ^5-42.

130. a^ + 6 a263 + 8 6«.

131. 13a;2-4a;-17.

132. 19w^-^4.w-23.

8m2-llm + 3.

7 ^^2 _ 5 ^^ _ 2.

11 7^2 + 14 /i + 3.

13 c2- 18 c + 5.

x^ + 4.x'- 21.

k^-5k^- 36.

16 - ici«.

144 o6 _ 49 58^

36 22- _ 1.

81 ^2- _ 4.

C2'»— CZ2".

a.2m _j_ 14 a;"» _j_ 45.

y2fn
_|_ 2 ^^^m _^ gZrn^

4 (^2n _ 4 f^n;^n
_f_

;'.2„

cx-{-cy-\- cz -\-dx -{-dy-\- dz.

ar-\-as-\-at—3 r—3 s—3 f.

(/i-A:)2 + 5(/i-A:)-84.

5 m2 - 38 mw - 43 n\

9 h' - m /i2 + 25.

4 ^+ 4 /i+4 A; -f cgr -f c7i -h cA;.

a2 _ 2 a6 + 62 _ 9 ^2

9 — a;2 — 2 a?!/ — 2/2.

4 — 7-2 + 2 rs — s2.

8 - c^cZ^.

216 + a\

5 a3 + 5.

7a:3_7.

133. 17a262-52a6H-3.
134. 15 aj2 + 31 a;?/ 4- 16 2/^

135. 42* -a^.

136. 169 a2'« _ 121 62'".

137. S&-21d\
138. {x^yf — 1.

139. (a + 6-c)2-9.
140. (a + 6)2 - 4 02^2.

141. (m+7i)2-(r + s)2.

142. 9 62-|-66c + c2-25fc2.

143. 49/t2-14M + A:2-81?/2.

144. 16a;2-|-40a;2/+25 2/'-9z2.

145. 6'«
-f 10 62c3 + 16 6«.

146. (2-w)2-29(2-w)+ 100

147. 81a2&2c2_i00((^ + 7i)2.

148. lQ,{d-hf-AQ{t-vy.
149. 4(c-d-7i)2^9(a;+?/+2)2.

150. 25 c2 + 20 c(Z + 4 d2 - ^2 _ 12 gh _ 36 7*2.
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EXERCISE 75

Miscellaneous

Obtain factors of the following, checking all results numerically

1. a^ + a^-l-a. ^ 34. a-\-a\

2. xy-{-4:X — Sy — 12. 35. x^ -\- 19 x^ -\- SS.

3. a2 + 22a4-121. 36. a'b'' -\- SO ab -{- 104..

4. x^-lU, 37. a^x'^-\-3abx + 2b\
5. cc2 + 3i»4-2. 38. 14:-21m-Um\
6. 2a;2 + lla; + 12. 39. 128m^-18ri2.

7. So? -12. 40. c4-5c2d2 + 4d^
8. 3A;2 + 33A: + 72. 41. 27c2 + 18c + 3.

9. Tcm-\-2 Im -sk-2 Is. 42. aj^z/V - 4 a;?/2 - 12.

10. i»2 4-5ic-6. 43. Sa^^V— 18c^

-ill. 49 ^2 _ 35 ^2^ 44_ aj* - 21 a;2 + 80.

12. a;2m_2^2m 45^ 25 tt^" — 26 a^ + 1.

13. a;2 _ 22 a; + 105. 46. 144flj2_625^2

14. ar' + oj^-aj-l. 47. 16 tt^ - 41 aV + 25 c^

15. x'^-[-cx^2dx + 2cd. 48. 64a^4-2.

16. (a-6)2-ll(a-6)-12. 49. 8 a^ + 729.

17. a3-343. 50. 62.^288-34 6.

18. 2a3-|-54. . 51. aj« + 25 ic^ + 24.

19. 7 a' - 7 a. 52. 50 - 20a; + 2 x".

20. 5m4-6m2 + l. 53. 147 a^- 75.

21. m2 + m - 2. 54. a^ - 38 a;^ + 105.

22. 2a3 + 28a2 + 66a. 55. 8-9a^ + a^.

23. 3a2 + 30a + 27. 56. 64 -a^.

24. 13a;2 + 25a;-2. / 57. 6 a^^- 150 -60 a.

25. 2a;2 + 12a; + 18. 58. 3 ar^ + 36 a:?/ + 108 .y^.

26. 2a2 + 3a + l. 59. 4: y? - 2^ x-y -\- 4:9 y\

27. 6a2-3a-3. ^60. 80 a^ - 20 a^i^.

28. 169c2-9ri2. 61. 64 ?-2 4. 80 rs + 25 s^.

29. 56-15a; + a;2. 3 62. a^- 7 a;^ + 14 a;-8.

30. 15a24-2a;?/-242/^. - 63. (a-\-bY-l,

31. 75a2_3 62. 64. 9 a^ + 24 a6 + 16 ft^.

32. 5ar2 + 20a;4-20. -5 65. (a + 6)2 + 8(tt + 6) + 15.

33. 15a2 + 41a + 14. 66. (a + 6)2 + 5(a + 6) + 6.
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67. Sc^-Ucy + Sy\ 69. 30 a^ - 154 a + 20.

68. a^"* + 2 a'"^"* + 6^"*. 70. ic^'" — 2/^'".

71. (c + c?)2 + 12(c + d) 4- 20.

72. a2-2a6 + 62_ii^_^115_12.
^ 73. 4a;^-13a;y + 9 2/^. 85. xYz" - S xyzw - 20 w\

7 74. a«-50a3 + 49. 86. 4m(m+3)+9.
75. aj3^9a;2 4_26.T + 24. 87. 2 a(4 a - 19) + 35.

76. a^ -\-9 aVj + 23 ab''- 15 b\ 88. (2 a; + 3 2/)' - (3 a + 6)2.

77. {a + by-2(a + b)-\-l. 89. x" -y"^ -2yz-z\
78. ^4 + 11(2^2 + 11). 90. 49 m^ - 65 mV + 16 71^

79. 18 /i2 - 31 /iA; + 6 A:2. 91. a^- 7(2 a -7).

80. 16ci2_(2?; + 3c)2. 92. a^-f-8a.

81. a^- 13 a + 12. 93. 2/2- _ 68 2/"^ - 140.

82. 12 a2- 12 6(2 a -6). 94. 4:x{x + y) + y\

83. (c + d)2 + 10(c + d) + 21. 95. 3r2 + 4(2r + l).

84. 2a(a + 6) + 18. 96. a^ -3xy^ + 2 f,
^97. a2 + 49 62_l + 14a6.

f 98. c2 + d2 + 2cd-a2-62_2a6.
99. c''-2cd-\-(P-2(c-d)e + €^,

100. s(^ -\- {c -\- 2 d)x -\- 2 cd.

/'lOl. a^ — a^ — 7a2 + a + 6.

102. m2 + 7i2 + 2 mn — a^ — 62 _ 2 a6.

103. l + 2cd-c2-d2.
104. 7^2 + 2 /m + m2 + 2 7^2/ + 2 m2/ + 2/^^.

105. 16 a^- Sly*. 108. a263-16 6V.

106. 9 + 49aj2-58a^. 109. j^ -\- f + x + ij.

107. a;^ — 9 a;. 110. x'^-y*—(x-j- y) {x — y).

111. a^b + ^ay'-^a^-bK
112. a2 + 62 — c2 — m2 — 2 a6 + 2 mc.

113. 4 x2'» — 32 a^'^2/" + 64 ?/2«.

114. x2 _j_ 2 0^7/ + 2/2 + 8 a'2; + 8 2/2; + 15 z".

115. 4a2-25 62 + 2a + 5 6. 120. ai2 + 4 6^2 _ 5 ^6^6_

116. x'y'^z^ -Saxyz-20a\ 121. «6(a;2 + 1) + a;(a2 + 62).

117. a^ + 9 a253 ^ 18 ^6^ 122. 1 + 6-5662.

118. 2/^"» - 168 2/"* — 340. 123. l-17a;2 + 16a;4.

119. a362 - c^62 - a3d2 _f_ c3(^2 124. 4 - 52 a;^ + 169 aj^^

125. a6c3 + 3 a6c2 — a6c - 3 ab.



72 EXAMPLES IN ALGEBRA

126. 4(a2 4.c2)(a2-c2)-|-3 63(4rt2_|.3 53)^

127. o?-W- a{a^ - &2) + b{a - bf.

128. 9 a^ + 71 a^ - 8. 132. a^' + 18 a'b' - 144 b^^

129. (a; H- iy)(a; +2/ 4- 7) + 10. 133. ftca^^ _^ (ac + &f^> + ad.

130. a'^ — b\lla'^ — ¥). 134. o^^m _^ (^^.^ ^ ^^^m _^ ^^^

131. na2« _ 19 na" + 34 71. 135. 25 a* + 81 ^^ + 41 a^^^.

136. aX« + 1) + b%b + 1) + 2 a&.

137. x\x -{-!) —2xy — y\y — 1).

138. a\a + 36)+ 62(^ + 3 a), /v 142. 12 a'^ + 12.

139. a^2 _|_ 2 aa; + a2 - b\ 143. 6 a^ + 5 aa; + x\

140. 8a8-8. 144. 14 «2 _ 109 «& - 24 &2.

tf 141. 16tti«-16. 145. 7 a;2 + 47 a;2/ + 30 2/2.

146. a"- (P - 6(2 a - &) + c(2 d - c).

147. c2 + d2_g2_j2_,_2(e/-_cd).

148. x^-2 x^-\-2x-l.

149. a^a; + ¥y + ft^aj + ^22^ ^ 2 (afta; + aby).

150. (a + by + (6 + d)2 - (c + d)2 - (c + a)2,

APPLICATION OF FACTORING TO THE SOLUTION OF
EQUATIONS

EXERCISE 76

Solve the following equations, regarding the letters appearing

in them as unknowns, and verify all solutions by substituting for

the letters in the original equations the particular values found

:

1. a;2 _ 4 aj 4_ 3 = 0. 11. ;22+ll2+30 = 0.

2. / - 5 1/ + 4 = 0. 12. ^y2 + 11 w; + 24 = 0.

3. a2_6a-7 = 0. 13. c2 + lic + 10 = 0.

4. 62 _ 7 6 + 10 = 0. 14. g,2_io^ + 25 = 0.

5. c2_8c + 12 = 0. 15. ^4.14r+49 = 0.

6. ^2_9.^ + 18 = 0. 16. s2_i83_,_81^0.
7. h^^5h-\-6 = 0. 17. x2 + 12a;+36 = 0.

8. k''-\-6k-\-S = 0. 18. 2/2_i6y_^64^0.
9. m- + 4 m — 5 = 0. 19. ^2-2^ = 0.

10. n^^7n-S = 0. 20. ^2 _ 3 ^ = 0.

21. c2 + 4c = 0. 23. m' = 7 m. 25. %p=p\
22. d' = 6d. 24. 5n = n\ 26. q^ = -9q.
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27. h' = -10 h. 32. m^ = 36. 37. r2-|-r = 20.

28. A:2-4 = 0. 33. n^:= 49. 38. s2-s = 42.

29. a' -9 = 0. 34. (P:= d. 39. x^-\-x = 56.

30. 62 _ 16 = 0. 35. F--Jc = 6, 40. ^2_^=72.

31. 'u^ = 25. 36. ^2._/i = 12. 41. 2/'+ 2^ = 15.

42. ^2_j_32=28. 72. 7c2 + 22c + 3=0.

43. t(;2 -f- 4 It' = 45. 73. lld2 + 23d + 2 = 0.

44. a2-i-6a = 16. 74. 5^/^ + 7^ + 2 = 0.

45. 62_55 = 50. 75. 6/c2_|-5A; + l = 0.

46. c2 _ 7 c = 18. 76. 10m2 + 7m + l = 0.

47. cZ2_8fZ = 48. 77. 15n2 + 8n + l = 0.

48. /i2 + 12 = 77t. 78. 20r? + 12r + l=0.

49. fc2+40 = 13A;. 79. 20s2 + 9s + l =0.

50. m2 + 32 = 12m. 80. 21^2+10^ + 1=0.

51. ^2 + 13 = 1471.

52. r^ - 14 = 5 r.

53. s2-21 = 4s.

54. f2_26 = ll^.

55. 'y2_35 = 2'y.

56. 62 _ 38 = 17 6.

57. fc2-48 = 13fc.

58. /i2_33 = -8/i.

59. m^ — 34 = - 15 m.

60. -r — 27 = — 6 r.

61. 2z'-7z + S = 0.

62. 3g'-7g + 2 = 0.

63. 13n2-14n + l = 0.

64. 5^2-21^ + 4=0.

65. 7w;2-15w+2 = 0.

66. llaj2-34a; + 3 = 0.^

67. 5 2/2 -7 2/ + 2=0.

68. 722_i02 + 3 = 0.

69. 2w;2_5^_,.. 3^0.
70. 3a2 + 4a+ l = 0.

71. 562 + 66 + 1 = 0.

81. 18^2-11^ + 1 = 0.

82. 26 2/'-15 2/ + l = 0.

83. 30 ^2 _ 13 ;2 + 1 = 0.

84. 20^ = 64 w.

85. a' = Sla.

86. 6^ = 100 6.

87. C^=C2.

88. c3_6c2-7c = 0.

89. az_jci^_Sd = 0.

90. kz^SJi^-10h = 0.

91. A:3 + 4A;2-12A; = 0.

92. m^ + 6 m2 — 7 m = 0.

93. ^i3_8,j,2_9,^^0.

94. p^-\-102)''-np = 0.

95. g3_^4^2_21g=0.

96. ^_llr2 + 28 = 0.

97. x4-12a^ + 35 = 0.

98. y^-.13y'-\-SQ=0.

99. 24_^922_^;L4 = 0.

100., w^-}-10w^ + lQ = 0.
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HIGHEST COMMON FACTOR
EXERCISE 77

Find the H. C. F. of the expressions in each of the following

groups

:

1. ah, ac. 4. 5 x, 7 x. 7. 25, 5 a. 10. abc, acd.

2. xy, yz. 5. 4 7n, 6 n. 8. 12 a?, 8. 11. xyz, yzw.

3. 2 a, 2 6. 6. 3a6, 3ac. 9. 6xy,Sxy. 12. ahc^acd.

13. 3 ac?fc, 6 a(?7i. 18. mw^, 912(7. 23. a^h\ aWc?.

14. a2, ah. 19. a^ftc, aftc^. 24. a^¥c\ aWcK

15. 5c, c2. 20. 0253^3^ ^252^2. 25. 10 abc, 18 aca;.

16. a;2^, xH. 21. aft^c, a^ftc^. 26. 9 a'h, 21 ^^c.

17. a\ac\ 22. x^z, xyH"^. 27. 8 a:/, 36a;z2.

28. 18 a^ft^ 51 a26^ 39. m^n^, m^n\ m^n\

29. 33 x'^yh'^, 44 a^y^^js^ 40. x^yz, xy^z, xyz^.

30. 26 a^6V, 65 a36V. 41. a35c2, ^2^3^^^^ ^^2^3^

31. 63 hcW, 72 h^c^d. 42. aV>2a;2/, a^ft^y, d^h'^zio.

32. 48 a;22/22, 64 xyh. 43. a^^^c^e, 63^4^2^ a254g2f^2^

33. m ah&, 70 a^ftc. 44. a%'>c, a^h% a'h'de.

34. 45 ahc% 75 a26cd. 45. xyz% x^yh\ aPy*z\

35. 51 a'^¥c% 68 a&cc?2. 46. a^^^c^ a^h^c% a'^h^c^

36. 54 a26Vd2, 90 a^h^c^dK 47. 19 A:m^, 57 gkm, 38 a^A;.

37. a^ a^ a2. 48. 28 m^^^a;, 7 m^n'z/, 35 mS;^.

38. a^y% xhj, xh/. 49. 32 a^6V, 16 a^6^c^ 24 a^ft^c^.

50. 34 a262c^ 85 aWc^, 51 a'b^c''.

51. 27 a;22/V^ ^g ^2/^22, 36 a;2/, 81 x^y\

52. 42 a^^a;, 56 a% 14 a^c^^ 21 a'ftc.

53. 24 xh/z, 48 aj32, 18 xhjw, 36 a;?/;^.

54. 18 ahc^y 36 a26cd, 27 ah% 45 ci6cd2.

55. 36 a26c2, 48 ah\ 72 a6c^ 60 ah^c.

EXERCISE 78

Find the H. C. F. of the expressions in each of the following

groups

:

1. (a + 6), (a + hy. J^4. x""-!, x-1.
2. (x-yf, (x-yf. ^" x^5. a2 4.2a + l, a + 1.

3. m2 - n2, m 4- 71. 6. a^ - h\ a^ - h\



HIGHEST COMMON FACTOR 75

7. a^ — 5 a -f 6, a^ — 4.a-{-^. 10. m^ — n\ m^ — n\

8. x^ + 1 x-\-12, a;2_^4a; + 3. ^11. c^-Qd^, (c-3d)2.

9. a? + 6^ a2 - a6 + 5^^ 12. (x - 2)^, a;^ - 2 x.

13. m2 + 9 m + 20, m^ -f. 10 m + 25.

14. a2^3a + 2, a^ + a — 2.

15. m^ + Qm+-^, m2 + 5m + 4.

16. «2_i3^_|_30, t'-t-Q.
17. z^'- — z(; — 56, tc^ -f 9 w + 14.

18. 62 + 96-22, 62 _^ 146 + 33.

19. C2 + C-12, c2 + 6c + 8.

20. ^2 + 11(^ + 30, d2 + 3d-10.
21. a2-5a-36, a2-18a + 81.

22. 62 + 116 + 24, 62 + 96 + 8.

23. a;2-3a;-28, x'-^^.

24. 2/2 + 72/-30, 2/2 + 82/-20.

25. aa; + 6a; + ai/ + hy, a + 6.

26. a4-6^ a2_52^ ^b-h.

27. a-2, a2-3a + 2, a2-4.

28. c + d, c2 + 2cci + c?2, c2 + 3cd + 2cP.

29. a2-62, a-6, a2-2a6 + 62.

30. 2 a; — 4 2/,
^2 — 4 2/2, a;2 — 4 a;?/ + 4 ?/'.

31. 3a6+3 6, 2ax + 2x, ^a'z + ^az.

32. a + 6, a2 + 2 a6 + 62, a' + 6'.

33. i»2 + 8aj + 15, a;2-x-12, x' + Qx^^,
34. 072 + ici^ — yz — yw and ar* _ y\

35. OJ^ - 2/^, a^ + 2/^ a; + ?/.

36. 4 a2 +20 a + 25, 2 a + 5, 8a3 + 125.

37. 3a2+7a6-2062, a2 - 16 62, a + 4 6.

38. 2 ac + 3 ad - 2 6c - 3 6(i and 4 c2 - 9 (P.

39. a2 + 3a-10, a2 + 6a + 5, a2 + 2a-15.
40. 2cc2 + aj-6, a;2 + 3a;+2, a;2_4.

EXERCISE 79

Find the H. C. F. of each of the following groups of ex-

pressions :

1. a^ + 2 x2 _ 8 a? - 16, x^ + 3 ar^ - 8 a; - 24.

2. z'^-5z + 4:, z^-5z^ + 4:.
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3. a3_^2_5a_3^ a3_4a2_lla-6.

5. 4c3-3c2-24c-9, 8e3-2c2-53c-39.
6. 2d2_5^_^2, 12d3-8d2_3^_^2.
7. ^^ + 2^2^2^ + l, ^-2^-1.

9. 2s3 + 3s2^-^, 4s3 + s^2_^^

10. ic'-2iv^ + w, 2w^-2iv^-2w-2.
11. 2ar2-5a;4-2 and 2.r3-3a;2-8ic + 12.

12. 4a3_a26_a&2_5^3 ^nd 7 a^ +4 a^fe + 4 aft^- 3 /A

13. 32/^-42/^ + 2?/2 + 2/-2 and S 7/ -\-Sy^ - 5 y"" -6y.
14. 63 ^ 3 52 _|_ 4 5 _^ 2 and 2 6^ + 62 H- 1.

15. 2c4+ 9c3 + 14c + 3 and 3 c'' + 15 c=^ + 5 c^ + lO c + 2.

16. 3d3_3^2_33^_|.9 and 6 d^ + 6 #-42 d^- 18 d.

17. 3 ^i^ _ 9 7^2 ^ 21 h - 63 and 2 h' + 19 /i^ + 35.

18. 6a3-6a26 + 2a62_263 and 4a2-5a6 + 62.

19. m^ + 7 m^ + 7 m2 - 15 m and 2 m^ - 4 m^ - 26 m + 220.

20. 4 71^ + 14 71^ + 20 n^ + 70 n^ and 8 w^ + 28 7^^ _ 8 n^ - 12 yi^

21. 2 w;* - 2 w;3 _f_ 4 ^2 _^ 2 w + 6 and 3 ^y^ + 6 m;3 _ 3 1^ _ 6.

22. x^-^a^-9x''-3x + lS and a^^ _^ 6 a;^ - 49 a; + 42.

23. 82^-6;23 4-322_3^^1 and ISz^-Sz" -15z-^6.
24. 64 / - 3 ^27^3 ^ 5 ^7^4 and 20 ^^ - 3 g'h + /i^.

25. 2s4-7s3 + 9s2-8s-5 and 6 s^- 11 s^-ie s^^ 15s.

LOWEST COMMON MULTIPLE

EXERCISE 80

Find the L. C. M. of the expressions in each of the following

groups

:

1. X, y. -» 8. xhjz^ xyH, ** 15. xy, yz, zw.

2. 5 a, 7 a. ._, 9. a'^b'^c, a^bc\ j 16. a, a^, a'.

3. ab, ac. 10. m'^n'^z^, m^n^w. 17. x\ x"^, x.

4. £c2, a^. 11. a'^b^cH^, a«6Vd. 18. a, cr^ft, a^c.

5. 2/^, 2/^. 12. aWxSf, a^b^y"^^. 19. a6a;, 6c2/, caz.

6. a??/, 2/2. 13. a, ab, abc. 20. a^^^ 52^^ ^2^^

7. a'ft, a62. 14. ab, be, ca. 21. xy, yV, ^i^a?.
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22. d?hx, aWy, aWz. 30. 3 ah, 6 he, 8 ahc.

23. (j^xy, h'^yz, cHx. 31. 15 xy, 5 ics;, 6 xw,

24. a6, 6c, cd, da. 32. 9 a^x, 12 %^ 18 c^;?.

25. xy, xz, xw, yz, yw, zw. 33. 5 ax"^, 15 tf, 4 «6a;i^.

26. 6ccZ, acd, abd, ahc. 34. 14 ax'^y, 6 ^a^^/^, 7 ca;^/^.

27. a;?/2;, i/^zo, 2:100-', wici/. 35. 3 acx, 4 6(^2/, 5 cda;.

^ 28. a^ft^c^, a^ftV, a^62c3^ 36. g ^^^^ g ^c?/, 10 aftcw;.

'^ 29. aj^^/V, a^?/^2;^, a^y^i^ 37. 4 cc^yzo, 5 ojiy^^;^ 7 yz'^w.

38. 2 a6, 3 ac, 4 ace?, 5 &cd.

39. a^hcd, ah'^cd, abc^d, abcd^.

40. 3 x*y% 6 0^2/V, a;2?/V, 4 aj^/^z*.

41. 9 b^cw, 2 ac^-T, 4 a-5c, 3 coi^w.

42. 2 a^6x2, 5 a^x, 6 6U-=^.y, 3 h^xz.

43. 2 a;^?/^'^? ^ x^y^z, 8 a;^?/^^;^ 16 a;i/V.

44. 2 a2^)2c3(^4^ 7 of63c^3^ 3 ^352^5^^ Q ^Al^^^2^

45. a, h-j-c. 55. 3 a; — 1, 4. 65. x -\- y, x, y.

46. x-\-y, z. 56. 2 7n -\- 2 n, S. 66. a + 6, a — 6.

47. m + n, x^. 57. 6, 3 a H- 3 6. 67. x — y,x-\- y.

48. 2/^ y-z. 58. S,6x-6y. 68. a + 2, a + 3.

49. a^, a-\-h. 59. 5 a + 5, 10. 69. 6 - 4, 6 — 1.

50. c2 - d\ c. 60. 9 a -9, 12. 70. c-\-o, c-\- 6.

51. a + 6, ah. 61. a^ + a6, b. 71. d + 8, cZ + 10.

52. a;2 — 2/2, a;?/. 62. x% x^ - y\ 72. a.' - 12, a; — 3.

53. cd, G— d. -* 63. a,h, a-\- b. 73. y-\- 11, ?/ — 2.

54. 2, 2 X — 1. ^ 64. c — d, c, d. 74. 2: — 15, 2; — 4.

75. w; + l,w — 17. 79. a(b — c), b{b — c).

76. x-{-y,x—y,x,y. 80. 6(a; + 1), 4(a; + 2).

77. 5 (a 4- 6), 3 (a + 6). 81. 5(a;- 4), 10 (a; -5).
78. x(x—y),y{x — y). 82. 3(a; — 2), 4(a; — 1).

EXERCISE 81

Find the L. C. M. of the expressions in each of the following

groups

:

1. a^ + 5 a^ + 5 a2 - 5 a - 6 and a3 + 6 a2 + 11 a + 6.

2. 63 + 3 52 _ 5 - 3 and 53 + 4 52 + ?, _ 6.

3. c3+c2-8c-6and2c3-5c2-2c4-2.
4. 6afV-7aa:22^-20a2a;yand6a;2 + 2aa;-8a2.
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5. 2d''-2(P-2d-2 3indd*-2d'-\-d.

6. 2/3 _ 6 2/2 + 11 2/ - 6 and 2/3 - 8 2/2 4- 19 2/
- 12.

7. 14s3-4s2-10 andl4s34-24s2-H20« + 10.

a 27^ + 12^2
-I- 22r + 12 and r4 + r3-4r2-4r.

9. 6 ^ - 8 22 _ 17 2; - 6 and 12 ;23 _ ^2 _ 21 2; - 10.

10. w;3 H- 3 i(;2 + 4 w; + 2 and 2w^ + w^-{-l.

11. h^ _ /i2 + /i + 3 and /i^ + /i3_ 3 7^2 - /i + 2.

12. 6A:3 + 15A;2-6A; + 9and9A:3_|_5;^_5i;^^36
13. a^ + a^-10a-\-S; a^ -S a + 2 Siud a^ -4.a^-^5 a-2.
14. m^ + 2 am2 + 4 a^m + 8 a^ ; m^ — 2 am^ + 4 a^^ — 8 a^ and

m^ 4- 4 a^m + am^ + 4 a^

15. 2n^-^3n-20', 6 n^- 25 ri^^ 2I n + 10 and 2?i3- 5 n^

+

6 n - 15.

16. a;2_35^^2625 a^ - 5 6a; + 4 ^2 and 3 x^ _ ^9 ^,3. _^ 28 62.

REVIEW

MENTAL EXERCISE 82

Simplify each of the following :

1. (x -\- y)(x^ - xy -^ y^). 3. (b^ + c')^(b + c).

2. la-b){a'-hab-\-b^. 4. (c« - d«)- (c2 - d^).

Distinguish between

5. a + 6c and (a -f 6)c.

6. a; + ^2 4- w, (x + ?/)2; + w, and (x -\- y)(z + w).

Perform the following multiplications :

7. (a4-6 + a;)(a + 6 — a;). 9. (x — y-\-l)(x-\-y — l).

8. (a + 6 + 7)(a4-6 — 7). 10. (a + 6 + m + w)(a + 6 — m — n).

11. Find the continued product of a; + 2/, x^ — 2/S a?* + y^^ and

o^ + y*.

12. Show that a?^ — 2 a;^ 4- a;2 is the square of a binomial.

Are the following expressions conditionally or identically equal?

13. 3 X and 2 a; 4- a;. 16. a 4- 6 and 6 4- «•

14. 3 a; and 2 4-1. 17. a 4- 6 and 6 4- (^.

15. (a 4- 6)2 and a2 4- 2 a6 4- b\ ^g x
^^^ ^
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Are the following expressions identical?

19. a^ + b^ and (a + t>y. 21. a" - ^ and (a - hf.

20. {a + h)\a - 6)2 and {cv" - 6^)1 22. (a; - 1)^ and x" - 1.

Of the following equations select those which are equivalent to

the equation 2 ic — 3 2/ = 5

:

23. 4a;-62/= 10; Qx-^y=lD; 8^+12 ?/=30; 10 a;-15 ?/ =25.

FRACTIONS

EXERCISE 83

Change of Signs

Express each of the following negative fractions as an equiva-

lent positive fraction

:

1 _:z^. 11 -1^. 21. -1±^.
2

'2 a;-l

2 --i-. 12. -^^. 22. -2+^.
-3 5 2-2/

3 _-^. 13. _-_«L:zl. 23. -^-:=^.
_4 2 25+3

4 _ZlZ!^ 14 -^^^±-5. 24.
^

5 ' -.7

5. -?. 15. - -H^. 25.
7i h + 1

6. -^. 16.
--^ + ^ 26.

— a?

7. -:^. 17. -::i^±i. 27.

8. ^. 18. ^_L_^. 28.
1-a

9. ^. 19. . 29.
6-3
4 ^ ^

10. 20. — ^^^ ^. 30. —

31. —

c

-iC + l

2

-2/ + 2

4

6

-^ + 7

a-1
a + 1*

iC

— x-y
9

m — n

-3

a -6
-5

— d + (y

1

(P -a)(a
3
+ ^)

{X + y){y

a

-^)

(_6-c)(c+a)

(y + ^)(-z-^)
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32. Write the expressions in each of the first 27 examples in

three other ways by changing signs and decide which one of the

four ways is the best in each case.

EXERCISE 84

Show that each of the following identities is true

:

X — 1 1 — x
1.

a _ a

b — a a — b

2.
a—b_a—b
-h b

3.
b—a_a—b

2 2

— X X

y — X — z x — y-^z

-b _ b

b — c~ b — c 'c — a — b~a-\-b — c

x — y_ x —y - b—a — c _ a — b-\-c

z — X X — z c— a— b a-\-b — c

5 « — ci . 10. g — a; — y _ a;4-y— g

c — b~ b—c z—x-\-y x—y — z

11. » - »-

12.

13.

14.

a(c — b) a{b — c)

1

(x-y)(z-y) (x-y)(y-z)

1 ^ 1 _^

(a — 6)(c — b)(a — c)~ (a — b)(b — c){c — a)

1 1

(y-x)(z-y){z -x)~ (x- y){y - z){z - x)

1 1

16.

{b - d)(b - c)(a - c) (a- b){b - c)(c - a)

a — b _ a— b

(c — b)(a — c)
"~

(6 — c)(c — a)

j^j
y - a; ^ x-y

18.

19.

20.

(z - y)(z -x) (y- z)(z - x)

a — 1 a—

1

(2 _ a)(3 -a)~{a- 2)(a - 3)

4 -& _ 4-6
(c _ 4.){d _ 4)

~
(4 - c)(4 - d)*

b — a a—b
(c - b)(d - c)(a -d) {b - c){c - d)(d - a)
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1 1

{y - ^){y -^) (^ - y){^ - y)

22.-^^-1—. 25.- 1

(6 - a)' (a - by (c - by (b - cy

23. _^L_^ L_. 26. -^ - «
62 (c - by {b - c)3

O^ 1 1 or, 2 2
24. = 27. = —

(2/
— ic)^ (x — yy if — y? x^ — y^

REDUCTION OF FRACTIONS TO LOWEST TERMS

EXERCISE 85

Reduce each of the following fractions to lowest terms

:

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

-14
13.

— .2
25. 3^

12
37.

^cM.
-28' -12 4 G(Pe

-12
-18"

14.
-.3
-1.5*

26.
16

8 a*

38.
a?bc

a¥G
21

-35
15.

-.4
2.4

27.
7

2162"
39.

x^yz

xyz"

-34
-51

16.
.08

-1.6'
28.

20 2

5w
40.

r^st

rsH

-18
90

' 17.
- 2.5

50 '

29.
28 a^

14 a'"

41.
a^mw

-26
65

18.
3.6

-.09'
30.

x^'

42.
a'b'c*

-38
-57

19.
-.09

3.6
31.

x^y

xy""

43.
a"*

-56
70

20.
3.6

10.8*
32.

14 a*
44.

&-1

6-

-42
-105*

21.
1.08

3.6'
33.

25 7^2

45.

-.2
4

22.
xy^

xz'
34.

Sbc

24 c2

46.
a.n+5-

.5

-5' 23.
ab

a?'
35.

18 cd

9^2
47.

.3

-9* 24.
2x
6* 36.

10 a6c

35&cd
48.

0?-
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49. -^^. ^66.
^^'-^'

. 83.
c'-2ccZ + d2

a;"-'-+i

.

(m — nf & — d^

50 '^:^ 67 l^LtlA.. 84 ^!zia±l!.

r^n-zyn+f;
'

25a;2-64 2/2
*

a^ - 6^

52. ^^^
. 69. -^±^. 86. ^!+^-^±l.

ac + acZ a3 + 63 -^
a} + 3a-{-2

^ 53. ^y . 70. AlzA. ^ 87. y-^^ + ^
yz — yw h^ — & 6^ — 4 6 + 4

.54. -^^. . 71. ^-^^. 88. ^±i^±^.
m}-^m c^-d'^ c2 + c - 6

55. ^^. -. 72. ^^^I^. ^89. ^!^i^^l^.

g am + mi^
^ ^^

c^-1^ ^ f-Hy^l2
^ ax + ay x^ — 1

-^
2/^^-9

2/ + 18

^„ ah -be ^ r,^ o.^-b'^ ^, 1+5 ar+6 «2
^ 57. — . ^ 74. ^ 91. —'

ah^-hc c?-\-h^ l+6a;+8a.-2

58 ^^^^^ 75
^'-1 ^92 «'+ ^^^-^^

12c + 16(i' ii!2-2a; + l* ' a2-9a+20'

59.
5x-15y ^g a + &

^93^
2a2+5a+3

lOx + 202; a2_|.2«5_^52 5a2+i2aH-7

60 ^^ili^ 77 3/-4 a^+3a+2
3m-9yi ^

' y^-Sy-{-16 ' 2a'+5a+ 2

61 JL+iL ^ 78 « + l 95 k'-7Jc-\-12

(a-\-by' -^
• a^^Sa + 2 ' A:2-5A; + G'

62. -^^^. 79. ^-^
. 96. (^H:^)!lZ^\

a^-b^ x'-Tx-hlO a^ - (6 + c)2

.63. ^ii. >80. ^^-^^^
. 97.

^'-(y-^)\

-i64 ^^ + ^ >81 ^^' + ^^'
98

<^^-(^ + c)^

4a;2-l'
'

m2 + 4m + 4'
'

(a + cy-b^

gg (c 4- <^)'
'

82
ctH2a6+&'^ ^ (a;-y)2-;g2

-^ * c2-d2* '

a3 + 63
•

ar2-(2/ + 2)2"
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Fill in the following Blank Forms with such numbers that the

fractions can be simplified :

100 -^!±^1±A. 101. _2!±I^±12. ^02 d^-ld+ 12
^

52+76+ () c2_^( )+ ( )
d2_7c^-()

103. 3al±7a + 4. ^^ ( + f-j )^
a2 + 8a+( ) ( y-( - y

REDUCTION OF IMPROPER FRACTIONS TO INTEGRAL
OR MIXED EXPRESSIONS

EXERCISE 86

Reduce each of the following improper fractions to the form of

an integral or mixed expression:

1. Hi^. 5. Hi?. 9. izM
- 12 26 .12

2.
Zll8. g ^6 ^^ -5
- 15 35 2.5

3. _?£. 7. ^. 11. ::i^.
- 14 .6 .15

— 28 - .12 2.4
4. —^. 8. —^. 12.

13.
a

14.
c — d

d

1 «?
x^ + 1

X

16 ab-hc

b

a^ — ab^W
20 .08 - .15

17. t^zM. 21. ""^L+l, 25.
X w? a

18.
^ ^ + 4 yg

^ 22. ^^IjZ^^ 26
^^ + ^y + 2/^

^

2 ic a6 2/

^^ 6 a^ —5b 23 ^ly + .y'^ 27
^^ + ^ + ^

a;?/ a

20. --^^, 24.
^^^ + ^^

. 28.
^'-^' + ^-^ -

ac a;^

29^
-^

,

. 32.
20^;^-15^«-^

5 w
24a3-12a2 + 5

3a
a^ + 2

x^ '

12a'^ + 8a + 1

4a
15 52-12 6 + 9

36
18 a;2 - 9 a•-3

30. =^^=-^^ "
'

"^ ^ 33.
6a'

„ ^..«. ^..-^ ,^ 36a262 4.12a6c-l
ox. •• o4. .

9a: 12 ab

3S. <^i. 36 *^^. 37. ?2l:^.
a+1 6—1 m—

2
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38. ^±±'. 39. «i=^. ^ 40 ^^:=A^
2 + x 0-3 a-6'

a^--27

a --3"

b'- 1
41. t^nl. 42. 51l^l.

43. t+1.
a4-3 6 — 1 ic

44 t^l±l^!Jll. 45
^^^-3

2^2 • h-S

REDUCTION OF TWO OR MORE FRACTIONS TO EQUIVA-
LENT FRACTIONS HAVING A LOWEST COMMON DE-
NOMINATOR.

PREPARATORY EXERCISE 87

Reduce each of the following groups of fractions to a group of

equivalent fractions having a lowest common denominator

:

1. hi- 2. hi- 3. i,f *• hh 5- h i- 6. 4, |.

7. TO' fV- 8. h h h 9. h i, tV- 10- i, i, tV 11- I'tV.tV

EXERCISE 88

Reduce each of the following groups of fractions to a group of

equivalent fractions having a lowest common denominator

:

4. ^, ~

a a
2'3' 7.

5 6
13.

a b

b'c'

b b

5'7* 8.
2 7— . — *. 14.

X y
y'x

c c

9' 12' 9.
3 ^
X y

15.
a b_^

be cd

d d
5' 20*

10.
6 8

>

2; ?y

16.
yz zw

1 1,

a' b
11.

r> 6

2a la
17.

1 2

3a6' 4 6c

2 2
12.

8 10

a6' be
18.

a a^

a^2' 2/^' bbe 10 cd

19.
1

>

1 1

6'c'
22.

1 1

2x Zy

1

20.
a;

2y

X
6y'

23.
X

y

y z

Z X
'

21.
b 62 6^

24.
a

be

b

ca

c

ab
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2 12
25. -,^,-' 27

a 2a a"
' x-{-l' x""-!

-^,-1-. 28. -^—,-^—
y + z z-\- X a— b a^ — b^

ADDITION AND SUBTRACTION OF FRACTIONS

EXERCISE 89

Simplify each of the following

:

1. * + *• 7. i + iV- 13.
•f-
-4-

17. ^+^-
2. f + f 8. i + i 14. - f-i- 6^8
3. A_ 2 9. — -V— -^. Ci Ct « d d

9 9' 4 6- 15. +- 18. - + -.

4. If-fV 10. f + f 2 3 3 9

5. i+i- 11. f + f 16.
b + ^. 19. ^ + '-

6. -i-i- 12. -l-f- 4 ^5 12 6

20.
2h h

23.
'y — 1. 26. - + r5 2* 9 3 a ?>

21.
3 .T 4 a;

2*-
o'

+'- 27.
2 + 3.

4 3 2a a a a

'22.
5 ?/ .V

^ 25.
''^- w

28. «4.«.
8 4 4?/ 22/ 2 3

5 . 2 3 4 1 1 .,11^29. - + -• ^33. 37. 41- -+-0-
X X m. m c ~d' a a^

30.
X .X

34.
m m

38.
2 + 5. 42. 2 3.

5 2* ~'^ 4
'

a; y &2 &

^31. ^+ .V. 35. «+L 39.
4 5

43. ^^ + ^^
3 3 c c z ID c^ c

32.
3 + 3. 36. -+"r 40.

2 + ^
ic 2/ a b c 2

44. J-+1- ^ 47. ^.4--^. ^50. a a a

a;^?/ •'c^/^ ¥c be" 4~6 8*

45. ± + A. 48. S.^^. A 51. | + ^_^.
oc ca lUZ wy 3 4 5.

46.
z xz

-1+.? + ^.
3^4

^ 3 4
-¥^ .^53.

a 6

1

c
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^54. oca
55.

y z 10

56.
ab be cacab

57.
be ca ab

58.

59.

aryz xy^z x

^ + 1

a + 2 a-f-3

60.
1

1
1

a-^b a+ c

61.
1

1
1

.^• — 4 X — 5

4 62.
1 1

y-3 y-2

63.
a

,

b

a + b a — b

64.
a+b a—b
2 ' 3

65.
x—y x+y
4 ' 5

66.
a ' b

67.
X— y x—y
5 3

68.
a+2 ,

a-2
2 ' 2

1_

69 ^ + 5 a;4-6
* 5 "^ 6 "

?/-5 y-4
5 4

1 1

70.

71.

72.

73.

a + 5 a—b
_2 2_^
c — c? c-^ d

x X

x-\-y x-y

74. ^^+^
75.

^76.

77.

78.

J 79.

80.

a + 6

3

x—'3

1

2

a^-3

3

1

x-y {x-yf
1 6

a + 6 (a 4-6)2

1 +
^

ar^ - 4 X + 2

3 1_
a^-9 07-1-3'

a; 1

a^_16 x-A

81. ^L±^ + ^*ZL^.
a — 6 a-|-6

X
^82.

^83.

1
,

x + 1

X-\-l X — 1

c-\-d c — d

c—d c+d

REDUCTION OF A GIVEN EXPRESSION TO THE FORM OF
A FRACTION HAVING A SPECIFIED DENOMINATOR

EXERCISE 90

Express each of the following as a fraction having the denomi-

nator specified :

^
i. 3 with the denominator 4.

2. 2 with the denominator 5.
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3. — 4 with the denominator 7.

4. — 5 with the denominator 8.

5. 6 with the denominator — 6.

6. 8 with the denominator --11.

7. I with the denominator 10.

8. f with the denominator — 21.

9. —^ with the denominator 12.

10. ^ with the denominator 40.

11. — y^g- with the denominator 48.

12. -f^ with the denominator 72.

13. 2 with the denominator a.

14. — 3 with the denominator b.

15. 4 with the denominator 5 c.

16. 6 with the denominator 7 d.

17. — 8 with the denominator 5 aj.

18. a with the denominator b.

19. 6 with the denominator x.

20. c with the denominator c.

21. — d with the denominator y.

22. ab with the denominator b.

23. icy with the denominator yz.

24. a;?/^; with the denominator icz.

25. a -f- 5 with the denominator c.

REDUCTION OF MIXED EXPRESSIONS TO THE FORMS OF
IMPROPER FRACTIONS

EXERCISE 91

Reduce each of the following mixed expressions to the form of

an improper fraction

:

. 1.^. 4. £ + 7.
4

7. 3-|.

2. 3 + ^.
5

5. 1 + 8. 8. 3 + 2«
o

3. 2+^. 6. 2-|. S. 2-|.
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10. a--. 17. x + ^' --^24. m-n-h-'
a z m

11. --y. 18. a--. 25. « + &+ ^

y X a + b

12. 6+5^. _ji9. !^_l. ^26. _^^ + m + n.

13. 8-^. 20. ^-hx-\-y. ^ 27. _A^ + a-2.
ii a a-{-o

14. 7-^- 21. a + 2 + i. ^ 28. _A_ + a;_3.
oa a x + 4:

15. 5--

—

^ 22. x-24--. 4 29. —?_-j-64-4.
5 a X 6 + 2

.^16. 5^-1. 23. a + 6 + ^'.

10 a

MULTIPLICATION OF FRACTIONS

EXERCISE 92

Simplify each of the following

:

1. I X 5. 19. I X f 34 _1_ X '>

2. f X8. 20. fx^^. ' 10 a;

3. -^X(-S). 21. ix|. 35 a&^^,^

2- (-f)X(-f).
J- (-f)x(-t). 36. xx^.

4. (-f)x4. 22.
, „^._^ ,^.

5. (-f)x8. 23. (-l)x(-l).
6. Ax (-2). 24. (_|)x(-|).

- ""2'

7. Ax(-5). 25. i^xlf. 37 2y^
a Ax(-4). 26. (-A)xA- '6'

a (-A)x(-7). 27. |XM- 38 4x1.
10. 4x|. 28. HXt-V ' m
11- 5xf 29. (_|)x(--V). 39 „, ;>£

12. 6X|. 30. (-fJ-)x(-l).
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43. ^x=. 52. ^X^. 61. f-^V^y"a
2'4-
6,
3'4
5,y^
6 10

8-?11

a

d c

x"
xy.

y z

a

1?
x5.

C

c
x^-

m? x^.

X he V 2 y)\ a^

44. -X-. 53. ^X A. 62. /^Y-
^'

y ^' V^^/V '^^^

45. ^x;^. 54. ^xi-^ 63. ^-^V"^
oh 6d \ hcyj\ acz

46. ^X". 55. ix^'. 64. f^Y^Y^l
xy z \bAcJ\a

47. "X-. 56. J-xi. 65 /^^^10V^

48. r^x-^. 57. J-x^. 66.
/2aV6V6d

49. ^:x-. 58. ^xf-^-Y 67,

?/ \ h

(iXfXl

(a\(bc\(£
\bcj\aj\ab

50. r.x^. 59. ?!^xf-^\ 68. ^* x
16 \ mj 2 o?-h

51. :^x-. 60. (-VL]x^, 69. ?!:zl!x-^

70. _jL_x-^-. 75. ^i!±l^i±lx-^S-
x-\-y x — y 3 xy a^ — l

^^ a-i-h ^ a-h ' ^^ a; + 3 y ^ 4. o?-l
^

' c-\-d G-d * 2a + l x^-'^if

72 t±lx-^ 77 4a-& ..m2-257^2

14 a; + l m — 5n 16a2 — 62

73.
^1

x^'~^. 7a e!±1^±1?x ^'''^

74.

a^ — 1 17 a6c a; + 3

ft + 1 ^ a^ —

1

a;2-l a + l*

EXERCISE 93

Express the following products as single fractions in lowest

terms, checking all results numerically:

T
6ft25

^
25xh) ^ ISakt ^ 6r''sm

5 xy^ 18 ab 6 rs^m 11 kHx

BaV)' ^ 14 xy\ ^ 9 aV ^ ^^ ^ 2ccg

7 a;^2 15 g^i, 4 ^^^^ 3 (jj^a,* 3 ahx

12a6c 9^;^ 5a;g^ 3 y^;^ 7 z"^

7 2/2?o 28 M* 21/ 8a;2 30a;*V*
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a±b _6__ a2-h3a^3a6c

8.
"^-y'

x ^ - 20.
^' + ^^ + ^'

x (^+yy
10 a;-?/ '

a; + 2/ a^ — 6^

9.
^'

X -^ 21.
g^ + g

..
a^ + y^

'

a; + 2/ ^ — y
'

x^ — xy + y^ ab -\-b

10. rilLJl X ^^^^=^ • 22. ^^^^H^ X ~ ''

11.

a-{-b ^ a-b ^2. ^-±^x^^^^-

^i^x-^. 23 (g + &)^ g - &

14 a;+l ' g2_62 ^ + 5

12.
51

x
^~^

24.
m^ - n^ ^ x(x + y)

x^ — 1 17 a; + 2/ m — n

13. ^ + 1
x^""*^. 25.

^' + ^^ x
^^^'^^y

a;2— 1 g 4-

1

abcx 3x-\-Sy

g2H-2g + 16xjy oc x-\-5^5a — 15
^,*x, X * ^o. X .

3xy g2 — 1 g — 3 10 + 2 x

-^5 x-h'Sy ^ 4g;-l
^7.

^«'^4-g^ ^ «' - 6'

2gH-l x^-9y^ ¥ + ab a'-A.x^

16. :— X ^TT—

7

rr

'

28. !- ? Xm — 5n 16 g2 — 6^ m^-f-mn m^— 71^

^^ ar^ + 7x + 12
^^

6cd 29 »^^ + a^-6
^^

fl;^ + a;-12
gftc iB + 3* * a;2_^_g a;2 — a; — 12*

18 (g + 2)2 g + 5 3^ (g - b)b xy(a' - ¥)
• a2 + 8g + 15 g+2' ' o}-2ah-\-b'' a"+2 ab -^rh'"'

3^ (a-b)b g(6 + g) a^<g^ - b'')

g2 + 62+2g6 a2 + 62_2a6 g^fe^i/ *

32
«'-4g4-3

^^

g^-4g4-4
^
g2-2g-8

* g2-6a + 8 2a + a2 a'-oa+Q'

POWERS OF FRACTIONS

EXERCISE 94

Express the following powers of quotients as quotients of

powers

:

1- (.if- •»• (-!)'• '• (-!)'• 10. %\
2. (f)^ 5. {\f. 8. -(!)«. 11. (-1)'.

3- (-1)^- 6. (1)'=. 9. -(i)'. 12. -(-!)'.



FRACTIONS 91

13.

14.

15.

16. -

17. f
--
w

c

3X3

(!)' -m "(-

19.

20.

21.

4:X

5y

mj

2a

22.

U^j

^^-
^ii

24.

Express each of the following quotients of powers as powers of

fractions

:

25. If
26. 2V
27. if.

28. If.

Express

1. f^2.
2. A^(-
3. (-A)

5. i^4.
6. (-i)-
7. 6-v-l.

a 8-^i.
9. (-10)

29. —
30.

31.

32.

T2"5"-

1 6
81'

33.

34.

35.

36.

_ 1 25
6 4~-

L44
169-
_8_1_
6 2 5'

37.

38.

39.

40.

1 9(5
22'3-'

1 21
2 3"6'

72 9

each

-4).

-3.

-10.

A-
«. 36. Iff.

DIVISION OF FRACTIONS

EXERCISE 95

of the following quotients in simplest form :

22. f-f-f.

23. ii^(-l).
24- (-«)-(-*)•
255).

10. 7-^

11. 3-1.
12. 4--(-
13. i (
14.

_9 -^^,
(-TV)-^(-i)-

15. i%-^

17. (-W-
18. i|-(-
19- (-A)-
20. (-H)-
21.f^f

r).

26.

27.

28.

29.

30.

31.

32.

33.

34.

20
33"

2Y

i)-(-A)^('
(-A)^(

(-

6

5 m

12 a;

tV)^(- i)-

39. i^2b.

40.
2a
5 •

^•

41.
V^(-^).

42.
a;

43.
36 ^

a.

2 a;.

15 c

44.

45.

46.

47.

48.

^(_3c). 49-

A)- 35. 1

f)- 36. i

f)- 37. i

a;.

-(-2/)-

z.

38. T7 3 a,

22

z-^i.

2w^(-i).
3a-e--|.

a ^2
b

' 3

X 4

y 5

7^m
8 ' n

50. --

51.
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52. A-^. 57. -^-. 62.
10 c

53. --^-. 58. ---^. 63. '^^---

54. ----- 59. — ---. 64. ^^"-f
3 b

55. ^^i. 60. ^^^. 65.

a

r c

X
.v..

y X

m^ ^™
n' n

a?

b^~

b
'- —
a

ab b
-.—

c c

X
r-
..^.

yz X

abc ab

xy xyz

7a. 96
36

"

14 a

2a2 8 a*

71 4: b^ a 5 b 15 b*

l^f-V). 61 ^^-^. 66 ^^^' ^2a^6

IV \ 5j c ' c 7 cc^T/
* 35 a:?/-

__ a -f 1 . a^ — 1 __ 7/1^ — m — 2 m^ — 2 m
Ov. i

• /o. S
I

5 10 a m^ — m — 6 2 m + m'^

68 ^^±l--?_. 79 (^ + .V)^ .
(a^^-.v¥

2 'a + 1 'a; + 32/*i«3-f-27 2/3

69. ^^-.^-. 80. ^^ 11

77.

3 a;H-2 ^3 _^ ^3 ^2 _ ^^^ _^ ^2

^Q m + ^ . 6
g^

x^ — y^
.

a;^ -{- 0^ -I- 2/^
^

8 ' m + n 14 ' 7

71 ^.11^-^ -J_. 82
g^ + l

.
g^-a + l

10 * 6 + 1
*

a;2-4?/2 ' a;-2?/ *

^2 a + 6 . a;-y
^ g3^

(a4-6)^-c^ , a + 5 + c
_

' x -\-y a — b abc ' be

73. _1^^^J^. 84. i^-yy-^^ .
x-y-z

(a-\-by ' a + b xyH ' xyz

74. _1^^A^. 85. /'^ + ^"Vf- + -

aj2 _ 9 ic _ 3 \a bj \x y

73. _i8j^-^_6^. 86. A+^V^l-^
16a;2-l 4a;-l V 2// V ^'^

76. ^ ^—i - 87. f4—^Vf6+-^^
c' j-^ ''-^

88. ri-^^^fx^-2^
c^ — c — 2c^ + c— 6- \ ^/\ a;

o^ 3 a^ + a - 24 ^ 6 a^ ^ a - 3 3 a^ + 9 a
*>9. — —

r

X —,: T X
6aaj-20a; a2-9 3a-8 3a2-a-30

bf-y^ a , ab—by-¥
ay + ab (a + yf-b^ ' {a-bf-yi
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COMPLEX FRACTIONS

EXERCISE 96

Simplify each of the following complex fractions

:

2.

3. 9

4.

5.

6.

7.

30.

31.

32.

33.

t z
15.

a a' 2a;

5
9-

w b
20.

b^
25.

32/

5
I* c a' 42!'

e' b 9w;
T
1.

2z

3

2
'

16.
— a X a'

9
5'
"6

10. —
a

21.
2

y

26.
5'

f (X 3 6^

F
11.

b
17.

— b
1

c

-H 2 _5
Cb 27.

d

A X
- ~b

22. T J
X

12. 5 a
a?

CO

y
2

6

1

18.
b

c

23.
3

28. t.
x'

9
k

13. 2

3 m'
d 4a

y
2 a?

5 a
19. i 24.

b
9.

b

X
14.

b 5*
b ^

1* c X 2 a

y 1_ 1 1 ^1x — ^ + T
z

34.
a b

37.
a b

w 1+
1*

1

1
1
1 a b c- H- -

a b 1 1 a +«— — — —
c

35.
X

1. 38.
b c

a_ b X — y a

b a xy 6c

a — b X , y .
&

- + a + -
x + y 36. y z

39.
c

I^lI* X 6- + - a
X y yz c
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a + 7 a + - 1+-
40. t . 43. t 46.

a

"-3
44 *

41 5 ^ ^
a .i-^

a — 1 a;±_1

l + aj"

a;

a + 6

C(/

a^-b^
cd

m
m + 1

42. ^. 45. i 48.

1 + i 1-2^

1 1

49
^

55.
1-^ 1 + ^

9^1' 11
a — 2 +

a 1 — ic 1 H- a

a — S -\
1

50.
^ + ^

56
ct + b-c^

a + 3+-^ 1+ ^"^

a — 3 a — 6 — c

-1 1 a-\-b a — b

51 ^ — 1 57 c — d c + d

1 a-{-b a — b

a — 1 c-{- d c — d

a-2--ii- c-3--i- c-4-
52. ^. 58. ^^x

a— 1 c —

2

c — 5 +
a4-3 c —

4

6 + c c " c^ + /
53. _^__J±f. 59 y .c' + f11 1_1 ' C2-2/2

6 c y c

, 6_2 1 + 2 fe l-2fc

54 ___^ 60.
1-2^ 1+^^^

,
, , a^ 1-2A:

,
1+2A;
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gj^
xy xz yz g2 ^ ^ -^^ ^

xy b a a b

CONTINUED FRACTIONS

EXERCISE 97

Simplify each of the following

:

z +

8.

3.

i+i 1+
'

1 +^ 3+ 1

^+i ^4

1+^ '1+ '

1+1 3+1 6+^

7. x+^-- 11. 1 -

» 1-1

12.

6 +^ >• 1_
.+1

3--

9- 7—- -^ a-2
6 ^ ^3-

a-2-a-7 a-1
6 a

a — 2

1
10. '1 14.

m^ — 1m
d-- m +

/

1
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EXERCISE 98

Miscellaneous

Simplify the following fractional expressions, checking all re-

sults numerically

:

1.1-a + a' 5^. ^_y+t^lM±l^.
1+a 3 a? 7

2. x''+ xy + ,f + ^^. 7.
"''-"'

x^'""' +<
X — y m^ — 9x^ m^ -{- mn

3 aH) - 6^ 3a ^^^-4 d^-1 d-2
a 2ab-2b^' ' d'^-l^ 2d ^ 2 + d

. w? — a^ 7)1^ -\- a? o /^ 1 l\f ab

xj\x-yj
5. ^ X r' 10. X-

X -j-y xy — y

11
a J\x^ o?)

12. -^ --I
(a-l)(a-3) (a-2)(3-a) (2-a)(l-a)

,- 2 a + 6 — c , 2 a + c— & ,
2 64-c —

a

a ah h ac c he

^^ k"" -2k + 1 Ti' - 4.k + 4. W - Qk + 9
• r'-5k-\-() k''-4:k-hS k^-^k + 2

^g 3a^ + «-24 Gg^ a-3 3a^+9a
^ax-20x a2_9 3ft_8 3a2_a-30'

16.
f

8a;4-—— M- a
\x cv' J \ a

,„ / x'^ + oAf
,

a;2+a2'
17. [x—a —— ]{x + a —

x-\-a J\ x—a

771 — 3 m — ly\m + 1 m -f- 3^

19 / ct 2-a\ / g
I ^~^Y

' \2 + a a J
' \a + 2 a J

20. !?^L±^ X
m^ + 71^ \m — n m + n^

/^2 4-
^

^ X
^-^'

X ^ + ^ ?—

.

\^ "^m-3y 4-m2 ?n,2+m-6 m-h2



22.

23.

24.

25.

FACTORS OF FRACTIONAL EXPRESSIONS

abed
^

97

\a c

o?hc

ac-\-ab-\- he

b^ca +
(a-b){a-e) (b-e){b-a) (c-a){c-b)

r + 1
.

s + 1 ,^ + 1
+ +

(^r-s)(^r-t) (s-t){s-r) (t-T){t-s)

+
(i2 +

(c2-d2)(c2-e2) ((^2_e2)(c^2_c2) (c;2_c2)(e2_c?2)

INDETERMINATE FORMS

EXERCISE 99

Find the limiting values of the following expressions for the

values specified

:

X. ^-]

.

x^ - 25"!

a -I- 5 J.

b'-r
6-1

^'-2 i

+ 6 J^

aj-1 Ji'

0^-6
a?

a;2^12a;-8"|

-2ir + 4 J,

FACTORS OF FRACTIONAL EXPRESSIONS

EXERCISE 100

Factor the following expressions, checking all results numeri-

cally :

1. x^-\.

2.

3.

y
1 1

a2 62*

4.

5. i +A + i.

6. a:^+2 4---

8. 2! +^ + l.

^ $^T^'-
10. +

cc
12.

y' y

13. a^
7?

14. a^

11. ^ + 1^ + 5.
2/' 2/

12. ^V^ + 1.

--f-a
a^ a
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15. a^+i-faj + -- 18. /^5 + aY + - + a-42.
a J a

16. a;2 + a; + 2 + i + l. 19. (x-^^-(x-\-^\-12.
X x^ \ xj \ x)

REVIEW

MENTAL EXERCISE 101

Review

Obtain the following products :

1. {x-V){^-x), 3. (4 + c^)(d-4).

2. (2-6)(6-2). 4. {c-\-h){-c-h).

Simplify each of the following

:

5. 1-r^. 7. 1-—

.

h xy

1 a;
6. a-^-• 8. icw-^

h y

Distinguish between

9. l + land-J^

—

10. ---and-?^

—

X y x-\-y ct b a — b

__ a + 1 J a
, 111.

^ and -H-1.
2 2

Simplify each of the following :

12. ^!_ + ^L_. 13. »=
^

b +c b — c y — z y -\-z

Supply the terms which make the following expressions trino-

mial squares :

14. a2 + 8a+(). 17. d« + 6fZ3+(). 20. 9/1^ + 6/^^ + ( ).

15. 62-106 + ( ). 18. m4 + 2m^+( )• 21. 16cc8-24a;7+ ( ).

16. (^ + 2c2 + ( ). 19. m« + 4m^+()- 22. 25^i0-30/-|-(
).

Are the following expressions conditionally or identically equal?

23. 6 + 2 and 5 + 3. 25. (Sx-\-2 and 5 a; + 3.

24. 6x-\-2x and 5 -}- 3. 26. 6 a; + 2 a; and 5x-\-3x.
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27. To which of the equations 5x-\-2 y = 7j Sx — 4:y = S,

4:X — Sy = 5 are the following equations equivalent

?

10 x-\- 4: y = U; 15x + 6y = 21', 6x-Sy=16', 9x-12y=2A;
16x-12y = 20.

Are the following expressions identical?

28. |, |m, lh,.nA i\. 29. £±l,|+ |,andl(.+ ,).

Show that the following identities are true :

1 1
30. ^ = . 32. _

ip-a){c-h) (a-b)(b-G) (b - af (a-hf

31. ^^-^. 33. (j^^^^(l-^\\

FRACTIONAL EQUATIONS

EXERCISE 102

Solve the following fractional equations for the letters appear-

Nig in them

:

X. 5=1.
X

7. 1=3. 13. h-- 19.

i,-^
•

2. ^ = 1.

y
8. 1 = 4.

2
14. h- 20. -8.i.

3 IV

3.
9

1 = -.

Z
9. 2 = 1.

15.
ii"-

21. -A-
4. 1 = ^. 10. 3 = 1.

a
16.

7c
22. 2.A.

4.T

5. i=-l.
a

11.
3x

17. -5|- 23. 6 = A.
22/

6. -5=1.
m

12.

h-^-
18. A-- 24. 10 = 13.

3z

25.

26.

5-1 = 0.

2/

27.
z

28. 1- 15_
w

0. 29

0. 30

. 1-

1

X

-1^ = 0.
a

-6 = 0.
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31. 1-5 = 0. 45. 9 + - = 2. 59. 1 ^
y a S-g

32. --8 = 0. 46. 10 + - = 6. 60. = 1.
z b 2a; + l

33. 14 -- = 0. 47. 4 -- = 3. 61. =1.
a X 3y+l

34. 17--=:0. 48. 5-1 = 7. 62. -^—=1.
b y x-{-4:

35. ?-3 = 0. 49. 6-1=10. 63. —?-==2.
c z /i + 4

36. 1 + 5 = 0. 50. 7-i = 12. 64. -^ = 5.
d w y-^-'^

37. ? + 13 = 0. 51. -^ = 1. 65. _1_ = 2.
h x-\-2 x-\-2

38. 1-2 = 3. 52. _A_ = 1. 66. -i- = 4.
X 2/ + 3 z — 3

39. :^-4 = 7. 53. -^^—=1. 67. —^ = 7.

y z — li m— 5

40. 1-1 = 1. 54. -J^=l. 68. 1 = 1.
z IV — 6 71 3

41. 1 + 3 = 6. 55. _^=1. 69. 1 = 1.
a 1 —a y ^

42. 1 + 7 = 5. 56. --^ = 1. 70. - = -1.
b 3-6 z 7

43. 1 + 8 = 2. 57. 5 = -^. 71. 1 = 1.
c 5 + c 9 ?y

44. 5 + i= 8. 58. 1 = -^^ 72. —1-= 1.
w d-1 a; + 2 3

73.^=1. 76. 1
1

2/-4 4 36-2 26 + 2

74. JL = 1
77. 2 2

2+6 5 5c-l 3c+5

75. ;^ = -i-. 78. 1 = |.
2a + l a + 3 a; 3

79. U|. 80.
l = -§. 81. 1 = 1

2/5 2; 9 7 a;



82.
3 2

8 y'

83.
l_5
5 z'

84.
1 3

5 2w

91 9_5 = 2
a a

FRACTIONAL EQUATIONS

2 5

101

92. 1 + 1 = 10-^
b

95. ^^±1=1.

96.

2x-\-7

3m-

8

= 1.

97. i^iizl = 3.

98.

71

ng-9
'^9

— 9

107. A_A = 2.

2?/ 4?/

108. |- +^ = 3.

1
109.

110.

111.

112.

113.

114.

x + 5 x-\-2

3^ 2

ic + 4 x-^2'

2 ^ 1

£c — 3 a; —

2

7 6

x' + 3 a; - 2

a/' — 1 x-\-l

3 1

85.

86.

87.

i a

3_

Ih

4^
5

9

_7
3

J_

88. ? + ? = 5.
a; X

89. ^ + ? = 9.

2/ .V

90. §-'^^ = 4.

93. ^+3=^^V'4.^ '"
'

94. 2^^wi:""
"'

a; + 4

99.

100.

101.

Ih
3/1 + 4

13 fe

4^•-5

^v + 7 _

z/;H-l
~

= 2.

= 3.

r3.

103.
5 + 3

= 5.

102. ^^±1 = 4.

a-2

104. ;i- + - = 3.
2a; a;

105. - + -?- = 2.
d Zd

106. ^ + ,^=1.
3 a; 2 a;

2a; + l a;-l

123. ^i^^= 2^±i
3a; + 4 a; + 3

115.

116.

117.

118.

119.

120.

121.

122.

3

7

a;-l

2

a;-l
•

3 1

2a;-5 a;-l 1

5 7

3 a; + 2 5a;- 2

6 3

3 a; + 4 2a;- 1

4 3

7a; + 3 6a; + 2

6 11

4a;-2 a;-3 5

X + 1 a;-3
X -2 a; + 5

4 a;-

3

4aj-_7
2a;-l 2a;-5
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1 1
124.

125.
(x + U)(x - 7) (x - 13)(a;- 6)

126. 3—1^=7-1^+^.
xi-1 x-[-S

1.2 3
127.

128.

X — 2 x — S x — 4:

7 3 4

x — 7 x — 3 x — 4:

LITERAL EQUATIONS

MENTAL EXERCISE 103

Regarding x, y, z, and w as unknowns, solve the following literal

equations which are integral witli reference to x, y^ z, and w:

1. X — b = a. 13. — c = dx. 25. ax=b-\-c.

2. x-j-d = c. 14. ax — b = 1. 26. 2 afta; z= a + 6.

3. 71 = m — z. 15. ace + c = 1. 27. a'^x = a + 1.

4. k-\-h = iv. 16. by — 2 = c. 28. (mH-?i)a7=2 m9i.

5. ic + 1 = c. 17. 3 4- 7nz = w. 29. (a 4- 5)y = 5 a.

6. 2/ + 4 = d. 18. ax+ & = c. 30. (3 — m)z — Sm.
7. z—6=:k. 19. by — c = a. 31. ax=a^.

8. w — g = l. 20. C2 — Z> = — a. 32. ?>2.t = 6.

9. ax= b. 21. aic + 6 = «c. 33. a?>a7 = be.

10. 6?/ = ^'^ 22. a = &a; 4- c. 34. a?)^ca; = a^bc\

11. az — — h. 23. 7' = sic — ^. 35. — a6a: = a — 6.

12. a = 6w. 24. m = 7i — qy. 36. (a + b)x = c-\-d.

37. (c-2)?/=c + 3. 40- {a''-4)x = a-2.
41. (Z>2_l)y= ^> + l.

42. - = 6.

38. (a +% = «^-&'^.

39. (m — 7i)z = 771^ — ri-

43. ^=c. 45. —-— = m7i. 47.
X

b m—

n

a+1
-J^ = rs. 46. -^ = 3 a. 48. 5 = |.
r+s a+3 c o

= «-'
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49. ? = ^. 51. ^= ?. S3. S = l. 55. *? = !.
a c 2 a n c d

50. ? = ^. 52. ^ = -^. 54. ^ = -1. 56. ^ = :^.

c d 6 5 h ha
57. a; — wi = n — «. 75. 2 a?/ = 3 6?/ + 4.

58. a — a; = ic — a. 76, a6a; + hex = ca.

59. h —xz=x — c. 77. ao? — 6ie — 1 = ca;.

60. dy — 1 = 1 — dy. 78. ay -\-by = d— cy.

61. ax — b=b — ax. 79. a(2/ — 6) = c.

62. hz — 3 = 3 — hz. 80. a(a; + !)=&.

63. a — bx=bx — a. 81. c(62/ + 1) = c?.

64. b — cx = cx—b. 82. 6(6 — y) = a.

65. l-aa; = aa;-l. 83. a(l - 6a;) = 6.

66. 2—cy = cy — 2.

67. ax H- 6x = a + 6.

68. 7i H- ?^ic = /ix + m.

69. 6a; — ex = 6 — c. 85. ^-|-l = c.

a

84. ^-1 = 6.

70. ky — k = ry — r

71/ by — b = ny — n

IpL. mx \-n'^ = nx + m^.

74. dy = 1—712/. ' ^
^

TLj by-b = ny-n. 86. —^ b = a.
a + 6

ax = 6.x -1-1. 87 —4-— = 2

EXERCISE 104

Solve the following literal equations for x, verifying all results

either by substituting the literal solutions directly, or by making

proper numerical substitutions

:

1. a (x + 6) = 6 (x + 2 a). 3. (x + a) (x + 6) = x (x + c).

2. ax -h 6c = d (6 -h x). 4. m = a-h (w— l)x.

5. (m — n) X — 7n? = {m-\- n) x.

6. a (1 -h x) -h 6 (1 -h x) = X (a + 6 + 1).

7. a (x — 1) -h (a — 1) X = a H- X.

8. a(a-2x) +6(6-2x)-h2a6 = 0.

/ 9. 3(3x-6)-h26 = 6(6x-3)-h6.
(^ 10. hk (x2 -l) = {h + kx) {k -\-hx).

11. (x -{-a)(x — b)=(x-{-a— bf,

12. (6-c)(x-6)= (6-a)x.
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13. (x — a) (b — c) ={a — c) (x — h).

14. (a + by + (a - x)(b -x) = {x + a){x + 6).

15. (a — x){x -{ b) — c{a + c) = (c — x){x -\- c) -\- ab.

X — a x — b
16.

^
\ h— n

a + b

17. \ d = c.

c + d

18.
^x.2x o+ =cJ.
a

19.
ex ,dx_^
d c

~
'

20.
a b

21.
X 7 X

9 h

22.
x_^a-x^^^
m n

23.
X m — x — n.
a b

24.

26.

27.

b a

d-\-x _ X

k " d-^k

-_ X — a
,
x — b a^ + b^

Ao, 1 = •

h a ab

nrx b"^ — CiX , O? — bX
29. = •

b a

30. ?_2-* + ?-? = 0.
b a a b

31. =c — x.
c — d

32. bx— ac
&x
c-b

33 ft + a; ax __b
^

a-\-b b a

34. ^ +^+^ = 1.
be ac ab

25. bx-\-b = - + -
b b

LITERAL EQUATIONS WHICH ARE FRACTIONAL WITH
REFERENCE TO THE UNKNOWNS

MENTAL EXERCISE 105

Solve the following equations for x, y, 2, and w:

1. *-=i.
X

5. i=6.
X

9. 1 = 2.

y

2. «= 1.

y
6. ?=7i.

2/

10. ™ = 4.

2/

3. 1=1.
w

7. '- = n.
z

11. 5 = ?:.

4. 1 = «.

a;

a « = 6. 12. 6 = 1.
10



13.

14.

y

y

15. r*
6 4

05 5'
16.

17.
6 5

y
9*

18. ^ = -1.
a;

19.

y

20. 9 = -*.
2/

21.

22.

23.

24.

C2/

4 =A.
7712

25.
mn

26. ^=<.

LITERAL EQUATIONS 105

28. ^IZ^ = c + d. 43. 1=«.
y cz 6

m—n ^^ 8 d
29. m-{-n= 44. — =-.

z div 8

30. fc-l = ^±i. 4S. « = A.
w b ax

31. ^ = ^. 46. ^=.^.
a? 6 ny m

32.
-^^l.

47. ^=A..
/t a; bx 2 a

33. ^=^. 48. --^ = 1.
n ?/

34. 1 = --. 49. _i^z=l.
a; cZ

35. 3 = i. 50.
x a

36.5 = *. 51.
y 6 a; — c 6

37. ™ = 3. 52. ^-= 1.

2 z y — b c

38. « = 5. 53. ^-= i
a; a z-{-d m

39.
5^ft.

54. ^-= 1.

h z w—gg
40. * = ^. 55. 1 =^-.

sx

27.
a-^b
X

a — 6.

58.
1 1

w + 26 56

59.
1

a; — a

1

a— 6

60.
1 1

w
b

1

y

1

1

X

1

a

c 2/ a x — a

41. 2 = A. 56. i= '

2 ax b y —b

«. _» = £. 57. ^- = J-,
3 by z-\-a 3a

1
61.

62.

63.

2 a; — m m —
1 1

x-{-c c + d 32/— t f — 3
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64.
1 1

x — a 6 -he
66.

1

a

1 ,

4-6

65.
1 1

x-^b a-\-c
67.

1 1= .

b-\-c

68.
X— b

73. " =3.
y — b

78.
;2 + 5

69.

y + d
74.

X — b
79. 5- 'o-a;- 2

^0.
2k _j 75. 1 =3. 80.

a r>

71.
4m _-j

w+m
76. ' =4.

z -[-d
81.

« —

6

72.
a _o 77. ^r" 82. " -cZ

x — a bx-\-G

EXERCISE 106

Kegarding x as the unknown, solve the following literal equa-

tions :

1.
"^ X X

2.

X ' X

3.

c + dic

4 &-^~^.
otaj

5. » = «-«+ !.
a;

6 ^^
a4-3(a;-m)

a;

7.

cZa;+ lix

8. r-^-«,
a; —

5

9.
a;4-6 3

x-b 4

10.
x — a a^

x-b W

11.
b x-a^
a x — b^

12.
c— dx c

ex — d d

13. ^ +6 + ''*= 0.
c — ax a

14
X a-hb

x — a b

15. 9 + h_ g
g-x g-h

16
x-{-p_p — q^

x-q p+q
17.

e — X d — x

x — d X — e

18.
m — X m — 1

n — X n — 1



PROBLEMS 107

^Q X — b

_

x — c 21 a; — g 3 _ x -{- a
' x — 4c X— 5 3 X -^ a 3

20. 5L^^^_^_. 22. 1 + 1 + 1+1 = 1.

a + cca — ic a b c d X

x — b X — c _ 1
I

1 |i
2 ac 2 a6 a b c

,
b — c _ a . b -\-c

a -— iC

23.
a; — a

2 be

24.
a

b -{-c

PROBLEMS

PROBLEMS SOLVED BY MEANS OF FRACTIONAL
EQUATIONS

EXERCISE 107

Solve the following problems, and examine the solutions ob-

tained, to see if they satisfy the conditions of the problem as

stated

:

1. What must be the value of a in order that ^ ^
~—^ shall equal - ?

(a +6) 3

2. What must be the value of a in order that ^ ^ ~ "J shall equal -?
(a+1) 6

3. Find two numbers whose sum is 20, such that the quotient ob-

tained by dividing the greater number by the less is 3.

4. Find two numbers whose sum is 15, such that the quotient ob-

tained by dividing the greater number by the less is 4.

5. Find two numbers whose sum is 12, such that the quotient obtained

by dividing the less number by the greater is i.

6. Find two numbers.whose sum is 14, such that the quotient obtained

by dividing the greater number by the less is ^.

7. The sum of two numbers is 22. If the greater be divided by the less,

the quotient is 3 and the remainder 2. Find the numbers.

8. The sum of two numbers is 16. If the greater be divided by the less

the quotient is 4 and the remainder 1. Find the numbers.

9. The difference of two numbers is 8 and the quotient obtained by

dividing the greater by the less is 3 and the remainder 2. What are the

numbers ?

10. The sum of two numbers is 21. If the greater be divided by the less

number increased by 3, the quotient is 2. Find the numbers.

11. The sum of two numbers is 19, and if the greater be divided by the

less increased by 1, the quotient is 3. Find the numbers.
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12. The sum of two numbers is 25, and if the greater be divided by the

less diminished by 1, the quotient will be 2. Find the numbers.

13. The difference of two numbers is 18. If the greater be divided by

the less diminished by 2, the quotient will be 5. Find the numbers.

14. What number must be added to the numerator and denominator of

the fraction f in order that the resulting fraction shall equal | ?

15. What number must be added to the numerator and denominator of

the fraction | in order that the resulting fraction shall equal | ?

16. What number must be added to the numerator and denominator of

the fraction I in order that the resulting fraction shall equal | ?

17. What number must be subtracted from the numerator and denomi-

nator of the fraction | in order that the resulting fraction shall equal | ?

18. What number must be added to the numerator and subtracted from

the denominator of the fraction
f
in order that the result may be the recipro-

cal of the given fraction ?

19. The reduced value of a certain fraction is f and its denominator ex-

ceeds its numerator by 20. Find the fraction.

20. The reduced value of a certain fraction is f and its denominator ex-

ceeds its numerator by 4. Find the fraction.

21. The reduced value of a certain fraction is f and the denominator

exceeds the numerator by 3. Find the fraction.

22. The reduced value of a certain fraction is f and the denominator

exceeds the numerator by 12. Find the fraction.

23. Find a number whose reciprocal is equal to five times the reciprocal

of the number increased by 32.

24. Find a number whose reciprocal is equal to 3 divided by the number
increased by 14.

25. Find a number whose reciprocal is equal to 6 divided by the number
increased by 45.

26. A man can clear a wood lot in 6 days and his son can do it in 9 days.

How many days will be required to do the work if they work together ?

27. A can do a piece of work in 5 days and B can do it in 4 days. How
many days will be required if both work together ?

28. A carpenter can build a fence in 3 days and his brother can do it in

7 days. How many days will be required if both work together ?

29. A can shingle a barn in 2 days and B can do it in 6 days. How
many days will be required if both work together ?

30. Find the time which A, B, and C working together will require to re-

pair a bridge if A working alone can do the work in 3 days, B alone in 5 days,

and C alone in 6 days.

31. An electrician can by working alone wire a house for electric lighting

in 7 days and working with his helper can do the same work in 5 days. How
many days would the helper require to do the work alone ?
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32. A can by working alone paint a house in 10 days and working with

B can do the same work in 4 days. How many days would B require to do

the work alone ?

33. A cistern is supplied by two pipes. The first can till it in 4 hours and

the second in 6 hours. How long will it take both together to fill it ?

34. A tank is supplied by three pipes. The first can fill it in 2 hours,

the second in 3 hours, and the third in 4 hours. How long will it take all

three together to fill it ?

35. A swimming tank can be filled by two inlet pipes in 3 hours and

4 hours respectively, and emptied by an outlet pipe -in 5 hours. In how
many hours will it be filled if all three pipes are open together ?

EXERCISE 108

Problems Solved by Fractional Equations

Solve each of the following problems, examining the solutions

to see if they satisfy the conditions of the problems as stated

:

1. What must be the value of a in order that -^—^^—^ shall have the
(11 a -3)

value f ?

2. Find two numbers whose sum is 85, which are such that the quotient

obtained by dividing the greater by the less is 4 and the remainder 5.

3. Find two numbers whose sum is 52, which are such that the quotient

obtained by dividing the less by the gi-eater is |.

4. The sum of two numbers is 39, and the quotient obtained by dividing

the ICvSS by the greater is f . Find the numbers.

5. The sum of two numbers is 72, and if the greater be divided by the

less, the quotient is 3 and the remainder is 4. Find the numbers.

6. The sum of two numbers is HI, and if the greater be divided by the

less, the quotient is 7 and the remainder 7. Find the numbers.

7. The difference between two numbers is 70; and if the greater is

divided by the less, the quotient is 9 and the remainder 6. Find the numbers.

8. What number must be added to the numerator and also to the

denominator of the fraction f| in order that the resulting fraction shall

equal ^f ?

9. What number must be added to the numerator and subtracted from

the denominator of the fraction -^^ in order that the result shall be equal to

the reciprocal of the given fraction ?

10. When four is subtracted from the numerator of a fraction, of which

the numerator is two less than its denominator, the value of the fraction

becomes \. What is the original fraction ?
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11. The reduced value of a certain fraction is f and its denominator ex-

ceeds its numerator by 24. Find the fraction.

12. The value of a fraction is 3J5. If its numerator is increased by 6 and its

denominator by 5, the resulting fraction will be equal to ^. Find the fraction.

13. Separate 580 into two parts such that when the greater part is divided

by the less part, the quotient is 21 and the remainder is 7.

14. The reciprocal of a number is equal to four times the reciprocal of the

sum of the number and 18. Find the number.

15. The figure in units' place of a number expressed by two figures

exceeds the figure in tens' place by 7. If the number increased by 13 is

divided by the sum of the figures in units' and tens' places, the quotient is 5.

What is the number ?

16. The figure in tens' place of a number of two figures exceeds the

figure in units' place by 7, and if the number increased by 7 is divided by the

sum of its figures, the quotient is 9. Find the number.

17. A can do a piece of work in 20 days, and B in 15 days. How many
days will be required if both work together ?

18. A and B together can paint a house in 15 days, A and C together in

20 days, and A alone in 25 days. In what time can B and C together paint

it ? In what time can A, B, and C working together paint it ?

19. A can do a certain amount of work in 20 days, B in 12 days, and

A, B, and C together in 5 days. In how many days can C do the work ?

20. A can do a piece of work in 12 days, B in 8 days, and C in 6 days.

How many days will be required if all work together ?

21. A can hoe a field in 3| days, B in 4i days, and C in 5i days. If A, B,

and C work together, how long will it take them to do the work ?

22. A sum of § 1500 was to be divided equally among a certain number of

persons. If there had been 5 more persons, each would receive f as much.

How many persons were there ?

23. A gasoline tank may be emptied by any one of three taps. It can be

emptied by the first alone in 20 minutes, by the second alone in 24 minutes,

and by the third alone in 32 minutes. What time would be required to

empty the tank by using all three together ?

24. A vat in a paper mill can be filled by one pipe in 1| hours, by a

second in 2} hours, and by a third in 3 hours. What time would be required

to fill it when all are running together ?

25. A train runs 168 miles in a given time. If it were to run 2 miles an

hour faster, it would go 8 miles farther in the same time. Find the train's

rate of speed in miles per hour.

26. It is observed that a steamer can run 60 miles with the current in the

same time that it can run 36 miles against the current. Find the rate of the

current in miles per hour, knowing that the steamer can run 12 miles an hour

in still water.
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27. A can row 5 miles and B 4 miles an hour in still water. A is

12 miles farther up stream than B and they row toward each other until they

meet 4 miles above B's starting-place. Find the rate of the current in miles

per hour.

EXERCISE 109

Problems Involving Literal Equations

Find the general solution of each of the following problems :

1. Separate the number n into two parts such that a times the first part

shall exceed h times the second part by c.

2. Separate a into two parts such that 6 times the first part shall equal c

times the second part.

3. The sum of two numbers is s and their difference is d. What are the

numbers ?

4. Separate n into three parts such that the first part shall be x times the

second part, and the second part y times the third part.

5. Separate n into two parts such that when one part is divided by the

other, the quotient shall be q and the remainder r.

6. What number must be added to each term of the fraction — in order
d

that the resulting fraction shall be equal to - ?
h

7. A can do a certain amount of work in a hours, and B can do the same

amount of work in h hours. How many hours will be required if both work

together ?

8. One pipe can fill a tank in a hours, and a second pipe can fill it in h

hours. If a third pipe can empty it in c hours, how many hours will be re-

quired to till the tank when the three pipes are open ?

Discuss the problem for a -\- h ^c.

9. A tank can be filled from three taps. By using the first alone it is

filled in a minutes, by using the second alone, in h minutes, and by using the

third alone, in c minutes. In how many minutes would it be filled if the

taps were all open at the same time ?

10. In how many years will P dollars amount to A dollars at r per cent

simple interest per year ?

11. What principal at r per cent interest per year will amount to A dollars

in t years ?

12. An alloy of two metals is composed of a parts of one to h parts of the

other. How many pounds of each are required to make c pounds of the

alloy ?
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13. Two men A and B on motor cycles, d miles apart, start at the same
time and travel toward each other at the rates of a miles per hour and h miles

per hour respectively. How far will each have traveled when they meet ?

14. In a certain time a train ran a miles. If it had run b miles an hour

faster, it would have gone c miles farther in the same time. Find the rate of

the train in miles per hour,

15. If A and B can travel at the rates of a and b miles an hour respec-

tively, how far must A travel to overtake B, if both move in the same direc-

tion, and B be given a start of s miles ?

16. A naphtha launch can run a miles an hour in still water. If it can

run b miles against the current in the same time that it can run c miles with

the current, what is the rate of the current in miles per hour ?

17. A crew can row a certain distance up a stream in a hours and can row
back again in b hours. If the rate of the crew in still water is s miles an

hour, find the velocity of the stream in miles per hour.

18. A dealer mixes a pounds of tea worth x cents a pound with b pounds

of tea worth y cents a pound and with c pounds of tea worth z cents a pound.

Find the value v of the mixture in cents per pound.

19. Pieces of money of one denomination are of such value that a pieces

are equal in value to one dollar, and pieces of money of another denomina-

tion are of such value that b pieces are equal in value to one dollar. Find

how many pieces of each denomination must be taken on condition that c

pieces of money shall be equal in value to one dollar.

PROBLEMS IN PHYSICS

EXERCISE 110

Solve each of the following problems

:

1. How heavy a stone can a man by exerting a force of 150 pounds lift

with a crowbar 6 feet in length, if the fulcrum be 1 foot from the stone

(neglecting the weight of the crowbar)?

2. A wheelbarrow is loaded with 60 bricks, each weighing 6 pounds.

What lifting force must be applied at the handles to raise the load (neglect-

ing the weight of the wheelbarrow), provided that the center of gravity of the

load is 2 feet from the center of the wheel and the hands are placed at a

distance of 4 feet from the center of the wheel ?

3. A beam 18 feet in length and weighing 45 pounds is supported at a

point 3 feet from one end. What force must be applied at the end farthest

from the point of support to keep the beam in equilibrium ? What force

must be applied at the end nearer the point of support ?

, 4. A board 18 feet in length and weighing 24 pounds is supported at a

point 3 feet from the center. If the board is kept in equilibrium by a stone

placed on it at a point 4 feet from the fulcrum, find the weight of the stone.
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5. A horizontal bar 20 inches in length is in equilibrium when forces of

3 pounds and 2 pounds respectively are acting downward at its ends. Find

the position of the point of support.

6. A basket weighing 100 pounds is suspended at a point two feet from

the end of a stick which is 8 feet in length and which weighs 3 pounds.

If the stick is being carried by two boys, one at each end, how many pounds

does each boy lift ?

7. Two boys, one at each end of a stick 10 feet in length which weighs

5 pounds, raise a certain weight which is suspended from the stick. How
heavy is the weight, and at what point does it hang, if one boy lifts 28 pounds

and the other lifts 24 pounds ?

8. A safety valve having an area of 4 square inches is held down by a

lever which is hinged at one end. If the lever is 10 inches in length and the

point of application of the valve is 2 inches from the hinged end of the lever

and a weight of 12 pounds is placed on the free end, find the pressure per

square inch on the valve which will lift the safety valve, disregarding the

weight of the lever.

9. A dogcart carrying a load of 576 pounds is found when on a level

road to exert a pressure of only 8 pounds on the horse's back. If the dis-

tance from the point of support on the horse's back to the axle be 6 feet, find

the distance of the center of gravity of the load from the axle.

10. A uniform board weighing 30 pounds is balanced when supported at

a point 4 feet from one end and a weight of 70 pounds is placed one foot from

this end. Find the length of the board.

11. A uniform beam 20 feet in length is supported at a point 8 feet from

one end. If the beam is balanced when a weight of 80 pounds is placed on

the end nearer the fulcrum, and a weight of 30 pounds is placed on the end

farther from the fulcrum, what is the weight of the beam ?

REVIEW

EXERCISE 111

Review

Simplify each of the following

:

1. (a''-ha-\-l)f\-- + l\ 3. (a'»-&")(a'^ + ft'»)(a2" + 62n).
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6. Find the remainder when 6 a;'' — 7 a;^ + 5 a;^ — 2 a; + 3 is di-

vided by X — 5.

7. Factor 10 (a" + 1)- 29 a.

8. Factor x"^ -\- 2 xy -^ y^ -\- x -\- y.

9. Factor (a-bf-S.
10. Find the L. C. M. of a^ + a^ + 1 and a^ - a^ + 1.

Simplify each of the following :

11. (a^ + J^)-(a + .i-). 13.

'

125; l^ 5 25^

15.

16. Show that

(^3^^Sx + 2)(a;2 + 7 a; + 12)= (a;2 + 4 a? + 3)(a;2 + 6 a; + 8).

SIMULTANEOUS LINEAR EQUATIONS

CLASSIFICATION OF SYSTEMS OF EQUATIONS

EXERCISE 112

Which of the following systems of equations contain equations

which are consistent, inconsistent, independent, equivalent ?

1. 5a;4-32/ = 18, 7. 5x-\-6y = 7,
11. ^ + ^ = 2,

2x-\-7y=:lS. 5 x~7 y = 7. 3 '

2. Sx-^Sy = 10,
8. -+ y = l,

3x-\-y = 6.

3x-i-Sy==15.
2-r ^

12. x-y = 0,

3. 2x-\- y = U, x + 2y = 2. x-\-y = l.

x-\-3 y = 17.
9. 2a. + ? = 7, 13. 2x-Ay = 6,

x-2y = 2.
4. 4.x-\-3y = 22, ^4 '

Sx-\-6y = U. 2.-1 = 8.
45. 2x-\.5y = 12,

14. 2x + Sy = 10,

6.

Sx- y= 1.

7x + Sy = lS,
10. 1+ y- '^

15.

8 a; -f 2 2/ = 10.

3x-\-2y = 4,

7x-Sy= 1. x + 5y = 12. 6x + 5y = S.

16. Sx-\-y = x + 9, 17. 4 a;- 9y = 11 + 2/,

2x-\-y = 9. 3a;-102/ = 11 -a;.
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18. 6x-7y = 6y-\-S, 19. Ax + Sy = 2 x-y + 3,

5x-9 =1 -4 2/. 2x-\-4.y = 3.

20. 3x-10y-{-l = x-^.5,

3x— ly =4 + 3^.

ELIMINATION BY SUBSTITUTION

EXERCISE 113

Solve each of the following systems of equations, eliminating

the unknowns by the method of substitution

:

1. 3ar + 2^ = 15, 14. Ux^3y = m,
x—y. 2x = y.

2. 4.T-f72/ = 33, 15. 9a;+8y = 60,

x = y. x-y=l.
3. 6x-\-y = 35, 16. 4 a; +3 2/ = 43,

x = y. x-y = 2.

4. Sx-3y = 30, 17. llx + 7y = ^7,

x = y. x-\-y =5.

5. 9 a; -5 2/ = 56, 18. 9 x — 5 y = 13,

x = — y. X — y = — 3.

6. 10ic + 3i/ = 52, 19. 3 a; 4- 17 2/ = 35,

x-y = 0. x + 2y = S.

7. lla;-22/ = 72, 20. 5x-12y=:21,
x — y = 0. x — 4:y = l.

8. 13 a; -7 2/ = 60, 21. x + lly = 0,

x-\-y = 0. x-{-y = 10.

9. 12 a; -5 2/ = 77, 22. 3x-2y = 4:,

x — y = 0. 5 a; + 2/ = 11.

10. 15 a; -11 2/ = 3, 23. 2 a; = 12,

ic _ ^ = 0. 3 a; + 5 2/ = 53.

11. 5x + 7y = 34:, 24. 3a;-2/ = 6,

x = 2y. a? + 9 2/ = 86.

12. 9 a; -5 2/ = 62, 25. 2aj + 2/ = 21,

a; = 4 2/. 2y-\-x = 12.

13. 12aj + 72/ = 23, 26. 4a; = 32/,

x = — 5y, 7 x=:5y -\-l.
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27. 7 a; = 4 ?/,
31. 5 x— y - 5 = 0,

10 a; = 3?/ + 19. 7 aj + 3?/ - 24 = 0.

28. 12x-17 y — 2z=0, 32. x-{-y = 2a,

X— y — 1=0. (a — b) X = (a -\- b) y.

29. x = 3y — 2,
' 33. cx — by = 0,

y= Sx -{-2. bx — cy = a,

30. x—y = 0, 3^. ax-\-y=b,

2x-\-Zy = b. x-\-cy = d.

ELIMINATION BY COMPARISON

EXERCISE 114

Solve the following systems of equations, eliminating the un-

known numbers by the method of comparison :

1. x = 3y — 4:, 7. y = 2x-^l,

x = 4:y—7. y = 3x — 5.

2. 5x-2y = ll, 8. 3a; -4?/ - 19 = 0,

2x-Sy = 0. 7x + 2y-50 = 0.

3. 3a; + 82/ = 19, 9. 5x-\-6y = 7,

7x-2y = l. Sx-\-9y = 10.

4. Sx = 6y, 10. 11a;- 9y = 7,

10x = 27y-L 9 a; -10 2/ = 11.

5. 3 a; + 7?/ = 42, 11. bx-{-ay = 2ab,

5x-^6y = 53. ax-\-by = a^ + b"^.

6. 2x-5y = -23y 12. x -\- ay -\-
a"^= 0,

3x-4:y = -3. x-\-by + b^ = 0.

ELIMINATION BY ADDITION OR SUBTRACTION

EXERCISE 115

Solve each of the following systems of equations, regarding the

letters appearing in them as unknowns :

1 x-{-y = 5, 3. 3a + 6 = 10, 5. c + 7d = 23,

x-y = l. 3a-b = 2. c + 3d = 15.

2. a; + 2^ = 9, 4. 6 + c = 9, 6. 4m + n = 14,

x-2y = l. 5b-c = 3. 6m-|-n = 16.
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7. 2p + 3g = 18,

2p-3q = 6.

r + 3 s = 7,

r + s = 5.

z-\- 5iv = 11,

z — w= 5.

8.

9.

10. g + Sk= 8,

^ + 4 A: = 10.

11. 7a — 4:d= 5,

3 a 4- 4 d = 25.

12. 5b + 2z = 22,

3 6 + 22 = 18.

13. c? + 4A; = 7,

(Z- k = 2.

3c + 4s = 24,

3c + 5s = 27.

m + 4r = 17,

m + 2 r = 11.

14

15

16. 3n + 2^ = 12,

6 71+ t = 15.

17. 10a + 6 = 18,

5a-2b = -ll.

18. 2o: + 3y = 17,

x-\-9y = 16.

19. 12c-7/i = 27,

20. 6 6 + 5 A: = 7,

36-7A^ = 13.

21. 4r — 3w = 25,

3r-4:W= 0.

22. 2 s — 5^ = — 1,

3 s - 2 ^ = 15.

23. 3a; + 4?/ + 5 = 0,

5.T + 42/-f3 = 0.

24. 8a;- 9?/+ 1 = 0,

16a;4-27 2/-17 = 0.

25. S(xi-y)=57, .

5(x — y)= 15.

26. ax -\-by = {a — by,

ax — by = a^— b^.

27. X — y = m — n,

mx — 11y = 2 (m^ — ti'^).

28. rx -f- s?/ r.s',

29. k'^x -\- m^y = 0,

kx +my =k-\-m.

30. x + ay + a^ = Oj

x-\-by-\-b^ = 0.

31. (jp + g)a;-(p-g)2/ = 3,

32. 0.8 it-+ 0.1 ^ = 0.19,

0.6 ic + 0.9 2/ = 0.39.

33. 0.5 a; + 0.4 2/ = 0.13,

0.7 a; + 0.3?/ = 0.13.

34. 0.3 a; + 0.2?/= 9.5,

0.2 a; + 0.3 2/ = 10.5.

72/
35. a; — -21,

a:+ S = 17.

36. | + 32/ = 15,

•^ + 4a; = 37.
4

37. x+ 7^/_27

sx + r?/ = r^ + s^

17?/
,

15

5 2

38. ^ + 52/ = 9,

2/ + 9 a;-2
10 3

:0.
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SYSTEMS OF SIMULTANEOUS EQUATIONS CONTAINING
THREE OR MORE UNKNOWNS

EXERCISE 116

Solve the following systems of simultaneous linear equations

:

1. x-^y = 5, 11. 2x-^-5y-Sz = 2S,

z-\-x=7, ' 3x-\-2y-\-7z = 4:l,

y-\-z = S. * 5ic — 4 2/4-62 = 35.

2. x-{-y = S, 12. 5x-\-4.y-\-3z = 35,

y^z = -9, 4.x-^Sy-\-2z = 25,

z-\-xz=3. 3x-^2y — z = 15.

3. x-\-y = 2a, 13. x-]-y-^z = 19,

x-[-z = 2h, y = 2x — S,

2/ + z = 2 c. z = y — 10.

^^ ^^y_z = T, 14. 3 it- + 4?/ + 5 2 = — 68,

y-\-z — x = -ly 2x-\-y = -2,

z-{-x — y = 5, 4:y — z = — 14:.

5. x-\-y — z = 6y 15. x — y — 2z = — 4:,

y-^z — x = — 2, x — 2y — z = — 4:,

z-^x — y — 4:. 2 X — y — z = 0.

6. x-\-y — z = —l, 16. 6x — y = 3z — S6,

y-\-z — x = 7, y — 3z = 3x — 39,

z + x-y = 3. z-2x = 3y-\-2.

•7. a; 4- 2/ — 2; = a, 17. 2 a; — 3 2/ = 4 2 — 21,

y-{.z — x = b, 2y — 3z = 4:X~14:f

z-[-x — y = c. 2 2; — 3 a; = 4 2/
— 10.

8. 2aj+ 2/ + 2 = lT, 18. 2a;-3 2/ + 2 2= 3^^,

a; + 22/ + 2; = 16, 3x-2y-\-3z^\,
xJry + 2z = lb. 2a;+32/-22 = JJ.

9. x-^3y^-z = 10, 19. 2a;4-32/ + 42 + 5 = 0,

3.4.2/4-32 = 12, 2a; + 32/-42 + 6 = 0,

3x + y + z = %. 2a;-32/ + 42 + 7 = 0.

10. a; + 4?/ + 2 = 33, 20. 10a;- 8 2/ + 2 = 40,

2/4-42-1- a; = 36, a; + 2/ + 22 = 5,

z + 4:X + y =^21. 3a;-2-|-5 = 0.
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21. 0.3 a; 4- 0.5 2/ = 0.8, 29. 2x-y=^,
0.4 x+0.1 z = 1.8, 3 2/ - ;2 = 13,

0.1 2/ + 0.1 ^ = 0.3. 4 2J - 10 = 16,

22. 0.1 a; + 0.3 2/ = 1.9, 5^-0^=13.
0.2 a; + 0.4:2 = 3.2,

0.5 2/ + 0.1:^ = 3.1. 30. 3^ + 42/ -22 = 20,

23. .T + 2/ = 0, 2 X — 7 2/+ 5 i< = — 9,

y + z = h, 8a; + 2» + 3?i = 27,

2-1-0; = a. 22/ — 32 + 4?^ = 17.

24. x-\-y =ia-{-h,

2/4-2 = 64- c, 31. 7a;4-2/ — 42 = ^t?,

z -{- X = G -\- a. X -\- ic — y = 0,

25. x + 3y = a, 2 2 — w -f 3 2/ = 15,

2/4-3 2 = 6, 32/-7a;-22 = 3M;-8.

2 4- 3 ic = c.

26. x-i-y — z = a, 32. x -\- y -\- z = 3,

x-y-^z = b, y-^z-^u = 4:,

z -\- y — X = c. z -{- u -{- X = 5,

27. bx + ay -\- cz = a, u-\-x-^y = 6.

cx-\-by-\-az = b,

ax -\- cy -\- bz = c. ZZ. x + y -{-z-\-u=: 12,

28. 2 i» — 3 2/ = 6, x-[-y-\-z-\-v = lA:,

4:y — 5z = 7, a; 4- 2/ -h w 4- 'u = 16,

22-3 ?< = 8, a;4-24-w4-v = 18,

4 ?^ — 5 a; = 9. y 4- 2 4- t* -j- -y = 20.

SYSTEMS OF FRACTIONAL EQUATIONS SOLVED LIK^
EQUATIONS OF THE FIRST DEGREE

EXERCISE 117

Solve the following systems of equations which are fractional

in the unknowns, verifying all results obtained

:

-. 1 1
1. = m,

X y X y
3. ±-- + ^=0,

a; ?/ 4

1
.
1-4-- = n.

X y
1? 4-^= 7.

X y X y 5
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7.

8.

X y o

6 14_ 1

a; 2/ 2'

9. 1-f ^ =

2a; 32/

5a;^62/

= 15,

= 20.

14.
a 6 c

a _6_d
a; 2/ c

5.^ + 5 = 8,
X y

a; 2/

10.
«.T 62/

tta; 62/

1

c'

1

2d

15. -+1 3 = 0,
X 'dy

1 9 1

^•i + y-24'

8 6_ 1^

X y 12*

11. '^ + ^ = 0,
X y

X y
.

16.
3 7 43

a;"^^ 20'

2 2/ &x= ^^•^.
•^ 10

^ -^ ^ -8
• 2^ + 3,-^'

11 _10^
4.x 9y 3

12. 11.-1 =
y

10a;-- =
y

= 3,

= 4.

17.
ox ay

?? + « = a^ + 6^.

a; 2/119
' 5x 12y 2'

1+1=5.
15x 62/

13.
a; y

^-^ = 3.
a; 2/

18.J-5 = 4,
?/ a;

1+1=1
2/ a; 6

19. ^ + ^
a^ + l y-2
5 3

a^ + l 2/-2

= 9,

= 2.

22.
1

a;

1

y

-? + 3 = 0,

y

-^+4 = 0,
2

20. 2 + ^
a^ + 2 y + 3

3 2

a;+ 2 2/ + 3

-4 =

4-4 =

= 0,

:0.

1

2;

-^+5=0.
a;

21. i + l=3,
X y

i+ i = 5.

2/ 2

23.
1

a^

1

y
1

2

2/ a

2 h

a; c



X y z

X y z

27.
XV—^— = a,

x-^y

PROBLEMS 121

24. 1 + 1 + ^ =
^,

26. i + ? + 2 = 20,
X y z 2i

.
X y z

1 1
,
1 _ 1

I — o'

ic ?/ 2; 4

25.2 + 5 + 1 = 4,
a; ?/ 2

'^ +U? = 5,
X y z

l + 2_,3^6.
X y z z+ X

PROBLEMS

PROBLEMS SOLVED BY MEANS OF SIMULTANEOUS
LINEAR EQUATIONS

EXERCISE 118

1. Find two numbers whose sum is 41 and whose difference is 16*

2. Find two numbers whose sum is 59 and whose difference is 9.

3. Find two numbers whose sum is 104 and whose difference is 22.

4. Find two numbers whose sum is 60 and whose difference is 6.

5. Find two numbers whose sum is 45 and wliose difference is 7.

6. Separate 77 into two parts such that the greater part shall exceed the

less by 11.

7. Separate 50 into two parts such that the greater part shall exceed

the less part by 22.

8. Separate 60 into two parts such that twice the less part shall exceed

the greater part by 6.

9. Separate 49 into two parts such that the greater part shall exceed

three times the less part by one.

10. Separate 72 into two parts such that the greater part shall exceed four

times the less part by 7.

11. What is the price of peaches and plums per dozen if 9 peaches and 6

plums cost .$0.39, and 12 peaches and 12 plums cost |0.00 ?

12. What is the price per dozen of apples and pears if 6 apples and 6

pears cost $0.18, and 18 apples and 12 pears cost $0.42 ?

13. What must be the values of x and y if ic + 2 2/ represents 19 and
2 x + y represents 23 ?
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14. What must be the values of x and y'liZx — y represents 21 and a; +2 y

represents 14 ?

15. Find the values of x and y in order that 2x4-3?/ shall represent 57

and Ix — y shall represent 14.

16. Find the values of x and y on condition that 1 x — 1y shall represent

64 and 5 x + 4 ?/ shall represent 62.

17. A can row 5 miles an hour downstream and 3 miles an hour up-

stream. Find his rate in miles per hour in still water and the rate of the

stream in miles per hour.

18. B can row 7 miles an hour downstream and 2 miles an hour up-

stream. Find B's rate in miles per hour in still water and the rate of the

stream in miles per hour.

19. A can row 6 miles an hour downstream and 3 miles an hour up-

stream. Find his rate in miles per hour in still water and the rate of the

stream in miles per hour.

20. A steamboat can run 15 miles per hour upstream and 9 miles per

hour downstream. Find the rate of the steamboat in miles per hour in still

water and the rate of the stream in miles per hour.

21. The greater of two numbers is three times the less, and the sum of

the numbers is 124. Find the numbers.

22. The greater of two numbers is four times the less, and the sum of the

numbers is 45. Find the numbers.

23. The greater of two numbers is nine times the less, and the sum of the

numbers is 50. Find the numbers.

24. The greater of two numbers is three times the less, and the sum of-

the numbers is 36. Find the numbers.

25. The greater of two numbers is six times the less, and the difference

of the numbers is 20. Find the numbers.

26. The greater of two numbers is five times the less, and the difference

of the numbers is 24. Find the numbers.

27. Find two numbers such that if four times the first is increased by

seven times the second the result will be 19, and if six times the first is

diminished by seven times the second the result will be 11.

28. Find two numbers such that if five times the first is added to the sec-

ond the sum will be 19, but if seven times the first is diminished by the

second the remainder will be 17.

29. Find two numbers such that if twice the first be added to three times

the second the sum will be 46, but if eight times the first be diminished by

three times the second the remainder will be 4.

30. Find two numbers such that if three times the first is added to five

times the second the sum will be 42, but if nine times the first is diminished

by five times the second the remainder will be 6.
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31. If four times the greater of two numbers be divided by the less, the

quotient is 5 and the remainder is 4, and if three times the less be divided by

the greater, the quotient is 2 and the remainder is 12. AVhat are the numbers ?

32. What is that fraction which equals ^ when 1 is added to the numera-

tor, and equals ^ when 1 is added to the denominator ?

33. Find a fraction which is equal to ^ when its numerator and denomi-

nator are each diminished by 2, and is equal to i when its terms are increased

by 3.

34. If 1 is added to the numerator of a certain fraction, its value becomes

I, and if 1 is added to the denominator, the value becomes f. What is the

fraction ?

35. Find a fraction such that if 1 be added to both numerator and denom-
inator the value becomes ^, w^hile if 1 be subtracted from both numerator and
denominator the value becomes ^-^.

36. If 3 be added to both numerator and denominator of a certain fraction,

its value becomes | ; if 3 be subtracted from both numerator and denominator,

its value becomes |. Find the fraction.

37. If the numerator of a certain fraction be multiplied by 3 and its de-

nominator be increased by 9, the value of the fraction becomes f ; if the

denominator be multiplied by 2 and the numerator be increased by 12, the

value of the fraction becomes one-half. Find the numerator and denominator

of the fraction.

38. The numerator and denominator of a certain proper fraction each

consists of the same two digits whose sum is 9, written in different orders.

If the value of the fraction be f, find the numerator and denominator.

39. The numerator and denominator of a certain improper fraction each

consists of the same two figures, whose sum is 6, written in different orders.

If the value of the fraction be r\, find the numerator and denominator.

40. Separate 100 into three parts such that if the second part be divided

by the first the quotient is 4 and the remainder 2 ; and if the third be divided

by the second the quotient is 3 and the remainder is 7.

41. A number expressed by two figures is equal to 6 times the sum of its

figures. If 9 be subtracted from the number, the figures in tens' and units'

places are interchanged. Find the number.

42. Separate the two numbers 75 and 70 into two parts each such that

the sum of one part of the first and one i>art of the second shall equal 100, and

the difference of the remaining parts shall equal 25.

43. Separate the two numbers 60 and 50 into two parts each such that the

sum of one part of the first and one part of the second shall equal 75, and the

difference of the remaining parts shall equal 5.

44. Separate a into two parts such that 1/wth of the greater part shall

exceed 1/nth of the less by b.
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45. A number is composed of two figures whose sum is 14. If the figures

in tens' and units' places are interchanged, the number is increased by 18.

Find the number.

46. A farmer bought 100 acres of land for $ 3304. If part of it cost him

$50 an acre and the remainder $18 an acre, find the number of acres bought

at each price.

47. If five pounds of sugar and ten pounds of coffee together cost $3.80,

and at the same price ten pounds of sugar and five pounds of coffee cost

$2.35, what is the price of each per pound ?

48. A man invested $5000, part at 5 per cent and the remainder at 4 per

cent interest. If the annual income from both investments was $235, what

were the separate amounts invested ?

49. There are two pumps drawing water from a tank. When the first

works three hours and the second five hours, 1350 cubic feet of water are

withdrawn. When the first works four hours and the second three hours,

1250 cubic feet of water are withdrawn. How many cubic feet of water can

each pump discharge in one hour ?

50. A plumber and his helper together receive $4.80. The plumber

works 5 hours and the helper 6 hours. At another time the plumber works

8 hours and the helper 9| hours, and they receive $7.65. What are the

wages of each per hour ?

51. Three men and three boys can do in 4 days a certain amount of work

which can be done in 6 days by one man and 5 boys. How long would it

require one man alone or one boy alone to do the work ?

52. A certain amount of work can be completed by 3 men and 6 boys in

2 days. At another time it is observed that an equal amount of work is per-

formed in 3 days by 1 man and 8 boys. Find the length of time required for

one man alone or for one boy alone to do the given amount of work.

53. Two persons A and B can complete a certain amount of work in I

days ; they work together m days, when A stops and B finishes it in n days.

Find the time each would require to do it alone.

54. A steamer makes a trip of 70 miles up a river and down again in

24 hours, allowing 5 hours for taking on a cargo. It is observed that it

requires the same time to go 2^ miles up the river as 7 miles down the river.

Find the number of hours required for the up trip and for the down trip

respectively.

55. A train ran a certain distance at a uniform rate. If the rate had

been increased by 4 miles an hour, the journey would have required 16

minutes less, but if the rate had been diminished by 4 miles an hour, the

journey would have required 20 minutes more. Find the length of the

journey and the rate of the train in miles per hour.
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56. A steamer runs a miles up a river and back ajjain in t hours. It is

observed that it requires the same time to go b miles with the stream as

it does to go c miles against it. Find expressions for the number of hours

required for the up and down trips respectively, and also for the velocity of

the stream in miles per hour.

57. Three trains start for a certain city, the second h hours after the first

and the third k hours after the first. . The second and third run at the rates

of a and b miles an hour respectively. If all three arrive together, find an

expression for the distance and for the rate of the first train in miles per

hour.

58. A marksman fires at a target 600 yards distant. He hears the bullet

strike 4 seconds after he fires. An observer standing 525 yards from the

target and 300 yards from the marksman hears the bullet strike 3 seconds

after he hears the report of the rifle. Find the velocity of the sound in

yards per second and also the velocity of the bullet, supposing each to be

unifonn.

59. Having given two alloys of the following composition : A, composed

of 4 parts (by v^^eight) of gold and 3 of silver ; B, 2 parts of gold and 7 of

silver; how many ounces of each nmst be taken to obtain 6 ounces of an

alloy containing equal amounts (by weight) of gold and silver ?

60. Two alloys A and B contain ; A, 2 parts (by weight) of tin and 9

parts of copper ; B, 7 parts of tin and 3 parts of copper. To obtain 1000

pounds of alloy containing (by weight) 5 parts of tin and 16 parts of copper,

how many pounds of each must be taken and melted together ?

61. A bar of metal contains 20.625 per cent pure silver, and a second bar

12.25 per cent. How many ounces of each bar must be used if when the

parts taken are melted together a new bar weighing 50 ounces is obtained,

of which 15 per cent is pure silver ?

62. A and B run two quarter-mile races. In the first race A gives B a

start of 2 seconds and beats him by 20 yards. In the second race A gives B
a start of 6 yards and beats him by 4 seconds. Find the rates of A and B
in yards per second.

63. A and B run a race of 500 yards. In the first trial A gives B a start

of 7 yards and wins by 10 seconds. In the second trial A gives B a start of

56 yards and wins by 2 seconds. Find the rates of A and B in yards per

second.

64. In a race of 100 yards A beats B by i of a second. In the second

trial A gives B a start of 3 yards, and B wins by IjJj yards. Find the time

required for A and B each to ran 100 yards.

65. A and B run a race of 440 yards. In the first trial A gives B a start

of 65 yards and wins by 20 seconds. In the second trial A gives B a start of

34 seconds and B wins by 8 yards. Find the rates of A and B in yards per

second.
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Problems containing Three or More Unknowns

66. If 270 is added to a certain number of three figures the figures in

tens' and hundreds' places are interchanged. When 198 is subtracted from

the number the figures in hundreds' and units' places are interchanged.

The figure in hundreds' place is twice that in units' place. Find the number.

67. A number is expressed by three figures whose sum is 11. The sum
of the figures in hundreds' and units' places is less by one than the figure in

tens' place, and if the figures in units' and tens' places are interchanged the

resulting number is less by 36 than the original number. Find the original

number.

68. Find three numbers such that the sum of the reciprocals of the first

and second is ^ ; of the second and third, | ; and of the third and first, ^.

69. Separate 400 into 4 parts such that if the first part be increased by 9,

the second diminished by 9, the third multiplied by 9, and the fourth divided

by 9, the results will all be equal.

70. A and B together can dig a cellar in 7| days, A and C in 6 days.

All three work together for 2 days when A stops and B and C finish the

work in 2| days. How long would it require each man alone to do the

work ?

71. A and B can plaster a house in r days, A and C can do the same

work in s days, and B and C can do it in t days. Find in how many days

each can do the work alone.

72. In a mile race A can beat B by 60 yards and can beat C by 230 yards.

By how much can B beat C ?

73. In a race of 500 yards A can beat B by 20 yards, and C by 30 yards.

By how many yards can B beat C ?

74. Having given three bars of metal, the first containing (by weight) 6

parts of gold, 2 parts of silver, and 1 part of lead ; the second, 3 parts of gold,

4 parts of silver, and 2 parts of lead ; the third, 1 part of gold, 3 parts of

silver, and 5 parts of lead ; find how many ounces of each must be taken to

obtain 12 ounces of an alloy containing equal amounts (by weight) of gold,

silver, and lead.

75. Of three bars of metal, the first contains 13 parts (by weight) of

silver, 5 parts of copper, and 2 parts of tin ; the second, 35 parts of silver, 4

parts of copper, and 1 part of tin ; the third, 8 parts of silver, 7 parts of

copper, and 5 parts of tin. How many ounces of each bar must be used if

when the parts taken are melted together a bar is obtained which weighs 10

ounces, of which 5 ounces are silver, 3 ounces are copper, and 2 ounces are

tin.
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EVOLUTION

ROOTS OF MONOMIALS

Roots of Powers and Products

EXERCISE 119

Simplify each of the followiDg expressions

:

22. Vo^. . 43. -^~M'.

23. ^b\ 44. Va«68.

1. V4.

2. V25.

3. ^8.

4. V64.

5. ^512.

6. ^16.

7. Vi21.

8. i/-27.

9. S/-32.

10. Vi9.

11. a/243.

12. V128.

13. ^256.

14. ^-125.

15. a/64.

16. V169.

17. a/ 216.

18. A^343.

19. -\/729.

20. V196.

21. V289.

24. Vc«. 45. ^/-afyh\

25. Va^. 46. V-a^^^V^

26. V-6^ 47. Va^iy^i^.

27. -v/^ 48. -y/a^b^.

28. Vc^^". 49. Vxy^z^K

29. a/^s. 50. ^ai26i^^

30. a/o^. 51. ^_64tt«6^

31. A^-m^ 52. a/16 m%^
32. V4^2, 53. A/a^6^.

33. V9^ 54. a/400 a^o.

34. a/8^. 55. A/-125.X-1Y5;

35. V36wK 56. Vl28a?W^.

36. A/49n6. 57. Vo^^

37. a/16 «». 58. a/o^.

38. A/64a^. 59. V^^.

39. a/64 2/^ 60. Vx^.
40. a/6426. 61. A/6'»c2"d3-.

41. Vm^Ti^. • 62. A/ir^Y"^^".

42. a/- a^y\ 63. Va^*6^"c".
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ROOTS OF ROOTS AND POWERS OF ROOTS

EXERCISE 120

Simplify each of the following expressions

:

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12. iZ-^a^^h^^

13. VVlBa^^s.

14. \/^3V627.

Vl/d\

64 a.

x^^y^.

a'W

VV210/j^0|.10

VvVy.

15. V V81 a^h^\

16. (V3)4.

17. (V2)6.

18. (V5)8.

19. (V3)io.

20. (-5/4)12.

21. (-v/3)il

22. (V2)".

23. (Va6)l

ROOTS OF QUOTIENTS

EXERCISE 121

Simplify each of the following

:

1. Vi

3. ^3:

5. Vtt.

6. ^IJ.

11- </t\\-
4,

12- Vft.

9^
25

'

7. -</-3,V

8. ^if

10. Vui.

14.

15.

16.

Vis'

19

20.
Vi6-

4/l6

125

24. (vi^)^

25. {-Vay,

26. (V2a.)8.

27. (V3^)i».

28. {-y/^f.

29. (v^odV)*.

30. {Vxfzy^
31. (Va)2".

32. (-v/6)3«.

33. (V^)4".

34. (v^)^.

35. C-^ay\

36. (V^)«2.

22.

23.

24.

25.

\ 32
'

\25 6«

A/ 64

efeT
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38. VMc^.

39. V.49 b\

40. V.027c2.

41. v.125 oc^.

42. VMlf.

SQUARE ROOTS OF POLYNOMIALS

EXERCISE 122

Find the square roots of the following expressions

:

1. a'-{-2a'-a'-2a-{-l.

3. 81 x' + 54 a.-^ + 81 i»2 + 24 a- + 16.

4. 9a;« + 24a^4-22aJ4^-38a^^-41.^'2^-10a:^-25.

5. 256«-30&4- 2063 4-962 + 126 +4.

6. 36a2 4-48a6 + 12ac+1662-f-86c+c2.

X' 3?

9. 4-42/ + 13?/+ 162/^+17 2/^-22 2/3-24 2/^.

10. 4 a;^" + 12 a^" + 29 3^^ + 30 a;'* + 25.

CUBE ROOTS OF POLYNOMIALS

EXERCISE 123

Find the cube roots of the following expressions.

1. 27 a^ + 54x2 + 36 a; + 8.

2. 8 a^+ 84^2^ + 294x2/2 ^343 2/3^

3. 512 a^ - 1344 a25 + 1176 a62- 343 61

4. 8 a«- 36 w'b + 66 a^62 - 63 a?W + 33 a%^ - 9 a6^ + b\

5. 125 a^ - 225 a' + 150 a^ +135 a^ - 180 a' + 33 a\

+ 54a2-36a + 8.

6. 343 a^ + 441 a^h + 777 a^62 + 531 a%^ + 444 a^h^

+ 144 a6^ + 64 h\
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7. 729 a;6+972 x^'y+ dlS xY-\- 496 a^y^ + 204 ajY+48 xy^-\-S y\

8. ai2-3 ai"-3 a^ +6 a^^- 8 «« -f 3 a5-3 a^-T a^-6 a'-S a-1.

63 8 432 64'•
27
+

8 4^22 6 6 ,6 ,12 ,8^
/>» /y»2 />»3 /y»4 /v*6
«V tXy U/ «*/ *t/

SQUARE ROOTS OF ARITHMETIC NUMBERS

EXERCISE 124

Find the square roots of the following numbers.

1. 2209. 7. 64.1601. 13. 49.61511844.

2. 6241. 8. 4.008004. 14. .3603841024.

3. 26244. 9. 4096.256004. To four decimal places.

4. 64009. 10. 4.141225. 15. 1.00001.

5. 643204. 11. .00009409. 16. 10000.00001.

6. 6625.96. 12. 1.00020001. 17. 59.

CUBE ROOTS OF ARITHMETIC NUMBERS

EXERCISE 125

Find the cube root of each of the following numbers

:

32768.

42875.

68921.

21952.

140608.'

1061208.

7.

8.

9.

10.

11.

12.

28652616.

94818816.

568722789.

967361669.

448399762.264.

1.003003001.

To four decimal places.

13. 10.

14. 34903.588968101.

15. 4.

16. f
17. 4.

THEORY OF EXPONENTS

NEGATIVE INTEGRAL EXPONENTS

EXERCISE 126

Find the numerical value of each of the following expressions

1. 2-1. 3. 5-2. 5. 3-3. 7. 3-1

2. 3-2. 4. 2-\ 6. -8-3. 8. 2-\
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9. -2-2.

10. -3-\

11. -(-2r
12. -(-2)-3.

13. -(-3)-3.

14. -(-2)-.

15.
1

2-1'

16.
1

3-2*

17.
1

4-3-

18.
1

19.
(- 2)-3-

20.
1

(-3)-2-

21.
1

-(-4)-3

22.
3
2~^

23.
5
2-3

24.
4-1

3
*

25.
5-2

2

26.
5-3

4
*

27.
2-3

4
*

28. (i)-^-

29. (i)-^-

30. (i)-'-

31. (1)-^-

32. (f)-^-

33. (1)-^-

34. (-1)-

35. -(-
36. .2-1.

37. .5-1.

38. .1-1.

39. .1-2.

40. .01-1.

41. .2-2.

f)-

ZERO AS AN EXPONENT
EXERCISE 127

Find the value of each of the following expressions

1. 2».
5.

4 8. 3 X 8°.
14.

1

2. 5».
30*

9. 3 + 8°. 40*

3, 1". 6.
3 10. 50 -h 90.

2°
go- 11. 10« - 6». 15.

4.
7«

7.
70 12. 2° - 8°.

30 + 40*

3' 3«* 13. (1)". 16. (a + by

L7. ojo--(^ -yy^ 18.
^0 1 7.0a° + 6o

TRANSFORMATION OF EXPONENTS
EXERCISE 128

Express each of the following terms with positive exponents

:

1. x-^. 6. a-W. 11. dx-'y

2. y-\ 7. — xhj-^. 12. 3a-i.

3. - ab-\ 8. m-H-\ 13. 2-16.

4. G-H. 9. -x-^y-\ 14. 3-2a;-

5. x-^y. 10. a-^h^(r\ 15. hx'\
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16. -7mx-\ ^ b^ 41. (a + 6) -2.

42. (x — y)~^.

43. 4(m + n)-\

2

(a + b)-''

(a? + y)-^

(a + 6)^

'

(?/i — n)2

3(a + b)-*

4(aJ - 2/)"^'

6(c + d)-^

7(a - &)-2'

1

17. 9 a'b-K

18. 4 x-^yz-\

19. 6-^a'b-\

20. 2a-'b-^c-

21. 5-^a~'b-\

22.
1

a-2

23.
2

24.
4.x

25.
6a

6-ic-^*

26.
c

27.
da;-2

2/

28.
n-2 *

29.
ky-'

6-2
30.

cd-2

31.
a-16-2

c

32.
-a«/
2-3

33.
X-2

2/-^

34.
xy~^

z-^w

35.
a-^b

cd-^

36.
xy-^

zw~'^

37.
b-^cd-"-

3 *

38.
a-26-'

c-^fZ-"

39.
2a.--Y

;s-W

4.n
4m-26-2

44.

45.

46.

47.

48.

49.
(a - 6)-2

50. -{x-y)-\

51. a-' + 6-1.

52. 0.-2 + x-K

53. m~3 — ri-3:owa"

54. a;2 + 2 4- «~^. 55. a-2 + 2 a-i6-i + 6-2.

EXERCISE 129

In each of the following expressions transfer the factors from

the denominator to the numerator :

1.

2.

3. ^

4.

5.

X
6.

1

a;-2*

11.
5

a-26»'
16.

ace

6-id-i

2
7.

1
12.

6
17.

1

z a-26-3c

a2
6'*

8.
3

a^'
13.

8

a-36-2
18.

1

x^yh''

c
9.

3xy
14.

a262

d-^ z c2

a-2
10.

1
15.

xyz

& a-2 10
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FRACTIONAL EXPONENTS

EXERCISE 130

Find the value of each of the following expressions

:

1. 4l 12. -25i 23. 32^ 34. 1.44*.

2. 8i 13. 49-i 24. 8li 35. 1.96*.

3. 9K 14 36-i 25. 8ll 36. .0641

4. -16^ 15. 8-'^. 26. 343l 37. .008t.

5. 32k
'

16. 100" I 27. 256l 38. .027i.

6. 273. 17. 169-

*

28. 256l 39. 6.25*.

7. 4t. 18. 125l 29. .04*. 40. .OOli

8. -8i 19. 25t 30. .16^ 41. .008*.

9. 9i 20. 27-i 31. .027*. 42. .04t-

10. 16\ 21. 128l 32. .001*. 43. .Oli

11. 32l 22. 4^ 33. .125*. 44. .OOlt-

TRANSLATION FROM THE EXPONENTIAL TO THE
RADICAL NOTATION

MENTAL EXERCISE 131

Express each of the following in the radical notation

:

1. a*. 5. x-K 9. yi.
13.

m

2. 5*. 6. .-^. 10. zl
14.

h

3.
3

7. el 11. a/'. 15.

c

4. di 8. x'^. ,12.

3

16.

17.

5

d~\ 19. y

5

21.

3m

23.

2

2^ 25. ahi.

18.

6

20.

2m

z\ 22. 3~K 24.

n

26. m^n^\
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27. 5U
28.

1 1

29.

2 n

30.

1 ]

X ?/ z

31. x-'y^z"".

32. ah'h-^^.
h c a

33. a'b'^cK

34. ^xK

35. 5 2/i

36. 4 2;"i

37. Twi
c

38. 2c2.

39. 10 m^^.

40. 12a^&i

41. -Ga^fti

42. 1 c^d?.

43. a6^.

44. (a52)i

45. (cd3)i

46. (iC^l/O^-

47. {z^w^)^,

48. l^ai
49. 2 --65.

50. (a + &)^-

TRANSLATION FROM THE RADICAL TO THE EXPONEN-
TIAL NOTATION

EXERCISE 132

Express the following roots indicated by radical signs by the

notation of fractional exponents :

1. Vtt.

2. VI.

3. ATc.

\/x.

8. Vy.

9. -y/n.

10. V^K
11. SVx.

12. 2-Vy.

13. 4-v'?.

14. -bVf.

15. 7a-v/6^.

16. 6\/xy.

17. VlVa.
18. -vri
19.

20.

21.

22.

</2^

Vl-j- m.

23. VaF\

24.

25. .^6^

26. ^^F^

27. Va;"""

29. 5Vab^c.

30. m'\/m^nhv.

Vab^31. "'c^

32. -v/^^^^ift;

33. 2V^.
34. -a-v/6^.

35. VVm-
36. -x/Vn.

37. VaV6.

38. — a\^b^/c.

39. a^V^/Vi.

40. 2V^3^5^.

28. VI
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PRODUCTS OF POWERS AND QUOTIENTS OF POWERS

EXERCISE 133

Simplify the following products and quotients

:

1. 2i . 2\ 20. <9 . (r\
40.

a 2 1

^2 .^ a.^^2«.

2. 3i.3i 21. (T^ . d-\ 41. a^-y . a^-^ . a^-^

3. 5^ . 5-\ 22. cf-g-^-
42.

^1 ^-1 23. h' • h-\
4. 62 . 6 3.

"> 4.
24. - ¥ . 1^. 43. 3 2/'».5?y~^./.

5. -7^4-7'. 25. 2 a-^ • 5 a^. 44. a^^-a-^.

6. 10-i . 10-2. 26. 3 6-« • 6 6-3. 45. 6-8 -=- 6-3.

7. 4^ - 2\
27. - 5 c-« . 8 c-''. 46. c-2--c-^

8. 25^ - 5.
28. 7 cT^ . 9 di 47. - di -^- di

9. 3^-f-9l 29.

6

llJt-^.SA: «' 48. /it - 7il

10. 9^ .
3-^ 30. 12 g-^ . 3 ^i 49. A;-^ - A;-2.

11. 8* .
2-2. 31. tt^ . a^ ' aK

50.

51.

— m"3 -=- m.

12. 25^ . h\ 32. 6' . 6^ • b-\
52. ^x-y _^ (jy-«^

13. 36^ . 6-3. 33. C^ . C-2 . C-3.
53. 8a;3---(-2aj-i).

14. 49-i . 7-2. 34. d^ . d"^ . d'k
54. 12 2/-t-4 2/i

15. 32^ . 23.
35. m" ' m'^ ' m\

55. _16 2«-3^2 2-^

16. - 27^ .
3-^

36.

a h
56. 4 a ^ a"'*.

17. 81-'
. 31 37. X^ ^X^'X-\ 57. -5 6^6-^

18. a-2 . a-3.
38. fn . 2/-3n . 2,-n^ 58. — C-r-C-\

19. 6-^
.
6-1 39. Z-3 . 2-3 . Z.

59. -•2d-3-!-(--4d-^). 60. -

-a-2
^-5*

POWERS OF POWERS

EXERCISE 134

Find the values of the following expressions

:

1. (2-1)^. 3. (5-2)-2.
5^ (5^)6.

7.
(7-2)-i.

2.
(32)-i.

4. (4^)-l 6. (6^)-*. 8. -(8^)2.
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9. (9-^)1

10. (16-»)"^.

17. (125-^)-l

18. (64-^)-^.

19. -(100")-^.

20. ((2^)^)1^

21. ((3^)^)=^.

22. lc^-\

23. (d-'y.

24. (a-^-".

25. lb-y\
26. (aj-3)o.

27. (/)-^

28. {!^y.

29. (w^)".

30. (g'')K

31. (/i^)i2^

32. (fc-«)i

33. — (m^)^.

34. (n~^)^.

35. -(t^)K

36. (a;^)i

37. (2/-^)-'«.

38. (z~^y\

39. -(m;^)^

40. -lm-y\
41. _(m-2«)3.

42. (/i2r)2.

43. (k^^y.

44. ((i-^)2.

11. (25-i)-^. 13. (49T^^)-l 15. (32-2)1

12. (36-^)-i 14. (27-3)^. 16. (81«)-i.

45. (7&y\ 72. (d,yr^

46. -(g^")-''. 73. (x-y^.

47. (aj3«)-6. 74. {fy
48. (a2)^ 75. -(zy\
49. -(&3)«. 76. {w^yr^.

50. (c^^. 77. (a2-)2^.

51. (c?,^)--. 78. (b-'y.

52. (h-y. 79. [c-^y\

53. (A:-3)-^ 80. {(x^yy

54. -(m2)3«. 81. ((r)-")-^

55. (7i3)2^

56. (x-i)-3-.

57. {ay
58. -(6^)".

59. (c"*)-^

60. (d-y.

61. (/i-"*)--.

1

82.

83.

84.

85.

86.

87.

88.

((a«)~V^
(a-+i)2.

(6-2)3.

(d2)n+l.

(hy-^'

iky^K

(m'-+i)i

62. (ky. 89. {x'^^y.
1

63. (m")"*.

1 1

90.

91.

(22n+l)3.

{w^^-y.

64. (ny. 92. {m^-y\

65. (a;-)"'*.
93. [a'^^^f.

1

66. (2/-)^
1 1

94.

95.

(56.-9)1

{h^y^^\

67. (z y. 96. (V+2)«-2.

68. (b'yK 97.
(^m+«)m-n^

69. (a^)\ 98. [a^+i)«+2^

70. (6«)^ 99. y+3).+5.

71. (c-"*)™. 100. [z^-y^\
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POWERS OF PRODUCTS AND POWERS OF QUOTIENTS

MENTAL EXERCISE 135

Simplify each of the following expressions applying either the

index law {ahy = a"6", or the index law (a -=- by = a'* -^ &"

:

14. {bh^y\ 28. i]i -4- m-2)"i

15. (c-2(r^)-i 29. {a^-^-x-^f.

16. (fc"W)~^. 30. ip-^' -f- cZ3)i

17. (a-2H-ft3)2. 3^^ (2 a) -2.

18. (^^-cV- 32. (4 6-1)^

19. (c-2--cf)-2.
33^ (2c-2)3.

1. {ah^y.

2. (b'c-y.

3. {c-'d'yi

4. (d-'^hy.

5. {mbr'y\

6. (x-v^)"'.

7. -(a^x^y

8. -(b'y^y.

9. -(c-^i

10. (d^w-^y^.

11. (a-V^)l

12. (6i'»-^)-8.

13. (a'6^)6.

34. (Sd^)-\
20. (a-^^a;'*)-^

21. (b-^^c-y.
1

22. (c-2 - 2/"')"'. ^^- ^^^)^-

23. (a-i-^6-i)-i. 36. -(92/2)i

24. (a^-f-6^)2. 37. (16 22)-'.

25. -(b^-i-x^y.- 38. (25 O"'-
26. (c? H- 2/^)-4. 39. (36-^a6-2)-i

27. (dr^-i-qyK 40. (9-3m-^t-6)"i

PRODUCTS AND QUOTIENTS OF BINOMIALS WHOSE TERMS
HAVE FRACTIONAL OR NEGATIVE EXPONENTS

EXERCISE 136

Obtain each of the following powers and products of binomials :

1. (a-i + 2)2. 4. (2(^-2 + 3)2. 7. (a-2- 6-3)2.

2. (6-2 + 3)2. 5. (3/1-3-5)2. 8. (3a;-3-42/-'')2.

3. (c-''-4)2. 6. (a;-i-2/-V- 9- (f*~" + ft"^)'.

10. (»-« - 2/-*)2. 16. (m-^ - 5)(m-5 - 8).

11. (a;-3 + 4)(aj-3 + 7). 17. (7^2 - ll)(n-2 + 4).

12. (a-i + 2)(a-i + 3). 18. (ic-« - 9)(a;-6 + 2).

13. (6-2_5)(6-2-4). 19. (i/-8-8)(2/-8 4-7).

14. (c-3 + 6)(c-3 + 1). 20. (2-5 + l0)(2-5 _ 6).

15. (d-4 - 7)(d-'' 4- 3). 21. (w-' - 9)(w-' - 5).
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22. (a^-^iy. 26. (d^ + 3)2. 30. (x^i-sy.

23. (J-\-iy. 27. (m* + 4)2. 31. (y^~5y.

24. (6^ + 1)1 28. (71^-2)2. 32. (2a^-3y
25. (c^ + ly. 29. pi _ 4)2. 33. (c^ _ df.

34. (5x^-yly. 42. (ai + !)(«! + 2).

35. (6t + c^)(6f _ c^). 43. (5l + 4)(5i
_f_ 3).

36. (a^+l)(ai-l). 44. ^^i + 6)(ci -\- 5y
37. (6i4-2)(&i-2).

45. (d^ + 8)(d^_3).

38. (ci + 5)(c^^-5). 46. (m^ - 7)(m^ - 2).

39. (d3 + 6)(dt - 6). 47. (ni-10)(nU4).

40. (2mi + 7)(2mi-7). 48. {x^ ^ ll){x^ - 3),

41. (oji + 5)(aji + 8). 49. (r-9)(r-4).

50. -f^. 53. AZL^ 56 a'' - b-^

51.
^^ - ^^

. 54.
^-^

. 57 c-^ + ^-^

52. 4I1A. 55. ^^ - ^\ ^„ x-^-y-^
li + 6^ m^ - n^

58.
a?-i - ?/-

EXERCISE 137

Simplify the followiDg expressions

:

Multiply

1. a* + b^ by a^ + 6*. 4. a;"^ + 2/"^ by x^ - yi

2. a:^ - 2/Hy a;^ - yi. 5. oT^ - bHj a'^ - bi

3. a;i _ yi by a;^ - 2/"i 6. 6"^ + c^ by b^ + c'i

7. a^ + x^ by a"^ -f- x^.

8. a;-3 - 3 a;-2 + 1 by a;-* + 2 a;-i.
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9. 2x^ — 3x^ — 4:-\-x~ihj 3x^-\-x—2 x^.

10. a-3&-2 + 2 a-162 _ 3 a^h-'' by a^ft-^ + 3 a^h.

Divide

11. a?-5 - 3 x-3 + 2 aj-2 by x-"" - 2 oj-^ + 1.

12. a^ — a^6^ — aW^ + 6-~ by a^ — fti

13. ic —y by £c^ — ?/^'

14. a;-6 - 3 ic-^v
-2 + 3 x-hj-'*' - 2/"^ by a;

-2 - y-\

15. a 4- 6 by a^ + b\

16. cc~^?/ — 5 ct'^/"^ + 4 a^2/~^ by oj^?/-! + a;^?/-^ _ 2 a?''?/"'.

17. a - 6 by a^ - bi

18. 2 a'h^ - 4 a-^6* + 2 by 2 a-%^ -A ah^ + 2 a'^fti

EXPONENTIAL EQUATIONS

EXERCISE 138

Solve the following exponential equations for x

:

1. 3- = 81. 18. 33-=^V 31. 52-1 = 125.

2. 2- = 128. 19. 8«- = i.
32. 2^-1 = 512.

3.

4.

23- = 8.

22- = 16.
20. 52^=125. 33.

34.

62-3 = 216.

2«-+i = 8.
5.

6.

34- = 81.

23- = 64.

21. 3^= 243.
8

35. 33-+1 = 27.

7. 27- = 128. 22. 3^ = 81. 36. 43-+2=:i28.

8. 3^ = 9.
23. 128- = 32.

37. 33.-2 ^ gx^

9. 56- = 25. 2x 38. 23x _ 4x+i^

10. 63- = 36. 24. 23 = 64. 39. 54-+1 = 125^+1.

11. 48- = 256.
25. 42=32. 40. 92- = 27^+1.

12. 8^ = 4. 2x 41. 43- = 32-+2.

13. 25^ = 125. 26. 93 = J^.

14. 16^- = 128. 27.

2 7*

163- = f
2-+1 = 16.

42. 162-1 ^ 64X+1

15. 3- = i. 28.
43. 83X-2 ^ 162x-3^

16. 2- =
i. 29. 3^-1 = 27. 44. 272-5 = 81-3.

17. 2^=tV 30. 22^+1 = 128. 45. 643-1 ^ 1282-+2.
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EXERCISE 139

Miscellaneous

Simplify each of the following expressions :

1. 4^x16-^x64^

25^ X 32*

3. 90 _|. 9* _ 9-1 + gf.

4. 32«-|-32^ + 32^ + 32^ + 32^ + 32.

5. 2 (a-6)-4 _ (a-i2)-2 _ (a-8)-3.

/gO + 50\ 2

13.

2 .
2'^+^

(2«+y-i.2-"* ~ a-^b-^

8. 2t.6i-9-t.3^-5^. 14. [(a;°/'«]A

10. (aj-a^)«. >16. ^" X (3- ^y
V J 3n+i X 3"-i X 9-'*

11.

irl tT- 17. 1-^-^^^x-^
aV ' a-i-a-26 a-^ + ft-i

/ a-i-&-i Y6-a\ / a-^6-1 \

•

U~'& - «&"7 V «^~' y^ VI + a6-
V

'

SURDS

REDUCTION TO SIMPLEST FORM

MENTAL EXERCISE 140

Reduce each of the following surds to simplest form

:

1. V8. 4. \/28. 7. V60. 10. e-VM.

2. Vi2. 5. V40. a 3V24. 11. Vis.

3. V20. 6. V52. 9. 5V44. 12. V45.
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13. V54. 23. V75. 33. 6 Vl62. 43. 8^88.

14. V90. 24. V125. 34. 7 V200. 44. ^54.

15. V99. 25. 3V50. 35. ^16. 45. 4^81.

16. 2V27. 26. V175. 36. ^24. 46. 2^108.

17. 3V63. 27. 4V250. 37. ^32. 47. ^^^32.

18. V32. 28. V72. 38. 6^/4C). 48. 5^80.

19. V48. 29. Vl08. 39. 3^48I 49. 3^96.

20. V80. 30. 2 Viso. 40. 5-\/5(I 50. ^64.

21. 2V96. 31. 3V98. 41. 4^7^I 51. ^96.

22. 3V160.

4 V288.

32. 5V128.

69. bVc\

42. 7a/8(

85.

). 52. 3 V242.

53. 3bVl2(^d\

54. 10 viooo.

3 ^250.

5 -v/600.

70.

71.

72.

86.

87.

88.

4aV27a '¥&.

55. 3c^48a^Wc\

56. 2</32(fh¥\

57. 9 ^128. 73. ^ab\ 89. V(a + byc.

58. 6V500. 74. \/&d\ 90. V(6-c)263c3.

59. 12V700. 75. x-\/y^z'. 91. Vac^ -h be2^

60. 5 V243. 76. m Vnfi^n 92. ^a-b.

61. 4V343. 77. Vh'x'. 93. yb^^^K

62. 2 V512. 78. V6Y. 94. -Ve.

63. 3 V450. 79. Vmhi'. 95. ""^Va-^K

64. 3 ^375. 80. Va^b'c\ 96. "-^6-\

65. v^. 81. x^x'yz^ 97. Vc^-d.

66. v^^^ 82. V4a^6. 98. -^x^^y'^z.

67. Vc^. 83. \/^&d\ 99. "~Va'-'-+i, n>r.

68. aVbK 84. 5c-y/Sab\ 100. Va^^^b'-^hf+3, ?• > 1

EXERCISE 141

Reduce each of the following surds bo simplest form

1. VJ. 3. V1- 5. 4Vf 7. VJ.

2. Vi. 4. 5Vi. 6. iiv:S- 8. vs.
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9. VtV
10. 30VS.
11.

12.

13.

14.

15.

16.

13V,V

4V|.

iVJ.

2T-

17. ^i

18. ^1.

19. n.
20. ^i.

21. ^.
22. 3-^i

23. Sv'J.25--

24. 4^^.

26. tV^S.

25. 1^1.

27. 12^^V 36. V-V-.

28. i</i.

29. 9Vi

30. 4v'J.

31. Sy'l.

32. </^

33.

Te-

7
32"-

34. Vf
35. VA-

37. V|f^
38. iV^^/,

39. ^f
40. ^ff
41. ^-V_5.

42. i^

44. -v^-M

49
45. -U-J-

46

47. a

48

49.

50.

51.

52.

53.

54.

^€

VI-

Vy

4-

56.

57.

58.

59.

67. 0^

be"

62.

63.

64.

65.

66.

68

70.

71.

72.

-4:

74.

75.

76.

77.

3 x^y

73. ab

b'c

^9a^b

^a'b

a Ic

b^a
X /r^

^ 11.

b^a^'

b sja
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78.
^jly

80

81

82

83.

84.

85.

4/ 5

94.

95.

m >n.

X?-

\/l,.^>2-

n+1/1

\t»

89.

90.

91.

92.

93.

2n 1

SnfT

96. n

97.

3/nr
.

«n—

3

98. a;

99.

100.

101.

1 a/X

xj\,n<S.

n<7.
2/

MENTAL EXERCISE 142

Simplify each of the following :

1. ^25. 13. %-2/l 25. V^.
35.

<lh-
2. ^/36. 14. ^lOOa^. 26. V?.

^(^

3.

4.

5.

^4.

^27.

15.

16.

17.

18.

19.

20.

27.

28.

29.

30.

31.

36.

37.

38.

6.

7.

8.

^16 «V.

^o^y'z\

9.

10.

-t/49 a*. 21.

22.

32.

33.

39.
;/!.•

11.

12.

V125 a\ 23.

24.

Vb\
34. € 40.

n/J;-
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ADDITION AND SUBTRACTION OF SURDS

EXERCISE 143

Simplify each of the following

:

7. V2+vT8.
8. V5+V20.
9. 2V6 4-V24.

10. 3V7+V28.
11. 4V3 + 2V48.

12. V45-2V5.

1. V3+4V3.
2. 2V5 + 3V5.

3. 6V7-2V7.
4. 8VIO-9VIO
5. 4Vl3-7Vi3
6. V3+Vi2.

19. 5V72-2V32.
20. 3VI25-4V80.
21. 3i/l6 + </M.

22. ^24-^/81.

23. 5v'i08--^'32.

24. 5^/2-^32.

25. a/3+\/243.

26. A/2 + ^5l2.

27. Vl0 + V40-fV90.

28. V2 4-V50-V72.
29. V3-V12-V27.
30. V6-V24+V54.
31. 2V2+vT8 + V32.

32. 4V3 + 2Vi2+V75.
33. 2Vli+5V44-3V99.
34. 2V^+3V^.
35. 4 -\/y — -y/y.

36. aV2 + 6V2.

37. aVm + Vm.
38. Vn — x-Vn.

39. V4^4-V9^
40. 2V642-V49Z.

13. 2a/72-5V2.

14. 9V6-4V54.
15. V50+V8.
16. V75+V27.
17. 3V80-2V20.
18. 2V28-3V63.

41. Va + Va^.

42. V6+ V6"^

43. V^— Vc.

44. a/^4-^^.

45. -^6^- Vb^.

46. -v/8^ +^.
47. aVa^ + Va^

48. ??iv^m^ + Vwi9.

49. a^¥c + Vc.

50. V2/2;^ + 'Vyiv'^.

51. Va26^ + V^.
52.

53.

54.

55.

56.

-y/ab^c^ 4- ^ax^y"^.

Va;-2/-V(a;-2/y.

V2+V2T2+V8^.

57. Va-2Va^ + Va^.

58. a^xy +V^xy — -\/c^xy.

59. aVa^ + V4 a^fe^ + ^/ab\
3/ 3/ 3 /

60. -ym^n

61. V24- V3-I- VJ8 + V8.

62. V5+ V2O4-V6+V24.
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REDUCTION TO EQUIVALENT FORMS

EXERCISE 144

Reduce to the forms of surds

1. 3, second order.

2. 2, third order.

3. 3, fourth order.

4. I, second order.

5. i fifth order.

6. 1, fourth order.

7. 1, third order.

8. a, second order.

9. b, third order.

10. c, fourth order.

11. d, fifth order.

of the orders indicated :

12. 2 m, second order.

13. 4:71, third order.

14. 5 xy, second order.

15. 6 x^, second order.

16. 7 ct^b, second order.

17. 5 a;V> third order.

18. a, nth order.

19. b% second order.

20. c'", third order.

21. (P, rth order.

REDUCTION OF MIXED SURDS TO ENTIRE SURDS

EXERCISE 145

Transform each of the following mixed surds into an entire

surd:

1. 2V3. 12. iV7. 23. m^/n.
32.

f/--
2. 3V5. 13. 3Vi. 24. x-\/x. 2Va

3. 4V2. 14. sVS 25. y^y- 33. 3J*.
4. 2^2. 15. tVV5- 26. ab^c.

6^3

m s/m
5. 3^. 16. iVi. 27. xyVyz. 34.

6. 5^2. 17. iVI. 28. x^Vy.
35.

/A ' ft

aVb.
7. 4^3. 18. iVf. 29.

36. b^c.
8. e-^ia 19. in.

(X

37. cV'c.

9. iV2. 20. aVb. 30.
'^i 38. d^d\

10. iV6. 21. bVc. iji 39. xV^.
11. iV5. 22. c</d.

31.
ftVfe- 40. a-Va.
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CHANGE OF ORDER

EXERCISE 146

Express as equivalent surds of the same order

:

1. V2 and \/5. 7. -^3 and ^. 13. V^ and </a\

2. V3 and -s/i. 8. 's/2 and ^3. 14. ^b" and ^/h\

3. V5 and -^10. 9. VS and v^l5. 15. Vx and A^a^

4. V6 and -^/II. 10. ^9 and \/80. 16. ^^ and V.^

5. V7 and a/50. 11. V3 and a^TS. 17. 'V^andA/2.

6. v^2 and a/3. 12. V2 and a/'12. 18. </w and " a/w.

Which is the greater ?

19. 3A/5or4A/3. 22. ^36or2-^'5. 25. a/6 or 2a/2.

20. 4a/6 or 5a/3. 23. a/3 or a/2. 26. a/14 or 2a/3.

21. 5a/7 or 8V3. 24. VS or a/20. 27. a/3 or a/29.

28. a/6 or a/200. 29. Va or a^'o^, for a >1.

30. A/Por a/6"^ ford >1.

MULTIPLICATION OF SURDS

EXERCISE 147

Write each of the following products in simplest form

:

1. a/2 X a/3. 8. A/lixA/22. 15. 2a/14x2a/7.

2. a/3 X a/7. 9. v3XA/i5. 16. 5a/3x4V2T.

3. VSxVii. 10. 2V2xV5. 17. 3V2x7a/10.

4. a/6xV2. 11. 4a/3xa/10. 18. a/4x^6.

5. a/7 X a/14. 12. a/13x5a/7. 19. a/9 x a/12.

6. a/7 X a/35. 13. A/i7x8\/2. 20. a/50 x v'S.

7. ViOxVe. 14. 5A/6x2A/n. 21. a/12 X a/20

22. -2\/9>ca/^^15. 25. a/2 X a/4.

23. a/8 X a/6. 26. a/3 X a/9.

24. 3a/2xa/24. 27. a/5 X a/5.
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28. V3X^3.
29. VI X V|.

30. VlxVf
31. VfxV|.
32. V| X V|.

33. V^xV^.
34. V-^XV?.
35. VlxVi-
36. Va; X V2/.

37. Va& X Vc.

38. Vmaj X V»i2/.

39. £CVa X Vc.

40. Vd X 2/V2;.

41. aVa; x h^y.

42. Va& X Va.

43. V6c X Vc.

44. V^ X V2/2!.

45. Va&c X V6c.

46. ViC2/^ X V.y2;w.

47. Vft'xV^.

48. Vfec^ X Vc^.

49. ViC^?/ X Va:^/.

50. V2axV2^.

51. VScxVTd.

52. V2«xV2^.
53. V3m X V6 w.

54. VHc X V21w;.

55. 5V106 X V2c:

56. 4V6a?> X V2ac.

57. Va&cxVo^.

58. -s/xyzx-s/f^.

59. VaftcxVa'ft^c.

60. ^ab'^c^ X Va^^c.

61. -Vxy^zhv* X V2/^w;<.

63.

66. Va X Va'^-^ft.

67. Vc^^xV^.
68. 71 Vw**"^ X Vw'*.

MULTIPLICATION OF A SURD POLYNOMIAL BY A
SURD MONOMIAL MULTIPLIER

EXERCISE 148

Simplify each of the following expressions

:

1. (Vil-Vl3 4-V7)V3. 4. (V5-Vio-Vi5)V7.
5. (V2-V5+VlO)VlO.
6. (V2+V7 + 2V14)VI4.

2. (V2+V7-V3)V5.
3. (V7-VlT + Vl3)V6.
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7. (V3-V5+VlO)Vi5.
a (Vl0 + 2V3-V5)V5.
9. (3V2-2V3+Vi2)V6.

10. (V5-V21+4V27)2V3.
11. (2V5-4V10-V30)3V5.

17. (i/l00--\/25 + -\/l)-s/l6.

18. (i/oFbc + ^ab^c + ^ab?) ^abc.

19. {y/'cfc--\/m^'-\/M)-s/abGd.

20. (V^^ + V6^^4-Vc^)\/^.

12. (Va + V6+Vc)Va6c.
13. {-\/xy + V^/^; +V^) ^xyz.

14. (^2 + -v/6—^10)^4.

15. (-^9 -2-^3 --^18) -^3.

16. (^4 + -^9 +^36)^/6.

PRODUCT OF TWO BINOMIAL SURDS

EXERCISE 149

Simplify each of the following

:

1. {^/'^-\-^/2){^/Q-^2). 8. (Vl5 + 8)(Vl5-8).

2. (VT+V5)(V7-V5). 9. (Va + 3)(Va-3).

3. (Vio+V3)(Vio-V3). 10. (5H-V6)(5-V&).

4. (vn+V6)(vn-V6). 11. (1+V^)(1-V^).

5. (Vi3 + V2)(Vi3-V2). 12. (Va + V6)(Va-V6).

6. (VIO + i)(Vio-i). 13. (2V3+V5)(2V3-V5).

7. (Vi3 4-2)(Vi3-2). 14. (3V2-hV6)(3V2-V'6).

Expand the following

:

15. (3V5 4-V7)2. 19. (Vl5-V5)2.

16. (V3+V2)2. 20. (2V3 + 5)2.

17. (ViO-V7)^ 21. (7-3V6)2.

18. (V6 + V3)2. 22. (4V2 + 3V3)^

23. (5V6--2V7)2.

Fill in the following Blank Forms and expand

:

24. (V( ) + V( )f. 26. [( )V( ) + ( )V( )]

25. (V( )-V( )y. 27. [( )V( )-( )f.
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Simplify each of the following

:

28. (V5 + 2)(V5 + 4). 36. (5V6-4)(5V6-6).

29. (vT+ 3)(V7 + l). 37. (V3TVB)(V3IW§).
30. (V6 + 8)(V6-3). 38. (V4TV?)(V4i:V7)-
31. (vio-5)(Vio-9)..

33^ (V?Tv^)(V?wl!).
32. (Vl3 + 4)(Vl3-8). . ._ ^ ^

33. (2V3+l)(2V3-4-5).
^- (V5 + 2V6)(V5-2V6).

34. (3V5 + 4)(3V5 + 6).
*^- (V6 + 2V5)(V6-2V5).

35. (4V2_7)(4V2-1). 42. (V6 + 3V3)(V6-3V3).

PRODUCTS OF POLYNOMIAL SURDS

EXERCISE 150

Simplify each of the following expressions :

1. (V2 + V3 - V5) (V2 - V3 + V5).

2. (V2-V5+V7)(V2+V5-V7).
3. (V3+V7 + VID)(V3-a/7-V10).

4. (V2+A/5 + VlO)(V2-V5-ViO).
5. (Va+V6-Vc)(Va-V6 + Vc).

6. (V^ —V^— V2)(V^^-V^ + V2)•

7. 2V3 + 3V5 4-V7)(2V3-3V5+V7).

8. (3V2 + 2V5-8V6)(2 + 5V2-3Vi2).

9. (Vi-V|+Vi)(V6+V7-V8).
10. (V|-V|-VU(V|-V|-Vf).
11. (V2-V3)(V3-.V5)(V5-V7).

12. (aV&- Va6 4-&V«)(Va-V6).

13. (Vab + V6c + Vca)(Va -f V& + Vc).

14. (Va + V6 + Vc)(Va -f V6 - Vc)(Va - V6 + Vc)

(Va-V6-V^).
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INVOLUTION OF MONOMIAL SURDS

EXERCISE 151

Keduce the following indicated powers to simplest form:

1. (^/2)^ 12. (^-4y. 23., (aVxy.

2. (</'5y. 13. (Va)'. 24.
. {Wyy.

3. (^3)^ 14. (V6)^ 25.. (c^my.

4. (V2)^ 15. (V«)^ 26., (d</ny.

5. (V5)^ 16. (V^)^ 27 , {aVWcy,

•6. (^8)2. 17. {</cy. 28 . (2x^xy.

7. (2V3)^ 18. {^d)\ 29
. {SyVfy-

a (3V5)'. 19. (^Jiy. 30 , (^ay, 71 > 2.

9. (4^4)2. 20. {</-ay. 31,. {</by,n>3.

10. (2^2)^ 21. {^-b^y. 32., (x^yy, ^ < 4.

11. (-2V7)l 22. (--^-a;)!

DIVISION OF MONOMIAL SURDS

EXERCISE 152

Simplify each of the following quotients :

1. V6--V2. 13. -^12 --^4. 25. ^2 -^'4.

2. V10-V5. 14. Sv'IS-j-^S. 26. A/io-^^l2.

3. V14--V2. 15. V27-^3. 27. -^3-^-^2.

4. V2I--V3. 16. </m^</2. 28. -v/5^V4.

5. V15--V5. 17. V48-^</6. 29. 5V2-Vio.

6. 3V22^Vll. 18. V7-^V2. 30. 3V5--V15.

7. 5V26^Vl3. 19. V3^V5. 31. 6V7-V42.
8. 8V30-5-2V2. 20. Vl0-r-V3. 32. 10V3-^V6.

9. V39-2Vi3. 21. V13^V7. 33. 14V2-V14.

10. V5l^3Vrf. 22. VlO-^V6. 34. V7-3V2T.
11. ^4-^2. 23. VIs^Vio. 35. Vll-^2V22.

12. ^9-^3. 24., V21-^Vl4. 36. V3-^-4^/16.
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37. V2-^5V6.

38. Va^ -T- Va.

39.

40.

41.

42.

55.

56.

57.

58.

V 6^0 -i- Vc.

y/a^bc -h ^ab.

xyH xyz.

V5a-^V26.
VT ic -5- Vl4 y.

6V3 a;y ^ 3V6 xz.

^2^Va, 71 > 2.

43. Va;^?/^ -'- ^xy.

44. Va^^c^ ^ ^ab'^c.

45. Va-^V6.

46. Vc ^ Va;.

47. Vd-^Vy.

48. Va-f-Vft^

59. Va"-'

49. V&2-^Vc.

50. aV2/-^Va.

51. aV6 -j- 6Va.

52. Vic.y^ -i- xyVz.

53. abVc-T-a^bc.

54. -\/xyz -=- -y/yzw,

n>l.^ab^-

60. (V30 + V42)-V6.
61. (12V35-V45)--3V5.
62. (8V5l-5V33)-(-2V3).

63. (V15-V6 + V2-V3)-V3.
64. (V2 4-V8-V21)--V2.

RATIONALIZATION

EXERCISE 153

Rationalize the denominators of each of the following

:

2.

3.

4.

7.

1

V2'
1

V3*
1

V5'
1

V2'
1

V4*
1

V9'
1

V27'
2

V3*

10.

11.

12.

13.

14.

15.

16.

8

V7
10

V3
1

Va
2

V6
4

Vc
a

V6
1

Vd
1

17.

18.

19.

20.

21.

22.

23.

24.

m^

</v'

n

2

V5B
_3
Vt^
^^
V36
1

3V6*
1

2VII

25.

26.

27.

28.

29.

30.

31.

32.

5V7
9

V2^

3V2
1

2V4'
1

rtViC

2

V2'

_5^

V5*
3

^3*
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

2

V2'
10

V5*
9

^3'

5

^25"

9

^9'

49

^49"

_8_

^s'

_^.
Va

c

</d'

6

Vi2'

3

V15*

4

Ve'
18

v/l5

28

V2I*

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

V2m
3

V3~m;

6

8

V2^
V2
Vs'

:^^

Ve'

V2
V37

Vl3

V3'

^.
Vi9
-^3

Vft'

Va;

Vm

:^

ViC

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

3V5
5

6V7'

10

3VIi"

2V3
V2*

3V5
V3'

5

7V5

6V7
V6*

4

3V2

a&

Vc*

a

V6^

g

^>Vc'

-Vziv

oVy^

Va

?>Vfe

Vfe'

2a
79. -7=

V2 6

80.

81.

82.

83.

84.

85.

87.

88.

89.

90.

91.

92.

93.

94.

5c

V5ci'

ab

Va

Vc'

X

Vxy

2ab

V3^
aVc

cVb

1

1

V56^*

1

V^Ti
1

2

Va-l-3

5

Va; + 5*

a

V^T+i'

2/ .

Vy-3
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96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

a" --4

Va — 2

b'--9

V6 + 3

X 4-5

v^^-25
a--7

SURDS

10

153

Vf— (t

1

V3 4-V2
1

V2 -V7
1

V7 -V6
1

V5 - vc
1

Va 4- VB
1

V6- Vc
1

VX4-1
1

1

2V3 4-1

2

Vii-VIo'
3

V6 4-V5*
5

V7-V2'
7

Vi0 4- V3

112. V5 + V3

113.
15

V7-V2
114.

11

2V5-3

115.
5

3V5 4-5

nfi 36

3V2-2V3

117.
a

V6 4- Vc

118.
b

Vc— Va

119.
2.T

V24- v^

120.
V5 — A/7

V3

121.
V34-V2

V2

122
Va4-V^

Vc

123
V»4-V^
v^

124
Va-V6
V^

125
Vab 4- V&c

Va6c

126
1

5V3-6V2
101 2

128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

V2a^4- Va
b

V6-V26

V3 4-2

V3-2'

3+ V7
3-V7

54- V3
.

5-V3

Vft + VB .

Vc4- V5
3-a;

V374- Va^y

1

VaJ 4- 2 + 1

1

V3-2-1
1

140.

141.

142.

14-Vl-a;

y

i+vr^
z

5 4-V4'^2

1

Va^4-^^4- Va?

Va4-?>4- Va
52

5V2-4V3 a + Va2-62
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143. — 147.
Va+5+Vft-6

144. i 148. ^^^
Va; -I- a + -y/x -\-h V5+ V3

145. ^ —

.

149.
^^^

ViB + m +Vm — X 3V2-2V3

146.
Va^4-3 + Va; + 2

^ ^^^ a6Va6

Va;H-3-Va;4-2 aV6 + feVa

Fill in the following Blank Forms and rationalize

:

151. -LL. 158. L_i__.
( _^V( _)_
V( )+V( )152. ,^ ^ • 159.

^( )

153. ^ > — 160.

V( ) + ( )

154. ( ^ - • 161.

V( )-( )

155. —^

—

^ 162.

V( )+V( )

156. *-—) 163.

V( )-V( )

157. i^—

^

164.

V(_)+VO
VQ +VQ

,

VO-V( )

v( )+vri_ (^ _
V( ) + V( )+V( )

_ (_JL „
V( )-V( )-V( )

EXPRESSIONS HAVING SURD FACTORS

EXERCISE 154

Obtain factors containing surds for each of the following

:

1. a;'- 2. 6. 9^2-13. 11. (F-lOd + 20.

2. y^-Z. 7. ll-m^. 12. a? + 2x-l.
3. z'^-S. a a? + 8a + l. 13. j/^-Uy-lS.
4. 0^-50. 9. 6^-6 6 + 2. 14. 9a2-12a + l.

5. ix'-5. 10. c^-12c-3. 15 62 + 166 + 19.
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16. c2+18c + 57. 20. c2-3c-5. 23.

17. d2_iO(7_ioo. 21. k^-57c-7. 24.

18. a-^ + a + 1. 22. a:^-\-2. 25.

19. 52_^,_i.

EVOLUTION OF SURDS

EXERCISE 155

Simplify each of the following:

1. Vv^.

2/^ + 5.

z^-7.

2 a' -8.

15. Vsvs.

16. V2v'2.

17. 3^73^.

18.

19. yJaK/b^c.

20. -Va^V^X^.

SQUARE ROOT OF A BINOMIAL QUADRATIC SURD

EXERCISE 156

Find the square root of each of the following binomial quad-

ratic surds

:

1. 5-2V6. 13. 15 + 2V26. 25. 11 - 4V6.

2. 7-2V10. 14. 14 + 2V33. 26. 15-10V2.
3. 9-2Vi4. 15. 12-2V35. 27. 18 + 6V5.

4. 8-2Vi5. 16. 19 - 2V34. 28. 9 + 3V8.

5. 3-2V2. 17. 16 - 2V39. 29. 24 4- 3V28.

6. 6-2V5. 18. 17-2V52. 30. 20-5V12.
7. 4-2V3. 19. 18 + 2V77. 31. 5H-7V8.
8. 8 + 2V7. 20. 7-V24. 32. 88-9V28.
9. ll-f-2VIO. 21. 7 + V40. 33. 6 + 3V3.

10. 11 + 2V30. 22. 12_V44. 34. 3 + V5.

11. 10 + 2V2I. 23. 14 + V52. 35. 4 + V7!

12. 13-h2V2f. 24. 12-4V5. 36. 5-fV21,
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Fill in the following Blank Forms and simplify

:

37. V( ) + 2VlO. 39. Vl2 + 2VO- ^^- V( )-2VO-
38. V( )-2Vi5. 40. Vr - 2VO- 42. V( ) +VO-

IMAGINARY NUMBERS

REDUCTION TO STANDARD FORM

EXERCISE 157

Reduce each of the following powers of <i to one of the numbers

,
- 1, i, or -i:

1. i'^K 9. -i^. 17. (V-l)2^

2. ^23. 10. f\ 18. (V-1)^^

3. i'\ 11. l82. 19. {-v-ir.

4. 1-36. 12. ^^o^ 20. (V-1)^.

5. e\ 13. (V-1)^ 21. _(V-l)^l

6. i«. 14. (V-iy^. 22. (V-ir-
7. i«>. 15. (V-1)". 23. (v-ir-
8. -i'^ 16. (V-iy^ 24. (V-iy*^.

Express each of the following imaginary numbers as a multiple

of the unit of imaginaries (V— 1)= i

:

25. V^^.
26. 4V— 25.

30. V
31. 2V-36.
32. _3V-49.

35. 9V-100.
36. 4V-121.
37. V-a2.

38. V-b\
39. 2V-c2.

40. -3V-(^2.

41. xV—y^.

42. -a^-%\
43. V-4a2.33. 5V-64.

34. _7V^^^^^. 44. V-49 62. 54. V^^^^9T^

45. x-^-x\

46. y^-t'
47. -{G-S/-&,

48. V-a\
49. V-b\
50. V-c«.

51. V-d^«.

52. V-h'\

53. V-4a^
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55. V-16c«.

56. V-25d8.

57. 2-V-'S6x\

58. 3V-49 2/'.

59. 5V-64:Z\

60. (V^^)^^

61. (V^".

62. (V^=^)^.

63. (V-xy^
64. (V^^)".

65. -(V-m)^.
66. (V^^^
67. (V^I)^^

68. (V=^)^^

69. (aV^^)*.

70. (6V^^7.

71. —(xV^xy.
72. (-yV^)^».
73. (-2;V-2y'.

74. — (w;V— ^«)^^

75. -(aV^^)^

ADDITION AND SUBTRACTION OF IMAGINARY NUMBERS

EXERCISE 158

Simplify each of the following

:

2V^1 + 3V-1.1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

21. 5V^8l
22. 2V
23. 3V-144a2- 7V-16a2

11.

12.

13.

14.

3V-49-2V-64.
VZTs + V^ 18.

V-12+V-48.
2V

15. 4V
16

27H-3V-75.

32_2V-98.
V ^o^ + 4V^^^.

17.

18.

19.

20.

5V-a^-2V^^.
V-64aj2 + V-25a;2.

7V-2/2 + 2V-492/2.

V^=^225¥-3V^9M.

V-25 +V-16 +
36-

3V3^_2V
32. 4V

45 + 5V-

96 + 2V-54 + V-150.



158 EXAMPLES IN ALGEBRA

33. V-a2H-V-4a2 4-V-9a2,

34. V— a^ +V— 25a^-V 16 a^

35. V-36«2+V-9a;2-V-64a;2.
36. V- 49 62 +V- 81 &2 _V- 49 6^.

37. 2V^=^ + 3V- 25 c^ - V- 144 c^.

38. 3V-4a4-h4V- 9a^ 2V-81a^

Find the numerical value of each of the following:

39. 2 + i2.

40. 4: — l\

41. 3 + **.

42. 3-1^
43. 4 + i^

44. 6 — ^^

45. 7 H- i*.

46. 8 -I*.

47. l + z2.

48. 9 + 2i2.

57. z'2 4- 1*
-f ^8.

58. il6_|14_p.

59. 8t8-4i44-2i2.

49. 10-3i2. 54. f-{-i\

50. 11+4 i\ 55. 1*9 + f.

51. 2 + 2i2. 56. 2i2+i^
52. i^-hi^.

53. i"^— i2.

60. «3 + i-4 + ^5 _)_ ^-6,

61. P — ti8 -f i^^ — 1*1*.

62. 2i'-3 i' + 4 ?•» - 5 I'l".

MULTIPLICATION OF IMAGINARY NUMBERS

EXERCISE 159

Simplify each of the following

:

6.-7 i X /.

7. 4^ X (— 3^).

8. -9ix(-0-
9. -10iX(-2z).

10. V3xV^^.
2.

11. V5 X V^^.
12. V'^^xV^^.
13. V^^ X aA^.
14. V"i:2xV^=^.

15. V^5xV'^^.

18.

19.

20.

21.

22.

23.

-V-TxV
-v^n:x(-V'=^).
-2V^^X(-3V"^=^).
2V^^X3V^=^.
- V^^^xV-1.
V32xV=n5.
V^^ x V^=3o.

V^=^xV^=^,

24. V— 14xV^^.
25. V^TSxV^^.
26. ia X i.

27. i6 X i.

28. la; X iy.

29. — m X lb.

30. — ic X (— iz(^).

31. 2 la; x wi.
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32. 3 ia X iy

ic X 2 id.

56.

57.

V—xy xV—x.
33. \/—xyz X V— xz.

34. ix X ix. 58. x^/—yz X xyV—z.
35. 3ig xS ik.

59. a?V— x"^ X ic^V— a^=

36. — 6ikxS iy.
60. 3 i X 2 * X i.

37. —2iaxS ib.
61. 5ix3ix i.

38. ix^ X ix.
62. Qi X 4:i X i.

39. iah X iac.
63. — 7ix5ixi.

40. iabc X ia.
64. — 8 i X 3 i X 2 i.

41. iabc X ibcd.

42. V-c?xV-l. 65. ia X ib X ic.

43. -V-/ixV-l. 66. IX X ly X iz.

44. V—x x V— 2/-

67. 2 ix X 4 ix X 6 ix.

45. V— m X V — n.
68. ia^ X ia^ x ia.

46. V-a^xV-l. 69. V-3x V-2xV-5.

47. V— 2a x V— y.
70.

71.

72.

V-y X V—4 X V-1.

48. V-3?>x V-c.
2 V-cxV-3c.

V-25xV-49xV-16.
49. V-64X V-36 X V-9.

50. 5^-5dxV-2h. 73.

74.

75.

76.

77.

78.

V-12X V"3xV-l.
51. V-3axV-3&. V-14xV-7xV-2.
52. V— 5c x V— <)c-. V-15xV-5xV-3.
53. V-lOax V-2a. V— a X V— 6 X V— c.

54. V-35XV-66. V-2cx V-3dx V-A:.

55. V-21dxV-7d. V— 3ic X V— 42/x V— 52;.

79. V— 3 abc X V— 2a6 X V— a.

80. V— a;''^x V— y^ xV—z\
81. (-V--a%--V-i,2)(_V-C2).

82. ia X ib X ic x id. 84. 2 /a X 3 ih X im x i.

83. ib X id X ix X iy. 85. iabc X iab x ia X i.

86. 5ibx 4 ib X ic X I.

87. V-2:kV- 3xV"-4xV-l.
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91. ^3 X I.

92. X i\

88. V-5 xV^xV-2x V^.
89. V^ X V^ XV^ X V^.
90. V^IlOx V-5xV-2xV-l.

95. —li'x^i^.

96. ?:* X v" X i\

X ^« X /«.93. v" X 1^ 97.

94. 2 1^ X 4 ^3. 98. — i^ x i^ X 2^.

103. 2i' x3i^ X 4|3x 5^2.

99. 3^^x4^^x^2.

100. 5 ^3 X 4 i^ X 3 i^

101. -11^xbi^x^i\

102. ^2 X i^ X i^ X 1^.

DIVISION OF IMAGINARY NUMBERS

EXERCISE

Simplify each of the following

:

1. V-22-j-Vll. ^3. V^^30
2. V-39--V13. 4. V^^^
7. _V^^^^^V^=n[3.

8. V^^^-^(-V^.
9. V^^20--V^^.

10. 12^--3^.

11. 18 1 -^61

12. 24i-=-8t.

13. 35 1 --51

14. V^H-V^^.
15. V-e- V-5.
16. V-Ih-V-10.
17. V-il-V-3.
18. 2V-5-- V-4.
19. 3V-6-V-9.
20. 7V-14-V-2.
21. 9V-16-16V-9.

160

H-V3. 5. V^^^14--V7.
-V2. 6. V^=U--V3.

23. V^^^V^l.
24. -V^^V^l.
25. V':^^-^(-V^^.
26. -V^^-f- (-V^^^).
27. V— abc -^V— a.

28. —V^^-^V^^.
29. -\A^^2^V-6-.

30. -V^^-^-V^=^2^

22. 49V-25^ 25V- 49.

31. V-a2-^-V^^
32. V^=^-J-V^F.

33. V— ahc -^ Vbcd.

34. a?V— 2/ -f- 2/V— a;.

35. aV^^ ^ 6V^.
36. iV7-f./VlO.

37. zV2^iV5.
38. -^Vii-i-^V3.



39.

40.

45.

46.

47.

4

1

2

COMPLEX NUMBERS

6

161

50.

41.

42.

48.

8

12

51.

52.

53.

11

13

15
54.

55.

56. — -

.

COMPLEX NUMBERS

ADDITION AND SUBTRACTION OF COMPLEX NUMBERS

EXERCISE 161

Simplify each of the following expressions :

1. (3 + 4:0+ (7 + 2i). a
2. (4 + 2^)^-(6 + 3^). 9.

3. (9 + 3 2)+ (8 + 5i). 10.

4. (6 + 7i)+ (10-lli). 11.

5. (8-3z)+ (4-2t). 12.

6. (5 - 9 i) 4- (10-0- 13.

7. (4-hll?:)-(2-|-8i). 14.

(12h-14i)-(15 + 7z).

(19_8 0-(4 + 5i).

(18-6^)-(6-18^).

(13 + 4 0- (13 +61).

(9-5i)4-(-3 + 5 0.

(7_7e)-(7 4-7 0.

(12-13 0-(14-15i).

15. (2 +V^T)+(3+V^.
16. (4-j-3V^+(-7+5V^.
17. (6-2V"=n^)-(-3-8V^^).
18. (9-19V=l[)-(10-20V^=n[).

19. (20-V^^)-(l-20V^).
20. (25-8V^^)-(8-25V^.
21. (2 + V~9) +(-5+V^^).
22. (6+V^^)+(4+V^.
23. (3+V^^n^) + (-2+V^=^).
24. (9+V"=^)+(8+V^64).
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25. (12 + V-81)+(7-V-49).
26. (9 +V^ +(-4 + V^^).
27. (16-V'^=^)-(25-V^^^16).

28. (36-V^l9)-(49-V^36).
29. (12-V^ri2i)-(13 4- V^^^lii).

30. (ll-V'^^l69)-(22-V'^=n:96).

MULTIPLICATION OF COMPLEX NUMBERS

EXERCISE 162

Simplify each of the following expressions

:

1. {2 + i){2-i). 11. (1 +V^(1-V^.
2. (4 + 0(4-0- 12. (2 +V^(2-V^3).
3. (5 + 0(5-0- 13. (4+V^(4-V^.
4. (6 + 0(6-0. 14. (3+V^^)(3-V^.
5. (7 + 20(7-20- 15. (1+V^(1-V=^).
6. (8 + 30(8-30- 16. (2+V^(2-V^^).
7. (9 + 80(9-80- 17. (4 +3V^(4-3V^.
8. (2 + 70(2-70- 18. (5 + 4V^^)(5-4V'^).
9. (_3 + 50(-3-50. 19. (V2+V^)(V2-V^).

10. (_4 + 90(-4-90 20. (V3+V^)(V3-V^.
21. (V5 +V^=^)(V5-V^.
22. (VIo+V^(VIO-V^.
23. (V5 +V^(V5-V^.
24. (2V3 + V^(2V3-V^^).
25. (3V2+V'=^)(3V2-V^.
26. (4V5 +V'^^)(4V5-V^.
27. (5V6 + 2V^^)(5V6-2V^.
28. (2V5 + 3V^^)(2V5-3V^-
29. (2V3 + 4V^(2V3-4V^=r5).
30. (3V2 +5V^(3V2-5V^.
31. (9v'2 + 2V^=^)(9V2-2V^.
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POWERS OF COMPLEX NUMBERS

EXERCISE 163

Expand each of the following

:

1. {2 + i)\ 23. (7-V-3)l
2. (3 + V. 24. (8_V-5)l
3. (4+ir. 25. (V2+V-1)'.
4.

5.

6.

(i-fiy.
26.

27.

(V3+V-1)'.

(V5 + V-1)-.

7. (6 -if. 28. (V6-V-l)l
a (1-iy. 29. (V7-V-l)l
9. (1+2 0^.

.30. [Vio-V-i)i
10. (i + a.y.

31. [5+V-2)l
11.

12.

(1 + 4 if.

(1-5 0^
32. (3+V-5)l

13. (1-6 1)1
33. ^6-V-3)2.

14. (2 + 3 01 34. (Vll+V-2)2.
15. (3+5 0^ 35. (Vl3 + V-3)l
16. (4-3^y. 36. (V17-V-5)1
17. (5-6 01

37. (V2l-V-2)l
18. (7-2 0^

38. (2V3 + V-1)'.
19. (5 +V- ly.

39. (3V5 + V-l)l
20. (8 +V- 1)1

40. (a + O^.
21. (9-V^ ly. 41. (ft + O^.

22. (6+V^ 2)2. 42. {o-i)\

43. <[x - iy.

44. [x + iyy.

45. (m+V-l)^
46. [n-^-iy.

47. ;a+V-2)l

48. :6+V-3)2.

49. (;c-V-5)i

50. (;c?-V-6)2.

51. <aj + 2V-l)^
52. [y + ^^-iy-
53. ^2_5V-1)^
54. {;^ + 3V-2)2.

55. (;a_2V-3)2.

56. (;6 + 4V-5)2.

57. (;c_6V-7)l

58. ;a + 2 0^.

59. [h + 3iy.

60. (c-4i)2.

61. :d-5 0^.

EXPRESSIONS HAVING COMPLEX FACTORS

EXERCISE 164

Find complex factors for each of the following

:

1. x^-{-y\ 5. c2+l. 9. 22 + 8 2 + 19.

2. tin? + w^.

3. a2_|.4,

4. 62 _^ 9.

6. ^2 + 2.

7. a;2 + 4a; + 5.

a 2/'+62/ + 10.

10. wj2 — 2 w; + 2.

11. a2_8(^_|_21.

12. 4a;2 + 12aj + 15.
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13. 92/2-h302/ + 32.

14. 16a2-8a + 17.

15. 2a2 + 3a + 4.

16. 9 62-86-7.
17. a^ + y.

18. a;2 + 3?/2.

SQUARE ROOTS OF COMPLEX NUMBERS
EXERCISE 165

Express as complex numbers the square roots of the following

complex numbers

:

1. 1 + 2V^=^. 9. -36 + 9V^:r48.

2. _l-f2V^^^. 10. 1

3. _1-V^. 11.

4. 3 4-4V-1. 12.

5. 4 + 2V^=32. 13.

6. 2H-V-60. 14.

7. 14 +V^^^. 15.

8. 41-14V^^.

-_36 + 9V^^
1_6V-10.
-1-2 iV2.

11 + 4 iV3.

_ 5 _ 4 /V6.

13 + 8 ?:V3.

-11-8 W5.

SIMPLIFICATION OF FRACTIONS HAVING COMPLEX
DENOMINATORS

EXERCISE 166

Express each of the following fractions as an equivalent frac-

tion with a real denominator

:

1.

3.

5.

6.

3+V-
5

^

2+V-
10

n:

3+V-
17

^

4-V-
13

n:

5+V-
74

n:

V-l

7.

8.

9.

10.

11.

12.

12

l + V-3
18

1-
15

16

3+V
5

3

5_V^:^
2+v^=i:

2-V^=T

13.

14.

15.

16.

17.

18.

3+V^.
3-V^^
5-v^=i;

5+V-
4+V"
4-V-3
2+V£5
2-V-5
a + ib

a — ib

x — iy

x + iy
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REVIEW
MENTAL EXERCISE 167

1. Show that Qc^ + 6 x^ -{- 9 x'^ is the square of a binomial.

2. Find the continued product of x^ — y"^, x"^ + y"^, x^ + y^, and

Obtain each of the following quotients

:

3. (a — b)-^{b-a).

4. (c-4)-v-(4-c).

Square each of the following

:

7. a. 12. —1
a b\ 13. |.

9. c^. 14. .2.

10. i. 15. .3.

11. 1 16. .5.

Find the value of

22
27. -. 28.

o

Express as a single power of 5

:

30. 253; j^252; 625^
Find the value of

31. 32-23. 32. 23 + 2-3.

Express as a power of a base

:

33. (2^)^. 34. (yyy. 35. (z^'-

36. Find the values of (i)-^ and -2-2.

Express the following with positive exponents

:

37. a-^-^b~K 38. x-^-r-y-\ 39. ^^ ^
-

/1^~^

Show that the following identities are true

:

z — y y — z

41. (^^*r^l_2f*Vf-Y-
a} \a/ \aj

42. (a; - y)(z -y){x-z) = {x- y)(i/ -z)(z- x).

5. (5-d)-Kc^--5).
6. (a;2_2/2) ^(2/ -X).

17. .06. 22. .01.

18. a\ 23. c-i

19. 6i 24. cTl
20. c".

,1
25. -3.

21. d**. 26. -a^

29.
2
32*
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Simplify each of the following

:

43. y/S o?¥. 44. ^16 ay. 45. -v^27mV.

46. Regarding x as the unknown, solve - H \-- = d.

Distinguish between

47. ^ and a\ =^- - 1 - « and 1 ^ a-.

\ 52. 2 and i.
48. ic"^ and — X. a a^

49. (I)
- 1, (|)-S and (|)(- 1). 53. . 5, 50, 0^ |, and f

50. a-i 4- b-' and -i- •
^*' ("

^)'
'
^"^ " ^"'•

a+ 6 55. (- 6) -3 and - 6-3.

QUADRATIC EQUATIONS

INCOMPLETE QUADRATIC EQUATIONS

EXERCISE 168

Solve the following incomplete quadratic equations, regarding

X, y, z, and w as representing unknown numbers

:

1. a^ - 4 = 0. 17. 22-24 = 0. 31. 169 - 2/' = 0.

2. a^-9 = 0. 18. z' = m\ 32. 225 -/ = 0.

3. a^-25a; = 0. 19. w;2= a. 33. 2 ^2 _ 04 = z\

4. / = 36. 20. w^ = bw. 34. 9:^2=: 1.

5. 2/2=100. 21. w- = a-\-b. 35. 49Mr^ = l.

6. 2/2 = 121?/. 22. v^-k' = 0. 36. 4a^ = 9.

7. 144 = 251 23. x^ + n = m. 37. 9a;2 = 25.

8. 196 = 02. 24. aj2+ l = a. 38. 36 2/2 = 121.

9. z'= 3. 25. f^ = c-d. 39. Uf = 25.

10. aj2 = 5. 26. f==h 40. aV^h^
11. a;2=12. 27. ^' = ii' 41. 2z' = l,

12. 0^2 = 180?. 2a ^' = tU' 42. 3^2 = 4.

13.

14.

2/2-7 = 0.

2/2-10 = 0.
29.

a2

43.

44.

5 Mj2 = 49 + w'i

15. 2/2-20 2/ = 0.
30. a^ = ^^ 45. 64 4- «^2 ^ Ij ^2^

16. ^2 - 27 = 0. 62 46. a^-a = b-x'.

47. ic2_3a2 = 5a2--x'. 48. ar^-ha2 == 5a^ 49. 2/'-c2 = 8c2.
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50. 2/ = 18.

51. 32^ = 27.

52. (^ = 1.

53. mw^ — n.

54. ^=1.
49

55. |'=20.
o

56. ^ = 4.
25

57. — = a.
a

58. ^.=1-
d^

59. ^,=1.
aP

60. ^-5 = C

5

61. !=>

62. a.L
W^

63. 1=..

64. 1 = 81.

65.

66. 1-'-

67.
w

68. ^-•
69. 1 -1

25/
70. 3f= i-

71. 1 =2.
8m)^

72.
1 1

x' 4

73.
1 1

f 0?'

74.
a^ 1

6» z"'

75.
1 1

4«' 9

1.

76.
w _2

^2~ w'

77.
5 _w
w 5

78.
6 X

f.

79. 1-1 = 0.
7 X

80.
X _a
a X

81. £ = ^.

y c

82.
z d

83.
2«' 5 =0.
5 2w

84.
7 Sw^f^
3w 7

85. -±1 = 2.

86. t±l^s.

87. - + 2-2.

COMPLETE QUADRATIC EQUATIONS

EXERCISE 169

Solve the following complete quadratic equations by the method

of factoring

:

1. x^-2x-{-l = 0. 7. aj2-f-2a; = 8. 13. a;^ -|- 28 = 11 x.

2. iK2-2a;-3 = 0. 8. x'^ + 2x=15. 14. x'-90 = x.

3. a^^x-6 = 0. 9. iB2-13a; = 48. 15. x'^-63=-2x.
4. a;2 + a; = 12. 10. a;^ — 20 = a?. 16. a;(a: + 7) = 18.

5. a;2 + a; = 42. 11. i»2-72 = aj. 17. a;(.'c - 3) = 70.

6. a;»-7x=-10. 12. a:2_21 = 4a;. 18. a;(a; + 4) = 45.
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19. x(aj-8)=:33. 29. {x~2){x-5)=x-5.
20. a;2 4-2(3a;-f-4:) = 0. 30. (x-4)lx-7) = x- 4:.

21. a^ + 4(«-3)=0. 31. (aj-3)(a;-10)=rc-10.

22. a;2 4- 9(a; + 2) = 0. 32. (x- 2)(a; + 5) = a;4-5.

23. x' 4- 2(a; - 12) = 0. 33. Cic + 1)(^ - 6) = a; + 1.

24. 2ic2_3^^_^i3^0, 34, (x-\-S){x-\-9)==x + 9.

25. 3a?2_j_^_2 = 0. 35. (x + ll){x-5) = x + ll.

26. 2if2 + 3a^-5 = 0. 36. (.T-7)(a.' + l) = 2(a; + l).

27. 5 aj2- 11 0^-1-2 = 0. 37. (aj-4)(aj + 2) = 3(a; + 2).

28. 7 x^--4.x-S = 0. 38. (a;-10)(a;-5)=4(x-10).

COMPLETION OF THE SQUARE

MENTAL EXERCISE 170

Complete the squar<

iirioTTiiflls •

3 with respect to each of the following

'Ll.l.\Jl.mLCvLij .

1. x'-\-2x. 9. 81 /i2 - 18 h. 17. 25 z^- 60 zw.

2. 1/^+42/. 10. 121 c2 - 22) c. 18. 64 a2 + 48 ab.

3. z'^ + Sz. 11. 62 + 2 6c. 19. 9a2 + 66a6.

4. a2_f_i2a. 12. a^2 + 22 a^?/. 20. 121c2-44c(^.

5. 62 _ 14 5. 13. a2 - 24 ab. 21. xy-2xy.
6. c2-16c. 14. ^x^-12xy. 22. c2d2+2cd

7. d' + lSd. 15. 9/i2 + 607iA;. 23. 25g''k'' -AOgk.

8. ^2-20(7. 16. 4 62 + 28 6?/. 24. 81c2d2-36cd
25. 49 6202 + 70 6c. 31. 25 7i'-{- 30 h'k".

26. 144c2a;2 + 120ca;, 32. 49 d« + 84 d¥i2.

27. 16 6^+8 62. 33. 81 0^- + 36 a^-

28. 9c''-12c2dl 34. 100 .t2'«2/2« — 60 a;"'^'«.

29. 4. h'k'-\- 36 ¥k\ 35. C6x^ + 20^/^

30. 36c'-12(^d\ 36. 121 aj^Y" + 44 a^2»2/-.

37. ic2 + 3a;. 40. a2 + a. 43. 16c2-10c.
38. z''-7z. 41. 4 a2 + 5 a. 44. 25(P-5d.
39. y'-\-5y. 42. 962 + 86. 45. 36/i2-13^.

46. 9m2-hm. ^^
aj2 + % 51. ,2_|. 53. ^24.^.

47. 16 ri^—n. 3 5 5

48. a^H-^. 50.
2

f-\- y. 52.
4

.. + |!. 54. 6^ + 3^
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55. c"-—' 56. d'-—' 57. 4x2+-. QQ ^y2^y,
3 5 3^ ^2

59. 16z^-\--' 61. 90" +— '

5 7

60. in^-^. 62. 25 6'-?^.
5 3

SOLUTION BY COMPLETING THE SQUARE

EXERCISE 171

Solve each of the following quadratic equations by the method

of completing the square : '

1. a;2 + 2a; = 3.

2. x'-{-2x=S.

3. X'^ — 4:X = 5.

4. x^ + 6x = 7.

5. x^ — 6x = — 5.

6. a^-8a; = 9.

7. a^-\-Sx = 4:S.

8. a^ -f- 10 a; = 24.

9. flj2_i2a; = -lL
10. a?* + 14 a; = -24.

11. a;2 - 16 a; = 17.

12. a;(a;-10) = lL
13. aj(a;+ 12) =13.

14. x{x — 14) = 15.

15. xlx + 16) = - 15.

16. x'^-{-2bx = a'^-bK

17. ar^ + 2da; = c2+ 2cd
18. ar^ + 4 6aj = 5 b\

19. a.'2_8ca; = — 7c2.

20. aj2 _|_ 18 (^a- = 19 c^2^

21. 4a;2_|_i2a; = 7.

22. 4a;2 + 20a; = ~9.
23. 9aj2-30a; = -16.

24. 25aj2-40a; = 9.

25. a;2_^3a3 = f

26. x^-5x = -\\

27. X-
3a.-_27

2 16*

28. --¥=1
29. a:^-4-^^21.

5 25

30. x^
6^-^
5 "25

31. aj2 + 2a; = 13.

32. a;2-4a; = 9.

33. ar^-6a;=10.

34. a;2 + 8a; = 7.

35. a^ + 10a?=8.

36. a;2 + 16a; = 5.

37. 0^2 + 18 a; = -50.

38. a;2_20a^ = -105.

39. a;2-22aj=-100.
40. a^^ + 24 aj = - 109.

41. a;2 _ 8 a; = - 27.

42. x^-10x = -m.
43. a;2-12a; = -43.

44. a;2-14a; = -59.

45. a^2 + 22a; = -127.

46. a;2-24a; = -149.
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47. a^2 _ 2 dx = c2 - cF. 51. aV- 2ax = h~o}.

48. a;2 — 4 caj = 12 cl 52. 11 wz^ = 6 x'^ — 7 m^.

49. ic2 - 3 a2 = 2 ao;. 53. 4(3 x'^-b d?) = dx.

50. x' + 2ax^b^ = 0. 54. 2(6a;2 + 5/i2)_|.23^a5 = 0.

55. a^ -(a -^b)x + 5ab = 2(a2 + b^y

EXERCISE 172

Solve each of the following equations by the Hindu Method,

verifying all exact rational results. Whenever surds appear in

the exact solutions, approximate values correct to four places

of decimal should be obtained.

1. 3a;2 + 10a; + 8 = 0. 11. 3(ic+l)(a;-l) =2(27-5 a;).

2. 8 x2 _^ 26 £C + 15 = 0. 12. (2 a; + l){x + 2) = (a; - l)^.

3. 5a;2-16« + 121 = 0. ^3 ^_1_^
4. 3a;2-f 50 = 25a;.

' 20 4~5*

5. 15a;2 + 16aj = 15. • ^^ ^_? = ?2.
'

6. 10a;2-9 = 43aj.
' 3 7~21*

7. 25a;2 + 20a; = 33. i^ . Jl = ^
8. a;-l = 20aj2 ' 11 11 ~

5*

9. (2a;-7)2 = 6a;. a;(2a;-5) l^a;
10. (a;4-l)(2a; + 3)=aj2-lL ' 30 "^6 5*

SOLUTION BY THE FORMULA

EXERCISE 173

Solve each of the following quadratic equations by substituting

the values represented by o, 6, and c in the general solution x=

~
;r
—^^ of the standard quadratic equation aa^-f6a;+c=0

:

2a
1. a;2-3a;-2 = 0. 8. a;2_3a;-7 = 0.

2. x' + ^x + l = 0. 9. a;2 + 3a;-3 = 0.

3. a;2_3a;-l = 0. 10. »2-7a; + ll = 0.

4. ar^ -5a;- 2 = 0. 11. a;2 + 7a; + 8 = 0.

5. a;2H-5a;-7 = 0. 12. ar'-7a;-2 = 0.

6. a;2-5a; + 5 = 0. 13. 3^ + 9 a;-f IT = 0.

7. a:2_iia;_l=0. 14. a;2-9a;-2 = 0.
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15. x'^-\-x + l=0. 26. a^-\-mx-\-l=0.

16. x'^ -{- X -\- 2 = 0. 27. x^-nx-\-l = 0.

17. x'^ + 'Sx-\-3 = 0, 28. a;2 + mxH-n = 0.

18. a;2_|_5^_^7^0, 29. x^ + dx + 2 = 0.

19. 2 a;2 -f 3 ic - 1 = 0. 30. x''-dx + 3 = 0.

20. 3x2 + 5a; + l = 0. 31. x^-7ix—D = 0.

21. 5x2_3a._^1^0. 32. a;2 + 3/ia; + A: = 0.

22. lla:2_|_7a._^1^0. 33. aj^ _|_ 5 f^^. _^ /^ := 0.

23. 7a-2 + 5 0^ + 1 = 0. 34. a^ — 7(7a;-7i = 0.

24. 3a;2_3a7 + l = 0. 35. 0^24- 7 mx' + 2 n = 0.

'25. 5a^-7 x-l = 0. 36. x^-dnx-SJc = 0.

RATIONAL FRACTIONAL EQUATIONS CONTAINING ONE
UNKNOWN

EXERCISE 174

Solve the following equations, rejecting extra solutions, and

revifying all others

1. f+-=I+--2 a: 8 a;

2.
7 6 13

Qx"" 7x^ 42

2 3 13
3.

x^ 5x'' 5

x-6 8
4.

8 x-\-6

5.
x-^S_ 4

4 a;-3

6.
x-6— 7 = x.
X — 4:

7.
2-2f+l

8. J0- + 2I^i3.
a; — 5 X

9.
4a;-3^3_^ ^^

1-a;

10.
3a^-8 2a^-7 ^

^ ' a;-3 ' a.-3 ' •^•

11.
5a.--7 2a;-21 ,

^ 0.-4 = a.-4 ^•

12.
a;^13 a;+13

13
X _2 x-1

x-1 3 X '

14. ^ 7a^-30_3a;-20 ^

x — 5 x — 5

15.
4 ^4-1

aj-6 aj(a;-6)

16.
7a! + 23 8a^4-7 ,,

'^"
a. + 2 = ^ + 2 ^^*

17.
aj + 5

1

x-5_37
ar — 5 x + 5 6

18.
a;+ 4 .T-4_82
a; — 4 a; + 4 9
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19.
4a^-6__l ^^Q 2^ _1_^ 2

20. _1— 1 = _12_. 25. ^^^> + -^:l? = 6.
a;_l 0)2-1 x-2 a^-4.

21. ^±^+ ^^=1?. 26. -^ + ^= 2^
1 + a; 2a; 8 x-\-2 x x-^3

22. A^^ 3. -14^3 3^
l +_^ +^_^0.

a;-2a;(a;-2) 3^3 + a;4 + a;

23. -^+ ^^1§ = 1. 28. ^-4 2 ^

x-2 x^-4. x-1 x-2 x-313 8
29.

30.

a; — 4 (aj — l)(a; — 4) x + 6

1 11 1

a;_5 (a7 + 6)(a;-5) 3(a;-6)

31.
2a;-7

^ ^^ 2a;+3 n
x — 1

4.(x-\-5) ^ 7x-10
' x-S 7

33 2a; + 3 ^ 7a;-6
x — 5 x-\-7

34. -^ +J^ = 1.

x + 3 x'-Q l-x l-2x 1-Zx

35. -^ 2_^1. 4,_ 10 9 8

a; 20

39.
a;

1

-7
14

a^- 49

1

17*

40.
a;

a;

-3
9(a;-

a;2-9
_2
5*

41.
1 1 1

36. _JL+ 17x-155 ^3^ 43 4 3 1

a;_5 a:2 — 25 4 — a; 3 — a; l-4a;
aj,aj-35 ^ 5 3 16

37. H = - • 44.
a; — 1 a?^ — 1 4 5 — a; S — x x-2

38.
5 ^4^ 17a;-42

_ ^^ a;-l 5 5-aj
x-e 5 a;2-36 a; - 3 2 a:2-5a;4-6

._ a; — 5, a;4-4 25
*6. +

a; — 7 2x-\-5 7

_1 a; + ll ^ 1

x-2 (2x + 9){x-2) 3(2a;-5)

48. 1 . + 1 _ 3

47.

3a;-2 (4 a;- l)(3a;- 2) 5(2a; + l)
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2(a; + 2) x^-4: 10*

50. -A_+ x-4 5

51.

a;_2 (a;-l)(a;-2) x-\-l

x-A 3a;-12 ^ 5

a?— 9 a;H-4 ic —

9

52. 2 ^-^ ^

a; + 5 (a; + !)(«? + 5) x-\-9

_1 7 ^2
aj+4 (a;-3)(ic4-4) a; + 2"

54 2 a; + 3 1

53.

55.

x-\-5 (x + 4.){x + 5) 4(aj-8)

2 ^'-^ ^ ^
.

a; + 2 x^ — x — 6~x + l'

56. ^—

+

^ ^

a; _ 5 a;2 - 11 a; + 30 a; + 10

57. _i L_ = 1

a; + 6 2(a;-3) a;2 + 13ic + 42

1 3 1
58.

2a;-l (4a; + l)(2a;-l) 8a!-l

59. -^4 ^
^

60.

x-4. 3a;-7 (2 a;-3)(aj - 4)

5 26 1

5a;-l (a; + 5)(5a;-l) 3aj-5

61. -^-+ 26 3

6a;-l (5a;-9)(6a;-l) aj-f-3

62. -^-+ 2^-1^ 4

3a5-l (a; + 1)(3 a; - 1) 3a;+l

63. _!_+ ^^-16 2

64.

3a;-2 (4a^ + 3)(3a;-2) 6a;-l
15 , 4(5 a; -11) 154(5 a; - 11) ^

5a;-2 (a; + 2)(5 a; - 2) 3a; + 2

g5 __1 2(5a; + 2) ^ 1

2a;-5 (12 a;- 1) (2 a;- 5) 4a; + 5

66.
1 4(^+1) ^ 3

2a; + 3 (6a; + 7)(2a; + 3) 6a;+ll
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V 5 X — 6 x^—l
67.

68.

x-% (x-2){x-Q) (x-^)ix-l) x-1
x — 5 x-\-ll _ a^ — 5fl; — 15 1

x-1 {x+ b){x-l)~ {x-%){x + l) x-^1

69. -^ + ? =-^+ ^"'""^

70.

71.

72.

x-1 {x-'d){x-l) x+1 {x-2){x + l)

X 13 a? 4- 24 x 7 a; + 8

aj-4 (i« + ll)(a;-4) x-2 {x + 9){x-2)

X 2{x - 9) ^ X x-%
x-Z {x-l){x-^) x-2 {x-h){x-2)
X 3(5 g; 4- 8) _ x 5 a? + 4

a:_6 (a;+13)(a;-6)~a; + 4 (a: -f- 8)(aj + 4)

X 12(a; + 2) ^ X 7 a; -20
• x+3"^(aj-l)(a; + 3) a;- 2 "^(a:+ l)(.x - 2)

*

74 a; 4(a;-5) ^ a; 6(a; - 3)
• a;_4'^(a;_3)(a;-4) a; _ 2^ (a; + l)(x- 2)

a; 2(3a; + 8) ^ a; 7a; + 15
•

a; + 2 (a; + 4)(a; + 2) a; + 3 (a; + l)(a;4-3)*

MISCELLANEOUS

EXERCISE 175

Solve the following equations, verifying such solutions as are

neither irrational nor imaginary

:

1. a^-15a;+54 = 0.
^^ ^^1 = 5+^.

2. 2aj2 — 7a;= 15. 5 x

3. 3(a^ - 1)= 8 X. 12. 10(aj + 2)(a; - 2) = 41 x.

4. (a; + 4)2=9ar^.
13, ar^ + a^ = d2^d

5. 55(a;2 — »)= 11 a;.
-j^ ^

6. (a; + 2)(x + 3)=20. I*- ^ + 5
= ^+-'

7. (a^+l)(a^-4)=50. ^^
9 15. a; H = m -f- n.

8. —^-10a; = 9. ^
^~^

16. x^ -\-n^ = w?-^2nx.
^_ X

^' " — 2a;2—
1'

•*-^- a;(2a; — a)+a?(a;— a)= 6a5.

1 r. 1 ,0 a;
,
2 3 ,

2
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19. ? + « = »+?. 28. l^-i^ = l.
a X a h 3 2

20. _::_+_J_=:3. 29. i^=ll(a;-l).

21. —^=^ 5 = ^^^^. 30. -J^ i- = 0.
aj + 1 x + 2 x-\-3

23. 1^+^ = 1. 32 _^ + ^l±l = lil.

8 7.C 10 .T + 1 a^ 6

24. -—- + = - . 33.

0.*

-3+
8

a' + 2
= 3.

X

! 3^ 5 = - 2 X

X — b a? — 3

1 1_ 1

7 it' 5 X 6 if — 6

25 ?-? = ?_? 34 ^
I

1 ^1
'565a; ' X 8-x S

26. ^4-? = ?^. 35 ^^ + ^±1 = 11^.2a73 x-{-l X 5(5

27.
l + a; = 3+^. 36. ^+2^+3^41.
X X a;-f3a; + 2 20

37. -A_+1=5jz^+ 1

37—2 a;- — 4 a; + 2

38. (2 .r + 1)(2 x-l)^(x + 2)(x-2)^x{x-^ 3).

39. (.y-f 2)(a;-3) + (a.' + 9)(a;+3) = 3 a; + 15.

45. xr-\-2bx = a^ + 2ab.

46. (a; + 6)-' + 6(a; + 6) + 9=0.

47. a^ + 4a/j = 2a;(/> + a).

48. 2 X (7 a;— a) = (a + a;) (a

—

x)

.

49 ^ = !?L±1
x" x-^1

gQ X — 4:m-\-n _ 9n -j-x

71 — m x

(x^V){x-2) {x-l){x + 2) ^^
2 3

52. (a - xf + (6 - a;2) = (6 - a)^.

53. {x-gY + {x-hy=g^ + h\

54. (c - a) a;2 + (« _ 6) a; + 6 - c = 0.

40.
1 1 1

X d X — d

41.
a 1, _2

x — X — a

42.
a

1

a.-_33a2-a.-2

X a ax

43.
X a' _x b^.

a- X 6- a;

44. a;2 + 8 a; = 16 ^ + 2
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a-^b-\-x a b X

56.
x-\- c X— c _^ (?-{-2d'^

x — d x-\-d af—d'

57. 11 1

X ic + 4 x-^1 7i« + 3

58. -^_ +_^ =_^+ «
6+aj cH-o; a + 6 a -\-

c

SOLUTION OF FORMULAS FOR SPECIFIED LETTERS

EXERCISE 176

In the following formulas find the expressed values of the

letters specified in terms of those remaining

:

1. Solve for B, S = irR^. = a i -c r inf^'^H
'

5. Solve tor r,/= ^.

2. Solve for ^, it? = ^^ ^'^

, ,

^
6. Solveforo, ^ = -V3.

3. Solve for ^, S=::\at\
' 4^ *

4. Solve for s, F=—

.

7. Solve for 71, d = ^(JH^JUll,

r n(n — l)

Find the value of n, if d = 2, Z = 19, and s = 96.

8. Solve for R, V= i ttBVi.

Find the value of R, if V= 132, and h = 14.

9. Solve for E, T^2TrR{H+ R).

Find the value of R, if r= 352 and ^=10.

10. Solve for t, ah = t'^ -\- pq.

Find the value of ^, if a = 16, 6 = 14, p = 7, and q- = 8.

11. Solve for c, a^ = 6^ + c' + 2 cp.

Find the value of c, if a = 18, h = 11, and p = \\.

12. Solve for m,2 a}-\-2¥ = c' -\-4. m\
Find the value of m, if a = 12, h = 16, and c = 20.

13. Solveforw, s = ^[2a + (w-l)d].

Find the value of n, if s = 272, a = 6, and d = 8.
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14. Solve for a, s = -^—h -
2 2d

Find the value of a, ii s = 70, I = 16, and d = 2.

P — o?
15. Solve for Z, d =- ; .

2 s — I — a

Find the value of I, ii d = 15, a = 18, and s = 1206.

PROBLEMS

PROBLEMS SOLVED BY MEANS OF QUADRATIC EQUA-
TIONS CONTAINING A SINGLE UNKNOWN

EXERCISE 177

Solve the following problems, and examine the solutions ob-

tained to see if they satisfy the conditions of the given problems

:

1. Find two numbers whose sum is 19, and whose product is 84.

2. Find two numbers whose sum is 14, and whose product is 33.

3. Find two numbers whose sum is 20, and whose product is 75.

4. Find two numbers whose sum is 14, and whose product is 45.

5. Separate 26 into two parts, whose product is 165.

6. Separate 22 into two parts, whose product is 117,

7. Separate 20 into two parts, whose product is 96.

8. Separate 18 into two parts, whose product is 77.

9. The difference of two numbers is 3 and their product is 40. Find the

numbers.

10. The difference of two numbers is 9 and their product is 90. Find the

numbers.

11. The difference of two numbers is 13 and their product is 68. Find

the numbers.

12. The difference of two numbers is 12 and their product is 160. Find

Xhe numbers.

13. Separate 30 into two parts, such that one part is the square of the

dther.

14. Separate 42 into two parts, such that one part is the square of the

other.

15. Separate 56 into two parts, such that one part is the square of the

other.

16. Separate 72 into two parts, such that one part is the square of the

other.

17. Find two consecutive integers, the greater of which exceeds the less

by unity, and the product of which is 20.
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18. Find two consecutive integers whose product is 72.

19. Find two consecutive integers whose product is 90.

20. Find two consecutive integers whose product is 132.

21. Find two consecutive even integers whose product is 48.

22. Find two consecutive even integers whose product is 120.

23. Find two consecutive even integers whose product is 224.

24. Find two consecutive even integers whose product is 440.

25. Find two consecutive odd integers whose product is 143.

26. Find two consecutive odd integers whose product is 63.

27. Find two consecutive odd integers whose product is 255.

28. Find two consecutive integers, the sum of whose squares is 25.

29. Find two consecutive integers, the sum of whose squares is 61.

30. Find two consecutive integers, the sum of whose squares is 181.

31. Find two consecutive even integers, the sum of whose squares is 52.

32. Find two consecutive even integers, the sum of whose squares is 164.

33. Find two consecutive even integers, the sum of whose squares is 221.

34. Find two numbers in the ratio, | the sum of whose squares is 208.

35. Find two numbers in the ratio, | the sum of whose squares is 45.

36. Find two numbers in the ratio, | the sum of whose squares is 225.

37. Find two numbers in the ratio, f the difference of whose squares

is 20.

38. Find two numbers in the ratio, | the difference of whose squares is 63.

39. Find two numbers in the ratio, ^ the difference of whose squares is 81.

40. Find a number such that the product of one third the number by one

fourth the number shall equal 108.

41. Find a number such that the product of one fifth the number by one

sixth the number shall equal 120.

42. Find a number such that the product of one half the number by one

third the number shall e(]ual 150.

43. The product of a number and one half the number is 72. Find the

nmnber.

44. The product of a number and one third the number is 75. Find the

number.

45. The product of a number and one fifth the number is 80. Find the

number.

46. Find a number whose square exceeds 34 by as much as the number

exceeds 4.

47. Find a number whose square exceeds 13 by as much as the number

exceeds 1.

48. Find a number whose square exceeds 44 by as much as the number

exceeds 2.

49. Find a number such that the sum of the number and its reciprocal

shall be J^.
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50. Find a number such that the sum of the number and its reciprocal

shall be l2_2.

51. Find a number whose square diminished by 6 is equal to five times

the number.

52. Find a number whose scjuare diminished by 16 is equal to six times

the number.

53. Find a number whose square diminished by the number is equal to

four times the number.

54. Find a number whose square increased by the number is equal to

eight times the number.

55. Find a number whose square increased by 14 is equal to nine times

the number.

56. Find a number whose square increased by 8 is equal to six times the

number.

57. Find a number whose square diminished by 6 is equal to the number
increased by 6.

58. Find a number whose square diminished by 15 is equal to eleven

times the excess of the number over 3.

59. Find a number whose square diminished by 9 is equal to nine times

the excess of the number over 3.

60. Find a number whose square diminished by 20 is equal to eight times

the number.

61. Separate a number represented by a into two parts, such that one

part shall be the square of the other.

62. Find a number, such that if 66 be subtracted from it, the remainder

equals the quotient obtained by dividing 280 by the number.

63. Find a positive fraction, such that two times its square is 10 more
than the fraction.

64. The denominator of a certain fraction exceeds its numerator by 4,

and the reciprocal of the fraction exceeds the fraction by ff. Find the

fraction.

65. The numerator of a certain improper fraction exceeds the denomi-

nator by 5, and the fraction exceeds its reciprocal by f|. Find the fraction.

66. Find a number such that one half its square shall exceed the square

of one half the number by one half the number.

67. If the eighth part and the ninth part of a certain number are multi-

plied together, and the product is divided by 6, the quotient is 108. Find

the number.

68. It is found that when a number which is the product of three consec-

utive integral numbers is divided separately by each of these three factors,

the sum of the quotients thus obtained is 107. What are the numbers ?

69. I have thought of a number. I multiply it by 2^, then add 5 to the

product ; I then multiply the result by two times the number thought of, and
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finally divide by 7 and subtract from the quotient four times the number
originally thought of, obtaining thus 12. What was the original number ?

70. It is necessaiy to construct a coal bin to hold 6 tons of coal. Allow-

ing 40 cubic feet of space per ton of coal, what must be the dimensions if,

the depth being 6 feet, the length is equal to the sum of the width and the

depth ?

71. A crew can row 8 miles, down a stream and back again, in 3 hours

and 40 minutes. If the rate of the stream is 2^ miles an hour, find the rate

of the crew in still water in miles per hour.

72. A man bought two farms for $3600 each. The larger contained 15

acres more than the smaller, but $ 8 more per acre was paid for the smaller

than for the larger. How many acres did each contain ?

73. If .^3000 amounts to §3213.675 when put at compound interest for

2 years, interest being compounded annually, what is the rate per cent per

year ?

74. If .$4250 amounts to $4508.825 when placed at compound interest

for 2 years, interest being compounded annually, find the rate per cent

per year.

75. Telegraph poles are placed at equal intervals along a certain railway.

In order that there should be two less poles per mile it would be necessary

to increase the space between every two consecutive poles by 24 feet. Find

the number of poles to a mile.

76. A man bought a certain number of shares of a railway stock for

$ 6600. The next day they declined in value $ 12 a share, when he could

have bought five shares more for the same amount. Find the price paid per

share.

77. A broker purchased a certain number of shares of stock for $ 2560.

After reserving 10 shares, those remaining were sold for $ 2450, at an ad-

vance of $ 3 a share on the cost price. How many shares did he buy ?

78. It is desired to carpet a floor in the form of a rectangle 15 feet long

by 12 feet wide, with a carpet having a plain color border of uniform width.

Allowing $ 1.44 per square yard for the center and $0.45 per square yard for

the border, determine the width of the border in order that the entire expense

may be $ 18.68.

79. Two steamers ply between two ports, a distance of 475 miles. One

goes half a mile an hour faster than the other, and requires 2^ hours less for

the voyage. Find the rates of the steamers in miles per hour.

80. An engineer of a freight train on a trip of 72 miles found it necessary

at the twenty-fourth milestone to decrease his speed to a rate of 6 miles an

hour less, with the result that he was on the road 16 minutes longer than

would have been the case had no alteration in speed been made. Find the

rate in miles per hour before the speed was changed, and also the time re-

quired to make the entire trip.
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81. In answering a false alarm, a fire engine traveled a distance of f of a

mile at the rate of 5 miles an hour faster than when returning. If it re-

turned immediately on reaching the "alarm box" and was .gone from the

station 16| minutes in all, what was its rate at first in miles per hour ?

82. A and B run a half-mile race. A, who is faster than B by | a yard a

second, allows B a head start of ^ of a minute, and beats him by 5 yards.

Find their respective rates in yards per second.

83. A warship which is approaching a port is discovered when it is 12

miles away. A flotilla of torpedo boats, the maximum speed of which is

!

known to exceed that of the warship by 7 miles an hour, is sent out 5f
minutes later to meet the warship. They intercept it when it has covered

half the distance to the port. Find the rate of the warship in miles per

hour.

84. After having gone 40 miles of his trip at a uniform rate, an engineer

found that his train was behind time. He immediately increased the speed

of the engine to a rate of 4 miles an hour more, and completed the trip of 62

miles, arriving at the terminus 3 minutes earlier than would have been the

case if no change in rate had been made. Find the rate of the train in miles

per hour.

85. A man travels 24 miles by an accommodation train and returns by an

express which runs 10 miles an hour faster. Find the rates of the two

trains in miles per hour, provided that the time occupied for the two trips

was one hour and twenty-four minutes.

86. It is found that two steam fire engines can, by working together,

pump all of the water out of a partly filled cellar in 24 minutes. The more

powerful one alone would have been able to perform the work in 20 minutes

less than the other one alone. Find the time required by each one working

alone.

87. After traveling 8 miles in an automobile, a man found that on ac-

count of an accident to the machine it was necessary to walk back. If the

rate of the automobile exceeded the man's rate when walking by 17 miles an

hour, and he was 2 hours 16 minutes longer in returning than going, find

the rate of the machine in miles per hour.

PROBLEMS m PHYSICS

EXERCISE 178

Solve the following problems relating to moving bodies

:

1. What velocity, expressed in feet per second, will a body acquire by

falling 6 seconds ?

2. In what time will a falling body acquire a velocity of 192 feet per sec-

ond ?
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3. What is the height of a tower if a stone dropped from the top requires 3

seconds to reach the ground ?

4. A stone dropped from the top of a cliff is observed to reach the bot-

tom in 4 seconds. Find the height of the cliff.

5. A balloon is moving horizontally at a height of one mile above the

ground. How long will it take a bag of ballast to reach the ground ?

6. What velocity, expressed in feet per second, will a body acquire by
falling a distance of 625 feet ?

7. What velocity, expressed in feet per second, would a body acquire in

falling a distance of 800 feet ?

8. A stone thrown vertically upward strikes the ground after an interval

of 8 seconds. With what velocity was it thrown upward and to what height

did it rise ?

9. How high is a tree if it requires three seconds for a stone which is

thrown over it to reach the ground ?

10. With what velocity, expressed in feet per second, must an arrow

be shot vertically upward to reach the top of a tower which is 196 feet

high?

11. Find the distance passed over in four seconds by a body which is

thrown vertically downward with a velocity of 24 feet per second.

12. Find the time, expressed in seconds, required for a body which is

thrown vertically downward with an initial velocity of 6 feet per second to

move a distance of 500 feet.

13. A balloon is 2 miles from the ground and is descending at the rate

of 10 feet per second when a sand bag is dropped. Find the number of

seconds required for the sand bag to reach the ground.

14. A balloon is 1000 feet from the ground and ascending at the rate of 10

feet per second when a sand bag is dropped. How many seconds will be re-

quired for the sand bag to reach the ground ?

15. If a body is projected upward with an initial velocity of 160 feet per

second, what is the height to which it will rise ?

16. A rifle bullet is shot vertically upward with an initial velocity of 400

feet per second. Find the height to which it will rise.

17. A bullet is fired vertically upward with a velocity of 100 feet per sec-

ond. Find the time required for it to reach a point 156 feet above the

ground, and also the velocity with which it passes this point.

18. How high is a tower if an arrow shot over the top reaches the ground

in 8 seconds from the time it left the bow ?
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THEORY OF QUADRATIC EQUATIONS

NATURE OF THE ROOTS

EXERCISE 179

Determine, without solving, the nature of the roots of the

following equations:

1. x^-6x + 9 = 0. 31. 2x^-^-7 x-\-6 = 0.

2. a;2 + 4ic + 4 = 0. 32. a^ + 5a;-2 = 0.

3. a^+3x + 2 = 0. 33. af-Bx-B^O.
4. ic2-t-5i» + 6 = 0. 34. ar' + 5a.-+7 = 0.

5. a.-2-f-7a;-f 6 = 0. 35. af-4:X-{-7 = 0.

6. a:2_^i4^._^49=:0. 36. 10x2_^ll^_^3^()
7. a^-\-4.x-5 = 0. 37. a^- 7 a; 4- 14 = 0.

8. a^ + 5a;+ 4 = 0. 38. 2 a^-S a; - 1 = 0.

9. ar^ + a:-110 = 0. 39. 3 x^-S a;- 1 =0.
10. x^-3x-6 = 0. 40. a^-9x + 21 = 0.

11. a;2_^2aj-35 = 0. 41. a;^ _ 13 3.^44 ^0^
12. a^-|-6aj + 5 = 0. 42. 5 ar^ + 7 »- 1 = 0.

13. x'-\-13x-\-36 = 0. 43. aj2 + lla; + 32 = 0.

14. 25a;2 + 10a; + l = 0. 44. 2 a;2 + 5a; + 4 = 0.

15. a^- 16 a; + 64 = 0. 45. 15 a^- 7 a;- 2 = 0.

16. a^-a;-42 = 0. 46. 3 a;2_7 ^.^5^ q^

17. 2aj2-3a;-2 = 0. 47. 9a^-13a; + 4 = 0.

18. ar^ + 6a;-l = 0. 48. 7a.-2- 5a;+ 2 = 0.

19. 3a;2-hl0a;4-3 = 0. 49. a:^ _^ 2 ma; + m^ = 0.

20. 6a;2-13aj + 5 = 0. 50. a^ -2 dx-\-d' = 0.

21. 9a;2-12a;4-4 = 0. 51. a^ + 3 ?^a; - 4 m^ = 0.

22. 4a;2-f 9a; + 5 = 0. 52. a;^ + yia; + n- = 0.

23. 8a:2^2a;-3 = 0. 53. a^- 6 ma;4- 9 m2= 0.

54. a:^ — 9 7nx — 771^ = 0.

55. x^ — 6 wx -\-byr = 0.

56. x^-^hx-\-lQh' = 0.

57. 3.-2 — A;a; + ^-2 = 0.

58. Bx^-\-Qnx + 7i'^z=0.

59. a^+ 7ma;4-5m2 = 0.

60. mV -|- 4 ma; -|- 5 = 0.

24. ic2_5a;+3 = 0.

25. a;2 _ a; _ 7 = 0.

26. Qx'^llx + 5 = 0.

27. 5ic2_2a;-3 = 0.

28. ar^ + 3a; + 4 = 0.

29. a;2_3a; + 5=o.
30. x2_7a; + 8 = o.
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61. 3x^-6gx + g- = 0, 68. gx" -^ (g - h)x - h = 0.

62. 2n^x'-3nx-\-2 = 0. 69. x'' -\-(k -3)x -3k = 0.

63. 5x^-\-Sgx-\-5g^ = 0. 70. 5 7nx'^ + (o + m)x + 1=0.
64. ik%^ + 4:kx + l = 0. 71. 7 x'^-{7 -n)x-n = 0.

65. d'^x'^ -{- 2 dghx -{- gVi"^ = 0. 72. mx'^ -\-(3 m -^7i)x-\-3 n = 0.

66. mV 4- 2 mux -{-n^ = 0. 73. waj^ -f (2 m + 7i).x + 2 ?i = 0.

67. mx^ + (m -\- }i)x + 71 = 0. 74. 5 mx^-f (3 m-f 5 ?i)-f-3?i=0.

75. 3 ma^ +(2 ?7i — 3 n)ic — 2 ?i = 0.

76. Prove that the roots oi x"^ — 2 ax -^ a"^ = W + c^ are real.

77. Prove that the roots of 2 aaj^ + (2 a + 3 6)ic + 3 6 = are real

for all real values of a and 6.

78. Prove that 3 ca^ — (2 c + 3 d)x + 2 d = has rational roots.

79. Show that the roots of 5 a;^ + 4 ax + a^ = are imaginary.

80. Show that the roots of (a + hyx" - 2{a'' - b^)x + (a - 5)^ =
are neither irrational nor imaginary.

Determine the value which k must have in order that the

following equations shall have equal roots

:

81. x'-\-(k-3)x-^k=0. 86. x' = (k-l)x-2(k-l).
82. x' = 2k(x-4.)-\-15. 87. (2k-\-l)x'-{-3kx-^k= 0.

83. x^ + 2(k-\-2)x-\-9k = 0. 88. x^ -\- 3kx-^4:k + 1 = 0.

84. x^-2kx-{-6x-\-4.k=^0. 89. 12 A:a^- 2.^ + 3 A: = 0.

85. x'-^k(2x-S)=15. 90. a^-(2A;- 3).'» + 2 A: = 0.

91. (Sk + 5)x'-12kx-\-l = 0.

92. lk + 2)x^ + 3k-{-4: = 5{k-l)x.

93. x'+(6k-\-7)x + 6k-\-22 = 0.

94. (k + 6)x'-3(k-2)x = l-k,
95. lk-ll)x^-\-3k-h4: = 2{k-l)x,

DETERMINATION OF ONE ROOT WHEN THE OTHER
ROOT IS KNOWN

EXERCISE 180

Find, without solving, the remaining root of each of the follow-

ing equations when one of the roots is given

:

1. ic2 — 18 ic + 77 = 0, one root being 11.

2. a;2 — 19 a; 4- 78 = 0, one root being 6.

f
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3. x^ — 20 oj + 96 = 0, one root being 12.

4. i»2 — 29 aj + 210 = 0, one root being 14.

5. x^ - 36 a; -h 323 = 0, one root being 17.

6. x^ + 34 ic + 288 = 0, one root being — 16.

7. x^ -1- 46 it- + 525 = 0, one root being — 25.

8. a? + 61 .T + 924 = 0, one root being — 33.

9. x^ + 79 a? + 1554 = 0, one root being — 37.

10. x^ + 106 a; + 2793 = 0, one root being — 57.

11. a^ — 18 a; — 319 = 0", one root being 29.

12. a;2 -|- 16 a; — 132 = 0, one root being 6.

13. x"^ 4- 45 a; — 144 = 0, one root being 48.

14. a;'^ — 4 a; — 1440 = 0, one root being 40.

15. ar^ + 14 a; — 1472 = 0, one root being 32.

16. x^ -\-20x — 861 = 0, one root being 21.

17. a;2 + 9 a; — 972 = 0, one root being 27.

18. v?—lijx — 496 = 0, one root being 31.

19. a;2 + 16 a.-— 561 = 0, one root being 17.

20. ar^ - 22 a; - 1323 = 0, one root being 49.

21. a;2 — 24 a; — 1081 = 0, one root being 47.

22. x^ — ox — 456 = 0, one root being — 19.

23. x"^ -\-l X — 368 = 0, one root being — 23.

24. x^ — 15 a; — 406 = 0, one root being — 14.

25. a)2 -f 20 aj - 629 = 0, one root being - 37.

26. x^ 4- 13 a; - 1680 = 0, one root being — 48.

27. a;2 — 24 a; - 817 = 0, one root being — 19.

28. 25 ^2 _ 20 a; 4- 3 = 0, one root being 4.

29. 49 x"^ — 35 a; -f 6 = 0, one root being ^.

30. 81 a;2 — 54 a; H- 8 = 0, one root being |.

31. 16 a;'^ — 8 a? + 1 = 0, one root being i.

32. 100 a;2- 100 a) 4- 21 = 0, one root being ^^.

33. 36 a;2 — 36 a; 4 5 = 0, one root being i.

34. 25 a;'^ — 25 a? 4- 4 = 0, one root being i.

35. 121 ;»2 _|- 66 a- 4 8 = 0, one root being — y2_.

36. 144 a.*2 + 72 a; 4 5 = 0, one root being — yL

37. 81 a;2 — 36 a; — 5 = 0, one root being |.

38. 100 a;2 _ 20 a: - 3 = 0, one root being y%.

39. 16 a;2 4 2 a; — 3 = 0, one root being |.
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40. 48 ic^ — 8 a; — 5 = 0, one root being 3%.

41. 27 x^ + 3 a; — 2 = 0, one root being — i.

42. 64 a;2 — 16 ic — 3 = 0, one root being — i.

43. 2x^— 15x + 7 = 0, one root being ^.

44. 3 a;2 — 25 X + 8 = 0, one root being ^.

45. 4 ar^ — 45 x + 11 = 0, one root being J.

46. 5 a;2 — 61 a; 4- 12 = 0, one root being ^.

47. 6 x^ — 85 a; + 14 = 0, one root being i.

48. 3 a;2 — 26 X + 16 = 0, one root being |.

49. 4 x^ — 39 a; -h 27 = 0, one root being -|.

50. 5 x^ + 8 X — 4 = 0, one root being
-f.

51. 7 x2 + 19 X — 6 = 0, one root being f

.

52. 9 ^2 + 32 X - 16 = 0, one root being |-.

53. 6 a?2 + 7 X — 10 = 0, one root being |.

54. 5x^ — llx — 12 — 0, one root being —|.
55. 7 a;'^ — 11 a; — 6 = 0, one root being — |.

56. 8 a;2 — 3 x — 5 = 0, one root being — f

.

57. 7 a;2 — 16 x — 15 = 0, one root being 3.

58. 9 a;2 — 11 a; — 14 = 0, one root being 2.

59. 11 x^ — 19 X — 6 = 0, .one root being 2.

60. 10 x^ — 7 X + 1 = 0, one root being ^.

61. 6 x'^ — 5 X + 1 = 0, one root being i.

62. 12 x^ — 7 X + 1 = 0, one root being ^.

63. 35 x^ — 12 X+ 1 = 0, one root being ^.

64. 24 x'^ — 11 X -|- 1 = 0, one root being ^.

65. 36 x2 — 13 X + 1 = 0, one root being \.

66. 20 x2 — 13 X + 2 = 0, one root being \.

67. 24 x^ — 22 X 4- 3 = 0, one root being |.

68. 54 x^ — 57 X — 10 = 0, one root being |.

FORMATION OF AN EQUATION HAVING SPECIFIED ROOTS

EXERCISE 181

Construct integral equations liaving rational coefficients whose

roots are

1. 2 and 1. 3. 2 and 5. 5. 5 and 4.

2. 1 and 3. 4. 3 and 7. 6. 7 and 2.
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7. 6 and 8. 9. 8 and 7. 11. 4 and 4.

8. 4 and 9. 10. 9 and 5. 12. 7 and 7.

13. - 3 and - 1. 46. 5 g and 4 g.

14. -5 and -3. 47. 6 t and 8 t

15. - 10 and - 4. 48. — 71 and — n.

16. - 7 and - 6. 49. — 5 <7 and — g.

17. - 11 and - 9. 50. — 4 A: and —Ik.
18. - 12 and - 8. 51. — 9 m and — 3 m.

19. - 13 and - 7. 52. — 10 71 and — 5 n.

20. - 6 and - 10. 53. -h6dand -2d.
21. - 7 and - 12. 54. + 7 ^ and — 4 ^.

22. -8 and -15. 55. — 8 7i and + 3 h.

23. - 9 and - 9. 56. -10A;and +12k.
24. - 12 and - 12. 57. k and — k.

25. 5 and — 2. 58. n and — n.

26. 6 and - 4. 59. 2 (^ and - 2 (Z.

27. - 8 and + 9. 60. 3 r/ and — 3 ^.

28. + 10 and - 11. 61. 4 h and — 4 /*.

29. - 3 and + 13. 62. m?i and — mji.

30. + 4 and - 16. 63. Ilk and — hk.

31. - 14 and + 5. 64. m} and — m'^.

32. 4- 13 and - 10. 65. n^ and — n^

33. + 6 and - 6. 66. 1 and m.

34. + 9 and — 9. 67. 2 and n.

35. 16 and 0. 68. 3 and d.

36. - 17 and 0. 69. 4 and gr.

37. and + 6. 70. 5 and A:.

38. and - 9. 71. 6 and — 7n.

39. m and m. 72. 7 and — n.

40. 2 m and m. 73. 2 and — ^.

41. 3 n and n. 74. 8 and - h.

42. 2 g and 2 g. 75. 9 and - k.

43. 4 d and d. 76. — 1 and — m.

44. 4 h and 2 h. 77. — 2 and — n.

45. 3 A; and 2 k. 78. — d and — 3.

79. —gand —5. 81. n and 0. 83. and — g.

80. m and 0. 82. and -d. 84. and 0.
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85. I and i. 98. i and 1. 111. and - \.

86. f and I. 99. 1 and i. 112. | and 0.

87. 2. and f 100. i and 2. 113. 6 and
J.

88. I and i. 101. 3 and i. 114. and — |.

89. f and i-
102. 4 and i. 115. and — f

.

90. iandi 103. — 5andi. ^^^ 1 .2
2 ^ ^ -,

116. — and — •

91. ^ and ^. 104. — 6 and i. m m
92. iandi 105. — 4 and i „„ 3 .5
93. i and i 106. —3 and — i n ti

94. iand-L. 107. — 2 and —i „« 2 ,36,3 , , ^ ^ 118. - and -•
95. 1 and ^. 108. i and 0. k k

96. -iand-i- 109. and i .-.« 4 ,5
, -. , .^ -. ,

119- T and -•
97. — i-and—i 110. and — ^. h h

120. -land--. 132. Oand^. .mm 7

121. -I and -?. 133. and -.
n n m

122. 5 and --• 134. Oand -•
n

123.

g g

^and-5. 135. Oand A.
d d 8n

124. m and i. 136. and
m

4

5m
,1 137. 3+V2and3-V2.

125. n and -•

w 138. 2 4- V3 and 2 - V3.

126. i- and—

.

139. 3 + V5 and 3 - V5.
m 2m

. /r. ^ . /^
140. 4+V6and4-V6.

"^- ^T ^^^ "•
141- 5 + V2 and 5 - V2.3n n
142. 5 + V3 and 5 - V3.

128. and ^
.

^^^^ ^ ^^^^ ^^^^^ 6 - VlO.

129. and ^^ 144. 1 + V7 and 1 - V7.
'^

145. 8+V6and8-V6.
130. Oand--. 146. 2 + VlO and 2 - VlO.

^ 147. 3 + VTl and 3 - V IT.
131. and -2.

8 148. 5 + 2V3and5-2V3.
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149. 4 + 2V2 and 4 - 2V2. 163. m +Vn and m --V^,

150. 7 + 3V2 and 7 — 3\/2. 164. d+VlL and cZ — VA.

151. 6 + 2Vo and6- 2VK 165.

166.

— /i4- Vfcand —

i

2 + i and 2 — L

h-Vk.

152. 24.3V7 and2- 3V7. 167. 3 + i and 3 — i.

153. 3-h4V3and3- 4V3. 168. 1 H- i and 1 — i

154. V2 and --V2. 169. 4 -j- i and 4 — *.

155. V3 and --V3. 170. -5 + i and — 5 — I.

156. V5 and --V5. 171. -6 + I and — 6— i.

157. 2V3 and -2V3.
172.

173.

3 + 2 |-

2 + 3?:

and 3 - 2

and 2-3 i.

158. 3V5and -3V5: 174. 3 + 5i and 3-5• i.

159. 4V6 and -We. 175. -2 + '

7 i and — 2- IL

160. |V2and -iV2: 176. 2+V-=^and2--V-^.
161. iV3 and -K3. 177. 3+ V--^and3--V-^.

162. ^^ and :-V5 178. 4+ V-^ and 4--V--2.

5 5 179. 5+V-^and5--V-^.
L80. 4+3V-^and4-3V-2.

, 1181. 3+4V- 5 and 3-4V-5.

REVIEW
MENTAL EXERCISE 182

Cube each of the following

:

1. X. 5. -h
2. y\ 6.

c

2

3. z\ 7. -3*

4. - a. 8. -1

9. a;i 13. a'K

10. 2/*. 14- &~*.

11. z^. 15. c i

16. d-i12
2̂

Express each of the following as a power of 2

:

17. (43)2. 18. (23)4. 19^ (16^)5^ 20. (32^)3.

Solve each of the following equations

:

21. -=1. 22. 25 2/2=1. 23. ^' = 1. 24. ^ = 4.
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Factor each of the following expressions :

25. a" - 10 ab + 25 6^ _ 36. 27. 9 m^ + 23 mhi'' + 16 n\

26. a;2 4- 18 a;?/ + 45 2/2. 28. W x^ + 13 xy -j- 2 y\

Solve each of the following equations

:

29. .'C^ = 3. 32. 'm;^= — 2. 35 V^ _ 3

o^ ^ o 33. a;^ = -l. ^
30. 2/3 = 2.

34. ^^3._
36. x-^ = -l-\

31. 2J^ = i '**'
A'2 ~ ^*

37. ^x = n.

Express the following as positive fractions

:

38. ?-. 39. -*^. 40. -t^.
1 — a 3 icH-2;

Express the following without negative exponents

:

41. (-a)-2. 42. {-b)-\ 43. (-c2)-^

Simplify each of the following

:

44. -2a.a-2. 46. a{a''y. 48. (2a-r-62)-2,

xe «&*' ..„ ^"^ /I
45. —-. 47. --. 49. -(a;-l-^w-l)-l.

50. (m'Vi"')

1 1

mn

Distinguish between

51. a * and -^ *

52. — a'' and a

53. Express
[
-

j
as a quotient of powers.

Find the value of

54. .2-1. 55. .04-1; 56 ,5-2, 57. (.02)-2

Rationalize the denominators of each of the following

:

111
58. -^. 60. ^. 62. --^.

V2 ^^ ^5 6

59. 4:. 61. -^. 63. ^^ V2^ V2
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What roots may possibly be introduced by squaring both mem-
bers of each of the following equations ?

6^. x = 5. 66. 2; — 1 = 6. 68. ?/ — 3 = 7.

65. 2/4-2 = 3. 67. a; — 2 = 0. 69. z + S = 3.

Distinguish between

70. (- V2)2 and (V^^)2. 71. -^8 and V^-^.

72. V6 - V6 and V6 + V^^.

Simplify each of the following

:

73. (V5 + V^^)^ 74. (V^^-V7)2. 75. (2a^-\-iy.

Solve each of the following equations

:

76. = 2V7 Viv — r. 77. Vx — a = 0.

78. (« - 3) (9 . 7 . i + 32 . 16 - 5) = 0.

Show that the following identities are true

:

79. — I = -

.

80. — ?' = i-\ 81. - t-2 = 1.
i

82. (a -b)(c- h) {d -c){d-a)= {a - b) (b -c){c- d) (d - a).

83. Rationalize — . 84. Realize
-V'^ V-2

85. Find the values of (a" -f b^ and (a^ + by.

Simplify each of the following

:

86. -(a-i6-2c-3)-l 87. -(x-'-i-y-Y^. 88. {n^ny.

IRRATIONAL EQUATIONS

EXERCISE 183

Solve the following irrational equations, verifying integral or

fractional results and rejecting " extra roots "
:

1. V7+a;2 — 4 = 0. 6. Va^-H-7 = V3a;-5 — 2.

2. -y/x^ 4- 20 - 6 = 0. 7. V25-a; + Vl64-a; = 9.

3. V4a;-f 1 + v3a;-h4=l. 8. ^'x-\-lS + V3 ic — 65 = 8.

4. -s/W+x + Vl - .T = 5. 9. V2 .T + 1 + V3 X + 4 = 7.

5. V3a; + 7 = V5 07-6- 1. 10. V5a;-4 - V2 x - 4 = 2.
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11. Va;2 + 20+Va^2+9 = ll.

12. (a) 3+V2a7-6- V5^- = 0.

(6) 3-V2a;-6 4-V5¥=a
(c) 3-V2a;-6-V5^ = 0.

(d) 3 + \/2i»-6+V5^= 0.

13. (tt) Vaj + 1 -f Vi» - 14 4- Va; + 10 = 0.

(6) Va; + 1 -f Va; - 14 - Vaj + 10 = 0.

(c) Va; 4-1- Va; -14+ Va; 4-10=0.

((^) Va; + 1 - Va; - 14 - Va; 4- 10 = 0.

14. Va; -h 11 + Va; - 13 - Va; 4 22 = 0.

15. V5 - aj 4- V2 4- a; = Vll.

16. V6 - a; 4 V9 - aj = Vlo - 2 a;.

17. V2 a! + 9 — Va; — 4 = Va; 4- 1.

18. V5 — 2ar = V6 + a; + V34-a;.

19. Vl4 + a? =V6 + a; + V9 4- a;.

20. V3 X 4 1 4- Va; — 4 = V57 — x.

21. V3 a; 4 4 4- Va; — 3 = \/x 4 42.

22. V2a;4 4 — V2 a; — 7 = Va; — 15.

23. V(a; - ^){x - 5) 4-V(a;-4)(a;-3) =V2.

24. V(4 4- a;) (a; 4- 1) 4- V(4 - x){x - 1) = 4V5.

25. V& — aj 4- V6 4- a? = V6.

26. Va'^ — a; — V^'^ 4 a; = a — 5.

27. Va — a? 4- V& — x= V« 4- ^ — 2 a?.

28. Va; — a — -y/x — 6 =V 6 — «•

3
29.

VaJ—

4

4-Vi 4=4.

3Q 3a;4-V3a;-3 ^.j,

31.

3 a; — V3 a; -

1

aj4-VaJ*—

1

Va;2

2.



32.
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V3a;-2V2x-3
VSx-2 V2 ic - 3

7_
12'

33. 2V2x-\-^2x-\-9

34. Vaj + 2-f

65

35.

36.

Vx-\-2

x-2 a-2

V2a; + 9

= a;4-3.

Va;

a — i»

Vet

, x — b

37.

Va — « Vic — 6

1

= Va-6.

1

38

39.

/m /n /^ /^

Va2-|_ic2 + Va2^

7/1

x^ W'a-\-^c,

VoH-^— Va^ — x^ Va — Vc

40. x^-\-Sx-Vx^-{-Sx-6 = 0.

41. aj2_^3x + Va;2 + 3a;-6 = 0.

42. VlO -x^-x = S-a^-x.

43. 2aj2_|_^^y'2a;2^^_42 = o.

44. 2a;2+6a;4-Va;2+ 3a; = 10.

45. 2x''-\-x-~ 3V2 a^ -f a; + 4 = 6.

193

46. .2 a;2 - 10a;+ 12- 2Va;2- 5 a; + 8 = 0.

47. 3iB2-4a; +V3«2-4a;-6 = 18.

Fill in the following Blank Forms in such a way that the result-

ing equations may be solved for a single unknown x :

48. vr")+vr')=( )• so. vr")-( )=vr~)-

49. vr)-vr~)=( )• 51- vr")+vo=vr")-
52. vo-vr')=vr")-

,
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SPECIAL IRRATIONAL EQUATIONS

MENTAL EXERCISE 184

Obtain one or more solutions of each of the following equations

regarding x, y, z, and w as unknowns and all other letters as rep-

resenting known numbers :

1. x^ = 2. 26. x'^ = 8. 50. ^2 0^ = 2.

2. xi =:3. 27. y^ = 27. 51. V'4 J/
= 4.

3. x^ = 2. 28. yl = 8. 52. V6^ = 2.

4. x^ = -3. 29. z'- = 16.
53. Vl0^ = 5.

5. r = -6. 30.
2

9.
54. V3 IV = 4.

6.
1 = 4. 31. ^^ -36. 55. Vo tv = 6.

7. -?/i = 5. 32. </f -16.
56. x^ =

i.

8. Va; =«5. 33.
3

a;5 = 64. 57. r = h
9. V5^= 7. 34. xi =:32. 58. z^ = h

10. rz-= 4. 35. J = -L 59. x^ = L
11. -^w = 3. 36. xi = 8.

a

12. ^w = -4. 37. xi = a\ 60.

13. i/x-.= 3. 38. xi =.a\ 61.

14. -i/x:= 2. 39. xi =.a\ 62. V'lc = I,

15. </x-= 1. 40. y'' = h\ 63. ^'x = l
16. </y-= — 2.

41. zi = a-\ 64. </x = i.

17. ^z--i- 42. yi =: m~'^. 65. </x = -i.

18. xi = h\ 3 a' 66. 2a;^ = 3.

19. xl = c\
43. X^ =

=
8*

67. 3a?^ = 4.

20. ,i = ab\ 44. w'^ =
a"
"9* 68. 2a>^--5.

21. ,i = hhiiK
45. V2^- = 4. 69. 3 x^ = 2.

22. zi = ab\ 46. V3 2/ = 6. 70. 2a;^ = 5.

23. wi == - hc\ 47. V5:2 = 10. 71. i^^ = i.

24. W^ == 4. 48. V2"m; = 8. 72. 3V2/ = 2.

25. x^^:27. 49. ^xx=-2. 73. 3\/^ = 4.
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74. 4Vw = 1.

75. 5Vx = 6.

76. 2V37=5.
77. 3V2^ = 2.

78. 4V5 w = 5.

79. Va^= &.

80. Vca; = d.

81. ^by = l.

82. a^io=^h.

83. CV2! = C2.

84. dVw = 1.

85. aVa; = 2.

86.

87.

88. V2 =

89. -y/ctw

90.

91.

A;

= 1.
a

</y = 2.

92. V^ = 3.

93. V2^=l.

94. V2w; = 3.

95. V3^ = 3.

96. ""-y^=2.

97. ic^ = a + 6.

98. y^ = a — b.

99. 2;^ = cH-fZ.

100. w^ = m — n.

101.

102.

x|=

= 3.

103. y| = 5.

104. ^ = 5.

105 = 7.

106

107

108

109.

A'.s

4 V3 3

3^5
VSx

110.

111.

3

112. 2'' = 3.

113. 2"i = 2.

"•^ rl-
115. 1 = 1.

xi 3

116. a;"3 = f
117. y-'^=i.

118. z~i = ^,

119. z^ = 3^.

120. V^ = V6.

121. ;3' = 2K

122. V^ = -^5.

123. w^ = 5K

124. ^/ac = V6.

125. V^ = 2-v/5.

126. Vz = 3-\/7.

127. v^^=2V5.
128. \/'w = 3v^i.

129. -v^^ = 572.

130. ^^ = 2V2.

131. a/^ = 3V3.

132. Vx + 1 = 2.

133. V^ + l = 2.

134. V^/ + 2 = 5.

135. V^ + 2 = 5.

136. V^— 4 = 3.

137. V^-4 = 3.

138. Va; — 1 = 4.

139. V^— 1 = 4.

140. V2/-3 = 3.

141. V2; + 1 = 1.

142. Vw^^= 2.

143. V:k+ 4 = 2.

144. V2/ + 9 = 3.

145. \/z + l = 4..

146. -^ic— 2 = 3.

147. Vic + 5 = 4.

148. Vy — 6 = 2,

149. V2; - 7 =^ 7.

150. V2a;+1=3.

151. V3 2/-2= 5.

152. V4 2; 4-5= 7.

153. 2Va;-l = 3.
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154. 3VjyTl = 2.

155.
yll

+ l = 2.

156

157. 4- 2 = 2.

xF
158. 3+V?y = 4.

160. 4 — V2/ = 3.

161. 6 — V2; = l.

1=4.
159. 5 + Vif = 6. 162. 2+Vw = 12.

IRRATIONAL EQUATIONS AND EQUATIONS HAVING
IRRATIONAL COEFFICIENTS

EXERCISE 185

Solve each of the following equations :

1. (V3+V2)a; = L

2. (V7-V% = 2.

3. (V3-V2);3 = V6.

4. (V5 + 3)a-13 = 7V5.

5. (V2-l)a;-V2 = l.

6. (5+V%-17 = 8V2.

7. (4-V3)x-5 = 2V3.

8. (6 + V7)x + 9 = -16V7.

9. V«+V3^=l.
10. V^— V2^ = l.

11. V5^- V3« = 2.

12. 2V^ + V2x = 2-V2.
13. 3Va;-V3^ = 3+V3.
14. 5V^ +V3^ = 5+V3.
15. Vaaj + -\/bx= c.

16. Vaa? — Vftic = c^.

17. l + v^ = 2(l-V^).

18. a; + l= V2(3 — a!).

19. Va; + V2a; + V3^=2V2.
20. -y/ax -\-^bx-\- Vca; = 1

.

21. 2aj + v3a; + l = 14.

22. 3 ic 4- V2 » - 5 = 24.

23. 5x — V4a;4-9 = 43.

24. 5a;-7 = V3(a; + 3).

25. V2 aj + 1 - 2V2¥^ = 2.

26. Va; + 7-V5(a;-2)= 3.

27. ic2 4-2a; — 6 = 4V3.

28. a;2-4a; + 2(3V5-5)= 0.

29. a;2-(5 + V3)a; + \/3 = 0.

30. a;2-5V3a; + 13 + Vl5=0.

31. a;2-(3V5 + V3)a; + 4 + 3V5 = 0.

Solve for both x and ?/

:

32. V5a;-2/ = 6. 33. V2a;+V32/ = 1.

7a;-2V52/ = 3. ^Sx-^2y = l,

34. v'5a;+V32/ = 8.

V3 a; — V5 2/ = 4.
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SPECIAL EQUATIONS

EXERCISE 186

Find one or more solutions of each of the following equations,

verifying all integral and fractional solutions

:

1. a^ -5x^-^4 = 0, 15. 0.4(8 0^2-2) =8.
2. ,/._132/=+36 = 0.

^^ 2.1-2 = 3.1.

6. .-(.-6)\ ^^- 3.1-4.. = 160.

7. 16(.2-3) = .^
20. 3^.^-7 = 4...

8. (a;- 20V -.4 = 0.
21. .^ + .^= 756.

9. 3a-+40 = .l
22. 5-3.- = 2.-

10. .«-28a^ + 27 = 0.
^3. .'^-i + «^ ^ - 12.

24. 4.-2 -32 4- .-4 = 0.

25. 20 .-^-.-^ = 64.

26. a;3_5a,2^14a,
13. 2.^-5.= -39. 27. .(ar'-16) = 45(.-4).

14. .^ + 4.? = 21. 28. .'_6.l-40.2 = 0.

11. .-3.^ + 2 = 0.

12. . + 2.^ — 15 = 0.

1

EXERCISE 187

Solve the following equations, verifying all integral and frac-

tional solutions

:

1. (.2-3.)2-8(ar^-3.) = 20.

2. (.2 + a;)2-26(.2 + .) + 120 = 0.

3. 3.2+ 2. + 1= 30
3.2 + 2.

4. .2_4.-26 + -i5^ = 0.
.2 — 4.

5. .4 + 2aj3_6.2_7.-60 = 0.

6. .•4_2a^ + 6.2-5. = 14.

7. x'-\-6:x^-[-Ux''-\-15x + 6 = 0.

8. .4-100^+14.2+55.+ 30 = 0.

9. (a;2_a;-4)(.2-.-3)-6 = 0.



14.

15.
x^-^r
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10. (x''-\-x + l)(x^-\-x-^3) = 6S.

X g;^-1 ^73
' x^-1 X 24"

a^ + 2 35^ a;-3
' x-3 6 aJ2^-2*

16. f^_8Y + 3„_24^10.
\ xj X

BINOMIAL EQUATIONS AND RECIPROCAL EQUATIONS

EXERCISE 188

Solve the following equations, verifying all integral and frac-

tional solutions

:

1. a^ _ 8 = 0. 3. 0^ = 1. 5. 0^ 4- 8 = 0.

2. aj3 - 64 = 0. 4. a^ + 1 = 0. 6. a:^ _,_ ^25 = 0.

7. (x+5y = S. 8. (x-5y-Sl=0.
9. 6x' - 35 a^ -\- 62 x"" - 35 X -\- 6 = 0.

10. 10a.-4-7Ta^ + 150a;2- 77a; + 10 = 0.

11. 6x^-49a^ + 86.T2-49cc + 6 = 0.

12. 6a^-25x^ + 3S x\- 25x + Q>=0.

13. 12 a;4-91a;3_^ 194^.2 ._ 91 ^,^12 = 0.

14. 15x'3-49a;2+49a;-15=:0.

15. 8aj5-46a;^+47.r' + 47a.'2-46iK + 8 = 0.

PROBLEMS IN PHYSICS

EXERCISE 189

Solve each of the following problems relating to the single pendulum

:

1. Find the length in feet of a pendulum which vibrates once in a second

at a place at which gr = 32.16.

2. Find the value of gr at a certain place if a pendulum which is 10 feet

in length makes 20 vibrations in 35 seconds.
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3. If a certain pendulum vibrates once in a second, find the time re-

quired for a pendulum which is twice as long to vibrate once.

4. Find the length of a pendulum which makes 80 vibrations per minute

at a place at which the value of g is 32.16 per second per second.

5. Find the length of a pendulum which vibrates once per second at a

place at which the value of gr is 32.19.

6. If at a certain place a pendulum 39 inches in length vibrates once in

a second, find the length of a pendulum which at the same place will make
one vibration in one minute.

7. If a ball suspended by a fine wire makes 88 vibrations in 15 minutes,

find the length of the wire.

8. If a pendulum which is 39. 1 inches in length vibrates once in a second

at a certain place, find the length of a pendulum which will vibrate once in

5 seconds.

REVIEW

EXERCISE 190

1. If a = 1, & = 3, c = 2, find the value of (a-}-6)(6+c)(c+a)

+ a}' + h'-\- c«.

2. Factor 1 + 10 a; - 11 x^.

3. Y2i(^tovx'{y-\-l)^y\x + l)+x + y + 2xy.

4. Factor a^ -:»?- a{a? - x^) + x{a — xf.

5. Find the prime factors of (a - a'f + (a^ - l)^ + (1 - a)\

Simplify each of the following expressions

:

7 (9:^^\(^^y\. 11. (a2_62_c2_26c)H-^^+^+^.
• \x yj\a h) a+6-c

-^ a^ — b^

(a« - b')(a-b)' 13. (x-' + y-^) -^ {x-^ + y-^).

14. 27-2 X 9X;^^-3-^

272 X 33
'

15. Express (— a — 6)-^(— a~^ — b~^) with the minimum num-
ber of minus signs.
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16. Find the value of —-^ \-- f-^; :
—-, ii a*

2 ?i — ic 2 n-{- X «2 — 4 71^

17. Show that (a^ - by = a? -ah + h\ if a + 6 = 1.

Simplify each of the following expressions

:

18. (3-V^^)(2-V^^).
19. ah + ^ab + (a — V&)(Va — h).

20. (V^^-V^^)2-f(V3-V2)2.
21. (V5-V7 + 2)(V5+V7-2).
22. (V7+V5-V3)(V7-V5+V'3).
23. (Vli - V6 + 5)(Vn -V6 - 5).

Wb ^aJ Wb
Simplify

:

y/b Va/

25. \B^-{^^6-

- [(--fv5)V0

27. ri22-

2

wcc' Sciaj"

2

72V2_V2V"1^

28.

29.

(ar^-)^

m+w

SIMULTANEOUS QUADRATICS

ELIMINATION BY SUBSTITUTION

EXERCISE 191

Solve the following systems of simultaneous quadratic equa-

as:

1. 0^ = 18, 4. xy = - 75. 7. x+6y=0,
x = 2y. x = -Sy. xy=-WO

2. a^ = 48, 5. a;-4 2/=0, a xy = 6,

Zx^y. xy = 16. Sx= 2y,

3. xy =-% 6. 5x-y = 0, 9. xy==20,

x= --y. xy = 20. 5x = 4:y.
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10. xy-15 = 0, 28. a;2_a;2/H-2/2 = 16,

3x = 5y. x-y = 0.

11. xy - 80 = 0, 29. x'-\-xy + y'' = 21,

4 £c = 5 2/. a; - 4 2/ = 0.

12. x' + xy = l^, 30. 5a;2- 82/ + 3 = 0,

x = y. x-y = 0.

13. x^-xy='d2, 31. x + y^ = 12,

x = -y. x-y=:0.

14. ^2/ + 2/' = 8, 32. a;2 + 42/ + l=0,
x = y. x = 2y.

15. a;2 + ?/2 = 98. 33. 10x-f-2/2 + 25 = 0,

x = y. x = y.

16. 2:t?-xy=m, 34. 2x'-7y+5 = 0,

x = y. x-y = 0.

17. 3aj2-2a;2/ = 45, 35. Sif + 5x-{-2 = 0,

x= — y. x = y.

18. 2xy-y^=A9, 36. xy-10y-j-7=.0,

x-y = 0. x = Sy.

19. 3a;2-/ = 162, 37. xy-\-S X —15 = 0,

x=y. 1 x = y.

20. 2xy-}-3y^=4.5, 38. 3xy—5y-\-l = 0,

x-y = 0. x = 2y.

21. 5x'-Sxy = 128, 39. a;2_y2^40.

x-y=0. 2x-{-y = 17.

22. 4.x^ + 3xy = 7, 40. 0^ + 2/^ = 17,

x — y = 0. x-Sy = l.

23. 11 a;2 + 7 xy = 36, 41. 0^24.4 2/2 = 32,

x = -y. 5 a; + 6 2/ = 8.

24. x^-\-xy = 6, 42. x^-\-2y' = 73,

x = 2y. 3x-y=3.
25. ^2 -1- 2/2 = 40, 43. 5 x"^ — xy = 15,

x = Sy. 2x-\-3y = 36.

26. a;2 + / = 5, 44. a; 4- 8 2/ = xy,

2a;-2^= 0. X— y = 5.

27. a;2+ a;2/ + 2/' = 75, 45. x'-j-xy+y^ = 7,

a; = 2/. a; + 42/ = -l.
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46.

Sx-2yi-4:y^ = 9.

47. x-\-y-{-2xy = 2-^,

5x-2y = i.

48. 2ar^ + 3a;?/-f-4/ = 64,

x-^y = -2.

49. 2x-3y = 2,

4:X^-Sxy+y^ = U.

50.

y
xy = 45.

51. ^ + ^=2,
y X

6a;-52/ = l.

52.
1 1_ 1

X y 2'

« — 3 2/ = — 1.

53.
2,^0.- 2'

x-y=-2.

T 54. ^ + 1=6,
4 o

4 5^6
X y 5

55. x-2/-f = 0,

1 + 1-5 = 0.
a; 2/

56. U| = 2,
X 2

2/2 3'

57.
x±1^6
2/ + l~5'

a;^ + 2/ _ 65

ic _l_ 2/2 46

58. -^+J_= 61

ic +2/ ^ — y 11

2a; + 32/ = 54.

REDUCTION OF SYSTEMS OF EQUATIONS BY FACTORING

EXERCISE 192

Reduce each of the following systems of equations to equiva-

lent groups of separate systems of equations and solve

:

1. (x-4)(.v-7) = 0, 6. 0^^+42/2 = 20,

x + y — 12. x'^-Sxy = 4: 2/2.

2. 4.x'-xy=0, 7. {x-yy-16 = 0,

5x-y = l. (x-\-yy = 36.

3. (x-S)(x + y-5)=0, 8. y'-x^ = 2y-l,
(x-y-3)(y-4.)=0. iK2_10 2/2 = 3iC2/.

4. (x-y)(x-y-l)=0, 9. ^y — "^ y -^ 4 ic = 28,

(x + 3){x-j-i)=0. a; + 2/ = 10.

5. a;= + 6 .'i^ = 16 y\ 10. xy — X -\- y = 25j

x-hy = 6. x{x-y)=0.
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11. 0^ —xy = 66, 13. x^-\-xy-\-x — y = 50,

5 a;2 - 16 0^2/ + 11 2/^ = 0. hx^-\-2xy- y"^ = 0.

12. x^ — y'^ = x-{-y, 14. 6 x"^ — 5 xy -\- 4: x — S y = 12,

x'^ — 5 xy = 5 X — 25 y, x^ — xy = 0.

SYSTEMS OF TWO HOMOGENEOUS EQUATIONS
OF THE SECOND DEGREE CONTAINING TWO UN-
KNOWNS

SOLUTION BY FACTORING

EXERCISE 193

Solve the following systems of homogeneous equations

:

1. x^-\-xy = 5, 8. 13xy-2x''-lSy^ = 12,

2x^-5xy-Sy^ = 16.

2.

3.

xy-hy^ = S.

x^-\-xy == 4,

Sa^-\-2xy + y^ == 18.

x^-\-3xy=:4rO,

a;2 + 2 2/2 = 24.

^^xy-7y^:= 35,

x'^—5xy-h9y^.= 15.

9. 4:x(x + 3y)-\-lly' = S,

x'^^Sy(x-hSy)=7.

10. 3x(x-h2y)-{-5y^ = 21,

x2 + 2 2/(0^ 4- 2 2/)= 28.

11. (3x-[-y){3y-\-x)=a,
(x+y)(x-y)=j\.

12.
20

3x-y = -.

5. .ij^ 4- a;2/ + 2/2 = 52,

x^ - xy + y^ = 28.

6. 5iB2-10a;2/ + 72/'^ = 28,

3x^-7 xy-\-4:y^ = S.

7. (2 X 4- 2/) (2 2/ + 0^) = 500,

(x + y)(x-y)=:75.

SOLUTION BY EXPRESSING THE VALUE OF ONE UNKNOWN
AS A MULTIPLE OF THE OTHER

EXERCISE 194

Solve the following systems of homogeneous equations :

1. 5x''-\-2xy -\-3y^=91, 3. 4 cc^ - 2 ^2/ 4- 3 ?/ = 71,

3 a;2 - 2a;2/ 4- 4 2/2 = 44. 2 x'' -{-5xy 4- 3 2/^= 133.

2. x' + 5xy + y''= -21, 4. x^ -{- xy + y^ = 37,

2x''-3y^ = 3S x^-3xy=72.
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5. 4:xy-\-y^ = 6S, 8. x^ + Sxy -\-
y'' = 59,

2x^-xy=112. 9a;2 -2/2 = 11.

6. 2x''-\-llxy-\-3y^ = 96, 9. 3 x(x - 3 y) -\-
y^ = -11,

a;2 _ 2/2 ^ 5. x"" -\- 2 y(x -3y) = 21.

7. x'^-^xy = 9, 10. 2x'^-7y(x-y)z=lA3,

7 0^2/ - 14 2/2= 70. 3 x(a; - 2 y) - 2/^ = 2.

REDUCTION OF SYSTEMS OF EQUATIONS BY DIVISION

EXERCISE 195

Solve each of the following systems of equations

:

1. x^ = y(x + y), 8. a^-{-y' = 126,

a;2 = X + 2/- X +y = 6,

2. l + y = x, 9. x^-f =26y
l-[-y^ = x^. x — y = 2.

3. x(x - 3) = 4 — y% 10. o?-f = a^-W,
x = 2 ^y. X — y = a— b.

4. x(y + 3) = 9 2/2 - 1, 11. x^ + y^ = 91,

x = 3y — l. x^ — xy -\-y^ = 13.

5. x{x -a) = h^ - y\ 12. a?-f = 5Q,

X— a=:b + y. x^ -^ xy -\-
y"^ = 28.

6. a;2- 2/2 = 65, 13. 27a^ + 2/' = 35,

ic — 2/ = 5. 9 .t2 - 3 X2/ 4- ?y^ = 7.

7. a;+2/ = ll> 14- a?^ + a^V + 2/^ = 21,

aj2 — 2/2 = 55. x"^ — xy -\-
y"^ = 3.

SYSTEMS OF SYMMETRIC EQUATIONS

EXERCISE 196

Solve each of the following systems of symmetric equations

:

1. a; 4- 2/ = 7, 4. a; 4-^ = 4,

xy = 10. xy =— 5.

2. a: + 2/ = 8, 5. a; + 2/ = 0,

xy = 12. xy = — 1.

3. a;+2/=-3, 6. a;2 + ^2 ^ 29,

a;?/ = - 28. xy = 10.
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25. x-\-y=a,
xy = b.

26. i + i = 9,
x y

1.1

7. ^-^y'=lT,
xy = 4.

8. a;2 + 2/2:=z29,

a;?/ =-10.
9. a;2 + a;^ + 2/2 = 19,

xy = 6.

10. x"^ -\- xy i- y^ = 52,

^ = 12.

11. x'-xy-^y^ = 19,

x?/ = 10.

12. x^ - xy + / = 21,

xy = 4.

13. 0^2 + 2/' = 82,

x-\-y=10.

14. x'^y' = 25,

^+2/ = -7.

15. ar^-a;^ + / = 57,

x + y==9.

16. x^-j-xy-\-y^ = 79,

a; + i/=10.

17. 0^2+^2/ + 2/' = 7,

x-^y=-8.
18. x^-^y^ + x-{-y = 24:,

x = y.

19. xy -^x-^y = 35,

x-y=0.
20. xy — x—y = AS,

x — y = 0.

21. r^^xy + y' = 13,

x'^—xy-{-y^ = 7.

22. x^ + xy-^y^ = 52,

x^-xy-^y^ = 28.

23. a;2 + aj2/ + y' = 49,

a;+2/ = -8.

24. aj' + 2/' = &,

a; + 2/ = a.

27

+ i = 41.

X y

1 = 24.
^2/

28. 1-1 = 1,
a? 2/

^ = T2'

a; y

x^ 2/ ^"

0^2/ = G.

31. xy(x-hy) = SO,

x-\-y _5
xy 6'

32. a^ + a^y + 2/^ = 21,

x'^ — xy-{-y^ = 3.

33. x2 + a.-2/ + 2/' = 13,

a;4 _|_ aj22,2 4- 2/4 = 91.

34. x'^ + xy + y^ = M,

X 4- Va:2/ + 2/ = 14.

35. a;2 + a;2/ 4- 2/^ = 133,

a? — -y/xy -{-y=z7.

36. (a^+ l)(2/ + l)=ff,
a;2/ = l.

1,15
37. - + -= -,

a; 2/ 4

a;+ l 2/ + 1 10
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SYSTEMS OF ASYMMETRIC EQUATIONS
EXERCISE 197

Solve the following equations by the methods employed for the

solution of systems of symmetric equations

:

1. a;-2/ = 4, 6. x-y = 0,

xy = 2. xy = -^.

2. x-y = 6, 7. x^ -f- 2/2 == 45,

xy = 16. x-y = Z.

3. x-y = % 8. aj2_a-2/ + 2/2 = 12.

xy = — 14. x-y = -2.

4. x-y = ll, 9. 0,2 + 0^ + 2/2 = 39,

xy = -2^. a^-2/ = 3.

5. x-y = 5j 10. aj2 + aJ2/ + ?/2 = 49,

xy = 0. aj_2/ = -2.

EXERCISE 198. MISCELLANEOUS

Solve the following systems of equations

:

1. x = 5-\-y, 10. a??/ = 20,

y^ = 7-xy. ^ = 5.
2. 9a;2-2/2 = ll, a;

x + 2y = 12. 11. 0^2/ = a2,

3. x-{-y=a^, ^ = 6^
3y-x = y\ y

4. x2-H/ = 173, 12. ^ + 2/^4,

x — y = 11. a;

5. (x-{-yy = 6i,

(x-yy = 36. 13.

xy = 75.

2/
6. x' + 2xy-\-f =.49,

a^ — 2 xy -\-
y^ =:9.

. 1 -.

7. (x-l)(y-^l) == 42,
14. x + - = l,

y
x — y == 13. 1 ,

8. x-4.y = ll, X

xy = ^x^--1. 15. 9aj + i = 4,

9. ^ = 3,
.y

y 15 a; - ? = 3.
xy = 12. 2^
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16 2^^4y 31. x^-^y^ = lS9-xy
y ^

'

17.

18.

cc + 2/ = 9 + ^xy.
xy + x-j-y = n. 32. a^-^y^ = W2,

l_l = s, ^^y + ^y" = 120.

33. y?^if = Vl^,

xy{x^y)= 2>^.

34. a^- 2/3 ^26,

aj 2/

1 5

2/-1 3

^ + J
=
i^ ^2/-^/ = 6.

119 35. a^- 2/3 ^56^

19. a;-i-2/-i = 2,
^'^

a;-2-2/-2 = 12. 36. ^^^ ^—= 0,

21. (/+lX2//l)=48,
^'- 2/(^ + 2/)+<2/ + a.) = 4a.2/,

22. «2 + aJ2/ = 28, 38.
Va?-V2/

,

V^ + V2/ ^26^
xy-\-y'^ = — 12. Va: + V2/ Va; — V2/ ^

23. a52-2/2 = 24, a;2 + 2/2 = 97.

a;2/ = 35. 39. x-\-y^=22,

24. a;(a.' + 2/)-20 = 0,
a.-^ + a;2/^ =: 340.

2/(2/ + «)- 16 = 0. 40. (4a.'-2/)(a;-42/) = 19,

25. aj2^aJ2/ = 56, (4 2/ + a;)(2/4-4a;) = 189.

y(x-y)=6. 41. a^ + 2/3^152,

26.
^ + 2/

,

a?-;y ^lO a^2/ = 15^
' x — y x-i-y 3' 42. a? + 2/ + 2Va; + 2/ = 24,

ar^ + 2/' = 45. a;2 + 2/' = 130.

27. a;4 + a;Y + 2/^ = 3, 43. a^ + 2/' - 8(x+ 2/)= 13,

x^ — xy-\-y'^ = l. x + y-\-xy = — 9.

28. ar^ + iK^+2/2 = 84,
^^^ y+l = ?.

a; + Va;?/ + 2/ = 14.
* x+1 3'

29. SxY-xy = U, 2/' + 2/+1 ^31
aj + 2/ = -l. aj2_^a; + l 13*

30. a;Y + a72/ = 30, 45. (a;H-2/)(aj2_j_2/2^) ^_ 20,

a^ -F 2/ = 6. (x - 2/)(^ - /) = - 32.
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\/xy = b.

46. ax = by, __ a; — w

^ + y^ = c. V^-Vy
47. px = gy>

(p + q)^ — (p — q)v = >'•

49. x'-y^^a, y -^x-\-K>y.

x*-y'=b. ^^- ^= <^^+ ^y,

^2 ^2
* y^ = dx+ cy.

5°- ^ + fi
= ^' 58. 0^^ + 2/^= 244,

/aXm.i ^+2/ = 4.

51. ax-\-by = 2ab, x-^y = 5.

a b^^ 60. a:^ + 2/* = 257,

y X ' x-y = S.

52. 6a;4-&2/ = 2, g^ 1 1^ 1

abxy — 1.
' X y x— y

CO a; + 2/ 111
53. —!-^ = aiP, = —

.

2/ ^ y"^ o?

54. ^-^, = 8, 2/2"*"a^2
+

^ aj~36^
Vaj— V?/ _ 1

V^ = 12. • "^^"6*

Solve the following systems of equations and find approximate

values of the unknowns which are correct to three places of

decimals

:

63. x-\-y = 2.S, 68. a? -{-
y"^ = .S9,

xy=l.S7. 10xy = 4:,

64. a; + 2/ = .051, 69. 100 or^ -f- 100 2/^ = 65,

xy = .000518. xy = .2S.

65. 10x-10y = .5, 70. .01 a; + .01 2/ = .0015,

10 xy = .126. .1 aj2 + .1 2/2 * .00125.

66. .5a;— .17 = .1 2/, 71. a;^ + 2/^ = 11.3,

10 xy = 1.2. a; + 2/ = 4.4.

67. .001 a;2/ = 1.075, 72. ar' + 2/' = 9.0625,

.1 a;- .1 2/= 1.8. a; + 2/ = 3.25.
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73. 4 a?^ - / = 2.03, 77. x^ + 10 2/2 = 14.49,

X + y = 2. X -\- y = 1.5.

74. .2 x"^ - xjj = - .742, 78. 5 i»2 -}_ 2/2 = 9.2,

a; +.11/ = .82. ^ a;?/ = .6.

75. 2.5 X + .3 2/ = 7, 79. af» — 2/3 = .056,

.5xy = 6. x — y = .2.

76. .7ic + 2/ = 8, 80. 3 aj2- 2/2 =299.99,

a;?/ = 2.4. a;2/ = 1.

SYSTEMS OF THREE OR MORE EQUATIONS CONTAINING
THREE OR MORE UNKNOWNS

EXERCISE 199

Find sets of values which satisfy each of the following systems

of equations

:

1. xy = 24:, 7. yz = bc, ^^ xy ^12
2/2; = 48, ?j.^= 1

" ^ + 2/ ^
'

a;2 = 32. a & ' yz ^24.

y-{-z~ 7'

ga; ^8
z-\rx

3'

a;?/ = a^ - 4- -= 1.

7.2 ,

a c
2/2 = 62^

zx = (?. 8. a;2 -f 2/^* = 20,

.2._i
2/2 + ^2 = 52,

3. x'y

2/2.^128,
^^ + ^^ = 4^- 12. -^ = 8,

^^^ = 32-
9. 2/ + , = l, ^^^2_4^

4. a;2?/;3 = a, ^ J^ + ^J 5'

xy'^z = b, z-\-x = -. _M?_ = 6.

ajy22^c. 2/ z + x '

5. 2/2; = 22/ + 42;,
a; 4-

2/ = -.

2;a; = 4 2; H- a;, „ „ ^

,

13. -^— = a,
'

10. a;2/V = -54, x-J^y '

xy = x-\-2y.
y^__9 xyz _

6. x(y-{-z)=S, X 2' y-\-z
= &,

2/ (a;+ 2)= 18, ^_ _ 1 a;2/z _
z(x-{-y)=20. z ~ S' x + z~^'
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14^ ^+Y^5 24. aj + 2/ = 4,

xyz 8' y-\.z = Q,

f + z" ^5 2 + w;2 ^ 9,

17
25. a; + 2/ + ^=10,
xy + yz-{-zx = 31,

0^2/2; 8
•*^.^ T ^'«' T '<"*' = ^>^,

15. (a;4-l)(2/ + l)=6, a;^ + ^/^ - ;22 ^ 20.

(2/ + l)(^+l)=21,

(^ + 1) (0.^ + 1)= 14.
26. a^2_(^_^)2^1^

2/' - (^ - a;)^ = 9,
16. a; (2-?/) =16, 2-2 _ (^ _ X2 ^ 16.

y{2-z)= %
2(2-a;)=4. 27. 0^(2/ + 2)+ 2 = 0,

2/(^-2x0+12 = 0,

05 + 2/4-2 = 28, ^
'^

xyz = 512. 28. aj + x2/+2/ = 5,

18. xy-^xz-\-yz = 4:,
"^

, /.^ -^ „' a; + iC2; + 2; = 14.
cc - 2/ = 3,

2/
— 2 = 1. 29. x'^ — yz = 9,

19. a^(.^' + 2/ + 2) = 22,
2/^-20^ = 3,

2/ (a; + 2/ + 2)= 44,

2(^7 + 2/ + 2) = 55. 30. x^ -yz = 5S,

20. (2/ + .) (a. +2/ +2)= 6, ^'r'^'I^o
(z-^x){x + y-rz)=10, ^ -xy-i6.

{x + y)(x-\-y-\-z)=-^. 31. 3/2 + aj + 2/
= - 3,

21. a;2/ = c (a; + 2/ + 2),
a;2! + 2/ = — 1,

2/2 = a(a! + 2/ + 2),
xy = 2.

xz=^h{x+y-\-z).
32. a;2 + a-2/ + 2/ = 3,

22. {x + z){x + y)=o?, f^-yz^z'^l,
(« + 2/) (2/ + 2) = 62, z'^zx-^-o^^l.

(2/ + 2;)(a; + 2;)=c'
33. a; + .v + 2=i^3^

23. a; + 2/ + 2; = a, lj_l
. l^^l?

xy=h, X y z S
^

xyz — c. xyz = 1.
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PROBLEMS

PROBLEMS WHICH MAY BE SOLVED BY MEANS OF
SIMULTANEOUS QUADRATIC EQUATIONS

EXERCISE 200

Solve the following problems, and examine the solutions ob-

tained to see if they satisfy the conditions of the given problems

:

1. The sum of two numbers is 9 and their product is 20. Find the num-

bers.

2. The sum of two numbers is 14 and their product is 45. Find the num-

bers.

3. The sum of two numbers is 15 and their product is 54. Find the

numbers.

4. The sum of two numbers is 18 and their product is 80. Find the

numbers.

5. The sum of two numbers is 28 and their product is 195. Find the

numbers.

6. The difference of two numbers is 4 and their product is 60, Find

the numbers.

7. The difference of two numbers is 5 and their product is 84. Find the

numbers.

8. The difference of two numbers is 6 and their product is 91. Find the

numbers.

9. The difference of two numbers is 6 and their product is 187. Find the

numbers.

10. The sum of two numbers is 8 and the sum of their squares is 34.

Find the numbers.

11. The sum of two numbers is 11 and the sum of their squares is 65.

Find the numbers.

12. The sum of two numbers is 16 and the sum of their squares is 136.

Find the numbers.

13. The sum of two numbers is 17 and the sum of their squares is 169.

Find the numbers.

14. The difference of two numbers is 5 and the sum of their squares is 73.

Find the numbers.

15. The difference of two numbers is 3 and the sum of their squares is

149. Find the numbers.

16. The difference of two numbers is 4 and the sum of their squares is

170. Find the numbers.

17. The difference of two numbers is 5 and the sum of their squares is

227. Find the numbers.
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18. The sum of two numbers is 6 and the difference of their squares is

24. Find the numbers.

19. The sum of two numbers is 8 and the difference of their squares is 32.

Find the numbers.

20. The sum of two numbers is 11 and the difference of their squares is

33. Find the numbers.

21. The sum of two numbers is 13 and the difference of their squares is

91. Find the numbers.

22. The difference of two numbers is 5 and the difference of their squares

is 65. Find the numbers.

23. The difference of two numbers is 3 and the difference of their squares

is 63. Find the numbers.

24. The difference of two numbers is 6 and the difference of their squares

is 96. Find the numbers.

25. The perimeter of a rectangular field is 260 rods and its area is 4200

square rods. Find the dimensions of the field.

26. The perimeter of a rectangular field is 190 rods and its area is 2200

square rods. Find the dimensions of the field.

27. The length of the fence about a rectangular field is 180 rods. Find

the dimensions of the field if the area is 2000 square rods.

28. The product of two numbers is 75, and the quotient obtained by
dividing the greater number by the less is 3. Find the numbers.

29. If the sum of two numbers is divided by the less number, the quotient

is 3 and the product of the numbers is 32. Find the numbers.

30. Find two numbers, the sum of which is 25, such that the sum of the

quotients obtained by dividing each number by the other is -y-.

31. Find two numbers such that, if each be increased by 1, the product is

144, and the product obtained by multiplying the first number by a number
less than the second number by one is 70.

32. Find two numbers, the sum of which is three times their difference,

and the difference of the squares of which is 600.

33. The product of two numbers is 48, and the sum of their squares is

ten times the sum of the numbers. Find the numbers.

34. Find two numbers, of which the sum is 18, which are such that the

product of the first and the reciprocal of the second, increased by the product

of the second and the reciprocal of the first is |^.

35. The sum of two numbers is 36, and the sura of the quotients resulting

from dividing each number by the other is
-Y-.

Find the numbers.

N 36. The first of two numbers is eighteen times the reciprocal of the

second, and the sum of the second number and thirty-six times the re-

ciprocal of the first is equal to the square of the second number. Find the

numbers.
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37. Find two fractions, such that the sum of the first fraction and the

reciprocal of the second is equal to 2, and the sum of the second fraction

and the reciprocal of the first is -^/.

38. Find two numbers, the sum of which is 39, and half the product of

which is equal to the cube of the less number.

39. Find a fraction, the value of which is f, and the product of the

numerator and denominator of which is 80.

40. If a certain two-figure number, the sum of the figures of which is 14,

be multiplied by the units' figure, the product is 516. What is the number ?

41. A number expressed by two figures is equal to four times the sum of

the figures. The number formed by writing the figures in reversed order

exceeds three times the product of the figures by the square of the figure in

tens' place of the given number. Find the number.

42. If it requires 260 rods of fence to inclose a rectangular field of 25

acres, what are the dimensions of the field ?

43. A rectangular field contains 30 acres. By increasing its length by 40

rods and diminishing its width by 4 rods the area is increased by 6 acres.

What are its dimensions ?

44. The length of the fence around a rectangular field is 274 yards, and

the distance measured diagonally from corner to corner is 97 yards. What
is the area ?

45. Thirty-two yards of the fence about a rectangular field which is 184

yards long and 76 yards wide are destroyed. What must be the dimensions

of a rectangular field in order that the length of fence remaining shall in-

close the same area as before ?

46. A property owner wishes to use the material from a stone wall inclos-

ing a field which has the form of a rectangle 80 rods long and 60 rods wide

to build another wall greater by 16 rods, which shall inclose a second tract

of land which has the form of a rectangle having the same area as the first.

Find the dimensions of the second tract of land.

47. In widening a street a strip of land 6 feet in width was removed from

the entire frontage of a tract containing 28,800 square feet. By increasing

the frontage of the reduced lot by 8 feet the entire area became the same as

before. Find the original dimensions of the land.

48. It is observed that if a guy rope which is attached to a stake 7 feet

from the foot of a derrick were lengthened by 15 feet, it would reach to a

stake 32 feet from the foot of the derrick. Find the height of the derrick

and the length of the rope.

49. A tract of 10 acres of land is inclosed by -a certain length of fence in

such a way that there are two separate lots, each in the form of a square, so

situated that the side of the smaller lot forms a part of the side of the larger

lot. It is observed that the fence may be rebuilt to inclose a single lot in
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the form of a square containing 5f acres more than the original lots. Find
the dimensions of the original lots.

50. At an entertainment 1 750 was realized from the sale of seats. For
each reserved seat twenty-five cents more was charged than for an unreserved

seat, but the sale of the unreserved seats yielded the same total amount as that

of the reserved seats. Find the total number of seats sold, if the number of

unreserved seats exceeded the number of reserved seats by 125.

51. Three stone crushers working together can crush a certain amount of

stone in a week. The first machine has a capacity twice as great as that of

the second, but working alone would require one week more than the third

machine to perform the work. What time would each require, working

alone ?

52. The sum of a fraction and its reciprocal is equal to the numerator in-

creased by the reciprocal of twice the denominator ; and the difference be-

tween the reciprocal of the numerator and the reciprocal of the denominator

is equal to the reciprocal of twice the denominator. Required the fraction.

53. Find a fraction, such that if its numerator be increased by 3 and its

denominator diminished by 3, the result is the reciprocal of the fraction ; but

if the denominator be increased by 3 and the numerator diminished by 3, the

result will be m less than the reciprocal of the fraction.

54. Find a fraction the value of which is |, such that if the numerator be

diminished by the reciprocal of the denominator and the denominator be in-

creased by the reciprocal of the numerator, the value of the fraction will be

multiplied by ^|f

.

55. Find two numbers, the sum of the cubes of which is 162 and the sum
of the squares of which diminished by their product is 19.

56. Find two numbers of which the sum multiplied by the product is equal

to 48 and the sum of the cubes of which is 72.

57. A number is expressed by three figures, the sum of which is 11. The

middle figure exceeds the sum of the other two by 1, and the sura of the

squares of the separate figures is eight times the figure in tens' place in-

creased by the sum of the other two. Find the number.

58. Two boats leave simultaneously the opposite shores of a river which

is 2\ miles wide, and pass each other in 15 miimtes. The faster boat com-

pletes the trip 6| minutes before the other reaches the opposite shore. Find

the rates of the boats in miles per hour.

59. A train starts from a certain station to make a trip of 180 miles, travel-

ing uniformly. Forty-five minutes later a faster train, also traveling uni-

formly, starts from the same station, and after traveling two hours and

fifteen minutes reaches the^station which the first train had passed thirty-six

minutes previously. The speed of the second train is now increased by four

miles an hour, with the result that the trains reach the terminus at the same

time. Find the rates in miles per hour at which they started.
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60. Fifteen hours after an ocean steamship leaves the American shore, to

make a voyage of 3300 miles at a certain average uniform rate, a second ship

starts for America from the opposite shore. The two ships meet after the

second ship has been out 71|- hours, and they complete their trips at the same

instant. Find the rates of the ships in miles per hour.

61. An express train, an electric car, and an automobile all leave a given

place for a certain destination. The express train travels 9 miles an hour

faster than the electric car, and the automobile 13 miles an hour faster than

the express. The express starts one hour after the electric and 39 minutes

before the automobile. If all arrive at the end of their journeys at the same

time, find the distance and the rates of traveling in miles per hour.

62. Sighting an enemy's war vessel at a distance of 10 miles, a submarine

boat starts toward it, running on the surface at a certain uniform rate which

exceeds its speed when submerged by 6 miles an hour. At a certain point

in its course it dives beneath the surface, and when submerged at a distance

of one-half mile from the battleship, a torpedo is discharged which travels at

the rate of a mile in two minutes. It is observed from the shore that the

time, measured from the instant the submarine starts until the explosion takes

place, is exactly 44^ minutes. Returning immediately after delivering its

torpedo, and traveling the entire distance under water, the time required

is 1 hour li minutes. Find the rate of the submarine on the surface in miles

per hour and also the distance from the starting place of the point at which it

sank beneath the surface.

63. A torpedo boat on being discovered li miles from port immediately

turns and tries to escape. One minute later a torpedo-boat destroyer is sent

out and this overtakes it after a run of 9| miles. If the rates of the torpedo

boat and destroyer could have been increased by 6 miles an hour, and 2 miles

an hour respectively, when the distance between the two boats was reduced

to 1 mile the torpedo boat would have escaped to its squadron 10^ miles

away. Find the rates of the boats in miles per hour.

RATIO

REDUCTION TO SIMPLEST FORM

EXERCISE 201

Express the values of the following ratios in terms of the

smallest possible integral numbers :

1. 4:6. 5. 10 : 16. 9. 48 : 84. 13. 125 : 375.

2. 9:12. 6. 25:45. 10. 34:85. 14. 143:99.

3. 6:15. 7. 32:48. 11. 84:144. 15. 38:209.

4. 8:18. a 24:96. 12. 39:169. 16. 42:98.
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17. 28:70.

18. 1 . 1

^ • ^-

1 . 1
6 • 8-

19.

20.

21.

22.

23.

24. i:f

3 . 1

T-

5 . 1
"g- • 2"-

f:|-
5 . 5
6"- ¥•

2 . 5
"3 •

"g^-

8 . 2
T • T-

30. 1:1
31. 2:^.

25.

26.

27.

28.

29.

32.
i--

3. 39. .7: .3.

33.
i-'

5. 40. .2

:

.4.

34. i = 3. 41. .6: .8.

35. 7: f 42. .1: .01.

36. 3: 1- 43. .2 : .02.

37. 5 .

T • 5. 44. .5:;5.

38. .2 :.5. 45. 6: .6.

Express each of

46. ab : ac.

47. xy : 2/2.

48. a^ : ab.

49. ac : c^.

50. a6c : b^.

51. cc^ : a;2/2;.

52. a^b:ab\

53. a?b^:aW.

54. a^ft : a?>c.

55. 0^2/^ : x^y.

56. 2 a : 3 a.

57. 4 6 : 5 &.

58. 6c: 10c.

59. 8a2:8 62.

60. 14a3:21a2.

the following ratios in simplest form

:

61. 16 62:326^

62. 24 c3 :32 c.

63. S5dy.^0d\
64. 16a4:4a8.

65. 5b^:25b\

66. 10ai0:6a«.

67. 12x4:4a;i^

a
^ c_

I'd'
X w

68.

69.

70.

71. a:

m n

1

72. : b-

73. - : d-
c

74. a"" : a"''"^

75. a"+2 : a"+^

76. a"-^ : a\

77. a'
3n

78. a" : a2n

a+b:a^- b\

80. a-6:a2-62.
81. a^b\ ce + 6^

a— & : a^ — b^.

o? - ah 4- &'
: a^ + b^

79.

82.

83.

84. a' + ab + b'^-.a^- b\

COMPOUND RATIOS

EXERCISE 202

Eind the ratio compounded of the ratios

:

8. \ and |.1. |and|.

2. \ and f

.

3. |andf.

4. I and |.

5. -Handf
6. |and|.

7. 4and|.

9. -and-.
3 b

10. 5 and 5.

11.
7 m

12. - and -'

13. — and — •

y ^
2 -, n- and —
a'* a**

14.

15.
61

and -
b a'
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16.
^^'''

and • ^
.

18. — and
a"

17.

n

X
and

x^

Find the duplicate ratio of

19. 2/3. 22. a/b.

20. 3/4. 23. c/d.

21. 1/2. 24. x/y.

25.

26.

27.

m'lv?.

5/a;l

2/V4.

28.

29.

30.

a-/h\

2/c2-.

3/d'\

Find the triplicate ratio of

31. 2/3. 34. a/4.

32. 3/5. 35. 5/6.

33. 6/7. 36. c/d.

37.

38.

39.

x'ly\

m'/n^.

ayw.

40.

41.

42.

n/x''.

a}-/W\

Which is the greater ratio

43. forf? 45. -Vol

44. f or|? 46. for

47.

48.

for
for

PROPORTION
EXERCISE 203

Which of the following pairs of ratios can be used to form

proportions ?

1.

2.

3.

10.

11.

12.

13.

14.

MEAN PROPORTIONALS

EXERCISE 204

Find the mean proportional between each of the following pairs

1 and f

.

4. A and tV 7. ^Vand^-V

f and ^%. 5. f and tV 8. Aandf^.
Mandif. 6. A and tV 9. Aand,-V
ifandff. 15. >::|andf:i.
i

: 1 and 6 ;:4. 16. i':|and|:f.
i

: 1 and 9 ;:12. 17. f::iandi:i.
1 : 4 and 2 :;12. 18. i:: f and f : |.

i : 6 and 4 ::30.

of numbers

:

1. 2 and 8. 3. 4 and 25. 5. land 64.

2. 3 and 27. 4. 5 and 20. 6. 2 and 32.



7. 12 and 3.

8. 49 and 1.

9. 16 and 4.

10. 1 and 100,

11. 1 and 8.

12. i and 27.

13. 1 and 20.
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14. i and i-.

15. 2 and 1

16. ^2_and^.

17. |and|.
18. ^andi^.
19.

-V- and |.

20. a and a^.

Find the third proportional to

25. 2 and 4. 29. 1 and 7.

26. 1 and 3. 30. 4 and 6.

27. 8 and 4. 31. 1 and 9.

28. 2 and 8. 32. 2 and 10.

FOURTH PROPORTIONALS

EXERCISE 205

Find the fourth proportional to the three numbers in the order

21. x^ and x.

22. ah and - •

a

23. ^and^.
y ^

24. ^and^^
c 6

33. 36 and 12.

34. 27 and 9.

35. 18 and 12.

36. 25 and 10.

as given in each of the following sets

:

1. 2, 3, 4. 8. 2, 4, 8. 15. 3, 4, 36.

2. 4, 6, 8. 9. 2, 8, 4. 16. 3, 36, 4.

3. 5, 7, 10. 10. 4, 2, 8. 17. 4, 3, 36.

4. 2, 4, 4. 11. 4, 8, 2. 18. 4, 36, 3.

5. 1, 3, 6. 12. 8, 2, 4. 19. 36, 3, 4.

6. 3, 1, 6. 13. 8, 4, 2. 20. 36, 4, 3.

7. 4, 6, 8. 14. 12, 4, 3. 21. 48, 6, 4.

SOLUTION OF PROPORTIONS

EXERCISE 206

Find the value of a;, i/, 5;, or w in terms of the remaining lettei-s

or numbers in each of the following proportions :

1. ?=
4

3. ?=-

a;_5
4 2*

4.
x_^
9 9'

7.
a; 7

7 5'
10.

x_2
4 c*

oj 8

6 3*
5.

cc -5
8 4

8.
ic a
2~3* 11. 3"3

a;_4

4 8*
6.

ic 4

3~f 9.
X b

5
6* 12.

5 n
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13.
X _ a

22.
^_^. 31.

l_a
40.

m _z
S~b' a c y h' a n

14.
X m
2~ n'

23.
6c a

32.
1 -^.
ah X

41.
5c_ z

d ~3b

15.
x_ a

5~2b'
24.

y 5
33.

2a 3b

y c
• 42.

2_5^
3 w

16.
X 3 a

a b
25.

3 4
34.

a^_b
^y~ a

41 8_2^
9 w'

17.
x_h^

26.
4_ 3, 35. ^_^^ 44. ?-2.

a^ a 2/ 11* y G 5 w

18.
X 1

& c'
27.

10 2

y 5*
36.

2 z

11 5*
45.

6 w;

19.
X _ 1

52 he
28.

6 6

2/
7*

37.
3_z
4 4'

46.
1_«^.
a X

20.
X k

29.
a 2

y s
38.

5 z
47.

3x 2

6 -12 a h'

21.
X _n^
m 4

30.

2/ c'
39. 48.

x _1^
ab c

49.
2x
3

8
9* 50.^ =

a

b

3 c'

DETERMINATION OF SPECIFIED RATIOS

EXERCISE 207

Find the value of the ratio - from each of the following equa-

tions :
^

1. bx = ay. 5. xz = 4:y.

2. 2x = 3y. 6. {a-^b)x=(a — b)y.

3. xw = yz. 7. x^ = yz.

4. 2x= ivy. 8. mx = y.

Construct four or more proportions from each of the following

equations in such a way that each of the two factors of either

member of a given equation shall appear as a single term of every

proportion derived from it

:

9. 2 a = 3 6. 11. 4:X = 3y. 13. ah =5 c.

10. 5x=6y. 12. 2a = be. 14. mx = ny.
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15. ab = xy. 17. ab = c^.
"

19. ab = {a-{-by.

16. x^ = yz. 18. 3 a; = /. 20. a^ - ft^ ^ ci6.

21. {a-\-b)b = {c+d)d. 23. (aj4- 2)3 = (2/ +3)2.
22. (x—y)y={z—w)tu. 24. a^ — 6^ _ c2_ c?2.

TRANSFORMATIONS OF PROPORTIONS

EXERCISE 208

Transform the following proportions by inversion

:

1 ? — §. 5 ^~-. Q ^_^
X 4: X C 4: X

2. ? = !?.
6. « = 2^. 10. 2 = ?2.

2/11 be 2 2/

3. f = ?. 7. ^ = ^. 11. ^ = ^.
6 7 a 6 z b

4. -i = ^. 8. ^ = 5. 12.^ = 1.
13 9 ^ y X m

EXERCISE 209

Transform the following proportions by alternation

:

. a b -14 18 .. x-\-y z + w
4 6 X y

2 ^=y 7 '^^'±
* 10 8 *

a2 62 12.

3 -=£. 8 -= — .

2 4* *

x'^ x^'
^g

4 ^ = ^. 9 £- = !-.
* 6 3 ' ab be

_ 16 20 _^ a c 14. ,_ ^

a b a-\-b c-\-d
^

EXERCISE 210

Transform each of the following proportions so that one term

shall consist of x, and x shall be found in no other term :

1 3- 10-a^
2 5 = li:=^. 3. ^^ ^^-^

' 2 £c
'4

a;
' 5 ic

y w

a-6 c — d

6 d

a-2
2

6-7
7

a+6 a-b



4.
7 27-aj
2 X

5.
m a — x

n X

6.
2 x-Q
3 6

7.
4 a;- 12

3 12

8.
5 0^-8

4 8

9.
3 (r-15

5 15

10.
a X — c

b c

11.
5 10

PROPORTION 221

,o 5_ 15 ,, 17_20+aj
3 a;-15

13.
a c

b x — c

14
5 20

3 20 -a;

15.
11 _ 22

8 22 -oj

16.
a c

b c—x

17.
X 7

20 -a; 3

18.
X 8

22 -a; 3

IQ X b

7 a;

21.
a_a; + c

6 X

22 16 a;

9 05-21

23
a X

b x—c

24.
X 11

aj-24 5

25.
a; 20

a;-34 3

2fi
X b

6a;— 10 a — X c x —ac

EXERCISE 211

Transform each of the following proportions so as to obtain the

9. - =
y 4

X -y

5.
X 15

2 u; 10
'

y 3
6.

a; 14

y
9'

3. ?= ^.
y 7

7.
a; 17

y lo'

4 5-11.
2/ 5

8.
a; 20

y 11'

Find the value of

13. » = ^.
« 2

15.
m 8

n~3*

14. ™ = |.
71 5

16.
16 _m
9 n

10.

11.

12. - =

17.

18. ^ =

a;_
y~

a
'2

X _
y~

.3
'

b

X _
y~

2d
36

X _
y~ 5w

24

17

_m
n

28
15^ n



222 EXAMPLES IN ALGEBRA

EXERCISE 212

Transform each of the following proportions by addition and

subtraction and simplify one of the resulting ratios so that one

term shall consist of £C, and x shall be found in no other term :

^ 15 = ^^^. 6. ^ =r^.
7 ""

2. 23^,,^. ,
5 42-x 5 b-x 12.

22 + X

22-
42 +

X

X

42- X

X

68-
38 +

X

X

38-
C + X

X

3. 1^ =
2

3 ~

5. ^=--J^. 10.

13 _ a ^x
4 a -X
a & + aj

5 6--X
a; + 8 7

x-8 3

a^ + 15 13

0^-15 3

a^ + 18 25

13.

14.

a.- + 13.

a;- 13

_29
3

« + a b

x — a c

x-\- m 2a
x—m lb

x-^b

x-b
3c
2d

b c — x a;— 18 7

DETERMINATION OF SPECIFIED RATIOS
AND ELIMINATION

EXERCISE 213

1. If^ = ^ = ^howthat« + ^ = ^.
b d 5 b+d 5

2. If^=^^3^1,owthat^'+^^=^
y IV 7 y -\-7 w

3. If - = - = - show that —'— =—'

—

bed b + c c-\-d

4. Show that from -=-=—= - we may
& d / 6

derive «+^-''+^.
64-6 d+&

5. If ^=^=^ show that ^ + ^^=^
y IV 1 y-\-l w

6. If «_6_£ show that « + '^-'' + ''.

X y z x-\-z y -\- z

Combine the following pairs of proportions in such a manner

as to eliminate x, and simplify the resulting proportions as far as

possible

:

_a;3-,a5 _a;7-,??i3
7. - = - and - = -• 8. - = - and — = r-

b 4= X T n S X 2
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9. - = -and- = -^- 20. - = -and- = -.

d 2 X 11 a d b X

10. :^ = ^and- = -- 21. -=-and-=-.
c 7 X 3 b n d X

11. ^ = Iand^= l 22. | = ^and5=^-

12.

d n X 1 5 d 9 X

^ = «and^ = ^. 23. l=^and^-^ = ?.

13. Vl = ^ and ^^:=^. 24. 1 = ^^ and f=^.

14. ^ = ^^ and" = ^. 25. ^^^^ and ^=1
11 & 8 d

15. -^=.^and? = ?. 26. | = ^and^ = ^.
9 c 4 6

16. ~= and- = -. 27. - = -and— =—

•

n b mo
X,.. = :.and. = '.. 38. ^=| aM ^ =

^^.

18. - = - and - = -. 29.
2 5 n X

19. ^= - and^=-. 30.

REDUCTION OF SPECIFIED TERMS TO THE FIRST DEGREE

EXERCISE 214

In the following proportions raise tlie terms to such powers or

extract such roots as will lead to proportions in which x appears

to the first power

:

2 5 2 Vo;

« Va; _ 4 ^ Va^ _ 2
g

??l
and

x 5

i»
"3 n

7*

a m
and

X _c
X n b'~c^*

c__7 and
X __<^

X '6 5""7'

X a
^and 2_ c

2"% '

X d*

2 X
and 5._m^— :z

3 m 7 a;

m _x
and 3._7_

2''~5 n X

3 ic
and

5 — ^.

4 "6 11 a;

M-l-_X

a

H-<- c

3 7 3 5

1
8'

Va; 1 g :;?^=1. 9

1_
4

5

2

1

3

4

_1
5
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10 --= -. 14. ^^ = i?. 18. -^=^
9 49 216 343

11. -^=^. 15 ^--1. 19. ^ =^.
25~36

.
16 625

2
6*

^^ _3
m n

V^ _b^
a c

4

9
25*

12. — = -. 16. ^=1M. 20 -^- 1

100 169
^"-

256 ~ 625

13. :^= J^. 17. ^ = 1-.
8 27

PROBLEMS

EXERCISE 215

Solve the following problems, applying the principles of Ratio

and Proportion, and examine the solutions found to see if they

satisfy the conditions of the given problems

:

1. Divide $ 100 between A and B so that A shall receive $ 2 to every $ 3

that 5 receives.

2. Divide $ 555 between A and B so that A shall receive $ 4 to every $ 1

that B receives.

3. Divide 1 1000 between A and B so that A shall receive $ 7 to every $ 1

that B receives.

4. Divide $1400 between A and B so that A shall receive $4 to every

^S that B receives.

5. Separate 45 into two parts, such that one part shall be to the other

part as 1 is to 2.

6. Separate 50 into two parts, such that one part shall be to the other

part as 2 is to 5.

7. Separate 42 into two parts, such that one part shall be to the other

part as 2 is to 5.

8. Separate 63 into two parts, such that one part shall be to the other

part as 3 is to 4.

9. Separate 77 into two parts, such that one part shall be to the other

part as 5 is to 6.

10. The sum of two numbers in the ratio 2/5 is 24. Find the numbers.

11. The sum of two numbers in the ratio 5/7 is 24. Find the numbers.

12. The sum of two numbers in the ratio 3/4 is 28. Find the numbers.

13. The sum of two numbers in the ratio 4/5 is 32. Find the numbers.

14. The sum of the squares of two numbers in the ratio 2/3 is 117. Find

the numbers.
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15. The sum of the squares of two numbers in the ratio 1/2 is 20. Find

the numbers.

16. The sum of the squares of two numbers in the ratio 1/4 is 153. Find

the numbers.

17. The sum of the squares of two numbers in the ratio 2/5 is 261. Find

the numbers.

18. The difference of the squares of two numbers in the ratio 3/2 is 45.

Find the numbers.

19. The difference of the squares of two numbers in the ratio 4/3 is 28.

Find the numbers.

20. The difference of the squares of two numbers in the ratio 5/2 is 189.

Find the numbers.

The areas of two similar plane figures have the same ratio as the squares

of any two corresponding dimensions.

21. The area of a triangle is 80 square inches and the base is 16 inches.

What is the area of a similar triangle provided that the base is 20 inches ?

22. Of two similar polygons the area of the first is 162 square inches and

the area of the second is 250 square inches. If one side of the first polygon

is 18 inches, find the corresponding side of the second polygon.

The volumes of two similar solids have the same ratio as the cubes of any

two corresponding dimensions.

23. Of two bottles which are of similar shape, the diameter of the first is

two times that of the second. If the first holds 3 ounces, how much does

the second hold ?

24. If a sphere which is 2 inches in diameter weighs 6 lbs., what is the

weight of a sphere of the same substance which is 4 inches in diameter ?

PROBLEMS IN PHYSICS
EXERCISE 216

Solve the following problems

:

1. Find the force which must be exerted to draw a sled weighing 250

lbs. up a hill which is 400 feet long and 40 feet high.

2. What is the weight of a body if a force of 120 lbs. exerted along a

smooth inclined plane which is 90 feet in length and 30 feet in height pre-

vents the body from sliding down the plane ?

3. A boy who is able to exert a maximum force of 75 lbs. is able to

keep a barrel from rolling down a plank which is 15 feet in length and the

upper end of which is 3 feet from the ground. Find the weight of the barrel.

4. A porter who can exert a maximum force of 250 lbs. undertakes to

roll a cask weighing 600 lbs. up a board which is 12 feet long. How high

can the upper end of the board be placed in order that he may be able to

keep the cask from rolling down the board ?
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5. A car weighing 2000 lbs. is held at rest on a smooth inclined plane by

a force of 50 lbs. applied parallel to the plane. If the length of the plane is

600 feet, find the height of the plane.

6. A boy is able to exert a maximum force of 90 lbs. How long an in-

clined plane must he use to push a truck weighing 360 lbs. up to a doorway

which is 4 feet above the ground ?

7. If when confined with a pressure of 30 lbs. per square inch a mass of

gas occupies a volume of one cubic foot, find the volume of the gas when
the pressure becomes 60 lbs. per square inch.

8. A gas bag containing 4 cubic feet of gas under a pressure of 16 lbs. per

square inch must be subjected to what pressure to reduce the volume to -| cubic

foot?

9. Eight cubic feet of gas under a pressure of 65 lbs. per square inch will

have what volume if the pressure is reduced to 15 lbs. per square inch ?

10. A bladder holds 50 cubic inches of air under a pressure of 15 lbs. per

square inch. What is the size of the bladder when the pressure is reduced

to 10 lbs. per square inch ?

11. When under a pressure of 75 lbs. per square inch the volume of a

mass of gas is 160 cubic inches. What is the pressure when the volume be-

comes 300 cubic inches ?

12. If 100 cubic inches of air at a pressure of 27 lbs. per square inch be

admitted to a vessel the volume of which is 450 cubic inches, what will be

the pressure ?

13. The volume of a certain quantity of gas is 150 cubic centimeters at

0° C. At what temperature will the volume become' 300 cubic centimeters,

assuming that the pressure remains constant ?

14. If the volume of a certain mass of gas is 400 cubic centimeters at

20° C. find the volume of the gas at 80° C, assuming that the pressure

remains constant.

15. A mass of gas occupying a volume of 200 cubic centimeters at a tem-

perature of 45° C. is cooled to a temperature of 15° C. Find the volume at

the lower temperature.

16. A certain mass of gas occupying a volume of 300 cubic centimeters

at 15° C. is raised in temperature to 60° C. Find the volume at the higher

temperature.

17. Six hundred cubic centimeters of a gas at a temperature of 25° C.

are cooled to 5° C. , and at the same time the external pressure upon the gas

is changed from 74 centimeters of mercury to 76 centimeters of mercury.

What does the volume of the gas become ?

18. Sixty liters of gas are generated at a temperature of 18° C. and a pressure

of 68 centimeters of mercury. Find the volume of the gas at 0° C. when

the pressure is 76 centimeters of mercury.
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19. The volume of a certain quantity of gas is found to be 400 cubic

centimeters at a temperature of 0° C. and pressure of 75 centimeters of mer-

cury. What must be the temperature of the gas in order that the volume may
be 450 cubic centimeters when the pressure is 76 centimeters of mercury ?

20. The volume of a certain mass of gas is found to be 700 cubic centi-

meters at a pressure of 75 centimeters of mercury and temperature of 9° C.

What must be the pressure in centimeters of mercury if the volume of the gas

becomes 900 cubic centimeters when the the temperature is 27° C. ?

21. An iron steam pipe is 80 feet in length at 0° C. What does its length

become when steam at a temperature of 112° C. is passed through it, pro-

vided that the coefficient of linear expansion of iron is .000012 ?

22. The distance between two graduations on a brass bar is exactly one

meter at 30° C. What is the distance between the graduations at 60° C,
provided that the coefficient of linear expansion of brass is .000018 ?

23. A lightning rod which is made of copper is 50 feet in length when at a

temperature of 0° C. Find the length of the rod when the temperature is

32° C, provided that the coefficient of linear expansion of copper is .000017.

24. What allowance should be made for expansion in a 1700 foot span

of a steel bridge assuming that the highest summer temperature is 40° C. and

the lowest winter temperature is 20° C, provided that the coefficient, of

linear expansion of steel is .000011 '?

25. If a steel rule is exactly one foot in length at a temperature of 0° C,
find the error in the rule expressed as a fraction of an inch at a temperature

of 24° C, provided that the coefficient of linear expansion of steel is .000011.

VARIATION

ONE INDEPENDENT VARIABLE

EXERCISE 217

From each of the following relations find the value of the ratio

^/^ •

1. li X ccy and ic = 10 when y = 5.

2. li X ccy and ic = 12 when y = 2.

3. If xocy and a; = 20 when y = 5.

4. li xccy and x = lo when y = S.

5. li xazy and a; = 14 when y = — 2.

6. li xccy and a? = — 27 when y= S.

7. li y cx:y and a; = — 30 when y = — 10.

8. li xocy and x = 2 when y = 3.

9. li xc^y and x = 5 when y=2.
10. li xcKy and x = 1/2 when y = 3.
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11. If a; oc 2/ and x =5 when y = 1/4.

12. li xcfiy and x = Q wlien y =3/4.

13. li xccy and « = 3 when ?/ = 4/5.

14. If a? X 1/ and x = 1/2 when ?/ =1/3.

15. If xccy and a; = 2/3 when 2/ = 4/5.

16. If xccy and a; = ,^/6 when 2/ = 6/7.

17. If a; oc 2/, find a; when y = 9 if a; = 16 when y = S,

18. If xazy, find x when 2/ = 2 if x = 15 when y = S.

19. If a? Gc 2/, find x when 2/ = 3 if a; = 20 when y = 5.

20. If a; oc 2/, find a; when 2/ = 4 if a; = 21 when 2/ = 7.

21. If a? oc 2/, find X when 2/ = 5 if a.* = 48 when y = S.

22. If a? oc 2/, find x when 2/ = 6 if a; = 35 when y = 5.

23. If a; oc 2/, find a; when y = 9 if x = 12 when 2/ = 4.

24. If aj oc 2/, find a; when 2/ = 10 if a; = 14 when y = 7.

25. If a; oc 2/, find a? when 2/ = 8 if a; = 30 when 2/ = 3.

EXERCISE 218

1. If a; oc - , find x when 2/ = 3 if a; = 9 when 2/ = 2.

2. If aj oc - , find aj when y = S if x = 6 when 2/ = 4.

3. If aj oc - , find x when 2/ = 15 if a; = 3 when y = 10.

y

4. If a; oc - , find a? when y = 12 if x = 6 when 2/ = 6.

5. If a; c/: , find x when 2/ = 5 if a; = 10 when 2/ = 4.

6. If a; oc - , find a.- when ?/ = 8 if a? = 8 when 2/ = 6.

y

7. If a; oc - , find a? when ?/ = — 10 if a; = 12 when ?/ = 5.

2/

8. If a; oc - , find x when 2/ = 14 if a; = — 8 when y = —7.
y

9. If 05 oc - , find a; when 2/ = — 5 if a? = — 25 when 2/ = — 3.

y

10. If « oc - , find a; when ?/ = 1 if a; = 9 when y = 9.

y
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TWO INDEPENDENT VARIABLES

EXERCISE 219

If X QC yz, find the conditional equation restricting the values of

x,y'dndz: ^ If .^= 40 when ?/ = 2 and ^ = 5.

2. If a; = 24 when 2/ = 4 and z = S.

3. If X = 16 when y = 2 and 2 = 4.

4. If a; = 30 when i/ = 3 and 2 = 2.

5. If ic = 60 when y = 5 and 2 = 4.

6. If X = 72 when i/ = 9 and ^ = 8.

7. If a; = 84 when 2/ = 3 and 2 = 4.

8. If a; = 96 when 2/ = 4 and 2; = — 4.

9. If a; = 100 when ?/ = — 2 and 2 = 0.

10. If X = — 108 when ?/ = — 4 and 2 = — 3.

EXERCISE 220

If a; oc -, find the conditional equation restricting the values of

a:, 2/ and 2: ^ If aj = 5 when .?/
= 2 and 2 = 8.

2. If aj = 6 when y = S and 2 = 4.

3. If a; = 14 when y = 7 and 2 = 2.

4. 'If a;= 8 when ?/ = 2 and 2 = 4.

5. If a? = 11 when ?/ = 1 and 2 = 3.

6. If a; = 7 when y=14: and z = 6.

7. If a; = 3 when y = - 9 and 2 = 12.

8. If a; = 6 when y = 3 and z = — S.

9. If a;= — 4 when ?/ = 8 and 2 = 14.

10. If a- = — 9 when y = 21 and 2 = — 7.

11. If a;= — 16 when ?/ = — 10 and 2 = 5.

12. If a; = — 15 when ?/ = — 9 and z — — 6.

EXERCISE 221

1. If XX ?/ and when y = 6, x = "^S, find x when y = 1.

2. If a;x - and x = 4 when ?/ = 6, find x when y — S.

y

3. If xoc - and x =- when ?/ = 36, find y when x = 3.
V 3
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4. If a; varies jointly as y and z, and a; = 36 when ?/ = 9 and z = \, find

X when y = Z and = 3.

5. If X varies directly as y and inversely as 2, and x = 26 when y = 30

and 2 = 15, find x when y = 42 and z = 14.

6. Find x when 1/ = 2 if a;x — and x = 4 when ?/ = 3.

7. Find y when x = S and to = 5, if y varies as x and to jointly and

y = S when x = 2 and lo = 6,

8. li xccy show that ax oc ay when a is either a constant or a variable.

9. If xcc- and y oc- show that xccz.
y z

The area of a circle varies as the square of its diameter.

10. If the area of a circle, the radius of which is 21 feet, is 1386 square

feet, find the area of a circle the radius of which is 16 feet.

11. Show that the area of a circle, the diameter of which is 15 inches, is

equal to the sum of the areas of two circles, the diameters of which are 12

inches and 9 inches respectively.

12. The volume of a sphere varies as the cube of its radius, and the vol-

ume of a sphere of which the radius is 6 inches is 905^ cubic inches. Find

the volume of a sphere, the radius of which is 7 inches.

13. Prove that the sum of the volumes of 3 spheres, the radii of which

are 3, 4, and 6 inches respectively, is equivalent to the volume of a sphere,

the radius of which is 6 inches.

Problems in Physics

14. If a body falls 16 feet in 1 second, how far will it fall in 10 seconds ?

15. A stone is dropped from the top of a cliff and strikes the bottom of

the cliff in 3^ seconds, nearly. What is the approximate height of the cliff ?

16. From what height must a body fall from a state of rest to reach the

earth after 12 seconds ?

It has been found by experiment that the velocity acquired by a body fall-

ing freely from a state of rest varies directly as the time.

17. If the velocity of a falling body is 180 feet per second at the end of 5

seconds, what will be its velocity at the end of 10 seconds ?

18. If the velocity of a falling body is 128 feet per second at the end of 4

seconds, what will be its velocity at the end of 8 seconds ?

19. A candle is placed at a distance of 1 foot from a cardboard screen, and

a second candle is placed at a distance of 8 feet from the screen on the other

side. Compare the intensity of illumination on the two sides of the screen.

20. A gas jet which is 16 feet from a photometer and a candle which is 4

feet from the photometer are found to illuminate it equally. Compare the

intensity of light from the two sources.
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21. A " standard " l6-candle-power lamp, when placed at a distance of 61

centimeters from a screen, is found to illuminate it with the same intensity

as an incandescent light when placed at a distance of 49 centimeters from the

screen. What is the candle power of the incandescent light ?

22. If a certain wire J^ of an inch in diameter and 48 inches in length

stretches 4 inches under a force of 20 lbs., how much will it stretch under a

force of 25 lbs. ?

23. A certain wire, the diameter of which is j-L^ of an inch, and the length

of which is 5 feet, is increased in length by 4 inches by a force of 24 lbs.

Find the length of a second wire of the same material and diameter if a force

of 40 lbs. increases it in length by 7 inches.

24. If a wire which is ^^ of an inch in diameter and 25 feet in length

stretches 3 inches under a force of 15 lbs., how long is a wire, the diameter

of which is ^^^ of an inch, if a force of 40 lbs. produces an increase in length

of 2 inches ?

REVIEW
MENTAL EXERCISE 222

Solve each of the following equations

:

1. (a; -6)2 = 16. 4. V» = 0.

2. (x-Sy = ^x\
. 3/- .

3. a; + i = 9 + ^. „_x,-
X 9 6. ^y = 0.

7. Show that i»2_ 1 = 0, if ic- 1 = 0.

8. Show that a;2 - 4 = 0, if a; - 2 = 0.

9. Show that a:2 - 9 = 0, if a; + 3 = 0.

10. Show that a2 - a6 + 62 = 0, if a + & = 0.

Simplify each of the following

:

^^ V^^T^ 13. (3 + V^(3-V^^).
Va+Vd" 14. (2 4-V^^)(2-V^^).

12. Va^-Vy
.

15. (2V^^-3V2)2.
V^^ 16. (5V^^-2V^2,

Distinguish between

17. -2--V^4 and -4-^-V^=^.

18. — 5 -^V— 25 and — 25 ^V^^-

19. Simplify V250^3. \/|^^. ^ie"^.
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Express the following as entire surds:

20. 2</J\ 23. -iVS^. 25. —^8^
21. aV&".

2
a

26. a;2[^

22. 3 0.^^.
""• 3^^^-

Simplify and express with positive exponents

:

Solve each of the following equations :

29 1 =^ 31. x^ = 9. 33. a;^ = -l.
3 X^ 3/-

30. xi = i. 32. »i = l.
34. -^ = 1.

35. Rationalize the denominators of ^_~— and _~
.

Va +

1

-Vx — l

From each of the following conditional equations find the ratio

of X to y.

36. 2x = Sy. 38. 7 x = 4:y. 40. x = '^.

5
37. 5 X = 2 y. 39. 8 a; = 2/- 4:1. x^^y.

Distinguish between

42. ^ + - and ai + fti 43. (x — ?/)~^ and a;~^ — y~\

Find the value of each of the following expressions:

44. (i)-».
^_ i—X- *^' ~^'"

47. A ' =°- 2-^-2^-

52. (V-2)3+(-V2)3.

'

" 48. 2-2. 51. 3-3-3

Show that

53. 123 . 82 = 2^
. 33. 54. 63 . 18^ = 28 . 3".

Simplify each of the following:

55. a^H-al ^^' ^^^^' 57. (j^^ar^'



58.

59.
62

V6

64. (¥+=>)
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60.

d 63

1

62. (a^a'^y.

Tab
61. ^. 5a° + 2

2\ 65. (Va-V^^y.

Express the following proportions in the least numbers possible

without altering the terms containing x

:

24_36^
40 X

' 70.
X 20

10 75*
74.

4 _ a;

90 10

24 6

15 x'
71.

4 X

36 24*
75.

4 aj

88 6*

30_35
4 X

' 72.
16 12

15 x'
76.

54_21
24 a;

12 «

42 6"
73.

X _S
21 60*

77.
8 a;

80 24

66. =^ =—
40

24
^'•15 =

68. ^ =

69.

THE PROGRESSIONS

SEQUENCES

EXERCISE 223

Construct the first five terms of each of the sequences whose

general terms are given as follows

:

1. n + 1.
^2 Vi. 17 1±1.

2. n + 8.
'2* '

n

^- n-5. _ 1 _ n-1
4. 2n.

5. 3*1 + 1.

13. -. 18.
^

n n-\-l

1 w
6. 4r^-l. 14. ^' 19.

7. 5n + 2.
2n 2n+l

8. 7n-4. 15. —. 20. '^

9. w2_|_i. 5 n 71^ + 1

10. n^-1.
16 i. 21

^'

11. n2 + w.
"

n2
* n + 1
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22. -—-• 24. 26.

23. 25. ^ ^ ^ ' 27.
n 2n + l n(n+ l)(n4-2)

ARITHMETIC PROGRESSION

CALCULATION OF SPECIFIED TERMS

EXERCISE 224

1. Find the 9th term of 5, 7, 9, •••.

2. Find the 10th term of 1, 5, 8, •••.

3. Find the 17th term of 2, 6, 10, -.

4. Find the 8th term of 1, 7, 13, ....

5. Find the 11th term of 1, 6, 11, ....

6. Find the 13th term of 12, 17, 22, ....

7. Find the 14th term of 1, 11, 21, ....

8. Find the 19th term of 7, 15, 23, ....

9. Find the 25th term of 11, 15, 19, ....

10. Find the 31st term of 12, 15, 18, ....

11. Find the 9th term of - 6, - 3, 0, ....

12. Find the 11th term of - 9, - 3, -|- 3, ....

13. Find the 16th term of - 4, 0, 4, ....

14. Find the 15th term of - 5, - 1, 3, ....

15. Find the 12th term of - 3, 7, 17, ••..

16. Find the 18th term of - 2, 4, 10, ....

17. Find the 27th term of - 9, - 2, 5, ....

18. Find the 35th term of — 7, —1,5, ....

19. Find the 41st term of -6, -1, 4, ....

20. Find the 21st term of 205, 201, 197, .-..

21. Find the 31st term of 150, 145, 140, ....

22. Find the 42d term of 126, 123, 120, ....

23. Find the 17th term of a, 5 a, 9 a, ..-.

24. Find the 12th term of — a, 3 a, 7 a, ....

25. Find the 10th term of a, a + 1, a + 2, ....

26. Find the 25th term of x, x— 2x, — 4, ...

27. Find the 14th term of a, a + 2 6, a -f 4 6, ....
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28. Find the 15th term oi a + b, 2 a-{-2b, S a-{-3b, •••.

29. Find the 16th term ot a-\-b, 3 a -^ S b, 5 a -\- 5 b, -.

30. Find the 7th term of a — 2 6, a — 4 6, a — 6 6, -.

31. Find the 10th term of 2y, 2y-\-2 z, 2 y -^4: z, -.

32. Find the 9th term of 3 a, 3 a + ^ 3 a + 2 6, 3 a + 3 6, ....

33. Find the 8th term ot 5x, 5x — y, 5 x — 2 y, ....

34. Find the 7th term of i, f, |, ••..

35. Find the 12th term of J, f,
i •••.

36. Find the 19th term of - |,
i

|, -.

37. Find the 22d term of |, 1, ^4 ....

38. Find the 26th term of i
|, J,

.-.

39. Find the 31st term of -, a, ?^, ....

2' ' 2
'

40. Find the 13th term of -, -, '-, ....

a a a

41. Find the 34th term of ^^±-^, a + b,
^^^ + ^^ ....

42. Find the 12th term of a -{--, a + b, a -{-—, -.
z z

43. Find the ath term of ^^^, ^~^ ,
^Ln^, ....

ARITHMETIC MEANS

EXERCISE 225

Find the arithmetic mean of

1. 2 and 12. 9. - 16 and --20. 17. 2 & and 10 5.

2.

3.

3 and 17.

5 and 21.

10.

11.

5 and — 5.

\ and f

.

18. X and —

.

X

4. 7 and 33. 12. \ and |.
19. 2 X and —2y.

5. 11 and 21. 13. 1 and f 20. m -|- 71 and w — n.

6. 15 and 45. 14. \ and 1. 21. (aj + 2/)'and {^x-y^.

7.

8.

8 and - 6.

10 and - 10.

15.

16.

1 and |.

a and 3 a.
22. ^ + -^and^-^.

a;-2/ x-\-y
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EXERCISE 226

1. Find the two arithmetic means of 1 and 10.

2. Find the two arithmetic means of 2 and 14.

3. Find the three arithmetic means of 5 and 21.

4. Find the three arithmetic means of 9 and 37.

5. Find ilie four arithmetic means of 7 and 27.

6. Find the four arithmetic means of 8 and 40.

7. Find the five arithmetic means of 2 and 20.

8. Find the five arithmetic means of 3 and 33.

9. Find the six arithmetic means of 6 and 34.

10. Find the six arithmetic means of 3 and 45.

11. Find the ten arithmetic means of 4 and 37.

12. Find the twelve arithmetic means of 1 and 27.

13. Find the fourteen arithmetic means of 10 and 70.

14. Find the nineteen arithmetic means of 6 and 106.

SUM OF THE TERMS OF AN ARITHMETIC PROGRESSION

EXERCISE 227

Find the sum of the terms of each of the following A. P.'s

:

1. 1, 3, 5, — to 8 terms.

2. 6, 8, 10, ... to 20 terms.

3. 15, 13, 11, ... to 40 terms.

4. 2, 5, 8, ... to 10 terms.

5. 10, 8, 6, ... to 12 terms.

6. - 3, - 1, + 1, ... to 16 terms.

7. — 5, — 1, 3, ... to 18 terms.

8. . 1, 6, 11, ..-to 14 terms.

9. 2, 7, 12, ... to 20 terms.

10. 10, 8, 6, ... to 10 terms.

11. _ 15, _ 13, _ 11, ... to 12 terms.

12. — 5, 0, 5, ... to 14 terms.

13. 1, 11, 21, ... to 40 terms.

14. 1, 10, 19, ...to 12 terms.

15. 3,7, 11, .-.to 16 terms.

16. 4, 9, 14, ... to 20 terms.

17. 2,8, 14, ...to 12 terms.
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18. 3, 11, 19, ..• to 14 terms.

19. 1, 12, 23, -..tolO terms.

20. 1, 11, 21, ••• to 30 terms.

21. 3 a, 6 a, 9 rt, ••• to 16 terms.

22. 2 a, 6 a, 10 a, ••• to 18 terms.

23. 10 a, 5 a, 0, ••• to 16 terms.

24. — a, 0, a, — to 20 terms.

25. (a + &), a, (a — b), — to 12 terms.

26. ^, I, f,
••• to 8 terms.

27. -|, 1, I,
•••to 10 terms.

28.
-J, 1, f, ---to 12 terms.

29. 2, I, 3, --to 14 terms.

30. rind the sum of all of the even numbers from 30 to 90
inclusive.

31. If ai = 24, d = 3, and s„ = 860, find n,

32. Find d, knowing that % = 7 and Oig = 31.

33. If s^i = 66 and a^ = 23, find ag.

34. Find aao) having given ag = 2 and Oig = — 2.

35. Find the sum of the terms the values of which lie between

and 50 of the series the fourth term of which is 13 and the com-

mon difference of which is — 7.

36. The product of three numbers in arithmetic progression is

120, and the first number is five times the last. Find the

numbers.

37. Of three numbers which are in arithmetic progression the

third is eleven times the first. Find the numbers if the sum of

the three numbers is equal to the eighteenth term of the arith-

metic progression — 18, — 16, — 14, •••.

38. The sum of three numbers in arithmetic progression is 24

and the sum of their squares is 224. Find the numbers.

39. Find the number of terms in the arithmetic progression

1, 8, 15, — , the sum of which approximates most closely to 1200.

40. Find the sum of all of the multiples of 6 which lie between

zero and 300.

41. Show that the sum of the first n odd numbers is equal

to n^.
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PROBLEMS IN PHYSICS

42. A car starting from a state of rest moves down an inclined track, pass-

ing over distances of 1 foot tlie first second, 3 feet the second second, 5 feet

the third second, etc. Find the distance passed over in one minute.

43. A ball starting from a state of rest rolls down an inclined board, pass-

ing over distances of 4 inches, 12 inches, 20 inches, etc., in succsssive sec-

onds. Find the number of seconds required for the ball to pass over a

distance of 20 feet.

44. If a ball starting up an inclined plane passes over 40 feet the first

second, 36 feet the second second, 32 feet the third second, etc., find the

number of seconds required by the ball to pass over a distance of 196 feet.

45. It is found that when a ball is thrown vertically upward the force of

gravity diminishes the distance passed over in successive seconds by 32 feet

per second (nearly). Find the distance passed over in 4 seconds by a ball

which, when thrown vertically upward, rises to a height of 128 feet during

the first second.

46. If the force of gravity increases the space passed over by a falling

body in successive seconds by '32 feet per second, find the distance passed

over in 6 seconds by a falling body which, when thrown downward, passes

over a distance of 24 feet during the first second.

HARMONIC PROGRESSION

CALCULATION OF SPECIFIED TERMS

EXERCISE 228

1. "2? 3? 4?

2. Find the 11th term of ^
J,

i .-.

3. Find the 9th term of i ^, J^, —

.

4. Find the 11th term of i, i, j\, -.

5. Find the 16th term of |, |, f,
-..

6. Find the 11th term of |, ^ |, -.

7. Find the 8th term of f, f , -j^, ....

a Find the 10th term of f, 1, f,
....

9. Find the 11th term of 2, i
f ,

....

10. Find the 11th term of 2, |, 1, ....

11. Find the 9th term of 1, |, f,
.••.

12. Find the 8th term of 6, f, f,
....

13. Find the 7th term of 1/a, 1/3 a, 1/5 a, ...

14. Find the 9th term of 1/3 a, 1/5 a, 1/7 a,
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15. Find the 8th term of 1/a, l/(a + 1), l(a + 2), •-..

16. Find the 10th term of l/(a + 1), !/(« + 3), l/(a + 5), -.

17. Find the 10th term of 3/a, 3/(a + 2), 3/ (a + 4), ....

HARMONIC MEANS

EXERCISE 229

Find the harmonic mean of

1. 2 and 5. 7. 5 and 20. 13. | and f

.

2. 3 and 8. 8.-2 and - 5. 14. f and f

.

3. 4 and 5. 9.-4 and — 7. 15. \ and i.

4. 2 and 6. 10. 5 and — 8. 16. i and \.

5. 3 and 5. 11. \ and 3. 1.1. —\ and — \.

6. 4 and 12. 12. ^ and 3. 18. J and - f
19. Find the two harmonic means of 1 and \,

20. Find the two harmonic means of \ and Jj-.

21. Find the three harmonic means of \ and 2^^^-

22. Find the three harmonic means of J^ and 3^^.

23. Find the five harmonic means of \ and ^^.

24. Find the seven harmonic means of \ and
-f^.

25. Find the eight harmonic means of | and ^^.

26. Find the two harmonic means of 2 and 8.

27. Find the two harmonic means of 3 and 6.

28. Find the two harmonic means of 2 and 5.

29. Find the three harmonic means of 5 and 9,

30. Find the three harmonic means of 2 and 3.

31. Find the three harmonic means of 3 and 7.

32. Find the three harmonic means of 4 and 8.

33. Find two numbers the sum of which is 24 and the har-

monic mean of which is 9.

34. The difference between the arithmetic and harmonic means

of two numbers is -\^ and one of the numbers is five times the

other. Find the numbers.

35. If x + y, y -\- z, and z -\-x form a harmonic progression,

show that 1/^ x^ and z"^ form an arithmetic progression.
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GEOMETRIC PROGRESSION

CALCULATION OF SPECIFIED TERMS

EXERCISE 230

1. Find the 5th term of 1, 2, 4, ....

2. Find the 6th term of 3, 6, 12, ....

3. Find the 6th term of 3, 9, 27, ....

4. Find the 9th term of - 1, - 2, - 4, ....

5. Find the 7th term of 2, 1, i, .••.

6. Find the 6th term of 9, 3, 1, ....

7. Find the 6th term of i,
^, |-, ....

8. Find the 6th term of i,
\, \, • • ..

9. Find the 7th term of - 6, - 3, - f,
•••.

10. Find the 7th term of- 3, 6, - 12, ....

11. Find the 7th term of 1, — i, i,
— •

12. Find the 8th term of 2, - 1, i ....

13. Find the 5th term of ^^, }, 1, «...

14. Find the 9th term of V7, V21, 3V7, ••..

15. Find the 9th term of V2, ViO, 5V2, ....

16. Find the 9th term of V2, V6, 3\/2, .••,

17. Find the 13th term of ^3, -v^6, v'l2, ....

18. Find the 10th term of ^5, ^15, a/45, ....

19. Find the 8th term of a, a^, a^, •.•.

20. Find the 9th term of a^, x^, x\ .••.

21. Find the 12th term of a, ah, ab"^, •••.

22. Find the 14th term of a, abc, ah^c^, .••.

23. Find the 5th term of a, 3 o?, 9 o?, «.•.

24. Find the 7th term of 2 a, 4 o}, 8 o?, •...

25. Find the 6th term of a, a/2, a/4, ....

26. Find the 7th term of - a/3, - 2 a/3, - 4 a/3,

27. Find the 6th term of a/9, a/3, a, ...

28. Find the 8th term of 4 a, 2 a, a, ....
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GEOMETRIC MEANS

EXERCISE 231

Find the geometric mean of

1. 1 and 4. 21. 28 and 7. 41. « and i

2. 1 and 9- 22. 98 and 2. 42. 1 and i.

3. 16 and 1. 23. 45 and 5. 43. f and fc

4. 2 and 8. 24. 75 and 3. 44. i and 3!^.

5. 9 and 4. 25 32 and 8. 45. 1 and i.

6. 3 and 12. 26. 64 and 4. 46. A and V-
7. 18 and 2. 27. 2 and 128. 47. f and f

.

8. 16 and 4. 28. 36 and 9. 48. H and f

.

9. 2 and 32. 29. 54 and 6. 49. a and a^.

10. 3 and 27. 30. 200 and 2. 50. 62 and b\

11. 5 and 20. 31. 80 and 5. 51. & and c^

12. 25 and 4. 32. 4 and 100. 52. d and d^.

13. 2 and 50. 33. 10 and 40. 53. a6 and abc^.

14. 100 and 1. 34. i and 32. 54. a^b and ftc^.

15. 2 and 72. 35. i and 27. 55. a^^c^ and a^b^c.

16. 4 and 36. 36. ^ and 48. 56. a^ and a^".

17. 18 and 8. 37. 1 and 64. 57. 63" and 6^".

18. 16 and 9. 38. i and 100. 58. 0"+^ and c"-\

19. 24 and 6. 39. ^ and i. 59. aj"?/^ and af'"?/.

20. 48 and 3. 40. i and 2V. 60. ^n+2^«2;2 and a;«?/"2;2

61. Insert 2 geometric means between 2 and 16.

62. Insert 2 geometric means between 1 and 27.

63. Insert 2 geometric means between 5 and 625.

64. Insert 2 geometric means between 3 and 24.

65. Insert 2 geometric means between 5 and 40.

66. Insert 2 geometric means between 4 and 108.

67. Insert 2 geometric means between 2 and 250.

68. Insert 3 geometric means between 1 and 16.

69. Insert 3 geometric means between 1 and 81.

70. Insert 3 geometric means between 1 and 256.

71. Insert 3 geometric means between 2 and 162.
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SUM OF THE TERMS OF A GEOMETRIC PROGRESSION

EXERCISE 232

1. Find the sum of 8, 16, 32, — to 7 terms.

2. Find the sum of 5, 10, 20, ••• to 8 terms.

3. Find the sum of 7, 14, 28, ••. to 6 terms.

4. Find the sum of 40, 80, 160, - to 7 terms.

5. Find the sum of 100, 200, 400, .•• to 8 terms.

6. Find the sum of 4, 12, 36, — to 5 terms.

7. Find the sum of 8, 24, 72, ... to 6 terms.

8. Find the sum of 3, 12, 48, ... to 5 terms.

9. Find the sum of 3, 6, 12, 24, 48, 96, 192, 384, 768, 1536.

Find the sum of the terms of each of the following progressions :

10. 1, 3, 9, 27, 81, 243, 729.

11. 2, 4, 8, 16, 32, 64, 128, 256.

12. 2, 8, 32, 128, 512, 2048.

13. 2, 6, 18, 54, 162, 486, 1458.

14. 3, 12, 48, 192, 768, 3072.

15. 1, 5, 25, 125, 625, 3125, 15,625.

16. - 2, - 10, - 50, - 250, - 1250, - 6250, - 31,250.

17. ^, 1, 3, 9, 27, 81, 243.

18. \, 1, 4, 16, 64, 256, 1024, 4096.

19. 7, 14, 28, 56, 112, 224, 448, 896.

20. 9, 18, 36, 72, 144, 288, 576, 1152.

21. 10, 20, 40, 80, 160, 320, 640, 1280.

22. 10, 30, 90, 270, 810, 2430, 7290.

23. 11, 22, 44, 88, 176, 352, 704, 1408.

SUM OF THE TERMS OF AN INFINITE DECREASING
GEOMETRIC PROGRESSION

EXERCISE 233

Find the sum of an infinite number of terms of each of the fol-

lowing progressions :

1. 8, 4, 2, .... 4. 16, 8, 4, ....

2. 12, 6, 3, .... 5. 18, 6,2, ....

3. 15, 5, I,
.... 6. 24, 12, 6, ....



7. 100, 20, 4,

8. 48, 12, 3, .

9. 1, h A. -
10. "3> ¥' TT?

11. 1, ¥, VtS
12. h ¥> ^. •

13. 1 2 4 ...
-^5 "35 "9' •

14. 1. 1. t\,
-
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17. 100, 60, 36, ....

18. 48, 36, 27, ....

19. 64, 48, 36, ....

20. 81, 54, ^6, ....

21. i+i+-j-V+....
22. 1-^ + ^-....

23. I + I + A+-.
24. 600 + 120 + 24 + ....

15. 18, 12, 8, .... 25. 5-1+2^-270 + ••••

16. 32, 24, 18, .... 26. 2 - 4 + 8 - 16 + ....

27. 1 — x-\-x^ — 0(^-{- •-, for x<l.
28. 1-i + i- -.

29. 1 + i +i- + -, for x > 1.

X x^

30. Find r having given ag = 12 and ag = 768.

31. Find two numbers the difference of which is 63 and whose

geometric mean is 8.

32. Find Sio having given a4 = 72 and a^ = —^.
33. Find «! provided that a^ = J^ and ag = -^{y.

34. Find czg knowing that a^ = .008 and a^ = .000064.

35. The difference between two numbers is 70 and their arith-

metic mean exceeds their geometric mean by 25. Find the

numbers.

36. Find three numbers in geometric progression such that their

sum shall be 13 and the sum of their squares 91.

REPEATING DECIMAL FRACTIONS CONSIDERED AS IN-

FINITE DECREASING GEOMETRIC PROGRESSIONS

EXERCISE 234

Find the generating fraction of each of the following repeating

decimal fractions

:

1. .2. 5. .6. 9. .03. 13. .i3.

2. .3. 6. .7. 10. .06. 14. .15.

3. .4. 7. .8. 11. .09. 15. .27.

4. .5. 8. .02. 12. .12. 16. .48.
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17. .75. 20. .003. 23. .015. 26. .615.

18. .002. 21. .006. 24. .303. 27. .i08.

19. .004. 22. .012. 25. .609. 28. .144.

CLASSIFICATION OF PROGRESSIONS

MENTAL EXERCISE 235

Classify each, of the following as Arithmetic, Harmonic or

Geometric Progressions :

1. 1, 4, 7, ....

2. 12, 16, 20, ....

3. 23, 17, 11, ....

4. 4, 12, 36, ....

5. 5, 20, 80, ....

11. 2, h h •••• 23.

12. ¥J 6"? 9'
*••• 24.

13.

f '

!' \
25.

14.
"S"? 9"' Yfy

'"' 26.

15. yVj tVj h '"' 27.

16. i,i,l,-. 28.

17. h h h -. 29.

18. h 1. 3, .... 30.

19. h 2, 20, .... 31.

20. 15, 3, f,
.... 32.

21. 21, 28, 35, .... 33.

22. hhh-"- 34.

46. 5/2 a, 5/4 a, 5/6 a, ....

47. d, d«, d^^

48. a3, a% a'h\ ....

49. a, a5^ ah^, —.

50. x/5y a!/10, a;/15, .«'..

51. 1, 1/a:, l/a:^, ....

52. l/5^l/5^l/5^ ...

53. l/a:^ 4/a.-2, 7/.r^ •• ..

54. c, 1, 1/c, ....

55. a/2, a/3, a/4, ....

6. -15,-12,-9,....
7. -7, -IL,-.15,....

8. 2,-4,8,. ...

9. -3,6, - 12, ...

10. 2, 1, 3, ....

h
f
A. - 35. 5,1,1,-..

h h 4'
•*•• 36. 4,6,12,..

2"? 3"' TiJ
*"• 37. 3, 5, 15, ..

2, 3, 6, .... 38. 6, 9, 18, ..

6, 3, 2. .... 39. 6,4,3,..-.

i. i h •••• 40. 20, 16, 12.

-1,1,3, 41. 1, X, x\ ...

-1,1, i 42. x, 2 a;, 3 x,

1, 3, 9, .... 43. a?, a\ a\

1, h h "" 44. h\ b\ b% ..

5,1,-3, 45. c\ &, c'", ..

5,l,i, •••• .

56. a, 5, 5Va, ....

57. S/x, ^/x, 5/x, ....

58. x-\ x-"^, X--3 ...

59. a/bc, a/c, a5/c, ....

60. ^, -y,yVX, ....

61. a, a/5, a/5S ....

62. a, a 4- &j « + 25,....

63. X, x-yyX -22/,....

64. a + 2, a — 2, a - 6, ...

65. £c - 6, a; - 3, X, ....



REVIEW 245

66. a — 2 b, a — b, a, —

.

67. a-{-2b,a,a — 2b, -.

68. m, 2 m-\- n, S m-\-2 n,

69. a?, a^ - b\ a? -2 b\ ....

70. a, a + -, tt+ ,
..-.

71.

72.

g — 1 g — 2 a —

3

a a a

a — b a—b a — b

c z c 4 c

73. a -I- 6, a2+a6, a^+ a^ft,

REVIEW
EXERCISE 236

Simplify each of the following

:

si^
. . .

?/2'

r
+ 1 +

a^ -\-ab

a2 + 62

a

**x*.

e-s(-^:

1+1

a6 + &^ a

1 1
a + 1 1-1

— a

6.

g-1

g-i + 6"

a-i + 6-
5. (a-2-6-2)-^(a-6).

•

U; Uv U;
a If a=-l, 6 = -2, c = -3, findthe value of ^ + - +

-

be ca ab
9. Simplify [(x + ?/) Vx-?/][(x- y) Va; + 2/]-

10. Simplify (Va^ _ 2/2)(Vaj + 2/)(V^^).

11. Simplify (Va + V6)(^a + -</6)(A/a
-

"v/d).

12. Show that (a + 3)(a + 4)(a + 5)(a + 6)+ l =(a24- 9 a+ 19)2

13. Show that (x + 2){x + 3) (a; + 4)(a;+ 5) + 1 is a square.

14. Show that V2 m + 2Vm2~ = VmH-n4-Vm — w.

-Va — b _Va+V6
Va — V6 Va — 6

"/n-f-l/- n/- n+2/-V Va _ Va . Va

15. Show that

16. Show that

17. Rationalize the denominator of
"*" ^ _ .

3 + 5V3
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Solve each of the following equations :

18. x^-^7a^ = S.

Vx-\-l Vx - 1 a^ - 1

20. Va; + 5 + a/o; -f 5 = 12.

21. V7a^-6-Vl7a;-2 + V3aj-2 = 0.

22. V3 aj + 10 4-V5^ = Vl9 ic -f 5.

23.
2(a^-a)

,

3(a^-6) _g
a; — 6 a; — a

a; , 5 a; — 56 a; , 7 a? 4- 90

25.

a; + 8 (aj-4)(a: + 8) a? + 10 (x-6)(x + 10)

X 2(a; + 9) ^ a; 7a^ —

6

a;-3 (a; + 5)(a!-3)~a; + 6 (a; - 2)(a; + 6)

'

THE BINOMIAL THEOREM

EXPANSION OF POWERS OF BINOMIALS

EXERCISE 237

Write the expansion of each of the following powers of

Binomials :

1. (a + xy. a {m-y)K 15. (2 - a;)^.

2. (h + c)\ 9. \r-s)\ 16. (3 + 2/)^

3. {d + yf. 10. («-&)". 17. l2-g)\
4. (a + cy. 11. (a-iy. 18. (1 + my.

5. (a +6)10. 12. (6-iy. 19. (2a;-?y)8.

6. (6-c)«. 13. (c-4)\ 20. (2a + 6y.

7. Q)-x)\ 14. (a;-5y. 21. (a; + 2 2/^2.

Write the first five terms of

22. {a-^hy\ 24. {y-\-zy\ 26. Qi + x)'^.

23. (6 + cy^ 25. (a + dy». 27. (b-yy\

Write the first six terms of

28. {a-xy\ 29. (b-y)^. 30. (c-^)^!.

Write the first and last three terms of

31. {a-\-dy\ 32. (x + y)^. 33. (6 + c)".
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Write the expansion of each of the following

:

34. (3 a + 5 by. 40. (x^ + yy. 46. (c2 - 2)''.

35. (5 a- 6 by. 41. {y + zy. 47. (d^-iy.

36. (4 m - 3 ny. 42. (a^ + b'y. 48. (l-xy.

37. {7 X - 10 yy. 43. (b' + c^y. 49. {2x-^y'y.

38. {3 a- 2 by. 44. (a2 - by. 50. {a^-2by.

39. (5 X - yzy. 45. (b' - cy.

BINOMIAL THEOREM FOR NEGATIVE AND FRACTIONAL
EXPONENTS

EXERCISE 238

Write the expansions of each of the following

:

1. {a-'^-b-y. 5 un_i,-\Y, 8. {2x-'-y-y.

2. cix-'-yy. 6. {x-- + xny. ^' (^-^a^ + rT-
3. (Sxy-^-4:Z-'y. rj (\^-i_^-2)5^ 10. (a*- 6-2)8.

4. {x~^-\-y^y.

Expand to four terms each of the following

:

11. (1 + .'.)-^ 17. {l-2ny\
22. (l-m)-i

12. (1-a)-. 18. ^a-bV. 23. (0.-2)-.

i': (l:^: ^^- (^+^):- -• a-^-)-^-

15. {\-dy\ 20. (1 + 2/)*. 25. (2 + 3a;)-l

16. (l-e)-l 21. (1 + ;^)^ 26. (3 a; - 4 2/)"^.

CALCULATION OF SPECIFIED TERMS

EXERCISE 239

Write the indicated terms in the expansion of the following

powers of binomials

:

1. The 6th term of (a + hy. 6. The 12th term of (a - xy\

2. The 5th term of (6 + c)". 7. The 15th term of (a - 6)22.

3. The 8th term of (c + dy\ 8. The 20th term of (c - zy\

4. The 9th term of {x + yy\ 9. The 16th term of {x - yy^.

5. The 10th term of {y + zy\ 10. The 18th term of (6 - xy^.
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11. The 14th term of (c - df. 15. The 15th term of {a-m)^.

12. The 20th term of (a + h)^- 16. The 10th term of {x - yfK
13. The 17th term of (x + yf^ 17. The 12th term of (6 - yf\
14. The 13th term of (6 - c)29. 18. The 19th term of (a; - ^^l

EXERCISE 240

Write the specified terms in the expansions of the following

powers of binomials

:

1. The 5th term of {x-^ + y-^)^.

2. The 7th term of (cr' + b'^Y^.

3. The 6th term of (x-^ + x^fK

4. The 11th term of (x'^^ - x^y~y\

5. The term of (a^ + 2 x'^^y^ which contains x^^.

6. The middle term of {x-^ + 2 x^y)^.

7. The term of (x^ ~ y^y^ which contains a^y^.

8. The term of (3 a? + 2 x~'^)^ which is free from x.

9. The 6th term of (1 - 2 x)i

10. The 9th term of (1 - y^)^-

11. The 6th term of (1 - 3 x)K

12. The 8th term of (1 - 2 y)^.

EXTRACTION OF ROOTS OF NUMBERS BY THE BINOMIAL
THEOREM

EXERCISE 241

Find to four places of decimals :

1. V17. 4. ^9. 7. a/17. 10. a/65.

2. V37: 5. V26. 8. a/33. 11. a/730.

3. V103. 6. \/l24. 9. a/626. 12. a/2188.

REVIEW

MENTAL EXERCISE 242

Solve each of the following equations :

1. - = -'•
2. V^=n. 3. {x-\-4.y=9a^.

oil 3r
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4. V9a^-6^=0. 6. "^^a'b. 7. ^' = 7/in.

8. Show that x3 4. &3 ^ if a; + 6 = 0.

Simplify the following

:

9. -^Zl3_. ,0. A=_^.

11. (V5+V^=^)(V5-V^:^).

12. (V"^^^+V^(V^^-V^.
13. (a^ + W' 18. —.

1\2
ax"

15. (2a;5 + i)2. 'y^-^y^^f^xy+yz+zxj

16. (3V^3-3V3)». 20. -(-xV=^)^
17. !^*.

Find the value of

:

21. (x° + 2/T 23 ^Q

22 6
•

2a^«+3/
«'^>"

24. (_V2)2-(V-2)2.

25. Show that - S-\/^^= SVs while - 2V^^ ^ 2V2.

26. Simplify -(-) and express the result with positive ex-

ponents. ^ ^

27. Show that a, b, c, and d are proportional if - -;— = 1.

b c

28. Express 2 v i.V|^ in simplest form.

Simplify

29. {n^nF''){n-l)V^. 30. /'^j + c-^Y^I - cA

31. Find the geometric mean of a and -•
a

32. Find the mean proportional between a and -•

ft
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Classify each of the following progressions as being arithmetic,

harmonic, or geometric

:

33. 2, 4, 6, .... 34. 2, 4, 8, .... 35. i, i i ....

Find the values of

:

o
I

'

8 !

36. 2! 3! 37. —. 38. —

.

2! 7!

Show that the following identities are true

:

39. 4! = 3! 2! 2!
^2 ^ = i_ 1.

40. 2-3! -3. 2! =3! ' 5! 4!
"^3!*

41. :^ 4- 2. 3! = 3. 4!
2

REVIEW
EXERCISE 243

Simplify each of the following

:

1. 6 abc 4-(c + af +(& 4- cf + {a -]- bf - (a -\- b }- cf.

2. (x -[-
y -{- zy -^ (x -\- y - zy — (y -\-z — xy — {z -\-x — yy.

1
3.

ar

a — 6 , ft — c , c — a
5- -:^—

^

7z-.-\-—. T. r„ +
c2_(a-i!>)2 a2-(&-c)2 62_(c_^)2

6. Show that f-^+-^+^-f-^L.+ &+_A
\x — a x — b x — cj \x — a x — b x — c

= S, i£ x ^ a, X ^bf x^ c.

7. Show that [(a - by + (6 - cy + (c - ayy = 2 [(a - 6)*

4.(6_c)4+(c-ay].

8. Simplify ^—, using the minimum number of negative

signs. ^

9. Simplify^ X ^-^' X i^'.
»*+" «;'=+* af+^
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4" . 2 X -i- - 32"

10. Simplify -

11. Simplify

2^'x4

12. Show that
bj V bj ^ fa\-+^

A+«AYi_ftY

14. For what value of ii is x^'^hj^ —y^"z ^ a homogeneous

binomial ?

15. For what value of n is aj^'+^i/^ + 2/"^- a homogeneous

binomial ?

16. Simplify
^' + ^^^^+y .

17. Square the complex number — |- — ^V— 2.

18. Simplify (Vm + n +Vm — n)^ — (Vm + n — Vm — n)^

19. Simplify != J-.
^

3-2V3 _
/Of\

20. Rationalize the denominator of
V5 +V3-V2

Solve each of the following equations :

21. Vx- + 2 + \/4a;-3-V9a;4-l = 0.

22. fx + ^y -4.fx-\-?\=60.

X
,

Sx-7T X lla;-70
x-\-l (a;-12)(a; + 7) a;-f-10 ^ (a;- 8)(a; + 10)
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X 8a;- 35 _ x 4«-99
^*- ^35 + (aj _ 6) (ic - 5)

~ 'x^^
"•"

{x - 2) {x - 9)

_aj 5 _ a; 2(a; + 9)
• x-\ (a; + 4)(a;-l)~^'^^ (a: + 5)(x-3)

a; a; — 12 a; 2(aj + 5)

27.

x-2 (a; + 3)(aj-2)~a;-5 (a;-l)(aj-5)

X 2a; — 15 _ X 3a; — 16

a;_3~~(a;-6)(a;-3)'^^^=^~(a;-5)(a;-4)

X
,

3(2a;-33) a; 270
28. pr -f-

a;_9 ' (a;-4)(a;-9) a; - 15 (a; + 3)(x-15)

Solve the following systems of equations :

29. 18 a; + 12 2/ = 7 a;?/, 31. x^ ^ xy -\- y =^2\,

12a;+18 2/ = 8aji/. a; + a;^/ + 2/^ = 9.

?/ + m 71 Z2. x^ — xy — y — 22,

~T""^3' a; -a;?/ +2/^ = -2.

a; + ?i m

30. X

33. Expand (3 a;"^ — 2 2/^)^ by the binomial theorem.

34. Expand {\- — \ ^^ ^1 the binomial theorem.

35. Find the middle term in the expansion of ix

/ \ \ 12

36. Find the middle term in the expansion of
(
a;^ + — 1

•

fa a;\^
37. Find the middle term in the expansion of - + -

]
•

f 1\" . .

38. In the expansion of
(

a; + -
J

write the term which is free

from X. \ •
/

/ 1\18
39. Find the term free from x in the expression of

(
a;

]
•

40. Find the coefficient of a>''h^ in (a - 6)".
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Addition, 7-9, 9-11, 12-15.

complex numbers, 161-162.

fractions, 85-86.

imaginary numbers, 157-158.

surds, 144.

Algebraic expression, 44-46.

Alternative Forms, 80.
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217, 218, 234, 235, 236, 238,

239, 240, 241, 242, 243, 244,

250.

Arithmetic Progression, 234-238.

Binomials, Special Products of, 21-

26, 98, 137-138.

having negative or fractional ex-

ponents, 137-138.

powers of, 26.

Binomial Theorem, 246-248, 252.

calculation of a specified term, 247-

248, 252.

negative and fractional exponents,

247, 248.

Blank Forms, 55, 56-57, 60, 64, 65,

66, 67, 83, 98, 148, 154, 156,

193.

Complex Numbers, 161-164, 200,

231, 251.

addition, 161-162.

division, 164.

factors, 163-164.

fractions having complex denomina-
tors, 163-164.

multiplication, 162, 200, 231, 249.

powers, 163, 200.

square root, 164.

subtraction, 161-162.

Confusing Forms, 78-79, 98, 99, 165,

166, 190, 191, 231, 232.

Cyclic Differences, 80, 81, 97, 99, 165,

250.

Division, 26-33.

complex numbers, 164.

fractions, 91-92.

imaginary numbers, 160-161.

integral powers, 26-27.

special quotients, 33.

surds, 150-151, 151-154.

synthetic, 31-32.

Elimination,
addition, 116-118.

comparison, 116.

constant terms, 203.

substitution, 115-116, 200-202.

subtraction, 116-118.

"r?/" method, 203-204.

Equations,
asymmetric, 206.

binomial, 198.

biquadratic, 197-198.

classification, 99, 114-115.

consistent, 114, 115.

equivalent, 38-41, 114-115.

exponential, 139.

extra roots, 171-174, 175, 191-193,

246, 251, 252.

factoring, 72-73, 167-168, 202, 203.

formation of having specified roots,

186-189.

fractional, 99-103, 104-107, 119-
121, 166, 171-176, 197, 198,

218-219, 246, 251, 252.

graphs, 35-37.

graphical solution, 36-37.

higher, 197, 197-198.

homogeneous quadratic, 203-204.
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Equations, — Continued.
identical, 37-38, 78, 79, 80-81, 98-

99, 114, 232, 245, 249, 250, 251.

inconsistent, 114-115.

independent, 114-115.

irrational, 191-193, 194-196, 197.

irrational coefficients, 196.

linear, 41-44, 103-104, 114-119.

literal, 102-107.

quadratic, 72-73, 166-215, 231,

246, 248, 251, 252.

complete, 72-73, 167-171, 174-

176, 231.

homogeneous, 203-204.

incomplete, 72-73, 166-167, 189.

solution by "vy" method, 203-
204.

reciprocal, 198.

simultaneous linear, 114-121.

simultaneous quadratics, 200-215.

solution by factoring, 72-73, 167-

168, 203.

symmetric, 204-205, 207, 208.

systems having three or more un-
knowns, 118-119, 120-121.

theory, 183-189.

Evolution, 56, 127-130.

complex numbers, 164.

surds, 155.

Exponents,
fractional, 133-134, 135-139, 140,

166, 189, 199, 232, 233, 247,

248, 251.

integral, 15-16, 26-27, 139, 165,

189, 190, 245, 250, 251.

negative, 130-131, 131-132, 135-

139, 140, 165-166, 189-191,

197, 199, 207, 232, 233, 245,

247, 248, 249, 250.

zero, 131, 140, 166, 191, 233, 249.

Factorial Notation, 250.

Factors, 53-73, 97-98, 114, 154-155,

163-164, 190, 199.

complex, 163-164, 245, 250, 251.

fractional expressions, 97-98.

monomial, 53-55, 67-72.

polynomial, 55, 68, 69, 70-72.

reduction of quadratic systems by,
202-203.

solution of equations by, 72-73,
167-168, 203.

surd, 154-155.

Formula, solution by, 170-171.

Formulas, 176-177.

Fractions, 79-98.

See Ratio.

addition, 85-86.

change of sign, 79-81, 165, 190.

common denominators, 84-85.

complex, 93-95, 200.

continued, 95.

decimal, 42, 44, 81, 83, 117, 119,

208-209, 243-244.

division, 91-92, 96.

improper, 86-87.

indeterminate, 97.

lowest common denominator, 84-85.

lowest terms, 81-83.

mixed expressions, 83-84, 87-88.

multiplication, 88-90.

powers, 90-91.

subtraction, 85-86.

Fractional Equations, 99-103, 104-

107, 119-121, 171-176, 197-198.

See Proportion.

Fractional Form, 86-87.

Geometric Progression, 240-244,

250.

Geometric Means, 241-249.

Graphs, 34-37.

equations, 34-37.

points, 34-35.

solution of equations by, 36-37.

Harmonic Progression, 238-239, 244,

250.

Highest Common Factor, 74-76.

Hindu Method, 170.

Identities, 37-38, 78, 79, 80-81, 98-

99, 114, 232, 245, 249, 250, 251.

Imaginary Numbers, 156-161, 189,

191, 231, 232, 233, 249, 251.

addition, 157-158.

division, 160-161.

multiplication, 158-160, 200.

powers, 156-157, 158, 160, 161.

standard form, 156-157.

subtraction, 157-158.

unit of, 156-157.

Indeterminate Forms, 97.

Involution, 16, 21-22, 23, 26, 245,

246-247, 249, 252.

binomials, 26, 137-138, 246-248,

252.
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Involution,— Continued.

complex numbers, 163.

fractions, 90-91.

imaginary numbers, 156—157, 158,

160.

surds, 150.

Lowest Common Multiple, 76-78,

114.

Mean Proportional, 217-218, 249.

Means,
arithmetic, 235-236, 239, 243.

geometric, 241, 243, 249.

harmonic, 239.

Multiplication, 15-26.

complex numbers, 162, 200, 231,

249.

fractions, 88-90.

imaginary numbers, 158-160.

powers, 15-16.

surds, 146-149.

Notation,
exponential, 133-134, 139.

factorial, 250.

functional, 33-34.

radical, 134.

Numbers,
arithmetic, 1-2, 6, 56, 62, 63, 81,

83, 84, 85, 86-87, 88, 90, 91,

93, 95, 127, 128, 130, 131,

133, 135, 136, 140-156, 165,

189, 190, 199.

complex, 161-164, 200, 231, 249, 251.

imaginary, 156-161.

positive and negative, 2-7.

addition, 4.

division, 6-7.

multiplication, 5-6.

powers, 6.

subtraction, 4-5.

Parentheses, 1-2, 15, 21, 60.

Points, 34, 35.

Polynomials,
addition, 12-15.

cube roots of, 129.

division, 28-31.

multiplication, 18-21.

reduction, 11-12.

special products, 25-26.

subtraction, 12-15.

square of, 23.

square roots of, 129.

third degree, 67, 68, 69-72.

Powers, 15-16, 26-27, 135-137, 165,

166, 189, 190, 191, 232.

binomials, 26, 246-248, 252.

binomial theorem, 26, 246-248, 252.
fractions, 90-91.

products, 16, 137.

Preferred Forms, 79, 80, 81.

Problems,
accelerated motion, 181, 182, 238.
age, 48, 50.

alligation, 52, 53, 112.

alloy, 53, 111, 125, 126.

area, 49, 51, 212, 213, 225, 230.

clock, 47-48, 52-53.

elasticity, 231.

expansion, 227.

faUing bodies, 181-182, 230, 238.

gas, 226-227.

general, 111-112.

inclined plane, 225-226, 238.

industrial, 50-51, 108-110, 121, 124.

lever, 112-113.

money, 48, 50, 51, 110, 111, 112,

124, 180, 224.

number, 46-50, 107-108, 109-111,
121-124, 126, 177-180, 211-
214, 224-225.

pendulum, 198-199.

photometric, 230-231.

physics, 181-182, 198-199, 225-
227, 230-231, 238.

pressure, 226-227.

race, 125-126, 181.

science, 52-53, 112-113.

solution, 52, 53.

tank, 109, 110, 111, 124.

uniform motion, 48, 49, 50, 52, 110,

111, 112, 122, 124, 125, 126,

180-181, 214-215.

volume, 180, 225, 226-227, 230.

work, 51, 108-109, 110, 111, 124,

126, 181, 214.

Products, special, 21-26.

Progressions, 233-245, 250.

arithmetic, 234-238.

arithmetic means, 235-236.

calculation of specified terms,
234-235.

sum of terms of, 236-238.

classification of, 244-245, 250.
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Progressions, — Continued.
geometric, 240-244, 250.

calculation of specified terms of,

240.

infinite decreasing, 242-244.

means, 241, 243, 249.

repeating decimal fractions as

progressions, 243-244.

sum of the terms of, 242-244.

harmonic, 238-239.

calculation of specified terms of,

238.

means, 239.

Proportions, 217-227.

construction from products, 219-
220.

determination of specified ratios,

219, 221, 222.

elimination, 222.

formation of, 217, 219-220, 232.

fourth proportionals, 218.

fractional equations as, 100-101,
105-106.

isolation of specified letters in, 220-
221.

mean proportionals, 217-218.

problems solved by proportions,

224-227.

reduction of specified terms to the
first degree, 223-224.

simplification of, 223-224, 233.

solution of, 218-219.

third proportionals, 218.

^ transformations of, 220-224.

addition or subtraction, 221-222.

alternation, 220.

evolution, 223-224.
inversion, 220.

involution, 223-224.

subtraction, 221-222.

Quadratic Equations, 72-73, 166-
215, 231, 246, 248, 251, 252.

complete, 72-73, 167-171.
elimination, 200-206.

constant terms, 203.

substitution, 200-202.
symmetric equations, 204-205.
"vy" method, 203-204.

Hindu Method, 170.

homogeneous, 203-204, 206-209.
incomplete, 72-73, 166-167, 189.

nature of roots, 183-184.

one root known, 184-186.

parameters in, 184.

problems, 177-182, 198-199, 211-
215.

reduction of systems by division,

204, 207, 208, 209.

reduction of systems by factoring,

202-203, 207.

simultaneous, 200-215, 252.

solution by completing the square,

169-170, 174-176.

solution by factoring, 72-73, 167-
168.

solution by formula, 170-171.

solution by "vy" method, 203-204.
theory, 183-189.

three or more unknowns, 209-210.

Quotients, Special, 33, 165.

Ratio, 215-217, 232.

comparison of, 217.

compound, 216-217.

determination of specified, 219,

221-223, 232.

duplicate, 217.

reduction to simplest form, 215-
216.

triplicate, 217.

Rationalization, 151-154, 190, 191,

231, 232, 233, 245, 249, 251.

Remainder Theorem, 32, 34, 67,

114.

Reviews, 78-79, 98-99, 113-114, 165-

166, 189-191, 199-200, 231-

233, 245-246, 248-250, 250-
252.

Roots, 56, 127-130.

complex numbers, 164.

cube, 129-130.

extra, 171-174, 175, 191-193, 246,

251, 252.

extraction by Binomial Theorem,
248.

fractions, 128-129, 141-143, 224.

quadratic surds, 155, 156.

roots, 128, 155.

square, 129, 130, 155-156, 164.

Sequences, 233-234.

Signs, Change of, in Fractions, 79-81,

165, 190.

minimum number of negative, 79-

81, 165, 190, 199, 250.
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Squares, 21, 22, 24, 57-58, 59, 68-69,

70-71, 78, 98, 165, 191, 231,

245, 250, 251.

completing the square, 56-57, 58-

59, 168-169.
Hindu Method, 170.

solution by, 169-171, 174-176.

difference of, 59-62, 199.

incomplete, 56-57, 58-59.

polynomial, 23, 59.

trinomial, 57.

Substitution, numerical, 1, 97, 199.

Subtraction, 9-11, 12-15.

complex numbers, 161-162.
fractions, 85-86.

imaginary numbers, 157-158.
surds, 144.

Surds, 140-156, 190, 200, 231, 232,
233, 245, 248, 249, 251.

addition, 144.

change of order, 146.

division, 150-151.
entire, 145.

equivalent forms, 145.

evolution, 155.

factors involving, 154-155.
involution, 150.

mixed, 145.

multiplication, 146-149, 200.

rationalization, 151-154, 190, 191.

simplest form, 140-143.

square root of quadratic surds, 155-
156.

subtraction, 144.

Synthetic Division, 31-32.

Variation, 227-231.

one independent variable, 227-228.

problems, 230-231.

two independent variables, 229-230.

Zero, exponents, 131, 166, 191, 233,

249.

roots, 72, 73, 166, 187-188, 191-
193, 197, 204, 208.
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