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PROGEMIUM

Ante biennium fere, cum theoriam functionum ellipticarum ac-
curatius examinare placuit, incidi in quaestiones quasdam gravis-
simas, quae et theoriae illi novam faciem creare, et universam
artem analyticam insigniter promovere videbantur. Quibus ad
exitum felicem et propter difficultatem rei vix expectatum per-
ductis, prima earum momenta breviter et sine demonstratio-
ne, mox cum vehementius illa desiderari, et.invento novo vix
fidem tribui videretur, addita demonstratione, cum Geometris
communicavi. Urgebar simul, ut systema completum quaestio-
num a me susceptarum in publicum ederem. Cui desiderio ut ex
parte saltem satisfacerem, fundamenta, quibus quaestiones meae
superstructae sunt, in publicum edere constitui. Quae fundamenta
nova theoriae functionum ellipticarum iam indulgentiae Geometra-

" rurmm commendamus.
a *
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Ut a typographorum mendis, quantum fieri potuit, mundus
evaderet liber, Cl. SCHERK curare voluit, cui ea de re valde me
obstrictumn esse profiteor. Quae emendanda restant, ad calcem
adiecta sunt.

Scribebam m. Febr. a. 1829

ad Univ. Regiom,
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TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM.

i

s + R 1 R o AR
EXPOSITIO PROBLEMATIS GENERALIS DE TRANSFORMATIONE.

- d

. ¢ . (Il{ '~! PR (! ,f—‘h!' 15 .‘|

Integralia maxime memorabilia, quae Formula exlnbentur ‘/;7—-‘%?’, el"¢uae Punc.
1—k? Sin P2

tiooum Ellipticarum, quae dicuntur, primam’ spom eonstituunt, ab Argumento du-
[;lioe pendent, et ab Amplitudine @ et a Modulo k. Eiusmodi functisnis. intes se comper
ratis valoribus, quos illa pro diversis Amplitudimibus- obtinel ;+ eodem manente Modulo,
egregia multa detexerant Analystae,” quae Additibnem eordiit érMultiplicationem spectant.
Quam nuper vidimug Guaestionem a Cli 4347"in Coinmentatione ; “wostra latfdé-mafore, * mi-
rum in modum provectam 'esse (V. ¢ rb”é Jouritat fir .réine uhl ‘atigevratifite’ 'Mathehim
tik V. IL). A VAW T ) IS IO RPE RTION !

Alia est guaestio nec minoris momenii. i Tuimp degou Tatissimo capta illam invol-
vens — de comparatione ‘Fanetionuw_ Bllipticastim ; pro .dfodulid . instituenda . diversin
Quam quaestionem post praeclara mvema._cl‘ Legendre — Theoriae Functionum Ellipti-
carum Conditoris — ad principia certa nos’ pnmx “revocavimus, emsqne solutionem dedi-
mus generalem (V ' Astronomische Nachrichten A. 1827. No. 128. 127) ‘ Hanc nostrain de
Transformatione Theoriam et guae aha mde in Analysm Functmnum Elfipticatum' redun*
dant, iem fusius exponemus.

- . e 1. - R

A
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2.

Problema, quod nobis proponimus, generale hoc est:

»

» Quaeritur Functio rationalis y elementi x ejusmodi, ut sit:
dy . dx »
VEFB +Cy 4Dy +Ey - ¥ A4BidCof Do B
Quod Problema et Multiplicationem videmus amplecti et Transformationem.

Innumera iam diu constabant excmpla eiusmodi fnnctlonum rationalium y, quae
problemati proposito satisfaciunt. Primum notum erat s qmcunque datus sit numerus in-
teger impar n, eiusmodi functionem rationalem y exhiberi posse, ut sit:

dy _ ndx .
VAFB5+C 4Dy +E*  y AFBat G Dot FE
quod est dé Fultiplicatione theorema.” * Quem in finem adhiberi debet forma:
aa’zfea’ x’+a "x3 o= ... <= a(un)xnn
Y b bxtb b .. -4 b ) A
Coéfficientibus a, a’, a”, ....; b, ', b”, ... rite determinatis. Satis diu etiam ex-

ploratura. st fomw han.cz\ ORI
o T adeazeea’s?

= Brpbxenba ? . )
seu lhanc-'gcmmkomm B S O R S
: 3 S LTI \a-}-.a:du"x'-b'am%dm.-fuﬁ")xl o . .-

L B . AU '
quee ex ﬂhps subsp,tutwnm repetitione ortum dngm jta delermman posse ut solvat pro-
blema.. Nuper admodum etjam probatum est a Cl° Legondre, eum in fisem adhiberi posse
formam hanc rite determinatam: .

a+ax-|-a x’+a ¥
o N A vy w e

sex Mus, .eadem substitutione repetita, hanc gqnmhorem
_apaapa’r a2t
T b bagb st b et o - BOTI

His inter se junctis formis patet, problemati satisfieri posse, idonea facta Coéfficientiom

electione, posito:
acaxa"st fa"xPof . . . o alP)P
bepbx-bxt fob™x - . . . 4= PP

y=



L/ “ SpanRpRt—
siguidem p sit nwmerus formae 2+ 88 (2m—~-1)>. Iam fequentibus probobitur, idem va-
lere, quiowngue si¢ p numerus. : ' :

PRINCIPIA TRANSFORMATIONIS.
3.
Designentur per U, V functiones rationales integrae elementi x; sit porro y=—; fit:
dy ~_vVdu-Uav
vV KBy FCyi 4Dy +Ey Y
brevitatis causa posito:

Y—A'V‘-i-B’V'U +c‘v-u-+n'vu-+n'u‘
auU—-udv

Y

habet; quin adeo, ubi praeter quatuor factores lineares inter se diversos e reliqguorum nu-
mero bini inter se aequales existunt, fractio illa sponte in Differentiale Functionis Ellipti-

cae redit — dx , designante II functionem elementi x rationalem.
By A4-Bx4Ca? - De? - Ext

Quem accuratius examiremus casum ac videamus, quot et guales sibi poscat Conditiones.
Sint functiones U, V altera p*, alteram* ordinis, itaut m<p: erit Y (4p)® or-

dinis. Iam ut, quatuor factoribus linearibus exceptis, e reliquis fanctionis Y factoribus,

quorum est numerus 4 p — 4, bini inter se aequales evadant, (2 p — 2) Conditionibus

2

Fractionem -~ in formam snmphcmrem redngere hcet, quoties Y factores duplices

satisfaciendum erit. ‘Quot enim functio proposita duplices habere debet factores lineares,
tot inter Coéfficientes eius intercedere debent Aeguationes Conditionales. "
At functionibus U, V Quantitates Constantes Indeterminatae ipsunt m —-p -+ 2,
seu potius m-4-p—+41, (uippe e quarum numero unam aliquam =1 ponere licet. Qua-
rum igitur pumero vel aequatur numerus Couditionum 2 p—2 vel ab eo superatur, modo
supponatur, m esse aliquem'e numeris p—38, p—2, p—1, p, (uibus casibus numerus
Indeterminatarum fit resp. 2 p—2, 2p—1, 2p, 3p-+-1. :-Duos priores casus reiicien-
dos esse cum infra demonstrabitur, tum hunc in modum patet. Namque inventis fanctio-
nibus U, V, quae functioni Y formam illam praescriptam conciliant, ubi loco x substitui-
tur s 4-Bx, neque ordo mutatur functionum U, V, Y, neque numerus factorum dupli-
cium fanctienis ¥: unde in solutipnem invemtam statim dnas Quantitates Arbitrarias in-
Az



ferre licet. " Huqiie fiustierns Indetevminatardnt tininerari Conditiontum dwabas spltem upi-
tatibus superare debet, unde casus m=p-—3, m=—p—2 reficiendi sput. Poreo videmmus,

¢+B

loco x posito ——, tertium casum ad guartwm reduci et quartum minime mutari, quo

igitur casu Indetermmhmm thes et arbitraride manent ét imbbiete dehent.

Iam igitar evictum est, quentam quidem e numero Indeterminatarum et numero
Conditionum inter se comparatis concludere licet, quicungue sit p nymerus, formam,
adraza’si . .. alPlP
14¥Vigbx2 ., . FDPyP:
ita determinari posse, ut sit: :

dy o 3%
VAFB $Cy 1Dy ¥ Eys My A BafCei Do FEr

designante M functionem rationalem ipsius x; imo oolutwmm tres Qh.antmuu Arbi-
trarids involveré posse.

y=

4.

Ut determinetur fanctio illa M, sit Y.=¢ (A—Bx4Cx'4Dx’4-Ex*) TT, de-
signante T fuanctionem elementi x integram rationalem: erit =
. .T
d4U av
V Ty —U., — Ty »

Ipsa T erit ordinis (2p—2)“ ; nec maioris esse “potest v dU —-U .1 Tam casibus qui-
_busdam constat, scilicet ubi Dumerus p formam illam habet Q= 3’3 (2n+ 1)*, M adeo
}
fieri Constantem. Idem generaliter probabitur sequentlbus, qmcunque sit p numerus.
Fuuctiones U, V supponere possumus factorem communem non ha'bere, _adiecto
enis factore commaai, fragtio 7=y,non mutatur. . Besolvgmua expressionem )
N4-By4-Gy-4Dy' 4-Eyt
in factores lineares, ita ut sit:
| A'+n'y+cy-+w+E’y‘=x.u—«‘y)-<x=-m u-q'mi-rri.
unde etiam: v
Y——n'vv+s'v-o+t'vm-+m-+w=A'(V—w)(v_pu)wu.,U;('V.JU).



[
lam existerc non potest factor, ¢ui quantitatibng V—a'U, V—BU, V—4'U,
V —3%U vel omnibus vel imo duabus tantum ex earum numeryo communis sit; idem enim
¢t V et U simul metiretur, quas factorem communem non habere snpposnimus.  Itaque ubi
factor aliqttis linearis functionem Y bis metitur, idem unam aliquam e quangitatihns ¥V —a'U,
V—FU, V—4U, V—¥U et ipsam bis metiatur necesse est.

Jam notemwur aéquationes sequentes: S

(v_,-u)%l'_g_ d(V;—:’U) o %‘,-U%,
“’-“"’):—?—ﬂi‘;ﬂ. U=V -%’—-U:—r
vV AO=70) 4V _ v
(V=20 :—?—ﬂv—“'-;-'—'?-’-.v.—.v.‘%.‘:’;u%’:

e quibus sequitar, factorem qui unam aliquam e quantitatihus V—o'U, V—£80, V—7'U,
V — 3T bis ideoyue etiam eius differentiale metiatar , eundem metiri expressionem
V‘:—?—Ug- Productum vero ex omnibus istis factoribus, ipsam etiam Y bis metienti~

bus, conflatum posuimus —=T, unde T ipsam V:—? -U %:—’ metietur. At T inferioris or-

dinis non est quam ipsa V:—g - U%, unde videmus

T
D e——
vdU U(IV
dx ~  dx

abire in Constantem.
Ceterum addotemus, ubi fanctionum U, V ahera inferioris ordinis faiseet quam
(p—1)", ipsam etiam V3~ — US inferioris ordinis faisse quam T, quae tamen flem

metiri debet; ¢wod cum absurdem sit, reiici debebaut casus mz==p—2, m=p—3.

Jam igitur demonstratum est, formam:

- a+a'x+;"+ v oo alP)eP
bepbxepb s ... 4 PP’




quicunque sit numerus p, ita determinari posse, ut prodeas:
4 dy . _ dsx
VRSB Cr Dy +Ey ¥ AFBit G Dot Eat
Quod est Principium in Theoria Transformationum Functionum Elipticarum Funda-

mentale.
d
PROPONITUR EXPRESSIO = A IN PORMAM
. VYE0—-00—=R =106~
dx
SIMPLICIOREM REDIGENDA

My =) (1—kx7)
5. i

Trium Constantinm Arbitrarian;m ope, q;:as' solutionem . Preblemiatis nostri ad-
mittere vidimus, expressio A Bx--Cx’—+ Dx’--Ex" in simpliciorem redigi potest hanc:
A1 —x")(1=—k'x"). Ut hoo et reliqna, quae modo demonsirata sunt, exemplis etiam
monstreatur, propositum sit, datam expressionem :

. dy
VEO0—0G—R0—00=3

facta substitutione:

ackazaea’s?
M yrey e

in simpliciorem transformare hanc:
dx
My (1= (1—Fr)

Quaeritur de substitutione adhibenda, de Modulo k et de factore Constante M e datis
quantitatibus «, B, 7, 3 determinandis. :

Ponatur a4 ax—+2"x*=U, b bx4-b"x*=V, y=
positis ficri debet:

(U—aV) (U=8Y) U=y V) (U=3V)=K (1 —17) (1 —k*’) (14 ma)* (102",
designante K Constantem aliquam arbitrariam. Hinc videmus daos ¢ numero factornm

<|a

: e principiis modo ex-

U—aV, U—=8V, U—9yYV, U—SV, qui erunt secundi ordmxs, adeo fieri qnadrata

Ponamus igitur:
Uy V=C(l4mx)*
U—3V=D(1+4ax).
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Jam qno& reliuos attinet factores U—«V, U— 8V, poni poterit, aut:
U—aV=A(1—=1x'), U—BV=B(1 —k's?), aut:
Ue—aV=A.(1—4%)(1—ks), U=BV=B(t ¢x)(14kx),

designantibus A, B, C, D quantitates Constantes. Prius reiiciendum erit. Prodiret enim

-— — -— . . ..
g_;z z _; & -l:%;, unde sequeretur, elemento x in —x mutato y immutatum

manere, (uod absurdum esse patet ex aequationibus:
U—aV I Aul.] A 1 —*‘
T—7V y—7 € Gfmz®
U=aV y—u A 1 c-*’
—’V ’ D (l+l!l)..
Poni igitur debet:
1) UeaVa=A(l—x).(1—kix)
2 U—QAV=B(l<x).(14kx)
8) U—=yVe=C(la-mx)®
4) U—=3V=D(l+4nx)".

Adnotare convenit, e Constantibus A, B, C, D unam aliquam ex arbitrio determinari’
posse. '

6.

Videmus ex aequatione 1), et posito x==1 et posito x == —:— fieri U==uV. Hinc ex
aeguatione: '

U=V _C | (1mx)*
U—BV B (1+4x)(1+4kx)’

posito x==1, prodit:
l-.'[ C (l+m)’

=8 B L+E) ’

posito x -{-
¢.-.-'r - c (1+%)'
x—f B "(H_%) '
unde : A .

a +m)’-l(1+;)'.



Prorsus simili modo invenitur:
amr=k(1+ -
wnde m==3'k, n==—y'k. Neque enim aequales ponere hcot m et a; tum enim expressio

U—8V ™ y—¢?

ideoque ‘ipsa y shiret in Cosstantem.

Tam in aequatione:

U—yV _ y=— ]1-1-/3?’?:

T—3vV y—3 fk ]
ponatur primum x =1, quo casu U==aV; deinde x =-—1, quo casu U=8YV:
prodeunt duae aequationes sequentes: .
«—7y _ C (l4vk)"* .
«—3 D {1—vk)
B—y _C y1—vk)*
8—8 D (i14vk .

Ouibus in se ductis aequationibus, ft: . cle e P
_____‘/(u-'y)(ﬁ—'r)
«=3)B8—3)
unde ponere licet:

= "(«—ﬂ(ﬁ—'r) : i
=v (¢—5)(p—§) H

nam e uantitatibus A, B, C, D una ex arbitrio determinari pot;.frat. ‘

Ex iisdem aequationibus, altera per alteram divisa, obtinemus:
1+vk_Ve—me=h - -
1—vk Ve—Dhe—m
unde:
Ve -V e=dhE=m_
Ve—n@=3 +V ==8 -

vik=

Adnotetur adhuc formula:

Vo= 4y c-8E—m_
Vo—n@=3—v «=hi-m

ﬂ+ —;T‘-=l.




unde :

—ty @=3F—w

Umvh) f1——

) R A
e E=) .
Ve -y c=DE—1
Ut Constantes A, B, definiantar, observo, ex aequationibus 1), 2), 8), posito x=-;—,k,
quo facto U==3V, etui:

1
oo Ay )

=1 W ema=h
S _ B<1+v1:>(1+‘/

= & @@=
=Y ‘““'f’a‘“” *J c—n@E=5H—v (-—Sm—-ng
t Aand .
— - ~ ]
vV @a=nBE=Y ,/(«-fv)w—»—f(a-sJ(n-7)§.

P2 ]

(14-vk) (H' 71—)’—‘

unde :

B=

7.

E principiis generalibus supra a nobis stabilitis sequitiu', in exemplo nostro expres-

sionem V -—--U-— aequalem fore producto (1-+ vkx) (1— / k x) in guantitatem con-

stantem ducto, quod ita facto calculo comprobatur.

Fit, uti evolutione facta constat:

dU

(7—3)(V——U )—;,(U -4V) '“U 1V)

—————"“ W’HU )
Nacti aatem sumus:

V—yY=C(l4vk.2)

V=3yY=D(l—vk.x),
unde:

i‘."_;l"_‘.—_- 2C(4VE.) VR

ﬂ(i‘x;_w;l;_zn(x-v\.x)ﬂ.
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Uude prodit:

v i . i ’
(7—3)(V%—U%—)=+4V‘L.CD(1+\/‘k.;)(1—\(.‘k.x). . { !
His omnibus rite collectis, obtinemus:
dy _ +4vk CcDh dy .
V=o—a0—Ru=-n0=0 .7 —° V¥ —AB /a=ad=rey’
unde:
Ma =3 [ZAB_ Ve — Y G=DE—
+4vk cb Wl "
_ ’Y(«-v) B=5+V@—dE_—m ;
2 g
unde: .
dy _ dx . _
V== u—PB0—m0—=3 MY (1—x)(1—Fkr)

dx .

iy ((f e B—Y -::Q«—wlﬂ )‘_(f <~—~/)'(ff—6)m—;jv’-(~~‘>};‘—7) ))

s

Posito (s—1). (B—3)=G6, (a—3)(B—17)=G’, fit: ]
d

dx _ .
M. /m_ﬁ_.- [(VF-;-V?)‘_(/F_, V_‘_E’_‘)“;

" Sit G=mm, G'=nn, sit porro:
m'=-;—(m+n), n=¢ mn

m"=—;-(m'+n'), n"=f;|-'n_',

v
erit, posito x="Sin@:

dx _ do

My A—)(A—Fx) o oo Cos @ Fa's Sn g

Ceterum valor ipsins x facillime computatur ope formulae:

1—vkax 4/ «—y)B—2) y—>
14vk.x (x=9B— Y y—v'
V.G-—-V.G' _ 4/ m"m —o'n
Ve+V'e ' m”

ubi: vik=




8.

\
Quantitates «, B8, v, 3 in formulis propositis ex arbitrio inter se permutare licet.
Quod in arbitrio nostro positum certum fit ac definitam, simulac conditio addatur, ut,

siquidern fieri possit, transformatio per substitutionem realem succedat. Id quod accu-

ratius examinemus.

Ponamus, quantitates «, 8, 7, 3 reales esse omnes; sit porro a>f>9>3, ita ut
a=—@8, a—v, a— 3 sint quantitates positivae. Iam distinguendum erit pro limitibus, in-
ter quos valor argumenti y continetur:

1)Sety, 2 vet8, 8)Betux, 4 xetd

Casu postremo transitum ab « ad 8 per infinitum fieri puta. Expressionem .
' vV G--BX-0-D)

non nisi casu

non nisi casu secundo et quarto, expressionem

V0= —RG—D0—5
primo et tertio realem fieri videlnus. Substitutiones reales, (uae quatuor illis casibus re-
spondent, Tabula I. indicabit. Deinde Tabula II. formulas amplectamur, quae expres-
dy
VEG—D0—RG—
serviunt, pro limitibus, inter gnos valor argumenti y continetur:
1) —coety, D4etp, 8) feto, 4) et oo.

sioni per substitutionem realem in simpliciorem transformandae in-

Quas formulas dividendo per 3 ac tum ponepdo 3=—— o facile e Tabula I. derivare licet.

,



TABULA I

dy dx

A. - x
Y o—a0—R0—mo—8 ¢ i—x ¢y Li—No

Vea—ne=—9+V c—RHr—9

L= )

R A Tt A 1)
= 2

LN 4G E_) .‘/y—'v

I. Limites: «.. +00..3: iz =V oo =% %

—

L4+Nx ¥ («—pP)—7) y=3"

— 4 — — poy
II. Limites: v ..... 8: L—N: 3/ @—0)(v—23) y

B dy dx
VoG—0G-RG—00—0 ¢ i—= ¢y IA_Kez

LV B8 +V =G
2

N GG~V EHE—
2

e . L—Nx _4 (c—n)(B—7) y—2¢
1. Limites: B.... &: Tn: = o o =

)

o e . L—Nx /(ac—'y)(a—S) B—y
Il- leltes. 8 LR ] 7' L+N‘ —V (ﬂ—-'t)(ﬁ-—’) «—y *
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TABULA IL

dy = dx
VO=0G=R0— ¢ i-x ¢ B_tr

A.

T+ Y

L g

N=V x—y -; V‘N—B

.. L-Nx 4/a_3
I- leltes“-ooo +m. m:v

=—8 ‘/ =7
«—y y—8
L—Nx _ fc—-y

B: =s .
LN Y e—mE—

11. Limite's. Y ooron

. dy _ dx
 —0—a0—R0—n Vi-r yI_Nx

. L=" x—g + V‘ﬁ-‘i

B.

2
N=;/ &y -;;/13—7
L L—Nx V (e=9B—=»
]c Lm B RN =
T
L. . L=Nx 4 u—y ‘/F—y
II. Limites —00 ... 7: L4 Nx ‘V B—n ne—y ”



9.

In formulis hisce pro limitibas assignatis simul x a — 1 usque ad 41 atque y ab

altero limite ad alterum transit. Limitibus autem, qui formulis I et II respondent, inter
L—
se commutatis, expresslom T +N ndenms valorem i mmgmarmm creari formae + iR, po-

sito i==1/—1, ac designante R quantitatem aliquam realem; ipsi x autem conciliari for-

- -t@ i¢
Lei® ei® L_Nx 1—e'® e T—e . ®
mam —g—=—3; unde = T = v == —itang 2.
. 4 e
Li® dx

Formam, ad quam hac occasione delati sumus, X=—x" in expressione ‘_'p(l—q,)———(l_.;,"
substituamus. Prodit: : :

dx ieiPap - ___d¢
f(l—x,)(l—k”’) vk. V 1__1:1 (l—ke’m’) ‘/(l—ke‘i.‘p) (l—ke"i¢)
e _ o

T YT 2k 2pFkk ¥ A—_Dcon P FUFTm® - -
Quae nobis quidem substitutio satis memorabilis esse videtur. E qua etiam generalior for-

mula fluit sequens, ponendo x=siny:

Kb Y0 dY (cos2nPisin2n)d®

v 1—k*sin¥? fl—?koos!@-’-kk

unde pro limitibus o et = obtinetur, evanescente parte imaginaria:

L 4 L4 L '
k" sin P Ay cos 2 dQ _ cosnd@®

¥ 1—k*siny? - fl—-!kcos!(b-l-kk - fl—ﬁkcos@-f-kl ‘
° °

quae est demonstratio succincta formulae memorabilis.a Cl. Legendre i)rodiMe. E Ta-

bulis I et II duas alias derivare licet sequentes, commntatis limitibus, inter quos valor

.. . : Le'® N . .
ipsius y continetur , ac posito x == ; . Pro limitibus assignatis angulus @ inde a

o usque ad = crescit, dum y ab altero limite ad alterum transit.
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TABUIL A 1)

A- dy ) —] — d¢ )
V=D 0~RG——D - ¢ nmca@Fansad

n=y C—DE-He—BG—h
&+ e =Y
2

imi ' 8 =
1. Limites L2 : tg A ‘/g_'r;g: 1) :;_;
&/ T Y -
II. Limites a ... 5: :g%.—.‘[(‘;__%":% _.H_ .
B. dy _ 4¢

V=0—90-B6-DG—0 v mmcort"Frnsne*

n=y GG _Ha—HE—m

Ve &=y -
2

I Limites 3 .. \/ SV S

L. . K] 4 /() (a—D) y—=8
. Limites 8 ... a: tg e g“m_-,)(p_ﬁ w—y
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TABULA, IV

dy = 49
Vo—a0—RG—n ¢ mmcod+nnund

m=y (@) («—A)
_Vazr+ V=34
/= r)

o a. 4’—“/“"'“ ‘/—-—y—"
I. Limites vy . .. B: # 2V axev A=y

L

yo—

e P
II. Limitesa ... 4=80: tg—=—=— )
| e

B. ay a9

Y —G—aG—P0—. ¢ mmco®Fanmd

m=‘f(¢-—7)(ﬁ-7)

___f;:'r—-:y‘ B—n

I. Limites — @0 ... y: ‘8‘:';= [ (x=—7)(B—1%)

K - ey

1I. Limites 8 ...« tg—s"/ ;:: .—y ‘




Fusius hanc quaestionem tractavimus, ut adsit exemplum elaboratum.  Restant
adhuc casus, quibus quantitatum «, B, ¥, 3 vel duae vel quatuor imaginariae sunt. Ca-
sus prior et ipse solutionem realem admittit, (uae tamen specie imaginarii laborat. Ca-
sus posterior eiusmodi solutionem realem omnino non admittit. (Quare ut omnia ad rea-
lia revocentur, novis transformationibus opus erit, unde concinnitas formularum perit.

Cui igitur quaestioni supersedemus.

Substitationi propositae alia respondet, eius inversa, formae

L L 5L
T beby by’

quae_et ipsa formulas elegantissimas suppeditat. Cum vero . fortasse iam nimis diu huic
quaestioni immorari videamur, eins iuvestigationem ad aliam occasionem relegamus. Re-

vertimur al (waestiones geoerales.

Lo ‘ R d . N
DE TRANSFORMATIONE EXPRESSIONIS > y___ IN
. 7 1—y 7 1—ARyt :
dx -

| ALIAM EIUS SIMILEM g

10.
Vidimus, datam expressionem:
dy
VA B+ Cy 4Dy +Ey*

per substitutionem adhibitam huiusmodi:
_adeaxda"r’ ... aP)eP
T bepbxpbx' ... e b(P);P ‘
quicungue sit numerus p, in aliam eius similem transformari posse:
s dx
/;A+Bx+cx’+ux'+Exo .

_u
—-v-,

Eiusmodi substitutio cum a datis Coéfficientibus A’, B", C', D', E' pendet, tum
vero maxime a numero p, (uippe gui-exponentem designat diguitatis summae, quae in
fanctionibus ratienalibus U, V invenitur. Quamobrem in sequentibus dicemus, eius-

C
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modi substitutionem s. transformationem p* ordinis esse s. ad p“m ordinem sive simpli-

cius ad numerum p pertinere.

lam indolem harum suhstitutionum accuratius examinaturi, missam faciamus for-
mam illam complexiorem:
dy
vV AFBy+ Gy + Dy +Ey

T d
ac quaeramus de simpliciori hac — 4
Y 1= fl—-k’y’

dimus et notum est, in aliam eius similem ds
My 11— ¢ I—k»

Quaestionis propositae natura rite perpensa, problemati satisfieri invenitur, siqui-

, ad quam illam revocari posse et vi-

transformanda.

dem functionum U, V altera impar, altera par esse statuatur, id quod iam exempla in-
nuunt ab Analystis hactenus explorata. (Qua in re maxime distinguendum erit inter ca-
sum, quo imparis functionis ordo paris ordine minor et eum quo maior est paris ordine;
sive inter casum uo transformatio ad numerum parem et eum quo ad numerum im-
parem pertinet.

Iam igitur primum probemus, transformationem succedere adhibita substitutione
.ordinis paris seu formae:

’gx(a+a'x’+i”x‘+ T e N

Lopb b st o o b A

Hic functiones V4-U, V—U, V4-AU, V—AU et ipsac erunt ordinis paris,

unde ponamus:

1) V4 U=(14)(14kx)AA

2 V—-U=(1—x)(1—kz)BB

8) V4AU=CC

4 V—AU=DD;
designantibus A, B, C, D functiones elementi x rationales integras. = Quibus aequationi-
bus simulac satisfactum erit, eruetur, uti probavimus:

dy - dx -
Ji—r iy My i—v {/1—-F<

Mutato x in —x cum U in — U abeat, V autem non mutetur, ex aegumationibus 1), 8)
reliquae 2), 4) sponte fluunt. Ut aequationibus 1), 8) satisfiat, V4~ 2 Um vicibus,
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V+U (m—1) vicibus duos inter se aequales habere debet factores lineares; insuper ipsi
V+4-U etiam factor 1 - x assignari debet. Quae omnia Aeyuationes Conditionales sibi
poscunt mumero m - m — i +- 1 ==2m, qui et ipse est numerus Indeterminatarum
a,a, ... am=0; b, b, ... bm). Unde problema propositam est determinatam.

Secundo loco probemus, succedere etiam transformationem, adhibita sabstita-
tione huiusmodi:
_ x(aastpa’ st ... +2™ )

(m) 2m

14D b 2 oo+ b s

-—U-
—v’

quae ad numerum imparem pertinet. Hic V4-U, V—U, V4-AU, V—AU et ipsae
sunt imparis ordinis, unde ponamus:

1) Ve Us={14+AA

® V=U=(1-1BB

8) V4aU=(14k5)CC

4) V=AU=(1—-ks)DD.
Hic quoque solummodo aequationibus 1), 8) satisfaciendum erit, quippe e quibas mu-
tando x in —x duae reliquae sponte manant. Ut illis satisfiat, et V4 U, et VAU sin-
gulae m vicibus duos.inter se aequales habeant factores lineares necesse est, quem in finem
2m Aequationibus Conditionalibus satisfacicndum erit, (uibus una accedit, ut insuper
V4-U nanciscatur (1 4x) factorem. Hinc numerum Aeguationum Conditionalium esse vi-
demus 2 m--1, qui et ipse est numerusIndeterminatarum a, a', a”, .. a®); b, b”, ... bm);
unde et hoc casu determinatum est problema. .

11.

Designentur per U’, V' functiones elementi y integrae rationales eiusmodi, ut

posito 2= , eruatur:

v
ds - dy .
Vier yi=wxr My i=yp ¢y i1=n)
U

ordinis p'*; ac per aliam substitutionem

Ce

Sit ea, quae adhibita est, substitutio z=—
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y '—"—“3‘» designantibus U, V, ut.supra, functiones elementi x rationales integras,) quaa sit
ordinis p¥, eruatur, ut supra:

dy dx

JI=F/T=ay T My Iy o

'’

Iam substituto valore y=-g- in expressione z=-g;, nascatur z==<3: erit una illa substitu-

tio z=$——:,, qua adhibita erunitur:

[y

dz _ dx
Vi—vfi-pe MMy i—2 {/i—bs

ordinis (pp)¥. Ita videmus, e pluribus transformationibus, quae resp. ad numeros p, p’,
p’> - - . pertinent, successive adhibitis, unam componi posse, quae ad numerum pp’p” . ..
pertinet. Nec non vice versd, quod tamen in praesentiarum non probabimus, transforma-
tionem, quae ad numerum aliquem compositum pp’'p” .. pertinet, semper ex aliis suc-
cessive adhibitis componere licet, quae resp. ad numeros p, p’, p”- . pertinent. Quamobrem
eas tantummodo investigari oportet transformationes, quae ad numerum pertineant primum,
quippe e quibus cunctas componere licet reliquas. lam igitur in sequentibus missum fa-
ciamus casum primum, qui ordinem transformationis parem spectat, quippe quem sem-
per componere licet e transformatione imparis ordinis et transformatione, quae ad nume-
rum 2 pertinet, identidem, ubi opus erit, repetita. Casum secundum autem seu transfor-

mationes imparis ordinis 1am propius examinemus.

12

Videmus eo casu functiones duas, alteram V parem ¢m* ordinis, alteram U impa-
rem (2m— 1)% ordinis ita determinandas esse, ut sit:

V4U=(141)AA
VaAU==(14-kx)CC.

N . . . . . . 1
Iam dico, si quidem ita functiones U, ¥V determinentur, ut loco x posito 'y abeat

<l

Y=

.1 \ . . ,
in 35 =75%" aequationes zllao. alteram ex altera sponte sequi.
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Pomamus V=0(x*); Uz=xF (x’); videmus expmniduem y;—.-"—é‘é’% loco x po-
sito % abire in fow
k) (k)
kx¢(p ’) lx.xzm¢(-k’—lx;) —_

ubi xsz(.i’ix‘_) , 12m¢(ﬁ) sunt functiones integrae. Quod ut aequale fiat expressioni

L A, L MQ;:(’ 7> sequentes obtinere debent aequationes:

e@=px""F () A
AF(® =pkx2m0(k—,1’-;)a

designante p quantitatem Constantem. Ubi in his aequationibus rursas ponimus -rl;

loco x nanciscimur:
1 P '
q;(h,).-. T F)

“"(k.,.) 'z—.:fz‘;‘“‘”'

k

Quibus cum prioribus comparatis aequationibus, obtmemas _—‘- , unde
p="Y Akzm-l .

Hinc fit: . .
pe=2"Y AFm T, F(hl)
F(x’)=xz;n;f L.jj':"': (/] (k’tx;)’ o \ \‘I .

quarum aequationum altera ex altera sequitur.

lam quoties expressio:

V4+U @) +:F@E)
14x 142

Yuadratum est functionis elementi x integrae rationalis, idem etiam valebit de alia, quae
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ex illa derivatar poaendo — loco x ac multiplicando per x?= VAkfm=1. Quo facto ob-

v+U

tinemus, siquidem ———— quadratum sit, functionem :

P Wawe— °(iaix?)“":‘x"(i-",7)

1
1+E
Warrer T 'anF(lflT)"‘fW'z-‘Mq’(ié?)
- 1a=kx
_9E)+MFa) V42U
- 14kx . 14+kx

et ipsam quadratum fore. Q.D. E.

Itague eo revocatum est problema, ut expressio:

q>(x-)+A¢ KO merg 1
T ¢(k’x') _ V4U

14-x T
Quadratum reddatur, desigoante ¢ (x") expressionem huinsmodi:

PN =V=b4b b st ... $b™ T - i

” _a

Fit autem, posito U=xFEx)=x(a4+ax'4a"x"' 4. .. =+ alm) x2m)  cum sit

2m+l.
—XF(X )= 2m+l (k’ :)
a-‘/ T T T
= A.km, = A-Fz-. a = T.km_‘,..

(m) k n (m=1) ‘/ k ,m-2 (m—2 k
-—, k H = — )—. oy b
-‘/ - 2 A b’k , a = -A—.b'ﬁ: ,

Jam ad exempla delabimur.




PROPONITUR TRANSFORMATIO TERTII ORDINIS.
13.

Sit m=1, qui est casus simplicissimus, V—=14b'x*, U=x(a4-a'x"). Posito
A=(14-aXx), eruimaus:

AA=(14xs)'=142xx}a’s", unde:
Ve U=(14x AA=1a(l42a)xt (@) 4a’x.

Hinc fit:
V=a(@dux), az=ifla, a’=x«.

Aequationes ) §. 12 in sequentes abeunt:

—— k b‘ - '—- k“
=Y 2TV A
unde obtinemus:
_a@4w)  ,  vE AL
1pa= fkh 3 a'= = » unde ¢=‘ vy

v-2ul u(@v=u?) Hinc

y a(24-a)= .

Ponatur k=1, y"A=v, erit a=-'-‘;‘-, 14 2a=

sequatio: -
14-2a=u () V -Ei

abit in sequentem:
Yi+iw _u(@vie)

v A

sive
1) ot—yoffuv(l—v’v)=0... ,

Fit Ppracterea:

= (e e)=—Y v’“’
ue

’
A =ag=—

v , ,
b’=¢ﬂ+a)=u‘(———-—2':“!)=v“’('+2“')'
Hinc obtinemus:

P _ (ve2u})vafuta’
y= vvepyiu® (v4=2ul)x* *




— e —

Praeterea obtinemus, quia. l+y;—q-j'—%)ﬂ-. .

_ (s (veutsy
% l+’—VV+V’Il’(V+2Il3)x’

(=% (ve—ux) '
b l—y—vv-}-v‘u’(v-lv-zu‘)x’ )

5 ‘/1—)' ‘/__l“" y—ws oo .
) 1y l.d-x “veulx o P o '_

- HIEN
o VT =
N TS A
Porro loco x ponendo 'il'x'=%’ cum y abeat in Fy =y eruimus sequentium for-
mularum systema: . o
_ (t4utzx)(i4uvy) - Rt
7 14viy= 1Fve(v2u)x
e (t=un)(l—uvx)® s
8) l—=vy= 1 v (v42ul) s’ ) g ‘
14-voy 14utx 1<4uvx
‘/ l.’ f‘l——-uTl’-(l—n’v"l’f . P -t < ¢ A ¢
10 ¥ i=vy = er+tor
' N .
.‘-J \'l 0 ~ [
14‘

N L T I
Posito V4-U=(1 4+x) AA, V4 AU=(1 +kBCC, V-v-hU:(t—-x)BB
V—aU= (1 — kx)DD, vidimus fieri:
ABCD=M 3v.—-_u "vt :

PR SR N

designante M quantitatem Constantem; guam ex unius giusdem dignitatis Coéfficientis com-
- e e

. dv '
paratione, in utraque expressione ABCD, V—;—U—d-x—‘.msntuta, eruere licet. Iam
posito V==b +-b'x* - etc., U==ax—a'x’+ etc., in singulis expressionibus A, B, C, D,

) . -'; ) ‘e a . v
fit Constans ¢, unde in producto ex iis conflato '11&,' -ih expreision® autem V —:—g — U%—-
Constantem fieri videmus ab; unde:

b . .
M= — PR -_.

ey

a
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Hinc in exemplo nostro .fit, quia ba=1, a= v-l-'ln o SRy

v

M= v v
T veefu? nu(!v-l-n‘) ’
unde: .
dy - (v4-2ud)dx

Si=pia—vy) v/ A—Da—w
Moduli k, A, quos per aequationem quarti gradus a se mvncem pendere vidimus §. 15. 1),
facile per eandem quantitatem « rationaliter expnmuntur "E formulis enim supra
allatis :

L

«(24a) - x (24 «)

. .
a= :—; t4la=
v

sequitur:
—“‘ .—:-Lf)—-
x=m-—; ulv'= N |2“ ,

unde:
.=':;%%¢i)"=w ! v ‘
v'=¢(:-:;: ‘=

Fit insuper : M=-1Tl’—‘, unde, posito y=sinT’, x=sinT, aequatio:

:d‘A: A | ' -

dy = ,
/‘l-—y’ fl-—k’y' .Mfl-x’ fl‘-k'y:‘ '

in sequentcm abit:
4T _ aT
Vitti—e@tarmT®  f Ifta—w@FwunT

2

sive in hanc:
4T dT

/ATt Ca T F U= A F ot v (+20CaT+AFar (i —nnl®

ad quam pervenitur substitutione facta:

(14-2«)sinT=aaxsinT?

SnT = l+¢(t+«)ain’f’
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-

I’ROPONITUR TRANSFORMATHY QUINTI ORDINIS. "’
S o T

lim ad exemplum, quod simplicitate proximum est, transeamus, in quo m=2,
V=1b's?b"st, U=x(aa'x*4a"5, A=i+wr\‘-ﬁa'.‘ - -
Eruimus: : C
‘AA=1-|‘-s‘¢x-|l(2p+aajf=+z¢p;s+m_3;* ) '
udde: . ' o
AA(40)=14x(1426) 2" @204 xa) 41234 aa42af)+ 1 @xA+08) 440

Hinc nanciscimur: S

V=2a2B4dax, b '=p(2«+48)
a=142x, 3=2WPSax+2x8, a"=646. —

Aequationes ¥ §. 12 fiunt:

_ k b” b, . I3 ..
= A k’: I— — y A = T. . . .

Ex his sequitur: oy
a'a b'p

- 3
aa,_b’. - . ' ®

sive, cum habeatur b_(2¢+ﬁ)+(3+au), a __6(1 +za)+(B+a¢)

feato+64an]’ 10(1+2e>+os+a~>l O
P sa+Es
unde:

Hinc facile sequitur:
B2 Rty =(hE
quod evolutum ac per & divisum abit in:
=201+ x+0). '
Hanc aequationem his etiam duobus modis repraesentare licet:

(ot B) (x—20) = (2— &) (142 )
(kxt-0)(2—ax)=(x—20)(2x+40),




unde sequitur: IR
2—a )’ x4 K
(a—sn)’p(1+za)' A
His praeparatis, reliqua facile transiguntur. Invenimuy epinz, posito k;u‘, A=v*:
z¢+p - bu -b'b' _ A =\.'_. ] L . - - ol
B(l+2a) an aa &k u’
unde etiam:
e _ v? . : ot
u-—-!ﬂ_F.
) N o
(Yay { S B
Est insuper ﬁ=/a"=v ';—‘=-':-:-, unde aequationes: o _
vV (%« ’_ 2at-p 22—« _v Yorae ,
'F—(._zn TRl a—28 w . VoA
i BT T U .
in sequentes abeunt:
2¢v+u‘=uv“(l+l§=)
(@ —ea)=v(va—2us), . t
sive: . S LY TR et i e ' :___‘:'! I A_QT ce T gie i
Lav(l—uv)=u(v*—u*) B

a(vv4un)=2u'(1<4uv), A T R

unde :
(v (0 = v ) fduv(l deu’v) (I —uvl)=0.
Facta evolutions prodit: ‘ Sovt e ‘-
1) v v 50tV (0 — v bunl =t v =0, | i ) . i
Religua ita inveniuntur. Ex aequati'onilms:
2av(l—uv)=u(vt—u¥) -
c(uudf-vv)=2u'(14u'v), - . ‘-~.
sequitur: ‘ )

_ u(v*—uY) _ 20'(f4-uiv)
S vil—uy) . wHv

Hinc fit;

1—uv?

a=l+2¢=L(—Y—-;“:-) o
v .

a+2¢-_-£',‘.+,u=“ v,( v—us )

{le—uv'



— YR ——

Lus L ( v—u? )

2P =0t v v u'4ev? .
z_.ézv(ﬁ%) | !
(e —38) @ 4-0) _,.,,s( v—ut )

2 1—uvy®

o Q=

Hinc tandem deducitur:

u (e v (r—u¥)

1—uv’

V=p42ataatdpf=

PR

1—uv?

-— 1 v-—ut T T .. . ‘.‘.' R
=S (1_..‘») L

e 2 e A2 222

va‘ ) ) . : .-

Jam cum sit M=—=v -
a Y—u

1 (1—‘”’), transformatio quinti oﬁnh continebitur theore-

mate sequente:
THEOREM A

Posito: . e
1) v—vi45u* (0~ v)4-4uv(l—utv¥)=0
9 y= v (v—ut)x 4= u’ (u? 4= v?) (v =~ us) x* J-ut® (1 —u v?) x* .
Y vt ur (@ v (T —u)r o' (v—u)a
fit: ‘ . .

v(l—uvl)dy _ (v—ut)dx

{1-y fl-—v"y’ - fl-—x’ f!—u"x’

-




—_ 20 ——

QUOMODO TRANSFORMATIONE BIS ADHIBITA PERVENITUR
AD MULTIPLICATIONEM.

16.

Inspicientem agquationes inter u et v, duobus exefnplis propositis inventas:
vfvit2uv(l—u'v)=0
W Ve 50t v (0 = v duy (I —ut v4) =0.
fugere non potest, immutatas eas manere, ubi v loco ¥, loco u autem — v ponitur. Hinc
e theoremate exemplo primo invento, videlicet posito:
—vif-2uv(l—u'v)=0

_ V(v4-2u)a4-u'2?
A e e yepriy pr g

dy - ve-2ut . dx
Ji—F {1=vy A S v o
alterum statim derivatar hoc, posito:

u(a—2vY)y vy’
- vputv(u—2v)y ’ *

fieri :
ds = u—2v dy
J‘l—-l’ fi_“-‘a u fl_’z fl——v‘y’ -
lam vero est: .
vl ) (u—2v) _ 2—v)puv(iptv)

( v )( u )" uv T

unde sequitur:
ds ~—8dx

N

(‘l—l' f!-—u':’ = fi-—x’ fi—u'x’
Ut loco — 8 ernatur 4-8, sive z in —z, sive x in — x mutari debet.
Simili modo e theoremate, exemplo secundo proposito, alterum deducitar, vide-
licet posito:

LT T PR e U ) i st ke /) &
T et utv) Futv(et ) (v y o ut v (ueve) yt
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erui:
dz _u4v dy
Vi—e imwe o0+ S5 15y
Iam cum sequatur ex aequatione: .
v g Sulv? (1 — v fduv(l —utv)=0,

(ufevs) (v—1?) _'u v(1—u*v*) —(ub — %) _

uv(l4uly, (1—uv’) T T uv(l4wv)(l—uv) ) .ot

fieri videmus:
§dx : e

dz _
Ji—e Y i—we Ji=syi=ws <« -« o, .

Ita transformatione bis adhibita pervenitur ad Multiplicationem. "

Haec duo exempla, vi z. transformationes tertii ot quinti‘otdinﬁs, iam prius in lit-
teris exhibui, ¢uas mense Iunio a. 1827 ad Cl. Schumacher dedi.. V. Nova Astron. I. 1.
Nec non ibidem methodi, ¢ua eruta sant, _generalitatem praahccbam- ‘Alterum biennio

ante iam a Cl. Legendre inventum erat. ! ey

)
[ ]
DE NOTATIONE NOVA FUNCTIONUM ELLIPTICARUM.

17.

Missis factis quaestionibus algebraicis accurativs inquiramus in naturain ‘analyti-
cam functionum nostrarum. Antea autem notationis modum, cuius in sequentibus usus

erit, indicemus necesse est.

Posito / m ==u, angulum @ amplitudinem functionis u vocart Geome-
—k?sin §?

trae consueverunt. Hunc igitur angulum in sequentibus ﬂenotalumm per " ampl. u seu

brevius per:
¢—am.u.

2 ¥ d
Ita, ubi > ==u, erit:
J Vi i
[]

x=sin.am.u.
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lnsuper posito:’

vocabimus K —u Complementnm functionis u; Complementi amplitudinem designabimus

per coam, ita ut sit:
. (K p)zmcoam . n.

Expressionem ¢ T_Van'amu=s—7y— d » duce C], Legendre, denotabimus per

Aamu=y 1—=k*sin*amau .
Complementum, quod vocatur a (. Legendre, Moduli k desigaabo per k', ita ut sit:
kk4-KK=1.

Porro e notatione nostra erit:

.4

.

K= ¥ -
v h-k'.k'&h‘@’ e
[
Modulus, qm subintelligi debet, ubi opus erit, sive uncis inclusus addetur, sive in mar-
gine adiicietur. Modulo non ad(hto, in sequennbus euudem ublque Modulum k sub-.

intelligas.

Ipsas expressiones sin am u, sin cosm w, 00s m . u, Cos coam u, A am u, A coam u,
cet. ac generaliter functiones trigohomctriéao -amplitudinis, in sequentibus Functionum El-
lipticarum nomiue insignire convenit; ita wt e} momini aliam quandam tribuamus notio-
nem atque hactenus factum est ab Analystls Ipsam u dicemus Argumentum Functionis
Ellipticae, ita ut posito x=sin am u, ‘uz= Arg.sin am x. ¥ notatione proposita erit:

. .coaamu .
N COAMN -4 6 cc———e— -
Asmu -

&'sin am-u
A amu
¥
Asmu

-1
um'=——‘«~lgm-u -

cotlgcoamru = -;-——E—v-—r.
colgam u

CO$ coam-u ==

A coam u ==



FORMULAE IN ANALYSI FUNCTIONUM ELLIPTICARUM

Ponamus am.u=a, am.v==b, am (a+4v)=0c, am.(u—~v)==4, notae sunt
formulae pro additione et subtractione Functionum Ellipticaruan fandamentales :

Ut in promtu sint omnia, quorum in posterum usus erit, adnotemus adhuc formu-

las sequentes, quae facile demonstrantur, et quarum facile augetur numerus:

1) sin o <= sin 3;—-..

2
8)
4)
5)
6)
7
8)

9

cos o <= tos § =
Ac 4+ A %=
sin ¢ = sin & =
cos.Fmcos 0=
A% = A c=
sin ¢ . sin ¥ =
14-k'sinc.sind =

14sing.sind =

_— 82 —

FUNDAMENTALES.

18.

sinacosbAbe-sinbcosaAa

e = 1 —k?sina?sin b?

cosacosb—sinasinbAaAb

coneo = 1—Ksina snb®

" a _ AaAb_—X*sinasinbcosacosh
¢ = 1 —k?sin a®sinb?

sn & = sinacoshAb—sinbcosaAa
- 1 —k®sina’sinb?

cos 9 = cosacosbrsinasinbAadb

1—k!sina*sinb* .
48 = AaAb+k'sinasinbcosacosh
- 1—Kk*sina’sinb® ’

2.sinaCosbADb
1 —K'sina’sinb?

2cosa.cosb

1~ Ksina’sinb?
24a.4b
1—k*sina’sin b*
2sinbcosala
1 —k®sina*sinb*
2smasinbAaldb
1 —k*sing?.sinb?

2k*sina.sinbcosa.cosb
1 —k'sina’sinb?

sin a? — sin b*

1 —k*sina*sinb?
Ab*<4-k*sina’. cosh?
1—k.sina*sip b?
cosb*<4-sina’ Ab?
1 —k'sina’sinb®




10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

)

21)

25)

26)

27)

2)

29)

—_— 88 —

cos a’ <= cas b?
1—k?sina’sin b?
Aa'4Ab
1 —k?sina’sinb?
Aa*4-k?sinb? cosa?
1—k*sina’sinb®
cosa’ <sinb?A e
1—k?*sina?sin b?
sina’ Ab?<4~sinb*Aa®
1 —k?sina’sinb?

t—Ae LA 9= k?(sin a? cos b* <= sinb? cos a?)

14-cosc.cosd =

144c¢.49=

1 ~k'sincsind=

l—sing sind =

1l —cosecos.d =

1 —k?sina’sin b’

(1xsing)(11sind) = (cosb + sinadb)?

1 —k?sina’sinb?

(1 siv o) (1 Foin 3) = — 022 sinbla)

1—~X’sina'sinb?
(1 £ksine)(1 £ ksind)= (Abt k.bina ?o;b)’
1—k?sina?sinb?
} .' (Aa+ ksinb cosa)?
“ ikmc)a;knn&):? 1 —k?sinatsinb?
(14 coso) (1 % cos9) = : (casa+ cos by
1 —k*sina’sinb?
(1+cose) (1 Fcosd) = (sinaAb Fsinb Aa)y
1 —k?sin a?sin b*
80 (1+a9) = Aatahy
: 1 —k?*sin 8’_3!!1 b?
. k?sin? (a F b)
l+da)dF A_S);— 1 —Ksnatsinb?
sin ¢ cos & = sina couAb-f-six;bcosh.Aa
- T—Vsnasnb

sin 9 co ) - sinacosaAb—sinbcosbAa
e 1—k*sina’sinb? ‘

coshsinal a<=cosasinbAb

sinedd= 1 ~k?sin a’ sinb?

cosbsinala—cosasinbAb
1—Xk*sina’sinb? A
cosacosbAaAb—KkLk'sinasinb
1 —k*sina?sinb?
cosacosblaAb<k'k'sinasinb

~ 1—k*sina’sionb?

sin YA o =

coso A Y =

cos Do =



_.,34 —_— , i’

€sinacosaldb
1—Lk?sina’sinb?® .
2sinb.cosbia

81) sin(c—3) = Py . -

80) sin(o49) =

cosa’ —sina’A b’
1—k?sina®sinb?
cos b? —sinb*Aa?

1—k?sina?sin b?

82) cos (¢3) =

38) cos(c—9)=

DE IMAGINARIIS FUNCTIONUM ELLIPTICARUM VALORIBUS.
PRINCIPIUM DUPLICIS PERIODL
190 - . / |
Ponamus sin ¢ = itgp, ubi i loco y/—1 positam est more plerisque Geometris
cos P
a9 _ idy L idy
Y i—Es Y s P s 1PV

Quam e notatione nostra in hanc abire videmus aequationem:

usitato, erit cos ¢ =—sec \L=-c°%y-, unde d¢—-.=-'—ﬂ . Hioc fit:

1) sin am iao = i tang am (u, k).
Hinc sequitur:
2) cosam (iu, k) = sec am (u, k')

8) tangam (iu, k) = isinam(u, kY

_ Aam(u, k) 1
4 Qan(u, k= Cosam(u, k)  sincoam(n, K)
. .

§) sincoam(iu, k) = m

4

6) coscoam(iu,k) = i{-cosconm(n. K) A

|
|
7 tscoam(i""‘)":m-:(u._k') | |

8) Acoam (iu, k) = K sin coam (u, k).
Aliud, quod hinc fluit, formularum systema hoc est:

9 sin am 2iK =0 -

10) sin am i K' = o0, vel si placet + i 3¢,
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11) sinam (u42iK) = < sinamu
12) " cosam fa+42iK’)'= — cosamu
18) Aam(u42iK)=—Qamu '

1
k sin am u

14) sinam (u 4 iK) =

—iAamu —ik

15) cosam (u4iK) = ksinamu . Kcoscoamu

S
16) tgam(u-}-nl’(_m ‘
17 Asm(u<4iK)= —icotgamu
. cgry . Qamu _ 1
18) sin coam (utiK) = kcosamu ~  k sin goam u
. gyt "'k'i X _
19) COSCO‘III(II-*-IK) = m

20) tg coam (u~iK') = -—;:-Aamu

21) Acoam (u4iK) = i k'tgam u.

E formulis praecedentibus, gnae et ipsae tamquam fundamentales in Analysi fun-

clionum ellipticarum considerari debent, elucet:

a.

functiones ellipticas argumenti imaginarii iv, Moduli k transformari posse
in alias arglimenti realis v, Moduli X'—=¢ T—T1; unde generaliter functio-
nes ellipticas argumenti imaginarii u 4 i v, Moduli k, componere licet é
functionibus ellipticis argumenti u, Moduli k et atiis -argomenti v, Mo-
duli k';

functionesellipticas duplici gaudere periodo, gltera reali, altera imagina-
ria, siquidem Modulus k est realis. Utraque fit imaginaria, ubi Modulus
et ipse est' imaginarivs. Quod Pri;xcipium Dupkicis Periodi “nuncupabimus.
E quo, cum universam, quae fingi potest, amplectatur Periodicitatem Ana-
Iyticam, elucet, functiones ellipticas non aliis adnumerari delere transcen-
dentibps, guae gquibusdam gmdént elegantiis, fortasse plaribus iHas ant ma-

ioribus, sed speciem quandam iis inessq ﬁgfe\ct.i et absoluti.

-
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THEORIA ANALYTICA TRANSFORMATIONIS FUNCTIONUM
ELLIPTICARUM., ;i ' 4.

20.

Vidimus in antecedentibus, quoties fanctiones elemeuti'x rationales integras A, B,
C, D, U, V ita determinentur, ut sit: '
V4 U=_14x)AA

VeU=({l~x)BB -

V4AU=(1+4kx)CC

V—AU=(1—kx)DD,

. U,
posito y =-‘7‘ fore: v
dy - dx
iy fi—vy My iz yi-F=

designante M quantitatem Constantem. Iam ‘expressiones illarum  functionum analyticas

gencrales proponamus. ' - L

LY

Sit n numerus impar quilibet, sint m, m’' numeri integri guilibet. positivi seu ne-
gativi, qui tamen factorem communem non habeant, ¢ui et ipse numerum n metitur:

pOllan’lnS ) s
_ mK4w'iK’

fit:

U 1

sin’ nm8n ) (l . sin? amZ(li-‘—l)" )

(1~ )
)

™M
(-—k’nn apiu xx

(

(—-l:"'un am8a. xx) . (1 K sin am $(n 1) . xx) .
1
1

(l-{-ksmcoam!(n-—l)-.x)

1

+

1

+

amcoamB- ) nnmm!(n-—l)u )

(++ ) (
) (

1—

B = (1 amooam&- nneoam!(n—l)a )

)
- )
)

C = (1+ksincoam4..x) (l-.-knncomau

D= (l—-ksincomhl.x) (l—koineoamao.x) l—ksincoam!(n—l)o.x)
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A= k" {sineoam‘n.sineoamsn....aincoam!(n-—l)a}‘

M= (1) ‘l{,mcoam4unmam8. oo siucoam®(n—1)m)*
sin am 4wsin am 8 w.... sin am 2(.....1)..}

Quibus positis, ubix==sinamu, fit y=-:,l=sin am ({l— ) X).

Antequam ipssm aggrediamur formularum demonstrationem, earum transformatio-
nem quandam indicabimus. - Quem it finem sequenles aduotamus foraiulas, quae statim

e formulis §. 18. decutrunt:

1) sinam(u-l-u)oin.an‘l(u-a).; si.n’anfm-—ui'nfamu
¢ 1=K un’amusin’amw
(l-l-nn am(u<a)) (14-sinam (u-—a)) (1+ ,::,nc::.,,:l J
cos’am & 1—k*sin®amu sin’am«
. " sinamu \*
(l—nnam(u-l-a)) (1—mum(u—¢)) ( - sincoama)
3 © T eosama i = * 1k'sin*amu sin®ame
(l+lum amtn-'-u)) (14 ksam(a—a)) - - (l-]-hin amusin coam )’
A’am o = 1—k*sin’amusin’am«
(l—lunam(u-l-u)) (l—lanam(u—z)) (l—ksinamusincoamu)’
: A'ama 1—k*sin’am usin’am

E quibus_.formulis etiam -sequitur:

. 1 sinamu
cosam (u-a)cos am (n —a) = sin’coame
© cos’am x 1—k*sin’ amusinama
A am(u<x)Aam(o—cx) t = k? sin® am u sin* coam «
n Alama 1—k?sin’amusin’ am «

Posito x = sin am u, nenciscimur'e formula 1):
o :

sin®ama ~ sin am (u o) sin am (u — e)
1 —k*sin’ama xx sin®am &

e formulis 2), 8):

(u:. W )- = (ltunlm(u-f-u)) (1,:,..,....(.._.))

sin cosn &
1—k’c*sin*ama cos’ am &




e formulis 4), 6): _ ,.

(lj:kxaincoamu)’ _ (l:];ksinam(u-]-o:)) (i;tk'ham(n-a))'

1—k*x*sin’amax A?amx

Hinc ubi loco & successive ponitur 4 w, 8w, ... 2 (n—1) w, loco —a autem 4 nw—a,

obtinemus:
8 U _ -BXT(‘— tin’:l:l‘.) (l——sin’::laa)“"(l— sin’am;:.-o—l)a) '
) v (l—k’x’ain’am4-) (l—k’x’sin‘amlhu) cens (l-—k’x’sin’gm}(n—-l)u) \
sinamu.sinam (ut-4w) sinam(u+8u)..:.. sinam (u-4(n—1)=)
= {aincoam&alinconmau «vo . Sincoam Z(n—:l) u}’ .
(143)AA =(l+x)<<l+ sincoxamin )(l* sin-co:l;'IBu ).(!+ sincoan\;l(n.-‘—l)u)}
v (l—k’x’sin’am4u) (l-—k‘x’lin’amsn)‘...(l—k'x" sinan2(n—1)w)
(l +sin unu) (l «-sinam (u+4 u)) ( 1-4-sinam (u-T-B q’)}. . .’-‘ (1‘4' sin '.m'(;_'__‘ (n—1) -))
= {mm‘ﬂ.colt‘;m&..,-..‘m.gn'z(n-—_‘_).}:
(1—x)BB (1—‘){(1— sinco:m4n )(1— sinco:mBu ) .... (1—*- lincoam;(n—‘l)u )}

\) - (l—k’x’sin’am4u) (l‘—k’x’;in’nm8u)....(l—k’x“siu’am!(n—l)n)

(1_—sinamu) (l-—;in am (u+4-)) (l—sinam (..+8.)) (!-ai'n'm (h-H(n-t)-)) |

{coaam4a.ooum8n veee cosam!(n—l)ur

=

(14kx)CC (1--kx) {(i+|:xsincoam4~) (14 kxsincoam8a).... (l-l-kxsineoam!(n—l)a)}'

11)

v (1— k' sin*amé @) (1 — K x* sin®am Bs) ... (1 —k'x7sin" am S{a—1) w)
(1+k sinam u)( 14k sinam (u+4 g:))( 1-f-ksinam (u-|-8 a)) o ( 1+k sinam (u-{4 (n—1) u))
= {Aam4uAam8n...Aam!(n—l)u}’
" (1=kyDD _ (l—lu){(l—-l:xsinooam4u) (1 —kxsincoam84). .Z.(i—elx.sincoam!_(n—l)u)}'
) v = PRI Pagegn -
(1 —k*x*sin améw) (1—kx un’amBm) cees (l—k’x’nn"'ami(n-.- =)
_ ( 1—k sinam u)(l—k sinam (u--4 -))( 1—ksinar (u+8 u)) e £l:l_ufn am (ut4 (n-l)-))

' {Aam4QAam8n... Amﬁ(n-qun;: ‘




Hinc etiam sequuntur formulae:

fi——-—x:AB #/T—Tx. (l_sin’c::m4u)(l—ain’c::ch-)""(l—sin’coamx;(n—l)a)

13)
v (t—k*2*sin*amé ) (1 —=k*x"sin’am3a).... (1—kx'sin’ame(n — 1) »)

cosamu.cosam (u~4u) cosam (u<4-8w) ....'coum(u-l-ﬂn—l)u)

{conm4u.ooum8u cees ooum!(n—l)u}'

" =vTcp — (1-k*x" sin’ comn 4@ }(1-k*x* sin’ coam 8 @) . . . - (1-k*x" sin? coam 2 (n-1) w)
) S = v 1=k (1-K'xsin’am 4 w) (1-k*x*sin’am Bw) ... (1-k*x*sin’am 2(n-1) )

Aamulam (u4-4w)dam (ut8a).... Aem (ut4(@—1)a)
{A.M.A-ns. cor Aam2(a—1)af

DEMONSTRATIO FORMULARUM ANALYTI‘CARUM PRO
TRANSFORMATIONE.

21.

JIam demonstremus, posito:

{("" sinco:m4a.¢)(i—-sinco:m8n)'”"(1-m)}’

) (1—kx"sin’am4w) (l—k’x’cin’amSu). s (1=K x'sin’am2(n— N)a)

l—y=(1-—1x)

(l—-ainam n) (l—sinam (u+4u)) (l—sinam (u+8n)) F (1 —sinam (n+4'(n-1)u))’

{conm4n.conm8~.conm 120 ... cOsam !(n'—l)u}’

et reliquas erui formulas, et hanc:
) dy '__ dx
Y1y yfl—}.‘yr ' 'Mfl—x’ fl-—k’x‘

siguidem : b B

’

A=L" sinco.m(-.six;coamSu «ees sincoam2(n — l)u}.

&inmm4¢.¢inc;am8u ..... sincoami(n—l)»}’

M= —.
g {sinim 4w, .sinath 8w ... sham!(n-—l)d}

E formula proposita apparet, misime mutari y, quoties u abit in u--4w.. Tum enim
quivis factor in subsequentem abit, ultimus vero in primum. Unde geueraliter y non mu-
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tatur, siquidem loco u ponatur u 4 4 pw, desiguante p uumerum integrum positivum s.

negativum. Ui vero n=0, fit:

l—y= (l-sinam4u)(1—-sinam8w)...(l—sinami(n-l)n) '=l

{cosamd-u.coiam 8a... cosam (n—1) ur

~sive y = 0. Facile enim patet, fore:
—‘sinam4(n—l)u=+sinam4u
~sinam4(n—2) u=osinem8u,
unde:
‘ (l—sinan‘in) (l——sinam4(n—!)a)=cos’aﬁ4a
(l —sinam 8«:) (l—sin am4(n —2) a) =cos’am8u
(1 —sinam2(n—1) u) (l—sin ain 2 (n+l)n) =cos’aln2(n—: Ne.
lam quia y==0, uoties u==0, neque mutatur y, ubi loco u ponitur u—4-4 pw, generaliter
evanescit y, quoties u valores induit:
0, 4, 82, « ..., 40—2)w, ¢(a—1)w,
quibus respondent valores quantitalis x = sin am w:
0, sinam4w, sinam8w, ...sinam4(n—w, sinamé(n—1)w,
quos ita etiam exhibere licet:

0, tsinaméw, Fsinam8e, ..., LsinamPn~1w,

sive etiam hunq in modum:

0, +sinam2a, tsinaméw, ... tsinam(n—1)a. !
Qui valores elementi x, (uos evanescente y induere potest, ‘omnes inter se diversi erunt,
eorumque numerus erit =n. lam ex aequatiope inter x et y supposita, e qua profecti su-
mus, elucet, positis: ‘

V = (1—k'x"sin’am4 ) (1—Kx*sin’amBa) ... (1—=K's*sin’ am L (a — 1) w)

= (1 —k*xsin” am2a) (1 —k*x* sin? am4n) cees (l —k*2%sin*am (n— 1):«-) ,
y= —2- , fieri U functionem elementi x rationalem integram &' ondinis. : Quae cum simul

cum y evanescat.pro valeribus guantitatis x numero n et iuter se diversis sequentibus:

0, 4 sinamfé, Fsinambe, ... fsinam(n~—-1)w,.




necessario formam induit: Con .

U=‘1:T(1‘“sin':;z.).(l'.‘.in':; . (l gw(n—l)-)
- 5t (- i) (i) - (- )

designante M Constantem. an p081t0 x=1 ’ ﬁat l —_ y = 0, y = 1 , obuuemm ex

U
aequatione y ==--: . \ ' :

(t ~ e (— rez) - ()

M(l—k’sin’am!u)(l-—k’sin’am(u)....(l—k’sin’am(n-—l).)l o

n—1
(-7 [sin coam l!;a- -sincoam4m .... sincoym (n —1) “L_ ¥

o M(ﬁnamzn.rsinmhu' sluun(n—lju} '

o .—.)

unde:
net . I VTR B -
-7 {nncoam!n sincoam4éa . sinoonm(n—l)a}' '
T L fpinm2e.sinamda .. --'.e'p('(::l)e}’_ BT A S R
. A . . A N

Inter functiones U, V memorabilis intercedit couelatid:,‘.ilhm dica sypra memo-

ratam, cuius beneﬁcno fit, ut pOSItO — locq x gimun). y in I"‘ abeat designante A Con-

- - e —— , - A=t

stantem.

ST T TUS
Posito enim — Joco x abit: ,

x
U= i(l sln.'nm!ﬁ)( . .lﬁ‘all‘ﬂ) ('1 2 dtﬂm(mu—l); Gyttt (ot

in hanc expressionem:

P I T S PR
Ne=l v D 1 .
(- I)T n . n . € o 1. L oo~ T 2.
Max k (sinam 2w’ sinam e ..... smam(n--!)aj
Contra vero eadem substitutione facta, . . S o,
V= (l—k’x‘:sin’afn!u).(‘li—kfx’lniﬂ';agl}_u)_.... (l.rk:f’sh':tngu:fllo). . ot
in hanc expressionem abit; - .. oL a L
n—1
[ M{anam!n mnmk mm(n—s)..} A -

l ] iy ‘I- v T e



| U . .
Unde loco x posite ——, y=—=- abit in:

A 1
U " MM, k"{sin.m!u.sinam4u...sinam n—-l)n}.

1
sive y in Ty? slqmdem ponitur:

A= MMk"{smam!a sinam 4w .... sinam(n —1) n}‘

= k’*{smcoam!a.nmcoam4¢ cees sincoam(n—l)u}‘

Id quod demonstrandum erat. -

Ex aequatione proposita :

{(1- sin-c:a‘n-i-)(l_ s;nc:amSu)_;:“:(!:—: sinc:‘l_hm;(n—\l)u)}’

(l—k‘x’ain‘an:4n) (l—k’x'sin’ams u). .o (l—k’x’sin’um!(n—l)u)

1—y=(1—1)

posito -k—l; loco x, Tl; loco y, ynod ex antecedentibus lioet.‘, eruimus: '

{(1-1;..;“3.".4.) (1—kxsincoam8a).... (1—-ininco.mz(n_1)~)}’.

quod doctym in Xy == "U ——> praebet:

) L Ay --(1...&:) {(!—-kxnncoaml'o)(l—kxullcoan‘l,su) (l—-kxnncoami(n—l)o)}

.

Ceterum patet, y "—""t\l;' abire in —y, ubix in —x mutatur, quo fat':to igitur statim etiam
14y, 1Ay ex 1—y, 1 —2Ay obtinemus. o

Jam igitur eiusmodi invenimus flinctiones elementi x rationales integras U, YV,

ut sit:

V4 U=V(i4y)=(+xAA

VoU=V({l—y=0—xBB

V4 AU= V(14Ay)= (14ks) CC

Ve AU=V(@1—Ay)= (1—-kx)DD,
designantibus A, B, C, D et ipsis fanctiones ele;nenti x rationales integras. Hinc antem
secundum Principia Transformationis initio stabilita statim sequitur:

dy . - dx
Viey Yi—xy Myi—2/i-vs




8 —

Multiplicatorem: M, quem vocabimus, ex observatione §. 15 facta obtinemus.  Uunde
iam omnes formulae enalyticae generales, uae theoriam transformationis functionum el-
lipticarum concernunt, demonstratae sunt.’ . -

2.

Demonstratio proposita ex ea, (uam dedimus in Novis Astronomicis a Cl. Scha-
macher editis No. 127, “eruvitur, ubi ponitur & loco -;‘- aliis omnibus immautatis mauenti-

bus. Ipsum theorema analyticum gencrale de Transformatione sub forma paulo alia iam
prius ibidem No. 123 cum Analystis communicaveram. Demoansirationem Cl. Legendre,
summus in hac doctrina arbiter, ibidem No. 180 benigne et praeclare recensere voluit.
Observat ibi Vir mullis nominibus venerandus, aequationem:

v dU av ABCD T
—— = B e

dx dx M M’

cuius beneficio demonstratio conficitur, et quae nobis e principiis transformationis mefe
algebraicis sequebatur, etiam sine illis analytice probari posse. Quod cum ex ipsa Viri
Clarissimi sententia egregiam théoremati nostro lucem affundat, praeeunte illo, paucis hunc

in modum demonstremus.

Aequationem propositam :

dU av ABCD T
Ve e U = creeeee 2= e
dx | v dx M M

ita quoque exhibere licet;

du dV _ dlogU  dlogV _ ABCD _ T
Udx  Vdx  dx dx MUV MUV’

Invenimus auntem:

U= ";1‘(“ i )(r_ T )(1-?.—".:(-}_-_1)—.)

vV=_»1 —k’x"sin’sm2w) (l-——k‘x’ain’am&n) .es (l—k‘x’dn’un(n-—l)a),

unde:

dlogU dlogV 1
dx - dx " +

2{ —2x i xsin"ameq e }

sinamqe—xx 1=k x"sin*amlge

F 2




—_— 8 —

| T T

numero ¢ in summa desigaate tributisvalorfbus 1, 2, 8, ..., =5~ * Porre i mvemmus

[ . « . ' .
. . . ' .
. .. .. 1

AB =‘(1— .in,o::m,,)(l—,in.cf,:m;;)'-:;.(.lr‘m;i;--_f‘w)? .

CD = (l—k’x’sin’coame) (l—k’x’ sin? coam 4&) ¢ess (1 =K x?sin coam (n—l)m) ,

unde: -
XX .
T ABCD ’H(l———__xin’coamzpm) (l__px:sm!coamziam)
MUV — MUV . ’
‘ . x H( —un nipe ).(l-—l x?sin? am 2 ?y) IR

siquidem in productis brevilatis causa prmefixo signo I1 denotatis elemento p valores tri-

bhuun -1 . . ) . .

tur ‘ 2 2, s’ e0-s 0y n — g e H‘m CWSIOMm in fl‘actiones slmpllces d‘wm
licet, ita'ut formam indmat:  ~ "+ - - .
(!‘l) . ¢ ) (‘li
X B x

_+2{ + 1—k’x’sin’un2qm }'

sin®am !qw—xx

quo facto ut evictum haheamus, quod propositum est, demonstrari debet, fore; ‘

. ]
A(_Q)=—.2. Bm 2K sin’am2qe. .

Denotabimus in sequentibus praefixo signo 9 productum ita formatum, ut ele- ‘

2
praeceptis fractionum simplicium theoriae abupde potis sequitar:

. 1 . .
mento p valores tribuantur 1, 2, 8, ..., , omisso tamen valore p==q. Hince

sin’am 2q @
( " sin’coamfpw )

1 —k*sinam2qe.sinam2pw

A

(l—-k’sin’amzqu.sin’coam!qm) -
. sin*am@qm
’ ) T TsinfamBpw
H (l—k’ain’am!qm.nin’coamipu)

Iam e formulis supra a nol,us exhlbms ﬁt.

sin am!qu
“Ten*coom2Zpeo : cosam (2q4-2p) @ .cosam (2q —Lp) o
1 —k’sinam2qwsin"am2pa cos’am2pew

sin’am2q o
sin’im2pw . coscoam(2p<+2q)w.toscoam (2p =2q)w
T Jksin*am 2qw. sim'coam2p®m - cos’ coam2p ’

-

- |
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Facile autem patet, sublatis qui in_denomiéatore et numeratore iidem inveniuntur facto-
ribus, fieri:

n cosam (2q4-2p)wcosam (2q—2p)w _ +1
cos*an2pw T rosamiqe . .
II(Q) cossopm (2q-2p) o coscoam (2p—Lq) w - Fi cos’coam2qw _, Fcoscoam2qu
cos’coam2p @ coscoam2qow coscoaméqe coscoaméqw
unde : . . ..

A(q) _ —(1 —k*sin*am 2 q @ sin* coam 2q @) coscoam 4 qw
- cosam 2qucoscoamqw

At e nota de duplicatione formula fit:

2k sinam2qwcosam2qoAamqe
1—2k'sin’am 2qo 4 k*sintam2qw

coscoaméqo =

zk'unmiqucoumzquaquu

A'am2qu—k sin’ am2qucos’ameq e

2cosemquwesscoamqe

1—Lk'sin’am 2 q o sin’ coamqw '

unde tandem, quod demonstrandum erat, A@=—=—2. Prorsus simili modo alteram aequa-
tionem: B?Y=—2k’sin’am2qe probare licet; quod tamen, iam invento AW=—2, fa-
cilius ita fit.

. | . .
Facile patet, loco x p0s1Fo 1o hon mutari expressionem:

H (l —_ ;::,:::;—2—?”) (l-—k’x’ sin” coam on)
(l —k’x’sin’amzpu) (l - _n?;:ﬁ;;—) ‘
quam vidimus aequalem poni posse expressioni :

143 ——

B(‘n x?

sinfam2qox? |

+ 2 l_kﬂ

nn’am2q¢

Haec autem expressio, posito -{: loce x, abit in have: g

_p®
1+ S +3

L—=k's*sin’ameqa

k?(sin?am 2q o —x7) =
B@

@ . A
B 2k*s’sin’am 2q @ x
1+ 2 (2- k’sin’am!qa) + 2 l—k’x’uin’am!qa + 2 k? sin am!qw sinfam2qe—x* ’

.unde ut immutata illa maveat, quod dcbet, ﬁeri oportet :

BY = gp sinam2qw.

0. D. E.
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23.°

E formula 14) §. 20 sequilur:

W am=r ( 1-k?x*sin” coam & m)( 1-k*x*sin* coam4m) .. .. (1-&*x* sin” coam (n—l)_u)
(1-k*x"sin* am2a)(1-k* x'siv*am 4 w) ... (1-k"x"sin"am (n-1) w) )

Y 1INy =y 18—

Posito x==1, unde etiam y=—1, ac V1—ar=Y\, fit:

, ,{Aeoam!quoam(m...Acoam(n-—l)o 2
N=K
Aam2eldamée ...0am(n~1)o }

Jam vero est:

k’
4 coamu = A amu
unde:
"

1) )- = {Aamlm.Aém‘ﬂ.u.Aam(n_l)m}i

Porro in usum vocatis formulis:
' N
. L]
?H A= l“{sincoam!u.lincoam4u ceee aineoam(n—t)m}

85 M= (—1)21':_! sinwam!m.dncoam4m....sinwm(n—-l)m}’

{sinam!u.;inam4m [P sinam(n—lm’}

nanciscimur :
a=1
% (—1;1 :' =..-{ninam!m.sinam‘l»n.....lsinam(n-—l)m}'z
5) J :i: = {c.:oumzaneo.salnduuA.-...c:oum(n-\-l)m}e
6) Jk;l = {A:m!»Aam&»....Aaln(n—-l)»}2
i -
b)) (-lga {:n ={tgam2m.lgamlm «..tgam(n—1) m},
X . . e
8) J o = {unmm!m.uncoam&w...anmm(n—l)u}.
n =i

- (-1 ‘/u'k"‘ __{ 2' ) .
) ™ e cos coam 2 w cos coam4 w ., .. cos coam (n—1) .}
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.32
10) ANkn=2 ={Acoam2~Acoam4a...Amm(n—-l)m}

11) ¢ e 1
—) T M
A. k‘ll-z

g{agmmucgmu... tgcoun(n—l)m}l.

Harum formularum ope formulae 1), 4), 6) in sequentes abeunt:
12) sinem (35, A =‘/E.a.mu.s..m(..+4..).in.m(.;.g.a.).....;n.m(.....a(..;a)..)
13) comn “ -, }. ‘/ ?'—:eoumucosam(u+4m)conm(u+8m) . cosam (a4 (n—1) )
14) A am (% A) =‘/-:-‘:;-AmuAm (:+40) 8 am (u480) ... 8.am (ut4(a—1)0),

unde etiam:

-]%:-,.—tg am u tg am (u+44o) tg am (u+ﬂm) .eeo tg am (u+4(n-l)w).

15 1g am (%. A) =
Alind ita invenitur formularum systema. Ex aequatione 4) sequitur:
M?P‘ = {sin m2osinam4w.... sinam (n—-1) le

unde:
xx

e —
. u _* sin"am2po kM xx = sin am!pm
’_nnam(M ! A)-— M H 1—k*x*sin’am2po n '

~ Y am!p»

sive:

0 =] (*—sin®am2pa)— k}l;i ainam(-l-;—. )n("_m).

Radices huius aequationis n* ordinis sunt:
1=sinamu, sinam (u4-4w), sinam (u4-8w), ...., sinam (utt (@ =1 @),

unde aequationem nanciscimur identicam:

xn(:’-qin’amlp»)— :"d sin am(%-, A)H(x‘—ﬁ;—g—;—;):

(x—ain an u)(-—.an am (u4-4e) (..._.an am(u-[-&a))...(x-—sin am (ut-4 (a—1) o)}.



Hinc prodit summa radicum

16) 2 sin am (u4-4qu) = I:I‘V[ sin am (%, A) . !

FEodem modo invenitur:
Nemi

17) 2 cosam (u--4qw) = S:t)—w;-—k' cosam(—lgi-, A)

Nein i

18) 3 A am (ud-dqe) = -Q:—l-)ﬁ-’— A am (T"l— A)

19) 2 tg am (ut4qo) = —k,—kﬁ— tg am (-I:;-’ )L),'
in quibus formulis numero q tribuantur valores 0, 1, 2, 8, ... n=—1. ‘Quas formulas

etiam hunc in modum repraesentare convenit:

kM M

2t
(=1 -~ A
kM

sin am («i-, }.). = sinam u < z {sin am (u-4qo) + sin II-II (y—l-g:n)}
}

coaam(-:i-, A) = cos am u ~» 2 {cos am (u-}-4qu)-4- cosam (s —4qo)

n—1i

(—1131’ Aam("lvlT’A)=A‘m"+2{°‘m<-+4q»)+mm(u-4q~) '

A'
M

tg am (—;l[—, A.) = tg am u - 2 {lgam (uef~2 q w) 4~ tg am (u—4q m)},
ubi numero ¢ tribuuntur valores 1,2, 8, -+ - 'n;‘ . Jam adaotertur formule :

2cosam 4 qoAaméqwsinamu

sin am (usr4 qo) 4 sin am (u—4qo) = T—F o smiqw s amu

2 cos am 4 q @ cos am 0 11
1—k’sinffam4 qesin’am u :

cos am (u=4q )< cos am (u — 4qw) =

. 2Aamé4gqeldama
1—k* sin? am 4 q @ sin’ am u

Aam(ud-4qo)tAdam(u=—~2qw) = -

gttt b —tqw = RS E RS,

* cf. §. 18 formulas l)-, é).‘ 8); formJa"‘ p&s;rema' ¢ formulis.20), 30) Ruit,’ ubi repuﬁi,’ esse tg o 4 1gd
= sin (o 4 d) .

cos o cos d re LTt




- & PSS e = Ve T 0.
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quarum ope formulae 16) — 19) in has aheunt:

2cosaméqeldambqeusiname
t—k*sin*am 4 q w sin’ am

20) —T);M——'hm\(%' JL)——-sinamu-l-z

hn-l .
(—1)* . A ll Ceos améqewcosamu
2 kM ™M’ A)—mamu-}-z 1—k'sin’ am 4 q wsin’am u
n-3
-1 u 2Aam4qedamu
2) M 4 am (_M— l) =04 amu+ 2 1—k*sinam ¢ qusin’am u

240 am 4 qo sin am u cos am u

”)""m—‘B“( )3‘.‘“‘-.-2 t—k*sin’am 4 qwsin’amu ’

quae etiam obtinentur, ubi formulae supra propositae e methodis notis iu fractiones

simplices resolvuntur.

DE VARIIS EIUSDEM ORDINIS TRANSFORMATIONIBUS.
TRANSFORMATIONES DUAE REALES, MAIORIS MODULI IN MINOREM
"ET MINORIS IN MAIOREM.

24.

Elemento & vidimus tribui posse valorem quemlibet schematis de-

mKa4nm'iK
n
signantibus m, m’ numeros integros positivos s. megativos, (ui tamen, quoties n est nu-

merus compositus, nullum ipsius n factorem commuuem habent.  Facile autem patet, ulii
gqmK4qm'iK
n

q sit primus ad n, valores » — substitutiones diversas non exhibituros

esse.  Hinc ubi'ipse n est numerus primms, valores elementi w, gui transformationes di-
versas suppeditant, erunt omnes:
K iK K4iK K+42iK K48iK K4 (—1)iK

o 0 o o Se—

» » » ’
n n n . n
.

sive etiam:

K iK KeoiK SK<4+iK BK4$iK (n—1)K4iK
—n" > > 2 » o . o N ....——-——-n‘ N
aut, si placet:
n—1,
K + iK

‘K iK K+iK K+2iK K+8iK




sive etiam: : S
n lK:l:'K'

K iK K#iK ¢K+iK SKLik'. z
n n n - n ’ n et n *

quorum est numerus n—+-1.  Ac reapse vidimus,  in transformationibus tertii et quinti or-
dinis, supra tamquam exemplis propositi:s, aequationes inter u =y 'k et v= { A, quas
Aequationes Modulares nuncupabimus, resp..ad quartum et sextum gradum ascendisse.
(uoties vero n est numerus compositus, iste valde auuetur numerus ; accedunt enim ca-
sus, quibus sive m,- sive m’ sive eliam uterque factorem habet cum n communem, modo

ne utrisque m, m’ idem communis sit cam n. Generaliter autem valet theorema:

,, numerum substitutionem nt "ordinis inter se diversarum, quarum ope transfor-
,y mare liceat functiones ellipticas, aequare summam factorum ipsius n, qui ta-
s Me€n numerus , quouec n per quadratum dividitur, et cubctuutwm amplectitur
29 € transformatzonc et muluplzcauone mz.:rtaa, adooque guotzec n zpcum est qua-

sdratum ipsam multiplicationem. ”
7 2! [
Ista igitar facloram summa designabit gradum, ad (uem pro dato numera n Aequatio Mo-

dularis ascendet, ubi adnotandum est, quotiés n sit numerus quadratus, unam e radicam
numero praebituram esse k = A, ac generaliter, uoties n=m’v, designante m* qua-
dratum minimum, per quod numerum n dividere licet, e numero radicum fore etiam omnes
radices Aequationis Modularis, quae ad ipsum v pertinet.

Inter valores elementi e supra propositos, qui casu, 4uo n est primus, (uem, cum
in eum reliqui redeant, sive unice sive prae ceteris considerare convenit, universam trans-

formationum copiam suggerunt, duo tantum generaliter loquendo *) inveniuntur, qui trans-

. . . K iK' . . .
formationes reales suppeditant, hos dico w=—, o='—;—. lllam in sequentibus voca-

bimus transformationem primam, hanc secundam; modalosque qui his respbndent, designa-
bimus resp. per A, A eorumque Complementa per X', ). Argumenta amplitudinis -1;—,

quae his modulis respondent, (functiones integras vocat CL Legendre,) designabimus per
A, A, A', A. Formulae nosirae generales pro his casibus evadunt sequentes.

*) Nam infinitis casibns pro Modulis specialibus fit, utl par iadicum nmagunnamm Aequationumn Modulanum
sibi aequale evadat ideoque reale fit.
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1.
FORMULAE PRO TRANSFORMATIONE REAL1 PRIMA MODULIL k IN MODULUM .
4K —
A =Lk ,sin coam sin coam —_eee sin eoam(n nl) K‘ '
k’n
V= K K [CESNIK
’Aam Aasm —— ...... O am -n;)—‘
n n n
\ 2K u\ . (e—1K |’
sin coam ———8n coaM ——< ..... sin coam
M= - e I
? sin am -z——- sin am —‘—5- cre. . 8iD am—G‘—l)K
A n n n
sinamu jl sinfamu 1 sinfamu sinamu
M \ N zx)( - )( (n—l)K)
) sin®”am — sin® am —— sin’am
() - = :
sinam | —r, — .
M (l—k’ﬁn’am?dn’amu) (I-—k’l‘in’amt-—sm amu ( —k?sin? am nl) K sin’am u)
De—i _n- -
== Tainam usinam (u+-‘{—() sinam (u-{-%).... sin am (u-{-‘&.}ﬁ)

. " cos ~’;u f sinfame { i sia’amn -y sin’amu
a — —————— — e ————————— EEX] —
na ’ ( ’ sfn"coAm"'—K)( ’ oin’coam‘—K) o ( :in’coam(:l)x-)
(uA A) ,“’- k n n n
Cos am ’ =

M Ak (l-k’ sin’am 2—“]5- sin”am u)( 1-k? sm. am 1:-(- sin?am n) ( 1-k?sin*sm @ :) K sin*am u)

< 2K -
g Aamu ( 1-k*sin’ coam 2 sinam u)( 1-k?sin® coam - sin’am u) . ( 1-k?sin® coam (m-HK
n ) . ..

u -
Aam(ﬁ, ).) = i';.

s’ ama)

) K : DK
(l - k?sin’am ﬂ( sinamu {1 -k?sin?am 4—'-‘- sin’am u) ( 1 -k?sin’am (—n—) sin’am u)
n

R Lo sinamu -\ (— sinamua (— sinamu
— L tname m)....( . m_l)x)
I:Funam(-ﬁ—, A) . /1 sinamu .‘( ‘aln comT sin coam'—n— sin coam —_— |
u - 14-sinamu sinamu sinamu sinamu
14sinam{—, A 14 -\ 14 - Yeeo f1 4
(M ) . ( ‘sin coamﬂ sin coax.n% sin coam ﬂ':_‘)_f
LRI n \ . n N ll
1 F Asinam (—i‘;—, )
1 4 A sin am'(—;i— , A)
< e(n—1)K ,
1k sinamu (l—ksincoom-‘;'-(-:inam _u)(l—\uincoam%sinam u)...(l—lsincoam (n - )_ smamu)
1+ksinamu (I-Huin coam -‘-l;l:sin am u)(l-}-k sin coam 8TKsin am u) e (I-H: sin coam l(n—-n L) Ksinam u)



-—

(— l).‘lcoum-’-qlSA .mlq_l( sin am u
A n n

M sinam(-;T, A} = sinamu +22

1 —k?sin’ am sin?am u

2qK
n

(— l)qcosam’qx

A (u )
——cosam | —, A =cmamu+22
kM M 1 —k? sin* amz-l:-(:in’ am u

Aamiq—x-Amu
n

1
—— A am _,A=Aalnn+!2
M (M ) 1—k? sin? .mz_%l..(ain’amu

Aamzlxsin'amnmunu
n

24K 24K
n

.—k’x."\i g am (%, A)=.lganﬁnn+22

- cos® am - A am sin’ am u

1L

4. FORMULAE PRO TRANSFORMATIONE REALI SECUNDA, MODULI k IN
: MODULUM A, SUB FORMA IMAGINARIA.

Al=kn{nnm’__w.|nw;.n‘."—x‘ ..... ﬂnmm-(—n—ﬂ}.
) o o
K2
X = 7 7 7y
{A.m.zl_KA ﬂlﬁ ..,A.m.(l:l)_m}‘
n n n
iK' 4iK . (n—1)iK
n—t | 3ib cOADN —— sin coamn — . ... sin coam ———
Ml= (_l) ‘ ni + ke . xy?
eiK | 4iK . m—1)iK
(nnm—;—-nnm—;—-..mlm——-n—-‘

= V;“: sinam usinam (u4-4iK') sinam (u4-8iK’).... sinam (u4-4(n —1)iK’)

sin am (Ml . A,) -
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a . ‘ sinamu l sinamu ' sinfamu |
bl RN 1T S YT B I (n—1)iK
. .- - . meo-n-—n-- nneoom-n—- [ ¥ ugm-——-—n-—-
cos am (ﬁj'i‘) = 1 sinamu 1 sinamu 1 sin’amu
g ( -, K N T, a.x’) ( T (n_z)ix')
. sin® am —— sinlam —— sin’ am ——F—
n » / n
= A.';;‘:_ mamueosam(u+ X cosan(u-}-a—i;g ....mm(n-l-‘(i-nﬂi.!ﬁ)
. sin’amu ‘ sin’amu . . sin*amu
- Aamuf1 g 1— T 1= : @K%
n L . au’m——n—- sin® coam—n—- sin® coam ————
b am (.il: ’ }") = 1 sin®amu 1o sin’amu sin”amu R
———w (T e} (n —2)iK’
sin* gm — sin® am — sin®*am ————
. ] . a . .B
= J———Am-Am(n-‘-inK)Am(n-‘-SjK) .Aam (ll+4('l—1)iK')

rd
D 4

f 1 —sin am (1—;;, x)_. .

1+unam(— A) _‘—

oA

{_. tinamu f— fnama ‘.1_'“ sin am u
. ,- ( nncoam-—lE)( tincom‘-LK-'} ( n{gc‘am-(::-l-)qi—x')
{ —sinamu n D n

1<=sinamu ) sin am u sin am u . sin am u
. o (1*_ f !iK‘)(H' T :K’) (1*_ C (n-l)iK')
T ¥ ¥h _ L . sincoam

Incoam----
n n

. l;-.;‘ain am (-T;—-. ).‘)

4

142, unm(—%. A,)

L]

<« sinamu 1 sinamu 1 siuagm u
( ( - 8 K‘) ( = (n_z)ix')
,w coom —_— coam—-“—— sin coam——-;—
sin u‘ ° sin am u sinam u
( )(H' 351(’)'"(""' . (n—z)ix')
sin coam —— sin coam T sin coam '—;—-—

@q—1)iK A" (2qi~ iK'

{—~ksinamu

\ 1 ksinamu

A e .qosam———f-—— .am—-—‘-r——-sinunn
a T
‘ dn-n(—.l.‘)=.inamu——-92 ~ -
kM, M, v k tin’am-,———-——aq—n‘x -+ sin' amu
: n
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B. FORMULAE PRO TRANSFORMATIONE REALI SECGUNDA SUB FORMA REALL
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In formulis pro transformatione prima positum est (—1) * Mloco M.  Formulas

pro tranformatione secunda dupliciter exhibere placuit, et sub forma imaginaria et sub

forma reali, in quibus praeterea loco k sin am z"::x s ksm coam 22K , cet. ubique
scriptum est — — (:_I,I T (:_zm)ikx cet. Id quod, sicuti reductio in
sin —_— ‘sin CoOa N —— = i
n n

formam realem, ope formularam § 19 facile transactum est. Ubi signam ambiguum +

n—1
2

positum est, alterum - eligendum est, ubi 2—! est numerus par, alterum —, ubi

2
est numerus impar; de signo 3 contrarium valet. In suminis praefixo £ desngnatm nu-

mero ¢ valores 1, 2, 8, .... n-l tribuendl sunt.

E formulis pro transformatione prima propositis patet, quoties u fiat succes-

sive:
K eK 8K 4K
o, — 3 s 5 ses ey
n n n n
a
—_— A
fore am ( M )
n 8w
o. 9 y 7, ‘_2"': 2"’ »
unde obtinemus:
K
—_— = A.
oM

Contra vero videmus in transformatione secunda, quoties u fiat: 0, K, 2K, 8K, ...

. n Sx . ” ]
sireamu: 0, -, #, —5= ..., fﬁenam(—ir.k)etxpsam=o, T 7 —-;—, ceey
unde hoc casu: .

K

=N

" Ceterum e formulis pro Modulis A, ', A, A/ exhibitis elucet, cresceute n, Modu-
los A, A rapide ad pihilum couvergere, ideoque simul Modulos A’, ), proxime accedere ad
unitatem. Itaque transformationem Moduli primam dicere convenit maioris in minorem,

secandam minoris in maiorem.
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DE TRANSFORMATIONIBUS COMPLEMENTARIIS
S. QUOMODO E TRANSFORMATIONE MODULI IN MODULUM ALIA
DERIVATUR COMPLEMENTI IN COMPLEMENTUM.

25.

In formula supra invenla:

——

tg am ({i—. A) - J—kx';tg mutgam (utto)1g am (u+8w)...ctgam (aft(a—1)w)

ponamus u==iun’, w=is, ita ut sit e=mK 4 m'iK’, «’=m'K'—miK. Jam vero

est (§. 19)
tgam (iu’, k) = isinam (v, k) )
tgam (i u’, A) = isinam (v, V),

unde formulam allegatam in sequentem abire videmus:

S—
Aemi 'a

sin am ( ";;- s ’-) =(—=1) T "‘;T—lh amu’ sinhm (t"‘l" u') sh\m(ll"l'z o)....sinam (ll"." (a-1) 0')- {M L'}.

Porro igvenimus formulas:

KB
X =
TAm!mAun&a....Am(n-—l)m}'
M= ( ‘L?_!‘{nineoamiusinmm4m...sinwam(n—l)m}’
=& {sinnm!a uinam4m...sinam(n—l)m}2
quae e formulis:
1
Bmle.b=Tommn

1

’ sineoam (iu, k) = —A—.—m—(-“—;;)—-. )

unde etiam sequitur:
sincomnGGu, k) -— __ _—isin coam (u, k)
sinam(iu, k)  tgam (u, k) A am (u, k) - sin am (u, k)

in sequentes abeunt:
X = l"‘{uin coam 2 o' sin coam 4 &' .... sip coam (n—1) u’}‘ {Mod k‘}
{ai:n coam £ o' sin coam 4 ' ... sin coam (n—1) "T

(:in ame e sinamée ....si0am (n—1) u’}'

M= {Mod k}.

H

e e —
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His formulis comperatis cum illis, quae transformationi Moduli k in Modulum A in-
serviumt: '
sin am (—;—, A.) =..— w-—k;— sin am u sin am (u+4ﬂ) sin am (u+8 n) eee. 8in am (n+4 (n—1) u)
A= kn{sin coam 2 o sin coam 4 » . . . . sin coam (n—1) u}‘

M=(—l) 3

B=1sin coam 2 w sin coam ¢ @ .... sin coam (n—1) & }*
{ sinam2wsinam4w....sinam(n—1) @ }’

elucet leorema, quod maximi momenti censeri debet in Theoria Transformauom.s

’ Quaecunque de Tramformatwne Moduli k in Modulum A\ proponi possint

,,Jormulae, easdam valere, mutato k in k', A in X, w in e =’%, Min

n—1
”(—’ 1) M
Transformationem autem Complementi in Complementum, dicto modo e transformatione
propasita derivatam, dicemus Zransformationsm Complementariany.

Facile patet, transformationum realium Moduli k transformationes reales Moduli k'
complementarias esse, ita tamen ut primae Moduli k secunda Moduli k', secundae Moduli

k prima Moduli k' complementaria sit. Ubi enim in theoremate modo proposito ponitar
+K

, W= i;x » (uod transformationibus Moduli k primae et secundae respondet,
T

fit u’=-':4= :K R “.=::_____:!:TK" quod transformationibus Moduli k’ respondet resp.

secundae et primae. Nec non, cum crescente Modulo decrescat Complementum ac vice
versi, transformatio Moduli in Modulum ubi est maioris in minorem, transformatio Com-
plementi in Complementum seu transformatio complementaria minoris in maiorem esse de-
bet, ac vice versd. Videmus igitur, mutato k in k', abire A in 2/, A, in 2. Nec non
Multiplicator M, transformationi primae eiusque complementariae commaunis *), abibit

* Hoc generaliter tantum neglecto signo valet; vidimus enim, quod in altera tr. erat M, in complementaria
n—1 n—1
esse (—1) 3 M; at nostris casibus eo, quod in transformatione prima loco M posijum est (— 1T M

(v. supra), signi ambiguitas tollitur, ita ut transformationibus realibus complementariis' omnino idem sit Mal-
tiplicator M, '
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His formulis comparatis cum illis, quae transformationi Moduli k in Modulum A in-
serviumt : A

sin am (-l‘:-l-' )-) = J:.-—T-— sin am u sin am (u+4 o) sin am (u4-8 ) .... sin am (ut4 (n—1) &)

A= l:"{sin coam 2 o sin coam 4 ® . ... sin coam (n—1) u}‘

M= (-1 *

=1 sin coam £ @ sin coam 4 ..., sin coam (n—1) w }*
{ sinam2owsinam4w ..., sinam(n—1) @ }’

elucet Theorema, (uod maximi momenti censeri debet in Theoria Transformationis :

»» Quaecunque de Transformatione Moduli k in Modulum A proponi pom‘f

,,formulae, easdam valere, mutato k in k', ) in X, w in & = -%, M
a—1
(= 1) M7
Transformationem autem Complementi in Complementum, dicto modo e transformatio+
propasita ‘derivatam, dicemus Zransformationem Complementarian.

Facile patet, transformationum realium Moduli k transformationes reales Moduli
complementarias esse, ita tamen ut primae Moduli k secunda Moduli k', secundae Mod
k prima Moduli k' complementaria sit. Ubi enim in theoremate modo proposito ponit

K tir , quod transformationibus Moduli k primae et secundae responde

N——’ ..—d.

fit '= ':' d::K , & =—= iK ——, quod transformationibus Moduli k' respondet resp.

secundae et primae. Nec non, cum crescente Modulo decrescat Complementum ac vi
versd, transformatio Moduli in Modulum ubi est maioris in minorem, transformatio Com
plementi in Complementum seu transformatio complementaria minoris in maiorem esse de-
bet, ac vice versi. Videmus igitur, mutato k in k', abire A in 2/, 2 in 2". Nec non
Multiplicator M, transformationi primae eiusque complementariae communis *), abibit

*) Hoc generaliter tantum neglecto signo valet; vidimus enim, quod in altera tr. erat M, in complementaria
N1 n—1
esse (—1) 7 M; at nostris casibus eo, quod in transformatione prima loco M pasijum est (—1) ¥ M

(v. supra), signi ambiguitas tollitur’, ita ut transformationibus realibus complementariis omnino idem sit Mal-
tiplicator M, '
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in M,, qui ad transformationem secundam eiusque complementariae pertinet, ac vice versh
M in M. Hinc e formulis supra inventis:

K K
A=< A=
sequuntur hae:
_ K ,_ K
A= — N= o,

unde proveniont formulae summi momenti in hac theoria:

Iy K A 1 X
=n ; B ——, e—,

A K A n K

Hae formulae genuinum transformationis propositae characterem constituunt, unde patet,
bono iure singulas nos transformationes ad singulos numeros n retulisse. Adnotabo, quo-
ties n sit numerus compositus = n’n”, e singulis radicibus realibus Aequationum Modula-
rium, seu e singulis Modulis realibus, ia quos datum Modulum k per substitutionem n*
ordinis transformare liceat, provenire aequationes huiusmodi:

A o X
=7 :

A K

\

quae singulis discerptionibus numeri n in duos factores respondent. E guarum igitur nu-

mero, (uoties n est numerus uadratus, erit etiam haec:

A _ K

—— N A=k,
A X unde

Yuae docet, casu quo n est quadratum, e numero substitutionum esse unam, quae mul-

tiplicationem suppeditet.
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DE TRANSFORMATIONIBUS SUPPLEMENTARIIS AD

MULTIPLICATIONEM.
%.
Revocemus formulas:
A'=nl('. A'=LR"
A K A n K

+ quibus hunc in modam scriptis:

A _ X’
A "X
K’ A
e e —3 n o emteetons o
K

elucet, eodem modo pendere Modulum A a Modulo k atque Modulum k a Modulo A, sive
eodem modo pendere Modulum k a Modulo ) atque Modulum ), a Modulo k. Itaque per
transformationem primam s. maioris in minorem, qua k in A, transformabitur 2, in k;
per transformationem secundam seu minoris in maiorem, qua k in A, transformabitur
aink. Itaque post transformationem primam adhibita secunda sew post secundam adhibita
prima, Modulus k in se redit, seu transformationes prima et secunda successive adhibitae,

utro ordine placet, Multiplicationem praebent.

"'Vocemus M’ Maultiplicatorem, (ui eodem modo a A pendet atque M a k; M Mul-
tiplicatorem (ui eodem modo a A pendet atque M a k; ita ut oltineantur aequationes :

dy 1 _ dx
i—y ¢ i—xy My i—% ¢y 1-P7
dz 1 _ dy

Vice Ji—ee  Myi—y {i-ng

quarum altera transformationi Moduli k in Modulum X per transformationem primam, al-
tera transformationi Moduli A in Modulum k per transformationem secundam respondet.
Ex his aequationibus provenit:

dz dx

~ = 3 unde :-sinnn(—“—-
v a=Ha=F7) MMy T=O1—Fx) - MM’)'




At ex aeguationo A,z.:::%- mataado k in &, quofacte K in A, Aink, 4 in K, M, in M

. . A : . . K .
abit, obtinetur K=, qua aequatione comparata cum ifla A==—c, provenit

1 de:
m—ﬂ, ande

ds ndx

S ¢ i—i—rm

Eodem modo ex aequatione A =-;-§-{- mutando k in JL:, quo facto K in A, Aink, A inK,

. ’ . . . . ) : K .
M,in M; abit, provenit K =-;%— » qua aequatione comparata cum hac A,= -, provenit

l L 14 . 3 . " . 3 - .
F =05 unde videmus, daobus illis casibas post hinas transformationes successive ad-
'] h .

hibitas multiplicari Argumenthr'n per numerum n. '
Ubi post transformationem Moduli k in Modulam A Modulus A rarsus in Modulam k
transformatur, ita nt Multiplicatio proveniat, banc transformationem illius supplementariam

ad multiplicationem seu simpliciter supplementariam nuncupabimus.-

T

Appovamus cum exempli causa tam iu. usnm sequentinm fornmias pro transforma-
tione primae supplementaria, s. Modali A in Modulum k, quae.erit ipsius2 secunda, eas
tamen sub altera tantum_forma imagivaria, cum reductio ad realem in promtu sit.  Quas

confestim ohtinemnus formulas, whi in iis, quae supra de trausformatione Moduli k secunda

propositae sunt, (vA. tab. I A. §. 24) loco k ponimusa, k loco 2, ':T locou, M'= n‘Bi

loco M, unde ﬁ%znu loco% . In his formulis, sed in his tantam, Modulus A vale-

bit, nisi diserte adiectus sit Modulus k ; ceterum brevitatis causa positum y = sin am (—;7, l);

. e -1
numero ¢, ut sapra, tribuendi sunt valores: 1, ¢, 8, ..., -"—2- —
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FORMULAE PRO TRANSFORMATIONE MODULI A IN MODULUM k,
SEU PRIMAE SUPPLEMENTARIA .

27.

kK = A" {sincoam E—‘lsin coam ﬁi eses sin coam (n—‘)iA}‘
n n . n
K = i
— 2-AI . ’ — . l.
{Aam ! A am 1A ces. A am ___(n l)lA}
n
. N 4in . (@a—1in )’
an coam N COAM ———=, , ¢ ¢ S0 CORM oo
r _ n n n
oM T ), 2in 4N R (a—1iA
sin am am am coe SI0 A e | .

= Tlin am.-;-';.in .m(i.'._TA. sin am (-ﬁ-+T)' sin am (_tlﬁ.+4(n-l)iA')

yy Yy Yy
1 —\ 1 — L. flam —
fl —-yy ( sin® coam 2—“l)( sin? coam ?-li\-) ( sin® coam -S'-l-_—:)'—e)

n M n

— 11 1_——1% e f1— y
'fl-x Yy ( sin’mm.—:-\— - sin? coams‘nA sin* coam-—-—(n_:)'A

{3y ) 3y 1— Yy
LS ., i) . (a—29iA
( sm IIIIT ( sin® am T) ( sin” am _-_n—)

= ‘—:‘T—-—AamLAm(l-i-‘—inﬁl)Aam(-“— B-i—A')...Aam(%'l-—-_—.‘(n:l)iA’)

KAz u u  4iA a  8iA n ., 4(n—1)iA’
= Tcosamﬁcoum(i-{-—n-)coum(ﬁ-{--——)...cosam(——-l——___.)

A am (aa, k) =



1 —sinam (nu, k) _{
isimam(nu, k)

i—ksinam(nu, k) 1—Ay

itksinam(eu, &) ¥ Ay’

y y y
H'. iN 1+, s8in’ )" H‘, (n—2)i
810 COAIM = s coam-—n— in coam -——n——

Ay 2y cos am (zq—nl)iA' Asm 2q—1)iA
: = - n
sin am mu, k) = kaM koM 2 — PR
. am .m__;,___’y
= [— vy 1 e 2O DA (@q-1)in’
cosam(nu, k) = (—1)_1_Af1—yy + ey I—yy 2 (—1)2sinam - Aam ]
a » B) = koM ikoM . @e-DiA
sintam St —y
= . (zq-l)iA' (gq_i);A»
-; 0 (—1)%sin am cos sm
Aam (nu, k)=_..M'V 1—=M\yy + inM 2 ST
sn®am ——————yy
2qiA’
Y = —1)14 am ——
tgam (nu, k) = 'L’ . y + 2y 'l—yy 2 (—1)Aam .
oM 1—yy k¥'nM W"migl:—A—A'amqu:Asin'mu

Theorema analyticum generale, transformationem illam primese supplementariam
concernens, iam initio mensis Augusti a. 1827 cum Cl. Legendre communicavi, cuius
etiam ille jn Neta supra citata (Nova Astr. a. 1827. no. 180) mentionem iniicere voluit.
Simile formularam systema pro transformatione altera secundae supplementaria 3. transfor-+
matione Moduli A in Modulum k stabiliri potuisset. Quae omnia ut dilucidiora fisnt, ad-
iecta tabula formulas fundamentales pro transformationibus prima et secunda earum com-

plementariis et supplementariis conspecthi exponere placuit.
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Nec uwou e numere transformationum imaginariaram una (uaeque suam habet sup-
plementariam ad Multiplicationem. Supponamus, quod licet, numeros m, m’ §. 20 facto-
rem communem non habere: sit porro mu'—um’'=1, designantibus 4, x' numeros inte-

gros positivos s. negativos. Iam si in formulis nostris generalibus de transformatione pro-
positis §. 20 sqq. ponitur u::”—:-#— , ac k et A inter se commutantar, formulas ob-
tines, (uae ad supplementariam transformationis pertinent. Posito m=1, m'=o0, fit

uK4u'iK iK’ in . .
N = —3 = —7—» Yuod primee supplementariam prae-

u=0, W==1, unde

bet, uti vidimus.

FORMULAE ANALYTICAE GENERALES PRO MULTIPLICATIONE
FUNCTIONUM ELLIPTICARUM.
28.

E binis Transformationibus Supplementariis componere licet ipsas pro Multipli-
catione formulas, s. formulas, quibus fanctiones ellipticae Argumeunti nu per fanctiones
ellipticas Argumenti u exprimuntur. Quod ut exemplo demonstretur, Multiplicatio-
nem e transformatione prima eiusque supplementaria componamus. Quem in finem re-
vocetur formula:

-

sin am (‘;T x) =(—-1)n:;l‘//-:i in am u sin am (n+ '4..1) sinam (n+

guam etiam hunc in modum repraesentare licet:

-1
(—-l)n niam —, A ‘/ sia am u+ imK)'

) sem (o £2205)

-1

designante m numeros 0, +1, +2,-..., *——. In hac formula loco v ponamus |

2w'iK’ , nnde—ablt in _+ 2m'iK .:_+ em'iA’

u—- ™M . M

‘ pmdnt

0" daam (4 2N g)= ’_f_"'n.i......(g;,.____mxfm'm‘ )
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Jam ubi et ipsi m’ tribuantur valores 0, +1, +2, ..., IEE-‘-, ita ut utrisque m, m’

isti conveniant valores, facto producto oltinemus:

(_1)2;11-1"““( em'in’ ) ‘/ k2a ]'I.m.m me-{-!m'iK');

ubi in altero producto numero m’, in alltero utriqjue m, m' valores 0, +1, +¢, ..,
+ “—:—l- tribuendi sunt. -
]
At vidimus §° praecedente, esse:

comn oy bm () em (G 22 ) 18] o 25 .

quam ita quoque repraesentare licet formulam :

..n.m(nu k)=‘/— Hsmam( L x),

unde iam:

ne=1.

1) smamou = (=1 k“"I'I.;n.m(u+————’"'x+2""m).

~a

Eodem modo itivenitur:’
2) cosamnu = ‘/‘(%)nn—l Hconm (u+ anK-t!m'iK' )

8) Aamnu = \/Ab(%)““' n Aam (“'i"ﬂ'?—mz"g—) .

" Quae facile etiam in hanc formam rediguntar formulae:

1 sin® am u
( - 2mK+42m'iK )
sm |
4) sinamnu=nsinamu| I Y
(x—v.in'.m-’-"-'.-x_ﬁi‘.'.’f—.im.mn)
n
sin? am »

1- emK+42m'iK

sin® coam o
5y eosnnuawmull T
1 — k7 sinam ZmK-l-:m iK

sinamu

I
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) 1 —k?sin? MMM sin’amu
6) Aamnn:Almull tmK nz K
1 —k?siu*am 2mKt2mikK sis’amu . |
n
Quibus addere placet sequentes:
. n-—1
7 n sin*am 2mK42m'iK = -(——:)n-‘ n
n k-—'—- ‘
n nesl l
8) rI cos? am M = (L) .
n k
’owrp N Ne=i
9) n A? am me-';!m iK — k‘—I—..
In sex formulis postremis numero m valores tantum positivi 0, 1, 2, 8, el

s s @ ’ 2
|
conveniunt, ita tamen ut uoties m == 0 et ipsi m’ valares tantum positivi 1, 2, 8,

n—1

— tribuantur.  Et has et alias pro Mnltiplication;'formuias iam prius Cl. Abel mutatis

o ey

mutandis proposuit, unde nobis breviores esse licuit.

DE AEQUAT.IONUM MODULARIUM AFFECTIBUS.

-

29.

Quia eodem modo A a k atque k a A, nec non )" a k', k’a A pendet; patet, ubi
secundum eandem legem Modulorum scalas condas, qui in se iuvicem transformari pos-
sunt, alteram Modulum k, alteram Complementum eius k' continentem, in iis terminos .
fore eodem ordine se excipientes:

R I YO S
cees AKX, Ll

Id quod in transformationibus secundi et tertii ordinis iam prius a Cl. Legendre observa-
tam et facto calculo confirmatum est. Similia cum de omnibus Modalis transformatis et
imaginariis valeant, patet, designante A Modulum transformatum quemlibet, aequatio-

nes algebraicas inter k et A, seu inter u ==’k et v=y "\, (uas dequationes Modulares
nuncupavimus, immutatas manere,



—_— 87

1) ubi k et A inter se commutentur,
2) ubi k’ loco k, ¥.loco A ponatur.

Alterum iam supra in aequationibus Modularibus, quae ad transformationes tertii et qmnu
ordinis pertinent :
) v—vifuv(l—u'v) =0
2 L FS5uV (w— )b \'.(l—;a‘ v) =0
observavimus; eiusque observationis ope expressiones algebraicas pro’ transformationibus
supplementariis exhibuimus. Ut alterum quoque his exemplis probetur, aequationes illas
in alias transformemus inter kk = u* et A =v*, quod non sine calculo prolixo fit. Quo
subducta obtinentur aequationes:
) = =1BEAN(—= 1 =A@ —Lk— A2k
2 & =AY = 5121k A (1 — k%) (1 — AY) {L—L’k’-l—L"I:'-—L"’k'},
siquidem in secunda ponitur:
=198 — 192AT 4 TBA — TAS
L = 1924 258 A* — 428 A% — 7B A’
L"= 78 4 428 A* — 258 A% - 198 A*
L= 7 T8A*—192A%— 128 AS.
Quae in formam multe commodiorem abeunt aequationes, introductis quantitatibus
g=1—2k', =1 —22a% Quo facto aequationes propositae evadunt:

1 (q—If = 64(1—qq)(1—1){8+ql}
2 (q—1)° = 256(l—qq)(l-—ll){16ql(9—ql)’+9(45—ql)(q-—l)’} _
= 2561 —qq)(1—1) {405 (qq+1)+486q1 —9q1 (qq+1)—20qql1+ 161}

Quae aequationes, ubi k' loco k, A'loco A ponitur, unde ¢ in —q, lin —1abit, immu-

tatae manent; id (uod demoustrandum erat.

Corollarium. (Juia Aequationes Modulares inter =1 — ¢ Ketl=1—2)
propositas formam satis commodam induere vidimus, intepesse potest, et ipsas functiones
K, K’ secundum quantitatem ¢ evolvere. Quod non ineleganter fit per series:

5.5.q% 5.5.9.9.q" ) :
K=J('+z.4+ 14638 TTdes 0.z T
n q $.3.¢ 8.8.7.7.¢¢ 8.8.7.7.11.11.q7 .
Y ('z—+ £.4.6 £.4.6.8.10 ' 2.4.6.8.10.12.14 "

12
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. q’ 5.5.q* 5.5.9.9.¢* )
K-"("" 2T 9465 T Taesm0E T
x q 8.8.¢ 8.8.7.7.¢ $.8.7.7.11.11.q7 )
+ 33 (T"' 2.4.6 2.4.6.8.10 2.4.6.8.10.12.1¢ @ "

ubi brevitatis causa positum est

.

T 40 _

/ —
b ‘/ 1—Tnn¢

30.

Jl

Faciliori negotio pro transformatione tertii ordinis aequatmnem

v‘+2nv(l—u v)=0

ita transformare licet, ut correlatio illa inter Modulos et Complementa eluceat.  Obtine-

mus enim ex illa:

—aY(lfvW=1lmuvd2uvle—u'v) = (1—0V) {4 uy)
(l—u'v)({l —uv),

4+l —v)=1l—u'vt=Ruv(l-—u'v) =

quihus in se ductis aequationibus prodit:

(1 = u®) (1= v*) = (1 = u® v")¢,
lam sit:

1—u* =Kk, =u"

AV = AN =,
extraclis radicibus fit:
viz=1—ulv,

sive ) o

Lo n’v‘-]-n."v"::fk‘_):-’-‘ KA =

1,

quam ipsam elegantissimam formulam iam Cl. Legendre exhibuit.

Neque ineleganter illa

per formulas nostras analyticas probatur. Quippe e quibus casu n==38 fluit:

A=Lk'sintcoamdoy A =

ks

Atamd e



unde: .
- kcos’am 4 o
= k? sin® =
fk). k? sin? coam 4 @ i 5 |
—__ k" A LA . . . A
ka-A’amio’ " B T

unde cum sit:
KK¥4kkcofam4w=1_kksin*am4e =A'am4w,

obtivemuns, (uaod demonstrandum erat:
YA Y ¥R = 1.

Ut exemplo secundo simpliciorem inter u, v, @, v eruam aequationem, ita ago.
Aequationem propositam : o
uw— v 4 §uty (0 e v.’,)-id.u;v(l-—u;".v‘) =0
exhibeo, ut sequitur:
W —v) (' 6u' Vv )fbuv(l—utv) = 0.,
quam facile patet induere posse formas duas seqmentes :
W=D @k = Ayl — e Ay -
W=y —v=—duv(l4u)l—v,
quibus in se ductis aequationibus prodit:
@—vp =160 (1 —u) (=) = 16 uly ue W,
(uia simul, ut supra probatum est, u® in u”; v* in v* abit,’ olftinemus etiam :
(V20" = 16 u?v? (1 —u'") (1 — V") = 16 u” v* u* ve.
Hinc facta divisione et extractis radicibus, - eruitur:

ul—v uy
e ——

4

, sive uv(u’;-v')=u'v’(v";n"),
) : I

VX vk—vn= VY (08 —yY). L

sive

P 58
.
3



31.
Alia adhuc aequaﬁonum‘Moduhrium '

wW—v'42uv(l—nu’v)=0
WS @ —v)f4uv(l —utyY) =0

insignis proprietas vel ipso intuitu.invepitpr, viz. immutatas eas ,n'lqngre, siquidem loco
u, v ponatur -é— , -%— Quod ut generaliter de aequatianibps Modularibus demonstretur,

adnotentur sequentia, uae ad alias etiam quaestiones usui egse possunt.

Ubi ponitur y ==k x,. obtinetur.:.
dy kdx

V68V l=)fere

unde cum simul x =0, y=0: o |
f’ dy z“fx dy R
0 \/(l-")("’%): ' o\/(l-—x’)(x-.m*)

Hinc posito

d =B«u—,.ﬁt: .-

f‘/(l-x)(l-—lr’x u |
/\/ t—y’) 1—— o

unde x = sin am (u, k), y = sinam (k u, L) . Hinc provenﬁ aeguatio:

k

sin am (lu, -:—) = isfn_al;é th, ﬁ), unde “etiﬁni '

-
(]
_—
[
£
il
]
] -
8
-
[+
2
3
-~
£
=
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sin coam (k ! SO S—
" m( " k)— sinc;oam(u, k)

cos coam (lu, —:—)=il’ lga'm‘(n,‘l) R

ik’
k cos am (u, k) '

A coam (kn, %)=

. A s A :
tgmm(n,T)— co:coam(u.k) .

ik

Porro peuendo i u loco u, guia Complementum Moduh ——» obtinemus adiumento

formularum § 19:

sinam {ku, ‘: )“_ cos coam (u, k)

1Y
cosam (k-, :k_) sin ¢coam (u, k')

ik’
k

1
a an(n, k)

a u,

-

(ke )
tg am (lm. . ) colg coam (u, k)
(n

k
& omm (b L) = A1)

tg coam (ku, -i) totg am (u, k).

lam investigemus, quaenam evadant K, K' seu arg. am ( 7 k), arg. am (—;—, k') , #i-

quidem loco k ponitur -:—; .seu iﬁvéstigemus valorem expressionum arg. am (—:— ) ':—),
arg. am( _..) quae expressiones e notatione a Cl. Legendre adhibita forent F ( :)

k

g am ’;"T f‘/ (=) (~2) f\/ (:-7)(-%) f‘/ (1-v) (--%)

F (—'l—) . Fit autem primum:




|
Posito y =k x, fit :

V== f ‘/1 !.)

, ponamns‘ y =v 1—k'k'x*, unde

1___.

Ut alterum eruatur integrale [

dy — —kdx

‘/(1—y)({—’—1) B \/(l—x’)( —vry) .

mul atque y inde a 1 usque k decrescit, obtinemus :

f‘/ l—y 1—— =_f‘/ 1—y’ —-—1) /\/ l-—x ._u, -
\

Iam quia x inde a. 0 usque ad 1 crescit, si- |

Hinc prodit arg. am(2 R ll) k{arg am( , k)-l—xarg aﬁn(—l;-; )}: {K+1K’},

sive ubi k in % mutatur, abit K in k {K -+ iK}

Posito secundo loco y = cos @, fit:

1
z
f f a9 —I:K'. unde:
OJ l—-y l+ kk —l(is|n¢ .
L3 ik

arg. am(—z—-, T) = k arg. m(-—, k) = kK,

seu ubi k in —i— mutatur, abit K’ in k K"
Generaliter igitur mutato k in -%— abit m K 4 im’ K’ in k{_mK+(m+ m’)iK’},

p(mK4m'iK kp(mK4(m+m)iK) 1

unde sin coam z

, kl in sin coam , id quod e for-

n " ’ T
. 1 1 .
maula sin coam (k u, T) == “5in coam (u, k) fit:
Ep(mK(m4m)iK) 1) .

com S zp(mx+<-+m')m') x
1 . L. sin cQam . e , k
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. . B mK4m'iK’ m K §4(m 4 m’)i K’ .
lam igitur, posito —_— =, — = w,, expressio
A= k‘{ain coam 2 o sin coam 4'w sin coarh 6w ... . sth coam’(n—t) m}"" v edab
1 e ' t \ R R FPR WA VE S SN n (ul*l:ulf'u. o oo !
mutato k in — in hanc abit: . [ . . . -
k e R IR R TH ER e
' = N
k" {;n coam 2 w, sin coam 4 w, sin coam 6 w, . . . sin coam (n -~ 1) m} “

ubi u et ipsa est radix aequationis Modularis, seu e Modulorum uumero, in quos per
transformationem aY ordinis Modalum :propositum. k transforntané-Jicét.. Namque e valo-
ribus, (uos e induere potest, ut prodeat Modulus trausfarmatus, erit etiom ile w. Unde

. . - .1 .1
iam causa patet, cur generaliter Aequationes Modulares mitito .k in.——, A in — immu-

tatae manere debeant. _
L T B B o (KN
Adnotabo adhuc, ubi secundum eandem transformatloms legem (uampiam sunul
transformatur k in k™ & in A™, . gioties” k™ ldco k ponatur , etidm'Ain A™ abire;

unde aequationes Modulares ubi simul k in k™, A in A®) mutatur, immutatag, mangre, de-
beat. Ita ex. g. aequatio f ka4 f k'M =1, quae est pro tr@psformdthne tertji ordi-

R T G
nis immutata manere delnet, ubi loco k, A resp ponltnr T unde lgco k

Y/ K 2¢ X
1Y i id quod per transformanonem secundi or(hm.s ﬁen notum est.

Quippe ae¢juatio Ykx 4+ VK% =1 in hanc ahit:
R YU Yo vrva o
‘/(l—l')(l-k') + 2y ¥x =1 sive
A+Ka+2 © Jaranaxyy
VTN =y I+O0+8) — fa-.r, T v

onetur

Voo ——

Qua in se ipsa ducta prodit: I

4y 00 = 2 (14 KN) — 2kA, sive kA =14K2 2y EN,
quaé extractis radicibus in propositam redit:
VEr =1y ¥ sive '/ n+fk'e.’— 1.

Quod exemplum iam a Cl. Legendre propositum est Gem,rahter antem de composmone

transformationum probari potest, transformationibus duabus aut pluribus successive adhi-

bitis, ad eandem perveniri, (uocunque illae adhibeantur ordine. - D
K
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32,

At iuter affectus Aequationum Modularium id maxime memorabile ac singula}e mihi
videor avimadvertere, quod eidem omnes Aequationi Differentiali Tertii Ordinis satisfaciant.
Cuius tamen investigatio paullo longius repetenda erit. '

Satis notum est *), posito a K4-bh K' = Q, fore:

14Q
dk

designantibus a, b Coustantes quaslibet. Ita etiam posito &' K W' K'== (', designantibus
a’, b’ alias Constantes quaslibet, erit

ka— 22 L a3 =kQ,

di?

2 0y ’
ok (1-&*).1’5-3_ + (1—8Kk" .‘:_‘z_ =kQ.

Quibus combinatis aequationibus, obtinetur:

(, ¢Q 4°Q . dqQ’ , 4°Q
b(-0)1Q G- — O} + a—s {o - - ¢t =0,
unde jutegratione facta:
S In 49 o 4Q) _ . dK' . dK) .
‘l(l—k')lQ ——Q }_.(.b .b)k(n_m{xT Ko =ar-she.

Constans C ;‘Cl. Legendre e casu speciali inventa est — — -;—, unde iam

—-l—ﬂ(ab'—a'b)

Q' Q dQ 2

Qg — = T ,» sive
1
, ———w(ab'—a'b)dk
d Q = 2
Q k(1—-k)QQ

Similiter designante A alium Modulum quemlibet, erit posito a A 4+ 8A = L,
dABN=L,

) o ..-;—x(nﬁ'—u'p)dx

— =

A(T—A)LL 4
Sit A Modulus in quem k per transformationem primam n* ordiuis transformatur; sit .
porro Q=K, Q'=K’, L=A, L'=A’; erit:

LV _ A _ K _ Q"

L A ~ K = T Q

*) Cf. Legendre Traité des F. E. Tom. I. Cap. XIIL i



unde
ndk _ dA
k(1 —k)KK — A(1l—2AA

. . ' K .
Invenimus autem pro ea transformatione A = =’ unde iam:

A —AY)dk

1
MM = e a0
n k(I—K)dA

’

. vy A 1
In transformatione secunda vidimus esse =

ula

dk _ ndA
k(1—k)KK =~ A (1=ADAA,

»

uode et hic:
1 A(l—Andk
[ el L A,
MM, = k(I—kNdA,

Generaliter autem, quicunque sit Modulus A, sive realis sive imaginarius, in quem per

transformationem n* ordinis transformari potest Modulus propositus k, valebit aequatio:

1 k(1—=k9dAr

MM = —. =

(Quod ut probetnr, adnotabo generaliter obtineri aequationes formae:
2K 4ibK

oM
*K'4ib'K

L e
»

xA4iBA =

N 4 ifA =

designantibus a, @', &, o' Dumeros impares, b, b, 8, @ numeros pares, utrosque positivos
vel negativos eiusmodi, utsitaa’ 4- bk’ =1, aa’4 B8 ==1*). Hinc posito:
LaK+4ibK=Q, #K+iblK=Q
aA4ipA =L, AN +ifA=1L, ‘

obtinemus, quia aa’ 4-bb =1, aa’+ BB =1:

d Q —nrdk i v —wdA
Q - W(I—-QQ ' ‘T T xa—-mLL ’

*) Accuratior numerorum a, a, b, b’ cet. cet. determinatio pro singulis eiusdem ordinis transformationibus gra-
vibus laborare difficultatibus videtur. Immo baec determinatio, nisi egregie fallimur, maxime a limitibus pen-
det, inter quos Modulus k versatur, ita ut pro limitibus diversis plane alia evadat. 14 quod ql}nm intricatam
reddat quaestionem, expertus cogmoscet. Ante omnia autem accuratius in nsturam Modulorum imagisariocum

inquirendum esse videtur, quae adhuc tota iacet quaestio. i

K 2



v, QLU —_Q : .
unde cum sit: < =1 L = sl gene:r.ahter fit:
1 A(—Aydk’ d
MM = T Tamwar

Aduotabo adhuc, aequationem inventam ita quoque exhiberi posse:

MM o L MA—Ada 1 A AT AW
T n K — k’)d(A’) T Th K (A—=KHd(T)

unde videmus, expressionem MM sion mutari,/ubi loco k, A Complementa ponuntar k', ¥,
sive quod supra demonstravimus, transformationibus complementams, signi ratione non
habita, ecundem esse multiplicatorem M. Porro mutando k in A, Aink, quo facto trans-

formatio in supplementariam abit, mutatur MM in

1 k(l—k)da 1 T S
= RA—mar = e oM o

quod et ipsum supra probatum est.

IR AR YL T

Posito ) == aK 4 bK', L = aA 4 BA), Copgtantes a, b, . B ita semper deter-

minare licet, utsit L —=—- ﬁ , sive Q =ML. Porro habentur aequatmnes

P

3 ’Q 2 dQ — !
1) (k-—k) o+ - a‘k) Q=0 .
dL .
) (A—A’)W*(l—sk')r—d-r—ll-':o: :

quas etiam huoc in modum repraesentare,licgt :.

(k—k»)dQ R ° v : t
T Pl . . 1 - ¢ - - . -l
—kQ=0 0=

ak
(A—AndL

dr
- AL = 0. o
dr . . . . P o

LK

Lo o . e [ L T T |
Substituamus in apquatione;

T g aem Y- Ciemo

-



Q=ML, pl'(niit:

L{(k k) .(.ﬂ,— +(1 817 i"l. - m} ‘"‘ {2(]: p)__ + (1_sw)M} + (k— Ix*)M—-— =o,
qua per M multiplicata , obtinemus:
: (k — k) M*dL
5 LM ’(k—p) IM -8 _.“.‘. - kM} td :: = 0.
Ate §° antecedente fit:
_ (A=AYdk &—k)M?dL _ (A—AY)dL
M= uude ax = T aan
Porro ex aequatione 4) fit:
{L-})'T)—“'—}=ALJ}.. unde
(k—k)M?dL . (A—A)dL
—dk i dx _ALdA
d dk =d ndk = adk
Hinc aequatio §) divisa per L in hanc abit: "
. dM AdA
6) M{(k—k)—d-k—,-l-(l—st)——kM}-}- S =0

Ubi iv hac aequatione valor ipsius M ex aequatione M = —-(?:—’iz)%% substitnitur, ob-
I

tinetur aequatio differentialis inter ipsos Modulos k, 1, quam facile patet ad ordinem ter-
tium ascendere. Facto calculo paulle molesto invenitur:

84\ 2dA A, AN {(1+w- (1+A” ue}___o

D S " w TS i) e

-

In hac aequatione dk ut -differentiale constans consideratum est. (Quam ubi in aliam trans-
formare placet, in qua differentiale nullum constans positum est, ponendum erit:

d'A ara dad*k

s TET etmmmen g co——m—

dk* dk* ak

aa dsa 8d*°Ad’k dad*k 8dad’k?

e ap ks dke TG

unde: .
saar Ldr A _ 8dA SdA'd'K' | 24Nk edada
dk* ~ T dk "dk 4~ dk* aks . dk*




_ 8 —

Hiuc aequatio 7) multiplicata per dk° in sequeitem abit, in qua differentiale nullum
constans ,positam est, vel in qua ut tale, quodcunque placet, considerari potest:

8 s{dk'd’x-_.wa*w}_zdkdx{dkm—dxm} dpd»{(""; ap (;"":: '.w}

Hanc patet, elementis k et A inter se commutatis, immutatam manere aequationem, id
quod supra de Aequationibus Modularibus probavimus.

Operac pretium est, alia adhuc methodo aequationem illam differentialem tertii
ordinis investigare. Quem in finem introducamus in aequationem, unde proficiscimur:

- S - S 1o =0

quantitatem k—k)QQ=s. Fit

4t = a—8QQ + 24— Q Y
S = stQ+4a—moaq+m—m( ) +re—megE.
Qua in aequatione ubi ponitur:
(— k‘)—,—,{f— =kQ —(1-8 |t') . prodit
L = —aQQ+20-3170Q __g + z(k—k*)( Q)

daQ o 4Q
=t 5r{e-smQ + a—y FF - sroe.

Qua aequatione ducta in 25 = 2(k—k’)QQ, obtinetur:

z;—::' = 2(k-—k)Q _2.{2 1—3k9QQ 4+ g(k_p)Q_Q_} — 8k — —ne,

sive cum 8it:
z(k-k*) Q4 —— = -‘— — (1-3K9QQ

21319 QQ + 24—k Q TL = T + a-s e,

obtinemus :
2sd's ds \* - 2 ds 2.9
—_—= (‘ﬁ) — (1 =3k Q% — 8K (1—k) Q8 = (TF) — (14E7Q%, seu

o 4 — (o) + (Zp)e =0
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lam vero posito 'K 4 V'K = (', -%—:t, vidimuns esse :: = &—::Wz ':' R

. . d . .
designante m Coustantem; unde s = -"—:“—k. Aequationem 9) in aliam transformemus,
. . ., ds md*k d's md'k md’k* .
1 gua dt constans positum est. Erit T = T I = e T daap qmbus
substitutis ex aequatione 9) prodit:
2k sak 14k ae
avdk — drae * (k—p) a¢ T O sve
3.2
10) 2dkdk —Sd’k'-}-(:%:‘ dis = 0;
ubi secundum t, quod ex aequatione evasit, differentiandum est.
'A A ’ .
Pouendo At 88 Constantes &, 8, o, 8, quoties A est Modulus trans- *

“At+BA — %
formatus, ita determinari poterunt, ut sit t = w; nec non simili modo obtinemus:

11) umu—uw-.-(iL::)d»=o,

in qua aequatione et ipsa secundum « =t differentiandum erit. ~Multiplicetur aequatio

10) per d A", aequatio 11) per d k*: subtractione facta obtivetur:
1 L ] 2 2 3239 ¢} "l+k,' t ] 1+A” L} (—
12 zdkdx{dxd'k—dkd‘x} - 3{». &K — dk'd ;.} + dkda l(k.—k«) K — (a__?)‘"‘} = 0.

At haec aequatio cum aequatione 8) convenit, in (ua scimus, differentiale (uodcungue
placeat tamquam constans considerari posse, ideoque etsi inventa sit suppositione facta,
dt- esse differentiale constans, valebit etiam, quodcunque aliud ut tale consideratur.

Ecce igitur aequationem differentialem tertii ordinis, quae innumeras habet solu-

tiones algebraicas, partiéulms tamen, viz. Aequationes quas diximus Modulares. At In-
tegrale completum a functionibus ellipticis pendet; quippe quod estt = w, sive —;—;—é'—_:_'-:—';;-

= :2 I gﬁ , quam ita etiam repraesentare licet aequationem :

mKA 4+ n'KA 4+ o'KA 4+ a"KA=0,
designantibus m, m’, m”, m"” Constantes Arbitrarias. Quam integrationem altissimae in-

daginis esse censemus.
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Inquirere possemus, an Aequationes Modulares pro trassformationibus tertii et
quinti ordinis reapse, (uod debent, aequationi nostrae differentiali tertii ordinis satis-

faciant. Quod vero cum nimis prolixos calculos sibi poscere videatur, idem de transfor-

. . . e . 1—V .
matione secundi ordinis, ubi A = T demonstrare sufficiat.

Consideretur dk’ ut constans, fit:

1=K ) e
A= = — c——
dr _ —2 k.  _ -k
d¥ (14K d¥ k&
x4 ek =1 KK —1
dk? — (1+k) ) dx" " S
er 12 A &ox 3K
T T 14k , e T e
Hinc fit:
di?d' A —dard’k®  16K'K 4
dKe TR T k4K,
4{k~k"-(x+k'*} 4{&"(x—u"_1}
k(14K - ke (14-K)*
Porro obtinetur:
dkdA—drdk 12K 6 - efea—1y 41}
di’s T k(14K kB (l4k) ks (1—Kk)*
dde{dhd’A-—d}.d’k} uk"{za._k')'—l}
aie = (k) g
sfaar—an 'k} — 2dkda{dkdr—dadsk) 2@k —1)
unde ave e T
Porro fit

14k dk* (14K’
(k—k' ak? — T kT

(l+>~’)’ dr* ¢ 1+k'}’n+k”}’ a4k

) Ak T Ak Tk V8K T TR
unde:
(14-k%)? di’ (1+}.'}’ dar  s(1—2kY
l.k—v} ar =) I T T e
dkrdar ([ 14k dk* (1+v Ay 12(1—2k)
g l(x_p) aK* — \x— ») a7 T Tk



Hinc tandem fit, quod debet:
s{awrarn — ax’d*w} — 2dkdA {akm_auw}
- dkl‘

: dk‘dx*{ 14-k%\* dk? 14an dar) 122K —1) xi(t_zk")
dKe (l:--l:’) ax’ ~(A—A’ arﬂ} PeEayn Barep =0

Ubi methodi expeditae in promtu essent, si (uas aequatio differentialis solutiones alge-
braicas habet, eas eruendi omues: e sola aequatione differentiali a nobis proposita Aequa-
tiones Modulares, quae singulos transformationum ordines spectant, elicere possemus omnes.
(Quam tamen materiem arduam qui attigerit, praeter Cl. Condorcet, scio neminem, atten-

tione Analystarum dignam.

34.

Aequatio supra inventa:

A(l—AA)  dk
k(1—kk) ~ da

»

MM=-L.
n

cuius ope ex Aequatione Modulari inventa statim etiam Guantitatem M determinare licet,
digna esse videtur, cui adhuc paulisper immoremur. Non patet primo aspectu, quomodo
valores quantitatis M in transformationibus tertii et quinti ordinis inventi cum aequatione

illa conveniant. Quod igitar accuratius examinemus.

a) In transformatione tertii ordinis, posito u =V , v=v A invenimus:

1) ut—v* 4 2uv(l—u’v?) =0,

quam ita quoque exhibuimus aequationem §. 16:.

2 (v+20‘)(u—-2v’) — s,

v Qa

Porro fieri vidimus:

v 2viemqy

2w . Bu

3)‘ M=

Differentiata aequatione 1) obtinemus:

du - v —un+4Bulv?
dv 2w 4 v—Su'y
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. . vf2ul) (Evi—u)
sive loco 8 posito ( - )( )

u

du  2vi—u 14v'v 42uv

Y dv  fu'4v l14u'vi—Z2uv

Ex aequatione 1) sequitur:
1—ut = ({4 u) {t—vi 4 2uv (1 —u'v)}
= l—utvid-ut—vifuv(l4u?) (1 —u’v?
= l—-u‘v‘-{i-iu‘v(l—n’v’; = (1—uv)(14u’vV4$2ulv).
Eodem modo invenitur:
1—vt = (1—uv?)(14u’v*—~2uvs),
unde
1—v"  14u'v’—2uvt
1—u* 14u'v42uty
1=+ du _ 2v—u
T—w dv _ Tofv

, sive ex aequatione 4):

Qua aequatione ducta in

v vy

Su - @wdvEr—u

prodit:

1 vyl—v) du _ 1 A(l—AN __( v
8 "u(l—u") dv 8 "k(I—kk) = \v+2w

Q. D. E.

2
)=MM,

b) In transformatione quinti ordinis, posito u =Vk, v=v"1 , invenimus:
R 1) w=—vt45u’v(u'—v) 4 4uv(l —utv?) = 0,

quam his etiam modis exhibuimus aequationem §§. 16. 80:

u=-v* v—ut
9 u(l4uw'y) v(l—uv) s
' 8) (u—v")" = 16u'vi(1—u")(1—v").
Porro invenimaus:
y M=oy vt

v—ut  Su(l4utv) A




— 88 ——
Differentiata aequatione 3), obtinemus:
6uv(l—u*)(l —v®)(udu—=vdy) =

u(@—y)(l—u)(1—=5v)dv 4 v(u'— ) (1 —~v*) (1 —5u")du,
sive:

5) v(l—-v'){!m’—-n“’ + v’-—Su‘v’}du = u(l=—u’) {Sv’—v“ + u’—5u“v'}dv.
Aequatione 1) ducta in u', v°, eruitur:

50~ u® e vV =50’y = (1—uty?) (v’ 4 S5u’ 4 4u'v)
5 v o u? —Su’v* = (L—utv) (0 4 5v — 4u v,
unde aequatio 5) in hanc abit:

6 vil—vY) du _ o*45v —4uvt
u(l—u")  dv Y4 5u'44usv

Ponatur u +v'=A, a4 u'v=B, v—u'=C, v—uv'=D, ita ut:

AC .

—_— =5, C=5B
) sl.ve A 5BD
D

C

w57 —4uvt = uA 45vD

V4504 4uty = vC45uB,
erit:

7 vi—v) du _ uA45vD _ uAB4vAC D
u(l—u") * dv vC+5uB ~ vCD4uAC ' B
uB<4-vC AD

vD+4+uA "BC _BC = SMHM.

Fit enim:

uBgvC=vD4uA =uutvv.
Unde etiam:

MM=—1—. v(l—v*) ) du =_L. A(l—=AN) ) dk )
5§ a(l—u® dv 5 k(1—kk) dAa
Q. D. E. '




‘THEOBIA EVOLUTIONIS FUNCTIONUM ELLIPTICARUM.

DE EVOLUTIONE FUNCTIONUM ELLIPTICARUM IN PRODUCTA
INFINITA.

35. .
Proposito Modulo k reali, unitate minore, videmns Modulum

4

A=l"{sin com-’—:(- . sinwam%..:inmmkﬂ{-},

in quem ille per transformationem primam n* ordinis mutatur, crescente numero n, ce-

lerrime ad nihilum convergere; adeoque pro limite n =00, fieri A==0. Tum erit

A= -;;—, am (u, A) —=u, unde e formulis A = ;xﬁ, N = -I-(ﬁ-,, obtinemus:

Ponamus iam in formulis pro transformatione primae supplementaria §. 26 -:— loco u,

D= 0: abitam(%, ).) inam(ﬁ, ).)=l"%-, y.—:.sinam(-si-, ).)insin-:—;; porro

am (nu) in am (u). Hinc e formulis illis nanciscimur sequentes :

(— Yy 1 Yy — yy
sin? inK' o 2ixK sin? 8ixK’ U
1) .
K K
sin am u = QI:y . Yy o> K
1— I\ [1—- ~\[1— Yy -
sin? inK )( sin? 8inxK ) R 5iwK’
2K *T3K i}
1— Yy« (— Yy 1— Yy
cos? inK’ cos? 2inK cos? $inK' ot
. . K S—
cosamu = ¢ 1-yy. ny : Yy ”K
) = l-— — . .
i ( o ATK )( . BirKr)(l  5inK
‘2K ‘2K ‘2K




(-

A amu =

yy T o
s BRK NEITT
S bt

1— Y 1~ Yy _\f[1—-—L—-\...
inkK ginK SinK
{_snanu = cos . — cos . — cos. —
14sinamu 14y ° y Y y
(1+ inK )(l+ cos irK 1+ 8irK ) o
cos . — e cos =
y y y
(l— cos iK' )(l 8inK’ )(l— co 5inK ) ’
{—ksinamu _ " 2K 09K L -
i+ksinamu y y y
\ 1+ irK ) 1+ 8irK )(1+ 5ixK’ )
Wl.-ﬁ- cos . 2K cos . 2K ‘
cos inrK 8inK' co 5inK
. s .
. ny 2K 2K 2K
sinam u = — - <+ - ¥ + ..
kK nn’.-m—'-—yy n? irK ~Yyy  sin%, K -yYy
eK 2K
in inK' sn S3inK’ Q 5inK’
[ e sin . . in .
cosam u = iyil-yy.= 2,K 2,K Q.K
kK n’.-l-’-r-E- yy sin’. K-—-yy un’.!:!-l(-—-yy
2K 2K
—nK
. - K wu . 2K x
Ponamus in sequentibus e =q, =X, Ssive u==-—

y=sin?'£—=sinx; fit:

minK qP=q=™  i(l—q'™
meex = i = T agm
cos. mizK = qm+q-m = 1+e’" ,
K 2 2q™
unde:
yy _ 4q¢’Msinx 1=2q¢'"Mcos2x 4 q*T
1= o, MIFK '+ ——gw = A—q oy
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4q*™ sinx? __ 14-2q"Mcosex 4= q¢ ™

- — =1 — =
cos? minK (14-q¢m2 (1t g™y
K
y 2qMsinx 1+ 2qMsinx<4=-q' ™
1% miaK = 1E Trggm = e
cos .
‘ K
minK'
TENTR T 2qn4e™
., miwK - T 1—2q*Tcos2xfqtm
sin®. — yy
v . mi-n'K' * :
i.sin. — 3 2qm(1—gim)
. minK = l-—2q’mco;2x+qim
sin®. — yy

His praeparatis, atque posito brevitatis causa:

(U= =) (—g) ..
A= { == =g " }

b= U=y
=\

1+q)(1+q%) (14q°) .

¢ = ({9l iog).
U+ A+ A+a) -

prodeunt Functionum Ellipticarum evolutiones in Producta Infinita fundamentales:

. 2Kx _ 2AK . (1—2q’cos2x4q*)(1 —2q*cos2xq°) (1—2q°cos2x4-q¥) ..
1) sinam — = ———sinx. (1 —2qcos2x4q°) (1—2q°cos2x4q") (1—2q*cos Lx4-q°) .. *
2Kx B (14+2q°cos2x+4q*) (1 +2q* cos2x+-q*) (14-2q°cos2x4-q") . .
? cosam —— = cosx. (1 —2qcos2x-q%) (1 —2q*cos 2x+4q*) (1 —2q* cos 2x—-q*) . .
A am 2KE _ c. (1+2qcos2x+q°) (142q cos 2x4-q") (1 + 2q*cos2x¢'0) . .
8) wmwe—= T (1—2qcos2x+q) (1 —2q°cos2x4-¢*) (1—2qt cos 2x4-q") . .
. 2Kx
o 1—sinam - Jl_,m; (1—2qsinx4=q’) (1—2q"sinx4q*) (1 —2q*sinx-f=q*) ..
o 2Kx Y Idsinx (142qsinz+4q) (1+2q'sinx+q") (142¢°sinz4q") ..
14-sinam -
1 —ksinam 222 = ar v
: ~ksinam — _ (l_zquinx-f-q) (1—2¢ @sinx4q*) (I —2¢ gisinx4-q") ..

42y qoinxdq) 142y grinxtq) 142y Foinz g9 .

-~

. 2K=x
14ksinam -
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Nec non alind formularum systema, quod resolutionem propositarum in fractiones sim-

plices suppeditat: A
e _ 2 Vet o Vat+e) . VTt +.)
w

6) sinam = Tx " 1—2qcos2x+4-q* + 1—-2q'cos2x+4-¢° 1—2q*cos2x+4-q°
7 cosam 2Kx _ 2 v q(l—q» _ Y ¢(l—q) Y gt (l—g9) _
x kK 1—2qcosex+-¢q* 1—2qcos2x4=q* 1—2q*cos2x - q'° N

Quibus addimus ex eodem fonte manantes:

144 (At 1+q*
—a eKx 4msinx? ( q( 1—gq ) 1 (l-—-q‘) q,(i—‘I') )
91— .mT = T K 1—2qcos2x+4-q°> - 1—2q*cosex+4q"° + 1—2q*cos2x<4-q» -

9) mg—ﬁ-:=j:x+!Amtg.-g-1—T;‘!)?-—!Amlg.%-—q’):i+ihctg.L-:-i‘)l:!—‘-—-..

In formula postrema sigunum superins eligendum est, (uoties in termino negativo, inferius

quoties in termino positivo computationem sistis.

36.

Contemplemur formulas 1) — 8), in guibus ante omnia- quantitatum, quas per A,

B, C designavimus valores eruendi sunt. Facile quidem invenitur ponendo x = -;5- , €

formulis 8), 1):

{ U—9U—g)1—a) ... V' _ (¢
, ’

K =C
) (1+‘l)(1—‘l’)(1+‘!')

unde C = vk’;

= SAK{(l-'-q’)(l-l-q‘)(l-i-q“) ...}=__ 2AK ¢ _ 2/ WAK
T e Wt Udg)te) .. f T T« "B «B
unde B — -2—£—AE- . Atutipsius A eruatur valor, ad alia artificia confugiendum est.

i s s irK . . . 2Kx .
Ponamus e'*= U: ubi x in x+'-;i- mutatur, abit Uin v qU, sin amT3 in

sin am(t-l:—‘ -+ iK') = —1—5-!(—:

ksinam ——
x



E formula-1) autem obtinemus:

smam 227 = A (E=E7) {t—ya—qv) . Ha—qgU-90=gU- ..}
L g - Hd=aUT - Uy

. inK’

unde mutando x in X —4- ———:
1 _AK (/'—U fq“U-*) {1—qUyt—¢ .. {u—qu-nt-gU-7..}
ksin am K™ ! {t—qU)—q . }{t U=yt —qU-"..}

quibus in se ductis aequationibus, cum sit:

v qU—¢ 72U 1 1-—qU

1—u /‘— Uu—-u—*’
PTOdit: '
1 1 (AK) . v q KA 2V g
_—=——) A= ; unde = .
k= Vg ( ) SIve YK x ey
. ) 2/ Y AK . K . .
Hinc erit B—=———7—"= 2V ¢ ‘/k:' Iam igitur fit:
2Kx _ 1 2Y quinx(1—2q cos?xdqY) (1 —2q cosxtq) (1 =2 cor®x-qt) . .
sia am - '/‘k— ’ (1—2qcos2x4-q°)(1—2q*cos2x+q*) (1 —2qt cos 2x4-q™) , . .
2Kx /¥ 2y qeosx(1+42q cos2x+q")(14+2q cos2x+q") (14 2q" costzq) . . .
cosam - "IN (1—2qcos2x4-q7) (1 —2q’cos2x4q*) (1 —ql cos Lxfeqt?) ., .

2K: _ /T (142qcos2x+4q°) (142 q*cos2x 4 ¢°) (1 §-2q8 cOs xfmg®) o . .
= Y T Tt )2 cordxt )T T corBxek 4%) 1

Aequationibus in se ductis:
K (1—qU—q)(1—q) .. }*
B =ty \/ G FaaTT

-_ 1/ T {l—g(l—q)(1l—q) ... )
€= ¥ 1 T+9d+e 0+ .- }

prodit:

sV v {t—ou—g-a..}*
YT {a+outad+e) . f




Jam vero secundum Eulerum in Introd. (de Partitione Numerorum) est:

(1—q)(1—g%(1—gq") ...
(l—qQl—=q)(l—g* ...
_ 1

T = (—q)(1—q) ...’

A4+QU+)t+q) ... =

unde obtinemus:
1= e
r

{a—9U—g)t—g)t—gq)..

Advocata formula:

L A - {4=2 (1—g) 1—g) .. I,

JyI.k  L0—a)d—g)i—q)..
fit:
{(l—q’)(l—q‘)(l_qq(l-q‘) ..}"= 2K unde etiam:
my g

o/ K KK
1—QU=-g)(1—q)(1—q) ..} = ——
{t—9u—g)t—q)(t—q s

Quibus addere licét, quae facile sequuntur, formulas:

}o=2 q

9 {0+0U+)A+at+q) .-

5 {tra U+ a+a+a) .} = YWeaard

(U +Da+IU+e . J = —.

E quibus etiam colligitur:

A+ A+ +e) - |

SDok= ”“{ +9 A+ A+ -+ J
- (1—q) (1—q) (1— ) -
® ¥= { A+ 0+ 0+9) - }
9 2K _ { (d—q)(1—q)(1—q" . 1’{ A+ 0+ a+e) - |
P =T I—9U—q)(1—g) .. I L (d4+)(1+q9(1+4q") -.
=gt (l—gY)(1—gq") .. )?
10)_’..'15_4/‘ {( 99 (1—q)(1—q") }

(1—q)(t—q")(l—9q")..
M

J
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(-9 a—g)(1—g) . -
T+ Uu+9) d+e) -

(1—q)(1—q9)(1—q%) .. ?
(l—q)(1l—gq)(1—q% .. }

(A—q)l—g*)t—q") ... |’

2K K _ {

2Vq{
2y F K {

A4+¢)1+qY1+q" ... )

E formulis 7), 8) sequitur aequatio identica satis abstrusa:

1) {0—U—)t—q) ..}" + 16q{1+g)A+q)A+q) .. }*

{t+a0+a+e ..}

Vidimus supra, ubi de proprietatibus aequationum Modularium actum est, mu-

tato k in L

k

Commutatis

K in k'K,

unde etiam:

k'

. ik
seu k in _lk_'—

37.
, abire K in k (K 4-1K’), K' in kK’; porro freri:
sin’am (k u, i:' ) = cos coam (u, k')
cos am (l:n, i:' ) = sin coam (u, k')
ik 1
8w (k0 ) = T
inter se k et k', hinc sequitur, ubi k’in
K in k' (K' 4 iK); porro fieri:
sin am (k'n, -ITE-) = cos coam u

ik) .
——— | = sin coam u

cosam (k'u, T

A am (k'u, -——'li )= ! .
k Aamu
(, ik n
am {K'u, —} = —— — coam u.
k ) 2

abeat, simul abire
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—nK

At mutato K in k'K, K'in k'(K’' 4-1K), abit =e R n— q, unde vice versa fluit
THEOREMA L

Mutato ¢ in — ¢ abit:

Kin ¥K, K ink (K4 iK)

Kx

X
in cos coam

eK=x | 2Kx
in sin coam

cosam

A am 2Kx in !
n 2Kx
) A am

2Kx =« 2Kx

in == — coam :
w v

mutato simul ¢ in — ¢, x in - — x, abit:

']
2Kx . «x 2K x
am in — — am
L3 2 3
. . 2Kx
sin am in cos am
n
.. 2K«x
cos am in sin am ———.
n

1
A am 2K« in — A am 2K x .
n K

Inquiramus adhuc, ¢uasnam Functiones Ellipticae, mutato ¢ vel in ¢* vel in
/Y4, subeant mutationes. I o
Vidimus supra, Modulum A, per transformationem realem primam n* ordinis a

Modulo k derivatum, ea insigni gaudere facultate, ut sit:

AN K
I
K'n
unde mutato k in A, abit q=e in ¢". Idem, a nobis de transformationibus

Me
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imparis ordinis generaliter probatum, iam dudum a Cl Legeundre de transformatione se-

cundi ordinis probatum est, videlicet posito A —

=

unde videmus, mutato k in

1—-K . .
g abire ¢ In ¢’.

l+k' fieri:
)K, AN = (l4K)K —_— 2 —::—»

Hinc vice versa obtinemus

THEOREMA IL

»Mutato ¢ in ¢* abit k in A=K Kin (H-k’) K,”

unde etiam:
/K
14K

k' in
KK in vkK

vk in

kK

fk KIIIT

k
14+k

14K ? 2

14k in ——

1+k
£ 1Y
1—kin m— :

v (U4 VXY
l+k m—l—_—’_-k,—

(—=vEk)
1—Vin T

Ex inversione huius theorematis obtinetur alterum

»Mutato ¢ in g, abit k in

unde etiam:

1—k
1+k
k’

k' in

vk in
kK in 2¢%k.K

vkKin KK

1+k

THEOREMA 1L
2 . »
—1—_;,_—.:—, K in (14-k) K’

14k
ki U
14K in 1-:1;
v

Quae tria theoremata evolutionibus §§. 85. 86 propositis multimodis confirmantur, suam-

que in sequentibus frequentissimam inveniunt applicationem.

. Quippe quorum ope vel

ex aliis alias derivare licet formulas, vel aliunde inventac commode confirmantur.



Quantitates, in guas posito ™ loco ¢ abeunt k, k', K, designemus per k™, k"™,

K™, ita ut k™ sit Modulus per transformationem realem primam n* ordinis erutus, eius-

que complementum k™. Ponamus in aequatione:

fror_ A=l —g)(1—g) (=) . ..
kK =
{ I+9U+q¢)149)(t4q) . .. }

loco ¢ successive q*, ¢*, ¢°, ¢'°, cet., prodit facta multiplicatione infinita :

fk"” k@Y koY faey | .. =

{ (l—q)(1—q)(1—q)(1—q") ... }’.
I4+q)A4q)(14q)(149qY) . 0. [°

at invenimus: >

f 1—q)(1—q)(1—q)(1—q") ... }’= 2y YK

Va+ O+ 0+ A+ .-+ "
unde:
1) 2K _ kY k@Y km"km)’ cenen
o k

. ‘,)’_ 2“‘&' .
Cum sit k —Ti-—F, ﬁtex i).

2Ky 1 vy e/ ey gy
(_) B SR P A PR LA TN T R

~

unde divisione facta per 1):

2K _ 2 g 2 2
® A4k 14k 14 k@ 1k

2

Quaé etiam eo obtinetur formula, quod sit:

2K K™ ]
x w14k
LK™ 2K(® }
x w14k
2x®  gK® 2
—3

P x 1+ku)’

’




_— 0 —

. . . . - . an»
unde cum, crescente m in ‘nfinilum, limes expressionis

sit 1, facto producto in-
finito prodit 2). Posito:
L]

m= 1 |, n =%
m = m-zl-n , o =¢ mn
m” = —— :—n , n'=¢ m'n
m"’= m tn N n"= m” #
. . . ,
fit:
kY = AV K = o
14-k m’
k'Y szu" —_— n”
= 14k* = m” '
por = 2
= l+k“)' ="
. . . s
unde:
] m ] _m 2 _ n”
.|.+k' = m: » l+k‘”' - .n‘n » 1+k“" - mm ’
ideoyue:
2K _ m m’ ” "
T - m: mll . " mam R

seu designante yu limitem communem, ad quem m™, n™ convergunt, crescente n in

infinitum :

s) -E—:-l—.
L [d

Quae abunde nota sunt.

Ponamus rursus in formula:

2
A am Kx =
n

Vara (142qcos2x4q”) (142q° cos2x4q*) (1425 cos Lx4-q™°) . ..
’ (1—2qcos2x+4-q°) (1 —2q°cos2x+4q*)(1 —2q* cos x4 q1°) . ..
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loco ¢ successive ¢°, q*, ¢°, cet.; sit porro:

2) R
S =A40am ( 2KTx » kM)A am ( 2R R ku))A am( 2K®x . km) -
'3 ” ”
. [ 4 -~

Facto producto infinito, cum sit:

l__ y YK = fkm' k(Y k(Y kasy |
L

obtinemus :

s = LVFK (142q'cos2x4q%)(1+42q*cos2x+q") (142" cos2x+q") . . .
= (1—2q*cos2x+4q*)(1—2q*cos 2x4q") (1—2q cos 2x4q'?) . ..

Jam vero e formulis:

. 2Kx . |
sin am =
"
2 .V qsinx(1—2q°cos2x+4q*) (1 —2q*cos2x+4q") (L —2q°cos2x+4-q'?) . ..
vk (1—2qcos2x+4q°) (1 —2q3cos2x+4q*) (1 —2q*cos2x+4q*°) . . .
2Kx
€08 aM —— =
” .
ox/ E ¥ qeosx(14-2q7 cos2a+4q% (1 42q* cos 2x+q°) (1 +2q° cos@xqt¥) . . - .
k (1 —2qcos2x4~q*) (1—2q cos2x~-q°) (1 —q5cos2x+4-q'°) . .. ’
obtinemus :
Kx
tang am =
1 tang . x(1.—2q" cos2x+4-q*) (1 —2q*cos2x+4q*) (1 —2q"cos2x+4-q*?) ...
vk (14-2q°cos2x4q*) (1423q*cos2x4q*) (142q°cos 2x4-q') ...

unde prodit formula memorabilis
S. tg am ﬁx—
n

4 =
) tang x 2K

”

Ut eandem per formulas notas demonstremus, advocemus formulam pro transformatione

secundi ordinis, qualem Cl. Gcuss exhibuit in Commentatione inscripta: ,, Determinatio

Attractionis” cet.:

2K™x ‘
2)y 3 2)
2Kx 14k )unam‘ —> k )

sin am =

)
" 14k sin? am ( ZK; -, l:(")

»
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quae brevitatis causa posito:

m
am ( 2KM x . kmn) =@m, A ‘m(gxumx ) kum) = Am
x L] '

ita exhibetur:

(L4-k™®) sin O®
14k sinf @’

sin @ =

unde etiam:

cos O A
14 k™ s OO
1 — k® sin? @

A(o) = l + k(:) Iin, ¢(l)

Mg
g ¢ = —

cosd =

Formula postrema ita guoque repraesentari potest:

tg® g 1
gK = 2K® A®
L. 4 ”

»

unde loco ¢ successive posito ¢', ¢*, ¢, ..., quo facto k, K, @ abeunt in k*’, k',

* LR ) ™ . 2) .
k*®, ..; K%, K9 y e @7 0%, ¢, ..., obtinemus:

19O g e 1
2K® ~ 2K® T AW
L 4 L
ge® g 1
eK® — T gK(M®™ ° AM®
L] L
. 'B¢(n ts¢(n) 1
¥ <) 9K(18) AN
n h.g

Tam limes expressionis

o
— L4
2K 2K (P
” ”




crescente p in infinitum, fit
tang x;
tum enim fit k' =0, K? = -1;—, am (a, k) = u; unde iam facto producto infinito
et posito, ut supra, S=a" a" A" ..., prodit: )
‘ g P g x

e s

kg

(uae est formula demonstranda.

E formula:

__Su¢
r="3x

”

Algorithmus non inelegans peti potest ad computanda Iategralia Elliptica primae speciei
indefinita; idque ope formulae, probatu facilis:

A,,,_‘/ TEa+E)
T+5(1+2)

Quem in finem proponimus

THEOREMA.

® d¢ =@
4 -fmmCosW‘-l-nn Sin ¢*

fmmCoc@’-’-nnSin@‘ = A4,

Posito

v ¢

formentur expressiones:

mtr _w R ew o=y ZEEET

]

’ Y ° m (AY
lzt.n_.,=m' mn =n" J mm(+-Ai-n)
i}:i:_-m"’ Y m"a" =" ar —‘/ml’::l(-i:-n)

N
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designante u limitem communem, ad quem quantitates m™, A, n‘P crescente p ra-
pidissime convergunt, erit: '

aa"a”..,
tang u @ = e ctang .

lisdem methodis, quibus in antecedentibus usi sumus, invenitur etiam valor
producti infiniti :
Ve V& /e Vg
Vi Vi i e

Quem in finem allegamus formulas §. 86, 4), §):

2y'q
114U+ U4+g)U+q) ...} = ——
{4+ +e)t+e) .. .} 7T

k
(14914 q) L4 q)A4qY - . . }" = s
{ } WYV T

quarum posterior e priori nascitur loco ¢ posito successive ¢°, ¢, q° cet. et facto pro-

ducto infinito, unde obtinemus: o

_ k. __ g _E e
W¥ys Jow i e

Iam vero ermimus 1):

2K ‘/’ TR NPT W T
k' bl

L4

unde:

5 YE K _ V5 V§ VE V§E
s N A
Quae licet aliena videri possint ab institato nostro, cum nec elegantia careant, et
magnopere faciant ad ‘perspiciendam naturam evolationum propositarum ; . opposuisse

iuvat.
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EVOLUTIO FUNCTIONUM ELLIPTICARUM IN SERIES
SECUNDUM SINUS VEL COSINUS MULTIPLORUM ARGUMENTI

PROGREDIENTES.
39.
E formulis supra traditis:’ f
1) sinam 2K x = zw siu (1—2q"cos2x ¢4 (1 —2q* cosx4q") (1 —2q* cos@x=q'?) . . .
LS - " T(2qcosa g (1—2q' coslaty*) (1 — 24’ cos2a-q") - ...
8 cosm 2K _ 2V AV . (gl cosx V) (14 2qvcos 2x 47)(1+ 24 cos2ag") .
. '/T * (1—2q4cos2x+4-q°) (1 —2q*cos2x+4-q*) (1 —2q*cos2x+4-q"°) .. .
8 a 2K« Voo (142qcos€x4-q’) (1424  cos2x+q*) (1 4-2q° cos2x4-¢*) . .
mee = (T—2qrosatq) (1 =29 Costxt ) (1 —2qicosTx fq®) ...
1 2Kx .
—sinam == ‘/1_a.n- (1—2qsinx+q7, (1 —2q*sinx 4 qY (1 > 2q sinx4qY) . . .
Y . 2Kx 14-sinx (142qsinx+q) (14 2q°sinx4-q*) (142 ¢ sinx4-q*) . . .
1==sinam - v
ks 2K=x
5 T (l—ﬂ/qunx-l-q)(l—annx-{-q‘)(l-—!'/?mu...qs)
l+|uinam2x‘ (l+!'/‘q smx-{-q}(l-f-!V q mnx-[-q’)(],_'.zmun‘_'-q‘) »
~

logarithmis singalorum factorum in altera aequationum parte evolutis, post reductiones

obvias, sequuatur hae:

_ { 24 q sin z ) 2qcoslx 2q*cosdx 2q'cosbx
= VY j* T e L ey

K
6) log sin am !“ -

2Kx . F lqmlx 2q’coséx 2q*cos6x
7 loswm—"—-los{zf;‘/rm:}+ =t S T samg t

2K=x o 4qcos?x 4q'cos6x 4q*cos 10x
8) log & am - = log k -+ 1—q S(l—q") '5“""!"‘)
L sin o KX ' ,
9 1 +emam == ) 1-4-sinx 4qsinx 4q*sin8x 4qtsinSx
) log i ¢V imame T i S(i—q) 5(1—q)
\ 1—suum.——;-

Ne
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. 2K«x
10) log t—ksnam x 4y qsinx 4y q*dn8x + 4y q*sin'5x '
l+klinam’1:x 1—a 31—q) St—qY

Quibus formulis differentiatis, ubi adnotamus formulas differentiales probatu faciles:

4.1 " 2K x 2K x
. log sin am _ WK cos am —
dx - w ' 2Kx
cOos coam
n
4.1 K2 sinam 2Kx 4Kx
. log cos am 2K '——“ _ K - am -
dx = I s, 2Kx =« -8 2
sin coam .
. 2K x
d. ’
log & am 'K $Kx . 2Kx
— = « S5I0 aM an coam
dx ® w
1+|inam§£:
d.log d
1—sinam z
_ 2K 1
dx - ” s 2K x
sin coam
”
l-l-kainani’x
d.log —Z
. 2K x
1 —ksinam —
n 2k K . 2Kx
= o 810 COAM oo
dx ” x
eruimus sequentes :
cosam 2Kz
1) ZE;K :x = colgx — hisin!x Qq’sin:x Qq’sinfx .
cos coam *x +a 144 149
. 2K=x .
SID AM cmammnenn
12) 2:( :K = tgx + 4qsin2x 4q’sinfx 4q’sin‘61 +.
sin coam —— l1—q 1+4q 1—q
w
18) K . sin am"(x sin coam 2K = = 8qsin2x 8q*sin6x 8q’sinl0x .
” n 1—-¢ 1—¢q* 1—g™»

«
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1) —i 22 R . _. & e L ST . K o b ST 1 ard ST, .
. Kx cosx 1—gq 1—q* 1—gt >
 8in coam G R B
) , .
1y ZEE L #Kx: ;J qeosx 4f§max + Ay Peossa .
” o 1—q i1—gq 1—¢*
¢ B | :

Ubi in his formulis loco x ponitur 3-—x, eruitur:

2Kx
16 ek n g 4qsin8x 4q%sindx 4q*sin 6x +
. = X o= — .o
ol cosam 2 KX 144 144 14¢
— ., ;-
in coam QK.! .'\ . ;
an ——— .
2K bl 4qsin2x 4q'sindx 4q'sin6x
17) . = colgx = - — -+ — -
” sin am 2Kx lf-q 14-q 1—q
K 1 4qsinx 4q*sin8x 4q*sin5x
18) = - -+ ..
o sin am 2Kx . .dinx Lemq . l—¢g 1—qg
19) 2kK . sio am 2Kx = 4y qsinx + 4y qainSx 4 q'!"ll5! +..
o ” 1—q 1—¢gt 1—-7¢*

Formula 18) ponendo -:——x loco x immutata mauet.

» -

Mutando ¢ in — ¢ e theoremate 1. §. 87 formulae 11), 12) in 17), 16) ab-
eunt; 18) immutata manet; e formulis 14), 16), 18), 19) obtinemus:

2 eK'K _ 1 4qcosx 4q*cos8x 4q*cosSx +.
) 2Kz cosx 149 i—¢ ~ i+¢ "
9 COS AN = . .
- .
21) kK i am 2K x = 4y qecosx + 4y qicos8x + 4y qcos5x +
w x 1+gq 14-¢* 149 o
) . KK _ 1 4qsinx " 4q*sin8x _ 4q*sin5x
- i T T T idq T i4q
oo coum z:: sinx +4q +q +q
kK 2K« 4y qeinz 4y @ sindx 4 3V Fuinss

8) —— - cos coam

144 149 . 149"
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Formulae 19), 21) “per evglutivires wotas_ ex i’ enalp ﬁicde denvm posmnt,

guas supra attulimus §. 85. 6), 7): e ' S
R I PR o ACLC . VE+y) Vea+a)
n am PE— kx__ ( _zwx_..f"‘ 9—%‘4‘-“3*4-1‘ f_m—m“'.-)

cos am 2Kx = 2 .u( f_(l_ — V/‘—(l"‘l‘) /F(l—‘l') - ._)'

kK Aw2qoostitd I —2qgoslxtql T 1 —2g' gos2ucprg¥
E formula 9) §. 85:

: 2Kx , T
AM e =X . e - N
- = - - - T T e e
+4q +q +q*
x 2Arct tgx 2A x 4 =) —.
+ x4 2Arc s(( )s ) rcts(( ' )+ Arctg(“ ).g )
sequitur adhuc: - ' .. B i o anens --1'—-»- - - -
2Kx 2qsin2x 2q*sindx 2q*sin6x *
) wm—— =<+t aare T S0Fm T . |

Eandem enim pro swm ambwun ratione ita repraesentare: Kicel :

(149t (14-q¥)t (14q)t
+xoh Rheetg. o — e Toe TSI o
— 2 L dee T e g

siquidem brevitatis causa t = tg X. F1t autem:

Arctg. (tat Arcig. { (1"5“1)t - (l‘-‘l)' } =
1—gq l—q+(149tt
' 2qt A qsin®x (I
| )
rete . 1+tl—q(l-—tt) rete . \ 1—qcos2x )
2K x
unde am = .
. - A
" qsin2x s qsin2x © 7 gtsin®x v
o SArctlg . —m————— A m——— -
* + 2Arctg. 93— qcos2x T T Peosta + 2Arcig 1—gtcos2x’ '’
sive cum sil: . oo v o . .
qsin2x . 4 q’ain4£ ' q*sin6x i
Arctg. Toqoests ‘lnn,!x.-i- R ‘?",» — 3 + - e
oK , T . . -1 i Tt . ‘::V T T
fit am £ — o "
x
2qsin2x 2qisiids LV 2gsinbx | 4 g ’.
x o —1 o 1 + !

1494 2(14-q9 ' S(l4qh) - P
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quae est formula 24). E cuius differeptiatibne prodit: . .

2K 2Kx _ tqeos®x . Afcosks | kglcos6x L, . .
B bm = =t S e R e

unde etiam, posito — g loco ¢ seu —-— x loco x:

%) 2KK 4qcoslx 4q*cosdn 4q*cos6x + ,
——— ] — + —tf - = n S T
A 2:: 14q e T T i -1,
¢ ';- oo v'' _ ) -
20,

E formulis propositis, ponendo x = 0 vel aliis modis facile eruuntur sequentes:

R T
METETD o

_ tq aq? et
1) logk —M‘Vf;—‘ T+4q + 21499  S(1+4q)

4..-_

. 8q 8¢’ 8 8q
h —logk = i—g " 3a-o | -9 T Ta—g9 T
Al ! ‘
2K 4q ig 8 LT 4qn
10g e = - 4 oo !
R e T B+ o SA+@ LTk T
2K _ 4q Q.ql‘.:_:':__ ' iqs_?_ _._ o - -
Y n =1+ i—q 1—¢q -+ 1—gt A
4 " i - agr S 4 : .
=1 .o
. +.l+!’ + 14q ., 149" + ! o L
g 2XE_ g 4-{?-;,,»_-4,/‘?-; T | ot
o 1—gq 'l—q! . 1—q* | T .
. .- S N S LS PYY S vt .
M Wy W,
I e T s i '
g 2¥E ey Aqi v A :
LIV o % PRI o AFRLEES 5 S S
PR IFIEEL. JENIPIUE. . Jp
=113 E W.‘W:-i-! A
n ey VK SRR | ol 4 Agui i jaqu + '
o 14-¢ 14-q* 14-q'© *e
4q 4q 4q*
=1=— - ..
e T e T e T
KK _ . .8q 166 . 9%q*
R e = e s~k
_ 8¢ . ' B¢ . ‘8¢
=ttt oot aso vt




4kkKK _ 16q 48q° 09
9 xw - 1—g¢q’ + 1—q* +-T l—qm +:
Bq(t+q) . SCUte) 189G +09 PR
(1—q’ (1—q" CA=qe)
KKK _ 8q 6 _ __%g¢
W —— =15 t 3¢ e
8q 8¢’ 8¢’
~are T arar T aren T
iy KKK _ h/‘;_ 12y'¢ + Ve
i © e 7
_ 4y q(+9 +4\/‘_(1+q‘) +4/‘_(l+q') +.
t+9’ (t+q%* 1+q7°
4YKK _ Sq le _ ”q-
1 ——=!'—-1x¢ ¥t Txr Fe T
_ 8q* 8q* - 8q°
=l=agrert aro arer T
4kKK 4f_ i <
19) P 1—gq 1—‘1 + 1—¢ o - ) o
_ 4y q(l+9) +4/‘¢F(l+q‘) +4v/;‘-(1+1‘) -+ .
A—qy (=rva —¢) AR

‘Formulas 4) - 18) duplici modo repraesentavimus; facile- antem repuesentatlo altera ex
altera sequitur, ubi singuli denominatores in seriem evolvantur.  Aduotemus adhuc, se-
cundum theoremata §. 37 proposita e dnabus ex earum numero, 4** et 8", derivari posse
omnes. Ponendo enim f— loco g, cum abeat K in (14-k)K, subﬁ'ahendo e formula 4)

* prodit 5); deinde ponendo — ¢ loco ¢, abit K in-k’ K unde e f(’)rmnhs 4), 8) pro-

deunt 6), 10); §) immutata manet. Ponendo ¢’ loco ¢ abit k K in K K unde e 6),
10) prodeunt 7), 12). Ex 8), 10), (uia kk+k’k’-—-— 1, prodxt b) Ponendo v/;

loco 4, abit kK in 2v'k K, unde e 9) prodit 18). -Pogepdo — q foco ¢, abit kKK

in ikk’KK, unde e 18) prodit 11). Ceterum pro ipso ‘Modulo vel. Complemento eius-

modi series non extare videntur. C
Formulis propositis ad dignitates ipsius .q evolutis, ohtinemus:

16 R » 8 . 52 86 .

14) logk = log4éy q —4q+6q* — .5.1! 4 8q* _?.!5;.*-31- _?qv + Tq.._ 'g-'l"‘l* _s__q.;.. .

82 48 64 104 96 . 112 192
15) —logk’ = g+ g+ o+ o+ gttty

*
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2K 16 24 16 82 52 %

16) log — = -+ g -t e - T4 g~
K

m — =144q+4q"+4q" +8q¢ + 49"+ 49"+ 8¢° + 8¢V - 4q'* - 8q7 f4q"* 4 ..

18 22X VAT A TY VAR VATEN MATE ST VAP Ve iu oo g

19) ’:'K =1—-4q44q 4+ 4q* —8q* 4 4q" —4q" 4 8q"° —8q - 4q"* — 8q"" - 4q** ...
"
) 2/}[( =1 —4q 4 4q* 4 4q" — 8q0 4 4q" — 4q" 4 8q® — Bq* 4 4q” ..
GKK 2 3 .. ] L] L]
W ——— =1+ 8q+ %Uq +52¢° + Uq* + 48" + 96¢" + 64 ¢7 - AUq" ..
4kkKK )
%) = 16 q < 64q® 4 96q* - 128q” |- 208q° - 192q" 4 22 q** - 884q¥ f-..
g ANKKK o 8q4thq —82q 4 gt — 48q° 4 96q" — 64q7 + 2" . . .
ww
w VKKK T 16y T+ U/ T — 82T 452/ T — 48y G 56y P —
ww .
4'KK 2 () L} 10 12 “qtt {1 ()
25) =1—8q"4 2q' —82q"+ Uq" — 48q° | 96q"" —64q' 4 2q"* — 104q" 4 ..
nw

w KK sV T/ o+ T+ T+ 5/ T+ 8 56V P

T

Quarum serierum lex et ratio quo melius perspiciatur, denotabimus eas signo sum-

matorio £ termino earum generali praefixo. Statuamus, p esse numerum imparem, ¢ (P)

summam factorum ipsius p. Tum fit:

o) 8qF 8 s 8
M logk = logty q — 4T — (P {qP — Iq"l’ -.s-q")‘—l—s-qul’_...}
B) —logh =8 -2-5?-)— qP

o |o,’_"_ - 4>:v) {q,_q.,_q.p_q..._q-w_..}.

Porro sit n numerus impar, cuius factores primi omnes formam 4 a1 habent,

merus factorum ipsius n; 1, m numeri omnes a 0 usque ad 00: obtinemrus :

2K 2'dm—1)n

%) =144Z¥(@q

¥(n) nu-




) (4m—1)’n
81) Q:’K = 4 Y()q t
" 9 L+ — 1)
82 Z:K =1 —‘Eill(n)q,(‘m_l) n + 4”,(““2 (4m—1) n‘
(] 1+2 2
85) ] :K=‘_42"‘(“)‘]2(4111—1)n+4z¢(n)q2 (4n—1) n

Designante p rursus numerum imparem, @ (p) summam factorum ipsius p: fit

4K
84) "*K =l+82@(P){qp+ﬂq’l‘+3q0P+3qIP+3qup+._}
%) “::K-—- - 16 Q(p)qP
%) 4‘::{1(_.:l+8EO(P){—qP-l-Sq’P..-3q¢P+3qnp+3q“p+-.}
p—1
' :
m “:fx = 4=  o@vYq"
38) 4:1:7( = l+82¢(l’){— q'P - 8q*P - 8q"P - 8¢*P - 8¢¥'P 4 }
3 SXE = azemY T

Demonstremus formulam 27). Invenimus 1):

— 4q 4 4¢
logk = log 4¢3 — 7200+ Faam ~ Saker T

guod ponamus = log 4v'q + 4 EA®¢".  Sit x numerus impar p = mm’, e quovis

termino — 'an-i-q—m)" prodit ——l:—p, unde constat, fore A" = — —9;('2 . lam sit x

numerus par = 2'p —¢'mm’: e terminis

—qm qm q*m Q'™ qﬂlm
=@+ T Tmadem T marem T wmatem Y oo™
provenit
*f_ 1 1 1 1 1) _ 8¢
n {! iy St SRR TE u H f i Tt

unde A —= !:,%, id quod formulam propositam suppeditat.
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Demonstremus formulam 30). Invenimus 4):

2K 4q 4q -_4¢ x
T=l+ T—q — T—g -+ —¢ — o =144F A0gX,

Sit B’ numerus factorum ipsius x, quiformam 4m--1 habent, C*' numeras factorum,
qui formam 4m-+8 habent, facile patet, fore A — B — C™. Sit x = ¢'nn, ita
ut o sit numerus impar, cuius factores primi omues formam 4¢m—-1, o’ numerus impar,
caius factores primi omnes formam 4 m — 1 habent, facile probatur, nisi sit n’ numerus
quadratus, semper fore B™' — C* =0, ubi vero u’ est numerus quadratus, fore B
—C*=B"™ =y (n), formula 80) fluit.

Postremo probemus formulam 84). Invenimus 8):
4KK 8q

_ 164q* Uq 824+
e 1—q +l+q’+l +l+q

+ .. =148TANgx,

Designante x numerum imparem, facile patet, fore A® = @(x); ubi vero x numeras par
= g‘p , designante p numerum imparem, guoties m factor ipsius p, e terminis

1
mq® 2mq'™m 4mq'm 8mgq'm Lmg
8{ 1—q™ + 14q'™ + 14-q'm + 14-q*" +oet l+q’lm }

prodit smq {1 — 2 —4 — 8 — .. —2' 4 2= 24my’, unde eo casu A = 5¢(p),
id quod formulam propositam suggerit. Reliquae similiter demonstrantur vel ex his de-
duci possuat.

. 2Kx 2K x
Expressiones cosam ——, 4am-—,

LT ad dignitates ipsius x evo-

lutas, Coéfficientem ipsius x* nauciscimur resp. — T( ’: ) y — 5 ':x) |+ _:_ ( 2"_x )"

unde e formulis §' antecedentis 21), 20), 24) prodire videmus sequentes:

w (2R .,/'— T 8/7 o7
o k(_—w—)— Cigqg ¥ 1+q Fie T t }

S AU bate) VTS | FUSeten
a—9r a—qr =g h

(2K 9¢ . _%Bg b9 =

A1) k( = 1+4{ el + o T7 +..}_
1+4{ q(t—6q'+q) _ _a'(l—6q'+q") PU—6g+q") _ )
T+qr T+qr a+ey y

[0 K]
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2K \¢ q 4q’ 9¢ 16 q4
kk{——}) = 16 Ly =
o ()=l et et ' |
q(t49) ¢ (149 a*(149% \ '
o~ “a—er— T ~azer * |

Ex his posito — ( loco ¢ obtinemus: " |

a8) uk(’f)— "{:/_Tq - 3'5: ""15_«;?,_419:{1?"'"} l
) “,(3"5 s=1_‘{ 1:‘1 _ f_’f; + f_q.;. _ :iq; +..}
15) k’kk(zf)= ‘5{ l-:q’ - ,f:;. + 1:‘-!«;' - l‘iq; + }

Formulis 42), 44) additis, obtinemus (ﬂ)‘; 40) et 48), ¢1) et 45) subductis obtinemus
( Ll )’, (“'K ), e quibus posito resp. fq, q° loco ¢ prodit (“’hx) (2 VK)‘; e

" © x

(4/TK

)’ posito — ¢ loco ¢ obtinetur (-%ﬂ(-)‘.
: |

Sub finem, posito k = sin &, evolvamus ipsum & — Arc. sink. Vidimus, po-
|

sito f«; loco ¢ abire k' in ———

1 bit k in ‘X
k ; ponamus rursus — ¢ loco ¢, abit k in ol sive in

1+
i.tang &; ita ut posito if(; loco ¢, expressio % mautetur in
1 1—itamgd)
& '°‘(1+iun.s)_°'
Hinc e formula 2)
et — 84 8¢ 8¢ 8¢

Tttt Y T
eruimus:
46) 5=Aﬂ:smk=4'/h ‘/;; -+ LA o +..

i4q  8(4q) ' S51+q)  7(l4q)

“quae in hanc facile transformatur:
) -Z_=mq;/?—Arctsv/?+Arc'sv/?—Arcls/?+----

quae inter formulas elegantissimas censeri debet.
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41.

Aequationem supra exhibitam:

+ 4y Qain8x 4y gsinbx

p 1—q 1—¢ 1—qt +-

2kK 2Kx _ 4y qainx
”

in se ipsam ducamus. Loco 2 sin m x sin n x ubique substituto cos (m — n)x — cos

(m4-n)x, factum induit formam:

2
( 2kK ) sin’am 2K A Acos®x 4 A"costx 4 A"cosbx ... .
x

n
Invenitar:
8q 8¢ 8¢
A= .o
i—g ta—or T a—ar T

Porro fit:

A® = {6BM — §C™ = s{zn«m —cm},
siquidem ponitur:

B = g7 -+ x i + i <+ cet. in inf.
(1—q)(t—q'n+y) (1—q)(1—q*n*) A—qg)(l—~g'"+9) )

e = 1. + L + 1 +.+ L -
A—pd—¢o) T A—pa—g=) T T—ma=g=9 T—ge-9a—9

Jam cum sit:

qnﬂn = qu { qm - qinﬂn }
(1—q™(A—q'n+m t—g? | l—=gm 1—qntm >
fit B™ = )
qn ‘ q q’ qﬁ
l-q’. \ 1_q + l—q' + l_ql + * '}
qﬂ q2n+l ‘1’“‘“ q’n+’
— ‘_q’n { 1__q=n+: + 1_q:n+g + 1_q'n+. + . .},

sive sublatis, (ui se destruunt, terminis:

M _91° q q L
BW = 1—q'n { 1—q ':." i—q +.. 4+ l_q.lll—l }
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Porro fit:
qn _ qﬂ qm qln—m
(I—q®{I—q™~®)  1—q'" {1-—1“‘ + 1—gq'n=m + 1}’
unde
C(ll) = nqn zqn q q! q‘!n—n
1—q'° + 1—q'" {1_,, + 1—q +.. .+ 'th-n—-:','
Hinc tandem prodit:
A"'" = 8{23«1) — C('"} = .ﬂ
1—g*t ’
unde iam:
9 (!-k—l-()’sin"am 2Kx — A—B{ qcos2x + 2q%coséx 8q’cos6x
= o l—q’ l_q‘ l—q. + “ e Qe
Simili modo vel ex 1) invenitur:
2kK t 2Kx _/ qcos 2x 2q’coséx 8q’cos6x
- )cos m —— _B+8{ —q + T—q - +..},

siquidem :

_gl__14 q? q*

A=3S8

o T —er ta=r -
q* q°

+t e T T

R
f
_ q
B =8| -
E noto Calculi Integralis theoremate fit, (uoties
@x = A4 Acos®x A”coséx 4 A"cosbx . .,

terminus primus seu constans:

ust
A=—:—fz¢(x).dx,
[

unde nanciscimur hoc loco: -
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Ponamus cum Cl. Legendre

L4

©
E‘=f *apam) = _’"5:/ * dx.A%m zf’ ,
0 0

erit: .
2 ) 2K 2E’

— ome— gt E——

” L4 ~ k.3

B =

«

2K 2E" ( KK )=.

k. ”

Hinc etiam, cum mutato ¢ in — ¢, abeat A in — B, K in k'K, sequitur simul abire

tr. E
Em-F.

Adnotemus adhuc e formula 1) sequi:

2K\ q 2q* 3:q £q°
8) “‘(T _16{1__q, + o T e +}
S q(1+4q+q°) (1449 4q") q* (14-4q'4-q*)
= 16 g+ gt e+

unde etiam mutato ¢ in — (:

. 2K |_ q z:q! slql pqc
H vE (—w—) - m{ i—¢ T—¢ T i—¢ ~ I-¢ +}
= 16)3U—tatq) | @A—4e e | @U—dgby) |}
U a4t (Itqr (1—q%* J
Subtracta formula 4) a 8), prodit:
2kK \* q Pqt 8 q" bq
%) (_'n'—) = 256{ 1—q* + 1—q' + 1—q" + 1—q* + - '}

= “{ T+49'+9) | clHAe+eY) | 90d+497+9T)

L
A—qy A—q) A—aop Ty

guem etiam e 8), mautato ¢ in ¢°, obtines.
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42.

Methodo simili atque formala 1) inventa est, in expressionem

2K \?
(=
2K x

in seriem evolvendam inquirere possemus, siquidem formula 18) §. 39 in se ipsam du-

catur. Id quod tamen facilius ex ipsa 1) absolvitur consideratione sequente.

Etenim formula :

d.logsinam —% ‘/1—(1+kk).in~.m.35_‘_+u-in~m 2K
2K x ©

dx R . 2K x

0 A —

©
iterum differentiata, factis reductionibus, obtinemus:

d?. log sinam ﬂx_

1) z =(2K)'{usin-am ":’_ 1

dx? x

Jam vero invenimus §. 89, 6):

. 2K «x _ V? . qcosx q*coséx q*cos6x
log sin am — = log(!/T) <+ log sinx +4 2{ ¥4 -+ B+ 3(1+q‘)+ . .},
unde:
 log si 2K«x
4*log sin am —= R S a{ qeos?x . 2q'cosdx | Sqlcosbx . |
dx* sin®x 14q 14-¢ 14¢ J

Porro est §. 41, 1):

(zu("', ., 2Kx
)’In AM e—
" ”

2K 2K 2K 2E’ gl 4cosx  2q'cosds  3qcosbx \
. ow x 1 1—q*

l—q‘ - l_q" . -l'y
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unde cum e formula 1) sit:

(’K ) d?log sin am 2K«
> ) o :kx)-ﬁn, gKa _ C 8N
. . Kx ( am n dx? ’
sin” am
provenit, quod quaerimus:
(91()'
T
? . . 2Kx =
S10° M re—————
”
2 2K ¢k 2E’ 1 (q*cos®x 2q*coséx 8q°cos6x
Tt W e Ty T

Mutatis simul ¢ i — ¢ et x in —;—-—-x, mde K in KK, E'in E

- § 4,
. 2Kx . 2K . .
sin am —= in cos am —— abit, e 2) prodit:
(lk'K 2 *
o |
N’ TI »
COS™ AM =—mvsame
n
(2]&'[( ' 2K eE’ + 1 +8{q’cos!x 2q*coséx 8q"cosbx
r )— o cos* x 1—q* 1—q* 1—q* —} _
His adiungo, quae facile e §. 41. 1) sequumtur, hasce:
2K \* 2K x ] R’ | qcos®x 2q”cos 4x 8q'cos6x
) —_— 2 = —
) ( n )A am n ” ” +81 1—¢q° + 1—q* 1—q }
LK'K |?
5 ( ” ) _ 2(_ 2E" —8{ qcos2x 2q®coséx 8q*cos6x
) A? am 2K x T x = l—q’ l—q& 1—q . '}n
~ .
quarom §) e 4) sequitur, mutato X in -%- — x seu ¢ in — q.

Posito y = sin am-i?, Y(1—yy)(1 —K'yy) =R, fit:

_ 2
T ow

.R
a’y (2!(

”

).y(l + kk — 2k*y?)
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( - )'(1+ kk —6k'y) R

n.

!l

L= (B5) (1 + ek e — o atiny +omey)

G-

( - ) (1+uu+ k¢ — 60k* (14K y* 4 120k*y )

cqt, cet. ,
unde:
y = sin am 2:: = ifx - (1:::’) (2;(: )’+ -l-:.l:.k;.-’;k. (2:'(‘ )’— o
ideoque:
(‘%K') N ( 14-kk )(ﬂ)_,_ 1—kkAkt (’K )’.x +.. |
,;n..m_zﬁ. xx 8 ” 15 " U i
L 3

qua formula comparata cum 2), eruitar: ‘

(1+kk)(2:()__1_+(3x)__z_1£.-g_g‘__s{ q + 2qt . 8q“+..}' i

8 LI 1—¢ 7 1—q* ' 1—gq
sive:
2K K 2E
oot e, e s H(F)ew
1—¢ 1—q* + 1—q* + t—q* +..= 2.5.4
Porro fit:
1—=k’4k+\ / 2K ¢ _ 1 { 9 Bqe 8 q" Qq“.
( 15 )(T) =pt o ticgti—¢ T oo +}
sive cum sit: 15§ —=2.2 —1:
2K \* 2 q? 43 q¢ 6° q* 8% q*
(l_k'-g-u)( - ) = 1+z.m{ l_“q, + 1_“(“ + l_."q' + x_qq- +. }
’ z!qC 8"“ ‘lql
- 16{ i—¢ T =g T 1o¢ * 1=¢ +"}

De hac formula detrahatur sequens §. 41. 3):

+(2K ) _ q oq? $q Bq
k( ” )_ 16{1_‘!: + l—q‘ + l—q’ + l—q' +"}l
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fit residuum:

LS PP T L R

" —q 1—¢q' 1—¢q 1—q*
unde etiam, mutato q in — (:
§ (2B )= 14+ 16{-3 ik N Lk ik MR
)(w} + {l+q+l—q’+l+q’+l—q‘+ )

quae difficiliores indagatu erant formulae. Quas si iis iungis, (uas supra invenimus,

. . .. . 2K 2kK
1am (uatuor primas dignitates ipsorum —,
. k. ”

habes.

in series satis concinnas evolutas

FORMULAE GENERALES PRO FUNCTIONIBUS
2Kx 1

sin® am R
T

2Kx
©

IN SERIES EVOLVENDIS, SECUNDUM SINUS VEL COSINUS
MULTIPLORUM IPSIUS x PROGREDIENTES.

43.
Inventis evolutionibus functionum:
. 2Kx .,  2Kx 1 t
sin am , sin®am ) : T — TR
smn am’ SIN° AMN e
”

lam quaestio se offert de evolutionibus altiorum dignitatum ipsius

Kx 1

. 2
sin am >
L

. 2Kx
SiN AN =

~
peragendis. Facilis quidem in Trigonometria Analytica via constat, qua, evolutione in-
venta ipsorum sinx, cosx, progredi possis ad evolutionem expressionum sin"x, cos"x ;
nimirum id succedit formularam notarum ope, quibus sin"x, cos"x per sinus vel cosi-
nus multiploram ipsius x lineariter exhibentur. At in theoria Functionum Elliptica-

P2
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rum illud deficit subsidium; ad aliud confugiendum erit, quod in sequentibus ex-

ponemus.

Formula, quae e¢x elementis patet:

dsin?amu
du

= nsin“"amufl — (l4-kk)sin’amu <= kksin’_amu ,

iterum differentiata, prodit:

d?sin"amu

n du?

= n(n—1)sin®’amu — nn(14-k?) sin" amu +4 n(n+4-1) k?sin?®?am u.

Posito successive n—=1, 8, 6, 7.., n=2, 4, 6, 8 .., hinc duplex formetur

aequationum series:

I

d?sinamu

T —  (1+4k%)sinam u 4 2k’sin’amu

d?sin’amu
—_—

6sinamu — 9(1+4k?)sin’amu - 12k*sin* amu’

du*
d?sinsamu . . .

o = 2Wsin*amu — 25(14k*)sinsamu ~ 80k’sin’ amu
& si:’u:mu = 42sin*amu — 49(14-k*sin’amu 4 56k*sin*amu

cet. cet.
IL

d*sin’amu . a -

o = 2 — 4(14k"sin’amu <4 6 k?sin*amu

d? sin*amu

1w = 12sin’amu — 16(l+k’)cin‘a;|1u <+ 20 k?sin®am u

d*sin®amu

T = 80sin*amu — 36(14k*)sin®amu <4 42k’sin"amu

2 i ®
. ": :_mu = 56sin*amu — 64(14-k) sin"amu 4 72k*sin®amu
u

cet. cet.
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Ex aequationibus I. eruis successive, posito Mn=1.2.83 ..n

"I a

d%.sinamu

e + (t+Kk)sinamu

n2. k*sin’amu =

4. ksinamu = _."L';‘::& + 1o(x+w)li‘"‘_“ + 33342k +4-8kY) sinamu’

6. Ksin’amu = —otinamY_ 35(1+|;’)-3L‘“l'5- + 7(87 488k 87k%)

d?.sinamu

du®
+ 45(5+8k’+8i‘+5k") sinamu
8. k*sinfamu = .d"—::nu:"_'l‘_ + 84(1+k’).d_w_ + 42(47458k*4-47k) d"j::“““
+ 4(38294-8815k" 8815 k'+}329k-)_d:'_';f£2_
4 815(85 < 20k? - 18k*~}- 20k® 4-85k") sinam u
cet. cet.
II. a.
. 4?.sinffamu .
8. k*sin*amu = e + &(t4ksin"amu — 2

I5. kesin® amu = _f”_?;‘%‘ﬂ_ + so(1+k')d—w + B(B+7K"4 8kYsin"amu — 82(14 L)

7. k*sin*amu = d"“;“::"'“ + 55(1+|‘=).d_2'_m_"_ + 112(7+8k’+7k4)L";_":’°ﬂ.

o+ 198(18 4~ 15k* - 15ké - 18k") sinam u — 48 (24 4 82k? 4 24k9)
cet. cet.

Ita videmus, generaliter poni posse:

2) II%an.k'%in'?*'amu =

n—s
+ A‘“ ns. 3 “:____l_namu -+ .o A")unamu
u

.
n=% sinamun

du?n—?

_d’ﬂ.ainamu +'A:\ &

du?n

8) II(2n—2).k?2 " *sin’amu =

d?"—? sin*amu ) d'%~%.sinamu (0 d787¢ sin’amu (n—1 . o
—a';l‘,f:,-"—"‘n T T B -—d,—lI:;—d-+..+Bn sm’amu-‘-?n .

designantibus A;™, B.™ functiones ipsius kk integras rationales m* ordinis, excepta B;",

quae est (n— 2)*. Porro e formula, unde profecti sumus, generali:

d,’:‘:’mﬂ = n(n—1)sin®"amu — un(14-k%)sin"amu + n(n4-1)k*sin"*?amu




patet, fore:

8§ A™ = AT 4 @o—1y(1A+k)AJTY — @a—2@a—1)Rn=B) kAL "

5 BY™ =B + @o—9'(U+L)B1 " — (20a—8/2a—2)(2n—4 KB

n—1 n—1 n—g3 ?

quibus in -formulis, quoties m > u, poni debet A;™ =0, B{™ =o.

Mutato u in u 4 iK' cum sin am u abeat in ~<>——— in formulis propositis loco
smamu

sin am u poni poterit , unde proveniunt sequentes :

ksinamu

1
2
e * sinamu 1
sin’am u = du? + (45 sinamu
.
2
. ns - sin' :mu + LY. — ,l -2
sintamu du sinamu
ms s T 8 (34 2k*4-8k¢)
_ sinamu . sinamu
sinfamu du* + 10(1+K) du* + sinamu
5 d. in’:mu a*. sin':mn 8(84-7k? - 8k%)
S
sin®amu = dut + 20(1+k) du? + sin*amu — %2+
cet. cet. ,
ac generaliter:
In2n
6) sin?®*1amu =
eon.— e 'n:mu drems. sin:mu A"
. sinamu ) st ) n
dut? + Aﬂ du?n—* + A' du?®—¢ +.-+ sinamu
Nen—1)
n sin*"amu
dill—'.._._’.‘_—- d’H'—'iT’:-"T d,’_‘.'in%—. B(n‘"
sin’amu (1) 1) amu n
AT + B, PP + B, T + . ——— 4+ KB".

sin’amu



44.
. . . o s . Kx .
Quum inventum sit antecedentibus, siquidem ponitur u == ——, expressiones
. n 2Kx 1
sin® am R
® . 2Kx
sin™ am
n
per hasce:
sin am 2Kx . o 2K=x 1 1
” » mnam * . 2Kx . a 2K=x
sin am Nn° am

earumque differentialia, secundum argumentum u seu x sumta, lineariter exprimi posse,
iam ex harum evolutionibus, secundum sinus vel cosinus multiplorum ipsius x progre-

dientibus, illarum sponte demanant.

Ita nanciscimur:

I
e formula: . .
z:x vinam zr:. _ ‘{ /:i.::x /;;:x:ax /F:i;sx +. }
sequentes :
(2 )’" 2](:

darin( ) y C":‘ +

{(l+l ( s=} —-———'/l;’::"’ L+

(l+l:’ (’”K ) x‘"_":,"" +

2.8. 4(21( sin® am 2Ky =
o

”

}/hunx +

4{3(8+2k’+8|:*)('—:‘-)‘_— 10(1+p)( ) —
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4{8(8+2k’+3k)( )._s 1o(1+k)( ) } RALILE +

n 1—gq*
{5(3+2|. +9k)(_5.) — 5, 10(l+k)( m) + e-l L 1‘1_':5 o+
cet. cetl.
IL.
e formula:
2kK 2Kx
( ) ."II am s
w L. 4
2Kk 2K 8K 2E’ 4( 2qcosx 4q'coséx 6q*cos6x
= = x  ow 1 1—q* 1—gq* 1—q* : }
sequentes:

2. s( "‘K)‘m am

k4
, 4(1+k)(2:() 2:‘ — zfx) — 2;.(_2"5)‘
_4{2 414k 2_:(.) } ql“i’fl
_414 4(l+k)(%) } g costx °°’4‘

=!

._4{6 -1(1+|e)(2 ) } “°°G

®
A

2.5.4.5( k

)‘ sintam —RX _

-

E

=

B(8+4 7k +8\:)(

-—
"

=l

_ale s+ +8 (2K ) _ o.000 419 (2K goos2x
s se+7e 480 (22 ) - posoqin (22 +z*} o
_ 4{4. a(s+7k*+sk~)(2K )' zoa+k=)(m) + pl g’ cos#x
A w 1—q
f . " 2K _ qrcoy6

— 46 8E+7I+8KY T & 20(1+I:’)( ) + sa}_.m._

cet. cet, ;

(z:(.zf 2K 21: )__w‘(l_“)( )
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e formula:
K

n - 1 4qsinx 4q'sin8x . 4q'sin5«x

2Kz = sinx 1—gq i1—¢ 7 1l-g +..

SI0 AM e
L.

sequentes . . oo ) !

3(s+n*+sk~)(

2K \* 1 1
d’,— . —
P ) 2K sinx - de sinx

+ 10041 (1) —— + —

shosmcsn(2)= moro(Ef e}

-+

4{s(s+w+sk-)(i:_)’— . 1o(1+k-)(’TK} + 5.} LU U

t—gq}

‘ 2 4
4|80+ 2k +8k)( T

cet. cet. ;

-5 10(1+k’)(’x) + 5‘1 FenSx



V.
e formula:
).
sin'am-—zli; -
©
B ) o Ay S
sequentes : ;
Ly
sin® am 2K x -
o L
(S (3 - 25) (B4
5 2 1 PR
ff] e 1
"4l’ 4(1+v)(_:5-)_2}-11i_°_‘.;- e
- 4{4.4(1+k)(’T)’— 4’} “:'i’_‘;"‘ |
_4{4 6(1+k*)(_;'£) _ss} ““:;’:;’ |
2.8.4. 5(2:‘) ~
sin®am — l:‘ | " v ¢
a(s+7k=+ak-;'(’:‘ )‘(2:‘ — ':1)-08&’(1.-{-&’):(27’(_)“ .
2 35_ ¥ . - —-—lg-—- ‘-"‘.‘1,‘-'
+ B(HH.:’.H)( ) +”(l+k,)(1'£)’ d ot —

2K q%cos2x

- 412 8847k’ +8k~)( )_:' zor1+k)( )+21

1—q’



{c 8(3+7k’+8k)(——) - 4. 20 (L44) ) +4.}_:L‘°°. s4x

1—q*
. . o [ BK | q°eosx
- 4{6. 8847k +8k°)( - } —6 so(1+k)( ) + 6 e
cet. ) cet.
45.
Exempla antecedentibus proposita docent, quomodo e formulis 2), 8), 6), 7) §. 48
evolutiones functionum sin® am zfi, - ! si— inveniantur. Quantitates A;™, B.™,
- sin" am
”

a quibus illae pendent, ope formularum 4), 5) ibid. successive eruere licet. At expres-
siones earum generales indagandi quaestio, cnm pimis illae complicatae evadant, quam
ut eas per inductionem assequi liceat, paullo altius est repeteada. (Quem in finem se-

quentia antemittimus.

Nota est formula elementaris:

2sinamv.cosamulAamu

sinam (U v) — sinam (2 — v) =

1—k*sin’amusin’amv

gua integrata secundum u, prodit:

1) du{cin am (uef=v) - sinam (g —v)} = -:—Iog(

14-ksinamusinamv
1 —~ksinamusinamy )

E theoremate Tayloriano fit: ‘

sinam (u4v) — sinam(u—v) =

d.sinamu dd.sinamu v dt.sinamu v
2{ dau Y dw ' M8 dw ' TI5 +}
unde: .
u
fd u {sinam (u4-v) — sinam(u —v)} =
0
{. d*.sinamu v dt.sinamu v
2'.smamu.v+ v ‘I8 e T3 + }

Q=2
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. . . . ) . * 210 3 .
Facile enim constat, posito u == 0, et sin am u et generaliter, d ;:',': — evanescere. Hinc
aequatio 1), etiam altera eius parte evoluta, in hanc abit:

. d?.sinamu v d*.sinamu v4
2) sinamu.v 4 i 113 FID T -+ ... =

sinamusinamv - -:l.ain‘amnsin‘lmv -+ -Eslsin"amusinhmv -+ ..
Porro aequationibus notis:

sin am (u4-v) + sin am (u—v) = 2sinamu . cosamvAamv

1 —k*sin’amu sin’am v

sin am (u—v) — sinam (ufv) = 2sinamy . cosamuQamu

1 —k*sin"amu sinam v
in se ductis, obtinemus:

8) sin?am (u4-v) — sin? am (u—v) =

4sinsmucosamulAamu.sinamvcosamv Aamv

{1 — k? sin* am u sin® am v}.

d.sinfamu. d.sinamv

{l — k? s5in? am u sin? am v}' dudv

Integratione facta secundum v, provenit:

v
fdv{sin’ am (u==v) — sin®am (u—v)} = ,
4 :

fsnamucosamulAamu.sin’ am v sin*am v. d. sin’? am u

1 — k? sin’ am u sin” am v T T(1—k*sin’ am u sin® am v) du

Qua denuo integrata secundam alterum elementum u, obtinemus:

b [
0

. -_— L’ log (1 — k* sin? am u sin® am v).

k

uf;v {lin’ am (ue=v) — sin’am (u—v)} =
0

-

E theoremate Tayloriana fit:

sin? am (u 4o v) — sin’ ath (u=—v) =

d.sin’amu d’.sinamu v ds, sinamu v
'{ Frumi dw W8 dw  "ms T }
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unde:
fdv{-in’ am (u-fv) = sin’ am (n—v)} =
1]
d.sin*amu v? d*.sin’amu v 5. sin*amu ve :
2{ du ‘‘me du ‘IId + dut " 116 + }

u v
fdu dv{sin’am (uef=v) — sin® am (u—v)} =
0 (/]

f.a v* d*.sin’ama v ds.sin’amu ve
2 . . .o
"t T Fre m t —aw e Tt }
ve vt
— ¢ —
z{u-) -+ U +}

d*m, sin’amu
dy'm

tinet posito u = 0. Hinc aequatio 4), etiam altera eius parte evoluta, in hanc abit:

siquidem per characterem U™ valorem expressionis denotamus, quem ob-

d?.sin’amu v ds.sin’amu ve

5) sin’amu. -+ T ‘s -+ Toe T3

'l
ne +
Wy X Y
){U mr t Ve +}
E

2
%.cin’mnlin’mv+—:--lin‘_lmulin‘amv-f-ls.-sin'amuain"amv+...

His rite praeparatis, ponatur:
u=sinamu +4 R, sin'amu +4 R, sin*amu.sf R, sin’ amu 4 .. .,
ac generaliter:
u? ={ainamu+ R, sin*am u 4 R, sin*atn v 4 R, sin”amu + o=

sin" am u 4 R‘.'”sin"*’ amu R‘.'"sin““ amu -+ R‘!msin“" amu e ...
porro e reversione seriei:
u=3dinamu < R,sin’amu 4 R, sin*amu 4 R, sin’amu 4 . ..

oriatur haec:

smamu = u S;ui S, ut 4 S,u' 4 ..,



ac sit rursus:
sin“lmu:{u+S,u‘+S,u’+$,u’+..}n=
ut o S un4r o § W ynte o §®ynte o
z 2 : 3 .
lam ex aequatione 2): i

d?.sinamu v d*.sinamu v

sinamu .V == 10 T8 -+ Tot 1% + .=

k? J
sinamusinamv-I-Tsin’amusin’amv -+ —ks—-.sin‘amusin‘amv-{- N

evolutis v, v, v%, cet. in series secundum dignitates ipsius sin am v progredientes, in

utraque aequationis parte Coéfficientibus eiusdem dignitatis sin*"*' am v inter se com-

_paratis, provenit:

6) k’%sin’2*1amu
2n+4-1 T
@ d'.sinamu sy dt.sinamu d*Y.sinamu

T — ———— e
R, snamu + R, e TR gt F M(2a4-1)du’s

Eodem modo e formula §) provenit:

k*'n~24in’2amu

2n
(y sin’amu _ &y d¥.sinamu @) d*.sinamu d*2=2*sin?am u
R 12 By, Im4.du? + R=3 "TI6.dut + ""' + TI2n.du*n~?

(2) (%)

1 s‘,) 2 n—g
- {s—z +setsst +'_—_(zn—1)2n} ®-

E 6), 7)\ mutato u in u - iK' sequitur:

8) ,l =
(@n--1)sin?+1amu
/ (1) d;. : _.1 ) .do_ - 1’ e .dn;_. . 1
n ) sinamu o .sinamu ) sinamu
doms TR msaw — R-s fs.dw Tt du'®

#) Fit eviin e notatione proposita: sin® am'u = u? <4 S"" ut S':'u‘l -+ S‘.n w4 , unde cum sit Um»

d*Msin’amu

ToE pro valore u =0, U™ = [I2m. S:’_l .



—_— 127 —

1
9 2nsin’®amu =
R RY .1 R® a1 an-r, 1
n—1 + n-—2 sin’amu n—=3 sin’amu sinamu
I12.sin’amu I14.dv? I16.du* +.-+ II2n.du?n—?
(2) () s™
‘ 1 2 sn n—3
—_ k) — —_— —_— .. —_—1
(5.3 v 56 tssg -t pn_l)zn.}
. e . 1
Quae sunt formulae, (uas quaesivimus, gemerales, quarum ope sin” am u, i

3

e sin am u, sin’amu, » “gmToo— eorumque differentialibus inveniuatur.

Adnotabo hac occasione, ubi vice versa sin am v, sin’am v, .sin’ am v, cet. se-
cundum dignitates ipsins x evolvis, e formnlis 2), §) erui:

d?", sinamu

10)

II(2n--1).du?n .

S.‘Il‘.in amu -+ 't;‘ s;’llsin’ am u < _;:_ s::_‘_’,;ns amu 4 .. 4 3::1 sin? "+ am u
11 d?n, sinamu s:.‘_,, _
) TH@EarhawT  @FDEFY

1 : k ko

0
= S;:'sin’ amu <+ -‘;— S::l‘sin‘ amu -4 3 S:'_:’ain“ amu~ .. 4 e sin?"*+? am u,

Pauca adhuc de inventione ipsaram R, 8™ adiicienda suat. Posito sin am u =y,

fit e definitione proposita:

dy
Il—'—-f -——=y+R,y*+ R,y +Ry ...,
o ¥V 1—y)(1—ky?)
sive:
1 =14 8R,y* 4+ 5R,y' 4 7R, y* 4+ ...;
YV a—ymia—vy
unde :
14k 1. 1 1 . 1.8
= = — —y — k¢
SR, e SR, z.4+z Vz"+z.4
_ 1.8.5 1.8 1 1 1.8 1.8.5 -
"y=gaetsa sVt altiasX .
1.8.5.7 1.8 1.8 1.8 "t 1.8.5 1.8.5.7
= of — y Cr— ot |, Soo—— L"
R, 2.4.6.8 + 2.4 + [ e, W+ % 2.4.6 + 2.4.6.8
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sive etiam:

SR, = < A+
1.8 1,
5.R, = — — (14K — 5k
1.8.6 , 1.8
————— — ii 2
R, = —3e U+ 2.2 A+
_ 1.8.5.7 1.8.5 - 1.8
M= ga6s W - VUF+
_ 1.8.5.7.9 1.8.6.7 , 1.8.5 ,
“R'—z.q.s.s.toa"'w“ 2.4.6.2 KaA+k) + 72,4 Fa+E)
1.8..11 1.8.6.7.9 | 1.8.5.7 ) 1.8.6
18R, = 35 U+ — g YA+ + g KA+ — 5o &
' _cet. cet.
sive etiam:
1
=1——. KK
SR, =1—— )
1 e l's ’
5R,= l—-:—’kk +ﬁ. k'«
1 ’eo 1.8 ‘e 1.8.5 ‘e
TR, = 1 — o BKK o 2o 8K o i K
1 L., 1.8 . 1.8.5 .., . 1.8.6.7 ,
R, =1— 5 MK+ g6 — s W+ ™
cet. cet.
sive deuiyue:
l ' ryr
SR, = kk +-i-- k'K
_ 1 e g 1.8,
5R,-k‘+—2—.2ik +ﬁ- k.
1 vy 1.8 . 1.8.5
TR, = k¢ 4 5. 8kK 2'4‘.31‘ K e K
1 g 1.8 o 185 L., . 1.8.5.7 ,
IR, = k* - ARKT o SR o S AR o

cet. cet.
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Ex his quatuor quantilates R, exprimendi modis, modus secundus repraesentationem earum:

satis memorabilem et concinnam suppeditat, siquidem introdncitur (uantitas:

_ 14kk
- T gk
18R - -
Ita e. g. fit —=~=
1.8..11 1.8.5.7.9 1.8.5.7 1.8.5
[ - 2
1.2..6 1254t " Ti3ze’ " Tae’

qua expressione sex vicibus secundum r integratis, obtinemus:

6
R,dr
13/-%-—::

m? ™ [ r

7318 —Ti6s0z T Ticses FTisias Ter—-Cr+c,

designantibus C, C”, C” Constantes Arbitrarias. Quibus commode determinatis, prodit :

1§/6R,dr“ _ (rr—1p
- " e.m6

unde vicissim:

kede(er—1)

18R, = e ar

eodemque modo obtinetur generaliter:

kg er —1
19 @o+1R, = zmn(.:.r.drm)m

Conferatur Commentatiuncula (Crelle Iournal V. II. p. 228) iuscripta:

,, Ueber eine besondere Gattung algebraischer Functionen, die aus der Ent-
‘ 1

,ywicklung der Function (1 — 2xz - 2") 2 entstehn. ”

Inventis quantitatibus R, per Algorithmos notos pervenitur ad eruendas quantitates R,

S eas, ut sit:
{1 + R,z + R,x* 4 R,2% 4 . P =14+R s+ R"e R0 4.,
R
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porro ubi pomitur:
y = s{i 4+ B,x+ R, ¢ Rw .},
fiat:
o=yt 4 STy 4 Sy 5y s
quae cum definitione quantitatum R_’, S supra proposita conveniunt. Fit autem,

posito:
@Gx)=14R,x+4 Rx’ 4 R;x*+4 ...,

e theorematis a Cll. Maclaurin et Lagrange inventis:

R _ da {pxi"
m = IIm.dx™
sm) — n ‘m{¢l}—(mm).

m T meen Mm.dam

siquidem transactis differentiationibus ponitur x = 0.

46.

. Formularum 6), 7), 8), 9), §. 46 beneficio nanciscimur evolutiones generales:

( = )’n“sm’“"am 2Xx

x 1r
o1

() () e ) L

‘{":)(2:( ),.._ @t  1—q
8?.R®

4{!‘;.,(2:( }in— et (21():11—2 s*n'" (i.‘_)u-. (__,),,8,,,} /?sins.

x; —-F II(2n41) 1—¢

1

+

+

<+

5.R“) P . I -,
ne—3 (QK)’ — (=18 qssinSx

NEet)| 1—q

4{3:‘"(.2«1)"— 5,R::.; (_2;-)“—:

(3.'.‘_‘5.) ,.nmml‘.

" . x
?) 2n =

+

™ s s

e I e B R e e
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R (zx)n— i 3’“:.'1,(115-)"-‘

m“ (2x LV pR::'SI:TK - - (_3;‘:_;} o
Y ‘“5:'1:(3) _ _6’1‘1:'1:5[?")"1—‘ S LR e 1
e
’ (zn+1)(n: 2 Lom ZEX
e
T -2 HE- S
oy -Gy g
(= T e

4

2Kx
fn . sin?" am ———
k. 4

(2)

1 .2 (2K Y0~
+RL(5)

1/8K  2E 2K 1 S, s S
(T" n)—"(n){ﬁ"'s.—s"'?_.é""“."'an_'—m..}*‘
(2) K \2—? )} 2K \*n—e 2 1 tp—-2 ° 1
K2 () . “n—-(T) ¢ - R
2. sin’x T4.dx’ o Men.dxvo—¢
. (2K \P-? w [ 2K |-+
) —-— 2<|R —
B ‘{ QRn_,( - ) _ n—!( - ) + + (_.l)n—lrll—ll q"cos2x
ne m4 ’ I1(2n) ) 1—q

R 2
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a [ 2K \n—? ) 2K 70—+
) ‘“..-.(T} *“‘n--(T) b R ot
- { - - T " e } T—q
@ [ EK Y- w [ TR
N 51‘..-.(—;) _ G’Rn—*(—,‘) - (—1)"—-6"'-'} g cos6x
- ne 4 o Mm2n 1—q*

E formulis 6), 7), 8), 9).§.46 alise deduci possunt, quae respectu functio-
_num cosamu, tang amu, A amu easdem partes aguat, quam illae respecta functio-
nis sin am u. Etenim e formula:

. , ik
sin nn(k u, T) = cos CoOam u,

unde etiam:

sin am(k"(K-—u). ‘T,k) = cos am u,

videmus, in formulis propositis, ubi ponitur -k—|,‘ loco k et k' (K—u) loco u, abire sin am u
in cos am u, unde inveniuntar similes formulae, (uae ipsi cos am u irési)ondent. Porro
ex aequatione:
sin am iu = i tang am (u, k)
patet, simul mutari posse u in iu, k in k', sin am u in tang am u; unde formulas pro
tang am u ernimus. Ex his deinde, quia
cotang am (u+iK) = i & am (u),
formulas pro A am u eruere licet, quae formulis 6) - 9) §. 45 respondent.  Quilius in-

ventis, methodo plane simili ex evolutionibus functionum:

cos am z , cos'am 2K+ , Aam 2Kx , A am—’&-
) n
1 1 : 1 1
2Kx ' 2Kx °’ 2Kx ° 2Kx '
cosam

€08% AM e A am —mrnrr A? am
n x . x

a nobis propositis, evolutiories generales deducis functionum:

2Kx 2Kx

cos® am , Alam

Quae sufficiat addigitasse.
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Transformationes insignes serieram, in quas Functiones Lllipticas evolvimus, nan-

ciscimur, posito i x loco x et adhibitis formulis, quas de reductione argumenti imaginarii
Quae vero cum in promtu sint,

ad argumentum reale in primis fundamentis dedimus.

hoc loco diutius his nolumus immorari. \

INTEGRALIUM ELLIPTICORUM. SECUNDA SPECIES IN SERIES
EVOLVITUR.

47.

Integrata formula supra exhibita §. 41. 1):
6q’cosbx +. Q

(zkx )', .. 2Kx ¢K 2K 2K ¢E' [ 2qeos2x 4¢*cosdx

sin® am e e— — — 4 ,
n n x n n T 1—=¢ 1—gq* 1—q* )
inde a x =0 usque ad x = x, provenit:

(zkx)/:m’am —25:. dx =
L 4
{2]{ eK 2K 2E’ } N qsml: q*sindx q3sin6x q*sin8x + }
- - { 1—¢ 1—q* 1—q 1—qt YT

” x

. . . 2K (2K .
Desiguemus in sequentibus per characterem: z( ‘) expressionem:
' ﬂ “

2K 'z(2K3)= eKx (!K _ Zf')_(zix):o/.:;mm

L4 n n r

z .dx =

1)
q'sindx q*sin6x + q*sin8x +.“}.

gsin2x
4{ 1—¢ + 1—¢q* 1—¢ 1—q"
E CI Legendre notatione erit, posito =u, ¢=—amu
FE@) —E'F
5 2= FEQ_EFQ

Funclionem Z (u) loco ipsius E (@) in Analysin Functionum Ellipticarum intro-
quam ceterum ope formulae 2) ad terminos Ci° Legendre usitalos re-

ducere convenit;
Adumbremus pauncis, quomodo ex ipsa evolutione functio-

vocare in promtu est.
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nis Z, quam formula 1) suppeditat, complures eius proprietates, etsi notas, deri-

vare liceat.

Mutetur in 1) X In X %—, prodit:

2K 2K x f qsin¥x q'sindx q’sin6x
(2l b k) =—14 _ l
w ( = ¥ ) { 1—¢ i— T 71—ty
unde:
2K”_ / 2Kx 2K 2Kx qsin2x q’sin6x q*sin10x
*—Zz —_—— .
. ( " ) b z( + K) { 1—¢q° + 1—gq* + 1—gq" +- }
Porro mutetur in 1) x in 2x, ¢ in ¢*, simulque k in k', K in K™, prodit: .
2K™ 4K x q*sindx q*sin8x q“sinl!x
Z k") = 4 ..
x ( x ) { 1—q* + 1—q* + —q" + }'
nude:

2K Z( 2Kx ) _ K™ z(ﬂ("’x . k"') - 4‘ qsin®x + q’sin6x_ 4 q*sin 10x -,
x T L4 1_q" l_qﬂ ‘_qlo )

At supra invenimus:

2kK | 9K x =4{ ﬁsinx. /q’smsx + fc?sin.'bx +}
1

smatn
—q l—q 1—qt

T ki

unde mutato ¢ in ¢°, X in 2x:

gkiH K™ . (41("’ k")) -4 ( qsin2x q*sin6x q*sin 10x

in am =7 rp— T_qv +..}.

ki g
Hinc sequitur:

y la ("“)_z( T ) = AR (AR o)

] (1) n (DR (2)
o ﬂ(_z( Kx) _ 2% Z(AK x k"') _ 2K ’inm(u( x km)
k4 © T k4 n

©

x), 2 . “ «--
5) %“-z(’f )+ Kz(z,'f +K)—__“i’z(“" x u-»)=

k.

In quibus formulis, gvarum 4), 6) transformationem functionis Z secuadi ordinis sup-
peditant, est:

1-K 14K

4K
k? = T K* = .K, sin am( z, l:”)) = (14-k)sinam 2Kx « 8in coam _2_5:_’
<+ L4
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uti de transformatione secundi ordinis, a Cl. Legendre proposita, constat. Unde formu-
2Kx
—:

lam 3) ita quoque repraesentare licet, posito u =

6) Z(u) — Z (u4-K) = k? sinam u . sin coam u.

Ponamus brevitatis causa: am (ﬂ:ﬁ- , k‘“") = ¢'"", e formula 4), posito suc-
cessive k', k', k™, ..loco k; 2x, 4x, 8x, .. loco x, prodit: —

N K.Zw=FE@®) — EF@® = k"KM aad'® 4 kOKOsin @' 4 kOK®5in@ " + . .,
quam dedit Cl. Legendre formulam.

Simili modo, e formula § 41:

2K 2K 2K ¢E’

* n o =8{(l-gq)’

q q* q’
Tttt taao T 4

quam etiam huanc in modum evolvere licet:

2K K 2K 2B f 4 2¢ 33 LA
_8{ 1—q + 1—q* + 1—q* + 1—q +",'

comparata cam hac, guam supra invenimus:

2kK |? q 8q 5q° 7q?
= 16 3 > < e
( ” ) {l-—qr 1—q* + 1—q'° + 1—q* + }.

prodit:
8) eK(K —E") = (kK)* 4 (&K 4 4(kOKW) 4 8EMK") 4. .,
quae cum ea convenit, quam Cl. Gauss dedit in Comment. Determinatio Attractionis

cet. §. 17.

48.

Eadem methodo, qua §. 41 eruimus evolutionem expressionis(

. . . (2K _ (2Kx ). .
mquu‘amus n expressxouem IT Z e } in seriem evolvendam. Ponamus

(A1) 2(25)n(252) = ol yints oy Ginke y gog

kK ) . o 2K
sin”am ,
” ”

= B{A 4+ A'cos2x 4 A”cosdx s A" cosbx 4 .. .},
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yuwam expressionem proposilam induere videmus formam, dam loco 2 sin 2 m x sin @ m'x

ubique ponitur cos (m—m’) x — cos (m~m’) x. Fit primum:

q q q° q*
A= coe
i—ar t =gy T ey T G—ar T
Deinde generaliter obtinemus A'™ =— 2B"™ — C', siquidem ponitur:
qll-i-! qll+g qn+|
B'M = .
(1—q)(l—q' "y + 1—q)(1—q*2*9) + (1—q9)(1—q*"+%) +
qﬂ qﬂ qﬂ
C‘“) = LI .
1—q)(1—q'""?) + (1—q)(1—q'"79) + + (1—q'"=)(1—q)
In singulis harum expressionum terminis substituatur resp.:
q||+m qﬂ qm q!u+m
(l-——q")(l—q’““") - 1—g*n { 1—q - 1—g?n+m |
q° . q- qnm
(I —qMA—q*""") l—q“‘{l—q‘“ + 1—gin—m + 1}'
prodit: .
. W . q* q*
B = e T T T oy +}
qn ‘ q‘ln+! q!mu q’ﬂ+.
- 1—q® l f—qut+? + 1—qinte + 1—q*nte +-.. '}
__q q q* q° q*°
- ettt T T T Tt )
Mo =Dt o 2q" f ¢ Tt Ly L Gl
CM) = l_qan + l—q’“{l—q' + 1—-(]. + l-—q‘ +-.+ l—q'“—' }.
unde:
AM = 2BM . CM = (a—1q" L nq" + (149"

1—q® (1—q* ")t = - 1—gq'n (I—q'")? .

His collectis, invenitur evolutio (uaesita:

2K \? 2Kx 2K x ( qcos2x 2q*cos4x 8q’cosbx
astuinll = 8A — 8
! ( L z( L )z( ® ) A 1 t—¢q + 1—q¢ + 1—q° +"'}
I_q(14-q°)cos2x q'(14q*) cosdx 9’ (14 g") cos 6x \
8 ol
+ =t (—eF T a—g7 )
Ipsum A = —%- L LN jam hunc in mod I
psum =T—9r -+ A—aqr -+ T—qr -4 ... cum etiam hunc in modum evo

vere liceat:

A= q'+
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invenimus e §. 42. 6):

@—1) (% - s(_’_"_)(.’_'i'.) +1

” "
8

?) 8A =

Porro autem constat esse:
”

8A = -:—.'(’—:(-)'.o/‘_rz(":‘)z(’f’).dx;

. . . L o . .
integrata emim aequatione 1)ax=0 usque ad x = - termini omnes, praeter primum,

evanescunt; unde si CI' Legendre notationibus uti placet:

w
nxF*

, [ _FERe-Ere) = @-OFFF-SPRE+ —
" o) H4e= 3 -

0

quae est Integralis definiti satis abstrusi determinatio.

INTEGRALIA ELLIPTICA TERTIAE SPECIEI INDEFINITA AD CASUM
REVOCANTUR DEFINITUM, IN QUO AMPLITUDO PARAMETRUM
AEQUAT.

49.

Antequam ad tertiam speciem Integralium Ellipticorum in seriem evolvendam ac-
cedamus, paucis, (uae Theoriae illorum adiicere contigit, seorsim exponemus, idque

fere"ipsis signis Claro eius autori usitatis. Mox idem novis adhibitis denominationibus
proponemr.

Proficiscimur a theorematibus quibusdam notis de specie secunda Integralium Ellipti-

corum. Fit: .

2sinamu.cosama. A ama .4

sin am (ua) + sin a'm =)= 1 — k?sin’am a . sin’ am u

2sinama.cosamu.Aamu

sin am (a=4~a) — sin am (u—2) == ,

1 —ksin’ama. sin’amu

S
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unde:

4sinama .cosama.Aama. sinamu. cosamu.Aamu
{1 —k?sin’ama . sih’mu}\.

sin’ am (u<4~a) — sin’am (u—a) = )

qua integrata formula secundum u , prodit:

2sinama . cosama.Aama . sin'amu

1 — k*sin’ama . sin’amu *

u
1) fdu.{sin’lln(u-}-a) _ sin’lm(u—a)} =
0

uti iam supra invenimus. .

- Ponatar: amu=—¢@, ama=sa, am (u4-a) = o, am (u—a)=2+9, erit e nota-

tione Cl' Legendre:
u

k?/ du. sin’amu = F(@) — E(),
b/'

unde etiam, cum sit F(s) — F(a) =F (@), F(9)+ F(a) = F(®):
k:/:lu . sin’am(u~a) = F(®) — E(0) 4 E(x)
0
u
k"/:ln . sin*am (u—3) = F(@) — E@) — E(«).
0

Hinc aequatio 1) in hanc abit:

2k?sinxcosx A . sin’ P
1—k*sin’x . sin?®

9 26w — {(E@Q—E®)} =

Commutatis inter se u et a, abit a in ¢, ¢ in — § , ¢ immutatum manet, unde
ex 1) prodit: |

k?sin s . sin’
2E@) — {E@) + E®)} = 2ksinPcos PAQP . s

1—k*sin’« . sin? @ ’

qua. addita aequationi 1), provenit:

8) E@ JE(«) — E(s) = k'sin« . sin@ . sine,
quod est theorema de Additione functionis E, a Cl. Legendre prolatum, L c. Cap. IX.
pag. 48. ¢’



Integralia formae:

®
f sin®®.d@
/ (l—Ksin'x. sin' G} A (P)

secundum eam, quem Cl. Legendre instituit, Integralium Ellipticorum distributionem in
species, speciem tertiam constituunt. (Quantitatem — k*sin’ &, quam per n designat,

Parametrum vocit; nos in sequeantibus ipsum angulum & Parametrum dicemus. Querum
Integralium, multiplicata aequatione 2) per

@ de = a2
A@®) AW a@’

ac integratione instituta a8 ¢ = 0 usque ad  — @, quo facto ipsius ¢ limites erunt: ¢ — a,

¢ == o, ipsius § limites: $ = — &, 9 = ¢, expressionem eruimus sequentem:

®
2k?sinxcosx L. sin’ P . dP E(a') de E(& 43
Ve, Ga@ o OE® ./ %) f 2@

Facile constat, cum sit E(—@) —= —E (@), esse:

¢ -0 +@
/- E@.do _ [ E@ 0, f @A
/) Tsm T/ Te® A®

unde cum sit:

fE(c).dr _fzm.ap _ YE@). 4
A(9) _o () 4 a(@)

-4 3 —_— 9
f E0as _ f E@).d¢ [ E@).d¢ _ L E@).do _f“m)-w
so o Taw ) Tam ) Tem T Tawm

— OO

nacti sumus novam ac memorabile
THEOREMA L

Determinentur anguli &, o ita, ut sit:

F@) +F@=F@); F@ —F=F@),
S 9
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erit:

kisinxcosxc Qe . sin* P . dP
f1—Lk?sin’« . sin’ @} A (@)

9
E@.d E@).d 1 LE@.4d
F@)E(«)——_[ B =FOE® = —gi@f-+7 E@ A2
Y 0

ita ut tertia species Integralium Ellipticorum, quae ab elementis tribus pen-
det, Modulok, Amplitudine , Parametro &, revocata sit ad speciem pri-

mam et secundam, et Transcendentem novam
¢

/‘ E@).do
a®
0

quae tantum a duobus elementis pendent omnes.

50.

Ponamus F(s,) == 2F (a), quoties p—==a, fitc—=u,, 4= 0, quo igitur casu

e theoremate proposnto panciscimur:

o «,
Kinwcosa Ao .sin?®.d@ 1 E@.d0
2 Ve s g a@ — — T @WE®— 2 a9

Quae docet formula, in locum Transcendentis novae substitui posse et hanc:

./. gl—k’:ii::c?..o:n?(MA((p) ’

0
quod est Integrale tertiae speciei definitum, in quo Amplitudo Parametrum aequat, quod
igitur et ipsum tantum a duobus elementis pendet, a Modulo k et quantitate illa, quae

simul et Parameter est et Amplitudo.
Ponamus 2 F () = F(¢) + F(a) = F(c), 2 F () = F(¢) — F(«) =F (9),

erit ex 1):

2 E@) a¢ k*sinncospApm. sin’@.dP .
20 —a@ = FWE® f —Tan'n . s GIA®)
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sindcos DAY . sin*p.dg

‘E(tp) do k?
2./ a(y) =FREQ f ~k*sin’9.sin’ g} Ap)

quibus in theoremate, §° antecedente proposito, substitutis formulis, obtinemus se-

quens

THEOREMA IIL

Determinentur anguli y, 9 ita, ut sit:

erit:

.. sin’p . do
k omucon:Au"o/‘ {1 —k*sin’« . sin? o} A (@)

F()E(x) — Fw)E®@) + FRE®) +

in'e.d
2 o3 A R SR . P
k?sinpcos P-f fl—K sin'p . o’ g} B (¢)

)

in*¢g.d
—'k’ . A . sn’ @ @ )
sin Y cos D %[ I—Can'. s gl A(0)

qua formula Integralia tertiae speciei indefinita revocantur ad definita, in
quibus Amplitudpo Parametrum acquat, ideoque quae ab elementis tribus
pendebant, ad alias Transcendentes, quae tantum duobus constant.

Commutatis inter se « et ¢, abit $ in — ¢, o immutatum manet, unde cum

insuper sit:

o
[ Epte =/"E<¢>-a¢
A(p) A ’
. (¢ s (9

e theoremate I:

w .
k'sinceosuld o . sin’gp.do E(p).do
[ ft —ksin’x . sin’ g} A(p) =F@E@ - [ A(p)
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obtinemus:

o - -
KsingcospAp .sin*e . doc _ 1 E(p).do
f {1 —Lk*sin’@ . sin” o A () = F(9)E(p) T.[-—A((;‘)_ )
0 .

Hinc, subductione facta, prodit:

(p o
9 k?sinxcosx Ao . sin?p.dg K'sinpws@pl g . sin’a, do
/ {1 —k?sin« . sin® @} A (¢) J {1 —k?sin® @ . sin? o} A (ex)

F(P)E(x) — Fx)E(¢);
quae docet formula, Integrale tertiae speciei semper revocary posse ad aliud,
in quo, qui erat Parameter, fit Amplitudo, quae erat Amplitudo, fit

Parameter.

Ubi in formula 2) ponitur ¢ = —;'-, obtinemus:

t

19

7r

"7 k?sinxcosxQo.sin’¢p .de ot .

S)f {l—k*sin’x . sin’ o} A(¢p) - =F Ef) — E~F(¢).~ B
0 ‘- C .

1
|

Formulae 2), 8) cum iis conveniunt, quae a Cl. Legendre exhibitae sunt Cap. XXIIL

pag. 141. (), (p):

- A

\

INTEGRALIA ELLIPTICA TERTIAE SPECIEI‘IN SERIEM
EVOLVUNTUR. QUOMODO ILLA PER TRANSEENDENTEM NOVAM @ |
COMMODE EXPRIMUNTUR.

51. |

E formula: . S

2K (x4=A) — sin'am 2K
n n

. 2K A 2KA 2KA 2Kx 2K« 2K«x
4 sin am - cosam Aam - . sinam cosam Aam

(x—A) =

)\

TR LY LT
o ©



quae ex elementis conslat, ernimus integrando:

1) -"”L/dx.{sin’am 2K (xA) — sin’am = (‘—A)} =
1)

” o
] 2KA 4KA 2KA 2Kx
2 sin am cosam Aam . sin’am
x x x
l—k’ain’am2 .sinam Kx
n

Jam dedimus §. 41 formulam:

” ” n x o \( 1—q?  1—q¢ 1—q°

(21:1()",, 2Kx 2K 2K 2K 2£' _gf2aco2x | dqlcosds | 6qicos6s +}

unde:

2kK \' 2
(__” ) {sin’ am f (x+A — sin’am ’: (n—A)} =

‘{ 2qcos2(x—A) + 4q’cos4(x—A) 6q%cos6(x—A)

1—q 1—q* 1—q° +-

l
)
_ 4{ 2qcos(x4-A) + 4q?cos4d (x4 A) 6q3cos6(x+4A) +. } ___:

1—¢q* 1—q* 1—q*
8‘ 2qsin2Asin2x 4q’sind¢Asindx 6q*sin6 Asin6x + \
1—¢q° B yur= 1—q° Ty

Hinc fit ex 1):

2k?sinam KA cosam 2KA Aam 2KA . sin’am 2Kx
9 2K o n ” n =
¥ 1 —k?sin’ am 2KA . sin?am 2K
f qsin2(x—A) q’sinéd (x — A) q*sin6(x—A) )
Const. <= 4l —q e —¢ «+ . }
qsin2(x+4A) q’siné(x4-A) q*sin6 (x-- A) | —
- 4{ 1—gq? + 1—q* 1—q* +- s
{ qsin2A cos2x _ q’sinéAcosdx q*sin6 A cos6x -
Const. — 8i l_q’ + l.—q. —_ l_q. + . -}0

ubi ita determinari debet Constans, ut expressio proposita pro x = 0 evanescat, unde
e §. 47.1):

( qsin2A q*sind A q*sin6A’ }_ 2K (QKA')
Const. = 81 —q pp T—q + = 2.—' zZ —)-
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Formula 2) a x == 0 usque ad x = —:— integrata, cum prodeat —;— Const., reliquis eva-

2KA 2Kx

=a, —— ==u, eruimus integrale definitum:

nescentibtis terminis, posjto

n
fT k?sinama cosama Aama . sinamu . du

1—k?sin’ama . sin’amu

=K.Z(@),
o .

quod idem est atque 8) §. 50.

Designabimus in sequentibus per characterem IT (u, a, k) seu brevius per 11 (u, a)
integrale: M(u, a)" =

k?sinamacosamaAama . sin®amu . du _‘/‘(P k?sinxcosex A . sin'@ . de
1 —ksin’amu . sin’¢ iy {1 —k?sin’« . sin® ¢} A(p)

0 -

siquidem ¢ —amu, s =ama. Quibus positis, aequatione 2) rursus integrata a x = 0

usque ad x =x, prodit:

2Kx 2KA
( ) = | |
2K x [qcosi(x—A) q*cosd(x— A) q*cos6(x—A) \
( 1—q 2(1—qY) sa-q 1)
qcos2(x4=A) q?cosd (x4 A) q*cos6(x4-A) _
+ i—o T sa—@ T T
2K x 2KA qsin2A sin2x q’sin4Asindx q*sin6Asin6x
——2 S XS
= 2(5) - {2 ) si—q T J

yuae ‘est Integralis Elliptici tertiae speciei evolutio quaesita.

Ubi adnotatur evolutio nota:

— log(1—2qcan2sbe) = Bgeases 4 LT g TomBr AP 4 ]

. . . T de
I d H lle IT = e i o
#) Cli Legendre paullo alia est denotatio; ?onlt enim ille IT(n, ¢) [ e ita ut, quod n
bis est II(u, a), illi erit:

—cosxDo F(o) + co.u:Au (=K sin’w, ¢).

Quod signum II ne cum signo multiplicatorio IT, saepius a nobis adhibilo, commutetur, vix moneri
debet.
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videmus formulam 8), sivgulis evolutis denominatoribus 1 —¢', 1—q', t—gq°, cet,

hanc induere formam :

" n( ":‘ , fl‘;.‘i)=

2K x ("u)+-'-og { (1 —2qc0s2(x—A)+¢q*) (1—2g’coa2(x—A)+4q*) ..
n (1—2qcos2(x4A)+q') (1—2q* cos®(x4A)+q") - .

«

52.

Integrata formula 1) §. 47:

2K z(!Kx)=4{'qsh!x + q'sindx + q'sin6z +.

A
= = —q 1—o i—g )

a x =0 usque ad x =x, prodit:

= 1
2K 2Kx _ qcos2x q*coséx q*cos6x .
T_/z( = ) "“"’{ i—¢ T 2= T 30— +"}+c°""

= log {(l——!qeoo2:+q’)(l—2q‘cos£x+q“)(l—2q‘cosix+q“;) . .7 .} 4= Const. .

ubi Constans ita determinata, ut pro x — 0 evanescat, fit —

K T A cl = = logt(l— ) —q) (=g . .},
e R R e D At e

ideoque:

t

H == (l—9d—q)(l—q) . .I

k4

Zfoz( zxx) dx = lo;{ (1—2qcos2x4-q") (1—2q° cos2x4-q°) (1 —2qcos Lxef- q10) . }.
I

Designabimus in posterum per characterem © (u) expressionem :

n

fzm.;,.,

8 (s) = 8(0)e” , .
designante © (0) Constantem, quam adhuc indeterminatam relinquimus, dum commodam

eius determinationem infra obtinebimus; erit ex 1):

2K«x
e( ] ) _ (l—!qconix-}-q')(l—!q’cost+q’)(l—!q'm!x+‘q‘°)-...
A (0) . {(l——q)(1=¢q")«..¥
T

)
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unde formula 4) §. 61 in hene¢ abit:

6 K (x—A)
22 g o S

. . 2Kx KA
sive, rursus posito -AT- =u, — == a
8) Il(u,a) = uZ(s) 4 ® (u—a) @'(a) + 1 @ (u—a)

]os e +-) =u. a(.) Tos.m’

siquidem ponitur:

d:f") = 6'(u). Quae est commoda expressio Integralis Elliptici 1

per Transcendentem novam 6.

Facile constat, esse © (—u) = ©(u), wunde commutatis inter se a et u, e 8)

prodit :
@ (a—a)
8- O(ufs) ’

quibus a 8) subduetis, fitc '

II(a, u) = aZ(u) +-%-

4) I(u, a) — I(a, uy) = uZ(a) — aZ(u), .
quae eadem est atque formula 2) §. 50. Hinc, posito (K, a) = 1"(a), evanescente
T (a, K), Z(K), fit:
N*@) = KZ(),

quae est Cl' Legendre, quam supra exhibuimus 8) §. 50, formula.
Posito uc=a, e 3) fit:

5) M, s) =aZ() + LIOR .._;_k,,_ﬂ’_’_).

Ig 6(2) = aZ(a) °0

Videmus igitur, Transcendentem novam sive per Integrale f —E-(%%:-?; definiri posse ope

formulae;

?
F*E(q)—E’F (¢)
du.Z .de
@ (u) f“ @ ‘o/ F'A(y)

6(0) 2= 0" = e ,

6)

sive per Iniegrale definitum tertiae speciei ope formulae:

7 O (2a2) = elazl(t)-—iﬂ(l. l).

6(0)
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E formula 5) nanciscimur:

1, Ou—s) _u—a _z(u;.)_n(u_.. u—-a)

2 % St ) ) 2 )
— “;'-' .z(n;’-')-{-n(“t‘.-u:—.), |

unde 8) in hanc abit formulam:

8) Mu,s) =uZ(s) + “:- .z(u—-)_ ll+l.z(u-:-.)

(g ) e n(E ),

quae est pro reductione Integralis t. sp. indefiniti ad definita, atque cum Theor. IL

§. 50. convenit.

COROLLARIUDM

Uti iam supra ex evolutionibus inventis Algorithmos ad computam idopeos deduxi-
mus, minus ut nova proferantur, quam ¢uo melius earum perspiciatur natura: idem rur-

sus agamus de inventa evolutione functionis | .

’ ®
F*E(¢) — E*F(p)
2Kz .d
o(5) -of F o) -

L4
= e

e ()

(1—2qcos2x+q7) (1 —2q cosBx+q°) (1 —2q'cosBat-q . . ..
{l—(1—gq)(1—9q") ...}

Quem in finem antemittamus sequentia.
Ponatur productum infinitum:

—_ ot Eg e \E/1—q
T=('%-T-':_)(:+:) (:+:) (:+:)

siquidem iteratis vicibus substituitar: .

t—q) = (t—q@(+9, t—q) = =g (149q), (t—=q) = (1—q)(t4q*) ...,

prodit.:

- (o) (5 ) )
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(=99 659 (55 650

(9= (-9 () )"

°

]

unde videmus, fore:

) T=—qu—gft—gta—qit—9q®... = 1—g.

Sive etiam cum sit:
- — —gt\¥ /1 —q\f
= () () GEE)
= (=)= () )

fit T=({1—¢q) VT, unde T = (1—q)" -

Ex 1) fit:

o= () () )

qua in formula loco ¢ successive ponamus ¢, ¢, ¢°, ¢,

.., et instituamus infinitam
multiplicationem.  Advocata formula supra exhibita:

C V= () GG
prodit:
U—9U—g)(1—q)(1—q) ... = (K}l keryfoqreryh

siquidem designamus, ut supra per k™’ guantitatem, quae eodem modo a ¢" pendet atque
k' aq, sive Complementum Moduli per transformationem primam n* ordinis eruti.
Porro invenimus §. 36:

fa—vu—ma-wa-a. = 'ﬁ" .

unde iam:
—xK'
K kk

5 q=- - N (o (T LI
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Posito m = 1, n=k";‘ m:" ..—.-..m'; /‘H—_— n’; n"" = m", Vm'n =",

I"

cet.; notum est fieri k"’ = - k“"__ -y k“" -=, oet.,” unde:

) (—)( oF ;

Hinc etiam fluit, designante u = 5 limitem communem, ad quem guantitates m®”,
n'™ convergunt:
.1 16mn 3 m’ . m” ] m"” ]
9 K= oo+ s T+ sy + s T s

quae formulae computum expeditissimum suppeditant.  Docet 5), quomodo ex eadem
quantitatum serie, ¢uam ad inveniendum valorem functionis K calculatam habere debes,
ipsins etiam K’ valor confestim proveniat.

Formulam 8) transformemus, Fit, ut notum est:

L=k A - g'/ ol mb 4k
TR T T P T \

K =
Hinc obtinemus, siquidem iteratis vicibus simul loco k substituimus k™ atque radicem
quadratwam extrabimns :
kk ay ’!’ kD k() +
16F {" )} ={ 16&""}

l("k"’ *{[‘H’ * ‘ k“)k‘“ ‘
_lsi‘" l 16 k'eY

{‘—1‘;35‘:;'}* {&m'}‘ - {L;;_‘E:y_'}l
‘ . ey "

unde posito p = 2™:

o ol o ol - i

—nK

Hinc videmus e formula 8), q=e X limitem fore expressionis {N‘w’ }*,' cre-

scente m seu p in iofinitum, quod est theorema a CI° Legendre inventum.
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Nec pon vel ipso intuitu formulae a nobis exhibitac_::: )

k= 4'/h{ (149"t 4+ q*) (1 49 (14-q") . }
A+9t+aid+ad)d+q) .. )

patet, neglectis qunntitatnbus ordinis ¢, fore:

klP)k(P) . l,
q=

quod cum (hcto theoremate convenit.

JIam in formula nostra

1-q 1*{ 1—g’ 1’*{ 1-qo‘}f

14+q ) Ui4qy) Ui4gf *7

loco ¢ substituamus successive duplicem quantitatum seriem :

t—q={

qerix, gletix, gse?lx, gqre?ix, o

qe"h‘- QX qse—:ix. Qetix

et infinitam instituamus multiplicationem. Advocetur formula §' 86:
2Kx . .

Aam ——
x

- (1—2qcos2x+q") (1 —2¢’ cos2x—4eq*) (1 —2q* cos2x44q") . . .
7T AT 2qeonts 4 O+ Iq oot o) (L Bqrcandata™) . -

ac designemus per A™' expressionem

N LpK'Px .
am — (l—!q"oos!px-{-q"’)(l—!q'l‘coa!px-l-q“l’)(l-—!q"’coa!pk-{-ﬁ"”) cee
Warg (14-29Pcos2px+q°F) (1429’ Peos 2px+-q°*F) (14 2q*Pcos2px f-q°F) .,
provenit: E

(l—!qcos!x+q’) (1—-!q’cbs!x-{-q')(l-—lq‘m!xo{-q")
t=——=g)A—g) ...F
1 R
‘ (1—qrl—q)(1—g).
eo determinavimus, quod utraque expressio, posito x = 0,. unitati aequalis evadat.

atamiawmfand |

Factorem constantem, quem adiecimus, y “ex supra inveitis sive
. ) \

Jam vero invenimus: e o

2Kx
( ” ) - (1 —2qco.2:+q’)(l—-!§’co:2:+q‘)(l-—‘q'co¢2:+q“} PN
@) {t—q(t—q)(1—q*) .. .0 ’
unde ' '
0( 2Kx ) .
o =at ant ani amnd

O
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Hinc posito -.;:-1'_-=' n, eamu=— ¢, é&t advocatis formulis, quas Cl. Legendre
de transformatione secundi ordinis proposuit, nanciscimur sequers, q’hqd _computum
expeditum functionis © suppeditat, '

THEOREM A,

Ponatur am (u) =@, m=—1, n = K, a(¢p) = v/-mimﬂcos’QJ ~+nnsin’p = 4,

et calculetur series guantitatum :

m = "';’" , o= """:‘" , m*:.L‘:“"_.,
=y mn ,weymn 2" =y ., ...
A= 'AA_:-#' A =A'A'!+n'n'.A,,.- A".A":;n"'-""
erit:
ST =" ===

0 (0)
Cuius theorematis absque evolutionum consideratione per formulas notas ac fini-

tas demonstrandi negotio, cum in promptu sit, supersedemus.

DE ADDITIONE ARGUMENTORUM ET PARAMETR] ET AMPLITUDINIS
IN TERTIA SPECIE INTEGRALIUM ELLIPTICORUM.
: LT 53. )

Formulam in Analysi Functionis © fendamentalem , et cuius nobis in sequen-

Etenim (juia po-

tibus frequentissimus nsus erit, nanciscimmr consideratione sequente.

situm est:

. u
P ) _f k?sinamacosamaAams . sinamu . du
(@, _0 _ 1—Lk*sin’ama . sin’amu >

fit:

4Il{u,a) _ k'sicamacosama Oama. sin’amu
du - 1 —Lk’sin’ama , sin’amu
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Qua formula secundum a integrata ab a = 0 usqye ad a==a, prodit:
l)fd ‘m(“") —-;—log(l—lz’dn’tma:'m'mnu).

Fit autem e 8) §. 62: L
2 dnd(:, ) g q Ll Fe=w 1 Gty
unde:
- d.I(u, ®(a 1 1
f"",—'a'f.u= log . 5o — 10§ @ (u—a) — ~g-log Buta) o g9
0

quibos substitutis, dum a logarithmis ad numerOs trams, e,1) dbtines: . ,

Gu.@®a
|80

TR

}(l—k‘nﬁ'ann m’mu) - -

8) @(ut-2)B(u—a) == {

Formulam 2) ita repraesentare possumus:

k?sinama cosama Aama . sinamu

= Zfa) .-i-‘—;-Z&u—a') Z -;-:i\(n+-).

1 —k?sin? am a sin’amu
unde commutatis a et u:

k?sinamucosamulamu. sinama

1—K sin’ama sia’amu =Zm —-:-z(..‘_.) -—le(_u+=)‘.'
quibus additis formulis prodit:
4) Z@) + Z@) — Z(u4s) = K'sinamu . sinama . sinam (u2),
yuae est pro Additione functionis Z, atque convenit cum formula 8) §. 49:
E(¢) + E(x) — E(s) = k’sing . sinx. sinc. ‘ ‘
F'E'—E'F*

Posito a =K, cum facile constet esse Z(K) = =

=0, prodit e 4):
§) Z(u) — Z(u+4K) = k’sinamu . sincoamu, ‘ s .

quam §. 47 ex evolutione ipsius Z derivavimus. Posito ~—u locorw, K—u=yv,
e formula 5) obtinemus:

6) Z(u)=4 Z(v) = k*sinamu . sinamv.

Posito u=v=1;-, fit: 2Z( ) k'*) I A

. . K 1 K K v
" Enemm:‘ .mum—’—= T-Fk_" €OS am = 3 { rprayal) Amm—-uaf , tgam-—-a:—

1+ 2 YT
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N u
Formulam §) inde a u = 0' usque ad u=ru integremus. Cum sit f Z(u).du=
0

log —:—;— , prodit: »

L log 8(u+K) = — log &amu ,

®0 8T eK

sive:

80 ©O(u+4K)

) oK " 6. = Aamu,

Posito u == — K, eruimus e 7) valorem ipsius.
oK 1
et
unde 7) formam induit:
8 (u+4K) = Aamu

©u X

9)

Formulam 9) ex inventa evolutione:

( 2Kz )
n - (1—2qcos2x4-q°) (1 —2q’cos2x4-q%) (1 —Lqs cos 8x4-q°) , . .-
O] {(l—q(l—=q)(1—gq%)...F

facile confirmamus. Fit enim, mutato x in x - %:

2Kx .
o(=- +x) _ _(142qcor2x ) (14+2q7cos x4 %) (1 - LqPcoeRr ") . ..
8® : {l—(—q)(1—q%) ... ’

unde:

o(=+x)
. 2Kx
n

— _(14+-2qcos2x+q")(142q° cos2x+4¢7) (1 4 2g* cosx-q™) . . .
) (1—2qcos2x+q) (1 —2q cosRxq) T—2q* cos2xt-q) . .. °

A am —

———T  .uti debet.

e

quam ipsam expressionem invenimus §. 85. —

E formula 9) expressiones I (u--K, a), M(u, a4K) statim ad ipsum M (u, a)
revocamus. Fit enim: '
' U
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®(u4-K-—2a)
' Ou+tK4a)
®(u—a) 1 Aam(u—a)

log - O (u~4-a) + 7% A am (u-a)

10) O(u+4K, a) = (u+K)Z(a)'+ %log

= @+K)Z@ +

Aam(u—a)

1
=M@, 2) +K.Z@) + 5-log . oo

= 1 @u—a—K)
11) II(u, a4K) = uZ(a4K) « ?h‘m =
20 i e+ o ST 4 SEEZS

II(u, a) — k?sinam a sincoama . u 4 —;—-log%((—:-i—%- .

54.
E formula fundamentali, cuius ope functio IT per functiones Z, © deknitar:
1) I(u, a)=uZ(a)+%log.—2§——:—-:_%. ‘

advocatis sequentibus et ipsis in Analysi functionam Z, © fundamentalibus:
" ) Zu — Z(u4a) = k’sinama. sinamu . sinam (n<-a)

Qu.@a}’

%0 (1—Xk’sin’ama . sin’amu), -

{l) ©(a42)O@—s) = {

iam facile formulas obtines et pro eipﬁmen(io n(u-&-.v, a) per I (u, a), N(v, a), quod
vocabimus de Additione Argumenti Amplitudinis, et pro exprimendo fl1{u, a<4-b) per
M(u, a), A(a, b), (uod vocabimus de ddditione Argumenti Parametri theorema. Quem

in finem adnotamus seuentia,

E formulis:
. e 1 @a—
Mu,3)=. u.Za +-£-lo3.-§-("—:¥:%
@ (v—a)
O (v4a)
@ (u4v—a)
" @(udv4a)

MN(v,a) = v.Za +—;—log.

1
M(utv, 3) = (utv) Za + - log

sequitur:
@u—a). O(v—a). @ (nfev+4a)

1
D T, 8 4 0, 8) = Matv, a) = glog. g gt




186 ———

Expressionem sub signo logarithmico contentam:

8(a—a). O(v—a). G(u-i-v’-i-n)
O (u-t2) . O(vef=a) . O(usf-v—a)

ope theorematis fundamentalis L duplici ratione ad functiones ellipticas revocare licet.
Fit enim ex eo primum:

© (u—2). ® (v—a) ={ 5o ’(x—i“"' ““(u! ) sin '"'( -:v - '))
v (55 (52
(S5 sm (22 _.))

oetvinon ={ e(uf).e(“}" + -) }'(1_9,;..---("‘*"). ﬁn,,,.,,(:_ﬂ + ,))

0 (n+4).0 (vje) = 1 =5 }

Olatv—a) 02 ={ 8(“:—').9(“-:v — a)

1 —k'sin’am vt

AA

) )
quarum formularum prima et quarta in se ductis ac per secundam et tertiam divisis,

provemt

Olu—a).d(v—2). O (uf-via) . =
@(u4a). O(v+4s). Ouf-v—a)

{1t (257t (5 — s () srem (2 ) |
{1_1‘-.1..'....(-“-;2-'-)..:.'.«. (-"-';.'_". + .)}{1_k'.in'm(‘“:")..w.m (l'_':-:- - .)}

?)

Sic etiam, quae est altera ratio, ubi theorema fundamentale III. hunc in mo-
dum repraesentas:
{Ou.Gv }’= B (utv) 8(u—v)

®0 1—k'sin’amu . sin’amy ’
fit:
| Ou—0)O(v—s) \' _ O(u—v). O(ustv—2a)
00 J = 1—k'in’am(u—a). sin’am(v—3)
{ 0(u+a) O(v-l-a) } Qu—v). O(ud-v42a)
l—k"sin"am (u<~a) . sin’am (v4-a) '
( ®a.B(uef-v—2) l _ Buv). @(ug-v—-2a)
@0 ) = 1=Lk'sin’ama. sin'am(uefv—3)
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B(uv). @ (ud-v-20)

1 —k’sin’ama . sin*an (u4-v-4-2) ’

2
Y] =

(©s.8utr4s) }
l AT
quarum formularum rursus prima et quarta in se ductis ac per secundam et tertiam di-
visis, extractisque radicibus provenit:
g _O—2.00—2.0@utv+s
) @ (u+a). O(vefa) . Ouef-v—2)

{1 —k’sin’am (u<f=a) . sin’am (v-}-a)} {1 —k*sin?ama . sin’am (u4-v—2) 33
f {1—K’sin*am (u—a) . sin’am(v—a)} {1 —k*sin’ama . sin’am (uf-v4-2)}

Ut ex ipsis elementis cognoscatur, quomodo expressiones 2), 8) altera in alte-
ram transformari possint, adnoto sequentia.

Ubi in formula, iam saepius adhibita:

sinfamu — sin’amv

sinam (uef=v) . sinam(u—v) = T P acamu - anfey

loco u, v resp. ponis u—-v, u—v, prodit:

sin*am (u 4 v) — sin’am (a —v)

sinam2u . sinam 8y = l—k’sin’am(u+V)-lin’lm(!‘—") - .

Porro dedimus formulam :

sin*am (af-v) — sin*am (a—v) = 4sinamu.cosamu. Aamu.sinamv.cosamv. Aamv

{1—k’sin’amu sin’amv '

unde multiplicatione facta, obtinemus:

. 4sinamu .cosamu. Aamu. sinamv. cosamv. Aamv
—k?ain? . 2 —_—) —
9 1—Vsin'am (uv) . sin*am (@ —v) sinam2u . sinam2v {1 —k¥sin’amu . sin®am v§

f1—k*sin*amu}{1—k*sintamv}

fit—Lk'sin’amu . sin*amv}

cuius formulae beneficio formulae 2), 8) iam facile altera in alteram abeunt.

’).

E formula 4) adhuc deduci potest haec generalior:

5 {1—k*sin’amu . sin’am v} {1 —Lk*sin’amu’. sin’am v’}
{1 —ksin’amu. sin®amvu’j {1 —k*sin’amv . sin’amvVv}

f {1—k'sin"am (a<-v') . sin’ am(u —v’)} {1 —Lk*sin’am (v4 V) . sin’am(v—V')}
f{1—k’sin*am (u <-v) . sin’am (u — v) § {1 —k?sin’am (u'4-¥) . sin?am(u'—v)§ °

i . A
*) Nota enim est formulae: sinam%u = 2enamu . cosamu, Same

1—k'sintamu
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At Cl. Legendre eo loco, guo de Additione Argumenti Amplitudinis agit, (Cap. XVI
Comparaison des fonctions dlzptzqua de la troisiéme espéce) eam, quae sub signo loga-
rithmico invenitur, uantitatem sub forma exhibet hac:

1—k?sinama. sinamu . sinamv. sinam(u<4-v —a)
14k’sinama . sinamu . sinamv.sinam(u4-v+4a)

(uam non primo intuitu patet, quomodo cum expressionibus a nobis inventis sive 2) sive 8)
conveniat. Transformatio satis abstrusa hunc in modum peragitur.

E formula elementari, cuius frequentissimam iam fecimus applicationem, fit:
sin’am(“-:v) — sin’am (u-z-v)

u-;-v )'ing“m(--;-v)

lin’am(“-:v) -— ain’-m(u-;' — a) .

2 sin? am T a .

u+v) (u+v )

quibus in se ductis aequationibus, prodit: . _

nt')sin’am(u:v)} {l—k’sin’am(u-:'):in‘am(u-:' - l)} X

{l—k’sinama . sinamu . sinamvy. sinam(u-l-v—‘-l)‘.-

sinamu , sinamv =

1—k*sin? am (

sinama . sinam (Uepv—2a) =

1— K sin’ am (

{1-— k’sin’am(

{1_Psin=am(f$).in*m (“;")} {l—lk’sin’nm(“-:' )ain’am( =)
- k’{sh’am (—“—':—'-) - sin’am_( St )} {sin’am( "':' ) - sin’am( uty .) }

Altera aequationis pars evoluta, terminis

- LQ.in’.m(“':'){.in~.m(“;') + .i..'.m(""z" - .)}
+k’sin’am(u-:'){sin’am (.“_;_') + .i..*.m(“:" - a)}

se mutuo destruentibus, fit:

l+|l‘oin‘am( -:v)sin’am (-‘L;l)ﬁ.ﬁ.m(“':v - .)
) ku...m( . )nnlm( ':"__.)=
)} 1—Ksin am( . )sm‘am (._'2"_'. - .)}

— K'sin*am (

{l—k‘sin‘m(
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unde tandem prodit:

{—1*sin” am ("':v ) sin?am (n:')

1=K sintam (%‘L)

6)

. {l—k’sinama . sinamu . sinamv. -inam(u-l-v—a)}

Hinc mutato a in — a, eruimus:

p)arn (5

| f—=Vsintam (%)

l—k'tin’am(

14-k?’sinama. sinamu . sinamv. cinam(u-]-v-[-a)}

1_k',in'.m("—;2;in'm( sk A )

l—k’sin’am(“:")dn’am( v 4 )

’

unde divisione facta:

1—k®sinama . sinamu . sinamv . sinam(u=-v—2a)
1—k*sinama . sinamu . sinamv . sinam (u +-v-f-2)

n—k'au*am(.";;l_).in'-.m(":" - a) . z_k*.au'.m(l'—';-'-‘i).in*m(":"_ + .) | |
').i..'m(“‘;" + .) 1_k-.in-.m(“';")au-m(£"ﬂ. - ) |

guae est transformatio quaesita expressionis a Cl. Legendre propositae in expressionem 2).

7

l—k’uin’am(u:

i
|
Formulam 6), posito u, a, v loco u:' , "’:', "':' —a, ita quogue reprae- |

sentare licet :

8) 1—k*sinam(a<-u). sinam(a—u).sinam(a=v).sinam(a—v) =

f1—k?sintama} {1 —k?sin’amu . sin*am v}

{1—k?sinama . sin*amu} {{ —k*sin’ama . sin’amv} ’

unde formula 4) ut casus specialis fluit, posito u =v.
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- 55.

E formulis §* antecedentis 1), 2), 8), 7) sequitur:
1) I(u, a) 4 (v, 2a) — T(udv, 2) =

. {1—L=.an-m(“—:'l)..;n-...(u-:v _ .)} {1_k-.in-.m(“—':"’).-in=m(l'::—" + a)} _
* {l—l’dn’m(g-—;l).dn’m(“‘:' -+ a)} {l—l’ﬁn’am(u-:v). ain’am(u—'rl - l)}

1 I {1 —k’sin’am (u+4-a) . sin"am(v-4-2)} {1 —k’sin’ama sin’am (u4-v—2)]

T8 {1 —ksinam(u—3) , sin*am (v—a)} {1 —k*sin’ama sin’am (u4-va)]

1 1—k’sinama . sinamu . sinamv. sinam (u4v—a)

] log - f1<-k?sinama. sinamu. sinamv. sinam(u4-v-a) ’

quod est theorema de Additione Argumenti #mplitudinis. Prorsus eadem methodo investi-
gari potest alterum de Additione Argumenti Parametri, at ope theorematis de reductione
Parametri ad Amplitudinem, quod nobis suppeditavit formula &) §. 52:

IV) I(u, a) — II(s, u) = uZ(a) —.aZ(u),

e formula 1) idem sponte fluit. Etenim e IV. fit:

MN@,v) — H@u, a)y =23aZ @) «— uZ(()

M@, u) — M, b) = bZ @) — uZ(d)

M (a+b, v) — M(u, udb) = (ab)Z(u) — uZ(ab),
unde:

II(u, a) 4 I (u, b) — M(u, asb) =

N, v) + T(b, w) — M(askb, u) + utZ(a) 4 Z(®) — Z@+4b)},
sive cum sit ex 1): '

(s, u) 4 (b, u) — N (ae-b, u) = -;—log

1—Lk*sinamu.sinama.sinamb.sinam(a<}b —u)
1<-k’sinamu.sinama.sinamb.sinam (a--b4-u) ’

porro e 1L.:
Z(a) 4 Z(b) — Z(a+}-b) = k'sinama . sinamb . sinam (a-$~b),

fit:
2) I(u, a) 4 M(u, b) — I(u, as-b) =

l—ﬁ’ﬁnamu .sénaln: sinamb . sinam (a<f-b—u)
1+4-Lk’sinamu . sinama . sinsmb . sinam (a b «~u) ’

quod est theorema uaesitum de Additione Argumenti Parameiri.

k?sinama sinamb sinam (a<=b) . u < —:—hg .
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Alias eruimus formulas satis memorabiles consideratione sequente. Fit enim e
theoremate III: '

(G(u—;a).G(v—b) ' ©(u4v—a—b).O(u—v—anb)

- i @(0) f= 1 —k*sin’am (u~—2) . sin? am (v —b)
@ (u4a). ®(v4b) ‘(’_ ®(utv4adb). O(u—v4a—b)
{ 8(0) )

1 —k*sin’am (u-~a) . sin’am (v4-b)
Jam e theoremate I erit: ‘

. 1 —3a). —_—
T(u, 3) + (v, b) = uZ() + vZ () + - log.. gg:_'_:;.gg_’_:;
TE(utrs ab) o+ (o, o) = (4 2 (Hh) + ()2 1—b) 4 5-log. gg:""*’;:gf:j _'_""""_bi :

unde :
8) M(u4-v, a4-b) 4+ HM(u—v, a=b) — 2II(u, 3) — 2XI(v, b) =
@+)Z@+b) + @—V)Za—b) — 2uZ() — vZ D) +

1 I 1—Lk*sin? am (u—3) . sin’am (v—b)
E 1 —k*sin*am (u+-2) . sin’am (vfb) ’

sive cum sit:
Z() 4 Z(b) — Z(a4b) = Lk’sinama.sinamb., sinam (a<-b)
Z(a) = Z(b) =~ Z(a—b) = —Lk’sinama. sinamb. sinam (a—b),
prodit 2), 8):
4) T(u+v, a4b) + M(u—v, a—b) — $1(u, 2) — 21 (s, b) =

—k'sinama . sinamb §{sinam (a+b) . (uf=v) — sinam (a—Db).(u—v)}

1 1 1 —k*sin’am (u— a) sin’am (v—b)
+ g 8- 1—k?sin’am (u~2) sin’am(v+4-b) -

Commutatis inter se u et v, obtinemus:
8) H(u+v, a+4b) — Il(u—v, a—=b) — 2II(v, a) — 2II(u, b) =
—Lk*sinama . sinamb {sinam(a-b) . (u-v) 4 sinam(a—b) . (u—v)}

1 1—k*sin’am (v—a) . sin®am (u—b)
+ ?log. 1—k*sin’am (vef=a) . sinam (uf-b)

Additis 4) et 6) obtinemus:

6) I(utv, a+b) — I (a, 2) — M(a, b) — (v, a) — (v, b) =

—K'sinama sinamb sinam (a-b) . (a=v) .

+ -%-log‘ 1 —k* sin*am (u —a) sin? am (v—b) i—k'sin'un(v—l)dn’lm(u—-b) }

\T=Xsin’sm(ua) sm’'am(v4-b) ° 1—k*sin*am (vfs) 6in* am (u - b)
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Posito v=10, e 4), 6) prodit:
7) I(a, ashb) 4 M(n, a—b) — M (n, 2) =

1 —k?sin*am b sin®am (u—2)
1—k*sin’amb sin’am (u-f-2)

—k*sinama sinamb {sinam (a<{-b) — sinam(a —b)ju %Iog.

8) II(u, a4b) — II(u, a—b) — 2II(u, b) =
1—k”sin?ama sin® am (u—b)

-—k’linun-sinunb(sinm(u-]-b)-]-linan(a—'b);l+%Iog. Ve amssnam b

Posito b—=10, e 4), 5) prodit:

9 Meke, 9+ omr, = 80009 = pig R

1—k’sin’amu . sin’am(v—a)

: 1
10) IT(u4v, 3) — IT(u—v, 2) — 2II(v, a) = —’-log. I—Caaama . seam({v o) "

REDUCTIONES EXPRESSIONUM Z (in), © (iu) AD ARGUMENTUM
REALE. REDUCTIO GENERALIS TERTIAE SPECIEI INTEGRALIUM
ELLIPTICORUM, IN QUIBUS ARGUMENTA ET AMPLITUDINIS
ET PARAMETRI IMAGINARIA SUNT.

56..

Revertimur ad Analysin functiorum Z, ©, quarum insignem usum in theoria no-
stra antecedentibus comprobavimus. (Quaeramus de reductione expressionum Z (iun), © (iun)
ad argumentum reale. Idem primam siguis Cl° Legendre usitatis exequemur, deinde ad

notationes nostras accommodabimus.

Novimus in elementis §. 19. pag. 84, simul locum habere aequationes:

d id . ,
sing = itangy, A(:) = A(‘w,wk')' F(p) = iF(y, k).

Hinc fit: )
idy(14-kkig*y) idy. Ay, k’)
Ay, k) = cos’y

do.A(p) =

unde integratione facta:

% kK'k' sin? 1,0
fA(fr) -dg = -ltwA(w, K) +f N k)
(V]



sive :

1) E(p) =iftgp Ay, }) + F(p, k) — E(y, k).

. e dop __ idy
Multiplicando per % o = AL

E(p).dg 2 (y, k)
z)f DS _|ogco..p__1r(.,,,u +fw'k.

Ex aequatione 1) seqnitur:

et integrando eruimus:

F'E ) — —E'F(y)

=F'gya@y, K) — {F‘E(w.w+(E‘ F)F(y. k).

Iam adnotetur theorema egregium CI' Legendre (pag. 61):
F'E*(K) 4+ F*(K)E® — F*F'(}) = ..75'.,
unde:

, F* . wF(p, k)
F*E(y, K "—F)F(y, ) = —{F*()E@y, K) — E*X)F(y, K)} 4 —— 22 2)
W, K) + (E*—F)F(y, k) 7 FOEG ®Fy, K)} + T
ideoque :
F’E(g) — E*F ) F*)E(y, k) — EX(K)F(y, K F(y, K
5 D-FTD _gyap k) LOEGY-EMFw K _ <y )
iF F*(K) 2FIFE (k')

E notatione nostra grat:

¢ =am(u), Yy =am(@, k), F(p) =iu, F(y,k) = u;

porro:

FEQD=EF@D _ 56,1, FOEGY)—E®Fy, k)
F* = ’ ’ F!(h')

=Z(u, k),
unde aequatio 8) ita repraesentatur:

4) iZ(iu,k) = —tgam(u, X) Aam (u, Ky 4+ —— ZKK' “+ Z(u, k')
Hmc prodit integrando:

u u

/‘iduZ(iu, k) = logcosam (u, k') 4 T”l%-;r 4+ / Z(u, K)du,
1] o
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u
. . 0 (
sive cum sit / duZ(n) = log-s%:
Tun
5) 8hu,b _ e KK cos am (u, X LICHLY) .

60,k @, k)

Formulae 4), 65) functiones Z (iu), © (iun) ad argumentium reale revocant.

57.
Mautetur in 6) u in u 4 2K’, prodit: )
8Gu+42iK) ﬂ;{%)—’ 8@, k)" il('T(-'-—n)e(iu)
_—e—(o—)—=._e cosam (a, k’)—m;)—=—e 0’
sive posito u loco iu:
w(K'—iu)
1) @(u+2iK) = _eT—e(uj.

Ponatur in 6) u 4 K’ loco u: cum sit

cosam (a K, K) = — k sinam (u, k')

Aam(u, k)
Aam (u, k)
Ou+K, )= —————.0(u, k), v. ). 68.9
e e
prodit:
n(u4-K)?
@Gu+iK) _ '~ KK ) . O, K)
_W— = — y/‘rnnam(u, k') B0, 1)
w(2u4K')
= —e K '/Ttgnm(u,k')ég%)—,

unde posito rursus a loco iu:

n(K'—2iu)
2 O@u-+iK)=ie 4K f-k- sinam (u) @ (u) .

*) Fit enim © (u--2K, k) = O (v), ideoque etiam O(u-+2K, k) = @(u, k).
‘ X2
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Sumtis logarithmis et differentiando, ex 1), 2) prodit:
8) Z(u42iK) = _T"' + Z( -
4 Z@u+4iK) = —';—;(1 + cotgam (u) Aam (u) + Z (v).

Posito u == 0, ex 1) -4) fit:
=K'
. 4 _ﬁ— 0
OQiK) = —e = 8(0), OGK) =0
% zzaix')= 0 ; ZGK)= .

Formulae 1), 2) egregiam inveniunt confirmationem e natura producti infiniti, in quod

functionem © evolvimus:

2K=x

G( x ) - (1—2qcos2x+4-q°) (1 —2q%cos2x4q*) (1 —2qtcos2x4-q'°) . . .

e (I—QU—)(l—gq") ...J :

f(l—qe?iX) (1—qleriX) (1 —qse?iX) . Jf(1—qe—2IX)(1—=q e~ 2IX) (1 —qte—2iX) , .}
(I—Q(—q)1—¢") ... 1%

6)

Ubi enim mutatar x 1In X -+ _‘_L » quo facto abit e in 'qeix,- abit productum

{1—qetI) (I—gletiX) (1 —gteriX) .. Jf(l—qe*IX) (1—qle21X) (1—gle '“‘) N
in hoc:

T (=g I (et (L gier 1) L (A —ge Y (=@ e= eI A —ghe 1) ..,

unde:

2Kx
) @(’K" +z x) :'(q_j?')—

Mutato vero x in x — —==—, abit e'* in v qe™, unde productum

zx ’
{(l—gerin)(f—gleriX) (1—gteriX) ., Jf(l—qe 21 X)(1—glem0iX) (1—gseriX) .,
in hoc:
G—e—21X) f(1—q?eriX) (1—qtesiX) ... )f(1—q e 2iX) (1 —qte2iX) ...} =

—e;'?-.!ﬁnx (1—2q"cos2x+q%) (1—2qcosx4q7) (1— q*cos2x4-q'%) . ..
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At dedimus §. 86 formulam:

sinam X2 _ 1 2ﬁ?i’u(1—zq’ﬂu!—!+q‘)(1—-’q‘|<;032x+q')...
" ﬁ * (1—2qcos2x4q)(1—2q*cosx4q*) (1 —2q* cos2x+q°) . .. '
x/‘_muln

+iK) = V‘;eix —(%) :

2K ’ .
*x = u cum formulis 1), 2) conveniunt.

unde videmus, fore:

2Ksx

8 9(

Formulae 7), 8) autem posito

E formula 9) §. 58:

Aamu
Bu-+4K) = . @(u),
_k u
posito iu loco u, sequitur:
Aam (u, k) Yy

O(a =
Gt 5y fl?wnm(u. k)
unde e 5) §. 66: '

8 Gut+k) = 1 e‘KK Aam (u k').—e(“'.")
©(0) Ve e, K’
sive e formula allegata 9) §. 68:
Wllll
g OGu+K) ‘/k KK ©@m+K, k)
) “eo T e, k)

Hinc sumendo loganthmos et differentiando obtinemus:

58.

Formularum §§. 56. §7 inventarum facilis fit applicatio ad Analysin functionum
11 casibus, quibus Argumenta sive Amplitudinis sive Parametri sive utriusque imagi-
naria sunt.

Demonstremus primum, expressionem I1(u, a—+iK') revocari posse ad I (u, a),

ande patet, posito n = —k’sin’ama, integralia
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i do ’ do
A {l_-l-nain’ (p}'A((p)' ' {l-l- -::cin'(p}A(q))

alterum ab altero pendere ; quod est insigne theoremaa Cl. Legendre prolatum Cap. XV.

Invenimus : ‘
M (s, ahiK) = 02 (@+iK) + - logoutHIK)

@ (au-iK) °
Fit autem e 2), 4) §. 57:

i
® (a—u<4iK’) - K sinam(a—u) @(a—n)
® (a4u4ikK) sinam (a4-u) ~ @ (a+u)
: uZ(a+4iK) = —;l:u “+ u cotg ama Aama 4 uZ(a);
unde, terminis —'23[:— - —:'T" se destruentibus:

1) II(u, a4iK’) = II(u, a) 4 ucoigama Aama 4 %—lo -::—n';.?:—((:—zu_i .
u

Ponamus in hac formula ia loco a, fit:

—ilAam(a, k)

cotg am (ia) Aam (ia) = —— (a, k) cosam (a, k)

sinam (ia—u) Aamu—cotg am (ia) Aam (ia) tgamu
sinam (ia+u)  Aamu-cotg am (ia) Aam (ia) tgamu °

sive posito brevitatis gratia :
Aam (a, k)

sinam (a, k) cosam (a, k) = Ve,
fit:
sinam (ia—u) Aamu i yxtgamu
sinam (ia+w)  Aamu— iy «tgamu
unde 1) abit in
2 H(u,ia+il(i') — II(u, ia) = — Ve u+ Aretg. f:l:::m .

quae cum formula f') a Cl. Legendre exhibita convenit.
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- 59,

Alias formulas, pro reductione Argumenti imaginarii ad reale fundamentales, ob-
tinemus e 9), 10) §. §7. Quarum primum observo hanc, qua Argumenta et Amplitudinis
et Parametri imaginaria ad Argumenta realia revocantur:

1) I(iu, ia4K) = II(u, a+4K, k), '
quae hunc in modum demonstratur. Fit enim:

B@a—iut-K)

3 .
(i, ias¢-K) = iuZ(ia-K) 4 %logm.

porro e 10) §. 57:

inZ(ia4K) = ZKK' 4+ uZ@+4K, k),

e 9) §.67:
’ n(a—u)’
©@a—iutK) ‘/ "4KK  0(a—u+K, k)
T e,k 'y e, X)
 (a4u)?
@Gatin4K) k 4KK @@a+u+4K, k)
CYOR) =V 00, r) ’
unde :
-—rau
®@la—iu+4K) _ KK @(a—u+K,L)
8GatintK)  °© e(G+u+tK, 1) ’

wua

. « s+ mua
ideoque, terminis _——7 — —o— se destruentibus,

@(a—u+K), k)

og G etk T = (u, a+4X, k),

IIGu, ia<-K) = uZ(a4K), k) + -:—I
guod demonstrandem erat.
Mutato in 1) a in — ia, prodit:
2) I(iu, as4K) = —II(u, ia+K), k).

Formula 1) facile etiam probatur consideratione ipsius integralis, per quod

functionem M definivimus:

I (u, a) =/'ul’sinam| .cosama.Aama. sin*amu.du i

1 —k*sin’ama. sinemu
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unde:
“ .
Gy, ia4K) =fi|x’;inam(ia+l() .cosam (ia<+K) . Aam(ia4K). sin’am (iu) . du ]
1]

1 —Lk?sin’am (ia=-K) . sin? am (i u)

Fit enim e formulis §' 19:

sinam (ia=-K) = sin coam (ia) = Acoul;(., K) _ A"“(":'K'. k)

oL’

-klk cos coam (a, k) = -i—:;coum(a+l(', k')
A am (ia-+K) = Acoam(ia) = k'sincoam(a, k) = k'sinam (a+-K/, k'),

cosam(ia4K) = — coscoam (ia) =

unde:
ikk sinam(ia 4~ K) cosam (ia - K) Aam (ia - K) =
—KkK sinam (a =K, k') cosam (a+K/, k) Aam (a+4K/, k).

Porro fit:
sin?am (iu) —tg?am (u, k)
1 —k?sin’am (ia< K) sin’am (iu) = 14-A?am (a+-K/, k) tg?am (u, k) =
—sin’am (u, k') ) —sin®am (u, k')

cos’am (u, k') 4 A’am (a+K', k') sin’am (u, k) = 1 =¥k sin’am (a4-K, k') sin’am (u, k) ’

unde:
N(Gu. ia4K) =

f uk’ k'sinam (a4K’, k') . cosam (a4K', k') . Aam (a4-K', k) . sin*am (u, k) . du

1—KK'sin’am (a4-K/, k') sin’am (u, k')

’

0

sive:
(iu, ia4-K) = II (u, a+K, k),

quod demonstrandum erat.

E formulis 9), 10) §. 57 simili modo atque 1) comprobare possumus formulam se-

guentem, (uae docet, functiones binas Argumenti imaginarii Parametri, quarum Moduli

alter alterius Complementum, ad se invicem revocari posse:
8) iMl(u, ia4K) 4 ill(a, ivdK, k) ==

wau

KK + uZ (24K, k) + aZ(u+K, k).
Fit enim:
. . . i B(ia+4K—u)
ill(u, ia4K) = iuZ(ia+4K) 4 Tbs-m

@ (u4K—a, k)
@Gu4+K4a, k)

ill(a, ivdK, k) = iaZudK, k) 4 -;— log .
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Iam Hht:
_ n(a~-iu)?
8Ga+K—u) _ Ofifatin) 4K} _‘/Le 4KK'  @(a+iu4K, I '
8(0) . 8(0) Vi 80, I
w(a—iu)?
OGa+K4u  Ofifa—iu) 4K} _‘/Ee ¢KK' @(a—iu4K, k)
@ (0) - ©(0) - K @(, k)
unde cum sit O(u+4+K)=6(K—u):
ivau
B@a4+K—u) KK @O(@u4+K+4a, k)
O(aK4u) ¢ B@lu4K—a, k)’
ideoque:
i O@(a+4+K—un) i OGudK—a,k) wan :
T Sy T TS ®GutK+as k) KK ®
Porro fit:
iuZ@a4K) = 2’;(‘:, + uZ@a4K, k)
a IO ) = 2 4 aZ@+K, ),

unde:

rau

iNl(u, ia4K) 4 il(a, iv4K, k) = KK 4 0Z(a+4K, K) 4+ aZ(u+4K, k);

q- d. e

- Patet e formulis:

sinam (K+4-in) = —:-.-ACOIIII(II, k')"
1 1
& sinamu ’

sinam (u+4-iK) =

'Argumentum u, quod, dum sinamu a 0 usque ad 1 crescit, a 0 ad K transit, ubi
1 e . '

sinamu a {1 usque ad | Crescere pergat, imaginarium induere valorem formae

K 4-iv, ita ut simul v a 0 usque ad K’ crescat; deinde crescente sin am u a L

k
Y
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usque ad oo, induere u formam v+ iK', ita ut simul v a K usque ad 0 decre-
scat *).

Hinc videmus, siquidem in tertia specie Integralium Elliplicorum, quae sche-
mate contenta est:

do
(14 nsin’y) Afy) *

ponatur, uti fecimus, n = — k’sin’am a, (uoties sit n negativam
inter 0 et — kk, poni debere n = — k*sin’ama
- —kket—1, - - n= —Xk'sin’am (ia+K)
-—1et—0, - - n=—k'sin'am(a4-iK’),
designante a quantitatem realem. Porro cum sit — kk sin® am (ia) = kk tg’ am (a, k),
patet, quoties sit n positivum quodlibet, poni debere:
n = — kk sin’am (ia).
Hinc quatuor classes Integralium Ellipticorum tertiae speciei nacti sumus, ¢uae respoudent
schematis, (uae Argumenta induunt
1) a, 9 ia4+K, 8) a+4iK, 4) ia,
(uarum tres primae pertinent ad n negativam, (uarta ad positivum.
At per formulam 1) §. 68 videmus, functionem I (u, a4iK’) reduci ad M (u, a),

sive classem tertiam, in qua n est inter —1 et — 00, reduci ad primam, in qua n est
inter 0 et —kk. Porro e formula 11) §. 58 **), functionem IT(u, ia) semper reduci

*) Obtinebitur simul:
1 1 1 1
g yEx &

K gt
“=o: —i— » Ko K+%. K+iK'| 'i:—'"il". iK'.

sinamu = 0,

» ";"/-mi (- -]

*#) Haec formula scilicet, posito ia loco a in sequentem abit: . -

I(u,ia4-K) — IT(u, ia)

— o =~ Arc tg {« sin am u . sin coam u},

L. . kk tgam (a, k) . .
siquidem ponitur « = B, Quac facile per formulas elementares §' 19 succedit transfor-

matio.
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ad I (u, ia+K), sive classem guartam, in qua n est positivam ad secundam, in gua
n est negativum inter — kk et — 1. Unde iam nacti samus theorema, propositum
integrale

4 do

(14nsin*pia(p) ’

quaecunque sit n quantitas realis positiva seu negativa, semper reduci posse ad integrale si-

mile, in quo n negativum est inter 0 et — 1. Quod est egregium inventum Cl' Legendre.

Jam vero consideremus casum generalem, (uo et Amplitudo et Parameter formam
habent imaginariam guamlibet: constat, eum casum amplecti expressionem
M(uiv, aseib),

designahtibus u, v, a, b quantitates reales. At e formulis §' 65 videmus, einsmodi ex-
pressionem reduci ad quatuor hasce:

1) M(a,s), ®) IGv,ib), 8) M(u, ib), 4) H(v, a),
vel, si placet, ad quatuor hasce:

1) M, a—K), ® v, ib+K)

8) I(u, ib4+K), 4 MGv, a—K).
Generaliter enim expressio IT (u—4-v, a--b) in expressiones IT(u, a), M (v, b), M(u, b),
N (v, a) redit, e quibus quatuor propositae prodeunt, siquidem loco v ponis iv, loco a, b
vero a—K et K4-ib. Porro e formulis 1), 2) §' 69 fit:

(v, ib4+K) = (v, b4K, k)

N(Gv, a—K) = —I(v, ia+K, k),
unde expressiones 1), 2) classem primam redeunt Tl (u, a), expressiones 8), 4) in clas-

sem secundam II(u, ia 4 K); id quod nobis suppeditat
THEOREMA,

Integrale propositum formae

L4 dy

(Foun'g) Alg)

quodcunqgue sit n et (0, sive reale sive imaginarium, revocari potest ad in-
tegralia similia, in quibus et (Dreale et n reale negativum inter O et — 1.
Y2
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Efhec theorema debetur CI° Legendre, nisi quod ille reales tantum Amplitudines

contemplatus sit.

Formulis 4), 5) §. 66 reducitur 11 (u~4v, a+b) 4 N(u—v, a—b) ad M(u, a)
et 1(v,b), m@u+v, a4+b) —N(u—v, a—b) ad (e, b) et Ti(v, a). Hinc pa-
tet, posito

II(u4iyYa-ib) 4+ DN(u—iv,a—ib) =L

II(u4-iv,a=ib) — IT(u—iv, a—ib)
i

=M,
pendere L a functionibus 11 (u, a—K), M (iv, ib4K), M a functionibus IT(u, ib+4-K),
N(iv, a—K), ideoque redire L in classem primam, M in classem secundam.

Haec sunt fundamenta theoriae tertiae speciei Integralium Ellipticorum, e princi-

piis povis deducta. Alia infra videbuntur.

FUNCTIONES ELLIPTICAE SUNT FUNCTIONES FRACTAE.
DE FUNCTIONIBUS H, 6, QUAE NUMERATORIS ET DENOMINATORIS
LOCUM TENENT.

61.

Evolutiones §. 85 exhibitae genuinam functionum Ellipticarum naturam declarant,
videlicet esse eas functiones fractas, ut quas iam ex elementis novimus, pro innumeris Ar-

gumenti valoribus inter se diversis et evanescere et in infinitum abire. Iam antecedentibus
. . e e . . . ¢K
ad functionem delati sumus, (uae fractionis, in quam evolvimus ipsum sin am——“—’l =

1 2y qsinx(1—2q cos2x4q%) (1—2q* cos2xq*) (1 —2q* cos2xq'7) . . .
a (I—2gcos2x4q) (1 —2q'cos x4 (1— 2P cosxfq) .. - '

denominatorem constituit, functionem dico

2Kx
0( ” ) _ (1—2qcos2x+4q*) (1 —2q°cos2x4-q") (1 —2q*cos 2x4q™) . .,
60 (l—qQU—q)(1—q)(1—q") ...§ ’

Jam et numeratorem particulari charactere denotemus, atque ponamus:

n( 2Kx ) :fh )
™ _ 2¢ qsinx(1—2q%cos®x4-q*)(1—2q*cosexfq") (1 —2q®cos2x4-q%) . ..
a(0) - tl—9l—-q)(1—=g)(1—q7) ...} "
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u( 2Kx)
2Kx _ 1 L4

L —/‘r.e(QKx)

T

erit :

Reliquis advocatis evolutionibas §. 85 traditis, invenimus:

1) ainamu:—l—-,_nﬁ)_; co,mn=V_l‘_'_. B(“"'K), Aamu =f‘— @ (u-K) )

k B (u) @ (u)
Hinc flaunt formulae speciales:
? e(x>—3$'l’-. HE) = \/—mo)-

Posito H'(u) = du(u)

, cum sit:

H(u) = y/‘—eonamu Aamu B (u) 4 an amu ®"(u),

pro valoribus u=0, u=K obtinemus:
§

5 HO =y L0 = -“%g‘f’-. ' (K) ’300—0*)

E 2) sequitur adhac:

H — (:J()
0 VE=g VT=32.
Ceterum fit: .
5) @(+2K)=8(—u) =08(u
6) H(u4-2K) = H(—u) = — H(u); H(u44K) = H(u).-

*) Fit enim Z(K) =0, unde etiam & (K) = 8 (K) Z (K) = 0.
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E formula ¢) §. 67:
w(K—2iu)

ButiK)y=ic X YTinamagg:

nitur:
* 7 (K'—2iu)

7) @(u—+4iK) = ie 4K H(u). X
Matato in hac formula u in u+iK/, et advocata 1) §. §7:
n(K'~—iu)
8) Bu4-2iK) = —e K ®(u),

rodit :
P n(K'—2iu)

9 HupiK)=ic X o,
unde rursus mutato u in u+4-iK’, e 7):
n(K'—iu)

10) Hu<42iK) = —e¢ K H(u).

E formulis 7) - 10) derivari possunt generaliores:

mun (u42miK'y
1) ¥ @) = (—1yme KK @ (u4-2miK)
muu x(u4-2miK'y
19 ¥ a0 = —1me Y Hegtmin
uu : n(u4-(2m+41)iK)’
1) ¢ ¥ H) = (ipmtie 4KK @ (u+@m+1)iK)
muu n(u+(2m+1)ix’)’
14) AEE g = ipmeie 4KK H(u+@m41iK)., -

E 12), 18) fit:
15) @ (@m+1)iK) =0; H@miK)) = 0.

Formulae 5), 6) demonstrant, functiones © (u), H(u) mutato u in u 4 4K,

formulae 11), 12), functiones

wuau . wuu

,4KK o) , KK Hw)
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mutato u in u - 4iK’ immutatas manere; unde illae cam fanctionibas Ellipticis alteram Pe-
riodum realem, hae alteram Periodum imaginariam communem habent.

E formula 5) §. 56:

wuu
8Gu, k) _ IKK 8, k)
Sem = e NgeT
sequitur:
muu
H(u, k) ©(iu, k) 41(? . e, k)
_e(o,_k) /hunam(iu, k) —G(T,T)—- ﬁnnam(u. k) W’
unde € 1):
Kllﬂ
15 260 L) ‘/k KK H@+K, H@+K, K)
"0,k *Teo,x)
Tuu
HGu, k) . /& 4KK H@, k)
P %en TVET sen
E 16) sequitur, mutato u in iu, et commutatis k et k’: ¥
xau
g BGuK b ‘/-k 4xx’ o, y)
9(0 k) e(o K
cui adiungatur 9) §. 57:
Tuu
19) ®Gu4K, k) _k_ 4KK 0 (u+K, k)
®0,k ¥ 8, k)

E formula supra inventa:

B'u@®'v

Oudv)Bu—v) = —o0

(l—'k,lin:mu. . ‘iniamv)’
sequitur:
20) O (udv)BO(u—v) = 8'u O’VOTOH’u H«

Qua ducta. formula in

ksinam (u-f-v) sinam (u—v) =

ksin?amu — ksin?am v

1 —k'sin’amu sin’amv =
H?u ®@'v — ®?u H?v
©%u @’y — H'u H2v ’

prodit:
H'u ®@*’v — @%u H?v

2) Hu+4vHu—v) = CH0)
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DE EVOLUTIONE FUNCTIONUM H, @ IN SERIES. EVOLUTIO
TERTIA FUNCTIONUM ELLIPTICARUM. '

62. ‘
Evolvamus functiones
G( 2K x )
w _ (1—2qcos2x4q)(1—2q’cos2x4q") (1 —2q'cosex4-q") .. .
9(0_) {l—q(l—q)(l—9q%) ...}

“( 2Kx ) .
o — Qﬁsinx (1—2q*cos2x+4q%) (1 — 2q*cosex+4-q") (1 —2q°cos Lx4-q'7) . . .,
1) =9 —)(I—q) - --F

in series

9( 2K«x )
ad = A —2A'cos2x o A" coséx — LA” cos6x = LA cos8x — .. .

@ (0)
!l( 2Kx )

e(’:» =lﬁ{B'ainx—B"sian+B"'sin5x—B";in7x+...’.

Determinationem ipsarum A, A’, A", A", .. ;" B, B”, B”, B™, .. nanciscimur ope
’ . —xK

aequationum 7) - 10) §' antecedentis, (uae posito u = -z—:i, g=e Y i sequen-
tes abeunt: SN '

e( “:’ ) = _qe=ixe( K2 4 oix

Quam in finem evolutiones propositas ita exhibemus:

o(22)

80 = A — AediX Jo A"etiX o ATeMiX f A™erix — |,

— Ale2iX o A" X AlemolX o A™e=rix |,
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. (le)
l_o_(o)__ 1/ ‘B’eix B e3ix +B’"¢|ix_B"'evix+ el
—_— f;u;',—ix — BYe—tix + Besix B‘"'e‘"i*-l- |

mix : m mix —mix e—mix

Mautato x in x —ilogq, abite™* in "€ e in ~—} porro 9( 2:{;:), H(!f:)
in 9(

, 2K . ..
) , H( - +21K) Hinc nanciscimur:
2Kx

e I i/ M
8 (0) 8©

A _ AqeriX 4 A'qletiX — APqoetix 4 A”qrerix — |,
q
_ﬁ-e"“‘-l- ﬁ_e six __i':e—cix + L”e"lx
< ¢ v ¢

H(!Kx) (!Kx_'_zx) _

* =_qeaix.

©(0) o)
;/T'B' elX — B q?e’tx o Biqeesix — B¥qeetiX 4 .. .}

_f_‘B. -——e"’“‘-]-BT:"-e“l‘ — ?e-vix_'_ }. *

Quibus cum expressionibus propositis comparatis, eruimus:
A=Aq, "=A'q, A"=A"q}, A" =A"¢q, ....
B" = Bq’, B"= R"q*, B" = B"¢", B"" = RB"q°, ....,
ideoque
AN=Aq, A"=Aq', A" =Aq, A" =Aq", ...
B"= B¢, B”=Bq, B”=Bq" B =HKq~, ....,

unde evolutiones (uaesitae fiunt:

9( ZKx)
—_6_;)— = Afl—2qcos2x 4 2q*cosédx — 2q°cos6x -~ 2q'%cos8x — ...}
ﬂ( ZKx)
9(:) = 2.V q B'fsinx — q*sin8x <4 q**3sin5x — q**4sin7x 4 q*-5sin9x — . .}

= B':!V-;-sinx — 23 q*sin8z 4 Z‘V q*®sin5x — 2, q¥sin7x 4 . .}.

Evolutiones inventas alteram ex altera derivare licuisset ope formulae: .

B2 = T2 4 ).
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. se .
Inventa enim ydrie:

°(=)

50 — A{l-—-q(e’i"-i- e-—:ix) + q¢(e0ix+e—oix) -+ qo(gnix,‘_.—oi)c) + ..}

. . : —atmi . . —amix . 9K
mutando x in x —ilogv'q, quo facta e*™'*, e *™* abeunt in ¢"e*™™, = ) 6( ‘)

q n
in © (—21"&-+ iK') , et multiplicando per v'q e'*, obtinemus:

H 2Kx ® 2Kx + iK’
__(Ez(;;_)_=;/\q—e“‘ ( “0(0) : )

A(V\;(e“‘— e—ix) — W(eﬁx_e—six) -+ V:’_‘(e'i* —ebiX) ...,

sive:

2K x
H B
-—g{o)—) = Afzv. q sinx — S.V q®sin8x 4 !V q*sinSx — z‘./ q*%sin7x 4 ...},

Qua insuper Analysi eruimus:
B = A.

63.
Determinatio ipsius A artificia particularia poscit. Ponamus, q¢uod ex antece-
dentibus licet:
(1—2qcos®x + q°) (1 — 2q*cos2x 4 ¢*) (1 — qPcosx o qV9) . . . =
P(q) {1 — 2qcosx 4 2q*coséx — 2q°cosbx o 2q'* cosBx .. .}
sinx(l — 2q"cos®x = q%) (1 — 2q*cos2x + q*) (1 — g cosx - g) .. . =

P(q) {sinx — q'**sin8x 4 q**?sin5x — q***sin7x 4 q***sin9x — .. .};

fit:
A= P@ .
{(l—q9(l—q)(1—q") ...J

Expressio secunda immutata manet, ubi ducitur in primam, et post factum productam po-

nitur ¢ loco . Hinc obtinemus aequationem identicam :
P(q) P(q?) {sinx — q*sin8x 4 q"*sin 5x — q*sin7x 4 . ..} X
{1 —2q°cos2x 4 2q°cos4x—2q* cosbx ...} =

P(q) {sinx — q* sin8x 4-q®sin5x — g sin 7x 4. . .}.
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Ipsam iam instituamus multiplicationem, ita ut ubique loco 2 sin . mx cos . nx scri-
batur sin (m—+n)x + sin (m—n) x: facile patet, Coéfficientem ipsius sin x in pro-
ducto evoluto fore:

T R R h o ok A

ita ut prodeat:

___P_(i)__=1 - 12 %0
P@ P@) ko ol S ok e o e R

At invenimus e secunda formularum propositarum, posito x = -%-:

() AU+ . P =P+ T+ + g g+ ..},

unde:
PlQP(9 _ ‘ .
P—@')Toﬁ—“l"'q’)(l"'q‘)“*’q')“"'
sive:
P(q)
= (1 1 4) (1 0, ..
Pl +) 4991+ 99

_ A—q)(1—g(1—gq") ...
T =qN(1—q)(1—q") ...

Hinc e methodo iam saepius adhibita *) sequitur:

1
=g —=q) A —qV(1—q% ...

Hinc tandem provenit:

P(@ =

1 1
A= o= ma—9 .. (A=—9i—0 =g .. .F

- (A4q U4+)(I4¢)(14q") ... |
l—U—q)(1—q)(1—q%) ... ’

sive ex iis, quas §. 86 dedimus, evolutionibus:

1 /2K
A w

Quantitatem illam, quam hactenus indeterminatam reliquimus, ©(0) pona-

*) Videlicet ponendo successive q*, g%, q*, q'* .. loco x et instituendo muliplicationem infinitam.

Z 2
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invenitar :
2Kx 1
1) 9( =1 — 2qcos2x 4 2q*cos4x — 2q°cos6x + 2q'®cos8x — ...
”
?) H( 2K« ) = 2y qsinx — 2V @ sin8x 4 2y qsinsx — 2y qsin7x 4 . ..
k4 .

64.

Aequationem identicam, (uam antecedentibus comprobatum ivimus:

(1 —2qcos2x 4 q°)(t — 2q*cos2x 4 q%) (1 — 2q°cos2x 4-q¥) .... =
1 — 2qcos2x 4 2q*cosdx — 2q°cos6x 4 2q'®cos8x — . ..
(1—q)(t—q)(1—q)(1—9q7) . ...

alia adhuc via, a praecedente omnino diversa, investigare placet. ~Quam in finem

tamquam lemmata antemittamus formulas duas sequentes:

1) (ehqn)A+a*s) (4g's) (1+q'2) ... =

1 9z q*z’ q° . i ..
ti et ioga—e T Tooa—wi—® T i—oi-pmi—ma—g +
) 1 =
A= d—r)—gnd—as .-
q z q¢ 2
S vy vl Sl s e v el e L pro
N qo 23

I—9l-pi—w  (—gma—gad—gn T "

Ad demonstrationem prioris observo, expressionem
(14q2)(14q*2)(1+q°2)(14q"2) . . .
posito ¢"z loco z et multiplicatione facta per (1 4-¢z), immutatam manere; unde posito :
A4qz2)(14q2)(14q*2) ... = 14 Az4 A"22 - A" 23 4. .,
eruitur:
L4 A2 A R A" .. = (lq2) (1 A'qlz 4 A" e A" g2 .. L),
ideoque, facta evolutione:
AN =q4 @A, A" =q¢A" 4 ¢*A", A" = ¢®A" 4 q"A", ...,
sive: ’

' . . "
A= A= qA' " q°A i
1_q’ 1—qt 1—q®




.unde:

A = 9 , A"=——-‘£—, A" = LY s e
1—g¢ (1—q)(1—qY (1—q)(1—q%)(1—q°%)

siculi propositum est.

Ad demonstrationem formulae 2) observo, expressionem

1
(1—q2z)(1—q's)(1—q’z)(1—q*z) . ...

posito ¢z loco z et multiplicatione facta per 1—5: immutatam maaere; unde posito :

I—qnl—q9) (11«1*:) —q*s) ....
R = e R e T
obtinemus :
e (t—qf)"(:’—qu) + (l—qz)(li";::)(l—q’z) *+ee=
l-jqx + (l—q:;?:—q’z) + (1_‘15)(::-‘:::)(1—(1’:) + (l—qz)(l—q:;,(‘:.‘iqh) 1—q*z) + -
=14 (";"_f;:)' + ((qu;;';a,fz,:; (l_flq:;::f::;;'(’;)_'_’ e

Hinc fluit:
A, —_ q+A’q, A” = q‘A’ + q’A»' Aln = q.An + q,AI'l' ey

ideoque:
v q " q!A’ " q'A"
A==1_ [ —l_quf\ —l—q’, e 0y
unde
U TR S N
-9 =9 —) T—90—D—9)
sicuti propositum est. )
. e T .o 1 =1 qz 't 14 q'z
*) Substituendo scilicet in singulis terminis resp. 1—qz + i—q2 ' 1—q'z 1—q’z
1 q's

1—q'z =1+ 1—q's’
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LR

lam formemus productum :

fatanttenaten .. J {(t + —"—) (t -1-—3—)(1 +2)..

._q_.._ __E___. . z? q‘ s 1

{l + i—q¢ " + I—a—q9 " + A=) - l—q9) + sy X
e t, . 9 1 q 1

{l + l—q" E - l—q)(1—q") 2 + (1—q)(1—q% (1'—q°) T + .. }

Coéfficientem ipsius z" sive etiam <r» uem ponemus B'™, eruimus sequentem: B™ —
s .

q"®
A—Pa—a ... A=g5
q q*" q° .
l+ l—q’ M l—q““" + “‘—q’)(l—q“) . (1—q°"*‘)(l—q"‘*‘) +
'y an -
q q +..

(1—q)(1—gq9)(1—q%) ~ (1—q2"*2)(1—q2"*4)(1—q2"+")

At e formula 2), posito q* loco q et z= (", expressionem, quae uncis inclusa conspi-
citur, invenimus =

1
(l--q’“‘")(l-—q'“*‘)(l—q’“""’) (l_qzn-n) ..

’

unde
qn n

(l—=q)(1l—qY(1—q(1—q") ..... ’

B =—

ideoque:
{a+anatanaren. d{t+ L)1+ D) (1 4 ). =

t+afs 4 o) + o2+ ) + (2 4+ )+
1—q)(l—q9 (1 —q)(1—q") ... :

sive posito z==e*'*, et mutato ¢ in — ¢:

(1 —2qcos2x 4 q°) (1 —2q*cos2x 4 q")(1 — 2q°cos2x 4= q') ... =
1 — 2qcos2x -~ 2q*coséx — 2q°cosbx 4 . ..
1—q)(1—q)(1—q")(1—q") ...

Quod demonstrandum erat.
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Ubi ponitur — ¢z’ loco z atque per V;z 'multiplicatur, prodit:
ﬂ-(l - —:-) {(1 — gzl —q*s)(1 — g°s") .. } X
(- e-2)p-2)..) -

V(- 1) = V(= )+ V(e )

= i—(I—Ol—q ...

sive posito z = e'*:

Zﬁsinx(l — 2q°cos2x 4 q¥) (1 — 2q*cos2z 4~ q")(1 — 2q°cos@x 4 q'%) . . . =

2y qeinz — 2y QsinBx 4 2y qhsinsx — 2y q¥sinTx 4 ...
(1—q)(1—q)(1—q°)(1—q%) ...

quae est altera evolutio inventa.

65.

Evolutiones functionum

1) 9( 2‘:‘) = 1 — 2qcos2x 4= 2q*cosdx — 2q°cosbx + 2q'®cos8x — ..

?) [-1( 2K« ) = Sﬁsinx -— QV.;'-oinSx <+ Zmuin.’)x — ZV-;‘:linﬂx -+ ..

L4

sponte ad evolutionem novam functionuw Ellipticarum ducunt. Etenim e formulis 1) §. 61,

2K x

ponendo u=

2K x
H
2Kx 1 . ( L )

P Wl 9(2:')

, obtinemus:
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unde :
8) sinam 2Kx 1 QV;sinx —_ 2;',‘(Fsin8x -+ 2;/ q*sin5x — 2‘ q¥sinTx o4 ...
) V& 1 —2qcos2x + 2q* cosdx — T’ cosbx + 2q° cosBx — .. .

& 2Kx 'y 24‘/ q cosx+2‘ q° c035x+zv-¢r’;cosﬁx+2moos7x+...
) cosam * X 1-— 2q cos2x 4 24* cosdx — 2q° cos6x - 2q" cos8x — ., .

2Kx 1 +4 2q cos2x 4 2q*coséx 4 2q° cos6x - 2¢* cos8x . ..
5 A P K 1 — 2q cos2x 4 2q* cos4x — 2q° cos6x 4 2q'* cos8x — ..

: . . 2K )
Porro e 2), 8) §. 61, cum positum sit © (0) =‘/ —, obtinemus:
2K 2kK 2KK , KK
@(K)=¢27K’ H(K) = - @(0):‘/7-, H(O):‘/ "K,
unde e 1), 2):
2K

6 Y —— = 1420+ 20 + 20+ 2" + 2" ..

DY EE VTV TV E eV .

(4

8§V N = - tq4 20— 2+ 2q" —2qh ..
[ 4

9 ‘/u'(’TK)’= SV T — 6V T + 10V — uV @ 18V T —...

unde etiam:
0 yT= 2V +2VE + Ve + 2V + 2V + ...
- 1429+ 2¢ + 2¢° + 29" + ...

m_ _1—2%q+2q" — 2q" 4 2¢"" — 2¢" 4 ..
- /‘i—_ 14 2q 4 2q* 4 2¢° 4 2q" + 2q°° + ..

Fit porro, cum sit Z(u) = -6@((—:)), M(u, a) =uZ(a) + %—log gi:;:; :

2K ( 2Kx) __ _4qsin2x — 8q*sindx 4 12q°sin6x — 16¢"* sin8x - .. ;

o — 2= =1 — 2qcos2x 4 2q* cosdx — 2q° cos6x - 2¢'* cosBx — . .

_ 2K aH
dx 7 ' da

’TKH'(o) = ‘/kk'(i:f.)’.

» differentiata 2) secundum x et posito deinde x =0, prodit

*) Etenim cum sit
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13) n( 2Kx i 2KA)__ 2Kz 'z(!l:A)

" " ”

+ —l-lo 1 — 2qcos2(x—A) 4 2qtcosd(x—A) — 2q° cos6(x —A) 4 . .
2 81— 2qcos2(xtA) + 2q° cosd(s+A) — 8¢ cosb(FA) F ..

Juae est evolutio tertia functionum Ellipticarum.

66.
Ex evolutionibus inventis:

) (l=q)(l—=q*)(1=q") . .Jf(1 =2qcos2s 4 q)(1 —2q'cos®x 4 q*) (1 — 2q-cosx 4 q*) .. .}

1 — 2qcos®x 4 2q* coséx — 2q* cos6x - 2q'*cosBx — .
f1=—q)(1—q%(1=q" «.}sinx(l —2q° cos2x 4 q*)(1 = 2q¢* cos x4 q") . . .

sing — q*sinBzx 4 ¢®sinbx — q"sin7z 4= q¥ 5in9x — ..

uarum postremam, posito /-(I loco ¢, ita quoque exhibere licet
9 (1—QU—g)1—q) . Jsinx(l — 2qeosx + §)(1 — 2qconlx o q9)(1 — g cosx + q) . . .

sing = qsinBx o @ sinSx — q"sin7x o= q*° 5in9x — ¢’ sinlix 4 ...,
. . "
sequitur, posito x =0, X = -

(=9 —q)1—g)(1—0q") ...
8 - — - 10 -, ..
) AFQAFDAFOAFT o e —tr

(1—q)(1—q)(1—q) (1—q") . ..
* = * ° N LR
) Aol pi— = ttet e+ttt

5 1—)U—g)1=a)(1—q) ... P =1 —8q+5¢ —7q* + 9¢° — ...

) . 3. . £} '
Ponamus in 2) x=%, fit smx=+\/—;, sm8x—20, sm6x=—-‘/%, sin 7 x

= 4 -:-, cet.; porro (1 —q)(1—2qcos2x—+¢q’') =1-—¢q’, unde 2) in hanc abit

formulam :
Q=)A= )1 —=q)(l=q") ... = l= P = e q¥ g —q* —..,
sive: '
6) 1=qQ=q)1—qY)(1—q9) ... =1=q=q + ¢ g —q*—..,

A a
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cuius seriel terminus generalis est:
Snn4n
2
(=g

Comparatis inler se §), 6) obtinemus:

N HemqeQd g q—q" —.. P =1=8q+5¢ —7q° +9q° —....
q ‘l+‘_l q q

Formulam 4) etiam Cl. Gauss invenit in Commentatione : Swnmatio Serierum
quarundam singularium. Comm. Gott. Vol. I. a. 1808 —1811. Quam ille deduxit e se-
quente formula memorabili:

g G=a00—gdl—gnl—gs... _
l=9(l—q)(1—q)(1—7q) ...

Lo 90=9)  @U—n(l—q1) , g U—1)l—q)(i—qs)
o= Y Taea-o T T a—ou—na—w

posito 2 =—=¢. Cui addi possunt formulae similes, quarum demoustrationem hoc loco
" omitto:

g L U+nl+qnites.. 1 (U—nl—q)l—qs..
t (+9U+)i+q).. t (149 A4q)U+q) ..
g _ ai—s) QU=l—g's)  e@—s)dogHU—gts)
1—q ' (1—q)(l—¢qY) (1—q)(1—q%)(1—q°)
1 3, A+90+and+ey .. g (A—9l—qnl—qs).. _
2 (4QU+g)U+q) .. - 2 T (A4 U+9)(14q) ..
q- q*(1 —157) PU—)(1—=q"r) g (1—s)(1—q'2)(l—q's"
1—q (1—q)(1—q) (l—=g)(1—q(1—q")

quarum 9), posito z==¢q, praebet:

—1— _}_ (l—q) (l-’q,)(l— q’) PR L
Tty A+ U+g)d+q) .. =1l=q4q —q'4..,
sive: ’
(1—q9U—q)(1—q)(1—q") .. _
(T FPaFOaFe - -2t —2¢%. ..,

quae est formula 8).

Formula 6), quae profundissimae indaginis est, ut quae a trisectione fumetionum
Ellipticarum pendet, iam e longo tempore a Cl. Euler inventa est et luculenter demon-
sirata.  De qua insigni demonstiratione alibi nobis fusius agendum erit.
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His addamus evolutiones sequentes:

‘/ kk’( w2y ) . . ;
- Y qtl—g)(1—q)(1—g)(1—q") - . -} _
@( 2Kx ) (1—2qcos@x4q?) (1 —2q' cosLx4-q°) (1 —2q*cos2x4-q"°) . ..
“ .

Ve Vet-e 2V qa=a

1 —2qcosx+4 ¢’ 1 —2q*cosx +4 q° 1 —2q*cos?x - g*°
2K
12) ‘/ H‘( n ) - {t—q)(1—qH(1—q)(1—4¢") .. .¥ -
H( BK:) sinz (1—2q*cos2x4q*) (1 —2q*cos2x4-q") (1 —2q°cos2x4-q'3) . . .
)
1 4q*(14-q*)sinx 4q°(14-qY)sinx  4q7(1+-q")sinx +
sinx 1 —2q"cos2x ¢ 1—2q*cos2x 4 q° 1 —2q°cos8x 4 q** )
1 | (—q)(l—q)  q'(1—g")(1—q") + TU—qY(1—q") _ }
1 — 8q°cos®x 4 qV* e

= Tdnx | 1 —2q°cos2x 4 q* 1 —2q*cos2x 4+ ¢*
quae e nota theoria resolutionis fractionum compesitarum in simplices facile obtinentur.

Hinc deducuntur evolutiones speciales:

i 2 = o/ (1E2) - 4/ (L) + o/ T (2

2K'K =1 — 4q 4q 4q* 4q*
ST T Tl o E
kK 2KK
Quibus cum evolutionibus expressionum ——, supra exhibitis comparatis, prodit:
f? v q fq’ _ v/? +..=
1—q l—q tisg T~ i=g T T
1 1 14q
C(GE) - TSRS -
iq ¢ 4q 4q -
T T TTre T TRe T
4‘] 4q1 Qqn 4qw

1 — - -
i+q T TH 149 14-q*
Simili modo Cl. Clausen nuper observavit *), seriem

q q’ q? q*
sttt =t

*) Crelle Journal cet. Tom. I1I. pag. 95.
Aa2
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transformari posse in hanc:

(750) + o () + « (GER) + (35 +

. . . 2K kK ..
Invenimus supra evolutiones ipsornm ——» —— eorumque dignitatum secundae,

tertiae, quartae in series. Quae igitur evolutiones dignitatis secundae, quartae, sex-

tae, octavae expressionumn

"_—K_
B =14 2q g 42 2t 4

2 T+ VTV E VT 4.
suppeditant, unde varia theoremata Arithmetica fluunt. Itae. g. e formula:

.\

(-25)'= {1 + 29 4 2q9* 4 2¢° 4 29" + }=

1 g T 9 _
‘+8{1_q+ et s v s S v +..}_

1+ BE@()|¢P + 8aF + B9% + 8qF + . ),

ubi p uumerus impar quilibet, @ (p) summa factorum ipsius p, fluit tamguam Corol-

larium theorema inclytum Fermatianum, numerum unumquemque esse summam gua-

tuor guadratorum.

HALAE, TYPIS EXFPRESSUM GEBAULERIILS.
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C ORRTIGEND A

Lectorem benevolum oratum volo, ut ante lectionem corrigat, quae irrepserunt menda graviora

sequentia:

Pag. 8.

- 7.

— 28.

— 25.
— 29.

— 81

— 85.

— 47,

— 51.

lin. 11. leg. M loco U, bis.
7. loco A 1-—-K e A 1 —x?
P g (1 4mx)? &< (14mx? °

— 8. loco k? leg. x*

- 6, loco fk—_; leg. y/\i—.x, bis.

U et V ubique inter se commutari debent.

— 2.4.6.1oco —y K leg. +¢ k-

. = 8.loco a"y, b’y leg. a"y?, b"y%

LZm+t prm+
— 132. loco ‘/ z leg. Vk .
A A

btm—1) p'm=—n

— 18. loco T leg.

u(@vv?) le u(2v+4u)
ve & ve :

k>

— 17. loco

— 17. loco (1-4-2&)? leg. (14-2a)

— 5, loco =4~ v* leg. = v*%.

—~—" 7. loco: v loco u, leg.: u loco v.
— 18, loco (1—u?v?) leg. (1—4u’v?).

vv)y .. | wtviy—..

lin. postr. loco:

— 2. loco dx Iesc d¢ .
fl—k’sin(p" fl—-k’sin(p*

— 10. 11. loco k leg. k'
lin. postr. loco profecti leg. perfecti.
Ne=l

— 16. loco M leg. (—1)"* M.
— 10. loco .. .}* leg. §...3*

uTY .
— 8. delendum V Ak , adiiciendum:

AkD

= ‘/;-"—g « cos am (u) co; am(u.+ t:.S) mtam(u 8_“15) . .’coa am(u+ —_—

w
— 9. delendum ‘/ R adiiciendum:

O

= _’:_.Aam(u)Aam(u+%E)A.m(u+§n5)..Aam(u_-q-

'

watwen .. S T ey —..
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