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I. The Investigation of Stresses in a Rectangular Bar by 
means of Polanzed Light. By L. N. G. Finon, 42.4., 
D.Sc., FR, Assistant Professor of Mathematics at 
University College, London * 

(Plates I. & II.] 

§ 1. Introduction. 

| ee question of the distribution of stress across the 
section of an elastic solid of rectangular shape has 

recently been receiving some attention, both theoretically 
and experimentally, chiefly i in connexion with the problem of 
stresses in dams{. The experiments to be described were 
undertaken some years ago with a view to verifying the 
results of de Saint-Venant relating to the parabolic distri- 
bution of shear in a long bar of rectangular cross-section ata 
distance from the points of loading. The method was further 
applied to check certain theoretical results obtained by the 
author {| regarding the distribution of stress in such a bar 
immediately below a concentrated load. 

The method used depends on the well-known property of 
glass, that under mechanical stress it becomes doubly re- 
fracting, and a plane wave of light traversing it is broken 

* Communicated by Prof. F. T. Trouton, F.R.8. 
+ Pearson and Atcherley, Drapers Company Research Memoirs, 1906. 

L. F. Richardson, ‘ The Approximate Arithmetical Solution by Finite 
Differences of Physical Problems,” Phil. ‘Trans. A. vol. cex. pp. 307-358. 
BH, NS. da C. Andrade, R. 8. Proc., A. vol. 1xxxv. pp. 448-461. 

t 10) N. G. Filon, Phil. Trans. A. yel. eci. pp. 63-155. 

Pial. Mag: 8. 6.-Vol. 23, No. 133) Jan. 1912. B 



2 Prof. L. N. G. Filon: Investigation of Stresses 

up into two plane-polarized components. The planes of 
polarization of these components are in the directions of the 
two principal stresses in the plane of the wave-front, and the 
relative retardation of the two components is jointly propor- 
tional to the difference of these principal stresses and to the 
thickness of glass traversed *. 

If, then, we consider a thin plate of glass, of thickness 7, 
strained in its own plane, so that at any point the principal 
stresses are R, T, the relative retardation on emergence of 
two rays which entered the glass in the same phase and 
traversed the plate normally is 

Cr(R—T), 

© being the relative stress-optical coefficient of the glass for 
light of the particular wave-length used J. 

If such a plate of glass be introduced between crossed 
nicols, and viewed by homogeneous light through these 
nicols, light will be restored in the field except at such 
points of the plate where (1) C7(R—T) is an integral 
multiple of the wave-length, or (2) the principal axes of 
stress are along the axes of the nicols. These give rise to 
two dark loci or bands in the field. 

If now the homogeneous light be replaced by white light, 
the dark band corresponding to condition (2) occupies the 
same position for every kind of light. It therefore still 
appears black in white light. On the other hand, owing 
to change both of C and of the wave-length the locus cor- 
responding to condition (1) varies with the nature of the 

light used. It therefore appears in the field of view asa 
coloured line, corresponding to the quenching of a certain 
part of the spectrum. We have then bands of the same 
colour corresponding to equal values of R—T and black 
bands corresponding to points where the principal axes of 
stress in the plate have a constant direction, namely, those 
of the axes of the nicol. 

These two types of bands have been called by Maxwell t 
the isochromatic lines and the lines of equal inclination re- 
spectively; we may call the latter isoclinic lines for brevity 
As the nicols are rotated the isochromatic lines remain fixed, 
but the isoclinic lines vary. 

* Brewster, Phil. Trans. 1816, p. 156; Fresnel, Zuvres, tom. 1. p. 713; 
F, E. Neumann, Ab/. d. k. Acad. der Wiss. zu Berlin, 1841 {ii.) ; Clerk 
Maxwell, Trans. R. 8. Edin. vol. xx. p. 117 (1883); Wertheim, Ann. de 
Chim. et de Physique, série 3, vol. xl.; Dr. John Kerr, Phil. Mag. 1888, 
vol. xxvi. No. 161. 

~ Filon, Phil. Trans, A. vol. cevii. pp. 263-306. 
t Collected Papers, vol. i. pp, 30-73, “ On the Equilibrium of Elastic 

Solids.” 
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Maxwell himself, in the paper referred to, indicated the 
value of these lines for the purpose of experimentally deter- 
mining the stress system inside an elastic solid, and gave 
several examples. Later, Professor Carus Wilson (Phil. 
Mag. ser. 5, Dec. 1891) applied the method to the investi- 
gation of the stresses in a beam bent by a central load, but 
restricted himself almost exclusively to the study of the 
stresses in the mid-section of the beam. He has, however, 
given a drawing of the isoclinic lines and deduced from them 
by Maxwell’s method the lines of principal stress, but has 
not discussed them further.- 

Quite recently Professor E. G. Coker, in a paper on the 
distribution of stress in plates of variable section, read betore 
ihe Institution of Naval Architects, April 7, 1911, has applied 
the method to the study of problems connected with the 
effects of rivet holes; he has made use exclusively of the 
isochromatic lines. 

The experiments of which the present paper gives an 
account were carried out in the Engineering Laboratory, 
Cambridge, in 1901, with the object of extending the results 
of Carus Wilson. Owing to various circumstances and 
pressure of other work, they have remained hitherto un- 
published. Nevertheless the author believes that the same 
ground has not been covered since. 

§ 2. Description of Apparatus. 
Plate I. shows a photograph of the actual apparatus used, 

of which figs. 1 and 2 give a diagrammatic representation in 
plan and elevation. | 

The glass bar AB, of rectangular section, rested on two 
knife-edges C, D, supported by two wooden blocks KE, F, 

B 2 
a - 



4 Prof. L. N. G. Filon : Jnvestigation of Stresses 

which were screwed into a table GH. A central load was 
applied by placing weights upon a hanger P suspended from 

a knife-edge which rested on the upper surface of the bar. 

Fig. 2. 

In addition, a flexural couple, free from shear, could be 
applied to the bar by suspending weights symmetrically 
from light wooden arms AQ, BR, which were clamped to 
the extremities of the bar as shown in fig. 1, and projected 
several feet beyond the supporting knife-edges. An arrange- 
ment of levers and wires (shown in Plate I.) allowed such a 
couple to be applied in either sense. 
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The optical arrangements consisted in a source of light L 
(a portable electric lamp with a ground-glass globe was 
used), a polarizing nicol M, which was placed close behind 
the glass bar, and an analysing nicol N, which was placed 
on a small stand some distance away, and into which looked 
a telescope T. The latter was focussed upon a network 8 
of squares of 5 mm. side, which was engraved upon a glass 
plate and placed in contact with one of the vertical side faces 
of the bar. 

The method of observing was as follows :—the nicols M 
and N had their axes crossed and inclined to the vertical at 
the required angle. A sufficient load was then applied, and 
the corresponding isoclinic line traced by observing the 
position of the black band with regard to the squares of the 
network S and transferring it to squared paper. 

The band had always a certain breadth, but, except on a 
few occasions, it was never so inconveniently broad as to 
prevent its centre from being located with fair accuracy. 

In this way, by varying the inclination of the nicols to 
the vertical, charts of the isoclinic lines were obtained. 
From such charts the measurements were made of which 
the results are recorded. 

§ 3. Theoretical Results taken as the Basis of Comparison. 

Tf we consider the flexure of a rectangular bar of span 2a, 
height 26, and breadth 2c in a vertical plane, the axis of 
being the axis of the bar, the axis of y vertically upwards, 
and the axis of z perpendicular to the plane of bending, we 
notice first of all that in strictness the system of stresses 
P, 8, Q acting in the planes parallel to wy (P being the 
normal tension across a face perpendicular to w,8 the vertical 
shear across the same face, and @ the normal tension across 
a face perpendicular to y) is not independent of <, but varies 
as we move transversely across the bar. 

If, however, this variation (at all events in so far as it 
affects the principal axes of stress) were at all serious, it 
would cause a°variation in the axes of polarization of the 
transmitted light as it travelled through the beam. Sucha 
variation would destroy all possibility of quenching the light 
between crossed nicols, and the mere fact of sharply defined 
black isoclinic lines being visible is evidence that the axes 
of polarization inside the glass remain fairly constant as we 
move across it transversely. 
We may , therefore, assume without serious error that the 

stress ies is approximately independent of 2. In this 



6 Prof. L. N. G. Filon: Investigation of Stresses 

case the solution is well-known*. If M is the bending 
moment at any section which is at a distance from the points 
of loading, So ‘the total shear at that section, A the area of 
the cross-section, & the radius of gy ration of this area about 
a horizontal through its centroid in its plane (the so-called 
“neutral axis’’), we have 

My 5 ain Y P= 54) =3e (1) Q=0. oh 

Now the inclinations (2) to the x-axis of the principal axes 
of stress at the point are given by the equation 

28 
P—Q 

SOS CL I aa eas 
M yoy). MM ee 

tan 2i= 

since, the section being rectangular, k?=0?/3. 
It follows that if y=0 or M=O (unless So=0 at the 

same time) tan 2i=0 or i=45°, that is, when the nicols are 
at 45° to the vertical, the isoclinic line will be along the axis 
of the bar, and along the sections of zero bending moment. 

Ji 1=0, that is, when the nicols are horizontal and vertical, 
the isoclinic line should be along the top and bottom edges 
of the bar. To get the shape of the isoclinic lines for inter- 
mediate values of 7 we note that over any part of the bar 
which is free from loading 

M=M,+S,2, . ...| see 
where M, is a constant. 

If we measure z from a section of zero bending moment, 
this takes the form 

Me Soa. 

and we have for the isoclinic lines 

sy tan 22--(y27—6*7)=0. . ~)\. eee 

These are a set of hyperbolas whose asymptotes are 

y=0, y+e7 tan 22=0, 

and all of which pass through the points 

t— 0) ee 

* See Love, ‘ Theory of Elasticity.’ 
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§ 4. Comparison of Hxperimental Results with Theory. 

The general appearance of the bands, as soon as the distance 
from a point of loading exceeded the greatest dimension of 
the cross-section, corresponded closely with the theoretical 
results of the last article. 

Quite recently I have been able, through the kindness of 
Prof. F. T. Trouton and Prof. A. W. Porter, to use the large 
nicols in the possession of the Physical Laboratory of 
University College, in order to photograph these bands, as 
shown by a specimen in a straining-frame; and although 
these are not the actual bands whose measurements form the 
subject of the present paper, they should be of identical 
shape. 

The photographs of these bands are showne in Plate IL., 
and by the side of each is placed a diagram of the corre- 
sponding theoretical hyperbola as given by (4). Any exact 
comparison is difficult, as the large thickness of the nicols 
used introduced an appreciable distortion in the images; this 
is clearly seen in the pictures from the curved appearance of 
the (really straight and parallel) edges of the glass. But 
the similarity is sufficiently close to afford, by itself, striking 
confirmation of the theoretical results. 

In these pictures the inclination of the nicols increases by 
differences of 15°. One corresponds to an inclination of 49°, 
being the closest to 45° for which the two branches of the 
hyperbola were still clearly distinguishable, in spite of the 
dark region joining them. 

In the Cambridge experiments the method of comparison 
adopted was as follows: a number of measurements were 
taken on the charts of the bands (mentioned at the end of § 2), 
giving for selected values of y and 2 a corresponding value 
Olew. 
Now if we write K=38,/Av*?, we have from (1) and 

i= Soe 

PSA OG ra) ai ote ome ee We cy (ced) 

J IHD) Te RMR RNS Yi aed ce trea Let 

and also 
PIS 
Kopp 

Sy rua tk awe Peet Oe) 

tan 22, 

28/K was then calculated by means of formula (7), the mean 
of a number of measurements on different ch: arts being taken. 
This was compared with the values of l?—¥°. The results 
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are given in Table J. below. The bar of glass used was a 
bar of thick plate glass, made for me by the London and 
Manchester Plate Glass Company, St. Helens, and was 
practically free from imperfect annealing. The height, 26, 
was 3°60 cm. 

TARTAR: 

See 5 aD Percentage 
| Y: b2— 72, 28/K. 28/K —(b?—7?). Peranas >? 

16 “68 21 +07 10 
1:4 1:28 1:33 +:05 4 
ie 1:80 1:85 +05 3 
1:0 2:24 2:19 —-05 2 
8 2°60 2°68 +:08 3 
‘6 2°88 2:85 —-03 1 
“4 3°08 2°83 —= 5) 8 

ee § 3°08 2°88 —°20 isi 
mares 2-88 2-84 —-04 i 
— 8 2°60 2°49 — iil 4 
—1-0 2-24 2-20 —-04 2 
ey 1:80 1:79 — ‘vl 1 
—1-4 1:28 1:25 ==2(05 2 
—16 ‘68 “bY 2a fT 16 

Large errors occur for numerically small values of y, and 
no reliable measurements were found to give 28/K for small 
values of y. This, however, is to be expected, since when y 
is small, tan 22 is very great and formula (7) is lable to large 
errors whenever a small absolute error is made in y. Large 
percentage errors also occur near the ends, but this is prin- 
cipally due to the smallness of the quantity on which the 
percentage is taken. A noticeable point is that the errors 
tend to be in a different sense on opposite sides of the neutral 
axis. Any small error in the determination of the neutral 
axis might easily account for this. Altogether, if the dif- 
ficulty of measuring exactly bands of this nature be borne in 
mind, the results give, on the whole, very good confirmation 
of the accepted theory. 

§ 5. Huperimental verification of the Bernouilli-Euler 

Theory of Flexure for a Beam under a pure couple. 

The apparatus described in § 2 allowed of the bar being 
strained under a pure couple. This was done by removing 
the central load altogether and suspending weights from the 
projecting ends. 

It seemed of some interest to verify that in this case the 
assumptions of the Huler-Bernouilli theory are satisfied, viz. 
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in the notation of § 3, Sp=0, or 

Moy 

AR? 
For the purpose of this verification the isochromatic lines 

were used, as well as the isoclinic. For an isochromatic line, 
it S=0, Q=0, P should be constant. Hence, if equations (8) 
are correct, the isochromatic lines should be parallel to the 
horizontal edges of the bar. The isoclinic lines should reduce 
to a single dark band along the axis of the bar (y=0), 
except when 7=0 or 90°, when the whole field should be 
dark. 

The span of the beam between the supporting knife-edges 
being 30 cm. a sufficient couple was applied to make visible 
the coloured band of the first order, both above and below 
the neutral axis. The line where the red passes into the blue 
was very sharply defined and easily measured. 

Measures were taken at the mid-section and at various 
distances from it. The results are given below. 

fe SEU OE ON ne Mean Gs) 

Tasxe II. 

Distance Distance of upper Distance of Distance of lower 
from Isochromatic black band Isochromatic 

mid-section. from upper edge. | from upper edge. | from upper edge. 

—14 cm. ‘45 cm, | 1-80 em. 3°10 cm. 

—10 ,, Ab, 1:80", pes OKs, 

a. 95 sO Mes. 12 aa, OOM 

Os DON. iee2i ins, oT Ns; 

Os aah ee IS) 5p oO: 

+10 ,, “49 5, Dara eae onlOte:; 

+14 ,, a) gp UST fh ol) es 

In the above the two isochromatics are equally distant 
from the black band, and all three are horizontal, the diver- 
gences being within the error of observation. This shows 
that the stress difference is constant as we move parallel to 
the axis of the beam, and that the tension and pressure above 
and below are numerically equal at equal distances from the 
neutral axis. 

The above observations were taken with the nicols inclined 
at 45° to the vertical. On rotating them the black band 
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remained stationary, but, as the inclination of the nicols to 
the horizontal diminished down to 15° and less, the breadth 
of this band increased until finally, when the axes of the 
nicols were horizontal and vertical, the whole field was 
uniformly dark. This proved that the axes of stress in the 
bar were everywhere horizontal and vertical, and consequently 
that the shear was zero everywhere. 

These results were to be expected, since for this type of 
strain the equations of elasticity can be solved exactly ; but 
it nevertheless appeared that an experimental verification was 
not without value, particularly as previous observers have 
generally used, in order to produce bending stresses in glass, a 
straining- frame equivalent to doubly supporting and centrally 
loading. 

§ 6. Bands under a Point of Concentrated Load. Theory. 

Coming now to the second part of the experiments, these 
were intended to verify certain approximate formule for the 
stresses in a bar in the immediate neighbourhood of a point 
of concentrated load. 

In a paper “ On an approximate solution for the bending 
of a beam of rectangular cross-section under any system of 
load,” Phil. Trans. A. vol. cci. pp. 63-155, the author has 
shown (see pp. 92-94, formule (77)—(80)) that imme ea 
below such a point, where a load W per unit breadth of thie 
bar is applied, the stresses are given by 

Wy / 

7 008 & + — “iy COS 2 

“aw 2 (r'\*, cost) 4We (Cy se | 
Se Sa) Hoy (2v)! wb a . b v} e 

aW +20F § (v(t) bn SF 
T A 

ae s¢'— WY son f 
eS BY fam 

ee 7 Re 5) ! PRA BS As ! 4W (,) cos2v+1d' 4Wy g (—1y(? ) H, ee vp 
Dekh OL ae I ei Oe b y! 

AYVY ow aly 2v sin 2 (E\VVer ee WIN ° ! 
‘Bl 4W S (") ape in 2vd’ Wy $ (-1(F) He sin vb 

b (2v) ie v=l y! 

where x is measured horizontally from the point of concentrated 

» (9) 
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Joadine as before, 7’ is measured vertically downwards from the g 3) yi 
point of concentrated loading, r’= V 2? +7’ is the distance from 

this point, ¢ = tan is the inclination of the radius 

vector from this point to the vertical, ) has the same meaning 
as before, and the H’s are constants given by the fcllowing 
equations 

y w 3 
H,= - ee ly 
Pwo Vom? 2 Sa Low? 

e 3 ee, ] 1 —4u 3 | u?+ty7 + lu—lue H,= ( att 2 al Sims os ia) | 
0 sinh? 2u—4u? 16u 

2 yet 

i Se 
0 sinh? 2u—4u? 

8 } (v>0) © fq QWtB4 Ly vt2 4 ytd yer ote [ 

Faw SH BS Ya du J 
sinh? 2w—4u? 

Also there is a constant couple on the bar adjusted so that 
there is no bending moment under the concentrated load, so 
that the above represent only the disturbing effect of ‘his 
load in its immediate neighbourhood. 

If in addition we superimpose the stress system due to any 
constant couple My, we have the following additional terms 
in the stresses 

3M,y 

DO 
P=— Jat, Sat 

y being measured vertically upwards from the neutral axis. 
Hence 

2 ure es: cos 2d! 

eae eee 2G 5) Be Tew 

S Wy! ? cosv¢’ 3M / 
Tae , a anf) Boy, 

! eg nS sin 2v¢! ONS en ee 2 
28 Tr in 2g Bae 3G) Bb, Fan 

au ©, Ys Ne sin vp! 
eee > (7) |) Hai 

y= 

Now if we retain only terms of order »’ in these expansions, 

; (10) 
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we have the following approximate expressions 

th es _38W 3M, (sWwH, ua : / Lied ingee deatiite Ura eaten. 

Ce a | ae Le ee 
9, 

IS = Baa 26’. J 
Ts 

Hence, 2 being the inclination of the nicols, 

(y’ sin 2¢')/r’? 

ouete ROA \ lots 4H 3d7M, ales i if med) 

(y COs 2h yf b + IWE? b? + awe /Y 

Hi p= 

W rite for shortness 

tH, 3M 7 om 

“eB tT 4awe” 
el; 3Mo7 fe l 

ce 
Then equation (11) may be written 

! 1 ' 

a sin 26/= tan 24 (a 5 qui a iy’) 

or | 

“asin 2(p/—i)=(y'—V)qsin2i. . . - - (12) 

This may be expressed more concisely still in the following 

Fig. 3.—d'>0. 

way. Let C (fig. 3) be the point of loading. Let DEQ be 
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a horizontal straight line drawn at a distance b' below it. 
Let the radius vector CP (=r’) cut DEQ at Q, and let 
PQ=r7;', where the segment is to be taken with proper sign, 
the positive sense being from C to P. Then 

Neen ies) ea as 

and the equation to the isoclinic line takes the form 

sin 2(@’—2)=—7r'r¢sinm 22. . . .° (13) 

Nowy) (Phil. Transy A, vol. cei. p. 96)  Hj==--2417, 
H,=—:0598, so that as M, increases from —x to +H, 
g and qb’ begin by being negative (1. e. g<0, b'>0): ¢ 
changes sign first, and we have g>0, 6’<0; then qb’ changes 
sign and we have g>0, 6’>0. In the first and third cases 
the figure is as in fig. 3, in the second case as in fig. 4. 

Fie. 4.—0' <0. 

(se 

We have now to trace the form of the loci given by 
equation (13). 

First we notice that since r’+7,'=0' sec 6’ =CQ, a second 
point P’ of the locus is found by interchanging 7’ and 7’, so 
that the two points P, P’ on CQ divide the segment CQ 
symmetrically. Hence if 7’7,'>0 P,P’ are between C and Q; 
if 7/71’ <0 P, P’ are outside CQ; and this holds in all cases. 

From equation (13) we have, since 7 is an acute angle, 
sin 22>0; therefore if g>0, P and P’ are between C and Q 
if sin 2(o/—2) is negative, that is if CQ fall inside the quad- 

rant DCE (fig. 3) bounded by ¢'=i, ¢'=i— ot outside this 
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quadrant P, P’ are outside CQ; but if g<0 P, P' are between 

C and Q outside DCE and inside CQ outside DCE. 

Fig. 5. 

The part of the plane which corresponds to the field of 

| view is that below the horizontal through C; thus if g>0, 

| b'>0 both P, P’ are in the field inside DCH, but only one of 

them outside this angle. If q>0, 6'<0, fig. 4 shows that 

no part of the curve is in the field within the angle DGE, 

and one point P only outside DCE. Finally, if ¢<0, 4' >0, 

one point P is in the field within DCE, and both P and P’ 

| 
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outside. Thecaseg<0, b'<0 does not occur. The three cases 
just mentioned are illustrated by figs. 6, 7, and & respectively. 

H | F 

We have now to consider under what condition the points 
P, P’ are real. Clearly the greatest possible algebraical 
value of rr 1s CQ?/4= (6? sec? 2 oh’) AGO ie thems ie varesto 
be real, we must have 

W# see? 8! sin 201-5 
+ gsi 22 

that is either 

gb? sin 2¢>4 cos? ' sin 20¢—¢') (q>0), . (14) 

or gb*sin 2:<4 cos’ f' sin 2(i—¢') (q<0). . (15) 

Let us write u=4 cos?’ sin (22.—2¢6'); then w is 
maximum or minimum when 

a 

du 
hy —8 cos g' cos (2i—3¢’) = 

which gives the values 

=" (maximum), w=0, 2. 
2 . 7 —21 

p= aa et) nar ;, (minimum), u=—A sin? a2 nail 5) 
e 

2. ; ~ 9f/m@+ 21 oO 5h ;, (maximum), = 4sin (7 Ms 

see ¢'= 2i-5 “ (minimum), u=—4 sin? 23 

O = =) (maximum), w=0 ; 

of these the second lies pa @ = and @ = 3 , the third 
7 

between $i! =i and ¢'=i— * the fourth between 7— 5 and ae 

ad 

3° 
ee] 

Also corresponding to the values ’=?, or i— 5 , u=0. 

= 
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Consider separately the cases where g > 0, g < 0 respectively. 
It will be convenient to discriminate briefly between the state 
of things in a sector in which every radius vector meets the 
curve in rea] points, and one in which a smaller sector is 
contained, in which there are no points of the curve. We 
shall speak of the first as a loop, of the second as a fork. 
These expressions are suggested by the forms shown in figs 5 
and 6, but they are not to be regarded otherwise than asa 
convenient notation. 

Case I.,q>0. For real values gb’? sin 20>u. Now in the 
sector HUF (fig. 3) wis zero at the boundaries of the sector 
and negative throughout. Thus real values exist and we 
have a loop. The reasoning on p. 14 then shows that every 
radius vector meets the curve in one real point in the field of 
view (see figs. 5, 6, and 7). 

In the sector DCE, wu =0 at the boundaries and is positive 
(7 +22 

3}: throughout, having a maximum of 4 sin’ Hence, 
21 = Bs . - 19 2 > J e 3 TT 

according as gO’ sin 27 = 4 sin , we have a loop of the 

type shown in fig. 6 or a fork of the type shown in fig. 5. 
We have, however, to show that gd” is actually capable of 

taking up values that will ensure the occurrence of the two 
cases. 
We have 

AW 6? 4W 63, 

mee 4(H)= 4) ah 
= + b + bg \ v qe 

For positive values of g (q is clearly capable of taking all 
possible values, by varying M,) this has a minimum value 
zero when g=4(H,—H))/t?. For values of g smaller than 
this, b'<0 and we have then seen that no part of the curve 
les in the field of view. 
We note also for future reference that for negative values 

of g there is an algebraic maximum when 

(= er ye 

fag oar? /7bG 2 3 Mea 
gh? =(°+ iwi) /( 

i= a om 

giving 

go? = 16(H,—H,) = — 2°91. e. “Si ae (16) 

Leaving such negative values of g out of consideration for 
the present, it appears that gb” sin 2: can he made to range 
from 0 to +%. It can therefore be made either greater 
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aT +22 

or less than the positive quantity 4 sin’ —, The critica] 
vo value is given by 

a 
go? =4 sin? es) Sia Zoey eet Cli) 

Tor this value the curve passes from the loon to the fork 
type, and we have a node or cross in the sector DOH. 

In the sector DCH we have again wu negative and a loop. 
The general character of the curve is the same as in the 
sector HCF. 

Case IT., g<0. For real values gb” sin 21<u. Now in the 
sector HCE we have a fork or loop according as 

Anas EMU SAGA Vr ete 
gb’? sin 21 = 4 sin?( 3 ), 

Tn the sector DCH we have always a loop, 94” sin 22 being 
always negative, and therefore necessarily <u. This “loop” 
meets radii from C at one point, and is of the type shown in 
HIRO. 

In the sector DCH we have a fork or loop according as 

aN, 7) 
qb”? sin 2i = —4 sin’ 5 : 

e e T e 
= If we write as —i, we have a fork or loop in ECF 

according as 
24 Ah 20 nfo. “23 3 gb (3 sin 3 4 sin 3 )z 4. sin 3 

or, remembering that Vale and therefore 22’/3 and 2:/3 

are positive acute angles, according as 

| 3 B24 sin? ( b'?—1) Thanh 3 q ’ 

that is, g (and therefore gb?—1) being negative, according as 

ee 3qb? i 
llc fe ema ie (cle 

Similarly we have a fork or loop in DCH according as 

SANA Dou Aa aan) 

Phil. Mag. 8. 6. Vol. 23. No. 183. Jan. 1912. C 
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If 29 ke given by the equation 

41g 2 Sige + OO) 

then we have a fork or loop in ECF according as 

7 ‘ 
=~ ae 9° =< '» 

and a fork or loop in DCH according as 

2 = 1. 

It appears frem the last two inequalities (by addition) 
ee 7 . : ; 

that if Tho we can never have loops in both ECF and 
. = TT, . . 

DCH simultaneously ; if x <iy we can never have forks in 

these two sectors simultaneously. It appears also that, as 
gb” increases negatively, 7 » steadily increases to 90°. Its 
lowest value corresponds to the numerically lowest negative 
value of gi/?, which we have seen to be —2-91 from equa- 
tion (16). This gives for 7 the value 72° 30! nearly. It 
appears, therefore, that 7) is always greater pe this value. 

We have, therefore, for: values of i>i) or < = —i, a fork in 

one sector and a loop in the other, as shown in fig. 9, and if 

Fig. ¥.—i> 4, or w<7/2— 

2 lies between 7 and = a a lvop in both sectors, as shown 
in fig. 8. 
Wl hen q is small negatively, gi’? is a large negative 

quantity and ip is nearly 90°. We have iherefore a loop i in 
both sectors. As g increases negatively we find, if 7 exceeds 
72° 30%, or falls-below 17° 30’, that in one of the sectors the 
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loop passes over into a fork. As g increases further nega- 
tively, gb” reaches its maximum and returns to the value 
—c#. Thus after a time we have a second change, the fork 
passing over again into the loop. The two critical points 
correspond to the same value of qb”, namely, that given by 

gb? = —4 sin 5 [sin ZB was a C2 iI) 

but to different values of 9, there being two values of q for 
any given value of gd”. 

The reader should note that figs. 5-9 are merely diagram- 
matic, and are intended to give a rough sketch of the curves. 
They are not intended as accurate graphs. 

§ 7. Observation of the Tsoclinic Lines near a point of 
concentrated load. 

The polarizer and analyser being crossed, their inclination 
to the horizontal and vertical was read. This gave the 
angle 7. The ratio of M,/W was then steadily varied by 
altering the forces acting on the projecting arms. Starting 
from a “fairly large positive value M,/W was diminished down 
to a fairly large negative value, 7 remaining constant all the 
time. This gave a range covering the various critical cases 
dealt with in the theoretical discussion of § 6. 

The beam was examined for the values 0°, 15°, 30°, 45°, 
60°, 75°, 90° of 2; critical changes in the appearance of the 
black band were noted in each ease. 

The values 2=0 and 1=90° gave, as was to be expected, 
a vertical black band throughout, whatever the value 
of M/W. 
For other values of 2, starting from M,)/W=7 ecm. (the 
height 26 of the bar being 3°60 cm.) the appearance of the 
black band first of all coincided with that shown in fig. 6. 
As M,/W (and therefore gb’) decreases, we find that, as 
predicted from theory, the loop eventually passes into the 
fork. The values of M,/W for which this occurred were 
noted for the various values of 7. From these values of gé’? 
were obtained, and these were compared with the values of 
gb? ¢ calculated from equation (17). The results of the com- 
parison are shown in Table ILI. below. 
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Tasue ITI. 

Fg | macmared | ame | aire 
i TEOMee ae 6-43 | 6-79 6 64 

300 fen 4-91 4-41 

450 4-98 3°98 4-00 

60° 4-83 Aral 4-41 

750 6 64 7-06 6-64 

If we bear in mind that the exact moment when the fork 
passes into the loop is very difficult to determine experi- 
mentally, the field being very dark in the region where the 
change takes place, we may say that the experiments are 
in fair agreement with the theory within the limits of 
observation. 

As M/W is still further diminished the fork of the band 
broadens out, and we observe the appearances shown in fig. 5. 
On continuing to decrease algebraically M,/W, we eventually 
make 6'<Q and obtain the appearance shown in fig. 7. 
From this point, however, a difference occurs, according to 
the value of i taken. For 2=30°, 45°, 60°, the two branches 
of the curve shown in fig. 7 gradually bend round until we 
get the double loop of fig. 8, after which no further critical 
change occurs. As My increases negatively these loops 
gradually shrink, and soon present the appearance of two 
faint short brushes, which become practically invisible. 

But for 2=15” or 75° (which gives 1 >72° 30’ or =< jy aau®) 
the band first shows a fork in one sector as in fie. 9; when 
M,/W passes a certain negative value, this fork passes into 
the double loop of fig. 8. This corresponds to the second 
critical point mentioned on p. 19. The existence of the 
first critical point, in which the loop passes into the fork, 
I have not been able to detect experimentally. The reason 
for this will be obvious if we look at the equations giving 
g and gb’. We see there that if g be very small, U’ is very 
large (since gi’ is not small with g). Now the node is always 
at a depth 0/2 below the point of loading. It follows that 
a node corresponding to a numerically small value of g 
will be outside the field of view, or, at all events, so far 
from the point of loading as to render our approximations 
invalid. 

Turning to the actual numerical values obtained for the 
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critical point observed, they do not show very good agree- 
ment. The results are given in Table IV., the values in the 
column headed gb” (cal.) being obtained fr om formula (2). 

ina Rectangular Bar by means of Polarized: Light. 

TABLE IV. 

M._/W (obs.). t. of Me 8.) gh’ (obs.). qgb'2 (cal.). 

15° — 2-04 —+:35 —3-60 

| 75° — 240 —4:99 — 3°60 
t 

The poor agreement may be due to two causes: (a) error 
in the determination of My. This, although numerically 
small, had to be obtained as ie difference of two numerically 
large couples, the determination of each of which was liable 
to error ; () the node was further from the point of con- 
centrated load than in the case of Table IIL, and this, as 
pointed out above, may vitiate the approximations. 

§ 8. Observations of the Points where the Isocliuice Lines 
cross the Vertical through the Load. 

To further test the mathematical theory referred to, the 
points where the isoclinie lines crossed the vertical through 
the load were measured by means of the network of squares 
described in § 2, and compared with their positions as 
indicated by theory. 

In the paper already referred to (Phil. Trans. A. vol. eci. 
pp. 638-155) the formule eu given on p. 98 lead to the 
following expressions for P—Q, 2S, when a couple Mo is 
superadded. 

| mye 3 (7 cos ag 2Wy ¥ cos Vb 7 aMwy ) 
ob 3 (; se eo ea 5(; i) Ti ae | 

ne We 3 y sin ae 2Wy2 : 1S sin vp f . 

~~ arb 0 sy Te Grit qb? = b yp et oi) 

The G’s and F's are constants, having values given on 
p- 99 of the memoir referred to ; # and y are now measured 
horizontal and vertically upwards from the centre of the 
block of glass, r= V7 2?+y? and d= tan7!a/y. 

Along the vertical through the load, and therefore 6=0 
moc 7==7y. Lous sO and the black band passes through 
those points for which P—Q=0, whatever the value of 2. 

414 

(22) 
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Such points are given approximately by the equation 

2W 2W Se 

Fie ee aa 
or putting in numerical values 

y _ _°38857W/My a5 
6) WMI —5500%, fe oe 

The method adopted for testing this formula was to let the 
bending moment M, remain constant and to gradually increase 
W, observing the y of the point where the band crossed the 
central vertical. M,) was negative throughout (1. e. it tended 
to produce bending in the opposite sense to W). y was 
therefore also negative. 

The observations were repeated with three different values 
of i, namely, 30°, 45°, and 60°. It was verified that the 
point of crossing of the band was independent of 2 within 
the error of observation. The mean of the three readings 
was then adopted as being the true one. 

Fig. 10. 
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The results are shown in fig. 10, the full curve showing 
the theoretical values calculated from (23), and the dotted 
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line the observations. The fit is strikingly close for small 
values of W, but the curves diverge as y increases. This is 
no more than we shou'd expect, since the terms neglected in 
(22) then rise in importance. But where the formula is 
really valid the agreement is remarkable. 

§ 9. Observations of the Points where the Isoclinic Lines 
cross the Horizontal Ais of the Block. 

The same formule (22) allow us to bring yet another test 
to bear on the theory. To find where the band crosses the 
horizontal (or neutral) axis put in (22) y=0, r=a, d=7/2, 
and neglect terms of fourth and higher orders in 2/6. We 
find 

2W ~y G; ae? 
P—Q= Tbh (G-S a 

Hence 

a Go, G, 2 f G. x? gee ate ats (| io es ne BE Laci as tan 27= uh (1 6G, | (1 2G, *:) 

_ Gye 1+ (ot ole 
ap Gy b 2G, 6Ge Ph 

if z/b be small. Putting in numerical values from p. 99 of 
the memoir, we have 

we 
at y) tan 21=3°072 7 +5115 fe MUU BROAN 

where 7, 2 are to remain small. 
When i=0 the band is vertical. Small positive values 

of i deflect it to the right; small negative values of 7 to the 
left. 

These results were also verified experimentally, a set of 
simultaneous values of 7 and 2/6 being obtained. ‘These are 
shown in fig. 11, tan 22 being plotted to x/d, and the full 
curve shows the graph of equation (24). 

The agreement is here by no means so good as in fig. 10. 
Nevertheless the general nature of the two curves is the 
same. It should be noticed that a slight change in the vertical 
scale would give much closer agreement. ‘This suggests an 
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error in the determination of the height 26 of the block, 
but there is no 'reason tu doubt the accuracy of the latter 
measurement. 

§ 10. Conclusion. 

On the whole the investigation affords satisfactory con- 
firmation of the results obtained from the mathematical theory 
of elasticity. It confirms the parabolic distribution of shear 
across a bar of rectangular section which is usually assumed 
by engineers, so long as we are ata reasonable distance 
from points of loading, and in the neighbourhood of points 
of loading it shows that the theory worked out by the 
author probably does give a fair representation of the actual 
distribution of stress. 

It also shows the considerable value of the isoclinic lines 
in dealing with such “photoelastic” problems. The tendency 
of investigators has usually been to employ the isochromatie 
lines for this purpose. These, however, are in many ways 
inconvenient. To give accurate results, they involve the 
knowledge of the dependence of the stress-optical coefficient 
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on the wave-length and on the material. This requires a 
long preliminary investigation for every glass used. In the 
second place, it the field is to be adequately covered, a 
sufficient number of isochromatic lines must be brought into 
view. This involves the production of a very high stress, 
sometimes dangerously near the breaking-point. This must 
cause some plastic flow and permanent set, and so renders 
the method unsuitable for testing the results of the theory of 
elasticity. 

On the other hand, the use of the isoclinic lines does away 
with these objections. The same results are obtained, what- 
ever the photoelastic constants of the material, and a very 
moderate stress will show the effects. Indeed, to avoid con- 
fusion in the greater number of the experiments described 
above, the load was kept such that the isochromatic lines 
venerally did not appear in the field of view. 

In conclusion, I have to express my most hearty thanks to 
Sir Alfred Ewing, K.C.B., F.R.S., then Professor of Engi- 
neering in the University of Cambridge, for all his kind help 
and encouragement during the course of the work. 

I. Chanees in Lnffraction Spectra produced by Aberration 
and the Aberration of an Hchelon Grating. By HurBerr 
STANSFIELD, D).Sc., Assistant Lecturer and Demonstrator 
in the Physical Laboratories, Manchester University, and 
H. P. Waumstey, B.Sc., Graduate Scholar*. 

[Plates III. & IV.] 

JN the course of some previous experiments with an 
echelon grating, it was found that a bright line in the 

mercury green line spectrum was accompanied by a series 
_of faint fine lines on the longer wave-length sidet. Experi- 
ments made to test the origin of these faint lines proved that 
they were secondary maxima of the same wave-length as the 
bright line, for they moved farther away from the bright 
line when the number of apertures of the echelon was 
reduced. 

Lord Rayleigh} has shown that a cubic aberration of a 
continuous wave-front increases the first secondary maximum 
on one side of the image and decreases the one on the other 
side. We find that similar results hold for a diffraction 

* Communicated by the Authors. 
t+ Phil. Mag. vol. xviii. p. 871 (1909). Proceedings, Physical Soe. of 

London, vol. xxii. p, 822 (1910). 
{ Published Papers, vol. i. p. 480; Phil. Mag. vol. viii. p. 406 (1879). 
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grating, and that with a suitable amount of aberration four 
or five secondary maxima may be visible on one side of a 
bright line and none on the other. 

In the case of the echelon grating we have employed 
the aberration is apparently produced by the clamping of the 
class plates. We find that the echelon produces a slight 
curvature in wave-fronts or surfaces of equal phase passing 
through it. The light which issues from the small end of 
the echelon, and has passed through the parts of the plates 
which are most compressed, is slightly in advance of that 
which has passed through the plates farther from the 
clamping rods, as indicated diagrammatically in fig. 1, the 
position of the rods being indicated by the line CC. 

ie. Ae 
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If the curvature of the surface of equal phase were con- 

stant it would only produce a shortening of the focus of the 

observing telescope, which is a well-known feature *. The 

curvature increases, however, towards the side on which the 

plates are clamped, so that the dotted circle in fig. 1, coin- 

ciding with the middle of the surface, is in advance of the 

surface on the observer’s left, and falls behind it on the 

right. 
Ve find that the deviation of the surface from the circle 

can be nearly represented by a cubic aberration. 

Calculation of the Effects of Cubic Aberration. 

Tn order to find the effects which would be produced by 

cubic aberrations of the wave-front the distribution of light 

* Phil. Mag. vol. xvill. p. 372 (1909). 
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has been calculated for a number of special cases. The 
method of calculation is represented geometrically in fig. 2, 

where vector diagrams are drawn for a _ seventeen 
aperture diffraction grating with JX cubic aberration. 
AOB represents the phases of the disturbances transmitted 
in the direction of the normal to the wave-front at its centre, 
ON, fig. 1, the dotted line AB representing the resultant 
amplitude in this direction. Similarly A’B’ represents the 
amplitude in a direction ON’, fig. 1, such that the difference 
of phase between the light from the central and outside 
apertures is increased to 180°, and A,B, the amplitude in a 
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direction ON,, making the same angle with the normal on 
the other side. 

The vector diagrams are symmetrical about the horizontal 
axis, and the resultant amplitude vanishes for the cases where 
the two ends meet as they cross this centre line. Fig. 2 
shows how much larger the first secondary maximum will 
be on the left side of this figure, where the aberration de- 
creases the differences of phase, than on the right side, where 
the aberration increases the phase differences and helps to 
curl up the vector diagrams. 

The values of the amplitudes for a nineteen aperture 
diffraction grating are represented in fig. 1, Pl. IL1., curves 
being drawn for the cases of zero, 3), an and 3), abereaneee 
About eighty points were calculated for each curve by adding 
together the cosines of the phase-angles, four-figure values 
being employed. The horizontal scale represents direction, 
the normal to the centre of the wave-front being taken as 
origin, and the length of the diagram being the angular 
interval between the principal maxima. 

The corresponding intensity curves are represented in 
fig. 2, Pl. ILI. These curves indicate the changes that 
would be produced in the appearance of the diffraction 
spectrum of a bright monochromatic source by varying 
degrees of aberration. Commencing with zero aberration, 
a few faint secondary maxima would be seen arranged 
symmetrically about the principal maximum. The curve 
drawn for +X aberration shows that this degree is sufficient 
to greatly increase the brightness of the secondaries on one 
side of the line, and to practically wipe out those on the 
other. With 4d aberration the secondaries on the right are 
still further increased, and the principal maximum is reduced 
to °74 of its original brightness. The # curve shows these 
changes carried still further, the bright line having now 
only “about twice the intensity of the brightest secondary. 
The bright line also shows a considerable extension on the 
left, which would make it appear less sharp!'y defined on that 
side than on the right, where it adjoins a bright secondary. 
It will be seen that in this case five secondaries on the right 
are brighter than the brightest of those on the left. 

In calculating these curves no account has been taken of 
the variation with direction of the intensity of the light from 
the individual apertures of the grating. The form of the 
factor required to correct for this variation in the case of an 
ideal echelon, that is when the width of the aperture is equal 
to the grating interval, is represented by the dotted curve at 
the top of fig. 2, Pl. IIL 
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In the case of a wire grating, referred to later on p. 383, 

the maximum of the dotted curve always coincides with the 

central principal maximum, but in the echelon case the 

relative position of the curves is not fixed, and any desired 

part of the spectrum may be moved into the position where 
the single aperture curve has its maximum, by a slight 

rotation of the echelon. 

Position of the Secondary Maxima in the absence 
of Aberration. 

If in plotting zero aberration amplitude curves the hori- 
zontal scale of direction is NO, where N is the number of 
apertures in the grating and @ half the phase difference 
between successive vectors for the given direction, then what- 
ever the number of apertures in the gratings the curves will 
all eut the horizontal axis at the same points. 

On plotting the zero aberration curves sin N@/N sin @ for 
gratings of nineteen and thirty-three apertures in this wa 
it was found that these curves coincided very closely with 
one another, and with the sin N@/N@ curve drawn to represent 
the case of a continuous wave-front or a grating with an 
infinite number of apertures. 

As the curves agree so closely, we may say that for 
diffraction gratings with nineteen or more apertures and free 
from aberration, the relative intensity of the first three or 
four secondary maximum on either side of principal maxima 
and their distances from the principal maxima, expressed in 
terms of the interval between consecutive points where the 
intensity vanishes, are practically independent of the number 
of apertures in the grating. 

In fig. 3, Pl. IL1., the sin N@/N@ curve has been drawn, 
and it was found impossible to draw the zero aberration 
curves for nineteen and thirty-three apertures because they 

so nearly coincided with it. 

Changes in the Position of Primary and Secondary 
Maxima produced by Aberration. 

An examination of the curves of fig. 1, Pl. ITI., leads 
to the following rough rules for the displacements of the 
maxima:—A cubic aberration of the wave-front leaving a 
diffraction grating displaces the secondaries farthest from 
a primary maximum by approximately the same fraction of 
a complete cycle of the amplitude curve that the aberration 
between the centre and the outside of the wave-front is of 
the wave-length, and shifts the primary maxima through 
rather more than half this distance in the same direction. ‘The 
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displacement is towards the side on which the aberration 
decreases the phase differences in the vector diagrams, and 
increases the intensities of the secondary maxima. ‘The 
secondary maxima near to a primary are shifted less than 
those farther away, secondary maxima adjoining a primary 
maximum on the side where the secondaries are strengthened 
being displaced little more than the primary they adjoin. 

It follows from the first rule that the displacement of the 
distant secondary maxima relative to the primary maxima is 
about the same fraction, mentioned above, of the half-cycle 
of the curve; the half-cycle being the interval between con- 
secutive points where the zero aberration amplitude curve 
cuts the horizontal axis. 

The displacements produced by various degrees of aber- 
ration, in the secondaries whose importance i3 increased 
by the aberration, are given in Table I., the position of any 
secondary in the case of a continuous wave-tront free from 
aberration being taken as its standurd position in finding 
the displacement. The values have been obtained by reading 
the positions of the maxima of amplitude curves drawn 
through a number of calculated points, and the second figure 
is In some cases only approximately correct. 

Tasue I. 

Displacements of Brightened Secondary Maxima relative 
to the Primary Maximum. 

Aberration... 1/4. | 1/22. 3/42. 
Standard 

Number of distances. 
apertures...| 33 19 33 19 a 19 

We, 00 ‘Ol ‘04 ‘04 09 ‘10 1:43 

2 ae 12 1B 22, 23 32 34 2-46 

2) ae 16 18 32 235) sts 50 3:47 
0S eee 18 2 38 ‘41 “54 60 4-48 

eee 19 29 -41 44 -60 66 5:48 
3 eae 20) 23 42 45 ‘65 ‘70 6-48 

Teak ee 21 24 | ‘43 46 “67 73 7-49 

7 Rate | | 
ee | 33 | ‘35 | 63 | 69 ‘93 | 99 

The distance of a secondary from its primary may be found by adding the 
value given for the displacement to the standard distance given in the last 
column. The bottom line gives the absolute displacements of the primary 
maxima. All the values are given in terms of the interval between successive 
points of zero intensity in the absence of aberration. 

_ 
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The 2 aberration curve drawn in fig. 3, Pl. III., is 
intended to show the relative displacement of the primary 
and secondary maxima. The total difference of phase between 
the centre and outside of the wave-front is taken as the 
horizontal coordinate, 90° for the 4X aberration being sub- 
tracted from N@, the difference of phase corresponding to 
the direction in the absence of aberration. When the curves 
for various degrees of aberration are plotted in this way the 
distant secondaries are only slightly shifted by the aberra- 
tion, their relative displacement being represented by the 
movement of the principal maximum to the left. 

The values given by Lord Rayleigh* for a continuous 
wave-front with +X aberration are also plotted in fig. 3, 
Pl. IIL, for comparison with the curves for finite numbers of 
apertures. 

When aberration is present the effect of the number of 
apertures on the position of the secondaries is increased. 
Table I. shows the effect of changing the number of apertures 
from nineteen to thirty-three. 

The displacements of the secondary maxima, brightened 
by the aberration, away from the primary (given in Table I.) 
may be employed to determine the amount of aberration 
present in a diffraction spectrum if a photograph showing a 
few secondary maxima can be obtained. Fig. 3, Pl. IV., is 
reproduced from a photograph of the green mercury line 
5461 A, taken with the 33 aperture echelon we have employed, 
which has been already describedt. This photograph shows 
secondary maxima on the right of the spectrum lines, and 
six secondaries of the line 1 were measured in the open 
space between the lines 1 and 2. The distances of these 
secondaries from their primary were divided by 1/33 of 
the interval between successive repetitions of the primary 
lines, and the amounts by which the values found exceeded 
the standard distances for these secondaries are given below, 
together with the 7A displacements taken from Table 1. for 
comparison. 

Photograph... -02 "25 "42 "52 "54 “58 
EIN ive v.25, “09 32 “46 “4 60 65 

These numbers show that the aberration when the photo- 
graph was taken was a little less than three-quarters of the 
wave-length. 

It is also interesting to notice that the upper part of this 
photograph, which was given a long exposure, shows signs 

* Lord Rayleigh’s Published Papers, vol. i. p. 430. 
ft Phil. Mag. [6] vol. xviii. p. 371 (1909). 

A 
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of the unsymmetrical broadening of the primary lines away 
from the bright secondaries, which would be expected from 
the shape of the intensity curve for 3?) aberration already 
referred to on p. 28. 

It may also be mentioned that if the aperture of the 
echelon is reduced from 33 to 14 steps—-which would reduce 
the maximum cubic aberration from *75X to ‘057A—the first 
secondary maxima of the line 1 appear as faint lines of 
equal intensity on either side of it. 

Scale of Intensity provided by the Secondary Maxima. 

The intensities of the first seven secondaries on the side 
where they are brightened by the aberration are given, for the 
special cases we have plotted, in Table II. The corresponding 
values for the standard case are also given for comparison. 

Tapia lt: 

Relative Intensities of Primary and Secondary Maxima for 
the first seven Secondaries on the brightened side. 

Aberration. 1/42. 1/22. | 3/4X. 0. 

Number of | 
apertures rs) a 19 oo. us 19 oD 19 oo) 

| 
| Ean AON RS Aw i if 1 if i I 1 

1 Veatee anor s Wa 14 154 30 32 “54 61 “0472 

leh AA A “O42 045 10 i? 24 28 ‘0165 

SNE a 5 O17 ‘O19 042 05 ‘10 12 ‘0083 

UNO 009 ‘O11 ‘020 02 048 06 "0050 

EP ae ind anes 006 0069 ‘O11 O14 028 03 "0034 

Sy 5 OO+L 0050 007 009 016 02 “0024 

7 003 0040 "005 006 010 01 ‘0018 

| | 
12s OS Pe “94 93 “76 | “74 | 54 | 50 1 

The intensities of the secondaries are expressed in terms of the intensity of 
the primary to which they belong. The bottom line gives the relative 
intensities of the primaries. 

When the aberration in an echelon spectrum is large, the 
series of secondary maxima which appear in the photographs 
provide a convenient scale of relative intensities which may 
possibly prove useful in comparing the intensities of spectrum 
lines. For example, referring again to the photograph of 
the green mercury line in Plate IV., the intensity of the 
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image of the line 8 in the original negative, or in one of the 
enlargement, might be matched against the intensity of one 
of the secondary maxima of the line 1. Knowing the rela- 
tive intensity of the line 1 and its secondary, a rough com- 
parison of the lines 1 and 8 could be made. 

A direct Method of Testing for Aberration. 

The presence of cubic aberration in the echelon spectrum 
has been confirmed by direct measurements of the shape of 
the wave-fronts as they leave the echelon. This was done 
by measuring the very small displacements of a spectrum 
line, in the focal plane of the telescope, when different parts 
of the aperture of the echelon were exposed. We could not 
reduce the aperture to less than one-third of the full width 
without sacrificing too much the definition of the line to be 
measured; so groups of eleven steps were uncovered. 
Keeping the number of apertures constant, the group was 
moved across from one side of the echelon to the other, 
while readings of the position of the line 1 in the green line 
spectrum were made with a micrometer eyepiece. The 
variations of these readings were nea, against the corre- 
sponding positions of the centre of the group and a curve 
drawn which gave a close approximation to the direction of 
the wave-front for the central two-thirds of the aperture 
of the echelon, so the shape of the wave-front in this region 
could be found by integrating. The chief difficulty of ob- 
taining a satisfactory set bof readings was that the temperature 
oenerally altered too much while they were being made. 

The results we have obtained show the wave-front concave 
towards the observer, the curvature at the centre agreeing 
fairly well with ine. observed shortening of the focus, and 
also give clear evidence of acubicaberration. The magnitude 
of the aberration appears to be about °3A at the limits of 
the central 2/3 of the aperture, which would correspond to 
about one wave-lengtn for the edges of the full aperture. 
Owing to the temperature difficulty we can only regard this 
result as confirming the existence of a cubic aberration. 

EHaperiments on producing Aberration. 

In order to commence with a very simple case, a diffraction 
grating was made with parallel wires*2 mm. diameter, spaced 
1 mm. apart by means of two screws of millimetre pitch. 
No, 1, Pl. LV., is a photograph of the spectrum formed by 
this grating with green mercury light. Hight apertures 
were exposed when the photograph was taken, so that between 

Phil. Mag. 8.6. Vol. 23. No. 133. Jan. 1912. D 
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two neighbouring primary maxima there are six secondaries, 
which all show clearly in the first order left and right in the 
original negative. As there is in this case no aberration, the 
secondaries are symmetrical on the two sides of the central 
primary maximum. 

To produce aberration we made use of Lord Rayleigh’s 
suggestion of employing the cubic curve associated with a 
bent plate*. A bent sheet of mica formed one side of a cell 
which was filled with ether vapour. In fig. 3 a section of 

Fig. 3. 
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Section of Aberration Cell and Diagram of Changes produced 
in a Waye-front passing through it. 

the cell is drawn together with a diagrammatic indication of 
the changes in direction and form produced in a wave-front 
passing through it. 

* Rayleigh, Coll. Works, vol. iii. p. 59, note. Phil. Mag. vol. xv. 
p. 554 (1908). 
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When this cell was placed in front of the wire grating it 
produced little effect on the spectrum before the vapour was 
introduced, as both the glass plate and mica were sufiiciently 
uniform in optical thickness; but when it was filled with 
ether vapour the secondaries on the observer’s right in fig. 3 
became much brighter than before, and those on the other 
side very faint. 
We did not obtain a photograph showing the full effect 

owing to the difficulty of keeping the density of the vapour 
constant for a sufficient length of time; but No. 2, Pl. LV., 
inken under these conditions, shows the first secondary on 
the right much brighter than anything on the other side. 

Summary. 

1. Lord Rayleigh’s investigation of the effects of cubic 
aberration has been extended to the first seven secondary 
maxima on either side of the primary, with special reference 
to the secondary maxima in diffraction spectra. 

2. It has been found that a cubic aberration amounting to 
three-quarters of a wave-length at the edges of the aperture 
of the echelon we have employed is sufficient to explain why 
photographs taken with it show a series of secondary maxima 
on one side of a bright line and not on the other. 

3. The degree of aberration present in an echelon spectrum 
may readily be determined by measuring the distances of 
the brightened secondaries from the primary to which they 
belong. 

4. When the aberration in an echelon spectrum is relatively 
large the series of brightened secondary maxima provide a 
convenient scale of intensity which may be found useful in 
comparing the intensities of lines in the spectrum. 

5. Photographs have been taken showing the effect of an 
aberration cell on the secondary diffraction maxima of a 
wire grating. 

In conclusion, we wish to give our best thanks to Professor 
Rutherford and to Professor Schuster for placing the facilities 
of the Physical Laboratories at our disposai and for the interest 
they have taken in our work. 

ES 
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Ill. The Magnetic Temperature Coefficients of the ferro- 
magnetic Elements in Corresponding States. By J. R. 
ASHWORTH, DsSer 

1. Introduction, and initial statement of the final result. 
2. Description of experimental work. 
3. Results of experiments in tables and diagrams. 
4. Comparison of results with similar experiments by other 

observers. 
5. Reduction of results to corresponding states and conclusion 

therefrom. 
6. Comparison with the temperature coefficient of density of a 

liquid. 
. Curie’s law for paramagnetics. 
eee between fluids and ferromagnetics. 

ite AG a magnet has been repeatedly heated and 
cooled over a given range of temperature the mag- 

netic intensity falls and rises regularly and in general without 
hysteresis as ‘the temperature is raised and lowenen It has 
been shown that the magnitude of this effect of change of 

> 

temperature on the magnetic intensity is largely controlled 
by the dimension ratio of the magnet, and that when this 
ratio is very large, so that the demagnetizing factor is negli- 
gible, the temperature coefficient is then a minimum, and 
cnet these conditions is characteristic of the material of the 
magnet ie. 

In the course of experiments on this subject, it was ob- 
served that the temperature coefficient of nickel was large, 
that of iron small, and that of cobalt still less, the values 
then obtained over a range of temperature of 90°, from 10° 
to 100° C., being about 6 x 10~* for nickel, 2 x 107 ea iron, 
and 1°5 x 10~* for cobalt. 

A preliminary calculation indicated that the characteristic 
coefficients were a function of the critical temperatures of 
these ferromagnetics, a result which demanded a more com- 
plete investigation. This has now been made, and the 
present paper is a record of experiments upon the variation 
of residual magnetic intensity of magnets made of nickel, 
iron, and cobalt of large dimension ratio, containing as little 
impurity as possible, when the temperature fluctuates between 
that of the atmosphere and the critical temperature. 

The evidence now obtained supports the tentative con- 
clusion mentioned above, and allows the general statement 
to be made that the characteristic temperature coefficients of 

8 

* Communicated by the Author. 
+ Ashworth, Roy. Soc. Proe. vol, Ixii, p. 221 (1897) ; Phil. Trans. Roy 

Soc. yol. ciii., 1903, 
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magnetic intensity of the pure annealed ferromagnetic elements 
an Corr esponding states are inversely propor tzonal to the absolute 

critical temperatures. 

2. The experimental work leading to this result was made 
in two series. In the first wires of nickel and iron of 
large dimensions were employed. They were annealed, 
magnetized to saturation, heated to a little below the Geinoal 
temperature, and then inserted in a glass tube containing 
olive oil, and in some of the later experiments in a brass 
trough containing sand. The heating was effected by a 
double row of many small Bunsen flames, and the magnetism 
of the wire was tested by placing it “end on” to a mirror 
magnetometer, the reflected beam of ght being received on 
a scale two metres away. An electrical resistance thermo- 
meter which was laid side by side with the magnetized wire 
was used to measure the temperature. With this apparatus 
experiments were made up to 435°C. on a wire of nickel, 
two of soft iron, and a bundle of seven fine iron wires. 

Difficulties, however, were experienced in procuring cobalt 
of the requisite dimensions, and the samples obtained con- 
tained too much impurity to yield trustworthy results. It 
was decided, therefore, to prepare cobalt electrolytically, 
and this led to the coco’. series of experiments in which 
much smaller magnets were employed, These had the 
advantage that they could be heated uniformly with less 
probable error, but on account of their small mass, their 
magnetic moment was not large enough to give a deflexion 
of the magnetometer needle which could be read with 
accuracy. 

This consideration necessitated the construction of a special 
magnetometer in which the single needle was replaced by a 
vertical astatic pair, 0°7 mm. apart and 13 cm. long, sur- 
rounded by a stout copper tube which served to damp the 
oscillations of the system. The orientation of the needles 
was read as before by a beam of reflected light on a scale 
two metres from the magnetometer. 

This instrument was highly sensitive to any force acting 
on one pair of poles in the same horizontal plane, and was 
but little affected by extraneous disturbances so that it 
was very suitable for the purpose in hand, but it was 
not so convenient for the determination of absolute values. 

Cobalt was now deposited electrolytically from a solution of 
the double sulphate of cobalt and ammonia on wires of copper 
and platinum 0°55 and 0°35 mm. in diameter respectively, 
and from 10 to 15 em. in length. Hach wire thus coated was 



38 Dr. Ashworth on Magnetic Temperature Coefficients 

annealed, magnetized, and fixed inside a stout copper tuhke 
‘“endon” tothe upper pair of poles of the astatic system. The 
temperature, which could be raised to 800°C. by a row of 
broad Bunsen burners, yielding a continuous sheet of flame, 
was observed by means of a thermo-junction of platinum and 
platinum-iridium, constructed by the Cambridge Scientific 
Instrument Co. The constant of the junction was verified 
and found correct. Thin wires of iron containing 0°4 per 
cent. of impurity, and of nickel with less than 2 per cent. of 
impurity, were also tested with this apparatus, and the results 
aereed closely with those of the first series. 

The general course of an experiment was to heat and cool 
the magnet several times until a cyclic condition was reached, 
and then to take a careful set of simultaneous readings of 
magnetic intensity and temperature as the tube was slowly 
and continuously heated to the highest temperature required, 
and then allowed to cool. After this the magnets were re- 
magnetized and the experiment repeated for the sake of 
confirmation. The arrangements were such that the obser- 
vations of temperature covered a range of 45 cm. for 800°C. 
and the readings of variation of magnetic intensity extended 
over ¢°5 to 20°0 em. 

3. The results which have been arrived at are exhibited 
in Table I. and in fig. 1 (p. 40). In the first column of the 
tuble is given the temperature in centigrade degrees, and in 
the second column this temperature, converted into absolute 
degrees, is expressed as a fraction of the absolute critical 
temperature. In the third column is given the magnetic 
intensity caleulated as a fraction of the intensity under the 
given conditions at absolute zero. ‘The figures in the second 
and third columns have been carried to the third decimal 
place so that the second may be correctly assessed. 

From the rate of change of intensity at ordinary tempe- 
ratures the maximum intensity at absolute zero has been 
estimated, but there are experiments by P. Weiss and 
H. Kamerlingh Onnes* which show that the change of 
intensity from 0° C. to the temperature of liquid hydrogen 
under very strong forces is 5°d per cent. for nickel and 2 per 
cent. for iron. I have adopted these values for nickel and 
iron, which are nearly the estimated values, and 1°5 per cent. 
for cobalt. 

The critical temperature is taken to be that point at which 
the magnetic intensity is varying most rapidly with change 
of temperature. This I determined for nickel to be 388° C., 
and for iron 785°C., and I have adopted 1090°C. as the 

* Journal de Physique, sey. 4, vol. ix. p. 559. 
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TaBue I. 

Relation of Residual Magnetic Intensity to Temperature. 

NICKEL. Tron, CoBALT. 

Bar| ofr: | 1/0, AOS? 9/63. | Tye go | 6/8: | Tle 

Pal ‘440 | -945 17 “272 | :981 14 | -211 | -985 
50 484 | -931 40 293 | ‘977 115 | -286 | -984 
76 "527 | 917 90 342 | 969 209 | 355 | -97 

107 581 | 900 | 138 "386 | °960 300 | °422 | 954 
135 618 | -884 || 188 "435 | “949 390 | °488 | -933 
165 ‘661 | °861 || 237 "480 | 936 472 | :545 | -910 
193 “707 | 837 || 287 "527 | *921 560 | °613 | ‘877 
223 ‘749 | -801 || 337 575 | 902 645 | °674 | °839 
251 ‘791 | “761 || 386 622 | ‘877 747 | °749 | -786 
280 °835 | *714 || 435 669 | -842 || 1090 | 1000 |... 

"78 | -992 | -374 
782 | -996 | -346 
785 | 1-000 | (305) 

\ 

The dimensions of the wires were: 

Nickel ...... Ist series, Length =63°5 cm. Diameter=0°129 cm, 
2nd, 5 =20:0%,, » =0:050 ,, 

MOG OWI AS ces ss sti sees a SOLON? Bs =(:262 |; 

. Bael ” =19°4 ” 19 =0:057 ,, 
Cobaltv...... Ppa a P= about) lOlem, ea boutO;ie ems 

point of transformation of cobalt. If the magnets are not 
heated above the critical temperatures the magnetism, which 
falls at that point to about 30 per cent. of its initial value, 
remains cyclic and is entirely recovered on cooling. 

The first diagram gives the variation of the fractional 
magnetic intensity (I/1o) of each of the ferromagnetic metals 
compared with the temperature in centigrade degrees, 

The curve for nickel is the mean of observations on two 
nickel wires, the individual observations agreeing very well 
with each other. Nickel behaves very “regularly ‘under 
increase of temperature, the curve declining “smoothly and 
with increasing rapidity to about 35 per cent. of its original 
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value, when there is a sudden drop to about 5 or 6 per cent., 
after which the magnetism diminishes more slowly. 

Fig. 1—Relation of Fractional Magnetic Intensity (1/I,) to 
Temperature (C°.). 

ms NICKEL = * ; ee | | ae 

; SRON = x 
COBALT, = © 

i | Rae a a 

ha au 
0 109 200 590 £90 500 600 709 800°C 

The curve for iron falls smoothly up to about 400° C. when 
a more rapid fall begins followed by a halt or even rise of 
magnetic intensity between 500° and 600°, after which the 
diminution continues in a similar way to nickel, until at 
30 per cent. of the original intensity the abrupt drop to a 
nuch lower value occurs. The irregularity at 420° to 620° 
embraces the region where there is an evolution of heat, 
discovered by Roberts-Austen *, which he says is not 
sudden but covers a range of 100° to 180°. It is no doubt 
associated with the point which has been designated ArO. 
Changes in electrical resistance have been observed in this 
region by Prof. H. L. Callendar +, and peculiarities in the 
magnetic permeability when iron passes through this range 
of temperature have been described by Pref. D. K. Morris f. 
The residual magnetism of iron appears to be in a very 
sensitive state between 400° and 600° and behaves very un- 
certainly, but the thin line in the diagram may be taken as 
approximately the path which the magnetism follows on 
heating. On cooling the halt occurs at a lower temperature 
than on heating. 

When cobalt is first heated, there is a small increase of 
magnetic intensity and it is not until about 250° that the 

* Alloys Research Comm, 5th Report. 
+ Phil. Trans. Roy. Soc. 1887, p. 201. 
t Phil. Mag. vol. xliv. 1897, p. 213. 



of Ferro-magnetic Hlements in Corresponding States. AL 

diminution begins, while on cooling the magnetism rises to a 
value higher in the vicinity of 100° C. than what it is at the 
temperature of the room. ‘These effects are, however, nearly 
obliterated on repeating the heating and cooling many times, 
although there is always a tendency for the intensity to be 
higher at about 100° on cooling than at lower temperatures. 
In other respects cobalt behaves regularly up to Googe: 
The numbers which have been used in the construction of 
the curve for cobalt are mean values of experiments on 
electrolytic deposits of cobalt on copper and on platinum. 
Since the expansion of cebalt is intermediate between that of 
copper and platinum, it was considered justifiable to take the 
mean as the final result. 

4, Experiments on the change of residual magnetism of 
nickel, iron, and cobalt over so extended a range of tempe- 
rature do not appear hitherto to have been carr ried out, and 
it is useful to compare the results now arrived at with those 
which have been obtained in very intense fields by P. Curie *, 
Du Boist, Honda and Shimizut, and others. Curie’s 
observations on iron were made in a field of 1300 c.a.s. units 
from air temperature to the critical temperature and beyond, 
and his curve agrees with the one for iron given above at 
the extremities, but is a little higher at intermediate points. 
There is no enilenes of a halt 7 400° to 600°. 

Du Bois, using an optical method with ellipsoids of a 
dimension ratio of 30, has experimented upon nickel and 
cobalt as well as iron in intense fields, but bas not carried 
the temperature beyond 300° C. His curves take rather 
an abrupt downward bend at temperatures beyond 200°, but 
in other respects are similar to those in Diagram eile 
does not give numerical results, but from the curves traced 
in his paper I have deduced the following approximate 
values of the temperature, coefficient : 

| 

Temp. Nickel. Tron. Cobalt. 

0°—100° 00005 0:00014 “00005 

~ 100°-200° 00017 0:00033 “00015 

The coefficients are largest in nickel and least in cobalt, and 
in all cases increase with the temperature. 

Honda and Shimizu by means of the magnetometric 
method and employing ellipsoids having a dimension ratio of 

20 have made experiments on annealed iron, nickel, and 
cobalt over a range of temperature which extended from 

* “Ann. Chim. et Phys. ser. 7, vol. v. 1895, p. 289. 
Tt Phil. Mag. ser. 5, vol. xxix. 1890, p. 293. 
t Phil. Mag. ser. 6, vol. x. 1905, p. 548. 
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—180° C. to 1200° C. The curves show that there is in 
low fields a maximum intensity for some intermediate tem- 
perature, but in the highest field employed 400 (c.e.s. units) 
this maximum disappears entirely in iron, is nearly obliterated 
in nickel, and becomes less pronounced in cobalt. There is 
little doubt that the curves would decline smoothly from the 
lowest to the highest temperature in very strong fields. 
From the curves traced by Honda and Shimizu I have 
constructed Table II., which shows again that the rate of 
diminution of magnetic intensity as the temperature rises is 
greatest in nickel and least in cobalt. 

TasiE LL, 

Relation of Magnetic Intensity to Temperature. Honda and 
Shimizu’s Observations in a field of 400 c.G.s. units. 

NIcKEL. | Tron. Cosatt. 

Temp. C°.| 6/0,. | I/I,. || Temp. C°.| @/0,. | I/I,. || Temp. C°.} 6/0,. | I/1,. 

0 ‘45 | -95 0 ‘25 | -98 0 ‘21 | -98 
50 53 | -91 | 

100 ‘62 | -89 100 35° | -96 
150 ‘71 | -84 
200 ‘79 | -80 200 44 | -95 
250 ‘88 | -67 
3U0 ‘96 | -50 300 54 | 93 | 

400 ‘63 | -90 

500 73 | -84 500 58 | -89 

600 e276 600 66 | -88 

700 ESI pays 700 73 | 82 

800 ‘81 | “76 

900 ‘88 | 62 

1000 96 | 41 

Critical temp.=820° C. | Critical temp.=785° O. | Critical temp.=1060° ©, 

8, The curves which have been traced in fig. 1 indicate 
that the behaviour of residual magnetism is of the same type 
for each of the three ferromagnetic elements. This similarity 
of type can be tested by plotting the fractional intensities on 
a reduced scale of temperature, in which the critical tempe- 
rature is treated as unity and other temperatures as fractions 
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of the critical temperature. When this is done, the full 
curve in fig. 2 is obtained. 

Fig. 2.—Relation of Fractional Magnetic Intensity (1/I,) to Fractional 
Absolute Critical Temperature (6/6,). 

za 
1-00 

“80 

NICKEL 

/fPON 
COBALT 

-40 

20 

0: 

0 20 AD -60 -80 100 He 

, WICAEL él 107 193. 25+ 280 323 360 388C. 

RON Zen SO (8810 S97 435 523 7700 748 75 C. 

COBALT 4 15 300 472 645 749 1090 © 

The ordinates are as before the fractional intensities, I/f), 
and the abscissee are the values of 6/0;, where 0, is the 
absolute critical temperature. 

Beneath this reduced scale of temperatures some of the 
corresponding values of the centigrade temperatures are 
given for the sake of easy comparison. In this diagram the 
cobalt values do not extend beyond °75 on the reduced scale, 
and the values for iron between °75 and ‘90 have been omitted. 
When the separate points for each metal are laid down, 

they lie so closely together that it is possible to draw a 
smooth curve through all of them (the full line of fig. 2). 
Honda and Shimizu’s * results, abstracted in Table LI., when 

* Loc. cit, 
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treated in the same way, lie very nearly on a single curve 
(the broken curve of fig. 2), which is very similar to the full 
curve in the same figure. 

It follows from the concordance of the three curves of 
fig. 1, when plotted on a scale of reduced temperatures, that 
the change ot fractional magnetic intensity for each of the 
ferromagnetic elements is the same for the same interval on 
this scale, or, that the coefficients of residual magnetism of 
the ferromagnetic elements in corresponding states are in- 
versely proportional to the absolute critical temperatures. 

6. This result is precisely the Jaw for the change of 
density of liquids with variation of temperature, and it is of 
interest to inquire if the coefficients on a reduced scale 
of temperature are of the same order of magnitude. 

Since the physical constants of water are well known, it 
may be selected as a typical liquid for comparison. The 
variation of its density with temperature has been determined 
by several observers, and according to Cagniard de la Tour 
its critical temperature is 390° C., Hirn’s value being rather 
higher. Adopting 390° C. or 663° A as the critical tem- 
perature, [have constructed Table III., in which the fractional 
density of water at different temperatures is placed side by 
side with the fractional magnetic intensity of nickel which 
has nearly the same critical temperature. To make the 
comparison easier, I have treated the density of water as 
0°945 at 21° C., which is numerically the same as the mag- 
netic intensity of nickel at that temperature. 

TaB.eE ITI. 

Comparison of Fractional Intensity of Nickel and 

Fractional Density of Water. 

Temp. C°. 6/9). Nickel. Water. Nickel ee 

21 44 ‘945 ‘945 +00 
107 D7 “90 “SILL — OL 
135 ‘62 38 "88 + 00 
165 "66 86 85 jo! 
193 ‘70 “84 83 +01 
993 “75 “80 79 +01 
950 ‘79 7 Ed) +°U1 

280 "84 qu a! +00 
310 88 66 65 sel 
390) “89 64 63 +01 

Critical temperature of nickel =388° C, 
¥ 55 of water=890° C, 
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The differences which are given in the last column are so 
small that the correspondence may be treated as nearly exact. 

Since the curve tracing the change of fractional density 
of water as a function of the reduced temperature is the 
same for other liquids in general, and is at the same time 
approximately the curve of change of fractional intensity of 
the ferromagnetic elements, it follows that the temperature 
coefficient of density of liquids and of magnetic intensity of 
the ferromagnetic elements in corresponding states are very 
nearly of the same magnitude. 

7. Parallel with this result is the law of Curie that under 
a constant force the intensity of ferromagnetics at tempe- 
ratures above the critical point is inversely proportional 
to the absolute temperature, and hence the temperature co- 
efficient of intensity in the paramagnetic condition is the 
same as the temperature coefficient of density of a gas. 

Thus the behaviour of the magnetic intensity of the ferro- 
magnetic elements under variations of temperature bears a 
very close analogy to the behaviour of the density of a fiuid 
under similar treatment. 

8. A study of the passage of a fluid from the liquid to the 
gaseous state has led to the hypothesis that the constituent 
molecules mutually attract one another, but at the same time 
their thermal agitation plays the part of a repulsive force. 
Jn any given state there is equilibrium between these effects. 
By analogy Curie * suggests that the magnetic transforma- 
tion from ferro- to paramagnetism may be due to the 
magnetic molecules passing from mutual attraction to a state 
of independence. This independence may arise in part from 
expansion, and in part from the enhanced energy of oscilla- 
tion of bi-polar molecules. Any given magnetic state is 
then a state of equilibrium. 

In a fluid the continuous change from one state to the 
other can be expressed most simply by Van der Waals’s 
equation which recognizes the fact that there is a limit to 
the density of a liquid and that the molecules exert a 
mutual attraction equivalent to a pressure. 

In magnetism it is generally agreed that there is a limit 
to magnetic intensity, and that the magnetic molecules exert 
a mutual attraction, and these are the counterparts of the 
two salient facts in Van der Waals’s equation. 

Thus the suggestive analogy between the gas laws and 
the laws of paramagnetism, first pointed out by P. Curie, is 
capable of extension and application to liquids and ferro- 
magnetics, in so far as liquid density ud ferro-magnetic 
intensity can be treated as fenebens of the temperature. 

* Loc, cit, 
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IV. Delta Rays—I11. By Norman Campse .t *. 

ii. “pee following pages contain an account of experiments 
: performed in continuation of those recently described 

under the same title fT. 
At the end of the former paper the question was discussed 

at some length whether the differences observed when the 
delta rays were excited in different metals were due to 
differences in the speed of the rays or to a difference in the 
reflecting powers of the metals for the rays. No certain 
decision was attained, though the evidence was on the whole 
in favour of the view that a difference in the speed had not 
been demonstrated. It was thought that the matter might 
be definitely settled, if in place of the metals soot were 
employed as one of the electrodes, since Baeyer ft has shown 
that this substance has practically no reflecting power. 
Hitherto attempts to use soot had been unsuccessful owing 
to uncertainties in the resulting measurements. ‘These diffi- 
culties have now been overcome by certain slight changes 
in the apparatus and in the method of covering the electrodes 
with soot; in all important characteristics the apparatus is 
the same as in the experiments described previously. In the 
later observations an electrometer was used in place of the 
electroscope as the indicating instrument of the measuring 
system. In so far as there is conflict between the present 
experiments and those already described, I am inclined to 
attribute greater weight to the more recent work. 

2. The measurements which had been made previously 
with the electrodes covered with aluminium, copper, silver, 
and gold were repeated and similar measurements made with 
the electrodes covered with soot. The results are given in 
Table I. and fig. 1. The significance of the numbers in the 
columns marked +, —, and “sum” is the same as that of 
the numbers in the corresponding columns of Tables 3-5 of 
the previous paper. In fig. 1 (p. 48), which is similar to fig. 3 
of the previous paper, the results of the “sum”? columns 
are plotted. 

A comparison with the previous work will show that the 
general trend of the curves for aluminium, copper, silver, 
and gold and the general relations between the curves is the 
same as in the previous work. But the resuits are not com- 
pletely identical; it had been found before that very slight 

* Communicated by the Author. 
+ Phil. Mag. Aug. 1911, p. 276. 

't Baeyer, Phys. Zeit. x. p. 176 (1909). 
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changes in the apparatus made it impossible to reproduce 
accurately the results of a series of measurements; these 
results seem to some extent a function of the exact form of 

the apparatus. It is to be noted that the curve for soot is 
considerably flatter than that for any of the metals. Indeed 
the difference between soot and the other materials is really 
greater than appears from the figure; for in the figure all 
the values of the current are expressed as ratios of the 
current for a potential difference of 40 volts, and, while the 
current for the metals is completely saturated for that 
potential difference, the current for soot does not become 
saturated until the potential difference is nearly 80 volts. 
If the curve for soot were, like that for the metals, referred 
to the maximum ordinate as unit, it would appear even 
flatter. , 

The further discussion of these observations will be post- 
poned for the present. 

3. Experiments were next tried, similar to those described 
in § 15 of the previous paper, in which the lower electrode 
(A) was covered with soot, while the upper electrode (B) 
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was covered successively with aluminium, copper, silver, and 
gold. The results are plotted in fig. 2 (p. 50), where the 
ordinates now represent the absolute values of the current, 
expressed in the units described in the previous paper, and 
not the ratios of the current to the maximum current. In 
Table IL. the results are given in a form similar to that of 
Table I., except that the “sum” column is omitted as 
having no significance when the electrodes are of different 
materials. 

TABLE II. 

ALUMINIUM. Corrrr. SILver. Gop. 

+ _ + = + = | + _ 

\le= 0 ee —'009 —'064 — 029 — ‘040 

V=0 (magnet)... — ‘065 — ‘056 — 055 —‘0°6 

Ve) ae 0°313 | 0:184 | 0°360 | 0086} 0°321 | 0:093 | 0-328) 0°:103 

ae AA BUE  SE ) PING CLG). ALS) IP CIAbe( | 

Ls, Shenae 252) | 82>) 259 478) | 2h | °484 11-269 | 466 

7) ee “441 | -788 | 449 | 675 | °458 | ‘645 | -452 | -650 

3 ANS eC 559 | ‘881 | °562 | -768 | °576 | -763 | °569 | -779 

hE eh a 649 | -918 | ‘659 | ‘B61 | ‘654 | *828 | °654 | °839 

(3) ee eee CHS) I) ASB Mie CHEE EOS) Unley MONTE rte i eer Ori 

SMa sian eoctnes 824 | 994 | -838 | -949 | -829 | -935 | °829 | -942 

21) 2 Se eae 1°000 | 1:000 | 1-000 | 1-000 | 1:000 | 1:000 1-000 | 1-000 

It may be noted in passing that additional evidence was 
obtained for the conclusion, given in the previous paper, 
that the quality of the delta rays excited in a substance is 
independent of the speed of the alpha rays exciting them. 
For most of the observations given in Table II. were repeated 
with the polonium plate covered by a layer of aluminium 
foil equivalent in its stopping power to about 3 em. of air. 
The presence of the foil increased all the values given in the 
table below the thick line by about 50 per cent.—the increase 
is doubtless due to the greater ionizing power of the alpha 
ray towards the end of its range—but it did not change the 
ratio of those values to any perceptible extent. 
Phi Mag. &. CG Noksze. Notions, Jan L9T2, 

The form 
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of the curve was quite unaltered by the presence of the 
absorbing layer. 

ue 

a8 

=i 

4. A mere glance at the curves in fig. 2 will show at once 
that the simple theory given at the beginning of the previous 
paper is quite inadequate to explain the results obtained 
when one of the electrodes is covered with soot. And, since 
it is only on the basis of that theory that any deductions as 
to the speed of the rays can be made from an examination of 
these measurements, all conclusions which have been sug- 
gested as to the speed, and many conclusions on other points 
also, are rendered dubitable. 

For, according to this theory, the upper (+) portion of 
the curve should represent the properties of the rays emitted 
by the upper electrode (B), while the lower (—) part should 
represent the properties of the rays emitted by the lower 
electrode (A). But in these experiments the material cover- 
ing A, soot, was the same in all cases, while the material 
covering B varied. It would be expected then that the 
lower part of the curve should be the same in all cases, 
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while the upper part varied. Again, since the curve 
with both electrodes covered with soot is flatter than 
that with the electrodes covered with metal, it would be 
expected that the lower half of the curve would be flatter 
than the upper half. Both expectations are completely 
falsified; the most casual examination shows that if the 
curves are to be divided into two halves, one of which re- 
sembles more the curve for soot and the other resembles 
more the various metals, it is the upper half which must be 
associated with the soot and the lower half which must be 
associated with the metals. No more striking refutation of 
the theory could possibly be obtained. 

5. Now the theory which has been employed hitherto was 
based upon the fundamental assumption that, when the 
electrodes were at the same potential, all the rays emitted by 
one were received by the other; and that the effect of 
raising A (or B) toa positive potential relative to B (or A) 
was merely to prevent some of the rays emitted by A (or 1) 
from reaching B (or A). If this assumption is correct, it is 
clear that the part of the curve corresponding to positive 
potentials of A (or B) must be determined by the speed of 
the rays leaving A (or B). But it was pointed out in the 
Jast paper that it is possible that the electrodes possess so 
high a reflecting power for the rays incident upon them 
that the variation of the number ot rays received by them is 
determined less by a variation in the number of rays which 
ean cross the space between the electrodes under different 
electric fields than by the number which reach the electrode, 
but are reflected by it, under different electric fields. In 
this case, since the rays emitted by A are reflected by B, the 
part of the curve corresponding to positive: potentials on A 
would be determined less by the properties of A than by the 
properties of B. Accordingly it appears at first sight as if 
the results which have just been recorded might be explained 
on the assumption that the influence of reflexion upon the 
form of the curve is so important as to mask completely any 
na due to the direct stopping of the rays by an opposing 
field. 

There are many objections to this view which will probably 
occur at once to the reader. Most of them rest upon 
improbabilities concerning actions of which we know very 
little, and are not therefore conclusive, though their accumu- 
lated weight is considerable. But one objection appears to 
me quite insuperable, and it alone will be put forward. 

It is known from Baeyer’s work that soot shows very 
little reflexion. Accordingly the curve obtained when both 

EK 2 
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electrodes are covered with soot cannot be greatly influenced 
by reflexion ; its form must be determined on our present 
view bya direct stopping of the rays by the opposing electric 
field. But it has been noted that the current with soot- 
covered electrodes is not saturated untila potential difference 
of more than 40 volts is applied. The only possible inter- 
pretation of this fact consistent with our present hypothesis 
is that some of the rays emitted by soot have a speed corre- 
sponding to a potential difference greater than 40 volts. 
Now, when A is covered with soot and B with aluminium, 
we must suppose that rays with a speed corresponding to 
A() volts are leaving A and striking B. Unless all these 
rays are reflected from B (a supposition for which Baeyer’s 
work gives no warrant) the current obtained by raising A 
to a positive potential cannot become saturated until that 
potential is great enough to prevent the rays reaching B at 
all, that is, until it is greater than 40 volts ; but experiment 
shows that the current is saturated when the potential of A 
is +10 volts. 

Or again, it will be seen that the positive branches of the 
curves when A is covered with soot are practically identical 
whether B is covered with aluminium, copper, silver, or gold. 
Even on the reflexion hypothesis this result implies that the 
speed of the rays from those four metals is practically the 
same, for the reflecting power undoubtedly depends upon 
the speed of the incident rays. But, if the speed of the 
rays trom these four substances is the same, it is utterly un- 
justifiable to suppose that the speed of the rays from soot is 
very different ; and, it the speed of the rays from aluminium 
(say) is the same as the speed of the rays from soot, how 
comes it that the current with aluminium electrodes is satu- 
rated by 40 volts when the rays from soot undoubtedly 
include some which have a speed greater than that corre- 
sponding to 40 volts? I conclude that the hypothesis of 
reflexion together with the simple theory of the last paper 
is quite incapable of accounting for the results obtained 
when one of the electrodes is covered with soot. 

6. It is easy to frame an alternative hypothesis for this 
ease. The main feature to be explained is that the branch of 
the curve corresponding to positive potentials on B represents 
the properties of A and not the properties of B. Hitherto 
we have supposed that, in the absence of an electric field, 
the delta rays leave readily the electrode at which they are 
generated and that the action of the field is to prevent some 
of the rays leaving it. If we make exactly the contrary 
supposition, that in the absence of a field very few of the 
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rays leave the electrode and that the action of the field is to 
drag some of the rays out of the electrode at which they are 
generated, the main feature is explained. For, if the effect 
of positive potentials on B is not to stop the rays from B 
generated in B from reaching A, but to aid the rays gene- 
rated in A in reaching B, then it is clear that the branch 
of the curve corresponding to potentials positive on B must 
be determined by the properties of A and not by the properties 
of B. 

In the case of soot this new hypothesis has considerable 
a priori probability. For Baeyer has shown that the reflecting 
properties of a material depend on the condition of its 
surface rather than upoa its chemical nature. For instance, 
metallic platinum is a good reflector, platinum-black a bad 
reflector. It is natural, therefore, to suppose that the absence 
of reflexion is due to the entanglement of the electrons in 
the rough surface of the material, and that the slow-moving 
electrons generated at the surface of the soot-covered electrode 
will not be able to escape from it completely unless they are 
aided by an electric field. We should expect, as we find, 
that it would require a greater electric field to drag a given 
proportion of the rays out of a surface of soot than out of a 
metallic surface, and, consequently, that the curve in fig. 1 
for soot should be flatter than those for metals. 

7. When one of the electrodes is covered with soot some 
explanation of this nature appears absolutely necessary. The 
question next arises whether it can be applied to explain the 
differences between the curves obtained with different metals. 
Since no metal surface is perfectly smooth and no metal is a 
perfect reflector for slow-moving electrons, it is to be 
expected that the results with metals will also be affected to 
some extent by the cause which has been suggested in 
connexion with soot. It is true that the curve for aluminium 
is always steeper than those for the other metals, whereas 
Baeyer found the reflecting power of that metal to be some- 
what lower than that of the others, but there may be causes, 
such as electric fields in the surface, which would affect 
electrons generated in the surface but not electrons moving 
up to the surface and reflected by it. On the other hand, 
the supposition that the form of the curves is determined 
largely by the condition of the surface of the electrodes would 
readily explain the difficulty which has been experienced in 
reproducing accurately a series of readings after small 
alterations have been made in the apparatus. 

On these grounds it seems to me much more probable 
that the ditterences obtained with electrodes of various 
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materials are due to differences in the ease with which the 
electrons escape from the surfaces of those materials, than 
that they are due either to a difference in the speed of the 
electrons generated or to differences in the reflecting powers 
of the surfaces. But the form of the curve relating current 
to potential difference cannot be determined whol/y by the 
action of the field in aiding the electrons to escape, unless the 
initial speed of the electrons is so low that, in the absence of 
a field, none of them escape. Now it would simplify very 
considerably our ideas of the mechanism of ionization by alpha 
rays if it could be imagined that the initial speed of the 
delta rays was practically zero ; we might then suppose that 
the action of the alpha particle in passing through an atom 
was merely to neutralize temporarily the electric forces in its 
interior and so to allow to escape electrons which were 
previously held by those forces within the atom ; the escaping 
electrons would be similar to the “free ” electrons in metals 
and would have velocities corresponding to a_ potential 
difference of a few hundredths of a volt, determined by the 
temperature of the substance. Such an hypothesis appears 
to me very attractive and it would explain quite adequately the 
general form of the curves relating current between the 
electrodes to their potential difference which have been given 
in this paper and by other investigators, if the supposition 
were added that the liberated electrons could not escape from 
the surface except by the aid of an electric field, the 
magnitude of which is determined by the nature of the 
material and the condition of its surface. | 

8. But, unfortunately, there are considerations which make 
it impossible to accept immediately this simple and attractive 
hypothesis. These considerations are based upcn the mag- 
nitude of the potential difference between the electrodes for 
which the current between them becomes zero. 

If it were possible to obtain a single insulated electrode 
emitting only delta rays surrounded by another electrode 
which emitted no rays, the potential to which the first 
electrode would rise automatically, which is the same as that 
for which there is no current between the electrodes, would, 
be equal to that corresponding to the speed of the delta rays. 
emitted by it. This principle has been applied, of course, to 
the measurement of the speed of the electrons liberated by 
light from various substances. However, in the case of 
delta rays it is impossible to fulfil this condition ; for, in the 
first place, there is the charge carried by the alpha rays 
which excite the delta rays to be taken into consideration, 
and, in the second place, the enclosing electrode is always 
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emitting delta rays which will be attracted to the insulated 
electrode as soon as its potential rises. It is easy to see that, 
if the alpha rays are emitted from the insulated electrode, 
both these causes tend to decrease the potential to which the 
insulated electrode will rise and accordingly the potential 
difference for which the current is zero will give us a 
minimum estimate for the speed of the rays. Experiments of 
this kind have been carried out by Ewers*, Logeman f, and 
Hauser {; the first-named gives 1:9 volt as the highest 
potential to which the insulated electrode was seen to rise , 
from the curve given by the second it would appear that the 
current was zero for about 1°0 volt, while in the experiments 
of the third the corresponding potential difference would 
appear to be about 2°6 volts. The arrangements in my own 
experiments are less well suited to give information on this 
point, but a little consideration will show that a minimum 
estimate of the potential corresponding to the speed of tha 
rays is given by the potential difference between the electrodes 
for which the current has the same value as it has when the 
potential difference is zero and the magnetic field is applied. 
This potential difference is never greater than 1 volt. It will 
also be seen that, if the delta rays possessed no velocity of 
their own, the current corresponding to “ V=0” must always 
lie between zero and the current for “V=0 (magnet) ”’ ; 
this condition is by no means always fulfilled. | 

It seems necessary to conclude therefore that, unless 
current can be conveyed between the electrodes by some 
agency other than the alpha and delta rays—and no such 
agency can be suggested—the initial velocity of the delta 
rays must be taken as at least that corresponding to a 
potential difference of 3 volts. | } 

But if the delta rays possess so large an initial speed, the 
form of the branch of the curve for positive potentials on B 
must be affected to some extent by the speed of the rays 
emitted by B ; for part of the change of the current in the 
region between zero and the potential difference corresponding 
to the speed of the rays must be due to a direct stopping of 
the rays by the field. How far the effect of direct stoppage 
of the rays from B will be masked by changes due to the 
dragging out of electrons from A it is impossible to say. 
But an examination of the + columns in Table IT. shows no 
sion whatever of any systematic difference when B is covered 
by different materiass ; so far as the evidence goes, it shows 

* Ewers, Phys, Zeit. vii. p. 148 (1906), 
+ Logeman, Proc. Roy. Soc. A. Ixxviil, p. 262 (1906). 
{+ Hauser, Phys. Zezt, xii, p. 466 (1911). 
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that the speed of the rays from different materials is the 
same, though it cannot be estimated what difference in the 
speed might escape detection. 

9. We may sum up the results of the foregoing discussion 
as follows :— 

A great part of the change in the current due to a change 
in the field between the electrodes is due to the dragging out 
of the electrodes of delta rays generated in them which were 
previously unable to escape. It is therefore quite illegiti- 
mate to attempt to deduce from the potential difference 
necessary to saturate the current any information as to the 
maximum speed of the delta rays. Saturation is attained, 
probably, when the field is sufficient to drag all the electrons 
out of the electrodes, not when it is sufficient to prevent the 
electrons crossing the space between the electrodes in opposi- 
tion to the forces of the electric field. Experiments such as 
these can give no information as to the maximum speed of 
the rays. On the other hand an examination of the form of 
the curves for small potential differences may give a minimum 
estimate of that speed. The work of other investigators 
leads to the conclusion that that speed is not less than that 
corresponding to a potential difference of 3 volts. The 
observations described here seem to prove that the properties 
of the delta rays are quite independent of the speed of the 
alpha rays exciting them, and lend no support whatever to 
the view that the speed of the delta rays depends on the 
material from which they are emitted. The experiments are 
quite consistent with the view that the speed of the delta 
rays is a universal constant *. 

10. So far as we have been concerned only with the quality 
of the delta rays. The conclusions which we have reached 
have also important bearings on the results which were given 
in the previous paper as to their quantity, more especially on 
the question of the relative amounts of “incident” and 
“emergent” radiation. 

Let Z be the current between the electrodes for “ V=0” 
and Z’ that for ““ V=0 (magnet) ” ; let M+ be the maximum 
saturated positive current and M— the maximum saturated 
negative current. Then on any view of the speed of the 
delta rays, if the effect of the magnet is to prevent any of 
the delta rays from one electrode reaching the other—reasons 
will be given later for thinking that this condition is not 

* Tt is to be noted that this conclusion has been advanced by 
Wertheimer recently (Phys. Zeit. xii. p. 411, 1911), and that the 
reduction in the estimate of the speed of the rays which has been 
suggested is favourable to his views. 
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always fulfilled—E and I, respectively the currents repre- 
senting the whole of the emergent and the whole of the incident 
radiations, are given by 

K=(M—)—Z 
Tee ges a ete (3) 

On the other hand, if the simple theory of the last paper 
were correct, and, in the absence of an electric field, all the 
rays from one electrode were received by the other, it was 
shown that 

H=Z—(M+)). ) ez) Hee Ye ai) 

It is to be noted that, on these suppositions, if the emergent 
and incident radiations are equal, we should have 

Li = Ls 

It was noted in the last paper that the estimates of i and 
I given by (1) and (2) do not, in general, agree ; and the 
question arises which of the two is the more reliable. In the 
last paper, complete confidence was placed in the simple 
theory and the estimates given by (2) were accepted, This 
choice was made because, in order to interpret the results so 
as to give information as to the quality of the rays, it was 
necessary to reckon both branches of the curve from Z as 
zero ; it was natural to reckon from the same point when 
estimates of quantity were to be made. But the arguments 
of the foregoing paragraphs have shown that the theory of 
the last paper is absolutely unreliable and that, accordingly, 
no trust can be placed in estimates of E or I based on (2). 
At least in cases when the surface of the two electrodes are 
different, Z is not the current which flows when all the rays 
from one surface strike the other ; for, if the rays can escape 
more easily from one surface than the other, the electrode 
from which the rays can more easily escape will lose more 
electrons than it receives, even if the number of rays generated 
is the same for both electrodes. 

This point is strikingly illustrated by the curves of fig. 2. 
Tt will be observed that Z is very much smaller than Z’, but 
it does not necessarily follow that the quantity of the rays 
generated at the two electrodes is different. For we imagine 
that the rays leave a metal surface much more easily than a 
surface of soot ; and, when there is no difference of potential 
between the electrodes, A will be receiving from B more 
electrons than it gives up to B. Accordingly, as is found, 
the current received by A will be less algebraically than it 

| 
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is when the magnetic field acts and the electrons cannot pass 
from one electrode to the other. An anomaly which has 
hitherto been left unnoticed is thus readily explained. 
According to the original theory the number in the third 
row of the:‘“*+”:colamn of Table II. should represent the 
quantity of the incident radiation. This number is different 
for each of the materials, although, since the incident radiation 
is excited at the soot electrode in each case, it would be 
expected that it should be the same. | However, if we 
estimate the incident and emergent radiations by (1), this 
anomaly disappears. .We obtain the following figures :— 

Aluminium—soot .... H=0°258; [=0-250*. 
Copper—soot ......... == 0:21; 5. 022088 
Silver—soot suc? H=0:177 ; [=0:248. 
Gold——soot 2.0 DiSSOUO Ss IOP zis, 

It will be seen that the incident radiation, which proceeds 
from the soot, is the same in each case approximately ; while 
the emergent radiation, which proceeds from the metal, is 
different. It appears then that in this case it is more 
satisfactory to estimate the emergent and incident radiations 
lose (Dye 
“Pasattie now to the results when both electrodes are of the 

same material we get the following results according as the 
quantities are calculated by (1) or (2) :— 

By, @) Aluminum:. E—0261) [—0:264 | 
Copwer, ie aan Hi== 0:2 lei) 207 
Sliver, ethan an Hi 25 onl — Ose 
Goldy tiara H=0°264.1=0°214 
POOb au eee H=0°263 10-268 

By (1) Aluminium. 70201-0254 

Copper 2.12.2 H=0:240  [=0-222 
DUVeG Te enaee i052 20) 05222 
Goldin we Hi=0°239) 10-239 
SOob cw ins i O62 0-260) 

These results are not entirely satisfactory, for in some cases 
one method of calculation and in other cases the other makes 
the incident and emergent radiations equal. The only case 
in which both methods make the radiations equal is that of 
soot. But at any rate there is no evidence that the incident 

* It has been noted that the curves for soot are not completely 
saturated until a potential difference of 80 volts is employed. The 
numbers used for calculating the total quantity of radiation from soot are 
those for 80 volts and not those given in Table II. in the row “ V=40,” 
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is greater than the emergent radiation, as was asserted in the 
previous paper. If the results of that paper are calculated 
according to (1), it appears that there also the radiations are 
nearly equal, the emergent (and not the incident) showing 
a slight preponderance. The resuits of methed (1) certainly 
inspire the greater confidence, for those of method (2) 
depend entirely upon the value for ‘‘V=0”; it has been 
already noted that the values of this point are much more 
variable than those of any other, and the hypotheses advanced 
in the foregoing paragraphs would tend to account for the 
variability. According to these hypotheses the position of 
that point is largely influenced by differences in the surface 
conditions, which determine the ease with which the electrons 
can escape. In these circumstances there seems no evidence 
left for the view that the incident is greater than the 
emergent radiation, or indeed for the view that the two are 
not equal. 

12. One curious point, which is difficult to explain, and 
while unexplained renders somewhat uncertain all con- 
clusions as to the quantity of the radiation, must be 
mentioned. It will be noted that the values calculated by 
(1) for the emergent radiations from the various metals 
when the lower electrode is covered with soot do not agree 
with the values calculated by the same method of the same 
quantity when both electrodes are of the same material. 
They agree rather with the calculated values of the incident 
radiation according to (2) when both electrodes are the same. 
The only explanation I can suggest is that, when the elec- 
trodes are the same, the value for ““ V=0” and not that for 
‘““V=0 (magnet)” gives the value for the current in such cir- 
cumstances that none of the rays from one electrode strike 
the other ; such would be the case if the rays were unable to 
escape at all from a metal surface without the aid of a field. 
But in that case it is difficult to see why the application of 
the magnetic field should change the current. It is possible 
also that the discrepancy is connected in some way with the 
fact that the electrode B consisted always of a very thin 
sheet of the material, while A was covered with a much 
thicker sheet. Hauser (loc. c’t.) has concluded that the 
delta rays have an appreciable penetration, and that the full 
amount of them is not emitted from a sheet until it has 
reached a considerable thickness. The evidence for this view 
seems inconclusive, but in the light of these observations 
it cannot be rejected summarily. It might explain the fact 
that it appears from these experiments as if the total 
amount of delta radiation varied somewhat with the material 
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In which it is excited, while the experiments described in 
the last paper undertaken specially to test the point showed 
that the radiation from all materials was the same within a 
few per cent. 

13. One more conclusion asserted in the last paper must 
be withdrawn. It was stated that the quantity of delta 
rays emitted by a plate covered with polonium was more 
than that emitted by any other electrode on which the alpha 
rays from the polonium fell, and that, therefore, there must 
be true delta rays emitted by the polonium itself *. It is 
now seen that the second part of this statement is not a 
necessary consequence of the first. Hor, when the alpha 
rays from the polonium plate fall on any other electrode, 
only those delta rays can escape which are ejected towards 
the surface of that electrode ; but, since the active material 
is in a very thin and probably discontinuous film on the 
surface of the plate, it is possible that not only the rays 
generated in the polonium film, but also some of those 
generated in the plate on which it is supported can escape 
under the action of an electric field tending to drag them 
out. The apparently greater emission of delta rays from 
the active plate itself may be merely due to the fact that in 
this case the rays generated over more than a hemisphere 
can reach the opposite electrode. 

14. In view of the uncertainty which appeared to attach 
to all the results obtained by the method of investigation 
hitherto employed, an attempt was made to devise some 
more satisfactory means of investigating the properties of 
the delta rays. It was thought that possibly information 
might be yielded by the study of ionization by collision, 
using alpha rays as a primary lonizing agent. A good 
many observations have already been made in this direction, 
but an account of the results will be left for a future paper. 
It need be only recorded here that the evidence, so far as it 
goes, is still distinctly against the view that there is any 
difference in the speed of the rays generated in different 
materials, and that it appears very improbable that the 
speed of those rays can be, as some investigators have con- 
cluded, nearly as great as that corresponding to the potential 
difference of 25-30 volts which Townsend gives as the 
minimum speed at which an electron possesses sufficient 
energy to form an ion. The conclusions then agree so far 

* The same conclusion has been advanced by Hauser (oc. cit.), but 
all his measurements of quantity as well as quality are somewhat 
doubtful in the light of the considerations put forward in this paper. 
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with those of the work described in this and the previous 
paper. 

15. Some explanation is necessary why no attempt has 
been made to use the magnetic method of determining the 
velocity of the rays which has been used by Hwers and 
Hauser (loc. cit.). The reason is that the examination of 
the work of those authors, together with a few observations 
which I have made, have led me to a complete mistrust of 
that method as a means of getting accurate results. 

The theory of the method is given very completely by 
J.J. Thomson in his ‘ Conduction of Hlectricity through 
Gases’ (2nd ed.) sections 57, 58*. The rays are supposed 
to be emitted from one or both of two parallel plates, in the 
space between which a magnetic field H is established with 
its lines parallel to the plane of the plates. The measure- 
ments can be made in two ways. In the first a magnetic 
field is established strong enough to prevent the rays 
crossing between the electrodes when they are at the same 
potential difference, and then the potential difference is 
increased and the value of the electric field found necessary 
to make, first some, and then all, of the rays cross. Jf X, 
and X, are the two values of the field corresponding to these 
two conditions, and v is the velocity of the rays 

1 X,—X,. _—X,+X 
T= ga e/m= aaneay 

In the second method an electric field X, strong enough to 
make all the rays cross between the electrodes, is established, 
and then H is increased from zero until first some and then 
all of the rays are prevented from crossing. If H, and H, 
are the two values of the field corresponding to these two 
conditions 

XCEL) 2X 

sci} H,H, ; n= TEBE 

It is clear that this method must fail unless all the ravs 
have the same speed, or unless this speed is so small 
compared with X/H that it may be put equal to zero. For 
the values of X, and H, are determined by the speed of the 
fastest rays, whereas X,and H, are determined by the speed 
of the slowest rays. Since then there is no evidence that 
the rays are homogeneous, considerable doubt attaches to 
the method from the start. 

* T am unable to follow completely the methods by which the authors 
named interpret their results. The conclusion given here, based on 
Thomson’s theory, is rather different from that at which they arriye, 
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Further limitations must also be noticed. Since we have 
concluded that an increase in the electric field between the 
electrodes may change the current by increasing the number 
which are dragged out of the electrode, it is clear that the 
method by which the magnetic field is kept constant and 
the electric field is varied is illegitimate. This method was 
employed by Ewers*. On the other hand, it is obvious 
that no rays must be emitted from any part of the apparatus 
except the parallel plates, or at least from none whence the 
rays can reach the electrodes by travelling along (and not 
across) the magnetic field ; for if there are such rays they 
will not be affected to the same extent by the magnetic 
field. Now in Hauser’s experiment one electrode is com- 
pletely surrounded by the other and delta rays are excited 
from all parts of both electrodes which the alpha rays can 
reach ; aceordingly Hauser’s results must also be viewed 
with considerable suspicion. 

If, notwithstanding these objections, we calculate the 
values of v and e/m given by the experiments of these 
authors, we obtain the following results :— 

Ewers : d=t7; B20; X,=79 x10° > ee 

and ee — 20) ake acin — ts x akOT 

FTauser : a=0:08 ; X=122 x 10°; Hi —505 sree 

amd == 202. 10° oie Ox l0e 

It will be observed that there is considerable agreement 
between the results, but that the value deduced for e/m is 
much smaller than the 1:77 x 107 which is now accepted. 

Owing to the objection which has been raised as to the 
heterogeneity of the rays, it is perhaps more satisfactory to 
assume the value for e/m, and then to calculate the maximum 
and minimum values of v given by the two conditions. In 
this way we obtain :— 

Ewers: v (max.) =3:0 x 108 corresponding to 25°5 volts, 
v (min.) =1°0 x 108 ee » 22S a ee 

Hauser: v (max.) =4°0 x 10° 5 39 Lor) ae 

o (min. )=2"1 <0? i >; 12a 

These numbers are not consistent amongst themselves, nor 

* Ewers employed a grid over his active materials in order to prevent 
rays from affecting the experiment unless they were emitted within a 
certain angle. He was unaware of the existence of the secondary delta 
rays; if these are taken into account it appears that rays must have been 
emitted in all directions from the surface of his grid. The allowance 
made for this fact accounts for part of the discrep: uncy between the 
values calculated by him and those calculated here. 
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do they accord in the least with the evidence derived from 
the study of curves of the nature given in this and the 
previous paper. There is no evidence from the relation 
between current and potential difference of the presence of 
rays with a speed so high as that corresponding to 25 volts, 
or of the absence of any rays with a velocity less than 
2°8 volts. 
When the amounts of the incident and emergent radiations 

were under consideration above, a doubt was expressed 
whether the magnetic field really prevented all the rays 
from one decode reaching the other. It is to be noted 

co) 

that if the magnetic field were not everywhere accurately 
parallel to the plane of the electrodes, but possessed a 
component perpendicular to them, no increase in_ the 
magnitude of the field would produce the condition con- 
sidered in- Thomson’s theory. The authors who have been 
quoted give an account of no investigation designed to test 
this point, although it is notably hard to obtain a homo- 
geneous magnetic field over any considerable area. In m 
own apparatus, many lines of argument showed that the 
field between the plates was not strictly homogeneous 
and on this account, as well as on account of the dis- 
crepancies exhibited by the results of previous workers, an 
attempt to obtain any quantitative measurements was 
abandoned. Some observations were made, however, on 
the effect of the magnetic field on the current when 
different materials were used as electrodes, with the object 
of detecting any difference in the speed of the rays emitted. 
The results are not, for the reasons given, very conclusive, 
but as far as they went they were purely negative. No 
difference in the effect of the magnetic field could be 
detected when the material of the electrodes was changed, 
so long, of course, as both electrodes were of the same 
material. 

Summary of Results. 

The main portion of the paper is devoted to the destruction 
of the conclusions given as the result of experiments described 
in a previous paper under the same title. 

It is concluded that experiments on the relation between 
the current and the potential difference between the electrodes 
can give very little information as to the speed of the delta 
rays emitted from the electrodes. Examination of the form 
of the curve when the potential difference is small may 
possibly give a minimum estimate of the speed of the rays 
this minimum estimate, based on the work of other observ ers, 
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is given as about that corresponding to a potential difference 
of 3 volts. Examination of the form of the curve when the 
potential difference is so large that the current is nearly 
saturated probably does not give any information as to the 
maximum speed of the rays. 

It is shown that there is considerable evidence that the 
speed of the rays is independent of the speed of the alpha 
rays by which they are excited. Such evidence as there 
is—but there is not very much—shows that the speed is 
also independent of the material from which the rays are 
emitted. It can be confidently asserted that there is no such 
difference between the secondary delta radiation from 
aluminium and gold as there is, for example, hetween the 
secondary Roéntgen radiations from those metals. 

It is also difficult to compare with any certainty the 
quantity of the emergent and incident radiation. <A con- 
sideration of the experiments described in this paper shows 
that the conclusion advanced in the previous paper that the 
incident radiation is greater than the emergent is quite 
unjustified ; there is no evidence that the amount of the 
two radiations is not equal. 

The conclusion that polonium emits a true delta radiation, 
which is not merely a secondary radiation excited by the 
aipha rays, is also withdrawn. 

In the final paragraphs of the paper considerations are put 
forward to show that the magnetic method of measuring 
the speed of the rays, at any rate in the form in which it 
has been used by previous observers, is as untrustworthy as 
the method which has been attempted in these papers. 

The University, Leeds. 
July, 1911. 

V. A Deduction of the Lifects of Uniform Translatory 
Motion, from the Electrical Theory of Matter, without the 
Employment of a Transformation of the Hlectromagnetic 
Hiquations, By W. F. G. Swawsn, D.Sc., AlRiGase 
Assistant Lecturer in Physics at the University of Shefield*. 

T is generally recognized that when a piece of matter is 
set In motion with velocity v, it contracts in the ratio 

2\3 é 
(1- ca) where C is the velocity of light. This fact has 

been explained by Sir Joseph Larmor, and by Lorentz, as 
following from the electrical constitution of matter, and other 

= Communicated by the Author, 
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points of interest have been brought to light in the exami- 
nation of the question, one of the most curious of which is 
the conception of local time. These ideas originally found 
their basis in the fact that the electromagnetic equations when 
transformed to a system of moving axes, reverted to the type 
for a system at rest. The reasoning is somewhat of an 
abstract nature, and it seems desirable for deeper insight into 
the matter, to deduce the contraction, together with the other 
results associated with it, by a method which follows more 
closely our ordinary concrete methods of reasoning. It is 

with this object that the present paper has been written. 
On the electromagnetic view, a piece of matter consists 

entirely of an assemblage of positive and negative electrons, 
in a state of stationary motion, and while the electrons may 
be collected into groups and sub-groups which we call 
molecules and atoms, they nevertheless as a whole form one 
complete system. 

The resulting effects produced by imparting a uniform 
translatory motion are most easily arrived at for the particular 
kind of system in which all the electrons are at rest, when 
the system as a whole is at rest, 7. e. the electrons in the 
system at rest are considered absolutely devoid of motion, but 
difficulty here arises owing to the impossibility of such a 
system being in equilibrium, unless constraints are applied at 
the boundary ; we shall, however, consider this case first, and 
shail overcome our scruples with regard to the equilibrium of 
the system by stating the problem to be proved as follows. 

“Tf the electrons of a system are absolutely at rest, and 
are in equilibrium, constraints being applied to the electrons 
at the boundary to prevent the system from collapsing, then 
when this system is set in motion parallel to the axis of « 
with velocity v, it can again assume a state of equilibrium, if 
suitable constraints are applied at the boundary, by shrinking 
parallel to the axis of «& so that the difference of the 
coordinates of any pair of electrons is reduced in the ratio 

aN? 5, 

(1=¢3). 
Now it is a well-known fact that a point charge of strength 

e when moving with velocity v parallel to the axis of 2 pro- 
duces on unit charge at rest in the wther, a force whose 
components X, Y, Z are given by 

(X, Y, Z) = (X, Yotvy, Zo—v8) 

where a, 8, y is the magnetic force due to the motion of the 
Pak Mag, S, 9 Vols 23, No, 133, Jan,-1912. Ir 
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point charge, and Xo, Yo, Z is the part of X, Y, Z which is 
derivable froth a potential ® of the form 

aD eCre— V2 
ay (ex? + y? + 27)V? 

the point charge being taken momentarily as origin and e ane ) 
: : v a 

being written for (1 — *3) . Thus 

ae ere? a eC2e- Ny ele Vz (1) 
OO (ee +Pt ese (ex +y+oy? (exr+yPreype 

If we have a unit charge moving in company with the 
charge e, and with the same velocity, Xo, Yo, Zo of course 
represents the force on it. 

Suppose we consider the force on our moving unit when 
placed, not at the point «, y, z, but at the point e-Ma, ee 
its components X,, Yj, Zi, are from (1) 

ae 7 eC?r eCre- 2 eCrert=z 
( ep ep 1) oy (a? 4 y? + 2?)3?” (a? + y? 4+ 27)82” (a? 4 P+ 2?) 

Now consider any electron a of our system at rest. Let & 
be the strength of the electron. The component forces on it, 
due to an electron / of strength e,, whose x, y, and z com- 
ponents differ by ay, y,, 21, are 12 Q, R, w here 

(2) 

(PO Dae ee ees 
Pos (ay ty +2)” (we? +y?t+ Ae ee (a tye teppe 

Since a is in equilibrium, the 2 components due to the action 
of all the electrons on it, balance out, and a similar remark 
applies to the y and z components. If the system is set in 
motion, however, the components will not balance out in this 
way niles the ‘system alters its dimensions, for the com- 
ponents due to each electron are altered by the motion to an 
extent which depends on the coordinates of that electron with 
respect to a. Suppose, however, that the matter shrinks in 
the z direction so that the 7 components of any pair of electrons 
are reduced in the ratio e~¥/”, then it follows from (2) that the 
x component forces on a due to the electron b, for example, 
are 

€€,C72, €;e,Ce- V7y, €;€,07e_V2z, 
‘ 2 ’ ao) 2 2 \3/2? 2 ~ 2\3/2? 

(ap + eee a) Sei te tea) (eP+yy? + 2,7)?” 
or 

RP, e7 2Q: eH? R, 

* “Recent Researches in Electricity and Magnetism,’ p. 17. 
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Thus all the 2 components on a are the same as before, so 
that if they balanced out before the motion, they will still 
balance out, and while the y components are not the same as 
when the system was at rest, they are all altered in the same 
ratio, so that if they balanced out before the motion was 
imparted, they will balance out when the body is moving, and 
a: similar remark applies to the z components. Hence, the 
whole system will again be in equilibrium if it shrinks in this 
manner, and suitable constraints are applied at the boundary. 
We must now pass on to the consideration of systems in 

which the electrons are in motion, even though the system 
as a whole is at rest. We may remark at once that the final 
state of such a system when set in motion with velocity » 
cannot be absolutely asserted without knowledge of the means 
by which that velocity is brought about; we know, as a 
matter of fact, that if we seta piece of lend. for example, in 
motion with a blow, the final condition of Ghat Youd! quill be 
different to what it would have been if it had gained its 
velocity gradually, the lead will be deformed by the blow, 
and though it may at first sight be thought that we are here 
introducing other considerations which ought not to be 
involved, we must I think admit them, for after all, our piece 
of lead is to be looked upon as simply an electromagnetic 
system, and on our present view, both the blow and the 
steady method of imparting the mnonien are meaus of pro- 
ducing the final velocity v, which, if our knowledge were 
sufficiently great, could be expr essed completely as the result 
of certain external electromagnetic effects. ‘The final state 
of the electronic motions is not, however, entirely dependent 
on the method of producing the velocity, the state is restricted 
by the final velocity v imparted, so that it is not unreasonable 
to suppose that if no sudden impulse is given to certain of 
the electrons, if all, so to speak, are acted on at once, the 
final state of motion of the electrons in the moving system 
will be sensibly independent of slight modifications in the 
method of producing the motion. If then we find a system 
in motion as a whole with velocity v, the relative motions of 
whose electrons are consistent with the electromagnetic laws, 
and which differ from those in the system at rest by amounts 
which get smaller and smaller, the smaller we make v, we 
may ath a certain amount of confidence assert, that this 
is the system which the fixed system becomes when set in 
motion ; this in fact is all that we can do without specific 
knowledge ot the electronic motions, it is all that ever has 
been done, or can be done by any other method of considering 
the matter. 

eS 

—_— 
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In what follows we shall look upon a piece of matter as 
simply a system of electrons in motion, and though we shall 
for convenience tise the term “orbital motion,” it will be 
seen that what is said is not restricted to the case where the 
electrons stay approximately in one place, and revolve round 
and near to fixed centres; it will apply even to cases where 
the electrons describe paths in which they wander from 
molecule to molecule. It is not even necessary to restrict 
our werk to systems in equilibrium ; indeed, the equilibrium 
of all electronic motions in a piece of matter is probably of a 
secular or possibly semi-statistical nature, there is at any 
rate always disintegration at the surface. 
We shall then imagine a system of electrons 8), at rest as 

a whole, but having motions relative to one another which 
are consistent with the laws of electrodynamics. We shall 
then fix our attention on a corresponding system S,, moving 
in the direction of the axis of x with velocity v, and with 
the orbits of all its electrons shrunk in the direction of the 
axis of wx in the ratio e-!?; we shall inquire whether 
movement of the electrons of S, can, consistently with the 
laws of electrodynamics, take place in these orbits, and if 
such motions are possible, we shall inquire how the nature of 
the motion in these orbits must be modified in order to make 
them possible. We shall find that such a type of motion is 
possible, and the necessary adjustment of the rates of motion 
in the orbits will bring out the real physical significance 
of the peculiar time variable occurring in Larmor’s trans- 
formation. 

First, with regard to the field produced by a moving 
electron. A moving mass of electricity, of volume density 
p, produces on unit charge at rest at a point P a force, each 
of whose components X, Y, Z consists of two parts, a part 
derivable from a potential y, and a part X,, Y,, Z, arising 
out of the changing magnetic field at the point P. The 
potential y is of the form 

y=o{ [eles 
where dS is an element of volume, and the square bracket is 
meant to indicate that in considering the coutribution of the 
element dS at the time ¢, we must not put in the value of p 
then existing in it, but the value which existed there at the 

: ? s ; | 
time t — =, where r is the distance from the element to the 

point P, The components a, 6, y of the magnetic field may 
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also be made to depend on a vector potential A of the form 

ae | Ftewies 

where the square brackets have the meaning assigned above, 
and W is the velocity of the electricity. If we like, we may 
interpret the above by saying, that an element of charge 
pdS at rest at the point O produces at P a force derivable 

C a 
from a potential ~ = but when the charge is moving, 

and is at the point O, Me part - the total force doves not 

make its appearance until a time C after the element has left 

O, this time of course representing the time taken for light to 
travel from O to P. An analogous remark applies to the 
expression for A. The magnetic field «, 8, y1 is related to 
the potential A in the manner expressed by 

ay Rooke, oh.) OA, OAR ae, 
(@, B, Y) =a ( Oy nae a2? Oz: Alp? a i oy ). (3) 

The ferce (X,, Y,, Z;) is given by 

We Nien OA, OA oA: 

Oy Ys 4) = - (SF 3 Se) 
and the total force acting on an electron at rest in the ether, 
and of unit strength, is 

OF dA, dy _ dA, dv _dDA. cx Y, 2) =(-S¥- Oe) 
ot’ Sy oe oz oF 

Thus the quantities wy and A are all that are needed to com- 
pletely determine the field. The values of Ww and A for a 

single point electron of str ength e moving with velocity W 

are * 

ef W] 1 

Paar ee 
where 7 is the distance measured, not from the electron to 
the point P, but from some point O, previously occupied by 
the Segitorn: and so situated that ‘the time taken for the 
electron to pass from O to its present position is the same as 
the time taken for light to pass from O to P. W,: is the 

velocity of the dleetion resolved along the line OP. 

* Lorentz, ‘Thecry of Electrons,’ p, 50. 

(4) 
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The whole field at the point P may be looked upon as 
being made up of the parts contributed by the individual 
electrons, the effect contributed by each electron depending 
on the position, and motion, suffered by that electron at a 
time 6¢ earlier than t, where é¢ isa quantity varying for each 
electron, being in fact the time taken for light to travel from 
the point occupied by the electron at the time t—6¢ to the 
point P. Thus to each instantaneous state of the ether at P, 
there corresponds a set of instantaneous electronic distri- 
butions and motions, which have occurred at varying times 
earlier than ¢, and which have been responsible for the state 
of affairs at P. We shall speak of these instantaneous 
motions as giving rise to a simultaneous set of forces at P, 
including of course in our meaning the whole field produced 
by the electrons, and not merely the pan due to the motions 
alone. 
Now in order to study the effect if uniform translatory 

motion on the force at P’, the point in the moving system 
which corresponds to the point P in the fixed system *, we 
shall first find the condition, that if a certain set of instan- 
taneous electronic motions give rise to a simultaneous set of 
forces at the point P in the fixed system, the corresponding 
set of instantaneous motions shall give rise to a simultaneous 
set of forces at the point P’ in the moving system. 

Consider two corresponding orbits of some electron in the 
fixed and moving systems respectively. Suppose that the 
time taken by the electron in the mov ing system to describe 
its orbit is & times the time taken by the electron in the fixed 
system, where é is a quantity as yet undetermined. In virtue 
of the different rates of description of the orbits, we shall 
periodically have our two electrons occupying corresponding 
points in their orbits at the same time, and as a matter of 
fact, choosing any point O in the orbit in the system at rest, 
we can always find some time sufficiently remote at which 
the electron in the fixed system occupied the point O and 
simultaneously the corresponding electron occupied the 
point O', which is the point in the moving system corre- 
sponding to Of. It will simplify matters if we take this 
remote instant as our origin of time. Now suppose that the 
instantaneous motion of our electron at the point O produces 

* P’ is the point to which P moves when the whole system S, is shrunk 
in the x direction in the ratio e-1/2, Itis in this sense that the word 
“ Corresponding ” is used. 

+ At least we can always find a time at which one electron oceupied 
the point O and the other occupied a point which is as near to O’ as we 
pleass. 
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its effect at the point P in the system at rest at the time ¢ ; 
the time at which that instantaneous motion must have 

occurred is obviously t— oe . The corresponding motion in 

the moving system will consequently be described at the time 
») 

W(t and the time at which this motion will give rise 

to its effect at the point P’ in the moving system is 

Oa i Oat! 
f=i(t— + 

where O'P"' is the line joining O' in the moving system to 
the point P”’ in space which will be occupied by the point P! 
when the effect due to the motion is felt at P’. Now it 
would be possible to find the condition which we seek, 
assuming any arbitrary value of &, but as we shall at a later 
stage of the paper find it necessary, for other reasons, to take 
k as e?, we shall, to save unnecessary labour in the calen- 
lation, at once restrict ourselves to this case, and of course in 
doing this we are not making any assumption, we are simply 
restricting the conditions of the problem. 
Now if P’M’ (fig. 1) is the perpendicular on the zy plane 

Fig. 1. 
Mm P Be mM a P 

o! 

ee —> 

Direction of motion. 

in the moving system, O' being taken as the origin, we have 

on writing 
t 

NERS. & eet eee Cote NNO cee os OR = ra 

the result we aeey yi 
d& v » 
SSeS SS Wnt 3 e ° e ° a 2 e E (6) 

Po a) 

for P’ travels a distance S£ while the disturbance originating 
at O' travels O'P”. 
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Now 
ro? = 7° + 6&4 27. 6& cos @, 

from which we obtain, on substituting for oz the result given 
by (6), the expression 

Te 

Pos 5 
“ Qs 2 2 74S WR 5 a wy \i2 
BE || 5 se Cr ee © Cz 

Now consider the system at rest, and let M be the foot of 
the perpendicular from P on the zy pene It we make MQ 

te 
equal to &, we have, since —— =(1- =) 

eth] 
observing that the angle MQO is the same as the angle « in 
the figure for the moving system, we see that if we write 
Oia 

cme el (GJ 2p see 8) ows 
which reduces to 

: 4 2 Bg 1/2 

es | 7? +27(—— ‘ 1 Ca 

' 

Thus, since OP=7, and O'P"=7,, our Saukesion forme 
becomes 

C| ve Ve v Eee 

lige Cr Tr? C - :) 

rh —1/2 f 5 ‘(as i 

a (1 a @) VT te eae 

which after a little reduction reduces on writing w’ for & to 

Now write T, for the time at which the instantaneous motion 
considered occurs at O in the system at rest; the time at 
which the corresponding motion occurs at O' is e4?T, so that 
the time taken for the disturbance to be propagated to P’ 
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from the electron in the moving system at O' is 
! ; ny | oe EV 

OT = el? (¢t—T,) + ate 

It will be observed that this expression is independent of 
the origin of time which we choose ; in fact, if we consider 
any instantaneous electronic motion in any orbit in the system 
at rest which occurs at the time T, and at the point A and 
which produces its effect at the point P at the time ¢, the 
interval between the occurrence of the corresponding motion 
and the production of the effect at the point P’ in the moving 
system is 

eva’ 
(2 

where ¢ and I’; are measured from any origin, and a’ is the 
difference of the x coordinates of P’ and A'*, 

ST, = e¥2(t—T,) + 

ier. 

ocd Sysl em 

ie: - 

Moving Syslem 

Now consider any two electrons e, and ey + which produce 
at the points A and B (fig. 2) in their respective orbits, and 

* In all that follows, a dashed letter will refer to the moving system. 
+ The orbits shown in the figure are not intended necessarily to be in 

the same plane as the point P, nor indeed are they intended to be plane 
orbits at all, they may be of any shape. ; 
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at the times T, and T,, instantaneous motions which give rise 
to simultaneous effects at the point P at the time ¢, time 
being measured, to fix our ideas, from the instant when one 
of the electrons (say e,) crossed some point O in its orbit in 
the system at rest, and at the same time the corresponding 
electron in the moving system passed the corresponding point 
O’. We then have in the moving system . 

Time taken by disturbance originated by e, to reach P’ 

eva’ 
=> OL => el2(t —T;) + Ten. 

Time taken by disturbance originated by e, to reach P’ 

EU =8T,=e!(4—T,) + Fy (2’—B), 

where a! and #' are the differences of the zx coordinates of 
A’ and P’, and of A' and B’ respectively, 4; and T, being 
measured from the same origin astand T. ¢, is of course the 
time of occurrence at P’ of the disturbance produced by eg. 
If the disturbances due to e,; and é, are to be simultaneous at 
the point P’ in the moving system, we must have t;=¢ and 
consequently 

at = 80, = l4(T,—T,) $= Cee = Cs ly) Se aoe 

Since this is the amount by which the time for the passage 
of the disturbance originated by e, exceeds the time for the 
passage of the disturbance originated by e, we see that the 
instantaneous motion of ey must, in the moving system, occur 

| | ac em ee e- 
later than that of e, by &?(T,—T,) + (2 This condition 

4 / = hg Am tee 
is satisfied if the motion at A’ occurs at the time e!/?T, + Te" 

EVLy, 
and the motion at B’ at the time e!/?T,+ Ce , Where 2,’ and 

} 

x are the coordinates of A! and JB!’ measured from any 
origin we choose. [hus we may say that if a series of 
electronic motions occur at the points 21, y1, 21, 225 Yo) 225 
Lo Yz) 23, Kc. at the times T,, T,, Ts, &c. in the system at 
rest, and give rise to a simultaneous set of effects at some 
point P, the condition that the corresponding motions 
occurring at the corresponding points 2’, 41, 21, @2's Yo, 22s 
&e. shall give rise to simultaneous effects at P’ in the moving 

‘ ay EVL’ 
system is, that they shall occur at times &@?T,+ ee 
oe } 

7 

co 5 ED: et D : ; ea eae 
2? T, + ca ..&c., which is equivalent to saying that if T is 
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the time of occurrence of any electronic motion at x, y, < 
in the system at rest, the necessary requirements are satisfied 
if the corresponding electronic motion occurs in the moving 

J au ee 
we have already seen that if an electronic motion occurring 
at O produces its effect at the point P at the time ¢ in the 
system at rest, the effect due to the corresponding motion at 

EDL 
(2° 

yet at liberty to say that, measuring time from the same 

system at the point 2’, y, z, at the time e!?T+ —> 

O/ will oceur at P’ at the time ¢/=e!/2t+ We are not 

origin, if an electronic motion occurring at the point A 
produces its effect at P at the time t,, the corresponding 
electronic motion occurring at A’ will produce its effect at the 

Eva’ 
UPR 

ever, for let us take O and O/ as our origins of coordinates in 
the two systems, suppose the motion at A to take place at time 
T, and suppose the effect to be felt at P at the time ¢,. Then, 
as we have already seen, if w’ is the x coordinate of P’ and 

! 

8’ that of A’, the motion occurs at A’ at the time e!/?T, + a 

and the disturbance produced by it at P’ occurs later than 

time el) 2y% le We can readily see that this is so, how- 

the motion at A’ by an amount e!?(¢,—T,) + (a’—'). 

Hence the disturbance at P’ occurs at the time 

[ i? T.+ elt E Nout yee ae —f') |= ae a : 

Thus we see that the requirement stated on page 70 is satisfied 
provided that, if any electron in the system at rest describes 
an instantaneous motion at the point &, 7, €at the time T, 
the corresponding electron in the system in motion shall 
describe its corresponding instantaneous motion at the corre- 

! 

sponding point &', , §, at the time ¢?T + oy ; and we have 

further shown, that if the effect of a certain set of instan- 
eo motions is felt simultaneously at the time ¢ at any 
point x, y, 2 in the system at rest, the effect due to the 
Dc akonding motions in the moving system will be felt at 

the corresponding point w’, y, zat the time t’/=e!t + > 

The origins of the spacial coordinates in the above are, 
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strictly speaking, to be chosen as any corresponding points 
in the two systems which at some instant in the whole range 
of time are occupied simultaneously by corresponding elec- 
trons, and the origin of time may be taken as any time at 
which this occurs. As a matter of fact, the origen of time 
does not concern us ; all we are concerned with is difference 
of time, and we may obviously measure our spacial coor- 
dinates in the two systems from any corresponding origins 
we choose, for differences in the choice of the spacial origin 
only obviously affect the expressions for the above times by 
a constant. 

The above result is, of course, equivalent to the statement 
that the condition which must hold is, that if z', y', 2' are 
the coordinates of any electron in the moving Be: 

; som 
ev’, y', c' must be the same functions of e—¥?t—el? © 

the w, y, = coordinates in the fixed system are functions or é, 
and we further see that the values of e!/?2’, y’, z' for w hich 
any state of the ether (due to a certain set of electronic 
motions) occurs in the system in motion, are the same func- 

as 

sinal 

tions of e—h?t—e'” A as the values of w, y, z for the state of 

the ether in the system at rest (due to the corresponding 
motions there), are functions of ¢. 

It is interesting to observe that no electromagnetic 
phenomena have been involved in the deduction of the above 
facts with regard to the time variable, we have simply used 
the word “ electron”’ to fix our ideas. The only fundamental 
thing involved is the idea of the finite time of propagation of 
an ettect from a moving centre of disturbance. 

We must now pass on to consider how the forces due to 
the electronic motions are modified by the motion of the 
system as a whole. On page 69 we have written down the 
forces X, Y, Zona fixed unit of charge at a point P due to 
a moving electron a of strength e. If the unit at P is itself 
moving with velocity 7, dy 71 it constitutes a current ina 
magnetic field, so that owing to this fact there will be an 
additional fines on ub lok components are qy—A, 
MA—Piy, PiB— 4. Thus the total force on our moving 
unit will be X., Yo, Z., where 

(Xa, Y2, Zz) ai (X+qny—7B, Y+ry pee L219 (5, : 

A+», 8—qie) 2) 

‘Now let us impart to the whole system a velocity v in the 
direction of the x axis. Let us suppose the electrons to be 
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constrained to move in the manner required by the investiga- 
tion on pages 70-76,-and let us see whether the modifica- 
tions of the forces of the various electrons on one another is 
such as to maintain that state of motion. First let us see 
how the component velocities of an electron, whose com- 
ponent velocities in the system at rest are denoted by p, q, 7, 
will be modified by the motion. 

Suppose that the « coordinate of a, in the system at rest, 
is some function of the time, say «=/(t) so that 

da 
di =/"(t) = p. 

Then in the moving system we have 

/ Va 9) hy Bure = (¢ 1/24 as ), 

asf Q aU / 

eA ell coe [7 (<2 AUP )| [ete ayes da 
dl (2 Cede 

! i eMC le 
or, replacing ¢ by e!/?¢+ rin order to find the value of 

J 

da! s e e e e 

ar when the electron is describing the motion corresponding df 

to the one we are considering in the fixed system, we find 

pel ~—1 

HTP) > C 
so that the velocity p’ with respect to a fixed origin is 

-1 

pa rtpe(I + wth i 

In a similar manner we obtain 
| 
a, 

ga gem(14 eh) | ca ‘a 

C? J 

Now let us consider the values of Ww and W at corre- 
sponding points in the fixed and moving systems respectively. 
Returning to fig. 1 we remember that OP represents the 
distance from some point O in the system at rest, at which 
an electronic motion took place, to the point P at which the 
effect was felt at the time t, while O'P" represents the 
distance from the point O’ to P”, which is the point in space 

>! — rei 1 it
 a) 
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to which the point P! has moved by the time that the effect 
due to the electronic motion at O’ is felt there. Thus writing 

(Os ancly KO ees 

we have, for the values of Ww and ’ at corresponding points 
and times 

Ce Cre 

ee ae : [s.1-")] 
where Ws and Ws,’ are the values of the velocities of the 
corresponding electrons in the two systems, resolved along 
OP and O'P” respectively. Since, as we have seen on 
page WZ. 

OP Sor Oe aad ~ vr 
¢ ae )e V2 4 == tel/? 4 ce 

epee ? (SUSY e ° 
and since ie is vs, 2. e. the velocity of the system 

resolved along OP, we have 

Vs 

Cy: 

Now if 1, m, n and 1’, m’, n' are the direction cosines of the 

= Sev" 1 +75 

lines OP and O'P” respectively, we have, using the notation 
2 of page 71, and remembering that 6& = “= one 

Vv Is =u a (GAs = hES-1e-1( 1 i: a +h, 

; re —1 ; b) 5 a 

Tee le-¥( 1 + 5) + = = ¢ = ae “t “) ; 

also we see at once that 

\-1 Noo 
(Gi) me™*(1 + a) ; nega (1 +t ~ . 

Observing that 

Ws,’ = Up'+m'q' +n'y! 

we have 

Ws — Gel? aye Up tmig’ tar) 
8, ( *) - (14 @)(1- Cae 
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Putting in ithe values of p’, q', 7’ given by (9), and the 

values of 1! , m', n’ given above, ns remembering that 

v 
el=1——,, and w=v2,s, 

(12? 

we readily. obtain 

8,(1- = e129 (ee We “(a+ ce) 

Now this is the quantity which, in the moving system, 
Wao: | ; 

replaces s(1- oc} in the expression for wv in the fixed 

system, so that since, as is readily seen from (5), 

Es. ; : : 
A= ev we have, at corresponding points and times, 

ap! = el apt el2vA 

Again, making use of the relation (5) and substituting ihe 
/ 

values a P', q', r, in terms of p, g, r, we have, at corre- 
sponding points and times, 

= OP) he, Gai ee Gey al Wert. 
| ee 2p 

AUN! (ay i Ax) NON 
Writing 

(a"’, y"', 2", t!’) zat (e122, y', ae e71/2¢— 1/2 eek 

we see that the above is equivalent to the statement that 
yy’, Az’, Ay’, Az’ are the same functions of «”, y', 2'' and t”’ 
in the moving system, as in the fixed sy stem, 

eV2(Wr+vA,), (Lyte), AG Ae 
are functions of 2, y, z, and t. 

or 

Since w«'’ = w—-vi, we have 

fo) ie “ip eh phe. vite) Pa) Aes Ae 

a, OPS ah, Seely, — 229, 
« v GC Ol ot ot" 02” 

(sp aotgem a) 
(10) 
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so that at corresponding points and times 

ONE ov mel abr OAr ev" OAx 

a mane. y C2 Ot ee A C2 On” 

b 

| 
| 
: 

v= Oz 

OAz 22 60 as ase ev . OAr 
=== 25 = | 
Ot — & 0¢ a Ob. hk? Br Ou 

OAy! _ 2(OAy__,0Ay) OA? ,(OAz _ OAz 
a rad ( oC ) ot = 206 | ae at. 

Making use of equations (4) and alsg of equations (3) for 
the magnetic vector, we obtain, on substituting the values of 

a = wee. brom(b1): 
Di 

v= men FB) n0 (RY BY) neste 
1m eh Be) ner BEBE acta 
By an exactly similar process, on making use of the 

expressions for the magnetic vector, and substituting the 
values of the spacial derivatives of Az’, A,', Az’ in terms of 
the derivatives at the corresponding point and time in the 
fixed system, we obtain 

! 
= &, 

an(s— 2.2) 

y= eu y+ = Y), 

By a mere algebraical combination of (12) and (13) it 

follows that, at corresponding points and times, 

B ae 

SR eee 

C 
e2(eW2a!, B+ ae. y= eae cio. Y'—vy’, Di +vp’) ; (14) 

= (4, B, Y) X, x, Z). 
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Again, if X», Ys, Z, and X,', Y.', Z,’ are the component 
forces due to the electron a on the unit electron 6 in the fixed 
and moving systems respectively, and if Pis Us rand DiGys 
7, are the corresponding component velocities of 6 in the two 
systems, we see from equations (8) that 

(X,’, Y,', Ze’) = Xtany—n 8, en 2 pe 

« Z! + p'B' —qy'el. 

_ Using the values of p,’, qm’, 7’ in terms of p,, 9, 7 as 
given by (9) and the values of X’, Y’, Z', 2', @', y' given 
by (12) and (13), we find that it is only by neglect of quan- 

2 

tities of the order EG) that we can express the force at 

a point in the moving system in terms of the force at the 
corresponding point in the fixed system, without explicitly 
introducing the velocities of the electrons relative to the. 
system as a whole. We shall discuss this restriction on 
page 85, but accepting it for the present, we find that at. 
corresponding points and times 

(ee Ye. Zs’ ) —s x -+ nY—NE, e V2CY + ra4—piy). 

: e (ZL + iB — gia); 
of (Xi, Vol, Zo!) = (Xp, eo? Vy, “1? Z,). 

In view of the fact that if a set of instantaneous electronic 
motions in the system at rest give rise to simultaneous 
effects at a point, the corresponding motions give rise to 
simultaneous effects at the corresponding point and time in 
the moving system, we may extend what has been proved 
above for the vectors due to the motion of a single electron, 
to the total values of the vectors due to the motions of all 
the electrons. Thus, if P, Q, Rand P’, Q’ RW’ represent the 
component forces on a unit electron in the fixed and moving 
systems respectively, we have at corresponding points and 
mmes . ; (P, (’, R’) = (ag THEO). alin) 

which is, of course, equivalent to the statement that P’, 
e!/()', e/?R’ must be the same functions of ie se, 

ela! y', 2, and ¢ 1#;—¢l?__ 
e 4 C* 

in the moving system, as in the fixed system P, Q, R are 
Pink. Mag. S. 0. Volw 20. Novtas. Jan: E912. G 
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functions of 2, y, z, and ¢. We may also here remark that, 
since 

Are OC Age i —"(,  (L), 

the results deduced in equation (14) are equivalent te the 

statement that 

eee i sen coir v 

: t Pal, B+ Ameh!, y!—Ameg’, ef, 9 — gras + gee ) 
are the same functions of ral) 

if 

/ 

ez ys 2 amd eet ei— el” — | 

in the moving system, as in the fixed system (a, 8, y, f, g, h) 
are functions of z, y, z, and ¢; for, as we have above 
remarked, the results obtained for the vectors due to a single 
electron may be extended to the total vectors due to all the 
electrons. ‘The above results are, of course, the same as 
those obtained by Larmor’s transformation. Let us now 
see whether the modifications of the forces on the electrons, 
produced by the motion, are such as to maintain them 
in the state of orbital motion which we have assigned to 
them. 

The measure of the force acting on the electron in any 
direction is the rate of increase of the total momentum 
associated with the electron in that direction. In order to 
find the accelerations ), w, v, produced on our electron 6 by 
unit component forces in the three coordinate directions, we 
have to find by how much the velocity must increase in each 
of those directions, in order that the momentum associated 
with the motion in the particular direction considered may 
increase by unity, so that if U, V, W are the component 
momenta in the three coordinate directions, expressed as 
functions of the coordinate velocities 1, 9), 7, the component 
accelerations satisfy three equations of the typical form 

dU 0U OUe OU 
l= — =A— 352) pee eae os (16) 

dt Opi On on 

The most important case is where the electron is moving 
parallel to the « axis with velocity v, so that py=v, q=7)=0. 

1 have, in a former communication *, calculated the values 

of A, w, v for this case, assuming, after Lorentz, that the 

electron, like the matter as a whole, contracts when in 

* Phil. Mag. June 1911, p. 733, also July 1911, p. 223. 
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motion in the ratio e~'?**, and it will be unnecessary to 
repeat the work here. The quantities X~!, w+, v-! for this 
case are, of course, the so-called longitudinal and transverse 
masses of the electron, first deduced by J. J. Thomson, by 
Lorentz, and by Abraham, by another method. It is easily 
seen, from the work in my paper above mentioned, that to 
the degree of approximation to which we have restricted 
ourselves on page 81, the expressions for A, pw, v given by 
equations (16) are the same as those for the cases p,;=v, 
gi="=0, and these turn out to be 

B= mer; be = ne V2, 1) = Figen eo 

where 7 is the acceleration produced by unit force on the 
electron in the system at rest, which, to the degree of 
approximation referred to on page 81, 1s constant, and 
independent of the direction of the force. 

Suppose now that the component forces on our electron 6} 
in the system at rest are functions of wz, y, s, and t of the 
forms 

P=F (2, y, 2, t), Q = F,(2, y, 2, ¢), R= F;(7, y, 2, ¢) 

then, as we have seen on page 81, the forces P’, Q’, R’ in 
the moving system are given by 

(EN aey/z8 tl), en Oia tey At sie ate es 
ado) 

eV?R! = F,(el22", y', 2’. t'), 

9 

va! 
9) 
J 

where t= 7 V/¢— 1? 

The equations of motion of our electron, in the fixed 
system, are 

d?a d? \ 
aa = nob (er, avast). oe == (yh. 0s es | 

ae Shea me GL) 
dt =No 3( 5 Ys &5 ey 

and those of the corresponding electron in the moving 

* In considering the force due to an electron at a distance large 
compared with its dimensions, the shape of the electron is not involved, 
but in considering the effect of the forces of the field on an electron, the 
shape is of vital importance, for no matter how small the electron may 
be, its effective mass depends on its shape, since practically the whole of 
the electrokinetic momentum associated with it is contained within a 
region ot the same order of magnitude as itself. 

G 2 
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systen are, in view of the alteration of the accelerations 
produced by unit-forces on the electron, 

d2x’ - \ 
SB) a —3/2 We tare, Peery ae 
dt? = Noe Fi(e vy y 9~5 t ) 3 

d*y' ! ‘ 
Tye = Moe Ve VPN (eM a', y', 2’, t"), be (18) 2 a 

2g) . eer 
=a ia moe} Fem (Ce 20 ons oe BAe 
dt : ) 

Now the orbit of the electron in the system at rest is the 
curve of intersection of two surfaces, 

OGY, 2) — OL sand ova, ¥, 2) = 10: 

which are obtained by eliminating ¢ from equations (17). 
The question is, shall we on eliminating ¢t from equations (18) 
obtain two surfaces of the form 

Geren ia ec) —Omrand * “y( eva. aye ra 

Now observing tbat aya 

ane det wd bal barrels ol v aes ah a Viney, x Oe 1da' d 

Moe en ae AN eee ‘3 dt" cal v di jdt" 

we see that, neglecting the second term of the list expres- 
sion, which weare entitled to do, to the degree of approxima- 

a 
tion to which we are working, we ean write ne eM aa k 
and our equations (18) take the form ee Z 

) A? nD) ) 
wee 1/2.,/ Daal i H 

; 
iS 12 —— nok, (E A/F ) ¥ ras t é i 

dt! Dae > J 

| Py | | 
= CL WPA icnesy VP ) ip No Eo( El/2a os aS ; (19) 

| de 
: Ee iv Oe Niel: / a Sei ee Oat yee ot) 
| dt!” ol"3( sites ) : 

from which it is obvious, that if 

o(#;, y,z) = 0 and yz, 74,2) =0 

are the surfaces obtained by eliminating ¢ from (17), then 
! ' fa u 

p(e?x',y', 27) =0 and y(el?e', y’, z') =0 
are the surfaces obtained by eliminating ¢’’, and consequently 

ar 

* Strictly, we should write —~ where r= 2'+7¢. Since v is con- 
igs ai 7 a a dt’ : 

stant, however, a eye 
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t, from equations (19). The intersection of these surfaces 
gives, of course, the contracted orbit which we expected, 
and our investigation consequently shows us, that if the 
electrons in the moving system move in the contracted 
orbits we have assumed, and in the manner determined by 
the investigation on pages 70-76, their mutual forces on one 
another, brought about by these motions, are such as to keep 
them moving in those orbits, without any external forces 
being applied. . 

The above investigation has involved the neglect of 

quantities of the order (f), where W is the velocity of an 

electron relative to the system as a whole ; thus the results 
W 

are only true to the second order of = provided that “nay 

be considered as a first order quantity, a result not likely to 
be true in practice. The investigation is, however, true to 

v 
any order of o provided that W is sufficiently small. It 

may be argued that, in limiting the investigation to small 
values of W we are practically restricting ourselves to a 
system in which there are no orbital motions, and that 
consequently we achieve no more by our work than has been 
achieved by the investigations on pages 66 and 67, for a 
case in which the electrons in the system at rest are 
absolutely devoid of motion ; the point is, however, that 
directly we allow any finite value to the orbital motions, 
however small, we are able to conceive our system as being 
one in secular equilibrium, and though no system with such 
small orbital velocities may actually be found in practice,- 
we may look upon this system as one ideally possible. At 
first sight a difficulty suggests itself, owing to the fact that 

i | N 
the smaller the value of v, the larger the value of = and 

apparently the more inexact our analysis, but we must realize 
that as v is made smaller and smaller, the whole eftect of the 
translatory motion becomes more anj more inappreciable, 

Vv 

roth 
As has been remarked on page 81, if quantities of the 

92 W)\/v sn et 
order of (—)( + are not negligible, the orbital velocities of 

U © BES 

and our analysis is always true to the order 

the individual electrons will make their appearance explicitly 
in our expressions for the effects of imparting the translatory 



86 Dr. W. F. G. Swann on the 

motion, which would mean that the effects produced by that 
motion would depend on the elastic properties of the material. 
which of course, on our present view, are entirely determined 
by the nature of the electronic motions. As a matter of 
fact, this is really what might be expected to be the case, 
were it not for the fact that no matter what material is used 
in the apparatus, no experiment so far devised to detect an 
effect due to the earth’s motion through space has given a 
positive result, which drives us to the somewhat unsatis- 
factory conclusion that, on the electron theory of matter, 
though the orbital velocities are almost cer tainly not small, 
the motions in any molecule probably combine together to 
produce, at external points, the equivalent of slow orbital 
motions, somewhat after the analogy of beats in sound. It 
would, I think, be interesting if the Michelson and Morley 
experiment could be repeated with the body of the apparatus 
made of some strongly magnetic material, such as iron, for 
we know that in such a material the orbital motions are 
capable of making themselves very evident. 

It may be remarked, that since expressions (15) are exactly 
true however large W or v may be, the equilibrium of the 
moving system studied follows absolutely when the electrons 
are considered simply as singularities moving in accordance 
with the electromagnetic scheme. This apparent avoidance of 
the difficulty is illusory, however (as I propose to show in 
the communieation following), owing to the fact that in this 
method of treatment it is vitally essential to consider the whole 
transition from the fixed to the moving state of the system. 
University of eee 

April 28th, 1911. 

VI. The FitzGerald Lorentz Contraction, and an Examina- 
tion of the Method of Determining the Motions of Electrons, 
when considered simply as Singularities, moving so as to 
satisfy the lectromagnetic Scheme. By W. F. G. Swann, 
Sc Aah C.1S.4 Assistant Lecturer in Physics at the 
University of Sheffield *. 

ee his ‘ Aéther and Matter,’ Sir Joseph Larmor develops 
the consequences of the view that matter is an assem- 

blage of electrons, in secular equilibrium under the influence 
of their mutual fields. In considering the laws which must 
determine the motions of the electrons, he points out that all 
idea of forces must be abolished, and the problem must be 

-* Communicated by the Author. 
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formulated “as that of the determination of the natural 
sequence of changes in the configuration of the system.” In 
§ 51, and ia Chapter x. of ‘ Auther and Matter,’ the general 
outline of the method is sketched. ‘The essential point is, 
that a complete basis for the explanation of all the pheno- 
mena involved is to be found in the electromagnetic equa- 
tions, which give the time rates of change of the etherial 
displacement 7, g, h, and the magnetic induction a, 6, ¢, in 
equations of the type 

yes OP Sa 02)-10% = 0% _ 99 Tes See (4arC*) SU TO on (1) 

where C is the velocity of light. 
The electron is a singular point in the ether, near which 

the etherial displacement increases indefinitely. The past, 
present, and subsequent history of the electrons in a piece 
of matter, and indeed of the whole universe, are completely 
determined when we have /, g, h and a, 6, ¢ given as 
functions of w, y, < and ¢, satisfying the electromagnetic 
equations ; indeed, it is sufficient to know the values of 
f, 9, h, and of the special derivatives of f, g, h, a, 6, c, at one 
instant, to determine the whole history of the svstem. The 
equations implicitly involve the condition that, if 

Ole nO GH 
ame oe 

is zero at any point and time, it shall be for ever zero at that 
point, so that it is necessary to postulate that the equations 
need not hold at a singularity, as otherwise we should restrict 
our electrons to remain permanently at rest. The electrons 
are then the places where 

oF 4 OF 4 oh 
Ser oe 02 

is not zero, this being in fact the analytical criterion for 
finding their motions. 

As an example, suppose that we were given f, g, h, a, b, ¢, 
as functions of the form 

; Cell? Vv 
inh 9, = eae TR COO vt), Ys | 

i Ceel/2 r 
(a, He) = lean? aes ea ae)? ye ya PP a‘ Bey UY 
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We know that these represent the field of an electron of 
strength e, moving along the axis of « with velocity v. 

Suppose, however, that we did not know this; we should 
find by direct differentiation that these functions satisfied (1), 
‘and we should find that 

of 4 09 , oh 
Or OY 02 

was zero at all points in space, except where the relation 
vx=vt, y=z=0 held, in which case it would become infinite, 
telling” us that there was an electron moving along the axis 
of a with velocity v*. It is easy to see how the same line of 
argument applies to more complicated systems. By trans- 
forming the electromagnetic equations to moving axes, Sir 
Joseph Larmor shows "(¢ Aither and Matter,’ Chapter xi a) 
that if 74, 91, Ay, A, 01, Ga oa Eees as faneuone Of ' i Gaeta 
represent the spontaneous changes of an electromagnetic 
system S referred to axes at veoh in the ether, the same 
functions of 

=" 

WD oli / I ee ] CHB Yl rae, CE? 

will represent 

ee 77 J— = h+ =e b, e Va, b+4ach, o—Anry), 

where /, g, h, a, b, ¢ are the etherial displacement and 
magnetic vectors for another electromagnetic system §,, and 
wv, y', 2',t' are referred to axes moving In the a direction 
with velocity ¢. By an electr omagnetic system, we mean a 
sy stem which satisfies the electromagnetic Sunes at all points 
in space, except:at the singularities. 

If corresponding points and times in the two systems above 
are related by the equations 

CER Ge os =). =e Vt’ —Py ae 

the absolute correspondence of the singularities in the two 

“* It seems to me, that it is easier to take the eendition f, g, or h equal 
to infinity as the criterion for the determination of the position of a 

singularity, rather than the condition that of Sen o shall not be 

zero, for f,g, 2 must each become infinite CS a singularity, and they 
cannot become infinite elsewhere. ‘The criterion f= co immediately leads 
to the determination of the motion of the singularity in the example 
quoted above, and moreover it immediately leads to the absolute 
correspondence cf the singularities in the two systems S and §,, to any. 
order of v/C. 
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systems follows to any order of er the restriction to the 

second order involved in ‘ Atther and Matter’ being now 
generally known to be unnecessary. Corresponding singu- 
larities in the two systems are shown to be of the same 
strengths, and it is concluded that the system 8, represents 
what S becomes when set in motion; the theorem thus 
indicates a contraction of the system in the ratio e~}? to unity. 

_ The present paper formsan inquiry as to how far the above 
conclusion 1 is justified, and in fact, as to how far the electro- 
magnetic equations, by themselves, do form a sufficient basis 
for the explanation of all the phenomena concerned. The 
points involved are perhaps best introduced by considering 
one or two actual examples. 

We first remark that a solution of the electromagnetic 
equations, giving the field at any point P and time ¢, due toa 
point electron mov ing in any manner can be obtained, as 1s 
well known, in terms a two potentials of the form, 

e| Moi hs 

“TO aay} ~[O=%)) 
where 7 is the distance of the point P, not from the position 
O of the electron at the time ¢, but from some other point O/ 
previously occupied by the electron, and so situated that the 
time taken by the electron to go from 0! to O is the same as 
the time taken by light to travel from O! toP. V isa vector 
representing the velocity of the electron when at O’, and V, 
is the component of V resolved along O’P. The vectors F 
and H, representing the eetherial displacement and magnetic 
seater respectively, are related to the scalar and vector 
potentials ¢@ and A by the equations 

F=—A~—orad 4, H=rot A. 

Now suppose we have a single electron, alone in empty space, 
describing a closed orbit s; We may say that this is im- 
possible without a distribution of electrons of opposite sign 
inside the orbit ; there is no doubt, however, that algebraical 
functions of x, y, z, and ¢ exist, satistyi ing the electrom: agnetic 
equations, ning corresponding to this single electron, ior no 
matter how the electron may be supposed to move, we ean, 
theoretically, at each instant write down the values of d and 
A corresponding to the case, the difficulties involved in se 
doing being merely algebraical. The values of the eetherial 
displacement and magnetic. vectors obtained in this way 

* See ‘ Theory of Electrons,’ by Lorentz, p. 50. 
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certainly satisfy (1). Let us imagine them expressed as 
functions of x, y, ¢, t, and let us denote them by 7", 9’, h’, a’, 
O03 Now let us imagine another electron moving in some 
orbit s., the first being absent, and Iet the field of the electron 
when expressed in terms of a, y, ¢, t, be denoted by f", g’’, h”, 
a Bs Y”. Now itis an Ae gee ‘fact that if the functions 
hee @l il. a0. c, and Te ih", a”, b”. c’’, satisfy (1), the 
functions 7” +7 yg +4", ‘jl ne ,a' +a’, &e. also satisfy (1), 
which means, that if the two electrons are brought into each 
other’s vicinity, we can imagine them to describe orbits of 
the same shape as those which they described when alone, 
and we shall obtain a solution of the electromagnetic equa- 
tions corresponding to this ease by simply adding the fields 
which the electrons would produce if alone. We have to 
make no special adjustments in the fields in order to keep 
the flux round each electron constant, because the surface 
integral of the etherial displacement due to one electron 
gives a zero effect when integrated round the other. This 
solution would of course mean that the two electrons were 
producing no action on each other. We may on this line of 
argument imagine any number of electrons moving about in 
the vicinity of each ‘other, and if we add the fields corres- 
ponding to each electron mn heninon ing in its present manner, 
but out of the vicinity of the others, we obtain a solution 
satisfying the electromagnetic equations, each electron 
apparently moving independently and uninfluenced by the 
others. A simpler example is afforded by considering two 
electrons moving with constant velocity v along the axis s of ae 
and separated by a fixed distance. If we simply add the 
known fields corresponding to these two elections when 
moving separately, we shall obtain a solution of the electro- 
magnetic equations which will be consistent with the electrons 
moving in the manner stated for all time, and yet we know 
that they would not do so, they would repel each other. 

These examples suffice to show that it is not sufficient to 
say that because a system satisfies the electromagnetic equa- 
tions, it is a sy stem which can actually exist. Of course, if 
at any instant we are given, at all points, the actual field of 
a system which really can exist, the electromagnetic equations 
will determine for all time the subsequent and previous history 
of the system, for the time rates of change of 7, g, h are, at 
each instant, given in terms of the spacial derivatives of 
a, 6, c, and an analogous remark applies to the time rates of 
change of a,b,c. If we were to start from any actually 
existing system of electronic motions, and try to separate an 
electron out and cause it to more by itself in the path dencted 



FitzGerald Lorentz Contraction. 91 

by s,,and with the field cor responding to that motion (7.e. with- 
out other ch rarges or fields constraining it to do so), we should 
find the operation impossible. When we speak of separating 
the charge out in this way, we must imagine the operation to 
be performed entirely by ‘electromagnetic agency, the very 
atoms of our imaginary fingers are parts of the electro- 
magnetic system, and the action of separating the electron 
out is one which must be supposed to have been anticipated 
in the system for an infinite time back, and to have arisen 
out of the spontaneous changes in the system as a whole. 

Again, we should find it impossible to imagine a set of 
actual spontaneous electromagnetic changes, by which the 
fields of the two electrons moving along the axis of « in the 
example above quoted could be brought into the state there 
suggested after all other fields had been removed, at least, if 
we did find it possible to get them into this state, from an 
actually existing state,it would mean that the electromagnetic 
equations were inconsistent with facts. If we inquire why it 
is that, of all the conceivable states of electronic motions 
satisfying the electromagnetic scheme only certain types are 
found in practice, the electromagnetic equations have nothing 
to tell us. If we give them an actual system to manipulate, 
they can tell us its subsequent and previous hi-tory, but they 
are unable to tell us, for example, why it is that two electrons 
when alone cannot continually follow each other with constant 
velocity, or why a single electron cannot move by itself in a 
closed curve. 

Of course, in other branches of physical knowledge we 
form other lave founded on experiment, which specily more 
precisely the types of motion which can exist; for instance, 
laws of motion involving the conception of tomas hetnresn 
point singularities would tellus that the above system of two 
point charges following each other with constant velocity was 
an impossible one. Again, the tangential surface condition 
introduced in the consideration of problems on charged con- 
ductors, involves a restriction on the types of field which can 
occur, affording as it were a means by which one body ean 
act on another. A few remarks must here be made on the 
position occupied by these “ Subsidiary Laws,” as we shall call 
them, in a scheme which takes the electroma enetic equations 
Seal Basie 

If at some instant we were given the complete field at every 
point in the universe, we should require no subsidiary laws at 
all, the electromagnetic equations are themselves sufticient, as 
we have already remarked, to tell us the complete past and 
subsequent history of the system, eyer y action and every 
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experiment which ever had or ever would take place being 
completely determined. It would be hopeless, and in fact 
needless, for us to inquire how the system originated, or why 
it was that the present system was started rather than some 
other, equally consistent with the electromagnetic scheme, 
but showing types of motion which can never naturally evolve 
out of the present universe. Since we cannot ascertain the 
complete field of the universe at some instant, we are obliged 
to fall back on more crude observation, and formulate certain 
subsidiary laws which are broad enough to restrict the types 
of field and of electronie motions which are to be considered 
as possible, to those which it is possible for the electromagnetie 
scheme to evolve out of the actually existing universe, that is 
to say, to those fields and motions which we actually find in 
practice™. These laws are of course to be of such a nature as 
never to clash with the electromagnetic scheme, which, as we 
have seen, is sufficient in itself to tell us the subsequent history 
of a sy stem when once that system is completely specified for 
some instant. These subsidiary laws are in fact hardly 
entitled to be called fundamental laws at all, being merely 
substitutes for what we lack in being without complete know- 
ledge of the field of the universe at some instant. The great 
practical difficulty consists in formulating the true nature of 
these subsidiary laws, which usually resolve themselves into 
sets of more or less approximate truths, sufficiently accurate 
for the particular purpose in hand. To illustrate this point 
suppose we were to attempt to say what would happen if two 
similarly charged spheres were placed near to each other and 
left to themselves. Without further data it is impossible to 
give any answer to the question. The electromagnetic scheme 
would be satisfied if we were to say that the spheres remained 
at rest, and gave as the field the sum of the fields due to each 
sphere when alone. To proceed any farther in our problem 
it is necessary to partially make up for our deficiency of 
knowledge of the electronic motions in the sphere by the 
application of some tangential surface condition. Still we 
shall be able to find an infinite number of solutions to fit the 
ease, and it becomes necessary to introduce the idea of a 
Newtonian mass J, together with the accompanying notions 
of forces and erdinary dynamical laws, and even then our 
solution will be indeterminate without specification of the 

* On this view, gravitation, for instance, occupies the position of one 
of the “subsidiary laws,” being a kind of empirical expression of a 
property of matter really. inherent in the nature of the electronic fields. 
and motions originally started. 
+ The introduction of the idea of Newtonian mass is s only necessitated 

by the deficiency of our knowledge of the electronic distributions and. 
motions in the molecules of the sphere. 
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initial state of the field and of the oscillations on the spheres, 
which of course depend on the manner in which they were 
originally brought into the vicinity of each other. 

Returning now to the problem of uniform translation, we 
see that we are not justified in saying that the solution 
suggested by the transformation is one which could possibly 
have arisen out of the system 8. The transformation ane 
tells us that if S satisfies the electromagnetic scheme, Si also 
satisfies it, but so would a system of electrons moving in 
orbits of similar shapes to those of S; but all slightly or in 
fact completely separated oul, instead of being pushed 
together, for the total solution in any configuration of the 
system is simply the sum of the solutions which we should 
obtain by considering each electron as moving independently 
in its orbit, and we can put the orbits wherever we please, 
and by adding the independent solutions obtain a solution of 
the electromagnetic equations. We may even, if we wish, 
imagine the orbits altered in shape. In fact, it seems that 
the transformation, by itself, tells us astonishingly little ; it 
simply tells us that if one solution of (1) exists, it is possible 
to find another corresponding to the same electrons, but then 
we can theoretically write down the solution corresponding 
to the electrons moving in any orbits and in any manner we 
choose to assign, and the solution given by the transformation 
possesses no unique advantage in that it reduces to the solution 
for the system at rest when we put v equal to zero, for we 
can Imagine any number of types of electronic motion, only 
differing. from the motions in the system at rest by functions of 
the velocity v, which vanish when v is put equal to zero, and we 
can always, as we have seen, find the field consistent with 
these motions. Even considering a molecule in the system 
at rest; though the field in that molecule certainly is con- 
‘sistent with the electromagnetic scheme, we can realize how 
far this is from being the sole factor in the determination of 
the electronic motions, and how largea partis played by what 
we have termed the subsidiary laws, when we observe that 
as far as compliance with the electromagnetic scheme is con- 
cerned, the electrons in the molecule might move in any paths 
we choose to assign. 

The objection here raised against the solution given by the 
transformation is on a different plane to objections which 
might at first sight be raised against the solutions of mary 
dynamical problems, in which the final solution is obtained so 
as to satisfy certain conditions without inquiry as to the mode 
of transition from one state to the other, for in those problems 
the conditions are usually such as to completely restrict the 
final solution to one, and only one form. In dealing with 
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the problem of uniform translation, however, it certainly 
seems that we must either inmodaee a ofioeo number of 
what we have termed subsidiary laws, to completely restrict 
the moving system to one type in its relation to the fixed 
system, quite apart from the consideration as to whether the 
motions in it could have arisen out of the fixed system, or, 
must specify completely the state of the field, and consequently 
of the electronic motions in the system at rest, and also the 
exact electromagnetic procedure by which Ane translatory 
motion is imparted, for in the general case the final result 
will depend on these*. Specification of the electronic 
motions in the system at tee corresponds in part to a state- 
ment of the elastic properties of the material, and the deter- 
mination of the solution of our problem without specification 
of these motions would be, in general, as impossible, as would 
be the determination of the extension of an elastic thread 
when swinging round with a weight at the end, if we were 
without knowledge of the elastic properties of the thread. 

The University of Sheffield, 
June 30, 1911. 

VI. vee the Spectrum of the Magnesium High free Are. 
Ng ee) E.Len O’Connor, B.Se.t 

} ‘ (Plate V.] 

ae element magnesium shows, probably to a greater 
extent than any other element, changes i in the spectrum 

according to the various means adopted for bringing the 
substance into the state of incandescent vapour. ‘This and 
also, as Kayser points out, its astronomical importance have 
led to numerous investigations on the behaviour of magnesium 
under varied conditions of electrical discharge. The high 
frequency discharges hitherto employed depend upon the 
oscillatory discharge of a leyden-jar, and are therefore of 
the nature of damped oscillations. The electrical conditions 
in such a discharge are very complex and not yet fully 
understood. It seemed of interest, therefore, to examine 
the spectrum of an undamped oscillatory discharge such 
as can now be produced by the methods employed in 
wireless telegraphy. 
Apparatus.—The generator employed was of the Poulsen 

# Ordinary electrodynamical principles, involving the conception of 
forces between the singularities, make the effects produced in the system, 
by the translatory motion , depend on the electronic motions in the system 
at rest, the solution corresponding to that given by the transformation 
only following as an approximation, for the case ‘of very slow orbital 
motions. 

+ Communicated by the Author. 



the Magnesium High-frequency Arc. 95 

type as previously * used in an investigation of the Poulsen 
are. ‘The are was struck between horizontal electrodes of 
copper and carbon in an atmosphere of coal-gas and in the 
field of a powerful eiectromagnet. 
The supply current of about 4 amps. was taken from the 

public supply at 240 volts. An oscillatory circuit consisting 
of avariable inductance wound with thick copper rod (4 in.) 
and a variable leyden-jar battery formed a shunt to ‘the are, 
large capacity block condensers being inserted to cut off 
the supply volts from this circuit. When large choking-coils 
were included in the are supply circuit and the copper ‘anode 
was water-cooled no difficulty was experienced 1 in maintaining 
continuous oscillations for as long as was desired. 

If a piece of metal or carbon held in the hand or earth- 
connected is brought into contact with the terminal of the 
inductane2 which is joined to the capacity, an are of 1 or 
2 em. in length can be drawn out and maintained. Obser- 

con) 

vations with a wave-meter showed that this discharge had 

Fig. 1. 
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practically the frequeney of the undisturbed pees 
circuit. We have, therefore, an are which consists of 
variable high- frequency discharge of undamped Ecealluatne 
which can be produced between any selected electrodes. 
A preliminary examination of an are produced in this way 
was the subject of the present investigation. Fig. 1 shows 
diagrammatically the disposition of the apparatus. 

* EK, O'Connor, Phys. Zeit. vol, xii. p. 196 (1911), 
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The magnesium electrodes were held in clamps on an 
adjustable stand, one electrode being connected to the junction 
of the inductance and capacity in the oscillatory circuit, the 
other being earth-connected through a hot wire ammeter. 
The generator having been started, the electrodes were 
brought into contact and an are strack. . The Jength of the 
are which can be maintained with magnesium depends upon 
the conditions in the oscillatory circuit, and in the following 
experiments was from 1 to 3 mm. With a frequency of 
10° per sec. the current, as measured by the hot wire 
ammeter, was 0°8 amp. Increasing the freqmenc ae causes a 
decrease in the arc-length and current. With a frequenev 
of 65 x 10° per sec. the current falls to 1/10 of its original 
value and an are can only just be maintained. 
The lhght from this are was concentrated by means of a 

condenser on to the slit of a Hilger fixed-arm spectrograp ri . 
As the prism of this spectrograph was of very dense glass it. 
was not possible to photograph the spectrum below a.wave- 
Jength of 4000. By making use of panchromatic plates * 
the spectrum could be obtained between the wave-lengths 
6570 and £000. 

Pl. V. fig. 2e shows a typical spectrum of this form of 
high-frequency are which, tor the purpose of comparison, 
was photographed on the same plate as the spectruin of the 
direct are (fg. 26) and that of a leyden-jar discharge 
through a large inductance (fig. 2c), the same electrodes 
being “ised in cachyease. [lit willl he scen thageineeie ae 
marked difference between the spectrum of the undamped 
high-frequency arc and that of the direct arc and spark. 
One interesting feature is the intensity of X 4481. Jf the 
relative intensity of this line can be taken as a criterion of 
the temperature in the are it would appear that this high- 
frequency arc was intermediate to the ordinary are and 
spark ¢. It is more probable, however, that the low current 
density is responsible for its intensity. 

‘The conditions in the oscillary circuit were next varied to 
see if these differences could be accentuated, and to trace if 
possible the cause of any changes produced. 

A short visual examination of the spectrum showed that 
variations could easily be obtained. With a frequency of 
10° per sec. the spectrum consists of a few lines on a con- 
tinuous background, while at the higher frequency of 
6 5x 10° per sec. it becomes richer in lines, the continuous 
ocr has disappeared to give place to a feeble band 
spectrum (nitrogen). The change in the appearance of the 

* Wratten and Wainwright. 
t Kayser, Astron. Nachr, clxil. pp. 277-282 (1903). 



the Magnesium High-frequency Arc. $7 

spectrum is gradual, not in the sense that the new spectrum 
continuously strengthens at the expense of the old one, but 
as the frequency is increased the spectrum tends to become 
unsteady, the continuous spectrum disappears and new lines 
come up intermittently ; as the frequency is further increased 
the second spectrum predominates, and the first one comes 
up intermittently, finally disappearing as the frequency is 
further raised. 

Tf an QOudin coil in the form of a solenoid of 2500 turns 
of 3:4 cm. diameter and 1 metre long is placed between the 
oscillatory circuit and the arc, thus raising the voltage and 
diminishing the current strength, the character of the 
spectrum is again changed. The nitrogen band spectrum is 
visible and the metal lines weakened even at the low frequency. 
With a high frequency and high voltage the spectrum consists 
of the band spectrum, the “6” triplet, and » 4481. 

That the current density is an important factor in the 
changes is suggested by the effect that the shape of the elec- 
trodes has upon the spectrum. At the low frequencies 
pointing the electrodes causes only an increase in the con- 
tinuous spectrum, but at the higher frequencies it tends to 
accentuate the characteristic appearance of these spectra. 
Owing to the wearing awav of the electrodes it was necessary 
to file the ends periodically, but care was taken to keep the 
shape as nearly constant as possible during the experiments. 

Photographs were taken of the spectra obtained with 
various values of inductance and capacity in the oscillatory 
circuit, with and without the Oudin coil in the arc circuit. 

In examining the photographs the instability of the spectra 
in certain cases must be remembered, the photographic record 
being often of an integral nattre, and it is possible that lines 
which come up intermittently but brightly may make a 
greater impression than feebler but more persistent ones. 

The following table shows the values of the inductance, 
capacity, and frequency in the oscillatory circuit for the 
various photographs :— 

Inductance in | Capacity in Vibrations 
centimetres. | microfarads, | per second. 

Chee 163,200 | OO125 | 1117x108 

Biase Aue i |» @00g0 2°787 x 108 
PB cana ; | COOL | 3921x105 
Garin 82,410 | 00020 ‘ 
PR Ge | 80,710 | e 6:424 x 105 

|B caveat | 58,490 0-00101 | 6°55 x 10° 
! ! | [rere tS ay ee : Robe 

Pelnks Moga sy 6wV ol. 23. No. 133. Jan, 1912, H 
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A comparison of the photographs d, e, f, g (Pl. V. fig. 2) 
in the order given shows a gradual change i in the spectrum. 
The continuous background decr eases, the lines become 
sharper and more numerous. Since in the cases d, e, and f 
the inductance in the oscillatory circuit is concime and in 
the cases e and g the capacity is the same, the change cannot 
be regarded as due to variation of inductance or capacity 
alone. The order of these spectra is, however, the order of 
increasing frequency of the oscillations, and since the current 
through the are varies inversely as the frequency (approx.), 
one or both of these are to be regarded as associated with 
the change in spectrum. 

In those cases where there is a great difference in frequency, 
such as in d and g, where the frequencies are in the ratio 
1: 34, the differences in the spectra are considerable, while 
in g and 2, where the frequencies are in the ratio 1: 14, the 
spectra are the same. 

In the low-frequency are, when the oscillatory circuit has 
an inductance of 163,200 cm. and a capacity of °01245 mfd., 
the spectrum consists principally of the 6 triplet, the lne 
4481, the oxide fluting which is somewhat lost in the con- 
tinuous background, and four lines 5528°75, 4703°33, 4852°18, 
4167-81 of the Rydberg™® series. 

Any alteration in the oscillatory circuit within the limits 
used in these experiments appears to have little effect upon 
either the 6 triplet or the line 4481. They always remain 
the strongest lines in the spectrum, their intensities being 
approximately equal. ‘The lines of the series become sharper 
and stronger with increase of frequency. This can be seen 
in d, e, f, t (Pl. V. fig. 2), where the frequencies were 
ik 1x 10°, BAX MO? To ise 102 ancdibco) x uO? 

In the case of the lowest fr equency all the lines, with tiie 
exception of 5528, are diffused towards the red end of the 
spectrum, asin the case of the spark, and still more in the 
direct-current are at atmospheric pressure (Pl. V. fig. 2). 

With rise of frequency this diffusion disappears. If the 
frequency is kept constant and the capacity and inductance 
varied, there appears to be no alteration in the intensity of 
the lines. Photographs f and g show the spectra of the are 
when the capacity in the oscillatory circuit was ‘00101 mfd. 
and -002 mfd. respectively, the corresponding inductances 
being 163,200 em. and 82,410 cm., the frequency in each case 
being 3°9.x 10° per sec. © 

A distinctive feature of the high-frequency arc-spectra is 

* Rydbere Wied. Ann. 1. p. 625 (1898), lii. p. 119 (1894). 
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the presence of two pairs of lines at wave-lengths 4385, 4391 
and 4428, 4434 *. 

These lines are ill-defined in the ordinary spark, but 
appear distinctly when a smal] amount of inductance is in- 
troduced into the discharge circuit, disappearing, however, 
when the inductance is increased. In the high- frequency 
arc these lines do not appear at the lower Frequency of 
1-1x 10° per sec. when the inductance is 163,200 cm., 
but when the frequency is raised to 3:9 x 10° by reducing 
the capacity only slight traces of the lines appear. On 
increasing he frequency by decreasing both capacity and 
inductance the lines become still more prominent. If the 
frequency is kept constant and capacity and inductance 
varied, the lines are strongest for the smallest value of the 
inductance. 

Brooks t in his high- and low-frequency experiment found 
that if in the high-frequency discharge the thin electrodes 
were replaced by thick rods, the lines (Ff and P) were stiil 
present, but not the hydride spectrum, except that after long 
running traces of the head of the band 5210 appeared. 
Comparing the conditions of the high- and low-freqnency 
discharge in Brooks’s experiment, the introduction of the 
leyden-jar increases both frequency and current density. 
Brooks considers the current density to be the factor govern- 
ing the presence of the lines. With the undamped high- 
frequency are the lines wera absent at the low-frequency 
and high-current density, but when the frequency was raised 
by decreasing the capacity, and consequently decreasing the 
current density, the lines appeared. This suggests that the 
presence of the lines is governed by the frequency rather 
than the current density. 

The only indication of the hydride is a trace of the head 
5210 (Jens), which, like the F and P lines, is to be seen in the 
spectra given by the higher frequencies (PLY. HO 2 yy Gaisid)is 
If the are is taken in an a of coal-gas the band 
becomes very intense, and the carbon fluting at 4315 is 
strong. No connexion between the line 4571 land the hydride 
spectrum was observed. In view of the fact that Brooks 
associates the presence ef this line with the formation of a 
nitride, it is of interest to notice that the conditions in the 
oscillatory circuit which give this line with the greatest 
intensity at the low potential are those which give the best 

* A, Fowler and H. Payn, Proc. Roy. Soe. Ixxii. p. 253 (1908). 
t E. E. Brooks, Proc. Roy. Soe. Ixxx. p. 223 to08). 

Ee? 
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nitrogen-band spectrum, when by the introduction of a 
solenoid the higher voltage is used. 

At the high voltage an are of several mm. length ean 
easily be maintained, ‘but the intensity of the light dies out 
rapidly with increase of length. The length used in these 
experiments was between 2 and 3 nm. 

The lines of the series, 5528, &c., are sharpened but much 
weakened in intensity, and die out as the frequency is raised 
(Pl. V. fig. 2,7,4,1,m,n). The trace of the positive-band 
spectrum of nitrogen which was only slightly visible at the 
lower potential becomes much more prominent. At the 
lowest frequency used (i°1x10° per sec.) it is not easily 
obtained. It comes up iutermittently and dies out leaving a 
continuous background with only a few magnesium lines and 
the oxide fluting at 5007. The intensity of the nitrogen 
spectrum is roughly in inverse proportion to the intensity of 
the other lines. This is especially applicable to the oxide 
fluting, which was never found to be present at the same 
time as a good nitrogen-band spectrum. At the higher 
frequencies, when the bands have become the most prominent 
part of the spectrum, all traces of the oxide have disappeared, 
and the spectrum consists almost entirely of the nitrogen 
bands, the 6 triplet, Hz, and the line 4481. At these fre- 
quencies the current through the are is very small and 
unsteady. The light is consequently feeble and the spectrum 
can only be seen intermittently, the lines not all disappearing 
at the same time. It will be ‘noticed that the most refracted 
line of the 6 triplet is very faint (m,n). Visual observations 
showed that during the fluctuations of the light this was the 
least persistent component of the triplet. At the same time 
the presence was noted of several fine lines in the neigh- 
bourhood of the triplet, some of which appear on the photo- 
graphs (n). These may be some of the lines of the fluting 
already measured by Eder and Brooks, although their 
appearance suggests a possible connexion with the F and P 
lines and the associated ultra-violet lines. The wave-lengths 
could not be determined accurately enough to enable a 
connexion between the frequencies to be established with 
certainty. 

There are also several lines which could not be identified 
between the oxide fluting at 5007 and the 0 triplet, which, 
like the above pairs, are seen in the high-frequency spectra 
at low voltages. At both high and low voltages a line was 
visible though not strong at 6160. It is intensified by the 
high voltage. Several variations in the mode of producing 
these spectra have been tried, including an air-blast directed 
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against the are, the only result observed being a weakening 
of the oxide spectrum. ‘The experiments described above 
are of a preliminary nature, and it is hoped to continue the 
work. 

I wish to express my indebtedness to Mr. Morris-Airey 
for suggesting the experiments and for his valuable advice. 

Physical Department, Armstrong College, 
Newcastle-upon-Tyne. 

VIII. The Law of Molecular Attraction. 
By D. Tyrer, M.Sc.* 

HE nature of molecular attraction is a problem which 
has at various times attracted a considerable amount 

of attention. The question is involved in the study of energy 
changes connected with surface tension and isothermal volume 
changes. Knowing the law of molecular attraction, it is 
easily possible to deduce a formula to represent the relation 
between the potential energy of a liquid and its density, as 
for example the relation between latent heat of vaporization 
of a liquid and its density. Assuming that the attraction 
between two molecules varies inversely as the square of the 
distance between them, an equation involving the latent heat 
was deduced by J. HE. Mills f which holds remarkably well. 
This equation may be written 

i ae 

DeLee 
where L is the latent heat of vaporization, H is the external 
work done during vaporization, D, and Dy are the densities 
of liquid and saturated vapour respectively, and pw is a 
constant dependent only on the nature of the liquid. Because 
this relation fits the facts it was thought by Mills that the 
assumed law of attraction was the true one; but this by 
no means follows ft. 
Kleeman § has deduced the following formula for the law 

of molecular attraction: 

where z is the distance of separation of the molecules, T/m 

* Communicated by the Author. 
+ Journ. of Phys. Chem. vi. p. 209; viii. pp. 885, 593; ix. p. 402; 

xi. pp. 694, 132. 
{+ Pide Kleeman, Phil. Mae. Jan. 1911, p. 83. 
§ Phil. Mag. xix. pp. 783-809 (1910). 
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isthe sum of the square roots of the atomic weights of the 

atoms of the molecule, x, is the distance between the mole- 

| At 
cules at the critical temperature T,. The function o(= a) 

js unknown, but is constant at corresponding temperatures. 

This formula makes the law of attraction dependent both on 
the distance of separation of the molecules and on the 
temperature. 

Van der Waals in his equation of state 

(P i =, ey Spy RIE, = 

by introducing the term = supposes the attraction of the 
VU 

molecules to vary inversely as the fourth power of their 
distance of separation. But, as is well known, this is in- 

sufficient, as the term uk does not, with liquids, adequately 
represent the facts. 

Now, as has been already mentioned, it is supposed by 
Kleeman that the law of attraction varies with the tem- 
perature. It is, however, very difficult to see how a force of 
attraction acting between two molecules should be in any way 
influenced by their velocity or kinetic energy, which of course 
really represents their temperature. Kleeman has sug- 
gested * that the atoms in a molecule are in a state of rapid 
motion round the centre of gravity, and that the centrifugal 
forces thus set up are balanced by atomic attractions, and 
further that the effect of increase of temperature is to disturb 
this balance and to alter in this manner the force of attraction 
at a given external point. This hypothesis is untenable from 
two considerations. In the first place, it is highly improbable 
that the atoms in a molecule are in a state of rapid motion 
relative to one another; for itis hardly conceivable that in a 
very complex molecule under normal conditions, the atoms 
could maintain their relative positions with such perfect 
regularity as the theory of stereochemistry demands. It is 
probable that, at ordinary temperatures, the molecules of 
stable substances have no other kinetic energy than that of 
rotational and translational motion. In the second place, the 
explanation involves the assumption that atomic attraction is 
identical with molecular attraction, but there appears to be 
little or no connexion between thetwo. The force of attraction 
which causes the union of, say, anatom of hydrogen with an 

* Phil. Mag. Jan 1911, p. 95. 
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atom of chlorine is far greater than any molecular force of 
attraction, while the attraction between a molecule of hydrogen 
and a molecule of chlorine is extremely small. Furthermore, 
it is impossible to discover any additive law resolved to atomic 
attractions, to represent the attraction between two molecules. 
Itis necessary to assume that the atomic attractions neutralize 
one another, whereas there is every evidence for the suppo- 
sition that the attraction exerted on an external molecule by 
two adjacent molecules is double the attraction between the 
external molecule and one of the molecules. Kieeman * has 
sought evidence for the relation between atomic and mole- 
cular attraction by deducing certain relationships between 
the physical properties of members of homologous series. 
But it can be shown that almost every physical property or 
combination of properties of the members of a homologous 
series is proportional to some function of the molecular 
weight. As far as latent heats of vaporization and their 
relation to molecular attraction are concerned, it will be 
shown in this paper that it is not necessary to assume that 
the formula representing the law of molecular attraction 
includes a temperature function. 

Let us suppose for the present that the force of attraction 
between two like molecules depends only upon their distance 
of separation. We may represent it by 

K2 

Ss" 
where K is a constant dependent only on the nature of the 
molecules, S is their distance of separation, and n is a small 
number to be determined. Consider a finite mass of a normal 
unassociated liquid, with the molecules evenly distributed in 
space. ‘’he attraction between any pair of molecules is 
k2 K 2 K : 

(GS)” and between a second pair of molecules (Gs Say. 

Suppose now that the liquid expands isothermally until the 
distance between two adjacent molecules is S,. It is obvious 
that if the geometrical form of the mass of liquid remain the 
same, the terms C,, C.,...&c. are constants. : 
The total work done by the separation of all the pairs of 
molecules is 

a) r rs y 

Ke | SidS K? (dS kK? ve a ae 
ae eee —— ES ET a ePerarOuls 

Ci iene oe A ES an Ol aa at 

wa Se 8; qS 5 | Ww 
(eat) gn (Gi) = V, say. 

* Phil. Mag. xx, p. 905 (1910). 
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W represents total work done against molecular attraction 
during the expansion of the liquid. Integrating, we have 

w=0( pea )- | S771 ait Sere 

Ke ii 
where C= rea S =i) and is a constant dependent only 

i — 

on the nature of the liquid. In deducing this equation for 
the isothermal change of potential energy of an expanding 
liquid, the usually accepted assumptions in regard to mole- 
cular energy have been made. On account of their importance 
in the later portion of this paper these assumptions may be 
stated here. 

(1) The kinetic energy of the molecules of a liquid or gas 
is independent of the volume. 

(2) When a liquid expands isothermally, the energy ab- 
sorbed goes entirely to do (a) work of expansion against 
molecular attraction, and ()) work of expansion against an 
external pressure. 

(3) The total attraction exercised by a group of molecules 
on a single external molecule a certain distance away is the 
sum of the attractions exercised by each of the molecules 
separately. 

If V, and V,are the volumes of the liquid before and after 
expansion, and if work is also done against an external 
pressure p=@(V) which varies from p,=¢(V,) to pp=G(Vo),. 
equation (1) becomes 

uray J J Me 

W=C(<1~t) + | o(V)dV,. | 2) aanee 
Ave 3 ve 3 JV\ 

where S has been put equal to V5. 
If we consider the case of the expansion of a liquid to the 

state of vapour, equation (2) becomes 

1 L=C{ een . 
cave eae 

where L is the latent heat of vaporization, V; and V, are the 
specific volumes of liquid and saturated vapour respectively, 
and Ef is the external work done during the vaporization. 
Now we might apply this equation to the determination of n 

by substituting for L, E, V; and Vy their values at different 
temperatures for a given liquid; but the value of n thus 
obtained would not necessarily be the true value. For 
example, when nis put equal to 2 or 7, two equations are 
obtained both of which fit the facts equally well*. But if 

* Vide Kleeman, Phil. Mag. Jan. 1911, p. 83. 
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we know three points on an isotherm of the equation 

Wie); 
where W is the internal work of expansion and V is the 
volume, we can completely determine 7 by the application of 
equation (1). 

Consider unit mass of a normal liquid at volume V and 
temperature T. Imagine it to expand isothermally under a 
negligibly small external pressure until the volume has 
increased by an amount AV equal to the increase in volume 
when the liquid is heated over a range of one degree. ‘Lhe 
work done must be given by 

Wi Ce — C,,, 

where C, and C, are the specific heats of the liquid at con- 
stant pressure which is relatively small and at constant volume 
respectively, We then obtain the equation 

C.—0,=C4 se : oar} 
Vea (VAY) 3: 3 

Now the values for C,—(, for liquids are not generally 
known, but can be calculated from compressibility data by 
aid of the thermodynamic formula 

Coe os a Ae b) 

Cc 
or : Hr eel 

Deo! Wa yf a vB — 

where T is the temperature, J the mechanical heat equivalent, 
v the specific volume, and @ the compressibility coefficient of 
the liquid at the temperature T. 

Table I. below contains the values of C,—C, for some 
liquids calculated in this manner. Errors in these values 
are due principally to inaccuracies in the experimental 

data for @ and = In some cases, the values of 8 have 

been obtained by extrapolation of results at pressures higher 
than one atmosphere. It is of course, strictly speaking, 
necessary to consider only values of 8 which refer to a 
pressure of one atmosphere ; but data are also included in 
the table when the pressures at which @ was determined are 
comparatively small. 
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Combining the equation 

1 
C,—C,=C6 Wes = ee 

Visa AON AY) 35 

with equation (3) we get 

C, = L—# 
Nie . ise 

Vie (V+AV)S: = 
it 

Neglecting for low temperatures the term ——— as small 

i ve 
compared with —;,=i, we can write 

Lt 3 

C,—C 
log (1~ C ") 

n=3 ED Loe ee 
log( ui 
Bs v+av) 

In Table IL. are given the values of n calculated by aid of 
this equation. The values of L—E are taken from tables 
calculated by Mills* by aid of the Clapeyron-Clausius 
equation. 

Though the values of n appear to approximate to the 
value 4, they cannot be regarded as constant as the diver- 
gencies are greater than errors in the data. Moreover, the 
relation 

L—-H= cf e— 7, 

obtained by putting n=4 in equation (3) doesnot hold. We 
must conclude that either (1) the equation representing the 
Jaw of attraction between molecules includes some other 
function besides the simple function of the distance of sepa- 
ration ot the molecules, or (2) the assumptions regarding the 
potential energy of a liquid on which the above equations 
are based are not true. Let us first consider the second 
possibility. One assumption which certainly requires a 
closer study than has hitherto been accorded to it, is that 
the total energy of a liquid or gas, minus the potential 
energy of molecular attraction and potential energy due to 

* Journ. of Phys. Chem. viii. p. 405 (1904). 
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Uameiootel AU 

| Tiquid. | ae L—E. | in 

| hi Wen, ec as | 
TE WIRGIP RES 22h ange ae nemnnoes | 273 86:16 | 4-1 

| | 283 | 83-44 4-0 | 

| 293 | 80°40 4:0 

| 303 Wie 41 

Deritanel .2- sss. eee | 273 | 85-85 3:2 
| 293 81-0 oul 

| [em ESSN, Mil aati | +30 | 
333 | 71:66 | Die | 
303 66°84 | 3-4 | 

EREVAN... lec scene esses: | 296 | 81-0 4:2 | 

Wreranove we wee cee ees 296 81-5 | 43 

Carbon tetrachloride ...| 293 4G6°5 4°8 

| [lls SESESSm NA peers oe eae | 
W@isoroforimn | so...) 5.0066. 0) 273 | 62°45 3:0 

| 293 61:29 3°3 
| Se 59-00 | 32 

| oon 56°73 oil 

BENZENE)... 6. ..00-s 000s 0 n-e | 288 | 97-4 4:5 

| 293 | 96°46 4-5 

| 303 94°7 4-4 
| 313 92-7 | 4-4 

| ole 91:0 | 4°3 | 

| Carbon bisulphide ...... | 993 | 80°31 | 4-0 | 

| | 298 79°14 4:0 
| 291 | 80°57 ial | 

| MOlWwenene cess. sce canes e- | 973 | 101-0 (cale.) | 4-2 | 

| 293 | QoiOu wae | 4-9 
313 G2 anes 4-2 
333 Soromee 4°3 

| 

an external pressure, is independent of the volume. The 
question can be tested in the following way. 

If the total change of energy of a liquid which expands 
at constant temperature is not entirely made up of the 
changes in the potential energies of attraction and of external 
pressure, then we should expect to find that the specitic heat 
of a liquid (or a gas) at constant volume varies with the 
density. Or, what comes to the same thing, that 

C : ae _ el os Aye 

“PLiquid C Maguia Coriquia C ’Vapour’ 

V he } ‘ O ; speci ats of a liquid ¢ where Cee uid Cae are the specific heats of a liquid at 
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constant volume and constant pressure respectively, and 
Ceeeu is the specific heat of the vapour at constant volume 

at the same temperature. 
A table of values of C C has already been PLiquid ~~ °Liquid 
7 ‘ T ssary : PACs _ ¢ given. Itis only necessary to obtain values of Coe ca Cy apour 

and to compare the two. 
In the following tables are given these values of s 8 

c . The values of the specific heats of the 
@ Liquid Vapour 

vapours at constant volume have been obtained usually by 
extrapolation from experimental results for higher tem- 
peratures. The values for the specific heats of the liquids 
at constant pressure have been obtained as a rule by extra- 
polation of values at lower temperatures. Where several 
results by different observers were available, mean values of 
concordant figures have been taken. [very effort has been 
made to obtain as great an accuracy as possible in the com- 
parison of the two sets of values. 

| | | | 

| al C | | Cp 
Sub : 1 U,, | Authority. |C rity. , © Liquid tp — Ue 

| SC eerencal Spot | Prd (en HE ne Peiguia | 
| Vapour 

fo) eri 9 a enero | res | a 

Pe | 50 071245 | Wiedemann | 023738 Regnault. 0°112S 0:0560 
| | GO | 01258 | & Regnault. | 02383 % 0-1125 0-057 

GuheY 2. 5..2.-.| 40 | O8775 | Wiedemann. | 0°5763 A 0-1988 0°159 (approx.) 
20 0-276 | Jaeger. 0°5527 . 0-277 0139250 00 
30 0-288 | Neyreneuf. | 0:570 2 0-82 0'145 

| Carbon bi- 40 oO Regnault. 0242 - 0-130 2 
| sulphide., 50 Oll4 | “; 0-243 43 0-129 — 
| IS O-110 Capstick. | 0236 a 0126 ,98 
| BM Gaza s| Bepus | 4.11 10:240 : 0-113 0-0" 4 at 2501 

| 0-09 
Benzene...... | 40 O-232 x Lees: Pickering 0-202 0-130 

50 | 0243 | ie v7 | & Mills | 0194 (132 
| 60 0-255 | | "| 0-446 j | & McRae. 0-191 0-140 

On account of the lack of experimental data the above 
table is very incomplete. The figures given in columns 3 
and 5 were not obtained directly by the authorities quoted, 
but have been calculated from their results. A compa- 
rison of the last two columns shows clearly that the true 
value of (C,—C,) for liquids is considerably smaller than 
that caleulated by aid of the value of ©, for the vapours of 
the liquids. 
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Further data for comparison can be obtained by use of the 
thermodynamic equation 

di, 
Gite i ‘TLiquid hi Ce 

dL 2 

ow? PLiquid "Vapour ¢{'|' 

where Lis latent heat of the liquid, T is the temperature, 

and M the molecular weight. In the following table the 

values of have been obtained by smoothing the values 

calculated from the Clapeyron-Clausius formula by Mills * 

and then reading off tangent values from the curves. The 

above equation gives approximate results. 

| | Temp. - M 2 dai, 2 iy ie = 0 fi 

Substance. | Range. a eel: adv M/:| liquid Thiquid | 
| (mean). 

2S SS SSS SS SS S| O° eh a rah t, Sh aR raL ts war 
Serene once 

=) 0244 | 74) 0:027 O27 0-132 at 20° | RGR! | Glog vnc 

| Delain ee 0-40 0:199 72| 0:028 0227 0:0918 at 0° 
0-878 at 20° 
0-0872 at 4U° 

Hexane | RODS ees Sean ey 0-50 0-160 86 0:023 0-183 0) 132 at 20° 

Elie ptames ic. sll) oeaewns 0-50 0:123 | 100) 0:020 07143 01066 at 20° 

DERG es ee 0-60 G:114 |114) 0017 0131 ONO2 ate 202 

B72) 0V(6) 0 aS eee a | 0-60 0-143 7&8) 0:026 0-169 0°139 at 20° 
0-134 at sO? 
Oslss tate sOc 

Carbon tetrachloride, .| 0-60 O07 | 154) 07018 0°104 0'068 at 20° 

! 

Although the results in the above tables can only he 
regarded as approximate, they show clearly that the specific 
heat of a substance at constant volume is considerably greater 
in the liquid state than in the gaseous state. This means 
that the energy change which takes place in an expanding 
liquid is not due solely to potential energy of molecular 
attraction, but must involve a liberation of intra-moleeular 
energy. Still further evidence of this is yielded by the 
experiments of Joly + on the specific heat of COQ, at constant 

* Loe, cit. 
Tt Proc. Roy. Soc, ly. p. 890 (1894). 
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volume under varying pressures. The following table gives 
the values of ©, at different densities (A) of the gas fora 
mean temperature of 56° C. 

A Cy A. | Cr 

0 01650 O-12 C1954 | 
0-1 0°1671 013 | O19 
0-05 01765 O14 | o201em 
008 | 00-1842 O15 | 020% 
010 | 01896 

We see again that the specific heat of a fluid at constant 
volume increases as the density increases, and from this 
it must follow that in an isothermal change in density, 
intra-molecular energy is liberated. This result is of extreme 
importance in the investigation of the potential energy of 
liquids and molecular attraction. It vitiates at once all 
conclusions regarding molecular attraction based on the 
assumption that during the expansion of a liquid the whole 
of the energy absorbed goes to do work against molecular 
attraction, except of course the small amount which does 
work of expansion against the external pressure. 

The intra-molecular energy liberated during expansion 
will probably be a function of the volume change and of the 
temperature. We may write thisenergy F(T, V,—V). As- 

v5 
suming the simple law of attraction = the equation (1) 

for the expansion of a liquid becomes 

W,t+ F(T, Vi— V) 
i, ] 

(Ga ay c=) 
Vise) Gta 

where W, is the observed energy change; and equation (4) 
becomes 

ee 

log { 1 — (Co~ Cv) is -_ ae 
se L—H+ F(T, Vy—V:z) 

ap il 

Now as the factor F(T, AV) will be negligibly small, it 
follows that the value of 2 given in Table IJ. must be 
minimum values, i, e. the index of the distarce of separation 
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of the molecules in the true law of attraction must not be less 
than 5 about. 

Since the function F(T, V,—V) must become equal to zero 
at the critical temperature, it must follow that the value of 
U in the equation 

1 1 
L-B=C 4 — ==} 

Me rane Mes Vv: 

must increase with rise of temperature. Now the equations 
obtained by putting n in the law of attraction equal to 5 
and 6 give values of C which decrease as temperature 
increases; and when n=7, CU remains constant with rise of 
temperature, and for all values of » greater than 7, C increases 
with rise of temperature. It would seem therefore probable 
that the true value of m is greater than 7. The value of C 
in the above equation may, however, at first decrease at low 
temperatures and increase at higher temperatures. Un- 
fortunately, there is not sufficient experimental evidence to 
test this point. 

Summarising, it may be concluded that :— 
(1) So far as latent heat considerations are concerned, it 

is not necessary to assume that the law of attraction includes 
a temperature function ; but it is impossible to determine 
completely the law of attraction from considerations of 
energy changes accompanying the change of volume of a 
liquid or gas. 

(2) When a liquid or gas undergoes isothermal expansion, 
some intramolecular energy is liberated. This is entirely 
apart from energy changes due to molecular attraction. 

(3) Assuming that the law of attraction can be represented us 

_by Gr where K? is constant for a given pair of molecules 

and 8 is the distance between them, the value of » cannot be 
less than 5, and is probably greater than 7. 

It is hoped in a subsequent paper to discuss the problem 
in its relation to other physical properties of liquids. 

The Chemical Department, 
The University, Manchester. 

August 1911. 

Pint Mag. S. 6.) Vols2auNos 133. Jans 1912. I 
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TX. The Variation with Distance of the Ionization produced 
by Rénigen Rays. By BH. W. B. Gini, M.A. Bie 
(ee of Merton College, Oxford *. 

| connexion with the still unsolved problem as to the 
constitution of the Rontgen rays, it seemed worth while 

to make a careful set of experiments ‘on the variation of the 
ionizing powers of the rays with the distance from the source, 
to see if the law usually assumed—that the number of ions 
produced was proportional to the inverse square of the 
distance—was correct. 

The bearing of this law, if correct, upon the rival theories 
put forward to explain the nature of the rays—the pulse 
theory and the corpuscular theory —would be indecisive; but 
if incorrect would certainly be adverse to the corpuscular 
theory. 

For considera beam of rays diverging from a point forming 
<=) 

a solid cone of rays. On the cor puscular theory (if there is 
no absorption) the total number of particles, whatever may 
be their nature, crossing any section while the rays are on 
must be the same. Buti in all the modifications of the cor- 
puscular theory, including that of Prof. Bragg, this number 
alone determines the number of ions produced at the section, 
and therefore the ionization must be the same across every 
section of the beam, that is, the inverse square law must be 
obeyed. 

The pulse theory, on the other hand, could be satisfied 
by any law, for although the intensity of ie rays is given by 
the inverse square of ihe distance, there is no reason w hy the 
numbers of ions produced should be proportional to the 
intensity, though they may be. 

The result of the experiments to be described was that no 
variation, other than errors of experiment, from the inverse 
square law could be detected. 

The above argument shows that this result, which might 
have been destructive to the corpuscular theor y,is indecmive : 
but reasons will be given later for believing that itis in siene 
respects adverse to the pulse theory. 

Arrangement of Apparatus. 

At the outset it was resolved to measure the ionization at 
two distances from the anode, one about four times the other ; 
the longer distance being about 100 em. The experimental 
arrangements were devised to produce a beam of rays of 

* Communicated by Prof. J. S. Townsend. 
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eircular section, which at 100 cm. from the anode would be 
of convenient breadth; for this breadth determines the size 
of the apparatus required to measure the ionization. At the 
sume time this beam had to contain enough rays to produce 
a measurable ionization, The obvious method of producing 
a cone of rays is to allow the rays to pass through a small 
hole in a lead screen ; but preliminary experiments showed 
that if the screen was near the anode, the beam was much 
too large at 100 cm., while if far off (of course it could not 
be more than 30 cm.), the ionization was not measurable 
unless the ions were multiplied by collision, a matter of some 
difficulty and inconvenience. For these reasons the idea of 
working with rays diverging from a very small area was 
abandoned. 

The other points requiring attention were the elimination 
of absorption by the air, and to guard against accidental 
variations in the Rontgen ray bulb. 
Asa result of these considerations, the apparatus took the 

form shownin fig. 1. Other things being equal, the ionization 
can be made large by using a powerful bulb, and the one at 
hand happened also to be of the very convenient shape shown 
in the figure. 

8D velts be 
\s 
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The bulb and induction-coil were contained in a lead box 
with a window near the anode; the primary current, which 
had a mean value of about 4 amperes, was taken from the 
town mains (100 volts) through a rough resistance and a 
Rotax interrupter to the coil, and the volt tage across the coil 

2 
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terminals averaged about 10 volts. The coil used was capable 
of producing an 8-inch spark. 

The rays produced passed through the two circular slits 
in the thick lead ends of the brass tube AB ; the slits were 
4-5 mm. in diam., 11 cm. apart, and A was distant 10 cm. 
trom anode; suitable screens were placed to prevent the 
rays leaving the box in any other direction than throngh the 
tube. A third lead disk C with acentral hole of the same 
size was placed midway down the tube, to prevent as far as 
possible secondary rays from the ends and sides of tube 
emerging from B. 

‘The end slits completely determined the beam of rays, and 
by drawing the figure to scale, or by calculation, it will be 
found that practically all points of the anode (which was 
circular, 1°8 cm. in diameter, and at an angle of 45° to line 
of slits) contributed radiation to the emergent beam, this 
being desirable for large ionization ; and that at 100 cm. 
from anode the breadth of the beam was roughly 7 em. 
On drawing the figure of rays it will be at once seen that 
they do not form a cone, but that the arrangement consists 
roughly of a cone of rays diverging frem a point midway 
between the end slits combined with a cylindrical bundle of 
rays 455 mm.in diameter. The final result of the experiment 
being what it was, this arrangement is as good as any other ; 
but had the law been different from the inverse square, it 
would have been necessary to devise other arrangements. 

The rays emerging from B passed between the plates of 
a small parallel plate detector D. The plates of this were 
2 cm. in diameter and 1 cm. apart, one being charged to 
80 volts by small storage-cells, the other joined to an electro- 
meter through an insulated key. 

The function of this small detector was really to see that 
the bulb was emitting constant radiation. : 

The ionization produced by the beam was measured by the 
large parallel plate detector E, placed first in the position 
shown in fig. 1, and then in that shown in fig. 2. 

This detector had as one plate a thin wire gauze, while the 
other plate was of brass placed parallel to the wires and 
15 em. from them. The diameter of the brass plate, which 
was circular, was 9 cm., thus allowing a margin of 2 em. 
over the beam, which, as was mentioned, spread out to 7 cm. 
at the longer distance. To create a uniform field for the ions 
produced, a guard-ring 15 cm. wide enclosed this plate. 

The wire gauze was charged to a potential of 80 volts, the 
brass plate connected to an electrometer, and the deflexion 
read due to the Réntgen rays being on for 1 minute. This 
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deflexion was always compared with that given by the small 
detector D under the same circumstances. , 

It will be noticed that the rays actually fell upon the 
plates of the large detector, and that therefore the ionization 
measured was due not only to the primary rays but algo to 
the secondary rays given off from the plate; but as this 
secondary ionization is always proportional to the primary, 
the result gives a measure of the primary ionization. It 
is necessary to place this detector transverse to the rays, 
because the ions collected must all be sensibly the same 
distance from the anode, which is with this arrangement. 
approximately the case ; for instance, if the wires are 100 em. 
from the anode, the ionization measured is that extending 
from 100 to 101°5 cm., all the ions produced in this length 
of the beam being collected. 

The various parts of the detectors were held together by 
ebonite supports, and as additional precaution against leaks 
these were surrounded in places by tinfoil joined to earth. 
The remainder of the apparatus shown is an arrangement 
for eliminating the absorption of the air. It consisted ct a 
long brass tube with a side tube leading to an air-pump; a 
shoulder was put onto each end of the tube and two rings of 
brass fixed to circles of aluminium could be pressed against 
these. If the surfaces in contact were greased, the whole 
formed a tube with aluminium ends which could be evacuated. 

First Method of Experiment. 

The original intention was to arrange the apparatus as in 
fig. 1, placing the large detector at say 3 cm. from the end 
of the tube and to compare the deflexions given by the two 
detectors in 1 minute, the tube being pumped to a calculated 
low pressure. Air was then let into the tube, which was 
taken away, the ends removed and placed together as in 
fig. 2, the left-hand one being in its oriyvinal position and the 
large detector still 3 cm. from the other. The deflexions were 
again compared in 1 minute. Irom these results could be 
at once obtained the ratios of the ionizations between the 
plates of the large detector in its two positions. 

{t is obvious that the air absorption can be made the same 
in the two cases ; for the amount of air traversed by the rays 
in each case can be made the same by suitably adjusting the 
first pressure in the tube. Any secondary radiation from 
the alauminiums would probably be absorbed before affecting 
the detectors; and even if not, the relative positions of the 
left-hand one and the small detector, and also the right-hand 
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one and the large detector, were always the same; and the 

error in the second experiment of radiation {rom the left 

passing through the right or wee versa is negligible, the 
aluminiums being *2 mm. thick. 

Some experiments at the outset, however, proved that it 
was unnecessary to evacuate the tube each time. 

In these experiments the large detector was kept at the 

longer distance (about 105 cm. from anode), and the charge 

received by it per minute compared with that received by the 

small detector for various pressures in the tube. 
The small detector in these experiments after the first 

minute gave the same reading per minute throughout, proving 
that the bulb was emitting constant radiation ; and this was 
generally the case in further sets of experiments, till the bulb 
in any set had been running for some time. The electro- 
meter deflexion due to the large detector, as a mean of several 
experiments, was found to be the same when the air in the 
tube was at atmospheric pressure, half the atmospheric 
pressure, and at a pressure of 4 cm. of mercury; thus proving 
that the air absorption was negligible. The total length of 
the tube was about 76 cm., and in general this would produce 
an appreciable absorption ; for instance in some experiments 
of Rutherford * the rays lost 1 per cent. on traversing 10 cm. 
of air. 

The above results, however, are explained by the fact that 
the bulb used was rather hard, producing a very penetrating 
radiation, and any easily absorbed radiation would probably be 
stopped at the first aluminium. Further experiments showed 
that the rays lost about 27 per cent. in going through -4 mm. 
of aluminium. 

The method adopted in this first set of experiments was to 
make two observations with the large detector, then two with 
the small, then four with the large, followed by two more 
with the small, ending up with two with the large. 

The electrometer gave about 200 mm. deflexion for 1 volt, 
and the readings due to the large in 1 minute were about 
40 mm., and to the small 35 mm. The voltage applied to 
the parallel plates, 80 volts, was always sufficient to produce 
saturation. 

The above method of experiment was adhered to with 
slight variations in all cases, and any change in the con- 
stancy of the radiation could be at once detected. 

It was thought worth while at this stage, to try whether 
water vapour had an exceptional absorbing effect for Réntgen 

* Phil. Mag. xliii. p. 241 (1897). 
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rays as it has for ultra-violet ight, and the tube was filled 
with air which had been babbled through water both cold 
and warm; but in neither case could any absorption be 
found. 

These preliminary experiments showed that the evacuated 
tube was unnecessary; but the general arrangement was 
retained without exhausting the tube for the following 
reason :— 

It was found that the number of ions collected per minute 
by the small detector was liable to vary in an erratic manner 
when the aluminiums were away; and this was discovered to be 
due to accidental distortions of the electric field, but the field 
could be rendered steady by keeping the left-hand aluminium 
always in place [all the tubes were kept earthed]. Hven 
then the presence of the large detector, if it were charged, in 
the nearer position seriously affected the field of the small one; 
and therefore to ensure the small detector always collecting 
ions from the same region, the large one had all its parts 
earthed whenever the small one was in use. The presence 
of the right-hand earthed aluminium also exercised a steadying 
effect upon the large detector; for this, although it had a 
guard-ring, was from its size very susceptible to induced 
charges, and it had finally to be surrounded on all sides except 
the front by an earthed metal case. It then worked in avery 
consistent and satisfactory manner. 

Final Results of Hxperiments. 

The mean of the experiments for the shorter distance when 
the wires of large detector were 24cm. from anode gave that 
the ratio of the charges collected by the large and small 
detectors in any time was 1°08, which was correct, taking the 
extreme variations to 5 per cent. 

For the longer distances when the wires were 98 cm. 
from the anode, this ratio came out to 1:04, with a slightly 
less variation of about 4 per cent. The variations were 
generally due to the fact that the ionization produced 
when the current was first turned on and the bulb cold, was 
generally larger than when it was turned on for 1 minute for 
later observations ; in some cases these first readings were 
omitted in taking the mean; the primary current through 
the induction-coil too often varied in the course of a minute 
by ‘lL ampere, which must also produce slight errors. This 
current was in general 4 amperes. 
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Discussion of Results. 

Taking into account all the possible errors, it seems that 

the above result shows that the ionization in 1°5 cm. of a 

beam 24 cm. from anode is almost exactly the same as at 

98 em. from anode, and the mean distances of these portions 
are approximately 1 : 4. 

Even if the rays all diverged from a point on the anode, 

this would mean that the number of ions produced by rays 

of intensity I acting on air of volume V is the same as 

those produced by intensity - on volume 16V. 

The discussion of the form of the beam shows that the 
factor 16 should probably be much larger. 

Now, as pointed out at the beginning, this result is in 
perfect agreement with the corpuscular theory; and in the 
present state of our knowledge will also satisfy the pulse 
theory, merely leading to the fact that the number of ions 
produced in unit volume is proportional to the intensity. 

Any conception, however, of the action of an electro- 
magnetic pulse in forming ions from a neutral molecule 
must eventually result in the notion of the ions being torn 
out of the molecules by the forces in the pulse, certain 
molecules being at the instant in a more favourable condition 
for this than others, as only a small proportion are ionized, 
and obviously a certain minimum force is necessary for this ; 
at the best, then, the inverse square law can only held up to 
a certain distance, and for large distance there should be a 
rapid falling off from this law. In the experiments described 
the square of the force in the pulse was diminished to at least 
one sixteenth of its maximum yalue without an appreciable 
change in the number of ions produced in the beam. 

The question really resolves itself into whether the minimum 
force required to produce ionization on the pulse theory has 
been approached in this experiment ; and in this connexion 
the experiments of J. O. Griffith* are of interest. He studied 
the ionization produced by ultra-violet light falling upon a 
zine plate which, if the pulse theory be true, must. be much 
the same sort of action as that of the Réntgen rays producing 
ions ina gas. Taking those of his distances which corre- 
spond most closely to the 24 and 98 cm. of this experiment, 
he found that if EK represent the number of ions produced in 
certain arbitrary units by light of intensity I on unit area of 

* Phil. Mag. xiv.. p. 297 (1907), 
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plate, then using a spark between aluminium terminals, 

tala 
For distance 37°6, T = 1°82, 

K 
For distance 110°2, ji == il; 

and for iron terminals, 

For distance 37°6, Has, 

K 
For distanee.110-2, put 

The difference in the two ecnses is due to the fact that the 
spectrum of the light emitted by the aluminium is different 
from that of the iron. But in both cases itis appa cat that if 

2D Beal 
the intensity is decreased by the factor on €. 4 about, 

there is a very large decrease (45 per cent.) in the ionizing 
power. With the Rontgen rays, even taking the isolated 
readings which give the extreme vaiues and tuking the rays 
to diverge from the anode, a decrease of +4 only produces a 
change of 13 per cent. 

If then the forces in a Réntgen ray pulse are in any way 
comparable to those in a beam of ultra-violet light, the results 
of this experiment discredit to some extent the pulse theory ; 
while establishing, as they appear to do, the uniformity of the 
lonization per cm. in a beam of rays, they remove a possible 
objection to the corpuscular theory. 

This research was conducted in the Electrical Laboratory 
at Oxford, and I should like to express my thanks to 
Professor Townsend for much assistance and encouragement. 

X. The Positive Thermions seasb the Salts bof the Alkaline 
Earths. By Curxton J. Davisson, B.S., Fellow in Physics, 
Princeton University, Princeton, N.J., U.S.A.* 

Introduction. 

‘HAT positive electrical charge is emitted by many 
chemical compounds when sufficiently heated was 

discovered by J. C. Beattie + in 1899. Since then numerous 
experiments have been made to determine the laws of this 

* Communicated by Prof. O. W. Richardson. 
t+ Phil. Mag. July 1899. 
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emission, and the nature of the particles carrying the charge *. 
Experiments with the first of these ends in view have been 
productive of several more or less general empirical laws. 
Attempts to determine the nature of the ions have, however, 
been less uniformly successful if one may judge by the 
variety of answers the query has received. This lack of 
unanimity has arisen, it appears, from the impossibility of 
inferring the nature of the ions from data that can yield 
with certainty only the laws of emission. The small value 
of such data as a means of identifying the ions has been 
often recognized, and it has been frequently suggested that 
their true nature would not be known with any degree of 
certainty until reliable determinations of their specific charge 
had been made. | 

Of the experiments which have been made to determine 
the value of e/m for these ions, those of Richardson (J. ¢.) 
alone seem sufficiently reliable and extensive to serve asa 
basis for legitimate inferencet+. Richardson made deter- 
minations of e/m for the positive thermions from various salts 
of the alkali metals, and found that they admit of classi- 
fication under two heads: 1st those which agree with the 
value of e/m for sodium or for potassium in electrolysis ; 
and 2nd, those which agree with the electrolytic value of 
e/m for the metallic ions of the salt under test. From these 
results he has inferred that the ions which are emitted by 
such salts when heated are single atoms of the metal minus 
single electronic charges. The values of e/m corresponding 
to ions of sodium and potassium are taken to indicate the 
presence of these elements as impurities in the specimens of 
the salts examined. 

Object. 

The present investigation was undertaken for the purpose 
of making similar tests upon a large number of salts other 

* Beattie, Phil. Mag. April 1901. Garrett & Willows, Phil. Mag- 
Oct. 1904. Garrett, Phil. Mag. June 1907. Thomson, Camb. Phil. 
Soc. Proc. 1906-1908, p.105. ‘Thomson, Camb. Phil. Soc. Proc. vol. xv. 
Feb. 1909. Horton, Camb, Phil. Soc. Proc. 1909, p.329. Garrett, Phil. 
Mag. Oct.1910. Richardson, Phil. Mag. Dec. 1910. p.981. Richardson, 
Phil. Mag. Dec. 1910, p. 999. Horton, Proc. Roy. Soc., A. vol. Ixxxiv. 
no. 672, Dec. 1910. Horton, Camb. Phil. Soc. Proc. vol. xvi. pt. i. Feb. 
1911. 

+ Reliable determinations of e/m for positive ions from heated anodes 
coated with salts in discharge-tubes have been made by Gehrcke & 
Reichenheim (Phys. Zevt. viii. p. 724, Oct. 1507). There are good reasons 
for thinking, however, that such emissions in high-tension tubes are not 
closely related to the more strictly thermal phenomena dealt with in the 
present investigation. 
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than those of the alkali metals. It seemed advisable, how- 
ever, to terminate these tests temporarily with an examination 
of the salts of the alkaline earths and to devote a part of the 
available time to experiments suggested by recent investi- 
gations of Garrett andof Horton. The results of these latter 
experiments appear in another paper. ‘The present paper 
includes an account of determinations of e/m for the positive 
thermions from various salts of barium, strontium, calcium, 
and magnesium. 

Heperimental Method. 
The method by which these determinations have been 

made is that which Richardson devised for determining the 
specific charge of the positive thermions from different 
metals, and which was used by him in determining the same 
characteristic for the positive thermions from the salts of 
alkali metals in the experiments mentioned above. Jhe 
rationale of this method together with a detailed description 
of the apparatus may be found in an article by Richardson 
in the Philosophical Magazine for Nov. 1908. It wil be 
unnecessary in the present case, therefore, to give more than 
the essential features of the method and a few words con- 
cerning certain alterations in the apparatus. 

In the schematic diagram (fig. 1) AA and BB represent 
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sections of the parts of a parallel plate condenser. A slot 
with its length normal to the plane of the drawing is cut in 
the plate AA to admit the platinum strip C.  C carries on 
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its upper surface the salt to be examined, and is oe 
heated. D designates a slit in the plate BB. Dis paralle! 
to C and approximately equal to it in width. Behind D 
is another plate, K, parallel to BB and insulated from it. 
BB and E are joined rigidly together. BB is free to move 
in its own plane perpendicularly “to the length of D. 

The parts of the apparatus to the left of the dotted line FF 
are in vacuo, but connect electrically and mechanically with 
the parts in air as indicated. AA and C connect toa battery 
of accumulators, G, which maintains them at a_ positive 
potential relative to the earth. BB and E are connected, as 
shown, to a system of mercury-cup switches. 

If, now, positive ions are being emitted by the strip C, er 
by a substance on its upper surface, these will be carried 
across the space between AA and BB by virtue of the electric 
field. Most of these will reach BB, and will carry charge 
to it at a uniform rate, constituting a current to which we 

will refer as the current7,. A partof theions will, however, 
pass through D and carry charge to EH. The number of 
coulombs reaching Hi per second will be referred to as the 
current ig. The ratio of ig to (21+22) will depend upon the 
position of the slit D. From the symmetry of the apparatus 
it is clear that this ratio will be a maximum when D is 
opposite the strip. If, however, a magnetic field is estab- 
lished parallel to the strip in the space between AA and BB 
the symmetry will be destroyed ; we should expect to find 
the maximum in 23/(7;+ 2) displaced i in a direction depending 
upon the direction of the magnetic field and by an amount 
depending upon nearly every physical quantity involved, 
including the value of “e/m for the ions. The way In w hich 
these phy sical quantities are related will be considered later. 
For the present we consider the method of determining 
29/(1, +2). 

Referring again to the system of mercury-cup switches 
shown in fig. is it will be seen that when Rand T are in 
place the cur rents 2, and 25 will be shunted directly to earth. 
If T is removed the current 7, will charge up the insulated 
system including BB, the condenser M, and the wires joining 
them, while ihe earronit to will charge up the system in- 

cluding the plate H, the electrometer N, and their connecting 
wires. If, atter ah eee currents have been passing for a 
convenient time, say ¢ seconds, the connexion R is removed, 
the parts of the two systems 6 the right of this connexion 
will have acquired potentials which will depend upon the 
total charges received by the two systems. These potentials 
will not be exactly proportional to the charges respectively, 
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since the coefficient of potential between the two systems is 
not zero. ‘The steady deflexion acquired by the electrometer 
will not, therefore, be exactly proportional LONMsteo When 
the connexion Sis dr opped into place the parts of the charges 
2t and 7¢ to the right of Rare mixed and the Jiecieonner et 
indicates a new potential resulting from the readjustment. 
This new potential is not, however, exactly proportional to 
(213+ 7), since the fraction of this char ge left on the parts of 
the system to the left of Risa rariable depending upon the 
relative values of 7, andi. The ratio of the two readings of 
the electrometer, say 0./0, is not, therefore, exactly pro- 
portional to io/(t + 22). It may be easily shown, however, that 
a maximum in %/(2;+7%) will be correctly indicated ‘by a 
maximum in @,/@, and this alone is of importance in these 
measurements. 
We shall now inquire how the displacement of this 

maximum bya magnetic field is related to e/m for the carriers 
and to the other physical quantities involved. If, in fig. 1 
we choose the direction parallel to the plane AA and at 
right angles to the strip as the «x-direction in a system 
of Cartesian coordinates, the direction normal to AA as the 
y-direction, and that parallel to the strip as the z-direction, 
any ion moving in the space between the two plates will 
satisfy the three differential equations: 

mag ~e 4 X+He one 

where X, Y, Z are the components of the electric field in 
“electromagnetic units, and H,, H,, H, are the components 
of the magnetic field in gausses. 

The disposition of apparatus is such that 

Mi = el b= 0); 

and X= V/d, 

where V is the difference of potential between AA and BB 
and dis the distance between them in centimetres. 

Since the laws of emission of the ions from a heated 
surface are known, the current density at any point of the 
plane BB is determinate, and the calculation of @5/(i;+%s) is 
theoretically possible. Practically, however, the problem 

5474 
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presents difficulties which are great compared with the 
usefulness of an exact solution. Richardson (/. c.) has given 

an approximate solution for the displacement of the maximum 

of is/ (2, --i2) on the assumption that the initial velocities of the 

ions are small compared with the velocities which they 

acquire in the electric field, and on the further assumption 
that ions which leave the strip normally and reach the point 
of maximum current density when H7=0, also reach the point 
of maximum current density when H:40. These assumptions 
have been tested by calculation and experiment and have 
been found sufficiently valid to insure values of e/m accurate 
to within a few per cent., which is greater than the accuracy 
of the measurements. 

The approximate solution referred to may be written 

a es 

C= = pail 
5) Vm’ 

where « is the displacement of the maximum of ?)/(, +72), and 
blaseuhe value of ic,. 

From this we have 

é pe 9 Ve? 

i OD Bea 

In this expression, with the exception of «, the quantities 
upon which e/m depends admit of ready and fairly accurate 
measurement. The quantity «, which is the displacement 
in cms. of the maximum value of 7,/(¢;+i2) by the magnetic 
field H, is measured in the following manner :—The current 
which heats the strip C (fig. 1) is gradually increased until 
the thermionic current from the salt is sufficiently large and 
steady for measurement. The magnetic field and electrical 
potential are then adjusted to appropriate values and deter- 
minations of 6/6 are made, as already described, with the 
slit in a series of different positions. The screw used in 
changing the position of the slit has a pitch of 0:0635 em., 
and the setting can be accurately made to within less than 
1/20 of a turn. 

The values of @,/@ which represent approximately 0-041 
X 2,/(2; +72) are plotted against the positions of the slit and 
readings taken until the data indicate that the slit has passed 
through the maximum in ?,/(7;+7)). The magnetic field is 
then reversed and the measurements continued until the 
maximum has been located in its new position. Curves are 
drawn through the two sets of points. The distance between 
the two peaks indicates the value of 2. 
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Apparatus. 

The apparatus employed in a few of the earlier experiments 
was that used by Richardson in his experiments upon the 
salts of the alkali metals. This apparatus was, however, 
designed for a different purpose, as previously anensoned, 
and “A was soon thought advisable to replace it by BA 
involving the same principles but better suited to the nature 
of these experiments. In the new apparatus all linear 
dimensions were increased by a factor three, and the whole 
so oriented that the normal to the strip pointed directly 
upward, as in fig. 1. These and other alterations have not 
been sufficiently radical, however, to call for new drawings 
at this time. 

The magnet used with this new apparatus was one which 
was made in the laboratory. The pole-pieces are 7°2 cm. 
in diameter, and in these experiments were 3°8 cm. apart. 

Haperimental Results. 

The experimental results which follow are classified 
according: to the positive elements of the salts. Curves are 
included in a few cases; for the most part, however, only 
numerical data appear. 

Barium, 

The salts of barium which have been examined are the 
sulphate, the phosphate, the fluoride, and the chloride. 

The barium sulphate used was prepared from Kahlbaum’s 
barium chloride and Kahlbaum’s ammonium sulphate. Small 
droplets of distilled water holding particles of the sulphate 
in suspension were vaporized on the upper surface of the 
strip, which had been previously heated to rid it of its own 
positive emission. After determining d, the apparatus was 
assembled and pumped down by means of a Gaede pump. 
While the evacuation was being effected the stri ip was heated 
gently to drive off what moisture might remain in the salt. 
When the pressure was reduced to less than 4x 10-* mm. 
of mercury by the McLeod gauge, a potential of 320 volts 
was established between the “plates AA and BB, AA being 
positive to BB. On increasing the heating current gradu: uly, 
a thermionic current was first noted before the strip became 
incandescent. ‘This current was very transient, however, 
decreasing below the limit of possible measurement in a very 
few minutes. Similar momentary emissions were noted for 
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: eye \* every increase of temperature up to something over 1000 C. 
At this temperature the emission, though small, seemed fairly 
steady, and the curves shown in fig. 2 were obtained. The 

ee ram. fe i 3 

magnetic field, in this case, was 2915 gausses, and the dis- 
placement of the maximum on reversing the direction of the 
field amounted to three turns of the screw. The complete 
data appear on the top line in the following tabulation :— 

Barium Sulphate. 
| 

| 

Vv | H d 2x | 6 a i ree: + 
| (volts). | (gausses).  (cm.). (em.). — rom Oe | 

eS | ates, Me pues fey | 

| 320 | 2915 1:275 | 0-190 58 142 

| 320 | 2915 1275 0-197 64st 
| 

The data on the second line are for the curves shown in 
fig. 3, which were obtained from the same supply of barium 
sulphate. 

* Note.—The temperature of the salt, being of no great importance in 
these measurements, was judged from the colour of the hottest portion 
of the strip. In some cases comparison was made with the coiour of 
the interior of an electric furnace whose temperature could be measured. 
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These values of e/m do not agree with the value of e/m 
for barium in electrolysis as the experiments of Richardson 
might lead one to expect. It will be seen, however, that 
the mean of the experimental values approximates to one-half 
the value computed from chemical data. That this approxi- 
mation is not accidental, and that the large discrepancy is 
due to errors inherent in the experimental method, are 
rendered more certain by the results of experiments upon 
the other salts of barium, as well as those upon the salts of 

Fig. 3. 

the other alkaline earths. Such a relation, though unex- 
pected, receives a ready interpretation upon the supposition 
that the ions are single atoms of barium minus single 
electronic charges, instead of such atoms minus double 
electronic charges as in chemical reactions. 
Other curves from this supply of salt could not be obtained 

on account of the gradual diminution of the thermionic 
current. 

The curves, fig. 3, exemplify an annoying type of 
irregularity not infrequently met with in these observations. 
It is evident that a decided change occurred in the distri- 
bution of emission while curves (1) and (2) were being 
taken, owing perhaps to a slight contortion of the strip, or to 
a change in the surface of the salt. In such cases curves were 
always taken with the magnetic field alternately in one sense 
and in the other until a pair of similarly shaped peaks was 
obtained. It is probable, however, that these time variations 
were always operative to some extent, and that to them are 
due, in part, the irregularities to be found throughout the 
results. | 

Phil, Mag. 8: 6. Voli23. No. 13a. Jan. 1912. IK 
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Barium Chloride. 

In experiments upon this salt small crystals of Kahlbaum’s 
barium chloride “zur Analyse” were fused on the upper 
surface of the strip in air ; otherwise the observations were 
carried out as already described. All but one of the experi- 
ments on this salt were made with the apparatus used by 
Richardson. The results from four different samples of the 
salt may be summarized as follows :— 

Barium Chloride. 
} 

VE H. d. Dip. e/m. | (e/™)p 4 | 

148 | 4600 | 532 | 076 55 || J. 
iS el AGCO 4 sbS2e 4 | | -OT6 60 
129 4600 | 492 082 80) | 
123 4600 | -502 092 88 | 
123 | 4600 | -502 ‘089 Si | 
123 | 4600 | -502 087 Ge wl : 
208 2915 | 1:28 O47 63 | 

OS ie ; 
Here again the observed values of e/m, though varying 

through a great range, are distributed about the value 
corresponding to barium atoms carrying single charges. 

The temperature required to produce a measurable current 
was 1000° C. or more, as in the case of the sulphate. A 
larger and more persistent current was, however, obtainable. 

Barium Fluoride. 

The samples of this salt were prepared from the barium 
chloride used in the experiments on that salt and Baker’s 
analysed hydrofluoric acid. 

A very high temperature, considerably over 1000° C., was 
required to produce a measurable current. From three 
different samples it was only once possible to obtain more 
than one pair of curves before the current, even at the 
highest temperature, had diminished below the limit of 
observation. The following results obtained from this salt 
are similav to those obtained from the sulphate and chloride. 

Rarium Fluoride. 

Vv H d, | 22 e/m. | (e mM) Bat 

Tas mc ee a a ea f <., 400 Wore WPS ol. 178 58. |) a 
399 Die a ek eO) 7s s178 56 | 
401 ZOU 285) Ol > | | Oa | 
40) 2915 | 1285 | 191 70 || | 

| | 

Mean=64 
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Barium Phosphate. 

This salt of barium proved more refractory than any one 
of the others tested. ‘The curves were never smooth and 
were always subject to rapid time variations. The samples 
employed were prepared trom the same supply of barium 
chloride used in preparing the other salts, and Kahlbaum’s 
ammonium phosphate. Satisfactory curves were obtained 
but twice, and the values of e/m from these were quite 
different from the values obtained from the other barium 
salts. The data follow :— 

Barium Phosphate. 

| | | 
Vv. A, d. Qr. | elim. | (¢/m)p, 4 «| 

Katee ee eats eels oe ie We ikl USS Ra | OIA TAA AR 

283 2915 ea Same) SeGe yy a9 

282 2915 1-375 413 938 | 

Mean = 253 

These very anomalous values might be disconcerting were 
it not for the fact that anomalous values of about this 
magnitude are to be found among the results for the salts 
of all the alkaline earths. Taken together they point to some 
common impurity. Similar values were found by Richardson 
in his investigation of the salts of the alkali metals, and were 
attributed by him to the presence of potassium as an impurity. 
Potassium salts give rise to very large thermionic currents 
and alkali metals are among the commonest of impurities. 
The values obtained for e/m in this case agree with that for 
potassium, which is 249. It is assumed, therefore, until 
some better explanation presents itself that these and similar 
results are due to potassium or its salts. 

Another difference between these experiments and those 
on the other barium salts is that measurable thermionic 
eurrents were obtained at lower temperatures. Currents 
were measurable at 500° or 600° C., while in all other cases 

temperature of more than 10008 C. was required. This 
emission at comparatively low temperatures was found to be 
characteristic of observations leading to these anomalous 
results. In some cases it has been possible by continued 
heating to rid the salt of these impurities and to finally 
obtain a value of e/m characteristic of the salt. In the case 
of barium phosphate, however, the difficulty due to time 
variations seemed worse at higher temperatures, and further 
experiment was abandoned. 

- 

K bo 
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STRONTIUM. 

The salts of strontium that have been tested are the same 
as were tested in the case of barium, and, as in the case of 
those salts, the values of e/m are found to approximate to 
one-half the value of e/m for the metallic ions, as computed 
from chemical data. Values of e/m corresponding to 
potassium are more common among the results for strontium 
than among those for barium. 

Strontium Sulphate. 

This salt was prepared from H. Trommsdorff’s strontium 
chloride and Kahlbaum’s ammonium sulphate. All usual 
precautions were taken in the preparation of this and other 
salts to avoid alkaline impurities. The experiment was 
carried out as in the case of barium sulphate. A steady 
emission was obtained at a temperature as low as 550° C. 
The data for observations made at this temperature are given 
on the top line below :— 

Strontium Sulphate. 

V. H.| @ | 22, | om | (e/m)as AICO A 
| | 3 ae 

| 
| 

f 
oa eae 

Pty ieee | \jd-s05. |) 0425 |. 230) ||), 222 249 
1 

975 | 2915 | 1:305 | 

| 0-4 
| 

277 2915 1305 | 0-286 | 104 

| 0:2 
| | 

This value of e/m is taken to indicate an emission of 
potassium. It may be argued, of course, that 230 agrees 
more nearly with the electrolytic value of e/m for strontium 
than that for potassium, and that the ions are atoms of 
strontium carrying a double charge. That such is the true 
explanation is rendered improbable by the fact that this would 
make strontium an exception to an otherwise general rule. 
The view that the emission was potassium is also strengthened 
by the fact that the temperature of emission was but 550° C. 
or thereabouts. 

The data given on lines two and three were obtained after 
this same supply of strontium had been subjected to twenty- 
one hours of continuous heating, during which the temper- 
ature had been gradually increased from about 550° C. to 
1000° C. These values of e/m agree well with the relation 
suggested by the results on the salts of barium. 
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Strontium Chloride. 

The samples of this salt were from a supply furnished by 
Eimer and Amend. Six values of e/m were obtained from 
one sample during a period of forty hours’ heating at tem- 
peratures between 1000° C. and 1200° C. 

The tabulated results follow :-— 

Strontium Chloride. 

Ve Jal, d. an e/m. (6/7) gua 

298 2915 1-285 2571 96 3 aa 
298 2915 1:285 254 93 
284 2915 1:285 257 92 
325 2915 1285 "241 92 
324 2915 1:285 241 92 

| 279 2915 1:285 273 99 

Strontium Fluoride. 

Samples of this salt were prepared from Kahlbaum’s 
strontium carbonate, Baker’s analysed hydrochloric acid, and 
Baker’s analysed hydrofluoric acid. 7 

The results seem in no way exceptional. A measurable 
current was obtained at about 500° C. or 600° C. The data 
for this emission appear on the first line below, and are taken 
to indicate potassium. The data given on the second line 
were obtained after two hours’ heating and at a slightly 
higher temperature. 

Strontium Fluoride. 

Vv H. d | 2s | e/m. | (6/7) ong | (¢/i) re | 

| 407 2915 | 134 | 859 | 215 Qo oN) ONT | 
|= 407 Boho NT 1 34)5/) 362) 220) | | | 
Rea g on Masco mis 13h ii) 263 nl STG io | 
OTe us i eo 184 ‘248 | OS 4 | 

After an additional heating of nine hours at about 700°C. 
the thermionic current was practically zero, but was re- 
established by increasing the temperature to about LOQO° C, 
Two pairs of curves taken at this temperature furnished the 
results given on the third and fourth lines. The value of 
e/m for the ions at this temperature, it will be seen, agree 
well with one-half the electrolytic value for strontium, 
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Strontium Phosphate. 

The emission from strontium phosphate was found to be 
similar to that from the corresponding salt of barium. The 
specimen examined was prepared from strontium nitrate 
of ‘“‘tested purity ”* supplied by Eimer and Amend, and 
Kahlbaum’s ammonium phosphate. The ammonium phos- 
phate was the sameas that used in the preparation of barium 
phosphate ; it seems probable that this was the source of the 
impurity. The following data were obtained :— 

Strontium Phosphate. 

VE Hf: d. ae €/im. (¢/m) (e Me 

207 2915 1°32 933 287 a2 249 
207 2915 1-32 540 284 | 
401 2915 1°32 “381 281 
400 2960 1-32 "381 276 
400 5 1°32 “381 281 

After making these determinations, what remained of the 
phosphate was removed from the strip with nitric acid and 
distilled water. Before using the strip for any other salt 
the apparatus was sspscer ns d and the cleaned strip sub- 
jected to a preliminary heating to reduce its own emission 
ugain to zero. As was usually found in such cases, a 
measurable though short-lived current was easily obtained. 
A determination = e/m at the lowest temperature giving a 
measurable emission yielded 264, which was taken to ime 
potassium. After this initial emission had disappeared the 
temperature of the strip was increased and additional deter- 
minations made with the following results :-— 

/Sr t 

394 2915 1°32 244 108 222 

418 2915 1°32 260 131 

418 2915 1-32 267 138 

Though great reliance may not be put upon these results, 
their agreement with half the electr olytic value for strontium 
suggests that the emission may have been due to strontium 
phosphate or to strontium nitrate which remained on the 
strip after the cleaning. 
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CALCIUM 

The salts of calcium which have been tested are the 
sulphate, the chloride, and the phosphate. The difficulty 
with calcium is that half the electrolytic value of e/m lies so 
near the value of e/m for potassium that it is not possible by 
the method of this experiment to distinguish between them. 
It is of interest, however, that out of thirteen determinations 
all but one may be explained on either hypothesis. This 
fact is also of importance as it shows what could not be 
shown in the case of strontium, that none of the ions are 
atoms of the metal carrying double charges as in electrolysis. 
The one exception corresponds very nearly to sodium and 
may very likety be due to that element as an impurity. 

Calcium Sulphate. 

Calcium sulphate was prepared from Baker’s analysed 
calcium chloride and Kahlbaum’s ammonium sulphate. 

Momentary currents were noted for temperatures between 
500° C. and 1000° C., but no steady emission was obtained 
below the latter. Very good curves were obtained, however, 
at and above this temperature. The corresponding data 
appear in the first three lines below. 

Calcium Sulphate. 

| | 

UNE. lel d. | Die | Gl, (De (Cho 

PaO el 2015) |) 129) |) 343) \og08 | CaBT edo 
407 9915 | 1-29 349 236 || | 
| 432 | D5 | 1-29 BO) 920 || 
| 150 | 4600 | 0-50 "105 258 || 
| MOP 4G00| Or50) W-095)) |) Dia | 

50) 4600) | 050) |) 105), 258 | | 
| | 

ia = = = ~~ ac 

The data and results occurring in the remainder of the 
Table are from previous experiments with the apparatus 
used by Richardson. In these experiments the same high 
temperature was required to obtain a measurable emission as 
in those already mentioned. The observed values of e/m 
point to either potassium or calcium carrying single char ges, 
while the temperature of emission argues more ‘strongly in 
favour of the latter. 

Calcium Chloride. 

Although a great number of experiments have been made 
to obtain ahs from this salt, satisfactory curves have been 
obtained in but two cases. The samples under investigation 



136 Mr. Clinton J. Davisson on the Positive - 

were from a supply of Baker’s analysed calcium chloride. 

Various methods of coating the chloride on to the strip were 

tried, but without apparent effect upon the irregularity of 

the emission. In the successful experiments mentioned the 

values of e/m were found to be 380 and 276. Although 

these approximate to the electrolytic value for calcium and 

one-half that value respectively, it seems more probable that 

they are due to emissions of sodium and potassium; the 

approximations are better, and the temperatures at which the 

curves were obtained were much below 1000° C. The data 
occur on the first two lines in the following table :-— 

Calcium Chloride. 

| 
| | / Ne Pms/) / | 9 / [. ao bE ieee EL d. 2. | e/m. | (e/m)a,. | (6; Ma 5 | (e/m)x 4 | 

148 | 4600 | 0-48 | -161 | 380 | 487 249 422 
148 | 4600 | 0-48 | 136 | 276 | 

| 4600 | 0-49 | “140 | 264 | | Fa 

~The data on the bottom line are for a mixture of calcium 
chloride and calcium sulphate. The temperature in this case 
was high and the emission may have been calcium. 

Calcium Phosphate. 

This salt was prepared from Baker & Co’s. analysed calcium 
chloride and Kahlbaum’s ammonium phosphate. The observed 
values of e/m approximate to one-half the electrolytic value 
for calcium, but judging from the cases of barium phosphate 
and strontium phosphate prepared from the same supply of 
ammonium phosphate, it seems probable that the emission 
was really due to potassium. The results follow :— 

Calcium Phosphate. 

| | 

V. EEE) thie | ee | e/m. | (e/M)on44! (e/myy | | 

= a ee fon | =e |. 

206 | 205 | 182. | 555 |) 271 yl 487 | 249 | 
402° | 2915 | 1-32 SSb 4 240" "| | pee. 
401 =| 2916-| 1:32 | -359 220 | 
400 | 2915 | 1:32 | 375 | «240 | | , 

i | a 
MAGNESIUM. 

The salts of magnesium tested have been the chloride, the 
fluoride, and the phosphate. It seems probable from the 
variation of the values of e/m with the temperature that a 
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true emission of magnesium atoms carrying single charges 

was obtained from hath the chloride and the phosphate. 

Magnesium Chloride. 

The samples of this salt tested were from a supply of 
Kahlbaum’s magnesium chloride “zur Analyse.” Measurable 
currents were obtained at comparatively low temperatures. 
The curves were erratic at these temperatures but improved 

at the higher ones. The data and results follow :— 

Magnesium Chloride. 
ie a | 

jb ae Jal, d. Uap e/m. || (el) oy (e/m) 

408 2915 1-805 343 218 800 249 
408 2400 1-305 302 247 
407 2400 1305 "317 320 
407 2400 1°305 397 428 
407 2400 1-305 397 428 

| 

The first values are probably due to potassium. The final 
ones, which are for a temperature of about 1106° C., are 
taken 1o indicate magnesium atoms carrying single charges. 

Magnesium Phosphate. 

The curves for magnesium phosphate were beiter, on the 
whole, than for any of the phosphates already mentioned. 
During twenty-four hours’ heating the values of e/m fluctuated 
between the value for potassium and that for magnesium. 
The value obtained at the highest temperature corresponded 
most nearly to the value for magnesium. In the following 
Table the data and results occur in order of increasing 
temperature. The final value is tor a temperature of from 
OO OE to 1200° C: 

M: agnesium Phosphate. 

Who Te ln es ae e/m. || (e/™) nr ro | (efi) «| 
| fe: Mean ee Pit Breil Be 

400 2400 | 1285 ‘SL 279 800 fe 2aOrs | 
395 2400 1:285 "321 291 | 
395 2400 | 1-285 "359 365 | 
395 2400 1:285 "343 333 | 
395 2400 1285 35D 358 || 
399 2400 1-285 305 =| 398 || 
399 2400 1-285 387 423 

Magnesium Fluoride. 

The curves for this salt were always irregular and variable, 
but one pair of reliable curves was obt: ined, and that gave a 
value of e/m corresponding to potassium. 
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Magnesium Fluoride. 

| aay | | 
= | o a | Vs El d. | 2es |) vefme. | (/) rpg | (e/m) 4 | 

St aes Pee Se i—— -— 8S a 

4()2 2400 | .1:23 | 286 258 800 | 248 

COLLECTED RESULTS. 

In fig. 4 the results of all these experiments are gathered 
togetuer and exhibited graphically. The scale at the bottom 

Fig. 4, 
= es 

Dy 20/2 es ae t00 390. , ——_ 4 

Ba. i eR KS Na. Cal 
& + nes ee a 

Ba SR. Ca 
lL. lt (Di) ns Si eG cress 

MCI te ae eee rene 

PSTRON TUM 2) eee 

BCALCIUMI Gs SO ea eee 

re (UN eal 
one htt iL —<—_- 
Ee 

of the figure represents values of 2a, while that at the tep 
gives the corresponding values of e/m subject to the conditions 
that V=350 volts, that H= 2900 gausses, and that d = 1:3 em., 
which are taken to be approximately the mean values of 
these quantities. Im tne space labelled “ 4-+” the heavy 
vertical marks designated “ Ba,’ “Sr,” &. are placed 
beneath the values of e/m for these elements as calculated 
from chemical data. The corresponding readings on the 
lower scale therefore indicate the distances by which the 
peaks of the experimental curves would be separated pro- 
vided the emission were that of the ions in electrolysis, and 
provided V, H, and d had the values already-mentioned. 
In the next space the values of 2 in like manner correspond 
to atoms of “ Bu,” “Sr,” &c., carrying single charges. In 
the space labelled “ Barium” the vertical marks correspond 
to the experimental values of ¢/mfrom all the salts of barium 
examined. ‘The results for the other salts are exhibited in 
the remaining spaces. The length of the heavy black mark 
in the lower left-hand corner of the figure represents the 
width of the sht on the scale of 22. 

Exhibited in this manner the results of these experiments 
point strongly to the conclusion that the truly characteristic 
positive thermions from salts of alkaline earths are single 
atoms of these elements minus single electronic charges. 

LO 
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My very best: thanks are due to Prof. O. W. Richardson 
for suggesting this investigation and for advice throughout 
the lide of ab I also wish to. thank Mr. C. Bol for care 
exercised in constructing the glass parts of the apparatus, 
and Mr. KE. Keil and be W. Duryea for their careful 
construction of tke metal parts. 

APPENDIX. - 

Since the completion of the experiments described above 
a series of determinations bas been made of the specific 
charge of the positive thermions from zine sulphate. Of 
several salts of zine tested the sulphate alone gave reliable 
euryes. The results of the measurements on this salt appear 
to confirm the rule which has been found so far to be general, 
that the positive thermions are single atoms of the metal of 
the salt minus single electronic charges. The data follow:— 

Zine Sulphate. 

eee ELT od, 2a | e/m. || (e/ LOAN (44) lm) anc¢) 
2 | | 

ese Bs ree Say | Eno uk Dy pe Sie eel ee y 

202 2915 1295 368 Le) | 2 148 
|) 282 2915 1295 "368 179 
282 2915 1-295 “379 186 
Neate PN) 1-295 263 LUD) Ze stil | | 

AI. The Idle Played by Gases in the Emission of Positive 
Thermions from Salts. By Cuixnron J. Davisson, B.S., 
Fellow in Physics, Princeton University, Princeton, N.J., 
Ce Sac 

| the preceding paper the author has adduced experimental 
results which show that the positive thermions from salts 

of the alkaline earths in air at pressures under 107* mm. of 
mercury are—excepting those that apparently arise from im- 
purities—single atoms of the metals of such salts minus single 
electronic charges. ‘This result, it has been pointed out, is in 
accord with that obtained by Rilclanind som: in similar experiments 
upon the positive thermions from salts of the alkali metals. 
Although, from the nature of the experimental method and 
from the results, there can be little doubt as to the validity 
ot the main conclusions arrived at in these investigations, it 
may not be said that they dispose of all other hypotheses 
which have been entertained up to the present time regarding 
the nature of this class of ions. It may not be said, for 

* Communicated by Prof. O. W. Richardson. 
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gainst example, that these results contain any direct evidence ag 
the hypothesis that, in some cases, all or a part of the ther- 
mionic current is carried by carbon monoxide. Horton * 
found that in the cas of a sample of aluminium phosphate 
which he investigated, the electrical emission was accom- 
panied by an emission of carbon monoxide, from which he 
has inferred that the carbon monoxide was carrying the 
current. Neither is it legitimate from these results, which 
are for very low gas pressures, to conclude that no part of 

the current is carried by atoms or molecules of the gas in 
contact with the salt. Garrett t and also Horton t found 
that at constant temperature the electrical emission depends 
in a very marked way upon the pressure and nature of this 
gas. Garrett concluded from the nature of this dependence 
that heated salts emit neutral doublets which are split apart 
by collision with gas molecules. Horton (I. ¢c.) has raised 
what appear to be valid objections to this hypothesis and has 
concluded that the gas atoms or molecules take an active 
part in the transfer of charge. 

The present paper includes an account of various experi- 
ments which have been carried out for the purpose of testing 
these special hypotheses by determinations of the specific 
charge of the thermions from salts under conditions similar to 
those obtaining in the experiments of Garrett and of Horton. 

The method by which these determinations have been 
made is identical with that described in the paper above on 
‘* Positive Thermions from Salts of Alkaline Earths.’ 

The relation between the electrical and gas emissions was 
taken up in connexion with the experiments on strontium 
chloride described in the paper mentioned above. It was 
noticed during these experiments that the gas pressure in the 
apparatus was higher when the strip was heated than when 
it was not. In a case investigated the pressure in the 
apparatus when the strip was not heated was 7:6 x 10~-* mm. 
by the McLeod gauge. With the strip at a temperature of 
approximately 1000° C. the pressure increased and became 
uniform at 99x 10-° mm. The Gaede pump in connexion 
with the apparatus was running continuously. 

In order to determine, if possible, the nature of this gas 
the pumping was discontinued while the strip was being 
heated and the evolved gas allowed to accumulate. After 
ten or fifteen minutes the part of the gas in the bulb of the 
McLeod gauge was compressed into the capillary and 

* Proc. Roy. Soc. A. vol. Ixxxiv. no. 572, Dec. 1910. 
a Pal Mac-Oct, 1910. = = - : 
{ Camb. Phil. Soc. Proc. vol. xvi. part i. Feb. 1911. — 
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examined spectroscopically. An electrodeless discharge was 
established through the gas between strips of lead foil which 
encircled the capillary at points four or five centimetres 
apart. An induction-coil was employed in exciting the 
discharge, and the wave-lengths of the emitted light were 
determined by means of a Hilger direct-reading spectrometer. 
The lines observed appear in the left-hand column of the 
following table :— 

| 
Lines Pini : Lines . ie ; 

observed. | Hg*. | OO | observed. Hg. CO f. 

PGi | 519 ane 4 
606 607 || 495 | 
579 578 | | 482 483 
568 568 450 450) 
560 559560 435 436 | 
Sige | 545) | | 

| | 

* Watts. t Hagenbach & Konen. 

‘Comparing these wave-lengths with those given in the 
second and third columns it is evident that at least a part of 
the evolved gas was carbon monoxide, as in Horton’s experi- 
ments, or carbon dioxide, since this gas splits up ina discharge- 
tube and gives the carbon monoxide spectrum. 

The apparatus was not, in the present case, free from 
grease and other possible sources of organic matter, and it 
was, therefore, necessary in order to determine if the carbon 
monoxide came actually from the salt to carry out a blank 
experiment. For this purpose the strontium chloride was 
removed from the strip by means of distilled water and the 
experiment repeated. The evolution of gas was at first as 
large as before. After a short time, however, the difference 
in pressure when the strip was heated and when it was not 
began to decrease, and finally became immeasurably small. 

Before running this blank experiment, and while the 
strontium chloride was apparently evolving considerable 
quantities of carbon monoxide, several determinations were 
made of the specific charge of the ions. The observed values, 
although somewhat low, are taken to indicate an emission of 
strontium atoms minus single electronic charges. Five 
determinations gave the values 96, 93, 91,92, and 92. One- 
half the electrolytic value of e/m for strontium is 111, while 
the values of e/m for carbon monoxide and carbon dioxide 
molecules carrying single positive charges are 348 and 245 
respectively. It seems evident, therefore, that although the 
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electrical emission was, inall these cases, accompanied by the 
emission of carbon monoxide or carbon dioxide, the gas 
molecules did not carry the current. 

One other point was tested before running the blank 
experiment mentioned above. It was thought desirable to 
determine if any quantitative relation existed between the 
electrical and gas emissions. The results of two experiments 
with this end in view are tabulated below. In Table I. the 
temperature of the strip was adjusted to about 1000° C. at 
three o’clock. The subsequent observations show that al- 
though the gas pressure had reached an equilibrium in fifteen 
minutes the electrical emission was still increasing at the end 
of forty minutes. 

TABLE I: 

Thermionic = Kquilibrium 
Time. Current in Pressure in 

Aimperes. | min. of Hg. 

5007) | 0 | 5x10°° 

Si eeNes i oclOn tt) | anole 

3 29 120>c10n 2) neo lore 

Bae) une e200), ALO mam eel 20) all mi 

3.40 |) 480x107 | Ws0scIo 7 

The experiment was necessarily discontinued at this point. 
The heating current was reduced to zero, but the pumping 
continued. ive hours later the temperature of the strip was 
again adjusted to about 1000° C. and observations continued 
over a period of twenty-four hours. These observations, 
which appear m Table I1., are strongly in support of the view 
that the two emissions are entirely independent. Similar 
results were obtamed by Richardson * in an investigation of 
the relation between gas emission and the emission of positive 
thermions from platinum. <A determination of e/m made 
after 10 00 a.m. (see Table II.) gave the value 100, which 
compares favourably with one-half the electrolytic value for 
strontium, 111. 

Experiments similar to these have also been made upon a 
sample of strontium sulphate with essentially the same 
results. A slight increase in the gas pressure was noted 
when the strip was heated to about 600°C. A determination 
of e/m at this temperature indicated potassium, the value 

* Conagrés de Radiologie, Comptes Rendus, Brussels, 1905. 
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TABLE II. 

Thermionic | Equilibrium 
Time. | Current m Pressure in 

Amperes. min, of Hyg. 

8 33 p.m 0 a cba Hunt 
Susana 0 i Belo y | 

Reet 0 6S 10m 
| Bul Ole Aah 0 91x 107° 
We Shai ime pclOe: 99x 107° 
eh oa mona e 99x 1075 
Ota) aslo 114x 1073 

9 ayo Pe ease 
Pe a Sea Ie? 

| [eating and pumping continued overnight. 

19, 00 Kam) 48xcl0m? 91x107° 
On OOM el 43510 99x 107° 
| 2 30ru.| 38x10722 761079 

8 00 =5x10—-!? 84x 107 a 
being 230. At something over 1000° C. the equilibrium 
pressure was a little higher than any noted in the experiment 
on strontium chloride. A spectroscopic examination of the 
gas indicated mercury vapour and carbon monoxide asin the 
former case. Determination of e/m at this temperature gave 
104 and 105 which are in agreement with 111, one- -half the 
electrolytic value for strontium. 

Taken together these results constitute a strong argu- 
ment against the hypothesis that any part of the positive 
thermionic current from a heated salt is carried by carbon 
monoxide. 

Another series of experiments has been made to determine 
the réle played by the gas in contact with a surface of heated 
salt. In particular to determine if the increase in thermionic 
current at constant temperature which Garrett (I. ¢. ) and 
Horton (l. ¢.) have shown to be brought abont by an inerease 
of gas pressure up to one or two millimetres is, in fact, due 
to an absorption of atoms or molecules of the gas and their 
re-emission in a charged condition. 

For this purpose it was proposed to study the behaviour 
of the curves for some salt as the gas pressure in the 
apparatus was gradually increased. It was desirable, of 
course, to choose a salt which should give a large steady 
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emission at not too high a temperature, and one for which 
the curves should be, at the same time, as free as possible 
from time variations. These requirements were found to be 
met most satisfactorily by a sample of aluminium phosphate. 
The only unfortunate thing about this particular sample was 
that the large emission seemed not to be characteristic of the 
salt itself, but to arise from sodium which was present as an 
impurity. Only after the salt had been heated for hours 
together did the value of e/m indicate an emission of alu- 
minium ions, and then only at temperatures in the neigh- 
bourhood of 1200° C. 

That the larze emission was, in fact, due to sodium was 
made more certain by an examination of the flame spectrum 
of aluminium phosphate from the same supply. A Gouv 
sprayer was partly filled with distilled water, and the spray 
from this forced into a Bunsen flame in the usual way. The 
spectroscope under these circumstances revealed only an 
occasional faint flash of sodium. On adding a small quantity 
of the aluminium phosphate to the distilled water the D lines 
immediately shone forth. 

The first measurable emission from this aluminium phos- 
phate occurred at about 550° C. The curves were very good 
and gave with the other data 254 as the value of e/m. This 
was taken to indicate potassium, 249. The salt was then 
heated continuously at this temperature for twenty-one hours. 
After this heating curves were taken at 600° C. which seemed 
to indicate sodium, the value of e/m being 439, compared 
with sodium 421. That the potassium value did not persist 
in this case, as in the case of the other phosphates tested, does 
not seem unreasonable. The aluminium phosphate was from 
a supply furnished by Kahlbaum, while the others were 
prepared in the laboratory from a common supply of am- 
monium phosphate. Further determinations of e/m during 
the next forty hours indicated that the emission was homo- 
geneous, beautifully regular, and altogether suitable for the 
propo-ed tests. 

The gases which have been tested are air, hydrogen, and 
carbon dioxide. In each case the apparatus was first 
thoroughly washed out with the gas to be investigated and 
the pressure then reduced to the lowest attainable. The 
gases were in all cases carefully dried. A pair of curves was 
taken at this low pressure. A small quantity of dried gas 
was admitted to the apparatus. The pressure was recorded 
and curves again taken. This was repeated until further 
measurements were impossible. 

The results for these experiments for air are graphically 
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exhibited by the curves, fig. lL. It will be seen that the first 

effect of increasing the pressure is a slight scattering of the 

ions by collision which results ina lowering and broadening 

of the curves. As the pressure is further increased this 

lowering and broadening becomes more marked. Before the 

curves are completely flattened out the gas also begins 

exerting an appreciable effect upon the value of 22, the 

distance between the peaks. The gas interferes with the 

Phil. Mag. S. 6. Vol. 23. No. 133. Jan. 1912. L 
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magnetic deflexion of the ions and the maxima draw nearer 
together. This, of course, causes an apparent decrease in the 
value of e/m. 

The eftects produced by hydrogen and carbon dioxide were 
found to be similar to those produced by air, except that, as 
was to be expected on account of the diftterences in molecular 
weights, hydrogen produced a smaller effect, at a given 
pressure, than air, while carbon dioxide produced a greater. 
This relation is clearly exhibited by the curves, fig. 2, which 

Bien2. 

coordinate apparent values of e/m and pressures for the 
different gases investigated. ‘The curves near the top of the 
figure are for the emission from the sample of aluminium 
phosphate. The scale of pressures is in millimetres, as 
indicated, except in the case of the dotted curve marked 
“HH,” for which the scale of pressures is in centimetres. 
The single curve near the bottom of the figure is for a sample 
of calcium sulphate which was used in a preliminary 
experiment. It is interesting to note that in this case the 
apparent decrease in the value of e/m is less for a given air 
pressure than in the case of the sodium emission from alu- 
minium phosphate. This, of course, is what one would 
expect on account of the difference in mass of the ions. 
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It is known from the experiments of Garrett and of Horton 
that the highest pressures in the present experiments cause 
marked increases in the thermionic emission. In no case, 

however, does the value of e/m suggest that gas molecules are 

participating in the transfer of charge. If secondary maxima 

due to oxygen, nitrogen, carbon monoxide, or carbon dioxide 

existed they would have appeared in these curves. To settle 
this point for the case of hydrogen curves were taken in this 

eas at a pressure of about one millimetre and with a reduced 
magnetic field. The arrows (fig. 3) indicate the positions at 

Fig. 3. 

— (0.0800, 
3 

which maxima due to atomic and molecular hydrogen would 
appear on these curves if any appreciable part of the current 
were carried by such atoms or molecules. 

Conclusions. 

1. The carbon monoxide or carbon dioxide which is some- 
times emitted by samples of salts when heated is uncharged. 

2. The increase of thermionic emission from a salt which is 
caused by the presence of a gas in contact with its surface is 
not due to an emission of gas atoms or molecules which have 
been absorbed by the salt and are emitted in a charged 
condition. 

My sincere thanks are due to Prof. O. W. Richardson for 

much valuable advice throughout these investigations. 

L 2 
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XII. Hffect of Electricity on Streams of Water Drops. By 
H. F. Burton, B.A., Associate Professor of Physics, Uni- 
versity of Toronto, and W. B. WiEGaND *. 

[Plate VI. ] 

ID ECENT developments in Physics and Physiology have 
accentuated the importance of the part played by 

surface-tension in natural phenomena, and consequently 
led to examination of the causes which appear to affect 
materially the value of the surface-tension between two 
given media. In particular, the study of colloidal solutions 
has brought into prominence the inter-relation of surface- 
tension and electrification. 

The purpose of the experiments outlined in the following 
paper was to examine the nature and causes of the well- 
known effect of bringing a charged body into the neighbour- 
hood of the spray of water issuing in a nearly vertical line 
from a small nozzle. If a stream of water be directed 
vertically to a distance of even several feet and then allowed 
to fall on a sheet of metal, one recognizes the sound of the 
falling water as that of small falling drops ; however, if 
a charged body such as an ebonite paddle be brought gra- 
dually near to the stream just at the point where it begins to 
break into drops after issuing from the nozzle, the sound of 
the falling water is unmistakably that due to much larger 
drops than before. As has been already pointed out by 
Lord Rayleigh f, the falling water in the second case if 
caught in an insulated dish will be found to be charged, a 
phenomenon analogous to the Kelvin water-dropper. 

From time to time Rayleigh { has reported the results of 
many beautiful experiments on this and the allied phenomena 
of water-jets. Photographs (PI. VI. figs. 1 & 2), taken instan- 
taneously by the writers, represent well what happens in the 
stream when the charged body is approached ; they are quite 
similar to the photographs published some years ago by 
Rayleigh. The stream was directed in a nearly vertical line 
from a nozzle of glass, the opening of which was a circle of 
a few millimetres diameter. Attention may be directed te 
the following characteristics of these streams, which have 
been illustrated time and again in photographs taken during 
the progress of these experiments :— 

* Communicated by Prof. J. C. McLennan. 
t+ Sc. Papers, i. p. 872, § 59. 
t Sc. Papers, vols. i. to iv. 
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(1) No perceptible difference in the appearance of the 
streams as they break into drops is betrayed. 

(2) In each stream there is very apparent non-unifermity 
in the size of the drops in the stream ; this is perhaps to be 
expected on account of the disturbing influences due to the 
velocity of the stream and the random vibrations in the air 
at the point of breaking into drops. 

(3) One striking difference between the jets—a difference 
much more accentuated in photographs which follow—is the 
alignment of the drops of the charged stream as they proceed 
to the summit, and the scattering of the uncharged drops. 
This is of course in apparent contradiction to the repulsive 
action one might expect from the fact that the drops in the 
charged streain are all char ged with electricity of the same sign. 

(4) Asa consequence of the phenomenon in (3) the charged 
drops coalesce at the top of the stream into large non-uniformly 
sized drops ; the coalescence takes place at the portion of 
the stream where the velocities have become small and 
consequently when, as Rayleigh points out, the water in the 
stream collects into smaller total volume on account of the 
continuity of the flow. 

Photographs such as those above reveal, however, only 
half truths ; they represent the effect in the charged streams 
under only feeble electrifications. When the stream was 
influenced by charges at the potentials as high as those given 
by electrical machines or induction-coils, "Rayleigh found 
that the stream indicated strong repulsion between the 
drops. 

Rayleigh ascribes the whole action in both streams to 
collisions. In the uncharged stream the drops rebound 
after collision, and we have the consequent scattering ; while 
in the charged stream the electrification in some way leads 
to coalescence. His words are as follows *:— 

‘As the liquid masses approach one another the inter- 
vening air has to be squeezed out. In the earlier stages 
of approximation the obstacle thus arising may not “be 
important ; but when the thickness of the “layer of air is 
reduced to the point at which the colours of thin plates are 
visible, the approximation must be sensibly resisted by the 
viscosity of the air which still remains to be got rid of. 
No change in the capillary conditions can arise until the 
interval is reduced to a small fraction of a wave-length 
light. But such a reduction, unless extremely local, 
strongly opposed by the remaining air. It is of course nee 
that that this opposition is temporary. The question is 

* Sc. Papers, iv. p. 415, § 251. 
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whether the air can be anywhere squeezed out during the 
short time over which the collision extends. 

“Tt would seem that the electrical forces act with peculiar 
advantage. If we suppose that upon the whole the air 
cannot be removed, so that the mean distance between the 
opposed surfaces remains constant, the electric attractions 
tend to produce an instability whereby the smaller intervals 
are diminished while the larger are increased. Hxtremely 
local contacts of the liquids, while opposed by capillary 
tension which tends to keep the surfaces flat, are thus 
favoured by the electrical forces, which moreover at the 
small distances in question act with exaggerated power.” 

From our study of the phenomena of such streams we are 
convinced that this explanation is at most merely a first 
approximation to the whole action. The part that surface 
tension can play is limited in the way noted above by 
Rayleigh. The identical appearance of the charged and 
uncharged streams, just after breaking into drops, shows 
that surface-tension is not altered in a way which would 
give rise to larger drops at breaking. It has been pointed 
out by Merritt and Barnett * that the apparent diminution of 
the surface-tension when, for example, soap-bubbles, globules 
of mercury, &c., are electrified, is probably due to the fact 
that the surfaces employed are convex, and that “in the 
case of a concave charged surface a consideration of the 
electrostatic forces would lead us to expect an apparent 
increase in the strength of the surface film.” If the electro- 
static forces be allowed for in these cases, these writers find 
no perceptible direct variation in the surface-tension of a 
charged water or mercury surface. Such a problem as we 
are discussing here is of course independent of the phenomena 
involved in the capillary electrometer (see Barnett). Even 
treating the effect of the electrostatic forces as a diminution 
in the surface-tension, the experiments of Nichols and Clarkt{ 
show that for the low voltages employed in these drop experi- 
ments such diminution would be itself imperceptible. The 
effect must depend then directly on the electrostatic attrac- 
tions and repulsions between the drops themselves. 

Purpose of the Experiments. 

The purpose of the following experiments was (1) to 
examine a given stream under influence of charges induced 

* Phys. Rev. x. 1900, p. 65. 
+ Phys. Rev. vi. 1898, p. 257. 
{ Phys. Rev. iv. 1897, p. 375. 
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by known voltages, which were gradually increased so as 
to have at will either the phenomenon of coalescence or 
scattering referred to by Rayleigh ; (2) to photograph the 
streams instantaneously so as to obtain the relation between 
the sizes of the drops in the charged and uncharged streams; 
(3) to find the reason for the coalescence of the charged 
drops for small electrifications. 

Apparatus. 

For the remaining photographs the streams were shot 
under constant pressure in directions nearly vertical from a 
nozzle of glass, the circular opening of which was -018 cm. 
Under the pressure used the fine stream rose to a height of 
about 15 cm. It was found that the scattermg at high 
voltages took place in larger streams, such as used in figs. 1 
and 2, only at the potential of some thousands of volts 
obtainable from an ordinary electrical machine. However, 
with the smaller stream the whole range of phenomena was 
available by using some 700 or 800 volts from a series of 
small storage-cells. The glass nozzle was supported in the 
axis of a short vertical cylinder of brass, 5 cm. in diameter 
and 3:2 cm. long; the stream broke into drops about the 
centre of the upper end of the cylinder. By charging the 
brass ring to any voltage a charge is induced on the drops 
as they break from the main earth-connected stream of 
water issuing from the nozzle. Other things being equal, 
the charge induced on the drops depends merely on the 
potential of the inductor, so that even with a piece of ebonite 
or glass rubbed very slightly the potential of these inductors, 
and consequently the charge induced on the drops, may be 
very large. 

A focal-plane shutter was used for instantaneous exposure 
rather than the spark from an induction-coil and leyden-jars, 
in order to have the stream absolutely free from all electrical 
influence except that of the charging ring. In addition to 
the necessity for very carefully screening off all electrical 
discharges, the electrical illumination does not ofter the 
same ease of manipulation. For observation with the eye 
the shadow of the stream cast by an are lantern was focussed 
by means of a good camera lens on a sheet, and the drops 
viewed by means of a stroboscopic disk. In this way many 
observations could be made with the eye and instantaneous 
photographs taken of typical cases. 
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Results. 

The photographs figs. 3 to 7 (Pl. VI.), taken with an 
exposure of one-fifth of a second, will give an idea of the 
general phenomena observed as the potential of the brass ring, 
visible in the photograph, was successively zero (figs. 3 & 4), 
+160 volts (fig. 5), +240 volts (fig. 6), and +720 volts 
(fig. 7). For low potentials up to about 20 volts the stream 
varied little from that of figs. 3 & 4, while as the voltage 
was increased the form shown in fig. 5 was reached at about 
+80 volts. The appearance was unchanged for increasing 
voltages up to 160, and then it changed gradually, took the 
form of fig. 6 at 240 volts; the spreading became more 
pronounced (fig. 7) as the voltages were further increased up 
to 700 or 800 volts and beyond. In case of each of figs. 4, 
5, and 6 the stream was directed very slightly out of the 
vertical ; for figs. 3 and 7 the stream was approximately 
vertical. In the cases of figs. 4 and 5 the descending spray 
was intercepted by an earth-connected metal plate, in order 
to give an uninterrupted view of the ascending stream. The 
details of pressure of water, size of nozzle, position of nozzle 
with respect to inductor-ring, &c., were constant for all 
these photographs. 

The following characteristics of the main stream in these 
eases should be remarked:—(1) The natural uncharged 
stream begins to scaiter almost as soon as the drops are 
formed ; on the original photographs the spraying of the 
stream can be noticed almost immediately above the then 
earth-connected brass ring; (2) with each of the charged 
streams there is undoubted alignment of the drops making 
up the stream. As later photographs will show, this 
cannot be attributed to coalescence of the small drops on 
collision, for instantaneous photographs show large and 
small drops absolutely aligned in the main stream. In 
fig. 5 the alignment is apparent to the very top of the 
stream ; in fig. 6 the scattering takes place about two thirds 
of the way to the top, while in fig. 7 much more violent 
scattering takes place much earlier in the course of the 
stream. ‘The scattering in the last two cases undoubtedly is 
due to the repulsion between the similarly charged drops, 
as it increases in effect with increasing voltages. The 
crucial point in the explanation of the phenomena is without 
doubt the study of the forces bringing about the alignment 
of the drops long before collisions come into play. 

The rest of the photographs presented may be divided into 
three groups, being instantaneous exposures at various parts 
of the streams shown in figs. 3 to 7. 



Electricity on Streams of Water Drops. 153 

(1) Figs. 8a, 36, 8¢, from the streams just above the 
nozzle in the cases when the inductor was charged to zero, 
+80 volts, and +720 volts. The velocity of the stream was 
unfortunately too great to give clear cut drops in these cases, 
but sufficient is shown to bear out the conclusion illustrated 
better in figs. Land 2, viz., that there is no apparent difference 
between the sizes of drops as they break from the uncharged 
and charged streams. The absolute alignment of the drops 
in the 80 volt case may be noted, while both of the other 
streams give indication of instability. 

(2) Figs. 9a, 96, and 9c show photographs of the 
streams higher up than the preceding. Fig. 9a shows the 
uncharged stream (of fig. 4) just as the scattering begins ; 
there are indications of the breaking up of the larger drops 
which may be due to collisions. Fig. 96 shows the com- 
plete stream for the inductor charged at +80 volts (similar 
to the case of fig. 5). Three characteristics may be noted : 
(L) Variation in the size of the drops in the stream ; 
(2) absolute alignment of the stream up to the top of its 
course ; and (3) no indication of coalescence or collision 
until the top of the stream is reached, that is, until succes- 
sive drops have completely gained on their neighbours 
preceding (the stream was directed slightly out of the 
vertical). When the inductor-tube was charged to 
+720 volts the arrangement of the dropsis shown in fig. 9¢, 
The exposure was made at the point where the stream (see 
fig. 7) Just begins to scatter. Up to the point where the 
scattering takes place we have the same appearance as that in 
96 in regard to variation in size of the drops and align- 
ment of the stream. 

(3) Figs. 10a and 106 are photographs of the very tops 
of the streams charged by the inductor at +240 volts and 
+720 volts respectively (see figs. 6 & 7). There is a greater 
proportion of small drops with the higher voltage than with 
the lower, from which we might conclude, keeping in mind 
the foregoing photographs, that there is a splitting up of the 
large drops at the higher voltage. Of course the higher the 
charge on the drops the greater the disintegrating force and, 
althongh the voltage of the drops is much below the limit 
set by Rayleigh* for instability, nevertheless with the motion 
which the particles have and the influence of the presence of 
other charged drops, it is conceivable that the larger drops 
may be split up under the influence of the electrostatic 
tensions over their surfaces. There also seems to be a 

* Phil, Mag. [5] xiv. p. 184. 
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greater uniformity in the size of the drops with 720 volts, 
which may be explained if splitting up took place. 

In each of these cases it is interesting to note that the 
larger drops are concentrated in the line of flow of the 
original stream, which would be up the centre of the 
photograph. 

Fig. 11 is the photograph of a centimetre scale (1, 2, 
3 cm.) taken with the same magnification as that employed 
in the photographs figs. 9 & 10, so that a rough idea of the 
size of the drops may be had. 

7 heoretical. 

In striving to arrive at a coherent explanation of the 
phenomena observable in these experiments we may summarize 
the facts which appear : 

1. The presence or absence of a charge on the inductor 
does not seem to affect perceptibly the size of the drops 
breaking away from the stream. 

2. There is by no means uniformity in the size of the 
drops, large and small ones occurring at random, whether 
the drops are charged or not. 

3. The uncharged stream almost immediately begins to 
scatter in all directions. 

4. No matter how large the charge on the inductor-ring, 
i. €., no matter how large the charges on the drops, there is 
in every case of the charged drops an absolute alignment of 
the drops for at least a part of their journey. For lower 
voltages (dependent probably on the size and velocity of the 
stream) there is complete alignment to the top of their 
course. 

5. For lower voltages on the inductor-tube there is 
coalescence of the drops in the region of slow velocities. 

6. For higher voltages the stream begins to scatter after 
a region of absolute alignment, and indications are given of 
the splitting up of larger drops into smaller in this region of 
scattering. 

We must conclude in the first place that the breaking into 
drops is primarily due to the property of the surface-tension 
of a liquid whereby a long cylinder of liquid is unstable ; 
that the resulting drops are not uniform in size is due, as we 
may gather from Rayleigh’s writings, to the irregularities 
induced by the rapid motion of the stream, to disturbances 
due to the breaking off of drops, and also to random 
vibrations in the air at the breaking point. Rayleigh 
ascribes the scattering of the uncharged stream to the 
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collisions between neighbouring drops. The case seems to be 
somewhat analogous to that of a waterfall which is partially 
broken up into drops as it falls, the direction of motion of the 
resulting drops being greatly influenced by the friction of 
the air and accidental vibrations or currents in the air. 
Vig. 1 gives evidence of collisions breaking large drops into 
small ones which will follow somewhat erratic courses. 
When collisions do occur in such a stream, the tendency to 
break the drops into smaller ones must be greater than any 
tendency towards coalescence, as capillary action will not 
come into play until the opposing surfaces are extremely 
close. 

However, when we turn to the cases of the streams of 
charged drops, we have to deal with the extremely complicated 
problem of the interaction of charged spheres at various 
distances from one another. In these cases we have three 
outstanding facts, (1) the alignment of the stream of charged 
drops, (2) ‘the coalescence of charged drops under certain 
circumstances, and (3) the scattering and possible splitting 
up of charged drops under other circumstances. 

One suggested explanation for the alignment of the 
charged drops was the force exerted by the charged ring 
itself on a drop not on the central axis of the cylindrical 
inductor. ‘The resultant value of the force of the ring on the 
drop will urge the drop to take a path along the axis 
However, when instead of the charged ring one uses a 
rubbed ebonite paddle the same phenomenon is noticeable, 
although the force towards an axis does not exist. Again, 
the stream taken from an insulated bottle was charged 
directly by joining it up with the pole of a battery and 
similar results followed. That is the alignment is undoubtedly 
a result of the charges possessed by the drops. 

Again, the alignment cannot be due to the coalescence of 
the drops on collision, as a comparison of figs. 4, 5, 9a, 94, 
and 9¢ will show. The smail and lar ge drops in the latter 
two cases are absolutely aligned before either coalescence or 
dissipation comes into question. 

There remains then the outstanding problem of the inter- 
action of two spheres charged with electricity of the same 
sion. Hlementary consideration of the electrostatic problem 
alle us at once that the action is not always repulsion except 

in the single case of equal and similar bodies being charged 
with equal and similar quantities of electricity. “In ev ery 
other case, although the charges mav be of the same sign, the 
question of whether we have attraction or repulsion depends 
on the ratio of the charges on the bodies, say spheres, the 
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ratio of their diameters, and the distance from centre to 
centre. A closer study of the values of the forves in various 
cases opens up a whole vista of possibilities for the play of 
either attractions or repulsions between the drops such as we 
are considering here (see Kelvin * and Rayleigh T). 

It is hardly possible to treat mathematically the case for 
more than two bodies ; even the problem of two equal spheres 
at a given distance from each other offers an exceedingly 
laborious solution. The formule for the force between two 
spheres of radii a and 6, at potentials uw and v respectively, 
the distance from centre to centre c, have been deduced in 
probably the simplest form by Lord Kelvin t by use of the 
method of electrical images. [ora system of two conductors 
of potential w and v, bearing charges D and E respectively, 

D = Giitt —+- Gav; E = Jigu tn G22V5 ° ° . (1) 

where gy, and go, are the coefiicients of capacity and g2;=dy2 
is the coefficient of induction. For the spheres (radii a and 8, 
at distance centre to centre ¢) 

Waey lb il dk 

ea 
if 1 iL ae a 

ne Qi 2 Qs r 

it i Ik 
Oo Gio —— tome S ae S, care Ss. 

where the successive values of each of the P’s, Q’s, and 8’s 
are given by the general formula : 

at j2 

X= FR ae og eee (3) 

The values of the first terms for P, Q, and S are deduced by 
Kelvin to be 

_i Lapel bane “) Eels a Si= =, 

(4 
ee ee ee Ge Ce Gay 
ae 0 ane. Soa hare eS) 

The value of the force between the two spheres is given by 

LOL p aici Onin E91, 9 A290 
Lounge <P aga t* ae ceil 

* Papers on Hlectrostatics and Magnetism, 1884. 
+ Se. Papers, ii. p..108. 
{ Electro-tatics and Magnetism, pp. 96-97, 9 142. 
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being repulsion or attraction according as the sign of the 
total is positive or negative. As these formule are perfectly 
general they can be used to give the Force between two 
spheres for any values of a, 6, and ¢. 

Kelvin* has published the values of the constants involved 
in the case of two equal spheres at distances from centre to 
centre from twice the radius of the spheres, 2. ¢., the spheres 
touching, to distance four times the radius. In this case the 
calculation is simplified because g14;=qo9. Putting 

Se = Ir. and Se =U 

where r is the radius of the spheres, Kelvin gives the 
following equations to calculate the charges D and E from 
the potentials w and v, and the force in terms of either wu and 
vor D and E 

Dre Joyner (= Sec alae) ey. (G) 

dal Bi a\(( si .7 ee ne A oR ar eer (3/9) 

‘F=5{26DE—2(D?+E%){, . hee) 

where I, J, B, and A may be calculated from as many terms 
of the above series as necessary, and where « and 8 are given 

by 
A(i?-+J?)—2BI J 

(P—J?y 
B(?+J?)—2ATd 

and B= (2—J?)? en) 
a= 

As a typical case, we have calculated, using the fermule 
above, the corresponding constants for the case a=2r, b=r, 
c=3°'5r ; 1.e., one sphere twice the other, and the distance 
apart of nearest points half the radius of the smaller sphere. 
Of course, in this case gx. is no longer equal to g,, and the 
corresponding equations showing the relation between the 
potentials and the charges, and the value of the force in 
terms of the potentials and the charges, become 

D=(lu—Jv)r, H=(—Ju+Kv)r . . . (10) 

where Kr=21/Q, 7 being the radius of the smaller sphere ; 

(11) 
\ 

and R= — Au? + 2Bury— Ov’, 

* Electrostatics and Magnetism, pp. 96-97, J 142. 
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where I, J, K, A, B, and © may be calculated as before and 

ne SO ike CIE 
ro Sy aaa! 

AJ?—2BJ1+ CP zs | | 12 
“ (IK—J?)?  ° r eee 
_ Bi? +IK) —AJK—CII | 

ae (Kee 

For this case (a=2r, b=r, c=3°'5r), to a close approximation, 

[=2'5, J='79, Kok 
REG B27, C= -21, 4... ges 
a= °0035, 8=-052, y= 055 

The interest of these equations, (1) to (13), is twofold. 
(1). Using the expressions for the forces we may calculate 
whether in any given circumstances of size, charges, and 
distance apart we shall have attraction or repulsion between 
the two spheres. (2). In the manner in which the streams 
are always charged we can obtain the effect of the charge on 
the drop just leaving the unbroken stream on the value of 
the charge given to the next drop to be formed. 

1. Although, as the accompanying photographs show, we 
cannot be dealing exclusively with the simple case of two 
equal spheres, the manner in which the attraction or repulsion 
varies with the ratio of the charges on the equal spheres for 
constant distance apart, or with the distance apart for a 
constant ratio between the charges, will give some insight 
into the similar effects for unequal spheres. The numbers 
given in Table I. for c, «,and Bare taken from Lord Kelvin’s 
results, and the value of the force between unit spheres is 
calculated for various distances between the spheres and 
simple ratios D: H from 1:1to6:1. The curve in fig. 12 
shows the relation between the force between two equal 
spheres (D: H=6:1) and the distance from centre to 
centre ; 7. e., the numbers of column 9 plotted against those 
of column }. 

It is very apparent that as the spheres approach the forces 
of attraction increase with great rapidity, while on the other 
hand, as the distance is increased beyond the point of neu- 
trality, the value of the repulsive force grows very slowly. 
That is the attractive forces at small distances will be made 
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Values of 2 and @ in Equation for two equal spheres 

F= 5 {28DB—a(D?+ By}. 

Given value of ratio D: HE, F= 

Values of f(#8) for various ratios D: E. 

1 

2 
EK? yh 9): 

D=E 
ae? 2g" on. 

-1 |-15375 |-22668 | -+-14586 

2 |-08263 |'15251 | positive 

3|-05444|-12186| _,, 

03955 (10809), 

502997 [09038 

6 02342-08078) _,, 

D=2E | D=3E | D=45E 
43 —da. \68—10a.)83 -17a. 

+.-13797 |— 18742 |—:80031 

positive |-+ 08876 | —"18463 

rs positive |+°04936 

, rs positive 

? 9 ” 

9 .: ” 

D=5E 
108 —26a. 

— 17307 
| 

‘62528 

19684 

+ -00026 

+ 712458 | 

positive 

Value of 

D=6E 
123—37a. 

| —2-96859 

— 122719 

— *55196 

‘22617 

02435 

10282 

farce between two equal 

spheres plotled against 

distance from centre, 

Aatro of charges G:6. 
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much more apparent than the repulsive forces. Again, fig. 13 
gives the numbers of the first row of the table plotted against 
the ratio of the charges. Here again we see that as the values 
of the charges differ more and more, the attractive forces 
will be much more apparent than the repulsive forces were. 

Fig. 13. 
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Ratio of charges. 

That these forces are extremely important in the cases 
under consideration is borne out by numerical calculation for 
two typical cases :—- ; 

1. Suppose two equal drops*l cm. in radius at distance 
centre to centre of -23 cm. (r="1, c=2°3). From Kelvin’s 
tables in expression for force (8) 

a="(05444, S="12186, 

and | a 
P= 4 126-370} 5, if D. B62 t 
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If E is charge sufficient to raise the isolated spherical drop 
to say, +100 volts, 

E=Vr= a Rese e umm 

il 
BP=—-*552 x 392 * 10?= —:061 dyne (attraction). 302 

The weight of one drop = " "pg =approx. 4 dynes. 

: 6 : 
Electrical force is then 100 of the weight of drop. 

2. Suppose two unequal drops, a=‘2 em., b="1 em., and 
c="35 em. If the quantity on smaller drep would raise it to 
100 volts if it were isolated, and if D= EH, 

| i= s E.S. unit. 

From equation (11), 
2 pus mae 2 "0455 3 pa ZBDE ee wa or 0455 x 10 

= ae ‘005 dyne 

(repulsion). 

(2) The question now arises “‘Is there any ground for 
believing that in the cases before us we have really two drops 
bearing charges for which the ratio becomes very large? ” 
Here it would be well to examine the conditions at the 
point of breaking of the stream. 

From such photographs as shown in figs. 2, 8 ¢, 9 c, we see, 
as to size and distance apart, the relation between drops as 
they break from the stream. From what has been said 
above we must conclude that there will be strong forces 
between the drop which has just left and the one that is just 
forming, and that the charge on the drop leaving will have an 
influence on the size of the charge on the drop just forming. 

Suppose A and B to be two consecutive drops which, tor 
simplicity, we shall first suppose equal to one another and of 

radius rem. They are forming at the 
Ol centre of a ring maintained at a poten- 

tial + V volts. The potential at centre 
OB ot ring will be, approximately, 2/7V, 

say 2/3V. If A has just left the 
stream at potential zero, and no drops 
are close above it, it will have a nega- 
tive charge approximately sufficient to 
give it a potential —2/3V it it were 

far removed from all other conductors. The charge on A is 

Pint. Mag. S. 6s VolweaeNop 183. den. 1912. M 

[It 
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then given by D=~—2/3Vr. 

But from equation (6), if B is distant, centre to centre, 
cr from A, the charge EK on B due to charge D on A will be 
given by 

D=(Cu—ZJv)r, 

H=(—Ju4+Iv)r. 

But just as it breaks away B is at zero potential: putting 
then v=0 we have 

Da Tur: {=—Jur. 
From which 

J Jute 
yp to ee 8 

For the distance from centre to centre equal to 2°5 r, just as 
B breaks away, 

But if the drop B came off singly, it wouid have approxi- 
mately a potential —2/3V and consequently a charge 
—2/3Vr, induced by the inductor tube. The total 
charge, E’, on B will then be 

E’ z Vr+-42 ay -58(2 meow & r)= i 58(;, Vr): 
Ratio of charges D and EH’ on drops A and B is 1°77: 1. 

As our photographs show there is a variation in the sizes 
of the drops leaving the stream. The eftect of a large drop 
on a succeding small one is much more noticeable than the 
above case of equal drops. Let radii of A and B be 
respectively 2r and r and the potential of A as it leaves be 
the same as before. Then if the nearest point of the drop A 
is ‘Sr distant from boundary of B, just as the latter breaks 
away, we have the case of two drops (equation 10), in which 

a=2r, b=r, and c=3°5r. 

If potential of A is —2/3V, the value of charge D on A is 
2 

9/3 Ip —2 G Vr). 

From equations (10), putting potential of B equal zero 
(v=0), we have 

D=Iwr, E J 

K=—Jur, hieials 
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For the particular case 

Lt 
Tinos 

E=—'°31D=+°62 é Vr). 

Again, if drop B came off singly, it would have a potential 
approximately equal to —2/3 V and consequently a charge 
equal to —2/3 Vr induced by the inductor tube. That is, 
the net charge, E’, on the drop B is 

_ ( Vr +°62(; Vr) = —'38 & Vr). 
3 3 3 

‘he ratio of the charges D and EH’ on A and B will be 

VD) e 1D) m2) 0 Ys} Sa oe} 3 aL 

Reversing the order in which A and B leave the stream so 
as to have the smaller one escape first, the effect of B on the 
potential of A will be proportionally much smaller. From 
equations (10), putting w=0 we have 

D=— Jor, HK= + Kur, 

J J (2 D=-4.B=+ 2-(3 V7). 
For this particular case 

ee ie 
—? e = 15 —_—- = _— =) Cin C= OT an eee De 

The charge given to A by the inductor ring is —2/3.V. 27, 
therefore net charge, D’, on A is 

9 G Vr) +59 ie vr) =—1-41(5 Vr) 
5) 3 3 ; 

which leaves the ratio of D’: H=1°41: 1. 
It is apparent from these facts that in consideration of 

accidental causes which influence the breaking of the streams 
(Rayleigh *) we may expect to have in the stream drops 
Jarge and small bearing charges of same sign (or it is con- 
ceivable of opposite sign) having almost any ratio; as a 
consequence in general for small distances we shall have 
attractions of greater or less force and at great distances 
repulsions. 

* Se, Papers, ii. p. 108. 

M 2 
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We may now recall for electrified streams the experimental 
facts which require explanation :— 

1. The alignment of all electrified streams for a certain 
distance beyond the inductor ; 

9. The coalescence of the drops for smaller voltages on the 
nductor ; and 

3, The mutual repulsion of the drops at higher voltages. 

(1) Alignment. 

Two elements enter in to cause this alignment. In a 
succession of drops, such as in figs. 2 and 90, it is likely 

that the forces of attraction between the neighbouring drops 

are sufficient to carry them along identically the same path. 

Again, as is shown by the influence of vibrating bodies on 

the breaking stream, if the drops are sent off under initially 

the same conditions they will travel over the same course. 
Now just as the drops form they will be under the strong 
attraction of those just leaving, and, also, just as they break 

from the main continuous column they will be strongly 

attracted to it by the force deducible from equation (11) ; if 

any drop then has initially a tendency to diverge from the 

general path it will be pulled back. Consequently all the 

drops will be given their velocities in the same initial direction. 

(2) Coalescence. 

Keeping in mind these electrostatic forces, no difficulty 
should be found in the explanation of coalescence. When 
two drops bearing unequal charges, or two unequal drops 
bearing equal charges, are brought closely enough together 
there are immensely strong, increasing forces of attraction 
between them and coalescence will surely take place if the 
resulting drop is not too large to be unstable. One would 
expect that at the moment of collision there would be an 
electric discharge between the two adjacent spheres. Many 
influences conspire to bring the drops in the stream closer 
and closer together. If in a stream the velocity of the drops 
is sufficient to carry them a vertical distance of 10 cm., two 
drops breaking away 1/1000 of a second apart will be distant 
from one another approximately *14 cm. at the beginning 
of their journey. When the first one has reached the top of 
its course, taking into consideration only gravity, the distance 
between the drops will be approximately 5x 1074 em. 
Again the friction of the air for a given velocity will cause 
a greater retardation in the case of small drops than in the 
‘ase of Jarge ones, which will tend to bring a large drop 
nearer to the smaller one ahead of it. 
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(3) Repulsion. 

It has been noted in figs. 6,7, 9c, 10a, and 100 that 
scattering takes place in the stream, in one case (9c) rather 
suddenly. ‘This must be due to the repulsion between the 
drops. Two choices offer themselves. The drops may be 
during their whole journey at distances for which the force 
acting between them is repulsive ; but on account of the 
velocity with which they leave the nozzle they travel a cer- 
tain distance in the aligned stream before the repulsive forces 
due to their neighbours arestrong enough to cause divergence 
from the path which they would traverse under gravity. 
This view seems to be favoured by the phenomena observable 
in figs. 6 and 7; the scattering becomes apparent much more 
quickly at high voltages than at low. 

As was pointed out above, it is possible that in the case of 
higher voltages we have the coalescence of the drops due to 
attractions, the formation of large drops which are unstable 
under such large electrical forces and consequently break 
into smaller drops. This view seems to be favoured by the 
abundance of small, almost uniformly sized drops (fig. 10 0b) 
at the point of greatest scattering of the stream charged by 
the inductor at 720 volts (fig. 6). 

We desire to express our thanks to Professor J. C. 
McLennan whose lectures on Properties of Matter first 
suggested the problem, and who has cooperated, as always, 
by placing the resources of the laboratory for our use as 
necessity arose. 

University of Toronto, 
Department of Physics, ‘ 
August, 1911. 1 

XII. On Opalescence of Gases in the Critical State. By 
M. 8. Smotucnowskl, PA.D., LL.D. (Glasgow), Professor 
of Theoretical Physics, University of Lemberg*. 

HE number for November 1910 of this Magazine con- 
tains an account of I’. B. Young’s careful experimental 

investigation ‘“‘On the Critical Phenomena of Hther,” in- 

cluding some valuable observations on the critical opalescent 

phenomena, and a discussion of the various theoretical ex- 

planations hitherto suggested. Its author appears, however, 
to have overlooked a kinetic theory of opalescence which I 

expounded in a paper published in 1907+, and which has 

* Communicated by the Author. 
+ Bulletin Intern. Acad. Cracovie; Dec. 1907; Ann. d. Pays. xxv. 

p. 205 (1808). 
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been discussed since by some authors. As this theory leads 
to definite quantitative conclusions, calling for experimental 
verification, I may be allowed to give a brief summary of it 
and some further developments* relating to its control by 
observation. 

The kinetic theory of opalescence is based on the self- 
evident, as I think, supposition that the molecules in gases 
and liquids (also in solids) cannot be distributed quite 
uniformly in space, but are subjected to a process of ever 
changing local agglomeration and dispersion, as a consequence 
of their molecular movements. Let us denote the deviation 
from normal uniform density by 6, so that tle ratio of the 
number n of molecules actually contained in a given volume 
to the number y contained in case of uniform distribution is 
given by n/v=1+46, then it can be shown easilyf that in 
ideal gases the probability of a deviation between the limits 
Sand 1+6 is 

52 

Ws) a3=./ — e 2 db, 
AT 

and that the mean square of the deviation in density is 

being thus exceedingly minute under normal conditions, 
except for submicroscopic volumes. ‘This is a special case 
of the general formula, applicable to a substance following 
any given characteristic equation 

Wo) =o oll (p=p,) dys 27 

(R being the gas constant for one gram substance), which 
defines the probability of v molecules having a specific volume 
v, When its normal value is vp. The exponent, which is 
identical with the work done by isothermal compression of 
1 gr. substance from its normal specific volume, for uniform 
density, to the considered value, can be developed in a series 
after ascending powers of (v—v) = — v9, 

v 5a. 5 bey UO" Op \ Up°0° 0’ p 

\. (p 7 0) dv= 2 ea Ie —s 3 l (< ) Se 5 (2) 

* Extracted from Bulletin Intern. Acad. Cracovie, Juillet 1911. 
+ M. Smoluchowski, Boltzmann-Festschrift, p.626 (1904) ; the formula 

requires some moditication if » is not a large number. Cf. Bateman, 
Phil, Mag. xxi. p. 748 (1911), and also Svedberg and Inouye, Zeitsch. 
Phys. Chem. \xxvii. p. 145 (1911). i 
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while the constant } is got by performing the integration 
over all possible values of 6. ‘Thus we get the approximate 
mean square of the deviation in density 

id RO 
= a ue ee 

veo? (—S% 
0 

We see that the tendency to local agglomerations is ex- 
cessively great in the immediate neighbour hood of the critical 
point, where the terms with (Bplovyo and (07p/Ov")o are 
vanishing, so that this formula has to be corrected by taking 
into account the fourth power of 6. 

These agglomerations and rarefactions must give rise to 
corresponding local deviations of the index of refraction from 
its mean value, and thus the coarse-grainedness of the sub- 
stance must reveal itself by Tyndall’s phenomenon, with a 
very pronounced maximal value at the critical point. In 
this way the critical. opalescence explains itself very simply 
as the result of a phenomenon the existence of which cannot 
be denied by anybody accepting the principles of the kinetic 
theory, even if exception be taken to the above quantitative 
formule, derived from theoretical considerations which cannot 
be set forth here in detail. 

Rothmund*, who has given valuable experimental contri- 
butions to this subject, prefers Donnan’s capillary theory of 
these phenomena, but he does not put forward any argument 
against the above explanation, except perhaps a general dis- 
like of kinetic theory which nowadays will hardly be con- 
sidered as very conclusive. There is the common supposition 
of coarse-grainedness underlying both theories, and it is 
proved, indeed, by Tyndall’s phenomenon. Donnan, how- 
ever, and in general those authors who cling also for this 
ease to the thermodynamic conception of definite separate 
phases, must consider the opalescent substance as an emulsion 
of one phase in another, both being physically different, 
homogeneous substances, ‘and are forced to admit. ad hoc 
invented highly artificial and questionable suppositions about 
capillary tension at the surface of separation. 

According to the kinetic theory, on the contrary, the 
thermodynamic macroscopic conceptions of phases, surfaces 
of separation, and surface-tension are altogether inapplicable 
to this case ; there are no discontinuities of phase, only con- 
tinuous aneicones ever changing diffuse ag elomerations, 
governed by the laws of statistical equilibrium. According 
to it the phenomenon of critical opalescence is intrinsically 

* Zeitsch. Phys. Chem. xxvi. p. 433 (1898) ; Ixiii. p. 54 (1908), 
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the same as Rayleigh’s blue of the sky, and will transform 
into it in a continuous manner with elevation of temperature. 

The first attempt at a kinetic explanation is that given by 
Kiister, with which I became acquainted through F. B. 
Young’s paper. But I think its inadequacy is apparent by 
comparison with the above theory. For the immediate 
cause of opalescence are differences of (optical) density, not 
of temperature; differences of temperature could act only in 
an indirect way, by influencing density. But deviations in 
density must exist, quite independently of Maxwell’s devia- 
tions in temperature, since they are a necessary direct outcome 
of the chance grouping of molecules. 

The kinetic theory given above is the only one yielding 
any definitive quantitative relations, while nothing of this 
kind is to be expected from the capillary theory, as it rests 
on a wholly arbitrary and uncontrollable supposition. They 
have been controlled, with a favourable result in general, in 
a very important experimental research by Prof. Kamerlingh- 
Onnes and Dr. Keesom”. 

I had pointed in my paper on Lord Rayleigh’s formula 
for the index of absorption h cf a medium containing in 
unit volume 7» particles of volume T 

Oo) Tl aN 
V5 er oS | ae ee (4) 

as defining the absorption by the coarse-grained substance, 
when connected with the above formulas for the deviations 
in density, and with the known relation between the index 
of refraction w and the density, and I had drawn some 
quantitative conclusions therefrom, without however writing 
down the explicit final formula, fcr I considered it only as 
indicating roughly the order of magnitude, since our case 
presents some peculiarities not fitting at all with the suppe- 
sitions underlying Rayleigh’s calculation. 

Einstein, however, has arrived in a very remarkable way 
by explicit calculation of the components of the dispersed 
waves at the same formula which follows from the above 
reasoning T, namely 

87° | ( ) | ( a _ Sa" | Ge —1)G?+ 2) |? He Op > 
ey 2 dM Too ee 

* Comm. from Phys. Lab. Leiden, No. 104, p. 15 (1908). 
+ Einstein, Ann. d. Phys. xxiii. p. 1275 (1910), his formula (18), 

p. 1293. The numerical result for air given by me, Ann. d. Phys. xxv. 
p. 216 (1908), is vitiated by a slip of calculation, the value ought to be 
doubled. [Addendum] Keesom has published now a short reprint of 
the above paper (Ann. d. Phys. xxxv. p. 591, i911}, where the 
deduction of this formula is given in full. 
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[H denoting the gas constant for 1 gr. molecule, N the 
Eiht of molecules in 1 er. molecule}. 
Now the intensity of the opalescent licht s, which is 

scattered into unit conical angle in a perpendicular direction 
to the incident light (its intensity being put equal to unity), 
is connected with this magnitude by the relation 

3 ; 
Sagat SVM in A> Ser bad 6) 

and thisis the quantity which Kamerlingh-Onnes and Keesom 
have measured experimentally for ethylene, at temperatures 
ranging from 0°06 to 2°41 above its critical point. <A 
detailed comparison of their results and those got for ether 
by F. B. Young is not possible, as the latter ones are pub- 
lished only in a “rough graphical way, but the general outline 
of the curve defining the opalescence as function of the 
temperature is quite ‘analogous (except the extrapolated part 
for the immediate neighbourhoed of @.). 

The authors compare it with the above theory by intro- 

ducing the value of oP given by Verschaffelt* for the 

neighbourhood of the critical point 

v9? = 10? (94), 
Ov Yo 

and find an approximate agreement, both considering the 
relative values of s as depending on (@—@,), and also its 
absolute value. 

As a repetition and extension of such measurements is 
highly desirable (with special precautions respecting pe 
of the substance, which has been demonstrated by F. 
Young to be a very important factor), it may be wor th while 
to consider more in detail the results we should expect for a 
substance following, for instance, Van der Waals’ reduced 

equation 

Ip e= 
3p—1 

In the neighbourhood of the critical point r=g@=S=1 it 
assumes the approximate form 

An=4A8 [1-3 Ad +2 Ad?] —3 APS, 
ees De 

* &e., and the development (2) then 
Pe 

where Ar=7—l= r 

* Verschaflelt, Comm. from Phys, Lab, Leiden, Supplm. No, 6, p. 8 
(1903). 
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is approximately given by 

Vo(1 Tz 6) 

{ (p—po) dv=—pe vale (6AS—18ASA¢ + § Ag?) 

U9 3 ? 984 

+5 (18A9—9Ag) + |: 

The third power of 8 is generally negligible, and so will 
be the fourth power too, provided A$ is lar ge compared with © 
6°/8. It is not easy to define exactly the limits of this 
paatiation, as 6° depends on the size of the volume considered. 

If we calculate 6° by means of (3) for a volume of a wave- 
length cube, which may perhaps give a rough idea of it, we 
should come to the conclusion that the neglect of 6+ is 
legitimate, except within the distance of ;},) degree from 
the critical temperature, but I should not venture any definite 
statement thereon until the complete theory for this case is 
worked out. The effect of the term with §* would be to 
give smaller values for the opalescence than for the simplified 
formula, especially for the shorter wave-lengths, which mav 
influence alxo the colour of opalescence; but it is possible too 
that the deviations from the proportionality to the inverse 
fourth power of A (Rayleigh’s blue) observed by Kamerlingh- 
Onnes aud Keesom within 0°5 of @, may be due rather to 
the fact that at such temperatures the elements of space in 
which the deviation from uniform density is considerable 
are no longer small in comparison with A—as supposed in 
the above theory. 

Without going into these questions now, let us suppose 
in the fo!lowing that we observe the opale=cence at sucha 
distance from the critical point that the neglect of the term 
with §* is legitimate. In this case formula (5) remains valid, 
with substitution of 

OF —6! “[as (1-34)+5 Ag", . cee 

and the dependence on temperature and specific volume can 
be represented by a system of hyperbolic, ‘“ iso-opalescent” 
curves 

s[AS—3A3 Ad+3/4 Ad?]=const. . . (8) 

Now let us imagine the substance to be contained in a 
Natterer tube and its temperature slowly decreasing until 
separation into two phases takes place. The temperature 
where this occurs for a given A@ is determined by the 
equation of the border curve, which can be deduced in 
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various ways* by aid of Maxwell’s well-known condition. 
Developing all variables in series in the neighbourhood of 
the critical point we get the reduced specific volumes in the 
liquid and gaseous state as functions of the absolute value 
At of the distance from the critical temperature 

18 
dy=1-2 VAT+ 5 At, 

®) 

Thus the apparent critical temperature, when the meniscus 
appears at the lower or higher end of the Natterer tube 

. jt > e ee 

according as Ad=0, is less than the true critical temperature 
2 A , i 

by Ar="* , and the opalescence in this state will be 

inversely proportional to the value 

OP _ __¢ Pe [ae 
Ov Cpleeed 

being thus slightly greater for negative than for positive 
values of Ad. 

For higher temperatures (the one-phase state) we can 
replace (7) approximately by 

Op Pe [ 
—— =—6— | Ad EMER Pah be +2Ar], (10) 

if AS denotes the excess of the actual temperature over the 
apparent critical temperature. But if the temperature falls 
below the point of separation by AS we must put 

OP _ __ Pel 9 9 | aes | 2AS-+ 282 BN GP Gian) 
Cc 

Thus we see: 1. For a given temperature the opalescence 
is smaller, if the specific volume is greater or less than the 
critical volume (in accordance with former observations). 

2. The opalescence of the two coexisting, liquid and 
gaseous, phases is roughly equal; by taking into aecount 
higher terms it is found to be smaller for the gaseous state. 

3. The opalescence diminishes more slowly (twice as slow 
if Aé=C), when the temperature rises above the point of 
separation than when it falls below it. 

The same conclusions remain substantially valid if we 

so hyn 
do=1+2 VAr+ ne 

3 3 De © 3 3 fs === 5) Vee nf /2 + 4¢"] Lae [Ara gAr ie ‘)) 

* See f. ¢. Kuenen, Zustandsgleichung (Vieweg, Braunschweig), p. 92. 
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introduce the empirical coefficients given by Verschaffelt 
(loc. cit.) instead of Van der Waals’ equation, only the 
numerical values have to be changed. The equation of the 
border curve is then given by 

p=143'37,/Ar+ 10°9 Ar. 

Yor points in the one-phase space we get, instead of (10), 

Op. i SI = P| 10.A9+ 18-4 Ar}; . ies 

for the two-phase state, instead of (11), 

Op Q Pe 9 

SS oO oa L B . . . e sf =— 18-42 | a3+ Ar]; (13) 

for the point of separation into two phases 

5) a | 
Se ; ZOvds ST | eee 14 = 1, | 184 Ate 28-9 At | (14) 

where the upper and lower sign relate to a specific volume 
smaller or larger respectively than the critical volume. 

The quantitative measurements of opalescence, alluded to 
above, have been made hitherto only for the (Es state, 
and they were compared with theory under the assumption 
that the specific volume had exactly the critical value 
(Afg=Ar=0). As this seems a somewhat doubtful point, 
which according to the above formulas may be of considerable 
importance, measurements on several tubes, with difterent 
values for the specific volume, are very desirable. 

To make analogous observations in the two-phase state 
will be much more difficult, as the establishment of thermic 
equilibrium is a much slower process there, owing to the 
thermal effects of local evaporation or condensation. F. B. 
Young’s paper demonstrates in a very instructive way the 
per sistency of minute thermal inequalities and the enormous 
importance of this factor. No doubt also the fact observed 
by Travers and Usher and F. B. Young, that for slowly 
rising temperature the opalescence of the “‘receding” phase is 
greater, is to be explained in this way. Mr. Young rightly 
observes (p. 813) that the density of the receding phase must 
approach the critical density when the meniscus is dis- 
appearing, which can be explained by those thermal effects ; 
this means that its temperature must be higher than that 
of the increasing phase, and therefore more favourable for 
opalescence. 

Approximate equality of opalescence in both phases ought 
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to be a very sensitive indicator of thermal equilibrium. It 
is questionable, indeed, whether it ever has been observed 
hitherto. Finally, as regards conclusion (3), it seems to be 
corroborated by Young’s remark (p. 814) about a wider 
limit of opalescence for positive than for negative deviations 
from the critical temperature. 

It may be noted thata similar theory refers to the analogous 
phenomena near the critical point of separation of binary 
mixtures *. The opalescence of the two coexisting liquid 
phases below this point does not seem to have been observed 
hitherto, no doubt only owing to the difficulty of establishing - 
the equilibrium of concentration. 

Hxperimental work on these phenomena is of considerable 
theoretical importance, since, according to the kinetic theory, 
they are a direct evidence of a quality of matter out of 
reach of ordinary thermodynamics: its intrinsic inhomo- 
geneousness. Besides, the determination of the opalescent 
eurves ought to be the most exact method of determining 
critical temperature and density, and generally of the shape 
of the equation of state in the neighbourhood of the critical 
point. 

XIV. The Charges on Thermtons produced in Air and 
Hydrogen at Atmospheric Pressure. By J. C. Pomeroy, 
M.A., Fellow in Physics, Princeton University +. 

N view of the work done by O. W. Richardson and F. C. 
Brown { on the value of the specific charge and ue 

kinetic energy of positive and negative thermions it w 
thought advisable to determine the v: value of the char ge itself. 
Jt was intended to make some preliminary tests in air at 
atmospheric pressure, and in some other gases, and then try 
the effect of reducing the pressure. However, some resuits 
were obtained at atmospheric pressure which, while of no 
special meaning in connexion with the experiments made at 
low pressures “already referred to, have still some little 
interest in themselves. The method adopted was practically 
that used by Townsend § in his work on the ions produced by 
secondary Réntgen radiation. The essential part of the 

* Cf. Smoluchowski, Ann. d. Phys. xxv. p. 219 (1908); Einstein, 
Ann. d. Phys. xxxiii. p. 1295 (1911). 

+ Communicated by Prof. O. W. Richardson. 
t O. W. Richardson and F. C. Brown, Phil. Mag. Sept. 1908; Phil. 

Mag. Nov. 1908, Dec. 1908, Nov. 1909. I’. C. “Brown, Phil. Mag. 
Oct. 1909. 

§ J. S. Townsend, Roy. Soc. Prec. A. vol. 81, p. 464. 



174 Mr. J.C. Pomeroy on the Charges on T hermions 

method is to have the ions moving in a uniform field and 

then examine the distribution in some particular case. A 
vertical section of the apparatus used is shown in figure iL 

JERI 

AVOUVOULIS 

390} eee 0h ee 
NY 
ON ) 

The ions given off by the heated strip S pass downward 
under the action of the field and part of them pass through 
the opening in plate B, which was covered by a grating OE 
fine wire. The senna of ions then opens out so that part 
fall on the central disk ¢ and the remainder on the ring 7, 
and the ratio of these two quantities Q,/Q, was meaeuneds by 
connecting first one and then both disk and ring to an elec- 
trometer, when the ratio Q,/Q, is given by 

QQ: or Q,/Q, = C,V./CiVi— ik 

according as the ring 7 or the disk ¢ is first connected to 
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the electrometer. In the above C,, V,, Cs, and V, are the 
capacities and potentials of the system first connected to the 
electrometer and of the whole system respectively. 

A uniform field in the chamber K was maintained in the 
following way :—A series of flat brass rings B, C,......I 
were placed 1 cm. apart and connected by equal high resist- 
ances. B was raised to a potential V and I was earthed. 
A was raised to a potential V’ higher than V and of the 

same sign. The ring r and the disk ¢ were cut from the 
same sheet of brass so as to avoid any chance of contact 
potential between them and their potential in no case differed 
much from zero. 

A theory for the distribution of the ions has been worked 
out. by Townsend * from Maxwell’s equations for the diffusion 
of one gas into another. An outline of this is given below. 
In this theory it is assumed that the partial pressure of the 
ions is not appreciably greater than that of an equal number 
of molecules, but in Townsend’s experiments the distribution 
was found to fit in with the theory except for negative ions 
where the pressure was low and the gus very dry, and in the 
present experiments it was found that no correction need be 
made in any case. 
When a uniform stream is passing through the aperture O, 

the partial pressure () of the ions at any point in the field 
of uniform force Z is given by the equation, 

2p NeZ dp 

[leds 

where N is the number of molecules per cubic centimetre in 
a gas at atmospheric pressure II and a temperature equal to 
that of the gas in the experiments. 

The solution of this equation is given by p=/f(N.e.Z), 
but where the assumption made above is correct and n = the 
number of ions per c.c. p=[IIn/N. Whencen=¢(N.e.Z), 
in which all the constants are functions of the coordinates of 
the position of the point, 7. e. of r and z. 

In the experiments z=A, and therefore 

a 

( rndr 

Ceo 
(> awe Cute) y) 

rn ar 
a 

where a and 6 are the radii of the disk and ring respecti\ ely. 

* J. 8. Townsend, Roy. Soc. Proc. A. vol. 80, p. 207, 
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Hence the method gives a method of determining the value 
of d(N .e. Z). | 

It was not necessary for the purpose of this investigation 
to determine the form of this function, for in these experi- 
ments the method was to compare : 

I. The value of Q,/Q, given by ions from various 
sources, and 

IJ. The ine of Z necessary to give Q,/Q, a constant 
value for these different ions. 

Thus Townsend found that for hard X-rays, 

b(NeZ)=@(N ¢ 2Z) 
-- 

for all values of Z, and so concluded that e, the charge on a 
. . . . Ad 78 . . 

positive 10n, 1s equal to twice @, the charge on a negative ion. 

In the early stages of the experiment there was con- 
siderable difficulty in interpreting the results, as the average 
charge on the positively charged particles given off by the 
heated platinum seemed to yary from that given by radium 
to nearly twice this value, while the value given by the 
negatively charged particles seemed more constant and 
approximated to twice that given by the ions produced by 
the radium particles. 

This seemed contrary to what one might naturally expect 
from a consideration of the fact that Townsend had found 
that the positive ions produced by Rontgen rays carried 
double charges under certain conditions but that negative 
ions from the same source did not. 

Then the work of Richardson and Brown * with hot metals 
gaye no indications of any ions from this source with double 
charges. Their experiments, however, did not determine the 
charge directly and all their measurements were made at low 
pressures, and this of course might make some difference. 

Still an effort was made to see if there might not be some 
cause, such as a change in the rate of diffusion, for the 
variation in the ratio Q,/Q, other than an actual change in 
the charge. 

I. It was thought that a variation of the size and position 
of the strip, causing unequal heating, might account for some 
part of the variation. However, on investigation this did 
not seem to give a solution, for the variations were as great 

when care was taken to keep these as constant as possible as 
when they were varied widely, and removing the heated 
strip to a greater distance did not decrease the vatiaitiones 

* Richardson & F. C. Brown, Joc. cit. 
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Il. It was suggested that perhaps unsteady air-currents 
were influencing the readings, but from the result above 
noted and from the fact that all the heating was from the 
top and that the only opening into the measuring-chamber 
(O, fig. 1) was small and symmetrically placed, it was con- 
cluded that this was hardly a possibility. This conclusion 
was confirmed by the next step. 

III. The fact that the strip gave off considerable heat 
suggested that perhaps the chamber was being heated up, 
and that the variation in the apparent value of the charge 
was due to this change of temperature. Then during the 
early part of the time a strip was being used, the proportion 
of the charged particles going to the outer ring became 
gradually larger, indicating either a decrease in the charge, 
or an increase in the rate of diffusion, and thus lending colour 
to the above suggestion. However, ‘the fact that this pro~ 
portion always came to a fairly constant maximum value, and 
that there was no such variation when the negative ions were 
being tested, rather pointed the other way. 

To test this the variation in the temperature in the 
chamber “‘K” was measured. The thermometer used con- 
sisted of fine platinum wire wound on hard rubber pins, 
which were screwed into holes drilled as near as possible to 
the inner edge of the central brass ring, as in figs. 1 and 2, 
in which the dotted line represents the wire. Tig. 1 gives 
vertical section ; fig. 2 gives horizontal view of brass ring in 
question, 

Fie, 2? wee 

The middle of the wire was soldered to the brass ring at 
(a) so that it would not disturb the Bonu oradient 
appreciably, 

The ae: showed a maximum variation during a 

Phil. Mag. 8. 6, Vol. 23. No. 133. Jan. 1912. N 
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set of readings of less than 1° C.; but when, after the 
readings for Q,/Q, lad reached a maxiroum and become 
steady, the temperature of the whole apparatus was raised 
about 4° C., there was no appreciable change in Q,/Q,. So 
the idea that the variation in Q,/Q, might be due to a change 
of temperature of the air in the chamber “ K” was finally 
disposed of. The result seems to confirm the conclusion 
reached above—that the changes in Q,/Q, were not due to 
unsteady air-currents—for the outside heat was applied 
entirely from one side and would be much more likely to 
ause an uneven distribution of heat, and hence unsteady 

air-currents, than would the heated strip which was placed 
centrally above the testing-chamber. 

IV. During the early experiments the strips of thin 
platinum were soldered directly to heavy copper connecting 
wires, but this was found to be unsatisfactory, as even when 
care was taken to use as little solder as possible, it fused with 
the platinum on being heated, and sometimes only three or 
four readings could be obtained from one strip. Then, 
doubtless, ionization was obtained from the solder as well as 
from the platinum. To avoid this the thin platinum was 
welded to thicker pieces of the same metal and the latter 
attached to the leads by small screw clips. 

It is worth noting that the larger values of Q,/Q, corre- 
sponded roughly to the initial positive ionization and to the 
increased ionization at high temperatures. At first sight it 
might appear that the increased number of ions might have 
something to do with the change in Q,/Q,, but if this had any 
effect it would be due to the mutual repulsions between the 
ions, and this would be greater, and hence the spreading of 
the stream greater, when the ionization was strongest, but the 
opposite was the case, the number reaching the outer ring 
being greatest when the ionization was least. Then. too, 
no such effect was noticed when the ionization from RaBr 
was used, though the ionization was much greater than that 
from the hot platinum. Thus the conclusion that there was 
an actual change in the charges seemed inevitable, and efforts 
were made to get at the reason for this variation. 

At first, when positive ions were being tested, the platinum 
was heated to a temperature only sufficiently high to produce 
these, but not high enough to give negative ions, and the 
temperature was increased only when it was desired to obtain 
the latter. Under these conditions it was found that the 
positive ions from a fresh strip carried an average charge 
nearly double that obtained with radium. While the strip 
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was being used this average charge at first gradually de- 
creased, but after a few readings became fairly constant. If 
the strip after being heated for a time was left standing at 
-the temperature of the room for a few hours, then on 
reheating some of the ions again carried double charges, 
though the average charge was smaller than with a fresh 
strip, and the strip came more quickly to a steady state where 
the average charge was not much higher than the charge on 
radium particles. (See Table I.) 

TABLE I, 

Strip at bright Strip at white 3 
red leat. 1 heat. | Tee Ue 

MOV 100 Ve oon) | | 60.Va | 100 V: 
| pos. | pos. | pos. pos. | pos. 

| 1-0 _ Same strip 1:00 | 1-85 | lh 
| after rest of | oat | is | 

| if | 10hrs | 1-05 | 17, 16 

TE HT ys: 7 eleO Sagem pei iGGett hall | ce Sara | 

12 1-4 &e 17 | neg | 
| | 

1-2 155 | neg. neg. | er 

13 1d eal 17 | Mer 

13 1:58 115 16 16 

1-4 Sie lial 1-9 | 1:8 

NaS 1°) 18 18 

156 1-0 ke. | 
4 1:50 5 average | 
. ve Par eharge 

1d J about 
| 15 isto wubaca 

. 16 &e, 

&e. 

In the table above is given the value of Q,/Q, from several 
strips under the conditions indicated. The first three sets of 
readings from two strips at 100 volts are shown graphically 

N 2 
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in fig. 3. The charge is, of course, inversely proportional 
to the potential difference necessary to give the same value 
ot OF/Q).. 

Thus it would seem that at a temperature only sufficiently 
high to give positive ionization, some of the ions from a fresh 
strip, or from one which had been resting in air, carry charges 
which are double the atomic charge ; but when the strip is 
heated for a time a gradual change qaikes place, and as the 
large initial positive ‘leak dies away a smaller and smaller 
proportion carry double charges, until a steady state is 
reached where the average charge is nearly equal to the 
atomic charge. 

However, as noted above, no such change takes place with 
the negative ions, some of which at all times carry double 
charges. Then, too, when the positive ionization from a strip, 
heated toa sufficiently high temperature to give negative ions, 
was tested it was found that the average charge was about the 
same as for the negative ions. This result suggested that 
probably the negative ions also would carry single charges 
only, if obtained from a strip ata sufficiently low temperature. 
The apparatus as arranged did not adinit of very low pressures 
being obtained, so hydrogen at atmospheric pressure was used 
and the strip heated in this. 

As expected, the negative as well as positive ions carried 
single charges only when obtained from a strip at the lower 
temperature, and when this temperature was raised, both 
positive and negative ions carried some double charges. The 
proportion of these double charges to the whole number of 
ions rose gradually with the temperature of the strip just as 
with positive ions in air. 

No attempt was made to measure the temperature of ihe 
strip, but keeping the same strip the heating current was 
varied from the smallest which would give positive ionization 
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to the greatest that it was thought that the strip would stand, 
and in taking the readings the current was gradually in- 
creased, and then lessened again to eliminate errors which 
might creep in from changes in the wire due to heating. 

In the table below are given the differences of potential 
between the plates B and I which were found necessary to 
give the same value of Q,/Q, as 200 volts gave with the ioni- 
zation from radium. The average results obtained from 
single strips are given, as Pombined results from different 
strips would have no meaning, because the same current with 
a different strip might mean ‘quite a different temperature. 

The numbers given for potential differences are of course 
inversely proportional to the average charge carried by the 
ions in question. 

iD arerony Ae 

| P.D. to give constant | 
| Current. | Or/Q Average charge. | 

a | | | 
' Strip “ A” in air. (ya os: Neg. Bost Neg. | 

PARAMUS Ur csescteens a | 205 10 ions. | if | 

Oe Gs nc , Peo LO Reg | 
6h eae pie 114 Hore 18 
1S a Oe Po ales 106 Ha eg 19 

Strip “ B” in air. | | | 

iv Telnaes Nap leh Ge larmosonesis) | 

| In Hydrogen. | | | 

Wie anata Dineen ts acct | 203 no ions. | I noions, 

PERE Ack 2 a nonin 180 Gay Ran 1-1 
GaSe ant nner tea! Vows SH 172 Peeges Hei 
TST es ane Eagle 90 18 22 

| RaBraintainy) | | 
| | 200 200 aie: 1 

It is probable also, although this was not tested, that at 
low pressures in air the same variations might be found. 

A little work was done with positive ions from nichrome, 
which indicated that practically the same results might be 
looked for, but the experiments were not satisfactory. It 
was found impossible with the apparatus at hand to roll the 
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nichrome thin enough, and larger currents were necessary 
than could be carried for any great length of time by some 
of the leads in use. Then, too, it was found difficult to weld 
the nichrome and it was soldered to copper leads directly, 
with the same results as in the case of platinum, the solder 
fused with the nichrome so that but few few readings could 
be obtained from one strip, and it was uncertain whether the 
ionization was due entirely to the nichrome or partly to the 
heated solder. 

In the early stages of the experiment some doubt was felt 
as to whether these double charges might not be due to two 
ions, each with a single charge and each carrying along a 
load of air particles sticking together after being given oft 
from the hot metal, and Milliikan’s * recent work did seem to 
make this worth considering. However, the fact that the 
number of these double charges depends entirely on the 
temperature of the strip and not at all on the temperature 
of the gas in the testing-chamber makes it seem highly 
improbable. 

With the idea of confirming, or otherwise, these results 
some experiments on the velocity of ions from the same 
source were undertaken but are not yet ready for publication. 
This much, however, may be said. The maximum velocity 
was found not to vary with the temperature of the wire, but 
Rutherford + found that the average and minimum velocities 
decreased with increase in the temperature of the wire. This 
is in accord with the theory worked out by Wellisch f if we 
assume that at high temperatures some of the ions carry 
charges 2e rather than e, for his theory would lead to the 
conclusion that a particle carrying a charge e would have a 
greater mobility than one carrying a charge 2e. 

Tn conclusion I want to express my thanks to Prof. O. W. 
Richardson for suggesting the experiment, and for the advice 
given me from time to time during its progress. 

I wish also to thank Mr. C. Bol for advice and help with 
the mechanical details. 

* R. A. Millikan and H. Fletcher, Phil. Mag. June 1911, p. 753. 
+ E. Rutherford, Phys. Rev. xiii. p. 821 (1901). 
t E. M. Wellisch, Phil. Trans. A, vol. ccix. p. 249. 
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XV. On the Rate of Lvolution of Heat by Orangite. 
By Horace H. Poorer *. 

Outline of Method. 

fl aes method employed is somewhat similar to that used 
for determining the heat evolution of pitchblende (Phil. 

Mag. Feb. 1910 & Jan. 1911) but differs from it considerably 
in detail, and resembles in principle that used by Pegram 
and Webb. The oranvite in the form of lumps from 2 cm. 
diameter downwards is placed in a thick-walled airtight 
copper vessel which is then exhausted. The copper vessel is 
placed inside two Dewar vessels and the whole buried in ice. 
The difference of temperature between the copper vessel and 
the ice is measured by means of a multiple thermocouple. 
In the centre of the copper vessel is a coil of wire through 
which a small current can be passed, thus generating a 
known amount of heat inside the copper vessel, which, being 
a very good conductor, is sensibly at the same temperature 
throughout. Assuming that the difference of temperature 
between the copper vessel and the ice is proportional to the 
heat liberated in the former we can readily calculate the rate of 
veneration of heat by the orangite by observing the ratio of the 
temperature differences with and without the electric heater. 

Apparatus. 

The general arrangement of the calorimeter is shown in 
the sketch (p. 184). A is the copper vessel whose walls are 
about 1:5 mm. thick, the joints being brazed. In the top is 
a circular hole about 2 ecm. diameter through which the 
orangite was inserted. This hole was then closed by 
soldering on a brass cover plate in which is a valve con- 
sisting of a conical steel plunger which can be screwed 
down into a brass seating, thus closing a small hole leading 
to the interior of the copper vessel. This air-valve is the 
identical pattern employed by Dr. Joly in the gas globes 
used in his steam calorimeter, and was always found 
absolutely reliable. Down the centre of the vessel is a tube 
open at the top but closed at the bottom, in which the 
heating-coil is inserted. 

B and C are cup-shaped Dewar vessels, D is a circular 
wooden base soaked in molten paraffin wax and E a cork 
ring, also soaked in wax, which supports B. The annular 
groove in the base was filled with hot vaseline and C pressed 
down into it making a perfectly water-tight joint. 

The thermocouple consists of 16 pairs of silk-insulated 
* Communicated by the Author, 
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iron and nickel wires, "12 mm. and °15 mm. diameter 
respectively, soldered together at the junctions. The inner 
Junctions are equally spaced round the rim of the copper 

Fig. 1. 

vessel in the space formed by the enlargement shown in the 
interlor diameter of B. The junctions are kept apart and 
insulated from the copper by paper soaked in molten 
parafiin wax. In the space between the walls of B and C 
the wires are supported by a paper cylinder stiffened with 
parafin wax. The idle parts of this annular space are 
filled with cotton-wool to lessen conveetion currents. The 
wires lead out through the vaseline under the rim of C, and 
‘the 16 outer junctions are enclosed in four glass tubes, two 
of which, F and G, are shown in the sketch. The four 
junctions: in each tube are equally spaced along the tube so 
as to obtain the average temperature of the ice. Ordinary 
flexible leads are used and for about six feet are embedded 
in the ice, the arrangement of protecting tubes being the 
same as that described in a previous paper (Phil. Mag. ” Feb. 
1910). The ends of the flexible leads are brought under 
the rim of © and soldered to a pair of iron wires of the 
couple, the connexions being close together under the bottom 
of B and inside the ring Hl 

For a description of the reversing ‘key and galvanometer 
nrrangements and of. the system of ice vessels employed 
reference must be made to previous. papers (Phil. Mag. Feb. 
1910 and Jan. 1911). 

The use of such a large number of Junctions, although 
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not adding very greatly to the sensitiveness owing to the 
increased resistance, lessens the importance of small thermal 
effects at the galv Oren terminals. The resistance of the 
couple is 71:2 ohms, that of the galvanometer 30°0 ohms. 
As the thermo-electric power of the wires employed was 
found to be 31°94 microvolts per degree at 0° C., and the 
galvanometer is deflected on tera 13°88 scale-divisions 
per microvolt applied to its terminals, we find that the 

: Plane ols I a oix 3070 
deflexion per degree is aa oo a UO); 

scale-divisions. This figure is not needed in the determination 
but is useful in showing the order of the temperature 
differences involved. 

The heating-coil is of german-silver wire, silk-insulated 
and wound on a thin copper rod. The coil just fits down 
the tube in the centre of A, and being a little shorter than 

the tube leaves a space about one centimetre long at the top, 
which is plugged with cotton-wool. The heater current is 
led in and out by flexible leads encased in rubber and copper 
tubes similar to those employed for the couple leads. The 
flexible leads terminate in the annular space between B and 
C, where they are connected to a pair of single insulated 
copper wires 0°195mm. in diameter leading to he | heating-coil. 
This arrangement lessens the conduction of heat along Piece 
leads. The total resistance of the heater and leads a 0? C 
is about 129°5 ohms. In view of the extraordinary results 
obtained this measurement was made several times so as to 
preclude the possibility of any error. It is estimated that 
the combined resistance of the flexible leads and the thin 
copper wires joining them to the heater must be about 
0°4 ohm so that the resistance of the heating-coil must be 
about 129°1 ohms. The heater current is supplied by an 
accumulator. In the first series of experiments a single cell 
was used, its voltave being measured before and after each 
period of use ona Crompton potentiometer. In the second 
series two cells in series were employed, the voltage being 
read daily ona Weston voltmeter. As the resistance in series 
with the heater was never less than 2000 ohms the difference 
between the ‘open circuit P.D. and the effective P.D. is 
negligible. 

First Series of Experiments. 

The orangite was put into the vessel and the valve-plate 
earefully soldered on. The vessel was then exhausted to a few 
mm, pressure by means of a Geryk pump, the temperature 
heing kept between 65° and 75° C., and P.O; tubes being in- 
serted between the pump and the vessel, Having been kept at 
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this pressure for several days the vessel was finally exhausted 
us perfectly as possible by absorbing out the residual gas 
with coconut charcoal in liquid air. During this process 
some water was evolved by the orangite. The valve was 
then closed. The vessel contains 480-05 grams of orangite. 
The ice used in this determination was specially frozen by 

an ice-making firm out of water which had been distilled in 
the laboratory. This ice was used for packing both the 
inner and the outer vessels, but for repacking the latter 
commercial ice was used. It was hoped that the use of this 
distilled-water ice would reduce the temperature variations 
which always occurred with commercial ice, but yo 
remained as large as ever. 

The daily temperatures are shown on the chart ABCDEF. 

io 2. 

aaa eeeeaeeeeee ee 
Pee Or 
eS CSS Ce Se 
WITS EE AE OS ae 
SE GMT Tee GER RO 
Pes OSE 
PE ee 
Rtn | 
SA EE Pee Ss 
RRR SRESAES) 
SE See 
PE ee 

24 26 28 30 Dayav. in 

During the periods represented by AB, CD, and EF the 
heater was not in use. During the period BC current was 
flowing through the heater, 5000 ohms being inserted in 
series with it. As the voltage of the cell remained at 2°01 
throughout the whole experiment the heater was generating 

Zao Ne 2 29K 3600 
(555) acs ese O17 calorie per hour. 

Scale-divisions, 

During the period DE 2000 ohms were in series with the 
heater so that the heat generated was 

2-0 X72 129"1 x 3600 ‘ 
eo a 

» 

(a5) 15 = 0992 calorie per hour. 

The mean temperatures finally attained in the various 
periods are given in the table. In column A is the period, 
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column B gives the mean deflexion attained, CU gives the 
heat generated electrically, D the increase in deflexion due 
to the heater obtained by subtracting the mean of the 
deflexions for the preceding and following period from 
the deflexion for the given period. 

Column EH is obtained by dividing C by D and hence 
gives the number of calories per hour necessary to cause a 
deflexion of one scale-division. 

A. B. C: 1), E. 
Scale- Calories — Seale- Calories 

divisions. per hour. divisions, per hour. 

PAB 20 

BOs he 2993 0-0170 3°65 0:00466 

CDs. 12020 ae 

Dc | AS G:0992) 7 20-0 0-00496 

TOR ee ts.) Zor 0) 

The two figures in column H agree tolerably well, but as 
the rise for period BOC was so small we may assign more 
weight to the value found for the period DE and assume 
that each scale-division correspcnds to the emission of 
0:0049 calorie per hour. It will be found that this value 
was confirmed by the later experiments. 

Hence for the period AB the heat evolution per gram 
of orangite is found to be 

26-1 x 0:0049 2 O65 Pon lanion ince : 180-05 6°6 x 10~° calorie per hour, 

similarly for the periods CD and EF we obtain 

20 0e >) tad 23°94 10> calorie per hour 

respectively. 
‘These values are extraordinarily high, being four times as 

high as the figures obtained for pitchblende. The diminution 
observed seemed to indicate that some temporary source of 
heat was in operation, so the whole calorimeter was laid 
aside unopened for nearly a year. 

Second Series of Experiments. 

Eleven months after the sealing up of the orangite a new 
determination was begun. for about a month various 
arrangements of the ice vessel were tried with a view to 
obtaining a more uniform temperature but as they were all 
failures the original arrangement was finally reverted to. 
During the month which immediately preceded the period 
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to which the chart GHJKLMN refers the calorimeter and 
its contents were kept approximately at 0° C. 

During the periods GH, JK, and MN the heater was not 
in use. During HJ the resistance in series was 4000 ohms 
and the voltage of the battery measured on a Weston 
voltmeter was 4°03; these figures give a heat evolution of 
0-106 calorie per hour. 

During KL the resistance in series was 6000 obms and 
the voltage 4°00, giving a heat evolution of 0°0475 calorie 
per hour. 

On the day marked M the accumulator voltage was found 
to have suddenly fallen to 2°4, which explains the low reading 
observed. The heater was then turned off. In the following 
table the various columns have the same significance as 
before : 

B. Cc. D. I. 
aA. Scale- Calories Scale- Calories 

divisions, — per hour. divisions. per hour. 
GH 2 oli 

Ive er 0785 0-106 21-5 0-00493 

A OR enemy cH!) s) 

BOL G ee ct ez Orle 00475 9°55 000497 

MENG Aeon 

Unfortunately the period KL was unduly curtailed by the 
failure of the accumulator, and the experiment was brought 
to 2 end at N by the breaking of one of the wires of the 
couple (probably owing to a strain set up by some movement 
of the ice). 

From this and the previous series there seems to be little 
doubt that each scale-division represents a generation of 
00049 calorie per hour, so for the periods GH, JK,and MN 
the heat evolved by the orangite is 20°2 x 107°, 19°3 x 107°, 
and 18°7 x 10~° calorie per hour per gram respectively. 

These figures, while lower than the preceding ones, are 
still very much higher than was to be expected. The dimi- 
nution also noticeable in these results is probably due to 
variations in the ice round the outer junctions. An exactly 
similar effect was often noticed with pitchblende when the 
calorimeter had been buried for a long time in the ice. The 
final period MN was so short that little weight attaches to it, 
and, as will be noticed, the lowest temperature recorded 
occurred in JK. 

The calorimeter was finally opened and everything found 
in perfect order except for the broken wire. An attempt to 
connect the copper vessel to a pressure-gauge failed owing 
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to the valve having become stuck up, but on clearing out the 
valve air could plainly be heard rushing into the vessel, so 
that any leakage during the thirteen months for which the 
vessel was closed must have been small if not actually zero. 

Sources of Hrror— Possible Effect of Arr. 

The internal volume of the copper vessel is about 220 cc. 
Of this at least 90 cc. must be occupied by the orangite, 
leaving an air-space of 130 cc. Let as assume as an extreme 
case that the valve leaked to such an extent that the air- 
pressure inside rose to that of the atmosphere (which al 
not do). This would involve the entry of 130 x 4°835 x 107° 
=6°3 x 107* gram of water-vapour. Hven if each gram of 
water yielded 840 calories, as much as it would do in com- 
bining with CaO, the heat so generated would only amount 
to 0°53 calorie. ‘This quantity is entirely insignificant, “aS ae 
results obtained indicate a generation of at least 900 calorie 
during the time that the vessel was closed. 

fo) 

The oxygen entering the calorimeter would amount to 
a9 milligrams, a quantity which, even at the rate of 2000 
calories per grain, would not seriously affect the result, 

Unifornaty of Temperature of Copper Vessel. 

The heat generated by the heater must chiefly reach the 
walls of the vessel by conduction along the centre ‘tube, which 
is about 0°7 em. mean diameter, and is attached to the outer 
walls above and below. Let us assume that the heater is 
generating O°1 calorie per hour, which is about the value 
generated on two occasions. Suppose half of this is set free 
at the upper end of the centre tube round a circle 0-7 em. in 
diameter, and let us make the extreme assumption that heat 
only escapes from the vessel round the rim, which is about 
7 cm.in diameter. Then for the radial flow of g calories 
per sec. across a disk of thickness ¢ and conductivity Kk, we 
find that 

where @ is the ditference of temperature between two points 

distant 1 and r, from the centre. In this case 

g=0°'1+3600,:¢=0°15, K=I1 nearly, and rj/ry=10 

SO (estotoune Oe Oe 

This is only about 0°15 scale-division, so it is evident that 
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serious differences of temperature cannot occur in the copper 
vessel. 

Conduction of Heat along the Leads. 

Two possible sources of error must be considered, namely, 
the possibility of heat entering the calorimeter by conduction 
along the leads of the couple and the heater, and the possi- 
bility that the heat-loss from the calorimeter 1s unduly aug- 
mented by conduction along the leads of the heater during 
the periods when the latter was heated by a current. sae 
regards the first error, consider a very long wire of radius 7, 
and conductiv ity /, encased in a protecting tube of radius 75 
and conductiy ity k, and buried in ice, one end being kept at 
a temperature 6. If k, is large compared with k, the tem- 
perature will be sensibly aout across any cross-section of 
the wire, and the flow of heat through the sheath will be 
approximately radial. With these assumptions we readily 
find that abe = 

where : 2 he 
Ce nd a Ses 

ky ae log, Po) ry 

6 being the temperature at a point distant x from the end. 
The actual leads consist of twin 35/40 ‘ flex’ enclosed in a 
single rubber tube. The total cross-section of the twin leads 
is approximately equal to that of a single wire 1 mm. in 
diameter, though the loss of heat to the ice, and consequently 
the fall at temperature with distance aiong the leads would 
evidently be more rapid from the twin leads. The external 
diameter of the thick-walled rubber tube encasing the leads 
is about 1 cm. If we assume 

ehh St lies 

we find for a wire 1 mm. in diameter « = 0°32, hence for 
point 30 em. from the end @ is given by 

0/0 = 30x 0°32 = 9°6, or 6)/0 = 15,0007abom: 

so if f= lo C26 =e: 

As several feet of the leads is buried in the ice, and part of 
this length is enclosed in copper tubes to facilitate the radial 
flow of heat, it is evident that the leads near the calorimeter 
must be exceedingly near zero and far below the temperature 
of the calorimeter. 

As the ice in the outer vessel melted, the length of leads 
buried in the ice decreased, but on repacking the outer vessel 
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no regular change in the deflexion was noted, the fluctuations 
that occurred being apparently independent of the repackings. 
This is also an argument against the entry of heat into the 
calorimeter through air-cavities or conduction along thie 
wooden legs. 

As regards the possible loss of heat along the heater leads, 
these are each 0°195 mm. in diameter and 15 em. long from 
the heater-coil to the junction, with the flexible leads in the 
annular space between the inner and outer Dewar vessels. 
Assuming that the conductivity of copper is unity, we find 
that for a difference of temperature of 1° C. between the 
ends of the leads the flow along the pair is only 0°144 calorie 
per hour, so for the actual temperature differences involved 
the flow would be negligible. Moreover, the heating-coil, 
even when in use, must be at very nearly the same tempera- 
ture as the rest ol the copper vessel, so there is no reason 
why the heat generated electrically should escape more 
readily than that produced by the orangite. 

It is possible that the heat-loss may be slightly augmented 
during the periods that the heater is in use hy increased 
evaporation from the cotton-wool used to plug the mouth of 
the heater-tube. This probably contains some moisture and 
may be raised slightly above the temperature of the rest of 
the copper vessel by the action of the heater. As, however, 
the evaporated water could only condense on the inner 
surface of the outer Dewar vessel, it is hard to see how any 
relatively important increase in the heat-loss could oceur in 
this way, 

Conclusion. 

The apparent decrease in activity observed in the seeond 
series of experiments is probably spurious, as the rate of 
decrease is much greater than that obtained by comparing 
the first and second series. It is probably due to irregularities 
in the ice temperature, as already suggested. The mean 
evolution of heat in the first series is 25:4 x 107°, and in the 
second 19°4 x 107° calorie per hour per gram. There seems 
to be little doubt that this heat must be generated by the 
orangite. The orangite is from Arendal, Norway, and an 
estimation by the radioactive method indicated the presence 
of 86 per cent. of elemental thorium. Now Pegram and 
Webb obtained a value 2°1 x 107° calorie per hour per gram 
of thorium oxide in radioactive equilibrium, and this value is 
much more nearly in accordance with radioactive theory than 
the very large values obtained in the present experiments. 

Lhe only possible explanation appears to be that the 
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orangite may be undergoing some molecular or chemical 
change. The mineral is subject to alteration, and perhaps 
the warming and loss of water during exhaustion started 
some change which was still proceeding at only a slightly 
decreased rate a year later. As the total heat evolved during 
that time only amounts to about 2 calories per gram of 
orangite it might possibly be produced in this way, though 
the smallness of the diminution observed in the rate of evo- 
lution indicates that the action will proceed for several years 
to come, and by the time it is over the quantity of heat 
generated by each gram may amount to a muck larger 
fioure : 

It is hoped to make a fresh determination on an entirel 
fresh sample of orangite which will not be heated beforehand, 
and also to employ ‘the method used with pitchblende as a 
check on the valves obtained above. 

In conclusion [ wish to express my gratitude to Dr. Joly 
for his kind assistance and advice throughout the work, and 
for the loan of the orangite employed, 

Physical Laboratory, 
Trinity College, Dublin, 

October 5, 1911. 

XVI. The Lonization Pup a a Carbon at Pn: Tempe- 
ratures. By J. N. Prine, 2.S8¢., and ASPARnees 
University of Manchester * 

HE escape of negative electricity from heated carbon 
was noticed by Hdison fF when making experiments 

with lamp filaments. This leak of current feo a heated 
filament to an adjacent electrode which is at a positive 
potential relative to the filament can, in some cases, become 
of the same order as that conducted through the filament. 
Edison found that when these filaments have been used for 
some time the ionization effeet diminishes, but increases 
again if the carbon is allowed to stand. 

O. W. Richardson { made systematic measurements of the 
ionization produced by carbon, Use was made of a carbon 
filament and a surrounding metal cylinder, and between 
these a potential difference. varying trom 30 to 300 volts 
was maintained, the heated carbon being made negative, 
The current produced by icnization was coudweted across to 
the surrounding metal. “By exhausting to very low pressures, 

* Communicated by Prof. EK. Rutherford, F.RS, 
+ Engineering (1884), p. 553. 
{ Phil. Trans. (1908) A, cei. p. 497, 
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from 0:1 to 0°001 mm. the influence of the ionization of the 
surrounding gas was supposed to be eliminated, and the 
currents produced wsre considered to be due to the liberation 
of corpuscles from the carbon. 

It had previously been stated by M’Clelland* that the 
negative ionization from metals is independent of the pressure 
over a range from 0:04 to 0°004 mm. The ionization 
eurrents found hy Richardson, and attributed to the liberation 
of corpuscles, ranged from 10-* to 2 2 amps. per square cm. 
of carbon, according to the temperature. A formula which 
had been deduced to show the relation between ionization 
and temperature was found to be in good agreement with the 

dD 

experimental results. In this equation IT=A6@! e ° where 
I denotes the ionization, A and 6 are constants, and @ is the 
absolute temperature. Tr the case of carbon, Richardson 
fouma that A==0?* and 6=9:5 x l0" According to this 
formula, the ionization will increase at a rate which at 
1500° is about equal to the 50th power of the temperature. 
Asis well known, there are no means of precisely estimating 
the temperature of thin filaments. 

F, Deininger f investigated the ionization from carbon 
and various metals alone, and in presence of lime, and 
concluded that Richardson’s formula applied in every case 

up to 1450°. Thus log I—4 log @ was plotted against 5 IO, 

and found to give a straight line. No mention is made of 
the pressure. 

H. A. Wilson { investigated the ionization from platinum 
and found that this varied very much with the previous 
treatment of the metal. ‘Thus, by long continued heating, 
or else by previously submitting to the action of nitric 
acid, the ionization was largely diminished. 9 Ele concluded 
hinge, Ube’ fomieiten leon platinum is independent of 
the preeenie from 0°2 to 0:001 mm., but that a reduction 
tO ss5a6 OF the original ionization is osees by removing 
the last traces ae occluded hydrogen. Wilson states that 
in some experiments carried out with carbon he confirmed 
the general results of Richardson. 

The present work was undertaken with a view to examine 
the ionization from carbon at temperatures which were more 

* Proc. Cambiy Phil. Socix, p, 241; xi. p. 299. 
+t Ber. deutsch. physik. Gesell. (1907) ix. p. 674. 
{ Phil. Trans, (1904) A. ecii. p. 248, 

Wehal, Mag. SO. VoleeeaeNo. ia5,, 00,1 OL 2. QO 



= Se ee RE 

194 Dr. J. N. Pring and Mr. A. Parker on the 

accurately measured than in previous work, to extend these 
up to about 2000°, and, at the same time, to notice what 
influence is exerted by the pressure of the surrounding gas 
and the condition of the carbon. No attention seems to 
have been paid by previous workers to the chemical purity 
of the earbon. 

The apparatus used in the present work (fig. 1) was 

Fig. 1. 

designed primarily for examining the phenomena at the 
anode during the discharge with high currents, and consisted 
of a tubular glass flask, in which a carbon rod (A) was 
supported by inserting in the graphite plugs B, B, which 
themselves were soldered into the water-cooled brass tubes 
C,C. An air-tight joint was made at D, D, by means of 
soft wax. The water-cooled tubes served for leading in the 
current which was used to heat the carbon. The carbon rod 
used was 5'1 cm. long and 0°50 mm. diameter, or 8-01 
sq. cm. surface. This arrangement of the apparatus enabled 
the rod to be heated to 2200°. 

Temperature Readings. 
were taken with a Wanner optical pyrometer. This was 
directly calibrated against a standar dised thermocouple up to 
1400°, and at the “ black body ” melting-point of platinum, 
1545° *, and as carbon has been found to radiate approxi- 
mately as a “black body,” the temperature readings will 
= eerie and Henning, Svtzungsber. k. Acad. Wiss. Berlin (1905) 

xil. p. 311. 
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follow closely the platinum scale. The small amount of 
absorption through the glass vessel was allowed for in all 
cases where direct temperature readings were taken. ‘This 
absorption was estimated by heating a strip of platinum 
with a constant current and reading the temperature 
optically, firstly by sighting directly on the surface, and 
secondly by allowing the light to pass through the globe. 
In some of the latter measurements, after the resistance of 
the carbon had become constant through graphitization, the 
relation between temperature and current through the rod 
was found and made use of for the temperature estimations 
when the vessel had, after prolonged use, become coated 
with a rather opaque film of carbon. The accuracy of the 
temperature readings can probably be relied upon to within 
39° at 1500° on the platinum scale and 75° at 2000° on the 
optical scale. | 

For the anode, a graphite rod (E) was soldered into the 
water-cooled brass tube (T), the top being placed at 4°8 cm. 
distance from the carbon (A). During the experiment, 
a large difference of potential (usually 330 volts) was 
maintained between E and A; the high-potential circuit 
being connected through the galvanometers M and M’ 
which were of different ranges, one giving a deflexion of one 
scale-division for 4:1 x 10~-® amp. and the other of one 
division for 6X107’ amp. For higher currents these were 
replaced by a milliammeter reading to 0°5 amp. and for 
measuring currents during discharge an ammeter reading to 
30 amps. was used. By means of the two-way switch 8 
the galvanometers were thrown out of circuit except during 
the moment wken readings were being taken. 

Exhaustion of Apparatus.—In the early experiments use 
was made of lithium for reducing the pressure. For this 
purpose the metal was placed in an iron boat contained ina 
tube of Jena glass (L). By surrounding this tube by an 
electrical furnace, and using a thermo-junction pyrometer, 
it was found that beginning with low pressures absorption 
of the gas to within one per cent. of the volume took place at 
450°, though at this temperature the lithium very slowly 
sublimed and gradually reacted with, and finally cracked, 
the glass. The exhaustion was afterwards effected with an 
automatic Sprengel pump connected to P, which would 
reduce the pressure to 0°0001 mm. when the apparatus was 
cold. The ‘lépler pump K (not drawn to scale), the volume 
of which was 4 that of the whole apparatus, was also used 
for evacuating, and as a McLeod gauge for measuring the 
pressure. For this latter purpose the volume of gas in K 
was compressed in the capillary, of known volume, and the 
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length of this tube occupied by the gas when at 5 em. 
pressure was measured. ‘The tap at P leading to the 
Sprengel pump was turned off for a short time before each 
reading of the pressure. The estimations of the pressure in 
this work were of course subject to the same limitations that 
apply in all cases where use is made of the McLeod gauge, 
through the presence of condensible gases and _ surface 
condensation on glass. 

Purification of Carbon.—The carbon used consisted of 
amorphous retort carbon and contained about 2°5 per cent. 
ash (oxides of iron, silicon, &¢.), and 02 per cent. of combined 
hydrogen. The method of purification employed consisted 
in heating for Jong intervals at temperatures varying from 
1700° to 2000°, and maintaining very low pressures. In 
this way impurities are oradually volatilized away and 
occluded gases expelled. It has never been found possible 
to purify carbon completely *, on account of the tenacity 
with which it holds many elements in large quantities at 
temperatures greatly above their points of volatilization. 
(After use in the experiments below, the carbon was analysed 
by combustion in oxygen and found to contain 0-091 per 
cent. of ash.) The graphite rod £ was occasionally heated 
during the above treatment by causing a discharge to pass 
between this and the heated carbon rod. Suitable conditions 
of temperature of the rod and pressure were arranged, and 
a potential difference cf about 250 to 350 volts was applied 
between the carbon and the graphite. When the discharge 
was once started, a voltage of 40 to 60 was sufficient to 
maintain a current of 20 to 30 amperes, and the graphite 
was gradually raised to a bright white heat at the end, and 
the inside glass cylinder (1°) to the softening point. After 
heating the carbon rod in this manner for some 20 to 
30 hours it was found possible, at any time when the 
apparatus was cold, to reduce the pressure in the vessel to 
0:0001 mm. within 2 hours. On raising the temperature of 
the rod, however, the pressure always rose immediately, and 
amounted to about 0°01 mm. when at 1800°. This could 
not be reduced any further by long continued heating and 
exhausting. After the globe had become coated with a pe 
film of carbon, the pressures obtained when the rod ws 
heated were higher than before, and for a given tenparaniin 
of the rod remained constant, even after heating and pumping 
for several days. ‘This residual gas is probably due either 
to carbon Poa ew hichwontd be formed by reaction 
between the oxides of the glass and the deposited film of 

* Cf. Pring, Trans. Chem. Soc. (1910) xcvii. p. 504. 
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carbon, a reaction which would proceed to a certain equi- 
librium value at any given temperature, or else it is due to 
oxygen resulting from slight dissociation of the oxides in 
the glass, though the temperature of the latter, of course, 
never reached the softening point. 

Measurement of Lonization.—A potential difference of 
about 330 volts was applied between E and A (fig. 1) except 
where otherwise stated, and the latter made negative. In 
this way it was hoped to collect most of the ions coming 
from the carbon. At this voltage, however, the original 
ionization must have been increased by collision, as only 
about half the current was obtained on using 200 volts. It 
was found that by placing the graphite rod E at 11 cm. 
instead of 4°8 cm. from the carbon, a fall in the ionization 
current of not more than one-fifth was caused. The results 
obtained when using impure carbon are shown in the form 

ioe es 
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of curves in fig. 2, where the ordinates denote the ionization 
current in milliamperes per 1 sq. cm. surface of carbon and 
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! the abscissze, the pressures. In fig. 3 are seen the results of 
| another series of experiments which were extended to much 

| Fig. 3 

L0G L (AMPERES) 

: 

| 120r° ——«(1300°~—=—«.00° ~—«/S00° ~—«/600°~=—«/7oo® = /#00° = ~900° += -2000° 
| TEMPERATURE 
| lower pressures, and where a bigher degree of purity of the 

carbon was obtained. In this diagram the ordinates denote 
| the logarithm of the ionization currents (in amperes) for one 

square cm. of cathode surface, and the abscissee, the tempe- 
ratures. The results obtained by Richardson are shown in 
this diagram at A. In the present work it was found that 
the minimum of ionization is not obtained at the pressures 
used by Richardson, but that the values fall continuously 
with diminution of pressure and with continued use of the 
same carbon as it becomes progressively purer. Beginning 
with h’gher pressures and unpurified carbon, it was found 
that the maximum ionization current is obtained at about 0-1 
mm. pressure and that the values are about one-tenth those 
given by Richardson as the minimum for the same tempera- 

i ture. The values at 0-001 mm. were about si; those at 
I 0-1 mm. In the experiments at higher pressures with 

impure carbon, shown in curves B to i, at tempers aa 
between 1250° and 18 320°, if the values of log 4 log @ are 

Pam : eae . 
| plotted against G 10%, a straight line is obtained ; but at 

i higher temperatures, which were taken up to 2050°, and 
| lower pressures, the ionization increased with the tempera- 

ture far less than is required by Richardson’s formula, and 
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varied very much with the condition of the carbon. Curves 
B to E were carried out with impure carbon, and G and H 
after heating at temperatures between 1500° and 2100° and 
pressure bemreen 0-005 and 0:05 mm. for a total period ot 
about 40 hours. The values obtained in Gand H, as typical 
experiments, are given in the table ee 

G 

Amps. through| , Field | Ionization, amperes iy : 
rod. ‘Tein: (voits)..| per sq. em. cathode. FETAESSUUNE uh CRU | 

80 | 1750° | 200 80x 10-8 0-010 
83D 1810° r 86x 10-6 0-021 
90 1850° at 10:6 x 10-° 0:010 

100 1950° Gs 16:0x 10-® 0-020 
110 2050° i | 16:0 x 10-° 0-027 

H. 

40 1250° | SOOM Mi (0 eh CMe 0-001 
45 1315° Be LS Seloims 0-001 | 
50 1370° us 6:17 x 10-8 0:001 | 
5o 1440° sh 3°29x10-7 0-002 | 
60 1500° Ri 40 x10-° 0-003 | 

In results G when 110 amperes was applied, a discharge 
suddenly occurrred, 20 amperes passing through and the 
voltage across the ‘terminals falling to 50. At these low 
pressures the discharge began abruptly from the smallest 
ionization current. Its formation was always very uncertain, 
and at higher pressures, 0°05 to 0-2 mm., it generally 
occurred at lower temperatures (7. e. 1550° to 1850°) and 
was preceded by a bright glow in the whole space of the 
flask, or else by blue striations, accompanied by currents up 
to 0°5 ampere. 

In experiments in which at the low pressures the small 
ionization current was obtained, it was found that on 
admitting a small quantity of air to the apparatus the current 
immediately rose to values similar to those shown in curves 
Bto H. There was no measurable positive ionization pro- 
duced from the carbon, up to 2000°, when the field (of 200 
volts) was reversed. 

Summary. 

Measurements were made of the ionization produced by 
heated carbon at definitely known temperatures between 
1300° and 2050°, and at various pressures. 

The negative ionization from heated carbon was found to 
fall continuously, both with reduction of the pressure and 
with progressive purification of the carbon. 
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The lowest value found at 1300°, with a potential difference 
of 330 volts, was 1°5x10~° ampere per square cm. surface 
of carbon, whereas Richardson found at this temperature 
1:3x10-+. At 2000° with a potential difference of 200 
volts, the lowest value found was 4x 107% ampere, while 
Richardson’s formula gives, at this temperature, about 
100,000 amperes. 

Above 1800° the ionization only increased very slightly 
with the temperature. 

These results clearly show that the large currents hitherto 
obtained with heated carbon cannot be ascribed to the 
emission of electrons from carbon itself, but that they are 
probably due to some reaction at high temperatures between 
the carbon or contained impurities and the surrounding 
gases which involves the emission of electrons. 
We are deeply indebted to Prof. Rutherford and Dr. H. 

Geiger for much valuable advice during the course of this 
work. 

Physical Laboratories, 
Victoria University, 

Manchester. 

Addendum. 

Effects similar to the above results obtained with carbon 
have been noticed by Soddy* in the case of the Wehnelt 
lime cathode. It was found that, at very low pressures, this 
cathode ceased to produce ions, w hereas, according to 
previous experimenters, greater saturation currents were 
given the lower the pressure. Soddy concludes that 
electronic emission can only account for a_ negligible 
fraction of the total current, the remainder being carried by 
the residual gas. 

Richardson f reaffirms the opinion that the negative leak 
from hot platinum is independent of the pressure at low 
pressures, and that these gases *‘ only appear to increase the 
fundamental electronic discharge from the hot cathode by a 
process inv Uns the occurrence of ionization by collisions.” 

Wehnelt ¢ also contradicts the above inference of Soddy, 
and states that in the best possible vacuum the total current 
is sustained by the electrons emitted from the glowing 

ro) 

oxides, and indeed at all pressures below about 0-1 mm. 

* ‘Nature,’ Ixxvii. p..53 (1907). 
+ ‘ Nature,’ Ixxvii. p. 197 (1907). 
t Phys. Zettschr. ix. p. 134 (1908). 
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XVIL. The Radioactivity of the Rocks of the St. Gothard 
Tunnels (By so NOV, UH lysS..* 

N 1908, in the course of a Presidential Address to 
Section C of the British Association, I gave a summary 

of the results of my experiments on the radium content of 
eertiin rocks from the St. Gothard tunnel. These results 
showed considerably greater amounts of radium in the gra nite 
at the northern end than elsewhere throughout the ‘Jeneth 
of the tunnel. 

The accompanying section (after Stapff) shows the general 
geological structure of the range through which the Panel 
passes. The granite extends for 2 kilometres from the north 
entrance. It is the same granite which enters into the 
stracture of the Finsteraarhorn Massif. It is a coarsely 
erystalline, rather gneissic, granite. At a_ point about 
1000 metres from the auiranee and for about 500 metres 
further there is considerab!e differentiation ; veins of various 
differentiation products traversing the toes chiefly of white 
felspar, quartz, and a dense eurite. This region is indicated 
by Stapf upon the section. After the granite the rocks 
encountered (for a further distance of 2 kilometres) are 
sedimentary, and exist in the form of two parallel synclines. 
These rocks are believed to be of Trias-Jura age, and are 
recognized without in the Usern district. They include 
various altered sediments, some of which (as the Cipolin) 

* Communicated by the Author. 

Plal. Mag. 8. 6. Vole 23h Noelse. Feb) 1912. i 
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are calcareous. It is not probable that these synclinal folds 
extend very deeply. The tunnel next enters the highly 
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metamorphosed rocks of the St. Gothard Massif. These 
extend for 74 kilometres, and include the most varied schists 
and intrusives ; all showing the effects of intense dynamical 
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influences. Their age appears to be undetermined. The 
last section of the tunnel is through the sediments of the 
Tessinmulde, and extends a length of 3 kilometres. These 
sediments are also Mesozoic and are similar in many respects 
to the Usern rocks, of which they may be an extension. 

The temperature gradients in the northern end of the 
tunnel were, as observed by Stapft*, of a very exceptional 
character. It is known that the thermal gradients in moun- 
tain regions are generally lower than is commonly observed 
in plains. The latter average about 30 metres to one degree, 
the former about 40 metres to one degree or even lower. 
Staptf, however, found the gradient at the northern end of 
the tunnel to be 20°9 metres per degree. The mean gradient 
in the central division of the tunnel was, on the other hand, 
only 46°6 metres. The rise in temperature at the northern 
end was by Stapff ascribed to the comparatively recent age 
of the granite: his view being that it was still parting with 
some of its original heat. That the source of heat is in the 
granite seems certain, for although the abvormal gradients 
extend into, and are indeed most marked where the tunnel 
traverses the Usern sediments, it is improbable that these 
sediments are directly influential. They probably are under- 
in, at no great distance downwards, by the granite, the 
heat from which escapes upwards through the infolded 
sediments. 

The interest attached to the measurements of the radio- 
activity of the rocks arose from the coincidence observed 
between the temperature gradients and the radium content. 
Such a coincidence appeared clearly shown in the experiments. 
That the coincidence is of considerable suggestive interest 
will, I think, be admitted. If other coincidences of the same 
kind were discoverable there is no doubt that a strong case 
for ascribing some local gradients to radioactive effects would 
be established. Pending such discoveries I considered that 
the original observations in the radium content might with 
advantage be checked by further measurements. It was 
also desirable to measure the thorium content. 

The thorium content of the original rock solutions was 
accordingly determined by a method pessessing the requisite 
sensitiveness. The results were published in a paper in the 
Phil. Mag. for July 1909. The original radium measure- 
ments were also given in detail in this paper. It was found 
that the qui antities of thorium i in the granite at the north end 
of. the tunnel were also in excess of those observed in the 

* Trang, North of Kngland Mining and Mec. Engineers, xxxill. p. 25 dey 

Pez 

———— 
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rocks of the central and south divisions. There was a 
similarity in the proportionate distribution of the two radio- 
active elements which may perhaps be regarded as an instance 
of the curious and as yet unexplained relation between the 
uranium and thorium content of many rocks. 

The rock specimens originally dealt with were kindly 
given to me by the Trustees of the South Kensington 
Museum of Natural History, and consisted of chips removed 
from the series collected by Stapft during the construction 
of the tunnel. Ata later date I ventured to apply for some 
further specimens. I have to thank the Trustees for again 
acceding to my request. The number of specimens applied 
for was 33; they were selected by Mr. Prior, whom I desire 
also to thank for the eare with which the chips were selected 
and labelled. In this second selection I gave no guidance 
save the indication of the approximate position in the tunnel 
from which it was desirable the chips should come. These 
positions were selected so as to fill up the wider gaps left in 
the first selection. A few additional specimens in the form 
of a small collection purchased from MM. Grebel, Wendler 
et Cie, enabled me to add yet three more determinations 
among the granitic rocks at the north end. The purchased 
specimens were part of a Stapff collection and undoubtedly 
aulhentic. The total number of additional rocks obtained 
was 36. The originai specimens numbered 51. 

The examination of the additional specimens I postponed 
pending the development of a new method of determining 
the radioactivity of rocks, which would save much of the 
exacting labour attending the method by solution *. During 
the month of August last I accordingly cca the 36 
rock samples in the electric tube-furnace. 

The rock specimen to the amount of about 7 grams was 
reduced in the agate mortar to a degree of fineness sufficient 
to pass it through a sieve of 60 mesh to the inch, but no 
finer, as far as finer subdivisicn could be avoided: The 
powder after weighing was mixed with 28 grams of the 
mixed carbonates of sodium and potassium. The mixture 
was placed in a platinum boat and introduced into the 
furnace, which in some cases was raised somewhat in tem- 
perature before the introduction of the charge, in order that 
the volume of gas expelled into the gas- -collector during the 
heating should not be too great for the electroscope. The 
temperature was raised for the last ten minutes to about 
1100° C., the total duration of heating being about an hour. 

* Phil. Mag. July 1911. 
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The expelled gases were passed through soda-lime and the 
unabsorbed gas received in a rubber bag, from which they 
were finally drawn into the exhausted electroscope: on the 
way passing again through the soda-lime tube. This is 
advisable, seeing that much of the emanation is probably 
retained in the tube into which it is borne along with the 
CO, expelled during the decomposition of the rock. A wash- 
ont of the furnace-tube is finally effected by completing the 
filling of the electroscope through the entire system of 
furnace-tube and soda-lime tube. The chemicals used in 
this process were separately tested for radium emanation in 
the manner described, loc. cit. p. 147. 

The electroscopes used were made of glass “ bolt-heads,” 
having a voluminar capacity of 500 ¢.c. The sulphur insu- 
lation was carefully shielded, by black paper tubes, from the 
light; past experience having showed that otherwise error 
might be occasioned. After a preliminary exhaustion and 
filling with air from the laboratory the rating of the move- 
ment of the gold leaf was carried on for about one hour before 
the admission of the gas, or for such a time as was necessary 
for the normal low reading of about 7 scale divisions per 
hour to be attained. Ifa higher reading—say, 8 to 12 scale 
divisions—-persisted with no sign of diminution, this higher 
reading was subsequently deducted from the final readings. 
The filling from the furnace was effected through a capillary 
tube, which regulated the rate of inflow so that 8 minutes 
were required for the complete filling of the electroscope. 
The drying material used was phosphorus pentoxide, and a 
plug of tightly compressed cotton-wool was interposed between 
the drying-tube and the electroscope. 

The determination of the constant, or calibration of the 
electroscopes, was effected as described, loc. cit. pp. 142, 146. 
There was some uncertainty about the constant of one of 

the electroscopes. Readings were obtained ranging from 
0-6 x 10~*% to 0'8x10~-%. 1 aminclined to the view that the 
last value is the best supported ; however, as comparative 
observations, which I effected by admitting to each electro- 
scope the same volume of ground gas (drawn from a depth of 
1 metre in the College Park), showed but little difference in 
the effects produced < on the two instruments, and as the one 
exhibited very steadily 0°6 x 10~” as the calibration value of 
a gain of 1 scale division per hour, I have thought it best to 
give the determinations made by the second instrument in 
terms both of the high and the low constant. ‘The more 
important determinations applying to the Finsteraar granite 
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were, with two exceptions, made by the less variable in- 
strument. 

It is known that when radium emanation is admitted to an 
electroscope there is at first a rapid increase of the ionization 
due to the initial formation of the active deposit of short 
period. A marked slowing arises after about 10 minutes, 
and a temporary maximum is reached which persists till 
about the twentieth minute*. I have found that the rate of 
collapse of the leaf as obrerved during the period of tem- 
porary maximum is ultimately creased about 33 per cent. 
at the expiration of 3 hours. This observation applies both 
to the calibration tests and to the rock measurements. ‘The 
labour of making the observations may be lessened by either 
calibrating the instrument for the effect in 15 or 20 minutes, 
and correspondingly reading the leak obtaining in 15 
minutes, when rock experiments are being made. Or, again, 
we may use the calibration reading phsecret 10 ince hours 
provided the reading obtained for the rock in 15-20 minutes 
is increased 38 per cent. It is true that the 33 per cent. 1s 
occasionally not fully attained and occasionally it 1s exceeded. 
Soddy has pointed out one source to which variations may be 
referred t. Ina long series of measurements it is ver 
improbable that any serious error can arise by the adoption 
of this method of reading the electroscope, and the gain in 
doing so is considerable, not only in the saving of time but 
in the better preservation ‘of the electroscope. In the recent 
experiments herein recorded this method has been used for 
the greater number of the low results. In the higher and 
therefore more important and questionable readings the 
instrument was in every case but one allowed to stand for 
the full three hours, and in some cases for an additional 
hour. 

The melts derived from the previous experiments were 
preserved in stoppered tubes and subsequently leached in 
water, filtered, and the residue acidified with thorium-free 
hy iachioric acid. The resulting solutions were examined 
by Mr. A. L. Fletcher for thorium, using the method de- 
scribed in the ‘ Philosophical Magazine,’ May 1909, p. 760. 
T have to thank Mr. Fletcher for carrying ‘out this work. 
The acid solutions alone were examined; as it has been 
repeatedly found that there is no appreciable amount of 
thorium removed in the first filtrate. 

* Soddy, Phil. Mag. Aug. 1907, p. 280. 
+ Soddy, Phil. Mag. Dec. 1909, p. 848. 
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Description. 

Finsteraarhorn Massif. 
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earlier ones are reprinted in the table given above. 
recent ones are interpolated in their proper order, and their 
distinguishing numbers marked with anasterisk. As regards 

In order to compere the new results with the old the 
The 
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averages, It will be found that in the Finsteraar or northern 
section of the tunnel there is but little difference between 
the earlier and later radium measurements. The average of 
iemiormer is 7:2 10712, or the. latter 6:0 x 10>77. Im com- 
puting the latter, two experiments, Nos. 20 and 24, on vein 
substances are omitted. They are probably without bearing 
on the radioactivity of the granite generally, as they are, 
according to Stapff, “ gangartig,”’ consisting in the one case 
of a eurite or highly siliceous differentiation product, in the 
other of a white felspar from a “ grobspathiger eurite.” 
Both are shown in Stapff’s marvellously detailed drawings 
as narrow white veins traversing the body of the granite. 
The one high result (14:1 x 10~-”) of the earlier results is 
largely influential in raising them above the later ones. 

In the other sections of the tunnel the new experiments 
are distinctly lower than the older. Here, again, a very few 
exceptional rocks appear largely responsible. Two of these 
were zircon-bearing (as Stapff points out), 2. e. No. 47 north 
end, which is a cipolin, and No. 132 south end. It will be 
noticed that the newer results in most cases conform in radium- 
richness to the neighbouring specimens. While I do not 
think the lower means point necessarily to errors of excess 
in the earlier results, it is certain that the method by fusion 
is safer than the method by solution ; and, indeed, the pro- 
cess of extracting the emanation is almost of mechanical 
simplicity. It is not easy to go wrong in this part of the 
operation either by errors due to contamination or failure to 
liberate the emanation. The errors arising from light (or 
other causes) affecting the insulation of the electroscope are 
fully guarded against. I think, therefore, that the newer 
results are more reliable than the old, although I know of 
no source of error affecting the latter. 

m See 
The following table gives the means for the several sections 

of the tunnel. The revent means are printed in italics :— 

| 
Ra per gram Th per gram | 

LOH x 105, | 
Reet ia, ON ae oil seri deeb, nea AEs) 

_ Granite and gneiss of the ] C2 eure | 
Finsteraarhorn Massif 6°0 264 

| Altered sediments of oe 49 0:97 
Wsernmnulldlem saan cen j 26 1:70 

Schists, &e. of the St. ] | 39 1:18 
Gothard Massie yess. j «TORE AE 1°10 

Altered sediments of the | | 34 | O51 
ENGSs inn Gi arencnewe eee: | 2:0 O44 

{ 
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Taking the means of both series of experiments we find the 
Finsteraar granite has a mean radium content of 6°7 x 107” 
and the Gothard Massif 3°5x107” for the radium, and 
2-15 10-° and 1°16 107° for the thorium.) “Wnerema 
therefore, about double as much of tle radioactive substances 
in the granite as in the schists of the St. Gothard Massif. 
And this disparity is even greater in the new series of 
experiments, both in the case of radium and thorium. 

It is interesting to compare the approximate heat equi- 
valents of the radioactive bodies in the two important sections 
of the tunnel. Assuming that 1 gram of radium in equilibrium 
with all of its series involves 201°6 gram-degrees per hour, 
and that the same amount of thorium, also in equilibrium, 
involves 2°38x 107° gram-degree per hour, we find the 
general means give for the radium 1351 < 10 12 calorie in 
the HFinsteraar eranite, and for the thorium 512 x 10777eak 
The more recent experiments afford 1210x107” eal. for 
the radium. The total radioactive heat in this section of the 
tunnel is, therefore, 1863 x 107” cal. per hour, or 1722 x 107” 
eal , according as we take the general mean or the recent 
values of the fadium content, These results are practically 
the same. In the St. Gothard or central section the general 
mean of the radium experiment gives 833 x 107" cal., and 
the mean of the recent radium experiment gives 666 x 107” 
cal, The heat due to ‘thonum {is 276 x 107” vealeaeiine 
toual heat is, therefore, 1109x107 or 942 x 10° 2tealomes 
These figures, where derived from the general mean, are 
based on a total of 87 rock samples taken at an average 
distance apart of 168 metres. The earlier series of rocks was 
selected so as to be representative of the more abundant rock 
species; the latter series was taken at random. 

Stapff’s gradient measurements give (as quoted above) 
20°9 metres as the maximum in the granite and 46°6 in the 
St. Gothard schists. Assuming the conductivities the same, 
there is about double the amount of heat escaping from 
the granite than from the schists. There is probably not 
much difference in the conductivities. This point has been 
investigated in the case of the Simplon rocks*. In the 
Simplon the conductivity of the granite across stratification 
was found to be 0:0054 and along stratification 0-0069. 
The gneiss and schists across cleavage gave 0:0063 and 
along cleavage 0°0084. Stapff’s explanation of the thermal 
state of the granite does not commend itself. The solidifi- 
cation of the granite must date back to Miocene times or 

* See Mr. Fox’s paper: Minutes, Proc. Inst. Civil Engineers, clxviii. 
p. 93, 
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earlier— certainly several millions of years ago. Prestwich 
gave a somewhat different turn to Stapf” s theory in ascribing 
the heat to dynamical movements in the granite; movements 
which might have been of somewhit later date. But this 
source of heat was almost certainly inadequate. It appears 
difficult to urge a better hypothesis than that of the radio- 
active origin of the heat in a granitic mass extending 
deeply beneath the tunnel. 

Unfortunately no other similar instance can be cited. 
The temperature observations in the case of the Simplon 
tunnel suggest themselves.~ Prof. Lees has calculated that 
a small amount of radium in those rocks would produce 
little effect*. A complete estimate of the radioactivity of the 
Simplon rocks has yet to be made. In view of the recent 
work which has been done in my laboratory, I must conelude 
that the general means for the Simplon rocks, which I 
formerly arrived at, may suffer from the same unknown 
source of error ahioh apparently affected some other con- 
temporaneous experiments. 

Dec. 15, 1911. 

XVILI. On the Properties of the Rays producing Aurora 
Borealis. By L. VeGarn, Universitetsstipendiat, University 
of Christiania Ff. ' 

Introductory. 4 is on; 

i W are at the present time quite familiar with the 
idea that the sun is sending out electric rays of 

some sort, and that such a radiation is the primary cause of 
Aurora Boreas and most magnetic disturbances. 

Professor Kr. Birkeland ¢ has worked on this hypothesis 
for about fifteen years, and through a great number of 
observations treated by Birkeland and his collaborators, as 
well as through a number of laboratory experiments, a new 
light has een thrown upon these phenomena, and _ the 
results obtained are most strongly in favour of the radiation 
theory. 

The theoretical work of Professor ©. Stérmer§ on the 

* C. H. Lees, Roy. Soc. Proc. A. vol. Ixxxiii. p. 344. 
+ Communicated by the Author. Read before the British Association, 

Portsmouth, September 1, 1911. 
t Kr, Birkeland, Archives des Sciences phys. et nat. Geneve, 1896: 

Recher ‘ches sur les taches du Soleil, &c., 1899 ; Expédition Norvégienne de 
1899-1900, &c., 1901; The Norwegian Aurora Polaris Expedition, 
1902-1903. 

§ C. Stormer, Christiania Videnskabsselskabs Skr., Math.-Nat. Kl. No. 8 
1904 ; Archives des Sciences phys. et nat. Geneve (4) vol. xxiv. 1907, 
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orbits of electric rays exposed to the field of an elementary 
magnet, when applied to the sun and the earth, has also 
shown that the main features of the aurora and magnetic 
disturbances are simple consequences of the radiation 
hypothesis. 

In fact I think that, all arguments collected and weighed, 
it will hardly be possible to doubt that electric radiation from 
the sun is the main cause of the phenomena in question. They 
show, however, a. great variety of forms and variations, and 
further investigations will be required before we are e able to 
follow each phenomenon into details, and, above all, we have 
al present no definite knowledge as to the physical nature 
of those solar rays which are engaged in the production 
of magnetic disturbances and the various forms of aurora 
borealis. 

The determination of the nature of these rays will be of 
great importance, not only for the study of these most 
interesting terrestrial phenomena, but knowing ithe types of 
radiations we may obtain valuable information regarding 
the constitution of the sun. 

It is my intention in this paper to give a contribution to 
the solution of the question regarding “the physical nature of 
the electric radiation from the sun, by trying to show that 
certain auroral forms, especially the draperies, both as regards 
position, occurrence, structure, and form, are explained in a 
simple way by assuming that they are caused by a-rays, 
or rays having essentially the same properties, while the 
assumption of a radiation of the @-ray type meets with great 
difficulties. 

This #-ray hypothesis was first announced by the writer in 
a note to ‘ Nature’ *, and some further consequences have 
been drawn in a couple of notes recently published in 
Archiv f. mat. og nat. Videnskab.t 

Properties of a-Rays. 

2. Before proceeding to treat the auroral problem, let us 
first recall to our memory some of the most characteristic 
properties of e-rays. 

The a-rays hitherto studied consist of helium atoms each 
of which carries an electric charge + 2e. 

The e-rays sent out during a certain transformation pro- 
cess will start with a quite definite velocity. As shown by 

* L. Vegard, ‘ Nature,’ no. 2163, p. 212 (1911). 
+ L. Vegard, Archiv f. mat. og nat. Videnskab. No. 6 and No. 9 {1911). 
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Bragg and Kleeman”, a-rays from a thin layer of radium 
bromide in radioactive equilibrium with its disintegration 
products, consist cf a mixture of homogeneous groups corre- 
sponding to the various steps of transformation which are 
accompanied by the expulsion of «-rays. 

The way in which a@-rays are absorbed by matter is very 
characteristic for this type of radiation, and is very different 
from the law of absorption of @-rays. | 

Suppose a bundle of a@-particles strikes a homogeneous 
layer of matter. ‘’he a-particle for the greatest length of 
its path will penetrate the matter in nearly straight-lined 
orbits, and only a comparatively small scattering takes 
place. 

During the passage the velocity gradually diminishes, and 
after having traversed a certain thickness of matter called 
the range the a-particle loses its power of ionizing and of 
producing photochemical effects, and stops. 

Brigg and Kleeman+ have determined the range for 
various groups of a-radiation, and from the knowledge of 
the initial velocity we can find the relation between range 
and velocity. H. Geiger t recently measured the velocity (*) 
of the «-particle at ‘different points of its path through 
matter, and found the following simple relation 

PG) thy ueanGly) 
where « is the thickness traversed and r is very nearly equal 
to the range, and & is independent of # and v. If the 
various a-rays merely differ with respect to velocity, the 
relation between initial velocity V and the range RK in a 
certain substance would be 

V2=FR. e e e ° . e e (2) 

Bragg and Kleeman measured the relative amount of 
ionization produced by a homogeneous pencil of e-rays per 
unit length at various points along its path, and found the 
ionization to increase as the velocity diminished, first slowly, 
then more rapidly, and it assumed a very Piece maid 
close up to the point where the rays are stepped. On the 
assumption that the ionization (7) per unit length of path is 
proportional to the loss of kinetic energy, Geiger finds from 

E Teh Nie 
equation (1) that 22 = —— 

P—w 

* Phil. Mag. [6] x. p. 318 (1905). 
+ Loc. ctr. 
{ H. Geiger, Proc. Roy. Soc. A. Ixxxiii., p. 505 (1910). 
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The theoretical and experimental curve is given in fig. 1, 
which is taken from Geiger’s paper. 

Bice all. 

lontsation 

F MORES 
Range tnemes of air 

From observations of the absorption in various substances 
Bragg and Kleeman found that the masses of strata of equal 
absory ption are proportional to the square root of the atomic 
weights. 

Suppose we have a homogeneous layer of matter consisting 
of elements of atomic w eight AYA: An, then a stratum of 
total mass M per unit area has an absor! ing power equivalent 
to a mass M’ of air given by the expression 

Me 3.8 oe >.) i 
a (ae Ry ia ate me) sie 

where I, is the mass of the element A, for each unit of the 
total mass of the mixture. 

H. Geiger * measured what he called the most probable 
scattering angle (A) for the z-rays, and found 

R= Ky A 

where X is the air equivalent traversed, and A the atomic 
weight. This result, when interpreted, shows that on an 
average the e- particle will follow very nearly a straight line, 
the oehiis will most of them only be slightly, curved near the 
oint where the particle stops, and consequently the track 

followed by a pencil of initially parallel rays will only very 
slightly broaden out from the track followed provided no 
scattering took place. 

* H. Geiger, Proc. Roy. Soc. A. Ixxxiii. p. 492 (1910). 
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Application to Aurora Borealis. 

The Structure of Aurore. 

3. According to our present view, in the aurore we are 
actually examining the luminosity produced when the electric 
radiation from the sun strikes the atmosphere, and from the 
form and structure of the luminosity we should be able to 
examine the way in which the solar radiation is absorbed by 
matter. In certain cases the form and structure is so cha- 
racteristic and definite that we should be able to find out 
some definite properties with regard to the law of absorption 
of solar rays, and perhaps to identify them with some sort of 
known electric radiation. 

One of the most conspicuous forms of aurora, showing 
very characteristic and definite properties, are no doubt the 
draperies. 

‘I'wo drapery forms are represented in fig. 2; the one above 

Bio.) 2. 

was observed at Godthaab; 1882, and the one below is from 
the classic work of P. Gaimard, ‘ Voyages en Scandinavie, 
en Laponie et au Ferée.’ A 
We notice the straight-lined structure, so characteristic 

for these forms. The simplest interpretation possible of the 
straight-lined streamers is to suppose that they mark the 
track followed by the solar rays as they penetrate down 
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the upper strata of the atmosphere. ‘This interpretation is 
also In agreement with the fact that the streamers show a 
radiation point. We further notice that the straight-lined 
structure continues till the luminosity suddenly stops, forming 
a sharp edge of the drapery band. 

In order to explain these straight-lined streamers, we must 
suppose that the solar radiation producing them shows a very 
small scattering, and we at once recognize one of the pro- 
perties of a-rays. On the other hand, if the draperies are 
at all formed as the effect of radiation penetrating down the 
atmosphere, it is impossible to explain their structure by 
assuming a radtation of the @-ray type. — 

As shown by Crowther *, the B- rays are scattered at a 
rate which is enormously greater than the rate at which 
they are absorbed. Thus the 8-radiation would be spread 
out in all directions as soon as it entered into the atmosphere, 
long before it was absorbed in any appreciable amount. 
Consequently, the luminosity produced would broaden out 
and become diffuse, and we should get no definite straight-’ 
lined streamers. 

The small scattering of the solar rays, and the impossibility 
of explaining the draperies by B-rays, is also evident from 
the extremely small thickness of the dh rapery bands. Adam 
Poulsen, observing at Godthaab, has examined the bands 
from the bottom edge in the direction of the streamers, and 
he states that they appeared as if they had only linear dimen- 
sions and no observable thickness. 

The suddenness with which the luminosity stops at the 
end of the streamers shows that the solar rays quite suddenly 
lose their power of producing luminosity. In other words, 
if we were to observe the selar rays by ‘the luminosity pro- 
duced, we should find that they possessed a well-defined range 
which in a striking way cor responds to the range of the 
a-particles as found from the ionization produced in a gas. 

From the study of the discharge in rarified gases, we know 
that places showing great luminosity correspond to places 
where a great ionization takes place. The assumption is 
then a very legitimate one, that the luminosity produced by an 
a-particle along its path follows the same law as the ionization. 
If so, the maximum intensity of light at the edge of the band is 
simply explained if we suppose the conization per unit length of 
puth of the solar rays to follow a law essentially similar to that 
of a-rays (see fig. 1). 

On examining and interpreting the structure of certain 
auroral forms, we have been able to show that the solar rays 

* J. A. Crowther, Proc. Roy. Soc. A. lxxx. p. 186 (1908). 
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producing these forms, whatever their nature may be, have 
properties which are indeed most characteristic, and which 
are also found for @-rays, or, in another way of expression, 
by gunn to the solar rays properties which are physically 
known from a-rays we have succeeded in giving a simple ea= 
planation to a large class of auroral forms, the explanation of 
which has so much puzzled earlier investigators in this field. 

It would be premature, from these facts only, to identify 
the solar rays in question with a-rays ; butin view of the fact 
that the drapery forms must be produced by some kind of 
electric radiation which cannot ve of the B-ray type, I think 
we may rexson from similarity in properties to similarity 
in nature, and suppose that these solar rays consist of atoms 
or molecules carrying an electric charge. It will be a matter 
of further investigation to determine more definitely the kind 
of carrier and charge necessary for the production of the 
aurora belonging to “the class considered showing suddenly 
stopping straight-lined streamers. 

The similarity between the electric ravs from the sin and 
the g-rays makes it possible that at any rate certain forms of 
aurora may be proluced by real a-rays from radioactive 
substances, and it will be of considerable interest to draw 
the consequences of such an assumption to see how far the 
a-ray hypothesis is in agreement with observed facts. 

Absorption of a-Rays by the Karth’s Atmosphere. 

Hleiyght of Aurore. 

4. We shall suppose the barometric pressure (B) given as 
a function of the height (4) above the ground. If we do 
not take into account the variation of eravity with the height, 
the mass of unit area of stratum going frem the upper limit 
of the atmosphere to the height (h) is s.B, where B is given 
in cm. mercury of specific weight s, IH this mass *(M) 
consist of a mixture of substances its equivalent mass of air 
(M") is found from equation (3). Provided the air equivalent 
is found corresponding to the height (h), equation (2) gives us 
the initial velocity of an «-particle which would penetrate 
down to this height. 

In the numerical calculations we shali use values of B 
given by Wegener*. These numbers are based on various 
assumptions, é. g. they" depend on the ce eee we make 
with regard to ihe gases present. Thus the distribution of 
pressure, especially in the strata above 100 km. say, cannot 

* * Phys. Zertschr, xii, Nos. 5 and 6 (1911). 

Piiil. Mag. § . 6. Vol. 283, Nov 132, Feb. 1912 , Q 
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claim great accuracy, but we shall use Wegener's numbers 
as probably being of the right order of magnitude. 

The relation between velocity and height i is calculated for 
the following two cases :— 

1. The matter traversed is air, velocity Va. 
a i is hy ‘drogen, velocity Vx. 

The results are given in the elovee table :— 

TABLE I, 

h. | b. Va. Vu. 

Dole aah min. em./sec. | em./see. | 
1a t500 0-00162 0-62 V, 1:2410° | 0:97 V, | 1:94 10? | 

300 0-00329 0-79 ,, 158; 1124 S225 ee 
200 0-00581 COBH Me ee 1-50. ., |e 
100 | 00128 1-24 ,, 248° | 1-98 4 one 
GOs 202106) a; aI ae 502 ,, | 

Paeo0 } AL7 (184) =, | G68)... | : 
0 ee 148-205, 1) (O88). iss | | 

Vo is the velocity of «-particles from Ra C, and is put equal 
to 2:0 x 10° cm. see.7} 

Fig. 3.: 

2p os, 6-8 ae)... ele 
Veloce. ty 

The velocities corresponding to. various values cf (A). 
are illustrated in fig. 3. On each curve are marked a 
number of points corresponding to the range of the a-rays 
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given out by some known radioactive substances. We notice 
that down to a height of about 70 km. the value of (h) 
diminishes rapidly wita increase of velocity, so that #-rays 
possessing a velocity about twice that of Ra C would vet down 
to about 75 km. 

Measuremeits of the height of aurore have been made by 
a great many observers, and quite recently Stormer ”* has 
obtained measurements by means of a photographic method. 
Various observers give values which differ considerably ; 
but it can be considered as quits certain that aurorze are most 
frequently found at a height interval, say, between 70 and 
300 km. ‘Stérmer’s observations gave a maximum of frequency 
at about 115 km. above the ground. Comparing calculated 
and observed values, we find thaé the range of ordinary a-rays 

in matter is of the right order of magnitude to explain the 
height of the main bulk ef aurora boreales. 

The Diurnal Distribution of Aurore and its Bearing 
on the Radiation Theory. 

5. It has usually been held an indisputable fact that 
aurore occur more frequently on the evening than on the 
morning side of the night. If thereis such an asymmetry 
of distribution with respect to the plane through the sun 
and the magnetic axis, we might have a point of attack for 
the determination of tne sign of the electric charge carried 
by the solar rays. Birkeland finds in the law of distribution 
stated an argument in favour of a negative radiation. 

When the study of the structure of the aurore led the 
writer to suppose a radiation of the s-ray type, it became a 
question of importance to make further investigations into 
the distribution of aurorz, and, provided it followed the rule 
stated, to see whether it sronlld involve the necessity for a 
negative charge. 

In the following pages I have attempted to give thie 
diurnal distribution of certain auroral forms, and also to 
compare results with theory so far as such coordination is 
possible at the present stage of theoret'cal investigation. 

The determination of the diurnal distribution of aurora 
borealis meets with a great many difficulties. Tirst of all, 
daylight will prevent aurore trem being observed during the 
day ; secondly, the great variety of forms and intensities 
makes it very difficult to get a quantitative measure of 
aurore which is free from afty arbitrariness. Faults may 
also enter into the results from the sky being not equally 
well watched at different parts of the night. 

* ©, Stérmer, C. R. 1OLL. 

Q2 
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In dealing with the auroral problem I think we ought to 
be aware of the possibility that not all the luminous phenomena 
called northern lights are necessarily produced exactly in 
the same way and by the same agencies. Consequently, the 
diurnal variation may be different for different forms, and 
ought to be found for each type separately. | 

The types which mostly interest us in connexion with the 
a-ray theory are those which we might call radiant forms, 
containing all types of aurora showing definite streamers 
ending suddenly with a maximum of luminosity. To this 

Fig. 4. 
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group belong, e. g., the draperies, the corona, rays and ray- 
bundles, a number of auroral bands, and probably some of 
the forms put down.as arches may be merely distant aurora 
belonging to this group. 



the Rays producing Aurora Borealis. 221 

The apparent distribution of certain forms of aurora mostly 
belonging to this “radiant”? group is given in Table II. and 
represented in fig. 4. ; 
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various polar sta tions during the polar year 1882-83. The 
numbers in the second to eleventh columns give for hour- 
intervals the total number of aurore of the. form considered 
which have been observed from the beginning of October 1882 
to the end of March 1883. The form is given cne mark each 
time it is observed, provided the time-interval between suc- 
cessive observations is greater than O°2 hour. Thus the type 
counted is never given more than one mark in an interval 
of O° hour, even when the same type has been recorded 
several times during that same interval. 

In spite of the disturbing influence of daylight, the curves 
for the distribution during the night-iime show the existence of 
one well-marked evening maximum, and also for the corcna 
and drapery forms a w ell-marked minimum just after mid- 
night. In most cases we also find a morning maximum, 
which, however, is not very well marked; and although fe 
existence can hardly be doubted, the determination of its. 
time of occurrence is rendered difficult, partly from the 
small frequency of aurorz at this part of the night, partly 
from the fact that it occurs so late in the morning that the 
daylight may have a disturbing influence on its position. 

In Table III. is given the position of the various stations 
and the oecurrence of the evening maxima. 

TABLE IIT. 

| Tie of evening 
lax. i | 

pee. © | 
Station. | Latitude. | Longitude. Form. fis Nees 

‘Each form. Mean. | 

| Bossekop ...... COPS ieN a 2a° 15" KR, eee pean a | a ie | 026 14° 5 

{ | 

Cxp Thordsen. 78°28'N, 15°42'E. 5°" ence pee a a 8 0 | 14°5 

| Godthaab ...... | 64° ee 51° 43° W. Dee eee a ee i hos / Q90 

“Ringua Fjord. | (6° 96 Ba 618 We Hea 032 ve pros 19e-1 2405 

“Fort Rue «2... 62030'N, 115° 44 W. Re al ie ae } 12.0. 180-9 220-2 

The quantity 7 is the ratio between the number of aurore | 
observed before to those observed after midnight. 

The- curves show that aurore are far fo being equally 
distributed on. both sides of. midnight.. This asymmetry 



the Rays producing Aurora Borealis. 223 

cannot be accounted for by any disturbing inftuence of day- 
light, because this light effect would be. symmetrical with 
respect to midnight. The values of r show that at the three 
eastern stations, during the time of sufficient darkness, more 
auroree of the forms considered appear on the evening side. 

Kingua Fjord, however, occupies a most singular position 
in this respect ; also here the auroree show two maxima, but 
they occur with a decidedly greater frequency around the 
morning maximum than around that of the evening. ‘This 
result is the more remarkable when it is compared with that 
of Godthaab. This station is situated very nearly on the 
same latitude as Kingua Fjord, and is not very far apart 
from it, and further, the observations at the two places cover 
the very same period. 

Passing on to the most westerly station, Fort Rae, we find 
that the value of 7 increases again. For the curtain form it 
is greater than one, and for aurorz through the zenith some- 
what less than one; but this fact does not show, as in the 
ease of Kingua Fjord, that more aurore are found near the 
morning maximum ; it is rather a consequence of the fact 
that the evening maximum occurs much later at this station 
than at the more easterly ones. 

The evening maximum is seen to occur at very different 
local hours. At Cap Thordsen it occurs as early as 8 o’clock, 
while at Fort Rae it occurs at 12. The occurrence of the 
maxima at the various stations will become more regular 
when regarded in relation to the magnetic axis instead of 
the axis of rotation of the earth. Letona geocentric sphere 
O be the position of the station, S that of the sun at the 
moment of the evening maximum, and P and P’ the points 
where the axis of rotation and the magnetic axis cut the 
sphere respectively. 

The hour angle of the sun SPO is given by the local time 
of the occurrence of the maximum. The corresponding : angle 
with reference to the magnetic axis is SP’O, and has been 
calculated for the various stations. The angle a given in 
Table ILI. is supplementary to SP!O or Z SP’/0=180°—a. 

In Table III., 90°+6, is the angle between the north 
direction of the magnetic axis and ‘the direction to the sun 
at the time of the evening maximum. 

In spite of the great “differences of the hour -angle OPS 
the angle SP’O comes out nearly constant. This will also 
be evident from fig. 4 (p. 220), where a line is drawn giving 
the time when the station cuts the plane through the sun 
and the magnetic axis, or, as we might call it, the time of. 
magnetic midnight. 
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The values of a show that for all stations the evening 
maxrimum for the winter 1882- 83 occurred about 1:3 hours 
before magnetic midnight. 

We saw that aurore did not occur ‘sy mmetrically with 
regard to a plane through the sun and the axis of rotation. 
Looking at the curves, we notice that there is also a marked 
asymmetry with respect to the magnetic midnight, or with 
respect toa plane through the sun and the magnetic. axis 

Application of Mathematical Theory. 
Stdrmer’s | calculations, founded on the radiation 

hypothesis, should give us some means of determining from 
theory tue diurnal distribution of aurorze. The part of his 
researches which mostly JutsTese us is the determination of 
the orbits through the origin f, and we shall mention a few 
of the results which have reterence to our problem. 3 

According to Stérmer we get the various types of orbits 
through the or igin (the centre of the ear th) by the ee 
of a single integration constant y. in order that rays 
starting ‘from the origin shall pass on towards infinity ¥ 
cannot be outside the interval Co) 

SSS) 

But values of y inside this interval may or may not give 
orbits through the origin with infinite branches. 
~ Numerical integration has shown that all values of y in 
the interval (f,) 

—y <y<0, 

give orbits through the origin which pass on towards infinity, 
y* is found to be about 0° 93. In the rest interval (I,) 
me a there are an ieareite number of orbits which 
only reach a certain distance and then vo back to the origin; 
but also in this interval an infinitely large number of or one 
are found which have infinite branches. 

If the rays from the sun reach the earth they must 
follow some ‘path which is very near to one of those coming 

2 M 
from the origin, and if the quantity aN an is less 

than the distance between the sun and the suet the rays 

+ Loe. eit. 
t See C. Stormer, Archives des Sci. phys. et nat. Gencve, pp. 935-947 

(1907). 
§ M is the magnetic moment of the earth, p, is the radius of 

curvature of the ray when moving.in a uniform field of strength june 
plane perpendi cular to the magnetic force. 
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from the sun which are to reach the earth must follow near 

to orbits through the origin having infinite branches. The 

condition mentioned only requires Hope S 9°38, and the 

solar rays giving rise to the radiant forms here considered 
must undoubtedly fulfil this condition, on account of the 
fairly great penetrating power they possess; for 1t only 
means that the solar ravs must be less deflectible than a 
eathode particle which his acquired its velocity from a 
potential fall of about 1/100 of a volt. 

In order to get an idea of the diurnal distribution we may 
regard the distribution of precipitation of electric radiation, 
which at a certain moment would be produced by a rich 
supply of radiation from the sun me 

Suppose the rays to come from a point S whose distance 
from the point EH corresponds to that between earth and sun. 
Let SH, fig. 5, form an angle & with the plane perpendicular 

| Fig. 5. 

N 

to the magnetic axis. Suppose the orbit to be projected on 
this plane, and let the tangent (UT) of the projected orbit at 
the origin form an angle ® with the line 8’E. As shown 
by Stormer, ® and w are single-valued functions of y; but 
we bave to remember that ® and W only exist physically 
for intervals of y which give orbits through the origin with 
infinite branches. 

Numerical integration has shown that the two functions 
P=f/,(y) and Ww=/o(y) are continuous and real in the 
interval (I,); in the interval (I,), however, if we only con- 
sider real values, the two functions f(y) and f (y) have a 
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great number of points of discontinuity corresponding to 
orbits which do not pass on towards infinity, and the curves 
Ji (y) and fo (y) break up into a number of separate parts. 
These curves oe not yet been exactly determined ; but 
from Stérmer’s investigations we see this much, that in the 
interval (Iz) y will oscillate inside a fairly ll interval, 
while the angle ®, especially for orbits near those returning 
to the origin, may assume enormous values. In other words, 
the orbits of this interval may turn several times round the 
magnetic axis before they strike the earth. 
As such a large variety of orbits corresponds to a very 

small interval of y. very small variations in the initial con- 
ditions may cause great changes in the form and position of 
the auroree. Consequently, we sh ouldexpect that aurore, as 
far as they are produced by rays following orbits of the 
interval (I), would on an average be spread over all hours 
of the day, and we should not expect aurorze formed in this 
way to produce very distinct maxima or minima. At the 
present stage of mathematical investigation we are not able 
either to prove the existence or to determine the position of 
such possible maxima corresponding to the interval (1,) 
For the aurore possibly belonging to the interval (J,), 
however, we can estimate the position of the diurnal 
maxima. 

A number of orbits of the interval (1,) are given in fig. 6, 
which is a photograph of a curve model made by Stormer. 
The orvits are all supposed to come from points situated in 
the same plane through the magnetic axis, and at a distance 
from the origin equal to that between earth and sun. Curve A, 
HO Gls shows the relation between ® and w in this interval. 
When y passes from 0 to —0-93 ® increases from 0° to 306°. 

The position of the spot of precipitation is determined from 
theory by the position of the sun relative to the magnetic 
axis, and will be en en by the points of intersection between 
the curve (A), fig. 7, and the straight line (B) given bv the 
equation w= se where 90°—6,, is the angle fenced the 
direction to the sun and the north direction of the magnetic 
‘X1s. 

The distribution previously found is derived from obser- 
vations during the winter. In that case 34,, is negative, and 
the line B will intersect the curve A in four points, corre- 
sponding to four diurnal maxima. The first and the last one 
occur in the day and escape our observations. The points 
m, and mg are about symmetrically situated with respect to 
magnetic midnight and correspond to night maxima. 

Thus the observations are so far in agreement with theory - 
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that the mere existence of two night maxima, one before and 
one after midnight, is a consequence of mathematical theory; 
but entering into details we should meet with many difficulties 
if we were to suppose that the predominant part of aurore 
observed belonged to the interval (I,). 

Thus the two night maxima observed at the various stations 
are not symmetrical with respect to magnetic midnight, 
which should follow from theory provided the station was 
situated near the meridian passing through the magnetic 
axis (P’). Such a position has Kingua Fjord, but still 
the morning maximum occurs more than six hours after, 
while the evening maximum occurs only two hours before 
midnight. 

Another difficulty arises from the fact that auroree occur 
when 6,, has such large values that the line y~=6,, does not hit 
the curve A at all. Thus at Kingua Fjord the average value 
of 5, at the time of the evening maximum is 24°5, and at 
midwinter even much greater, the largest (negative) value 
of vr in the interval (1,) is no more than 20°. 

Further, the diurnal maxima are not by any means so 
sharp as should be expected from theory, provided most 
aurorge were caused by the rays following orbits of the 
interval (1). 

The broadening out of the maxima may have several 
causes. In the first place, aurore are observed and may be 
counted even when they do not appear with their main bulk 
on the meridian of the place. Secondly, the curves are 
deduced from observations covering a period of several 
months, and during that time 6, will undergo variations 
which will produce corresponding changes of ® or the time 
of occurrence of the maxima. But these causes alone are 
not competent to explain the broadening of the maxima ; 
for the same form may be observed near the zenith repeatedly 
for many hours during the very same evening ; neither can 
it be dae to differences of stiffness* of the solar rays, because, 
according to mathematical theory, when w is the same, the 
value of ® is very little changed by considerable changes of 
stiffness. 

The discrepancies, however, may to a certain extent be 
ascribed to the incompleteness of the mathematical investi- 
ations, because the path of the rays near the earth may be 

greatly different from that of an elementary magnet, and 
near the poles a small difference of path may considerably 
alter the hour of occurrence. 

* “ Stiff ravs” means rays which are not easily deflected by electric or 
magnetic forces. i 
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The simplest way of explaining the indistinctness of the 
maxima is to suppose a great part of the aurorze to correspond 
to the interval ([,). The great variety of forms of the orbits 
will also best account foe the great variety of forms of 
auroral bands, and their rapid and often irre eonlar motions. 
_ 7. Finally, we shall consider the question as to. whether 
the distribution of aurorez is consistent with the eerie hom 
ofa positive radiation. 

Let, in fig. 5, the north pole be turned upwards, then the 
orbits drawn correspond to negative rays. The positive rays 
will have quite. a similar-course, only that they turn round 
the magnetic axis in the opposite Moeciion, or orbits of posi- 
tive rays are the mirror image cf the negative ones with 
respect to a plane through the sun and the magnetic AXIS. 
Now if the rays are negative the aurora occurring before 

magnetic midnight should correspond to ® less than 180°. 
In accordance with the suggestion made by Birkeland I 
suggested, in a note to ‘Nature ’*, that the greater frequency 
of aurore on the evening side compared with that on the 
morning side should indicate a negative radiation. This 
supposition is based on the assumption, which indeed might 
seem quite a reasonable one, that the simplest orbits, those 
corresponding to the interval i<b< 180°, should occur more 
frequently than orbits for which ® is greater than 180°. 

The mathematical theory, however, is not yet carried so 
far that the probability of the occurrence of various orbits has 
been found; but still the calculations made enable us to 
draw certain conclusions. 

Looking at the curve A we notice that for values of ® 
less than about 35°, W is greater than any of the values 
Om can have, or rydistion from the sun cannot at all follow 
those very simplest orbits passing from the earth towards 
infinity, because the sun cannot tike up the position required. 

Moreover, the resuits for Kingua Hjord are an exception to 
the rule ae more auroree occur round the evening than 
round the morning maximum. But even in the cases he e 
the rule of the oreater evening frequency holds, a negative 
charge of the rays is by no means a necessary consequence. 
oiled the interval I, is excluded, ® is found to be less 

than 360° and the value of ® corresponding to the evening 
maximum is 180°+a, where « at the various stations has 
the fairly small values given in Table III., and the sign + 
corresponds to a positive, the sign — to a negative radia ation. 

The theory gave two night maxima about symmetrically 
situated with respect to magnetic midnight. Thus both 

* Loe, cit, 
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P=180°+a and 180°—« may equally well correspond to a 
theoretical maximum ; and thus, if we consider the aurors 
regardless of their peculiar forms, the theory gives no reason 
for supposing orbits corresponding to P=180°—a more 
probable than orbits corresponding to B=180°+a4. 

So far the theory of the diurnal distribution leaves the 
question with regard to the sign of the charge undecided. 

If, however, we take into account the theoretical conditions 
fon aie) commeiion! of various forms, e. g. the draperies, we 
may get a step further. 

Stormer, from his mathematical investigations, has suc- 
ceeded in giving a fairly simple explanation of the formation 
of the thin and long drapery bands. Regarding details I 
must refer to his papers*. It mey here be sufficient to 
notice that it is essential for his explanation that ® has a 
great value, at least greater than 180°. If the rays correspond 
to the interval (I,) ® must be in the interval 180°<®@<360°, 
and if they follow some infinite orbit of the interval (1,), 
® might be even greater. 

Thus, according to Stormer, the draperies, so far from 
being produced by the simplest orbits, are rather caused by 
rays following the more complicated ones, and thus the reason 
for supposing “that a negative radiation produces the draperies 
loses its foundation. 

In all cases investigated most drapery forms are found 
near the evening maximum: if so a positive radiation 
is the more likely ; for, in the case of a positive radiation, 
the production of an evening maximum of drapery forms 
would only require @ > 180°, while in the case of a negative 
radiation it would require @ > 360°. 

Teplunation of Iquidistant Bands. 

8. The explanation of a thin drapery band given by Stormer 
requires a radiation which is strictly homogeneous. 

But, whatever the explanation may be with regard to details 
if we at all stick to the hy pothesis that aurore are formed by 
electric radistion from the sun, a homogeneous radiation 

will be necessary to account for the very sharp boundaries 
of extremely thin drapery bands; for a heterogeneous radia- 
tion composed of rays whose stiffness varies fairly continuously 
between wide limits will produce a broad and diffuse band. 
This follows trom the law of motion of electric rays in the 
earth’s magnetic field, because a variation of stiffness will 
correspond tor motion of the point where the ray strikes the 

* Arch. des Sciences, &e. p. 3386 (1907). 
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atmosphere taking place nearly perpendicular to the magnetic 
parallel along which the bands are usually directed. And if 
our interpretation of the structure is right, the sharp bottom 
edge of the drapery bands will require rays with the same 
penetrating power. 

Now, on the other hand, we know that a-rays given out 
from a radioactive compound during one single radioactive 
transformaticn are in fact homogeneous, and consequently 
a-rays from some radioactive compound are just the proper 
agency for the explanation of drapery bands. 

Another most characteristic and peculiar property of aurorze 
is the existence of equidistant bands (see fig. 2), and in order 
to explain their formation we shall merely have to suppose 
that each band corresponds to its own homogeneous radiation. 
In other words, the radiation must be composed of a mixture 
of distinctly different homogeneous groups of rays, and at the 
same time we must suppose that these groups are all of them 
given out simultaneousiy from the same source on the sun and 
subject to the same initial conditions. 

These two conditions being present the mutnal relation 
found between the bands will be easily understuvod. For the 
sake of simplicity we suppose only two groups to be present 
in the source. 

Two rays, one of each group, leaving the source simul- 
taneously along the same line, we shall call corresponding rays, 
aud the points where they strike the atmosphere corresponding 
points. 

Suppose now the conditions to be such that one of the 
groups gives rise toaband. If the difference of deflectibility 
is fairly + small the second group will also strike the atmosphere. 
Now the difference of path of corresponding rays is entirely 
due to a different deflexion in the magnetic fields traversed, 
or to the difference of stiffness of the two groups which is : 
definite quantity, consequently the distance between corre- 
sponding points will vary continuously along the first band; 
and according to Stérmer’s calculations, when the band is 
extended near ‘ly along the magnetic pi arallel, the corresponding 
points should keep their distance nearly unaltered all along 
the band, and each pair of corresponding points should be 
situated nearly on the same magnetic meridian, Thus the 
entire collection of corresponding points will form a band 
running nearly parallel to the first one. 

Suppose the system to undergo a gradual change, which, 
e.g. may be due to a motion of the m: venetic equator relative 

to the sun. Such a change may produce a motion of the 
bands ; but if the two groups of rays are still sent out from 
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the same source, the one band must at any moment be equi- 
distant with the other, it would appear as if the bands ina 
mysterious way were attached to each other. Indeed, such a 
motion is most characteristic, and often observed for a system 
of parallel auroral bands. 

If we did not know the radioactive processes, it would 
indeed seem a rather artificial explanation, which was built 
on the assumption of a mixture of homogeneous rays given 
out from the same source; for any kind of electric discharge 
producing such conditions is almost inconceivable. On the 
other hand, when we assume a kind of #-radiation to produce 
the bands such conditions are not only conceivable, but may 
rather be considered a necessary consequence, because a 
number of radioactive compounds intimate:y mixed, each pro- 
ducing its own homogeneous #-radiation, will be formed by 
iene disintegration ot some parent soneeaee 

In this connexion it may be well to remember that any 
homogeneous radiation would have to start from the sun in 
such a way that the rays were able to pass into spxce without 
traversing any appreciable layers of matter, and if radioactive 
substances formed the source, they would have to exist in 
very thin layers. A radioactive emanation ejected from the 
sun and disintegrating would fulfil all necessary conditions. 

From our point of view the drapery bands should give a 
kind of magnetic spectrum of the homogeneous groups of 
a-rays present in the source, and as the «-rays are charac- 
teristic of the substances emitting them, a possibility opens 
out of studying or identifying the family of radioactive 
substances present in the sun_ by observing the relative 
distances between the various bands. 

If we adopt the simplified aT of an clement magnet 
we may, from a formula given by Stérmer, calculate “the 
position of the bands caused by #-rays from a certain family 
of radioactive substances. 

Let w denote the angle between the magnetic axis and a 
line from the earth’s centre to the band, and let D be the 
distance from the cenire of the earth to the bottom edge of 
the band, then 

: D M 
sin on / 2 Pa where c= [ an Ay iBleae 

For the draperies to be formed y,; must be between 0-9 and 3 
A change of @ corresponding to a change of detlectibility. 1 is 
found from the relation 

Awo=-—tt Ae: 
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For a-rays from radium emanation we finda=16°5. This 
result is a most important one when takenin connexion with the 
position of the auroral zone. According to the chart given 
by Fritz, the auroral zone for equal frequency on the northern 
and Bahorn sky is situated at an angular distance from the 
magnetic axis of about 17° or 18° _ consequently a-rays of the 
ordinary kind have just the proper stiffness to give the right 

position of the auroral zone. 
The relative position of the bands corresponding to a-rays 

from the radium family is given in the following table :— 

ABLE IV’, 

| Substance, | Distance from | Distance between Apparent angle — 
far Ra band. successive bands. | between succes. bands. 

JES a ee O km 

| 24 km, Wes) 
IO eas cae 55 Oe Os 

IUD 5, (22 
Ra Em. m 30h 

| Diy 11°-9 
| 1 eee 64 ” 

t | GOP o0° 
ar) sc252: LSSaa ys | 

| { | 

The bands are supposed to be seen near the zenith at a 
height of 120 km. 

The material at my disposal ae no means of any exact 
comparison with observations. Such comparison, however, 
may be possible by the development of the photographie 
method. But this much can alre ady be said, that the values 
found are of the right order, or, differences of stiffness as those 
of a#-rays from ordinary radioactive substances are competent 
to explain the distances between successive bands actually 
observed. 

The Light of Aurora. 

The various lines in the auroral spectrum have not yet 
been interpreted with any certainty by means of spectra 
physically known. The greater number of lines have pro- 
bably rightly been dennae add oe lines of the spectrum of 
airand some of the rare gases ; but the origin of the most 
conspicuous line with the wave-length ¥=5570 is still 
unknown. 

As early as 1874 Angstrim * eame to the conclusion 

* Angstrém, Poge. Ann, Jubelbd. p. 424 (1874). 
Whit. Mag. 5. 6. Vol. 23.5Noy 138d: Feb, 1912. R 
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that the line 5570 was due to fluorescent or phosphorescent 
light. later on, A. Schuster* called attention to the fact 
that this auroral line very nearly coincides with one of the 
krypton lines (A=9570° A), According to Kayser, however, 
this coiucidence does not prove identity of the two lines ; 
for the auroral spectrum does not give the other krypton 
lines with the intensity to be expected from the ordinary 
krypton spectra. 

The difficulty in interpreting the auroral spectrum indicates 
that the spectrum depends essentially on the peculiar way in 
which it is produced. 

According to the view put forward in this paper, the light 
is produced ‘by an electric radiation of the a-ray type pene- 
trating down the upper strata of the atmosphere. At present 
we fio not know very much with regard to the nature of the 
light produced in this way. 
“The spontaneous luminosity given out from RaBrg has 

been examined by Sir W illiam and Lady Huggins +. They 
found the part of the spectrum examined to be es sentially 
similar to the negative band spectrum of nitrogen, and besides 
they found a band (about X=5165) the origin of which they 
were unable to explain. From the fatigue effect produced 
by hydrogen they concluded that the @-rays did not greatly 
contribute to the luminosity, which they supposed | to be 
given out from the region inside the solid substance. 

B. Walter { was the first to show that light was also given 
eo 

out from the air surrounding the radioactive substance. He 

experimented on polonium ‘and found a spectrum similar to 
that of radium bromide ; but in the case of polonium it more 
resembled the positive band spectrum of nitrogen. 

R. Pohl §, ’. Himstedt and G. Meyer |], showed that, also 
in the case of radium bromide, the surrounding air gave out 
a faint luminosity which could ie detected photographically. 
R. Pohl states that luminosity in the air can be observed 
several centimetres from the substance. 

As polonium only gives out «-rays and the very absorbable 
o-rays which do not ionize, the luminosity given out from 
the air several centimetres from the substance must be 
produced by e-rays. 
When we are going to make comparison with the auroral 
* A. Schuster, ‘ Nature,’ No. 58, p. 151 (1898). 
+ Sir William and Lay Hugyins, Proc. Roy. Soe. Ixxii. pp. 196 and 

A09 (1903) ; lxxvi. p. 488 (1905). 
t B. Walter, Ann. d. Physik, xvii. p. 367 (1905); xx. p. 327 (1906). 
S -Re-Pohl, Verh. d. D. Phys. Ges. vii. p. 458 (1908). 
| z Himstedt and G. Meyer, Ber. d. naturf. Ges. zu Freiburg in Br. 

xvi. p. 13 (1905). 



the ays producing Aurora Borealis. 235 

spectrum, however, we must remember that the auroree are 
produced under circumstances very different from those 
present in the previous experiments. Thus the solar rays 
have a much greater density and penetrate through rarified 
gases and. perhaps also fine dust particles, and these dif- 
ferences might account for the greater number of lines 
observed in the auroral spectrum aud the appearance of the 
auroral line X=59570. 

The spectrum of the phosphorescent light produced by 
a-Tays falling on certain substances has been examined by 
E. Marsden*. Zine sulphide gave a single band extending 
from r= 5920 COM 0 anil willemite a band between 
X=5800 and A=4870. The auroral line falls in the middle 
of these bands. 

The spectral analysis atits present state may indeed furnish 
us wito certain suggestive points; but it does not give an 
evperimentum crucis for the determination of the nature of 
those rays which produce aurora borealis. We shall have to 
wait for further experiments ; but already the previous ex- 
periments have shown that a-rays (compared with the other 
radium rays) are very effective in producing luminosity in 
the air through which they pass, a property which is very 
essential if rays of this type are to explain the brilliancy of 
aurore. 

Rays consisting of atoms or molecules might not only 
make the matter through which they pass luminons, but by 
their impact they might themselves give out light. If so, 
we should have a means of investigating the nature of the 
carrier by observing the Doppler ettect in the auroral 
spectrum of those lines which are produced by the radiation 
icselt. 

The spectrum analysis of the light produced by a-rays, 
however, gave no trace of helium lines. Thus in this case 
the light given out from the carrier is either wanting or 
very feeble as compared with that produced in the surround- 
ing air. 

The difficulty in detecting a possible spectrum from the 
carrier 1s made even gre ater through the Doppler effect, 
which for the very larve velocities would amount to about 
one-tenth of the total wave-length. The light from we 
aurore entering the spectroscope will usually correspond to 
directions forming the most different angles with the diree- 
tion of the r: adiation; consequently the light corresponding 
to a certain line from the carrier would be spread out toa 

* Ii. Marsden, Proc. Roy. Sve. A. Ixxxiii. p. 548 (1910). 

a 
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fairly broad band,,which in the green spectrum may cover 
as much as 500 A. 

The definite sharp lines observed in the auroral spectrum 
are therefore no doubt due to light produced in the atmo- 
sphere, and do not originate from the radiation itself. 

Concluding Remarks. 

From the study of the structure of the radiant forms of 
aurora, we found that the rays producing them had a number 
of characteristic properties in common with @-rays. 

The investigation with regard to diurnal distribution 
showed that, so far as our present knowledge goes, the 
assumption of a positive charge is not only a legitimate one, 
but is even the most favourable for the explanation of the 
occurrence of drapery forms. 

From the point of view of the radiation hypothesis the 
extremely thin drapery bands have to be produced by 
strictly homogeneous radiation, and the parallel bands were 
explained ina simple way by assuming groups of homogeneous 
rays to emanate from the same source. This explanation 
gave a strong argument in favour of the view that the solar 
rays are not merely ot the a-ray type, but are indeed a-rays 
of some sort given out from radioactive substances. 

With regard to the position of aurore, we found that the 
stiffness of ordinary a-rays gave the right distance from the 
magnetic axis, and their penetrating power was suflicient to 
account for the altitude of a great part of the aurore 
observed. 

Thus, as far as our investigations have been carried, the 
ordinary @-rays are found to possess the right charge, scatter- 
ing, stiffness, and penetrating power, which are necessary to 
explain most characteristic properties of a great number of 
auroree. 

But still we ought to be aware of the possibility that not 
all auroral forms are necessarily produced in the same way 
and by the same radiation. It is quite possible that aurorze 
in certain cases may partly be secondary effects of precipi- 
tations of solar rays, and that certain diffuse forms may be 
produced by corpuscular rays. And even in the case of the 
radiant forms with straight- lined structure, it is still a matter 
for further investigation to determine in each case the atoms 
or molecules which form the carriers of the electric rays. 

Provided relation (2) holds good fer all possible velocities, 
we found that an ordinary e-particle, even with the velocity 
of light, could not reach within a distance of 27 km. from 
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the ground. On the other hand, many observers have found 
aurore, especially rays and ray-bundles, to reach within a 
distance of one km. If so, the rays must pussess an enormous 
penetrating power, and yet the straight-lined structure will 
make a radiation of the a-ray type necessary ; but it isa 
type not yet known from laboratory experiments. 

It is a remarkable fact that the rays and ray-bundles often 
shoot down in between other forms of aurera which do not 
reach so near to the earth. In view of our radiation hypo- 
thesis, this would mean that these very penetrating rays had 
about the same stiffness as ordinary «-rays, or 

MV —- Moo 
ne = De (approximately), 

where m and v are respectively the mass and velocity of the 
solar rays and ne the charge of each particle ; 1m, vo, and 
2e are the corresponding quantities for «-rays. 

From what we know about the charge carried by the small 
ions and by the positive rays in yacuum-tubes, n ought to be 
avery small number. Then in order to explain the great 
penetrating power of the solar rays, we should have to suppose 
a carrier smaller than a helium atom, but moving with a 
velocity so much greater than that of e-rays that the above 
relation is fulfilled. The carrier might either be hydrogen 
or sone gas lighter than hydrogen, and the _ possibility 
suggests itself that coronium may form the carrier of the 
most penetrating solar rays. 

XIX. Note on the Cosine Law of Radiation. By Lovts 
Vessor Kine, B.A. (Cantab.), Lecturer in Physics, McGill 
University * 

§ 1. YT is a well-established fact in the theory of light that 
the intensity in a parallel beam of homogeneous 

radiation travelling a distance » through an absorbing eedeoin 
is diminished according to the exponential law 

I = Koes"; ° 2 ° ° = ae ae 2 (1) 

where I, is the intensity over unit cross-section measured at 
an anal origin «=0. « is a constant for the medium, 
called the coofficient of eee and depends on the wave- 
length of the radiation. 

If the radiation emanate from a point-source s, we consider 

* Communicated by Prof. H. T, Barnes, F,R.S 
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the diminution of intensity between the portions S and 
~$+4+dS of two spherical surfaces of radii r and r+dr cut out 
by a small solid angle o. 

We then have 

SdI = —IdS—ISedr. 

‘The first term on the right-hand side expresses the diminu- 
tion of intensity per unit cross-section due to the increase 
with x of S to S+d8, while the second term expresses the 
diminution of intensity by absorption in a distance dr. 

Since S = @7*, we have in a uniform medium (« inde- 
pendent of 7), 

di g lt 
Cee ke K dr, 

oiving C 
5 2 [= @5"r 

y 

where ( is a constant of integration. 
_ As long as 8 remains in the same medium as the point- 
source s, we may write the above in the form 

s 
a — Rae, ae * e ry o 2 ° (2) 

where s is the intensity across unit-area at unit-distance when 

there is no absorption (« = 0), in which case (2) simply 
expresses the law of inverse squares, 

ied, 

Suppose s to be in a uniform medium whose coefficient of 
absorption is «, while the intensity is measured in a medium 
of coefficient A, the two media being separated by a surface 
cutting sS at a point P such that sP = R. Then provided 
we neglect effects of refraction and reflexion at the bounding 
surface, a condition which is justifiable in the application to 
be dealt with, we may consider the path of the rays forming 
the pencil of small solid angle w to be unaltered in crossing 
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the boundary. Under these conditions the intensity at Pain 

the medium « is given by 

while the intensity in the medium A is given by 

C 
IN ——. en 

Ta 

The constant of integration C is determined by equating 
intensities at the boundary r= R, which we may do if we 
neglect losses due to refraction and reflexion. 

We find 
Ore seqt® Oe, 

so that s F Th = Se- 8 -A0-B, 
Y i 

§ 2. The Cosine Law of Emission—We do not have to 
look far for an immediate application of (3). Radiations 
from incandescent bodies emanate in practically all cases 
from a volume distribution of vibrating elements. 

Vie. bo 

Thus, if we have an incandescent body bounded by a sur- 
face S, radiations from the vibrating elements in an element 
of volume dv in the interior are practically all absorbed 
before reaching the surface at A and thence an observer 
at P. If « be the coefficient of absorption of the incan- 
descent body to its own radiations, the intensity at P (situated 
outside S in a medium of coefficient of absorption 2) due to 
a single vibrating element at s is, from (3), 

‘ ea KR g-Ar—R), 

where KR. = As and * = Ps. 
If there are N vibrating elements per unit of volume, the 
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intensity at P due to radiations from an element of yolume 

dv is 
dv 

lee ONES cme ee Ul cara) ae 

where 7, = PA. 
If dv refer to an element of volume cut out by the inter- 

section of spheres of radii r and r+dr, and centre at the 
vertex P of a small cone of solid angle w, we have 

dv = 7?°adr. 

The total intensity at P per unit cross-section normal to 
PA due to contributions from all the elements in the solid 
angle w is 

UD} 

ie Nswe™ er") dr, where 7,= PB, 
ry, 

or Nso 
6 8 Ler aD) 

K 
b= 

In an actual case A is the coefficient of absorption for air, 
which is very small, so that we may take e~*" to be unity. 
The exponential term e7*“:—") represents the fraction of 
radiation which can penetrate the entire thickness AB. In 
solid incandescent bodies whose thickness is large compared 
with a wave-length this fracticn is negligible. 

Thus the intensity at P is given very approximately by 

Ls a ee ee eee SSS (9) 
K 

i.e. the intensity per unit cross-section of the radiation con- 
tained in a small solid angle » viewed in any direction PA is 
proportional to the solidangle w. This is equivalent to stating 
that the whole surface 8 appears uniformly bright. Under 
these conditions we may replace the volume-distribution of 
radiating elements by a distribution of intensity over the 
surface 8S. If dS he an element of surface at A cut out by 
the cone , and ¢ the angle between PA and the normal 
at A, we have 

so that (5) takes the form 

Ns dS cos d 
K Tie 

i 
b 

e . 7 . . 7 4 » - 

1. 1£ T, be the normal intensity at unit distance contributed 
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by the element dS, we have the familiar form of the Cosine 
Law 

Tass, PS DEL ed cane Cs 
ry 

§ 3. In cases where the cosine law of emission fails we 
conclude that it is not legitimate to replace the volume dis- 
tribution of vibrating elements by a surface distribution over 
the boundary. We must, therefore, examine departures 
from the cosine law in the light of the more complete ex- 
pression (4). We notice first of all that for incandescent 
bodies for which « is considerable, practically all the radiation 
which reaches P comes from a very thin surface-layer, 
perhaps only a few wave-lengths in thickness. We are 
therefore justified in neglecting effects of reflexion and re- 
fraction at the boundary, since these can hardly obey the 
optical laws in so thin a transition layer. 

Formula (4) shows us to some extent on what conditions 
the efficiency of a radiating surface depends. Practically all 
actual means of exciting radiations in an incandescent body 
depend on maintaining an expenditure of energy throughout 
the entire volume, while the only portion of the body which 
contributes to the intensity of the radiation at an exterior 
point is an excessively thin surface-film. If it were possible 
to concentrate the same amount of energy throughout this 
thin exterior film, we shou'd expect a considerably higher 
efficiency. It seems probable that the high efficiency of the 
phosphorescent light emitted by glow-worms and fire-flies 
may depend on just such a surface-concentration of energy, 
due in this case to chemical transformations at the boundary. 

It seems. remarkable that the Cosine Law of Emission 
should not have hitherto been presented in the light of ab- 
sorption theory. Fourier *, in his memoir on ‘ Heat,’ cites 
a reference to one of his aantiey papers, in which he probably 
deduced the iaw along lines just given. It will be noticed 
from (5) that the total intensity ineide a cavity in an infinite 
solid, or at any rate in one bounded by an exterior surface so 
large that contributions {rom portions near the exterior are 
small compared with-those from portions near the cavity, is 
given by Ns 

I = 47 — 
K 

I is independent of the shape and size of the cavity, and 

* Fourier, ‘Chaleur,’ Paris, 1822, p. 31, Chap. 1. The paper referred 
to is in Mém. Acad. des Se. tome v., Paris, 1826, pp. 179-218. 
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also of the position of P in its interior. This result is em- 
ployed by Fourier as a verification of the cosine law *. 

§ 4. In deducing the formula just given, we have employ ed 
thie simple exponential law of absor ption 

[= Hi. “aigavagt® 

This by itself involves a violation of the principle of con- 
servation of energy. In the case of gases, we know that 
absorption of light is accompanied by lateral scattering 
according to the well-known Rayleigh law. In the case of 
incandescent solids the problem is very much more com- 
plicated. Each of the radiating elements, besides being 
subject to a primary disturbing cause, is also subject to the 
aggregate radiation from all the other elements in the sur- 
face S. This constitutes what Schustert has called “ Radia- 
tion ina Foggy Atmosphere.” The complete expression of 
this pr oblem can be given in terms of an integral equation in 
three dimensions. This, together with some applications to 
the intensity of skylight, the writer hopes to communicate in 
a future paper. 

XX. Ls NE able. m Kalbactithy By Louis VEssor 
Kine, B.A. (Cantab.), Lecturer in Physics, MeGuill Uni- 
versity t. 

[Plate VII.] 

Seis HE intensity ef @- and y-rays in their passage 
through matter decreases approximately according 

to the exponential law 
Lol, es, +) os Gn 

I, being the intensity at an arbitrary origin c=0 as measured 
by the ionizing power of the rays, and « the coefficient of 
absorption. Under these conditions it can easily be shown 
that the intensity at a distance 7 from a point-source of rays 
in a medium whose coefficient of absorption is k is given by 

< 

Teer, end ee 
d fe 

s being the intensity at unit distance when there is no 
absorption. 

* Fourier, loc. cit. p. 31, § 47. 
T Schuster, : d strophysical Journal, Jan. 1905, p. 1. 
+ Communicated by Prof. H. T. Barnes, F.RS. 

ee 
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If, then, we have a mass of radioactive matter enclosed by 
a surface S, the intensity of the primary radiations which 
reach P can be easily calculated, as in the corresponding 
Eee case *, ‘The intensity at P due to contributions from 

the mass cut out by a small cone PAB of solid angle dQ is 

given by 
o) 

diz Ned ee’: | e-K?—r,) dr, 
“7, 

where N is the number of radioactive molecules per unit 
volume, A the coefficient of absorption for air, « that for the 
A liouctiv e mass itself, while 7,;= PA, eas ey eum 7s ens 
The total intensity as or by the ionization per unit 

volume in an electroscope at P is given by 

I=|", WES 4 ee dQ), = F (@ 

Ug a Ae 
the integral being taken so as to include contributions from 

all the elements of the radioactive mass. 
We notice that if the radioactive molecules are distributed 

uniformly in the mass § and if 8 is homogeneous we have 

Ns tree lt er ka Pa PA) 8) (A) 

In this form (4) leads to a curious reciprocal relation 
which may be stated as follows:—The ionization per unit 
volume at P due toa distribution of N molecules per unit 
volume throughout a mass occupying a surface S, is equal to 
the total ionization throughout S due to N molecules of 
eadioactive matter concentrated ait ok 

* King, “ Note on the Cosine Law of Radiation,’ sepa, p. 257. 
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§ 2. Absorption in Flat Plates. 

In most eases (4) leads to integrals which are dificult to 
evaluate numerically. A case of considerable interest and 
one for which the integrals reduce to tabulated functions is 
afforded by considering the y-radiation trom a homogeneous 
distribution of radioactive matter throughout an infinite slab 
of thickness h. 

Let z be the height of P above the surface of the plate, 
g the angle which PA makes with the perpendicular from P, 
af the azimuth angle which the plane through PA and the 
perpendicular makes with a fixed direction in the plane 
of the slab We then have 7,—7,=AB=h/cos@, 
rj; = PA=z/ cos d, and dO= sin ddd dy. 

Thus (4) gives on integrating with respect to Ww between 
0 and 27, 

T 

(2 ,—A-s00 9/1 ech 2209} soe dg. . (5) 
e 

QaNs 

K 
[z= 

We note that the integral 

et du 
2 3 

tT ae 
2 
{ ee Panda 

0 L Z v 

by the transformation cos 6= ae integrating by parts, 

e—¥ du 

—— 

two! 
feo) 

e—x secd sin d dp=e—-*—x ( 
ez 

wo 

The last integral 

Me e~" du Fae du 

u a) Ve, Wie 
er 
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has been tabulated by Glaisher* who writes 

{pauaei Lone 
U 

We thus have, denoting the integral by f (a), 
As oc df 3 ; e-“ au “e a \ e—@sec $ gin pdp=o( ge bt Be). bs 0) 

eg U 

e e e (6) 

We note that 
aN CClOn ee ’ e—" du 

( e—xvsecp Sin pdp=w ( AW: at ; He U 

aF o—u q 
ar e~% du Ue — r| 2 5) -—cos Pasecdh 
Pare 

E u rsec fb u 

Wai COsiay) CLSCC Ds). hn Gn) 

From (6) the function f(x) is easily tabulated by the use 
of tables of the exponential functions and of the exponential 
integral. A short table of values of the function f(z) is 
given below. The results are shown graphically on Plate VII. 
fig. 1, with a curve of the function e~* added for comparison. 

oes ee ee 

Tasxe I. 
Table giving the values of e~* and f(#)=e7*+ahi(—2). 

i | | Fi | 
L. at | Wf(®). Re ae i (@): | ro emis Be | 

“Re eRe a cal 
| 0 | 10000 | 1-0000 ‘9048 | -7225 
0001 | -9999  -9990 
‘001 | -9990 | -9927 
‘01 | -9900 | -9497 
02 | -9802 | ‘9131 
03 | -9704 | ‘8817 
04} -9608 “8535 

Me O50 Ob12) | errs 
06 | -9418 8040 
‘07 | -9324 | -7819 
08 | 9231  -7610 
09 | -9189 | ‘7412 

2725 | -0964 | 
2466 | 0889 | 
22 ae Ogolin | 
"2019 | :0638 | 
(827 | -0558 

2762 1653 | -0488 
‘4966 | -2349 | | 1496 0428 
4493") | -2009 <|| 2'0' | -1353 | “03875 | 
‘4066 | -1724 |3:0 | -0498  -0106 
‘3679 | *1485° 4-0 | -0188 | -0032 

Ieoeeon | 1983) )5-07|"-006%) | 0010 
8012) 1111 160 | -0025  -0003 

1 
8187 | 5742 | 1 
7408 | -4691 |1 
6703 | 8804 | 1 

1 
1 
1 

‘6065 | -3266 

0 CO WT Gd Ste CY 

w= SOHAMRUL WHE 

on as on) Go 

— jp 

* Glairher, Phil. Trans. 1870, p. 367. An abridged table of the 
Fexponential-Integral, Z2( — 2), is given in Dale’s ‘Five-figure Tables of 

to) 9 2g cS 

Mathematical Functions,’ Arnold’s, London, 1908. Extensive tables of 
the integrals 

ro e-u du 70 e-U dy . 2 1 ne 
\ Sah \ —— =fi(— 2), \ ue—" du and | u* e-* du, 
hig wu? Jo u ae ele 

to 9 significant figures at intervals of ‘001 between r=0 and ~=1, and 
at intervals of ‘01 between vw=1 and «=2, have been published by 
W. Lash Miller and T. R. Roseberg in the ‘Transactions of the Royal 
Society of Canada,’ 2nd series, vol. ix, 1903, sect. ili, pp 73-107. 
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When 2 is small we have 
9 

a a 
fi (—«#)=y+ log B—B4 554-334 

where vy is Kuler’s constant, y="5772. 
Thus the expansion for f(v) when # is small is 

y 
ae 

f(#)=1+2 log «—(l—y)z—-5:.. ~ = ©) 

When wz is large the asymptotic ee. for f(x) is 
easily found from (6) by successive partial integrations to be 

f= ii [+s- |) 
Returning to (5) we see ne the intensity at a distance < 

from the slab j is given by 

T=a™ {rag—pretely |. = iy OD 

§ 3. This result has an immediate application to the theory 
of the decrease with height above the earth’s surface of the 
intensity of the penetrating radiation in the earth’s atmosphere, 
a problem considered by Eve e*, who has worked out the case 
fora homogeneous distribution of radioactive matter (radiuin) 
thr -oughout an infinite depth. With aslight change in notation 
the acnlle is there obtained in the form 

n= tae (" Oe ae » nt oe 
1 where ) 

n=number of ions produced per second per c.e., 
Q=27x 14x 10° cramme per c:¢. =the mean radium 

content for sedimentary rocks (Strutt). 
kK =:034%2°7 em.~!=mean coefficient of absorption of 

Y rays by rocks (McC lelland). 

lig =o 74 x 10®=number of ions produced per c.c. per sec. 
in air at normal temperature and pressure at a 
distance of 1 em. from 1 curie of radium supposed 
concentrated at a point (absorption of y rays by air 
and by the substance of the radium salt neglected ) 
(i ve)t. 

~A='000044 cm.~!= coefficient of absorption ok y rays by 
air at normal pressure and temperature f. 

* Eve, “On the Lonization of the Atmosphere due to Radioactive 
Matter, ” Phil. Maz. xxi. Jan. 1911, pp. 26-46. | 

+ Eye, Phil. Mag. Oct. 1911, p. 5d]. 
t Hess, “ Ueber die Absorpti on der y-Strahlen in der Atmosphire,”’ ? 

Phys. Zeit. xii. Nov. 1911, p. 998. A mean. value of \=447 x 10-4 is | 
obtai.ed, in substantial agreement with the value employed by Eve. | 
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Tf we write Ns=Q, and h=~x in (10), and notice that 

J (@ )=0, we have 

27Qng 
Qa (Ne). ee ge es CE) 

The integral 

so that (12) agrees with the result obtained by Eve. 
By means ‘of (10) we may compare the effect of surface 

layers of radioactive matter “of ditferent depths in their in- 
fluence on the gradient of intensity of penetrating radiation. 
lf we take the intensity at the surface z=0 as unity, we 
have to caleulate the fraction 

He) ae 2 eh) 

1—f(«h) j 

for various values of z and h. It is more convenient, in the 
use of tables, to calculate the above fraction for various 
values of Xz and «ch. Then, by employing the values of » 
and « given in Hve’s paper, we can find the corresponding 
values of z and h. In the following table a few values of 
the gradient due to layers of different thicknesses are given. 
The height above the earth’s surface (z) is expressed in 
metres, the thickness of the layer of radioactive matter (/) 
is expressed in centimetres, and the intensity at the earth’s 
surface is in each case taken as unity. 

apie LY. 

| z Ween oy satel cnn | i lems h=11 em. | h=oo | 
| metres. | "| weh= OL. p= Nes ce— 160k (ie R200), 

ro. 0) OO eee coo!) a0000% /) L080 
Td) | .-05 aon en weeTGGe) N))) ete) | |)’ 838 
227 a SAU Wea hea |) 696. |. TS 
45°5 2 SoU otoy | en. 574 

lan Omce 8} 178 288 | ‘437 | “169 

| 114 “5 109 LE, SN ae 
JS a a KOREN) 1) 2 ce Ol ae Ee aa ge 
297 b 350, 0) OSE SG ANSI Wel thy Shae 
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o. II. Phese The results are shown graphically in Plate VII. fig. 
curves show very distinctly that even in the case of distri- 
bution of radioactive matter throughout an infinite thickness, 
practically the whole effect on the gradient is due to a layer 
very little more than 11 em. thick. This point is of some 
importance in an actual measurement of the gradient. Unless 
the penetrating radiation is measured over a fairly level and 
homogeneous area, we cannot expect (12) to give an adequate 
representation of the gradient * 
Oe icars interesting to meee that a considerable number 

of absorption problems for flat plates involve the exponential 
integral, Several such problems are considered by Soddyf. 

The results (due to Sir J Larmor) are given for a point- 
source of radium in contact with a plate of thickness h. In 
the notation of the present paper the ratio of the total radia- 
tion over an angle of 180° on the opposite side of the plate to 
that which would exist if the plate were removed is given by 

I 
7 = eh 4 Kh Hi(—Kkh)=f (kh). 

0 

If the radiation be confined to a cone of semi-vertieal 
angle @, we have 

F (Kh) — cos Of (Kh sec @) 

= “TS Gos 8 of 

* Cf. Wulf, Phys. Zeit. Sept. 15, 1910, p. 811. 
Hess (doc. cit.) finds from observations iaken during a_ balloon 

ascension that there is no appreciable diminution in the intensity of the 
penetrating radiation with height as far as 1000 metres. From the remarks 
of the present section it would appeer that a comparatively small amount 
of solids containing radioactive matter (e. g. sand-billast &c. taken up 
in the car) might vive rise to enough penetrating radiation to mask 
the effect due to height above the ear th’s surface. 

7 woddy.CF. ce WV. ’M. ) and Russell, * The Question of the Homogeneity 
of y-rays,” Phil. Mag. xix. May 1910, p. 725. 
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These results follow from the solutions of the problems 
already considered by making use of the reciprocal theorem 
stated at the end of §1 of the present paper. This 
theorem explains how the two different types of absorption 
problems lead to the same mathematical expressions. 

Fig. 4. 
P 

It is perhaps not without interest to notice that the in- 

tensity ata point on the axis ofa circular slab containing a dis- 

tribution of radioactive matter can be evaluated. The result 

is easily obtained from (5) by taking the integrals from 0 
: iy : 

5» being the angle subtended by 
ad 

to @ instead of from 0) to 

the radius a of the plate at P. Then by (7) we obtain for 
the ionization at P, 

n= am if (Az) — FAE + he) — cos p vl can a) . 
(13) 

This result neglects the contribution of the ring generated 
by the revolution of the shaded area in the figure around 
the axis of the slab. This will be negligible if the radius 
be large compared with 4, and P be not too close to the 
plate. 

If we have a screen of absorbing matter, thickness 3, 
coefiicient of absorption p, interposed between P and ths 
circular plate, the intensity at P is given by the formula 

2 . | 
= gn 7 (ub +22) —f(ub + rz + he) 

ties f ae (po+trs+he 

Phil. Mag. 8. 6. Vol. 23. No. 134. eb. 1912. 
\4e 
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We may perhaps notice that the screening effect of the 
slab (6, ») is independent of its position between P and the 

TAS ~ 10° IPI 

active slab, as far as the primary rays are concerned. 
Formula 4) j is of considerable generality, and includes all 
the results already given. 

XXI.L On a Method of Investigating the Transpiration of 
Gases through Tubes. By JoserH H. T. Roperts, AL Se., 
University of Liverpool *. 

pee study of the transpiration of a gas through tubes 
affords a means of determining the viscosity, and thus 

of investigating certain of the molecular properties of the 
gas. The earliest systematic observations on gaseous tran- 
spiration were those of Graham 7; but since the discovery in 
1860 ¢ of Maxwell’s law of the independence of viscosity 
and pressure, in virtue of which the viscosity of a gas is 
deducible from its transpiration coefficient, numerous experi- 
menters have adopted this method for the determination of 
gaseous viscosities. The most expeditious way to find the 
viscosities of a number of gases is to determine the coefficient 
absolutely for one of them, and to deduce the coefficients for 
the others from a comparison of their transpiration times under 
the same circumstances. 

With a view to the fulfilment of the latter condition some 
observers have used a maintained vacuum for the removal of 
the transpired gases ; this, however, is not only unnecessary, 
but undesirable, as the transpiratory behaviour then becomes 
complicated with the effusive, and only with very long tubes 
can the one be considered to be separate from the other. 
Another objection to the use of the vacuum is that, if the 
higher pressure be comparable with that of the atmosphere, the 
transpiration tube requires to be very long to ensure normal 
flow. Indeed, Graham in some cases used capillaries 22 feet in 
length (made by fusing together shorter pieces), his results only 
becoming concordant for tubes above a certain relative length. 

* Communicated by Prof. L. R. Wilberforce. 
+ Phil. Trans, 1846, 1849, t Phil. Mag. 1860. 
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Considerable simplification is introduced, however, if the 
transpired gases be allowed to escape into the atmosphere ; 
pressures slightly in excess of that of the suaeapugre may 
then be used, and short, uniform capillaries employed. 

The pressure requires to be automatically kept constant by 
a device which does not interfere with the accurate mea- 
surement of the volume transpired. Fer this purpose it is 
desirable to allow the transpiration of a constant volume of 
gas, and to measure the volume between points at which the 
cross-sectional area of the vessel is small. These improve- 
ments are embodied in the apparatus to be described, which 
will be found very convenient in practice and has the advanta ge 
of being readily constructed. 

{) 

APL TLL LL LL {/ 
ZZ. 

we 

= Cs 

PITZTLLLLALALAL LL A oh ALAA hn Zi Jk eae 
DLE PLL LOL ELL MLL LLL LES : | 

The apparatus consists of a mereury reservoir, A, provided 
with the usual constant-pr ae device; the stem of the 

Qs 
wR 2 
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funnel constitutes the air-tube, the funnel and the tap T, are 
hermetically sealed into the reservoir, and the tap T, is closed 
alter the reservoir is filled with mercury. ‘The carriage 
containing the reservoir is supported in a strong wooden 
tower, about 3 feet in height, and rests upon horizontal iron 
bars, placed in holes at any desired height. 

The lower glass vessel consists of tivo Dea parts B, C 
(diameters about 9 and 8 em. respectively), which are filled 
with the gas to be experimented upon, the vas being suppled, 
through dryi ing-tubes, to the side tube D. The other side 
tube leads toa manometer, which should contain some liquid 
giving off little vapour: Fleuss pump-oil may be used for 
lower pressures, and mercury for higher pressures. 

The upper end of the vessel is closed by a well-fitting 
rubber stopprr, through which passes a short length of glass 
tubing, about 5 mm. ree at the upper end of ane tube is a 
small piece of rubber tubing which can be closed to exclude 
air until an experiment is begun. This is important, as the 
presence of a very small amount of foreign gas has a con- 
siderable effect upon the transpiration time *. The capillary 
is contained within this glass tube, and is secured at its lower 
end with soft wax. 

The tap T, is to turn the mercury absolutely on or off, T; is 
to regulate the rate of inflow, and T, is to empty the veel 
after an experiment. The mercury passes up the curved 
tube Ki, and enters the vessel at a fixed height, and therefore 
at'a constant rate, once the pressure inside the vessel has 
become constant ; the gas is forced through the capillary tube, 
and its pressure is indicated on the manometer. The tap T; 
being full on, Ty, is adjusted until a suitable pressure is 
obtained within the vessel, and everything is allowed to 
attain a steady state ; with ‘the dimensions given, this state 
will be attained before the mercury reaches the lower part of 
bulb B; the time is then observed for the mercury to pass 
marks at the lower and upper ends of bulb B, the volume 
between the marks being determined subsequently. 

If the adjustment of the tap T; be preserved, and the 
mercury again passed through, the rate of inflow of the 
mercury, and of the efflux of the gas, will be practically — 
the same as before, for pressures on the manometer whiel 
are small compared with the statical pressure due to the 
mereury. Thus the pressures required to force different 
gases through the same capiliary at the same rate can he at 
onee compared. 

The dependence of pressure upon length for a constant 
* Graham (loc, cit.). 
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rate of flow, and the influence of end-effects, can be examined 
by using successively smaller and smaller portions of the 
same capillary, the tap T, being fixed in position throughout. 

To compare the io sorta rates for different gases 
under the same circumstances, a single capillary is used for 
all the gases. The time of transpiration of the gas is first 
found for a moderate pressure, and then, using air, an 
adjustment of T; is made to give the same pressure on the 
manometer. A trial adjustment is made with air to suit 
the pressure obtained with each gas; and thus the various 
gases, being compared with air, can The compar ed with one 
i podned The particular pressure taken is immaterial, as 
the ratio of the transpiration times of different gases mridlen 
the same vircumstances depends only upen the gases *. This 
ratio is the ratio of their viscosities, and hence if the viscosity 
of air be known, the viscosities of other g gases can be obtained 
by comparison. 

The theory of these experiments, which are obviously 
similar to those carried out by Poiseuille and Hagen on the 
behaviour of water and other liquids in passing through a 
capillary tube, may be easily developed by the analogy of 
the theory of these hydraulic Coane This theoryt 
leads in the case of gases to a law of speed which corresponds 
fully with that found by Poiseuille for liquids, and like the 
latter can be used to calculate the numerical value of the 
coefficient of viscosity from the measured amount of the gas 
transpired, 

If 1, j be the pressures at the ends of the tube, V, the 
volume entering, V, the volume leaving per unit time, and pu 
the coetlicient of viscosity, then 

( 9,7 na sm) Odds va yr 

pVi=pVi= 16 
For another gas under the same circumstances 

Pel ON ed 

PV =p2.Vo= ileal Ou 
l6p/l ‘ 

whence 
Wie gis b 

NG Kb 

or ad 2 

TRV Ene 

where ¢, ¢’ are the transpiration times for a given volume. 

* Graham (loc. cit.). 
Tt Meyer, Pogg. dann, 1866. 
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From these equations the viscosity can be calculated directly 
or by comparison. 

It will be seen that only a smal] quantity of gas is required 
for use with this apparatus, as the bulb © avoids the necessity 
for preliminary experiments; gases soluble in water ean be 
used, and the volume of gas transpired can be measured very 
accurately. The vessel B should be bedded firmly in its 
socket, otherwise its sinking, as it fills with mereury, will 
cause an increase in the pressure-head. 

This apparatus was first designed by Prof. Wilberforee and 
constructed here, being originally used by Mr. R. H. Albery 
for a series of bbservations ¢ on the effusion of gases through 
holes in thin plates; the writer has performed a large 
number of experiments with it, and found it very convenient 
in practice. In reproducing the apparatus care must be 
taken that the bulb (is not “rrniy det small, otherwise the 
steady state will not be attained before the mercury reaches 
the lower mark; for the adjustment of T; a preliminary 
experiment will then be necessary in every case, and one of 
the chief advantages of the apparatus will be lost. 
An idea of the behaviour of the apparatus may le obtained, 

in conclusion, from the following figures. The capillary 
tubes used mei in length from 281 mm. to 10 mm., and in 
radius from 0°2504 mm. to 00964 mm., the radu being 
measured in the microscope. 

In several experiments at pressures of 37°8 em. of oil 
(density 0°873) the pressure varied by 1 mm.; in others at 
the same pressure the variation was imperceptible, and in 
some at a pressure of 32°3 cm. it varied by less than 1 mm. 
To show the reliability of the regulator Ts; a time of 
56 seconds was taken six times with variation not greater 
than 0°3 second, and a time of 75:5 seconds was obtained six 
times within ie same variations. 

The following illustrates a good set of readings for a direct 
determination cs the viscosity ane air :— 

Mean pressure of barometer .......... .. 741-:0 mm. 
Mean pressure of manometer in mm. of 974.9 

pila(density 0-373)... 2... 2... Sos... } aie 
Volume of air transpired ................ 347°0 c.c. 
LSU EN UC a Ra Se lates 242-0 seconds. 
Effective length of capillary ........... . 2120 cm. 
igri Sees Pee eS Or id ys 0-280 mm. 
JP TT Cari en 11°75 C 

From these data the direct determination of the viscosity 
of air gives 

y= 000180. 
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The following table gives the viscosities deduced from a 

comparison of transpiration times : the same conditions do 

not hold throughout, but only for each comparison. 

(eae Mean Ratio of Transpiration 
| time to that of Air. | Mean temp. | Es 
| 

| NETRA fat Direct calculation. LST) (CL | ‘000180 

| Hydrogen ......... | “aa 129-25 ©. | -0000864 | 

| Carbon dioxide...| — 12°60 C, | 000145 

| Coal-gas oo... | oe 12°90 C. | -000133 
(9° 

I take the opportunity of thanking Professor Wilberforce 
for constant interest and advice, in this and in other work. 

George Holt Physics Laboratory, 
University of Liverpool. 

XXIT. Photo-Electric Fatigue. By J. Ropiyson, M.Sc, 
Ph.D., Demonstrator in Physics at the University of Sheffield *. 

Ss very interesting results on photo-electric fatigue 
were given by H. Stanley Allen inthe Phil. Mag. for 

October 1910. He showed that the fatigue takes place 
practically at the same rate in darkness as in light, that it is 
independent of the electric field, but that the size of the 
vessel used has an influence on it. Some results which are 
brought forward in the following seem at first sight contra- 
dictory to thuse of Allen. To understand these differences, 
it will be necessary to consider closely the conditions under 
which the different experiments were made. 

Allen polished his plates immediately before an experiment, 
and measured the photo-electrie currents at atmospheric pres- 
sure directly afterwards, making measurements at regular 
intervals. He found the current to diminish with the time, 
and the rate of diminution to be independent of light. 

In the present experiments, the electrodes were polished by 
rubbing with steel, and inserted in a glass vessel which was 
pumped out to a high vacuum as quickly as possible. The 
experiments were made under these conditions, and extended 

* Communicated by the Author. 
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over some weeks, during which time the vacuum was con- 

stantly maintained. 
The general arrangement of the apparatus was as follows:— 

The electrode A was insulated by an amber rod B, which 

was fastened by sealing-wax into the glass vessel. C is an 

Biged / 

> Cais 

B 
Ea 

i BNET D | Ree 

earthed metal tube with a hole in it to Jet the light through. 
The vessel was closed by a quartz plate D. Three different 

sources of ultra-violet light were used on different oceasions, 
two quartz-mercury lamps, and an aluminium spark *. 

Experiments were made to investigate whether there is a 
fatigue due to the action of ultra-violet light, and whether 
such fatigue depends on the electric field. 

Experiments with a Zine Electrode. 

The electrode was connected to one pair of quadrants of a 
Dolezalek electrometer. When ultra-violet light falls on 
the zine, the latter charges positively. The electrode was 
insulated and allowed to charge itself up positively under the 
action of light, and its potential at definite intervals noted. 
Firstly, this rate was measured when the light was allowed to 
fall on the electrode which had been in the dark for a long 
time, and was in a condition which will be described as fresh. 
Secondly, light was allowed to fall on the electrode for a 
certain length of time, say 5 minutes, after which time the 
rate of charging was measured as before. Thirdly, light was 
allowed to fall on the electrode for 5 minutes, but electrons 
were prevented from leaving the electrodes during this time 
by keeping it charged to a positive potential. Then it was 

insulated, and the rate of charging measured as before. 

* The experiments were made partly at the Armstrong College, 
Newastle-on-Tyne, and partly at the University of Sheffield. 
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TABLE I. 

Electrode after being | Electrode after being 

| Fresh Electrode. exposed to light for | exposed for 5 minutes 
5 minutes at +10 volts.| at Zero Potential. 

pe Se | 

| Time. Charge. imme: Charge. Time. Charge. | 

30 secs. 60 30 secs. 65 30 secs. 38 

B60... 74 60 ,, 75 GORY s 56 

SO: 79 IOS; 77 Cd) 64 

120g 79 120, &0 L200; 70 

| L505 80 1500; 74 

180"), ane) 
S10 ronal 

This table and the corresponding curves (fig. 2) show that 

the rate of charging of the zinc electrode is the same 

LLECTROMETER OEFLECTION / ZINC JELECTRODE 
0 oes SUSE US Oe A est oe eerie ones! 

Xx| fess ELECTRODE 
} COOQFLECTRODE WHICH Has BEEN EXPOSED AT #19 VOLTS. | 

| t : bis dh ” « ZERO POTENTIAL 

) } ad 

30 G0 90 20 150° 80 210 sec® 

throughout for the fresh electrode, and when it has been 

exposed to light but maintained at a potential of 10 volts 

positive. When the electrode was exposed to ultra-violet 

light at zero potential its rate of charging was diminished, 
or, in other words, the electrode was fatigued. 
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Simi'ar measurements were 

electrode. 

Dr. J. Robinson on 

Aluminium Electrode. 

Tanta 1b 

Fresh Electrode. 

Time. 

15 secs 

SOs, 
An 

60 ” 

90 ” 

So. 
£20." | 
249° «, 
BOO 55 
Aer)? 

Charge. 

176 
201 
220 
230 
241 
254 
260 
271 
271 
271 

| Fatigued Electrode 
/after exposure to light 

for 5 minutes. 

Time. 

Recovered Electrode 
after rest of 5 minutes. 

Charge. | 

15 sees 58 

30 86 
AD 3: 101 

GO) | 114 

GOs |) 3130 
120 ,, | 145 
£S8O> 5; 166 

240 179 

BOO”. 196 

360__,, | 208 
420 ,, 215 
480 ,, 224 

540s, 233 
600 Dist 

650 239 
720 245 

Time. | Charge, 
176 
206 
218 
234 
250 
261 
269 
214 
274 
278 
278 
280 
286 

| 
| 

ALUMINIUM ELECTRODE 

| ©° FRESH ELECTROGE 

| X x FATIGUED 
; ' 

» FECOYERED »« 

{ 
| 

| 
AFTER EXPOSURE ah et FOP 

| 
' 

| AFTER REST OF 5 MINUTES. 

360 4ce0 540 

| 
' 

| 

| 
| 

made with an aluminium 

. 

iS MINUTES. 

600 sec* 
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igs 4: 
300 

250 

ime) oO So 

ce 

LLECTROMETER DEFLECTION. 

) a t | 

Aluminium ELECTRODE 

i % lo SANE ExectAoor EXPASED 70 Liar FoR 5 min? ATZERO\POTENTIAL 
®® = = + Paks we : | 

[/ \ttt RECOVERED Cs AFTER REST A eae 

| 
XXX ELECTRODE EFPOSEO TOLIGHT FOR 5S MINUTES AT\#2 VOLTS. 

. eae 1 ering aera To ole | 
| 
| 

i | | 

30 60 90 120 150 180 210 240 Secowas. 

Agia JOO 

| Electrode after Hlectrodelatter: |) “aucued wlee- 

being exposed to conan’ ee being exposed to LUOU eee 

light for) minutes| 0,2” | light for 5 minutes| ©“Posure to tigate | 
at Zero Potential. of 5 minutes, at +2 volts, for d minutes at | Zero Potential. 

| Time. | Charge.| Time. | Charge.| Time. | Charge.| Time. Charge. | 

15 sees. 100 15 saas.| 160 15 sees.| 150 15 secs. 90 | 

20 eo eo. | 210 RO! eee aig Sere Lod) ae 
Aa, |i 140.0 ao On ed om MOT ON lid a. ln ata 
GOR | 105) 5 PCO Ree mz cONn 60a | 6280 0 GOs 150 ~| 

M20 5550 |) LOS. | OO aa ean menlaOOlm dy l 250k apy GOm als wet 

! 

| 

i 

! f | 
{ 

! | 
' 

PUD)», || 250. 120 272) 1205 260) 10 Wee, 195) | 
| 240. _,, Poe Same eee a I) hak 3 UA Ne Pee 180 | 220 

These tables and curves for aluminium show the same 
characteristics as those for zinc. 

Experiments of a different nature were also made to test 
the same points for aluminium. These were to measure the 
photo-electric currents under different conditions. The current 
was measured by joining the quadrants of the electrometer 
through a very high resistance, thus using the electrometer 
as a galvanometer. The current was measured, Ist, for the 
fresh electrode, Znd, after it had been exposed to light for 
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some time at zero potential, and, 3rd, after it had been exposed 
at a positive potential. 

Tape TV: 

Condition of Electrode. | Current. | 

| resis. sence soa ee Reece ne mace eae mie olde | 42 

| After an exposure to light for 5 minutes at a | 42 | 
| potential of +10 volts ...... Be ASO, hicks ao | 

| After an exposure to light for 5 minutes ae | 13 | 
| CORON DOUEH lal see snes ee ne sono 354s donee sce | | 

| PLCCAMEEEG AE COROME rp PO kein ood aceemeasaes | 42 | 

TaBLeE V. 

Condition of Electrode. | Current. | 

| DISS! is en ae ee | 40 

Exposed. to lizht for [minute ......0...5.......+2- 25 

| TESS § Gilg] JORGE, Sl cchs meena eee ne re eae ge a 42 | 

| EGEGM HOE MIGULES (26... gale ca sewgsneadeonancdes | 18 | 

LEV DSU OLDS TERI DIPS eg en rg | 41 | 

PRGREMMOENG AMINULES oo. oo lice. dan wec ven eu cmes | 18 

TaBLE VI. 

Condition of Electrode. Current. 

| 

LEP ES) Naas see ee) ep Repos &8 | 

Fatigued for 5 minutes (at zero potential) ...... | 34 | 

[eepvercd ton O MIMMbEs | 223.22... . sc edence scene 68 

TElictne tt gel eee 34 | 
HEPCOMCreNGhOr Mit em eee. Se ed 51 

és Re hae esas ec ie Ln 58 
a oe lp nes Sek nee ao 63 

as NEP) MRE Ss a. tan sor ca back iL es a! wa 

| i “Vere GO 4, ka 78 | 

The general results of these experiments are (1) that a 
metal is fatigued by exposure to ultra-violet light ; and after 
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the light is shut off it begins to recover its original activity 
again, only becoming fresh again after a ea minutes ; 
(2) that the metal is fatigued only when it gives off electrons 
under the action of flier oles light. 

Thus there is a real photo- Sledite fatigue, 2. e. one due to 
the action of light, as opposed to that fatigue observed by 
Allen. 

The result that the fatigue is only observable when electrons 
are emitted is worthy of some little consideration. Hallwachs* 
considered anumber of possible causes of photo-electric fatigue, 
and came to the conclusion that the chief cause is the ges 
occluded in the metal. The kind of fatigue that he investigated 
was of a similar nature to that mentioned by Allen. A possible 
explanation of the results of this paper can be obtained on 
Hallwachs’s view. When the electrons leave a metal there 
will bea steady stream of them from a certain depth of the 
metal, and it is fair to suppose that some of thein will bring 
molecules of the occluded gas to the surface, thus increasing 
the amount of gas there for the time being. For these 

electrons, giving rise to the photo-electric effect, which have 
a small velocity, gas has a large absorption coefficient {; so 
that as the gas Boo nimalnes at the surface fewer electrons can 
get through, thus accounting for the decrease in the photo- 
eleetrie current. On the other hand, when the electrons 
cannot leave the metal, by having the te charged positively, 
there will be no stream of electrons to the surface, and so no 
accumulation of gas there. 

The explanation of the recovery of the photo-electric current 
on this view is that the gas will diffuse from the surface 
either back into the metal or out of the metal, when the light 
is shut off, leaving the gas in the metal uniformly distributed 
over it. 

Some support of the above view is given by the fact that 
very thin electrodes which have been in a vacuum for some 
time show no photo-electric fatigue. This has been shown 
for thin aluminium leaf and for a very thin deposit of 
platinum on quartz. ; 

A point which needs further consideration is why the 
particles of gas when carried to the surface of the met: al by 
the electrons do not leave the metal altogether, instead ot 
accumulating there. One may consider that Here is some 
surface etrecs to account for this. Hallwachs has discussed 
such a possibility, and tricd experimentally, but without 

* Ann. der Phys. xxiii. p. 459 (1907). 
+ Lenard, Ann. der Phys. xii. p. 714 (1903); Robinson, Anz, der Phys. 

xxxi. p. 809 (1916). 
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sucsess, to estabiish some relation between photo-electrie 
fatigue and contact potential *. Lenard f came to the con- 
clusion some time ago that such a surface-layer must exist. 
The following experiments seem to argue in favour of the 
existence of such a layer. 

It was found that the final positive potential taken up by 
the zine electrode under the action of light was by no means 
constant. Starting with it at the same potential as the metal 
cylinder surrounding it, i. e. earthed, its potential as registered 
by the deflexion of “the electrometer-needle rose rapidly at 
first, after the light was put on, and then rose much more 
slowly (fig. 2). The typical form of the curve can be divided 
into these two parts, of rapid rise and of slow rise. In all 
curves, the first part was always of the same form, but the 
second part varied very much, especially if the light was 
allowed to fall on the metal lope long time. Sometimes it 
remained parallel to the axis of time foe gerne minutes and 
then commenced to rise ; at other times it increased gradually 
all the time, and sometimes it increased very slowly at first 
and then suddenly began to rise rapidly. Jt might be men- 
tioned that this was also found to be the case when mono- 
chromatic light was used, so that the light was of small 
intensity. 

A satisfactory explanation of this has not been attempted, 
but very probably it has something to do with a double layer 
at the surface of the metal. 

The conclusions to be drawn from this paper are entirely 
different from Allen’s. Herea real photo-electric fatigue has 
been observed. The point to be considered in connexion with 
Allen’s results is whether the main thing he investigated was 
photo-electric fatigue, or whether the fatigue he observed 
was merely of secondary importance, occurring as a result of 
some other effect. Very possibly the surfaces of his electrodes 
were not in a stable condition just after polishing, and some 
sort of readjustment of the surface sets in immediately. This 
would occur quite independently of the action of light or of 
the electric field. A similar phenomenon has been Gbaeenl 
by the present writer. When quartz-fibres are made con- 
ducting by depositing a metal on them from a cathode in a 
discharge-tube, the electrical resistance of the fibre varies 
very Sch Aeter coming into the atmosphere. When the 
fibre is coated with platinum the resistance increases with 

the time, and when it is coated with copper it may become 

* Loc. cit. 
+ Ann. der Phys, xii. p. 449 (1903). 
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an absolute insulator again after a few hours. There is 
possibly some connexion between this alteration of resistance 
of thin films and the photo-electric fatigue mentioned by 
Allen, and some experiments are being made at present to 
test it. 

I have great pleasure in recording my best thanks to Pro- 
fessor Stroud, of the Armstrong College, Newcastle-on-T'yne, 
and to Professor W. M. Hicks, of the University of Sheffield, 
for the use of the apparatus necessary for the above 
experiments. 

XXII. The Electron Theory of Contact Mectromotive Lorce 
and Thermoelectricity. By O. W. Richarpson, Professor 
of Physics, Princeton University *. 

FANHE following method of deducing certain formulse which 
connect some of the physical properties of conductors, 

particularly in the domain of thermoelectricity, with the 
number and state of the free electrons present in them, is a 
natural development of considerations which the writer put 
forward some time ago in order to account for the laws 

o 

which regulate the emission of negative electrons from hot 

bodies +. The method is based on two fundamental assump- 
tions. The first, which is common to all forms of the electron 
theory of metallic conduction, is that the electric current in 
metals is carried by electrons which move about freely, exert 
a pressure, and are otherwise dynamically equivalent to the 
molecules of a gas. The second is that the potential energy 
of an electron is much less when it is inside an uncharged 
conductor than when it is extracted and removed to a con- 
siderable distance. It follows that a definite amount of 
work w has to be done by an electron before it can escape 
from a conductor, and it is the force at the interface, which 
corresponds to this amount of work, which retains the 
electrons in the conductor at ordinary temperatures. 

This position has recently been strengthened by an accu- 
mulation of experimental evidence. It has been found to 
give an adequate quantitative explanation of the number of 
electrons emitted by hot bodies under different conditions. 
The emitted electrons have been found to have a distribution 
of velocity in accordance with the requirements of Maxwell’s 
law, and to have a mean translatory kinetic energy identical 

* Communicated by the Author. 
+ Camb. Phil. Proc. vol. xi. p. 286 (1901); Phil. Trans. A. vol. cei. 

p. 497 (1908). 
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with that of a molecule of a gas at the temperature of the 
metal. By an application of the principles of the kinetie 
theory of gases it foilows that the same statements are true 

of the free electrons inside the metal at the same temperature. 
Finally, the existence of the work w has been put on a firm 
basis by the discovery of the corresponding heating and 
cooling effects when electrons pass into and out of a metal. 

Several of the calculations which follow have been given 
by the writer in a course of lectures on the electron theory 
of matter, in the past few years. It seems desirable to 
publish them apart as the results which have been obtained 
by other investigators in this subject are not in complete 
accordanee, and a discussion of the differences sheds some 

light on the nature of the phenomena concerned. The 
strength of the present method lies in the fact that it is 
completely independent of the idea of free paths, and of the 
assumptions about the nature of collisions which play a 
prominent part in most forms of the electronic theory of 
conductors. 
We shall suppose that all the free electrons are ‘alike and 

negatively charged in order to simplify the calculations ; 
although the method is equally applicable to the case in 
which different kinds of electr ons, both positive and negative, 
are considered to be present. ‘The view that there are several 
kinds of free electrons to be reckoned with can hardly be 
considered to have had much success so far in reducing the 
apparently rather considerable inconsistencies of the electron 
theory of conduction. In what follows very considerable 
use will be made of the theorem that in any system in equi- 
hbrium at a constant temperature @,if m, is the concentration 
of the electrons at a point A and nz that at a point B then 

ieee e- WIRE, 
ny 

where W is the work done in taking an electron from A to 
B and Ris the gas constant in the equation pv= RO, reckoned 
for a single electron. This theorem * has been proved by 
writers on the kinetic theory of matter with a degree of 
generality which covers all the conditions contemplated in 
the electron theory of conductors. 

We shall suppose each metal to be characterized by the 
possession of a number n of free electrons per unit volume. 
The value of n is different for different metals, and for a 
given metal it isa function of the temperature 0 only. In 

* Cf. Jeans, ‘ Dynamical Theory of Gases,’ p. 78. 
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every case » is a very large number, so large that the 
fractional change in n produced by the communication of an 
electrostatic charge to a conductor of finite size is negligible 
in all practical cases.. The largeness of n is of course deduced 
from the results of experiments interpreted by the light of 
the electron theory. The functions w which measure the 
work done by an electron in passing from the interior to 
the exterior of a conductor are also to be regarded as cha- 
racteristic of each substance. They are functions of the 
temperature both explictly and implicitly through x. 

Intrinsic Potential Differences. 

We shall begin by considering a vacuous enclosure sur- 

rounded by insulating walls maintamed at a constant tempe- 
rature @. We shall also suppose that the thermionic 
emissivity of the material bounding the enclosure is so small 
that it may be disregarded. Jf an initially uncharged 

metallic conductor is placed inside such an enclosure it will 
emit negative electrons, the initial rate of emission being 

much greater the higher the temperature of the metal. 

Clearly this process will not go on indefinitely. The positive 

charge which the metal acquires, in virtue of the emission, 

tends to pull the electrons back, and ultimately a steady 
state is reached in which as many return as are emitted in a 

given time. ‘This steady state will be accompanied by a 

statistically steady distribution of the external electrons, and 

also of the external electric potential. The theorem which 
we have already mentioned enables us at once to write down 
the relation between the concentration of the electrons x 

and n at any two external points whose potentials are V 

amd V's Eb is 
_«V=W) (aha Ra 

where ¢ is the charge onan electron. Since there is equi- 

librium between the electrons inside and outside the conductor 
we have turther 

nm —\w,+e(V—V,)} R/O 

Fi : j 

where n and V correspond to any external point, as before, 
n, 1s the number of free electrons per cub.centim. inside the 
metal, V, is the potential at its surface, and w, is the work 
done by an electron in crossing the surface of the conduetor 
from the interior. 

Phil. Mag. S. 6. Vol. 23. No. 134. Feb. 1912. ‘! 
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Now suppose that there are two conductors of different 
materials present in the enclosure. As in the previous case, 
they are to be of considerable size, so that the electrons 
which they emit are small in number compared with those 
which are retained. For the present we shall also suppose 
that the two bodies are not in contact with each other. As 
before, the electrons in the two conductors and in the sur- 
rounding enclosure will ultimately reach a condition of 
statistical equilibrium, and the conductors will acquire de- 
finite potentials, which we may denote by V,; and V,. Let 
W be the work done in taking an electron from the first to 
the second conductor when equilibrium has been established. 
Then 

Nn M2 9 W/lto, 
Ny 

W=R@ log. or 

But this work is also equal to 

wy te(V2— Vj) — ws, 

where the suffixes refer to the values of the different quan- 
tities for the two conductors. Hence 

wy—eV,—RE log ny = w.—eV2— RO log ng. 

Similarly, if there are r conductors, 

w,—eV,— RO log 2, =wW.—eV.—RO log Nog 

— =w;—eV,—Ré log n,. 

Thus the final state of equilibrium is characterized by the 
invariance of w-eV—R@logn. This holds both for the 
internal and the external electrons, since w=0 for the latter. 

The steady difference of potential V,,—V, between any 
two conductors m and gq is evidently 

Va—V,= : | 2 — 109 + RO log“ } . 

So far we have supposed all the bodies to be separate from 
each other, but the results are equally true if any number of 
them are in contact. To prove this itis necessary to consider 
the conditions which determine the state of equilibrium of 
the system more fully than we have done. Disregarding 
the electrons present in the surrounding space, which may 
be done here on account of the smallness of the external 
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pressures, it is evident that the state of the system is com- 
pletely determined by the m variables w,w,...w,, the n 
variables nj, ...m,, and n—I1 of the variables V, V.... Vn, 
one of which is arbitrary, together with the temperature 0. 
Now the n—1 equations of the type 

Wm —€Vm— REO log n, =w,—€eV,— RO log np 

are not the only equations connecting the 3n—1 variables. 
We have seen that the w’s are functions of the n’s and @, so 
that there are nm equations of the type w,=f, (mp6). In 
virtue of the equilibrium between the negative electrons and 
the positive remainder inside each conductor there are also 
n equations of the type np=F, (0). There are thus 3n 
variables and 8n—1 equations, so that when @ is given all 
the n’s and w’s and the differences V,,— V, are determined. 
This is true independently of the relative position of the 
different conductors, and includes physical and electrical 
contact as a particular case. It is clear that 

Vn—Vp= | m— ry +R log ~2 \ 
€ mu 

measures a true intrinsic difference of potential (contact 
electromotive force) between the conductors m and p. 

The values of the electrical conductivity and some other 
considerations indicate that the number n of free electrons 
in unit volume is of the same order of magnitude for all the 

metallic conductors, and the term R@ log 2 is found to lead 
Tem 

to comparatively small electromotive forces of the order of 
magnitude of those required to account for the Peltier effect. 
So far no method has been devised for measuring the values 
of the w’s except at high temperatures, and the relation 
between any given w and tle temperature is a matter of 
much uncertainty, so it is rather risky to argue from the 
values of the w’s at high temperatures to the values of these 
functions at ordinary temperatures. Broadly speaking, how- 
ever, there is no doubt that the more electropositive metals 
have smaller values of w, and the differences which have 
actually been observed are of the order of magnitude which 
corresponds to the Volta effect. The fact that negative 
electrons are emitted at much lower temperatures from the 
alkali metals than from their more electronegative brethren 
strongly supports this view, since the concentration of the 
free electrons is much the same in all cases. It seems to 

T2 
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the writer that the balance of the evidence is now strongly 
in favour of the view that the Volta contact electromotive 
force is an intrinsic property of the pure metals, and not, as 
is perhaps more widely believed, an accidental development 
caused by traces of chemical action. At the same time there 
is no reason for doubting that the actual measured value of 
the contact electromotive force is very sensitive to actions 
of a chemical nature, as it should be on the view we have 
been discussing. . 

The case for the chemical origin of contact electromotive 
force rests largely on the results of a number of experiments 
which show that under certain circumstances, which are 
usually interpreted as involving the absence of oxygen or 
water-vapour from the surface films, the contact electromotive 
force, as measured by the condensing electroscope or an 
equivalent method, is found to either vanish or drop to a 
comparatively small value. The circumstances referred to are 
rather varied, and include boiling in heavy oil at about 
140° C. (J. Brown *), exposure to the temperature of liquid 
air (Majorana Tt), and heating in a vacuum in the presence 
of drying agents (Spiers {, Greinacher§). In all these 
cases it seems quite hkely that the surface of the metals 
under examination becomes covered with an insulating layer 
which entangles the escaping electrons. This would give 
rise to a double layer at the surface of each metal, and the 
seat of the whole of the potential difference between the 
metals would lie in these double layers. The surface of each 
metal would then act like a condenser positively charged on 
the metal side and negatively on the other. On separating 
the plates there would be no change in the capacity of the 
system and no tree charges would be developed. An expla- 
nation along similar lines accounts for the null effects obtained 
by Greinacher by the ionization method. It seems quite 
clear that when the plates are immersed in insulating oil the 
apparent contact difference of potential will vanish on the 
electron theory. In the case of Majorana’s experiment it is 
necessary to suppose either that a minute film of condensed 
moisture developes on the plates, or that the hydroxide films 
always present become non-conducting at the lowtemperatures. 
In any case a film a few molecules in thickness is all that is 
required. It is significant that Greinacher using the ioniza- 
tion method was unable to confirm Majorana’s result. In 

* Phil. Mag. [6] vol. v. p. 591 (1903). 
+ Atti de Lincez, vol. ix. p. 162 (1900). 
t Phil. Mag. [4] vol. xlix. p. 70 (1900). 
§ Ann. der Physik, vol. xvi. p. 708 (1906). 
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the cases in which the surface-films of gas are removed by 
heating it is to be expected that the oxide films which remain 
will be non-conducting, and this attitude is definitely sup- 
ported by the fact that Greinacher was unable to get rid of 
the contact electromotive force by any kind of treatment 
when one of the metals tested was platinum, which is 
notoriously difficult to oxidize. 

When two of the metals are joined by an electrolyte there 
will be no true equilibrium until the battery thus formed has 
run down, so that the potentials of the metals in the enclosure 
will not be the same as those they possess in the steady 
stale. The present point of view does not, in fact, affect 
the thermodynamic theory of electrolytic cells, according to 
which their electromotive forces are determined by the heat 
generated by the chemical actions involved. 

The Peltier Lfect. 

We shall now return to the case of two metals in contact. 
Consider the work done in taking an electron from one to 
the other in two ways: first, through the junction, and 
second, by crossing the outer surfaces. We thus obtain two 
equivalent expressions for the work P per unit charge, viz. 

pa ia +V,—V,= a loo. 
€ Ny 

The second formula agrees with that given by J. J. Thomson* 
for the Peltier effect, but differs by a‘factor of two from the 
corresponding expression found by Drude+. Thomson’s 
calculation is based on the idea that the electrons are in 
equilibrium under the opposing action of the electric force 
and the pressure gradient at the boundary, whereas Drude 
supposes a kind of convective equilibrium between the dif- 

fusion of the ions arising froin the varying concentration 
and the electric currenis arising from the balancing difference 
of potential. It seems to the writer that the standpoint 
taken by Thomson is much the safer of the two. 

Tt does not seem quite certain, without further considera- 

ny | Mya ales ! ; 
tion, that the expression ~ hog will represent the heating 

Ng 

effect due to the passage of an electric current across the 
junction of two dissimilar metals, as the energy might con- 
ceivably be changed, partly or entirely, into some form other 
than heat. The fact may, however, be established by the 

* “Corpuscular Theory of Matter,’ p. 74. 
t+ Ann. der Physik, vol. i. p. 590 (1900) 
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following thermodynamic argument. Suppose that we have 
an electrical circuit made up of two metals A and B, such 
that the parts A and B with the junction J are maintained at 
the constant temperature 8, and A’ and B! are at the constant 

Se 

me ee me ee ee 

ee ee em oe ee eee 

temperature 6’. The conuexions between A A’ B’and B may 
be imagined as being made by conductors of small cross- 
section protected by insulating covering when necessary for 
the argument. The connexions are removable when required, 
and the magnitude of the conductors A A’ B’ and B is supposed 
to be indefinitely large. Hach conductor is surrounded by 
an insulating surface which does not absorb the electrons 
contained within it. A reversible evcle may be carried out 
by evaporating some definite quantity, let us say one gram 
molecule, of the electrons from A, condensing them at A’, 
making them pass through the junction J' to B’, evaporating 
at the surface of B’, condensing at B, and returning through 
the junction J to A. In order to be sure that the cycle is 
reversible it is necessary to be careful about the way in 
which the electrons are transferred from A to A’ and from 
B’ to B. Of course as the different parts of the system are at 
different temperatures the state of each conductor will never 
be exactly that corresponding to thermal equilibrium at the 
specified temperature, but it may be made to approach that 
state with any desired degree of approximation by increasing 
the size of A A’ B’ and Bin comparison with that of their 
counexions and the enclosure, the temperatures being main- 
tained by contact over indefinitely large areas with electrical 
insulators kept at the specified temperatures. Under these 
circumstances the conductors will assume values of w, n, and 
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V which differ by indefinitely small amounts from the true 
equilibrium values at the specified temperatures. Thus in 
general the pressure p,, the temperature 0, and the electric 
potential V, of the electrons in equilibrium with A will all be 
different from the corresponding quantities 0’, p,', and V,’ 
of the electrons in equilibrium with A’. Let us suppose that 
eV,’ is >eV,. Around A place a screen (wire gauze) main- 
tained at the potential V,' and permeable to the electrons. 
This will reduce the pressure of the electrons outside of it to 
some definite value p,° without affecting their temperature 0%, 
and will reduce their potential to the value V,’ of the electrons 
in equilibrium with A’. The further transference of the 
electrons to A’ will not involve any work against the elec- 
trical forces, and may be calculated on the hypothesis that 
the electrons are dynamically equivalent to a perfect gas f. 
The work done during the evaporation through the potential 
screen is pu=NR@ and the heat absorbed is 

Nw, +e (V,/—V)) + Ré) 5 

where N is the number of electrons in one gram-molecule 
of them. 

The freed electrons are then compressed adiabatically to 
a temperature 6’, the work done in this operation being 

= (6’—@), where v is the ratio of the specific heats of the 
ayy 

electrons at constant pressure and constant volume. The 
heat absorbed in this operation is zero, but the pressure 

: —l 

is changed from p,° to p,° Gy . We next expand to 

the pressure p;' at constant temperature 6’. The work done 
4 —1 

is —NRO’ log? : Me 
absorbed. ‘The electrons now have the same pressure, tempe- 
rature, and potential as those in equilibrium with A’, and the 
transference has been accomplished in a strictly reversible 
manner. They are then condensed into A’, which is for the 
time being disconnected from the other conductors, at the 
constant pressure p;’ and temperature 6’. The work done 
in this operation is —NR6@’ and the heat absorbed is 
—N(w,'+Ré’). The transference from A’ to B’ involves 
no work, but there is an amount of heat —NP’e absorbed at 
the junction, where P’ is the Peltier effect per unit charge. 
The electrons are then evaporated from B’ at the equilibrium 

* Cf. O. W. Richardson, Phil. Mag. [5] vol. xviii. p. 695 (1909). 
Tt See below, p. 273. 

, and an equal amount of heat is 
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pressure and temperature p,’ and 0’ respectively, the work 
being NR@ and the absorption of heat Nw + R@’)*. 

Next compress adiabatically to 8. The work is 1 (0-8 ); 

the heat ubsorbed being nil. During this step the pres- 

sure is changed from pz’ to pg) ", Next expand at 

constant temperature @ to the pressure p,°, which is the 
equilibrium pressure at the potential screen around the 
conductor B. [We have assumed, for the sake of definite- 
ness, that eV,!>eVs.]| The work done and heat absorbed in 

1+ 
this step are each equal to —NR@ log PG) ye ~". Now 

condense into B at @ and p,°. The Scie is —NR@ and the 
heat absorbed is —N(w.+e(V,'—V.)+R6). Finally, pass 
through the junction to A. The eck here is nil, and the 
absorption of beat is NPe. The system is now in ane state 
in which we found it, and the cycle of operations is reversible 
at every point. 

The balance of work done during the cycle is 

NR6! log? (a) me aa NR6 lool () 
> py 6! | oye @’ fi 

The heat communicated to the source is 

2 of (8 \y/l- 
N{RO log’, (a) Y +.0,—w,+e(V,—V + V,'— Va) bee 

The ratio of- these is equal, by the second law of thermo- 

O—é 
dynamics, to —,— ; whence by virtue of the relations 

eG 

RO log p;®°=RO log P; —w,—e(Vy' —V)), 
R@ log p/=RO' log Py'— wy, 

RO log p9=RE log Py —w.—e(Vs/— Vo), 

RO log p.'=RE' log Ps’ —wy', 

R6@' log P,/=R6' log Py! + ws! —w,' +e(Vy/— V2’), 
RO log P, = RO log P; +w. —w,; + e(V, — V2), 

which determine the equilibrium between the electrons in 
the different parts of the system which are at the same 

* When the nomenclature is not quite clear from the context it will 
be obvious after a glance at the diagram (p. 270). 
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temperature, if P, P,' P, and P,’ are the pressures of the free 
electrons inside AAT B wind B', we find that 

leg 
Pe=R@ log P, 

showing that this expression or its equivalent R@ log 2 is 
the true value oi the cooling effect at the junction. ie 

The Legitumacy of Applying the Gas Equation. 

Objection to the results of the foregoing discussion may 
be urged on the score of the propriety of applying the 
equation of a perfect gas puv=NR@ to the electrons. At 
any rate the legitimacy of the application is not obvious 
without further consideration. It might be thought, for 
instance. that the pressure arising from the mutual repulsion 
of the electrons would seriously ‘modify the simple equation, 
and that corrections would have to be introduced somewhat 
after the manner of Van der Waals’s treatment of a real gas. 
It will be noticed, however, that the equation pu=l@ has 
ouly been applied | to the etal electrons, and the concen- 
tration of these is always exceedingly small at moderate 
temperatures. Now the correction fan the work done by the 
mutual repulsion of the electrons depends upon the square of 
the concentration, and thus vanishes, in comparison with the 
external work, in the limit when the concentration is small. 
On the other hand, the size of the electrons is very much 
less than that of a molecule, so that the correction for the 
finite size of the particles will be intinitésimal. It seems, 
therefore, that at small concentrations a collection of electrons 
sill cesbiiats @ lose: dynamical approximation to the ideal 
gas than will any real gas under comparable conditions. 

The Thomson Effect. 

The expression for Lord Kelvin’s specific heat of electricity 
may be deduced by means of a thermodynamic cycle, similar 
to that already considered, but not quite so complicated. It 
is now necessary to consider only two conductors, A and A’, 
of the same material but with different temperatures, 0 and 
@’. They are joined by a thin conductor of the same 
material, down which there is, of course, a constant stream 
of heat. Let the potential outside A be V, and that outside 
A’ V,', and let eV;! be >eV;. As before we surround A by 
a potential filter maerned at V,’. The reversible cycle 
consists 1n evaporating the etter: from A*through the 
potential filter , bringing them by reversible processes to the 
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same temperature and pressure as those outside B, con- 
densing them at B, and allowing them to flow down the 
conductor back to A. 

In evaporating from A the work done is NR@, and the 
heat absorbed is N(w,+e(V,/—V,)+R#). The work during 

: 
NR (6' —6), 

| 
the heat absorbed nil, and the pressure changes from p,° to 

the adiabatic transformation from @ to @” is 

0’ 

pressure p,' at the constant temperature 6’. The work done 
g 

here is —NR@' log ae Bay 

heat is absorbed. ~ ‘condensing into A‘ at constant tempe- 
rature 6! and pressure p,' the w ‘ork is —NR@’ and the heat 
absorbed —N(w,'+ R6@’). The flow down the conductor from 
A’ to A is not accompanied by the expenditure of work, but 
involves an absorption of heat 

6 
=+Ne ( od, 

ge 

ri (a) e The next step consists in expanding to the 

1 
i , and an equal amount of 

where a is the specific heat of electricity. 
Applying the second law of thermodynamics in the form 

ies =(, we have, for the entire reversible cycle, 

ot 0 \y/y-1 
Meee alt RO) ee uF) 

Y W 

N(w,' + RO’) aaa ae 
0 

+Nef * d0=0, 
Jeo 

and since 
R@ log p,°=R@ log P}—w,—«(V,'— V)), 

and 
RO log p;’=REO' log P!— wy, 

we have 

lead -= 6 

2p oy aoe 
4+-e (3 ~ d0--R log 

g’ 

whence by differentiation with sae to 0 

vot! {Et —n03 (oh) 
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if P is the pressure of the internal free electrons at the point 
whose temperature is #0 and P, is the value of the same 
quantity at a point whose temperature has a fixed value, 
say 0;. Since P « 70, the value of o may also be written 

oa +2{4- —R0S, (Io g~)\. 

This formula differs from those given by both Drude and 
J.J. Thomson in the articles referred to. In Drude’s case 
the logarithmic term differs by a factor of 2, which arises in 
the same way as the difference in the expression he finds for 
the Peltier effect. There also seems to be a confusion of 
sign in the expression for the heat generated by the internal 
electric forces. When these changes are made his formula 
reduces to that of J. J. Thomson. Both writers seem to 
neglect the energy required to push the electrons against 
their own pressure as they flow along the unequally heated 
conductor. The formula which I have found may be deduced 
after the manner of J.J. Thomson’s calculations if this is 
taken into account. For, consider the electrons present in 
the region between two isothermal (and also equipotential) 
surfaces whose temperatures are 0 and 6+d0 respectively. 
The internal (kinetic) energy of the electrons on entering 
at the surface @ is C,0, and on leaving at the surface 0+d0 
is C,(@+d0). The snore done by the electrons at entrance 
is (pv) = RO, and on the electrons at leaving is 

Cpr)o4ao=R(O+ de) 

The work done on the electrons by the electric forces within 
the surfaces is 

Re, (log P)dé. 

Thus the net loss of energy by the metal comprised within 

the surfaces, owing to the passage of this amount of electrons, 
is 

f aap { Cet R—RA“ (log P) 5 46, 

if Ry nl C= se as =e (loz. ) } 

in agreement with the previous result. 
The value of y lies between 12 and 1, so that the 

minimum value of the first term on the right-hand side is 

so that 
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readily calculated. This minimum value is in every case 
greater, and in nearly all cases much greater, than the 
measured valuesof co. Thus it follows,as J.J. Thomson has 
already pointed out, that the two terms must be nearly equal 
to oneanother. If the electrons have no internal momentoids 
y= 12, and it is necessary that n the number of free electrons 
inside a metal should for most metals be nearly proportional 
to 63?, It, on the other hand, y=14, which is another possi- 
bility, we should have to have n « @ nearly. 

An expression * for o equivalent to the above has been 
deduced by H. A. Lorentz, on the assumption that the 
colliding electrons behave like hard elastic spheres. 

Thermoelectric Circuits. 

Now return to the four conductors AA’ B and B’, of 
which A and A’ are of the same material, as also are B and 
B’, but the material nature of A and A’ is different from 
that of Band B’. A and B are maintained at the fixed 
temperature @), and A’ and B’ at the fixed temperature 6’. 
The four conductors are connected together as before. 
(Consider the transportation of a nnmber N of electrons 
round the circuit thus formed, without leaving the metal. 
In this case the only work done on balance, if any, is that 
done against the electrical forces. This is equal to NTe, 
where T is the thermoelectromotive-force of the circuit. 
This must be equal to the net absorption of heat during the 
transference so that 

6) 0, 
NTe=NeP!—NeP +Ne{ o,d0+Ne ( a, dd, 

0, iG! 

where P’ and P are the Peltier effects at the hot and cold 
junctions, and o, and oj are the specific heats of electricity 
in Band A respectively. Substituting the values of, P’ P a, 
and o, already obtained we find, after integrating by parts, 
that 

Ree ‘P ep 
loot == =| = 

h og ()°) d0 Ano € 

where P, and P, are the pressures of the free electrons in B 
and A respectively at the temperature 0, and P is the Peltier 
effect at a junction formed of A and B at that temperature. 

* Quoted by J. Keenigsberger und J. Weiss, Ann. der Physik, 
vol, xxxv. p. 43 (1911). 
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Furthermore 

ial Bs Revamp: 

je =< Ep =e 

Since P,=nR@ and P,=7,R80, we have 

dT hy No 
—, =—log— 
OME NS ies 

Thus the relative concentrations of the free electrons in 
different metals may be obtained, at all temperatures, from 

aT 
a knowledge of their thermoelectric powers. Since de 1s 

very nearly a linear function of the temperature for most 
pairs of metals, over a considerable range of temperature, 
it would seem that n/n, cannot, for any pair of metals, be 
represented as a power of @, but must be of the form Ae?®, 
where A and 6 are constants. This form may, however, only 
be an empirical approximation. 

A theory of thermoelectric phenomena, stated by its author 
to be based on principles somewhat similar to those which 
underlie the present development, has just been published in 
the Annalen der Physik by Mr. K. Baedeker*. Iam unable 
to. agree with the results of Mr. Baedeker’s theoretical 
calculations, which seem to involve a misconception of the 
principles which should underlie the applications of the laws 
of thermodynamics. 

The Function w. 

The nature of the work w, which an electron has to do in 
order to escape from a metal, is a matter of considerable 
interest. If the positive and negative electricity were inde- 
finitely subdivisible, like the mathematical elements of an 
ideal fluid, then the sign of the work would reverse with the 
sign of the escaping charge. This follows since, if there 
were a part of w which did ‘not reverse with the sign of the 
charge, it would have to depend on the square and other 
even powers of the latter, and could be made to vanish in 
comparison with the remainder if the charge were removed 
in sufficiently small amounts. In such a case w could 
only arise trom a discontinuity in the electric potential at 
the surface of the conductor, and the natural means of ex- 
plaining its existence would be to postulate the occurrence 
of an electrical double layer. 

* Ann. der Phys. vol, xxxv. p. 75 (1911). 
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This argument does not apply if the electricity is present 
in the conductor in the form of electrons. The smallest 
quantity of electricity which can be removed at one step is 
finite and equal to the charge of one electron. There is thus 
always a part of the work done in removing an electron from 
an uncharged conductor which is proportional to e. This 
difference between the potential energy of an electron inside 
and outside the metal may be figured as the work done by 
the electron against the attraction of its image in the con- 
ductor. This is not infinite, as in the ordinary electrostatic 
theory, because the volume density of the electrification in 
the ultimate atoms of positive and negative electricity is 
finite. Sir J.J. Thomson’s view that the atoms are spheres 
of uniformly distributed positive electricity occupied by 
comparatively small negative electrons of charge e, com- 
parable in number with the atomic weight of the atom, and 
having an equal total charge, leads to values of w coniparable 
with those given by the results of experiments on the emission 
of electrons from hot bodies. There is thus no necessity to 
introduce electrical double layers to account for the existence 
of the w’s. 

This discussion brings out the necessity for using great 
eare in the employment of the terms electric force and electrie 
potential in problems of this character. To obtain the dif- 
ference of potential between two points A and B it is not 
sufficient to find the work dene in taking an electron from 
A to B, and to divide the result by the charge e. The 
quantity thus obtained may differ not only in magnitude but 
even in sign from the value corresponding to the limit when 
eis made zero. 

The variation of w with @ is a matter of considerable 
practical interest. If one supposes that the positive electricity 
in the conduetor ean be treated as though it were continuously 
and uniformly distributed throughout its volume, then it 
appears that wis comparable with e?/b, where d is the radius of 
a sphere of the positive electricity which carries a charge e 
equal to that of the negative electron. From this rough 
view of the phenomena one would expect that w would 
diminish with rising temperature, its temperature coefficient 
being comparable with that of the linear expansion of the 
material. The experimental data available are inadequate to 
test this point satisfactorily. 

Some further applications of the method which has been 
developed will be considered in a later paper. 

Palmer Physical Laboratory, 
Princeton, N.J. 
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XXIV. On the Radium Content of Secondary Rocks. By 
ArwnoLp L. Fiercuer, B.A., B.AL., Research Assistant 
to the Professor of Geology in the University of Dublin*. 

T was suggested to me by Professor Joly that an 
investigation of the radium content of typical sedi- 

mentary rocks was desirable in view of the discrepancies 
between some of the published results,—his own more 
especially being in the mean higher than those of other 
observers generally,—and also on account of the small number 
of observations actually available. 

An additional reason for now making such an investigation 
is to be found in the facilities for rapid determination which 
the method of fusion offers {. This method being also freer 
from the uncertainties and risks of error besetting other 
methods, might be trusted to afford correspondingly more 
reliable data. The geological importance of a sufiiciently 
comprehensive knowledge of the radioactivity of common 
sedimentary rocks has already been pointed out §. 

The experiments were carried out in the manner described 
by Professor Joly (loc. cit.) with the exception of slight 
unimportant variations in the relative quantities of chemical 
fluxes employed to meet the varying degrees of basicity met 
with between the different rock types. 

Attention has been drawn to the fact that the complete 
disengagement of the imprisoned emanation depends of 
necessity to a large extent upon two conditions: an active 
chemical change and a correspondingly free evolution— 
with effervescence if possible—of carbon dioxide, involving 
therefore a mobile rock-melt. 

Professor Joly has recorded how the acidification of his 
more basic and viscous rock-melts by the addition of a 
small quantity of boracic acid resulted in a reduction of the 
constant of one of his electroscopes by over 20 per cent., and 
this increased yield of emanation consequent upon acidi- 
fication bas been observed in dealing with sedimentary 
materials. For example,a Zechstein dolomite from Hartz 

* Communicated by the Author. 
I desire here tou pay my grateful acknowledgments to the Royal 

Society, under whose grant the following experiments were performed as 
a preliminary to the further investigation of Plutonic and Volcanic 
rocks. 

{ Joly, “On a method of estimating the quantity of Radium in Rocks, 
Minerals, etc.” Phil. Mag., July 1911. 

§ Joly, ‘ Radioactivity and Geolcey,’ p. 45. 
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fused in a bed consisting of a mixture of 7 grams of borax 
and 20 grams of a mixture of sodium and _ potassium 
carbonates, showed a very markedly increased yield by the 
addition of radium-free boracic acid. Again, in the examin- 
ation of the finer particles of a soil, the addition of about 
15 grams of borax, conferring fluidity upon an ctherwise 
typically “dry” melt, and accompanied by a greatly in- 
creased effervescence, raised the result by over four times in 
one case, and three times in another. It was found that 
fusion, even of an acid rock powder with. borax alone asa 
flux, was not in the absence of free effervescence capable of 
completely deemanating the melt. 

It was judged desirable to attempt to approximate 
throughout as regards fluidity and eitervescence to the 
conditions under which the standardization experiments 
were performed, rather than to differentiate between ue 
slightly varying constants obtained with different rocks, 
view of the slight and very uncertain nature of hee 
variations. 

The above ean ditions do not appear to be always necessary 
in the case of the purer Calcareous rocks, and seven experi- 
ments failed to detect a connexion between fusion conditions 
and yield of emanation. The White Jura Limestone from 
Wurtemburg yielded the same low figure, viz. 0°3 x 10-” er. 
per gram for the radium content quite irrespective of wide 
changes in the chemical nature of the fusion mixture. 
Again, ye experiments on a very pure chalk whicb yielded 
a very “dry” melt when simply fused with carbonates, 
a no appreciable rise when twice repeated with the 
addition of boracic acid, although in the tirst instance the 
evolution of carbon dioxide was very slight and in the latter 
case extremely violent. 

An explanation is probably forthcoming, in the early break 
up of the CaCC@3 molecule in this eines of rocks” before 
fusion temperature is attained, involving the liberation of all 
the emanation independently of questions of effervescence or 
melt fluidity. It was indeed found that the mere heating of 
a limestone without the admixture of any chemicals was 
sufficient to very largely deemanate the rock powder. 

Chemicals involved. 

A few experiments were made to ascertain the most 
efficient chemicals having regard to the most desirable 
conditions of the melt, attained subject to the conditions 
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under which the standardization of the electroscopes was 
effected. It was found that while both borax and quartz 
powder confer fluid properties upon the melt, accompanied 
by a brisk effervescence, the temperature required in the case 
of the former was much lower and the reaction likely therefcre 
to be the more conplete. The marked advantage i in fact in 
working with a mixture of borax and boracic acid, added to 
the fusion mixture of carbonates, is that, effervescence taking 
place at a much lower temperature than Bah the use of pure 
silica, renders the prolonged attainment of high temperatures 
unnecessary and thus lengthens the life of ‘ie furnace. 

Were the expulsion ae the emanation of radium froma 
rock-melt a result attendant merely upon the attainment of 
a condition of high temperature and independent of any 
mechanical disturbance, we might expect a similar effect in 
the case of thorium. * An attempt, however, to measure 
thorium by a measure of the emanation contained in air 
passed over a fiuid rock-melt under undisturbed conditions 
yielded a negative result. 

Purity of the Chemicals. 

The relatively low quantities of radium contained in some 
of the rocks, and in particular in some of the limestones 
and dolomites examined (quantities involving an increase 
in the rate of collapse of the geld leaf vf the order of 3 and 
4 scale-divisions per hour), might have been easily masked 
by the presence of a very small amount of radioactive 
impurity in the chemicals, and rendered therefore a 
knowledge of their purity imperative. 
To this end a series of six experiments were made. Jt 

had been observed previously on several occasions that the 
mere fusion of a mixture of sodium and potassium carbonates 
failed to exert any appreciable effect on the rate of collapse 
of the gold leaf. Fusion, however, of these erupt ues with 
varying quantities of hoes mrad noes | causing a 
violent effervescence of the ee aauead on three 
successive occasions on two electroscopes a small but quite 
unmistakable, and steady gain of two scale-divisions per 
hour, involving the minute but almost certain presence of at 
least 0-04 x 1072 eram Ra per gram of mixed carbonates. 
This effect has been observed by others, and an allowance 
was made in rock determinations. No radium could be 
detected in the borax glass or boracie acid used. 

Notwit thstanding the aneee autions which were taken, it is 

Pihal. Mag. 8. 6. Vol. 23. No. 134. Feb. 1912. L 
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just possible that the conditions obtained in individual 
experiments were not always identical with all types of 
rocks, and that for the more basic carbonates examined a 
slightly higher constant should be used than that obtained 
as the mean result of many experiments varying but slightly 
from the average value 0°6. Should this be so, it would 
bring the general mean of nearly all the different rock-types 
examined into striking equality, in view of the fact that the 
uranium contained by them owes its inclusion to the widely 
differing causes which the varying nature of their origin 

involves. 

Constants of the Electroscopes. 

About twelve experiments in all were made proper to the 
constants of the two electroscopes used throughout. From 
the mean of these below, which were the most reliable and 
closely agreeing of the standardization experiments, the 
constants were chosen. 

Experiments on the Constant of the first Hlectroscope. 

Charge. Constant. 

Granite; with ;003 me Uraninite .:...........0-....s-05- 0-62 | 

‘, OU; oo) Egle PRE RR BR cee sos: 0°57 

Granite with a granite-melt containing 1 mg. 
cane Ge Peete. not late crise vee dctieh dune macencoers 0°69 

Mean 0°66 

Experiments on the Constant of the second Electroscope. 

Charge. Constant. 

Granite with 007 mg. Uraninite .............0.......06- 0:32 | 

Granite with a granite-melt containing the Radium 
in 10 ¢.c. of a Standard Solution (Rutherford)... 0-73 | 

Mean 0:53 | 

The following experiments of a comparative nature were 
made vpon the constants. 
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Seale of | Seale of \Constant Oy 
: - 9 \ Hee 2nd Klec. | 

Comparison of Electroscopes Note Lele oon nee TS cremmaibive | 
DIN PArISOnge / Bere scale-divs. , scale-divs. | st ee Be | 

perhr. | per her. 0-6. 

By means of a granite repeatedly pre | 
viously tested, yielding closely agreeing | 
CCT MEER B En ceece eel Susan hitnee aaenem 33 | 48 | O44 

By means of the fusion of a granite | | 
[DO\ats GF elppe sanooue cooccascoocsasceosebd-6ean0 39 24 | O92 

By means of the fusion of a granite | | 
DOWEL ...0... sc eeeeeae cere meee srs sain 28 lateapeee | 0-70 

By means of the introductien of the | ! 

same volume of radioactive gases 
drawn from below and near to the | 
Bumface Of ther sollmeesmeeee esses cceee 21 21 0:60 

By means of a Cretaceous Chalk ......... 13°3 16-4 | 038 
| By means of a Cretaceous Challikv-.c. nee 12°5 1G! | a 
| re 

; Mean 0°56 

In these experiments, which on the whole are in fair agree- 
ment, the mean value of the constants appears to be about 0:6 ; 
the tendency both by direct and comparative experiment being 
slightly above that figure in the case of one electroscope 
(C=0°66) and slightly below it in the other (C=0°53). 

The mean result of six comparative experiments on the 
assumption that 0°6 represented the constant of the first 
electroscope yielded for the second the figure 0°56. It was 
therefore considered that by taking 0°6 x 10-” gram radium 
as equivalent to a gain of one scale-division per hour for 
both instruments, there would be no error on the side of 
excess, and in all probability this figure is as nearly correct 
as certain risks of error pointed out by Prof. Joly as un- 
avoidably incurred in the use of uraninite as a standard will 
permit. It is, however, satisfactory to know that this was 
the figure arrived at for the constant of the electroscopes in 
numerous determinations on the standard aqueous solution of 
Prof. Rutherford. As additional testimony to the truth of this 
figure and of the improbability of anv considerable souree of 
error dependent upon “ personal equation,” we have the mean 
value of nine experiments performed by Prof. Joly on an 
electroscope of equal dimensions and identical in construction. 
This mean comes out as 0°64. Finally, the reliability of the 
electroscopes in their very slight diurnal variation renders it 
practically certain that the following results are in the great 
majority of cases within 10 per cent. of their true value, and 
in view of the number of results from which the mean value 
is caleulated, the percentage error is in this case in all 
probability even below this figure. 

ap 
(2 ‘ ~ 
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The following results were obtained :— 

Coarse Detrital Sediments. 

Geological Period. Type. Locality. 

Meritany, to occndeees Greenish Calcareous Stettin. 
Sandstone. 

( Yellow Sandstone. Wald. 
Deister Sandstone. Hanover. 

| | Quader Sandstone. Hartz. 
cae 2 | Green Sandstone. Treland, — 

saa ie | Green Sandtone. Westphalia. 
| | Green Sandstone. | Westphalia. 
| Reddish Wealden | Buckeburg. 
\ Sandstone. 
| 

(| Red Sandstone. | Odenwald. 
| | Yellowish Bonebed Brunswick. 

LUE SS (Ose eee + | Sandstone. 
| | Yellow Bunter Sandstone. | Vosges. 
{| Red Bunter Sanastone. Baden, 

(| Dark Grey Sandstone. | Westphalia. 
PR a } | Yellowish Sandstone. Westphalia, 

Carboniferous = 

\ 

| Devonian... 

| 
| 
| 

Red sandstone. 

Sandstone * 

| Banded Sandstone. 
: Old Red Sandstone. 

Yellow Sandstone 

(Fresh-water type). 

( 
| 
| | 

{ | Old Red Sandstone 

| | Greenish Grey Sandstone. 

Unknown 

| Pre-Cambrian ... 

Red forridonian Sandstone.) 

| Red Torridonian Sandstone 

and Quartz Conglomerate. 

se iteteeesd Diatomaceous Quartz 
| Sandstone. 

| Vosges. 
| Fifeshire from 

depth 1095 ft. 
Burnlip Bore. 

New York. 
Treland 

(Kildare), 
Treland 

(Dublin). 
Ireland 

| (Kiltorean). 
| Trier. 

Scotland 

Lough Craig).| 
Scotland 

(Isle of Rum). 

Radium per gram. 

3°OX 10-12 gram. 

. 15x 10-12 gram, 

a 39 33 

15 37 ss 

ibe a ve 
16 > 3 
1-4 3) 3° 

16 5 & 
LY 33 33 

| 
| 0-8 5 by 
1-4 39 9 

2-5 59 33 

ee | 3) 3) 

1°3 i 5 
16 3°) 39 

0-9 33 “$3 

0-5 33 ed 

| 

| 

1-4 33 3) 

04, ae 
| : 

| Aree i 
| 

(2-0 |. 
(eS : - 
| 

| 
0-8 33 ” 

08 3” 39 

a 33 9 

* A comparatively high result obtained from this rock was not substantiated. 
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Metamorphosed Sediments (coarse detrital). 

Period. ype: Locality. Radium per gram. 

(|; Compact Greenish Grey | Hartz. 2:0 10-12 gram. 
| | Greywacke. 
Berman 2.0.5... { | Granular Grey Quartzite. | Siebengebirge. | 1:1 _ 4s 

| Museovite Quartzite Saxony. 15 i fs 
Schist. 

( Baked Sandstone. Budingen. None detected in 
6°7 grains. 

Schistose Blackish Blue Stadtwald. 4:0 10-12 gram. 

Devonian -.....5:. { Sy ite 
'Schistose Grey Taunus Nassau. 0°8 is H 

|| Quartzite. 
Greywacke. Nassau. 27 v3 3 

\ | Greywacke. Ireland 0-6 se is 
(Valentia). 

Pre-Cambrian ...... | White Quartzite. Scotland. O-+4 5 , 

Mean... 15 x10—-12 gram. 

Argillaceous Metamorphosed Sediments (fine detrital). 

Period. 

Triassic 

Carboniferous ... 

Devonian 

Silurian oe ee eesccnne 

Ordovician 

‘Cambrian 

o> 

Type. 

Roofing Slate. 

Blue and White ‘“ Whet 
Slate.” 

Clay Slate. 
Burnt Slate. 

Blue Slate. 
Dark Blue Killas. 
Clay Slate. 
Red Clay Slate. 

Green Phyllite. 
Clay Slate. 

Dark Grey Shale. 

Red Slate. 

Red Slate. 

Red Slate. 

| Blue Roofing Slate. 

Andalusite Slate. 

Locality. Radium per gram. 

Rhine 1-8x10—12 gram, 
Provinces. 

Netherlands. 16 ki i 

Treland. 15 ae 5 
Laacher See. O-4 5 > 

Valentia. 1:8 v 9 
Cornwall. O-7 =p ” 
Hartz. 1:5 " an 

Nassau. 16 3 9 

Saxony. 16 » 9 
Schneeberg. O-U “ 9 

| Moffat. it + 33 

Treland 1 ea) ; ” 

(Dublin). 
lTreland 1:0 ; 9 

(Dubiin). 
Treland ie , 

(Wick low). 

N. Wales 1 O-7 : . 
(Penrhyn), 

Vogtland, i 3. : ”? 

Maran... 13 X10-12 gram, 
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Caleareous Sediments. 

{ | i 

| Period. | Type. Local ty. Radium per gram. 
| | 

eean af ee | 
(| Paludina-Limestone | Unknown. 0-7 X 10-12 gram. 
| (Fresh-water). 

Tete | Numuulitie Unknown. | O1 $3 
EATER Sealy Limestone. | 

| | Litorinella-Limestone | Rhine Provinees. 6-3 “ 
|| (Fresh-water). | 

| soe es ae | : Ss 

| ( Indurated Chalk. _Iveland | 0-3 es 
| | (Galway). | 
; | Limestone. | Westphalia. 0-9 ss 

| Limestone. | Westphalia. | 1-2 3 
| | Limestone. | Westphalia, | 1-3 3 

Cina ener eros sone: Rugen. O° ss (mean of 
Cretaceous......{ | | (Hrdiger Kalk). | | 4 results). 

_Turonien Limestone. | Westphalia. | None detected. 
| Serpulite Limestone. | Hanover 1x 10—12 gram. 
| |  (Deister). 
| Yellowish Porous | 
| Limestone -| Brunswick. lkat 3 

(| (Schaumkalk). | | 

( Spotted Grey Jura | Saxony. | 1-0 >, (mean of 2 
: | Limestone. | | results). 

| Mean of 3 al- 
Waawesie 4 | eae Sy | Wurtemburg. 03 Ten Be oe 

| _ Earthy Limestone. Meudon. | 3-2 as 
| | Lithographic Solenhofen. None detected. 
(| Limestone. 

in oasis | Crystaliine granular Saxony. None detected. 
eit Dolomite. 

(| Dolomite Flagstone | Hanover. 0°210—12 gram. 
| (Plattenkalk). 

een 2 | Zechistein Limestone | Hartz. er/ - 
cee (Bituminous 

| Stinkstone). 

|| Zechstein Dolomite. | Hartz. 13 »» (mean of 2 
results). 

( Delomitic Limestone Ireland (Kildare).| 1-2 “3 
| ‘thy 

Carboniferous .{ | 7. (Earthy): 
| Limestone. Ireland (Galway).) 1-0 5. (mean sof 2 
(| results). 

wie Granular Dolomite. | ifel. 0-4 %5 
Devoman =... { Dolomitie Limestone. Rhine Provinces. | 0-4 = 

| Unknown ......... Coral Limestone. Unknown, 0-8 
{ 
| 

Mean... 0°8 X 10-12 giam. 
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With regard to the radioactivity of the disintegrated 
surface materials themselves, several experiments were made 
upon soils from both the country around Dublin and from 
the centre of the city. 

The following procedure was adopted. The soil was 
dried over a water-bath, then gently broken and dis- 
integrated with the fingers, and finally sifted, and the ratio 
of the finer particles to the bulk determined. The coarser 
fragments, quartz pebbles, organic matter, &c. were rejected 
and only the finer materi:l examined. In both cases, and 
particularly in the case of the city soil, much trouble may be 
caused by the presence of organic and carbonaceous matter, 
which should be first ignited, otherwise volumes of gases 
incomparable with the capacity of an ordinary electroscope 
will be evolved. The results given below express the radium 
content of the fine particles in one gram of the original soil 
as found in situ. 

Surface Materials. 

Radi adium per gram 4 
of fine soil 

particles passing 
a ‘‘50”’ sieve, 

quivalent radioactivity 
of soil as found 

Um Situ. 

Soil from near Milltown, Co. Dublin...) 5:2 x 10-12 gram.} 2°9x 10—12 gr. per gr. 

Soil from College Park, Dublin......... 2°8 x 10-12 gram.| 1-3 10-12 gr. per gr. 

The actual radioactivity of the soil inclusive of its coarser 
fragments will therefore slightly exceed this figure, though 
the radium content of the larger particles may be pre- 
supposed low. The subsoil in the case of the Milltown soil 
is fine yellow clay, and under the College park consists of 
gravel and sand. 

Carbonaceous Rocks. 

Orrell ‘Coal... .5.hasneeeee ances No Radium detected in 19 grams. 

In dealing with carbonaceous specimens by the furnace 
method, it is necessary, on account of the formation of a 
volume of carbon monoxide out of proportion to the volume 
of the electroscopes, to ignite the specimen first in the open, 

the residue being then put by for a full period of three weeks 
before actual examination. In the case, however, of the 
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sample of coal examined, the very finely divided nature of 
the ash might introduce a possible source of error in the 
imperfect retention of the accumulating emanation. Theash 
was In this case therefore mixed with the normal quantity 
(10 grams) of borax-glass used in each separate examination, 
and the whole fused until the ash was completely embedded 
in the borax. ‘this was then coarsely broken, and stored for 
the full period of time to avoid any error in a time calcul- 
ation of the emanation percentage present, which might arise 
consequent upon a partial demanation onty having oecurred 
in the process. 

The borax containing the embedded ash would effervesce 
on fusion with the carbonate fluxes, and fairly represent in 
this respect a rock under the same conditions. 

With regard to the altered sediments, there is no reason 
to suppose that those which have suffered from extensive 
regional or contact metamorphism should on that account 
show any departure from the normal in their contained radium, 
nor was this found to be the case in those examined below. 

Schistose Metamorphosed Sediments (fine grained). 
Vs TAN Se aaa { 

Rock. | Locality. Radium jn grams per gram. 

WMirea Slate. 2. el. .., Freybourg. | 1-7 x 10-12 gram. | 

Maile Sater. 2ea8 oo cs Secale: | Delaware R. 1-9 bs | 

Wien, Sehiab ...4..-8. 6.65. | Wicklow County. |14  ,, | 
| Mica Schist ...........-..-.+ | Wexford County. | 0-9 i | 

| Grey Schist cae er eee Oban. | 06 we 

| Primitive  Schistose | | 
Gneiss containing Simplon Tunnel. 2-0 - 
Anhydrite. | 

sechiste Iusiné. .22i2.to-ese-. | Sinplon Tunnel. | 05 vi 

Mica Sehist (Caleiferous) i Simplon Tunnel. | 0-8 4 

ievnembran Mica Schist) 24)... 02.2.2: cece. | 0:3 
| 
i2 

i Es } 

| Mean... 1:1 10—12 eran. 
em | 

Specimens were examined also from some exposures hear 
Dublin of the actual contact of the Leinster Granite with its 
overlying Silurian strata, to discover if possible any marked 
effect due to the actual contact of the granite mass. Sections 
of the sedimentary rock cut both parallel and perpendicular 
to the direction of compression from specimens taken frem 
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different distances from the plane of contact, show clearly the 
gradation from a normal Quartzite in the proximity of the 
granite to a Quartziferous Mica Schist at the point of 
contact. 

A detectable increase on the amount of radium present in 
the quartzite might have been reasonably inferred from the 
increasing quantity of halo-bearing and _ radioactively 
darkened biotite developed in it on approaching the granite, 
but this was not in fact found to be the case. 

Section. Radium in grams per gram. 

| 
A micaceous Quartzite, with quartz grains ) 

uniformly small and Biotite uniformly }+| 06x 10-12. 
distributed. Poor cleavage. 

| A micaceous Quartzite, quartz grains larger, | 
more Biotite developed in parallel bands, 
with some halos. 

0-8 x 10-12. 

bands. H los plentiful. {CGN well de- 
eee along joliation planes. Abundant 

r 

A Mica &chist, much Biotite developed in | 

granular Quartz, arranged in streams. “(lee 

As far as the evidence in the case of these experiments 
goes, there is no abnormal amount of radium which would 
give rise to measurable effect due to the close proximity of 
the invading granite-mass. 
A cyieveliat similar experiment was made in the 

examination of a stratum of Cretaceous Chalk from 
Carrickfergus, in thickness about one inch, caught between 
toro onl ae. Iie rendered crystalline, and iron stained, by 
their action. 

Raat Radium 

in gts. per gr. 

Chalk (rendered crystalline) ......... Ot 10-12. 

Same, another estimation ............ O'4 5 

Basalt Sills enclosing Chalk TRACI ES Bers OF %) 

Tt will be seen that in spite of having experienced extreme 
metamorphism, the figure obtained for the chalk does not 
measurably differ from the result (0°3) obtained on the 
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unaltered chalk from Co. Antrim, referred to in the table 
on the limestones. Any increase is perhaps hardly to be 
expected in view of the low radioactivity of the sill itself, 
but there has been probably no loss. The contact zone ae 
limestone with granite was similarly examined in the case of 
a somewhat weathered specimen ‘from Switzerland, with 
similar results. 

Radium 
Rock. : 

in grs. per gr. 

Limestone at contact .................- 0:3 x 10—12, 

\Waranite abl contact) 20 ts ee 0-7 x10-12 | 

/ 
| 

| 

j 

| 

j 
| 

j 

A positive result was obtained, however, from examination 
of the contact zone of the altered Silurian Slates with the 
igneous intrusion in a hand-specimen from Glendalough, Co. 
Wicklow, when the following figures were obtained :— 

| ali | Radium | 

ill grs. per gr. 

isreisen abutting 22275 -ee- ae 0-8 ern 

Behish (yess. See ee 33 | 
i 

The mean radioactivity of the altered Silurian Nchists of 
Leinster, based on two experiments, is about 1:1 x 107-!2— 
normal for its type. There is therefore a positive, if 
moderately small augmentation in this case, the more 
emphasized by the relative poorness of the Greisen in radio- 
active materials. The Schist itself shows not only the high 
thermal and dynamic metamorphic characters shown by all 
these Schists, but the development of such secondary minerals 
as tourmaline indicates a certain amount of pneumatoly tic 
action involving the removal of some bodies from the igneous 
and their recrystallization i in the sedimentary rock. 

The intrusive rock is not petrologically similar to the main 
granite-mass, but rather a greisen, and shows in addition a 
band of alteration, and the production of abundant white 
mica. Biotite is absent. In view of its magmatically 
differentiated origin, a relatively high radium content might 
reasonably have been presupposed, and its deficiency in 
radium relative to the main granite-mass, whose mean by the 
fusion method is about 2x 10-’ gr. per gram, is noteworthy, 
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Summary. 

The outstanding features of these results are (with the 
exception of the calcareous rocks) the persistence of the 
radium in consistent and nearly identical quantity from one 
rock type te another, and, with the same exception, their 
almost unvarying sameness in rocks of one type. Practically 
speaking, all the secondary rocks with the exception of nee 
of calcareous nature contain approximately the same quantity 
of radium per gram, as will be seen from the figures below, 
but the differences though small may, in view of the large 
number of individual experiments performed, be regarded as 
positive. An explanation of the lower quantities of radium 
contained in the less important calcareous rocks has been 
given by Professor Joly *, and the results were therefore in 
this instance anticipated. 

Table of Mean Results. 

Number of 
pees | Radium 

Rock Type. seca rs ls sin) aren 
which average! Sas 

isybascdail ah! al owanns 

B@oarse detrital Sediments ey enn ec) De: NAS Oe, 

_ Coarse detrital Sediments (Metamorphosed) ... ) 15 i 

Fine detrital Sediments (Argillaceous) ............ 16 13 3 

Fine detrital Sediments (Schistose) ....... Cone 9 ell . 

@hlcareous) Sedumembsprerree Reena eee re cne cee e: 24 0:8 

It would be misleading to include the large number of 
calcareous rocks investigated ina general mean, because they 
actually comprise but a small percentage (estimated at almost 
5 per cent.) of the general sedimentary rocks of the eartli’s 
crust. The mean of the remaining specimens, 58 in number, 
is say 1-4 x 10-¥ gram per gram. 

I have to thank Professor Joly for his unfailing interest 
and constant advice throughout the course of these 
experiments. 

Geological Laboratory, 
Trinity ‘College, Dubtin, 

December, 1911. 

* “Radioactivity and Geology,’ p. 51. 



XXV. The Growth of Radium C from Radium B. | 
By K. Fasans, Ph.D., and W. Maxownr, M.A. oD Ses 

if has recently been shown by Fajans f that the product 
RaC,, discovered by Hahn and Meitner f, has a period 

ot 14 minutes and emits @ rays and that the « rays from 
RaC eannot be ascribed either to Ra€, or to an unknown 
product following it in the direct radioactive series. The 
conclusion was therefore drawn that # rays are emitted by 
RaC,, the product whose period is known to be between 
19 and 19°5 minutes. It was also shown that RaC, could be 
obtained from RaC€; by recoil only in minute quantities, 
whereas RaD is obtained by this method in an amount 
theoretically to be expected from an a-ray recoil. On this 
account Fajans concludes that RaC, is not in the direct line 
of disintegration products of radium between RaC, and RaD, 
but constitutes a side branch from the main series, so that 
RaC, may give rise on disintegration either to RaD or 
to RaC,. 

There are some important questions arising out of this 
conclusion, and it is the object of this paper to answer them. 
In the first place, we have to find out whether the whole of 
the 6 radiation from RaC is due to RaC, or whether Ra, 
also emits these rays; in the second place, we have to 
investigate what proportion of tle atoms of RaC, give rise 
to RaD and to Ra(, respectively. 

The method of experiment consisted in observing the rise 
and fall of activity of a plate coated with pure RaB obtained 
by recoil from RaA. If the activity is measured by hard 
8 rays then, assuming that RaB emits only soft rays, and 
knowing that RaC emits some very penetrating rays, the 
activity should at first be nothing and gradually rise to a 
maximum as RaC is formed and then fall off with time. 
The exact shape of the curve will, however, depend on 
whether the @ rays arise only from radium C, or from 
radium C, as well. In figure 1 are given the curves caleu- 
lated for the two extreme cases; the curve A refers to the 
case in which RaC, alone emits § rays and is calculated from 
the formula 

. Neat [hee he ene 
/ — ea a Gra i e e e i 

“1 Ac, —AB E : | ) 

* Communicated by Prof. E. Rutherford, F.R.S8. 
+ K. Fajans, Physik. Zettschr. xii. p. 869 (1911). 
+ Hahn and Meitner, Physk. Zeitschr. x. p. 697 (1909). 
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Curve B relates to the case in which RaC, alone emits 
B rays and is calculated from the formula 

—pt malo 

mse ee (Ac, —Ag) ei (Ag —)e,) (Ao, —Ac,) 
Wa & 
QB 

Bonen | 
—- 

100 

D ‘S 

ACTIVITY. 

Pp Ss 

MUNUTES. 

The values taken in these equations are the following :— 

Ap =4°33 x 107* sec.7! 

Noi Ou a ol Oe 7.) 

Noor LOG) 2, 

corresponding to the half-value periods of 26-7 and 19°5 and 
1:4 mins. respectively. } 

It will be seen that the two curves obtained from (1) and 
(2) respectively differ appreciably from each other, and it is 
clear that if both RaC, and RaC, contribute to the radiation, 
a curve will be obtained lying between the curves A and B. 
It was therefore hoped by this method to find out whether 
RaG, contributes an appreciable share of the @ radiation 
from RaC. The curves are so drawn that the maximum 
which occurs after 82°8 minutes is 100. 

To carry out an experiment a plate was exposed in the 
usual manner in an electric field to radium emanation for a 
few minutes so as to collect on its surface a deposit of RaA. 
After removing the plate from the emanation, a second 
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collecting-plate was exposed as the negative electrode in an 
electric field to the recoil from the first plate for a few 
seconds so as to receive a deposit of RaB by recoil ; the 
collecting-plate was then quickly transferred to a f-ray 
electroscope of the usual type and its activity measured at 
successive times through a thick aluminium screen, the 
thickness of which was varied in different experiments. The 
case of a screen (93 mm. thick is taken as typical and 
shown in figure 1, curve C,in which the time is reckoned 
from the end of the recoil. 

It will be noticed that the experimental curve does not 
coincide with either of the calculated curves ; it lies above 
hoth curves and does not start from zero but from 10 per 
cent. of the maximum value. The cause of this discrepancy 
must in part be due to the fact that the collecting of the 
RaB by recoil did not occur instantaneously, but occupied 
25 seconds. In this time a small quantity of RaC is formed 
and due allowance must be made in the curve for the RaC 
present at the beginning of the measurements; but the 
corrections to be introduced from this cause are toe small to 
account for the observed differences. Thus a simple calcu- 
lation shows that after an exposure of 25 seconds the quantity 
of RaC€ on the plate at time 0 is only 1-7 per cent. of the 
maximum after 32°8 minutes. As shown by H. W. Schmidt *, 
and as confirmed below, the remainder of the initial dee 
is to be ascribed to RaB itself, which is thus seen to emit 
rays capable of penetrating 0°93 mm. of aluminium. Hence 
to obtain a curve showing the growth of activity of RaC 
from RaB it is necessary to subtract at each time, from the 
experimental values of the ionization, both the iguana due 
to the RaC originally present, w hich falls off with a period 
of 19°5 minutes, and the ionization due to RaB, which falls 
off with a period of 26°7 minutes. If this is done for the 
curve C and if the maximum value after 32°8 minutes is 
again taken as 100, a curve is obtained which coincides 
closely with the theoretical curve A, which was calculated 
on the assumption that RaC, was responsible for the major 
part of the radiation emitted by RaC. The points marked 
with crosses have been calculated in this way. It is therefore 
clear that RaC, does not contribute materially to the hard 
8 radiation from RaVC. 

In order to extend the investigation to the case of the soft 
@ rays emitted by RaC a similar experiment to that described 
above was made with an absorbing layer of aluminium 

* H. W. Schmidt, Annalen der Physik, xxi. (19C6). 
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0°09 mm. thick. The experimental curve is given in figure 2 
C, and the curves A and B are the same theoretical curves 

Bio 2, 

AcTiviTy 

4 8 le 16 20 c4 28 32 36 
MINUTES. 

as those plotted in figure 1. It will be seen that the 
activity immediately after the recoil is more than 90 per cent. 
of the maximum activity. This is due to the existence of soft 
8 rays emitted by RaB. If, however, corrections are applied 
to the experimental curve in a manner similar to that ex- 
plained for the experiment on the hard radiation, a curve is 
obtained which again agrees very closely with curve A. It 
therefore appears that not only the hard radiation but also 
the soft radiation from RaC, contributes too small an amount 
to the ionization produced by RaC to be detected in these 
experiments. Now since the ionizing powers of successive 
products emitting 8 rays are of the same order of magni- 
tude *, and since it has been shown by Fajans that RaC, 
emits 8 rays +, it follows from the above results, that the 
ratio of the number of atoms of RaC, to the number of 
atoms of RaC, in equilibrium is so small as to be incapable 
of detection in these experiments. This result is in good 
agreement with the conclusions arrived at by Fajans, that 
RaC, forms a side branch in the radium series and is not 
intermediate between RaC, and RaD, and that RaD is 
formed from RaC, in much greater quantity than Ray, 

* Geiger and Koyarik, Phil. Mag. Oct. 1911. 
t Fajans, loc. cit. 
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The Absorption of the B Rays of Radium B by Aluminium. 

The above conclusions respecting RaCU, depend on the 
assumption that when working with hard rays the initial 
activity of a surface coated with RaB is due to the emission 
of hard 8 rays from RaB. As has already been mentioned, 
such rays have been observed by H. W. Schmidt, but as 
the correctness of his results has been recently called into 
question by Hahn and Meitner *, it was necessary to inves- 
tigate the matter more fully before any certain conclu- 
sions could be drawn regarding RaC,. For this purpose 
determinations with an ordinary f-ray electroscope were 
made of the rise and subsequent fall of the ionization 
produced by a plate coated with RaB when measured 
through different thicknesses of aluminium. Some typical 
eurves showing the results obtained with filters whose 

Oo 

thicknesses ranged from 0 to ‘73 mm. are shown in figure eae 

ACTIVITY. 

0 on wee 6 8 10 2 1a 16 
MINUTES. 

Curve A. No aluminium. Curve E. 0:21 mm. of aluminium. 
B. 0:0140 mm. of aluminium. LAOS Oe ys 

; r x 7 moma 1, 6, corn 
1 O46 by oie), 

Curves for thicknesses greater than ‘73 mm. are not given, 
as they differed inappreciably from each other. "Thus, 
whereas the curves with the thinner aluminium screens 

* Hahn and Meitner, Phys. Zettschr. x. pp. 697-703 (1908). 
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started from different initial values, the curves with ‘73 mm. 
and greater thicknesses all rose from 10 per cent. of the 
maximum obtained after 32 minutes. It was therefore 
evident that at the end of the recoil there was present on 
the plate a substance emitting 8 rays whose coetficient of 
absorption was the same as that of the hard rays from RaC. 
Hence, either RaB gives hard rays whose coefficient is the 
same as that of the hard rays from RaG, or else the initial 
activity is due to RaC@ mechanically carried over with the 
RaB during recoil*. The latter explanation seemed, how- 
ever, unlikely, as the curve (fig. 3) taken with no screen, 
so that the ionization was mostly due to & rays, starts more 
nearly from zero than any of the 6-ray curves; moreover, 
similar results were obtained in experiments made with 
widely different quantities and concentrations of RaA. The 
possibility of explaining the observed initial activity by 
contamination with RaC mechanically carried over during 
the recoil is, however, rendered still more unlikely by 
experiments made with y rays fF. 

The curves given in figure 3 can be used to find the ratio 
of the ionization produced by the @ rays of RaB and RaC, 
in equilibrium, when measured through different thicknesses 
of aluminium. [rom the data so obtained the absorption of 
the 8 rays of RaB by aluminium can be deduced if the 
absorption curve for the 8 rays from RaC, is known. The 
calculation is carried out as follows. 

Let the total ionization in the testing-vessel after 
oe: e minutes be taken as a and the ionization after any time, 
say 2, 4, or 6 minutes, be represented by 6. Now the ioniza- 
tion at any time is made up partly of the radiation from 
RaB and partly by that from RaC. Consider, first, the state 
of affairs after 32°8 minates and let B be the ionization due 
to the RaC formed from it at the time considered. Then we 
have the equation 

B+C+eC=a, BR ZA HORED, BSS ten ES a (3) 

where ¢ is a small fraction and eC represents the quantity of 
RaC due to the RaC produced during the time of recoil, 
which was never infinitely short and varied in different 
experiments from 95 seconds to 25 seconds. The quantity 
could easily be calculated for any given experiment. 

Consider now the state of affairs at some fixed time after 
the end of the recoil, say 6 minutes. The quantity of RaB 

* See Makower and Russ, Phil. Mag. January 1910. 
+ Moseley and Makower, infra a, p. 302. 

Phil. Mag. 8.6. Volo zou iNov dod heb. 1912. X 



298 Drs. K. Fajans and W. Makower on the 

present is greater than after 32°8 minutes in a known ratio 
and is, for the ease. of six minutes considered, about double. 
The quantity of RaC formed will, on the other hand, be less 
than after 32°8 minutes, but also ina ratio calculable from 
equation (1). Let B; and C; be the ionization due to the 
RaB and RaC present after a time ¢ reckoned from the time 
at which the recoi! was concluded. Then, since Bs=eB and 
C;= BC, we have that 

aB+ BC+ C=), . ro! (4) 

where b is a quantity to be determined from the curve and 
the term CC is introduced for the same reason as the term 
e( in equation (3). From equations (3) and (4) B and OC 
can be found. Now to get the absorption curve for the rays 
from RaB it is necessary to determine the ratio of B for each 
thickness of aluminium to the value of B obtained without 
any screen. a the latter quantity be represented by Bo 
and let Cy be the ionization produced by RaC in equilibri ium 
with RaB under the same conditions. Then the required 
ratio B/By is given by the equation 

[6c aes Eames Crea el C: : 
BG. Be (5) 

Now all the quantities on the right-hand side of the equation 
can be obtained from the curves given in figure 3 except the 
ratio C/Co, which has to be deter rane by a separate experi- 
ment on the absorption of the radiation from RaC by 
aluminium. 

To determine the ratio of C/C, for different thicknesses, 
a nickel plate was rendered active with pure RaC by the 
method of von Lerch anda thin aluminium plate then rubbed 
on the nickel surface so as to detach some of the activity. 
This was done in order to have an aluminium plate of the same 
thickness as the absorbing plate behind the RaO, and thus to 
eliminate crrors due to secondary radiation*. The aluminium 
plate was then placed in the same position with regard to 
the electroscope as the plates previously used in the ¢ experl- 
ments with RaB. Foils of aluminium of different thicknesses 
were then interposed between the active plate and the 
electroscope and the ionization produced measured in the 
usual manner. A plate of aluminium of the same thickness 
as the absorbing foil was in every case placed behind the 
active plate. After making due allowance for the decay of 
the RaC between successive measurements, a curve could be 

* Kovaiik, Phil. Mag. Nov. 1910. 
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obtained giving the relation between the ionization produced 
in the electroscope and the absorbing layer of aluminium. 
From this curve the values of C/U) given in Table I. were 
found. Columns 1, 2, and 3 contain all the data necessary 

TABLE I. 

: | Absorption of Absorption of 
Thickness of B Rav, Radium B. 
aluminium in = C B 
millimetres. C ob 

0 Bos0 

0 0-0102 | 1:00 0-81 
0:0140 0:0343 | 0°35 1:00 
0:0305 0:2075 | 0-050 0:86 
0:05 1°30 | 0:0073 0789 
0:06 1-24 | 0:0070 0-721 
0:09 0:92 | 0:0062 0474 
0-1 0°85 | 0:00595 0°420 
0:2 0°46 0:00465 O:177 
0:3 0°25 0:00375 0:078 
0-4 0:15 6-00305 0-038 
0-5 0:09 0:0024 0:0180 
0-6 0-06 0:0021 - 0:0104 
0:9 0:045 0-00125 00047 
135) 0-045 0:00075- 0:0028 

L0G. JOW/SATION oF faB 

a ern i 

for calculating the absorption of the B rays from RaB by 
aluminium and the absorption produced by different thick- 
nesses of aluminium is shown in column 4. In figure 4 the 

eae 
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results are shown graphically by plotting the logarithm of 
the activities as ordinates against the thickness of the 
absorbing Jayers as abscissee. It will be noticed that the 
point for 0 mm. of aluminium is much too low, no doubt on 
account of the smallness of the ionization due to RaB 
compared with that due to RaC in these circumstances. 
In this case the corrections to be introduced in calculating 
the ionization due to RaB alone are so great that accurate 
determinations become impossible. On this account all the 
values in the fourth column of Table I. are referred to the 
ionization produced through 0:0140 mm. of aluminium, which 
is taken as 100 instead of referring to thickness 0 mm. 

If we consider the relative ionizations of RaB and RaC in 
equilibrium when measured without any screen we see that 
the amount contributed by RaB lies between 1 and 2 per 
cent. of that due to RaC. Now since under these conditions 
the ionization produced by Ra is mostly due to a2 rays, 
whereas that produced by the RaB is due to B rays, the 
relative contributions of the two products to the total 
ionization is about that to be expected. It will be seen that 
as the thickness of the absorbing filter is increased the 
proportion of the total ionization due to RaB increases to 
the value 1°33 for a thickness of 0°044 mm. of aluminium, 
which just suffices to cut out all the @ radiation ; it then 
falls off again as the absorbing layer increases on account of 
the great absorption suffered by the @ rays from RaB 
compared with that suffered by the RaC rays. After adding 
about ‘7 mm. aluminium to cut out all the soft rays from 
RaB, the ratio of the ionization produced by RaB to that 
produced by RaC attains the constant value 0°045, showing 
that the remaining rays from RaB have about the same 
coefficient of absorption as the hard rays from Ra@. It thus 
appears that whereas the greater part of the 8 radiation 
from RaB is soft, there is a small quantity of hard radiation 
which will be seen from the fourth column of Table I. to 
amount to rather more than 1 per cent. of the total radiation 
from RaB. The coefficient of absorption of these hard rays 
is the same as that of the hard rays from RaCU, which is 
13 cm.~*. ‘The coefficient of absorption of the soft rays will 
be seen from figure 4 to be 91 cm.~}, a value which is greater 
than the values 80 cm.~' found by Schmidt and 75 em.7} 
found by Kovarik. Thus the absorption coefficient obtained 
by us does not agree very closely with those previously 
obtained, and the difference is no doubt in part due to the 
fact that the experimental arrangement was somewhat 
different from those employed by Schmidt or Kovarik ; but 
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at the same time it should be remembered that the possible 
errors made in deducing the coefficient from the observations 
are relatively great. Having regard to these two facts the 
agreement between the different values is perhaps as close as 
can be expected. 

There is, however, one point of difference between our 
results and those of Schmidt which is of importance, for our 
experiments give no indication of any vsry soft 6 rays of 
coefficient 890 cm.~1, According to Schmidt, RaB emits 
such rays in quantity sufficient to produce an ionization 
whose magnitude is about 12 per cent. of that produced by 
the « rays emitted by the RaQ in equilibrium with it. This 
radiation should have been detected in our experiments if it 
existed ; for when measuring without any aluminium screen, 
the rise curve should have risen from about 25 per cent. of 
the maximum instead of from 3 per cent. as shown in figure 3. 
The cause of the difference between our results and those of 
Schmidt is being investigated by one of us. 

It should also be pointed out that Schmidt finds for the 
ratio of the hard rays from RaB to those from RaC the value 
10 per cent., whereas we find only about 4°5 per cent., since 
the curves (fig. 3) for thicknesses greater than -7 mm. rise 
from about 10 per cent. of the maximum. The smallness of 
the ratio of the hard § radiation compared with that of RaC 
is very striking and involves interesting possibilities, but it 
would be premature to discuss these on the available 
experimental evidence. 

Summary. 

(1) The @ rays as well as the greater part of the 6 rays 
from RaC belong to RaC,. 

(2) Ihe ionization of the 6 rays from RaC, compared 
with that of the rays from RaC, is so small that it could not 
be detected in these experiments. ‘This confirms the view 
that RaC, is not in the direct radioactive series but is formed 
as a side product. 

(3) The 8 rays from RaB fall into two groups whose 
coeflicients of absorption are respectively 13 cm.~* and 
91em.~*. The ionization produced by the former amounts to 
only about 14 per cent. of the whole ionization due to Rab. 

(4) No evidence could be found of the existence of rays 
from RaB whose coefficient is 890 cm.~!. 

Our thanks are due to Professor Rutherford for supplying 
us with the necessary emanation and for the interest which 
he has taken in the progress of the experiments, 



[e302 J 

XXVI. y Radiation from Radium B. By H. G. J. MosE.ey, 
B.A., and W. Maxower, M.A., D.Sce.* 

| ieee existence of a small amount of radiation from 
radium B, of the same penetrating power as the hard 

B rays from radium ©, has been demonstrated by H. W. 
Schmidt t and confirmed by Fajans and Makower{. It 
seemed, therefore, probable that radium B would emit a 
small amount of hard y radiation of the same penetration as 
that from radium C. This was, however, found not to be 
the case; but the investigation undertaken to detect these 
rays has demonstrated the existence of soft y rays from 
radium B which have hitherto escaped detection. Although 
the complete study of this radiation has not yet been made, 
the experiments so far carried out show the amount which 
the new radiation contributes to the total y-ray activity of the 
active deposit of radium. It is also possible to deduce the 
absorption coefficient of the radiation by lead, though not with 
great accuraey since the number of experiments carried out 
was small. 

The method of investigation adopted was the same as that 
used by Fajans and Makower in studying the 8 rays from 
radium B, except that the measurements were all made 
through sufficient lead to absorb all the 8 rays both from 
radium B and from radium C. Thus pure radium B was 
prepared by recoil from radium A and the rise of the 
y radiation was measured through different thicknesses of 
lead. The duration of the recoil was in some eases 30 seconds 
and in others 90 seconds. If, as has hitherto been supposed, 
all the y radiation from the active deposit of radium is due to 
radium C, the activity should at first be nothing and rise to 
a maximum after 33 minutes and then fall off with time. 
In practice, however, it is impossible to obtain pure radium B 
by the method of recoil, since in order to obtain sufficient 
activity, it is necessary to prolong the recoil for a finite time. 
The amount of ralium C formed during the recoil can be 
calculated and the effect produced on the results allowed for ; 
this has been done throughout in calculating the theoretical 
curves. The curves in fig. 1 have been calculated for the 
case in which the recoil lasted 30 seconds—curve A on the 
assumption that the activity is due wholly to the y rays from 
radium C, and curve B on the assumption that y rays from 
radium B also contribute to the activity. In curve B the 

* Communicated by Prof. E. Rutherford, F.R.S. 
+ H. W. Schmidt, Annalen der Physik, xxi. (1906). 
t Fajans and Makower, supra, p. 292. 
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ratio of the ionizations produced in the measuring-vessel by 
the disintegration of an atom of radium B and radium C is 
taken as 14°5:100. The curves have been drawn to an 
arbitrary scale, so that the maximum activity is 100, and the 
times are reckoned from the end of the recoil. The points 
marked with cireles in fig. 1 represent the results obtained 
when the surface rendered active with radium B was placed 
near an ordinary y-ray electroscope such as is in general use 
in this laboratory. These electroscopes, which are made by 
Mr. C. W. Cook at the University Works, Manchester, 
consist of an aluminium case 2 mm. thick lined with lead 
3mm. thick. The deposit of radium B was obtained inside 
a glass tube 1 mm thick. 

From the agreement between curve B and the experl- 
mental points it appears that the assumptions made in drawing 
the curve suit the experimental conditions. Stated somewhat 
differently, when radium B and radium ( are in equilibrium, 

14°5 
radium B contributes Ts =12:7 per cent. of the total 

ionization. 
Toe points marked with crosses in fig. 1 represent the 

ACTIVITY. 

0 a 8 2 6 20 24 28 32 36 40 
MINUTES 

Rise of activity from RaB. Recoil 30 seconds. 

results obtained with an additional 1:175 em. of Jead inter- 
posed in the path of the rays. The points lie on curve A 
and show that in this case all the radiation is due to radium C. 
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Fig. 2 shows the theoretical curves for a recoil lasting 90 
seconds. Curve C represents the case in which all the 

Fig. 2. 

ACTIVITY. 

0 a 8 (eee Geo: 24 28 32 36 
MINUTES 

Rise of activity from RaB. Recoil 90 seconds. 

radiation is due to radium C; in curve D the ratio of the 
ionizations by an atom of radium B and of radium C is 
taken as 6: 100. The points marked by circles were obtained 
through 2°95 mm. of lead in addition to the glass and the 
walls of the electroscope. The points marked with crosses 
were taken through the same screens as used in obtaining 
the points on curve A, fig. 1. These results show that 
radium B emits rays which are capable of penetrating several 
millimetres of lead, but which are almost completely absorbed 
by 1°5 cm. 

The experiments so far described were entirely inde- 
pendent of each other, so that the possibility remained that 
the differences in the curves were accidental and due to 
contamination with radium C of the surface upon which the 
radium B was collected. In order to make sure that this 
explanation was incorrect, an experiment was made in which 
the same active plate produced ionization in the electroscope 
alternately through the electroscope walls and through an 
extra 1:2 cm. of lead. The curves so obtained were in 
substantial agreement with those given in fig. 1, showing that 
the initial ionization was really due to radium B. 

In order to extend the investigation to smaller thicknesses 
of lead, a new electroscope had to be constructed. For this 
purpose an electroscope of dimensions 20 em. cube was made 
with 5 sides of lead 1 mm. thick, the sixth side being closed 
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by a thin plate of aluminium. The surface coated with 
radium B, which in this case was entirely uncovered, was 
placed in front of the aluminium plate. Two experiments 
were made in which the absorbing sheets of lead were 
0°97 mm. and 1°72 mm. respectively. The results indicated 
that for radium B and radium Cin equilibrium 16:7 per cent. 
of the ionization is due to radium B when measuring through 
0-97 mm. of lead, and 12°3 per cent. through 1°72 mm. of lead. 

It is evident that the radiation from radium B is much 
softer than that from radium ©. An idea of the coefficient 
of absorption of the radiation by lead can be formed if it 
is known how the radiation emitted by radium B and 
radium © in equilibrium is absorbed. This absorption was 
found for the greater thicknesses of lead by using as the 
source of radiation radium emanation enclosed in a glass 
tube. Jor the smaller thicknesses of lead this source could 
not be used on account of the necessity of doing away with 
the glass envelope. In this case, therefore, a plate was 
made active with radium B and measurements taken in the 
neighbourhood of 33 minutes after preparation, at which time 
the radium B and radium C produced from it were in 
equilibrium. The absorption coefficient of the y rays from 
radium B ean then be calculated from the observations. 

It was found that the coefficient of absorption Xis 4 cm.7! 
between 3 mm. and 6 mm. of lead and is 6 cm.7! between 
0:97 and 1°72 mm. of lead. It will therefore be seen that 
the y rays from radium B are much softer than the 
penetrating radiation from radium C given by I’. & W. M. 
Soddy and Russell* as having an absorption coefficient 
0:5 cm.~! over a wide range. 

The method described above, though suitable for testing 
whether there is any considerable y radiation from radium B, 
is not the best possible for seeing whether there is a small 
amount of hard y radiation emitted by this product; for the 
quantity of radium B obtainable by the method of recoil is 
not great, so that a small amount of hard radiation might 
escape detection. A better method of testing the point is to 
observe the rise of activity of radium emanation, which has 
been completely freed from the active deposit associated with 
it. In such an experiment y rays from radium B make 
themselves easily noticeable. This would appear to be the 
best method of obtaining precise values for the absorption of 
the soft rays ; but on account of the doubtful significance of 
such measurements, this investigation has not been pursued. 

* Phil, Mag. May 1910, 
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In order to prepare pure radium emanation in sufficient 
quantity to carry out the desired experiment, about 30 milli- 
curies of emanation mixed with air were exposed at atmo- 
spheric pressure to a strong electric field for 3 hours, to 
render it as free from active deposit as possible. The 
emanation was then quickly forced through a plug of glass 
wool into a glass tube which was sealed off in a blow-pipe. 
‘The tube was placed in position near the electroscope and 
measurements begun. The activity was at first so small as to 
be incapable of detection, and then rapidly rose as measure- 
ments were continued till the activity became too great for 
Jurther observations. The tube was then moved further from 
the electroscope and measurementscontinued till the emanation 
had attained iis maximum activity. In order to deduce 
a complete curve showing the rise of activity of the 
emanation, a careful comparison was made of the ionizations 
produced in the two positions by the active deposit left in the 
tube after removing the emanation and waiting for the 
activity to Letey to a convenient amount. The results 
obtained for ihe first few minutes through 2°3 em. of lead 
are marked with crosses in fig. 3, in which the activities are 
expressed in percentages of the maximum reached after about 

ACTIVITY IN PERCENTAGE OF MAXIMUM > 

MINUTES. 

Rise of activity from pure emanation. 

four hours. The fact that the activity was too small to 
measure at the beginning of the experiment shows that the 
emanation contained not more than about 0:01 per cent. of the 
equilibrium amount of active deposit. This fact is some- 
what remarkable. It will further be noticed that the 
experimental resulis lie closely on curve H, fig. 3. This 
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curve has been drawn on the assumption that all the rays 
come from radium C and none from radium B. ‘The 
activity is proportional to N, the number of atoms of 
radium C disintegrating per second which can be calculated 
from the following equation : 

Iu 
N= eo > elt, ioe aests (al) 

ihe (Ag — Ay) (Ng — Ay) (Ay — Ay) 
Neo, 

where the number of atoms of emanation disintegrating per 
second at the beginning is taken as unity and Ay, Ag, Az, and A4 
are the decay constants of the emanation, radium A, radium B, 
and radium © respectively. N reaches a maximum value 
0-9721 after 258 minutes. Jn drawing the curves in fig. 3, 

this value has been taken as 100. 
The curve H, fig. 3, has been plotted only for the first few 

minutes, but the agreement between theory and experiment 
is so satisfactory for the whole time during which the activity 
of the emanation rises that the values of the activity at 
different times can be taken from column II. of the Table 
given in the appendix. In the third column of this table are 
given the numbers calculated on the assumption that 11:5 
per cent. of the ionization is due to radium B and the rest to 
radium C, when radium B and radium C are in radioactive 
equilibrium. The curve obtained on this assumption is 
plotted in fig. 3, curve F. The experimental points obtained 
when measuring through the walls of the ordinary y-ray 
electroscope mentioned above agreed well with this assumption, 
und the points obtained in this case are marked in fig. 3 with 
circles. This curve is similar to that given by Rutherford * 
in his Bakerian Lecture, p. 199, which was obtained from 
measurements taken through a considerable thickness of 
matter. The difference from the curve, calculated on the 
assumption that radium B is rayless, is therefore no doubt 
due to the emission of y rays by radium B and not to the soft 
2 radiation emitted by it as has sometimes been supposed. 

The agreement between theory and experiment when 
measuring through 2°3 em. of lead indicates that the amount 
of hard y radiation from radium B compared with that from 
radium U is extremely small. There can be no doubt that 
if such radiation exists the ionization produced by it through 
2°3 cm. of lead does not amount to 1 per cent. of that 
produced by radium ©, if the decay constants assumed are 
correct. 

* Rutherford, Phil. Trans. A. 204 (1904). 
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Finally, fig. 3, curve Ef gives interesting information on 
the question of the amount of radium C, produced from 
radium Q;. It has been suggested by Fajans * that radium ©, 
is produced only in small quantity from radium CQ, so thatif 
y rays as well as B rays are emitted by this product, they 
would not be likely to contribute more than a small percentage 
of the total y radiation from the active deposit. The agree- 
ment between theory and experiment shown in fig. 3, curve H, 
for the case of 2°3 em. of lead, proves that radium C, cannot 
emit any considerable amount of hard vy radiation. If 
radium C, contributed 10 per cent. of the total radiation, 
there would have been obtained a detectable deviation from 
carve EH, fig. 3, The activities measured for the first few 
minutes were so small that the small differences between 
theory and experiment may be disregarded. The results are 
therefore in agreement with the result obtained by Fajans 
that radium ©, is formed from radium C, as a side product, 
and is not in the direct radioactive series. 

Summary. 

(1) y rays of absorption coefficient about 4 cm.~! for lead 
between the thicknesses 38 mm. and 5:94 mm. and about 6cm.~' 
between 0°97 mm. and 1°72 mm. are emitted by radium B. 
These rays contribute about 12 per cent. to the total ionization 
produced by the active deposit measured through 3 mm. of 
lead and not more than 1 per cent. through 2°3 em. of lead. 
Radium B appears, therefore, to give no hard y radiation. 

(2) Radium Cy, if it emits y rays at all, gives an amount 
too small to be detected by the method used. 

Our best thanks are due to Professor Rutherford for his 
interest in this research, and for lending us some unpublished 
observations for comparison with our results. 

APPENDIX. 

Table for calculating the rise and fall of activity from Pure 
Radium Emanation under different conditions, 

Column II. gives the number of atoms of radium C present 
at different times in a closed vessel after admitting pure 
emanation, The maximum value, which is taken as unity, 
occurs after 258 minutes. The numbers are calculated from 
the equation : 

aN = S079 1 2 97213 (A2— Ay) (A3— Aq) (Ag—Ay) 
A=1,2,3,4 

* Fajans, Physik. Zettschr. xii. p. 369 (1911). 
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through 2°3 ems. of lead. 
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Column IV. gives the number of atoms of radium C left 
in a vessel at different times after completely removing the 
emanation which has been confined in it for a long time. 
The numbers are calculated from the equation 

ero meen rea 
=1,2,3,4 

AyAsAg 
100891 Nive ey ae 

caine =e 

This equation gives the fall of activity measured through 
2:3 em. of lead. 

jolumn III. gives the ionization at different times after 
the introduction of pure emanation on the assumption that 
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when in radioactive equilibrium radium B_ contributes 
11-5 per cent. of the ionization and RaC 885 per cent. 

“15 et r nee Nii == 07913 rea a(x, 

Nel De 

+ _— 

721s So mm) Re 
% —— eek 

This equation gives the ionization as measured in a Cook 
y-ray electroscope. - 

Column V. gives the fall of ionization, reckoned on the 
same assumption as used in calculating column III., after 
completely removing from a vessel emanation which had: been 
confined in it for a long time. . 

aaah —)it 

ee Meet) > é 
ie 10085 2 4 OR 

N= 12S 

AgArsrd 
= <H08% ; ae — 2) (Au An) 

A=1,2,3,4 

This gives the rate of decay of radium active deposit, 
completely separated from emanation, as measured with a 
Cook. electroscope. The values of X assumed us ee 
calculations are the following expressed in (second) 7? 

—208 x 10? Ao = 3785 x 1073, Ap= 4:33. X10", A= ee 

XXVIII. Diffraction Gratings with Controlled Groove Form 
and Abnormal Distribution of Intensity. By R. W. 
Woop, Professor of Experimental Physics, Johns Hopkins 
University ™. 

N the Philosophical Magazine for September 1902 I pub- 
lished an account of a diffraction grating, ruled on 

speculum metal, which exhibited a most remarieble distri- 
bution of intensity of the energy in some of the spectra. 
The continuous spectrum of a white source was interrupted 
by bright and dark bands sometimes not over 20 or 30 
Angstrom units in width, which appeared most distinct 

* Communicated by the Author. 
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when the direction of the electric vector was perpendicular 
to the direction of the groove, and vanished when these 
directions were parallel. 

In the present paper [I shall describe a still more remark- 
able grating which shows a bright line in the continuous 
spectrum of a white source, which by actual measurement 
is only 3 Angstrém units in width, 7. e. of a width equal to 
one half of the distance between the D lines. As the anole 
of incidence is varied the position of the bright line in the 
spectrum changes, and, what is of especial interest, its wave- 
length corresponds exactly to the wave-length which is just 
passing off from the grating at grazing emergence in the 
4th order spectrum. This is in agreement with the surmise 
expressed by Lord Rayleigh (Phil. Mag. July 1907), that 
abnormalities are to be expected at such angles of incidence 
that spectra of higher orders are just passing off. The 
bright line in question appears in the first order spectrum 
on the opposite side from tnat on which the grating concen- 
trates light, and is about as bright as the continuous spectrum 
upon which it appears projected, so that the brilliancy at the 
point in question is about double that of the rest of the 
spectrum. In viewing the spectrum of the are, the bright 
line resembles the bright lines which sometimes flash out 
upon the continuous spectrum of the crater. 

As I showed in my paper upon the echelette grating (this 
Journal, Oct. 1910), if a grating is ruled upon a polished 
surface of a soft pure metal instead of on a hard alloy such 
as speculum metal, the form of the groove can be made to 
conform more perfectly to that of the ruling point, which 
moreover does not wear away rapidly as is the case when 
the ruling is done on a hard alloy. In the case of the 
echelette ‘oratings I used a surface of gold-plated copper, 
which gave such excellent results that I immediately tried 
to find a surface suitable for optical gratings. A very thin 
coating of silver was deposited upon a plate of polished 
speculum metal by electrolysis, and was then very care- 
fully polished. This was found to serve admirably, and a 
trial grating, with 14,438 lines to the inch, was ruled with 
the old Rowland machine, which snowed a very dark central 
image and a very bright first order spectrum. Spectra were 
also obtained on plates prepared in this way which yielded 
spectra in which certain colours were wholly absent, the 
dark bands reminding one forcibly of the dark bands 
observed with the curious grating described in 1902, except 
that they were much wider. 

Dr. Anderson, who has had charge of the dividing engines, 
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informed me that he had found a diamond point which ruled 
gratings showing anomalies similar to those which I described 
in the earlier paper, and he has ruled me a number of grat- 
ings upon a thin silver surface deposited upon a speculum 
plate. The lines are ruled at the rate of 10,000 to the inch 
on the so-called 20,000 machine. The first order spectrum 
on one side is very bright, while that on the other is quite 
faint, and it is in this faint spectrum that the abnormalities 
are found. ‘This grating appears to be of such good quality 
that it seems probable that excellent optical gratings of very 
large size can be made in this way. We can choose our 
metal according to the region in which we wish to work. 
Gold, for example, would be far better than speculum metal 
for the region between 5500 and 8000, for gold reflects 90 
per cent. in the red, while speculum metal reflects only 
65 per cent.,a matter of some importance for example in 
the study of the resonance spectra of iodine, which are not 
very bright and fall exactly within this region. 

Gratings made in this way would have to be handled very 
carefully however, for I have found that the lightest possible 
rubbing with soft chamois skin alters the distribution of the 
light in the spectra in a most remarkable manner. It is 
possible in this way to raise the intensity of the faint first 
order spectrum four- or fivefold and cause the dark bands 
to disappear entirely. It is quite interesting that the 
groove form can be thus “figured” after the grating is 
ruled, though I doubt whether the efficiency of a grating 
could ever be improved in this way, since the tendency 
seems to be always to give a more uniform distribution 
of light among the spectra, which is precisely what we do 
not want. This “figuring” of the groove has, however 
proved of value in the study of the bright and dark bands 
as they can be developed in intensity in this way, and caused 
to change their position in the spectrum. 

While the present study has not completely solved the 
question of the cause of the remarkable anomalies, many 
additional experimental data have been obtained, und it is 
possible that the results may point to the modifications 
necessary to make Lord Rayleigh’s theory cover the 
ground. 

I shall now describe in detail the observations made with 
one of the gratings. The groove form is probably quite 
similar to that used in the case of the echelette gratings, one 
side very steep, the other making only a small angle with 
the original surface. This is similar to that of the grating 
described in 1902, from which I made a cast at the time 
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with celluloid deeply stained with an aniline dye, which was 
sectioned with a microtome and examined under the micro- 
scope. The grating was mounted on the table of a large 
Fuess spectrometer so arranged that the table turned with 
the graduated circle. At normal incidence it showed « 
black band in the red about 30 Angstrom units in width, 
the centre of which was at 6960, and a bright line 3 
Angstri 6m units wide at 6400. 

The telescope and collimator were not used, the spectrum 
being viewed by the eye directly. The source of ght was 
a Nernst filament situated at a distance of about 3 metres 
from the grating, with a very brilliant neon tube imme- 
diately behind it. A Nicol prism was mounted in front of 
the lamp, for the bands appeared at their best with polarized 
light (electric vector perpendicular to the grooves). Behind 
the neon tube an are lamp was mounted for producing the 
very intense illumination necessary for the experimental 
determination of the wave-length of the light passing off 
from the grating at grazing emergence. On viewing the 
spectrum in the grating, the dark band or the bright line 
could be brought into coincidence with some one of the 
numerous bright neon Jines, by changing the angle of 
incidence. 

As a check on this method of determining the position 
of the bands the are was lighted, and a Schmidt and 
Haensch pocket-spectroscope, provided with an illuminated 
scale of wave-lengths, was directed at the spectrum seen in 
the grating. The dark band then appear ed in the spectrum 
seen in the small spectroscope, and its wave-length could be 
read off at once. The width of the bright band was deter- 
mined with the large spectrometer with fixed telescope and 
collimator of 2°5 metres focus, by comparison with the 
D lines. 

Considering the grating mounted as in fig. 1a, the faint 
first order spectrum in which the abnormalities are seen is 
viewed in the direction A. The first order spectrum on the 
other side (direction B) is extremely bright, being favoured 
by the broad, gently sloping sides of the groove. The 
spectra passing off at grazing emergence are very bright 
in the direction C and very faint in the direction D, as is to 
be expected, for the steep, narrow sides of the groove favour 
the direction C. The cirele of the spectrometer was set at 
zero, and the grating turned on the table until the incidence 
was normal, as determined by reflecting the image of the 
ruled spot back to the are. . 

Rint. Mag. SG) Vole2en Nev ist ied. 1912. Y 
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The spectrum seen in the direction A exhibited a dark 

band in the red and a very faint narrow bright band in the 

orange. Previous experiments with nineties grating havi ing 
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shown that lightly wiping the surface modified the appear- 
ance of the bands, an attempt was made to better them in 
the case of this grating. A very light rubbing with a 
powder-puff made of swan’s down increased the blackness 
of the dark band and increased the narrowness and intensit 
of the bright band, which presently with a little further 
rubbing became a ie The lower corner of the grating 
was now rubbed lightly with chamois skin. This operation 
obliterated al: Jape of the bright line, and caused the dark 
band to shift into the yellow-green region. If the spectrum 
was made to cover the entire surface of the grating b 
bringing the source of light nearer, the dark baud in the 
red was seen to pass oradually into the green region, the 
band appearing curved, as shown in fig. 1. In this figure 
the lower right-hand corner of the ruled surface has been 
rubbed with chamois skin. 

The relations between the positions of the bright line and 
dark band and the angles of incidence were now determined. 
The circle was pane so as to rotate the grating in a clock- 
wise direction (fig. 1a) through an angle of 11°. The dark 
band moved from the red cies into the green, preceded by 
the bight line which remained distinct up to a rotation of 



Gratings with Controlled Groove form. oD 

9° but disappeared at 11°. Its disappearance may have 
been due to its having passed into the blue region, in which 
the eye cannot see as sharply as in the more luminous 
regions. In the following table are given the positions 
of the bands for various angles of incidence. The wave- 
lengths passing off at grazing emergence in the direction © 
are given in the fourth column. 

Incidence Angle. Dark band. | Bright line. | Passing off. 

IB SPER BeNOR ones UU AS abr 5500 Wiel sere oes 5150 
De hsinasthe sneer eae 5650 5340 5340 
O20) ye eee 5900 5650 5650 
CRUD bee ib bateei: 60.0 5800 5800 
BRD. hak che aeneenen 6100 5940 5940 
De OO bon ceria pene 6200 60950 6030 
10 BT es Acs Sell 6400 6200 6200 
Ai ens SER a 6560 6350 6350 
DOr NOS oon ee eres 6650 6520 6520 
1? OO ox “os cateceeeee oe 6600 6600 6600 
ROUEN OVD aaeE Nea 6720 OFe Onto ani ce wet se. 

As will be seen from this table, the wave-length of the 
bright line agrees in each case with that of the light which 
is passing off the grating in the fourth order. As the 
grating is turned in a clockwise direction the two bands 
move towards the region of greater wave-lengths, the bright 
line a little more rapidly, until at an angle of 1° 50’ on the 
other side of normal incidence the bright line moves into 
the centre of the dark band, appearing as shown in fig. Le. 

This entrance of the bright band into the dark one is very 
interesting, and should be a valuable clue to the origin of 
the bands. ‘he wave-length of the dark bands, for in the 
case of some of the gratings several dark bands appear, 
bears no relation to that of any of the colours which are 
passing off the grating at grazing emergence, though in 
general they seem to correspond to wave-lengths diffracted 
at angles a little greater than grazing emergence ; in other 
words, to result trom disturbances which come from the 
steep side of the groove and are reflected against the 
opposite side. 

It was found that certain anomalies appear when the 
direction of the electric vector is parallel to the groove. 
For example, if we hold the nicol in front of the eye and 
allow unpolarized light to fall upon the grating, the dark 
‘band appears in the orange (incid. angle 5°) when the short 
diagonal of the nicol is horizontal, 7.e. when the electric 
vector is perpendicular to the groove. If now we rotate 

Y2 
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the nicol through a right angle the entire red end of the 
spectrum above the dark band disappears, the portion of the 
spectrum vanishing in this case being at least five or six 
times the width of the dark band. 

A study was also made of the polarization of all of the 
spectra and the central image. Though I doubt if these 
data will prove of material assistance in the development of 
a theory accounting for the bright and dark bands, I will 
include them for the sake of making the study as complete 
as possible. | 

‘The grating was set at normal incidence which brought 
the dark band to wave-length 656. ‘the incident light was 
unpolarized, and the spectra examined through a nicol. In 
the first order spectrum all of the light on the red side of the 
dark band was polarized L, the rest of the spectrum showed 
an excess of = polarization. In the second and third orders 
on the same side, the red end was nearly completely polarized 

, the remainder showed an excess of L polarization. The 
fourth order was completely polarized =. 

On the other side of the central image the very bright 
first order spectrum showed little or no trace of polarization. 
In the second order the red end was completely polarized L. 
Third order no polarization, and fourth order all 1. The 
central image, examined with a spectroscope, showed a dark 
band at 650, and all longer waves were found to be polarized 
i asin the faint first order spectrum. The Land = signs 
referred to above denote the direction of the electric vector 
with respect to the direction of the groove. 

It is a matter of some importance to ascertain what 
becomes of the light which is absent in the spectrum. If 
one spectrum shows a dark band we should expect some 
other spectrum to show a bright band at the same point. 
This, however, is not the case, and we may infer from this 
that the absent energy is distributed amongst the other 
spectra, the amount received by each being too small to be 
noticeable. 

It appears to me that the present paper contains sufficient 
experimental data to thoroughly test any theory which may 
be developed to account for these remarkable anomalies. It 
seems evident that they are to be referred to the action cf 
the sharp ridges and not to the bottoms of the grooves, as 
thev are profoundly modified by the lightest possible rubbing 
of the grating with soft chamois skin. 

The extraordinar y narrowness of the bright line (3 A.L.) 
undoubtedly requires the co-operation of a “large number of 
lines, and it is to be noticed that its wave-length agrees 
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exactly with that of the light which is passing off the 
grating on the side Ponrardet which light is reflected from 
the Stee sides of the grooves. It is worthy of remark that 
the tops of the ridges will be illuminated by diffracted light 
of the right wave- ‘length, though this circumstance silane 3 is 
not etiicient to eeoune for the narrowness of the bright 
line. The shift of the dark band towards the region ot 
shorter wave-lengths produced by lightly rubbing the sur- 
face of the grating should prove an important clive, as well 
as the unequal ae of advance of the bright line sel dark 
band along the spectrum as the grating is rotated. 

If any further experiments are ‘required to test any 
theory which may be deve lene”, ay can be made without 

difficulty. Kg fey 
= = eel — ied 

XXVIII. Jonization in Gaseous Mizxtures by Réntgen Ra- 
diation. a roneCarG. DARKIA | iAl ID Sex and 
L. Simons, B.Sc., University of London, King’s College * 

| ae intimate connexion between the ionization in a gas 
by X-rays and the secondary radiation from the 

elements constituting the gas was first shown by one of the 
writers ina letter to ‘Nature’ on “ Ionization by Réntgen 
Rays” +. It was shown that the emission of a fluorescent 
X-radiation from a constituent element of a gas traversed 
by X-rays was accompanied by a sorideahle ionization in 
the gas itself. Later papers { established the generality of 
the connexion, and showed that a considerable portion of the 
increased ionization was due to the secondary corpuscular 
radiation. It was estimated that something of the order of 
one third of the total ionization was due to the corpuscular 
radiation ; but it was pointed out that as the assumptions on 
which the calculation was based were only approximately 
true, the precise fraction could not be determined. Experi- 
ments by Brage § showed the same thing, for though the 
results published indicated that about 104 per cent. “of the 
ionization produced by X-rays was due to secondary corpus- 
ular radiation, it is evident that the agreement between the 

whole ionization and that calculated as due to corpuscular 
radiation is quite accidental, several of the assumptions 
giving no more than an approximation to the truth. Hven 
the last assumption that the absorption of air is entirely due 
to nitrogen and oxygen is wrong by an amount which would 

* Communicated by the Authors. The expenses of this research were 
partially covered by a Government Grant through the Royal Society. 

+ .§ Nature,’ April 15, 1909, vf Phil, Mag. Aug. 1910. 
§ Phil. Mag. Sept. 1910, 



318 Prof. Barkla and Mr. Simons on Jonization 

raise 104 per cent.to about 130 per cent. There are possibilities 
of much greater error, but this is one which may be easily 
corrected, and it shows that the conclusion from the experi- 
ment is not what at first sight it appears. 

Again, in a later paper by Bragg and Porter (Proe. Roy. 
Soe. A. vol. Ixxxv. 1911), results are given with the object of 
showing that all the ionization produced in oxygen by X-rays 
can be accounted for by the secondary corpuscular radiation. 
A serious error, however, completely changes the significance 

: » aN 
of the results. The mass absorption coefficient (*) for Sn 

X-rays in oxygen is found by experiment to be 425, and it 
is assumed that all of the energy so accounted for is truly 
absorbed in the oxyyen. Asa matter of fact,-2 of the -425, 
or nearly one half, is scattered *, and in the experiments de- 
scribed practically all this was lost. If, then, we accept all 
the experimental data given, the final comparison is no longer 
between 34 and 36°3, but between 34 and 68-4; in other 
words, only half the ionization in oxygen is accounted for. 
We do not venture to use these results as an arzument 

against the hypothesis of ionization by secondary corpuscular 
(electronic) radiation. We do say, however, that these ex- 
periments furnish no direct evidence in favour of it. For 
the present we must leave the question open, with the ex- 
pression of opinion that on the whole the balance of evidence 
is against. 

Beatty’s experiments f probably give us the most exact in- 
formation on the point. He concluded that fractions varying 
up to 75 per cent. cf the total iotization in seleniuretted 
hydrogen were due to corpuscular radiation. But,again, these 
results give only the order of magnitude. A small error in 
his assumptions might easily change 75 per cent. into 100 
per cent. Neither experiments on gases at various pressures 
nor in chambers of various Jengths show the effect of 
extremely easily absorbed corpuscular radiations such as 
might be and in all probability are set up by very soft 
fluorescent X-radiations produced by the primary X-rays. 

It was thought that experiments made upon the ionization 
roduced by X-rays in certain gaseous mixtures would 

probably throw some light on the processes involved, for, as 
will be seen, we can to some extent distinguish between the 
direct and secondary effects, possibly even though the secon- 
dary rays be so soft as to be absorbed by the molecules in the 
immediate neighbourhood of the radiating atoms. 

* Barkla, Phil. Mag. May 1904; May 1911. 
+ Proc. Roy. Soc, A. vol. lxxxy. 191]. 
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Apparatus. 
Various pieces of apparatus were used in the following 

experiments to measure the ionization in gases, The loniza- 
tion-chamber itself was usually cylindrical in shape. One 
flat end was provided with a thin aluminium window to 
admit the ionizing radiation ; the opposite end was made 
of brass or lead, with an internal facing of thick aluminium, 
upon which Tne radiation fell after traver rsing the gas. The 
sides of the cylinder were also aluminium-lined. The terminal 
in this ionization-cliamber was in some cases axial, in others 
circular in a plane parallel to the ends. This terminal was 
connected by a vertical wire passing through a brass con- 
necting-tube with an electroscope of the type used in many 
previous experiments. Deflexions of the vold-leaf were, as 
usual, observed by means of a microscope “with micrometer 
eyepiece, and the rate of deflexion was taken as a measure 
of the ionization in the vessel above, when the saturation- 
current was obtained. 

The radiations used were the homogeneous fluorescent 
Roéntgen radiations * emitted by elements when these were ex- 
posed to ordinary primary Rontgen radiations. Two ioni- 
zation-chambers and connected electroscopes were invariably 
used, each receiving a beam of homogeneous Rontgen radiation 
from the same sheet of substance placed i in the primary beam. 
One chamber contained air, and was used to standardize the 
intensity of fluorescent X-radiation from the particular sub- 
stance used ; while the gas in the other chamber was varied in 
order to study the relative ionizations in various gases. 

The following experiments were performed :— 

Lonization in SH, and SO.. 
In experiments by one of us + on the gases sulphuretted 

hydrogen and sulphur dioxide, it had been found that the 
ionization in the former gas produced by beams of X-rays 
was invariably greater than the ionization in sulphur dioxide 
at the same temperature and pressure, whatever the pene- 
trating power of the ionizing radiation. As the absorption 
in oxygen is much greater than that in hydrogen, and as it 
has always been found that absorption is a purely atomic 
phenomenon, the results suggested that the greater absorp- 
tion of X-rays in SO, was accompanied by ‘less ionization 
than that in SH), indicating that ionization is not propor- 
tional to absorption, and that the process of ionization is not 
purely atomic, but depends on chemical combination. These 
conclusions had been arrived at by various experimenters, 

* Phil. Mag. Sept. 1911. + Results not yet published. 
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but had latterly been received with some scepticism. Indeed, 

the experiments had been made with little knowledge of the 

laws of secondary radiation. It was important that the 

question should be conclusively settled. To thoroughly test 

the relative ionizations in SH, and SQz, experiments were 

made by us with X-radiations varying enormously in pene- 

trating power from that characteristic of Cr (series K) to 

that characteristic of Sb (series K) and many intermediate 

penetrating powers. Various ionization-chambers of three 

entirely different types were used, the lengths varying from 

1 em. to 12 cm.; the windows and ends of these were of 

carbon, paraflin-wax, and aluminium ; the terminals were of 

various forms—some exposed to the X-radiation, others not 

exposed. Both gases SH, and SQ2 were prepared in different 

ways, in some cases containing a large quantity of aqueous 

vapour, in others exceedingly dry. Large variations were 

also made in the intensity of the radiations to which the 

gases were exposed until the limits of accurate measurement 

were reached, but no variation of relative ionization was 

observed ; so that there appears no possibility of the satura- 

tion-current not having been reached. Only in the case of 
the short ionization-chamber in which the end-effects were 
Jarge and unknown did accurate experiments show variations 

TABLE I. 
Ionizing radiation : the fluorescent X-radiation (series K) from Ag. 

Length of Observed 
| | 
ane Gas BiG Corrected | Relatire 

: ek ape Tonized. |. ae Ionization. | — [onization. 
chamber. Ionization. 

Heihern. ita. Air” 1? 200 7 1 | 
| SHe +). 406 10°7 15:3} ratio | 
| SO, S5 S8 123), 128 
a ee eee —— — i 

Heiteitem. 2.20). Air 147 1:09 1 
| SH, 16415 Weld dD 15°6 } ratio 
| sO, 135 4. deed 12-9 aoa 
ae 9 ae “7 age me eens 
Piisaiens. 72.2... Air 1 "89 1 Gee 

SH, +0, 75, 74 71,76. 865,855} S46] 
| SO,+H, | 646,63 | 66,645 74, 725) jaz] 
! 

Nore.—In the first set of three experiments the air-icnization was corrected 
for end corpuscular radiations [from Sadler’s results], and the SH, and 
SO, icnization corrected for absorption. ‘The boundary corpuscular 
radiation effect in these was negligible. Window and end were of Al. 

In the second set of three experiments a correction for corpuscular 
radiation from the end was not made, as it was of paraffin. 
‘In the third set of three experiments corrections were made for 

corpuscular radiation from the ends when air was ionized, and for 
absorption in the gaseous mixtures. 
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greater than the possible errors of experiment in the relative 
lonizations produced by a given radiation. Typical results 
are given in Table I. 
As the ionization was exceptional, it anal advisable to 

directly measure the absorption of X-rays in these two gases. 
This was done by Mr. Collier, who found the absorption in 
SO, greater than in SH, by an amount about equal to the 
absorption in Oj. This result showed there was no violation 
of absorption laws, and that impurity was not producing any 
appreciable effect. 

Thus the ionization and absorption in these two gases are 
in the reverse order of magnitude. The fact would not be 
remarkable, however, if the secondary rays were not also 
accounted for. But the secondary corpuscular radiation 
was all absorbed in both gases with the exception of that 
from a very thin layer at the boundaries of the ionization- 
chamber. The resultant effect of this must have been ex- 
ceedingly small in these two gases, and have actually entailed 
greater loss by the SH, than the SO.. The difference must 
have been daa ts Again, the fluorescent X-radiations 
emitted by 8 are very abs sorbable, and must have been more 
absorbed in SO, than in SH, owing to the higher absorbing 
power of O, than H,. Finally, though there is the possibility 
of the energy of fluorescent me radiation escaping from Op, 
being greater than that from H,, the maximum possible 
difference would again be inappreciable. There seemed, 
therefore, little doubt of the less absorption in SH, being 
accompanied by the greater ionization. ‘This, however, by 
no means proved that ionization is not an atomic ‘phenomenon. 
For sulphur atoms might emit the same amount of corpus- 
cular radiation in both gases; but whereas in SH, the 
corpuscles would be almost entirely absorbed in sulphur, in 
SO, they would be partially absorbed in sulphur and partly 
in oxygen. Thus the difference might be due to the greater 
production of ions from sulphur than from oxygen “by the 
absorption of the same amount of energy of “corpuscular 
radiation. This would still leave ionization a strictly atomic 
phenomenon. 

In order to determine if ionization is truly atomic and 
at the same time to further test the observed absence of 
proportionality of ionization and absorption, experiments 
were made on the ionization in mixtures of SH, and Qy at 
equal partial pressures and of SQ, and H,. In these mixtures 
we have the same elementary constituents in the same 
proportion. They therefore absorb all radiations to an equal 
extent, and each constituent is subject to the same radiation 
in the two cases. The results show a decided difference 
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hetween the ionization in the two mixtures, SH, and QO, 
being ionized to a greater extent than SO, and Hy, the ratio 
being found to be 1°16 and 1°17 in two separate experiments 
(Table I.} when the Ag X-radiation (series K) was used as 
the ionizing agent. 

These results appear to us to furnish conclusive proof that 
(1) ionization by X-rays is not fundamentally atomic, but 
depends to a certain extent on chemical combination ; 
(2) equal absorption of X-rays and their secondary rays are 
accompanied by unequal ionizations. 

Direct experiments on ionization and absorption certainly 
point to the conclusion that when a definite amount of energy 
of X-radiation is absorbed, and with it all known secondary 
radiations, the ionization accompanying ihis absorption 
depends to a certain extent on the nature of the absorbing 
substance. Thus, comparing the absorption of the Cu or Zn 
X-radiation (series K) in SH, and air, the ratio of the 
absorption coefficients for the two gases under similar 
conditions of temperature and pressure =11°3, or =11°6 
allowing for scattering. 

But the ratio of ionizations in the gases is 14:7. 
Thus, using Cu X-radiation, 

0 Ns 
Se cs 7 { ems _ 11.6 a 
lair (A 7 eas 

Similarly, 

say a ee SE ay 
air (AS) ip 

Now there is strong evidence that the fluorescent X- 
radiaticns from air are much softer than those from 8 (which 
is the important term in SH, and in SO,), and that a much 
greater proportion of these are absorbed in air than of 
S X-radiations in SH, or SO,. And it may be shown that 
in these experiments the S X-radiation escaping from the 
ionization-chamber was not more than 4 or 5 per cent. of 
the whole fluorescent X-radiation, and therefore much less 
of the whole energy absorbed; consequently the energy 
escaping from the air must have been inappreciable. Again, 
practically all the corpuscular radiations were absorbed, so 
that unless there were excited in air by Cu X-radiation, 
X-radiations more penetrating than any of which we know 

* = is the fraction of the absorption coefficient due to scattering. 
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(belonging to another series in fact), we may conclude that 
more ions were formed in SH, than in air for corresponding 
absorptions. We conclude, therefore, that about 30 per 
cent. more ions are formed in SH, than in air by the comm- 
plete absorption of energy of soft X-radiation cha caerenetie 
of Cu. 

On the other hand, it appears that the energy required to 
produce an ion in SOs i is slightly more than that required to 
produce an ion in air. 

By similar reasoning we conclude that the energy of 
X-radiation absorbed during the production of an ion in 
ethyl bromide is considerably less than that in air, and even 
in SH,. 

The relative energies absorbed during the production of 
equal ionizations in several gases are approximately : 

Jie ele 
Sal VR 
SOs Os: 

plalalese AO, Oe esse 

It should be pointed out that Langevin found for the ratio 
in SH, and air the value *72. The other gases were not 
experimented upon by him. Crowther obtained differences 
of the same order for other gases, u-ing heterogeneous beams 
of X-rays, and Kleeman show ed differences of like order in 
the ionization, both by secondary corpuscular radiation 
produced by X-rays and by « rays * 

Tonization by Corpuscular Radiation. 

As the ionization produced in the mixtures of (SH,+0,) 
and (SOQ,+H,) by X-rays were decidedly different, it 
became a matter of interest to determine whether corpuscular 
radiation would produce equal ionizaticns in these mixtures, 
or if the relative ionizations would be the same as found 
when the ionization was by X-rays. 

In order to test this, a very short ionization-chamber was 
used so as to make the end effect large. It consisted of a 
flat box 8 cm. square and 1 em. in thickness, with both haces 
of carbon. Thus, the window through which the rays 
entered and the back surface upon which these rays fell were 
of carbon, so that the corpuscular radiation from the two faces 
was small. The gases consisting of elements of higher atomic 
weight would on the whole lose in corpuscular radiation at 
the boundary. ‘This loss is, however, of no importance here. 

* From Brage’s experiments, 
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The ionizations of the two mixtures were determined, the 
silver fluorescent X-radiation (series K) being used. Both 
internal faces cf the ionization-chamber were then covered 
with gold-leaf of -00017 gram per square centimetre—gold 
being used to produce an intense corpuscular radiation—and 
the jonizations were again determined while the same beam 
of X-rays wasemployed. As the absorption by the gold-leaf 
of the X-radiation used was negligible, the difference 
between the ionizations in the two cases was due to secondary 
rays from gold,—or more strictly to the difference between 
the rays from carbon and from gold. 
Now the effective radiation so close toa gold radiator is 

the corpuscular radiation*. Wetherefore attribute practically 
all the difference between the ionizations in the two cases to 
corpuscular radiation excited by the X-radiation. The 
following Table gives the results obtained :— 

Tar Ta 

Jonizing radiation: the fluorescent radiation from Ag (series K). 

Observed Observed | Sas 
Wei eeoe Tne Ionization due to 

| ene onization Im onization in | Corpuseular 
3 Chamber with | Chamber with | aie 

radiation. C ends. Au ends. | 

(0) i Pas Ty Gan 
SHE Oe esas... 6°38 19°77 | 9°32 | 

/ ratio 1:20 | 
20/2 ee 574 13°5 | 7°76 | 

| 

As indicated above, when the ionization-chamber was faced 
with carbon, there was considerable loss of ionizing corpuscles 
and of the fluorescent X-radiation from 8. ‘Lhe values 
given in the last column are, however, the relative values of 
ionization due to the absorption of the same radiation— 
almost entirely corpuscular radiation. The ratio 1:20 differs 
little from that produced by X-rays (with the very soft rays 
set up by these X-rays) in the same two mixtures. 

Thus 

Jonization in (SH, + Oo) by Ag X-rays and all secondary [onization in (SO,+ H,) Mele: 
rays — De 

Ionization in (SH,+0,) 
lonization in (SO,+H,) 

by corpuscular (electronic) rays 

set up by Ag X-rays = 1°20. 

* This may be shown from a know ledge of the fluorescent X-radiation 
from gold. It has been shown experimentally by Kleeman (Proc. Roy. 
Soc. A, vol. lxxxiv. 1910). 
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Later experiments by Mr. Plilpot give the ratio of ion- 
ization by the Oe absorption — corpuscular radiation in 
SH, and SO, as 1°35; while for equal absorptions of Ag 
X-rays the ra iol amiomantione itd. 
Many experiments remain to be done with honjogeneous 

X-rays of other penetrating powers, but these results show 
conclusively that equal absorptions of corpuscular (electronic) 
rays and any secondary rays due to them are accompanied by 
unequal ionizations, and that ionization by corpuscular radia- 
tion is not atomic. They also show a close connexion, sug- 
gesting an absolute equality, between the relative ionizations 
by X-rays and by their corpuscular (electronic) rays., 

(1) Alivtures of air and ethyl bromide in varying proportion. 

Ethyl bromide, when subject to Rontgen radiation, is 
ionized toa much greater extent than light gases at the same 
pressure and temperature owing to the presence of a con- 
stituent element bromine of comparatively high atomic weight. 

Owing to this high ionization it is possible to measure 
with considerable accuracy the change in the ionization due 
to the admixture of very sonal quantities of ethyl bromide 
with air. 

In order to obtain the en of ethyl bromide and air, 
a small measured quantity of pure liquid ethyl bromide was 
introduced through a glass tap into a large closed glass 
vessel of about 64 litres capacity, and was: allowed to evaporate. 
After complete evaporation of the liquid, the additional 
partial pressure of the vapour was observed on an attached 
manometer. Air was then pumped into the vessel till a 
pressure of about two atmospheres was reached as indicated 
by the manometer, when the original temperature was 
approximately attained. The weights and partial pressures 
of air and ethyl bromide in the vessel were thus known. 
Tie mixture was afterwards ae to pass slowly from 
this vessel through the ionization-chamber where the pressure 
was atmos pheric. The partial pressures of air and ethyl 
bromide a the vessel were then approximately proportional 
to those in the gas chamber. 

The homogeneous X-radiation first used was the fluorescent 
radiation from copper giving the spectral line of series K. 
The corpuscular radiation excited by this in the aluminium 
window and back of the ionization vessel, in this ease 
35 centimetres long, produced ionizations negligible in 
comparison with the: dindet ionization of the gas, or at any 
rate the effect of the ends due to loss or gain of secondary 
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corpusenlar radiation was negligible. The fluorescent 
X-radiation from the aluminium was also found to affect the 
results little if at all. (This was seen by covering the inside of 
the lonization-chamber with a layer of lamp-black sufficiently 
thick to absorb the fluorescent X-radiation from aluminium. 
The ionization in air was not affected appreciably). 

As it was desired to compare the ionizati»ns produced in 
different gases by beams of the same intensity, corrections 
were made for the screening of the deeper layers. Thus, if 
I, and I, are the total ionizations in a length / of gas and 

air respectively, i, and 2,, the ionization coefficients (defined 
as the ionization produced per centimeire path in a gas by a 
radiation of unit intensity, all secondary rays being absorbed), 
Jo the intensity of the incident beam, 2X, and A, the 

coefficients of absorption of the radiation in gas and air 
respectively, 

: a 
mia ve a Waa e eee ee 

1, a lg Vinge CR GES phe "9 Na 

eee —)\ Fea) =aew 
a \ la We e a? Ax oF i are Ve | 

io enh ed 
’g From this was determined. The results obtained are 
la 

given in Table ITT. 

Taste III. 
Tonization-chamber 3:5 cm. long, with Al window and end. 
Radiation: the fluorescent X-radiation from Cu (series K). 
(Lonization was by the primary and all secondary rays.) 

. ajohte | Partial pressures. Observed | Ionization . .. _|Additional! Ionization) 
eee Bee | of C,H,Br and Touization| corrected tomizat ion T onization ee 

Gs a air in cm. of m for ae . due to | C,H3Br 
mercury. | mixture. |absorption.| ™™ | C\H.Br. |= partial 

| | ace pressure, 

| | | 
Cre irs Art. Ci Br. | AOR) 

00 |100 | 00 | % 1-0 1-0 hoe Gwe - 

453 | 9947) 0°94 | 75:06 1-42 1°45 99.4 i “44 ai 

Se2 9118) 1-90 | 741 1-89 1-91 ‘07 -O4 49 

16°5 &3°5 4-00 | T2024 286 2°92 95 1-97 “49 

297 70°3 | bale GS3p 1 4°55 4-745 90 3°85 “50 

397 | 603 | 11:35 | 6465 | 5:88 6:26 ‘86 5-40 ‘48 
480 520 | 150 | 610 | 7-24 784 81 7-03 47 
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Columns 1, 2, 3, and 4 need no explanation except that 
partial pressures in column 2 were calculated from the 
weights in column 1, it being assumed for uniformity that 
the ene pressure was always 76 em. of mercury. The 
absorption of Cu X-radiation was taken from 

A="000143 p, + 00327 p,, 

where p, and p, are the partial pressures expressed in 
centimetres of mercury. 

Column 5 gives the ionization that would have been 
produced in the air contained in the gaseous mixture if it 
had been alone, assuming proportionality with pressure over 
this small range of pressure. 

Column 6 gives the additional ionization due to the ad- 
mixture of C,H;Br with the air, in terms of ionization in air 
at atmospheric pressure. 

Column 7 gives the ratio 

additional ionization due to admixture of C,H;Br 

ia partial pressure of C,H,Br 

A simiJar series of experiments was made using the fluor- 
escent X-radiation from silver (series K). This radiation is 
a fairly penetrating radiation and produces a much greater 
ionization in ethyl bromide relative to air than the soft 
copper radiation of series K. A more delicate test is there- 
fore possible with the silver radiation. In addition to this, 
it causes the emission of a well known fluorescent X-radiation 
from bromine, and an intense accompanying corpuscular 
radiation, which produce their ionizations in the surrounding 
gaseous mixture, thus increasing the ionization due to dir ect 
action. ‘he ionization due to the fluorescent X-radiation 
from Br was negligible in these experiments: very little of this 
radiation was absorbed. There was, however, quite a consider- 
able correction to be made owing to the corpuscular radiation 
from the aluminium ends of the ionization-chamber, for silver 
X-radiation (series K.) excites an intense corpuscular radia- 
tion in aluminium. It will, however, appear from what 
follows that this corpuscular ‘radiation effect did not appre- 
ciably affect the relative values. Table IV. gives the results 
of experiments. 
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TABLE LV. 

Tonization-chamber 3-5 cm. long, with Al window and end. 
Radiation: the fluorescent X-radiation from Ag (series K). 
[lonization was by the primary and all secondary rays except 

Br X-radiation (series K).] 

| Partial | Lonizationnleeeeer Tonization 
eae a | pressures of | Observed | Tonization | due to air se due to 
C H Br & C,H;Br & | Ionization F f | in mixture 1 ae C,H,;Br 
eee: hair i f | in mixture. rae (air ends to quene partial 

air. te cenit absorption.) CA Brae 
mercury. : | chamber), ra pressure. 

| Ce NOO 7 17 30) 76 1-0 ebay uae ) 
0°85 99:15) O18 75-82 1339" || 1:39 Sipe m1) 2:2 
164 98:36] 0:34 7566; 1:68 1:68 ee 68 2-0 
2°84 97:16; 0-60 75:40) 20a, 220 | 89(1—c) ee 2:0 
3°60 96:40) O75 75:25 Bee | 2712 | oo ae) 1-74 [2:3] 
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-of ionization in the mixtures. 

Columns 1, 2, 3, and 4 give quantities similar to those in 
Table III., the jee ption in this case being given by 

= 00135 p,+ 00001 pa. 

Column 5 nes the ionization in air of the mixture if 
there had been no gain of corpuscles from the ends. The 
ionization due to the end effect is represented by “‘c.” 

Column 6 gives the ionization due to the presence of 
C.H;Br with the air. The values were obtained by taking 
from the total ionization (column 4), the ionization in air 
by X-rays (column 5) and the ionization « due to net gain 
of corpuscular radiation from the ends. The quantity z 
diminishes with an increase in the quantity of ethyl bromide 
present, becoming negative for large quantities of ethyl 
bromide. The quantity ‘““¢” was obtained from Sadler’s 
experiments” and # computed from these and a knowledge 

Great inaccuracies in these 
values would, however, produce very small errors in column 6, 
so the method of their determination need not be given. 

In order to study the relation for very small quantities of 
the vapour of ethyl bromide, about 4 c.c. of the liquid was 
introduced into the gas-chamber, and air was forced in to 
bring the pressure to 2 atmospheres. The mixture was then 

* Phil. Mag. March 1910. 
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slowly led through the ionization-chamber and the ionization 
determined as before. The mixture in the gas vessel was 
then diluted by the introduction of more air, and from the 
initial and final pressures the relative masses and partial 
pressures of ethyl bromide and air in the ionization-chamber 
were again calculated. The process of dilution was repeated 
a number of times with the result given in the upper portion 
of Table IV. The original quantity of ethyl bromide intro- 
duced was determined from the ionization produced in it, 
thus 2°3 in column 7 was assumed correct for experiment 
and the others were based on this. 

Similar experiments were made with the long ionization- 
chamber, though the range of pressures was not so great. 

ABLE Ve 

Tonization-chamber 11-5 cm. long, with Al window and end. 

Radiation: the fluorescent X-radiation from Ag (series K). 
[Ionization was by the primary and all secondary rays except 

Br X-radiation (series K). ] 

| Relative | aie Jonization “oma ie | Additional | Ionization | Bes pressures of | Observed 85 due to air 
weights of SAS corrected Ionization; due to 

C,H.Br & | Ionization in mixture . 
HCl HBr & Pie ae : for e due to O,H;Br 275 | air in cm. of |in mixture. . (air ends to Maeno 

air. | pel absorption. ‘ C,H,Br. | + parual 
mercury. chamber). Zee j 

pressure. 

Oe 100. | 0 76 1:0 1-0 1—d 0 
45 955 | O94 75-06 3°12 3:15 ‘99(1—d) US) ge aa 
romeo. 1292 «741 5°46 DO) wel 0) 4°57 24 | 
WGeyooo | 40: 72:0 9°58 9:92 95(1—4) 8'96 ee 
Dee (Od. || (Cd O80 176 Sky S1(1—0) 7-72 2°3 
397 60°3 | 11°35 64°65 25°0 27-4 86(1—4) 26°48 2°3 

| 442. 50°38 |132 628 29°6 329 "84(1—d) 31°9 2-4 

| ; LW \ | 

It is evident from the very small variations of the values 
in column 7, that the additional ionization due to the ad- 
mixture of ethyl bromide with air was, within the errors of 
experiment, proportional to the quantity of ethyl bromide 
present in the ionization-chamber, though the partial, pres- 
sures varied from § em. to 15 em. of mercury, that is, for 

. mixtures containing various proportions of ethyl bromide 
and air from 1 in 180 to approximately equal quantities 
by mass. 

The possible error in the measurements of the ionization 
due to small quantities of ethyl bromide was necessarily 
greater than that in the values given for larger quantities 

Phil. Mag. 8. 6. Vol. 23. No. 134, Feb. 1912. Z 
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but there was evidently no marked deviation from propor- 
tionality even with these. 

It should be pointed out that the total energy absorbed by 
the gaseous mixtures is not exactly given by the simple 
formula Ap,+Bp,, where p, and p, denote the partial pres- 
sures of air and vapour respectively, for the bromine fluor- 
escent X-radiation (series K) is absorbed to different extents 
in the various mixtures. Thus in the dilute mixture between 
1 and 2 per cent. only of this radiation was absorbed, while 
in the strongest, about 7 per cent. was probably absorbed. 
This difference, however, involves quantities of the order of 
1 per cent. or at most of 2 per cent. of the whole energy 
absorbed, and is consequently inappreciable. 

The values given in column + of Tables IV. and Y. are not 
on quite the same scale. Those. in Table IV. should be 
divided by (1—c) and those in Table V. by (1—)) in order 
to compare them both with the ionization in air at 76 cm. 
of mercury pressure. From Sadler’s results (l1—c)=°7 and 
(1—b)=°885. These values then agree very well consider- 
ing the possible errors involved in the determination of this 
end effect. 

The constancy of the values in column 7 of Tables ITT., 
IV., and V. is remarkable unless quite a large ionization in 
C,H;Br is due to the direct action of X-rays, for when the 
quantity of ethyl bromide is small, the corpuscular radia- 
tions and even exceedingly soft fluorescent X-radiations are 
absorbed almost entirely by air ; and when the quantity of 
ethyl bromide is large, the absorption of these secondary 
radiations is, in all probability, approximately half in air 
and half in ethyl bromide. [We may neglect the change 
of the ionization owing to secondary rays from air being 
absorbed in ethyl bromide, as this must be very small in the 
dilute mixtures owing to the small proportion of the rays 
so absorbed, and in the stronger mixtures owing to the much 
greater magnitude of the ionizations due to ethyl bromide. | 
So that the additional ionization due to the addition of ethyl 
bromide to air was in these experiments closely proportional 
to the quantity of ethyl bromide, and did not appear to 
depend to any appreciable extent on whether the secondary 
rays were absorbed in air or ethyl bromide. But we have 
found that the ionization in ethyl bromide is about 40 per 
cent. greater than that in air for the same absorption of 
X-rays. Kleeman has also concluded that there is greater 
ionization in ethyl bromide than in air when the corpuscular 
(electronic) radiation is completely absorbed in both. If, 
then, all the X-ray ionization had been due to secondary 
corpuscular radiation we should have expected an increase 
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of 15 or 20 per cent. in the values of column 7, with the 
increased quantity of ethyl bromide. Instead of this it is 
doubtful if there was an increase of 5 per cent. We are 
aware that without exact knowledge of the laws of absorption 
of the corpuscular radiation our conclusions can not be 
definite. In addition, it is still felt that there may have 
been incomplete saturation in the mixtures rich in ethyl 
bromide. Further experiments will be made. 

in Gaseous Mivtures by Réntgen Radiation. 

Mixtures of Lthyl Bromide and various gases. 
A comparison was made between the additional ionizations 

due to the admixture of a definite quantity of ethyl bromide 
with various gases. In order to introduce the same quantity 
of vapour in each case, the gas was slowly bubbled through 
liquid ethyl bromide, and then through a long spiral glass 
tube immersed in ice-cold water. The pressure of the ethyl 
bromide in the emergent mixture was thus the saturation 
pressure at 0° C., which is 16°6 cm. of mercury. When the 
mixture of gas at 59°4 cm. pressure and vapour at 16°6 cm. 
pressure was raised to approximately atmospheric tempe- 
rature in the ionization-chamber, while the total pressure 
was still atmospheric, the partial pressures were of course 
approximately the same. 

The results obtained are tabulated below. 

VANE a WM 

| | | 
Tonizing | : 
sig | Relative | chee 

Jsinciinietont Length cf | Observed | Ionization Loaner 
Fluorescent ; SEL : | due to 

= es Gas lonization-| Relative corrected . 
X-radiation Inara aati | : Vapour of 

ae Chamber. [onizations.| for 
(series K) | apes Opal ley 
iow H sorption.| = 

Cu Air 3'D cm. 1 | 1 
CO, 3 15 | 15 
SH, if 101 12:2 

Air+C,H,Br “ eS) 795 Tali 
CO,+C,,Br a oD) 7-95 6°8 
SH,+C,H,bBr a 13°2 16°6 70 

Cu Air 11-5 em. 1 | 1 
H, 4 ‘05 
(0) * 14 1-4 

Air+C,H,Br Hs 6:03 | 8:0 T2 

H,+0,H;Br : 6°25 79 | 78 
| O,+0,H;Br 6°32 S57, fy ES 
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H 99 { 

O es 144 | 144 
Air+C,H,Br : Ove 41:8 41 
H,+C,H,Br a 39°38 44:3 44:2 
0,+C,H,;Br a 374 42-2 41 
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The addition of ethyl bromide at fairly high pressures to 
sulphur dioxide was not accompanied by nearly the same 
increase of ionization as when it was added to air. It was 
found, however, that a liquid was deposited on the sides of 
the oas-chamber, and that the gaseous pressure decreased 
owing to some chemical action. Small quantities of ethyl 
bromide were subsequently used with the results given 

below. 

[Ag X-rays] C,H.Br at 3°75 em. pressure when with air gave additional ionization 1 

99 99 d9 9) SO, 3 33 OT 

[in other experiments ‘96, -98] 

[Ag X-rays] C,H,Br at 16°6 em, pressure when with ai gave additional ionization 1 

fa 55 ; 53 CO, ‘i 53 98 

03 ss » %3 SH, %» 3 ‘945 

[Ag X-rays] CH,I at 13:3 cm. pressure when with az gave additional ionization 1 

99 9 ” 3 SH, 9 Y) "08 

It will be seen from the above results and those in Table VI. 
column 6, that the additional ionization due to the addition 
of ethyl penal or methyl iodide to various gases did not 
differ by more than 8 per cent. from that when mixed with 
air, the extreme variation being with hydrogen. With this 
exception the variations appear within the limits of experi- 
mentalerror. When ethyl bromide was mixed with hydrogen 
the muss of ethyl br omide was over fifty times fee of 
hy rdrogen, so we may conclude that practically all secondary 
rays were absorbed in the ethyl bromide itself. When the 
ethyl bromide was mixed with air, there were approximately 
equal masses of air and ethyl bromide to absorb the secondary 
radiations. rom our previous experiments, if all ionization 
had been due to corpuscular radiation we should have 
expected a difference much greater than the 8 per cent. 
observed between the additional ionizations due to the ethyl 
bromide. 

Again, according to the corpuscular ionization hypothesis, 
the additional ionization due to mixing ethyl bromide with 
sulphuretted hydrogen might have been expected to be con- 
siderably greater than that due to mixing with air. What 
little difference was observed was in thier wrong direction. 
These experiments have not, however, been made under a 
sufficient variety of conditions to justify definite conclusions. 
We believe, however, that they will give a complete answer 
to the question of primary and secondary ionization effects. 
These preliminary experiments already suggest much. 
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Summary. 

Experiments on the ionization of gaseous mixtures by 
homogeneous beams of X-rays have led to the following 
conclusions :— 

Ionization by X-rays is not purely atomic. It depends to 
a certain extent on the chemical combination of the elements. 

Kqual absorptions of X-rays and of their secondary rays by 
different gases are not always accompanied by equal ioniza- 
tions, though as a rule the deviation from proportionality 
1s not oreat. 

Equal absorptions of corpuscular (electronic) radiation by 
different gases are notaiwaysaccompanied by equal ionizations. 

The relative ionizations produced by equal absorptions of 
X-rays in the gases experimented upon are, within small 
errors of experiment, the same as those produced by the 
corpuscular radiation excited by the X-rays. The results 
thus point to the possibility of the relative ionizations In 
different gases due to the total absorption of X-radiation 
being identical with those due to corpuscular (electronic) 
radiation and @ radiation. 

Preliminary experiments appear to indicate—though we do 
not accept the results as conclusive—that much of the 
ionization by X-rays is not due to the secondary corpuscular 
radiation. Further experiments on these lines will probably 
give the most direct answer to the question as to the part 
Beye ed pe secondary rays in the process of ionization. 

ie Intelligence and Miscellaneous Arti ae 

T'o the Editors of the Philosophical Magazine. 

GENTLEMEN, — 
ps my paper in the December number of the Phil. Mag., there 

was a footnote on page 875 referring to the work of Kutherford 
and others which was done more recently than that utilized 
in the paper. I feel that this footnote, which was hurriedly 
aitached while the paper was in proof, is very inadequate, and 
wish to express my opinion that pages 875 and 876 of the paper 
need considerable modification in view of more ‘recent work. 
This applies, of course, only to the statements Sonceree the 
possible varieties of a particle, which were developed only as 
illustrations of the theory, so that their complete removal w cai 
not alter the scope of the theory 

Prof. Rutherford and his collaborators have shown, in so many 
eases, that thea particle, at any rate soon after birth, is a Henum 
atom, that these two pages should be read with caution. 

I shall be very glad if you can publish this letter, pending 
a more detailed treatment on which 1 am at present engaged. 

Yours very truly, 
Trinity College, Cambridge, qe W. N LCHOLSON, 
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The University of Melbourne. 

25th October, 1911. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

In the Proceedings of the Physical Society, vol. xxii. part 5, 
which has just come to hand, I find that on June 9th, 1911, 
Professor S. P. Thompson read a paper to the Physical Society 
entitled ‘“« A New Method of Approximate Harmonic Analysis by 
selected Ordinates.” 

In the Philosophical Magazine for November 1903, I published 
a ‘* Preliminary Account of a Wave Tracer and Analyser” which 
I had designed, and which carried out on actual live waves of 
e.m.f. current, or magnetic flux, the process now brought forward 
by Professor Thompson. In my paper the theory of this method 
of Harmonic Analysis was given as bearing on the operation of 
the Wave Tracer and Analyser, and it was shown that the method 
was applicable to any periodic curve. 

Attention was also drawn to the fact that the method was 
analogous to that of Wedmore, whose work Professor Thompson 
does not seem to be acquainted with, but who was the first, so 
far as I am aware, to apply to Harmonie Analysis the simple 
method of adding and subtracting selected ordinates. 
When using the Wave Tracer and Analyser for magnetic 

research, I found that it was quicker and more accurate to obtain 
by its means the complete wave only, by observing a selected 
number (usually 15) of its equi-spaced ordinates, and afterwards 
to apply the method of analysis under discussion to these ordi- 
nates. Having found the process very satisfactory, I thought 
the knowledge of it would be useful to others, and on December 8th 
1904 I read a paper at the Royal Society of Victoria on ‘‘ An 
Expeditious Method of Harmonic Analysis,” in which both the 
theory and my practice of the method was fully explained. 
This paper was afterwards printed in the Philosophical Magazine 
for January 1906, 

Professor Thompson has certainly modified the practical 
application of the method by an elegant device, 7. e. of determining 
two ordinates.in quadrature for each harmonic, thus obtaining 
their amplitudes and phases by a method different from mine, 
but in this no new principle is involved. 

Though I dislike raising questions of priority, I feel that the 
title of Professor Thompson’s paper is so misleading as to render 
this letter necessary, for his method is not new but involves, at 
most, an improvement on an old established method. 

Yours faithfully, 

THOMAS R. LY Ls. 
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To the Editors of the Philosophical Magazine. 

GENTLEMEN, 
By your courtesy I am able to reply to the matter raised by 
Protessor Lyle, whose work in Harmonic Analysis with his Wave- 
Tracer and Analyser is well known to me. It is probably due to 
the width of ocean which divides us that any misunderstanding 
can have arisen. He suggests that I am not aware of Mr. 
Wedmore’s still earlier method of 1896. At that date Mr. 
Wedmore was a valued member of my staff; and I had every 
reason to know the detail of his work. The essential points of 
difference between Professor Lyle’s process and mine appear to be 
these. He takes one set of selected ordinates (‘“ usually fifteen,” 
he says) to determine the analysis of the curve and to discover its 
harmonics ; whereas I take different numbers of selected ordinates 
for each harmonie which I wish to determine. Jor each harmonic, 
with his ingenious machine which electrically reverses the sign of 
the successive ordinates and then adds them, he is able to deter- 
mine the amplitude directly by rocking the contacts so as to attain 
the maximum reading, and so deduce the amplitude of the harmonic. 
In my method this is not applicable in the slightest degree ; for in 
the graphic and arithmetical processes one cannot rock the tem- 
plates by which the ordinates are selected and measured, to such a 
position as to give off-hand a maximum average value. Hence in 
my process it is essential to determine separately the sine and 
cosine components of each harmonic. 

In Protessor Lyle’s process (as also in mine) the presence of any 
higher harmonic of an order that is any odd number of times the 
frequency affects the result, and must if present be separately 
evaluated and eliminated by subtraction. Hence it seems to me 
that his process, which does not separate the sine and cosine com- 
ponents, will bein error if thereis any difference of phase between 
the harmonic that is being determined and the higher harmonic 
present: for the position of maximum attained by the rocking of 
the contacts takes no account of such difference of phase. IL 
ought in justice to add that another prior worker in this field, 
Dr. Tischer-Hinnen, whose memoir is mentioned amongst the 
references in my paper, did determine separately the sine and 
cosine components, though he gave no theory of the process. But, 
indeed, the separate determination of sine and cosine components 
is as oldas Fourier. A point of novelty in Prof. Lyle’s electrical 
process was the avoidance of this very feature. A very simple 
consideration shows that the characteristic method of Fourier’s 
analysis is the multiplication of every ordinate by the sine or 
cosine of the angle at which it stands (or by some multiple of that 
angle corresponding to the order of the harmonic sought), prior to 
integrating. My process is equivalent to selecting only those 
ordinates for which the sine or cosine needed in the multiplication 
is either +1 or —1; hence the integration is effected by mere 
addition and subtraction ; hence also it comes back to being a 
particular case of Fourier’s method. 

Tam, &c., 
Jan. 27, 1912. Sitvyanus P. THompson, 
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To the Editors of the Philosophical Magazine. 

GENTLEMEN,— Freiburg i. Br., 22 Dec., 1911. 

In vol. xxii. of the Philosophical Magazine, Dee. 1911, p. 922, 
Mr. Rossi, starting from Ritz’s Theory (Ann. der Phys. 1908), 
makes some interesting observations on a relation between the 
atomic volumes and the spectra of elements. May I be allowed 
to state that I obtained similar results in 1904, which were pub- 
lished in the Physikalische Zeitschrift, v. p. 302. From the experi- 
ments of Kayser and Runge, it was shown that the limits », 

of the branch series for each group of the periodic system are 
shifted further towards the red end of the spectrum the greater 
the atomic weight. I started with the supposition that the limits 
were not only dependent on the atomic weight, but also on the 
atomic volume (7. é. lineal dimensions of the atoms), and I was 
surprised to find that the limits can be represented as functions of 
the atomic volume alone. So far my results are in perfect 
agreement with those of Mr. Rossi. 

The following which I obtained was not observed by him, but 
it is well shown in fig. 1 of his paper: that the monovalent 
elements Cu and Ag fall roughly into the same line as the mono- 
valent alkali elements, with which they are nearly related in the 
periodic system. Similarly the divalent elements Zn, Cd, Hg 
also fall into the same line with those of the divalent elements of 
the alkaline earths, viz. Mg, Ca, Sr. 

It is scarcely necessary for me to say that Mr. Rossi’s result, 
that the log of the limits of the branch ure lineally connected 
with the log of the atomic volumes, was already known to me, 
forming the starting-point of my calculations, as can be seen 
in my figure. I should, however, like to stute that Mr. Rossi’s 
interesting result on the different inclinations of the lines of the 
nearly related elements was not remarked by me, and that in 
consequence I regard his work as a considerable piece to.our 

knowledge of the subject. 
Finally, T may add that in 1903 W. Ritz has published another 

theory of the spectrum-lines (Ann. der Phys. xi. p. 264). From 
this work also the influence of the lineal dimensions of the atom 
on the limits , can be inferred, as Ritz imagined we have to do 
with vibrations of square surfaces where the frequencies depend, 
amongst other things, on the a of the sides of the squares. 
In my work, however, I started from more general considerations. 

1 am, 

Yours sineerely, 

M. REINGANUM. 
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XXX. The Asteroids. By PmaroivaL Lowsi.* 

Le eae the zone of minor planets circling between the 
orbits of Mars and Jupiter is tabulated with regard 

to the mean distances of its members from the Sun, certain 
gaps in the arrangement become apparent. Kirkwood was 
the first to point out the significance of these gaps by showing 
that they occurred at just the points w here a minor planet 
would have a period commensurable with that of Jupiter, and 
he attributed them in consequence to the perturbing action 
of that great body. The question then arose as to whether 
the gaps were permanent or effects only of a libratory action 
due to Jupiter which Laplace had already discovered in 
the case of Jupiter’s satellites I., If., and III. Basing an 
argument on this principle Newcomb gave it as his opinion 
that the latter was the case, and that the action was not 
permanent but merely the pendulum-like swing due to what 
Laplace had explained. This opinion has been followed by 
others, and the same argument has recently been advanced 
as affecting the secular results due to commensurability in 
the periods of the major planets. [t will be proper, there- 
fore, to begin what we have to say about the asteroids by 
showing that a more careful consideration of the pendulum 
argument discloses that it is itself illusory. 
One difficulty in celestial mechanics lies in the fact that 

* Communicated by the Author. 

Phil. Mag. 8S. 6. Vol. 23. No. 135. March 1912. 2 Ke 
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the integrals in the problem of three bodies cannot be 
ri igorously solved, and have to be expressed in series, so that 
the result obtained depends upon the number of terms in- 
cluded. Secondly, Poincaré has latterly shown that the 
series used by astronomers become eventually divergent so 
that in time’ they cease to represent the action jab aell 
Finally, whereas Laplace and Lagrange thought they had 
established the seventual stability of the solar system, by 
proving that so far as terms to the first order in the masses 
are concerned there was no secular variation of the major 
axes, it has since been demonstrated that in those of the 
second order in the masses terms of the form tcos@ and 
tsin @ arise, called from their discoverer Poisson terms, and 
by Haretu that in the third order terms in which ¢ is ex- 
plicitiy represented make their appearance. So that we can 
no longer assert the secular non-variability of the major 
aXes. 

These two points: that it is never safe to argue from a 
single term, and that we can no longer assume the major 
axes to be in the long run invariable, entirely vitiate deduc- 
tions too hastily drawn from the pen dulum effect discovered 
by Laplace. Furthermore, it appears that the received 
eriterion for libration does not hold throughout the action. 
This will be seen when we examine the subject analytically. 

Tisserand, in his excellent exposé in his Mécanique Celeste 
and a leewnere, discusses only the case where Jupiter’s orbit 
is supposed circular. Callandrean does the same. Further- 

more, Tisserand neglects the term a 
which turns out not to be the case. © 

2. We shall now investigate the subject with more parti- 
cularity. In so doing we shall find that libration does not 
account for the gaps in the asteroid belt nor in the rings of 
Saturn, nor, finally, for the entire lack of commensurability 
in the periods of all the major planets. 
We will begin by consideration of the case of asteroids 

travelling at a mean distance from the Sun such as to make 
their mean motions nearly twice that of Jupiter, those, there- 
fore, in the neighbourhood of the gap n=2n'. We shall not 

_ assume dupiter’s orbit circular, but shall take the ellipticity 
of that orbit into account, designating everything relating 
to Jupiter by a dash ; the elements of the ‘asteroid being 
unaccented, 

The terms of the perturbing function which are important 
in the case are those dependent on the argument /—2l’. We 

as being negligible, 
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shall neglect the inclinations of the asteroids’ orbits, their 
inclusion would introduce terms only of the second order in 
e or less, assuming 7 to be of the order of e. The perturbing 
function is thas composed of terms as follows :— 

R=secular terms+ A cos 0-+ A, cos 20+ A, cos 36 Ke. 

+ Bcos 6 +B, cos 26'+ B, cos 36’ Ke. 

+terms with other combinations of 
a—o with @ or 6, 

in which = fade Sg \ 2n'dt—2¢ +a, 

and 6 = \ndt+e— | 2n'dt —2e" + ae 

We will consider first the two most important terms, 
Acos @ and Beos@'. The second term introduces the action 
due to Jupiter’s orbital eccentricity. 

Using the usual symbols of Laplace and Leverrier we 
have then 

ak — if an Y (AL 40,2) cos 0+ 2 as my =7-(3) 4B,) cos 0, 

(4) 

in which the subscripts in the 6’s denote « - ds” 
da 

Now @& may be written 

Os | nde te—|2/dt—2é +a-—a4+o 

=0~—(o—@), 

whence 

[Pies ane rd (ofa? +8,) —e! (30 + b,®) cos (a — a’) ] coa 0 

= K(3b0) + B,) sin (a —o') } sin - 

Let the quantity in the first bracket be h'—h" cos (a—a’) 
that in the second, h” sin (a —o’), 

Since 

é= \ ndttet+o— | 2n'dt —2¢ 

(2) Geos ea dn yee ARG _g in _ te 

at? dt aa dt? dt dt? 

The second and third members of the right side are 
2A2 
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multiplied by m”, and are therefore a thousand times smaller 

than = The fourth and fifth are multiplied by m, which 

is evanescently small. We thus get 

d?@ = dn 

de wats 

Now 
dn 3 aR 

di” a? de’ 
whence (2) 

dO 3 k?m 
ae =~ 5 oat Atl —h'’ cos (a—a’)} sin@+h''sin (a—@ eos ab 

For i? put its value, n?a*, and let 

3n?m'af{h'—h" cos (a—a!)t=h, 

and 3n2m'a h' sin (a— a’) =hy. 

d?O | . 
Then qe MAY be put in the form 

ao —_,—_- 
ae = —t£ V(h?+h,7) sin (@—y), 

where . —h, 
an y= 

hy 

5 40 
Multiply both sides by 2 2h and integrate, 

ie 
y= V/ (hy? + hg?) [cos (6 -- y) +e] 

=4A [cos (0—y) +¢], 

if Mes 2 V (hy? + he?), 

whence (3 se whence (8) =F Ales C= Fe) 
The action depends upon the value of the constant c. If 

AIS positive and ¢ is negative and greater than unity ao 
becomes imaginary for all values of @—y. dt 

(1) If ¢ is positive and greater than one = is real and 

never changes sign. Consequently the action is continuously 
in one direction and increases or decreases indefinitely. 
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(2) If c, irrespective of sign, is less than unity and A is 

negative, a becomes imaginary for values of @—y around 0°. 

§—v is consequently oscillatory about 180°; unevenly so in 
consequence of ¥. 

(3) If c, irrespective of sign, is less than unity and A 

positive, a becomes imaginary for values of §—vy near 180°. 

@—y is consequently similarly oscillatory around 0°. 
Case (1) is the usual one in celestial mechanics. 
Case (2) finds interesting exemplification in Jupiter’s 

satellites I., II., and III. and in Hyperion perturbed by 
Titan. 

Case (3) has apparently been exemplified in the cases of 
Enceladus and Dione and in the inclinations by Mimas 
perturbed by Tethys. 

5. Let us now consider this equation : 

dg, 
i= 

To begin with, the right side of it demands attention. In 
it n and n' may without loss of accuracy be taken as constant. 
And here a simplification may be introduced. 

Since 

4 A (cos 0+¢c). 

a hee vandy a7 a= hk? (len), 

if we denote the mass of the Sun by unity, we may for a 
first criterion take 

1 
De SHE SS / Dee SVs [fee ete: tiara Ae va=n? a? inasmuch as m! = 101735” 

and furthermore calculate 

a 
== a 

with the values of a and a’ corresponding to 

n=2n' or e= ——" 
7/4 

This will usually suffice to determine the character of the 
action. Where the result of the two sides is close we must 
use the true values of n, which are found from 

a oes i thats 
bY 

a n2/8 1 +m’ 
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6. Taking up now the terms in 20, 30, &., 20’, 36, &., 
we find that their expressions are as follows :— 

lem! (4) R= = x 

Ez 5 (46 + b,°)) cos 6 

ene 2 d 2 2) -(5) (- 14 4@ — a b,° +3 6,2) + ; ) cos 0 

e fe'\2 a ) {64 3@ +60,2 —8 b.2 —bs2} cos 0 
! 

+ Sf 80040, } cos {(8-(a—a')} 

+(S)§ {126 449 47,0 455%) } cos (0-(a—2')} 

i ate ee eas ye | 830 poos{ O— (a—a')} 

e\2e ¢ 105 19 —(5) 5 {* U-94 D9 — FIC ee | cos{O-+ (w—w')} 5) 2 

c re! : ire fl i 0 ¢ I Be a5 ) f 5d, 4+ 4b. + 5 ds} cos {8—2(a—a')} 

2 aaa na ‘ee : 
+ (5) 2209 SO 3 p02 } cos 20 

/ 

a ‘ | A2}@) +146,8 4 b,° } cos {26—(a—a')} 

e' if 4. (5) a IU + TO + ob? 1 cos {20—2(a—ar')} 

nee ier 
alo 134 pO 4° — Sb +5 bO + gos ) } cos 36 

e\2e! 825 5 | pul 1 ) Ey) ed: Bate 6) sb) 5 © & cos{30—(a—o' +(5) a4 5 + + 5 bs fe (a—aw)} 

e wo (5) 4 416 0 4.1510,% +16 0, + 5 5 ba F005 (302 

+ (g) {136 1@ +452 n+ 5 b+ 8,0 }008 (30 Sieur 
To determine the value of the right side in this case we 
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may substitute got from the longer expression for that 

obtained previously for the shorter in ee 

by term. After which we evaluate each term separately and 
extract the square root of the result. 

7. The effect of these terms depends upon the values 
of 6, a—a@w, and e. If 0=180° approximately and also 
a@—c'=180° approximately, the aggregate of the terms 
depending on @ becomes as large as possible; the terms in 
26 add to it whatever the value of e, while the terms in 3@ 
do likewise. They are, however, smaller unless e be very 
large. 

If @=180° approximately and o—a =0 approximately 
the aggregate of the terms in @ is smaller than it otherwise 
would be; the terms in 26 add to it if e be large, but subtract 
from it if e be small. Those in 36 do the same. 

8. Turning now to the other side of the inequality 

dO ee 
ae em det de 

the subscripts being introduced to denote that the elements 
are taken at the epoch of osculation, the several terms are 

and integrate term 

dey da, 

By) a8 
m4—2n, 

where n’ =299"128 a day, and n, varies from the double of this 
by a few seconds for the asteroids considered. ‘Twenty-five 
seconds is as far as it is necessary to go. The second term 1s 

2 
peewee tan— 

ce 21 a a ee aye Ot ae 
Gon “nada nare | “de * nar/1—e" di_ 

Now 
1he2 (2) d(4b® + 5,2) a( 10" +a) a( 40 none ) 

FTA Og a 
da da da? 

which sinee de Te 

Channiandll 

=* (5d, +b.), 
a 

whence 

aR Me na®m ij 

2aa' 
ice e 5 h (2) a bg?) cos @—b of : 

da | (9 Oy 2 ) 1 
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Also 

_— niarm’ ole (b, 45 = Obra: {om Os — = : cos (a—a’') 

—(4b°) + 6,°)) cos 6+ e(22 6 +76, + bs”) cos 20 

2 6 93 6 5 } (1340 + 0, +503 + 264) cos 36 
and 

ky a0 
== 

giving finally 

(2) F =nam’| €(5b,® +8,) cos 0B, — 5 (4B +5,) c05 

na? mm! a 
y / 
Aa 

{ sin ze) —sinic® cos [20—2a+ 2n'] | + &., 

1 RS oe 
+ 5 (6, + = 6.) tan tani sec? i+ periodic terms in i| 

9, Similarly 

a 

_VJfi=edR , Bae ak 
iL nave de ‘gee Se; 

nan (5) = L (40 + F040) + © £6 <a) — 6,0 ~2) — Py Joos(e— =") 
— ~ (46°) +b, ) cos 0+ (22 6% +7 b,% + = 6.) cos 2 0 

(134 0 + 27,0 45 6,0 + 1 by®) cos36 
H=| GO 

ras + =e(4 6° +6,°)) cosd— 

+(b,% + b, ) tan - tan 2 sec?2+ periodic terms in it 

Rss 
® 

dz 

D, 

omitting throughout terms in e? or ee’, and certain terms 
/ 

Calculation shows that the terms introduced by ue are 

And this for two reasons 

“Way 74 

all practically insensible in ] 

1 dR The term of 

naze de 

tan = ' 
4 dk 

n a/1+e —~¢e dz 

is bigger than 
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both because the former is divided by e and because the 
latter is originally at least one degree higher in e or its 

: I : : Hola 
equivalent tan=7. For the asteroids e= sing and sin=2 

1 - 
[which is approx. sin 5 ¥ where y in Leverrier’s notation 

signifies the mutual inclination of the orbits]=7 are of the | 
same order of magnitude, the last being indeed on the average 
about half as large only as the other. 7 

: haga Od 
Owing to this divisor e the term in a 5 

iL aes 

nave de ’ 

is introduced with a large numerical coefficient, to the result 
that instead of being negligible with regard to n—2n’ it 

sometimes, as in the case of , actually exceeds the latter. 

10. Resuming now the equation 

FT OE Me So 5 7 = VALcos O=9) tel, 
if we put for cos (@—y) its value 

=2 cos? 4 (@—y) —1, 

we have for the criterion that libration cannot occur 

6 dé ~ 
wy a > VA cos4(O—y), 

since in this case ¢ must not exceed 1. 
A depends, it will be noticed, not upon e alone, as in 

Tisserand’s formula, but upon e’ as well ; while y introduces 
G—-@B. 

_11. Applying this criterion to the several asteroids on both 
sides of the gap n=2n!' we have the following Tables I. 
and II. 

dO 
y 

In this and the subsequent tables qy and A cos 4 (0—y) 

have been calculated for all the asteroids where inspection 
showed any possibility of libration. The apparent omissions 
indicate that no libration occurs. L stands for libration in 
the last column. 
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TABLE 1. 

on 
| | dw 

dt 
| 
| | dé f d*) | 

w—m'. | m,—2n.| ¢. | dt — secular.! periodic.) dé | VA. WV Acos 3(0— y), 

: 178° 38’ | 265° 51'| 25:9 |16°10' | | 
15118 11 a5 ZO I a | 
2) 62 57 a 944 | 5 23 | 

184 204 33 seer egos: | o 204 ee 
436 355 30 Loy phe! 4 46) | 
465,188 56 13 46) 
misht96 91 ©... 
286,191 34| 20 8 
Be1/310 35]... 
491/124 30 
ODIG 1580\) .. 
580| 13 54| 42 4 
667/151 46 | 85 32 | 
300| 63 19 |312 47 | 

46 |—'-26 | —"-36* | +31-00 | 

39; -05' 21 | —2 -00 |18"-61]19"-01} — 18”-81 

bo co mT ER COMTI OOS WH CO 

foal Or 

D7 us! | 24a a6 one 

“TATOO OOO Sra ly ly ly WOO 

TE OMWATSOMMWODHEOOOK 

(se) nS) 

femal fe felt Ft pt pt feet tieed =S RORS RO KS LOS 

108} 20 501151 59 16 1) —-02 SO | —— On eg 16/19 -13 | 18 ‘69 
325|234 26) 47 11 | 99 
581) 36 12 | 50 43 | 2 Sil) SF 13 | —7 -21 110 -47/|10 -41 | 9. ih 
318/103 52) 63 34 | Soap a, er Se\E 46 2 13.50 
P22)319° 4.1177 | 16 hay ib Sacre 43 | —5 AL 110 “95 14 -87| 14: :@3);.< 

530| 167 53 |305 42 [eto {10 27 | | 
Mateos too. Wh A) oe |. ae we, (23 230m 4 -16 
1/2| Period of | Jupiter. | 

* Taking z into account —’"39 

6. w—om'. | 2,—2n', | ¢. di | secular. periodic. VA. A cos 3(0—y). 

1/2 | Period of Jupiter. 
aa 

401 | 212° 48’ | 293° 13'| 14°95 | 2°40) +1 +°47 | +802 |13-77| — 2-49 
525 | 151 Hed efiss ieo 2047| ... a .. 183-04 | 72 
6431235 571 77 20| 207 | 4 26 | | 
566/197 15] 12 6 209 | 6 55 | | 
466|143 45 [182 15) 215 9 4 45 | | 
1681185 51| 11 7| 266 | 4 22 | | 
995335 55 |285 43 307 15 18 | —3:30 
528/212 221 16 46 319 |1 8 | 
219 | 44 Ag 162.36 +1845 112 16 | | 
420'146 10| 90 1]! 346 | 2 32! 

8 10| | 229; 94 59 has 8, 358 

a ee 
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From the results of these tables we perceive that only 

three of the asteroids in the n=2n’ gap, to wit (122)> (208) (108) 

and G20), show libration. Whereas were the asteroids as 

uniformly distributed throughout the n=2n’ gap as they 
are on both sides of it, we ought to find 40 or more where 
we now find none. be the gaps throughout the whole 
asteroid zone occur where and only where their periods are 
commensurable with that of Jupiter—up to those involving 
the seventh power of the eccentricities—-we see that the 
arrangement cannot be fortuitous, and furthermore from 
the present investigation that permanent not libratory action 
is necessary to account for it. 

12. We now take up the case of the gap n=3n’. For 
this R becomes for the terms in 6, @°, and @", all of which 
are reducible to @, 

7 Dei i) ee He 

ou 

{ [2216 +105, +b.) ee (40 00) +20, +2, cos (w ~a!) | 0056 
— [ee' (406° + 206,° + 26, ) sinla — a’ | sin é 

+ Le?[17(6% ~a)+10(b,0 —a) +6. ] cos 2(@—a’) | cos? 

+ [e2[17(H a) +10(0,0 —a) +0, ]sin2(w—a'Jsin a } 
Letting =’) =e? 21 +102, +8, J, 

and hl = ee [40b® + 200, + 26,2 ] 

hi!" = ¢?| 17(bO —a) + 10(b —a) +, 

we get in this case, bya process similar to that for n=2n’, 

dé ee 
— ay] ie = NV ~BA(cos (8-9) +0), 

in which 

k?m' A= V[{l’ =" cos (o—o') +h!” cos 2(a— o")}? Sa’ 
+ {h" sin (a—o')—h'" sin 2(a—a")}?]. 

Civ aa 
This equation in lt can be put in the form 

( ‘ 

2) ae a = = VAsin1(@- -y) or = VA cos} (6=y); 

Dic to the sign of A, 
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If A is plus 

— cos (@—y) =2 sin? 4 (0—y)—1, 
if minus 

Q. 

650 
AT4 
556 
248 
1 | 

339 
329 | 266 
495 | 208 
132) 85 

316 
224 
dll 
136 
162 
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cos (9 —y)=2 cos? 4 (O— xy) —1. 

14. Following are the tables for the gap n=3n’. 

AO AS" 
5d 

48 
1/3 | Period 

L 

Tansee dat 

dx 
dian 

dé 2s 

w— ow. | 2,—2n d. dt | secular. periodic. WV A. | A cos} (0—y). 

SCR PIG a Oo 46! 
292 56 | 193 8 27 8-2 
88 11 | 184 5 47 

234 59 | 16°5 3 41 
200 Mom A625 7 40 5 
ALO om whore 10 22 23%) | ——fo*, WOR 
204 14] 147 1 36 
13 AON 17 Sh eh a Nae — 32 4+] 

139 48 63 |19 21) —:10 —08 (20 °6 158 
of | Jupiter. 

* Only important terms included. 

Tasuy IV. 

du 

dt 

g wm—wm'. | 2y—2n. Q- periodic.| YA. 

1/3| Period of Jupiter. 
619 | 148° 2’) 349° 36’| 108 4°18’ | + "-41*| 4'°2 
518| 314 20 |309 40] 116 12 42a Se ble) poles 
46| 143 32 |341 34 | 12-9 9 38 =k 4 °°7 

292/305 15 | 317 54} 16-7 1 41 
421; 6 48] 21 13| 184 17 8 Hi: 10 ‘6 
660 | 287 54 | 251 10 | 19-4 5 563 |— °‘15| 7.°9 
355 | 182 46 PO 6 13 
472 | 273 28 21°7 5 388 
89 

* Only the important terms in this column considered. 

From the table we see that but one asteroid (432) fulfils the 

criterion for libration. It will also be noticed that it falls 
on the sunward side of the gap, as is also the case with the 
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three fulfilling the criterion in the gap n=2n’. This gap 
then, also, cannot be explained by libratory action. 

15. We shali now proceed to show that the criterion, though 
theoretically correct so far as the terms we have considered 
go, does not hold throughout the action. To see this we 
may notice that theoretically the libration is possible to any 
angle short of 180° from the mid-point dependent only upon 

the values at the epoch of osculation of oF and A. And 

calculation shows that this angle decidedly exceeds 90° in 
the case of (22), (208), and (182), that angle being 8 where 

(10) (7) =1 A [cos (@—y) — cos 8. 
But if @0—y=at @, the right side of the criterion vanishes, 
so that at some point the criterion may state that there is 
libration, whereas at an earlier stage of the action it stated 
the contrary. This means that a libration in the case is not 
a true libration, but seeming such within limits only, to be 
replaced later on by continuous movement of (@—y). 

16. That this is actually exemplified by the asteroids we 
shail perceive from the following table of the elements of 
122) for various epochs since its discovery. 

TABLE V. 

(122) 6. w. Q. py 

1872 Jan. 0:0} —97° 26’ | 208° 12’ | 2° 5'3) 6138°:52 | Peters 
1875 Jan. 1°5| —82 25 | 208 38 |2 7-8] 614-19 | Stockwell 
1876 Apr. 5. | —80 3 | 208 53 |2 8-9| 614-12 | 
17S SGon @ Po an@ il | 20K A |B ses) Gla fe 
1879 Nov. 16. | —78 4 | 204 53 |2 19-1] 615-72 i 
1830 Dec. 20) | =76 272046 28) 12) 191-7 65-57 i 
HESS) Muly 120) 72) Si 038meo 2) 22-5 6le74 i 
1884 Sept. 24. —7+ 46 | 200 40 |2 28-5) 61440 | Oppenheim | 
1885 Dec. 8. | —72 39 | 200 52 |2 30-0] 61482 | Tietzen | 
1887 Keb. 21.) 70m one ZO 230 -9)| 65:08 4 
1888 May 6..| —68 36 | 200 45 |2 35°0| 613-90 i | 
1889 July 20. —68 dl 198 49 |2 40-9) 61424 | Lange 
1890 Oct. 3. | —68 26 | 197 13 |2 44 0| 615-66 : | 
1894 May 15. | —63 34 | 195 54 |2 46-7| 614-72 2 | 
1895 July 29. | —61 26 | 195 53 12 47-7) 61477 a 
1896 Oct. 11. | —59 14 | 196° 10 (9 46-4) 615-15 if | 
1897 Dec. 25. | —56 44 | 196 87 |2 45°8| 615-52 4 
1899 Mar. 10. | —55 21 | 195 54 |2 59-4! 615-11 . | 
1901 Aug. 7. | —54 59 | 192 34 |2 59-9] 615-80 i | 
19043jan..)4. | 61) SE OS0) VIS0-4) 61'5'60 a 
1905 Appr. 28, Hon Mae MOT 7 Bee els \G15:07 yi 
1907 Sept.25. | —45 50 | 189 41 [3 3:8] 615:37 . 
1908 Oct. 29. | —44 19 | 190 46 [3 5-4/ 615-77 
1911 May 7. | —40 56 | 189 54 |8 11-2| 61437 

| 
| | | | | 
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17. The changes in the elements here are visibly systematic, 
the slight variations from the systematic being in all cases 
traceable to the different computers. They are, therefore, 
approximately correct. Yet if we calculate from those of 
1875 we shall find that then the action was not libratory, 
while now we should conclude it to be so, and it will clearly 
not be so again a few years hence. Thus for 1875 we find 

OF 145, /A cos 4 (@—y) =92, 

that 1s 

10 = f 
i > VAcost(O0—y). 

Thus the action was not libratory in 1875. 
18. Since the old eriterion tails we must seek another. 

At the limit of libration 

dD 

dt 
+ 74 A [cos (6—y)— cos 8], 

whence 

Q--y=h or O=B+y 
If B+y is over 90°, cos @ has a — sign and the left side 

n ee ue 
ai dt a7 aie 

cannot be 0 for positive values of n—2n', since 

dw 
— = —c cos G. oF c cos 6, 

e being the whole coefficient. Permanent libration is thus 
impossible for 

B>90°=+. 

If n—2n' be negative, cos 6 must be negative; the libration 
takes place round 180° and > oO. 

B>90°—y. 

Tee — VtA[—cos\O—y)— cos fp]. 

B= 270° —y. 
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The criterion, therefore, for the gap n=2n’ is 

n—2n'=c cos 0, 

where nan’ 
Ces 

2e 
(412 40,2). 

Taking the maximum possible value of cos @=1, we get 

1 ey n—2n! <> — (4 +5,). 

19. Applying this criterion we find that not a single 
asteroid in the gap n=2n shows libration. ‘The gap, there- 
fore, is not due to that cause, but is permanent, and expresses 
a secular action by Jupiter, which has cleared the gap and 
keeps it so. 

20. For the gap n=3n' 
i 

ce =) naam { 2e (216° +410 6, +6, ) cos 6 
de os 

—e’ (40 b° 4 20 6, +2 b,°) cos @' | ; 

whence 

do ] 129 3 },_ 3 3 a ms nam! 2 (21 6 +10 ,° +6, ) cos 6 

é = (40 6@ + 20 b,° +2 6, ) cos a" } ) 

the secular terms being as before. 
Introducing this condition for (182), we see that the action 

on it too fails of being libratory. 
21. This investigation shows, then, that the gaps con- 

sidered are permanent and due to secular action by Jupiter, 
libratory action playing no part in their formation. The 
same can be seen from their position to be the case with the 
gaps in the rings of Saturn, and, finally, in the positions of 
the major planets, which I propose making the subject of a 
separate paper. 

In conclusion, I wish to express my obligation to Miss bh. 
S. Williams, of this observatory, for her valuable assistance. 

Boston, Mass., 
August LO, LOLL. 



[ 352 J 

XXXII. On the Effect of Clouds on Ionization. By Gwitym 
OweEN, IA., D.Sc., and JoserH H. T. Rosperts, M.Sc., 
University of Liverpool *. 

i eee some experiments on the electrical conductivity 
of air containing certain vapours, we noticed that the 

production of a cloud ir the gas by an adiabatic expansion 
caused a marked diminution in the ionization current. It 
occurred to us that this expansion method of producing mists 
and clouds would afford a reliable means of investigating the 
effects of clouds of different densities upon the conductivity 
produced in a gas by a constant ionizing source. 

In order satisfactorily to investigate the effect on the 
conductivity of a gas of the presence in it of foreign particles 
in suspension, it is essential that means be found 

(1) for producing repeatedly a set of particles of constant 
number and of uniform size ; 

(2) for varying the number and size of the particles at 
will. 

These means are readily secured by using as suspended 
particles either the charged water-drops formed when moist 
ionized dust-free air is subjected to an adiabatic expansion of 
magnitude greater than 1:25, or the uncharged water-drops 
formed when ordinary moist dust-free air is subjected to an 
expansion greater than 1°38 +. 
Now since it is impossible in practice to study the ionization 

current through the air at the instant of the formation cf the 
cloud, it seems likely that both types of cloud (viz., those in 
ionized and those in normal air) will produce more or less 
similar effects. For if a cloud be uncharged initially, it will 
very soon contain under the action of the i ionizing rays a fair 
proportion of charged drops of both signs, while the cloud 
which is charged to start with will very soon contain a 
certain proportion of uncharged drops. Hence a cloud 
obtained in this way, in addition to possessing the important 
advantages mentioned above, is quite representative of any 
set of suspended particles such as dust, smoke, mist, fog, &e., 
which have to be considered in their bearing upon the 
phenomena of atmospheric ionization. 

Haperimental arrangements. 

A general idea of the final form of our apparatus is given 
by the figure. A represents the metal ionization-chamber 
connected as shown to a Wilson expansion apparatus. By 
connecting A to one terminal of a battery of small cells, the 

* Communicated by the Authors. 
{ C. T. R. Wilson, Phil. Trans. clxxxix. p. 265 (1897). 



a 
' 
1 
j 
' 

? 

{t- iy Wie) { 

o es 
m., ere 

SS a —— 

-ee 

ions produced inside the chamber by the radium R,; were 

driven to an insulated central electrode and thence through 

an earthing key and a cut-off key to a Dolezalek quadrant 

electrometer. 
Phil. Mag. 8. 6. Vol. 23. No. 185. March 1912. 2 B 
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The Ionization- Chamber. 

The ionization- and cloud-chamber A _ consisted of a 

cylindrical brass tube about 8 cm. long and 5 cm. in 

diameter, furnished with two small glass windows through 
one of which entered a beam of foe ‘oma distant Nernst 
lamp, while through the other could be obtained a view of 
the cloud. The central electrode consisted of a piece of brass 
rod about 1 cm. diameter. On account of the repeated 
production of clouds in our experiments it was necessary to 
devise means to prevent the insulation of the electrode from 
being destroyed by the deposition of moisture; this was 
secured by supporting the electrode by means of sealing-wax 
from the upper end of a long narrow glass tube B, care 
being taken that the electrode did not touch the tube at any 
other point. The electrode was arranged vertically to 
reduce deposition to a minimum, and the lower end of the 
insulating glass tube was coated with sealing-wax. Direct 
leak from the charged tube to the electrometer was prevented 
by insulating the brass tube C from A, and connecting C to 
earth. Hxtraneous ionizing action of the radium was pre- 
vented by thick lead blocks D, the upper block being 
tunnelled to receive the tube C. 

For an account of Wilson’s expansion apparatus, reference 
must be made to Wilson’s original paper (Proce. Camb. Phil. 
Soc., p. 333, 1897) or to J. J. Thomson’s ‘ Conduction of 
Electricity through Gases,’ page 154. The descent of the 
piston (and thus the expansion of the air in A) is browgne 
about by opening the valve V, thus putting the lower side of 
the piston in communication with the exhausted chamber Z. 

In our earlier experiments the valve V was opened by 
pulling the rod T by hand; since, however, the magnitude 
of the expansion depends upon the suddenness with which 
this is done, we found it necessary to arrange for the valve 
to be opened mechanically. As is shown on the diagram, 
the necessary force was ; supplied by the release of a powerful 
compressed spring P. Further, the pressure in the vacuum 
was always adjusted to a certain value before an expansion 
was made. In this way the magnitude of the expansion 
corresponding to any given pressure-drop was made very 
definite. 

Since the cloud begins to fall immediately it is formed, it 
is desirable that the measurement of the ionization current 
be completed within as short an interval as possible after the 
expansion. On the other hand, when a cloud is formed on 
the ions, the air is temporarily robbed of its ions and a certain 
interval must elapse before the ionization once more attains 
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a steady state ; this interval, in fact, was very small in our 
experiments, certainly under one second. Nevertheless, we 
found it convenient (except where otherwise stated) to allow 
three seconds to elapse between the expansion and the 
unearthing of the quadrants. Tor the same reason it is also 
desirable to measure the ionization current through the cloud 
over as small an interval of time as possible. Here again we 
found three seconds to be a convenient and reasonable 
interval, 

It is clear that the keys could not be manipulated by hand 
with the degree of exactness required when dealing with 
such short intervals ; accordingly, all three operations of firing 
off the expansion, unearthing the quadrants, and stopping 
the charging up were performed by electromagnets con- 
trolled by a single pendulum. The latter consisted of a 
massive iron block at the end of a brass tube 2°5 metres long. 

Referring to the dotted lines in the diagram which indicate 
electrical connexions, it will be seen that when the key K, 
is depressed the pendulum P on its next passage through the 
mercury will actuate the electromagnet H, which fires oft 
the expansion. If the key K, be. depressed immediately 
before the next passage of the pendulum through the mereury 
in the same direction, the electromagnet EK, will be actuated 
at the passage and the quadrants will be Come In the 
same way, by putting K, over to the dotted position the 
magnet HK, will be Sete ted at the next passaye and the 
connexion between the ionization-chamber and the electro- 
meter will be broken. Both keys on being pulled up are 
retained in position by small spring catches XX. Thus the 
time between the expansion and the unearthing, and that 
between the unearthing and cessation of the charging up, is 
one complete swing of the pendulum (about three seconds), 

The keys I, G require brief mention. They consist 
essentially of pointed brass rods resting against brass plates 
supported on sealing-wax pillars. ‘his arrangement was 
adopted in preference to the usual mercury-cup type, as we 
found the latter to give trouble on account of electrostatic 
and thermoelectric effects, The shaded part of key F is of 
ebonite enclosed as shown in a metal “ umbrella,’ in order 
to overcome a difficulty which arose from the char ging up of 
the ebonite in its very rapid passage through the air when 
pulled up by the electromagnet. Immediately after the 
key F' broke contact with the brass plate it made contact 
with the earthed spring 8, thus preventing inductive action 
on the electrometer system which would otherwise have 
resulted from the continuous charging up of the key I’, 

2B2 
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The keys F and G could be dropped by releasing the 
spring catches by the small electromagnets shown at the 
sides: thus the keys were never touched by hand, and con- 
sequently all operations could be reproduced identically. 
The electrometer and keys were enclosed in earthed metal 
boxes. These arrangements were found to work very 
satisfactorily ; measurements of the ionization current in 
cloudless air concorded within considerably less than one 
half per cent. During the experiments the radium was used 
in one or other of two standard positions, R,; and R, in fig. 1. 
The ionization inside A with radium in position R, was six 
times as intense as in position R,. It remains to add that 
during any one set of observations the air inside the apparatus 
was never changed, the clouds being removed by repeated 
small expansions. : 

Laperiments. 

With this apparatus we have investigated the following :— 

(1) The effects of clouds of constant density upon the 
ionization current under different intensities of 
electric field. 

(2) The effects of clouds of various densities upon the 
current under a constant electric field. 

(3) The manner in which the effect of a cloud upon a 
current varies with the age of the cloud. 

(1) the effect of clouds of constant density upon the conization 
current under different intensities of electric field. 

In Table I. the first column gives the potential on the 
ionization-chamber. The second column gives the current 
through cloudless air at a pressure of 58°3 cm. of mercury ; 
for since the current depends upon the pressure, it is clear 
that, in order to compare the currents through cloudless and 
cloudy air, the current must in all cases be measured with 
the piston of the expansion apparatus in its lowest position, 
when the pressure in the lonization-chamber is less than 
atmospheric by an amount equal to the pressure-drop for 
this expansion. Column 38 gives the current through a cloud 
formed on the ions produced by the y rays from the radium, 
and caught by an expansion of 1°32. It must be noted, 
however, that there was no electric field on when the 
expansions were made ; otherwise, since various fields were 
applied, the clouds produced upon the ions would not have 
been of constant density, owing to the different numbers of 



Effect of Clouds on Tonization. 357 

ions present in the steady state under the various fields. 
This deletion of the ions by the electric field is clearly shown 
by the numbers in column 4, which gives the current through 
the clouds obtained by expanding with the field on; it will 
be noticed that the eftects of the clouds obtained ander these 
conditions are distinctly smaller than the effects of the clouds 
obtained when the field is off at the moment of expansion. 
(in fact, in so far as the retarding ettect of a cloud produced 
by a given expansion is a measure of the number of ions 
caught, a comparison of columns 3 and 4 gives an idea of the 
number of ions present in the steady state under different 
potentials with a given intensity of ionization.) 

TABLE I. 

Radium in position R, (strong ionization). 
Expansion 1°32. 
Character of cloud—very dense. 

5 cm. = 90 secs. (approx.). 
Interval between expansion and unearthing, 3 secs. 

Time of charging up, 3 secs. 
The letters a, 6, c, d, attached to the numbers in the 

first set indicate the order in which the observations 
in each set were made. 

See figure. 

Time to fall through 

Traliccae. | Current through | Current through 
mae | Current. cloud. No field | cloud. Field on 
ionizavion | S E 5 
ea, No cloud. on when expansion; when expansion 
cham 

| was made. was made. 

- 2 (a) 132:0 (c) 1820 (0) 27:5 D) 2350 
a ER DULG) 212-0 44-0 49:0 
= 895 290°5 290°0 750 875 
= Leo 323'0 323'0 102°5 122°5 
— 17:0 841°0 341°0 122°5 155°5 
= 27:0 361°5 361°5 1765 222-0 
— 42:0 3700 370°0 219°5 276°5 
— 840 377-0 3770 287:0 3355-0 
—122:0 379°C 3785 313°5 349°5 
— 1640 3785 378°5 330'0 3595 

| — 245°0 3795 379°d 342°0 367°5 

These results are shown graphically in fig. 2. Curve I. 
gives the currents through cloudless air. Curve II. gives 
the currents through the clouds of constant density obtained 
on expansion with no field on ; the field was put on immedi- 
ately after the expansion so that the steady state was attained 
well betore the quadrants were unearthed. Comparison of 



358 Dr. G. Owen and My. J. H. T. Roberts on the 

Curves I. and II. shows clearly that the effect of the cloud 
diminishes with increasing fields, i.e., with increasing ionic 
velocities ; thus the diminution of the current by the cloud is 
79 per cent under 2 volts, and only 10 per cent under 240 volts. 
Curve III., lying all the way above Curve II., gives the 
currents pie ough the clouds obtained on expansion with the 
field on. 

Fig. 2. 

CURRENTS. 
dno > oS 

| |) Eee 
200 240 £30 

nee “i uae CHAMBER. 

It will be convenient at this stage to discuss the cause of 
this marked diminution of the ionization current by the 
cloud. 

The effect upon ionization of foreign particles in the gas 
was first observed by R. B. Owens*, who found that 
introducing tobacco smoke into the ionized air greatly 
reduced the ionization current. More recently A. 8S. Live Tf 
has studied, by means of an Ebert instrument, the effect of 
dust and smoke upon the ionization produced in air by the 
y rays of radium. J.J. Thomson] explains the effect of 
dust or smoke as follows :—“ The effect produced by dust is 
easily explained, as the dust particles are in all probability 
very large compared with the ions; thus if a positive ion 
strikes against a dust particle and sticks to it, it forms a 
large system which is much more likely to be trues by a 
negative ion and neutralized than if the positive ion had 

* Phil. Mag. Oct. 1899. 
+ Pil: Mac, May 1910. 

i + «Conduction On ‘Electricity through Gases,’ p. 20. 
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remained free ; in this way the presence of dust will facilitate 
the recombination of the ions.” 

On this view, therefore, the number of free ions present 
at any instant in dusty or smoky air is less than in clear air. 
Hive, on the other hand, suggests a different explanation, 
namely, thit the presence of dust, smoke, and other centres, 
charged or uncharged, in the air causes a transformation 
from small mobile ions to large ions of very low mobility. 
In this way “the total number of ions present may be 
increased while the conductivity may be decreased.” Hve’s 
explanation is supported by the fact that the ionization 
current in his experiment was found to be increased by the 
presence of smoke under strong electric fields (3000 volts 
per em.), whereas the smoke decreased the current under 
moderate fields (600 volts per em.). 

In our experiments, however, the maximum electric force 
was only about 120 volts per cm. and was, therefore, far too 
small to move appreciably in 3 seconds the cloud-particles 
even if they were multiply-charged. Thus the currents 
through the clouds must have been carried by small unloaded 
ions, and consequently the diminution of the current by the 
cloud must be due partly to the water-drops acting as 
mechanical obstacles to the motion of the ions and partly to 
the more rapid recombination of the ions or to their re- 
placement by large ions of small mobility. The potential at 
our disposal was too small to enable us to decide between 
these two alternatives. 

Il. Lhe effects of clouds of various densities upon the 
current under a constant electric field. 

Clouds of various densities can be readily obtained by three 
different methods :— 

(a) by subjecting air under the action of a constant 
1onizing source to expansions of different magnitudes; 

(b) by subjecting normal air to expansions of “Giiferen 
magnitudes, in which case we are dealing with 
Wilson’s “ rain-like condensation ”’ or “‘ aiowas con- 

es) o y densation according to the magnitude of the 

expansion ; 

(c) by subjecting air to a constant expansion under lonizing 

rays of different intensities. 

In our present experiments we have adopted methods (a) 
and (b) only, reserving (c) for future investigation. 

The results obtained accor dine to method (a) are shown 
in Tables II. and III. 
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Volts on Tube —22. 
Radium in position R,, see fig. (weak ionization). 
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~ Current Current | 0 
ae before after ; V2] 

Expansion V, (| expansion. expansion. Observation. C, ni 

‘1 (2 | 

Psa oo: a | Few drops. one 
1245 418 400 Fair shower. 95°7 
1:250 meee 380 Dense shower. 92-2 
1:262 amd 100) 349 Cloud. 851 
1-280 | 402 302 55 ici 
1-295 396 292 - 73°7 
1:308 392 288 65 73:5 
1-322 391 279 y 71-4 
1°334 387 217 i 71°6 
1349 386 272 - 70°5 
1374 379 265 a 69°9 
1395 375 251 Ms 66°9 
1-488 | 362 208 | o 57°5 

Tas.e IIT. 

Volts on Tube —4. 
Radium in position R, (weak ionization). 

- Current | Current | é 
eo before after bdayt 9 

Expansion V, | | expansion. | expansion. Observation. Feo x 100. 

eS sk i 
1-222 gsewon eH uu sows No effect. a 
1-230 420°5 | 416-5 | Thin shower. 99°1 
1-236 4160 | 392-0 Fair shower. 93°7 
1-245 445 2720 | Very dense shower. 65°6 
1-253 410 207 Thin cloud. 50°5 
1-264 410 130 Heavy cloud. 31-7 
4-273 409 | wt14 Hs 279 
1-281 406 | ia! xt 27°3 
1:288 405 | 108 eS 26-7 
1-299 404 |. 105 Es 26°2 
1:307 403 104 « 26:0 
1°320 401 99 5 24-7 
1355 393 | 93 a |. engl 
‘372 390 99 ae 23:1 

1-401 B85 20 40/1 184 :: 21:9 
1-436 375 75 - 20°0 

{ 

The results of Tables II. and III. are shown respectively 
in Curves I., I1., fig. 3 (Curve III. will receive mention 
later). Curves J. and II. were obtained under identical 
conditions, except as regards potential—the voltage on the 



Lifect of Clouds on Ionization. 361 

tube being —22 for Curve I. and —4 for Curve IT. It is 
interesting to note the striking difference between the two 
curves. 

A closer inspection of the curves shows that the results 
of the expansions present interesting fentures at expansions 
of magnitudes 1°25, 1:28, 1°31, and 1:38. Now these are 
the identical values of the expansions which C. T. R. Wilson 
found 

(a) to start catching the negative ions 
(6) to catch all the ‘Thegative ions, 
(c) to start catching positive ions, 
(d) to catch the Sele of cloudy condensation. 

The most remarkable feature, however, 1s that whereas the 
cloud formed on the negative ions under a potential of 22 volts 
diminishes the current by 26 per cent., and under 4 volts by 
74 per cent., yet the supposed increase in the number of cloud 
particles when the positive ions are caught at an | <pansion 
of 1°31 produces a further decrease of only some 8 per cent. 
This result may be due to either of the following causes :— 

(a) the number of positive ions caught is, owing to the 
greater efliciency of the negative ions, enormously less than 
the number of negative ions caught when both are present in 
the same space, and when the expansion is known to be big 
enough to catch both kinds of ions, or 

(b) when the density of a cloud exceeds a certain value 
a further moderate increase in the density produces very 
little further diminution of the ionization current through 
the gas. 

There is no doubt that cause (a) may come in as J.J. 
Thomson found in determining the ionic charge *, unless 
care be taken to make the expansion extremely rapid. 

Since in our experiments the expansion was very rapid, 
and since, in addition, the further diminution in the current 
due to the positive ions at their maximum effect (expansion 
1:36) is only some 3 per cent., we incline to the second of 
the two explanations. It may be noticed, however, that 
under a voltage of —22 the increase in the density of the 
cloud at 1°38 due to the catching of the nuclei of cloudy 
condensation is well marked, whereas it is almost inappre- 
ciable under —4 volts, when the current had already suffered 
the large reduction of nearly 80 per cent. before these 
nuclei started to come in. Thus the greater the percentage 
reduction of the current already produced by the cloud, the 

* ‘Conduction of Electricity through Gases, 2nd ed. pp. 157, 158 
(1906). 
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less the further reduction due to a marked increase in the 

number of cloud particles. 

Table 1V. gives the results of observations made on the 
current under a potential of —16 volts through the showers 
end clouds obtained in normal air at different expansions. 

ABER VS 

Volts on Tube —16. 

Radium absent when expansion was made, and then 
immediately placed in position R, (strong ionization). 

| | Current Current re 
| ge eee bere after | Rigi lee 
| Benes Vi =| expansion. | expansion.| OOS C, oe 

| Ae | 2° | 

1-300 | 248 | 248 | Few drops. | 100 
1:860 239 238°5 | Thin shower. | =L00 
1 370 238°5 233 | Heavy shower. Sis e) 
1380 23605 220 | Very dense shower. | 93°53 
1-588 li) e239 196 | Cloud. | 83-4 
1-395 Nea) 187 | Dense cloud. | 799 
1-406 [2857 a CGy meaner: |= 45g 
1-420 Mera bie toy me | 350 
1-436 228 Sn es Lf ae 
1485 226 65 | 28°38 

In these experiments the radium was hidden behind a thick 
lead screen when the expansion was made, and was brought 
into position R, immediately afterwards. The interval 
between the expansion and the unearthing was still 3 seconds, 
but after some practice it was found that the radium could 
be brought into the required position well before the 3 
seconds wereup. The numbers in the last column are shown 
plotted against the expansions in Curve III., fig. 3. From 
this it is seen that a ‘“‘shower”’ has very little effect upon the 
current, consequently the curve only begins to drop at an 
expansion of about 1°37. At an expansion of 1°385, however, 
there is a decided increase in the slope of the curve ; this is 
of course where the cloudy condensation commences. ‘The 
sudden increase in the density of the cloud now produces a 
very large reduction in the current, but as is seen from the 
curve this reduction does not proceed indefinitely, attaining 
rather a saturation value at an expansion of about 1°45. 

Again, the marked diminution in the current at an ex- 
pansion of 1°38, and also an inspection of the cloud itself, 
suggested that the cloud obtained at an expansion greater 
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than 1°38 was more dense when the radium was absent than 
when the radium was in position. ‘This point was tested 
with the following results :— 

Expansion 1°436. 
Current before expansion 230°0. 
Current through cloud obtained with radium in position 

R, when expansion was made, 100-0. 

Current through cloud, radium being absent when 
expansion was made, 73 5. 

The above numbers prove conclusively that far fewer 
nuclei of cloudy condensation come into action when the gas 
is subjected to strong ionizing rays. This effect may be due 
to two causes :— 

(a) the ions, owing to their greater efficiency as conden- 
salion nuclei, monopolize the water vapour, and, 
therefore, the drops formed round the nuclei of 
cloudy condensation do not attain the critical equi- 
librium size. 

(b) the ionizing rays may, in some way, prevent the 
accidental agvlomeration of water molecules, to which 
the nuclei of cloudy condensation are attributed, 
e. g., by increasing the rapidity of their coalescence 
to form fewer but larger drops. 

Ill. The manner in which the effect of a cloud upon the 
current varies with the age of the cloud. 

We thought it would be interesting to see if any marked 
change takes place in the cloud in the earlier stages after its 
production. These changes might possibly be detected by 
measuring the ionization current through the cloud at dit- 
ferent times after its production. To detect any possible 
interesting features, however, it is necessary that the ioniza- 
tion current be measured over a very small interval of time, 
say 2 fraction of a second, otherwise transitory effects would 
be lost. To carry this out we arranged for the long pendulum 
to swing through two mercury cups, some 17 cm. apart, the 
total amplitude of the pendulum being about twice that 
amount. The amplitude of the pendulum was kept constant 
by releasing the iron bob from a fixed deflected position, in 
which it had been held by an e!ectromagnet; thus the time 
taken by the pendulum to pass from one mercury cup to the 
other in its first swing was constant, and equal to 0°25 
second. A metronome was arranged so that a wire attached 
the oscillating lever passed through a mercury cup at the 
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middle of its swing. On pressing a key just before this lever 
passed through the mercury a relay was worked at the next 
passage, and the expansion was fired. Just before the nth 
passage of the metronome lever through the mercury another 
key was depressed, and on the nth passage a second relay 
was actuated, which broke the current holding back the 
pendulum. The latter then swung forward through the two 
mercury cups; on passing through the first it actuated 
electromagnet E,, thus unearthing the quadrants, and on 
passing through the second it actuated Hz, thus stopping the 
charging up. It will be seen, from the numbers in Table V., 
that although the time of charging up was so short, the 
duplicated observations are in very good agreement. 

TABLE V. 

Potential on ionization-chamber —20 volts. 
Radium in position R, (strong ionization). 

Mae 
Constant value of the expansion vege 1-331. 

a 

Constant time of charging up of electrometer =0°25 second. 
The letters a, 6, c, d, represent the order in which the 

readings were taken. 

Time between expansion and 
Current before Current through unearthing electrometer 

expansion. cloud. =x+nt where +=0°6 sec. 
and ¢=0°9 sec. 

(@) 382°5 (ec) 383°'0 |(4) 165:0  (d) 1660 x 
3825 3820 173°0 171°5 xtt 
382°5 382°0 177-0 1760 e+2¢ 
382°0 382°5 185°5 187-0 x+3¢ 
382°5 382°5 196:0 192°5 xrt4é 
382:0 383'0 198°5 198 0 | xr+bé 
383°0 383°0 208°5 2085 | iG 
3830 383°0 225'0 223°0 | x+10¢ 
3825 3820 | 2420 246-0 | xv +15t 
3835 583°0 277-9 277°0 e2+25¢ 
383'0 323'5 3160 302°0 x+35¢ 

| 
The mean numbers given in Table V. are shown graphi- 

cally in fig. 4. When the age of the cloud is greater than 
about 4 seconds the curve shows no interesting features, the 
current simply increasing owing to the evaporation and 
settling of the cloud and regaining its normal value in about 
JO secs.; an inspection of the ionization-chamber after that 
time showed that the cloud had all disappeared. 
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Fig. 4, 
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100) 

AGE OF CLOUD IN SEGONDS. 

Before the age of 4 seconds, however, the curve exhibits 
co) 

certain irregularities, which are probably the joint effect of 
the following processes going on in the ionization-chamber 
immediately after the formation of the cloud :— 

(a) Rapid replacement of the ions caught by the cloud. 
(b) Partial diselectrification of the charged cloud by the 

action of the ionizing rays. 
(c) Thinning of the cloud by the evaporation of drops too 

small to be in equilibrium. 
(d) Settling of the cloud. 

Now the curve shows that in 0°6 of a second the current 
rises to within a few per cent. of, say, a 5 second cloud value. 
Since an expansion of 1°331 catches practically all the ions, 
it is evident that the replacement of the ions occurs very 
rapidly. Since, further, the settling of the dense cloud takes 
place only very slowly, we must regard the shape of the 
curve for the cloud at ages between 1 and 3 seconds as being 
mainly due to a combination of () and (c) above. We 

propose testing this point further, varying the conditions as 
regards intensity of ionization and density of cloud. 
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Summary. 

(1) The problem investigated is the effect of suspended 
particles upon the ionization current in air, the ionizing 
agent being the y rays of radium. 

(2) As suspended particles the writers have utilized the 
cloud particles formed when moist ionized dust-free air 1s 
subjected to an adiabatic expansion. 

(3) This method, so far as we know, is the only method 
(applicable to the problem) of producing repeatedly a set of 
minute particles of constant number and of uniform size, the 
number and size being readily controllable. 

(4) The ionization current in cloud-laden air is smaller 
than the current in cloudless air, the extent of the reduction 
depending upon 

(a) the intensity of the electric field, 2. e. the ionic 
velocitixs; 

(6) the density of the cloud. 

A cloud falling at the rate of 1 em. in 20 seconds diminished 
the ionization current under an electric force of 2 volts per 
em. by 75 per cent., and that under an electric force of 
120 volts per cm. by 10 per cent. 

(5) The denser the cloud the greater is the percentage 
diminution in the current, but when the percentage diminution 
reaches a certain value, ob the order of about 75 per cent., 

. any further increase in the density of the cloud does not 
result in any further reduction in the ionization current. 

(6) For this reason a cloud produced on equal numbers of 
positive and negative ions has very little greater retarding 
effect upon the current than the cloud produced on the 
negative ions alone. 

(7) The number of nuclei of Wilson’s foggy condensation 
caught by an expansion greater than 1:38 is greatly reduced 
by the presence of ions in the gas. 

(8) An investigation of ihe manner in which the effet of 
a cloud upon the ‘current varies with the age of the cloud 
indicates that in the early stages after its formation a cloud 
exposed to ionizing rays undergoes certain rapid changes 

(QD) Incidentally the experiments illustrate in a new way 
the results obtained by C. T. R. Wilson, viz. : the catching 
of the negative ions at an expansion of 1-25 , positive i ions at 
1°31, and production of cloudy condensation in unionized air 
at an expansion of 1°38. 

In conclusion we wish to express our thanks to Professor 
Wilberforce for many valuable suggestions during the 
progress of this work. 

Holt Physics Laboratory, 
University of Liverpool. 
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XXXITL. On the Instability of Gaseous Jets. By Josera H. 
T. Roperts, M.Sc., and EH. Mercy, .Sc., University of 
Liverpool *. 

Wee a result of some experiments on the flow of gases 
through tubes, the writers were led to consider how 

the phenomena of flow would be modified as the tubes were 
made shorter and shorter, until they ultimately approximated 
to holes in infinitely thin plates. It is well known that if 
the pressure causing a gas to flow through an orifice into an 
atmosphere be increased beyond a certain critical value the 
flow becomes irregular, and also that under certain circum- 
stances the gaseous jet may exhibit a sensitiveness to sonorous 
vibrations, a familiar example of such sensitiveness being 
that of the sensitive gas-flame. Most experimenters upon 
sensitive flames appear to have used the pin-hole steatite 
burner, or a drawn-out glass tube, but there is reason to 
believe that greater sensitiveness can in general be obtained 
with jets from holes in very thin plates, ~ and these jets are 
more immune from the influence of disturbances other 
than :onorcus vibrations. 

The instability or sensitiveness of a jet depends upon the 
vorticity. Before proceeding to describe experiments upon 
jets, it will be well to discuss the theory +, and to see what 
a priort reason there is to expect that the jet from a tube 
will, in general, be more stable than one from a hole ina 
thin plate. 

“In the ideal case of abrupt transitions of velocity, consti- 
tuting vortex sheets, in frictionless fluid, the motion is always 
unstable, and the degree of instability increases as the wave- 
length of the disturbance diminishes. 

“ The direct application of this result to actual jets would 
lead us to the conclusion that their sensitiveness increases 
indefinitely with pitch. It is true that,in the case of certain 
flames, the pitch of the most efficient sounds is very high, 
not far from the upper limit of human hearing ; but there 
are other kinds of sensitive jets on which these high sounds 
are without effect, and which require for their excitation a 
moderate, or even a grave pitch. 
“A probable explanation of the discrepancy readily suggests 

itself. The calculations are founded upon the supposition 
that the changes of velocity are discontinuous—a supposition 
that cannot possibly agree with reality. In consequence of 
fluid friction, a surface of discontinuity, even if it could ever 

* Communicated by the Authors. 
+ Rayleigh, ‘ Sound,’ vol, ii. ch. xxi. 
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be formed, would instantaneously disappear, the transition 
from the one velocity to the other becoming more and more 
gradual, until the layer of transition attained a sensible 
width. When this width is comparable with the wave-length 
of a sinuous disturbance, the solution for an abrupt transi- 
tion ceases to be applicable, and we have no reason for 
supposing that the instability would increase for much shorter 
wave-lengths. 

“There is, therefore, ample foundation for the suspicion that 
the phenomena of sensitive jets may be greatly influenced by 
fluid friction, and deviate materially from the results of 
calculations based upon the supposition of discontinuous 
changes of velocity. Under these circumstances it becomes 
important to investigate the character of the equilibrium of 
stratified motion. 

“The manner in which viscosity operates is probably as 
follows. At the root of the jet, just after it issues from 
the nozzle, there is a near approach to discontinuous motion, 
and a high degree of instability. If a disturbance of sufficient 
intensity and of suitable period have access, the regular 
motion is lost, and cannot afterwards be manairene |: But the 
instability has a very short time in which to produce its 
effect. Under the influence of viscosity the changes of 
velocity become more gradual, and the instability decreases 
rapidly , 1f it does not disappear altogether. Thus if the dis- 
turbance be insufficient to cause disintegration during the 
brief period of instability, the jet may behave very much as 
though it had not been disturbed at all, and may reach: the 
full development observed in long flames and smoke-jets.” 

It would thus appear that in general, an orifice of tubular 
form would tend to increase the discrepancy between theory 
and practice, by communicating to the jet a stratified forma- 
tion, and thus lowering the pitch of the disturbances to 
w hich it was sensitive, or reducing the sensitiveness altogether, 
while a thin-plate onitiee might be expected to give, near the 
root of the jet, an approximation to discontinuous changes 
of velocity, and consequently a considerable degree of sensi- 
tiveness for disturbances of high pitch. 

The apparatus used in these experiments consisted of 
weighted gas-bags; a special gas-meter reading 1 cu. ft. 
per rev., the dial being divided into 100 parts; a water- 
manometer attached about 2 inches below the orifice; and a 
number of orifices consisting of holes in thin circular plates 
of copper and platinum, the plates being secured in an 
annular screw-head holder, and of tubes, and holes in thick 
plates. 

Piat.. Mag. 8: 8. Volo 2a) No. 135. dtareh 1912. 2C 
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The greatest difficulty met with in these experiments is 
that the pressure necessary to produce flaring, or to bring a 
jet to its condition of maximum sensitiveness, is very much 
influenced by accidental irregularities in the orifice. Two 
orifices, identical in dimensions and method of manufacture, 
might be expected to give flames with identical properties, 
but this is far from being the case. So important are small 
irregularities in the rim, that an orifice which appeared 
perfect when viewed through a powerful microscope would 
produce variations of as much as 20 per cent. or 30 per cent. 
in, say, the flaring-pressures of the jets from its two surfaces. 
The quantities in the jet cannot be considered to be functions 
of the measurable dimensions of the orifice unless the jets 
from opposite surfaces are identical. We have never suc- 
ceeded in securing the complete fulfilment of the latter con- 
dition, but the approximation depends upon the method of 
manufacturing the orifices. After trying a variety of ways, 
the method we found most successful was to grip the disk of 
metal (about 0°15 mm. thickness) between the convex cheeks 
of two curved pieces of hard brass strip, and to bore the hole 
with a lathe twist-drill through all three. 

Various sources of sound were used to test the sensitiveness 
of the flames, including bird-calls, whistles, pipes, and vibra- 
ting bars. The sounds which affect these flames are all of 
very high pitch ; as a general rule we found the sensitiveness 
to increase with the diameter of the orifice, but in the case 
of orifices above 2 mm. diam. the flames were very long and 
somewhat inconvenient. On one occasion, with an orifice 
1107 mm. diam., we obtained a flame which, without the 
aid of resonators, was practically as sensitive as the ear itself. 
It responded to a whistle at the opposite end of the building, 
and when the flame ceased to respond it was almost im- 
possible to tell, by ear, whether the whistle was sounding or 
not, 

Some results of observations on the jets from holes in thin 
plates are given in the following table; the minimum sensi- 
tiveness pressure 1s. an arbitrary quantity, depending upon 
the pitch and intensity of the disturbing note. 

It will be seen from the table that there is a considerable 
range of pressure over which the jet is sensiive. the deve- 
lopment of sensitiveness with increase of pressure bein g very 
gradual. It should be mentioned that jets from very small 
holes in thin plates (about 0°3 mm. diam.) required about 
80 cm. of water to make them flare, and did not exhibit any 
sensitiveness. 
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TABLE I. 

Holes in thin plates. Thickness of plates 0°15 mm. 

Mean pressure in cm. of Mean length (cm.) 
| | water required for of flame when 

Diam. of Orifice | 
in mm. i 

Maximum | Minimum M Min 

Flaring.| Sensitive- | Sensitive- || Flaring. R ene 
ens. | Sens. 

ness. ness. 

0-619 Sle, 30°6 16:0 19°5 Zi-Omelas 

0-643 39:0 360 19-0 20°5 DESAY aa al haa) 

0-719 36°5 32-0 18:0 220 | 250 | 19:0 | 

0°905 36:0 30°0 17°5 37°0 41:0 | 29:0 } 

1:107 340 33°0 23:0 380 52:0 | 42:0 

1°30 12°6 11:6 6:0 38°5 54:0 | 37:0 | 

2-0 10:0 9:0 4:0 35°90 60:0 | 45:0 

30 i orO 4:0 DieT 50:0 65:0 | 60:0 

Experiments were then made with jets from narrow glass 
tubes ; a number of observations are given in the following 
table. It will be seen that the range of pressure for sensi- 
tiveness 1s extremely small, in some cases the numbers in 
columns 4 and 6 being the same. A remarkable feature of 
the jets from tubes is the extreme suddenness of the transi- 
tion from a condition of stability to one of flaring ; in some 
eases the slightest touch with the finger upon a large gas- 
bag would be sufficient to bring the flame from the one 
condition to the other. 

In place of short tubes, in which the irregularity of the 
ends would probably have produced considerable effect, we 
used thick-plate orifices, and it is interesting to observe, in 
Table II. (p. 372), that as the diameter increases, that is as the 
length becomes less important, the sensitiveness begins to show 
itself. The flaring-pressure for a constant diameter decreases 
with the length in the case of every tube in Table IL., but it 
increases with the thick-plate orifices. (Compare the follow- 
ing, Table II. tube no. 3, thick-plate no. 2, Table I. orifice 
no. O.) 

It thus appears that any tubularity of the orifice from 
which the jet issues, in general lowers the flaring-pressure 
and diminishes the sensitiveness for notes of high pitch ; 

20.2 
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while the flames from holes in very thin plates combine great 

sensitiveness to sonorous vibrations of high pitch with con- 
siderable immunity from the influence of disturbances of 

other kinds. 

Tasue LI. 

| ' | | 

| Wa; 
Flaring | Coes ' Degree | Pressure at | 

Diam. of tube) Length | Press. in | | 0. Press. of _ which Sensi- | 

in mm. (cm.) | em. of | (em. of | Sensitiveness. _ tiveness 
water. water). | disappears. | 

| 625 | 620 
| 07238 36 340 
| 2-4 32-0 

14 20-0 | 
ere 6-9 27-0 | 
| 09811 46 | 200 

25 | 120 

p | 975 | 210 | 
i 209 Ee 160 16 ' Minute. 16 

1133 32 | 90 | | | 
GE ash 70 7 | Minute. |" ony 
09 | 40 | | | 

Bo Aes Ol Soe a5) Stone | 55 | 
2 Se | 30 Dice: | oe | 490 

by Ree 2-8 5 Ose: eben ak | 480 | 
16 S67 0 oo sows | 36 | 

! = { } Ssoalinnaaaaairaameeesanceeee] ann | 

| 51 29. lia 2-0 9 el Sliehe a ae : 
|. 2381 3°92 2-0 2-0 | Moderate. | 2°0 

2-93 14 fy eee | 14 | 
1:33 1:0 | | | 

| Thick | plate | | | 
| 1:054 | 0629 | 4 | 9:0 Considerable.| 87 | 
es SS eee 

| | Thick | plate | 
ieee 2 | 0313 | . 10-4 10-0 | Considerable. 9-4 

| 

In Table I. it will be noticed that the flaring-pressures for 
the first five orifices are not greatly different, but that there 
is a drop in the flaring-pressure when the diameter becomes 
greater than, say, 1:2 mm. This would seem to indicate 
that over a certuin range of diameters of orifice the flaring 
depends simply on what might be called the linear velocity 
of flow at the orifice. With a view to testing this point we 
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made a number of determinations of volumetric rates of flow, 
through the gas-meter. In Table III. are given the dia- 
meters, flaring-pressures, and volumetric rates of flow ; the 

Tasue [{I. 

Amount passed iBtineer Wales | 
Diam. of Flaring Press. per sec. when of ae J 

Orifice in mm. in cm. water. flaring, in : ate x Constant, 
cubic inches. 

0-619 31:0 1:152 3006 

| 0:643 376 1271 | 3073 

| 1-100 | 37-0 | 3-756 3103 
| 1-107 | 35°4 | 3526 2914 

| 1-30 | 13-4 2-879 | 1704 
| 2:00 9°8 5759 | 1440 
| 3-00 58 10-06 | 1129 

quantity in the last column, called linear velocity, is obtained 
by dividing the volumetric rate of flow by the square of the 
diameter of the orifice. 

It is seen that the numbers in the last column show the 
same sudden drop as the flaring-pressures in Table I. 
We have also made observations on the relation between 

pressure and rate of flow, with a given orifice, for ignited 
and unignited jets, and have found in everv case that the 
rate of flow for a given pressure is greater for an unignited 
than for an ignited jet. “ When a flame is lighted at the 
burner there are further complications, of which it is difficult 
to give an adequate explanation. The high temperature 
leads indeed to increased viscosity, and this tends to explain 
the higher pressures then admissible, and the graver notes 
which then become operative. But it is probable tinat the 
change due to ignition is of a still more fundamental 
nature” *. 

The figure shows how the curve for the ignited jet lies 
below that for the unignited jet. P is the pressure in em. 
of water and V is the volumetric rate of flow in cubic feet 
per second. 

* Rayleigh, ‘Sound, vol. 1. p. 409, 
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In the upper curve there is great irregularity in the 

neighbourhood of the flaring-pressure ; this appeared in all 

the curves. The flaring-pressure is shown by the arrow in 
the curve. 

Conclusion. 

The instability of a jet depends upon the vorticity at its 
surface. Any tubularity of the orifice from which the jet 
issues communicates stratified formation to the jet, and thus, 

in general, lowers the pitch of the sonorous disturbances to 
which it is sensitive, and diminishes the sensitiveness. The 
flaring-pressures of the flames from holes in thin plates are 
very much higher than those of the flames from tubes; on 

this account the flames from the former orifices are long and 

stiff. The transition of velocity at the surface of such jets 

is sudden, the piteh of the sonorous disturbances to which 
ihe jets are sensitive is very high, and the sensitiveness Is 
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much greater than that of the jets from other orifices ; in 
some cases the sensitiveness of a simple flame jet would 
approximate to that of the ear itself. 

The flaring appears to depend, for a certain range of 
diameters of. orifices, almost simply upon the linear rate 
of flow at the orifice. For diameters above this range, flaring 
occurs at much lower pressures. 

The high temperature in ignited jets leads to increased 
viscosity, and this tends to explain the higher pressures then 
admissible. For a given pressure and “orifice, the rate of 
flow is greater for an Y unignited than for an ignited jet. 

In conclusion we wish to thank Professor Wilberforce for 
the keen interest which he has shown in these experiments. 

George Holt Physics Laboratory, 
University of Liverpool. 

XXXII. Non-Neutonan Mechancs, The Mass of a Moving 
Body. By Ricwarp C. Toirman, Ph.D., Assistant Pro- 
fessor of Physical Chemasiry at the University of Cincinnati *. 

N acceptance of the Hinstein theory of relativity neces- 
sitates a revision of the Newtonian system of mechanics. 

In making such a revision itis desirable to retain as many as 
possible of the simpler principles of Newtonian mechanics. 
Some of the consequences have already been presented f of 
a system of mechanics which retains the conservation laws 
of mass, energy, and momentum, and defines force as the 
rate of increase of momentum; but to agree with the 
theory of relativity introduces an idea foreign to Newtonian 
mechanics by considering that both the mass and velocity 
of a body are variable. 

From the theory of relativity, Einstein has calculated both 
the transverse and the longitudinal accelerations experienced 
by a charged body moving in an electromagnetic field. On 
the basis of these accelerations, it has been usual to Boe 
the ‘“‘ transverse mass ”’ of a body moving with the velocity u 
as equal to Mg | V1 wil/o?, and its “longitudinal” mass as 

equal to my| (1. —w?/e?)*, where mp is the mass of the body at 
rest aud ¢ is the velocity of light. If, however, mass is a 
quantity to which a conservation law. applies, the mass of 
a body cannot well be different in different directions ; and 

* Communicated by the Author. Contribution from the Chemical 
Laboratory of the University of Cincinnati. 
+ Lewis, Phil. Mag. xvi. p. 705(1908). Lewis & Tolman, Phil. Mag. 
xvii. p. 510(1909). ‘Tolman, Phil. Mag. xxi. p. 296 (1U11) ; xxii. p. 458 
(i971). 
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it has been believed by Professor Lewis and the writer, that 

in general, without respect to direction, the expression 

Mo | V 1—w?/c? is best suited for THE mass of a moving body. 
They have already shown (loc. cit.), from the theory of 
relativity and the principles of non-Newtonian mechanics 
outlined above, that the consideration of a “ transverse 
collision”? between two moving bodies does lead to this 
expression for the mass of a moving body; and the purpose 
of the present article is to show that the consideration of 
any type of collision also leads to the same expression. 

The immediate occasion of the present article is a recent 
attempt made by Mr. Norman Campbell * to show that the 
consideration of a ‘longitndinal eollision’’? does not lead 

to the expression m)/,4/1—v?/c? for the mass of a moving 
body. There appears, however, to be an obvious error in 
hisreasoning. Mr. Campbell wishes to find a relation! Denman 
the mass of a body and its velocity and yet assumes that 
the mass of each of his bodies is the same after collision as 
before, aithough the velocities of course have changed (see 
equation (A) p. 627). Thus, although endeavouring to 
determine how the mass of a body depends on the velocity, 
he assumes in formulating his fundamental] equation that it 
does not depend on the velocity at all f. 

Longitudinal Collision. 

Consider a system of Cartesian coordinates and two bodies 
moving in the X direction with the velocities + and —wu in 
such a way that » “longitudinal collision” will take place. 
Suppose the bodies are elastic and perfectly similar, each 
having the mass m ) when at rest. On collision the bodies 
will evidently come gradually to rest, and then under the 
action of the elastic forces developed start up and move 
back on their original paths with the respective velocities 
—uand + of the same magnitude as before. 

Let us now consider how the collision will appear to an 
observer who is moving past the above system of coordinates 
with the velocity v in the X direction. Let wu; and us be the 
velocities of the two bodies as they appear before collision 
to this new observer. From Binstein’s formule for the 

* Phil. Mag. xxi. p. 626 (1911). 
+ In the same article, Mr. Campbell has also criticised the writer for 

referring the acceleration of a body under consideration to moving axes 
which have at the moment in question the same velocity as the body 
itself. As this is a procedure which has long been familiar to students of 
theoretical mechanics, has not in the past led to erroneous results, and in 
the cases under consideration leads to self-consistent conclusions, the 
writer cannot agree with Mr. Campbell’s criticism. 
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composition of velocities we find for these velocities the 
Uv pre Si ee 

1l—wuv/c? ae eT oe 
cities are not of the same magnitude, the two bodies which 
have the same mass when at rest do not now have the same 
mass to this observer. Let us call these masses before collisien 
m, and mg. During collision, the velocities of the bodies will 
all the time be changing ; from the principle of the conser- 
vation of mass, however, the sum of the two masses will 
always equal m,;+m,*. Whenin the course of the collision 
the bodies have come to relative rest and are both moving 
past our observer with the velocity —v, their momentum will 
be —(m,+mz,)v, and from the principle of the conservation 
of momentum this must be equal to the original momentum 
before collision, giving us the equation,— 

relations u,= Since these velo- 

L—v a 
— (my + Mg)U= My + MyUg= My — +m, -_—. . (1) 

Uv uv 

Simplifying, we have,— 

Ue 
FO Ce (2) 
PASO MT epee ane tm 1 Vaahy Os Ay et 

ae ae 
¢ 

which by direct algebraic transformations may be shown 
to be identical with 

* In this connexion an interesting fact has been pointed out to the 
writer by Professor Lewis. As stated above, the sum of the two masses 
is throughout collision always equal to m,+:2, and hence also at the 
time in the collision when the masses have come to relative rest their 
sum is m,+m,. Since at this time both bodies are moving with the 

velocity —v we might suppose that m,-+m, equals 27,/ V7] —v2/c*. This 
is not the case, however, since the bodies now possess additional elastic 
energy beyond that which they possess when at rest and notin contact. 
A relation between mass and energy has already been developed (occ. evtt.), 
and the mass of this elastic energy must also be taken into account in 
calculating m,+m,. In fact the consideration of a collision of this type 
leads to a simple proof of the relation between mass and energy, a proof 
presented by Professor Lewis in a series of lectures on the Theory of 
Relativity given at Harvard University in the Spring of LOLI. 
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Remembering that these were bodies which had the same 
mass when at rest, we see that the mass of a body is inversely 

» 
5 Ur eats ° 

proportional to ye -;, where w is its velocity, and have 
¢ 

thus derived the desired relation,— 

Collision of Any Type. 

A treatment of the general case of any type of collision 
between any two bodies elastic or otherwise is also possible, 

and leads to the same conclusion as to the desirability of 

using the expression mo ge for the mass of a moving 
body. 

For the mass m of a body TOTO with the velocity u let 
us write the equation m=mo fl u®) where f( )is the function 
whose form we wish to determine. The mass is written as a 
function of the square of the velocity, since from the homo- 
geneity of space the mass will be independent of the direction 
of the velocity, and the mass is made pr: portional to the mass 
at rest since a moving body may evidently be divided into 
parts without change in mass. 

Let us now consider two bodies having the masses my, and 
nm, when at rest, moving with the velocities u and v before 
collision and with the velocities U and V after a collision 
has taken place. 

From the principle of the conservation of mass we have,— 

Mof (te? + Uy? + Uz”) + Ng f (Va? + v,? + v2”) 

— mo (U7 +0,’ + Uz") +f Ve + Vy) eee 

and from the principle of the conservation of momentum, 

Mof (Ua? +? + UZ Ux + Nof (ve? + Dy ie) ee 

—mof( Ue + U,? + U)UstafVet V/V Nae 

Mo f (a? + Uy” + Uz" ly + No f (Ve? + vy? + vz) ty 

ane ce WU) 4 of Ve i Nc) 

Mof( ta? + Uy? + Uz" )Uz + Noflvz? + 0, + 027) rz 

= mof (Ue + Uy? + UU, + nai(Vg2 + Vee + V2Ve. (A) 
These velocities uz, Uy, Uz, Ur, ty, Uz, Ur, &c., are measured 

with respect to some definite system of “ space time ” 
coordinates. An observer moving past this system of co- 

ordinates with the velocity @ in the X direction would find 

es 
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for the corresponding component velocities the values 

Ux—b  /1--¢'/é = /c? Uy. J/1— be uz ‘»—D 
pe: eu rk a j 1 we ’ Tt ng * 

a 

given - Hinstein’s on equations. 
Since the laws of the conservation of mass and momentum 

must also hold for the measurements of this new observer, 
we may write the following new relations corresponding to 
equations 1 to 4:-- 

maf 4 = _ tad 3) * gs oa ve 7 > 

res) = ae +nofs i 
il 

= 120 

LS 8 catty ingle mh Us) * 
tmp ( os ae a te Cy B")} _ (la) 

— 
aa 

U4 

C2 

Vd Vid 
Mer 

, 5 ( ) U—oh 

Mof 2 u, ges ie Ng LSE S Sie 
ee Sites Bay 

ie 

i ; Uw aie ae —o == Tg 2) ERROR estes i ree a gy ee a ee ST (2a) 

Pa fe i. ‘ae 
G 2 

ee an 
ae At See iv Uy trots Uys. v1 ¢ a Cy 

G 4 J 1— Ve te “i yee Ux 

C? 

a2 U, ae ie et me ‘|e? Uy +n pe es ANG 1—¢?/? Vy 9 
te ane au keh J fa Vib - va 

er 

maid t, ait jer as fla. +n al a se mt Vin fe? 
c “4 1— oe i ie nb 

hee ee VI=P/ Us ef y 1 Jia sie ae ie Ue ae) 0 oe Ug 4. ‘als Na ens has \ ‘é =. (da) 

SS) 
Cc cn 
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It is evident that these equations (la—4 a) must be true 
no matter what the velocity between the original system of 
coordinates and the new observer, that is they are true for 
all values of ¢. The velocities wx, Uy, Uz, Vx, &e, are, how- 
ever, perfectly definite quantities, measured with reference 
to a definite set of axes and entirely independent of ¢. If 
these equations are to be true for perfectly definite values of 
Ux, Uy Uz, Ve, &e., and for all values of @, it is evident that 
the function f( ) must be of such a form that the equations 
are identities in @. Asa matter of fact @ can be cancelled 
from all the equations if we make f( ) of the form 

I 

J 1-2 (ee 
solution of the equations. Although this does not exclude 
the possibility that there may be other solutions of these 
functional equations, nevertheless from a consideration of the 
complexity of the equations it appears doubtful if any other 
simple function would satisfy the necessary requirements. 

In conclusion it is to be noted that in these derivations no 
reference has been made to any electrical charge which might 
be carried by the body whose mass is to be determined. 
Hence, if these considerations are correct, we may reject the 
possibility of explaining the Kaufmann-Bucherer experiment 
by assuming that the charge of a body decreases with its 
velocity*, since the increase in mass is alone sufficient to 
account for the results of the measurements. 

; and we see that the expected relation is a 

Cincinnati, Ohio. 
October 31, 1911. 

XXXIV. Theory of the Behaviour of the Quadrant 
Electrometer. By Prof. A. ANDERSON f. 

\HE following presentation of the theory of the quadrant 
electrometer has, it seems to me, the merit of sim- 

plicity, and consequently may be of use to those who are 
engaged in working with the instrument. The theory given 
by Mr. G. W. Walker (Phil. Mag. Aug. 1903) is perhaps 
not elementary enough for the general reader, and the inci- 
dental reference to the subject by Prof. Sir J. J. Thomsen 
in a paper on the Charge of Hlectricity carried by the Ions 

* The possibility of explaining the Kaufmann-Bucherer experiment 
hy assuming that the electrons have less charge at higher velocity was 
suggested by Professor More of this University: Phil. Mag. xxi. p. 196 
1911). 
T eG by the Author. 
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produced by Roéntgen Rays (Phil. Mag. Dec. 1898) only 
deals with a particular problem which arose in the course of 
the experiments therein described. 

Fig. 1 requires no explanation. It is merelya plan of the 
electrometer, the circle outside representing the metallic 
case. If V,, V., V3 denote the potentials of the two pairs of 

Fig. 1. 

quadrants and the needle, the corresponding charges are 
viven by the equations 

Q; = Cu, a Ci2V_ tr Ci3 V3, 

Q, = Cy. Vi + Co. Vo + Co3 V5, 

Qs = C13 V1 + Co3 Vo + Cy V3. 

Suppose the case of the instrument to be earthed, that 
V.>Vj,, and that the axis of figure of the needle makes an 
angle 6 with QP in the position of equilibrium, and suppose 
also that @ vanishes when everything is earthed. A very 
little consideration will make it clear that, up to and including 
the second power of 0, we have 

Cy, =6b+ 88, Cio = —(¢ + 8”), 

Jig= — (a-+ a8), U5, =b— BO, 

Co3= —(a—28), Cy3=2a+q—K6?. 

C3, 1t may be remarked, is the charge on the needle when 
V;=1, and V,.=V,=0. ‘The greater part of the comple- 
mentary negative charge is on the quadrants and is equal to 
—2a; the rest, —g+«6, is on the case of the instrument in 
the neighbourhood of Pand Q. In the symmetrical position 
the charge on the needle will be 2a+4, the charge on each 
pair of quadrants —a, and the charge on the case —g. It 
not in the symmetrical position, the charge on the case will 



382 Prof. A. Anderson on the Theory 07 the 

be less, and «, which is an important factor in determining 
the sensibility of the electrometer, is numerically the decrease 
in this negative charge per unit increase of 6’. If F be the 
torsion couple required to turn the lower end of the suspen- 
sion fibre through unit angle, we have 

(F+«V,?+2pV,V2)0=(V2—V,)| 2¢V3—8(Vi + V2) |. 

But, evidently, @ must vanish when V,—V;=V;—V,, and 
therefore «=f, and 

. Vi+V. (EF +4V,2 +2pV,Vs)0=2a( Va—Vy) (v.— 1"), 
If V.=0, this equation becomes 

2aV. ( Ne a +) 

l= > 
F+x«V, 

If V. can be neglected in comparison with Vs, 

oie 2aV.V3 

e F + KV ."? 

which, for a given value of V, is maximum when 

Reeve. Sor) Vee A B, 
K 

the condition of maximum sensibility. 
It will be interesting now to consider the case where, as 

often happens, the axis of figure of the needle is not strictly 
along (JP when everything is earthed. Let the angle which 
it makes with QP be y, and let y be measured in the direc- 
tion from the pair of quadrants whose potential afterwards 
becomes V, to the pair whose potential afterwards becomes 
V,. 6 will now be measured, not from QP, but from the 
position of the axis of the needle when everything 1s earthed. 
The values of Cy, Cys, &c., will be obtained by writing 0++¥ 
for 6 and ; 

(F+4V3+2pViV,)8=24(V,—¥1) | Vs— Naaelay 
— 2y(« V3? + 2pViVo), 

which, when V,;=0 and V, is very small in comparison with 
V;, reduces to 

22V.V; — 2yKV;? 

K+x«V,? ; 

When both quadrants are earthed the value of @ is 

:= 
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which =—y when F=«V,2.. Thus, when the potential 
which makes the needle most sensitive is put on, while both 

quadrants remain earthed, the needle moves into the sym- 

metrical position. If V3 is less than this valve it will move 
past the symmetrical position, and if greater, not so yee ae 

the potentials of the quadrants be interchanged, V, becom- 

ing V, and V, zero, so that the deflexion is in the opposite 

direction, the value of @ is increased. The two deflexions 

will not be equal, the greater deflexion being when the 
needle, in its motion from rest, passes through the symme- 
trical position. The difference of these deflexions when the 
needle is most sensitive is equal to 2+. 

The curve shown in fig. 2 gives the deflexion in milli- 
metres of the scale when a potential of about °25 volt was 
put on to one pair of quadrants, the other pair being earthed. 
The potential of the needle was varied from —270 volts to 
+270 volts. 

ae | 0 eta 80 15:0 0 6 

LTS 

ae ees 
cD 

The deflexion apparently due to y was made as nearly as 
possible zero, but when it was made to vanish when V3; was 
positive it was found not to vanish when Vs; was negative, 
and, in fact, it seemed to depend on the potential V; of the 
needle. For instance, when V, was =-—148 volts and both 
pairs of quadrants earthed the deflexion was 2 millimetres to 
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the left, but when V, was = +148 volts it was 15 millimetres 
in the same direction. The instrument was surrounded by 
an earthed metallic box to screen it from external influences. 
In the experiment, the result of which is given in fig. 2, the 
deflexions, which are measured from the resting point in 
each case, were not exactly equal but always differed by a 
small quantity. When, for example, V;=+100 volts the 
deflexion was 150 mm. to the left, but when V;=—100 volts 
it was 148 mm. to the right. The first result is plainly in- 
consistent with the formula 

V, a5 
:) —2yKV 5" 

2 

EF +KV,2 3 

an 2aV 9 (: i 

which, when V, vanishes, should give the same value of 0 
whether V3 is positive or negative, provided its numerical 
value is not altered. 

Asa matter of fact, there is another effect quite as im- 
portant as the existence of y which, I believe, is always 
present. It is certainly present in the Dolezalek eiectro- 
meters in my possession, and in one of them it is very 
marked. This effect is due to the existence of a contact- 
difference of potential between the two pairs of quadrants. 
In other words, when the needle and both pairs of quadrants 
are earthed there is still a difference of potential between the 
air in contact with one pair of quadrants and the air in 
contact with the other peir. Suppose this difference to be r. 
Then, denoting by V3; the potential of the air in contact with 
the needle, we have 

2ar (V;— 5) —2aeV | 
2 eereeaiea 

: F+x«V,? 

for the deflexion when both quadrants are earthed. Here 6 
is measured from the position which the needle would occupy 
if both V,; and were zero. If V3 be made negative without 
changing its numerical value, which it may be remarked 
cannot be done by connecting the needle with the negative 
ole of the battery instead of with the positive, as there is 

always a difference of potential between the needle and the 

air in contact with it, we get for the deflexion 

Yh = 

2a —Y\, = = 2yxV = 

G4, oa Se aiep. F+«V % 
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Hence 

gage hae, 
7 BV 99 

F tKVs? 

which is independent of ¥. 
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The curve in fig. 3 is plotted from the observed values of 
@,—9,' in the above experiment. It will be noted that 
6) —9,' is maximum when the potential of the needle is that 
which corresponds te maximum sensitiveness, which it ought 
to be, since, when both pairs of quadrants are earthed, we 
are merely obtaining the deflexion of the needle due to their 
contact-difference of potential. 

The formula given above for @ is correct, if it be under- 
stood that V,, Vz, and V3 are the potentials of the air in 
contact with the quadrants and the needle, @ being measured 
from the position which the needle occupies when V,, V>, V3 
are all zero, and zero potential being the potential of the air 
in contact with the case of the instrument, 

Comparing fig. 3 and fig, 2,it will be seen that the contact- 
difference of potential between the pairs of quadrants was 
about ‘O01 volt. The contact-difference of patential between 
two specimens of the same metal might differ by much more 
than this. ; 

XXXV. The Mere-Azimometer ; an Instrument for measuring 
small Angular Displacements. By ©, V, Burton, D.Sc.* 

1. “YEXNHE chief object of the device here described is to 
increase the sensitiveness of reflecting instruments 

by optical means, especially when the available reflecting 
surface is but small. Thus it has been faund possible, when 
the (rectangular) aperture af the mirror measures 3°5 mm. 
widex4 mm, high, to fix the azimuth of the mirror with a 

* Communicated by the Author. 

Phil. Mag. 8. 6. Vol. 23. No. 135. Afarch 1912. 2D 
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maximum error of 0:1 second of arc, and with a probable error, 
in a single setting, of 0°042 second. It should be said at 
once that the flatness of the mirror was in this case prac- 
tically perfect, the reflecting surface being that of a silvered 
glass flat, with a stop placed before it ; on the other hand, 
un acetylene flame was used as the source of illumination, 
and this is greatly inferior in intrinsic brightness to various 
incandescent filaments emitting white light. As will appear 
later, the intrinsic brightness of the source has an important, 
influence on the attainable precision of reading, 

2. It might at first sight appear that the results just 
referred to were not easily to be reconciled with known 
optical principles, according to which the most accurately 
focussed image is a system of diffraction patterns, and mag- 
nification carried beyond certain limits ceases to be of use, 
owing to the proportionate increase of diffuseness of the 
image. But it is by taking advantage of the peculiarities of 
diffraction patterns that increased refinement in fixing the 
azimuth of a mirror may be secured ; and to this end it is 
found convenient to use high magnifications. 

3. Fig. 1 is a diagrammatic plan view of the apparatus 

used. Fis a small acetylene flame, an image of which is 

focussed by the lens L, upon a narrow vertical slit $8, This 

is at the principal focus of the object-glass O ; light which 

has passed through 8 and O being reflected from a plane 

mirror M of rectangular outline, and refocussed in the 

neighbourhood of the vertical wire W. On looking through 

an eyepiece EH *, a diffraction pattern is seen, consisting of 

vertical bands: a central white band, separated by very 

dark almost black intervals from the coloured bands which 

fade off on each side. Either the slit St, or the frame 

* As will appear below (§ 10), this is preferably a cylindrical lens 

with its generating lines vertical. 

+ Before the slit S a refracting prism (not shown) was fixed, so that 

the illuminating arrangements could be kept clear of the ubserver's head. 

The condensing lens L was carried upen a bracket which moved with 

the slit, while the flame F was burnt from a jet which could be 

independently moved along a slide parallel to WS until the best illumi- 

nation of the field was secured. 
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carrying the wire W, is capable of micrometric adjustment 
along a straight slide, whose line of motion is WS. By 
these means the wire W may be brought with considerable 
precision to the middle of the diffraction pattern, and the 
reading of the micrometer noted. It is essential to senst= 
tiveness that the width of the wire should be so chosen that, 
in correct adjustment, the central bright band is almost 
completely obliterated, only a faint “residual strip” of ligat 
appearing on each side between the wire and the adjacent 
dark of the pattern. When this condition is felfilled, a 
displacement of the wire amounting to a very small fraction 
of the width of the central band will produce a perceptible 
inequality in the brightness of the ‘residual strips.’? If 
the wire employed is too thick, the sensitiveness will be 
increased by placing a stop before the mirror, so as to reduce 
the width of the reflecting surface, and thus spread out the 
diffraction pattern to suit the diameter of the wire. 

4. When the illumination is monochromatic, and the slit 
ideally narrow, the distribution of brightness in the diffrac- 
tion pattern is that indicated in fig. 2. Abscissse, reckoned 
from QO, represent distance measured horizontally in the 
focal plane from the median line of the pattern, and ordi- 
nates represent the corresponding brightness. AB is the 

width of the central bright band, and is equal to 2n//a, 
where 2 is the wave-length of the light, / the focal-length of 
the object-glass, and a the width of the mirror. The curve 
of brightness touches the axis of abscisse at A and B, 
corresponding to lines of absolute blackness in the pattern. 
Now suppose that a vertical wire HK, LM is placed so as ta 
hide the central portion of the pattern, the axis of the wire 
being in the focal plane, and its diameter only slightly less 
than AB. Thus the areas ADE, FGB will represent the 
integral brightness (per unit of vertical length) of the 

2 D2 
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residual strips of light to be seen between the wire and the 
lines of blackness on either side of it. 

5. If the wire is displaced laterally, one of these residual 
strips will become brighter and the other fainter, and AH, 
GB being small compared with AB, it is evident that a 
displacement of the wire through a distance which is only a 
small fraction of AB may cause the ratio of integral bright- 
ness (area ADE: area FGB) to deviate considerably from 
unity. It appears indeed that, when the ulumination is homo- 
geneous, the sensitrveness of the arrangement is limited only 
by the intrinsic brightness of the source (cf. § 31). 

6. Some particulars of the actual Me may here be 
given. The focal length of the achromatic objective O 
(fig. 1) was 55 cm. The mirror M was constituted by a 
silvered glass flat, between which and the objective was a 
screen pierced by a rectangular hole with bevelled edges. 
The hoie itself measured 5 ‘3 mm. wide x 4 mm. high ; but 
the screen was so supported that it could be turned about a 
vertical axis into an oblique position, thus reducing the 
width of the effective reflecting surface. In this way a 
suitable relation could be secured between the scale of the 
diffraction pattern in the focal plane WS and the thickness 
of the wire W. Since W and § were some 5 em. apart, the 
distance of the perforated screen from the mirror, as well as 
the obliquity of the screen, must be taken into account in 
calculating the effective width of reflecting surface, which 
was found to be 3°5 mm. The wire used was of copper and 
0°176 mm. in diameter. E was either an ordinary eyepiece 
of 16 mm. equivalent focal length, or preferably a cylin- 
drical lens of crown glass of about 15 mm. equivalent focal 
length. Stray light was excluded: the only light reaching 
the ¢ eye through “EB was that which had originally passed 
through §, and the observations were made in a fairly dark 
cellar, 

. The details of construction at the eye end of the 
ae though of rather a makeshift description, may 
be worth mention, as the performance was, mechanically 
speaking, quite satisfactory, and others may perhaps wi ish 
to put a micrometer together on similar lines. In fig. 3, 
A is a flat cast-iron plate, whose plane is vertical. F is a 
Brown and Sharpe micrometer calliper, which is secured 
between A and a clamping-plate (shown in chain-dot) 
by means of the stud and nut F;. To avoid straining 
the frame of the calliper, a seat for it is formed by three 
little bosses cast upon the plate A, and the clamping-plate 
has three corresponding bosses upon its inner side. The 
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recess Ay provides sufficient room for the fingers when the 
setting of the micrometer has to bealtered. The “anvil Ok 
the calliper has been removed, and through the hole thus 
left the link F; passes clear. The right-hand end of HF; 

Fig. 3. Scale 1: 3:5. 

bears directly against the end of the measuring-spindle, and 
is centred by passing through the cap Fy. The left-hand end 
of F; is hemispherical, and rests in a conical depression in 
the side of the flat plate B,, on which the slit (not shown) is 
mounted. By, is attached to a tube B, which has been 
turned truly cylindrical, and rests in V’s planed in the two 
lugs A,A, of the plate A. A screw By, is screwed into B, 
from behind, and the head of this screw is kept in contact 
with the planed face A, by the weight of B and of the slit 
which it carries. Thus the motion of the system BB, is 
geometrically limited to displacements to right and left. 

8. A coiled wire spring D passes axially through the 
tube B, and has one end attached to the pin Dy, its other 
end being secured to the fixed screw D,. The tension of 
this spring remains fairly uniform throughout the range of 
motion of the micrometer, and is sufficient to ensure that the 
link F shall be always in compression. Thus I’; and the 
slit carried by the plate B, partake of the axial motion of 
the micrometer spindle. The wire W is fixed just in tront 
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of the plate C in the manner indicated ; it passes partly 
around two fixed upstanding pins, and is clamped under the 
heads of two screws. ©, is a draw-tube in which an eye- 
piece (not shown) can be inserted. To adjust the verticality 
of the wire W, the plate C, can be slightly turned in its own 
plane about We screw C, as required, after which C., C3 are 
screwed home. It will be understood that the plate A is 
pierced with holes where required for the transmission of 
light. In the apparatus as actually used, the plate A was 
clamped to a cast-iron bedplate, at the further end of which 
the object-glass O and mirror M (fig. 1) were supported. 

9. The micrometer ealliper I could te read by estimation 
to 0:0001 inch; but for the tests which had to be made, 
much closer readings were required. These were obtained 
by means of a radial arm (not shown in fig. 3) which could 
be clamped at will upon the rotatable barrel of the micro- 
ureter, and the outer end of which rested always against the 
point of an auxiliary micrometer screw, the arm being 
approximately horizontal and the auxiliary screw vertical. 
The range of this extra-fine motion was about eight whole 
turns of the auxiliary screw, the head of which was divided 
into 100 parts. It was found that 530 of these parts 
were ala to 0°001 inch traverse of the main micro- 
meter 

10. Increased sensitiveness may be secured by means of 
any device which will increase the brightness of the diffrac- 
tion pattern as seen under given lateral magnification. This 
is always true for homogeneous light, and in the ease 
ef illumination by white lieht the limit where increase of 
brightness ceases to be helpful has not yet been reached. 
Accordingly great advantage has been found in using as 
eyepiece a plano-convex cylindrical lens of erown glass, 
with generating lines vertical. The (vertical) length of slit 

iHuminated then affects the brightness of the pattern seen, 
but not its apparent height, which is simply the apparent 
height of the mirror as regarded from the same view-point 
without the inter position of an eyepiece. Thereis, of course, 
a limit to the increase of brightness which can be effected 
by merely lengthening the slit ; the limit is attained when 
the pencil of rays rea aching the eye from each point cf the 
mirror extends over the whole height of the pupil; and when 
a short-focus cylindrical eyepiece is used, the eye being 
thus brought fairly close to the primary ‘focal plane, the 
condition is realized ly a slit whose len oth is equal to-the 
diameter of the eT If we take this to be only 38 mm. 
there should be a 25-fold gain of brightness when an or dinary 



the Micro-Azimometer. 391 

eyepiece of 16 mm.. equivalent focus is replaced by a 
cylindrical lens. 

11. Incidentally it may be remarked that the exchange of 
one cylindrical eyepiece for another of different focal length 
changes the brightness at any given point of the diffraction 
pattern inversely as the change of width of the pattern, the 
total brightness remaining unchanged for the whole pattern, 
and likewise unchanged for any defined fractional parts 
thereof, such as the residual strips of light which adjoin the 
wire when the micrometer is suitably adjusted and set. 
Hence, when a cylindrical leng serves as eyepiece, it does 
not appear that any disadvantage on the score of dimness 
should arise from the use of a fairly high lateral magnifi- 
cation. 

12. When the slit is illuminated by white light, it is, of 
course, essential that the object-glass in front of the mirror 
be achromatic, if close readings of azimuth are to be possible; 
but, even so, since each homogeneous component of the 
pattern is on a scale proportional to the wave-length, the 
conditions must be far removed from those represented in 
fig. 2. There are, of course, no lines of absolute blackness 
corresponding to the points A, B, but when the familiar 
pattern is regarded from this point of view, it is to me 
surprising that so passable an appearance of blackness is 
presented on either side of the central bright band. The 
consistency with which the wire can be set centrally upon 
the pattern is certainly far beyond what I expected to be 
attainable with white light. Moreover, the dimness of the 
“residual strips” of light observed was distinctly felt to be 
a difficulty, and so it may well be that appreciably better 
results could he obtained with a source of white light more 
brilliant than an acetylene flame. Mr. 8. D. Chalmers has 
suggested to me that colour may play an important prt 
in aiding the judgment of the eye, for necessarily the 
‘‘residual strips” differ from one another in colour as well 
as in general brightness when the setting is not quite central. 
ft can by no means say that the effect referred to is inopera- 
tive, but only that I am not aware of a difference in colour 
when the setting is only just perceptibly imperfect. 

13. Referring to the light-distribution enrve (fig. 2) one 
would be inclined to think that, in judging of the relative 
brightness of the strips represented by AUD, FGB, the eye 
must be considerably distracted by the greater total illumi- 
nation of the adjoining subordinate bands RA, BS; and 
hence it might be expeeted that a marked advantage would 
be gained by the use of shutters extending from NA towards 
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the left, and from PB towards the right. Such shutters 
wouid, of course, be fixed relatively to the wire HK, LM, 
and would thus partake of any lateral displacement im- 
parted micrometrically to the wire ; the observer’s view of 
the diffraction pattern being accor dingly restricted to two 
narrow slits NA, HK and LM, PB. Icannot say that such 
an arrangement carefully constructed would not be helptul 
but from a trial made with a hastily improvised pair of 
shutters, it did not appear likely that the gain of sensitive- 
ness would outweigh the disady antage of thus obliterating 
the lateral portions of the pattern; for in this case one could 
not be sure at a glance that it was indeed the strips AH, 
GB, which were in view. Possibly a useful compromise 
might be found in the tse of shutters formed of dark, but 
not wholly opaque, glass. 

14. The following tables give an analysis of readings 
taken to test the consistency with which settings could be 
made. Before each setting, the fine- adjustment head was 
turned back + at random, leaving a wide discrepancy between 
the wire and the centre of the diffraction pattern: The 
adjustment in the forward + direction was then continued 
until the setting appeared to be central, and the micrometer 
reading taken. The discrepancies ih the readings must be 
attributed to errors of setting, combined with such as may 
have arisen from imperfections of the mici#omeiric motion. 

TABLE I. 

Kivepiece : a cylindrical lens of 15 mm. equivalent focal length. 
Effective surface of mirror 3°5 mm. wide X 4 mm. high. 
Focal length of object-glass 55 em. 
Source of ‘light: an acety! lene flame. 

Analysis of 10 successive settings. 

| 
Greatest | Quadratic _ Probable 

mean devia- 
deviation | .- f erfor of a 

from mean. | “07 'TOM | i nole setting 
iit mean. lv oe a 

In position of reflected image :— | | 

| (a) In millimetres............2:...) 00053 |  *00033- | 00023 
| 

| | 

(6) In fractional parts of the | 9 | | 
width * of the central 1/354 | 1/584 eco 

| Bright batid <.2.:....... | | 
| / 

In azimuth of mirror (seconds) ...) 0°10 | 0062 | op42 

* Calculated foF 2; 

r The terms “ baek ” and “ forward” aré used conventionally. 
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AW: pom Oe 

Ordinary eyepiece of 16 mm. equivalent focal length. 
Effective surface of mirror 4 mm. X 4 mm. 
Object-glass and illumination as in Table I. 

Analysis of 7 successive settings. 

Quadratic 
| Greatest . Probable 
| Jeraition | MOO COPE cram ofa f sn tion from |. i 

rom mean. areas single setting. 

In position of reflected image :— 

(@)) Tou millimetres: jes9-eeeee nese 00125 00091 ‘00062 

| (0) In fractional parts of the | 
width * of the central 1/122 1/180 1/266 
bright bancliiaycasee J 

| In azimuth of mirror (seconds) ...| 0°25 ORL) 0-114 | 

* Calculated for A 

15. Trials with homogeneous light have not yet been 
made, as no sufficiently brillant source has been available. 
Coloured glasses were tried, but the general loss of brightness 
far outweighed the advantage of approximate monochro- 
matism. 

16. A plane surface, reflecting light of wave-length A, is 
generally considered sensibly true when its greatest devia- 
tion from planeness is within 2/8, corresponding to an 
extreme discrepancy of A/4 in retardation. Once this degree 
of correctness has been attained, resolving-power, or sharpness 
of definition at a given focal lenoth, cannot be substantially 
increased by a further approach to absolute flatness. But 
when we are attempting to discriminate azimuths with a 
fineness some hundreds of times as great as that which 
corresponds to the resolving-power, the demands upon the 
pes quality of the mirror and object-glass are necessarily 
fur heavier. It is the mirror which presents difficulty ; its 
necessary lightness in most suspensions rendering it difticult 
to epsure ACcunene figuring. Some suggestions on this and 
related points are contained in $$22,23 below ; meanwhile, 
it may be mentioned that a home-made mirror of iridio- 
platinum could have its azimuth fixed with an error which in 
no case exceeded 0°5 second, the mirror being 3-9 mm. 
wide x 3:1 mm. high, with a Phicleness of 0°23 mm. Jn this 
Guse the source of light was the flame of a parafin lamp. 
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17. A micrometric device, such as that described, would 
necessarily be inapplicable in certain uses of reflecting 
instruments, even though a large gain of sensitiveness might 
be desirable. For example, the throws of a reflecting 
ballistic galvanometer could not be so read, unless we were 
content to set the micrometer laboriously by trial and error, 
so that, on depressing a key (or what not), the extreme 
excursion of the mirror just brought about bisection of the 
diffraction pattern by the wire. 

18. It would, however, be practicable to deal with changes 
of azimuth which took place slowly enough to be adequately 
recorded by readings taken every few minutes. In such a 
ease the micrometer could from time to time be set in 
advance, and the instant noted when bisection of the 
diffraction pattern was observed. 

12. But micrometric methods find a more obvious apphi- 
cation where the deflexions to be observed are steady, or so 
slowly changing as to allow of a setting being readily made 
at any given time. In many cases the instrument to be read 
(say, a “radio-micrometer, or a galvanometer connected toa 
linear thermopile) would be furnished with a relatively stiff 
suspension, so that the greatest deflexion to be observed 
would come within the range of the micrometric traverse. 
If this were 25 mm., there should be no difficulty in reading 
deflexions correct to 1/25000 part of the maximum deflexion 
observable * ; a single micrometer screw of 0°5 mm. pitch, 
with head divided into 50 parts, should suffice. Incidentally 
there might be the advantage of a reduced instrumental 
period. 

20. Above all, reflecting instruments used as detectors 
appear to be a promising field for the micro-azimometer, as I 
have ventured to call it. In place of a micrometer, an 
uncalibrated fine-motion screw here suffices to reset the zero 
from time to timeif required. In relative resistance measure- 
ments it mtay be said that the limits of attainable accuracy 
are imposed directly and indirectly by the galvanometer. If 
we have the means of making the current in the bridge many 
times less, while the sensitiveness to lack of balance is at the 
same time greatly increased, a marked improvement in 
accuracy may be expected. This is especially the case in 
bolometer and resistance-thermometer work, where the 
temperatures of certain resistance-wires are the quantities 
which directly concern us. 

* Always assuming an accurately made (or calibrated) miicremeter, 
and a sensibly flat mirror of rectangular outline. 
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21. It is generally recognized as desirable that the mirror 
of a reflecting instrument ‘should be as light as possible, and 
should have a small moment of inertia; but [ venture to 
think that, in many cases where the most favourable relation 
between sensitivity and period is desired, it will be found 
advisable to tolerate the somewhat iienesced thickness of 
mirror which may be essential to accurate planeness. The 
vertical dimension of the reflecting surface referred to in 
Table I. could probably have been reduced from 4 to 2 
or 3mm. without impairing the closeness of the settings ; 
but even where the very lightest suspensions have to be used, 
these micrometric methods can be made available by a shght 
modification. 

22. This consists in the introduction of a short-focus 
objective cylindrical lens, with generating lines horizontal, 
between the object-glass O (fig. 1) and the mirror M; the 
latter being at the principal “Spain of the cylindrical lens. 
Thus the light emerging from a slit rmm. high would be 
condensed into a horizontal band in the plane of the mirr or, 
the (vertical) breadth of this band being rg/f, where g is the 
focal length of the objective cylindrical lens. Accordingly 
the vertical dimension of the mirror might easily be reduced 
to (say) 0°5 mm., and yet an eye placed not far behind the 
wire W (fig. 1) would see the whole height of the objective 
cylindrical lens filled with light; the horizontal extent of 
the light-patch being, of course, limited to the breadth of the 
mirror. For the height of the objective cylindrical lens, 
4 or 5mm. should in all ordinary cases be ample; for con- 
venience its breadth should be rather greater than that of 
the mirror. The appearance is then the same as if the 
height of the mirror were some 4 or 5 mm., and this also 
remains true when the field is viewed through a cylindrical 
or other eyepiece. 

23. As regards the aberrations thus introduced, those 
whicli concern the vertical components of rays are of no 
consequence, so long as full illumination is secured over a 
sufficient vertical height of the diffraction pattern. Hven the 
mirror need not be truly plane, provided all horizontal 
sections of its reflecting surface are parallel straight lives. 
To avoid aberrations which might be detrimental, ‘the wire 
W and slit S (fig. 1) should be in the same ver tical line, and 
the objective cylindrical lens should be set with its generating 
lines horizontal and at right angles to the beam transmitted 
by the object-glass O. Tt is quite easy to arrange that the 
Jast-named condition shall still be automatically satisfied 
when achange in the azimuth of the mirror makes it mecessary 
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to adjust the position of the carriage on which both W and $8 
are mounted. 

24. Finally, it may be pointed out that, although the slit 
is illuminated as intensely as possible, its length need not 
be more than 3 or 4 mm., while its width has to be made 
exceedingly small; so that the heating and other disturb- 
ances due to radiation falling on the mirror are reduced to 
a minimum. ‘This may become a matter of some importance 
when sensitivities are being pushed to extremes. In regard 
to the mirror, it may be well once again to emphasise the 
importance of a good optical surface of uniform reflecting 
power, and to repeat that the boundary of that surface must 
be a rectangle whose sides are respectively vertical and 
horizontal. Notwithstanding the name suggested for the 
apparatus described, its applicability is clearly not limited to 
the detection and measurement of azimuthal deflexions. 

APPENDIX. 

Approximate Theory of the Instrument. 

25. In the case where the slit is illuminated by homo- 
geneous light, it is not difficult to develop an approximate 
theory of the instrument; from this some qualitative con- 
clusions may be drawn as to the performance to be expected 
when white light is substituted. The slit, on which the image 
of a luminous body is focussed, may be regarded as made up of 
innumerable independent point-sources. Corresponding to 
any one such point-source, a diffraction pattern is formed 
about the position of the ‘* geometrical” image, the bright- 
ness B of which at any point, in terms of the central 
brightness Bo, is given by 

B=B NAP ne TRA NG eee) 
Te ees 2 Soy See aig Oe 2 ieee eres da Af 

ae 

Here w and y are respectively horizontal and vertical co- 
ordinates in the focal plane, the origin being the point 
representing the geometrical image ; ) is the wave-length of 
the light employed, and / the focal length of the lens, while 
ais the breadth and h the height of the effective reflecting 
surface. The pattern thus represented is traversed by lines 
of absolute blackness, parallel to the axes of coordinates. 

26. Lf, instead of a single point source of light, we have 
an infinitely narrow uniformly illuminated slit, whose length 
(/) is vertical aud is considerable in comparison with A//a, 
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the illumination throughout a height / of the diffraction 
pattern becomes sensibly independent of y, and in place of 
(1) we have for the brightness 

2) 
B = By sin? 6/7? 

where 0= waa/rf L heal ae gai 

27. Since in practice the width of the slit must be finite, 

let X be a coordinate measured horizontally in the plane of 

the slit, and let 
b = TAaX/Af ; SH ies eee brett Pel ne (3) 

the width of the slit extending from ¢=—£§ to f=8. 

Corresponding to any elementary width d@ of the slit, the 

brightness at any position @ in the focal plane is 

pyar 2) fate 0 C (0—o) p 3 (4) 

where © is a constant which contains as a factor the bright- 
ness of illumination of the slit*. At any point whose 
coordinate is 0, the resultant brightness is found by inte- 

grating (4) from d6=—8 to d=; and as we shall only be 
concerned with values of @ fairly close to +7, while for a 
slit suitably narrowed for observation @ is small, no very 
great error will be introduced by taking the denominator 
(0—¢)’ as constant throughout the integration and equal to 
a. Putting, for example, 

@=—a7+y¥ where y is small, 

the integral has the approximate value 

C 2 2 Q3 © 8 +3) 
which, to our degree of approximation, is a minimum when 
y=0; 2. e., when 0= — 

* Here, and in what follows, it is supposed that light is focussed on 
the slit under a sufficiently wide angle to ensure the full theoretical 
brightness, notwithstanding the spreading of the transmitted pencil by 
diffraction. In practice it would not be convenient to narrow the slit 
beyond a certain limit; when a very bright source was available, advan- 
tage would rather be gained by increasing the focal length f; a eylin~ 
drical lens being used as eyepiece. It must, however, be remarked that, 
in these circumstances, the apparent vertical height of the pattern is 
inversely proportional to f (ef § 22). 
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28. In like manner, if Tis the total brightness per unit 
of vertical length in a strip whose breadth extends from 
0=—7 to 06=—r+a, that is, from y=0 to y=a, we find 
approximately 

2 C | T= 2! (B+ 8%2).. . re 
o 7 i 

If a changes in value from « to «+6z, the corresponding 
change in T is 

oC e BT = 5 (360+ Ada. . . . . (6) 

Suppose, then, that two narrow strips of illumination, such 
as here concern us, can be unmistakably seen to differ in 
strength when their total brightnesses are in the ratio 

1+n+t:14n, or in other words, when the wire HK, LM 
(fig. 2) is so far laterally displaced that dT/T=1/n at one 
side of it, with a corresponding contrary change at the other 
side. ‘Then for critical discrimination we have’ 

1 (382+ 6? )ba 

Dn eee a, 

or __ a Was /SH ice 
is — —-—— —_—  ---— 

«B+ Bile 

29. Since the central bright band of the diffraction pattern 
extends from 6=—7 to @=7, the maximum error in setting 
the wire centrally upon the pattern, expressed as a fraction 
of the width of the band, is 

Bea 14 Rl! a) 20 Qnw 34+ BPla? a 

30. To make this expression a minimum, «2 and 6 must be 
adjusted by trial until the consistency of setting appears to 
be as great as possible; there is, however, a theoretical 
optimum relation between a@ and 8 which, on a certain 
assumption, is readily deduced. The assumption is that the 
visibility of a faint elongated object of very small apparent 
breadth depends on the product breadth x average bright- 
ness, that is, in our ease, on the total luminosity per unit of 
vertical length, represented by T of equation (5). We 
suppose, in fact, that, for any one observer working under 
given conditions, the number defined in § 28 is a function 
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of T only ; and it appears that, whatever value be assigned 
to I, the most favourable relation between a and £ is given 

by 
Biat =p A/S. 

When this relation is duly satisfied (7) reduces to 

Qn) nw) 447307 2ne 
2065) ee a a) 

31. As an example, suppose that «/2a7=1/40 (the diameter 
of the wire being thus 19/20 of the width of the central 
bright band), and that n= 20, which implies that a 10 per cent. 
difference of brightness between ‘the right-hand and _left- 
hand “residual strips” could not escape detection. In this 
case 6/27 =1/1230 ; or, in words, the greatest error which 
the eye could tolerate in the setting of the wire would 
amount to only 1/1250 of the width of the central band. 
‘The conjectures on which this estimate is based appear 
hardly extravagant, if we suppose the most brilliant obtain- 
able source of homogeneous light to be used ; and there 
seems to be at least a reasonable prospect that the results 
given in Table I. could thus be surpassed (indeed these 
probably do not represent the limit of sensitiveness attainable 
with intense white light). On the simple diffraction theory 
which has served for the calculations in this paper, the 
ultimate sensitiveness realizable with a given mirror, and 
with a light-source of given wave-length, should increase 
indefinitely with the intrinsic brightness, to the fourth root of 
which it should be proportional. 

32. Given the intrinsic brightness of the source of illumi- 
nation and the dimensions of the (rectangular) reflecting 
surface, it is easily shown that, within limits, the greatest 
attainable angular sensitiveness 1s independent of the focal 
length of the object-glass employed. For if, following a 
change in /, we make a proportional change in the width cf 
the slit and the diameter of the wire, and an inversely pro- 
portional change in the equivalent focal length of the 
cylindrical eyepiece, the diffraction pattern, partially eclipsed 
by the wire, will be seen on the same lateral scale as betore, 
and with the same brightness at every point. The only 
change observable in the field will be a reduction of the 
apparent height of the pattern as the focal length / is 
increased. It is only when the apparent height has been 
thus reduced below a certain limit that the sensitiveness will 
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become impaired. In that case it can, if desired, be restored 
by the use of an objective cylindrical lens (§ 22). 

The method of detecting and measuring small angular 
displacements, which forms the subject of this paper, was 
developed in connexion with a “search for a new property 
of matter in motion,” for whicha grant was obtained through 
the Royal Society. I have also to thank the Harl of 
Berkeley for most kindly placing the resources of his 
laboratory workshop at my disposal. 

Boars Hill, Oxford. 
Noy, 1911. 

XXXVI. Jonization by Cie 
By Norman CampBeEtt, Sc.D.* 

in HE theory of ionization by collision of ions and the 
application of it to explain the electrical discharge 

through gases at low pressures is due mainly to Townsendf. 
In the Pouce of some recent work, described in the following 
paper, doubts have been thrown upon the accuracy of the 
mathematical argument by which his formulee are derived 
from his phys sical assumptions. Those assumptions are not 
doubted, but since some of them are of sufficient interest to 
merit special consideration, Townsend’s entire argument will 
be sketched briefly. 

2. Townsend makes the following hypotheses :— 
(1) An ion, positive or negative, formed by any means in 

a gas, will produce a fresh pair of ions when it collides with 
a neutral molecule, if ae to that collision it has 
fallen freely under ihe action of the electric field through a 
potential not less than some finite value V’. V’ is much 
greater for positive than for negative ions. In what follows 
negative ions only will be under consideration, for it will be 
assumed that the electric fields are so small that there is no 
appreciable ionization by collision of the positive ions. 

(2) An ion, after collision with a neutral molecule, whether 
or not that collision results in the production of fresh ions, 
retains no portion of its previous velocity, but starts again 
from rest ; it retains, however, its charge. (The velocity of 
thermal agitation is so small) compared with that acquired 
under the action of the field in all the cases considered that 
it may be neglected.) 

‘ Communicated by the Author. 
+ Townsend’s work in this direction is summarized in his volume 

“The Theory of the Ionization of Gases by Collision’ (Constable, 
London, 1910. References will be made throughout to this hook), 
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(3) An ion, however formed, immediately after its forma- 
tion has a ve elocity so small th: at it may be neglected. 

(4) A collision, whether or not it results in ionization, 
does not change the ustune lor thie ion im such’a way that it 
is incapable of ionization at subsequent collisions after a free 
fall through the potential difference V’. 

3. Assumption (1) is the basis of the theory. (2) 
almost certainly not accurately true; an ion after collision 
retains some portion of its previous velocity ; but the as- 
sumption is made for simplicity of calculation. The error 
probably does not lead to an error in the form of the formule 
deduced, but only to values of N or V’ which are somewhat 
too small. (3) 1s consider ed at length in the following paper * 

n “ Jonization by @ rays.” 
(4) is deserving of further consideration. When the 

theory of gaseous tontuabion was first advanced by Thomson 
and Rutherford, it was believed that the negative ion con- 
sisted of a group of several molecules collected round an 
electron. Jonization was thought to consist in the lhberation 
of an electron from a neutral molecule, the collection of 
other neutral molecules round it being effected at subsequent 
collisions. If this view, already considerably discredited, 
were correct, a negative ion immediately after its formation 
would be a system ditferent from a negative ion which had 
already made several collisions. ‘After these collisions it 
would vesemble the positive ion more than the original 
electron. Ace ordingly, if the yreat difference in V’ for the 
negative and positive ions is to “be attributed to a difference 
in their structur e, it would be expected that this difference 
should disappear after a few collisions, and that no ionization 
by collision of negative ions which had made such previous 
collisions would occur. 

This view is not adopted by Townsend ; he assumes that 
the properties of the negative ion remain ‘unchanged how- 
ever many collisions it makes, If his assumption is true, the 
conc'usion would seem to follow that the negative ion must 
remain an electron throughout its history, and not collect 
round it neutral melecules. The theory will be developed 
first on this assumption ; later it will be considered how the 
theory is modified if the negative ion changes its properties 
after a few collisions. 

4. The gas is supposed to be contained between parallel 
electrodes, ie which the distance apart, parallel to the axis 
of vw, isl. The difference of potenti: al between the electrodes 

is V, and the uniform electrie intensity between them 

* To be ee in the April number. 

Phil. Mag. 8. 6. Vol. 23. No. 135. March 1912, 2 3B 
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=V/l. Let N=N, p be the number of collisions made by 
an ion in travelling 1 cm. in the direction of 2; p is the 
pressure of the gas. Then, if gq is the number of ions 
starting from the | origin and gq the number arriving without 
previous collision at 2, we have, since Ndz is the number of 
collisions made in a lay er da, 

dq _ 
Ae qN, 6 6). cae reiitemialime (1) 

or g=ge 7... er 

Let b be the smallest distance through which the ions must 
fall freely in order to be able to ionize at the next collision, 
so that 

NN 
b= Voxel o eee (3) 

Then e—? is the chance that an ion starting from a given 
layer will travel a distance 6 parallel to x w ithout making a 

collision, and N e—*?dw is the chance that, after travelling 
freely for that distance, it will make a collision in a layer of 
thickness dz. Following Townsend, we shall write 

asa, p=N e—®’. 0 2 (4) 

5. Townsend now proceeds to argue as follows :—Let n, 
be the number of negative ions liberated per second at the 
surface of the positive electrode, n) pda the number liberated 
per second by the external ionizing agent (rays of various 
descriptions) in any layer of the gas of thickness dv ata 
pressure p. Let 7 (wx) be the number of ions entering from 
the positive side a layer of thickness da at a distance x from 
the positive electrode per second. Then /’(7)dwx is the 
number of ions liberated per second in that layer. These 
ions are due to two agencies: first, the external lonizing 
agent, giving a number nj pda; second, the collisions of 
ions liberated in previous layers which have travelled a dis- 
tance not less than 6 before arriving at the layer. The 
number of these collisions Townsend makes equal to the 
number of ions passing through the layer per second multiplied 
by the chance that an ion travels a distance not less than 6 
and then makes a collision. He thus obtains 

i (2)=N pt ef (2). Le 

Or, since f(z) =m, when x=0, 

f(a) =(mt 2) or 2, Re (()) 
0 i) 
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The number arriving at the negative electrode is f(/) ; so 
that, if 2 is the current received by that electrode and ¢ the 
charge on an ion, 

iJe= (m4 mo SOUT cea Mare Mou gay 
Ea) 

6. It is immediately clear that this formula cannot be 
completely accurate ; for, if V is less than V’, there can be 
no ionization by collision ‘according to the theory, and con- 
sequently f(/) for ali values of V less than V" should be 
constant and equal to n,+ ng pl; this condition is not fulfilled 
by (7). A little consideration discloses the source of the 
error. Townsend assumes that the proportion of the ions 
passing through any given layer which have travelled freely 
a distance sufficient to enable them to ionize at their next 
collision is constant and independent of the pesition of the 
layer. This assumption cannot be true, for, if the layer is 
distant less than 6 from the positive electrode, none of the 
ions in that layer can possibly have travelled a distance 6 ; 
the frac ion is here zero, while elsewhere it is finite. 

In order to eatimaaiee rightly the number of ions passing 
per second throuzh the layer « which, having travelled freely 
a distance not less than b, will make collisions and produce 
fresh ions in that layer, we must consider, not the total 
number of ions passing through the layer x, but the total 
number passing through the layer (a#—6). As will be seen 
from § 4, ¢dz is not the chance that an ion in the layer « 
has travelled a distance b freely and makes a collision in 
that layer, but the chance that an ion in the layer x will 
travel a distance 6 freely and make a collision in the layer 
(v+6); these two chances are not identical. The ions 
passing through any given layer are not a random collection 
in respect of the distance that they have travelled previously 
to arriving at that laver; for some of them are known to 
have been. produced in the layer; but the ions in any given 
layer are a random collection in respect of the distance that 
they will travel after leaving the layer, for this distance 
is independent of the distance that they have travelled 
previously. 

7. Accor dingly, the number of ions passing per second 
through the layer « whieh produce fresh ions by collisions 
in it is the number passing through the layer (2—) per 
second multiplied by the chance that an ion in that layer 
travels a distance b and then makes a collision. In place of 
(0) we get 

TP Oe aeee FeO) on we 
1. 2 S) jk: «) 

~ + a 
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8. This equation is an accurate expression of the theory, 
but, in order to solve it, it is necessary to depart from the 
theory. For if mn, is finite, neither f(x) or f (#) is eon- 
tinuous ; both functions obviously have a discontinuity at 
“2=(Q, and the form of (8) shows that they will also have a 
discontinuity at w=mb, where m is any integer. If 70: 
but n’ is finite, f’ (2), but not { (2), will be discontinuous at 
=), jout both leone will again be discontinuous at all 
values of m other than 0. Now it is possible to caleulate 
accurately according to the theory what should be the current 
between electrodes a distance / apart in a gas at pressure p, 
when X has a given value, but the calculations are extremely 
complex, and the resulting formula for the relation between 
2, 1, p, X 1s not of a form to which Townsend’s medeuneimeme 
can be applied. We will therefore assume that f(2) and 
f' (a) are continuous, and examine the results we obtain. 

If f() is continuous it must have, in order to satisfy (8), 
the form 

i) hee mee 

where Bao eT Pe... «on ae 

To determine A use must be made of a known valne of f (2) 
for some value of « Now between v=0 and z=6, F(2) 
must have the form 

j(2)=n+nmpe. 2. 2 2 

It is clear that no value of A will give this form to f(x) for 
all values of w within the range, and a choice must be made. 
If we choose z=0 we get 

A No 
ny a= ao ) ° e e . ° e (12) 

if we choose «=b we get 
m 

A={mtn(ph+—) bene - es 
0 

Now, since we are concerned experimentally with the value 
of f(x) for z=/, where / is greater than 0, we are likely to 
get the more accurate results if we fit the curve to the 
larger value of . Accordingly, taking (12’) we get 

: i nN —f(l)= Bl Jie * —Bb “0 Hey ie {m +no(y b tale ere (18) 

It is advisable to transform (13) slightly in order to apply it 
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to Townsend’s measurements, where the values of X/p and 
not of X are given. Writing X/p=z, B=f)p we have 

Ore eel a yl ha, io 5! ae thek CLAS) 

anes 
BRE) Cube EGE 

aN ve te sae ipiar t umtcines CLO) 

af, z vy! 

ife= Por S ny tmg( at -)} pars mcs @ls) 
z ay ao 

It was noted that Townsend’s formule were unsatisfactory 
because they did not lead to the right value of /() when 
V=V'. The formula (13’) obviously leads to the right 
value, for it has been fitted to e=b, and when V=V l=. 
It also leads to the right value, f(l)=7, for all values of V 
when p=0. 

9. The only experiments by Townsend which are sufficiently 
detailed and accurate to enable a comparison to be made 
between equations (5) and (13') are those on ionization by 
ultra-violet light. In these conditions ny=0, and both 
equations reduce to the simple exponential form 

(= 18) a rae me alum LT) 

where, according to (5), P=n,, Q=a, and according to (13') 
IP = fa, Gob e Me a/6.: 

n, is the value of z/e when either p=0 or V is less than 
V’; but, since Townsend does not give the values of this 
quantity in his experiments, it 1s impossible to use it to test 
the two formulee by a comparison of the observed and cal- 
culated values of P. The test must be made by means of (). 
Townsend deduces from his equations the value of Q/p fora 
number of values of z, and then uses (4) to calculate values 
for N, and V’; the concordance between the observed values 
of Q/p and the values of a deduced from No and V’ is taken 
as a test of the accuracy of the theory. The same procedure 
can be adopted if Q=8; for we have the following equation 

.to determine Ny, and V’ from the relation between Q/p 
and z:— 

Wie 

log (Soh Sj 0S Nj — No. 2 2s C18) 

This ealeulation has been earried out and the results are 

given in Tables 1—VIII. Townsend found that the ecaleu- 

lated and observed values did not agree for small values 
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ef z, and used only the larger values to determine Ny and V. 
The discrepancy is not nearly so marked if Q is taken as 
equal to 8 and not to a, but the same procedure has been 
adopted ; only values of Q/p to the left of the asterisk have 
been used in computing the values of No and V’. 

At the head of each table are given the values of N, and 
V' deduced respectively on the assumption that Q=e and 
that Q-=8. The first row of the table gives the value of ¢ ; 
the second.those of Q/p, the exponential coefficient given by 
the observations ; the third and fourth rows give the dif- 
ferences between this observed value and the values of a 
and (3) respectively calculated from the appropriate values 
of N, and V’. 

It may be noted that the comparison effected in the last 
two rows is rather more favourable to equation (5) than to 
(13’), for the greater complexity of the latter has made it 
necessary to adjust to a minimum the sum of the squares of 
the residuals ot (18), and not £(Q/p—,)?, whereas Town- 
send’s figures are adjusted so that %(Q/p—a)? is a 
minimum. 

dMeyeioidle 

Air. 

(O22) Nea Wea 25-0), 

(O=8) No=17-93, W=19-00: 
*& 

a eS eee 1000 800 700 600 500 400 300 200 100 

A ee 105 9:3 ST GU. 70 | “beeen 26 0-72 

Q/p—acale.... +04 00 +01 O00 00 003 +01 | 40296 +034 

Q—Peale....... +004 —008 +601 —001 —0-07 +002 +003 | +004 +4018 

Tasie II. 

Nitroyen. 

(Qo) iN = 12a ve a: 

(Qi '6) No = 16°70," Ver: 

Ph Ce ereuacnnt 600 590 400 300 200 100 ‘ 

Op Ser aees: vie 6-2 5-2 3:95 23 “42 | 

Q/p—a cale. ... 0-0 —025 ~O1 0-0 +006 +001 

O/p—Pieale. <9 016 0:08 0:0. +007. 40:06 7 eam 
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TasBne LIT. 

Hydrogen. 

(Q=amINj—o.0% Vo =26-0, 
(Q==/5) Noe OBO Nii OAs 

Ea SOREL 400 300 200 100 50 : 5) 

ee 3°7 3:3 2-62 1:36 36 | 08 

Q/p—a cale.... +006 +0:06 0-00 +001 — Ol | +014 

Q/p—B calc... —0'16 —O004 +0°05 +0:08 — ‘04 | -+ 003 

TABLE IV. 

Carbon Dioxide. 

(Q=c)" No=20: Mi == 2 370% 
(Qe Np == 22275, Vi = 17,0. 

2 ane ae 1200 ~=—1000 800 700 600 = 900 400 300 200 100 

_—— 13,7, 9) GUO NBO OI 18 Gal | 4'8y 2s sOis2 

e—acale.... --0) 01 02) 01 —O1 —O1 +02) +056 +08 +0°62 

Q/p—B calc... —O16 —014 +009 +001 +008—0-2 +401| +001 +017 +020 

TABLE V. 

Hydrochloric Acid. 

Q=2)) No= 222 Wii IG-5: 

(Qe) RNF 20503, 00Vi 124. 

2c i 1500 1000 800 700 600 500 400 | 300 9200 100 
70 Gone aa 175 LoS OTS Ome V9 10:5, 89 6:8 4°] 1-21 

Ap—acale:.. 00 00 00 202 or =015 —00 | 403 406 4O6d 

Q/p—f calce.... —012 +0:05 +015 +0:04 +004 —v:05 —0-02 | —0-:07 —0-0 

TABI VGl. 

Water Vapour. 

(Q=a) ING == h2 30% Ni == aoe 

(QQ) NG WE TV = 15-80. 

Enos sist ciated 1000 900 800 700 =6©€00 6500) =400 300 200 100 

> 97 94 909 85 705 72 635 | 52 86 ESI 
Q/p—a cale. ... 00 +005 +01 +004 —0-01 00 40:10 +03 +06 +0°60 

Q/p—B cale.... +001 +0:06 +005 +003 —004 0:60 +004 . +008 +0:09 +0°06 
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Tasue VII. 

Argon. 

(Qa) No = 1376," VW =173: 

| (3) (Ng= 15°54, VW 1262 

AA ONO Aas 600 du 400 300 200 | | 100 30 

Grip te Mead 9-2 85 75 62) 44dn ee 0:58 
Qip—acale.... 00 00 00 00 +02 | +07 0-46 
/p—@cale.... --003 —009 0:00 —002 0-00] +024 +4023 

TaBLe VIII. 

Flelium. 

(Q=a) Nj=2-4. Vea dae: 

(QO 8) No=3 45, WV — ir 2: 

a ea 60 50 40 30 20) 10 
SGA aS a a5 1-20" 4 aoe 077 0-40] 02 
Ojpoacale,.. +001 000 “O01 +002 ——O0g mew 
Q/p-B ald... —003 —002 000 +4003 +4001) 200s 

10. It will be observed that, except in the cases of 
nitrogen and hydrogen, for which Townsend’s figures agree 
peculiarly well with his theory, the assumption that Q=£8 
gives a better agreement between the observed and calculated 
numbers than the assumption that Q=a; the diff: rence is 
especially well marked for smaller values of z. Hven in the 
case of the former assumption there is some systematic 
divergence in this region ; a brief examination of the results 
which would be obtained, if it were not assumed that f(a) is 
continuous, but the calculations carried through by examining 
in detail the history of the ions produced in each layer of the 
eas, shows that a divergence of the nature found might be 
caused by the error in this assumption. On the other hand, 
it is noticeable that the divergence is greater for gases which 
contain atoms of different kinds, a case which the theory has 
not attempted to consider. On the whole, it will be con- 
eluded universally that the tables afford no reason whatever 
for believing that the main physical assumptions on which 
the theory is based are not completely accurate. The correction 
of the slip in the mathematical work increases the confidence 
in the foundations of the theory. 

The newly calculated values of V’ are consistently lower, 
and the newly calculated value of N, consistently higher, than 
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those given by Townsend. On p. 30 of his book Townsend 
points out that the value of Ng leads to an estimate of the 
radius of a molecule of the gas concerned and finds that the 
radii calculated by this method are somewhat smaller than 
those deduced by the ordinary methods of the dynamical 
theory of gases, baxed on observations of viscosity, &c. The 
increase in the value of No due to the revised calculations 
leads to a nearer approximation between the values of the 
radius calculated by the two methods, but the correction is 
not sufficiently large to abolish the difference. It has been 
pointed out in § 3 that the error introduced by assumption (2) 
tends to make the values of Ny, and therefore of the radius 
of the molecule, too small. 

11. It will now be of interest to consider the other of the 
two alternative hypotheses mentioned in § 3, concerning 
the nature of the negative ion, and to discover in what way 
the theory will be altered by adopting it. 

It is now supposed that the electron, which represents the 
negative ion immediately after its formation, can collect 
round it neutral molecules at subsequent collisions, and thus 
Jose its power of ionizing by collision, except when the 
electric field is very much greater than that considered in 
the experiments under discusssion. The simplest hypothesis 
which can be made in this direction, and that which seems 
on general grounds most likely to be true, is that, when an 
electron collides with a neutral molecule after travelling 
freely under the field a distance less than 6 and fails to 
ionize it, it adheres to that neutral molecule and forms what 
we shall call a “ complex ion.” Accordingly, on this hypo- 
thesis, an electron after it has once made a collision at which 
it fails to ionize the molecule with which it collides can 
never again ionize on collision in the conditions considered 
here. However it retains its charge and contributes to 
the current ¢ in the same way as if it had remained a free 
electron. 

12. Let f(x) be still the number of free electrons entering 
from the positive side a layer of gas distant a from the 
positive electrode in one second; let g(w) be the corre- 
sponding number of complex ions for the same layer. We 
shall now have 

HEM) steMOlalnss et) ae |o li, (L9) 

g' (#) is the number of complex ions formed per second in 
the layer 2 On our theory it must also be the number of 
the free electrons which in that layer collide for the first 
time with a neutral molecule, having previously travelled 
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freely a distance less than }. Accordingly all these free 
electrons have been produced between wand a—b. If the 
number of free electrons produced per second in any layer is 
gz, since the probabitity that an electron produced at a—y 

collides for the first time at 2 is N e~*Y, where 

2 
oO gu, Niew dy: Mee 

/0 

gz is not, as before, equal to f (x), for the value of f(x) 
us we cross any layer is changed not only by the number of 
electrons produced there, but Ale by the number of electrons 
which disappear there, forming complex i ions. Ln tacts 

P@=e-/@.. .. es 
To determine g, the considerations which lead to (8) are 
still valid, and we have 

Ge=mptafiw—b)... 2 . es 

The functions concerned here are, of course, discontinuous 
in just the same way as those considered previously. In 
order to proceed further in this direction it is again necessary 
to assume that they are continuous, and ths conditions 
necessary to determine the integration constants will again 
be taken as those at e=b. If we again take 

f@=Ac#+3B, 2 . ee 

we get 

p=ae 1 Tas (1—e-N+B.2) (24) 

We shall have four integration constants, A, B, and two 
derived from integrating (20) to find g(a). To determine 
these we have the four independent conditions at r=6, 

°% 
fame | nope dy, . Ae 

0 

g (b)=m +n pb—f (b),. . . . ) Sees 

b 

g'(b)=n,Ne —Nh 4 No PN e Ny ig ame (21) 
en 

Go =N ptany. 
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The resulting equations are so complicated that no attempt 
has been Ade to apply them to experiments. But it mav 
be noted that, in place of the simple exponential ‘orm (17) 
when 7)=0, we obtain 

cea n NAV E30) /oa) Gas at pel eG 

Accordingly, if this theory were correct, the curves obtained 
by Townsend should not have been accurately exponential. 
Sufficient measnrements are not given to test this point, but 
the fact that consistent values of the exponential coefficient 
were obtained from different pairs of points, on the assump- 
tion that the curve was exponential, is some evidence against 
the second theory. But the distinction between the two 
theories can be best made by examining the calculated and 
observed relations between », and n’ and those constants in 
the equations which involve them. ‘Townsend gives no 
values for n,, and hence this test cannot be applied. The 
experiments described in the next paper appear to provide a 
conclusive proof in favour of the first theory and against the 
second. 

Summary. 

1-3. The physical assumptions made in Townsend’s theory 
of ionization by collision are analysed and discussed. It is 
pointed out that one of thein is to the effect that the negative 
ion does not undergo any permanent change in its properties 
as a consequence of repeated collisions with neutral mole- 
cules. This assumption is contradictory to the older view of 
ionization by collision, according to which the negative ion, 
when first formed, is an electron, but subsequently becomes a 
‘complex ion’ > by gathering round it neutral molecules. 

4, 5. Townsend’s mathematical argument, by which he 
applies these assumptions to certain cases of the discharge 
through gases, is sketched briefly. 

6-8. It is pointed out that nee argument contains an error. 
No attempt is made to arrive at completely. accurate formule, 
but a nearer approximation is made. 

8, 9. The new formule are applied to Townsend’s measure- 
ments, and shown to agree with them better than those which 
he used. 

10-12. Similar formule are briefly sketched based on the 
oider view that a negative ion after collisions with neutral 
molecules becomes a complex ion. ‘Townsend’s experiments 
are not so well suited for distinguishing between the two 



A412 Messrs. K. Scheel and W. Heuse on the 

theories as those described in the following paper *. Further 
discussion of this point is, therefore, postponed until the 
account of that work is complete. 

Leeds University, 
Nova 1S Ou: 

Note added Feb. 10. 

Mr. Bishop has recently (Phys. Zeits. xl. p. 1148, 1911) 
published an account of a very complete experimental test of 
the accuracy of Townsend’s theory. His formula differs 
slightly from that of Townsend in the nature of the relation 
between « and the quantities N and V’, but it appears to me 
open to the same criticism as has been made in this paper, 
in that it does not reduce to the right form when / is less 
than b. The absence of a divergence between observed and 
calculated values is probably due to the fact that throughout 
his experiments J was much greater than 6. 

XXXVIT. Concerning the Thermal Lxpansion of Mercury, 
Remarks on a Paper by Callendar and Moss. By Karu 
SCHEEL and WILHELM HEuss f. 

il hal a year ago Callendar and Moss ¢ published the 
results of a comprehensive investigation of the thermal 

expansion of mercury, in which they used the method of 
balanced hydrostatic tubes. The authors themselves state 
that there is a considerable difference between their results 
and those obtained by Chappuis § in the Bureau international 
des Poids et Mesures. ‘They raise the objection against the 
measurements of Chappuis, who used the dilatometer method, 
that it is not allowable to calculate the cubical expansion 
of a body by multiplying its linear expansion measured 
in only one direction by 3, since the hereby assumed 
isotropy of the body is not certain. 

One might consider perhaps that this objection is correct, 
if, as Callendar and Moss have done, only the results of 
Chappuis for the expansion of mercury are discussed. In 
reality, however, a proper opinion concerning the reliability 

* To be published in the Apr:l number. 
+ Communicated by the Authors from the Physikalisch-Technischen 

Reichsanstalt. 
t Hugh L. Callendar and Herbert Moss, Phil. Trans. (A) 211. pp. 1-382 
SHED 

oe B Chappuis, Trav. et Mém. du Bureau international des Poids et 
Mesures, xii. C, 31 pp., 1903 (1907). 
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of his results can only be obtained when they have first 
been considered in connexion with his investigation of the 
expansion. of water. And further, Callendar and Moss have 
neglected to bring into the discussion the comprehensive and 
pertinent results from the Reichsanstalt. 

2. Chappuis by means of the weight thermometer method, 
and using a verre dur tube 1 metre Jong and 4 cm. in 
diameter, “determined the expansion of mercury between 0° 
and 40°, and likewise in the neighbourhood of 100°, and the 
linear expansion of the tube by {he comparator (Direct 
Method). 

Further, he calculated through the use of the value found 
for 100° the course of the expansion between 0° and 100° by 
comparing the verre dur thermometer with a hydrogen 
thermometer (Indirect Method). The two methods give 
values which agree well, as will be seen below in the 
accompanying Table I. 

3. The measurements of Chappuis are supported also by 
the fact that he determined by use of the same verre dur 
dilatometer the thermal expansion for water * between 0° and 
AO° and at 100°, and still further in that he also obtained 
the expansion of water between 0° and 40° by the use of a 
platinum-iridium dilatometer, whose linear expansion was 
obtained in the same way as that for the hard glass dilato- 
meter. 

The two investigations furnish excellent agreement, and 
seem already to weaken the objection of Callendar and 
Moss ; for it is, indeed, hardly plausible that the two vessels 
of entirely different materials as used by Chappuis should 
be to the same degree xolotropic. Further, the Chappuis 
values also agree excellently with the results which Thiesen, 
Scheel, and Diesselhorst + and later Thiesen ¢ alone obtained 
between 0° and 40° and likewise at 100° for water by use of 
the balanced hydrostatic tubes. Besides this the Chappuis 
values are also in agreement with the results obtained in 
1887 in the Bureau international by Thiesen § from the 
weight of a quartz-kilogram in water. All of these values 
relative to water are placed together in Table I. as variations 
from a mean value. 

* PP. Chappuis, Trav. et Mém. du Bureau international des Poids et 
ee xii. D, 40 pp., 1904 (1907). 

M. Thiesen, K. Scheel und II. Diesselhorst, Wiss. Adbh. d. Phys.- 
ee Rewhsanstale. ill. pp. 1-70 ae 

t M. Thiesen, Ul, iv. pp. 1-82 (1904). 
§ Benoit, Trav. et Mém. du Bureau international des Poids et Mesures, 

Vil. p. 112 (1 890). 
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eon ia ae 

Specific volume of water with respect to that at 4°. 

VARIATIONS FROM THE Mean Vatus X 108, | | 
| 
j } — 

! 

| Temperature. Mean Value. | os fe Dieseelboret| ots ee 
ee ca a ae eons | a Cabconate wee | 

Oe 1-000 132 1 | 4 | 0 | ei a 
TOY: 1-000 272 ao, —2. | Berl fhe | 

Oia 1:001 771 2 eed 2 eee 42 

BO" 1-004 343 ai | SiGe ya 4e2 | +4 

gM 1-007 814 AGhoty| Oven +5 | oe 
100...... 1043492 | 11 | bo eat @ 

4, In the Reichsanstalt observations on the relative 
expansion of mercury in the Jena glasses 16™ and 59™ and 
also verre dur have been made between 0° and 100° by 
means of the weight thermometer method *. For the 
calculation of the absolute expansion of mercury use was 
made of the measurements of the linear expansion of one 
metre long rods of the same glasses which were placed on the 
comparator at 0°, 25°. 50°, 75°, and 100°. This caileéalagueee 
however, was through cautiousness only applied to two 
J Teac ies. those from the classes 16™ and 59", since it 
was only z ith these two that there eae to be sufficient 
euaranty that the dilatometer and glass rod were composed 
of the came material, specially certain was thelmaeemee 
lass 598", since the dilatometer tube and capillary were 

furnished at almost the same time from the olass-works and 
so very probably originated from the same “mnelting. For 
glass 16% there still remains in this respect some doubt. 
On. this point one of the conclusions drawn in the paper 
cited is in particular to be considered, namely, “that the 
Jena glass 16'™ does not present sufficiently homogeneous 
properties for drawing any further conclusions.” For this 
reason in the following Table IT. for the expansion of mercury 
only those values obtained trom the observations on the 
Jena glass 59 dilatometer are given without reservaiion, 
while those results obtained from the dilatometer of olass 
16™ are placed in pareutheses. 

By using the same method as Chappuis the mereury 
ru 

* M. Thiesen, K. Scheel und L. Sell, Wiss. Abh. d. Phys.-Techn. 
Reichsanstalt, ii. pp. 73-184 (1895), especially pp. 160-163. 
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expansion between 0° and 100° was obtained by the compa- 
rison of thermometers. In this case too the values originating 
from glass 16™ are placed in parentheses in Table IL. 

5. Not only was the relative expansion of mercury deter- 
mined by the use of the dilatometers mentioned in §4, but also 
that of water in glass. Thus one obtains for each dilatometer 
a value for the ditterence between the expansion for mercury 
and that of water, in the caleulation of which the expansion 
of the glass is eliminated. 
The expansion of water between 0° and 100° has already been 

determined by Thiesen * in the Reichsanstalt by the method 
of balanced hydrostatic tubes. If now the value found by 
him be combined with the above-mentioned dilatometer 
observations, the specific volume of mercury at 100° expressed 
in terms of that at 0° is obtained independent of the glass 

expansion as follows :— 

From dilatometer 16™ No. 1 1:018 259 Leese e 

x i ENO 2). 5) LOLS 29 
as a verre dur No. 38. 1°018 254 
a 7. Oe al a 1BOLS 2071 

Due to the excellent agreement of these separate deter- 
minations much weight must be attached to the mean value 
Oke Boor 

6. In the following Table II. the values for the expansion 
of mercury obtained in the Bureau international and in the 
Reichsanstalt are placed together in accordance to the fore- 
going discussion and as variations from a mean value, 

JBI iT: 

VARIATIONS FROM THE Mean VALUE X 10°. 

Thiesen, Scheel, and Sell. 
} Chappuis | Chappius Callendar 

Temperature.| Mean Value.| direct. indirect. ann oy | Absolute and 
16™. | 59°". | Thiesen. Moss. 

Oh: 1-000 600 0 0 ainoue tceo 0 
HOG ese 1:001 817 i) —l (O) ) —10 

US 03 1003 634 Q —2 (0) | +2 —18 

Die «5.2 1-005 453 —2 —2 Goalie — 24 

AQ 1s 1-007 273 = ay) EEF > 6 oo | 

HOO). Js... 1018 257 —3 (—25) | —| +3 — 52 4 

In the last column the observations of Callendar and Moss 

} 
! 

are added in the same form. 

* Loc. eit. 
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The tab!e shows not only the contradiction between the 
results of Callendar and Moss and the direct measurements 
of Chappuis, to which Callendar and Moss have already 
called attention, but shows also that the same contradiction 
is present with respect to Chappuis’ observations by the 
indirect method, and likewise with all the measurements of 
the Reichsanstalt, all of which are in excellent agreement. 
How this contradiction is to be explained must for the 

present remain undetermined. Still, so long as the results 
of Callendar and Moss are not confirmed from other sources 
it is scarcely allowable to use the comprehensive tables which 
they have given at the end of their publication, instead of 
those tibles for the expansion of mercury between O° and 
100° which have been used up to the present. 

7. Just lately Harlow *, at the suggestion of Callendar, has 
determined the cubical expansion of fused silica by the 
weight thermometer method, using mercury as the thermo- 
metric substance. He began the work with the same doubt 
which Callendar and Moss have raised, namely, whether it is 
allowable, with a claim to great accuracy, to calculate the 
cubical expansion of a body from the linear by the multi- 
plication by 3. As the result of his observations on three 
dilatometers Harlow gives the mean cubical expansion 
coefiicient of fused silica between 0° and LO0° as 0°998. 107°. 
On division by 3 one would obtain from this 0°33.10~° as 
the linear expansion coefficient. This value is In contra- 
diction with all other known determinations for the linear 
expansion of fused quartz between 0° and 100° that have 
been obtained up to this time. 

The following values for this coefficient were found by :— 

Chappuis (19037) for a small cylinder of 10 mm. 
diameter prepared by himself.................. 0°50 - 10 

Scheel (1905 {) tor a small cylinder 3°7 mm. in 7 
diameter trom W. C. Herius ........... a 0-47 - Gr 

Scheel (1903 f) for a small cylinder 7 mm. in 
diameter trom W. C. Heraus 2.5.82. o 0-46 22 

Scheel (1907 §) for a ring-shaped body from the 
(ERO EACISS. CNA §. 22... Doe ee 0:51. 108 

Holborn and Henning (1903 ||) for a rod 2°9 mm. 
in diameter and 0°52 m.long from Heriius 
(mean expansion coefficient between 0° and 
DEDO, 05, (aa me Reel 2 0-48 . 10-8 

* F. J. Harlow, Proc. Phys. Soc. London, xxiv. pp. 30-39 (1912). 
+ P. Chappuis, Verh. d. Naturf. Ges. Basel, xvi. pp. 173-183 (1905). 
t K. Scheel, Verh. d. D. Phys. Ges. v. pp. 119-123 (1903). 
§ K. Scheel, zb¢d. ix. pp. 718-721 (1907). 
\| L. Holborn and I’. Henning, Ann. d. Phys. (4) x. pp. 446- 448 (1903). 
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Now Harlow bases his calculation on the mean value 
182:05. 10° for the thermal expansion coefficient of mercury 
between 0° and 100° as found by Callendar and Moss. If, 
however, the mean value 182°57.10~° obtained from the 
measurements of the Bureau international and the Reichs- 
anstalt as given in Table II. is used instead, then the value 
1°52. 107° will be obtained for the mean cubical expansion 
of fused silica between 0° and 100°, and from this through 
division by 3 the linear coefficient as 0°51.107°. This value 
is, however, in complete agreement with the direct measure- 
ments on very different specimens. 

The observations of Harlow therefore do not force the 
assumption of the seolotropy of fused silica, but, on the other 
hand, indicate rather the presence of error in the measure- 
ments of Callendar and Moss. 

Charlottenburg, January 1912. 

——s 

XXXVI. Photographic Measurements of Pendent Drops. 
By AuuaANn Frreuson, B.Sc. (Lond.), Assistant Lecturer 
in Physics in. the University College of North Wales, 
Bangor™. 

[Plate VIII. ] 

| @ two interesting papers on Pendent Drops t, Mr. A. M. 
Worthington has shown how the surface tension of a 

fluid may be evaluated by tracing on paper the magnified 
image of a pendent drop of the fluid ; if this outline be cut 
out of paper of uniform texture, the volume, position of the 
C.G., and the area of a meridional section of any given 
portion of the drop can be estimated, and from a knowledge 
of these quantities the surface tension of the fluid concerned 
may be calculated. 

It seemed to the writer that this result might be obtained 
in a more convenient manner by photographing the pendent 
drop in such a way that the photograph should not only 
show the contour of the drop, but should also enable the 
distance from the “free” surface of the liquid employed to 
any point on the surface of the drop, to be measured ; for 
the pressure-excess at any point P in the interior of the drop 
is given by 

iL 1 

p= (q+ yy) =90h 
* Communicated by Prof. E. Taylor Jones. 

T Proc. Roy. Soc. June 1881 ; Phil. Mag. vol. xx, (1885). 

Pini. Mag. 8. 6. Vol. 23. No. 185. Afarch 1911. 2F 
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h being the vertical distance from the ‘“ free” surface to the 
point in question, R and R’ the principal radii of curvature 
of the surface of the drop at any point of the surface in a 
horizontal plane passing through P. In particular, if the 
point P be taken at the vertex of the drop, we have 

ual 
ap =gph, 

and measurements of A and R will serve to determine T. 
The central idea of such a method possesses, of course, no 

novelty. In a lecture given at the Royal Institution *, 
Lord Kelvin showed a simple apparatus by means of which 
approximate measurements might be made, but in the 
calculation appended thereto the drop is treated as hemi- 
spherical, i. e. the two principal radii of curvature are treated 
as constant and equal in value at any point on the surface, a 
condition only approximately fulfilled when the drop is very 
small. 

The main object of the present paper is to test the validity 
of various equations which may be obtained, empirically or 
otherwise, to fit the contour of the meridional section, 
especially in the neighbourhood of the vertex. For a know- 
ledge of the equation to the section enables one to calculate 
the principal radii of curvature at any point, and hence 
to deduce the surface tension in terms of known quantities. 

For small drops such an equation can be obtained by 
following a method first proposed by Laplace f, in which the 
differential equation of the meridional curve is integrated by 
assuming that a circle, of radius c, can be determined, whose 
ordinate, for a given abscissa, differs from that of the meri- 
dional curve by a small quantity whose square is negligible. 
The investigation of Laplace refers to the shape of the 
curved surface inside a cylindrical capillary tube, but, writing 
the equation of the surface in the form 

instead of 

* Proc. Roy. Inst. vol: xi. part iii. 
t Laplace, Mécanique Celest. Supp. to Bk. x.; and Minchin, ‘Hydro- 

statics,’ Chap. vill. 
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where a” — T/gp, and proceeding on similar lines, we obtain 
finally 

The form of this resulting equation, however, containing, 
as it does, a mixture of algebraic and logarithmic terms, 
renders it somewhat unsuitable for numerical computations. 
A similar objection applies to the method devised by 
Prof. J. ©. Adams* forthe calculation of the forms of 
sessile drops of merecury,—a method which consists in 
“developing the increments of the coordinates in series 
proceeding according to ascending powers of the increment 
of the quantity chosen as the independent variable” T, and 
which, whilst of a high order of accuracy, is, in numerical 
work, laborious to a pr toportionate degree. It seemed, there- 
fore, preferable to attempt to find an empirical equation 
hte should, in the neighbourhood of the vertex, at anv 
rate, fit sufficiently closely the outline of the meridional 
section of the drop. 

An attempt to evaluate surface tensions in such a way 
seems all the more desirable, as it frees one from the 
necessity of troubling about that somewhat elusive quantity, 
the ‘‘angle of contact.” For liquids which wet the solid 
with which they are in contact, it is safe to assume the angle 
of contact to be zero, and for such liquids measurements of 
the height of rise of the liquid in capillary tubes are 
sufficiently exact; for other liquids, the determination of 
the angle of contact introduces an element of uncertainty, 
and the “method of ripples,” whilst avoiding the measure- 
ment of contact-angles, possesses the disadvantage that the 
equation for T is a cubie in r, the term in 2? being the most 
important, so that a one-per-cent. error in the determination 
of the wave-length involves an error of approximately three- 
per-cent. in the value of the surface tension {. 

The apparatus used and method pursued in this paper 
are as follows § :-— 

* Bashforth and Adams, ‘Capillary Action’ (Camb. Univ. Press, 
1888). 
Oper. Walon 
{ Rayleigh, Scientific Papers, vol. iii, p. 389; and Watson, Physical 

Review, May 1901. 
§ Cf Worthington, Proc. Roy. Soe. June 1881, 

222 
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Fie. 1, 

Ear 
Sere 

ie 
CONEENSING LENS CAMERA LENS ' 

| 
| ; 

VaTER TANK FOCUSSING SCREEN. 
LAMP &% SCREEN 

The aboye diagram requires no comment, save that the 
water-tank—a glass cell with parallel sides—is used to 
prevent undue heating of the drop, and that the camera lens 
used is detached from the bellows of the camera, and fixed 
on an independent movable stand, thus permitting greater 
magnification. 

The drop photographed is formed at the end of a siphon- 
tube standing vertically in a beaker brimful of the liquid 
employed. The end of the tube should be ground flat, and 
should be truly circular in section. The beaker itself stands 
on an adjustable table, by raising or lowering which the 
pressure in the drop can be varied and the curvature altered 
accordingly. Beaker, tube, and drop are photographed, and 
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the magnification is known, since the diameter of the tube 
on the photograph can be measured and compared with the 
actual diameter of the tube used. 

After a few preliminary trials, a microscope objective was 
substituted for the camera lens, giving a much higher mag- 
nification. The drop itself now occupied almost the whole of 
the photographic plate, thus rendering two photographs 
necessary, one of the drop alone, another with a lower 
magnification showing both the drop and the horizontal 
surface of the fluid in the beaker. 

Ajter focussing the edge of the drop sharply on the screen, 
and before taking the photograph, a littie fluid was run out 
of the siphon-tube by screwing up the adjustable table 
carrying the beaker. This ensured the cleanliness of the 
surface of the drop. The photograph under high magnifica- 
tion was then taken. the microscope objective Tua eea and - 

camera-lens substituted, the drop being now refocussed and 
the second photograph taken. The whole interval between 
exposing the surface of the drop to the air and taking the 
final photograph need not be much more than a minute, and - 
the surface may fairly be assumed to be uncontaminated 
during this interval. The photographs so taken were 
measured by means of a travelling microscope provided with 
verniers reading to ‘001 centimetre, and capable of motion 
parallel to the axes of wand y; a third motion, parallel to the 
z-axis, providing for the focussing of the microscope. Thus 
the coordinates of points on the meridional surface could be 
plotted out, and the coordinates of the vertex read off from 
the graph so obtained. 

It is evident that if the vertex of the drop be taken as 
origin, the y-axis being drawn vertically upwards, the con- 
stant term in the equation to the curve will vanish, and, on 
account of the symmetry about the axis of y, only even 
powers of w will appear in the equation. The form of the 
equation will therefore be 

= OR" GM eso a 

In the tables given below, two types of equation were 
tried,—the parabolic form ya be , and the biquadratic 
y=ba® + cx! y 

The exact equation to the surface of the drop is 

a 
Roe 

where A and B are constants, A being the distance from the 

( h —y) 
g- =A—Bysay, . . (x) 
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“free ” horizontal surface to the vertex of the drop. R, is 
the radius of curvature of the meridional curve at any point 
P whose coordinates are (v, 7), and Ry, the second principal 
radius of curvature, is measured by the length of the normal 
at P to the meridional section intercepted between the point 

: da 
P and the axis of y. We have, therefore, where tan = ~ a 

dit 
(1+¥,°)2 aw el+ye}? 

Ry= 3 its e ys sino; 
With these data, it is easy to see under what circum- 

stances the parabolic equation y=? most nearly satisfies 
the requirements of equation (#). Tor we have 

(14+ 46°2")2 (1+4by)? 

20 ra 2b 
Ri 

and 
(ll fe Aby)? 

2) 

icy eae 2b} 2+ 4by i +E mae) .} 
= (46+ 8l?y)(1—6by + 3007 y? ih ais ) 

=Ab—160°y1—-Zby+ ....) « . 

=A— By 

if by and the sueceeding terms—which, it should be noted,. 
are independent ot the unit of Jength—are small compared 
with unity. 

A similar result can be obtained for the biquadratic 
formula, y=ba*+ce*, This equation vrovides a nearer 
approximation to the 7 uth over a given range of the curve, 
as, for a given value of y, the ratio of the second to the third 

hoes % 

Hence 

aie peal ON 
term in the expansion of le apie |b 8 sensibly yreater than 

1 2 
in the case of expansion (8) above. 

Here also may be noted the effect of observational errors 
on the quantities eer Thus, putting 

94 f Lz 
=— Is < g freaey 

and supposing <, 6, and y to vary together, we have 

; 62 6b | 2(bby+y6h) 6 (bby +80) 

Pa cians 1+ 2by ee 1+ 467 
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Suppose, e. g., that 6 and y are measured to one per cent., 
so that 

6) = "01 b, Ci — ON y, 
we have 

OFM: "OAby ZO 
es a a L+2by  1+4by’ 

and, since, in general, by is small compared with unity, the 
? ee: 2 

ee + ie 1s practi- 

cally equal to the percentage error in the estimation of 6. 
The quantities actually measured are, of course, # and y; 

and since 

percentage error in the computation of ( 

we have 

showing that if 2 and y are subject to the same percentage 
error, the error in 6 has numerically the same value us the 
error in measurement of either wv or y. 

Finally, in the equation for the computation of T, viz. :— 

alk 1 
T( = + <)=a9pl (i a rx) GOs 

none of the above quantities involved are raised to a power 
which unduly multiples the errors of observation. 

The accompanying figure (fig. 3) shows on a reduced 

Fig. 3. 

—— 

a\.---b , 
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scale the outlines of the two photographs of a drop actually 
measured ; the figures relating thereto are given below. 

Figures A and B on Pl. VIII. (fig. 6) are reduced 
reproductions of the photographs, figures C and D on the 
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same plate showing a pendent drop formed under greater 
pressure. 

Photograph A. 
Fluid, distilled water. Temp. 11°C. Difference of level 

between horizontal surface of water in beaker and vertex of 
drop =1°222 cm. 

Say. 
Diameter ab of tube on photo = 1:051 cm. True diameter, 

measured directly = ‘4459 cm. 

22 aie 
True value of h = ea oh 

(Vaal 

== “1166 emi, 

As a check on the value obtained from the photograph, a 
direct measurement of h was made by a travelling microscope, 
giving as a result 

h=3- 4s 2-902 =o" cm. 

Photograph B. High magnification, showing drop alone. 
(Length-ineasurements in “alll cases given in centimetres. 

X and Y are actual readings of microscope, « and y the co- 
ordinates of points on the meridional surface referred to the 
vertex as origin.) 

Extreme coordinates of drop 

“= —3°606, y=1'71555 and «=3°185, y=1:6439. 

Diameter of ibe on photograph B=7: 166. 
‘rue diameter, measured directly = 4459. 

ae Ate 166 : 
Ms % fl Sale — P16 — i: rie agnification 4459 16°07 

Capital: 

| 

ne X. | ic, 0 iy cess Tl a eee wt. | ety. | a eae 
| } 

| 

| 

| 22950 | 5:2660 | -6209 | -2701 | —-0004 

7832 "6134 | °0724 |-0919 | —-C006 
11760 | 13830 |-1664 |-1884 | —-0031 
1°6500 | 2°7230 | -3193 |-1936 | +°0001 
2°2040 | 48580 | 5675 |-2587 | +0012 

6-977 | 10:300 | °1935 
7-041 | 10°500 | -2575 | 

7°054| 7-500 | -2705 | 1:515 
6985, 7-700 | 2015 | 1315} 1-7290 | 29890 | -3483 |-2029  +-0014 
6927) 7-9U0 [1435 1115) 12430 | 15450 |-1783 |-1459 | +-0024 

| *915| -8372 | -7009 |-0825 |-0983 | —-0002 
6844 8300 0605 | "715| ‘5112 | +2613 |-0309 | -0600 | —-0005 
6814} 8500 |-0305 | -515! -2652 | -0703 | -OU8L |-0311 | +-0006 
6°797| 8-70U |-0135 | -315| -0992 | -0098 |-0013 |-0117 | —-0018 
6°787| 8-900 |:0035 | 115] -0132 0002 | -000U |-0015 | —-0020 
6°786 | 9°100 | 0025 |+°085| -0U72 | -0001 | 0000 | 00U8 | —-0017 
6795 | 9300 |-0115 | +285) -0812 | -0066 | -0009 | -0095 | —-0020 
6812] 9500 |-0285 | -445| +2352 | -0552 | -0067 | -0276 | —-0009 
6840] 9-700 |-0565 | 685] +4692 | +2202 | -0265 |-0551 | —-0014 

"885 
‘085 
"285 

“485 tt 
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The value of the constant 6 in the equation y=." is 

obtained trom the ordinary condition 

>(y—b2?)?= minimum, 

the condition for which, viz. : 

gives at once 

Using the values of 2 in the fourth column and the equa- 
tion y/='1174a?, the eighth column was computed. The 
ninth column shows the difference between the observed and 
calculated values of y, the ditterence in nearly every case 
falling within the limits of experimental error, as the verniers 
used read to ‘001 cm. 

In deducing a value for the surface-tension from these 
mensurements, it is to be remembered that all lengths have 
to be divided by the magnification to obtain their true values ; 
b, whose dimensions are those of the reciprocal of a length, 
tine be multiplied by the magnification ; whilst by, which is 
of zero dimensions in length, requires no alteration. 

At the vertex of the drop, the radius of curvature is given 
by 

1 it 

Ra aos 

and, therefore, in the equation 

pall 

TS anedah 
we have T given by 

iui a ab 

In every case, however, in which calculations were made 
using this formula, the values found for T were uniformly too 
low (about 70 dyne-em.7!). It is probable that this is due 
to the fact that the terms of inportance in determining the 
value of b are rather too remote from the vertex ; to remove 

this difficulty, it will be necessary to use a higher maguitica- 
tion, in order to measure e y-coordinates still nearer the vertex 
aith a sufhciently high percentage accuracy. 

But, using the fioures ely en above, a sufficiently accurate 

estimate ms iy be made by caleulating the principal radii of 
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curvature at some point (x, y) in the neighbourhood of the 
important terms, and applying the relation 

1( i - 1) =0(h—y). 

A numerical example will make the matter clear :— 

Using the above data, take 
cm. pee [485 = ss 

oC! Ny gies 
y= "29795 Magnification ——~- - 

= 4409 gm. 
b='1174 p=12— 

Ge. 

Then 
a 2b 2x eS 
R, (14 40?27)2 ~ (1:1216)% x -4459 

=o Gos 

Bie 200, 2 x x lie 
R,~ (1446727)? ~ (1°1216)2 x -4459 

=i 

1 i i 
R at R ==) dO. 

2575 x *4459 
True value of y= 166 == HILO) 

ke | 
: 

| (i 3°2 dyne-cm.~’. 

. . a = A 2 ~ 

A similar calculation using the coordinates g = lcodee 

y= 2709, wives 

h—y="5018 
iI i iy 

and therefore T=73:4 dyne-cm.—! at a temperature of 11° C. 
Turning now to the biquadratie equation y= ba? +ca*, in 

computing ) and ¢ the same coordinates are used as In 
Table I. Some additional products are required and these 
are given in Table II. 
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MABE ED: 

Fea CLS xy. bx. ext, y'. yy 
| | Ns Set | cee s EAL 

12:088 | Deion 1:4240 2710 "0020 "2690 — 0015 
5169 | 8934 6023 2041 | 0011 | -2030 | +-0015 
1-021 .| 2-387 ‘2217 1468 | 0006 | -1462 | +-0027 
en |. 40m ‘0690 0989 | 0003 | -0986 | +-0001 

eee is4 |. -068 ‘0158 “0604. ))) 000K” |) -0603" |) 0002 
eels =| 005 ‘0022 STS cO0003: | /-Os50" i= 0008 
Me OOL | aks OOO cOblT, | |r te a: | Only |) = Cole 
> hs i ea ae ONG) eee | 0016 | —-0029 

- aR ee Fi a ‘O08 Oe - 0008 wi) = -O0irs 
“(10 arma mee ae Ll Gila eco “Oboe 1 hae | 0121 | +-0006 
‘013 ‘008 0016 O27Sm i OOU02 1 0276) 0007 
103° | | Fe@He ‘0124 Ob54 0001-0503, |) dol 
480 | 376 0567 0925 | 0002 | 0923 | —-0002 

| 1626 |. 1-913 1957 ‘1389 | 0005 | :1884 | —-0031 | 
Peet?) a AT -5270 1948 | 0010 | ‘1938 +:0003 | 

10-706 | 23-600 12510 “2602 |) “0018 | 2584 | --:0009 
| } i | 

Irom the above table we have 

So igo 2 ier ee BG. 

To determine } and c, the principle of least squares gives 

>(y—ba?— cx)? =min., 

the condition for which, viz. : 

oo! 
Ob > Oe a 

gives as the normal equations for ) and c 

0, 

bat + cla = Lary 

Dye ele = Daly. 

Substituting the numerical values, and solving, 

b="1181, c=—:000375, 

giving as the equation to the meridian curve over the 
portion considered 

y= 1181 a?—:0003875 2%. 

Using the same values of 2 as in Table J. the R.H.S. of 
this equation was evaluated as shown in Table II., the last 
column of which shows, as before, the difference between 
the observed and computed values of y. It will be noticed 
that, whilst the deviations are of the same order as those 
corresponding to the parabolic formula, they are much more 
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evenly distributed with regard to sign, 7 being positive and 
9 negative, while in Table I. 5 are anit and 11 negative. 

NG: compute a value for T, taking as coordinates 

ie Lr oilia, y= "2090s 

yy == 2ba + Aca? 

i 2aoe eae 

Re a 1A hee On 

1 -3526 (166 (ee 

Ry L5is(r 12a 4459 
1 Ronee 

ae R AE Rea 67699. 

IFAD vy -AARC 
True value of y= pe Oa Dee ane =i (UMS TE 

= OVE 

=. h—ye=-p136 —-O16/ = 0019: 

= ah eS SUSI eee tobunatess 
imaliy, | P= PERCH aa Sars 

The mean value for the surface-tension of water at 11° C. 

is therefore 73°4 ee The value as given by other 

experimenters varies with the method of experiment adopted, 
but taking: the formula in Poynting & Thomson’s ‘ Properties 
of Matter’ as a standard of reference, viz. : 

T= 75°§ —"152 

this gives T,, as 74:1 dyne-cm.~1, and the two numbers are 11 
in agreement to within one per Be 

The above results have been selected as typical from the. 

examination of a number of photographs, all of which gave 
results very similar to those detailed above. Amongst the 
photographs measured it was, as might be expected, found 
that the parabolic formula pould be best applied when the 
drop was fairly, but not tco flat in outline; as a rough 
criterion, the ratio of the extreme breadth to the extn 
ee of the drop (a'b'+c'd' in fig. 3, A) should be about 
bo give convenient meas “rete: 
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It is worth noting that the assumption of a parabolic 
section permits of the equations of equilibrium of the part of 
the drop in the neighbourhood of the vertex being put intoa 
very simple form. 

Fig. 4. 

Y 
| 

Let the coordinates of B be (7, y). Draw the tangent at 
B, and consider the equilibrium of the portion of the drop 
below the horizontal section ACBD. 

Resolving vertically, we have, if P be the atmospheric 
pressure, / the distance from O to the “free,” horizontal 
surface of the liquid, and V the volume of the drop below 
the horizontal plane ACBD, 

2reT sing+P.m’=Vpegt [P+ ap(h—y)] . ra, 

or 
9 

20] sim b= Co HOON ee) Pic OU A tan TT) 

2 

since Ve os : 
749) 

Considering the equilibrium of the portion BODO, and 
resolving horizontally, we have, if s be the length of the 
parabolic are DOC, 

ny 4 6 r 4 = 
Ts +P x By 2x .T cos 6+ 3 (P + aph)ey — : apy”, 

or 

Site: 4 ‘ 2~T cos6—Ts= Rn apry? — a Iphry Syne ak eh 

And, eliminating gph between (i.) and (ii.), we obtain on 

——a 

a 
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reduction 

22 COs eS 2 ee Ty 2 cosopt ax ysingd—s = 5 IP UY 

di : : 
where tan d= = =2hx. This equation affords a means for 

2 
ane T by measurements made on the drop alone, a 

ethod which may prove useful in certain cases (e.g. a 
cena drop of a molten metal) where it is experimentally 
impracticable to make measurements of h. It is to be re- 
membered, however, that the coefficient of T is small, and is 
obtained as a difference, so that reliable results would 
require somewhat close measurement and a high percentage 
accuracy in the experimental observations. 

To sum up. ‘The above results would seem to point to the 
following conclusions :— 

els) Over a definite portion of the drop near the vertex, 
the outline may be represented by a parabolic or biquadratic 
eqnation. 

(2) The constants of this equation can be readily deter- 
mined, thus allowing of an evaluation of the surface-tension 
independently of any knowledge of the angle of contact. 

(3) .By forming the pendent 
drop ina rectangular glass tank 
or cell filled with another fuid, 
interfacial tensions can be mea- 
sured in a similar manner. 

(4) By turning up the end of 
the siphon-tube in the manner 
shown, the phenomena attendant 
on the formation of sessile drops 
can be similarly studied. 

(5) Granted sufficient —_ex- 
perimental accuracy, determina- 
tions of T can be made from 
measurements carried out on the 
drop alone. | 

The writer trusts, in a subsequent communication, to 
detail results dealing with the above points. 

University College of North Wales, 
Bangor. 

Oct., 1911, 



XXXIX. On Departures from Fresnel’s Laws of Reflexion. 
By Lord Rayiriew, O.M., #RS.* 

‘ha the summer of 1907, in connexion with my ee 
upon reflexion from glass at the polarizing angleft, I 

made observations also upon the diamond, a subject in which 
Kelvin had expressed an interest. It was known from the 
work of Jamin and others that the polarization of light 
reflected from this substance is very far from complete at any 
angle of incidence, and my first experiments were directed 
to ascertain chen: this irregularity could be plausibly 
attributed to superficial films of foreign matter, such as so 
Ee aly influence the corresponding phenomena in the case of 
water t The arrangements were of the simplest. The light 
from a paraffin flame seen edgeways was reflected from the 
diamond and examined with a nicol, the angle being varied 
until the reflexion was a minimum. 

In one important respect the diamond offers advantages, 
in comparison, for instance, with glass, where the surface is 
the field of rapid chemical changes due presumably to 
atmospheric influences. On the other hand, the smallness of 
the available surfaces is an inconvenience which, however, is 
less felt than 1t would be were high precision necessary in the 
measurements. ‘Two diamonds were employed—one, kindly 
lent me by Sir W. Crookes, mounted at the end of a bar 
of lead, the other belonging to a lady’s ring. No particular 
difference in behaviour revealed itself, 

The results of repeated observations seemed to leave it 
improbable that any process of cleaning would do more 
than reduce the reflexion at the polarizing angle. Potent 
chemicals, such as hot chromic acid, may be employed, but 
there is usually a little difficulty in the ‘subsequent preparation. 
After copious rinsing, at first under the tap and then w ith 
distilled water from a wash-bottle, the question arises how to 
dry the surface. Any ordinary wiping may be expected to 
nullify the chemical treatment ; but if drops are allowed to 
dry on, the effect is usually bad. Sometimes it is possible 
to’ shake the drops away sufficiently. After a successful 
operation of this sort wiping with an ordinarily clean cloth 
usually increases the minimum reflexion, and of course a 
touch with the finger, however prepared, is mueh worse. 
As the result of numerous trials I got the impression that the 
reflexion could not be reduced below a certain standard 

* Communicated by the Author. 
+ Phil. Mag. vol. xvi. p. 444 (1908) ; Scientific Papers, vol. v. p. 489. 
fj Phil, Mac. voly xxineph a (1892) ; Scientific Papers, vol. il, p. 496, 
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which left the flame still easily visible. Rotation of the 
diamond surface in its own plane seemed to be without 
effect. 

Daring the last few months I have resumed these observa- 
tions, using the same diamonds, but with such additions to 
the apparatus as are necessary for obtaining measures of the 
residual reflexion. Besides the polarizing nicol, there is 
required a quarter-wave mica plate and an analysing nicol, 
to be traversed successively by the light after reflexion, as 
described in my former papers. ‘The ‘analysing i nicol is set 
alternately at angles 8B=+45°. At each of these angles 
extinetion may be obtained by a suitable rotation of the 
polarizing nicol ; and the observation consists in determining 
the angle a'—a between the two positions. Jamin’s &, 
representing the ratio of reflected amplitudes for the two 
principal planes when light incident at the angle tan7*y is 
polarized at 45° to these planes, is equal to tan £{4'—2). 
The sign of «’—is reversed when the mica is rotated through 
a right- angle, and the absolute sign of &£ must be found 
independent! We 

Ww iped with an ordinar ily clean cloth, the diamond gave 
at first ¢« —a#=2°3. By various tees ements this angle could 
be much reduced. There was no difficulty in oetting down 
to 1°. On the whole the best results were ohana when 
the surface was finally wiped, or rather pressed repeatedly, 
upon sheet asbestos which had been ignited a few minutes 
earlier in the blowpipe flame; but they were not very 
consistent. The lowest re eading was 0°4; and we may, I 
think, conclude that with a clean surface e’—a would not 
exceed 0°°5. No more than in the case of glass, did the 
effect seem sensitive to moisture, no appreciable difference 
being observable when chemically dried air played upon the 
surface. It is impossible to attain absolute certainty, but my 
impression is that the angle cannot be reduced much further. 
So long as it exceeds a few tenths of a degree, the paraffin 
flame is quite adequate as a source of light. 

If we take for diamond «’ —2=30', we get 

k= tan $(2'—a)="0044. 

Jamin’s value for & is ‘019, corresponding more nearly with 
what I found for a merely wiped surface. 

Similar observations have been made upon the face of a 
small dispersing prism which has been in my possession some 
45 years. When first examined, it gave x '__w==9°, or there- 
abouts. Treatment with rouge on a piece of calico, stretched 

1] over a glass plate, soon reduced the angle to 4° or 3°, but 

Se eg a a 
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further progress seemed more difficult. Comparisons were 
rendered somewhat uncertain by the fact that different parts 
of the surface gave varying numbers. After a good deal of 
tubbing, #'—a was reduced to such figures as 2°, on one 
occasion apparently to 13°. Sometimes the readings were 
taken without touching dna waives alien emer) Gann Are 
rouge, at others the face was breathed upon and wiped. In 
general, the latter treatment seemed to increase the angle, 
Strong sulphuric acid was also tried, but without advantage, 
as also putty-powder in place of or in addition to rouge, 
The behaviour did not appear to be sensitive to moisture, or 
to alter appreciably when the surface stood for a few days 
after treatment. 

Thinking that possibly changes due to atmospheric in- 
fluences might in nearly half a century have penetrated 
somewhat deeply into the glass, I re-ground and polished 
(sufficiently for the purpose) one of the originally unpolished 
faces of the prism, but failed even with this surface to reduce 
a’'—a below 2°. As in the case of the diamond, it is im- 
possible to prove absolutely that a’—a cannot be reduced to 
zero, but after repeated trials I had to despair of doing so. 
It may be well to record that the refractive index of ie olass 
for yellow rays is 1°680. 

These results, in which & (presumably positive) oe 
large in spite of all treatment, contrast remarkably with those 
formerly obtained on less refractive glasses, one of which, 
however, appeared to contain lead. It was then found that 
by re-polishing it was possible to carry & down to zero and 
to the negative side, somewhat as in the observations upon 
water it was possibly to convert the negative & of ordinary 
(greasy) water into one with a small positive value, when the 
surface was purified to the utmost. 

There is another departure from Fresnel’s laws which is 
observed when a me of plate glass is immersed in a liquid 
of equal index *, Under sine circumstances the reflexion. 
ought to vanish. 

The liquid may consist of benzole and bjsulphide of carbon, 
of which the first is less and the second more refractive than the 
glass. If the adjustment is for the yellow, more benzole or a 
higher temperature will take the ray of equal index towards 
the blue and wee versd. ‘* Yora closer examination the plate 
was roughened behind (to destroy the second reflexion), and 

* “On the Existence of Reflexion when the relative Refractive Index 
is Unity,” Brit. Assoc. Report, p, 584 (1887) ; Scientific Papers, vol. ili, 
Dye toy 

Pin! Mag. S. 6. Vol. 238.No, 136), March 1912, 2G 
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was mounted in a bottle prism in such a manner that the 
incidence could be rendered grazing. When the adjustment 
of indices was for the yellow, the appearances observed were 
as follows: if the incidence is pretty oblique, the reflexion 
is total for the violet and blue; scanty, but not evanescent, 
for the yellow; more copious again in the red. As the 
incidence hecomes more and more nearly grazing, the region 
of total reflexion advances from the blue end closer and closer 
upon the ray of equal index, and ultimately there is a very 
sharp transition between this region and the band which now 
looks very dark. On the other side the reflexion revives, 
but more gradually, and becomes very copious in the orange 
and red. n this side the reflexion is not technically total. 
If the prism be now turned so that the angle of incidence is 
moderate, it is found that, in spite of the equality of index 
for the most luminous part of the spectrum, there is a pretty 
strong reflexion of a candle-flame, and apparently without 
colour. With the aid of sunlight it was proved that in the 
reflexion at moderaie incidences there was no marked 
chromatic selection, and in all probability the blackness of the 
band in the yellow at grazing incidences is a matter of 
contrast only. Indeed, calculation shows that according to 
Fresnel’s formule, the reflexion would be nearly insensible 
for all parts of the spectrum when the index is adjusted for 
the yellow.” It was further shown that the reflexion could 
be reduced, but not destroyed, by re-polishing or treatment 
of the surface with hydrofluoric acid. 

I have lately thought it desirable to return to these experi- 
ments under the impression that formerly I may not have 
been sufficiently alive to the irregular behavicur of glass 
surfaces which are in contact with the atmosphere. I wished 
also to be able to observe the transmitted as well as the 
reflected light. A cell was prepared {rom a tin-plate cylinder 
3 inches long and 2 inches in diameter by closing the ends 
with glass plates cemented on with glue and treacle. Within 
was the glass plate to be experimented on, of similar dimensions 
as to be nearly a fit. A hole in the cylindrical wall allowed 
the liquid to be poured in and out. Although the plate 
looked good and had been well wiped, I was unable to re- 
produce the old effects ; or, for a time, even to satisfy myself 
that I could attain the right composition of the liquid. 
Afterwards a clue was found in the spectra formed by the 
edves of the plate (acting as prisms) when the cell was slewed 
round. ‘The subject of observaticn was a candle placed at a 
moderate distance. When the adjustment of indices is 
correct for any ray, the corresponding part of the spectrum 
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is seen in the same direction as is the undispersed candle-flame 
by rays which have passed outside the plate. Hither spectrum 
may be used, but the best for the purpose is that formed by 
the edge nearer the eye. There was now no difficulty in 
adjusting the index for the yellow ray, and the old effects 
ought to have manifested themseives; but they did not. 
The reflected image showed little deticiency in the yellow, 
although the incidence was nearly grazing, while at moderate 

= i, - 

angles it was fairly bright and without colour. ‘This con- 
co) 

siderable departure from Fresnel’s laws could only be 
attributed to a not very thin superficial modification of 
the glass rendering it optically different from the interior. 

In order to allow of the more easy removal and replace- 
ment of the plate under examination, an altered arrangement 
was introduced, in which the aperture at the tap of the cell 
extended over the whole length. The general dimensions 
being tie same as before, the body of the cell was formed by 
bending round a rectangular piece of tin-plate A (fig. 1) and 
securing the ends, to which the glass faces B were to be 

c mented,by enveloping copper 
wire. The plate C could then 
be removed for cleaning or 
polishing without breaking a 
joint, In emptying the cell 
it is necessary to employ a 
large funnel, as the liquid 
pours badly, 
The plate tried behaved much 

asthe one just spoken of. In 
the reflected light, whether at 
moderate angles or nearly gra- 
zing, the yellow-green ray of 
equal index did not appear to 
be missing. <A line or rather 
band of polish, by  putty- 
powder applied with the finger, 
showed a great alteration. 

Near grazing there was now a dark band in ing spectrum of 
the reflected light as formerly described, and the effect was 
intensified when the polish affected both faces. In the 
transmitted light the spectrum was shorn of blue and green, 
the limit comin down as erazing 1s approached a’ econ- 

sequence of the total reflexion of certain rays which then 
sets in. But at incidences far removed from grazing the 

place of equal index in the spectrum of the reflected light 
showed little weakening. A°* few days’ standing (alter es 

ad 

B 

= 
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polishing) in the air did not appear to alter the behaviour 
materially. On the same plate other bands were treated 
with hydrofluoric acid—commercial acid diluted to one-third. 
This seemed more effective than the putty-powder. At about 
15° off grazing the spectrum of the reflected light still showed 
some weakening in the ray of equal index. 

In the cell with parallel faces it is not possible to reduce 
the angle of incidence (reckoned from the normal) suffi- 
ciently, a circumstance which led me to revert to the 
60° bottle-prism. A strip of glass half an inch wide could 
be inserted through the neck, and this width suffices for the 
observation of the reflected light. But I experienced some 
trouble in finding the light until I had made a calculation of 
the angles concerned. Supposing the plane of the reflecting 
surface to be parallel to the base of the prism, let us call the 
angle of incidence upon it y, and let 0, @ be the anyles 
which the ray makes with the normal to the faces, externaily 
and internally, measured in each case towards the refracting 
angle of the prism. Then 

x = 60°-4¢, ¢d = sin7! (¥sin @). 

The smallest y occurs when @= 90°, in which case y=18° 10’. 
This value cannot be actually attained, since the emergence 
would be grazing. If y=90°, giving grazing reflexion, 
O=—48° 36’. Again, if 0=0, y=60°; and if yee 
6=22° 51'. We can thus deal with all kinds of reflexion 
from y=90° down to nearly 18°, and this suffices for the 
purpose. 

The strip employed was of plate glass and was ground 
upon the back surface. The front reflecting face was treated 
for about 308 with hydrofluoric acid. It was now easy to 
trace the effects all the way from grazing incidence down 
to an incidence of 45° or less. The ray of equal index was 
in the yellow-green, as was apparent at once from the 
spectrum of the reflected light near grazing. There was a 
yery dark band in this region, and total reflexion reaching 
nearly down to it from the blue end. The light was from a 
parattin flame, at a distance of about two feet, seen edge- 
ways. As grazing incidence is departed from, the flame 
continues at first to show a purple colour, and the spectrum 
shows a weakened, but not totally absent, green. As the 
angle of incidence y still further decreases, the reflected 
light weakens both in intensity and colour. When y=405°, 
or thereabouts, the light was weak and the colour imper- 
ceptible. After two further treatments with hydrofluoric 
acid and immediate examination, the light seemed further 
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diminished, but it remained bright enough to allow the 
absence of colour to be ascertained, especially when the lamp 
was temporarily brought nearer. An ordinary candle-flame 
at the same (2 feet) distance was easily visible. 

In order to allow the use of the stopper, the strip was 
removed from the bottle-prism when the observations were 
concluded, and it stood for four days exposed to the atmo- 
sphere. On re-examination it seemed that the reflexion at 
y= 45° had sensibly increased, a conclusion Cee by 
a fresh treatment with hydrofiuoric acid. 

It remains to consider the theoretical bearing of the 
two anomalies which manifest themselves (i.) at the 
polarizing angle, and (1i.) at other angles when both media 
have the same index, at any rate for a particular ray. 
Evidently the cause may lie in a skin due either to con- 
tamination or to the inevitable differences which must occur 
in the neighbourhood of the surface of a solid or fluid 
body. Such a skin would explain both anomalies and is 
certainly a part of the true explanation, but it remains 
doabtful whether it accounts for everything. Under these 
circumstances it seems worth while to inquire what would 
be the effect of less simple boundary conditions thar those 
which lead to Fresnel’s formule. 

On the electromagnetic theory, if 0, 0; are respectively 
the angles of incidence and refraction, the ratio of the 
reflected to the incident vibration i is, for the two principal 
polarizations, 

tan 6,/tan O—p/p, SS 
ENN (oh a eye ee 

tan 0,/tan d— K/K, 
tan @,/tand+K/Ky’ ~~ 

in which K, uw are the electric and magnetic constants for 
the first medium, K,, wu, for the second *. The relation 
between @ and 0, is 

Ky,: Ky = sin? 6 : sin? 0}. Sy Ram Ge) 

It is evident that mere absence of refraction will not secure 
the evanescence of reflexion for both polarizations, unless we 
assume both m,=mwand K,=K. In the usual theory Bp ols 
supposed equal to mw in all cases. (A) then identifies itself 
with Fresnel’s sine-formula, and (B) with the tangent- 
formula, and both vanish when KX, = K corresponding to no 

and 

* “On the Electromagnetic Theory of Light,” Phil. Mag. vol. xii. 
p. 81 (1881); Scientific Papers, vol. isp. 521. 
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refraction. Further, (B) vanishes at the Brewsterian angle, 
even though there be refraction. A slight departure from 
these’ laws would easily be accounted for by a difference 
between pm, and yw, such as in fact occurs in some degree 
(diamagnetism). But the effect of such a departure is not 
to interfere with the complete evanescence of (B), but 
merely to displace the angle at which it occurs from the 
Brewsterian value. If w,/u=1+h, where his small, caleu- 
lation shows that the angle of complete polarization is changed 
by the amount 

hn? 
oo a (ni? +1)(@?—1Y ~. ag oe 

n being the refractive index. The failure of the diamond 
and dense glass to polarize completely at some angle of 
incidence is not to be explained in this way. 

As I formerly suggested, the anomalies may perhaps be 
connected with the fact that one at least of the media is 
dispersive. A good deal depends upon the cause of the 
dispersion. In the case of a stretched string, vibrating 
transversely and endowed with a moderate amount of 
stiffness, the boundary conditions would certainly be such 
as would entail a reflexion in spite of equal velocity of 
wave-propagation. All optical dispersion is now supposed 
to be of the same nature as what used to be called anomalous 
dispersion, 7. e. to be due to resonances lying beyond the 
visible range. In the simplest form of this theory, as given 
by Maxwell * and Sellmeier, the resonating bodies take their 
motion from those parts of the ether with which they are 
directly connected, but they do not influence one another. In 
such a case the boundary conditions involve merely the con- 
tinuity of the displacement and its first derivative, and no 
complication ensues. When there is no refraction, there is 
also no reflexion. By introducing a mutual reaction between 
the resonators, and probably in other ways, it would be 
possible to modify the situation in such a manner that the 
boundary conditions would involve higher derivatives, as in 
the case of the stiff string, and thus te allow reflexion in 
spite of equality of wave-velocities for a given ray. 

P.S. Jan. 15.—Some later observations upon a surface 
of fused quartz are of interest. The plate, prepared by 
Messrs. Hilger, was } inch square, and the surfaces were 
inclined at a few degrees so as to separate the reflexions. 

* Cambridge Calendar for 1869. See Phil. Mag. vol. xlvii. p. 151 
(1899) ; Scientific Papers, vol. iv. p. 4138. . 
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From these surfaces the reflexion at the polarizing angle 
sensibly disappears. The image of the paraffin flame could 
be quenched by the operation of the polarizing nicol alone. 
When the quarter wave-plate and analysing nicol were 
introduced, a! and a could not be distinguished, the difference 
probably not exceeding *05°, 7. e. 3 minutes of angle. 

In order to examine the reflexion when the quartz was in 
contact with a liquid of equal index, I had to mix alcohol with 
the benzole. The behaviour was then much the same as with 
glass of which the surface had been renewed by hydrofluoric 
acid. No precise measures could be taken, but the reflexion 
at 45° incidence seemed less than from the glass, though 
still easily visible. It spite of repeated trials with inter- 
mediate cleanings, it was difficult to feel sure that the 
residual! effect might not be due to foreign matter, the more 
as differences could sometimes be detected between various 
parts of the surface*. Even if the surface could be 
regarded as clean on immersion, there is no certainty that 
a capiliary film of some sort might not be deposited upon it 
from the liquid. The cause of the small residual reflexion 
must remain for the present an open question. 

} 

XL. The Ranges of the a Partictes from Uranium. By 
H. Geicrr, Ph.D., Lecturer in Physics, and J. M. NUTTALL, 
B.Sc., Graduate Scholar, University of Manchester f. 

N connexion with a re-determination of the ranges of the 
a particles of a number of radioactive products, we have 

pointed out in a previous paper { that there exists a quinti- 
tative relation between the range of an @ particle and the 
transformation constant of the product from which it arises. 
This was arrived at by plotting the logarithms of the trans- 
formation constants against the logarithms of the ranges of 
the respective products. In this way approximately straight 
lines were obtained passing through the points representing 
the preducts of the Uranium-Radium and of the Actinium 
series. No details have yet been given for the Thorium 
series on account of insufficient data. 
A certain difficulty remained as regards uranium. As Bolt- 

wood § has shown, this substance emits two & particles for one 

* At the top of the plate, where it was attached to a handle, a slight 
invasion of gelatine (used as a cement) gave rise to a copious reflexion ; 
but this film was easily visible in the air. 

+ Communicated by Prof. E. Rutherford, F.R.S. 
{ H. Geiger and J. M. Nuttall, Phil. Mag. vol. xxii. p. 615 (1911). 
§ B, B. Boltwood, Amer. Journ. of Sei. vol. xxv, p. 269 (1908), 
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from each of the subsequent products, and this has been con- 
firmed by the scintillation method by Geiger and Rutherford*. 
This may be ascribed to the existence of two successive 
a-ray products, or to the simultaneous emission of two 
e particles in the disintegration of each atom. The latter 
hypothesis is excluded by the experiments of Marsden and 
Barratt t, who found no evidence that two « particles were 
emitted simultaneously. It seems therefore probable that 
there exist two successive products each of long period which 
cannot be separated by ordinary chemical methods. To settle 
definitely whether this is the case, experiments have been 
made which will be described in this paper, to determine 
accurately the ionization curve of the « particles from a very 
thin film of uranium. For purpose of comparison, curves 
were taken under exactly the same conditions for films of 
ionium and polonium. Assuming that there are present in 
uranium two a-ray products whose difference of range is at 
least one millimetre (which means that the two periods differ 
by about a factor 10), this would affect the ionization curve 
to such an extent that it would be distinguishable from the 
ionization curves of simple «-ray products like ionium or 
polonium. 

The method of determining the ionization curve of an @ 
particle, originally devised by Bragg f, consists in the measure- 
ment of the ionization produced bya parallel pencil of a rays 
in a shallow ionization vessel placed at different distances 
from the source. This method can easily be applied if the 
material can be obtained as a very thin film of high activity. 
Since, however, uranium shows only a very low activity it 
was necessary to modify the original arrangement of Bragg. 
In the first place, it seemed advisable to make the dimensions 
of the apparatus as large as possible to enable the use of films 
of very large area. In the second place, it appeared advan- 
tageous to combine the ionization vessel and the measuring 
instrument by using an electroscope which has a small 
capacity and allows the accurate measurement of very minute 
ionization currents. 

The arrangement used in the experiments will be seen 
from fig. 1. The main part of the apparatus consisted of two 
large bell-jars AA and BB, separated by a brass plate CC. 
A large number of holes—about 250—each 3°7 mm. in 
diameter and 8 mm. high, forming a cireular “ grid” of 

* H. Geiger and EK. Rutherford, Phil. Mag. vol. xx. p. 691 (1910). 
+ J. Marsden and T. Barratt, Proc. Phys. ‘Soc. vol. xxiii. p. 867 (1911). 
t W. H. Bragg and R. D. Kleeman, Phil. Mag. vol. viii. p. 726. 

(1904) ; vol. x. p. 318 (1805). 
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10 em. diameter, were drijled through the brass plate CU. 
An exactly similar but much thinner. brass plate DD could 
be screwed on to the lower side of the plate CC. Between 

these two plates a thin and uniform sheet of mica of stopping 
power equivalent to 8 mm. of air was placed and fixed down 
air-tight. On account of its position between the metal 
erids “the mica was secured against breakage, and was then 
easily able to withstand an excess of 20 cm. pressure from 
either side; this difference of pressure was frequently 
necessary in the course of the experiments. The lower bell- 
jar BB contained the active film FF at a distance of 9°8 em. 
a the mica. On account of the metal grid only the 
a particles emitted at angles less than 20 degrees to the normal 
could pass through the mica into the upper bell-jar which 
contained the electroscope. The latter was cylindrical in 
shape and was 8 cm. high and 10°5 em. in diameter. It 
could be charged from outside through the wire R which 
could be rotated by means of the ground-glass joint T. 

In the experiments the upper bell-jar was first completely 
exhausted and then filled with hydrogen up to a pressure of 
about 9 em. of mereury. ‘The use of hydrogen is preferable 
to air since, according to Taylor * and others, the rise of the 
ionization curve is more pronounced in the former gas than 

* T.S. Taylor, Phil, Magoyols xviii. py 604 (1909) ;: vol. xxt. p. 671 
(1911), 
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in the latter. When filled with hydrogen to 9 em. pressure 
the depth of the ionization vessel corresponded to 2°5 mm. of 
air at atmospheric pressure, since the e particles had to travel 
on an average through about 85 cm. in the electroscope 
before they were stopped by the upper plate. The ionization 
at different parts of the range of the «& particles could be 
measured by varying the pressure in the lower bell-jar. 
When the latter was completely exhausted the range of the 
a particles on entering the electroscope was only diminished 
by about 8 mm., the distance corresponding to the stopping 
power of the mica. When the pressure in the lower vessel 
exceeded 25 cm., the a particles were completely stopped 
and the ionization then observed in the electroscope was due 
to the natural effect only. By measuring the ionization for 
different pressures in BB between the above limits a complete 
ionization curve was obtained. A film of uranium which 
contained 4 mgr. per square cm. gave an easily measurable 
effect—about *3 div./min. corrected for natural leak. 

The films used in the experiments were prepared in the 
following way. A round glass plate of about 15 em. 
diameter was carefully ground on one side by means of ver 
fine emery. Pure uranium oxide which was well powdered 
was then distributed uniformly over the plate by rubbing 
down with the finger. In this way very thin and uniform 
films were obtained which contained approximately -4 mer. 
a square cm. In all cases the uranium X was first separated 
by the “iron method ” in order to avoid any effects due to soft 
or hard B rays. For the purpose of making a comparison 
under practically identical conditions of the ionization curves 
of uranium and ionium, a trace of highly concentrated ionium 
was mixed with about a hundred times the quantity of uranium 
oxide. The materials were dissolved in acid in order to 
secure their complete mixture ; the solution was then evapo- 
rated to dryness and the residue changed into oxide. This 
material was then distributed on a glass plate in exactly the 
sume way as described above for the pure uranium oxide. 
On account of the presence of the ionium, this uranium film 
was now about 30 times as active as an ordinary pure uranium 
film. Another uranium film containing a trace of polonium 
was also prepared in a similar way. In this case the activity 
of the film was about 28 times greater than that of a pure 
uranium film. This method of preparing the films ensured 
that the absorption, if any, in the matter itself would have 
affected the ionization curves in the three cases in exactly 
the same way. 
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Three typical curves are given in fig. 2, the ionization 

being plotted against the range of the a par ticles. Corrections 

URANIUM: | POLONIUM 

_fonish TION — 

Sree é S 4 
ue OF : PARTICLES IN CMS. 

were made for the natural leak and also for the effect due to 
the uranium in the case of the 1onium and polonium films. 
All three curves are typical of the ionization curve due to a 
parallel pencil of « particles in hydrogen. But while the 
curves for ionium and polonium completely agree with each 
other, the curve for uranium is distinctly different. In the 
latter case the maximum is not so sharply defined and the 
curve shows a much slower fall from the maximum towards 
the end of the range. To make this clear, the curve for 
ionium (see dotted line) is superposed on that of uranium, 
the ends of the two curves being made to coincide. The same 
difference between the curves was also brought out when the 
ionization was measured in hydrogen at a higher pressure or in 
air, or when slightly thicker films were used. As hasalr eady 
heen pointed out, this cannot be due to the thickness of the 
film or to any other experimental cause. 

It seems, therefore, necessary to conclude that there exist 
two a-ray products in uranium which possess a_ slight 
difference of range. A determination of the difference of 
range of the two products could be made by comparison with 
a Hieorehicnl curve obtained by adding together two simple 
jonization curves of known difference of r: wee. In this way 
it was found that by compounding two ionium or two polonium 
eurves which were shifted relative to each other 4 mim., 
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a curve was obtained which agreed completely with the 
experimental curve for uranium. 

Uranium consists, therefore, of two a-ray products whose 
ranges are 2°9 and 2°5 cm. in air at atmospheric pressure 
and at a temperature of 15°C. The value of the range of 
the « particles from uranium obtained by other observers and 
also previously by us (2°72 cm.), was obviously an average 
value of the two figures given above. No evidence has been 
obtained in these experiments of @ particles of range 16 cm. 
as suggested recently by Friedmann *. 

The above figure for the range of uranium, viz. 2°5 em., 
is in much better agreement with the straight-line relation 
mentioned above between transformation constant and range, 
and fixes the straight line with a much higher degree of 
accuracy (see fig. 3). This is of special interest, since it 

Fig. 3. 

-2F SE 

LOGARITHMS OF TRANSFORMATION CONSTANTS 

LOGARITHMS OF RANGES (0°C) 

enables us to calculate the period of ionium and of the second 
product in uranium (uranium I1.) with greater certainty than 
has hitherto been possible. 

* FI. Friedmann, Wien. Ber, cxx. p. 1361 (1911). 
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Uranium I. therefore, which has a period of 5 x 10° years, 
emits « particles of range 2°5 cm. in air at atmospheric 
pressure and at 15°C., and is followed by another «-ray 
product, wranium IL., which has a period of about 2x 10° 
years and emits a particles of range 2°9 em. It is thus clear 
that in purified uranium preparations two successive a-ray 
products are present, differing in atomic weight by 4 units. 
These products must be very closely allied in chemical 
properties, for the experiments of many observers, amongst 
whom may be mentioned Boltwood and Soddy, have shown 
that it is impossible to reduce the a-ray activity of uranium 
by any chemical methods. A similar striking chemical 
affinity has been observed in the two elements thorium and 
ionium and also in a few other cases. Since the ratio of the 
two transformation constants of the two products in uranium 
is of the order of 10%, the amount of uranium II. ina gram of 
uranium is about one milligram. The presence of this small 
quantity of uranium I1., differing only by 4 units from the 
atomic weight of uranium (238°5), can only affect a de- 
termination of the latter in the third decimal place. 

Taking the range of the @ particles from ionium as 
3°00 cm. at 15° C. (=2°84 em. at 0°C.), we find by inter- 
polation from fig. 3 that it has a period of about 200,000 
years, instead of the million years previously deduced. 

Using the figures given in our previous paper, Swinne * 
has recently shown that the relation between range and 
transformation constant can be expressed in another form, 
but we postpone any discussion of this until the experiments 
on the ranges of the « particles from the products in the 
thorium series which are now in progress have been com- 
pleted. 
We wish to express our thanks to Prof. Rutherford for his 

kind interest and help in these experiments. 
The Victoria University, Manchester, 

Physical Laboratories. 

XLI. Notices respecting New Books. 
A Course of Plane Geometry for Advanced Students. Part Il. 

By Crement V. Durnin, M.A. Macmillan & Co,: London. 
1910.. 

(8 the first part of this important work Mr. Durell dealt with the 
geometry of the straight line and circle. He now continues his 

method of treatment to the geometry of the conic. The nature of 
the treatment cannot be better described than in the following 

* KR, Swinne, Phys. Zettschr. xiii. p. 14 (1912), 
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sentences from the Prefaces. ‘“... a projective treatment 
introduces the student to a region of geometrical thought, unlike 
anything he has seen in the past—a transition as abrupt and 
fertile as the crossing from algebra to the calculus. There are 
constant surprises, apparent contradictions, features of absorbing 
interest, and principles which, by the generality of their application 
and the variety of their expression, cannot fail to fascinate the 
reader.... The theory of ideal elements in pure geometry, the 
notion of one-to-one correspondence and its application to homo- 
eraphy and involution, the principles of conical projection are 
undoubtedly illuminated by a joint use of geometry and 
analysis.’ Chapters are devoted to such questions as orthogonal 
projection, conical projection, general projection, reciprocation, 
homographic ranges, involution ranges, etc.; and in almost every 
case each chapter is preceded by a short historic note tracing the 
origin and development of the idea or method. In many cases the 
proofs of important theorems are merely indicated and must 
be supplied by the student, and in addition there are numerous 
examples for exercise. 

Homogeneous Coordinates for use in Colleges and Schools. By W. 
P. Mitne, M_A., D.Sc. Edward Arnold: London, 1910. 

Dr. Miuyne has placed in the hands of the student a very 
serviceable exposition of the method of homogeneous coordinates, 
particular attention being paid to Areals and Trilinears. The five 
chapters treat respectively of the Straight Line, the Cenie, 
Tangential Coordinates, the Circular Points at Infinity, and Para- 
metric Representation. The discussion is simple and clear, and 
numerous examples are appended to the chapters for the student 
to test and strengthen his powers. In the preface Dr. Milne 
refers to certain methods in which ‘much memory work is 
avoided.” Yet on page 71 he gives an “easy rule” in which 
an unnecessary appeal to memory is given for writing down the 
minors of a symmetrical determinant of the third order. The 
following is surely more satisfactory, Knowing the rule that a 
determinant of the third order is unchanged by cyclical permutation 
of rows or columns we get the minor with its proper sign by 
simply passing diagonally from left to right downwards to obtain 
the positive product in the minor. Could anything be simpler ? 

The Propagation of Electric Currents in Telephone and Telegraph. 
Conductors. By Professor J, A. FuEmMine, M.A., D.Se,, F.R.S. 

Pp. xiv+316. London: Constable & Co. Ltd., 1911. Price 
Gs, 6d. net. 

Tis book is an amplification of the notes of two courses of post- 
eraduate lectures given by the author in the Pender Electrical 
Laboratory, University College, London, in 1910 and 1911, A. 
considerable part of the subject matter has not hitherto found its 
way into textbooks, Professor Fleming has therefore rendered 
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a special service to this branch of electrical science in collecting 
the material for this textbook. Needless to say it is well done. 
It begins with a mathematical introduction which gives in a simple 
way the properties of vectors and their functions, leading up to 
the hyperbolic functions so successfully introduced by Professor 
A. E. Kennelley into the subject of alternating currents. Indeed, 
the book might almost be considered on its more theoretic side an 
exposition of Professor Kennelley’s methods, so thoroughly is it 
saturated with them. These methods reduce to comparative 
simplicity the pioneer but elaborate investigations of Oliver 
Heaviside and Pupin on telegraphic and telephonic transmission. 

The book is not, however, a merely abstract mathematical 
exposition. After the introduction it gives a thorough treatment 
of the many practical problems which have arisen, each one worked 
out numerically with reference to actual cables. The student is 
thus provided with a safe grounding by which he will be enabled 
to understand existing practice in such an intelligent way that he 
may well hope to advance beyond it by performing pioneer work 
himself. 

_ Dr. Fleming is always happy in his exposition. Where diffi- 
culties and intricate points exist he is ready with an apt illustration. 
Numerous examples of this might be quoted from the present 
volume. 

The book is excellently edited; we can find only a few trifling 
misprints. We are astonished, however, to find distortion spelt 
uniformly with s instead of the second ¢. Surely this is not in 
accordance with common practice. It is not English; nor was 
the change introduced when the word was made a technical word 
by Heaviside. 

Bulletin of the Bureau of Standards. Vol. 7, No. 3. Washington: 
Government Printing Office, 1911. 

Turis part contains some quantitative experiments in Long- 

distance Radiotelegraphy by L, W. Austin, being an account of 

experiments made by the American Navy Department between 
the scout-cruisers ‘ Birmingham ’ and ‘Salem’ and the large 

Fessenden station at Brant Rock. From these experiments the 
following equation is deduced for over-sea transmission :— 

Tp 4ios 1th, exp. (- ae) 

where Ip and Ig are received and sending currents, h, h, are 

antenna heights, A is the wave-length, and d the distance apart, 

all lengths being given in kilometres, Messrs. E. Buckingham 
and J. H. Dallinger describe an extension of Paschen’s method of 
equal ordinates to the computation of the constant C, of Planck’s 

equation of radiation. It is shown that with suflicient accuracy 

~ NAS _ C2 _ Cy 

C,=505—— | (log Aa log 2) —3 (« A —e ue) |. 
2 1 
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This differs from the value derived from Wien’s formula by the 
exponential terms. It is also shown that 

C,=49651,,9, approxunately, 

where X,, is the wave-length for the maximum value of the radiation 
function at the temperature 0. 

In a study of the current transformer with particular refer- 
ence to iron bars by P. G. Agnew, the question of the meaning 
of Steinmetz’? index is discussed. The number obtained by 
taking the slope of the lcgarithmic curve is not the index 
when the index is variable. ‘This slope is, however, the more 
important datum in practice, and iustead of existing names 
(such as Jogarithmic derivative) it is proposed to call it the ratio’ 
of variation. We confess that we think that no name could be 
chosen more successfully to hide the meaning of the quantity 
than this. The term logarithmic ratio would be more explicit and 
could be shortened in actual speaking in the well-known way. A 
very plausible way of calculating the index is given based on the 
employment of a point (as standard) at which the “ratio of 
variation ” passes through either a maximum or a minimum. 
Values of this index are given for various flux densities for trans- 
formers of ordinary and silicon steel for frequencies of 30 and 60. 
They range from 1°36 to 1°71 for silicon steel, and from 1:49 to 
1-71 for ordinary steel. But the method of calculation is in reality 
based upon an erroneous mathematical deduction on p. 449. The 
equation d* (log y)/d(log w)?=0 cannot be integrated because it 
apples only at one point of the curve. Noris the ratio of variation 
equal to the exponent when the former isa maximum ora minimun). 
The truth is that any constant value of the factor K may be assumed 
and will yield correct values of the exponent if inserted in the 
equation y=Kaz". The present writer, taking the same data for 
the transformer of ordinary steel, finds exponents which range 
from 1:73 to 1°81; and between flux-densities 100 and 16000 the 

ereatest variation in the exponent is only 2:2 per cent. The value 
taken for —log K was 6°888. 

Prof. H. 8, Carhart discusses the thermodynamics of econcen- 
tration cells. Inthe course of this discussion he criticises Nernst’s 

third law of thermodynamics inasmuch as Nernst’s assumption is 
at variance with the behaviour of concentration cells in which the 
free energy is proportional to the absolute temperature for very 
dilute solutions, or is equal to a constant plusa term proportional 
to the absolute temperature in other cases. Nernst’s assumption 
makes the coefficient of the first power of the absolute temperature 
equal to zcro, Numerous data are given showing that the e.m.f, 
of such cells is a linear function of the temperature. 

The number also contains papers on the behaviour of high- 
boiling mineral oils on heating in the air, on the determination of 
vanadium in vanadium and chrome-vanadium steels, and on a 
comparison of American direct-current switchboard voltmeters and 
ammeters. 
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XLIL. Jonization by Moving Hlectrified Particles. 
By Sir J. J. THOMSoN™*. 

| as theory developed in this paper is based on the 
following assumptions :— 

1. Cathode or positive rays when they pass through an 
atom repel or attract the corpuscles in it and thereby 
give to them kinetic energy. 

2. When the energy imparted to a corpuscle is greater 
than a certain definite value—the value required to 
ionize the atom—a corpuscle escapes from the atom, 
and a free corpuscle and positively charged atom are 
produced. 

We must first find under what circumstances a cathode 
ray moving with a given velocity will lose when it passes by 
a corpuscle a quantity of energy greater than the amount 
required to ionize an atom. 

In my ‘Conduction of Electricity through Gases’ it is 
shown that when a body with a charge H, in electrostatic 
units and mass M, is projected with a velocity V towards a 
body with a charge EH, and mass M, at rest, the energy Q 
transferred to the latter is given by the equation 

oe 4M,M, 

(M,+M,)? 

* Communicated by the Author. 

Phil. Mag. 8. 6. Vol. 23. No. 136. April 1912. 2 He 

T sin? 0, 
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where T is the kinetic energy of the first particle, and 

if 
a7NF/ M.M, y 

eK? (a, +M, 

where d is the length of the perpendicular from the second 
particle on the direction of projection of the first. 

In the case of an encounter between a cathode ray and a 
corpuscle, M,=M, and e=K, and the equation becomes 

ete ae 
1 a= a? Om 

sin? 6=. 

b= 

QO= sme, “sine ve 

In this case @ is the angle through te the cathode ray 
is deflected. Thus 

A Toy nee 
= a ae . ae 

1+ oP : 

Thus if the corpuscle requires an amount of energy W to 
escape from the atom, then, in order that the atom should be 
ionized by the cathode particle, d must not be greater than 
the value given by (1) when W is written for Q. 

If n is the Taher of corpuscles in the atoms in unit- 
volume of the gas, the number of collisions for which d is 
not greater than the value given by equation (1) made per 

co) 

cm. by a corpuscle moving through the gas is nd? or 

this is a maximum when T=2W. 
When, as in the case of @ rays or cathode particles in a 

vacuum-tube, T is large compared with W, the preceding 
expression reduces to 

ntre* 

Wale 

so that the number of ions produced per cm. by a cathode 
particle on this theory varies as 1/T. 

Mr. Glasson (Phil. Mag. Oct. 1911) has shown that the 
number of ions made per centimetre by a cathode ray varies 
approximately inversely as the kinetic energy of the moving 
particle, so that his results are in accordance with this theory, 
in which it is to be remarked we have neglected the secon- 
dary ionization produced by the corpuscles expelled with 
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energy greater than W from the atom by the primary rays. 
The photographs taken by Mr. C. 'T. R. Wilson of the drops 
of water deposited on the ions produced by cathode rays 
show that this secondary ionization 1s not considerable. 

For cathode rays with a velocity of 4:7x 10° cm./sec. 
Glasson found that 1:5 pairs of ions were made per cm. of 
path in air at the pressure of 1 mm. of mercury, so that at 
atmospheric pressure 1140 pairs of ions would be produced 
per cm. 

To compare this with the value given by our formula we 
require to know the value of W, the energy required to ionize 
an oe of the gas through w on the ray is passing. This 
is a quantity to. which very different values have been 
assigned by different observers, ranging in the case of air 
from that due to a fall of the atomic charge through 2 volts, 
found by H. A. Wilson, to that due to a fall through 175, 
the value given by Rutherford. The production of secondary 
positive rays by uncharged hydrogen molecules moving with 
a velocity not greater Jhon 1:4 x 10° em. /sec. past cor puscles 
at rest, shows fen the energy required to ionize an atom of 
hydrogen must be less than that possessed by a corpuscle 
moving at a speed of 1:4 x 10° cm./sec., which is equivalent 
to a fall through 5 volts. We shall take as the basis of our 
calculations for air Townsend's estimate of 10 volts. 

Glasson’s rays moving with a velocity of 4°7 x 10° em./sec 
had kinetic energy equivalent to a fall through 6000 volts: 

hence if T= oo e, W= a e, and e=4:7 x 107°”, 

nre*=1140 x WT, 

if n is the number of corpuscles per c.c. of air at atmospheric 
pressure. This gives n=10°7x 10, the number of mole- 
enles in the air =2°7 x 10, Hence on an average there are 
about 40 corpuscles to the molecule. If the number of 
corpuscles in the atom were equal to the atomic weight, this 
number would have been about 30: hence, unless the value 
of W is very far out, we may conclude that the number of 
corpuscles in an atom is not greater than 2 or 3 times the 
atomic weight. 

We shall proceed to the consideration of ionization by the 
8 particles from radium. ve (Phil. Mag. Oct. 1911) found 
that the 8 rays from radium produced “48 ions per cm. of 
path in air at atmospheric pressure; the velocity of these 
rays is not given, but we can test the formula by calculating 
from it what the velocity of the rays should be. Since 
Glasson’s rays give 1140 ions per cm., and Hve’s only 48, 

2H 2 
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the velocity of Eve’s rays will be +/1140/48, or 4:7 times 
those of Glasson’s. As the latter rays had a velocity of 
4-7x 10°, the velocity of Eve’s rays would be 2-2 x 10", 
which is a very reasonable value for the velocity of the 8 rays. 
We have neglected the correction for the alteration of the 
mass of the 8 rays with their velocity; this correction would 
have the effect of reducing slightly the calculated velocity of 

ne* 

wr ad 
as n is proportional to the atomic weight of the gas, the 
number of ions produced by a cathode ray of given velocity 
moving through given gases will be proportional to the density 
of the gas divided by W, the energy required to ionize an 
atom of the gas. Hence W will vary as the density of the gas 
divided by the ionization per em. of path. Kleeman (Proc. 
Royal Soc. Ixxix. p. 220) gives the relative ionization in 
different gases produced by @ rays. From his values I have 
calculated the relative values of Q for several gases :— 

Gans) GEL C. NE O. S. Ch Br Lhe 

Woe, 4-75, 5:26, 49, 3:6,. 4:5, bon 

Thus it would appear from this result that hydrogen is 
much more easily ionized than any of the other substances 
tried. 

The deflexion which we have been considering of a rapidly 
moving corpuscle by another corpuscle would not give rise 
to much dissipation of energy by radiation. For the accele- 
ration of one corpuscle is equal and opposite to that of the 
other; hence the electric force in one pulse will be equal and 
opposite to that in the other, so that when the pulse due to 
one overlaps that due to the other the energy will be small. 
The study of the positive rays in a discharge-tube shows, 
however, that sometimes a rapidly moving corpuscle is 
stopped and remains firmly attuched to the atom when it 
collides with it. In collisions of this kind the energy of the 
corpuscle will be radiated away, and they may be regarded 
as the chief source of the Roéntgen rays produced when 
cathode particles fall upon matter. That collisions of this 
kind occur is shown by the fact that atoms travelling with 
great velocity through a perforated cathode, and uncharged 
when they pass through the cathode, on passing through 
ionized gas at rest sometimes attract a corpuscle and become 
negatively charged. The conditions are tlle same as if the 
atoms were at rest, and the corpuscle moving with the velocity 
of the atom and colliding against it, the impact resulting in the 
stoppage of the corpurcle and its imprisonment by the atom. 

the B rays. As the ionization in a gas is equal to 
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Lonization by Positively Charged Particles. 

In this case, as the mass of the moving particle is very 
large compared with that of the corpuscle, M, i is large com- 
pared with M,, so that the equations 

4M,.M = 2 ew oe) /) ea “= aise ce Caeasin? 0 — 7 Vr WLM Y ra, 

F neg? 2 mnt) 
reduce to 

ATIME an il 
Q= uo & sin? 0 = — PMV 

1 RPE? 
or if T’ is the kinetic energy of a corpuscle moving with the 
velocity of the positive particle, 

Des 3 1 pT ae ale Yoel ann O40 sine og 7) sin yl TT 22” 

He? 
q ! 

or e=(5-1) 

pg eR”. 

Thus the number of ions made per centimetre of path by 
the action of the positively charged particles on the negative 
corpuscles is, when T’ is large compared with W, 

nie? i}? 
Vee 

Thus when e=H the number of ions produced by the 
positively electrified particle is the same as the number pro- 
duced by acorpuscle moving with the same velocity. When, 
as in the case of the a particles, H=2e, the ionization 
produced by the « particle is four times that produced by a 
corpuscle moving with the same velocity. We can test this 
result by comparing the ionization due to the a particles 
from radium C, which have an initial velocity of 2°06 x 10° 
em,/sec., with that due to Glasson’s cathode rays with the 
velocity ‘of 47x 10° em./see. In consequence of the slower 
velocity the « particles ought by our rule to make (4°7/2°06)? 
or 5:4 times the number made by the cathode particles, and 
in consequence of the double charge 4 times the number; 
hence the a particle should make 4 x 5:4 or 21 times as many 
as the cathode ray. As the cathode ray makes 1140 the 
a particle should make 23940 ions per centimetre ; the number 
as measured by Geiger is 22500, the difference is not greater 
than could be accounted for by errors in the experiments. 
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In order that a positively charged fece: may ionize a 
gas at all T’ must be greater than ‘W/ /4; thus if we take W 
to be re epresented by 10 volts, T’ must be ab leash 2 *> volts. 
Thus T, if the positively charged particle were an atom of 
hy drogen, must be 2°5x1700 or 4250 volts; if it were a 
molecule a hydrogen it would be 8500 volts, if an atom of 
oxygen 68000 volts. Thus in the case of the positive rays 
produced in a vacuum-tube, unless the potential difference 
between the terminals is very large, it will only be the atoms 
and molecules of the lighter gas which can produce ionization 
in the way we are considering. 

According to this view it is the velocity of the positive 
particle and not its energy which must exceed a critical 
value before it can ionize a gas, and a knowledge of this 
critical value would enable us to find the value of W. It 
would I think be easier to determine W by experiments on 
positive particles than with negative ones; and I hope by 
isolating by means of magnetic and electric deflexions posi- 
tive rays of definite character and velocity, to get information 
on this point. 

In the preceding investigations we have supposed that the 
corpuscles in the atom were free; the amount of energy com- 
municated to a free corpuscle w ill not, however, differ appre- 
clably from that given to one held bound by the forces 
exerted on it by its neighbour, if the time of oscillation of the 
corpuscle under these forces is Jarge in comparison with the 
time during which the forces due to the moving particle are 
appreciable. This time will be of the order d/V, and when 
the particles are moving with a velocity of 10° em./sec. this 
time will be of the order 10-}§ sec., which is very small in 
comparison with the time of any vibrations revealed by the 
spectroscope. For very slow cathode rays or positively 
charged particles, the influence of the forces inside the atom 
might be appreciable and reduce the energy communicated 
to the corpuscle. These forces will in any case naturally 
deflect the corpuscle on its way out of the atom, and make it 
emerge in a different direction from that in which it started 
after its encounter with the moving particle. We can easily 
show that this direction makes an angle 7/2—@6 with the 
original direction of motion of the particle, so that when @ 
is small this direction is at right angles to the direction of 
the primary rays. 

Radiation produced by the Recombination of Tons. 

When a corpuscle is liberated from an atom or melecule, 
a definite amount of work W is required, which is equal to 
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the potential energy of the positively charged residue and a 
corpuscle at an infinite distance from it. lf the work spent 
on the corpuscle is greater than W, the corpuscle leaves the 
atom with a finite amount of kinetic energy, but the state 
of the positively charged ion and its potential energy with 
respect to a distant corpuscle is not affected. Consider now 
what happens when this positive ion and a corpuscle combine 
and restore the atom or molecule to the state in which it 
existed before ionization took place. Under their mutual 
attraction the corpuscle and positively charged ion approach 
each other and acquire kinetic energy. As the mass of the 
corpuscle is much the smaller, the kinetic energy will be 
almost entirely localized in the corpuscle. After the cor- 
puscle has fallen back into the ion it will have an amount 
of kinetic energy equal to W, if there has been no dissipation 
of energy by radiation; before the atom is restored to the 
state it was in before ionization, this energy must be got 
rid of. This dispersal of the energy is accomplished by its 
radiation, which takes place as long as its motion is being 
accelerated. Thus from the time of commencement of the 
recombination up to that when the atom has become normal, 
a stream of radiation is emitted from the system, constituting a 
pulse, which may bea linear one, of electromagnetic radiation, 
whose duration and energy depend only on the properties of 
the atom or molecule. Hence the character of the radiation 
emitted during the recombination of the ions will be a series 
of pulses, each pulse containing the same amount of energy, 
and of such a character that if we were to analyse the electro- 
magnetic disturbance by Fourier’s theorem into a system of 
harmonic vibrations, the distribution of energy among the 
different periods would be the same for each pulse. In fact, 
each of these pulses will form a unit or quantum, and the 
total radiation will be built up of such units. 

Now, what will be the nature of this radiation? If we 
resolve it up into light-vibrations, where will the maximum 
energy be? will it be far down in the infra-red or high up 
in the ultra-violet? This will depend on the energy required 
to ionize a molecule. ‘I'o fix our ideas let us suppose this is 
represented by 10 volts, so that when the corpuscle regains 
the atom or molecule it will be moving with the velocity 
corresponding to the fall of the atomic charge through 
10 volts. We may fairly compare the radiation it emits 
with that emitted by a corpuscle moving with this velocity 
when it strikes against a molecule. If we suppose that the 
radiation from hot bodies is due to the electric waves gene- 
rated when corpuscles in thermal equilibrium with the body 
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strike against the molecules of the body, the character of the 
radiation emitted when the ions recombine will be comparable 
with that from a body at such a temperature that the average 
energy of one of its molecules is that due to the fall of the 
atomic charge through 10 volts. At the temperature 0° C. 
the average energy of a molecule of a gas is that due to the 
fall of the atomic charge through 1/30 of a volt, which is 
1/300 part of the energy of our corpuscles ; the absolute 
temperature of a body whose molecules have energy equal to 
the corpuscle is thus 300x273, or about 80,000 degrees 
absolute : this is about 13 times the absolute temperature of 
the sun, and as the maximum energy in the solar spectrum 
is in the neighbourhood of wave-length 4°9 x 107° em., andas 
the wave-length for maximum energy is inversely pr oportional 
to the absolute temperature, the maximum energy for light 
analogous in its properties to the radiation emitted by the 
recombination of the ions would be in the neighbourhood of 
wave-length 3°8x 107° em., and would thus “correspond to 
light very far in the ultra-violet. The theory is supported by 
the fact that those regions in a discharge-tube where recom- 
bination is taking place, such as the negative glow, are the 
sources of a type of radiation called ‘‘Kntladungstrahlen ” 
which has many of the properties of ultra-violet light. 

Suppose now that besides the corpuscles which can be 
dislodged from the atom by the expenditure of an amount of 
energy measured by a tew volts, there are in the atom other 
systems which require for their dissociation a much greater 
amount of ener gy, say an amount measur ed by thousands of 
volts. Ifthe ionization of these systems is to be effected by 
cathode rays, it will not begin ‘unless the rays have the 
velocity due to this number of volts; when, however, the 
rays have a greater velocity than this, some of ‘these systems 
will be ionized, and a positive residue produced which will 
have with respect to a corpuscle at some distance away 
potential energy measured by w thousand volts. When the 
residue and the corpuscle unite and reproduce the original 
system, this amount of energy will have to be radiated away; 
and the type of the radiation will be such that it is repre- 
sented by waves with wave-lengths less than those in the 
preceding case in the proportion of 1: 1002. Thus the 
maximum energy would be in the neighbourhood of wave- 
length 1078 cm., z. e. the radiation would be Rontgen radia- 
tion. Thus the. presence in the atom of systems requiring a 
large quantity of energy to ionize them, would give rise to 
Réntgen radiation of a type determined solely by the pro- 
perties of the atom. The energy in this radiation would be 
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divided into definite units or quanta, the character of the 
radiation when excited would be independent of the means 
used to excite it, but it would not be excited unless the 
velocity of the primary cathode rays exceeded a critical value. 

This radiation has all the characteristics of the “ charac- 
teristic Réntgen radiation” discovered by Barkla. Barkla 
made the very important discovery that any element whose 
atomic weight is greater than 39 gives out, when exposed 
to Réntgen radiation or cathode rays, secondary Rontgen 
radiation whose type depends only on the nature of the 
element. For the same element the “ characteristic ” radiation 
is the same whatever be the character of the primary radia- 
tion, with this proviso, that the characteristic radiation is not 
excited unless the primary Réntgen rays are “harder” than 
the characteristic radiation, or if the cause of excitation is 
cathode rays unless these are moving faster than a certain 
eritical velocity ; these are just the characteristics of the 
radiation emitted during the recombination of the systems 
of the kind we have been considering. Whiddington has 
shown that the least velocity of the cathode ray which can 
excite the characteristic radiation of an atom of atomic 
weight A is, in the case of all the elements he investigated, 
approximately equal to 108 A. cm./sec. 

The existence of systems which are first dissociated and 
then restored to their original condition by the falling in of 
a corpuscle carrying with it kinetic energy, will also explain 
the diminution of specific heat with temperature. For if 
this is the way by which kinetic energy is communicated to 
the system, it is necessary that the system should first be 
dissociated. If this is to be done by corpuscles their energy 
must exceed a certain value w. The kinetic energy of the 
free or quasi free corpuscles in a body is proportional to the 
absolute temperatare 0, letit eqnal 26. Then when 20 is <w 
the system will not absorb energy and so will not affect the 
specific heat, but when a8 is > w the system can be dissociated, 
can therefore absorb energy and therefore increase the specific 
heat ; the specific heat therefore will be greater when 28> w 
than when a9 <w. If we calculate on these lines the specific 
heat of a body whose molecules contain svstems which require 
for their dissociation wy, ws, ...w, units of work, and suppose 
that the energy is distributed among the corpuscles according 
to Maxwell’s law, we get an expression for the specific heat 
as afunction of temperature of the same form as that given 
by Kinstein, which is in accordance with the remarkable 
results obtained by Professor Nernst and his pupils at very 
low temperatures. 
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XLII. Notes on the Viscosity of Liguds. Bu AuFren W. 
Porrer, £.R.S., fellow of and Assistant Professor of 
Physics in University College, London”. 

1. The Variation of Viscosity with Temperature. 

HEN two liquids are examined throughout a sufficient 
range there can, in generai, be found a temperature 

for the second liquid at which its viscosity is the same as that 
for the first liquid at any given temperature. Let this tempe- 
rature, when the standard liquid is at To, be represented by T. 

Then if e be plotted against T, I find that the curve obtained 
0 

is practically a straight line. This statement is illustrated 
for the case of mercury with water chosen as the standard 
substance in fig. 1. 

Fig. 1.—-Mercury and Water. 

0 190° Trecodp nae 300° 400° 

The values obtained by interpolation from the data given 
by Landolt and Bornstein are as follows :— 

Se Water. Mercury. ie 
Viscosity. To. 1. Tr 

‘0181 0° C. S12. 942 

0133 10 + 68 1206 

| 0102 20 +194 1:593 

0090 25 | 4-340 2-06 
| | { LS 

* Communicated by the Author, 
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These values practically cover the range for which coin- 

cident values exist for the two liquids; in fig. 1 = is plotted 
Re 
To 

against T, and a straight line 1 is drawn so as to lie closest to 
the points. 

This method of plotting is similar to that employed by 
Ramsay and Young in connecting together the vapour- 
pressures of Aeron liquids. 

On a former oceasion (Phil. Mag. June 1907, p. 724) 
I showed that in so far_as that curve may be ne as 
perfectly straight, it must be possible to represent the 
vapour-pressure of each of the substances concerned by the 
formula B 

T(p) = A+ an 5 

where /(p) stands for a function of p which must be the same 
for both liquids, and A and B are constants characteristic of 
each liquid. 

Applying the same reasoning to the present problem, we 
see that in so far as the curve such as fig. 1 may be taken 
as perfectly straight it must be possible to represent the 
viscosities («) or the mobilities (M=1/y) by the formula 

FQN) = flu) = A+ 
A formula of this type fits even such an extreme case as 

that of the viscosity of pitch as some, at present unpublished, 
results obtained by Mr. G. B. Jeffery show. 

The case in which mercury and water are the two liquids 
compared is specially interesting, because water is a strongly 
associated liquid while mercury is considered to be non- 
associated. In the corresponding vapour-pressure problem 
it is usually concluded that a deviation from straightness 
indicates that one of the vapours “ undergoes dissociation 
on heating ” or ‘‘ that there is molecular association in the 
liquid state” *. It would seem that the degree of curvature 
cannot be taken as a criterion of the degree of association in 
the anaiogous viscosity problem. 
Shaan curves have been obtained for bromine and water, 

oil of turpentine and water, ethyl ether and benzole, ethyl 
acetate and benzole, in each case with similar results. 

2. Mobility and Vapour-pressure. 

The discovery of the above similarity between a problem 
in connexion with vapour-pressures and one in conuexion 
with viscosities (or mobilities) suggested that other relations 

* Young, ‘Stoichiometry,’ p. 145. 



460 Prof. A. W. Porter on the 

might be found between them. As a matter of fact, it is 
found that if the logarithm of the mobility be plotted against 
the logarithm of the vapour-pressure, a curve differing very 
little from a straight line is obtained both in the case of 
mercury and in that of water. These curves are shown 
in figs. 2 and 3. 

Fig, 2.— Water. 
(a a 

bog. (avotidity i 

“7 <3 -6 9 2 ie lvapmur- recrure J 

The greatest deviation in the case of mercury only corre- 
sponds to less than 6 parts in 1000 in the value of the 
mobility. It is scarcely likely that the experimental values 
are correct to this degree of accuracy, although the smooth- 
ness of the curve which may be drawn amongst them would 
seem to indicate otherwise. Itmust be remembered that the 
corrections for kinetic head &c. which are usually applied in 
connexion with Poiseuille’s method are of uncertain validity * 
and they may easily introduce a fictitious curvature. 

The equation to the straight line for mercury (fig. 3) is 

log M = :0403 log p+ 1-938, 

and for water (fig. 2) is 

log M = °362 log p+ 1°54. 

* L. R. Wilberforce, Phil. Mag. 1891; Hagenbach, Pogg. Ann. cix. ; 
Franz Neumann, Legons (1858-59: published after his death) ; 
Couette, Journal de Physique, 1890, p. 414; Menneret, Journal de 
Physique, October 1911. 



Viscosity of Liquids. 461 

Fig. 3.—Mercury. 

bog (vapeur pprevoure) 

Fig. 4. 

S| 

34] 

Log (mobility) against Log (vapour pressure). 

Such published evidence as exists at present is, in fact, 
rather in favour of a curvature in the opposite sense. In 
fig. 4 are shown the values obtained by Warburg and Babo * 

* Wied. Ann. xvii, (1882) pp. 8390-427, 
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for carbon dioxide for various saturation pressures, together 
with the accepted value for the gas at ordinary pressures. 
It will be seen that the curve for the liquid is concave 
upwards. The values shown for the liqnid and gas are con- 
nected together conjecturally by means of a dotted curve, on 
the assumption that the mobility varies continuously through 
the critical point. It is of some interest that the curve so 
obtained is very nearly indeed a parabola with its axis 
horizontal. 

3. Iam not aware that it has ever been pointed out that 
those liquids which have a small viscosity at ordinary tempe- 
ratures lave, in general, a great vapour-pressure. This law 
holds perfectly for homologous liquids, and it holds, so far as 
order of magnitude is concerned, in all other eases. It is 
needless to multiply instances: a glance at Landolt and 
Bornstein’s Tables exhibits the law at once; but, as: extreme 
cases, may be mentioned that of glass (which is a super- 
cooled liquid) with its very large viscosity and negligible 
vapour-pressure, and that of liquid CO,, which has larger 
vapour-pressure and a smaller viscosity than that of any other 
liquid on which measurements have been made. 

XLUIV. Lonization by Alpha Rays. 
By Norman CAMPBELL, Sc.D.* 

1. J N two previous papers on “ Deita Rays” 7 it was 
shown that it was extremely improbable that the 

delta rays had an initial velocity as great as that corre- 
sponding to the 20 volts which had previously been accepted. 
It was further shown that the speed of the rays, if it was 
greater tnan a small fraction of a volt, must be ‘independent 
of the speed of the exciting rays, and nearly, if not 
uite, independent of the material from which they are 

emitted. These conclusions appeared of sufficient interest 
and importance in their bearing upon the general problem of 
the mechanism of radiation to make it worth while to attempt 
to establish them on a firmer basis by experiments of a dit- 
ferent nature. The following pages contain an account of 
these experiments, which confirm all the conclusions put 
forward already, and produce, as a side issue, some results 
of a different nature. After the experimental evidence has 
been explained, the bearing of it on the main problem under 
discussion is considered. 

* Communicated by the Author. 
+ Campbell, Phil. Mag. Aug. 1911, p. 276, and Jan. 1912, p. 46. 
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Pari, 

Qualitative Aleasurements. 

2. It was thought that additional information might be 
obtained as to the nature of the delta rays by experiments 
on ionization by collision. If the power of an ‘ion to form 
new ions when it collides with neutral atoms depends on 
its velocity when it collides, two ions will have different 
powers in the same electric field if they start with different 
velocities. 

Consider a layer of gas contained between parallel elec- 
trodes A and B, composed of different materials. @ rays pass 
through A and the layer of the gas, being finally absorbed 
in B; they excite delta rays at both A and B, and produce 
ionization in the gas. An electric field is established between 
A and B of an intensity sufficient to cause ionization by 
collision ; the former experiments in a vacuum have shown 
that it will also be sufficient to prevent any of the delta rays 
leaving the positive electrode, and to ensure that all the delta 
rays leave the negative. The current arriving at the elec- 
trodes due to the ionization in the gas must be the same for 
both directions of the electric field if the ionization in the 
gas is uniform ; but if the delta rays emitted from A are 
different, either in quantity or in quality, from those emitted 
by B, the current due to the delta rays from the electrodes 
will differ according to the direction of the field. When A 
is positive this part of the ionization will be caused by the 
delta rays from B; when A is negative it will be caused by 
the delta rays from A. 

If the delta rays differ in initial velocity the difference 
between the currents in the two directions should be almost 
independent of the intensity of the field, so long as it is 
sufficient to cause ionization by collision at all ; for after the 
electrons, which are liberated as delta rays, have made a few 
collisions all trace of their original velocity will be lost ; 
any difference in initial velocity will appear only in a dif- 
ference in the fraction which ionize at their first collision. 
But if the rays differ in quantity, there will always be more 
ions in the gas in one case than in the other, and the difference 
between the currents in the two directions should increase 
steadily with the intensity of the field. 

3. The electrodes of the apparatus in which the measure- 
ments were made are drawn to seale in fig. 1. A and B are 



464 Dr. Norman Campbell on 

the parallel electrodes, B being connected to the apparatus 
for measuring the current, while A was connected to a source 
of potential. The 2 rays emitted by the polonium plate P 

Mb ortiz leaf 

CURRENT 

SCALE OF Cins. 

issued through the hole in A, covered with a thin foil of the 
material under investigation. The dimensions were arranged 
so that all « rays which passed through A and were not greatly 
scattered struck B. 

The electrodes were contained in an air-tight chamber, 
and the pressure of the dry air in it measured by a McLeod 
gauge. Pressures throughout this paper are expressed in 
millimetres of mercury reduced to 15° C. The current was 
measured by the method involving the use of high resistances 
described in a former paper ”*. 

4. The results of the measurements are given in Tables 
I-IV. For Table I. A was covered with gold and B with 
aluminium ; for Table II. the position of these materials was 
reversed; for Tables III. and IV. both A and B were 
covered with the same material, aluminium and gold respec- 
tively. The first row of figures gives the pressure of the air 
at which the experiments were made; the subsequent rows 
the values of the current for potential differences between A 
and B given in the first column. The columns marked 
“sum” contain the arithmetical sum (or algebraical dif- 
ference) of the currents measured with the electric field in 
opposite directions ; the columns marked “diff.” give the 
arithmetical difference (or algebraical sum) of the same 
currents. The unit of current isabout 2x107~"ampere. The 
figures in different columns are not strictly comparable ; 
allowance has to be made for the decay of the polonium 
and for slight alterations in its position when the apparatus 

* Phil, Mag. Aug. 1911, p. 301. 
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was taken down. Jn all cases the positive current (i. e. that 
with A positive) was greater than the negative; so that the 
figures in the columns marked “ diff.” have always the same 
sion. 

5. It will be observed that the difference of the currents 
in the two directions is never zero. Such a result is to be 
expected, for the « rays give up their charge to B, and the 
current due to this cause is not reversed when the field is 
reversed. But part of the difference is due to Volta dif- 
ferences of potential in the measuring apparatus ; the mag- 
nitude of this part was quite constant over long periods of 
time, but was apt to change when alterations were made in 
the apparatus. Measurements of its magnitude were made, 
but they are unimportant for the present purpose. 

It will be observed that in Tables III. and I[V., when the 
electrodes are covered with the same material, the difference 
between the currents is almost or quite constant for all values 
of V. The difference may decrease slightly, which means 
that the delta rays from B produce slightly less ionization 
than those from A; an effect of this nature may be attri- 
buted to an absorption of the g rays in passing between A. 
and B. But it may be confidently concluded (1) that the 
apparatus is Se in that all the rays which emerge 
from A strike B, and (2) that there is no difference to be 
detected between the “ emergence’ and “incidence” radia- 
tion of delta rays; for the rays from A are “‘emergent,”’ 
those from B “incident.” Any difference in the two ‘forms 
of radiation, which was indicated in the former experiments, 
must be arvgaliedd. as was suggested before, to the many 
sources of uncertainty to which the interpretation of the 
measurements was liable, 

In Tables I. and II., however, the differences between the 
currents change markedly when the potential difference is 
increased. But this change cannot be attributed to a difference 
in the ionization caused by the delta rays from gold and 
aluminium, because it does not change its sign when the 
position of those materiais is reversed. In Table II. the 
increase of the positive current relatively to the negative, if 
attributed to a difference in the delta rays from “the twa 
electrodes, would signify that more ionization is produced by 
the delta rays from aluminium ; in Table II, it would signify 
that more ionization is produced by the rays from gold. The 
current flowing from A to B always increases relativ ely to 
that flowing from B to A with whatever material the clec- 
trodes are covered. The effect could be attributed to some 
geometrical asymmetry, were it not apparently dependent on 

Pett. iMag. S. 6. Vols 230Nonu66.Apml 1912, 2] 
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TABLE I.—Gold above, 

: pie eee ee 0004. Al) Onere Nee ane 0:95 

| aa aa diff, Pees ‘sum diff. | sum diff. 

FV S20. 205 055 | 3:00 054 [340 046 | 362 050° 
: BO Read. <2 (2-05 0:54 | 3:25 055 1369 049 | 398 0:52 

Ae. 204 053 | 345 0:55 1400 0:50 | 436 056 | 

BOs ven) |) | 867 057) | 481 051 |e 

py aoe | BBL 060 | 461 055 | 510 060 

| US eae .. |400 062 |489 059 | 546 0-68 | 

| Zico Pa a | 412 082 [509 o6l | 581 0-67 | 

TABLE IT.—Gold below, 

; ae 0036 | O27 063. | 087 

| eee eae sum Giff. | sum diff. Rete diff. | 

V=20............/ 288 049 | 313 O54 | 494 OF) | 458 048 | 

We. ko] 294 049 | 338 0:52 | 462 0:54 | 504 0-49 

Bee sears hil (294 049 | 550 058 | 500 055 | 558 O51 

| V=50.........4..--| 297 0°50 | 362 0:53 a. {605g mise | 

[ES Isl 050 | 373 055 | 574 O57 | 654 0-56 | 

WO. 2 3-01 049 | | 

| recuse 302 049 | 388 056 | 632 058 | 748 066 | 

TaBLE I]J.—Aluminium above and below. 

eee As. | 0-51 10!) 45 2) es api 

Se eum aje_| sam di| sum aif! ounce Nea ai 

V=20..........| 278 022 350 626 413 019) 482 026] 544 026) 

BO yscae desea. (298 0:22 383 025 4:53 O17) 5:25 0-27) 584 0-24 

ye heer 316 022 418 024 499 019 574 0-26) 636 0-24 

V=50.....0. 381 O23 455 025 5:50 0-20 638 028) 703 0:23 

v¥oeie eee (346 0:24 492 024 603 019 7-09 027 783 028 

GO 357 0:23 526 0:24 660 0:18 7:83 0:23 876 0-24 

V=-805. 2.5.4 | 5°69 0°23; 5°57 0°25! 7:20 0°20, 8°67 0:23 | 9°78 0:22 
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Aluminium below. 
1 

1202. ae aeS5Aa a. IenteSs Dales Tur eMl lh woman ht an cataly 
—_ S| 

sum dit. | sum) ‘dite | sume, dir. | sum )-dif, sum “ditty sum) ditt | 

404 052 | 440 046 | 5:33 0°55 | 5°58 048 | 572 0:50 | 636 0-50 | 

| 443° 053 | 495 0-47 | 573 053 | 5:98 0-48 | 613 051 | 675 0-51 

4°88 058 | 547 O5l | O31 O51 | 653 049 | 670 0950 | 731 O51 

540 060 | 6:09 O57 | 702 056 | 727 O51 | 742 048 | 805 0:55 

591 063 | 672 O60 | 779 O59 | 810 054 | 822 048 | 894 0:54 

643 067 | 742 O66 | 866 062 | 9:02 0-53 | 9:23 O51 {10°00 0-60 

9 bia2, 070° | S11 O71 1 069 {10:07 063 |1026 062 {11:18 0°62 

Aluminium aboye. 

| ely 1°33 1:65 1:99 2-48 

sum diff. | sum diff. sum diff. sum diff. sum ditt. | 

Bet 0:40) | 4:59) 040) 9528) 046 | 571 0.41) (68a 045, | 

583 048 | 5:06 0:43 576 =0-50 616 0-44 (oy UES) 

646 0:50 561 = 0-46 644 0:50 orgs) Oar (OS) Oub: 

T13 =0'52 6:24 Q48 1:28 O07 154, 0°49 831 0-45 

mein OD 687 0°53 804 063 843 0°50 926 0-48 | 

860 0:56 752 ©6056 CO O72 Peay MOD AOS eal 

934 062 | 821 O61 | 987 O76 | 1052 O80 | 11-61 060 | 

Taste 1V.—Gold above and below. 

MN | 058 1-06 1-38 20 | 243 | 
OO a ae vance sum aiff. sum diff. sum cHieg) CON ci 

eyo 250 0:26| 3:30 0:30] 4:19 0-45) 5:05 0:45| 574 O44. 

en 272 0-24) S71 0:25) 461 045/551 0-45| 621 0-43| 

Wis lUladeert oo: 2°70 0-24] 4-08 0:24] 5-08 0-44/ 6:04 0-46 674 0-44 | 

NpZoL eae 3-07 0:23| 446 0:24/ 559 0-43| 667 O43 742 0-42) 

eC 322 0:22] 4°82 0:22] 612 O44) 742 0-42/ 8:22 0:38, 

1 i ae 3°33 0-21] 518 0:20] 665 0-45) $20 046 9:15 O41 

Wea SOL scct cs gat 343 0:19) S51 O21! 7:21 043 > 9C4 0-44 1019 0-39 
| 

21.2 
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the presence of two different electrodes. J have no explana- 
tion to offer of the effect, but it does not seem to prevent the 
conclusion that the delta rays from aluminium and from 
gold excited by the same alpha rays are the same both in 
quantity and in quality. Several other experiments of a 
similarly qualitative nature were made and, though some 
unexpected phenomena were found, none of the measurements 
threw the smallest doubt on that conclusion. At iength it 
appeared desirable to investigate the matter quantitatively 
by the aid of the detailed theory of Townsend ; for this 
purpose more accurate and more extensive measurements 
were required. 

desta JOE 

Quantitative Measurements. 

6. In the experiments of Townsend, the theory of which 
is examined in the previous paper (Phil. Mag. March 1912, 
p. 400), the distance between the electrodes and not the 
pressure of the gas was altered. It appeared more convenient 
here to change the pressure of the gas and not the distance 
between the electrodes. An algebraic transformation suffices 
to reduce the equations to a suitable form. Adopting the 
notation of the previous paper, 

T ! 
let iN b= yea glay aN M ==); Lee 

i a 
Then (13) becomes 

/e=elP 2 n, +n’ i ag te ne i/e=e rhe (+e) (ek — (1) 
Nee 

(15) becomes poo ee ss 

(16) becomes aye MoS. 

(18) becomes log w+ pe=logv—ve. ee 

It will be seen that if 7, n, 2’, p are measured for a sufficient 
number of values of ¥, it will be possible to determine the 
constants vy and VY’, : 

The Experiments. 

7. The experiments were carried out in the apparatus 
already described. The gas used was air dried by P.O:. 
The pressure was read by a Mcleod gauge calibrated ex- 
perimentally. The different ratios (15, 20, 40, 200, 1000) 
were compared among themselves, and their relative values 
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known to $ per cent.* The smallest ratio was compared with 
a nomet gauge, and the absolute values thus known to 
1 per cent. Pressures from 1-3 mm. were read to ‘0025 mm., 
from 3-6 to ‘012 mm., from 6-20 to:025 mm. The values 
are given in millimetres of mercury reduced to 15° C. 

The currents were measured by the high resistance method 
as before. Owing to the wide range which had to be 
measured two resistances in the ratio of 5°281:1 were em- 
ployed. Currents less than 2 units (1 unit=2°4 x 107" amp., 
to within 5 per cent.) were measured to °0005 unit; those 
greater to ‘003 unit. 

Differences of potential were measured to 0-2 volt by means 
of a Weston laboratory standard voltmeter, said by its makers 
to be accurate in absolute measure to 1 in 1000. 

8. Two complete series of measurements were taken, one 
with the electrodes covered with gold, the other with 
aluminium. In each series 6 or 7 values of y were chosen ; 
for each of these values the relation between i and pw as 
determined over the widest possible range of p. ‘This range 
was limited on the lower side by V =30, the lowest potential 
difference for which the experiments in a vacuum had shown 
the delta-ray current to be saturated ; on the higher side by 
the values of V and p at which, according to the figures 
given by Townsend, ionization by the positive e ions was likely 
to become noticeable. Since the potential could only be 
varied conveniently in steps of about 2 volts, readings were 
taken on each side of the value of V determined by the 
measured pressure and the selected value of y, and the correct 
value found by interpolation. In every case two measure- 
ments were taken, one with the field from A to B and one 
with the field in the reverse direction ; the arithmetic sum 
of the two currents is represented by the value of 7. The 
experiments described above had shown that by this pro- 
eedure a true value for the current due to the ionization 
caused by the alpha rays would be obtained, and the necessity 
of a knowledge of that part of the current which is unaffected 
by the field eliminated. 

9. n’ is the total number of ions made per second in ie 
gas by the delta rays at a pressure of 1 mm. In order 
determine this quantity measurements had to be made : 
pressures very much higher than any of those used in the 
other experiments, for it was only at pressures greater than 
100 mm, that a sufficient approach to a saturation current 

* The numbers given are only approximate, and represent what the 
ratios were intended to be when the gauge was made. That the yalues 
of y given in the table are not whole numbers is due to the difference 
between intention and realization. 
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could be obtained. At lower pressures noticeable ionization 
by collisions began before saturation was attained. It was 
found, however, that within the range from 100 to 700 mm. 
the current was very nave ly proportional to the pressure, 
so that the inter polation + to lower pressures does not introduce 
much uncertainty. And yet the greatest uncertainty in the 
experiments is connected with n’, for the values obtained 
on different occasions varied by as much as 4 per cent. 
(Allowance was made, of course, for the oe of the 
polonium ; the accepted value »=139 (days)~! agreed well 
with the observations.) ‘This uncertainty is probably due to 
the method of measurement adopted. After the experiments 
were finished—rather late in the day—a more complete in- 
vestigation into the properties of the high resistances was 
undertaken. The results will be published shortly. It was 
found that the temperature coefficient was higher than had 
been stispected, and that there were sources of errot con- 
nected with the lower resistanee (by means of whieh n’ was 
measured) which did not affect the higher resistance (which 
had been investigated before). If this inquiry had been made 
earlier a oreater accuraey could certainly have been attained, 
but nothing has been found to throw doubt on the results. 
Tiideed, the results of the measurements themselves may be 
judyed to be good evidence of the value of the method 
etnployed. 

1, the number of ions liberated at the electrode per second, 
or, in these experiments, the number of delta rays excited 
there; can be ascertained by measuring the saturation current 
at the lowest pressures attainable (<:001 mm.). In the 
earlier observations this quantity was measured several times 
during the process of finding the relation between z and y, 
and the values obtained on a ‘single day sometimes varied as 
much as 2 per cent. Moreover, the currents at higher pres- 
sures varied with ,, leading +6. some irregularity in the 
results obtained. (Thus in Tables XV. and XVIIL. it will 
be seen that the points do not lie accurately on a smooth 
curve.) The variation was traced to the presence of an air- 
film on the surface of the electrodes, which increased the 
emission of delta rays from them. If the pressure was kept 
below 0:5 mm. the air-film was gradually destroyed; during 
three days when the pressure was kept as low as "possible 
continuously, 7, fell by 14 per cent. (The same change was 
noticed in the first paper on delta rays, p. 298.) “Later, 
therefore, the eee was never reduced below 0°5 mm. 
during the course of a set of experiments, and under these 
conditions there was no irregularity in the curves. n, was 
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determined occasionally by taking observations immediately 
the pressure had been sufficiently reduced, and it is these 
measurements, corrected for the decay of the polonium, which 
are used for the comparison made below. 

TABLE V. TABLE VI. TABLE VII. LUN oo SORE 

| Gop. Gop. Goup. GoLp. 

| Oct. 6. Oct. 2. Sept. 14. Oct. 4. 

y=102:2, n’=0:0766'y=71°54, n’=0-0794| y=51-1, n'=0:0835 | y=40°88, n'=0-:0776 

ee i. p. i. Dp. i. D. i. 

0-423 0152 0:47 0:148 0:78 0-198 0-942 0-194 
0-516 0169 0634 0-177 0:88 (0-214 0-952  0:195 
0644 0196 0-751 0-202 1:04 0-248 1104 0-231 
0748 0-221 0-862 0:228 1:09 0:261 1:33 0:271 
0886 0-260 0944 0-248 1:28 0-308 1415 0:284 
Ola 0-311 1:000 0-264 1-53 0-384 1579 0°329 
1110 0°352 1:133 0303 1:58 0-396 1889 0-404 
1-228 0:405 1:299 0°356 1-76 0:466 2-051 0-457 
1336  0:465 1415 0-406 2-02 0:570 2357 —0°563 
1385 0495 | 1:550° 0467 2:25 0:680 2527 0-624 

eRe un O:523 2830 0-770 
1:746 0569 2992 0-842 
1770 0:584 3220 1-050 
1:891 0°645 3447 1-122 

TABLE IX. TABLE X, TABLE XI. 

GoLp. GOoLp. Goup. 

Sept. 20. Sept. 22. Sept. 15. 

y=3l'1l1, ’=0-0820. y=20°'74, #’=0-0807. y=10°37, '=0:0835. | 

Dp. 1. Ds 1; Dp. 2. | 

0:95 0-190 2:36 0:342 6:22 0698 
1-4] 0-271 3:29 0'495 T15 0-814 | 
1:87 0°361 373 0°585 woah 0°879 
215 0-410 4-49 0°754 8-42 0942 | 
2:34 0:468 517 0-945 9:17 1058 | 
2°51 0-497 5:86 1:150 9-45 hia | 
2-83 6-605 5:93 1-198 10°52 fodor | 
3:33 0775 6:56 1:412 1J-03 1304 | 
3-78 0:966 6:80 1-494 11:82 1-454 | 
3°81 0:963 | 6:87 1542 12:85 1577 
4-25 1:174 7:25 1-692 14:25 1:795 
4-30 1:228 7:82 1:948 15°91 27121 
4:78 1514 8°38 2-269 16:50 2196 
5:42 1:936 8:85 2-564 17-28 2384 

19:12 27a | 
20:00 2-862 
21°43 3215 
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TasrE OM. Tape XIII. Tasur ALV. “TAeenoee 

| | / 
ALUMINIUM. AtUMINIUM. ALUMINIUM. | ALUMINIUM. | 

Ccim9: Oct 219: Ocian Zs: | Oct. 9. | 

y=102°2, n'=0°07353 y=Ti'd4, n'=0-0767) y=51-1, nv’ =0°6705 | y=51-1, 2’ =0 0802 | 

Dp. 1 | p. De D. 2. p. 4. 

O255n 0.030) |) 0552, |. 0.149 0-732 0162 | . 0688 ules 
O48 Cole | ODTT S055 0-228 O480. | OSIO0 aie 
0561 0-169 0-759 0190 1:202 0-246 0979 223 
0-730 0-209 07927)" 0222 1291 0-269 1:100 +249 
0874 0249 1025 0-247 1662 0365 | 1286 > :888 
0-932 0-267 1-052) 10-254 1-754 395 1-460 338 
0999 0292 | 1168 0-294 1978 . 0478 | ~ ease ome 
1036 0305 | 1262 Oval 9-182 0°983° | 1-760) ag 
Ome 0543" | 1392" (O-3859 2-997 (0:57. |. Oe 
1170 O34 | 1496 0-401 24389 «0691 | 2065 545 
oe OO | 15297 0 412 2597 0772 || Sea ee 

1645 0-472 | 2545 “88 - | 
1-766 0°24 | 

2001 661 | 

PxprE XVI. Tante XVII. Tanne XVUL There 

ALUMINIUM, ALUMINIUM. ALUMINIUM. ALUMINIUM. 

Oct. 20. Oct. 20: Oct. 10: Ock-2r 

ae nw =00705 y=-31-11, n'=0 0695)\y=31'1 1, 2'=0-0786|\y= 10°87, 2'=0 0702 

p. te Dp. t Dp. 4. Pp: %. 

0:932 O178 1-060 0-181 1 206 0-209 ABD 0-369 
1°398 0278 ase 0 245 Meu 0232 5°30 0-484 

| 1-469 0 2E0 2-002 0°324 1 F83 0-314 6:64 0620 
Ol aS 0-361 2-425 0-407 ON 0 374 7:92 0-745 

2-008 0°403 2°€9 0-519 | 2195 0 374 8:99 0-854 
Aaa Fe 0:430 3355 0-658 2:278 0-417 10°12 0 979 

| 2-50 0-558 3 822 0-822 2677 0-484 wes 7) 1232 
Agere 0-654 4-294 1:037 2°753 0-538 14:20 1:464 

| 2°95 0-740 4°737 1-274 Bn Oe 7/ 0:°592 14 62 1°510 
t) yepaeereD 0-886 5-212 1:554 3161 0°623 15°86 1:680 
| 2274 0-911 3-232 0-685 17:10 1°858 
| 3°42 1-004 3°634 0-784 18-22 2-025 

sari 1-198 Srl 0-866 18°90 2°124 
ears hres) 1°327 S731 0-852 oe Val rat at | 
| 4128 0992 
| 4203 1-084 
| 4-616  1:304 

4684 1-346 
| 5118 «1-632 

5163 1:634 
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The values of both nm!’ and n, are, like the other currents, 
the arithmetical sum of the values obtained with the field in 
opposite directions. 

10. Since the interpretation of the experiments is com- 
plicated and perhaps open to doubt, the readings themselves 
are given completely in Tables V. Xe ihe figures given 
are those actually recorded in the note-book, the only cor- 
rection introduced being the reduction ot the pressures te 
15° C.; no correction is Tmade tor the decay of the polonium. 
Pox two values of y for aluminium, two complete series of 
measurements were taken on different dates to ascertain the 
consistency of the results. 

11. An attempt was first made to interpret the experiments 
on the assumptions that Townsend’s formula (equation (7) of 
the previous paper) was correct. Hach of the sets of 
measurements given in one of the Tables V.-XIX. was 
treated as a set of equations of the form (equivalent to (7)) 

Fhe GRAM OA d 
iJe=(m+ 2 Jar —%, mi tek gad eesltits Ge) 

in which 7, p,y,n’ were known and yw and mn; unknown. The 
values of the unknowns were found by least-square caleula- 
tion. It was found that the value of n, calculated was 
always about 0°6 of that found experimentally. Various 
sources of error were considered and investigated without 
result, till at last the suggestion occurred that the theory 
might be in error. As the result of examination, the error 
pointed out in the previous paper was detected, and the 
revised calculation given there made. Since the revised 
formule are far more complicated than (5), the former 
method of calculation was deemed unsuitable and was 
rejected. 

12. Though the measurements which have been recorded 
will provide a test of the accuracy of the theory of ionization 
by collision, our primary object is not to examine this theory, 
but to obtain information about the delta rays. The pro= 
perties of these rays are represented in our equations by 7, ; 
n, is measured, but it is undesirable to take it as one of the 
variables known. For, if it were so taken, and only v and 
V’ treated as inl nonne, the values of which were to be 
determined, it would be uncertain whether the discrepancies 
between theory and experiment, which appear when the 
calculated values are substituted in the equations, are due to 
errors connected with n, or to errors connected with some 
other of the quantities involved. It is preferable to retain 
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m, as an unknown, to calculate its values, and subsequently 
to compare the calculated and the observed values. Ac- 
cordingly, the following method of successive approximations 
was adopted, the first of the two theories of the previous 
paper as to the nature of the negative ion being chosen 
provisionally. 

It will be seen that, according to (1), the relation between 
2 and p given in any one of the tables should be of the form 

i=PeMP+R. 

Tt was assumed that the relation was of this form, and the 
values of P, R, and pw calculated from the measurements in 
each of the tables. The presence of three unknowns made 
the probable errors of calculation large, and attention was 
only paid to the values of w obtained. These values, calcu- 
lated by this method for the various tables, are given in 
Table XX. It will be observed that, within the rather large 
limits of error, there is no systematic difference between the 
values of w for gold and for aluminium. Accordingly, all 
the values of w, both for gold and aluminium, were taken as 
giving a single set of equations, similar to (4), whence the 
values of v and V’ might be calculated. The figures so 
obtained are given at the foot of the table. 

13. An approximate value of R can now be calculated for 
each of the tables from the values of vy and V! together with 
the determined value of »'. Taking this value as correct, 
each of the tables now gives a set of equations of the form 

~—-R=P &¥, 

from which P and pw can be determined. The necessary 
calculations were carried out, and the results are given in 
Table X XI. The new values obtained for yp are satisfactorily 
in accord with those determined before, and it appeared that 
nothing would be gained by repeating the same process of 
approximation. The values of 7 calculated from these values 
of P and y, together with the approximate value of R, agreed 
thoroughly with those determined experimentally. In a few 
cases the difference between the calculated and observed 
values was greater than the uncertainty in a single measure- 
ment of the current, but no systematic divergence of the 
values for any given table could be detected. It may be 
confidently concluded that the curve is very nearly of the 
form assumed, and that the value of R adopted is very nearly 
correct. 
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14. From these new and more accurate values of yp, 
yv and V' are again calculated. The results obtained are 
given at the head of Table X XII., in which the values of pw 
calculated are compared with those deduced directly from 
the curves. The agreement is not unsatisfactory, though it 
is not quite so good as that of the experiments of Townsend, 
considered in the previous paper. It is possible that the 
values of « for aluminium are consistently somewhat smaller 
than those for gold, but the discrepancy is not greater than 
can be accounted for by the errors in n' already mentioned. 

TABLE XXII. 

V!=20-:75 40-08. y=1°807-+-008. 

| | 
VE H. FE cale.— # Au. FP cale.—wp Al. | 

| | | 

102-2 1-019 016 ~ "| S40 
W154 0-839 4-009 | 000 mae 

51-10 0:663 —-003 — 021) | | A003 on 
41-48 0-554 | at ae 
40:88 0:547 | -igas 
31-11 0-411 | 4-005 000 | 

| + :002 

20:74 0229 —-003 
10:3 00443 —-O15 +007 

In the last stage of the approximation R is recalculated 
from the new values of v and V’, and for » the calculated 
value from Table X XII. used; P is then calculated for each 
of the tables; the value obtained for P is given in Table 
XXIII. ; it will be observed that it differs very slightly from 
the previous approximation of Table XXI. From these 
values of P, 2, is found by means of the relation 

IPSs J nytn (« + =) \ eg Me. 

The value is given under n (cale.) ; in the column marked 
n (corr.) these values are corrected for the decay of the 
polonium, and all reduced to the same date; if the theory 
and the experiments were perfectly accurate the figures in 
this column would be constant. Since all the error in P is 
thrown on 7, in taking the mean the weights of the various 
values of 2, are taking as inversely proportional to P, and 
the numbers in the column marked “‘error”’ are the diver- 
gences from the mean expressed as fractions of P. It will 
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Tasue XXIII. 

ALUMINIUM. | GoLp. 

Ye 1 re nh o, | Error. | P. |. | m2, | Error. 
| '(calc.).\(corr.). | (eale.).|(corr.). 

HO2Al, o..\.. "1265 *0822 | 0863 | —2°3°/, || 1838) ‘0878 |°0975 | —2°8°/, 

| 71°54 ...| +1861) 0799 | 0839 | —39 ‘1475 -0909 | 0990 | —1°6 

A a Tesel-beue acca (ilps. || 1748|-0956 |-0806 || 33 
| | 

41-48 ...| -1645.-0851 | 0960 | +0:5 
peaOeS ...| os | “3 2 1849) 0970 | “1064 | +2°8 

sale auel s8e7 08D | +18 | ora amao e900 | 29 
2074, ... | v a 3726-1123 |-1165 | 441 | 
mesg )...| 1-588 .| | 0750 |-0796 |—06 | 1:878 eee 1167 | +27 
| 

INIGBTR posses 0892 Mean...... 1013 

My (corr.) observed ‘0937 ) ratio m, (corr.) observed °1040 ) ratio 
7 ee ee si 0742 J 1:26 COT Mae ¥ 0819 J 1:27 

be noted that the apparently large divergence for the smallest 
value of y has really no special significance. At the foot of 
the table are given the values of n,; and of n! determined 
experimentally, reduced to the same date as the values of 1; 
in the table. It will be observed that in both cases the 
ealeulated value of n, is slightly less than the observed, and 
that in both cases the ratio of the observed value of n, to 
that of n' is the same. 

Discussion of the Results. 

15. (1) From the identity for gold and for aluminium of 
the ratio just mentioned, the conclusion may be drawn once 
more that the number of delta rays excited by a given stream 
of a rays is the same whether they fall on gold or aluminium, 

(2) The calculations have been carried out in such a 
manner as to throw all errors, whether of experiment or of 
theory, on the quantity n, Accordingly, the agreement of 
the calculated values n, among themselves and the agreement 
of the mean with the observed mean is sufficiently satisfactory 
to afford very convincing proof of the substantial truth of 
the theory and of the accuracy of the experiments. The 
difference between the various values of 2, is almost certainly 
due to experimental error, for if the values of P from Table 
XXI. which are calculated with the observed and not the 
calculated values of mw are taken, this difference is very much 



738 r. Norman Campbell on 478 Dr. N Campbell 

less. But the divergence of the calculated mean from the 
observed is probably due to deficiencies in the theory. In 
§ 8 of the previous paper it was pointed out that a different 
value for P would be obtained according as the conditions 
used in determining the constant of integration were those 
at z=0 or those at z=). The latter have been used ; if the 
former had been used the calculated values of n, would have 
been still smaller; they would have been from 35 per cent. 
to 40 per cent. of the observed values, and it was this dis- 
crepancy which first threw doubts upon the accepted calcu- 
lations. Now it is almost certain that the error in the 
theory caused by taking the conditions at e=6 is in the same 
direction, though smaller in amount, than that caused by 
taking those at ~=0; and it is therefore to be expected that 
the calculated values of n, should turn out to be slightly too 
small. 

I do not think that anyone will quarrel with the conclusion 
that Table X XIII. provides as complete a proof as we could 
possibly hope to attain of the substantial accuracy of the 
physical assumptions underlying the theory on which the 
interpretation is based. 

16. (3) Accepting this conclusion, we may inquire what 
light it throws on the various phys ical problems under dis- 
cussion. 

First, there is the question of which of the two theories 
discussed in the previous paper, as to the nature of the 
negative ion after it has made a few collisions, is correct. 
The results which have been recorded were obtained on the 
first theory that the electron remains an electron, and does 
not become a complex ion. How far the results would agree 
with the second theory cannot be told completely without 
detailed calculation, but I think a little consideration will 
show that it is very unlikely that they would agree at all. 
The values obtained for v and Y’ will differ according to the 
theory adopted, but it is to be noticed that, if the field is so 
great that every collision results in ionization, the two theories 
become identical. Adopting the figures for these quantities 
which we have obtained, we find that, for the largest value 
of y, the average number of ions made by collision of an 
electron starting from the electrode is, on the first theory, 
between 1°3 and 2°5 for the pressures used ; while, on the 
second theory, the number is from 0°6 to 0-7. On the other 
hand, for the lowest value of y, the same number on the 
first theory ranges between 03 and 1:0, on the second theory 
it is 0-027. If the same values of vy and V’ are applied to 
both theories for the large value of y, the ionization predicted 
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by the first theory is about 3 times that predicted by the 
second ; for the small value it is about 20 times. It is very 
ditficult to believe that, even if different values of v and VY’ 
were applied to the two theories, measurements which agree 
so well with one theory could be made also to agree throughout 
the whole ranee of y with another theory, the predictions of 
which for the same values of v and V’ are so completely 
different. I think we may conclude with some certainty 
that the second theory is not correct, and that the formation 

of complex ions in dry air is not a common event in the 
life-history of an electron. It is intended in the future to 
make similar measurements in other yvases and vapours to 
ascertain whether in them the formation of complex ions 
occurs with greater frequency, 

17. (4) The values of » and V’ may be compared with 

those obtained by Townsend. No=7, and in these experi- 

ments J, though not known very accurately, was within 
10 per cent. of 0715. Hence these measurements give 

Noe lA, WW SSE 75). 

Townsend’s work gives 

ING ee — 9-00) 

The difference between the values of N, is certainly greater 
than can be attributed to experimental uncertainties ; it is 
probably due to the deficiencies of the theory. For Townsend 
used values of / so great that the chance of an electron 
liberated anywhere between the electrodes reaching the 
boundary of the field without colliding at all was very small, 
whereas in my work under the most favourable conditions 
this chance was as great as 0°16. Further experiments are 
needed with different values of / to ascertain whether a dis- 
crepancy of this nature is to be anticipated from the inadequacy 

of the mathematical theory. 
18. (5) We will now consider what light the agreement 

between theory and experiment which has been found throws 
upon our chiet question, that of the speed of the delta rays. 
The theory assumnes that the delta rays from both metal and 
gas have no initial velocity. The assumption that they have 
such a velocity would alter the theory in two ways, First, 
the potential difference through which an electron must fall 
before it acquires the power of ionization would depend on 
the direction, relatively to that of the field, in which it was 
ejected. If the initial velocity were small compared with 

—_————— ee 
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that which corresponds to V’, it would make little difference 
to the theory; V’ wonld be an average value for all possible 
directions of projection. But if the initial velocity were 
equal to or greater than V’ the theory would break down 
completely ; the effect of an electric field would not be to 
increase ionization, for all the electrons projected in the 
direction of the field have already the power of making ions 
at collision, but to decrease it by preventing from ionizing 
by collision the electrons projected against the field. We 
may conclude from the agreement between theory and ex- 
periment that the delta rays from a gas have not an initial 
velocity of the order of 20 volts. 

Secondly, if the delta rays had an initial velocity of the 
order of that required to ionize, the rays from the metal 
would produce more ionization per electron than the rays 
from the gas; for the rays from the metal only enter the 
gas if their initial velocity is in the direction in which they 
fall under the field. Accordingly, when we calculated the 
number of electrons sent out from the metal from the amount 
of ionization produced by them on the assumption that they 
behave like the electrons sent out from the gas, we should 
obtain too high a vaiue. As a matter of fact we obtain too 
low a value ; the delta rays from the metal appear to produce 
slightly less, not more, than their fair share of ionization. 
Again we conclude that the initial Sea of the rays is not 
of the order of that required to ionize * 

General Conclusions. 

19, From al) the evidence which has been brought forward 
in this and the two previous papers we may draw the following 
conclusions :— 

(A) The delta rays have not, as has been suppesed, an 
initial velocity of the erder of 20 volts. 

(B) Jé the initial velocity is more than a small fraction of 
a volt, it is independent of the speed of the exciting alpha 
rays, and almost, if not quite , oe, of the nature of 
the material in which the delta rays are excited. 

(C) The number of delta rays excited by a given beam of 
alpha rays at a. metal surface is independent of the nature 
of that surface. 

* It may be noted that in Townsend’s experiments the ions from 
the electrode, being those due to the photoelectric effect, probably had 
a sniall initial velocity. This velocity would only affect the results so 
far as the first collision is concerned, and, since the electrons made many 
collisions, its influence is likely to Ve small. But it may account partly 
for the fact that Townsend’s value for V’ is less than my own. 
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The last conclusion confirms the view that the alpha rays 
ionize every atom which they pass through, whatever its 
nature, so long as they have any ionizing power at all—a 
conclusion which may be deduced from the number of ions 
made by an alpha particle in travelling through a gas. 

From (A) we may conclude that no important part of the 
energy of ionization appears as energy of the ejected electron. 
This conclusion appears to me of the utmost importance, for 
it seems to suggest that the energy expended when gases are 
ionized is not expended directly in producing ionization, but 
that it is expended on some other process of which ionization 
is a bye-product. This view has been already put forward 
by Prof. Bragg to explain the fact that, whereas the energy 
expended in ionizing a gas by alpha rays is determined 
solely by the nature of the atoms in the gas, the amount of 
ionization produced is not so determined, but depends upon 
the nature of the molecules in which the atoms are com- 
bined ; this fact also suggests that the energy does not go 
directly te preducing ionization. The most plausible view 
seems to be that the energy is expended by the rays in 
penetrating the atoms through which they pass, and that the 
ionization is produced by the electrons drifting out of the 
atems owing to the internal disturbance of the atom caused 
by the presence of the alpha particle within it. 

(B) suggests very strongly the conclusion that the initial 
speed of the delta rays is not only small compared with 20 volts, 
but is actually zero, or at least a very small fraction of a 
wolt. For if this initial velocity is independent of the 
exciting rays and of the material on which they impinge, on 
what can it be dependent? Possibly on the temperature of 
the material, as in the case of free electrons in metals, but 
then the velocity would only be a small fraction of a volt. 
The only other physical hypothesis which would lead to a 
walue for the initial velocity universally constant is to the 
effect that in ionization an “explosive” action of some 
system common to all atoms is concerned. An hypothesis 
of this nature has been put forward by J. J. Thomson, but 
it was based on the view that the actual process of ionization 
required the expenditure of energy. But we have seen that 
the experiments are quite consistent with the view that 
ienization itself requires no energy, that the energy which 
is spent actually in producing ionization is spent in producing 
changes in the atom, of which ionization is only a bye- 
product ; it is conceivable that ionization might be produced 
without any expenditure of energy, even if it is net actually 
possible so to produce it. (In the case of the free electrons 

Phil. Mag. 8. 6. Vol. 28. Nov 136, April 1912, 2K 
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in a metal, however, it is possible that we have ionization 
without the expenditure of energy.) 

This view that ionization itself requires the expenditure of 
no energy, and that the initial velocity of the delta ray is 
zero, or determined merely by the temperature, requires, of 
course, additional confirmation. But if it can be accepted 
it may lead to a considerable change in our views in other 
directions. For instance, most of the dificulties connected 
with the nature of radiation, which have been the subject of 
so much discussion lately, appeared originally because, on 
the old theory of radiation, it was difficult to see whence 
came the energy which was supposed to be necessary to 
ionize. If no energy is required to ionize, the difficulties 
disappear. 

But at present there is one piece of experimental evidence, 
to which reference was made in the second paper on delta rays, 
which is difficult to reconcile with the hypothesis that the 
delta rays have no initial velocity. This is the fact that a 
body emitting delta rays undoubtedly raises itself to a finite 
positive potential. I am inclined to believe that this action 
has nothing to do with the emission of delta rays from it ; 
experiments are being undertaken to investigate the matter 
further, and to discover whether it is as serious an objection 
to the view that the delta rays have no velocity as appears 
at present. 

Summary. 

2—5. Information as to the quantity and quality of delta 
rays may be obtained by experiments in a gas which they 
ionize by collision, as well as by experiments in a high 
vacuum. Some qualitative experiments of this nature are 
described which lead to the following conclusions :— 

(a) There is no difference in the “emergent” and 
“incident” radiations from the same metal. 

(b) The delta rays excited by a given stream of alpha 
rays in two different metals are the same in quantity and in 
quality. The conclusion as to quantity is, however, much 
more certain than the conclusion as to quality. 

6. Hxperiments were next undertaken to investigate the 
matter more thoroughly by extensive and accurate measure- 
ments based on the theory of ionization by collision given 
in the previous paper. 

7-10. The apparatus and the methods of measurement 
are described, and the numbers obtained given in detail in 
Tables V.-XLX. 

11-15. The method by which the measurements are inter- 
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preted is described, and the results brought to such a form 
that they can be compared with theory. 

16-18. The results are discussed first with reference to 
the theory of ionization by collision. It is shown that they 
afford considerable support for it, if the first of the two 
alternative theories as to the nature of the negative ion put 
forward in the previous paper is adopted. They do not 
seem to agree with the second theory. It is concluded that 
in dry air an electron remains an electron through most of 
its career, and that the formation of complex negative ions 
can only occur rarely if at all. 

18. The conclusions to be drawn from the results in the 
matter of the speed of the delta rays is considered. It is 
shown that they support the view that the initial speed is 
small compared with 20 volts. 

19. The conclusions concerning delta rays which have 
been attained in this and two preceding papers are discussed 
with a view to the light that they throw upon the mechanism 
of ionization. 

It is, of course, clear that the brief discussion given of 
the mechanism of ionization is largely due to the suggestions 
of Prof. Bragg, to whose inspiration all this work is s due. 

oD? 

Leeds University, Nov. 18, 1911. 

XLV. On the Application of the Theory of Chemical Potential 
to the Thermodynamical Theory of Solutions. ByS. A. 
Sorter, B6.Sc., Assistant Lecturer in Physics in the 
University of Leeds—Part Il. The Effect of Pressure on 
Vapour - Pressure. The Vapour - Pressure Theory of 
Osmotic Pressure. The Freezing of Solutions * 

[* a previous communication tT we considered the equi- 
librium between the solution and solvent vapour in the 

case where the surface of separation is plane, and the pres- 
sure, therefore, the same in both phases. If the surface of 
separation is curved, the pressures in the two phases will 
differ by an amount equal to the product of the surface 
tension and the total curvature, and the conditions of equi- 
librium will, of course, be modified. We may also suppose 
this co-existence of the two phases to be brought about by 
means of an insoluble gas. This involves the introduction 
of the idea of partial pressure, as well as the assumption of 

* Communicated by the Author. 
+ Phil. Mag. xxii. p. 983, Dec. 1911. The author takes this opportunity 

of making the following corrections in Pav 17 from 
top, for S read s: page 938, line 6 from battonn for P,(s, po, &) read 

Pi(s, P; 9) 4 

2K 2 
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the existence of an insoluble gas. We will therefore confine 
ourselves to the consideration of the effect of capillary pres- 
sure on the vapour-pressure of a solution. 
We will also consider the thermodynamical theory of the 

equilibrum between the solution and solid solvent, and estab- 
lish exact formule connecting the freezing-point with the 
osmotic pressure and vapour-pressure. ‘These formulee, 
which are obviously of fundamental importance in the 
theory of solutions, appear never to have been previously 
established. 

Some new Symbols used in this Communication. 

The following new symbols will be used in the part of the 
paper dealing with the freezing of solutions. The new sym- 
bols used in the earlier parts of the paper will be defined as 
they occur in the text. 

T, the freezing-point of the pure solvent under a 
pressure p ; 

T the freezing-point of the solution under a 
pressure p; 

Li) the latent heat of fusion of the solid solvent, 
when in equilibrium with the pure lquid 
solvent under a pressure p®* ; 

y(s, p, T) the specific heat of the solution under a constant 
pressure p, and at a temperature T ; 

Yo(p, T) the specific heat (under constant pressure) of the 
: pure liquid solvent ; 
ys(p, T) the specific heat (under constant pressure) of the 

solid solvent ; 

yal PT) = YP, T)— YP, T) 3 
l,(s, p, @) the heat of dilution at a pressure p and tempera- 

ture 6 fT. 
do(p, 0) the chemical potential of the solid solvent at a 

pressure p and temperature 6; 

Ad(s, P> 0) = fo(0, ~> 0) —fols, P> GO} 3 

fo hie Pop, 8) = Spbulp, &)— S/O, p, 8); 
fo 

So( 85 Ps a) = Bp IGS; 500). 

* It is unnecessary to adopt the more precise notation T,(p), T(s, »), 

L,(p), a8 we shall not consider variations of s and p. 

+ The heat evolved when an infinitesimal mass 6M, of the solvent is 

added to the solution (pressure and temperature being maintained 

constant) is 7,(s, p, 6)6Mo. 
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Dashes will be used to indicate differentiation with respect 
to the temperature, thus : 

! se fo) oa '" i AEA 
ly (sy pip ON 00 lo(8s Ps Q), Po (Pp, 6) =o dul ps Oat 

The Liject of Pressure on Vapour-Pressure. 

Tf the solution and solvent vapour are in equilibrium, the 
surface of separation having a curvature such that the pres- 
sure of the solution exceeds that of the vapour by an amount 
Pe, the vapour-pressure IT, is determined by the equation 

Sols: ete 0)=FCIL., @). 
When the surface of separation is plane the vapour-pressure 
II is determined by the equation 

fo(s, I, 6)=F CI, @). 
Hence we have 

aa ih IIc 

(Il, +pe—-IDP)(s, H->Te +p. 6)= | V(x, 0)dx... (1) 
II 

This equation agrees with that obtained in a different 
manner by Callendar* for the effect of capillary pressure, 
and with that obtained by Porter +t for the eftect of the 
pressure of an insoluble gas. 

In the case of the pure solvent, the ordinary vapour- 
pressure II) and the vapour-pressure IIo. corresponding to 
a capillary excess pressure p,, are related by the following 
equation, which may be derived from equation (1) by 
putting s=0, . 

A Toe 
Tide ee SUNCOM for a= ( MG Qld (2) 

a U, 

Tf we neglect the compressibility of the liquid and suppose 
that the solvent vapour behaves as an ideal gas, we obtain 
the well-known expression { for the effect of capiliary curya- 
ture on the vapour-pressure of a liquid. 

toy. Soc. Proc. A. vol. Ixxx. p. 466 (1907). 
Roy. Soc. Proc, A. vol. Ixxix. p. 519 (1907). 

J. J. Thomson, ‘Conduction of Electricity through Gases, p. 180. 

oa 
ii 
iL 
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Generalised Vapour-Pressure and the Vapour-Pressure 
Theory of Osmotic Pressure. 

Under ordinary circumstances the solution and solvent 
vapour when in equilibrium are under the same pressure, so 
that the vapour-pressure is a function of the concentration 
and temperature. We have seen, however, that the two 
phases may co-exist under different pressures. We may 
therefore generalise the idea of vapour- pressure, and sup- 
pose a solution of given concentration at a given temperature 
to have different vapour-pressures corresponding to different 
pressures in the solution. The generalised vapour-pressure 
P of a solution is determined as a function of the con- 
centration, temperature, and pressure in the solution, by the 
equation 

Jo(s, Pp: =F (P, A) - . . - « (3) 
If we differentiate this equation with respect to the solution 
pressure, we obtain the equation 

oP _ Pils, pO) 4 ap V(P, 8) <s op ee 

showing the effect of pressure on the generalised vapour- 
pressure. 

Suppose that we have a solution of concentration s, under 
a pressure p; in osmotic equilibrium with a solution of con- 
centration s., under a pressure p,. The generalised vapour- 
pressures P, and P, of the two solutions are determined by 
the equations 

For Pr, P)=Ho( Py, 8), 

Jo(s2 Px 8) =F o(P2, @). 

Since the solutions are in osmotic equilibrium we must have 

So (Sty Pry 8) =fo(s2, Pes 4). 
Hence we have 

Hy(P,, 0) =F (Pz, 9) ; 
and therefore, since I, always increases with the pressure, 

P. = P,. 

Hence two solutions in osmotic equilibrium have the same 

generalised vapour-pressure. ‘the converse of this is obvi- 
ously true. Two solutions of different concentrations under 

pressures such that their generalised vapour-pressures are 
equal will be in osmotic equilibrium under these pressures. 
We may therefore regard the osmotic difference of 



of Chemical Potential to the Theory of Solutions. 487 

pressure as the increase of pressure which must be ap- 
plied to the stronger solution to make its generalised 
vapour-pressure equal to that of the weaker solution. It 
seems to me, however, that there is nothing fundamental 
in this idea. It seems quite a mistake to define the osmotic 
pressure of a solution as the increase of pressure which must 
be applied to the solution to make its vapour-pressure equal 
to that of the pure solvent. ‘Lhus Callendar’s * vapour-pres- 
sure theory of osmotic pressure ‘according to which the 
osmotic pressure is simply the pressure required to produce 
equilibrium of vapour-pressure between the solvent and 
solution” is merely a particular statement of the general 
thermodynamical truism that the conditions of co-existence 
of two parts of a system are independent of the precise 
nature of the mechanism of the co-existence, and depend 
only on the “constraints” of the mechanism. Callendar’s 
‘“‘vapour-sieve” has the same constraint as the semi-perme- 
able membrane—it does not allow the solute to pass from 
one part of the system to the other. Hence the conditions 
of equilibrium are the same in the two cases. Whatever 
may be the nature of the osmotic mechanism, and whatever 
may be the relation betweem the magnitude of the osmotic 
pressuré and the composition of the solution, the statement 
quoted above is true ; so it can in no sense be regarded as a 
theory of osmotic pressure. 

The Thermodynamical theory of the Equilibrium between 
the Solution and Solid Solvent. 

If the pure liquid solvent is in equilibrium with the solid 
solvent, the temperature Ty is determined as a function of 
the pressure only, by the equation 

Fo, Ps To)=Gol(p, To). - - - + (3) 
If the solution is in equilibrium with the solid solvent, the 
temperature T is determined as a function of the concentra- 
tion and pressure by the equation 

Lao ps D) = du eee) «3 (6) 

Freezing-point determination forms a third method of 
investigating the thermodynamical properties of solutions. 
In order to compare the results of such determinations with 
measurements of the osmotic pressure and vapour-pressure, 
it is necessary to obtain an expression for the lowering of 
the chemical potential of the solvent caused by the addition 
of the solute, similar to those which have been obtained in 

* Loc. cit. 
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the cases of osmotic pressure (equation (5) of Part J.) and 
vapour-pressure (equation (8) of Part 1.). The process of 
obtaining an exact formula is more complicated in the 
present case than in the two other cases, because we have 
to deal with variations of temperature, and the temperature 
derivative of the chemical potential is net connected with 
quantities which may be determined experimentally in such 
a simple manner as the pressure derivative. 

We will first calculate the lowering of the solvent potential 
at the freezing-point of the solution. From equations (5) and 
(6) we obtain 

TN 

JO, P; Fo) —fo(s, P> a f dy (p, 0) dé, 

eer 

but 

it 

FO, P; Ty) == fo( 0, P> + to (O, P: 0)d0, 

zp 

so that 

Ad(s; pt) = ( Po(p, O)d@ . mus 
ely 

The value of 1% is known for one value of the temperature, 
viz., the value Ty. We have the well-known relation* 

Lp. 
r 

To 
The value of the temperature derivative of Ty is known 

for any value of the temperature. We have the well-known 
relations + 

To(p, Te) = 

Tho (D; T) aa —ys(p, 7); 

To (0, p, T) = —Ylp, 7), 
so that Ge va ( ee 7) 

The value of Ty at any temperature 6, between T and Ty, 
is therefore given by the equation 

To 

ICD; ) — fc — ( IPs a, 

e @ 

* Duhem, La Mécanique Chimique, vol. ii. pp. 5 and 54; Preston, 
‘ Theory of Heat,’ p- /76 (second edition). 

+ Duhem, doc. ‘cit, vol, i. p: 110; Preston, loc. cit. p. 770, 
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Substituting this value in equation (7), and performing 
the integration with respect to 0, we obtain the following 
expression for the lowering of rhe solvent potential at tno 
freezing-point of the ephnban | :— 

ae is 

esp.) — se eal) sl va(p, t) dt + af aS) dr. . (8) 

0 wT on f 

The osmotic and vapour-pressure measurements with which 
the freezing-point determinations have to be compared may 
have been made at any temperature. It is necessary, there- 
fore, to obtain a formula connecting the potential lowering at 
two uerent temperatures. Such a formula is also meet 
for the comparison of osmotic and vapour-pressure measure- 
ments made at different temperatures. We will therefore 
consider this question in a general manner (apart from its 
present application) in the next section. 

The Variation of the Solvent Potential Lowering 
with Temperature. 

Duhem’s expression * for the heat of dilution in terms of 
the solvent potential lowering may be written in the form 

fo) (A, (s, - = \ wae lo(s, p, @) (9) 501 aT er GaN 

Hence if @, and @, are any two temperatures we have 

Ao(s.p, 05)  Agls, p,@;) __ "2 lg(s, p, 0) eins ery = = ‘ ar ieaM dO os C10) 

By combining this equation with equation (8) we could 
obtain an expression connecting the petential lowering at 
any temperature with the freezing-point. The equation 
involves, however, a knowledge of the heat of dilution as a 
feet tion. of the temperature. Now in general the heat of 
dilution will be known at one temperature only. We will 
therefore deduce a formula involving a knowledge of the 
heat of dilution for a single value of the temperature, making 
use of the well-known expression connecting the temperature 
derivative of the heat of dilution with specitic heat data : 

W(s,P, 8) = yop, )— (6 Ps 8) + 4(L +8) 2 (cape Gee 

* Loc. ett. vol. ili, p. 132. 



490 Mr. 8. A. Shorter: Application of the Theory 

The value of the heat of dilution at any temperature @ is 
given, In terms of its value at the temperature @, by 

Qo 
UaSae O) == las, psy) =| ly’ (8; py 1) aie 

0 

Substituting this value in equation (10) and performing 
the integration with respect to 6, we obtain 

Ay (s; PP 8.) AE Ao (segs 61) 

I GTN a Ae RR OAS 
= —1y(s, p, @%) a = - oe ( ly' (8, p, 7) dt 

0, 8: ft = 

_ : ( lo’ (s, p, 7) dt — U2) wae ) ATs ADD 
20, 6, 

This exact formula connecting the values of the solvent 
potential lowering at two different temperatures may be 
simplified if we assume that the specitic heats involved are 
independent of the temperature. The equation then reduces to 

PANY Sy ce) ee Ec Lf eae 

Gh (EF) 
! {02 — 6) 7 at 3 

+1, ‘cee Et = (13) 

For the purpose of practical calculation the coefficient 

of /,, may be written in the form 

(Re ET al eee ec | 62 6;\" 1/630 

oe le a ee <a 
where re 6, + 0, 

9 “a 

Ne 

The Relation between the Osmotic Pressure and 

Vapour-Pressure and the Freezing-Poit. 

Equations (5) and (8) of Part I. give the value of the 
solvent potential lowering in terms of the osmotic pressure 
and vapour-pressure respectively. These two tormule 
involve different values of the pressure, but the effect of 
variations of pressure is easily calculated. Adopting a 
notation for the mean value of &) similar to that adopted in 
the case of the function P,, we have, if p, and pe, are two 
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values of the pressure, 

No(s, po, 8) — Ao(s, pr, 9) = (P2—p1)60(s; Pip, 8). (14) 
The mean value of 6, is easily calculated. In general, 

however, the effect of pressure variations is so small that the 
value of 6, corresponding to atmospheric pressure may be 
used in this formula. 

The value, at a pressure p and temperature ¢, of the solvent 
potential lowering is given, therefore, in terms of the osmotic 
pressure at the same temperature, corresponding to a pure 
solvent pressure p,, by the equation 

Ay (s, p,t) = (8, po, t) Po (8, Po Po $ Q, t) 

+ (p—po) 9 (8, Pop, t), »« . (1d) 

and in terms of the vapour-pressure at the same temperature, 
by the equation 

"TI, 

ACS) D;.t) = WG 0) ee (Dg as 0h) 

+ (p—Il 9) do (s, pp, t). . (16) 

Equation (8) gives the value of the solvent potential 
lowering at the freezing-point of the solution. Calculating 
the value at the temperature ¢ by means of equation (12) we 
obtain the formula 

| aa ae eee CR en( elo 
(spt) — lige (i i) ouigsay lo(s, p, A) — al ya(p, t)dt 

wal ae 
ale (p, T) t el ’ if - ity jsp, > + ‘ ai dt + an ly (BaD colar 

0, ROM 

BE ein, 63 ir—tl Oe Eye ate 
ane wT y 

Kquations (15) and (17) give an exact relation between 
the osmotic pressure and the freezing-point, and equations 
(16) and (17) an exact relation between the vapour-pressure 
and the freezing-point. By combining equations (15) and 
(16) we obtain the equation connecting vapour-pressure and 
osmotic pressure deduced in a slightly different manner in 
pant, 

In the next section we will simplify these relations by 
making various approximations and compare the results thus 
obtained with expressions deduced by other investigators. 
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Approaimate Hupressions connecting the Freezing-Point with 
the Solvent Potential Lowering, Osmotic Pressure, and 
Vapour- Pressure. 

If we regard all the specific heats involved in equation (17) 
as independent of the temperature, the equation reduces to 
the simpler form 

Sp aie t t—T Wie 
Ao (s,p,) = Lot (5 iy i) Pe (Pe lo (s, P, 0) — at ( ae = aOg 

ty | Gos AD eee lots 1 logar ¢- ney. 

Por the purpose of practical calculation, the equation may 
be written in the form 

Au(opt) = Lut (4— ie — ly (s, p, 9p) 

~ A ee rye] 
pea Res: il 2) —...4,. 9) 

peas - 
where 

Ne 

The relation between the osmotic pressure and the freezing- 
point may be simplified in the following manner. Let us 
suppose that the pure solvent in the case of the osmotic 
pressure measurements, and the solution in the case of the 
freezing-point determinations, are both under atmospheric 
pressure. We may express the mean value of Py in terms of 
its value at atmospheric pressure by means of equation (2) 
of Part I. Simplitying equation (15) in this manner and 
combining it with equation (19) we obtain the following 
relation * :— 

Q(s, @, t) Py (s, ee Ha 2AD) == Lut(4 on A ic) 

t—T 1/T,—T Ty 
Tgp ly (s, @y, a) —yat { (=) — A(— “fp ) +... i 

wi ie biol os (aoe eG 

* It is quite justifiable to take account of the compressibility and at 
the same time neglect the variation with temperature of the specific 
heats. 

a 

Ali 
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If in the above equation we make @) = ¢, and neglect the 
compressibility and powers of Tp>—T and i—T higher than 
the second, we obtain Ewan’s expression * connecting the 
osmotic pressure and the freezing-point. 

In the absence of any information regarding the precise 
form of the isothermal of the solvent vapour, the definite 
integral in equation (16) must be evaluated on the assumption 
that the solvent vapour behaves as an ideal gas, 7. ¢., we must 
assume that 3 

II IT, 

\ ViGaoida— hg low: Teo ct (21) 
IT 

where Ry is the “gas constant” of the solvent vapour. If 
we make. this assumption we must, of course, neglect the 
term (I])>—I1)P,. The magnitude of the third term on the 
right-hand side of equation (16) will depend upon several 
factors. Speaking generally, we may say that its retention 
in the equation is “justifiable only in the case of strong solu- 
tions at low temperatures (when 6p is a fairly large traction 
of the specific volume of the pure solvent, and IT, oF only a 
small fraction of p—T)). Making these approximations and 
putting p=a, we obtain the following expression connecting 
the vapour-pregsure and tne freezing-point :— 

Rytlog 7, Mle oe (TNS ae ot Lot (a ) 

t—T teal —Ty? 
— Fe a5; 0) — at { 5 ( “t=) 1G Ay } +... 

3 

‘t(t—-T) (0-0 , 14—T 7 ak T 1 oP fal) i oi 

If we make ¢= To, and neglect the terms containing é) 
and Jp’, we obtain Dieterici’s f equation connecting “the 
freezing-point of the solution with the vapour-pressure . at 
the pure solvent freezing-point. 

If we substitute in equation (8) the approximate value of 
the potential Hoerien calculated as in equation (21) we 
obtain Callendar’s { expression for the ratio of the vapour- 
pressures of the pure solvent and solution at the freezing- 
point of the latter. 

The simplest method of comparing a large number of 
experimental data relating to a particular ‘solution is to 
calculate the value of the solvent potential lowering at some 

* Zeit. fiir Phys. Chem, xxxi. p. 22 (1899). 
+ Wied. Ann. li. p. 263 (1894), t Loc, cit. 
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standard pressure and temperature. By means of the 
formule established in this work this may be done to a 
degree of accuracy limited only by the accuracy of the 
experimental data. The writer hopes to publish some 
examples of such a comparison at a later date. 

The third (and last) part of the present work will deal 
with the effect of gravity on a solution, and the extension of 
the theory to the case of a solution containing any number 
of involatile solutes. 

The University, Leeds, 
Dec, 23, 1911. 

XLVI. A New Approach to the Theory of Relativity. By 
Kipwarp V. Huntineron, Ph.D., Assistant Professor of 
Mathematics in Harvard University *. 

INTRODUCTION. 

I. System aT Rust In THE AUTHER. 
The regulating and setting of stationary clocks. 
Laying out a system of coordinates by light signals. 
Definition of distance. 
Definition of observed velocity. 
Definition of observed rate of a moving clock. 
Doppler’s principle. 

If. System in Unirorm Motion THROUGH THE ALTHER. 
The transformation equations. 
Features of the moving system. 
The composition of velocities. 

Til. Tor PrincipLe oF RELATIVITY. 
The inverse transformation equations. 

* Experiments in which no observer leaves his own station. 
Experiments with a portable measuring-rod; first physical 

assumption involved in the theory of relativity. 
Experiments with a portable clock ; second physical assumption 

involved in the theory of relativity, 

APPENDIX. 

INTRODUCTION. 

HH Theory of Relativity as developed by Hinstein ¢ is 
5 usually supposed to involve a radical modification, 
not only of our conception of the «ther, but also of our 
fundamental notions concerning space and time; and the 
discussion of the so-called “ paradoxes of relativity ” has 

* Communicated by the Author. Reprinted from the Heinrich Weber 
Festschrift (Teubner, 1912). 

+ A. Kinstein, “Zur elektrodynamik beweeter Kérper,” Annalen der 
Physik, ser. 4, vol. xvii. pp. 891-921 (1905). 
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often led beyond the safe ground of mathematical deduction 
into the realms of metaphysical speculation. 

The purpose of this article is to show that the famous 
“transformation equations”? which stand at the centre of 
the theory can be easily deduced from simple conventions 
in regard to the setting of clocks and the laying out of 
coordinate systems, without any conflict with our ordinary 
conception of the ether, or with our ordinary notions of 
space and time, thereby freeing the theory from the least 
appearance of paradox. 

The method pursued is in some sense a return to the point 
of view of Lorentz *, who retained the concept of the ether 
as his starting point, and never abandoned our ordinary 
notions of time and space ; and the “transformation equa- 
tions’ here obtained resemble the equations of Lorentz 
in being slightly more general than those of THinstein. 
Lorentz’s method of deducing these equations, however, 
involves a large and difficult part of the modern electro- 
magnetic theory, while the method here adopted depends 
only on the most elementary considerations. 

The present article is purely expository, and does not 
attempt any critical or historical discussion f. 

I. System At Rest IN THE AYTHER. 

1. We assume an ether in which light-waves are propa- 
gated uniformly in all directions, and we consider first a 
rigid platform, 8, at rest in the ether. 

This platform is supposed to be inhabited by intelligent 
beings, who are able’to communicate with one another, but 
are not supposed to be capable of locomotion; that is, no 
observer is to leave his own station. Hach station is provided 
with a clock, that is, any mechanical contrivance which 
“clicks” at regular intervals. These clocks are not portable, 
and they must be “regulated” and “set” before they can 
be used. 
We proceed to define methods by which such beings may 

regulate and set their clocks, lay out a system of coordinates, 
and develop the entire theory of analytical geometry and 

* A. A. Lorentz, ‘Versuch einer Theorie der elektrischen und 
optischen Erscheinungen in beweeten Kérpern,’ Leiden, 1895. Neudruck, 
Leipzig, 1906. Also, “‘ The Theory of Electrons ” (Columbia University 
Lectures, 1906), Leipzig, 1909. 
+ For an extensive bibliography of the “Theory of Relativity,” the 

reader is referred to an article by J. Laub, in the Jahrbuch der Radio- 
aktinitit und Elektronik, vol. vii. p. 405, December 1910. 

:--£ 
ae 
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kinematics without any observer’s leaving his own station. 
These definitions wll then be capable of immediate extension 
to the case of a system in uniform motion through the 
eether. 

The regulating and setting of stationary clocks. 

2. To test whether the clock at any given station A is 
running at a uniform rate, the observers proceed as follows : 
a ligut-signal is sent from A to any second station B, and 
immeulately returned from B to A; if the number of seconds 
ticked off by the clock at A while ine light-signal is making 
its round trip to B and return is always the same whenever 
the experiment is repeated, then the clock at A is said to be 
running ata constant rate. 

3. Each separate clock being regulated to run at a constant 
rate, the next thing to do is to see 3 that all the clocks run at 
the same rate. This may be easily accomplished by regulating 
all the clocks so as to agree with a standard lac in some 
central station QO, as follows. Light-signals are sent out 
from QO, at a certain rate per second as measured by the 
clock at O; if these arrive at station A at the same rate 
er second as measured by the clock at A, then the clock 

at A is said to be running at the same rate as the clock at O. 

Now it is obviously possible for two clocks to be running at the same 
rate without being synchronous. Tor example (supposing for convenience 
that the clocks read continuously 0,1, 2, .... seconds, instead of from 
12 o'clock around to 12 again), we may have two ciocks side by side, 
one reading 

a 
eeesve (8,10 0: eees 

while the other reads 

eeee 3, 4, 5, 6, eoere 

These clocks are running at the same rate, but they are clearly not 
synchronous, since the one is always four seconds ahead of the other. 

4, It remains, therefore, to “set” the clocks so that they 
shall all be synchronous—in other words, so that the “ origin 
of time” shall be the same for all. This may be readily 
accomplished by light-signals from the central station * 
Let the observer at O start 2 signal towards A when the 
clock at O reads t, and suppose this signal arrives at A 
when the clock at A reads 4, ; immediately on the receipt 
of this signal, the cbserver at A starts a return signal back 
towards O, which arrives at O when the clock at 0). reads ty. 

* Einstein, Joc, cit. 
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If now 
1 

t= 9 (tat to), sO that tg —ty =t,—lo, 

then the clock at A is said to be synchronous with the standard 
clock at.O *. 

lt follows as a theorem that two clocks which are syn- 
chronous with the clock at O will be synchronous, by the 
same definition, with each other. 

Laying out a system of coordinates by light signals. 

5. All the clocks being now properly “regulated,” and 
“ set”’ so as to be synchronous with the central clock at O, 
the observers proceed to lay out a system of coordinates— 
that is, to assign to each station a pair of numbers to be 
called the abscissa and ordinate of that station. 

Since no observer is supposed to move from his own 
station, the ordinary process of measurement,, by carrying a 
metre-stick about from place to place, is not practicable ; 
hence the observers resort to a further use of the method 
of light-signals, as follows. A fixed line OX through the 
central station being taken as the axis of «, light-signals are 
sent from QO to the various stations along this axis. If a 
signal which starts from O when the clock at O reads to 
arrives at A when the clock at A reads ¢,, then the daference 
in clock-readings, multiplied by a constant numerical factor c, 
as taken as the abscissa of the station A, 

“=c(h—t) ; 

and the point A is denoted by (2,0) ft. In this way the 
points (1, 0), (2, 0), &e. on OX are determined, and simi- 
larly, the points (—1, 0), (—2, 0), &e. on the extension 
of OX through O. 

6. Haviny thus assigned coordinates to all the stations on 
the axis of w, the observers now determine—still without any 
ordinary measurements—the coordinates of points not on 
the axis of «. Consider any point (m, 0) on the axis. 
Observers at two points (m+n, 0) and (m—n, 0), which 
may be called “equidistant” from (m, 0), send out light- 
signals, each observer starting his signal when the clock at 
his station reads t. Any station C at which these two signals 

* If ¢,=3(¢,+¢,)+e, then the clock at A is e seconds too fast, and 
must be “set back”’ accordingly. 
+ The arbitrary constant c merely determines the scale on which the 

map is laid out. 

Plal. Mag. 8. 6. Vol. 23. No. 136. April 1912. 2 L 
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arrive simultaneously is said to lie on the perpendicular 
through (m, 0). To each of the points that lie on this per- 
pendicular an ordinate, y, is now assigned in an obvious way, 
by means of light-signals started from the point (m, 0). 
In particular, the pomts (m, 1), (Gn, 2), 2). i@neaee 
(m, —2), ..., are determined. 

7. In describing this rather novel process of laying out a coordinate 
system by light-signals, we have tacitly assumed that each stage of the 
process is possible—in other words, that the coordinate system thus 
obtained will be permanent, so that the coordinates assigned to any given 
station will always be the same whenever the process is repeated. This 
assumption is obviously justified in the case of a system at rest in the 
eether ; but a moment’s reflexion will show that this will not in general 
be true in the case of a system which is moving with respect to the 
eether. 

For example, consider a circular platform rotating with constant 
velocity about its centre O. Here all the clocks could readily be syn- 
chronized with a central clock at O, according to the rule in § 4; but 
two clocks A and B on the circumference would then not be synchronous 
with each other according tv the same rule *. 

In one special case, however, the process is legitimate, namely, in case 
of a system moving through the ether with uniform velocity in a straight 
line, and to the proof of this we shall turn our attention in Part II. 
For the present, we consider only the case of a system at rest. 

Definition of distance. 

8. A pair of coordinates having been assigned by the 
method of light-signals to every station in the plane, the 
“distance” between two points («, y;) and (a2, yg) is then 
defined as the quantity 

V (ao— 21)? + (Y2—- 1)”, 

and the observers on the platform are now in a position to 
develop the whole theory of coordinate geometry for the plane. 
For example, all points whose coordinates were found to 
satisfy the equation «?+y?=7" would be said to lie on a 
circle of radius 7, &e. 

Definition of observed velocity. 

9. The observers are now able to discuss the velocity of an 
object, say an aeroplane, that flies in a straight line across 
their platform. To determine the velocity, two observers 

* The relation “synchronous with,” as here defined, is therefore, 
although symmetrical, not necessarily transitive; it resembles rather 
the relation “friend of.” A and B may both be friends of C, and yet 
not be friends of each other. 
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are required, each with his own clock. Observer A, at 
(1, y;), notes that the aeroplane passes his station when his 
clock reads t, ; observer B, at (x2, y2), notes that it passes 
his station when his clock reads #,; then the ratio of 
“distance” divided by “difference in clock-readings” 
(supposing this ratio to be constant for any two observers 
in the line of flight) is called the observed velocity of the 
aeroplane with respect to the platform : 

es J (a — 1 + (Yo—I1) * 
ee 

In particular, the velocity of a laght-signal, as determined 
in this way, is equal to the arbitrarily chosen constant c, and 
is the same in all directions. 

(That this is true for light travelling along the axis of «, 
or along a line perpendicular to that axis, is obvious from 
the way in which the coordinates of points on those lines 
were assigned ; that it is true also for light travelling in 
oblique directions follows readily from the definition of 
distance in § 8.) 

Definition of observed rate of a moving clock. 

10. Let us now suppose an aviator, flying across the 
platform, carries a clock with him, and let 

t; =the reading of the clock at A when the aviator 
passes A ; 

tp = the reading of the clock at B when the aviator 
passes B ; 

and ‘TT’ = the number of seconds ticked off by the clock on 
the aeroplane during the flight from A to B. 

Then the ratio 
a 

7 heh 

(if this ratio proves to be constant) is called the observed 
rate at which the clock on the aeroplane is running with 
respect to the clocks on the platform ; that is, the clock on 
the aeroplane is said to be running 7 times as fast as the 
clocks on the platform. 

* The extension of this definition to cases where the velocity is not 
constant is effected in the usual manner, by the methods of the differential 
calculus. 

2) 2 
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Further, the quantity 
AB 

= 
where AB = the distance over which the aviator passes in 
the time-interval 'T’, may be called the sel/-measured velocity 
of the aeroplane with respect to the platform 8, since the 
time interval T’ is measured, not by two clocks on the 
platform 8, but by the single clock on the aeroplane. 

The relation between the quantities w and 7 is as follows : 
If 

n 

u = the observed velocity of the aeroplane 
and 

n = its self-measured velocity, 

then 

where 7 = the observed rate of the clock on the aeroplane. 

Doppler’s Principle. 

11. Suppose an aviator is flying in a straight line away from a given 
station A, and let light-signals, sent ont from A at intervals of T seconds 
as measured by the clock at A, overtake the aviator at intervals of 
T’ seconds as measured by the clock on the aeroplane. Then we readily 
find that 

T one he ell 
| 1% 

c e138 

where uw=the observed velocity of the aviator, n=his self-measured 
velocity, and 7 =the observed rate of his clock. 

This equation reduces to the common form when 7=1, and to the 
form given by Einstein when = // 1—(u/c)?. 

In all this discussion we have supposed that the platform 8 
is at rest in the ether. We now turn to the consideration 
of the case of a platform in motion through the ether. 

II. System 1n Untrorm Motion THROUGH THE AYTHER. 

12. We consider a platform 8’ moving with respect to our 
stationary platform 8 with a constant observed velocity v in 
a straight line, and we proceed to show that the observers on 
the moving platform 8’, having established a central clock at 
O’, can lay out a permanent system of coordinates on S’ by 
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exactly the same method as that already described for the 
stationary platform 8, provided only that v<c”™. 

The method of proof will be as follows: we shall first 
suppose the coordinates on 8’ to be theoretically assigned by 
means of certain transformation equations ; we shall then 
show that the result of this assignment is precisely the same 
as if the observers had used the method of light-signals 
described above. Since the theoretical method of assign- 
ment is easily seen to be possible and permanent, it follows 
that the method of light-signals is also possible and 
permanent. 
We suppose for convenience that the axis O’X' on 8’ is 

sliding along OX in the positive direction ; and we suppose 
that at the instant when O’ is opposite O, the clocks at O and 
O' read zero seconds. 
We shall not, however, place any restriction on the 

observed rate, 7, of the clock at O’ f. 

The transformation equations. 

13. We now state the following theorem, which is funda- 
mental for the whole discussion. | 
THeoreM 1. Jf the coordinates x’, y’ and the clock-reading 

t’ at each station on the moving platform S' are assigned, at 
each instant, in terms of the coordinates w, y and the clock- 
reading t at the point onS which is opposite that station at that 
instant, according to the following “ transformation equations ”’: 

“lke, lee =U(t— ar, 

where 

1 , 
k gy aa an l ere 

Wiese  yaearenge 

then the result will be precisely the same as if the observers on 
SY’ had adjusted thewr clocks and laid out their coordinate system 

* ‘This restriction does not mean that ‘no velocity greater than the 
velocity of light is possible,” since an “ observed velocity” as here 
defined may have anzy value from 0 to 0; it means simply that if a plat- 
form S'’ were moving through the ether with a velocity greater than the 
velocity of light, then the “method of light-signals” here described 
could not be successfully employed by observers on that platform. 

+ This feature of our treatment is believed to be new. Einstein, for 
example, assumes that the two sets of clocks are “ of the same physical 
construction.” 
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by the method of light-signals explained above for platform 8, 
with the same choice of the constant ¢*. 

Here v = the observed velocity of the point O’ with respect 
to the platform S, and x = the observed rate of the clock 
at O’. 

In order to establish this theorem we must show :— 

(1) that the coordinates x', y' assigned to any given station 
will be permanent that is, independent of the time T ; 

and further, that if 2’, y’, and ¢' are assigned in the manner 
indicated, then 

(2) the clock at O/ will be found to run at a uniform rate 
according to the test laid down in § 2; 

(3) each clock on S’ will be found to be synchronous with the 
clock at O/ according to the test laid down in §§ 3-4 ; 
and 

(4) ef a light-signal, started from O' when the clock at O' 
reads tj, arrives at any station A'=(a’, y’) when the 
clock at A! reads t,’, then the “distance”? /«'? + y? from 
O’ to A’ is c tomes the “ difference in clock-readings” 
t!—ty. 

The verification of the truth of these statements is merely 
a matter ot direct computation from the transformation equa- 
tions, which may well be left to the reader f. 

* The expression for & in the above formulas can be simplified by the 
use of hyperbolic functions. Thus, if we determine a quantity V so that 

© = tanh ye 
c 

then 

k = cosh V. 

Further, by a particular assumption in regard to the rate at which the 
clock at O' is running, the value of Z can be reduced. to unity. But for 
the theorems which we shall give, this assumption is not necessary, 
and will not be made. 

The notation, &, 1, here used, agrees with the notation of Lorentz 
rather than with that of Einstein, who uses 6 in place of &, and has /=1. 

+ Thus, if a given station on 8’ is opposite A, when the clock A, reads 
t, and, later, is opposite A, when the clock at A, reads ¢,, then the “¢”’ 
in the formula for 2’ will have increased by ¢,—¢,, while (since the 
station in question is passing platform S with velocity v) the “ «” in that 
formula will have increased by v (¢,—¢,) ; hence the value of 2—vé will 
remain unchanged. 

t The method by which the transformation equations themselves are 
obtained will be explained in the appendix. 
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14. By this Theorem 1, the possibility of laying out a 
permanent set of coordinates on the moving system 8’ by the 
method of light-signals is established ; the definitions of 
distance and velocity given for the stationary system § can 
then be applied directly to the moving system 8’, and the 
theory of analytical geometry and kinematics developed by the 
residents on 8' will be identical with the theory developed by 
the residents on 8. 

In particular, the velocity of a light-signal, as computed by 
two observers on 8’, will be found to be constant and the same 
in all directions, in spite of the fact that the platform is 
moving through the ether. This proposition, which here 
follows quite naturally from the way in which the coordinates 
were laid out on the moving system, appears in Hinstein’s 
treatment as a fundamental hypothesis, and is known as the 
famous “ second postulate of relativity.” 

Features of the moving system. 

15. In order to show in detail how the coordinate system 
thus laid out on the moving platform will appear to ob- 
servers on the stationary platform, we state the two following 
theorems, both of which can be deduced by a simple calcula- 
tion from the transformation equations in § 13. 

DEFINITION. Suppose a number of observers, A, B, C,. 
on S agree to observe the points opposite them “ata speci- 
fied time ’-—that is, each one is to make his observation when 
his own clock reads, say, t). Let A’ be the point opposite A 
when A’s clock reads é, B' the point opposite B when na 
clock reads é, &c. Then the figure formed by A, B, ©... 
S is called the image in S of the figure formed by AY, BI 
Or jin, S.. 
Turorem 2. Consider one of the “townships” A’ B' OC’ D! 

into which the platform S' is divided by tts coordinate network ; 
and let A BC D be the “image in 8 ” of this township. Bhen 
A’ B/C’ D!, when computed by the coordinates in S', isa square ; 
but ABCD, when computed by the coordinates in 8S, is a 
rectangle, with its short side lying in the direction of the motion 
of S'. The ratio of the sides is given by 

longitudinal side ie yee 1 

transverse side — ie? =|. 

It should be noticed that this ratio depends only on the 
velocity v, and not on the relative rates of the clocks at O 
and O’. 

=? 
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Corottary. If a series of points in 8’ lie on a circle, 
according to the observers on 8’, their images in 5 will 
appear to observers in § to lie on an ellipse, the minor axis 
lying in the direction of motion, and the ratio of the axes 
being 1/k. 

16. THEorEM 3. Let two observers, A and B, on 8 agree 
to observe the coordinates and the clock-readings at the points 
of §' which are opposite them “ata specified time.” Suppose 
when A’s clock reads ¢, the point opposite A has an abscissa 
=w, and a clock-reading = ¢,'; and when B’s clock reads 
to, the point opposite B has an abscissa =x,’ and a clock- 
reading =¢,’.. Then it will appear that 

DvD 
/ [See Peli Cel 

ty ceparl ty ar Ce Vo rr vy ) e 

This theorem tells us that two clocks on S’ which are 
synchronous when tested by the standards adopted on 8’, are 
not synchronous. when observed from S—the forward clock 
being slower than the other by an amount proportional to the 
distance between them.—This result, like the last, is entirely 
independent of the relative rates of the clocks at O and O’. 

The composition of velocities. 

17. Further, we suppose that an aeroplane passes over platform S with 
a given observed velocity «, and inquire what the observed velocity of the 
aeroplane will be with respect to platform 8’. For simplicity we confine 
ourselves to the case of motion in a straight line parallel to the line of 
motion of the platform 8’. 
THEoreM 4. If u = the observed velocity of the aeroplane as computed 

by two observers on S, and u' = tts observed velocity as computed by two 
observers on S', then 

1 uU—v 
Ue ; 

uv 
Ns c 

provided the aeroplane is flying in a line parallel to the axis of x. 
Here again we notice that this relation is entirely independent of the 

relative rates of the central clocks at O and O’. 
This relation between wu’ and uw can be expressed much more compactly 

by the use of hyperbolic functions. Thus, if we determine U, U’, and V 
so that 

u u' . o 
z =tanh U, z =tanh U’', and Z =tanh V, 

then the relation in question becomes simply 

U'=U—V. 

18. Finally, suppose the aviator flying over the platform carries a clock, 
the observed rate of which with respect to Sis R, and let us inquire what 
the observed rate of the clock will be with respect to S. 
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THEOREM 9. 

If u =observed velocity of the aviator with respect to 5, 

wl = ” ” ” ” ” ” Sw; 

R =observed rate of the aviator’s clock with respect to 5, 

and R'= % 59 ” ” ” ” ” S, 

then R’ R a , 

V1—(u’/c)? ~ V1—(ue)?  V1—(Q/o)?’ 

where v=observed veiocity of O' and r=observed rate of the clock at O’, 

with respect to S. 

All these theorems, strange as they may seem at first sight, 
are readily proved from the transformation equations in 
Theorem 1. 

IL. Toe PRINCIPLE or RELATIVITY. 

19. We have now shown how observers on our moving 
platform 8S’ can regulate their clocks and lay out a per ipevnen 
system of coordinates, by the method of light-signals, and we 
have shown how this system will appear tp obaees ers on a 
stationary platform. 

We now proceed to inquire to what extent this system 8’ con- 
forms to the Principle of Relativity. 

20. The guiding principle of the Theory of Relativity may 
be stated as follows : 

Observers on a system which is moving with uniform velocity 
through the wether can never detect that motion by any observa- 
tions which they can make. 

In order to ascertain to what extent our system S’ con- 
forms to this principle, we now inquire whether there are any 
kinematical experiments that the observers on S’ can make, the 
results of which will be distinguishable from the results of 
similar experiments performed by observers on 8. 

We shall consider first the experiments which can be made 
without any observer’s leaving his own station; secondly, the 
experiments which can be made by the aid of a portable 
measuring-rod ; and thirdly, the experiments which can be 
made by the aid of a portable clock * 
We begin by obtaining the inverse transformation equa- 

tions, by which we may determine how the stationary system 
S will appear to observers on the moving system NS’. 

* Dynamical experiments, involving the notion of mass, can be treated 
in a similar way, but are not considered in the present paper, on account 
of lack of space. 

K 
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The inverse transformation equations. 

21. Let v = the observed velocity of O’ as computed by 
two observers on 8, and v’ = the observed velocity of O as 
computed by two observers on 8’. 

Then we find :— 
Lemma l. The observed velocities v and v' will always be 

equal and of opposite sign : 
/ 

y ==>, 

whatever the relative rates of the central clocks at O and O'. 
Further, let » = the observed rate of the clock at O' with 

respect to S, and vr’ = the observed rate of the clock at O 
with respect to 8’ (see § 10). 

Then :— 
Lemma 2. The numbers r and r' are connected by the 

relation 
2 

rr =1— = 

22. By solving the equations in Theorem | for w, y, and ¢, 
and using the results of these lemmas, we obtain the following 
theorem : 

THEOREM 6. The “inverse transformations”? by means of 
which, when the coordinates x', y', and the time t' at any point 
on S' are known, the coordinates x, y, and the tume t of the 
opposite point on S may be determined, are as follows : 

x=Uk(a' —v't'), gg 
/ 

t=l'k(t! — 37), 

/ 
! iL ! le f= — = ————., and l —=——, 

V1— (ve? Vv 1—(e)? 
These equations are of exactly the same form as the 

equations in Theorem 1, if we interchange the accented and 
unaccented letters. 

EHaperiments in which no observer leaves his own station. 

23. These equations in Theorem 6 show that if the observers 
on S/ are not allowed to leave their several stations, the 
system §! does obey the Principle of Relativity ; for the 
symmetry of these equations shows that, if we confine 
ourselves to the kind of observations so far considered, the 
observers on 8’ have as much right as the observers on 8 to 
suppose that their platform is at rest in the ether. 



Approach to the Theory of Relativity. 507 

In particular, the results stated in Theorems 2, 3, and 4 
will still hold true if we interchange 8 and S' in the statements 
of those theorems—the relations between the two systems 
being entirely reciprocal. Put briefly, a figure in either 
system appears to be shortened in the direction of motion 
when observed from the other system ; and if two synchro- 
nized clocks on either system are observed from the other 
system, the one which seems to be in front in space appears 
to be behind in time. These are the famous paradowes of the 
Theory of Relativity, which are often cited as proof of the 
assertion that the Theory of Relativity is incompatible with 
our ordinary ideas of time and space, but which here appear 
as necessary consequences of perfectly natural and reasonable 
conventions for setting clocks and laying out coordinates. 

24. In order to emphasize this result still further, and to show how 
completely the ether drops out of the calculation, we shall now consider 
two moving platforms, S’ and 8S”, and write out explicitly the trans- 
formation equations that hold between them. The method will be the 
obvious one of writing the transformation equations connecting each of 
the systems S’ and 8” with the stationary system S, and then eliminating 

Let v’, v''=the velocities of O' and O” with respect to 8, and put 

vy! l 
~ =tanh V' and - Anan Wi 

1 1 
so that k'= WI (fey cosh V yand) k= v1=0"sey =cosh) Vi’. 

Further, let 7’, 7’ =the observed rates of the clocks at O’ and O” with 
respect to S, and put 

7 yl 

SSS a 
VI=@ey Vv 1—(0" Je)? 

These are the quantities which enter the equations connecting 8’ and 
8” with 8, by Theorem 1. 
Now let v=the observed velocity of S" with respect to S’, and 

v 
put "3 =tanh V, so that 

SS =cosh V : 

Vv 1—(2/c)? 

also let = the observed rate of the clock at O"' with respect to S' 

and put f= ——____—., 

ji V1 —(v/c)? 

_ Then a perfectly straightforward, though somewhat long, calculation 
gives us the following theorem 

ee ee 

ot Ey ~ 

—— ew 
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TuroreM 7. The transformation equations which give x", y", t’ at 
any point of S" in terms of the 2’, y’', ¢' at the opposite point on S’ are 

2" =lk(x' —vt’), y =, 

"= Tk(t' — 52’), 
where V=V"=V', 

ye 

and {= T° 

As was to be expected, these equations are of precisely the same form 
as those in Theorem 1. 

All these equations are somewhat simplified if the clocks at O' and 
O” are so regulated that 

r= \/1—(v'/e)? and r=4/1—(0"e)?, 

in which case all the l’s become unity. It is in this simplified form that 
the equations are given by Einstein. 

We have thus shown that as far as experiments of the 
first type (§ 20) are concerned, the Principle of Relativity is 
satisfied by our system 8’. 

Experiments with a portable measuring-rod : first physical 
assumption involved in the Theory of Relativity. 

25. We now suppose that the observers on 8’ are provided 
with a portable measuring-rod, with which they can“ measure,” 
for example, the adjacent sides A’B’ and B’C' of one of the 
townships A’B’C'D' into which the platform $' is divided by 
its coordinate network ; and we inguire whether this process 
of measurement will enable the observers to detect the motion of 
their platform S' through the ether. (it must be remembered 
that the coordinate network has been laid out, not by ordinary 
measurements, but by the method of light-signals explained 
above.) 

26. Derinition. The observed length of a rod MN with 
respect to a platform S’ is the distance ($8) between the 
points M’ and N’, where M’ and N’ are the “images” (§ 15) 
of M and N in 8’. The absolute length of the rod is its 
‘observed length” taken with respect to a platform 8S which 
is at rest in the ether. 

Now there are two assumptions which we can make in 
regard to the behaviour of the rod when moving through the 
eether. 

If we assume that the absolute length of the rod is the 
same whether the rod be moving lengthwise or sideways 
through the zether, then by Theorem 2, a rod which Just fits 
the side A’B! of our ‘“‘ township” would not fit the side B/C’ 
unless the platform were at rest. in the ether, and the 

———— 

SS ——a Cll 

* in *~ = - 

ee i -. 
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observers could by this experiment determine whether or not 
their system is in motion. 

If, on the other hand, we assume with Lorentz that the 
absolute length of the rod when moving lengthwise is less 
than it is when moving sidewise (and by the proper amount), 
then a rod which fits A’B’ would also fit B’C’, and in this 
case the experiment would give no information as to whether 
the platform is in motion through the eether or not. 

27. If we desire, therefore, that our system S! shall 
conform to the Principle of Relativity, we must make the 
following assumption, which was first suggested by Lorentz 
in 1895: 

Assumption A. The “absolute length” of a material rod 
(see § 26) moving through the ether with velocity v, is less when 
the rod is moving lengthwise than it 1s when the rod is moving 
sidewise, the ratio of the lengths being 

is Nanna 
V¥1—(v/e)?’ 

where c is the observed velocity of light. 
28. If this assumption is true, we can then deduce the 

following remarkable theorem, in which §! is any platform, 
moving with constant velocity through the ether, on which a 
system of coordinates has been laid out by the method of 
light-signals : 

THEorEM 8. If Assumption A is true, the * observed length” 
of a material rod moving with an observed velocity u’ with 
respect to platform S‘ is less when the rod is moving lengthwise 
than it is when the rod is moving sidewise—the ratio of the 
lengths being 

1 

V1—(u'/c)?’ 

and this result rs enterely independent of the constant velocity v 
with whach the platform S' is moving through the wther. 

This is one of the characteristic propositions of the Theory 
of Relativity. i 

Experiments with a portable clock: second physical 
assumption involved in the Theory of Relativity. 

29. Finally, we suppose that the observers on S’ have 
acquired a portable clock P, which they can “send by express ” 
from one station A to another station B; and we inquire 
whether the use of this portable clock will enable the observers 
to detect the motion of their platform 8! through the ether. 

SE 

Pe 
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30. Derinition. The absolute rate of a clock is its “observed 
rate” (§ 10) taken with respect to a platform S which is at 
rest in the ether. 
Now there are two assumptions which we can make in 

regard to the behaviour of clocks in motion through the ether. 
If we assume that the absolute rate of a clock is not altered by 

transportation through the ether, then a clock P which agreed 
with clock A at the beginning of its journey from A to B will 
continue to agree absolutely with clock A, and hence, by 
Theorem 3, will not agree with the clock at B unless the 
platform is at rest in the ether. Therefore by this experi- 
ment the observers could detect the motion of the platform 
through the ether, by noting the disagreement between the 
transported clock and the clock at B. 

31. If, on the other hand, we make the following assump- 
tion concerning the rate of a moving clock, then this 
possibility will be removed, and the Principle of Relativity 
will again be satisfied : | 
AssuMPTION B. The “absolute rate”? of a clock which is 

moving through the wether with a constant velocity v is less than 
the absolute rate of the same clock when at rest, in the ratio 

1 
/ 1— (v]Je)? 

32. If this assumption is true, we have the following 
theorem, in which S$! is any platform moving with con- 
stant velocity through the ether, and on which a system 
of coordinates has been laid out by the method of light- 
sionals : 
THEOREM 9. Jf assumption B is true, the “ observed rate” 

of a clock which is moving over a platform S' with observed 
velocity u' is less than the observed rate of the same clock when 
at rest with respect to that platform—the ratio of the rates 
being 

1 e 

V1—(u'e)? ’ 

and this result is entirely independent of the constant velocity v 
with which the platform is moving through the wether. 

This theorem 9 is another characteristic proposition of the 
Theory of Relativity. 

33. It should be noticed that Assumptions A and B are 
not required for the proof of the transformation equations in 
Theorem 1; they are required only if we wish to preserve 
the Principle of Relativity—that is, if we wish to make it 
impossible for the observers on our system S! to detect their 
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motion through the ether ; and any experimental evidence 
which may be obtained for the truth of the Principle of 
Relativity (or for the truth of Theorems 8 and 9) may be 
accepted as indirect evidence for the truth of Assumptions 
A and B. 

APPENDIX. 

In this appendix we give an elementary method for 
obtaining the transformation equations of Theorem 1. As 
already stated, the correctness of Theorem 1 may be readily 
verified when once the transformation equations have been 
written down. The question naturally arises, however : 
How could anyone hit upon these equations in the first 
place? The purpose of this appendix is to answer this 
question. 
We consider four positions of the moving platform S’, 

namely : (1) when O' is opposite O; (2) when a light- 
signal starts from O’ toward any station A’; (3) when this 
signal arrives at A’ and is immediately started back toward 
O’ ; and (4) when the return signal has arrived at O'. We 
shall suppose for simplicity that A’ lies on the axis O/X’, 
since the extension to the general case presents no new 
difficulty and may well be left to the reader ; and we let the 
abscissa of A’, as determined by the method of light-signals, 
be w’. 

In position 1, as shown in fig. 1, the clocks at O and O' 
both read zero. 

! a’ =0 

0 a, 
————— S| 

Tay oT eee 

Fig. 1. 

=) 
0 t=0 

In position 2, at the instant when the signal starts from 
O’, let the clock at O’ read ¢', and let the station which 
happens to be opposite O' at that instant have an abscissa 2p 
and a clock-reading tp. Then, since the observed rate of the 

Fig. 2. 
! ,(2=90 
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| 
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clock at O' (see §10) is 7, we must have f/=rt). Also, 
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since the observed velocity of O! (see § 9) is v, we must have 
“y= vt). Hence the situation at this instant is represented 
by fig. 2. 

In position 3, at the instant when the signal has reached 
A', let the clock at A’ read ¢', and let the station opposite A’ 
at that instant have the abscissa # and the clock-reading ¢, as 
shown in fig. 3. 

In position 4, at the instant when the. return signal has 
reached O’, let the clock at O' read ¢,', and let x. and t, be the 
abscissa and clock-reading of the station opposite O’ at that 
instant. Then ¢t,’=7t,, since the observed rate ($ 10) of the 

Fig. 4. 

0! ‘ x =0 
i=l, = 

=e 
} 

C= Ly = Ut 

[= to 

clock at O' in passing from position 1 to position 4isr. Also, 
y= tty, since the observed velocity of O' (§ 9) in passing 
from position 1 to position 4 is v. Hence the situation at 
this instant is as represented in fig. 4. 

Now in the interval between fig. 2 and fig. 3, we note that 
a light-signal has passed along the stationary platform S 
from «=vt, to v=, with velocity ¢ ; hence, by the definition 
of observed velocity (§ 9), 

L—vlo 
ra et > rr 

Similarly, in the interval between fig. 3 and fig. 4, the 

return signal has passed from w= to x=vt, with velocity 

——¢ > hence, 
Vl, — x 

— Cy le By. =o (2) 

Further, from the way in which the clock at A’ has been 
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“synchronized ” with the clock at O’ (see $4), we have 
(from figs. 2, 3, and 4): 

He agtacte Maile. Pv ye. tay) ais api lan lotatl» CD) 

Finally, from the way in which the abscissa of A’ has been 
determined (see § 5), we have (from figs. 2 and 3) : 

WCC FG) oi Vettes | th at Vo ta (AS) 
From these four equations, the required values of w and 

t’ in terms of # and ¢ are at once obtainable. Thus, solving 
(1) for ¢) and (2) for é,, and substituting in (3), we have 

el candi ats (are ; 
~ 1—(eJc)? Case 

and then substituting this value, together with the value of 
ty, in (4), we have 

Ae - 
i =e (z— vt). 

These are the required transformation equations (§ 13), for 
a point A’ on the axis O'X'. For a point A’ not on the axis, 
a similar chain of reasoning will give 

i 
J ee 

Gas 
as required, while the values of «’ and y’ remain as before. 

Thus all the transformation equations used in Theorem lL 
are obtained by this entirely natural and elementary method. 

XLVI. The Hmission and Absorption of Radiation in any 
Material System and Complete Radiation. By 8S. B. 
McLaren, M.A., Assistant Lecturer in Mathematics in 
the University of Birmingham ™. 4 
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$1. Resutts anp INTRODUCTION. 

eta or “black-body” radiation is the result of 
an equipoise in the radiation absorbed and that emitted 

by a material system. In this paper it is first shown how 
* Communicated by the Author. 

Phil. Mag. 8. 6. Vol. 23. No. 186. April 1912, 2M 
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energy of radiation is to be mee from the energy 
which belongs to matter. Tor in the electromagnetic theory 
the material ener gy too is localized in the “sether ” and the 
distinction to be made is practical and approximate, not 
absolute and uniquely definable. I have assumed that the 
electric charges constituting the material system move with 
velocities much smaller than the velocity of light or move 
in a steady distribution. Complete radiation is “then shown 
to involve the interaction of two dynamical systems—the 
material system on the one side, and the field of -radiation 
on the other. 

For the motion of such material systems as are defined 
by Hamilton’s equations 

GomgaG LL dips, alt 
= —, -=—_— . 2) eee 

dint dp, at dq, | 

(r=1,2...n); H's the total energy. 

(1) it is to be noticed refers to the motion such as it 
would be if undisturbed by the radiation. 4,92... qr are 
coordinates defining the distribution. p,po... pn are the 
momenta. 

Write 
AV 9, =dq,dq, ... dg,dp,dp.:-.. dpn. en 

Let the probability of a distribution in which the 
coordinates and momenta lie in the 2n’ple volume element 
AV on be 

fiVee i. kn 
And let the energy of complete radiation per unit volume 
whose wave-length lies between A’ and A+ da be 

LQG Brees ere 

It is shown in this paper that 

2n 

( e . f 2ame 5 
En \| (f.b:) ( b(t—e) Sin( = c) de dV on 

“0 
2n 

9 -—5 F 2 C 16 ~ = —Il677cr (re b(t) Cos" e) dedV ay ee 

Ee (df don. dda: 

(fb) = tah = (a2 dp, dp, a ee 

the Poisson-bracket expression. d@¢is a linear function of 
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the velocities — &e., and also depends upon the coordinates 

gr, &e. ¢€ is atime taken large enough to ensure that all 
elements in the integral with respect to ¢ are included 
which are coordinated with ¢; The average values of the 
functions at time ¢ are of course to be taken on both sides 
of (5). 

lf fis a function of /7 only say f(/Z7) then (5) reduces to 
2n 

mn { i; tf $(0 (¢ bli) Cos(7Z"e JdedVy 
( c ; 27 Ai oe ((v-( b(t Cos (“Te )dedVan (7) 

H 
And if f varies as e~ Re as kinetic theory requires 

HOES TENE Nv. 00), Siok (Pas tas) wah) (ON 

The method by which (5) is reached does not give that 
direct information as to the behaviour of a simple wave-train 
which is required if the results reached are to be tested by 
their accord with experimental evidence. I show thata plane 
wave can advance in any medium with the electric intensity 
in the wave-front. Let the electric intensity E be given by 

(Di, ie 0) ON 

So that the wave advances in the direction of the axis of z 
Then 

1D (Ban? +dikn+* (2) +O, + b,.H,=0 ° ° (9) 

D (=n 4 ikn + © F) + Dy Hi + PyE,=0, a) 

And the functions ®,, ®,., ®,, Py are determinate in 
terms of f and the wave-length. They are of form similar 
to that which stands on the left of (5). Where there is no 
rotation of the plane of polarization 

D2) = Dei) = 0. 

From (9) and (10) the refractive index and the coefficient 
of absorption are determinate when the distribution / is 
known. 

The method used throughout is to treat the radiation as 
a small perturbing influence in the motion of the material 
system. ‘This is made possible by the absorption into that 
system of the whole intermolecular field which arises from 

_ charge in the immediate neighbourhood of any point. 
2M 2 



Dil Mr. 8. B. MefLaren on Emission and Absorption 6 

I argue finally that the problem of the distribution of 
energy reduced as it is to the determination of the function 
j is beyond dynamics in its present state. Hquipartition is 
a necessary interence if we assume Hamilton’s equations 
deduced as they are from the principle of least action, and 
an essentially positive energy function. If we are willing 
to resign the law of minimum action, equations of motion 
differing from Hamilton’s will lead to different resuits. 
Hquipartition can then be avoided. But the problem of 
radiation is not thus brought nearer a solution. No con- 
tinuous laws of motion in which ener gy is conserved can 
account for that distribution of energy which we find realized 
innature. (See, however, conclusion.) Some such revolution 
of our physical ideas as is foreshadowed in the work of Planck 
and Hinstein is, it would seem, inevitable; at the most it may 
be hoped that the future will adapt and not destr oy the work 
of the past. In this paper “ ether” still retains its classical 
traditional value, it is the ether of Maxwell’s equations. I 
have determined how it would interact with matter in any 
continuous motion. It is only by pushing the mechanical 
theory to its limits that we can discover where these limits lie. 
But to maintain such types of motion asin reality exist, other 
forces must be involved than those known to our present 
dynamics. Only the ether then, only what is not matter is 
completely mechanical. Nor need this be surprising. ‘The 
problem of radiation involves the ultimate constitution of 
matter, and the latest work on Physics makes it even more 
evident how inadequate mechanical ideas are te unravel that. 
The spectroscope shows us matter classified in distinct 
species without continuous change from one species to 
another. On any purely mechanical theory this is almost 
impossible to explain. If any one type of motion is possible 
in a dynamical system there must be others continuous with 
the first. And the theory of relativity removes even the 
possibility of rigid bodies. Where all substance is mobile 
how does each atom or molecule remain within such narrow: 
limits constant to its own type? The conclusion forces itself 
that the mechanics which describes the motion of matter 
in bulk cannot deal with its ultimate parts. 

§2. Tae Derinirion or RADIATION. 

Electromagnetic theory explains the inertia of matter in 
terms of its own fundamental Denes of electric and 
magnetic intensity. Thus regarded the kinetic energy of 
an electron is energy of the field surrounding it. In any 
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theory of radiation therefore it is implied, though not always 
explicit, that the radiation does not exhaust the whole 
electromagnetic field, part is always attached to the electric 
charge in the immediate neighbourhood. The distinction 
is here made precise and expressed in formule through 
which the interaction of matter and radiation can be 
studied. In a previous paper (Phil. Mag., January 1911) 
I made no attempt to distinguish in the whole field that 
part which is properly associated with the moving electrons. 
It was there shown that the complete system of matter and 
‘esther ” forms a Lagrangian dynamical _ stem having an 
infinity of degrees of freedom. But the only term associated 
with the material part which appears in the energy is 
merely potential and due to the electrostatic field. Kinetic 
energy there is none unless it arises outside the pale of 
electromagnetics. Without some such source of energy the 
Lagrangian systein cannot be reduced to Hamilton’s form 
and the ordinary statistical methods cannot be applied. 
Hiven granted its existence, it would be unsafe to assume that 
taken in isolation the purely material energy has the 
character of tliat known to us. Our experience cannot 

separate it as our mathematics do. The theory I give in this 
paper avoids the difficulty, it does not so divide where nature 
has joined together. But on the other hand, there is set up 
the new distinction between electromagnetic energy credited 
to the account of the material system and the energy of 
radiation. This too is an arbitrary distinction however great 
its practical importance. The price paid for insisting upon 
it is that our formule no longer represent the by vor of a 
single dynamical system. Instead there appear to be two 
such systems each disturbed by external forces due to the 
other. And when a charge moves with translational velocity 
comparable to that of light it does not interact dynamically 
with other charges, the ether in fact intervenes between 
them. ‘The methods used in this paper assume therefore 
that the square of the velocity of a charge divided by the 
square of the velocity of light is negligible. 

The equations of the electr omagnetic field are 

AER ste Ravi Disk Fal i {\ 4 —() ‘ A : . | | (V an)! + 4arp ; (11) 

( ie Mave 
AAS alae SE are —() F ‘ ° : , 12 (Vv aaalt +4 (12) 

| a 5 COR SG ks... 4 1S) 
cae 

a — a er ae 

a 

Sw ee Se 

— - 

en — 
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F and ¢ are the vector and scalar potential, u the vector 
velocity of the charge whose density is p at any point. 
Regarding (13) asa condition imposed upon F and ¢ (11) 
and (12) can be deduced by making the variation of the 
action Zero. 

G5 

S\\\\Ldudi=0. . | ies 

iP Abc Ash ok u = |= +V$) —¥ ae (0 lll > +p(" —$)+ Le (15) 

In (14) dv is any element of volume in the field. Z,, in 
case it exists is the Lagrangian function of material origin. 
It may be shown that the principle of relativity allows L,, to 
be any function of p?(1—1*/c?) but this is not used in what 
follows (Lis invariant under a Lorentz-Hinstein substitution). 
The equations of motion of the electric charge can be inferred 
from (15) combined with the equation of continuity 

ae 4. Div. pu=0.-. 2) eee 

Write FF) +hy)+Vy,. o>... 

where Div. i i= 0 5 = 5 . e ° (18) 

Div. Hy =0' 3 a eee (19) 

x and Fy) will be so chosen as to make (18) and (19) possible. 
(17) gives 

b ah dees a oe ; Vix= Div. F=—* hy (13), (18), 29). . 20) 

Vie — +6)= (Vv 1 \b=— 4A by (12). 

ai 1 dy 5 
; a) ae — Ye . e ° e e e 21 Hence if ahi +h6= 9; (21) 

then W727 dp4 4p 0% 4. Oe (22) 

So that ) is the potential of the charge p. J suppose the 
volume V containing the radiation to be bounded by a 
surface S as far distant from the radiating matter as we 
please. dy is to be so chosen as to vanish at 8, which will be 
supposed perfectly conducting. 

From (20) 

es. Gil lay e _ 1dg, Ne 
(Vv = X= sal a at 2p Coe Ce 
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I define Fy as that solution of the equation 

2 9 / pil lddy 

7— «?) Ry + 4a —= SPIE a Oe 
Oe tay We AG 2) ey 

which is normal at the surface S. «71 is a length large 
compared with the radius of action of the intermolecular 
forces but small in comparison with the wave-length of the 
radiation involved. The phenomena of gases show that 
neighbouring molecules do not affect each other sensibly till 
fen Ae hetween their centres is of the order 107°; it 
would be sufficient we shall find to take «~* equal to 1076 
or even 107’. 

Niles Cask I dby\ 7, Sh 
r= (fh oo (pu- rs a ) WU. ° . @5)) 

Thus the value of IF, given by (25) at any point is con- 
tributed entirely by elemenis of volume dv which are within 
distances of the point small compared with the wave-length. 

Substitute from (17) in (11) 

sae ee ld 
(v5 en) 1+ Fy) + 4a mao te) . CH) 

P+ he=((2(or- LoS) ae. 2 7) Cr Ar at 5 
S 

Now the elements of the integrals in (25) and (27) are 
identical so long ase7* = 1 

ani i do, c =, anid (pu— Te VW an) =(eu— 7 Noe - 
¢—_ 

c 

The first condition means that 7 is to be small compared 
with «1. The second that the distribution and velocity of 
the charge within the molecular radius 7 are not to alter 
appreciably during the time it takes heht to travel that 
distance. “This is of course ensured in any steady distri- 
bution of electric currents. It also holds if the velocity U is 
small compared with the velocity of light, and if the rate of 
change of tis such that the radi«tion emitted is of wave- 
ler oth laree compared with the distance » Under these 
conditions (2 5) and (27) show that all that part of F\,+F) 
which arises from ik charge within the molecular radius is 
included in Fy. Thus the inter-atomic forces are removed 
from I", and it represents the radiation proper, a force 
producing only a small disturbance in the motion of the 
material sy stem *, 

* See Phil. Mae. July 1911, p. 69. 
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§3. THe Mopirrep LAGRANGIAN FUNCTION. 

The equations of motion can be deduced from a modified 
_ Lagrangian Function derived by substituting the value of 
F given by (17). From (26) and (24) we have directly 

2 2 
(V?— ia) i= Sah hh. el ake : (28) Codi: Cae 

The variation of F and ¢ in (14) leads to (11) and (12) 
which are now replaced by (28). Varying p and u 

af zdede+ | (F352 —g8p Jae di=0 ies 

4 a 

se (17) 

5 Znde dt + ({ wave —$8p de dt 

4 4 

— rotten dt . (80) 
¢ 

4 

The action may always be modified by omitting any term 
which is merely a oes differential 

Jvx dv ate |x; aor “ (Sp)de i —{ai¢ - de dt. 

And (30) becomes 

5 [Lad dt + ( (#0 — op) dv dt= —|rsttan dt. . {aug 

4 “4 4 

By (24) 
pees u / 

(V?—-12)8Fy 44nd PH 7 (5 SF) | (32) 
So that 

B(V?—«2)8F)— $F, (V2—2)F 44a (F.8© pe — SR o) 

1 dd, d : =FyVan( age) eee a == ‘ . a) 

Now the function F, as defined (24) is such that 

Div F>=0 and F, normal at S. 

Thus we have also 

Div 6F.=0 and $F, normal at § 
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These conditions can be imposed on 6Iy because F, is 
defined by (24) completely as a function of the distribution 
and velocity of the charge. 

Now at any surface where Fo is normal the condition 
Div F)=0 reduces to 

diy 

a 01 i Po 
« 

= |e. He atenaneiien a0) 
d ; 

where — denotes differentiation along the outward drawn 
dy 

normal vy and p;, pg are the principal radii of curvature. 
(34) and the similar result for 69 gives 

Fi a SF) F)—Fy4 8Fy=0. . A Soa 

Multiply (33) by dv and integrate thr ea. the volume V 

((rog, Sune io Fayis-+te Fype* —aF, en) de 

> Fey (3. aby Jee—farev( oe dv. 

Use (35) and notice that the right-hand side vanishes by 
partial integration since ¢, is zero at 8. We have 

((®, pee —3Ee) do=0, 
3 

{ Fé a Gea [Fe a ie 
C C 

3 3 

| dpe =+46 { hopdv. 
*3 3 

5) Lnldt= — fre! andr, LGN BeAr G8) 

4 

or 

also 

(31) reduces to 

where 
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Or (36) may be written 

| da, t+ 34F, ON dee - 
a! C 

4 

Where it is understood that F, given as a function of the 
time and the coordinates of any point of the field is not to be 
varied, but only the distribution and movement of charge. 

Write fr 4 pat dy=O. ) 203). ae 

Then (36) gives the equations of motion 

UGH Ge dL, dO) a 7d@ | 

ma du, i= os 7a do dt (aa a 

Tle coordinates defining the position of the charge being 

Gis 2s qr eur, Gir- G— ils a cs nt), 

and == 

If we transform to Hamilton’s form 

u aur 

Wess Clee yi ] 

| 

r (41) 
: dt em | 

(=e ae 

And (il) is true whatever may be the nature of the 
coordinates. 

If we hold an atomic theory of matter n will be finite. 
If, on the other hand, charge is continuously distributed 
there will be an infinity of degrees of freedom. The only 
method then available is to start from a configuration of 
equilibrium or steady motion and to study the vibrations 
about that as the mean position. 

The theory of emission and absorption which follows 
applies in either case. But I am not able to cope with the 
transition fiom one state of steady motion to another in- 
volving a new system of vibrations. For in such a process 
the degrees of freedom are no Jonger enumerable. Jt may 
be that a radio-active transformation 1s an instance. Before 
the change and after it we have an enumerable infinity of 
degrees of freedom. There intervenes an action by which 
one set of degrees of freedom disappears and the other is 

dip, 9 all dD AG) dgr Gigs 

at “oe dgr at du, 
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substituted. So regarded the change is beyond the pale of 
dynamical actions. Of course it may be urged that the 
point of view is not ultimate. What is before us is rea!ly 
a dynamical process. I have argued that this may be doubted. 
In practice at all events we are forced in the present state 
ot our knowledge or ignorance to deal only with the 
enumerable infinite. 

$4. Expansion In Normat Funcrions. 

The value of F, satisfying (28) is to be normal at S. 
Ya e,; 1 ) 5 

Write therefore 
NL =o 

ral ‘ ol 6% 
I I = Oi ms ° ° C) ° c) e (42) 

m1 

where 
2 

(v2 ate ie 

\Pide= ae Ps NA ena 
FE, normal at S 

2G 
Divehi — 0 | 

r . 

) do 0 | 
i 

The last of (43) is the normal property holding for any two 
different values of m, it follows from. the others. Where 
V is large these normal functions became ordinary trigono- 
metrical functions and Sao icy Uhic wave-length corre- 
sponding to F,,. 

As in (84) and (35) at S 

d 
FB, ry IF, g i ==) 

dy dip? 

So that 

| PVE de= | IV?7P de= — 4,2 \ Heer (ed) 

Also NDS else ice ah A a Vs 
Multiply (24) throughout by F,,, dv and integrate 

aA j ; Ri, ; ba ul ; Ba } a 

{ I. V7 — 67) Fo dut 4a E FE, dv= 185 We (; re) av, 
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3 

Now 

Fer dv= — in? I Ah, dv, 
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as in (44), 

since dy is zero at 8. Hence the above equation reduces to 
a U ‘| 

Ge ap cae) BE n pain PoE, Clits 
ME 

3 3 

Multiply (28) throughout by F,,, dv and integrate, using 
(44) and (45). Then 

‘ chy 
eee : Ke ran Lod ie (eee 
Gig) ot Rin Sn a OF m EC ie 2 Le ‘oft mae. 
CG aie mo te | 

y . Ou Hf j ? 

Then 
1 da if 1 dd, 4 
Fo us 2g Taha r im F 7) = i! 2 s AT dt? + Kin Aan = K e+ Kye ic 6D Ce du ) ( ) 

And in (39) Bs 

ee 
=U 

The equations (41) and (47) represent completely the 
interactions of the field of radiation and the material system. 

$5. THe PrerTuRBED MOTION. 

The course followed by the material system is slightly 
disturbed by the field of radiation represented by the terms 
in ® in (41). Hence there is absorption of the radiant 
energy. The deviation produced in the immediate past 
alone causes the absorption at any instant. In the simple 
theory of metallic conduction it is the deviation arising 
within the time of a free path. The collision which 
preceded that free path has wiped out all that went before. 
Whatever the character of the dynamical system it is evident 
that the intramolecular forces determine the path it follows, 
and that the deviation which is connected with the absorption 
at time ¢ is that which has been produced within some very 
small interval of time e preceding. 

Let ¢ C2... Cs, be 2n constants representing coordinates 
and momenta at any time in the undisturbed motion. Let 
ép, and. dy, be the deviations in the values of p, and gq, at 



of Radiation in any Material System. 523 

time ¢ due to the radiation. Then by the method of variation 
of elements, 

heal ee bt Bi) es ” dr aD ad dD 

r=1 des ” dvs pat COS WGko 

In (49) the lower limit is left indeterminate so that the 
particular values of ¢,¢9...¢n, that is the particular undisturbed 
motion from which the deviation 1s measured, is not fixed 
nor is it necessary to do so. 

On the right hand of (49) the values of p, and g, may he 
either these in the actual disturbed motion or in_ the 
undisturbed motion, for the terms in question are already 
small of the first order in ® representing the force of 
radiation. Our justification for neglecting squares of the 
deviation is not only to be found in the actual calculation 
given in another paper (see Phil. Mag. July 1911), but in 
the undisputed fact that absorption is always proportional to 
the intensity of radiation. 

There are 2n equations such as (49) in which s takes all 
values from 1 to 2a. 

i a: (aD ad aan) y= et i d® dq, 4 ot 
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. Aun : dd. 
since ® is a function of the w’s and q’s and ae 

¢ (49) then becomes 
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Solving these 
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determinant A below. Since the constants ¢’s are values of 
the coordinates at some time A=1, 

dq, dp dq» dp. dq3 dps | 

de, de, dey de, dc, dc, 

—— 

dy dp, 

dts dts 

dq, dp, 

des des : 

There are 2n rows and columns. 

From the form of A it follows 

gf an ad 
<a Li: F iz . - (52) 

= Bee = 

s= x d 

—_M,,=0 . . ie 
2 Fe 

And (50) and (51) become 

Bowe g (Mt. | it) . ae 
ae He 

os "Zara it). . ie 
s= Se, 

Consider any function vy of the p’s and q’s which may 
also contain the time explicitly. The increment in value 
SW of this function above that which it would have had in 
the undisturbed motion is given by 

T= ml ¢ fey... 
_ Ty dp d® SoS fd ds (" dy d Ww [ow 

te Sarda, == ee bas dp, Tee | ® dt j— di, Pal rs ¢ J 

_ 7S apd® , Sis i d (1, 5¢— a Me 

r=1 dpr di, FSi Sel des i) l 

r=n s=2n hy . ay 
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7 “a | ide * des Ade) Ls
 ‘ (= fe dt . (56) 
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If y be any function whatever of the ps and q’s 

dy at =5( aTr aX, ai =|, o ‘ 2n). 

Ae SNOT, ds dp, des 

And on solving these equations 

fee dy dy 
i Mrs Mey hore 

s=2n ; ain dy ae 

or M rs Ale : aap. ° ° s ° ° (58) 

: / “Aneta Me 
Patines, y= 2 (57) gives 

G2) d oe daly 

i eee ene 
ee Mrs di, dp, i ee pejite” 

and putting a (58) gives also 

s=2n Me a *) un daly 

= Ms dey difr ar dp,dyr* 

Then the last term in (56) disappears and 

Ls eda, r=ns=3n d dil 

Safp = Whee ee 
ov Ende, du, 7 i ee de, \( i dp) a iyo a} 

Say (59) 

§6. Tur ABSORPTION OF RADIATION, 

In order to arrive at the nature of complete radiation I 
suppose the radiating material system enclosed in a very 
much larger volume of space devoid of matter. The 

boundary surface § is at a great distance. ‘The nature of 
complete radiation 1s of course unaffected but the formula 
(47) is greatly simplified. Since I’, satisfies the equation 

(EF mh) eal, 

it appears that the average value of Fx HES Inversely 

as V?. Qn the other hand, the average value of a(n) is 
2c? ¢ 

the kinetic energy belonging to a single degree of freedom. 
On the theory of equipar tition this is alw ays equal to the 
average kinetic energy of an atom, in fact it is something 
less tna this in a ratio which depends upon the wave- -leneth 
27(«,)~', but does not depend upon the volumeV. Thus by 
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increasing V (47) becomes the equation of motion of a simple 
pendulum disturbed by a very small force; and for a 
number of oscillations which can be made as large as we please 
by taking V large enough the oscillations of this pendulum are 
simple harmonic, and gradually change their amplitude and 
phase. In calculating the absorption “of radiation by matter 
we can therefore suppose 2, which occurs in ©® to be simple 
harmonic of period 27(«,,c)~! and find the rate of absorption 
due to this term alone disturbing the material system. The 
emission of radiation is due to whatever part of dm in (47) 
is of the same period and it can he found by the Fourier 
Analysis. 

‘Tue absorption of radiation is at the rate 

= 

The absorption is due entirely to the deviation caused by 
the radiation and in the absence of any deviation the average 
value of the absorption would be zero. Instead, therefore, 
of (60) we may put 

da 
——_“$ ms ° . : i ° , 61 

and calculate é$, by writing }m for W in (59). Only the 
term @»,@m in the series for “® need be retained since the 

yee Ue : 
others are not correlated with —~ in (61). Hence (61) 
reduces to ge 

Am dan dm ID — deen : > os (ar r foe M', ali dt. 4 dd; di DTU, At p23) = de, j dp» 

And the first term vanishes since the average value of 

Utkin - 4 s 
Chin ae is zero in a steady state. Thus putting A,, for the 
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average rate of absorption of radiation of wave-length 
2 Qi (Rn) 

hah on a(S ee a ad (of M,. adm aT fea A H y 

ea a aa icy de, le dp, A rs dy, i km Dm ane ad 2n9 
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where we assign to each configuration at time ¢ the probability 

fdVo2n. Neglect as before in the calculation of (62) the 
differences §p, dq, &2. between the actual values of pr dr 
and those which belong to the undisturbed motion. Then 

AV an =dq, dds ae dn, dp dp see Apon 

(0 des ons Ac» 

And (62) can now be transformed by partial integration 
with respect to the c’s, 

la Yo=ns=2n df acs df dé ; 

A ‘ah m ( a at uM a i: 1 

dt {| ED a de, ie dpr de, Le Ady ) am dt dV» 

2n 
_ dan 1%» df dd df dpm fae i, 

~ dt Wa, To ie de )N anda dt dV an 

Using (57) and (08), 0 

An= all Ge ate BO MAUCUN Sel! ears) aku wate (OO) 
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2n 

And the lower limit in the integration for ¢ need only be 
chosen so as to include all elements in the integral which 

are cordinated with (f, dm) the Poisson-bracket expression. 
a, is periodic in the time 27(«,c)~'. Hence for a large 
number of periods write 

(cam 

\ dt . 

K. ne 

a (am)o Cos CKy,t + ——— Se iT CKmb § 

where (am) 
time t=0. 

We require the average value of 
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(G2) 
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Phil. Mag. 8. 6. Vol. 23. No. 186. Aprel 1912. 2N 
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where I have written ¢—t'=e and e in the upper limit is 
to be determined as already explained. I have also assumed 
that on the average 

2 =( and (“)’ = 67 iO 

(63) reduces to 

2¢ 1 (‘Se 
An=-— Pe aol = (us Pn) if 4c t—e) Sin (ck&mé) )de AV 2 

: . (64) 

(64) can be put in another form when the wave-length 

2are,;, is very small compared with the dimensions of the 
enclosure, as may always be ensured by making the enclosure 
large enough. 
Fydy is the total energy per unit volume of the radiation 

of wave-length in the interval dd, and 2X for the m’th normal 
function is to be 27x’. Then we shall have 

lomdnr 1 2) Wha (65) 

This expresses the fact that in the interval dA there are 
V87r-*dX normal vibrations each having a total energy 

Me 2e?\ dt 

equal to (ar) which is twice the kinetic energy. (See 

Rayleigh on ‘“* Complete Radiation,” Phil. Mag. xlix. p. 540.) 
The result may be compared with Rayleigh’ s formula for 
the radiation of great wave-length in accordance with which 

Ey drX=8rROXA~ “dr *. 

Since 4R@ is the kinetic energy of an atom at the 
temperature @ it follows that the total energy of radiation in 
the volume V is 

Vi16m7r7 4dr 

times the kinetic energy of an atom. Allowing equal — 
kinetic and potential energies to each “‘ ethereal’ degree 
of freedom there must be the number 

V87rvN~ 4dr 
in the interval dn. 

* The numerical factor 87 is left undetermined in Rayleigh’s paper. 
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Writing therefore in accordance with (65) 

1 dam 2 Ne ? 27 ‘ aa ae) = ioe Me and X= —™ in (64), 
pe) ao, \ \ (f, by) i) “Oxt-6) Sin(77«) dedVin,. (66) 

writing }) for dn. 

§7. THE Umission oF RADIATION AND CoMPLETE RADIATION. 

The rate of emission R,, to the m’th ethereal degree of 
freedom can be found by (47). Integration gives 

C t 1 Uhm ° / ’ 
Cn = (eee ea ~ bi Sin (¢k&mt —ckmt')dt 

4 Lm — mies a (« bn — 2 oe “fe ) Gos (CKmt — CK mt’ dt’, 

-—— may (bn— ok Bar (eo ae 

And 

= d? Dm 9 1 Ldm (i d ey ae 2 ——/ Pm \Cos(ckme) de, 
R,= =a mG EOp = 2 dt? Sei (« He «2 de? jee ( ) ‘= 

0 

(69) 
with the same significance for e as before t/=t—e. 
“Db | a ddm | € Sddbm : 

it Je Cos (c#me)de= EE Cos ckmeé : ce qe in CKme de 

= ES Cos ck&mé + CKmPm 1 cxne | — CK, a dm Cos ckme de. ; 

(70) 

Now in (70) the terms at the limits 0 and e¢ contribute 
nothing to the emission R,,. The term at the upper limit ¢ 
can be omitted because at the time t—e there is no longer any 
correlation with the first factor on the right-hand side of (69) 
which refers to the time ¢t. At the Tower limit e=0 we 

have on the right of (70) only the term — — or — This 
at 

contributes nothing to R,, because the oe values of 
dm : j dbm dl? bn 

Dm de and aP ait are both zero. 

2N 2 
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Hence 
Ce 2 TE 

1B 1G Ee it aa), dn(t—e) Coscx,,ede . (71) 
Ke + Ky ik 

aan similar to that which gives the reduction ~ 

from (69) to (70) shows that the average value of R,, at 
time ¢ is 

€ 

a= eg, dm (t—e) Cos cemede . . . (72) 
0 

A result independent of «. The average total emission is 

«(| fel n(t—«) O08 creme dedVa, una 

2n 

And the equilibrium " radiation involves that the expression 

(73) be equal to A, in (66). Hence 

IV bf d, (t—e) Sin (= :) de dV on 

2 é i y 

=- Ss" { fr | au-8 Gos ede dVay. mC) 
2n 0 

Writing as before $, for @m and d for 2a«7 1. If it is 

assumed that the distribution function / depends merely 
upon the energy H, then 

eae dj "= (apa td oh aay 

oe Ge = Nd pe ag, “don,dp, 

Ne df Neale ddr dp, Par) 

aii ape diyr dt 

And on integration by parts since ve average value of 

eat _ bal? —e) Sin (“Ze) de= —— rb) pr(t —e) Cos =)4 

ng pay) 

d *e 2 
m(\- $n y(t —e) Cos( ne 

2n 0 

: Dar 
— =) TO dr(t—e) Cos (= c) de,» eer 

Dh AO , 

e) deine: 
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ape! 

or if f varies as e 8, 

Pm emRNON GS 00S BROAN 7G) 

§8. ABSORPTION AND REFRACTION OF A SIMPLE 

Harmonic WAVE-TRAIN. 

The method of normal functions so far used gives no 
information as to the behaviour of a simple harmonic wave- 
train advancing into the medium. ‘The defect must be 
supplied before any theory of the distribution of energy can 
be brought to the test of experiment. I shall show how the 
refractive index, absorption, and rotation of the plane of 
polarization can be expressed in terms of functions involving 
f the distribution-function. 

The equation for F, is as before 

wae ile (V?- 37a) B= BE ss 1) 428) 
"dt? 

Ww ; pu = 1 doo D vhere (V7? —k?) By t4a7~ =V(; aE ) . (24) 

SDDshiey Te e001 a GRA MA ioc Ci LS) 

Suppose a simple harmonic wave-train moves along the 
axis of z so that F’, is a function of z and ¢ only. Then (18) 
shows that the component of F, normal to the wave-front is 
Zero, 

Nees Gai, (0) GI Ta ee Shun (CLT) 

This value must finally be supplemented by a conjugate 
imaginary. 

(28) and (24) give 

d? \(z La) oid Aap 
(ja-* qa eae B= (— 37a) a 

AREY (PE, SE Ny Si a a 
(. eae CNOA Onde (ae) 

lddp 
The term in v (7) depends merely on the atomic 

at 

structure of the medium. For a plane wave propagated 
regularly its average value over the wave-front vanishes. 
Neglecting scattering, therefore, we may replace (78) by 

d? o\. f tla ene 1 a?\4rpu eee chy | (peieamgreee weeny AE ey |p) a | 9 acme 8) 
(a3 : (5.2 ¢ se] ny (« c? ie) Shu ee 
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«~* is the molecular radius. For waves of ordinary light the 
terms containing «* are very great compared with the others. 
(79) becomes 

de or de 

Or substituting (77) and multiplying by e~#?+~ 

2 2 (; 1 ra) Fit4n PY =0. . > 

2 . . 

(2 + Bon + Bink) Fye# + dm Ph eipe+ine = 0 (iE) eo i 

Pp 1) (1 o-# pon ae 
(5 +h—v?+ Zink) Gye” +4 pi = | . (82) 

Now integrate each of these equations over any finite 
area of the wave-front and from z=z, to z=z,. Then (81) 
becomes 

4 

a 1 see (83) 

and a similar result from (82). It is not the whole irregular 
motion of the material system with which we are concerned 
but only that part of it which is caused by the passage of 
the wave-train. Thus (83) may be rewritten 

e +1? —n? + 2ink) is ( * = ke dv + dor (°F steer dom 
C 

2 2 

(= +h —n? + Zink Fy i} 26k? dy + And ( 0! eitnz—pt) dv =0 
C 

21 al eee YE (84) 

As in our previous notation 6 denotes the deviation due 
to the force F;. In order to calculate the last term in (84) 
we may therefore put in (59) | 

ya | Beier de, -.: 2. 

and 

o= { (FO + G22) clone) tee, . See 

Now it is evident that the average value contributed to 
the last term in (84) by a group of molecules in the volume 
element dV will be proportional to dV provided that instead 
of an infinitesimal element of volume we take one large 
enough to contain a very large number of atoms. Also 
owing to the presence of the factor e~” in © this 
amount -will decrease with e-* where z is the distance of 
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the element from the origin. This assumes that e 
sensibly constant throughout dV. 

Instead of (85) and (86) consider the functions 

i= | iime—pt)dy . 2... (87) 
3 

yr 422 oine—no DO iil cdet or i aye) 
3 

And P=Pyww_1+ Gv, 3 

where the integration in (87) and (88) is supposed to be 
over unit volume of the medium and W_j, W_, are the 
conjugates of yr, and yr. Then (84) becomes 

A Wiehe “3 
(5 +1124 2ibn) #4 Temi IV + 4d, CaO Ni, 

or POP + (kt in)? + dy, =0 ys (8) 
and : 

Py +(k+inGi+4mdyn=0.. . . (90) 
And by (59) 

Arrow, = FD, aF G Py, Amos = FP; + G Doo, 

” dnb, € 
Oy= —4n fs ; ae ay, Fh 1dVan— te (Mi vif pr _idt AV oy 

(91) 

ee 4 Ne Yop en 

(Gey 

With similar definitions of ®,, and ®,, (89) and (90) 
reduce to 

2 

a Fit (k+inPF,+@2yF,+0pG,=0 . . (93) 

ee 7 Gy + (kt inGy + Oy hy +P_G,=0 . . (94) 
I reserve . further consideration of these results. Where 
there is no rotation of the plane of polarization 

D1,=P,,=0. 
Where the medium is isotropic the defining equations (87), 
(88), (93) and (94) show that ®,,;=®,.. 
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§9. RapraTion AND MECHANICS. 

It seems to be almost certain that dynamics leads to 

a distribution of energy in which 7 varies as e~ #R® and there 
is equipartition of energy. It is perfectly certain that in 
nature the consequence is avuided. There are three courses, 
and three only, open to those who would resolve this 
antinomy :— 

(1) They may deny, and this is the mest obvious course, 
that the reasoning of the kinetic theory is sound. 

(2) They may assert that the actual distribution of energy 
is not a temperature distribution. (See Jeans’ ‘Theory of 
Gases’). 

(3) They may resign their belief in dynamics. Those 
who have gone beyond M. Planck and founded an atomic 
theory of energy have made even this sacrifice. 

The difficulties of kinetic theory lie in the use it is 
compelled to make of the rules of probability. And this 
is of its essence. Where the senses present to us a body 
whose properties have been through a longer or shorter 
time unchanged, the kinetic hypothesis sees myriads of atoms 
or molecules in rapid and always varying motion. The 
observed absence of change is nothing but a gross or 
average effect due to the enormous number of the changing 
parts. Tt is only by counting chances and reckoning 
averages that the irreversible movement of heat is reconciled 
with reversible laws of motion. Those who of our three 
alternatives choose the first wiJl certainly suggest that the 
paradoxes in which the theory is landed are due to the use 
it makes of the science of probabilities, and not to any 
inadequacy in the science of mechanics to explain the facts 
of heat and radiation. 

A material system which is so enclosed that it cannot lose 
heat by radiation or conduction will in the end come to a 
state in which the temperature is steady and the same at 
every point. That is the great fact to be ‘explained by mere 
dynamics. No matter what the initial conditions, it is to be 
shown that the laws of motion are always adequate to 
produce the observed result. These laws are expressed most 
generally by Hamilton’s equations of motion deduced from 
the principle of least action. Stsrting from any initial 
values of the coordinates, the g’s and p’s, we are compelled 
to assert that on the average the system will have the 
properties, whatever they may be, of a body in temperature 
equilibrium. As in (2) write 

AV 2, =dq, dgz ... Adny Api, Ape ... Apna 
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It is well known that dV», is a differential invariant. 
At any time we start a number of systems pr oportional to 

dV», and having their coordinates in the 2n’ple element 
dVo,. This distribution is invariant and in each system the 
state of temperature equilibrium is reached. I have shown 
(Phil. Mag., Jan. 1911, p. 18) that we need only assume 
that a finite value of i involves finite momenta. Then 
by averaging over all these systems having the same total 
energy Be it can be shown that any degree of freedom 
has the same kinetic energy as any other. This does not 
indeed prove that in ~any one body at a_ constant 
temperature there is equipartition of the kinetic energy. 
For conceivably the same total energy H/ may be distri- 
buted in different ways between kinetic and potential and 
result in different temperatures. But it is a result im- 
possible to reconcile with the fact expressed in such a 
formula for the complete radiation as M. Planck’s. For 
there it appears that the smaller wave-length has the 
lesser energy at all temperatures whatever. No process 
of averaging over bodies in temperature equilibrium can 
assign the same energy to the two wave-lengths. 

The only escape from this reasoning is to suppose that 
there are certain values of the coordinates which cannot 
occur in nature. But the principle on which these are 
excluded must be dynamical. For example, a vortex theory 
of matter would allow only such distributions as have 
throughout the same circulation in corresponding circuits. 
Uniess some such ground for ruling out particular initial 
conditions can be given, dynamics is confessed to be unequal 
to the task of bringing about temperature equilibrium. But 
so far as | am able to see, constant circulation involves merely 
a reduction in the number of the degrees of freedom. Thus 
in the case of a mass of liquid moving irrotationally it 
makes the motion of any point in the interior deter minate 
when the motion of the surface is given. The degrees of 
freedom of a gravitating spherical volume of water for 
example, become an enumerable infinity of normal vibrations 
for small disturbances from the spherical shape. 

Where an atomic theory of matter is retained, it seems 
impossible to see how any configuration can be excluded, and 
here dynamics leads to the paradoxes of equipartition. 
Where matter 1s continuous it may be pleaded that the 
contradiction 1s not certain, But to say that the distribution 
of energy depends upon the dynamics of a continuous fluid 
and that no light is thrown upon it by anything that 
happens in a system having only a finite number of degrees 
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of freedom, is to make the problem practically insoluble. 
The first alternative is no longer open. The reasoning of 
the kinetic theory is soundly based on the laws of dynamies, 
and the postulate of an essentially positive energy. 

Of those who have chosen the second of our three 
alternatives and deny the reality of temperature equilibrium, 
it is scarcely unjust to say that they prefer the dynamical 
theory to the physical facts it has failed to explain. I 
do not understand their theory. Wherever there is 
less energy than Rayleigh’s formula would require they 
suspect that it escapes all enclosures designed to trap it 
and never appears in what is falsely supposed to be the 
complete black body radiation. Then, of course, the Fourth 
Power law and Wien’s law deduced by thermo-dynamics 
have no rational basis, the success of the reasoning by which 
they were reached is a mere accident. For complete 
radiation as ordinarily understood is not radiation in 
temperature equilibrium at all. This is bad enough in 
theory, but further it is contrary to fact to say that the 
defect of radiation for ordinary light-waves is due to 
the transparency of the enclosure to them. It is due to the 
enormously greater absorbing power of the body which 
emits these waves than we should expect were the ratio of 
absorption to emission given by Rayleigh’s formula. (See 
Phil. Mag. xxi. pp. 71, 72, 1911). The light-waves are 
absorbed and the energy reappears at once as heat, the 
complete radiation is what it is always assumed to be— 
the result of a balanced radiation and absorption. If we 
postulate some process by which the absorption is effected 
which is not equally involved in the radiation then we are 
resigning dynamics. I have shown in this paper and in my 
last that the pressure of radiation for example will produce 
no deviation from the formula (76). 

There remains, it appears to me, nothing but to embrace 
the last alternative and resign our belief in the universal 
validity of dynamics. Jeans (Phil. Mag. xx. p. 943, 1910) | 
has indeed argued that any system of laws of motion 
involves the doctrine of equipartition. I offer the following 
equations of motion as a test of his conclusion. 

Let 91... 92--. be the coordinates of position of a 
dynamical system and p,...9...~n be the momenta. The 
equations which replace Hamilton’s are to be 

dqr dH Bes 3 LEE ae nae or: = dg: eae ee (2) 

H may be any function not containing the time explicitly ; 
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in particular we may if we please take 

H= Ss Oe ah V, 
r=1 

where V involves the q’s only. 

Qi _*sdHldp, , dHldgr _, 
Oo Mestdpe de) dg? dit 

So that His a constant. Let 

Onis Tv2) 500 firs) mie eno, 2 aa nN), : (96) 

where Ser) =foony BALA, Stone ayer sect oon ay (Coa) 

and firs) 1s a function of p,, Qn and ps, gs only. 
The distribution of systems in which the number in the 

2n’ple volume element dVo, is pdV2, will be invariant of 

d 
ae (pd Von) = 0, 

which gives the ordinary a of continuity 

> (o (p “F*) 
ear 2e 7 ‘ (9 

Sap? ete + a, (p ts a oo 

—— —— == (head 
EREACs, 5.) ie Ae (yi. ie 

This seaae can be satisfied by ache 

or 

so thit p is the product of the distinct functions /(,,.) each 
taken once. With this value of p it follows from (96) and 

(97) that ——. does not involve pr or gq, and each term in 

(98) We hen identically. 
The equipartition of the kinetic energy would require 

aH AH 
We dp, Pa ¥ 2 = |. APS pad Von. 

2n : n 

And this need not be so. 
By taking only two coordinates p, and ps2, writing 

AH=+(py" + py’) 

fa=eu pe frsaet re, 

it may easily be proved that the ratio in which the energy 
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His divided between the two degrees of freedom depends 
on the amount of energy to be divided, that is upon the 
temperature. 

March 14, 1911. 

Note added January, 1912. 

It is of course true that the equations (95) can now be 
reduced to Hamilton’s by putting 

2 b 92 : 

nS ge dpi; piven dp 

The theorem of equipartition of kinetic energy gives equal 

average values to ae and ae (See Phil. Mag. Jan. 
1 2 

1911, p. 48). Here, however, H is no longer a quadratic 
function of the new momenta and the kinetic energy 
defined as the sum 

2h 1 dp, 22 dips! 

is not a part of the true energy H. 
Nor does the classical theory of the ether require equi- 

partition of the radiant energy in the way Rayleigh’s 
formula would indicate. That consequence follows only if 
ether and matter together form a dynamical system whose 
laws of motion are deduced from a single formula for the 
action. Now very much less than this will serve as a 
mechanical foundation for thermodynamics as Hinstein 
(Annalen der Physik, 1903, xi. pp. 170-187) had already 
shown. In fact let it be granted that there are :— 

(1) Continuous laws of motion by which the state of the 
system at any instant can be deduced from its state at any 
other. : 

(2) A unique energy integral of the form 

Hf= constant, 

H being independent of the time. 
(3) A function p defined by the configuration at time ¢ 

such that 
d 
dt (pdV on) =\(); 

It can easily be proved that if there is only one energy H 
the most general solution p, for p is 

pi=F (Hp ; 
where pis any solution whatever. Let it be granted that 
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the statistical method applies to ether with its infinity of 
degrees of freedom. As in this paper the ethereal energy 
fale into the normal vibrations determined by the volume 

enclosed. Where there is no matter, 

p= "Tl f(A) (Eh). f(Hn) « « (200) 
Here H,, is the energy of the mth ethereal degrees of 
freedom Pm, Ym, Where 

2 
C S zy Ei Weep 

ae ce at sue tn os it ie ar ata Ol © 

Where there is no matter present H,, H,... Hn, &ec. are all 
constant, for the normal vibrations do not interact, and 
there is nothing to determine f(//,,). That function does 
not, however, necessarily reduce to a constant unless all the 
es of motion are deduced from a single action formula. 
As in this paper we may suppose a very large volume of 
“gether ” containing matter only for the purpose of bringing 
about a temperature distribution. (100) now no longer 
gives the complete expression for the function p. But now 
suppose the material system defined by 2n coordinates 

p=Han x Par, a) x 1 fn). 

And for the purely material interactions 

dip 4 
dt Ci MaV2n) ==), 

Here Fy is g function containing only the material co- 
ordinates. ®(y, 4) contains both material and ethereal degrees 
of freedom, and since these interact only slightly ales the 
volume of caller is made very large, we may make Way, a) 
tend towards unity by sufficient increase of that volume. 
If the ordinary statistical argument be now applied, it can 
be shown (see Jeans’ ‘Dynamical Theory of Gases’) that 
the infinitely probable distribution of energy is one in 
which 

A= 1 ehHy, fp (Geir 
m= ie 

and the average value of #7, say H,, is given by 

oe ,-hHm ba STi ) Hn=— 5 1 { loge eMm ¢(Hm)dHm F.. (101) 
0 
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All observations of complete radiation show that A, falls 
off when h is large, that is when the temperature is small, in 
some such ratio as e~*% where a is inversely as the wave- 
length. Hence 

J" Ln dh 
h 

is finite and by integration of (101) it follows that »(h) 
bears a finite ratio to yr(« ) where 

ar (h) = J * e~hHm f (Hy) dH. 

This, it can easily be seen, is impossible if f(#/,,) is not 
somewhere infinite. Planck has in fact, while retaining 
the formula (101), supposed that /(/7,,) is zero except ata 
set of points distributed at equal intervals where it becomes 
infinite. 

CoNCLUSION. 
It now appears that with no continuous laws of motion is 

it possible to account for the actual distribution of energy. 
The proof, however, involves the assumption that the statis- 
tical method applies to the ether with its infinity of degrees 
of freedom. Since this paper was completed I have succeeded 
in extending the direct calculation of emission and absorption 
to matter obeying any continuous laws of motion whatever. 
That I reserve for another paper ; in this the direct method 
has shown that for any material system equipartition follows 
if the principle of least action is assumed. 

January 29, 1912. ' 

XULVIITI. Lhe Photoelectric Properties of Thin Metal Films. 
By J. Rostyson, M.Se., PhA.D., Demonstrator in Physies 
at the University of Sheffield *. 

Ogee photoelectric effect of thin metal films on quartz 
has been investigated by Kleeman f and by Stuhlmann f, 

both of whom found a difference in the effects produced by 
incident and emergent lights. For thin films the emergent 
light produces a larger ionization current than incident light. 
Stuhlmann showed further that the reverse is the case for 
thick films. Both investigators worked with films in air at 
atmospheric pressure. Kleeman also made a measurement 
at a low pressure. 

* Communicated by the Author. 
+ Kleeman, Proc. Roy. Soc. lxxxiv. 1910, p. 93. 
{ O. Stuhlmann, Phil. Mag. xx. 1910, p. 331. 
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It has been found that the photoelectric properties of 
metal films vary much under different circumstances, and 
depend especially on whether they have been in the atmo- 
sphere or not. Consequently, in the experiments described 
in the following pages, care was taken that the films were 
deposited at a low pressure in the tube in which measure- 
ments were to be made, and immediately after depositing, 
as high a vacuum as possible was obtained, and maintained 
during the course of some of the experiments. Measure- 
ments were made of the photoelectric velocities and currents 
for incident and emergent light. 

Description of the Apparatus. 

The quartz plate A (15 mm. thick) was attached to a 
thick brass rod B, which was fixed by sealing-wax through 

Fie. 1. 

an amber plug C, which in its turn was fixed into one part 
D of a ground joint 8. By means of this ground joint the 
quartz plate A could be made to take up any angle with 
regard to the direction of the light through the tube EE. 
This tube was narrow so as to admit only a thin beam of 
light. The quartz plate F closed the tube E. G was a 
platinum electrode attached rigidly to a rod, atthe other end 
of which was an iron ring H. By applying an electro- 
magnet from outside to this iron ring, the system HG could 
be moved along the tube KK. Before the quartz plate A 
and the platinum electrode G were inserted, the walls of the 
tube KK were coated thickly with platinum by stretching 
a platinum wire through the tube, and passing a current 
between it as cathode, and a wire in one of the side tubes 
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LMN at a low pressure. A wire passing through the 
tube L was made to touch the walls so that the potential 
of the latter could be controlled. The tube M was used 
for connecting to the mercury-pump, and through N a wire 
protruded a short distance into the tube K. This wire was 
used as anode when the current was passed from the 
platinum electrode G as cathode to deposit a film on the 
quartz plate A. 

Before this was done, G was kept as far as possible away 
from A, and the current passed for a long time to drive 
out some of the occluded gas. Then G was moved up to 
about 1 em. from A and the film deposited. 

The rod B was connected in the ordinary way to one pair of 
quadrants of a Dolezalek electrometer. In making measure- 
ments of the velocities of the electrons, all stray wires, L, M, 
and the platinum electrode G were earthed, so that the thin 
film was in an earth-connected cylinder. The maximum 
potential taken up by the film under the action of ultra- 
violet light was measured, when it was turned to face the 
light Gneident), and when it was turned away from the 
light (emergent). The velocity v of an electron is connected 
with this maximum potential V by the formula $mv?=eV. 

Scales were pasted around the two portions of the ground 
joint so as to show exactly what position the quartz plate 
occupied. A quartz mercury lamp was used as source of 
light. 
“The measurements of the photoelectric current were made 

by shunting the pairs of quadrants of the electrometer by a 
high resistance. This. resistance was made by depositing 
platinum on glass. It was found that if the vessel in which 
this was done was pumped out as far as possible and sealed 
off, a very constant high resistance was obtained, which is 
very suitable for the present purpose. The currents were 
measured for different fields between the film and the walls 
of the vessel, which fields were obtained by charging the 
walls to different potentials. 

The relative thicknesses of the films are given in terms of 
the lengths of time taken to deposit them. 

The last column gives the ratio of the emergent velocity 
to the incident velocity. It will be noticed that for the films 
40 minutes and 50 minutes, different values are given for 
the actual velocities. These different values for the same 
film were obtained under different conditions. The measure- 
ments were always made at the highest vacuum it was 
possible to obtain, but on a few occasions it was necessary 
to let air into the tube. On pumping out again, it was 
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TABLE I, 

JAD 

Measurement of the velocities of the electrons produced 
by incident and emergent lights. 

Relative 

thickness 

of film. 

Emergent Light. 

Maximum 

Potential 
attained by 

film. 
A. 

5 ininutes... 

8 oi) 

CS Salas 
2 ae 

laa 
BON ,, 

dd 39 

0°86 volt 
0-80 
0:84 
1-56 
1-20 
Le) 
1-68 
1:99 
2g 
1:33 
1:53 
1-91 

| 

Correspond- 
ing velocity, 

ve 
sec. 

C. 

276 
2-66 
2°73 
371 
3:26 
394 
3:86 
420 
4-40 
3-43 
3°68 
4-11 

Incident Light. 

Maximum 

Potential 

attained by 

film. 
B. 

0°64 volt 
0°65 

to boty me =I ONT CO Ouwna tw 

Correspond- 
ing velocity 

SrOme 
sec. 

1D). 

2°37 
240 
2°66 
373 
O47 
415 
4:05 
4°53 
4 95 
O77 
304 
4°37 

or 

Sle 

Fig. 2 shows graphically the relation between = and the thickness of the film. 

350 

THICKNESS OF FILM. 
40 MINUTES 

found that the actual velocities had diminished both for 
incident and emergent light. 
some time the velocities increased again, but not to exactly 

On standing in a vacuum for 

a 

the same values as before letting in air. It will be noticed 
that the ratio of the emergent to incident velocities has not 
varied much, although the actual velocities varied. 

Phil. Mag. 8. 6. Vol. 23. No. 136, April 1912. 20 
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This seems to show that occluded gas in the film influences 
the actual magnitudes of the velocities, though not the ratio 
for the incident to emergent effects. The values given 
for the velocities represent steady values which are only 
obtained some time after the film was deposited. Imme- 
diately after a film has been deposited the velocities vary 
considerably, but more for incident than for emergent light. 
A constant ratio was only obtained some time after depositing. 
Frequent attempts were made to find whether it was possible 
to eliminate these initial variations by passing the current 
for a long time before depositing the film, so as to get rid of 
occluded gas from the platinum electrode, but so far it has 
not been found possible to do this. 

Fig. 3.—Film of 5 minutes. 
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Fig. 4.—Film of 8 minutes. 
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The results of Table II. are shown graphically in figs. 3-6. 
It is seen that in every case the photoelectric current 
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approaches a maximum value as the potential difference 

between the film and the walls of the vessel increases, so as 

to drive electrons away from the film. Also in all but one 

case it is noticed that there is no inverse photoelectric effect, 

Fig. 5.—Film of 18 minutes. 
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Fig. 6.—Film of 55 minutes. 
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which shows that the influence of reflected light can be 
neglected. Here, again, as in the case of the velocities, an 
influence of the thickness of the film is noticeable. For thin 
films the maximum photoelectric current is larger for emer- 
gent than for incident light, and for thick films the reverse is 
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the case. In the following table the ratio of the maximum 
currents is shown in relation to the thickness of the film. 

JU \rercn oi) OE 

Maximum current. | 

Relative thickness  - A ie 
of film. | Emergent. Incident. 

HMMS basacaoacste 40 31 1:29 

8. a eee | 18 16 ee 

ES |S eee eee 30 | 27 Hilal: 

53 18 59 0-31 

Discussion of Lesults. 

Velocities—Fig. 2 shows that for thin films the velocities 
of the electrons for emergent light are greater than those 
for incident light, and that for thick films the reverse is the 
ease. The velocities measured were the maximum velocities 
in each case, which, according to Ladenburg®%, refer to the 
shortest wave-lengths of light used. Thus one particular 
wave-length of light produces quicker electrons for emergent 
than for incident light, when thin films are used, and 
vice versa for thick films. 

It was thought that possibly the results for thick films 
might be due to some selective absorption of light by them. 
Thus if the shortest wave-lengths are absorbed completely 
before the light has penetrated far into the film, then the 
velocities of the emergent electrons will be smaller than 
those of the incident. It was not found possible to sub- 
stantiate this possibility by taking photographs of the spectrum 
of the lamp used. A Hilger quartz spectroscope was used 
and photographs taken :— 

1st. With nothing between the lamp and the spectroscope. 
2nd. With a film of 18 minutes deposit before the slit. 
ord. os i HY) a + 

In each case a number of exposures of different lengths 
of time were made, and although a general absorption of 
light by the films was observed, yet it was not possible to 
detect any selective absorption. ‘lhe shortest wave-lengths 

* Phys. Zeit. 1907, p. 580. 
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could be photographed through the thickest film used. The 
wave-length of this line was 2302. The spectrum was a line 
spectrum. 

Currents—The results obtained from the measurements 
of currents are :— 

1. That for thin films the maximum emergent current is 
larger than the maximum incident current, ‘and vie versa 
Ae ‘thick films. 

2. For emergent light, the current rises rapidly with 
potential difference at first, and approaches its maximum 
value for a small value of this potential. The turning-point 
of the curves between the rapid increase and the slow in- 
crease to the maximum value, is at about 2 volts for the 
18-minute and the 55-minute films, and at about 4 volts for 
the 8-minute film. Tor incident light, the rise of the current 
with the potential difference is not so great at first as for 
emergent light, and the turning-points to the saturation- 
values are at much higher potentials, of the order 8-12 volts. 

These results show that light assists electrons to leave 
a metal more in the direction of the light than in the opposite 
direction for thin films, but when fe films are thick the 
reverse is the case. 

Without attempting to explain the whole phenomena, 
attention might be cailed to the difference in the form of the 
curves for incident and emer gent currents (figs. 3-6). This 
difference cannot, I think, be. explained by a dissymmetry in 
the tube. 

An explanation of the form of the curve for thick metals 
was put forward by Ladenburg and Markau*. They supposed 
that the same number of electrons leave an electrode no 
matter what the potential difference between it and the 
receiving electrode is. The fact that a certain potential 
difference is necessary in order to obtain the maximum 
current, they explain as being due to electrons being reflected 
from the receiving electrode and getting back to the emitting 
electrode when the potential difference is small. If this is 
the case, then the form of the curve ought to be the same for 
‘incident and emergent light. Again, in the present experi- 
ments the receiving electrode is the walls of the vessel, and 
so is perpendicular to the emitting electrode, so that any 
reflected electrons ought to go to other parts of the walls and 
not get back to the film. 

The original explanation of the form of the curve given 
by Lenard f, that a certain potential difference is necessary 

* Verh. d. deutsch. Phys. Ges. 1908, n. 14, p. 562. 
t+ Ann. der Phys. viii. 1902, p. 149. 
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to drive the electrons away from the surface, is more in 
harmony with the present experiments. According to this 
view a larger potential difference is necessary to drive 
electrons away from; a film for incident light than for 
emergent light, thus showing that the direction of the light 
has something to do with the emission of electrons. 

Approximate values of the actual thicknesses of the films 
used can be calculated in the following way :— 

Drude’s values * for the absorption coefficient and re- 
flexion coefficient for platinum for sodium light is 45,000 mm—! 
and -70 respectively. It is doubtful whether the same 
values hold for thin films, but an approximation can be made 
to the true state of affairs by assuming these values for the 
whole spectrum and for thin films. ‘The thickest film used 
(55 minutes) let through about 20 per cent. of the light 
which fell on it. This was measured photometrically and 
also estimated from the spectra. 30 per cent. of the light 
falling on the film enters it, and thus 10 per cent. is absorbed. 
This means that a film of 55 minutes deposit absorbs 4 of 
the light which enters it. The intensity of light falls off 
according to an exponential law. On plotting the curve 
g—ey > O72 jb is found yihat an absorption ob 3373 per cenit, 
corresponds to a thickness of 10-® cm. 

The thicknesses of the other films can be readily calcu- 
lated once the thickness of one has been determined. 

I have great pleasure in recording my best thanks to 
Prof. Hicks and Dr. 8. R. Milner for the interest they have 
taken in this work, and for much valuable advice in con- 
nexion with it. 

University of Sheffield, 
Dee. 6, LOM: 

XLIX. The Virial of a Mixture of Ions. By 8. R. Mitner, 
DSe., Lecturer in Physics, The University, Sheffieldt. 

HE problem considered in this paper is the determina- 
tion of the average virial of a mixture of N + 

and N — ions contained in a volume V, on the assumption 
that every + ion repels every other + ion, and attracts 
every — ion, with a force g?/r?, where r is the distance 
between the pair of ions considered, and q the ionic charge. 
The following statement defines both the average virial and 
also the strict theoretical method of caleulating it :—For a 

* Wied. Ann. 1890, Bd. xxxix. p. 481. 
+ Communicated by the Author. 
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particular configuration of the ions, take for a pair of ions 
the product of ‘their mutual force into the distance between 
them, reckoning it + when the ions are like, and — when 
they are unlike ; sum this quantity for every pair which can 
be formed out of the 2N ions, we get the virial for this con- 
figuration. Multiply this sum by the probability of the 
occurrence of this configuration, and sum up for every pos- 
sible configuration of the ions in the volume, and we get the 

5 a 

average virial. The virial bere considered is that due to 

the electrical forces only: itis reckoned + when repulsive, 
and it is the same as the potential energy of the ions, if we 
understand by this the work which the electrical forces are 
capable of performing as the ions are moved to infinite 
distances apart. 

When the average virial is known, the pressure of 
gaseous mixture is easily determined by Clausius’ theorem, 
or in electrolytes the osmotic pressure by thermodynamical 
reasoning, and the result has important applications to the 
dissociation theory of electrolytes. 

If the ions were uncharged we should be justified in 
assuming that their distribution in the volume V was a 
randem one, for we have no data for asserting it to be any- 
thing else. (By a random distribution it is meant that on 
taking an instantaneous view of the system any given ion 1s 
just as likely to be found in any one place in the volume as 
in any other.) If the distribution were a random one when 
the ions are charged, the virial might be either + or — for 
any particular configuration, but the average over all cases 
must necessarily be zero; for the ions existing in any two 
given positions are just as likely to be of like as of unlike 
sign, and so the term which they ccntribute to the whole 
sum is necessarily zero on the average*. ‘The distribution 
will, however, not be random when the ions are ebarged ; 
the effect of the inter-ionic forces will be to increase the 
chance of the occurrence of those configurations which have 
a negative virial, and to diminish the chance of the eccurrence 
of those configurations which have a positive one. The 
average virial is consequently negative. 

It has been proved by Boltzmann + (Vorlesungen tiber 
Gastheorie, 1898, Part II. p. 137) that if P(E), P’(B’) 

* This is onlv strictly true when N is so large that the difference 
between N and N —1 is negligible. 

+ It should be mentioned that the statement in the text represents a 
slight extension of Boltzmann’s actual theorem. Boltzmann stated the 

theorem only for a “‘ constellation” or group of molecules in the system, 
but it seems to me there is no reason why we should not extend fhe 
group so as to comprise the whole system, if we so desire 
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stand for the probabilities of the occurrence of configura- 
tions of which the potential energies are E, Hi’ respectiv ely 
in a system of molecules where intermolecular forces exist, 
and P, P’ stand for the probabilities of the occurrence of the 
same configurations i in the same system of molecules if there 
were no intermolecular forces, then 

oF Fae ee HeM er ae us ie (I) 
LO Ie 

where w stands for the most probable value of the kinetic 
energy of, a molecule. If R is the gas constant, T the 
absolute temperature, and vy the number of molecules in a 
gram molecule, then 

V 

In applying Boltzmann’s theorem to our system of ions 
we assume that if there were no inter-lonie forces the distribu- 
tion of the ions would be a random one; P and P(K) will 
stand respectively for the probabilities of the occurrence of 
a given configuration in a random distribution, and in the 
distribution as modified by the electrical forces. Equation (1) 

Je) asia 
may be written in the form ee), ae 
configurations =k, say, hence 

— H/w 6 PUD) ECan Aiea 
where & is a quantity which is independent of E, and is 
theoretically determined from the consideration that }P(I) 
for every possible configuration of the system must be equal 
to unity. 

We next proceed to determine P, and we shall calculate it 
for a configuration which is defined as follows oe is a 
given ion in the mixture; the nearest ion to it, Aj, lies in a 
given elementary volume dv, at a distance 7; away from A,; 
the second nearest ion to it, Ag, lies in a volume dv» at a 
distance ry away from Ag;... the mth nearest ion A,, lies in 
a volume dup, at a distance 7m away from Ag. 

In a random distribution the chance that any individual 
ion is not at a given instant included in any volume v 
imagined in the whole volume is 1—v/V. The chance that 
none of the 2N ions are in v Is therefore 

2 \2N 

Cm 
2N 2N(2N—1) 
aia r = \ Ne 

=constant for all 

or, On expansion, 

‘tea 
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Since 2N is a very large number this is practically identical 
with 

eo 7 OS 

so long as v is nota large fraction of the whole volume. 

The. chance that there does exist an ion in v Js 

v 2N —— 
which reduces to 

if v is infinitesimally small. 
Out of a large number of instantaneous views (or “ cases ”) 

of the given ion A, and its neighbours, the fraction of the 
cases in which the nearest ion is situated in the volume dv, 
at the distaace 7, away from Ay is given by the chance that 

4 EWeehie Tas 
there is no ion in the sphere 377° described round Ay as 

centre, combined with the chance that there is an ion in the 
given volume dv;. We get for this, from (4) and (5), and 
neglecting the volume of the ion Ay in comparison with 
4 9) 

Tia 3 13 

a gegeee 
BOONE. WO 1 = dv; ° 6 - 4 A (6) 

The fraction of these cases in which the second nearest 

ion A, is situated in dv, at distance 7, from Ag, is the chance 
+ 

that there is no ion in the shell (5 115 Feet between A, 

and A,, combined with the chance that there is an ion in dvs, 
that is, 

2N /4 Sen cose 
Sea ae 3 my Sy - 

Similarly for the third, fonrth, fifth, nearest ions, As, Ay, A;, 
right up to the mth, so long as m is not comparable with 2N. 
Multiplying together (6), (4), &c., we get for the probability 
that the nearest ion to a given ion lies in a given elementary 
volume dv, at 7,, the 2nd nearest in dv, at 19,...... the mth 
nearest In dv, at 7m, 

é 
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So far no account has been taken of the sign of the ions 
in the configuration, but since any ion, say the pth nearest 
ion, is just as likely to be + as —, the probability of any 
one order of succession in the signs of the m nearest ions 
counting outwards from Ag is the same as that of any other 
order, and is 1/2™. 

In order to allow of the introduction of the sign of the 
charge into the statement of the configuration, we shall 
write the charge on A, as go, on A, as qi, &e. gp can be 
afterwards put +q or —q, according as the pth ion is 
positive or negative. Also let 7, be the distance between 
A; the ith nearest ion, and A, the pth nearest ion to Apo. 

The potential energy of the assumed configuraticn is given 
by the foilowing scheme :— 

K= Gnl"s, 

+ Yo92/"2+ 9199] 7"195 

+ qo9s/ "3 + 9193/13 a 2413/7235 

State tahe sechctwcsschon . 

/ 2 
e + JoFp/ "+ UN9p/Tipt -.---- Yp-1%9["p--1, ps 

+ Sogo oe Dome o oS 3 

ain GoYm| Vm ih 19m] im a Jol Tom Wr pope ec at Gm 19m? m —1,m- 

m Sil yy, 

ee a ea, 

The virial of the central ion Ag with respect to these m 
ions Is 

U=goq/t1+ %9/'72 + Go9s/"3-+ »----- +9,Qm|7m ++ 5 
or 

[Shees 5) EAL aia ie lO) 

Introducing the values of P and E from (8) and (9) into 
(3) we get for the probability of the given configuration 
when the inter-ionic forces are taken into account, and the 
signs of the ions are specified 

m p—-1 qig; Oy ae . i Gey eNs a s 
9 

aT dey. \ 

‘ ‘ ‘ i 
where &,, is written for /x 

Sm ° pu 

dtm, (11) 



Cn 56 Dr. S, R. Milner on the 

It will be observed that in equation (11) what is stated is 
not the probability of a given configuration of the whole of 
the 2N ions, but only that of a certain number m of ions 
nearest to an arbitrarily chosen one Ay. The strict theo- 
retical method of solving the problem would be, as has 
already been mentioned, to calculate Pc E) and E for a 
given configuration of the whole of the 2N ions; the average 

virial auld then be obtained by summing up the quantity 
1).P(#) for every possible configuration of the ions in the 
volume V. Instead of doing this we shall adopt a simpler 
process which gives the same thing in the end. We first 
determine the average virial on the ion Ao of all the m 
nearest ions to it, the average being taken over all possible 
positions and signs of each of these; 2. e., we sum up the 
quantity U.PCE) for all possible configurations of the m 
ions. If we can obtain the limiting value U, which this 
approaches as m becomes infinite, we have the average virial 
en Ag of all the remaining ions in the volume. We can 
then write the total average virial of all the 2N ions in the 
volume in the form i = NU (the 2 disappears since the virial 
of each pair of ions is only to be reckoned cnce). 
A certain difficulty with regard to equation (11) may with 

advantage be discussed here. Boltzmann, in deducing the 
theorem on which (11) is founded, first proves it for the case 
of two molecules close together under the condition that tlie 
forces exerted between them and the remaining molecules 
are negligible, and he then points out that the theorem may 
be extended to any number of molecules close together under 
the same conditions. Now in the case of ions, where the 
forces vary comparatively slowly with the distance, the forces 
between a group of a finite number of nearest ions and the 
remaining ions in the volume will not be in general negli- 
gible. Hence, while the theorem is doubtless valid for ie 
whole of the 2N ions taken together, it is open to question 
whether it is justifiable to apply it in the way in which it 
has been here done to a group consisting of a finite number 
of nearest ions only. If it is not, then (11) must be looked 
on as merely an approximation to the true expression. I 
think it is probable, indeed, that (11) is only an approxima- 
tion when m is finite, for the reason that, by the presence in 

DIN Fabia rs 
it of the factor e V 3” ” , the assumption is virtually 
contained in it that the ions external to the group are 
arranged at random, and this is not actually the case. It 
may, however, be observed that any error due to this cause 
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in the intermediate formule will not affect the final result, 
since we ultimately take the limit of the virial on Ay of its 
m neighbours for m=, and this is practically equivalent 
to extending the group so as to include the whole of the 2N 
ions in the volume, to which case we assume that Boltzmann’s 
theorem is applicable. 

Since P(E) contains the unknown constant k,, we shall 
have to sum up P(E) as well as U.P(H), in order that, by 
writing >P(E)=1, 4m may be determined. We shall attack 
the summation of P(E) first, because it is the more convenient 
for explaining the notation &ec. adopted. 

In carrying this out we shall make the assumption 
that any single term in the exponent of (11) of the 
type g’/rw may be treated as a small quantity over the 
whole region throughout which the integration is to Le 
effected. ‘The conditions in which this assumption is justi- 
fable will be best made clear by considering a simple case. 
Suppose that we have two ions only, a positive one A fixed 
at the centre of a sphere of radius R, and a negative one B, 
which may be situated anywhere within the sphere, the 
distribution being a random one except as moditied by the 
attraction between the ions. The chance that B is situated 
at a distance from A between r and r+dr is by Boltzmann’s 
theorem (3) easily seen to be 

el sete [aR Siem au eame 4 52) 

The unknown & in this expression is given by the fact that, 
since B must lie within the sphere of radius R, and since 
also it cannot come nearer to A than a certain minimum 
distance of approach (say e, this will depend on the sizes of 
A und B), 

R 

( k ne SSPE BN ear ctea ae A ee (Gi) 

What are the conditions in which the exponent g?/rw can 
be treated throughout the whole region of this integration 
asa small quantity? At first sight it would seem that it 
would be necessary to suppose that « must be sutticiently 
large to make g*/rw small right down to the lower limit € of 
r, but this is not really the case. For if we write +’ as the 
smallest value of r at which g?/7’w can be considered a small 
quantity, by writing the integral in (13) in the form 

Set eae dk 
pai \ eT [O24 BR: ¥ 
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we can see that, so long as ¢ is not actually zero, the first 
of these integrals can always be made small compared with 
the second by sufficiently increasing the value of R. When 
this is the case, the error produced by treating the exponent 
as small throughout will be only a second order quantity. 
Now the problem with which we are concerned is exactly 
similar to the above, except that there is a large number of 
ions existing in a correspondingly larger volume, and an 
exactly similar argument will show that our assumption can 
always be made valid by sufficiently increasing the volume 
in which the ions are contained. The assumption can con- 
sequently be justified, but it is to be observed that it restricts 
the validity of the result for the virial to dilute concentrations 
of the ions. In the application to electrolytes this is equi- 
valent to assuming that the concentration is so dilute that no 
appreciable association of the ions exists—at any rate as the 
result of the electric forces. 

Returning now to the summation of (11), we shall mee 
matters by choosing our units of distance and of energy s 
that all distances are measured in terms of (V/2N}3 (sion 
is the edge of a cube which on the average contains one ion) 
as unit, and all energies in terms of w as unit. We can 
then write unity for 2N/V and for w in (11), which then 
becomes 

m —l1 i q Litp _ 4 + rms 

P(B)=h, ¢  p=1sco Mi 3” du dup... dim. (By 
We have now, first, keeping the signs of the ions fixed, to 

integrate (15) over all possible values of 2%, vo... tm, and 

then to sum up the result for all possible arrangements of 
the signs. 

Let 0,@i7;, =... OnPmtm be the polar coordinates of A,, 
paki Am. (15) then becomes 

TE (PASS) Nee 
eee are tay CT 

2 eee P(B)=-kp 

3 

dd, sin 0,d0,r7dr, mrere Adm sin 6A Om? Mm "din 

(16) 
This has to be integrated with respect to each 6 and @ over 
the whole sphere having the corresponding » as radius. 
Consider the integration with respect to the 0, and dy of a 
single ion Ap. Suppose that the integrations for all ¢yem ions 
outside Ap, 1. e. with resvect to An, ps ‘Ke. , down to 6,41, p41 
have been already performed. It is evident that by these 
integrations all the terms of the form Qpq¢/7ps, where s>p, 

_will have been removed from the exponent of e in (16), and 
in integrating for Ap we shall be concerned only with terms 
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of the form 4;4p/7ip, Where i<p, ¢. e., with the ions inside the 
sphere rp. Write E, for the mutual potential energy of 
vy with respect to all the ions inside its sphere, so that 

Ty 2 See See Se 
Vp T lp Ty-1, p i=0 Tip 

Then (16), so far as the integration in 9, and @y is concerned, 
may be written 

leg(UD es ie ae oe Mbp sin Olle eh Cv) 
op 

where C is a Bey which includes all the quantities which 
do not vary with @, and @,. 

Now it is important to observe that we cannot treat EH, in 
(17) asa small quantity*, even though we have assumed that 
each individual term of it, g:gp/7ip, may be treated as small ; 
for we shall have to consider the probability of cases in 
which all the ions inside A,’s sphere have the same sign, 
and in such cases Hp may be large if the number of ions 
inside is large. But it will follow from our assumption that, 

if I}, stands for the mean value of the mutual potential 
energy of A, and the ions inside its sphere which is obtained 
when A, may be situated anywhere indifferently on the 
surface of its sphere, then we can treat H,—IfH, as a small 
quantity. Tor Hp, at any point on the surface of the sphere 
can only ditfer from its mean value over the whole surface 
by more than a small quantity as the result of two causes. 
Virst, there might be a very unsymmetrical arrangement 
(considered with regard to sign) of a large number of ions 
inside A,’s sphere; for example, if all the positive ions were 
in one hemisphere, and all the negatives in the other, then 
Hp— Hy would not necessarily be small at avery point of the 
surface. It is necessary that the number of ions should be 
Jarge, for otherwise both Ep and EH, would themselves be 
small, and their difference still more so. But it is easily 
seen that as the number of ions is increased, the probability 
of an unsymmetrical distribution of such a type as would 
make He—E, a large quantity, becomes smaller and smaller 
compared with that of a more symmetrical distribution such 
as would not produce the effect. Consequently, when the 
complete summation of (16) with respect to the positions 
and signs of all the ions has been ettected, the total con- 
tribution to the sum due to these cases will be but a small 

* The attempt to treat it as small leads to impossible results for the 
virial. 



560 Dr. S. R. Milner on the 

fraction of the whole, and therefore the error which will be 
produced in the hole by treating these cases as though 

their exponents E,—Ep are small ail be a second ones 
quantity which may be neglected. Secondly, E, —, may 
be large for certain positions of A, as the resuili OF ane 
more ions inside the sphere lying very close to the surface, 
and thus over a certain region of the integration of (17) 
being very close to Ap. But in accordance Sale our initial 
assumption (p. 557) a similar argument to that used above 
applies here also. 

Treating Ey— Hy, as small, we can write (17) as 
Te (120 — ~ ’ 

P\(E)=C | ( e Pg He~ Ev) dbp sitt Opd Op, 
“0 «0 

and in expanding the second exponential omit second order 
terms. This gives 

7s /OPdas A fs 

Pie) =C ( ol —E,+ E,)ddp sin @,d@p 

07 

since the integral of E,, dd, sin @, d9, over the surface of the 
sphere is by Bee ortion equal to dt Hy. As the result of a 

well-known electrical theorem, ip is equal to ¢p/rp multiplied 
by the total charge inside A>’s sphere, 2. e., 

Ah p—| 

Kp= 2 (a == qi + ate = — a o = Gis : (18) 
P 

We see that all the terms of (16) A tae before the inte- 
gration involved the distances 7 become changed into cor- 
responding terms involving only the central distance 7 of 
the ion A, from Aj. The same argument now applies to the 
fat earalions HON PAY eas 05 Ol es thon A,, so that when 
they. are carried out (16) takes the form 

nt q, 

S) Ip? S coe 

P,(H) =e, é abe 17pi=0 

For shortness, write 

> Tm? 
Cr) eee RL Em da ty 2d tm. 

p=M = 

t= = 9, 4=k,x(4n)y”, -. > =e 
2=0 

so that 
m Cp 4 

hs 
— vara 

Ph) = k, Cae rl UP o rd by eat Pn Alms 
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_ When we have integrated this expression over all the 
possible values of the »’s we shall have obtained the probability 
of a specified order of succession in the signs of the m nearest 
ions. Call this P(m), as it is a function of the number of 
nearest ions considered. Now, when we carry out these 
Integrations in the order 7; ......7m in the first integration, 
7, being the distance from Ay of the nearest ion, may have 
any value between e, which is the nearest distance to which 
the ions can approach, and 19, the distance of the second 
nearest ion ; then 7, may be given any value between e and 
73 and so on, finally 7 may have any value between e¢ and 

a... — 3 arp 
infinity. Hence, writing @ p=1 fully, so that each 
factor of it may come after the first integral sign which acts 
upon it, we have for the integral to be evaluated 

01.) 5 See ae rin sillier —-77 mae re 

P(m) = ky ume Eee ee Oien Cae Pipa Qin 1 see 
o rm—-1=é Tin E 

a 
las heey LEY Sy! ahs el 

Ces rAd é ) ndr,. (20) 

Toe Yr, =e 

Now so far as the integration in 7; is concerned, we can 
in accordance with our assumption treat a,/r,; as a small 
quantity. But in general a,/r, cannot be considered a small 
quantity ; a, is by (19) proportional to the total charge 
inside A,’s sphere, and when p is large, as has already been 
pointed out, this may become considerable if the ions inside 
have all the same sign. The successive integrations may 
nevertheless be carried out with a close approximation by 
the use of the following approximate theorem. 

By integration by parts, and assuming that the term con- to) 

taining the lower limit is negligible, we have 

ia PLES e i 1 az 
e Tt edr= 7) 7 tes ae SS SS Se 72 Time exerele\eve 

n+1 nv n(n—1) 

a n+l 
’ ae re . th ae approximately. e (21) 

In order for this approximation to hold it is not necessary 
that a/v, but only that a/nr, should be small. Now, in 
applying this theorem to the successive integrations of (20), 
the integrands remain of the same type throughout, and it is 
easy to see that the exponent of 7), 1. e., the n of (21), always 
increases at a greater rate than the value of a, in the 

Phil. Mag. S. 6. Vol. 23, No. 136. April 1912. 2 P 
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exponential can possibly do, even in the most unfavourable 
ease which occurs when all the ions have the same sign ; 
consequently, a,/nr, is always smaller than a,/7,, and the 
application of the theorem remains valid throughout. 

Integrating successively by (21) until only the integration 
in 7, remains to be performed. we get 

Dam ee, 7, 3m-l il! be 3.6.9...8(m--1) 

Ne pie Bn Le tg LO 5 BL 
sce) Al drm O.020) x2 ean) ; i 

?m— & 

6.9...3(m—1) 9...3(m—1) _38(m—1) © 

Hse 81-4) 8 Sel») tom} 
This can be written in the form 

4 an—1 == ll V(m) A ee pe ean (mm) 
IP Gn)= ale 3 drm 3"-IPUn) etl Cae 

ons 

where 

a) ne) T'(m — 4) 
A(m)=a, Td) + Ay TQ) dh souks + Am ran 

™ yy ls 

= 2 ee a) 
p=l I (p) 

To integrate it, substitute 7= Sra! and write 

at 
m() AC (m), B= re Ck wa ea eee 

and kim = (Asr) ~™ ky [ven LOi 

Then, writing zero instead of the negligible e for the lower 
limit, we get 

JEG) ee ode, (23) 
[Bo 

I'm) DOR 
il 

YS e e 

= in series, we get 

fe rol e*(am- Banat 140 a m= % ae Jel 
0 

ie = ey EC m) —BT (m—#4) + B Dim—3) Ny \, 

and on substituting the value of 8 given in (22) this 
becomes 

Hixpanding the exponential e— 

P(m) =k, {1-24 aoe (2) Em —3) -2( T'(m) ype. } (24) 
m—2)'V(m—4)  3!\M(m—4)/) “T(m—3) 
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The coefficient of «”/n! in this equation is 

Tim) \"-! T(n-—3) 

When m is large the first factor of this becomes practically 
n—1 n—1 

identical with m3 , and the second factor with m7 3, as 
may readily be seen by using the exponential expansion of 
I'(m). Hach coefficient reduces, therefore, practically to 
unity, and the expression in the brackets of (24) becomes 
identical with the expansion of e~*. Hence, 

JE Fi) SLE RRR Ne MT OTS SHR ON(G-23))) 

We have by (22) 
Ki dar L m T'( p—34) ay 

ae 
a» here stands for the charge on the pth nearest ion, A,, 
multiplied by the total charge on the ions which are inside 
A,’s sphere (see equations (18) and (19)). This is valid 
only for the provisional units temporarily adopted in which 
wand 2N/V were put equal to unity. We shall now revert 
to the ordinary units, and also understand by a, a purely 

numerical factor, expressing the excess of the number of the 
ions of like sign to A, over that of the ions of unlike sign, 
which are nearer to Ap than A,, Ay being included in counting | 
this excess. , @» will be called for shortness the “ excess of — 
like ions inside the pth,” it is a fixed quantity for a definite 
order of succession of the signs of the ions. 

Under these conditions (26) becomes 

a= (3 ee. s i pao) 

pe i NG) BR 

(that q?/w and 2N/V come in as they do is evident from the 
pen 

dimensions). ae is apurely numerical function of p, 

which may be easily tabulated. We shall call it hence- 
forward u,. Values of wp are shown in Table 1. 

Yo? 
Write h for (= = Se his a function of 2N/V the 

3 NaNE 
concentration of the ions, and it is the variable in terms of 
which the virial will be ultimately expressed. 

With this notation (25) becomes 

aei | SUN ial ORRIN eS To) =e 



A, 
+ 

Pena Qty + thy — 2th, tls — 0 — ty Of tg + te, 9 —B2ry , +2049 — Btly 4 — 2tlyg =U) 

A, 
+ 

P(S)=knet h( +0, +0-+u,+0+0;+0+u,+0-+1,+0-+2,,+0+%,,+0+4,;). 

| 

564 Dr. 8S. R. Milner on. the — 

TaBLe I. 

p. dp. ps Up» 

LOSBE ge 1345120 Oeeeees 0-493155 

Dace ate 0:902746 .-|| 10...... “474890 

Borwnch "752289 lip leagace "459060 

Av sine 668701 Le 445150 

Diseene *612976 Loeeades 432784 

Cie: ‘572111 jaune 421687 
Mica et 540327 LD cafes 411647 

Secces. °514597 Wes e5540 "402500 

ieee 394114 

We have now reduced the problem to such a form that 
the probability of a given order of succession of the signs 
of the m nearest ions, an order which may be specified by 
showing a particular arrangement of the symbols + and — 
in & row, is given by (27). Thus an arrangement of the 
nearest ions in which the sign of the pth nearest ion is given 
by the following scheme will have its probability given by 
(28). 

een ACA ASA 
= + —, a 

AD 
+ + + 

The coefficient of x, in (28), being the excess of like ions 
inside the pth, is easily written down for each ion by 
inspection. 

The probability P(S) of the arrangement 8, which 
is characterized by the ions being arranged + and — in 
regular order, is given by (29). 

Arrangemeut 8. 

1 As Ay Ay Ay Ay Aro Ann Ane Aas Aas Aas 
— + Snes eae 

| , A, A; 
ee 

We shall call this the “standard” arrangement. It is 
also the most probable one, since each term of the exponential 
is positive, and it is easy to see by trial that any alteration 
of the order of succession of the signs will diminish its 
value, or at the most leave it unchanged. 
Nowa givén arrangement may be “specified completely by 

9) 

. (28) 
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stating the “‘ positions” of either the + or the — ions in it 
(by the “ position’ is meant the number of the ion without 
regard to sign counting outwards from Ag, 7.e., the suffix p 
of A,). Thus, the first arrangement illustrated above is 
known when it is stated that the 

Ist, 2nd, 3rd, 4th, 5th, 6th, 7th, 8th, nearest — ions are 

respectively the 
2nd, 4th, 5th, 6th, 11th, 13th, 14th, 15th, nearest ions to Ao, 

?.e., have the positions 2, 4, 5, &e. The probability of a 
given arrangement must consequently be expressible as a 
function of the positions of either of the + or of the — ions 
in it. We shall take the central ion Ay as being + in all 
cases, and specify the arrangement by the positions of the 
— ions, and transform (27) so that the probability of the 
arrangement is given in terms of these. 

Let n be the number of — ions in the arrangement of the 
m nearest ions to Ag, and let the positions of the 

Ist, 2nd, 3rd, ... ith, ... nth, nearest — ions be respectively 
Pis P22. P3> +--+ Pir «+» Pn 

Then P(m) may be written as P( ,, po, 3, ..- Pir »-» Pn)» and 
P(S) as PC, 3, 5,... 2n—1). 

Now we can transform tlie given arrangement into the 
standard one by transferring in succession each — ion from 
its position 71, >, ... Yr, to its standard position 1, 3, ... 2n—1. 
By carrying out these transferences in a suitable order it can 
always be arranged that the order of succession of the — ions 
is not affected at any stage of the process. Thus the order 
of succession of the ith — ion will not be changed by the 
transference (2. e., it will still remain the zth — ion) if all the 
ions between p,;and 2:—1, including that at 2:—1, are +. 
If this condition holds, then the transference of this ion can 
be effected without changing its order, and when this is 
done there will necessarily be some other — ion for which the 
same condition holds, and so on until all the transferences 
have been effected. 

Suppose that the condition referred to above holds for the 
ith — ion, which we shall call B;, then we shall consider the 
transference of B; from p; to 2i—1 as being made as follows. 
We first interchange B; at p; and the + ion next to it, and 
we then repeat this process until B; has arrived at the position 
2i—1. Let p.be the position of B; at any stage of the 
transference, and p+1 that of the adjacent + ion with which 
it is to be interchanged. Wecan state in terms of p and2 
the values of the coefficients ap and a,,, of the terms which 
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refer to these two ions in the expression (27) for the 
probability of the arrangement, as is done in the following 
table : — 

Before interchange. After. 

LC ee ee Ap(=B:) Ap+1. Ap. Ap+1(=Bi). 

Positionvofioness.4......... p ptl Pp pri 

Sy FLW ed Seger eice aoe eee - =P ir a 

Number of ions “ inside” 
(including Ap)............... p pti P pt+l 

Number of — ions “inside” 4—1 z Za a1 | 

39 a ” ” p-i+l p—it+l p-itl p-i+2 

“Excess” of like ions “in- 
side” = coef. ap or ap+1.| —(p—2i+2)| +(p —2i+1)| +(p —214+2)| —(p— 27438) | 

Now interchange the two ions B; and A,,1, and we get 
the values for a, and ap, shown in ‘the last two columns. 
It is easily seen that this interchange will not affect any of 
the coefficients a other than these two in the expression for 
the probability, so that we can include them all in a single 
constant ©, for the purposes of the present argument, and 
write before the interchange 

Pp, Ga/e » pn) = Ce Oe et Oe 

and after it 

P( py cee pL cee py) = Ce M28 +2) (P24 3) 1], 
The relative Jaane of these two arrangements is given 
by 

P(m .. eee! = ph p=2t2)(up—upt1) (30) 
; P( Pi - -» Pn) 

Since 

Up—U on Ta) Beas pee: »—
2) 

P+ T( p) Pp Tp) 

be = 3p i 

equation (30) may be written 

P(p, ...p+1... pn) — pee 
12 CR Ey om) ? : 

If p; is greater than 2:—1, put down the values which this 
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expression takes up in succession as p is given the values 
from 2i—1 to p;—1 inclusive, and multiply all the equations 
together. On the one side all the intermediate P’s except 
the first and the last cancel out, and on the other side the 
exponents of e all add together, giving 

pi-l 
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PC py +++ Pi --- Pn) 
EC pi 20 Lp 

If p; is less than 2i—1, the transformation is effected by 
giving p all values from p; to 21— 2, and we get an expression 
which may also be represented by (31) if we note that a 
general property of & considered as the sign of a summation 
of a function of the natural numbers n between limits which 
are both included in the summation, is, 

2,—1 

1) PAN RNIN ORG A ae a 
UW=N~y 

ae 

N, —1 
= (32) 

N=N, 

(31) represents a function of p; and 7, which can be calcu- 
lated without difficulty when the value of the independent 
variable h is given. We shall represent this function by 
e;(p:), or more generally, considering it as a function of the 
natural numbers p, the nature of the function depending on 
the natural number 2, as ¢,(p), where 

in Table II. for an assumed value of h=0°3. 

eee Piatt aa 

e(p)=e 3 p=a%-1  P G3) 

Values of ep) for different values of p andi are given 

Tape IT. of e(p) [A="3]. 

The meaning 

P. | &(P). | ep). | ex(p). | e(p). | esp) | ee(p) | erp) | es(P)- 

1 ...| 1-000 
2...) 76275] 1-000 
3 ...| -63675| 1:000 | 0-97100 | 4...) 54781} -95108/ 1:000 | 0-93110 
5...) 48019] -88957/ 1-000 | -97578! 0-88062 | 
6...) 42395] -82648! -97578/ 1-000 ‘94783 | 0:85276 | | 
7 ...| °87810! °76578| 93996! 1-060 98468 | -92035 | 0-82790 | 
8...) °33938] 70889] -s9676| -98468]| 1-000 -96398| 89483) 0:80532 | 
9 ...| °30618] -65624| -85177! -95967| 1-000 98910} -94156) -86995 | 

10°». ‘60777 | -80636| -92863| -98910| 1-000 97308} 91895 | 
tie ‘76169 | -89401| -97049! 1-000 -99169| 95453 | 
12 .. 85747! -94649| -99169)} 1-000 ‘97873 | 
Ae ‘91882| -97708| 1:000 99336 
14 .. 4 ‘95776 | 993386 | 1:000 
15. ‘98147 | 1-000 

Ric. | 99453 



368 Dr. S. R. Milner on the 

of the numbers can be explained as follows :—-Consider a 
particular value, say e3;(p) at p=8, or e3(8). Take a large 
number of instantaneous views of the central ion Ag and its 
m nearest neighbours. Pick out all those views in which 
there are the same number n of — ions present; of these 
pick out all the sets of views in which the 1st and 2nd, and 
the 4th to the nth, nearest — ions are situated in any 
definitely fixed positions, which may be arbitrarily chosen, 
except for the stipulation that the 2nd — ion lies inside the 
position 5 and the 4th outside 8. In this set there will be a 
certain number of views in which the 3rd — ion occupies the 
position 8 and a certain number in which it occupies the 
position 5, which is the standard position for this ion. The 
ratio of these two numbers is e;(8) or *89676, and is the re- 
lative probability of the occurrence of positions 8 and 5 for 
the 3rd — ion (the stipulation above simply meaning that 
both positions shall be possible ones). 

If we apply the foregoing transformation to each of the 
nm — ions in succession, we see that we can write, as a com- 
plete expression for the probability of the arrangement in 
which the — ions have the positions pj, ... Pn, relative to | 
that in which they have the standard positions, 

RG 22D: ... Dn 
f 

DES ee Seal) oC.) one eal aes 

where the functions e;(pi) are given by (33). The relative 
probability of the arrangement, as it will be called (the 
words “to the standard arrangement”? being understood), 
is expressed by this equation completely in terms of the 
positions of the — ions. 

Next consider the relative probability of an arrangement 
in which the position of B,, the nearest — ion, is unspecified, 
while all the other — ions are in definite positions jg, ... Pn- 
By considering instantaneous views we see that it may be 
obtained by giving to (34) the different values which it takes 
up in succession for each possible position p,; of By, 2. e., for 
the values of p, from 1 to p,—1 inclusive, and summing the 
results. Since €9(29) +«. én(ynx) are constant in this summa- 
tion they may be taken outside the &, and, writing them in 
the reverse order to (34), we get for the relative probability 

P2= 1 i 
€n( pn) atta €( Po) ~ ei(Pi) : a (35) 

1 

The relative probability of an arrangement in which not 
only the position of B,, but also that of B,, the second ? 
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nearest — ion, is unspecified, may now be obtained by 
summing the different. values which (35) takes up for each 
possible position p, of Bo, z. e., for the values of pz from 2 to 
p3— 1 inclusive ; this gives 

Vise P.~-1 : 

€2( ps) ) & falPa) 2 falP)- 

Virial of a Mixture of Tons. 

€n( Pn) eee 

This process is evidentiy general. Carrying it out for all 
the ions, we have for the relative probability of an arrange- 
ment of m nearest ions containing m — ions, in which the 
positions of the » — ions are all ‘unspecified—we shall call 
this fr(m)— 

—] Po—1 

cS felPa) | a ‘ (?1) 
Pr = 

Vitel 

En Com) » Or Jn) 

Py—="-1 

The quantity /,(m) may be considered a function of the 
natural number m, the nature of the function depending on 
the natural number n. (It is of course also a function of 
the independent variable h.) It may be tabulated for dif- 
ferent values of m and n, by employing on the numbers for 
ei(p) of Table II. a process of successive additions similar to 

=> a 

(36) 
Pr=n 

TAeiEE Wor Gn) hs |; 

3 

OKENIHSOBwOMwe 

JAGOE | AG. |) Gwe), | JG |) GG as @Oe WN GAG): J3(72). 

...| 1°000 
-| 1°76275| 1-000 

...| 23995 | 2°76275) °97100 

...| 299473 | 5°0449 | 3°7838 90411 
..| 84275 | 76667 | 87787) 4:5474 “7962 
..| 38515 |10:-4995 (16°2597 | 13°3261| 5-106 679 
..| 42295 |13:°4489 |26:1216 | 29°586 | 18-228 5378 5621 
..| 45689 |16°4472 )388°182 55°308 | 47-824 22950 5372 4527 | 

.| 48751 |19°4455 (527191 91°950 |103°132/ 70°253) 26-981 5126 
224084 67-871 140416 |194°079| 173°385| 95:339 29863 

84°939 {201-093 /330°349 |36'7°464| 267-28 120°867 
273°926 [52068 |695°064| 634-74 | 382-47 

772°37 = |L208°81  |1329°81 (1013-01 
1943°57 |2525°64 |2342°82 

4433°21 |4868°46 
9277°46 

that adopted in the formation of the ordinary arithmetical 
Table III. shows values of f,(m) for h=:3. 

construction of the table may be most simply explained by 
observing that, as follows at once from (36), 

Fu(m) = fr(m—1) + fr-1(m— J) en(m). 

triangle. The 
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By this relation each term may be obtained in succession. 
As an example the following numbers are abstracted from 

the tables :— 

PG) =73(1) rays) 
or 38°182 = 26°12164+13°4489 x °89676. 

Tabulation of the values of f,(m) is equivalent to deter- 
mining the absolute probability of a specified arrangement 
of the ions under a certain restriction, namely, that the m 
nearest ions contain n — ions. This last restriction might 
obviously be removed by an additional summation, but it 
will be more convenient for the calculation of the arithmetical 
value of the virial to work out the results in terms of fn(m). 

When we confine our attention to those views of the m 
nearest ions in which n — ions are contained, the absolute 
probability of an arrangement in which the positions of the 
n — ions are unspecitied may evidently be taken as 1, the 
relative probability is as we have seen /,(m), therefore, since 
the relative probability of an arrangement specified by the 
positions p,... px of the — ions is given by e,(p ) ... én( pn), 
it follows that the absolute probability of this arrangement is 

P(m)= Pa Ss 
(37) may now be used in place of the expression (27) 

Ee (0) = eee 

for the same probability ; it differs from (27) in that all the 
quantities in it are numerically determinate, whereas (27) 
contains the unknown f,,. We have thus solved the first. 
part of our problem, since we can now by (37) and (27) 
eliminate k,, from our expressions whenever we please. 

We can now return to the original problem of determining 
the average virial on Ay of the m nearest ions. We havo 
first to integrate expression UP(B), or by (10) and (16) its” 
equivalent 

m —-lg; t 

a "3 ae pare’ m 90%» eh, ; 

> 7 Kn é Beri be dd sin 6,d0,r,7d7r; A.o0 orc 

e@oe ddim sin Om dO»? drm, 

over all possible values of $, 9, andr. The integrations are 
carried out exactly as on pp. 558 to 564, and give 

nL 

—h S apvp 

JUP(E)=¥ tuhuy.kne les 
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where h, w,, and a, are the quantities defined on p. 568, and 

pawl ) Wee 
Ae pas) te Aes) when p<y, and 
"=" To) * Fo=h) TO) 
Cops aa) 

L\(p—4) 
The + in (38) is meant to indicate that the sign of the term 
in the summation in vy is to be taken + or — according as 
the vth ion is + or —. | 

(38) when summed over all the possible orders of 
succession in the signs of the ions (we will call this sum 
> | UP(E)) will give the total average virial on Ag of the m 

nearest ions. | UP(B) is the term contributed to this sum 
corresponding to a particular arrangement of the signs of 
the ions specified by the values of the a’s. We will call it 
for shortness the “‘ virial contribution” of the arrangement. 

In order to obtain > | UP(B) we theoretically require to 
proceed as follows. We must first of all transpose (38) so 
that the virial contribution is specified in terms of the 
positions of the — ions in the arrangeinent. ‘Then, taking 
a single term of (38), say that corresponding to the vth ion, 
we must sum it up for all the cases in which the vth ion 
is +, ze, for all the cases in which the Ist + ion is 
the vth, the 2nd the rth, &., and subtract the similarly 
obtained sum of all the cases in which the vth ion is —. 
The total average virial on Ay of all the m ions is then 
obtained by giving to » the values from 1 to m in succession, 
and adding the results. The symbolical expressions from 
which these may be calculated for any finite number of ions 
may he written down without difficulty, but the work of 
getting arithmetical values from them is very laborious. 
The reason of this is that the vp of (38) is really, as is seen 
from (39), a function of v as well as of p, consequently 
the functions which have to be summed take up a different 
form for each value of ». If vp were only independent of », 
the arithmetical calculation would be much simpler. In 
order to obtain numerical values of the average virial, so 
that a curve showing the way in which it varies with the 
concentration of the ions can be plotted, I have contented 
myself with a calculation from an approximation to (38) for 
the virial contribution, which is explained and justified in 
the following paragraph. 
Consider the meaning of the expression for the virial 

contribution in more detail. +whw, represents the mean 

© 

when p>v. Lae deie Pde.) reeenrana ape ees) 
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value over all distances of g?/7,, or of the virial on Ay of the 
vth nearest ion (assumed of positive sign), on a purely 
random distribution of the ions. This can readily be proved 
by direct integration, or it follows at once from (38) since 
the exponential there reduces to 1 when the distribution is a 

; J nm ; 

random one. Hence } +whu, is the mean virial of a par- 
all 

ticular arrangement on a random distribution. The virial 
contribution of a particular arrangement on a random dis- 

m 1 

tribution would be } +wha,x gn? Since 1/2” is the chance 
v=1 

of this arrangement when the m nearest ions only are con- 
sidered. Now in the distribution as moditied by the inter- 
ionic forces the contribution will be different from the above 
for two reasons. Tirst, the chance of the given arrangement 
will be different—we have seen [ (27)] that this is 

m 

—h 3S app 

lO oe ee 

and, secondly, the mean virial of the arrangement will not 
be exactly the same as it would be on a random distribution, 
because the inter-ionic forces, as well as affecting the chance of 
a given arrangement of signs, will also affect the mean distances 
of the ions. We shall here, however, neglecting the second 
of these effects in comparison with the first, assume that the 

ne 

mean virial of the arrangement is still given by > +whu, in 
=1 

the modified distribution. We shall then be able to write 
for the virial contribution of the arrangement as an approxi- 
mation to (38) 

ne 

(UP) = 5 twhyxk,@ =?” + @O) 
v— 

It is possible to show that the approximation is valid when 
h is sufficiently small. (49) differs from (38) only in that 

v, is replaced by wy. It follows from the expression for 

vp that when vy is moderately large (say greater than 10) 

vt» becomes practically identical with wp. The virial contri- 

bution of all except the first few nearest ions will, therefore, 
be accurately represented by (40), and it is only in respect 

to the average virials of these first few ions that any error 
will be introduced by its use. Now it can be shown that as 

h becomes smaller the average virial of these first few ions 

becomes a smaller and smaller fraction of the whole, and the 



Virial of a Mixture of Ions. Sa 

error produced by substituting up for v, will become smaller 
and smaller as A diminishes. 

Using the approximation (40) for the virial contribution 
of the arrangement, we can adopt a simpler method of sum- 
mation than that previously described, since the exponential, 
being now independent of v, can be taken outside the &, 
thus ae 

mm 

—h & apup 
J UP(®)=wh( = AHO) lop ) es 

yal 

If the arrangement contains n — ions, which have the positions 
Pi ++» Pa, then 

> Uy =U, + Ug g00 — Up, 1-Up, +1 eee —uUpy, + Ke. Sie (41) 

v=1 

Let S(m) = —u + ug—ug tty oo... to m terms.. (42) 

whS(m) is the mean virial on Ay of the standard arrange- 
ment of m alternate — and + ions. From (41) and (42) 
we get 

> zuy=S(m) + 2[ (uy—up,) + (us — up,) + (Us — Ups) + Ke. | 
v=1 : 

=S(m) +2 3 ui(pi), 
i=1 

where ui (pi is written for shortness for ws;-;—u,, The 

values of u,(p:) may easily be calculated as desired from 
the table of up on p. 564. For example 

u3(8) =us— ug = 0°61298 —0:51460 = 009838. 

We have also, by (37) and (27) 

be Pet CP) «+: eal Pn) 
K mea 

consequently 

{ UP(E)—wh[iStn) #2 3 u(py) x ed ae) 
Sl Fr(m) 

All the possible orders of succession in the signs will be 
obtained by summing with respect to p, from 1 to p.—1 
inclusive, then with respect to p, from 2 to p3;—1, and so on, 
finally with respect to », from nto m. Now in these sum- 
mations S(m) is a constant, and can be taken outside the 
>’s. Also each w;(p;) is constant until that summation 
which applies to p; has been reached. Taking these facts 
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into account, and putting the & signs in their proper places 
so that each acts only on what comes to its right, we get for 
the complete average virial on Ao, U,(m), of all arrangements 
of the m nearest ions, which contain among them n — ions, 

U,(m) = if | Sm) S en( Pn) Kos ee 
a (m) Pr=n po 

n Z pit2—1 pi41-1 pi—1 po—l 
wo > Seno ee 2:41.) e :( pi) ui(ps) > 41(pea eee €1(p1) rk 

1=1 \ pyp=n (DS ==05 ph pi=t P17 P=s 

Now the first of the terms in the brackets is, by (36), 
S(m) xf(m), and denoting the remaining term by 27,(m), 
we have 

Un) = woh| 8 (m) +2 ae 
Using the notation of (36) for g,(m) also, we can write it 

RM gi Mt pi+i-—l 

oni) =. >, DIN Gy haa s Oa e(pdulr) fale) | 
=7 * t=1 Upa=n pi= 

(43) 

and we see from this, by putting 7=1, 2, 3,... , in succession 
in it, that | 

gn(m) = 
™m pr-1 

> €n(Pn) Rou - (Pr— 1) + > én— 1(Pu—1) TSE -1) fn—2(Ppa—1— 1) + > 

P= Pr—1=n—-1 

p3—1 P.—1 
nee + % alps) blr) Ale + 2 anol. b |, 

p.=4 Pig! a (44) 
in which each = applies to everything that comes after it. 
From this equation the numerical value of g(m) for any 
finite values of n and m may be calculated from the tables 
of e,(m) and f,(m) previously given, by successive operations 
of a similar type to those used in forming the table for T,(m). 
Table IV. gives a series of values of g,(m) for h=*3. The 
construction of the table may be most simply explained by 
noting that (44) shows that the values must satisfy the 
following difference equation :— 

gn(m) = gu(m —1) + en(m) {gn—1(m—1) + un(m) fy—_1(m—1)}. 
For example (see Tables II. & III., and for u;(8) p. 573) 

g3(8) =gs(7) + es(8) {g2(7) + us(8)fo(7)}, 
or 14°803=8'1149 + 89676 (6-1352 +-09838 x 18°4489}. 
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TABLE Neon) * | bh="3)|. 

Or ~] ww U 

9,(m). g(m). 93(m). g,(m). gs(m). 9G, (2). G7 (in). 

.--|+'°34428 |— °15046 
..|+ °72749|+ °19382|— °27560 

110297 |+1°07649 |— °238572 |— ‘37267 
1:4589 24229 |+ °84078/— °“867387/— °42858 
17904 | 41390 |+3°5107 |— °80557|— 1:5860 |— °43797 
20981 61352 81149 |+ 3°2051)/— 25060 |— 2:2796 |— °42805 
2°3830 8°8352 14-803 +11'°8576 + ‘0645 |— 56718 |— 2°8553 
26466 | 10°6760 25581 27-793 |+11°922 |— 7:2200 |— 9°4998 

13° 1065 34°355 52863 41°073 + 30694 |-—19-404 
46°966 88°308 97-022 |+44°142 |—20:°879 

135°71 189-93 144°916 |+18718 
329°82 34586 | +163°64 

687°39 518°48 
1233°45 

ge(m). 

— +88729 
— 32521 
—13°546 
— 36-382 
—~ 65580 
—60°309 
+89 981 
+608'°46 
1875°50 

Now from equation (43), when tables of f:(m) and g,(m) 
have been calculated for a given value of h, we can deter- 
mine for that value of h the average virial on Ao for all the 
possible arrangements of any finite number m of nearest 
ions which contain among them a given number z of negative 
ions. ‘I'he result is of course a function of m,n,and h. The 
complete average virial of all the ions on A, would be theo- 
retically obtained by proceeding to the limits in which 
m=n,and n is unspecified. (43) would then become a 
function of h only, of the form 

U= ENG 

where ¢(h) is the value of the expression in the brackets 
of (43) when m=2, and n is unspecified. To satisfy the 
conditions with regard to n theoretically requires an addi- 
tional summation over all the possible values of n, but 
practically the necessity for this is removed by observing 
that as m becomes infinite, n must tend indefinitely towards 
the value m/2, for the probability of arrangements in which 
this condition does not hold becomes indefinitely small. I 
have not been able to find an accurate algebraical expression* 
for the limit of (43) when m=, but an approximate arith- 
metical value can be obtained if we take n differing from 
m/2 by any finite number, and determine the virial for 
successively increasing values of m and plot the results on a 

* It may be shown that, as an approximation, and when h is very small, 
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curve ; the limit is then obtained by extrapolation to m=n. 
A practical dificulty comes in due to the fact that the rate 
at which the curves converge to the limit is extremely slow, 
but by considering the curves corresponding to two specially 
chosen arrangements, it is nevertheless possible to obtain a 
fair approximation to the limit at m=o. If we plot the 
curves of U,(m), taking cases in which m is always equal to 
2n, we are confining our attention to arrangements in which 
the numbers of + and — ions surrounding the central ion 
Ay are always equal. The virial for any finite number of 
nearest ions will then always be less than the limiting value 
for an infinite number, since the m+1th ion, which is not 
included, always tends to bea — one. Again, if we extra- 
polate from cases in which m=2n—1, we confine our atten- 
tion to arrangements in which there are equal numbers of + 
and — ions when A, is included, 7. e., to arrangements which 
possess no total charge. In this case it follows from (27) 
that the ions external to the arrangement will be distributed 
at random with respect to Ao, and will on the average have 
no virial on it. The virial of these arrangements will always 
be in excess of the limit. 

The following table shows the values of Un(m)/wh for 
h=-3, in these two sets of cases. The values of f,(m) and 
gn(m), which correspond to them, are printed in Tables III. 
& IV. in thicker type. The first set of values shows a 
continual increase, and the second a continual decrease with 
m. In the diagram the values are plotted against m73 as 
abscissee. | 

TaBLe V. 

(mm) ———— | (7M 

Ne iM. S(m). 2 ais - | Un(anr)/wh. | 

Fac ba 2 —"t5137 | °39061 — ‘06076 
Bc biee: 4 —'53496 | *42677 —'‘10819 
See oo 6 —'57583 | °43182 —'14401 
A eras 8 —60156 | ‘42879 — 17277 
Dy etews: 10 — 61982 | 42326 —°19656 
Giiewec: Leo — 63373 41699 — ‘21674 
it meek: 14 — 64483 "41057 — ‘23426 
Bueesce: 16 —'65398 | :40432 — ‘24966 

Lo ees I |—1°385412 0 — 1:35412 
Deccan 3  |—1:20366 14031 —1:06336 
O ashess 5 |—1:14794 | °19155 —0'95639 
edie 7 |—1:11615 "21666 — °89949 
gases 9 |—1-09471 23120 — 86351 
GB cries 11 |—1-07888 | °24023 — 83865 
[grocer 13 |—1°06652 | 24611 — °82041 
B estes 15 |—1:05648 24996 — °80652 
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The extrapolation of these curves to the axis is certainly a 
rather violent one, but it may be done with some confidence 
by observing the following points :—(1) the first curve must 
be everywhere below the limit and the second one everywhere 
above it; (2) the two curves must extrapolate to the same 
point on the axis; (3) from the fact that the virial of the 
ions external to the second arrangement is zero, it may be 
inferred that the second curve for large values of m approaches 
the limit much more closely than the first one, and that it 
probably tends to become parallel to the axis as m7? becomes 

zero. Taking these facts into account, I estimate the limit 
(see curve) as $(h)=—0°66. This gives for the average 

Phil. Mag. 8. 6. Vol. 23. No. 186. April 1911. 2 Q 
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virial on Ao of all the remaining ions in the volume the value 

U=—whx-66=—0198 w, for h=0°3. 
The figure also contains the curves which correspond to two 
other values of h, and in the following table the values of 
(hk) obtained are gathered together, in order to show the 
course of the function. 

| h. | (2). | 

| 0 0 | | 
| 0-109 — 0-42 

03 —0:66 | 

| 0:867* | —1-03 | 
| | 

* This value of / is so large that the expression for the virial obtained in 
this paper would no longer be valid; ¢(%) was calculated only because it was 
of interest to trace the course of the function. 

As h increases from 0, $(/) increases very rapidly at first, 

afterwards more slowly, and it tends to become practically 
constant as h continues to increase. It is easy to show that 
when h=x $(h) has the limiting value of —w, or —1:354. 

The average virial E of all the ions is obtained by multi- 

plying U by N, the number of + or of — ions in the volume 
V. We can therefore express it finally as 

E=NU=Nwh¢(h), 

where w(=RT/y, eq. 2) is the most probable kinetic energy 
of an ion, 

12 
i= (= a) = 

w 

(q being the ionic charge), and $(h) is a function of A, the 
course of which is shown in the preceding tablet. In a 
subsequent paper I hope to deal with some of the applications 
of this result to the osmotic pressure of electrolytes, 

+ This result is only strictly applicable when / is small. 
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L. The Influence of the Contact Difference of Potential 
between the Plates emitting and receiving Electrons liberated 
by Ultra-violet Light on the Measurement of the Velocities 
of these Electrons. By Karu T. Compton, J.8., Porter 
Ogden Jacobus Fellow, Princeton University *. 

[Plate IX.] 
ile, NTRODUCTION.—Li is well known that when two 

metallic plates are connected to the terminals of any 
instrument measuring difference of potential, the actual field 
between the plates is measured by the reading of the instru- 
ment plus or minus a certain contact difference of potential 
which depends on the materials of the plates and the con- 
ditions of their surfaces. Thus one would expect that an 
electron, moving between the plates, would be acted on by 
a force due to the contact difference of potential as well as 
by the force due to the difference of potential indicated 
by the voltmeter or electrometer. The contact difference of 
potential between metals may be as large as one volt. The 
measuremenis of the velocities of the electrons liberated by 
ultra-violet light have shown that they possess sufficient 
initial kinetic energy to carry them against fields of from 
zero to six volts, approximately. Thus the contact difference 
of potential between the plates may be a very large per- 
centage of the total potential difference, and yet its influence 
seems never to have been taken into account. It is the 
purpose of this paper to present evidence proving that the 
contact difference of potential must be taken into account 
when making velocity measurements in the photo-electric 
effect, and then to show how this fact modifies some of the 
results which have been obtained in making measurements 
of the electron velocities. 

2. Apparatus (fig. 1)—Light from an iron arc passes 
through a diaphragm d and a quartz window A; then 
through suitably lined holes in the mica shield F, the brass 
cylindrical box B, the perforated metallic box C, and 
strikes the polished aluminium plate D. It is thence re- 
flected out again through holes in C, B, and F and through 
the glass window E. The parts B, C, and D are insulated 
from each other, and the electrical connexions are shown in 
os. 
"B is 5 cm. in diameter and 1 cm. high. The hole through 

which the light enters B is 1 mm. in diameter, and the hole 
in the mica screen above it is just enough smaller to prevent 

* Communicated by Prof. O, W. Richardson. 
2Q 2 
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any portion of the ultra-violet light from striking B. The 
exit-hole in B is 3 mm. in diameter. By looking in through 
the window E and adjusting the levelling-screws shown in 

the figure, these holes may all be put in the line, abe, of the 

Fig. 1. 
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light. Several perforated metallic boxes C were prepared. 
One set, as nearly similar to each other in dimensions as 
could be made, was prepared by simultaneously drilling holes 
as near together as possible in the foils of aluminium, zine, 
lead, iron, and copper. One was also made of platinum foil, 
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but in this case-the foil was much thinner than in the others. 
Then there was one of platinum wire gauze and one of nickel 
wire gauze, but these were not of the same size wire nor of 
equal mesh. The whole apparatus was enclosed in an air- 
tight cylindrical brass box ST’ which was connected with a 
mercury pump and a tube of coconut charcoal. 

The electrons leave at 6 on the plate D. The relative 
number reaching the perforated box C is regulated by 
varying the potential between C and D by means of the 
siding resistance R. The voltmeter V shows this difference 
of potential. The electrons which reach C are caught by the 
strong field between C and B and are swept on to the brass 
box B which is connected to a Dolazalek electrometer with 
a sensibility of 420 divisions per volt. The connexions are 
so arranged that initially B is at zero potential in order to 
avoid, as far as possible, any leak of electricity from B. 
The perforated box C serves a triple purpose. It prevents 
the loss of electrons from B due to diffusely reflected light ; 
it precludes the possibility of reflected electrons * ; and it 
enables the potential V to be kept constant while the electro- 
meter is charging up. Finally, everything connected with 
the electrometer is enclosed in earthed metal casing to pre- 
vent electrostatic disturbances from external causes. 

3. Method.—In taking the readings for the “ distribution 
of velocity’ curve, a difficulty arose from the flickering of 
the iron are, which caused large variations in the intensity 
of the light during the time necessary to take a complete set 
of readings. This was overcome by the method of taking 
reading illustrated in Table I. Here V represents the 
reading of the voltmeter and A is the deflexion of the electro- 
meter in 10 seconds. Readings were taken alternately with 
V=0 and V=whatever number of volts was desired. Then 
the ratio of the deflexion for V=(?) to the deflexion for 
V=0 was determined and placed in the column marked R. 
Thus all the readings were referred to the readings with 
V=0 asa standard. In plotting, the average of a number 
of these ratios for a given value of V was plotted as an 
ordinate. The maximum average ratio obtained with any 
value of V was taken as unity and the other ratios plotted 
accordingly. ‘Thus the ordinates are proportional to the 
number of electrons reaching B in a unit time. The 
voltmeter readings were plotted as abscissee, being called 
negative when in such a direction as to hinder an electron 
passing from D to C. The velocity of an electron is then 

* O. v. Baeyer, Verh. d. D. Phys. Ges. x. p. 96 (1908). 
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2V 
va,/ <<, where e and m are the charge and mass 

associated with an electron, and V is the largest potential 
against which it can reach C from D. 

The general plan of procedure was to (1) polish the 
plate D with chalk-dust; (2) measure the contact difference 
of potential between I) and C; (3) exhaust the apparatus, 
first with the mercury pump and then with coconut char- 
coal immersed in liquid air, and then take readings fora 
“distribution of velccity ’’ curve by measuring the rate of 
deflexion of the electrometer for different values of V as 
described ; (4) let air into the apparatus and again measure 
the contact difference of potential. The average of the two 
values for the contact difference of potential was the value 
made use of. These two readings were made since, after 
polishing, metals become more electronegative with time. 
This is especially true in the case of aluminium *. Thena 
perforated box © of another metal was substituted and the 
previous procedure repeated, keeping all other conditions in 
the two cases as nearly identical as possible. If there is an 
effective field between C and D due to the contact difference 
of potential between C and D, the curve obtained in the 
second case should differ from that in the first case by being 
shifted along the axis of V by an amount corresponding to 
the contact difference of potential between the metals used 
for C in the two cases. 

The contact difference of potential between C and D was 
measured by the following method (fig. 3). C and D were 

Dy 

placed in the aluminium-lined cavity in a lead block. The 
air between C and D was ionized by radium placed at R. 
If the lead block and box C are earthed, an electrometer, 
connected with D, will charge up to a potential equal to the 
contact difference of potential between C and D. In this 

* Winkelmann, Handbuch der Physik, 1st edition, vol. iii. p. 118. 
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work a zero method was employed. The lead box and the 
perforated box C were insulated from D and from the 
earth, and their potential so regulated by the sliding con- 
tact S that there was no deflexion of the electrometer 
connected with D. ‘Then the voltmeter V gave a direct 
reading of the contact difference of potential between 
C and D. 

4, Hffect of the Field between the Brass Box B and the 
Perforated Box C.—Before taking up the effect of the 
contact difference of potential, the effect of the field which 
sweeps the electrons from the perforated box C to the 
box B will be shown. In Table I. are given the readings 
for curve (a) (Pl. IX. fig. 4). In this case the difference 
of potential between C and B was 400 volts ; and C was the 
platinum-foil box, electrolytically copper-plated. These 
readings are a type of those obtained for all the curves in 
this paper, except that in the following sections at least ten 
ratios were averaged to get each point on the curve. 

TABLE I. 

| | 

Vv A R V. A R 

oo) 58 91 =A 50 53 
0 64 0 94 

=9 60 92 =4 52 OMe 
) 65 0 105 

BO 90 1:00 24 50 Ag 
0 90 0 104 

9) 78 “89 a4 55 56 | 
0 88 0 98 

OS 82 ‘O7 aig 50 52 
) 85 94. 0 95 2) 111 

ae 79 92 Sasa, soc ea | 
) 78 0 88 

2 80 “89 5) 30 33° 
0 90 a) 90 

a3 95 85 = 26 OOhrs | 
0 112 0 90 

ae) i § G0 ‘80 5 24 30 | 
0 112 0 80 

= 80 “84. = 21 20D | 
0 95 “8b 0 75 “31 

| 

This curve and others similarly taken with different 
potentials between C and B are shown in Pl. IX. tig. 4. 

These curves show plainly that the position of the curves 
is a function of the difference of potential between C and B. 
Evidently when this perforated box is used, every addition 
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of 80 volts to the field between © and B shifts the curve to 
the left about one volt. This indicates that the perforated 
foil is not a perfect shield, and that a part of the field 
existing on the upper side of C makes itself felt below ©*. 
If this “stray field’? explanation is correct, one would 
expect that if the perforations in C were larger, the amount 
of stray field existing on its under side would be increased. 
This was tested by obtaining a series of curves similar to 
those in fig. 4 (PI. [X.), but using the platinum wire gauze 
box instead of the perforated foil box for C. In this second 
case the proportion of open to closed space in the box was 
decidedly larger than in the first case. Now it was found 
that the curves were shifted about 1°5 volts to the left for 
each 80 volts added between C and B, as against one volt to 
80 in the first case. This confirms the explanation given. 

Since, then, the field between C and B exerts some small 
effect on the under side of the perforated box C the curves 
which are given in the following sections are all shifted 
somewhat to the left of their true positions. Curves ‘h) 
and (2) and the method of finding the true positions of the 
curves will be explained later (section 6). It may be noted 
here that the curves to the right in fig. 4 (Pl. LX.) are more 
erect than are those to: the left. -This is explained: simply 
and consistently with the view we. have taken, when one 
remembers that the electrons which are moving most rapidly 
when they reach C are the most likely to strike and stick to 
Citself. It takes a stronger field to bend their paths so as 
to draw them through the perforations than to do this for 
the slow moving electrons. ‘Thus, in the case of the curves 
to the left, practically all the electrons are drawn through 
the perforations in C, while farther to the right the curves 
indicate that a larger proportion of the high velocity electrons 
fail to get through. Hence the curves to the left should be 
less erect and should more nearly represent the true shape 
of the “ distribution of velocity’? curve. That this is true 
receives additional confirmation in section 7. 

From these results it was evident that to compare the 
eurves obtained when different metallic boxes were used 

* This is apparently in contradiction to the results found by E. Laden- 
burg and K. Markau (Phys. Zeit. ix. p. 821, 1908), who found, with an 
arrangement somewhat similar to this, that, as the difference of potential 
above the perforated screen was increased, the curves shifted to the left 
until the difference of potential was 50 volts. After this they found the 
position of the curves to be independent of the difference of potential 
above the screen. They explained this result as being due entirely to 
the prevention of electron reflexion and not to the stray field through 
the perforations. 
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for C, it was necessary that these boxes be exactly similar 
in dimensions and that the field between C and B be kept 
constant. 

5. The Lffect of Contact Difference of Potential.—The first 
metals investigated were aluminium, zine, lead, and copper. 
For this purpose the perforated foil boxes of these metals 
were successively used as C, and the curve was plotted for 
each one. It was noted in section 2 that the boxes of these 
metals were all practically similar, and thus they could be 
compared with each other without introducing the error 
entering in when the boxes are geometrically dissimilar. 
As a preliminary step a very large number of readings were 
taken and curves plotted which showed conclusively that the 
actual shape of the “distribution of velocity” curve is 
independent of the metal used as UC. When once the shape 
of this curve had been very carefully determined, only one 
or two points on each curve were sufficient to completely 
determine it. This enabled the readings for any curve to be 
taken rapidly, thus lessening the change in the contact 
difference of potential during the experiment and permitting 
the two metals which were to be compared to be investigated 
the same day. This reduced the danger of introducing any 
error due to a change in the setting of the apparatus. As 
an additional precaution, the following procedure was 
adopted. Take, for instance, the perforated boxes of zinc 
and copper. A curve was taken using copper, then one 
using zinc, and again one using copper. If there was any 
difference in the positions of the. two curves for copper, the 
mean of the two was taken as the correct position. In this 
way the curves of fig. 5 (Pl. [X.) were obtained. For all 
of these the difference of potential between C and B was 
400 volts. 

It is seen that the curves for the case of the electro- 
positive metals lie to the left and in the order of the electro- 
positive series. This is Just what would be the case if the 
contact difference of potential between the aluminium plate, 
D and the perforated box C influences the paths of the 
electrons. A box C of an electropositive metal would 
tend to attract the negative electron more than would an 
electronegative metal. Thus, for the same externally 
applied diftterence of potential, manv electrons would reach 
the electropositive box which would fall short of the electro- 
negative box, and hence the curve for the former would lie 
to the left of that for the latter. 

In order to test the platinum box special means had to be 
employed, since there was no other box of a different material 
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and of the same dimensions. This difficulty was overcome 
by obtaining the curve for platinum, then electrolytically 
copper-plating the box and obtaining with it the curve for 
copper. For convenience in this case the potential between 
C and B was reduced to 8 volts. Under these conditions 
the curves of fig. 6 (Pl. LX.) were obtained. We see, as 
before, that tue curve for the electropositive metal falls to 
the left. 

Table II. gives a quantitative estimate of the relation 
between this shift of the curves and the contact difference of 
potential between the metals. The second column shows the 
measured contact difference of potential between copper and 
each of the other metals, and the third column shows the 
amount, with respect to the copper curve, which each curve 
is displaced along the axis of V. 

These numbers prove convincingly that the contact 
difference of potential must be taken into account and that 
the true potential against which the electrons are moving 
is the reading of the voltmeter plus or minus the contact 
difference of potential between the plates. 

TaB_eE IT. 

| Sctalé | Contact difference of | Displacement of 
| = potential (volts). curves (volts). 
(ee eh ae 
OO U2AT ot... | 1-02 | 1-16 
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Tables are given * showing the contact difference of 
potential between different metals, but it is unsafe to rely on 
these values for accurate work, since the state of polish, the 
time since polishing, and other factors change these values 
considerably and frequently even reverse the order of the 
metals in the series. The only safe procedure when making 
measurements in which this phenomenon must be corrected 
for, is to adopt some method for measuring the contact 
difference of potential direct at the time of the experiment. 
Probably many of the inconsistent results which have been 
published with regard to the photo-electric effect can be 
explained as being due to the neglect of two factors: (1) the 

* Winkelmann, Handbuch der Physik, 1st edition, vol. i. pp. 117-121 
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influence of the contact difference of potential, and (2) the 
change of contact difference of potential which all metals, 
and especially the electropositive metals, undergo with 
time. 

6. The Velocities of the Electrons emitted by Different 
Metals.—Several physicists * have investigated the velocities 
of the electrons emitted by different metals and have arrived 
at conflicting conclusions. O. v. Baeyer and A. Gehrts 
found values for the maximum initial velocity of the electrons 
from aluminium, copper, and gold to be that velocity which 
would give the electrons sufficient initial kinetic energy to 
carry them ayainst a difference of potential of 6°3 volts. 
They concluded that the maximum initial velocity for these 
three metals is the same. EH. Ladenburg found 1°76 volts 
for platinum, 1°55 volts for copper, and 1:07 volts for zinc, 
for X=210 wu. Millikan and Winchester, on the other 
hand, found the values given in Table III., at 26° C. 

TABLE III. 

Metal. Velocity. Metal. Velocity. 

Bid 2541s vy |e woes etm whieh. | frets waetdn dane! [is peed tare Meer wed 
Re pace! | 840 Mie ae | 1126 
AN phox) yee 738 BO! 50082, 1-215 
Zit $3322.48. | 197 Brass ...... 1:174 

12) ae eae | 000 Cin es. 1135 
Shirin 394 Atos sean 1:215 

| TMP ee ae 1-340 | 
| | 

In view of the results of the preceding section it is evident 
that unless a correction is made for the contact difference of 
potential, an electropositive metal will give off electrons 
with apparently smaller velocities than those leaving an 
electronegative plate, even though they may actually possess 
equal velocities. The experiments described in this section 
were performed to see whether, when the contact difference 
of potential was corrected for, it might not be found that all 
metals give off electrons with equal velocities, under normal 
conditions. 

In Table ITI. the elements have been arranged in the order 
of the usual electro-positive series ; and it is evident from 

* P, Lenard, Ann. d. Phys. p. 149 (1902) ; I. Ladenburg, Verh. d. D. 
Phys. Ges. ix. p. 503 (1907); Millikan & Winchester, Phil. Mag. xiv. 
p. 194 (1907); O. v. Baeyer & A. Gehrts, Ber. d. D. Phys. Ges. xxi. 
p. 870 (1910). 



988 Mr. Karl T. Compton on Contact Difference of 

the numbers given that, in general, the electropositive 
elements show electrons with smaller velocities than the 
electronegative elements. But Millikan and Winchester 
used little disks of these different metals fastened near the 
circumference of a large aluminium disk. This disk was so 
rotated as to bring one metal after another into the path of 
the ultra-violet light. Thus the contact difference of potential 
acting on an electron escaping toward the receiving-plate 
would be due to the somewhat uncertain combination of the 
metal disk and the aluminium wheel on the one side and 
the receiving-plate on the other. Furthermore, these metals 
were polished with emery and then heated to 400° C. in 
contact with the air. The writer has found that the softer 
metals, such as aluminium, lead, and copper, give abnormal 
values of the contact difference of potential when polished 
with emery because the particles of emery stick in the metal 
and modify its surface. Also, while the treatment to which 
these metals were subjected was useful for the particular 
object these experimenters had in view, yet it was such as to 
make the metals especially subject to the time-change in the 
contact ditterence of potential ; and so it seems possible that 
metals may have been changed out of the usual order of the 
electropositive series. Thus it seems possible that if the 
correct values of the contact difference of potential were 
known and corrected for in these experiments, the electrons 
from the different metals might be found to possess equal 
initial velocities. The results of EH. Ladenburg show differ- 
ences which may easily be accounted for by differences in the 
contact difference of potential. The results obtained by 
O. v. Baeyer and A. Gehrts seem to contradict the results of 
other physicists, although there may be another explanation 
of their values. 

With a view to testing the suggestion made in the pre- 
ceding paragraph, mirror plates exactly similar to D, fig. 1, 
were prepared from brass, zinc, copper, and platinum. These, 
together with the aluminium plate, were then tested, using 
exactly the same procedure as had been used previously in 
section 5, except that now the plates D were interchanged, 
while the perforated box, C, was kept the same throughout. 
For C the nickel wire gauze box, which had become so 
tarnished as to have a constant electropositive character, was 
employed. The potential between C and B was 200 volts. 
The first and last curves were taken with the aluminium 
plate to make sure that no change | had occurred in the setting 
of the apparatus during the series of experiments. The 
values, in volts, for the contact differences of potential 
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between the nickel box and the various plates are shown in 
Table IV. 

amen LV 

Bera NA), choc suscsen asia ars bak ANS Ces) p20 Brass.| Cu Pty eAle (2) 

Becca) eee ema pessy | 0a) ="14) | =-201) 1:02 
of potential. 

In fig. 7 (Pl. IX.) the first curve for aluminium is 
shown in the position actually found by experiment. The 
curve for platinum is also shown in its actual position to the 
left. From the table we see that the contact difference of 
potential between aluminium (1) and platinum is 1:09 volts. 
Thus to reduce the curve for platinum to what it would be 
if the real values of V, taking into account the contact 
difference of potential, were the same as in the case of 
aluminium (1)—we simply shift every point of the platinum 
curve to the right by an amount equivalent to 1:09 volts. 
In the same manner the readings for the other curves were 
all reduced to that for aluminium (1) as a standard. For 
the sake of clearness, only the curve for aluminium (1) is 
drawn ; the points determined by the readings taken for the 
other metals, after being corrected in each case as described, 
are indicated but not connected together. 

We now have a series of curves which, relatively to cach 
other, are corrected for the contact difference of potential 
between the metals. It still remains to determine the 
absolute position of these curves along the axis of V. To do 
this, we refer back to section 4 and fig. 4 (Pl. [X.). Here 
if we calculate, from the amount which each curve is dis- 
placed for a given number of volts between C and B, what 
the position of the curve would be with zero volts, we obtain 
the curve (7), the position the curve should occupy if there 
were no stray field making itself felt through C. This curve 
is for a copper-plated box C and an aluminium plate D 
between which the contact difference of potential is 1:02 
volts. Thus if the curve (2) is shifted to the left an amount 
equivalent to 1:02 volts, we obtain (4), which cuts the current 
axis at “46. This calculation was repeated for the other set 
of curves mentioned but not shown in section 4, and the 
average of the two results shows that the curve for an 
aluminium plate should cut the current axis at °39. This, 
then, is the point at which the current axis is cut by the 
“distribution of velocity”? curve for electrons from an 
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aluminium plate, when there is zero contact difference of 
potential between the plate and the perforated box and no 
shift due to stray field through C. 

In fig. 7 (Pl. IX.) the dotted line, ab, cuts the curve for 
aluminium (1) at °39. ‘Therefore if ab is taken as the 
current axis and the point V=0 is shifted to the foot of ab, 
the curves will be entirely corrected for all differences of 
potential, and will therefore represent absolute values of the 
electron velocities. 

It is evident from these curves that the velocities of ihe 
electrons given off by different metals under the action of 
ultra-violet light are at least so nearly equal that the differ- 
ences are very small compared to the total velocities. Yet 
a small real difference seems to exist, for the differences 
between the curves are too large to be attributed entirely to 
experimental error. The fact that some of the curves are 
steeper than others suggests the possibility that the differences 
in the curves may not be due to any inherent difference in 
the velocities of the electrons, but to selective absorption of 
different wave-lengths by the metals. Unfortunately the 
iron arc gives a great range of wave-lengths, but it is hoped 
to investigate this point later bya different method. It may 
also be noticed that these results indicate a maximum initial 
velocity corresponding to about 4 volts. 

7. Electron Reflecion—That the electrons liberated by 
ultra-violet light are reflected to a greater or less degree 
from the surface of the receiving-plate, and that this reflexion 
can be prevented by the use of a perforated screen and an 
auxiliary field, was first demonstrated by O. v. Baeyer * in 
1908. He showed that, by thus preventing the reflexion of 
electrons, the “distribution of velocity ”’ curves are shifted 
to the left. Since that time many investigators have 
adopted this device for preventing reflexion. Ladenburg 
and Markau + used an auxiliary field of 50 volts. But in 
section 4 it was shown that such an auxiliary field produces 
a shift of the curves to the left which cannot be attributed 
to the prevention of electron reflexion. There must be some 
other factor contributing to the shift to the left. 

Tn section 4, evidence was given to show that this second 
factor is the stray field through the perforated screen. It 
was suggested that curve (a), Pl. IX. fig. 4, represents the 
true shape of the “distribution of velocity” curve, and in 
section 6 it was shown that when the shift due to the stray 

* Verh. d. D. Phys. Ges. x. p. 96 (1908). 
+ Phys. Zeit. ix. p. 821 (1908). 
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field and that due to the contact difference of potential are 
corrected for, the curve should cut the current axis at °39. 
It was thought that possibly the shift, heretofore attributed 
to the prevention of electron reflexion, might be entirely 
explained by the stray field. In view of the importance of 
the existence or non-existence of electron reflexion, this 
possibility was investigated, with the results shown in fig. 8 
ele). 1X.). 

The perforated box Cand the auxiliary field were removed 
and the electrons received directly on B. Curve 1 (Pl. IX. 
fig..8) shows the result obtained in this manner. It has 
been corrected for the contact difference of potential between 
D and B. For comparison, curve (a), Pl. [X. fig. 4, after 
being corrected for the stray field and contact difference of 
potential shifts, is shown as curve 2. If the shift heretofore 
attributed to the prevention of electron reflexion were really 
due to the stray field, curve 1 would coincide with curve 2. 

The following conclusions may now be drawn :—(1) The 
evidence in favour of electron reflexion remains unimpaired. 
In the present case it caused a shift of nearly two volts in 
the ‘‘ distribution of velocity”’ curve. (2) By comparing 
fie. 4 and fig. 8 (Pl. IX.) it is seen that an auxiliary field 
of less than 8 volts is sufficient to prevent reflexion. 
(3) When the auxiliary field method is used, besides pre- 
venting reflexion, it causes a certain shift due to stray field 
which may be calculated and corrected for. (4) Of the 
eurves in fig. 4 (Pl. LX.) curve (a) is most nearly the 
shape that is obtained without the disturbing influence of 
the perforated screen. This adds confirmation to the views 
taken in the discussion of fig. 4. 

8. The Shift of the Curves accompanying Photo-electric 
Fatigue.—Photo-electric fatigue is the name given to the 
decrease in the photo-electric activity of a plate as the time 
since polishing increases. It was frequently noticed during 
the preceding experiments that there is usually a shift in 
the “distribution of velocity” curve, sometimes to the 
left and sometimes to the right, increasing with time. It 
has been frequently mentioned in this paper that metals, 
and especially the more electropositive metals, tend to 
become more electronegative the longer the time which has 
elapsed since polishing. Certainly this change in the contact 
difference of potential between the plates will cause a shift 
in the curves, either toward the right or the lett accordingly 
as the electropositive character of the receiving or the 
emitting plate is changing the more rapidly. Is this change 
in the contact difference of potential sufficient to account 
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for the entire shift accompanying photo-electric fatigue ? 
Or does the shift indictate a real change in the velocities of 
the electrons? 

In investigating this question, the aluminium plate was 
used for D and the nickel box for C. As has been previously 
noted, this box had stood unpolished so long as to have 
a practically constant electropositive character. 200 volts 
was used between C and B. The aluminium plate was 
polished only at the beginning of the series of observations. 
Measurements were made of the contact difference of 
potential between C and D, and readings for “ distribution 
of velocity ”? curves were taken at different intervals. The 
results are shown in fig. 9 (Pl. [X.) and Table V. Curves 
(a), (b), (c), and (d) were taken at intervals of 1, 7, 21, and 
31 hours from the time of polishing. Curve (e) shows the 
variation of the contact difference of potential with time. 
Of course curves (a), (6), (c), and (d) do not mean that the 
size of the current was the same in each case. It will be 
remembered that the method of taking the readings causes 
each curve to reach its maximum ordinate at 1. This enables 
the shapes of the curves, and therefore the distributions of 
velocities, to be compared. But actually each curve repre- 
sents a smaller current than does the curve preceding it. 
Curve (jf) is plotted with time as the abscissa and the 
largest deflexion obtained in each case as the ordinate. It 
should give a rough indication of the rate of photo-electric 
fatigue in the present case. 

TABLE V. 

‘Time since Contact difference Shift of Maximum 
polishing. of potential. curves. deflexion. 

1 hr, "90 volt. ‘00 300 Lae 

7 Sl 10 152 

21 of (3) ‘10 148 

31 68 05 aT 

The shift of the curve as the time increases is in the 
direction corresponding to the decrease in the electropositive 
character of the aluminium plate, and the two are equal in 
amount within the limits of experimental error. Thus it 

seems that (at least when the plates have received no ab- 
normal treatment such «s making them the electrodes for an 
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induction-coil discharge during evacuation) the shift of the 
curves with time indicates neither a change in the velocities 
of the electrons nor in the distribution of velocities, but is 
accounted for entirely by the change in the contact difference 
of potential between the plates. It is significant that the 
metals, like platinum and silver, which show the least fatigue 
also show the least variation in contact difference of potential 
and the least shift of the curves with time. It is possible 
that there is an intimate relation between the cause of photo- 
electric fatigue and the cause of the time-changes in the 
contact difference of potential between metals. 

9. Summary.—The results of this investigation may be 
summarized as follows :— 

(1) The electrons moving between the emitting and re- 
ceiving plates are acted on by the force due to the contact 
difference of potential as well as by the externally applied 
field. This effect must be allowed for when making measure- 
ments on the velocities of the electrons. (Section 5.) 

(2) When this contact difference of potential is corrected 
for, it is found that different metals, under the action of 
ultra-violet light, give off electrons with practically equal 
velocities. The ‘distribution of velocity”? curves are also 
nearly identical. (Section 6.) 

(3) The evidence of reflected electrons remains unimpaired. 
(Section 7.) When a perforated screen and an auxiliary 
field are used to prevent this reflexion, there is a stray field 
through the screen which may be calculated and corrected 
for. (Section 4.) 

(4) The shift of the “distribution of velocity ”’ curves 
with time (when the metal has received no abnormal treat- 
ment) is accounted for by the time-changes in the contact 
difference of potential between the emitting and receiving 
plates. (Section 8.) 

In conclusion I wish to express my thanks to Professor 
O. W. Richardson for suggesting this problem and my 
appreciation of his continual interest and help during the 
investigation. 

Palmer Physical Laboratory, 
Princeton, N. J. 

Aug. 5, 1911. 

Phil. Mag. 8. 6. Vol. 23. No, 136. April 1912. 2K 
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LI. Some Applications of the Electron Theory of Matter. By 
O. W. RicHarpson, Professor of Physics, Princeton 
University *. . 

§ 1. Ae parts of this paper may appear to be 
disconnected it is, on the whole, a development 

along the direction suggested by a recent communication to 
this Journalyt. §2 gives the results of an investigation 
undertaken to obtain information about the law of force which 
governs the cclisions of electrons in metals. After I had 
finished this part of the investigation I found that formulee 
identical with those obtained had already been published in a 
Danish dissertation by Niels Bohrt. As, however, Bohr’s 
mathematical methods appear to be different from those which 
I have used, I have thought that a brief account of my caleu- 
lations might prove to be of interest. §3 contains a thermo- 
dynamic calculation of the electronic pressure outside a metal 
which brings the electronic emission into relation with 
thermoelectric phenomena. §4 deals with the reflexion of 
the electrons which strike the surface of a body under con- 
ditions of thermal equilibrium and, by making use of statistical 
principles, deduces certain laws which have to be satisfied by 
such reflexion. §5 is a further development of the theory of 
thermoelectric phenomena. The main point is that there is 
not necessarily any simple relation between thermoelectric 
effects and the free electrons which determine the electrical 
conductivity. ¢6 discusses the role of * polarization” electrons 
in electrical conduction, largely from the point of view of the 
way in which galvanomagnetic phenomena may possibly be 
affected thereby. §7 deals with the application of thermo- 
dynamics and statistical principles to the ethereal radiation 
and photoelectric effects. The close similarity between 
thermionic emission and the photoelectric emission arising 
from the complete eethereal radiation is brought out. Some 
of the consequences of theories of the photoelectric effect of 
the type of Hinstein’s are analysed. Finally certain equations 
are deduced which have to be satisfied by the functions which 
represent the distribution of velocity among the electrons 
given out under the action of light of a given frequency and 
otherwise of definite specification. Some of the results of 
this section are strictly true only for types of matter having 
rather restricted properties. The limitations thus introduced 
are considered. 

* Communicated by the Author. $9 

+ Richardson, Phil. Mag. [6] vol. xxiii. p. 263 (1912). 
{ “Studier over metallernes Elektronentheori.’ Afhandlung for den 

ilosofiske Doktorgrad af Niels Bohr. Copenhagen, 1911. 
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§ 2. [Mectrical and Thermal Conductivity and the Law of 
Force which governs the collisions of Electrons in metals. 

Lorentz * has shown how to calculate the electric and 
thermal conductivities of metals, without ignoring the 
existence of Maxwell’s law of distribution of velocity 
among the electrons, on the assumption that the collisions 
take place with hard immovable elastic spheres. This 
assumption has been made, not because it is especially 
likely to correspond with nature, but because it simplifies 
the calculations. It appears, however, that this restriction 
is not necessary, and that the same‘type of calculation may 
be applied to the hypothesis that the collisions take place 
with immovable point centres of force which act on the 
electrons with a force equal to K/d*, where d is distance and 
K is positive when the forces are repulsive. In what 
follows I shall adopt Lorentz’s notation as far as possible, 
and merely indicate the way in which his calculation has to 
be modified. 

Let n be the number of the centres of force in unit 
volume, r=&, n, € the velocity of an electron, f(&,7, €)d&dndg 
the number of electrons whose velocity components lie be- 
tween £ and &-+dé£, 7 and n+dy, and ¢ and ¢+d€, then the 
number of electrons which leave the group &7 € in unit time 
owing to deflexions through an angle between 20 and 2(0+d@) 
in an azimuth between W and r+ dy is T 

nrflen Qdédndtbdbdy. . . . () 
Here the polar axis coincides with rand 0 is the perpen- 

dicular distance from the centre of force to the originally 
straight path of the electron, and 

2 2 

Me oe) Man A WG) aaa bdb = ( MMe) 2de= (=e) a cle 

where M, and M, are the masses of the particles. Since we 
are supposing M,/M, to be very small, we can put 

(M, + M.)/M,M, = m7}, 

where m is the mass of an electron. The relation betsveen 
@ and @ ise 

a 2 p\ 8—1\ 2 $= fee Y oh @ s—l a 

* “Theory of Electrons,’ p. 267. 
} Maxwell’s Scientific Papers, vol. ii. p. 36. 

2R2 al ~ 
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and «’ is the least positive root of 
n\ s—1 

as eh eS (2) — @) 

s—l\a 

Thus @ is a function of @ and s only. 
Evidently we may replace (1) by 

Kare 1 tet n(—\ mie, 1, )dEdndgadady. . . (2) 

Now consider the reverse collisions which bring new 
electrons into the group. Hach orbit lies in a plane, the 
plane containing 6 and 7, and is symmetrical about a plane 
perpendicular to that of the orbit containing the apsidal 
distance. The magnitude of r is constant throughout a 
collision, the effect being simply to rotate 7 through the 
angle 20. The various components &, 9, € will, however, be 
changed, let us say to &, 7,%’. The new values may be 
written down by making use of the fact that the component. 
of velocity along the apsidal distance has been reversed 
whilst the perpendicular component is unaltered. Thus, if 
=0 is the plane containing r and €, 

B= &€—2F sin? 04 V7? +0? sin 20cosp, . (2a) 

with similar expressions for 7! and ¢’. 
The particles /(£,,¢)d&dnd& may be represented by a 

distribution of points occupying an element of volume 
d&dynd€-in- a three-dimensional velocity diagram. The 
volume dé’ dn/df' occupied by the deflected points will be 
equal to d&dnd€, since the new points may be obtained 
by reflecting the undeflected points in a plane perpendicular 
to the orbit and tangential to it at the apse. Thus, in 
considering the reverse collisions which bring extraneous. 
electrons into the group /(é 7 &) dE dn dé, the only change we 
require to make in (2) is the replacement of f(&,»¢) by 

AEs 0, 6"). 
In this way we arrive at the equation 

a(R e mY fiteene)—M Obadaar = 234 e8E m av 

« oh £ eR 

£ or the stationary state in which / is independent of y and z.. 
The left-hand side is the rate of change of # owing to 
collisions, and the right-hand side that’which arises from the 
displacement of the group of electrons asa whole. Following. 
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Lorentz, we assume that the presence of an electric current 
or a temperature gradient in the metal only causes a small 
variation from the normal Maxwell distribution, and try the 
solution 

FEM, 8) = Ae +E X(r) 
when y(7) is a function of r alone. The reason for trying 
this particular form of solution is that £y(7) contributes 
nothing to the integrals which express the number per unit 
volume and mean kinetic energy of the electrons, which are 
therefore correctly given by 

Neglecting the y term on the right-hand side of (3) as a 
smali correction, we have 

oA Aen [" ("@-pea dy 
PA Tae! ee ee 

une ea? x (7) ( —4Amé sin? 0a dz 
2/0 m 

~ (—24Ax ea a 

x(7) = nes aE 

Aarn (Jor sin? Oada 
0 

Thus ( dA is) pak? 

=o UT ary CON oon 
= kr t (21Ax—S +9 AT) ne (4) 

where Kya 
pt = dm (Sf Silay! (7 93 1 aa eS) 

m : 

The definite integral in (5) is a function of s onlyand may 
be evaluated graphically when sis known. Thus y() does 
not involve a nor w, and only involves &, , € in the combina- 
tion ». It is therefore the solution which we have been 
seeking. ~ if 
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The electric current density is 

2J0 

J=4re\l &y(r)rdr= =r ( ry (1) dr 
0 

2 Tr i+?) 
Qer s—l dA. 1 dh 

= —_ 92 ee putes 3 ke [ 2hAX — a+H(j Arab 

. (6) 
remembering that 

("-serde = T(p+1) = pT(p). 
v0 

The specific electrical conductivity o is e/m times the 

coefficient of X in (6) when da. and ih are zero. Thus 
dx dx 

c= k- ~ 3A. 

The thermal current density is 
tm 9 oO 

Wa 2m | By (r)edr = = m{ r(x) di 

1B (= + 3) | 
hm fenax—0+(S, *) baal 

h dz 
ps- 

To find the coefficient & of thermal sondnouiitee we a 
to substitute in (8) the condition that the electric current J 
is zero, or 

1 dh 

2tAX— = (45+ oar e. 

We also have | 

| Ldh_ _ 146 
hdx” Odx 

The coefficient T of thermal an ent is therefore 

T km 
T= SAM i Oe ae a "dig e e e e ° (9) 

hs-1 
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The ratio of the thermal] to the electrical conductivity is 

+ 2 

ps pelo a ees toe CLG) 

if R is the constant in the equation pv=R@ reckoned for 
one molecule of any gas. 3 

The calculations may be checked by putting s=«. In 
that case the collisions will be like those between hard elastic 
spheres. On making the substitution, the formule for a, 
T, and T/o are found to be the same as those obtained 
by Lorentz, when the difference in the measuring of the 
constant & is allowed for. 

The fact which makes these calculations of interest is the 
known experimental result that the value of T/o is pro- 
portional to the absolute temperature @ and is almost 
constant at constant temperature for all the pure metals 
that are good conductors of electricity. This value is very 

2 

nearly equal to 36. It follows, in the case of such 

metals at any rate, that oats = 3 very nearly: whence 

cS 3. 
We therefore conclude that the collisions of the free 

electrons inside metals do not occur with hard elastic spheres 
but wita centres of force ; and that the force exerted on the 
electrons varies as the inverse third power of the mutual 
distance. ; 

Some of the metals, notably iron and bismuth, have values 
of T'/o which are considerably above the normal. The 
question arises as to whether the law of force is different in 
these cases. I think the most reasonable hypothesis to make 
is that the law of force is the same in alli cases, unless quite 
definite reasons can be adduced for abandoning such a 
position. Now the exceptional elements are either such 
as have very small electrical and thermal conductivities, or 
are elements which are difficult to obtain in the pure state in 
a suitable form for experimenting with. In the case of bad 
conductors the theory will be in error, because we have 
neglected the transference of heat of the type which occurs 
in electrical insulators. This would make the calculated 
values of T/o less than the observed values. On the other 
hand, it does not seem advisable to pay much attention 
to the value of T/o for metals whose purity is under 
suspicion, as there is something about alloys—possibly the 
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thermo-electric resistance suggested by Lord Rayleigh— 
which causes them to have a high value of the ratio. 

It is of interest to note that this is not the only line of 
reasoning which leads to the inverse third-power law of force 
for the collisions of electrons in metals. Sir J. J. Thomson * 
showed, from his calculation of the emission of radiant electro- 
magnetic energy from hot metals, on the assumption that it 
was due to the acceleration of the free electrons, that for 
Stefan’s law and Wien’s displacement law to be satisfied, it 
was necessary that the law of force during collisions should 
be the inverse third. Thomson also obtained a formula for 
the radiation of given frequency, which resembled Planck’s 
formula in the case of both high and low frequencies. From 
a comparison of the constants it was possible to deduce the 
strength of the centres of force. Jeans f has confirmed 
Thomson’s result so far as the inverse third-power law of 
force is concerned, but has raised the objection that the 
centres of force are so strong that the electrons would never 
get as near to them as it is known, on other grounds, that 
they must be all the time. This objection would not seem to 
hold if the centres were attractive or, like doublets, attractive 
in one direction and repulsive in another. The calculations 
in these cases, however, are much more complicated, as it is 
necessary to take into account the electrons which are 
executing closed orbits. 

From the magnitude of the electrical conductivity we may 
obtain an estimate of the strength K of the centres of force. 
Putting s=3 in formula (7) we find 

O79 N & RV"? @3 
ae ce) 

{ sin? dada 
0 

CoC = =e MC | ae 
373/27 n W\m 

where N is the number of free electrons in 1 e.e. 

- Thus 

2/V2N (vR\? 2 g K == ce) = (12) 
ae sin? d a da crs 

where v is the number of molecules in 1 c.c. of a gas at 0°C. 
and 760 mm. pressure. 

When s=3, I find 

oy 7/2 bh cos? Wh dw 2 Ae pol Sth ise { sin? dada = 47 \ (ay)? 396... (Ea) 

* Phil. Mag. vol. xiv. p. 217 (1907) ; vol. xx. p. 238 (1910). 
Tt Phil. Mag. vol. xx. p. 642 (1910). 

— 
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Thus all the quantities on the right of (12) are known 
except Nand n. The best estimates indicate that for the 
good conductors N is a moderate fraction of the number of 
atoms p in unit volume of the material. Let us put N=yp, 
then y probably varies between 0:1 and 0:5 for the different 
good conductors. Nothing is known of the structure of the 
centres of force: they may either be atoms or subatomic 
structures, but it is unlikely that they are polyatomic. If 
we put n=6p it is probable that 6 will have unity as a lower 
limit. 

Let us apply formula (12) to the case of silver. Sub- 
stituting the values c=6x107+ e.m. unit, vyR=3°72 x 10° 
ere ©, vii Ome em, )e — 16 x 102° em.) unit: 

ei ©. and (sin? dh a da ='396, we find 
0 

°K = 85x10, PLY Re RYE CAD 

From the constants in the radiation formula, Thomson 
estimates K as 2x 107*, while Jeans gives 3x 10777, Thus 
these very different methods of estimating K lead to quantities 
of the same order of magnitude. 

Substituting the mean 2°5x10-?7 of the two radiation 
estimates of K in (14), one finds 6/y=34. If y= for 
silver this would give 6=11, indicating that the centres 
of force are subatomic structures. A similar conclusion 
results in the case of the other good conductors. 

There is a superficial inconsistency in formula (12), inas- 
much as o is known to be proportional to @~' for the pure 
metals. However, N probably varies with 0, and very likely 
nalso. ‘The elementary theory of the Thomson effect leads 
to the view that N«@t#?2, which would make ox @ if n 
were constant. It is probable that the N which occurs in 
thermo-electric phenomena is not the same thing as the N in 
equation (12). (See § 5.) 

At the very lowest temperatures, according to Kammerlingh 
Onnes, the electrical conductivity of metals becomes enor- 
mously high. According to the present theory this would 
mean either that the number of the centres diminishes 
greatly or that their strength K becomes very small at these 
temperatures. 

$3. The emission of Hlectrons from Hot Bodies as a function 
of Temperature. 

In 1901 * the writer showed, from considerations similar 
to those made use of in the kinetic theory of gases, that the 

* Camb. Phil. Proc. vol. i. p. 286. 
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number N of electrons emitted in unit time from unit area of 
a hot body at temperature 6 was given by the expression 

“RA >—w/Re 

gee 5... ee 
2m 

where n is the number per unit volume of the free electrons 
inside the material, m is the mass of an electron, @ is the 
work it has to do in order to escape, and R is the constant in 
the equation pv=Ré@ reckoned for a single molecule. If it 
is assumed that n is independent of the temperature, it. 
follows that the negative thermionic saturation current 7 
from a hot body is of the form 

i= Agee ae 
where A is independent of temperature. 

Formula (15) has been deduced theoretically in an inde- 
pendent manner by Sir J. J. Thomson®* and other writers, 
and there seems to be no doubt that it is accurate to the 
extent to which n has a precise meaning, a point which will 
be considered in § 5. The point of chief interest in the 
discussion in this section is that it relates the emission of 
electrons to thermoelectric effects. 

The following calculation is very similar to a method of 
computing the value of the Thomson effect which I described 
in the ‘ Philosophical Magazine,’ vol. xxiii. p. 263. It assumes. 
that the emission and absorption of electrons and the Thomson 
heating effect are reversible phenomena subject to the laws 
of thermodynamics. It also assumes that the electrons 
outside the conductor obey the law of a perfect gas, pp=R@. 
Admitting these hypotheses, the conclusions as to the equi- 
librium pressure of the external electrons appear to be exact. 

Consider two conductors, A and A’, made of the same 
material and maintained at the absolute temperatures 0 
and 6’. These are of sufficiently great size and are connected 
by a thin conductor. The atmospheres of electrons around 
them are separated by a suitable insulating partition. If 
contact difference of potential depends upon temperature, 
the potential V’ at the surface of A’ will not be the same 
as the potential V at the surface of A. Around A place a 
potential filter at the potential V’+. No electrons are then 
taken out of A by means of the usual piston and cylinder 
arrangement at temperature 0, potential V’,and pressure py. 

* Phil. Trans. A. vol. cci. p. 502 (1908). See also H. A. Wilson, 
Phil. Trans. A. vol. ccii. p. 2483 (1904), and P. Debye, Ann. der Physik, 
vol. xxxili. p. 469 (1910). 

+ Cf. Phil. Mag. vol. xxiii. p. 263 (1912). 

N=n. 
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Po is the pressure outside the potential filter. It is not the 
vapour-pressure p of the electrons just outside the surface 
of A. By the gas laws the relation between p and py is 

e(V’—V i 
log Po = og P— a, Breet) ACs ine) ate (17) 

where ¢ is the charge on an electron. The Ng electrons are 
then caused to expand adiabatically to the temperature 6. 
The expansion is continued isothermally at 6’ to the pressure 
p', which is the equilibrium pressure of the electrons outside 
of A’. They are then allowed to condense in A’, and finally 
to run down the connecting conductor to A. Since the 
conductor varies in temperature from point to point, they 

9 
will absorb heat in it to the amount Noe) od, where @ is the 

specific heat of electricity. 

The equation (a = 0 gives us 

! me ’ ! 0 wte(V EMI ARO Rog? (Ea +e Fao = 0, 
6 0 po\t 9 

where w and w’ are the internal latent heats of evaporation 
of the electrons at 6 and @ respectively, and ¥ is the ratio of 
their specific heats at constant pressure and at constant 
volume. 

Substituting from (17), 

! () 

ee +R} log p—log p'— x (log 4-+log 8')} +e 70 =0, 
ood a 

or 

al cones (aaa 7 log p og 0+ tot) 90 = As Seo) 

where A is independent of 0. 
The exact relation between the equilibrium pressure of the 

external electrons and the temperature is therefore 

ve ae 

pa Aneiewnomany gi 28 227%... (90) 
where A, does not involve @. 

In the case of lead o is extremely small, so that we may 
put 

bets peed 

DictiGetopeey ss ss so CD 

In fact, in the case of all the commoner elements o is 
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so small that the difference between this formula and 
equation (20) is almost negligible. If an electron has only 
three degrees of freedom y=5/3, so that 

p=A Ore . .. , | ames 
In (21) and (22) A, and R are independent of 0, but the 

same is not true of w. It is difficult to say how w will 
depend on @, but it is practically certain that it will do so. 
The expansion of the material alone would change the value 
of w. If the variation of w is small, it could probably be 
represented with sufficient accuracy by making w a linear 
function of @. Such a property of w would make no change 
in the form of (21) and (22). For if we substitute 
wW=Wy+a0, where wy) and a are constants, in (21) we have 

fe et Die MORE) 
i) ee GO at ou 

i AES 
= A,Oi-l¢ 2 . | | ele 

_ where A, is independent of 0. 
Thus (23) is of the same form as (21). In order to 

change the power of @ which multiplies the exponential 
factor in equations (20) to (22), it is necessary that w should 
contain a term proportional to @ log 0. 

In order to deduce the value of the saturation current from 
the equilibrium pressure, it is usual to suppose that the 
number of electrons emitted is equal to those returned to 
the metal in a given time. This state of affairs holds good, 
undoubtedly, under such conditions as give rise to an equi- 
librium pressure, but it is questionable whether the number 
calculated in this way is equal to the saturation current. In 
fact experiments have shown that a considerable proportion ° 
of these slowly-moving electrons are reflected when they 
strike the surface of a metal ; so that the number calculated 
in this way will be greater than the saturation current. We 
do not, as yet, know enough about this phenomenon of 
reflexion to be able to make proper allowance for it. If we 
leave it out of account tentatively, we may put 

p = aN@ = Bié’, 

where « and # are independent of temperature. We then 
find 

; = A, Ge Bel iy ee 
In this formula A; is independent of 0, and the form of the 
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function will be unaltered if w is any linear function of @. 
The experiments have generally been taken to indicate that 
2 is of the form given by (16) rather than (23 a) ; but I am 
not convinced that any of them are accurate enough to 
distinguish between the two expressions with certainty. 
By comparing the terms involving @ in equation (20) and 

in equation (51) below we see that 

Uma R Ow 

Dray y—-1l 00S’ 

and also since eo is small compared with 
Ow 
Y, is very nearly equal to R/(y—1) or to 2 R, if y=5/3. 

(24) 

R i it follows that 

§4. The Reflexion of Electrons at the surface of Conductors. 

Let us consider the atmosphere of electrons which surrounds 
any conductor, and let us define the group of electrons which 
strike unit area of any surface indefinitely near the conductor 
in unit time as an aggregate. A little consideration will 
show that the reflexion of aggregates possesses properties 
similar to Stewart and Kirchhoft’s laws for the complete 
electromagnetic temperature radiation. 

Jf the electronic equilibrium pressure is p, then, as we have 
seen, 

where n is the number of electrons per unit volume of the 
atmosphere. The number of electrons which strike unit area 
of any surface in unit time is 

ioe) 4,2 

Ni { he oe .v.w)dudvdw = | 0 

Les Gea 
e Ro RJ, 0 (25) 

1 1 Ly eeavere 

= p(2armR) *0-* = A.(2a7mR) 767-1 * 

This is also the number of electrons emitted in the same. 
time by the same area of a perfect absorber (2. e. a substance 
which does not reflect electrons) at the same temperature. 

If the body is not a perfect absorber, then some of the 
above N electrons will be reflected by it. Let the proportion 
be », Then the number actually absorbed by the conductor 
in time d¢ is (L—r)Noé¢. Let the number emitted by the 
same surface in time ot be eNét. Then the equilibrium 
condition gives 

Gare Mee as 8 eo ABD 

Thus the emissivity (compared with a perfect absorber) and 
the reflecting power are complementary. 



606 Prof. O. W. Richardson : Some Applications 

A relation of type (26) holds not only for the complete 
aggregate but for each individual range of velocity or 
momentum used in specifying it. Thus if e(u.v.w)dudvdw 
represents the number of particles emitted in unit time with 
velocity components between wu and u+du, v and v+dz, 
wand wt+dw, r(u.v.w)dudvdw the number of similar 
particles in the reflected group and N(u.v.w)dudvudw the 
corresponding thing for the incident aggregate; then 

e(u.v.w) = N(u.v.w)—r(u.v.w).. . (26a) 

If this equation were not true, the character of the 
statistically steady aggregate would change with time. 
Now 

Ni 30. Ww) = NegiGrcec): 

where f is a probability expression calculable from Maxwell’s 
law. 

Both theory and experiment point to the conclusion that 

E(w) eNews 

whence it follows that 

Bo (Qhigit) 10) — 7 Ney (Or een) 

Thus the group which arises by the reflexion of a disordered 
aggregate is itself disordered, or the process of reflexion 
is of such a nature as to transform the velocity distribution 
of the incident aggregate into the same distribution among 
the reflected group. 

This relation may be expressed somewhat differently as 
follows :—If n is the number of electrons per unit volume 
of the surrounding space in the state of equilibrium, then 
the number striking unit area of surface in unit time with 
velocity components between wu and w+du, v and v+dz, 
wand w+dw is 

fa ee ee 
n ue Pmw ret) day dy dw 

T 

if w is normal to the surface. Out of this group let the 
proportion reflected with velocity components between uw, and 
ujytdu, be F(w.v.w.u;) du, the proportion with velocity 
components between v, and v+dv, be G(u.v w.v,) dy, and 
the proportion with velocity components between w, and 

w,+dw, be H(u.v.w.w,) dw, ‘Then in the steady state 
at the temperature corresponding to # the total number of 
electrons reflected from unit area in unit time with velocity 
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components between w, and w+ du, 1s 
ke 3/2 ao ;'a co e 

n(Z) ans | J Fluo. u)uerinet du de die 
(0) —-r UV —O 

But, as we have seen, this is also equal to 

sau 0 10 oo) km 3/2 a aie mos 

r.du,.2kmuye~*™ n(— ) ue emcee t+) dududw. 
7 

0 coe — 

Thus F(u.v.w.u;,) has to satisfy the equation 

(22) @ ice) 

3) 2D 1 ¢ ; 5 ° 

i} { { aes hae) F F(u.v.w.u) — Bhima eH | dudvudw = 0. 
0 —De/ —O . . (260) 

G(w.v.w.v,) and H(w.v.w. wy) satisfy equations which 
only differ from (26) in that the expression in brackets is 
replaced by 

1 , km\1? —kmv,2 ; Gon. n.w.n)—(“") é 

in the one case and 

Le km\'? 
— Htu.v.w.w,)— en" en bmw? 1 
i T 

in the other. Each equation is true for all values of w, v,, 
and w, respectively and of &. 

The rate at which the conductor gains heat, and the force 
acting on it in any direction, owing to the ae ity of the 

electrons, may be represented by integrals of the type 

{a [N(u.v.w) —r(u.v.w)— e(u.v.w)|dS .dudvdw, (27) 

where Q is kinetic energy in the first case and momentum 
in the second. All of these vanish, as they should, by virtue 
of (26 a). 

' Jn an enclosure sentetinnie different bodies in thermal 
equilibrium, N will be different near different bodies on 
account of the contact difference of potential. The con- 
siderations just brought forward show that the occurrence 
of reflexion of the alectr ons does not aftect the conclusions as 
to the nature of the ensuing equilibrium which were drawn 
in my previous paper. The effect of electroma enetie radia- 
tion and photoelectric action will be considered in a later 
section. 
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$5. The Electron Theory of Contact Electromotive Force 
and Thermoelectricity. 

In the former paper the writer has shown how the relation 
between the contact electromotive forces and the various 
thermo-electric constants of substances, on the one hand, and 
the number and potential energy of the internal free electrons, 
on the other, may be determined. The development there 
given involves the implicit assumption that the internal 
electrons in any one substance may be treated as if they all 
possessed the same potential energy. It also involved the 
assumption that the heat liberated where electrons enter a 
metal is equal to the difference in their potential energy 
before and after condensation. The results of §2 of 
the present paper show that so much simplicity is not 
warranted by the facts; though it may well be that the 
supposedly characteristic constants n and w of the previous 
discussion may be replaced by suitably formed average 
values. A more complete theory of these effects will now 
be given. 

The state of the electrons at any point of any system is 
defined by the average number v per unit volume at that 
point at any instant, by the average potential energy w of 
the electrons at that point, and by the temperature 6, which 
is proportional to the average kinetic energy of the electrons. 
We may imagine the interior of any conductor to be mapped 
out by means of the level surfaces of w. The distribution of 
these surfaces will be definite and characteristic for each 
conductor. At points just outside any conductor » takes 
the constant value @ . In the state of equilibrium the 
values of w, are different and characteristic for different 
conductors. 

This additional complexity will not affect the result which 
we have imported from the dynamical theory of gases, 
namely, that at any point in a system in equilibrium at 
temperature @, 

dn =vdr= Key ds...) ae 

where dn is the number of electrons which participate in 
thermal phenomena in the element of volume dz, and K is 
constant throughout the system, being a function of @ only. 
We shall now consider the formule which determine the 

equilibrium between the external free electrons and the 
internal electrons which can become free. Confining our 
attention to a single conductor, consider first the special case 
in which there are a finite number p of finite internal regions 



of the Electron Theory of Matter. | 609 

each characterized by constant values vy, @; 7]...Vp @p Tp: 
Then if vp @p T) are the values of the corresponding variables 
just outside the conductor, we have 

—_—., = — => So >|; a 
e7 0/R? K e~1/R@ €~ &p/Re > re7 0/ Re’ ( ) 

where 7 is the total number of electrons which can become 
free which are present in the system. In general it will 
only be possible to regard » as having a constant value over 
a region of infinitesimal volume, so that 

Yon ene nin n 
e72/RO ~ 9— o/RO dr Pa\en Reda, : 

(28 b) 

where the integral is taken throughout the entire volume of 
the system. If we regard wp as a fixed constant, 

Doran iene MOR chr, RU Mpc magd (2.00) 

If we consider a system containing more than one body in 
a state of equilibrium, the steady (contact) differences of 
potential will be given by equations of the type 

€( Vn — Vp) = @om— op, Py banner mabey EN eae (29) 

where wo, denotes the potential energy of an electron just 

outside the mth body. 
The next step is to calculate the absorption of heat when 

electrons are allowed to evaporate from a conductor. Con- 
sider the conductor to be surrounded by an insulating 
boundary such that the volume of the space between the 
conductor and the boundary is v. Jf the boundary is dis- 
placed so that the volume increases by dv, work pdv will be 
done by the equilibrium pressure, p, of the atmosphere of 
electrons. The increment dS in the entropy of the system 
will be 

il 
US = a (Wee nduyy uy ieee (80) 

where Demers. (BL 
Ji J we oR dr er eed. Nee f Coan 

and ime | CBS) 

nis the total number of electrons in the system which can 
become free, and the integrals in J are extended throughout 
the system. Since n is constant it follows that when the 

Phil. Mag. 8. 6. Vol. 23. No. 136. April 1912. 28 
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volume is increased by dv the heat abstracted is 

1Q = 848 = do(n 9 +yR0). . ae 

The value of Be which we require is the limiting value 

which obtains when v is infinitesimal compared with 7, the 
volume of the conductor. We have 

—w/R@ : —w/RA j —w/RO Dh pewheg dt = \ we dr+ py@e dtr 

Teta0— To rallddr yee Mdrt fede 
Haceeae dt + 8v a e7°0'%? 

Thus 

aI 1 
ae —_ Lt, 9 < {Je4gv—-Ur} ol 

eee? aa 

and from (3) 

fo o—d}, 

noe = ViGo—d). «ee, ee 

By comparison with (10), the loss of heat which accompanies 

the escape of one electron is 

dQ 
wale = O—J +R. . e ° (36) 

Moreover, since § is a perfect differential, 

io ic oe" (=) 
Ov 00 v OO Ov Q 

and by using (9), 

: J Reo” = noe — v(@y—Jd ). ees = ee: (37) 

Hence 
Uo—J ee 1 

v= aot) we ae Ao wee OD 5 08 

where A is a quantity, characteristic of the material, which 

does not involve @. 
To determine the Peltier effect P we only need to consider 

a reversible isothermal cycle involving two different con- 
ductors. Let the suffixes 1 and 2 be used to distinguish the 
various physical quantities which relate to the separate 
materials, the notation being otherwise as before. Let eV, 

be >eV,. Surround the first conductor by a potential filter, 



of the Electron Theory of Matter. 611 

as before, maintained at Vo. This will reduce the pressure 
of the electrons from p, to p,° and will change their potential 
energy from eV, to eV, but will not affect their temperature 0. 
The cycle consists in evaporating N electrons through the 
potential screen. The work done is NR@ and the heat 
absorbed is, by virtue of (14), N| (w—J)i+ e(Vo— Vi) + RO]. 
Next expand at 6 from p,° to pg. The work done and heat 
absorbed are each equal to NR@ log (p,°/p2). Next condense 
at V, and p, in the second body. The work done is ~NRO@ 
and the heat absorbed is —N[(@)—J).+R6]. During the 
flow along the wire connecting the conductors there is no 
work done, but there is an absorption of heat NPe at the 
junction, where P is the Peltier effect. The total amount of 
work in this isothermal reversible cycle is NR@ log p,°/po ; 
so that p,°=p,. The total absorption of heat is 

0 
N | (oI) +e(V2—-V) +RO+R¢ log : (#)—J),—RO+Pe |, 

2 

and since @o1 — Wyo =e( Vi — Vo) 

we have ep ia Jig (ie fe a Vg SS) 

The expression for the Thomson effect (specific heat of 
electricity) may be obtained by considering a cycle which 
differs from the foregoing in that there is now only 
one conductor but its ends are maintained at different 

temperatures. By applying the equation oF =0 to the 

same set of processes as were considered in the elementary 
theory, we arrive at the equation 

p ( is 7 a9 Ate re) oat) 
ol 0 0 

ue 2g Ry ie Go pee ae I log y= 

The dashed quantities refer to the temperature 6’ and the 
undashed to @, the notation being in fact the same as before. 
From the conditions of equilibrium among the electrons in 
the parts of the system which are at the same temperature 
we have 

AVC ees VW > 
log p,° = log p,—e— 1 

oD P1 Pi R84 9 | 

/ Hf n,/RO 1 
log p ' — log —— =i ||QOs @~ (@—@)/RO 

ul mk tt: ATH 7, dr, c 

n, REO ian | 

log py = log — —°—log =F emo e)/RO Jer, 
Ty T1 Jr, 

Ae 
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whence 

\ peat — R log [n,' Ans ee dal 

R 6 
| aR log ae mee (3) = 0. 

Thus } 

(a0 7+ Blog KS losiG) see 
0 p 

where A is independent of 0, and K=n+{ e “R§dr is a 

function of @ but is the same for all substances. Differ- 
entiating by 4, we have 

pl oy ) aes +00,(G-RlogK)|. . . (40) 

This equation is ae ala (24) since w=a,—J by 

(36), log K = log Vt ae by (286) and Re 2 = v(@)—J) 

T of a circuit by (37). For the thermo-electromotive force 
we have . 5 

Te Pp Pian (Ge oye: 
e/ % 

Thus, in virtue of (17) and (21), since K is independent of 
the material, 

Te = Jd J,4(" pe aa d0 do 
6 aut 

= (540, ee 
% 

and the thermoelectric power of the circuit is 

or  1dJi—J,_?P 
06 ca Be 6 = 6 ° ° a: Sie ° (42) 

(23) is derived from (22) by differentiating by @ and 

dropping the suffix. 
Since y= Ke- wR we have 

{ <1 RO log K—R@ log vi dr | 

I= 

{ ie | 

: 43), 
eReloe he vlog vdt sa 

= Ré@ log K—— } lo TH yt | ig 
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whence 

i dn if dn 
Pe = J,—J, = RO {af Tem, | los inet } (44) 

and 
UM raedes) nih ee an 

Thus the formule of the more complete theory only differ 
from the formule of the simple theory, which treats the 
interna! free electrons (vy, per unit volume) as if they were 

all alike, by the substitution of a log dn for logy. 
We) 227. 

In the new formule n, is the total number of electrons 
which can become free which are contained by the conductor 
considered. 

The present theory removes a number of contradictions 
with experiment which the simpler theory exhibited. In 
particular there is no reason to expect any very close 
connexion between the Peltier effect and the difference 
in the electrical conductivity of the substances concerned. 
Keenigsberger and Weiss™* have recently shown that the 
Peltier effect at the Junction between a very poor and a very 
good conductor is not in general of exceptional magnitude 
and in some cases is in the opposite direction to that required 
by the simple theory. The present theory requires that not 
only those electrons which are free, in the sense that they can 
‘take part in conveying the current, should be taken into 
account, but also those which are potentially capable of 
entering this class by means ot the dynamical actions which 
actually occur. There may be a large number of the latter 
in the very worst conductors, and there is, so far as I am 
aware, no way of determining the integrals which occur in 
(44) except by thermoelectric and thermionic measurements. 
Similar considerations apply to the large Peltier effect which, 
as Sir J. J. Thomson pointed out, should, on the simpler 
theory, be found to occur between the liquid and solid phase 
at the melting-point. An argument from phase-rule con- 
siderations may be used to prove the equality of J, and J, 
for the two phases in equilibrium ; but as I am not sure that 
such an application of the phase rule is legitimate, I do 
not wish to press this point at present. At any rate there is 
no reason to expect a large Peltier effect in this case, and 
the experiments of Wiedemann, Cermak, and others have 
shown that any such effect, if it exists, is exceedingly small. 

* Ann. der Physik, vol. xxxy. p. 1 (1911). 
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The foregoing formule are, naturally, consistent with the 
results of Kelvin’s theory of thermoelectric phenomena. 
The more general theory does not make any vital change in 
the conclusions about contact electromotive force to which 
the simple theory led us. 

As regards the relation between thermoelectric effects and 
electrical conductivity, the natural assumption to make would 
be, that whereas both the electrons which execute closed, and 
those which execute open, orbits play a part in thermoelectric 
phenomena, conductivity is only concerned with those which 
execute open orbits. 

§ 6. Polarization Electrons and Galvanomagnetic 
Phenomena. 

A point which deserves mentioning is the part possibly 
played by polarization electrons in metallic conduction. It is 
likely enough that in the interior of the metal there are a 
number of electrons which behave in a similar manner to those 
ina dielectric. In that case there will be some regions in the 
interior where the part of the electric intensity which reverses 
with the external electromotive force will be greater and others 
where it will be less than, the average. It is even likely 
enough that the sign of the electric intensity will be reversed 
in some parts. Such a state of things might make a good 
deal of difference in the electrical conductivity and also 
in the magnitude of galvanomagnetic effects. Whether they 
would be important or not would depend on the strength of 
the polarization and the ratio of the linear scale of its parts 
to the free path of an electron. 

As an extreme illustration we may take the mean free path 
to be small compared with the scale of the polarization. Let 
us suppose that the structure of the medium is so simple that 
we may divide it up into two classes of regions, A and B, in 
one of which (A) the electric intensity is X, and in the 
other (B) it is X,=aX,. Let n, and n, be the average 
number of free electrons per unit volume, T, and T, their 
mean free times, oT, and 6T, the alterations of T, and T, 
produced by a magnetic field, 8, and 8, the average areas of 
cross-section per unit area of an intersecting plane, and a, 
and a, the average lengths per unit length cut off a line by 
the two classes of regions. In each case the suffixes refer to 
the corresponding class of region. The simple type of 
electron theory, which assumes all the electrons to have the 
same velocity of agitation and all those of the same class to 
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move for the same time between collisions, leads to 

payee it ee mS,T, + an Sols 

2m ay + aay (46) 

Yo _ _ Le mSTP+an,SsTy? ne 
Hy)Xo eh D m ND 14 ie an Sel’, ) “ae cet vet ai one 

oR 7 a Hot(m 80° + an,SoTy*) —(m8,6T
, + angS.6T>) 

R mS, Ti tans, (48) 

Here a is the specific electrical conductivity, Yo/HoXp is the 
Hall coefficient, and 6R/R is the change of resistance in a 
transverse magnetic field Ho. 

The point of chief interest is that, as a may very well be 
negative, the sign of the fraction in (37) might easily be 
determined by the value of the ratio T,/T,. Thus we havea 
means of accounting for the oscillation of sign of the Hall 
effect in the non-magnetic metals without having recourse to 
magnetic perturbations. On the other hand, we should 
rather expect oscillations in 6R/R if this is the explanation 
of the apparent instability of the Hall effect, unless the 
T’ terms are swamped by the 6T terms in (88), which, as 
Hj. P. Adams * has pointed out, may easily happen. 

{ do not think that formule (46) to (48) should be taken 
as more than illustrative. The current evidence indicates 
that the mean free path is larger than the probable scale 
of the polarization structure. Moreover, formula (46) 
would seriously disorganize the law of Wiedemann-Franz- 
Lorenz. It seems probable that considerations of this kind 
will enter as corrective terms of the main factors. They 
may be of especial importance in the calculation of the 
conductivity for periodic electromotive forces. 

§ 7. On Photoelectric and Related Phenomena. 

We shall now consider the conclusions to which we are 
led when we apply statistical and thermodynamical principles 
to photoelectric phenomena. In the preceding paper I 
considered the state of equilibrium which results when we 
have a number of different material substances in an in- 
sulated enclosure, on the assumption that interchange of 
energy and electric charge between the different bodies and 
the surrounding space and each other could take place in 

* Phys. Rev. vol. xxiv. p. 428 (1907). 

ete a lS — a ne Ae el ee — ie 
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virtue of electric and thermal conduction and thermionic 
emission. ‘The result of that investigation may be summa- 
rized in the statement that at any point inside the enclosure 
where the time average of the potential energy of an electron 
is m and the time average of the number of electrons per c.c. 
is n, then 

RO log m-po= Ca ee Ue ai (49) 

C is constant at every point inside the enclosure but may 
be a function of temperature. In general there will be a 
steady average field of electric force inside the enclosure 
dependent upon the natural contact difference of potential of 
the enclosed bodies. Thus n will vary from point to point 
of the space of the enclosure as well as in the interior of the 
material bodies. 

Now electronic emission is not the only means of inter- 
change of energy and electric charge between bodies not in 
contact which is universally operative. To it we must cer- 
tainly add electromagnetic radiation and in all probability 
photoelectric action as universal properties of matter. It 
inay seem strange to those unfamiliar with the phenomena, 
thus to postulate the universality of electronic emission. A 
little consideration, however, will show that in its relations 
to matter and to temperatur e, electronic emission is 1m pre- 
cisely the same general position as electromagnetic ‘ethereal ” 
radiation. All bodies radiate eethereally in a_ perceptible 
manner at high temperatures just as all bodies, being con- 
ductors of electricity, emit electrons under similar conditions. 
At ordinary temperatures most, but not all, bodies cease to 
emit electrons in measurable quantity just as many trans- 
parent bodies cease to emit ethereal radiation in measurable 
quantity. The difference in this respect is exaggerated by 
the more rapid temperature variation of the electronic as 
compared with the ethereal emission. The really important 
difference is that the electronic radiation is aftected by a 
field of electric force, whereas the ethereal radiation is not. 
This causes the electronic radiation from an isolated body 
very rapidly to become infinitely slow, whereas there is no 
such effect on the ethereal radiation. 

In general, then, we have to consider interchanges to be 
taking place by virtue of conduction, electronic emission, 
eethereal radiation, and photoelectric action. Any perfectly 
reflecting enclosure containing real bodies in thermal equi- 
librium will be filled with ethereal radiation which will give 
rise to photoelectric emission. The enclosure will, therefore, 
contain an atmosphere of electrons even when the materials 
have no thermionic emissivity; if we keep the term thermionic 
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emission for the direct dynamical escape of the electrons in 
virtue of their kinetic energy exceeding the work of the 
surface forces. It will not necessarily be possible to dis- 
tinguish, by statistical or thermodynamical methods, between 
the photoelectric or thermionic origin of the electrons. We 
shall therefore try, first of all, to find out what we can 
about the nature of the ethereal radiation and of the atmo- 
sphere of electrons in the statistically steady distribution 
without considering their origins. 

In the first place, the complete ethereal radiation will be 
identical in constitution at every point of the enclosure. 
This may be shown by bringing the enclosure into connexion 
with any other enclosure at the same temperature. ‘The 
zethereal radiations may be allowed to intermingle by opening 
partitions provided with optically transparent diaphragms 
which prevent the flow of electrons. If there is any net 
transference of zthereal energy under these conditions, the 
system may be made to violate the second law of thermo- 
dynamics. The equality which thus follows holds not only 
for the energy of the complete radiation, but also for each 
range of wave-length, for each plane of polarization and for 
each direction of propagation; as may be shown by inserting 
known devices for limiting the waves transmitted. As the 
equivalence holds independently of the shape and contents 
of the enclosures and of the position of the point of contact, 
it follows that the transmissivity of the complete ethereal 
radiation is identical at every point and that its nature is 
determined solely by the temperature. Thus Stewart and 
Kirchhoft’s conclusions about the nature of the ethereal radia- 
tion are unaffected by the occurrence of thermionic and 
photoelectric emission. 

For the present I wish to avoid discussion of the vexed 
question of the nature of the interaction between the material 
parts of the system and the ethereal radiation and to confine 
my remarks to the conclusions which may be drawn from 
the existence of a statistically steady condition of the ethereal 
and electronic radiations. The immediate problem may be 
thus stated:—An isolated system contains a certain amount 
of energy. This is divided between the ethereal vibrations 
and the material part of the system in a way which is per- 
fectly definite but which we leave undetermined. ‘There is, 
therefore, a definite but undetermined amount of energy to 
divide among the electrons and the other material portions 
of the system. The problem which we require to solve is, 
how is the energy divided among the electrons under these 
circumstances ? 
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The true answer will be given if the radiation is entirely 
ignored. For, if we compare the two states when the radia- 
tion is present and when it is not, in the former case every 
particle which has lost energy by radiation will be compen- 
sated for by another which has just gained an identical 
amount from the radiation. Thus the two cases are statis- 
tically identical except for the energy of the ethereal radia- 
tion, and the problem becomes the well-known problem of 
statistical mechanics. ‘The solution is 

dn= A e~ @th)/RO dxdvgdaz;dpdpodp3;, . (49a) 

where dn is the number of particles whose coordinates lie 
between wz, and z,+d2, &., and whose momenta lie between 
p, and p,;+dp, &c.* A is constant throughout the system, 
and may be determined in terms of the total number of 
particles (electrons) by integrating throughout the system. 
The potential energy is a function of 2, x, x, and the 
kinetic energy L is a quadratic function of the momenta 
1 Pz px It follows that the average kinetic energy of the 
electrons is independent of their potential energy and is 
equal to 3R@, and also that the average number n per unit 
volume at a point where the potential energy of an electron 
is # 1s given by 

RO@ log n+o=C. 

Thus equation (49) still holds good when photoelectric 
actions are considered to be operative in liberating the 
electrons, as well as thermionic emission. 

The zthereal radiation may be shown to obey Stefan’s law 
and Wien’s law by the usual methods of proof if the ap- 
pliances are slightly modified. We may separate the ethereal 
radiation from the electronic atmospheres by means of an 
ideal transparent solid devoid of thermionic and photoelectric 
emission. The radiations may subsequently be allowed to 
intermingle in a reversible manner through a similar filter. 
The dynamical operations are carried out in perfectly re- 
flecting enclosures lined with the same transparent non- 
emissive material. In this way the complications arising 
from the presence of an electronic atmosphere mixed with 
the ethereal radiations are avoided, and one arrives at the 
usual results that the total radiation density 

=JEyA=A,0' and By=A,0'9(00), 
where A, and A, are universal constants. 

The relation between the concentration (number per unit 
* Jeans, loc. cit. p. 70. 

— oe ee ee _ 
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volume) of the electrons in the atmosphere inside an en- 
closure, bounded by any single material substance, and its 
temperature, may be determined in the following manner. 
Imagine a cylindrical box made of the material substance. 
The sides and top of the box are covered with a layer of the 
ideal transparent non-emitting substance, but the bottom 
surface is exposed to the interior. A piston made of the 
ideal transparent substance works up and down the cylinder 
and is initially at the bottom. The enclosure then contains 
ethereal radiation alone. Its walls are externally in thermal 
and electrical contact with an indefinitely large mass of 
conducting matter at the same temperature. As the piston 
moves up the amount of ethereal radiation in the enclosure 
remains constant, but the space below the piston becomes 
filled with the electrons emitted by the substance. These 
exert a pressure p on the piston. There is no work done by 
the pressure arising from the radiation as the density of this 
is always the same on both sides. By moving the piston up 
and down, the electrons may be pumped out of and into the 
material in a reversible manner. 

Jiet v be the volume below the bottom face of the piston- 
head, n the number of electrons per unit volume in the same 
space, e the charge on an electron, ¢ the difference in the 
energy of the system due to the escape of a single electron, 
then the change in U, the energy of the system, produced 
by a motion of the piston, is 

dU=d(nv@). 

The corresponding increment of entropy is 

1 1 
d= A (dU + pdv)= a {(p+nd)dv+vd(nd)}. 

Since S is a perfect differential when v and @ are the 
independent variables 

ao =ptnpt+o® (ng) =p +nw, Aver eag)) 

where w is the latent heat of evaporation reckoned for a 

single electron, and since p=nh@, 
. w d 

Y aes re 
Ne =uAGe ernest 6) Ca 

wlere A is a constant, characteristic of the material but 
independent of @. 

Equation (51) expresses the relation between the equi- 
librium concentration of the electrons in the atmosphere 
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close to the surface of any substace quite apart from the 
mode of emission. ‘Thus the same type of relation would be 
satishied by the electrons emitted thermionically if there 
were no photoelectric action, and by the electrons emitted 
by the complete ethereal radiation if there were no thermionic 
emission. In fact (51) is entirely consistent with the results 
of a calculation of the thermionic emission based on the 
simple hypothesis that there are free electrons inside the 
metal which escape in virtue of their kinetic energy ex- 
ceeding the work which is necessary for them to escape from 
the surface. 

The question at once suggests itself as to whether any 
true thermionic emission really exists, or in other words, 
whether what is usually considered to be thermionic emission 
is not in reality the photoelectric emission of the material 
arising from the ethereal radiation at the temperature of the 
experiments. This is a view which occurred to me as a 
possibility many years ago, and I think the balance of ex- 
perimental evidence 1s against it. When one considers the 
large electronic emission of hot platinum and carbon and 
reflects upon the intensity of a beam of ultra-violet light 
which would be required to produce an equal effect photo- 
electrically, the probability of such a view being correct 
becomes exceedingly small. On the other hand the problem, 
considered from this standpoint, involves the comparative 
penetrability of light and slow moving electrons, a matter 
about which very little is known. 

Leaving this question aside, let us see what we can find 
out about the connexion between photoelectric emission and 
the light which causes it. For the present we shall suppose 
that we are dealing with a material which is photoelectrically 
active but has no thermionic emission. No such material 
may exist, but the assumption simplifies the discussion and, 
as we shall see later, the results will probably be applicable 
to the case of real bodies. We shall suppose the material 
to be in a perfectly reflecting enclosure and the steady 
state characteristic of the temperature @ to have been 
established. We may assume the photoelectric emission to 
be dependent either upon the density of the ethereal radia- 
tion present or upon its rate of absorption. We shall take 
the latter as being the more general. Our results can then 
be adapted to the former hypothesis by making the emis- 
sivity e equal to unity. Let the steady energy density of | 
the vibrations whose frequencies lie between v and v+dy be 
E(v)dv, then the energy emitted per unit time which is 

ee 

; 
¢ 
* 

ri 
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comprised between those wave-lengths is 

eR MT ray 1M G2) 

where c¢ is the velocity of light. Let us suppose that the 
emission oc absorption of unit quantity of radiant energy of 
frequency v at the temperature @ causes the liberation of 
I'(v@) electrons. Then the total number of electrons emitted 
in unit time by the complete radiation is 

N=§ { ANCE IDOE a hue (Ge) 

But this number must be equal to the number of electrons 
returned to the body per unit time from the external atmo- 
sphere. Now the electrons behave like the molecules of a 
gas (since they satisfy equations (49) and (49 a) ), so that the 
number which reach the emitting surface in unit time is 
BnO?, where 8 is a constant which may be calculated from 
the kinetic theory of gases. In general some of these will 
be reflected. Let the proportion absorbed be «. Then 

Fe 28a, 
N=a8n02?=a2:AR vse hms are seven) 4) 

Thus for all values of 0 

C + Sot? : { eF()E(v)dv=abtABe 9... (55) 
According to Wien’s law (p. 47) 

Hv) dvavyp( 5dr. SE ihe WEDD 

If experiments at low temperatures may be taken as a guide, 
el’ (v9) is independent of @, so that we may expand this 
function as a series of powers of v+2. By comparing the 
coefficients of the powers of @ with those of the expansion of 
the exponential on the right-hand side, the undetermined 
coefficients may be evaluated. In this way I find, putting 

Oo BR in accordance with § 3, 
oa 2 (a 5 _A aS oa compa ker Se ce n “7 0) =F BAZ a1[ welerrael fo)» OD 

9 

The integrals in (57) are not mere numbers, since, according 
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to the radiation formule of Planck and Wien, they contain 

a parameter = where A is Planck’s constant. By changing 

the variable to z= Rw one finds 

AaB h *—” (—1) @\” 

n=0 n i) gi-n y(z) dz 
0 

where @p is the part of » which is independent of 0. 
The integrals are now pure numbers, y(z) being a function 

of z only. For example, if Planck’s formula is used, 
y(<) = (e?—1)7'. This solution shows that, provided the 
series exists and is convergent, and provided the results 
are not seriously affected by the somewhat arbitrary physical 
assumptions made, as to the independence of eF(v) and @, 

ye (vy) . : Wy 
—— is the same function of — for 
aA vh 

all substances. Thus, if we knew the variation of the photo- 
electric emission from any one substance, with the frequency 
of the light in the complete radiation, we should be able 
to construct the emission from any other substance from 
a knowledge of their respective values of wy. Since wo 
is smaller the more electropositive the metal, we should 
expect the emission to be excited by longer waves as the 
metals become more electropositive. This is, of course, in 
agreement with known experimental evidence. Somewhat 
similar properties hold for the mean kinetic energy of the 
electrons emitted by light of given frequency. I hope to 
be able to discuss -these questions later, in connexion with 
new experimental results. 
We have as the result of experiment some information 

about the form of ef (v). We know that it is zero for small 
values of v, and it may for most substances in all probability 
be put equal to zero over the part of the spectrum for which 
the formula 

and so on, then 

By = 7 fy? ohne 5 oe. lapel (59) 

is not a sufficiently accurate representation of the facts. 
This amounts to ignoring the part of integrals like that on 
the left-hand side of (55) contributed by the long wave- 
lengths. A theory of photoelectric emission, based on the 
discrete theory of light, has been proposed by Hinstein *. 

* Ann. der Phys. xvii. p. 146 (1905). 
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According to Einstein the energy communicated to an 
electron by light of frequency v is hv, where h, as also the h 
of equation (59), is Planck’s constant. Part of this is used 
up in doing work P necessary to escape from the substance, 
the remainder forms part of the kinetic energy of the electron 
after it has escaped. let us see to what extent the con- 
sequences of this type of theory are consistent with the 
conditions of statistical equilibrium. 

To simplify the calculations we shall suppose that the 
work P is equal to the heat developed within the substance 
by the escaping electrons. This enables us to identify P 
with the win (54). We shall also suppose that the reflexion 
coefficient of the electrons returned to the surface is inde- 
pendent of temperature. The properties deduced may there- 
fore only be strictly true for an ideal body which absorbs all 
the electrons that fall on it. If we work out the value of 6 
we find that 

N=an 
RO R\b, 9, dnote =a( J Age co 
2mar—— \ 2m 

and in a similar way the kinetic energy EH carried away from 
unit area of the surface in unit time is 

D323 Bos 
Bean(——)'}=a(2) a6! jue Fe (COIL 

We also have by the substitution of (59) in (53) 

h 
N=2miet| ieee Tee Mee Sy ALOE 

0 

Now, subject to the assumptions P = w and «is independent 
of 8, equations (60) (61) and (62) are not consistent with 
Hinstein’s suggestion that the whole of the energy of the 
emitted elections arises from the energy hv of a light unit. 
Let us see if they are consistent with a fraction y of it 
arising in this way. If the energy given to each electron is 
hy the part of the kinetic energy of each electron which 
escapes, which arises from this cause, will be hy — w, so that 

h ) - as 
yi =f (w—w)eF (vyhv? 0 Fay 

0 

h 
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Differentiating (62) by @ on the assumption that the 
variation, if any, of el'(v) with @ can be neglected, one finds 

INGE ih 
oF = pp Eten), oe epee 

Differentiating (60) by @ assuming @ constant gives 

ON 1 fk oF = Rea +¥eh. 2 pails 

whence y=i. Since H=2NR@ this might be interpreted 
by saying that on the average the light communicates to the 
escaping electrons an amount of energy equal to that belonging 
to each of the degrees of freedom. 

The above result depends on the identification of P 
with w. P might be expected to be the same as w if the 
electrons expelled by photoelectric action have the full 
kinetic energy corresponding to the temperature of the 
metal before they are acted on by the light. This would be 
the case if the electrons which are subject to photoelectric 
action are free electrons or electrons which can become free, 
or, in fact, any electrons which contribute their share to the 
specific heat of the substance. 

It is, however, possible that the photoelectrically active 
electrons are devoid of kinetic energy when inside the metal, 
and I am not convinced that such an event would necessarily 
involve a violation of the second law of thermodynamics. 
I mean, of course, in the way in which the phenomena of 
radioactivity may, loosely speaking, be said to violate the 
law. In that case the proper assumption would be 
P=w—3R0, 3RO@ representing the kinetic energy of the 
escaped particles. We should then have y=1 and the whole 
energy of the photoelectric electrons would come from the 
light. According to the results of $ 3, the same conclusion 

would follow if P were identified with w—@ x an inter- 

pretation which might be justified by thermodynamic con- 
siderations. The results would then be in accordance with 
what, as I understand it, is Hinstein’s position. In any event, 
it is clear that the view according to which the energy com- 
municated to the electrons by light of a given frequency » is 
equal to hy and that a constant amount P of this energy 
is used up before the electrons can escape, is one which is 
consistent with the equilibrium conditions interpreted in the 
light of our present experimental knowledge of photoelectric 
phenomena. 
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The foregoing discussion has been restricted to the case of 
a body which is photoelectrically active but devoid of ther- 
mionic emission. We shall now consider the limitations 
which have been thus introduced. If we consider the atmo- 
sphere of electrons close to a flat face of the enclosure and 
a long way distant from the rest of the boundary, the 
electrons present will in general have come from a number 
of different sources. These are: (1) the stream from the 
interior of the cavity ; (2) those of the incident electrons 
which are reflected at the interface; (3) those due to 
thermionic emission; and (4) those due to photoelectric 
action. The distribution of velocity among the totality of 
these four groups of electrons must be in accordance with 
Maxwell’s law. The same is true of groups (1) and (3) 
individually, and must therefore be true of the sum of 
groups (2) and (4). We have seen in § 4 that the reflected 
group have Maxwell’s distribution in the case of matter 
devoid of photoelectric action, and a similar argument may 
be used to demonstrate the same property for the phatoelectric 
eroup when the material does not reflect any of the incident 
electrons but may emit thermionically, Hf the acts of re- 
flexion and photoelectric emission are dynamically inde- 
pendent, it follows that (2) and (4) as well as (1) and (8) 
will each have Maxwell’s distribution. It is probable that 
the two acts are almost independent even if they are not 
strictly so: in which case each group would have a distri- 
bution only differing slightly from Maxwell’s, Although I 
have not been able to prove it, I think it probable that 
Maxweli’s law will hold true for each individual group in 
every case. Thus, to sum up, we conclude that the results of 
the above theorems which have been deduced for an ideal body 
devoid of thermionic emission will, in any event, be nearly 
true and, in all probability, be exactly true for real bodies, 

The foregoing considerations lead to a set of theorems 
relating to the functions which determine the distribution of 
velocity among the electrons emitted by the phatoelectric 
effect which are similar to those given in § 4 for the re- 
flected electrons. They may be expressed in the following 
fashion :-— 

The ethereal energy of frequency between v and v+dv 
which is incident on unit area in unit time at an altitude 
between @ and @+d@ and an azimuth between gdand d+ d¢ is 

me sin @ cos 0 d@ddH(r)dy, 

when all planes of polarization are included. As the radiation 

Plate Mag 5.6. Voly 25. Nowheou inn, 1912, 2 T 
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is completely specified by O¢v and its two components 
polarized in two mutually perpendicular planes, the amount 
incident as above but polarized either in the plane of incidence 
or the perpendicular plane is 

g—sin 6 cos 0 dbdpE(v)dv. . . ees 

The amount abserbed in unit time is 

sin 0 cos 6d0 dd (e, (v9) or €(v8)) H(v)dr, Sor 

where ¢,(v@) is the emissivity for radiation polarized in the 
plane of incidence, and ¢,(v@) the corresponding quantity for 
the perpendicular plane of polarization. €(v@) and e(v@) 
are functions of » and @ and also of the temperature 
T=(2kR)7*. Let Fi(v@) and F,(v@) be the numbers of 
electrons emitted when unit quantity of zthereal energy 
specified by v@ and the respective planes of polarization is 
absorbed, the temperature of the material being (2£R)7}, 
Let the respective proportions of these whica have velocity 
components between uw and w+du be f,\v.é.u.v.w.k)du and 
fo(v.0.u.v.w.k)du, the corresponding quantities for the per- 
pendicular components being denoted by g,€ _)dv, gof ___)dv, 
hy( )dw, and h,( )dw. The number of electrons having 
velocity components between w and «+ du which are emitted 
from unit area per second under the influence of the com- 
plete ethereal (black body) radiation may therefore be 
written 

7/2 (P27 (os) 

du ( ( ( sin 8 cos 8 Eve (vO) Fy (v8) fi(v.6.u.v.w.k) 
a’ 0 ag 

+ €,(vO)F5(v8) f{v.0.u.c.w.k)} dé db dv. . (67) 

The expressions for the numbers emitted with velocity 
components between v and v+dv and w and w+dw respec- 
tively are obtained by replacing fidu and fpdu by gidv and 
godv in the first case and h,dw and h.dw in the second. But 
as the distribution of velocity among all the electrons emitted 
under the influence of the complete radiation is to be in 
accordance with Maxwell’s law, we have as an alternative 
expression for the number emitted with velocity components 
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between « and utdu 

MTG 2 Diy O 

omen | ( sin @ cos 8 Hv fe, (v8) (18) 
27 energy AO) 

+¢,(v0)F,(v8)\dOdpdv.. . . (68) 
The corresponding expressions for the v and w components 
are obtained if the factor outside the integral in (63) is 

km? p : : replaced by =! ene de in the first case and 
‘km? ; 4 
(=) e *me? dy in the second, 

Thus the functions f, f have to satisfy the equation 

T (2m (7°? 
( ( ( sin 8 cos 6 H,{e,(v9) Fy (v0) (f, (v.0.u.v.w.k) — Qkinu ¢~"") 
0 200 

+ €,(v0)F4(v8) (h(v.0.0.v.w.k) —2kmu e7*™") db dd dv =0. (69) 

The correspanding equations for 9,42 and h, hy are obtained 

a 

g spa km\? 
if f, fo and 2kmu e~*"* are changed to NI and | e~ hmv 

1 

} cn = — 7 y e 

in the first case, and to h, hy and (zt) J keno! tin, bia, seconde 
vs 

These equations are true for all values of u, v, w, and k. 
The obvious solutions f,=/fo=2kmu e~*”"” and so on do not 

accord with the experimental evidence, but there is no reason 
why they should be the only solutions. 

It is perhaps necessary to point out that these deductions 
about photoelectric action are only valid for such phenomena 
as would go on indefinitely in an isolated enclosure. It is 
necessary, either that photoelectric fatigue should approach 
a limit, or that it should be due to other causes than the 
mere action of the light on the material. The experimental 
evidence seems to favour the latter hypothesis. 

It will be noticed that the preceding conclusions about 
contact electromotive force and thermoelectric phenomena 
remain unaltered when the effects arising from ethereal 
radiation and photoelectrie action are included. The dit- 
ficulties introduced by the presence of the ethereal radiation 
may be avoided by carrying out the operations by using 
transparent pistons working in chambers lined with the same 
ideal transparent material, 

Palmer Physical Laboratory, 
Princeton, N.J. 
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LIL. The Electrochemistry of Radioactive Bodies. 
By Grore von Hevesy, Ph.D.* 

1. Jntroduction. 

ie is well known that all metals when immersed in a liqaid 
possess a tendency to go into solution. Each has a 

ee definite solution-tension, just as each liquid possesses 
a certain vapour-pressure. On these two conceptions Nernst 
has founded his theory of the origin of the electric current in 
a galvanic cell. Only in special cases, namely, with the very 
positive metals, is it possible to demonstrate experimentally 
the solution of a metal in water, because the excessively small 
amount of ions which the less positive metals produce in 
solution soon produces a sufficiently great osmotic pressure 
to prevent further solution of the metal. 

The amount of some radioactive bodies necessary for 
detection is extraordinarily small compared with that of an 
ordinary chemical substance, and it is therefore to be expected 
that when a radioactive element is immersed in water, or in 
an aqueous solution, the ions thereby produced are capable of 
detection by these activities. Plectrolytic decomposition of 
salt solutions, and the solution of the metals causing it, always 
accompanying each other, the smallest E.M.F. between two 
electrodes suffices to produce some decomposition of the salt, 
yet, as a rule, the solution-tension of the infinitely small 
amount of metal deposited on the electrode is sufficient to 
hinder further decomposition. 

Continuous decomposition of a salt solution takes place: 
only after a certain E.M.F. has been attained, viz. the 
decomposition voltage. This is the fundamental idea of 
Le Blane’s theory of decomposition. With solutions of radio- 
active bodies, however, it is to be expected that electrolytic 
dissociation is capable of being detected when the E.M.F. is 
less than the decomposition voliage. 

The electrochemistry of radioactive bodies is thus not 
confined, as the electrochemistry of non-radioactive bodies is, 
to H.M.F’s exceeding the decomposition voltage, but may 
deal with quantities of substances which are separated out by 
residual currents. 

On the other hand, it must not be concluded in the ease of 
radioactive bodies that because detectable amounts have been 
deposited by electrolysis on the electrode, therefore the 

* Communicated by Prof. &. Rutherford, F.R.S 
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decomposition voltage of the system under consideration has 
been reached. 

When the magnitude of the decomposition voltage of a 
radioactive metal is known, its position in the series of 
electrochemical potentials can be determined, and thereby 
light may be thrown on its chemical nature. This is im- 
portant, because the purely chemical properties of the shorter- 
lived radioactive bodies are so far only imperfectly known, 
owing to the minute quantities with which we are compelled 
to work. 

Experiments have already been undertaken by v. Lerch 
on the separation of radioactive bodies electrochemically in 
order to determine their places in the series of electrochemical 
potentials *. One of the methods of electrolysis he made 
use of in this work consisted in dipping a plate of metal in a 
salt solution containing radioactive matter to bring about its 
deposition on the plate. This process is a local galvanic 
action. 

Just as copper is assigned a place in the series of potentials 
between iron and silver, because it is capable of being deposited 
on an iron plate but not in detectable amount ona silver plate, 
so radium © was placed between nickel and silver, because it 
is deposited on the former but not on the latter. This con- 
clusion, however, is not of itself justifiable if the considerations 
discussed above are admitted. They would rather lead us to 
expect that every metal is capable of causing the deposition of 
every radioactive body to a greater or a less degree, but never 
in amount less than can be detected by the methods of radio- 
activity. 

This the author has succeeded in showing experimentally. 
Hvery radioactive body dealt with—viz. radium, radium A, 
radium B, radium ©,, radium (3, radium D, radium EH, and 
radium I; thorium X, thorium B, thorium C,and thorium D ; 
actinium B, actinium C, and actinium D—is capable of being 
deposited on all metals, not excepting even gold and silver. 
The experiments have been carried out in neutral solutions ; 
for in acid solutions, with which previous experimenters have 
for the most part worked, disturbances to the results of 
electrolysis arise from the solution of the deposited body in 
the acid. 

An account will be published in a later communication of 
the amounts of the various products obtained under different 
conditions by electrolysis, and also the arrangement of the 
radioactive bodies according to their potentials. This series 

* v. Lerch, Ann. d. Physik, xii, p. 766 (1903) ; Jahrb. der Radioakt. 
ii. p. 471 (1905). 
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is connected with the series of potentials of ordinary metals 
by a knowledge of the potential of radium, for this body can 
obviously be investigated either as a radioactive body or as 
a purely chemical substance. 

In this paper the influence of the electrode potential on 
the electrolytic separation of the active deposits of radium, 
thorium, and actinium is discussed. 

2. The Function of the Electrode Potential. 

Various electrode potentials can be obtained by dipping in 
the solution under examination a pair of electrodes not acted 
on by the liquid, and applying varying E.M.F’.’s. By this 
method, however, it is difficult to obtain definite E.M.F.’s, on 
account of the conductivity of the solution and its change 
with polarization at the electrode. Jor this reason, another 
method was used in which the electrolysis was carried out, 
not by applying a difference of potential between the 
electrodes, but simply by dipping the metal into a solution 
of one of its salts containing the radioactive body under 
investigation. 

For instance, the action of zine on the active deposit of 
radium was investigated by dipping a zinc plate into a 
solution of zine sulphate containing radium B and radium C. 
This is analogous to producing the deposition of copper onan 
iron plate by dipping it into a solution of FeSO and CuSOz. 
In the latter case, however, tlie potential difference Fe/FeSOx 
gradually falls to that of Cu/CuSQ,, owing to the increasing 
deposition of copper on the iron plate. On the other hand, 
however, the deposition of about 10-™ erm. of RaC cannot 
influence the potential difference Zn/ZnSO,, the zine acting 
electrochemically throughout as pure zine. 

The potential differences used are summarized in the table 
that follows. Their values are taken from the latest work on 
alvanic cells*. 
All electrolytes may be used in this work with the exception 

of acids and of solutions of such bodies as the salts of zine and 
bismuth, which tend to become turbid. The former class are 
not suitable for use, owing to their action on the matter 
deposited on the electrode ; while in a turbid solution the 
radioactive bodies are apt to be precipitated. 

The values of the single potential differences measured 
against the normal calomel electrode are given in the 
following table :— 

* “ Messungen electromotorischer Krafte,’ Abhandlungen der Bunsen 
Gesellschaft, n. 5 (1911). 
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€ (He) in volts. 

Ag/AgNO,. 
‘i owls | +049. 

Ag/AgNO.,. : 
OleOle Tee 

Ag/AgNO,. 97 
(oiaen eee 

Cu/Cus0.. 
@:5 mol. ae 

Cu/CuSO.+ Na,SOx. —0:02 

0:05 mol. 0-05 mol. ‘ 

Ag/AgBr, KBr.* Bee 
Wake Oa maak Odes 

Pb/Pb(NO,),. ek 
Oh aaa, Ue. 

| Pb/Pb(C,H,0,),. ox 
MEO. ¢ moa 

Pb/Pb(NO,), +NaNO,. 0-48 
0:05 mol. 1 mol. 

Pb/Pb(C,H,0,),+NaC,H,O,. | —0°58. 2 

: 7 

Ag/Ag(CN),+KCN. —0-72-+40-06 log 
bio 

Cd /CdSOx. i 
Q°5 mol. —O%1. 

Cd/CdSO4+ Na,SOu. 078 
0:005 mol. 0:5 mol. a ; 

Au/Au(ON),+ KON, Pires 0:06 lon 
(CN’), 

Zn/ZnS8O4. il 

0:05 mol. ali 

Zn/Zn(CN)+KCNt. Lb 
0-025 mol. 0°25 mol. igs 

Me/MgS0O,. 
0°5 mol. —19. 

* AgBr must be added to the KBr in the solid form ; for if it is made by 

precipitation in the solution, the greater part of the radium C is precipitated 
with it. 

+ Varying amounts, 
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The radioactive substances whose properties are discussed 
in this paper are included in the three active deposits of 
radium, thorium, and actinium. The radiations emitted, 
and the half-value periods of transformation of the con- 
stituent products, are shown in the table below. The 
nomenclature is that given by Rutherford and Geiger, 
Phil: Mage Oeil, p. 621. 

| 

Substance. Radiation. Period. | 

Radium A......-.:---| a 30 minutes, | 

PP nS sess 325 B, y 26 8 minutes. 

Ce eee a, B; y 19-5 minutes. 

WEhormmeA 3. ...-..| a “14 second. 

ee BS eget | B 106 hours. 

#4 OR Ray arer ae a 55 minutes. 

Wetinwom A> i... <2... a ‘002 second. 

me 1B. aera a 3 | 36 minutes. 

Oe es! | a 2-15 minutes. 

Tt will be seen that there isa remarkable similarity between 
the nature of the radiations from the corresponding products. 
It will also be shown that there is a corresponding similarity 
in their electrochemical properties. It is consequently very 
convenient to speak of the B or C products, meaning in the 
former case radium B, thorium B, and actinium B, and in 
the latter case radium (, thorium C, and actinium ©. 

An active deposit was obtained in the usual way on a 
platinum electrode, and then dissolved in HCl, HNO, or 
H,SO,, according to requirement, and evaporated to dryness. 
It was then treated-with distilled water, and as soon as a 
B product was in equilibrium with a C product an 
electrolyte was added to it. If, for instance, the action 
of zine on the radium active deposit was being investi- 
gated, the active deposit was dissolved in H,SO,, and the 
(RaB),, (SOx), + RaC),.(SO.),, solution evaporated to dry- 
ness, redissolved, and added to a solution of zine sulphate. 

In some experiments the active deposit was collected on 
the surface of metallic sodium, which was then dissolved in 
water, the active deposit dissolving also. ‘This second method 
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is of great value in the investigation of a very short-lived 
body such as radium A, for electrolysis may be begun as soon 
as the sodium commences to dissolve. 

The volume of liquid used in the experiments to be 
described was always 8 c.cm. The surface of the electrode 
was 2°5 sq. cm., and one side was coated with enamel. The 
electrode was always rotated evenly in the liquid for a definite 
interval. The time of immersion was four minutes in the 
experiments on the radium and thorium active deposits, and 
two minutes for those on the actinium deposit. When this 
time had expired, the electrode was immediately washed with 
distilled water, dried with filter-paper and inserted in the 
a-ray electroscope, and its change of activity measured for a 
considerable time. In all the experiments activity was mea- 
sured by e-rays only. The absolute amount of RaC in the 
solutions used varied between 

8.10716 and 4.107" gr. per c.cm. of solution, and of ThC, 

een and 075 10s ord per c.cm: of solution. 

These figures are obtained by calibrating the electroscope 
with a U;QOs film emitting a known number of @ particles. 
For the film I am indebted to Dr. H. Geiger. The calcu- 
lations involve the known periods of thorium, radium, 
radium C, and thorium C, the number of « particles emitted 
by these elements (Rutherford and Geiger), and the ranges 
of the « particles of uranium, radium C, and of thorium C. 
If, in addition, the branching in the thorium series be taken 
into account, the concentration of thorium OC becomes three 
times less. (Cf. paragraph 10.) 

3. The Ratio of the amount of B product to C in the Radium, 
the Thorium, and the Actinum Series, as Functions of the 
Electrode Potential. 

With a positive potential like that of silver the deposit 
on the electrode is practically pure C. If we proceed from 
silver to zinc, the potentials becoming less and less positive, 
the ratio of the amount of C to that of B separated out 
diminishes continuously, until when negative potentials are 
reached B is deposited in excess of C. This is shown by the 
curves obtained. As the potentials become less positive, 
the curves which at first are decay-curves of C gradually 
become less steep, until a potential is reached at which B 
and C separate out in equilibrium amount. With more 
negative potentials the curves become rise-curves, owing to 
the excess of B over C. 
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Several of the curves obtained for radium, thorium, and 
actinium products, typical of a great number (over 100), are 
shown in figs. 1, 2, and 3. 

ii Pale 

Rd Bx Ka C. 

: . Sa
 

1H = f novnal 

/crivity 

wee 
ee 
Soe 

Win 
From the variation of the activities in the series of curves 

given, it is not difficult to deduce the relative amounts of 
B and C products which have been deposited. For example, 
to one who is acquainted with the nature of the decay-curves, 
it is obvious that the two upper curves of fiv. 1 show at 
once that radium B is in excess of the equilibrium amount, 
and that the four lower ones indicate that B is present in 
less than equilibrium amount. 

The curves corresponding to any one potential are capable 
of being repeated with great exactness, except in the case 
of magnesium, which gives inconstant results owing to the 
evolution of hydrogen at its surface. In the figure the 
steepest rise-curve obtained is given. 
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In this work the period of thorium C has been taken, not 
as 09 minutes, as is usually done, but in accordance with 
v. Lerch’s measurements (loc. cit.) as 60°5 minutes. . 

The curves obtained, and the results deduced from them, 
show that the three B products appear to be identical in their 
electrochemical behaviour, and the three C products also. 

Figs. 4 and 5 show the relationship between the per- 
centage of C and B respectively of the total amount deposited 
on the electrode, and the potential required to bring about 
deposition. 

Tig. 4. 

4é9 

£9 

g 

8 
Equilibrium °/, Act. B. 0 °/, Act. B = Radioactive equilibrium. Equilibrium °/, Act. C, 

0.0) Acta C 8 439 

PIS FOS TOL OL “OF  -0-5 -07 “O9 Ssh 43 -/-S SL \ ee 

Volts. (eng). 

“Percentage”” means the percentage of the equilibrium 
amounts, 50 per cent. representing a deposit of B and C in 
amount corresponding to radioactive equilibrium. 

The potentials, of course, are measured against the calomel 
electrode. It is seen that the curves in all three cases 
are remarkably analogous. It would be natural to expect 
that very pure C could be obtained with the potentials 
Au/H,AuCl, or Pt/H,PiCl, This is, however, not so, for in 
these cases gold acts like a metal lying between silver and 
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copper. The E.M.F.’s between gold or platinum and their 
solutions are hardly comparable with those tabulated above, 

Fig. 5. 
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for the ions of the metals in these two cases are present as 

complex anions. <A further complication arises from the 
so-called air-potential. 

4. The Function of the Salé Solution in the Llectrolysis. 

Hlectrochemically definite systems. 

According to Nernst’s theory, the single potential differ- 
ence at any electrode is given by the expression 

le 
H=RT log — 

P 

where P is the so-called solution-tension of a metal, a constant 
characteristic of it, and p the osmotic pressure of the ions of 
the metal present in the liquid surrounding the electrode. 
p is proportional to the concentration of these ions, and 
therefore the above expression may be written 

NI 

H=RT log — where C is a new constant. 
ANG 

b) 

The difference of potential between a metal and an electro- 
lyte depends, therefore, on the concentration of the ions of 
the metal. The case when c=0 and therefore EH infinite 
cannot be realized; on the contrary, dipping a metal into 
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water results in an immediate production of some ions at the 
surface separating them and E assumes a finite value. This 
variation of potential difference is a phenomenon depending 
on many factors, and we can, therefore, have definite po- 
tential differences between a metal and an electrolyte, only 
when the latter contains a known quantity of a salt of the 
former. 

One of the chief causes of the elucidation of the relation- 
ship mentioned in the last paragraph between the BE. M. F. 
Metal/Electrolyte, and the composition of the mixture of B 
and C deposited, was the fact that in every case only electro- 
chemically definite systems were employed. In what follows, 
a definite system will be used to denote a system in which 
an electrode dips into a solution of one of its salts, an 
indefinite system, one in which a metal dips into any other 
liquid. 

Fig, 6 shows the difference between an indefinite poten- 
tial difference, e.g., Nickel/water, and a definite one 

Fig. 6. 
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Nickel/NiCl,. In the former case a rise-curve is obtained 
(denoting excess of B over C), corresponding to a negative 
potential difference Metal/indefinite Electrolyte, and in the 
latter case, a decay-curve (C present practically in the pure 
state). These differences are complicated in the case of 
nickel owing to its passivity, which causes it to act as 
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though it had a different potential from that which it really 
has, but in the case of copper they are well marked. 

Tne andeciniee potential difference Cu/H,O, when the 
copper is dipped in water exactly a minute, is the same as 
that between cadmium and cadmium sulphate, 4 2.e., O07 volt 
more negative than the definite potential of copper, for B 
and C are deposited on the copper in the same ratio as on 
eadmiuin. 

Again, silver dipping into a solution containing Cl’ ions 
has the same potential as the definite potential of copper, 
and when it dips into a KCN solution, it shows the potential 
of cadmium. it is, therefore, obvious that such expressions 
as “deposited on copper, not deposited on silver,” &c., are 
quite indefinite, and it is from this indefiniteness that contra- 
dictory assertions regarding the deposition of radioactive 
bodies on certain metals have arisen. 

5. Further evidence that the Potential of the Electrode determines 
the composition of the mixture of B and C. 

Tf an acid solution containing B and C in equilibrium be 
electrolysed with a very small current density (a fraction of 
a milliampere per sq. cm.), with platinum electrodes, z.e., with 
a voltage very much below the decomposition voltaye of 
water, very pure radium C is obtained *. 

The fact that the decomposition voltage has not been 
reached means simply that there is a ‘smaller potential 
difference at the cathode than there is at the normal hydrogen 
electrode. The further we can keep below the potential 
difference at the hydrogen electrode the purer is the © 
obtained. If, next, the potential difference between the 
electrodes exceeds the decomposition voltage of water, and 
therefore at the cathode the potential difference is equal to 
that at the hydrogen electrode, a mixture of B and C is 
obtained of the same composition as was obtained with a 
potential difference of eaq,)= —0°4 volt by the first method. 

If the electrolysis be carried out in a neutral, or better, 
in an alkali solution, a more negative potential difference 
is obtained at the hydrogen electrode (eq7,)= —1:1 volt) 
owing to the smaller concentration of H’ ions in the solution. 
The mixture of B and C obtained in this case on the elec- 
trode is that obtained on cadmium in the first set of experi- 
ments (€qq7z)= --9'7 volt), the B being in excess of the CU. 
If, finally, the decomposition voltage of water is exceeded by 

* For thorium C, v. Lerch (Wen. Ber. exiv. IIa (1905); for 
actinium C, Miss Brooks, Phil. Mag. vol. viii. p. 873 (1904). 
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using a large current density, the mixture of B and C 
deposited in the cathode is similar to that obtained by the 
first method on zine (€(Hg= —1'1 volt). 

In this way it is clearly shown that the composition of the 
mixture of Band C obtained on an electrode is purely a 
function of the potential difference. 

6. Previous work on Electrolysis of Solutions containing an 
Active Deposit, the explanation of v. Lerch’s method of 
separating Radium C. 

Dorn was the first to carry out an electrolysis of radium 
solutions *. In 1903 vy. Lerch Tt electrolysed an acid solution 
of thorium active deposit. A year later Miss Brooks f elec- 
trolysed the HCl solution of the active deposit of actinium, 
and Pegram § a solution of thorium nitrate. 

V. Lerch found later || that by dipping a nickel wire into 
a HCl solution of radium active deposit, extremely pure 
radium C could be obtained on it. 

This convenient method of preparing pure radium C is 
known as v. Lerch’s method, and became of great practical 
importance in later work, 

The method may be explained thus :— 
(1) The potential ditterence Nickel/Electrolyte is ab- 

normally negative and is equal to that at the hydrogen 
electrode. This is due to the considerable resistance of the 
nickel ions—as contrasted with the behaviour of all other 
lons—in giving up their charge. On account of this phe- 
nomenon of Passiy ity the potential ditference Nickel/Hlec- 
trolyte is well suited for bringing about the deposition of 
radium ©, The radium C thus deposited is not at first pure ; 
the purification is due to the action of the acid. 

(2) Deposition of a substance on an electrode and solution 
therefrom in an acid are contrary phenomena. Radium B 
is deposited on nickel much less easily than radium C ; it is 
also much more easily soluble in the hot acid than radium C. 
Radium C has, therefore, a double chance of being deposited 
ure. 
(3) Lf nickel be dipped into neutral solutions pure radium 

C is never deposited on it. The composition of the mixture 
of B and C varies with the passivity of the metal. 

More than thirty experiments, for the most part with 
thorium B and C, have been earried out. The © content 

* Abh. der nat. Ges. Halle (1900’. + Ann. d. Phys. xii. p. 745 (1903). 
{ Phil. Mag. Sept. 1904. § Phys. Rev. xvii. p. 427 (1903). 
|| Wren. Ber. exyi. IIa, Dec. 1907. 
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of the mixture deposited on the nickel varied from 90 to 
50 per cent. of the equilibrium amount. These numbers 
correspond to potentials of from eqrg, =0 to egg) = +0°6 volt. 

7. Explanation of the Inflexion Curves. 

The curves of figs, 4 and 5 have inflexion points at 
approximately 50 per cent. of the equilibrium amount 
of C. This point corresponds to a potential difference of 
—0-'63 volt measured against the calomel electrode. 

If an electropositive metal, such as zine, be dipped into a 
normal ZnSO, solution, the latter becomes charged positively 
and the zine negatively owing to the passage of zinc ions 
into the solution. If an electronegative metal, however, 
such as silver be dipped in a normal AgNO; solution, the 
solution becomes negative, and the metal positive, because 
in this case positive ions are deposited on the metal. Again, 
if a metal be dipped in a solution of one of its salts and 
becomes charged neither positively or negatively, there is ne 
potential difference between metal and electrolyte. 

Hixperiments have been carried out with care to determine 
this absolute zero of electrolytic potential. They shaw that 
the value (eaq)= +0°56 V absolute), deduced from measure 
ments with the dropping electrode, is only approximately 
correct. It is, however, quite definitely known that metals 
like zinc and cadmium are charged negatively with respect 
to normal solutions of their salts, and metals like copper and 
silver positively. 

The question as ta how far this point of inflexion is bound 
up with the absolute zero of potential is left an open one ; 
the conclusion is drawn, however, from the shape of the 
inflexion curve that B tends to deposit on a negatively 
charged electrode, C on a positively charged one. Twe 
other explanations, however, are possible. One is to assume 
that the curves of figs. 4 and 5 relate to decomposition 
voltages. As the potential increases, more and more of B 
separates out with the C, and after the decomposition voltage 
of the former is reached, both are deposited by electrolysis 
in the ratio of their concentrations. On this view, however, 
difficulties arise when we attempt to explain the part of the 
eurve which lies above the point of inflexion, for it seems 
entirely anomalous for high potentials to bring about the 
electrolysis of electropositive metals to a greater extent than 
electronegative. If the valency of thorium C were much 
greater than that of thorium B, this difficulty would be 
removed, and the above explanation would become possible. 

Phil. Mag. 8. 6. Vol. 23. No. 136. April 1912. 2U 
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There is still another explanation possible, and that is to 
assume that in solution, in addition to the ions of B and of © 
which react with those of the immersed metal, there are also 
free ions present, which are drawn in to the double layers at 
the boundary of the metal and the solution. Free ions are 
such as can be separated from corresponding ions by diffu- 
sion. They are always present in electrolytes, but only to a 
very small extent; they differ quantitatively from colloidal 
particles only by their large value of e/m. This view 
recelves some support from the experiments carried out on 
non-metals. If such bodies as glass, quartz, sulphur, &c., be 
dipped in an active solution, a mixture of B and OC, con- 
taining chiefly C, is deposited on them though to a very 
much smaller extent than on metals. 

That the smallest double layer which is always present at 
the surface of separation of two different phases is sufficient 
to produce deposition of a portion of the active matter on 
the solid phases, is shown very well by the behaviour of 
radium F'; for radium F is not only extraordinarily easily 
deposited on a surface but is also extremely difficult to be 
removed from it. 

To decide between these various explanations experiments 
have been commenced on the migration and the diffusion of 
the radioactive ions. When they are finished it is hoped 
that results bearing on the valency and the sign of the ions 
will be obtained. 

8. Determination of the Potential Difference between Metal and 
Electrolyte from the Electrochemical action of the former 
on radioactive substances. 

It has been shown that the ratio in which the B and C 
products of radium, of thorium, or of actinium, are deposited 
on metals immersed in, solutions containing them, or on 
platinum electrodes in the ordinary course “of electrolysis, 
is a function of the potential difference between metal and 
electrolyte. Conversely, from a knowledge of this relation- 
ship given by the results of figs. 4 and 5, the single potential 
difference Metal/Klectrolyte can 2 obtained from the ratio 
of B to C in the active matter deposited on the metal. This 
method is especially valuable when it is necessary to deter- 
mine this potential difference as rapidly as possible. 

lf Senin B and C be used as indicator, only a few 
a-ray measurements of the activity of the plate need be 
made, and after a few minutes an accurate value of the 
potential difference under investigation is obtained. 
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With thorium B and C, measurements of the activity 
curve cannot of course The completed so quickly as with 
actinium Band C, but on account of the slow variations of 
activity of the forme. the experiments yield more accurate 
results. 

Radium B and C is not at all suitable for these measure- 
ments, owing partly to the small difference in the periods of 
B and © (26°8 mins. and 19:5 mins. respectively), and partly 
because B and C come into equilibrium with each other only 
after a certain time has elapsed owing to the presence of 
radium A. With thorium and actinium bodies, equilibrium 
is immediately attained because of the excessively short 
periods of thorium A and actinium A. 

The suitability of this method of measuring single potential 
differences has been tested by determining the potential of 
tantalum, which has hitherto been unknown. A plate of 
tantalum kindly supplied to me by Dr. W. v. Bolton, was 
immersed in a vessel containing normal potassium chloride 
for an hour ; a solution of ActB,, Cl, + ActC,, Cl,, was then 
added to the chloride solution and fhe tantalum removed two 
minutes later. 

The composition of the actinium proeducts on the plate, 

calculated from the decay of its a activity, was practically 
the same as aaa deposited on a copper plate which has been 
dipped into a ,, N. CuSO, solution. The potential differ- 
ence Tantalum KOI (normal) is, therefore, —0:03 V with 
respect to the calomel electrode. 

Under identical conditions Mr. Slade and the author, 
measuring the potential by means of the usual electrical 
compensation method, found the value —0-:04 V. 

The agreement is remarkably good considering that the 
system under consideration is not ‘‘ definite.” 

In another experiment the potential difference Ta/Ta,0; 
solution gave by the radioactive method 0-00 V, and by the 
electrical method also 0:00 V. 

9. Change of Potential Lnifference between @ Metal and a 
Solution with a change in the Ionie Concentration. 

If a metal be dipped in pure water, then since the latter 
contains no ions of the former, va potential difference 
between the two is really much oreater than the potential 
difference between the same metal and a solution of one of 
its salts. With time it approaches a final value asymptotic- 
ally. In other words, the potential difference changes as 
more and more of the i Tone of the metal are produced in the 

2 Ur? 
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solution. This process is demonstrated very clearly by the 
methods described in this paper, and some results will be 
given here, though a complete account is reserved for a 
subsequent communication. Ifa copper plate be dipped in 
water containing radium B and radium C in equilibrium for 
0°2 see., the mixture of B and C obtained onit contains more 
than 85 per cent. of B, and corresponds, therefore, to an 
E.M.F. of 2 volts measured against the calomel electrode. The 
electronegative metals, therefore, really commence to decom- 
pose water immediately after being dipped init. If measure- 
ments of this process be observed for periods longer than a 
few seconds, the results are jess cencordant than those 
obtained with short exposures, and depend somewhat on the 
gases surrounding the plate (air, hydrogen, &e.). Here, 
also, oxidation of the copper, and solution of the oxide 
formed, play no inconsiderable part, processes which in the 
case of mercury have been investigated thoroughly by 
Warburg. However, the production of positive ions in the 
water seems always to take place much more rapidly than 
the second process of oxidation and solution of the oxide, 
and by working rapidly this second process may be entirely 
obviated. 

10. The Hlectrochemical behaviour of Thorium C and the 
branching in the Thorium Series. 

A consideration of the curves of figs. 4 and 5 shows at 
once that radium C can be separated in a much purer form 
by the method * described in this paper than either thorium © 
or actinium C. This can be explained as being due to small 
differences in the electrochemical properties of the three ©’s, 
or may be explained as follows :— 
When radium B and C are present in equilibrium amounts, 

it follows from their periods that for every radium C mole- 
cule present there are 1:4 molecules of radium B. In the 
case of thorium B and C, this ratio is 10°6, and consequently 
the probability that some B will separate out with the C is 
much greater. In the case of actinium B and C, however, 
although the ratio of B molecules to C molecules is higher 

* The method used by v. Lerch proves this also, for Fajans (Phys. 
Zeit. xii. p. 370 (1911)) using this method was able to obtain radium C 
containing less than 0-05 per cent. of radium B. From y. Lerch’s work 
on thorium C ( Wren. Ber. cxvi. p. 6 (1907), however, it is found that the 
period of thorium C prepared by deposition on nickel is about 0°75 min. 
too high, on account of the presence of a little thorium B. This amount 
can be readily calculated from the data supplied, and is 1 per cent. of 
the equilibrium quantity of thorium B. 
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than the corresponding ratio for the thorium series, being 17, 
actinium © can be separated out in a much purer state than 
thorium C. 

This apparent inconsistency can be explained most easily 
by assuming that the ratio of the number of thorium B mole- 
cules to the number of thorium C molecules in equilibrium, 
is not the same as the ratio of their periods, but greater. 

Marsden and Barratt* found recently that there is a 
branch product in the thorium series. For every 100 atoms 
of thorium C emitting e-particles, 65 expel «-particles of 
range 8°6 em. and 35 a-particles of range 4°8 cm. 

If the former of these products be the product in the 
thorium series corresponding to radium ©, and actinium C 
in the radium and actinium series respectively, then the ratio 
of the number of molecules of thorium B to that of thorium C 
is 16 ; if it be the latter, 7. ¢., the 35 per cent product, this 
ratio is 30. 

If we assume that the 35 per cent. product is the body 
corresponding to radium C and actinium ©, the anomaly 
found above disappears, since now the ratio thorium B to 
thorium (©, being greater than the corresponding ratio for 
actinium, it is only to be expected that thorium C would be 
more difficult to separate out in the pure form than actinium C. 

Summary. 

1. The general electrochemical properties of radioactive 
bodies are discussed in this paper. It is shown that the 
deposition of these bodies on platinum electrodes in the 
ordinary course of electrolysis, or on a metal dipping into 
an active solution, depends to a large extent on the potential 
of the electrode. 

2. Radium B, thorium B, and actinium B, possess the 
same electrochemical properties. Radium C, thorium C, 
and actinium C( possess also the same _ electrochemical 

properties. With very small electrode potentials C is de- 
posited almost pure ; as the electrode potential is increased, 
the amount of B separated with the C increases also. When 
€ugy= —0°6 V, Band C are deposited in equilibrium amount. 
With higher potentials chiefly B is obtained. 

3. A relation exists between the H.M.IF. Metal/Solution, 
and the ratio of B to C deposited on the metal dipping into 
the solution. When the latter is known, therefore, the 
former is also known. From this relation, the unknown 

* Marsden & Barratt, Proc. Phys. Soc. vol. xxiv. p. 50 (1911). 
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pesition of tantalum in the series of potentials has been 
determined. By this method, also, the change of E.M.F. 
Metal/Water with time of immersion of the metal can be 
determined. 

4, The results of Marsden and Barratt on the branching 
of the thorium series are consistent with the results obtained 
on the electrochemical behaviour of thorium C. 

I have to express my thanks to Professor Rutherford for 
his help and advice throughout these experiments, and also 
for the radioactive material placed by him at my disposal. 

Physical Lahoratories, 
The University, Manchester; 

February 1912. 

LI. On the Trisection of an Angle. 
By Nevin Masketynsg, #.R.A.S.* 

ie trisection of an angle, irrespective of its maenitude, 
by means of any geometrical construction, has been 

regarded as impossible: The problem has been associated 
with perpetual motion; the transmutation cf metals, “zetetic” 
astronomy, and similar absurdities. Mathematicians have 
spoken in no measured terms of the folly displayed by those 
who, in the face of proved impossibility, attempt to provide 
a solution: In short, the subject has been relegated to the 
list of fallacies which are entertained only by very ignorant 
or very much misguided persons. | 

In the past, this view of the matter has given me some 
uneasiness. The reason being that at any moment, in the 
course of my everyday work, I might find myself called upon 
to solve this very problem. I cannot, however, say thai the 
prospect troubled me greatly. Judging by experience, I | 
felt confident that, when the dificulty arose, means for over- 
coming it would not be entirely lacking. Nevertheless I 
could not altogether set aside the adverse pronouncements 
made by eminent men, whose opidions and decisions compel 
the utmost respect, by virtue of authority. 

Eventually, as I had long anticipated, it became necessary 
to devise some simple link-motion which would perform the 
function of trisecting a variable angle. That, necessarily, 
involved the discovery of some geometrical construction, by 
means of which any angle may be trisected. - Reduced to 

* Communicated by tue Author. 
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geometrical form, the construction I have devised is repre- 
sented in the accompanying diagram, 

Take any angle bac and at regular distances from a describe 
the ares fg, de, and bc, with a as centre. Join, respectively, 
the points bg, of, dg, and ef. ‘The line azh, of course, bisects 
the angle bac. With radius ah and a as centre, deseribe the 
are JK, cutting dg and ef at and k. The lines al and am, 
drawn respectively through 7 and &, trisect the angle bac. 

St. George’s Hall, W., | 
Dec. 11, 1911. 

LIV. On the Direct or Indirect Nature of the Ionization 
by X-rays. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN, — 
i the February number of the Philosophical Magazine 

Dr. Barkla criticises some results obtained by Mr. Porter 
and myself. We had shown that all the ionization in oxygen 
due to X-rays could be ascribed to an indirect action of the rays, 
effected through @ rays originated in the gas by the X-rays, 
provided that the ratio of the absorption coefficients of the 
X-rays in silver and in oxygen was about 34. According to 
our experiments the value of this ratio was 36°3: and we 
therefore looked upon our work as confirming the deduction— 
made previously as the result of an entirely different argu- 
ment—that the action of X-rays was mainly, if not wholly, 
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indirect. Dr. Barkla says that we ought to have allowed 
more for the scattering of the X-rays by the screens of lower 
atomic weight, that if we had done so we should have found 
a value for the ratio nearly twice as great as that which is 
stated above, and therefore that we had not proved our 
point. 

It is quite true that the screens of low atomie weight 
scatter the X-rays (in this case, Sn X-rays) to a considerable 
extent: but the silver screen also seatters the X-rays. 
Whether the process is exactly of the same nature is not of 
importance : experiment shows that the ratio of the absorp- 
tion coefficienis of silver and of (say) carbon is very little 
altered if the screens are placed close to the ionization 
ehamber so that scattered rays enter it, or farther away so 
that they do not. If silver and earbon plates are used in 
turn as that wall of the ionization chamber on which the 
X-rays fall, the returned radiation is not very different m 
either quality or quantity. I think we were sufficiently 
eorrect in adopting the value 36°3, and in drawing our main 
conclusion. 

Dr. Barkla would leave the question of the directness or 
indirectness of the ionization an open one, arguing that our 
experiments furnished no direct evidence in favour of the 
view to which they led us. I venture to think that this 
attitude is not strictly logical. When the passage of X-rays 
through a gas was first found to be accompanied by the 
ionization of the gas, it was assumed that the former process 
was the cause of the latter. This was the right thing to do; 
but when it appeared further that the X-rays produced 6 or 
cathode rays which were already known to possess ionizing 
powers, all evidence for the direct action disappeared. It 
became improper to assert the direct action until it had been 
shown that the newly discovered indirect action was in- 
sufficient ; and such evidence, it seems to me, is still 
wanting. 

Meanwhile, it appears from energy considerations which I 
have tried to state at various times, and which Dr. Barkla 
does not attack, that the X-rays cannot spend much energy 
in their flight, and that therefore they cannot have much 
ionizing aetion: unless, indeed, ionization can be accom- 
plished without the expenditure of energy. 

The experiments of Mr. Porter and myself were an attempt 
to show that an inference arrived at on other grounds was 
consistent with facts so far as they could be ascertained. 
I do not suppose that they supply a test of more than 
a ten per cent. accuracy: in an earlier paper of mine (Phil. 
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Mag. Sept. 1910) was a rougher estimate which Dr, Barkla 
criticises also. Two years earlier still J made attempts which 
were, I fear, even less accurate. But I hold that under the 
circumstances all these were right and proper. 
The main part of Dr. Barkla’s paper is concerned with 
experiments on the ionization of gaseous mixtures, and 
deductions therefrom. The latter may be summed up in 
three statements. 

(1) Ionization by X-rays is not purelyatomic. It depends 
to a certain extent on the chemical combinations in the 
molecule. 

This is quite in accord with all similar work on the new 
rays. The action of the molecule on the ray is an additive 
effect, but not the action of the ray on the molecule. If the 
action of the X-ray is assumed to be indirect, the extension 
of the general principle to the case of X-rays might be 
inferred from the knowledge that it holds for 6 rays. 

2. ‘The relative ionizations produced by equal absorptions 
of X-rays in the gases experimented upon are the same as 
those produced by the corpuscular radiations. 

This is exactly what should happen if the ionization is all 
indirect. I have used the corresponding argument to prove 
the indirect character of the ionization by the y rays (Phil. 
Mag. Sept. 1910, pp. 406-407). 

3. When a mixture of two gases is traversed by the 
X-rays the observed ionization is the sum of the ionizations 
that would be observed if the same pencil of X-rays went 
through the gases separately. 

Dr. Barkla considers that this result proves that much 
vf the X-ray action is direct. Perhaps the point is best 
understood when the argument is put into mathematieal 
form. 

Let £; and ky be the mass absorption coefficients of the 
X-rays in two gases: in many of the examples given by 
Dr. Barkla the rays were Ag X-rays and the gases were 
ethyl bromide and air. Let A, and A, be the corresponding 
coefficients in the case of the cathode rays due to Ag X-rays 
Let w, and we, be the masses of gas and aif per ¢.c., and let 
the fonization in the gas be pw times the ionization in the air 
for the same expenditure of X or cathode ray energy. 

The ionizations in gas and air would separately be pro- 
portional to k;w yz and kow,: and Dr. Barkla finds that when 
gas and air are mixed the ionization is k,w,w+ how, on the 
same scale. 

But if the X-ray action is indirect, we should first suppose 
that the production of cathode rays is proportional to 
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hyw,+kjws, and that the ionization is given by 

A Wp + AgWe 
(kywy SF kyW) VW, of. NoWe - 

This is not the same as kyw,w+hgw,, and in the case of 
Ag rays acting on mixtures of air and ethyl bromide the 
ditterence should be observable, on the assumption made by 
Dr. Barkla that \;=,. For instance, when &, is much 
greater than fy, as in this case: and when w,=vw» the ratio 
of the two expressions is 0°85 nearly instead of unity: 
assuming w=1°4, 

I admit at once that, if work and assumptions are all 
correct, the difference should have been apparent. But two 
things may be pointed out. In the first place, Dr. Barkla’s 
results would show that there is no indirect action, whereas 
it is well known that there is much of it. The fact is evident 
from the form of such curves as Beatty obtained (Proc. Roy. 
Soe. lxxxv. p. 230). If the ionization in the gas were all due 
to direct action it would be simply proportional to the 
pressure of the gas, and Beatty shows that this is far from 
being the case. ‘Mr. Porter and I have made many similar 
experiments ; in several of them Ag rays acted on ethyl 
bromide in a chamber lined with carbon or aluminium. 
Until the pressure of the gas is such that the cathode rays 
made in the gas can complete most of their paths within the 
ionization chamber, the increase of ionization with pressure 
is far less than it afterwards becomes. If Dr. Barkla’s 
experiments do not reveal the existence of the large amount 
of indirect action which is known to exist, they “cannot be 
held to prove anything definite as to the relative amounts of 
direct and indirect action. 

The second point is that the whole of Dr. Barkla’s argu- 
ment turns on the supposition that X,;=), in all cases. This 
is Lenard’s law ; but it is not known for certain that it can 
be applied so generally. I think we must wait for further 
knowledge of the absorption—so-called—of cathode rays 
before we are influenced by arguments which assume the 
law of equal densities. I gather from the concluding 
sentences of Dr. Barkla’s paper that he himself is impressed 
by this consideration. 

Yours faithfully, 
W. H.-Braee: 

Leeds, March 11. eS 
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LV. On the Time Scale. By E. BuckincHam™. 

U* the examination of our notion of time which is 
necessitated by recent speculations, one point hardly 

seems to receive the attention it merits. This is the evident 
fact that in the nature of things time is not a measurable 
quantity ; that times can be numbered in accordance with 
any system we please which does not introduce ambiguity 
into the meanings of “before,” ‘after,”’ and “at the same 
time”; and that no system has any more justification than 
another, a prior. 
We have a simple criterion by which we may decide 

whether two temperatures are the same or which is the 
higher. When we go farther and express temperatures or 
intervals of temperature by numbers, we do so by adopting 
an arbitrary convention for numbering temperature, in other 
words, a scale. With regard to time, the case is analogous. 
We can say that two events are simultaneous, or that one 
occurs later than the other, and all other obsetvers will 
agree with us if they are situated as we are with relation to 
the two events. But when we go farther and say how much 
later one event is than the other, we adopt a scale for 
numbering time: we do not measnre it in afiy proper sense, 
for a past interval of time cannot be superposed upon not 
substituted for one now elapsing or to come, so that the 
fundamental operation which lies at the basis of all true 
measurement is not only absent but in the nature of things 
impossible. ‘Tomorrow differs qualitatively from today, as the 
warmth of summer does from the chill of winter. As with tem- 
perature, our choice of a scale has been and always will be 
dictated solely by convenience and subject to arbitrary change 
whenever we change our minds as to what is most convenient. 
Why is it that we use mean solar time instead of sun- 

dial time ? Because if we use mean solar time a body not 
acted on by any push or pull that we can detect moves 
“uniformiter in directum.’ We can use Newton’s first law 
if we adopt this mode of numbering time, but not if we 
adopt an essentially different one. Newton’s laws are the 
simplest and most perspicuous stmmary of the facts of pure 
dynamics, and for this reason and this only, we adopt a time 
scale which shall make them a correct representation of the 
observed facts. In effect, we use the first law to fix our 
time scale. It would be an utter absurdity to say that we 
“assame” that time “really” does progress in this way. 
An assumption is a proposition of which the truth or falsity 
can be decided by reference to some independent criterion : 
a definition is neither true nor false, it is only useful or not 

* Communicated by the Autkoy. 
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useful. We dejine our time scale by saying that Newton’s 
laws shall be true, simply because it pleases us to do so ; 
and it pleases us because we prefer simple to complicated 
statements of fact, when our choice is free. 
Now all this has reference to ordinary experience where 

the observers are all relatively at rest or nearly so. But if 
we drop this restriction, a different definition of the time 
scale may be more convenient; if so, we are entirely at 
liberty to adopt it, if we do not delude ourselves with any 
nonsense about clocks “running at a constant rate,’— 
the term “a constant rate” being quite meaningless except 
in connexion with some time scale outside of and independent 
of the clock itself. 

The notion of time, as defined by reference to Newton’s 
first law and to the measurable quantity length, is so in- 
grained in us that the symbol “¢” in our equations seems to 
us as if it ought, somehow or other, always to stand for the old 
familiar mean solar time. In reality it stands for a derived 
quantity which may be defined by means of true, 2. e., 
measurable, quantities, through the mediation of Newton’s laws 
or Maxwell’s equations or any other statement of observed 
facts which we may happen to be interested in having 
appear in a particular form. In the past we have paid 
attention only to Newton’s laws, defined the time scale by 
reference to them, and used the same time scale in all 
branches of physics. It now turns out that if the usual 
form of the electromagnetic equations is to be retained when 
velocities comparable with that of light are in question, the 
time scale must be defined by those equations, so that the 
facts of mechanics are no longer expressible by Newton’s 
laws. And since such velocities occur practically only in 
connexion with electromagnetic experiments, it may quite 
legitimately be thought better to pay attention to the electro- 
magnetic than to the mechanical equations when, as for these 
high velocities, a choice must be made. 

Whether a quantity can be so defined that it may replace 
our familiar “¢” in all the equations of physics, for 
observations made under all possible circumstances, and 
without requiring any too serious modifications in the forms 
of the equations, remains to be seen. If it can, we may 
find it well to adopt the new quantity and call it “time.” 
But the task will not be accomplished by shutting one’s eyes 
to the fact that any time scale is merely an arbitrary system 
of numbering successive events, nor by any use of clocks 
which run “ uniformiter,’ when uniformiter is defined only 
by reference to the Latin dictionary. 

Washington, 
February 15th, 1912. 
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LVI. The Lxpansion of Mercury and of Quartz. 
By N. Eumorropoutos, B.Sc. * 

N the March number of this magazine (p. 412) there is a 
paper by Scheel and Heuse on the expansion of mercury. 

In this paper two points are raised, first, the magnitude of 
the absolute expansion of mercury, secondly, whether it is 
permissible in work of the highest accuracy to calculate in 
the usual way the cubical expansion of a containing envelope 
from the linear value. Their views on this last point are 
not very definitely stated ; it will perhaps be conducive to 
clearness if these two points are kept separate. 

With regard to the first point, I am in perfect agreement 
with Scheel and Heuse that the value for the coefficient given 
by Callendar and Moss is too low, at all events below 100°, 
and that’ the mean value between 0° and 100° is approxi- 
mately ‘0001826. In connexion with experiments in 
pregress on the boiling-point of sulphur on the constant- 
pressure thermometer with a quartz bulb, I attempted, with 
the help of Mr. B. A. Keen, B.Sc., to determine the 
expansion of the bulb by a weight-thermometer method with 
compensated tubes +, using Callendar and Moss’ coefficient for 
the expansion of mercury. The value at 100° was obtained 
in steam in the usual way; for the values at various 
temperatures up to 250° C.an oil-bath was used of the 
National Physical Laboratory pattern, for details of which I 
am indebted to Dr. J. A. Harker, F.R.S. These temperatures 

— 

° 200 300 

were read with a platinum thermometer. From curve I? in 
the accompanying diagram it will be seen that Callendar 

* Communicated by Prof. F. T. Trouton, F.R.S. 
t See Proc. R. 8, Ixxxi. A (1908), p. 847. 
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and Moss’ value for the expansion of mercury leads at low 
temperatures to inadmissible values for that of quartz. Ihave 
also plotted on the same diayram the expansion of the quartz, 
making use of Chappuis’ value for mercury (curve II.), 
and also of Thiessen, Scheel, & Seil’s value from the 59™ bulb 
(curve III.). For comparison curves LV. and V. are added ; 
these are obtained from Scheel’s values for the linear 
expansion of two different specimens of quartz, one of which 
indicated a maximum density at —46° C., and the other at 
—84° C. In interpreting the differences between the 
various curves, it should be remembered that an uncertainty 
of 1x 1077 in the coefficient of expansion of the bulb * leads to 
an uncertainty of ‘016 degree at the boiling-point of 
sulphur, and of approximately -1 degree at 1000° C. With- 
out laying too much stress on the exact shape of the curve 
between 0° and 100°, it appears likely that the coefficient is 
still changing at 100° ¢, and, therefore, the same value 
cannot be used for the fundamental interval as for tempera- 
tures above 100° C. Hence it is insufficient to know with 
accuracy merely the fundamental interval of the weight 
thermometer. Jt may further be pointed out that judging 
from Scheel’s two curves measurements on one specimen 
cannot, even for silica, be used with confidence for another. 

With regard to the second point mentioned above, viz., 
the calculation of the cubical from the linear expansion, we 
just examine rapidly the various points of agreement 
mentioned in Scheel and Heuse’s paper, to see how they 
affect the point we are considering. 

The agreement mentioned in §2 (p. 413) between the 
expansion of mercury by the direct and indirect methods 
throws no light on this question: it merely indicates that 
Chappuis’ measurements were carefully made, and that the 
two glasses behaved almost identically (they were both 
“verre dur”); the experiment is, in fact, merely the 
comparison (through the hydrogen cheEmunnetom ). Of dame 
indications of a weight with an ordinary thermometer. 

The next paragraph refers to the expansion of water. In 
comparing the weight-thermometer method with the absolute 
method, it will be better to take the values given by the latter 
as the standard ones, as we then get a fairer test of the proper 
allowanee for the expansion of the bulb : 

* The difference between Scheels two values is at 100° about 135 
times this quantity. . 

+ Compare Randall, Phys. Rey. vol. xxx. (1910), p. 216. 
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It will now be noticed that there is a systematic difference 
between the two sets of results. The platinum-iridium bulb 
(a more isotropic material) shows a better agreement. The 
glass bulb shows quite sensible differences. If then we can 
assume that the absolute method is free from systematic 
error, the only conclusion we can come to is that the 
expansion of the glass has not been properly allowed for. 
The linear expansion was, In this case, measured on the bulb 
itself, and hence should be especially reliable. It is note- 
worthy that Chappuis’ value at 100° agrees well with that 
obtained by Thiessen, Scheel, and Sell with the weight 
thermometer, showing that, if the absolute method can be 
trusted, a similar error has been made in the two cases in 
allowing for the ee of the glass, 

The agreement in $5 (p. 415) is satisfactory as determining 
the fundamental interval for mereur y. The values originally 
given varied from 18194 to 18257, when the expansion of 
the bulb was allowed for by the linear method. ‘The agree- 
ment is thus obtained by frankly abandoning this method 
for the dilatation, and reverting to the absolute method. 
Chappuis’ numbers, treated in the same way, lead to a some- 
what higher value, viz., 18276; this should have been 
included in the list of $5, but it would have somewhat 
marred its symmetry. 

The experimental evidence so far available thus seems 
distinctly against the calculation of the cubical from the 
linear expansion. 

- University College, 
London, 
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LVII. On the Law of Molecular Attraction. 

To the Editors of the Philosophical Magazine. 

Cambridge, Feb. 21, 1912. 
GENTLEMEN,— 

: ie a paper to the Philosophical Magazine of January 
Mr. Tyrer has investigated whether the function 

(7 : =| in the law of molecular attraction does really 
dls r 

contain the temperature T. The conclusions he arrives at 
are based on the statement in his paper, page 109, that ‘if 
the total change of energy of a liquid which expands at 
constant temperature is not entirely made up of the changes 
in the potential energies of attraction and of external pres- 
sure, then we should expect to find that the specific heat of 
a liquid at constant volume varies with the density.” But 
this statement is wrong. 

Let us suppose that the attraction between two molecules 
depends on their temperature. The energy necessary to 
separate the molecules of a mass of substance from one 
another by an infinite distance against the molecular attrac- 
tion may then be written W(T,p), where p denotes the 
density of the substance, The expression for the specific 
heat at constant volume will then contain the term 

{sore} ae The specific heat is therefore not 
p=constan 

independent of p, and the above statement does not hold. 
One of the conclusions at which Mr. Tyrer arrives, namely 
that the aitraction between two molecules is independent 
of their temperature, thus underlies his reasoning as an 
assumption. 

It is very probable, however, that the change in potential 
energy of a substance with change of volume consists in part 
of a change in the internal energies of the molecules. But 
the latter quantity and the potential energy due to molecular 
attraction always occur together, and it is difficult therefore 
to disentangle them. However, I have obtained fairly con- 
clusive evidence now that the attraction between two molecules 
depends on their temperature. A simple explanation of this 
property can be given. 

Yours faithfully, 
R. D. KLEEMAN. 
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LVIU. A Relation between Coefficients of Hapansion of 
LTiguids and their Critical Temperatures. By H. Davizs, 
B.Sc., Head of Physics Department, Municipal College, 
Portsmouth *. 

HE law of the “ Rectilinear Diameter,” as given by 
Mathias T, states that 

1D SAD ie Cen d Dne ene vP ieiey (3) 

where D, and D, are the densities of saturated vapour and 
liquid respectively, and T is the absolute temperature. Asa 
deduction from this law Guldberg { calculated the ratio of 
the densities at the critical temperature and at the absolute 
zero, finding a practically constant value 4 for it. 

Let T,, V,, and D, represent the critical temperature, the 

critical volume, and the density at the critical temperature. 
om — 0: Di — sande b ea tence im (lig —2 
For T—T,,, D. =D, =D, and 2D,=4D,—o.1T., 

2D, 
= T. 

Mathias’ law can now be put in the form 

2D, 
D+ D,=4D.— T A A a nae an (2) 

At temperatures well removed from the critical temperature 
D, is negligible in comparison with D, If V is the specific 
volume of the liquid, then 

iL J lh € 

Y= Day anaes aber amy a ©) 
gen 

aN, 
The coefficient of expansion « = aaa 

directly from (3), thus dt 

aaa ieee ook} 

Hiquation (4) enables one to calculate the coefficient of 
expansion from the known critical temperatures, or con- 
versely to calculate the critical temperatures from the experi- 
mental values of the coefficient of expansion. 

* Communicated by Prof. A. W. Porter, F.R.S. 
t Journ. de Phys. (8) vol. ii, 1898, p. 113 (8) vol. i. 1892, p. 53, 
t Chem. Cent. Bl, 1898, vol. ii. p. 1042, 

Pint. Mag S. Gs Vol, 2a. Now babe Apr L912. 2 X 

and is obtained 

el = 
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The right hand side of (4) can be expanded in a series 
with ascending powers of T giving the temperature variation 
of a. Thus 

i It ie 
oT. * Ory tern’ 9 eae 

The experimental values of coefficients of expansion and of 
critical temperatures are commenly given with reference to 
the centigrade scale. To transform from absolute to centi- 
grade scales it is better to start with equation (4). Thus 

1 1 
T2004 273) — (0 £273) (26,4273) 

mips! + Sema + 6 > 20,4273 | (20,4273" °° * 

a 

The values of the constant term are tabulated for some 
liquids below with the experimental values for comparison. 
They were selected quite at random from Landolt and 
Bornstein’s tables. 

JUnieiay IE 

Liquid. | @,°C. | a (Cale). | @ Cian 

LOAGS ICI Ss eater tie ee 237 001339 | -001324 
| AMOI) See Bae Oe eae A26 ‘000869 “00082 
[BY ECTTAT Gp 54d oa ane al ae ee 302 °001167 ‘00104 
1 SEZ /e: ea I oe 290 °001172 ‘001176 

| Pentane nisan cen oc eee ae 197 "001499 "001464 | 
TENSEI EVOL LIS a Vee Sele ae see a 419 "00088 7000834 | 
Gib OT a 5 5 ee | Sel ‘001062 "001028 | 
Naphthalene “22-.cisic0.cscess-.1- 008 468 ‘00082 “00075. 4 
‘Tihotyacelly gee ies ee a ee | 9 425 ‘000889 | -000843 | 

| 22 VIGO Ren Sen re 358 “CO101 700092 
| TS TOLID She aoesegasse eee See | 346 °00103 ‘00096 

The greatest difference between the experimental and 
calculated values occurs in the case of bromine, where it is 
neariy 12 per cent. The agrcement in the other cases is very 
satisfactory. 

The temperature variation of « can be calculated from the 
second and succeeding terms. The values of the coefficient 
of @ are given in Table II. with the corresponding values 
deduced from experimental data. 

~ 
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Tapes Ll, 

Tafel Coef. of @ Cale.). | Coef. of 8 (Exp.). | 

Rcebonés sec so 179x10° 5:83x10° 
We Aritilune’s:.. 4.0. een se See ea | -79x10-6 1:08x10°° 
ISEOMING: . ..:. nce ee eee: | 1:36x10-6 Mer S< 10m: | 

Benzene... 2 ee 1375 x lO 218x10-° | 

Beeriane ........:.2 225107” 4008x1078 
Beno... 78x10 ° 708107 
Beicol gona SIONS 2-49 x 10-6 

Haphthalene: (olassereseeeerer cere: | ‘67x10 ° 2a 10me 

AlnwinOl:....3:... 35 ees Tox LO -43 x 10-6 
2G) UME RREE BE Anco och ueccanacde | 1:02 x oe 17x 1l0=e | 

Re olena /;,.4). dee eee 1:07 x10 1-02x107° | 

Not much weight can be attached to the values of the 
coefficients of 6 as Mathias’ law is not sufficiently accurate to 
allow of second-order quantities being deduced therefrom. 
The experimental values likewise are of doubtful value. It 
is interesting to note, however, that the order of magnitude 
agrees In every case. 

The relation does not hold for liquids which show strong 
association. This was expected, as the law of the rectilinear 
diameter fails for such liquids. 

Thorpe and Riicker * have obtained an equivalent result, 
and have shown how eritical temperatures can be caleulated 
from the formula 

Ts; —T 

where s, and s, are two densities of a liquid and A is a con- 
stant which they take to be 1:995. This can be changed into 
the form ‘ 

AL_T = constant, 

which is equivalent to equation (4) above. They obtained 
their result by using an expression for the expansion of a 
perfect liquid +, proposed by Mendelejeff as a result of his 
experimental work on the Paraffins, coupled with Van der 
Waals’ equation of state. 

I wish in conclusion to thank Prof. A. W. Porter for his 
kindly help and criticism, and for supplying me with the 
reference to the work of Thorpe and Riicker. 

* Thorpe & Riicker, Trans. Chem, Society, xly. (1884). 
t+ Mendelejeff, Trans. Chem. Soe. xly. (1884), 

Dee 
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LIX. The Theory of Spectral Series. By Prof. H. A. 
Wutson, F.R.S., F.R.S.C., MeGill University, Montreal *. 

a important question with regard to the spectra of the 
elements is whether the different frequencies are due 

to the different modes of vibration of one kind of system or 
to the vibrations of systems of different kinds. In recent 
years the second alternative has come to appear the more 
probable. 

Thus Ritz+ in his earlier papers regarded the different 
lines as due to the different modes of vibration of a kind of 
two-dimensional system, but later he abandoned this theory 
and supposed the different lines due to different systems, 
each system having only one possible per iod. 

Ritz obtained ig different systems by supposing an 
electron to vibrate in the field on the axis of a bar- magnet 
which was built up of a varying number of elementary 
magnets. ‘This theory, though “undoubtedly useful and 
important, seems to the writer to be extremely artificial 
and improbable. Also it seems impossible to reconcile it 
with other theories of atomic structure such as Sir J. J. 
Thomson’s well-known theory which, as far. as can be seen 
at present, must contain a consider alle element of truth. 

On Sir J. J. Thomson’s theory an atom consists of a 
sphere of positive electricity ot uniform density containing 
negative electrons which can move about freely inside the 
sphere. 

It is easy to show that such an atom has only one period 
of vibration which can produce appreciable radiation. For 
it is well knownt that the radiation from a number of 
electrons occupying a volume of dimensions small compared 
with the wave-length of hght is very approximately the 
same as that emitted by one electron moving with an 
acceleration equal to the resultant of the accelerations of all 
the electrons. 

Take the centre of the positive sphere as origin and let 

wv, Ys “5 X95 Y2 <25 cre Ln Yns en 

be the coordinates of the n electrons which it contains. The 

components of the resultant of the accelerations of all the 

electrons are 

aie t 2 = yam ee 

* Communicated by the Author. 
+ Gesammelte Werke, Paris, 1911. 
{ H. A. Lorentz, ‘Theory of Electrons,’ p. 120. 
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If w, 7, = are the coordinates of the centre of mass of the 
n electrons we have 

ni=Dde, ny=dj, nz=>d°. 

The radiation is therefore determined by the acceleration of 
the centre of mass of the electrons in the atom. This can 
be easily found, for each electron is attracted to the origin 
by a force —yr proportional to its distance (7) from the 
origin and acted on by forces due to the other electrons. 
The forces between the electrons will not affect the motion 
of the centre of mass, so that we have 

reas xe bs 

ne=Le=—~WH=— ow 
Mo M 

with similar equations for y and z. Here M denotes the 
mass of one electron. Thus the centre of mass has three 
equal periods of vibration about the origin of period 

T=2mq / 
jo 

This therefore is the period’ of the radiation emitted by the 
atom, for all other possible periods are practically ineffective. 
We have also w= 47ep, where e is the charge on one electron 
and p the charge per ¢.c. in the positive sphere. Hence 
if v=1/X, where X is the wave-length of the light emitted, 
we vet 

yaa |? 

307° M 

where ¢ denotes the velocity of light. 
It appears therefore that v depends only on p since ¢, e, 

and M are constants. To explain the different values of v 
in the spectra we must therefore suppose that p has different 
values in the molecules emitting the different lines. 

There are two distinct ways in which p can be supposed 
to be changed. First we may suppose that when a number 
of atoms combine to form a molecule they produce a positive 
sphere of different density, so that if m denotes the number 
of atoms in a molecule we have a series of values of p corre- 
sponding to m=1. 2, 3, 4.... Secondly, a molecule may 
lose a number of electrons, say n, and we may suppose that 
the loss of an electron produces a change in p. 

According to this we should expect p and hence v to bea 
function of the two integers m and n. 

When two atoms combine there is as a rule a diminution 
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in the total volume. This has led Prof. Richards * to suggest 
that atoms are compressible and that when two combine the 
attraction between them produces a diminution of volume. 
Thus we should expect p to increase with m. Also as m 
gets larger we should expect the changes in p due to the 
addition of one more atom to become smaller, so that for 
very large values of m, p should obtain a limiting value. 

As to n it is clear that an increase in the total charge on 
the atom must tend to increase its volume for the electric 
intensity at the surface tends to pull it outwards. We 
should therefore expect v to diminish with n and to increase 
up to a limiting value with m. 

The various series in the spectra of a particular element 
can be represented by formule giving v as a function of two 
integers. Thus for hydrogen we have 

y=N (= ie 
i Tite 

where N is a constant and » and m are integers. 
For other elements we have according to Ritz 

ue N N 
oar (ut tat b[n?)? (Gm + q+ b' [im )?- 

If we give m a particular value we get a series of lines by 
changing m. 

Recent investigations seem to show that these formule do 
not give the observed values exactly, so that it seems that 
they are after all only empirical and without very much 
physical significance. They do show, however, that v is a 
function of two integers in many cases. Also we observe 
that increasing m in the above formule makes v increase up 
to a limit, while increasing n diminishes ». 
We know too little of the nature of the positive electricity 

to be able to formulate a satisfactory theory of the variations 
in its density. The following is merely intended as an 
illustration to show that the theory proposed can lead to 
formule like Balmer’s. 

Let us suppose that the positive sphere behaves as though 
it had a surface-tension T, and that the relation between 
p and the pressure p due to T is p=(ap)3 where @ is a 
constant. Suppose also that T is a function of p given by 

1 

tela = 
where a and / are constants. 

* Varaday Lecture, 1911, 
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We have also p=mH/V where V=47R? is the volume of 
the sphere, R its radius, and EH is the charge in the sphere of 
one atom. 

Also p=2T/R and v= Vep/3xeM. 

Solving all these equations for v we easily obtain 

vera —b!/m?, 

where @ and U' are constants as in the hydrogen spectrum. 

Some unportant facts receive a satisfactory explanation’ 
on the above theory. In flames, alkali metal salts only give 
one or two lines. This is because the salt vapour is very 
dilute and mixed with a relatively enormous amount of 
flame gases, so that it 1s extremely unlikely that more than 
one or two metal atoms should combine together. The 
greatest number of lines in the series is obsmnced when the 
metal is heated in an exhausted tube. In this case as 
vapour is saturated and condensing in the cooler parts, s 
that the conditions are very favourable to the formation of 
molecules containing many atoms. 

The flame lines appear to be emitted by uncharged mole- 
cules, so that for these lines we should have n=O. We can 
write n+1 or n+2 for » in the formule for v in order to 

make them applicable when n=0. 
The three hydrogen series are given by the formulee 

1 & 
y=N(G == =) Ml =e th 0, ab | aa 

1 bo Ne en eee ; ANE on ay Y=N(G-Gaxosp) M=2? 
1 1 re v=N ks pile =) m=A, od, 6, Sens 

The chief series may be suppcsed due to uncharged mole- 
cules containing an even number of atoms. The second 
series to uncharged molecules containing an odd number of 
atoms, and the and series to molecules each having lost 
one electron and containing an even number of atoms. All 

three series can then be represented by the formula 

im tee 2)? ae ist 
where » is the number of electrons lost by each molecule 

and m the number of atoms per molecule. 
The first series due to the combination of ordinary mole- 

ecules Hy, 1s naturally the one usually obtained, 
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LX. The Effects of the Diurnal Rotation on the Upper 
Atmosphere. By C. G. Darwin, B.A.* 

S the earth rotates the forces of viscosity tend to drag 
the lower atmosphere with it, so that the mass motion 

of the air in this region has the same angular velocity as 
that of the solid earth itself. Now, ata certain height above 
the adiabatic region the density becomes so small that there 
are practically no collisions between the molecules, and here 
viscosity ¢ ean therefore no longer have play. A molecule 
will rise from out of the collision region, perform a portion of 
an orbit, and then fall backagain. Now, during its free path 
the angular momentum and not the velocity of the molecule 
is constant, and so it would be expected that at altitudes 
above the collision region the mean motion of the air would 
lag behind that of the earth. This paper was undertaken to 
find the amount of this lag. We shall see, however, that it 
is entirely counterbalanced by another effect. It is very 
probable that this may have been perceived by writers on 
the Benes but I have found no explicit statement of it; 
and the non-existence of the lag does not seem to me to be 
an obvious fact at first sight. 

Suppose that there is a definite layer in the atmosphere, 
such that below it the gas is moving with the same angular 
velocity as the earth, and that above it there are no collisions. 
Let this layer be at a distance 7) from the centre of the 
earth. Take spherical polar oneidine es at the centre of 
the earth, fixed in direction. If we neglect for the present 
any molecules descr ibing permanent o7 -bits outside ro, all the 
gas at any greater height will be due to molecules projected 
from the sphere To: 

Consider a molecule projected from 79, Xo, fy) with a velocity 
Vy at angle @ to the vertical in an singh do. Let this 
molecule pass Sere h 7,2, / with velocity V in the direction 
0,6. The equation “of ener gy then gives 

= a? “ a? 
V?—2¢— =V)’?—2a_ , 

ee 19 

g being the attractional part of gravity and a the earth’s radius. 
The equation of angular momentum gives 

rV sin 9=Vosin %, 

and since the orbit is in a plane through the earth’s centre, 
we have by spherical trigonometry 

sin Ap sin dy =sin A sin p. 

* Communicated by the Author. 

‘ | 
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Let Ny be the molecular density at the pole at height 7. 
Tf » is as earth’s angular velocity the density ata point af 
latitude X» will then be N,exp.hmry’o? sin? A, (h being in- 
versely proportional to the absolute temperature of the 
isothermal region). Since the mass velocity of the air is 
7o@ Sin A, eastwards, the molecule we have considered above 
has, as connpomeins of molecular velocity, 

V, sin 4 cos bo, Vo sin 4 sin dy — 79@ SiN Ap, Vo cos Ao, 

southwards, eastwards, and upwards. 
The number of molecules which have e position and velocity 

in the element 

T° sin Apdo Arp adly = ice sin AdVo dO, ddy 

is 

N, (=) exp—hm( V.’—2 Vo sin 6) sin p79 S10 Ao) 

x ro" sin No dry aANy Aly Way sin Oy dV ode addy. 

These molecules will all pass into the corresponding region 
at 7,2, / with the corresponding velocity V in direction 6, d 5 
so that they will be in the element 

r sin ddrdddl V? sin OdV dédd. 

Thus the number in this element is 

Ni() exp —hm(V?—2Voro sin % . sin Ag sin dy) 

. x sin Wdrdr dl V? sin 6dV d0dd 

= Nye Bema. 23) (@y exp—hm(V*—2Vrsin @. sinAsing) 

x sinddrdrdl V* sin dV dé dd. 
Put 

Adept —2hinga2 (= 
Noe a =SIN 

the polar density proper to the height r on the ordinary 
kinetic theory. The distribution of velocities in unit 

volume at r then is 

hm\2 
w(") exp—hin(V?—2V sin @sin d.7@ sin X)V7dV sin Oded. (AY 

/ 

If we suppose this expression true for all values of V,0., it 
7 hmre? sin? A at once follows by integration that the density is Ne" °°", 

the mass velocity is 7@ sin X eastwards, and ihe te mperature 
é 1 

eat 

IS Sap (i being here the gas constant) ; and this is true 

for all regions above the adiabatic no matter what the height. 



C66 Mr. C. G. Darwin on the Egfects of the 

Thus collisions in the lower atmosphere are sufficient to 
reduce the upper regions to the state they would have if 
they were subject to collisions. 

‘These facts may be deduced directly from the general 
kinetic theory of gases. For suppose that a smooth spherical 
envelope is placed at a considerable distance outside the 
ealth. In this case, if suflicient time were allowed, the gas 
would ultimately ain accurately its normal distribution, 
while most of the molecules in the outer regions would be 
describing parts of orbits, having come from collision near 
perigee. The distribution of molecules will be given by (A), 
the assumption that all values of V@@ are possible being 
equivalent to the assumption of an envelope which returns 
molecules describing byperbolic orbits, and the assumption 
of infinite time being equivalent to the assumption that the 
free orbits which never go inside 7 are properly distributed. 

Thus the lagging effect, which at first sight was expected, 
is entirely absent. This may be seen phys ically from the 
fact that the molecules projected eastwards from 19 have, in 
general, greater velocities than those projected w est vente 
and so will tend to gohigher. Thus, though every croleeae 
has less velocity at r, the ratio of the number of molecules 
moving eastwards to those moving westwards is Just so much 
greater than at 7) that the mean angular velocity about the 
earth’s axis Is arnltered. 

Tt has been stated that this result is subject to two 
corrections, one for hyperbolic orbits which cause permanent 
loss to the atmosphere, and the other for molecules describing 
free elliptic orbits which never cut 79. The first correction 
is known to be very small. Its general effect would be to 
impart an infinitesimal upward motion to the air. The 
second correction is subject to an essential uncertainty. 
For there must certainly be some molecules describing 
“external” orbits which do not cut 7. Originally each ot 
these must have been caused by a collision outside 79, but as 
soon as we adinit the existence of such collisions, the region 
at once becomes sabject to the normal law of distrikution. 
This correction is thus only needful at such heights. that 
there have been very few collisions since the time when the 
angular velocity and temperature of the earth were markedly 
different. Considering how 1 vague is our information of the 
state of the present atmosphere, it seems hopeless to estimate 
at all any effects remaining in it from the remote past. It 
is very doubtful also if such external orbits could persist 
for any long time. I am informed that up to a distance of 
about 10 earth’s radii the orbits would be stable, but 
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meteorites must have been continually destroying them, so 
that it seems extremely doubtful if the history ot the earth 
is now written in its atmosphere. 

Even the sign of the correction is doubtful. For if 
external orbits are absent there will be a lag, whereas if 
there are any remaining from a period of faster rotation the 
motion will be greater than that of the earth. Under the 
circumstances the most that can be done is to estimate 
the effect when the orbits are supposed absent. For this 
purpose we must consider what values of V, @,¢@ are to be 
excluded in obtaining the various averages. If particles are 
projected from 7 with all velocities in all directions, then 
since the orbits are reversible, those values of V,6,¢ are to be 
excluded which give rise to orbits never cutting 7. Take 
p, was current coordinates in the plane of the orbit. Then 

es ‘ ae ah . 
pet pryt= Ve — 2gat( | ~ >) and p*y=rV sin @, 

Ty Pp 

whence 
9°9 9X72 .°..2 9 ‘ Tiga ; 9 
pp? = — 7 V" sin? 0+ p?( V2— a, SOL 

- 

The apses are given by making the right-hand side vanish. 
OY a 

ae Vora 
For elliptic orbits — 

the equation 
z > V*, and the apses are the roots of 

2ga? 
( 2 a p? —2ga’p +77V? sin? 9=0. 

One of these roots is always greater than 7. The condition 
for the second to be less than iy 1S 

(is 
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If a molecule is returned for every molecule which goes 
to infinity with a hyperbolic orbit, the same condition will 
hold tor these. If this is not assumed the solution would 
involve one root of this quadratic and would be rather 
complicated. The equation may best be understood geo- 
metrically. Let wow, the three components of velocity, be 
represented as cartesian axes. Then the distribution of 
velocities is 

T 

3 
N (=) ohm (ue + v2 + w2— 2vre sin A) dudodie 

for values of wew inside the hyperboloid YI 
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The density, velocity, and temperature may be approxuna tely 
evaluated ‘by the use of spheroidal coordinates, but the 
process is rather laborious and I shall merely state the 
nature of the result. This depends on the position of thie 
point under examination with regard to a certain surface 
defined by the equation 

oye 
+r poe 

@ 
7 Cosec? A. 

This surface is somewhat similar to the surface of minimum 
pressure and lies a little inside it. J£ 7)=2a, which is 
roughly the value it should have, then the surface cuts the 
equator at 54a. The appr oximation goes as follows :—For 
points well inside the surface the correction is very small. 
Taking an atmosphere of hydrogen at 30° abs. it is about 
1 mm. per sec. at r=4a at the “equator. On approaching 
the surface the lag increases rapidly, while the density 
diminishes little apart from the ordinary diminution due to 
height. Outside the surface the density falls off very quickly 
and the lag changes slowly. In this region there is certainly 
a large disturbing factor in the presence -of molecules deserib- 
ing hyperbolic paths and also in reality there must be many 
molecules describing permanent elliptic orbits. 

It is therefore possible to say that no lagging effect will 
appear up to somewhat more than four radii from the earth’s 
centre. Any discussion of phenomena at a greater height 
would have to take the hyperbolic paths into account and 
the presence of permanent orbits and probably also the 
arrival of molecules from outer space. These last two 
factors are entirely unknown and the density is very small, 
so that a fuller investigation does not seem advisable. 
My thanks are due to Dr. Schuster for suggesting to me 

this problem, and for the interest he has taken in it. 

The University, 
Manchester. 

LXI, Note on the Electrical Resistance of Xylol-Alcohol 
Mier ores: By Norman Campsexy, Sc.D.* 

iC) the Philosophical Magazine for August 1911, pp. 301, 
302, I described certain liquid resistances which may be 

used for the same purposes as the resistances of lonized air 
generally associated with the name of Bronson. Some further 
investigation has been made into such properties of the liquids 
as are important for these purposes. 

* Communicated by the Author. 
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The resistances may be made with commercial xylol and 
absolute alcohol which has been distilled from lime. The 
xvlol possesses no appreciable conductivity, and no useful 
purpose is served by drying the alcohol further. The con- 
ductivity of the mixture, when the proportion of alcohol 
does not exceed some 12 per cent., increases much more 

rapidly than the concentration of the alcohol. When the 
proportion of alcohol exceeds some 12 per cent., the mixture 
ceases to obey Ohm’s law accurately. The most convenient 
mixture to use contains | part of alcohol to 10 parts of xylol. 
The specific resistance of this mixture is of the order 
10’ ohm. A _ resistance suitable for electrostatic mea- 
surements should generally not exceed 10” ohms; a resist- 
ance of that magnitude can be made conveniently from a 
piece of quill tubing about 15 em. long bent into a U-form. 
Hlectrodes can be made of copper or zine as well as of 
platinnm. Of course the liquid must be hermetically sealed 
in glass, if the resistance is to be constant. 

Unfortunately the resistance of the mixture has a large 
temperature coefficient. Between 15° and 30° the resistance 
at a temperature ¢ is given by 

R,= Ry fl + 0-014(¢— 20) }. 
A temperature lower than 15° should not be used ; it was 
found impossible to obtain consistent readings below that 
temperature. 

The liquid resistances appear to me to have every advantage 
over ‘‘ Bronson ”’ resistances, except in the matter of sensi- 
tiveness to change of temperature. In most experiments 
ample accuracy can be attained by correcting for the tem- 
perature, while if extreme accuracy is required it is easy 
to maintain a constant temperature in a thermostat. The 
resistance can be determined readily in absolute measure by 
comparison witha wire megohm. For this purpose a series 
of resistances ranging from 3x10’ ohm to 10” ohm were 
made, each resistance being about 15 times greater than the 
next lower. The comparison is easily effected by a Wheatstone 
bridge in which a sensitive electrometer (3000 divisions fora 
volt) is substituted for the ordinary galvanometer. The 
points of the bridge which are usually connected to the 
galvanometer are connected one to earth and the other to one 
pair of quadrants of the electrometer, of which the other 
pair of quadrants is earthed ; the other arms of the bridge 
are taken from a Post Office Box. The resistance between 
the battery and earth must be large compared to that in the 
Post Office Box. 
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It is probable that a detailed investigation into the relation 
between the conductivities of these mixtures and their com- 
position would throw valuable light upon the mechanism of 
the conduction. The interesting fact is to be noted that the 
resistance, like that of metals and unlike that of electrolytes, 
increases with the temperature. The problem is recom- 
mended to the attention of those who are seeking matters 
for research. It is possible also that other liquid mixtures 
would be found more suitable than that of xylol and alcohol. 

Leeds, Feb. 1, 1912. 

LXIL. A Determination of the Number of Ions produced by 
an Alpha Particle from Polonum. By T. S. Tayor, 
ey hw ad 

Introduction. 

HE investigations herein described were undertaken for 
the purpose of making a direct determination of the 

number of ions produced by an alpha particle from polonium. 
This consisted in measuring the saturation-current produced 
in an ionization vessel by a limited beam of rays from 
polonium, the determination of the capacity of the measuring 
system, and the counting of the number of alpha particles 
producing the ionization current by means of the scintilla- 
tions they produce on a zine sulphide screen during a given 
interval of time. 

Description of Apparatus. 

Rice: 

The essential parts of the apparatus, used in the determi- 
nation of the saturation current, are shown in figure 1. The 

* Communicated by the Author, 
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brass plate “ A,” about 8 centimetres long by 8 millimetres 
wide, was caemlerted by an amber plug as shown, and con- 
nected to one pair of the quadrants of a sensitive Dolezalek 
electrometer. The plate ““A” was surrounded by a brass 
box about 8°3 centimetres long, 12 millimetres wide, and 12 
millimetres deep. This box pada opening, as shown 
at the left side, for allowing the alpha particles to enter it. 
This box together with the plate “A” oormpeel the loni- 
zation- chamber, s since “A” was connected to the electrometer 
and the box surrounding it was joined to a high-potential 
battery of 750 volts. This voltage was sufficiently high to 
produce saturation current under normal atmospheric 
pressure. The source of rays was a preparation of polonium 
mounted within the brass plug “ B,” upon the end of a screw 
of one millimetre pitch. The brass plug was insulated from 
the screw by means of an amber washer underit. By means 
of the screw, the polonium could be moved toward or away 
from the left end of the box forming the outer wall of the 
ionization-chamber, and its position determined at any time. 
A brass cap, having a small hole of 4 millimetre diameter 
and 8 millimetres long in it, was fitted over the brass plug 
“ B” containing the polonium. This cap served to limit the 
beam of emergent rays such that they would not strike the 
walls of the ionization-chamber before they had reached 
the end of their path. The ionization-chamber, &c. were 
enclosed in a metal case, as shown in figure 1. The metal 
case was always connected to earth. 

Determination of Capacity. 

The capacity of the measuring system was determined 
by the method outlined by Campbell * for measuring small 
electrostatic capacities. A special auxiliary air-condenser 
was constructed to be used in the determination of the 
capacity of the measuring system. This capacity consisted 
of a brass plate 10 centimetres long by 7 centimetres wide 
within a brass box 12 centimetres ‘Tong, 8 centimetres wide, 
and 1 centimetre high. The brass plate was insulated from 
the box by means of an amber plug through which a small 
rod supporting the plate was inserted. The entire box was 
enclosed in a metal case connected to earth. The box was 
insulated from the case, however, by means of hard rubber 
supports. ‘The inner plate was alw: ays connected to the inner 
coating of the measuring system during the determination of 
the capacity. 

* Campbell, Phil. Mag. vol. xxi. pp. 42-45, January 1911. 
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The standard condenser used was a Leeds and Northrup 
microfarad condenser having elements 0°5, 0°2, 0:2, 0°05, and 
0°05 microfarad. The calibration of this condenser shows 
the above values to agree with leeds and Northrup’s 
standard capacity within one fourth of a per cent. By 
connecting the elements of this condenser in series, capacities 
of 0:025 and 0:02 microfarad were obtained. In this 
determination care was taken to shield the connecting wires 
joining the auxiliary condenser and the standard condenser 
to the measuring system from outside electrostatic influences. 
This was done by enclosing all connecting wires in earthed 
metal conductors. Mereury contact-keys were used in 
making the connexions between the auxiliary condenser, the 
standard condenser, and the measuring system, so that either 
condenser could be joined in parallel with the measuring 
system as desired. 
A potentiometer scheme was used for charging the outer 

coating of the auxiliary condenser. This consisted of several 
100,000 ohm resistance-coils and coils ranging from 1 to 
100,000 ohms, in series with a 500 volt storage-battery. By 
this means, any fractional part of the 500 volts could be 
applied to the outer coating of the auxiliary condenser. 
Using values of the standard condenser equal to 0°025 and 
0-02 microfarad, respectively, the values of the capacity of 
the measuring system as recorded in Table I. were found. 

TABLE I. 

| | 

| Calculated capacity of the | 
measuring system, in | 
electrostatic units. 

| Value of standard capacity | 
used, in microfarads. 

| 

| 0-025 | 55:3 
0-025 548 
0-020 549 
0-020 55 4 | 
0-020 | 548 | 

| | 

Mean ......... 530 | 

The greatest variation from the mean value is seen to be less 
than one-half per cent., which is as small a variation as one 

might expect to obtain in the deter mination of so small an 
electrostatic capacity. 
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Measurement of Ionization Current. 
The brass plug containing the polonium, with the cap over 

it for limiting the emergent beam of rays, was placed in an 
apparatus similar tu that used in previous experiments *, and 
the Bragg ionization curve determined. Such a curve, thus 
obtained, is shown in figure 2. The plug with the cap over 
it was then placed in the apparatus (fig. 1) in position “ B,” 
and the screw, upon which it was fixed, turned so that the 
polonium was as close to the ionization-chamber as possible. 
This distance was 9 millimetres. The pressure of the gas in 
the air-tight vessel surrounding the ionization-chamber was 
then adjusted so as to be exactly 76 centimetres of mercury: 
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The ordinates are the deflexions in scale-divisions of the electrometer- 
needle per second. ‘The abscissee are the distances in centimetres of 
the polonium from the ionization-chamber. 

This adjustment gave the alpha particles the same range in 
the different determinations. With a potential of 750 volts 
on the outer coating of the ionization-chamber, observations 
were made of the deflexion of the electrometer for intervals 
of 5 minutes. This deflexion of the electrometer-needle gave 
a measure of the ionization current that was produced by 
(3°86—0°90) 2°96 centimetres of the range of the alpha 
particle. That is, it was proportional to the ionization that 
is represented by the area under the ionization curve in 
fig. 2 to the right of the ordinate corresponding to the 
abscissa 0°9 centimetre. : 

* Taylor, Phil. Mag. vol. xviii. p. 604, October 1909, 

Phil. Mag. 8. 6. Vol. 23. No. 136, April 1912. 2Y 
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The polonium was then moved so as to be 1*2 centimetres 
from the ionization-chamber, and readings were taken of the 
deflexions of the electrometer for intervals of 5 minutes. 
The value of this deflexion gave a measure of the ionization 
current produced by 2°66 centimetres of the range of the 
alpha particle. This was proportional to the ionization that 
is represented by the area under the ionization curve to the 
right of the ordinate corresponding to the abscissa 1:2 in 
fig. 2s 
“The difference between the readings obtained when the 

polonium was 0°9 centimetre and 1:2 centimetres from the 
ionization-chamber gave a value that is proportional to the 
ionization represented by the area of the shaded portion of 
fig. 1. By comparing the area of this shaded portion with 
the area under the curve to the left of the abscissa 0°9, the 
amount that should be added to the electrometer reading in 
order to take account of the ionization produced in the first 
0-9 centimetre of the path was obtained. ‘This value could 
also be obtained by comparing the area to the left of the 
ordinate corresponding to the abscissa 0°9 in fig. 2 with the 
area to the right of the same ordinate. 

The corrected reading of the electrometer, that is, the 
reading obtained when the polonium was 2’96 centimetres from 
the ionization-chamber plus the value corresponding to the 
first 0°9 centimetre of the path obtained in the above manner, 
gave a measure of the potential that the plate “ A” and the 
electrometer system would have assumed had the beam of 
particles spent their entire range in the ionization-chamber. 
The corrected scale-readings, that would correspond to the 
ionization that would be produced by the entire range of the 
heam of rays used, are given in column 1, Table I]. Hach 
of the values given is the mean value of several separate 
determinations. By multiplying this corrected electrometer 
deflexion by the value of a scale-division in electrostatic units, 
the potential to which the plate “ A” had been raised was 
obtained. One centimetre scale-deflexion corresponded to a 
potential of 4°39 x 10~° electrostatic unit. The potentials in 
electrostatic units corresponding to the above cited corrected 
scale-deflexions are recorded in column 2, Table JJ. From 
the values of the potential and the capacity of the system, 
the quantity of electricity that would be given to the plate 
“A” by the total beam used was calculated. These values 
of the charge given to the plate “A” during the time 
of an observation (5 minutes). are recorded in column 3, 
Table IT. 
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Determination of Alpha Particles in Beam. 

The plug containing the polonium, with the cap for 
limiting the beam of rays over it, was removed from the 
apparatus and the number of alpha particles emerging in the 
beam determined by counting the number of scintillations 
produced per minute upon a zinc sulphide screen. A zine 
sulphide screen purchased of Harrison Glew of London, and 
a microscope, composed of a Leitz objective number “4” 
and a Leitz eyepiece number “ 0,” were used in the counting 
of the scintillations. The screen was standardized by using 
a small quantity of the active deposit of radium emanation 
for which the alpha ray activity was calculated from the 

TaBun Wl, 

: Pena : | 
Corrected | Potentialsin | Charge that Number of Taneene | 
deflexion E.8.U. corre- | would be given| particles tee ve | 

| corresponding | sponding to | toplate““A” | entering |... ‘ea MG | 
to total deflexionsin | by entire beam | ehamber in 8 ie ae ie 

ionization. column 1. used, 5 minutes, | PeP i | 

pease | 
17-20 755x074 =| 4115 x 10-2 BAT 163,000 | 

| 
16:96 7-45 10-4 4:09 x 10-2 D386 164,000 | 

16°62 730x104 4:01x 10-2 520 165,000 

16°16 T1OX10-* | 390x107" 500 165,000 
15:80 6:94x107* | 382x107? 503 163,000 

Mean value of ions produced......... - 164,000 

gamma ray activity. By this process it was found that 
86 per cent. of the alpha particles striking the screen pro- 
duced scintillations that were readily counted. A large 
number of determinations of the number of scintillations 
produced was made for each separate determination of the 
ionization current. The mean value of each series of these 
determinations was then corrected to take account of the 
fact that only 86 per cent. of the alpha particles striking 
the screen produced scintillations. These values were then 
multiplied by 5 in order to get the total number of alpha 
particles that entered the ionization-chamber during the time 
required to make one observation of the ionization current. 
This mean value of the number of alpha particles entering 
the ionization-chamber is recorded in column 4, Table IT., 
for each determination. 

2Y 2 
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Calculation of the Number of Ions and the Energy required 
to produce an Ion. 

To get the number of ions produced by an alpha particle, 
the values of the charge given to the plate “ A,” as recorded in 
column 3, were divided by the corresponding values of the 
number of alpha particles that entered the chamber, as 
recorded in column 4, and the result divided by the value of 
the charge of an ion, which in this case was taken as 
4-67 x10-) electrostatic unit. The values of the number 
of ions produced by an alpha particle, as determined in the 
above manner, are recorded in column 5, Table IJ. The 
mean of the different values found is seen to be 164,000. 

It has been shown * that the rate of production of ions by 
an alpha particle is proportional to the rate of consumption 
of its energy. Hence it is possible to calculate the relative 
amount of energy that is required to produce an ion in air. 
Taking the value of e/m for the alpha particle as 5x10? 
electromagnetic units, the initial velocity as 1:68~x 10° 
em./sec., and the charge e as 3°1x10~” electromagnetic 
unit, the kinetic energy of the alpha particle is equal to 

1/2mv? =1/2m/ev’e=8°7 x 10~* erg. 

Dividing this value by the number of ions produced (164,000) 
the relative amount of energy required to produce an ion is 
obtained. This gives a value of 5°3X107" erg. 

Conclusions. 

The number of ions produced by an alpha particle from 
polonium has been determined by a direct process and the 
mean value found to be 164,000. This value is in close 
agreement with that already found by Geiger +. 

The relative amount of energy of an alpha particle 
required to produce an ion is calculated to be 5°3 x 10-" erg. 

Physics Building, University of Illinois, 
Urbana, [1linois. 

* Geiger, Proc. Royal Society, Series A, vol. Ixxxiii. No. 565, p. 505 ; 
Taylor, Phil. Mag. April 1911. 

+ Geiger, Proc. Royal Society, Series A, vol. 1xxxii. pp. 486-495, 
July 31, L911. E 
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LXII. Lhe Charges on Ions. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— ; 

N a paper by Mr. J. C. Pomeroy, published in the 
January number of the Philosophical Magazine, some 

experiments are described from which the author draws a 
number of conclusions as to the values of the charges on 
ions produced by a hot wire in air and in hydrogen at 
atmospheric pressure. 

The experiments are said to have been made on the 
saine principle as that which I used some time ago for 
finding the product N.e for ions in different gases, N 
being the number of molecules per cubic centimetre of a gas 
at normal pressure and temperature, and e the charge on an 
ion. There is one fundamental condition on which the 
success of this method depends, which is that the experiments 
must be conducted at low pressures, except in the rare cases 
when such small densities of ionization are used that the 
electrical measurements can only be made by a sensitive 
electrometer when the charges on the electrodes have been 
accumulating for some hours. 

Mr. Pomeroy has made his experiments at high pressures 
with densities of ionization which obviously are not very 
small, and the consequence is they furnish no evidence in 
support of the conclusions he has adopted. 

It may perhaps prevent the recurrence of a similar error 
if I point out why it is necessary to work at low pressures 
in order to determine the value of N .¢ by experiments on 
the lateral diffusion of a narrow stream of ions moving under 
an electric force. The principle of the method consists in 
producing ions on one side of a disk A, the disk being a thin 
sheet of metal with a circular aperture in the centre through 
which the ions can pass. On the other side of the disk the 
ions travel through a field of uniform electric force X, and 
are received by acircular disk Band a broad ring C sur- 
rounding the disk, a narrow air-gap being left between them 
for purposes of insulation. The disk B is directly opposite 
the aperture in the plate A and is of the same area as the 
aperture. All the ions are not received on the disk as the 
stream opens out and part of the charge is received by 
the ring C. There are two causes which contribute to the 
opening out of the stream—the diffusion of the ions, and their 
self-repulsion., 

The ‘effect of diffusion is, in these cases, independent of 
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the pressure, and if that process alone were acting, the ratio 
of the charge acquired by the disk to the total charge coming 
through the aperture would depend only on the product 
N.e.X. In the particular form of apparatus which I 
used and which was also used by Mr. Pomeroy, the disk 
should receive one half the number of ions coming through 
the aperture when X=1'4 volts per centimetre and N.e 
has the normal value 1:°23x10'. As the plate A was at a 
distance of 7 centimetres from the electrodes B and C, the 
potential difference between the plate and the electrodes is 
in this case about 10 volts. A smaller voltage would he 
necessary if the disk receives a smaller proportion of the 
charge. 

The effect of self-repulsion acts according to different 
laws, it increases with the pressure of the gas and also with 
the density ot ionization. It is easy to see that if p is the 
charge per cubie centimetre of a distribution of ions ata 
polnt moving with the ions, the density p diminishes with 
the time ¢ according to the formula 

pina 1 
po 1+4arkpot’ 

po being the initial value of p and & the velocity of the ions 
under unit electrostatic force, An approximate estimate of 
the effect of self-repulsion in expanding the section of the 
stream may be obtained from this formula. Let Q, be the 
charge coming through the aperture per second, s the area 
of the aperture, the charge py per cubic centimetre of the 
gas 1S pyo=()/s.k.E, E being the force in electrostatic 
units in the space between the plate A and the electrodes. 
The ratio of the charge received by the disk to the charge 
coming through the aperture is p/pp, and in the time ¢ the 
ions travel 7 centimetres under the force X so that t=7/kE. 
Hence 

Qo i 287 Qo 

sik. kK he soko Kb 

This quantity must be small as compared with unity in 
order that the effect of diffusion may be the predominating 
factor in expanding the stream when the value of E is of the 
order 1°4/300. ‘To secure this condition at atmospheric 
pressure where & is the velocity due to unit force, it would be 
necessary to reduce (, to such a small value that it would be 
very difficult to detect the charges acquired by the electrodes 
unless the observations extended over some hours. At a 
pressure of 10 millimetres, 76 times as great a charge can 

Ankpyt=Azk . 
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be used, since k is inversely proportional to the pressure, and 
accurate measurements of the value of N .e may be deduced 
from observations that require a few minutes to collect the 
charges on the electrodes. 

Mr. Pomeroy does not give the values of the charges 
acquired by the electrodes in his experiments, and _ his 
reasons for neglecting the effect of self-repulsion are un- 
satisfactory. In some of the experiments the potential of 
the plate A was raised to 200 volts, and it was concluded 
that the charge on each ion was equal to one atomic charge. 
And in others the potential was 100 volts and the charge 
was in these cases said to be two atomic charges. Apparently 
the ring and the disk acquired equal charges, in these 
experiments. 

The theory of the experiments, however, shows that, when 
the ions have single atomic charges, and the opening of the 
stream is due to diffusion only, the ring B and disk C acquire 
equal charges when the potential of A is 10 volts. If 
Mr. Pomeroy is correct in supposing that the self-repulsion 
may be neglected, the logical conclusion to which his experi- 
ments lead is that in some cases the charges on the ions with 
which he was dealing were one-tenth, and in other cases one- 
twenticth of the atomic char ge on a monovalent atom in a 
liquid electrolyte. 

Yours truly, 
JOHN S. TOWNSEND. 

LXIV. On the Absolute Expansion of Mercury. Reply to 
Criticisms by Scheel and Heuse. By H. Ll. CALLtenpar*. 

N the March number of this Journal Scheel and Heuse 
have pointed out that our recent results for the absolute 

expansion of mercury do not agree quite so closely with 
previous determinations by indirect methods as the latter 
agree among themselves, and have drawn the conclusion that 
the discrepancy must be due to an error in our measurements. 
They also complain that we have neglected to bring into the 
discussion the experiments made at the Reichsanstalt in 1895 
on the expansion of mercury by the weight thermometer 
method, and that we have omitted to discuss the results in 
relation to the expansion of water. This omission was not 
due to any oversight on our part, but to a natural desire to 
avoid the appearance of going out of our way to criticise the 
results of old experiments to which the Authors themselves 
did not seem at the time to attach much importance as a 

* Communicated by the Author, 
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determination of the absolute expansion of mercury. The 
remarks of Messrs. Scheel and Heuse compel us, in self 
defence, to criticise these observations, and supply certain 
details which they have omitted. In order to confine our 
reply to a reasonable length, and to avoid thermometric 
ditiiculties, our remarks will be limited to the expansion from 
0° to 100° C. All differences will be expressed in terms of 
the unit adopted by Messrs. Scheel and Heuse, namely, one 
part in a million of the volume at 0° C. 

Mercury Weight Thermometer Method.—Yhis methed was 
applied by Thiesen, Scheel, and Sell between 0° and 100° C. 
to five bulbs, two of Jena glass 16™, two of Verre Dur, and 
one of Jena glass 59™. ‘Lhe cubical expansion of the bulbs 
was deduced from observations of the lmear expansion of 
rods of the same glasses. The final results for the expansion 
of mercury, as deduced from these bulbs, are printed in 
heavy type near the end of their paper, and were as 
follows :— 

From dilatometer 16! No. 1 "0182327 
ss 7 elon 2 "0382091 

Verre Dur No. 1 "0181934 
& X be uNea ‘0181944 

a jo "0182570 

The differences in the results, covering a range of 63 units 
(neglecting the seventh decimal place as uncertain), greatly 
exceed the possible errors of observation in so simple an 
experiment, and may have arisen from three different causes: 
(1) The bulbs and rods, though specially selected for the 
experiment, may have differed in composition. (2) They 
may have differed in expansion owing to qireranee. of form 
and treatment. (3) Even if the axial expansion of the bulbs 
were the same as that of the rods, the radial expansion, which 
is twice as important, might have been appreciably different. 
The results from the 16 bulbs were discredited because 
they differed by 23 units, w hereas the verre dur bulbs were 
in practical eeeement though much lower than either of 
the others. There was nothing, however, to show that the 
59% glass would have given more concordant results than 
the 16", if more than one bulb had been tested. It is hardly 
fair now to lay special stress on the highest result in place of 
the mean ‘018245 of the two highest results adopted in the 
original paper. 

The result of Chappuis obtained with a verre dur bulb i 1s 
clearly entitled to much greater weight because it escapes 
the first two objections above given, since the linear expansion 



-_ — a 

Absolute Expansion of Mercury. 681 

of the bulb itself was measured. It is still, however, liable 
to the third objection. In fact a difference of little more 
than 2 per cent. between the radial and axial expansions of 
the bulb would suffice to bring his results into agreement 
with ours for the absolute expansion. 

Expansion of Water.—By testing four of the same bulbs 
filled with water, Messrs. ‘Thiesen, Scheel, and Sell obtained 
a comparison between the expansion of water and mercury 
in which the expansion of the glass was eliminated. As- 
suming the expansion of mercury between 0° and 100° C. to 
be 018245, they d-duced the expansion of water between 
the same limits. But the converse method does not appear 
to be satisfactory for deducing the expansion of mercury, 
because the errors of observation or manipulation (arising 
chiefly from the water results at 100° C.) covered a range of 
no less than 28 units. Even the mean results for each bulb 
quoted by Scheel and Heuse can hardly be said to agree 
satisfactorily for this purpose, since they differ by 13 units, 
which would be an excessive error for a mercury weight 
thermometer, apart from the uncertainty of the expansion Fok 
the bulb. 

The absolute determinations of the expansion of water by 
Thiesen over the range 0° to 100° C. were made with a single 
pair of columns 2 metres high and nearly 2 metres apart. 
The temperatures of the columns were taken at two points 
with mercury thermometers. The variation of the results at 
100° C. covered a range of 64 units, corresponding to a 
variation of only 0:13 mm. in the manometer. In our 
mercury apparatus six pairs of columns were employed, giving 
an effective height of 11:6 metres, and the variation of the 
results for the fundamental interval covered a range of only 
5) units, corresponding to 0:06 mm. Thiesen’s mean results 
for water oe those found by Chappuis with the verre 
dur bulb by 22 units at 100° C., and by 11 units at 40° C. 
Considering the extreme difficulty of the determination of 
the absolute expansion of water, and the additional uncer- 
tainty of the weight thermometer comparisons, it does not 
appear that so much weigbt should be attached to this indirect 
method of deducing the expansion of mercury, as the ingenious 
mode of presentation adopted by Messrs. Scheel and Heuse 
might seem at first sight to indicate. 

Expansion of Silica—We have ourselves supplied the only 
serious objection adduced by Messrs Scheel and Heuse which 
rests on a close agreement of Harlow’s silica bulbs with 
the verre dur bulb of Chappuis for the fundamental interval, 
when the cubical coefficient of expansion is assumed to be 
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three times the linear in each case. I became aware of this 
coincidence some two years ago when the first results with 
the silica weight thermometer were obtained in my private 
laboratory, but we were unable to detect any source of error 
in our experiments sufficient to account for the discrepancy, 
and we were not in a position to discuss it at the time when 
our paper was published. I am at present inclined to the 
opinion that the explanation must be sought in the inequality 
of axial and radial expansion of a drawn tube due to intrinsic 
strain. It is difficult to see how this effect, if it exists, could 
be satisfactorily detected except by reference to the absolute 
expansion of mercury. ‘The intrinsic strain in a hard glass 
tube appears to be of the same order as in a silica tube when 
tested by polarized light, and would probably produce the 
same absolute effect on the expansion. On this view it is 
necessary to suppose that the anomaly giving rise to a 
minimum length for a silica rod between —50° and —80° C. 
affects the radial expansion ata somewhat higher temperature, 
giving a minimum in the neighbourhood of O° C. It is at 
least noteworthy that, if our results for the absolute expan- 
slon of mereury at 184° }. are assumed, the cubical co- 
efficient of silica is already nearly three times the linear, 
when the Jatter has nearly reached the constant value w ‘hich, 
according to my experiments * , it retains over the range 
300° C. to 1400° C. But for the anomaly in the expansion 
of silica at low temperatures, and the impossibility of an- 
nealing it satisfactorily owing to its rapid devitrification at 
temperatures above 900° C., a silica bulb, employed according 
to Chappuis’s method, would afford an almost ideal method 
of determining the expansion of a liquid. The measurement 
of the absolute expansion of mercury by the hydrostatic 
method is a difficult experiment, and may possibly involve 
sources of error which are not taken into account in the 
accepted theory. These are being further investigated, and 
the observations with the silica weight thermometer are being 
extended to higher and lower temperatures. It may be 
objected that such investigations should not be undertaken 
by amateurs in their occasional intervals of leisure, but should 
be confined to National Physical Laboratories, where the ex- 
perimentalist may devote his whole time and attention to one 
research. In our case it may be urged in extenuation that the 
method was designed, and the chief part of the apparatus con- 
structed, before the National Physical Laboratory existed. The 
work has been carried through under considerable difficulty, 
and is doubtless not so perfect as it should be. The apparatus 
was designed for working up to 300° C., and is perhaps not 

* Shenstone, Proc. Roy. Inst, 1901. Not pe by Scheel & Heuse. 
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so well suited for attaining the greatest precision at ordinary 
temperatures. The results at high temperatures are con- 
firmed by the expansion of silica, and may probably be 
accepted with confidence. The apparent discrepancy at low 
temperatures is receiving further attention, but may be due 
simply to anomalies in the expansion of solids which are here 
most in evidence. We make no claim to infallibility, and do 
not expect anyone to adopt our “comprehensive tables” to 
the exclusion of others which they may consider more reliable. 
We ask only that our work may be regarded as an honest 
attempt to solvea difficult experimental problem, and we take 
this opportunity of thanking our fellow-workers, especially 
M. Pierre Chappuis, for the generous appreciation which 
they have so freely expressed of our labours. 

LXV. On the Absorption of Réntgen Rays in Air. By 
Aeon. Se. and ih EA Day, ne McGill Uni- 
versity, M eae eal * 

i) ad coefficient of absorption of the Monten rays In air 
was first determined by Rutherford f for a very soft 

bulb, and the value found was X=:001. A thorough in- 
vestigation of the absorption of the very penetrating 
radiations from a hard bulb was subsequently made by 
Rutherford and McClung f, who found 7=*000279. Two 
pencils of rays passed down two long cylinders to suitable 
testing-vessels connected to an electrometer. The pressure 
in one cylinder was maintained constant, and in the other 
cylinder it was varied, and in this way the coefficient of absorp- 
tion by air and by various gases could readily be determined. 

It has been pointed out by one of us§ that, with any 
lonizing point-source, the coefficient of absorption in the 
atmosphere near the earth’s surface can easily be cbtained 
by varying the distance between the source of the rays and 
a testing electroscope. If J is the ionization current in the 
electroscope at a distance » from the source of the rays, I 
varies as ¢-"’/r?2, If distances 7, 7, give ionization currents 
I,, I,, it follows that % may be fotind from 

log, Ir? —log, I, 7? =A(7%9 —7)). 

Preferably a number of distances and ionization currents 
are measured, and the line 

log, b?=A—xr 

is plotted with 7 as Blac and log Ir? as ordinate. The 

* Communicated by the Authors. 
+ Phil. Mag. Jan. 1899, 
ingle Trans. Roy. Soc, (A) exevi. p. 25, 
§ Phil. Mag. July L011, 
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slope of the tangent at any point is’. By this graphic 
method it is easy to see whether A is constant, when the line is 
straight ; or whether decreases with the distance, indicating 
that the more easily absorbed rays are rapidly eliminated. 

This method has been used by one of us* to determine 
the coefficient of absorption by air of the 6 rays from 
radium B and radium C, and from the active deposit of 
thorium. And this method has subsequently been adopted 
by Hess} in an important and remarkable experiment. A 
Wulf electrometer was used to measure the y rays from 
radium ( from 1400 mgs. of pure RaCl,, over ranges from 
10 to 90 metres. The results obtained varied from °389 to 
“493 times 10-* with a mean value w=-0000447, agreeing 
well with McClelland’s ratio of u/density for various elements 
and for water. 

The present paper consists of an account of the application 
of the method, described above, to the determination of the 
coefficient of absorption of the Rontgen rays by air. Two 
electroscopes were used, the one fixed, the other moved to 
various distances. They were of simple ty pe, with aluminium 
leaf, a capacity about 3 cm.. and of considerable volume, 
12 litres. Because Réntgen rays are not emitted very 
steadily from the source, it was necessary to compare the 
readings of the moved with a fixed electroscope as standard. 
It is not necessary to know either capacity or volume, only 
the potentials corresponding to the microscope-scale re adings. 
In every case much scattered radiation reached the electro- 
scopes from the air, roof, floor, and walls. It is, however, 
easy to determine the magnitude of this by placing a thick 
lead screen of size just sufficient to prevent any primary 
rays reaching the electroscope. ‘The screen was placed at a 
distance of one to two metres from the electroscope. The 
scattered radiation was from 25 to 50 per cent. of the total, 
according to the experimental conditions; the ionization 
due to the scattered radiations was in all cases subtracted 
from the total radiation, so as to obtain the ionization in the 
electroscope due to rays coming from the direction of the 
source. 

Short Ranges (4-10 m.). 

At one end of a room 12 metres long was placed the 
Rontgen-ray bulb connected with a powerful induction-coil, 
with Wehnelt interrupter. The fixed electroscope was 6 m., 
and the moved electroscope at one of the stations 4, 6, 8, or 
10 m., from the source. Measurements were taken both 
retiring and advancing, in order to eliminate the risk of 

* Phil. Mae. July 1911. qq Phys. Zeit. 15 Noy. 1911. 



a 

Absorption of Réntgen Lays in Air. — 683 

error due to a change of hardness of the bulb. The current 
was passed for a few seconds and the fall of potential in each 
electroscone observed. The ratio (moved/fixed) was multi- 
plied by the square of the distance between electroscope and 
bulb. The corresponding value for the scattered radiation 
was deducted, and the natural logarithm of the difference 
was plotted against, the distance. The result for ranges of 
4-10 metres gave a straight line, so that the rays obeyed the 
inverse square law and were also absorbed exponentially. 

Three Rontgen-ray bulbs were used. The first (A) was 
an exceedingly hard one, used by one of us* some years ago 
in a comparison of the ionization of gases by Rontgen and 
y rays. On the first day \ was found to be 00077 in the 
morning and *00069 in the afternoon ; on the following day 
"00065. On the third day the bulb was run for some time, 
and the alternative spark-gap extended to a maximum of 
30 cm. The bulb became extremely hard, and gave 
X='00033 in the morning and °00025 in the afternoon. 
These values accord well with those found for a very hard 
bulb by Rutherford and McClung, namely -000279. The 
rays from such bulbs are too penetrating to give good results 
for skiagrams for medical work. 

The second bulb (B) tested was a new one, recently 
purchased by the Physics department. It was fitted with a 
regulator for varying the hardness, and it proved to be re- 
markably steady. Values in the morning and afternoon of 
the same day gave »=°00040 and ‘00041. The alternative 
spark gap was “11 em. 

The third bulb (C) was the property of the Royal Vic- 
toria Hospital, and was too soft for medical work. Three 
determinations gave in succession *0018, ‘0011, -0010, and 
in the meantime the alternative spark-gap had increased 
from 1°5 to 5cm. No satisfactory exact relationship was 
established between the length of the maximum alternative 
spark-gap and the value of 2. 

A fourth bulb was examined, but although fitted with a 
regulator, it was extremely erratic, alternating between 
extreme hardness and softness, so that no reliable results 
could be obtained. 

As the second bulb (B), A=:00044, gives excellent shadow 
pictures, it would seem to be a good value for the coefficient 
of absorption for apparatus for medical work. 

Long Ranges (20-80 m.). 

~The hard bulb (A) was placed ona ledge outside a window 
of the Physics building, 5 metres from the ground, The 

* Phil. Mag. Noy. 1904, 
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fixed electroscope was placed on a table 40 m. from the 
source, and the stations for the movable electroscope were 
in a straight line at 20, 40, 60, 80 metres from the bulb, out 
of doors, on the College Campus. 

The values obtained were : 

Metres. A 

20-40 00027 
40-60 00014 (2) 

This bulb had given a mean value ‘00029 within the 
building. Just as the readings at 60 m. were nearing com- 
pletion, the bulb fractured near the cathode, and so there is 
some uncertainty as to the value of % between 40 and 60 m. 

On the day following the steady bulb (B) was used with 
results ; 

Metres. r, 

20-40 700040 
40—60 "00029 
60—80 "00010 

This bulb had given within the building 0004. The 
maximum alternative spark-gap was 11 em. 

The readings taken at the 80 m. station are not very 
accurate, for although the leaf was moving at the rate of 
18 divisions a minute, there were troublesome convection 
currents due to a warm sun and a cold wind. The readinys 
were taken in January, when there were 10 cm. of snow on 
the ground and the temperature was —6°C. Under suit- 
able meteorological conditions it will be possible to take 
readings up to 150 m,, and to decide whether there is really 
a decrease in the value of X for increased distance as these 
results seem to indicate. This work we hope to undertake 
in the spring, 

Total number of Ions. 

If the number of ions produced in a cubic centimetre in a 
second is g, at a distance r from the bulb, we have 

k Ar 
= 6 | q ve 5 

and the total number of ions produced in a second is 

a k aN 
N= ) 2arr-dr za oo" == Qark|n, 

0 aat 

The constant & is the (theoretical) number of ions produced 
in 1 ecubie centimetre at 1 centimetre distance from the 
focus on the anticathode. 

The electroscopes were calibrated by the ionization due to 
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the y rays from the radium C in a known quantity of radium 
bromide * at a measured distance from the electroscope fT. 
Now at a distance of 40 m. the hard bulb A produced 

2340 ions per cubic centimetre per second ; hence 

2340= Suave Cm 00029 x £000 

(4000)? 
Therefore 

pawl ge see 
and 

N= 27 kA 292%, 10). 

For the bulb B at 40 metres 

k= 214% 10% 
N= 2730) x OU: 

These values for N were found by integration ever a hemi- 
sphere. As a comparison, it may be pointed out that, 
integrated over a sphere, the total number of ions per 
second, due toa gramme of radium, with RaC in equilibrium, 
tame 101°, 

The power supplied to the Réntgen-ray bulbs was of the 
order 100 watts or 10° ergs per second. As the energy 

required to make an ion is about 2x 10-1" erg, it follows 
that the power spent in ionizing is 2x 107! x 2:4 x 10”, or 
about 5x 10* ergs per second, This is only 1/20000 part of 
the power passing to the bulb, the greater part of which is 
transformed into heat. The whole apparatus of induction- 
coil and bulb is exceedingly inefficient as a producer of 
Rontgen rays, which are, as it were, a minute side product. 

If the ionization is integrated to the surface of the bulb 
instead of to the anticathode, the correction is less than 1 
per cent, 

Summary. 

(1) The coefficients of absorption by air have been found, at 
short ranges (4-10 m.), as follows :-— 

Soft bulb (C), -0018 to :0010. 
Moderate bulb (B), -0004. 
Hard bulb (A), -00033 to :00025. 

These values agree well with previous determinations 
by Rutherford, and by Rutherford and McClung. 

* Phil. Mag. Sept. 1906 and Oct. 1911, 
+ It will be necessary, for more accurate determinations, to investigate 

the influence of the thickness and material of the walls of the electro- 
scope on the internal ionization, and to compare the values obtained 
with those found for a very thin-walled electroscope. This question has 
received attention for y rays (Phil. Mag. 1911, p. 380 and p, 554) but not 
apparently for Réntgen rays. 
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(2) For long ranges (20-80 m.) the values found were : 
m. B. ig 

20-40 ‘O0040 "00027 

40-60 00029 ‘00014 (2) 
60-80 ‘OOOLO (?) 

(3) The scattered radiation which has been deducted is from 
one-third to one-half of the primary. 

(4) The total numbers of ions produced in the atmosphere 
per second were found to be (A) 2°54x 10 ; (B) 
2°36x10%. The energy spent in ionizing is, there- 
fore, only about 1/20000 of that expended in the bulb. 

We are indebted to Mr. L. V. King for his kind assistance 
in the long range measurements. 

LXVI. Non-Newtonian Mechanics. 

To the Ixditors of the Philosophical Magazine. 
GENTLEMEN ,— 

THXHE defence which Dr. Tolman, in the last number of 
the Phil. Mag., sets up < against my criticisms is strange 

indeed. He points out that his argument, even after I have 
restated it in a form free from certain logical absurdities, 
still contains an error. I readily admit the fact, but the 
error is his, not mine; it is contained in his original argument, 
which I was concerned to correct only in one point ‘and for 
which I have not accepted the smallest responsibility. 

Apparently he now admits that the argument was in- 
sufficient, for in the revised form which he now puts forward 
he introduces an additional assumption. To the assumptions 
of the conservation of momentum and the Hinstein space- 
time transformation, he adds that of the conservation of 
mass, which is not deducible from them alone. The work 
of Epstein (Ann. d. Phys. xxxvi. p. 793) seems to show that 
the additional assumption is unnecessary. 

In a footnote Dr. Tolman attempts to refute my main 
criticism by a defence which I answered in the last paragraph 
of my attack. I pointed out that arguments which are legiti- 
mate in making deductions from general principles are not 
always legitimate in establishing these principles. I see no 
reason to withdraw my asser tion that the application of the 
principle of conservation of momentum to cases (such as that 
of the Bucherer experiment) where the observer is situated 
on one of the reacting systems is inconsistent with the principle 
of relativity. 

lam, 
Leeds University, Yours faithfully, 

March 8, 1912. Norman R. CAMPBELL. | 
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LXVII. Selective Reflexion, Scattering and “Absorption by y 
pgonaing Oe: Aiea By R. ae Woovs cg esse 

cage ee aok oles of Columbia ee 

[Plates X.—XII.] 

[* the present paper I shall deal with phenomena which, 
up to the present time, have never been made the 

subject of experimental investigation ; and though elaborate 
mathematical treatments have been given by Planck, Lord 
Rayleigh, Schuster, Lamb, and others, no experimental data 
have ever been obtained. Through the discovery that the 
vapour of mercury, at room temperature, emits a brilliant 
resonance radiation when stimulated by monochromatie¢ ultra- 
violet light of wave-length corresponding exactly to that of 
its so-called absorption line (X=2536), I have been enabled 
at last to obtain quantitative data on the subject. 

It has been found that when the vapour is in a high 
vacuum there is no true absorption, the energy diverted 
from the primary beam of light being wholly scattered, as 
imagined by Planck in his treatment of the theory of ab- 
sorption. The presence of a small quantity of air or other 
gas has been found to introduce the factor of true absorption, 
or the conversion of the energy of the light-waves into heat, 
and the ratio of the amount of energy scattered to that 
absorbed as a function of the pressure of the gas with which 

* Communicated by. the Author. 

Pial. Mag. 8.6. Vol. 23. No. 137, May 1912. 2Z 
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the mercury vapour is mixed has been determined. A very - 
remarkable secondary resonance radiation of the gas not 
directly illuminated by the primary beam, but stimulated by 
the light which comes from the directly excited molecules, 
has been discovered, the study of which has enabled me to 
draw the conclusion that there is no true absorption except 
when the pressure is raised by the presence of air. 

I have also succeeded in passing by gradual stages from 
the condition in which the resonance reson 1s ‘diffusely 
scattered to that in which, owing to the proximity of the 
molecules, it is regularly reflected oon the surface of the gas 
mass. A resonance lamp has been constructed which emits 
light probably more homogeneous than that obtained from 
any source hitherto known, by the light of which I have 
succeeded in photographing the vapour rising from a drop of 
warm mercury into the air of the room like black smoke. 
So sensitive is the light of this lamp to the presence of 
mercury vapour, that 1 have been obliged to ventilate my 
room before each experiment, owing to the presence of 
mercury in the cracks on the floor, for the light of the lamp 
is reduced to one-half of its intensity by traversing a layer 
of mercury vapour at room temperature only 5 mm. in 

thickness. 
The following topics will be discussed :— 

Introduction. 
Resonance radiation of mercury vapour at room tem- 

perature. 

Energy diverted from the primary beam. 
Primary and Secondary Resonance Radiation. 
Destruction of the Secondary Radiation by molecular 

collisions. 
Probability that the molecules continue to emit light 

after they leave the region traversed by the primary 
beam. 

Ratio between Scattered and Absorbed Light as a 
function of the pressure of the gas. 

Transition from Diffuse Scattering to Regular Re- 
flexion. 

Absenee of all traces of Polarization. 
45 

Experimen¢s with the Resonance Lamp. 

Introduction. 

The scattering of Jight by gas molecnles has been the 
subject of mathematical tre eatments, but practically no 
experimental work has been done upon the subject, and we 
have no data whatever regarding the actual wean of energy 
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diverted from the primary beam by a molecule in exact 
resonance with the light-waves which excite it. 

Lord Rayleigh has interested himself chiefly with the 
scattering ehioh may occur when the molecules are not in 

resonance, as is the case in the scattering of the blue light 
by the molecules of the atmosphere. This case has been 
experimentally investigated by Abbott, who has measured 
the atmospheric absorption from the summit of Mount 
Wilson. Of greater interest, however, is the scattering of 
molecules resonating under the influence of the light-waves. 
But few cases of tie are known, though this action has been 

made the basis of the theory of absorption developed by 
Planck. Some years ago I found that the non-luminous 
vapour of sodium at a comparatively low temperature, when 
illuminated by the light from a powerful sodium flame, 
re-emitted light of the same wave-length in all directions. 
‘This re-emission of light, without change of wave-length, by 
molecules of an absorbing gas, I named resonance radiation, 
to distinguish it from fluorescence, where there is in general 
an increase in the wave-length. Sodium vapour is, however, 
almost impossible to handle in a satisfactory manner, and is 
in consequence unsuitable for a quantitative investigation of 
the subject. 

About two years ago I discovered that mercury vapour 
acts In the same manner, except that the phenomenon occurs 
in the ultra-violet region at the absorption line 2546. I 
first observed the resonance radiation of this vapour at room 
temperature in an exhausted silica bulb, the pressure of the 
mereury vapour being 0:001 mm. 

This vapour appeared to be the ideal medium for a careful 
study of the subject in all of its aspects, except for the fact 
that everything has to be done by photography. The work 
has turned out even better than I had hoped, and I have 
been able to pass gradually from the case where the scattered 
light is radiated in all directions by the highly rarefied gas 
to that in which it is regularly reflected from the sur face of 
the gas under high pressure. 

I have already described the selective reflexion of mono- 
chromatic light by mereury vapour (this journal, vol. xviii. 
peels 7, 1909), in a paper which I shall have occasion to refer 
to later on. 

Although I first observed the resonance radiation of 
mercury vapour nearly two years ago, I published nothing 
on the subject, as no quantitative data had been obtained. 
The observation was made in the following way. A small 
drop of mercury was introduced into a tube of fused quartz, 

222 

Ne 
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closed by end plates of the same substance which had been 
ground fiat and polished. These plates were fused to the 
ends of the tube, which had been flared out in order to 
prevent spoiling the figure of the central portion a the 
plates by fusion. The ‘tube is shown in Pl. X. fig. 1, and 
was designed for a study of the dispersion of the vapour by 
an interferometer method, an investigation of which will 
shortly be commenced. It was made by Heraeus and turned 
out quite as well as I had hoped, for I have had no difficulty 
in forming interference fringes with one beam of light 
traversing the tube, showing that the process of fusing on 
the end plates did not damage their optical quality. The 
tube was highly exhausted andl sealed, and the light of a 
quartz mercury are focussed along the axis of the tube. The 
tube was now photographed from the side with a camera 
furnished with a lens of quartz, which was constructed in a 
few minutes from an old box used for storing photographie 
negatives. A quartz lens of about 18 cm. focus was fitted 
into.a hole made in ‘he bottom of the box, which was used 
standing on its side. A strip of thick sheet brass was cut to 
the same width as the plates for which the box was made. 
To this strip was soldered another strip in which a cirealar 
aperture 8 cm. in diameter had been cut. This strip stood 
vertically in the box, and was provided with two spring clips, 
or supporting clamps, to hold the plate in place against the 
circular aperture. The camera was focussed by sliding the 
strip along in the grooves which supported it. (These 
grooves were made originally for holding the plates.) The 
correct focus for the invisible rays with which we are 
concerned in the present paper was found by pointing the 
camera at the slit which had been mounted in the foeal 
plane of the quartz spectrograph (to convert it into a mono- 
chromator), and observing the focus with a piece of uranium 
glass. The distance from the lens to the slit from which the 
ultra-violet rays diverged was then measured. This gives 
the correct distance at which the object to be photographed 
must be placed in order to be properly focussed. The 
camera is shown in fig. la. I have found that much time 
is saved by the use of a camera of this description, for the 
plates can be cut carelessly and in a hurry, as they do not 
have to be of an exact size, and no time is lost in loading 

_ or unloading a plate-holder. In ultra-vio'et work of this 
description, where the sources of error and all other un- 
expected troubles and difficulties have to be located by 
photography, the time saved in this way amounts to a good 
deal. In the present work I have taken about six hundred 



and Absorption by Resonating Gas Molecules. 693 

photographs, and have saved the many hours that would have 
been spent in fussing with plate-holders and miss-fit plates. 
The hinged back of the box can be swung aside and the 
plate inserted in the supporting clamps in a tew seconds, 
the room being darkened of course. 

The Westinghouse quartz arc was enclosed in a box and 
the collimator of the quartz spectrograph introduced through 
asmall hole. In this way diffused light, which would have 
spoiled everything, was shut out. The lamp was started by 
pulling a string which passed through a small hole in the 
top of the box, and extinguished at the right moment by 
opening a switch. 

The monochromatic light from the slit of the quartz 
spectrograph was either made parallel, or brought to a focus 
by means of a pair of quartz lenses of 30 cm. focus each, 
the condition of the pencil of rays being tested with the 
uranium glass plate. 

The photograph taken of the long tube closed with flat 
quartz plates showed an image of the cone of rays traversing 
the high vacuum precisely as if the tube were filled with 
dense smoke. The tube was at room temperature, and the 
density of the mercury vapour was about 0°001 mm., never- 
theless an exposure of fifteen or twenty seconds was all that 
was necessary. 

Owing to my absence from Baltimore I was unable to 
take up the work again until this winter. In the meantime 
I had secured a Westinghouse Cooper-Hewitt quartz mercury 
are which was very much more powerful than my old 
Heraeus lamp. These quartz arcs emit the strong line of 
wave-length 2536, and it is this light alone which excites 
the resonance radiation. 

‘To my surprise, on repeating the experiment of two years 
ago with the new arc lamp, I found no trace whatever of the 
luminous cone of light, even with an exposure of several 
minutes. On looking up my notes, however, I found that in 
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the earlier experiments J excited the lamp with a high 
potential current from a transformer, running it at a com- 
paratively low temperature. It immediately occurred to me 
that in the present case I was working with the lamp at 
high temperature, and that the 2536 line was very likely 
reversed, the wave-length necessary for the excitation of 
the resonance radiation being removed by absorption. I 
according!y allowed the lamp to become quite cold, and 
made my exposure when the lamp was first lighted, when its 
light is quite violet in colour. On developing the plate 
J found that a five seconds exposure gave me a more intense 
cone of light than anything that I had ever observed betore. 
It was absolutely black on the negative. Moreover, the 
vapour outside of the cone of focussed rays appeared to be 
glowing at the end of the tube where the beam passed in. 
As the fused quartz is somewhat fluorescent under the action 
of the rays emitted by the lamp, it was necessary to prove 
that this light did not come from the walls of the tube. 
That such is not the case I shall show when we come to 
subsequent experiments. 

A photograph of the resonance radiation in the tube is 
reproduced on Pl. XI. fig. 1. 

It was next necessary to observe the spectrum of the light 
emitted by the mercury vapour, and the slit of a quartz 
spectrograph was opened wide and brought up close to the 
silica tube. Two photographs were made—the first of ten 
seconds exposure immediately on starting the Westinghouse 
lamp; the second, also of ten seconds after the lamp had been 
running half a minute. ‘These photographs are shown in 
Pl. XI. fig.2. In the second spectrum the broadened image 
of the slit is shown at the 2536 line (indicated), the other 
lines appearing narrow. These lines result from the circum- 
stance that some direct light from the arc illuminated one of 
the jaws of the slit. The upper spectrum, taken after the 
lamp had been in action for half a minute, is identical with 
the second, except that the broad image of the slit is absent, 
showing that the resonance radiation has disappeared. I 
then made a series of four spectra taken one after the other. 
‘These showed that the resonance radiation was very strong 
during the first five seconds of the lamp’s operation, quite 
faint ‘during the second five seconds operation, the merest 
trace during the third five seconds, and completely gone in 
the next five seconds. In all of the subsequent work I 
accordingly allowed the lamp to become quite cold, and 
extinguished it after a run of exactly five seconds, This 
insured uniformity in the exposures. The slit of the spectro- 
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graph was now made as narrow as possible and five exposures 
were superposed of five seconds each, the direct light from 
the are being screened from the slit. The spectrum showed 
only the 2536 line, exceedingly narrow and sharp, thus 
proving that we are dealing with a very beautiful case of 
ure resonance radiation. In fact, I suspect that. this radi- 

ution will be found to be the most homogeneous which we 
have, for the vapour is not only at a lower pressure than is 
usual in vacuum-tuhes, but i is at room temperature. In 
Pl. XI. fig. 2, the third spectrum is that of the resonating 
vapour, the fourth spectrum that of the mercury arc. 

I next investigated the effect of raising the temperature 
of the tube which was mounted in a small air-bath. It was 
found, as was to be expected, that, as the temperature rose, 
the cone of emitted light became shorter and brighter, until 
it finally disappeared, “the emitted light coming from the 
inner surface of the plate where the incident beam of light 
entered. As no especial significance is attached to the 
records obtained in this way, I shall postpone any further 
discussion of the effects of increasing the density of the 
vapour until I take up the subject of the transition from 
ditfuse scattering of the emitted lght to its recombination 
into a regularly reflected wave, which can be accomplished 
by increasing sufficiently the density of the vapour. 
We will now take up the important subject of the amount 

of energy diverted from the incident beam by the resonatin g 
gas molecules. 

Amount of Energy diverted from the Primary Beam. 

Tt is clear at the outset that if we wish to determine the 
amount of energy diverted by the resonators when they are 
in exact synchronism with the light-waves, it is useless to 
make observations upon the intensity of the light after it has 
suffered transmission through the vapour, even if we are 
dealing with what we are accustomed to call monochromatic 
light. All spectrum lines have a finite width, and the par- 
ticular frequency scattered by the resonating molecules may 
constitute but a small fraction of the total energy of the 
spectrum line used to excite the vapour ; in other words, it is 
only the centre of the line that is effective in exciting 
resonance, the edges of the line not being reduced in 
intensity by the transmission through the gas. What we 
wish to determine is the reduction in intensity of that 
portion of the line, or in other words the frequency , which 
is capable of exciting the natural period of vibration of the 
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molecule. It appeared to m2 that the most direct way of 
investigating this question was to take the intensity of the 
cone of light as the measure of the intensity of the primary 
beam, for there appears to be no doubt but that the intensity 
of the resonance radiation is proportional to the intensity of 
that particular frequency in the exciting light which is 
capable of setting up resonance. I accordingly made a very 
large number ot photographs with different times of ex- 
posure and different vapour densities, and measured the 
photographie density of the image at different distances from 
the point where the light entered the vapour. This gives us 
a measure of the rate at which the vapour cuts down the 
amplitude of the exciting frequency as the wave moves 
through the medium. The method by which these measure- 
ments were made will be described presently, and for the 
present 1 need only point out that the usual precautions 
necessary in photometric work by photography were taken. 
The mercury vapour in this case was not contained in the 
quartz tube, for it was impossible to get a good image of 
the excited region close up to the point at which the beam 
entered on account of the irregular refraction by the wall of 
the tube. A rectangular box of brass with windows of 
erystal quartz plates, which I shall describe presently, was 
used, and by paying attention to adjustments, it was possible 
to get beautifully sharp images of the excited region close 
up to the surface of the window through which the light 
entered. I made measurements on fully a dozen plates 
taken on different days, and found that the intensity of the 
primary beam was reduced to one-half of its value after 
travelling for a distance of 5 mm. in mercury vapour at a 
pressure of 0'001 mm. The smallest value found was 4 mm. 
and the largest 6 mm. for a reduction to half intensity, a 
variation due without doubt to the circumstance that the 
room temperature varied by several degrees from day to day. 
This variation in the temperature of the room was just about 
sufficient to account for the slight differences observed, and 
we can safely assign the value of 5 mm. for a temperature of 
22° C. Measuring the intensity along the path of the beam 
it was found that the ordinary law of absorption was very 
closely followed, 7. e. a 10 mm. layer reduced the intensity 
to 1/4, and a 15 mm. one reduced it to 1/8 of its original 
value. It appeared to me, however, that the reduction of 
the intensity did not follow this law exactly, but that the 
intensity was a trifle greater after 15 mm. had been traversed 
than the intensity calculated on the assumption that every 
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5 mm. effected a reduction of 1/2. This is in agreement 
with a calculation made by Schuster in his paper on 
‘“‘ Radiation through a Foggy Atmosphere” (Astrophysical 
Journ. vol. xxi. p. 6, 1905), though the differences in this case 
are not much larger than the probable errors in the measure- 
ments. The beam of light which entered the cell was made 
accurately parallel by means of a quartz lens and passed 
through a square aperture (measuring 5 mm. on a side) 
perforated in a black card. In this way a beam of uniform 
cross-section was obtained, which was of course necessary if 
the measurements were to be of any value. Only the ultra- 
violet 2536 light entered the cell, a quartz spectrograph 
being used as a monochromator. 
We are now ina position to consider the amount of energy 

diverted from the primary beam by each molecule. 
Lamb, in his theoretical treatment of the absorption of 

light by a gas, published in the Stokes Commemoration of 
the Camb. Phil. Soc., sums up a calculation in the following 
words :—‘‘ Hence in the case of exact synchronism, each 
molecule ot gas would, if it acted independently, divert per 
unit of time nearly half as much energy as in the primary 
waves Crosses a square whose side is equal to the wave- 
length.” This means, if I am not mistaken, that if we had 
a density such that there was one molecule in each cube the 
sides of which were equal to the wave-length, the inteusity 
of the light would be reduced by 1/2 by traversing a single 
layer of molecules, while a density ten or twenty times as 
great as this ought to give selective reflexion, since the wave 
would be practically stopped before penetrating to a depth of 
more than a small fraction of a wave-length. 

Let us now compare this calculation with the values 
which have been determined. At a pressure of 0-001 mm., 
which is about the pressure used, the average molecular 
distance is such that we shall have on the average one 
molecule of mercury in every cube the sides of which are 
only very little larger than the wave-length (or more exactly 
0:0003 mm.), which quantity divided into 5 mms., the distance 
traversed for a reduction of intensity equal to 1/2, gives us 
16,000, that is to say 16,000 molecules must be passed 
before one half of the energy is removed from a square 
element on the wave-front measuring A on each side. 

Of course this calculation is made on the assumption that 
all of the molecules are equally effective in scattering the 
light. It is however possible, even probable, that but a 
small percentage are, at any given moment, in the condition 

————— ll 
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to act as resonators. Experiments on the dispersion and 
| magnetic rotation of metallic vapours and luminescent 

hy drogen give evidence that but a small percentage of the 
molecules are at any instant concerned in the production of 
the phenomena i 1n question. 

Primary and Secondary Resonance Radiation. 

Photographs of the luminous cone of mercury vapour at 
room temperature contained in the quartz tube appeared to 
prove that the vapour outside of the cone of vapour directly 
excited by the primary beam was itself luminous. It was 
observed, however, that the fused quartz phosphoresces with 
a violet light fe the influence of the ultra-violet light, 
and I did not feel perfectly sure that the light did not come 
from the wall of the tube. To eliminate such a possibility a 
hollow box of brass was constructed (Pl. X. fig. 2), two 
adjacent sides of which were left open, and closed with thin 
plates of quartz (crystal) which is not phosphorescent. ‘The 
inside of the box was heavily smoked, and the plates cemented 
in place with sealing-wax. A drop of mercury was intro- 
duced and the interior of the box put in communication with 
a Gaede pump and exhausted. The ultra-violet light was 
focussed at the centre of the box, entering through one of 
the quartz plates, and the resonance radiation photographed 
from the side through the other plate. It was found that, 
unless the pressure of the air was less than three or four 
millimetres, no trace of any secondary radiation was present. 
On lowering the pressure of the residual air it developed 
rapidly however, and after the pump had been in operation 
for several minutes, the luminous glow filled the entire 
interior of the box, the Juminonss¢one being nearly lost on 
the strongly luminous background. With correctly timed 
exposures “the directly excited resonance radiation is alw ays 
four or five times brighter than the secondary radiation. 

| Over exposure may, however, increase the effect of the 
secondary until it equals that of the primary, causing the 
outlines of the primary beam to disappear almost completely, 
as in the first picture in fig. 4, Pl. XI. 

The intensity of the secondary radiation depends upon the 
cross-section of the primary beam, as does also the rate at 
which its intensity diminishes with increasing distance from 
the primary rays. With an exciting beam of square cross- 
section (9 mm.”) the intensity of ‘the secondary radiation 

. 
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half a millimetre from the edge of the beam was found to be 
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nearly 4 of the intensity of the adjacent primary radiation. 
Its intensity fell off with increasing distance as follows :— 

Distance. en ihatio: 

0-5 mm. 1/3 

jase 1/6 

Deo Te 1/10 

Oe es 1/30 

Four photographs of the phenomenon are reproduced on 
Pl. XI. fig. 4. A vacuum-tube was put in circuit with the 
tube leading to the pump, to serve as an auxiliary mano- 
meter, and it was found that the secondary radiation did not 
appear in its maximum intensity until the green Huorescence 
due to cathode rays appeared in the vacuum-tube. 
The arrangement of the apparatus is shown in Pl. X. 
fig. 2, which requires no explanation. It is clear from 
the photographs that when the mercury vapour is in the 
highest possible vacuum, the light which it emits is capable 
of exciting a secondary radiation in the surrounding vapour 
which hes wholly outside of the path of the primary ex- 
citing beam. ‘The presence of air at 4 or 5 mm. pressure, 
while it materially decreases the intensity of the primary 
resonance radiation, causes the secondary radiation to dis- 
appear entirely. In the four photographs which are re- 
produced I have recorded the pressure of the residual air 
in each case. To make sure that the disappearance of 
the secondary radiation was not due to a weakening of the 
primary radiation, I gave an exposure of four times the 
normal one, with air at 4 mm., and though the cone was 
very much blacker on the plate than on any of the others, 
there was no trace of any luminosity in the surrounding 
vapour. 

This action of a small trace of air is most remarkable, and 
it is of the utmost importance to determine the explanation. 
Although the vapour which is in the path of the primary 
beam glows with diminished brilliancy, the light which it 
gives out seems powerless to excite the surrounding vapour 
to luminosity. It seemed possible that the damping due to 
molecular collisions rendered the emitted light less homo- 
geneous and therefore incapable of exciting “the vapour, in 
spite of the fact that the absorption band must be regarded 
as broadened to a similar amount. This point is one which 
requires very careful investigation, and it the cause can be 
found much light may be thrown upon the nature of the 
effects of molecular collisions upon radiation. It oecurred 
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to me that it might be possible that the emission of light by 
the vapour surrounding the primary cone might not be due 
to light emitted by the vapour directly excited, but to the 
circumstance that, owing to the great length of the mean 
free path, the mercury molecules might continue to emit 
light after flying outside of the limits of the primary beam. 
The action of a small amount of air in destroying the 
luminosity would follow at once as a result of the reduction 
in the length of the free path, the luminosity being destroyed 
by the collisions. 

Probability that the Molecules continue to emit Light after 
they leave the region traversed by the Primary Beam. 

Fortunately this is an hypothesis which is very easily 
tested by experiment, for we have only to divide the cell 
into two compartments by means of a partition of quartz, 
passing the exciting beam immediately below and close to | 
the under side of the horizontal partition. The partition 
will stop the moving molecules, but will transmit the light 
emitted by the vapour illuminated by the primary beam. 
A small plate of quartz 1:5 mm. in thickness was cemented 
to the front window of the cell as shown in Pl. X. fig. 3, and 
the cell exhausted until nothing but the green phosphor- 
escence was visible in the discharge-tube. The resulting 
photograph showed that there was considerable luminosity 
in the upper chamber, but it appeared to be of somewhat less 
intensity than that of the vapour in the lower chamber. 
The photograph, however, was not very satisfactory owing 
to the thickness of the partition. The cell was accordingly 
made over again, with a partition consisting of a quartz 
plate only } mm. in thickness, and the same phenomenon 
was found, somewhat greater intensity of the secondary 
radiation in the compartment traversed by the exciting beam. 
Calculation of the reflecting power of the quartz plate from 
its refractive index for the wave-length in question showed 
that a reduction of intensity of 10 per cent. was to be 
expected from this circumstance, but this did not seem to 
be sufficient to explain the observed diminution of the in- 
tensity ; and careful measurements of the intensity of the 
secondary radiation at equal distances from the centre of 
the primary beam were made by comparison with a plate 
exposed in strips by gradually increasing amounts of time, 
which was developed with a photograph of the cell for 
exactly the same length of time. These measurements 
showed that the effect of the thin partition was to reduce the 
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intensity of the secondary radiation by an amount varying 
from 25 to 30 per cent. This appears to be very strong 
evidence of the persistence of the luminosity of the molecule 
after it leaves the region traversed by the exciting beam. 
Direct evidence of the phenomenon is much to be desired, 
but I have been unable to think of any method, for we 
eannot make a screen which will transmit the moving 
molecules but cut off the light. 

It is evident, however, “that the primary cause of the 
destruction of the intensity of the secondary radiation by 
the presence of air at three or four millimetres pressure is 
to be sought elsewhere, as fully 75 per cent. of the secondary 
radiation results from the light of the primary. I shall now 
show that the effect of the air in reducing the intensity of 
the secondary radiation results from the introduction of 
the factor of true absorption as contrasted. with molecular 
scattering. 

Molecular Scattering and True Absorption. 
Ratio of the two quantities. 

It is easy to see that, if true absorption occurs as well as 
scattering, the intensity of the secondary radiation will be 
greatly diminished in intensity. When the vapour is in a 
vacuum of less than ‘01 mm. it is probable that the energy 
diverted from the primary exciting beam is all scattered, and 
no true absorption occurs. We should of course find what 
appeared to be an absorption line in the spectrum of the 
transmitted light, and yet the molecules would not be 
absorbing energy but merely diverting it from the primary 
beam and sending it out in all directions. The molecules 
lying in the path of the beam will glow with a certain 
intensity, while those which lie outside of the path of the 
beam will be illuminated by the radiating molecules which 
are directly excited, and will in consequence emit a light of 
a lesser intensity. Suppose now that by the introduction 
of air at a pressure of 5 mm. the intensity of the light 
emitted by the directly excited molecules is reduced to 1/3 
of its original value. By means of a threefold increase in 
the intensity of the exciting light we can raise this intensity 
to its original value, so that the same amount of hight is 
available for the excitation of the secondary radi ation as 
before. ‘The intensity of the secondary radiation excited 
under these circumstances will, however, be only one-third 
of its former value, since tw o-thirds of the energy received 
from the directly excited molecules is transformed into heat 
by the true absorption which has been introduced by the 
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presence of the air. The intensity of the secondary reso- 
nance radiation in comparison with that of the primary will 
consequently be much less (one-third) than when the mercury 
vapour was in a high vacuum. This hy pothesis was tested 
by experiment and practically proven. In the first place a 
very careful series of measurements was made of the re- 
duction in the intensity of the primary resonance radiation 
by the introduction of air. The pressure of the air was 
measured with a McLeod gauge, and the duration and 
intensities of the excitation were made as nearly equal as 
possible. 

The exposures were all made on the same plate, which was 
pushed along in the supporting clamps, the mercury lamp 
being allowed to cool down completely between exposures. 
To insure against accidental errors, a large number of plates 
were exposed, and the measurements made from each were 
compared. One of these plates is reproduced on Pl. XI. fig. 12. 
The air pressure in the cell is marked on each picture. The 
exciting “beam enters the cell from the right, and two thirds 
of the quartz window was screened off, so that a number of 
exposures could be made on the same plate. In the first 
picture (pressure 0°01 mm.) the secondary radiation from 
the region not excited by the primary beam is very con- 
spicuous, less so in the second and nearly gone in the third. 
The intensities of the primary radiation at the point where 
the incident beam entered the cell was measured by com- 
paring the density of the negative with the density of a 
plate exposed in strips for times increasing gradually from 
5 to 300, which plate was developed simultaneously with the 
other. The comparison was made in a very simple way 
which, with practice, was susceptible of considerable accuracy. 
A clean cut was made with a sharp knife through the film 
on each plate, perpendicular to the direction of the strips on 
the comparison plate, and through the region at which the 
density was to be measured on the other plate. The film 
was removed along one side of the cut in each case, exposing 
ihe clear glass. The two plates were now placed in contact 
film to film, and the comparison strip slid along until a 
perfect density match was made with the photograph, the 
dividing line between the two disappearing. In practice it 
was found advantageous to cover the plates with a black 
eard perforated with a small rectangular aperture, which 
was brought over the region under ‘investigation, and the 
best match could be made by throwing the eye a trifle out 
of focus, thus causing the very narrow line separating the 
two halves of the field to disappear. 
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The values found are given in the following table. 

Air pressure Intensity of primary Gebel eners 
jn mm. resonance radiation. ey: 

| 01 | 300 0 | 
"45 230 70 

cao | 200 | 100 | 
2-20 | Ti One 130 

| 6-20 | 100 200 
| 9°50 | 70 | 230 

14:20 | 50 250 
18:00 | 40 260 
32°00 | 12 288 | 

If we plot these values, taking intensities as ordinates and 
air pressures as abscissee, we obtain a curve practically iden- 
tical with the curve obtained with iodine vapour, which shows 
that the effect of the air upon the intensity of the emitted 
radiation is about the same in the two cases. In the third 
column I have given the amounts of the energy absorbed in 
each case. ‘These values are mereiy the differences between 
the amounts of the emitted energies and the energy emitted 
when the vapour is in a high vacuum (300), and are calculated 
on the assumption that the total energy diverted from the 
primary beam is the same in the two cases, 7.¢., that the 
presence of the air does not influence the amount of energy 
removed from the beam by the resonating gas molecules. 

That this is in reality the case was shown by the following 
experiment. A double cell, Pl. X. fig. 4, was made by 
soldering a cross partition along a diameter of a short section 
of large brass tube, the ends of which were closed with quartz 
windows. The length of the tube was 17 mm., and the 
diameter 30 mm., and two small brass tubes permitted 
either compartment to be exhausted to any desired pressure. 
In measuring the energy diverted from the primary beam by 
the vapour, we must be certain that we use light which is in 
exact synchronism with the resonating molecules. The light 
must be far more homogeneous than the ray isolated by the 
quartz spectrograph from the light of the mercury are. [used 
therefore what I shall hereafter refer to as the resonance lamp, 
a small quartz bulb, closed at the bottom with a flat plate of 
polished fused quartz, which was fused on in the same manner 
as the end plates of the long tube previously described. 
This bulb contained a drop of mereury, and was highly ex- 
hausted and sealed. The light from the quartz spectrograph 

—— 
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was focussed through the side of the bulb as close to the 
centre of the flat bottom as possible. The adjustments were 
made by means of a small piece of uranium glass, which 
enables one to locate the path of the rays by its phosphor- 
escence. It is most important to prevent the light which is 
reflected from the walls of the bulb from getting at the photo- 
graphic plate. This gave a good deal of trouble, but by means 
of the device shown in PI. X. fig. 4 a, it was practically elim- 
inated. A wooden box was made, measuring 40 x 10 x 10 cm., 
and a large circular hole cut in one end which was covered 
with a cone of black cardboard made by cutting out a cir- 
cular disk, cutting along a radius and pasting the cut edges 
together, overlapping them about 2 cm. A small round hole 
was burned through the apex of the cone, and this was placed 
against the flat bottom of the resonance lamp. A quartz lens 
mounted in a partition of the box rendered the rays which 
came from the resonance lamp through the small hole parallel, 
so that the intensity of the light after its passage throngh the 
cell could be recorded close to the cell or at a distance from it. 
The importance of doing this is apparent from the following 
considerations. If we place a photographic plate close against 
the double cell containing the vapour, it will be illuminated by 
the primary beam which has traversed the cell and also by the 
scattered resonance radiation. If, however, we place the plate 
at a distance, say at the other end of the box, the primary rays, 
being parallel, will reach it with undiminished intensity, while 
the effect of the scattered radiation will be negligible, since 
its intensity diminishes according to the law of inverse squares. 
No difference should be found with the plate in the two 
positions for the light which has gone throughthe compartment 
containing air and mercury vapour, since, as we have seen, the 
presence of the air destroys the resonance radiation. The ex- 
periment was made in the following way. One compartment 
of the double cell was highly exhausted and the other to a 
pressure of 3 cm. A strip of photographic plate 1°5 em. 
in width was mounted close to the ceil and received the light 
which had traversed the lower half of each compartment. A 
larger plate was mounted at the other end of the box, and 
received the light which passed above the first plate, and had 
traversed the upper halves of the compartments. Thus four 
records were obtained at once under precisely similar con- 
ditions as regards exposure-time and development. Much 
trouble was experienced in getting things adjusted so that the 
intensity close to the lens and at the end of the box came out 
the same with the cell removed, which is of course a necessary 
preliminary experiment. It was finally found that the air of 
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the room contained enough mercury vapour to reduce the 
intensity of the light from the resonance lamp by nearly one 
half as it traversed the length of the box. 

This is not so surprising when we remember that the earlier 
experiments showed that the primary beam was reduced to 
one half of its intensity (i.e., the frequency capable of exciting 
resonance was) by traversing 5 mm. of the saturated vapour 
at room temperature. The trouble was overcome by opening 
the windows and thoroughly ventilating the room before each 
experiment. One is reminded of the trouble experienced in 
carrying on certain investigations in laboratories which have 
become infected by radium! 

One of the photographs obtained with the double cell is 
reproduced on Pl. XI. fig. 3. In this case one compartment 
was free from mercury vapour, while the other contained it. 
This particular cell was, however, only 8 mm. in thickness, 
and gives a good idea ot the powerful absorption of the highly 
homogeneous light from the resonance lamp by a shallow 
layer of the vapour at room temperature. ‘The other photo- 
eraphs showed that the energy diverted from the primary 
beam was the same for mercury in a high vacuum and in air 
at 3 cm. pressure, so that the calculation of the absorption- 
scattering ratio which I gave provisionally was justified. 

It was found, however, that if air at atmospheric pressure 
was admitted to one compartment the absorption was decreased 
by more than one half. This is just the opposite of what I 
found three years ago, when I discovered that I could photo- 
graph the 2536 absor rption line by passing the light of a 
eadmium spark throngh a tube 3 metres long containing 
mercury vapour at room temperature, if the tube contained air 
at atmospheric pressure, while no trace of the line appeared if 
the tube was exhausted. There is, however, no real dis~ 
crepancy, for the effect of the air, as I have shown previously, 
is to broaden the absorption , line. This circumstance was 
discovered independently. by Angstrom in the case of CQ,. 
The present experiments appear to show as well that, w hile 
the line is broadened, the intensity of the absorption at the 
centre of the line is materially reduced. I have observed the 
same thing with iodine vapour, the lines becoming fuzzy and 
less black when air is admitted to the tube. 

The failure to obtain the absorption line in the earlier ex- 
periment with the three-metre tube exhausted was of course 
simply due to the insufficient resolving power of the spectro- 
graph employed. 

In the experiments with the double cell which I have just 
described, I was unable to find any. distinct evidence that 

Phi. "Mag. S. 6. Vol. 23. Now 23) May 1912. 3A 
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the resonance radiation contributed to the darkening of the 
photographic plate, for there appeared to be no difference 
between the case of a plate placed close against the cell and 
one placed at a distance. There is reason to believe that the 
radiations emitted by a resonator lag in phase behind the 
phase of the primary wave by 180°, that is they should reduce 
the intensity of the primary wave by interference. This is a 
delicate matter to investigate experimentally, but I have 
made one or two attempts. If we place a black screen per- 
forated with two small holes in front of the cell, we can limit 
the radiation which traverses the cell to two beams of small 
cross-section, each compartment transmitting one of them. 
The primary wave will now record itself on the plate as two 
small spots of the same diameter as that of the apertures. 
The short column of vapour traversed by the narrow beam in 
the high vacuum compartment gives off scattered resonance 
radiation, and we should expect this to record itself as a faint 
penumbra around the sharply defined image imprinted by the 
primary beam. No trace of any such penumbra was found, 
{rom which we can infer that the effect is negligibly small 
in comparison with that of the primary wave. This made me 
suspect that, even when the vapour is in a high vacuum, 
some true absorption of energy must take place, for it is 
obvious that the magnitude of the effect due to the resonance 
radiation will decrease in proportion to that of the primary 
wave as the factor of true absorption is introduced. It 
appeared possible to determine in this way, just what propor- 
tion of the energy diverted from the primary beam was 
absorbed and what proportion was scattered. I accordingly 
placed the quartz lens at the centre of the box, with the plate 
and absorption cell at the end opposite to that on which the 
perforated paper cone was fastened. This gave me a sharply 
focussed image of the circular aperture in the cone on the 
photographic plate, which was placed as before with the film 
in contact with the anterior quartz window. I now got a 
very intense beam of light from the resonance lamp, and a 
very black spot upon the plate with a distinct trace of a 
corona around it due to the scattered radiation (Pl. XII. 
fig. 10). Air was now admitted to the cell and the experi- 
ment repeated. No trace of the corona appeared as was to 
be expected, as is shown in PI. XII. fie. ide 

This experiment will be better understood by reference to 
P]. X. fig. 5, in which the scattered rays which produce the 
corona are represented by arrows. The question now is, how 
great an effect from these scattered rays are we to expect in 
comparison with the effect produced by the primary beam 
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after its passage through the cell? A rigorous calculation 
involves some difficulties, but we can make an approximate 
estimate in the following way. In the experiment as it was 
tried, the thickness of the cell was 10 mm., and the intensity 
of the primary beam was therefore reduced to one quarter of 
its original value, or in other words 75 per cent. of the 
energy was scattered, and 25 per cent. reached the plate as 
direct rays and recorded itself on a circular area 4 mm. in 
diameter. It is evident that the intensity of the scattered 
resonance radiation from the first layer of molecules en- 
countered by the primary beam will be most intense, but its 
intensity will be reduced when it reaches the plate, by its 
passage through the gas, in the same proportion as is the in- 
tensity of the primary ray, which excites the last layer of 
molecules to a much feebler luminosity. ‘The intensity of all 
of the layersasseen by the photographic plate would thus ap- 
pear to be equal. It is now evident that the 75 per cent. of the 
energy diverted from the primary beam, since it is given out 
in all directions, is distributed over a complete sphere, and we 
shall probably go not very far wrong if we assume it all as 
coming from the first layer, which will make our sphere of 
radius equal to 10 mm. (the thickness of the cell), for in 
the actual experiment the photographic plate was placed in 
contact with the anterior window, and not at a distance as 
shown in the figure. The area of the sphere is 1256 mm. 
and the area illuminated by the primary beam 12 mm., the 
ratio of the areas being as 1 is to 105. We have then a 
radiation of intensity 3 distributed over area 105 (scattered), 
and radiation of intensity 1 concentrated on areal. ‘The 
direct image ought, therefore, to be about 35 times as bright 
as the corona. I made a rough measurement of this ratio 
and found it to be in the neighbourhood of 1:40, which 
agrees as well as we could expect, considering the way in 
which the calculation was made. The calculation was made 
on the assumption that no true absorption occurred, and the 
fact that there is some agreement between the calculated and 
the observed ratio indicates that we are dealing with pure 
scattering when the mercury vapour is in a high vacuum. 
The destruction of the corona by the admission of air is the 
direct consequence of the introduction of the factor of true 
absorption. Jam of the opinion, however, that the ratio of 
the intensity of the secondary radiation to that of the primary, 
furnishes us with a better method of determining the-ratio, and 
as | have already mentioned, the value obtained leads me to 
think that in a high vacuum there is no true absorption. A 
rigorous ealeulation of the ratio under specified conditions 

3A 2 



708 Prof.R.W. Wood on Selective Reflexion, Scattering 

is much to be desired, and could be easily tested by experi- 
ment. The calculation could be made for a beam of either 
rectangular or circular cross-section. I believe that a beam 
with a square cross-section will prove best, and it must be 
remembered that in the experiment we photograph the entire 
mass of the gas, as seen from the side. I found that witha 
beam of this description the intensity of the secondary radia- 
tion close to the beam of primary radiation was in some cases 
equal to one quarter of the value of the latter, though it fell 
off very rapidly in value as the distance from the primary 
‘beam was increased. 

It thus appears that the destruction of the secondary 
resonance radiation is the result of the introduction of the 
factor of absorption, but it seemed best to test other hypo- 
theses if possible. The only alternative that I have been 
able to think of is the possibility that the presence of the 
air alters the wave-length of the emitted light slightly so 
that it is no longer capable of exciting the vapour. The 
change necessary to accomplish this would be very slight, too 
small in all probability to be detected by any spectroscope 
except those of the highest resolving power. Another method, 
equally satisfactory and involving less difficulty than the use 
of a spectroscope, occurred to me. This we may call the 
method of the differential vacuum. A double cell with a 
quartz partition was constructed, of the form shown in 
Pl. X. fig. 6. Hach compartment contained a drop of 
mercury, and the monochromatic light from the are was 
focussed at the centre of the lower compartment, which was 
exhausted to a pressure of 6 mm., previous experiments having 
shown that the secondary radiation is practically unnoticeable 
at this pressure. The upper compartment was highly ex- 
hausted. The point at which the rays were focussed was 
brought as close as possible to the under side of the hori- 
zontal partition separating the two cells, and as close as 
possible to the window through which the radiation was 
photographed, to avoid the loss of light due to an intervening 
layer of vapour. If now there is a change of wave-length 
due to the air in the lower compartment, the light (emitted 
by the directly excited vapour) which passes up through the 
quartz partition will be unable to stimulate the vapour in the 
upper compartment. If, on the contrary, the absorption 
hypothesis is correct, the vapour in the upper compartment 
will glow, since we have eliminated absorption here by the 
complete removal of the air. The photograph showed the 
secondary radiation in the upper compartment, and the ratio 
of its intensity to that of the primary was about the same as 
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when both compartments were completely exhausted. This: 
disposes of the second hypothesis, and is fully in accord with: 
the absorption explanation. 

Transition from Irregular Scattering to Regular Reflexion 
by the Molecular Resonators. 

I have already alluded to the selective reflexion of mono- 
chromatic light by very dense mercury vapour, which I made 
a study of some years ago, and the transition from diffuse 
scattering to this regular reflexion has been made the subject 
of experimental investigation. Regular reflexion can occur 
ouly when the resonators are so closely packed together that. 
the primary wave is stopped completely by a layer the thick- 
ness of which is of the order of magnitude of the wave- 
length. If the resonators are so sparingly distributed in 
space that the incident wave penetrates to any appreciable 
depth, their radiations do not combine to form a reflected 
wave in the usual sense of the term. Planck, I think, has 
somewhere mentioned the circumstance that the radiations 
from the resonators destroy the primary wave on account of 
their lag in phase, but that those in the opposite direction, there 
being no primary wave travelling in this direction with which 
they interfere, give rise to a wave which constitutes selective 
reflexion. If pine occurred, except in the special casein which 
the wave is stopped at the boundary, it would constitute what 
we might term “volume reflexion’ as contrasted to surface 
reflexion, but the phenomenon has no existence, I feel sure. 
It seemed so easy, however, to get evidence of volume re- 
flexion if it existed, that I mete one experiment, rather with 
the idea of convincing myself of its non-existence than any- 
thing else. <A cell was made of the form shown in Pl. X. 
fig. % and a divergent beam passed into it through the 
oblique quartz plate. If even a very small percentage of the 
energy emitted by the resonators was returned towards the 
source, 7.¢., in the direction of the primary rays reversed, we 
should have a conver ging system of rays which would be in 
part reflected from the oblique quartz plate and come to a 
focus on the photographie plate P. The plate, however, 
showed only a uniform darkening due to the light irregularly 
scattered by the resonators. 
We do, however, obtain regular reflexion when thé 

density of the vapour is so great that the wave can penetrate 
only to a very small depth, and I next investigated the 
subject ofthe density at which the change from scattering 
to regular reflexion takes place. “A quartz bulb containing 
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a drop of mercury, exhausted and sealed, was mounted just 
above a vertical chimney of sheet iron which served to 
immerse the bulb in the hot gases rising from a large 
Bunsen burner. A high temperature quartz thermometer 
was mounted with its bulb in contact with the quartz bulb, 
and by regulating the height of the flame of the burner, the 
bulb could be kept at any desired temperature. A divergent 
beam of the 2536 light was thrown upon the bulb by the 
quartz spectrograph, and the bulb photographed with the 
quartz camera. At room temperature the entire interior of 
the bulb was shown by the photograph to be filled witha 
uniform glow. As the temperature rose this glow was confined 
to the wall which received the direct rays from the spectro- 
graph, owing to the failure of the radiation to penetrate to 
the interior. As the density of the vapour increased this 
glow appeared to draw in or close around the bright point 
which represented the image of the source reflected from the 
inner wall of the bulb. Two of these points usually appear 
in the picture, one reflected from the outer, the other from 
the inner wall. They are the virtual images of the source in. 
the spherical mirror formed by the wall of the bulb. This 
contraction of the glow struck me as very peculiar, as it 
reminded one of the reflexion from a slightly corrugated 
surface, or a surface which has been very finely ground but 
not polished. I obtained it with the bulb and with a small 
flask. Pl. XI. figs. 5 and 6 show the phenomenon, the 
pressure of the mercury vapour being reeorded on each 
photograph. I made a calculation by elementary methods 
of what was to be expected when the resonators became 
more closely crowded together, and came to the conclusion 
that such a drawing-in or contraction of the glow was not 
to be expected, but that what would actually occur would be 
a gradual diminution of the intensity of the glow, which 
at low pressures is spread uniformly over the illuminated 
wall, and a simultaneous increase in the intensity of the 
small image reflected from the inner wall. I now 
prepared a new bulb, which had never been heated or used 
in any experimental work, and found no trace of the con- 
traction of the glow. A careful examination of the old bulb 
and the flask in a strong light revealed the presence of a 
slight amount of devitrification of the inner surface, the 
reflected image of the sun appearing surrounded with a 
fairly bright halo. This circumstance at once explained the 
contraction of the glow with increasing vapour pressure. 
As the density of the mercury vapour increased, the reflect- 
ing power of the inner wall increased, much as if a deposit 
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of a metal was being gradually thrown down upon it, and this 
increase of the reflecting power was sufficient to develop: 
the diffraction halo due to the slight roughness of the inner 
wall. The fact that the contracting glow usually had 
a definite though irregular shape, and was frequently 
accompanied by neighbouring patches of lesser intensity, 
made me suspicious of the phenomenon in the beginning, 
but it was not until I noticed the slight devitrification of the 
surface that I was able to give a satisfactory explanation of 
the thing. In Pl. XI. fig. 6, the lust impression was taken 
after the mercury are had been burning for half a minute, 
and no longer emitted the exact frequency for which the 
mercury molecules responded. ‘The reflexion in this case is 
due wholly to the quartz, and we see only the two minute 
points of light previously referred to. 

The real phenomenon is shown in Pl. XI. fig. 7, made 
with the clean bulb. A and B were taken at room tempera- 
ture, the former with a five-second exposure, the latter with 
one of half a second, to bring cut better the relative 
intensities of the two images reflected from the inner and 
outer walls. I threw these out of focus a little, so that their 
relative intensities could be better determined. They appear 
expanded into circles of light due to zonal errors of the lens. 
It is clear that at room temperature the lower circle is much 
brighter than the upper, which was the one reflected from 
the inner wall. The other pair of circles are reflected from 
the back wall, and disappear in the other pictures owing 
to the failure of the radiation to penetrate to the back. 
Pictures Cand D were made with a pressure of mercury 
vapour of about 20mm. The glow is now confined to that 
portion of the wall which receives the direct rays, and the 
image formed by the outer wall is still brighter than that 
formed by the inner, the ratio being about the same. HE 
and I’ were made with a pressure of very nearly one atmo- 
sphere. The diffuse glow has entirely disappeared, and there 
remain only the two regularly reflected images, the upper 
circle now being distinctly brighter than the lower. That 
this image (the upper circle) really came from the inner 
wall was proved in the following way. The heated bulb was 
cooled on the illuminated side by a blast of air. This caused 
a very fine “dew” of mercury globules to condense on the 
wall, practically silvering it on the inside. A photograph 
was immediately taken and the upper circle of light was 
found to be the brighter of the two, as was the case with the 
dense mercury vapour. The diffuse reflexion begins to 
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weaken at a pressure of about 2 cm. and is practically gone 
at 7) cm. 

Polarization Hxperiments. 

Inasmuch as I have discovered strong polarization in the 
fluorescent light emitted by sodium, potassium, and iodine 
vapour, I fully expected to find it in he case of the mercury 
resonance radiation, as the mechanism of the emission would 
appear to be much simpler in this case than in the other 
cases where we have, in addition te the resonance radiation, 
other associated frequencies emitted, which give rise to what 
I have named resonance spectra. No trace of any polariza- 
tion could be detected with a Babinet compensator mounted 
in front of the resonance lamp. A small Foucault prism was 
used as an analyser, as ordinary Nicol’s prisms are opaque 
to the ultra-violet on account of the Canada balsam with 
which they are cemented. 

Experiments with the Resonance Lamp. 

The radiation emitted from the exhausted quartz bulb is so 
homogeneous, that a layer of mereury vapour 5 mm. thick 
and). at. the pressure which it has at room temperature 
(07001 mm.) reduces its intensity by about one half. 
Various investigations with the vapour at exceedingly low 
pressure at once became possible. It is as if we had a gas 
which appeared quite black even at pressures commonly 
employed in vacuum-tubes. It will be possible to study the 
rate at which the vapour diffuses into other gases at low 
pressures, and it may be possible to tell in this way whether 
the resonators are in reality mercury molecules or larger 
agoregates. 

I made two photographs which illustrate what a sensitive 
detector of small traces of mercury vapour we have in the 
hight of the resonance lamp. A quartz bulb having an. 
eeenell ‘diameter of 1:5 cm., containing a drop of mercury, 
was mounted in front of a photographic plate in a dark box 
and illuminated with the light of the lamp. The bulb cast a 
shadow as black as ink. The bulb was now opened, the 
mercury drop removed, and the bulb washed out with nitric 
acid and distilled water, heated nearly red-hot and a blast of 
air blown into it, and again photographed. It still gave the 
black shadow, though aa as black as before. It was only by 
prolonged heating ‘to a red-heat and much rinsing out with 
an air current that I was able to obtain a shadow picture: 
which showed the flask transparent. The flask had been 
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previously heated until the mereury vapour in it had a 
pressure of several atmospheres, and I imagine that the inner 
surface may have adsorbed some of the vapour, which was 
not removed by the acid. A chemist would undoubtedly 

have called the flask clean, after the first treatment which [ 
gave it. The two photographs are reproduced on Pl. XII. 
Wo. 8. 
aL next drilled a shallow cavity in the end of a brass 

cylinder, warmed it to a temperature of perhaps ten degrees 
above the temperature of the room, and placed a drop of 
mercury in the cavity, the drop standing up above the level 
of the end of the cylinder. This was photographed in the 
dark box by the light of the lamp, and the picture showed 
the black column of mercury vapour carried up by the con- 
vection current of warm air (PI. XII. fig. 9). 
{am at present setting up a Michelson interferometer with 

a fluorite plate coated with a cathode deposit of gold. for 
the purpose of ascertaining how large a difference of path is 

possible in the case of interference fringes formed by the 
light of this Jamp. I imagine that the hght may turn out 
i be more homogeneous can that of any “onluer source with 
which we are acquainted. Of course it is possible that the 
line itself is complex, in which case matters will be different. 
The dispersion of the vapour in the vicinity of the 2536 line 
will also be investigated with the same apparatus. It will 
be interesting also to place the resonance lamp in a powerful 
magnetic field, and study the Zeeman effect for a gas 
radiating by resonance instead of under the action of an 
electrical or other stimulus. 

It even appears possible that the electric analogy of the 
Zeeman effect can be detected with the resonating mercury 
vapour, since it can be brought to a high luminosity in a 
racuum which is practically. non- conducting, that is if the 
vapour does not beccme conducting when “excited hy the 
ultra-violet light, which I doubt ; for a roughly carried out 
experiment with a small gold- leaf electroscope showed no 
conductivity when the vapour in the bulb between two 
electrodes was excited. We cannot infer from this what it 
would do with a potential sufficient to give say a 20 em. spark 
in an alternating spark-gap, but I have a feeling that the 
vacuum would support it. 

In fact a very wide field of investigation appears to be 
opened by the discovery of the very remarkable behaviour 
of the vapour of mercury at very low pressures. 

This paper forms the third of a series upon the optical 
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properties of mercury vapour, the first being upon the fluer- 
escence, etc. of the vapour (this journal, vol. xviii. p. 240), and 
the second, on the selective reflexion of monochromatic light 
by mercury vapour (tom. cit. p. 187). The investigation has 
been made possible through a grant from the Rumford fund 
of the American Academy of Arts and Sciences, and my 
thanks are due to the members of the Rumford committee 
for their generous aid. 

LAVIII. The Distribution of the Active Deposit of Radium in 
an Electric field. By H. M. WELLISCH, Assistant Professor 
of Physics m Yale Cale and Tieotr Bronsoy, Professor 
of Boe im Dalhousie College, Halijax™. 

\ 1. Introductory. 

HE “present paper contains the results of a series of 
experiments which were carried out at the Sloane 

Physical Laboratory of Yale College, and which were under- 
taken with a view of throwing light on the mechanism 
involved in the transmission of ihe active deposit of radium 
to the electrodes in an electric field or to the exposed solid 
surfaces in the absence of such field. In order to acconnt 
for this transport of activity one of ust had already suggested 
a theory in w vhich the view was taken that the transmission 
was effected as a result of the interaction between the active 
deposit particles (or restatoms) and the ions formed in the 
gas by the radiation accompanying the radioactive disinte- 
gration ; in particular, an attempt was made to explain on 
this theory the experimental result obtained by Rutker- 
ford t and Franck § that the restatoms moved through the 
gas with the same velocity as the positive ions. 

The original object proposed in the present experiment 
was to ascertain whether the distribution of activity on the 

electrodes could be affected in any way by the application 
of an extranecus source of ionization such, for instance, as 

that produced by causing intense Réntgen rays to pass 
through the gas. 

We might be permitted to anticipate here the results of 
the present experimental investigation and to state that, 
although the application of such Cxtraneous sourea of samme 
zation has so far been found to produce little or no effect on 

* Communicated by the Authors. 
+ Wellisch, Verh. Deuts. Phys. Ges. coe p- 159 (1911). 
* Rutherford, Phij. Mae. ser. 6, v. p- 95 (1905). 
§ Franck. Verh. Dents. Phys, Ges, Xl. p. O07 (1809), 
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the distribution of activity, nevertheless a decided interaction 
has been found to take place between the restatoms and the 
ions produced by the radiations which accompany the forma- 
tion of these particles. 

The results of previous experimenters with regard to the 
distribution of the active deposit under various “candlifiome 
have shown a lack of agreement which in our present ex- 
periments has been traced to the fact that the potentials 
employed were often far from sufficient to saturate even 
approximately the radioactive ions. 

Experimental Procedure. 

The radium emanation used in our experiments was obtained 
from two sources, for the use of both of which we are in- 
debted to the kindness of Prof. Boltwood. One source con- 
sisted of a sulution of radium salt contained in a glass vessel 
so constructed as to permit vigorous bubbling when a current 
of gas was passed through it; the other source was a quantity 
of carnotite contained in a ‘lass jar, which was adjusted to 
permit of rapid connexion to the testing vessel. 

The emanation wasin most cases passed through glass- 
wool and phosphorus pentoxide before entering the test 
yessel ; no effect on the distribution was observed, however, 
by omitting these precautions. 

Different forms of test vessels were employed ; the vessel 
which was used practically thr oughout and to which all our 
experiments apply, unless mention is made to the contrary, 
consisted of a brass cylinder with an aluminium bottom and 
a brass central electrode sprung into a stout brass holder so 
as to permit of rapid detachment. The vessel was provided 
with a guard tube which was connected to earth ; this guard 
tube was slightly tapered so as to make a good fit with the 
ebonite plug which supported the central electrode. Stop- 
cock grease was employed to ensure complete tightness. 

The dimensions of this vessel were as follows :— 

Height of containing portion ......... 140 mm. 
Iinmer divmerer ae miley es co ela wk. 58 
Exposed length of central electrode. 101 
Diameter of central electrode ......... Sets: 

The measurements of the activity of the central electrode 
were made in a vessel identical to the above except that as 

mentioned below no ebonite and in consequence no guard 
tube was employed. 

The diagram of connexions and the disposition of apparatus 
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are given in fig. J. The test-vessel A was. supported by 
brass clips mounted on ebonite; these clips were connected 

WNl---==. 
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to the battery through carbon resistances R, R’, the changes. 
of potential veing effected by means of the adjustable con- 
tacts s,s’, and the key L. B represents a parallel plate 
vessel which was employed i in order to communicate definite 
induced charges to the electrometer system whenever occasion 
arose. C is a capacity consisting of two thin sheets of tinfoil 
separated by a thin sheet of mica; this capacity, together 
with that of B, could be added to the system by means of 
the key K, and ‘the total capacity of the system was then 
increased 214 times. The electrometer was of the Dolezalek 
pattern with a platinum suspension. The needle was charged 
tora. potential of .120 volts, and with this — potential the 
sensitiveness was 180 mm. per volt on a scale about 1 metre: 
distant. 2 Z Ae 

The Roéntgen-ray Bulb, which was enclosed in a lead-. 
covered box. and which “was employed whenever it Was 
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desired to increase the ionization current in the test-vessel, 
is not shown in the diagram; the rays were admitted through 
an aperture in the lead directly beneath the aluminium 
bottom of the vessel. 

For potentials up to 1200 volts a battery of small accumu- 
lators was employed. For the larger potentials a Wimshurst 
machine was used which was driven by an electric motor ; 
it was found that the voltage obtained by this means was 
surprisingly steady, although the slight variations were 
sufficient to prevent any accurate measurements of the ioni- 
zation current through the gas. The voltage was regulated 
by means of an adjustable spark-gap, and was measured 
with a Braun electrometer. 

The method of procedure was in general as follows : after 
the introduction of the emanation the vessel was allowed to 
remain in position under the desired conditions of potential, 
pressure, &c., for a period sufficiently long to enable the 
emanation and the resulting activity to get into equilibrium. 
This period was usually about three hours, and was never 
less than 14 hours; readings of the ionization current were 
taken at intervals so as to note the growth of activity and the 
establishment of equilibrium. The emanation was blown 
out by means of a strong current of air from a force-pump ; 
the ebonite plug containing the central electrode was then 
removed, care being taken that this electrode did not touch 
the case. 

The activity on the case was measured by observing the 
ionization current to which it gave rise; for this purpose a 
fresh electrode was suspended in the vessel by means of the 
brass holder shown in the diagram ; by thus avoiding the 
use of ebonite the activity could be measured with great 
precision. This procedure was rendered necessary because, 
as is subsequently shown, an accurate determination of the 
activity on the case was the most important factor in the ex- 
periments. It was found that handling ebonite insulation, 
even with great precaution, resulted in the production of 
disturbing electrical effects which were sufficient to render 
uncertain the subsequent measurements. The activity at any 
time after the removal of the emanation was then measured 
by observing the electrometer rate. 

In order to determine the activity on the central electrode 
this electrode was removed from its holder by means of a 
pin, which passed through a small hole, and was then sus- 
pended in the second vessel in the same manner as described 
above; the electrometer rate could then be taken at any 
definite time dating from the removal of the emanation. 
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In practice it was found convenient to measure the case 
activity at 10, 15, and 20 minutes, and the central electrode 
activity at 25,30, and 35 minutes after the emanation had been 
removed; the maximum activity, 2. e. the activity when in 
equilibrium with the emanation, was then calculated by means 
of the figures given by one of us * for the rate of decay of the 
activity resulting from a long exposure. The consistency of 
this caleulated maximum determined the number of readings 
necessary for the measurement of the activity, but usually 
those just mentioned amply sufficed. 

In practically all our experiments the activities were 
measured by observing the ionization currents to which they 
fave rise in air under the ordinary conditions whena potential 

of +160 volts was applied to the vessel employed. Although 
this potential was not sufficient to saturate the currents, sub- 
sequent experiments showed that the ratio of the two activities 
as thus measured was not altered by using a larger voltage. 

A typical set of readings is given later. 

3. Experiments with Small Applied Potentials. 

Tt is well known that for moderately high potentials the 
activity is concentrated to a very large extent on the negutive 
electrode in an electric field ; Schmidt+ has shown that when 
small potentials are employed the cathode activity decreases 
in a manner analogous to the diminution in electric current 
which follows as a result of recombination of icns; in fact, 
he came to the conclusion that the active deposit particles 
behave in a manner similar to the positive ions. The first 
set of experiments tried in the present series had as object to 
find whether the amount of activity that was deposited on 
the cathode when a small positive potential was applied to 
the case could be altered when the ionization in the gas was 
so increased by means of Roéntgen rays that the electric 
current through the gas was at least as great asif a large 
potential had “been applied without any extraneous source of 
ionization. 

In this set of experiments the rods were exposed as 
cathodes to the process of activation for a period of 10 
minutes, both with and without the application of Réntgen 
rays, the testing vessel containing air at 1 atmosphere; the 
activities were measured at various intervals after removal, and 
were then directly compared. Preliminary trials which wera 

* Bronson, Phil. Mag. ser. 6, x11. p. 73 (1906). In order to calculate 
the maximum activity from the rates determined at the times given 
above, the LIS i rates have to be multiplied by the fuctors 2-02, 
2-25, 2-41, 2°58, 2°75, and 2°96 respectively. 

af ‘Schmidt, Phys. Zeits. ix. p. 184 (1908). 
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made showed that in the process of removing one rod and sub- 
stituting another less than 2 per cent. of the emanation escaped. 
A result of one set of measurements is given below :— 
With +4 volts on case and 10 minutes exposure, activity 

of cathode 10 minutes after removal is represented by an 
electrometer rate of 1*1 mm. per sec. 

With same applied potential and strong Réntgen rays 
passing through the vessel during the whole time of exposure 
the corresponding rate was ‘88. 

As a rough idea of the relative currents involved the 
following figures are given; in these instances the rates were 
determined with the extra capacity added to the system. 

Ionization current immediately after introduction of 
emanation and with +160 volts on case: 3°3 mm. per sec. ; 

with 4 volts rate was 1:05; 
with 4 volts and Rontgen rays rate was 5°21. 

In the last two instances there was, of course, a deposit of 
activity on the walls of the vessel. 

Other experiments were made with the same object, in 
some instances large amounts of activity being previously 
concentrated on the walls of the vessel so as to increase still 
further the ionization. ‘The results were of the same nature, 
viz. to show a small decrease in the amount of activity 
deposited on the cathode when additional ionization was 
produced; the decrease could be accounted for if we adopt 
the view that the restatoms behave as positive ions, and are 
subject to increased recombination with the negative ions 
produced by the application of the extraneous radiation. 

4. Experiments with Larger Potentials. Air at 1 atmosphere. 

Experiments were next made to ascertain the percentage 
of the total activity that was deposited on the cathode when 
larger positive potentials were applied to the case. The 
result of this set of measurements is given below (Table I.), 

TABLE I.—KEmanation in Air at 1 atmosphere. 
| | 

| Potential in Percentage cathode 
| volts. activity. | 

| 18 42-7 | | 160 | 791 | 
800 | 85°9 | 

| 975 | 86:6 | 
| 2250 86°9 

2800 88°5 
3250 89-0 
4C00 91:3 

| | 
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and is exhibited as a curve in fig. 2, which refers to air at 
1 atmosphere; the method of procedure for determining the 
points has already been given in section 2. 

Fig. 2. 
100 
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It will be seen from an inspection of this curve that the 
percentage cathode activity always increased with the applied 
potential, a result which indicates that there are practically 
no negative carriers of activity; all the so-called anode 
activity to which reference is made by many investigators is 
due to the diffusion to the walls of the vessel of uncharged 
restatoms. A slight correction has on this account to be 
made for the amount of uncharged activity that diffuses to 
the cathode during the exposure; this correction was made 
by estimating the relative areas of the exposed surfaces of 
eathode and case, which were found to be in the ratio 1 : 50, 
and assuming that the uncharged restatoms were distributed 
in this proportion. The true percentage cathode activity, 
that is, the number of positive carriers expressed as a per- 
centage of the total number of carriers, is obtained from the 
percentage cathode activity (p), as determined experimentally, 

e lr 5 5 

- le — Je sAlliayvalltes given in 
dO 

this paper for the percentage cathode activity denote the true 
percentage obtained by correcting in this manner. 

A typical set of measurements is given below:— 

Emanation passed through P,O; and glass-wool into 
vessel containing air at 1 atmosphere. +975 volts 
on case. Hxposure about 2 hours. 

Equilibrium rate with added capacity: 6°17. 
Activity on case measured at 10 and 15 minutes after 

removal of emanation; rates with added capacity : 
"19 and *17 respectively. 

Activity on cathode measured at 20 and 25 minutes 
after removal of emanation; rates with added capacity: 
1:05 and °98 respectively. 

by evaluating the expression 
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Caleulated maximum activity on case: °38. 
Ditto cathode: 2°53. 

Ratio of max. cathode to max. case activity: 6°66: 1. 
Percentage cathode activity: 86°9. 
Trne percentage cathode activity as corrected for dif- 

fusion of uncharged earriers to cathode: 86°6. 
It is difficult to estimate with precision the experimental 

error in the determination of the percentage cathode activity. 
A slight error probably arises from the fact that the cathode 
and case activities are determined by means of ionization 
which is differently distributed, This has been shown ex- 
perimentally to have a negligible effect on the relative values 
of the percentage cathode activities for different potentials, 
the determination of which was really the object of the ex- 
periment, As mentioned above, it was important to make 
an accurate determination of the maximum activity on the 
ease. An error in the determination of this activity leads to 
approximately the same percentage error in the determination 
of the percentage cathode activity ; this error in all our 
experiments is probably less than 2 per cent. 

The plotting of a curve such as that of fig. 2 is obviously 
only possible if the percentage cathode activity is independent 
of the amount of emanation used in the experiment. This 
fact was demonstrated repeatedly during the course of our 
investigations ; as an instance of the wide range over which 
this holds it may be mentioned that the percentage cathode 
activity was the same with 900 volts on the case when the 
amounts of emanation in the vessel were such as to afford 
equilibrium rates of 5°32 without any added capacity and 
16:1 with the added capacity, i.e. rates which are roughly 
in the ratio 1:65. When we are working in the earlier 
part of the curve, 2. ¢. with relatively small potentials, this 
independence no longer holds good; but for the higher 
potentials the effect of the amount of emanation within a 
large range becomes negligible. 

The curve bears a striking resemblance to the curves 
which have been experimentally determined for ionization 
by « particles, Many observers have drawn attention to the 
“lack of saturation” which is a marked feature of such 
curves ; in particular, this phenomenon has been the subject 
of special investigation hy Bragg*, Kleemant, Moulin {, and 
Wheelock §. Reference is made to this point later (section 7), 

* Brage, Phil. Mag. ser. 6, xi. p. 466 (1906). 
+ Kleeman, Phil. Mag. ser. 6, xii, p. 278 (1906), 
t Moulin, Compt. Lend. cxlviii. p, 1757 (1909) ; Le Radium, vii. p. 350 

(1910). 
§ Wheelock, Am. J. Se. xxx. p. 233 (1910). 

Plu. Mag. S. 6. Vol, 33, No. Tat. May 1912. 3B 

i -, Wedeee aa 

a i ee ee a ae 



722. Profs. Wellisch and Bronson on the Distribution of 

The similarity was so striking as to suggest a more detailed 
study of the ionization omens for eneniinion in equilibrium 
and w us different applied potentials. : wy 

It was found that within the limits of error the rate of the 
two os currents obtained for two potentials not too 
low * was, like the percentage cathode activity, independent 
of the amount of emanation in the vessel ; and, moreover, 
that this ratio was identical with the ratio of the percentage 
cathode activities corresponding to these two potentials. 

As an example of the results obtained in this connexion it 
will suffice to compare the ratio 1:09 of the percentage 
cathode activities obtained with potentials 975 and 160 volts 
respectively with the corresponding ionization currents. 
Irom our values for the ionization currents in air at 1 
atmosphere pressure obtained in three experiments when 
widely different quantities of emanation were employed, we 
deduce the followi ing figures :— 

Ratio of current with V oll to that with 160 volts 
== LE Oi when Wise 
= 1:10 when V=980, 
=107 when V=900. 

It would serve no useful purpose to reproduce in full any 
of the ionization curves because, in the first instance, the 
early slope of the curve depends markedly on the amount of 
emanation employed, and, secondly, because the comparison 
could only be made over the limited range from about 100 
to 1000 volts, as the ionization current could not be accurately 
measured when the larger potentials were employed. 

That the equality of ‘the ionization and activity ratios still 
‘holds approximately at low voltages when a constant amount 
of emanation was employed was verified by measuring the 
percentage cathode activity with’ 18 volts applied, and the 
ionization currents for 18 volts and higher potentials, it 
being known that the percentage cathode activity at the 
hig her potentials was independent « of the amount of emanation 

‘in the vessel. ‘Lhe following results were obtained :— 

Percentage cathode activity with 18 volts: 42:7. 
Ditto 160 volts2"79e 

Ratio: °54. 

Nonigition current with ........... 18 volts: 6°6. 
Ditto 160 volts: 11-4. 

Ratio: *58. 

* The potentials should be sufficiently large to prevent volume re- 
combination as distinguished from columnar recombination, z. e. Should 
be sufficient to saturate a uniform distribution of Rontgen ray ions equal 
in number to those produced by the a radiation. 
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The agreement is only rough, and further experiments 
will be necessary at these small potentials. 

The percentage cathode activity increases so slowly with 
the higher potentials applied that it appeared as if some 
definite fraction of the activity was always bound to be 
deposited on the case. Subsequent experiments made with 
large potentials obtained by using the Wimshurst machine 
showed, however, that the percentage cathode activity con- 
tinually increased with the potential. It is not out of place 
to mention briefly here two sets of experiments which were 
condueted prior to the use of the Wimshurst machine. 

It was suggested that, if a large uniform electric field 
were applied, possibly the number of uncharged carriers 
might become insignificant. or this purpose the emanation 
was introduced into a vessel consisting of two parallel elec- 
trodes of aluminium (each 53 mm. in diameter) insulated by 
an ebonite ring 20 mm. thick; the vessel contained air at a 
pressure of 1 atmosphere. Hxperiments made with applied 
potentials of 160 and 1000 volts gave values of 75 and 82:6 
respectively for the percentage of positively charged carriers, 

The second set of experiments had as object to determine 
whether RaA was deposited on the case. ‘I'o test this point 
the cylindrical vessels were employed as usual and large 
potentials applied, but exposures of only 1 minute duration 
were made. It was found that the resulting curve of decay 
of the case activity had the characteristic properties of the 
curves of decay for the activity due to a short exposure to. 
the radium emanation. 

Mention might also be briefly made here of some experi-. 
ments which were performed to ascertain whether there was 
any alteration in value of the percentage cathode activity 
resulting from a long exposure with large positive potentials 
applied ‘to the case when throughout the exposure the ioniza~ 
tion current was greatly increased by the passage of Réntgen 
rays through the vessel. The alteration, if any, was very 
small and for the present, at any rate, we must assume that 
the action of the Roéntgen rays is without effect on the dis- 
tribution of the activ ity. 

D. Muperiments with Air at Reduced Pressure, 

The experimental results described in the preceding section 
strongly suggest that over a wide range of potentials the 
percentage a the total activity which is deposited on the case 
represents the percentage lack of saturation of the positive 
ionization current. ‘These experiments related to the activity 
distribution in air at a pressure of 1 atmosphere. Now 

aB2 
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Moulin and Wheelock have shown (loc. citt.) that the ioniza- 
tion produced by & particles is more readily saturated when 
the pressure of the gas is reduced; it was, therefore, of 
interest to determine whether the percentage cathode activity 
would follow the positive ionization current when the gas 
pressure was reduced. For this purpose the emanation was 
introduced into the testing vessel, which contained air at a 
pressure of 260 mm., and the percentage cathode activity 
was determined for various applied positive potentials. The 
results are given below (Table II.), and are exhibited as a 
curve in fig. 2. 

Na oy ie Wil 

Emanation in air at a pressure of 260 mm. 

| Potential in Percentage cathode 
volts. activily. 

| i 
| 

| 80 | 82°5 
150 82:5 
775 81:8 
790 82:2 | 

1130 81:8 
| 2250) 83'8 | 
| 2250 | 84°2 | 
| | 

It is noticeable that although the percentage cathode 
activity for 150 volts is greater than the corresponding value 
for a pressure of 1 atmosphere, nevertheless when the higher 
potentials are reached the values are smaller at the lower 
pressure. 
When the ionization due to the emanation in equilibrium 

with its activity and in air at a pressure of 260 mm. was 
measured for various applied positive potentials, it was ob- 
served that the alteration of ionization with potential was so 
extremely slow as to suggest saturation. Over the range 
for which the ionization could be measured this alteration 
was too small to justify comparison with the figures given 
for the percentage cathode activity ; the striking feature is 
that both curves approach more nearly to the horizontal than 
the corresponding curves for a pressure of 1 atmosphere. 
The figures for the lower pressure show that for large 
potentials the activity is farther from saturation than at 
1 atmosphere ; it is therefore only reasonable to conclude 
that in the case of ionization the percentage lack of saturation 
is greater at the lower than at the higher pressure. 
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The figures given in Table II., although sufficiently con- 
sistent to justify the conclusion just given, nevertheless 
exhibit slight irregularities which are being made the subject 
of further investigation. In the first instance the values for 
the percentage cathode activity for potentials in the neigh- 
bourhood of 1000 volts show a slight falling off as com; ared 
with those corresponding to the smaller potentials. The 
explanation of this effect appears to le in a distortion of the 
field in the neighbourhood of the ebonite plug, arising from 
some action of the @ radiation on the ebonite; this distortion 
would result in some of the cathode activity being deposited 
on the plug instead of on the central electrode. Corre- 
sponding difficulties arose for the ionization measurements 
at the reduced pressures. 

The increase of the percentage cathode activity in the 
neighbourhood of 2000 volts is probably real, although the 
number of experiments in this connexion is not yet sufficient 
to justify any definite statement. It is, however, of interest 
to record that throughout the exposure with these high 
potentials a large current due to ionization by collision was 
passing through the gas. 

Finally, it might here be mentioned that a complete set of 
observations for the distribution of the activity with various 
applied potentials, both for air at 1 atmosphere and for air 
at a pressure of 250 mm., had previously been made, using 
the same test-vessel, but with the guard-tube projecting a 
short distance into the volume of the gas. By reason of 
this some of the activity which belonged properly to the 
cathode was measured as “case activity,” so that the resulting 
values for the percentage cathode activity were too small. 
The curves obtained both for activity and ionization exhibited 
the same general features as those previously described. 
Some of the results obtained are given below ; these figures 
are not comparable with those given above, which were all 
obtained after the guard-tube had been cut down. 

Emanation in Air at 1 atmosphere. 

Potential in Percentage cathode 
volts. activity. 

160 76°2 
SSO. G0 4) aaa 84°1 

2750 . 86:2 
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Emanation in Air at 250 mm. pressure. 

Potential in Percentage cathode 
volts. activity. 

160 | 81-2 | 
920 81-9 

250J | 82:1 

6. Experiments wilh Air at Pressures greater than 
1 atmosphere. 

Several experiments were performed to ascertain the dis- 
tribution of activity when the air in the testing vessel was at 
a pressure greater than 1 atmosphere. The results are given 
in Table III.; they were obtained in the early stages of the 
research when little information was at hand concerning the 
distribution of the activity for various potentials. For this 
reason the experiments appear very unsystematic ; however, 
the results will serve to convey a good idea of the difficulty 
of obtaining approximate saturation of the activity, even 
with large applied potentials. 

Tasie III. 

} 

Pressure, Potential in Percentage cathode 
atm. volts. activity. 

16 +700 68-8 
2-0 650 64:1 
nA 160 53:2 
2-5 700 60°] 
313 880 O75 

| aes 3700 80-6 
| ae 750 53°38 | 

i 

The difficulty of saturating the ionization current through 
the gas likewise made itself manifest at these pressures ; as an 
example it may be mentioned that with an applied potential 
of 1100 volts the ionization current due to a constant source 
of radiation increased as the pressure was increased from 1 
to 24 atmospheres, and then continually decreased with any 
further increase in the pressure. 

These considerations afford an explanation for the maximum 
of cathode activity which has been found by several experi- 
menters to set in at certain pressures when a constant potential 
is employed. 
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No indication of any decided effect upon the distribution 
of the activity was obtained by subjecting the gas throughout 
the exposure to the influence of a strong source of Rontgen 
rays. In this experiment the vessel contained emanation in 
air at a pressure of 34 atmospheres; the applied positive 
potential was 1100 volts; the equilibrium rate with the. 
added capacity was 5 mm. per sec., and with the Rontgen 
rays acting was 25 mm. per sec. The percentage cathode 
activity was 56°2, which is of the order that might have been 
expected from the previous results. 

7. Discussion of Eaperimental Results. 

In the interpretation of the experimental results which. 
have been obtained in connexion with the distribution of 
activity the question arises immediately: what is the reason 
for the difficulty in saturating the cathode activity? Even 
under the most favourable conditions which have been em- 
ployed in our work there is still about 10 per cent. of the 
activity deposited on the walls of the testing vessel. In an 
attempt to answer this question we are at once led to the 
corresponding problem in connexion with the ionization 
eurrent which passes through the gas during the activation 
of the electrodes. Mention has already been made of the 
researches of Bragg, Kleeman, Moulin, and Wheelock in 
connexion with this aspect of the problem. Bragg explained. 
the difficulty of saturating the ionization due to @ particles 
by introducing the conception of initial recombination ; viz. 
that the electron which is expelled in the process of ionization 
returns in a number of cases to its parent atom, and excep- 
tionally strong electric fields are needed to exercise any 
appreciable preventive effect upon this tendency to recombine. 
Kleeman extended the experimental work, using Brage’s 
theory asa basis. Moulin ascribed the difficulty of obtaining 
saturation to the fact that the « particle ionized in columns, 
so that the density of ionization is not uniform throughout 
the gas when sutticiently small volumes of gas are considered. 
This localization of the ions would naturally result in a re- 
combination more intense than that which would correspond 
to a uniform distribution in the usual acceptation of the term. 
Moulin showed that saturation appeared to be most difficult 
when the columns were parallel to the lines of force of the 
electric field; when, however, the « particles moved across 
the lines the ionization tended more readily to saturation. 
Wheelock continued the work, adopting the idea of columnar 
ionization ; in particular, he showed that when the pressure 
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was reduced to about one third of an atmosphere saturation 
set in fairly readily. There can be little doubt as to the 
reality of this columnar effect and the intense recombination 
resulting from the local distribution of the ions; this is 
clearly brought out by the slowness with which the ioniza- 
tion current increases with the potential in the early stage 
of any curve for « particle ionization. The experimental 
results obtained in the present research appear to lead to a 
radically different explanation of the shape of the ionization 
curves at the higher potentials. It has been shown that for 
potentials which are not too low the ratio of the percentage 
cathode activities for two different potentials is equal to the 
ratio of the corresponding ionization currents due to the 
a particles, and over a wide range is independent of the amount 
of emanation employed, that is, of the intensity of the in- 
trinsic ionization. This experimental result has already led 
to the suggestion that the fraction of the total activity which 
is deposited on the walls of the testing vessel is a measure of 
the lack of saturation of the ionization current, so that in 
general the percentage case activity is equal to the percentage 
lack of saturation of the current. The values given in 
section 5 for the percentage cathode activities at a pressure 
of 260 mm. are smaller for the higher potentials than the 
corresponding values for atmospheric pressure; we are con- 
sequently constrained to regard the percentage lack of 
saturation as being greater for the ionization currents at the 
lower pressure than at the higher pressure. The horizon- 
tality of the curves wonld thus appear to furnish no evidence 
as to the degree of saturation. The curves both for activity 
and ionization current do not appear to have horizontal 
asymptotes such as belong to the ordinary saturation curves 
for Rontgen-ray ionization. We must rather look upon the 
curves as having a continued upward slope, even when we 
are considering the ionization curves corresponding to low 
pressures. This upward slope suggests that extra ionization 
is produced by the electric field after the @ particle has ceased’ 
to ionize. | 

On this view there must be present in the gas certain 
molecules, or neutrons, which are in a condition allowing of 
relatively easy ionization. It is highly probable that the 
molecules have already been put in this unstable condition 
by the action of the « particle; we may look upon this con- 
dition as the result of ineffectual attempts by the 2 particle 
at ionization, possibly as the result of actual ionization im- 
mediately succeeded by initial recombination. However, 
these molecules are left by the » particle in an electrically 
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neutral although unstable condition, and a certain number of 
them are afterwards resolved into ions, probably as a result 
of collision with the ions already established in the cotumns. 

These neutrons are in ail probability formed most 
numeronsly during the early part of the range of the 
a particle, when it is moving with its largest velocity. The 
approximately horizontal parts of the ionization curves such 
as are obtained at low pressures, or when the « particle 
moves perpendicularly to the lines of electric force, would 
therefore only represent saturation in the sense that all the 
free lons have been brought over to the electrodes because 
in these cases it is unlikely that an appreciable number of 
neutrons would be resolved into ions. 

As far as the active deposit particles are concerned we 
may regard them as neutral restatoms which have been 
exposed to the action of the @ particle at the moment of dis- 
integration of the emanation atom; we would thus expect 
them to be for the most part radioactive neutrons which have 
in general to be subjected to further influence before acquiring 
a positive charge. _ 

Kixperiments which are now in progress suggest also that 
the shape of the Bragg-Kleeman ionization curve can be 
accounted for by the formation of neutrons and ions in 
different proportions along the entire range of the « particle. 

8. Summary. 

(1) The distribution in an electric field of the activity 
resulting from a long exposure to the emanation of radium 
has been determined for various conditions of pressure, 
potential, &e. 

(2) There appear to be no negatively charged carriers, all 
the so-called anode activity being due to the diffusion of 
uncharged carriers. 

(3) The effect on the distribution obtained by causing 
Roéntgen rays to pass through the gas during the exposure 
has been investigated ; this effect was appreciable only when 
the activity and ionization were far from saturation. 

(4) The difficulty of obtaining saturation both for the 
cathode activity and for the @ ray ionization currents has 
been explained as being due to the formation by the « particle 
of neutrons, some of which are subsequently resolved into 
ions, probably by collision with ions already established in 
the columns. 

| 
, 

| 
| 
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LAIX. Absorption Spectra and the Solvate Theory of 
Solution. By Harry C. Jones*. 

[These investizations on the Absorption Spectra of Solutions were 
carried out “Atlan. the aid of Grants from the Carnegie Institution of 
Washington. | 

DOZEN f or more independent lines of evidence have 
heen discovered, all pointing to the conelusion that dis- 

solved substaneves combine with more or less of the solvent. 
In a word, in dealing with solutions we must take into 
account not only the dissociation of the dissolved substance, 
but also its solvation, or power to combine with the solvent. 

With this idea in std it seemed highly desirable to study 
the absorption spectra of solutions. The absorption of light 
by dissolved substances is a resonance phenomenon; those 
wave-lengths that are absorbed finding something in the 
solution which they can throw into resonance with themselves. 
If the dissolved substance combines with more or less of the 
solvent, it seems reasonable to suppose that the substance 
would show different resonance from that which it would 
manifest in the uncombined condition. This conclusion is 
independent of whether the absorption of light by a dissolved 
subtances is due to molecules, ions, or electrons. 

It seemed that some knowledge might be gained in indi- 
vidual cases as to whether there was solvation, and if so, what 
was its order of magnitude, by studying the power of solu- 
tions to absorb light under changing conditions of dilution, 
temperature, Xe. 

This was, in general, the thought that led us to take up, six 
years ago, the problem of the absorption spectra of solutions 
in as broad a way as possible; and the work has been in 
progress continuously since that time, under Grants generously 
awarded by the Carnegie Institution of Washington. We 
have had at our disposal in this work Rowland concave 
gratings ruled by Dr. Anderson, which gave us the large 
dispersion necessary to separate properly the absorption lines 
and bands. 

The absorption spectra of somewhat more than 6000 
solutions have been photographed, and some conciusions 
reached whose bearing on the solvate theory are of interest 
and we hope of scme importance. 

For details concerning the methods of work and the 

* Communicated by the Author. 
t Zeitschr. phys. Chem, \xxiy. p. 525 (1910); Amer. Chem. Journ. 

xli. p. 96 (1909). 
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apparatus used, reference must be made to the earlier pub- 
lications * of some of the results of this work. It should be 
stated that the grating spectroscope alone has been used. 

The work begun by Jones and Uhler+ had to do with 
three pr oblems. They studied the effect on absorption 
spectra: of changing the concentration of the solution, of 
the addition of a dehydrating agent in the form of a seein 
salt, and of the addition of water to non-aqueous solutions 
vf the salt in question. 

The results of this work were all interpretable in terms of 
the solvate theory of solution, and in terms of no other 
generalization; but it could not be said that any direct 
evidence for the theory was furnished by this earlier work. 

The investigation which followed, however, furnished TEL 
direct Sadienee for the solvate theory. Jones ane Anderson tf 
studied the absorption spectra of about 1200 solutions ; 
including salts of cobalt, nickel, copper, iron, chromium, 
neodymium, praseodymium, and erbium in water and the 
alcohols as solvents. They varied in some cases the total 
number of ions in the path of the beam of light ; in other 
cases the number of ions was kept constant and the number 
of molecules in the path of the light was varied. This was 
all accomplished by changing the concentration of the 
solutions and suitably changing the depth of the solution 
through which the light passed. By keeping everything 
constant except some one of these factors, and observing the 
effect on the various lines and bands hen a given one of 
these quantities was varied, it was possible to determine what 
produced a number of the lines and bands. 

Thus, the ultra-violet absorption of cobalt salts was shown 
to be due to undissociated molecules or something contained 
within them, while the green cobalt band was produced by 
the cobalt ater or something contained within it. 

The absorption spectra of solutions of nickel salts were due 
chiefly to the nickel atom ; and, similarly, the absorption of 
copper salts in the red end of the spectrum. 

The A 3300 band of cobalt disappeared quickly with 
increase in dilution, even when the total number of molecules 
in the path of ne beam of light was kept constant. It 
became more intense with rise in temperature. This band, 
obviously, could not be produced by ions, molecules, or atoms, 

* Carnegie Institution of Washington, Publieations nos. 60, 110, 180, 
and 160, Amer, ae Journ. xxxvii. p. 126 (1907); xli. pp. 163, 276 
(1909) ; xhil. pp. 87, 97 (1910), 

tp lbid. xxx p, 16 (1907). Phil. Mae. xix. p. 566 (1910). 
{ Carnegie iecninten of Washington, Publication no, 110. 
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but might be produced by simple hydrates formed by the 
breaking down of more complex hydrates with rise in 
temperature. 

Cobalt salts show marked absorption in the red, only when 
very concentrated, at elevated temperatures, or in the presence 
of a dehydrating agent. The absence of red absorption at 
moderate concentration shows that this absorption is not due 
toions. The conditions for the absorption in the red suggest 
that it might be due to molecular aggregates. This, however, 
is debarred by the fact that the red absorption increases with 
rise in temperature, while this would break down any such 
aggregates. We would, then, most naturally conclude that 
the absorption in the red was due to simple hydrates, since 
the conditions favouring this absorption favour the existence 
of such hydrates. 

In a similar manner it was shown that the ultra-violet 
absorption of copper salts was connected with the solvation 
of the molecules—the absorption being smaller the more 
complex the solvate. 

Direct spectroscopic evidence for the existence of solvates 
was furnished by Jones and Anderson in their study of salts 
of neodymium. A salt like neodymium chloride was found 
to have a very different absorption spectrum in water from 
what it had in methyl alcohol. Neodymium chloride in the 
proper mixture of water and methyl alcohol shows both the 
“water” bands and the “alcohol’ bands. By varying the 
amounts of the solvents relative to one another, the relative 
intensities of the two sets of bands can be changed at 
will. 

Neodymium nitrate in a mixture of water and methyl 
alcohol shows bands of the same character in the two solvents 
as the chloride. 

Praseodymium chloride in a mixture of water and methyl 
alcohol shows the same kind of change as neodymium chloride. 
In this case an entirely new band appears in the alcohol, which 
has no analogue in the aqueous solution. 

The existence of “ water ” bands and “ alcohol” bands in 
the aqueous and alcoholic solutions, respectively, is interpreted 
by Jones and Anderson as direct evidence for the existence 
of hydrates in the aqueous solutions, and alcoholates in the 
alcohol solutions—in a word, is direct spectroscopic evidence 
for the solvate theory. 

The largest amount and most direct spectroscopic evidence 
for the solvate theory of solution has been brought to light 
by the work of Jones and Strong, which has been in progress 
continuously during the past three years, and the results are 
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as yet largely unpublished in any scientific jJournal*. <A 
careful study was made of the absorption spectra of cobalt 
salts in different solvents as affected by temperature. Glycerol 
solutions of these salts showed a different spectrum from 
aqueous solutions, indicating the presence of glycerolates in 
such solutions, as we have hydrates in aqueous solutions. 

The effect of rise in temperature is to increase enormously 
the absorption of concentrated aqueous solutions of cobalt 
chloride, especially in the red. It is well known that such 
solutions turn blue on heating. The more concentrated the 
solution the lower the temperature at which this colour 
change takes place. There is a large amount of evidence 
which points to the cunclusion that the change in absorp- 
tion is due to a breaking down of the more complex 
hydrates with risein temperature. If this is the true expla- 
nation of the phenomenon, the presence of a dehydrating 
agent such as calcium chloride or aluminium chloride ought 
to cause this change in absorption to take place at a lower 
temperature, since the dehydrating agent would assist the 
rise in temperature in breaking down the complex hydrates. 

The results here are in accord with prediction. The 
addition of either of the above chlorides causes the great 
absorption in the red to take place in more dilute solutions 
‘at the same temperature, or in a given solution ata lower 
temperature. 

It was further found that the temperature at which this 
marked change in the red absorption takes place is higher for 
aqueous and glycerol solutions than for solutions in other 
solvents ; showing that the “ hydrates” and “ glycerolates ” 
are more stable with respect to temperature than other 
solvates. 

The effect of rise in temperature on salts of chromium was 
also studied, and was shown to be similar to the effect of rise 
in temperature on cobalt salts—the higher the temperature 
the greater the absorption. 

The action of dehydrating agents on chromium salts was 
similar to that on salts of cobalt. 

Absorption Spectra of Uraniwn Salts. 

A fairly comprehensive study was made of the absorption 
spectra of uranium salts, to see especially whether there was 
evidence obtainable for the existence of definite solvate bands 
in different solvents. We studied both uranyl and uranous 
compounds. : 

* See Carnegie Institution of Washington, Publications 130 and 160. 
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It was soon found that an aqueous solution of uranyl 
chloride shows absorption bands in different positions from 
those of solutions in methyl alcohol. These differences were 
sufficiently great to merit careful study. 

What these differences are can be best seen by giving the 
wave-lengths of a few bands in the different solvents. 

Uranyl Chloride. 

imakery: eeean-neates \A4025, 4170, 4815, 4460, 4560, 4740, and 4920 

In methyl alcohol... 44090, 4220, 4345, 4465, 4590, 4760, and 4930 

In ethyl alcohol... AA4100, 42850, 4400, 4580, 4750, and 4900 

In propyl alcohol ... AA4100, 4280, 4400, 4580, 4750, and 4910 

In isopropyl alcohol AA4100, 4250, 4360, 4560, 4750 

In butyl alcohol ... AA4100, 4240, 4590, 4560, 4750, and 4970 

In isobutyl alcohol. AXr 4400, 4560, 4720, and 4900 

HingetHeleee  cceesenee ss A4040, 4160, 4300, 4444, and 4630 

In methyl] ester...... A\XA4080, 4160, 4280, 4440, 4620, 4790, and 4920 

mye lycerolien...45-:2 - \A4025, 4140, 4260, 4400, 4540, 4720, and 5050 

In formamide ...... AX 4450, 4650, and 4840 

The absorption spectra of uranyl nitrate in mixtures of 

water and methy! alcohol were photographed. The absorption 
in pure methyl alcohol was much greater than in pure water. 
As water was added to the alcoholic solution the absorption 
became less and less. Inthe mixed solvents the bands became 
very broad. <A careful study of the structure of these broad 
bands showed that they were the “ water” and ‘alcohol ” 
bands coexisting ; and not one set of bands shifted in position, 
and this, as we shall see, is an important point. 

A simple method of reducing uranyl to uranous salts in 
solution was found to be the action of nascent hydrogen. 
This was obtained by introducing into the aqueous solution 
of the urany] salt a bar of zine, and then adding the acid of the 

saltin question. In this way uranous salts could be prepared, 

and several of them were found to have sufficient stability for 
our purpose. Uranous chloride, uranous bromide, and uranous 
acetate were thus made and their absorption spectra photo- 
graphed and studied. These salts proved to be very useful 
for the detection of ‘“‘solvent’”’? bands, or the effect of the 
solvent on the absorption spectra of salts dissolved in it. The 

uranous bands are numerous, and what is far more important 
for our work, they are well defined with comparatively sharp 
edges, and their wave-lengths can be accurately determined. 

In this respect they are second only to certain lines of 
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neodymium. Some of the most conclusive evidence for 
solvation iu solution, furnished by our spectroscopic work, 
‘was with the uranous salts. 

The spectrum of uranous chloride in water is quite different 
from the spectrum in methyl! alcohol, and this, in turn, very 
different from the spectrum in acetone. A glance at the 
plate for these solutions would lead us to conclude that we 
were dealing with three very different absorption spectra. 

In a mixture of water and methyl alcohol, as the amount 
of water increases the water band 16750 comes out, gradually 
increasing in intensity. The methyl alcohol band 215050 to 
4850 which is probably double, narrows on the red side into 
a band at 44850. Methyl alcohol bands 14770 and » 4600 
practically disappear and 74670 becomes very weak, In 
their places appear the water bands X 4700 and 44550. The 
methyl! alcohol band, 1 4300 to 14450, becomes weaker and 
breaks up into a band at 14400 and a band at X4280, The 
methyl alcohol bands 24230 and 24120 apparently come 
together, as the amount of water present relative to methy] 
alcohol increases, and become the water band at 4160. 

It is thus obvious that the aqueous solution shows very 
different absorption bands from the solution of uranous 
chloride in methyl alcohol. 

The addition of ethyl alcohol to an aqueous solution 
of uranous chloride produces a marked change in the 
spectrum, the ethyl alcohol bands being very different from 
the water bands. As the amount of ethyl alcohol present 
relative to water increases, the ethyl alcohol bands come out 
and the water bands gradually disappear. 

The addition of acetone to a methyl alcohol solution of 
uranous chloride brings out a number of “acetone” bands 
between 76000 and 16500. A strong absorption band also 
appears from 46500 to X6800. There is also an acetone band 
at 5600. . 

The addition of acetone to an aqueous solution of uranous 
chloride produces a marked change in the spectrum, the 
‘“‘acetone’”’ bands being very different from the “water” 
bands. The acetone solution absorbs much less in the reoion 
16500. The aqueous solution has a characteristic band at 
46750. There are acetone bands at 44920, 4750, and 
4590; and water bands at \ 4980, 14700, andX 4570, The 
absorption of uranous chloride in ethyl alcohol is very similar 
to the absorption in methyl alcohol, as would be expected; 
the methyl alcohol bands being of shehtly shorter w 
lengths. 

The absorption spectrum of uranous chloride in elyee 

aVe-= 

rol 
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was photographed, also when water was added to the glycerol 
solution. 

The absorption spectrum in glycerol was found to be very 
different froin what it was in water. 

The absorption spectrum of uranous chloride in a mixture 
of methyl alcohol and ether was photographed. The methyl 
alcohol solution showed complete ultra-violet absorption to 
wave-length 13700. The addition of ether increased the 
absorption, the absorption of the short wave-lengths extendin 
now to A 3800. 

In methyl] alcohol there was considerable general absorption 
in the region 14300. With the addition of ether the ab- 
sorption was almost complete from 24100 to 44450. The 
addition of ether caused the uranyl bands to shift slightly 
towards the red without, however, changing their generai 
character. The magnitude of this shift can be seen from the 
following table. 

oe 
oS 

Uranyl chloride bands in methyl alcohol. 

dA 8880, 4000, 4110, 4240, 4400, 4610, 4780, 4930, 5080, 

4135, 4280. 

Uranyl chloride in methyl alcohel to which ether 7s added. 

AA 8890, 4010, 4140, 4260, 4440, 4630, 4790, 4960, 5080. 

The effect of the presence of ether is thus very pronounced, 
not only causing the bands to shift slightly towards the red, 
but also inereasing the amount of absorption. 

It should be stated that in the work with the uranous salts, 
there were present in the solution in addition to the salt a little 
of the free acid of the salt and a small amount of the zine salt. 
While these probably had a slight effect on the absorption 
spectra, the effect must have been far too small to have pro- 
duced such changes as those recorded above for the different 
solvents. 

Having found such abundant evidence for the effect of the 
solvent on the power of the dissolved substance to absorb 
light, in the case of the few solvents referred to above, it 
seemed very desirable to bring other solvents within the scope 
of this work, and this has been done. Since the neodymium 
lines and bands are very sharp, it was selected as the principal 
substance to be used in studying the effect of the solvent on 
the absorption spectra of the dissolved substance, where a 
large number of solvents was to be employed. This phase 
of the work has been very recently carried out by Jones and 
Strong. 
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Absorption Spectra of Neodymium Salts. 

The following nomenclature will be used in deseribing the 

neodymium absorption spectra. 

a group in the region \ 3400 to 43600. 

B at about \ 4300. 

y , from 4600 to X 4800. 

Oa a tome 0 0Onte Ny O400- 

>|, sam the region X 5800. 

Quy ns at \ 6300. 

In designating the neodymium spectra we start from the 
violet end of the spectrum. ‘This is the natural method when 
a grating is used. [tis doubtful whether, in the near future, 
the ultra-violet spectrum of neodymium can be studied much 
farther than we have done, so that this is the natural end of 
the spectrum at which to begin. Itis, on the other hand, 
probable that there are many neodymium bands farther down 
in the infra-red than we have gone ; and when these have 
been worked out taey can then be named in the natural 
order. 

The change in the absorption spectrum of neodymium 
chloride as the solvent is changed can be seen best by ex- 
pressing the results in the following form. ‘The abbreviations 
Mecemanes 1d, diffuse, “ta 77 itamt, “ot fine, “ h’? hazy, 
Siemsmnense, n> Narrow, sh 7 (sharp, “st strong, 
“we” weak, ‘ wi’ wide. 

The following results (pp. 738-9) obtained with neodymium 
chloride show the effect of the solvent on the absorption spectra 
of solutions of this compound. The bands of the different 
solvents have different wave-lengths and different. relative 
intensities. 

Having found that the solvent played an important part in 
determining the absorption of light by the dissolved sub- 
stances, Jones and Strong used isomeric organic solvents to 
see whether such closely related compounds would aftect 
differently the power of substances dissolved in them to 
absorb ight. They prepared solutions of neodymium chloride 
in propyl and isopropyl alcohols, and in butyl and isobutyl 
alcohols, and photographed the absorption spectra of this salt 
in these isomeric solvents. The following results show different 
absorption lines and bands in the isomeric solvents. 

Phil. Mag. 8. 6. Vol. 23. No. 137. May 1912. 3C 

gy 
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If we compare carefully the spectra of neodymium chloride 
in butyl and isobutyl alcohols, we find that the bands are weak 
and diffuse in isobutyl alcohol, and have different relative in- 
tensities from what they have in the butyl alcohol. The bands 
in butyl alcohol are very much finer and sharper than they 
are in isobutyl alcohol. Further, the bands of neodymium 
chloride in isobutyl alcohol have slightly greater wave-lengths 
than in butyl alcohol. | 

To eliminate the possibility of the effect of the solvent on 
absorption spectra being due to anything inherent in the 
nature of neodymium chloride, the nitrate of neodymium was 
studied in the same way as the chloride. 

The absorption spectra of neodymium nitrate in water, in 
methyl alcohol, in ethyl alcohol, in mixtures of these alcohols 
and water, in propyl and isopropyl alcohols, in butyl and 
isobutyl alcohols, in acetone and in mixtures of acetone 
and water, in ethyl ester and in formamide, were carefully 
photographed and studied. Results will be given in the case 
of neodymium nitrate only for the a bands. 

a Bands. 

In water. Practically the same as the bands of neodymium 
chloride, but the bands of the nitrate are broader and 
hazier than those of the chloride. 

In methyl and ethyl alcohol. There ave only two bands in 
the « group, 134065 and 2» 3545. 

In propyl alcohol. 2X 3455, 3500, and 3585. 
In isopropyl alcohol. 23460, 3505, and 3535. 
In butyl alcohol. 2X 3450, 3500, and 3540. 
In isobutyl alcohol. Ultra-violet absorption was so great that 

on the plate taken the « group did not appear. The 
absorption in general is the same as that of the chloride 
in this alcohol. 

In acetone. XX3475 and 3555. 
In ethyl ester. 23455, 3500, and 3540. 

The other groups of absorption bands of neodymium nitrate 
in the different solvents show differences in the wave-lengths 
comparable with the above; but these results suffice to show 
the effect of the solvent on the power of neodymium nitrate 
to absorb light. 

The above evidence that the solvent plays an important 
part in the absorption of light by substances dissolved in it is 
strong. When we take into account the number of salts 
studied and the number of solvents employed, the evidence 
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is little short of proof. The only reasonable question is how 
are we to interpret these facts? Before attempting to answer 
this question we should take into account. also the following 
fact. We have seen that a salt dissolved in a given solvent 
is characterized by a definite absorption spectrum. When 
a salt is dissolved in mixtures of varying proportions of two 
solvents only two definite absorption spectra appear, one being 
characteristic of each solvent. One spectrum does not 
gradually change into the other as the composition of the 
mixed solvent changes, but only the relative intensities of 
the two spectra vary. Starting with that mixture of the two 
solvents in which both of the spectra are equally intense, if 
we diminish the amount of a relative to 6, the spectrum corre- 
sponding to a becomes feebler and feebler, and the spectrum 
corresponding to 6 more and more intense. This fact was 
first noted by Jones and Anderson, and since repeatedly 
confirmed by the work of Jones and Strong. We found 
that when neodymium chloride is dissolved in a mixture of 
methyl alcohol and water, it showed a definite set of ‘ water ” 
bands and a definite set of “‘methyl alcohol” bands. As the 
amount of water in the solution was decreased relative to 
the alcohol, the ‘‘ water” bands decreased in intensity but 
remained in the same position. As the amount of alcohol in 
the solution was decreased relative to the water the “alcohol ” 
bands decreased in intensity, but their position remained 
unchanged. 

Jones and Anderson interpreted these facts as strong 
evidence in favour of the view that there are definite hydrates 
and definite aleoholates in the solution. 
The spectroscopic evidence for solvation in solution furnished 

by Jones and Anderson has, as has already been stated, been 
increased many fold by the work of Jones and Strong. A 
large number of solvents and a fairly large number of salts 
have been used, and the existence of solvent bands in general 
established. 

The question of the relative stability of the different solvates 
with respect to various physical and chemical agents has been 
studied at length by Jones and Strong by means of absorption 
lines and bands. It would lead us hey ond the scope of this 
paper to discuss these results in detail. Suffice it to say that 
the hydrates in ceneral are the most persistent of all the 
solvates, althoug h this depends upon the conditions to which 
the solution is subjected. 

Taking all of the spectroscopic work into account, I regard 
the evidence from this source as strongly supporting the 
solvate theory of solution as advanced in this laboratory more 
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than a dozen years ago. The bearing of this theory upon 
Chemistry and other branches of Natural Science has already 
been pointed out*. Suffice it to say here that the solvate 
theory of solution is not at all at variance with the theory of 
electrolytic dissociation, but beautifully supplements it. 

Johns Hopkins University, 1911. 

LXX. The Unilateral Conductivity of Sulphated Accumulator 
Plates. By Rospert G. Lunnon, B.Se.T 

4 ia high electrical resistance of accumulator plates 
which have been left unused for a considerable time is 

well known, and is due to the presence of a film of a sulphate 
of lead on the negative plate. This resistance becomes 
normal on the application of a high potential for a few 
minutes, and the experiments to be described were carried 
out to investigate this change. This object was attained, and 
it was further found that the layer of sulphate exhibits the 
property of aluminium anode-films in having a resistance 
dependent upon the direction of the current. 

The accumulators used were of the simplest Planté type, 
as used in large numbers for obtaining a high potential. A 
different plate was necessarily used for each experiment, but 
the properties of the cells in one tray were found to be 
sufliciently identical to make this of no consequence. The 
connexion between the rate of decrease of the resistance and 
the applied potential difference was examined by ineluding 

Fig. 1. 
Lame. 

; AmmeETER. 

7) ses CeLtL, E VoLTMETER, 

= Ho VOLTS, 

the cell in a circuit, as shown in fig. 1. With this arrange- 
ment, any desired p.d. could be initially applied to the cell, 
and its diminution with time, together with the current going 

* Zeitschr. phys. Chem. \xxiv. p. 3877 (1910). Journ. d. Chim. phys. 
ix. p. 217 (19J1). Amer. Chem. Journ. xlv. p. 146 (1911). 
+ Communicated by Prof. F. T. Trouton, F.R.S. 
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through the cell, recorded. The curves so obtained are the 
continuous curves of fig. 2. | 

Fig. 2. 

Nerrs] 1} VARIATION or PoTENTIAL DIFFERENCE 

with TIM ay 

(GurRENT Not CONSTANT.) 

50 

20 

4 
MiunuTés. 

If V denote the potential measured by the voltmeter, we 
have 

V=CR-P’, 

where HK! is any back e.m.f. that may arise in the cell. No 
evidence could be found of a larger back e.m.f. than the two 
volts which develops when the cell is charged. Cook* has 
suggested the presence of a back e.m.f. to explain the 
properties of the aluminium anode-film, but this is not now 
generally accepted. Accordingly the variation of R with ¢ 
may be found by keeping constant the current through the 
cell, or by dividing values of V by simultaneous vaiues of C, 

* Cook, Phys. Rev. xviii. p. 23 (1904) 



744 Mr. R. G. Lunnon on the Unilateral 

The curves so obtained are given in fig. 3; they are, except 
at first, approximately exponential. 

Fig. 3. 

\JaRIATION or POTENTIAL, 

WITH |] MES 

( Current Consta NT.) 

J ee G) fb 5 6 
MINUTES. 

These results can be explained on the assumption that the 
resistance is proportional to the amount of substance on the 
electrode, and that the rate of removal of the latter is pro- 
portional to the applied p.d. The relation between V and ¢ 
can then be obtained as follows :— 

With the symbols of the diagram (fig. 4), we have 

Fig. 4. 

i 
Fa BY Cre =C,(r.4+ r3) — H, 

3 
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a eA 
where 

ie " -t ne 
A= (1+ 2), b= (nitrst i) 

Oe NU 
dt (AK+06) de 

b 3 CUE Mepis 
ana: (kV), if ie LON, 

== aay. 

Integrating, and putting V= Vo when ¢=0, we obtain 

DON gaa tena, ag eur rea 

ARV eH Va ie 

or, with a new constant B, 

| il 
Ve Ket ie 

sei Ey 1-AV 

This equation is found to fit the curves of fig. 2 with 
considerable accuracy. Specimen curves plotted from it are 
given by the broken lines of the diagram. 

Jn the case of constant current through the cell, we have 

He he Vis = PARE 

R= Renee, 

This corresponds to the curves of fig. 3. 
Finally, if we assume that the final resistance of the cell 

is always the same, since 

dh 

ene 
Ry — Rp = — Ke) Val = constant. 

Values of this integral can be ae by computing 
the areas under the curves of fig. 3, nd, as shown by the 
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following table, are approximately constant :— 

Current. \vae. 

Te 638 
“Sl 734 

“90 696 
Sif: 803 

1°43 646 

1:60 785 
2700 20 

Mean value TG 

In all the above experiments the current was sent in that 
direction for which the negatively formed plate is the anode. 
When the p.d. is applied in the reverse direction, the curve 
obtained for the decrease of V is similar in type, but the 
initial value, Vo, is much lower, the reading is very unsteady, 
and visible sparking occurs at the cathode, apparently across 
the resisting film. The cell thus possesses, temporarily, the 
property of unilateral conductivity, offering a much larger 
resistance to a current sent outwards from the ‘formed ”’ 
plate than to one in the reverse direction. The gas-layer 
theory developed by Schulze * for the corresponding property 
of the aluminium anode-film involves assumptions which are 
not possible in this case, and the more recent suggestion, of 
Corbino and Maresca+, of a perforation of the film of 
metallic salt is also unsatisfactory. The effect persists in the 
absence of any electrolyte; as, for example, in the case where 
the dry cathode with its film is pressed against a clean sheet 
of metal, and a current passed between the two. It is 
possible that the original electric deposition of the film 
involves a directional property in the substance of the film, 
which would not appear 1f the lead sulphate were chemically 
deposited; but, unfortunately, it has not been found possible 
to obtain a film deposited by chemical means alone to test 
this point. 
A physical basis may be found for the assumption we have 

made regarding the rate of breaking down of the film, for 
we may consider that breaking down as a mechanical effect 
produced by the passage of electrons through the film. This 
effect would be proportional to the velocity of the electrons, 
and hence to the potential difference across the film, producing 
this velocity. 

Physical Department, 
University College, London. 

* Schulze, Wied. Ann. xxi. p. 929 (1906). 
+ Corbino & Maresca, Electrician, Dec. 28, 1906. 
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LXXI. The Recombination of Jons in Carbon Dioxide and 
Hydrogen at Different Temperatures. By Henry A. 
Erikson, Assistant Professor of Physics, University of 
Minnesota *. 

i ie a previous paper f it was shown that the rate of recom- 
bination of ions in air at constant density increases as 

the temperature of the gas is lowered. Results showing this 
were also obtained, in the case of air, by Phillips f. 

In this paper are given the results the writer obtained some 
time ago for carbon dioxide and hydrogen. 

The arrangement of the apparatus used was practically the 
same as described in the previous paper. The method con- 
sisted in measuring Q, the number of ions produced by the 
rays per second, and N, the number of ions of the same sign 
in the gas after the condition has been reached where as many 
ions are recombining per second as are being produced by the 
rays. The coefficient of recombination («) was calculated 

from the relation a=K where K is a constant depending Q 
N” 

upon the dimensions of the ionization-chamber. 

Carbon Tniomde. 

The CO, used in the experiment was obtained from a com- 
mercial cylinder of the liquid, and was dried by passage 
through a coil imbedded in CO, snow. 

In this gas also the coefficient of recombination of the ions 
was found to increase as the temperature was lowered from 
+ 100° C. to —64° ©. The following are the average values 
obtained for N and «@ in arbitrary units :— 

Temp. N. a. 

100° C, 10:46 2°6 

68 9°36 ovl 

52 8°82 367 

23 7:67 4°65 

0 7-06 5-48 

— 64 6:95 5°89 

* Communicated by Prof. Sir J. J. Thomson, F.R.8. 
+ Erikson, Phil. Mag. vol. xviii. p. 328 (1909). 
} Phillips, Roy. Soc. Proc. Ser, A. Ixxxiii. p. 246 (1910). 
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Curve A in the figure shows graphically the above values 
of (2) for carbon dioxide. Curve B shows how N_ varies 
with temperature. Q remains the same at all temperatures. 

-180 -140 -100 -60 say EO) eo) 60 i00 140 160 
TEMP C 

Curves C and D show the corresponding values previously 
determined for air. 

Flydrogen. 

The hydrogen used was obtained by the electrolysis of water, 
and was dried by passage through a coil immersed in liquid air. 

In this gas also the coefficient of recombination was found 
to increase as the temperature was lowered, its value being 
thirteen times as great at —179° C. as at +23°. The values 
obtained are as follows, the units being arbitrary:— 

Temp. Ni | a. | 

| F 

| 23° ©, | 6-14 | 45 | 
| — 64 4:30 -90 | 
i 40 1-66 | 600 | 

4 | 

Curves E and F in the figure show the above values 
graphically. 

The probable cause of the above variation in @ is, it seems, 
the change in the thermal velocity of the ions as the tempe- 
rature is altered. There is undoubtedly a relative velocity 
above which the ions cannot recombine. If we think of such 
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a definite limiting velocity, then the ions in a gas at an 
instant may be divided into two groups, in one of which only 
can recombination take place. If the temperature is altered, 
the number of ions in one group is increased and in the 
other is diminished. Ata high temperature practically all 
the ions would have velocities greater than the limiting 
velocity and the coefficient of recombination, as well as its 
change with temperature, would be small. Ata low tempe- 
rature practically all the ions would have a velocity less than 
the limiting velocity, and the coefficient would be large. 
The values of « plotted against temperature would thus 
give a compound curve of the same character as the experi- 
mental curve. 

Langevin’s theoretical expression for a2, namely 

a= Ame(hy + ks), 

is also suggestive. In this expression k;+/, is the sum of 
the mobilities and ¢€ is the ratio of the number of collisions 
that result in recombination to the total number of collisions 
between ions of opposite signs. ‘The value of ¢ depends upon 
the lower of the two groups mentioned above. 

By integrating Maxwell’s expression for the distribution 
of molecular velocities between the limits zero and some 
limiting velocity, and dividing this by the same integral 
taken between the limits zero and infinity, we obtain the ratio 
of the number of ions having velocities less than the limiting 
velocity to the total number. If in the above integral the 
most probable velocity corresponding to different tempe- 
ratures be used. we get the values of this ratio at these 
different temperatures. Substituting the square of the 
ratios thus obtained for e in Langevin’s expression, and con- 
sidering the mobilities constant, we obtain a curve for the 
variation of « with temperature that is similar to the experi- 
mental curve at the higher temperatures, but is too steep 
at the lower temperatures. Kovarik * has shown, however, 
that at constant gas density the mobilities diminish at the 
lower temperatures. This brings about a closer agreement. 

It gives me great pleasure to acknowledge my indebtedness 
to Prof. Sir J. J. Thomson and Prof. John Zeleny in con- 
nexion with this research. ; 

Physical Laboratory, 
University of Minnesota. 

Sept. 20, 1910. 
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LXXII. On Electric Currents in Air at Atmospheric Pressure, 
with Remarks on Induced Contact Electromotive Forces. By 
Prof. A. Anperson, J/.A., and H. N. Morrison, B.Se.* 

1 ‘The Theory of Ionization of Gases by Collision,’ p. 30, 
Prof. Townsend seems to hold the opinion that it is 

impossible for a current of electricity to pass through the 
air space between two electrodes when the potential difference 
is as low as 30 volts, the air being at atmospheric pressure, 
even if the distance between the electrodes is Jess than the 
wave-length of sodium light. In support of this opinion, he 
refers to experiments made by Almy, who used spherical 
electrodes of about ‘007 cm. in diameter. The area of an. 
electrode was, consequently, about the sixty-seventh part of 
a square millimetre, and if, as we believe to be the case, 
there are such currents, even for potentials much less than 
30 volts, and for distances between the plates much greater 
than the wave-length of sodium light, it is hardly to be 
expected that they would be easily detected where such 
small electrodes are used. It is probable that such currents 
are due to the motion of electrons detached from the surface 
of one of the metals, and set in motion by the electric force 
between the electrodes; and, other things being the same, 
they would be proportional to the area of the surface from 
which the electrons are drawn. ‘They cannot be explained 
by the drawing together of the opposing plates by the 
electrostatic force between them. In the apparatus used 
by us the electrodes were two parallel circular copper 
plates, the area of each being about 7 sq.cm. The upper 
plate was connected with one pair of quadrants of an electro- 
meter and the lower with the positive pole of a battery of 
cells. Every precaution was taken to ensure insulation 
where insulation was necessary, and to guard against any 
effects other than that sought for. If the plates are ata 
distance of, say, ‘(005 cm. and the potential of the lower 
plate be 30 volts, that of the upper plate being zero, the 
force between the plates will be about the weight of one- 
tenth of a gramme. No appreciable displacement of the 
plates could be produced by such a small force, and yet, 
under these conditions, there is a decided current. That 
these currents pass through the air seems to be put beyond 
doubt by another effect which takes place at the same time. 
Let the lower plate, B, be connected with the positive pole 
of the battery, and let the upper plate, A, which can be 
moved by means of a micrometer-screw be earthed. After a 

* Communicated by the Authors, 
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short time earth both plates, and then insulate A and connect 
it with the electrometer, the plate B remaining earthed. <A 
will charge up negatively, behaving exactly as if it were a 
plate of another metal electropositive to B when both are 
immersed in ionized air. This charging up of A cannot be 
accounted for by leakage through the insulating supports, 
as, in that case, 1t would charge up positively. Itis therefore 
due to a contact difference and to the presence of carriers, 
both produced by the previous current through the air. 
There is no such effect when the plates are put into metallic 
contact and a current allowed to pass from one to the other. 
This induced contact difference is not permanent, but gra- 
dually diminishes and disappears aftera time. Its magnitude 
and duration depend on the time during which B is in con- 
nexion with the battery and on the potential to which it is 
raised. If contact difference is io be explained by a differ- 
ence in the amount of work done by an electron in escaping 
from a metal, then it would follow that when negative 
electrons have for some time been expelled from the surface 
of a metal, the effect is to lessen this work, that is, to make 
it easier for an electron to escape. This might arise through 
the removal of a layer of such electrons from the surface the 
presence of which would have the effect of preventing others 
from escaping. A similar induced contact difference is 
produced by the action of ultra-violet light, and may account 
for at least part, if not the whole, of the so-called photo- 
electric fatigue which metals exhibit when exposed to ultra- 
violet rays. It may be remarked that removing electrons 
from a metallic surface by means of a current, removing 
electrons by ultra-violet light, and cleaning the surface have 
similar effects on contact potential difference. 

But currents can be produced between two plates of 
different metals under the action of their contact difference 
alone. let the upper plate A be zinc and the lower plate B 
copper, and let the former be connected with one pair of 
quadrants of an electrometer and the latter earthed. Then, 
if the distance between the plates is about ‘005 cm., there 
will be no charging up of A observable, when the pair of 
quadrants with which it is in connexion is insulated. If the 
plates are in contact the same is true, and there is again no 
deflexion of the electrometer-needle. But if, starting from 
the position in which the plates are in contact, the plate A 
be gradually raised by means of the micrometer-screw a 
position is soon reached when a very rapid charging up of A 
takes place, the deflexion showing sometimes the whole 
contact difference, corresponding to a deflexion of 37 em. on 

Se ee 
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the scale of the electrometer used, and sometimes less than 
this. A further separation of the plates by about the four- 
hundredth part of a millimetre will generally be sufficient to 
make the effect completely disappear; and if A be now 
gradually screwed down, the charging up of A will re- 
appear, and will be again entirely removed by bringing the 
plates into contact. The range within which this current is 
produced corresponds te about two divisions of the head of 
the micrometer-secrew, that is to about ‘001 em. Why the 
deflexion shows sometimes the whole of the contact difference 
and sometimes only part of it may be explained by assuming 
that when part only is shown there is metallic contact 
between the plates, whose resistance is comparable with the 
resistance of the air between the plates. Let the former 
resistance be R, and the latter R,. MR, is the ratio of the 
current through the air to the potential difference between 
the plates, which for the sake of simplicity we will assume 
to be constant. If C denote the capacity of the pair of plates 
and the electrometer and V the contact difference, it is easy 
to show that the potential v indicated by the electrometer at 
a time ¢ after the pair of quadrants in connexion with A is 
insulated is given by 

Ri+Ro. v= JY (1 e Ba) 
Roa 

If R, is very small in comparison with R,, v will never 
acquire an appreciable value: but if R, be very great in 
comparison with R,, the final value of v will be V the contact 

RV 
difference. In general, the final value of v is =,—+. 

a R,+ Re 

Hxperiments on the various points here referred to are in 
progress with a view of obtaining quantitative results. 

LXXIII. On the Deduction of Thermodynamical Relations. 
By Professor J. P. KuENEN, University of Leiden *. 

N a recent number of this journal+ Dr. Houstoun deduces 
a relation between linear extension and torsion. At first 

sight this relation might seem to be incorrect, as in the proof 
no account appears to have been taken of the heat-effects 
which accompany the elastic changes. The author starts 

* Communicated by the Author. 
+ R. A. Houstoun, Phil. Mag. [6] xxii. p. 740 (1911). 
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from the equation 
DS ata el a aa 

where U is the energy, # the length, F the stretching force, 
@ the angle, and L the moment of the twisting couple. The 
complete equation, however, is 

dU=Tds+Fdet+Ldé,. . . . . (2) 
(s=entropy), from which (1) can only be obtained if ds=0, 
i. e. if the processes are supposed to be adiabatic. The 
author’s intention is that the changes shall be isothermal, in 
which case (1) is incorrect. We obtain the correct expresslon 
by writing (2) in the form 

ad(U —Ts) = —sdT+ Fdz+ Laé, 

and putting dT =0, when it reduces to 

d(U—Ts)=Fdw+ Ldé. 

As this equation is of the same form as (1), and as the further 
proof depends on the first side being a complete differential, 
the author’s conclusions are all valid. 

The same error in a different form is contained in the 
anthor’s reasoning in connexion with the graphical proof of 
the relation in question: this method of proof was also used 
by the author in a previous paper * on magnetostriction, where 
a similar relation is deduced, and here the fallacy appears 
very openly. It is there explicitly stated, on page 82, that 
relations of the kind considered can be inferred from the 
principle of energy (first law) without using the second law 
at all. But the “proof depends on the theorem that in an 
isothermal cycle no account need be taken of the heat-effects 
which cannot possibly be inferred from the first law : it can 
only teach us that the total heat-effect is equivalent to the 
total work, not that either of them disappears. This follows 

from the second law ay =(, which for an isothermal cycle | 

simplifies to JdQ=0; and this is the theorem in question. 
In connexion with Dr. Houstoun’s papers I wish to draw 

attention to a method of deducing thermodynamical relations 
which in these and many other cases affords considerable 
simplification. The usual method is starting from the 
entropy equation in its immediate form to deduce by the 
properties of complete differentials a relation between dif- 
ferential coefficients, and then by changing the variables put 

* R, AAs Houstoun, Phil. Mag. [6] xxi, p..78 (1911). 

Phil. Mag. 8. 6. Vol. 23. No. 137, May 1912. oD 
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the relation into the desired shape. These last transformations 
usually involve long and, as will appear, unnecessary caleu- 
lation. The simplification in question consists in changing 
the variables in the original equation *. 

The simplest case occurs when there is only one force to be 
considered. As an example I shall take a system under 
uniform pressure p. ‘The fundamental equation 1s 

Tds=du+ pdv; 

or bringing the complete differential du to one side, 

du=Tds—pdv. 2 2. ee 

By the property of complete differentials we have at once 

Au. Vie (4) | 

J one of the so-called “ Maxwell's thermodynamical relations.’ 
The remaining three may be. deduced from this one by 
changing variables, but much more simply by transform- 
ing the differential equation itself. If we subtract from 
both sides of equation (3) the differentials d(Ts) or d(—pv) 
or the sum of both, it assumes one of the following forms : 

d(u—Ts)= —sdT—pdv, 

d(u+pv)= Tds+vdp, 

d(u—Ts+pv)= —sdT +vrdp. 

As the first side of each of these equations is again a 
complete differential, the remaining three relations follow 
immediately. 

Incidentally this method makes it clear why there are 
four, and only four, relations of the simple form (4). At 
the same time it brings out very clearly why Gibbs intro- 
duced the three new thermodynamical functions ~=u—Ts, 
x =utpv, and §€=u—Ts+pv, and no more. 

The same method may be applied when there is more 
than one force to be considered: I will at once take the 
general case where there are n general coordinates a, B, 7... 
with corresponding forces A, B, C, the direction of the forces 

—— a 

Se 

* This method, though seldom applied, cannot be considered as new: 
it is virtually contained in Gibbs’s treatise, and after writing this note I 
find that it is used in substantially the same form as here by G. H. Bryan, 
Encyklopddie der Math. Wiss. v. p. 1 (Teubner, 1903); but as it appears 
little known it may be useful to draw attention to it here. 
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being chosen in the positive direction of the coordinates. 

The entropy equation is then 

du=Tds+Ada+Bd@+.... 

As before, we can transform this equation by subtracting 
from both sides one or more expressions like d(Ts), d(Az), &c. 
As the second side has n+1 terms, it is easily seen that 
altogether 2"*1 equations may be written down} the above 
one included, each new form giving rise to the introduction 
of a thermodynamical function, so that including wu there are 
27+ or these. : 

The thermodynamical relations which follow from these 
equations are not all of the same kind: some of them involve 
the first term (Tds or sdT), others are between the remrining 
terms (Ada or adA, &e.) mutually. The total number of 

. : oes yp, 
relations deducible from each equation is Oe ) 
(n—1)n ee 
ag ore between the forees and coordinates with either 

of the two conditions s=const. or T=const. attached (these 
we shall call the elastic relations), and the remaining n 
(analogous to Maxwell’s relations) containing s and T as 
variables. The total number of relations of the form con-= 
sidered is therefore 2”n(n + 1) involving 2”-!(n —1)n adiabatic 
elastic relations, an equal number of isothermal elastic rela- 
tions, and 2”t'n of the Maxwell pattern. 

It deserves notice that those relations in which amongst 
the constant quantities no coordinates occur such as the 
elastic relation 

, of which 

BO? i OB 
OBracp.. OATBCD...’ 

or the Maxwell relations 

_Cimpag SOON Uy and J ae m0 
oAtsep... OTaxzcn... OAsBCD ... OsABCD... 

are usually of more importance than the others, because as a 
rule experimentally forces are more easily kept constant than 
coordinates. It may also be remarked that in many problems 
which deal with only one ora few of the coordinates while the - 
others are simply ignored, the relations which are obtained 
have all to be taken as involving the condition that these 
others, but more often the corresponding forces, remain 
constant. 

ee Ds 
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In illustration of the method Dr. Houstoun’s problems 
may here be solved. In the first we have: 

dU=Tds + Fdx+ Ld, 

which may be written as follows : 

d(U —Ts—Fw—Lé) = —sdT—adF —@dL; 

and therefore at once 

OLrr OF ri 

In the problem on magnetostriction the equation * is: 

a Tae Bape ae 
Aor 

which we write in the form 

d( U—Ts—Fe— oi HB) Late a. ee 
Agr Atr 

which yields the ‘elastic ” relation 

KOr oie ated 
OHrr 47 OF tH’ 

and two Maxwell relations 

Cam Os Pe fg LO 0B Os 

Olnr OF ur 47 QTro Orr 

The same problem was discussed by Heydweiller t, who 
takes into account the change of volume, and uses the 
equation 

dU =Tds+ Fdx+ es aBt+ HB dv, 
T Agr 

or as before, 

TT 
d (U—Ts—Fe— °F) Sy es ae Z dH ; 

so that | 

Lies: v oB , B Ov 

OHrr 470 rH 47 OF ra | 
* I follow Dr. Houstoun’s equation without taking into account 

Dr. R. Gans’s criticism of the equation itself (Bedzldtter, xxxv. p. 717, | 
1911). 

+ Heydweiller, Ann. d. Phys. [4] xii. p. 602 (1903) : again I leave out 
of account the criticism by Dr. Gans, l. c. xiii. p. 634, xiv. p. 638 (1904). 
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The Action of Ultra-violet Light on Chlorine. (5) 

The superiority of the above method will be realized when 
it is compared with the proofs of the equivalent relations by 
the authors named. 

In the application of the second law to mixtures similar 
transformations of the differential equation are often useful. 
In that case the equation has to be supplemented by terms 
containing quantities which determine the amounts of the 
various components of the mixture. These terms may be 
of the form pdm, equal in number to the number p of 
the components, where m stands for the quantity (e. g. mass 
or number of gramme-molecules) of each component, and u 
is called the potential (Gibbs). In many cases it is more 
appropriate to refer the equation to a definite quantity 
(e. g. unit mass or one molecule), and introduce variables 
which determine the composition of the mixture, e.g. the 
ratios 2, y,.-. of the amounts of the 2nd, 3rd, ... component 
to the whole ; the equation then assumes the form 

n p-l 

du=Tds+>Ada+t+ Seda 

The total number of forms into which this equation may be 
put by the subtraction of expressions like d(I's), d(Aa), or 
d(X2), is obviously 2”+?, giving rise to the introduction of the 
same number of thermodynamical functions (neluding u 
itself) and allowing the deduction of (n+ p)(n+p-——1)2"*?“! 
thermodynamical relations of the special simple form under 
consideration. A further discussion of these relations or of 
the application of the functions e. g. for the construction of 
thermodynamical surfaces would be out of place here *. 

LXXIV. The Action of Ultra-violet Light on Chlorine. 
By K. B. Lupiam, D.Se.F 

F_\HE action of ultra-violet light upon many elements 
i causes them to eject electrons, and the more electro- 
positive the element the more easily is the electron ejected. 
Thus, the alkali metals are the most sensitive to ultra-violet 
light and less positive metals less so; nevertheless, an 
element so electronegative as oxygen gas appears to be 
ionized by ultra-violet light, presumably by the detachment 
of an electron, as in the case of metals. It was therefore a 
matter of interest to ascertain whether chlorine, the most 

* Compare H. Kamerlingh Onnes and W. H. Keesom, Encyhlopiidie der 
Math. Wiss. v., which is to appear shortly. 

+ Communicated by the Author. 
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electronegative element upon which we can experiment, 
showed any similar photoelectric effect. 

Lenard has found that in the case of oxygen a shorter 
wave-length is necessary to produce ionization than is 
required to convert the oxygen into ozone. Shenstone 
carried out an experiment * to discover if any ozone-like 
modification of chlorine was produced by means of the silent 
electric discharge, but his result was purely negative. 

Chlorine, being green, absorbs light in the visible portion 
of the spectrum, and there is no doubt that light of this 
wave-length is effective in producing chemical change. It 
was, therefore, of interest to ascertain whether any ionization 
of the gas was measurable when it was exposed to light of 
various wave-lengths, including such light as is effective in 
ionizing oxygen. In this connexion it is worthy of note that 
the spectrum of chlorine in the ultra-violet region does not 
consist of lines but of a band, and in this region the emission 
spectrum is not the same as the absorption spectrum; from 
this it may be anticipated that the mechanism of the absorp- 
tion in the ultra-violet band is not the same as in the portion 
consisting of lines, and this band absorption might fully 
prevent the ejection of electrons. 

But, of all the problems connected with chlorine, the most 
fascinating is the mechanism of its union with hydrogen under 
the influence of ight. Under suitable conditions the union 
takes place with explosion, but, that this may occur, the 
gases must be mixed in equal volumes, they must be free 
from certain impurities w hich impede the reaction, the 
illumination must be powerful, and the gases must not 
be absolutely dry. 

The actual amount of energy supplied by the light is 
negligible compared with that liberated by the reaction, 
therefore the light plays the part of the trigger to the 
explosion, and the new equilibrium which it sets up is not 
displaced by the energy supplied by the light. 

It was mainly with a view to obtain some knowledge of 
the mechanism of this catalytic trigger action that the work 
described in this paper was “undertaken, for one point of first 
importance to settle is the question as to whether light is 
capable of ionizing chlorine. 

Before dealing with the actual experiments, it may be 
serviceable to state briefly some of the most recent results 
obtained by Lenard and his collaborators, as these have not 
vet appeared i in a publication of wide circulation fF. 

* Shenstone. J. C.S. Trans. vol. Ixxi. p- 487. 
+ See Lenard & Ramsauer, Trans, Heidelberg Academy, Aug. 2, 

1910 to Ang. 4, 191], five parts. 
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Long ago Lenard showed that the action of ultra-violet 
light on gases produced three kinds of effects * :— 

1. The gas may conduct electricity owing to the pro- 
duction of positive and negative ions. 

2. Condensation nuclei may be tormed, devoid of electric 
charge T. 

3. Chemical molecular change may take place (30, to 
20,). 

All these effects are due to the action of the periodic 
electric forces on the molecules of the gas. 

Nuclet.—The condensation nuclei persist longer than the 
ions, from which they can be separated by means of a 
powerfel electric field ; they are unaffected by cooling to 
—70°C., but destroyed ‘at 180° C.; their diameter appears to 
be some 25 times that of the wiolecute of the gas, but varies 
with the duration of illumination, increasing with the time ; 
their formation was at first thought to be analogous to the 
production of ozone, but is more probably due to secondary 
chemical reactions (e. g., NH 3 oxidized to NH,NO,, &c.). 
When the gases, not specially purified by cooling, are 
exposed to short wave-lengths (below 180 pp), there is no 
diminution in the number of condensation nuclei (as judged 
by means of a steam jet) whether the ions are removed by a 
powerful electric field or not. Hence the nuclei are more 
effective than ions in bringing about the condensation of 
supersaturated steam. 

When, however, the gases are highly purified, most 
effectively by freezing out impurities by means of liquid air, 
no nuclei are formed, proving that they are due to minute 
traces of vapours present in the air ; the effect of the merest 
traces of water vapour, ammonia, or vapour from rubber 
tubing is most striking. 

Tons.—The production of ions of molecular dimensions is 
explained by supposing the loss of a negative electron by one 
molecule and the gain of it by another. Larger ions could 
arise by agglomeration, but this process does not go far, or 
by the attachment of a small ion toa larger particle (nucleus) 
suspended in the gas. 

With gases not highly purified, the longer and more 
powerful the illumination the larger the ions, ‘but with gases 
purified by cooling to — 78°C. only ions of molecular size 
are formed ; hence, it appears that large ions are due to the 
acquisition of an electron by a nucleus. 

* Lenard & Wolf, Ann. d. Phys. u. Chem. vol. iii. F (1889); Ann. a. 
Phys. vols. i. & iii. (1900). 

+ See also C. T. R, Wilson, Phil. Trans, vol. excii. (1899), 
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In this way the nuclei have the effect of conserving the 
ions, damping their velocity and so preventing their ba 
recombination and diffusion to the walls *. 

Ozone.—Is produced even in air which has been purified 
by cold and must be a consequence of the direct action of 
the light on the molecules of oxygen; its production is 
caused by wave-lengths longer than 200 pp, and is not 
associated with any photoelectri ic effect. 

Liffect on the Walls of the Vessel. 

All the experiments on ionization of gases are complicated 
by the action of the light on the walls of the containing 
vessel. No conductor is available for the walls which does 
not either give out ions itself, or contaminate the gases. 
The wave-length at which the wall-effect begins is longer 
than that at which the gas effect first takes place ; further, 
the ions produced are always negative, whereas the gas effect 
produces an equal number of ‘positive and negative ions ; 
consequently, the excess of negative ions over positive is 
throughout these experiments ascribed to the action of hight 
on the walls of the vessel. 

Wave-length—A careful study of the effects observed 
through different media leads to the conclusion that the 
difference in properties between visible violet and the ad- 
joining ultra-violet is less than between some portions of the 
ultra-violet region, and this may account for numerous dis- 
erepancies between the results of different observers who 
have unwittingly been experimenting with light of different 
wave-lengths. 

EHaperimental. 

The source of light employed was a spark of about one 
centimetre in length produced between alum‘nium terminals 
connected to a coil of special construction, wound with a 
secondary of low resistance and provided with a condenser 
of great capacity. The coil was supplied with a current of 
20 amperes broken by a Wehnelt interrupter. The coil and 
spark-gap were both enclosed in tin boxes connected to 
earth. 

Chlorine is a difficult gas to work with. Accordingly, the 
plan followed was to commence with air, to observe the 
effects already established with regard to it and proceed to 
examine the effect of an increasing proportion of chlorine, 
until pure chlorine itself was under investigation ; then, to 
add intentionally certain vapours and note their effect. 

* The reverse action, destruction of ions, has been observed in cases 
where the concentration of the nuclei was very great. 

Se 
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Table of Wave-lengths in the Ultra-violet Region. 

Wave-length. Cea Remarks 

sas abbreviation. 

440—380 Violet. Visible. 

380—340 Glass Passes through ordinary glass 
Ultra-violet (in fairly thin layers); Carbon 

hh, (Glass-violet). are rich source. 

340—300 = Jena glass Passes through Jena ultra-violet 
A Ultra-violet crown glass; strongly emitted 
ie (Jena-glass * by the Uviol Mercury lamp. 
N violet). 

300 —22 é Quartz-glass | Passes through fused silica (and 
= Ultra-violet cale-spar) in fairly thin layers: 
e | (Quartz-glass * last portion of strong radiation 
Se violet). from the Quartz Mercury and 
a Amalgam lamps. 
Hy 

220—180 Quartz-crystal | Passes through crystallized quartz, 
Ultra-violet gypsum, rock-salt in fairly thin 

(Crystal-violet).|’ layers: separable in the quartz- 
spectrograph. 

180-—120 & Fluorspar Passes through good fluorspar, 
© Ultra-violet but completely absorbed by a 
S (Schumann- short space of air ; separable in 
iz violet), a vacuum—fluorspar—spectro- 
= graph. 

iz 
120—90 (?) 3 Reflex ultra- | On the dispersion theory strongly 

a Violet reflected by the above media: 
n (Reflex violet). separable by means of a reflexion 
= grating. 
io] 

Shorter waves | 4 Trans-reflex 
Violet. 

* These two radiaticns are by no means sharply separated by the absorption 
of fused quartz, this absorption increasing very gradually in the region of 
220 pp; nevertheless, it may be convenient to reserve separate names for the 
two portions of quartz-violet. 

In early experiments the chlorine was obtained respectively 
from chlorine water, bleaching powder and sulphuric acid 
and by the electrolysis of cupric chloride solution, but 
finally the gas was obtained from liquid chlorine in a steel 
eylinder. 

The gas was dried by passage first over calcium chloride, 
then over phosphorus pentoxide on broken glass, and finally 



762 Dr. E. B. Ludlam on the Action of 

through a filter of purified asbestos in a Jena-glass tube which 

could be rendered absolutely free from moisture by heating 
in the blowpipe to a bright red heat. 

Diagram of Connexions. 
INSULAIINGs Sk SPARK 

PSs GLASS. 
Via QUARTZ 

5 LEAD FOIL 7 BRASS WIRE GAUZE 

wen ser (HM 
LARTH 

> LEAD FO/L 

GAS 

>yy—- 

The gas then passed into the brass illuminating vessel, of 
which the walls, in the later experiments, were gold-plated. 
It was led in front of a window of crystalline quartz, + mm. 
thick, and thence into a cylindrical condenser of the type 
described by Becker*. ‘The illumination vessel and the 
outer cylinder of the condenser were earthed, the axial rod 
of the condenser was connected by protected wires to the two 
quadrants of an electrometer, whose sensitiveness was 
arranged so that one volt gave a deflexion of 300 mm. on the 
scale. The electrometer case and the metal box in which it 
was placed were connected with one pole of a high-potential 
battery whose other pole was earthed. The small battery 
used for charging the needle, and the high-potential battery, 
were also both enclosed in earthed metal boxes to prevent 
possible disturbances arising from the sparking in the 
neighbourhood. 

In the earlier experiments the condenser was made entirely 
of brass, the insulating parts being of special glass, but later 
brass which had been gold plated was used, and in the con- 
cluding experiments both the cylinder and inner rod were of 
carbon, insulated by means of fused quartz. 

From the condenser the gas passed into a gas meter of 

* Zeitschr. fiir Instrumentenkunde, vol. xxix. p. 258 (1909). 
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very simple construction and thence into a large carboy 
containing slaked lime, and from this away into the open air. 
An electric fan was employed to maintain a strong draught 
and remove such chlorine as might leak into the air. 

The series of curves show the kind of result obtained :— 

Haperiments on Air. 

Curve J.—Represents the results of one of the earliest 
experiments using ordinary pure dry air. It shows how all 
the negative ions produced by 10 seconds’ illumination were 
caught by a potential difference of two volts, but that with 

Curve I, 

a —/ONS (30 SECS.) 

—/ONS (10 SECS.) 

Ea He cope ie Ss) Oo On 

(=) 

Po OD 

LLECTROMETER DEFLECTION 
So S 

0-3 

4 5 6 a EOn NSS MrONGETS 
CONOENSER POTENTIAL 

Effect of duration of illumination on the number and mobility 
of negative ions in air. 

| e 3 

three times the illumination larger ions had been formed 
requiring four volts before the saturation potential was 
reached, only about 90 per cent. of the ions being caught at 
2 volts. 

From the formula deduced for his condenser by Becker *, 
the velocity of the ion corresponding to a saturation potential 
of two volts works out to 0°28 centimetre per second for 
one volt per centimetre, and for four volts half that velocity. 
The formula is, however, only an approximation unless a 
radial field is secured inside the condenser and the stream of 
gas is free from eddies, whereas in these experiments such 

* A, Becker, Ann. de Phys. vol. xxxi, p. 98 (1910). 
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was not the case. The Becker condenser is admirably suited 
to the measurement of the mobility of large slow-moving 
ions, but suffers from the disadvantage that a very per- 
ceptible loss of the smaller ions takes place by recombination 
and diffusion to the walls of the apparatus before the con- 
denser isreached. To avoid this the radial field was sacrificed 
by adopting an unusual system of electrical connexions 
whereby all the ions of the required sign were drawn towards 
the axial rod of the condenser which was connected to the 
electrometer. 

Influence of the rate Je flow of the gas on the number of ions 
carrie essed air from a cylinder 
was driven at various acre dace the apparatus and the 
deflexion due to the negative ions was measured. The 
number of positive ions was so small in comparison with the 
negative ions that the latter could be regarded as all produced . 
by the action of the light, on the walls, and therefore constant, 
thus the complication arising from the fact that with increased 
speed more gas is exposed to the action of the light was 
nee With a speed of 1 litre per minute the deflexion 
vas 1°53 cm., with 3 litres per minute this had increased to 
49 2 em., and to 8 cm.at 5 litres per minute. In consequence 
of this result a rapid stream of gas was employed in all the 
later experiments. 

Experiments on Chlorine. 

A current of air at a speed of four litres per minute was 
sent through the apparatus, and chlorine in gradually 
increasing amounts was mixed with it. 

When no chlorine was present very few positive ions were 
formed, nor was there any marked increase when 0°5, 1:5, 
lay and 90 per cent. chlorine were added, the velocity of the 
mixed gases being always 4 litres per minute. 

With the pure chlorine the deflexion was hardly measar- 
able at all (velocity 3 litres per minute, as the méter would 
not measure more of the heavy gas). 

The addition of very small quantities of chlorine (less than 
-5 per cent.) to pure air was found in some early experiments 
to diminish the number of negative ions and increase the 
number of positive ones. The decrease in the negative ions 
was to he expected, for their number is swelled by the 
presence of ions from the walls of the vessel, and these are 
fewer when the light has to traverse a power fully absorbing 
gas before striking the walls. 

oe Se eee 

ee ee 



Ultra-violet Light on Chlorine. 765 

Influence of a Trace of Carbon Disulphide. 
It was found that when the proportion of chlorine was 

increased beyond about 1 per cent. the number of positive ions 
began to decrease. It was considered possible that this 
might be due to increase in the rapidity of recombination 
accompanying increase in concentration, and accordingly a 
series of experiments was conducted in which a trace of 
carbon disulphide was allowed to diffuse into the air con- 
taining chlorine, for Lenard had found that this substance, 
under the influence of ultra-violet light, furnished nuclei 
capable of conserving the ions. 

With air containing only a trace of carbon bisulphide the 
number of ions produced was only slightly greater than when 
pure air was employed, but immediately chlorine was added 
the effect was very marked, a decided increase taking place 
in the number of positive ions formed. 

Curve 1I.—Shows a typical example of the results obtained 
for positive ions in this series of experiments. It will be 

Curve IT. 

aS 

Os 

Dry at at veloctly 2-4 litres fier titiitle 

+ 03 % Chiorine 

+ race CS, 
ELECTROMETER DEFLECTION 

Lav) 

100 ¥aLTS 

CONDENSER FOTENTIAL 

Mobility of + ions. 

noticed that the curve begins to run horizontally at about 
30 volts, signifying that much larger ions are present than 
in Curve I., moving with less than one tenth the speed. 
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Curve I[T.—The effect of gradually increasing the propor- 
tion of chlorine is shown in a ) striking manner in Curve III. 

With no chlorine at all, the negative ions are greatly in 

excess of the positive, tits dir ectly so little as 0° 15 per cent. 

is added, the number drops to one fifth its previous value, 
and approximates to that of the positive ions. 

Curve III. 

(>) 

J) € 

On 

ELECTROMETER CEFLECTION. 

Va SR eae Cal ee 

Po 

0 0-1 0-2 0-3 0-4 0:5 0-6 0:7 0-8 0-9 % 

PROPORTION OF CHLORINE IN AIR. 

Influence of small per cent. of chlorine on the ionization of air. 
(Potential =100 volts.) 

With further increase in the quantity of chlorine, both 
postive and negative ions increase in number side by side, 
the negative being always slightly in excess. 

In this series of experiments the potential was not varied, 
being maintained at 100 volts, as previous results had indi- 
cated that 100 volts was more than sufficient to catch all the 
ions. However, to follow any changes which might have 
taken place in the size and mobility of the ions due to the 
addition of chlorine, a series of experiments was carried out 
of which the results are represented in Curve IV. 

Curve IV.—The most striking fact indicated by this curve 
is the small size of the ions produced in the presence of 
1 per cent. of chlorine— the two highest curves may be said to 
run horizontally from a potential of 4 volts, for 0°3 per cent. 
chlorine, 30 volts were necessary to catch all the positive 
ions—a value in agreement with Curve II. 

The curve also shows that the first effect of a small quantity 
of chlorine (0°15 per cent.) is to increase the size of the ions, 
for with no chlorine present all are caught at 10 volts; with 

Ey ey 
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0°15 per cent. chlorine 30 volts are necessary. The drop in 
the number of negative ions on the first addition of chlorine 

is again very clearly brought out. 

Curve IY. 
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Influence of various proportions of chlorine on the number and 
mobility of ions. 

Curve V represents the effect observed with increased 
percentage of chlorine. The number of ions in 3 per cent. 
chlorine is pretty much the same as was found in air con- 
taining only | per cent., but when the chlorine is increased 
to 20 per cent. the ionization drops to about one third the 
value. This result might have been attributed merely to the 
increase in the rate of recombination due to the absence of 
sufficient diluting gas, but another possibility suggested itself, 
namely, that the stream of cool air drawn past the apparatus 
by the fan had so lowered the temperature of the carbon 
bisulphide tube as to reduce its vapour pressure below the 
minimum necessary to provide a sufficient number of nuclei 
to efficiently conserve the ions, now that the proportion of 
chlorine was very considerable. Consequently, the experi- 
ment was repeated with the carbon bisulphide tube immersed 
in water at 27°.C., whereupon the number of ions was almost 
trebled *. This result opened the question as to whether the 

: ) 10? 20° 27° 2 > s, i V.P. of C8, { 20cm. 30 cm, 40 cm. approximately. 
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effect observed might not be due to a chemical action between 
the chlorine and the carbon bisulphide under the influence of 
the light. 

Curve V. 
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If this were the case, the presence of a large excess of 
chlorine would result in the absorption of the light by the 
chlorine without production of ions before the photo-chemical 
action could come into play. 

Wave-length.—Throughout each series of experiments 
observations were made upon the wave-length of the light 
producing the various effects, and similar results were i 
always obtained, of which the table below is characteristic. | 

Air at the rate of 2°4 litres per minute, chlorine 1°d per f 
cent., trace of carbon bisulphide. : 

Medium between Spark Deflexion a 
and Gas. = si 

Sremegaice Imm, quartz oe oe 100 100 t 
» + & mm. gypsum (fine split q 
eiaystall plate jj 0 i ae. 81 7 q 

3 cm. air, 8 mm. gypsum (old and i 
“£12101 012)0 |) SAA ER A EEC) Day 10 10 B! 

prcmeear eale=spar 2. ..0))0. 6.) ee Be 8 i 
3 em. ultra-violet crown glass ...... 4 4 
Wioleiverown @lass th). 0). a4. a, 0 2 
Oeonmary class 2.280000 uu eee 0 0 7 

* This is an unusually low value, 8 is nearer the average, although the 
positive deflexion was usually rather less than the negative when calc- 
spar was used. 
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- The plate of gypsum, examined in the quartz spectrograph, 
was still very transparent to wave-lengths of 185 yu; the 
cale-spar had a sharp boundary, being transparent to wave- 
length 206 py, but opaque to 202 wp ; the ultra-violet crown 
glass absorbed all shorter than 290 up. The evidence is 
sufficient to warrant the conclusion that, for any considerable 
ionization, wave-lengths shorter than 200 wp are required, 
and if any ionization is caused by light which can pass 
through any considerable thickness of glass, the amount can 
hardly be within our means of ineasurement. 

Schumann Violet. 

In all the experiments hitherto described, the light traversed 
at least two centimetres of air and a quarter millimetre of 
quartz before reaching the gas. In order to see whether any 
effect was produced by rays of still shorter wave-length, such 
as air and quartz powerfully absorb, a different illumination 
vessel was used, made of brass and closed by a plate of fluor- 
spar. The spark-gap was placed within two or three milli- 
metres of the window, from which it was separated by a 
shield of fused quartz pierced with a small hole about the 
same diameter as the window; the condenser cylinder and 
rod were of graphite, and the sersitiveness of the electro- 
meter was reduced to about one half. The following series 
of resuits was Obtained :— 

Deflexions cm. 
+ a5 

(1) Air alone at 5 litres per 
iGO ORONKON SuLecickee Nee WA Ne) 29) 235% 

(2) Air + about 10 per cent. 
chlorine, 5 litres per 
MAL UCC eee mea oa. Ih al —2,4,4 

(3) Pure chlorine, 3 litres 
SeresIOVLAIUTD, (oe So ioee amon 0) 0) 

(4) Air alone, 5 litres per 
MINUEe Gree eet ee 12, 14 29. 20 

(ao) Air- +) SOO} Spemuveent. 
chloriney een. 0 0) 

(6) Pure chlorine, 3 litres 
per mInuter wee 0 0 

(7) Air alone, 5 litres per 
minutes eae Deron Pe LG 

This was a long series of experiments, and the diminution 
in the effect observed with pure air towards the end of the 
series is easily explained by the fact that it is impossible to 

Phil. Mag. 5. 6. Vol. 23. No, 187! May 1912. 3K 
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keep the surface of the fluorspar perfectly free from a deposit 
of aluminium given off by the sparks, despite brushing with 
a camel’s-hair brush between each two successive illumi- 
nations. 

The experiment is very conclusive in its evidence that the 
presence of chlorine destroys the conductivity produced in 
air, and that if pure chlorine itself is ionized it can only be 
so to a minute extent. 

Effect of Moisture.—Carbon disulphide had been introduced 
into the earlier experiments to act as a conserving agent, but 
the experiments cf Lenard had shown that traces of moisture 
were likely to act in a similar manner. In this connexion 
it is of great interest to remember that Baker found that the 
velocity of combination of hydrogen and chlorine exposed to 
bright light was very greatly dependent on the presence of a 
trace of moisture. 

After passing over the usual drying apparatus and through 
the filter, the air was made to pass over a small surface of 
water, arranged by calibration to contribute about one gram 
of water vapour per cubic metre of air. 

The results are tabulated below :— 

Gas. Deflexion cm. 
+ — 

pmtinalome. (diy) oct Ve fae eee 1 1°8 
Pamralone Coos) 2.5. Ay eee 15-0 15°9. 
Air + 10 per cent. Cl, (moist)... 0 0-2 
Sivalone (MOIst) 2.245.) esse 0 0 
PMO AUITN (55°) 2a, ee at a 14°7 15°3 

This table brings out two points very clearly. 

(1) The presence of a trace of water vapour enormously 
increases the action upon air—in the case of the 
positive ions the increase is more than ten-feld. 

(2) Even this increased effect is completely obliterated 
by chlorine. 

Hxperiments with the Steam-Jet. 

In eenclusion it was a matter of interest and some import- 
ance to ascertain whether chlorine, in the various cireum- 
stances under which it had been ecarned- gave rise to 

condensation nuclei or whether it prevented ee formation. 
For this purpose the gases on. leaving the illumination 
vessel were made to impinge against an orifice from which 
‘a jet of steam was issuing. Ont sparking for a few seconds 
the production of a cloud . steam showed instantly whether 
nuclei \ were present. 
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The following table contains the result of the experiments, 
which were carried out in the sequence given. 

(1) Air alone without 
sparking. 

(2) Air illuminated. 

(3) 39 = Co: 

(4) ,, +CS.+Cl. 
(5) ,, +CS,+H,0. 

(6) ,, +CS,+H,0+Ch. 
(7) Pure Cl,. 
(8) Air again. 

O20 Oe 
Mie. o Ole Us. 

Diam. of nuclei. 

_ A very feeble effect. 

Very considerable 
effect, grey. 

Reddish brown 
cloud. 

Scareely any. 
~Powerful effect, 

orey. 
Searcely any. 
Very slight. 
Powerful effect, 

grey. 
Scarcely any. 
Scarcely any. 

mm, 

Ocal Ole 

Aa Oa 

GeO? 

op Ome 

Thus it is seen that the results with the steam-jet fall into 
line exactly with those obtained by means of the electro- 
meter, and indicate that chlorine forms neither ions nor 
nuclei, but that its presence is destructive of those otherwise 
produced in air. In this they confirm the experiments of 
Burgess and Chapman * as opposed to those of Bevan. 

Conclusions. 

The following effects have been confirmed or established :— 

That under the influence of ultra-violet light, 

(1) There is very liltle ionization produced, even in 
ordinary air, by light of wave-length longer than 
200 py. 

(2) That pure dry air is not greatly ionized by wave-lengths 
longer than 180 yp, but with shorter wave-length 
the ionization is considerable. 

(3) That the addition of a trace of water vapour to air 
enormously increases the amount of ionization. 

(4) That the addition of very small quantities of chlorine 
to ordinary air increases the amount of ionization, 
but that with more chlorine the reverse takes place. 

(5) That pure chiorine is not ionized appreciably. 
(6) That pure chlorine does not form condensation nuclei. 
(7) That chlorine in considerable quantity destroys the 

ions and the nuclei otherwise formed in air. 

* J.C. 8. Trans. vol. xe. p. 1899 (1906). 
3 EH 2 
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These results point to the fact that the atom of chlorine 
does not easily lose an electron, and this is what might be 
expected from its electronegative character. Affinity for 
negative electricity is the characteristic of electronegative 
elements. Hydrogen is a borderland element, taking up a 
position among the noble metals in virtue of its electro- 
chemical properties ; it is distinctly more electropositive than 
copper, however, even at ordinary atmospheric pressure, and 
this is more marked at higher pressures, A possible explan- 
ation of the reaction between hydrogen and chlorine is that 
an atom of hydrogen, under the influence of ultra-violet light, 
emits an electron which immediately becomes attached to an 
atom of chlorine and chemical combination takes place *. 
There is some support for this hypothesis in the fact that the 
presence of hydrogen enormously increases the number of 
ions emitted by hot platinum and by the alkali metals at 
ordinary temperatures. 

The fact that in many cases minute traces of foreign 
matter are requisite both for the ionization of gases and for 
their chemical combination is very striking; the two actions 
are probably either cause and effect or are attributable to 
some common cause. However this may be, it appears that 
actual liberation of electrons for any measureable period of 
time is not a necessary precursor of gaseous combination. 

In conclusion I must express my indebtedness to Prof. 
Lenard for his kindness in allowing me to work in the Radio- 
logical Institute of the University of Heidelberg and for his 
guidance while the work was in progress. My thanks are 
also due to Prof. Becker and Dr. Ramsauer for kind assistance 
and advice. 

Clifton College, Bristol. 

LXXV. The Problem of the Weir. By J. H. C. Smarts, 
B.Sc., Assistant Lecturer in Mathematics in the Victoria 
Iniversity, Manchester F. 

§ 1. 1) Nei problem of determining the motion of a stream 
flowing in a horizontal channel, whose bed is 

subject to slight inequalities of level, was investigated by 
Lord Kelvin ¢, who assumed the flow to be irrotational, and 
obtained an approximate solution of the motion. Wien §, 

* Lenard and Ramsauer suggest that the light splits up the chlorine 
molecule into its two neutral atoms. 

+ Communicated by Prof. Horace Lamb, F.R.S. 
t Phil. Mag. [6] vol. xxii. p. 343 ef seg. 
§ Wien, Hydrodynamik, p. 201. 
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using the same restrictions, discussed the case in which the 
change of level was abrupt. 
When the fall of the stream-bed is not small compared 

with the general depth of the stream the problem becomes 
of some practical importance, and a solution of it might 
throw light on the theory of the construction of weirs and 
aqueducts. Although the problem is dealt with in varicus 
text-books on Hydraulics”, the treatment is usually somewhat 
empirical. It seems, ther efor e, worth while to inquire what 
information on the subject can be gained from the ordinary 
hydrodynamical equations when viscosity is neglected. It 
is true that in the absence of viscosity the problem is inde- 
terminate, but an attempt may be made to represent approxi- 
mately the physical conditions by assuming a laminar motion 
of the fluid. 

In the present note the motion is supposed to be two- 
dimensional and steady. The upper and lower stream-beds 
are taken horizontal, but the intervening connexion may be 
of any form consistent with continuous flow without impacts. 
Along the upper and lower reaches the flow is assumed to 
be witimately horizontal f, and it is at these places that the 
motion is considered. In practice these places will be more 
or less close to the weir, or sloping part of the bed, according 
to its form. | 

Given the height of the weir or difference of level of the 
upper and lower stream-beds, the depth of the upper stream 
and the distribution of velocity across a vertical section of it 
where the flow is horizontal, it is proposed to determine . 
(1) the depth of the lower stream; (2) the distribution of 
velocity across a vertical section of it where the flow has 
again become horizontal; and (3) the total horizontal thrust 
on the weir face or sloping stream-bed. 

It will be seen that the motion is not restricted to be 
irrotational ; on the contrary, the fluid may be given any 
desired degree of spin. Thus, while the solution in any 
particular case is only partial, the problem considered is more 
general than the irrotational case usually dealt with. 

In an Appendix some notes have been added bearing on 
the work in the paper. As they deal only with the eoce 

* TE. g., Bovey, Hydraulics, 1904; Merriman, Hydraulics, 1904. 
+ The hypothesis of the ultimate horizontality of the lower stream- 

surface involves, when viscosity is neglected, a distinct assumption. Some 
remarks in justification are given in 8§ 5 Sand14. Iam indebted to Prof. 
Lamb for some helpful criticism of this and other points in the paper. 
Apart from this physical assumption, the results which follow are 
analytically exact. 
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where the bed is strictly uniform they have been placed at 
the end of the work. 

§ 2. The figure below represents a vertical section of the 
stream taken parallel to the banks, the motion being two- 
dimensional. 

2 18 measured upwards from the bed of the lower stream. 
AA’ is the free surface (Wy); 
BB’ ,, — stream-bed (Wo); 
CC’ is any stream-line (Wr); 
fis the depth of the upper stream; 
d .,, total drop of the stream-bed; 
U_,, surface velocity at A; 
u ,, velocity at C at a height z. 

By accenting these quantities we obtain their values on the 
lower stream-bed, as shown. 

h, d, U, and u (=function of z) are supposed given; 
h', U', and wu’ are to be found. 

Let p be the pressure: then 

p= b) —gz—39". 
At A, m= (tx) —g(h+d)—3U%s 
Ab A’, m=/ (ty) —gh! 40". 

Hence, U?—U?=29(h+d—h’). 

Put Ul/U=», 29h/U?=«x, 14djh=6, h'/h=o, ~. (1) 

2. vi ~ T= K(6—@). 2.) 2) 

Here « and 6 are given, while vy and w are unknown. 
Let now +d be a stream-line in the neighbourhood of 

vr; and let 

z+dz be its height in the upper stream; 

2’ +dz' be its height in the lower stream. 
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By the continuity of flow, 

udz=u'dz=dy. 

Also, since the vorticity is constant along a stream-line, 

dujdz=du jdz. 

Hence, du®/dw = du? dy, 

or u? =u’? + const. 

Taking the surface stream-line we find 

We Ue 2 ae See nt 283) 

where uw and wu’ are the velocities above and below the weir 

on the same stream-line. 

Substituting this value of wu’ in udz=w'dz' we have 

dead oO Wa ee ny 
Put 

u—UPo(e) where G=(e—d)/h, and let € =z /h’. .  () 

From (4) 

at’ + const. ple =] Gas 

Whenec—d 2 —0, 2. ¢., when) C=0, C= 0) 

Nicene dec hei e. whem) G1) C1. 

Hence, a={ cae i | &- 

Since, by (2), »?—-1l=«(6—a), we have, finally, 

o=\"[p@reanal& -- © 
Since w and w/, for physical reasons, ue the same sign, it 

follows that the sign of ,/(u ie Oia ) will be the same as 
that of u. Hence, the positive sign ides be attached to the 
integrand in (6). 
When wu is given as a function of z, (f) is determined 

from (5). _Equation (6) will then determine @ as a function 
of « and 6, and> thence vy is given by (2). U’ and A’ are 
found from (1) and wu’ is determined from (GD) ane 

u?=U{o(C)+¥—1}. 
The circumstances of the motion along the lower bed are 

thus completely found, 
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§ 3. Equation (6) will, in general, contain a number of 
radicals after integration, and in the process of rationalizing 
and simplification, necessary for numerical computation, a 
number of roots will appear which are irrelevant to the 
present purpose. After discarding the negative roots there 
still remains the problem of picking out one from the re- 
mainder which will adequately satisfy the physical require- 
ments. ‘Two conditions will suffice to determine this root:— 

(1) As the fall of the stream-bed tends to zero the surface- 
level of the stream must become uniform; ate 

(2) As the velocity of the upper stream tends to zero the 
surtace-level of the whole stream must become uniform. 

~ Expressed analytically these conditions are as follows ae 

(1) As 6> 1, w must also > 1; 
(2) Ask>o, ow must —>o. 

It will now be shown that there is a solution satisfying 
both these conditions, and that this solution is, in general, 
unique. In (6) write 

Base, Ole=N, Ol. 
Hence, 

ay 

1l+n= Ae/(A—n)? dE, 
e0 

or Pie | 3 n= { Ob @—a)N/O aia 
0 

C1 
=n| dg/(X—7)?{d* + (A— 7) *}. 

e 0 

Hence, 7=0, i.¢., a=1 is a solution when 6=1. 
1 

Also, | d](A—n)*{AF + (A—7)*} =1 is a solution when 6=1, 
0 

A further value »=0 wiil not satisfy the last relation 
unless 

way 3) 

ag 2n—i1 4. é., unless dc/b(C) = U/gh, 
e/ 0 vj 0) 

2.€., unless h 
a d2ju® = Nie ike) es oh Ee 
210 

Hence, when 6=1 equation (6) will, in general, furnish 
one value w=1 (or 7=0), and one such value only. If, 
however, the motion is such that (7) is identically satisfied, 
then «=1 will be a double root of (6) whend=1. Assuming 
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for the present that (7) does not hold, write o=1+ 
6=1+ein (6). The general solution of (6) will then be of 
the form 

n=f{x(e—) 5, 

or Et HO ACMPOn oie ube aio ul eek ay) CO) 

where F() is expansible in positive powers of 7 and does 
not contain a constant term. ‘he problem of determing. 7 
in terms of « and e may be solved by using Lagrange’s 

theorem *, which gives 

qd?-1 

qeet > ome —miE@ +s OF 
Ie 

Since H(e) vanishes ae e, therefore (9) makes y-+0 as 
e->0. It also makes n—-€ (2. ¢., a->d) when «->x. This 
branch of the function therefore satisfies the two physical 
conditions mentioned above, and (9) will therefore be taken 
as the formal solution of the problem. 

In order to justify this selection we note that the value 
o6=1 makes the total fall of the stream-bed zero, and the 
corresponding value a=1 makes the stream-surface level. 
If some other root of (6) had been chosen, then on making 
5 tend to unity, a would not have tended also to unity, 
since relation (7) is not supposed to hold. This would infer 
the possibility of a standing elevation of some kind, in a 
uniform horizontal canal, in which the free surfaces on either 
side of the elevation were at a finite difference of level. 
The impossibility of this is proved in Appendix (A) for the 
most general case of non-viscous flow. 

If equation (7) be satisfied the above argument breaks 
down, since ue sre will be two values o=1 corresponding o to 
= i, and therefore two expansions for y in terms of e€ cor- 
responding to the two branches of the function (%). It 
seems probable that the motion is unstable when (7) is true, 
and is of a different type according as 

{ atig(o Z rp. 
A particular case is given in § 5. 

§ 4. In the case of a weir it is interesting to determine 
the resultant horizontal pressure on the face of the weir. 

* Whittaker, ‘ Modern Analysis,’ p. 106.. 
+ The series under § will contain a term in e if ( dép(¢) is con- 

ver ae and vice versa, In any case ne as K— 2, 

~I ~j 
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In the diagram of § 2 consider the mass of fluid bounded by 

the contour AA’B’BA. 

Let P=resultant horizontal pressure on section AB, 
9 ears 

‘pi 

it Sam 39 9° ”? by) ” A B b) 

P= rs 4s ss ,, face of weir, 

M=total momentum crossing AB per second, 
fe Se /Pl 

M Sa oe) 99 by) A B 39 

Then, rate of change of horizontal momentum of fluid 

within contour =rate at which horizontal momentum flows in 

over boundary together with total surface pressure on 

contour resolved horizontally, since the horizontal body 

forces vanish. 

Hence, © 

0= f4+P-—P'+M—-M—a7(hid—h’). 

PHr(h+d—-h')+ P’—P+M'—M, 
7h! hd 

=m(ht+d—h')+ah' + 39h” —th—ggl? + uldz' — { urdz. 
0 d a 

But, udz=u'dz' and w= / (w+ U?—U*). 

an h+d 
bfence, VS = i u/ (uw? + U?—U? dz. 

e 0 d 

h+d 

Pamd+ig(h?—W} +| ul,/ (0? + U?—U?)— aha 
d 

ae this in terms of the quantities given in (1) we 
nd 

1 

Pad +U%| tu(a?—1)+ \ [ VOSE) Fea} HOE). 
(11) 

When a is determined from (5) # is found from (9). 
Tt will be noticed that 

eee (1 SOs 
geile | Lael Hoe 

as might otherwise be expected. 

§ 5. The case of irrotational motion, although probably fat 
removed from Nature, has the prior claim to attention on 
account of its simplicity and historical interest. In this 
case we have 

u=const.= U. 

Hence, by (5), anign== it 
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Substituting in (6) we find 

Bee) 2 
which after rationalizing gives 

Pen M ic Werte t Os au 4 0,1 C02) 
as a cubic to determine @ in terms of « and 6. 

It may be shown that the roots of (12) are given by 

w= —(,/3/2). (1+«6)—?sec 30, . . (13) 

where @ is any value satisfying 

O08 C= (Bn / Gs) ear easton rice can ape ve Cle) 

An inspection of (12) will show that the roots are distributed 
as follows :— 

—— 78) <o,<0<a,<1<d<0;<6+1/k. 

There are thus two positive roots and one negative root. 
The last does not appear to have a physical inter pretation, 
but the question arises—which of the two positive roots is to 
be chosen? If we put 6=1 in (12) there results 

(Gr (cm? a1) =O). 2 (15) 

of which the only physical solution is 7=1%*. In accordance 
with the work of §3 we write 6=1+e and w=1 +, where 
e and y are small and vanish together. Substituting in (12) 
and neglecting squares, &c., of e and 7, we have 

n=Ke/(«—2), 

so that 7 is positive or negative according as «= 2. 
[The expansion of y in terms of e proceeds as follows :— 

een 3K? 2 K*(Aic + 10) OKA + BK + tT) 
aoe) (c— AONE («—2)? (K— 2) 

6K? (Ke — 3K? + raps moealye 
(kK —2) 

4 

— 

This becomes divergent when x=2, 2.e., when U?=g/A, in 

accordance with (7) 83, because when ea (15) becomes 
(a— at (2a+1)=0, and there is a double root oa=1. The 
series is useful for calculation when e¢ is small or when « is 
great or small. | 

* Appendix A. 
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Since 7 = 0 according as « Z 2, 

thererore U2 U ".,, » U?= gh, becausea =i /h=— Be 

Also, U?—U?=29(h+d—N') ;sx 

therefore h’ = h+d according as U?Z gh. 
Hence, the surface-level of the stream along the lower 

bed will be higher or lower than the surface-level of the. 
upper stream nopandenes Ay OS an: 

It will be noticed shen the “ conten ”? velocity, U?=¢hos 
that, of a long wave in a canal of depth h, and it seems pro- 
bable that when U has this value, or very nearly this value, 
the motion will become unsteady on account of the tendenc 
of the stream-surface to adjust itself alternately to the higher 
or lower level, according as U is slightly less than or 
slightly greater ‘than (yh)?. Some such effect seems to have 
been noticed by -Bidone in his researches on the flow of 
water over weirs. From a practical point of view the result 
may be of use, because it shows that in this type of motion 
the “critical ” velocity should be avoided in order to prevent 
‘scouring ” of the channel. 
Lord Kelvin*, using a different method, arrived at the 

approximate formula — 

y=ad[(gD/V?—I) 

where 7 = elevation of surface (=h+d—VN’ in present notation), 
a= Me stream-bed (small), 
D=a depth lying between h and /’, 
V =a velocity lying between U and U’. 

It appears that there is an elevation or depression of the 

lower stream-surface according as V? gD when d>0 and 
inversely when d<0, i. e., when the stream-bed falls. 

In Lord Kelvin’s work the values of V and D are neces- 
sarily undetermined, although, when the irregularities of the 
stream-bed are small, we may put approximately the values 
hand U of the upper stream. The present note shows that 
the elevation or depression of the lower stream-surface 
depends accurately on the criterion U?S gh, and also does 
not depend on d being small. 

If we reverse the general direction of the stream the 
theory indicates a depression of the surface when a stream 
flows from a lower to a higher bed,—a phenomenon often 
observed in practice +. 

GRC (LIL. 

7 Merriman, Hydraulics, p. 29. 
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In the case where the lower stream-surface is depressed 
(U? = gh) it may be shown that waves of small amplitude 
cannot be maintained in the lower stream. Tor in this case 

a—iiy=l and  W?/ol = 1. 

Hence, WA hes gh 02, 

te ces a/v? > gh’/U”, 

100s, ow > gh'/U". 

_ Therefore, Sak we, 

or Be Son. 

The velocity of propagation of irrotational waves of small 
amplitude in a channel of depth h' is V, where 

Woh .tanhKh'/ch’ («=27/wave-length). 

Hence, V’ always < gi’ 

ties, Waerees mel 

Thus, if such waves were ever formed they would be 
earried away by the preponderating velocity of the lower 
stream. 

§ 6. When U? <gh the surface-level of the stream on the 
lower bed is elevated, but it can be shown that this elevation 
cannot exceed a certain limit, viz., half the depth of the 
stream on the upper bed. 

For, in this case a > 1 and the root chosen lies between 
6 and 6+1/«, 

Hence, 6<a<6+41/k, 

or 1+djh<h'jh<1+d/h+ U?/2gh. 

Also, in the present case, U? < gh. 

vhtd<_l<h+dt+h/2, 

or O<h—(h+d) < h/2. 

Hence, the difference of levels of the upper and lower 
streams is always less than half the depth of the stream on 
the upper bed. 

§ 7. In the special case where e=6, 7. e., 2gh/U?=1+d/h, 
the cubic (12) admits of a very simple solution. For, in 
this case, (12) becomes : 

Ko — a? (1+ Fl == 0, 

or (xo —-1)(@?—xko—1)=0. 
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Hence, when « < 2, i.¢., gh < U? or d<h, it is easy to 
derive the following equations :— 

ey oe U’=U(1+d/h), and h'=h?/(h+d). 

When «>2, i. e., gh> U? or d>h, the corresponding 
values of ow, U', and fh’ are found from the quadratic 
ao —Kka—1l=0. 

§ 8. To calculate the horizontal pressure on the face of 
the weir put d(€)=1 in (11). We find 

P=td + Whiik(o’?+a)—l1}(w—1)/o. ~. (16) 

md is the atmospheric pressure on the face of the weir and, 
by means of the inequalities a 21 according as x = 2, it 

may be shown from (16) that PAalways > 7d, so that the 
pressure is always positive. # may be found from (16) 
when @ has been determined for any special case from (6). 
When x=6, as in § 7, and a=1/«=1/6, the corresponding 

pressure may be found at once, viz., 

P=1W?h(8—1) (35—1)/8=gh?d (2h +30) |(h+4)2. 

§ 9. Turning now to the case where the motion is vortical, 
let the vorticity of the fluid be everywhere constant. Along 
both the upper and the lower streams the motion will now 
be of the ‘‘laminar” type given by the ordinary equations 
when viscosity is retained. Taking the velocity to be zero 
along the upper stream-bed so as to correspond as nearly as 
possible to the actual physical conditions, we have 

oe — a) )|h— Wie 

Hence, by (5), (8) =, and from (6), after integration, 

@a={1+x«(§—a}?—{kK(6—a)P,. . . a) 

from which @ +4eo®—2a°(1+2«6)+1=0. . . (18) 

The roots of (18) are distributed as follows :— 

—xa<o0,< —-l<o,<0<9;<1l<a,<6. 

When 6=1 (18) becomes 

(a—1){a’°+(1+4«)a°—a—1}=0, 

of which the physical solution required is a=1*. There 
will not be a second value a=1 unless «=0. 

* Appendix A. 
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Putting o=1+n, 6=1+e in (18) we find to the first 
order n=e, so that a > 1. The root chosen is, therefore, 

such that 
lew—_o. 

[In this case (17) leads to the equation 
owe 

e=nt(L4n—755) | Aes 

whence, by (a), 

Ge 3 1 il 4 ik i ak es (Ge iG A ==) 
gee~S +4e(7- + za) 5 tate Te eae 6 «Kt 

i Mal 9 aaah 
-1(q-+7etetata)+ ae | 

From (18) @ may be expressed as follows :— 

@=K(w—1)+ ce —/(E)t °, 

where w?=)A7/(?—1) and A» is that root of the cubic 
QQ? —1)A—2«6—1)=2«? lying between 1 and w. 
When @ has been found from (18) v is most easily ealcu- 

lated from the equation 

2v=a+1/a, 

whence v always = 1. 
Since ee ar =) Os 

therefore Le d'/he1+dl/h, 

or heh eh+d. 

Hence, although the lower stream is always deeper than 
the upper, the stream-surtace is always depressed on passing 
from the upper to the lower reaches. k 

§ 10. The calculation of the pressure on the weir face for 
this type of motion is effected by putting $/) = in (11). 
We find 

Pa=md + Whi te(o?—1)4+4{14 K(S—a)}3? 

See ae) 
which may be rationalized by (17) if necessary. 

Since, in this type of motion, a > 1 and since (1+.2)*? is 
always greater than 1+ 7, (19) shows that P is always 
> md. 
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When U, A, and d are given « and 6 are found from (1) 
and, thence, a may be determined from (17) or (18). This 
value when substituted in (19) will give the corresponding 
horizontal pressure on the weir face or sloping bed. 

§ 11. Amongst engineers a formula of the “parabolic” 
type has been proposed as representing the distribution of 
velocity across a vertical section of a uniform canal. Thus, 
the Stes u=a+P2+y-27,in which @ is zero or very small, 
would represent a type of motion in which the velocity 1s 
zero, or very nearly so, along the bed of the canal and in- 
creased upwards. Experience seemed to show that the velocity 
was a maximum not at the surface but at some point below 
it not greater than one fourth the stream depth *. 

The adoption of the above formula in the present note 
would lead to some very unwieldy analysis, and it is there- 
fore proposed to substitute the formula 

u=U sin {$7r(e—d)/ht, 

which makes the velocity zero along the upper stream -bed 
and a maximum at its surface. Hence, 

u=U siniat, or by (5), $(O= sin? 6. 

Substituting in (6) and integrating we find, after some 
reductions, 

1LtK(o—e@)} sin? daa 1) 2) eee 

[Writing a=1+7 and 6=1 +e, (20) may be transformed 
into 

if 
e=qt- tan? 477. 

Using (9), we have 

oe 2h ye 2 aes eee) 
K OK 

—-@=— n= 

% ioe 28 a 17»? 

where A=77/2. It sey be more ane however, to 
expand in terms of tan 97re. ] 

It may be verified that the root required is such that 

l= a —'s: 

* Bovey, J. c. ante, p. 220. When the stream width is small com- 
pared with its depth ‘the point of maximum velocity may be lower than 
stated above. 
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Hence, | h=h'’<h+d; 

so that the stream-surface is always depressed on passing 
from the upper to the lower regions, but the lower stream is 
deeper than the upper. 

§ 12. Putting 6()= sin? 5 ¢ in (11) the pressure Y may 

be found: ' 
3 Ta ore ie 4 1 1 

Pal + Uh] paw? —1) 4 = 1” sin-1(1/v)4+ (Vv? —1))}_ 5 

where  vP=1+Kn(d—a). 

Thus Y can be determined for any particular values of U, 
h, and d, when a@ has been found for that case from (20). 

§ 13. The following Table (p. 786) of values of a, v, and 
#/U"h has been calculated for various values of « and 6 in 
order to institute a comparison between the three types of 
motion which have been worked out. 

From the Table it appears that irrotational motion differs 
in character from the cases of rotational motion considered. 
In the former case the depth of the lower stream decreases 
as the height of the weir increases, « being kept constant, 
while in rotational motion the reverse is the case. It follows 
that caleulations based on the assumption of irrotational 
flow will differ widely in this respect from those based on 
the more physical assumption of rotational flow. 

As a particular case, illustrating the use of the Table, 
consider a stream whose depth in the upper reaches is 4 fi. 
Let the height of the weir be 1 ft. and the surface velocity 
of the upper “stream 16 ft. per sec. These values give 

S=1+d/h=1'25, Koh) Ue = 

From column I. we finda= °8431, v=1°1861, A/U?h="1138, 

Ul. 4, = 12125, v= 1-0186,:P/U%h 1344, 
TET) gy ee Tal v= 170383, 7/U2h =-1280. 

3? 99 

Hence, for 

Case [. h’=3°3724 ft., U'=18-978 f.p.s., A=116°53 lb. wt. 

» IL. h’=4°8500 ft., U'=16'298 f.p.s., A=137°63 lb. wt. 

»» LIT. h'=4°6884 ft., U'=16°614 f.p.s., A=131-07 lb. wt, 

Here h’ is the depth of the lower stream, U’ its surface- 
velocity, and # the horizontal pressure on the weir per foot 
breadth. If the water were at rest with its surface 4 ft. 

Plal, Mag. 8. 6. Vol. 23, No. 137. May 1912. 3 F 

“ 



‘, Searle on the Wir AL 786 
wae 

TA 
e
S
 
n
e
 

ey 
fe 

*
y
/
(
p
-
-
 

2
)
 
=
n
 
‘Kp1019A0A 

J
U
L
I
O
 

Jo 
osvtd 

ay 
—
'
T
]
 

“ 

{
 

u
l
e
 
2
 

vias 
a
=
"
 

T
e
 

i
e
e
e
 

w
e
 

e
e
 

*( 
=
J
u
e
j
s
u
o
o
=
~
x
 

‘osvo 
[VUOTFR}OAIL 
1
 

wumny[oeg 

| 
SEt6- 

6FFL: 
ELIE. 

| 
G
E
O
G
 

IL 
F
O
I
:
 
I 

F868: 
F6LG- 

9E LG: 
09¢9- 

OFG6F: 
PEGE: 

GFOTe 
| 

Y
e
 
/
G
 

* 
SPIP-L 

|
 8086-1 

S
P
S
T
-
L
 

GOGO-T 
|
}
 Z6LT-T 

|
 OGIT-T 

|
 @¢90-T 

|
 Z1G0-T 

|
|
 0000-6 

|
 98F8-L 

|
 SGL9-1 

|
 P6CP.T 

000¢-T 
|
 L6GF-T 

|
 SSEE-L 

|
 -c86L-T 

|
 
CFO8:T 

|
 G&S9-1 

|
 OGEF-I1 

|
 Skes-T 

|
|
 O00G. 

O
I
F
:
 

6969: 
O
u
s
e
 

t
e
 

PL69- 
I8Fa: 

C
P
S
:
 

LEGI- 
6116. 

LG99:- 
ILGP- 

L
E
G
:
 

C
O
G
:
 

L
O
T
:
 

L
G
C
:
 

98cT. 
° 

¥
z
N
/
G
 

GchS-L 
|
 S
8
G
-
1
 
|
 
TLE1-L 

|
 &¢F0-1 

SFOL-T 
|
 SOLT-T 

|
 
1190-1 

|
 80G0-1 

|
|
 P
O
L
L
:
 
|
 #LP9-1 

|
 OOOG-T 

|
 OLTE-T 
A
 

T
e
o
r
 
|
 F66E-L 

|
 SITS-T 

|
 8
s
t
 

| 
1Z9L-T 

|
 8
3
6
-
1
 
|
 OOTF-1 

|
 8ccG-1 

|
|
 6c9¢- 

ZLO9: 
L999. 

O6¢2> 

L
L
P
.
 

6LG¢- 
S8kc: 

O8cI- 
09¢9- 

PEGP: 
LOLG- 

FPST- 
C8BE- 

TFOE:- 
SEIG: 

S
E
I
T
 

1" 
Ye 

/
G
 

£20G-1 
|
 FOST-L 

|
 ZLPOT-L 

|
 &8E0-T 

|
|
 FZFT-I 

|
 1960-1 

|
 FFSO.T 

|
 9810-1 

|
|
 OGES-1 

|
 GCEF-T 

|
 FOGE-T 

|
 T98T-T 

|
 

4 

COIF-L 
|
 L9¢&-:T 

|
 S6LZ-1 

|
 IZLI-1 

|
|
 S¥69-T 

|
 1Lh9-1 

|
 FS8E-1 

|
 GSIS-T 

|
|
 L
c
9
-
 

G869- 
E
L
L
.
 

| 
ate hie |

 v
e
t
 

i 

CCGG: 
cPLt- 

80GI- 
0g90. 

| 
Fz9z- 

TL6T- 
CIgI- 

£990: 
66IG: 

F69T- 
SOTT- 

0c90. 
||" 

Yell 
g
e
 

LEST-T 
|
 OOTT-LE 

|
 €990-L 

|
 
G9C0-T 

LZOT-T 
|
 
T110-1 

|
 GIFO-T 

|
 SPIO-L 

|
|
 OL9G-T 

|
 680G-1T 

|
 
T9PT-1 

|
 8620-1 
4
 

€
S
S
8
-
L
 
|
 8G8c-. 

|
 L¢Gcc-T 

|
 
OFPFI-T 

LLOG-T 
|
 1GGr-I 

|
 GISe-I 

|
 6
8
1
-
1
 
|
|
 S682. 

G
L
E
:
 

CGL8: 
19G6: 

 ||5 e
e
 

00-6 
C
L
T
 

; 
O°: 1 

G
a
l
 

00:6 
C
L
T
 

0¢-T 
C
3
1
 

00:2 
C
L
T
 

0¢-T 
O
G
 Tal, 

se 
a
e
 

U
n
 

N
L
 

al 



~ Problem of the Weir. | 187 

above the upper stream-bed, or 5 ft. above the lower stream- 
bed, the hydrostatic pressure would be about 280 lb. wt. 
per foot breadth of. weir. The effect of the high stream 
velocity chosen is to reduce the pressure on the weir to about 
one half of its static value. 

Using the same values of U, h, and d, the following are 
the stream velocities along the lower bed:—18-978, 3:1232, 
and 4:4768 ft. per sec. respectively. It appears, therefore, 
that the case II. realizes most nearly the condition of no 
slipping along the lower boundary of the stream. 

§ 14. Conelusion. 

The obstruction over which the water flows has been 
alluded to, for shortness, as a weir, but the exact form which 
this should take, in order to secure the conditions essential 
to the theory, is not clear. If the flow over the fall be free 
from turbulence or discontinuity of any kind the results 
worked out may serve as rough approximations to what is 
taking place. They would apply more closely, probably, to 
the case of a stream flowing over a bed whose slope is every- 
where gentle. In the latter case Lord Kelvin has stated 
that corrugations will not appear on the down-stream surface, 
and the fundamental hypothesis of §1 will, therefore, be 
vindicated. In any case the rapidity with which a uniform 
régime is usually established on passing down-sitream from 
the fall is somewhat remarkable, considering the smallness 
of viscosity. 

The question of the stability of the various types of motion 
worked out has been left quite untouched, as the method is 
evidently unsuitable for its discussion. The results may, 
however, help to assign maximum or minimum limits to the 
various quantities involved, and may also serve to indicate 
some of the difficulties which might be encountered in any 
attempt at a more complete solution. 

“APPENDIX A. 

It has been stated that in a uniform horizontal canal of 
rectangular cross-section it 1s possible for a standing finite 
elevation of the stream-surface to be permanently maintained 
when the depths and velocities of the stream on either side 
of the elevation take up suitable values. The impossibility 
of this has been virtually implied in the preceding work, and 
the proof now given covers the most general case of non- 
viscous motion. , 

3k 2 
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Equation (6) of § 2, which was deduced from the con- 
dition of “continuity” of flow and the condition that the 
pressure over the free surface is constant, takes the following 
form in the present case, viz., 

ool) Gere ie 
for the fall of the stream-bed, d, is now zero, and therefore 
6=1+d/h=1. 

Again, the horizontal pressure on the weir-face must 
vanish when there is no weir. Hence, neglecting atmospheric 
pressure, we have from (11), putting 6=1, 

pe(at—1) + | Lvs HSO+eA=e)}—$ONAC=0. (@) 
(a) and (8) have to be simultaneously satisfied by some 

value of w. They are both satisfied by the value o=1, 
1. e., h=h', which corresponds to a uniform flow with an 
unbroken level surface. We have to show that no other 
solution is possible. 

Put A(¢)=¢(f)/« and l—w=c. In terms of physical 
constants these are (¢)=u?/U*.U?/2gh=u?/2gh and 
o=1—A'/h; where wu is the velocity of the “upper” stream 
at a “ distance’ (=</h) above the lower stream-bed. 

(«) and (8) now become 

i ae 1o={ (a 
and 

1 

jo(o—2)+( {VrAA+e)—A}de=0. . . (8) 
9 

(y) is now satished by the value c=0, and (6) is satisfied 
by o?=0. Before proceeding further these factors will be 
removed from the respective equations. From (y) 

: Deane o=| {1-( ee Me 
2/0 Ato ¢ 

_( Ato) —r- 

0 (A+aj2 ag 

=(" COG S 

Jo Ato rata +rz}” 
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Hence, 
1 dt 
INL AVA NLT, SD =I, ° ° ° OFLA +e)F +N} . 

Proceeding in the same manner with (8) we find 

a (n) » (Ato +P 2 : 
It now remains to be shown that (e) and (y) are not 

satisfied simultaneously by any value of oc. 

Put (Ato)? +i=8}, 
where 9 =$(&, c) is a function of both € and o. 

(ce) becomes [lays +oy=3 

and (7) >) {as =i 

Now A?=u/(2gh)3. 

Also, A+to=u?/2h+1—h'[h={w? + 2g(h—h’)}/(2gh), 

=(u! + U8 U2) /(2gh), 
=u?/(2gh), by (3). 

(A) 

“. (A4+o)2=u'/Qgh). 

_ For physical reasons, the same sign must be attached to 
both Az and (A+o)2. Also X+ca is always positive: hence, 

S=A+O+2AA+)? +A; «. 30. 

Also, Sto=2[A+o4+A2(A4+)2]; «. S+a>0. 
Whether o be positive or negative the equations (X) cannot 

be satisfied by any value of o, except by a further value 
o =0, and therefore the only physical solution of the problem 
is given by a=1 or h'=h. We conclude that a permanent 
standing elevation, where the stream depths are different on 
either side, cannot be maintained in an open channel of the 
form contemplated. 

APPENDIX B, 

It appears that both of the equations last written will be 
satisfied by a further value c=0, provided 

{asis=z, Bre i!  hea 

and it is interesting to inquire into the physical meaning of 
this relation. 
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The first value c=0 evidently represents the case of a 
uniform flow in which the stream-surface has the same level 
throughout, and it is natural to conjecture that the con- 
ditional value o=0 given above applies to the case of a 
“standing wave” in the canal. 

When o=0 8(G,0) =4A(C) =4.. w?/2yh. 

h 
g\ daw=l. >. 25h eee 
20 

(#4) becomes 

Thus, if a standing wave is to be maintained in such a 
canal the stream velocity at a great distance from the 
elevation (compared with the wave dimensions), above and 
below it must be such a function of the depth as to satisfy 
(@) identically. 
When the motion is irrotational (@) gives U?=gh, which 

is the ordinary expression for Jong waves in such a canal. 
The method is, however, inadequate for determining whether 
the wave is to be produced in an unimpeded canal or by 
obstacles placed perpendicularly across the stream. 

It may be noted that the type of motion given by u=Uz/h 
cannot satisfy (@), while, on the other hand, the motion 
represented by u=U(z/h)# can satisfy (@), provided the 
surface velocity have the value U?=2gh. 

—— 

ROO Quaternionic Form of Relativity. By L. SitBER- 
sTEIN, PA.D., University Lecturer in Natural Philosophy, 
fome*. 

T has been remarked by Cayley f, as early as in 1854, 
that the rotations in a four-dimensional space may be 

effected by means of a pair of quaternions applied, one as 
a prefactor and the other as a postfactor, to the quaternion 

* Communicated by Dr. G. F. C. Searle, F.R.S. 
+ A. Cayley, Phil. Mag. vol. vii. (1854), and Journ. f. reine u. angew. 

Mathem.vol. 50 (1855) ; or‘ Papers,’ vol. ii. Cayley limited himself to the 
elliptic, 2. e. real, rotations, but the extension to the hyperbolic and para- 
bolic cases was an obvious matter. For the whole subsequent literature 
of the subject, see the article uf E. Study in the Encyclopédie d. Se. 
Math., tome i. vol. i, fascicule 3, p. 452; Paris and Leipzig, 1908. See 
also F. Klein and A. Sommerfeld’s work Ueber d. Theorie des Kreisels, 
iv. pp. 989-948 ; Leipzig, 1910. It was in fact a general hint at 
Relativity’ made by these authors on p. 942 that, after I had a whole 
year tried in vain a great variety of quaternionic operations for 
relativistic purposes, suggested to me the choice of the particular 
form (1). 
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g whose components are the four coordinates of a space- 
point, say 

GAG was as)! sas.) CL) 

where in the case of pure rotation a and 6 must of course be 
either unié-quaternious or at least such that T’a.T?b=1 ; 
T denoting the tensor. 

On the other hand, it is widely known that the so-called 
Lorentz-transformation_ of. the union of ordinary space 
(xv, y, 2) and time (¢), which is the basis of the modern 
theory of Relativity, corresponds precisely to a (hyperbolic) 
rotation of the four-dimensional manifoldness (7, y, 2, ¢), or 
of what Minkowski called the “ world.” 

Hence the obvious idea of representing explicitly the 
Lorentz-transformation in the quaternionic shape (1),— 
which, together with some allied questions, will be the 
subject of the present paper. 

To solve this simple problem we have only to write down 
the well-known relativistic transformation, 7. e., the formule 
of Hinstein, then to develop the triple product in (1) and 
to compare the two. 

For our purpose it will be most convenient to put 
Hinstein’s formule at once in vector form, eliminating thus 
the quite unessential choice of the axes of coordinates. I.et 
the Seno ee denote the uniform velocity of the system 
S‘ (2', y!, 2, t') relatively to the system S (#, y, 2, t)*. Let 
QV, O’ be a pair of points in S and 9%, respectively, which 
coincide with one another fort=t'=0. Call = wit yj + 2k) 
the vector drawn in 8 from O as origin, and r’ the corre- 
sponding vector in 8’, drawn from O/ as origin. Then the 
transformation i in question may be stated as * follows :—The 
component of r’ normal to the velocity v is equal to that 
Olt 2. Cs 

SC td aa tohe Ach be leg A Rana) 

whilst the component of r’ taken along the direction of 
motion is altered according to the formula 

oe ai MHS sspvl is) pect) wat CS 

where y=(1—§?)"¥?, 8 =v/e<1, c= velocity of light f. 

* w being a unit-vector in the direction of motion of 8’ relatively to S 
and v the absolute magnitude of its velocity. 
+ In these and in all following formule (ru), generally (AB), means 

the modern scalar product of the vectors A, B, ‘that is to say AB cos 
(A,B); hence (AB) is the negative sc alar ‘part of the complete 
Hamiltonian product, AB; 

(AB) = —SAB. 
On the other. hand, the. modern vector product VAB is tdentical with 
Hamilton’s VAB, 
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Finally, the time is transformed according to 

To get the resultant r’ take the sum of («) and of (8) xu. 
Then write, for the sake of subsequent convenience, 

lh. t=/ —1, 

and similarly Teauck’. 

Thus, the relativistic formule will become 

r’=r+(y—1) (ru)u+ aaa 

!=y[1—A(ra)], 3 
quite independent of any system of coordinate-axes. 

Now, to obtain the required quaternionic representation 
(1) of the whole transformation (2), let us introduce the 
quaternion 

(2) 

g=r+l=r-+uct, of ie | Fara ey ae et (3) 

and similarly @=r1 +l=r +i’. |... ee 

Then the problem will consist in finding a pair of quaternions 
a, b such that 

r’+l/=a(r+])b, 

and will be solved by developing the right side of this 
equation. 

Having done this, explicitly, and compared with (2), I 
found immediately that the quaternions a, b can differ from 
one another only by an ordinary scalar factor, and since this 
may be distributed equally among a, 6 (their tensors entering 
only by the product), we may as well take simply equal a, 6, 
say, both=Q. In fact, then, the form (1) is much too general 
for cur purpose. Thus, to spare the reader any superfluous 
complication, let us at once seek for 

g7=QeQ . .. Ge ia 

as the quaternionic equivalent of (2). 
Denote the unknown vector and scalar parts of Q by w 

and s respectively, 2. e. write } 

Q=WHS8. adie a, alt oe 
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Then, developing the complete product of g, Q, by (3) and 
(4), and by the fundamental rules of Hamilton’s Ualculus, 

qQ= Vrw + lw + sr — (rw) + sl, 

and similarly , 

Gg =QqQ= VwVrw—wi(rw) + 2slw + s’r—2s(wr) + (s?— w?)L 

=(w? + s*)r—2(rw)w-+ 2slw + (s?—w?}/—2s(rw), 

whence, splitting into the vector and scalar parts, 

| r= (w+ s’)r—2(rw)w + 2slw ie i cc 

l'=(s?—w?)l—2s(rw) $ 

Comparing this with (2), we get at once, as the conditions 
to be fulfilled by w, s, 

wt+se=1;3; %’—w=y; 2sw=i1By 

wW=wu. ie (6) 

Hence w= +4/(1—y)/2, s= +4/(1+¥)/2, where, to satisfy 
the third of the conditions (6), we must take both square 
roots with the upper or both with the lower sign ; therefore 

Q=4(/ (1 +y)/240/(1-7)/2), 
and since in (1a) the quaternion Q appears twice, the choice 
of the + sign becomes indifferent. 

Thus, we obtain finally the required quaternionic ea pression 
of the relativistic transformation 

q'=Q9Q 

with oe Liew) A Sera (2) 

u being a unit vector in the direction of motion of S' relatively 
to S. 

Observe that y= (1—v?/c?)-1?>1, so that the vector of Q 
is imaginary, whilst its scalar is real. 

The tensor of Q is 1; thus denoting its angle by «, i.e., 
writing 

Qs cosa msm ae (8) 

we have, by (I.), 

Cos a= / (1 +y)/2, sina= J/ (1=q)/2. 



794 Dr. L. Silberstein on the 

Hence 

sin 2a=,/1l—y’=tBy= wae: 

or 

2a=arcte(48) =arctg (.") . 

Now this is precisely the (imaginary) angle of rotation in the 
plane ¢, «* of Minkowski’s four-dimensional world, corre- 
sponding to the transformation (2). Hence, by (1.) and (7), 
we may say that one half of this rotation is effected by Q 
as a prefactor and the other halt by the same quaternion as 
a postfactor t. This circumstance throws a peculiar light 
on each of our Q’s. 

But what we are mainly concerned with is their unton, 
which considered as an operator may be written 

o=Qf ]1Q, - . . > ae 

the vacant place being destined for the operand. 
We have just seen that this simple operator converts the 

quaternion g=r-+uct into its relativistic correspondent q’. 
Our g is equivalent to Minkowski’s “ space-time-vector of 
the first kind” or to Sommerfeld’s “ Vierervektor ” 2, y, 2, l. 
These authors call by this same name any such and only such 
tetrad of scalars (three real and the fourth imaginary) which 
transforms in the same way as 2, y, 2, /,—adding where 
it is necessary the emphasizing epithet “‘ Weltvector ” {. 

* The axis of x coinciding with u, and x itself being our (ru). 
+ At the first sight it might seem that, the axis of Q being u, this 

quaternion turns r round u, 7.e. in the plane y, s normal to u, while 
in Minkowski’s representation the rotation is in the plane 2,¢ But 
this is only an apparent contradiction. In fact, 

Qr=cosa.r+sina,. Vur-+scalar, 

that is to say, Q as a prefactor turns the transversal component of Tr 
round u by the angle +a and stretches its longitudinal component ; 
similarly Q as a postfactor, besides stretching the longitudinal component 
of r, turns its transversal component round u by the angle —a, thus 
undoing the rotatory effect of the prefactor. Hence, what remains in the 
final result is but a stretching of r’s longitudinal component and a 
change of / or ¢, and this amounts precisely to the Minkowskian rotation 
in the plane g, ¢. 

¢ H. Minkowski, Die Grundgleichungen fiir d. elektromagn. Vorgdnge im 
bewegten Korpern, Gotting. Nachrichten, 1908; Raum und Zeit, Physzk. 
Zeitschrift, vol. x. (1909), also separatim. A. Sommerfeld, Zur 
Relativititstheorve,” i. and il., Annalen d. Phystk, vol. xxxii., xxxiii. (1910). 

See also the admirably clear and beautiful book Das Relatwitdtsprinzip 
by M. Laue (Braunschweig, 1911), where the whole work of Einstein, 
Minkowski, and Sommerfeld, together with the author’s own contributions, 
will be found fully developed. ‘ 
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Similarly we could call our g and any covariant quaternion 
a ‘ world-quaternion”; but possibly the less pretentious 
name physical quaternion will do as well. Also, at least in 
the beginning, no further specification of the ‘“ kind” is 
needed, 

Thus o=Q/ |Q, defined by C1.), or by (7) and (8), is 
what I should like to call the relativistic transformer of any 
physical yuaternion. | 

To get the inverse transformer w~', viz. that which turns 
q’ into g, apply to both sides of the equation g’=QgQ the 
Inverse quaternion @ 7! as a pre- and a postfactor ; then, 
remembering that Q71Q=QQ7'=1, the result will be 

g=Q777'Q™, 

or o~=Q7'[ 1Q7, 

and since Q is a unit quaternion, its inverse is also its 
conjugate, 2.e. Hamilton’s KQ, which may be more con- 
veniently written Q, ; hence 

OME tbe dey ce sal) vas ee vieja aot ACM D)) 

where Q;=cosz—usina. Thus, we see that the inverse 
transformer is got from the direct simply by changing the 
sign of the angle « or by inverting the direction of u,—as it 
must be. 

Observe that, since the product. of quaternions is dis- 
tributive, the transformer o has also the distributeve property, 
2.é., A, B being any quaternions*, 

QlA +BIQ=QAQ+QBQ,. . . . (9) 
and consequently, if 0 be any scalar differentiator, also 

QLdA |Q=dQAQ, 

since Q, being constant, is not exposed to 9’s action. Again, 
by the associative property of quaternionic products, the dot 
signifying a separator, 

A.QBQ=AQ. BQ, 
and so on. For our present purpose we scarcely need a full 
enumeration of w’s properties. 

* JI.e, generally complete quaternions but also, more especially, pure 
scalars or pure vectors, either simple- or bi-vectors, that is to say real 
or complex. The heavy type (and this merely to suit the general 
custom) shall be henceforth used only for pure vectors, both real and 
complex. ) 
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In the above we have been concerned with g as an 
example, or in fact the very prototype, of a physical 
quaternion. Another example, which will be needed in 
the sequel, is the quaternionic equivalent of Sommerfeld’s 
* Viererdichte,” or Laue’s “ Viererstrom,” say 

C=p(.+ =p), . eae 

which we may accordingly call the current-quaternion. 
Here p means the volume- density of electricity and p the 
velocity of its motion relatively to the system S. To prove 
that C is a physical quaternion, write p=dr/dt, and con- 
sequently 

dq 
C=1p Al 9 (10 a) 

and notice that, the charges of corresponding volumes in § 
and §' being equal (by a fundamental postulate), dl/p is 
itself an invariant of the Lorentz-transformation. 

The transformer (J. a) may, of course, be applied not only 
to quaternionic magnitudes, but also to operators, as, for 
example, to differentiators, which have the structure of a 
quaternion. If Q be an operator of this kind. in the system 
S, and Q' its relativistic correspondent in N/, and if O'=Q0Q, 
we shall say that the operator Q has the character of a 
physical quaternion. 

As a chief example of such an operator, which also will 
be needed for what follows, we sball consider here our 
quaternionic equivalent of Minkowski’s matrix called by him 
“Jor” to the honour of Lorentz. This will simply be the 
Hamiltonian V plus the scalar differentiator 6/9/. Let us 
denote it by D, 

fo) D=tV. ee 

=0/0!+i0/dx+jo/dy + kd/0-. 

Comparing this with 

gq=ltr=l+ivt+tjyt+ks, 

we see at once that the operator D will transform precisely 
as g did, 2. e. 

= QDQ)) 66's 2060 

Thus D has the character of a physical quaternion. 



Quaternionic Form of Relativity. (36 

To obtain the above representation of the relativistic 
formule (2) we have introduced the quaternion g=/+r. 
Now, for this purpose we might as well have used its con- 
jugate, 2. e., 

Tele ey OLD ois EOS eae aan (C3 (72) 

and the corresponding q./=l'—r' *. It may often be con- 
venient to recur tu g, and it is therefore of some interest 
to know how it transforms. Now, a glance at (2) suffices 
to see that both of these formule remain unchanged if, 
having changed the signs of r, 1’ (and leaving J, I’ as before), 
we change also the sign of u. Thus it is seen that 

Ge al Q-9eQ,. say ant Od. : ° e ° (I. c) 

where Q,.=cosa~Usina=e~%%, 

Now gq, has precisely the same office as gq, that is to say, 
(1.) and (I.c) are but two expressions of one and the same. 
thing, namely, of the Lorentz-transformation. Hence g, and 
any quaternion covariant with q- is certainly a physical 
quaternion as well as g and its covariants. 

Thus, the conjugate of a physical quaternion will again 
be a physical quatermon. If the original transformed as 
g, its conjugate will transform as g,. If A is covariant 
with g, then A, is covariant with g, and vice versa. 
Speaking of a physical quaternion we shall, when neces- 
sary, add the explanation cov. g or cov. g-. But generally, 
for the sake of shortness, this will be omitted, and any 
letters, as A, B, a, b, &c., without the subscript . will be 
used to denote quaternions covariant with g. Observe that, 
with the above (formal) extension of our original definition, 
two physical quaternions may be either covariant with. 
one another or not; in the last case we may call them 
antivariant, one being cov. g, and the other cov. g.. Thus, 
by the above convention, A, Bor a, b, will denote pairs of 
antivariant quaternions, the first in each pair transforming 
as qg, and the second as q. 

The above transformer w,=Q<[ ]Q., which by (1.)) becomes 
simply identical with m7", is, of course, distributive, quite in 
the same way as a=Q[ ]Q. Thus the swm, or difference, of 
two mutually covariant’ (but not of antivariant) physical 
quaternions will again be a physical quaternion. 

* It can be proved immediately that (gc)'=(q')e. Therefore both 
may be written simply qc’. 

Notice also that the invariance of q's tensor, Tg’=Tq, which follows 
immediately from (I.) (since Q is a unit quaternion), may be written : 

VU = Yes 
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The reciprocal of a physical quaternion is also a physical 
quaternion. For we have 

a7 '=a,(Ta)~?, 

while the tensor Ta of a physical quaternion is aiready 
known to be an invariant. Notice that a and a7 are 
mutually antivariant. 
Now for the product of physical quaternions. Take any 

pair a, 6 of such quaternions. Leave aside a } which trans- 
forms in the unmanageable way a’b'’=QaQ7Q (a, b being 
torn asunder), and pass at once to the product of antivariant 
factors, which might perhaps be called the alternating product, 
say 

b=a,b:..0i6-..). 

Then L’=Q,a.Q. . QDQ, whence by the associative property, 
and remembering that Q-Q=1, 

ie) Oy wir) se OGY Soe ea (13') 

Thus, Lis certainly not a physical quaternion of the kind 
already considered; but since! it is transformed in such a. 
simple way and since it has, as will be seen in the sequel, an 
almost immediate bearing upon relativistic Electromagnetism, 
it deserves to be considered a little more fully. Consider, 
then, the conjugate of L. Remember the elementary rule, 
by which the conjugate of the product of any number of 
quaternions is the product of their conjugates in the reversed 
order, 7. €. in our case 

dup = bed ds LO RE eae (14) 

Now, transforming this, we get in quite the same way as 
above 

hie. = Oel,.Q. 1.) ee ee (14’) 

Hence we see that OQ 0. cst See (IT.) 

is the relativistic transformer of both L=acb and its conjugate 
L.. Similarly, 

2) LO atrmeemerenn TT 

will be the transformer of both R=ab, and its conjugate 
R,=ba,. Thus the behaviour of Land R is characteristically 
distinct from that of g or of g.. 

Without trying as yet to invent for these kinds of quater- 
nions any particular names, let us provisionally call any 
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quaternion which is transformed by (II.) or by (II.a) an 
L-quaternion and an f-quaternion, respectively *. 

Now, Q.| ]Q, being the transformer of both Land L,, is 
also the transformer of their sum and of their difference, 
2. e. also of the scalar and of the vector parts of the quaternion 
L separately, say s=SL and A=VL.. Now, s being a 
scalar, we have 

s=Q-sQ=sQ.Q=s, 
1. e. sis an invariant. Then 

Yee 
A’=(Q,AQ, 

and since @, Q. are unit quaternions, the tensor of A is 
another invariant. 

Thus, the scalar of any L-quaternion and the tensor of its 
vector are invariants, while the vector itself is transformed 
into 

NEP VL Oe ec lak met ian quart (Ld) 

Or use the form L=o(cose+asine), where a is the unit 
of A. Then ocose and osine are invariants and con- 

sequently also o and e, so that another form of the last 
theorem will be :— 

The tensor and the angle (or argument) of any L-quaternion 
are invariants, while its awis is transformed by Q,[ |Q. 

In quite the same way it will be seen that SA is invariant 

and Wee ON Te Geko ou as eC a) 

or in other words :— 

The tensor and the angle of any R-quaternion are in- 
variants, while its axis is transformed by Q{ ]Q.. 

If we wish to return to the generating factors ac &e., we 
can write the above properties : 

SE aia ae ah eon (15) 

Vat re ORG Qe es (16) 

Si S07) (15 «) 

Vicebe = OGr are Se fhe aS a) 

But as a rule it is better to avoid any splitting of quater- 

nions, if we are to expect simplicity and other advantages 
from the use of quaternionic language. 

and similarly 

* L, R, being initials of left, right, may remind us of the position of 
that of the two generating factors which (as a or bc) has the subscript c, 
te. which is cov. ge. 



800 - Dr. L. Silberstein on the 

_ Now take the product of any number of Z-quaternions, ’ 
say L,, Lo, L; &e.; then we see by (II.) that all the internal 
()’s and Q,’s as it were neutralize one another, and what is 
left is only the Q, at the beginning and the Q at the end of 
the whole chain. That is to say the product of any number 
of L-quaternions is. again an L-quaternion. In quite the 
same way we see, by (II.a), that the product of any number of 
it-quaternions is again an R-quaternion. 

Notice also that, a being any physical quaternion cov. q 
(not necessarily that implied in Z or in f), aL and Ra are 
again physical quaternions*, and so are also La, and a,R, 
namely 

al, and Ra cov. gi +... "2 

La,.-and..a,R cov.'des- «\:: = ee 

Thus, the alternating product of any number of physical 
quaternions (QO nde. 2 5. ) furnishes us either an L- or R- 
quaternion or again (biquaternions covariant with) the primary 
physical quaternions, and never anything more tf. 

One remark more before leaving this subject. Suppose 
we are given the equation 

ea 

in which a, } are cov. g. What is the relativistic trans- 
former of X ? To get it, write the given equation X=b~1a 
and remember that b-! is cov.g. Thus the transformer of 
X will be the same.as for 6,a, i. e. Q.[ .]|Q. In other words,’ 
X will be an L-quaternion, 

X=b-veov. Lo 3. oS. 2 ee 

This will, of course, be still the ease if we have instead of 
6 the above differential operator D, i. e. : 

is DX =a, then .X. is €0v a, eee “(W) 

or the ee mer of X is Q.[ ]Q. For D has the structure 
of g, and the entire manipulation with the ()’s is done 
precisely as before, since Q, Q., being constant in space and 
time, are not exposed to D’s differentiating action. Similarly 
it is seen that 

if D.Y =a, then Y is cov: R, : sa oe eee 

* Or more exactly biguaternions (in Hamilton’s sense of the word) 
transforming like the primary physical quaternions. Cf. p. 808, infra. - 

+ So much as to the alte) ‘nating products. And as regards the 
products of covariant factors, like ad, I have not, up to the present, been 
able to make out any of their possible applications to physical pach 
and shall therefore not consider them here at all. 
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or the transformer of Y is Q[ ]Qc. Here the meaning of 
D. is of course, according to (11), 

0 
D= Ae —V. ° ° e ° ° ° (ahi) 

Notice that Xa nd Y may be but are not necessarily full 
quaternions* ; they can be, for example, pure vectors, either 
real (or ordinary vectors) or complex, i. e. bivectors, if we are 
to retain Hamilton’s terminology. 

Let us now pass to consider the fundamental electro- 
magnetic equations “for the vacuum,” as they are recently 
called, i. e. the system of differential equations 

= + pp=c. curl M, ee | 

eh a8) 
om =-—c.curlE, divM=0 
ot J 

where E, M are the electric and magnetic vectors of the field, 
respectively, p the volume-density of electricity and p the 
vectorial velocity of its motion, both p and p being given 
functions of space and time. 

Virst, to condense these equations, put together the electric 
and the magnetic vectors to make up the electromagnetic 
bivector (or the bivector of the field ) 

PN Re) ae hiss Vea ids 4 ack VQ) 

and write again /=uct. Bothcurl and div being distributive, 
this will give us instead of the four vector equations (18) the 
two bivectorial equations TF 

F I : 
Or tour B= “pp ; div F=—zp, 

or, using Hamilton’s symbols, 

OF | 1 
Re ee SVF=u0p. 

* This has no influence on their transformational peculiarities as 
expressed in the above quaternionic form. 

+ The reader will find these equations together with the corresponding 
bivectorial form of the density of energy and the Poynting flux in my 
paper published in 1907 in the Annalen der Physik, vol. xxii., and (supple- 
ment) vol. xxiv. I was then unaware of their possible application to the 
present purpose. (The » of that paper is the above cE.) 

Phil, Mag, S. 6. Vol. 25.-NovI3t. May 1912. 3G 
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Now, remembering that VVF+SVF=VF and using the 
quaternionic differentiator D, explained by (11), the last two 
coalesce at once into the single equation 

DF=¢,=.. . 2) 2a 
in which C is the current-quaternion, as defined by (10). 

Thus, the whole system of four equations (18), the funda- 
mental equations of the electron theory, are represented by 
one quaternionic equation, (VI.). 

This condensation is even more complete than in Min- 
kowski’s matrix-form, which consists of two equations, 
lor f= —s, lor fk=0 (loc. cit., § 12), one for the first pair of 
(18) and the other for the second pair, or in Sommerfeld’s 
equivalent four-dimensional vector form: Qiv f= P and 
Div /*=0 (loc. cit., §5). Here P is the “ Vierervektor ” 
corresponding to the current-quaternion C, and f the “ Sechs- 
ervektor”’ corresponding to the bivector F, while /* is the 
supplement ” (Hrgiinzung) of f, which is another ‘‘Sechs- 

ervektor,’ though very nearly related to f. Minkowski’s 
jf is an alternating matrix of 4x4 elements. But let us 
return to our quaternionic differential equation (VI.). 

C is a (given) physical quaternion cov. q. The operator 
D has also the structure of g. What is the relativistic 
transformer of F? By (V.) we see at once that it is 

QL JQ, 
or that F is transformed like a (scalarless) L-quaternion. 
Thus, the answer is already contained in (V.). But to see 
clearly the true meaning of the process implied in the 
relativistic transformation, let us repeat again the whole 
reasoning somewhat more explicitly. We have, in the 
system S, as an expression of the laws of electromagnetic 
phenomena, the equation 

DF=C. eee 
Now, what the Principle of Relativity requires is the same 
form of the law in the system 8’, i. e. 

DFr=C. 2 ee 
Suppose also that both of these equations have been fully 
confirmed by experience. How are F’ and F correlated ? 
To adopt language adapted to the general case, use in the 
accented law or equation (S’) the transformer alread 
known, 2. €. in our present case Q[ ]Q for both D and C; 
then it becomes 

QDQF’=QCQ, or DOF'=CQ, 
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or, by the non-accented equation (S), 

DQF' = DFQ. 

Henee, rejecting an additive function of obvious properties, 
2. e. requiring that F’ shall vanish together with F, 

QF =FQ, 
or finally, Q being a unit-quaternion, 

Be OOM a eye de a a CV LL) 

which is the required correlation, identical with the above *. 
Henceforth we shall have to admit, in the name of Relativity, 
bivectors transforming like this calling them, say, physical 
bivectors (or in Minkowski’s way, “ world ”-bivectors). Or 
we can make the L-quaternion (of which F is the vector part) 
the master, calling it, say, a (left) physical quaternion of the 
Il. kind, and writing F as its special case 

BEEN Es Vigiba! a jee yey. 9 0) 
(The supplementary scalar, Sa,b, necessary to convert F into 
a full quaternion, would present no difficulties, since it has 
been proved to be an invariant.) The short name physical 
quaternion might then continue to stand for physical guaternion 
of the first kind, of which q is the standard. 

But leave aside questions of nomenclature and return to 
(VII.). To verify this short formula remember that, by (1.), 

Q= V+y)/2+uVvd—-y/2, W= V1 +y)/2-1V I-92, 
and expand the right side of (VII.). Then 

F’= (l—y)(Fujut+yF+¢8yVFu, . . (21) 
or splitting into the real and imaginary parts and remem- 
bering (19), 

H’=(1—y) (Eu)u+ yE+ ByVuM 

M’=(1—y)(Mu)u+yM—PyVuES**° ° oe 

* Our quaternionic formula (VII.) resembles entirely Minkowski's 

PSR 

in which A is a matrix of 4x4 elements, and A7~? its reciprocal ; Joe. cit, 
§ 11. The reason of this analogy will easily be seen to depend on 
the circumstance that both the product of quaternions and the product 
of matrices have the associative property. But at any rate the multipli- 
cation by a quaternion, like Q or Q., is actually done in a much more 
simple way than the application of a matrix of 4x4 elements. 

Observe also that the above analogy does not extend to the trans- 
formation of Minkowski’s vectors of the I. kind and our physical quater- 
nions ; in fact, here the matrix-form is 

s=sA, with = | s,, So 83, % |, 
whereas the quaternionic form is 

/ 

q' = Q¢Q. 
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Now, these equations give immediately for the components 
taken along u (the direction of motion) 

ee le ; M:;'=M,, 

and for the two other pairs of rectangular components (the 
right-handed system being used) 

By! =y(E,— 8M); M’=y(M.+ Es) 

Bj’ =y(E3+8M,) ; M;’=y(M;—SEz), 
which are precisely the well-known transformational formule, 
obtained for the first time by Einstein. Thus (VII.) is 
verified. 

Again, Q, Q, being unit-quaternions, we see from (VII.) 
that, as already has been remarked, the tensor of F is an 
wnvariant, 

YS TF, 2 ie ee 

which may also be written, more conveniently *, F?=F”’. 
Now, by (19), —F?=M?— E?—2.(EM) ; thus we see that 
(VIII.) contains Goth of the well-known invariants of 
Minkowski : 

MM? —H? and (EM). « . < Senge 

Notice that what is called a pure electromagnetic wave is 
defined by M?= E?, (EM)=0. Using the above form we can 
characterize a pure wave more simply by fT 

he — 0 orb? = We): 

Thus, by (VIII.), a wave which is pure to the S-inhabitants, 
is also pure to the S’-inhabitants. But this example only by 
‘the way. 

Instead of the above F, as defined by (19), we may as well 
take the complementary bivector 

G=M+ iE]. 2... [eee 

Then we shall get as the quaternionic equivalent of the 
electromagnetic equations (18), instead of and in quite the 
same way as (VI.), 

DG=C, . . SS Ssiemee 
* Remember that, F being a scalarless quaternion, its conjugate is 

‘simply —F. 
* + This remark will be found also in my paper of 1907, cited above. 

t Gis a complex vector “conjugate” to F, in the sense of the word 
used in the Theory of Functions. But to avoid confusion with the 
quaternionic notion of conjugate, I do not call it by this name and do 
not denote it by Fe. 
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where ©, is the conjugate current-quaternion p(e—p/c) and 
D, the conjugate differential operator 0/d8/—V, as already 
explained. | 
We now see, by (V.a), that @ is transformed like an 

it-quaternion, 1. e. 
GOGO i eae nt. CV lia) 

_ Again we may write, similarly to (20),; 

GW a Vide) ici an ak es (20) 

d, é¢- being a pair of physical quaternions covariant with q 
and g, respectively. And since @ is a physical bivector, 
just as much as F, we may again call R=de, a (right) 
physical quaternion of the second kind. | | 

Notice that, at least for the time being, we have no need 
of both F and G, since we require either F only or @ only. 
(Possibly for the further development of Quaternionic 
Relativity the simultaneous use of F, @ may turn out to be 
convenient or even necessary.) 

As regards the relation of (20a) to (20), observe that 
generally we cannot write d=a, e=b; in fact, the reader 
will easily prove for himself that this would require (EM) =0, 
1, e. ELM, and would not, consequently, be sufficiently 
general. The only essential thing here is that in (20) 
it is the first and in (20 a) the second factor which has the 
subscript ce. This is shown also by the symbols ZL (left), 
R (right). 

Let us return to the quaternionic differential equation for 
the vacuum, in its first form, i. e. 

IDRC shen AR ane a Ta 
. f 3? > 2? >? 

Remember that DD,=(TD)*?= er 5,2 tantsp 

is the four-dimensional Laplacian, or Cauchy’s O, 

i ID), =r ipa a ere 
Hence, if ® be an auxiliary quaternion and if we put 
F=—VD,.® (since F is scalarless), or more simply if we 
write 

1} Ss 1 Dc a eR 

demanding at the same time that 

SUDA 050) Ae 6) 



806 Dr. L. Silberstein on the 

then we get at once from (VI.) 

f7e=—C, . . 22 eee 

which is the well-known equation, obtained by Sommerfeld 
for his “ Viererpotential.”” But here, I daresay, it follows 
from (VI.) more immediately, than by the use of four- 
dimensional divergences and curls or ‘‘ Rotations.” 

The above ®, which may be called the potential-quatermon, 
is easily proved to be a physical quaternion, namely, cov. q. 
For by its definition, (X.), and remembering that F is cov. L, 
we have immediately 

® cov. D7 Fcov. DF cov. DL, 

i. e., by (IV.), ® cov. g,—q. e. d.* 

Writing the potential-quaternion 
D=16 +A, oa. 2) 2 eee 

where ¢ is a real scalar and A a real vector, it is seen at once 
that @ is the ordinary “scalar potential” and A the ordinary 
“vector potential.” In fact, developing (X.) we have 

A F=VVA— ee +tVo=M—1E, 
whence the usual formule 

M=VVA=curl A, 

Also the condition (XI.) is expanded immediately into the 
usual equation 

1o¢ x +divA=0. aE + diy 0 

Finally, notice that the “ equation of continuity,” as it is 
commonly called, 2. e.. 

oP + div (pp) =0, 

assumes the quaternionic form 

SD.C=0. e e e & e (XIIT.) 

The scalar of D, is, in fact, the same thing as Sommerfeld’s 
four-dimensional divergence Div. 

Or we may write, equivalently, 

SDC,=0:.. 0, +) sy 5 CR 

* This is seen eyen more immediately from (XII). For, since 

L) =(TD)?’ is an invariant, ® is transformed like C and, consequently, 
like q. 
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We know already that the electromagnetic bivector F is a 
(scalarless) L-quaternion. Hence, by (LV.), if we multiply 
it, on the left side, by any physical quaternion cov. q, the 
resulting product will again be transformed like g. Now, 
the current-quaternion C being precisely such a quaternion, 
consider the product 

jE) ) aA WA hha el eam Nag 2 3) 
which, by the above, will again be transformed by Q[ JQ. 
Develop it, by (10) and (19) ; then 

P=p{ M+E+ © pM— “pe | 

or, remembering that the full product AB is VAB— (AB), 

ie ee te tke, biG pie ee AU wag (29) 

where P., P,, are the quaternions 
i 

P.=py: (pE) + E+ ~Vpm | Pee come 

( 1 

The vector of P. is the well-known ponderomotive force, per 
unit volume, and the scalar of P, is e/c times the activity of 
this force, while P,, is the magnetic analogue of P,. Notice 
that the whole P, (25), though having with q the transformer 
(| ]Q in common, has not the structure of the standard gq, 
inasmuch as itis a full biquaternton*. (And how each of 
its constituents, Pe, P,,, which have the structure of q, are 
transformed, we do not as yet know,—though we shall know 
in a moment.) 

Similarly, the complementary electromagnetic bivector G 
being a (scalarless) R-quaternion, multiply it on the right 

side by C. Then the product GC will, by ([V.), again be 
transformed by Q[ ]Q, 7. e. again like g. Develop it; then, 
by (10) and (19a), 

aU=p{ a+ * Mp—E+ “Ep \, 

and this is precisely, with the same meanings of P. and P.,, 
as above, equal to 

GC= —P.+ tPm. aa I (26) 

This again is a full biquaternion. 

* In Hamilton’s, of course, and not in Clifford’s meaning of the word. 
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Now, both biquaternions, P= CF and GC being transformed 
by the same Q[ ]Q, this will also be the transformer of their 
sum, and of their difference, 2. ¢., by (25) and (26), of P,, 

P QO Eze 
Thus we see that not only P but also its constituents P, 

and Pin, taken separately, are cov. g ; and since each of them 
has also the structure of g*, both P. and P,, are physical 
quaternions, COV. q. ) 

They are given explicitly by (25e), (25m), and may, by the 
above, be written also 

or—ao} en Or 

f Pola (97, ti CF+GCU } er 

It is true that (at least on the ground of the fundamental 
electronic equations) only P. has an immediate physical 
meaning, and not P,,. But this does not seem to mea dis- 
advantage. On the contrary ; since our stock of physical 
quaternions, as the reader will certainly have observed, is as 
yet not very big, it may be better to have one more. 

P, corresponds to the “ Viererkraft’’ | and might conse- 
quently be called here the force-quaternion. Ithas a dynamic 
vector and an energetic scalar, as observed above. As to 
P,, 1t is of no importance to give it (at least for the 
“vactum’’?) any special name. On the other hand, the 
whole P, which may possibly turn out to be more convenient 
for the quaternionic treatment of Relativity, might be called 
the dynamical t biquaternion, and be looked on as the standard 
of physical biquaternions, in the same manner as g, F have 
been the standards of physical quaternions and of physical 
bivectors, respectively §. 

Now, using the quaternionic differential equation (VI.), or 
C= DF, the formula (27 ¢) for P; may be written 

2P,.=DF.F—G.DF,; . . . » (28) 

and similarly (27m) for P.,, the dot being a separator, as 

* Namely an imaginary scalar and a real vector. 
+ See Laue, loc. cit., § 15. 
+ Notwithstanding that it is partially energetic. . 
§ It is worth noticing again that F* ( plus an invariant and consequently 

unessential scalar) and P may be regarded as alternating products of 2 
and of 3 physical quaternions, respectively. From this standpoint gq, F, 
P and their respective companions might be considered as quaternionic 
entities of the Ist, 2nd,and 3rd degree, respectively. 
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regards the differentiating action of D. In (28) the force- 
quaternion P, is immediately expressed by the electro- 
magnetic bivector F and its complementary G. Thus, the 
formula (28) is adapted for showing the properties of the 
Maxwellian stress and of the electromagnetic momentum 
along with the flux and the density of energy, in corre- 
spondence to the equivalent formula of Minkowski’s four- 
dimensional system. 

But, since we already know everything about the be- 
haviour of each constituent of P72. e. of P., Pn, we may 
dismiss them altogether and use more conveniently the full 
dynamical biquaternion P, as defined by (24). Thus, using 
again the equation (VI.), we shall have, more simply, 

DTS Tye ct Meee RLV) 
where the purpose of the brackets is only to emphasize the 
circumstance that F.F plays the part of a dyad. This will 
lead us to the quaternionic treatment of questions regarding 
stress, and localization and flux of energy. 

But these fundamental dynamical questions will best be 
postponed and reserved for a future publication, in which 
also the quaternionic treatment of the electrodynamics of 
ponderable bodies and of some other relativistic subjects will 
be given. , 

November, 1911. 

LXXVII. On the Propagation of Periodic Atther 
_ Disturbance. By ANDREW STEPHENSON”. 

1. a the Rontgen rays do not exhibit refraction, the 
velocity of transmission of eether disturbance through 

a medium depends only upon forced oscillations set up within 
the molecule, the zther being otherwise unaffected by the 
presence of the material particles +. | 
_ 2. If the ether is treated as an elastic solid the presence 
ef resgnators in the case of periodic disturbance is equi- 
valent to a change in the density, so that a material non- 
crystalline medium and the ether differ optically only in 
density. 

* Communicated by the Author, 
t+ As a deduction it may be noted that any deviation from the 

(u?—1)/D formula for the refraction of a compound or mixture, derived 
from the atomic refraction equivalents, is the result of deformation of 
the atoms, or of interatomic vibration, and cannot be subject to any 
general ‘law.’ 
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The observed magnitude of reflexion when the displacement 
is at right angles to the plane of incidence is in agreement 
with this fact. 

When the displacement is in the plane of incidence * the 
agreement holds, we shall find, only 2f the velocity of the 
errotational wave is the same in all media. If this velocity is 
relatively large the energy dissipated in irrotational motion 
is negligible. 

The equations of motion are 

eoee dé +) dé dyn 
P ae =i dst ee “nl dy” day”) ae Oy) 

d’n dé | dn dE dy a) 

Ode dy ale aye " dat - a\dy dt)... oe 

with p different in the two media, and at the boundary 

‘2, ip a and ay are continuous. 
Ax 

The value of pin any material medium may depend upon 
the nature of the radiation, whether equivoluminal or irro- 
tational. 

From (i.) and (ii.) 

a(dé dy Gd \idemasaa wie 
p ae id i,)> (72+ ale £ 7) Pee 

@ dé dy e ae n) 
eae (ae in) = ie it alam dcp) a 

where p’ is the effective density for the irrotational wave. 
For the incident and reflected waves 

. £=—sin 0 cosk (acos 0+ysin 0—ct) 
+rsin 6 cos {xk(—2 cos O+y sin O—ct)—a}, 

n= cos@cosx (wcos0+y sin 6—ct) 
+r cos 0 cos {«(—2# cos 0+ y sin n —ct) —at; 

in the transmitted wave 

E,= —ssin 0, cos{x;(x cos 0, +7 sin 6,—c,t) —B}, 

= s$cos 0, cos{K;(2 cos 0,+y sin 6,—c,t)—B} ; 

* The discussion due to Green (1840) is still accepted : his conclusions 
are erroneous. 

| 
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and in the irrotational boundary disturbances 

2 
K sin Q V1-& cosec20 

E=—pe cos{x(y sin @—ct) —e}, 

n= P ex sin 8 Viv 2 2089 sin t«(y sin 0 —ct) —e}f, 
Ce 

ee 72 cose" 

and 

£,=pye Thee Vig ae cos! Ky(y sin 6;—cyt) — ey}, 

i 

TAI 1 V2 -00s0c%@, 

where V and V, are the velocities of the irrotational waves. 
From the boundary conditions, if, and only of, V=Vi, 

p—k1 sin O Vi- 5 ae cosee") 9, sin {x,(ysin A — et) — ef, 

a=P=e=e,=0 

Piss tan (0; — ay 

~ tan (0,+6@)’ 

__ cosé 

~ cos 0, (1+*), 

p=pi=cos 6 tan (0,;—@). 

No restriction is placed upon the magnitude of V, but the 
solution fails when @ is in the neighbourhood of sin—¢/V, 
and for values less than sin-!c/V the boundary disturbances 
become simple periodic functions of x: in both cases, there- 
fore, no steady state is reached and energy is dissipated in 
irrotational motion. 

The solution in the case of total internal reflexion may be 
obtained on replacing the transmitted train by the corre- 
sponding equivoluminal motion parallel to the boundary. 

3. In a medium in which the molecules are similarly 
oriented the velocity depends on the direction of trans 
mission. Let the direction of a resonator be (l’, m’, n’) 
and its relative intensity a. Then for a periodic disturbance 
with the displacement in the direction (/, m, n) the forced 
oscillation is of intensity 

a(ll'+ mm! +nn’), 
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so that the whole system is equivalent to the three forced: 
oscillations 

[Xal’? +m Zal'm' +nzan'l', [Zal'm' +mEam!? + nDam'n', 

lSan'l’ + mSan/‘n' + nan". 

The effect of the resonators is therefore equivalent to changes 
in the density of the ether along the axes for which 

Sal'm'’, Sam'n', and ani’ 

are zero. 
The irrotational wave has the same velocity along the 

three axes. The equations of motion are therefore 

oe) (de cede | | 
one Det 3) 24 _? 

e=0 Vy E+ (\ ee a ° ° (v.) 

Paar | iho a (Ae ine Lae 29 d 2? pues 7=0v,/'V n+(V °y) dy oe + ay Vide)? aie (vi.) 

a d-/d dn dé % 
— 7, 2e—2 2 5 2 , =v5—V C+ (V —v,’) a a + , + ) ae (vil.) 

Hence for the train 

E, n, C=p, q, rcos K(le-+my+nz—ct), 

[? m? n? te 
ya, + ERE + cee =0, 2 2 tv 

3 xr y z 

and the displacement is in the direction 

RiGee ods. 2i) _ axyeue eee 

SEALE Of hp ES aa» n) aS ie a PR TLS ED | ee ey ev, 

and therefore lies in the plane 

x y z =(0 

l m N 

l m n 

CP —v? ae i e—v? 

It is noteworthy that the plane of polarization and the 
velocity are independent of the velocity of the irrotational 
waye, although the motion involves change of volume. 

4. It is now possible to determine the circumstances of 
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the reflexion and refraction when radiation is incident on a 
erystal at a surface which is normal to a principal axis, the 
planes of incidence and polarization containing the other 
axes. 
With the same notation as before, in the transmitted wave 

V2—v?2 
&=— ear . s Sin 0; Cos} « (z cos 0+y sin 0—ct)— B}, 

‘ Mio 

m =s cos 0, cos{x(# cos 0 +y sin O—ct) —B}. 

The boundary disturbance in the crystal is found to be the 
same as in an isotropic medium. The equations expressing 
the boundary conditions are at once obtainable, and the solu- 
tion follows. 
There is in general a change of phase at reflexion, but it 

vanishes if V is very large, the solution then being identical 
with that for an isotropic medium. 

From the phenomena of the reflexion the velocity of the 
irrotational wave can be determined, or its relative largeness 
established *. 

January, 1912. 

LXXVIII. On the Secondary Rays excited by the Alpha Rays 
from Polonium.—I. By V. KH. Pounp, M.A.+ 

1. Introduction. 

ECENT researches have shown that radioactive materials 
from which @ rays are sent off also emit a radiation of 

negatively charged particles, which will not ionize a gas, 
and which has been called 6 rays. The other characteristics 
of this radiation are that it is easily absorbed, it is easily 
deflected by a magnetic field, and it is stopped by a small 
positive charge placed upon the radioactive substance emitting 
it. Still later researches by Logeman ¢ and Aschkinass § 
have shown that when «@ rays fall on a polished piece of 
metal such as copper, this metal emits a secondary radiation 
with characteristics similar to those of the 6 rays. Further, 

* Tt is hardly necessary to note that it is zero according to the electro- 
magnetic theory. 

+ Communicated by Professor J. C. McLennan: read before the 
Canadian Institute, Toronto, January 18, 1912. 

t Logeman, Proc. Roy. Soc. Series A, "vol. Ixxviii. Sept. 6, 1907. 
5 106 “Aschlinass, Ann. der Phys, no. 12 (1908). 
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it has been found by Duane ™* that the « rays lose their power 
to produce secondary rays at the same time that they lose 
their charge and their power to ionize a gas. 

The present paper describes some experiments on these 
secondary rays produced by the @ rays of polonium. The 
apparatus employed at first was somewhat similar to that 
used by Logeman when he established the existence of this 
secondary radiation from metals bombarded by a rays. In 
the experiments to be described exhaustions were made with 
a Gaede pump, and the pressures were measured with a 
McLeod gauge. 

2. Description of Apparatus. 

The apparatus used in the initial experiments is shown in 
fig. 1. It consisted of a brass cylinder about 4 em. in 

Kiesal: 

to bettery 

N 

hick to electrometer 

diameter and 9 cm. in length, which had an ebonite plug 
fitting into each end. Through one of these plugs was led 
a brass rod which carried a round brass electrode B, about 
15 mm. in diameter. The electrode B was surrounded by a 
circular guard-ring ©. 

Through the other plug was led another brass rod, and it 
* Duane, Comptes Rendus, May 25, 1908. 
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carried the second electrode, A. A circular surface, ab, of 
this electrode A, about 15 mm. in diameter, was coated with 
a deposit of polonium. ‘The distance between the polonium 
deposit and the surface of the electrode B was 6mm. The 
polonium and the surface of the electrode B were coaxial. 
The brass cylinder, which was made air-tight with wax, was 
connected to the Mcleod gauge and the Gaede air-pump by 
a tube D. The polonium-coated electrode, A, was connected 
to a battery, and the brass electrode, B, to a sensitive quadrant 
electrometer. The brass cylinder surrounding the two elec- 
trodes was connected to earth. 

3. Repetition of Logeman’s Experiment. 

The experiment which Logeman*™ made was first repeated, 
and the results obtained were similar to those obtained by 
him with identical electrical fields. The experiment was 
conducted in the following manner. By means of the Gaede 
pump the air was pumped out from the apparatus to as low 
a vacuum as possible. The pressure of the air was measured 
by means of the Mcleod gauge, and when the pressure 
became so low that the McLeod gauge could not measure it, 
which was less than 1/1000 of a millimetre of mercury, the 
polonium was connected to earth, and the rate of charging 
of the brass electrode opposite was measured by means of 
the electrometer. Then the polonium was charged to a 
series of different potentials by means of a storage-battery, 
and the corresponding rates of charging of the brass electrode 
were ascertained. Throughout the experiment the Gaede 
pump was kept going continuously in order to withdraw any 
gas which might come from the walls of the apparatus. 

The results which were obtained are given in Table I. 

TABLE I, 

Pressure less than :001 mm. Distance between electrodes 6 mm. 

| Voltage on polonium. Rate of charging. 

| 0 volts —49 
44 ,, —16 
Ea, 45°1 
7 81 

19 89°5 
40 88d 

76 86 
179 82 
258 80 
502 1D 

* Logeman, Proc, Roy. Soe. vol. Ixxviii. Sept. 6, 1907, 
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In column 1 is given the voltage applied to the poloniam, 
and in column 2 the charge gained per minute by the brass 
electrode opposite the polonium, as measured by the quadrant 
electrometer. A curve representing these results is shown 
in fig. 2. 

Fie. 2. 

90 

&: ae : Ht FEE 

Bou eaagL Taegu eqaEE 
~N ie | HE 

© 60 HE 
3S 
S 

WD : 

RB S 
< | 
8 30 3 He 2 = EET neue et 
<< abu vasa fet apusvescuevepatueteues anal tvtfacvertretesezs 

KR Bes fased avert stasadants teas sreetatenetastsi 
> T Eooae at t a t 

yo Sees anette eae 
Sad = a eauuu nage ace oth 

= : - persnsitaite 
) 4 

-30 oe 
cr Ha 

eens "160 

Volta ge on Folonrum. 

It is evident from the results given in the Table, and from 
the curve, that when the polonium was at zero voltage the 
charge gained by the brass electrode was negative. It is 

also evident that as the voltage on the polonium was increased 

positively the charge gained by the electrode increased from 
a negative charge to a positive one, and that at a potential 
of about 20 volts the rate of charging became a maximum. 
This result agrees with the result published by Logeman. 
This can be seen from the numbers recorded in his paper, a 
few of which are given in the following table. The results 
can be readily compared, because the distance between the 
polonium and the opposite electrode was about the same as 
that in Logeman’s apparatus. 7 
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Logeman’s Results. 
Distance between electrodes 5 mm. 

Potential on polonium. | Reading of current to electrode. | 

0 volts —58°0 

DN og 86 

A 182 

14 ,, 185 
| 

It will be seen, however, from the curve, that as the 
potential on the polonium was increased beyond 20 volts, 
the rate of charging of the electrode gradually decreased. 
This effect does not appear to have been observed by Logeman. 
In searching for the explanation of it, further interesting 
properties of the secondary rays were found by the writer 
which have not as yet been noted by other experimenters. 

Before seeking for an explanation of the results given in 
Table I. and shown graphically in fig. 2, it is necessary to 
enumerate the different currents which would give a charge 
to the brass electrode B. In the first place there would be a 
current due to the passage of the « rays from the polonium 
across the space separating the polonium from the electrode. 
Since the & rays are positively charged particles this current 
would charge the electrode positively. Then there would be 
a current of negatively charged particles from the polonium 
which would reach the electrode. This current is known as 
the 6 radiation, and always accompanies a discharge of 
a particles. The passage of this current would give a 
negative charge to the electrode. Again, there would be a 
stream of negatively charged particles emitted by the elec- 
trode. The researches of Aschkinass and Logeman have 
proven this stream to exist whenever a substance is bom- 
barded by « rays, and it has been called the secondary radia- 
tion. The emission of this stream of negatively charged 
particles would have the effect of charging the electrode 
positively. Finally, there would be a current through the 
air in the chamber, due to the ionization of the air by the 
arays. The last current would charge the electrode posi- 
tively, since the polonium was positively charged. ‘This 
eurrent, which we will call the ionization current, would be, 
in all probability, very small on account of the small quantity 
of gas in the chamber. 

Let us now consider what would be the effect on these 
different currents of increasing the positive potential on the 

Phil. Mago 8.6. Vol 28. Nowdst: May 1912. 3 8 
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polonium from zero upwards. The number of @ particles 
emitted per second by the polonium could not be changed by 
increasing the potential, for it is found impossible to change 
the rate of emission of the «, 8, and y rays from the radio- 
active substances by any known agency. The increase of 
the potential on the polonium might, however, increase the 
speed with which the « particles passed from the polonium 
to the electrode. If this were the case, since it has been 
shown by different experimenters, including Geiger and 
Marsden ™*, that a rays are reflected to some extent from the 
substances they strike, this increase in velocity might cause 
a more profuse reflexion of the a rays from the electrode. 
Hence, as the potential was increased there would be fewer 
and fewer a particles which would remain attached to the 
electrode, and this would cause the positive rate of charging 
of the electrode to decrease. | 

The effect of increasing the positive potential on the 
polonium could only tend to retard more and more of the 
5 rays which are negatively charged and of slow velocity. 
Hence, on account of the stopping of these rays, the rate of 
charging of the electrode positively must have increased. 
In fact the sharp rise in the first part of the curve shown in 
fig. 2 has been attributed by Logeman and others, and very 
probably correctly so, to the stoppage of the 6 rays by the 
positive charge on the polonium. 

Again, the increase of the positive charge on the polonium 
must tend to produce a freer discharge of negative electricity 
from the electrode, since a positive charge on the polonium 
attracts negative from the electrode. The primary cause of 
this discharge would be, of course, the bombardment of the 
electrode by the a rays, and this is what we have called the 
secondary radiation. An increase in the amount of secondary 
radiation discharged from the electrode would increase the 
rate at which the electrode charged positively. 

Finally, the increase of potential on the polonium would 
have the effect of increasing the ionization current from the 
polonium to the electrode through the gas, and this would 
cause the positive rate of charging of the electrode to increase, 
since the charges on the polonium were positive. There is, 
however, one factor which may have influenced the experi- 
ment, and which must be considered here, and that is that 
the Gaede pump was kept going continuously in order to 

* Geiger and Marsden, Proc Roy. Soc. Series A, vol. Ixxxii. July 31, 
1909. 
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keep the pressure low. The readings were not taken until 
the pressure was less than 1/1000 of a mm. of mercury, but 
yet, the pressure may have decreased still further while the 
readings were being taken, and on account of the decrease 
in the pressure the lonization current may have also decreased. 
It is evident that this would cause a decrease in the positive 
rate of charging of the electrode. 

It is seen, therefore, that, according to the above expla- 
nations of the charging of the electrode by the different 
currents, there are only two things which might cause a 
decrease in the rate of charging of the electrode positively, 
as the potential on the polonium was raised positively. 
Hither there might be a more profuse reflexion of « rays 
from the electrode, and so a reduction inits rate of charging, 
or there might bea gradual decrease in the ionization current 
due to the lowering of the pressure of the air in the 
apparatus. 
Now it is evident from the curve given in fig. 2 that there 

was a gradual decrease in the rate of charging of the elec- 
trode after the potential of the polonium was increased 
beyond 20 volts. In order to find out how much of this 
decrease or whether any at all was due to the withdrawal of 
more air from the apparatus after it was exhausted to a very 
low pressure, the experiments described in the following 
section were performed. 

4. Ionization Heperiments. 

In the first experiment the polonium was charged to a 
positive potential of 77 volts. It was found, § 3, that with 
the polonium at this potential the § radiation from A was 
practically all stopped. The Gaede pump was started and 
the air which had stood in the apparatus for a week, at 
atmospheric pressure, was pumped out until the pressure as 
measured by the Mcleod gauge was less than 1/1000 of a 
mm. of mercury. ‘The time taken by the pump to do this 
was about 15 minutes. Then, while the pump was kept 
continuously going, readings were taken of the rate of 
charging of the electrode at different intervals of time. It 
was hoped in this way to get some idea of the effect of the 
withdrawal of the air on the ionization current between the 
polonium and the electrode. In Table II. the results obtained 
are given. 

5 H 2 
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Tasze IT. 
Air in Apparatus. 

Brass electrode B. Voltage on polonium=77 volts. 

| Time. Current to electrode. 

0 minutes oT 
, 81 

Os, 653 76 
ieee ee 67-5 
Oy as, 64 
L205 59 
WSO" yo. 59 

The first column states the time between any reading and 
the initial reading, while the second column gives the rate at 
which the electrode charged up. 

As shown by the Table, the rate at which the electrode 
gained a charge decreased with the time, and finally came to 
a constant value. 

In this experiment the polonium was at the same voltage 
all the time, hence there could be no change in the rate of 
charging of the electrode, due to a change in voltage. 
Therefore, according to the theory of the charging of the 
electrode as outlined in the previous section, the gradual 
drop in the rate of charging of the electrode as the time 
passed could only be due to a decrease in the ionization 
current through the gas. This decrease could be attributed 
to a further withdrawal of air from the apparatus by the 
pump after the pressure had been reduced to less than 1/1000 
of amm.of mercury. If this were the case this decrease 
in ionization would continue until the pressure of the air in 
the vessel reached a constant value. Then the air withdrawn 
by the pump would be equal to the air which oozed out from 
the sides of the vessel. ‘The final constant value for the rate 
of charging of the electrode would denote this equilibrium 
condition between the air taken away by the pump and the 
air which oozed out from the walls of the chamber. 

It the above explanation is correct, then, if the apparatus 
were filled with another gas than air such as hydrogen, and 
the experiment were repeated as withthe air, there would 
again be a final pressure, and also a final ionization current 
through the hydrogen. But on account of the different 
nature of the two gases this final ionization current would 
be different in the two cases, and hence the final rate of 
charging of the electrode would also be different in the two 
cases. 
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In order to find out whether this was true the apparatus 
was filled with pure and dry hydrogen and left standing over 
night at atmospheric pressure. Previously, the apparatus 
had been depleted as much as possible of air by keeping it 
at low pressure and pumping out the air which came from 
the walls. The polonium was charged to a positive potential 
of 77 volts, the hydrogen was pumped out to less than 
1/1000 of mm. of mercury, and then readings were taken as 
with the air of the rate of charging of the “brass electrode, 
and are given in the following Table :—- 

Tasxe III. | 

Hydrogen in Apparatus. 
Brass electrode B. Voltage on polonium=77 volts. 

Time. Current to electrode. 

O minutes 866 
Grints, 73-1 

16. 3; 65:1 
oa 62°6 
SIMI 59°5 
G5) ag 59-5 
Ae ks 59:0 

It will be seen on looking at the Table that there was a 
decrease in the rate of charging of the electrode with the 
time, as with the air. Oncomparing Table II. and Table ILI. 
it will also be seen that the initial rates of charging of the 
electrode were different with the two gases, but the final 
rates were the same. The experimental results, therefore, 
did not agree with the predicted results, for it was predicted 
that the final rates of charging of the electrode would be 
different using two different gases on account of the dif- 
ference in the final ionization currents through air and 
through hydrogen. The experimental results go to show 
that the final ionization currents were the same. This 
seemed hardly possible on account of the difference in density 
of the two gases. Another explanation of the reason why 
these two final rates of char ging were the same was therefore 
looked for. The simplest one that suggested itself was that 
when the final rates of charging were : the same there was 
such a small quantity of either air or hydrogen in the 
apparatus that practically no ionization current existed. 

The next question that naturally arose was whether all of 
the drop in the rate of charging of the electrode was due to 
a drop in the ionization current thr ough the air and through 
the hydrogen. In order to answer this question the following 
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experiment was performed. It was found that if arc-light 
carbon was used as the electrode instead of brass, there was 
a greater drop in its rate of charging than when brass was 
used under the same conditions. Accordingly, the brass 
electrode was removed from the apparatus and a similarly 
shaped piece of carbon was put in. The polonium was 
charged to a positive potential of 78 volts, and the pump 
was started exhausting the air, which was initially at atmo- 
spheric pressure. Seven minutes after the pump was started 
readings were taken of the pressure of air in the vessel as 
measured by the McLeod gauge, and the rate of charging of 
the carbon electrode. Similar readings were made at dif- 
ferent intervals of time after the initial readings. The pump 
was kept going continuously throughout all the readings. 
The results are given in the following Table :— 

Tasxe LV. a. 
Air in Apparatus. 

Carbon electrode. Charge on polonium=78 volts. 

Pressure of air Time from initial Current to 
in vessel. reading. electrode. 

"008 mm. O minntes 46 
004) 3; 1 55 42 
002) 5, 9) > 38 

<O01 ,, 15 a3 345 
<= 001 3) SOs; 31°5 
< 001 ,, 60 + 29°0 
<=001 =, 1205» ss 29 

The pump was then stopped, and while the pressure 
gradually increased as the air flowed out from the walls of 
the apparatus, the series of readings were continued and are 
given below. 

TaBiE LV. b (continued). 

Pressure of air Time from initial Current to 
in vessel. reading. electrode. 

-001 mm. 123 minutes 29 
O02 Fa 126 i 29 
{OU a 129 * 30°5 
‘009 ,, 134 o 30°5 
I > 2 139 31 
‘OlS |, 146 Bs 32°5 

| O22) \f 153 ad 33 
3 7a 161 3 34 
035, 171 - 30°5 

{— 
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If the results that were obtained while the pressure of the 
air was decreasing are compared with the results obtained 
while the pressure was increasing, as given in Table IV., and 
shown graphically in fig. 3, it will be seen that at any given 
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pressure the rate of charging of the electrode was greater as 
the pressure was decreasing than as it was increasing. It 
will also be seen that the rate of charging at a pressure of 
"035 mm. of mercury as the pressure was increasing was 
very much less than the rate of charging at much smaller 
pressures as the pressure was decreasing. ‘These results show 
clearly then, that the decrease in the rate of charging of the 
electrode as the air was pumped out of the apparatus was 
not all due to a decrease in the ionization current through 
the gas. For since the ionization current is only dependent 
on the pressure of the air in the chamber, it should have the 
same value at like pressures, whether the pressure was 
decreasing or increasing. 

If the decrease in the rate of charging of the electrode 
with the time was not all due to a decrease in the ionization 
current through the gas there must be some other reason for 
this decrease. As shown in §3, there are three other 
currents which cause the electrode to charge up besides the 
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ionization current. These are the « ray current from the 
polonium, the 6 ray current from the polonium, and the 
secondary ray current from the electrode. It has been 
shown by an experiment in §3 that a positive potential 
of 20 volts is sufficient to stop practically all the 6 ray 
current. Therefore, in this experiment, the eniy currents 
which charged up the electrode besides the ionization current 
were the # ray current and the secondary radiation current. 
Hither both or one of these currents, then, must have had a 
decrease in intensity as well as the ionization current in 
order to produce the total decrease in the rate of charging 
of the electrode as found by experiment. The decrease in 
intensity of the a rays from polonium with the time has 
been studied by various experimenters, and they have found 
the intensity fails to half value in 140 days. The time taken 
by the experiment was about three hours, so that in this 
short interval of time the decrease in intensity of the & rays 
was practically nothing. Hence there must have been a 
considerable decrease in the intensity of the secondary radia- 
tion emitted by the carbon from the time when the first 
reading of the rate of charging of the electrode was 
taken. 

The causes, then, of the decrease in the rate of charging 
of the electrode with the time as found in the above experi- 
ment was a small decrease in the ionization current through the 
air as the pressure was reduced, and a large decrease in the 
secondary rays sent off by the carbon. The same causes will 
account for the decrease in the rate of charging of the brass 
electrode used in the first two experiments of this section, 
and must also be considered when the results of the ex- 
periment described in § 3 are explained. Before continuing 
experiments with the object of a further elucidation of the 
results described in § 3, it was thought well first to make an 
extended study of the phenomenon of the decrease in the 
intensity of the secondary radiation as made evident by the 
foregoing experiments. 

5. Experiments on the “F. atigue’’ of Secondary Rays. 

The experiments described in §4 show that there was a 
decrease in the secondary radiation sent off by carbon 
bombarded by # rays as the air was pumped out of the 
apparatus in which the carbon was placed. This decrease 
may be called a fatigue of the secondary rays, for the effect 
is similar to that observed in the case of the photoelectric 
fatigue. The phenomenon of the photoelectric fatigue has 
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been studied extensively, and various reasons have been 
suggested for it. One of the reasons which have been ad- 
vanced is that the substance which emits the photoelectric 
radiation becomes impoverished of available negative cor- 
puscles. If the fatigue in the present experiments were 
due to a decrease in the number of available negative 
corpuscles, this decrease must have been all at the surface, 
since the exciting «rays have only a small penetrability. 
If the decrease were due to this cause, it is-probable that if 
air were admitted into the apparatus again, the electrode 
would regainits normal condition. To test this the following 
set of experiments was performed. 

A fresh piece of carbon was placed in the apparatus, a 
positive charge of 80 volts was put on the polonium, the 
Gaede pump was started, and at a definite interval of time 
alter the starting of the pump readings were taken of the 
rates of charging the carbon electrode, and of the corre- 
sponding pressures of air in the apparatus, These readings 
were continued until there was practically no further decrease 
in the rate of charging of the electrode. 

The readings are given in the following Table :— 

TABLE V. 

Air in Apparatus. 

Fresh carbon electrode. Charge on polonium = 80 volts 

Pressure of air in inate from mnuatall Current to 
ae reading taken 7 minutes eee 

after starting pump. é 

| ‘007 mm. O minutes 124°7 
{O02 5) if 78-2 
{UO 15 % D0°7 

= 001 ,, 25 Ee. 41:2 
| =< (0)(0) 1a 4l a 39°23 | 
| SHOOT 65 - 31-2 | 
| ==00l ,, 87 . 28°2 

001s 123 , 26°2 | 

The carbon was left in the evacuated apparatus, bombarded 
by « rays from the polonium, for one week in ander that it 
should get thoroughly fatigued in the production of secondary 
rays. Then the apparatus was filled with air at atmospheric 
pressure and again left standing for one week. At the end 

of this time the experiment described above was repeated, 
and the readings are given below. 
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TasBie VI. 
Air in Apparatus. 

Fatigued carbon electrode. Charge on polonium=80 volts. 

| 
m: i . sia | 

Pressure of air in te from initial | Current to 
g reading taken 7 minutes 
vessel. ° ae | electrode. 

after starting pump. | 

: Al 

‘008 mm. 0 minutes | 327 

008 ry) 9) 39 H 30°2 

002. ,, Tastee Ly | 29:2 
| 

O01, ae | 24-7 | 
<= c001" 60 i Doe | 

| | 

After this experiment was completed the apparatus was 
immediately filled with air at atmospheric pressure and left 
standing for 22 hours. Then the above experiment was again 
repeated with the following results. 

Taste VII. 
Air in Avparatus. 

Fatigued carbon electrode. Charge on polonium= 80 volts. 

| Pressure of air in Time from initial Current to 
| reading taken 7 minutes 

vessel. leaea Z electrode. 
| after starting pump. 

‘004 mm. | 0 minutes 2575 | 

2001: y,; | 5 s) 22°8 

<< O1 -,, | 22 a 21:8 

| | 

The results given in the last two columns of Tables V.-VII. 
are represented by curves shown in fig. 4. The upper curve 
is plotted from the results given in Table V., the middle 
curve from Table VI., and the lower curve from Table VII. 

It will be seen on looking at the curves that each has a 
gradual drop. This drop represents both the decrease as 
time went on in the rate at which the carbon electrode sent 
out secondary rays, and the decrease in the ionization current 
across the air-gap between the polonium and the electrode, 
beginning ata certain definite interval of time after the first 
air was taken from the apparatus. It will be seen also on 
comparing the curves that the initial point of the upper 
curve is much higher than the initial points of the lower 
curves. Also the upper curve decreases much more quickly 
than the lower curves, until, finally, the three curves all come 
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together. Now the decrease in the ionization current through 
the air space with the time would be the same in all three 
experiments, because this decrease is dependent on the air 
pressure and, as the pump was kept going regularly, the 
air pressure, in all three cases, would be the same at equal 
intervals of time after the pump was started. Hence, since 
the upper curve shows a much greater drop than the two 

Fig. 4, 
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lower curves, there must have been a much greater decrease 
in the secondary radiation in the first experiment than in the 
two later experiments. Therefore there must have been a 
much more copious emission of secondary rays at the beginning 
of the first experiment than aé the beginning of the other two 
experiments. This is indicated by the height of the initial 
point of the upper curve above the initial points of the other 
two curves. 

The above experiments, therefore, show that when fresh 
carbon is used as an electrode and subjected to bombardment 
by « rays and the air withdrawn from around the carbon, 
there is a great decrease in the secondary rays as time goes 
on, until finally the secondary rays emitted reach a constant 
value. Then,if the carbon is kept in vacuo for some time 
(one week) it will not regain its primary power of emitting 
secondary rays by being surrounded again by air while still 
under bombardment by « rays even for periods ‘of time 
extending up to 22 hours. ; 
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The next experiments that were performed were for the 
purpose of finding out whether this same carbon would send 
out secondary rays with its initial intensity if it were placed 
eo an atmosphere of hydrogen instead of air. The apparatus 
ras first filled with dry hydrogen, produced from zine and 

apidalarel water, and left at atmospheric pressure for four 
hours. Then, as before, a positive charge of 80 volts was 
put on the polonium, the pump was started, and at a definite 
interval of time after starting the pump, a series of readings 
were taken on the rates at which the carbon electrode charged 
up, and on the corresponding pressures of the hydrogen in 
the apparatus. The readings are given in the following 
Table. 

TaBLE VIII. 

Hydrogen in Apparatus. 

Fatigued carbon electrode. Charge en polonium=80 volts. 
| 

. . . . | 

| Pressure of hydrogen | Time from initial Current to 
. ; ©” ireading taken 4 minutes : 
in vessel. eta ore electrode. | 

after starting pump. 

“006 min. O minutes 24°53 

SOU. ae, 6 i 23:0 

<4 0/0) ane 15 om 22, 

=< 0/0) Irae 31 = 22 

=< 0/0) Ieee 56 a 22 

Next the apparatus was filled with hydrogen at atmospheric 
pressure and left standing for eighteen hours. A series of 
readings was taken as before, and these are given below. 

Taste IX. 
Hydrogen in Apparatus. 

Fatigued carbon electrode. Charge on polonium=80 volts. 

: : Time from initial \ 
| HUES VE es aes Hee reading taken 4 minutes oe ron tg in vessel, : electrode, 

alter sturting pump. 

°005 mm. 0 minutes 25°7 

‘O02 LF i) ‘5 27 

Si Uae 15 Bs 24 

<= O01 ,; 30 Be 23°93 

=001 ,, 62 ‘3 | 23d 
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Tt will be noticed that in these two last experiments with 
the hydrogen the first reading was taken four minutes after 
the pump was started, while in the three experiments with 
the air the first reading was taken seven minutes after the 
pump was started. The reason for this was that the pump 
reduced the pressure of the hydrogen much more quickly 
than the air, and it was desired to take the first readings 
for both hydrogen and air at approximately the same 
pressure. 

From the results given in the last two columns of 
Tables VIII. and IX. the two lower curves of fig. 5 are 

Fig. 5 
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plotted, while the upper curve of fig. 5 is plotted from the 
results given in the last two columns of Table V. The latter 
curve pictures the way in which the rate of charging of the 
fresh carbon electrode decreased with the time, while the 
former curves show how the rate of charging of the fatigued 
carbon electrode, which had been left in hydrogen at atmo- 
spheric pressure, decreased with the time. 

It will be noticed that there is hardly any drop in the 
lower curves, while the drop in the upper curve is considerable, 
It will be seen also that the rate of charging of the fatigued 
electrode, as indicated by the lower curves, is nearly the 
same as the final value of the rate of charging of the fresh 
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electrode as indicated by the upper curve. Hence the 
above experiments indicate that the carbon electrode did not 
regain any of its primary power of producing secondary 
rays by being surrounded by hydrogen at atmospheric 
pressure. 

The above experiments, therefore, show that a carbon 
electrode which has been fatigued in the production of 
secondary rays, and left in vacuc for a long time, will not 
regain its primary power of producing secondary rays by 
simply being placed in an atmosphere of either air or 
hydrogen. Hence the fatigue of the carbon was not due to 
a temporary loss of available negative corpuscles, which 
might possibly be regained in some way from air or hydrogen 
when these gases are allowed to surround the carbon. 

The next experiments that were tried were to find out 
whether a piece of carbon would regain its power of pro- 
ducing secondary rays if it were fatioued for a very short 
time only. A fresh piece of carbon was placed in the appa- 
ratus and a set of experiments similar to the ones described 
above was performed, except that, instead of leaving the 
carbon in the evacuated chamber after the current to the 
carbon had gained a steady value, it was left for a week 
with the air at atmospheric pressure. The readings taken 
with the fresh carbon are given in Table X., and the readings 
taken after the fatigued carbon had been left for a week 
surrounded by air at atmospheric pressure are given in 
Table XI. 

The results given in these two Tables are graphically illus- 
trated by the curves shown in fig.6. The upper curve refers 

TABLE X. 

Fresh carbon electrode. 

Air in apparatus. Charge on polonium = 82 volts. 
| 

ee Time from initial 
Pressure a air in rep ieene eeleaa fy amtamnees Current to 

ees after starting pump, electrode. 

‘008 mm. O minutes 123°5 
‘003 9 9) ” 82:5 

FOOL. 5 15 * 44-5 
NO ay 30 p 29 

a 10 ee 60 » ry 
=< ()10) bee 90 53 19°5 
= 001 ” 120 ” 18 

=) Ola 142 »» 75 
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ABER XOle 

Air in Apparatus. 

Fatigued carbon electrode. Charge on polonium=84 volts. 

AN Time from initial 
Pressure of air in é : Current to 

reading taken 7 minutes 
vessel. sate) i electrode. 

after starting pump. 

‘O00U mm. O minutes 66°3 mm. 

“004 ” 1 »” 45°3 Ue) 

002 ,, 5 s: DISS) ey 

O2mes 15 46 Pura ruse 

TUG 5 30 i WEST 
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to the results in Table X., while the lower curve refers to 
Table XI. A comparison of these curves with the curves 
shown in fig. 4 makes it plain that there was a much greater 
recovery of the carbon fatigue when it was left in vacuo a 
very short time and then surrounded by air, than when it 
was left for a long time before being surrounded with air. 

This pointed to the probability that the gas occluded in 
the carbon was the canse of the large decrease with the time 



832 Mr. V. E. Pound on the Secondary Rays 

in the secondary radiation. For if the gas occluded in the 
carbon, as well as the carbon itself, produced secondary 
radiation, then as the exhaustion proceeded gas would ooze 
out of the carbon, and the secondary radiation would decrease, 
until all the gas which could leave had disappeared entirely 
from the surface of the carbon. Also, the longer the carbon 
was left 2n vacuo the more occluded gas would come out and 
the more difficult it would be for the same amount of gas to 
enter the carbon again. Hence this would cause the fatigue 
to be more permanent when the carbon was left in a vacuum 
a long time than when left a short time. This conclusion, it 
will be seen, has been amply confirmed by the experiment 
described above. 

In order to decide definitely whether the release of the gas 
occluded in the carbon had to do with the decrease in the 
secondary rays which has been called a fatigue, a special 
piece of apparatus was designed and experiments were 
performed which will be described in the following section. 

6. experiments showing the influence of occluded gas 
on the Secondary Radiation. 

Bao 

; to battery 

mercury 

to Pump _ 

to electrometer 

to earth 

The essential parts of the apparatus (fig. 7) were two 
parallel electrodes, B and C, in an air-tight vessel, separated 

ee 
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a distance of about 6mm. The polonium, which was carried 
by the electrode B, could be made to face in any direction by 
turning the axial rod A. This rod passed through, and was 
sealed to, a glass tube D, which fitted over another glass 
tube EH, so arranged that the joint could be covered with 
mercury and so made air-tight. The electrode C, which was 
made of carbon, was connected with the quadrant of an 
electrometer, the connecting rod passing through an ebonite 
plug fitted into the side of a vessel bya side tube F. Another 
side tube G connected the vessel to the McLeod gauge and 
the Gaede pump. The vessel itself, which was a cylindrical 
brass tube about 5 cm. in diameter and 8 cm. in lengtb, was 
connected to earth. All joints were made air-tight by means 
of wax and solder. 

The first experiment was conducted as follows. A fresh 
carbon electrode was placed in the apparatus, the polonium 
was turned away from the electrode, and the air was pumped 
from the vessel for over an hour with the pump going con- 
tinuously. Then the polonium was charged to a positive 
potential of 80 volts, and turned so that it faced the carbon 
electrode. A reading was at once taken of the rate at which 
the carbon electrode charged up, and similar readings were 
made at suitable intervals of time afterwards. The results 
obtained are given in Table XIT. 

TasLe XII. 

Fresh carbon in apparatus. 

Turned polonium to face carbon 1 hour 20 minutes after 
pump was started. Voltage on polonium=80 volts. 

Pressure of airin eading taken 1h.20m) Current to 
; after starting pump. noe 

<= :‘001 mm. O minutes 122 

=< 001: 5 ‘5 123 

<= O01 15 : 124 

nea OO, 30 ‘; 122 

=< 001 _,, 60 5 123 

These results show that there was no sign of a “fatigue” 
in the rate at which the carbon electrode charged up with 
the time, for the rate was practically constant throughout all 
the readings, 

Phil. Mag. 8. 6. Vol. 23. No. 137. May 1912. 31 
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We have seen, therefore, that it is possible to get rid of 
the fatigue effect altogether by withdrawing the gas from 
the surface of the carbon before beginning the bombardment 
by arays. The “fatigue,” then, which has been described 
in the previous sections must be due to a decrease in the 
secondary radiation from the gas occluded at the surface of 
the brass or carbon electrode used. 

In view of the effect which the presence of gas has on the 
secondary radiation it was thought well to repeat the experi- 
ment described in § 3, and first performed by Logeman. 
Instead of using a brass electrode a carbon electrode was 
used. Also the carbon was left in the vessel at low pressure 
for two days in order that the gas occluded in the carbon 
should disappear or reach a value which would be constant 
for the low pressure used. Then readings were taken of the 
rate at which the carbon electrode char ged up as the positive 
potential on the polonium was varied from 0 volts to about 
1700. The results are given in Table XIII. below, and a 
curve drawn from these results is shown in fig. 8. 

{UA pee) BME 

l | 

Voltage on Pressure of air | Time from initial Current to 
polonium. ~ in vessel. | reading. | electrode. 

ae ea ae See! < ae a 
0 volts = 001 O minutes | —447 

Pepa cae | ie 12 ie —191 
7 29 | ”? 16 3° —47 

Sos, ; 28 i 54 
39, ole, 89 

16385: | x 38 - 131 
oly, + 44 a 14] 
334, x 48 z 144 

AO; 53 62 z 150 
| a88"".,, “; G2, : 160 

788 _,, %» 95, 165 
1095, ts 105 : 172 
1337, - 121 e. 175 
1708 % 137 - | 181 

The curve shown in fig. 8 rises very rapidly from —447 
to about 90 as the potential on the polonium is increased 
from 0 to 40 volts, and then more slowly as the potential is 
increased beyond 40 volts. This is somewhat different from 
the results obtained in ae with the brass electrode and 
shown graphically in fig. 2, for the curve in fig. 2, it will 
be seen, rises rapidly while the potential on the polonium i is 
raised from 0 to 40, and then falls again as the potential is 
further increased. The cause of this fall in the rate of 
charging of the brass electrode as the potential on the 
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polonium was raised above 40 volts in a measure may be 
attributed, as has been suggested, either to a more profuse 
reflexion of « rays from the electrode as the potential of the 
polonium was raised or toa gradual decrease in the ionization 

Fig. 8. 
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current due to a lowering of the pressure of the air in the 
apparatus. But as a result of the later experiments per- 
formed with the carbon electrode, it is clear we must add 
another and more important cause for the fall, namely, the 
decrease in the secondary radiation throughout the experi- 
ment as the gas layer on the electrode became less and less 
dense. 

The experiment just described with the carbon electrode 
shows that, when the gas-layer was removed, there was no 
fall in the rate of charging of the carbon electrode as the 
potential on the polonium was increased, but instead a 
gradual increase was obtained. 

The question arose, then, whether the brass electrode would 
act in the same manner as the carbon electrode if the gas- 
layer was first removed from it. To answer this question 
the brass electrode was kept in vacuo a long time and the 
experiment with it was repeated. Contrary to expectation, it 
was found that there was still a very slight decrease in the 
rate of charging of the electrode after the potential of the 

o 12 
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polonium was raised above 40 volts, but this decrease was 
not nearly as great as before. 

The reason for the final slight difference between the 
behaviour of a carbon and of a brass electrode appears, then, 
to be due to a difference between the « ray reflecting power 
of carbon and brass at different voltages, the brass reflecting 
more «rays than the carbon as the voltage was increased. 
If the work done by Geiger and Marsden™ on the reflexion 
of « rays is taken to be applicable to the present experiments, 
it would seem that « particles cannot be reflected in sufficient 
numbers to account for this difference. However, the ex- 
periments described above point definitely to the reflexion of 
a rays as the cause of the slight difference in the behaviour 
of the carbon and the brass plates under the bombardment 
by a rays. Moreover, it can easily be shown that with the 
fields used variations in the speed of the rays amounting to 
1:7 per cent. must have ensued. It is just possible that this 
variation might be sufficient to cause such a change in the 
amount of « radiation reflected from the carbon and brass 
electrodes as to contribute, in part at least, to the above 
effect. It would appear, therefore, that additional experiments 
should be made on the reflexion of a rays of difterent velocities 
at surfaces subjected to low gas pressures before the expla- 
nation offered above of the effect observed is set aside. 

7. Summary of Results. 

1. It has been shown that there is a secondary radiation 
produced when alpha rays fall on a brass or a carbon plate. 

2. This secondary radiation has been proved to be in part 
due to the presence of gas occluded in or at the surface of 
the brass or carbon. 

3. When this gas is being removed from the brass or 
carbon it is found that the secondary radiation decreases, and 
gives rise to an effect similar to a “ tatigue” of the secondary 
rays. 

4, This fatigue effect is found to be greater for carbon 
than for brass. This last result was to be expected when the 
fatigue effect was traced to the presence of occluded gases, 
since carbon is known to possess a greater capacity for 
occluding gases than a meial such as brass. a 

5. From the experiments which have been described, it 
will be seen that the secondary radiation emitted by a 

* Geiger and Marsden, Proc. Roy. Soc. Series A, vol. Ixxxii. July 31, 
1909. 



Tonization by Collision in Helium. 837 

substance like carbon under bombardment by a rays furnishes 
a new means of investigating the process by which gases are 
occluded in carbon, and probably also in other substances. 

In conclusion, I wish to express my gratitude to Profesor 
McLennan for his suggestions and help throughout the course 
of this investigation. 

Physical Laboratory, 
University of Toronto. 

LXXIX, Jonization by Collision in Helium. By HE. W. 
B. Giuu, M.A., B.Sc., Fellow of Merton College, Oxford, 
and F. 'B. PIpDUCK. M.A., Fellow of GQueen’s College, 
Onjord ~. 

lee theory of the ionization of gases by collision, due to 
Professor J. S. Townsend, has been experimentally 

verified for a large number of gases f,among them being 
helium ft. In the first experiments made by the authors 
with helium, the gas was not quite pure (probably about 
2 per cent. of impurity being present) and there was good 
reason for supposing that these slight traces of impurity 
exercised a very considerable effect upon the ionizing powers 
of the ions. A few experiments were performed at the time, 
after the gas had been purified by pumping into a chamber 
containing charcoal and immersed in liquid air. The supply 
of liquid air was then limited and only a few results were 
obtained, but they were sufficient to show that the impurities 
exercised an effect which was very large in comparison with 
the amount present. 

The ionizing powers of both negative and positive ions, 
especially the latter, were increased, and as a necessary 
result the minimum sparking potential was lowered. It was 
actually reduced from 232 volts to 203, and it was con- 
jectured that for absolutely pure gas it would be not lower 
than 190 volts. 

A continuous supply of liquid air having since become 
available, the experiments were repeated and have shown that 
with careful purification the ionizing powers of the ions are 
increased even more than was thought possible; for example, 
the minimum sparking potential was found to be about 160 
volts instead of the 190 volts conjectured. 

Before giving other results and the experimental methods 

* Communicated by Prof. J. S. Townsend. 
+ J.S. Townsend, ‘Theory of Ionization of Gases by Collision,’ 
t Phil. Mag. [6] vol. xvi. 1908, p. 280. 
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used, it will be useful to indicate the usual way of estimating 
the efficacy of the ions in producing new ions by collision 
with the uncharged molecules of a gas. 

If ny ions are set free at the surface of one of two parallel 
plates, and an electric force of X volts per cm. is applied, 
the number of ions reaching the other plate exceeds my) owing 
to the formation of fresh ions by collisions in the space 
between the plates. If on the average each negative ion 
creates a new ions of each sort per centimetre, and each posi- 
tive ion 8, the number n reaching the other plate is given by 

__ A),(a—B6)d 
ue te Pe a— pea—B)4 

where d is the distance between the plates. 
It is perhaps unnecessary to state that the distance d 

between the plates must be long compared with the mean 
free path of the ions. 

This formula gives at once a method for estimating « and 8 
experimentally ; for if the plates are put at three different 
distances d,, dj, d, with corresponding potentiai-differences 
Xd,, Xd, Xdz, and n,, m2, ng are the numbers of ions 
arriving at the positive plate [m) being in each case the 
same], then « and 8 may be determined from the observed 
ratios n/n, and n;3/np. 

If more distances be taken, the fact that any three readings 
give the same values of « and £ affords a test of the truth of 
the theory. 

The values a and 8 having been found, there are, however, 
other methods of testing the theory. 

Hvidently 2 and 8 depend both upon the electric force X 
and upon the pressure p; and it may be proved that a/p and 
8/p must be functions of X/p. It is usual to draw curves 
with X/p as abscissa, and a/p, B/p as ordinates, and it is 
found that the points in one figure all lie on one curve, 
showing that the functional relation is satisfied. 

The most effective test, however, is cbtained by calculating 
the distance between the plates for which sparking is to be 
expected for the given electric force, for if the plates are at 

a distance a apart given by a— Belt—F)2— 0), the formula 
shows that the number of ions reaching the electrodes is 
infinitely great compared with the number originally 
generated, so that a spark will pass. It may be further 
shown that this sparking potential aX is a function of pa 
only, and it is usual to plot Xa against pa. 
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The Electrical Measurements. 

The experimental arrangements are shown in the figure. 
The parallel plate electrodes were contained ina glass bell- 
jar, and negative ions were set free initially by the incidence 
of ultra-violet light on the-top plate. The metal base had a 
hole bored in it covered by a quartz plate, through which 
the light entered. The upper plate, of zinc, was fixed toa 
micrometer-screw which could be turned from the outside, 
and by means of which the plates could be put accurately at 
any desired distance apart, from 1 to 11 mm. The lower 
plate, also of zinc, had holes cut in it through which the 
light might pass, and was attached to the top part of the 
apparatus by four ebonite pillars. To improve the insulation 
these pillars were encircled about halfway up by tinfoil 
connected to earth. The upper plate was insulated from the 
turning-handle by ebonite and connected to the electrometer ; 
the lower plate was connected to the base, which in turn 
could be put to any desired potential by ‘connecting to a 
battery of small storage-cells. 

The wires leading to the upper plate and to the tinfoil 
over the ebonite pillars were taken out of the jar through 
two ebonite plugs fixed to the glass. 

The joints were made air-tight with a plastic cement, 
while the turning-handle passed « out through a tightly fitting 
brass collar made to fit the top of the bell-jar and rendered 
air-tight by being covered on top with vaseline. 

The ultra-violet light was produced by a spark-gap in a 
leyden-jar circuit, and the method of experiment was to 
turn on the coil for 20 seconds and measure the resulting 
current through the gas by means of the electrometer and an 
electrostatic induction-balance * 

The Purification of the Gas. 

As the effects of purifying the gas are considerable, it will 
be well to explain the methods adopted for getting the gas 
as pure as possible, and to discuss the impurities neces sarily 
present owing to the form of the apparatus. 

The helium, which was very kindly given to us by 
Sir William Ramsay, was kept in the left of the two 
chambers shown in the diagram [B], being always pumped 
there at the conclusion of an experiment. The right-hand 
chamber was reserved for the purification and contained 
coconut charcoal from which moisture and other occluded 

‘ J. 8S. Townsend, Phil. Mag. [6] vol. vi. 1908, p. 59 
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gases had been previously driven by heating to about 250° in 
a vacuum and pumping off the gases set free. 

The mercury pump, shown in conjunction with the three- 

way tap D, could transfer the gas from the apparatus or 

Fig. 1. 
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the storage-chamber to the charcoal chamber. A tap A was 
also inserted for convenience. In all cases the charcoal 
chamber was first of all surrounded by liquid air and left for 
some time in order that the charcoal might reabsorb any 
gases which might have been evolved from it since the 
previous purification. The tap D was then opened connecting 
to the apparatus, so that any impurities present there might 
be absorbed. Finally the helium was admitted to the cold 
chamber a little at a time, so that the pressure was low, and 
after being there for an interval was allowed to enter the 
apparatus by again opening D. It was then pumped back 
again to B and the process repeated. The effect of each 
washing out of the apparatus with pure helium was to reduce 
very much the amount of any impurity which had not 
been already taken out. 

LARTH 
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The helium upon which the experiments were eventually 
made was kept in the purification chamber for a considerable 
time. ‘There is no doubt that the helium was rendered very 
pure by this process, a fact which was confirmed by spectro- 
scopic observation. 

The impurities due to the form of the apparatus will now 
be discussed :—In the first place a reference to the figure will 
show that mereury vapour from the pumps and gauge must 
be present in the bell-jar; but the amount, owing to the low 
peur tessure of mercury, is certainly small, and an experi- 
ment was made in which the gas entered the bell-jar through 
an additional charcoal tube in liquid air of the U-form inserted 
between the bell-jar and the parts of the apparatus containing 
mereury. The vapour was thus unable to reach the bell-jar, 
but no variation in the results obtained previously without 
this precaution could be detected. The effect of the mercury 
vapour seems therefore inappreciable. 

Secondly, the apparatus was not quite (though very nearly) 
air-tight. The leak, which was tested over about a month, 
was uniform and caused a rise in pressure of 5 mm. 
of mercury a day. An experiment to find e and 8 took 
usually a little less than an hour, and therefore the pressure 
of ls impurity present at the end of such a set was about 
zo00 mm. ; the lowest pressure of helium in an experiment 
was 1°5 mm., and therefore the maximum impurity present 
was not more than -03 per cent. 

In addition there were present vapours given off by the 
cement and vaseline used in the bell-jar. From the account 
given of the electrical arrangements it appears impossible to 
eliminate these; for instance, a quartz window had to be 
affixed and the various connecting wires had to be taken out 
of the jar. It is probable that these impurities are very 
small; the apparatus was exhausted for about six weeks 
before the helium was admitted, so that the more volatile 
gases would probably all have been given off ; and certainly 
any residue was not ange to show on the Mcleod gauge, 
which was read to 7} mm. 

Finally it was necessary to eliminate impurities.given off 
from the plates and the glass by the electric dischar. ge; the 
small currents in the gas s of the order which affect an electro- 
meter do not cause any trouble, but sparking at once brings 
off gases from the electrodes and the class, and after a spark 
had been passed no observation was ever taken till the helium 
had again been purified. The electrodes were prepared by 
sparking between them for a very long time at a low pressure 

oD 

before the helium was admitted to ihe apparatus at all. 
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Numerical results obtained. 

The results of the experiments for the determination of @ 
and # are exhibited in the following tables. The distances d 
are given in cms., the electric force X in volts per cm., the 
currents (in arbitrary units) measured as the mean of several 
observations are given as g, while the calculated values of the 
current n are given in the last row, the values of « and £, 
from which they are derived, being shown also in each table. 
The agreement between the observed and calculated values g 
and n will be noticed. 

Teer Pressure d°2 mm: 

| te ee bre, ‘4 6 7 Se 

NeME= TST. wy Lot 2:96 9-65 36-9 95 1620 

a&—5'44 

| ee | 299 | 945 | 365 95 1710 | 
|s= 07] | 

| J Talal 2 “4 6 7 
| ToL ol RE aa be PE 

| K= 900 29) sexes 2-98 9:10 | 35°6 111 

| @—5'40 | | 
ee 2°98 9°40 | 38 108 

i 082 

| 7h: eee 4 | 5 6 
| bok EE ee es ee ee eee eee SS Ae 

| K=240 gue. 10:5 20°6 551 
| pee ys ee ee 
| a@= 55 
| pi eae 10-4 21-4 553 | 
B=-12 | 
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-TasBieE [VY.— Pressure 2 mm. 

Cicadas 2, “4 6 ar 

X== 240 gees: 2°40 5°89 17:1 387 

e492 | 

Ee re OEY ( 5°88 18:0 o9'0 

| B=14 } | 

TasBLE V.—Pressure 1 mm. 

| LESION a. “4 6 ar 8 ‘9 1:0 

ZOOM Gee. ot 49 64 9:0 Ley. 20°4 

= 2°37 PM ku 
jn waste 26 46 6:4 9:0 13°2 22°5 

p=165 

The preceding tables give results from which both «and 8 
can be calculated with accuracy ; but for the low values of 

= 8 becomes very small, and in the following table only « 

has been found. ‘The value of a can be found from the fact 

TaBLe VI. 

Chiari ai 4 6 8 d 

Pressure 8 mm. 

X=" SOM es 2-4 3°6 61 2°20 

X= 160) ee. 6:7 17°5 49 4°77 

Pressure 10 mm, 

XN=2000 es 9°4 35°7 Ratt 5°60 

Pressure 25 mm. 

Xe eee Gvii LRT, ie 318 

x Sono e 72 295 nae teas 

that for small values of 8 the general equation for the current 
reduces to n=ne*, The currents for two distances are 
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sufficient to find 2, and in general only these two readings 
were taken. If more are faken there is verification, but it 
has not been thought necessary to show this agreement for 
these cases as in nies leatoov 

The values of « are given in the last column, the currents 
from which they are obtained being in the same row. 

49 80 {20 160 200 "S 

The values of | and 2 are plotted against : in figs. 2 

and 3, and it will be seen that the points lie on a continuous 

curve, proving that the functional relations between >, : Z 

and — are satisfied. 
p 
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The values obtained are exhibited in the following 
table :— 

TaBLE VII. 

= “ 8 
P P P 

5 126 

10 Lip 

20 {Dy 

38 1:03 0135 

40 1:08 0164 

80 1°83 "040 

120 21 ‘070 

200 PAY "165 

The curves obtained in 1908 for helium with an estimated 
impurity of about 2 per cent. are also put in the figs. 2 and 3, 
showing that both « and @ are diminished by a trace of 
impurity. 

The Sparking Potentials. 

The values of « and 8 given above determine the sparking 
distance a for the various pressures and electric forces from 
the formula a—Be*-8*=0. This was verified by gradually 
increasing the distance between the plates, keeping the electric 
force X per em. constant; the distances a’ at which the spark 
first appeared together with the corresponding sparking 
potential a’X are given below, the agreement between a and 
a' is very good. 

TaBLE VIII. 

X. p. a. a’. V. 

240 » ‘84. ‘1 194 

240 3 TL val 170 

200 5 “79 78 156 

198 5:2 82 83 se eee 
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These sparking potentials V are plotted as usual in fig. 4 
against pa’, and to get more points on the curve the 
following sparking potentials were also observed in the above 
described way, but without obtaining the values of « and f. 

TLApiR 1X. 

pa. WW 

1°87 175 

498 162 

16 210 

22-4 240 

35°2 280 

| 

| 
180 A 

160 

yO 

5 fore. 15 20 25 30 35 > ya 

It will be seen that for values of p and a’ such that 
va =4, a discharge will pass if 156 volts are applied : and it 

140 
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is necessary in consequence to take some precautions in 
obtaining the sparking potentials. At the higher pressures 
the distance from the charged plate to the earth connexion 
to the ebonite supports may be such that pa’ is about 4, anda 
discharge will pass to the supports before the proper potential 
is reached for a discharge between the plates. To guard 
against this in all the above determinations (Tables VIII. and 
IX.) the supports were put at a potential of 75 volts. 

At the lower pressures the spark would often pass round 
the back of the upper plate in a curved path, in the same 
way as in a Hittorf tube, the pa’ for the curved path giving 
a lower value of V than the pa’ for the straight path between 
the plates. This difficulty only occurs for values of pa’ 
considerably less than 4, and rendered it impossible to find 
the sparking potential for p=1, X=200, «=2°37, B="165, 
for which the calculated pa' is 1:2. 

The comparison of the results so far obtained with those 
obtained previously witha slightly impure gas are so striking 
that a set of experiments were made to find the effect upon 
aand @ of adding known amounts of impurity. The leak of 
the bell-jar per day afforded a convenient method of adding 
known amounts of air to the helium, and the following results 
were obtained for the currents between the plates for different 
distances, the current for distance d="2 being always taken 
as 10. 

TABLE X. 

Helium pressure 5mm. X=200. 

EMail Phe 6 es 8 | 48 

Pure Helium. ...........00.. POM Sie3t WOM. 372 | 
Helium with 1 in 400air.... 10 28°6 | 97 228 | 790 | 

»  » 2in 400...) 10 | 291 | 905) 194 | 612 | | 

» y 8in400.....) 10 | 294] 92:7) 172 | 408 | 2410 
— | 

The values of a2 and 8 were calculated from these figures 
and are given below, it not being thought necessary to include 
‘for comparison the currents calculated from the values, 
although the calculation was actually performed and the 
agreement found as good as those given in tables I. to V. 

The sparking distances a’ and the corresponding sparking 
‘potentials V are also given. 
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TABLE XI. 

Helium. p=5 mm. X= 200. 

A B Oe V 

| Pure Helium............+.- ealheiy cae "082 “78 156 

Helium +°25 p.c. air ...... Perk ‘069 "85 170 

Helium +°5 p.c. air......... 5-0 | 065 "88 176 

Helium +°75 p.c. air ...... 5:0 ‘051 93) > ea 

General Discussion of Lesults. 

The last table showsvery clearly the effect of impurities upon 
the ionizing powers of the ions. As far as « is concerned the 
effect of 3 parts in 400 of air is to reduce the value of @ by 
about 8 per cent., but the effect upon @ is very much greater, 
reducing it from ‘082 to °051, that is by nearly 40 per cent. 
The other two values of @ are not necessarily very accurate, 
as they were not tested by passing a spark for fear of adding 
more impurities to the gas, but the value °051 was thus tested 
and found correct, as was the value ‘082 in the course of the 
experiments given in Table II. 
A possible explanation for the fact that the impurities have 

a much greater effect upon the positive than upon the 
negative ions, is that they more readily attach themselves to 
the slow moving positives than to the much faster negatives; 
the positives thus loaded are less effective in producing fresh 
ions by collision, because they are longer in reaching the 
critical velocity necessary for ionization. Experiments upon 
the velocities of the positive ions in helium should give inter- 
esting results. The reduction of @ makes a very great 
difference to the sparking potential, less than 1 per cent. of 
impurity bringing it from 156 to 187 volts. 

The minimum sparking potential attained of 156 volts is 
far below that observed before for any other gas; those of 
nitrogen 298 volts, argon 233 volts, and hydrogen 273 volts, 
being the three lowest previously obtained. 

A formula can be obtained for “ in terms of x by making 

simple assumptions as to the effects of collisions on the velocity 
of the ions *. 

Jak S. Townsend, ‘Theory of Ionization of Gases by Collision,’ 
p- 23. 



Production of Condensation Nuclei in Air. 849 

Thus, if — is the mean free path for 1 mm. pressure, V 
N 

the least potential difference between the ends of a path to 
cause a negative ion to acquire sufficient velocity to generate 
others by oulllision, then when p=1 

NY 
pe INET eS 

he agreement of the «’s found with this formela for the 
values N =2°8, V=12°3, is given below. 

TABLE XII. 

DOME ae 2aon) i t60) i120) | 80.) 340) )> 20 

2 sound experimentally...) 2:37 | 2:27-| 21 | 1:83 | 1:07 | -57 

2. PS gi atem ane el Be roo 2260 Pte he SD aS it 350 

| 

This value of V is also lower than for any other gas, the next, 
among those examined, being hydrochloric acid for aaah 

Vs 16° 5 volts. For air it is 35 volts. 
In conclusion, we wish to express our thanks to Prof. 

Townsend for valuable advice during the course of the 
experiment. 

LXXX. Remarks on the Production of Condensation Nuclez in 
Air and in Vapours by Intense Cooling and by Ultra-Violet 
Light. Wr 

To the Editors of the Philosophical Magazine. yi ; 

GENTLEMEN,— 

jie connexion with the paper by Mr. Gwilym Owen which 
appeared in the Philosophical Magazine for October, 

1911, p..563, entitled ‘* Note on the Production of Nuclei in 
Air by Tntense Cooling,” I should like to lay betore vou 
some considerations which seem to explain the resulis there 
obtained. These considerations are based en a series of 
experimental researches on allied subjects which I carried 
out together with Professor P. Lenard *. 

eb bg Gooner and C. Ramsauer: “ Ueber tie Wirkungen sehr kurz- 
welligen ultravioletten Lichtes auf Gase und iiber eine sehr reiche 
Quelle dieses Lichtes,” Heidelberger Akademie. Five Parts: I. Aug. 2, 
1910; IL. Noy. 5, 1910; III. Dec. 20, 1910; IV. June 9, 1911; V. Aug.4, 
1911 
Phil. Mea Ss. 6. Vol. 230 Now lar. Moy 1912. 3. K 
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Our experiments were concerned with the action of ultra- 
violet light of very short wave-length on gases, more espe- 
cially air. By means of systematic precautions in the 
drying and purifying of the gases, directed especially 
against very small impurities which, although not otherwise 
detectable, have here a very important influence, we suc- 
ceeded in separating the ‘different actions of the hight 
(chemical action, formation of nuclei, formation of electrical 
carriers), and explaining the nature of effects due to their 
coexistence, which are often very complicated. The quanti- 
tative measurements were first made on the carriers of electric 
charge, whose size and other particulars were obtained from 
their velocity of wandering, determined by the cylinder 
condenser method. The carriers thus measured arise from 
the combination of larger nuclei, originally uncharged, with 
carriers of molecular size, so these measurements give in- 
formation concerning the size, number, and formation of the 
nuclei themselves. The electrical measurements therefcre 
solve the same questions as can be answered by means cf 
Wilson’s experiment, as in the work of Mr. Owen ™*. 

It is thus possible for us to compare the results we 
obtained with cooling directly with those of Mr. Owen f. 
We observed the same facts as he did. If carefully dried air 
is cooled to a low temperature, uncharged nuclei are formed, 
which in our experiments, where the cooling was only used 
for purification, were removed by passage through a filter, 
also cooled. These nuclei, however, do not consist of 
ageregates of air molecules, but of condensed gases (COs, 
NH;, organic vapours, last traces of H 20) present in small 
quantities in the air, as follows from ile fact that the 
formation of nuclei by means of ultra-violet light observed 
before no longer takes place after cooling. This formation 
of nuclei is, however, immediately restored if the air, after 
purification as above, passes over surfaces of any materi al, 
though these may be clean in the ordinary sense (for instance, 
al short, clean, glass tube which has not previously heen 
glowed). Thies due to the surfaces spontaneously giving 
off traces of vapour, which they have absorbed from the 
atmospheric air. Only by heating all the walls of the vessel 
to a dull redness, until the olass becomes soft, for instance, 

* Prof. Becker has worked out in this way an electrical method of 
measuring the size of nuclei, by using Réintgen rays to produce the 
carriers br electric charge, and so ay oiding the ‘complication of formution 
of nuclei by the hight asad 

+ Lenard and Ramsauer, loc. cit. See especially Part III. 
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ean we get rid of the formation of nuclei, that is, of these 
traces of vapour. 
We may, I think, therefore assume that in Mr. Owen’s 

experiments the nuclei consist neither of HO, as the pre- 
liminary drying was so extremely careful, nor of agoregates 
of air molecules, but of ageregates of the before-mentioned 
easily esudenwedhe gases Ave vapours, which are continuously 
given off spontaneously from the walls and the phosphorus 
pentoxide during the prolonged course of the experiment, 
and also especially on the alteration of pressure during the 
cooling, and which are formed through the action of cold 
into nuclei. For however careful the drying and purification 
may be, they do not suffice, according to our experience, to 
remove these constituents, as it was impossible for Mr. Owen 
to heat the taps, and the glass in their neighbourhood, 
sufficiently; the evolution of gases from the phosphorus 
pentoxide must also be taken into account. 

Apart from these considerations, our experiments give a 
direct proof that, if the air were completely freed from the 
minor constituents mentioned, the phenomena could not 
have occurred *. We boiled off air from liquid air, and 
brought the current of air at once to the room temperature 
by passing it through a thin glass tube immersed in cold 
water ; the vessel where the gas was subjected to the rays 
and all the tubes leadin @ to it had been previously heated to 
500° C. The air was then subjected to Schumann ultra-violet 
light (wave-length less than 180), which, according to 
our experiments, produces carriers of electricity in the chief 
gases of the atmosphere, owing to its selective absorption, 
With this arrangement the agoregates of air molecules 
observed by Mr. Gaon ought certuinly to have been present, 
as the air immediately after Vaporising possesses a temper: ture 
more than sufficiently low; thea goregates ought also to have 
persisted during their passage to the vessel where the air is 
exposed to the rays, as the duration of this passage was much 
shorter than in Mr. Owen’s experiments. The aggregates 
would have been detected in the measurements by the com- 
bination with carriers of electricity which always takes place. 
However, only carriers of about molecular size were observed, 
which are formed from the gas itself, and, for instance, do 
not have any effect on Helmholtz’s steam-jet. 

It is thus made certain that these molecular aggregates 
are not formed in very pure air, and thus that they must be 
formed of the minor constituents, which are always present 

* Lenard and Ramsauer, Joc. c’t. See Part V. 

ok 2 
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in the air and are adsorbed atall the surfaces of the apparatus, 
to be afterwards slowly given up spontaneously if the sur- 
faces are not freed from them by vigorous heating. The 
formation of the aggregates in Mr. Owen’s experiments is 
thus due to easily condensed minor constituents of the el oh 
which are first adsorbed and afterwards slowly given up by 
the walls and the phosphorus pentoxide, as ‘these were not 
safficiently heated. 

Also with regard to another paper of Mr. Owen’s (Phil. 
Mag. April 1911, p. £05, “* On Condensation Nuclei produced 
hy the Action of Light on Iodine Vapour”), in explanation 
of effects there described I should like to call attention to 
our experiments (P. Lenard and C. Ramsaner, op. cit. 
Part IIT.), where we have shown that glass-wool and ev ery 
glass surface that has not been strong oly heated continuously 
gives off adsorbed minor constituents of the air, which on the 
production of ozone by ultra-violet light always lead to the 
formation of nuclei ; now, according to Mr. Owen himself, 
ozone is formedin his experiments. The regeneration of the 
effect on washing the walls with distilled water is explained 
by the fact that the water must contain dissolved small 
quantities of the vapours and gases mentioned before (for 
instance, NH;), and as it earl: down give these up to the 
glass walls through adsorption. These “observations led us 
to construct asbestos filters of combustion olass, which could 
always be c'eansed by being heated to a eee, while glass- 
wool or cotton-wool filters, which are generally used finally 
to free a current of purified air from “dust, have just the 
opposite effect, and charge the air again w ith all the i impu- 
nines aeiich have been previously removed, thus vitiating 
the results. All previous work on the action of ultra-violet 
light on gases, and especially on the formation of nuclei in 
eases, suffer from this source of error. 

IT am, Gentlemen, 

Yours faithfully, 

Radiologisches Institut, CARL RAMSAUER. 
Ileidelberg, Pao. A011. 

LXXXI. A Note on the Electrification of the Atmosphere and 
Surface of the Harth. By W. A. Doveras Ru DGE, Pro- 
fessor of Physies, University C ollege, Bloemfontein *. 

N the course of some work on the value of the atmospheric 
potential g1 radient in South Africa, the author has 

pointed out the important influence exerted by the clouds of 
dust raised by the wind. The normal fine weather charge 

* Communicated by the Author. 
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possessed by the atmosphere is of course positive, and in 
Bloemfontein, at an elevation of 4500 it., seldom seennls a 
maximum value of 200 volts per metre. But during a dust 
storm the sign of the charge changes, and wives rise to 
values exceeding 500 volts per metre. It is not ee 
for the 1:. strument used for ileus the potential to be 
actually in the dust itself, for a ‘dust dewil,”” <¢., a whirl- 
ee which carries np a column ‘ fine sand, sometimes two 

r three hundred feet in height, can produc eal wel ye Mer 
an e effect at a distance of more than ree miles, reversing 
the positive charge in the air and giving % 1 large negative 
one. 

It is generally believed that as a consequence of the air- 
earth current flowing into the earth, the latter possesses a 
negative charge ; an explanation of dhe negative potential 
‘aused by the dust storm appeared to le in assuming that 
the particles of sand carried up. by the wind, being them- 
selves negatively charged, gave rise to the negative potential. 
But this is not the case, “hon, as will be shown, the dust 
particles are positively charged, and, at all ev ae in the 
situation where the observations were carried out, the surface 
of the earth is also charged with positive electricity. 

The climate of South “Africa is, on account of its dryness, 
eminently suitable for observations on atmospheric slow 
tricity ; but it is quite possible that similar conditions ma 
prevail elsewhere, and the following experiments may vein 
be successful in other places. 

(1) Lhe charge upon the Larth’s Surface-—lt the earth is 
a charged body, it seemed that it might be possible to remove 
ap ortion of ale charge, and test its magnitude and nature by 
an electroscope. So with this object the writer used a large 
proof plane, about 500 sq. em. in area, composed of gilded 
wood (originally made by Sir Wm. Snow Harris for his 
weight electrometer) attached to a long cbonite rod; the 
surface of the earth and objects upon it were tested by 
touching for an instant, and then carrying the proof plane 
to an electroscope placed upon a step- ladder at a height of 
2 metres above the ground. When this was done the 
proot pli ne was found to have a positive charge iu all cases 
The magnitude of the charge, however, depended upon the 
nature of the material with which the proof plane had been 
in contact, the most satisfactory surface being that of the 
firmly compacted soil. 

The method of prada a the experiment was then modi- 
fied, so that the observer could take observations without 
leaving the clectroscope. 
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A long light rod of wood was balanced upon a pivot. To 
the end of the wooden rod an ebonite one was attached, and 
from this there was suspended an aluminium plate about 

4 sq. metre in area, and from this a fine wire was taken to 

the electroscope. By tilting the counterpoised end of the 
rod, the plate could be put in contact with the earth, then 
quickly 1 raised to a height of about 4 metres above 7 any 
charge removed from the earth being indicated by the elec- 
troscope. By this means it was shown that the surface of 
the ground did possess a positive charge which, although 
small, was quite definite. 

Tf a block of insulating material {even dry wood will 
answer in this climate) was placed so that the plate rested in 
contact with it, but did not touch the ground, then no charge 
was obtained, aad only a small charge if a block of dolerite 
was used, but coating the wood with tinfoil allowed of a char ge 
being obtained. 

It must be pointed out that these experiments were 
carried out in dry weather when tle earth’s surface was 
very poorly conducting. It is quite conceivable that in wet 
weather a different result might have been shown; but under 
the conditions of the exp eriment there cer tainly was a 
definite charge of positive electricity. In order to prevent 
the possibility of there being any electrification due_ to 
friction between the plate and the earth, a small spiral spring 
was attached to the plate, so that it could make contact with 
the earth without rubbing against it. 

(2) The charae upon the Dust carried wp by the Wind.— 
In order to collect the charge in the air, a plate coated with 
radium was attached to the electrometer. Various means 
were adopted by which a cloud of dust could be raised, such 
as throwing a handful of dust into the air; by directing a 
stream of air froma pair of bellows against a heap of fine 
dust; by shaking from the end of a pole a fine muslin bag 
flied with fine 1: y sandy earth; and lastly, and most effica- 

4 

ciously, by setting a team of mules to plough up the dry 
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earth. In all these cases, an electroscope placed at some 
little distance from the cloud gave indications of a negative 
charge being present in the air. This could be detected by 
the onmali positive charge indicated by the electroscope 
becoming smaller, or if the distance was less than 50 metres 
the charge olay be reversed and potentials up to 200 volts 
per metre registered. 

In the course of these experiments, it was noticed that if 
the dust fell upon the electroscope the effect was smaller, 
as though the dust had imparted a charge of a character 
een from that given by the air, and further investiga- 
tion showed this to be the ease. The charge upon the dae! 

cs 

was always positive. This was easily shown by taking a 
conical net of fine wire gauze, drawing it rapidly through 
the cloud so as to catch some of the dust raised by the plough, 
and then putting it in communication with the electroscope, 
when avery strong charge of positive electricity was shown, 
and on some occasions small sparks were drawn from the net. 

The negative charge indicated by the electroscope during 
a dust storm must thus reside in the air itself, and not in the 
dust particles caught up by the wind. By way of contrast, 
it may be noted that when steam suffers condensation in the 
open air, it gives to the air a positive charge which persists 
after the cloud has disappeared. The general electrification 
produced by raising dust composed of different materials has 
been investigated, and will form the subject of a future 
paper. 

Note added April 3rd. 

During a journey from South Africa to Europe obser- 
vations were taken as occasion offered, and the following may 
be of interest. 

On March 7th the normal electrification of the atmosphere 
near Cairo was positive, and at 7 A.M. of the order of 150 volts 
per metre. On following in the track of a caravan of camels 
near the Pyramids the potential varied from zero to 50 volts 
per metre negative. On March 14th, at Pozzuoli near Naples, 
the potential gradient at sea-level was 80 volts per metre and 
positive. On, ascending to the summit of the Nolfatara, the 
potential fell to zero owing to the action of the steam- jets 
issuing from the volcano, but on stirring up the fine voleanic 
dust lying ¢ round the vente. a cloud was raised and this caused 
a negative potential gradient reaching to 100 volts per metre. 
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LXXXI. Theory of Ionization by Collision. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 
ic a paper on the theory of ionization by collision, pub- 

lished in the March number of the Philosophical 
Magazine, Mr. Campbell criticises my w ork on that subject, 
and explains what he imagines is the basis on which the 
theory depends. Iwould like to point out afew facts in con- 
nexion with that subject, and also to make some remarksen the 
following statements which appear among his conclusions :— 

1. With regard to my assumption that the negative ion 
does not under; go any permanent change in its properties a as 
a consequence “of repeated collisions, “‘ This assumption is 
contradictory to the older view of ionization by collision, 
according to which the negative ion when first formed is an 
electron, “but subsequently becomes a complex ion by gathering 
round it neutral molecules.” 

2. The mathematical argument is sketched, and it is pointed 
out that it contains an error. 

With regard to the older views of the theory, as they 
appeared in print, I think Mr. Campbell will find he is 
mistaken. I have always held the same view with regard 
to the electronic state of the negative ion when ionization by 
collision is taking place. As far as I can find, the first paper 
in which ionization by collision is mentioned as providing a 
solution of any electrical probiem is that which 1 published 
in ‘ Nature,’ August 9, 1900, describing the results obtained 
with negative ions produced by Rontgen rays. A more 
detailed examination was made of those experiments in the 
paper in the Philosophical Magazine, Feb. 1901, in which it 
was shown that if the negative ions generate others at a rate 
a per centimetre under a force X in a gas at pressure p, the 

e : 5 e . 

three variables must be connected by an equation of the form 

= =f (*) the hypothesis being that the negative ions act as 
D 

ionizing agents throughout the whole time they are in the 
gas, and that the positive ions are cumparatively inactive. 
The experiments are not so accurate as those made with 
ultra-violet light, not because of the mathematical difficulty 
of expressing the currents, but because the initial distribution 
of the ions in the gas is unknown. They were quoted in my 
book to which Mr. Campbell refers as showing that the 
negative ions generated by Rontgen rays from the molecules 
of any gas are all the same, being small compared with the 
molecule of hydrogen, and identical with the ions set free 
from a metal surface by ultra-violet light. This fact is of 
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importance, and I do not know of any previous experiments 
which show that the negative ions generated by Rontgen rays 
from molecules are electrons and not atoms. 

The view that negative electrons combine with molecules 
or form groups of molecules when the electric force is so 
great that ionizatien by collision takes place, is a contribution 
to the theory which was subsequently made by Professor Sir 
J. J. Thomson in a paper that appeared in the Philosophical 
Magazine, April 1901. I do not know what experimenial 
evidence there is in favour of it, but I did not neglect to 
consider it, as Mr. Campbell implies. In my book on the 
subject of Jonization by Collision, I dealt with the matter 
and mentioned two reasons against that hypothesis. One, 
which is explained in the latter portion of the book, was 
based on some accurate determinations of currents between 
parallel plates when negative ions were produced by col- 
lisions; the other was based on experiments on the motion 
of negative ions when forces much smaller than those re- 
quired to generate ions by collisions were acting. On the 
Jatter subject the reader was referred to some papers pub- 
lished in the ‘ Proceedings’ of the Royal Society. 

Perhaps I may mention some values I have recently obtained 
for the rates of diffusion of negative ions into air at various 
pressures, as thev illustrate the substance of the second 
argument. 

The coethcient of diffusion is not independent of the electric 
force. When a small force 1°5 volts per centimetre is acting 
the coefficients of diffusion of the negative ions into air are 
045, 54, and 33000, at pressures 760 millimetres, 16°5 milli- 
eee. and 4-5 nat lltasree respectively. 

The number corresponding to the pressure 4°5 was obtained 
with ions that had made on au average 8000 collisions wiih 
molecules of air before their motion was inv estigated. If 
there was any tendency for the ions to become attached to 
molecules they had ample opportunity of doing so, and ne 
rate of diffusion would then have been smaller than the rate 
of diffusion of hydrogen molecules. 

The rate of diffusion of hydrogen into air at 4°5 millimetres 
pressure is about 105. This number differs considerably 
from 33000, which shows that, even after making 8000 
collisions w ith molecules, the large majority of the ions must 
be in the electronic state at any time. If this state persists 
to such an extent when a low force 1°5 volts per centimetre 
is acting, it is more than likely that it should persist toa 
greater extent under such forces as are sufliciently large to 
produce i ionization by collision. 

The second conclusion as to the erroneous nature of the 
mathematical work is, as far as IT can gather, to be found in 
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the equations for currents between parallel plates and in the 
method of representinga certain curve obtained experimentally 
by a mathematical formula. 

The most accurate experiments, namely, those with ultra- 
violet light, from which all the numbers given in the tables 
and curves were deduced, are as follows. When ions start 
from one plate and travel towards another parallel plate at 
distances x, .’y,&e., from the first plate, the numbers my, %», &e., 
that arrive at the second plate are given accurately by the 
formula n=n e%”. This is exactly what would be expected 
from the theory on the assumption that on an average a 
negative ion moving under a constant force generates @ lons 
per centimetre of the gas. As in all experiments in which 
a mean constant velocity is attained in a resisting medium, 
the first distance must be sufficiently great to allow the ions 
to assume that velocity. No experiments were made at short 
distances, or with small potential differences between the 
electrodes of the order of 20 or 30 volts. It is not necessary 
to specify the mean velocity more particularly than to define 
it as the mean velocity of the ions atter those that are 
initially started have traversed several free paths. In the 
mean velocity obviously it is necessary to reckon the velocities 
of ions that have just been generated. Under these conditions 
the mean velocity of ions traversing planes at distances 
21, Ly, &c. from the plane «=0 will all be the same, and mathe- 
matically it is correct to say that the numbers arriving at 
those distances are given by the equation m= 1 e#*. 

Mr. Campbell wishes for a formula that would apply to 
distances so short that the final mean velocity would not be 
attained in it. I cannot see of what use it would be in these 
experiments. The expression n==n,e¢ appears to be no 
more erroneous for the values of x that have been used 
than the expression M/r? for the force outside a spherical 
distribution of attracting matter, which does not hold when 
x becomes smaller than the distance of the outer layers from 
the centre. 

The most important step in establishing the theory is to show 

that the experimental results satisfy the relation = =f (=). 

The theory requires that this formula should hold 
between the variables, and it has been found to be satisfied 
accurately. 

Mr. Campbell seems to think that the basis of the theory 
depends on being able to express the function f accurately 
by means of a mathematical formula. This is where his 
criticism is most at fault. In order to obtain any formula 
to express this function it is necessary to make many 
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assumptions, none of which are required by the theory. We 
have no knowledge as to the exact effect of a collision on the 
velocity of an ion when the velocities are very large, and 
the probability of guessing the correct assumptions is very 
small indeed. Under these conditions one selects that ex- 
pression for the velocities which gives the simplest formula 
for the curve. Asit happens, a very simple formula, agreeing 
accurately with the larger values of «, can be obtained. In 
one respect it is unfortunate perhaps that the formula which 
I gave does agree with the curves so accurately, as it has led 
some people to think that it is an integral part of the basis 
of the theory. As a matter of fact, several such expressions 
for « may be found which do not differ from the observed 
uumbers by quantities greater than the experimental errors, 
and it is therefore impossible to decide from the experiments 
which are the most correct. 

The maximum value of @ is of the same order as obtained 
from many of the formule, so that possibly the values of N 
that have been found are correct within 10 per cent. 

The subsequent deductions that can be made from the 
numbers given for N, as to the sizes of molecules, involve 
further uncertainties. Thus it is assumed, for instance, that 
the velocity of agitation of the ions may be neglected. It 
may be shown experimentally that as the force increases the 
velocity of agitation of the ions increases abnormally, and 
the sum of the paths traversed by an ion in going one centi- 
metre in the direction of the force may be appreciably greater 
than one centimetre. On this account the values obtained 
for the diameters of the molecules are probably not as correct 
as the determination of the maximum values of N. 

Mr. Campbell states that his estimates of the diameters of 
molecules are nearer those obtained by the theory of viscosity, 
than the estimates which I gave. It should be remembered, 
however, that the value obtained for the diameter of a molecule 
depends on the specification of a collision, and a collision as 
defined by this theory is not the same as a collision as defined 
in the ordinary theory of viscosity. The diameter of the 
molecules obtained by the different methods are not necessarily 
the same. Mr. Campbell’s statements appear therefore to be 
incorrect as regards any matter that is of importance in 
connexion with the theory of ionization by collision. With 
regard to other matters, such as the diameters of molecules, 
his conclusions must be very uncertain. They depend on the 
validity of his assumptions as to the effects of various kinds 
of collisions on the velocity of the ions, and there is no 
evidence to show that his hypotheses are correct. 

Yours truly, 
JOHN 8S. TOWNSEND. 
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LXXXIII. On the Trisection of an Angle. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

| Mr. Maskelyne’s figure (Phil. Mag. April, p. 647) 

tg—£,| ah=y, 

DOC=CE Wi iou) alee 

Then i al gt 3 pclae 
aj=Yy= 7" COS 53 

a 

and sin @ ysin 0 
eae eal adg= ., : : 
Y2— cosa acl) cos v7 

so that the equation to determine @ is 

: PLAICE 
6 sin @+8 sin (a—@)—8sin5 =0, 

. : ay Os a 

whichis notisatzied by @=.,. 
) 

Let a=6£8, 0=28+e. 

Then if 8 is small, 

4 2 Qe 
eS 5 eo = ? 

o 

which gives an approximation to the error. 

So possibly the eminent men are right. 

Yours faithfully, 

Newnham College, Cambridge, i Hitpa P. Hupso 
April 1912. 

LAXXIV. Ou the Trisection of an Angle. 

To the Lditors of the Philosophical Magazine. 

1 Selwyn Gardens, Cambridge, 
GENTLEMEN ,— . 16th April, 1912. 

We seems unnecessary to give any formal proof tha 
Mr. Maskelyne’s construction (Phil. Mag. April ie 

p- 646) cannot trisect an angle with Cones but it may 
be of some interest to estimate the degree of accuracy in 
his approximation. 

For a small angle the error seems to be of the order of the 
cube of the angle; thus an angle 3a is divided by this method 
into parts which are approximately a-+ la’, a—4a3, at fa’, 
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if a is small. For larger angles, numerical calculation is 
the only process available. T'he accompanying table gives 
the parts into which the angles entered in the first column 
are divided by the construction : ; the results are given in 
degrees and decimals, of sainctelh the last figure is only 
approximate. 

SOR 10:05 | $90 10:05 
coe hi 20S aaa ee 20°33 
OOF ee eee sDO5) (I. 28:10 30 95 
Oa aatue Wakes sll. 86.6! 41-68 
PSO Maree ey atl 2-43 

It will be seen that the error appears to increase with the 
angle, being about a degree for an angle of 90°, and nearly 

wi Gegrees OE an angle of 150° 

roe faithfully, 
T. J. Va. Bromwicu. 

LXXXV. Note on the Trisection of an Angle. 
By J. RK. Cotter, MZ. A.* 

y ITH reference to the point raised by Mr. Maskelyne 
in the last issue of the Philosophical Magazine, viz., 

the mechanical trisection of an angle, the following device 
is perhaps the simplest that can be suggested. 

AB, BC, CD are three 
equal ‘rods ‘jointed at B and 
\. If A Hes on CD or on 
CD produced (as in the 
figure), and if the amie} 
BDC is a, then the other 
angles hewme the values given 
in Tne figure, since ABG and 
BCD are isosceles triangles. 
If then we make the point 
A slide on CD produced, till 
the exterior angle DBE has 

a given value, the angle BDC will give the required third 
part, 

This method does not of course claim to be a ‘ rule and 
compass ” method. 

* Communieated by the Author, 



fweooe |) 

~LXXXVI. Notices respecting New Books. 

Some Problems of Geodynamics. By A. HK. H. Love, M.A., D.Se., 
F.RS. Cambridge University Press. 1911. 

The Tides and Kindred Phenomena of the Solar System. By Sir 
GrorGE Howarp Darwin, K.C.B. Third Edition. London: 
John Murray, 1911. 

Proressor Love’s Essay was awarded the Adams Prize in the 
University of Cambridge in 1911. It is a mathematical treatise 
which discusses the origin and nature of the various stresses which 
exist in the interior of the earth. ‘lhe problems attacked and the 
main conclusions reached are given in non-mathematical form in 
an introductory Abstract of 17 pages; and in most of the chapters 
the average reader will find pastures of easy English on which to 
feed his scientific curiosity. 

Differing in form and yet treating in part of some of the same 
problems, Sir George Darwin’s book on the Tides, originally 
published in 1898, is now issued in its Third Edition. The 
kindred phenomena spoken of in the secondary title include dis- 
cussions of Saturn’s Rings and Satellite systems in general, of the 
origin of spiral nebule and double stars, and in fact the evolution 
of the cosmos. ‘Tidal action in the true Newtonian sense of the 
term is the never ceasing agency which brings about the wonder- 
ful variety of configuration of stellar systems distributed through 
space. 

The most important of the problems discussed by both authors 
is the tidal deformation of the earth’s crust, the existence of which 
was first demonstrated a few years ago by Dr. Hecker of Potsdam, 
now of Strassburg. The search for this yielding of the earth 
as a whole to the tidal action of sun and moon was initiated in 
1863 by Lord Kelvin, then William Thomson; but it was not till 
the lapse of 44 years of strenuous endeavour on the part of several 
independent investigators that a definite result was gained. An 
unlooked-for lack of symmetry in the amount of yield of the 
earth’s crust is made the subject of a special investigation by 
Professor Love; and following his suggestions the International 
Seismological Association have determined to instal suitable instru- 
ments in variously situated localities near to and far from the 
ocean. 
Among other interesting questions, Professor Love works out 

the problems of gravitationa! instability, first expounded by Jeans, 
and concludes his essay with a thorough discussion of the vibra- 
tions of a gravitating compressible planet and the propagation of 
seismic waves through the mass or over the surface. One general 
conclusion of all this recent research is thus put by Sir George 
Darwin: “ Although there are still some—principally amongst 
geologists—who believe in the existence of liquid matter under 
the solid crust of the earth, yet the arguments which I have 
sketched appear to most men of science conclusive against such 
belief.” . 
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Both authors are to be congratulated upon the lucidity of their 
expositions of difficult problems, towards the solution of which 
they have each made valuable contributions. Professor Love’s 
mathematical presentation of the subject is elegant and powerful, 
the fundamental assumptions being clearly laid down, and the 
interpretations of the formule fully given. It is a model for all 
future investigations along these lines. 

A Treatise on Dynamics, with Examples ant Exercises. By 
Anprew Gray, LL.D., F.RS., and JAMES Gorpon Gray, D.Sc. 
Macmillan & Co. Limited. London, 1911. 

Analytical Mechanics, comprising the Kinetics and Statics of Solids 
and Fluids. By Epwin H. Barton, D.Sc., ete. Longmans, 
Green & Co. London, 1911. 

No student aiming at higher work in Physics, Engineering, 
and Astronomy, can afford to negiect the thorough study ot 
dynamical science. To meet the needs of such students, Pro- 
fessor Gray of Glasgow and Professor Barton of Nottingham have 
almost simultaneously prepared and published the treatises named 
above. It may be said at once that the three authors (for Pro- 
fessor Gray has his son as collaborator) are to be congratulated on 
the excellent manner in which they have done their work. Which- 
ever book the student takes as his guide he will be well led. Pro- 
fessor Barton says that his “work is not written to any one 
examination syllabus.” Yet it is a pity that he should have 
emphasised the examination system as an end-all by the explicit 
mention of the examination papers from which he has culled 
many of the examples. Most of those labled “ Lond. B.Se.” do 
not differ essentially from old familiar friends who first saw the 
lieht in the Cambridge Senate House perhaps a generation ago. 
Very rarely has the examiner on the intermediate standard 
produced a real original question during the last ten years. 
What is here protested against is not the inclusion of the question 
as a valuable exercise for the student, but the addition in capitals 
of a certain examination it figured in, thereby tending to emphasise 
unduly in the students’ eyes this least satisfactory part of our 
educational methods. 

The distinctive features of the books may be indicated by 
the following comparisons. Professor Barton takes a wider 
sweep over the dynamics of solids and fluids, discussing for 
example the simpler problems of hydrodynamics and elasticity. 
Professor Gray limits himself to particles and rigid solids and the 
statics of flexible strings, omitting even Attractions and Potential ; 
but he carries the discussion into higherfields. Both authors devote 
a chapter to gyroscopic motions; but here again, as was to be 
expected in one who had been trained under Kelvin, Professor 
Gray enters much more fully into the many problems which illus- 
trate what Maxwell called ‘gyrostatie domination.’ Professor 
Barton gives an interesting sketch of the recent attempts to 
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substitute for Newton’s Laws of Motion a more logical series of 
enunciations. Professor Gray makes not the least- reference to 
these discussions. He explains simply the meanings of the Laws, 
and in his seventh chapter gives a remarkable and original series 
of applications of the principles to such practical questions as the 
efficiency of brakes, the dynamics of self-propelled vehicles, the 
effect of small periodic variations on the motion of a carriage or 
ship, etc. In his chapter on general dynamical methods, Professor 
Gray develops the methods associated with the names of Lagrange, 
Hamilton, Jacobi, Kelvin, Bertrand, and others, giving a clear 
account of the distinction between holonomous and not holonomous 
systems. By restricting himself to the more elementary modes of 
treatment, Professor Barton gains space for more detailed study of 
the statics of rigid bodies, which will commend the book more 
especially to engineering students. He has also a chapter on 
mechanisms. These remarks may suffice to show that, although 
they have nuch in common, the books are markedly distinct. 
Each has its merits; and when due regard is paid to the aims of 
the authors the demerits, if there be any, are negligible. 

Recent publications of the U.S. Coast and Geodetic Survey 
include :— 

(a) Distribution of the Magnetic Declination in the United States for 
anuary 1, 1910. 

(b) Results of Observations made at the... Magnetic Observatory at 
Vieques, Porto Rico, 1907 and 1908. 

(c) Results of Observations made at the... Magnetic Observatory at 
Baldwin, Kans., 1907-09. 

(d) Results of Mugnetic Observations made...between July 1, 1910, 
and June 50, 1911. 

In (a) there is a large size declination chart, showing the 
isogonals (lines of equal declination) and lines of equal rates of 
secular change for the epoch censidered. There are also particulars 
of secular change for previous epoclis at a number of stations. 

‘ne records of magnetic observations—diurnal inequalities, 
copies of magnetic storms, ete.—in (6) and (c) follow the same 
lines as in previous years. The most notable special events which 
they chronicle are that the Vieques Observatory has been moved 
to new quarters at a small distance from the original ones, and 
that the Baldwin Observatory has been discontinued and the 
instruments transferred to a new observatory at Tucson, Arizona. 
(¢) gives particulars of a year’s field work carried out by the 
magnetic olservers of the American Survey. The land stations 
occupied numbered 351, about a quarter being “ repeat” stations, 
used for the determination of secular change. The positions of 
the stations are described, as well as the results of the observations 
at each. At sea the observations taken by the surveying vessels 
numbered 35, the majority being taken on the Pacific Ocean. 
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LXXXVII. On the Nature and Velocity of Migration of 
the Carriers of Electricity in Flames containing Metallic 
Vapours. By H. N. va C. AnpRADE, B.Se., Ph.D., 1851 
Exhibition Scholar of University College, London * 

§ 1. Introduction. 

ee experiments here described, which were carried out 
in the Radiologisches Institut of the University of 

Heidelberg, are primarily concerned with the velocity of mi- 
gration and origin of the positive carriers of electricity which 
are formed when a metallic salt is brought into the Bunsen 
flame. Lenard ft has shown that if a bead of a salt of one of the 
alkali metals be brought into the Bunsen flame, the coloured 
streak so formed is deviated in an electric field, and behaves as 
if positively charged. He estimates the velocity of migration 
of the carriers in unit field from the inclination of the luminous 
streak, and the upward velocity of the flame, Previously to 
Menard? paper H. A. Wilson f, using two horizontal elec- 
trodes in the flame itself, had measured the velocity of the 

. positive carriers by driving them down against the current 
of the fame gases: he estimates the field ‘required to bring 
them to the lower electrode by the current between the 
electrodes. The value obtained by Wilson is about 1000 

* Communicated by Prof. Sir J. J. Thomson. 
+ P. Lenard, Ann. der Physik (4) ix. _p. 642 (1902). 
AN. Wilson, Phil. Trans. A. excii. p. 499 (1899). 

Phil. Mag. S. 6. Vol. 23. No. 138. June 1912. 3 L 
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times as great as that of Lenard, e. g. for lithium he finds 

sie jolt aval eter’ Oo 222 von From this 
sec. 7 Cm. sec.f Cm. 

Lenard (loc. cit. p. 647) infers the probability of the existence 
of two kinds of positive carriers, but there appears to have 
been no attempt made to ilemane nese this with certainty, or 
to explain the discrepancy. 

It seemed to me desirable to establish clearly the simul- 
taneous existence of, and distinguish the difference between, 
the two kinds of positive carriers, and especiully to show the 
existence of both kinds with a common method. ‘The 
arrangement adopted was similar to that used by Lenard for 
deflecting the coloured streak, the electrodes being vertical 
and outside the flame: the Wilson carriers, which are 
invisible, are then driven sideways cut of the flame, and 
detected as described later. Their velocity has Chee 
measured, and found to be smaller than that given by 
Wilson ; experimental and theoretical grounds are brought 
forward for supposing that Wilson and subsequent experi- 
menters using his method have made an erroneous assumption 
as to the origin of these carriers, which makes the velocity 
work out too high. 

It has been shown in the course of the work to be described 
that the taster positive carriers are metallic, like the slower 
ones, probably metal atoms, thus contradicting the theory 
that the positive carriers in flames are hydrogen. Expe- 
riments have also been made on the negative carriers, 
showing, among other things, that metallic negative carriers 
exist. 

For convenience the slower positive carriers which form 
the luminous streak, whose velocity was measured by Lenard, 
ll cere de he Sollee ing be called “ carriers of the first 
kind” ; the faster carriers, not seen as luminous, measured 
by W. leet. “carriers of the second kind.” 

A critique of previous work on the subject will be found 
at the end of the paper. 

§ 2. Method and Apparatus. 

The essence of the method is as follows: the flame is 
placed between two plate electrodes, one earthed, and the 
other insulated and connected with an electric machine ; the 
fast moving positive carriers are in this way driven sideway s 
out of the “flame, and some of them fall upon an insulated 
platinum strip, which is connected to earth through a high 

fo) 

resistance galvanometer, and is fixed close to the earthed 
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electrode, so that the uniformity of the field is not disturbed 
by it. The presence of the carriers is detected by the current 
through the galvanometer caused by the introduction of the 
bead of salt into the flame, 

The earthed electrode is a massive brass plate, 6 cm. x 
8 cm. x 0:5 cm.; to this is fastened a strip of brass pierced 
by a vertical slot, in which runs a brass piece holding an 
amber insulation: through the amber passes a stout wire 
holding the horizontal strip of platinum foil, 4 mm. xX 50 mm., 
close to and parallel to the electrode. The brass piece can 
be clamped by a screw at any given height, and its position 
read off on a scale fastened to the slot. The other electrode 
is a brass plate similar to the earthed electrode, but insulated 
onamber; it is joined up toa ‘* Mercedes ” influence machine, 
through a reverser arranged so that either pole can be con- 
nected to the electrode, the other to earth. Between the 
electrodes, not touching either of them, burns a non-luminous 
flame of air and gas from a burner provided with a quartz 
flame piece, giving a flat flame about 20 mm. wide and 6 mm. 
thick, the plane of the flame being at right angles to that of 
the electrodes. By means of a small electromagnet, the 
current through which is controlled by a variable resistance, 
a platinum loop containing the given salt can be brought 
gradually into the flame; the platinum wire is insulated 
from the iron armature which supports it. The galvano- 
meter, one pole of which is connected to the insulated 
platinum strip, the other to earth, is of the D’Arsonval type, 
with 4 resistance of 10,000 ohms; it is usually shunted with 
a resistance of 1900 ohins. 

The potential of the insulated electrode is kept constant by 
a spark-gap connected in parallel, ‘This potential is measured 
on a rough electrometer ; the potential fall in the flame by 
means of two parallel“ probes ”’ of fine platinum wire placed 
in the flame itself, and connected to a small aluminium leaf 
electrometer, which is insulated, the outer case being con- 
nected to one probe and the leaf to the other, The electro- 
meter is protected by an earthed net. For the smaller 
potential falJs used in the final and more accurate experi- 
ments on the yelocities of the faster carriers, a bifilar 
electrometer is used, the two threads being in this instrument 
surrounded by an insulated cylinder inside the outer metal 
ease, which outer case is earthed, 

The probes are placed in the flame between the luminous 
streak and the negative electrode ; it then makes practically 
no difference in the potential fall whether the streak is 
present or not, If the potential difference is measured in the 

? . 
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luminous streak itself, it is found to be smaller than in the 
pure flame, but, with such amounts of salt as were used, by 
not more than 20 per cent. It is to be noticed that this is 
the case when the potential is maintained by cold electrodes 
outside the flame; when the electrodes maintaining the 
potential are platinum glowing in the flame, as in all previous 
experiments on the velocity of the faster positive carriers, 
the case is very different, the distribution of potential being 
very much altered by the presence of the salt in contact with 
one or both of the glowing electrodes. 

§ 3. Determination of the Velocity from the distribution 
of the faster carriers. 

When the insulated platinum strip is opposite the flame, 
and the insulated electrode is positively charged, there is a 
deflexion of the galvanometer, which remains constant as 
long as the field remains on: this is due to positive carriers 
present in the pure flame being driven out onto the strip. 
On the introduction of the bead of salt into the flame a 
further deflexion in the same direction is observed, showing 
that there.are positive carriers which can be driven out of 
the flame contained in the metal vapour. The amount of 
this further deflexion gives a measure of the number of 
metallic carriers arriving at the particular region occupied 
by the strip. The extra current due to the introduction of 
the metal salt into the flame will in future be referred to as 
the “ metallic current,” and the corresponding deflexion of 
the galvanometer as the “ metallic deflexion.” 

The fields used were usually not strong enough to produce 
a marked deflexion of the coloured streak : this could always 
be produced by increasing the field, but the smaller fields 
were used as being steadier. Some measurements of the 
velocity of the J.enard carriers deduced from the deflexion of 

a just visible streak of vapour gave 0:04 amie 

AC : em. svolt. .) 2° oe ae 
strontium *: Lenard gives 0:08 Ae [em for lithium, and 

states that the velocity for strontium is smaller. 
The distribution of the faster carriers was investigated by 

measuring the number of carriers, as measured by the 
metallic current, to be observed with the platinum strip at 

* Since these measurements were made G. Ebert has published a 

paper (Heidelberg Dissertation, 1911) where he gives 0:042 — {= 
»f ‘em, 

for Sr. Ma 
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different heights. When the strip was below or on a level 
with the bead of salt a small deflexion corresponding to 
positive carriers arriving on the strip was observed on the 
introduction of the bead, but for a certain portion above the 
bead this metallic current increased very rapidly with the 
height of the strip, and then remained approximately constant 
until the strip was in the neighbourhood of the top of the 
flame, when it again decreased. Typical distribution curves 
are shown in fig. 1. The ordinates are the vertical h sight of 

Fie. 1. 

Height (in cms.)—> 

Current —> 

the mid line of the strip above the centre of the bead, the 
abscissee the metallic deflexions *. 

It seems reasonable to assume that the sudden increase of 
current is due to the strip being brought into the paths of 
the carriers coming from the lower part of the luminous 
vapour streak. The much smaller deflexions (which are, 
however, always present) for positions of the strip below 
this are then to be ascribed to positive carriers which have 
diffused down from the bead against the flame velocity. To 
test this point a screen, consisting of a very carefully insulated 
rectangle of thin platinum foil, was brought into the flame 
between the bead and the earthed electrode, so as to cut oft 
the carriers below a certain point. The level of the top of 
the screen was well above the bead. The curves obtained are 

* The three typical curves given were obtained on different days, when 
the height of the luminous streak was somewhat different. This accounts 
for the different extents of the flat maxima. 



870 Dr. E. N. da C. Andrade on the Carriers of 

shown in fig. 2, The level of the top of the screen corre- 
sponds to the ordinate 0, and it will be observed that below 
this there is no current. 

‘io. 2. Fig, 2. 

Height (in ems.)— 

Current — 

We make then the assumption that the height at which 
the flat maximum begins corresponds to the point at which 
the positive carriers from the lower part of the luminous 
streak (or from just above the screen, when the screen is 
used) arrive at the earthed electrode,*. ‘Then the velocity 
of migration of the carriers in the given field can be estimated 
from the vertical height of the strip above the screen for the 
position in which the large metallic current is first given. To 
do this we must, however, consider the effect produced by 
the portion of the path of the carriers lying in the hot air 
between the flame and the earthed electrode. 

In the light of modern experiment it seems that positive 
carriers of molecular size do not become appreciably loaded 
with air molecules in such a case f. We have then to con- 
sider the effect of (1) the variation of the electric field, which 
is smaller in the flame than in the air-gap; (2) the variation 
of temperature ; (3) the variation of the upward velocity of 
the gases: 

* That there are present lesser currents between the point at which 
the maximum begins and the level of the top of the screen is due to the 
fact that the platinum strip is of finite breadth (4 mm.). The maximum 
first begins when the whole breadth of the strip is in the path of the 
cairiers. By the height of the strip above the screen is therefore meant 
the height of the bottom of the strip above the top of the screen. 
+ See e.g. P. Lenard and C. Ramsauer, “ Uber die Wirkung sehr 

kurzwelliges ultraviolleten Lichtes,” Berichte der Heidelberger Acad: 
Part IV. (1911) page 19. 



Electricity in Flames containing Metallic Vapours. 871 

The variation of the velocity of a carrier of molecular size 
in a gas with the temperature can be deduced from a 
formula given by Lenard * 

3) el 

oy 2 DS 

where ¢ is charge, F the potential gradient, D the density of 
the gas, s the sum of the radii of carrier and gas molecule, 
and W the mean molecular velocity of the gas. Thus, 
assuming that the charge remains constant, we can find the 
ratio of the velocity in the hot air to that in the flame. 

The upward velocity of the hot air will be less than that 
of the flame gases. The greater intensity of the field and 
the smaller upward velocity of the gases, together with the 
fact that the path in air is much shorter than that in the 
flame, tend to make the vertical rise of the carriers during 
their passage through the air-gap much smaller than that in 
the flame. Against this we have in the air a diminished 
horizontal velocity in unit electric field, owing to the lower 
temperature : this tends to increase the vertical rise in the 
air. Measurements were made to find the relative magni- 
tudes of these effects. The strength of the field in the air- 
gap was estimated by measuring the field in the flame, and 
the potential difference between the electrodes; the difference 
between the latter and the total fall in the flame gives the 
fall in the air-gaps. The temperature at different places in 
the air-gap was measured with a thermo-couple, and the 
upward velocity of the air at the same places compared with 
that of the flame by a method worked out by Becker f. It 
was found that, with the distances of our experiment, 27. e. 
path in flame = 1:2 cm., path in hot air 0°8 cm., the vertical 
rise of a carrier in the air-path would be only ,; of the total 
rise, on the above assumptions. This is chiefly due to the 
field being seven times as strong in the air, and the average 
upward velocity of the gases less than half that of the flame. 
(Later, we shall assume that the measured velocity is less 
than that given by the formula of Lenard’s already quoted, 
because the positive carriers are not charged all the time, 
but are during a certain fraction of their journey neutralized 
by electrons present in the flame. Now there are far fewer 
electrons in the hot air than in the flame ; consequently the 
ratio of the horizontal velocity in the hot air to that in the 
flame will probably be greater than that assumed in the 

* P. Lenard, Ann. der Physik [4] iti. p. 818 (1900), The original 
formula is more general. 

+ A, Becker, Ann. der Physik, |4] xxiv. p. 823 (1907 
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calculation. Hence the vertical rise in the air will be still 
smaller.) The rise in the air can be neglected, as being not 
more than 7 per cent. of the total rise: our other measure- 
ments do not allow an assumption of greater accuracy. The 
whole vertical rise may, therefore, for purposes of calcula- 
tion be assumed to take place in the flame. 

For example, if we take the case for which the distribution 
curve is a, fig. 2, the whole vertical rise 

Re Mi Bent yh 
= 0°95 cm.= op (360 + 26) 

where w=velocity of carrier in unit field in flame, 

volt 

cm. 
F'=strength of field in flame =150 

(field 1 in air=1100 volt ), 
em. 

and of the term in the bracket the first, 360, is proportional 
to the vertical rise in the flame, and the second, 26, to that 
in the hot air, which, as will be seen, is negligible. 

H cert ie) Caan a volt 
aed ~ 150x095 ~ sec.f cm. 

The other curve in fig. 2 gives for w 2°5 ia valk while 
sec./ cm. 

two careful experiments without the screen give 2°4 and 

sec./ cm. 
of the positive carriers of the second kind in the flame to be 

~ em. /volt 
ey) * 

Debi / wy Hence we may take the velocity of migration 

approximately 2 
sec./ cm. 

§ 4. Calculation of the Velocity without an Air-path. 

An experiment made to see if the metallic current was 
markedly lessened by making the carriers pass through a 
greater distance in the flame (2. ¢.if many carriers were 
permanently neutralized) enables us to estimate roughly the 
velocity of the carriers without making any assumptions as 
to what takes place inthe air-gap. The curves in fig. 3 show 
the resultant deflexions for the two cases : 

(1) in which the carriers pass through about 0°5 em. 
in the flame ; 

(2) in which the carriers pass through 1‘4 cm. in the 
flame. 
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The bead was moved horizontally from one position to the 
other without altering the relative positions of the flame and 
the electrode. It will be observed that the metallic currents 
are very much less for all positions of the strip in the case when 

Fig. 3. 

Height (in ems.)—> 

Current => 

the carriers pass through the extra centimetre in the flame, 
but further, that the maximum is reached at a lower position 
in the case where the path in the fiame is short. If we 
assume that the vertical distance between the points at 
which the maxima begin in the two cases (0°65 cm.) is the 
vertical rise taking place in the 0-9 cm. of flame between 
the two positions, we can calculate the mobility. The 

potential gradient in the flame being 220 

EO OU aaa cme Okt 

7) 28002650) | sec. f- emin 

This is in as good agreement as we can expect with our 
previous values. 

§ 5. Action of Glowing Platinum on Metallic Vapours. 

It was also attempted to measure the velocity of the 
carriers without making them pass through air by bringing 
the earthed electrode into the flame itself. For this purpose 
the brass plate electrode was replaced by a very fine platinum 
net, fixed in the flame: an insulated platinum strip was so 
arranged that it could be moved in the flame vertically and 
close to the net. When, however, the net was earthed, and 
the strip connected to earth through a galvanometer, a 
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current, large compared with the usual metallic current, was 
obtained without any field being applied. The direction of 
this current corresponded to the assumption that negative 
charges were received by the strip, and was, no doubt, due 
to electrons shot ovt by the net (which from its fineness was 
much hotter than the strip) being received by the strip. If 
the net was insulated and earthed through the galvanometer, 
a current was observed if an earthed strip was present in the 
flame ; if the strip was insulated or absent no current was 
obtained. In this case there must be approximate equili- 
brium between the accumulated electrons in the flame and 
those given out by the net, but as soon as an earthed strip 
is in the flame the electrons can escape as they are produced, 
and fresh ones are given out by the net, producing the 
observed current. 

If the net is earthed, and the strip connected through the 
galvanometer to earth at a distance of about 1°5 cm. from it, 
the introduction of a bead of salt (SrCl,) into the flame makes 
no appreciable difference to the observed current unless the 
luminous metallic vapour is in contact with the net, when 
the current observed from the strip is very much increased 
(four or five fold). Jf the strip in the flame is directly 
earthed, and the net earthed through the galvanometer, when 
the streak of luminous metallic vapour is brought into con- 
tact with the net, the current observed is increased in a 
similar manner. This shows that the impact of the metallic 
atoms of the vapour against the platinum must be able to 
liberate electrons in large quantities from the metals. The 
process may, of course, be considered not as direct impact, 
but as  Nihewirkung”’’ (see P. Lenard, Annalen der Physik, 
[4] xvii. 1905, p. 244). 

§ 6. The Faster Carriers come only from the edge ef the 
Luminous Vapour. 

To see if the fast moving positive carriers were driven out 
from throughout the volume of the metallic vapour, or only 
from the edge of the luminous streak remote from the 
positive electrode, as was suspected, a second bead of salt 
was brought into the flame between the first bead and the 
positive electrode, and level with the first bead. It was 
found, with the platinum strip in various positions, to produce 
no appreciable increase in the galvanometer deflexion. 
Hence it may be assumed that the faster carriers do not 
proceed from the volume of the vapour, but travel out from 
the neighbourhood of the edge only. This is most important 
for our theoretical considerations. 
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The insulated screen of thin platinum foil, pierced with a 
rectangular horizontal slit (3 mm. x12 mm.), was brought 
into the flame between the bead and the earthed electrode, 
and arranged in different experiments with the slit at various 
heights above the bead. Curves of the type shown in fig. 4 

Fig. 4. 

| 

Height (in cms.), 

Current —> 

were obtained in all cases ; the maxima are sharp considering 
the breadth of the slit. (These curves are taken at random 
as typical ; they are not all three made with the same bead.) 
This indicates that the carriers have all approximately the 
same velocity ; the fact that curves made at different heights 
with the same streak of vapour give ail about the same 
maximum deflexion indicates again that the carriers proceed 
only from the edge of the luminous streak, for the streak 
increases in breadth as we go upwards. ‘The very flat 
maxima in the curves obtained for the unscreened streak 
offer additional confirmation of this point. (See fig. 1.) 

The effect of increasing the air-gap between the flame and 
the earthed electrode was examined. It was found to 
diminish markedly the metallic current for all positions of 
the platinum strip. An example of the effect is shown in 
fig. 6 ; the solid and dotted curves on the right of the figure 
represent respectively the metallic current obtained with an 
air-gap of 8 mm.and 18 mm. respectively. The same figure 
exhibits the effect for negative carriers to be referred to 
Jater. This shows that a certain number of the carriers 
become permanently neutralized, and pass upwards. 

§ 7. The Faster Carriers are Metallic. 
It was observed that if the platinum strip was carefully 

cleansed in the Bunsen flame before being used to detect the 
carriers, yet it afterwards gave the sodium colour in the 
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flame (if a bead of a sodium salt were employed), indicating 
that the faster carriers are metallic. Owing to the difficulty 
of avoiding small traces of sodium, the point was sys- 
tematically investigated with strontium. With a bead of 
this metal in the flame, after a quarter of an hour in the 
field, a large metallic current being observed all the time, 
the strip showed the strontium lines very distinctly on 
testing in the Bunsen flame with a pocket spectroscope. 
Control experiments (1) with the bead in the flame, but no 
field, (2) with the field, but with the strip in a position in 
which no metallic current was observed (2. e. below the bead), 
(3) with the isolated plate charged negatively, gave no 
strontium. To put the matter to a rough quantitative test 
the galvanometer was calibrated, and the amount of strontium 
corresponding to a unit deflexion for a unit time calculated 
on the assumption that the strontium atom had two elemen- 
tary positive charges, as in electrolysis. Solutions of SrCl, 
were made, one drop of which from a given pipette held a 
known quantity of strontium. Drops of the different solu- 
tions were brought successively upon a platinum strip simular 
to that used to receive the carriers, and slowly evaporated ; 
the brightness and duration of the strontium lines produced 
on bringing this strip into the Bunsen flame were compared 
with the lines given by the electrically deposited strontium. 
The experiments showed that the amount of strontium 
deposited was, very roughly, that calculated: the experi- 
mental errors of this method are, of course, large, but it 
would probably detect a difference if one of the amounts 
were double the other. 

Further experiments were then made on the transport of 
sodium. As a control, two platinum strips were arranged 
close to the earthed electrode, one being earthed through 
the galvanometer as usual, the other being connected with 
the insulated electrode, which was then maintained at a 
positive potential for some minutes. The earthed strip 
showed the sodium colour strongly in the flame, the other 
strip did not. The strips were interchanged, with the same 
result. Hence there seems no doubt that the transport of 
sodium is connected with the metallic current. 

Measurements were made of the time in which, for a given 
galvanometer deflexion, enough sodium was transported to 
give a just perceptible coloration of the flame. Aselman * 
has given for the amount of sodium which will give a per- 
ceptible coloration for one second in the Bunsen flame in a 
dark room, 15x 107 mg. NaCl, which is equivalent to 

* K, Aselman, Ann. der Physik |4] xix. p. 960 (1906). 
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0-6x10-$ mg. Na. Our experiment was slightly modified 
to allow the tests being carried out under the same conditions 
as those of Aselman: on the assumption that each sodium 
atom conveyed one elementary charge, our observations of 
the current and time corresponding to the strip giving a just 
perceptible colour for one second on subsequent testing, gave 
10x 10-§ mg. Na as the amount, which is in moderate 
agreement, considering the nature of the experiment. 

§ 8. Experiments on the Negative Carriers. 

Measurements of the current produced by the introduction 
of a bead of salt into the flame for various positions of the 
platinum strip were also made with the same arrangement 
of apparatus, but with the insulated electrode charged 
negatively. In this case, if the strip be horizontally level 
with the bead, the introduction of the bead causes the current 
to diminish. As the strip is raised, a point is reached where 
the introduction of the bead causes no change in the current, 
and after this the metal vapour produces the usual increase 
of current found for the positive carriers. A typical curve 
is shown in fig. 5. 

Fig. 5. 

Current — 

If the earthed electrode be further removed from the 
flame, the deflexions all decrease in the same way as with 
the positive carriers, but a path of 1 cm. extra in air decreases 
the maximum deflexion for the negative carriers to 4), while 
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for the positive carriers it decreases it only to}. This is 
because the free electrons, which form the greater part of the 
negative carriers, become rapidly loaded with air molecules, 
and pass upwards with the current of air. For this, among 
many reasons, the velocity of the electrons cannot be estimated 
by this method, In fig, 6 are given curves for both positive 

Fig. 6, 

Current —> 

and negative, made for two different distances of the electrode 
and strip from the flame, the smaller distance being 0°8 cm., 
the greater 1°8 cm. Positive and negative readings were 
taken alternately by changing the sign of the electrode. 

With Sr, as before mentioned, metal was not detected on 
the strip, when the electrode was negatively charged. With 
Na, however, the colour was unmistakably obtained with a 
run of a few minutes, though not nearly as bright as when 
the insulated electrode was positive for the same time. 

The controls before enumerated rendered it certain that 
there really was a transport of metal on the negative side, 
though far less than on the positive side. This, together 
with the fact that about a thousand times as much Sr as Na 
is necessary to give a perceptible colour in the flame, would 

account for the Sr not being detected on the negative side. 
The presence of these metallic negative carriers enables us to 
explain the decrease of current which takes place on the 

negative side on introducing the bead if the strip is hori- 

zontally in the neighbourhood of the bead ; this decrease is 

plainly shown in figs. 5 and 6. We assume that some of the 
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electrons of the flame get absorbed by neutral metallic atoms, 
which diminishes their velocity considerably: hence a certain 
number of electrons which before, in consequence of their high 

velocity, travelled almost horizontally out from the lower 
part of the streak of metallic vapour, now, combined with 
metal atoms and travelling slowly, arrive at the earthed 
electrode at a place higher than before: hence we get a 
diminished current for low positions of the platinum strip, 
but a considerable extra current above. 

§ 9. Theoretical. 

It has now been clearly established that when metallic 
vapour is present ina flame there exist positive carriers of two 
classes, distinguished by their having very different velocities 
of migration, the velocities of the one class being about 

em. /volt em, /volt 
2-5 —— /—— as compared with 0°04 oh oni the other 

en, sec./ cm. sec. 

class in the case of strontium. Both kinds of carriers are 
metallic ; the slower kind form a luminous streak. The 
faster kind produce no visible coloration in the flame when 
driven sideways ont of the luminous streak ; this is to be 
anticipated, since they are present in relatively very small 
numbers, as can be deduced from the time required to 
deposit a quantity of metal on the strip sufficient to produce 
strong coloration in the flame. ‘The faster carriers are pro- 
duced throughout the height of the streak, and hence their 
presence is not connected with the contact of glowing 
platinum, but inherent in the luminous vapour itself, 

As a result of much experimental and theoretical work, 
Lenard has put forward with strong support the view that 
any single carrier of the class whose presence is detected by 
the visible deflexion of the luminous streak is not positively 
charged always, but only for a short fraction of the time *, 
We may now explain the difference of velocity of the two 
classes by supposing that in both cases the carrier is only 
charged for a fraction of the time, alternating the positive 
state with the neutral state, but that the fraction is very 
much greater for the one than for the other. We can cal- 
culate the theoretical velocity of a permanently charged 
carrier of atomic size from the formula given by Lenard 
already cited (p. 871), which has proved very successful f, 

* E.g., P. Lenard, Ann. der Physik [4] ix. 1902, p, 648, and [41 xvii. 
1905, p. 238. 

+ Fora short account of the formule for the mobility of carriers in 
a gas, see A. Becker, Ann. der Physth [4] xxxvi. p, 217 (1911), 

lel er ee ES er 
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Lenard gives as the mobility calculated from this formula 

the value 2°3 — in nitrogen at 2000° C. *, but the diameter 

of the metal atom assumed by him is, according to work 
which has since appeared, too large, and the value of e too 
small. Taking for e the value 4:7 x 10-" c.a.s. electrostatic 
units (Planck), and calculating the radius of the strontium 
atom from the value given by Becker f for the radius of the 
sodium atom, we have for the mobility of a permanently 

charged metallic atom 17 = = (or for a molecule of 
ecm. 

em. /volt. 
SrO 15 —— /——). Thus we must assume, as we have 

sec.f/ cm. 
done above, that even the faster carriers cannot be always 
positively charged, but alternate the charged state with a 
neutral state caused by recombination with a free electron. - 

Evidence has been given for the assumption that the 
faster carriers come from a region near the edge of the 
luminous streak. Now in the streak itself we may assume 
that the impact of the metallic atoms against one another is 
the main cause of the liberation of an electron, and the con- 
sequent rendering of an atom positive ; impact between a 
metal atom and a molecule of the flame-gases can also be 
sufficient to render an atom positive, but is a far less active 
cause t. In consequence of the large number of free electrons 
produced in the streak itself, the positive atom is quickly 
neutralized again ; in fact from the velocity of the carriers 
in the streak the atom can, on the average, be positive for 
only about z}, of the time. Now a metallic atom which 
is near the edge of the streak may, while it is positively 
charged, be driven out of or diffuse out of § the luminous 
streak, where the metal concentration is high, into the free 
flame remote from the positive electrode, where the number 
of free electrons must be small. Hence the average positive 
life of an atom which has arrived into the free flame near 
the earthed electrode will be much longer than that of an 
atom in the dense streak. From the calculated mobility of 
a permanently charged metallic atom, a carrier of the faster 
kind must be positive for about 4 of the time. 

* P. Lenard, Ann. der Physik [4] xvii. p. 197 (1905). 
+ A. Becker, “Uber die Diffusion leuchtender Metalldimpfe ebes? 

. Sitzungsberichte der Heidelberger Acad. 1911, p. 16. 
t E. N. da C. Andrade, “‘Some Experiments on the Electrical Be- 

haviour of Metallic Vapours etc.,” shortly to be published ; and P. Lenard, 
Uber die Elektricitatsleitung und Lichtemission ete.,”’ Sitzungsberichte der 
Heidelberger Acad. 1911. 

§ Cf. p. 869. 
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It is interesting to compare the positive carriers in the 
flame with the canal rays in a vacuum-tube, which are also 
charged atoms. In both cases we have the constant alterna- 
tion of the positive and neutral states *. Similarly, we have 
found in flames a result already known for canal rays, namely, 
that there exist metallic atoms in flames, in comparatively 
small numbers, which are negatively charged. These are 
analogous to the negatively charged atoms found in canal 
rays by Wien +, whose energy was much less than that of 
the positive ones. 

In the following we give a critical resumé of previous 
work on the subject. H. A. Wilson, in the work already 

volt 
quoted (p. 865), obtained the value 60 yf ase ube 

sec. / cm. 
velocity of the positive metallic carrier, a value about 
20 times as large as that found here for the carriers of the 
second kind. It is difficult, however, to determine exactly 
the smallest electric force which suffices to drive the carriers 
against the current of the flame-gases. Wilson measured 
the distribution of potential in the flame without the presence 
of metallic salt ; he drew the potential curve and assumed 
that the smallest gradient here shown was sufficient to give 
the carriers the velocity of the flame. This smallest gradient 
lies, however, close by the positive upper electrode, in the 
place occupied by the metallic vapour in the experiment itself, 
and, since the carriers which come into account here proceed, 
as we think to have demonstrated, from the» edge of the 
luminous vapour (2. é. in this case from the lower boundary 
of the vapour), and not from the upper electrode, this smallest 
gradient occurs in a region where the carriers are not 
necessarily driven down against the flame. 
Moreau ft measured the velocity of the positive carriers 

with two vertical electrodes, one standing in metal vapour, 
the other in free flame, and assumed that the potential 
gradient was approximately uniform between the electrons. 
This is far from being true (as Lusby has shown, for instance, 
in work to be quoted immediately); it is not to be wondered 

at that his value, 80 em, /volt , does not agree with mine. 
sec./ cm. ; 

* W. Wien, Ann. der Physik [4] xxvii. 1908, p. 1025. The result 
was first obtained by Lenard for flames (Ann. der Physik [4] ix. 1902, 
p. 649) and found again for canal rays by Wien, cf. W. Wien, Ann. der 
Physik [4] xxx. p. 3868 (1909). 
+ W. Wien, Ann. der Physik [4] xxxiil. p. 871 (1910). 
t G. Moreau, Ann. de Chimie et de Physique {7} xxx. p. 39 (1908). 

Phil. Mag. 8.6. Vol. 28. No. 138. June 1912. 3M 
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E. Marx* has also measured the velocity of the positive 
carriers; he assumes, however, for the purpose of simplifying 
his calculations, that the whole ionization takes place in the 
body of the vapour, which is certainly incorrect when 
electrodes of glowing platinum stand in the metallic vapour, 
as in his experiments (cf. p. 874). His work is of great 
interest, but it is not adapted to give a correct value of the 
velocity. 

When this work was practically completed a paper by 
Lusby t on the subject came to my notice, and a second 
paper by this author, including his previous results, has 
just been published t. He brings forward criticism essen- 
tially agreeing with that already given here against the 
previous work. He has made measurements with Wilson’s 
original method, but has measured the gradient of potential 
in the flame from one electrode to the other, with the salt 
vapour present in the flame. At normal flame temperature 
the gradient in the vapour is very small, that in the free 
flame large: Lusby takes the gradient in the vapour as the 
one relevant, which seems to be erroneous as Se 

es As he 

has given the curve of iat for one ease in = paper §, 
we can obtain the correct velocity according to the views 
here advanced. ‘Taking the gradient in the flame just be- 

explained. With this 

neath the salt (50 — we get as the value of the velocity 

Ar] a which agrees pretty well with our average value 

cm. 

sec. 

His assumptions as to the gradient in question will account 
for a peculiar effect noticed by Lusby. He has made 
measurements at different temperatures, and finds that down 
to 1450° absolute the velocity is roughly proportional to 
,/0, but that below this the values of the velocity are very 
much smaller than those given by ,/@. Now down to 
1450° abs. the distribution of potential varies very little 
with the temperature, but below this the gradient in the 
vapour increases very much, and this is the main cause why 

of 2°5 

* FE. Marx, Ann. der Phystk [4] 11. p. 768 (1900). 
+ S. G. Lusby, Proc. Cambridge Phil. Soe. vol. xvi. part 1, p. 26 

(1911). 
t S. G. Lusby, Phil. Mag. Nov. 191], p. 775. 
§ Uhgsevtinse Cambridge Phil. Soe. loc. cit. p. 30. 
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the values given by Lusby are so much smaller than are 
given by ,/@. But in the pure flame the gradient decreases, 
though not very much, so that taking tho gradient just below 

the salt vapour, the velocity per = would be relatively 

much larger than that given, lLusby does not give sufficient 
data to enable me to calculate the velocity according to the 
views here put forward *, but it looks possible that the 4/0 
law holds roughly throughout the range. 

To explain the large values obtained for the mobility, 
Lusby assumes that the positive carrier is always an atom of 
hydrogen. This is quite untenable, as it has been shown here 
experimentally that the carriers are metallic (§ 7). Particular 
attention is called to the fact that this was established for 
two metals (Sr and Na) and to the rough quantitative tests, 
Of course, none of this criticism of Lusby’s paper affects his 
results, that the velocity is the same for all metals, except at 
very low temperatures: this result agrees with Lenard’s 
formula for the mobility of a carrier of atomic size (see 
p- 871). His eriticism of Lenard’s early results on the 
deviation of the coloured streak in the electric field, based 
on the fact that chloroform removes the colour from the 
streak without much altering the conductivity (Smithells, 
Dawson, and Wilson) does not seem to me relevant. When 
glowing electrodes are in the vapour the liberation of an 
electron from the atom takes place mainly at the electrodes, 
and it is probable that while chlorine prevents the impact of 
metal atom against metal atom in the vapour liberating an 
electron, it does not stop this effect at the clectrodes, and 
thus, while prohibiting “ionization” in the body of the 
vapour, does not much affect the conductivity f. 

A short time ago H. A, Wilson { published a paper 
containing a theoretical treatment of the carriers in flames 
containing metallic vapours. He makes Lenard’s assumption, 
also made here, that the carrier is only positive during a 
fraction, f, of the time. Through the further assumption 
that the velocity of the carrier is inversely proportional to 
the square root of the atomic weight, he obtains values of 7, 
and he further obtains similar values from the conductivity 
relations of the salts. The values agree so badly, that it is 
hard to believe that they furnish a proof of the correctness 
of the hypothesis. Wilson comes to the conclusion that the 

* The potential curves are all reduced to 100 volts scale. 

+ See Lenard, “Uber die Elektricititsleitung und Lichtemission 
metallhaltiger Flammen,” St/zewngsberichte der Heidelberger Acad. 1911. 

{ H. A. Wilson, Phil, Mag, June 1911, p, 711, 
3 M2 
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positive carriers are metal atoms, as my experiments have 
shown, so far as their accuracy allows. But as the obser- 
vations of the brightness of the Sr lines produced by the Sr 
deposited on the platinum strip cannot be carried out very 
exactly, we can only assert with certainty, that the carriers 
cannot possibly consist of more than two atoms. We have 
very good grounds for assuming that the light emission is 
effected by single atoms, on which assumption Lenard has 
based his researches on the subject *. The results of experi- 
ments on the diffusion of sodium vapour in the flame also 
indicate this ft. It is, however, not absolutely certain that 
the faster carriers are centres of light emission: they are 
present in such relatively small numbers that they could not 
be expected to be visible. 

§ 10. Conclusions. 

(1) The positive carrier in a flame containing metal 
rapours is of metallic nature, very probably the metal 
atom. 

(2) The positive carrier has two different definite velocities 
of migration in the electric field, according as it is present 
in the streak of metallic vapour or in the free flame: in both 
cases it alternates the positive with the neutral state. In the 

former case it is charged for about z3, of the time, in the 
latter for + of the time. 

(3) For strontium the greater velocity of migration is 

2 erm | Yo There seems no reason to doubt the results 
sec./ cm. 

of other experimenters, that the velocity is the same for 
different metals, which agrees with our theory. Hence this 
value probably gives the velocity of migration of an atom 
of any metal in the free flame. 

(4) The presence of glowing platinum in the vapour causes 
the liberation of electrons from it in large quantities. 

(5) There exist, besides the free electrons, negative carriers 
of the second kind which are metallic, in relatively small 
numbers. This gives an analogy with the canal rays. 

This work was carried out in the Radiologisches Institut 
of the University of Heidelberg, to the Director of which, 
Professor P. Lenard, I am indebted for much help and 
encouragement. I also wish to express my thanks to 
Dr. Ramsauer for assistance and many valuable suggestions. 

* P. Lenard, Ann. der Physik [4] xvii. p. 198 (1905). 
+ A. Becker, “ Uber die Diffusion leuchtender Metalldiimpfe,” 

Heidelberger Acad. 1911. 
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LAXAXXVITTL. Stmultaneous Vibration Curves for Strings and 
Air of Violin. By Hpwin H. Barron, D.8e., PS EL., 
Professor of Experimental Physics, and Water B. 
Kiitpy, 8.Sc., Research Scholar, University College, 
Nottingham * 

| Plates XITI.—-XV.] 

SUING the work of one of us and others 7, the 
present paper treats of the simultaneous motions of 

the strings of a violin and the air ata sound-hole. In order 
to detect the vibrations of the air, part of this sound-hole 
was covered with a thin membrane connected to a rocking 
mirror. 

Each string is dealt with separately and its vibrations 
simultaneously with those of the air recorded photo- 
graphically. Further, the strings were each excited at two 
or more places by bowing, plucking, and striking. 
A special feature of the present work is the series of 

photographs showing the zitial stages of the motions. 
Some of these fioures record not only the musical vibrations 
of the pitch of the string, but also the recoil and vibration 
of the violin as a whole, just after the string was plucked or 
otherwise excited. 

EXPERIMENTAL ARRANGEMENTS. 

A general plan of the optical arrangements is given in 
Pl. XIII. fig. 1. The light proceeds from the Leitz Lilliput 
Are lamp A through the condenser ©, in a nearly parallel 
beam. Part of this beam falls upon a screen with a pinhole 
H and proceeds thence to the small rocking mirror m (by 
Hilger). This mirror is concave and converges the light 
to the lower part of the photographic plate P. The other 
part of the beam from the condenser is caught by the plane 
mirror M,, and sent to M, which reflects it to the slit S. A 
real image of this vertical slit is then focussed upon the 
string by the lens L;. The light is then refiected by the 
plane mirror N, and a second real image is focussed by 
the lens L, on the upper part of the plate P. This plate is 
placed in the horizontal rails RR in a dark room, and in 
taking a photograph is shot along them by means of the 
indiarubber cords shown. 

Thus the vertical vibrations of string and air combine 
with the uniform horizontal motion of the plate to give two 

* Communicated by the Authors. 
+ Phil. Mag. July 1905, pp. 149 ere Dec. 1906, pp. 576-578; April 

1907, pp. 446 452; Aug. 1909, pp. 258-240; Sept. L910, pp, 456-464, 
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simultaneous displacement-time records of the vibration. 
The string’s motion appears in the positive print black on a 
light ground and the air’s motion white on a dark ground. 

The place selected as most suitable to give the motion of 
the air was the lower circular part of the right-hand sound- 
hole (d, fig. 2). On this accordingly the very thin 
membrane was placed. But in a preliminary trial it failed 
to give sufficient motion when the other portion of the hole 
was left open. The other part was therefore closed by a 
covering of stiff white paper stuck on (see pp, fig. 2). 
This sufficiently intensified the motion at the lower end to 
make it recordable by the membrane and connected mirror. 
The connector consisted of a strip of aluminium foil of 
slightly curved cross-section to give stiffness. Its ends 
were attacbed to the membrane and mirror by little pieces 
of animal membrane and shellac. See Pl. XIII. fig. 3, in 
which d and d’ show the normal and displaced positions of 
the membrane, s the connecting stalk, and 2 and m’ the 
normals to the mirror m at rest and displaced. The mirror 
carried a fixed axle consisting of a needle fastened on behind 
it with a strip of aluminium and shellac. This axle rested 
in two V-pieces of aluminium and was held down by india- 
rubber bands. 

Clamp Mounting.—In the first series of experiments, these 
axle supports were carried on an adjustable bracket clamped 
on to an outer corner of the violin, as shown in figs. 3 
and 4, pl. vil., of a previous paper (Phil. Mag. Sept. 1910). 
This clamp mounting applies to figs. 1-22 of Pl. XIV. of the 
present paper. But it was felt that this mounting would 
detect any slight motion of the belly that occurred as well 
as that of the membrane relative to the belly. 

Belly Mounting.—In order to obtain separate information 
as to the motions of the membrane relative to the belly in 
its immediate vicinity, a second mode of mounting was 
accordingly adopted. ‘This is shown by figs. 2 and 4, from 
which it may be seen that tiny aluminium brackets support 
the axle and rest on little packing-blocks of wood on the 
belly, the whole being fastened by shellac. 

This belly mounting was used in obtaining figs. 23-33 of 
of Pl. XIV. and for all the figs. 34-61 of Pl. XV. 

Initial Motions.—Usually the plates were shot in the rails 
by one operator after he had heard the sound properly 
elicited by the other. The plate thus passed rapidly by the 
opening in the partition very shortly after the commence- 
ment of the sound and so showed the character of the 
motions when just established. ‘The elastic threads were 
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arranged to have no tension (and so produced no acceleration) 
when the plate passed the opening and secured the exposure. 

This method left little or nothing to be desired when the 
strings were bowed, as that excitation sustained the motions 
ull the photograph was taken. Moreover, with a bowed 
note the sustained motion is of chief interest. 

But this method did not succeed so well for transitory 
effects. Thus, in attempting to photograph the vibrations 
excited by plucking or striking the records obtained were 
repeatedly disappointing. The string’s motion was often of 
considerable amplitude, while the spot of light from the 
mirror connected to the membrane scarcely stirred. This 
was the more surprising since on observing the spot ona 
screen in place of the plate, it appeared to have a transitory 
motion of distinctly appreciable amplitude. It therefore 
seemed as though after plucking the string the vibrations 
of the air were at first large, but died away before the plate 
could catch them by the ordinary method of shooting. 

After trying several ways designed to record this large 
initial vibration (or displacement), the following method 
seemed best and was adopted. The plate was placed in the 
rails but kept in the dark till about a second befcre the 
string was plucked or otherwise excited. When this 
preliminary signal was given the plate was slid into the 
exposure position by hand and there held against the tensions 
of the elastic cords. Immediately the string was excited the 
plate was released. The very tight elastic cords attached to 
it (for this method of shooting) then gave it the besired 
acceleration and revealed the special initial features of the 
motions. 

But since on this plan a pause ocenrred with the plate in 
position and exposed to stray light, it was necessary to use 
the pierced black diaphragms D,, Ds, Ds, fig. 1, Pl. XIII., and 
black velvet screens V, V, V, V, V, V, to prevent the fogging 
of the plate. 

Magnifications—The string was usually illuminated by 
the real image of the slit at 5 cm. to 12 cm. from the nut 
(i.e., end of the string remote from the bridge). On the 
original negatives and prints the magnification of the motion 
of this part of the string is obviously L,P+NL,. These 
values were 139 and 36 cm. respectively and give a quotient 
of 3°86 nearly. 

The magnification of the membrane’s motion is double the 
quotient : mP divided by the arm of the attachment of 
stalk to mirror. Now mP, the distance from mirror to plate, 
was 160 cm., and the small arm on which the stalk acted 
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was of the order 0°12 em. Hence the magnification of the 
membrane’s motion on the negatives was 2667 nearly. 

Thus the ratio of magnifications of motions of mem- 
brane and string on the originals, or any reproductions 
of them, is of the order 2667+3°86=691 nearly. Or, in 
other words, the membrane’s motion is magnified neaily 700 
times that of the string’s motion. 

RESULTS. 

One hundred and forty plates were exposed, and of these 
sixty-one reproductions are here presented. 

These naturally fall into three series, those taken under 
the ordinary conditions of shooting, first, with the clamp- 
mounting of the mirror; second, with the belly mounting ; 
third, those taken under the special conditions of shooting 
to record the initial stages of the motions, the belly mounting 
being here retained. 

ike distances from the bridge at ea the strings were 
excited are stated near each figure as a fraction of the 
string’s length. In these marginal references “ plucked ” 
means plucked py the finger-tip : ; “plucked by plectrum ’ 
refers to excitation by the point of a pencil. “Struck” 
denotes a blow struck by a lead-pencil padded with two or 
three thickness of wash-leather ; ‘‘ struck by wood,” refers 
to a blow by the naked edge of a hexagonal pencil. 

As to the interpretation of the abscissze and or dinates of 
the curves on the prints :— 

(1) The beginning of the time is in all cases at the left- 
hand side. 

(2) The ordinates for the strings’ motions are always 
inverted. 

(3) The ordinates for the membrane’s motion are also 
inverted. 

Clamp Mounting.—The first series of figs. 1-22 of P]. XIV. 
deals with the motions obtained when the mirror axle was 
supported by a bracket clamped at a corner of the violin. 

Fig. 1 for the G-string bowed at + shows a good two-step 
zigzag for the string as it should do, and also a large and 
characteristic motion for the air. This motion is much 
feebler and less marked in the next figure for the same 
string bowed at 3. Fig. 3 shows a large motion of the 
plucked string, but only a moderate motion for the air by 
this method of shooting. ‘The air’s motion recorded in 
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fig. 4 by plucking is still less and in fig. 5 by striking is 
scarcely perceptible. 
We now pass to the D-string for which figs. 6 and 7 record 

the air’s motion when the string was bowed. It is here 
noticeable that the string does not appear to move. This is 
because the bowing must be about horizontal on the D-string 
to clear the G- and A-strings on each side of it. ‘The motion. 
of the D-string elicited by bowing is accordingly nearly 
horizontal and so escapes detection on the plate. The air’s 
motion in both figures shows that the string was really 
vibrating. Figs. 8 8 and 9, again, show the motion of the 
string, because it is now plucked and therefore vibrates 
vertically. But in spite of the large amplitude of the 
string’s motion, that of the air is small. Figs. 10 and 11 
dealing with the D-string plucked by plectrum yield a 
similar comparative amplitude of the spot. Figs. 12 and 
13 for the D-string struck give still smaller comparative 
amplitudes of the air’s motion. 

igs. 14 for the A-string bowed at 1+ exhibits an air 
motion with considerable similarity to figs. 1 and 6 for the 
G- and D-strings bowed at }. Vig. 15, for the A-string 
plucked, is given as a specimen of the many disappointments 
encountered in the work. For it shows no appreciable 
amplitude in the air’s motion, although the string was going 
so well. It was the frequent recurrence of this kind of 
result which urged us to adopt the special method of 
shooting for plucked strings as given on the other folding 
plate. * Figs. 16-22 dealing with the E-string show a 
marked resemblance throughout, but a dissimilarity from 
the other strings. This may be due to the close proximity 
of this string to the sound-hole under examination. It is 
noteworthy that large comparative amplitudes of the spot 
are obtained throughout, but very strange that the various 
excitations give almost identical curves. The tones elicited 
were good throughout. 

Belly Mounting—The second series of figures, 23-33 
deals with the motions recorded when the mirror was 
mounted direct on the belly as shown in figs. 2 and 4, 
Pl. XIII. The motions for the G-string are represented by 
fis. 23-28, which show very little vibration of the air. for 
plucking (figs. 27-28), but by bowing show a very fair 
motion (figs. 23-26). These should “be compared with 
fio. 1, showing the result obtained with the clamp mounting. 
“For the D- string only one record, fig. 29, seemed worth 

presenting, the others elying in: ippreciable e amplitudes of the 
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spot. This is an example of what holds throughout the 
work, that where few records are presented for any string, 
the others were of very small amplitude. For each string 
the effects of ten or more excitations were examined and 
often plates exposed for all. 

Fig. 30, showing the effect of bowing the A-string, gives 
avery curious curve for the air’s motion. ‘This is partly 
due to the failure of the spot in this case to move quite 
vertically. 

The remaining three figures, 31-33, deal with the H-string 
bowed, the various other modes of excitation showing very 
little motion by the ordinary method of shooting then in 
use. As, in this string, bowing at + and at 1 gave very 
small motions of the spot, bowing at 5), was tried. But 
this (fig. 31) gave such a violent motion of the mirror, that 
the spot failed to move strictly in a vertical line. This 
accounts for the curve on the record being slightly undercut. 

Comparison of Records jor Clamp and Belly Mounting.— 
Glancing broadly over the two series, figs. 1-22 and 23-33, 
we see that the former gives simpler curves of larger 
amplitudes than the latter. Passing to a detailed comparison 
we may notice that some excitations of particular strings 
shown in the first set are not represented in the second, 
although the attempt to obtain these was made. 

As to the interpretation of each set, we may note that the 
second smaller series (figs. 23-33) obtained with the belly 
mounting probably gives more strictly the pulsations of the 
air in the sound-hole relative to the surrounding part of the 
belly. 

But the figures of the former set (figs. 1-22) obtained 
with the mirror mounted on the bracket clamped at the 
corner are of interest as perhaps giving more nearly the 
effects heard. For, since the corner of the violin in question 
is very inert, the motion of the membrane with respect to it 
probably represents the vibrations of the air originated by 
that part of the violin and thence reaching the hearer. 

Initial Motions —The photographs taken under the special 
conditions of shooting to record the initial motions are 
given in figs. 34-61 of Pl. XV. Of these, ten (34-43) deal 
with the G-string, four with the D-string, and of the 
remaining figures seven each deal with the A-string and 
E-string. 

Owing to the plate being held in position ready for the 
excitation of the string, strong lights are shown on the 
prints just where the holes occurred in the diaphragm. 
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Further, it is seen in each figure that after the plate was 
released the velocity was accelerated, and accordingly the 
wave-length of the record increases from left to right. 

In the case of bowing and some of the other excitations 
of the string it will be seen that the spot suffers no large 
sudden displacement at the commencement of the vibrations 
(see figs. 34, 385, 38, 40, 42, 46, 53, 59). 

But often with plucking there is a sudden shift of the 
spot at the instant of the excitation (see figs. 37, 44, 45, 
49,50, 51,55). ‘This shift is probably due to the yield of the 
violin, as a whole, under the deflecting action of the finger 
holding the string up before the release. On the release, 
the violin, regar¢ led as a deflected beam, then springs back. 
Further, the violin sometimes vibrated as a whole after the 
Bock of this release or under a blow siruck. Wor a 
comparatively long wave of these slow vibrations is shown 
on figs. 37, 41, 43, 44, 90, o1, 52, 60, 61. 

Fig. 58 shows past a slow <r loparbiont rapidly damped out. 
succeeded by a longer wave vibration on which are super- 
posed the motions corresponding to the musical vibrations 
proper to the H-string. 

As to the duration of the slow vibration of the spot shown 
as a long upward half-wave near the centre in figs. 44, 50, 
and 51, the time is found to be of the order of one- oattionln 
of a second, corresponding to a frequency of twenty per 
second. This time is estimated by counting the corre- 
sponding vibrations of the string shown on the upper part 
of the plate. The strings were always tuned to concert 
pitch and so had approximately the following frequencies :— 
caveat: 1D, 305°1;; A, 457-7; EB, 686°5. 

All the figures 34-61, taken by this special method of 
shooting, explain why it was impossible to obtain by the 
other method any large amplitude of the spot’s motion by 
plucking or striking. For, as now shown, the spot’s 
amplitude in the musical vibration corresponding to the 
pitch of the string is always small, with this belly mounting 
of the mirror. The large motion of the spot (often observed 
to occur on a fixed screen put in place of the plate) is now 
seen to be due simply to the sudden shift of the violin as a 
deflected beam on the release when plucking or on receiving 
the blow when striking. 

University College, Nottingham, 
January 26th, 1912. 
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LXXXIX. A Kinematic Method of finding the Roots which 
are less than Unity of a Rational Integral Equation of any 
Degree: followed by a more general Method of jinding the 
Ivots of any Value. By THomas H. BLaKkEsLey*. 

I. A kinematic method of solving a rational integral equation 
of any degree for roots less than unity. 

HE method depends mainly upon two facts, one of a 
mathematical character, the other kinematical. 

The mathematical pr oposition is that every integral power 
of cos 0, as cos” 0, may be expressed in a finite series of terms 
involving one only of the quantities cosnO, cosn— ZO, 
cos n—40, &e., the last term involving cos @ if n is odd, and 
not involving 0, or absolute, if n 1s even. 

The kinematical fact is that with an appropriate system of 
links it is possible to make a series of points move so that 
the polygon formed by joining them will always remain 
equiangular, though the angle between its consecutive sides 
will vary, the sides themselves being at the same time main- 
tained in any given ratio among themselves, though not to a 
fixed unitT. 

Suppose a given equation to be te - 

O=A+Be4+ Cu? + ...... + Ne’, 

and substitute cos @ for x, then 

O=A+B cos @+C cos? @+ ...... +N cos” 8. 

If now for every power of cos @ is substituted its value in 
cosines of multiples of @ there will result an equation of the 
form 

O0=R).+R, cos 0+ R, cos 20+ ...... + R, cos 8, 

in which the coefficients Ro... Rn are readily obtained linear 
functions of the coetiicients AB. . N, of the original equation. 

Now suppose an equiangular polygon formed (fig. 1), with 
the sides proportional to Ry... R, taken in order and laid 
end to end. Upon each side erect an isosceles triangle with 
sides proportional to the chord which forms its base, and in 
every case extend the sides beyond the base until the nearer 
sides of the next-but-one triangles intersect, finishing the 
first and last cases in an obvious way. 

* Communicated by the Author. 
+ For an introduction to the ideas involved in this sort of motion, 

vide a paper on ‘ Logarithmic Lazytongs and Lattice-worls,” in the 
Philosophical Magazine of September 1907. 
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This will result in a number of kite-shaped figures whose 
diagonals joining equal angles are in the ratio Ro... Rn. 

Now suppose bars to take the place of the lines drawn, 
not ending, however, where the kites join, but continuous 
across such points from the tail-end of one kite to the head 
of the next; joints are supposed at all points where such 
bars either join or cut one another, of the nature of pins 
round which the bars can turn. 

Such a system is a linkage capable of a proper motion 
which will always maintain the chords R,... R,, in the same 
ratio among themselves, as well as equiangularity in the 
whole polygonal train, though the angle between any two 
consecutive chords will vary. 

Let A and B be the extremities of the linkage. Take a 
pair of rectangular axes Ow, Oy, and suppose A to be pinned 
down at O, and make the ‘other extremity of Rg lie in Ow, 
and let @ be the angle between any two conseeninne sides of 
the polygon exter nally. 

Then clearly the projection of AB upon line Ovw is pro- 
portional to 

Rot+ Rk, COS 6+R. cos 20+ oo... +R, cos né. 

But the equation requires that this shall be zero. 
If, therefore, the proper motion is given to the linkage, 

always keeping R, in Oa, until the point B is found in Oy, 
in that position Ry makes ‘with Ow the angle @ whose cosine 

—_ 

; 
| 
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is a root of the equation, or the projection of R, upon Ow 
divided by R, is a root. 

It may be pointed out that the projection of AB upon Oy 
in any position of the linkage is 

R, sin 80+ R, sin 20+ ...... +R, sin 0. 

This plan is obviously applicable only to roots which are 
less than unity numerically, The roots which exceed unity 

e e se 1 ° e e e 

might be found by writing w= — in the original equation, 

and solving the resulting equation for 7 in a similar manner. 
Should the coefficient of a term in the cosine form of the 

equation be negative, the corresponding kite must be turned 
in its plane through 180° from the position it would have 
occupied had the coefficient been positive, round the point of 
junction with the preceding kite, The sides adjacent in the 
two kites concerned will still be continuous, and the bars 
incorporated as before, as shown in fig, 2, where the dotted 

Fig. 2. 

outline represents the position the second of the two kites 
would have occupied if the coefficient had been a positive 
one. It may here be noticed in regard to the position of 
all the kites, positive or negative in their chords, that if an 
observer traverses the series of chords in order from end to 
end, he will always have the similar ends of all kites on the 
same side of him. 

An important point arises if one of the coefficients in the 
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cosine form of the equation vanishes. Suppose, for instance, 
that R, Rs have finite values but that R,=0. The difficulty 
may be surmounted in the following way (fig. 3). 

Fie. 3. 

A kite in the angular position of that corresponding to R, 
is inserted for the purpose of ruling the angular motion of 
R;. It may be of any finite size, and therefore equal in all 
respects to the kite upon R3. It is then necessary to trans- 
late as it were the third kite until its first point coincides 
with the second of the first kite. This can be virtually done 
by supplying the remainder of the links shown. 

Nos. 1, 2, 3, 4, 5, and 6 are each one equal to the shorter 
side of the third kite, Nos. 7 and 8 to its longer side. No. 5 
is parallel to No. 3, and attached to the longer side of the 
third kite so as to secure this, 2. e. its point of attachment 
will be at a distance from the tail of the third kite equal to 
one of its shorter sides. Should the third kite have lite 
negative the case presents no particular difficulty. In these 
cases some of the sides of the linkage can be dispensed 
with. In fig. 3 the final two sides of the third kite may be 
omitted. ‘ 

I]. The kinematic determination of the roots of an 
equation, of any magnitude. 

Suppose the equation to be | 

O= {A + Cz? + Ha*+ ...... 
‘ +N2", 

—{Be+ Da? + Fe’ ...... } 

} 



896 Mr. T. H. Blakesley: A Kinematic 

The last term will appear as + Nz” in the fret bracket if x 
is even, in the second if n is odd. 

Let 

sin 0 

cos 8’ 

and substitute for 2 this value. ‘hen 

ne sin’ AiG) sin* @ {A+C® 7 E 

sin @ pam 6 sin’ 0 —{ pinta tl te 

Reducing each line to a common denominator, which will 
be some power of cos 6, and cancelling out as fir as possible, 
it is to be noticed that ie n is even there will remain cos @ in 
the denominator of the first line; if » is odd, in that of the 
second. Multiplying through by cos 0, and making the 
proper substitutions to obtain cosines in the first line and 
sines in the second, which will always be found possible, the 
equation will take ale forms : 

Ifa iseven, 0={R)+R, cos 20+ ... +R, cos nO} 

—{r sin 20+7r,sin 40+ ... +7, sin n9}. 

Ifnisodd, O0={R, cos 6+ R; cos 36+ ... +R,ycos nO} 

—{r,sinO+7;sin 860 +... +7msin né}. 

wv = tan d= 

All the ecefficients in these expressions are linear functions 
cf the coefficients in the original equation which are readily 
determined. 

The first line in either case is the projection of a line 
joining the first and last points of a linkage having 20 as 
the external angle between the sides of the polygon, upon 
the line Ow. 

The quantity within the bracket of the second line is the 
projection of another linkage having the same external angle 
20, in its polygon, upon the line Oy. 

The two trains may obviously be actuated at once from the 
same first kite. 

The criterion derived from the equation is that the two 
projections shall be equal. When this is the case in the 
proper motion of the system, the root of the equation is tan @, 
6 being half the angle between the two homologous sides of 
two consecutive kites. 

The line joining the feet of the perpendiculars of projection 
must make an angle of —45° with Ow. 
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This does not constitute a very handy criterion, but it may 
be greatly improved in the following way. 

In the first place, it is quite the same to the second linkage, 
so far as its projection and motion are concerned, whether it 
is actuated by the first by the proper connexion at the first 
or at the final chords of the polygons, or indeed at any 
parallel pair of chords, for each chord of the second or sine 
polygon is parallel to a corresponding chord of the cosine 
polygon, but the two have to be projected in directions at 
right angles one to the other. 

If, therefore, the sine polygon can be bodily turned 
through an angle of —90°, it will then have to be projected 
in the same direction as the cosine polygon; and if the 
méchanism of connexion retains the extremities of the 
polygons together, and at the same time maintains the re- 
quired proportionality among the chords generally, the 
criterion will simply amount to finding the first point of 
the sine polygon, now the final point of the whole train, in 
the line Oy. 

The appropriate connexion is indicated in fig, 4. Rn, 7 

Fic. 4. 

are the two chords, having their extremities together, and 
maintained in that condition by a pin common to the twa 
kites, which have to be maintained at right angles. 

If the vertices of the smaller isosceles triangles are as in 
Plul. Mag. 8. 6. Vol. 23. No. 138. June 1912. 3 N 
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the sketch, not both within the right angle, complete the 
small rhombus of one of them by adding the short bars 0d. 

Also take AB equal to b, and AD equal to a, the two sides 
of the last cosine kite. Between D and B insert the bars 
DE, EB, equal respectively to a and 6. Complete the 
rhombus BACF with bars, and join FH, FE with bars each 

equal to \/2.d. 
Then AE will be always equal to AH, and at right angles 

to it. 
The chord r, of the sine linkage always bears the same 

relation to AK, and therefore also to AH which is Ry. 
The proof of this construction is seen at once by noting 

that the outlining bars of the figure A-B-E-F-H-C-A, with 
the additional links FB, FC, constitute a Sylvester pantograph 
of the form in which the ratio of the radii is one of equality, 
and the angle between them 90°. 

In the case of n being even, sufficient expression has been 
given to the method to be observed; but when v is odd the 
first chord R,; makes an angle of @ only with Ow, whereas 
the common angle between the chords externally is 26. 

To secure that R, shall be maintained at the proper angle, 
add to the system a kite equal in all respects to the first and 
preceding it (fig. 5). Connect by two equal bars d d either 

Bios 5. 

the heads or tails of the two kites, and joining these bars by a 
joint at their other extremities, maintain the point of junction 
in the line of reference Oy. The motion will then be as 
desired. 

It is not necessary that a problem should be stated as an 
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equation to be solved, in order to apply these Lazytongs 
methods, though, of course, every linkage equation implies 
one of the more ordinary sort in terms of powers of an 
unknown quantity, and the problem might have been stated 
in that form. 

In the so-called problem of “doubling the cube” what is 
meant is, that a cube of edge a being given, the edge b of a 
cube of double the volume of the first shall be found. 

39 

3 
a s e e 

Here 3 =4, and 6 is required. As a is less than b 
3 a o a 

write 5 = 008 0, whence 53 = COS @ =e. 

The value of cos® 6 in cosines of multiples of @ is 

cos 30+3 cos 0 
ae ' 

which, therefore, is to be equated to 4 by the terms ot the 
problem, and leads at once to the form adapted to linkage 
treatment : 

0=2—3 cos O— cos 38, 

from which cos @ or ;, can be found. RR, is in’ this case 

zero, and the linkage will accordingly require the treatment 
indicated in fig. 3. 

The insertion of two mean proportionals between a the 
smaller and 6 the larger of two straight lines is one very 
nearly the sameas the last. If 2, x, are the two magnitudes 

required, and - = cos 0, then 5 = COsuu sald 5 = GOS 

Therefore 

a cos 80+3 cos 6 
oan 4 : 

or 
O=45 —3cos @— cos 3A, 

indicating the linkage required, one of the first sort. If, 
a a a 2 

however, we make ha tan 0, ri tan? @ ; = tan® gd, we 
t l wy 

are no longer under the necessity of taking ; as less than 

dN 2 

a 

b 
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unity, but the linkage resulting will be of the second sort, 
and will be indicated by the equation : 

0= {3a cos 8+ acos 50} — {35 sin 6 —b sin 36}. 

In this case tan @= ~ , tan? @= — _ when @ has been found 
by the linkage. x oe 

The trisection of the area contained between the hyperbola 
whose semiaxes are a and 6, its semiaxis a, and a radius 
vector drawn from its centre to a point whose abscissa Is 23, 
by other straight lines drawn through the centre, may be 
effected by a linkage. 

Let x, and x, be the abscissee of the points of the curve 
required by the problem, 2, being smaller than 2. 

The area of such a figure is equal to the quantity —_, 

in which ¢ is a quantity such that e=acosh ¢, y=bsinh ¢. 
The problem, so far as a, is concerned, therefore amounts 

to finding cosh ¢ when cosh 3¢ is given, for then “ =cosh ¢, 

when = cosh 3¢. Cosh3q can be expressed in powers 

of cosh d, thus: 4 cosh? ¢—3 cosh ¢. 
+ 1 

Now cosh @ ean be always represented by at Hence 
~ COS 

Xs A = 

a cos? @~—s¢os @’ 

Or x 
4—3 cos? @— cos? @=0: 

a , 

whence in cosines of multiples of @ 

0=10-—3% cos 0—6 cos 26— 7? cos 36. 
a 

This formula indicates the linkage to be employed to find 
cos 6. It is of the first sort. When this cosine is deter- 

e a . . 
. 

mined, z;= cos 97728 found directly from x, fromthe equations 

22=a cosh 24, 2,=a cosh d, 

from which me 22,?—a? 
2 Ee CeO ae 

a 
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XC. A Theory of the Absorption and Scattering of the 
a Rays. By C. G. Darwin, B.A., Lecturer in Mathe- 
matical Physics, Manchester University *. 

Part I.—ABSORPTION. 

| a a particles from radioactive substances have been 
very thoroughly investigated, so that the main features 

of their motion are now well known. On account of their 
great mass they go straight or nearly straight through 
matter until their energy is exhausted. It is for this reason 
principally that an experimental formulation of their law of 
motion is comparatively so much easier than for the 6 rays. 
Braget showed that the number of @ rays remained constant 
after traversing matter and that the absorptive effect was to be 
attributed to changes of velocity; and Geiger { found the 
form of the velocity curve§, which for mica he empirically 
represented by the equation v’= V* (1—w/k), where V is the 
initial velocity and R is the “range.” The present paper is 
concerned with the theoretical reason for this curve and the 
deductions which may be made from it. It also considers, 
but less completely, the scattering of the « particles. 

§ 1. The Mechanism of Absorption. 

It is known that the ionization produced by an «@ particle 
is proportional to the rate at which it loses its energy. It is 
thus necessary to adopt a structure for matter such that the 
a particle pulls electrons out of the atoms containing them 
and in so doing loses velocity. I have taken the atomic 
structure proposed by Prof. Rutherford ||. This supposes 
the atom to consist of a cluster of electrons held by an 
unknown field of forces round a central charge, which is of 
such amount as to neutralize them and which is supposed to 
be the seat of the mass of the atom. This structure presents 
fewer analytical difficulties in the present problem than any 
other, and there is strong experimental evidence for it in 
the large scattering of the e rays{]. The adoption of this 

* Communicated by Prof, E. Rutherford, F.R.S. 
+ W. H. Brage, Phil. Mag. vol. x. p. 318 (1905). 
{ H. Geiger, Proc. Roy. Soc. A. vol. Ixxxiii. p. 505 (1910). 
§ I call by the name “ velocity curve ” the curve whose ordinate is the 

velocity of the a rays and whose abscissa is the distance they have travelled 
from their source. 

|| EX. Rutherford, Phil. Mag. vol. xxi. p. 669 (1911). 
~ § Rutherford, loc. cvt., and H. Geiger, Mane. Lit. & Phil. Soe. 1911. 
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system necessarily involves that the helium atom, which is 
formed from an a ray, has only two electrons, an assumption 
which appears reasonable when it is remembered that the 
a particle is expelled with enormous velocity from one atom 
and is perpetually undergoing violent collisions with others, 
so that it must be of a very simple nature. I proceed 
parallel with the alternative assumptions that the electrons 
are distributed in the atom (1) throughout the volume of a 
sphere round the centre and (2) over its surface. 

In passing through an atom an @ ray will exert forces on 
the centre and on all the electrons. It will set any charges 
it approaches in motion and may succeed in pulling an 
electron out of the atom. In doing so it will lose velocity, 
while the ejection of the electron will be equivalent to 
ionization. Now in the atom there is a complicated field of 
forces acting between the electron and the rest of the system. 
This field is quite unknown, but the ease of the occurrence of 
ionization by collision suggests that it is not very great. 
That is to say, while an « particle is passing an electron 
their mutual forces are very much greater than the forces on 
either of the rest of the atom. On account of its high 
velocity the a particle will spend a very short time near an 
electron, and in considering the motion of the « particle we 
shall commit no great error in neglecting the effects of the 
perturbation of the electron by the rest of the atom. With 
regard to the motion of the electron this need not at all be 
true. As soon as the a particle has passed, the predominat- 
ing factor is the atomic field which may prevent the electron 
from escaping or may greatly reduce its velocity. 

We therefore suppose that the « particle loses its velocity 
by setting in motion a cluster of electrons whose interactions 
are negligible. In actual atoms the electrons will probably 
be already in motion, but it is possible to show that such 
motion only affects the result by the ratio of the squares of 
the velocities of electron and «@ particle, and this may pre- 
sumably be regarded as a small quantity. 

In traversing matter some a@ particles encounter more 
atoms than others and go deeper into them. Thus after 
going a given distance the @ particles will have straggled 
out, and some will be moving faster than others. I have 
not succeeded in finding the amount of this straggling in 
the present problem ; but it is possible to prove with con- 
siderable generality that the mean loss of velocity of the 
particles after a given number of collisions is equal to the 
sum of the mean losses in each collision, a proposition which 
is not self-evident. It is this fact which makes the problem 
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of absorption much easier than that of transverse scattering, 
which is really more akin to straggling. In the scattering 
there is a considerable effect due to the inequalities and 
irregularities of distribution of the electrons. In the longi- 
tudinal motion such irregularities only affect the straggling 
and produce no change in the mean. The reason for this 
lies in the fact that here the composition of the effects of 
successive atoms is by simple addition, while for scattering 
it is by additiun of squares. 

§ 2. The Velocity Curve™. 

_ If E,M, e, m be the charges and masses of « particle and 
electron ; if k=m/M and X=(1+4)He/m, and if v be the 
velocity with which an e particle approaches an electron on 
a line at distance p from it, then a simple calculation of their 
orbits shows that after the two have separated the velocity of 
the 2 particle is v+ Av where 

(ot Av)?=e7 (1+ 2k cos2utkh)/Ai+ky . . (1) 

if tan w=A/pv’. The « particle is deflected through an 
angle yr where 

eval ies (2 S0 2 (LSS GOS AM )an 6 5 5 (2) 

These formule are accurate, whatever the values of m and 
M. But m is the mass of an electron so that £ is small and 
(1) may be rewritten as 

nL Np ey Ahoy IO, Av= —kv(1—cos 24) = Ee Aaa eke) (Cea 

This is the velocity which the « particle loses in passing a 
single electron. In summing the effects of all the electrons 
of the atom, we encounter the difficulty that the forces 
exerted between an electron at one side of an atom and the 
particle at the other are not greater than the internal forces 
of the atom. In such a case, however, (3) gives a very small 
value, so that practically it is only the electrons very near 
the path of the « ray which contribute sensibly to the 
reduction of its velocity. It seems that the inclusion of all 
the electrons in the atom is less objectionable than the fixing 
of an arbitrary limit beyond which no forces shall be allowed 
to countf. Let be the number of electrons in the atom. 

* For a definition of this term see p. 901, note §. 
+ I originally worked out the whole theory, supposing that only elee- 

trons in a cylinder near the path of the particle exerted any force on it. 
The results are almost identical with the present. 
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We shall first find the result supposing the electrons distri- 
buted uniformly inside a sphere of radius o, and afterwards 
supposing them arranged over the surface of a sphere of radius 
o,. Thenumbers 1 and 2 subscribed will refer throughout to 
these alternative hypotheses. 

Let P denote the distance from the centre oF the atom of 
the initial line of motion of the e particle. In passing through 
the atom this line is slightly changed and the velocity is 
reduced, but the effects are small, and no error is produced 
by supposing the velocity on approaching each electron equal 
to the velocity of approach to the atom, and. by supposing 
the line of motion through the atom to bestraight. Let the 
position of an electron be denoted by cylindrical polar coor- 
dinates 7, 6,2. The loss of velocity due to an electron at 
rs b, < is 

2 72 | 
atv f + P?+7?—2Pr cos ¢, 

and the chance of there being an electron at this point is 

mf 7G,°, tf dr dd dz: 

The whole loss of velocity on the average thus is :— 

N 62-7? ov 2 : 5 
oie M Wines fo. ar — az $f + P?+77—2Pr cos d. 

This expression is to be averaged for all values of P. The 
result gives p, the mean loss of velocity of a particle in 
traversing an atom. Then :— 

2h Ne a i ae Vop—7 
Pi = 4/3 on 

set, pe 

is asf + P?+7?—2P# cos @). 

Three of the integrations can be performed, and if 
o,?v'/A?=w, the expression may be reduced to 

pi=2k ny | log (+1) Alen) f a 
1 

where 

Ale) {i (ae / 4( Ww) = oS 

a Leis 
(w—— 2 a a/ (a=) pe 

Ww + iy : w Bist 
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The logarithmic term in p; is the more important. _/; is 
the sum of elliptic functions of all three kinds. 

In the ease of a surface distribution of electrons the 
corresponding integral reduces to 

p= 2k ng { log (1+ 10,) —/aCee) } Patsy 

where a oy /M and 

oda 
(w) Sa REG KID RT Miele ys ie 

———— — ed! ——wt &— — 5 =e: ot aH (« =) +5 Flt (« 3) tx 

This is an oe function Ae to f;. For large values of 
w, f, and fy have limits 2/3 and 2 respectively and may be 
expanded in inverse powers of wilt that is in the inverse 
velocity. For smaller velocities it is necessary to evaluate 
them by means of Jacobi’s @ functions. 

Before finding the equation of motion of the & particle we 
must estimate the direct effect on it of the central charge. 
The accurate equation (1) is applicable for this, with modi+ 
fied values of e and m. If these modifications are denoted by 
accents, the loss of velocity due to the central charge is, 
when small, given by 

Av= — 
2k'v nr? ; 

(1 + h’)?X/2+ P2v" 

The cases of large deflexion and large change of velocity are 
so rare that they may be disregarded, as they do not affect 
the mean. The average loss of velocity from the central 
charge thus is 

2k'v i (1 a 

= oe paealee ve 
Now the electrical charge e’ is equal to ne and hence 

=n% (14k), 

Qh» ik | \? 
p=. on { 1+0f (S| ata ’ 

Now nk/k' is the ratio of the mass of all the electrons to that 
of the central charge, and this is quite a small quantity 
unless m is very large indeed; and we shall subsequently 
prove that this is not so. It is thus justifiable to neglect p’ 
and take p as the mean loss of velocity in the atom. 
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If the number of atoms in a cubic centimetre is N the 

mean free path for a fast moving particle is 1/Nao”. If vis 

the velocity at a distance w from the source we have 

1 dv 

: Naro2dx he 

so that if V is the initial velocity 

ee 

ioe 
Putting in the value of p found for either volume or surface 
distribution of electrons, this gives : 

Nao’x =| 

.V dv 
ENT: 2s ei SarkNnoru =| 4 v log (1+ w) —/(w) 

2 74 2 

oy dw 
ha log (@ + w) —/(w) 

=| 5 rs e"du 
as ott\U— ome 

log(1 =) ie ) 

For either subscript we shall put 

Z e“du . 

( U -f, (e"—1) = KE, ,(z). 
NoZ) 

Except for a constant the functions E,, E, are very similar to 
the integral-exponential function Hz ; indeed, for large values 
of z they only differ by this constant from e*Hi (z—a) where 
a, = 2/3 and a,=2. 

The velocity curve of the « particles thus is :— 

ON 27 sii 
7 )- log (1+ é ) . ae 

It is interesting that the form of the curve should depend on 
the whole number of electrons in a cubic centimetre, and on 
the radius of the atom, but not at all on the number of atoms 
or the number of electrons in each atom. For very high 
velocities the curve is of the form 1—x=Av'/logv. With 
ditferent substances o will be different and will make the 
shape of the curve vary. To consider this we write it in the 
form 

8rkNno*x= i log (1 a 

1—«=E log (1+ 10*y*)/E log (L +10") 



Absorption and Scattering of the « Rays. 907 

and call « the parameter of the curve. It depends on o and 
V and is taken in this form to facilitate the use of logarithms. 
The functions E,,E, were evaluated by quadrature. The 
velocity curve obtained from EK, is shown in the figure for 

“SSeS ree 
| a 

0-8 

peas 
Ja w 

ee | ee TiN ae N 

| i eS ee nei 
0-2| 

z as oy | 

jeurereceine 
ae 

28248 
pee 

To) avoid confusion each curve has been started 0°3 from the last. 

parameters 1,2, 3, 5. Those for EK, are almost indistinguish- 
aul on the scale of the drawing. Thecurve for «=3is within 
4 per cent. of the curve y 3—]—-99x from x=0 to v= Sy 
which is well within the experimental errors. ‘ihat for c= 2 
is nearly as good but diverges rather more at the end. For 
parameters greater than 2 it will be seen that the curve of 
velocity falls very steeply near e=1, and this corresponds to 
the existence of a range, which is so important a feature 
of the motion of the « rays. As the velocity diminishes 
there comes a point of inflexion and the final loss of 
velocity is exponential. Actually this part probably does 
not exist, as the a particles, which are straggling consider- 
ably, will undergo large deviations frequently, and it is very 
likely will pick up charges and become common gas mole- — 
cules. 

Wquation (6) is thus capable of qualitatively representing 
the motion of the # rays. A great danger of basing a theory 
to account for experiments on a given law of force of the 
elementary parts, 1s that the supposed mechanism should not 
be the only one capable of accounting for the phenomena. 
This has caused trouble in such matters as viscosity, surface 
tension, etc. It would be hard, in the present case, to show 
that no other law of force could produce the same velocity 
curve, but that the curve cannot be obtained by merely sup- 
posing the « particles to surge through the atom with any 
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law of force may be proved by taking the only other simply 
soluble case, the inverse cube. Analytical difficulties enter 
a little earlier here, but when the velocity is very high it 
may be proved that the velocity curve is a common parabola, 
whereas with the inverse square it is l—z=Av‘/logv. The 
difference is quite marked, and we may say that the results 
of experiment could not be deduced from any arbitrary law 
of force. 

§ 3. Application to Air. 

We next examine the velocity curve numerically. If the 
range of the « particles is R we have :— 

INT4 

SnNuko?R=H log( 14 | ) oo ee 

provided that log;,)0?V*/\’, the’ parameter of the curve, is 
great enough to admit the existence of a range. We shall 
apply (7) to the case of RaC in air, as it is with this sub- 
stance that most of the experiments have been made. The 
mean range is 6°8 cm. and the initial velocity 2°0 x 10° cm. 
per sec. "The quantities N=5-44 x 10°) k= ToT xa 
H=93 x 10-(ES), and e/m=5°31 x 10S) vanemean 
directly known from various experiments. o, the radius of 
the atom, is a more difficult matter. A value can be assigned 
from the kinetic theory of gases, but this need not be at all the 
same as the value required here. For the kinetic theory deter- 
mines the mean distance of closest approach of two melecules 
in collision. Here we require the mean radius of the atom 
at all times. It is possible to suppose the atom highly com- 
pressible, so that the electrons are usually at a considerable 
distance from the centre, but are driven back on it by the 
approach of a second molecule. Or we may suppose them 
held very close to the centre, but capable of exerting outside 
their region large elastic forces on other atoms. In the first 
case o will be larger, in the second smaller than the value 
given by the kinetic theory, which moreover refers to mole- 
cules, not atoms.. If the atom of air is highly compressible 
its radius will be say 3x 107%cm. This would give for RaC 
a parameter «=4°8, which is almost certainly too large. 
Moreover, it would result from compressibility that the mean 
radius would depend somewhat on the pressure; but the 
stopping of the « rays depends only on the number of atoms 
it encounters, and not at all on their pressure. This 
possibility may therefore be rejected, and to cover the other 



Absorption and Scattering of the « Rays. 909 

I proceed by assuming for o the three values 1078, 107°”, 
10-° cm. The last is very small, the reason why it is in- 
cluded will appear in the discussion of the motion of the 
a particles through hydrogen. With these three values the 
parameters of the velocity curves are 3°82, 2°82, and 1°82, 
all values which would give a curve resembling fairly closely 
the experimental curve. There is now only one unknown in 
(7) and by solving we can find the value of n. In the three 
cases I find for volume distribution n,=7:4, 11:1, 19°2, and 
for surface n»=8'7, 13°2, 22°7. Thus, although o is very 
uncertain, it appears that n is somewhere near the atomic 
weight. The slow variation of n, and n, with a is due to the 
fact that for these parameters HE, and HE, are approximately 

o2 V4 ao V4 

a 2 ae 
so that o only appears in (7) by its logarithm. These values 
of m are in good agreement with those determined by other 
methods ; in particular, Rutherford * found the number of 
electrons as half the atomic weight from experiments on large 
scattering of the « rays. Some of the other determinations 
of m are on hypotheses contrary to the present, so that for 
these confirmation is meaningless. 

§ 4. Applications to other Substances. 

We must next examine the absorption under other con- 
ditions. Any mechanical hypothesis would give the correct 
law for variations of pressure and for compound substances. 
We need therefore only consider elements. In doing so it is 
not convenient to consider the whole range in each substance, 
as the end of the range can only be observed in a gas and 
also because it fails to convey part of the information which 
can be obtained. We take, as do experimenters, air as a 
standard, and compare the absorbing powers of thin layers of 
various elements with those of air. If we denote by accents ° 
the various quantities pertaining to the substance to be 
examined, the particle in this substance will lose a velocity 
Av in a length Az’ where 

Av=N'ro”Aa', 2k Ta log +) fw) } 
oO 

where as always w’=o"y‘/A?, The same velocity is lost in a 
distance Av of air, where 

2 
Av=Nao*Ar. 2h 54 log (1+w) =F (ew) } ; 

* Rutherford, Joe. cit, 
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By division then :— 
Az _ N'n'log (1+w!) —f(w’) 3) 

Aw’ Nn loge i+w)—f@) > ~ ( 
Then Az is the “air equivalent” of a film of thickness Az’ 
of the substance. (8) shows why equivalence should depend 
on the velocity of the « rays. By means of (8) we might 
theoretically solve and find all the atomic constants in- 
cluding the radius of the air atom. For if the equivalent of 
Ax’ is known at three different velocities, then two equations 
can be tormed involving o and o’, and can be solved. (7) 

- then gives n and (8) 7’. I have attempted such a solution 
for gold, but the values of o anda’ which were obtained 
were certainly too small to be admissible. The data used 
were taken from some experiments by Taylor *, who records 
the equivalence of a certain gold foil at various velocities. 
He measured the velocity by finding the range which the 
a rays still had to run after passing the foil. This method 
of determining equivalence is open to the objection that it is 
not quite certain what is the quantity that is measured. The 
ionization falls off very rapidly at the end of the range and 
so very accurate measurements of change of range can be 
made. But the shape of the curve at the end depends 
largely on the amount of the straggling among the « rays, 
and this will vary systematically from one substance to 
another. Hence measurements at the end of the range need 
not give at all accurately the velocity at an earlier point, and 
we must abandon the hope of a complete direct solution. 
By supposing o known for air we need only use two 

measurements, and these may be taken fairly close together 
so as to minimize the effect of change of shape of the 
ionization curve. If Az,, Ax, are the distances in air 
equivalent to Aw’ at velocities x, v2, then from (8) we have 

Ax, _ log (1+wy,')—f(w') log (1+ w.) — (we) 9 
Ar, log (1+w)—/(w,) log (14+ w.')—f(ws')’ @) 

To solve this for o’ we ought, strictly speaking, to determine 
the velocities v1, v2 from the recorded ranges by the velocity 
curve itself, but it is easy to see that the empirical formula 
v= V3(1—a/R) is quite accurate enough. The solution of 
(9) determines w,’ and w,'. (8) then gives n’. The solu- 
tions all depend on the value assumed for o the radius of 
the air atom. Table I. gives the solutions for the sub- 
stances which Taylor + examined. The numbers in each 
column all depend on the value taken for the first row. For 

* T.S. Taylor, Phil. Mag. vol. xviii. p. 604 (1909), The numbers 
used were extracted from Tables I. and II. 

t Taylor, loc. cit. 
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(NB Eel, 

7 is the number of electrons in the atom. 
o is the atomic radius. 
« is the parameter of the velocity curve. 

Ax’ is the thickness of the film. 
Ax, is the equivalent in air at range 5-7 em 
(NTR aA a s 3°7 em. 
Aire Ba * BA 271 cm. 

For Al the change of equivalence is very slow and so the range 2°1 cm. was 
used for the solution and the range 3°7 cm. for comparison. For H, 
Az, is at range 5:2 cm. and Az, at range 4:0 cm. 

Data used for the solutions. 

Ae. [NIP 3 INR Ax, (obs.). Ax, (cale.). 

ae 271074 ‘719 “657 ‘600 ‘570 

ee 2°84 10-4 1:104 999 888 “853 

BS 3:86 x10-4 1-011 ‘957 882 877 

Be. 3°30 x 10-4 597 584 “597 592 

ys. 1:07 231 DAT ene ae 

Volume Distribution. | Surface Distribution 

Cg, 10m 10785 10-9 10-8 10-85 10-9 
nm.| 74 lil 19-2 87 13:2 22-7 
k 3°82 2:82 1:82 3:82 2:82 1-82 

(o.|/100x10-! 6910-1 4010-1 90x10-!  61x10-!9 3610-10 
n. 89 117 182 113 152 230 
c.| 1:82 1-49 101 1°72 1:38 ‘93 

(o.) 88x10- 10 6290105 B10 s 19 F-81105 5:4x10-% 83x10—8 
n.| 106 140 215 137 182 275 
I ch ee) 1:40 “95 1:61 1:28 "85 

[o. 17°8x10-19 10:7x10-!9 5310-19 166x10-29 9710-19 5§5:0x107-1° 
n.| 48 65 104. 60 82 128 
| c.| 232 1:88 1:27 2:26 1:79 1:21 

| [o- 6710-9 = =6.2:5x 10-9 )3=— 0-90 10-9 | 66x10—-9 = =924x10-9 O88x10-9 
n.| 18:2 19-2 32:5 15°5 23°1 38°8 
| c.| 347 2 62 1-72 3:46 2-60 1-70 

so, Lisette a OOM sclee Pill. | states 67x10-8 
TIA ee eC yeti VU NC RIEN F, ICR Ges bea (MN Mee ee 101 

> eet cat AL VRE NE eee 5d 
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each substance a row is deyoted to the parameter (for 
particles from RaC). In some cases it appears very small, 
but this is implicit in the experiments, which show a oreat 
difference in the characters of the various velocity curves. 
In the case of hydrogen (9) is insoluble for the two larger 
values of o. This means that with these values the relation 
between the air velocity curve and that of hydrogen is such 
that the latter is a more abrupt curve than would be one 
with an infinite parameter. The first part of the table gives 
the data used for the solutions. In addition to the atomic 
constants o and n, I also ealeulated for comparison with 
experiment the equivalent of the film at a third velocity. 
Within narrow limits this came out the same for all six 
columns, which means that an enormous change must be 
made in o before any appears in Aa3. This shows that 
it would be impossible to get measurements of sufficient 
accuracy to determine the radius of the air atom in addition 
to the other constants, the theoretical possibility of which is 
indicated above. 

The table shows that n is proportional to the atomic weight 
for the heavier substances. Hydrogen is in conformity with 
this, when the solution exists. It is clear, however, from 
the great difference between o for surface and o for volume 
distribution (which, when there is only one electron in the 
system, cannot correspond to any very great physical dif- 
ference) that our analysis cannot be regarded as holding for 
systems containing a very small number of electrons. It is 

probably the assumption that the « particle exerts no force 
except when inside a sphere round the centre, which breaks 
down. Since the result with regard to a is certainly unsatis- 
factory, it is very doubtful how much significance is to be 
attached to the value for n. The absence of the hydrogen 
solution for larger values of a for air may also be due to the 
inapplicability of our analysis to the case of a very small 
number of electrons. If this larger value of o for air is 
adopted, then for air and the metals n will be about half the 
atomic weight and hydrogen will be exceptional; if the 
small value of o be taken, then n will be equal to the atomic 
weight and hydrogen (as far as the analysis is to be trusted 
for it) will be regular. In this case helium will be excep- 
tional, for the whole hypothesis depends on the assumption 
that for it n=2. Great importance thus attaches to the case 
of helium, because there is only one adjustable constant o 
instead of two, 7 and n. Unfortunately no measurements of 
equivalence have been made, but only a determination of the 
whole range*. If the value found for this be put in (7) 

+ BLE: Ree Physical Review, vol. xxiv. p. 108 (1907). 
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and the equation be solved for o, a value is given several 
times greater than 10~*. Thus here as for hydrogen a has 
a value greater than that given by the kinetic theory, and 
this may probably be set down to the inaccuracy of meaning 
of o in the case of a very small number of electrons in 
the atom. 

From the table it appears that as the atomic weight grows 
o becomes less and is very small for a heavy substance. This 
is rather surprising, but it does not seem unreasonable that a 
small cluster of a large number of electrons should exert 
elastic forces at as great a distance as a larger cluster 
composed of a smaller number. There is no great difference 
which should enable us to distinguish whether the distri- 
bution of electrons through the volume of the atom or that 
over its surface gives values most in agreement with the 
results of experiment. 

The fact that stopping power depends on both n and o 
prevents the deduction of any simple relation from Bragg’s 
law of stopping power*. Table I. suggests that n is pro- 
portional to the atomic weight A, and if this is supposed 
accurately true it is possible to find a relation for o ; but it 
is not very intelligible because it contains the velocity, and 
it was only by neglecting the variation due to velocity that 
Bragg propounded his law. The “atomic stopping power ” 
of Bragg is, from (8), proportional to n'{log (1+ w’)—/(w')} 
and this is proportional to 7A. Then approximately log w' 
varies as 1/ V A, or making the velocity constant 

log o'+ const. « 1/ VA, 

which is the form that Brage’s law takes on the present 
theory. 

The analysis of this paper is not sufficient to give a 
complete figure of the Bragg ionization curve. In the 
earlier part of the range the ionization is proportional to 
the mean rate of loss of energy of the « rays. But the 
interesting part of the curve is the end, and here measure- 
ment of loss of energy is useless, because the dominant factor 
is the straggling of the rays, and the problem of this 
straggling has not been discussed. In his investigation on 
the connexion between ionization and absorption, Geiger 
points out that the ionization is inversely proportional to the 
velocity of the rays. On the present hypothesis this is 
accidental. If the ionization is proportional to the rate of 

* W.H. Brage, loc. cit. 
co? 

met, Mag. 5.6, Vol. 23. No. 188. June 1912, 30 
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expenditure of energy, and if the velocity curve 1s approxi- 
mately v3 =V3(1—2/R), then it follows directly that the 
ionization is approximately inversely proportional to the 

velocity ; and no further significance need be attached to 

this relation. 

Part IJ].—ScATTERING. 

The mechanism which accounts for absorption must also 

be capable of accounting for scattering. The problem ot 

scattering is the more complicated of the two, as it deals 

not with a mean effect, but with the mean departure from 

such an effect, and in this way is analogous to the problem 

of straggling rather than to that of absorption. In conse- 

quence of this difference, difficulties enter which prevent — 

the complete solution, and we must be satisfied with an 

approximation. 

§5. The Formule for the Scattering. 

The difficulty of the scattering lies in the fact that when 

an electron lies very close to the path of the particle it 

exerts a much greater effect than the average, and this effect 

is not counterbalanced by the absence of an electron in 

succeeding encounters. In the case of the absorption, any 

ettect of such an electron does not alter the mean, but only 

tells on the amount of straggling. To consider the scat- 

tering it is thus convenient to divide the effect of the atom 

into two parts. The first is due to the regular average 

distribution of electrons together with the effect of the 

central charge. The combined effect of these is a deflexion 

in a plane through the centre. The second is due to the 

chance occurrence of electrons very near the path of 

the « particle. This deflexion will be in an arbitrary 

direction. 
(i.) The deflexion by a single electron is from (2) equal 

Ape to Qh ast 

plane through the centre of the atom is to be summed for 

all the electrons. In this summation the electrons very near 

the path of the particle will contribute equal amounts in all 

directions, so that there is no need to exclude them on the 

‘round that they are to be counted later. The summation 

of all the electrons, and the averaging for all positions of the 

a particle, gives, as in the case of the absorption, a quadruple 

The component of this expression in a 
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integral. The mean deflexion from the electrons is 

o,2— 72 27 Qkn, (  2PaP(™ ea : i I — de(P=7 cos $) a ay a ig LIMA po. i. = Boras), of J, TM oor Jo" Nivtt+ P?+7°—2Pr cosh 
Only two of the integrations can be performed, and the 
expression then becomes elliptic and progress would be 
ditticult. We shall at once evaluate it on the supposition 
that o7v‘/A? is large, as the development of (i.) later is only 
possible with large velocity. In this case 

r 3 19 ny ( Pthat ) 
Vy i 5\2 37 

In the case of a surface distribution a similar process gives 

bs! = j, 22 (2— 57). 
Cov" 

The central charge plays a large part in scattering through 
small angles as well as through large. From (2) the 
deflexion is y'’ where 

tan Yo"! = 2h'X'Pv?/P2v4(k! +1) —r2(k' = Ly 
When k'>1 this quantity can take any value positive, 
negative, or infinite. In experiments on small scattering 
when a large deflexion occurs, the « particle does not appear 
cn the field of observation. Suppose that a particle which 
is deflected through an angle greater than 8 is not observed. 
6 will be of the order of 2° or 3°. This excludes from the 
mean to be taken values of P less than a certain amount, 
For larger values of P, >’ may replace its tangent. When 
the mean is taken it appears that when the velocity is high 
the part dependent on 6 is unimportant and that the mean 
is given by neglecting the second term of the denominator, 

Nea diy knr Thus nal Ben oo 

ay’ is away from the centre, W’ towards it. Hence their 
combined effect is 

pf aha ok EO 
O\v' Oo 

for volume, and 

Nor 

Tv bo! 
3 

ap" — ap,’ = 2k 

for surface distribution. Here for the first time there enters 
a distinct difference between the effects of the alternative 
distributions, 

a 02 
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(ii.) Sir J. J. Thomson * has shown how to deal with the 
irregular deflexions due to electrons lying very close to the 
path of the @ ray. The present is a modification of his 
method to suit the hypotheses of this paper. Suppose that 
any electron in a cylinder of radius / round the path is to be 
counted as very near it. The mean deflexion of such an 
electron is 1 

U 

oe 2 i 41- a > tan- ele 

When v is large the second term is negligible, and unless 
this .is so progress is prevented, since / will not disappear 
from the equation and it is impossible to know what is the 
right value to take for 7. To estimate the whole effect of all 
the electrons in the cylinder we must multiply this expression 
by the square root of their number. For volume distribution 
their number is 

i Chae oe 4 

n Tl? S 2 / or P | mers 

and the mean of the square root of this for all values of P is 

V4 a 

ao 5 

Thus the whole deflexion due to these electrons is 

Ak 4 ae Hf 

v1 om ov" v4 m1 5 2 

he corresponding expression for surface distribution is 

JIT / 
Vs = Mgt st 

= ov" 2 4 

These defiexions are in arbitrary directions and must he 
compounded with those of (i.). The results are Wr, Wy the 
mean deflexion of the whole atom. 

QkN 8 3 

ese (s™) +502") F 
_ kn? 3 
= eT NaN Tee ee . . 

Ho co Es) GV ay jf 
k 1/2 

= ae: Si Ving + 1-44. ae AA, ° « e . . ° (11); 
ov" 

* Sir J. J. Thomson, Proc. Camb. Phil. Soc. xy. pt. 5 (1910). 
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For high velocities the scattering should thus vary in- 
versely as the square. The measurements of Geiger * on 
the dependence of scattering on velocity are not very 
accurate, but the inverse cube gave the best agreement. 
As this was determined with some quite low velocities, (10) 
and (11) may be regarded as reasonably satisfactory from 
this point of view. 

The quantities yr, Ww. are mean angles of deflexion. 
Geiger measured the most probable angle. Assuming (as 
has already been tacitly done) an error law of distribution, 
the latter is obtained by multiplying W by V/2/z. 

It is convenient to consider both y, and yy, together by 
writing them 

kyn'? 
ae Gril 
ov ; 

where ; 

y=} V¥m44+277 and w= Vig + 14-4. 

For a thin foil the whole scattering is obtained by multi- 
plying w by the square root of the number of atoms 
encountered. In a foil of thickness Aw this number is 
Nao’Ax and the most probable angle of scattering is 

i army W/ DING N ase a? Shy sein sy Gle2)) 

Experiments on scattering at high velocities should thus be 
able to determine n without o. 

Geiger performed experiments with both small and great 
thicknesses of gold, but for other metals he only had thick 
foils, and for such the change of velocity during transit has 
to be taken into account. Geiger f has shown how this 
explains the shape of the curve connecting scattering with 
thickness of the scattering foil. I follow his method, but 
use my own formule as the result is rather simple. When 
the variation of velocity is taken into account the most 
probable angle of scattering is 

a) 12 
y= kya ?y { 2N PPS) iY E 

v 
Now “ 

> Nara An/o— ( dv/pv*, 
v“v 

where V and v are the incident and emergent velocities 

* H. Geiger, Proc. Roy. Soc, A. vol. Ixxxiii. p. 492 (1910). 
+ H. Geiger, Proc. Roy. Soc, A. vol. Ixxxvi. p. 286 (1912). 
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i of the rays. Putting in the value of p from (4) or (5) 
q we have 
i ce 04/2 a 
| v= / kav {4 Ep mA 

sevip? W{ log (L+w)—f(w)} J 
| Now w was obtained cn the assumption that o7v*/A? is large, 

| and so here the second factor of the denominator may be 
f| replaced by log w—a, a being the limiting value of f, 
i | 2/3 for f, and 2 for ff. When this change is made the 
| integration can be performed and gives 

( a ats 
| a leas OB ih eee 
i y=iv kr A log a yas (13) 

| § 6. Comparison with Experiment. 
i Of the substances whose absorption has been discussed, 
i Geiger * made experiments with gold, tin, and aluminium. 
i I apply (13) to foils of these substances of thickness 

equivalent to 1 cm. of air, and I apply (12) to thin gold 
| foils as well. The assumption that o?v‘/n? is large is hardly 
i justified for gold, especially for the values corresponding to 

a small radius of the air atom. Indeed for gold, even in the 
most favourable case an application of (13) to a thin foil 
gives a value differing by 10 per cent. from that deduced from 
(12), and (12) is only superior to (13) in that o7v'/d? has 

| been supposed large once instead of twice. 
i Table II. gives, for comparison with the experimental 

| TABLE II. 

= = 

| Most probable Angles of Scattering. 

| | Observed. | Volume Dieeahasont Surface Distribution. 

\ lO laliey veneer coe. Fs o's). 10-8 10-85 10-9| 10-8 10-22 0m | 

HepAastoall We ects. 10 13’ 17’ ay’ | oat io 

WW DT icc reeme tame al 7) OB! 19 (25's ge | 8 

| Au equiy. to 1 em. ey, Mite 5 | 124 AS GSu wees 2°63 4°4 ae | 

i! S , oy 6 6d 185 | 0879 1908 1974] 1943 2014 BO 

AL 43 PL ese 0°-6 0°35 0°48 0°80] 0°53 0°79 1°58 

* H. Geiger, Proc. Roy. Soc. A. vol. Ixxxiii. p. 492 (1910). 



Absorption and Scattering of the a Rays. 919 

results, the values of the most probable angles of scattering 
deduced from the numbers in the six columns of Table I. 
For the thick foils (13) was used, for the thin (12). I have 
calculated the latter for both 1 and 2 foils, as Geiger’s 
measurement with one foil seemed to be in nae very good 
agreement with the next few. 

Hixcept fcr the last column the results are of the right 
order. The divergence of the last column is chiefly due to 
the fact that log w.—a, does not then in the least approxi- 
mate to log (1+ w:)—fo(w2). In the case of gold indeed 
log w)—d, changes sign. In spite of this dive ergency for 
the surface distribution expressions, which masks their true 
value, it does seem possible now to discriminate definitely in 
favour of the volume distribution, and it seems that the 
smaller values of o are best. Stes the closeness of the 
approximation of y to its true value is unknown, it does not 
seem profitable to tix the value with any greater accuracy. 

The agreement between the observed ain calculated values 
for the scattering is thus good enough entirely to confirm 
the hypothesis of this paper, but not so y good as to help much 
in a more accurate specification of the atomic constants. 

Summary. 

An hypothesis is put forward whereby the « particles in 
passing through matter pull electrons out of the atoms they 
traverse, acting on them with the ordinary law of the inverse 
square. 

An equation is deduced relating their velocity to the 
distance they have travelled from their source. ‘This is 
the “velocity curve” and agrees closely with the experi- 
mental curve. 

The equation involves two unknown constants: n the 
number of electrons in each atom, o the radius of the atom. 
In the case of air, if o be assumed known, n can be deduced 
from the range. Widely different values of o give very 
similar values of 7. 

From comparison of the stopping powers of air and other 
substances, o and nm for these can be deduced, the values all 
depending on the original value assumed Rae the radius of 
the air atom. 

The number of electrons in the atom appears to be inter- 
mediate between the atomic weight and its half. The atomic 
radit decrease with increasing atomic w eight. 

In the case of hydrogen it seems pr obable that the formula 
for o does not hold on aczount of there being only very few 
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electrons in the atom. If it is regarded as holding, then 
n=1 almost exactly, but o is very much larger than seems 
probable. @ is also too large for helium, for which n=2. 

The numbers obtained from absorption are applied to scat- 
tering and give results in all cases in very good agreement 
with experimental measurements. 

My thanks are due to Professor Rutherford for the interest 
he has taken in this paper and for the advice with which he 
has helped me. 

XCI. On the Deduction of Wien’s Displacement Law. 
By HK. BuckIneGHam *. 

iE LTHOUGH Wien’s displacement law may be regarded 
as quite well established by experiment, its great 

importance seems to justify attempts to improve or simplify 
the reasoning by which it may be deduced @ prior as a 
consequence of the general principles of thermodynamics 
and the electromagnetic theory of radiation. Any such 
deduction must, in substance, contain the follewing four 
elements :— 

(a) The treatment, by Doppler’s principle, of the change of 
wave-length produced when diffuse radiation is com- 
pressed or expanded within a perfectly reflecting 
shell, 2. e. adiabatically. 

(>) The evaluation, by means of the principle of the 
conservation of energy, of the change of the volume 
density of the radiant energy which occurs during 
the adiabatic change of volume and accompanies the 
change of wave-length. This step involves the use 
of the value of the pressure of diffuse radiation on a 
bounding surface, deduced from the electromagnetic 
theory and confirmed by experiment. 

(c) The demonstration, by means of the second law of 
thermodynamics, that black radiation remains black 
when its density and temperature are changed by 
adiabatic change of volume. 

(d) The use of the Stefan-Boltzmann law to correlate the 
results obtained by the steps (a), (6), and (¢), so that 
the displacement law shall appear as a necessary 
consequence of those results. 

These parts of the deduction need not be kept entirely — 
separate, nor do they necessarily occur in the order given 

* Communicated by the Author. 
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above, which is that followed in this paper, but they must be 
present in some form or other. In the deductions I have 
read, the treatment of the change of wave-length seems 
somewhat difficult or obscure, and I have attempted to 
simplify this part of the subject and make it easier to grasp. 
The remainder of the demonstration contains little that is at all 
noyel, but is given for the sake of presenting a connected 
whole, comprehensible to those who are not already familiar 
with the subject. The treatment is elementary and relates 
only to radiation in vacuo. 

2. Let ds be an infinitesimal plane element of surface at a 
point within a fieid of radiation. A certain amount of 
radiant energy passes through ds from the negative to the 
positive side, in unit time, in various directions. Let us 
consider only those directions comprised within a cone of the 
infinitesimal solid angle dw described about the positive 
normal tods. Theamount of energy of wave-lengths between 
A and >+dA, which passes through ds from the negative to 
the positive side in one second, in directions close enough to 
the normal to lie within the cone, may be expressed by 

R)dxr. ds. dw. 

The quantity R,dd may be called the strength of the radiation, 
and R) the “radiant vector” at the given point, in the given 
direction of the positive normal to ds, and for the wave- 
length A. If the value of Ry is given for all values of X, for 
all directions, and at every point within a given region, the 
radiation within that region is, for our purposes, completely 
specified, since questions of phase and state of polarization 
will not enter into our reasoning. 

By speaking of “the energy of wave-lengths between X 
and X+dX” we make a somewhat violent though familiar 
assumption, namely, that no matter what may be the nature 
of the pulses which constitute radiation, since our spectral 
apparatus enables us to analyse radiation into series of wave- 
trains of assignable period, the radiation before analysis may 
be treated as the sum of these wave-trains coexisting inde- 
pendently. However obvious the truth of this assumption 
may appear from a purely mathematical standpoint, it is well 
to recognize that physically it is to be justified by the 
agreement with experiment of conclusions drawn from it. 
It is, in fact, thus justified and we shall makea rather full use 
of this principle. 

3. Let us consider a closed evacuated shell, the walls of 
which reflect perfectly but at least somewhat irregularly. 



Let a beam of approximately monochromatic radiation of 
wave-lengths between X% and A+dX be admitted to the en- 
closure through a hole, which is then closed by a cover 
similar in its properties to the rest of the walls. After a 

If short time the radiation within the shell becomes perfectly 
ny diffuse, for the directed quality of the original beam is soon 
ty! obliterated by the successive irregular reflexions, so that 
i thereafter the value of R) is the same at all points and in all 

| | directions. These reflexions, however, do not change the 
1 period of the radiation, since there is no absorption and 

j 
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remission but only pure reflexion. The volume-density of 
the energy is now 

pyr = dr Sa 

where ¢ is the velocity of light, and the whole amount of 
energy within the shell is vp,da, if v is the volume of the 
shell. 

Let M be a small plane piece of the shell-wall of area s, 
and let M be given a normal velocity Bc outward, 8 being 
infinitesimal, ‘This motion will disturb the perfect diffuseness 
of R, by an amount which we shall show to be negligible, 
but at present we shall assume that R) remains diffuse. 

The reflexion from M also causesa change of period, which 
we must now proceed to evaluate. If a wave-train of period T 
strikes M at an angle of incidence q, it is easily seen that the 
period T’ of arrival of the waves at a given point of M is 

Ay lf E 

ae 1—Bcosd 

The period at a point of the moving surface is therefore 
oreater than at a fixed point in space in the ratio 

fq = 1+ 6 -cos,. « . 5 

terms of higher orders in 8 being negligible. A disturbancé 
starting with the period T’ at a point of the moving surface 
and propagated at an angle “ with the normal has, upon 
arrival at a fixed point in space, the period 

, Ll" =T'(14+8 cos), 

so that the effect of departure is to increase the period in the 
ratio 

r,=1+8cosy. . .|< =n 

Our problem is to find the total effect on the original period T 
of all the arrivals and departures, at all possible angles @ 
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and Wy from 0 to 7/2, during a long time ¢ ; and to do this we 
must find the number of times that each of these effects is 
produced on every wave, i. ¢. every element of the radiation 
existing within the shell. 

4, We base our reasoning on the consideration that in a 
very long time—though not in a short one—every element 
of the energy within the shell must undergo reflexion from 
M at the angles (¢, ) just as many times as every other 
element. The number of times that any particular effect of 
reflexion at M is produced on each element of the energy is 
therefore the ratio of the total amount of energy thus affected 
in the time ¢ to the total amount present within the shell. 
The changes of period in the ratios 7, and rg, caused by 
arrival and. departure, occur alternately, and in finding the 
total effect of a number of successive arrivals and departures 
we have evidently to evaluate a product of the form 

Ena ME al ta as Ce 

But since multiplication is commutative, we shall get the 
same result if we pursue the more convenient method of 
treating all the arrivals by themselves, then all the departures 
by themselves, and finally multiplying the two resulting ratios 
together to get the combined effect of both arrivals and 
departures. | 
We start, then, with the arrivals. In any time ¢ the 

amount of energy which strikes M at angles between ¢ and 
o+d¢ is 

t . Ry\dds cos ¢ . 27 sin d dd. 

The total amount present within the shell to be affected is, by 
equation (1), | 

A R,dn 
Oat Bs 

¢ 

Hence the number of times n that each element of the 
energy arrives at M at angles between @ and d+dé@ within 
the long time ¢ is 

is Boss Rydds cos b “ 20 si
n hdd ' 

i‘ » Rd 
C 

wih k 
= 55, cos p sin p dg. . Royer cat ce" aS eae 
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By equation (2) the effect of all these n arrivals is to increase 
the period in the ratio 

r = (1+ cos)" =1+28cos¢,. 2 ea) 

the remaining terms being of higher orders in 8. Inserting 
the value of n from (4) we have 

m=l 4 Peo g sin ddd ; 

and since @cts is the infinitesimal increase of volume, Av, 
which occurs within the time ¢ as a result of the motion M, 
this last equation may be written in the form 

ve ee 3p 0% d sin @dd.- =a Eamam) 

So far we have considered only the directions between & 
and @+dd, but meanwhile the given element cf energy has 
also been arriving a large number of times at every other 
possible angle between 0 and 7/2, and equation (6), with the 

appropriate value of @¢, is applicable to every such angle. 
The total effect of all the arrivals at all possible angles will 
therefore be to change the period in the ratio given by the 
product of all the expressions of the form (6) for all values 
of ¢; and dropping terms of higher order in 8, the value of 
this product will be 

vue cos sin gdp = 14% (7) 
Jo e 

Av 
ae 

If we go on to treat the effects of the departures, the 
reasoning will be found to be the same all the way through, 
with the mere substitution of y for ¢, and the total effect 
will be found, as before, to be to increase the period in the 

ratio 1 + — Hence the combined result of the two sets 

of effects, which have in reality been occurring alternately, 
is to increase the period of every element of the radiation in 
the ratio 

T+AT _ TL NONE 1 Av 

7 =O +ga) 1455 
Replacing the period by the wave-length we therefore have 

(9) 
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Since this result is independent of the original value of the 
wave-length A, it is valid for any value. Hence +d) and 
therefore dA, the interval within which the wave-lengths are 
included, is changed in the same ratio as 2. 

The result is also valid for any element of the surface of 
the shell which is small enough to be treated as plane, and 
for motion either in or out, so that equation (9) may be 
integrated into the form 

Me teonst. x 40m eh GO ss OIGLOD 

The meaning of equation (10), reduced to its simplest terms, 
is as follows:—It the shell changes its volume while re- 
taining its shape, the dimensions of the waves change in the 
same ratio as those of the shell. The whole system ‘of waves 
and shell remains geometrically similar to itself, the number 
of waves present being unchanged. 

5. In the foregoing reasoning we have treated the radia- 
tion as perfectly diffuse, for the cancellation of Rydd trom 
the numerator and denominator of equation {4), and the 
corresponding equation for the case of departure, involved 
the assumption that R, was the same at all points and in all 

directions. This assumption is not exact, for upon reflexion 
from a moving mirror the angle of departure w’ differs from 
the angle yw at which the ray would leave a fixed mirror by a 
quantity of the order of magnitude of the ratio of the velocity 
of the mirror to the velocity of light. The result of this is 
that at any point within our shell the radiant vector in 
directions away from the moving piece M has not exactly the 
mean value Ry, but a value 

R,’ = Ry\(1+.), 

where ¢ is an infinitesimal of the same order as 8. This de- 
parture from perfect diffuseness is not cumulative, but remains 
of the same order cf magnitude whatever the lapse of time, 
for the disturbing effect of reflexion from M is continually 
being damped out by the diffusing effect of the irregular 
reflexions from the stationary walls. 

Jf we now review our reasoning, we find that R), appears 

only in the expressions for the total energy within the shell 
and for the total energy which strikes or leaves M ata given 
angle within the time t. If Ry, represents the av erage hills 

Mich satisties the equation 

Rydr 
prdr. Wo ae Seas i WY, 
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the numerator of equation (4) ought to contain not Ry but 
R)(1+ 7), where 7 is an infinitesimal of the order 9, g being 
the ratio of the area s to the whole area of the shell walls. 
The error in n caused by the omission of this factor (1-+ 7) 
is infinitesimal and negligible. The changes caused in 
equations (5) to (10) by using the exact value instead of the 
mean value of Ry would all be of a lower order of magnitude 
than the terms which have been retained. Hence the error 
incurred by our treating the radiation as completely diffuse 
is infinitesimal, and the result expressed in equations (9) and 
(10) remains valid. 

One further point may be worth notice. If “the long 
time ¢” appears to the reader to be possibly not long enough 
to give all the finite amount of energv within the shell an 
equal opportunity of being reflected from M in every one of 
the infinite number of conceivable ways, there is no objection 
to his making it longer, in other words, infinite. If this is 
done we may still make Av or cts infinitesimal, as we want 
it to be, making s of the order ¢~? ; and this may be accom- 
plished either by making 

(Sis CON aac 

with s finite, or by making both 6 and s of the order ¢7*. 
There is nothing to prevent our adopting either course. The 
use of the more concrete expression a ‘long ” time instead 
of an “infinite” time did not, therefore, involve an error in 
the reasoning, while it obviated the necessity of interrupting 
the argument at an inconvenient point. 

6. We have next to consider the change of the energy of 
the radiation which accompanies its change of period, and we 
assume that diffuse radiation exerts a pressure equal to one- 
third of its density on the walls of a containing envelope. 
This proposition may be deduced in several ways from 
Maxwell’s theory of the electromagnetic field, which has been 
confirmed in so many respects that we need not regard 
it as doubtful, but accept its consequences without further 
discussion. 

During an expansion Av, the work given out is then 
expressed by gp,dX. Av; and since the expansion of radiation 
within a perfect reflector is adiabatic, this work is equal to 
the simultaneous decrease of the energy within the shell, and 
we have 

JpyddAr = —A(p,dre), 
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whence upon developing, rearranging, and dividing by p,ddv 
we have 

3 Toran ae a 

But since dX changes in the same ratio as 2, 

Ady _ AX, 
BAR 

and if we eliminate v by equation (9) we have 

A 
Pe tes Os el aa 

r Ne 
or 

Oe CONSE I ie ve a GL 2) 

The meaning of this result is that if approximately mono- 
chromatic diffuse radiation of strength R,dA and density 

p,dX is compressed or expanded adiabatically and infinitely 
slowly, the quantity e, changes as the inverse 5th power of 
the wave-length, . a here subject to equation (10). If 
the strip A (fig. 1 , of width dd and height p,, represents 

ieee 

n\ 
the original energy density, the strip B, which represents the 
energy densitv after compression, has its height increased in 
the ratio of the 5th power of the ratio of “decrease of the 
width or of mean wave-length. Its area is therefore pro- 
portional to the inverse 4th power of the wave-length. 

This change of density and the accompanying “change of 
R,dvr do not ;interfere with the validity of the reasoning by 
which we found the value of nm in equation (4). Tor since 
the motion is infinitely slow, the values of R,dA which have 
been cancelled from the numerator and denominator may be 
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| treated as always equal, within an infinitesimal] amount, in 
| spite of the fact that they are not constant in time. 

| The width dA may be as small as we please, so that the 
change of p, may be assigned definitely to the particular 
wave-length X. There is no occasion for the formation of 
any new waves; the change in energy is a change in the 
amplitude of waves already present, which occurs in connexion 
with the change of period upon reflexion from the moving 
surface. Ina short time, reflexion from the moving mirror 

ji would introduce inhomogeneity into the radiation, which 
| would not have time to be all equally affected by reflexion 
" at M ; but in a long time the radiation again becomes homo- 
i geneous to the same degree as at first, and equation (12) is 

satisfied for each wave-length. 

if 7. Hitherto we have considered only a small interval of 
q wave-lengths, but suppose that the strip in question 1s 
iH merely a part of a continuous distribution of diffuse radiation 
M4 which may be represented by a curve such as is shown in 

Hl figure 2. If we take full advantage of the principle of the 

4 Fig. 2. 

iH 
HM fy 
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| 
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i 

Hi 
il A 

| | independence of the separate elements composing the whole 

Hh spectrum, we must admit that the reasoning given above for 
| an isolated strip is applicable without change to every wave- 
| length of the spectrum, no matter what may be the form of 

the energy curve p, =/(X). We then have the proposition 
that when any completely diffuse radiation is compressed 
infinitely slowly within a perfectly reflecting enclosure, the 
energy curve is changed in such a way that the abscissa of 
every point is multipled by some fraction j, while the 
ordinate is multiplied by f~°, so that the area under the curve, 
or the integral density of the energy present, is multiplied 
by f-*. This is true for any continuous or discontinuous 
spectral distribution and not merely for black radiation. 
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8. The remainder of the deduction contains nothing new, 
but may be given for the sake of completeness. Let the 
shell be filled with black radiation of temperature @ and 
density p, by first covering a hole in the shell with an 
ordinary body of temperature 0, and then, after equilibrium 
has been established, closing the hole with a cover which has 
the same reflecting properties as the rest of the shell wall. 
Let the volume of the shell, which may, if we prefer, have the 
form of a cylinder closed by a piston, be decreased a finite 
amount by an infinitely slow compression. The fact that this 
requires an infinite time need not concern us. The density 
of the energy is increased on account both of the work done 
and of the decrease of volume of the energy already present. 
The spectral distribution also changes in the manner already 
riven. 

; At the end of the compression we introduce into the shell 
a particle of ordinary matter so small as to be of negligible 
thermal capacity. If the spectral distribution after com- 
pression was not that of black radiation of the same integral 
density, absorption and re-emission by the particle cause a 
re-distribution and a “ blackening ”’ of the radiation without 
change of density. This establishment of stable equilibrium 
by re-distribution of the energy among the different periods 
is spontaneous and therefore irreversible. 

We now expand to the original volume. The radiation 
remains black on account of the presence of the particle, and 
the work given out is the same as that put in during the 
compression, because the pressure depends only on the total 
density of the energy present and not on its spectral distri- 
bution. At the end of the cycle, which may be completed 
by removing tlie particle, we have therefore re-established 
the original state exactly. No heat has been added to or 
taken from any outside body, the work done has been 
regained, and no changes remain. The cycle is therefore 
reversible and cannot have included any irreversible element. 
Hence the introduction of the particle after compression did 
not cause any change in the spectral distribution of the 
energy, which must therefore already have been that of 
radiation from a black body. Hence we conclude that 
during infinitely slow adiabatic change of density, radiation 
which was initially black remains black. 

9. We may now apply equation (12) to an adiabatic change 
of the volume and density of black radiation. The integral 
density changes from that needed for equilibrium with an 
absorbing shell at the absolute temperature 6, to that needed 

ele ag. 5.6. Vol. 23. No. 138. June 1912; 3 P 
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for some other temperature, 6,. The abscissa X, of any point 
on the original energy-curve is changed to a new value Ag, 
such that 

Ay i ea 
A, = = tL «  € ) ee (13) 

Ad the same time the ordinate of the point changes so that 

Oh _ 1. oe 
ON ce 

and fhe area under the curve, which represents the integral 
density p, changes so that 

po __ 1 | 15 
P1 x | | Si 

But we know by the Stefan-Boltzmann law * that for diffuse 
black radiation at €; and @, 

2 0, ‘i ca GE ee es ee (16) 

0; Kg: + + + iT 

From equations (13) and (17) we thus obtain the relation 

r,.9, — ne 82, ae (18) 

and the displacement law contained in equations (12) and 
(18) may be stated as follows :—Given the spectral energy 
curve of black radiation at any temperature 6, to construct — 
the curve for any other temperature 6,, multiply the abscissa 

whence it follows that 

-) 

of each point by z and the ordinate by (@) . “ Corre- 
2 ik 

sponding” points on the two curves have the same value 
of X6. 

From this we may easily deduce the more familiar special 
forms of the displacement law 

A, 9 = const, 

SS) — 

Pmax. Nae ie const., 

and = const. x0®, Pmax 

y The deduction of this law from the value of the radiation pressure 
p = p/8, by using the principle of section 8, is so simple that it may be 
omitted here. . 
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as well as the fact that if the displacement and Stefan- 
Boltzmann laws are to be satisfied, the complete equation 
must have the general form 

Py, g9 = CAP FQO.8A). 

The only novelties in the above deduction, if there are any 
at all, occur in sections 4 to 7; but it seems to me that greater 
clearness has been attained without any real sacrifice of 
rigour, and by only the most elementary means, 

Bureau of Standards, 
Washington, Feb. 28th, 1912. ~ 
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XCII. On Transverse Vibrations of a String Maintained by 
Forces of Double Frequency. By Josep H. T, Roperts, 
M.Sc., University of Liverpool *. 

co is a type of maintained vibration, which has the 
peculiarities that the frequency of the imposed varia- 

tions is twice that of the maintained variations, and that the 
imposed periodic variations do not tend directly to displace 
the body from its equilibrium configuration, The mast 
familiar example of such motion is that form of Melde’s 
experiment in which the prongs of the fork vibrate in the 
direction of the length of the string ; the motion of the fork 
causes the tension of the string to be periodically variable, 
and there does not appear, at first sight, to he anything to 
cause the string to depart from its equilibrium condition of 
straightness ; as is well known, hawever, the equilibrium 
may become unstable under these circumstances, and the 
string may be maintained in permanent vibration whose 
frequency is half that of the fork. 

Melde’s experiment was one of the methods used by 
students in this laboratory to determine the frequency of a 
tuning-fork from the equation | 

MAC aay 
ue p,. 

but it was found that there was a very considerable range of 
tension for which a given string would vibrate with a given 
fork. In this experiment the string was attached to the 
upper extremity af the prong, and the fork was caused to 
vibrate by bowing. It was thought that the discrepancy 
might be due simply to the large motion of the point of 

* Communicated by the Author, 

ake 
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attachment of the string. The results obtained by different 
cbservers were so widely different as to render the method 
useless, in its simple form, for the determination of the 
frequency of a fork. 

The theory of these experiments has been given by Lord 
Rayleigh *, who discusses the modification to which the 
adjustment of pitch must be subject in practice, in order 
that the experiment may succeed. 

According to the usual theory, the maintenance will. be 
most vigorous when the period of the string, as calculated 
from its length, tension, and linear density, is exactly twice 
that of the fork, and this period is calculated for small 
vibrations. ‘This is not so, however, for, calling the length 
obtained from the formula the theoretical length, the ampli- 
tude of the string increases as the length is made greater 
than the theoretical length, and the string is still able to 
begin from infinitely small vibrations. If the string is 
maintained with small amplitudes, its length is much less 
than the theoretical length. The period of the string appears 
to accommodate itself, not only by alteration of amplitude, 
but also by alteration of plane ; it seems not improbable that 
on account of gravity the period of vibration in a vertical 
plane will be different from that in a horizontal plane: this 
view is supported by the fact that frequently the string will 
choose either of two planes at equal angles on opposite sides 
of the vertical. It is difficult to study the problem with the 
simple apparatus referred to above: in order to find out 
whether the frequency of a fork could really be determined 
from a knowledge of the period of a maintained string, and 
to investigate this example of maintenance by a force of 
double frequency, the following experiments were under- 
taken. 

The apparatus consists of a massive fork about 36 cm. 
long, supported vertically and placed so that the vibrations 
take place in the direction of the length of tne string ; the 
fork is maintained electrically, the electromagnet being i 
serted between the prongs at their upper ends, and. the 
string is attached at a point 7 em. from the shoulder of the 
fork: in this way considerable driving force is obtained, 
and the actual motion at the end of the string is extremely 
small (0°22 mm.). ‘The string consists of a plaited flax cord, 
of mass °01347 grm. per cm., pulled by a weight suspended 
over a pulley. In order to make the length of string definite, 
two stops consisting of sitened ges with V-shaped notches 

* Phil. Mag. 1883; ‘Sound,’ vol. i. ch. 3, 



a String Maintained by Forces of Double Frequency. 933 

are placed horizontally below the string ; one of the stops 
is attached to a travelling-microscope table, in order that it 
may be moved uniformly. ‘The fork is placed on a separate 
table to prevent direct communication of vibrations. 

If a stroboscopic disk, driven in unison with the fork, be 
arranged so that the eye looks through slits which are 
moving along the length of the string, then, on account of 
phase differences, the string appears to have a series of loops 
(since its frequency is half that of the fork), the number of 
loops increasing as the eye is withdrawn further from the 
disk : if the slits move at right angles to the string, a series 
of straight lines are seen. By examining the string through 
the disk in this manner, and observing the stability of nodes, 
a knowledge of the condition of the string can be obtained, 
and the presence of overtones &c. detected. The amplitude 
of the fork at the point of attachment of the string was 
measured in the microscope and found to be 0°22 mm 

The following observations relate to the string vibrating 
in one segment; the present note does not include any 
reference to the results with two or more segments. 

If the stops consist simply of horizontal straight edges, 
the vibrations of the string are executed always in the 
vertical plane, this being due to the fact that the stops, if 
smooth, exert no reactions for horizontal vibrations. With 
the string resting in the notches, however, the plane of 
vibration is definite, and depends simply upon the length, 
whether a given length be approached by shortening or by 
lengthening the string. If the plane of vibrations be dis- 
placed from this plane of equilibrium, it returns to it with 
more or less eagerness, depending upon the length of the 
string. 

The explanation of the mode of action of the string given 
by Tyndall *, though incorrectly illustrated in his diagram, 
is well illustrated in the string, every point of which is 
found to be describing a curve convex towards the fork ; the 
curvature for points near the fork is greater than for points 
distant from the fork; this curvature is, of course, more 
marked the greater the amplitude of the fork at the point of 
attachment of the string. 

Starting with the length too short for any vibrations to 
be produced in the string, if the length be gradually in- 
creased there will be found a sharply defined point, at which 
vibrations of very small amplitude will commence ; the 
plane of these vibrations is usually inclined to the vertical. 

* Sound,’ 2nd ed. p. 105. 
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As the length is increased the amplitude becomes greater, 
and the plane of vibrations may change gradually. At a 
certain point, which, however, is not so well defined as the 
point where small vibrations begin, the plane slowly rotates 
to the vertical; for lengths greater than this the plane 

| shows greater and greater preference for the vertical, and 
H the amplitude goes on increasing. At a further point the 
| string is no longer able to start vibrating from its equilibrium 
| condition of straightness, but if it be given a certain initial 
\ amplitude, this will immediately develop into a large ampli- 

tude. If the length be still further increased there comes a 
7 time when the fork is unable to support the large amplitudes 
mt | with which the string vibrates; the vibrations of the fork 

| are damped down, the amplitude of the string falls in con- 
sequence, until it is below the critical value necessary for 

| starting, the string theu falls immediately to the straight 
|| position, and the fork goes on vibrating vigorously once 
Hl more. An idea of the lengths at which these effects happen 
i is given by the following table. 

TABLE I. 

7 Normal tension = 500 grams weight. 

Mass per unit length of string = 0:01347 grm. per cm. 

Amp. of fork at point of attachment of string = 0°22 mm. 

H| / 

t | F reqtiency Calculated | Least length at which oe test one 
i of length very small vibrations Wee oie fe : 

Fork. (em.). begin (em.). Maapiaaenya ties 2 
© em.) 

320 188°7 1818 195°9 
40-0 1509 141-7 156°7 : 
42 85 140°8 137-1 1466 * 
49-18 122-7 119-4 127-0 

It will be seen that the frequency of the fork, if unknown, 
could not be calculated from any of the numbers given in } 
Table I. It was observed, however, that the length when it 
the plane of vibrations began to show a preference for the 
vertical was always about the theoretical length, and this 
appears to be the only length which bears any easily recog- 
nized relation to the theoretical length. Some numbers Mes 
illustrating the coincidence of these lengths are given in 
Table II. 
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Danie Li 

Conditions as in Table I. 

Frequency Length (em.) when Calculated 
‘ of plane becomes length 

Fork. vertical, Ce Ne 

32°15 189-4 187°7 

39°34 1539 153°3 

40-0 Lol:O>, 150°9 

42°85 141-0 140°8 

44°72 136°3 1349 

49°18 12273 4 P27 

52°94 114-0 1140 

It might be expected that the theoretical length would 
occur with very small amplitudes; at present this does not 
appear to be the case, but it must be remembered that 
although the amplitude of the fork at the point of attach- 
ment of the string is so small (0°22 mm.) it may, neverthe- 
less, be too great for the theoretical conditions to be realized. 
It is not surprising that the maintenance at the theoretical 
length is not the most vigorous, for the theory shows that a 
large amplitude may be necessary for the requisite accom- 
modation of pitch. It is remarkable that with the large 
amplitudes of the string the reaction upon the fork should 
be sufficient to damp down its vibrations so much, considering 
the powerful electrical maintenance ; it is no doubt due to 
an adjustment of phase difference. It is to be noticed that 
the mode of action of the string is not precisely the same 
when under free vibration and when under maintenance of 
the kind considered; for in the former case the condition of 
the string is symmetrical about the mid-point, while in the 
latter case every point of the string describes a curve convex 
to the fork ; in the former case also the tension is greatest 
at the furthest point of a swing, in the latter it is not. 
In some cases the pulley was observed to be rotating 
slowly. 

In order to find out whether a vibration were merely 
maintained with an adjustment of amplitude for the requisite 
accommodation of pitch, the string was supported in the 
same manner as before, except that it was attached to a 
support and detached from the fork ; the stroboscopic disk 
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was driven in unison with the fork, and the string was given 
a small free vibration of the same amplitude as that which 
had been maintained by the fork. On examining this 
through the disk, it was found to be giving perceptible beats 
with the fork. Thus a string with the same amplitude could 
vibrate with two different frequencies: it seems that the 
vibration of the string is not merely a maintained vibration 
with an accommodated pitch, but is to some extent a forced 
vibration. At the theoretical length the free vibration gave 
no beats when examined through the disk. Experiments 
upon this point are still in progress. 

Conclusion. 

The range of length over which a string can be maintained 
in vibration by a given fork is so great as to render the 
ordinary form of Melde’s longitudinal experiment useless for 
the determination of the frequency of a fork. The period 
of vibration of a string can accommodate itself by adjust- 
ment of plane as well as by adjustment of amplitude. The 
length of the string when vibrations of very small amplitude 
just begin is considerably less than the theoretical length. 
When the theoretical length is reached the plane of vibra- 
tions becomes vertical, and this provides a means of making 
the experiment definite ; with horizontal straight-edge stops 
the plane is always vertical. When the length is greater 
than the theoretical length, the amplitude increases until, at 
a certain length, vibrations are only possible when they 
exceed a certain: critical initial amplitude; this critical 
amplitude increases with further increase of length. Ata 
still greater length the reaction upon the fork is very con- 
siderable indeed. By stroboscopic examination, a string is 
found to have different periods, for the same amplitude, 
when free and when maintained ; its maintained vibration 
must be to some extent a forced vibration. 

The discrepancy between theory and practice was observed 
by Professor Wilberforce, who thereupon suggested the in- 
vestigation, and I desire to thank him for the interest which 
he has shown in the experiments. 

George Holt Physics Laboratory, 
University of Liverpool. 
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XCIHIL. Unipolar Induction. By H. H. Kennarp*, 

NE of the chief characteristics of Lorentz’s Electron 
Theory is the assumption that electromagnetic pheno- 

mena depend in part on motion through an ether which is 
everywhere at rest, but this principle has not yet been tested 
by any method which employs only quasi-stationary phenc- 
mena. It is, however, involved in a simple manner in 
unipolar induction, and this would seem to render a definite 
solution of that much-debated problem very desirable. 

In the classical form of unipolar induction discovered by 
Faraday, a bar-magnet (M) (fig. 1) is rotated about its axis of 
magnetic symmetry, while a wire leading to a galvanometer 

Ge, 
\e 

G 

(G) makes sliding contact with it at one end and in the 
middle. In the circuit so formed an H.M.F. is developed 
whose amount is always given by Faraday’s law of induction. 
Two views as to the seat of this H.M.F. have been held: (1) 
that it is produced in the wire, which is at rest, as the magnetic 
force lines rotating with the magnet cut through it; (2) that 
it is produced in the magnet itself as the latter moves through 
its own magnetic field. It is clearly impossible to decide 
between these two views by any observations on closed 
circuits ; hence, in the present investigation an electrometer 
and an open circuit were employed. 

Bre. 2. 

The apparatus is shown diagrammatically in fig. 2. A steel 
bar (B), 2 feet long and 2 inches in diameter, was mounted 

* Communicated by Prof. J, 8. Townsend, F.R.S, 
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inside a solenoid (8) by means of which it could be magnetized 
at will, and the whole supported about 4 feet off the floor. 
The bar, which will hereafter be referred to as the magnet, 
was set in rotation by means of a motor. Concentric with 
the solenoid was placed an insulated metal cylinder (C) 
shorter in length but of larger diameter. The solenoid and 
all connected parts, including the motor and belt, were 
surrounded with a continuous metal case (K), which was put 
to earth and served to protect the outer cylinder from electro- 
static disturbances originating inside the case. The outer 
cylinder was connected with a quadrant electrometer (I) 
placed nearly in line with the axis of the magnet. 

The outer cylinder was about 49 cm. long and 20 em. in 
diameter. The case surrounding the solenoid, which will be 
referred to as the “inner cylinder,” was 7°3 cm. in diameter. 
The electrometer scale pave very nearly 850 divisions per 
volt. 

In this apparatus either the inner cylinder, which was 
earthed (Z) and therefore communicated with the end of the 
magnet through the axle, or the outer cylinder and the wire 
leading from it to the electrometer and so to earth (when the 
electrometer was earthed) and back to the end of the magnet, 
might be regarded as corresponding to the wire in Faraday’s 
experiment, only the sliding contact at the centre and a 
short connecting wire being omitted. Hence, if in Faraday’s 
experiment the E.M.F. was produced in the wire, it will here 
be produced in the cylinders and connecting wires; these 
will then come to some electrostatic potential different from 
that of the earth and the outer cylinder will be charged. If, 
on the other hand, the B.M.F. is produced in the magnet, it 
could influence the outer cylinder only through electrostatic 
induction, and such effects are screened off by the earthed 
metal case. Thus, by observing the effect on the electrometer, 
it is possible to determine the seat of the H.M.F. 

The first view corresponds to what may be called the 
“ Moving Force Line Theory.” According to this theory 
the electromotive intensity K’ at any point in the circuit is 
given by 

H’=E+*[V'H], 

where E is the electric force and | V’H] is the vector product 
of V', the velocity of the circuit “relative to the magnetic 
force-lines,” 2. e., to axes fixed in the magnet, and H is the 
magnetic force. This theory secures complete relativity, that 
is; the phenomena depend only on the relative translation or 
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rotation of the material bodies concerned, a principle which 
has often been assumed almost as an axiom in treating of 
electromagnetic phenomena. 

In the steady state H’ must vanish everywhere, hence 

B=~~ [WH]. 

From this it is easily shown by integration that if @ is the 
electrostatic putential at any point on the cylinders, the 
potential at infinity being taken as zero, then 

pats Pe one ea Qae? 

where w’ is the angular velocity of the cylinders relative to 
the magnet, and N is the total magnetic induction through 
the periphery of the cylinder at the point in question. 

It is worth noting that, according to this theory, the vector 
E’ in general fails to satisfy Laplace’s Equation, even where 
there is no volume distribution of electricity. If this were 
not true, all effects due to electromagnetic induction would, 
of course, be screened off by the metal case enclosing the 
solenoid and magnet. 

_ The second view is taken by Lorentz, who puts 

B’=B+ = [VB], 

where V is the velocity relative to the esther and B is the 
magnetic induction. Hence in the steady state 

= yen) ° 6 é 4 ° ) ry (2) 

where @ is the angular velocity of the cylinders relative to 
the ether. We see that if the magnet were at rest while the 
cylinders rotated, then (1) and (2) would be identical and 
the two theories lead to the same results; if, however, the 
cylinders are at rest and the magnet rotates, as was the case 
in the present experiment, then, according to (2), ¢ vanishes, 
while according to (1) it is the same as before, so that in this 
case the two theories lead to opposite conclusions. 

Evidently N and ¢@ will be practically the same for both 
cylinders, so that the charges on the inner surface of the 
outer cylinder, and on the outer surface of that portion of 
the inner cylinder which is enclosed by the outer, will be 
small ; most of the electrification required by the Moving 
Force Line Theory will be on the outer surface of the outer 
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cylinder. Now while the magnet is rotating let the electro- 
meter be disconnected from earth and let, the magnetization 
be then reversed. N and @ then change sign, so that part 
of the electrification on the outer cylinder will be driven on 
to the electrometer and a deflexion will result. 

In practice the electrometer was left insulated while the 
position of the spot was read every 60 seconds and the 
direction of magnetization reversed immediately after each 
reading. By rotating the magnet first in one direction and 
then in the other, which changes the sign of the effect due 
to electromagnetic induction, and then combining the de- 
flexions obtained in the usual manner, the effect of dis- 
turbances was largely eliminated from the final result. 

The only results obtained with the apparatus entirely in 
its final form consist of 3 series aggregating 70 observations. 
The greatest deflexion during any period of 60 seconds was 
+11 divisions of the scale, while the mean numerical 
deflexion was less than 4 divisions for each series. [or the 
effect apparently due to electromagnetic induction when the 
magnetization was reversed, these observations yield the 
values +0°65 +0°34 (pr obable er ror) and —0°7 +0°35; mean, 
0-0+0-24. The value zero is thus a very probable value for 
the true deflexion. 

This conclusion is supported by ail the inferior series of 
observations, which show much larger irregular disturbances. 
That this negative result was not due to defective insulation 
is evident from the fact that the spot always drifted slowly 
across the scale when the electrometer was not earthed ; in 
addition, the insulation was always carefully tested at the 
start, and on several occasions artificial deflexions were 
pr oduced while the magnet was in rotation, either by altering 
the electrostatic potential of the inner cylinder or by 
charging up the outer cylinder and then connecting it to 
the electrometer. 

In order to determine the magnitude of the effect to be 
expected according to the Moving Force Line Theory, N 
was determined with a ballistic galvanometer at various 
points on both cylinders. Its maximum value was found to 
be 350,000 C.G.S. units, The speed was about 72 turns per 
second, so that the maximum value of @ would be +0°25 
volt ; on the outer cylinder ¢ was about 1/10 less than on 
the inner. 

From these results and from observations on the capacity 
of the electrometer and connexions a rough calculation 
of the theoretical deflexion was made. Corrections are 
necessary on account of the charge bound inside the outer 

; 
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surface of the inner cylinder by the radial component of 

: [V'H], which diminishes the result by about 5 per cent., 

and for the effect of floor and ceiling, which might further 
diminish it by as much as 10 per cent. The value thus 
obtained for the total charge on the outer cylinder when 
earthed was 0°008 electrostatic ©.G.S. unit, and for the 
deflexion on reversal of the magnetization, 41:0 divisions. 

In order to check this very rough calculation, the metal 
ease around the solenoid was divided into several insulated 
sections, and both it and the outer cylinder were charged by 
means of a potentiometer to known potentials ; by connecting 
the outer cylinder to the electrometer (previously earthed), 
deflexions were obtained in imitation of the main experiment, 
some of them while the magnet was in rotation. From these 
observations and the corrections described above, the theore- 
tical value of the deflexion was found to be 36:0 divisions. 

From these two values it was decided, after considering 
the degree of accuracy of each observation and approxima- 
tion in turn, that the deflexion required by the Moving Force 
Line Theory was probably about 37:0 divisions, pretty 
certainly greater than 31:0, and could not have been less 
than 26:0 divisions. 

The Moving Force Line Theory is thus disproved. In 
future, whenever the electromotive intensitv due to electro- 
magnetic induction is assumed to be proportional to motion 
relative to magnetic force lines, these force lines must be 
supposed to be always stationary, at least as regards any 
rotation of the magnetic system about an axis of magnetic 
symmetry. That is, a rotating magnet does not “ carry its 
force lines ”’ around with it. 

It is thus rendered probable that electromagnetic indnction 
eaused by motion depends on absolute motion—--that is, on 
motion relative to the ether, not on motion relative to 
material bodies. The result thus tends to support Lorentz’s 
theory ; but the method is not capable of distinguishing, for 
instance, between the theories of Lorentz and of Hertz, so 
that it leads only to a partial solution of the problem. It is 
the author’s hope that a further investigation by another 
method, which is now under way, will lead to a complete 
solution. 

In conclusion, I wish to express my gratitude to Prof. J. 
S. Townsend, for his assistance and advice, without which 
the experiment could never have become an actuality. 
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al XCIV. The Rectification of the Spectrum in Relation to 
i the Shift of Ellipses in Displacement Interferometry. By 
q C. Barus, Ph.D., DL.D., Hazard Professor of Physics, 

Brown University, Providence, R.I., U.S.A.* 

1. Introductory.—In my work of last year | the quantity 

_— (« index of refraction of glass, X% wave-length) 

occurred in the reductions, and in the absence of direct data 
I temporarily made use of the corresponding quantity com- 
puted from standard data for a somewhat similar glass. In 
this way the amount of displacement of the centres of ellipses 
per cm. of displacement of the micrometer was determined. 
It must, however, frequently be necessary to find dy./dX from 
asmall piece of glass, and I have therefore tested the following 
method in whicha Kohlrausch total reflectometer slides along 
the graduated rail of Rowland’s adjustment for the grating, 
as modified for the plate grating by M. Barus and myself f. 

The method is then further modified, in a way that is appli- 
cable when a glass grating is given for investigation, as in 
the immediate problem, but not otherwise. It admits of some 
interesting applications, as for instance to the refraction of 
the material of film gratings. 

In all cases of solids, the refraction of the more strongly 
refracting liquid in which the solid is submerged must of 
course be known for all wave-lengths; but this is the case 
for carbon disulphide. Ifthe liquid indices are not known 
throughout, in terms of wave-length, they may be determined 
by aid of an air-plate, using virtually the same apparatus and 
method. I shall give examples of all these measurements 
below. 

i} 2. Apparatus.—In fig, 1 AA and BB are the two fixed rails 
of Rowland’s adjustment at right angles to each other, R, 
joining the vertical axes at @ and p, is the cross rail, stretching 

Hi from the slide D which carries the grating g to the slide C 
i which carries the total reflectometer T. Slides Cand D move 

| 
| 

| at right angles to each other, and the position # of C is aq 
VW measured along the brass millimetre-scale SS by aid of the 
i] vernier v. 

f 

- # Communicated by the Author. : 
Abridged from the Report to the Carnegie Institution of Washington, is 

+ Carnegie Publications, No. 149, 1911, ‘ The Production of Elliptic ; 
Interferences in Relation to Interferometry,” Phil. Mag. [6] xxi, p. 41] 
1911). 
t American Journal, xxxi. pp. 85-95 (1911). 
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The rail BB is further provided witha slide F for the plane 
mirror m, by which white light is thrown upon the slit ¢ on 
the slide S, through the condensing lens L’. Li" is the 
achromatic collimating objective, and the rod # (which may 

Fig. 1. 

be grasped in front at h when necessary) is adapted for 
clamping S and L” together, at the principal focal distance 
of the latter. The collimator SL’’ does not move with D. 
The grating g, fixed to a horizontal disk with a spring and 
three levelling screws, is securely fastened to the table ¢, 
which here preferably rotates (not shown) with the end a of 
the rod R. The grating, in other words, is kept normal 
to R, so that the angle of diffraction is zero, while the angle 
of incidence alone varies when C passes from end to end 



944 Prof. C. Barus on the 

of AA. If #,and 2, measured on 8 be the positions of C for 
identical lines of the spectrum, 

»D = (—.2))/2R, 

where D is the grating space and R the length ap. 
The lens L’” on R is the objective of a telescope which 

focusses the coloured image of the slit at the slide C, so that 
it may there be viewed by an ocular preliminarily. The 
latter is held in a standard placed on the table ¢’ revolving 
on a common axis p with this end of R. When the ocular 
is replaced by the total reflectometer T, of which p is the 
plate of glass (properly centred) to be examined and gq the 
telescope, the weak lens L'” is superfluous; but asa rule it 
need not be removed, and is rather advantageous in condensing 
light when sunlight is not used. 

When sunlight is used, the lens L'’’ may be moved slightly 
backward, so as to put the coloured images of the slit 
slightly in front of a cylindrical glass vessel T of the total 
reflectometer. Ifthe adjustment is properly made the lines 
are adequately visible in the telescope g, and the index may 
be found for a given Fraunhofer line without reference to 
the scale ss. Without sunlight, the scale ss is essential. 
Naturally the images seen in the telescope are not sharp, 
inasmuch as the cylindrical mantle of the bottle acts as one 
of the lenses ; but they are clear enough forthe purpose. It 
is usually more satisfactory, however, to ignore the lines 
and to determine the index of refraction for successive 
positions # of the carriage © on the rail AA, given by the 
scale ss. 

With the total reflectometer revolvable, as a whole, on its 
axis, the two symmetrical positions of q relative to R give the 
double angle of total reflexion, or 2, for the given liquid 
(usually carbon disulphide) in which the glass plate p is 
submerged. The graduated circle of the instrument with 
which the telescope g is rigidly connected is available for the 
measurement of angles. 

3. Methods.—When the air plate is used for the measure- 
ments of the indices of refraction of the liquid, the telescope 
g is directed along the rail R and 2¢; found by rotating the 
plate, p, until the two limits or ends of the visible part of 
the spectrum successively coincide with the cross-hairs. The 
spectrum is usually nearly homogeneous in colour; but the 
ends are liable to show interference fringes. Simultaneously 
the position 2 of the slide C and the temperature ¢ of the 
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liquid are read off. Thus if 

N,=1/sin d¢ 

be the index * of the liquid at 2°, 

N= N,(1+«(t—20))=(1 + a(t —20) )/sin py 

is the index at 20°. For carbon disulphide, at mean tempe- 
ratures, «=°0008, nearly. 

Again, if the glass plate is now introduced and similar 
measurements ¢z, t’ be made at w, the index of the plate 
will be 

n=N¢ sin fe' = No sin de /(1 4-a(t/ —20)), 

or 
n=sin de(1+a(t—t’)/sin py. 

Two symmetrical sets of values are thus obtained, one for 
each of the two first orders of spectra, at 2, and x, on opposed 
sides of the undeviated white ray, w. This method does not 
usually succeed very well; for it presupposes that in case of 
the air plate and glass plate, which are successively inserted, 
the total reflexion occurs at identical parts of the spectrum, 
for identical positions # along the scale s. But supposing 
the adjustment trustworthy, the wave-length corresponding 
to any given n is found from the two positions a, and «, at 
which the same n occurs, from the equaticn 

N= D(e;—2,)/2R. 

In general it is preferable to use the air plate first to find 
the indices of refraction of the liquid, if these are not known 
throughout the spectrum. There will thus be given two 
symmetrical curves for the two first orders of spectra, 
separately. Their distance apart 2,—wx, for the given values 
of N determines the wave-length, A, sought; 7. e., if N is 
plotted in terms of x, the horizontal distance apart of the 
two curves is the #,—a, which determines the wave-length 
for the index N selected. Hence N is given in terms of X 
and should be reduced to 20°. In case of many liquids, in 
particular carbon disulphide, N is well known in terms of 
wave-length at the outset, so that the air plate is superfluous. 

The observations with the glass plate are made in the same 
way. The symmetrical curves for sin ¢y at t’, reduced to 
sin f’ at 20°, as found from the two first orders of spectra, are 
plotted in terms of «. Hence their distance apart for two 

* Inconformity with Kohlrausch’s notation N and » are here used as 
symbols for index of refraction. 

eile Mag. SS. OVOl. 2a0 NO. Loo. vune L912.” ~3°O 
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equal values of sin ¢’ is Ly 1s from which the wave-length 
X is computed. This datum in turn gives the appropriate 
(known) value N of the index of the liquid, all at 20°, so that 
finally 

n=N sin ¢’. 

4, Examples. Liquids—The circle of the Kohlrausch 
total reflectometer is only a little over 3 inches in diameter, 
and the reading is just within ‘1 degree of arc. The index 
of carbon disulphide moreover varies, relatively speaking, in 
marked degree with temperature; 2. e., (0008 per degree C. 
Unless unusual precautions are taken, therefore, one cannot 
expect the units of the third place to be quite trustworthy, as 
it corresponds to about ‘07° of arc. The apparatus in my 
possession was an old instrument, and a high order of precision 
was of secondary interest, and not attempted. 

I will first take the case of an air plate with carbon 
disulphide. A film of air was enclosed between two small 
plates of microscope cover-glass by cementing them at their 
edges with glue. In another case, plates of glass-3 em. thick 
were similarly prepared. An example of the results is given 
in the curves fig. 2, which show the value of Noy in terms of z. 

Figs. 2 & 3. 

XK = | | | || ae 

4 
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These curves should be quite symmetrical to the vertical, so 

that for any height, Noo, (41+ #2)/2 is constant. j 

Similarly a given horizontal Neo determines the values — 

ty—2, for the computation of the wave-length A. The film of q 

ke 

| 

VY 
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the grating had nominally 15,050 lines to the inch, and the 
oblique rail R was 169-4 cm. long. Hence 

Vg — Ly 

15, 050 x'3937Tx 2x 1649: 4 

These values 2, 2, X, and Neo are given for the successive 
values of Neo used, and fig. 3, which is therefore the corre- 
sponding dispersion curve for carbon disulphide at 20°. 

5. Examples. Solid.—The treatment of a solid medium is 
similar, except that the total reflexions are observed by 
reflected light. Ifthe data for carbon disulphide be taken 
at 20°, 

= = 4°98 x LOG Ges — 2). 

n= No (1—a(t—20)) sin ¢. 

Fig. 4 shows the values of the corrected sing in terms 
of «. The curves, as they should be, ure nearly symmetrical 
to the vertical, or (#,+2)/2 is nearly constant for the same 
sine. 

If now the distance apart of equal values of the reduced 
sin p be taken, 7. e., if z,—2, be found for suitable increments 
of sing, the former values determine A, from which the 
corresponding No for carbon disulphide is found in turn. 

Figs, 4 & 6. 
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In this way the data for the values of n to be computed 
are found, and n may now be expressed in terms of the » 
used. If No for carbon disulphide be taken from Kohlrausch’s 
tables, fig. 5 shows the final dispersion curves, index of 
refraction n yarying with wave-length 2, for the glass of the 

3° Q 2 
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grating. The constants of these curves will be computed 
below and their character will then appear. 

6. Independent Measurements——As an example of coor- 
dinated work, in which the index of the liquid and of the 
solid are simultaneously found, the following experiment 
may be cited. The air plate was enclosed between two thin 
plates of microscope cover-glass. In such a case the limits 
of total reflexion are determinable both for the reflected rays 
and for the transmitted rays. The angle @ in the former 
case gives the index of refraction n of the glass in relation to 
the liquid (carbon disulphide) since 

n=N sin d; 

whereas the angle ¢, in the latter case gives the index of the 
liquid alone, or 

N= 1/sin ¢o. 
Hence 

n=sin @/sin do, 

needing no correction for temperature. 
In an experiment made at 18°3 with the plate of micro- 

Ms; class in question enclosing the air film, 6=68°-90 and 
33° 02, whence n=1°5198. Using ¢=68°:90 as found 

ee the tabulated data for carbon disulphide from Kohlrausch, 
N=1°6291, n=1°5199, which happens to agree accurately 
with the preceding n. 

7. Prism (Liquid CS.) and Submerged Grating.—The 
present method for the above purpose makes use of the 
grating directly. This is enclosed ina suitable closed trough, 
preferably triangular i in form, with windows of piate glass 
and filled with carbon disulphide. If the grating is mounted 
with its ruled face coinciding with the axis of rotation, as in 
Kohlrausch’s total reflectometer, the angle of total reflexion 
may be measured in all parts oeibe spectrum. The Fraunhofer 
lines which are simultaneously in focus are used for reference 
in succession. Parallel rays of sunlight from a collimator 
are thrown into one face of the liquid prism, nearly nermally 
toitsplane. They emerge atthe other face. The undeviated 
rays are ignored, while the telescope is directed toward the 
first order of diffraction spectra, this emergence also, for the 
given grating, being not far from normal. Like the first 
order of spectra, the second and third orders may often be 
used with advantage, the limit of total reflexion being iden- ay, 

.o) 

tical in all spectra on the same side of the undeviated ray. 
The limit of total reflexion moves through the spectrum 

both with the rotation of the prism as a whole (which must ; 
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therefore be on anaxle), and with the independent rotation 
of the grating actuated by the alidade. In the definite 
adjustment this limit must coincide both with the spectrum 
line X for which the index, n, is to be found, and with the 
cross-hairs of the telescope. Three lines, in other words, are 
to be brought into coincidence; but after a little practice this 
succeeds fairly well, unless the limit of total reflexion is too 
faint. 

The difference in angular reading on the two sides of the 
undeviated ray is the double angle of total reflexion, 2d. 
The adjustment in the first spectrum holds equally for the 
second and third orders ; and it isin the latter that the pheno- 
menon is liable to be particularly ciear and the adjustment 
correspondingly precise. The beam of white light should 
illuminate the whole grating whose ruled face is very 
nearly on the axis of rotation of the alidade. Sunlight is 
essential for these measurements, since the spectrum lines 
are io he used. This was not of course necessary in the 
preceding paragraph. 

The following example of results obtained in this way may 
be given 

Line. 2. t. n. n from figs. 5 Ke. 

ee 13828) Me) 15210 | 4 hea 
ig if G +1:5206 

POP x 0,! a 1°5240 ee” 136053 Geise7) 15244 1 ieee 

which is practical coincidence within the errors of observation, 
and thus verifies the above work as a whole. 

8. The Dispersion Constants of the Glass of the Grating. — 
To reduce these data for practical purposes it will be 
sufficient within the range and relatively to the precision of 
observations to assume the simplified form of Cauchy’s 
equation, 

n=A+B/r?, 

if mg is the index for the E line and Xx its wave-length, 

non =B(-, ==) 
r AE 

from which B may be computed for each pair of values of 
and. B was found separately from each of the curves (like 
fig. 8). The values of m—mp and X are chosen as near the 
observations as possible. 
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From these results the value of the differentiai coefiicient 

dy ___ 2B 
adn r3 

may also be obtained for any wave-length >. This and the 
corresponding value * of 

needed in § 9, in the reduction of the observations of the 
earlier paper t will be computed by accepting the mean 
value B x 10% =°48, 

9. Computation of the Shift of Centres in Elliptic Interfero- 
metry.—In the preceding report t I showed that the path dit- 
ference, y, corresponding to the centres of ellipses throughout 
the spectrum is 

e ) 
SS —_ —X — e . . e e 

ane a dn}? (1) 

where e is the thickness of the ruled glass plate and yp its 
index of refraction, for any given colour of wave-length >. 
R is the corresponding angle of refraction for light incident 
at an angle I, or sinl=wpsin R. . 

In the former experiment ]1=45°. In view of the oblique 
position of the grating, however, the micrometer motion N 
of the opaque mirror introduces an additional displacement. 
Let N be the coordinate for this mirror. Then 

N=y—ep sin Rtan R. . <=) 2 

Hence the readings of the micrometer are determined by 
(subscripts ¢ referring to centres of ellipses), 

at a, tide = ae (Hos rr). x 2 

Taking the E line as a standard of reference, N, and the 
quantities here in question were now computed both for light 
crown glass (10?°B=-456, in accordance with the data for pw 
and % given in Kohlrausch’s tables) and for the glass of the 
grating actually used (10!°B=-48), as measured in para- 
graph 8. Ay, and AN, refer to distances from the value 
corresponding tothe EH line. N,, y.,and X are to be given in ~ 
centimetres, and the angle of incidence is 45°. The data 
determine the full lines in fig. 6. 

* The symbol p for index of refraction is resumed. 
+ Carnegie Publications, No. 149, p. 69 (1911). 
t Carnegie Publications, No. 149, 44, p. 66 ef seg. (1911). 
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Measurements of N, were now made with the aid of a 

Fraunhofer micrometer reading to a few ten-thousandths of 

acentimetre. The opaque mirror was adjustably mounted on 
a slide and moved normaliy to itself, in order to put the 
centres of ellipses successively in coincidence with the 
B, ©, D, &c. lines of the spectrum. At each coincidence a 
reading was made, care being taken to proceed in one 
direction only. As there are four spectra more or less in 
coincidence, it is easily possible to select the wrong line. 

5 0 

04 

03 

00 10°A 
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By temporarily screening off the reflexion from one muror, 
however, and then marking the line desired of the remaining 
pair by the cross-hairs of the telescope, mistakes are usually 
avoidable. In the extreme blue and red it was often difficult 
to see the lines clearly in the superimposed spectra, so that 
the data for the B and G lines are not quite so trustworthy. 
In fact the ellipses come out sharpest when but a narrow 
strip of the grating is used ; whereas the resolving power of 
the grating or general sharpness of lines increases with the 
breadth of the grating. If the whole grating is used (an 
intense spot of sunlight focussed on the slit), the adjustment 
must be very perfect and the surfaces quite true to bring out 
the ellipses ; this is not the case if parallel rays fall on the 
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slit and the whole divergence in the collimator is due to the 
diffraction of the slit. With optical plate none of these 
dithculties would appear. 

Apart from drawbacks of this nature, which require patience 
for their removal, the measurements (shown by little circles 
in the curves) are quite satisfactory as a whole, as may be 
seen in fig. 7. | 

Different values of (N’.)z in the two series of fig. 6 are 
due to the backlash in the micrometer*, as the mirror travelled 
in opposed directions in these cases. If the observed mean 
data are compared with the computed data for AN,, the 
results are practically coincident except at the G line, where 
the ellipses were too dark to be seen distinctly. Hence 
equation (3) for N, may be accepted as correct. If we 
write it 

N= Vea oe =r), Fe | (4) 
=< JL 

and put m?=yp?—sin? I, e=log », the equation becomes 

Ne=e(m—), - i . ee 

On integration and reduction this may be written 

eu cosR=d>(C—|N,drfr’),. . . . (6) 

where C is a constant of integration. Unfortunately equation 
(6) is too complicated for the computation of w, when N, is 
observed in terms of A throughout the spectrum; for the 
reference to the standard EH line gives (sin 1=constant) 

J p?—sin? IA— V pt, — sin? lAp= an AN, | . ie 

If, however, I is very small, or R=0, 

ges Seif cS >{an.>. -. > a 

Let p= B(1/A?—1/A%) as above. Then either equation (3) 
or equation (d) for [=0, leads to 

(ANo)o=(Ne—Ny)o=deBU/rV?—1/d2). . . (9) 

This equation is to be tested in the following paragraph. 
10. Continued. Case of I=0.—'the limiting valuesof Lin _ 

equation (7) are interesting. They correspond to the form — 
of interferometer approached in fig. 8, where gq is the face of 

* N’ refers to the arbitrary zero on the drum. 
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the grating, 1 the incident ray, M and N the two opaque 
mirrors symmetrically inclined relatively to the grating. 
Rays R are refracted and rays D are diffracted. In fig. 8 

Fig. 8. Fig. 9. 

the spectra on the left of R are also available ; but they are 
often complicated with the orders of spectra of the undeviated 
ray before it has been reflected. T’o avoid these, one should 
observe between the spectra of the non-reflected ray, or else 
in the region of non-reflected spectra of the third or higher 
orders, as these are too faint to interfere with the reflected 
spectra. They often advantageously supply fixed lines in the 
spectrum when arc light is used. 

To realize the condition of small angle, a collimator I and 
the mirror N (micrometer movable parallel to itself) were 
fixed on the edge of the spectrometer-plate diametrically 
opposite to each other. The mirror M, the grating gg, and 
telescope at RK or D were revolvable around the axis of the 
spectrometer. Grating and mirrors could be clamped. With 
such an adjustment all values of I, in fact, may be tested 
between 10° and 80°, smaller and larger angles being 
excluded, because of the lateral dimensions of the apparatus 
and mounting. 

The present method of interference is often exceedingly 
convenient, inasmuch as the telescope at R is almost in 
contact with the micrometer at N, which may therefore 
be manipulated with ease by the observer. A typical form 
of instrument now completed will be described elsewhere. 

The endeavour may now be made to compute B from the 
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shift of ellipses as suggested in the preceding equation (9) or 

ANc=3eB(1/X?—1/A2). 

If we compute @ in 

AN, =B(1/2—1/22) 

from the observed value of AN,, the mean value for the 
B, C, D, F, G lines is found to be B=°975 x 1032 pau 
e=°68 em.-and B=-43 x 107" in table 6, 3eB=>i0p 2 
which agrees very nicely with the computed value of 8 just 
stated. 

The full line in fig. 7 contains the data computed for N,, 
in case of [=17° and the glass of the grating (B x 10!°=-48), 
Fig. 7 (upper curve, marked 17°) distributes the obzervation 
on the computed curve for AN,, where AN, for the E line 
is Zero. 

11. Case of 1=90° nearly—The further case of interest 
corresponding to fig. 9, where the angle I1=72°, and as 
large as it could be made in the given spectrometer. The 
spectra were very fine and sharp, but too dark at the violet 
end and red end. 

The computed graph with the observations located with 
reference to it, is given in fig. 7 on the curve marked 72°. 
The two curves together indicate the change of sensitiveness 
on passing from a very small to a very large angle, the slope 
of the curve, fig. 6, where [=45° being intermediate. The 
method of interference given in fig. 9 is useful when 
observations are made with polarized light (as in the exami- 
nation of doubly refracting media) and the observer finds 
it convenient to be near the polarizer at the slit. 

12. Summary.—I conclude therefore that the observations 
made at angles of incidence [=45°, 17°, 73°, have verified 
the equation 

a as wm) = 2B 
N,=e cos R(u— 97 GA =e cos R (w+ ae 

from the shift of the centres of the ellipses satisfactorily. To 
restore the ellipses from one spectrum line to another is 
equivalent to a motion of the micrometer over Ne—N,' =ANg. 
This constitutes a second method of interferometry of lower 
sensitiveness ; 7. ¢., a coarse adjustment on the number of 
fringes which pass a given spectrum line. Per fringe or 
per vanishing ring, obviously, the displacement of the mirrer 
on the micrometer will be a half wave-length of the part of 
the spectrum in question. 
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I may add, in conclusion, that I have recently * constructed 
a displacement interferometer combining the desideratum of 
lightness and portability with rigidity, and provided with long 
arms of invariable length (water circulation within), and with 
sufficient height of mirrors, &. above the arms to admit of 
the insertion of bulky objects like a fog-chamber into the 
interfering beams of light. The adjustment of fig. 8 1s par- 
ticularly useful, the distance M to N being one or more 
metres. The apparatus is especially adapted for the measure- 
ment of the refraction of gases at all temperatures and con- 
versely (in view of the large coefficient) for the measurement 
of high temperature in terms of the refraction of gases. It 
is also adapted for the measurement of the pressure variation 
of the refraction of a gas and conversely tor pressure mea- 
surement in terms of refraction, particularly in case of the 
adiabatic transformations of a dry or a wet gas, at all tempe- 
ratures. Jor the displacement of ellipses is instantaneous 
and dependent on the ratio of pressure to absolute tempe- 
rature. ‘Tests made with the fog-chamber have given results 
which promise to be fruitful, as will be shown elsewhere. 

Brown University, 
Providence, hI. 

XCV. On Mr. McC. Lewis’s Papers on the Internal 

Pressure of a Liquid. , ; 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 

Mr. Mc. Lewis, in his voluminous and interesting 
paperst, departs from Dupreé’s proposition, according to 
which the latent heat of vaporization of a unit of volume 
is equal to the internal pressure, and concludes in applying 
the second law of thermodynamies to this case, that ‘* appa- 
rently the only accurate relation, the thermodynamic one,”’ is 

K—1=1($7) holes emer tC 

“ But,” according to Mr. McC. Lewis, “this does not allow 
us to go further unless some new assumption be made with 

* Am. Journ. Science, xxxiil, p. 109 (1912). 
+ Phil. Mag, xxii, pp. 198-197, and pp. 268-276 (1911). Trans. of 

Faraday Soc. vii. pp, 94-115 (1911), Zettsehr. f. phys, Chem. Bd, xxviii, 
pp. 24-58 (1911). 
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respect to K and T. In the absence of anything better, 
I would tentatively suggest as a working hypothesis— 

OK 1 OF 
Kol 2 ok 

This working hypothesis cannot be considered as con- 
venient at least for a great interval of temperature, for upon 
integrating equation (2) we obtain fF 

Ieee COnlle ; me 3: (3) 

After substituting (3) in (1) we obtain further 

ok USS Sy . oe 

K=/(o)T>” » . . 2 2s 
i=C,f@)T?. . |... ae 

It is difficult to consider these (3), (5), (6) equations as 
true for the sole reason, that at T, (critical temperature) /=0, 

Sbqe kG — which is not zero. 
K 

But the introduction of any working hypothesis may be 
superfluous. This will be obvious, if we remember the 
deduction of equation (1){. The fundamental assumption 
of this deduction is that 6 is independent of temperature. 
If b is dependent on temperature, we obtain on differentiating 
the van der Waals’ equation with respect to T, keeping the 
volume constant, 

(Sh) = =) pe or) |-(28 
or ae (sr), st), 

Mn Nic. Lewis has neglected —— (22), compan aeaia ee CU. Lewis as negiecte en O Pp ‘a W * 

l 
It is true that van der Waals assumes SS =0§, but he 

supposes also ($5) =. 

The van der Waals’ equation does not respond to the 

observed facts with sufficient precision within iarge limits. 

* Trans. of Faraday Soe. vii. p. 113. @f Phil. Mag. xxi. p. 194. 

+ In the following C,, C2, etc. mean constants. 

{ Phil. Mag. xxii. p. 269. i i A 

§ Lehrbuch der Thermodynamtk, von v. der Waals, 1908, p.78—“... lasst 

sich zeigen das die Einfuhrung von a als Temperaturfunktion mit der 

innern latenten Verdampfungswarme in Konflikt kommt.” Jbid. p. 80— 

“Eine Abhangigkeit von 5 von der Temperatur wird durch diese Ueber- 

lecung unwahrscheinlich gemacht.” a 
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This is quite obvious from the numerous attempts to correct 
it or to deduce another equation. I will mention only 

C 
Boltzmann’s deduction, that C=C’eT, and the equation in 
the form given by Lorentz: 

(+#D)eonn(i+ 9) 
Hence it follows, that the proposition of Mr. McC. Lewis 

that “‘ internal w one and internal energy can be treated with 
respect to one another in the same way as external work and 
internal energy ”’ * is, perhaps too risky—of which the author 
was, however, quite aware when saying ‘“‘it must be remem- 
bered, however, that thermodynamic work terms are essen- 
tially Penal work terms 7’T. 

By trying to give a physical meaning to each member of 

equation (1), it results that —T (SS) expresses the excess 

of kinetic energy of the molecules of vapour over the liquid 
ones at the same temperature, which, however, may appear 
doubtful. We cannot assume any other meaning, K being 
“le travail total de désagrégation,” provided Mr. McC. Lewis 
follows Dupré’s idea. It is also doubtful whether ‘the 
equality [of the internal energy change to internal work] 
would only hold good if K were independent of temper ature” y. 
Dupré says §: “‘Ainsi le travail restant 4 accomplir pour séparer 
complétement les molécules a température constant est en 
raison inverse du volume; son expression général est le 
produit de linverse du volume par une fonction de la tempeé- 
rature seule’’||, and gives the following equation: 

(282) N= p(t, — Vs) “+ i= kK’ vale 

where A is latent heat of vaporization (per 1 gr.), p@— 
external work, and K, K’ total work of disagregation i in ie 
liquid and gaseous states. 

Yours faithfully, 
Laboratory of Physical Chemistry, W. SuKHODSKEI. 

Polytechnical Institute, 

St. Petersburg, Russia, 

* Trans. of Faraday Soe. vii. p. 113. 
je tbid® p. 96. 
? Phil. Mas. xx. p. 194: 
§ Ann. de Chim. et Phys. 4 ser. vol. vi. (1865) p. 286. 
| Cf. Phil. Mag. xxii. p. 198. Dupré virtually assumed K independent 

of temperature. . 
{| Ann. de Chim. et Phys, vel. vi. p. 288. I write it in the modern 

designations, 
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XCVI. The Solubility of Calcium Carbonate in Water. By 
JAMES KenpauL, J/.A., B.Sc., Vans Dunlop Scholar in 

t Chemistry, University of Edinburgh*. 

| fae determination of the solubility of calcium carbonate 
in water is evidently, apart from its purely chemical 

| interest, a very important problem, owing to the application 
4 of tne values obtained to the results of water analysis, and 
| to their bearing upon the study of geological formations. 
i Although much work has been done upon the subject, no 
‘ satisfactory measurements have been made. ‘The main dif- 
i ficulty in the determination of exact results lies in the fact 
| that, in consequence of the extremely small degree of solu- 
q bility, it has been necessary to adopt indirect methods for 

its estimation. Thus Kohlrausch and Rose (Zeit. phys. Chem. 
xii, p. 234 (1893)) included calcium carbonate in their 

i investigations on the solubility of difficultly-soluble substances 
in water by means of the electrical conductivities of the 
saturated solutions. Calcite. arragonite, and the amorphous 
form of the carbonate were examined at temperatures ranging 
from 2° C. to 34° C., and provisional figures for the solu- 
bilities and temperature coefficients were given. The method 
and its application were further elaborated in a second paper 
published ten years later (Zeit. phys. Chem. xliv. p. 197 
(1903) ); but in the final paper (Zert. phys. Chem. |xiv. p. 129 
(1908) ), giving the calculation of the actual solubilities of 
the substances examined from the observed conductivities, 
the figures for all carbonates were omitted. This was because 
the errors introduced by the correction necessary for the 

i conductivity of the water itself may be greatly augmented 
Ne} owing to our lack of knowledge of the influence of the 

CO;'’ ion. Any values obtained could therefore only be 
regarded as rough approximations. ‘The provisional figures 

thi of the first paper were consequently retained. 
| Holleman alse, simultaneously with KohJrausch and Rose 
i} (Zeit. phys. Chem. xii. p. 125 (1893) ), applied. conductivity 

measurements to the determination of the solubility of caleium 
i carbonate, and obtained similar results. 
ht Foote (Zeit. phys. Chem. xxxiil. p. 740 (1900)), using 

| other indirect methods to determine the ratio of the solu- 
i bilities of the two crystalline forms, confirmed the provisional 
Hi figures of Kohlrausch in this respect, but made no actual 
i solubility measurements. 
1 In water analysis, the determination of the amount of 
| calcium bicarbonate present in a given sample (7. e., the 

* Communicated by Prof. J. Walker, F.R.S 
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degree of the temporary hardness) is a matter of great im- 
portance. If the sample is boiled for some time the dissolved 
carbon dioxide is expelled, and the greater part of the 
temporary hardness is destroyed by precipitation of the 
caleinm carbonate, but some will still remain in solution. 
The amount of this must be known before the values of the 
temporary and permanent hardness of the water can be 
calculated; it has been roughly estimated at ‘02 gr. per litre. 
Measurements of the solubility of calcium carbonate at other 
temperatures and under ordinary conditions are altogether 
lacking. 

At the suggestion of Professor Walker, I have attempted 
the direct estimation of the solubility of calcium carbonate 
in water. Jixperiments have been made, at temperatures 
between 25° C. and the boiling-point, upon all three varieties 
of the substance—calcite, arragonite, and the amorphous 
form ; also upon solutions of the bicarbonate, in equilibrium 
with air free from carbon dioxide and with atmospheric air. 

The method of procedure was, briefly, as follows:—a 
large volume—2 to 3 litres—of the saturated solution was 
prepared in a large silica flask, and filtered off into a second 
silica flask containing a small excess of acid; the liquid was 
evaporated to small bulk—50 to 100 c.c.—and titrated 
against a known solution of baryta. 

It is the use of silica vessels that renders this direct deter- 
mination possible; with glass or porcelain vessels the solution 
would dissolve out alkali, during concentration, sufficient to 
vitiate the results entirely. The silica flasks used were of 
three to four litres capacity; their resistance to neutral, acid, 
and alkaline solutions of the concentrations existing in the 
subsequent experiments was first tested as below. 

Neutral Solution—Water of specific conductivity 
1-25 107° can be obtained by one distillation from tap- 
water by the addition of 10 c.c. Nessler’s solution to two 
litres of water. Jena glass vessels and a tube of pure tin, 
fitted with a condenser, are employed ; the distillation is 
carried out in the open air, and the first third of the distillate 
rejected. On redistillation of this water from one silica 
vessel to another, by means of a silica hood carefully ground 
on the neck of the first vessel, water of a specific con- 
ductivity °85 x LO~® was obtained. If half of this distillate be 
boiled away, the residue possesses a specific conductivity of 
‘70x 10-°, which is the conductivity value for the purest 
water that can be obtained in contact with air. This shows 
conclusively that pure water dissolves no conducting material 
from a silica vessel, 
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Acid Solution.—10 c.c. of decinormal sulphuric acid were 
added to about two litres of water in one of the vessels, and 
the solution evaporated down to 50c.c. On titration against 
baryta, with phenolphthalein as indicator, the existence of 
the original amount of acid in the solution (within limits of 
experimental error) was established. 

Alkaline Solution.—Two litres of calcium hydroxide solu- 
tion of concentration ‘001 N were boiled in the silica vessel 
for some time, and then, after a known excess of sulphuric 
acid had been added, evaporated to small bulk. On titration 
against baryta, with phenolphthalein as indicator, the required 
excess of acid was found to exist in the solution. 

The silica flasks are therefore not attacked, to any appre- 
ciable extent, by solutions of the above concentrations, and 
these were never exceeded in subsequent experiments. 

The sulphuric acid used throughout was of approximately 
decinormal concentration, the baryta solution of approxi- 
mately centinormal. Phenolphthalein was employed as 
indicator. All water used was freshly distilled, and collected 
directly into one of the silica flasks. 

Mineral Calcite and Arragonite. 

The calcite used consisted of large, transparent crystals 
of iceland-spar (density 2°72); the arragonite was a fine 
museum specimen (density 2°90), which showed no traces 
of strontium when tested by the spectroscope. Both minerals 
were finely powdered in an agate mortar. Successive ex- 
periments with the same sample of solid led to constant 
solubility results—a most rigorous test of purity. Hxperi- 
ments were carried out at three temperatures: 25° C., 50° C., 
and 100° C. 

For the determinations at 100° C. a small quantity of the 
powdered substance was added to water at the boiling-point, 
and after the boiling had been continued for periods varying 
from 40 to 200 minutes, the solution was filtered off from 
the remaining solid. For those at 50° ©. and 25° C. the 
silica vessel was immersed in a thermostat at the particular 
temperature, and fitted with a rubber cork, through which 
passed two silica tubes, one short and the other reaching to 
the bottom of the flask. The solution could thus be kept 
agitated by a current of pure air drawn through the apparatus; 
the air being led, from outside the building, through a long 
tube packed with cotton-wool, a wash-bottle containing 
Nessler’s solution, two soda-lime towers, and finally a wash- 
bottle containing pure water, before entering the solution. 
Equilibrium was established much more slowly at these 

' 
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lower temperatures ; the solutions were tested at different 
periods until a steady solubility value was reached. 

The manner of filtration at the boiling-point occasioned a 
great deal of difficulty. Simple filtration threugh a double- 
walled porcelain funnel, fitted with a hardened fluted filter- 
paper, and heated without by a water-jacket, was first 
attempted; but no satisfactory results could be obtained. 
Although the filtration was carried out as rapidly as possible, 
the amount of evaporation from the filtrate was necessarily 
considerable, and further, the solution exerted an appreciable, 
solvent action on the funnel itself, as was found by testing 
with solutions of prior known concentration, At the lower 
temperature also, open filtration could not be employed, since 
the short exposure of the solution during filtration to the 
carbon dioxide of the atmosphere led toa remarkable increase 
in the solubility value obtained, 

The method of upright filtration was therefore adopted, 
The solution was drawn by suction from the first to the 
second silica vessel through a tube of pure tin, in the shape 
of an inverted U, one arm of which was longer than the 
other. The longer arm dipped into the solution, and was 
closed at the end by means of a double layer of hardened 
filter-paper, protected on both sides by squares of muslin, 
the whole being tied tightly to the tin tube by means of 
linen thread upon a rubber band. The shorter arm was 
fitted to the second vessel with a rubber cork, through which 
passed a silica tube leading to the pump. A glass flask, 
immersed in ice-cold water, was interposed as a con- 
denser to intercept water vapour coming over from the hot 
filtrate. 

By this method, using a tube of one-inch diameter, two 
litres of solution could he filtered over in a quarter of an 
hour. Loss of water from the filtrate by evaporation, and 
exposure to the air during filtration, were both avaided, and 
for a short time congordant results were obtained. After a 
few experiments, however, the hot solution began to attack 
the tin tube, and once the surface of this was worn away, 
the action increased rapidly, In the case of experiments at 
the boiling-point, the filtrate, instead of being clear, was 
quite cloudy on concentration, and, when tested, showed a 
decided trace of tin, 

The tin tuhe was therefore discarded for a similar tube of 
silica, and with this satisfactory results at 100° C,. were 
obtained, At the lower temperatures no noticeable action 
was exerted by the solution upon the tin tube, and this was 

Phil, Mag. 8, 6. Vol, 23, No, 188. June 1912, aR 
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therefore used at these temperatures on account of its greater 
convenience. A rubber cork, through which passed a short 
silica tube, being fitted to each arm of the tube, pure air 
was drawn through the solution during the whole period of 
filtration. 

Immediately after filtration, and before cooling, the amount 
of liquid filtered over was ascertained by direct weighing. 
It was found by experiment that the difference in weight 

‘obtained by weighing when hot, and by weighing after 
closing the mouth of the vessel and allowing to cool, was 
between 1 and 2 grammes. This, with a filtrate of 2 litres, 
introduces an error of less than ‘1 per cent., which is negli- 
gible: The saving of time is very great, as the solution 
requires at least two hours to cool to the ordinary tempe- 
rature, and another half-hour to be brought to the boiling- 
point again. The actual evaporating down of the solution 
takes two to three hours, being conducted rapidly at first 
and more slowly as the volume decreases. When 50 to 
100 e.c. remain, the vessel is allowed to cool, and the amount — 
of the residue found to within *1 gramme by weighing. 

The silica vessels remained practically constant in weight 
throughout the whole series of experiments. | 

The calculation of results is very simple, since all the 
solutions are so dilute that their densities may be taken as 
equal to that of water at the same temperature. ‘Thus, if 

2000 grammes of solution be added to 10 e.c. = acid, and 

evaporated down to 50 grammes, and it is found that 1-93 ¢.c. 

i baryta solution are required to neutralize 25 c.c. of the 

residue, we have. 

10-1) —20002.a °01*1°53 

30 6 Rye ye 

where « is the normality of the solution, and a and 6 the 
number of cubic centimetres occupied by one gramme of water 
at temperature of filtration and at the ordinary temperature 
respectively. 

The results thus obtained in normalities are transformed 
in the tables given below into grammes per litre, and the 
figures of Kohlrausch are appended for comparison. — 

All experiments were performed at least in duplicate, in 
some cases they were repeated many times. ‘This was 
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necessary since, on several occasions, single results were not 
confirmed on repetition; indeed, the general experience 
throughout was that, at any time, and for no apparent 
reason, a false result was liable to be obtained. Further, 
when results in agreement were obtained, the degree of 
accuracy was usually not closer than within 2 per cent., 
whereas the limits of error should not «amount in all to 
1 per cent. 

The causes of this are, I think, as follows. Firstly, there 
is the extreme difficulty of keeping the silica vessels and 
filtering apparatus chemically clean. The amount of surface 
is necessarily very large, a great deal of handling has to be 
done in the course of an experiment, and the slightest trace 
of acid or alkali introduced on the tube or the interior of 
the vessels would be sufficient to spoil a result. The surface 
of the silica vessels is very rough, and particles of solid are 
washed out only with great difficulty. Thus, in using a 
vessel for arragonite which has been employed for calcite, it 
is not sufficient to wash out, or even to boil out, with water ; 
the vessel must be boiled out first with dilute acid for a long 
time, and then with successive quantities of water. 

As an illustration of the reality af danger of errar from 
this source, it may be pointed out that the introduction of 
‘O01 gr. of alkali (calcium carbonate) is sufficient to cause 
an error of from 5 to 10 per cent. | 

The silica vessels were therefore most scrupulously cleaned 
out before each set of experiments, the filtering apparatus 
before each single experiment, The filter-paper and muslin 
squares were changed after each determination. 
A second source of error is the presence of a trace of 

carbon dioxide in the water used. As this reappears, however, 
in a much greater degree, in the course of subsequent ex- 
periments, it will be discussed later. 

The results for calcite and arragonite at 25° C., 50° C., 
and 100° C. are given below, both in tabular and in graphic 
form. At the two lower temperatures the thermostat was 
kept constant within 01 C.; the figures given for 100° C. 
are those obtained at the boiling-point, the barometric pres= 
sure being observed at the time of the experiment, The 
true temperature was usually a few tenths of a degree lower 
than 100° C., but, as will be seen from the diagram, the 
temperature coefficient is so small that the results are sub- 
stantially correct for that temperature. The diagram also 
shows the solubility curve for calcite under ordinary atmo- 

spherie canditions (see page 973), | 
3R 2 
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Calcite. 

Time before Grs. per litre Mean 
Temperature. filtration. dissolved. result. 

TAea ORR: lday | 01428 bree 
2 days — $-01433 014835 
3ddays §°01431 _ 

HOC seta 1 day abit ‘01506 
2days (| ‘01491 — 01504 

| 8days | —  -01513 | 

(anoacses 40 mins. (01816) ‘01785 — | 
| 60 mins. (01819) “O1FTO OL. | 01779 

80 mins. (01810) 01776 — ly 
120 mins. (‘01804) -01785 -01780 

| 

Arragonite. 

| Bas asst Time before | Grs. per litre Mean 
| | filtration. dissolved. result. 

| DarO1ue2 | 6 days. oy) he 
10 days (01286) _ 

| 6 days.* | (01511) es 01528 
10 days.* 701524 $ -015380 
12 days.* 01522 } -01536 

Gs at OR ere 3 days (01206) | — 
6 days (01572) — 
3 days.* | (01608) -- ‘01617 
6 days.* 01616 } :01611 

| Sdays.* | -01616 J -01624 

1OONCE 2.) COimins 7)1/¢-01178) >, — 
120 inins, (-01660) — 
180 mins. °01926 — 

_ 60 mins.* 701901 01890 01902 
120 mins.* 701919 -01898 

| | 180 mins.* 701902 -01879 

The results for calcite at 100° C. that are placed between 
brackets are those obtained with the tin tube ; although they 
agree well together, they are slightly higher than those 
found when using the silica tube, and are not employed in 
the calculation of the mean value. 
bracketed together are those obtained from experiments with 
successive portions of the same solution at different times; — 
by this means it could be ascertained when the final solubility 
value had been reached, in the case of solutions only slowly — 
attaining equilibrium. 

The results which are 

Kohlrausch. 

014 

016 

Kohlrausch. 

016 

018 
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It will be seen that arragonite is far slower in attaining 
equilibrium in solution than calcite. Indeed, in order to 
obtain results in a reasonable time, arragonite was taken not 
with water but with a saturated calcite solution, carefully 

SOLUBILITY (GRS.PER LITRE) 

TEMPERATURE 

filtered free from solid. Thus, the solution being already 
almost saturated with regard to arragonite, the end point 
was reached much more quickly. Experiments performed 
in this manner are distinguished by a star in the table. 
Where it is evident that the true solubility value has not 
been reached, the result is placed between brackets and is 
not used in the calculation of the mean value. 

The comparative slowness with which equilibrium is 
attained in the case of arragonite is not due to the larger 
size of the particles, for by observation with the microscope 
it was found that the two minerals were ground to equal 
degrees of fineness, but may rather be ascribed to the 
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greater density of the arragonite, offering more resistance to 
the solvent action of the water. 

The results for arragonite are, in general, less concordant 
than those for calcite ; this is due to the instability of the 
former. Observations with the microscope were made on 
slides of the solid residue from each experiment ; calcite was 
always unchanged, but arragonite at 100° C. always showed 
a few crystals of calcite, the rhombic crystals of the latter 
being easily distinguishable among the needle-shaped crystals 
of arfagonite. The proportion of calcite present, although 
always very small, increased regularly with the time of 
boiling, and thus a true solubility value for arragonite was 
never attained, but an intermediate value between the 
solubilities of the two minerals. At 50° C. and 25° C., no 
change of arragonite to calcite was observed. 
_ The values obtained are in good agreement with those of 
Kohlrausch at the ordinary temperature. The ratios of the two 
solubilities at different temperatures are also faitly concordant 
with the results of Foote (Zeit. phys. Chem. xxxili. p. 740 
(1900)). It will be seen from the diagram that the two curves 
run almost parallel ; any transition point is obviously either far 
above or far below the ordinary temperature, if it exists at 

all. The ratios of the solubilities are | — 
- ealeite 

95° OC, 50° C. 100° C. 

Observed! Avon Gy Cree. | 1:064 ROS 1069 
Foote (by interpolation) ... 1:130 1-114 — 

Foote has concluded, from the decrease of the ratio obtained 
with rise of temperature, that the inversion temperature is 
above the ordinary range; the above results, however, show 
a constant ratio, and hence, since the solubility increases with 
the temperature, greater difference of solubility with rise of 
temperature. 

It is an interesting point that the ratio of the specific 

5 = 1-066. The ratio of con- 

centration in the solid form to concentration in the solution 
thus appears to be constant for the two varieties. 

oravities of the two forms is 

Calaum Bicarbonate Solutions. 

The presence of carbon dioxide increases the solubility of 
carbonates in water to a marked degree, owing to the 
formation of soluble bicarbonates. The equilibrium of the 
system is determined by the partial pressure of the carbon 
dioxide over the solution; and in the case of calcium 
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earbonate here considered, a very small proportion of carbon 
dioxide corr esponds to an enormous increase in the solubility. 
For this reason, it has been possible to investigate, by the 
ordinary methods, the equilibrium of the system even for 
very small partial pressures of carbon dioxide (Schloesing, 
Compt. rend. xxiv. p. 1552 (1872); Treadwell and Reuter 
(Zeit. anorg. Chem. xvii. p. 170 (1898)). Beyond a certain 
limit, however, the results become too inaccurate, owing to 
the diminished solubility. The equilibrium under ordinary 
atmospheric conditions, for example, which is of importance 
in water analysis, cannot be determined by the usual volu- 
metric methods. 

If a current of air free from carbon dioxide be drawn 
through a bicarbonate solution, equilibrium is re-established 
by precipitation of carbonate, and this precipitation will 
continue until all bicarbonate disappears from the solution, 
2. €., until all free carbon dioxide is removed. There will 
therefore remain a saturated solution of calcium carbonate. 

Much confusion has always existed in regard to the state 
in which calcium carbonate falls out of solution. The 
precipitate obtained differs according to the concentration of 
the solution, the rate at which precipitation occurs, the 
temperature of experiment, the partial pressure of carbon 
dioxide above the solution, and the presence of other salts. 
The most complete experiments are those of Rose (Jour. 
Paaoeenem. \xxxi. paseo (L860); Ixxxii p, 301 (186))): 
From bicarbonate solutions above 90° C., arragonite is 
deposited ; between 90° C. and 30° C., a mixture of calcite 
and arragonite ; under 30° C. only calcite. The stability 
of the arragonite varies according to the conditions of 
formation. 

By double decomposition between concentrated solutions 
of a calcium salt and a carbonate in the cold, amorphous 
calcium carbonate is said to be precipitated, transformation 
to calcite following. The formation of a third crystalline 
form, also unstable, has lately been described by Meigen 
(Chemiker-Zeitung, xxxiv. p. 1015 (1910)). 

In the experiments described below the primary object 
was to determine the degree of solubility of the carbonate, 
by the complete withdrawal of the carbon dioxide from 
bicarbonate solutions, at the temperatures of 25° C., 50° C., 
and 100° C. The values obtained would, it was expected, 
give some indication of the form in which precipitation had 
occurred, and also check the figures for the solubility of 
calcite and arragonite previously obtained. 

The direct preparation of the bicarbonate solutions, by 
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| bubbling carbonic acid gas through water containing finely 
| powdered carbonate in suspension, could not be employed. 

The solution of the crystalline carbonate under these condi- 
tions is very slow, and it is essential, to ensure that the 
precipitate to be obtained afterwards shall be naturally 

MW deposited, that no trace of solid carbonate should be present 
i in the liquid. 

The solution was therefore prepared as follows. Finely- 
i powdered calcite was converted into lime by roasting in a 
‘| platinum crucible, and tfansferred to a flask of Jena glass, 

filled with water. A second flask was half filled with water 
| through which carbon dioxide had been bubbled for about ten 
| minutes. To this the lime water was added in a slow stream by 

filtration. A hardened filterspaper was used, supported in a 
| funnel with a long stem, drawn otit to 4 fitte jet, dipping into 

| the water. As the liquids met a fine, cloudy precipitate was 
produced, which immediately dissolved on shaking the flask. 
The soltition could be kept clear only by means of constant 
agitation; if the precipitate was once allowed to settle, it 

| assumed a hard, crystalline form and was most difficult to 
| disstlve. The addition of the lime-water was stopped before 
4 the svlution became saturated with bicarbonate, as soon as 
Ki) the precipitite began to be slow in disappearing. 

The solution was now added to a large excess of water 
contained in one of the vessels. The water in the silica flask 
was maintained, during this addition, at the temperature of 
the subsequent experiment, and the bicarbonate solution was 

H added slowly, so that ahy immediate precipitation of carbonate 
"] took plate at the required temperature. This was of special 

importance in the case of solutions at the boiling-point. 
The expetiments were now carried on exactly as previously 

| described. At 25° O. and 50° ©. the silica flask was 
suspended in a thermostat and air free ftom carbon dioxide 

7 drawn through the solution ; at 100° C. the carbon dioxide 
| was expelled by boiling. Supersattration was very liable to 
| occtir at the lower temperatures, unless the solution was made 

concentrated enough to give a large excess of calcium 
carbonate on removal of the carbon dioxide. 

l The precipitates obtained were always tested by the micro- 
Ht scupe, and exaiiination showed :— 

i | Nir jig Cee ee rhombic crystals only. 
Ht FUSE LOLS Ged ge an intimate mixture of rhombic 
i | and needle-shaped crystals. 
| re 6) 0) o" OMe needle-shaped crystals, with a | 

very few rhombic. 
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This is in agreement with the results of Rose—that, at 
25° C., calcite is obtained ; at 100° C. arragonite, slowly 
transforming inte calcite; at 50° C. a mixture of the two 
forms. 

Nevertheless the previous solubility values were not con- 
firmed. At 25° C. and 50° C., equilibrium was established 
so slowly that the final value could not be determined, the 
fall in concentration being extremely slow ; at 100° C., a 
fairly constant value was obtained; this, however, was much 
higher than the value found for arragonite at 100° C. 
Examples of the results obtained, with the times of experi- 
ment, are given below, expressed as before in grammes per 
litre. 

Derr: 50° C. 
DOUYS | Sos acces > 03444 "03097 3. "02861 — 
5) 0 eee ee 703421 — "02639 ‘02692 
s)he - "02962 — "02480 

100° C 
Asm SAoaieeemee een sh 8's 02511 — 

ant MRM as ois Sse 02331 °02329 
BU Re Ona coc gore ae 02345 -02383 
ESOC Meee es i asecas "02309 — 

The explanation of the results at 100° C. was at first 
thought to lie in the fact that the needle-shaped crystals 
precipitated were not, as has been held, identical with 
mineral arragonite, but were another modification of the 
carbonate (compare Meigen on the formation of “ Vaterite,” 
Chemiker- Zeitung, xxxiv. p. 1015 (1910)). This view seemed 
to be confirmed by the action of cobalt nitrate upon the 
precipitate. 

The differences of behaviour of the various forms of 
calcium carbonate with boiling cobalt nitrate sclution have 
been examined, qualitatively and quantitatively, by Meigen 
(Central-blatt, ii. p. 1128 (1901); Chemiker-Zeitung, xxxiv. 
p- 1015 (1910)). When finely-powdered arragonite is 
boiled with a dilute solution of cobalt nitrate, a lilac-coloured 
precipitate is quickly produced ; in the case of calcite, the 
action 1s much slower, and the precipitate is tinted blue. 
Presence of other metallic salts in the solution confuses 
those colour reactions. 

The precipitated crystals gave, when the test was applied, 
an immediate flocculent lilac-coloured precipitate. Mineral 
calcite and arragonite, powdered to the same degree of 
fineness (as observed by the microscope), were only slightly 
tinted after boiling for some minutes, and no noticeable 
precipitate was formed. 
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The specific gravity of the precipitated crystals was found, 
however, by the Westphal balance to be identical with that 
of ar ragonite, 2:89. 

The higher values obtained at the lower temperatures of 
25° C. and 50° C. are clearly to be accounted for by the 
obstinate retention of the last trace of carbon dioxide by the 
solution, equilibrium never being attained in the time of 
experiment. This was found to be also the case at 100° C. 
When the experiments were conducted as before until a 
precipitate had formed, and then all the liquid decanted off, 
fresh water added to the crystals remaining, and the experi- 
ment continued as before, the following solubility values 
were obtained. 

pas 507: 
tcl ays a parssccewaccccers 01879 "01958 
OkCeiyS) Meeetecte. aeewasicn 01868 "01976 

100° C. 
Ginn Se eset caer este seae oe eects "02271 
12 Ohman. PEW ars ee 02238 

These are still, it will be seen, much higher than those 
previously found for calcite and arragonite ; the value at 
100° C. is scarcely lowered at all. The curve of the solubility 
has now, however, become approximately parallel to those 
given by the two crystalline varieties. 

Further investigation showed that decantation is in- 
sufficient to remove the final trace of carbon dioxide. It is 
necessary to shake up thoroughly the crystals that remain 
with successive quantities of water, before proceeding with 
the experiment; and by this means constant results were 
finally obtained, comparable with those previously found for 
the mineral calcite and arragonite. 

De ie. Mean resuli. 

A GAYS fron crutict ain 701450 | a= 
IDSCLENYS eacicc = sels cies "01464 "01466 “01460 

50°C. 
DIGa VR) ieee iGe: °01554 °01549 
Dida s ies cepts e "01536 — 01546 

1OO™C: 
GUS: Soc eee "01909 ‘01917 

120, as gee eee “01899 ‘O1911 ‘01909 

ney will be seen that the results of the experiments at — 
° C. are substantially the same as those for mineral calcite — 

9 that temperature ; those at 50° C. lie between the values — 
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for calcite and arragonite; those at the boiling-point are 
identical with the value for arragonite at the boiling-point. 

There is still a difference of 1 to 2 per cent. in the values 
obtained by the two methods; this must be attributed to a 
minute trace of carbon dioxide, not removed by the washing. 
It is probably the carbon dioxide that remains, as it were, 
adsorbed on the surface of the crystals that causes the 
different behaviour with cobalt nitrate solution. 

From the above it will be evident that the accuracy of the 
method depends entirely upon the purity of the water used for 
experiment, a trace of carbon dioxide being sufficient to raise 
the solubility of the carbonate very appreciably. In all expe- 
riments the water used was freshly distilled into one of the 
siclia flasks, yet it would always contain a small amount of 
carbon dioxide, and small differences in this amount would 
be sufficient to affect the constancy of the results. 

Amorphous Calccum Carbonate. 

The conditions for the precipitation of calcium carbonate 
in its amorphous form have already been discussed. In the 
dilute solutions employed for the experiments with bicar- 
bonate solutions, one or other of the erystalline forms was 
always obtained; only in the preparation of the solutions 
was the amorphous form obtained as a cloudy precipitate, 
which immediately, unless dissolved, transformed into a 
crystalline form, calcite. 

The amorphous form is the most unstable of the three 
_ varieties of the carbonate, and its solubility is necessarily 

higher than those of the other forms. Nevertheless, the 
figures given by Kohlrausch (Zeit. phys. Chem. xii. p. 234 
(1893)) are identical with those for calcite. It is evident 
that transformation of the amorphous form to calcite had 
occurred in the course of the experiment. 

Similar results were obtained in the direct determinations 
given below. Experiments were carried out both with 
natural and prepared forms. The former consisted of 
ordinary soft chalk; the latter was obtained by heating 
finely-powdered calcite to lime in a platinum crucible, and 
reforming: the carbonate by means of a current of carbon 
dioxide passed over the slowly-cooled oxide. The experiment 
was carried out quantitatively to ensure the absence of un- 
changed calcite—the heating being continued until the loss 
of weight was equal to the theoretical. The cooling ina 
current of carbon dioxide was also repeated until the original 
weight was restored, in order to remove all traces of quick- 
lime, The experiments were carried out exactly as before, 



972 Mr. J. Kendall on the Solubility of 

at the temperatures of 25° C., 50° C.,and 100° C., and results 
are given below in grammes per litre. 

Prepared Carbonate. 

AS (OF Mean result. 

2 Mays Meretsen estes BED) Uilesee | 
DCA S) ecctorensiecia 01436 f 01444 ; 01445 

50° C. 

DAGAYS | oscctes scnes 01510 | ‘01526 \ 
ONG AY Settee a ceo es 701521 J °-01503 *01515 

100° C. 
GOsmNSs 5) esecies "01824 eae 

NOOMMINS | ..<cceciecsccn 01809 01816 "01816 

Soft Chalk. 

OOS C! 

GOSMINS Aeacws once. (02117) -O01784 
MOOMMING aes .csosdonse "01769 ae “Oliaa 

It will be seen that the figures are the same as for calcite. 
The experiments with soft chalk were carried out by treating 
a quantity with successive portions of water—the first high © 
value is due to the removal of impurities. 

The amorphous form is hence seen to be extremely un- 
stable, and no figures for its solubility can be obtained. 
Another method of preparation—heating the precipitated 
oxalate to oxide and converting to carbonate by slowly 
cooling in a current of carbon dioxide—led to the same 
solubility values being obtained. Conversion to calcite takes 
place either as socn as the carbonate is formed at the high tem- 
erature, or else as soon as it is brought in contact with water. _ 
he powdered substance shows, under the microscope, no 

sions of crystalline character ; its density is, however, the 
same as that of calcite (2°70 by the Westphal balance). For 
this reason no change in volume could be observed when a 
dilatometer was packed with the powder and water drawn in 
to fill the bulb. 

Solubility under Atmospheric Conditions. 
The extremely small proportion of carbon dioxide in — 

ordinary air is sufficient to raise the soiubility of calcium — 
carbonate at the ordinary temperature several hundred per — 
cent. It is therefore necessary to know accurately the — 
amount of carbon dioxide in the air at the time of experiment — 
to render the results, which are of special importance for their 
applications to water analysis and geology, of any value. 
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The method of estimation employed was that of Petten- 
kofer, as improved by Walker (J. C. 8. Ixxvii. p. 1110 (1900) ). 
By its use the proportion of carbon dioxide in the atmosphere 
could be determined accurately within :1 part in 10,000; 
the determinations actually made varied from 3°56 to 3°88 
parts in 10,000, with an average value of 3°69 parts in 
10,000. 

This value can be taken as the conditions for all experi- 
ments given below, for by observation it was found that the 
final equilibrium of the solution was established so slowly 
that constant results were obtained in spite of slight changes 
in the carbon dioxide values from day to day. For the same 
reason small changes in the barometric pressure had no effect 
on the solubility values obtained; the mean barometric height 
was 754 mm. 

The experiments were performed at 25° ©. and 50° C. as 
before; powdered calcite was taken in the silica flasks with 
freshly distilled water, and atmospheric air led through the 
solution, after being passed through a long tube filled with 
cotton-wool to remove all dust. The results are given below, 
in grammes per litre, and are also shown in graphic form upon 
the diagram on page 965. 

DEC Mean value. 

OIGAVS: sseennasees (04351) \ 
Dy oy: scenceaeseet (04545) ; 

BF 55 | Loess 04607 
OE 5 Sewanee 04592 04608 
2A RE RERSclsscc 04625 

50° C. 
AGAYS) 720 .ccaseetee » (02911) 
ME shy Sedswenaee 02930 0 °02925 
CS) ORE MRRP Ae Sic 02935 

The solubility at 25° C.is hence seen to be more than 
three times as great as that in pure air ('04608 and °01433 er. 
per litre respectively); that at 50° C.is nearly twice as great 
(02925 and :01504 gr. per litre respectively). At 100° C. 
the two values should be identical (01779 gr. per litre). A 
reference to the diagram (page 965) will show clearly the 
remarkable difference in the characters of the two solubility 
curves. 

At the ordinary temperatures a bicarbonate solution would 
give the same values as calcite, since the precipitation takes 
place in that form. Mineral arragonite would be, as in pure 
air, slightly more soluble, but the exact determination of the 
value is of little importance, the results given above being all 
that are required for practical use. 
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Conductivity of Bicarbonate Solutions. 

The importance of measurements of electrical conductivity 
in the determination of the purity of a sample of water, and 
especially in the discovery cf any sudden change in the 
degree of hardness or in the salt content of a town supply, 
has only recently been recognized. An apparatus for the 
above purpose (the Dionic Water Tester) is already in the 
market. 

The introduction of the measurement of electrical con- 
ductivities into water analysis has rendered necessary the 
accurate determination of the conductivities of bicarbonate 
solutions. The values for calcium bicarbonate are clearly of 
special importance. 

The conductivity of solutions of sodium bicarbonate has 
been investigated by Walker and Cormack (J. C. 8. Ixxvii. 
p. 10 (1900)) for the purpose of determining the velocity of 
the HCO,’ ion. Experiments were carried out at 18° C. 
between dilutions of 32 and 512. Within this range no 
difference was observed between solutions diluted with pure 
water and with water saturated with carbon dioxide. 

In the following experiments the dilution was carried 
further, solutions being used from v=10 to v=10,000, at a 
temperature of 25° C. The conductivities were determined 
in a Cantor cell, with the use of a rotating commutator and 
a galvanometer. Much more accurate values can be obtained 
by this method for dilute solutions than with the usual 
induction-coil and telephone. 

Sodium bicarbonate solution was mle up by bubbling excess 
of carbon dioxide through sodium hydroxide solution, freshly 
prepared from metallic sodium. The solution was standardinga 
both volumetrically by neutralization with a Known solution 
of hydrochloric acid, and gravimetrically, by neutralizing 
100 ¢.c. with hydrochloric acid in a platinum basin, evapo- 
rating earefully to dryness, and weighing the residue. 

Two series of dilutions were made, one with pure water, 
the other with water containing excess of carbon dioxide. 
The pure water was prepared by distillation, in the open 
air, of water to which a little Nessler’s solution had been 
added, as described before ; its specific conductivity was 
1:10x10-°. The correction for the water conductivity is 
made as follows. The part due to carbonic acid is, at most, 
‘70 x 10~® (Walker and Cormack, J.C. 8. Ixxvii. p. 141 (1900)). 
The influence of this on the bicarbonate solutions is negli- 
gible up to very high dilutions. The remaining conductivity, 
“40 x 10-°, is directly subtracted from the observed values, as 
below. The values given are the equivalent conductivities of 
the solutions, expressed in reciprocal ohms. 
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Conductivity of NaHCO. 
v=10-07 (volametrically); 10°08 (gravimetrically). 

With pure Water. 
‘ With Water 

Af Uncorrected. Corrected. Coe 

10:07 76:3 76°3 76°5 
20°15 80°8 80°8 81:0 
40°3 84:6 84°6 84:8 
80°6 87°4 87:4 87°8 

161:2 89:8 89'7 90:1 
32274 Siler, 91°6 92°1 
645 93°4 93" 94:2 

1250 946 94:1 98°3 
2581) 95-9 94-9 107-5 | 
5160 98°2 (96:1) 133 

10320 101°7 (97°6 ) = 
ora) — 97°0 — 

LEE gla EU sae CATO ORY ZOE ease 
It will be seen that the two series are practically identical 

up to the limits investigated by Walker and Cormack. Atthe 
higher dilutions, however, the presence of the excess of car- 
bonie acid in the solution gives rise to a rapidly-increasing con- 
ductivity value. ‘This is due to the ionization of the carbonic 
acid, which is quite appreciable in the more dilute solutions. 

The corrected values for the first series lead to a conduc- 
tivity value at infinite dilution of 97:0. At the two highest 
dilutions hydrolysis has evidently begun to be appreciable. 
The velocity of the HCO,’ ion is theretore found to be, taking 
the velocity of the sodium ion as 51:0, equal to 46-0. 

Calcium bicarbonate solution was made up as previously 
described, the requisite volume of lime-water of known con- 
centration being run into water containing carbon dioxide to 
give a solution of dilution 32. This was too unstable at 25°C. 
to permit of a conduetivity value being obtained before precipi- 
tation of carbonate occurred. A series was obtained, however, 
from dilutions 50 to 8000; results are given below. The 
dilutions were with pure water, of conductivity 1°10 x 107°. 

Conductivity. 4Ca(HCOs).. 

Vv. | Uncorrected. | Corrected. 

50 81:0 81:0 
64 83°5 83°5 

128 88:9 88°9 
256 93-4 93°3 
512 96°8 96°6 

1024 100:0 996 
2048 103:0 102°2 
4096 106°7 (105-1) 
8192 112:0 (108-7) 
ora) — 1080 
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As before, the values for the two highest dilutions show 
that hydrolysis is there appreciable. The value of the con- 
ductivity at infinite dilution may be taken as 108-0; taking 
the velocity of $Ca: 61°5, we have the velocity of the HCO,’ 
ion equal to 46°5. 

Finally, the conductivity of solutions of calcium sulphate, 
the values of which are also of importance in water analysis, 
was determined. (Compare Kohlrausch and Holborn, Leit- 
vermigen der Elektrolyte, p. 161 (1898).) Calcium sulphate 
was precipitated by mixing dilute solutions of potassium 
sulphate and calcium chloride, filtered off from the solution, 
and thoroughly washed, A saturated solution at 25° C. was 
prepared by rotating a small quantity in a well-stoppered 
flask, half filled with water, in a thermostat for some days. 
The liquid was obtained free from excess of solid by means 
of a pipette fitted with a filter-cover ; its concentration was 
determined gravimetrically by evaporating 100 c.c. carefully 
to dryness in a platinum basin. The water used for dilution 
had a specific conductivity of 1:20 x 107°, the whole of which 
is subtracted for correction, and the corrected results are as 
below. The figures are the mean of two determinations. 

Conductivity. 4CaSQ,. 

(Saturated solution at 25° C. — v=32:50.) 

ay. Conductivity. 

32°5 72:9 
65 83°7 

130 94-7 | 
260 105 5 
520 115-0 | 

1040 123°3 
2080 1292 | 
4160 1341 
8320 138-4 | 

I desire, in conclusion, to express my thanks to Professor — 
Walker, at whose suggestion the above investigations were 
carried out, for his advice and assistance during the progress 
of the research. irre i 

Chemistry Department, 
University of Edinburgh. 
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XCVII. The Composition of Two Simple Harmonie Motions 
exhibited by a Stretched String. By A. I. STEVEN, 
M.A., B.Se., Assistant Lecturer and Demonstrator in 
Physics, The University of Liverpool *. 

[Plate XVI.] 

NAHE compound character of a musical note emitted by a 
stringed instrument may readily be demonstrated by 

plucking the string, and then damping its motion at a con- 
venient place, when only certain harmonics will still be heard. 
It is, however, rather difficult to exhibit this phenomenon to 
a large audience, and with a view to demonstrating the fact 
that a string can vibrate in different ways and in them all 
at one time, [ have been led to devise the experiments 
described in this paper. 

I propose to show how the composition of two Simple 
Harmonic motions of different periods and amplitudes may 
be exhibited (1) when the motions are in one plane, and (2) 
when they are in perpendicular planes. 

I. Ywo vibrations in the same plane. 

A light silk cord, 3 or 4 metres long, is stretched horizon- 
tally between two tuning forks A and B, electrically driven, 
and placed so that their directions of motion are vertical. 
The frequencies of the forks should be as low as possible, 
and in the ratio a: b of the frequencies of the motions to 
be compounded. ‘The apparatus having been so far arranged, 
proceed as follows:—Fix B in position and then set A 
vibrating. Adjust the tension by pulling A out or pushing 
it in till the string is set in stationary vibration of large 
amplitude with a loops in one plane. Unless the adjustment 
is very carefully made a circular motion of the string may be 
set up, which, of course, is not desired. Then let A be silenced 
and set B vibrating, when the number of loops visible should 
be 6. Now set both forks vibrating, and each point on the 
string will execute a vibration which is the resultant of the 
two vibrations. 

The character of the vibration of the string is more clearly 
seen with the aid of a stroboscopic wheel. The wheel 
should have narrow radial slits, and it is desirable that it 
should be controlled in such a manner that one slit passes 
any fixed point once during a vibration of the string when 
vibrating in one segment. (Professor Wilberforce’s pattern 

* Communicated by the Author. 
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of phonic wheel controlled by a tuning-fork is recommended. ) 
If the wheel be running evenly at this rate, a person standing 
a few feet away and looking at the string through the slits 
as they pass will now see stationary a few waves of the com- 
pounded vibrations. If one fork only is sounding, he will 
see one of the components as a simple sine curve. Indeed, 
he will see a replica of the motion of the string as a whole, 
the effect being what would be produced by very greatly 
diminishing the length of the string without affecting its 
transverse motion. The explanation evidently is that all 
points of the string at any instant are in the same phase, and 
as the slit passes round, the part of the string viewed only 
differs from that previously seen by the phase having 
advanced a little in the time taken by the slit to pass round. 
In the same way, if the wheel go either too slowly or too 
quickly the motion will appear to progress in the backward 
or forward direction. 

The figures 1 and 2 given on the plate (X VI.) are photo- 
graphs through the stroboscope of the string in the case where 
the two tuning-forks are in the ratio 1: 3. The lower fork 
had a frequency of 32 vibrations per second, and controlled 
the stroboscope, and that of the higher fork was approximately 
96. The slight difference from the exact ratio gave rise toa 
continuous change of phase difference between the two 
vibrations, which was readily seen, as the curves gradually 
changed from the one form to the other. The photographs 
show the curves diminished to about one third of their 
apparent size. They represent :— 

(1) The case when a trough of the wave motion of 
smaller period falls on a crest of that of larger period, and 
(2) when crest falls on crest. Though these photographs 
are exceedingly good they are more blurred than when the 
phenomena are observed. This is due partly to the difficulty 
of keeping the stroboscopic wheel in steady motion (for, 
of course, if it went for a short time either too quickly or 
too slowly, a displacement of the figure occurred), and — 
partly to the varying phase difference, which made it 
necessary to expose the plate several times when the phase — 
was approximately correct. : 

In order to make the phenomena visible to a large ~ 
audience, I find that the stroboscopic wheel must be 
replaced by a rotating mirror. If a very narrow vertical = 
beam of light from a lantern be allowed to fall on the ~ 
string, and the image of the bright part of the string observed _ 
in the mirror, which is rotated about a vertical axis, it 
will trace out the time-displacement curve of a point on the — 
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string. In illustrating a recent lecture the rotating wheel 
was driven electrically at constant speed. On starting one 
fork the usual sine curve was shown; on silencing it and 
starting the other, three waves for each of the former 
waves were made visible; and on starting the former again 
the compound vibration going through its various phases 
was exhibited, 

The behaviour of the string when viewed without either 
of the aids above mentioned was in itself interesting. The 
amplitude was sufficiently large to enable one to see the 
string take the shape of the compounded wave, but as the 
phase difference between the two vibrations changed rapidly, 
the visual impression was of a three-peaked curve. One 
could see also that the phase difference gave rise to two 
apparent extra strings. The appearance was most marked at 
the places corresponding to the ventral segments of the 
string when giving three loops, and oradually disappeared 
towards the nodes where, of course, that vibration had 
diminished to zero amplitude. These two apparent strings 
coincided at the undisplaced position of the string when 
the view through the stroboscope was as in Pl. XVI. fig. 2, 
and travelled out to the edges of the loops, when the 
appearance was as in Pl. XVI. fig. 1. This is clearly to be 
explained by the fact that in the first case the place of 
slowest motion is when the string is in its undisplaced con- 
dition; and in the second, that then the place of slowest 
motion is when the string is most displaced. 

Sometimes one of the vibrations set up by the tuning- 
forks took a circular form. In that case the centre of 
interest shifted from the view through the stroboscope to 
the motion of a point on the string as seen in the 
direction of its length. Such a point then exhibited a 
modified Lissajous’ figure, corresponding to the com- 
position of two vibrations in perpendicular planes in the 
ratio 3: 1, with an extra vibration in one plane superposed. 
This brings me now to discuss 

II. The composition of two vibrations in perpendicular planes. 

For this it is only necessary to turn one of the forks 
through 90°, so that the direction of its vibration is horizontal 
and perpendicular to the string. In using this method, 
however, there is often a tendency to set up circular motions, 
and I fad that it is much better if the two forks be an 
upright so that their directions of vibration are in the 
line of the string. There are at least two advantages in 
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adopting this longitudinal mode, for not only does the cir- 
cular motion tend not to occur, but the fact that the number 
of loops in a given length of string under the same tension 
is now halved gives longer loops and larger amplitudes. 
The two vibrations seem always to set themselves at right 
angles, though there is no very apparent reason for such 
behaviour. It will be found advantageous not to attach the 
string at the tip of the prongs, but rather lower, as the effect 
of varying tension seems to hinder the two vibrations being 
maintained together if the amplitudes of the forks are too 
large. If the : adjustments have been properly made, every 
point on the string will execute a Lissajous’ figure. At 
any place which is a node for one vibration but not for the - 
other the motion is in a straight line, and in passing through 
the node along the string a change of phase difference 
between the two vibrations of 7 occurs. 

The two photographs Pl. XVI. figs. 8 and 4 exhibit ex- 
ceedingly well the surface traced out by a brightly 
illuminated string executing such vibrations, “and everyone 
will recognise two phases in the composition of vibrations 
in the ratio 1:3. The figure which stands out so distinctly 
is traced out by a point “rendered specially brilliant by a 
piece of wax which was attached to the string. It can easily 
be seen that every little hair is carrying out a similar 
motion. The size of the pattern photographed was about 
5 cm. in diameter, and it is possible to obtain them much 
laneer.) lhe phase difference in this case caused the figure 
to go quickly through all the forms usually figured in text- 
books. The effect of the relative amplitudes of the two 
vibrations at different points in the string was easily observed ; 
where a node occurred for one vibration but not for the 
other, the motion was in a straight line ; the change in phase 
in passing through a node turned the figure the opposite way. 

It is obvious that any of Lissajous’ figures may be obtained 
in this manner. 

A ease of some interest is thatin which two vibrations with 
frequencies in the ratio 1 : 2 may be compounded by the use 
of a single fork. In the well-known experiments of Melde — 
two positions of the fork only are considered: (1) The trans- _ 
verse mode, in which the period of the string is equal to that — 
of the fork; and (2) the longitudinal mode, in which the — 
period of the string is twice that of the fork. Ifthe fork be — 
rotated, so that the direction of its motion is inclined to the — 
direction of the string, it is clear that two transverse vibra- 
tions whose frequencies are in the ratio 1:2 will be pro- — 
duced in it, and sometimes these set themselyes at right — 
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angles so thut Lissajous’ figures are obtainable. Pl. XVI. 
fig. 5 shows a loop of the string executing such a motion. 
The effect of varying relative amplitude of the vibrations can 
readily be traced in it. At the node of the transverse vibra- 
tion the figure traced by a point on the string should be a 
straight line: in the photograph it appears as a curve with a 
convexity towards the fork; this is clearly due to the 
varying tension in the string caused by the large amplitude 
of the fork, the string having been attached in this case at 
the end of the prong. The curvatures of the figures at the 
ventral segments on either side of the nodal line are in oppo- 
site directions corresponding to the phase difference acquired 
in passing throughit. Perhaps the most interesting form ob- 
iained by me in this way is that shown in P]. XVI. fig. 6, which 
corresponds to a circular motion, with a simple harmonic 
motion of double its period, and more than double its ampli- 
tude superposed. The order in which the curve is traced is 
easily made out from the photograph. 

To Professor Wilberforce are due my thanks for the great 
interest he has taken in these experiments. 

George Holt Physics Laboratory, 
The University of Liverpool. 

Ist March, 1912. 

XCVIII. The Relation between the Ranges of e Particles and 
the Periods of Transformation of Radioactive Bodies. By 
Prof. H. A. Wixson, FAS. FRSC... MeGull University, 
Montreal *. 

T has been shown recently by Geiger and Nuttall t that 
there is an approximately linear relation between the 

logarithms of the transformation constants (X) of radioactive 
substances and the logarithms of the ranges (d) of the 
a particles which they emit. 

Radioactive transformations are somewhat analogous to 
monomolecular chemical reactions, but are alomic in cha- 
racter and independent of temperature. The kinetic energy 
of the a rays may be regarded as a measure of a quantity 
analogous to temperature which helps to determine the 
internal state of the atom. This quantity may be called 
the atomic temperature, and we may suppose that the rate 

* Communicated by the Author. 
+ Phil. Mag. October 1911. 
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of decomposition of a radioactive substance depends on its 
atomic temperature in much the same way that the velocity 
of an ordinary chemical reaction depends on the ordinary 
temperature. 
A somewhat similar rather loose analogy may be drawn 

between the emission of negative electrons by hot bodies and 
the emission of @ rays. The higher the temperature the 
greater the velocity of emission, and the greater the number 
emitted in unit time. 

If we suppose that the work necessary to be done by an 
a particle before it can escape from an atom is approximately 
the same for all radioactive atoms, then in view of the above 
considerations we might expect a formula of the type 

a ee 
to be true. Here ¢@ denotes the atomic temperature, Q the 
energy in calories required for the escape of one gram 
molecule of a particles, and A isa constant. The formula 
suggested is of the well-known type which represents the 
variation of the velocity of reactions and thermionic currents 
with temperature. 

The mean kinetic energy of a molecule of a gas is equal 
to $RO, where R is the gas constant for one molecule and 0 
the absolute temperature. The range (d) of an a particle is 
equal to 6v*, where @ is a constant and v is its velocity. 
Hence we have 

$Ro=imv=3h sm($) ; 

=n (g) 
Substituting this in (1) we obtain 

ve B(S ye -BRQ/2m (G oe 

where B is a new constant. This equation gives 

logx—t log d=at+bd-s, 

where a=log B—1 log B and b= —3RQ{? /2m. 
In the figure ‘the values of log\--ilogd are plotted — 

against d~3; and it appears that a nearly linear relation — 

or 

exists between these quantities in both series of radioactive — 
bodies. 
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The values of A and d were taken from the paper by 
Geiger and Nuttall (doc. cit.). 
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The equation (1) therefore represents approximately the 
relation between and A; so that the assumption that the 
energy necessary for an @ particle to escape is the same in 
all cases appears to be approximately true. 

The two lines are parallel, so that for both series of pro- 
ducts 6 is the same, and the slope of the lines gives 6=205. 

Hence 0 ae, 
3RGs 

For helium m/R= 4/2 x 4:2 x 10’ and B=7-5 x 10-®: so that 
Q=1-6 x 10% calories per gram molecule. The work for a 
gram molecule of electrons to escape from platinum is about 
10° calories; so that the work for an « particle is about 108 
times greater. The work for an electron to escape from 
platinum is about that necessary to separate two ionic 
charges (¢) from a distance of 1078 em. or the radius of 
molecular action. The work for an « particle to escape is 
therefore about that required to separate two charges 2e from 
a distance of 10716 em. 
We may say therefore that in the escape of electrons at 

high temperatures and in ordinary chemical actions electrons 
are separated from distances of the order of the radius of 
molecules, while in radioactive changes electrons are separated 
from distances about 10° times smaller. 
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XCIX. Note on the Electron Theory of Thermoelectric 
Phenomena. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN,— 
N the February number of the Philosophical Magazine 

Prof. O. W. Richardson has published a paper on “ The 
Electron Theory of Contact Electromotive Force and Thermo- 
electricity.” As his results with respect to the Peltier and 
Thomson effects are in disagreement with results 1 have 
obtained in a previous paper (N. Bohr, Studier over Metal- 
lernes Elektrontheort, Diss., Copenhagen, 1911), I shall be 
glad to be allowed to try to explain briefly the reasons for 
this disagreement. 

Prof. Richardson uses a very interesting method to cal- 
culate the Peltier and Thomson effects. By this method, 
which is based upon deductions from the results of expe- 
riments on the emission and absorption of free electrons by 
hot metal-surfaces, electricity is imagined to be transferred 
hy a reversible cyclic process through a circuit partly 
consisting of metals; and the amount of work gained and 
the heat absorbed by this process is discussed on thermo- 
dynamic principles. [It may be remarked that the process 
adopted for the calculation of the Thomson effect is not 
strictly reversible, and that the influence of this fact, as 
Boltzmann has shown (Sitzungsber. d. Wiener Acad. d. Wiss., 
math.-nat. Kl., Bd. 96, Abt. 1. p. 1258, 1887; cf. my paper, 
p. 72), cannot ‘be infinitely diminished by altering the dimen- 
sions and the shape of the piece of metal which forms the 
part of the circuit considered. We shall not, however, 
discuss this point further here. | 

In the cirenits considered by Prof. Richardson, the transfer 
of electricity through a piece of metal is established in the 
following way. Klectricity in the form of free electrons is 
“condensed” from the surrounding space into the metal 
at one end of the piece of metal considered and allowed to 
“evaporate”? from the metal at the other end. The Peltier 
and Thomson effects are then calculated from the difference — 
between the whole amount of heat developed in the metal — 
during the process considered and the amount of heat deve- 
Joped at the ends of the piece of metal by the condensation 
and evaporation of the electrons. | 

The latter quantity of heat is calculated from the difference _ 
in potential energy ofan electron inside and outside the metal — 
surface. This way of calculating is, however, in my opinion 
not justifiable, as the amount of heat developed at the 
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surface of the metal cannot be determined in such a simple ° 

manner. For the sake of brevity I shall consider here only 
the simple case in which the piece of metal is of uniform 
temperature and consists of two bars of different metals joined 
together, the condensation of electricity taking place in one 
and the evaporation in the other. 

If an electric current flows through a metal there will be 
a transfer of energy through any surface in the interior of 
the metal as a consequence of the flow of electrons through it. 
The magnitude of energy transferred per unit of electric 
eurrent will depend not only on the potential energy of the 
free electrons and on the temperature, but also on the con- 
ditions of motion of the electrons in the metal. For, in 
different metals according to the different conditions for the 
motions of the free electrons, the electric current will be 
distributed in a different way among the groups of electrons 
with the various absolute velocities.—If, for instance, we 
suppose that the electrons move freely between the metal 
molecules and are only affected by them by separate collisions, 
and if in these collisions the forces between the electrons 
and the molecules vary inversely as the nth power of their 
distance apart, the amount of kinetic energy transferred 
through a surface in the interior of the metal when a unit 
quantity of electricity is transferred through that surface 

© 

will be ea (cf. my paper, pp. 63 and 66), in which e 

is the charge on an electron, T the absolute temperature, 
and k the universal gas-constant referred to a molecule 
Goo "NT). 

The expression for the Peltier effect, calculated directly 
from the difference in the transfer of energy in the two 
metals, will therefore depend not only on (1) the difference 
in potential energy of the free electrons, but also on (2) 
the difference in kinetic energy transferred by the electric 
current in the two metals.—If, for instance, we suppose that 
the molecules in the one metal act upon the electrons as hard 
elastic spheres (n= ), and in the other as electric doublets 
(n=3, cf. my paper, p. 35), the part of the Peltier effect 

arising from (2) alone will be equal to z T’, corresponding to 

a potential difference of c. 0:0235 volt, which is of the 
same order of magnitude as the greatest Peltier effect 
observed. 

Now returning to Prof. Richardson's calculation, we 
see that in the determination of the heat absorbed or 
developed at the end of the piece of metal considered, 
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no regard is paid to the energy required for the estab- 
lishment or extinction of the directed molecular flow of 
the electrons, which produces the transfer of energy in 
question. Hence, in Prof. Richardson’s calculation of the 
Peltier effect—which he supposes to be quite general, 7. e. in- 
dependent of special assumptions about the forces between 
the molecules and the electrons—only the part of the effect 
which arises from a possible potential-difference between the 
two sides of the surface separating the two metals, is 
considered ; the other part arising from a possible difference 
in the amount of kinetic energy transferred by the electric 
current in the two metals is not taken into account. 

Quite similar considerations will hold for the Thomson 
effect. 

It may finaliy be remarked that it can be shown that the 
calculated values for the thermoelectric constants when the 
above mentioned points are taken into account, will also 
satisty—at least for a very general case—the conditions 
given by Lord Kelvin,—a result which does not seem to be 
rigorously deducible from thermodynamic principles (¢/. my 
paper, pp. 71-75). 

Tam, 

Trinity College, Cambridge, Yours faithfully, 
Feb. 5, 1912. N. Bonr. 

P.S.—Since the above was written another paper by 
Prof. Richardson has appeared (Phil. Mag. April 1912). 
In the fifth paragraph of this very interesting paper Prof. 
Richardson has generalized his calculation, no longer assuming 
that the potential energy of the free electrons inside the 
metal can be considered as constant. Quite similar remarks 
to those stated in the above note will, however, for exactly 
analogous reasons, hold for the relation between the results 
of Prof. Richardson’s new calculation and those of my own 
calculations for the corresponding case. 

C. Theory of Ionization by Collision. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN, — 

MUST protest that Professor Townsend has misunderstood 
me completely and that I did not make the statements 

which he attacks with such vigour. I was so far from 
accusing him of holding the “ older view.” of ionization that 
I suggested that he had -dismissed -it- from consideration 
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rather too summarily. Nor have I attempted to support that 
view against that which he holds; I was careful to state 
that I did not wish to throw any doubt whatever on any of 
the physical assumptions which form the basis of his theory 
of ionization by collision. 
My criticisms support rather than undermine that theory. 

I pointed out that, owing toa slip in his calculations, the 
formulze which Professor Townsend employed to compare 
the results of his observations with the predictions of his 
theory were not an adequate expression of the assumptions 
on which that theory is professedly based ; but that, when 
the error is removed, the observed and predicted values 
agree slightly better than before in the case of his own 
observations, and very much better in the case of my 
observations. 

Prof. Townsend asserts with quite unnecessary severity 
that my remarks are either incorrect or unimportant. He 
bas not doubted the correctness of this criticism, and I can 
hardly believe that he really regards it as unimportant that 
his theory should agree with observation. 

Pains 
Yours faithfully, 

NORMAN R. CAMPBELL. 

CI. The Absorption of X-Rays and Fluorescent X-Ray 
Spectra. By Professor C. G. Barkia, M.A., D.Sc., and 
V. Coutuigr, B.Sc., University of London, King’s College *. 

General Absorption Curves. 

iG a paper on “The Absorption of Réntgen Rays” + 
Barkla and Sadler showed how the absorption by a 

given element of beams of homogeneous X-radiation varies 
with the general absorbability of the radiation employed. 
[The general absorbability may be measured in any substance 
whose spectral lines in X-rays are not within the range of 
absorbability and not near it on its more absorbable side. 
Aluminium is a convenient substance for all ranges usually 
dealt with, or even the much wider range covered by these 
experiments.| Curves showing the relation between the 
absorption in an element R say and in Al were given, and 

* Communicated by the Authors. The expenses of this research 
have been partially covered by a Government Grant through the Royal 
Society. . \ 

+ Phil. Mag. May 1909, pp. 739-760, 
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the characteristics of the relation were seen to be the same 
whatever the element R employed. At that time, however, 
the series of spectral lines * had not been observed, nor had 
sufficient experiments been made to accurately test the 
generality of the curves over a large range of penetrating 
power, especially in the region of the spectral lines. 

In further experiments + we have therefore examined the 
absorption of X-rays by Br and Ag, the latter of whose 
spectral lines of series K is about 35°5 times as penetrating 
as that characteristic of Fe. If we plot, as previously, 
absorption in Br or in Ag as ordinates, and absorption in Al 
of the corresponding homogeneous radiations as abscissee, we 
get a curve possessing similar characteristics to those 
previously published for the absorbing elements Fe, Ni, Cu, 
and Zn. This was, of course, expected. If, however, we 
arrange the scales of ordinates and abscisse for each 

Pigeal: 

ABSORPTION /N AN ELEMENT f° 

SPECTRAL LINE OF ELEMENT FP 

ABSORPTION IM ALUMINIUM 

Showing relation between absorption in element R and in standard 
substance (Aluminium) in region of spectral line of R. One curve 
K is common to all elements R if spectral line is of series K. 
Curve L shows similar relation when spectral line is of series L. 

absorbing substance such that the absorption of Fe radiation f 
in Fe, Ni radiation in Ni, Cu radiation in Cu, &e., are all 
indicated by the one point A (fig. 1), it appears that there is 

* Barkla, Phil. Mag. Sept. 1911, pp. 896-412. 
+ In this paper, as in the paper by Barkla and Sadler, the absorption 

coefficient A is defined by the equation I=I,e~*” in the usual notation. 
It should be noticed, however, that I represents the intensity of radiation 
of the same penetrating power as the incident radiation transmitted in 
the same direction as that of the incident radiation. It does not include 
the scattered or transformed radiations. 

t {Series K.) 
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not only a similarity in general features, but that one ab- 
sorption curve is common “to all absor bing substances. The 
exactness of this in the case of absorption “by Fe, Ni, Cu, Zn, 
and Br is remarkable, and is illustrated in fig. 1 by a few 
points obtained from experiments on absorption by each of 
these elements. Thus in fig. 1, curve K is seen to pass 
through points indicating absorption by Fe, Ni. Cu, Zn, and 
Br. In explanation of the notation it should be pointed out 
that the letters Cule, for instance, denote absorption of Cu 
radiation by Fe. The points obtained from experiments on 
absorption by Ag do not fall exactly on the curve and have 
been omitted. There appears in this case to be a small 
displacement to the left. This might be caused by the one 
value AgAg being slightly too large. But quite apart from 
small possible errors of experiment, slight displacements to 
left or right are to be expected, as absorption in Al does not 
provide a perfect standard of reference—that is a perfect 
scale of abscissex. 
We thus see that for all these substances there is little or 

no variation in the shape of their absorption curves in the 
region of their spectral lines of series K. The connexion 
between the curve fora particular absorbing substance and 
the spectral line of that substance is shown in fig. 1, A being 
placed vertically above the spectral line shown in the lower 
portion of the figure. 

In order to investigate the shape of the absorption curve 
in the region of the spectral line of series L, experiments 
were made on the absorption of homogeneous beams of 
X-rays by Au and Pt. The spectral lines of series L for these 
elements is within the range of absorbability most easily 
experimented upon. The results are given in Table I.(p. 990). 
If now we compare the shape of the curves by arranging 
that the absorption of Au radiation (series L) in Au and of 
Pt radiation (series L) in Pt is coincident on the figure with 
the point A corresponding to Zn radiation (series K) in Zn, 
&c., we at once see a marked difference. Curve L (fig. 1) 
passes through points obtained by these experiments on Pt 
and Au, It] possesses similar characteristics to curve K, but 
the ordinates are of very different magnitude. Thus the 
shape of the absorption curves in the region of a spectral 
line depends on the series to which the spectral line belongs 
and not to any appreciable extent upon the particular 
element in which the absorptions are made. 

By a combination of the two curves K and L we get one 
absorption curve which is characteristic of every Alentent 
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TaBLe I. 

Mass absorption coefficients & ) 

ABSORBER. 

RaDIATOor. 

| C Al Ag. Pt. ae 

SaneP ote en vie 4-26 29-4 175 | 162°5 78-2 
INE Aes 2-49 22-5 1053.) 10a°7 106-1 

<a ae 2-04 189 87-5 92-1 102 
1 19 16-4 ed 176 135°5 

Pa eee 1-32 10-9 52-8 168 147 
Hcl Sts eae eee 1-16 9-4 452 165 1596 

fiat 81 3) | 26:5 | 108 ai | 
{VE en 46 2-5 133 56-5 614 
Sar Ati: 35 enemy 6s 47-1 ay 
Shem a 31 121 56-1 

ee espe kA 29 92 46 , 
Taped 26 8 354 | | 
Ca. te -248 6 | | 

ABSORPTION (IN ELEMENT FP 
ABSORPTION JN ALUTAINIUIA 

General absorption curve showing relation between absorption in 
element R and in standard substance (Aluminium). The connexion 
with the fluorescent X-ray spectrum is shown by the position of the 
spectral lines of R in the lower portion of figure. : 

hitherto experimented upon. Thus fig. 2 shows in the lower 
portion the fluorescent line spectrum of any element, — 
horizontal distances from left to right representing instead 
of wave-lengths, absorbability in aluminium. Two definite — 
absorbabilities have been found in the fluorescent X-radiation 
from a number of elements, the line of series L being — 
roughly 300 times as absorbable as that of series K. As the — 
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distance between the two lines on the spectrum is so great 
compared with the distance of one from the end, the scale of 
abscissee has been made different in the two halves of the 
diagram separated by the broken line. The scale on the 
right-hand side has been reduced to about »!; that on the left. 
From many substances only the spectra] line of series K has 
been observed, from others only that of series L, and from 
many light elements neither line, but there is strong evidence 
of the existence of both lines and indeed lines of other series 
not yet observed in the fluorescent spectra of many elements. 
There is no evidence that these lines do not exist in 
the fluorescent spectra of all elements. The curve shown 
above the characteristic spectrum of an element R, say, 
represents by its ordinates the relative absorptions in 
that particular element of the radiations whose absorba- 
bility in Al is represented by abscissee.. The ordinates to 
the right of the vertical broken line have been reduced in 
something like the same ratio as the abscissee, though not 
accurately so, as from no single element has the complete 
absorption curve been obtained ; consequently the true 
relative values of the ordinates in the two halves of the 
diagram have not been determined. In the case of some 
substances, the curve has been obtained in the region of the 
spectral line K only, in others in the region of line L, and in 
still others in regions far removed from the two. 

We thus have, as far as is at present known, cne fluorescent 
spectrum characteristic of all elements, the only difference 
between the various elements being that the scale of ab- 
sorbability varies from element to element. Corresponding 
to this spectrum there is one absorption curve characteristic 
of all elements, the scale of absorptions (ordinates) varying 
with the element. 

The character of this absorption curve for an element R, 
say, may be expressed as follows :—Commencing with rays 
of more absorbable type than the L line in the spectrum of 
R, the absorption in R is proportional to the absorption in 
the standard substance 8S. This is represented by the straight 
line AB, which being produced passes through the origin. 
As the radiation becomes more penetrating in type than the 
L line the absorption in R ceases to diminish at the same 
rate as in S, and then increases rapidly along CD. It then 
slowly approximates to proportionality with absorption in &, 
as shown by the line EF. Before the penetrating power of 
the K line is reached, the absorption in R becomes pro- 
portional to the absorption in 8, as shown by the line GH. 
Again, when more penetrating rays than those of the K line 
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are used, the absorption in R rises above that of proportion- 
ality with S$, and then rises rapidly as shown by IJ, the 
character of the rest of the curve being similar to that 
obtained on the more penetrating side of the L line, the 
features, however, being more strongly marked. 

The similarity of the absorption curves may be mathe- 
matically expressed thus :— 

xAR xAs 
eal ee 

That is, the coefficient of absorption of any X-radiation in 
any element R divided by the coefficient of absorption of the 
radiation characteristic of R in R itself is a function of 
the coefficient of absorption of that X-radiation in 8 divided 
by the coefficient of absorption of the radiation characteristic 
ot R in 8,—the characteristic radiations being of the 
series K. This function is independent—or, at any rate, 
approximately independent—of the absorbing substance R 
for all substances hitherto experimented upon. 

The relation between the absorption of a definite homo- 
geneous X-radiation by various elements and the atomic 
weight of those absorbing elements has been indicated by 
one of us ina paper on ‘The Phenomena of X-ray Trans- 
mission ”’*. 

Observation of the similarity of the behaviour of all sub- 
stances shows that it is possible to construct more accurately 
the curves showing the relation between these quantities. 

Thus if we plot absorption 3) of a certain homogeneous 

X-radiation—say. Ni radiation of series K—by various 
elements, and the atomic weight of those elements, we have 
insufficient data to determine the shape of the curve in many 
regions. But by alteration of the scales of ordinates and 
abscissee in similar curves got from experiments on homo- 
geneous X-radiations of neighbouring penetrating power, 
we can build up a more accurate curve showing the relation. 
There is a slight variation in form between the curves 
obtained from experiments on radiations widely different in 
penetrating power, for the ratio of the atomic weights of the 
elements giving radiations of the same penetrating power 
(one in series K, the other in series L) is not a constant for 
all penetrating powers. us: 

The curve shown in fig. 3 gives the relation between the 
absorption of Ni radiation (series K) by equal masses of 

* Barkla, Proc. Camb. Phil. Soe. May 1909, pp. 257-268. 
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elements, and the atomic weight of these elements. The 
points obtained by experiments with the actual Ni-radiation 
ure shown by crosses (x) and those by experiments on 
radiations of neighbouring penetrating power by circles (©). 

Seed) ICON COMIN OO Mn OMI 4.0 MunIGOMmNISONM COON UneZONmedO 
ATOMIC WEIGHT Of ABSOABING ELEMENT. 

Showing absorption of a homogeneous X-radiation by equal masses of 
various elements. The particular radiation used is characteristic 
of elements of atomic weight 61:3 and 160 approximately (series 
KK and L respectively). For more penetrating radiations the 
maxima and minima are further to the right: for more absorbable 
radiations they are to the left. 

It may be observed that the absorption increases with the 
atomic weight of the absorbing substance, as long as the 
fluorescent X-radiations of the same series are intensely 
excited in the absorbing substance. When, however, the 
atomic weight of the absorbing element becomes so high and 
its fluorescent radiation of either series K or series L so 
penetrating that it is not excited (or is only slightly excited) 
by the radiation used, then the absorption suddenly drops. 
We thus get a general rise of absorption with atomic weight 
of the absorbing substance, with sudden drops within a much 
narrower region of atomic weights. The letters L, M,N, Xe. 
indicate the spectral lines emitted under exposure to the 
particular radiation dealt with. These explain the rise and 
fall in the curve. Thus, the particular radiation used (Ni 
radiation of series K) is capable of exciting in elements of 
lower atomic weight than 61°3 the radiations of series K, L, 
M, &c. In elements of atomic weight from 61°3 to about 
160, it excites radiations of series L, M, &c., but not of 
series K. Less energy of the particular primary radiation 
is thus absorbed than would have been the case if K radia- 
tion had been excited. Again, in elements of higher atomic 

Phil. Mag, 8. 6. Vol. 23. No. 138. June 1912, 3. T 
EE 
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weight than 160, neither the K nor the L radiation is excited, 
and again the absorption is less than what it would have 
been if these radiations had been excited. . 

Similar curves may be obtained by using any homogeneous 
X-radiation, but if the radiation is of more penetrating type, 
all the maxima and minima are displaced to the right, and if 
more absorbable to the left. 

Absorption in Hlements of Low Atomic Weight. 

The absorption by light elements is interesting, because 
when penetrating rays are transmitted through them by far 
the greater proportion of the radiation is merely scattered, 
and if surrounded by light elements rescattered. It has 
been shown by one of us that the energy of Rontgen radia- 
tion lost by scattering during transmission through a thick- 
ness dv of a light element is given by the expression 

dh=—skdz, 

where s is a constant for rays cf all penetrating powers, and 
is proportional simply to the density of the light scattering 

Da aes : : 
substance. Thus, if — is the mass-absorption coefficient, we 

S ; ° . 
may by analogy call — the mass-scattering coefficient. 

This is constant for all matter made up of light atoms. The 
lightest elements absorb much less than heavier ones, mass 

Tan ee ‘ ; : 
for mass, so that — diminishes with the atomic weight of the 

Pp 
absorbing element. It also diminishes as the penetrating 

2 e e e Ss . 

power of the radiation increases. As ~ remains constant, 
s Sei! p 

ie or > (which is the fraction of the absorption coefficient 

due to scattering) becomes great when penetratiag rays are 
passed through light elements. 

Now, as the penetrating power of a radiation varies, the ab- 
sorptions in any two substances remain approximately propor- 
tional, provided the range of penetrating power experimented 
upon does not include or approach on the more penetrating 
side the penetrating power of a fluorescent radiation charac- 
teristic of either A or B. If we muy be allowed, for the sake 
of simplicity, to express this in the terms applied to light, it 
may be stated thus:—The absorptions of X-rays in two 
substances A and B bear an approximately constant ratio 
one to the other over a range of waye-lengths not including 
a spectral line of either and not near to a spectral line of 
either on the side of shorter wave-lengths. As the scattering 
is independent of the wave-length, we should expect this law 
to cease to hold when the loss by scattering is an appreciable 
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fraction of the total less. By experimenting on the ab- 
sorption of radiations of high penetrating power by elements 
of low atomic weight, this may be tested. In Table IL., 
column 2, are given the ratios of absorption in carbon te 
absorption in aluminium of various homogeneous X-radia- 
tions. The value mses from ‘1 to -4. If, however, the 

Bee ; 
scattering coefficient — be subtracted from each absorption 

coefficient, as given in Table I., we find that the ratio of 
absorptions is again constant, as shown in column 3. 

‘ has been previously shown to be °2.] 
ck Thus to obtain perfect generality in the absorption laws it 

is necessary to neglect (or subtract from the total absorption 
as defined above) the absorption due to scattering. This 
becomes the most important term in the absorption of 
penetrating radiations by light elements, something like 
80 per cent. of Ba radiation (series Ii) for instance, “being 
scattered by carbon. A larger proportion is, of course, 
scattered by elements of still lower atomic weight. 

ALpusivio TUL 

| Ratio of abserption in| Ratio of absorption in 
carbon to absorption | carbon to absorption 
in aluminium [absorp-| in aluminium [absorp- 

Radiation: the fluores-| tion includes radiation | tion does not include 

cent X-radiation, series | Scattered]. radiation scattered ]. 

| K, from elements below. : 
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Sih: cai. eae "108 99 
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Catt tesco alone 12 sisi 

Absorption in Gases and Vapours. 

No systematic experiments have previously been made on 
the absorption of homogeneous beams of X-rays by gases. 
There appears, however, “to be no doubt as to the generality 
of the absorption laws, whether applied to solids, liquids, or 

on 2 

————r 
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gases. The work of Benoist with heterogeneous beams 
showed that, and since his time hundreds of experiments 
have only shown that X-ray phenomena are independent of 
the physical state of the substance concerned. It is, how- 
ever, necessary in many investigations to know the magnitude 
of the absorption of homogeneous X-radiations by substances 
which are usually in the gaseous state, and which were not. 
dealt with by Barkla and Sadler. 

Iixperiments were made on the absorption by air at various 
pressures. ‘he absorption was found to be proportional to 
the pressure witbin small errors of experiment. The ab- 
sorption of the more penetrating rays was too small to be 
determined experimentally by the method used, but the 
absorption of the fluorescent radiations (series K) from 
copper and zine were found as below. Knowing the ab- 
sorption of the homogeneous radiations in aluminium and 
the absorption of these two particular radiations in air, by 
the law of proportionality of absorption (after elimination 
of that portion due to ee the absorption in air of 
many radiations Ne calculated *. Thus, using the notation 

(A'—s’) in air 
(A—s) in Al 

In determining the absorption coefficients for any other 
gas, the ionization in an electroscope was observed first with 
air in the absorbing chamber in the path of the beam and 
subsequently with the particular gas in that absorbing 
chamber. Then 

is constant. as before, 

ie =I, eg mo. 

where A, and X, are the coefficients of absorption in air and 
in the gas, wv the length of the path through the absorbing 
gas, I, and I, the intensities as measured by the ionization 
after traversing the gas and air respectively. The only 
unknown was Ay. 

In the experiments on vapours, the absorption by a mixture 
of air and vapour at known partial pressures was determined 
and a correction was subsequently made for the absorption 
by the air present. The results are given below (Table IIL). 
The values given in italics were obtained by interpolation. 

From these results it may be observed that the laws of 
absorption are the same for gases as for solids :— 

The absorptions in two gases A and B bear an approxi- 
mately constant ratio one to the other through a range of 
absorbability not including a spectral line of either A or B, 
and not approaching one of these spectral lines on the more 
penetrating side. 

* Sadler has experimentally determined A in air for As radiation. The 
agreement with the value given is very close. 

ae a ilar 

a Se i! 
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TasBie III.— Absorption Coefficients (Xr). 

Radiation: the homo- | 
geneous fluorescent} Air siala SOP CBT CEH 
radiation (series K)| (76cm. | (76 cm. | (76cm. (166 em, | (135 em. | 
from elements below. | & 0° C.). | & 0° C.).| & 0° C.).. & O° C.). | & 0° C.). | 
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SDs bcs. eene “0039 ‘O44 050 O21 ‘098 
ing STM 8 0023 | -0248 | -0281 71 “060 

Mor she OONZ7. | -ONST 0160 | 046 "03 
AIRS Men 00077 | -C060 0079 0236 "020 

As the rays absorbed become more penetrating (as measured 
hy any substance whose spectral lines are far removed) than 
a spectral line of A or B, the absorption in that particular 
substance rises in the manner shown in fig. 1, and ultimately 
approximates to proportionality again for radiations far 
removed from the spectral line. 

It may be remarked, too, that the absorption in SQ, is as 
much greater than in SH, as may be expected from the law 
that the total absorption is the sum of the atomic absorptions. 
From the most accurate experiments on the absorption by 
SO, and SH, it is evident that the absorption in oxygen is 
about 1°3 times that in air (neglecting the absorption due to 
scattering). The absorption by hydrogen is neglected. 
This result is interesting from the fact that the ionizations 
in the gases SO, and SH, are in the reverse order of 
magnitude *. 

Summary. 
Continuing the work of Barkla and Sadler, the absorption 

of radiations whose penetrating power is close to that of the 
spectral lines of the absorbing substances has been investi- 
gated in detail. 

The relation between the absorption in an element R and 
the absorption measured in a substance whose spectral lines 
are far removed is found to be practically identical for all 
substances experimented upon. 

One curve is drawn showing the relation for all substances. 
The relations in the neighbourhood of spectral lines of 

series K and series L are, however, widely different. 
The absorptions in various gases and vapours have been 

determined and the generality of the laws further verified. 
* Barkla and Simons, Phil. Mag. Feb. 1912, pp. 817-888. Le 
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CH. Anisotropic Hepansion of a Drawn Tube of Vitreous 
Silicon | isa tle Aue CALLENDAR, MA. EAD: F.RS.* 

T has 4 customary to assume that the expansion of an 
amorphous material should be isotropic, and the cubical 

coefficient has generally been taken as three times the linear. 
The discrepancy between the value of the cubical coefficient 
of silica trom 0° to 100° C., namely 1:00 x 10~* (deduced 
from the weight thermometer observations of Harlow and 
Eumorfopoulos by assuming the values of Callendar and 
Moss for the absolute expansion of mere, and the values 
of the linear coetticient |*500 x 10~* (Chappuis). *465 x 107° 
(Scheel), -424x10-° (Randall) ], has not unnaturally been 
regarded by Scheel and Heuse (Phil. Mag. March 1912, 
p. 412), and also by Eumorfopoulos (Phil. Mag. April, 1912, 
p- 653) as conclusive evidence of an error in the determi- 
nations of Callendar and Moss. The magnitude of the error 
in the cubical coefficient would vary from ‘50x107® to 
"27x 10-°, according to the value selected for the linear 
coefficient. 

Considering the great care taken in the testing and verifi- 
cation of the apparatus for the absolute expansion of mercury, 
and the close agreement of the observations taken before and 
after the whole apparatus had been dismounted and set up 
afresh with new tubes, it seemed to me scarcely possible that 
an error of this order of magnitude should exist in the results. 
In the April number of the Philosophical Magazine, p. 682, 
J , therefore, expressed the opinion, “ that the explanation must 
be sought in the inequality of axial and radial expansion ot 
a drawn tube due to intrinsic strain.” In order to settle the 
question, if possible, by a direct appeal to experiment, I 
obtained from the Silica Syndicate of Hatton Garden, who 
had supplied the bulks employed by Harlow and Eumorfo- 
poulos, a drawn silica tube, 2 cm. in diameter, as nearly as 
possible similar to those from which the bulbs had heen one 
A tripod and a ring were cut from this tube by Messrs. 
Hilger, and were arranged as shown in the annexed figure 
for observ ing the difference of the axial and radial expansion 
by the Fizeau method, The design was exhibited and de- 
scribed at a meeting of the Physical Society on April 25th, 
but I was unable to” give the results of the test at the time, 
as the worked specimens did not arrive until a day or two 
after the meeting. ! 

With the assistance of Mr. A, Eagle, I have since suc- 
ceeded in obtaining several concordant determinations of the 
difference between the axial and radial coefficients of ex- 
pansion of this particular tube. The exact reduction of the 

* Communicated by the Author. 
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results depends to a slight extent on the value assumed for 

the expansion of the 2 cm. tripod, which has not yet been 

completely determined. It is possible, however, to state that 
the axial coefficient exceeds the radial by *20 x 107° over the 
range 0° to 100° C. Assuming the value -465x 107° (the 
mean of the results above quoted for the linear coefficient) 
as being the value of the axial coefficient of the tripod, it is 
clear that the cubical coefficient would come out °995 x 107, 
which agrees as closely as could be expected with the result 
deduced by Harlow and Eumorfopoulos independently 
assuming the values of Callendar and Moss for the absolute 
expansion of mercury. 

It may be objected that, although the axial and radial 
coefficients differ, the mean of the three must agree with the 
value for an isotropic specimen. Taking Chappuis’ value 
‘00 x 107° as representing an isotropic specimen, the axial 
coefficient of the tripod would have to be :63x107* In 
view of this objection, the axial coefficient of the ring, which 
is probably the same as that of the tripod, was measured on 
three days, and found to be *455 x 107°; but no great stress 
is laid on this result (further than as confirming the value 
above assumed) because the ring is only 6°5 mm. wide, and 
was not intended for this determination. 

The principal objection advanced by Eumorfopoulos against 
the results of Callendar and Moss at low temperatures, where 
the observations are admittedly more difficult, appears to be 
that, according to his weight thermometer, the cubical ex- 
pansion of silica would vanish betw een ()° and 15° Gye his 
apparently impossible result is confirmed by the observations 
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with the ring and tripod, which show that the difference 
between the axial and radial coefficients increases, while the 
axial coefficient diminishes more rapidly at low temperatures. 

I have also investigated the expapsion of a drawn silica 
rod, 30 cm. long, by a Newton’s ring method, giving one 
whole ring for 10-8 expansion. The results will be published 
by the Physical Society, and are of interest as confirming 
the importance of the effects of strain. 

CIIL. Notices respecting New Books. 

Physical and Chemical Constants and some Mathematical Functions. 

By Dr. G. W. C. Kayz and Professor T. H. Lasy. Pp. yi + 
153. Longmans, Green & Co. Price 4s. 6d. net. 

[- is not often that we would turn to a collection of data for 
stimulus; but there is something decidedly invigorating about 

this new coillection of physical and chemical constants. The 
authors have evidently set before themselves the aim of making 
use of the large amount of work of precision which has been done 
in recent times and of discarding much that was becoming out of 
date. From the point of view of general interest they have had 
the advantage of the rapidly increasing amount of perfectly new _ 
matter in connexion with radioactivity and ionization, and 
especially of those data which apply particularly to the atom or 
molecule. The presence of these, collected for the first time in 
one volume, enhances the interest of the book. It gives one 
in summary form an idea of the great achievements effected by. 
modern workers in science. 

The book must, however, be considered chiefly in regard to its 
utility. The present writer, since the volume appeared, has 
used it at every possible opportunity with the object of estimating 
its utilitarian value. In making this estimate it must be 
remembered that it does not attempt, as Landolt and Bornstein’s 
tables do, to give practically every datum of value. This would, 
ot course, be impossible in a work of its modest size and insig- 
nificant price. The worker who wishes some guide as to what 
has been ascertained on a particalar subject may therefore go 
away disappointed. The object clearly has been to include as 
many as possible of those data which are constantly required 
in connexion with research or teaching work; and the success 
is very great. There is no question that the authors will soon 
find their book in every physical and chemical laboratory ; there 
is no other that comes anywhere near it in utility. 

This being the case, it behoves us to point out a few particulars 
in which improvement may perhaps be effected. 

On p. 5, the value of the gas constant R should be specified 
as ergs per gram molecule, not per gram. ‘The electrical and 
magnetic definitions (pp. 5 & 6) require in some cases the speci- 
fication of the medium (air or vacuum), The definition of specific 
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Barron & Kinpy. Phil. Mag. Ser. 6, Vol. 23, P). XIII. 

Fig. 1.—DraGRAMMATIC PLAN OF EXPERIMENTAL ARRANGEMENTS FOR é IMENTS 

PHOTOGRAPHING VIBRATIONS OF VIOLIN STRINGS AND ATR 

Itq. 3.—Dracram oF Rocking Mirror, 

STALK AND MEMBRANE. 

Fie. 4.—Roexine Mirror mountED ON BELiy. 

Fre. 2.—-Riegut Sounp Ilonm covpRED WITH 

Wuuirr Paper AND Dari MEMBRANE. 
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PHOTOGRAPHS TAKEN UNDER ORDINARY 

CONDITIONS OF SHOOTING PLATES. 

BELLY MOUNTING OF MIRROR. 

Barron & Kiney. 

CLAMP MOUNTING OF MIRROR. 

Phil, Mag. Ser. 6, Vol. 23, Pl. XLV, 
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resistance as resistance per unit area per unit leneth is surely open 
to criticism, although worse definitions have been given. ‘The 
terms self and mutual inductance require recognition. On p. 10, 
Bendit requires the accent. In the writer’s opinion the critical 
volume (p. 34) can have only one meaning, and it is not the 
meaning for which the data are given here; he latter are not of 
much direct use; and since they are exactly three times the value 
of b given on the same page, they could easily be calculated by 
those who may require them. On p. 35 ,Loschmidt is wrongly 
spelt. The formula given on p. 50 for the boiling-point expresses 
the change in boiling-point. 

On p. 39 the table of bursting strengths of glass tubing seems 
very inadequate even allowing for the recommended factor two. 
The numbers given no doubt correspond to the values obtained 

_from a simple theory ; but in practice a very much greater factor 
of safety than two is required. The table as it stands is only an 
encouragement to disaster. In the value for log p of mercury 
vapour on p. 41 a decimal point is wanted. ‘The approximate 
formula of Callendar and Moss for the expansion coefficient of 
mercury between 0° and 200° C. is stated on p. 55 to be correct 
to 1 in 2000; at 0° itself it isin error by 5 parts in 1800. In 
the formule for the latent heat of water (p. 60) H. N. Davis’ 
value based on 37 available values should be given in a future 
edition; this formula is L,=92:93(365—t) °°, On p. 65, 
Lummer is wrongly spelt. The word ‘cathion’ depends upon 
a mistaken etymology; we thought it was being purged from 
scientific literature. The symbol N is used in two senses in the 
formula near the top of page 98; in one case probably N,, was 
intended. On p. 106 the line beginning with the symbol aé 
requires revising; the numerical value given is that of a; the te) 2) 

statement under the heading ‘ definition’ should be Energy of a 
gas molecule at 6°C.=a0=3p/2N or a=2:02x107™ ergs per 
deg. pergr. mol. K is expressed in ergs per gr. mol. and in litres 
atm./gr. mol., not per gram. 

The triviality of most of these corrections sufficiently indicates 
the great care that bas been expended in reading the proofs. The 
authors are to be congratulated on their work. ? 

The mathematical tables include the values of e-*, four-figure 
logarithms from 100--1000 (with table of proportional parts), cor- 
responding antilogarithms, five-figure logarithms from 100- 
1000 and proportional parts, and four-figure tables of squares, 
reciprocals, sines, cosines, tangents, and radians. We have used 
some of these tables. The plan of putting a vertical line on each 
side of the ‘5’ column we have found to be a most excellent one. 
The five-figure table fills two pages; but they are arranged so 
that no turning over is necessary. 

The index is an excellent one. 
The binding is a limp cloth which has a habit of curling up 

when the book is lett on the table. A stiff strong binding is 
much more suitable for a book of this kind. 
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742. 

Asther disturbance, on the propaga- 
tion of periodic, 809. 

Air, on the charges on thermions 
produced in, 178; on the absorp- 
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the production of condensation 
nuclei in, by intense cooling and 
by ultraviolet light, 849. 

Alkaline earths, on the positive 
thermions from the salts of the, 
Pale 

Alpha particles from uranium, on 
the ranges of the, 439; from 
polonium, on the number of ions 
produced by, 670; on the relation 
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of transformation of radioactive 
bodies, 981. 

rays, on ionization by, 462; on 
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from polonium, 815; theory of 
the absorption and scattering of 
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Atmosphere, on the effects of the 
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852. 
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from salts of, 127. 

Barkla (Prof. C. G.) on ionization in 
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interferometry, 942. 

Blakesley (T. H.) on a kinematic 
method of finding the roots of 
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Bohr (Dr. N.) on the electron theory 
of thermoelectric phenomena, 
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or indirect nature of the ionization 
by X-rays, 647. 
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trisection of an angle, 860. 

Bronson (Prof. H. L.) on the distri- 
bution of the active deposit of 
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Buckingham (E.) on the time-scale, 
651; on the deduction of Wien’s 
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azimometer, 385, 

Burton (Prof. E. F.) on the effect of 
electricity on streams of water 
drops, 148. 

Calcium, on the positive thermions 
from salts of, 135, 
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Campbell (Dr. N.) on delta rays, 
46; on ionization by collision, 
400, 986 ; on ionization by alpha 
rays, 462; on the electrical resis- 
tance of xylol-alcohol mixtures, 
668; on non-Newtonian mech- 
anics, 688. 

Carbon, on the ionization produced 
by, at high temperatures, 192. 

dioxide, on the recombination 
of ions in, 747. 

Chemical potential, on the appli- 
cation of the theory of, to the 
thermodynamical theory of solu- 
tions, 483. i 

Chlorine, on the action of ultraviolet 
light on, 757. 

Clouds, on the effect of, on ioniza- 
tion, 352. 

Cobalt, on the magnetic temperature 
coefhicients of, 386. 

Collier (V.) on the absorption of 
X-rays and fluorescent X-ray 
spectra, 987, : 
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Compton (i. T.) on the influence of 
the contact difference of potential 
between the plates emitting and 
receiving electrons liberated by 
ultra-violet light on the measure- 
ment of the velocities of these 
electrons, 579. 

Condensation nuclei, on the pro- 
duction of, by intense cooling and 
by ultraviolet light, 849. 

Conductivity, on the unilateral, of 
sulphated accumulator plates, 
742. 

Contact electromotive forces, on, 
750. 

Cosine law of radiation, on the, 
237. 

Cotter (J. I.) on the trisection of an 
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Darwin (C. G.) on the effects of the 
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mosphere, 664; on a theory of 
the absorption and scattering of 
the a rays, 901. 

Davies (H.) on a relation between 
coefficients ef expansion of liquids 
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657. 
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thermions from the salts of the 
alkaline earths, 121; on the role 
played by gases in the emission 
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139. 

Day (F. H.) on the absorption of 
1ontgen rays in air, 683. 

Delta rays, on, 46. 
Diffraction gratings with controlled 

eroove form, on, 310. 
Displacement Jaw, on the deduction 

of Wien’s, 920. 
Diurnal rotation, on the effects of 

the, on the upper atmosphere, 
664. 

Drops, on the effect of electricity on 
streams of water, 148;  photo- 
graphic measurements of pendent, 
417. 

Earth, on the electrification of the 
surface of the, 852. 

Ichelon grating, on the aberration 
of an, 25. 

Electric conductivity, on the uni- 
lateral, of sulphated accumulator 
plates, 742. 

currents in air at atmospheric 
pressure, on, 750. 
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Electric field, on the distribution of 
the active deposit of radium in an, 
714. 

resistance of xylol-alcohol mix- 
tures, on the, 668. 

Electrical theory of matter, on a 
deduction of the effects of uni‘orm 
translatory motion from the, 
64. 

Mlectricity, on the effect of, on 
streams of water drops, 148; on 
the nature and velocity of migra- 
tion of the carriers of, in flames 
containing metallic vapours, 865. 

Electrification of the atmosphere 
and surface of the earth, on the, 
852. 

Electrified particles, on ionization by 
movine, 449. 

Electrochemistry of 
bodies, on the, 628. 

Electrometer, on the quadrant, 
380. 

Electron theory of contact electro- 
motive force, on the, 263. 

of matter, some appli- 
cations of the, 594. 

of thermoelectric pheno- 
mena, on the, 984. 

Electruns, on the method of deter- 
mining the motions of, 86; on 
contact difference uf potential and 
the velocities of, 579; on the 
collisions of, in metals, 595. 

Equations, on a kinematic method 
of finding the roots of, 892. 

Eriksou (Prof. H. A.) on the recom- 
bination of ions in carbon dioxide 
and hydrogen, 747. 

Eumorfopoulos (N.) on the expansion 
of mercury and of quartz, 653. 

Eve (Dr. A. S.) on the absorption of 
Roéntgen rays in air, 683. 

Ixpansion, on a relation between 
coefficients of, and critical tem- 
peratures, 657. 

Fajans (Dr. KX.) on the growth of 
radium C from radium B, 292. 

Irergusou (A.), photographic mea- 
surements of pendent drops, 417. 

Ferromagnetic elements, on the mag- 
netic temperature coefficients of 
the, 36. 

Filon (Prof. L. N. G.) on the in- 
vestigation of stresses in a rect- 
angular bar by means ef polarized 
light, 1. 

radioactive 

LIN DE xX. 

FitzGerald Lorentz contraction, on 
the, 86. 

Flames, on the nature and velocity 
of migration of the carriers of 
electricity in, 866. 

Fletcber (A. L.) on the radium 
content of secondary rocks, 279. 

Fresnel’s laws of reflexion, on de- 
partures from, 431. 

Gamma radiation from radium B, 
on, 302. 

Gas molecules, on selective reflexion, 
scattering and absorption by reso-~ ~ 
nating, 689, 

Gaseous jets, on the instability of, 
368. 

—— mixtures, on ionization in, by 
Rontgen radiation, 317. 

Gases, on the role played by, in the 
emission of positive thermions 
from salts, 139; on opalescence 
of, in the critical state, 165; on 
a method of investigating the 
transpiration of, through tubes, 
250. 

Geiger (Dr. H.) on the ranges of 
the a particles from uranium, 
439, 

Gill (KE. W. B.) on the variation with 
distance of the ionization produced 
by Roéntgen rays, 114; on ioni- 
zation by collision in helium, 
837. 

Gratings, on the aberration of echelon, 
25; on diffraction with controlled 
eroove form, 310. 

Harmonic motions, on the com- 
position of two simple, 977. 

Tielium, on ionization by collision 
in, 837. 

Heuse (W.) on the thermal expan- 
sion of mercury, 412. 

Hevesy (Dr. G. v.) on the electro- 
chemistry of radioactive bodies, 
628. 

Hudson (Miss H. P.) cn the trisection 
of an angle, 860. 

Huntington (Prof. E. V.) on a new 
approach to the theory of rela- 
tivity, 494. 

Hydrogen, on the charges of therm- 
ions produced in, 173; on the re- 
combination of ions in, 747. 

Induction, on unipolar, 937. 
Interferometry, on the rectification 

of the spectrum in relation to the 
shift of ellipses in, 942. 
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Ionization produced by Réntgen 
rays, on the variation with dis- 
tance of the, 114; on the, pro- 
duced by carbon at high temper- 
atures, 192; on, in gaseous mix- 
tures by Rontgen radiation, 317 ; 
on the effect of clouds on, 852; 
on, by collision, 400, 856, 986; 
on, by moving electrified particles, 
449°; on, by a rays, 462; on the 
nature of the, by X-rays, 647; 
on, by collision in helium, 
837. 

Tons, on the virial of a mixture of, 
551; on the number of, produced 
by an a particle from polonium, 
670; on the charges on, 677 ; on 
the recombination of, in carbon 
dioxide and hydrogen, 747. 

Tron, on the magnetic temperature 
coefficients of, 36. 

Jets, on the instability of gaseous, 
368. 

Joly (Prof. J.) on the radioactivity 
of the rocks of the St. Gothard 
tunnel, 201. 

Jones (Prof. H. C.) on absorption 
spectra and the solvate theory of 
solution, 730. 

Kendall (J.) on the solubility of 
calcium carbonate in water, 958. 

Kennard (EK. H.) on unipolar induc- 
tion, 937. 

Julby (W. B.) on simultaneous vi- 
bration curves for strings and air 
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blems in radioactivity, 242. 

Kleeman (Dr. R. D.) on the law of 
molecular attraction, 656. 

Kuenen (Prof. J. P.) on the deduc- 
tion of thermodynamical relations, 
752, 

Lizght, on the investigation of 
stresses by means of polarized, 1; 
on selective reflexion, scattering 
and absorption of, by resonating 
gas molecules, 689; on the action 
of ultraviolet, on chlorine, 757 ; 
on the production of condensation 
nuclei by ultraviolet, 849, 

Liquids, on the viscosity of, 458; on 
a relation between coefficients of 
expansion of, and their critical 
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temperatures, 657 ; on the internal 
pressure of, 955. 

Lowell (Prof. P.) on the asteroids, 
337. 

Ludlam (Dr. E. B.) on the action of 
ultraviolet light on chlorine, 757. 

Lunnon (R. G.) on the unilateral 
conductivity of sulphated ac- 
cumulator plates, 742. 

Lyle (Prof. T. R.) on harmonic 
analysis, 354. 

McLaren (S. B.) on the emission and 
absorption of radiation, 513. 

Magnesium, on the spectrum of the, 
arc, 94; on the positive thermions 
from salts of, 136. 

Magnetic temperature coefficients of 
the ferromagnetic elements, on 
the, 36. 

Makower (Dr. W.) on the growth 
of radium C from radium B, 292; 
on y radiation from radium 1b, 
302. | 

Maskelyne (N.) on the trisection of 
an angle, 646. 

Meigh (E.) on the instability of 
gaseous jets, 368. 

Mercury, on the thermal expansion 
of, 412, 653, 679 ; on the viscosity 
of, 458. 

Metal films, on the photoelectric 
properties of thin, 542. 

Metallic vapours, on the nature and 
velocity of migration of the 
carriers of electricity in flames 
containing, 865, 

Micro-azimometer, on the, 385. 
Milner (Dr. 8. R.) on the virial of a 

mixture of ions, 551. 
Molecular attraction, on the law of, 

101, 656. 
Morrison (H. N.) on electric currents 

in air at atmospheric pressure, 750. 
Moseley (H. G. J.) on y radiation 

from radium B, 302. 
Motion, on a deduction of the effects 

of uniform translatory, from the 
electrical theory of matter, 64. 

Moving body, on the mass of a, 375. 
Nicholson (Dr. J. W.) on the a 

particle, 338, 
Nickel, on the magnetic temperature 

coefficients of, 36. 
Non-Newtonian mechanics, on, 375, 

688. 
Nuttall (J. M.) on the ranges of the 

a particles from uranium, 439, 
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O’Connor (Miss E.) on the spectrum 
of the magnesium high-frequency 
are, 94. 

Opalescence of gases in the critical 
state, on, 165. 

Orangite, on the rate of evolution of 
heat by, 183. 

Osmotic pressure, on the vapour- 
pressure theory of, 486. 

Owen (Dr. G.) on the effect of 
clouds on ionization, 352. 

Parker (A.) on the ionization 
produced by carbon at high 
temperatures, 192. 

Photoelectric fatigue, on, 255; 
properties of thin metal films, on 
the, 542; phenomena, on, 615. 

Pidduck (F. B.) on ionization by 
collision in helium, 837. 

Polarized light, on the investigation 
of stresses by means of, 1. 

Polonium, on the number of ions 
produced by an a particle from, 
670; on the secondary rays excited 
by the alpha rays from, 813. 

Pomeroy (J. C.) on the charges on 
thermions produced in air and 
hydrogen at atmospheric pressure, 
173. 

Poole (H. H.) on the rate of evolution 
of heat by orangite, 185. 

Porter (Prof. A. W.) on the viscosity 
of liquids, 458. 

Potential, on the application of the 
theory of chemical, to the thermo- 
dynamical theory of solutions, 
483; on contact difference of, and 
the velocities of electrons, 579. 

Pound (V. E.) on the secondary rays 
excited by the alpha rays from 
polonium, 813. 

Pring (Dr. J. N.) on the ionization 
produced by carbon at high tem- 
peratures, 192. 

Quadrant electrometer, on the, 380. 
Quartz, on the thermal expansion 

of, 653. 
Quaternionic form of relativity, on 

the, 790. 
Radiation, on the cosine law of, 

237 ; on the emission and absorp- 
tion of, 513. 

Radioactive bodies, on the electro- 
chemistry of, 628; on the relation 
between the ranges of a particles 
and the periods of transformation 
of, 981. 
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Radicactivity, on the, of the rocks 
of the St. Gothard tunnel, 201 ; 
on absorption problems in, 242. 

Radium, on the distribution of the 
active deposit of, in an electric 
field, 714. 

A, on y radiation from, 302. 
C, on the growth of, from 

radium B, 292. 
content of secondary rocks, on 

the, 279. 
Rtamsauer (Dr. C.) on the production 

of condensation nuclei in air and 
in vapours by intense cooling and 
bv ultraviolet light, 849. 

Rayleigh (Lord) on departures from 
Fresnel’s laws of reflexion, 431. 

teflexion, on departures from 
Fresnel’s laws of, 451; on selective, 
by resonating cas molecules, 689. 

Reinganum (Prot. M.) on a relation 
between the atomic volume and 
spectra of elements, 336. 

Relativity, on a new approach to 
the theory of, 494; on the quater- 
nioni¢ form of, 790. 

Richardson (Prof. O. W.) on the 
electron theory of contact electro- 
motive force and thermoelectricity, 
263; on some applications of the 
electron theory of matter, 594. 

Roberts (J. H. 'T.) on a method of 
investigating the transpiration of 
gases through tubes, 250; on the 
effect of clouds on ionization, 352 ; 
on the instability of gaseous jets, 
368; on transverse vibrations of 
a string maintained by forces of 
double frequency, 931. 

Robinson (Dr. J.) on photoelectric 
fatigue, 255 ; on photoelectric pro- 
perties of thin metal films, 542. 

Rocks, on the radioactivity of the, 
of the St. Gothard tunnel, 201 ; 
on the radium content of 
secondary, 279. 

Rontgen rays, on the variation with 
distance of the ionization produced 
by, 114; on ionization in gaseous 
mixtures by, 317: on the nature 
of the ionization by, 647; on the 
absorption of, in air, 683; on the 
absorption of, and fluorescent 
spectra of, 987. 

Rotation, on the effects of the 
diurnal, on the upper atmosphere, 
664. 
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pamere (Prof. W..A: D.) on the 
electrification of the atmosphere 
and surface of the earth, 852. 

St. Gothard tunnel, on the radio- 
activity of the rocks of the, 201. 

Scheel (K.) on the thermal expansion 
of mercury, 412. 

Searle (J. H. C.) on the problem of 
the weir, 772. 

Shorter (S. A.) on the application 
of the theory of chemical potential 
to the thermodynamical theory of 
solutions, 485. 

Silberstein (Dr. L.) on the quater- 
nionic form of relativity, 790. 

Silica, on the anisotropic expansion 
ot a drawn tube of vitreous, 998. 

Simons (L.) on ionization in gaseous 
mixtures by Rontzgen radiation, 
O17. 

Smoluchowski (Prof. M. 8.) on 
opalescence of gases in the critical 
state, 165. 

Solutions, on the application of the 
theory of chemical p tential to 
the thermodynamical theory of, 
483; on absorption spectra and 
the solvate theory of, 730. 

Spectra, on changes in diffraction, 
produced by aberration, 25; on 
absorption, and the solvate theory 
of solution, 730. 

Spectral series, on the theory of, 660. 
Spectrum, on the, of the magnesium 

high-frequency arc, 94; on the 
rectification of the, in relation 
to the shift of ellipses in inter- 
ferometry, 942. 

Stansfield (Dr. H.) on changes in 
diffraction spectra produced by 
aberration and the aberration of an 
echelon grating, 25. 

Stephenson (A.) on the propagation 
of periodic zether disturbance, 809. 

Steven (A. I.) on the composition of 
two 
exhibited by a stretched string, 
977. 

Stresses in a bar, on the investigation 
of, by means of polarized light, 1. 

String, on transverse vibrations of a, 
maintained by forces of double 
frequency, 931; on the composition 
of two simple harmonic motions 
exhibited by a stretched, 977. 

Strontium, on the positive thermions 
from salts of, 182. 

simple harmonic motions . 
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Sukhodski (W.) on the internal 
pressure of a liquid, 955. 

Swann (Dr. W. F’. G.) on a deduction 
of the effects of uniform trans- 
latory motion from the electrical 
theory of matter, 64; on the 
FitzGerald Lorentz contraction 
and the method of determining 
the motions of electrons, 86. 

Taylor (Dr. T. 8.) on the number of 
ions produced by an a particle 
from polonium, 670, 

Thermions, on the positive, from the 
salts of the alkaline earths, 121; 
on the role played by gases in the 
emission of positive, from salts, 
139; on the charges on, produced 
in air and hydrogen at atmospheric 
pressure, 175. 

Thermodynamical relations, on the 
deduction of, 752. 

Thermoelectric phenomena, on the 
electron theory of, 984. 

Thermoelectricity, on the electron 
theory of contact electromotive 
force and, 263. 

Thompson (Prof. 8. P.) on harmonic 
analysis, 334. 

Thomson (Sir J. J.) on ionization by 
moving electrified particles, 449. 

Time-scale, on the, 651. 
Tolman (Prof. R. C.) on non- 

Newtonian mechanics, 375. 
Townsend (Prof. J. 8.) on the 

charges on ions, 677 ; on ionization 
by collision, 856. 

Transpiration of gases through tubes, 
on a method of investigating the, 
250. 

Tyrer (D.) on the law of molecular 
attraction, 101. 

Ultraviolet light, on the action of, 
on chlorine, 757; on the production 
of condensation nuclei by, 849. 

Unipolar induction, on, 937. 
Uranium, on the ranges of the a 

particles from, 459. 
Vapour-pressure, on the effect of 

pressure on, 485. 
Vegard (L.) on the properties of the 

rays producing aurora borealis, 
Pale 

Vibrations, on transverse, of a string 
maintained by forces of double 
frequency, 951. 

Violin, on simultaneous vibration 
curves for strings and air of, 885, 
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Virial of a mixture of ions, on the, 
Say 

Viscosity, on the, of liquids, 458. 
Walmsley (H. P.) on changes in 

diffraction spectra ‘produced. by 
aberration and the aberration of 
an echelon grating, 25. 

Water, oa the viscosity of, 458. 
drops, onthe effect of electricity 

on streams of, 148.. 
‘Weir, on the problem of the, 772. 
Wellisch (Prof. E. M.) on the 

distribution, of the active deposit 
‘of radium in an electric field, 714. 

Wiegand (W. B.) on the effect of 
electricity | on streams of water. 
drops, 148. 

Wien's displacement law, on the 
deduction of, 920. 
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Wilson (Prof. Ff. A.) on the thea 
of spectral series, 660; on the 
relation between the ranges of 
a particles and the periods of 
transformation of radioactive 
bodies, 981. 

Wood (Prof. R. W.) on diffraction 
gratings with controlled groove 
form and abnormal distribution 
of intensity, 310; on selective 
reflexion, scattering, and absorp- 
tion by resonating “cas molecules, 
689, 

X-rays, on the absorption of, and 
fluorescent X-ray spectra, 987. 

Xylol-aleohol mixtures, on the 
electr ical resistance of, 668. 
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