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1. INTRODUCTION. 

N his well-known researches on air-coal gas flame spectra 
Dr. de Watteville has shown that by far the greater 

number of lines are emitted by the region of the inner blue 
cone and only relatively few are observed in the outer 
mantle f. 
A few years later Dr. de Watteville and the present author 

established a convenient and at the same time very simple 
method of obtaining the spectra of flames, and were thereby 
enabled to extend the research to the spectra emitted by 
various high-temperature sources {. Since the method and 
the princi ipal results to which it has led have not been 
accurately recorded in modern text-books on spectroscopy, it 
may be useful to state them briefly. 

Our method consists in feeding the flame with the finely 
divided material supphed by powerful condenser discharges. 
The electrodes, made of the metal the spectrum of which it 

* Communicated by Sir E. Rutherford, F.R.S. 
+ C. de Watteville, Théses de Doctorat, Paris 1904; also Philos. Trans. 

Roy. Soe. Series A. vol. cciv. pp. 139-168. 
t Hemsalech aid de Watteville, Comptes Rendus de l Académie des 

Sciences, vol. exliv. p. 1838 (1907). 

Phil. Mag. 8.6. Vol. 33. No. 193, Jan. 1917... B 
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is desired to obtain, are enclosed in a glass bulb, through 
which is led the air or oxygen circuit feeding a coal-gas, 
hydrogen, or acetylene flame. The particles produced by the 
sparking are generally chemical compounds, mostly oxides 
or nitrates, and, as de Broglie has shown™, of ultra-micro- 
scopic dimensions. They therefore remain suspended in the 
gas for a considerable time and are carried by it into the 
flame, where they are vaporized. 

Applying this and other methods toa study of the line- 
spectra of iron and calcium we obtained the following general 
and fundamental results + :— 

1. The character of the flame-spectrum of a substance 
depends solely on the nature of the flame, and is not in the 
least influenced by the electrical or other processes used for 
preparing the material which is mixed with the gas. 

2. In the case of solutions it is immaterial which salt of 
the element is used. } 

3. The light radiations: from vapours in the outer mantles 
of the various flames behave as if governed by the tem- 
peratures of these flames. 

4, The spectrum emitted by metal vapours in the region of 
the blue cone of the air-coal gas flame cannot be accounted 
for by simple thermal actions, but is probably due to some 
special chemical process prevailing in the explosion region. 

In the case of iron we established the existence of two 
distinct groups of lines. One group, some 200 lines, is 
emitted by the outer mantle of the air-coal gas flame, and 
the lines merely increase in intensity on passing to flames of 
higher temperature. We considered them as the fundamental 
lines of the spectrum, which are easily excited by thermal 
actions. The other group, of over 500 lines, is emitted by the 
region of the blue cone only, and even in the oxy-acetylene 
flame we could detect only traces of some of the lines. 

The object of the present research is 
a. To investigate the relative behaviour of the various types 

of iron lines by means of new observational and 
experimental methods. | 

b. To gain some information with regard to the origin of the 
cone lines. 

c. To extend the observations to the spectra of the closely 
related elements cobalt and nickel. 

The present paper deals only with the subject-matter 
mentioned under a. 

* de Broglie, Comptes Rendus, vol. clxvi. p. 624 (1908). 
+ Hemsalech and de Watteville, Comptes Rendus de U Académie des 
Sea vol. cxlv. p. 1266 (aay: vol. elxvi. p. 748 (1908); zbid. p. 859; 
abid. p. 962 ; zbid. p. 1889; vol. exlvii. p. 188 (1908); vol. exlix. p. 1112 
(1909) ; zded. p. 1309; vol. cl. p. 329 (1910). 
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2. EXPERIMENTAL Merruops. 

The feeding of the Flames.—For the air-coal gas flame 
the high pressure Gouy sprayer (working at from 14 to 
2 atmospheres) and a new low-pressure electric sprayer were 
used ; for the oxy-coal gas and oxy-hydrogen flames only the 
latter. The spark method described above could not be 
employed, for it requires a specially powerful electrical 
equipment. In our original experiments we made use of a 
Hemsalech-Tissot resonance transformer * in connexion with 
a Moscicki condenser of 0°05 micro-farad, working at a 
pressure of from 20,000—30,000 volts. 

For a description of the Gouy sprayer, the reader is 
referred to de Watteville’s original memoirs. 

the Electric Sprayer.—This is an enlarged and improved 
form of a simple device originally intended for demonstration 
purposes only f. An inverted bell-jar (fig. 1) 103 in. high 
by 5 in. diameter is fitted at its narrow end with a rubber 
stopper, through which passes a stout wire carrying the iron 
electrode Hy, and a bent glass tube G communicating by 
means of rubber tubing with the reservoir R. A wooden 
disk L, provided with a flange, forms the lid and fits air-tight 
on the ground edge of the jar by means of the rubber washer 
W. The disk is securely held by six ciamps C pressing upon 
a steel ring F', which rests upon the flange. Through this 
disk pass the following glass tubes :— 

1. An inlet tube A, which passes down to within an inch 
from the inner surface of the rubber stopper. 

2. A slightly wider outlet tube B, which only just passes 
through the disk and is provided with a widened mouth to 
prevent larger drops of liquid, which collect here, from 
interfering with the free passage of the gas. 

3. A glass tube D,, 6 in. high by 2 in diameter, closed at 
its upper end by a cork stopper, through which passes a 
second tube D,, 12 in. long by 1 in diameter. Into this tube 
is fitted the capillary D; passing right down the middle of 
the bell-jar to within about 1 in. from the electrode Hy. 
Through this capillary passes a stout iron wire, the uncovered 
end of which forms the electrode E,, leaving a spark gap of 
1 in. or more between it and KE). 

The object of these three concentric tubes is to prevent the 
formation of a continuous layer of conducting liquid along 
the inside walls of the apparatus with consequent short 
circuiting of the electrodes. 

* Hemsalech et Tissot, Comptes Rendus de 1 Académie des Sciences, 
vol. exliv. p. 262 (1907). 
+ Hemsalech, Reports Brit. Assoc. Dublin, 1908. 

B2 



4 Mr. G. A. Hemsalech on the Relative Behaviour 

Method of working the Electric Sprayer.—The solution of 
the salt to be examined, in our case a concentrated solution 
of perchloride of iron, is poured into the reservoir R, which 

Electric sprayer. 

can be fixed at any height on a clamp-stand. By means ot 

a pinch-cock some of the liquid is allowed to flow into the 

sprayer until the electrode Hy is just completely covered by 

it. Both electrodes H,and EH, are placed in the discharge 



of Laight Radiations emitted by Iron Vapour. 5 

circuit of a small plate condenser, which is connected to the 
secondary of an ordinary 20,000 volts transformer. An 
adjustable impedance coil in series with the primary pre- 
vents arcing. A shower of sparks will then pass between EH, 
and the surface of the solution, and minute drops in the form 
of a spray are projected all round. 

Air is now allowed to enter through tube A, and on its 
passage through the jar becomes charged with the spray. 
The heavier drops fall back to the bottom of the jar, but the 
lighter particles are carried along with the air and pass 
through the outlet tube B into a series of collectors, in which 
the material undergoes a process of refining. These col- 
lectors form an important addition both to the Gouy and the 
electric sprayer, for it is essential that only the very finest 
particles should reach the flames. I have in the main fol- 
lowed de Watteville’s plan, both with regard to the shape 
and order of these collectors ; his paper should therefore be 
consulted for details. Finally, the air carrying the spray is 
mixed with the coal-gas and the mixture then passed into the 
burner. Pressure gauges in both the air and coal-gas circuit — 
complete the arrangement. For high temperature flames, 
which are fed with oxygen, the sprayer is inserted in the 
oxygen circuit. 

Relative merits of the Gouy and electric sprayers and the Spark 
Method.— Although the character of the spectrum is always the 
same whichever method is used, the three methods do not 
always give equally good results, in so far as brilliancy and 
completeness of spectrum are concerned. ‘Thus the spark 
method will not yield such well-developed spectrain the case 
of the air-coal gas flame as the sprayers ; this I believe is due 
to the fact that the oxides given by the spark do not volatilize 
so easily at the low temperature of the air-coal gas flame. 
In this case, therefore, one of the sprayer methods shouid 
be employed, as it allows the use of the more volatile 
salts. 

For the high-temperature flames the spark method is, 
however, to be preferred, being cleaner and more economical, 
and giving results so far unattained by any other method. 

The electric sprayer gives good results all round, and 
would probably reach the standard of either of the two other 
methods if worked with resonance sparks. 

Burners.—These form the most important item in the 
instrumental equipment, and special attention was paid to 
them from the outset. The new results obtained in this 
research are largely, if not entirely, attributable to the com- 
plete change of plan adopted in their construction. They 
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were prepared by drilling holes into plates of brass 3 mm. 
thick. Of the many different patterns tried only two will be 
described here, which have proved to be the most useful :-— 

Burner No. 1.—160 holes of 1 millim. diameter each, the 
centres of the holes being 1°5 millim. apart from each other. 
They are arranged in 8 rows of 20 holes each, consecutive 
rows being displaced in such a way that the gap between two 
flames of one row is opposite the flame of the next row 
(fig. 2). In this way a more even distribution of light is 
obtained. ‘The relative position of this burner with respect 
to the direction of observation is indicated in the figure. 

Fig 25 

Direction of 

Observation. 

Portion of burner No. 1 enlarged 5 times, 

When a low-pressure gas mixture is employed the cones 
obtained with this burner form an almost flat and continuous 
surface with only slight elevations over each hole. Seen end 
on the cone region presents the appearance of a bright thin 
line. This burner is therefore particularly suited to studying 
the spectrum of the explosion region. 7 

Burner No. 2.—12 holes of 2 millim. diameter, arranged 
in two rows of 6 each, the distances between the centres of 
the holes being 3 millimetres (fig. 3). 

Fig. 3. 
” 

(rarer mera secre renee oe a 2 RC i rs 
u 

Direction of } 

Observation. 

Burner No. 2 enlarged 23 times. 

Whenever necessary the number of holes in either burner 

can be reduced by closing some of them with asbestos. 
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There is no advantage in using more than 6 flames one 
behind the other, for, as Gouy has shown, a flame charged 
with radiating vapour absorbs about 50 per cent. of a similar 
flame placed behind it. 

The gases in the air-coal gas mixture were so proportioned 
as to produce blue-coloured cones; it was found that the 
light emission by the metal vapour was at a maximum in this 
case. The heights of the cones given by burner No. 2 were 
from 3 to 8 millimetres, according to the velocity of the gas 
mixture. 

Burners for oxy-coal gas and oxy-hydrogen flames. 

The burner selected was one in which the two gases are 
mixed before being burnt. The oxygen and coal-gas or 
hydrogen arrive through separate channels at the base of a 
small mixing-chamber, and thence pass through a short tube, 
about 2 in. long, to the nozzle from which the mixture 
escapes through an orifice of 1 millim. diameter. 

Burner for oxy-acetylene flame. 

This was one of the ordinary industrial type and not 
really suitable for spectroscopic work, but no other pattern 
was available at the time. The acetylene passes into the 
mixing-chamber at low pressure. The oxygen, on the other 
hand, is forced under pressure through a very fine orifice 
into the mixing-chamber and diffuses into the acetylene. 
The mixture then passes through the nozzle and a 1 millim. 
orifice. It was, of course, impossible to charge the oxygen 
with the material from a sprayer, because the fine orifice 
through which the oxygen has to pass becomes immediately 
clogged. So the spray from a Gouy apparatus was passed 
into the outer parts of the flame by means of a jacket fixed 
round the nozzle of the burner. This is a bad method of 
obtaining the spectrum of a flame, for the material does not 
pass through the cone region and I adopted it, though most 
reluctantly, only because previous experience with the oxy- 
acetylene flame had shown me that iron vapour does not 
emit s»ectrum radiations in the inner cone of this flame. In 
the case of nickel and cobalt this method failed altogether. 

Spectrograph and projection apparatus. 
A serviceable spectrograph was constructed out of the 

remains of a Kirchhoff and Bunsen four-prism spectroscope™. 
Only three prisms were available, each having a refracting 
angle of 45°. The objective of the observing telescope was 

* The original instrument is described in Roscoe-Schuster’s ‘Spectrum 
Analysis,’ p. 70 (1890). 
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mounted at the end of a long box-camera, and the colli- 
mator provided with a platino-iridium slit, made by Adam 
Hilger. All these parts were then manned and securely 
fixed in a strong teak-wood case. The instrument was used 
in a vertical position, with the slit horizontal. 

Special attention was paid to the projection lenses, for it 
was essential that the image of the source of light formed on 
the slit should be as perfect as possible. A Zeiss objective 
of 25 cm. focal length was used for projecting an image of 
the flame, and a Dallmeyer portrait objective for the com- 
parison spark. All the various methods and manipulations 
used in adjusting and focussing the spectrograph and in the 
centreing and waxing down of all the optical parts, including 
the projection objectives, have been fully described in my 
thesis * 

Since the low-pressure air-coal gas flame burns vertically 
upwards, its image on the slit is in a direction at right angles 
to the latter. Sometimes, however, it became necessary to 
form the image parallel to the slit. This was done by means 
of a system of two silver-on-glass mirrors, which were placed 
immediately behind the Zeiss objective and rotated the beam 
of light through 90°. These mirrors were silvered by 
Martin’s process and coated with a very thin film of celluloid 
in order to prevent tarnishing by the fumes from the fiame. 

Support for burners. 

It was necessary, especially when chserving the explosion 
region with burner No. 1, to adjust the image on the slit 
with some degree of accuracy ; for this reason the burners 
were mounted on a support ‘with vertical motion. This 
support was provided by the unemployed telescope tube of 
the above-mentioned spectroscope, the focussing tube serving 
as holder for the burners, the rack-and-pinion movement 
constituting an excellent fine adjustment. 

Self-induction spark ¢ for comparison spectrum. 

The electrodes, in the shape of rounded-off cones or 
cylinders, are fixed in a horizontal position, with a gap of 
about 5 millim. between them: the sparks thus pass in a 
direction parallel to the slit. They are produced by a small 
plate condenser of 0°01 micro-farad capacity contained in a 
lead-lined box filled with paraffin-oil. In one branch of the 

" cae Theses de Doctorat. pp. 33-41 & Pe ) (Paris, 1901). 
t Hemsalech, Comptes Rendius de Académie des oe “nees, vol. exliy. 

p. 692 (1907). 
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discharge circuit, and in series with the spark gap, is a self- 
induction coil of 0°05 henry. The condenser receives its 
charge from the secondary of a 10-in. Apps coil, the primary 
of which is fed with pulses of continuous current at the rate 
of about 5 per second through the medium of a Rochefort 
plunger break, working in an atmosphere of coal-gas. 

Reduction of spectrograms. 

The plates were measured on a Perreaux dividing engine * 
which had been fitted with a travelling platform for the 
purpose. Since it was merely a question of identifying 
known lines, the wave-leneths were derived by linear inter- 
polation. The plan adopted was similar to that laid down in 
my thesis (page 56). 

Relative intensities of lines. 
These, of course, refer to the photographic intensities, and 

are Batted on quite an arbitrary scale. Feeble lines are 
marked 4, wy feeble ones 0 and 00. Lines of moderate 
strength 1, 2, 3, and 4; strong lines 6, 8, and 10; extra 
intense 12 and 15. 

2 

3. GENERAL CHARACTER OF THE SPECTRUM EMITTED BY 

Tron VAPOUR IN THE AIR-COAL GAS FLAME. 

Difference between cone and flame lines. 
De Watieville’s observations bad brought out the inter-. 

esting fact, already mentioned, that the majority of lines are 
emitted by the region of ihe blue cone, so that, when an 
image of the flame is formed on the slit parallel to the latter,. 
the cone lines are seen to reach only as far up as the bands 
of the Swan spectrum. The flame lines, on the other hand, 
pass beyond the boundary of the cone region into the flame 
above. The flame lines are alone observed when the sub- 
stance to be examined is introduced into the flame by any of 
the older methods—for example, by means of a platinum 
wire. 

Flame lines enutted by cone. 

Since the cone of an ordinary flame is always and every- 
where surrounded by a layer of flame, we always see the 
flame lines superimposed upon the cone lines, and it is 
impossible in these circumstances to decide whether flame 
lines are likewise excited in the cone or whether the latter 
emits solely its characteristic lines. In order to settle this 

* A description of the instrument is given in Stewart and Gee’s 
‘Practical Physics,’ vol. i. p. 16 (1885). 
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point a series of experiments were made, of which one may 
be mentioned here. A flat explosion surface was obtained by 
means of burner No. 1 and placed in the optic axis of the 
collimator (fig. 4). A metal screen was fixed in front of 

Fig. 4. 

nf a | 
i i ! \\ \\ Flame. 
Screen. qj), m 

| 
aj | | | hoes 
pert Burner 

Method of observing spectrum of explosion region. 

Explosion region. \ 

ose one) 

the flame in such a way that only light from the explosion 
region could pass along the axis. It is true that a thin 
stratum of flame remained at the end of the explosion sur- 
face, but it was small compared with the depth of the latter, 
and, if no flame lines were emitted by the explosion region, 
their intensities should appear appreciably reduced relative 
to the cone lines. But the resulting photographs show no 
indication whatever of a relative weakening of the flame 
lines. : 

Similar results were obtained with other burners by ex- 
amining the explosion region near the base of the cones. 
We must therefore conclude that the emission of flame lines 
is already initiated during tke passage of the material 
through the thin film of the explosion region. This was 
further corroborated by some of my later photographs, 
which show a slight intensification of these lines in the cone 
region. 

Cone lines enutted by flame. 

The superior definition of the image of the flame on the 
slit due to the new type of burner used, and also to the 
excellent correction of the Zeiss projection-objective, has 
brought out an interesting and important new fact, which 
had not been observed in our previous experiments—namely, 
that many of the lines formerly included in our class of 
fundamental lines occupy in reality a position intermediate 
between these and the lines of the supplementary spectrum. 
They are cone lines in the sense that they are strongly 
emitted by the cone, but only feebly emitted by the flame. 
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Explanation of Plate I. figs. 1 5 2 (enlarged 5 times).—The 
spectrograms were obtained by means of burner No. 2. The 
appearance of the flame and cones, as seen in the direction 
of the collimator axis, is shown in fig. 5. The two cones are 

Hit ih 
! 

me 1S=Cone. = 
Ay 1}2"* Cone. 
IAL lige eee one 

Position of Slit. 1 \ 

_ Method of observing spectrum of air-coal gas flame 
with burner No. 2. 

completely enveloped by the flame. An image was formed 
on the slit in such a way that the latter passed across the 
cones at a point situated about two-thirds up from the base. 
Tt will be seen that with this arrangement the resulting 
photograph shows two spectra due to the cones, which are, 
as it were, imbedded in the spectrum of the flame. On the 
two cone spectra there are superimposed spectra, due to those 
parts of the flame, situated immediately in front and behind 
the cones. This is, of course, unavoidable, but must be 
borne in mind when interpreting the photograph. 

The spectrograms obtained in this way show in a most 
striking manner the relative sensitiveness of the various 
vibrations to the chemical and thermal forces which prevail 
in the cone and flame respectively. 

The flame lines appear as long lines passing right through 
the spectra of the cones and bey ond—tfor example, the lines 
3860, 3920, and 4376. It will be noticed that over the cone 
spectra they seem slightly enhanced. This may be due 
either to a real enhancement by chemical action, or to the 
superposition of the two emissions from the cone and the 
portions of the flame in front and behind, as already 
referred to. 

The most remarkable feature of those cone lines which 
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are likewise emitted by the flame is the abruptness in the- 
decrease of intensity on passing from the region of chemical 
to that of thermal actions, as is so well illustrated by the 
triplets at 4046 and 4384. 

As the most prominent example of the lines of our supple- 
mentary spectrum, may be cited the group at 4957. These 
lines show absolutely no trace in the flame. 

Relative behaviour of flame and cone lines in high- 
temperature flames. 

As M. de Watteville and myself have shown, all the flame 
lines increase in intensity on passing to the oxy-coal gas, 
oxy-hydrogen, and oxy-acetylene flames, whereas the lines 
of the supplementary spectrum appear only as traces in the 
last-named flame. Those of the cone lines which show 
feebly in the mantle of the air-coal gas flame are likewise 
enhanced in the high-temperature flames. 

The sensitiveness to temperature changes is, however, not 
the same for all the lines, some lines being more enhanced 
than others. Thus the lines 3720, 3737, and 3746, which 
are relatively feeble in the air-coal gas flame, appear rela- 
tively bright in the oxy-acetylene flame. The characteristic 
features of a high-temperature flame-spectrum are shown in 
the reproduction of » portion of the oxy-acetylene spectrum 
on Plate I. fig. 3 (no. 1) which should be compared with the 
air-coal gas flame and cone spectra on Plate I. fig. 1. © 

Comparison of jlame-spectrum with that of self-induction 
spark. 

On Plate I. fig 3 (no. 2), the spectrum of the self-induction 
spark is placed in juxtaposition with that of the oxy-acetylene 
flame. It will be seen that the flame lines, which are so 
intense in No. 1, are relatively feeble in No. 2; examples 
are the lines at 3720, 3860, and 3920. On the other hand, 
the cone lines which are relatively feeble in No. 1, such as 
3816 and 4046, are relatively strong in the spark. As 
M. de Watteville had already observed, the spectrum given 
by the self-induction spark, indeed, approaches that of the 
air-coal gas cone. There are, however, certain lines which 
are enhanced in the self-induction spark, and these may be 
assumed to be specially sensitive to electric actions. 

It thus seems that the chemical actions, to which the iron 
vapour is subjected in the explosion region of the air-coal 
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gas flame, has an almost as far-reaching effect on the atomic 
systems concerned as the electric actions in the spark- 
discharge. 

4. CLASSIFICATION ON LINES BASED ON THEIR RELATIVE 
BEHAVIOUR IN FLAMES. 

The results of all the measurements and observations were 
tabulated so as to show at a glance the relative intensity 
and character of each line in the various sources of light 
examined. With the help of this table the lines were 
classed according to their behaviour in the various flames, 
and the following classification was provisionally adopted :— 

Class J. Lines which are emitted by the mantle of the 
air-coal gas flame, and gain in intensity on 
passing to the high-temperature flames. They 
are specially sensitive to thermal actions, and 
may be regarded as true temperature lines. 

Class JI. Lines which are particularly sensitive to the 
special chemical actions of which the explosion 
region of the air-coal gas flame is the seat. 
They are also, though feebly, emitted by the 
outer mantle. In the flames of higher tem- 
peratures their intensities increase, showing 
that they likewise respond to thermal changes, 
but to a lesser degree than Class I. lines. 

Class IiI. This class contains the bulk of the cone lines 
which form what M. de Watteville and myself 
had called the > supplementary spectrum. 

The following lists contain lines of Classes I. and IT. only. 
Those of Class III., for the same region of the spectrum, 
can easily be obtained from de Watteville’s table by elimi- 
nating the lines given here. The lines near the extremities 
of the spectrum appear all relatively feeble. This is due to 
the absorption of the glass in the ultra-violet, and to the low 
sensitiveness of the photographic plates employed to the 
green part of the spectram. Wave-lengths are expressed in 
international units. Lines to which an asterisk is affixed 
are marked on Plate I. figs. 1, 2, & 3 to the nearest 
unit. 
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Cuass I, 

Lines sensitive to thermal actions. 

" Relative & Relative | Relative 
’ — Intensity. =" Intensity. Tutensity. 

3570:12 00 XS(3T 13 8 3927-94 8 
3581°20 00 *3745°55 \ 10 3930°30 10 
38608°85 00 *3745°91 4216°18 2 
8618-77 00 374825 4 *4375°93 4 
3631°46 0 3824-44 8 *4497°31 3 
3647°84 0 *3856°38 8 *4461°65 3 

*3679°92 2 *3859°90 12 *4461°99 
3687 °45 OO 3878°67 } 10 *4489-97 1 

*3705°56 3 387813 4489-74 0 
370791 00 *3886°29 1) 4490:08 
3709°24 0) 3895'65 6 5012-07 0 

*3719°93 10 *3899°70 8 5167°49 0 
372257 4 3906°47 4 5269°53 if 
372763 0) *3920-26 6 582806 00 
313032 3 392292 8 5371-50 00 

Crass IT. 

Lines sensitive to chemical actions. 

sy Relative Relative \ Relative 
"Intensity. Intensity. * "Intensity. 

305852 00 3834:23 4 4177-60 0 
3565'°38 00 3840-44 2 4202-04 5 
3084°65 00 3849°99 2 4207°13 4 
3086:97 00 3865°53 2 4927°44 4 

*3734°86 6 387251 3 4250-13 3 
3143'37 5 3878 02 2 4250:79 
3149°47 5 3888°52 4 4260:48 5 
3758°23 3 3897°88 1 4271-16 3 
3763°80 24 3902°95 aD 4271-75 
376719 2 SNL HAIL 00 429413 1 
3787°88 1 3969-26 6 4307°92 10 
3795:00 2 4005-26 5 4325-78 10 
37 98°50 = *4045°82 12 *4383°05 15 
3799:°55 il 4063'61 10 4404°75 8 
3812°88 1 4071:°75 10 4415-13 4 

*3815°84 6 4132°08 6 4528-62 1 
3820°44 8 413290 
8825:90 6 4143°43 8 

4143°88 

5. SrrRucTuRE OF [RON SPECTRUM. 

After a simplification of the spectrum had been achieved, 
as explained in this paper, and lines of common origin 
classed together, it was, of course, natural to look for the 
possible existence of still closer relationships connecting 
lines or groups of lines of the same class. Although no 
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evidence for the existence of series, such as are known in 
the case of a number of other elements, has so far been 
detected, it is impossible to pass over without comment the 
curious groups of lines which have been encountered in 
various parts of the spectrum. These groups consist of 
three, four, or more lines, the characters and relative posi- 
tions of which are such as to suggest some orderly arrange- 
ment. 

In order to facilitate the search for these groups, a series 
of normal spectra were drawn, each spectrum containing 
lines of only one class. To the three classes given by the 
flames was added that for the self-induction spark from 
which al] the flame lines had been eliminated. 

The principal groups obtained in this way are given here- 
after. A;, As, &e., signify first, second, &c., differences. 
The symbol d? means that the line is a double one in the 
are, but that it was not resolved by my spectrograph. It 
was, therefore, not possible to ascertain which of the two 
components belongs to the group, and an error may have 
been made in the selection of the line. An asterisk added 
to the wave-length number indicates, as before, that the line 
ey aleede to the nearest Angstrom unit on the accompanying 
plates. 

Class I. Groups. 
Oscillation 

Wave-lengths. Frequency. ee Fis Ke. 

*3679-92 271745 
J *8705-56 26986°5 ies 64-7 He 

“\ 3722-57 26863:2 rod 45-9 j 
3733°32 26785'8 (ed 

%4375°93 29852°8 Onno 
_ J *4427-31 22587°1 173-9 01-3 Bie 
Y-9 *4461-65 d? 224132 103-1 70:8 

*4489-27 22310°1 

501207 19951°8 
5167-49 19351°7 ve 995: 
5269°538 189770 2084 1 
5328:06 18768°6 = 

%3856°38 25931°0 on 
3 J 3878734? 257816 Hie 37-5 
P-\ 3895-65 25669°7 7 40:8 

3906-47 25598'6 

3719-93 26882:2 i 
*3737'13 26758°5 a 
3745-55 d? 26698-4 

*3859-90 25900-7 pee 
3886 29 5 7BL'D Tee 
3899-70 25643-0 
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Of the quartet groups, «, y, and 6 are the most interesting. 
It will be noticed that the distances between their com- 
ponents grow less on passing to groups of shorter waye- 
lengths, the variations, as indicated by the A’s, being 
‘approximately as 1:4:4. Group 6 may possibly be con- 
nected with the quartet group 4903 of the self-induction 
spark (see below). In regard to the two triplets, it mav be 
mentioned that the distances between their components are 
approximately as 2: 1. | 

Class IT. Groups. 

: Oscillation Wave-length. Frequency, A). A,. 

(*3734:86 d? 267748 104:4 
| 3749-47 2667074 62:1 42:3 
+ 3758-23 26608°3 39-4 22°7 
| 3763°80 26568'9 23:9 L555, 
| 3767-19 26545-0 7 

4071-75 da? 23409°6 
4307-92 23213'1 ea 
4325°78 231172 

In addition to the triplet here given, three more were found 
in this class, among which were the two well-known triplets 
at 4046 and 4384. Also here the ratio between the frequency 
differences of successive components is approximately as 2:1. 
The quintet at 3735 stands out most prominently in the 
spectrum of the air-coal gas cone, but in the oxy-acetylene 
flame it is quite insignificant as compared with the brillianey 
of the temperature lines in its neighbourhood (compare 
Plate I. figs. 1 & 3). 

In all the groups of Classes I. and II. the head line is 
on the most refrangible side, the groups converging towards 
the red. | 

Class IIL. Groups. 
Oscillation 

Wave-length. Frequency. Aye AN AY Le 

4466:56 293886 
f 4476-03 223412 te 44-7 ae 
| 4494-57 93249°1 ee 87°6 rida 
| 4538116 220694 re 164:5 ” 28:3 
| ages 2172 ta ieee 
| 473679 © 241113 

( 4859°76 205765 ee 
| 4871334? 205283 ae 33:5 Ne 

4890-78 ai ? 204466 117-3 35°6 As 
| 4919-014? — 20829°3 ee 39:8 4 
| *4907°31 d?  20172°2 
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The distinguishing feature of the groups in this class is 
that they, unlike the groups in Classes I. and II., converge 
towards the ultra-violet. In regard to the first group, it is 
possible that it continues beyond 4737, but my observations 
in this part of the spectrum have been greatly impeded by 
the presence of a strong continuous spectrum, which, com- 
bined with the low dispersion of my spectrograph, would 
naturally obliterate all but the strongest lines. To try and 
bring in further lines by extrapolation is almost hopeless, in 
view of the fact that the wave-lengths are possibly uncertain 
to within 0°05 of a unit, and, further, the number of 
remaining spark or are lines in that region is so great that 
coincidences could always be found. | 

The last four lines of the second group are close doublets 
both in are and spark. But ona photograph taken of this 
region by M. de Watteville and myself with a high dis- 
persion, I noticed that in the air-coal gas cone only one of 
the components is brought out. As I have now not access 
to this document, I am not sure that it is the more refrangible 
component. 

In addition to the above two groups, there is a quartet 
with the head line at 4022. 

Groups in the spectrum of self-induction spark. 

Oscillation 
Wave-length. Frequency. AL A; 

4903-32 20394'3 146-6 
4938°83 20247:7 1112 35°4 
4966°10 20136°5 77-4 33'8 
4985°26 d? 20059°1 : 

The frequency differences between the components of the 
above group are nearly the same as those for group 6 of 
Class L., and it is not unlikely that there is some relation 
between the two. 

In addition to this group, there is another quartet with 
head line at 5400, likewise converging towards the red. 

It is quite possible that these two groups are really con- 
stituted of temperature lines and beiong to Class I. 

Although all the flame lines had been eliminated from the 
spectrum ‘of the spark, it seems probable that the remaining 
spectrum is still a mixture of lines of different character. 
For this reason no special attention has been devoted to this 
class for the moment. 

Pint. Mag SoG. Vol: 33> No. 193. Jan. 1917. C 
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6. CoNCLUDING REMARKS. 

In surveying the results so far obtained, it must be borne 
in mind that the present research is necessarily only of a 
preliminary nature, owing to the restrictions imposed by the 
optical means employed. Nevertheless, most valuable infor- 
mation and experience have been gained, which will prove of 
great help in planning the course along which future research 
will have to be conducted. Thus the division of lines into © 
classes might profitably be carried still further by taking 
into account the various types of enhanced lines, to which 
I drew attention at the last meeting of the International 
Union for Solar Research *. This, combined with an exten- 
sion of the spectral region examined in the ultra-violet and 
towards the longer wave-lengths, would, no doubt, bring in 
many more line groups, and perhaps ultimately lead to the 
discovery of the complete structure of the spectrum. The 
grouping of apparently connected lines which has, so far, 
been accomplished as a result of this investigation, may be 
regarded as a first step in that direction. 

In conclusion, I desire to express my gratitude to 
Sir Ernest Rutherford for the most generous hospitality 
which he is extending to me in his laboratory, and to thank 
him for the kind interest he is taking in the work. | 
My thanks are also due to Professor Beattie, in whose 

laboratory workshop many of the apparatus used in this 
research have been constructed. 

Manchester, Nov. 2, 1916. 

TL. Visual Diffusimty. 
By Werpert H. Ives f. 

1. Introduction. 
2. Application of the Idea of Ditfusivity to Instantaneous Light 

Sources. 
3. Qualitative Observations on Retarded Images and Atter-Images. 
4, Measurements. 
5. Discussion. 

1. Introduction. 

N two previous papers by the writer and Mr. E. F. 
Kingsbury { on “The Theory of the Flicker Photo- 

meter,” the idea has been developed that the transmission 
of impressions from the retina to the brain is in accordance 

* Bonn, 1918. 
t Communicated by the Author. 
+t Ives and Kingsbury: “The Theory of the Flicker Photometer.”— 

I. & IL Phil. Mag., Nov. 1914, p. 708; April 1916, p. 290. 
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with the physical laws of conduction. The chief experi- 
mentally established phenomena of the flicker photometer 
find explanation in the assumption that the stimulus is 
transmitted through a layer of matter having a coefficient 
of diffusivity which is different for different colours and 
varies with the intensity of the stimulus. In accordance 
with our previous work, the diffusivity for coloured light is 
a rectilinear function of the logarithm of the stimulus 
intensity. For colourless or rod vision the diffusity is 
constant. ‘These relations are exhibited diagrammatically 
in fig. 1. 

Fig. 1. 

Diagrammatic representation of brightness-diffusivity 
relation for red, blue, and rod vision. 

This conception of the visual process has not only served 
to explain previously known facts in the realm of inter- 
mittent vision, but has indicated others not heretofore 
observed. The phenomena of flicker are, however, of such 
a complex character that, satisfactory as this hypothesis has 
been, it may have appeared to some to be insufficiently 
supported so long as it played no part in explaining other 
simpler phenomena. 

The present paper deals with the visual parallel to one of 
the simplest cases of heat conduction, in which the diffusivity 
of the conducting layer-figures, namely that of instantaneous 

C2 



20 Dr. H. E. Ives on 

heat sources. This, in the case of light, is of course the case 
of single brief exposures. It is shown below that, in accord- 
ance with our theory, a difference of diffusivity should result 
in a difference in the time of perception after exposure. This 
predicted difference has been found both in the case of light 
of one colour but different intensity and in the case of lights 
of different colour and the same intensity. In addition, the 
positive after-image has been indicated to be simply the 
rod-vision impression delayed in transmission by the low 
diffusivity peculiar to this kind of vision. Both the new 
phenomena of differential rate of transmission for photepic 
stimuli and the relation of the colourless after-image to 
the photopic images have been subjected to quantitative 
measurement with results supporting the theory. 

2. Application of the Idea of Diffusivity to Instantaneous 
Laight Sources. 

It is shown in treatises on heat conduction that the tem- 
perature V of a conducting slab of diffusivity K, at a 
depth X, at a time ¢ after the instantaneous application to 
the surface of a quantity of heat Q is 

ON ar ) 4 Kz 5 \/ Ree oo eee ee 

Now the time at which this is a maximum may be found 
by differentiating (1) with respect to t. This gives — 

xX? 

i Ke si aus ° . . e ° . (2) 

or the interval between reception and ass of a stumulus 
as inversely as the diffusivity. 

The measurement of this interval is obviously not feasible, 
but the diference between the intervals for two stimuli is 
measurable. Several special cases may be treated :— 

Ist Case. 

One colour, two intensities, I, and I,; I, > L. 

1 
ty = alogI,+b 5 ° ° e ° e e ° (3): 

ib 
9 == SaaS 

4 
bs alogI,+b’ “) 

1. if 

PCa mie ia aren log I,+ 0° i Birk (5) 
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This case is plotted in fig. 2, using the data of fig. 1, 
taking I,=101,. The less intense image should be seen 
later than the more intense by an interval which should 
increase with decreasing intensity. If the observation is by 

5 
) e 

Log, 

Time-interval between a high intensity and a low intensity image 
(differing ten times in brightness), as calculated from the data of fig. 1. 

blue light, which goes over into rod vision at the lowest 
intensities, this interval again decreases, becoming zero when 
the diffusivity is constant and the same for both images. 
This is the case represented. 

2nd Case. 

Two colours, red and blue, of the same intensity. 

4 

B= Glog 140" ° ° ° ° ° ° ° (6) 

Wace baa: 
1 

i clog 1+d’ e . e e . . . (7) 

1 1 

‘B— R= Top td alog 14° Sela 

This case is plotted in fig. 3, again using the data of fig. 1. 
For all intensities shown on the plot the blue image will be 
seen later than the red. At high intensities the interval will 
be smaller than at low. At very low intensities, where the 



22 Dro HH alvesion 

blue image merges into the rod image the red and blue will 
again approach each other. 

Fig. 3. 

Time-interval between blue and red, and between red and after-images, 
calculated from data of fig. 1. 

3rd Case. 

A coloured (photopic) image, and a colourless (scotopic) 
image. | 

It has been a debated question whether the colourless 
rod image is actually present at high intensities. On the 
assumption that it is, we have the condition | 

If 
‘c= Glog 1 +0’ e e e e e ° (9) 

g<alogI+6, 
1 

ta=—, . (10 ae (10) 

1 Ih 

If we call the rod image the after-image, it should lag 
behind the photopic image by an interval which increases 
with the intensity in the manner shown in fig. 3. If the 
interval is measured after a blue image it becomes zero 
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where this image merges with the rod image. If measured 
after a red image it becomes equal to the blue-red interval 
at the same point. 

3. Qualitative Observations on Retarded Images and 
Ajter-Images. 

(a) Apparatus. 

The apparatus, which was designed so as to permit of 
measurement of the time-interval between two impressions, 
is shown diagrammatically in fig. 4. It consists essentially 

Fig. 4. 

Diagram of apparatus for studying interval between perception of 
images of different brightness and colour. 

of two superposed circular disks of sheet metal, A and B, 
one 22 cm. the other 36 cm. diameter, both mounted on the 
same axis, X, and locked in any relative angular relation 
by the nut N. In each disk is narrow radial slot, O, of five 
degrees opening, the relative positions of these slots being 
variable from coincidence of direction up to about sixty 
degrees divergence, as read on the scale 8. On the back of 
the larger disk is mounted a piece of flashed opal glass which 
is illuminated by the light source behind and is the actual 
bright surface observed. Grooved holders are provided over 
Ox, and Og for carrying coloured or other glasses, and the 
small streak of light between the disks at L is covered by 
strips of electric wiring tape. The disks are rotated slowly 
by an electric motor with a multiple reduction pulley system 
by which speeds of one revolution per second and less are 
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obtainable. Speeds are measured by an electric tachometer. 
An elaborate screening system is provided so that no light 
gets around the edge of the disks, and observations are made 
at one metre distance in a darkened chamber. 

The principle which the apparatus is planned to utilize 
isatamiliar one. If the slot Og be imagined covered with 
a glass to reduce its intensity, or ee a coloured glass of a 
hue more towards the blue than that of Ox, the theory just 
developed predicts that on rotating the disks in the counter-. 
clockwise direction, with the slots exactly in line, they will 
be seen not in line, but the slot O, will appear to lag behind 
or be displaced. If this occurs, then it will be possible to 
move the disk B in the clockwise direction until on rotation 
the two slots again appear in line. Knowing the angle by 
which the slots have been turned with respect to each other, 
and the angular velocity of the disks, it is easy to calculate 
the interval of time by which one impression is delayed 
behind the other. 

Before attempting quantitative measurement of these 
phenomena they were studied in detail qualitatively, and a 
description of these observations follows :— 

(b) Light and dark stimuli of the same colour. 

The slot Oa is covered by a neutral tint glass, the two 
slots being in line, and the disks are slowly rotated. Ata 
fairly low intensity of illumination (illumination and other 
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a b 
Appearance of adjacent dark and light apertures, or blue and red 

apertures: a, stationary; 0, in motion. 

constants are given in the description of the measurements) 
the dark slot appears several degrees behind the other, 
presenting the appearance shown in fig. 55. Ate 
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intensities this: phenomenon is jess marked, as it is again 
at very low ones. The prediction of theory 2s confirmed. 

(ec) Red and blue light. 

The slot Og is covered by a good blue glass, which trans- 
mits no red, and the slot Og by a red signal glass. On 
rotation the blue image lags behind by several degrees, 
presenting the appearance already depicted by fig. 548, 
substituting the difference of colour for the difference of 
intensity which the figure indicated when referring to the 
last section. 

This lagging of one colour behind the other is a very 
striking phenomenon, well suited to demonstration to a small 
audience. The effect is most extraordinary it the disk, 
‘instead of being rotated, is rapidly oscillated through five 
or ten degrees, when the blue image may be made to vibrate 
entirely out of phase with the red, appearing as though 
attached to it by accord. It is not an effect that has to be 
glimpsed after painful preparation by a trained eye, but an 
optical delusion of most convincing verisimilitude. On its 
being exhibited without comment to the mechanic who made 
the apparatus, he immediately assumed that he had been 
called in to correct a mechanical slip between the disks ! 

At the very high intensity obtained by placing a carbon 
are lamp about 35 centimetres behind the flashed opal glass 
ot the disk, the lag of blue behind red is practically absent; 
it was not found possible with the intensities at our disposal 
to demonstrate a reversal of the red and blue positions, such 
as theory indicates for ° excessively high intensity, 
beyond the crossing point the red and blue diffusivity 
lines of fig. 1. 

(d) Purple light. 

Jf the various colour impressions are transmitted by 
entirely independent channels, it would follow that a narrow 
line of a mixed colour such as purple ought to be resolved 
into its constituents when passed across the field of vision. 
Dr. Karrer informs me that he has observed a moving bright 
light spread out into a spectrum in a way which would meet 
with explanation in this way. I was not able, however, to 
obtain a clear cut and unmistakable resolution of any pur ple 
I tried with this apparatus. This agrees with the conclusion 
drawn from the previous work with the flicker photometer 
with unequal exposures, namely, that the difference in the 
diffusivities peculiar to the two colours is much reduced 
when they are simultaneously transmitted by the same 
retinal area, although it is still present to some degree, as 
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the behaviour of the flicker photometer shows. This appa- 
rent mutual action does not, however, appear to occur 
between the photopic and the after-images. The latter 
behave as though due to an entirely separate mechanism. 

(e) After-images. 

The most characteristic feature of the positive after-image, 
if it actually is not a recurrent impression, but the slowly 
transmitted impression through the rods, as the present 
theory would indicate, would be that the interval between 
it and the photopic image would be variable with the 
intensity. With decreasing intensity the after-image should 
move in towards the blue image, and at very low intensities 
should merge into it. 

Another characteristic of this after-image would be that, 
in accordance with the well-established wave-length sensi- 
bility of the eye for scotopic vision, the red end of the 
spectrum is practically inoperative—that is, there should be 
no after-image of a red stimulus. 

These phenomena are all exhibited by providing the slots 
with red, green, and blue glasses, in the manner indicated 
in fig. 6a. On rotation the three colours are shifted out of 
line, in accordance with the subject-matter of the previous 
sections, and at some distance behind the green and blue 

Fig. 6. 
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Appearance of red, green, and blue apertures lying in straight line: 
a, stationary; 6, in motion. 

images—but not behind the red—is the colourless after-image, 
the after-images of the two colours appearing in the same 
straight line, as they should from the theory. The appear- 
ance at this stage is as shown in fig. 6b. On decreasing the 
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intensity the after-image moves in closer ; at rather lower 
intensity the after-image appears merely as a grey tail to 
the green and blue images ; while at the very lowest inten- 
sities these latter become single grey images. 

An observation worthy of record, though probably not 
new, is that the after-image when only slightly separated 
from the blue primary image is distinctly the brighter of 
the two. 

4A, Measurements. 

(a) Instrumental conditions and constants. 

For the greater part of the measurements the rotating 
sector disk was illuminated by a tungsten lamp of approxi- 
mately 100 candle-power, mounted on an eight metre 
photometer track to permit of a wide variation of illu- 
mination by variation of distance. The brightness of the 
opal glass without any colour screen was one candle per 
square centimetre at the point marked on the arbitrary 
logarithmic scale of fig. 7. The photometric transmission 

Experimental results. Time-intervals between blue and red image 
perceptions, and between after and red image perceptions. 

of the red and blue glasses used over the opal glass was 
nearly the same, probably not far from five per cent. for the 
high brightness conditions. The relative brightness of 
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course varied greatly with the illumination, due to the 
Purkinje phenomenon. 

It is of considerable importance that the eye be properly 
fixated at the centre of rotation of the disks. The best means 
found for insuring this was to faintly illuminate the chalk- 
marked centre of the axle by a beam of light from a distant 
light and mirror. 
“The observations were made by the chief observer in a 

carefully darkened booth. Speeds of rotation were regulated 
by an adjustable resistance in series with the disk motor. 
Speeds were read and lamp positions changed by an 
assistant * 

In this work the artificial pupil heretofore consistently 
used was omitted because it was found that, owing to the 
chromatic aberration of the eve, slight unavoidable eye- 
movements cause relative movements of the red and blue 
images similar in appearance to those due to the diffusivity 
differences, and hence likely to be confused with them in 
measurement. 

(b) Measurements on red and blue light. 

No measurements were made on two lights of different 
intensity (case 1 above), as the case of two colours practi- 
cally includes it, and is more striking and easily measurable, 
because of the approximate equality of brightness which may 
be arranged for in the two colours under observation. 
A series of values of the time-interval between the red 

and blue light used, for different illuminations, is shown in 
see FGM dla making this series the angle between O, and Og 
was one degree at the higher intensities and two degrees at 
the lower. The employment of larger angles and hence 
higher speeds, which would at first thought appear prefer- 
able, was actually found to be rather ‘Tess conducive to 
accuracy because the images begin to spread out and so 
lose in definiteness of outline. 

The predicted behaviour of the two colours with respect 
to each other is borne out by the measurements. 

(c) Measurements on after-images. 

Measurements on the positive after-lmage, or slowly 
transmitted rod image as it is here considered to be, are 
extremely difficult. Two kinds of difficulty may be men- 
tioned—those of fixation and those of visibility. It is 
absolutely necessary, if accurate measurements are to be 

* Acknowledgment is due Mr. E. R. Morton for assistance in the 
experimental work. : 
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made, that the eye be steadily fixed at the centre of rotation 
of the disks. If the eye follows the image, as its tendency 
is, because of the faintness of the phenomenon, the after- 
image is shifted forward, by an amount which can entirely 
vitiate the measurement. The manner in which this shift 
occurs is rather interesting, as it shows clearly that the 
eye-ball does not rotate, but keeps its axis parallel as it 
follows the bright spot on the disk. The after-image thus 
does not merely move in closer, but appears to stand at an 
angle to the primary image, and if the eye-movement is 
rapid enough it may actually lie diagonally across this, 
as shown in ‘fig. 8. 

pe ne ee 

eg | 

a 
| 
| 

O 

a 
b 

Appearance of after-image (shown dashed) ; a, with proper fixation 
at centre of rotation: 6, with improper fixation. 

Accurate fixation at the centre of rotation is assured by 
having this faintly illuminated. With accurate fixation, 
however, the difficulties due to the low visibility of the 
image are rather enhanced, for one’s attention is distracted 
from the part of the field in which the after-image appears. 
From one cause or another the illumination region in whieh 
any measurements at all can be made on the after-image is 
quite limited. Thus at a rather high illumination the after- 
image disappears entirely, as though the rods ceased to 
function. At an illumination somewhat below this the 
after-image is fairly bright, and well separated from the 
primary at moderate speeds. It is here at its best visibility. 
From here down it becomes less bright, at the same time 
moving in toward the primary, both changes reducing its 
visibility. A faint image close to a bright one, whatever 
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the nature of the objects, is hard to see, especially when in 
motion. An increase of speed, which would increase the 
separation, is no aid because of the spreading out and loss 
of definition of both images. As a consequence the after- 
image practically disappears, especially as a measurable 
thing, until at very low illuminations the primary (blue) 
image becomes, as noted, of the same order of brightness as 
the after-image, when the latter again appears close in, but, 
because of the low brightness, not easily susceptible of exact 
measurement. 
A further obstacle to measurement is the fact that the 

eye quickly loses its ability to see the after-image, and must 
be rested. This does not appear to be at all a matter of 
adaptation, in particular of dark adaptation, but of time 
alone. It was found by’ experience that the eye was best 
prepared by an interval between observations of fifteen or 
twenty minutes at least of use in ordinary occupations of 
reading, &., in the normally day-lighted room. Probably 
under these conditions the rod function is completely in- 
hibited and permitted to recuperate, whereas at the illu- 
minations where both primary and after-image are present 
this same function is being more rapidly exhausted than its 
normal rate of recuperation under conditions of pure rod 
vision. | 

The measurements obtained are shown in fig. 7. The dots 
were observations made with the tungsten lamp, as described 
above, the after-image being brought into coincidence with 
the red image of the other aperture placed from ten to twenty 
degrees behind. The crosses represent observations made 
with an are lamp with both apertures blue, a condition 
presenting some advantage at those intensities where the 
red aperture becomes decidedly brighter in appearance than 
the blue, due to the Purkinje effect. All observations are, 
however, reduced to give the interval between red and after- 
image, by use of the blue-red interval previously determined 
for the same conditions. It will be seen that these observa- 
tions, limited in range and lacking in precision for the 
reasons given, are in agreement, so far as they go, with 
the hypotheses presented as to the nature of the after-image. 
They are not sufficient in range or precision to prove it, and 
so its chief support must be in the qualitative observations 
described above. 

In an effort to find conditions of easier visibility for the 
after-image a different form of apparatus was improvised, 
consisting of two white strips carried on an axis like the 
hands of a clock. One of these was turned through an angle 
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of ten to twenty degrees, and the two then rotated together 
until the after-image of one appeared in line with the other. 
The advantage of this apparatus was that the eye could be 
much more easily kept fixated at the centre of rotation, half 
of the phenomenon of interest being on each side of the 
centre. In the apparatus constructed illumination was 
necessarily from the front, which made it difficult to have 
a perfectly black background ; perhaps substantially better 
results could be obtained with a similar device arranged for 
transmitted hoht, for the improvement in ease of fixation is 
considerable. However, there was no indication that the 
gap between high and low illumination conditions would be 
appreciably better filled by this scheme, so that the con- 
struction of such an apparatus was not undertaken. 

Some observations made with this clock-hand device, 
using white light *, indicated a bending back or return of 
the after-image just before its disappearance at the highest 
illumination. This might be due to a failure of the recti- 
linear logarithmic relation between diffusivity’ and illu- 
mination, such as some earlier work on critical frequency 
suggested, or again it might be due to the rod function 
showing a tendency to increase its diffusivity just before 
failure. The clock-hand observations differed in magnitude 
from the ones plotted, but in the opposite direction to what 
better fixation would have accounted for, probably due to 
the different part and area of retina used. 

5. Discussion. 

The lagging of a blue image after a red is such a striking 
sight that it seems unlikely to have escaped observation, 
although I can find no mention of it. As an effect predicted 
from a physical theory of the transmission of impressions 
from the retina to the seat of consciousness it may, I think, 
claim novelty. 

The positive after-image has, of course, been known for a 
very long time, and it is, moreover, a part of von Kries’s 
Duplicitats-theorie that this image is the rod image, delayed 
in perception by the greater reaction time of the rods. The 
existence of a relationship between the illumination and the 
time-interval separating the after-image from the primary, 
such as is here suggested and in part borne out, appears to 
be new. 

* When the white hands are illuminated by the yellow-white light 
of the tungsten lamp, the after-image appears blue; if a blue glass is 
placed over the eye the after-image appears brown, pointing clearly to 
the colour being a subjective contrast effect. 
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Some of the interesting experiments described by Shelford 
Bidwell * would, with very slight modifications, have shown 
all the effects which form the subject-matter of this paper. 
One of his experiments, for instance, was the rotation of a 
spectrum about an axis beyond the red end. The different 
apparent positions of the various colours probab ly escaped him 
owing to their gradual transition one into another, while a 
crude artificial spectrum of several patches of colour would 
have revealed the peculiarity. The curved after-image which 
he shows following the spectrum I believe has that shape due 
to imperfect fixation, as illustrated in fig. 8, or perhaps to 
its extending over a sufficient extent of the retina to show a 
probable variation of diffusivity from centre to periphery. 

One of Bidwell’s diagrams, illustrating the fluctuating 
intensity of the extended image of a rotating bright slit 

Fig. 9. 
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a. Progress of sensation with time due to a‘1/5 second exposure 
according to Bidwell: 6, electrical transmission of brief stimulus 
by line containing inductance and capacity. 

and its after-image, deserves attention in any discussion of 
the visual processes as in part phenomena of physical trans- 
mission. This diagram, produced in fig. 9a, is to be 
compared with fig. 9b, which is the record of a brief 

* Bidwell, Proc. Roy. Soe. lvi. 1894, p. 132. 
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vontact as transmitted by an electrical transmission line 
containing inductance and capacity. The similarity is very 
striking, especially if we add the delayed record of a second 
line of high resistance, constituting the after-image. 

The postulation of inductance and capacity for the trans- 
mitting media in vision is, of course, a considerable step in 
advance over the simple type of diffusivity which is sufficient 
to handle the brief exposure and intermittent phenomena. 
The oscillatory character of the image as described by 
Bidwell may just as well be ascribed to an oscillatory 
photo-chemical reaction, of which several are known. At 
the same time the very great light thrown on these transient 
visual effects by treating them as physical transmission 
phenomena will, I think, entitle visual ‘“ diffusivity ” to a 
place of some importance in future theories of vision. 

Physical Laboratory, 
The United Gas Improvement Co., 

Philadelphia, Pa. 

Til. The Vapour Pressure of Zinc, Cadmium, and Mercury. 
By A. C. EGERTon *. 

ie a quest for a method to determine the vapour pressures 
of various solid elements, it was attempted to employ a 

process similar to that which has been used by L. Pfaundler 
(Ann. d. Phys. (3) |xiii. p. 36, 1897) and others, but the 
results did not promise to lead to a satisfactory general 
method. Subsequently Professor Nernst drew my attention 
to Knudsen’s f work on the vapour pressure of mercury, and 
it has been found possible to adapt his method to the deter- 
mination of the vapour pressures of other elements. 

The following is an account of the determinations of the 
vapour pressure of zinc, cadmium,and mercury. It is hoped 
to continue the investigations for other elements and, by 
comparing the results obtained for different elements, to 
gain a measure of the forces between the atoms. ‘The results 
for these elements already show that that hope is well founded. 
In 1909 Knudsen published an account of the determina- 
tion of the vapour pressure of mercury by a method which 
depended on his investigations of the kinetic flow of molecules 
through small apertures and tubes. The apparatus consisted 
of a glass tube, separated into two compartments by a thin 

* Communicated by Prof. H. L. Callendar, F.R.S. 
Tt Ann. d. Phys. (4) xxix. p. 179 (1909). 

Phil. Mag. 8. 6. Vol. 33. No. 193. Jan. 1917. D 
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glass partition having in the centre a small aperture. 
Mercury was placed in one compartment and kept at a 
constant temperature, the other was kept cool ; the vapour 
of the mercury flowed through the aperture and condensed — 
in the cool portion of the tube. 

The amount (G) which condensed was weighed after a 
certain time (T), and the difference of pressure of the 
mercury in the two compartments at the constant temperature 
0° C. is given by 

, (w+ we) Gr/ p pe 1 - Ry 

where w+. is the resistance offered to the passage of 
the vapour by the hole and tube, and p is the density of the 
vapour. 

The “resistance” of the aperture, if the walls are quite 

, / 2a ate : 
thin, is given by w,= Ame where A is its area. While 

the “ resistance’ of the tube is found from the relation 

where L is the length from aperture to condensation point,. 
o, is the circumference of the tube, and A, the cross-sectional 
area of a length dl of the tube. 

Knudsen measured the area of his small irregular apertures. 
by means of a Zeiss Abbé “f Zeichen apparatus’ and plani- 
meter. In order to simplify the method, tubes have been 
constructed with accurately circular holes, the diameter of 
which could be measured by a micrometer. This was also 
done with a view to increasing the sensitiveness of the- 
method by increasing the number of holes drilled in the 
plates, so that measurements of pressures of even a millionth. 
of a millimetre of mercury could be made. 

2. Haperimental. 

The following forms of tube have been employed in this. 
work. 

Glass Tubes.—Apertures about 2mm. Diameter of tube: 
2-3 cm. Length 20 cm. These were standardized by first- 
determining by their means known vapour pressures of 
mercury at certain temperatures. 

Tubes with platinum plate-—These gave good results with. 
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mercury, and were used in order to investigate the method 
employing a number of holes. Cadmium alloys readily 
with platinum, and so these tubes could not be used with that 
metal. 

Tubes with iron plate.-—The thin steel plates in which holes 
are drilled are mounted in iron collars ground flat to a 
glass flange inside the tube. If necessary, the iron collar 
is cemented with magnesia and silicate paste to the glass 
flange. These tubes do not give such accurate results unless 
the collar is well-cemented to the glass flange. 

Fused. quartz with ground cap.—This is the form of the 
apparatus which is of most general application. Messrs. 
Johnson and Matthey succeeded in boring accurately cir- 
cular apertures in very thin silica for me. Apertures of 
different sizes and number can then be mounted on silica 
caps which are ground to fit the silica tube. With such 
tubes, it will now be possible to determine the vapour 
pressures of many other metals, such as lead, tin, &e. 

In Knudsen’s experiments, the mercury was condensed on 
the sides of the tube by the cooling agent, and afterwards 
shaken down into a small calibrated tube. In the following 
experiments carried out on the vapour pressure of mercury 
for the purpose of standardizing the glass tubes, the mercury 
pellet was always weighed directly. 

In the case of the experiments on cadmium a different 
method of deposition of the metal was used. The end of the 
tube possessed a ground joint, through which passed a glass 
tube and on to this was sealed the end of a thin test-tube. 
The inside of the tube was cooled by a stream of water. 
The cadmium deposited on the outside of this thin cooled 
tube. In order to make sure of the “‘ resistance” of the 
tube under such circumstances, the tubes were standardized 
with mercury, allowing the vapour to condense on the same 
tubes cooled with liquid air. 

The chief object of such a method was to obtain the 
deposit so that it could be easily weighed. The end of the 
glass tube is cut off after the experiment and weighed ; 
the deposit is then dissolved off and the tube weighed 
again. 

There are some objections to this method, and it has been 
found better, on the whole, to allow the vapour to condense 
on the walls of the tube, keeping them cool outside. This 
can only be done when the metal deposits in such a way that 
it flakes off easily without loss ; the tube has to be detached 
from the apparatus at the end of the experiment, the deposit 
being then scraped off and collected. Both methods have 

D2 
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been employed in this work, and on the whole the latter has 
proved the more satisfactory. 

It is a matter of some difficulty to maintain fairly high 
temperatures constant over long periods of time. Vapour 

ign 
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Hot 

baths and baths of high boiling liquids were both found 
unsuitable for various reasons above 200°. Below this point, 
a very satisfactory oil-thermostat electrically heated and 

controlled was used. Above this temperature, an electrically 

heated air-bath was employed. It was controlled electrically 
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by means of a relay conn-cied to a mercury thermometer 
with «a large bulb, and stirred by an asbestos fan. All six 
sides of the uralite box were wound with spirals of resistance- 
wire. The box was carefully insulated by means of slag 
wool packed round between it and a large wooden box 
outside. A box of this description could “be kept auto- 
matically at a constant temperature throughout within 
0°°5 C.; but when the tubes are inserted, the leakage of 
heat up the tubes caused the temperature to fluctuate. In 
order to overcome this difficulty, the tubes themselves were 
wound outside closely with resistance-wire, for three or four 
centimetres, between the position of the hole and the point 
of deposition. ‘This circuit was operated by the same relay 
and the heating so regulated by a resistance, that it just 
counteracted the leakage up the tube. 

The temperature itself was measured by mercury thermo- 
meters, standardized and corrected for stem exposed. No 
doubt further refinement would be obtained by the use of 
resistancve-thermometers, but this complication has been left 
for subsequent work. 

Another important point is the maintenance of a good 
vacuum. In the experiments with mercury, Knudsen 
recommended washing the tubes out with hydrogen, so as to 
be sure that the residual gas did not interfere with the 
accuracy of the results, by colliding with the molecules of 
vapour in their passage through the aperture. In the pre- 
liminary experiments on mercury made in Professor Nernst’s _ 
laboratory (Berlin), the precaution was taken to boil the 
mercury in a separate tube. After sealing the latter and 
the main tube from the mercury pump, the mercury was 
then tipped into the main tube and the side tube was sealed off. 

In the case of the experiments with such metals as cadmium 
or zinc, or when metals such as iron are employed for the 
materials in which the hole is bored, it is necessary to keep 
a “goood” vacuum throughout the experiment. This was 
accomplished by means of a charcoal tube kept in liquid air, 
The gas which is evolved is chiefly carbon oxides and water 
vapour; the trace of hydrogen has not been found to be 
sufficient to cause detriment to the experiments. 

Besides this, a Rose oil-pump was found very convenient 
for quickly obtaining a high vacuum : in some of the shorter 
experiments, 1t was found best to fill the tube with nitrogen, 
insert it in the baths,and when the temperature was constant, 
to quickly pump out the nitrogen ; the time of starting in 
this way could be reduced to one mintute. 

Weighings were made on a balance sensitive to 0:02 mg. 
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Detail of Expervments.—In Table I. are to be found the 
results of the preliminary experiments with mereury. Tubes 
A and B were made of glass with a platinum partition 

TABLE I, 

Platinum Plates. Mercury. 

| 

Tube.| Time. Weight Area of | Length to/Resist-|Temp.} Vapour | ; | Remarks. Hole. Deposit. | ance. | © C. |Pressure., is 
| 

De 2370 0-7867 |0:0335 cm.?} 65 cm. | 80°46] 33-7 |0:00399 | Heated by 
| Ether Vapour. 

oie 9360 10-7157 | ,, , {100 ,, | 83:8 | 338 NOO0sge ie 2) 

Wen 2160 06755 10-0398 ,, | 90 ,, | 857/343 |0:00392| ,, _,, 

aa 9730 08283! , ,, | 87 ,, | 8421| 34:05/0-00386 |, 

jee 2317 0:1328 (003385 ,, | 87 ,, | 82:6 | 15:5 |0:000646 Thermostat. | 

eae 6971-9105 [0-699 i 6:0... 8:98 | 34:2 |0:00366 2 
(17 Hjoles) | 

Resa 2844 0°4193 a TOL, 9°5 0:0 |0:000189 Ice-Bath. 
(17 Hioles) | | 

ee. 1878 | 2:7652 |0°699 __,, SO) ae 11°68} 28:6 0:00253 Thermostat. 
(17 Hioles) | | 
1 Daal ZOU MAGQAT Ow Betis Sis 110") 2459 fee fp 

| | 

having a circular hole in the centre. Tube E had 17 
circular holes. Before sealing on the platinum plates, the 
holes were accurately measured. In the case of the plate 
with many holes, a photographic enlargement was made, a 
standard centimetre being enlarged at the same time. The 
experiments show that, although the accuracy is decreased 
in the latter case owing to the small resistance of the hole, 
smaller vapour pressures can be determined by multiplying 
the number of holes. Knudsen’s correction for the tube’s 

v2 
V 1 

Experiments were undertaken at various times to stan- 
dardize the glass tube (, the tube F with iron plate, and 
the other tubes G and H,—these results are given in 
Table II. The first experiments with tube C were made 
in exactly the same way as the experiments with the platinnm 
plates, the mercury being heated in the upper portion of the 
apparatus in avapour-bath of ether. The other experiments 

resistance, viz. : at appears to hold satisfactorily. 
e 9 
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were made later in the course of the work ; the purpose was. 
to make certain of the “ resistance’’ of the tube when an 
internal cooled tube was used on which to deposit the metal. 
The mercury was condensed out by keeping the inner 
cooling tube filled with liquid air. It is noticeable that the 
mercury condenses as an opaque dark film on the cooled 
tube ; opaque, although when warmed and melted there is 
often no trace of mereury on the tube visible to the naked 
eye. 

Although this way of calibrating the tube is not so 
accurate as the former method, it is very useful in obtaining 
the necessary correciion for w, the “resistance ”’ of the tube. 
w, can be measured directly in the case of the iron tube. 
It is found that the resistance of the tube is increased some- 
what by the presence of the inner tube, as one would be 
led to expect. The lower value w,+w,=83'6 for the iron 
tube gives vapour pressures which are in good agreement 
with the values for the vapour pressure ‘obtained in the 
experiments with cadmium using the glass tube C; this is 
additional evidence of the validity of the figure for the 
resistance of the tube F. 

It would have been quite sufficient to have only considered 
the values obtained with tube C in the cadmium experi- 
ments. Tube F was employed partly to check and add 
additional weight to the results with tube C, and partly to 
further investigate the use of the iron-plate type of tube, so 
that plates with many holes could be constructed and utilized 
for later experiments. 

In an experiment with the large tube (3 cm. diameter) H. 
with iron plate of 9 holes, the koles were first measured and 
the tube also standardized in the oil-bath at 200° and found 
to agree with the measured values, if the requisite measure- 
ment of length of tube is made for caleulating w. Considering 
the smallness of the vapour pressure, measurements down to 
150° C. were made fairly satisfactorily. But two experi- 
ments at 140° C. and 128° ©. gave no measurable result. 
It is noteworthy that Krafft*, working with cathode-ray 
vacuum, and also Demarcay { mention that at about 150° the 
vapour pressure of cudmium suddenly becomes indetectable. 

The experiments with zine were first of all carried out 
with tube ©, in order to investigate roughly the lie of the 
curve. In the meantime, however, Messrs. Johnson and 

* Krafft, Ber. Deut. Ges. 1903 A, vol. xxxvi. p. 1690; 1905 A, 
vol. xxxvill. p. 254. 

t Demargay, Comptes Rendus, vol. xcv. p. 183 (1882). 
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Matthey succeeded in making the silica tubes for me, Tube A 
(Si) was similar to the glass tube C, except that it was made 
after the circular hole was measured. Tube B (Si) possessed 
two ground caps, as already described, the apertures of 
which were carefully measured. 

Two poinis on the curve (see fig. 2) for cadmium were 
checked, using the two silica tubes, and for the higher point 
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en ee ee 

a 

ty A 
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the smaller hole was used in connexion with tube Si B, 
while for the lower one the ‘larger hole cap was placed in 
position. It is very satisfactory that the results of the two 
sets of experiments agreed so well, as with tubes of different 
kinds, any uncertainty in the correction for length and 
standardization of the tube must have shown itself. The. 
two higher points obtained are shown at A on the curve, and 
the lower ones at B. 

The experiments which have so far been carried out 
show that the method is capable of general application, 
and it is hoped that it may be possible to continue the 
experiments for other metals. At very low pressures it 
appears that the metal does not condense satis{actorily, and 
results are not as accurate as was hoped for. The reason 
may either be due to collision with traces of residual gas, or 
to repeated reflexion without condensation from the walls of 
the tube. It has been noticed that metal condenses and 
grows in a patch or streak, as if when it strikes the clean 
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42 Capt. A. C. Egerton on the Vapour Pressure 

glass it is not at once condensed but undergoes a series of 
reflexions. It is also noticed that it is more readily condensed 
on itself. In support of this, in some experiments it has 
been found that the cadmium condenses in separate sticky 
grey molecules or filaments, which are seen to be composed 
of a number of small irregular crystals when viewed under 
the microscope. Further, it has already been mentioned 
that mercury condensed by the aid of liquid air forms an 
opaque black film on the condensing surface, which becomes 
practically invisible on warming to atmospheric temperature. 
The mercury coalesces on warming. 

It might be possible to attain better results at very low 
pressures by cooling to a lower temperature, or by using a 
tube on which metal is already condensed and which has 
been caretully weighed. At pressures above 107* mm., the 
repeated reflexions do not affect the results, as a compara- 
tively large difference of pressure on either side of the 
aperture 1s inaintained. 

The zine deposit is a beautiful bluish-white lustrous film, 
but if the quantity is very small it generally presents itself 
as a grey powder. The cadmium deposit is considerably 
ereyer in colour, but beautifully lustrous. For a small 
quantity, the powdery form is yellowish grey. The deposit 
is streaky and appears to follow streaks in the glass or silica. 
‘he metals condense on the walls of the tube in a band of 
about 14 em. in breadth on that portion of the tube as it 
emerges from the hot-box. There is a distinct and fairly 
narrow region of greatest thickness when the deposit is 
obtained on a cooled inner tube, the end of the tube opposite 
the hole is sometimes left bare, showing that reflexion occurs 
to a considerable extent ; the thickest part of the deposit is 
just where the tube becomes straight. ‘Thereisalso generally 
a small deposit on the walls of the tube. In all cases the 
shape of the deposit is such that the straight line emission 
demonstrated by Dunoyer is exhibited ; in one experiment 
with a narrow condensing tube it has been noticed that the 
metal deposited in bands of distinctly different thickness, as 
if particles of different range were being condensed. Many 
interesting points arise in an investigation of the condensation 
of these metals, but it is a study apart from the scope of this 
paper™. 

* Prof. R. W. Wood, in an interesting paper (Phil. Mag. xxxii. p. 364), 
has recently made a study of the subject which bears out the above 
observations. 
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3. Results. 

The results which have been obtained could no doubt be 
represented in a similar manner to that of mercury (liquid) 
with a formula of the Rankin type, or the Biot type. 

For mercury Knudsen found 
"26 

log p=10°5724—0°847 log T— soe 

But since the vapours of these metals have proved to be 
monatomic, 1t is worth while to find out how closely the results 
agree with the formula derived from the Clausius equation : 

d\np 
dT 

and A=A,—(C—Cp)T, where CU is the molecular heat of 
solid, and Cp is the molecular heat of the vapour at constant 
pressure ; whence 

le 

Inp=— = pa (FS) log I'+ constant ; 

but assuming C= (p= 3Re > R= A 

hence _ Ao 
| ke Do em eee 

It is found that for cadmium 

_ 27.108 

poi elOe tT 2¢ “Et “dynes per sq. em, 

6060 
log p= 105979 —0°5 log T——— (mm... 

Ol: 

For zine, 
3°28 . 104 

PVG 10"Ts*¢ ~# dynes per sq. cm., 

a log p=10-9443—0°5 log T— Gt" mm 

Hence for cadmium ))=2°77, whereas on calculation 
according to the formula of Nernst, 

y= BD Solee Tsp, 

the latent heat of vaporization 

N= 210s 

* The value of Ay calculated in this way cannot be taken as quite 
correct, as the assumption with regard to specific heats is nottrue. When 
due allowance for the changes of specific heat has been made, the values 
of k, Ao, and the index of T will probably be slightly different; but by 
assuming the index ef T to be—3, the simplest approximation is obtained, 
wherewith to compare the results obtained for the different elements. 
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Vapour 

TO 10s. | 

Sete Ieee ate Pressure. log P Miia | 

208°8 2°075 4°35.. 10-* —3°361 First exp. after the addition 
of wire. Test of method 

i ve, of scraping down deposit. 
210°4 | 2068 5°35 . 10 —3°271 | Deposit on walls. ; 

aos | 20600 | 524. Oh eee cnet ah re 
2095 | 20720 | 522.1074 | —3-282 | Dep. on tube. 
209°5 | 2-072 536.107* | —3270 | Dep. on walls. 
229-2 | 1-991 155 . 107? —2°809 Dep. on tube, glossy. 

22992 | 1991 | 153 ,, 2815 | Dep. on walls. 
229'5 | 1990 | 155, =| —2809 | Tae Non ea Bae 
229°5 1-990 16D, | —2°782 | Dep. on tube. 

220° | 2-025 8-40. 107 * | —3 075 Dep. on tube, rather irregular, 

990-7 | 2025 | 899 ,, enh lessen alle) Spreadiabaue 
2229 | 2020 | 101.107* | —2-998 | Dep. on tubes. Scraped off 
222-0 | 2°020 Obie: | —2-979 Dep. on tubes (rather oxidized). 

249°9 1:912 Bbew io 55 — 2:324 Dep. on tube. 

249°9 1-912 4:56, —2:340 | Dep. on tube. 
240°5 1-947 BOO r « —2:540? | Dep. on tube. 

2405 1947 2-90, —2:537 | Dep. on tube. 
173-2 | 2-216 2:08 . 107° _ 4-632 | Lee raed form on walls 

eos 2216 Is as —4:291 | Vacuum not good. 

ei, 250. 10°" | Sen | ee 
igh, © |, 2° E25 ile ae | —3°592 Good deposit. Temp. doubtful. 

1687 | 2-264 697.10°° | —5156 | On tubes. 
1687 | 2264 | 2:21.10°° | —4656 | New Cd. 
272-5 1833 | 135.10°7 | —1:869 | On tubes. Temp. doubtful. 
272°5 1-833 130 ,, | —1:886 | On tubes. 

oil 2-165 8:06.10" | —4093 | } Started and stopped with N,. 
188°7 2-165 8:98 - ,, —4:046 | 
2608 | 1873 | 802.10°* | —2096 | 
208 | 1873 | 859 ,, | —2066 | 
Beeees * | reo 4 | 2108 | 
259°4 1-878 Cag ee Se | 
198°7 2119 296. 10° * | 3528 | 
198°7 2-119 272 4, | —8064 | 

1690 | 2261 2:82.10-5 | —4550 | 
148°8 | 2°361 EUG esi | —4959 | 

1382 2°431 | 
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of Zinc, Cadmium, and Mercury. AT 

For zinc, %»=3'28, instead of 3:12 from the empirical 
formula. The theoretical formula, therefore, agrees with 
the observed results remarkably well. 

From the empirical formula for mercury given by Knudsen: 

3342°26 
x 3 

the value of A for the liquid given by the Clausius equation 
would be 1°51.10* cals. at the melting-point, where the 
vapour pressure would become 2°0.10-* mm. The latent 
heat of fusion has been determined by Bridgeman (Amer. 
Acad. Proc. xlvii. no. 12, pp. 347-438), and at the melting- 
point the value is 56.10? cals.; hence the heat of sub- 
limation of the solid would be 1°57.10*. If the equation 
Az=Ay— (C—C,)T were to hold over the range to absolute. 
zero, Ao would become 161.104 cals. Inserting the value 

1:60 in the equation for the vapour pressure and assuming 
the vapour pressure to be 2:0. 10~° mm. at the melting-point, 
the equation 

log p=10°5724—0°847 log T— 

1-60 . 104 * 
= Feta Sac 

pone 10 Tee. Bt dynes per sq. em. 

is obtained. 
The following table gives the results for these elements, 

the first two columns give the value of » as calculated by 
Nernst’s empirical equation and the corresponding value of 
the constant K, and the next two columns the values of Ay. 
and K obtained from the observations of the vapour pressure, 
expressed by the equations given above. 

| 

| 24 Ee ee 
Cadmium M 270. 10512638, 10")2-77 . 10452721085) L0a1° DOE°" E57 210? 

| ee iene ‘Molecular 
r. K. | Ap: Ke co et [ a 5 Jatent heat 

| eta gue. of Fusion. 

mae =... (3°12 . 104 29.10" | 3:28 . 104 1:17.10%4| 1191° | 691° | 182) 34'0° 
| | 

eee 1°50 . 1044-41. 102} 1-60 . 104/3°72.10"9, 630° 234°°2 | 5°6 . 10? 
| 

Cae log p= 10-4466—4 log T— —— and. 

extrapolating to a value at 0° C. for the vapour pressure of solid mercury, 
the value would be 2:56. 104 instead of 1-86. 10* for the liquid. 
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The angle of slope of the vapour pressure curve for 
mercury is slightly less than half that of the slopes of the 
zine and cadmium curves, which are very similar. The 

values of . at the melting-points of the three elements are: 

Zn 4:41 .107? mm., 

Cd 3-701 052 mama 

Hoy 2761) 107 momen, 

while at a point of equal pressure 2°0. 107° mm., 

Zn 1:°25.10-7 mm. at the temperature 502° absolute, 

Ca 1-39 e110 54 mm.) ‘, 2 SO aes 

Flore Satie 1 Oca unnininie. i, i 2340 bs 

At the melting-point the vapour pressures of zine and 

cadmium appear to be very nearly equal (Zn 1:13.107* mm. ; 

Cd 1:0.107! mm.). The physical constants for these three 
elements are remarkable in that zinc and cadmium closely 
resemble each other, while the constants for mercury have 

throughout a very much smaller value. 
Tt should be possible to link the constants obtained from 

the vapour pressure formula corrected for the real change 

of specific heats with the tensile strength and other elastic 

constants, and so obtain data for the measurement of the 

forces of cohesion and of the law of attraction and repulsion 

between atoms. ‘J'his work was in hand when other more 

pressing duties forced it to he placed aside nearly two 

years ago. 

It was not intended to publish the results before finishing 

the above calculation, but it is now thought advisable to 
ublish the experimental results as they stand. I am 

indebted to Professor Strutt and Professor Callendar for 

having allowed me to proceed with this work at the Imperial 

College, South Kensington. 

August 1915. 
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IV. Energy Distribution in Spectra.—I. By R. T. Bearry, 

M.A., D.Sce., Lecturer in Physics, The Queen’s University 
of Belfast *. 

[Plate IT.] 

(The expenses of this investigation have been partly defrayed by 
grants from the Government Grant Committee of the Royal Society 
and from the Institut international de Physique Solvay. | 

lin this paper the author describes an investigation of the 
energy emitted by the lines of the spectrum of hydrogen 

in the visible region. The light from a Geissler tube was 
analysed by a monochromator, and its intensity was measured 
by a photo-electric cell which was calibrated by means of a 
carbon filament glow-lamp. 

The Production of the Light. 

A Gramme machine was fitted with two slip-rings con- 
nected to two opposite points of the armature-winding, so 
that when the machine was excited by a direct-current 
dynamo supplying current at 60 volts it acted as a rotary 
converter, giving alternating current with a frequency of 
about 40 alternations per second. The terminals A A (fig. 1) 

Fig. 1. 
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were connected to this source of alternating supply. The 
current passed through the primary P of an induction-coil 
and a variable rheostat, and a fine adjustment could be made 
by sliding a copper bar C along two parallel resistance wires. 
In the secondary circuit the induced high potential current 
passed through the secondary S of the induction-coil, the 
Geissler tube, and the liquid resistance L consisting of a 
mixture of copper sulphate and glycerine. 

* Communicated by the Author. A preliminary account of this work 
was given in a paper read before Section A of the British Association at 
its Newcastle Meeting, September 1916. 

Phil. Mag. 8. 6. Vol. 33. No. 193. Jan. 1917. E 
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The liquid resistance was contained in a glass tube whose 
uniform portion was 26 cm. long and 2°5 cm. internal 
diameter. The electrodes were two parallel copper disks, 
the lower one fixed, while the upper could be raised or 
lowered by a vertical copper rod screwed into the disk. 
When the electrodes were at their greatest distance apart 

the resistance between them was 4°3x10* ohms, and the 
resistance for intermediate positions was determined, so that 
any desired value could be obtained by altering the position 
of the movable electrode. 

One electrode was also connected to the gold leaf of a 
Wilson tilted electroscope and the other to the case and brass 
‘plate inside. The position of the gold leaf was observed 
‘through a microscope, with a scale in the eyepiece which 
was so arranged that when a difference of potential of 
130 volts existed between the case of the electroscope and 
the gold leaf, the latter was focussed on the zero of the 
eyepiece scale. 

The current through the Geissler tube was accordingly to 
‘be calculated by dividing this difference of potential by the 
resistance of the liquid between the copper electrodes. To 
-obtain a given current these electrodes were set at the proper 
distance apart, and the primary current adjusted till the image 
-of the gold leaf coincided with the zero of the microscope-scale. 
The current was kept constant by an observer who controlled 
the sliding copper bar while looking into the microscope. 

The tube became hot during the passage of the dis- 
charge, and in order to prevent the pressure of the gas from 
-changing, a bulb of 1 litre capacity was sealed on as described 
by Guild *. This arrangement also diluted any gaseous im- 
purities which might be given off by the electrodes or glass 
walls of the tube. Nevertheless, it was found that the 
intensities of the spectrum-lines increased with time when 
a steady current was maintained, nor was it possible to attain 
‘to a final steady condition}. Accordingly a clockwork 
arrangement was included in the primary circuit, so that the 
current was on for six seconds and off for fourteen. In this 
way the tube was kept in a constant condition, and readings 
could be repeated time after time in a satisfactory manner. 
‘The advantage of using an electroscope to measure the 
current now became strikingly evident. The motion of the 
gold-leaf is dead-beat, and the ‘position of equilibrium is 

* Phys. Soc. Proc. xxviii. pp. 60-71, Dec. 1915. 
+ A reference to fig. 9 will give the explanation of this phenomenon. 

‘The heated gas in the Geissler tube will have a density equivalent to 
-cold gas at a lower pressure. Hence if the gas is at a pressure greater 
than 1'3 mm. the intensities of the lines will increase corresponding to a 
smovement along the curve in the direction of decreasing pressure. 
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attained in a fraction of a second; so that the observer could 
satisfy himself that the current was of the proper magnitude 
during the brief space of six seconds allowed him. A thermo- 
ammeter requires several seconds to reach its final position, 
so that for the purposes of this research an expensive 
milliammeter would have been actually less satisfactory than 
the simple arrangement here described. 

The Monochromator. 

This instrument was designed by Mr. John Wylie, B.A., 
of the Physics Department, and was constructed in the 
laboratory workshop. Light focussed on the incidence-slit I 
(fig. 1) was rendered parallel by reflexion from the concave 
mirror M, and dispersed by a dense glass prism of 60° angle. 

Fig, 2. 
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The dispersed beam was reflected from the concave mirror 
M,, and the spectrum focussed in the plane of the slit E. 
M, and the prism were rigidly mounted on a horizontal steel 
arm which was pivoted below M,, and could be moved by 
the rotation of a screw S (fig. 2) attached to a drum D. 

EH 2 
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Monochromatic light could thus be made to issue from the 
emergence slit EH in the position of minimum deviation. The 
drum was engraved on its outer circumference with a scale 
of wave-lengths from 3800 to 8000 A.U., the calibration 
being carried out by observation of many well-known lines 
in the spectrum. The essential parts of the instrument are 
drawn to scale in fig. 2. EH was shaped to the average cur- 
vature of the spectrum-lines so as to obtain as much light as 
possible, and the jaws of the slit could be removed to allow 
of a photographic plate being mounted when desired. The 
mirrors were silvered by cathode deposit, and could easily 
be removed for re-silvering. 

The Geissler tube, the condensing lens, and the mono- 
chromator were mounted on an optical bench. I was usually 
opened to admit about 5 wy, and H to admit about 7 wy of 
the spectrum. 

The Photo-Electric Cell. 

A tube * of fused quartz (fig. 3) was provided with three 

Fig. 3. 

electrodes, whose points of entry were made air-tight by the 
use of lead seals. The anode A is an aluminium rod, 2 mm. 
diameter, fused on to the molybdenum wire which passes 
through the quartz. C is the cathode and G a guard 
electrode. The interior of the tube was thickly silvered, 

* This tube was made and the electrodes sealed in by the Silica Syn- 
dicate, Hatton Garden, London. 
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and a guard-ring was made by scraping away the silver 
in the planes through the dotted lines P P at right angles to 
the axis of the tube. The silver deposit was also removed to 
leave a rectangular window 20x 4mm. in the side of the 
tube. A side tube S containing a mixture of rubidium 
chloride and calcium was then fused on, and the whole 
apparatus was exhausted by a Gaede pump. During ex- 
haustion the apparatus was heated by a Bunsen burner to 
remove films ot gas from the walls. 

S was then raised to a cherry-red heat, whereupon the 
rubidium chloride and calcium reacted, setting free the 
rubidium *, which distilled over and formed a coating on 
the walls ofthe cell. This coating was driven off the window 
and the narrow strips of surface on each side of the guard- 
ring by local heating with a small pointed gas-flame. 8S was 
then sealed off at the constriction and helium was admitted 
to the cell at a pressure of a few millimetres, so that a 
luminous discharge could be made to pass between the 
cathode and the anode (the former being in metallic con- 
nexion with the inner wall of the tube) under a pressure 
of 200 volts. The cell was then finally sealed off at the 
constriction N. 

In order to increase the sensitiveness by obtaining the 
colloidal modification of rubidium, the narrow end of the cell 
was raised to a white heat in a blowpipe-flame, to allow a 
small quantity of hydrogen to diffuse into the cell. On 
passing a discharge the hydrogen rapidly combined with the 
rubidium. ‘This process was repeated till the metallic lining, 
which was previously silvery white, became appreciably blue. 
In this way, as Elster and Geitel discovered, the sensitiveness 
in the selective region is greatly increased. 

The photo-electric currents given by this cell per unit 
amount of energy falling on the incidence slit are shown in 
fio. 10. It will be seen that the selective region of wave- 
lengths to which rubidium is most sensitive covers the visible 
spectrum, but the addition of potassium and cesium would 
probably diminish the rapid drop which occurs towards the 
blue and red wave-lengths. 

The advantages of quartz as compared with glass in the 
construction of the cell are: (1) observations can be taken in 
the ultra-violet, (2) the mixture from which rubidium is to 
be generated can be heated in a side tube without risk of 
collapse, (3) in the preliminary heating of the cell there 

* This method of reducing alkali metals from their chlorides was first 
described by J. Hackspill. Comptes Rendus, cxli. p. 106 (1905). 
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is no possibility of fracture due to sudden changes of 
temperature. 

In constructing a glass cell the rubidium must be prepared 
beforehand. The method found most suitable is shown in 
fig. 4. C is a copper vessel Stted with a narrower copper 

Fig. 4. 

tube bent at the end. The vessel is filled with the mixture 
of calcium and rubidium chloride, and a copper end-piece 
screwed on. It is then placed inside the glass tube G, which 
is afterwards closed at one end. The apparatus is connected 
to a Gaede pump, and when exhausted the tube around C is 
carefully heated. Atared heat the softened glass shrinks on 
to C, but remains intact as long as the high temperature 
is maintained. The rubidium vapour is delivered by the 
bent tube and drops collect in the side tube. By gentle 
heating the rubidium is made to flow into the bulbs B B, 
which are then sealed off. } 

The design of a glass cell is the same as that of the quartz 
one shown in fig. 3, except that the electrodes are fused in 
in the ordinary way. A bulb A (fig. 4), containing rubidium, 
has the tip of the drawn-out end broken off, and is then 
inserted in the side tube S (fig. 3). After closing the end 
of S and exhausting, the metal is transferred to the cell by 
gentle heating. Only the small surface of metal closing the 
narrow end of the bulb becomes oxidized, so that the greater 
part of the rubidium remains available. 

Method of using the Photo-electric Cell. 

The cell was placed with the window close in front of the 
emergence slit of the monochromator (fig. 1). The cathode 
was connected to the negative end of a set of small accumu- 
lators, so that its potential was about two volts less than that 
required to produce a luminous discharge in the helium. The 
anode was connected to the gold-leaf of a double quadrant 
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electroscope* e, so that a negative current of electricity 
flowed to the leaf when light entered the cell. 

The electroscope was used asa null instrument. To effect 
this, arrangements were made to balance the photo-current 
by a current of positive electricity, so that the leaf should 
remain at zero potential. The method used is shown in fig. 1. 
A rectangular glass tank // 100 cm. long, 6 cm. deep, and 
1 cm. wide was filled to a height of 2°5 cm. with a mixture 
of saturated copper sulphate and glycerine. Copper elec- 
trodes were inserted at each end, that on the left being 
earthed, the other kept at a potential of +40 volts. An 
insulated vertical copper tongue t dipped in the liquid and was 
mounted on horizontal rails so thai it could travel the whole 
length of the tank. This tongue was connected to the 
gold-leaf through a high resistance r of 6°87 x 10! ohms F. 

Hence if x be the distance in cms. between the tongue and 

L 
190 

and the current flowing to the gold-leaf (which we suppose 
earthed for the moment) is 

the left-hand electrode, the potential of ¢ is x 40 volts, 

EES IL) asec amperes : 
100 bred x20" 

that is, the current is proportional to a. 
Hence if the tongue be moved so that this current just 

balances the photo-electric current, the latter amounts to 
xx 583X107 ampere. Observations were taken by moving | 
the tongue till the gold-leaf was at zero potential, the photo- 
current being then proportional to the reading of the tongue 
in cms. 

Intensity Ratios in the Balmer Series of Hydrogen. 

Pure H,O vapour was admitted to the Geissler tube and 
the pressure measured by an oil-gauge. An alternating 
current of 15 milliamperes was passed through the tube, and 
the photo-currents due to H,, Hg, H,, H; measured. The 
observations were repeated at various pressures with the 

* Beatty, Phil. Mag. Nov. 1907, p. 606. 
+ This resistance was made by depositing platinum by cathode dis- 

charge on a quartz rod 1 cm. long, whose ends were copper plated and 
soldered to copper wires, the whole being contained in an evacuated 
glass tube. The apparatus was made three years ago (Beatty, Proc. Roy. 
Soc. A. lxxxix. 1913, p. 318), and its resistance has increased since then 
from 5°57 x 10° ohms to 6°87 x 10** ohms. 
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same current, and the results areshown in Table I. Fig. 5 
(Pl. IL.) is plotted from the last three lines of Table I., and 
shows the intensity ratios as functions of the pressure. The 
ratio for any two lines remains constant till the pressure falls 
below a given value, and then the lines with the higher 
ordinal numbers in the Balmer series become relatively more 
intense. The photo-currents due to H; were very small, and 
the curve showing H,/H,, is not very trustworthy. 

TABLE I. 

Water Vapour. 
i | 

jo "oy Toma BoEoSe | -4 6°87 1:0) 1:2) 1411-6) 1:8 2 ee ome rei 
J 

E H,. |74|85| 92] 9°7| 98/| 98] 9-7] 9:6|9:35| 76] 6-0| 4-2| 2-9 
z He. | 86| 91 | 92 | 94 | 92 | 88 | 80 | 77 | 73 | 51 | 39 | 27 | 18 
2 Hy. | 59] 5:9] 5:8] 5:8] 5:5] 5-2] 4:6] 42] 3-9] 2-2] 1-7| 1-15) -77 
S Hs. | 83] ‘71| 5:8) 70) 55) -47| -50| 88} -39| -20/ -15| 15/08 
! | He/Ha. |11°6| 11-7] 10:0 9:7] 9°4| 9:0| 83] 80] 7:8] 67] 64] 64] 6-2. 
S| Hy/He. | -069] -65| 063) -062] 0:60] -059| -057| -056| -054| 043] -044| 0-49] -048) - 
Ay Ho/Hy. | 14) °12)|' 10) 12) -10))-09)' 11 |, :09)) “10)) 0:9) :O0) olen metal 

Similar experiments were made with pure dry hydrogen 
admitted through a heated palladium-platinum tube fused 
into the glass. A side tube furnished with silver electrodes 
was sealed on and a discharge passed so as to form a silver 
deposit on the walls. When ‘fresh, this deposit rapidly 
absorbs mercury vapour *, the green and yellow mercury 
lines disappearing in the course of half-an-hour. The 
many-line spectrum of hydrogen was now prominent, and 
it was necessary to allow for it in measuring the intensities 
of the Balmer lines. 

Table II. gives the results obtained with and without the 
background to which the many-line spectrum gives rise. 
Fig. 6 (Pl. II.) shows the intensity ratio Hg/H, in the latter 
case. The upward bend of the curve at low pressures takes 
place as with water vapour. 

Fig. 7 (Pl. II.) shows the photo-currents obtained with 
water vapour at a pressure of 8 mm. Fig. 8 (Pl. II.) 
illustrates the corresponding curve with pure dry hydrogen 

¥ This excellent method of eliminating mercury vapour was suggested 
to the author by Mr. T. R. Merton, B.Sc., King’s College, London. 
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(free from mercury vapour) at 4°63 mm. In the latter case 
the background contributes such a large portion of the total 
intensity in the vicinity of Hyand H,; that the ratios 6/y and 
y/@ have not been shown in fig. 6, as the numbers were not 
sufficiently reliable. 

TAR Inn Le 

Pure dry Hydrogen free from Mercury Vapour. 

pinmm. | ‘127 | ‘526 11 3 4 6 8 

A. He/Ha. 25 11°6 5'8 AT 44 4:0 4°8 

Peesia/i,. | 13:1 9°4 89 9-3 9°0 85 9:2 

A. Intensity Ratios with background subtracted. 
B. Intensity Ratios including background. 

Discussion of the Intensity Ratios. 

The Rutherford * hydrogen atom consists of a nucleus 
with a single unit positive electric charge and an electron 
with an equal negative charge. According to Bohr’s f 
theory of spectra, the electron may rotate in any one of a 
series of circular orbits round the nucleus, the radii of 
consecutive orbits or rings being as the squares of the 
natural numbers. When the electron passes from ring 3 to 
ring 2 the atom emits the red line H,. Similarly, in passing 
from rings 4, 5, 6, to ring 2 the lines Hg, Hy, Hs, respec- 
tively, are emitted. The atom may pass from its normal 
condition into any one of these states by collision with a free 
electron which possesses a certain amount of energy. 
Hxpressing this energy in terms of the potential difference 
in volts through which the free electron must fall to acquire 
it, we have the following relation between n and the energy 
absorbea by the atom in reaching the different ring con- 
figurations 

Balad tare 

WARE LL: 

E=energy absorbed by atom in volts. 
n=number of ring in which the hydrogen electron revolves. 

1D ee 10:2 12-] IY 13:0 13°6 

a a 2 3} 4 5 inf, 

* Rutherford, Phil. Mag. xxi. (1911) p. 669. 
+ Bohr, Phil. Mag. July, Sept., Nov. 1918, March 1914, Sept. 1915. 
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Accordingly, by increasing the velocities of the colliding 
electrons, the relative intensities of the higher members of 
the Balmer series might be expected to become greater, that 
is, the relative intensities would be functions of the potential 
gradient in the capillary of the Geissler tube. This view, 
however, is not confirmed by an examination of the variation 
of the potential gradient with pressure. Nutting and 
Tugman* give the results shown in the second line of 
Table [V., taken from page 56 of their paper. In the third 
line I have given the numbers showing the corresponding 
fall of potential per mean free path of an electron moving in 
hydrogen at the pressure mentioned. 

TABLE LV. 

Discharge in Hydrogen: 2°6 mm. capillary. 

Current=15 milliamperes. 

Pressure TM pmaMNs i) Wet woes 0°5 1:0 2:0 30 8:0 

Moltssmer emer) pac eeaa an: 35'8 49°5 67°4 78 120 

Volts per free path ......... 6:17 4:27 2°91 2°24 1:30 

From this table we see that the velocity acquired by an 
electron between successive collisions decreases with in- 
creasing pressure, yet no corresponding variation in (/e 
takes place at pressures greater than 4 mm., as is evident 
from figs. 5 and 6 (PI. IL.). - 

From these and other experimental results which will 
now be mentioned, the author concludes that the energy 
distribution in the lines of the Balmer series 1s independent of 
the energy of the colliding electron or molecule which strikes the 
hydrogen atom and causes zt to emit these lines. 
Vegard ¢ found that when hydrogen becomes luminous 

by the impact of canal rays, the intensity ratie B/e is 
independent of the velocity of these rays and is of the same 
value as when the emission is in the negative glow of a 
discharge tube where the excitation is due to cathode rays. 
It is to be noted that the pressures in these experiments 
were so low that the time required by a hydrogen atom 
to describe a free path exceeded the probable duration of 
its emission of light. 

* Bulletin of the Bureau of Standards, (7) i. August 6, 1910, 
pp. 49-70. 
+ Ann. der Physik, xxxix. p, 111, 1912. 
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Holtsmark *, using a Wehnelt lime cathode, proved that 
H,/H. is independent of the voltage between 52 and 
600 volts, and is also independent of the current strength, 
but changes with pressure. 

These results of Vegard and Holtsmark strongly support 
the conclusion mentioned above. Confirmatory evidence 

jn the case of other spectra appears from the work of 
McLennan f, who has shown that in the spectra of mercury, 
cadmium, zinc, and magnesium caused by an electric dis- 
charge, the complete spectrum appears suddenly when the 
exciting electrons attain definite velocities. The author 
does not wish to exclude the possibility that under certain 
conditions electrons may possess such energy that they may 
excite one line only of the Balmer series, but takes the view 
that in a luminous discharge the great majority of the 
radiating atoms have been ionized and give out light owing 
to subsequent recombination. ‘The method of ionization is 
taken to be immaterial as regards the distribution of light 
in different wave-lengths during such recombination. 

The intensity distribution will, however, be affected by the 
mean free path of the luminous atom and the nature of 
the molecules in its vicinity whose fields of force act on it. 

It follows from Bohr’s theory that the diameter of the 
hydrogen atom, and hence its mean free path, will vary as 
the hydrogen electron passes from one ring to another. 
Table 5-shows the results calculated for hydrogen atoms 
moving in water vapour at a pressure of 1 mm. 

TABLE V. 

Luminous Hydrogen atom in Water Vapour. 

Ma of Bing ......... iy ial 2 3 4 5 6 10 

Diameter of atom 
in ems. X 10°. 

1:34 5°36 12:06 21°4 33°5 p82 67 

Mean free path | Ae ie a ay Ly, ve oe 
in cms. at 1 mm. $ |99x10 “35x10 °]1:25x10 °|5°05x10 |2°36x10 “|1:23x10 “|1:78x10 
pressure. J 

Let E,, Hg... .be the energies which would be emitted 
per unit number of luminous atoms per second in the lines 

* Phys. Zeit. June 15, 1914, pp. 605-7. 
+ Proc. Roy. Soc. A. xci. pp. 485-492; A. xcil. pp. 805-3138, 574-584. 
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H., Hg .... in the capillary of the tube if the pressure were 
so low that each atom is undisturbed by collisions while 
radiating. Let 8,,S,....be the distance travelled by an 
atom while emitting H., Hg.... Wemay call such a 
distance the length of the luminous streak for the line in 
question. Let F,, Fg....be the mean free paths for an 
atom radiating H,, Hg.... Let us also suppose that 
a single collision is enough to destroy the radiating 
properties of an atom. Then if the pressure is so high that 
F,<S8..Fe<Seg, the energies emitted will be E,. F./S., 
He. Fe/Sg, and the ratio H,/H, will be constant since the 
variables F,, Fg are inversely as p. As the pressure is 
lowered a stage will be reached where F,= or>Sa, Fe<Sp: 
the energies emitted at this and lower pressures will be 
Ha, Es. Fe/Se, so that H,/H. will now increase with 
diminishing pressure. Similar considerations hold for 
H,/H,, &c. Accordingly we may explain figs. 5 and 6 
(Pl. IL.) as follows. 

If the mean free paths of two luminous atoms Ha, He are 
less than their respective luminous streaks, the intensity 
ratio will remain constant. At lower pressures when the 
free path of one atom is equal to or greater than its luminous 
streak, the free path of the other remaining less than its 
luminous streak, the intensity ratio will change. . 
When the pressure is very low, so that the whole radia- 

tion from an atom can take place between collisions, the 
intensity ratios should again become independent of the 
pressure. Experiments are now in progress to test this 
deduction, a Wehnelt cathode being used to produce a bright 
discharge in water vapour at low pressure *. 

The length of the luminous streak for H. may be cal- 
culated from the curves shown in fig. 5 (Pl. II). The ratio 
He/H, begins to change ata pressure of about 3mm. At 
this pressure 

ASO GS 

3 

Hence S.=4°2x1074 cm. The distance travelled by the 

he =4) xX 105 7eme: (See Table V.) 

: Aah ea 
luminous atom during one vibration 1s ta where v= velocity 

* In preliminary experiments now in progress it has been found that 
a strongly luminous discharge can be produced if the stream of electrons 
is concentrated by using a longitudinal magnetic field due to a powerful 
electromagnet. 
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of atom, \=wave-length, c=velocity of light. Putting in 
the values 

v=1l7x /2x10°=2-4 x 10° cm./sec.=mean velocity 
of a hydrogen atom at 0° C., 

y= 67563 x 107° em., 

c=3 x 10" em./sec., 

we get distance travelled per single vibration = 

9:4 x 10° x 6°563 x 107° 
= -—10 > 3x [uy ozo xX 10>” em 

Hence the number of vibrations performed by the radiating 
atom 

_ 42x10-* 
Roo 10a 

A more accurate value could be found by taking the 
probability distribution of free paths into account, but it is 
scarcely worth while to perform the laborious quadratures 
involved until more experimental results have been obtained. 

=a 6 10": 

Change of Intensity with Pressure. 

In fig. 9 (PI. IL.) are shown the photo-currents due to H, at 
different pressures with constant discharge current. The 
curve is plotted from Table I, line 1. 

The maximum effect is produced when p=1:3 mm. 
This maximum may be explained as follows. The light is 
due to recombination of +H ions with electrons. At low 
pressures the speed of the free electrons is so great that 
recombinations in the positive column are infrequent; at 
high pressures the free path of the H atom is too small 
to allow of the full radiation being emitted. At high 
pressures it will be seen that the curve becomes hyperbolic. 
This would indicate that the number of +H ions re- 
combining per c.c. per second is constant, the radiation 
consequently varying directly as the free path, and there- 
fore inversely as the pressure. Nutting and Tugman * give 
a similar curve, using pure hydrogen. 

Calibration of the Photo-Electric Cells in Absolute Units. 

Benedict { has found that a carbon lamp behaves as 
a grey body in the visible spectrum, that is, that its energy 

* Loe. cit, p. 58. 
+ Ann. d. Phys. xiii. 1915, pp. 641-678. 
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distribution in different wave-lengths is a constant fraction 
of that emitted by a black body at the same temperature. 
The author has made use of this result by allowing the light 
trom a definite narrow strip of the spectrum to fall on the 
cell, and observing the photo-currents obtained when the 
energy consumption of the lamp was varied. Since, 
according to Lummer™, the total energy emitted by a 
carbon lamp follows Stefan’s law the electrical energy 
supplied per second to the filament varies as the fourth 
power of the absolute temperature. Hence 

B_ r+ # = [1] - 
The energy distribution of a grey body is given by 

We (Wien’s law), hence the logarithm of the ratio 

of the photo-currents in the two cases is 

ci x Lo 7 a 
Hence on plotting - against this logarithm, T being the 

1 Co 
variable, we get a line whose slope is 1 

This was done for a number of wave-lengths between 
400 and 660 py. In every case a straight line was obtained 
and the values of T, thus calculated lay between 1880° and 
1920° abs., the deviations from the average being most 
marked at the wave-lengths to which the cell is least 
sensitive. 

The temperature of the filament at its normal burning 
voltage was accordingly taken as 1900° abs. It may be 

noted that the method gives = and not T,, se that the 
1 

results are independent of any uncertainty as to the value 
of co. The value for the temperature given above was 
obtained by putting c, equal to 1°445. 

The energy per unit breadth of spectrum falling on the 
slit of the monochromator may now be calculated, an 
arbitrary multiplication factor being involved. 

The numbers so obtained must be multiplied by * the 

dispersion of the prism, in order to get the corresponding 
energies which would leave the emergence slit if no losses 

* LElectrotechnische Zeitschrift, xxxiv. Heft 50, 1913, pp. 1428-1449. 
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due to absorption and reflexion took place. Thus the actual 
relation between photo-current and wave-length, when the 
carbon lamp is used, may be employed to work out the curve 
connecting the wave-length with the photo-current per unit 
energy incident on slit. 

This’ relation is shown in fig. 10 (PI. II.), and we are 
now in a position to express all the previous curves in terms 
of the energies emitted by the different hydrogen lines. 

Figs. 7 H and 8 E (Pl. IL.) were thus drawn by changing 
the phote-current ordinates of figs. 7 and 8 into energy ordi- 
nates by the help of fig. 10. 

It will be seen that the greater part of the energy is 
carried by H,, and a smooth curve joins the ordinates for 
H,, Hg, H,, H;. As the shape of this curve changes with 
the pressure no attempt has been made to find a relation 
between energy and wave-length, though at very low 
pressures where the atoms can radiate their energy com- 
pletely, such a relation would probably be capable of a 
simple interpretation. 

Jolly * records similar energy curves obtained with a 
thermopile, but his tubes were excited by an induction-coil 
with a capacity in parallel with the tube, and so his curves 
are not comparable with those obtained in the present 
investigation—they show, however, a general resemblance. 

The curves 7 and 8 giving photo-currents as ordinates 
show the details better than the energy curves 7 EH and 8H; 
in the latter the large amount of energy in H, necessitates 
a small scale of ordinates for the rest of the spectrum. 

Indeed, a great advantage of the photo-electric cell is that 
it can be made very sensitive to the weak lines in the blue 
and ultraviolet. , 

The author intends to continue the work by investigating 
the discharge at low pressures, and also the spectra of 
hydrogen compounds, such as HCl and H,S, in order to 
elucidate further the variations in the energy distribution. 

In conclusion, he wishes to express his thanks to 
Mr. John Wylie, B.A., for valuable help and advice in 
designing and constructing much of the apparatus used ; 
to Miss Muriel Campbell, B.Sc., for a series of observations 
to test the properties of the photo-electric cell, and to 
Mr. E. W. McClelland for assistance in taking the final 
readings. 

* Phil. Mag. (6) xxvi. November 1913, p. 801. 
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V. Hqupartition of Energy and Radiation Theory. 
By W. F. G. Swann, D.Se., A.R.C.S.* 

Introduction. 

if is usually maintained that the theorem of equipartition 
of energy is a necessary consequence of the application 

of the so-called “ordinary dynamics” to a system, and 
further, that an application of the principle to the problem 
of radiation necessitates the conclusion that Rayleigh’s 
formula HadX = 8&%RTA~“*dd ought to be true. Though 
much has been written in this connexion, it has always 
seemed to the present author that there are several points 
which require a somewhat closer scrutiny than is usually 
given, and which concern themselves chiefly with the ques- 
tion as to how far the results to which the theorem leads 
have really any connexion with the physical phenomena 
which they are generally considered to represent. The 
present paper forms a discussion of some of the points in- 
volved in this connexion. Since much of what is here 
written involves ultimately a careful distinction between 
the results to which the theorem apparently leads and those 
to which it really does lead, it will perhaps not be super- 
fluous to commence by giving a brief survey of the essentials 
involved in the theorem. 

Remarks on the Proof of the 1 heorem. 

In the first place, it is to be noted that the theorem itself 
is as follows. Suppose that the system is specified by a large 
number n of coordinates and a large number, n, of momenta, 
and that a certain quantity which is constant (the energy), 
is a homogeneous quadratic function of the coordinates and 
momenta of such a kind that in it there are no terms in- 
volving products of coordinates and momenta. Then, if we 
separate out from the energy all those squared terms in- — 
volving coordinates and momenta which do not appear in the 
energy otherwise than in the said squared terms, and if from 
these squared terms we pick out two sets P and Q each 
containing a large number of terms and take the average 
value in each case, we shall find that the average for the 
P group is the same as that for the Q group. Hach group 
may if we choose involve some terms from the potential 
energy and some from the kinetic. The terms “ coordinate” 

* Communicated by the Author. 
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and “momentum” need, in the above, have no other sig- 
nificance than that they are quantities which make the 
Hamiltonian equations true for the system. 

Now let us inquire as to how much of the theory is a 
result of pure mathematics, and how much involves other 
considerations. In the first place, suppose that, following 
Jeans, we consider a generalized space of 2n dimensions so 
that each point in the space has 2n coordinates. Further, 
let there be a number of quantities, E,, E,, EH, &c., each a 
function of only one of the coordinates, and suppose that * 

H,+E,+E;+ &c.= constant =H, say. . . (1) 

Let us imagine a large number of points distributed with 
uniform density in the generalized space, and let us confine 
our attention to a region of the space corresponding to values 
of E between Hand H+dH. Consider any point in the space, 
and from its coordinates pick out a large number p. These p 
coordinates need not be all of the same type, but let us suppose 
that the quantities H,, H,, H3,... E,, corresponding to them 
are all of the same mathematical form+. In a similar way 
pick out another group of q coordinates from the coordinates 
of the point, and again, let all the H’s be functions cf the 
coordinates of the same mathematical form, though the form 
for the g group need not be the same as that for the p group. 
Let us ina similar way pick out a group of r coordinates, 
and so on; then it follows as a purely algebraical fact that 
relations of the type 

ONy = Ape Nee de e . . . : (2) f 

SA o Miata.) ay 
&e., 

* It is to be noted that no dynamical significance is as yet attached 
to the coordinates or to the quantities E,, Ez, &c. 

+ So that by altering the scale of the coordinates we can reduce the 
P’s to exactly the same function of the coordinates. Thus for example 
the condition would be satisfied if, in the p group, 

1 OF =m,6,”, E, =m2622, &e., 

but would not be satisfied if 

E,=m,6,2, 2 —@),3, 

¢ The equations are usually given in a form expressing the number 
of systems having values of the different coordinates between &, and 
Ei: tdé&, & and §+dé,, &c., a sort of differentiation in kind being 
maintained in this way between the coordinates. So long*as the E’s 
for a particular group, for example the p group, are the same function 
of their respective coordinates for all conrdinates of the group, matbe- 
matically the coordinates ‘may be treated as of the same type, even 
though physically they may be different. 

Phil. Mag. S. 6. Vol. 33. No. 193. Jan. 1917. F 
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or relations infinitely nearly the same as these, hold for all 
but an infinitesimal fraction of the generalized space corre- 
sponding to the region in question. In these formule én, 
represents the number of the coordinates of the p group 
having values between and &+dé, H,; is the contribution 
to E for the particular value of & by a coordinate of the 
p group, similar remarks applying to the quantities with 
suffixes g, 7, &c. Further, the quantities A,, Ay, &., and h 
are determined by | 

{ =p: { bn, = OL es 

( i,.80, -- | Hazg0ng +... Se. — Ee 4 

The important characteristic of equations (2), (3), &e. is 
that h is the same in all. 

If we now go one step farther and restrict Hy, H., &e., to 
be proportional to the squares of the generalized coordinates, 
it follows from (2), (3), &c., that the average value of the 
i’s for the p terms is the same as that for the g terms or for 
the r terms, the average value in question being 1/2/%*. 
The theorem at this stage contains all the mathematical law 
involved in the theorem of equipartition of energy, except 
that so far there has been no mention of energy or of 
dynamics. We may give the name energy to the quan- 
tities H,, E,, &., and of course nothing will be altered, 
and it remains to inquire what part is played by the 
Hamiltonian equations, for though the Hamiltonian equa- 
tions contain the principle of the conservation of energy, 
the principle of the conservation of energy does not neces- 
sitate the Hamiltonian equations. 

It will be remembered that if in the generalized space we 
take the points distributed with uniform density initially, 
then the law represented by (2), (3), &c., which sym- 
bolizes what is called the “ Normal State,’ is found to 
apply for all but an infinitely small proportion of the points 
in the domain of the space under consideration. This would 
obviously have been true if the points had not been chosen 
uniformly distributed unless in some of the exceptional 

* In Maxwell’s proof of the theorem, the average is taken not merely 
over all regions of the generalized space corresponding to the normal 
state, but over the whole space corresponding to the prescribed energy 
limits. The reason that the two methods give the same result is of 
course that so much of the space concerned corresponds to the normal 
state that the inclusion of the remainder of the space makes no difference 
to the result. 
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regions where the normal state did not apply the density 
of the points happened to be infinitely large*. If we 
imagine the coordinates in the generalized space to repre- 
sent the coordinates and momenta of some dynamical 
system, each point corresponding to a particular state of 
the system, then, as time progresses, the points will move 
through the generalized space. The Hamiltonian equations, 
however, insure that if the density of the points was origin- 
ally constant, it will, during the motion, remain constant so 
that there will be no tendency for the points to congregate 
in those abnormal regions of the space where the normal 
state does not hold j. This is generally taken to prove that 
in practice the chance of a system being in an abnormal 
state is infinitesimal, and it is thus in linking up the mathe- 
matical problem with the physical one that the Hamiltonian 
equations play their part. 

The Application of the Theorem. 

Arguments of the type summarized above seem to have 
been accepted largely without question as indicating that 
the state represented by (2), (3), &c. is infinitely probable 
in the practical sense. While it would I think be easy to 
deny the necessity for this conclusion on purely logical 
grounds, it is perhaps well to supplement the discussion by 
keeping our minds centred on a particular case so that we 
may the more readily judge whether objections which we 
raise against the above conclusions are really pertinent or 
merely formal. 

Let us suppose that we take all the copper in the universe 
and imagine it divided up into equal blocks { each of which 
we shall speak of asa system. Let us choose, for examina- 
tion, those blocks for which the temperature is such that E 
lies between HE and H+dEK. Now each piece of copper is in 
a different state, and, having decided what we shall choose 
as generalized coordinates, suppose that we plot, in the space, 
points corresponding to each block. We may look upon the 

* See J. H. Jeans, “ Report on Radiation and the Quantum Theory,’ 
. oA. 

‘ + It is worth while observing that the Hamiltonian equations do not 
necessarily require that the relative configurations of the points shall 
remain the same throughout the motion. Ali that is required is that 
the density shall remain constant. This permits of points becoming 
thinned out, for example, along the path of a stream line provided that 
they are crowded to a corresponding extent perpendicular thereto. 

t More strictly we should say: divided up into blocks each containing 
the same number of corresponding coordinates. 

FE 2 
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different blocks as representing different states of the same 
system. Now there is nothing a prior: to tell us how the 
points will be distributed over the region of the space con- 
cerned. If they were distributed anything like uniformly, 
the law represented by (2), (3), &c. would be expected to 
hold ; but if they are not so distributed, it is useless for us 
to argue as to what would have been expected if they had 
been so arranged. We must guard against a temptation to 
expect a fortuitous distribution of the points on the basis 
that the systems may have been chosen from pieces of 
copper millions of miles apart, because it may be, and 

probably would be, that it was just because the coordinates 
were restricted in some way so as to cause the points to be 
confined to special regions of the generalized space that we 
should recognize the substance as copper. It will perhaps 
be well to probe this matter a little farther. When we think 
of a piece of copper we are apt to picture it as distinct from 
other elements, sodium, zinc, &., not owing to a difference 
in the fundamentals out of which it is composed but to the 
fact that the electrons and so forth are describing, in the 
atom, more or less definite paths peculiar to the element. 
Nevertheless, in our mind’s eye, we keep the sodium elec-: 
trons locked up in the sodium, and the copper electrons in 
the copper. It is, however, possible for us to imagine the 
various electrons of the copper dissected out and linked to- 
gether in new configurations so as to form something else, 
some element of lower atomic weight for example, and 
even in the general case where we concern ourselves with 
more general types of coordinates than those associated 
with the centres of gravity ot the electrons, the transition 
from copper to the other element is capable of being 
pictured as the mere readjustment of the magnitudes of 
these more generalized coordinates to the values or range 
of values appropriate to the second element. It is the same 
dynamical system which concerns us in each case, however. 
Even though the operation of transmutation may be impos- 
sible by dynamical evolution, the mathematical analysis on 
which the infinite probability of the state represented by (2), 
(3), &e. is based will take cognizance of all such arrange- 
ments, and indeed of all conceivable arrangements of the 
coordinates. For all that the mathematics is concerned with 
is how many coordinates there are: given this, it will make 
no use of the fact that the substance is copper, for example, 
but, in estimating the probability, it will include in its 
survey all the other possible elements, compounds, &c.,. 
which can conceivably be produced by dissecting out the 
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coordinates of the copper and rearranging their magnitudes 
so as to correspond to other kinds of matter. The mathe- 
matics includes in its survey every case in which the values 
of the coordinates can be conceived as arranged to corre- 
spond to states other than those of the elements of matter. 
Thus for example, if we could take as our coordinates in a 
piece of matter the ordinary spacial and momental coordi- 
nates of the positive and negative electrons, supposing such 
to exist, the mathematics involved in establishing the infinite 
probability of the state given by (2), (3), &., would insist 
on considering in addition to all those cases corresponding to 
the various species of matter, all those arrangements in which 
the positions and velocities of the electrons were distributed 
in more or less random fashion after the manner of gas 
molecules. 
When we view matters in the above light, it would not 

seem surprising if the whole of those arrangements which 
we should be prepared to recognize as copper were asso- 
eiated with only an infinitesimal proportion of the generalized 
space corresponding to the prescribed energy-range. In fact, 
is not the infinite probability of the state represented by (2), 
(3), &e. dependent on the fact that the mathematics takes 
account of all those distributions of energy among the 
generalized coordinates which we more particularly asso- 
ciate with the random gas molecule type? 
Now in connexion with the above arguments, it might 

be objected that although at some particular view, all the 
representative points corresponding to the various copper 
pieces referred to above might exist in one of the 
“abnormal” regions of the generalized space, yet, since 
the abnormal regions form only a small fraction of the 
tctal volume of the portion of the space concerned, it will 
not be long before a point has passed out of the abnormal 
region into a normal one. It must be pointed out in this 
connexion, however, that though the abnormal regions 
corresponding to our piece of copper, for example, may 
form an infinitesimal fraction of the vclume of the available 
space, they need not be of such a kind that all of the 
coordinates are constrained to suffer but limited ranges of 
variation in order to remain within the region. Neither 
is it necessary to assume that the practical permanence of 
the copper, as copper, is to be represented by the coordinates 
all lingering near certain definite values; the abnormal 
regions may in fact be distributed linearly over great dis- 
tances in the space like a thin channel permeating hither and 

tS) 

thither in a solid block in three-dimensional space. In this 
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way, the continuity of flow of the representative points from 
the normal to the abnormal regions of the generalized space 
may be preserved without the time during which the points 
remain in the abnormal regions being constrained to be very 
short, and without there being any congestion of the points 
such as would be contrary to the Hamiltonian laws as repre- 
sented by Liouville’s theorem of differential invariance. The 
ideas in this connexion may perhaps be made clearer by a 
general consideration of the kind of motion which a point 
must have in the generalized space if it is to correspond to 
such a system as a piece of copper. 

To fix our ideas, let us for a moment suppose that the 
positions and momenta of the positive and negative elec- 
trons are proper generalized coordinates in terms of which 
to specify the system. In our piece of copper we havea 
condition of affairs where, viewed from a somewhat crude 
standpoint, the electrons are all describing comparatively 
fixed orbits ; or perhaps it would be better to say that the 
average constancy in general feature peculiar to the material 
as a whole is retained not so much by the orbits remaining 
fixed as by a condition of affairs in which a change of one 
kind in one direction in one atom (change of orbital radius, 
or expulsion of an electron, for example) is on the average 
balanced by a change of the reverse kind in some other atom. 
Individual coordinates may be changing continually, and this 
provides a means by which the point in the generalized space 
may travel along continuously, and not be confined to the 
neighbourhood of one spot. If at any instant we fix on 
the coordinates associated with one atom, find the two- 
dimensional coordinate planes. in the generalized space, 
containing the axes of these coordinates, and project the 
motion of the point in the generalized space on these planes, 
we shall get a certain group of curves. If we do the same 
thing for the other atoms we shall find that the group of 
curves is repeated in its general characteristics. This pos- 
sibility of picking out, from the whole set of coordinate 
planes of the complete system, groups of coordinate planes 
such that the projection of the representative point on one 
group is similar to the projection on other groups, sym- 
bolizes the similarity of the atoms. 

The permanence of the system is not necessarily symbolized, 
however, by each of these groups of projections maintaining 
its form permanently (forming re-entrant paths), for an elec- 
tron, for example, may leave one atom and become part of 
another, so that what were formally the coordinates of one 
atom may ina little while be distributed in a very complex 
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manner throughout many atoms. This phenomenon would 
be symbolized by the fact that if we continued to watch the 
projection of our point on the above set of planes, it wouid, 
after a time, begin to lose the regularity of its form in some 
of the projections. Projections on other coordinate planes not 
originally associated with the atom in question, and which 
possibly before showed no definiteness in shape, would, how- 
ever, begin to acquire such definiteness, of a kind similar to 
that lost by the projections above mentioned. In this way 
the practical permanence of the system in its general charac- 
teristics would be symbolized, and it will be seen that the 
maintenance of such permanence of the identity of one kind 
of material does not require that the representative point for 
the system shall remain near one spot. in the generalized 
space, or even that it shall trace a re-entrant path. Indeed, 
there is nothing to prevent the very long (in the generalized 
sense) path which the point traces as the representative of, 
say, copper, from ultimately merging into a path corre- 
sponding to a normal state *, the slow transition towards 
this state corresponding physically to a gradual transmuta- 
tion of the copper to elements of lower atomic weight by 
radioactive change and so on, down to the condition where 
all atomic structure was eventually lost, and there remained 
only chaotic motions of the electrons or other entities, what- 
ever they be, which form the fundamental bricks out of 
which matter is composed. In case it may be considered 
that the infinite improbability of any state other than the 
normal state makes it remarkable that there should be any 
structure in matter at all, we may remark that this point 
involves the question of how the matter was created, and we 
may even go to the length of pointing out that it is only 
during the comparatively rare period that matter may on 
the above argument be considered to exist as such, that 
there will be found those specialized pieces of matter called 
human beings to study it. 

Although in the above remarks radiation has not been 
specifically mentioned, there is nothing to limit the funda- 
mentals of the arguments to the case where radiation is 
absent. 

Consequences of Equipartition. 

The foregoing section forms a criticism of the statement 
that the “ordinary dynamics” necessitates equipartition of 

* This has nothing whatever to do with the question of the slow 
approach to the normal state as discussed by Jeans (Phil. Mag. vol. x. 
(1905) p. 91) for the case of radiation. 
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energy. Even though the theorem itself is admitted, how- 
ever, considerable care is necessary in its application, and in 
what follows, without questioning the truth of the theorem, 
even for ordinary matter, we shall inquire whether some of 
the difficulties associated with its apparent consequences are 
not due to 1ts erroneous application. 

Equipartition of energy between electrons inside and 
outside the atoms. 

lt is frequently stated that the theorem leads to the con- 
clusion that there should be equipartition of energy between 
the electrons inside the atoms, and the free electrons outside. 
Admitting for the moment that the ordinary coordinates and 
momenta of the electrons are suitable generalized coordinates 
in terms of which to express the system, it is to be noted that 
the theorem tells us that it is infinitely probable that if we 
take the average energy of any p coordinates at any instant, 
the result will be the same as that obtained by taking the 
average energy of any other group containing say g co- 
ordinates, p and g being large numbers. Now it would 
obviously not be fair, if, before picking out our p co- 
ordinates, we asked to be told the energy of each coordinate 
at the instant and then put only the coordinates of high 
energy in the p group and only the coordinates of low 
energy in the qg group; yet, when we discuss the relation 
between the average energy of the electrons inside, and the 
average energy of the electrons outside, are we not implicitly 
grouping the coordinates in a manner very largely deter- 
mined by their magnitudes, or at any rate by relations in 
which these magnitudes play a fundamental part? Are we 
not, in fact, grouping them in a manner of which the above 
example is a crude illustration? It is true that the theorem 
of equipartition of energy places no restriction on the method 
of grouping the coordinates, but in whatever way we group 
the electrons, if for example we place in one group only the 
electrons which at the particular instant concerned are to be 
found inside atoms and in the other group only electrons 
which are to be found outside atoms, we must not be content 
to merely compare the average energies of the electrons at 
the instant when we grouped them. We must fix our minds 
on the identical electrons which we have chosen, and follow 
them over a very long period of time. During this period, the 
various electrons which were all inside atoms originally will 
have opportunities of coming out and re-entering atoms several 
times, so that for the greater portion of the time the two groups 
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will lose all distinguishing characteristics, each group having 
‘some of its members inside, and some outside atoms. We 
must, during the long period of time referred to, compare the 
average energies of the groups again and again *, and all that 
the theorem of equipartition of energy is capable of telling 
us (when properly applied) is that, in all but a relatively infini- 
tesimal proportion of such comparisons, the average energies 
will be equal. The theorem, however, does not deny that the 
averages may be unequal in certain isolated cases, and such 
cases are of course artificially broughtinto prominence when 
we initially arrange the groups so that one contains only 
electrons which are inside atoms, and the other contains only 
electrons which are outside atoms. It is true that the above 
argument would not apply if the electrons inside atoms 
always remained inside; such a case, however, would not 
be one to which the theorem of equipartition would profess 
to apply, for in this case it becomes denied at the outset that 
the system can pass through all phases consistent with the 
conservation of energy +. 

Again, if we consider a mixture of two gases, say oxygen 
and hydrogen, and suppose that there are electrons inside 
the atoms of each gas, and also free electrons, the theorem 
of equipartition of energy, even if applicable, would not tell 
us that we could equate the average energy of the electrons 
inside the hydrogen molecules to the average energy of the 
electrons inside the oxygen molecules, or to the average 
energy of the free electrons. It is only when we consider 
the average in accordance with the remarks above, or more 
rudely when we choose two groups each of which has a 
large number of members drawn more or less indis- 
criminately from the oxygen, hydrogen, and free electrons 
that the theorem enables us to equate the averages, and in 
this ease of course the result could be predicted without 
the theorem, and is indeed a conclusion of no interest. In 
fact, the theorem in such cases tells us practically nothing 
at all, and the same difficulty must always present itself 
when we imagine all the matter concerned as specified by 
coordinates which are of the same kind. According to the 

* Strictly speaking, the instants at which comparisons are made 
should be so timed that if the corresponding representative points are 
plotted in the generalized space, their distribution along the streani-line 
will be the same as it would be in the case of a uniform distribution of 
points throughout the whole space. 

+ It must be remarked, however, that violation of this condition does 
not necessarily invalidate equipartition, since equipartition holds for such 
-a large proportion of the generalized space. 
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old view of things, in which the coordinates of a hydrogen 
and of an oxygen molecule were pictured as of different 
classes, the theorem did really lead to a definite conclusion, 
viz., that the average energy of the hydrogen molecule was 
the same as that of the oxygen molecule ; for if we imagine 
the p group of coordinates as drawn from the oxygen mole- 
cules and the g group as drawn from the hydrogen molecules, 
then no matter how long may be the time for which we ob- 
serve these groups, the p group will always be exclusively 
oxygen, and the g group will be hydrogen, so that the 
equality of the averages as predicted by the theorem is, in 
this case, a result of interest. 

Thus, as we have seen above, the absence of equipartition 
of energy between the electrons inside and outside atoms 
would not in itself lead to any contradiction with what might 
be expected from a proper application of the theorem of equi- 
partition. An apparent contradiction, to the application to: 
ordinary matter, of the general theory discussed on pp. 65-67, 
would arise, however, when we found, as we should find, that 
at any instant the number of coordinates in the system, 
having magnitudes between assigned limits, was not given 
by a formula of the type (2), with p replaced by the total 
number of coordinates. The failure of the truth of this 
result would mean that the system was not in the normal 
state. 

Does equipartition of energy require that the energy of a 
dynamical system with an infinite number of coordinates 
should be infinite ? 

The chief field in which the question here referred to 
becomes involved is that of temperature radiation, where 
the coordinates of the system are associated with the modes 
of vibration into which the radiation field can be analysed. 
It is generally maintained that equipartition does lead to the 
above conclusion, the argument being somewhat as follows:— 
“Suppose that a perfect gas forms part of the system. If 
T is the temperature, and if, further, we write RT/2 for the 
average energy of a degree of freedom of the perfect gas, 
then equipartition requires that the average energy of any 
of the other degrees of freedom shall be RI'/2. Since, in 
the case of radiation, the number of modes of motion in the 
zether—and so the number of coordinates—is infinite, and 
since R can be measured and is found to be finite, the 
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conclusion is that the total energy of the system must be 
infinite ”’ *. 

Now, quite apart from the question as to whether the 
theorem of equipartition is justifiable as applied to an 
infinite number of degrees of freedom, a point which it 
is not proposed here to discuss, it seems that even in 
assuming the theorem we ought to be very careful to 
consider whether the quantity R which figures in the mea- 
surements on gases is really the R which ought to figure in 
the expression RT/2 for the energy associated with one 
degree of freedom above concerned. If it were true that 
the energy were expressible as the sum of squared terms, 
part of the sum involving the etherial modes of motion, 
and part involving the velocity coordinates of the centres. 
of gravity of the molecules, the argument would indeed 
be justifiable; but nobody would maintain that the inter- 
action between the radiation and the gas was capable of 
being discussed completely in terms of a sort of interaction 
between the waves and the centres of gravity of the mole- 
cules. If we picture minutely the phenomenon of two. 
gases ceming into temperature equilibrium by means of 
radiation alone, we are constrained to imagine electronic 
orbits and so forth in the molecule, with the various parts. 
mutually influencing each other. ‘The radiation from the 

* The argument is usually developed by considering the case of a box 
with perfectly reflecting walls inclosing pure eether only. It may be of 
interest to point out that there is a fundamental difference between the 
meanings to be attached to a coordinate associated with the etherial 
vibrations and such a coordinate as one of the ordinary coordinates of a 
gas molecule for example. The number of harmonic modes comprised 
between certain wave-length limits in a box of volume V is half the 
number comprised between the same wave-length limits in a box of 
volume 2V; but the increased number of coordinates in the larger box 
is not obtained by a duplication of the coordinates in the smaller box, as 
it would be in the cases of two boxes containing ordinary gas molecules, 
and in which the coordinates concerned were the ordinary coordinates of 
the gas molecules. It is obtained rather by an interpolation of eatra 
wave-lengths which were not capable of existence in the smaller box. 
The scale of the Fourier analysis is, in fact, more fine-grained in the 
larger box than in the smaller. These considerations are only of 
subsidiary importance, however, for the mathematical analysis takes no 
account of the nutawe of the coordinates. Again, although in the sense 
above explained, the quality of the radiation in the box of volume 2V 
may be said to be mathematically different from that in the box of 
volume V, that which is observed in any optical instrument, viz. the 
energy density of the radiation comprised between assigned ranges of 
wave-lenoth, is the same for each case, the average amplitude of the 
harmonic modes in the larger box being smaller than the average 
“wabiea of the smaller number of harmonic modes in the smaller 
Ox. 
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hotter gas increases the motion of the molecules of the 
cooler gas not by a sort of knocking process directed at 
the centre of gravity, but by a very complex electromagnetic 
process involving the structure of the atom. We do not 
escape the difficulty by defining a perfect gas molecule 
as one whose actions are representable in terms of the 
positions and motions of its centre of gravity alone ; for 
such a molecule would have its power of interacting with 
radiation defined out of it. Neither do we escape the 
difficulty by observing that the energy is approaimately 
expressible as the sum of terms corresponding to the motion 
of the gas molecules alone. Indeed, the matter stands 
somewhat in the following light:—The whole energy of the 
system is approximately expressible as the sum of squared 
terms corresponding to the molecules alone, and we may 
reasonably expect approximate equipartition between these 
terms, together with an approximate conformity to the 
so-called perfect gas laws. Such a specification can, how- 
ever, tell us nothing about the radiation or its relation to 
the gas constant; for it is only by the neglect of the 
radiation that the approximate equipartition results. The 
energy may, however, be expressible approximately, or 
possibly exactly, in a much more fine-grained manner as 
the sum of squared terms, some of which correspond to the 
modes of setherial vibrations, and some of which owe their 
origin in some way to the matter, and are apart from what 
is ordinarily understood as radiation. When this mode 
of expression is adopted, it becomes necessary to introduce 
into the statistical theory determining the partition of 
energy between the different terms, those restricting 
relations, whatever they are, which provide for the per- 
manent existence of the molecule as such. It may be that 
some law other than equipartition will result ; but even if 
equipartition does result, it is not to be anticipated that the 
average energy of one of the coordinates which correspond 
to the system as expressed in this fine-grained manner will — 
have any connexion with the average energy of a coordinate 
of the system when the latter is expressed in the entirely 
different and approximate manner in terms of the ordinary 
coordinates and momenta of the molecules. It might be 
thought that, although for the purposes of the radiation 
theory it is necessary to represent the molecule in terms 
of a large number of additional coordinates, yet the average 
energy of one of these coordinates would be the same as the 
average energy of the centre of gravity of the molecule 
itself, just as the average energy of the centres of gravity 
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of the molecules in a Brownian particle is the same as the 
average energy of the centres of gravity of the Brownian 
particles themselves *. Such an analogy would, however, 
not be in general justifiable ; for the truth of the result in 
the case of the Brownian particles depends in part on the 
circumstance that the coordinates of the fine-grained speci 
fication in terms of molecules are of the same type as those 
which correspond to the Brownian particles themselves. 

By eliminating the conception of the molecules as such 
and going down to the more fine-grained specification in 
terms of electrons, we introduce more perfect precision 
into the problem, but we do not avoid the fundamental 
difficulty discussed above. We have now to deal with a 
purely electromagnetic problem. The total electromagnetic 
energy within a cavity bounded by perfectly reflecting 
walls is 

(8me*)-1({ ((E? + H?) dr, 

where I and H are the electric and magnetic vectors. 
respectively, and c¢ is the velocity of light. It is possible 
to throw this expression for the energy into a form which 
represents it approximately as the sum of terms propor-. 
tional to the squares of the electronic velocities, and of 
terms corresponding to trains of plane waves in the cavity.. 
When the electrons are absent, and only the plane waves 
are present, it is possible to express the energy exactly 
as the sum of squares, and, moreover, to show that the 
equations which govern the waves can be thrown into the 
Hamiltonian form. When free electrons are present, how-. 
ever, ther equations of motion do not conform to the 

* It will be recalled that if the energy of a system of particles be 
expressed as the sum of squares of quantities proportional to the ordinary 
three-dimensional coordinates and momenta of the individual particles, 
then if, in our mind’s eye, we separate out any group of particles and 
choose the coordinates anew, so that six of them correspond to the 
ordinary three-dimensional coordinates and momenta of the centre of 
gravity of the group, the energy will still take the form of a sum 
of squares for the new choice of coordinates. Further, the Hamiltonian 
equations will apply to the new specification if they applied to the old 
one, so that equipartition of energy will result between the energies of 
the centres of gravity of such groups, and it will also result between 
these energies, and the energies of the individual molecules which have 
not been mentally collected into groups, and, by a slight extension of the 
argument, it may be seen to result between the energies of the centres of 
gravity of the groups and the individual molecules which compose the 
groups. It is not even necessary, for the application of the argument, 
that the groups shall consist of particles which are all in a cluster; 
some of the members of a single group may be miles apart, and several. 
groups may overlap. 
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Hamiltonian type. Apart from the objection which this 
fact alone throws in the way of our equating the energy of 
the electron to the average energy of the ztherial vibrations, 
however, there exists the other difficulty that when the 
coordinates are chosen so that some of them are the ordinary 
coordinates and momenta of the electrons, the energy is not 
exactly expressible as the sum of squares, or even of terms 
each of which depends upon only one of the coordinates chosen. 

It may be thought that. in so far as the energy is approxi- 
mately so expressible, equipartition should result between the 
energies of the electrons and those of the etherial vibrations, 
at any rate as an approximation. Such an expectation 
is not justifiable, however; for suppose that, in order to 
obtain an exact specification, it were necessary to represent 
what is called the energy of the electron as the sum of an 
infinite number of terms, in a manner analogous to that 
in which the radiation energy is expressed in the absence of 
electrons. Then, if the dynamical laws applicable to this 
specification, and the restricting conditions which provide 
for the permanent existence of the electrons, permitted a 
state of equipartition at all, it would be the average energy 
of these terms, which together make up the energy of the 
electrons, which would have to be equated to the average 
energy of the etherial vibrations. The former quantity 
would, in general, form only an infinitesimal fraction of 
the whole energy of the electron. To put the matter rather 
crudely, we are frequently accustomed to imagine that the 
state of the electron is completely specified when its velocity 
is specified, but, in the more fine-grained analysis, the 
mathematics is able to see an infinite number of different 
arrangements of field which correspond to a given velocity : 
it is not endowed with the “common sense’ which would 
enable it to see that for a variety of purposes the electron 
acts in the same general sort of way for all of these slightly 
varying conditions, and in estimating the probability of a 
given state, it is bound to take cognizance of all these 
possible variations. 

As we have already remarked, and as is in fact well known, 
the field in a cavity containing no electrons can be expressed 
in a series of ‘“‘normal functions’’ (in this case, sine and 
cosine functions), and the fundamental coordinates which 
specify it in this form obey the Hamiltonian equations. It 
would be interesting if, in a cavity, we could express the 
complete field, including the field of the electrons, as a 
series of normal functions, so that the total energy 

(Src?) -* | | | (H? + H?) dr 
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could be expressed as the sum of terms depending on the 
individual coordinates peculiar to the normal functions. 
The application of statistical reasoning to the problem, 
subject to the constancy of the total energy, and to the 
restricting conditions which provide for the permanence 
of the electrons, would then lead to the law of partition 
of energy between the individual terms in the expression 
for the energy, provided that, by means of the electro- 
magnetic equations, the laws governing the changes of the 
coordinates could be thrown into the Hamiltonian form. 
This is, of course, only a rather more precise method of 
formulating the problem outlined above, but it serves to 
show how, in an exact specification of this kind, the 
electron, as such, would disappear from the analysis, its 
sole representative being the restricting conditions which 
provide for the permanence of its existence. 

In spite of all that has been written above concerning the 
objections to connecting the gas constant R with the radiation 
formula through the medium of arguments such as those 
which have been here reviewed, there remains the remark- 
able fact that the R which occurs in the equipartitional 
formula, Ey = 8cRTa4, 

a formula true for long wave-lengths, is found to be 
actually equal to the gas constant experimentally obtained 
in other ways. The difficulty presents itself as to how it is 
that, if the arguments accounting for the presence of R in 
the radiation formula are wrong, as they appear to be, they 
nevertheless do predict the presence of the correct constant. 

The analogous difficulty is not avoided in the arguments 
which purport to explain the presence of the gas constant in 
the more exact formula of Planck; and although it would 
appear impossible to import complete precision into the 
problem without a knowledge of the mode of interaction 
between the molecules and the radiation, the following 
tentative considerations may nevertheless be of interest. 

Relation between the radiation formula and the average 
energy of a gas molecule. 

Suppose that although we may not know the reasons 
underlying the radiation formula, we nevertheless know 
that the value of E) is determined as a function of X 
and of the temperature T by the formula 

OT city 
UN wee aaa aT ee rey Pare (4) 
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where no other significance is attached to h and & other than: 
that they are constants. / is at present in no way associated’ 
with a gas molecule, and, indeed, we shall not attach any 
significance to T other than that it represents the quantity 
which we measure as the temperature. Let us in fact for 
the moment look upon (4) as a mere empirical relation. 
Let us now suppose as a very special case that there are 
some perfectly free electrons in the radiation field. Although 
we may not know the equations of motion exactly, yet we 
know them with a sufficient degree of approximation to be 
able to ascertain with some accuracy how the electron will 
behave in the field. Planck bas shown that an oscillator of 
frequency v, when placed in a radiation field, will take up an 
average energy U where H,=87U/A*. Hence, twice the: 
average value of the kinetic energy assumed by a resonator: 
of frequency v, when placed in a radiation field, will be: 

j i 
U = Me i, = ees 

For v=0 we obtain the case of a free electron, and * 

rE) 

ee 
Thus, quite apart from any theory as to the origin of the 

formula (4) and as to the meaning of £ and T,if only we know 
that (4) is correct, we can say that twice the average energy 
per degree of freedom of an electron placed in the field will 
be kT. We have, in discussing this matter, so far used &T 
instead of RT in order to enforce the idea that we are not 
looking upon the &T occurring in (4) as fundamentally equal to. 
twice the energy of a degree of freedom of a gas molecule, 
but for the sake of uniformity we may now replace k by R,. 
and we may then note that on the above view we are not 
adopting the attitude that the quantity RT occurs in the 
radiation formula because RT/2 is the average energy of one 

component of the motion of the free electron in the field, but 
rather are we adopting the view that the electron moves with 

Usa) alk = i 

* This step is not quite rigorous, for although it appears generally to 
be assumed (see Jeans, “ Report on Radiation and the Quantum Theory,” 
p. 14) that a free electron may be treated as an oscillator of zero. 
frequency, the nature of the mathematical reasoning does not appear to 
warrant this assumption rigorously. It is proposed to enter into this 
matter more fully in a later communication; but as the practical con- 
clusions are not materially affected, it is not intended at present to 
complicate the considerations by going more deeply into this matter. 
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the average energy RT/2 per degree of freedom, because this 
is the quantity which is contained in the appropriate place in 
the radiation formula. The direct extension of this argument 
to the case of a gas molecule is not so easy, because we do 
not know the mechanism by which the molecule is set in 
motion by the field. Suppose, however, that it is justifiable 
to extend the result to gas molecules, a step to which we 
are encouraged by the fact that other considerations lead to 
equality of the average energy of gas molecules and free 
electrons ; suppose, in fact, that it is true that in the 
general case the laws by which the molecules are set in 
translatory motion are such that 

Twice average energy of gas molecule at temp. T 
Ny 

77 Lt,=0 erin Axod 

then, if we take Planck’s formula for EH), we have, as 

before, that the fundamental origin of the quantity R is in 
the radiation formula and not in the gas molecule, and that 
it is on account of the occurrence of the quantity RT in the 
radiation formula that the molecule moves so that the 
average energy of a translatory degree of freedom is RT/2. 
A view of this kind is all the more reasonable when we 
realize that it is only ultimately through the radiation 
that two gases, for example, which are separated from each 
other, can come into temperature equilibrium. Even con- 
duction, when viewed from a fundamental standpoint, 
probably partakes more nearly of the nature of radiation 
than of what is ordinarily implied in the term conduction. 

It is of interest to generalize the above arguments in the 
following form :— 

Suppose that it be known empirically, or by some 
theoretical argument, that H) is of the form 

87 av 
LON = 4 . oh)? 

where a is a constant, and f(T) is some function of the 
temperature of which we do not yet know the form. Let 
us even go so far as to say that we have not yet decided 
how temperature is to be measured. If we follow the line 
of the arguments above, and assume the relation 

Ue =o = Lt, =o’ E)/87,, 

* Strictly speaking, the average concerned in (5) is a time average for 
a single cvordinate, while the average concerned in equipartition is an 
average taken over a number of coordinates at a constant time. The 
difficulty in this respect is not, however, of fundamental importance, and 
we shall not dwell further upon it. 

Phil. Mag. 8. 6. Vol. 33. No. 193. Jan. 1917. G 
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we find that, if an electron, or (by an extension of the 
argument) a gas molecule, is placed in the radiation field, 
twice the average energy assumed by a translatory degree of 
freedom of such an electron or molecule will be 

av a 
Uzz0 = [a iu Tey ° ° : . (6) 

Now, if we decide to measure temperature as a quantity 
proportional to the average energy of a degree of freedom 
of a gas molecule, then, in view of (6), this fact alone 
determines f(T) to be proportional to 1/T; and if further 
we choose the size of our temperature degree in the usual 
way, 7. e. in a way which makes U,2»>=RT, we see that 
alf(I) becomes determined as equal to RT. Thus, again, 
the origin of the quantity RT is in the radiation formula. 
This formula determines twice the average energy of a 
degree of freedom of the molecule to be a/7(T), and because 
we measure temperature in the way we do, this is equal 
to RT*. 

According to the usual theories the relation between the 
gas molecule and the radiation formula is traced through 
the law expressing the entropy of the system in terms 
of the probability; and on this line of argument, the 
necessity for imagining some form of quantum theory for 
the radiation appears essential. Developments of the 
radiation formula not involving this finite quantum concept 
have been attempted, principally by Larmor ; but though it 
would appear, from the arguments of Larmor, that the 
necessity for the finite quantum can really be avoided, 
there appears to be difficulty in making the theory predict 
the numerical equality between the constant R in the 
radiation formula and the gas constant. The view tenta- 
tively suggested above as to the connexion between the 
two, is somewhat fruitful in filling in the gap, and it 
also has a bearing on Poincaré’s treatment of the problem 
of radiation, according to which it was claimed as proved 
that a quantum theory was necessitated by the mere fact of 
the energy per c.c. of a body being finite and not infinite. 
It is proposed to discuss these matters in a subsequent 
communication. 

Department of Terrestrial Magnetism, 
Carnegie Institution of Washington. 

August 31, 1916. 

* It must of course be remarked that the above view does not contain 
as an obvious consequence the Maxwellian law of velucity distribution 
among the molecules. It would take us too far afield to attempt to 
inquire into this matter in detail. 

4 
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VI. Some simple Deformations of Homogeneous Partitionings 
of Space and the Increase of Internal Surface generated 
thereby. By Ein Harscuex *. 

HE investigation to be described here was originally 
undertaken with the object of determining whether the 

generally received theory of the structure of gels (jellies) 
was compatible with the elastic properties of these bodies. 
This theory assumes that gels are systems of two liquid 
phases having interfacial tension. 

Since a number of gels show marked, and within narrow 
limits perfect, elasticity of form, it follows at once that, if 
the theory is correct, this elasticity can be due only to the 
interfacial tension of the phases, since either phase considered 
singly possesses elasticity of volume only. Deformation of a 
gel must lead to an increase of the interface or internal sur- 
face, and the tendency of the system to return to its minimum 
interface shows itself as elasticity. We can, therefore, with- 
out at present. making any assumptions as to the geometric 
character of the interface, at once say that—for, say, a tensile 
strain W and elongation L— 

WA CaS lous Wes” Pie 

where 8 is the interface and C a constant containing both its 
absolute size and the interfacial tension. If, therefore, we 
can determine the function connecting elongation and in- 
crease of surface, we can find the stress-elongation curve by 
differentiation and can compare the curve so found with 
experimental data. If the curves show marked disagreement 
the theory of two liquid phases is at once untenable. 

As regards the shape of the interface, we have, of course, 
to make assumptions, which, however, are very strictly 
defined. If a system of two liquid phases is to have 
approximately the appearance and some of the properties of 
a solid, we know from the behaviour of emulsions made by 
Pickering and others that the disperse phase must occupy 
almost the total volume—98-99 per cent.,—leaving only 
1-2 per cent. for the continuous phase, which therefore can 
form only a thin film separating polyhedra of the continuous 
phase. Although such a structure can hardly be in stable 
equilibrium, it can be shown by microscopic examination 

* Communicated by Dr. L. Silberstein. 

G 2 
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to exist in the high percentage emulsions, and is known to 
persist for years. This is, no doubt, due to the very low 
interfacial tension, which is a necessary condition for the 
production of such emulsions ; as gels ex hypothesr consist 
of two phases differing only in concentration, but not in 
composition, the interfacial tension is likely to be lower even 
than that between the soap solutions and mineral oils of 
Pickering’s emulsions, so that the continued existence of a 
polyhedral structure offers no difficulty. 

As regards the geometrical character of the interface, we 
shall hardly be mistaken in assuming that it conforms to 
some type of homogeneous partitioning of space, and that its. 
elements are either twelve- or fourteen-faced polyhedra. If 
we determine the increase of surface produced by deforming 
such a structure and plot the first differential coefiicients of 
these increases as ordinates against the elongations, we 
obtain, as already explained, the stress-elongation curves. 
As the physical results of the investigation have been pub- 
lished in a short paper”, it is only necessary to state here 
that these theoretical curves show very marked disagreement 
with the experimental stress-elongation curves. 

To extend the geometrical investigation to all eases, we 
shall consider, in addition to dodecahedral and tetrakai- 
decahedral partitionings, the hexahedral partitioning. If we 
confine ourselves to polyhedra with straight edges and plane 
faces, the minimum case, 7.@ the polyhedron with the 
minimum surface, will be: tor the hexahedral partitioning 
the cube, tor the dodecahedral type the regular rhombo- 
dodecahedron and for the tetrakaidecahedral type the equi- 
lateral cubo-octahedron. As regards the deformation, we 
are only limited by the condition of continuity that the 
polyhedra obtained from the minimum types must again fill 
space continuously. This condition is, of course, satisfied by 
the following types of deformation, which we will consider 
in detail :— 

(1) Hexahedral partitioning—(a) The cube is deformed 
by astress parallel to four of its edges and transformed into 
a square prism having the same volume. Although this case 
appears highly special, it will be found to be in complete 
functional agreement with all the others. 

(6) The cube is deformed by a stress acting in the 
direction of its space diagonal and all edges remain equal, so 
that it is transformed into a rhombohedron (fig. 1, a & 6). 

* Trans. Faraday Society, vol. xii, pt. 1 (1916). 
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Dodecahedral partitioning.—(a) The regular rhombo-do- 
decahedron is deformed by a stress acting in the direction of 
its crystallographic axis, 7. e. the axis passing through two 
opposite four-faced corners. In this position it may be 

Fig. 1. 

looked upon as a combination of the tetragonal pyramid with 
the tetragonal prism of the other order, and the deformed 
polyhedron retains this general character. We assume that 
all edges remain equal, so that the deformed polyhedron 
will be bounded by rhombs of two kinds, eight belonging to 
the pyramid and four to the prism (fig. 2, a & b). 

(6) The regular rhombo-dodecahedron is deformed by a 
stress acting in the direction of the axis passing through two 
opposite three-faced corners. In this position it may be 
looked upon as a combination of the hexagonal prism with 
a rhombohedron, and: the deformed polyhedron retains this 
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general character. We assume that all edges remain equal, 
so that the deformed polyhedron will be bounded by rhombs 

Fig. 2. 

a 

5 

1 

-t 
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of two kinds, six belonging to the prism and six to the 
rhombohedron (fig. 3, a & 6). 

Tetrakaidecahedral partitioning—The equilateral cubo- 
octahedron is deformed by a stress acting in one of the axes 
of the octahedron. The polyhedron may be looked upon as 
a combination of a tetragonal pyramid with the pinakoid and 
the prism of the opposite order, and preserves this general 
character when deformed. To ensure continuity the follow- 
ing conditions must, however, be satisfied: the eight regular 
hexagons are transformed into symmetrical hexagons, having 
two pairs of sides all equal to one-third of the polar edge of 
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the pyramid and one pair of sides equal to one-third of the 
basal edge of the pyramid ; the two pinakoid faces remain 

Fig. 3. 

vee and the four prism faces become rhombs (fig. 4, 
a & 6). 

As stated explicitly under (1) a, the volume is supposed to 
remain constant in all cases, this condition arising from the 
original problem, in which two liquid phases were con- 
sidered. As the calculation for the cube transformed into a 
square prism is extremely simple, we will consider it before 
describing the method adopted in the other cases. 

If a cube of unit edge and unit volume is transformed into 
a square prism of the height L and the same volume, the 
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surface of this prism will be 
9 Ne 

s= iL, =F An/ Ls 

and the increase in surface for the elongation L—1 will be 

S—8,= + +4/L~6, 

S, being the surface of the minimum polyhedron, 7.e. the 
cube. 

The curve defined by this equation is plotted in fig. 5, 

with Las abscisse and - e = 

for compression, the ordinate grows rapidly and becomes oo 

for L=0. For L>1 the curve has a marked inflexion, and 
the value of the abscissa at which the inflexion occurs is found 
by two successive differentiations to be L= W16=2-5198, 
or an elongation of 152 per cent. This curve is marked 
“uP tor Ie 1 

as ordinates. For L<1,2.e. 
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As regards the deformations under (2), (3), and (4) it is 
immediately obvious that, with the assumptions we have 
made, it is possible to express the volume and surface of each 
polyhedron as a function of the length of the edge and at 
any one angle in any of the rhombs, preferably the angle of 
the pole a. For the cubo-octahedron it is most convenient 
to refer the calculation to the whole edge of the pyramid and 
the angle at the apex of the latter (fig. 4, «). As the volume 
is to remain constant, we have to find the volume of the 
minimum polyhedron, for which the value of @ is known, 
taking the edge as being of unit length, and have then to 
calculate the edge E for various vaiues of «, so that the 
volume is the same as that of the minimum polyhedron with 
the edge of unit length. The other quantities of interest to 
us can then be expressed in terms of E and a; they are 
the total surface and the length of the axis (for the cubo- 
octahedron the distance between the square faces). The 
expressions found are as follows :-— 

I, Cube stretched along space diagonal and transformed 
into rhombohedron. (Fig. 1,4 & 0.) 

1 
a iets aes 
a/ 2sintin /3—4 sin? L=3b4 1— sin 9° 

S=6E? sin a. 

K= 

II. Rhombo-dodecahedron stretched along crystallographic 
axis. (Fig. 2,4 & 8.) 

EK=~-._. L —_— 
ye) aaa L=4EV cos a. 

27 cos a sint : 
al 

: OG a 
sS= 8H°(sin a+sin 5 V® cos a) 

IIT. Rhombo-dodecahedron stretched along axis passing 
through two opposite 3-faced corners. (Fig. 3, a & b.) 

9 
yy -_ =— 

afc o& 4 vs a 
/'s sin 5(1+ pa fe 3sin*5 ) 
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IV. Cubo-octahedron stretched along axis of octahedron. 

(Fig. 4, a & b.) 

Ih pepe ee } 
3 FTE is / 

a / 4sin? 24/2 005 4 Le pe a 

= 5 B(3 sin « + sin? = +sin=4/2 cos a). 
2 2 

(N.B.—For this polyhedron E=the whole edge of the 
square pyramid, « the angle at the apex of the latter, and L 
the distance between the two square faces.) 

A number of values have been calculated, for elongation 
only, from these formule, and are given in the table 
below :— 

L S—S,, 
E. L. 8. = ae 

L,, Sm 

90° 1-000 1-752 6:000 1-000 0-000 
75 1031 27194 6°158 1:267 0:026 

I. 60 1-112 2°745 6°45 1°585 0-091 
45 1300 3°499 rp 2:020 0°195 
30 1653 4°732 8:193 2°732 0366 

70° 31' 44" 1:000 2°304 11°313 1-000 0-000 
60° 1029 2°906 11:564 1-261 0-022 

ra 50 1-094 3'°526 12:037 1-530 0 063 
; 40 1:234 4-321 12-989 1876 0°149 

30 1:456 5420 14258 2°352 0-260 
25 1-628 6°198 15°140 2°695 0339 — 

HOSERSS 16) 1-000 2000 11°313 1-000 0:000 
100° 1-012 yes UY 11°479 1-208 0018 

II. 90 1041 2°843 11°803 1-422 0043 
60 1251 4314 13°353 2°157 0-198 
45 1-473 5439 14-960 2-719 0°322 

60° 1:000 0945 2°976 1-000 0-000 
50 1-073 1147 3024 1-215 0-016 

Iv 40 1-200 1-400 3°158 1:485 0-061 
; 30 1-419 1-761 3°398 1-869 0-142 

20 1°822 2°359 3°735 Paes) 0255 
15 2°194: 2°875 4/105 3°049 0379 

S—Sin 
The values of ae" have been plotted in fig. 5 as 

m™ 

ordinates against the values of L/L,, as abscissee. Differ- 
entiation of the expressions obtained for these two variables 
leads, of course, to entirely unmanageable equations, but it is 
sufficiently obvious that the function connecting elongation 
and increase is the same in all cases, and therefore of the 
same type as the comparatively simple function found in. 
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of Homogeneous Partitionings of Space. gE 

the case of the cube elongated parallel to four of its 

edges and transformed into a square prism. The inflexion 
characteristic for this curve is equally apparent in the four 

Fig. 5. 
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others, and occurs, so far as can be judged, at the same 
abscissa. What the geometrical meaning of this value may 
be is difficult to see in view of the difference in type between 
the various polyhedra which have been considered. 

The problem which gave rise to the present investigation 
is probably the first one in which deformations of homo- 
geneous partitionings of space had to be taken into con- 
sideration, while the well-known applications of the theory, 
as made by Osborne Reynolds, Pope and Barlow, and others, 
did not call for an examination of the changes produced in 
the partitioning by stresses. Such an examination cannot, 
however, be avoided in those instances in which a polyhedral 
structure and the existence of an inter-polyhedral layer 
with special properties are postulated to account for the 
peculiarities of systems under stress, e.g. the theory of an 
intercrystalline cement as an important factor in the tensile 
strength of metals, kc. The results here given, which not- 
withstanding the somewhat special assumptions seem to point 
to a uniform behaviour of homogeneous partitionings, may 
therefore be useful as providing a direct criterion of the 
validity of speculations which postulate such structures. 

November 11, 1916. ’ 
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VII. Molecular Refractivity and Atomic Interaction. By 
L. Siperstew, Ph.D., Lecturer at the University of 
Rome, Scientific Adviser to Adam Hilger, Ltd.* 

1. The Additive Law and its Limitations. 

aes modern chemist makes an extensive use of Lorentz’s 
additive law of optical refractivities, especially in the 

vast domain of erganie compounds. | 
Let w be the refractive index, JZ the molecular weight, 

and d the density of a chemical compound, whose molecule 
consists of c; atoms A,, c. atoms A,, and so on. Let us 
write | 

ar ee 
NS UT eh exe, cle 

for what will be called the molecular refractivity — of the 
compound in question. Then the additive law states that it 
is possible to ascribe to each of the constituent atoms A; a 
certain number J; (a function of frequency only) called its 
atomic refractivity, such that 

N= CV, + Coulis — Gane + o 8 5 ° ° e (2) 

no matter what the state of aggregation or the remaining 
physica! conditions of the compound. And it is certainly a 
very remarkable fact that this additive formula holds, at 
least within a few units of the second decimal place, in 
many cases. 

If all the ingredients A; were available as monoatomic sub- 
stances, accessible to the refracuometer, then each 1; could 
be measured directly. Jd/; and d; being the corresponding 
values of atomic weight and of density, we should have 

weet 
eee. 

But such is by no means the case. On the contrary, none 
of the atomic refractivities .V;, contained in the chemist’s 
table, has been obtained directly. The chemist’s actual 
method of procuring atomic refractivities amounts to the 
following mathematical procedure :—If « molecular refrac- 
tivities VV of « different compounds of « elements are 

* Communicated by the Author. 
+ Some authors call it “the molecular refraction,” others “the 

refraction equivalent ” and “molecular refractive power.” The above 
name has seemed more convenient. 
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experimentally known, as well as the numbers ¢, ¢y, etc. 
for each of them, then we have « hnear equations of the 
form (2) and, these being mutually independent, the required 
« atomic refractivities are found by solving the system of 
equations. There is, of course, not the least objection to 
such a procedure. The question then is whether the values 
of N;,N2,...N,., thus obtained, are consistent with the 
observed refractivities of other compounds of the same 
elements. And, as has already been mentioned, the additive 
law stands this test in a remarkably large number of cases. 
The chemists, it is true, complain but too often of “ excep- 
tions to the rule,’ and these, especially since J. W. Briihl’s 
time, make up a rather formidable list. To the physicist’s 
mind, howeyer, the surprising fact is that the additive law 
does hold at all in certain cases. For to him it means 
absence of atomic interaction *, a state of things which one 
would hardly expect. 

At any rate, the chief object of the present paper is to lay 
stress precisely on what are usually called the “ exceptions” 
and to attempt to derive from these some knowledge about 
the electrical interaction of the atoms of a molecule. 

Before entering upon our subject, it will be well to quote 
a few numbers exnibiting the degree of approximation with 
which the additive law holds, and the values of certain extra- 
terms to be added when the law does not hold. Since the 
atomic refractivities, as sanctioned by the chemical authori- 
ties, do not seem to be easily accessible, it may be advisable 
to reproduce here, for the sake of reference, the numbers 
given in Landolt-Bornstein’s Tafeln (1912), p. 1039, the 
sources quoted by them in this connexion being: Hisenlohr, 
Z. phys. Ch. (1910), 75, 585, and Roth and Hisenlohr, 
Refraktometr. Hilfsbuch, Leipzig, 1911. The figures given 
in this Table under the heads H,, Hg, H,, D are the atomic 
refractivities JV; for the hydrogen lines «, 8, y of the Balmer 
series and for the “‘ D-line” of sodium; the last two columns 
contain the corresponding dispersions of NV;, shortly called 
the atomic dispersions. The Table contains also the mole- 
cular refractivity of the important group CH,, and some 
extra-terms, such as due to a double bond in the case of 
carbon. In using this Table, and comparing the calculated 

* The reader will remember that, in Lorentz’s electromagnetic 
theory of dispersion, the additive law is a consequence of the express 
assumption that the (dispersive) electric particle contained in one atom 
is not disturbed by what is going on in the remaining atoms of the same 
or of other molecules. H. A. Lorentz, Arch. néerl. xxv. (1892), p. 363; 
more recently treated in Lorentz’s ‘Theory of Electrons,’ Leipzig (1909), 
Chap. IV. 
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molecular refractivities with the observed ones, we have to 
remember that the atomic weights are those more recently 
adopted, viz., 16 for oxygen, 1:008 for H, and so on. 

| 

| Symbol.| Ha. 

GronpiG Heian eemcciener. CH, | 4598 
Warboit sarars eeu ecccr maces fe C 2°413 
clive; OP er ees Wt awe aciasee an. Jl 1-092 
hydroxyl-Oxygen ............... O’ | 1522 
ether-Oxwoen serene ee ese <== O< | 1639 
earbony]l-Oxygen ...:........... OY 2089 
Ginlorime iis. jsehseseenea gee «nes Cl | 5933 
HSEOMMUNE) Et. c'on4ce senile voleee' Br | 8803 
MOWIave pace sccrcunce eases jes oo ek ie alee 
Ethylene bond [double] ...... = | 1686 
Acethylene bond [triple] ...... = 2°328 
Nitrogen in primary amines .|H,N-c | 2°309 

at in secondary amines N -(c),| 2°478 
_ in tertiary amines...| N-(c),| 2°808 
a in imides (tert.) c—N=c| 3°740 
‘ Thal Jot Grek SREB eA corn N=c | 3102 

Hg. Hy, Hp—Ha, Hy—Ha. 

4-668 | 4:710|| ‘O71 113 
2°438 | 2-466 || -025 "056 
1°115) 1-122 |) 70238 029 
1531 | 1:541 || -006 015 
1:649 | 1°662 || -012 019 
9-247 | 2-267 -057 | -078 
6043 | 6101 || :107 168 
89909 Ob ead *340 

14°224 |14°521 || -482 775 
1824) 1:893 || °1388 ‘200 
2°506 | 2°538 || °139 “gal 
2°368 | 2°397 || -059 086 
2'561 | 2°605 || -086 "119 
2:940} 3:000 || °183 "186 
3'877 | 3°962 || °139 220 
3'155 | 3°173 || -052 060 

Let us now test the above figures, whatever their orig 1 
on some concrete examples, retaining in the final results but 
two decimal figures. 

Water. 
(Ha). 

2H  =—-:+18, 
Or egos 

Beale: = 97 

aN obs =the (8)) 

‘This can be looked upon us a very good agreement. 

Chloroform. 
(Ha). 

G 2-41, 
H 1:09, 

aCl Ie Si 

Vee = BIO) 

Vee. = Wea 

(Hy). 
94.6, 
1-12, 

18°30, 

21°89 

This again speaks in favour of pure additivity. Notice that 
thus far we have had no extra-terms. The case is different 
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with the following examples, in which such terms do play an 
essential part. 

Benzene.:Here we have, according to the usual ring- 
shaped formula, three double bonds between the carbon 
atoms. Thus, 

(Ha). (Hy). 

6H 6°55. 6°73. 
6C 14-47, 14:79, 
is 505s 5°67, 

ian 96-09 27-21 
ie ==) 96-0 O71 

This again is a satisfactory agreement from the point of 
view of the above Table. However, the mere presence, in 
the account, of three double-bond terms |= (which gives 
an item nearly equal to that due to five hydrogen atoms) is 
a manifest confession of non-additivity, 7.e. of the presence 
of considerable atomic interaction. Still, in cases like this 
the chemist does not speak yet of “exaltation” proper. 
Nor does he call the triple-bond term |= an exaltation, the 
latter name being reserved for such cases in which there 
are extra’s even to these sanctioned and fixed extra-terms. 
The discovery of |= is due to J. W. Brtthl, who has done 
much valuable work in this domain*. Notice that |= is as 
much as 2 of the C-refractivity itself, and, what deserves a 
peculiar emphasis, the dispersion of |=, from H, to Hg, is 
even about six times stronger than that of the C itself. 
This is equally true of |=. Yet both of these are looked 
upon as normal extra-terms, since they are of commonest 
occurrence. The name of “exaltation,” or, its negative, 
“depression,” is used when these ordinary extra-terms are 
insufficient to maintain the additive law, e. g. when owing, 
say, to the proximity or not of two multiple bonds, there is 
still an outstanding disagreement from that law. But from 
the physical point of view these extra-terms, primary or 
secondary, being so many manifestations of non-additivity, 
will appropriately in all cases be called exaltations when 
positive, and depressions when negative, with respect to 
certain standards. In doing so, however, we must not 
deprive the double- and the triple-bond terms of their 

* The reader may consult Bruhl’s account in ‘‘The Development of 
Spectro-Chemistry,” Proc. Roy. Inst. xviii. 1 (1906), p, 122. 
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special importance. Whatever the nomenclature, the ap- 
proximate constancy of these extra-terms in a multitude 
of cases remains a very characteristic feature. 

Our above remarks apply equally to the following exam- 
ples, for which it will be enough to quote the final results 
only. These examples are taken from Auwers and WHisen- 
lohr’s paper, Berl. Chem. Berichte, xliii. 813. The' molecular 
refractivities VV, calculated and observed, are for the D-line,. 
and the dispersions & are from H, to H,:— 

Trimethylstyrol [Cy,Hs.CC(CHs) : C(CHs)s]. 

Neate =~ 40°09 Sau — 1°85 

De ee Dis, — 9:23 

“ exaltation’? + 0°50 40°38 28 pamiccnis 

a-Methylstyrol [C.Hs ° 6 (CH3) fs CH, ]. 

DON Ge 

A()-49 Zale 

+ 0°64 + 0:40=29 per cent. 

Styrol [C,H;.CH: CHg]. 

30°24 1°38 

36°34 | 24 

+1-10 + 0°61 = 40 per cent. 

From these examples we see ihat, while the “exaltation ” 
of molecular refractivity is comparatively small, the ‘‘ exal- 
tation” of dispersion is very large, amounting in the last 
example to 40 per cent., and Auwers and Hisenlohr (loc. cit.) 
quote cases in which it becomes enormous, 107 per cent., 
153 per cent., and even 277 per cent. Whole classes of cases 
in which there is a considerable “ depression ”” will be found 
in Brihl’s papers, Berl. Chem. Ber. xl. (1907), pp. 878, 900, 
1159 et seq. The ever growing hierarchy of rules indicating 
how to treat the exceptions to the law of additivity, although 
undoubtedly helpful to the chemist, is the clearest confession 
of non-additivity. 

Again, quite apart from the numerical magnitude of 
disagreement, there are, so to say, qualitative objections 
to the additive law, which seem very striking, and which, 
as far as I know, have been entirely overlooked. Thus, 



Refractivity and Atomie Interaction. 97 

there are crystalline compounds, having two or even three 
different principal refractivities, and (although the regular 
arrangement of molecules is an indispensable factor) the 
optical anisotropy of a crystal is certainly to be attributed 
in its essence to the anisotropy of the molecule. Now, 
the constituent atoms, or rather their refractivities, as the 
C or O’ or even | of the above Table, being essentially 
isotropic, an additive combination of these is utterly im- 
potent to give an optically anisotropic molecule. This seems 
to me a grave objection, notwithstanding that the anisotropy 
of WV is, in general, rather small. But I perceive a more 
serious objection to the additive law in the following cir- 
cumstance. In many cases the compound has an entirely 
different distribution of absorption bands from that of the 
constituents (elements or not), i.e. new free frequencies are 
produced and the old ones are shifted by combination or 
dissociation *. The resultant dispersion- and absorption- 
curves are not obtainable by a superposition of the component 
ones. In plain language, colour is produced, or destroyed, 
by combination or by dissociation of substances which may 
themselves be colourless, or nearly so, to the human eye or 
to the spectrograph. It is hard to understand why this 
circumstance has been entirely kept out of account in the 
chemical studies of molecular refractivity. It is true that 
there is a great chapter in chemistry entitled ‘‘ Colour and 
Constitution,’ but, as far as I can gather, this is treated 
without any connexion with ‘“ Molecular and Atomic Re- 
fraction and Dispersion.” ‘The existing so-called “theories 
of colour,” due to Witt, Armstrong, Kauffmann, and Baly, 
have nothing in common with the rich material collected 
by the refractivitists, the late J. W. Briihl and his followers 7. 

Enough has now been said to justify an attempt to amplify 
Lorentz’s additive law by taking explicitly into account the 
electro-optical { interaction of the atoms constituting a 
molecule. This will occupy our attention in the following 
sections. The need of a similar investigation has, of course, 
been felt by physicists, and Lorentz himself says in con- 
nexion with Briihl’s work (loc. cit. p. 150) :—‘‘ There is at 

* And this is closely connected with all the stated facts of huge 
exaltation of molecular dispersion. 

y+ An account of “Colour and Constitution” is given in Ene. Brit. 
llth ed. vol. vi. (1910) pp. 70-72. See also Smiles’s ‘Chemical 
Constitution and Physical Properties,’ Longmans (1910), Chaps. X., 
XI. 

{ J.e. so far as the dispersive electrified particles (electrons, say), and 
these only, are concerned. 

Phil. Mag. 8. 6. Vol. 33. No. 193. Jan. 1917. H 
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all events an interaction of an electric nature between 
neighbouring atoms, precisely on account of the displace- 
ments of their electrons ; there may also be other inter- 
actions about whose nature we are as yet entirely in the 
dark. On these grounds we must expect greater or smaller 
deviations [from the additive law] from which one may one 
day be able to draw some conclusions concerning the struc- 
ture of a molecule.” But, as far as I know, no such 
investigation has been undertaken up to date, no doubt 
because of the excessive complexity of the problem when 
treated in its full extent—that is, together with the ques- 
tions of ‘‘ valency ” and of all the dynamical properties of a 
molecule considered as a system of atoms carrying electrified 
particles. Nor would I pretend to solve the full problem. 
But what I propose is a much more modest task, and one 
which does not seem entirely hopeless or useless, viz.: To 
investigate, with the simplest assumptions possible, the 
mutual action of the atoms of a molecule only so far as 
the oscillations of their dispersive particles (electrons) * are 
concerned, and taking the molecule as being a comparatively 
fixed constellation of the atoms. In short, to treat the 
optical side of the question detached from all its other 
aspects. In doing so one is fully aware that such a division 
of the problem is artificial and physically illegitimate. 
Yet, the solution of the limited, and therefore easy, problem 
may turn out to have the value of a first approximation 
at least, preparing the way for obtaining the successive 
approximations. 

2. Atomic Interaction ; General Equations, 

Let each of the atoms A,, Ag, ete., like or unlike, contain 
a single dispersive particle which (without prejudicing the 
values of its e, m) will, for the sake of shortness, be called 
an “electron.” Let —e,, —é, etc., m,, me, ete. be the 
charges and the masses of the electrons contained in 
A,, Ag, etc., and let O,, O2, etc. be the positions of equi- 
librium of the electrons within their atoms, and ry, ry, etc. 
the vectorial displacements of the electrons from these 
positions. We shall assume throughout that all these points 
O;, centres—as we may call them—of the atoms contained 

* Some of the most authoritative physicists believe to have strong 
reasons for suspecting that the dispersion electrons haye much to do, 
or even are identical, with the “valency electrons”. It may well be so. 
But, true to my above limitation of the problem, I shall purposely 
ignore the possible “ valency ”-réle of the dispersive particles. 
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within the same molecule, constitute a rigid system, without 
in the least inquiring into the forces keeping them together. 
Let, in an isolated atom A,, the displacement r; be counter- 

acted by the usual restitutive force —m7,7;, so that n= Vy: 
is the free frequency (in 2m seconds) of the atom when 
unmolested by foreign interference. In other words, let 
the differential equation of motion for the 7-th isolated 
atom be 

Pp 0) rete 2 i ie (Oo) 

Thus each atom by itself will be optically isotropic, since 
yi=n,7 is an ordinary scalar. . 
We shall not introduce explicitly any ‘friction ”’-terms, 

keeping solely in mind that such terms are to be brought in 
whenever the period of the external agents approaches a free 
period. 

Next, as to the interaction of atoms, in order to proceed 
any further, we have to make some definite assumption about 
the electrical properties of the centres O;, O,, etc. We shall 
choose a possibly simple one, viz., that when the electron 
—e; is displaced, the centre O,; behaves as if it were the seat 
of a point charge +e,, so that an electric doublet is created, 
of moment er;*. And so for every atom. (This does not 
imply that there are no other charges in the atom, or that 
the whole atom is electrically neutral. It means only that 
we are concentrating our attention exclusively upon the 
dispersive electron and its position of equilibrium.) Again, 
having once assumed that the centres Qj, O,, etc. are fixed 
with respect to one another, there is no need of contem- 
plating the mutual forces between the charges +e, +, etc. 
appearing in O,, O,, etc. Further, the action of O; upon 
its own electron can be considered as already contained in 
the restitutive force —m yx; Thus, the electron of the 7-th 
atom will be acted upon only by all the doublets produced 
in the remaining atoms of the molecule. (The influence of 
other molecules being disregarded, of course.) Of this 
action we shall assume that it is ordinary electrostatic action, 
which will certainly be the case if the velocities of the oscil- 
lating electrons are but small fractions of the light velocity 
in vacuo. Finally, we shall assume that the amplitudes of 
these oscillations, 2. e. of r;, are small as compared with the 
mutual distances Aj; of the centres O,, O,. 

Under these conditions the force on the 7-th electron due 

* If the reader desires to have a picture of these conditions he may 
look upon O; as the centre of Sir J. J. Thomson’s “sphere of positive 
electricity.” But this is by no means necessary. 

H 2 
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to the j-th atom, playing simply the part of a doublet, will 
be directed along the line O;O0; and its intensity will be 
proportional to the projection of r; upon Oi0;. 

In fact, let 2, 2; be the components of the displacements 
r;, r; along O;O; (fig. 1) ; then, neglecting squares of 7;/R,,, 
r;/R,, the component of the force on —e; taken along that 
direction will be 

Fig. 1. 

ge ay _— b; 

ee; NT Li—#\ 777. Vee, 

while the transversal component will be of higher order. 
Thus the whole force on the z-th electron due to the 
j-th atom will be 

2e,e; 
ij R,? prijs ) 

where u,; is a unit vector from O; to O;. And the resultant 
force F; on the 7-th electron due to the remaining atoms of 
the molecule will be the vector sum of all expressions of the 

type of (4), 
BSS Baa. ee 

the summation to be extended over all j47. Thus F, will 
be a linear function of the projections of ro, rs, etc., upon 
0,0,, O03, etc., and similarly for F,, and so on. Thus, 
taking account of the atomic interaction, we shall have, 
instead of (3), for a molecule consisting of « atoms, « linear 
differential equations : 

fbn — FeO, i= 1, 2) 1k. 

The molecule as such will now have, generally speaking, 

3x new free frequencies, optically relevant, instead of the 

original ones, / Vie | 

Finally, let us imagine a body composed of a large 
number of such molecules. Let §t be their number per unit 
volume, and E an external electric field, e.g., the electric 

force in an incident wave of light. Then, precisely as in the 
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usual theory of dispersion (Lorentz, loc. cit. p. 139), the 
external force acting on our 7-th electron will be 

é;(E -+- aP), 

where a is Lorentz’s }+s, and may for the present be 
simply taken equal to 4, and P, the electric polarization of 
the body, is the average of MN(erit+e¥ot+...+¢d,) taken 
over a physically small volume, but containing a sufficiently 
large number of molecules, 2. e. 

Peas + erst... hemy—Rbets (1) 

Now, D being the (macroscopic) dielectric displacement, we 
have D= KE=E+P, where, for periodic oscillations, 

Tie 

the “dielectric constant”? or the permittivity A being in 
general, for anisotropic bodies, a linear vector operator, and 
for isotropic bodies an ordinary scalar. ‘Thus the external 
force on the 2-th electron becomes 

ef +a(K—1)]E, 

and with a=4, 1. e., strictly for regular cubical distribution 
of molecules *, and approximately for various other cases, 

4e;(K+2)H. 

Dividing this force by m, and introducing it on the right 
hand of (6) we have the « equations 

1 I 3 
Tee r,— —F;=- ae eS, 

iT YT: m ° 3m; 
ae OEE 22 (8) 

For monochromatic incident light of frequency n=2ae/r 
(in 2a seconds) the electric force E and all the vectors r are 

proportional to GO Fe 7 Sik so that f= —yr, where y=n’. 
Thus we obtain, for a substance composed of «-atomic 
molecules, 

Gy) — rk Oa Aim, (K+2)E Spel 2 wie ee (9) 

* This concerns the ‘distribution of points, of which each is the 
representative of a molecule as a whole, and does not necessarily imply 
parallelism of orientation of such lines as 0,0, or O,0,, etc.; the latter 
will be the case only in (optically) crystalline bodies. On the other 
hand we may have, say, a strictly cubic arrangement, but with a hap- 
hazard distribution of directions of O,0,, etc.; then the body will be 
optically isotropic. 
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Since the forces F;, to be constructed on the type of (4), (5), 
are all linear vector functions of the r’s, we have in (9) 
a system of « linear vector equations for as many vectors 1;. 
On the other hand we have, by (7), 

(K-1)E=%er. . 2. ee 

Introducing here the r’s to be found from (9) as linear 
functions of (+2)E, we shall obtain the refractivity 
operator 

Ox 3 ye ST Ee i 

which in the simplest case of isotropy reduces to the familiar 
expression 3(u?—1)/(w?+2). Our above .V, the molecular 
refractivity-operator, will be N=1Mo/d. The operator o 
will obviously contain, in the denominator, the determinant 
of the equations (6) of the molecule under no external 
forces, thus bringing into evidence the free frequencies and, 
therefore, the absorption bands of the compeund, and, in 
fact, all of its optical properties in terms of the attributes 
of the atoms and of their configuration within the molecule. 
This will be developed in detail on the particular examples 
of two- and three-atomic molecules, which will pave the way 
for the treatment of polyatomic ones. The operator @ will 
have, in general, three different principal values, and will, 
in the case of a haphazard orientation of the molecules, 
degenerate into an ordinary scalar magnitude. 

The equations (9) and (10), with the forces F; defined by 
(4), (5), will be our fundamental system of equations, to be 
developed in each particular case. 

Notice that with increasing mutual distances (/,;) of the 
atoms all the interatomic forces F; tend to evanescence, and 
(9) are at once reduced to the ordinary equations of the 
Lorentz theory, as it should be. In that limiting case we 
have from (9), calling x; the projection of r; upon any fixed 

direction whatever, ("—y)ec= 5 — (K+2)E,, so that 4, 

and therefore w, obviously becomes an ordinary scalar (th 
substance becomes optically isotropic) and its value is, 

by (10), 
iy Aa ak = o= 4 Or Lee Set Os 

where 
Dears 

snes ies 
9 ied 

as in Lorentz’s theory, and therefore also 

N=N,+No+... +L, 
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Thus the additive law of refractivities appears, of course, as 
the limiting case for evanescent atomic interaction. 

Our supplementary terms concentrated in F; bring in 
optical anisotropy (when not destroyed by haphazard 
orientations of the molecules) and non-additivity, modifying 
at the same time the free frequencies and, therefore, also the 
position of the absorption bands. The quantitative aspect 
of this departure from additivity will be discussed and 
illustrated in the following sections. 

3. Diatomic Molecules, 

Let 2, #, be the axial components of rj, ro, 2. e. their 
projections on O,O,, and yj, y2 their transversal components. 
The forces F,, F, being purely axial, the latter components are 
not modified by the atomic interaction. 'Thusthe transversal 
component of (9) gives 

pet sick eg he 2) Ue __ é°(K, + 2)E, 

omc). ora) 

and the axial component, by (4), 

dias) 

Qe? ie 1 ae epee «5, eed 9 (v1 Y) €Uy mR? €9U2 3 my (UE an )H. 

Leer eee i 29) i ern pres et) Yan Vata 3 fa até, 4 

where FR is the mutual distance of the centres O,, O,, and 
the suffixes a, s are used to distinguish between the axial 
and the transversal directions. 0,0, will shortly be called 
the awis of the molecule. The above equations have to be 
combined with (10). In doing so we shall consider 
separately the two important cases: 1) when the axes of 

all the molecules are parallel to one another, and 2) when 
their orientation is haphazardly distributed throughout the 
substance. The first case will correspond to an optically 
anisotropic, and the second to an isotropic substance. From 
our present point of view the first case is the more important 
one, since it reproduces the properties of the molecule as 
such, while in the second case these properties are partly 
obliterated by averaging through the crowd of molecules. 

Amsotropic Body.—All the axes being parallel to one 
another we have simply r;=r;, i. e. G=2;, ¥i=yi and 
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therefore, by (10) and (13s), writing e,?/m,= By, e:?/m.= Ba, 

K.—- B, 
K, = =n =v sas =@,+@p, (14 s) 

that is to say, the transversal refractivity is purely additive. 
This is simply the result of the axiality of interaction, based 
on our assumption, made at the beginning, that the second — 
and the higher powers of (r/R), (7/R) are negligible. 
Passing on to the axial ieee we oe in (13a) two 
linear equations for e,21, é%2. Let D be the determinant of 
these equations, 2. e. 

O,=3 

4B,B 
D> (y Wl 92) eae ee 

Then, introducing ¢)2, é:¢, from (13 a) into 

(K,— 1)E= Ne ary + Cnila), 

the axial component of (10), we have 

9 4B,B, 
Og = D | Bi(ye—7) + Bol =) RR: ? 

or, In terms of the atomic attributes @,, ws, 

@1+@: +40 105/NR? 
il a 4,@,/M7R® ce a) 

Oqg= 

Thus, the awal refractivity, unlike the transversal one, 
shows an essential departure from additivity, and this is 
of such a nature that the difference #,—(@,+@.) cannot 
obviously be thrown either upon the first or upon the 
second, nor partly upon the first and partly upon the 
second of the constituent atoms. Any such splitting of 
terms containing the product m,w, and the mutual distance 
of the atoms would be entirely artificial. Thus far the 
qualitative aspect of the matter. And as concerns its quanti- 
tative side, notice that, in a true molecule, the departure 
from the additive law cannot be negligible and will, in 
most cases, be very considerable. In fact, Jt is the number 
of (diatomic) molecules per unit volume, and therefore 
MR* the number of molecules per cube whose edge is the 
mutual distance of the atomic centres. Now if the system 
of each pair of atoms deserves at all the name of a molecule, 
FR is certainly not greater than the average mutual distance 
of molecules. Thus the (pure) number If? is certainly not 
greater than unity, and in most cases even a fraction only. 
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Therefore, as long as the molecule is not, to all purposes, 
thoroughly dissociated, neither @,/MA*, w/MNA*, nor the 
product of these ratios, appearing in the denominator of 
(14a), can be neglected in presence of w; and w, themselves. 

Notice that, w, obeying the additive law, the contribution 
due to interatomic cooperation alone can be written, by 
(14a), 

4wi@, 14+(@,+@.)/NR® 

MRF © 1—4e,0/M’Re * 
O,—O,= (14) 

The expression (14 a) given above has seemed interesting, 
inasmuch as it exhibits the connexion with (and at the same 
time the departure from) the traditional law of additivity. 
But this having once been noted, there is another, mathe- 
matically equivalent, form of the axial molecular refractivity 
which seems a great deal more interesting, since it brings 
into evidence the new natural or free frequencies of the 
molecule as distinguished from those (4/1, 4/72) belonging 
to the atoms when uncombined. In fact, returning to the 
intermediate form, written just before (14a), notice that 
the squares of the new natural frequencies, let us say y’', y"’ , 
are the roots of the quadratic equation 

D0: 

Thus we can write D=(y'—y)(y"—y), and therefore 

ety Bi(ye—1) + Bo(yi—y) + 4B,B,/R® 
WO_=N / !} (yi 9) ar) 

which is, essentially, the required form. 
When this is split into partial fractions we obtain ulti- 

mately, writing again (14s) for the sake of completeness, 
the following expressions for the transversal and the axial 
refractivity : 

08 [5 ere 5 Dae Ey tine AS) 

y) 

where the constant coefficients B’, B" are determined by 

4B,B,) 
Bee ee 

4B,B, cy 

(y'—~y"') .B! =Bi(q'—y2) + Bay’ —y1) — 

(9) Wi heen: =Bi(y2—7'') + Bo(y—y") + 
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Thus, in @, as compared with @,, the old free frequencies 
Ve Yt, AV (and, therefore, absorption bands) are replaced 

by new ones, ,/9', ,/y", and the old coefficients B,, Bp are 
replaced by new ones, B’, B’. The forms of the corre- 
sponding dispersion curves, with, say, y as abscisse and 
@s, ®, aS ordinates, are entirely different; the first of them 
only being a superposition of the atomic dispersion curves, 
while the second is profoundly modified, to wit, not only in 
its coefficients but also with respect to the position of its 
singularities. As to these latter, y’, y'’ are the roots of 
D=0, 1. e. by (15), 

! 

yi =a(nt%) Fs V (71-2)? + 16B,B/R® . (18) 

Thus, even if both y,, y2 are in the extreme ultraviolet, 
y’ may well be thrown inte the accessible region of the 
spectrum. Of this more will be said in the next section. 
The formule (16) and (17), with (18), complete the solution 
of the problem in hand. If iis a unit vector along the axis, 
the whole refractivity-operator can be written o=o0,+@,1.1, 
where i.i ig a dyad. The corresponding permittivity- 
operator will be K=K,+ K,i.i. The resulting crystal will 
have one optical aais coinciding with the parallel axes i of 
the molecules. In common optical terminology, 

Og Ah K, will be the ordinary, 

and pa=/K, the extraordinary refractive index of the 
uniaxial crystal. And if M is the molecular weight and 
d the density of the crystal, 

1M 1M 
N= BY Pha Ne 3 ine ° ° e (19) 

will be its ordinary and extraordinary molecular refractivity, 
respectively. Thus (16) will read: the ordinary molecular 
refractivity 1s additive, and the extraordinary non-additive or 
** constitutive.” 

Notice that, by (17) and (18), we have 

B’+ B’=B,+B,) 
! " a N (20) 

and Diam isis OP 

i. e. the sum of the dispersion coefficients, and the sum of the 

squared free frequencies of the diatomic molecule have the 
remarkable property of being invariant with respect to 
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atomic interaction. This is a sort of compensation for the 
disappearance of the ordinary law of additivity. 

Subcase: Equal Atoms.—If£ the two atoms compounding 

the molecule are equal, 7. e. when e;?/m, =e;?/my>=B,=b,=B 

and y;=%2=%0, so that ny=r/ Yo is the frequency belonging 
to each atom, then we have, by (16), (17), and (18), 

wp ee poet ear os 
Vora y ease 

where 
2B 

eared (Opa OVS 6 5 é 4 z 3 (22) 

Notice that in the present case B’=2B and B"=0, so that 
the second new free frequency given by y'!=y-+2B/R%, 
does not enter at all into the refractivity of the compound. 
The axial refractivity », has the same coefficient as the 
transversal one, but its singularity (absorption band) y’ is 
shifted away from yp towards the red, since B and # are 
essentially positive. The absorption band of both (equal) 
constituents being, say, in the extreme ultraviolet, the new 
band of the molecule may well fall into the visible region of 
the spectrum. 

In order not to interrupt the general course of ideas, 
illustrative numerical examples will be given separately, in 
Section 4. Here it will be enough to note that a crystal 
composed even of the simplest kind of molecules, namely 
diatomic ones, would show, by the above formule, the 
remarkable phenomenon known under the name of dichroism. 
And when we come to consider more complicated molecules 
we shall perceive the possibility of accounting for pleochroism 
as well. Juet us now pass on to the second of the two cases 
mentioned above. 

Isotropic Body.—The kind of isotropy we have in mind is 
optical isotropy, of course*. Let, therefore, the directions 
of the axes of our diatomic molecules be haphazardly dis- 
tributed, so that no particular direction is privileged. ‘Then, 
for each individual molecule, we have still the formule 
(13 s), (13 a) with K,, Kz replaced by the macroscopically 

* The body may well be a crystal in the mineralogical sense of the 
word and yet, like rock-salt, show no traces of optical anisotropy. Such 
will be the case if the molecules are distributed, say, in three cubic space 
lattices with the axes of the molecules mutually perpendicular, so that 
the molecular anisotropy will be macroscopically obliterated. 
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observable K=w?, that is, writing again e,°/m=B, and Sr ae | 
€9 lit, =e) 

2B 
(m1 -y)ea1— Be C22 = $B (K a 2)E., | 

By 2 
i pace + (%2—Y) 4%. = 4B. (K + 2)H, ] 

(1 —y)ey1 =4B,(K + 2) EK, ; (Yo—Y) e2Yo =1B,(K + 2) K,, 

where #, y; and a, y, are the components of r, and r, along 
and perpendicular to the individual molecular axis i, in the 
plane E,i, and H,, L, the components of the external electric 
vector E along and perpendicularly to the axis. Let that 
molecular axis make with the (fixed) direction of E the 
angle 0. Then £,=E cos 0, E,= E sin 6, and 

B, (K+ 2 2B 

By(K+2)_ . 
y= Ry) E sin 6, 

with similar expressions for éoa’g, egy. The vector er; + eso, 
to be substituted in (10), falls into the direction of E, and its | 
tensor 1s €(a,cos@+y sin @) +¢(@ cos @+y,sin@). Thus 
we have, by (10), | 

Jt —. | 4B,B,, — 
are) 4 Bi(ys Yt Bie ae Ref cos” 0 

+n{ = + Ba sin? 0, 
Vfl 4 Y—yJ 

that is, comparing with our former expressions for @s, @q, 

w@=w, sin? 0+, cos? @. 

The latter result could also be obtained at once by con- 
sidering @=@,+@,i.i as the operation to which E is 
subjected. | 

Now, the average of cos?@ is 1/3 and that of sin?@ is 
2/3, so that we have, ultimately, for an isotropic diatomic 
substance, 

2 il 
aoe J. 2 

@ — 3 Ws 3 Was ° . e ° e (23) 
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where @,, , are as before. If their form (14) is used, then 

1a, +a.+4a,0,/2R? 

L= 4@,@,/S?R® ; 

and if the form (16) is used, in which the natural frequencies 
are brought into evidence, then 

@ 2 B, 1354 
SS SS = vy! e 2 

Ht Sao Pa fe Halo aa ) 

where 6’, B” and y', y" are as in (17) s (18). Thus the 
dispersion curve of an isotropic diatomic substance has four 
singularities (to which as many absorption bands will corre- 
spond), two inherent in the atoms, y, y2, and two more, 
y’, y’, due to their interaction. In general, therefore, the 
dispersion curve will be profoundly modified by the atomic 
interaction. 

oO= 3 er Se W>) + 3 (24) 

Subcase: Hqual Atoms.—In this case we have y,=y2=%, 
B,= B,= 8B, and B'=2B, B''=0, as has been shown before, 
so that (24) becomes 

4. 2 Wo 9 

oma) 3 (= ta Re tang) 
and (25), 4 : ; 

@ Z Zi gaz) me, ny en L yin a) 

Y= Yyo—2B/R*. | 

The molecular refractivity, V=4Mojd, of such a sub- 
stance will have two singularities: one at y= belonging 
to each of the atoms, and another at y=y’', which is always 
<‘yo and is due to the mutual action of the atoms. 

Notice that the denominator in (24 @) vanishes (@ becomes 
infinite and K imaginary) for 2R®*=2q@p, that is, by (12), for 
R?=2B/(yo—y), 2. e- precisely for y=y’. Thus, keeping the 
incident frequency /y constant and varying R*, we shall 
have to remember that approaching the particular distance 

1/3 

R= (3 Sa aN ee O59 

means that Wy is approaching the natural frequency Vy! 
of the molecule, when the omitted “ friction”’ terms must be 
taken into account. In short, for that sengular distance we 

* As in an example to be given in the next Section. 
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have selective absorption. The same is the case when yp 
(which is independent of &) is approached, for then ap 
itself, and therefore the first term in (24a) becomes infi- 
nite. This singular réle of y and y’ is shown explicitly 
in (25a), which is but another form of (24a). 

For the numerical application of our formule to the 
molecular and the atomic refractivities as usually defined, 
it will be well to write at least the last two ones in terms of 
NV instead of «. Remember that, by definition, 

o/ N=3d/M=3Nmg, : 1:008, 

where mg is the absolute mass of a hydrogen atom, 
1:64.10-* er., so that 

of/M=al, 

01/N=e,/N= ow, /N=aNo, 

where a is the constant 

and similarly, 

3mEq 
a= 1-008 = 4-880 Om: Sty ee (27) 

Thus (24 a) becomes 

N=3No+ 5-7 —3aNRY ce 
and (25 a), 

a2 Bae iL 

~Ta gee (25 b) 
Y = Yo—2B/R? 

Finally, we have for the singular distance, as a function 
of the incident frequency Wy, 

R’=(QaN,ye, . Yo) oe 

where Np is a known function of y, viz. B/a(yy—y). It will 
be remembered that 6 stands for the constant ¢/m. 

A, Formule for Diatomic Substances discussed and 
illustrated. 

Before passing on to the considerably more complicated 
case of triatomic molecules, it will be well to discuss sume- 
what further the refraction formule obtained in the last 
Section and, possibly, to make in this connexion some 
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remarks concerning the chemist’s table of atomic refrac- 
tivities and dispersivities. If not otherwise stated, we 
shall assume, throughout this Section, an optically isotropic 

substance. 

Molec. Refractivity and Interatomie Distance.—lLet us 
consider two diatomic substances, S, and S,, whose mole- 
cules consist of the same atoms, but placed from one 
another in different distances, A, for the first, and 
R,=R,+AR for the second substance, where AR may 
have any finite value. Let AW be the corresponding dif- 
ference of the molecular refractivities, IV’ and ’, of these 
substances. We shall consider here the simplest case of 
two equal atoms, each having the atomic refractivity Mo, a 
known function of y: 

vor 

Thus, by (246), using the singular distance FR’ given 

by (26), 

oe eel a Ph 
(28) 

Let us remember that No would be the refractivity of a 
strictly monoatomic substance, So, of the element in ques- 
tion. Jf such a substance, as well as the two different kinds 
of diatomic substances, S,, S,, of the same element, were 
available for refractometric examination, then it would be 
possible to derive from the observed Mo, JV’, V’', by means 
of the above formulz, some information about the inter- 
atomic distances R, and R, in the molecules of the substances 
S, and S,. But no such actual data being available at 
present, we must content ourselves with a provisional, and 
to a certain extent ideal, and arbitrarily constructed, 
numerical example which may, none the less, afford an 
instructive illustration of the general formule. 

Let our atoms be the carbon atoms and let us suppose, 
for the sake of argument, that there is a substance in whose 
molecules the group C—C (with “single bond”) occurs, 
possibly among other atoms of any kind, such, however, 
that their total influence on that group is negligible *. For 

* This clause is indispensable, for there is, of course, no such substance 
as C,. We could take hydrogen which does exist as H,, i.e. as 
H—H, in ordinary hydrogen gas, but this would give us no opportunity 
of considering the huge extra-term |= of Land.-Born.’s table. And then 
we know nothing about the optical properties of monoatomic hydrogen. 
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the sake of shortness of language, we shall speak of S, 
simply as of the substance C—C. Similarly, let S, be the 
substance C=C, with “double bond.” Let, as above, WV’ be 
the molecular refractivity of the former, and JV” that of the 
latter, say, for sodium light, that is, by Landolt-Bornstein’s 
Table (all V’s being in cm.? gr.~*), 

N'=4:836 ; AN=1-733; N”=6:569, . . (A) 

always assuming, of course, that these cases are such as not 
to call for other extra-terms besides that due to the double 
bond. Next, let No be the atomic refractivity of carbon. 
At first one might be tempted to take for WV, the C of that 
table, 2. e. 2°418 (the half of V'), because this is the smallest 
carbon-refractivity quoted by chemists. But, apart from 
other reasons, there is a considerably smaller one which, 
moreover, seems to have better claims to be the atomic 
refractivity of carbon than 2°418, which is derived from 
rather complicated organic compounds. In fact, it has 
seemed interesting to see what that refractivity is like when 
it is calculated from purest carbon as found in nature, 
viz. from diamond. Now, Martens (as quoted in Landolt- 
Bornstein’s Tafeln) finds for the refr. index of diamond, 
for the D-line (A=589), at 14° C., the value w=2-4172, 
and the density of that crystal can be taken equal to 3-51. 
From these data I find 

48429 .12 
J eerate — 78499 3°51 ==), Pb be 

This is as much as 0°307 below the chemist’s fundamental 
O-value. J am fully aware that this circumstance is not, 
by itself, a sufficient reason for taking the diamond-value as 
the true atomic refractivity of carbon. For one could speak 

here of “depression”? due to the mutual linkage of the 
carbon atoms in diamond. According to Bragg * each car- 
bon atom in diamond is “linked up to the four carbon atoms 
surrounding it” and placed at the corners of a regular 
tetrahedron whose centre is occupied by the atom in 

question,—this being the simplest way of considering the 
originally double-lattice structure of the crystal as revealed 
by the X-ray spectrometer. Thus, the difference 0-307 
could well be considered as a negative “exaltation” due 

* See W. H. and W. L. Brage’s admirable book on ‘X Rays and 
Crystal Structure,’ London, Bell (1915), p. 106. 
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to the influence of those four nearest neighbours, and there 
would certainly be no cogent reason for declaring the 
diamond-value as the atomic refractivity Ny. But, in 
absence of better knowledge, let us tentatively assume that 
the diamond-refractivity is the true atomic refractivity of 
carbon* , i.e. that, in general, No=Naian., and therefore, 

for the D-line, 
ING 2 Ie iene aioe) pig chun (Cb) 

It is interesting, at any rate, to see what values follow 
from this assumption, and from (A), for the distances /, 
and &,. Now, resolving (28) with respect to R,, R,, we 
have 

(NPY, (Noa 
as N 2, ? Raw (ee) 

where “the singular distance” R’is as in (26a). Inserting 

N,, N’, V" from (A), (B), we find, first of all, 

hi O79002 TR: y= 079443 Ry, 

i.e. both distances smaller than the singular distance, for 
the D-line, and R,<R,. Next, te obtain both distances in 
absolute measure, we have, by (26a) and (27), 

Ree Ny 9-6 22 ain eres! 

that is, R’ =2°742. 10-8, or, in round figures, R’ =2°74 A.U. 
Ultimately, therefore, we should have, for the interatomic 

distances in C ~C and in C=C, respectively, 

Ry =2:481, R,=2°588 AU. 

These seem quite reasonable figures, being of the order of 
“molecular dimensions.” Also the cireumstance that R, is 
somewhat smaller than AR, seems to harmonize with the 
phenomenal correlatives of a simple and a double bond. 
In short, the result would be that in C—C the atoms are 
somewhat closer packed than in C=C. And the incon- 
spicous increase of their distance by AR=0°107 A.U. would 
be sufficient to account for the huge extra-term |=, that is, 
in the case of sodium light, for A.V=1-733. 

* This would amount to assuming that the disturbing actions of 
the four neighbours compensate one another, and such an assumption 
harmonizes with the optical isotropy of diamond. 

Phil. Mag. 8. 6. Vol. 33. No. 193. Jan. 1917, I 
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Similarly I find, for the interatomic distance R; in C=C, 
taking N’’=N'+ |= = 4836+ 2°398=7:234 (again for the 
D-line), 

R,=0:9519 R’ =2°610 ALU., 

2.€. again somewhat greater than R,. Thus &,<kh,<k,, 
and the minute increase of distance by 

AR=R; —R,=0°022 AU. 

accounts for the considerable difference 

AN=|= minus = =0°665, 

The above values of R,, R, and R; have been calculated, 
by means of the formula 

N—4N,\8 ; R/R'= (== ceen ; R’=(2aN,)"5, . (29) 

from the values of N and No jor the D-line. If our theory 
of atomic interaction (and thé provisional assumption that 
No=Naiamona) is correct, then the values of VV and J, corre- 
sponding to other wavelengths should lead to the same 
ValuesiOl lita. ahion clus. OF ‘nearly so. Now, taking WV 
Ge) NGMN. IN’) tor theriimes (las from! Lema 
Born.’s table, and Vo from observations on diamond *, I 
find, by means of (29), ae results which, together with those 
obtained a moment ago for the D-line, are collected in the 
following table. All figures are in A.U. 

Cale. from BR, (e—c). f.(c=c). © Rj(e6=c). 

13 eat SAR ea oe 2°48, 2°58, 2°60, 

Dye sc ce eccctseciys eciek 2°48, 2°58, 2°61, 

15 Ae ee ere 2°48, 2°59, 2°61, 

AEP ages nce Sic sty 2°49, 2°60, 2°61, 

This seems, in view of the roughness of the chemico- 
optical data, quite satisfactory. There is but a very slight 
systematic increase of the R,, Ro, Rs values from the red to 
the violet line. The result contained in the above table 

* T.e. w=2°4100, 2:4354, 2°4511 for H,, Hg, Hy respectively, whence 
the corresponding values of N, : 2:105, 2°126, 2: 138, 
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can also be expressed by saying that the expression 

N-4N, Now ts C0) 

(quite apart from its meaning as the cube of R/2«) is very 
nearly free from dispersion. For the present we shall con- 
tent ourselves with the above examples, as an illustration of 
formula (29), which is an inversion of (24 0) or of (28). 

Free Frequencies and Interatomic Distance. Limit of 
Stability.—Turning now to the form (256) of the molec. 
refractivity, for the case of equal atoms, let us consider the 
dependence of the new free frequency Wy’ on the intrin- 

sically atomic one, ,/ry, and on the interatomic distance, 

y= 1—2B/RY, 
where B=e?/m is a constant attribute of the dispersive 
particles. When & decreases, y’ becomes smaller and 
smaller, that is to say, the “‘new” absorption band, due to 
interaction, moves farther and farther away from the old 
one towards the red or the infra-red end of the spectrum. 
When & becomes so small that 2B/k? =, we have y/=0, 
i. e. the corresponding free period 7’ and the wave-length 
’=cT" become infinite. When F becomes still smaller, 

then y'<0, that is, n’/=,/y’ becomes imaginary and the 
oscillatory function e”* degenerates into an aperiodic one. 
The electric particles cease to oscillate round their atomic 
centres. In other words, the system becomes unstable, 
namely, as regards axial displacements of the electric 
particles *. 

Thus, to the particular distance 
1/3 

R= ~~) 
Yo 

corresponds the limit of optical stability of the molecule,— 
“optical,” 2.e. so far as the dispersive particles are con- 
cerned +. In view of this property we shall call R, the 

* The frequency of transversal oscillations is always / y, independent 
of R, under the express condition that higher powers of (r,/&), (r,/R) 
are negligible. The second new frequency 

V y= y, + 2B/B? 
is always real. 
+ This may well be accompanied by other profound modifications of 

the molecule as a system of atoms, but, as has been said in Section 1, all 
such questions are beyond the scope of the present investigation. 

I 
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erttical distance™. It is that distance at which the restitu- 
tive force is Just balanced by the interatomic one. For 
R< AR, the higher powers of (7;/f) are, of course, no more 
negligible, and our linear equations cease to be applicable. 
Therefore, having purposely retained only the first powers 
of these ratios, we shall have to assume throughout that 
R>R,. (The question as to what happens below A, may 
occupy our attention at a future opportunity.) 

Using the critical distance as given above, we can 
conveniently write 

R,\?o 
y=%| 1—-(F) i 

Qare\? 
or in terms of wave-lengths, remembering that 1=(5) r 

a= 1-(8) | Sen 

R 3 By? yo No” e?/¢? 

© Qap2G? ~ Dar? * om ” 

and 

(32) 

c being the velocity of light in empty space. The reader 
will remember that, e being a charge in the electrost. 
system, e?/c?m is a certain length. The critical distance 
is, so to say, the natural unit of interatomic distance. If 
R contains many of these units, A’ sensibly coincides with 
Ao, giving a close doublet. When f& decreases, 2! is 
lengthened, at first very slowiy, but then, when F ap- 
proaches the natural unit, very rapidly, so that in certain 
cases the minutest approach of the atoms may suffice to 
change entirely the “colour” of the resulting substance. 
To illustrate the increasing rapidity of this process, let us 
assume Xo In the remote ultraviolet, say, 

ho= 720 A.U., 

a figure which would closely correspond to the free frequency 

* R, will not be confounded with the “singular distance” R'=R'(y). 
The latter, a function of Y) is that distance & for which the inoateane 
¥ becomes identical with y'. On the other hand, 2, is a constant, whose 
value depends only on B and y,. 
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of diamond *, and therefore, possibly, to that of the isolated 
carbon atom. If this is taken for Xo, then, no matter what 
length R, is itself, formula (31) gives the following interesting 
table :— 

BR/Re—coep 2 1d «1:2: F10 «105 1010 1-005 1002 1-001 1 

N'=720 723 770 858 1109 1444 1951 4199 5908 9318 13,159 oo 

For R=1°'5R, the Jine X’ becomes accessible to the vacuum 
spectrograph, and for 1:05 for the ordinary quartz spectro- 
graph ; when £# is just above 1°010R, the visible region of 
the spectrum is reached, and before it falls to 1:002R,, 
»’ plunges into the infra-red. 

With regard to the absolute length of the critical distance 
itself, it could be determined with precision, if the true atomic 
dispersive curve and therefore A, and B were known, quite 
apart from the electrical significance of B. We may return 
later to this aspect of the question. Here, however, let us 
remark that if the second form of (32) is used, R, can be 
put into an interesting form. In fact, if the mass m of the 
dispersive particle (not necessarily an electron) is of purely 
electromagnectic origin, and if, to fix the ideas, the charge 
is assumed to be uniformly distributed through its volume, 
a sphere of radius a, then 

ele 
WAran 

and the above expression of the critical distance becomes 

ee 

2 NO Dan ae 
R SEE ne) 

* In fact, I find that Martens’s observations of the refractive index pu 
of diamond (Land.-Born., 1905, p. 631) extending over A = ‘313 to 
‘643 micr., can be fairly well represented by i 

pe—1 M _ 2:078 X° 
wet2 d- r*—d,?’ 

Having determined the two constants from ps;, and pin, I obtain 
from (C) 

N= witha,=7199AU. . . . (© 

(A="318) (346) (441)  (-508) ~—_(-648) 
Neale. = 2°195 DV FS woteL |. 2-105, 

and, from Martens’s observations, 

Nobs. = 27195 2°172 2°135 27122 2°106. 

The agreement is, for the present purpose, more than sufficient. 
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If our dispersive particle is an electron in the proper 
sense of the word, then a is about 1°8.10~-!° em., and 

B= 9725 cal Omang 

Thus, for instance, if Ay =1000 A.LU., then 

R= 2°43 AU. 

Thus far the diatomic molecule composed of two equal 
atoms. 

More generally we have, for pak different atoms, by (18), 

and replacing again y by (=) 

ae ve pies OMe 
sa = 5(53+ Ne? (ss —33) + mctR®’ 

and a similar expression for \’’, with + before the radical ; 
but this second ‘new’ wave-length need not detain us 
since it falls into the remote ultraviolet, if X,, XA». do so. 
Here again, the critical distance, marking the limit of 
stability, is determined by equalling to zero the right 
member. Thus, 

Lear Ne ge tA Ne ee 
w= assay) 2 (x3 2) + caalR ara 

and the critical distance is given by 

AAs 

29r7¢? 
R2= "57 'Bi Bo | ee 

differing from (32) only inasmuch as Ay and B are replaced 
by the geometrical means of the free wave-lengths of the 
atoms and of their coefficients B, and By. The discussion 
of (34), (35), and the illustration of these formule by 
numerical examples, may be left to the reader. No matter 
how remotely ultraviolet the atomic free oscillations \4, As, 
the new free oscillations (X’) may well fall into the visible 
or even the infra-red region, provided that # is but little 
above the critical distance. Against the opinion, current in 
more recent times, the infra-red free periods, such as are 
observed in rock-salt, may well be ascribed to the dispersive 
electrons under interatomic influence, instead of being at- 
tributed to the molecule as a whole or to aggregates of 
molecules. , 
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Broadening of Absorption Bands.—We have assumed from 
the beginning that the distances between the atoms, or rather 
between the centres O,, Oz», etc., are fixed. Our differential 
equations, however, will continue to be approximately valid if 
these distances are slightly oscillating between certain ex- 
treme values, in other words*, if the A’s are considered as 
(comparatively) slowly variable parameters. To fix the ideas, 
let us suppose that the “friction,” to be taken account of in 
the equations of motion of the dispersive particles in the 
neighbourhood of the free periods, is very small. Then, if 
the distance R were rigorously constant, the corresponding 
absorption bands, at 4, A. as well as at A’ (and X”), would 
be very sharp “lines.” If, however, the distance oscillates 
between R and R+6R, then the new absorption line will 
oscillate between X and 2’ + on’, and will appear, therefore, 
as a band of breadth 6d’. In the simplest case of two equal 
atoms this breadth will be, by (31), and assuming 6R to be 
a small fraction of FR, 

a) hed a 
_— —_—— —_ 3 ae ea 

and if #& differs but little from R,, 

Honea SS a Ne OR 

= pee 1s he ey (36) 

that is, proportional to the cube of 2’ itself. Thus the 
broadening of the absorption band due to oscillations of R 
would be much greater in the red than in the violet region. 
This seems to harmonize with general experience. Of 
course, the bands would, independently of these oscilla- 
tions, become broader and less sharp with increasing 
“friction” or “extinction,” which, according to Lorentz, 
is due chiefly to the collisions of the molecules. It is well 
known that the extinction due to radiation or re-emission of 
energy alone has been found much too small to account for 
the absorption phenomena that are actually observed in 
many cases. It is for this reason that Lorentz (‘Theory 
of Electrons,’ pp. 141-142) has taken account of the collisions 
of molecules. But,as Lorentz himself adinits, the collisions, 
say, In gaseous bodies, are not sufficiently frequent to ex- 
plain the observed breadth of the absorption bands. Under 

i And without entering into the dynamics of the centres as mass- 
points. : 
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these circumstances the above result seems to acquire an 
additional interest, inasmuch as it would account at least 
for the breadth of the bands, if not for the large total 
amount of absorption. In fact, according to (36) we can 
have almost any breadth due to OR alone, i. e. without 
taking account at all of the collisions of molecules. ‘Thus, if, 
in round figures, Ay = 1000 and dX’ = 2000 A.U. (that is, by the 
little table on p. 117, if R/R.= 1°10), then we should have, 

for 6A = —R., 6r’ =1200 ALU., i. e. what would be called 

a “general absorption” from 2000 to 3200 A.U., and even 
for 6R=—yo) )f. a rather broad band, stretching over 
12 A.U. The “general absorption” in the former case 
would, of course, be a ‘“‘ weak” one, such as are observed 
in the fatty alcohols. 

5. Triatomic Molecules. 

Let the three centres O,, O2, O3, 2. e. the equilibrium 
positions of the dispersive particles within their atoms, form 
any (fixed) triangle. Let A,, R,, R; be the sides of this 
triangle, 0,03, O30, O10, respectively, and @,, 05, @3 its 
angles (fig. 2). It will be most convenient to write the 

Fig. 2. 

equations of motion in terms of the components of the dis- 
placements r; taken normally to the molecular plane O,0,03 
and along the two sides meeting in O;. The normal com- 
ponents will be free from interatomic action, and need, 
therefore, no further attention. If 4, 2, N3 are the 
three atomic refractivities, and if the planes of the mole- 
cules are all parallel to one another, then the normal 
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refractivity V,=@,/aM will be simply 

N,=N,+N.+ Nig . e ° ° . (37) 

where N;=B,/e(y:—), as before. The problem, therefore, 
is reduced to finding the refractivity-operator V,=q@,/o9 
for directions of E parallel to the molecular planes. The 
molecular refractivity of an isotropic substance will then 
easily be found by averaging. 

Let i,j, k be three unit vectors directed from O, to Os, 
from O3; to O,, and from O, to O, respectively. Then 

Vy = MyoJ + 743k, 

and similarly for ro, r3;. The equations of motion (9) for 
the six displacement components 

Ty2+ 7135 1235 7213 1315 39 

will most conveniently be written in the Lagrangian form 

a(S) oe = m,Goz, ete. | 
dt \ 0793 0793 aie ' (38) 

d 2) Of coe G ete | 

dt .07'39 0732 Scanners ie 3) 

where G3, ™m3Gr32 are the generalized forces on 133, 739, 
due to the external electric field E, determined by the right- 
hand members of (9), and where “etc.” means always two 
more equations obtained by cyclic permutations of the suf- 
fixes 1, 2,3. The symbols Z and © are used for the relevant 
kinetic and potential energy of the molecular system. These 
latter functions are easily obtained. Using the abbreviations 

ie 
Pi == Re > a= COS G;, i-1,2,3, ° : 5 (39) 

we have 
‘ 

Pe) 
4) =m, E (142° + 13" = 244719113) — pirates | -- etc. J 

m 
1 ¢ 75 2 rs = 
(712? +7 1k aaa 2ay) 42? 13) + etc., 
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Thus the six equations of motion, (38), become 

= Agi’g + Y2( 193 — AaP21) — ma, Pa 713= Gos, ete. 

a Mo 
139 — A331 + ¥3(%32— 31°31) — mane ie = Gp, ete., 

3 

where G3, etc. are homogeneous linear functions of the 
components of E, the electric vector in the incident wave. 
Therefore, for monochromatic light of frequency n= Vy, 

(Y2 ==) (1°93 — A101) aa me P3713 = G3, ete. 
| 
| 
be (41) 

(¥s—Y) (132 —asr a) (Paria = Cap ete. } 

These are six linear equations for the six displacement 
components 73, etc. Resolving them and substituting 793, etc., 
as linear functions of the components of E, into the right- 
hand member of equation (10) projected upon the molecular 
plane, we shall have K, (and therefore also w, and JV,) as a 
linear vector operator in that plane. Since 4E,K,E, has to 
represent the (density of) electric energy, A,, and therefore 
NV,, should be self-conjugate operators. Thus .Y, will have, 
in the molecular plane, two orthogonal principal axes, and 
two principal values, say, V,, and Np» generally differing 
from one another. Nowe the determinant of the system (41) 
is of the steth degree in y. The roots, y’, etc., of that deter- 
minant equalled to zero will be the squared free frequencies 
of the molecule, produced by atomic interaction. Whatever 
the shape of the molecule, 7. e. of the triangle O, 0203, all of 
these roots will be real and positive, provided that the inter- 
atomic distances F; do not fall below certain values marking 
the limit of optical stability *. Thus, within the range of 
stability, there will be six real free frequencies, in general | 
different from one another, belonging to the oscillations in 
the molecular plane, besides the three original atomic ones, 
which belong to oscillations normal to that plane. These 
will be shortly referred to as the normal oscillations and 
frequencies. 

In the case of equal orientation of all molecules, therefore, 
the resulting substance will be a pleochroistic crystal with 

* In other words, , in (40), will be a positive quadratic form, 
provided that pi, p2, p; are small enough. 
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three electrical, i.e. with two optical aves; of its three prin- 
cipal molecular refractivities, Nn, Nm, Np,, the first only will 
obey the additive law and show the original absorption bands 
Vis Yo. 3 28 in (37), while the remaining two, showing sx new 
absorption bands, will contain products of the atomic refrac- 
tivities and will depend upon the size and the shape of the 
molecule, i.e. upon the R’s and 6’s. Each of these latter 
refractivities will, in general, be of the form /';(y)/Det., 
where f; is of the 5th degree in y and Det. the determinant 
of (41) ; that is, 

pay Av 

pay Tay 
and similarly for N,,, where the coefficients A’, etc., will 
depend upon the intrinsic attributes, as well as upon the 
configuration, of the three atoms. 

And in the case of haphazardly distributed orientations of 
the molecules we shall have an isotropic substance whose 
molecular refractivity, 

R= TON + NG eI) ccc 20) 

will differ from the sum of the atomic refractivities in a 
manner depending upon the size and the shape of the mole- 
cules. Its dispersion formula will, in general, consist of 
nine terms, corresponding to as many free frequencies or 
absorption bands, three due to the atoms themselves, and six 
due to their interaction. The formula for NV as a function 
of y, similar to (16), with w/9=aN, will be, in the general 
case of unequal roots of Det:=0, 

6 ie |B, eee Noe y yy Papeao oy a G3) 

where y are the six new frequencies, B;=e,?/m;, and B®, 
i.e. B', B'', etc., are six coefficients depending upon the 
attributes of the three atoms and upon their configuration 
within the molecule. The new (squared) frequencies y, 
that is y’, y’’, etc., will also be functions of the configura- 
tion, and of the old frequencies. If two roots coincide, 
say y' =r", then we shal] have, in the dispersion formula, 

t. : ‘ 
a term of the form oe besides ue , and so on. 

5 yA 4 Ci) 
For the present it will be enough to develop our general 

formule, and especially to find the new frequencies, in the 
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simplest case of equal atoms, forming an equilateral triangle, 
or of what may be called a regular triatomic molecule. 
Such would be the molecules of ozone. ‘The case of any 
isosceles triangle (with the limiting case of collinear 
atoms), which would correspond to water or to the im- 
portant group CH,, may be left to the reader. 

Regular Triatomic Molecule.—In this case we have 

dj =A,=A3;=5, 

further, 

R= (= Se 

and, finally, 

=p 2a 

Thus the system of six equations (41) becomes, with a 
convenient rearrangement of their order, 

il 
193 — 9 (713 — 9 112) =— = Gs ete. | 

) (44) 
it 1 

139 —g9(T12 a 1'13) Saar ane etc. 

where G3, etc. are bomogeneous linear functions of the 
components of E, as defined above, and g is an abbreviation 
for (y—yY)/p, so that 

2B ; 
1 Pa Om ps 7, ° e e ° (45) 

Let us consider the first line of (44) as the Ist, 2nd, and 
drd equations, and the second line as the 4th, 5th, and 6th 
equations. Let this be the order of the rows, and let the 
columns correspond to 193, 131, 712) 132) 713) T21- Lhen the 
determinant of the system (44) will be 

1 0 Oe OMe oe 
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showing a peculiar regularity of structure. Developing it, 
we obtain 

1 9 27 . | OOS ee i red i ale D=1—39 BA gots Gh tare tha gh lh > (46 a) 

The interesting part of our problem consists not so much 
in constructing the coefficients 6© of the final dispersion 
formula (43), as in actually finding the “new” free fre- 

quencies, Wy’, Wy", etc. These will belong to the 
molecule in absence of E, that is for G,;=0, etc., when 
the equations (44) become 

P3=9(T13—431 12), etC.;  732=9(112—F7113), etc., . (440) 

defining the ratios of the six displacement components in 
the molecular plane. The required free frequencies will be 
given by the roots g’, g'', etc. of the equation D=0, where 
D is as in (46) or (46a). This is an equation of the sixth 
degree, containing not only g’, (97), (g?)%, but also g?. 
At first, the task of solving it rigorously seemed hopeless. 
But the form of (440) suggested that it would be worth while 
to try whether these equations can be satisfied by assuming 

V12= 123 = 131 = 4, Say, 

and 

Vo 3 ep SSS 

This has turned out to be the case. In fact, on substitution 
in (440) we find that these six equations are all satisfied, 
provided that 2/y=(1+49):g=g:(1+4g), and therefore, 
og —49=4, that is to say, either 

I=g =2, ands aye 
or Sipe reinh Syyteea) 

G9 = — 2, and y— eed 

This gives at once two roots of =0. The first of these 
might have also been derived directly from the tabular 
form (46). In fact, l—4g is the sum of the elements of 
each row {or of each column) of that determinant, and 
therefore a factor of 1). At any rate, we have in (47) two 
of the six roots and, at the same time, the corresponding 
fundamental modes of vibration, which are shown in fig. 3. 
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In both cases the amplitudes and the phases of rj, r5, tz are 
equal ; in the first case each of the three dispersive particles 
oscillates parallel to the opposite side, and in the second, 
along the straight line joining its position of equilibrium 
with the centre of the triangle 0,0,03. 

Fig. 3. 

Both roots are verified on actually dividing (46a) by the 
corresponding factors, which gives the identity 

Da(1-39) (1499) -(-y-4e +40 + 0%) 
Thus our sextic is reduced to the quartic equation 

SP +39 —B FP —HAF(g-D =O 

which is easily solved. In fact, applying Euler’s method, we 

1— Vv13 
find that it has the two equal roots 2S ae and the two 

—1+ V13 
equal roots Basra 

Together with those given in (47) we have, therefore, all 
the six roots of D=0, 

oe g'= —2; g'= eo oe (double) : | 

os + (48) 
fa ee (double), | 

and the identity, which may be useful at a future 
opportunity, 

D=—GYF - 9-9) 9-9 ) G9) (9-9) ED) 
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Returning to our chief subject, we have for the squared 
frequencies of the free vibrations in the molecular plane, by 
(48) and (49), 

; 4B 4B 
Y =%— RF ee, 

Y"=y+ Z(L+ V13) js(double), b + (50) 

2, B 
rv oT 3 Me ey 

besides the ‘“‘normal” free frequency, s/o, which belongs 
to each of the atoms. In all, therefore, we have five different 
free frequencies, of which two are “‘double” *. Thus, a sub- 
stance composed of regular triatomic molecules would show 
five distinct absorption bands, or, speaking rigorously, seven 
bands, of which tour would coincide in pairs. 

Notice in passing that, by (50), the sum of the squares of 
the six new frequencies in the molecular plane is again 
equal to that of the old ones, 7. e. 

9 ey! + ry!” + Qey¥ = by, 

as might have been expected. 
Let y be in the remote ultraviolet. Then y'' andy’ will 

be still more remote, and therefore inaccessible. But the 
remaining two absorption bands, y' and y'", will always be 
more accessible than yo, and may well fall into the visible or 
even the infra-red region of the spectrum, provided that the 
size of the molecule, z. e. the distance R between its atoms, 
is small enough. 

The longest wave corresponds, by (50), to the new fre- 

quency “y’. As long as this is real, all others are real. 

Thus, the critical distance R=AR,, marking the limit of 
absolute optical stability, will, in the present case, be 
given by 

pee ] 
Yo 

or, in terms of Xo, 

Now Ags 2e es 
eS = =: SNe i (CONE) 

Ta OS m 

* And as such would be split by a magnetic field into doublets 
(inverse Zeeman-effect): But this by the way only. 
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and if the dispersive particles are pure spherical charges, of 
radius a, 

R= aut, ° ° ° . e (OL a) 

as in the case of diatomic molecules, (33), the only differ- 
ence being that 3 is now replaced by 5. In short, the critical 
distance for a regular triatomic molecule is 1:260 times 
that for a diatomic molecule, composed of the same atoms. 

The two infra-A, absorption bands can now be written 

a ane R23 ‘ a= 52 (1- Fi [3 a = se [i= —0-434 aa (52) 

When & approaches &, (from above), the wave-length 2! 
tends to disappear in the remote antes ‘red, while A**, moving 
more lazily, tends to become only 1°329 times No: Thus, for 
example, if Ap=720 ge the greatest length of A, com- 

patible with stability, is 957 A.U., still in the extreme 
Lyman-region. But X' may fall into any region of the 
spectrum, from A, to infinity,—precisely as our previous A’ 
in the case of a diatomic molecule. 

This settles the question of the free frequencies belonging 
to a regular triatomic molecule. The refractivity of a sub- 
stance composed of such molecules, as a function of the 
frequency Wy of the incident light, will contain seven terms 
having in their denominators the expressions 

Ve | =, as ae 
The corresponding coefficients, as functions of the attributes 
of the atoms and of their mutual distances, will be deter- 
mined by means of (44) and (10). Further details con- 
cerning triatomic and some of the more complex molecules 
will be given in a later publication. 

Ym Y—1 Ym; (y"—9), ¥ 

I gladly take the opportunity of thanking my fen | 

Dr. A. G. Goldsobel for having directed my attention to 

this subject and for furnishing many interesting chemical 
data. 

November 14, 1916. 
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VIII. The Scattering and the Absorption of the Gamma Rays. 
By M. Isxtno, Rigakusht (Kyoto Imperial University, 
Japan), Research Student of Victoria University of 
Manchester *. 

CoNTENTS. 

§ 1. Introductory. 
§2. Principle of the Method for the Determinations of 

the Scattering-coefficient and the true Absorption- 
coefficient. 

§ 3. Experimental Details. 
§ 4. Results. 
§ 5. Conclusions. 

§ 1. Introductory. 

T is well known that the gamma rays are scattered in 
their passage through matter. ‘The nature of the 

scattered rays has been studied by Kleeman +, Madsen tf, 
Florance §, and Gray ||. Florance made a careful investi- 
gation of the amount of scattering in different directions 
with the incident beam, and drew attention to the variation 
in penetrating power of the radiation scattered in different 
directions. 

Measurements of the absorption coefficient of gamma rays 
from radium in passing through matter have been made by 
a number of investigators, including Sir H. Rutherford 4, 
McClelland **, Eve ++, Wiegger ti, Tuomikoski §$, Soddy 
and Russell ||||, Florance 4, Oba ***, and Mr. & Mrs. Soddy 
and Russell ttt. The values of the absorption coefficients, 
obtained by the ordinary methods, show considerable 
variation depending upon the conditions of measurement. 

* Communicated by Sir E. Rutherford, F.R.S. 
+ Kleeman, Phil. Mag. xv. p. 638 (1908). 
t Madsen, Phil. Mag. xvii. p. 423 (1909). 
§ Florauce, Phil. Mag. xx. p. 921 (1910); xxvii. p. 225 (1914). 
| Gray, Phil. Mag, xxvi. p. 611 (1918). 
4] Sir E. Rutherford, Phys. Zect. ii. p. 517 (1902). 

** McClelland, Phil. Mag. viii. p. 67 (1904). 
tf Eve, Phil. Mag. xvi. p. 224 (1908) ; xviii. p. 275 (1909). 
tt Wiegger, Jahr. Radioakt. ii. p. 480 (1905). 
§§ Tuomikoski, Phys. Zeit. x. p. 872 (1909). 
||| Soddy and Russell, Phil. Mag. xviii. p. 620 (1909). 
4] Florance, Phil. Mag. xxvii. p. 225 (1914). 
*** Oba, Phil. Mag. xxvii. p. 601 (1914). 
ttt Mr. & Mrs. Soddy and Russell, Phil. Mag. xix. p. 725 (1910). 

Phil. Mag. 8.6. Vol. 33. No. 193. Jan. 1917. K 
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For instance, the value of the coefficient depends to some 
extent upon the thickness of the absorbing materials, and 
also on the relative position of the absorber with respect 
to the source of gamma rays and the testing vessel. The 
discrepancies are generally ascribed to the different amount 
of scattered rays which enter the testing vessel under the 
experimental conditions. The loss of intensity of a primary 
beam of gamma rays in its passage through an absorbing 
material, under the condition that the scattered rays are com- 
pletely prevented from entering the testing vessel, can be 
conveniently divided into two parts. One part results from a 
true absorption of the rays in the material where the energy 
of the rays is transformed into energy of a different form. 
The other part is due to a true scattering of the primary beam. 
Let » and o be the coefficients of the true absorption and 
of the true scattering respectively. Suppose a fine beam of 
homogeneous gamma rays penetrate into a plate normally 
to its surface. Let the intensity of the beam at any point 
in the plate, distant v from the incident surface, be I; then 
the change of the intensity dI in the distance dx should be 
the sum of —uIdwz due to true absorption and —oaldz due 
to scattering : 2. ¢., 

dl = —I(wt+o)dz. 

Hence we have, for the intensity of the emergent beam, 

Lee eae ties 

where J, is the initial intensity of the beam, and ¢ the 
thickness of the plate. Consequently, the coefficient of 
the loss of energy is the sum of the coefficients of true 
absorption and of true scattering. In the case where a 
part of the scattered rays enters the testing vessel, the 
coefficient of the loss of energy should give a value inter- 
mediate between w and w+o, and this value is usually 
taken as the coefficient of absorption. It is for this reason 
that the observed values of the absorption coefficients found 
by different observers show divergences often greater than 
the experimental error. 

The present researches were undertaken to determine the 
two coefficients ~ and o separately, and to find the relation 
between o and the scattering materials. 

During the course of the present experiments a paper has 
been published by Hull and Marion Rice* on the law of 

* Hfull and Marion Rice, Phys. Review, viii. p. 326 (1916). 
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absorption of X rays of high frequencies, using a Coolidge 
tube as a source of radiation. Under the experimental 
conditions, where the scattered rays did not enter the 
testing vessel, they found that the apparent mass absorption 
coefficient A/p was given by an equation of the following 
form :— 

a 
p,m 

They assumed that yu/p, or the “mass transformation co- 
efficient,” was proportional to the eube of the wave-length 
of the X ray, and that o/p was a universal constant, inde- 
pendent of the wave-length of the ray and of the material ; 
so that 

Ly = al? +b, 

where / is the wave-length. From Barkla’s data, 6 was 
taken as 0°12. They showed that the values of > in 
aluminium and copper, which they measured, satisfied 
approximately the following equations : 

(*) — 1498 +0-12, 
P/Al 

J ‘ and (*) = 150F +012, 
P/Cu 

respectively, where / was in A.U. They found that the 
absorption of X rays in lead was complicated by the 
appearance of a marked absorption band, which appeared 
when the wave-length was 0°149 A.U. For the lowest 
wave-length examined, viz. 0°122, the value of A/p was 
3°00 for lead. 

The wave-lengths of the penetrating gamma rays from 
radium have been experimentally determined by Sir E. 
Rutherford and Andrade *. The two shortest wave-lengths 
observed in their experiments were ‘071 and :099 4.U. 
Since the value of /p found in this present paper is 
about ‘076, 2. e. about gi; of the value found by Hull and 
Rice for A=0-122, it seems probable that the penetrating 
gamma rays from radium C contain waves of much shorter 
length than those observed experimentally f. Hull and 

* Sir E. Rutherford and Andrade, Phil. Mag. xxviii. p. 263 (1914). 
+ See Sir E. Rutherford’s British Association Address, ‘ Engineering,’ 

Oct. 6, 1916. 
K 2 
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Rice expressly point out that their equation connecting 
wave-length and absorption cannot be extrapolated for lead 
beyond the wave-lengths examined by them. It is obvious 
that this is the case not only for lead but for other elements, 
since the values of A/p found in this present paper for 
aluminium and lead, viz. ‘071 and -076 respectively, in 
the case of the penetrating gamma rays, are considerably 
less than the value of 0°12 taken by Hull and Rice for 
the scattering coefficient alone. Such results indicate that 
the scattering coefficient decreases in value for high fre- 
quencies, and that the formule given by Hull and} Rice 
cannot be extrapolated. 

§ 2. Principle of the Method for the Determination iof the 
Scattering Coefficient and the True Absorption Co- 
efficent. 

Suppose a very narrow beam SA of homogeneous gamma 
rays penetrates a plate R, normal to its surface (fig. 1). 

Fig. 1. 

The intensity I of the beam at a point P in the plate 
distant x from the incident surface is, by (1), 

I = Tye eto, 

The primary beam is scattered in all directions under some 
law of distribution. Let us denote this law by /(@), where 
6 is the angle measured from the direction of the primary 
beam. Then the amount of scattered rays proceeding 
from P in a hollow cone of semi-angle @ and thickness d? 

a Tye- 4+ to f(O)e- ut Mt—2) 8008 ar sin 0. dO. du. 
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The total amount, 8;, of the scattered rays which enter 
the electroscope EH, therefore, is 

4 (0, 
8, =2lyoe + | ( efuroleseed-1) 69) sin OdO dz, (2) 

JI eI 

where ¢ is the thickness of the plate and 0, is half the angle 
subtended at the point P by the side of the electroscope E. 
The intensity, I,, of the beam which reaches the electro- 
scope is 

le 1, ox Coots ae tag a an area 

If the plate be close to the electroscope then the upper 
limit of the integral with respect to @ in (2) is approxi- 
mately 7/2, and therefore the amount, S,, of the scattered 
rays entering the electroscope in this case is 

t (°x/2 

p= 2alyae +0 | { eet oecei a (A )sin 6 dO da jn (4) 
0 J0 

which is the total amount of the emergent scattered rays. 
The total intensity, I,, of the beam which reaches the 
electroscope is given by 

‘ he he eee ne 4. ek Ok ee CD) 

The difference between (3) and (5) is 

I,—-I,=8.-8, 

Monies eer | ( “eorroriene 2704 sin aide ae 

= 9, say: De (6) 

Hence, if this integral can be evaluated, we can find the value 
of o from the observed values of S and (w+o). Strictly 
speaking, @ is a function of x; but if the plate be very thin, 
@ can be considered to be approximately independent of 2, 
and we have for (6) 

g = *Thee .-utoy i oT aoe 
to i secO—] 

To integrate (6’) with respect to 0, the expression /(@) 
must be known. According to Sir J. J. Thomson’s theory 
of scattering of X rays, the intensity of scattered radiation 
in any direction is proportional to 1+cos?6, and may be 
written 

(8) sin dd. (6) 

I, = I,(1+ cos? 8). 
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The experiments of Barkla and Ayres *, Owen f, and 
Crowther {, however, showed that this expression was 
inadequate for X rays. Florance§ and Madsen || showed 
that the distribution of scattered gamma rays was very 
different from that observed for scattered X rays ; but they 
did not find any simple expression for the distribution-law. 
At the present stage the data are not sufficiently definite to 
evaluate the integral in (6'). 

in the case where the distance of the plate at R, (fig. 2) 
from the electroscope is very large compared with the linear 
dimensions of the receiving surface of the electroscope, 
the amount of the rays scattered by the material entering 
the electroscope is negligible, and therefore we have 
approximately 

I, => pent aee . e e 5 . ° (7) 

in place of (3). If the plate be thin, we may, to a first 
approximation, neglect the absorption of the scattered rays 
in the material ; and we may also assume that, when the 
plate is close to the electroscope, the whole of the emergent 
scattered rays enter the electroscope. 
We have then, in place of (5), 

Ty = WhpesM on. 0° nore 

The equation does not take into account the small fraction 
of the radiation scattered in the backward direction ; this 
point will be discussed later. By the formule (7) and (8) 
we can find w and o from the observed values of Io, L, 
and I,. The deviation of the valnes of w and o so obtained 
from their true values should decrease as the thickness of 
the plate is reduced. Therefore such measurements should 
be made with very thin plates. The experiments with very 
thin plates, however, did not give concordant results, since 
very small changes in the sensitiveness of the electroscope 
and errors of observation have a relatively large effect in | 
deducing the values of w and o. It was found, however, 
that the values for very thin plates could be deduced by 
extrapolation from observation en thick plates. 

* Barkla and Ayres, Phil. Mag. xxi. p. 270 (1911). 
+ Owen, Proc. Cambr. Phil. Soc. xvi. p. 161 (1911). 
q Crowther, Proc. Roy. Soc. A. Ixxxv. p. 29 (1912). 
§ Florance, Phil. Mage. xx. p. 921 (1910). 
|| Madsen, Phil. } Mag. xvil. p. 423 (1909). 
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§ 3. Experimental Details. 

The general arrangement of the apparatus is shown 
in fig. 2. Radium-emanation in a closed glass tube was 
used as the source of gamma rays. The source R was 
placed near the end A of a cylindrical hole AA’, 1:4 cm. 
in diameter, passing through the centre of a lead cube LL, 
of 25 cm. side, so that a narrow beam of rays was obtained, 
of angle of about 2° in most cases. 

Fig. 2. 
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The electroscope E was a cube of 10 cm. side, made of 
aluminium plate 3°2 mm. thick, and was covered with 
lead plate 2°5 mm. thick except the two sides through 
which the beam passed. Glass windows for observing the 
leaf were protected by lead, in order to exclude secondary 
Brays. The gold leaf was charged to 400 volts, and the 
natural leak was *20 to 18 div./min. throughout the experi- 
ments. The distance between the electroscope E and the 
front face N of the lead block LL was 36cm. To make 
sure that any stray rays, which might pass outside the 
hole AA’, could not enter the electroscope, and also to 
cut off the scattered rays from plates at R, at wide angles, 
a thick lead block CC, 7:5 cm. thick, with a hole 5 cm. in 
diameter, was placed close to the receiving surface of the 
electroscope. The semi-angle of the cone described by A’ 
as vertex and the hole in CC as the base was not greater 
than 5°. 

From 100 to 150 millicuries of radium emanation were 
used as a source of gamma rays. The rays were screened 
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by a lead plate B 1 cm. thick at A’, so that the soft gamma 
rays from radium B and radium C were practically cut off, 
and the hard rays from radium C only were used. The 
source, under the above-mentioned experimental arrange- 
ment, gave a convenient value of the ionization current, 
viz. about 10 div./min. in most cases. 

Aluminium, lead, and iron plates were used as the 
absorbers and the radiators. They were all square in shape, 
20 cm. in side and of various thicknesses. Mercury was 
also used. The measurements of the gamma-ray activity 
through the plates were carried out with the plates in three 
positions : (1) close to the lead block LL at R,, (2) close to 
the front surface of the electroscope at R», and (3) close to 
the back surface of the electroscope at R3. The readings 
due to the decaying source alone were taken before and 
after each series of measurements at R;, and the intensity of 
the source corresponding to the moment when the mea- 
surements with the plates were performed was found. The 
observed values of the ionization current, after correcting 
for the natural leak of the electroscope, were expressed in 
percentages of the corresponding intensity of the source 
when the radiator was removed. 

§ 4. Results. 

The observed results are tabulated in the following 
_tables :— | 

TABLE I.—Aluminium. 

Sn 2 Appar 
Thickness Mass Tonization Current. see 

of of ae nic fi me in forward 
Plate Unit Area Source Plate in Plate in direction 
(ce) (pt). alone. Position 1. Position 2. (S). 

cm. gr.-cm.~? 
058 154 100°0 98°88 99°48 0:60 

"160 423 a 97°56 99:06 1°50 

ayy) "853 ee 95°35 97°95 2°60 

"485 1:286 NS 93°05 96°95 3°90 

644 1-717 cs 91:25 95:95 4:70 

‘965 2°58 - 88°24 94:26 6:02 

1°33 3°45 i 83°62 91°81 8:19 

1:63 4°31 Me 80°16 89°81 9°65 

195 518 45 76:21 86°96 10°75 

2°28 6°05 if 72:26 84:55 12-29 

2°44 6°49 3 69°73 82:03 12°30 

2-94 7:80 : 66°25 79°64 13:36 
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Varin 1t.-—iron. 
a Apparent 

Thickness Mass LoS a Te Scattering 
of of e z Aaa ae in forward 

Plate Unit Area Source Plate in Plate in direction 
(2). (ot). alone. Position 1. Position 2. (S). 

cm. ger.-cm.~? 
0926 727 100:0 98°17 95°87 2°30 

195 1°528 as 96°18 91°59 4°59 

‘287 2°25 fe 94°39 88°53 5:86 

388 3°04 ‘ 92°41 85:09 laos 

-480 Sui | oF 90°45 82°01 8:44 

“581 4°56 ss 88°65 78°88 9°77 

‘673 5°28 a 86°73 76°10 10°63 

‘763 5:99 i. 84:75 72:92 11°83 

TaBLE I]J.—Lead. 
Ba Apparent 

Thickness Mass HOMME Suen Scattering 
of of Ga. RUE — in forward 

Plate Unit Area Source Plate in Plate in direction 
(2). (pz). alone. Position 1. Position 2. (S). 

cm.  gr.-cm.-? 
‘061 “696 100°0 97°30 95°46 1°84 

121 1°38 = 91°39 94°38 2°99 

"180 2°04 s 87°79 92°13) - 4°34 

"240 2°73 Re 84:59 89°74 5:15 

°300 3°41 vs 81:17 ST3l 6:14 

441 501 a 73°60 81°65 8:0 

‘D61 6°38 bs 67°66 76°33 8:67 

“705 8°02 a 61°53 GAs 9°72 

*825 9°38 i; 56°74 67°01 10°27 

The values 8, given in the 6th column of the Tables, 
entitled “apparent scattering in forward direction,” are 
simply the difference between the values given in the dth 
and 4th columns. The theoretical expression for 8 is 
given by the formula (6) or (6’). These values of the 
apparent scattering must be smaller than the true values, 
since the scattered rays were reduced by absorption in 
escaping from the radiating plate. In fig. 3 the values 
of 8 are plotted against pt. It is seen that the curves are 
not straight lines, but gradually slope towards the axis 
of pt. This is an indication that the scattered rays are 
reduced by absorption. The curve for lead is much lower 
than those for aluminium and iron ; while the curves for 
the two latter nearly coincide. This point will be discussed 
later. 
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The difference between the ionization currents with and 
without the radiating plate at R, behind the electroscope 
(fig. 2), when corrected for the absorption of the primary 
beam by the walls of the elsctroscope, should give the 

Fig. 3. 
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of such observations have been made. It was found, how- 
ever, that the difference in the readings was too small to be 
determined with any great accuracy by direct electro- 
scopic method, amounting generally to only a few per 
cent. Accordingly, only the mean value of the ratios of 
the scattering in the backward to that in the forward 
direction was estimated, and found on an average to be 
15 per cent. Madsen * estimated the ratio to be about 
18 per cent. 

By the formula (7) the value of w+o was calculated from 
the figures in the 3rd and 4th columns in the preceding 
tables ; similarly, by the formula (8), the value of w from 
the figures in the 3rd and 5th columns. The values so 
obtained are given in Tables IV. to VI. 

* Madsen, Phil. Mag. xvii. p. 423 (1909). 
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pt. 

154 

"423 

"853 

1-286 

1717 

2°58 

3°45 

4°31 

5°18 

6-05 

6°49 

7°80 

TaBLte [V.—Aluminium. 

po. 

"194 

"155 

148 

148 

"142 

130 

134 

136 

139 

144 

148 

140 

‘061 

‘064 

‘066 

072 

‘074 

081 

‘O77 

oO ds 

Difference 
between 

rd and 4th 
columns. 

"104 

096 

‘083 

084 

‘078 

069 

‘070 

069 

‘067 

‘O71 

067 

‘062 

TABLE V.—lIron. 

pte. 

456 

‘447 
"422 

"405 

‘413 

"407 

‘405 

“401 

“199 

‘200 

"201 

203 

208 

207 

“211 

216 

Tq 

Difference 
between 

3rd and 4th 
columns. 

"209 

"247 

"221 

-202 

"205 

*200 

TABLE V1.—Lead. 
oq: 

Difference 
between 

ord and 4th 
columns. 

°310 

"269 

"268 

“242 

244 

"236 

ANS 

208 

"203 

o 

Calcutited 
from 

formula (9). 

104 

096 

‘085 

‘080 

‘080 

‘O71 

‘O74 

‘O74 

072 

‘O75 

‘O72 

‘069 

Og 

Calculated 
from 

formula (9). 

‘260 

257 

244 

222 

214 

"223 

‘208 

213 

Oe 

Calculated 
from 

formula (9). 

316 

273 
"279 

253 

“252 

"246 

-228 

"224 

‘219 
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The figures given in the 5th columns in the Tables, entitled 
“ oa, are simply the differences between the values given in 
the 3rd and 4th columns. ‘The values of oz; must be smaller 
than the true value, since the absorption of the scattered 
radiations in the materials and also the small amount of 
scuttering in the backward direction were neglected in 
obtaining og. As previously mentioned, it is impossible, 
at the present stage, to find the true value of the scattering 
from the theoretical formula (6) or (6'), unless the law of 
distribution of the scattered radiation is known. To give 
an approximate correction, however, to the apparent value S 
(Tables I. to IIL.), let us first assume that the absorption 
correction for obliquity is omitted. Then we have 

*% 
S =| Lett OG ene a ir 

0 
= over aso): 

Hence we have 

S 
Oon— [te-@toe ° . ° ° e e (9) 

The figures given in the last columnsin Tables IV. to VL., 
entitled “o,,” are the values calculated by formula (9). 
It is noticeable that these values of o, are generally greater 
than those obtained as the difference between the values of 
pwt+o and p, although the divergence is not very marked. 
The values of co, and also og increase as the thickness of 
the radiating plate decreases. This is what we should 
expect, since the absorption due to obliquity has been 
neglected. The values of o in the 5th and 6th columns 
in Tables IV. to VI. are plotted in fig. 4, and the curves 
connecting the values of o« for each element continued to 
cut the axis of c. There seems to be little doubt that this 
extrapolation for very thin radiating plates is justified. The 
values of o corresponding to very thin plates were taken as 
the true scattering coefficients. The results are as follows :— 

TABLE VII. 

* Sia Le) aN es bas: a 
p DY N10 a ep 

Caine ems er: cm.” cm.?/gre 
Aluminium... °105 0396 10 1:0 ‘0697 0263 

Drone ee Mees: cs: ‘290 0370 ‘93 ‘96 ‘206 ‘0262 

Tea geiasrs sa 345 ‘0304 T7 "82 ‘460 0423 

* N = Moseley’s atomic number of the element. 
> A = atomic weight of the element. 



the Absorption of the Gamma Rays. 141 
The mean value of pw for each element is also given in the 

Table. The mass scattering o/p and the mass absorption p/p 
were calculated. 

In the calculations given in this paper it has been 
implicitly assumed that the scattered radiations are exactly 
of the same type as the primary radiation, and have not 

suffered any transformation. It should, however, be em- 
phasized that Florance found distinct evidence that there 
was a real change of type in the radiation which accom- 
panied scattering. For example, he found the radia- 
tion scattered backward from the plate was more easily 
absorbed than primary radiation, and therefore was of 
longer wave-length. It is difficult to take any account of 
this transformation in deducing the scattering coefficient. 
If, however, we disregard the change of type, the radiation 
scattered backward should be taken into account. It has 

Fig. 4, 

us 

; a 

ieee: 

Pes ks pS "2 3 4 5 6 ate; Aicy LS 1G: 
ae ef Se SG Oc 7 ? pt, in gr. cm-4 ay a 

already been mentioned that the amount of the radiation 
scattered backwards was about 15 per cent. of the radiation 
scattered in the forward direction. Making this correction 
for the observed values, we conclude that the values of o 
and o/p are as follows :— 

TABLE VIII. 

o. a/o. 

AVERVITTUIN) 5.22510 121 045 * 

LEG: ee "334 "042 

LCG |S ae 397 034 

* Florance (Phil. Mag. xxvli. p. 225, 1914) estimated the value of o/p for 
aluminium to be 0°05 approximately. 
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§ 5. Conclusions. 

(1) We can clearly see from Table VII. that the mass 
scattering for each element is of roughly the same order of 
magnitude. Thisisina fairly good agreement with the expe- 

riments of Florance. The values of c/p, however, were in 
addition compared with the ratios of Moseley’s* “atomic 
number’ of the element divided by the atomic weight of 

the element. The ratios of =/(2) and N (=) Be 

pi \p/a Af \A7ai 
given in the 4th and 5th columns in Table VII. respec- 
tively. It is very interesting to see that the two ratios 
for each element are very nearly equal. Moseley’s atomic 
number of the element probably represents the number of 
electrons exterior to the central nucleus, according to the 
atomic structure suggested by Sir H. Rutherford 7. Taking 
this to be the case, we can conclude that the scattering of 
the gamma rays per atom is approximately proportional 
49 the number of the electrons exterior to the nucleus in the 
atom. Sir J. J. Thomson ¢ showed, on theoretical grounds, 

that the scattering of X rays should be proportional to the 

number of electrons which were influenced by the primary 

rays. According to the atomic structure suggested by 

Sir E. Rutherford, it would be expected that the scattering 

electrons should be those exterior to the nucleus, and 

therefore should be equal in number to the atomic number 

of the element. From Barkla’s measurements of scattering 

of X rays of ordinary frequencies, it is clearly seen that the 

scattering coefficient is approximately proportional to the 

atomic number for the elements of atomic weight not 

greater than 32, including hydrogen. For the elements 

heavier than sulphur, Barkla’s results led to a different 

conclusion. J. J. Thomson’s simple theory of scattering 

assumes that the scattering electrons are independent of 

each other when they are influenced by primary rays. This 

condition would be satisfied only in the case where the 

displacement of the electrons influenced by the primary rays 

is very small compared with their mutual distance apart, so 

that the mutual action is negligible. The deviation from 

the simple theory of scattering in the heavier elements, 

* Moseley, Phil. Mag. XKvVi. ip. 1026 (1918) ; xxvii. p. 703 (1014). 

+ Sir E. Rutherford, Phil. Mag. xxi. p. 669 (1911). 

+ Sir J. J. Thomson’s theory of scattering was given in the first 

edition of ‘ Conduction of Electricity through Gases,’ 
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therefore, can be explained if we assume that the electrons 
are packed very close in the atoms of the elements*. The 
displacement of the electrons influenced by the primary ray 
should be also dependent on the wave-length of the rays. 
When the wave-length is exceedingly short, the duration 
of the influence on the electrons should be very small, and 

therefore we might expect that the displacement of the 
electrons should be exceedingly small. The result of the 
present paper shows that even heavier elements scatter 
the gamma rays of exceedingly short wave-length, like 
light elements scatter the X rays of comparatively long 
wave-length. This may be considered as a strong support 
of the above explanation. 

(2) Table VII. shows that the values of u/p and op are, 
for the elements examined, all about the same order of 
magnitude for the very penetrating gamma rays from 
radium. Assuming the relation between absorption and 
wave-length found by Hull and Rice, the true absorption 
coefficient of gamma rays in aluminium should be small 
compared with the scattering coefficient; but this does 
not appear to be the case. Since it is very difficult to 
determine the values of the corrections to be applied to the 
observed value of o/p, on account of uncertainty as to 
the distribution and absorption of the scattered gamma 
rays, it might be thought possible that, after all, the value 
of a/p is large compared with y/p, or, in other words, that 
scattering is predominant in ordinary methods of measuring 
absorption coefficients of gamma rays. To show that this is 
not the case, the following simple experiments have been 
made. 

Mercury was contained between two concentric glass 
spheres A and B (fig. 5), of diameters 6°2 em. and 2-1 em. 
respectively. A small sphere R, of the diameter -77 em., 
contained about 80 millicuries of radium emanation, and was 
kept at the centre of the sphere A, which was filled with 
mercury. Hence the gamma rays from the source had 
to penetrate about °67 cm. of mercury, which was nearly 
equivalent in absorption to the lead plate, 1 cm. thick, 
in the main experiments described in § 2; so that only 
the penetrating gamma rays from radium C were used. In 
this arrangement everything is symmetrical with regard 
to the source, and therefore not only the primary rays 
but also the scattered rays should be equally intense in 

* Barkla, Phil. Mag. xxxi. p. 222 (1916). 
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all directions. If absorption were negligible in comparison 
with scattering, the effect in an external electroscope should 
not be sensibly reduced by the interposition of an additional 
thickness of mercury; for it is obvious that scattering 

Fig. 5, 

without absorption should not lead to any diminution of 
intensity of the rays. The electroscope was the same as 
that used in the main experiments. The measurements 
were carried out with and without mercury between A 
and B. ‘The ionization currents were as follows :— 

With mercury : 12°97 div./min. 
Without mercury: 48°25 .. 

The great decrease of the ionization current should be 
mainly due to the absorption in the mercury. From the 
observed values, the absorption coefficient was found to 
be w='64 cm.~1. The value should be a little greater than 
the true value, since the total amounts of the scattered rays 
are themselves reduced by absorption. 
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Another experiment, similar to that described in § 3, was 
performed with mercury. The mercury was filled in a 
glass trough, the thickness of the mercury plate being 
2:06 cm. The source was the same as that used in the 
first experiment, but it was screened by a lead plate 1 cm. 
thick. The ionization current in the electroscope was as 
follows :— 

iiiemsaures alone . . , -... ... 100 pericent., 

The mercury plate in position R, (fig. 2) 17°71 ,, 

_ The mercury plate in position R, (fig. 2) 31°24 ,, 

which gave: 

to ="86 em.-!, w= 'd6em.1, S=135p.c; 
ga 30 Cm. -; o,=°37cm.7!; 

pe — 041 em.*.or.7", 7 = 2 Clune ae 

The results confirm the above-mentioned conclusion. 
In the second experiment only one thickness of mercury 

was tried, and therefore the final values of o and wp for 
small thickness could not be obtained. 

(3) Comparison of the scattering coefficients for the 
ordinary X rays and for the gamma rays of very high 
frequencies :—In the case of light elements, whose atomic 
weight is not greater than 32, the absolute values of the 
mass-scattering of X rays were found to be between 0:1 and 
0-4 cm.” gr.~*, and to be about 1°2 em.’ gr.~! for aluminium 
by Crowther. For the heavier elements the values were 
greater, according to Barkla’s and Crowther’s results. The 
writer's results in Table VIII. show that the mass-scattering 
for the gamma rays of very high frequencies is far less than 
that for the ordinary X-rays. The difference is of great 
interest, but further investigation is required before any 
explanation can be offered. 

4, The scattering coefficient of the gamma rays of very 
high frequencies is comparable in value with the true ab- 
sorption coefficient of an element. This difference between 
gamma rays and ordinary X rays indicates the importance 
of taking into account the scattering of gamma rays in all 
measurements of their absorption by matter. 

Phil. Mag. 8. 6. Vol. 33. No. 193. Jan. 1917. L 
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IX. The Energy in the Electromagnetic Field. 
By H. A. Brepermann, B.Sc., A.MI.E_E.* 

Aiea object of the present paper is to point out certain 
consequences of the assumption that the magnetic 

or kinetic energy density in an electromagnetic field is 
represented by H?/87, and to suggest a possible modifica- 
tion of this expression. The calculation on the above basis, 
of the kinetic energy in the field due to any system of 
spherical charges, either surface or volume, may be effected 
by elementary methods, as has been shown recently by 
Prof. Anderson + for the case of point charges, and earlier 
by Prof. Nicholson f for two or more point charges in the 
same straight line. Whilst the derivation of the expression 
for the energy for the somewhat more general case of 
spherical charges of finite size is not the object of this 
paper, yet the calculation will be shortly outlined for the 
sake of completeness, and because certain integrals occurring 
will be required later. 

The energy of a system of charges follows at once from 
that of a pair by means of the relation | 

javoleag +B? i Oh iay 222 (a,c, a 8.8, + Vr¥e)5 : (1) 

(2,5 B,. Y,)> (4 B,) ¥;)> &e., denoting the components of 
magnetic force at-a point due to charges e, e,, &e., respec- 

tively. The individual energy of any one of the charges e, 
of the system (2. ¢., the energy associated with that charge 
when the rest of the system is removed) is, for a spherical 

* Communicated by the Author. : 

+ Prof. A. Anderson. Phil. Mag. Aug. 1916. 3 

t Prof. Nicholson, Proceedings of the Physical Society, April 1919. 
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surface charge 

Jay z 
aa cs | (ax as BY aE Y, )dv=% aa Me etek (2) 

a, 

where e, is expressed in E.M.U. 
To calculate the mutual energy of any two charges &, éo, 

of radii a, da, the distance between them being r, refer 
them to axes with origin at e, the z-axis coinciding with 
the line joining the charges. Let (uw, v1, w,), (ua, v2, We) be 
the component velocities of the charges, 7, r2 their respec- 
tive distances from any point (x, y, z), and (a, 81, 91), 
(a, Bo, y2) the components of magnetic force at that point 
due to the charges respectively. We then have 

e 
ae 7B (2M yer), dy = {(2-—1)ty— yo} } 
ae 

B= 4 (mm—em), B=fee—(e—rw} $.. (8) I 

é. 
Dee re (Y—er1),  Yo= Lyttg— aU} | 

} 

__Denoting by T,, the mutual energy of the charges, we 
obtain 

af 
T,.= A (es + BiB 2+ y1ry2)dv 

7 

€1€9 
= tl WAL + Wy We )u® + (Uta + WW) Y? TT 

+ (Uytlg + Uyly)2(Z— 1) — (Uytot Vy Ug) wy 

— (Uys + WyUg) Y= (Uy + Uy tg) ¥z 

dx dy dz 
Pees. 

H+ Uy Ush& + wnyeary | ? 

the integration extending throughout all space external to 
the charges. Since the axis of z coincides with the line 
joining the charges, most of the integrals evidently vanish 
by symmetry and the expression reduces to 

e1€ 
T= ve { (uta + v9 + 2w we) 1, + (wyttg+ ryv2)Iy}, - (4) 

L 2 
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where 

x 2 i-Mtoeoell 
=f (eae ae 

OL ss dy dz. 

These integrals are easily evaluated by transforming to 
polar co-ordinates with origin at e,, and integrating first 
with respect to d, then with respect to r, treated as an 
independent variable by means of the relation 

dx dy dz. 

ry =r t+r?—2n7r cos 6 

(rz, being of course regarded as positive for all points), and 
finally with respect to 7,. The results are 

x? 2ar a ae 
vl Sg {3—( : zs oe 

2-7 a dae reWPaPawangetss) | 
From (1), (2), (4), and (5) we obtain for the total kinetic 

energy of the system 

(5) 

@? 

nape (utente! " 

; CR ee 9 
+435 oc 4 (uw. + ov, + Zw 1 ) 

CS) NS 

bei Lo +42 
+ F(uu,+ v0. —?2 w,W,) (“ 2 2 )} : (6) 

the double summation sign denoting that the charges are to 
be taken in every possible way in pairs. If the charges 
are spherical uniform volume charges a of surface 

charges, it is easily shown that the coefficient of a besmne Z, 
the 

and that of —, becomes § instead of }. 

Now let these ei: be applied to the case of two cireuits 
carrying currents. 
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9 
J+ a? 

Neglecting terms containing the factor ( : a ) as we 
ae 

may do owing to the extreme smallness of the charges con- 

cerned, the mutual energy of the two circuits is seen to be 

r e1e; 6 . 
i. = p> ar (U2 + UU, -- 2wy, We)s * e (6 A) 

the suffix 1 referring to charges in one circuit, the suffix 2 
to those in the other. 

The above expression is equivalent to 

aa) .. (cose .. (Cos a, cos a, 
T,,=4hi24| ae dsydsy + $izly (\ og dsjdso, . (7) 

ve . A 

where ¢ is the angle between the elements ds), ds, of the two 
circuits, and a), # are the angles these elements make with 
the line joining them. 

But it is well known as the result of experiment, or as an 
immediate deduction from experiment, that the mutual 
energy of two circuits is given by 

amis COS € 2 

a 

Expressions (7) and (8) are, however, not in general 
equivalent. This discrepancy leads one to question whether 
H’/87 is a true representation of the kinetic energy density. 
This value is apparently an immediate deduction from the 
two fundamental circuital laws of electromagnetism. From 
the law of electromagnetic induction we deduce that the 
energy in the field due to a system of circuits is 42i¢, 
where ¢ is the magnetic flux linked with the circuit carry- 
ing the currentz. ‘The circuital law connecting magnetic 
force and current then shows that this expression is equal 

2 

tof = dv taken throughout all space. But what does 

H here really represent? It represents not the actual 
magnetic force at a point at a given instant, but the mean 
value of this force at the point, for it is now known that 
the charge whose motion constitutes a current is not dis- 
tributed uniformly throughout the conducting substance, 
but 1s concentrated in a number of discrete particles, so 
that the magnetic force at a point is not constant. In 
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any ordinary circuit the number of moving electric particles 
is such a large one that the variation of magnetic force 
is negligible at all points external to the conductor, but 
within the conductor this is no longer the case. At such 
points the square of the mean value of the magnetic force’ 
is not equal to the mean value of the square of the instan- 
taneous magnetic force. 

Expression (8) is the result of calculation on the former 
basis, whilst (7) has been deduced on the latter basis. Hence 
the two results are not identical. This, the author suggests, 
is the explanation of the discrepancy. 

Experiment proves, however, that (8), which is in effect 
the result of integrating over all space the square of the 
mean value of the magnetic force at a point, correctly ex- 
presses the mutual energy of two circuits. But (7) is the 
result of integrating the square of the instantaneous mag- 
netic force and then taking the mean with regard to time, 
this being in reality what is done when (7) is substituted 
for (64). It follows that H?/87 does not represent the 
kinetic energy density in the field, if by H is understood 
the instantaneous value of the magnetic force. 

What, then, may be taken to be the true representation of 
the kinetic energy density at any given point ? 

Let G@ denote * SRV cos @ where R is the electric in- 

tensity in H.8.U. at a point due to any single charge, and 
6 the angle between the directions of R and the velocity V 
of the charge. Then 

1 DA\Vl 2 2 SS 
g?=(= SRV cos — oe + 2229.4 

where 

I,= Iai cos oy Ohm Ke. 
¢ 

Referring the system as before to axes with origin at e, 
and having the line joining e;, ¢, for z-axis, we have 

Za 
m= 3 (ae toy +2), 

1 

é; 
I2= 3 {gt + Voy + Wo(2—7)}- 

2 
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For spherical surface charges of radii aj, a2, &e., we get 

2 2 
Ji Ng Le" 24 2 2 on 6 a (uy? + v2 + w,’), Ae ea (G81) 

the integration being over all space external to the charges. 
Again, 

am 2 [aus WW3 ae dex dy dz 

+ U,V ae sa dw dy detuyn,|{Y ae dx dy dz), 

all the other integrals vanishing by symmetry, 

\ ee 
% | a= d= a { (Uta + Vy%)1, + wywelg}, (10) 

where I, I, denote the same integrals as before. 

From (4), (10), and (5) we find 

1 
| (4142+ Bis + YW1¥2 + 9192) dv 

€1e 

i rs (11522 + dV. + Wig) (21, + I) 

__ C10 (MU + VV + Wy We) 
’ i 

Adding (2) and (9) for e; and e,, and summing for all 

charges, we obtain finally 

ae dv =\5 = (u! +02 +w,2) 
On 

3S "2 (uu, +v.v, +, w,). Ben pecan G34) 

The mutual value of moe dv for two circuits 18 

% 

C19 Suh COSE 
pars : (ayy + UpU2 _ W Wy) — 212g i} ae ds,dsp, 
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which is identical with (8). Thus, by assuming that the 
instantaneous kinetic energy density at any point is repre- 

sented by = (H?+G?), we should find a correct value for 
7 

the mutual energy of two circuits. It is suggested, there- 
fore, that this may be a correct representation of the instan- 
taneous kinetic energy density in all cases. The argument, 
in fact, is identical with that used when we conclude from 
the theory of point charges of magnetism that the energy 
density is H?/87. In the theory of magnetism, however, 
H is regarded as constant at a given point (for a static 
system of magnets) whether without or within magnetic 
matter, because the latter is treated as capable of infinite 
subdivision into elements of magnetic moment Idv. 

This is analogous to assuming the moving electricity in a 
circuit to be continuously distributed throughout the sub- 
stance of the conductor. In such a case, at any given 
point, 

L Ge 
G= — =RV cos o=(\Vovs. ( dx dy dz 

a { pVdal 5 (=) ds=0; 

the circuit being supposed divided into an infinite number 
of filaments carrying currents pVda, and the integration 
extended throughout the conductor. Thus for a uniform 
distribution of the moving charge throughout each filament 
of the conductor @ vanishes at ail points both without and 
within the conductor, and H at any point is constant. 
Actually the charge is not so distributed, and G@ has a finite 
and appreciable value within the conductor. 

The value arrived at for the kinetic energy of a system 
on the above assumption for the energy density leads to 
some interesting results. 

For a system of spherical surface charges, having a common 
velocity V both in magnitude and direction, 

2 2 
l= ‘ ae yee = W Bes a, . c 

where W is the electrostatic potential energy of the system, 
if supposed at rest in its instantaneous position. This result 
is perfectly general whether we suppose the charges 
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spherical or not. For 

| 1 1 
H’+@= -2 (=[RV])?+ 5Q(RV))? 

vie 
a = 5 {[RV]?+(RV)}= 

where R now denotes the resultant electric intensity. 

(= : eve a GRe V2 

Brel ches 

From this it appears that the mass of the system is the 
same as if each Faraday tube had a mass R?*/4crc? per unit 
volume, whilst on the basis that the kinetic energy in the 

2 

field is only = de, the conclusion arrived at is that the 
T 

apparent density of these tubes varies from the above value 
for motion at right angles to the tubes down to zero for 
motion in the direction of the tubes. The result arrived at 
above suggests the possibility of the propagation of dis- 
turbances other than transverse ones. 

Expression (11) for the energy in the field is easily 
extended to cover any distribution of electricity whatever 
the velocities of its elements. Imagine it divided into infi- 
nitesimal spheres of various sizes. It is easily shown that 
for a system of spherical volume charges 

3) ee Ae 
ies See v=. —(u2+v7+u,) 

a). 
M 

C1) 
“= (UU, + 0,0, + W,w,). + => 
fj 

If p; denote the density of the charge (in E.M.U.) in one 
of the spheres of volume dv,, and therefore of radius 

1/3 
3 

(= avy : 

Sela ( Roa 9 BN. X5/3 

a= 5 (> bs? uy? + os? +-0n2) (dey)? 5) “) 
t - 

1Po9(UyUg + VjUzg+ WiWe +4? a( ESSZ UZ 1 ) dvydvs, 

[4 

ve 

the coefficient 4+ now entering because }S indicated that 
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the charges were to be taken in every possible way in 
pairs. 

The first integral vanishes in the limit, so that 

"010 (UtyUly + VV. + W,W 
pay (for 2 fat 2) eine Ge 

Va 
? 

If we assume that the principles of least action and the 
conservation of energy hold for the electromagnetic field, 
we could apply Lagrange’s equations directly to the above 
expression for the kinetic energy combined with that tor the 
electrostatic potential energy. We could not expect, how- 
ever, to obtain by this meaus results of complete generality, 
since the above expression was deduced from others for H. 
and @, which took no account of the fact that electromag- 
netic disturbances are propagated with finite velocity. To 
obtain the general equations of the electromagnetic field, 
this fact must be allowed for. 

Let the system be supposed to include at the point 
(z, y, 2) at time ¢ a small spherical surface charge of radius. 
a moving with velocity (U, V, W). 

Expression (13) may then be written in the form 

5 : 
oe W?)+ Pa E (Unt Vo+ Ww)do +1), 

whilst the electrostatic potential energy is given by 

W=e (2 dv+W,, 

e being now expressed in E.S.U., and Ty, W, denoting those 
parts of the kinetic and potential energies which are inde-. 
pendent of the co-ordinates of e. 

Allowing now for the finite velocity of propagation by 
substituting [pu] for pu, &c., and [p] for p, the square 
brackets having the usual meaning, we get | 

L=T—W=} — (U?+ V?+W?) 
aC” 

pikes ‘ 
i 2 | {U Lev | + Heo | + Wee ie 

7 

—eé \ Lp dv + Lo. 
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The Lagrangian operator then gives 

2 a ie Lew] a 

ac on, ec Ae 

€ - 52 {U[ pu] + Vi[pv| + W| pw} / 
an Cou : at 

Lv 

0 tel = € -~dv=() 
Ow 

with corresponding equations for the y, z co-ordinates 
2 

Since ——is the mass of the charge e, these equations give for 

the force on unit E.S. charge at rest 

= Tdi odie 
xX Ric di Pies We hres: (14) 

and 

ef y (21 (ll 2 1( Led ="43 = =) Pe dv a : dv ) 

oe eee ! 
Oe sec) = oD 

See. .c OF aH) -S)-" eS )b. Qe. Race 
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where eH 3 Leu ie 

and y= {ll dv. 

(14) is the usual expression for the electric intensity in 
terms of the vector and electric potentials A, yy, whilst the 
three equations (15) give 

(P,Q, R)= (VE), |...) ee 

UTE H—wemmgl 6 ere Li) 

(16) being the well-known value for the force on a charge 
due to its motion in a magnetic field given in terms of the 
vector potential by relation (17). 

Differentiation of equations (14) combined with the known 
values of F, G, H, and the relation (17), gives the remain- 
ing equations 

Worx) Ane aera Oe &e. 
c Ot ee Feu Oe: 

The above is not, of course, an independent derivation of 
Maxwell’s equations, since it has been necessary to introduce 
the assumption of propagation with finite velocity c. It is, 
however, significant that, when this assumption is made, 
Maxwell’s equations are derived by applying Lagrange’s 
equations to a Jiagrangian function obtained by assuming 

2 2 

the kinetic energy in the field to pe SES) dv, and the 

potential energy to be equal to the electrostatie energy of 
the system. 

In the case of slow uniform motion, neglecting the finite 
velocity of propagation, we had a, 8, y given by 

9 L(pe yg, 91 erg, 4 
ae 77 - 2 

and 

G by Su cos 0 

== (2 _ Pe do & Te dor oe ee awk, (i Gj) Fe oye Jr oe 
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whilst the most general expressions for a, 8, y are 

ral beatae le ae 

It appears, then, that the generalized expression for @ 
must be taken to be 

Por. {25 eF aoe + orl ave & fat 

-(<+3 an see 

so that the kinetic energy density in the field is popes in 
its most ag form by 

Se Wae pita.) 
Sr (i et) 

= {(eurl A)? + (div A}?}. 

X. The Hocometry of Lens-Combinations. 
By Prof. A. ANDERSON, M.A.* 

if is probably not possible to improve much on the 
ordinary nodal-slide method of measuring the focal 

length of a converging or diverging lens-combination. This 
consists in allowing beams of light from an object, which 
are made parallel beams by a convex lens, to pass through 
the combination, which then, either directly or by the help 
of a convex lens, forms an image of the object on a screen. 
A vertical line intersecting the axis of the combination, about 
which a small rotation of the combination produces no dis- 
placement of the image, is then found. This vertical line 
intersects the axis of the combination in Hg, the second 
principal point. The image formed on the screen, or, in the 
case where a convex auxiliary lens is used, the conjugate of 
this image with respect to the lens, is F,, the second principal 

~ focus. H,f, is the focal length. 

* Communicated by the Author, 
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If the combination be now reversed, H, and F, may be 
‘found in the same way. Or, without reversing the combi- 
nation, it is easy to make the light emerging from the 
‘combination parallel. Its parallelism can be tested by 
allowing it to fall on a convex lens with a screen placed at 
its focus. If the light be parallel, an image will be formed 
‘on the screen, which will not be displaced when the com- 
bination is turned about a vertical axis through Hy. 

But these methods are only applications of particular cases 
-of a general theorem which may be stated as follows. If P, 
be the object and P, the image of P; formed by light passing 
through any lens-combination, there is always one point O, 
‘and only one, on the axis, a vertical through which has the 
‘property that if the combination receive a small rotation 
about it, the image P, will not be displaced. 

In the figure P,N, is the object and P,N» the image. Let 

the system be rotated about O through a small angle P,OX,. 

The points H,, H,, Fi, F, will now occupy the positions 

H,’, H,, F,', F.’.. It is clear that, if N, keep the same 

position, we must have 

mX,N + a PoS—mEN;, 

il 

where m denotes the magnification. 

Thus OP, “2 OP, 

OP, OE 

The point O, therefore, divides P,P, externally in a ratio 

-equal to the value of the magnification. 

Thus ‘ On er _ on, 
Opn Ob. 

.P|X,;=mPyX;, or m 
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and, consequently, H,H, is also divided externally by O ina 
ratio equal to the magnification. The position of O thus 
depends on the magnification. If this is zero, O coincides 
with H, (as in the ordinary way of using the nodal slide) ; 
if it is infinity, O coincides with Hy. If O is to the left of Ha, 
the magnification lies between unity and zero, and if to the 
right of Hy, between + and unity. Ifit lies between H, 
and H, the magnification is negative, and may have any value 
between zero and —o. 

The position of O can be found with the nodal slide, 
and then OP, and OP, can be measured, thus determining 
the magnification either for a converging or diverging 
combination. The combination can then be displaced towards 
or away from the object, the new position of O found, and 
the corresponding value of the magnification. The focal 
length and the positions of the cardinal points can then be 
found by calculation. 

The following example of a rough determination of the 
focal length of a diverging combination will make the 
method clear. An auxiliary convex lens was used, which 
enabled an image to be formed on a screen and the position 
of P, to be found. O having been determined with the 
nodal slide, OP, was found to be 51:0 cm. and OP, 9:0 cm. 
The combination was then moved towards P, and O again 
determined. OP, was then 9°5 cm., OP, 24°5 cm., and the 
distance through which the combination was moved 26-9 cm. 

Thus | ik 7 if 

and 26°9 

The advantages of the method are that there is no 
adjustment for parallel light, and no transparent scales 
necessary for measuring the magnification, which is more 
accurately determined by measuring OP, and OP). 
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XI. Proceedings of Learned Societies. 

GEOLOGICAL SOCIETY. 

[Continued from vol. xxxii. p. 528.] 

November 8th, 1916.—Dr. Altred Harker, F.R.S., President, 
in the Chair. 

HE following communication was read :— 

‘Aulina rotiformis, gen. et sp. nov., Phillipsastrea hennahi 
(Lonsdale), and the Genus Orionastrea. By Stanley Smith, 
B.A., D.Sc., F.G.S. | 

Mr. J. W. Jackson exhibited a number of facetted pebbles from 
Pendleton (Lancashire), and stated that nearly 200 of these had 
been collected during the last six months from near the top of a 
section of current-bedded and faulted Glacial Sand and Gravel at 
an altitude of about 200 feet O.D. 

The pebbles occur 7m s¢¢w some 2 or 3 feet below the capping of 
darker subsoil, which contains cores and flakes of flint, including 
pigmies. They consist of slate, granites (Eskdale and Shap), 
Ennerdale granophyre, Borrowdale volcanic tuffs, porphyries, 
quartzites, Millstone Grit, sandstones, Chalk flints, Carboniferous 
chert, and other rocks. 

The largest facetted pebble measures 113 x 82 inches, and is 
7 inches high; the smallest is only half an inch in diameter. 

The facets are generally concave, grooved, or fluted. They vary 
in number: some stones have one facet only, others two or more. 
One stone with a flat top shows five incipient facets. On some 
the grooving is of the nature of parallel series of elongated pits. 

Differentiation, according to varying hardness and composition, 
is well displayed on the granites, porphyries, grits, etc., where the 
weaker constituents have been strongly eroded, leaving the stones 
with an irregularly pitted surface. 

The production of facets by splitting along joint-planes is seen 
on some examples of sandstone; but the facet thus formed has been 
modified by wind-action. , 

A few pebbles occurred in the sand completely inverted, and 
some show distinct facetting on both sides. 

Of examples orientated in s¢tw, the facets faced north-westwards, 
westwards, and south-westwards—the directions of the present 
prevailing winds. 

All the pebbles are of Glacial origin, but the facetting may be 
relatively quite recent. The upper part of the sands where they 
occur may be the result of redistribution by wind before a soil-cap 
began to form. 
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XII. On Methods for detecting small Optical Retardations, 

and on the Theory of Foucault’s Test. By Lord RayLricn, 
OVE: UF RS.* 

S was, I think, first emphasized by Foucault, the 
standard of accuracy necessary in optical surfaces 

is a certain fraction of the wave-lenth (X) of the light 
employed. For glass surfaces refracting at nearly per- 
pendicular incidence the error of linear retardation is about 
the half of that of the surface; but in the case of perpen- 
dicular reflexion the error of retardation is the double of that 
of the surface. The admissible error of retardation varies 
according to circumstances. In the case of lenses and 
mirrors affected with ‘ spherical aberration,” an error of 1X 
begins to influence the illumination at the geometrical focus, 
and so to deteriorate the image. For many purposes an 
error less than this is without importance. The subject is 
discussed in former papers. : 

But for other purposes, especially when measurements are 
in question, a higher standard must be insisted on. It is 
well known that the parts of the surfaces actually utilized 
in interferometers, such as those of Michelson and of Fabry 
and Perot, should be accurate to 5X to 5',A, and that a still 
higher degree of accuracy would be advantageous. Hven 

* Communicated by the Author. 
+ Phil. Mag. vol. vili. pp. 403, 477 (1879); ‘Scientific Papers,’ vol. i. 

p- 414, §§ 3, 4, 

Phil. Mag. 8. 6. Vol. 33. No. 194. Feb. 1917. M 
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under difficult conditions interference-bands may be dis- 
played in which a local departure from ideal straightness 
amounting to »/5 of the band period can be detected on simple 
inspection. JI may instance some recent observations in 
which the rays passing a fine vertical slit backed by a 
common paraffin-flame fell upon the object-glass of a 3-inch 
telescope placed some 20 feet away at the further end of a 
dark room. No collimator was needed. The object-glass 
was provided with a cardboard cap, pierced by two vertical 
slits, each ,5 inch wide, and so placed that the distance 
between the inner edges was 8; inch. The parallelism of 
the three slits could be tested with a plumb-line. To observe 
the bands formed at the focus of the object-glass, a high 
magnifying-power is required. ‘This was afforded by a small 
cylinder lens, acting as sole eyepiece, whose axis is best 
adjusted by trial to the required parallelism with the slits. 
Fairly good results were obtained with a glass tube of 
external diameter equal to about 3 mm., charged with water 
or preferably nitro-benzol. Latterly, I have used with 
advantage a solid cylinder lens of about the same diameter 
kindly placed at my disposal by Messrs. Hilger. With this 
arrangement a wire stretched horizontally across the object- 
glass in front of the slits is seen in fair focus. When the 
adjustment is good, the bands are wide and the blacknesses 
well developed, so that a local retardation of 35 or less is 
evident if suitably presented. The bands are much disturbed 
by heated air rising from the hand held below the path of 
the light. 

The necessity for a high magnifying-power is connected 
with the rather wide separation of the interfering pencils 
as they fall upon the object-glass. The conditions are most 
favourable for the observation of very small retardations 
when the interfering pencils travel along precisely the same 
path, as may happen in the interference of polarized light, 
whether the polarization be rectilinear, as in ordinary double 
refraction, or circular, as along the axis of quartz. In 
some experiments directed to test whether “ motion through 
the esther causes double refraction” *, it appeared that a 
relative retardation of the two polarized components could be 
detected when it amounted to only A/12000, and, if I remember 
rightly, Brace was able to achieve a still higher sensibility. 
The sensibility would increase with the intensity of the light 
employed and with the transparency of the optical parts 
(nicols, &c.), and it can scarcely be said that there is any 
theoretical limit. 

* Phil. Mag. vol. iv. p. 678 (1902) ; ‘Scientitic Papers,’ vol. v. p. 66. 
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Another method by which moderately small retardations 
can be made evident is that introduced by Foucault * for the 
figuring of optical surfaces. According to geometrical 
optics rays issuing from a point can be focussed at another 
point, if the optical appliances are perfect. An eye situated 
just behind the focus observes an even field of illumi- 
nation ; but if a screen with a sharp edge is gradually 
advanced in the focal plane, all light is gradually cut off, 
and the entire field becomes dark simultaneously. At this 
moment any irregularity in the optical surfaces, by which 
rays are diverted from their proper course so as to escape 
the screening, becomes luminous; and Foucault explained 
how the appearances are to be interpreted and information 
gained as to the kind of correction necessary. He does not 
appear to have employed the method to observe irregularities 
arising otherwise than in optical surfaces, but H. Draper, in 
his memoir of 1864 on the Construction of a Spherical Glass 
Telescope f, gives a picture of the disturbances due to the 
heating action of the hand held near the telescope mirror. 
Topler’s work dates from the same year, and in subsequent 
publications f he made many interesting applications, such 
as to sonorous waves in air originating in electric sparks, 
and further developed the technique. His most important 
improvements were perhaps the introduction of a larger 
source of light bounded by a straight edge parallel to that of 
the screen at the observing end, and of a small telescope 
to assist the eye. Worthy of notice is a recent application 
by R. Cheshire § to determine with considerable precision 
for practical purposes the refractive index of irregular glass 
fragments. When the fragment is surrounded by liquid || of 
slightly different index contained in a suitable tank, it appears 
luminous as an irregularity, but by adjusting the composition 
of the liquid it may be made to disappear. The indices are 
then equal, and that of the liquid may be determined by more 
usual methods. 
We have seen that according to geometrical optics (A=0) 

* Ann. del Observ. de Paris, t. v. Collected Memoirs, Paris, 1878. 
+ ‘Smithsonian Contribution to Knowledge,’ Jan. 1864. 

as ace: Ann. Bd. exxvill. p. 126 (1866); Bd. cxxxi. pp. 33, 180 
867). 
§ Phil. Mag. vol. xxxii. p. 409 (1916). 
|| The liquid employed was a solution of mercuric iodide, and is 

spoken of as Thoulet’s solution. Liveing (Camb. Phil. Proc. vol. iii. 
p- 258, 1879), who made determinations of the dispersive power, refers 
to Sonstadt (Chem. News, vol. xxix. p. 128, 1874). Ido not know the 
date of Thoulet’s use of the solution, but suspect that it was subsequent 
to Sonstadt’s. 

M 2 
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the regular light from an infinitely fine slit may be cut off 
suddenly, and that an irregularity will become apparent in 
full brightness however little (in the right direction) it may 
deflect the proper course of the rays. In considering the 
limits of sensibility we must remember that with a finite d. 
the image of the slit cannot be infinitely narrow, but con- 
stitutes a diffraction pattern of finite size. If we suppose 
the aperture bounding the field of view to be rectangular, we 
may take the problem to be in two dimensions, and the 
image consists of a central band of varying brightness 
bounded by dark edges and accompanied laterally by suc- 
cessions of bands of diminishing brightness. A screen whose 
edge is at the geometrical focus can cut off only half the 
light and, even if the lateral bands could be neglected 
altogether, it must be further advanced through half the 
width of the central band before the field can become dark. 
The width of the central band depends upon the horizontal 
aperture a (measured perpendicularly to the slit supposed 
vertical), the distance / between the lens and the screen, 
and the wave-length X. By elementary diffraction theory 
the first darkness occurs when the difference of retardations 
of the various secondary rays issuing from the aperture 
ranges over one complete wave-length, 1. e. when the pro- 
jection of the aperture on the central secondary ray is equal 
tor. The half-width (€) of the central band is therefore 
expressed by E=/fA/a. 

If a prism of relative index mw, and of small angle 2, be 
interposed near the lens, the geometrical focus of rays 
passing through the prism. will be displaced through a 
distance (u—1)if. If we identify this with & as expressed 
above, we have 

(eI al ee ate, 

as the condition that the half maximum brightness of the 
prism shall coincide with approximate extinction of the 
remainder of the field of view. If the linear aperture 
of the prism be 6, supposed to be small in comparison with a, 
the maximum retardation due to it is 

(ea 1)ib =X 00a sa. so re) 

and we recognize that easy visibility of the prism on the 
darkened field is consistent with a maximum retardation 
which is a small fraction of 2. 

In Cheshire’s application of Foucault’s method (for I 
think it should be named after him) the prism had an angle 7 
of 10°, and the aperture a was 8 cms., although it would 
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appear from the sketch that the whole of it was not used. 
Thus in (1) /2a would be about 5X 107°; and the accuracy 
with which » was determined (about +°00002) is of the order 
that might be expected. 

It is of interest to trace further and more generally what 
the wave theory has to tell us, still supposing that the source 
of light is from an infinitely narrow slit (or, what comes to 
the same, a slit of finite width at an infinite distance), and 
that the apertures are rectangular. The problem may then 
be supposed to be in two dimensions”, although in strictness 
this requires that the elementary sources distributed uni- 
formly along the length of the slit should be all in one phase. 
The calculation makes the usual assumption, which cannot 
be strictly true, that the effect of a screen is merely to stop 
those parts of the wave which impinge upon it, without 
influencing the neighbouring parts. In fig. 1, A represents 

Fig. 2. 

the lens with its rectangular aperture, which brings parallel 
rays toafocus. In the focal plane B are two adjustable 
screens with vertical edges, and immediately behind is the 
eye or objective of a small telescope. The rays from the 
various points @ of the second aperture, which unite at a 
point in the focal plane of the telescope, or of the retina, may 
be regarded as a parallel pencil inclined to the axis at a small 
angle ¢@. Pisa point in the first aperture, AP=2, BQ=€, 
AB=f. Any additional linear retardation operative at A 
may be denoted by R, a function of w. Thus if V be the 
velocity of propagation and «=27/), the vibration at the 

* Compare Wave Theory, Encyc. Brit. 1888; ‘Scientific Papers,’ 
vol. ili. p. 84. 
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point € of the second aperture will be represented by 

\de sin e(Vi-f—R4 =); 

OL lh 0) f—0.) by: 

(dO sin « (Vi-—f—W+ OE), 2) ey 

the limits for 6 corresponding to the angular aperture of the 
lens A. For shortness we shail omit «*, which can always 
be restored on considering “ dimensions,” and shall further 
suppose that R is at most a linear function of 6, say p+o0, 
or, at any rate, that the whole aperture can be divided into 
parts for each of which R is a linear function. In the 
former case the constant part p may be associated with 
Vi—f, and if T be written for Vi—/f—p, (3) becomes 

sin T/d0 cos(E—c)0 + cosT\ dO sin(E—c)0. . (4) 

Since the same values of p, o apply over the whole aperture, 
the range of integration is between +06, where @ denotes the 
angular semi-aperture, and then the second term, involving 
cos T, disappears, while the effect of o is represented by a 
shift in the origin of &, as was to be expected. There is now 
no real loss of generality in omitting R altogether, so that (4) 
becomes simply 

2 sin TE, meer os ID), 

as in the usual theory. The borders of the central band 
correspond to €0, or rather «€0, = +7, or €7= +4), which 
agrees with the formula used above, since 20=a//. 

When we proceed to inquirc what is to be observed at 
angle @ we have to consider the integral 

2 fagsin (2-4. p6) PPE sin t (SP OL BEF INO“ ONE gp 
a 

+ eos 1 222 (8 $F cos (G4 OM ae Pe (6) 

It will be observed that, whatever may be the limits for &, 
the first integral is an even and the second an odd function 
of , so that the intensity (1), represented by the sum of the 
squares of the integrals, is an even function. The field of 
view is thus symmetrical with respect to the axis. 

* Equivalent to supposing \=27. 
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The integrals in (6) may be at once expressed in terms of 
the so-called sine-integral and cosine-integral defined by 

"2 ot z 
Si(«)= { Ede, Ci(2)= ( — “dea. 

0 * 
x 

If the limits of & be &, and & we get 

sin T[ Si {(0+ 4) &'—Sif{(0+¢)&} 

+Si{(6 —$)&} —Si{ (O—)E;} | 

+cos T[Cij (0 — 6) &} — Cif (@—¢)&,} 

—Cif{(O+ PE} + Ci (P+)&}. . (7) 

If £;= —&, = —&, so that the second aperture is symmetricai 
with respect to the axis, the Ci’s, being even functions, dis- 
appear, and we have simply 

2sin T[Si{(0+)£é} + Si{(O—d)E}] « . . (8) 
If the aperture of the telescope be not purposely limited, 

the value of &, or rather of «é&, is very great, and for most 
purposes the error will be small in supposing it infinite. 
Now Si(+“ )=+47, so that if ¢ is numerically less than 
6, l=47, but if d is numerically greater than 0, [=0. The 
angular field of view 20 is thus uniformly illuminated and the 
transition to darkness at angles +0 is sudden—that is, tke 
edges are seen with infinite sharpness. Ofcourse, € cannot 
really be infinite, nor consequently the resolving power of 
the telescope ; but we may say that the edges are defined with 
full sharpness. ‘The question here is the same as that 
formerly raised under the title “An Optical Paradox” *, 
the paradox consisting in the full definition of the edges of 
the first aperture, although nearly the whole of the light at the 
second aperture is concentrated in a very narrow band, which 
might appear to preclude more than a very feeble resolving 
power. 

It may be well at this stage toexamine more closely what 
is actually the distribution of light between the central and 
lateral bands in the diffraction pattern formed at the plane 
of the second aperture. By (5) the intensity of light at & is 
proportional to &-* sin? O& or, if we write 7 for O€&, to 
n~*? sin?y. The whole light hetween 0 and 7 is thus 

* Phil. Mag. vol. ix. p. 779 (1905); ‘Scientific Papers,’ vol. v. 
p- 254. 
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represented by 
~ 

NaH 
jee (°= an, ee 

30a 

J can be expressed by means of the Si-function. As may by 
verified by differentiation, | 

J=Si(29)— 97 sim? ig, oe pene 

vanishing when »=0. ‘The places of zero illumination are 
defined by n=nm, when n=1, 2, 3, &c.; and, if 7 assume one 
of these values, we have simply 

j= S127) = Si 2a) eee ene 

Thus, setting n=1, we find for half the light in the central 
band 

J=Si(27)=47—'15264. 

On the same scale half the whole light is Si(co ), or 32, so 

that the fraction of the whole light to be found in the central 
band is 

paw 210208 1 971 rT) 
1 

or more than nine-tenths, About half the remainder is 
accounted for by the light in the two lateral bands imme- 
diately adjacent (on the two sides) to the central band. 
We are now in a position to calculate the appearance of the 

field when the second aperture is actually limited by screens, 
so as to allow only the passage of the central band of the 
diffraction pattern. For this purpose we have merely to 

suppose in (8) that 0€=7. The intensity at angle ¢ is thus 

(O+¢ — .(9-¢ _\7? 4| Si (FP x) +81 (5 mo] a CD 

The further calculation requires a knowledge of the function 
Si, and a little later we shall need the second function Ci. 
In ascending series 

1 0° if a ee’ 

Oe 31.0.3 | 512 
. il IL 1 1 

Cig) yt se) 979) 42.3.4 
y is Euler’s constant ‘5772156, and the logarithm is to base e. 

These series are always convergent and are practically 
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available when 2 is moderate. When «z is great, we may 
use the semi-convergent series 

‘ a BN Dice ies AOE Dia) 
Si(e)= 5 — cose | = — 3+ E = : eat 

? Ah 

: ee Du 263) ui oneeenee : — cose | i9— = + “6 Se iyi (i) 

Tables of the functions have been calculated by Glaisher™*. 
For our present purpose it would have been more convenient 
had the argument been wz, rather than 2. Between v=5 
and #=15, the values of Si(#) are given for integers only, 
and interpolation is not effective. For this reason some 
values of $/@ are chosen which make (1 + 6/0) integral. 
The calculations recorded in Table I. refer in the first instance 
to the values of 

Si(1+4/0)7+8i(1—¢/0)7. . . . (18) 

Tasxe I. 

K6E;=—T, KOE&=4+7. 

* 9/0. (18). (18)?. 

0:0000 3704 13-72 
0-2732 3475 12-08 
0:5000 2979 8°87 
05915 2721 7°40 
0:9099 1-707 2°91 
1:0000 1-418 2°01 
1-2282 0758 0:57 
15465 0-115 0-01 
2-0000 —O177 0:03 

It will be seen that, in spite of the fact that nine-tenths of 
the whole light passes, the definition of what should be the 
edge of the field at 6=@ is very bad. Also that the illumi- 
nation at @¢=0 is greater than what it would be (7) if the 
second screening were abolished altogether (+=). 

So far we have dealt only with cases where the second 

* Phil. Trans. vol. clx. p. 867 (1870). 
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aperture is symmetrically situated with respect to the 
geometrical focus. This restriction we will now dispense 
with, considering first the case where &,=0 and &(=€) is 
positive and of arbitrary value. The coefficient of sinT in 
(7) becomes simply 

Si{(0+4)E}+Si(—S EP. - - (19) 
In the coefficient of cosT, Ci{(@+)&}, Ci{(@—)Ei} 

assume infinite values, but by (15) we see that 

Ci{(0 +6) E}—Ci{(0-$)&} = log |g 2. - 20) 
so that the coefficient of cos T is 

Ci{(@—9)E}—Ci{(0+9)E} + Jog GS]. - (21) 
The intensity I at angle @ is represented by the sum of 

the squares of (19) and (21). When ¢=0 at the centre of 
the field of view, I1=4(Si£)?, but at the edges for which it 
suffices to suppose 6= +9, a modification is called for, since 
Ji{ (6 —)E} must then be replaced by y+ log | (@—@)é | - 
Under these circumstances the coefficient of cos 'T becomes 

y+ log (26&) —Ci(26€), 

I= {Si(20€) + fyt+ log (20&) —Ci(20&)}?.. (22) 

If in (22) & be supposed to increase without limit, we find 

and 

[=Ja+ flog OE}, .. 9a) eee es) 

becoming logarithmically infinite. 
Since in practice &, or rather «€, is large, the edges of the 

field may be expected to appear very bright. 
As may be anticipated, this conclusion does not depend 

upon our supposition that ~,=0. Reverting to (7) and 
supposing 6=@, we have 

sin T| 81(26€,) —81(26€,) | 

+ cos T[Ci(20£,;) —Ci(20&) + log (&/&:)], - (24) 
and I=«, when &=o. If &, vanishes in (24), we have 
only to replace Ci(20,) by y+ log (20%) in order to 
recover (22). 

We may perhaps better understand the abnormal increase 
of illumination at the edges of the field by a comparison 
with the familiar action of a grating in forming diffraction 
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spectra. Referring to (5) we see that if positive values of & 
be alone regarded, the vibration in the place of the second 
aperture, represented by &~'sin (0&), is the same in respect 

of phase as would be due to a theoretically simple grating 
receiving a parallel beam perpendicularly, and the directions 
d= +6 are those of the resulting lateral spectra of the first 
order. On account, however, of the factor &~', the case 
differs somewhat from that of the simple grating, but not 
enough to prevent the illumination becoming legarithmically 
infinite with infinite aperture. But the approximate resem- 
blance to a simple grating fails when we include negative as 
well as positive values of £, since there is then a reversal 
of phase in passing zero. Compare fig. 2, where positive 

Fig. 2. 
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values are represented by full lines and negative by dotted 
lines. If the aperture is symmetrically bounded, the parts 
at a distance from the centre tend to compensate one another, 
and the intensity at 6=+6 does not become infinite with 
the aperture. 
We now proceed to consider the actual calculation of 

I=(19)?+(21)? for various values of 4/0, which we may 
suppose to be always positive, since I is independent of the 
sion of d. When &@ is very great and ¢/0 is not nearly 
equal to unity, Si{ (9+ ¢)&} in (19) may be replaced by $7 
and Si{(@—)E} by +42, according as ¢/@ is less or greater 
than unity. Under the same conditions the Ci’s in (21) 
may be omitted, so that 

| 2 
T=7°(1, or 0) + {log =| } sapere ee) 

o—¢ 
But if we wish to avoid the infinity when 6=8, we must 

make some supposition as to the actual value of @£, or 
rather of 270£/X. In some observations to be described 
later a=1 inch, =} inch, 1/’=40,000, and ¢=4a/f. Also 
f was about 10 teet=120 inches. For simplicity we may 
suppose f=407, so that 279£€/N=500, or in our usual 
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notation 0E=500. Thus 

(19) =Si{500(1 + d/6)}+ Sif{500(1—¢/0)}, . (26) 

(21) = Cii500 (1— 6/8) } —Ci{500(1 + d/@)} 

+ log (1+ 4/@)— log |1—-¢/0| . . . (27) 

For the purposes of a somewhat rough estimate we may 
neglect the second Ci in (27) and identify the first Si in (26) 
with 37 for all (positive) values of ¢/@. Thus when d=0, 
i777 >) and when b=, 10: 

When $/0=1, we take 

(26) =tr=1°571,) (20)7—2468 

and 

In (27) 

Ci} 500(1—¢/@)} =7 + log 500+ log (l—@¢/@), 
so that 

(27) =y+ log 1000=7°485, (27)?=56-08 ; 

and 1=58°50. 

For the values of $/@ in the neighbourhood of unity we 
may make similar calculations with the aid of Glaisher’s 
Tables. For example, if 6/9 =1+:02, we have 

500(1-—/6) = +10. 
From the Tables 

Si(+ 10) = +1°6583, Ci(+10)= —:0455, 

and thence 

1(-98) =31:13, I(1:02) =20°89. 

As regards values of the argument outside these units, we 
may remark that when « exceeds 10, Si(#)—3m and Ci(a) 
are approximately periodic in period 27 and of order 27}, 
It is hardly worth while to include these fluctuations, which 
would manifest themselves as rather feeble and narrow 
bands, superposed upon the general ground, and we may 
thus content ourselves with (25). If we apply this to +10, 
we get 

T¢-98) =30°98,  1(1-02)e2230'; 

and the smoothed values differ but little from those calculated 
for +10 more precisely. The Table (II.) annexed shows 
the values of I for various values of ¢/@. Those in the 2nd 
and 8th columns are smoothed values as explained, and they 
would remain undisturbed if the value of 6& were increased. 
It will be seen that the maximum illumination near the 
edges is some 6 times that at the centre. 
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PARLE EL, 

KOE,=0, K«KOE,=500. 

¢/9. I. 6/8. ik 9/8. iE, ¢/0. Al 

0-000 9°87 0-980 31:13 1-001 56°28 1:05 
0:250 | 10°13 0-990 39°78 1-002 52°89 1-10 
0500 | 11:08 0-992 39°98 1-004 44-09 1:20 o°76 
0-800 | 14°71 0-994 46°81 1-006 35°27 1:50 
0900 | 1851 0996 | 5413 1-008 29°03 2°00 
0:950. | 23:27 0998 58°81 1010 | 26-14 00 0 

0:999 | 59:36 1:020 | 20°89 
1000 | 58:50 

| 

TABLE 

KOE;=7, KOE,=500. 

| 

9/0. I. 9/9. I 

0-00 0-32 1-01 8-98 
0-50 0-48 1-02 6:57 
091 2-46 1-23 0°58 
0-98 TBD 1-55 0-13 
0-99 9-90 1:86 0-05 
1:00 25°51 00 0-00 

In the practical use of Foucault’s method the general 
field would be darkened much more than has been supposed 
above where half the whole light passes. We may suppose 
that the screening just cuts off the central band, as well as all 
on one side of it, so that 0&;=7. In this case (7) becomes 

sin T[Si(0 + $)£ + Si(0—$) £—Si( + 6/0) —Si(1— 4/07] 
+ cos T[Ci(@—)E—Ci(6 + P)E+ Ci(1 + 6/A)7 

—Cidl—¢/@)m].. . (28) 

We will apply it to the case already considered, where 
6&= 500, as before omitting 0i(0+ })£ and equating Si(0+ d)E 
to 47. Thus 

T=[$7+8i 500(1— $/0) —Si(1+ $/0)7—Si(1—¢/0)x |? 

+ | Ci500(1—¢/6) + Ci(1+ $/@)7—Ci1—¢d/A)r]?. (29) 
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When d=, I=0. When ¢=0, 

T=[m— 2S8em ]?="3162. 

When ¢=8, 

[=[4r—Si(2m)]? + [log (500/m) + Ci(2ar) ]?= 25°51 ; 

so that the brightness of the edges is now about 80 times 
that at the centre of the field. The remaining values of I in 
Table III. have been calculated as before with omission of 
the terms representing minor periodic fluctuations. 

Hitherto we have treated various kinds of screening, but 
without additional retardation at the plane of the first 
aperture. The introduction of such retardation is, of course, 
a complication, but in principle it gives rise to no difficulty, 
provided the retardation be linear in @ over the various parts 
of the aperture. The final illumination as a function of ¢ 
can always be expressed by means of the Si- and Ci-functions. 

As the simplest case which presents something essentially 
novel, we may suppose that an otherwise constant retar- 
dation (R) changes sign when 0=0, is equal (say) to + 
when @ is positive and to —p when @ is negative. ‘Then (3) 
becomes 

0 6 

i sin (T+ p +06)d0+ | sin (T—p + 0&)d0 
_—60 0 

= Jom E p= oS + sin p paar 5) 5 (30) 
e Ee ae 

reducing to (5) when p=0.- This gives the vibration at the 
point & of the second aparture. If &€=0, (30) becomes 
26 cospsinT, and vanishes when cosp=0, for instance, 
when the whole difference of retardation 2p=7,, or (reckoned 
in wave-lengths) $2. 

The vibration in direction ¢ behind the second aperture 
is to be obtained by writing T+@é for T in (30) and inte- 
grating with respect to &. This gives 

2 sin nae cos P& { eos p ate se hii poet
 

> 

+ 2 cos ag sin b& { cos p we + sin — oo} - (ol) 

and the illumination (I) is independent of the sign of d, 
which we may henceforward suppose to be positive. 

If the second aperture be symmetrically placed, we may 
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take the limits to be expressed as + &, and (31) becomes 

2 sin T cos ee eee 

+2cosT sin mar ee (32) 

_ If we apply this to €=0 to find what occurs when there is 
no screening, we fall upon ambiguities, for (82) becomes 

2 sin T cos p {47-447} +2 cos T sin p {28i1(b£) —40r +47}, 

the alternatives following the sign of 0—d, with exclusion 
of the case ¢=6. If ¢ is finite, 281(¢&) may be equated 
to 7, and we get 

[=4m’(1 or 0), 

according as 9—®@ is positive or negative. But if ¢=0 
absolutely, Si(@&) disappears, however great & may be; and 
when ¢ is small, 

I=47? cos? p +4 sin? p {28i(&) }”, 

in which the value of the second term is uncertain, unless 
indeed sin p=0. 

It would seem that the difficulty depends upon the assumed 
discontinuity of R when 6=0. If the limits for 0 be +a 
(up to the present written as +@), what we have to consider 
is ‘ia dé [| a0 sin eee ee], 

in which hitherto we have taken first the integration with 
respect to 8. We propose now to take first the integration 
with respect to &, introducing the factor e+“ to ensure con- 
vergency. We get 

F 2usin(T—R 
2 sin mR) | e“® cos (0+ O)E.dE= a a Tee ; 

There remains the integration with respect to 0, of which 
R is supposed to be a continuous function. As w tends to 
vanish, the only values of @ which contribute are confined 
more and more to the neighbourhood of —d@, so that 
ultimately we may suppose @ to have this valuein R. And 

+a pwdé Be Fou Ait 1 P—& 

~a f+ (0+)? p Dad 
which is 7, if @ lies between +a, and 0 if ¢ lies outside 
these limits, when w is made vanishing small. The intensity 

(33) 

— tan 
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in any direction ¢ is thus independent of R altogether. 
This procedure would fail if R were discontinuous for any 
values of 0. 

Resuming the suppositions of equation (31), let us now 
further suppose that the aperture extends from & to &, 
where both &, and & are positive and &,>&,. Our expression 
for the vibration in direction @ becomes 

sin T| cos p{Si(@+ )F + 8i (A — ) &} 

+ sin p{2Ci( PE) —Ci(9 + $)E—Ci(O—P) EH]? 
+ cos T[ cos p{Ci(@—f)E—Ci(0+ h)E? 

+ sin p{281(¢&) —Si(O+ )E+ sin (O—p)Et |e. (34) 

We will apply this to the case already considered where 
£,0=50!), £,0=7; and since we are now concerned mainly 
with what occurs in the neighbourhood of 6=0, we may 
confine @ to lie between the limits 0 and 44. Under these 
circumstances, and putting minor rapid fluctuations out of 
account, we may neglect Ci(9+¢)& and equate Si(+¢4)é, 
to 47. A similar simplification is admissible for Si(@é,), 
Ci(P&), unless o/@ is very small. 

When $6=0, (34) gives 

sin T[ cos p{w —2S8i(m)} + sin p{2 log (500/m) + 2Ci(a)*], 

in which 3 

m —2Si() = —"9623, Ci(r) ='0738, log (500/7) =5-0699. 

Thus for the intensity 

1(0)=[ —"5623 cosp+10°2874sin p|?.. . (85) 

If p=0, we fall back upon a former result (3162). If 
p=in, 1(0)=47°3. 

Interest attaches mainly to small values of p, and we see 
that the effect depends upon the sign of p. A positive p 
means that the retardation at the first aperture takes place 
on the side opposite to that covered by the screen at the 
second aperture. As regards magnitude, we must remember 
that p stands for an angular retardation «xp, or 2ap/nr ; 

so that, for example, p==47 above represents a linear retar- 
dation X/8, and a total relative retardation between the two 
halves of the first aperture equal to A/4. 

The second column of Table IV. gives the general ex- 
ression for the vibration in terms of p for various values 

of /@, followed by the values of the intensity (I) for 
sinp=+1/10 and sinp=+1/V/2. 
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TABLE IV. 

KOE, =7, KO0E,=500. 

cle Formula for Vibration. : 
a sln p. sin p. 

eho oa ea Lea eer ae} 

0 | sin T{—-56cos p+10:29 sinp} | °22 | 253 | 47-3 58:9 

sin T{ —56 cos 0 + 10°16 sin p} ‘O01 Be epsPS-90'sin' p "22 | 2°50 46°6 58'0 

sin T{ —°'56 cos op +553 sin ot ; é ‘010 eee x30 an p 10 | 1:34 Lig 23°4 

sin T'{ —-55 cos p+2°71 sin of 
Sees 10cos pL263sinph | a; | oe 96 

sin T{ —-53 cos p+1:37 sin ot a 
au +cos T{ —-20 cos p +2°52 sin o} . ce ae = 

2 sin De 3y cos p—'17 sin pt 93 59 - oe 

2 + cos T{ —°46 cos p+1:66 sin p } ' = ae 

500 sin T{+:16 cos o— 67 sin pt 38 59 413 | 19 
+ cos T{ —-67 cosp+'64sin p} 

It will be seen that the direction of the discontinuity 
(b=0) is strongly marked by excess of brightness, and that 
especially when p is small there is a large variation with 
the sign of p. 

Perhaps the next case in order of simplicity of a variable 
R is to suppose R=0 from 0=—@ to 0=0, and R=ad 
from 06=0 to = +8, corresponding to the introduction of a 
prism of small angle, “whose edge divides equally the field of 
view. For the vibration in the focal plane we get 

sin T a + sin : E— | 

+ cos T eee = wslfa oe wigs a ) eg 318) 

In order to find what would be seen in direction ¢, we 
should have next to write ([+€) for T and integrate again 
with respect to € between the appropriate limits. As to this 
there is no difficulty, but the expressions are rather long. 
It may suffice to notice that whatever the limits may be, no 
infinity enters at @=0, in which case we have merely to 
integrate (36) as it stands. For although the denominators 

Phil. Mag. 8. 6. Vol. 33. No. 194. Feb. 1917. N 
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become zero when €=0 or &=c, the four fractions them- 
selvesalways remain finite. The line of transition between 
the two halves of the field is not so marked as when there 
was an actual discontinuity in the retardation itself. 

In connexion with these calculations I have made for my 
own satisfaction a few observations, mainly to examine the 
enhanced brightness at the edges of the field of view. The 
luminous border is shown in Draper’s drawing, and is 
described by Topler as due to diffraction. The slit and 
focussing lens were those of an ordinary spectroscope, the 
slit being drawn back from the “collimating”? lens. The 
telescope was from the same instrument, now mounted inde- 
pendently at a distance so as to receive an image of the slit 
and itself focussed upon the first lens. The rectangular 
aperture at the first lens was originally cut out of the black 
card. The principal dimensions have already been given. 
A flat paraffin-flame afforded sufficient illumination. The 
sereens used in front of the telescope were razor-blades 
(Gillettes), and were adjusted in position with the aid of 
an eyepiece, the telescope being temporarily removed. 
It is not pretended that the arrangements used corresponded 
fully to the suppositions of theory. 

The brightness of the vertical edge of the field of view is 
very conspicuous when the light is partly cut off by the 
advancing screen. A question may arise as to how much 
of it may be due to light ordinarily reflected at the edges of 
the first aperture. With the aperture cut in cardboard, 
I think this part was appreciable, but the substitution of a 
razor-edge at the first aperture made no important difference. 
‘The strongly illuminated border must often have been seen 
in repetitions of Foucault’s experiment, but I] am not aware 
that it has been explained. 

To examine the sudden transition from one uniform retar- 
dation to another, I used a piece of plate glass which had 
been etched in alternate strips with hydrofluoric acid to a 
depth of about }A*. When this was set up in front of the 
first aperture with strips vertical, the division-lines shone 
out brightly, when the intervening areas were uniformly 
dark or nearly so. No marked difference was seen between 
the alternate division-lines corresponding to opposite signs 
of p. Perhaps this could hardly be expected. The whole 
relative retardation, reckoned as a distance, is A, and is 
thus intermediate between the values specified in Table IV. 
It would be of interest to make a similar experiment with a 
shallower etching. | 

Terling Place, Witham. 
Jan. 5, 1917. 

* Compare ‘ Nature,’ vol. Ixiv. p. 385 (1901); ‘ Scientific Papers’ 
vol. iv. pp. 546, 547. 
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XIII. On Unipolar Induction: Another Experiment and its 
Significance as Evidence for the Existence of the ther. 
By HE. H. Kennarp, Ph.D.* 

§ 1. Introduction. 

ee induction in the general sense may be 
defined as induction due to motion alone.” This 

condition requires that the magnetic induction shall remain 
constant at all points fixed relative to any part of the 
material system involved, so as to exclude any possible 
effects due to a changing magnetic field; and the only form 
of motion satisfying this requirement is rotation about an 
axis of magnetic symmetry. The fundamental problem of 
unipolar induction is therefore this, whether the induced 
H.M.F. is determined by the absolute rotation of the system 
or by the rotation of its parts relative to each other. 

Theory has answered the question in three principal ways. 
The oldest view, put forward by Faraday and adopted by 
Lorentz, refers the effects to an induced electromotive 
intensity given by 

1 
~ Lex BI, 

where B=magnetic induction and v=velocity relative to 
the ether (assumed stationary); the effect will therefore 
depend in part upon the rotation of the system asa whole. 
The “ moving line ” theory adopts the same expression, but 
interprets v as velocity relative to axes fixed in the material 
magnetic system ; this view is virtually included in Neumann’s 
theory of electromagnetism, and is based upon complete rela- 
tivity, so that the effects depend only upon relative rotation 
between the parts. 

Experimentally, the question can be answered only by 
observations upon open circuits. The first investigation of 
this kind seems to be one made by the author +, in which an 
iron bar magnetized by a stationary solenoid was set in 
rotation inside an insulated metal cylinder connected to 
earth, anda charge was looked for on the cylinder due to a 
possible H.M.F’. in the earthing wire. The result was defi- 
nitely negative. Barnett’s objection{ that the negative 
result might conceivably be due to the non-rotation of the 
solenoid is valid, but seems decidedly weak, for it assumes a 

* Communicated by the Author. 
+ E. H. Kennard, Phil. Mag. June 1912, p. 937, 
{ S.J. Barnett, Phys. Zeits. Sept. 1, 1912, p. 808. 

N 2 
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radical difference to exist between induced and permanent 
magnetism, for which there is no other evidence ; it even 
requires that the remanent magnetism shall not acquire the 
inducing properties of permanent magnetism until the mag- 
netizing force 1s removed, for the remanence in the bar 
employed amounted to over 25 per cent. This experiment 
serves, therefore, to throw grave doubt upon the moving-line 
theory; but beyond that its theoretical significance is limited 
by the fact that the rotating magnet was necessarily enclosed 
in a second metallic screen of small diameter, and this might 
conceivably act so as to cut off the effect. 

Fig. 1. 

A more instructive but more dificult arrangement consists 
of a cylindrical condenser inside a coaxial solenoid (fg. 1), 
both capable of rotation about their longitudinal axis; the 
condenser is connected to an electrometer as shown. Let 
the condenser be short-circuited and set in rotation with the 
solenoid energized. Then according to either Lorentz’s or 
the moving-line theory (but not according to Hertz’s) the | 
two cylinders of the condenser should come to different 
potentials, and the inner one at least should be charged. 
According to Lorentz’s theory rotation of the solenoid should 
have no effect upon this charge. According to the moving- 
line theory rotation of the solenoid alone should charge the 
condenser in the same manner, while the condenser should 
remain uncharged when condenser and solenoid rotate 
together with no relative motion between them. 

Barnett constructed an apparatus of this sort*, and 
showed that rotation of the solenoid alone developed no 
charge upon the condenser. Later, Fehrle ft reported con- 
firmatory observations with a rather different arrangement, 
but his work is marred by several results which must cer- 
tainly be wrong: one of his results even contradicts Faraday’s 
law tor closed circuits ! 

Under these circumstances, while there appeared to be little 
doubt of the correctness of Lorentz’s theory, yet the matter 

* §. J. Barnett, Phys. Rev. Nov. 1912, p. 328. 
t+ Fehrle, Ann. xli. p. 1109 (1913). 
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seemed of sufficient interest to justify the attempt tu obtain 
both positive and negative results with an apparatus like that | 
described above, and to prove experimentally that the inner 
cylinder really would char geup inspite of its being enclosed 
by a metallic screen rotating with it. 

Another apparatus has accordingly been constructed in 
which either the condenser or the solenoid could be set in 
rotation. The present paper contains an account of the work 
and a discussion of the theoretical significance of the result. 

§ 2. Apparatus. 

The condenser and solenoid are shown to scale in fig. 2 
which is largely self-explanatory. All metal parts, including 
the base, were of brass. Guard- -rings in line with the inner 
cylinder were introduced in order to simplify the calculation. 
Rotation was effected by means of a belt connected to a 
motor placed about 2 feet away. 

nna 

C, brush; D, slip-ring ; E, solenoid, 22°5 em. long, 1150 turns of wire ; 
F. Gondenser - outer cylinder 20:5 em. long , 6-64 cm. in diam.; inner 
cylinder 151 cm. long, mean diam. 154 em., on amber rings G. 
Diam. of shaft, 1-27 cm. 

The principal apparatus was earthed by a brush of brass 
wires sliding on the knob B, and was otherwise insulated 
(except for a resistance of 10,000 ohms accidentally left in 
place between frame and earth); the outer cylinder of the 
condenser is thus practically earthed at a point on the axis. 
In the final arrangement the needle H communicating with 
the inner cylinder consisted of a copper wire about 1 mm. in 
diameter, and was connected to the wire I leading to the 
electrometer by means of an insulated brush of brass wires 
bearing partly on one side and partly on the other. This 
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arrangement was satisfactory, except that sudden large dis- 
turbances were rather frequent. An earlier arrangement 
consisting of a steel needle running in a drop of mercury 
seemed rather better ; the substitution was made in trying 
to locate a very troublesome disturbance, which was finally 
traced to a minute looseness of the needle. The electrometer 
was placed on a separate pier about 6 feet from the apparatus 
and in line with it, the connecting wire lying approximately 
along the axis. The sensitiveness was raised by means of a 
concave lens from 3000 to about 18,000 mm./volt at 4 m. 
distance ; the spot could be read when stationary to 0°2 mm. 
Hlectrometer and connecting wire were carefully screened 
and the windings of the solenoid were connected to earth 
through 10,000 ohms in order to render definite any residual 
electrostatic effects. 

No means being at hand to record the instantaneous speed 
of rotation, a device was adopted which gave a reading pro- 
portional to the product of field-strength and speed. A 
Faraday disk A was mounted on the end of the shaft, and a 
galvanometer giving about 3 x 10!° mm./amp. was connected 
through a megohm to a brush of four brass wires bearing on 
the bottom of the groove in the disk, and to a second brush 
sliding opposite the earthing brush on the knob B. 

§ 3. Method of Observation. 

Since setting the condenser in rotation caused a deflexion of 
several centimetres, readings were taken only by varying the 
magnetic Held at steady speed. Let Q, be the charge held 
on the inner cylinder of the condenser by electromagnetic 
induction, and let ()=total charge on inner cylinder, con- 
necting wire, and electrometer, C=capacity of this system, 
and V=potential of electrometer and connecting wire. 
Then 

Q=4 CV. 
If, now, the magnetic field is altered, Q, is altered ; and if the 
system is insulated a deflexion of the electrometer will result 
corresponding to a change in its potential of 

V=— AQ, 

The usual method was to set the apparatus in rotation and 
insulate the electrometer ; then read the spot and throw on 
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the current; after 20 seconds, read again and reverse the 
current ; after another 20 seconds, read again and throw off 
the current; after another 20 seconds, takea final reading. 
This gives, by subtraction, three deflexions. The electro- 
meter was not quite dead-beat, but reached the end of its 
swing in just 20 seconds ; intervals of this length were 
marked out by a torsion-pendulum actuating a sounder. The 
galvanometer also was not quite dead-beat, but reached the 
end of its swing in 15 seconds, so its extreme position was 
read in each instance, giving three galvanometer deflexions 
likewise. Sets of readings were taken in groups of four so 
as to eliminate all effects that did not change sign both with 
the current and with the direction of rotation. 

The apparent deflexion due to throwing the magnetic field 
on was calculated by adding twice the middle deflexion, 
reversed in sign, to the other two and dividing the sum by 6; 
drift is thus eliminated. The result is a little too large 
because of the underdamping; but the necessity for making a 
correction was avoided by taking comparison readings in 
exact imitation of the principal ones, using a known source 
of potential. 
A current of 25 amp. was usually employed, and full speed 

was about 2000 R.P.M. 

§ 4. Calculation of Charge on Inner Cylinder. 

lt is easily shown that any point of the apparatus metalli- 
cally connected to earth comes to a potential of Np elmg. 
units, where p=rev. per sec. and N=flux encircled by the 
point in each revolution. Accordingly, the magnetic flux 
through various sections of each cylinder and the shaft was 
compared with that through the central section of the outer 
cylinder by means of a ballistic galvanometer; a null method 
was employed and great care was taken to eliminate stray 
effects. It was found that the flux through any section was 
proportional to the area of the section and to the sum of the 
angles subtended by the mean ends (radius 4°93 cm.) of the 
solenoid, with a maximum correction of 2 per cent., and this 
fact was utilized in calculating additional values. 

The calculation now reduces to the solution of the fol- 
lowing electrostatic problem: given the potentials over the 
bounding surfaces of two spaces each having the form of a 
right cylindrical shell, to find the distribution of electrification. 
The work was done in steps so as to avoid the solution of 
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more than two simultaneous equations ata time. The result 
for the outer space was 

V=Vo{ —°259+1:067 log r 

— cosh (*327.2) | °0205J9(-327r) + 0352 Ky (3277) | 
— cosh (*292.x) [°0027Jo(-2927) —:0111 K,(°292r) |}, 

where e=distance along axis from centre, Vo=potential at 
centre of outer cylinder, and 

ae? xt | 
Ky=Jy log a+ ge (1) — jaga(t+2)--. 55 

with a similar result for the inner space (between shaft and 
cylinder and guard-rings). 

The charge on the insulated inner cylinder is the difference 
between the electric fluxes just outside and just inside the 
cylinder ; this turns out to be (—7°62+1:40) Vo>= —6°22V). 
From the degree of accuracy of the work and the following 
analysis of possible sources of error, it appears that the solutien 
result should be accurate to one-half per cent. 

The residual error in the boundary values of the potential 
exceeded 0°003 Vy only over the end plates and near the end 
of the outer cylinder, where it rose quickly to 0:04V,. The 
effect of the rather large error over the end plates may be 
estimated by assimilating the space to a rectangular slab 
and employing as an approximate harmonic the expression 

TZ 

Ae ™—*Isin To. It is easily shown that even if A were =1; . 

equal to V the effect of such a term upon the insulated 
cylinder would be negligible.- Evidently the same must be 
true of the small error near the end of the outer cylinder. The 
connecting wire will also be charged, but the charge on the 
part of it inside the shaft is easily shown to be negligible by 
treating it as one coating of a small condenser. The longi- 
tudinal part attached to the cylinder will be at a lower 
potential than would exist at that point in the absence of the 
wire, because the potential due to induction is proportional | 
to 7’, while that due to the charges will contain chiefly logr; 
hence the wire will be negatively charged. Calculation 
shows that the difference in potentials would be abont 
0:03V,; estimating the capacity of the wire at 2/3 elst. unit, 
we have a charge on it of —0:02Vp. 

Turning now to the amber insulators,—if the entire space 
were filled with amber there would be no effect upon the dis- 
tribution of electrification*; but here we have to do with 

* KH. H. Kennard, Phys. Zeits. Dec. 1, 1912, p. 1155; March 15, 1913, 
p. 256. 
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short rings, and they were also flattened on opposite sides to 
a depth of some 3mm. Nowa rather long calculation by 
the method of the first article cited shows that an amber 
shell extending the whole length of the space and from the 
shaft to within 3 mm. of the inner cylinder would increase 
the electric flux by something like 40 per cent. In the 
actual case the amber extended only an eighth of the length 
of the insulated cylinder, and was flattened over less than 
half of the circumference, so that the effect could hardly 
exceed 2 per cent. of the flux; and this would result in an 
extra charge of only 0:02 x 0:140V,)=0:03V,. This correction 
just about cancels the one due to the connecting wire. 

§ 5. Determination of the Theoretical Effect. 

A rough estimate of, the deflexions to be expected ean 
now be made as follows. A current of 25 amp. would pro- 
duce an induction of 1600 gausses inside the solenoid, and a 
flux through the central section of the inner surface of the 
outer cylinder of about 55,400. At a speed of 33 rey. 
per sec. this gives a difference of Vo=°0183 volt between 
outer cylinder and axis ; the charge on the inner cylinder will 
therefore be 6:22 x -0183 x 1/300 =0°114 x 1/300 elst. unit. 
The total capacity was found to be 138 elst. units; hence 
with a sensitiveness of 18,000 mm./volt the est: ablishment of 
the magnetic field will cause a deflexion of 0°117 x 18,000 
+138=14:9 mm. [If in fig. 1 the direction of the magnetic 
field is from left to right and the top of the condenser is 
moving out of the paper, then the outer cylinder will be at a 
higher potential than the axis, and the inner cylinder will be 
negatively charged; establishment of the field will cause a 
deflexion’ of the electrometer in the direction of positive 
potential. 

For an accurate test of theory the ratio between electro- 
meter and galvanometer deflexions was employed. for the 
comparison readings a potential of V=0-02 volt (about) was 
applied to the electrometer case, which was used as a standard 
inductor, and simultaneously exactly one-tenth of this was 
applied through the megchm to the galvanometer; by 
applying, reversing, and removing the potential, readings 
were taken in imitation of the principal ones. The electro- 
meter readings agreed within 2 per cent., and averaged 
20°5 mm., while the galvanometer deflexion was 62:2 mm. 
The coefficient of influence of the electrometer case had been 
compared previously by a null method with a good guard- 
ring condenser, whose capacity was computed to be 40:1 elst. 
units, and was found to be 7°42. On the other hand, the 
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flux through the Faraday disk was found with a ballistic 
galvanometer to be 0°1197 of that through the centrai section 
of the outer cylinder, so that in the main experiment the 
H.M.F. in the galvanometer circuit was 0°1197V». Hence, 
by proportion, the ratio of the deflexions due to induction 
should be 

20:54 1V 6 22yiae 
62-2 *1197V) 742V =a 

§ 6. The Electromagnetic Induction Effect. 

The final results on the rotation of the solenoid alone and 
of solenoid and condenser locked together are shown in the 
annexed table. Columns § and I give the direction of rotation 
and the initial direction of current respectively, EH and G 
are the electrometer and galvanometer deflexions, and R is 
their ratio. ‘‘ Rev. av.” denotes the average effect reversing 
with current and direction of rotation. Four sets of readings 
were rejected for very obvious good reason, and at once 
replaced ; and perhaps as many more sets were not completed 
because of the occurrence of an obvious large disturbance. 
To illustrate the character of the separate readings: the 
three electrometer deflexions for the first line in the table 
were +8°9, +4°8, +3°7; for the second, +22°4, +13°8, 
+18; for the fifth, +5:1, —39°1, +3°3; for the sixth, 
—12°6, +29°9, —21°5. 

S. iL tenets G. R. 
Sollvi ee jes + + ‘4mm. + ‘d5mm. 

— = “me 46 — 38 

fe 
== + 2 S70) + 2 

Rev. av. + 1:2 0) 

Both... + ale +14°4 +60°7 "237 

— =f —15°6 —65'7 237 

— o +16°4 +69:4 236 

-- ~~ — 18-0 — 69°8 "258 

Av. °242 
Final Observations. 

The first group of results confirms Barnett’s conclusion 
that the electromagnetic effect of rotating the solenoid alone 
is nul. A similar group taken previously ranged from °8 to 
2:7 mm., and gave a reversing effect of only +°2 mm. 



Unipolar Induction. 187 

For the case where solenoid and condenser are set in 
rotation at the same speed and in the same direction, the 
mean value of the ratio 0:242 is 5 per cent. larger than the 
theoretical value of 0°231. But immediately after these 
observations a similar group of four sets taken at half speed 
gave a mean ratio of 0°228 (range °211 to °263), which 
is 1-4 per cent. too small. Then a group was taken at full 
speed but by a different method: in quick succession the 
observer threw on the current, insulated the electrometer, 
read the spot, and reversed the current; after 20 seconds 
another reading was taken and the current was turned off, 
and after another 20 seconds a final reading wastaken. This 
gives two deflexions in opposite directions, a third of whose 
numerical sum should be the electromagnetic effect. The 
values thus obtained ranged from ‘195 to -271, and averaged 
0-238; including three readings rejected because the first 
reading was not the greater, the average becomes 0241. 
Proportionality of the effect to current strength had been 
tested previously; a group of four sets using 13 amp. gave 
a mean ratio (not comparable with the previous values) of 
*25, while a group taken under the same conditions, but using 
25 amp., gave °27. 

With the condenser alone rotating final observations were 
not obtained because the solenoid became short-circuited, and 
it was not thought worth while to rewind it. The case is, 
however, deducible from the other two by simple super- 
position ; and partial confirmation is furnished by a group 
of observations which were taken under about the same 
conditions, and gave a mean electrometer deflexion otf 
14 mm. 

The results thus remain somewhat rough, but they seem 
sufficient to warrant the conclusion with fair certainty that 
the condenser becomes charged by its own rotation in the 
manner required by Lorentz’s theory, independently of the 
rotation of the solenoid. 

§ 7. Fate of the Moving-Line Theory. 

The view has been put forward by Poincare *, Abraham f, 
and Barnett f that even observations on open circuits cannot 
disprove the moving-line theory; and in reply to criticism 
by the author, Barnett maintained this view with some heat$. 

* H. Poincaré, Eel. Elect. xxiii. p. 41 (1900). 
t+ Abraham & Foppl, Theo. der Elektr. p. 420. 
t S. J. Barnett, Phys. Rev. Nov. 1912, p. 328. 
§ S. J. Barnett, Phys. Rev. Oct. 1913, p. 323. 
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The author yields to none in appreciation of Barnett’s work 
on unipolar induction, and in respect for his long experience 
with electromagnetic theory ; but on this point it seems clear 
that all of the writers mentioned have, through an oversight, 
arrived at a wrong conclusion. 

The matter has been fully discussed elsewhere*, but perhaps 
a summary of the argument will not be amiss here. Barnett 
urges that an adherent of the moving-line theory must 
suppose the lines (2. e. the rotating magnetic system) to set 
up in the ether the same electromotive intensity that is caused 
to act upon a material dielectric, and shows from this 
assumption that the charges developed upon conductors 
would be the same whether the lines moved or not. The 
objection which seems to the author conclusive is that this 

sna i 1 f 
electromotive intensity, of magnitude = | V x B], does not in 

general satisfy Laplace’s equation. (The proof is simple.) 
In spite of this fact Barnett employs the two additional 
assumptions : 

fol (VxBl+etE, ay 

where f=total electromotive intensity, e = electric force 
due to changes in the magnetic field and vanishes in the 
present instance, H=electric force due to electrostatic causes 
alone ; and the equation 

div (Kf) =49e, 2.) Sipe 

where p=electric density. 
Now in free ether we know from electrostatics that 

divE=0. Hence in free ether divf= ; div[ Vx B], and 

may not vanish, which contradicts (2). We are thus forced 
to the conclusion that if the moving-line theory is correct, 
then the lines do not act on the ether, but only on material 
bodies, and instead of (2) we must write (with Lorentz) 
div (KE) =4zp. 

The real root of the matter seems to be that the ether 
cannot be treated as only a particular species of the genus 
“dielectric,” but must be regarded as complementary to all 

material dielectrics. The displacement or polarization in 
matter does not need to be solenoidal, because its sources can 
be cancelled by sources of opposite sign in the displacement 

in the ether, and the total displacement may then be 

* E. H. Kennard, Phys. Rev. May 1913, p. 359. 
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solenoidal. But free ether has no such means of self- 
defence, and consequently all forces acting on it must them- 
selves be solenoidal. 

The moving-line theory seems therefore to be definitely 
disposed of by the results obtained by Barnett, Fehrle, and 
the author. 

§ 8. Conclusion. 

The practical bearing of these experiments is small, yet 
they do necessitate a correction of certain statements that are 
common in the textbooks. For instance, it is not correct to 
say that the effect of rotating the armature of a dynamo is 
the same as that of rotating the field-magnets iu the opposite 
direction. The total E.M.F. is the same, but in the first case 
it is developed almost entirely in the longitudinal parts of 
the winding, while in the second case a large fraction of it is 
developed in the radial parts, and the distribution of electri- 
fication on the armature will be different. 

The most interesting case theoretically is that where the 
solenoid and condenser rotate together at the same speed. 
The charging up of the condenser cannot be conditioned by 
rotation relative to the connecting wires and electrometer. 
For suppose that the sliding contacts had been exactly on the 
axis, which was nearly true, and that they were connected 
by an axial wire extending through the condenser so as to 
form a closed circuit. Then it is certain, by Faraday’s law, 
that rotation of the connecting wires and electrometer would 
cause no deflexion of the latter ; and this negative result can. 
hardly be due to an E.M.F. in the axial wire which was 
added. Rotation relative to the earth might in some unknown 
way be responsible for the observed effect, but this seems 
improbable. If we reject this assumption, then the effect is 
due to an absolute rotation in the same sense in which the 
operation of a gyrocompass is due to an absolute rotation of 
the earth. 

But rotation of the whole is essentially only translation of 
the parts. We must suppose each electron in the condenser 
to experience a radial force proportional to its distance from 
the axis; and it is interesting to inquire what can cause such 
a force. It cannot be due either to the radial acceleration, 
for that is proportional to the square of the distance, nor to 
a possible rotation of the electron about its axis, for that 
should be the same for all electrons, nor to their motion 
relative to other essential parts of the apparatus, for there is 
no such motion. Apparently the only remaining alternative 
is to ascribe the force to motion of the electrons relative to 
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something which is not matter, and which does not share 
in the rotation of the condenser, and this something must be 
the stationary zether of Lorentz. 

This phenomenon seems therefore to lend definite support 
to the existence of an electromagnetic ether. It is, perhaps, 
the only low-frequency phenomenon which cannot easily be 
described in terms of “action at a distance” between 
electrons and atoms. It seems, for this reason, to have some 
importance as a stumbling-block in the way of those ultra- 
relativitists who would abandon the conception of an ether 
altogether. 

Summary. 

An experiment is described showing that a cylindrical 
condenser rotating inside a magnetized coaxial solenoid 
becomes charged as required by the theory of Lorentz. 
Rotation of the solenoid has no effect (Barnett). 

The disproof of the moving-line theory is thus completed ; 
electromagnetic induction depends in part upon absolute 
rotation in the mechanical sense. Analysis in terms of 
electrons seems to make necessary the existence of a 
stationary ether in order to explain the observed effect ; 
that the phenomenon seems to present difficulties for those 
relativitists who reject the ether. 

It is a pleasure to acknowledge obligations to Mr. 
Christian Dane, mechanician, whose share in the con- 
struction of the apparatus left nothing to be desired ; and 
to Professor Henry A. Erikson for his kindly interest and 
advice during the progress of the work. 

University of Minnesota, 
August, 1916. 

XIV. The Limits of goin of Gaseous Mixtures. By 
W. M. Tuornton, D.Sc., D.Hing., Professor of Electrical 
Fingineering in Apstnin 9 College, ‘Neweastle-upon- Tyne * 

Il. HE ignition of an inflammable gas mixed with air 
dependsin a variety of ways upon the proportion 

of oxygen present. With impulsive sparks or condenser- 
discharge the ignition passes through critical stages when 
the ratios of the number of oxygen atoms to one molecule of 

* Communicated by the Author. 
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gas are whole numbers*. It will be shown that the pro- 
portions of oxygen in the limiting mixtures are in regular 
systems. 

Burgess and Wheeler have shown f that in the case of 
the paraffins the lower limit of inflammability is inversely 
proportional to the calorific value of the gas, but this is also 
the case when the number of oxygen atoms in the limit 
mixture bears the same proportion in each gas to those 
required for perfect combustion. It seemed therefore worth 
while to examine whether in general the proportion of 
oxygen in the limiting mixtures has any definite relation. to 
that for perfect combustion. 

The following are values of the limits recently observed : 
n is the number of oxygen atoms required for the normal 
combustion of one molecule m of the gas. A mixture m+n 
gives this condition. 

TABLE I. 
eae Nearest wh 

Gas. iE a oe 1. nU. ee Van. 
obs. composition. 

EUVGrOgeN ........2.... 60 i 60 Am+n 62:2 

Methane............... 14°8 4 59:2 2m+n+I 141 

RAMIO) 2 oe co5s 22. c0s5s LOT 7 74:9 2n-+n 10°5 

PEOPANO. <2 -5ec-s<5+0.- 7:35 10 73°5 2n+n 76 

PELAMIC ..cceces>-5--- 57 13 741 2n+n a9 

BOMEAMC 22... c0s+ cs: 4°5 16 72:0 2m+n 49 

Methyl alcohol ...... 21:0 3 63-0 2n-+n 21-6 
Ethyl alcohol ...... 9°5 6 57-0 3m +2n 9°35 
Hydrogen sulphide. 19-0 3 57°0 2m+n 21°6 
Carbon monoxide... 70:0 1 70:0 6m+n “12 

IBSAZENG a2. .s0cs0ses 0 8:0 9 72:0 2n+n 8:4 

EeIWIEne ......-..... 46°0 3/2 69 3m+n 45:0 
Hamylone .....-..-... 17°5 4 70 2m+n heed 

CyaMOFeEN .......2-5.. 38°0 2 76 3m+n 38:2 

Carbon disulphide. . 450 3/2 67°5 3m+n 45°0 

The products nU are fairly constant in one of two groups, 
as shown in the figure. On the upper curve, that of the 
heavier paraffins, the product is between 69 and 75 ; in the 
lower, that of methane, between 57 and 65, 

* “The Tonition of Gases by Condenser Discharge Sparks,” Proc. 
Roy. Soc. A. vol. xci. p. 17 (1914). “The Ignition of Gases by Im- 
pulsive Electrical Discharge,” Proc. Roy. Soc. A. vol. xcii. p. 3881 (1916). 

+ “The Lower Limit of Inflammation of Mixtures of the Paraffin 
Hydrocarbons and Air,” by M. J. Burgess and R. V. Wheeler, Chem. 
Soc. Journ. vol. xcix. p. 2018 (1911). 
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The normal ignition of benzene* is toCO. This is also true 
for cyanogen f and probably for ethylene {t. The critical 
mixture for acetylene § is 

2C,H, == Up Cos a fe 2CO =F H,O, 

Gitte. se 4 7 g§ 9 10 1) (2 tS LlanuS 
OXYGEN ATOMS FOR NORIMMAL COMBUSTION. 

the mixture for complete combustion being passed through 
without any change of inflammability. The same would 
appear to be the case for carbon disulphide, and in both of 
these the ratio of oxygen to combustible gas burnt to CO 
is 3/2. 
1 The empirical equations in column 5 represent the 

nearest whole number mixtures to give the observed upper 
limit. The values calculated from these are given in the 
last column. As an example of the use of the empirical 

* “The Electrical Ignition of Gaseous Mixtures,” Proc. Roy. Soc. A. 
vol. xc. p. 281 (1914). 

+ “Tenition by Impulsive Discharge,” J. ¢. p. 396. 
{ “Ignition by Impulsive Discharge,” 7. ¢. p. 398. 
§ “Tonition by Impulsive Discharge,” /. ¢. p. 394. 
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formula, ethane may be chosen. In this case the upper limit 

: ae 4x 100 
is at 20,H,+O,, giving Foray Re 

in air. The agreement between the calculated and observed 
values shows that in the upper limit mixtures of the parafiins 
there is twice the volume of inflammable gas as in the miature 
jor perfect combustion. In certain endothermic compounds, 
acetylene, cyanogen, and carbon disulphide, there is three 
times this volume, in hydrogen four, and in carbon monoxide 
six times. The upper limits of inflammability of any gas in 
a homologous series of which the first terms are known can 
then be calculated from the equation typical of the compound. 

3. While the upper limit mixtures of the paraffins contain 
_ twice as much combustible gas as those for perfect com- 
bustion, ignition fails at the lower limit when there is twice 
as much oxygen, being first possible when there is one atom 
of oxygen less than this. The mixture m+ 2n is uninflam- 
mable, m-+(2n--1) is the lower limit for the paraffins. In 
the case of ethane it is at C,H,+ 0,3, which gives a percentage 

=10°53 per cent. of gas 

mt 2 100 bape 
of 2413x485 = 3°08 in air. 

Tasue II. 

Gas. Ne L Kiet ae a Lny. 

GOREN... ...0+00 1 41 m+ On 4°4 369 

MigGhane'..>..........0 4 56 m-+(2n—1) 5:5 39-2 

Dic ne 7 31 m-+(2n—1) 3°08 40:2 

EGPANO ........-500000 10 Qe m+(2n—1) 2°12 41:2 

UPR os osc acee 13 1°55 m+ (2n—1) 1°62 38°8 

L200 16 So m+({2n—1) eS 41°8 

SCHEME 2 .conscssccses 15 1°5 m+(2n—1) 14 43°5 

Methyl alcohol ...... 3 55 m-+(3n—2) 55 38°5 

Ethyl alcohol......... 6 2:8 m-+-(3n— 2) 25 44-8 
Acetylene ............ 5 30 m+(3n—2) 3°0 39°0 

Cyanogen ............ 4 76 m-+(3n—2) 76 760 
Carbon disulphide. . 6 25 m-+(3n—2) 2°5 40:0 

Hydrogen sulphide. . 3 4°5 m+3n 4°47 40°5 

Carbon monoxide ... 1 12°6 m+3n 12°1 37°8 

Ethylene............... 6 DP m+(n+1) Savi 39:9 

Mean......... 40°1 

The paraffins form one group in which benzene falls, as 
it did at the upper limit, acetylene, cyanogen, and carbon 
disulphide, with the alcohols, another. Cyanogen fails into 

Phil. Mag. 8. 6. Vol. 33. No. 194. Feb. 1917. 0 
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line with the others if its combustion in the explosion wave, 
even in dilute mixtures, is to CO and not to CO,. In this 
case n is 2 and Ln,=38. It has been shown previously 
that the upper limit is inversely proportional to the number 
n of oxygen atoms burnt. At the lower limit oxygen is in 
excess, but it is now found that the product Ln, of the per- 
centage of gas and of the number of oxygen atoms in the 
lower limit mixtures, given in the last column of Table IL., 
is also constant. Since both Un and Ln, are fixed their 
ratio is constant. Butin all homologous series of gases n/n, 
is sensibly constant. It follows that the ratio of the upper 
to the lower limits of inflammability should be nearly constant. 
In the paraffins this ratio increases slightly, in the ethylene 
series it decreases, as shown in Tables III. and IV. 

4, Since the product of the percentage L of combustible 
gas in the lower limit mixture and of the oxygen atoms 
present per molecule of combustible gas is constant, the 
number of oxygen atoms is the same in unit volume of the 
lower limit mixtures of all inflammable gases. These atoms 
are not all burnt, but as they are all raised to the temperature 
of ignition it follows that they are all activated, and that 
the intensity of pioneering tonization or activation of oxygen in 
the advancing wave-front is the same in all gases at the pownt 
where self-ignition begins. 

The percentage U is a measure of the number of com- 
bustible molecules in unit volume of the upper limit mixture; 
and since the heat of combustion of each molecule of a 
hydrocarbon can be shown to be approximately proportional 
to n, the product Un is proportional to the total heat ef com- 
bustion of unit volume, and this is the same in the upper limit 
mintures of all groups of gases in which Un has the same 
value. 

Both the upper and lower limits of inflammability can 
then be considered as controlled by the heat liberated in the 
reaction, and this would bring the facts stated into line with 
current views. It is not, however, the heat set free that 
controls the oxygen that can be present and so decides the 
percentage of gas, but the oxygen that controls the heat, so 
that behind the thermal effects there are the conditions of 
Tables I. and II. Inflammation can only occur when certain 
numerical relations exist between the oxygen and gas 
molecules. 

5. It is possible from the above to predict the limits of 
inflammability of certain groups of compounds with fair 
hope of accuracy. The heavier paraffins as far as octane 
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form the chief constituents of petrol*; refined lamp oils are 
composed of still heavier paraffins with a few olefines f. 
In Table III. the limits have been calculated from the 
formule derived from the lighter paraffins. U and L are 
percentages of combustible gas in air: their ratio is nearly 
constant and may be compared with the experimental values. 

Taste III. 
; U L U U 

Compound. n. ae ah cal 1) ce ee 

Methane ............ CH, ~ 14] 55 2:56 2°74. 

(20 Cif, 7 10°5 3:08 3°41 3°45 
Eropaue <......-.... Cott, 10 76 2°12 3°58 3°39 

Ppairiifes 2.2... ..35- Ss ae 13 59 1-62 3°64 3°66 

PeMANE.........3..- CH... 16 4°9 1°31] 374 3°60 

exes) <<... 2.0... OF 19 4°16 1:10 3°77 
Hepiane ............ C/o. 22 3°61 0:95 3°80 

tai... 2. c...- (O05) s Ie 25 3°19 0-84 3°80 

Waenane): @-.-: 200. -: C. He, 28 2°86 0-74 3°84 
DIREC! i was s- GC H5 31 2°59 0:67 3°86 

Hndecane ..:...... (Cua a Fey 34 2:37 0°61 3°87 

Dodecane ......... Os Ie 37 2°18 0°56 3°88 
‘Tridecane ......... CHE 40 2°02 0°52 3°89 

Tetradecane ...... Cree, 45 1°88 0-48 3°91 

Pentadecane ...... (Oya e 1S 46 Lie 0°45 3°91 

Meanie’) 522; 3°84 

Olefines are present in petroleum ; their limits of inflam- 
mability, based on ethylene, the only gas observed experi- 
mentally, are given in Table IV. 

Tasie IV. 

Compound. Nco,- co: pe ives ; ope RE &. : ge : 
2 2m+Noo m+(n+I1)eo, L 

Ethylene ......... C,H, 6 17-09 5°57 3°07 
Propylene ...... C,H, 9 6 12-07 3°96 3°05 
Butylene ......... Oj. 12 8 9°35 3°08 3°04 
Amylene ......... C28, 15 10 763 are 3°04 
Hoexylene:<x..::. C,H, 18 12 6°43 2°12 3°03 

Heptylene ...... OH 21 14 5°56 1:84 3°03 
Octylene ......... Ss ee 24 16 4°91 1:62 3°03 
Diamylene ...... OFS 3 ie 30 8=6. 20 3°96 ot 3°03 
Triamylene...... Spel ae 45 30 2°67 0°88 3°03 

Tetramylene ... C,,H,, 60 40 2°02 0°67 3°01 

* “The Gas, Petrol and Oil Engine,” D. Clerk, F.R.S., and G. Burls, 
vol. i. p. 448. Tt Loe. cit. supra, p. 440. 

O 2 
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The observed limits for ethylene are 17°5 and 57, their 
ratio being 3°07. The other compounds agree well enough 
with this to support the calculated limits. t ; 

These values are given for the purpose of furnishing a 
guide for the experimental examination of tbe limits of 
inflammability, and as showing how any constituent hydro- 
carbon in petrol or “ paraffin ’’ mixtures with air is likely to 
affect their range of ignition. 

XV. The Relation of Oxygen to the Heat of Combustion of 
Organic Compounds. By W.M.THornvon, D.Sc., D.Eng.,, 
Armstrong College, Newcastle-upon- Tyne *. 

ile C Ree heats of combustion of the hydrocarbons (C, H) 
can be expressed by the formula 

(Ca, H3;) =aA + 6B— Xn, 

in which A and B are the heats of combustion of carbon and 
hydrogen respectively to CO, and H,O, 2w being the internal 
energy represented by the bonds. For the paraffins and 
related compounds A=105°92 large calories per gram mole- 
cule, B=52°42; for the aromatic hydrocarbons A’=107°16, 
B’=51'78. In both cases the heat of combustion of carbon 
is very nearly twice that of hydrogen. This numerical 
relation, which may only be accidental, leads to a singularly 
convenient law for the estimation of the calorific value of 
any hydrocarbon of known composition. Thus the difference 
between the heats of combustion of successive members of 
the paraffins, olefines, acetylenes, aromatic hydrocarbons, 
alcohols, aldehydes, ketones, and esters is also nearly constant 
and is equal to 158-57 calories, for the radicle CH,. A+B 
in the above formula =158°34, A’+ B’=158:94, the mean 
being 158°59. Since these effects are additive, when com- 
bustion is complete with one oxygen atom the heat set free, 
irrespective of bonds, is 52°4 calories per gram molecule of 
combustible gas, when with two atoms 105°9, with three 
158°59. 

2. Taking the heats of combustion H of hydrocarbons and 
other compounds, without attempting to discuss their energy 
of internal strain, and dividing them by the number of 
oxygen atoms necessary for complete combustion, values of 
H/n are obtained, which under the conditions are remarkably 
constant. These are given in the Tables below, in which 
the compounds of Tables 35 to 44 in Thomsen’s ‘ Thermo- 
chemistry’ are taken for examples. It is difficult from such 

* Communicated by the Author. 
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a series of values to estimate relative differences ; for this 

purpose the figure has been drawn, having for ordinates the 

measured heats of combustion, and for abscissee the oxygen 

atoms required in each case. 

1000 

1S) 

Sete te 
«(SSR see 
i eae eee 26 

ATOMS FOR_COMPLETE OF ONE MOLECULE OP GAS © “CMBUSTION 

Many of the points overlap; there are in all 121. A 

straight line drawn from the farthest point to zero passes 

through them so closely that 55 touch it. The heat of com- 

bustion is therefore as a first approximation proportional to 

the number of oxygen atoms which combine with a molecule 

of combustible gas, irrespective of molecular complexity and 

of whether it is carbon or hydrogen that is burnt, and is 

found to be equal to 53n large calories per gram molecule. 

This can scarcely be accidental; it has the appearance of 

representing a general action. What it suggests as the 

essential feature of combustion is that oxygen is first sensi- 

tized by contact with the source of ignition and becomes an 

immensely active agent, atoms of which are able to seize 

upon and tear apart the almost unresisting hydrocarbon 

molecule. The heat of the reaction, being all translational 
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energy, is the result of the speed with which the oxygen 
atoms rush into combination, and is therefore proportional 
only to their number. There is much in the general 
phenomena of ignition to support this view, especially in 
the sudden changes of inflammahility which occur when the 
ratios of the oxygen atoms to those of combustible gas are 
whole numbers. It is, however, capable of interpretation 
in many instances in terms of the regular occurrence of the 
CH, radicle, as suggested by my colleague Dr. J. A. Smyth, 
and the most satisfactory agreements are found in such 
cases. On the other hand, it suggests that the heat of com- 
bustion of carbon being twice that of hydrogen may not be 
altogether accidental, but may be an example of this general 
relation from which the value for CH, is itself derived. 

3. An interesting departure from this is found in the 
nitro-compounds. ‘The complete combustion of nitro-methane 
CH;NO, requires only 14 atoms of oxygen numerically, if 
the oxygen in the molecule is used in its combustion. Its 
heat of combustion is 180°9, and H/n is here 120°5. So 
great a ratio is not found in any of the previous compounds. 

The oxygen required to burn the carbon and hydrogen is 
34 atoms, and if this is taken instead of 14, H/n=51°7 
bringing it into line. This can only mean that the oxygen 
contained in these compounds takes no part in their com- 
bustion, owing perhaps to the difficulty of activating it when 
associated with nitrogen, and that in these cases combustion 
is all carried out by free oxygen. This opens a question as 
to the part played by combined oxygen in explosives. 

Taste I. 
Oxygen Molecular 

C Moleculaz atoms for heat of H ompound. f ae | 
ormula. complete combustion. 

combustion. : 

Paraffins. 
WICK CE NIG", ADB aaa ei pe aR CH, 4 211°9 53:0 

HEC Ue Ree Bolle oii lh Vhs cn au C,H, Fe 370°4 53:0: 

I ROPSENINE bos OUes ARR Reena C,H, 10 529°2 529: 

SUDAN eRe aee et seis coc ccnenaeeiaee Cary, 13 687°2 52°9) 
i BYey ai Pai AYE) (ia sta ieee an ON Ons Ee 16 847-1 53:0 - 

HeLeacon epee ete he fee hae lee a OR EL 19 999°2 A 

Aromatic Hydrocarbons. 

Benzenc in eee boast cutee Can 15 799°3 53'1 
MME IG MEER eee eters be aewen ale ; 18 955°7 531 

Miesitiwleme tonnes ccc-bectssecse sen C,H,, 24 1282°3 53°5: 

PRCUCOCOMENE i tiess.cekeeoee oe C,H. 24 1281°5 53°5 
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. Oxygen Molecular 
Gameoud: Molecular atoms ” for heat of H 

formula. complete combustion. » 
combustion. H. 

Unsaturated Hydrocarbons. 
WOE BY ENO doce loe asc anadesns OMS F, 6 3333 59°5 

Propylene, normal............... CAH 8-5 429:°7 58°0 
MPpmmierbylOUe) 4... 1-.00+.06cees O,Hy ake. 499-4 55d 
(1S2 0 1 Ola hy. 13 650°6 50°5 

MRM SHAVICIO Lacaacc a nccnanceesde ee JEL 15 807°6 53°8 

Meme de ed ok tice Joa vos sos ssseee GFE 17 932°8 549 
2) NLL, ae eee eee Omial. 5 3100 62:0 
2 7.20) eee 0,8, 8 467-5 58-4 
MOD AREY os. c acdsee vase. C,H, 15 882°8 58°9: 

Halogen Compounds. 
Methyl chloride .................. CH,Cl 3°5 176°9 50°6: 
Biigyienloride ...............--. 0,H,Cl 6°5 344°1 53:0 
ieropy) chloride .............-.0.. C,H,Cl 9°5 492°3 51°8 

Psobubyl chloride ..............: 0,H,Cl 12°5 650°1 52°0 
Monochlorethylene ............ CLHeCl 55 298°3 54:3 
Monochlorpropylene ............ C,H,Cl 85 453°3 53°4 

mpliyl chloride .......00.--....0000- 0,H,Cl 8:5 454-7 53°5. 
itary CHIOTIdE: .....25250.0<0+s0- C,H;Cl 145 763°8 52°7 
Hthylene chloride ............... 0,8, C1, 6 296°3 49-4 
Ethylidene chloride ............ C,H,Cl, 6 296°4 49°4 

USIGEACCHO! 5s.) once avaenceee- C,H,Cl, 9 4538 50°5 

Carbonyl chloride ............... COCcl, 1 418 418 
ClO CMO ne CHCl, 2°5 107-0 42°38 

Monochlorethylene chloride... C,H,Cl, 55 262°5 Ah 
Tetrachlormethane ............ CCl, 2 159 37°9 
Wetrachlorethylene............... CCl 4 195°0 48°8 
Methyl! bromide .................. CH,Br 3°5 184°7 52°8 

Bi MyM DrOMide.( ..5325.0c.c.0nee< O,H,Br 65 341°8 52°6 
Eropyl DLOmIde 2.02.) .02....0..0- C,H,Br 9°5 499°3 52°6 
Pallnd PrOMIdE <2 52... 2.5..-02.00- C,H,Br 8:5 462°1 54°4 
We hiyh TOdIGG/.2.)..2.0<cs02-5es040s CH,I 3°5 196-0 56-0 
IG a Cnet — «65 353°7 54:4 

Hthers and Acetals. 
Ip NeHIE! CRAG Coc. Goaceee ca. -+ 02s C,H,0 5 312°5 62°5 

eC YM Eb WET 22, oi <<, 40. -s00s: C,H,O 6 349°3 58°2 
Methylethyl ether ............... C,H,O 9 505°8 56°2 

WPieniny pe pete ses anaes s¥sos0 ©, H© 12 659°6 54°9 
Methylallyl ether ............... OO 11 627-2 570 

Dsalbyl ethene es decs ec nnnne CGO Te. 911-1 569 
Methylpropargyl ether ......... C,H,O 10 603°8 60°3 

avisdol fester metee te seas aca C,H,O 17 936'3 55°1 
Moth las oc verserrene ee dad. ose CHO; 8 476'1 59°5 
Methal orthoformate ............ C,H,,0, 10 5991 59°9 
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Oxygen Molecular 
Compound. Molecular atoms for heat of 

formula. complete combustion. 
combustion. 

Alcohols. 

Methyl alcohol ................-- CH,O 3 182°2 

Gly alcololepeccresaecenees C,H,O 6 340°5 

BropylalcolWolieuceet-s.e-0s.- 4: C,H,O 9 498°6 
Isopropyl! alcohol ............... C,H,O0 9 493°3 

Tsobuty alcoholic. sete-...ss<2.. C,H,,0 12 658°5 
Trimethyl carbinol .........:.. C,H,,0 12 641°3 

Tsoamyljalcohol een... snes 06 O,H,,0 15 820°0 
Dimethyl ethyl carbinol ...... C,H,,0 17 _810°4 

AliIvraleolvole ees. ies <0 sitet sa ee C,H,O 8 464:°7 
Propargyl alcohol ............... C,H,O 7 431-1 
Pheny) alcohol eee... +secsees- C,H,O 14 768°7 

Bielivlemeyslycolmeace-sserersesee C,H,O 6 298:1 

Aldehydes and Ketones. 
Acetic aldehyde ...............00 C,H,O 5 281°9 

Propionic aldehyde ............ C,H,O 8 440-7 
Isobutyric aldehyde ............ C,H,O ll 599°9 

Dimethyl! ketone.................. C,H,O 8 437°2 
Methyl propyl ketone ......... C;H,,O 14 754-2 

Acids and Acid Anhydrides. 

Hoxmaic acide te nsee.c deen seeese CH,O, 1 69°4 
INCEICTACIG 5 ce- ce atseuseeners + C,H,0, 4 225°3 

EOP OMe ACI) gn ceeeseni ence C,H,0, 7 386°5 

Acetic anhydride ............... C,H,0, 8 460°0 

Esters. 

Methyl formate .......... edison C,H,0, 4 241°2 
Methyl acetate ............00.00. C,H,O, 7 399°3 

BiGhiyArORMAte |/c.cecsves---ssce= C,H,O, 7 400:0 

Methyl propionate.............+. C,H,0O, 10 553'9 
IDidanyll GSM) a .s5oeqobaeooHeheade C,H,0, 10 546°5 

Propy! formate ............-...... C,H,O, 10 558'8 

Methyl isobutyrate ............ C,H, ,0, 13 7169 

Isobutyl formate ............... C,H, ,0, 13 719°9 
JMMEM sios Ban) 4h Soneesensnesegneos C,H,0O, 9 5279 

Dimethyl carbonate ............ C,H,O; 6 357°5 
Diethyl carbonate ............... C,H,,0; 12 674:1 
Hg onl TURNS) Lhe 4s5ccasecedenenase C,H,(NO,) 6:5 3240 

C,H,(NOs) 3°5 3240 
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Molecular 

formula. 
Compound. 

Oxygen 
atoms 7 for 
complete 

combustion. 

Molecular 
heat of 

201 

combustion. 7% ° 
H. 

Mercaptans, Sulphides, Sulphocyanides, &c. 
Hydrogen sulphide ............ H,8 3 136°7 45°6 

Methyl hydrosulphide ......... CH,S 6 298°8 50:0 
Ethyl hydrosulphide............ C,H,S 9 455°6 50°6 

Dimethyl sulphide............... C,H,S 9 457°3 50°8 
Diethyl sulphide ............... Ot: Byes) 15 T7721 51-5 
RIMM). 5 caccacscneens C,H,S 12 610°6 50°9 
Methyl sulphocyanide ......... C,H,SN 75 398°9 53°3 

Methyl isosulphocyanide ...... C,H,NS {PD 3920 523 
mifybanustard oil ....:........-- C,H,NS 12°5 675'3 54:0 
Carbon disulphide............... CS, 6 265°1 44-2, 

Carbonyl sulphide............... COS 3 131-0 43°7 

Cyanogen, Hydrogen Cyanide, Nitrates, and Amines. 
REGO 56 oo2 sont os oeck enon CN 4 259°6 64°9 
Hydrogen cyanide............... HCN 2°5 158°6 63°5 
PERI OMIEENC 2) oo. oc. .nes-scscn- C,H,N 55 312°1 56°7 

PEOPIOWMNTHC 26 .oo esas i oescascas CHEN 8:5 471-4 50°4 

PME 8 2 chase 8s ve canes H,N 1°5 90°6 60°4 

Methylamine.....0.5...0.+.0.000: CH,N 4°5 258'3 57°59 
Wimethylamine ................+. C,H,N 75 420°4 5671 
Trimetnylamine......:..........- C,H,N 10°5 582-6 55°5 
PG VIAAMG, coe 00 seenese anaes - C,H,N T5 415°6 55°4 
WepmylamMine <2 ..<2.2.0cdeor..00-0s 0,H,,N 13°5 7345 54-4 
MiermylaMIne ..)..2.000.<..--55 C,H,N 19°5 1052°3 54:0 
HEOPYIAMING ......6....020.00-02- C,H,N 10°5 575°7 54°8 

Wsobutylamine. ...... 220000600. C,H aN 135 725°3 53°7 
PE MAAANUNG c= 92 ais neds nm spin vee ces OF s dt 16°5 890°5 54:0 

2) LOE ee C,H_N 9°5 5312 54°9 
OU CEN 15°5 838°4 541 
RRO DS yo 8e eons cone wna C;H,;N 12°5 675°0 54:0 

Eaperidine .....2.-: SHS eee C,H,,N 15°5 833°8 541 

Nitro-compounds, Nitrites, and Nitrates. 
Dares 2s Vee 

Witromethane..................... CH,NO, 35 15 180°9 51-7 120°5 
ROG GMENG oo s2o05505:.06-2.080 C{HNO 69) = 4:5 3837°9 52:0 751 
10 DULG TUA EP Oe rr CLHLNOEY Go 45 3342 51:4 74:3 

Tsabutylonitrite 25... 2.1.0.2... C,H,NO,  12°5 10-5 647-6 _.-51:8 GYe 

JV] Savion! Deena €,H,,NO; 15:5, 1375 8126 524 602 
AU Ghiy NA LC) ss seeees acs s-- 6-5 xt GC, HENOAM Go oo 3240 49:9 92°4 

5. From the relation H=53n the quantity of air required 
for the complete combustion of any hydrocarbon of unknown 
composition, such as a petrol substitute, can be found when 
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the heat of combustion and the vapour density d are known. 
The heat of combustion is sometimes given in British Thermal 
Units per pound. The molecular weight of a gas is 28°87d, 
and since there are 252 small calories in one B.T.U. and 
454 grams to the pound, 

n—=B.T.U. per lb. x 252% 28°87 x dj53 x 454 x 107. 

= 7020 bot UL. xd Sma 

Taking, for example, the petrol mixtures examined by 
Thomas and Watson, quoted by Clerk and Burls*, we 
obtain the values of n in Table II., and the percentage 
mixtures in air giving this, the ratios of the volumes of air 
and vapour, and of their weights. Since the substance 
consists mostly of paraffins n will be in general a whole 
number. In order to bring Thomas and Watson’s heats of 
combination into line with those for the paraffins, which 
have been closely determined, they have been multiplied 
yg. 

TaBLE II. 
Vapour Per cent. Vols. of 

Calorific dent of gasin air to pes: 
Conia value. at 0° C. : cal. n air for one of a 

Bers: and rom known. perfect inflam- 5 
per lb. 760mm. formula. com- mable of 

Ati ==ile bustion. vapour. V2POur- 

Methane ...... 23,800 0°554 3°98 4 9°35 ST 17°5 
Ethane ......... 21,500 1-074 7 7 5°5 br 16:0 
Butane sc0....3. 21,300 2°01 12°95 13 3:07 315 ~ 15°6 

Pentane ...... 21,200 2-51 16-06 16 951 - 888 15°45 
examen...) 21,200 2:99 19-15- 19 2°13 46'0 15°4 

Heptane ...... ZA OO, AD 22-1 22 1-84 53:3 UG le4o 

taken 
Bowley’s ...... 21,600 3°05 20 20 2°02 48°5 159 

Carless ......... 20200. 93201 20 20 2°02 48°5 156 

Express......... 20,400 335 | 212 21 1-92 51-2 15:26 

IGOBSicecc cere ccs 21,100 3°33 21°4 21 1-92 51:2 15°35 

Prattii(@)) oats. 21,030 3:16 20-2 20 2:02 48:5 15°35 

Pratba(O)erturs: 20,090 3:20 20°6 a4 1-92 51:2 16:0 

Carburine ...... 21,120 3:28 21-9 22 1-84 53°3 16:28 

Shell ordinary. 21,150 3:27 21-9 22 1-84 53°3 16°32 
Dy nalis ieee cent 20,930 3:43 21:7 22 1:84 53°3 16°55 

Simear benzol. 19,300 3°24 18-9 19 2°13 46 14:2 

0-760 (Baillie). 20,950 3°29 21:4 21 1-92 51:2 156 

0°760 Shell .... 20,620 3°36 21-8 22 1-84 53°3 1S, 

Coaline......... 18,850 3°31 18:9 19 2°13 46 13°9 

Mean values... 20,700 3°26 DAUR T| 20°F 1°95 50°4 15°5 
eee re eae OE OIE 0 ee ee 

* ‘The Gas, Petrol, and Oil Engine,’ vol. ii. p. 452. 
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The values of n for the paraffins calculated from the 
formula, using observed calorific values and vapour densities, 
are very close to the known numbers, and those found for 
the fuel mixtures can probably be accepted to the same 
degree of certainty. It is noticeable that the ratio of the 
weight of air for complete combustion to that of the vapour 
burnt is highest in methane and falls rapidly to a normal 
value in butane. The mean ratio for all the substances 1s 
15°5 lb. of air to one of fuel, and the variations are small. 
The mean number of oxygen atoms for complete combustion 
of the mixtures is 20°7, corresponding to a mixture of almost 
equal proportions of hexane and heptane if these alone are 
present. 

6. In the same way when the calorific value of any liquid 
or gaseous fuel is unknown, it can be determined by finding 
by explosion the volume of air required to burn completely 
a measured volume of the vapour of known density. If, 
for example, 50 volumes of air are required for one of 
vapour, and the measured vapour density is 3°2, the per- 
centage of gas is 1:96, n=20°4, and the heat of combustion 

20): 4 
= 2100 BT. Ussper ibewot, fuel, or Ht =1100 

large calories per gram molecule. 

XVI. On Discontinuous Wave-Motion : Part II. 
By C.V. Raman, M.A., and Asuvtosy Dry*. 

Plate IIT.] 

N an important paper on the theory of discontinuous 
wave-propagation f, Harnack has given an elegant 

general formula expressing the mode of vibration of a 
string whose configuration is completely determined by 
a finite number of discontinuous charges of velocity travel- » 
ling overit. As an illustration of his result, Harnack has dis- 
cussed, in some detail, the cases in which the form of vibration 
is determined by one and by two such changes of velocity 
respectively. The analysis indicates that the case of a 
single discontinuity is identical with that of the principal 
mode of vibration of a bowed string, and in a previous 
communication from this laboratory t it has been shown 

* Communicated by the Authors. 
+ A. Harnack, Mathematische Annalen, vol. xxix. p. 486. 
t C. V. Raman, M.A., and S. Appaswamaiyar, ‘On Discontinuous 

Wave-Motion.” Phil. Mag. Jan. 1916. 
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how this mathematical result may be confirmed experi- 
mentally. The general case of two discontinuities con- 
sidered by Harnack covers a considerable and interesting 
variety of forms of vibration, and the method deseribed in 
the previous paper has now been successfully extended so 
as to obtain an experimental confirmation of Harnack’s 
results in some of these cases also. 

Heperimental Method. 

If C, and ©, represent two discontinuous changes of 
velocity travelling on a string of finite length which com- 
pietely determine its motion, the velocity-diagram of the 
string must in general consist of three parallel straight lines 
as shown in fig. 1 (a) or fig. 1 (6). Each of the two outer 

Fig. 1 (a). ao (G))) 

aC, Ce —— mime) 7 

A B A 

lines passes through one of the fixed ends of the string and 
is separated from the intermediate line by a discontinuity. 

In fig. 1 (a) the discontinuities are of the same sign, and 
in fig. 1 (6) they are of opposite signs. A velocity-distri- 
bution similar to that shown in either of the figures would be 
obtained if a string has initially a uniform angular velocity 
about a point in its own line, and if in the course of this 
motion the two points A and B are suddenly fixed, either 
simultaneously or else successively, et an interval less than that 
necessary for an impulse to travel from A to B or vice versa. 
If the point about which the string has initially a uniform 
angular velocity les within AB, we have the case shown in 
fig. 1 (a). If it lies in BA produced, the velocity-distribu- 
tion is similar to that shown in fig. 1 (6). The photographic 
records presented with this paper (Pl. JII. fig. 2) refer to 
a case in which the string has initially a uniform angular 
velocity about a point lying outside the two fixed stops A 
and B, and the discontinuous changes of velocity which 
determine the form of vibration are therefore of opposite 
signs. 

The method by which the records are obtained is similar 
to that described in the previous paper, but with certain 
necessary modifications. The tension and initial motion of 
the string are, as before, secured by a weight attached to its 
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free end, which is allowed to swing down in the manner of 
a pendulum. The stops A and B are placed approximately 
in a vertical line below the point of suspension of the string. 
As soon as the string impinges on the lower stop B, the 
weight swings inwards, and the end B is thus effectually 
fixed. The upper stop A, however, presents some difficulty 
as it is practically in the same line as that joining B with 
the point of suspension, and does not therefore, except at the 
first impact, effectually fix the string at A. To avoid this 
difficulty, a small cylinder of soft iron is fixed to the string 
midway between A ana its point of suspension, and an electro- 
magnet is provided which, when the string reaches the 
vertical position carrying the cylinder with it, draws the 
latter inwards and then holds it. The stop at A is thus 
rendered completely effective. The initial motion at any 
point on the string between A and B and its subsequent 
vibration are photographically recorded on sensitive paper 
contained in a dark-slide, which moves downwards behind 
an illuminated slit set across the string *. 

When the position of the stops A and B is such that the 
string impinges upon both simultaneously, the impulses cross 
one another midway between A and B, and the resultant 
vibration is then necessarily symmetrical. The first six 
records shown in the Plate refer to the motion at different 
points when this condition is practically attained. The last 
record, however, shows a different case, in which the string 
is fixed at the stop A an appreciable interval after it is fixed 
at B. This condition is attained by drawing A a little out 
of the straight line joining B and the point of suspension. 
The discontinuities cross elsewhere than at the centre of the 
string twice in each period of vibration, and the vibration- 
curves are then necessarily asymmetrical. This is evident 
from the record shown. 

Theory. 

The theoretical form of the vibration-curve at any specified 
point may be deduced from the velocity-diagram. Tor, the 
velocity at any given point on the string is unaffected by 
the motion of the discontinuities except when one of them 
actually passes over it. The successive velocities and the 

* For facility of work, it is arranged that the weight and string are 
released electromagnetically. Simultaneously an auxiliary pendulum is 
released, which after an adjustable interval of time breaks a contact and 
releases the photographic slide. 
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intervals for which they subsist are thus known, and 
the vibration-curve which represents the resulting dis- 
placements may be plotted from these values without 
difficulty. The records shown in the Plate are found to 
be completely in agreement with the results thus obtained. 
The special feature of interest is that the vibration-curves 
are seen to be intermediate in form between the two-step 
zigzags of a bowed string and those characteristic of a 
plucked string*. The reason for this is not far to seek. 
When one of the discontinuities is zero, we have, as already 
seen, the case of the bowed string. When C,;=—O(z,, the 
motion reduces exactly to that of a string plucked at the 
point at which the discontinuities cross. The cases actually 
recorded in these experiments are those in which (, and C, 
are unequal but of opposite signs, and are thus intermediate 
between the two extreme types referred to above. 

The cases in which ©, and Cy, are of the same sign are 
also of interest in connexion with the theory of the special 
forms of vibration of a bowed string obtained at the “ wolf- 
note’’ pitch, and also under other conditions when the 
vibration-curves assume the form of four-step zigzags. 
Experiments are being undertaken to reproduce these 
special forms of vibration by the method indicated in this 
paper. 

Summary and Conclusion. 

In these experiments, the characteristic vibration-forms 
produced by the motion of two unequal discontinuous 
changes of velocity of opposite sign have been observed 
and recorded photographically. Some are of the sym- 
metrical type and the others are asymmetrical. The results 
are in full agreement with the mathematical theory first 
given by Harnack. The vibration-curves are found to be 
intermediate in form between those characteristic of bowed 
and of plucked strings. The cases in which the discontinuities 
are of the same sign are also of special acoustical interest 
and will be studied separately. 

The Indian Association for the 
Cultivation of Science, Calcutta, 

29th September, 1916. 

* Krigar-Menzel and Raps, Sttzungberichte of the Berlin Academy, 
1893, p. 509. 
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Note added on the 23rd of December. 

1. The experimental work for the casesin which C, and C, 
are of the same sign and of various magnitudes, has since 
been completed and will be described in the third paper of 
this series shortly to be published. The results obtained have 
an important application in the theory of the Cyclical forms 
of vibration of a bowed string which may be obtained under 
a very wide variety of conditions, of which the phenomenon 
noticed at the “ wolf-note” pitch forms only one example 
(Phil. Mag. October 1916, p. 395). 

2. In the paper on the “‘ wolf-note” just cited, in parag. (c) 
on page 395, for the word “‘ A-string” read “ D-string.” 
Further work has shown that the possibility of a “ cyclical” 
vibration depends not so much on the length of the string as 
on its frequency. On the D-string of the ’cello I use, 
eyclical vibrations may be obtained by suitable bowing over 
a very wide range of frequencies, from 160 to 180 vibrations 

per second, from 230 to 370 vibrations per second, and even 
at higher frequencies. Though cyclical forms are usually 
obtained only when the bow is applied near one end of the 
string, they may also be noticed under favourable conditions 
when the bow is applied not far from some important node, 
é. g., near the point of bisection or trisection of the string. 
It has also been noticed that in certain cases a periodic (not 
cyclical} vibration may be maintained, the frequency of which 
is not independent of the speed, pressure, or place of bowing. 

XVII. An Atomic Model. By R. R. Ramsey, PA.D., Asso- 
ciate Professor of Physics, Indiana University, Bloomington, 
Ind. U.S.AX* 

ODERN theories of the structure of an atom assume 
Hh one or more electrons in motion abouta central body 
or positive nucleus. Probably the experiment which has 
been the most helpful in giving an idea as to the structure 
of an atom is the Mayer experiment of the floating needles. 
This, together with the work of J. J. Thomsonf, has become 
almost classic. | 

The experiment gives an idea of the possible structure of 
atoms, and may account for the periodic variations of the 
properties of the atoms. Thus ene, by assuming that an 
atom of large atomic weight has more electrons than one of 

* Communicated by the Author. 
+ ‘Scientific American,’ Supplement, vol. v. p. 2045, June 22, 1878. 
t ‘The Corpuscular Theory of Matter,’ p. 107. 
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small atomic weight, may account for the periodic table, as 
has been done by Lyon. (Phys. Rev. vol. iii. p. 232, 1914.) 

The classical method of performing the experiment is by 
floating magnetized needles by means of corks in water. 
I have found that small bicycle-balls floated on mercury are 
much more convenient. (Professor Merritt used this method 
at Cornell University in 1900.) The mercury surface lends 
itself admirably for projection with reflected light. In pro- 
jection it is well to focus not on the balls, but on a plane a 
short distance above the balls, or on the focal point of the 
concave mirror made by the depression caused by the balls. 
The position of the ball is then shown on the screen as a 
point of light. 

In the classical Mayer experiment the balls are fixed. 
There is nothing to suggest how the atom may radiate. The 
atom is dead. The motion of the atom must be imagined. 
It is usual to imagine the needles to rotate about the centre 
with a constant angular velocity. This is contrary to the 
laws of planetary motion as illustrated in the solar system. 

While working with this experiment the thought came to 
me to rotate the mercury, and thus to rotate the balls. A 
wooden tray was made with an electrode at the centre and 
four electrodes, one at each corner, which were connected in 
multiple. By sending the current in at the middle electrode 
and out at the corners one has an approximately radial 
current flowing at right angles to the magnetic field of the 
magnet, which plays the part of the positive nucleus in the 
experiment. This causes the mercury to rotate and carry 
the balls with it. 

The apparatus consists of a wooden tray, as shown in fig. 1. 
The dimensions are 15x 15cm. and 2 cm. in depth. The 
electrodes C and M are made of platinum. (It has been 
found later that the electrodes M can be made of iron 
without appreciably distorting the magnetic field.) A and B 
are binding posts which are connected to the electrodes by 
wires, shown by dotted lines, which are in grooves on the 
under side of the box. The apparatus can be centred up by © 
placing one bicycle-ball on the mercury surface after the 
current has been turned on through both the magnet and 
the tray, and then shifting the tray until the ball remains 
practically stationary at the centre of the rotating mercury. 

When two balls are placed on the rotating surface they do 
not rotate about the centre on the same circle, as one would 
expect from the Mayer experiment. No.1 first rotates about 
No. 2, and then No. 2 rotates about No. 1. Their paths 
resembling rotating ellipses. With three balls the motion is 
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more complicated, the three balls taking turns in the centre. 
The motion reminds one of a complicated game of leap-frog. 
With a number of balls the motion becomes very complicated. 

Fig. 1. 

The mercury at the edges of the box is stationary while the 
central portion is rotating. The angular velocity increases 
as we go from the edge to the centre. The balls floating on 
the surface tend to take up the same angular velocity as the 
mercury upon which they float. There is a tendency for the 
balls to take up a motion which may approximate to planetary 
motion. Thus we may assume that they obey Kepler’s law. 
In the Mayer experiment, when the balls are stationary, when 

there are anumber of rings any one ball is held in its place by 
the central force of the magnet and the mutual repulsion of 
the neighbouring balls. The balls of one ring fit into the 
crotches of the neighbouring rings. When the balls are not 
stationary and the angular velocity of the outer ring is less 
than that of the inner ring, there isa slipping of one ring 
with respect to the one next to it. This slipping produces a 
perturbation or a vibratory motion which is superimposed on 
the regular circular motion. This perturbation may be said 
to be the source of some sort of radiation, light perhaps. 
When a ball from the outside is allowed to come into the 

system there is a great disturbance of the wholesystem. If 
the balls represent electrons, this disturbance may be said to 
be the source of the X rays, as when a cathode ray hits a 
platinum atom, say. 

Phil. Mag. 8. 6. Vol. 33. No. 194. Feb. 1917. le 
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With a large number of balls the motion is very much more 
complicated than one would expect. At times a ball will 
start out from the outer ring and apparently seem to try to 
escape from the system. In consequence of the friction of the 
mercury and the nature of the field, the ball always returns. 
If a ball were to escape it would cause a rearrangement of the 
others, or a disturbance similar to that caused by an added 
ball. This tendency of the ball to fly off is especially great 
if the current through the mercury is increased, or if the 
system absorbs energy. This may be an illustration of what 
takes place in the photo-electric effect, or in the case of 
ionization produced by hot bodies. 

In the case when a ball flies out when rotating at normal 
or constant velocity, we have an explanation of y rays caused 
by Brays. Or we may let the balls represent @ rays, helium 
atoms, or that which in the atom of radium makes @ rays or 
helium atoms after they have escaped, and we have an 
ulustration of a radioactive substance. 

To illustrate the disintegration of an atom of radium 
through its several disintegration products, I made a tray in 
which I embedded a ring of iron, so as to make a magnetic 
field which is strong at the centre and diminishes as we go 
along any radius, passing through a minimum and then 

Fig. 2. 
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through a maximum over the ring of iron. Fig. 2 is a 
cross-section of the tray and central magnet. N 8S is the 
central magnet. R R is the cross-section of the iron ring. 
A and B are binding posts by which the current is led in 
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and out. The variation of the field is represented by lines 
of force. 

To use this the current is turned on the magnet anda 
number of balls are placed in the centre of the tray, forming 
the characteristic figure due to the particular number as in 
the Mayer experiment. The current is then turned through 
the tray causing the balls to rotate. Whena ball at irregular 
intervals starts out on a tangent, it will be caught and held 
by the intense field over the ironring at R. Thus if the ball 
represents an «a particle, the escape of 8 rays and the 
y radiation may be explained as being due to the disturbance 
in the atom due to the rearrangement in the atom. , 

As many aseight or ten balls may escape from the system, 
each rearrangement of the system representing one of the 
products in the radioactive series. 

Getting the conditions right is a matter of trial. Some 
three or four trays were made before one was satisfactory. 
The dimensions of this tray are as follows: length 10 cm., 
breadth 10 cm., depth 2 cm. The iron ring is made of a 
24 millimetre rod bent into a ring of 6 cm. diameter. 

No doubt many analogies will occur to the operator which 
have not been mentioned in this paper. The worst difficulty 
with the experimentis withthe mercury. The mercury must 
be clean. Any film of dirt or dross on the surface of the 
mercury prevents the free motion of the balls. 

The magnet and tray may be connected in series, but it is 
more convenient to have two circuits which may be manipu- 
lated independently. 

Dept. of Physics, 
Indiana University. 

Nov. 7th, 1916. 

XVIII. On the Lubrication of Resistance-Box Plugs. By 
J. J. Manusy, Daubeny Laboratory, Magdalen College, 
Oaford*. 

URING March 1914, as a preliminary step in some 
work with platinum thermometers, it was necessary 

to standardize some resistance-coils. It soon became evident 
that for highly accurate work a distinct advantage would be 
gained if the plug-resistances of our several sets of coils could 
be made practically invariable. At the outset we tried to 
secure this object by frequently re-polishing the plugs and 

* Communicated by the Author. 

Ee 
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their seats with emery-dust paper ; and as a further aid to 
constancy each plug was used only for that seat in which it 
was found when the coils arrived from the makers. 

Whena plug is seated by the usual screw-like movement, 
-the engaging surfaces tend to plough each other, and asa 
result burrs and grooves appear upon both. When a burr 
has been formed, its presence is easily detected by the echarac- 
teristic gritty feeling which accompanies any displacement 
of the plug: the existence of a grooveis readily verified with 
the aid of a lens. These burrs and grooves, which change in 
size, number, and form as the coils are used, appear to be 
entirely responsible for the variations observable in plug- 
resistance. | 
Now atoo frequent re-polishing of the plugs, besides being 

highly inconvenient, is prejudicial to accuracy : we were 
therefore led to try the effect of several lubricants, and the 
plan was immediately successful. 

In reply to an inquiry, Dr. Glazebrook, however, informs 
me that this method is not new, and that Mr. Price some 
12 or 14 years ago showed that contact resistance is reduced 
by the application of petroleum either in the form of a film 
or bath, and that for some years past it has been the custom 
at the National Physica! Laboratory to lubricate box-plugs 
and switches with paraffin ; and although no special de- 
scription of the method has been published, allusions to the 
device have been made in various papers dealing with 
matters of a kindred nature. Under these circumstances it 
is believed that an account of some gquantztative experi- 
ments recently carried out with the aid of five boxes of coils, 
may be helpful to other observers. : 

‘'o begin with, the plugs and seats of box No. I. were 
polished and wiped with a clean cloth. Next, strips of stout 
writing-paper were, with the aid of resin cerate, fixed to the 
vertical faces of the row of brass blocks. As the upper 
edges of the paper were somewhat higher than the top of the 
blocks, a trough was thus formed, and this was filled with oil 
of the kind used ina Geryk pump. All the plugs having 
been normally seated, their joint resistance was measured by 
Carey Foster’s method; the plugs were then loosened, 
re-seated, and their resistance again determined: these 
several operations were performed 10 times, and from the 
10 independent values a final mean value was calculated. 

Secondly, the strips of paper were removed and the oil 
allowed to drain away, but the plugs and their seats were not 
wiped : a new series of measurements was then effected, and 
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from the results obtained another final mean value was 
calculated. 

Thirdly, the oil was entirely removed, the plugs lubricated 
with medicinal paraffin oi], and a further series of observations 
proceeded with. For a fourth series the lubricant was “pure” 
vaseline. 

Finally, the plugs, their seats and the ebonite top of 
the resistance-box :were, with the aid of purified benzene, 
thoroughly freed from the lubricant, and a last series of 
determinations of the total plug-resistance carried out. The 
results of the several groups of measurements are set forth in 
Table A in the order in which they were obtained. 

Lubrication of Resistance-Box Plugs. 

TABLE A. 

Box No. I. Fitted with 9 plugs. 

Resistance. 

a Pieri VE ee. ue é ugs 
ree ae ace ele Le ek ee ie Plugs 

Bene q | bi ed medicinal ning enlia unlubricated. 
per pump,oil. pump oil. paraffin oil. vaseline. 

(1) (2) (3) (4) (5) 
Ses ‘OQOL70 700112 “00094 ‘00109 00101 chm 
Zu ee 144 137 122 124 T2835 
FURR 116 137 131 109 188)» 
(ieee less 127 095 127 129 IOV 
is sakes 13] EF 142 109 2S & Ae 
Os: cee 131 112 130 116 124 
Poon NE OS REAR RC a 0/9 9 124 | aoe 
Bi cues DD eG Sokal ice cce? ys, ln bea vetoe ae 110 LWW Gane 
35.5 aa TE CS Ra RRS 124 166 |. 

EO eee Tip NOME a ete el ale ae CHOOSER 109 1 ae 

Means ...... 00135 00118 00124 “00116 00119 ,, 
Max. value.. ‘00170 ‘00137 00142 “00129 00194 ,, 
Min. ,, 00116 00095 “00094 00109 00023 ,, 
Variation +:°00027 + -00022 + -00024 + -00010 +-00086 

” +20 percent. +186 percent. +19°3 percent. +86 percent. +722 per cent. 

Hixperiments were also tried with the plugs in a bath of 
medicinal paraffin; but as the results were practically 
identical with those given in the above series (3), it is not 
necessary to tabulate them here. 

The data contained in Table A show that in every instance 
a distinct advantage is gained by lubricating the plugs. For 
two series, (1) and (3), the mean resistance of the oiled 
plugs is greater than the normal value (series (5)). In 
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accurate work this, however, is of no consequence as the 
plug-resistance must in any case be measured; but when 
this has been done, it is highly desirable that the resistance 
should remain invariable, and this end is, it appears, best 
attained by the use of vaseline. We now give in Table B 
summaries of the results obtained with three other second- 
class boxes. 

TABLE B. 

Before After lubricatiug 
lubricating. | with vaseline. 

( Number of determinations = 10. 10. 
Box No. IT. | Maximum total resistance = ‘00728 ohm. 00496 ohm. 

having Minimum so, = = “O04525 00434 __,, 
17 plugs. ] Mean : 0050S aaconine ae 

: Variation = +°00138 ,, a O0051 5 
\ Percentage 3 =p 2) Selor ll 

( Number of determinations= 7. ’ 
{ Maximum total resistance= 0°2357 ohm. 0:0364 ohm. 

Box NO; iia ist. anh es 4 hare 2 Ses 7 \, = ‘0385 A: 0336 5 
4 dials. I ean 99 DEN = 0990 oy 0343 ” 

| Variation = + ‘0654 ,, +:0008 _,, 
{ Percentage _,, + 66 +2°3 

Number of determinations=10. 10. 
Maximum total resistance = 01597 ohm -01241 ohm. 

poe Sey Minimum ,, 4, 2) 01302 (ls means se 
17 ue, | Mean 3 iy = ‘01397 ,, 01188, 
I apasiayaree | Variation =+:00079 ,, +-00031 ;,. 

\ Percentage us ==) +2°6 

We observe that for each of the above-named boxes a very 
marked improvement was secured by the application of 
vaseline ; and in the case of the dial-box (No. III.) the 
gain was very great. In general, we find that on bringing 
newly lubricated plugs or switches into use, their joint re- 
sistance diminishes for a short period, and then becomes for 
all practical purposes constant. 

An oil-bath has this advantage over vaseline in that the 
plugs are automatically and fully lubricated with every 
setting ; but, on the whole, vaseline is much more convenient 
in use, and in so far as we have been able to discover, the 
residual variations in plug-resistance are decidedly smaller 
than when a liquid lubricant is employed. 

As confirmatory evidence of the beneficial effects attending 
the application of vaseline, we give in Table C a summary of 
the -results obtained by experimenting with a first-class 
resistance-box fitted with 17 plugs. 
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TABLE ©. 
Before After lubricating 

lubricating. with vaseline. 

( Number of determinations= 9. 9. 
Box No. V 1 Maximum total resistance= ‘00248 ohm 00182 ohm. 
oe Sec... Se Oolss. 00162 
Hee ie 4 Mean pt onary 8 00170. 

AT plugs. | Variation =—+-00016 ,, +:00007 |, 
Percentage 5 =e ee +41 

In this case the plugs had been fitted with great care: 
consequently we find that the variations in the resistance 
both before and after applying the lubricant are much 
smaller than in the cases previously cited. 

‘ 

XIX. Dispersion and the Size of Molecules of Hydrogen, 
Oxygen, and Nitrogen. By L. Stuperstein, Ph.D., Lec- 
turer at the University of Rome*. 

TH*‘HE molecular refractivity of an isotropic substance 
whose molecules consist of two equal atoms is given by 

2 i 
= = J $$$ $$___—__—_— 

ma 3 Vo E ea Toa | 

where JV, is the atomic refractivity, 

a= 3m,,/1°008=4°88 .10-* gr., 

and & the mutual distance of the “centres” of the two 
atoms composing each molecule, z. e. of the positions of 
equilibrium of the dispersive particles within their atoms f. 
We shall henceforth use the abbreviation 

a 
Oo = On RB e e e ° ° ; : (1) 

and write, therefore, 
2 il | N=, N,[2+ rer Mans oe) 

It will be remembered that the dimensions of 

fede 
ate 

are cm.? gr.-1, so that oNo is a pure number. When the 

* Communicated by the Author. 
+ Cf. Phil. Mag. vol. xxxiiil. (1917), pp. 92-128. Throughout that 

paper, ? is to be replaced by 47-#°, our charges e, in tormula (4) et seq., 
being in rational units. Keeping this in mind, the above formula will 
be found identical with (246) of the quoted paper. Another erratum 
is on p. 113, line 18, repeated in formula (30), where WV, in the denomi- 
nator should read 2N,; this, however, affects only the numbers of 
pp. 113-114 concerning a purely fictitious example. The subject will 
be taken up at a later opportunity in connexion with the real compounds 
C.H, and CoH. 
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interatomic distance A is large enough for oN) to become 
a negligible fraction, then V=2.N, as in the usual theory 
The expression for NV) itself is, in our previous symbols, 

Bie RS, B : ne (3) 

ate Vom y oe Aarc7a ik (Ao/A)”’ 

where J is the incident, and Xo the free wave-length belong- 
ing to each of the atoms, when undisturbed by its neighbours; 
B=eé/m, m=mass, e charge of dispersive particle, in rational 
units. 

In general, the atomic A,» will fall into the extreme ultra- 
violet, and since, in all cases to be treated hereafter, we 
shall limit ourselves to the visible region of the spectrum, 
the fourth and the higher powers of 2,/A will be negligible, 
so that 

No=bo--go/\) he 
where bo, go, two constant attributes of the atom, are 
defined by 

2 

= aeRO TETAS Jo= 4 Nos 2 = = ° = (5) 

2 . 

ee <), 3 He) 
Oo. Aan Tree ame 

‘whence also 

independent of the free wave-length. The latter formula 
will be useful in the sequel. Introducing (4) into (2), 
developing the denominator and rejecting the second and 
the higher powers of g)/d?, we have, for the molecular refrac- 
tivity of the substance in question, 

N=begh, eo ee 
where , 

2 I 
b= 5% (2+4-> |, | (8) 

sur Coy, tif oe alltel pal 
= 3% [2+ Goal 

Thus the refraction- and the dispersion-coefficient of the sub- 
stance, as b, g may be called, appear as simple functions of 
the atomic coefficients bo, go and of the interatomic distance 
involved in o. Notice in passing that, the denominator 
1—ob, being a fraction (as in all concrete cases to be treated 
in the following sections), the dispersion will show a stronger 
departure from additivity than the refraction, which is a 
well-known feature of this class of phenomena. As to the 
range of ob) in connexion with the condition of stability, we 
shall return to it a little later on. 
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The simple problem to be treated in the present note, as 
an application of the general ideas laid down in the paper 
quoted above, will be this : 

Given the molecular refractivity WV of the diatomic sub- 
stance, that is, given its coefficients 0, g, find the atomic 
coefiicients 6, ), and therefore the atomic refractivity NV), 
and also the interatomic distance & involved in co. 

_ These are three unknowns, while we have in (8) but two 
equations *. ‘Thus far, therefore, the problem is indeter- 
minate. In order to convert it into a determinate one, we 
shall have to make some assumption about the relation 
between by) and gy in each atom. For this purpose let us 
choose the obvious assumption that the value of 6,?/g, be- 
longing to each “ dispersive particle” or atomic resonator 
is equal to an exact multiple of the electronic value of the 
right hand member of (6). More definitely, if ¢ be that 
electronic value, let us assume that, for any atom, 

2 
Dols laf Aid ia a ioam aoa ny a8 6)) 
Jo 

where « is in each case the smallest integer compatible with 
the conditions of the problem. By “electron” we mean 
here the electron proper. Remembering that our charges e 
are in rational units, and taking for the specific charge 

i e/C si 
= ag that value, 1:77.10’ c.G.s., which suits best the 

VA me 

observed typical cases of the Zeeman phenomenon and 
represents, at the same time, the mean of the more recent 

* Theoretically one could say that 6,, g,, « are to be determined from 
three observed values of NV, corresponding to three different wave- 
lengths. But having once neglected higher powers of go/A* and having 
therefore adopted the form (7), linear in \~”, we have eo ipso reduced 
any number of observations to two independent data only,band g. The 
same would be the case if instead of the straight line (7), representing 
WN as function of A~* we had taken a hyperbola analogous to (3). For 
this would again involve only two independent data. The rigorous 
curve of Nis, by (206) loc. cit., the superposition of two hyperbole, 
viz. 

N 2B 2 i 
== ee | |e == 7 

3a ene a9 

so that, theoretically speaking, the three unknowns y,, B, R could be 
determined from three observed values of NW. The actually available 
observations, however, are, notably in the case of the gases to be treated 
here, quite insufficient to distinguish the dispersion curve from a straight 
line. Thus, for the time being, we are driven by necessity to the linear 
form (7), amounting to two independent experimental data only, and the 
third datum must be supplied by some plausible assumption. 

); of =y— Bake, 
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ae measurements by Classen, Wolz, and others*, we 
nd 

OST ec ele 
e= — — = 

37 Mm V4 my V4 
=(' 107. 1°77 . M0 a9Ga0 

=183. 10°— er 0) 
or. 

This is the numerical value to be substituted in (9). The 
assumption (9) can be put in words by saying that each 
atomic resonator consists of a certain number « of electrons. 
In fact, provided that the distance of these electrons apart is 
large as compared with their radiit, the mutual mass will 
be negligible, so that their total mass will be « times the 
mass, and their total charge « times the charge of a single 
electron. Thus e/m will retain its value and e/m, will be 
« times greater. We need not enter into the mutual action 
of these « electrons, but can treat them summarily by attri- 
buting to the whole system a single relevant free frequency 
Wyo, which may already be the outcome of their co-operation 
together with the usual restitutive force. 

But it seems safer to abstain from any such interpretation 
and to take our assumption as it is written down in (9). 
Merely for the sake of convenient language, this can be read 
as ‘‘atomic resonator consisting of « electrons,” or “atom 
containing « dispersive electrons.” The clause that « should 
be the smallest integer compatible with the special condi- 
tions of the problem will be made clear presently. 

Equations (8) with (9) are now sufficient for the determin- 
ation of the two attributes bo, gy of the atoms and of their 
mutual distance in the molecule. This will be done con- 
veniently, in each of the concrete cases, in the following 
manner. To abbreviate, write 

2 : 

and k=. C ° sin Se e Ca) 

Then & is known from experience, and kj =«xe. Dividing 
the square of the first by the second of (8), we have 

3—Aaby + $07h 9" 
b= 2805 cele ee 

whence A Qky—k + 4/ k(kyo— Fk) (12) obo= ay ays ; BUY) 

Now, & is essentially positive ; thus the smallest value of 

* Cf, Zeeman’s ‘Researches in Magneto-optics’ (1918), p. 68 and 
pass. 

+ I. e. large compared with 107° cm., which, however, may my be 

a very small distance in comparison with atomic dimensions, 107° cm. 
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« making ob, real will be the smallest integer « satisfying 
the inequality 

[eet 4 SS) SA eae anne Aaa OL) 

This is the condition hinted at. It will be applied 
numerically in each of the cases to be treated presently. 
As tothe sign of the square root it will be easily decided, 
remembering that both o and by are essentially positive. 
Thus, 6, g, and therefore k&, being known from observation, 
the product ob) will be found. Inserting this in (8) we shall 
find the atomic coefficients go, bg, and therefore also o and 
the interatomic distance. 

Finally, the condition of stability is (loc. cit., p. 115), 

iM Bot. Bom eagrtc 

that is, in terms of 6), by formula (5), 

OOK dt e . e e ° e ° (14) 

This necessary and sufficient condition of optical stability 
will be tested in each of the particular cases to which we 
shall now pass. 

Hydrogen. 

The observed values of refractivity of hydrogen gas at 
0° C. and pressure 760 mm. are, for the lines H,, D, Hg, 
and H.,, respectively, 

p—-1=1:387 1-392 1°40, CA ae 

The molecular weight of hydrogen gas (H;) is M=2-016, 
and its density, at the above temperature and _ pressure, 
d=8-9873.10~°. Whence the corresponding values of the 
molecular refractivity, 

apie el ee M 
N= IEG i = 3(H—-l)-, 

N=2-074 2°082 2°103 2-112. 
These observed values can be represented with sufficient 

accuracy by 
"01279 

N=2:044; + 2 

In fact, the latter formula gives, for H,, D, Hg, H,, 
respectively, 2-074, 2°081, 2°099, 2-112. Thus, in c.«.s. 
units, 

, \ In microns. 

b= 2-44. 5 Giese . sis FC ° ° e (H.) 

in the visible region of the spectrum at least. Whence the 
required ratio 

feo = ooo Goal 

1.€.3k=1°634.10"%. Now e=1'83.10. Thus the smallest 



220 Dr. L. Silberstein on Dispersion and the Size of 

integer satisfying the condition (13) is e=1. Consequently 
we shall attribute one dispersive electron to each hydrogen 
atom, 2. e. put 

ky=e= Ian Wwe: a vs Cee aa (H) 

Introducing these values of k, ky into formula (12) we 
find (as the unique positive root) 

ob) = 04982. 29 2 
Thus the condition of stability, (14), is amply satisfied. 

Substituting this value of ob), and the above 0, g for H, in 
(8), we find, for the atomic coefficients of hydrogen, 

bo =O'TTLY 3) go 1053295; LOM CGS. heels, 

Thus the atomic refractivity No of hydrogen, which may 
conveniently be denoted by H itself, will ke 

"00326 
nr? 

Notice in passing that the free wave-length Ay»=Agq 
belonging to a hydrogen atom is equal (g/b)17, by (9), 
that is, by (16), | 

An = 6'494.10-§em.=6494 A.U., . . (17) 
much beyond the Lyman region. 

Applications of the above atomic refractivity of hydrogen 
will be given at a later opportunity. In the present note 
I should like to draw the reader’s attention chiefly to the 
interatomic distance which follows from the above results. 
From (15) and the first of (16) we have c=a/27R?=0°6339, 
where «=4'88.10-%4. This gives tor the central distance 
of the two atoms in a molecule of hydrogen 

R=1-067.. 107® cm) ae ees, 

Now, the remarkable thing about this distance is that it 
approaches very nearly the values of the semidiameter of 
a molecule of hydrogen (considered as an elastic sphere), 
obtained by various methods based on the kinetic theory of 
gases. In fact, these values are *, | 

H=0°7719+ (2 in microns). . (16a) 

Deviation from Heat- 
Boyle’s Law. Viscosity. conduction. Diffusion. 

Semidiameter = 1°025 1-024 0995 1:01.107-%cm. 

If we were to judge from this single case the coincidence 
could claim to be one of the order of magnitude only. But 
the following two cases, of oxygen and nitrogen, will show 
that there is more than this. 

* Of. J. H. Jeans’s ‘ Dyn. Theory of Gases,’ p. 240 (1904). 
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Oxygen. 
Determining the coefficients 6, g from the observed 

refractivites w—1 of oxygen gas for the lines H,, H,, 
which, at normal temperature and pressure, are 2°697 and 
Pee sh mnd, with M=32 and d=1-4294 . 10-3, 

Dies ORR fea 125) 10 ieee animes mmaeerati! (O))) 
whence k= b/g =6'297 . 10", 

2. e. 44h=3:149.10% Thus the smallest integer fulfilling 
the condition (13) is, in the present case, e<=2 (which 
happens to coincide with the “valency” of oxygen). Con- 
sequently we shall attribute two dispersive electrons to each 

c= 2e= ono 
oxygen atom, 

sabe ECO) 

Substituting these values of & and ky in (12), we have 
Gy Os DAA Osi hele OPES As. nay ti, (1D) 

again satisfying amply the condition of stability (14). This 
value, together with the above 8, g tor Oz, substituted in (8) 
gives, for the atomic coefficients of oxygen, 

Galea S? gyi t07 BO, Ca eet nO} 

and for the free wave-length belonging to an oxygen atom 

Ry 6226.107° ema 622:6 AU. ok OD 
From (19) and the first of (20) we have o=0°3840, 

whence, the distance of the two atoms in a molecule of 
oxygen, 

o 
> 

es 120 opel ene 2 ee tees Creny 

This again coincides with the semidiameter of the oxygen 
molecule *, as found by the methods of the kinetic theory of 
gases, V1Z. : 

Viscosity. Heat-conduction. Diffusion. 

1-405 1-29 igo. 105% em: 

Tn this case the distance & differs from the heat-conduction 
value even much less than this does from the viscosity and 
the diffusion value of the semidiameter. 

Nitrogen. 

The observed refractivities for nitrogen gas (N,) at normal 
conditions are 2°982 and 3°020.10~* for the lines H, and 
H, respectively ; 1/=28°02, d=1:2507.10-*. Proceeding 
as in the former case, I find from these data 

2 

bt AOS eg 1-91 1070 sk =2 == 10°20:. 1070) Ge) 

i.e. 4k=5:10.10'°. The smallest integer, therefore, 

* As it should do if, say, the spherical atoms are in contact with one 
another. It will be remembered that R is the mutual distance of the 
“centres” of the atoms. 
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satisfying (13) is now «=3 (which, again, happens to 
coincide with the “ valency” of nitrogen). Thus 

ko=3e=3'49 10" . | ey 

Proceeding exactly as in the above two cases, I find 

obb=O0'4158,.  . ee 

and the atomic attributes of nitrogen 

bp =1:782 ; go=0°580.10- c.4.8. ; Ay=570°5 A. (24) ” 

Whence o=0°2334 and, the interatomic distance in a 
molecule of nitrogen, 

R=1:493..105" cm) 2.2 6 ee 

while the values of the molecular semidiameter furnished by 
the kinetic theory of gases are: 

Boyle’s Law. Viscosity. Heat-conduction. 

1:56 1448 1°37 

Here again the distance ft differs much less from the 
viscosity-value than the several kinetic values do among 
one another. 

Collecting the above scattered results, together with those 
of the kinetic theory of gases, we have the following Table, 
in which it has seemed convenient to replace the atomic 
coefficients by, g by the values of k, and the free wave- 
lengths Xo, characterizing equally well the optical properties 
of the atoms. | 

| Kinetic Theory of Gases. 

Theory of Dispersion. 

Semidiameter of molecule. 

Diatomic 
1/2, One | Boyle’s|,,.____- Heat- | Dif- 

Atom. o= (#2) fei ae ae a w, |v iscosity.| cond. fae 

——_ ——— 

H...| 649°4 e | 1-067 |1:025] 1-024 | 0-995 | 1-01 
| 

O..| 6226 | 2e | 1-265) — | 1-405| 1:29 | 1-35 

N..) 5705 .| 3e | 1:493 1-56) 1-448 | 1-37 

All lengths are in 1078 cm., and e, the electronic value of 

L008 vee) is equal to 183. 108 cm. gr.~’, as in (10). 9 

1277? m mE 
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XX. A Note on Radiation. By R. H. Kent, Instructor, 
Department of Electrical Engineering, University of Penn- 
sylvania *. 

TTENTION should be drawn to a fundamental fallacy 
A in the deduction of Kirchhoff’s law for radiation. To 
deduce it, it is necessary to establish the proposition that 
there is no net transfer of energy by radiation across the 
boundary of two abutting media when they are at the same 
temperature, or that the radiant energy transmitted across 
the boundary in unit time in one direction is equal to the 
amount transmitted in the opposite direction. The reasoning 
by which this proposition is established is as follows :— 

From the equality of temperature of the two media it is 
correctly inferred that there is no total net transfer of energy 
across the boundary. It is next assumed that transfers of 
energy due to temperature differences are accomplished in 
two ways, by radiation and by conduction, and, moreover, it 
is tacitly assumed that the process of conduction involves no 
energy transfer by radiation. Then, since there is no tem- 
perature gradient, it is correctly inferred that there is no net 
transfer by conduction, and hence (in view of the fact that 
the total net transfer is zero) that there is no net transfer by 
radiation, which is the proposition to be established. 

The fallacy referred to consists in the tacit assumption 
that the process of conduction involves no energy transfer 
by radiation. Now conduction in the sense used in the 
deduction of Kirchhoff’s law is a net energy transfer, the 
rate of which is proportional to the vector temperature 
gradient. Such an energy transfer may conceivably, and in 
all probability does, involve a transfer of energy by radiation 
from molecule to molecule of the conducting substance, 
which in certain cases may fail to vanish with the tem- 
perature gradient. In general, for example in the interior 
of a homogeneous isotropic body, it is likely that the 
radiation part of the energy transfer involved in conduction 
vanishes with the temperature gradient, but across the 
boundary between two different media it is easily conceivable 
that this is not the case. That is to say, it is not unlikely 
that across the boundary between two media at the same 
temperature there should flow an energy current in one 
direction conveyed by impacts and in the opposite direction 
an equal energy current of radiation. 

* Communicated by the Author. 
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Accordingly conduction and radiation do not refer to 
mutually exclusive classes of phenomena, and hence from the. 
absence of energy transfer by conduction and from the fact 
that the total net energy transfer is zero, the absence of net 
energy transfer by radiation cannot be deduced. | 

It is easy to see how such confusion could have arisen. 
Most of our ideas of conduction depend on the observation 
of phenomena at temperatures at which no radiation is 
visible. Hence, conduction has come to connote absence ot 
energy transfer by radiation, although no such absence is 
implied in the definition of conduction here and commonly 
used. Formerly the conduction of heat was conceived as a 
flow, and as such was regarded as entirely distinct from the 
transfer of heat by radiation. But since the rise of the 
modern molecular and electronic theories such a conception 
can no longer be considered adequate. The conduction of 
heat is effected not only by what may be loosely termed 
molecular and electronic impacts, but also by radiation from 
molecule to molecule. 

This note has been written with no quibbling intent, but 
with a view seriously to contest the thermodynamic foun- 
dations of Kirchhoff’s law. A consideration of the state of 
affairs when two abutting media are at the same temperature 
may make the situation clearer. Hnergy may be transmitted 
across the boundary in two ways, by molecular and elec- 
tronic impacts and by radiation. From thermodynamic 
considerations alone it is impossible to show that the net 
energy transfers in these two ways are separately zero ; all 
that can be thus legitimately deduced is that the rate of 
transfer by one of these means is equal and opposite to the 
rate of transfer by the other. An attempt might be made to 
demonstrate the absence of net impact transfer by kinetic 
theory. But in view of the well-known failure of the law of 
the equipartition of energy—in particular, the fact that the 
molecules of a metal at a low temperature do not possess 
the same mean kinetic energy of translation as the molecules 
of a gas in contact with it and at the same temperature 
might be given as a pertinent instance of this—such reasoning 
would lack cogency. That Kirchhoff’s law as an empirical 
fact may be true is, of course, not questioned. Tf such is the 
case, it is likely that it is the consequence of a fundamental 
similarity in the radiating mechanisms of all substances. 
My views on this subject owe such clearness as they 

possess to several conversations with Dr. H. M. Trueblood, of 
the Department of Electrical Engineering of the University 
of Pennsylvania. 
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XXI. On the Positive Ionization from Certain Hot Salts, 
together with some Observations on the Electrical Pro- 
perties of Molybdenite at High Temperatures. By A. T. 
Waterman, Princeton University *. 

a. general problem as to the character of the ionization 
from hot bodies has been examined in considerable 

detail during recent years. The results obtained from ex- 
periments with metallic strips indicate, on the whole, no 
characteristic emission, but one which is apparently the same 
for all the metals and due no doubt, so far as the positive 
emission is concerned, to some common impurity. The 
positive emission is now generally considered to consist 
mainly of potassium atoms with a single charge ; the nega- 
tive of electrons. 

From experiments with various salts the following general 
conclusions have been reached, although there are excep- 
tions :-— 

I. Positive emission : characteristic of the metallic con- 
stituent. 

II. Negative emission: electrons accompanied in some 
cases by an emission characteristic of the remaining 
constituent. ; 

The metals whose salts (chiefly the halides and sulphates) 
have been investigated are :— 

Alkaline group: k, Na, Li, Rb, Cs. 
Alkaline-earth group: Be, Mg, Cd, Zn, Sr, Ca, Ba ; 

and Al, Mn, Fe. 

* Communicated by Prof. 0. W. Richardson, F.R.S. 

Phil. Mag. 8. 6. Vol. 33. No. 195. March 1917. Q 
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Of these the Zn and Cd halides give a positive emission 
consisting of doubly charged atoms. 

Mn and Al vary considerably in their emission, so that 
nothing very definite can be said about them. 

Be and Fe apparently give only the K-impurity emission 
like that from the pure metals. 

All the rest yield a positive emission consisting of singly 
charged atoms of the metal. | 

The question naturally arises as to the reason for obtaining 
a singly charged ion in some cases and a doubly charged in 
others. This does not appear to be connected simply with 
the valence as might be expected. In other words, how can 
one predict what the emission from a given salt will be? 
The experiments that follow were instituted with a view to 
attempting an answer to this question. Only positive emis- 
sion was considered and a number of salts were tried, the 
metals of which differed in valence. 

The following were the salts employed :— 

AgCl Cu,Cl, 
AgBr AIF 
PbCl, Pil, 
PbBry 
CuCl, . 2H,0 MoS, (mineral form). 

Method. 

The method empleyed was identical with that used by 
Prof. Richardson in his article on “The Jons from Hot 
Salts,” published in the Phil. Mag. for September 1913, 
pp. 452-472. Briefly, the salt is placed on a narrow strip 
ot platinum whose emission has previously been driven out 
by continued heating toa temperature above which measure- 
ments with the salt are to be made. The salt is then heated 
by passing a current through the strip, and the temperature 
roughly ascertained from the resistance of the strip. If now 
the strip is raised to a certain potential, emission from the 
hot salt is driven off. A magnetic field is then applied 
which deflects the stream of ions. The amount of this 
deflexion is taken when the magnetic field is reversed. This 
deflexion obviously depends on 

1. The dimensions of the apparatus. 
2. The potential applied. 
3. The strength of the magnetic field. 
4, The value of e/m for the ions. 
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The formula connecting these quantities is : 

OS ae 
ao Hae a a (1) 

where V=potential, H=strength of field, d =distance 
between strip and plate which receives ions, and «= half 
the deflexion caused by reversal of field. 

All these quantities were measured as described in Prof. 
Richardson’s article on “‘ Positive Ions from Hot Metals” f. 

The platinum strip was cut with narrow and short con- 
strictions, one on each side of the centre. When a current 
was passed through, these constrictions would become hotter 
than the rest of the strip, and thus would tend to hold in 
place a salt lying between them. 

The accuracy of the results of the experiment was found 
to depend upon the accuracy with which the distance d could 
be measured and kept constant. To accomplish this end two 
methods of mounting the strip were used :— 

(a) A very short strip was made ; its ends were soldered 
to two heavy brass strips connected to the lead wires for the 
heating circuit. It was thought that the shortness of the 
strip would diminish the bending due to changes in tempera- 
ture and hence length. This method was found to be not 
altogether satisfactory. 

(>) A longer strip was used, fastened at one end rigidly 
to the end of one lead wire, and at the other to a phosphor- 
bronze spring acting as the other lead wire. This spring 
was under tension sufficient to take up any increase in 
length and to hold the strip level. When carefully adjusted 
this mounting was very successful. 

The making and successful mounting of a perfect strip is 
rather a delicate operation. ‘This, together with the inevit- 
able subsequent variations in the distance d and many other 
difficulties, made an exact experiment a tedious process. 

The temperatnre-resistance curve of a test Pt strip in air 
was drawn by taking the following as fiducial points :— 

Room temperature. 
Boiling water. 
Melting point of NaNQ3. 

ue ah) = Obise 

>) 99 >) Na SQ,. 

* Richardson, Phil. Mag., Nov. 1908, p. 740. 
t Roy. Soc. Proc. A. vol. Ixxxix. p. 507 (1914). 

Q2 
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The graph was a perfect straight line as nearly as could 
be seen. Knowing the resistance at room temperature of 
the strip actually used in the experiment, the same fiducial 
points could be calculated for it and a similar temperature- 
resistance curve obtained. From these the temperature of 
the strip could be inferred from its resistance with a fair 
degree of approximation. The actual resistance of the strips. 
used when cold varied from °3 to °8 ohm. 

The method of measurement was chiefly the “ balance,” 
method as defined by Richardson*, but readings by {the 
“slit”? method were taken whenever feasible. 

The pressure in the tube in which the strip and connexions 
were enclosed was always less than 1074 mm. of mercury. 

In the tables that follow, m/H is the ratio of the mags of 
the ion to that of an H-ion in electrolysis on the supposition 
that it carries an equal charge. The charge of an H-ion 
was taken to be 9649 electromagnetic units. band S refer 
to the “‘ balance” and “slit”? methods of measurement 
respectively. 

1. Silver Chloride. 

(a) The first specimen used was probably fairly pure, but. 
it was considerably darkened by exposure. A very small 
amount was moistened with distilled water and placed on 
the strip, mounted by method (a). The emission from the: 
strip had been driven out for all temperatures below 1000° C. 
Above this point considerable emission from the Pt would 
certainly be present. 

The melting point of AgClis givenas 450°C. Permanent 
emission was first detected at about 400°, but was at that 
point too small to admit of measurement. 

Mean values. 
Ni ii. Method. Temperature.  e/m. m/H. 

ASV 
160 1487 B&S to 254:4 37°9 

| 1100° 

The values for e/m were quite consistent—within about 
3 per cent. variation from mean—and some forty readings. 

were taken. 
(6) Another specimen of the same salt was placed on 

the strip under the same conditions, giving the following 
results :— 

V. Et M. It, e/m. m/H. 
465° 4 

140 2030 B&S to 259°8 O71 
940° 

_* Phil. Mag., Sept. 1913, p. 453. 

c) 
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This value for e/m is the mean of thirty readings in even 
better agreement than in the previous case. 

(ce) An attempt was made to see whether fr eshly prepared 
Asch would yield the same results. This specimen was 
pr ‘epared from the purest AgNO, and HCl obiainable, and 
kept as far as possible from the light. The salt was pre- 
cipitated in the form of heavy white flakes, and the greatest 
difticulty was found in keeping the salt on the strip when it 
was heated. 

A fresh strip of Pt was inserted and measurements were 
taken on its emission to check the accuracy of the later 
experiments with AgCl. It was glowed until no appreciable 
emission was detected below 1250° C. It was mounted by 
method (0d). 

V. H. M. Ty, elm.  m/H. 
203 2460 B&S 1000° 247°5 38°9 dry salt. 

to 

LI20° 

2038 2460 B 790° 244°6 39'4 moistened with 
to distilled H.O, 

1130? 

These values were the mean of a number of readings as 
consistent as the former. 

(d) Silver Iodide. This salt was furnished by Eimer & 
Amend with no specifications as to its purity. A Pt strip, 
mounting (>), was used on which PtCl, had previously been 
tested, but which had been glowed fer points below 1200° C. 

The melting point of Agl j is given as 527° C. The initial 
emission was looked for with extreme eare, and the first 
sions of it appeared at 520°. It was far too small to 
measure, and died away very quickly. <A definite emission 
was found at 575°. 

V; Ee M. T: e/m. m/H. 

650° 
204 2460 B&S to 267°3 36°2 

1195° 

These values, about twenty in number, of which these are 
the mean, were also very consistent although slightly lower 
than the preceding for AgCl. The difference is probably 
due to the distance d varying. 

Conclusion.—The values here given for m/H for AgCl and 
Ag do not point to any characteristic silver emission which 
can be detected, the atomic weight of Ag being 107°88. 
The numbers were quite consistent and av eraged a. little 
lower than the K impurity emission from metals, for which 
m/H =39. 
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Furthermore, the readings could only be taken at tempe- 
ratures for which at such low pressures the salt must have 
been vaporized. If an impurity were present of low vola- 
tility, e. g. the common salts of potassium, it would remain 
on the strip and become active. 

In cases (a) and (b) considerable metallic silver was 
known to be present. In (c) the distilled water alone would 
be enough to account for an emission at 800° and over 
(see § 6). 

2. Cuprous Chloride. 

(a) The first specimen was made by Kahlbaum, but the 
:alt had been exposed to the air for a long time, so that it 
was light green in colour, due no doubt to partial oxidation 
to CuCl, The salt was deposited dry on a Pt strip, of 
mounting (a), which had been glowed up to 1000° C. The 
nelting point of Cu,Cl, is given as 434° C. 

We lel; Ae M. e/m. m/H. 
156 Haar 3580 27:0 
& 1487 to B to to 

168 1100° ol:6 31:0 

156 1487 530° ) 413-0 Isao 
392°8 24°55 

392°0 94°6 

405°0 23°8 

168 1487 1000° S) 3768 25'6 

: 387'4 24:9 
From asinele curve s\.0s <cieiee 3116 21:0 

The values of m/H by the balance method rose steadily 
from around 27 at 530° to abouc 31 at 1000° and remained 
there. The only distinct vaiues obtained by the slit method 
are given above. They appear to be due to Na impurity 
—m/H = 23—at the lower temperature. At the higher 
the Nat value still continues with one reading of a possible 
Cut* ion. There is evidently more than one kind of ion 
involved. | 

(6) A pure sample of Cu,Cl, was used for this experiment, 
—Kahlbaum’s “zur Analyse.” It was placed on a Pt 
strip, mounted by method (6), which was used for experi- 
ments with PtC), and AgI, but which had been glowed for 
points below 1100° C. The salt was white and semi- 
transparent. 

V. H. M. Aly e/m. m/A, 
870° 

205 2460 B&S to 280 34°4 
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About twenty readings were taken, which ran from about 
35 at 900° to 82°5 at 1100°. The few readings taken by the 
slit method gave values around 32:5, except one at 900°, 
the only one taken below 1100°, which gave 35:9. 
Conclusion—F rom these values of m/H it certainly would 

seem as if a Cutt ion had been detected. The first specimen 
(a) evidently was not at all pure, but there were signs of a 
doubly charged ion at high temperatures. When emission 
first set in with (>) the values were uncertain. Atthe higher 
temperatures there are still more positive evidences of a 
Cu** ion, for which mj/H=31'6. 

In any case there is probably no emission of Cu-ions under 
1000° or so. At this temperature and pressure, however, 
the salt must long since have been vaporized. If there is 
an emission of Cu-ions then, it seems likely that it must 
come from the action of the Pt on the vapour. This was 
shown to be possible by Sheard *. 

~ Cupric Chloride : CuCl,, 2 H,0. 
(c) This salt was probably very pure—Kahlbaum, kryst, 

“zur Analyse.” Its melting point is 498°C. At 100° 
CuCl, with water of crystallization loses half its chlorine to 
form Cu,Cl,. This action was confirmed. 

The Pt strip, mounting (6), on which measurement was 
made had been glowed below 1100°. Hmission from the 
salt was first detected at 780°. A great deal of trouble was 
experienced in keeping it on the strip when dry. 

Vi. ED; M. TT: e/m. m/H. 
840° 

204 2460 B&S to 266°3 36°3 dry crystals. 
1200° 
870° 

204 2460 B to 266°3 363, 
1050° 

Conclusion.—This does not seem to be anything more than 
the regular impurity emission. The value is, however, a 
little low. As CuCl, is supposed to go over into CuCl, at 
500°, this may be taken as evidence that the emission from 
Cu,Cl, in (a) and (6) above is not characteristic Cu emission, 
but a combination of K and Na impurities for instance. 
Nevertheless, it is difficult to ascribe the very distinct values 
about 32 to an increase in the distanced. 32 as a low value 
for 39 is perhaps possible but not probable. It may thus be 
that the value 36°3 in (c) was due to a mixture of Cut? and 
Kt ions. In that case a characteristic Cutt emission would 
take place in both cases. At all events there certainly is no 
sign of a singly charged ion of Cu. | 

* Phil. Mag., March 1913, p. 370. 
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3. Lead Chloride. 

(a) The salt used for this test was primarily very pure, 
but it had undergone considerable exposure to the air. Its 
melting point is 500°. | 

The salt was moistened with distilled water and placed 
on the same strip, mounting (a), on which Cu,Cl, and AgCl 
had been heated. The strip gave no significant emission 
below 1000°. 

Emission was first detected at 460°, but it was too small 
for measurement and almost immediately died away. No 
emission was then found until 600°. This steadily increased 
with rise in temperature and readings were taken at 820°. 
The increase of emission with temperature was much less 
than with any of the other salts. 

In making observations with the slit method when the 
emission was fairly large, curves were found with more than 
one maximum. In this case it seemed probable that this 
arose from different parts of the salt emitting rather than 
from there being more than one kind of ion present in any 
quantity. This was concluded partly from the shape of the 
curves ; partly from the fact that the balance method gave 
results that were fairly steady ; and from the fact that the 
values of m/H, calculated for a possible two kinds of ions 
(there being two distinct maxima), seem very unlikely. 
For instance, in a typical curve, the ions would have to be 

mH =18'6 and m/H = 357-5 

on this supposition. 
The mean values for twenty readings follow :— 

V. H, M. db e/m. m/H. 

170 820° . 
203 2030 B&S to 259°9 370 

940° 

The balance method gave results varying from 35‘5 at first 
to 39 at higher temperatures. The slit method, if interpreted 
as above, gave about 39. 

Lead Bromide. 

(a) This salt was of about the same purity as the PbCl, 
just described. Its melting point is 400°. It was moistened 
with distilled water and placed on the strip just used for 
PbCl,. The emission from the strip was negligible below 
925°. 
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First signs of emission from the salt occurred at 400°, but 
soon died out. A fairly permanent emission appeared at 
470°. The following mean values were obtained :— 

V. EE M. ae e/m. m/H. 
530° 

112 2030 B&S to 264:°3 36°5 
1180° 

460° 
202 2030 B&S to 254-4 379 

490° fresh salt 

The balance and slit methods were in good agreement. 
(6) The same PbBr, was used for this determination. A 

different Pt strip was employed on which AiF; lad been 
heated. The emission from the strip was not comparable 
with that from the salt up to 1150°. The salt was put on 
with distilled water and the emission watched for very 
carefully. | 

Hmission so very slight as almost to ‘escape attention 
started at 100°, reaching a maximum at 400°, and then 
dropping to zero. Permanent definite emission set in at 
560° and reached a measurable value at 660°. ‘The strip was 
mounted by method (6) and the values were therefore much 
more consistent, agreeing within 1 per cent. almost all the 
time : 

vi. isi M. aks e/m. m/H.. 
; 690° 

204 2460 B&S to 278 34:7 
1075° 

Conclusion.—The values of m/H for PbC], and PbBr, 
are fairly consistent. There is no evidence of an emission 
characteristic of the Pb, for which it might be expected 
my et = 103°5. . 

The values seem quite evidently to be due to K as an 
impurity, although at times they are rather low. 

It is possible that a characteristic emission of Pb was 
obtained in the last experiment with PbBr,, namely, the 
very slight emission detected from 100° to 400°. It was, 
however, far too slight for measurement. 

4, Aluminium Fluoride. 
Only one experiment was made with this salt, the specimen 

used being made by Kahlbaum. The melting point of AIF, 
is probably about 150°. 

The salt was moistened with distilled water and placed on 
a new strip from which the emission had been driven out 
below 900°. The mounting was by method (0). 
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Emission from the salt was first detected at 150°, although 
here it was barely noticeable and soon passed away. At. 
620° it admitted of measurement. Some thirty readings: 
were taken, as follows :— : 

V. leh M. ay e/m. m/T. 
660° 175°5 5D 

204. 1000 B to to to 
840° 224-7 43 

9) ” ) 740° 241°2 40:0 

232°6 41°4 

99 ” ” 815° D2, 42'8 

212°3 45°4 

9 ” ” 830° 211°8 45°5 

223°5 43°2 

The values by the balance method at first ranged around! 
59, coming steadily down as the temperature increased to 43.. 

Conclusion.—The values for Alt, Al™*, and Al*t* would 
be m/H=27:1, 13°5, and 9, respectively, so that there is 
apparently no Al emission at the above temperatures. 
Judging by the very low boiling-point the salt could only 
be in a state of vapour, and the emission above could be 
accounted for, in part at least, by the distilled water (see § 6). 
It is evident that the K emission is present, but whether the 
high values by the balance method are caused by the 
presence of some heavy ion or are due to the motion of 
the strip is a matter of doubt. 

It is unfortunate that the initial emission beginning with 
150° was too small and transient to measure. 

5, Platinum Chloride. 

(a) This salt was made by dissoiving some clean strips of 
platinum in aqua regia. The solution was evaporated to 
dryness and the residue dissolved in distilled water. The 
washing process was repeated a number of times.+- Glass 
vessels were used throughout. A drop of the solution {was 
finally placed upon the Pt strip, mounting (0), which-had © 
previously been used for Alf; and PbBr,. The strip}?was 
glowed for temperatures below 1150°. 

Hmission was first detected at 550° and was measurablefat 
600°. It appeared to decay very rapidly, and measurements. 
were first made at 720°. 

Ve H. M. dt e/m. m/ HH. 
204 2460 B 723° 268 36 

to to to 
945° 358 27 
to to to 

1100° 284 34 
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The values, some forty in number, decreased steadily with 
rise in temperature, and slightly with time at constant tem- 
perature, from 36 to 27, and then rose with increasing 
temperature to 34. ‘The values by the slit method did not go 
lower than 30, but observed the same decrease and later rise. 

(6) As the PtCl, used in the above determination was 
made in a glass vessel, and as glass is known to be quite 
soluble in aqua regia, a further quantity of PtCl, was pre- 
pared in a platinum crucible, so as to be more completely 
rid of this impurity. This does not remove it altogether, 
however, as glass is soluble to a slight degree in the HCl 
used. About sixty readings were taken :— 

We ink M. WD: e/m. m/H. 

204 2460 B 780° © 256'1 37°6 

to to to 

945° 264°3 36'5 

to to to 

LicS02 256'5 37'5 

= o SS) 930° 956'1 37'6 

to 

1100° 

The values were remarkably consistent and did not show 
any appreciable decrease until after long heating at 930°. 

Conclusion.—No emission was found characteristic of Pt, 
unless it be taken as significant that PtCl, and a Pt strip 
give practically the same value of m/H. At any rate there 
appears to be no connexion with the atomic weight of 
platinum. 

The presence of glass as an impurity would warrant the 
lowering of m/H due to Na compounds contained. That 
this is the case becomes more plausible when in (6) precau- 
tions are taken to keep the glass out as far as possible. The 
same decrease occurs but to a much less degree. 

The emission seems to be without doubt due to K as an 
impurity. : 

6. Sources of Impurities. 

As has already been touched upon, it is well known that 
a Pt strip, in fact apparently any strip of metal, no matter 
how carefully it is cleaned, gives off a decided positive 
emission when heated. It is quite persistent and does not 
appear to be characteristic of the metal, but may most 
probably be due to potassium in some combination as an 
impurity. 

Now it has been shown” that a Pt strip which had lost 
* Horton, Roy. Soc. Proc. A. vol Ixxxviii. p. 181 (1912). 
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its power of emitting would regain it to some extent if 
heated in air. Several attempts have been made here to 
determine just how much this source of impurity entered 
into the ordinary manipulation of the apparatus. 

A Pt strip was glowed until it showed no emission what- 
ever below 1000°. The intensity of the emission was taken 
at 1150°, and the strip was allowed to cool in the vacuum. 
Dry air was admitted for one minute and immediately pumped 
out again. A reading of the emission was taken at the 
same temperature as before. The same thing was done after 
exposing the strip to cold dry air for 25 hours. Then the 
strip was removed and placed in a box for 42 days, exposed 
to the ordinary air in the room, and a reading taken again. 
The readings are given for the velocity of the electrometer 
spot in decimetres per second. 

Then the same strip was tested in the same manner, being 
touched between readings with the Pt wire used to place the 
test salts on the strip. The wire always previously gave a 
negative flame test. 

A further trial was made, placing a drop or two of dis- 
tilled water on the strip between readings. 

The results follow :— 
‘Time. TS Intensity of ° sous Remarks, 

hrs. min. C. emission. 
Pt strip 0 0 1150° "290 
alone. 

Cold dry air admitted for one minute. 

0 i 1150° ‘320 Decaying 
0 4 ee, 303 fast. 
9) 6 Y 279 Fairly 
) 8 ss 275 steady. 

Air admitted for 25 hours. 

25 8 1150° On! Decaying. 
25 13 , “B51 
25 18 . * 336 Fairly 
25 28 3 324 steady. 

Hxposed to air for 42 days. 
42 days 805° ‘161 

(See measurement (A) of e/m here.) 

nis.) Oman C. Intensity. Remarks. 
Pt strip 0 0 1050° ‘Ol Increasing. 
alone. ) 5 A ‘200 Steady. 

Distilled water placed on strip with Pt wire. 
0) 5 725° ACH 
(0) iit 870° “45 
0 14 980° 2°50 

(See measurement (B) of e/m here.) 
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When touched by a Pt wire between readings the emis-. 
sion at 1150 was increased only 10 per cent., which can be 
accounted for simply by the exposure to the air in taking 
out the strip. | 

The distilled water was made ina block tin vessel and. 
kept in a bottle washed repeatedly with distilled water, but 
not boiled. It was the same water which was used in. 
laying the various salts on the Pt strip in the previous. 
experiments. 

Measurements on m/H from the strip (see above) : 

(A) WA's H. M. T. m/H. 

203 2460 B 1027° ss 40-1_=s- Pt strip after long 

99 ” »  1090° 36:7 — exposure to air. 

Strip glowed out to 1100°. 

eM, a 
204 2460 B 930° 37'7 Strip plus distilled 

My Ay 0.0 eae gaye TAG): 

From these investigations of the sources of impurities in. 
handling the apparatus it appears that the salts which it 
was possible to mount on the strip dry were practically un-. 
contaminated, as far as the process of mounting went. The 
only chance for impurity not already in the salt would bea 
very slight amount from exposure to the air. 

As for the salts mounted with water, if no emission below 
800° could be obtained sufficient to take readings, the chances 
are that the emission from the water would figure largely in 
the results. By emission from the water of course emission. 
from impurities brought in with the water is meant. If 
emission was obtained at temperatures below 700°, it is. 
likely that the emission due to the water would not enter 
into the results. 

A very noticeable characteristic of these impurities is that 
they are not at all lasting. The decay was found to be quite 
rapid for every case except the one where the Pt strip was. 
exposed to the air for 42 days. In this case the emission 
was found to increase considerably at constant temperature 
for a short time after heating was begun. 

7. Molybdenite. 

This mineral appeared to be well adapted for measure-. 
menis with this apparatus. It occurs in the form of flat 
sheets, rather soft, of- a metallic lustre, and very sectile.. 



238 Mr. A. T. Waterman on the Positive 

Strips are quite easily prepared for use. But it is not readily 
soldered. For this reason the method of mounting was 
changed somewhat, and two small brass screw clamps were 
employed to hold the ends of the strip. It was difficult to 
-obtain a uniform contact for all variations in temperature, 
as on account of the softness of the mineral too much pressure 
could not be applied at the clamps without crushing the strip 
to a powder, whereas too little pressure meant serious insta- 
bility of resistance. The surface of the strip was flush with 
the lower plate of the apparatus for measuring e/m when 
cool, but no arrangement was used to make certain that it 
was thus when hot. The thickness of the strips was about 
1°5 mm., somewhat greater than that of the Pt strips used, 
otherwise the dimensions were practically the same. 

The electrical conductivity of molybdenite presents peculiar 
and interesting features. With small applied potential 
differences the resistance of the strips is very high, but 
‘diminishes rapidly with increasing potential differences. 
No doubt this alteration in conductivity is partly due to the 
rise in temperature caused by the electric current, and is 
similar to the effects shown by a large number of minerals 
‘which have been examined in detail by Keenigsberger and 
Schilling *. The effect does not, however, appear to be 
entirely, or perhaps even principally, a temperature effect, 

-since it is shown under very low voltages when the currents 
are too small to cause any perceptible increase in the tem- 
perature of the material. ‘Thus with one strip the resistance 
was 8:1 x 10° ohms for 2 volts applied potential difference 
and 3°52 x 10° ohms for 0:1 volt. The diminution of resist- 
-ance with increasing potential difference continues uniformly 
up to acertain potential difference, which varies to some 
extent with different specimens and according to the treat- 
ment to which they have been subjected ; at this point, which 
will be referred to as ‘“‘ the break,” the resistance diminishes 
suddenly and the mineral conducts, at a red heat, with a 
comparatively low resistance. Before the voltage has been 
vaised sufficiently for the break to occur the resistance 
diminishes, as has been noted above, with increasing voltage, 
whereas after the break the resistance diminishes with 
diminishing voltage. This difference may be regarded as 
characteristic of two states, « and #, of the material which 
occur before and after the break. The phenomenon of the 
break is reversible, but the rate of change of state decreases 

after long heating. The substance also tends to persist in 
-the state in which it was when the current was turned off. 

* Ann, der Phys, vol, xxxii. p. 179 (1910). 
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For example, when, after passing through the break and 
turning off the current, gradually increasing potentials were 

Fig. 1. 

anleadi Ciloy 

applied, the resistance was found to increase with increasing 
potentials up to a potential a little below that at which the 
break occurred. These. relations are exemplified in fig. 1. 
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The portion (a) of the curve represents the initial heating 
before the break ; the group of points (@) was taken after 
the break ; the group (y) was obtained after the strip had 
been heated for a long time in the second state. Lines are 
drawn connecting the definite consecutive readings. The 
dotted line represents the break or change in state. The 
portion («) of the graph for low values of the potential has 
the form of approaching the vertical axis asymptotically ; 
the value of the resistance for a potential difference of two 
volts was 40,100 ohms, for instance. Results of the same 
general character as those indicated were obtained with 
different strips, and when the resistances and potential 
differences were measured in a variety of ways. 

As the break was appreached the values of the resistance 
for a given potential were observed to decrease with time ; 
so that often a considerable interval elapsed before the 
resistance reached a steady value. Beyond the break it was 
often difficult to maintain a steady resistance. The resistance 
of one of the strips under constant voltage was measured at 
94° C., 100° C., 262° C., and 316°C. The break was found 
to occur at 310°C. Below the break the resistance varied 
with the absolute temperature T in accordance with the 
formula Ae”™, where A and 6 are constants. Normally 
molybdenum sulphide belongs to the hexagonal class of 
crystals, type dihexagonal equatorial. In the experiments 
the heating current was passed through the strips at right 
angles to the crystallographic “ce” axis. There is no evidence 
of any change of crystalline or chemical structure at the 
break unless a sudden rise in temperature observed at that 
point can be so interpreted. The variation of resistance with 
current for very small currents and the tendency to persist 
in the second state, already alluded to, suggest that the 
electrons are liberated in the material, partly by the action 
of the electric field and not merely as a result of the increase 
of temperature. Apparently the best condition for a quick 
return from the second to the first state is the presence of a 
small current, but one which is not zero. Professor A. 
Trowbridge has shown that the sign of the Hall effect in 
molybdenite indicates that the current is carried by negative | 
electrons. 

8. Emission. 

The first experiments to determine e/m, made by the 
method used in dealing with the salts as described in the 
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earlier part of this paper, gave very erratic results. It was. 
felt that this might be caused by the drop of potential along 
the molybdenite strip owing to its high resistance. This 
makes the value of V to be substituted in the formula for 
e/m uncertain even when, as in most of the experiments, the 
potential is applied at the middle of the strip by means of a 
sliding contact to an external high resistance shunt. Hven 
in this case the correct effective potential will only be that 
at the centre of the strip provided the emission is symmetrical 
about the centre. This difficulty might have been overcome 
by measuring the magnetic deflexions with the heating 
currents successively in opposite directions, but this method 
was not found to be practicable. The methods finally 
adopted were (1) heating the molybdenite strip directly by 
an alternating current, and (2) heating the molybdenite on 
an auxiliary strip cf platinum. 

On searching for « positive emission from the strip a very 
slight amount was observed in all cases when the strip was 
new at a point considerably below the break. This was 
transient and could not be measured. Permanent emission 
commenced just below or just at the start of the break, and 
it is here that measurements were commenced. The sub- 
stance at red heat is very active in its emission, so that as 
the temperature was increased the sensitiveness of the 
electrometer had to be decreased by adding capacities to 
the pair of quadrants in order to get anything like accurate 
readings. Except in a few instances the balance method 
was the only one by which good results were obtained, as 

_ the substance was too erratic in its behaviour to give at all 
satisfactory curves. Otier repeated attempis by the slit 
method failed, principally for the reason that constancy of 
resistance, and hence temperature, could not be maintained. 
Even when the temperature apparently remained constant 
there was often a sudden or a gradual shift in the location 
of the maxima. ‘The measurements were all made in a 
mercury vacuum, with the McLeod gauge showing less than 
5x 107° mm. of mercury. 

In the measurements of e/m the centre of the molybdenite 
strip was maintained at a fixed potential Vy with reference 
to the opposite plates by means of a connexion from a high 
potential battery to a point between two megohm resistances 
in series shunted across the strip outside the apparatus. The 
strip was then heated by an alternating current obtained by 
the commutation of a direct current. The use of an alter- 
nating current makes the effective potential entering into 

Pil. Mag. we orVolsaa. No. 195: March 1917. BR 
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equation (1) equal to the potential V, at the middle of the 
strip, no matter what the fall of potential due to the heating 
current or what the distribution of emission of the ions 
along the strip may be. This may be shown by the following 
argument, for which Iam indebted to Professor Richardson:-—— 
Imagine the strip to be represented by a vertical line AB 
and the deflexion caused by the magnetic field to occur in a 
horizontal direction. For given values of z, H, and e/m, the 
magnetic deflexion 2 is determined at each point by the 
value of the potential difference V between that point and 
the plates. Suppose that the strip lies along the y-axis and 
the intensity of emission between y and y+dy is denoted by 
K(y)dy. let the actual balance position for a given value of 
H be 2x. Corresponding to «2, there will, from equation 
(1), be a particular value V of the potential difference which 
will belong to a point C of the strip when the electric 
current is flowing in one direction, and in general, let us 
suppose, to some other point D when the current is flowing 
in the opposite direction. The condition for a balance is 
clearly 

{io dy + ihe (y) dy ={"70) dy + . i fade 

C 

{)ay=o. aie 2 

As f(y) is necessarily positive, it follows that C and D are 
coincident, and as they have to have the same potential they 
must coincide with the only point whose potential Vo is . 
independent of the direction of the heating current. For 
this theory to hold the potentials at every point must be 
sufficient to saturate the emission current. 

The alternating current actually used was obtained from 
a direct current by means of a rotating commutator with a 
frequency of about 20 cycles per second. This frequency 
was high enough for the electrometer readings to be 
sufficiently steady. It was not found possible to get readings 
actually in the break with this arrangement, as the moly- 
bdenite strip could not be induced to stay in the break. 
The measurements which follow were taken with very little 
preliminary heating,—only the amount necessary to take a 
series of readings of the resistance up to the start of the 
emission. 
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Remarks. M. Cnrrent. lie m/H. 

Just before break. B D 30500 869 

R Ry 39°h 

Direct Current. R 35000 o4°4 

D 34850 43:2 

D 34700 38'°9 

R 43 40°85 

R 34670 40:0 

D 0 42°6 

S D 34400 35°95 

‘ D 34200 40°55 

3 D 33720 42°45 

R ie 40:9 

Commutated. B pee > 20000 39°0 

Direct current. 7 46°7 

% 48°05 

Before break. 53 [4-1 

se 43°65 

us; 49°] 

4 40:0 

” 29°06 

i) 25°02 

e 29°8 

ae 546d 

» 40-4 

MACE MA ene Ae sk 5 ak a'sic ade MRE Clebiatiets oildotisebats sin ed ap o'srauclomicee 

3540 3+] 

In second state. 2842 56°3 

3224 61:0 

Dull red heat. 3230 64:6 

My 49°7 

2146 55'8 

Bright red heat. 695 527 

728 40°1 

” 70:0 

592 78'5 

410°5 102-0 

99 593 

Dazzling red heat, 362 75°7 

1124 946 
(D=current in one direction; R=current reversed.) 

B= balance method ; S=slit method ; r=resistance in ohms. 
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The curves obtained by the slit method were not at all 
satisfactory, and the results given above for the principal 
emission are only approximate. They indicate, however, 
that the emission was complex. 

Apparently the initial emission before the break is here 
R 2 
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almost entirely K-emission. The readings obtained with 
the commutated direct current are near those given by the 
simple direct current regardless of its direction. The 
steadiness of conditions with the former was by no means 
all that could be desired, and this was probably one of the 
reasons for the exceedingly wide range of values obtained 
at the higher temperatures. There was at one place good 
evidence of the appearance of Na-emission (m/H=23). In 
order to make the calculated value of m/H change from 
around 40 to 80, assuming that the character of the emission 
remains the same, it would be necessary for d to be decreased 
by about 2°5 mm., which is extremely unlikely, even for a 
temperature difference of 1000° C. Besides, such a change 
could be observed without difficulty from outside the 
apparatus. At the highest temperatures the strip was easily 
seen on account of its luminosity, and no bending of the 
strip was noticed. Since with the present arrangement ions 
from different parts of the strip should undergo equal de- 
flexions, the only explanation for these results seems to be 
that the emission at any temperature is composed of Mot 
ions, together with impurity emission consisting principally 
of Kt. The value of m/H obtained by the balance method 
varies with the proportion of impurities present. Inasmuch 
as the taking of these readings and the consequent heating 
were carried on continuously for a period of twenty-six 
hours, it is most probable that the impurity emission had 
been largely driven off by the end of the experiment, the 
permanent characteristic emission remaining. 

After the experiment the distance d was measured and 
found to agree within ‘08 of 1 per cent. with the value 
determined at the outset. 

The curves of increase of emission with decreasing resist- 
ance (rising temperature) resembled those of an ordinary 
thermionic current. The decay of the thermionic current 
with time is quite rapid, particularly at the start. This 
would of course point to the presence of an impurity 
emission. But as the emission has seemed to be largely due 
to impurities in most cases, it is impossible to say whether 
the emission which appears to be characteristic of MoS, 
suffers a decay or not. The experiments just described, and 
others made with direct current heating, indicate that this 
emission becomes more prominent after long heating, a fact 
which strengthens the conclusion that it is a characteristic 
emission. 

As a means of further investigation, the method naturally 
suggests itself of heating the molybdenite on a platinum 
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strip, as in the experiments with salts. This was tried by 
placing some powdered MoS, at the centre of a Pt strip 
previously glowed out at about 1100° C. The following 
readings were obtained :— 

Remarks. M. R. iu mH. 

- MoS, on strip of Pt. B 9350 840° 720 

10000 795° 41°9 

3 > aly) 
10200 786° 41°5 
10500 833° 42°35 

£ . 41°15 
sa ¥ 41-1 

10000 755° 24°74 
ss % 41°5 

New MoS, inserted. B 850 520° 39°36 

870 552° 32°04 
869 552° 38°68 
900 600° 74-4 

690 695° 48°5 

726 172° 40°35 
740 802° 40°8 

> Ss 89°65 
745 811° 39°22 

Fresh piece inserted. B 750 826° 41°4 

760 845° 42°2 

770 865° 40-4 
773 873° 44°85 
783 895° 41°55 
800 930° 40°45 

750 826° 46°65 
860 1060° 40°8 
863 1070° 41°65 
872 1090° 40°25 

884 115° 38°66 
900 1150° 46°9 
920 LUISIS 40°9 

It is known that molybdenum combines with platinum at 
a high temperature, but no evidence that chemical action 
had taken place could be seen from the appearance of the 
strip after the experiment. 

One notices that these values lie mainly around that for 
K-impurity emission. There is this departure, however : in 
all previous experiments when the K-emission was measured 
the values ranged, if anything, lower than the apparently 
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correct value, 39. Here the mean value is distinctly 
above this value. Furthermore, in no other case of heating 
a salt ona Pt strip have such high jumps in the values of 
m/H been experienced. Thus it may be possible that an 
emission of a heavy ion such as Mot occurred, which most: 
of the time was small compared to the K-emission, but 
which showed itself in spots where perhaps a fresh piece of 
Mos, had come into contact with the hot strip. No satis- 
faction could be obtained with the slit method, principally 
because the emission decayed so fast. Another feature of 
this experiment is the high temperature reached before 
emission was detected. This may be duesimply to the small 
amount of the material heated as compared with the experi- 
ments with molybdenite strips. 

In interpreting these results one notices the more or less 
constant presence of the familiar K*t-emission, which for 
certainly a large part of the time renders indeterminate any 
other emission that may occur. 

The next thing to strike the attention is the occasional 
high value of m/H, pointing to the emission of some heavy 
ion, the character of which is most probably a singly-charged 
atom of molybdenum. The average of these high values 
for m/H agrees with this conclusion, as it lies in the neigh- 
bourhood of 96. It does not seem possible that an emission 
of Mot* ions was obtained, although if such an emission 
occurred its presence would be next to impoxsible to 
determine. 

This characteristic emission usually attains a measurable 
value at the start of the bréak, about 310° C., and may be 
detected anywhere beyond this point, depending upon the 
intensity of the accompanying impurity emission. It does 
not appear to be connected solely with one state or the 
other, or with the period of transition. More than this 
cannot be stated with any conviction. 

9. Summary. 

It appears from the foregoing experiments that no 
characteristic positive emissions are given off by the following 
salts:—AgCl, AgI, PbC),, PbBrg, PtCle, CuCl,. The same 
statement is ‘probably ore of AlF;. In the case of Cu,Cl, 
there are indications of Cutt. Thus the investigation has 
not shed muchlight on the question of the connexion between 
valency and the charges on the ions mentioned at the 
beginning of the paper. In nearly every case positive ions 
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have been found to be present for which the value of e/m 
corresponds to singly charged atoms, either of potassium or 
sodium, or of both these elements; so that the results. 
confirm the conclusion previously reached by Richardson *. 

It is possible that the characteristic emission from these 
salts occurs, but is too small for measurement with the: 
apparatus used. It will be remembered that in many of the. 
experiments a barely noticeable emission was detected at 
temperatures slightly below the melting point. If the 
apparatus could be made more delicate, it would be inter-- 
esting to see whether or not this is the case. 

Molybdenite has been found to possess a number of inter- 
esting electrical properties which include the following :— 

(1) In the range of temperature between that of the room 
and a brilliant red heat this mineral exists in two distinct. 
states. 

(2) The resistance in the low voltage or low temperature 
state is very nearly an inverse exponential function of the 
absolute temperature. 

(3) At ordinary room temperatures the resistance is a 
function of the applied potential difference and appears to 
approach the yalue infinity as the potential approaches the 
value zero. 

(4) The conduction of electricity is evidently carried on 
mainly by electrons. 

Two conclusions may be stated in regard to the thermionic 
emission from molybdenite. 

J. A large emission from impurities,—principally the 
ordinary Kt-emission. 

II. A characteristic emission of Mot ions, apparently 
having no exclusive relation to the break or to either state. 

In conclusion, I wish to express my thanks to Prof.O. W. 
Richardson, who suggested the problem and under whose. 
instruction the experiments were started, and to Prof. Hi. P.. 
Adams for many helpful suggestions during the carrying on 
of the work. I am also indebted to Prof. Augustus Trow- 
bridge for suggesting the test of molybdenite and for 
valuable advice during the trial of that substance. 

Palmer Laboratory, Princeton, N.J. 
April 26, 1916. 

* Phil. Mag. vol. xxii. p. 669 (1911) ; Roy. Soc. Proc. A. vol. lxxxix.. 

p. 507 (1914). 
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XXII. A Note on Thermal Diffusion. By 8. CHAPMAN, 
M.A., D.Sc., and F. W. Dootson, M.A., Se.D.* 

[ a recent memoir by one of ust, a new mathematical 
treatment of the kinetic theory of simple and composite 

gases is developed, in which it is shown that a temperature 
gradient in a mixture of two gases is sufficient to produce 
diffusion, independently of any non-uniformity of composition 
or of the action of external forces. This phenomenon, appa- 
rently there first announced, has been designated “ thermal 
diffusion.” In the case of a uniform mixture of two gases, and 
in the absence of any other agent tending to produce diffusion, 
the effect of a temperature gradient maintained in the gas will 
be to make the heavier gas molecules diffuse in the direction 
of diminishing temperature, and vice versa for the lighter gas 
molecules. ‘the amount of the effect is greatest when the 
gases are mixed in nearly equal proportions by volume, and 
also is greater the more unequal are the masses and diameters 
of the gas molecules. It depends, moreover, on ihe nature of 
the molecules ; it seems greatest for molecules which behave 
like rigid elastic spheres, while it vanishes altogether in the 
one special case when they act like fifth-power centres of force 
(the model used by Maxwell in his later papers on the kinetic 
theory). The latter curious fact perhaps explains why the 
phenomenon remained undiscovered so long by theoretical 
writers, since till recently Maxwellian molecules were the 
only ones which could be treated with mathematical accuracy. 

Let us suppose that a temperature gradient is maintained, 
by outside means, in a mixture of two gases occupying a. 
closed vessel, there being no external forces. Thermal 
diffusion will actin the manner indicated, but there will be 
a limit to the inequality of composition thus set up, since 
such an inequality of composition tends to right itself by the 
ordinary process of diffusion. The amount of the resultant 
concentration-gradient, when the state of the gas has — 
become steady, will depend on the ratio of the ordinary co- 
efficient of diffusion, Dy. (say), to a certain coefficient of 
thermal diffusion, D;, which is defined in the memoir cited. 
This ratio, D;/D,,, will be denoted by 4. Jet us denote the 
absolute temperature by T, and the proportions by volume of 
the heavier and lighter gas by v, and v, respectively (so that 
%+U,=1). Then, in the steady state, the concentration and 

* Communicated by the Authors. 
+ Chapman, Phil. Trans. A. 1916 (unpublished); an abstractis given in 

Proce, Roy. Soc., December 1916. 
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temperature gradients ata point (7, y, z) are related to one 
another by three (#, y, 2) equations of the form 

a Ris a =e (logT).. + (4) 

Consequently it follows that, over a distance within which ky 
may be regarded as constant, v,/(v, + v2) varies as k,log T’; since 
kz is positive it is clear from this that the heavier gas should 
be relatively denser than the light, towards the cooler end of 
the vessel. The demonstration of this effect seems to afford 
the best method of verifying the theory, and our present 
object is to describe briefly some experiments undertaken 
with this end in view. 

The experiments were made by the second author of this 
Note, and definitely establish the existence of the pheno- 
menon of thermal diifusion. Pressure of other duties un- 
fortunately rendered it impossible to perfect the apparatus 
so that it should be capable of yielding results of close 
numerical accuracy; the quantitative effect on the pheno- 
menon, due to the various modifying factors mentioned 
above, was consequently not determined: thus, while the 
predicted sign and order of magnitude of the effect were both 
confirmed, the verification of the theory is to be regarded as 
mainly qualitative. Further experiments are now in progress 
at South Kensington, in which optical methods are being 
used for determining the composition of the gases before and 
after the action of thermal diffusion; by this means it is 
hoped to obtain observations of sufficient accuracy to enable 
the somewhat complex theory to be checked in all its more 
important features. The results of this second series of 
experiments will be published in due course. 

The experiments of this paper fallinto three groups. Those 
in the first group were made with a simple apparatus consisting 
of two glass bulbs of about 100 c.c. capacity, connected by a 
short tube provided with a stopcock of 5 mm. bore. This was 
sufficient to ensure equality of pressure in the two bulbs when 
opened, and to allow the diffusion process to proceed with fair 
rapidity. Due provision was, of course, made for the initial 
evacuation of the apparatus, the introduction of the gases to 
be experimented on, and for drawing these off to be analysed. 
The hot bulb was heated up te a temperature of about 230°C. 
by means of a small sand-bath. The gases used with this 
apparatus were carbon dioxide and hydrogen; they were 
‘chosen because of the ease with which they can be estimated, 
and because of their large mass-ratio (22). 
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A mixture containing nearly equal proportions of each, by 
volume, was intr oduced into the apparatus at atmospheric 
pressure ; the outer connexions were closed, and with the 
intermediate stopcock open one bulb was heated up to 230° C.,. 
the other being kept at the temperature of running water 
from the mains. The apparatus was left in this state for 
four hours, to allow some time for the thermal diffusion to 
take effect, and the stopcock was then closed. The proportion 
of CQO, in the mixture contained in each bulb was then 
determined by analysis of samples drawn off (after cooling). 
The result was as follows :— 

(1) Hot bulb (230°C.) 44:9 per cent. H, : 55-1 per cent .CQ,.. 
Cold bulb (10°C.) 41:3 percent. H,:58°7 per cent. COg. 

Two further experiments on similar lines, but with rather 
different proportions of the two gases, were made, the time 
allowed being four hours in each case, as before ; the results 
were as follows :-— 

(2) Hot bulb (240°C.) 85°3 per cent. H, : 14°8 per cent. CQg.. 
Cold bulb( 10°C.) 83°4 percent. H, : 16°6 per cent. CO... 

-) “Hot bulb (200°C.) 53-2 percent. H, : 46°8 per cent. CO,. 
Coldbulb (10°C.) 51:0 per cent. H, : 49°0 per cent. CO,.. 

An attempt was also made to perform a similar experiment 
using a mixture of sulphur dioxide and hydrogen, but it 
was unsuccessful at first: the hot bulb was raised to a low 
red heat, and the gases reacted to form sulphur and water. 
Later on, however, with a slightly different form of the 
apparatus, the phenomenon was clearly demonstrated also 
with these gases. In the new apparatus cylindrical tubes of 
wide bore took the place of the spherical bulbs, and the hot 
side was heated by an electric furnace formed of resistance- 
wires wound round a cylindrical tube of asbestos. The hot 
tube was of 200 ¢.c. capacity, and the cold one of half this 
size ; they were joined by a tube of 10 mm. diameter, pro- 
vided with a stopcock of § mm. diameter. In the first 
experiment with this apparatus the gases were analysed after 
only two hours, the result being as follows :— 

4 f Hot bulb (220°C.) 58:3 per cent. H, : 41:7 per cent. SOx. 
(4) ‘Cold bulb (10°C.} 57-9 per cent. H, : 42:1 per cent. SQO,. 

The differences hardly exceed the limits of experimental 
error, the time being insufficient for the attainment of the 
steady state: with this form of apparatus the diffusion 
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process would take place more slowly than with the previous 
one. In the next experiment, therefore, eighteen hours were 
allowed, and the results were 

(5) Hot bulb (220°C.) 63:2 per cent. H, : 36°8 per cent. SOg.. 
/ (Cold bulb (10° C.) 59:7 per cent. H, : 40°3 per cent. SO,.. 

Some experiments were also undertaken on a mixture of 
hydrogen and hydrochloric acid gas, but they were not con- 
tinued since in every case there were indications that the acid 
had attacked the alkali of the glass. 

The effect of thermal diffusion was verified qualitatively 
also in another way. The hot and cold bulbs were con- 
nected to the two sides of a tuhe (A) divided in the middle 
by a porous diaphragm. After the bulbs had been main- 
tained at their 1espective temperatures sufficiently long for 
therma! diffusion to act, the stopcock between them was. 
closed, and the gases were allowed to.cool. The side taps 
connecting with A, which had till then been closed, were. 
opened so as to admit the mixtures in the hot and cold bulbs 
to their respective portions of the tube A. The pressure: 
was adjusted so as to be initially the same on the two sides 
of the diaphragm. The difference of composition of the 
mixtures on the two sides quickly manifested itself by the 
production of an inequality of pressure between them, owing 
to the more rapid diffusion and equalization of density of 
the lighter constituent of the mixture. A paraffin pressure-. 
gauge showed differences of level amounting to 10 mm. or 
less, on the two sides, the gases used being hydrogen and 
carbon dioxide, and hydrogen and sulphur dioxide. In each: 
case the sign of the difference indicated an initial excess of 
the lighter gas on the side of the hot bulb. 
We will now briefly consider the theoretical difference of 

composition to be expected in the cases (1), (2), (3), and (5);: 
in case (4) the steady state would appear not to have been 
attained, so that we may neglect the figures for that. 
experiment. We will write 

Ay =0;/(11 + 22), Ap =2/(v1 + v2), 

Ayo=Vy/Az, Noi = Ao/Ai. 

The equation (a) may be conveniently re-written as follows :—- 

sen =I, va 
Ow Ox Porn 

It is easy to calculate. a first approximation to i, on the: 
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assumption that the gas molecules behave like rigid elastic 
spheres. Using the formulee in the Abstract already cited, 
the following expressions for &, are obtained* :-— 

a Bd° 1 ae 542» 

~ 4772 + 86° 5Aye+ 5°58A51 

Hydrogen and sulphur dioxide, k,= see ‘ 
1 2 

Hydrogen and carbon dioxide, ky 

The values of k; corresponding to experiments (1), (2), (3), 
and (5) respectively are consequently approximately equal to 

OwSss, O10 pO lesaancd nO var 

The corresponding values of log, T,/T,, where T, and T, 
are the absolute temperatures of the hot and cold bulbs, are 
respectively 

0:56, 07999,, Ola vandh0 ants 

The percentage differences of composition between the 
two bulbs, calculated from the approximate formula 
100%; log, T;/T», are as follows:— 

le 6:0, ae eaivd v4 Oeil 

These correspond to the observed values 

3°6, Ss ZROMmAMC UuOe 

The signs of the observed differences are correct in every 
case, but the magnitudes of the differences are not equal to 
the theoretical values just given. ‘The experimental results 
are, of course, not exact, and there is perhaps room for doubt 
(except in case 5) as to whether the steady state, corre- 
sponding to the maximum difference of composition, was in 
all cases attained. The excess of the calculated over the 
observed differences, however, is easily explicable as arising 
from the fact that the molecular model chosen as the basis of 
the calculations is that for which k; has its maximum value, 
while it is not the model which most closely represents actual 
gasmolecules. The effect of this can be sufficiently illustrated, 
without going into any very detailed analysis, by the example 
of a gas in which the molecules of one kind are very small 

* The yalues assumed for the radiiof the molecules of H,, CO,, and 
SO, respectively were 1°18, 1:64, and 2:00, the unit being 10°-*° cm. The 
two former values are those given on p. 476, Phil. Trans. A. ccxi.; the 
last is assumed, as we do not know of any reliable determination of the 
radius of the SO, molecule. 
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in size and mass compared with those of the other kind. In 
this case it is easy to calculate first approximations to & for 
molecules which behave like centres of forces proportional 
to the inverse nth power of the mutual distance. The results. 
for a few typical values of n are:— 

Sey 9, Leino, JL Trgiane ee 20 . 
ke=0, 0°156, 0-227, 0°:294 0°326, 0°372, 0-417. 
The last case also corresponds to rigid elastic spherical 

molecules. Now the values of n which give the best repre- 
sentation of actual gas molecules are found, from the invest- 
gation of the variation of viscosity with temperature, to 

range from 5 to 12 (cf. Jeans’s ‘ Dynamical Theory of Gases,” 
p- 302, 2nd edit.). Inthe case of such a gas mixture as we 
are now considering, therefore, the value of f; is likely to be 
less than one half the value calculated on the hypothesis of 
rigid elastic spherical molecules: and although, in the case 
of the gases to which our experiments relate, the mass- 
ratio and size-ratio are not such that the above calculations 
apply strictly to them, the general character of the result 
is likely to be the same. The calculated values of &; (0°138 
and so on) are slightly too small for rigid spherical molecules. 
(since further approximations would increase them by a few 
per cent.), but they are probably twice or thrice too large for 
actual gas molecules ; and when this is allowed for, the expe-. 
rimental confirmation of the theory, within the limits of the 
experiments, appears to be as satisfactory as could be 
desired. 

Cambridge, December 1916. 

XXII. High Vacuum-Spectra of Gases. By Prof. D. N. 
Maui, D.Sc., F.R.S.E., and Prof. A. B. Das, Se.* 

[Plate IV.] 

2 HEN an electric discharge is passed through a 
vacuum-tube it seems to be reasonable to argue, 

a priori, that there would be a change in the character of the 
spectrum at very high vacua. For in a discharge-tube, when 
the contained gas is at moderately high pressure, there are 
mutual collisions of corpuscles, positive particles, atoms, and 
molecules, so that the modes of motion of a luminous gas- 
particle in such a tube must be many—though limited by the 

* Communicated by the Authors. Paper read before the Third All-. 
India Science Congress, 1916, 
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-strained condition imposed by the nature of the gas. Hence 
the spectrum must be complex under these circumstances. 

Ata very low pressure, however, on account of the simpler 
conditions that prevail, the modes of motion must be fewer, 
-and the corresponding spectrum also simpler in consequence. 

2. Under these circumstances also an application of a mag- 
netic field is more likely to result in an effect being produced 
‘than under ordinary conditions. Moreover, if a vortical 
spin is associated with the structure of an atom and each 
period of a spin corresponds to a line in the spectrum, a 
‘change in the spin, conceivably produced by an impressed 
magnetic field, and a corresponding change in period must 
lead to a displacement of the lines. 

It wilt follow also that the gas ought to show a simplified 
spectrum, which may be the same for all gases. 

Experiments, so far as they have gone, tend to confirm 
these conclusions. 

3. When photographs of spectra of air are taken at different 
pressures, it is found (PI. LV. fig.1., spectra of air for pres- 
sures between 33 to 3 mm.) that there is no change up to a 
pressure of ;4, of millimetre ina tube of length 14°5 cm. 
with an induction-coil giving a spark-length of 29 mm. in 
-atmospherie air. 

4, At a pressure of about ;4, millimetre, however, the 
character of the spectrum seems suddenly to change, giving 
a partially simplified spectrum (PL. IV. fig. 11., spectra 2, 4), 
while a simple spectrum of four lines, consisting of four of 
the original lines, is obtained when the pressure is about 
app Of a millimetre (PI. IV. fig. v., spectrum 3). Figs. 11. 
and Iv. represent intermediate stages. 

On introducing the magnetic field there seems to be a 
-small shift, which, however, requires further examination 
(Pl. IV. fig. v., spectra 1, with the magnetic field on, 2, with 
the field reserved, 3, without the field). 

5. If this shift is not fortuitous, it ought to prove of great 
theoretic interest. Larmor has shown that on his (or any 
other) dynamical theory of the electromagnetic field, an 
-effect ought to be observable in a strong magnetic field, 
which, however, Lodge failed to detect. 

It may be observed that if any such effect is to be observed it 
is more likely to be detected under the simpler conditions that 
-obtain in high vacua than in those in Lodge’s experiments. 

6. It will be noticed that ata certain low pressure the 
magnetic field produces increased illumination (Pl. IV. 

sfigs. Iv., v.). When a simplification of spectrum occurs at a 
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higher pressure than this, the effect of the magnetic field is to 
restore the original spectrum (PI. IV. fig. 1., spectra 1, 3). 

The explanation of the increased illumination and resto- 
ration of the original spectrum seems to be that the magnetic 
field forces more ions through the gas—from one electrode 
to the other,—which were previously proceeding direct to the 
sides of the vessel, and the consequent increase in ionization 
and in the number of collisions will naturally produce 

inereased illumination as well as restore the conditions for a 
complex spectrum, as compared with those that obtained 
before the application of the magnetic field. 

7. Experiments with hydrogen, so far as they have gone, 
seem to give similar results. It should be noted, however, 
that, as is well known, spectra of hydrogen generally present 
features which are difficult to analyse. The results for 
hydrogen, therefore, have to be tested by further experi- 
ments before we can be sure of their accuracy. We 
accordingly withhold the detailed results for hydrogen till 
these are duly tested. 

8. Various investigators have studied the spectra of electric 
discharge through gases. These researches relate mostly, 
however, to discharge under high pressure. Thus, according 
to W. J. Humphreys, an increase of pressure causes all iso- 
lated lines to shift towards the red end of the spectrum, but 
the lines of bands are not apparently shifted. Also, different 
series of lines of a given element are displaced to dif- 
ferent extents, but similar lines of an element, though not 
belonging to any recognized series, are displaced equally, 
the pressure-shifts of similar elements being periodic func- 
tions of the atomic weights. Ina later paper he suggested 
that there might be a direct connexion between the pressure- 
shift and the Zeeman effect ; but R. Rossi, who employed 
pressures of 15, 30, 50, and even 100 atmospheres, failed to 
detect any relation between them. 

9. Influence.of pressure upon absorption spectra has been 
studied by A. Dufour and others, while in the case of arc- 
spectra W. G. Duffield has shown that increase of pressure 
from 1 to 201 atmospheres broadens all silver lines, and 
J. Barnes has noticed an increase in the intensity of the 
spark lines of Al and Mg, and a diminution in the number 
of are lines of Cu under reduced pressure. Reference should 
also be made in this connexion to the single-line spectra of 
metals Hg, Zn, Cd, studied by Frank and Hertz and 
Mchennan and Henderson. They have shown that when 
heated vapour of these elements is traversed by electrons 
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possessing kinetic energy above a certain limiting value, 
they emit a single-line spectrum of determinate wave-length. 

10. It is interesting to note that low-pressure effects on 
spectra have not engaged the attention of physicists to the 
same extent. Considerable attention has, however, been 
devoted in recent years to the investigation of the spectra 
of metals in vacuo. 

11. Coming, finally, to the case of discharge in vacuum- 
tubes, reference should be made to the work of R. W. Lawson, 
who found that variation of the current density and voltage in 
the discharge-tube did not produce any change in the rela- 
tive intensity of the nitrogen bands, but considerable differ- 
ence resulted from pressure changes. In the case of air, 
oxygen lines were not discernible, the spectrum being the 
same as that of nitrogen. It appears, accordingly, that no 
previous worker has (so far as we have been able to discover) 
noticed the simplification of the spectrum of air in a discharge- 
tube with which the present paper deals. 

Our thanks are due to the authorities of the Presidency 
College for offering us facilities for carrying on these 
researches in the Presidency College Laboratory, Calcutta. 

XXIV. On Maxwells Stresses. By Meca Nap Saga, 
M.Sc., Research Scholar in Mathematical Physics, Sir T. 
N. Palit College of Science, Calcutta”. 

iL AXWELL? has shown that the mechanical action 
between two electrical systems at rest can be 

accounted for by assuming the existence of certain stresses 
distributed over a surface completely enclosing one of the 
systems. If W be the potential at any point due to the 
whole system, the X-component of the mechanical force on 
one of the systems can be shown to be 

1 B= p {\ fee Vrdedydz, . . . () 
where the integration extends over the space occupied by 
the first system. 

2. If the force is really due to the presence of stresses on 
a surface enclosing the first system, we have 

F., = {(x.08 = | (0. +mX, 40X08, Sy as (2) 

where X;, X,, X- &c.... are the various surface-tractions, 

* Communicated by Prof. D. N. Mallik. 
+ Maxwell, ‘ Electricity and Magnetism,’ vol. i. chap. v. 
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and (/, m, n) are the direction cosines of the normal to the 
surface. 
By transforming ee a we obtain 

a 7s ) de dy de. 

fe oe ae 
2m Ande” Oy. 

1 ow , Y), 
Aor Ov 

we have, putting 2 X, 5 ¥ a 

1 
= a4 BN ve) VTS fr) Pabrzint py AUN are 

Wiel ms ge eis | 33 Ee iY 
eee Re + =| > — x4 dxedydz=0. . . (3) 

Maxwell concludes from this that a system of stresses 

3s 1] r2 Dg eal uae Dik 2 des QD, ae Oe 2), i, (V7? x0, 
Be ey), X= 2 XY. Y= ye 
“d Sor 3 i 4 An ; ii Aor ; 

= re LX, ° . ° ° e ° (4) 

distributed over the surface S account for the mechanical 
action quite satisfactorily, and therefore provide a concrete 
physical representation of the mechanism of electrostatic 
action. 

3. But the expressions (4) are not complete solutions of 
the integral equation (3). Maxwell * himself points out that 
they can at best be regarded as a first step towards the 
solution of equation (3). Many investigators, including 
Sir J. J. Thomson ft, have pointed out that ether cannot 
possibly be at rest under these stresses. Lorentz {t goes so 
far as to say that the stresses are simply mathematical fictions, 
which can be conveniently utilized for the calculation of 
radiation pressure and other allied phenomena. The object 

* Loe. cit. p. 165 et seq. t Loe, cit. p. 165, footnote. 
t ‘Theory of Electrons,’ p. 31. 

Phil. Mag. 8. 6. Vol. 33. No. 195. March 1917. S 
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of the present paper is to show that the stresses cannot 
account for the energy of electrification, if the medium is to 
be regarded as an elastic solid. 

4, The energy of a charged system can be expressed as a 
volume integral, 

w= (We + (2) 4 ($2) ] aedy ae . ®@) 

Maxwell™* states that the quantity W may be interpreted 
as the energy in the medium due to the distribution of 
stresses ; but the statement is not proved. The only rational 
meaning which we can attach to this assertion is that the 
energy of electrification arises from the elastic displacement 
of ether particles. I am not aware whether any other inter- 
pretation has been or can be given to Maxwell’s statement, 
but it has generally been taken in this sense, though Maxwell 
himself is rather vague on the point. We should naturally 
expect that energy calculated on this understanding would 
lead to the expression (5), but that this is not the case will 
be presently shown. 

5. If u, v, w be the elastic displacements of a particle of 
the dielectric medium, the energy of deformation or the 
train-energy function is 

final state 

Wi (| p(Xout+t You + Zow) da dy dz 
a’ a 

initial state 

final state 

ae \ ) (X,du+ ¥,60+Z,dw)dS, . . (6') 
initial state 

and this can be shown to be equivalent to 

a) : \ Raced Vytyy + Late t Nyt t Vet t Late dy de 
Assuming the ether to be isotropic and to behave as an elastic 
solid, we can put 

Crxr Ti ik OF =O xe 

eyy —c l —o Yoaae 

Cz —— Onna iOn 1 Lhe 

x Ve Le 
d ex — ed eyez = é2y = — 

ey Ap ek 8, ps 
* ‘Hlectricity and Magnetism,’ p. 165. 
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Then, after some calculation, the strain-energy function 
comes out to be wert (Mslewe 

tt will thus te seen that if the stresses are really existent, 

tion of the medium, is 5 site) (i per unit volume. 

But this is very different from the theorem that the energy 
2 

density per unit volume is (=) which is derived from 
electrostatic principles. i 

6. Since nothing definite is known about the elastic con- 
stants of ether, we cannot draw any conclusion from (6) 
about the energy distribution in ether. Maxwell’s stresses 
are thus seen to fail to account for the energy of electri- 
fication, on the understanding that the medium behaves like 
an elastic solid. 

7. It is well known that the energy-distribution theorem 
is proved on the basis of the empirical laws of electrostatics. 
No use is made of the stresses. The result is purely 
analytical, and says that if energy is distributed all over 

ay 
space as a continuous function with volume density = the 

total energy will come out to be the same as the oy, energy 
of electrification. The distinction between Maxwell’s view 
of energy distribution as due to stresses (in the sense we 
have interpreted it) and the actual case can be better brought 
out if we adopt the following modified method of proving 
the energy-distribution theorem. Suppose we have an 
electrical system consisting of charged surfaces, and particles 
in a given configuration. “The ener oy of electrification will 
be the same in whichever way we may bring about the final 
configuration. Suppose that, to start with, the charges and 
the charged surfaces were all at an anne distance, and the 
given configuration is brought about by properly moving 
the charged surfaces and other discreet electrified particles. 
‘Then the energy of electrification is 

W=3| <v, 

a s\{o(3 n+ ay + ae)a IS, 

mes Bn + Say + S82) de dy de 

S 2 
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where o is the surface density of electricity on a charged 

surface, and p is the volume density. Since =— is the 
Ov 

. . OV e 

2-component of electrical force on a surface, o=— is the 
x 

#-component of mechanical] action per unit surface. Similarly, 
ave. 

ose is the z-component of mechanical force per unit volume 

of electrified particles. We can therefore put 

W=s (Jcxse+ Vody Ween { \ i (XSu + Voy + Z8z). 

8. Comparing this expression for energy with the 
expression (6) 

Ww! =| {(x.ou + Y,dv + Z,dw) + | (feces: +Ydv+Zdw), (6) 

we see that in the present case (X,, Y,, Z,) are the components 
of surface-tractions on a charged surface, and (X, Y, Z) are 
the body-forces on electrified particles. The existence of 
these forces can be experimentally demonstrated, and they 
exist only in regions occupied by electricity ; elsewhere 
they are nil. The energy of electrification is derived from 
the work done in the actual displacements (dw, dy, dz) of 
these charged regions towards each other. On the other 
hand, (X,, Y., Z,) in (6) are the tractions on a surface 
enclosing some of the charged regions, and du, dv, dw are 
their elastic displacements. We may by special assumption 
identify the two systems of surface-tractions and body-forces,, 
but the actual displacements (62, dy, dz) and the elastic 
displacements (du, dv, dw) cannot be identified in any way. 
The two expressions represent fundamentally different 
quantities. 

9. The fact that radiant energy would exert a definite 
amount of pressure on material surfaces was first predicted 
by Maxwell on the hypothesis of dielectric stresses. Now 
that radiation pressure is an experimental fact, it has been 
supposed by some physicists that Maxwell’s stresses must 
have a material existence. Butit is well known that radiant 
energy can be deduced independently of the stresses. 
Bartoli has shown that the pressure of radiant energy can be 
deduced from thermodynamic principles. Planck* has 
deduced it from electrodynamical principles, assuming that 
the perfect reflector isa super-conductor of electricity. This. 

* Planck, Wiirmestrahlung, second edition, pp. 49 e¢ seg. 
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is an ideal limiting case of the experimental fact that good 
conductors of electricity are also good reflectors of radiant 
energy. The electric vector accompanying a ray of light 
gives rise to a finite charge on the surface of the super- 
conductor and a finite current within the conductor. The 
charge exerts a negative pressure on the surface, while the 
current, in presence of the field of the magnetic vector 
accompanying the ray, produces a mechanical force in the 
contrary direction. The resultant of the two, when averaged 
statistically, yields the radiation pressure. How far these 
theories are consistent with the theory of stresses may form 
a subject for interesting investigations. 

My best thanks are due to Prof. D. N. Mallik for his 
kind help and encouragement. 

XXV. Notes on Osmotic Theory. 

By the Karl of BerKkeEtzy, /.R.S.* 

NE of the chief difficulties in understanding osmotic 
theory seems to lie in the unavoidable complexity of 

the notation. This complexity arises from the fact that there 
are two sets of osmotic pressures, depending on which com- 
ponent is regarded as the solvent, and each of these sets is 
again capable of differentiation into another two sets accord- 
ing as the pressure on the solution or the pressure on the 
solvent 1s to be regarded as constant. Again, from the defi- 
nition of osmotic pressure—namely, that it is the difference 
between the pressure on the mixture and that ou the pure 
component when the two are in equilibrium through a semi- 
permeable membrane,—it is easy to see that, replacing the 
solution by a mixture of vapours and the pure solvent by 
pure vapour, there will be yet another eight sets of osmotic 
pressures. We can even extend the definition to cover the 
case of any liquid (or solution) which, when under pressure, 
is in equilibrium through a membrane with its own vapour 
under a different pressure. 

In fig. 1 all but two of the possible states of osmotic equi- 
librium are shown f. 

The dotted lines represent semi-permeable membranes ; 
the left-hand membranes are permeable to component A 
only and the right to B only. The ieft-hand half of the 
horizontal membrane separating compartment (2) from (5) 

* Communicated by the Author. 
+ The two that are omitted are those between compartment (2)/(4) 

and (2)/(6). 
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is supposed to be permeable to the vapour of A, whilst the 
right-hand half is permeable to that of B. 

Fig. 1. 

Pure vapour 
of A. 

Liquid mixture of 
A and b. 

p ) 

Bearing all these possibilities in mind, it is obvious that 
some systematic scheme of notation is required. The follow- 
ing, which has been worked out in conjunction with Mr. G. 
W. Walker, seems to provide for most of the possible com- 
binations. In elaborating the scheme we have kept three 
desiderata before us : 

(1) The number of separate symbols should be few, so as 
to lessen the burden on the memory. 12 eh 

(2) The symbols which have already acquired, so to speak, 
a prescriptive right are-retained as far as possible. 

(3) The notation should be simple, so; that the symbols 
and their suffixes are, as near as may be, self-expla- 
natory. 

THE NorTaTION. 

All Latin letters refer to liquids, whilst Greek letters are 
reserved for vapour or gases (this does not apply to the 
suffixes), and the corresponding letters of the two alphabets 
(except in the case of p and yf) denote corresponding 
quantities. 

For the Solution and Mixed Vapours. 

p and w* are the pressures on the solution and mixed 
vapours respectively. 

* For the sake of symmetry, m (without a suffix) would have been the 
right letter, but it has been found in practice that the use of 7 here is 
inconvenient. 
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z and € are the specific volumes of the solution and mixed 
vapours respectively. | 

s, and o, are the apparent spec. vols.* of component A in 
the solution and mixed vapours respectively. 

s, and o, are the apparent spec. vols. of component B in 
the solution and mixed vapours respectively. 

a and « are the number of grammes of A per gramme of 
solution and mixed vapours respectively. 

band @ jf are the number of grammes of B per gramme of 
‘solution and mixed vapours respectively. 

Note that a+ 6=a+6=1. 

For the pure Components, Liquid or Vapour. 
p, and 7, are the pressures on the pure liquid A and on the 

pure vapour of A respectively. 

p, and 7, are the pressures on the pure liquid B and on the 
pure vapour of B respectively. 

z, and € are the specific volumes of pure liquid A and pure 
vapour respectively. 

z, and €, are the specific volumes of pure liquid B and pure 
vapour respectively. 

When it is necessary to specify that the quantities are 
those belonging to vapour in equilibrium with a liquid under 
a particular pressure, that pressure will, following Porter’s 
notation (Proc. R.S., A. vol. Ixxix. 1907, p. 519), be denoted 
by adding it as a suffix. Thus: 

yy, is the pressure on the mixed vapours when they are in 
equilibrium with the solution under pressure p. 

m,, is the pressure on the pure vapour of component A 
when it is in equilibrium with the solution (of con- 
centration a) under pressure p ; and with the mixed 
vapours (of concentration «) when the pressure on 
them is ,. 

* The term “apparent specific volume” is used for brevity’s sake ; 
the quantities referred to represent the change in volume of a large mass 
of solution (or mixed vapours) when one gramme of the component under 
discussion escapes from it under (osmotic) equilibrium conditions. That 
is to say, we assume that the mass of the solution is so large that, after 
this operation, there is no first-order change either in the osmotic 
pressure or in the concentration. The relation between the true and 
apparent specific volumes of any component in a solution is discussed in 
a communication to the Royal Society, entitled “Osmotic Pressures. 
derived from Vapour-pressure Measurements.” 

+ It is to be noted that the concentration of the components in the 
mixed vapour is by no means always the same as in the liquid mixture. 



264 The Karl of Berkeley : Notes 

Vy is the pressure on the mixed vapours when they are in 
equilibrium (through a membrane) with the solution 
under the same pressure *. 

7, 18 the pressure of the pure vapour of component A 
when it is in equilibrium (through a membrane) with 
the pure liquid A under the same pressure *. 

ap, and 7, will be reserved to denote the values of yy and 
Ts when no membranes are present. 

m,is the partial pressure of component A in the mixed 
vapours. 

nm, is the partial pressure of component B in the mixed 
vapours. 

The Osmotic Pressures. 

P, and P, are those of the solution when the membrane is 
permeable to liquid A or B respectively. They will 
be referred to as complementary osmotic pressures. 

P,=p—p, and P,=p—p, 
II, and II, are those of the mixed vapours (measured 

against a pure vapour) when the membrane is 
permeable to the vapour of A or B respectively. 

Il_=~—7, and H,=y—r,. 

P is that of the solution when the membrane is perme- 
able to the vapours of both A and B. 

P and P, are those of the solution in contact with the 

mixed vapours when the membrane is permeable 
only to the vapour of A or B respectively. 

Pie P= P.=p-v,- 

That these three osmotic pressures are equal will be seen 
later. In practice it is convenient to distinguish between 
them. 

P, and P, are those of the solution in contact with the 
pure vapours when the membrane is permeable to 
the vapour of A or B respectively. 

Pip — ar andilen—\0 a, 

* It isto be remarked that neither yy nor 7,, is uniquely defined, 
for, with a membrane present, it is possible to have a series of values of 
(say) a, Which will satisfy the definition. 
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P, and P,, are those of the pure liquids in contact with 

their pure vapours respectively. 

a ieee and Pe Pp 

Ga and Pie are those of the pure liquids in contact with 

the mixed vapours through a membrane permeable to 
the vapour of A or B respectively. | 

P= Pp-v and P,,=p,—-v. 

It will be noticed that throughout this notation the 
suffixes a, 6, a, and 8 indicate, as far as possible, which 
membranes are supposed to be operative; and they also 
specify the concentrations of the mixture, whether liquid or 
vapour. In working with the notation it will be found that 
this double use of the suffix leads to no ambiguity ; indeed, 
it helps very materially in forming a mental picture of the 
various operations. 

THEORY. 

The Equivalence Theorem.—I will, in the subsequent 
pages, use this locution to denote the following theorem. 
“Tt we have any sets of molecules A, B, C, etc., each in 
osmotic equilibrium with a set X, then the original sets are 
in osmotic equilibrium with one another.” 

Before proving this for any state of matter (it is generally 
accepted for solutions), we must postulate that, in general, 
the osmotic pressure of any mixture increases with increase 
of concentration ; should it diminish, instability would 
set in. 

Now consider the system shown in fig. 2, where the dotted 
lines are membranes permeable to A only. Under the 

Fig. 2. 

| Gr ay 
Pi oy Substance | Mixture ULL P > 

A. pssst 3 
we eeen meer ewes cmon bes ce eR esce we om c= 

(2) 

Mixture A+B. 

pressures indicated, (1)/(3) and (2)/(3) are postulated to be 
in osmotic equilibrium. It is required to prove that (1) /(2) 
are also in equilibrium. : 
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Assume that they are not, and let the defect be in the 
direction that more of substance A passes from (2) to (1) so: 
that (1) becomes more dilute; but (1) and (3) were origi- 
nally in equilibrium, and to restore this some A must pass: 
through into (3). On the other hand, the mixture in (2): 
has been concentrated. Hence some of A will be required 
to pass from (3) to (2), and perpetual motion results. Now, 
in ail these operations definite changes in volume are taking 
place (this follows from our definition of s, and o,), so that: 
the system could be harnessed to do external work, and con- 
sequently the motion is impossible. A similar result follows 
if we assume the defect in equilibrium to be in the opposite: 
direction, and that a flow of substance A takes place from 

(1) to (2) 
Applying the equivalence theorem to the system in fig. 1,. 

it is easy to see that it is in equilibrium. For, taking com- 
partments (1), (4), and (5), the solution is supposed to be in 
osmotic equilibrium with the pure liquid in (4), and the 
latter with its vapour in (1), so that (1) and (5) are in equi- 
librium *. But the pressure 7, can be adjusted so that the 
mixed vapours are in equilibrium with the solution ; hence: 
(1) and (2) are in ee similarly for (5), (6), ), and (33, 
and, therefore, for (5), (2), and (3). 

In the foregoing eels the two components have been 
regarded as miscible in all proportions. This seems to be- 
the most general case for osmotic pressures, but special cases: 
can be dealt with under the same notation. 

Thus, suppose the two components are miscible only over 
restricted ranges of concentrations, and that we are dealing 
with a solution and its conjugate; if so, we have the most 
complicated sets of equilibria possible for binary mixtures. 
The notation can be extended at once to cover such a case 
by assigning dashes to the suffixes a and 6 to represent the 
conjugate. It should be noted that a and @ need not be 
altered, for both solutions have the same vapour-pressures. 
(and osmotic pressures). Other special cases, such as solu- 
tions of non-volatile components whether solid or liquid, are 
obviously easily dealt with. 

* Incidentally, this affords a simple proof that 7,,= qa», Of Ta9=Tan. 

Further, if we keep p, constant and change the concentration in (5), the 
method will show that the change in p necessary to retain osmotic equi-- 
librium will always be such that the vapour-pressure of the solution. 
remains constant and equal to that of the solvent. 
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A general Method for connecting the several Osmotic Pressures: 
with the Physical Properties of the Fluids under con=- 
sideration. 

Before proceeding to the discussion of the osmotic pressures, 
it will be necessary to establish three propositions :— 

(a) When a solution is in osmotic equilibrium with its. 
mixed yapour through a membrane permeable to both com- 
ponents, the closing of the membrane to one of the components 
alters neither the equilibrium nor the concentrations. 

Consider compartments (1), (2), (5) of fig. 1; these are 
already in osmotic equilibrium. Let the right-hand half of 
the horizontal membrane between (2) and (5) (permeable to. 
B) be closed. It is easy to show by the equivalence theorem 
that no disturbance takes place. Again, consider compart- 
ments (2), (3), and (5), and close the left-hand half—the 
equivalence theorem proves similarly that no disturbance 
results. 

(6) It is possible to change the pressures on the solution: 
and its mixed vapours (separated trom one another by a 
membrane permeable to both components) in such a manner 
as to keep osmotic equilibrium between them without any 
change in concentration taking place. 

For consider compartments (1), (2), and (5) :—Close the 
membranes between (2) and (5), and alter the pressures on 
(1) and (2) from ¥, to p,, and 7,, to 7,,, in such a way as 
to keep osmotic equilibrium through the membrane (1)/(2),. 
and, at the same time, alter the pressure on the solution to p’ 
so as to keep it in equilibrium with (1) through the mem- 
brane (1)/(5) ; then, on opening the membrane (2)/(5), if 
we apply the equivalence theorem, it can be shown that com- 
partments (2) and (5) are still in equilibrium. Now, as (2) 
and (5) were in equilibrium to begin with, and are so at the 
end, we can state that the pressures on these two com- 
partments could have been altered progressively and simul- 
taneously without any disturbance of the osmotic equilibrium 
through the membrane. 

(ec) Itis possible to change the pressures on the solution 
and its mixed vapours, separated from one another by a 
membrane permeable to either component only, in such 
a manner as to keep osmotic equilibrium between them 
without any change in concentration taking place. | 

_ This proposition is at once self-evident, if we remember 
that, at any stage in the alterations of the corresponding 
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pressures on solution and mixed vapours, we can close either 
half of the membrane and apply proposition (a). 

It can be deduced easily from proposition (6) that one 
concentration of mixed vapours only can be in osmotic equi- 
librium with the solution through the double membrane ; 
in other words, given a solution of definite concentration, 
the mixed vapour in osmotic equilibrium with it through a 
menibrane permeable to both components can have one 
concentration and one only, and this concentration is inde- 
pendent of the equilibrating pressures. 

Moreover, it is clear that mixed vapours in all possible 
relative concentrations can also be in equilibrium with the 
solution (and also with its mixed vapour) through a mem- 
brane permeable to one component only, provided the correct 
pressures be put upon them. 

We can now proceed to the general method. 
Consider compartments (1), (2), (4), and (5) of fig. 1. 

Over a large range of pressures any two of these can be 
in osmotic equilibrium through a membrane permeable to 
substance A; we can therelore, in general, perform an 
isothermal reversible cycle between two compartments. 

Take compartments (1) and (2) as an example (in all 
the cycles the two compartments under consideration are 
supposed to be shuttered off from the remainder of the 
system). Let the pressure in (1) be 7, when in equilibrium 
with (2) under pressure w, and let them also be in equi- 
librium at some other two pressures 77,’ and wf’ ; then, pass 
one gramme of substance A through the membrane from 
(1) to (2) under the original pressures, and then change 
the pressures to 7,’ and yp’ (in sucha manner that none of A 
passes through the membrane) ; then return the one gramme 
from (2) to (1) and restore the original pressures. The 
application of the laws of thermodynamics shows that \ pdv 
taken round the cycle is zero ; hence it follows at once that 

’ Tae wW 

i €dp =) FAD. oes (1) 
T., wv 

Carrying out similar cycles for the other pairs of com- 
partments, six equations will result, as there are four 
compartments which can be taken two at a time. These six 
equations, if appropriate values for the limits be imposed, 
can be combined so as to connect any three or all four of the 
compartments. 

In the same way we can get another set of six equations 
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for compartments (2), (3), (5), and (6), for the substance B. 
and membranes permeable to it only. There are thus twelve 
fundamental equations, from which all possible combinations. 
can be derived. My original intention had been to carry 
out the necessary cycles in the manner of Prof. Porter’s 
paper (loc. cit. ante), but Mr. G. W. Walker pointed out to 
me that we are able to obtain more information by taking 
the compartments in pairs. A formal demonstration is 
reserved until such time as there is a prospect of measuring 
experimentally the quantities involved. 

Incidentally, the following two relations between com- 
partments (2) and (5) can be obtained directly, although 
they can also be derived by the previous method. 

Thus, supposing both halves of the horizontal membrane 
to be open, pass a grammes of A and 6 grammes of B from 
(5) to (2), change the pressures to p’ and w,,, pass the 
substance back again and restore original pressures. We 
get 

p' Vp! Pps 
( sdp=a ( ao dp+b ( Te ie ally Ce) 

aie i Vp * Wp 

In the method by which equation (2) was derived 
a and b grammes of the respective components were simul- 
taneously passed through the membrane ; we can, however, 
get the same result by performing two cycles one after the 
other, thus: 

Let the right-hand half-membrane be closed and perform 
our standard cycle by passing a gramme of A through it ; 
we get 

’ Vy! 

a stp=a Came eer s. (a) 

then perform a similar cycle with the left-hand half, and we 
get 

/ P bp’ 
| sdp=| Tater oe 2), 7. (4) 

P Vp 

from which (2) is at once obtained. 

If a=a, then from (3) and (4) we get 

p' pp! 
(sr={ | hayes 
/p . vp 
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Now change the upper limits in (3) and (4) to p'=p+dp 
and y=, + dy, and we get 

pt+dp pptay 

{ Qi = i o,dp 

Pp Vy 

and 
d+dp Vp tap 

( Spam ( ie DP» 
vp Cy Vp 

from which it is easy to see that 

aoe es 

This result is of theoretical interest, and may have a 
practical bearing on future experimental work. 

Sa 

A possible Connexion between the Characteristic Equations 
of Gases and of Solutions. 

In a paper entitled “ Solubility and Supersolubility from 
‘an Osmotic Standpoint ”’ (Phil. Mag. 1912, vol. xxiv. p. 254), 
which will be referred toas “Sand ” throughout this com- 
‘munication, it was shown that when either of the two 
-osmotic pressures of a binary liquid mixture is expressed as a 
function of the concentration, these functions each contain 

-a logarithm which, in the limit, becomes infinite. 
Unfortunately, the proof of this proposition was but very 

briefly outlined, and, as the matter is of some importance 
for osmotic theory, it seems advisable to give a more detailed 
exposition. 

In “ Contribution to the Osmotic Theory of Solutions ” * 
(which will hereafter be referred to as ‘“‘ Theory ”’) itis shown 
that (using a different notation) 6P,/6p=(<,—s,)/<¢,. 

As the value of s,/z, is, in the majority of cases, close to 
unity, it is easy to see that the change in P, is but a small 
fraction of the change in p, so that although a change in the 
concentration leads toa change both in p and P., the con- 
tribution due to the former is but small. 

* Berkeley & Burton, Phil. Mag. vol. xvii. 1909, p. 604. 
In this paper there are numerous errata ; the more important are given 

below. 
Page 604, equation (17), the sign governing the right-hand member 

should be positive. 
,, 606, it should have been explained that the concentrations are 

differently expressed in Margule’s equation. 
», 611, lines 8 and 9 from bottom, c,/w should be w/e,. 
,, 612, the expressions in lines 8 and 10 from bottom should be 

multiplied by a factor de,/dh. 
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We may, therefore, state that when the concentration a 
is increased, in general, the osmotic pressure P, will decrease, 
whilst P, will increase; and there are four ways in which 
the pressures on the liquids may be changed so as to keep 
‘osmotic equilibrium. 

(1) Keeping p constant, p, will increase to p,', and p, de- 
crease to p,', that is, P, decreases while P, increases. The 
graphs resulting from this view-point are given in the 
‘diagram of “S and 8,” p. 260. 

(2) Keeping p, constant, p will be decreased to p 
(P, decreases), whilst p, will also be decreased to p,/, but the 
change in p, will be greater than the change in p (P, 
increases at an enhanced rate). 

(3) Keeping p, constant, precisely the reverse of (2) will 
result. 

(4) If we start with a system such that the three liquids 
are in osmotic equilibrium and impose the restriction that 
p,, and p, are both to remain constant, we cannot maintain 

the equilibrium when the concentration is changed. We 
can, however, measure the osmotic pressure if one or the 
other of the pure liquids be shuttered off, and in this way 
two new sets of osmotic pressures will be obtained. Thus, 
in all there are four sets of complemeniary osmotic pressures. 

! 

Fig, 3. 
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2g 
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AL B. 

Whichever scheme of viewing osmotic phenomena we 
adopt, the general character of the curves is that shown in 
fig. 3. 
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Theory and experiment give some information as to parts: 
of these curves. P, leaves C as a straight line; this is the 
part of the curve where for undissociated substances Boyle’s 
law is followed ; even if Boyle’s law is not followed, we 
know from general principles that (where no chemical 
reaction takes place) the properties of very dilute solutions 
are additive, hence the straight line. Hxperiments hitherto 
have shown that for undissociated substances the curve then 
becomes convex to the ordinate through D. Similarly for 
the curve of P, starting at D. 

In “Theory,” p. 604, equation (18) (but using another 
notation), it has been shown that for any given solution with 
the same pressure on it when measuring the two osmotic 
pressures, the relation 

as,(OP,/05),, =0s(OF,/0a), ) - ane 

holds between the differentials. 
It has already been stated that the effect on (say) P, of a 

change of pressure on the solution is but small; we may 
therefore consider equation (7) as applicable over a finite 
range of pressure, and if we assume that we are dealing with 
ideal liquid mixtures where s, and s, are independent of 
concentration, we can then get an idea as to what takes 
place in the upper part of the two curves. 

Near D, oP,,/da is constant, hence (OP,/da)p, = kas, /bs,, 

but it seems reasonable to suppose that while s, and s, 
diminish with increasing pressure, they tend to a finite 
although small limit when p is very great, and neither 
vanish nor become infinite when a=1. Hence we have 

(OP,/da)p,=Ma/b=h'a/(1—a). This on integrating within 
the range for which these assumptions are valid gives 
Pp,=C—kK'[at log(1—a)], where C is a finite constant. 

Hence P,, becomes indefinitely great along with — log (1—a) 
as a approaches unity. 

Similarly for P,. 
Consider now the system shown in fig. 4, where we have 

the pure gas B (in compartment (1)) in osmotic equi- 
librium through a membrane permeable to B only, with 
a solution of gas B dissolved in A (in compartment (2)). 

Performing the standard cycle (as already detailed) between 
compartments (1) and (2), the pressure limits being p and 

* This relation is exact, and can be derived from equation (81) of 
“Theory,” p. 617. 
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w,, for the solution, and 7, and 7, for the pure gas, 
we get 

av b T T bx 

sdp= | Godin \ vial xu) VERS 
qe e Top 

Under the conditions already discussed (p. 272) the left 
hand of (8) approximates to the form —k’s, log (1—a), and 
this imposes a restriction on the form of the characteristic 
equation of a gas. 

Stratijication and Diffusion in Mixed Vapours or Gases.— 
In the relation (1), if we change the limits * 7,' to 

a - Sr, m, to ~—II,, and yp! to +dp, 
i 

we get 

eas oe dp wt+dp 

Cd p rel op, 
vy, v 

from which we derive at once 

Os a.) 
Op ce 

this equation is the precise analogue of (29), p. 616 of 

* Subject to the restriction that for vapours the limits are less than 
Tals etc. 

Pini. Mags o1 vars. No. 1995 March 1917. .\ . °T 
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“Theory” (note that the o, is supposed to be measured 
under the total pressure of the mixed vapours or gases). 

In a similar manner the whole of the cycle on pages 609 
to 612 of “Theory” can be carried out fora column of mixed 
vapours (or gases) ; hence equations (26) and (31), pages 612 
and 617, need only be translated into terms denoting the 
physical properties under discussion for them to be ap- 
plicable. | 

Thus (31) is 

2. a 

This equation must be satisfied in the solution of the 
problem of the stratification of two vapours or gases by 
gravity. This relative concentration is ordinarily evaluated * 
by assuming that Boyle’s and Dalton’s laws hold for the two 
components in the mixture; but equation (10) is exact, and 
independent of this assumption. 

It may be verified that 

eh Soy) Mel dU) 3g 7 Ps a5 a 
holds for mixed vapours. This equation is the analogue 
of (18), p. 604 “‘Theory.” If we combine (11) with (18) of 
“Theory ” and remember that s,/s,=o,/7,, we get 

f 

8 Ot OM, eee | Ok 
a 06)! Vox Wakool dal 

Conditions to be fulfilled by an Equation of State for Osmoties. 

We can now state some of the conditions that appear to 
be required in the osmotic equation of state; thus expressing 
P, as a function of b, we have the following :-— 

(1) The graph of P, near the origin is nearly linear over 
a finite range. 

(2) The expression for P, must become infinite with 
log 1/b as b approaches zero. 

(3) As shown in ‘8 and §,” p. 260, there must be two 
points where dP,/db=0. 

* Fundamentally in the ordinary method, 1, is put equal to 7, (the 
partial pressure of the other component), and 7, is also assumed to 
equal zz, It would seem that this latter hypothesis could be tested 
experimentally, and the experiments would be of considerable importance; 
but probably the discovery of suitable membranes is necessary before 
we can verify that II,=7,. 
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The discussion (“S and 8,” p. 260) dealt with partially 
miscible liquids, but the main trend of the whole argument 
was that a valid equation of state for osmotic pressure 
should be such that the form is applicable both to miscible 
liquids and to solids dissolved in liquids. 

(4) If this be so, it will be apparent that with the latter 
solutions under certain conditions of temperature 
(and probably of pressure) there will be two more 
points where dP,/db=0. 

This is shown in fig. 5, which represents the graphs for 
aqueous cane-sugar solutions at two different temperatures. 

Osinotic Pressure. 

en a NS 

D 

100 °/o 100°/, 

water, sugar. 

The curve passing through the origin is that representing 
the known osmotic pressures at 0° C. The ordinate through 
C marks the limit of saturation (crystallizing point), and the 
point H is the present limit of experimental knowledge. 
The lower curve is the theoretical graph for —10° C. We 
know, however, that the saturation-point is at a concentra- 
tion less than C; we also know that, when the solution is 
dilute, a further diminution in the concentration is followed 
by the freezing out of the water, so that, by analogy with 
what has already been postulated for the curve of super- 
saturated solutions—namely, that there are a maximum and 

T 2 
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a minimum,—we should expect two more such points where 
the solution is supersaturated with respect to its water- 
content. 

Hence (5) our equation of state must represent these 
points. (6) At the cryohydric point all these four points 
must coalesce into one; this also must be deducible from 
our equation of state. Similar arguments apply to the 
complementary osmotic pressure P,. ) 

In putting out these notes, I have had the invaluable 
assistance of Mr. G. W. Walker, F.R.S., to whom my best 
thanks are due. 

XXVI. On a Precision Method of uniting Optical Glass— 
the Union of Glass in Optical Contact by Heat Treatment. 
By R. G. Parker, B.Sce., A.C.G 1, and A.J). DATEADAY = 

[Plate V.] 

WING to the numerous defects of the cements available 
for constructing glass cells for the examination of the 

optical properties of liquids, the following process, by which 
a much more perfect joint between two pieces of glass can 
be obtained, has been developed. Briefly, the surfaces of 
each of two pieces of glass are so worked and polished that 
they are either both plane or of the same curvature to a very 
high degree of accuracy. They can then be placed together 
in “optical contact,” and if they are subjected to carefully 
controlled heating will unite and become one piece. 

In order that this method may be of any value, it is 
essential that the temperature at which union takes place 
shall, not only be tar below the melting-point of the glass, 
but also below the annealing temperature—for even at this 
temperature very slight strain would cause sufficient defor- 
mation of worked glass surfaces to render them useless. 

It is very difficult to place the windows of a cemented cell 
sufficiently accurately parallel for certain work depending on 
the phenomena of the interference of light; parallelism to 
+1 (one) minute is only attained with considerable trouble, 
especially if the adhesive material requires baking to cause 
it to harden completely. The wedge shape of the enclosed 
liquid may be too great for interference work, even if the 
angle between the windows is not greater than a few 
seconds. 

* Read before the Faraday Society,on December 18, 1916. 
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In addition, cements frequently strain the materials which 
they hold together to such an extent that their optical pro- 
perties are considerably altered. Fig. 1, Pl. V., illustrates 
the distortion of a glass plate 1:25 in. across, 0'1 in. thick, 
cemented toa piece of a brass tube by a strong and very 
well-known adhesive. The interference-rings are produced 
between the plate and a proof-plane of quartz ; the plate was 
originally very flat, and showed less than one interference- 
ring across its entire face. After cementing, the series of © 
rings appeared, indicating a depression in the centre of the 
plate of about 5,5, in. There appears to be considerable 
force acting radially inwards ; such distortion would render 
the glass plate useless for almost any accurate optical instru- 
ment, especially if polarized light were passed through it or 
interference-phenomena were being observed. 

Glass surfaces can be polished without difficulty so nearly 
flat—or so nearly of the same curvature—that, when carefully 
cleaned and freed from dust, they show less than one inter- 
ference-fringe per inch when placed together and examined 
by light reflected from the interfaces. Such surfaces can 
be pressed into optical contact by the application of pressure 
of several pounds per square inch, and the pieces of glass 
act as one for optical purposes: for example, if the hypo- 
tenuse of a 45° prism is in such contact with another piece 
ot glass, no total reflexion—indeed, no reflexion at all—is 
obtained from the common surface. They can easily be 
separated by sudden warming or cooling, by force, if applied 
in a peeling manner, and by liquids; the latter gradually 
creep in and lift the surfaces apart. The joint is very 
resistant to forces tending to slide one surface over the 
other. 

A cell constructed of two plates of glass in optical contact 
with a U-shaped separating piece would have the advantages 
of great accuracy of parallelism between the windows; very 
little strain in the windows if the components were of one 
kind of glass and put together at the same temperature ; 
and an “all glass” construction, involving no cement to con- 
taminate liquids placed therein, and to perish eventually 
under the action of solvents or corrosive substances. But it 
would be quite useless, owing to the ease with which such 
surfaces can be separated by the methods described above. 

It is well known that if glass is heated it gradually becomes 
less viscous as the temperature rises, passing through all 
degrees of viscosity until at a high temperature it is quite 
mobile ; there is thus no sharp melting-point, but only an 
approximate position which varies from about 1000°-1400° C. 
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At temperatures very much below the melting-point the glass. 
is still liquid enough to deform gradually under stress—hence 
the slow permanent bending of a glass rod supported at each 
end, in a horizontal position, and at ordinary temperatures. 
Glass behaves, in fact, as a brittle elastic solid under sudden 
strain, but as « viscous liquid to severe strain applied over 
long periods when at ordinary or moderately elevated tem- 
peratures ; with rise uf temperature the elastic nature of the 
glass becomes more and more masked by the decrease in 
viscosity; and ata temperature approximating to the melting- 
point it becomes no longer observable. 

Annealing Temperature. —If a piece of glass having two: 
plane, parallel, and polished sides is placed in an electric 
furnace so that it can be heated and examined by transmitted 
polarized light at the same time, the strain caused by unequal 
heating can be observed both as regards position and intensily 
by its ‘effect on the light. This strain, which would be very 
evident at lower temperatures in a piece of glass in the form 
of a $-inch cube, or larger, suddenly disappears over quite 
a short range of temperature situated very much below the 
melting-point. The glass has obviously reached a tempe- 
rature at which it is sufficiently mobile to accommodate itself 
rapidly to the stresses caused by unequal heating—it is 
therefore deformed, and the stress disappears ; this is clearly 
the annealing-point, in that a piece of badly annealed glass 
would lose all internal stress at this temperature, and if 
sufficiently slowly cooled would be perfectly annealed. 

Relation of the Temperature employed to the Annealing 
Temperature.—The viscosity of a glass at its annealing tem- 
perature is still very great, but 1t has softened sufficiently for 
a pointed tool, pressed against it with considerable force, to 
make its way slowly in. Therefore, an ‘optically worked 
surface of a piece of glass would not retain its form accu- 
rately after heating to the annealing temperature, if some 
clamping ¢ apparatus ; had touched the surface. 

The mobility of glass has been found to be an exponential 
function of the temperature 

mor. 
Sp=S7,A N 9 

where Sr, Sx, are the “ mobilities” at the temperatures T, Ty, 
measured by the rate of deformation of glass under constant 
stress, and A and N are constants for the glass. The quantity - 
Ni is, comparatively small, so that for quite small values of 

ite T,, the index aie would become equal tol Ly Bi raaiees 

If, for example, we take N=8, A=2, and compare the 
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values of the mobility of the particular glass at temperatures 
of T=560° C. and T,;=552° C., 544°, 536° successively, we 
find the respective values of the mobility to be 

S 
2 whem Pj o02) ©! 

T; . 

eae when a 

Jeon, when je=oabi Ge 

Cen That is, the glass becomes twice as “soft” for every rise of 
temperature of 8° C. Therefore, at 60° or 70° C. below the 

annealing temperature a glass has become sufiiciently hard 
to withstand very great local pressure for short periods 
without sensible deformation. The method of determining 
the annealing temperature will be described at a later date ; 
it should be known accurately for each kind of glass which 
is to be joined, as by this means only can we obtain a sufficient 
welding effect together with the minimum risk of injury to 
the surfaces. 

Working at this temperature, 60° C. below the annealing- 
point, two pieces of glass under pressure and in optical 
contact will unite perfectly in less than 1 hour. At the 
same time the deformation of. the outer surfaces, caused by 
the imperfections in the plates compressing them, is so very 
slight that a few strokes ona polishing tool are all that is 
necessary to restore them to the condition of optical surfaces 
of high accuracy—or treatment of the surfaces may be 
altogether unnecessary. It is perhaps well in practice to 
work ata temperature 10°-20° below this maximum safe tem- 
perature in order to ensure that no deformation shall occur. 

Methods of distinguishing between Optical Contact and 
Complete Union.—With regard to tests for distinguishing 
perfect union, we have already noted that the optical contact 
of two surfaces is easily destroyed by sudden temperature 
change, by the action of liquids, and by mechanical force ; 
when the contact has changed into complete union, they 
cannut be separated by any of these means, and if force is 
used the two pieces of glass break as one—not along the 
interface. A crack or a diamond-cut spreads through the 
two pieces as though one piece of glass, whereas if the pieces 
are merely in ordinary optical contact, it cannot be made to 
pass from one to the other; this is well shown in figs. 2 and3 
(Pl. V.), and is a most conclusive proof of the completeness 
of the joining. 
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EXPERIMENTAL. 

The temperature selected for our experiments on the union 
of glass surfaces was considerably below the annealing-point, 
in accordance with the facts already discussed. Two pre- 
liminary experiments were made, using a metal box having 
7 in. sides, filled with sand and heated by gas-burners. 
Pieces of crown glass, 5x 5x 1:5 mm. were put into contact, 
wrapped in asbestos-wool and held together by a clamp; they 
were then heated at the rate of 1° C. per minute to a probable 
maximum of 400°-450° C., maintained at this temperature 
for 1 hour, and slowly cooled. 

They were found to have united, but not completely. 
When torn apart with considerable force each piece carried 
with it glass from the other. All the surfaces were optically 
perfect after heating (fig. 4, Pl. V.). 

In the second experiment larger pieces (1 in. in diam., 
4 in. thick) of different kinds of glass were employed—crown 
and heavy flint. Heating was as before, but rather more 
vigorous; probable maximum temperature 450°-500° C. The 
glass was clamped between pieces of brass plate, with asbestos 
packing. The disks united at one place only; here the joining 
was perfect, and when they were forced apart the flint carried 
with it a portion of the crown over the whole of this area. 

The external surface of the flint glass was spoiled, as it had 
softened slightly ; the crown glass was almost uninjured. 

These experiments having proved that joining would take 
place, more careful ones were conducted with a view to con- 
structing apparatus by the method. 

A platinum-wound electric-tube furnace (internal dimen- 
sions 34 in. x 24in., 14 in. long) was fitted with double silica 
windows ateach end. It was controlled by two resistances 
in series. One, the main resistance, was used to compensate 
for the very great changes in the resistance of platinum which 
take place between 20° C. and 600°C. ; the second permitted 
of much more gradual changes of resistance, and formed the 
fine adjustment in this respect. The temperature at any 
instant was known by means of a platinum resistance thermo- 
meter, allowance being made for any lag in its indications ; 
and, further, the thermometer was connected to a Callendar 
recorder, giving a permanent record of the temperatures 
used in any experiment, and enabling the rate of change of 
temperature to be seen at a glance. 

The heating and cooling were therefore completely under 
control, and a continuous temperature change as small as 
41°C. per minute could be maintained indefinitely. 

An arrangement by which polarized light could be passed 
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through the furnace, and examined after passing through the 
piece of glass or silica under test, completed the apparatus. 
By this means the effect of unequal heating caused by rise or 
fall of temperature could be observed, and if necessary the 
actual stresses set up 1n any part of the test piece could be 
calculated at any time during or after the experiment. 

Three plates, all of a hard crown glass, were put into 
optical contact, the centre one being about 10 mm. thick, 
and drilled so as to give a cell suitable for the comparison of 
two liquids, as in the Rayleigh interference-refractometer. 
The outer plates were, of course, merely windows of about 
3mm. thickness. The cell was heated without pressure in 
the electric furnace at the rate of 2° C. per minute to 460° C., 
and after two hours at this temperature it was cooled at 
4°—5°C. per minute; the arrangement of the furnace per- 
mitted continuous inspection of the cell. During heating, at 
200°-300° C., minute imperfections in the contact grew 
rapidly, one side of the cell coming almost completely away. 
When cold it was found to be out of contact over parts of the 
surface, the rest of the surface being in contact, but covered 
with spots. 

Rapid temperature-changes, such as would easily have 
separated glass in ordinary contact, had no effect; water also 
failed to lift the surfaces apart ; and when a thin knife-blade 
was forced in from a corner where the two surfaces were 
apart, the portion of the window out of contact was broken off 
without moving the window asa whole. The cell was then 
compressed in a vice in such a way as to apply large 
shearing stresses at the interfaces, with the result that 
corners of the windows out of contact. broke away, while 

‘the rest, in contact, remained unchanged. The cell then 
appeared as shown (fig. 5, Pl. V.). 

The spots referred to were small round areas where the 
surfaces were just out of contact. Hach developed from a 
minute flaw in the optical contact of the surfaces, and when 
examined microscopically very minute black particles could 
be seen in each, and from the system of Newton’s rings 
apparent in them during the heating they appeared to contain 
a gas at high pressure—by the same means the pressure was 
observed to diminish slowly after a spot had spread outwards 
to one edge of the cell ; and, finally (in a later experiment), 
when the temperature was raised above the annealing-point, 
the walls of each spot were slightly but definitely blown out, 
£0 as to appear convex from the outside. It therefore 
-appears that the spots are due to the decomposition of minute 
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particles of cellulose from the rag used in cleaning the- 
surfaces; a pressure of many atmospheres can be produced 
in this way. By careful cleaning it is possible to eliminate 
them almost entirely. Cells which have comparatively large 
areas in contact are less free from spots than those in which no- 
point is far from an edge; the gases which would remain 
permanently enclosed in the former are able to escape from 
the latter, and the surfaces then go back into complete 
contact. 

I'he optical surfaces of this cell were found to be perfect 
and quite unchanged after heating, including the unsupported 
internal surfaces ; ; we therefore have optically worked sur-- 
faces in the interior of a solid giass cell. In fig. 5 it will 
be seen that an area at X is completely out of contact except. 
for anarrow arc formed round the drilled aperture. This is 
clearly shown in fig. 6 (PI. V.), under a magnification of 
six diameters. Itis not well known that ground-glass surfaces 
act as if they were in compression: thus, a thin plate ori- 
ginally fiat and polished on both sides becomes, when finely 
ground on one side, a concave mirror of long foeus on the 
other. In the case of our cell, the rough “surfaces of the 
drilled holes push up a burr round the edge which is only a few 
wave-lengths high, but sufficient to prevent complete optical 
contact. This burr was therefore removed by “retouching ” 
ona polisher, but traces of it evidently remained, and by 
producing local pressure caused the union to be very complete. 
over its surface. Severe strain was applied by forcing a thin 
wedge between the two surfaces without breaking this narrow 
area of complete union. ‘The same effect was also shown by 
another corner of the same ceil which was out of contact 
after heating and was broken otf; the fracture travelled 
round the edge of the drilled hole instead of passing straight 
across it (Pl. V. fig. 7 and fio. Diet en 
A second cell was He made of the same glassand pattern,, 

and heated at the rate ot 1°-14° C. per minute toa tempe- 
rature nearer the annealing-point —523° C.,—at which it was 
kept for two hours, then ccoled at 4°-5° C. per minute. 
Pressure was applied by means of a hand screw-clamp. Two. 
brass plates, with surfaces ground flat, and sufficiently thick 
to eliminate bending (J in. thick), were used to distribute 
the pressure; a few thicknesses of thin paper were placed 
between the brass surface and glass surface to take up minute 
irregularities—the carbonization of the paper did not inter-- 
fere with its action. 

The union of the three components was complete except 
for afew small spots. They could not be separated by any 
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of the means indicated, and when subjected to severe mecha- 
nical strain a portion of the cell broke away, showing the 
conchoidal fracture of a solid glass block. ‘No bending of 
the fracture occurred at the interfaces, except at one small 
portion where a spot showed that there was no contact 
(fangs PSV). 

‘The ‘optical surfaces had all remained perfect as regards 
plastic deformation. The outer surfaces were slightly cor- 
roded by the paper-ash, and had to be repolished. When 
examined by means of a Babinet compensator (for the effect 
on polarized light), very little internal stress was observed, 
in spite of the unnecessarily rapid cooling ; the maximum 

‘stress indicated was about 150 Ib. per square inch. This. 
amount could easily be decreased, but is already negligible 
for most purposes. 

A third cell of rather different construction (fig. 8, Pl. V.) 
showed very few imperfections of contact. Heating was 
earried out exactiy as in the previous case, 2. e. at 90° C.. 
below the annealing-point. The areas in contact are all 
narrow, and no point is more than 2} mm. from an edge. 
Any centres of gas-pressure dey eloped in the way already 
described are therefore likely to disapjear owing to escape 
of the gas, and we find in general that these narrow areas give 
the most perfect joining. 

The glass of the cell showed very little stra‘n, although 
no special precautions, such as annealing, were taken, By 
avoiding temperature- differences when putting the com- 
ponents into optical contact, and by subsequent slow cooling 
from the annealing temperature, all traces of strain can be 
eliminated. 

The internal surfaces of the cell-windows were parallel to 
1 second both before and after union. The degree of parallelism 
remained quite unaltered, and it therefore appears that the 
accuracy of parallelism is determined only by the initial 
accuracy of the centr: ] component. 

Union of Two Different Kinds of Glass—The components 
of the cells described above were all made of one kind of 
glass, and the joining of different glasses is complicated 
by at least three factors—differing expansion coefficients, 
differine annealing-points of the olasses, and the degree of 
ease with which they will fuse tog ether in the blowpipe- -flame. 
The first will certainly cause the surfaces to come apart while 
the temperature is rising, but if they are under pressure at 
about 30 lb. per square “inch this should not greatly matter, 
as they will go into contact when the temperature 1s constant 
at its highest. limit, and they will then join perfectly. Strain 
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will appear owing to different contraction as they cool, now 
as one piece, but for some purposes it may not matter. Such 
strain as this cannot be obviated by “‘ annealing.’”’ Difference 
in the annealing-points is the more exacting factor, for unless 
the annealing-points of the glasses to be joined are fairly 
close (within pérhaps 50° C.) the more fusible one will reach 
its annealing-point before the less fusible reaches a tempe- 
rature at which it will unite with another glass in any 
reasonable time. ‘The annealing-points of glasses in common 
use may differ by 200° C. or even 250° C., and it is obvious 
therefore that many pairs of glasses could ‘be selected which 
would be very difficult or impossible to join; on the other 
hand, for most purposes suitable glasses can be chosen. 
With regard tothe last factor, it appears that certain kinds 
of glass which will not fuse together readily in the blowpipe- 
flame will also not unite by the new method. 

A Rayleigh cell prepared of hard crown glass with plate- 
glass windows was heated to a low temperature—400° C.— 
at the rate of 2°-24° C. per minute and kept at the maximum 
temperature for 14 hours. Pressure was not applied. In 
consequence of ohne and also of the different temperature 
expansion coefficients, they remained in optical contact only 
over a very smal! part of the surfaces. When cold the glass 
was found to have united in these places in spite of the un- 
necessarily low temperature. The areas of contact were so 
small that the windows could be forced off without fracture, 
and they then carried with them glass from the other 
component. The optical surfaces had not been changed by 
the heating. 

This experiment (as well as that described above) indicated 
that two glasses of quite widely differing annealing-points 
could be joined even under unfavourable conditions. 

A more severe test was then carried out with an object- 
glass having curves of the same radius on the common faces 
of its components. The annealing-points of the two glasses 
employed (flint and crown glass) differ so widely, it was 
thought atialbli to heat approximately to the annealing 
temperature of the softer glass. The lenses, in optical contact, 
were clamped together at the edge at three equidistant points, 
then heated at 1°-J4° C. per minute toa maximum tempe- 
rature of 476° C. They remained so for 1 hour and then 
cooled at 4° C. per minute. They were then completely out 
of contact, except under the three points at which pressure 
had been applied; in these places there was perfect union. 
The flint lens had softened to such an extent that slight 
dents had been made in its surface by the clamp. Both 
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lenses were found to be strained when examined by polarized 
light. A few spots which had developed in the usual way 
from minute dust particles lad blown out into flat bubbles. 
in the flint glass, indicating that they contained gas under 
great pressure, as we had already inferred. 

It appears, therefore, that the flint and crown glasses. 
commonly used in object-glasses differ too widely in an- 
nealing temperatures for successful union. Owing to the 
large number of factors which limit the nature of the glasses. 
to be employed, this is one of the most difficult cases to which 
the method has been applied. 

Polarimeter Tubes.—A_ polarimeter tube having windows. 
permanently fixed in position by this method was pre- 
pared without difficulty. The tube was of soda-lime glass 
and the windows of plate glass; maximum temperature 
A70° C. The joint was perfect, and in spite of the fact 
that different glasses were employed, the windows showed 
little strain—the amount was found not sufficient to inter- 
fere with measurements of rotation in any way (see figs. 9 
and 10, Pl. V.). For many purposes this form of tube 
should be very convenient, especially in respect of ease 
of cleaning and freedom from corresion. As soon as 
possible we intend to apply this construction to jacketed 
tubes ; they would somewhat resemble the ordinary pattern 
of glass Liebig condenser, ana should, with careful heating, 
withstand very high temperatures. The nature of the hot 
circulating liquid would be determined only by the tempe- 
rature required, and not by the powers of resistance of the 
cement, as is the case at present. 

Union of Fused Silica.—An experiment with component 
parts of this material showed that there was no essential 
difference between its behaviour and that of glass; the tem- 
perature required for union was naturally found to be much 
higher. The upper limit of temperature to which silica glass 
apparatus may be heated is determined by its power of 
devitrifying ; this takes place at about 1200°-1300° C.*, and 
is accompanied by great decrease in mechanical strength. 
Tt is obvious that a very small amount of devitrification 
would be sufficient to spoil silica glass for optical work, 
especially as it takes place more readily where there is access 
to the air, 7. e. at the surfaces. The highest temperature 
which we can use is therefore somewhat below 1200° C.; 
fortunately a preliminary experiment has shown that a still 
lower temperature will suffice. 

* Blackie, Trans. Faraday Soc. vii. p. 158 (1911); Crookes, Proc.. 
Roy. Soc. A. lxxxvi. p. 406: (1912). 
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The annealing temperature of silica was not determined, as 
the small temperature expansion coefficient and good heat 
-conductivity rendered it somewhat difficult to produce ob- 
servable strain by heating in the small pieces of transparent 
silica which were available. 

Two plates of silica glass 0°75 in. X 0°5 in. X O°Lin. were put 
‘into optical contact with the ends of asilica ring 1°(0 in. diam. | 
-and 0°5 in. long, in order to make a small cell suitable for 
investigating the ultra-violet absorption spectra of liquids. 
This was held in a steel clamp, with a few thicknesses of 
paper inserted between the steel and the silica, and heated to 
10307 CS tor Wbour: | 

While cooling, contraction of the clamp fractured the cell, 
but portions of it, examined when cold, were found to have 

_joined. On forcing them apart some of the material of the 
plate was torn away by that ofthe ring, and vice versa; from 
the nature of the union we judge that a rather higher tem- 
perature, probably in the neighbourhood of 1100° C., will be 
required to give results equal to those attained with glass. 
The planeness of the silica plates was found to be unchanged. 

In conclusion, we wish to thank Mr. F. Twyman, of 
Messrs. Adam Hilger, Ltd., for continued help and many 
suggestions. 

Research Laboratories, 
Adam Hilger, Ltd. 

XXVIT. On the Energy in the Electromagnetic field. 

To the Editors of the Philosophical Magazine. 
The University, Sheffield, 

DrEar Sirs,— February 2nd, 1916. 

N your issue of last month* Mr. EH. A. Biedermann 
discusses some consequences of the assumption that 

the magnetic or kinetic energy density in the electro- 
magnetic field is H?/87, and as the outcome of this discussion 
he proposes a modified form for this expression, viz. : 

1 + py IN V2 ce {H? + (div A)?}, 

H being the magnetic force vector and A the magnetic 
vector potential. 

As this new form of expression for the density would 
carry with it all the mathematical and physical uncertainties 
involved in any theory interpreted in terms of the scalar and 

* P. 146. 
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‘vector potentials and arising from the incompleteness of the 
definitions of these potentials, it must not be allowed to stand 
without a strict scrutiny of the reasons for its introduction. 
A careful examination of Mr. Biedermann’s argument will, 
however, soon show that his evidence of justification is con- 
vineing only for the special case when div A=0, when the 
modified expression is equivalent to the older one. 

Mr. Biedermann commences by an examination of the 
field of a number of very small spherical surface charges, the 
typical one of which, with charge e, and radius as, may be 
taken with its centre at the point (z.ys25) and to be moving 
with the comparatively small velocity v,. ‘The electric force 
at the point (#, y,<) in the field is then derived as the gradient 
of the scalar potential 

where 
C= (we ae Be) ah (y Ys)” ar (2 —z,)° 3 

whilst the magnetic force is 

1 eae 
HB = i > [pds H,= — grad ¢,, 

the notation denoting the vector product, and ¢ is the 
velocity of radiation: this last vector may also be derived 
as the curl of the vector potential 

Orne, 
The potential energy in the field, when the motions are 

- slow enough, is then 

= { Bede — = = |e Be a) 22, (Hs H,)} 

/ Ee ad sy Us 

¢ 

Be ses: } 
i > as 2 ae? f ) 

Vss! 

where 

1 = (@,— 29)? + (Ye—Yor)” + (Ss— 20 
The me, ener 7 is, on the other hand, te to 

= \ Hdv =e ‘dof. B, ae 

do{S [HEP + 23([.B,]E.))} 

= = { dv {Sv.28,? + 2(vr)(B.By)} 

= {avton, 2 + 2(rBy) (ve Es) 
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The first integral in this last expression is obviously 
equal to 

we / 5 CEUS 4 gy Clot vars!) } 
2e Os Vss! 

whilst in the second it is easy to verify that 
» 

(oz.)oon) dv = { (v.B,) (vy Hy) do ; 

so that it is equal on the whole to 

— ( v, Hi.) Me SS = { (div A) dv. 

Thus, finally, we have 

1 { 3 i Benois as €0s!(Vs¥5!) ik : ad pe > Se ee 2 Sa Hd a2 i> - =e a t = (div A)? dv, 

which is equivalent to the formula obtained by Mr. Bieder- 
mann, although the present deduction is somewhat simpler. 

This result is now applied to the case of two linear 
conducting circuits when the current in each is the same 
all round—that is, when the conditions are those of an 
equilibrium theory. In this case we must assume that 
div A=0 at all points of the field; so that the outstanding 
integral in the general reduction vanishes, and the dis- 
tribution of the kinetic energy with the density H?/87 in 
the surrounding field is equivalent to the expression 

Tae YS 

Dm fee yas See | 
2c as : T ss! 

as it must be in order that the correct value for the mutual 
potential of the two circuits may be obtained. 

In the more general case, however, there is no general 
warrant for the assumption that divA=0; but then the 
use of the expression I’ for the kinetic energy is not 
legitimate. By assuming that it is, Mr. Biedermann tacitly 
neglects the interaction between the electric and magnetic 
fields in the ether; for it is just this action which gives 
rise to the outstanding term in the ordinary expression 
for the integral in the special case under investigation. 
This may best be seen by transforming the integral for the 
kinetic energy into the form 

te a (AC) de, 
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where C is the total current defined in terms of the magnetic 
force by Ampére’s relation, 

ae = curl H; 

it thus consists of the part 

iy 
a > e.(vsA) 

due to the electronic motions, and the part 

i dE 

ml di 
due to the zthereal current. Since 

ek OA ; ere leda 
E= cay —erad¢, divA= Bh ashe 

we have 

i Ta = dd 

Sire (Az) dt iz eee 7) 4 ee dd. 

Now in an equilibrium theory the first integral on the 
right vanishes, and the second transforms by integration by 
parts to 

“do a ae .div A do 

. 92 4 

SSArT ga ids A)?d2v, 

as above. 
An exactly similar criticism also applies to the assumption 

of the general validity of the form 

C3€3/ 

Ves! 

for the mutual potential energy of two charges. The only 
really consistent value for the potential energy in the field 
in the most general case is 

Lae Gee es 
sq | Bede 

and this can easily be shown by a similar argument to 
contain the part 

ab | (ES) do 
Sic, 

due to the zthereal conditions. 

Pil. Mag. 5. 6. Vol. 33. No. 195. March 1917. =U 
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The method employed by Mr. Biedermann for the gene- 
ralization of his theory to allow for propagation effects 
is very ingenious, but hardly susceptible of strict mathe- 
matical specification. The assumption of a finite velocity of 
propagation involves the further assumption of a reacting 
agent to effect the propagation ; and no theory of the 
interaction of radiating particles can be valid if it does not 
take account of the action of this agent and its associated 
energies. Tam, 

Yours very truly, 
G. H. Lae. 

XXVIIL T ie Scaen Ing sue a are e en By 
R. R. Saunt, W.A., Professor, Government Colleye, Lahore*. 

{Plate VI.] 

Ae mentioned in a previous paper}, the writer was 
engaged for the best part of a year at the Physical 

Laboratories of the University of Manchester, on the deter- 
mination of the scattering of « particles in their passage 
through gases. The method adopted consisted in allowing 
« particles from the tip of a very fine needle activated with 
radium © to pass through a small hole (about 70 w in diam.) 
made in a platinum diaphragm, and then to strike a photo- 
graphic plate placed in a suitable chamber at a known 
distance. The chamber contained the gas with which expe- 
riments were to be conducted at a known pressure. The 
photographic plate was exposed to the particles for a period 
varying from two to three hours and then developed. The 
plate was then examined under the microscope and the distri- 
bution of the silver grains in equal concentric areas from the 
centre of the image outwards was determined and recorded. 

Some forty plates were prepared in this manner, with the 
apparatus finally adopted. The detailed examination of the 
plates was reserved till after the writer’s return to India 
towards the close of last year. Unfortunately many of the 
plates were found spoiled, and the remaining ones, while 
giving promising results, are not considered to afford 
sufficient experimental data from which the angle of scat- 
tering could be caiculated with any approach to certainty. 
As it may be some time before the experiments can be 

repeated with radium (, it is considered advisable to publish 
this preliminary paper on the work already done. Meanwhile, 

* Communicated by Sir EK. Rutherford, F.R.S. 
t+ Sahni, Phil. Mag. June 1916, 
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the éxperiments are being continued hoth with gases and 
metal foils with thorium active deposit as the source of 
a particles, though it must be stated that, owing to lack of 
intensity, thorium active deposit did not give very encouraging 
results with gases in some preliminary experiments carried 
out at Manchester. With the heavier metal foils, however, 
they will probably give even more satisfactory results than 
those obtained by Geiger by the scintillation method. 

Description of Apparatus used. 

Figs. 1 and 2 will explain the arrangement of apparatus 
as finally adopted. CC is the gas-chamber shown in fig. 2. 
The gas chamber is connected by (fig. 1) a glass tube with a 
Toepier pump at JT’, a Fleuss pump at IF’, a manometer at M, 

Fig. 1. 

a small flask containing P.O; at X, and a side-tube at N 
communicating with a series of drying-iubes through which 
any particular gas can be admitted into the gas-chamber. 
At Lis a ground-glass joint where the gas-chamber can be 
readily connected to or detached from the rest of the 
apparatus. The gas-chamber is placed between the poles of 
an electromaguet to deflect 8 rays. 
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Fig. 2 (a) represents the gas-chamber. It is made of 
metal with the left end open. The rim of this end is pro- 
vided with a carefully ground flange, so that the slate G can 
easily be fixed on to it air-tight with a little grease, as shown 
in the diagram. At the other end, the chamber has a tube 0’ 
also of metal passing through the lid as seen in the figure. 

Fig. 2. 
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‘The tube C’ has two small holes, one at each end, 2-3 mm 
in diameter. The hole at the outer end is closed by means 
of a thin sheet of mica, the stopping-power of which is equi- 
valent to about 1:5 cm. of air. This forms a small mica 
window W through which the active particles are shot into 
the chamber from a source placed next to the mica. ‘The 
hole at the inner end of C’ is covered by a small piece of 
platinum foil with a fine pin-hole F in the centre of it. In 
addition, there are three or four larger holes in the sides of 
the tube C'as shown at h,h. These are provided to facilitate 
the exhaustion of the whole chamber CC’, and to prevent 
too much pressure being exerted during the process on the 
platinum foil. The distance FW=FP=3cm,. Itis necessary 
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to make the hole as small as possible. In the apparatus 
finally adopted it measured 70 uw, but it can be made smaller 
still. 

(6) is the plate holder. It is made of two brass strips 
bent and soldered together as shown. Three little catches 
c,c, c serve to keep the plate Pin position. The three legs 
of the helder are of such a length that when the holder is 
pushed into C (fig. 2), the distance between the hole F and 
the photographic film is always exactly 3 cm. After the 
holder with the plate fixed in position has been introduced, 
the open end of C is closed by the slate G. 

(c) represents in longitudinal section a holder for the active 
source 8. It consists of an ebonite piece H in which a brass 
tube fits closely and, in turn, carries a small ebonite cylinder e. 
The latter is perforated by a narrow canal just wide enough 
to admit the active needle. The whole apparatus is made to 
fit like a cap on the outside of ©’. The needle is fixed in the 
small ebonite rod e in sucha position that the active tip is 
just within the end of the brass tube. After the active needle 
has been fixed in position, the brass tube should project several 
roiilimetres within the hollow of the outer ebonite E (that is, 
as shown in the diagram). When I is pushed over C’, the 
brass tube will be pressed back to the necessary extent. 

This elaborate form of holder for the active source was 
necessary in order to ensure that the needle may be fixed in 
position with the active point exactly opposite the hole F, and 
almost in contact with the mica window, within a few seconds.. 
A small paper cap was always put over the active end so that 
the point only projects to about the same extent through a 
hole in the cap. It will be seen the active source is placed 
outside the gas-chamber. The emanation which is known to. 
cling to the active point for a considerable time is thus kept 
away from the photographic plate. The needle-point was 
activated by exposing it to about 30 millicuries of radium 
emanation for the necessary period of time. It was inserted 
in the holder a quarter of an hour after withdrawal from the 
emanation-tube. The method of carrying out the experiment 
is explained by the arrangement of apparatus already 
diseussed. As a rule, the plates were developed imme- 
diately after exposure ; occasionally an unexposed plate 
was also developed along with the exposed plate to serve as 
2 control. 

Examination of the Plates. 

A naked-eye examination of the photographic plates pre- 
pared with any particular gas at different pressures showed 
that while witha pressure of a few millimetres the impression 
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on the developed plate was a small and dense spot, with 
increasing pressures it became larger and at the same time 
less and less dense. The impression at very low pressures 
was almost uniformly dark except at the extreme edges, but 
with higher pressures there was a gradual falling off in the 
density of the impression from the centre outwards. With 
different gases the size of the impression under similar con- 
ditions was different. Plate VI. A, B show microphotographs 
of two impressions obtained with air: A under a few mm. 
pressure, and B under 161 mm. The two impressions were 
taken under conditions which were otherwise similar, and 
both have been enlarged to the same extent. They bring out 
in a fairly striking manner the differences just noted. 

Method of counting the Silver Grains. 
For counting the grains, a microscope with 3 in. objective 

and x8 eyepiece were used. The eyepiece was provided 
with a micrometer in squares, so divided that each square 
covered exactly 400 sq. w of the magnified object. A thin 
sheet of mica with two very fine cross-lines scratehed on it 
was placed on the photographic plate with the crossing of 
the lines exactly over the centre of the image, this adjustment 
being first made roughly with the naked eye, and afterwards 
more accurately with the help of the microscope. The 
number of grains in each square of the eyepiece micrometer 
along one line from the centre outwards was then noted, the 
plate being shifted alung that line as the periphery of the 
image was approached. The scratched lines over the mica 
are too far out of focus to interfere with the counting, while, 
at the same time, serving as reliable guides. In order to 
protect the photographic film from dust and scratches, it is 
important to cover the impression with a drop of Canada 
balsam and a thin glass coverslip as soon as the film is dry. 
The want of this simple precaution cost the writer the loss of 
several valuable plates. The use of an oil-immersion lens 
was found undesirable for several reasons. Besides greatly in- 
creasing the labour of the counting, it actually multiplies the 
chances of error in the process. For, whereas in the case of 
the 4 in. objective the grains at different levels in the film are 
nearly all visible at one focus, with a ,), in. objective they 
require different adjustments, and very often it becomes 
difficult to say whether a particular grain has been already 
recorded, unless all the grains are first drawn by means of a 
camera lucida and then counted. 

The centre ot the impression having been adjusted carefully 
in the manner already explained, the number of grains seen 
within successive equal areas of 20 x 20 4 are counted from 
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the centre outwards along four radii 90° apart. The averages 
of the four equal areas at the same distances from the centre 
were taken. 

Some typical results are shown in fig. 3 for the case of air, 
Fig. 3. 

é unit area => 

400 300 ~~ 200 100 -0-> 1oGy reoar ) 200 400 X. 
Distances from Centre in [L. 

the left-hand part of the curve as shown being simply a replica 
of the right-hand part. The general distribution of the 
particles for different air-pressures can be seen from the 
figure, but the results are not sufficiently accurate to deduce 
the most probable angle of scattering with any certainty. 

The primary intention of the investigation was to determine 
the scattering in hydrogen, which is even smaller than in air. 
This problem has not yet been solved, but in view of the 
necessity of discontinuing the experiments, it was thought of 
interest to indicate a method which shows good promise of 
success. 

In conclusion, the writer desires to express his indebtedness 
to. WEs, We Makower and N. Bohr for their kind help and 
guidance in carrying out the research. He is also thankful 
fo Sir Ernest herrord for allowing him to carry out the 
above experiment in the Physical Laboratory of the Uni- 
versity of Manchester'as well as for his kind interest and 
advice. 
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in the Chair. 

jie following communications were read :— 

‘On the Paleozoic Platform beneath the London Basin and 
Adjoining Areas, and on the Disposition of the Mesozoic Strata 
upon it.’ By Herbert Arthur Baker, B.Se., F.G.S. With an 
Appendix by Arthur Morley Davies, D.Sc., F.G.S. 

The author carries on the work of Dr. A. Strahan and Dr. Morley 
Davies in tracing the contours of the Paleozoic platform of the 
South-East of England. By comparing these with the contours of 

the base of the Gault, he determines the probable boundaries of the 
areas of the platform that were only submerged finally under the 
Gault sea. He analyses the effects of post-Cretaceous tilting and 
warping, and presents a map illustrating the contours of the Palo- 
zoic floor at the end of the Lower Cretaceous Period. 
He next discusses the successive Mesozoic overlaps on the plat- 

form, the probable areas that they respectively cover, and the 
relation of these to the tectonics of the platform itself. He claims 
that there is evidence for a second Charnian axis, parallel to that 
traced by Prof. P. F. Kendall, proceeding south-eastwards through 
Norfolk and Suffolk, east of Kent) to the North of France. He 
further suggests that the area between these two geo-anticlines is 
a geo-syncline, which, in Mesozoic times, in consequence of the 
accumulation of sediments within it, and the continued operation 
of Charnian movement, became converted into an anticline (as in 
the case of the Wealden area). 

In an Appendix, Dr. Morley Davies discusses the interpretation 
of the Saffron-Walden boring, and its bearing on the supposed 
inter-Charnian trough; he also pomts out evidence of a post- 
Cretaceous Charnian anticline under London. 

‘Balston Expedition to Peru: Report on Graptolites col- 
ee by Capt. J. A. Douglas, R.E., F.G.S. By Charles Lapworth, 
DEAD vise. RS. FIGs, 
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_ Polarimeter Tube. ° End of Polarimeter Tube, by retlectea gu onty 
(x 6 diameters). Shows detail of joining. 
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Fre. 1. Bice YY. 

Two disks of glass in optical con- 
tact. A diamond-cut through 
one does not spread to the 

Interference-fringes formed by reflexion from a 

glass plate distorted by cement, and haying 

a quartz proof-plane resting upon it. Exa- 

mined by light from a mercury vacuum are other. 

lamp. 

Fics 3. 

Corner broken from a cell, showing that the fracture travelled without hindrance 

across the joint (AA) (x6 diameters). 

Fie, 4. Fia. 5. 
s on in optical contact, 

heating, and then subjecting to severe mechanical 

strain. Windows nct perfectly joined. 
Small glass plate (x6 diameters), showing Cell after putting window 

portion torn from another plate heated in 

optical contact with it. 
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Fie. 6. Fie. 7. 
Area at X, fig. 5 (x{6 diameters), to show burr. Area at Y, fig. 5 (x 6 diameters). The lower 

edge of the fracture is guided round the 
drilled aperture by the burr. 

Fie. 8. 

Finished cell for a Rayleigh Interference Refractometer. 

Fi4. 9. Fre. 10. 
Polarimeter Tube. End of Polarimeter Tube, by reflected light only 

(x 6 diameters). Shows detail of joining. 
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XXX. On the Surface Hlectric DoubleXSgge¢ 
Liquid Bodies. By J. FRENKEL, Postg?s 
University of Petrograd *. 

Part I.—ZJ/ntrinsic Potentials. 

a a: has been assumed by many investigators on 
contact electromotive forces that the latter are 

due to the presence of electric double-layers on the surface of 
metals. The existence of such layers has been conclusively 

_ proved by experiments on the thermionic and photo-electric 
effect. It has been shown by Richardson that the tree 
electrons, in escaping from a heated metallic body, perform a 
perfectly definite amount of work at the cost of their kinetic 
energy due to thermal agitation. This work is measured by 
the constant w in Richardson’s formula 

i=AV/Te 

where 2 is the thermionic current, T the temperature, « the 
gas constant. The fact that w is always positive shows that 
the electric force near the surface of all metals is directed 
outwards (thus tending to keep the electrons back), or in 
other words, that the outer face of the electric double-layer 
is always negative, and the inner positive. The eleetric 
potential inside the metallic body must therefore exceed that 
of its environment by a positive quantity V, connected with 

* Communicated by Prof. A. Yofté. 

Phil. Mag. 8. 6. Vol. 33. No. 196. April 1917. DS 

? 



298 Mr. J. Frenkel on the Surface Hlectric 

w by the relation eV=w, where e is the electronic charge. 
This quantity V may be called the intrinsic potential of the 
body. ‘The difference between the intrinsic potentials of two 
metals must be equal to their contact electromotive force 
(neglect being made of the Peltier effect) ; a fact which has 
been verified in a few cases by comparison of the theoretical 
values, obtained from thermionic data, with those direetly 
measured by the electrostatic method. It may be mentioned 
here that the intrinsic potentials of different metals, as 
calculated from MRichardson’s formula, remain in rather 
narrow limits and amount to a few volts (4°48 volts for 
Tungsten) *. 

It is well known that metals are noi sensitive to light of 
any wave-length ; the photo-electric emission begins when 
the frequency v of the exciting light exceeds a certain 
critical value vo, the kinetic energy of the ejected electrons 
4mv? being connected with v by Hinstein’s formula 
imv?=h(v — v9), where 4 is Planck’s constant. The remark- 
able exactitude of this formula has been conclusively proved 
by the recent experiments of Millikan tf, who also showed 
that the difference between the values of hyp for Na and Li 
was just equal to their contact electromotive force (multiplied 
by e), as measured by the Kelvin method. In Hinstein’s 
formula hyp corresponds to w in that of Richardson, being 
equal to the energy lost by the electron on its way through 
the electric double-layer enveloping the metallic surface. 
The intrinsic potentials, calculated from the relation Ve=/vs, 
are equal to 1°81 volts for Na and 2°24 volis for Li ¢. 

The existence of electric -double-layers on the surface of 
metals is thus beyond doubt, and the question arises as to 
their origin. 

§2. The old view, which was in favour of an external 
origin depending upon occluded gases, chemical action, &c., 
is now being supplanted by the opposite view, which, leaving 
to the external agencies but a secondary role, tends to trace 
the origin of intrinsic potentials to the action of some intrinsic 
cause, more appropriate for the explanation of their com- 
parative constancy. It is the main purpose of this paper to 
ane that such a cause really exists ; its extreme simplicity 
s, perhaps, the only reason why it has not been noticed 
sel now. 

Let us imagine a metallic body absolutely cleaned from 
alien substances and placed i vacuo. It is composed of 
identical atoms packed rather closely together. Hvery atom 

* H. Lester, Phil. Mag. March 1916. 
+ Phys. Rev. March 1916. 
{ The respective values of », are 43°9 x 10° and 57 x 10”. 
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eonsists of a positive central nucleus of minute dimensions 
and a cluster of electrons rotating about it. The correctness 
of this conception, due to Rutherford, ean hardly be disputed 
at the present time. We may neglect the mass of the 
electrons compared with that of the. nucleus, and therefore 
negiect the motion of the latter compared with that of the 
former. In other words, we may consider the nuclet as 
emmobile. 

Let us imagine a surface passing through the outermost 
nuclei and call it, for the sake of brevity, the surface of the 
body. One half of the electrons rotating around these 
nuclei will remain outside this surface along with a lot of 
other electrons belonging to nuclei which are situated within 
the surface at a distance from it not exceeding the radius of 
the largest electronic orbits. We may identify this radius, 
corresponding to the ‘“ valency electrons,” with the atomic 
radius ry. Thus a layer of thickness r within the surface 
will be positively charged owing to part of the electrons 
which belong to its nuclei remaining outside the surface and 
forming there a negative layer of the same thickness ». 

This conception “of an atomic electric double-layer is, as 
will be shown, in remarkable quantitative agreement with 
the experimental facts. Turning to the evaluation of the 
intrinsic potential, due to such a layer, we shall first assume 
each atom to consist (like a hydrogen atom) of a single 
electron at a fixed distance 7 from an immobile nucleus 
of charge +e, and calculate the mean electric density p, at a 
oiven distance # from the surface (reckoned positive inwards), 
all positions of the nuclei inside the surface and all orientations 
a the atoms bei: ng equally probable. 

Fig. 1. 

Cinasre Sri er. ° S f PPAR ORES SEES RE PMU ARAN RARE Sara . 
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Let SS, (fig. 1) represent the surface of the body (supposed 
plane). The planes AA, and BB,, drawn ata distance +r 
from SS, and parallel to it, will represent the limits of 
positive and negative electrification respectively. 

X 2 
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Take a very thin layer MM, at a distance «>r from S§y. 
{t contains x dx nuclei per sq. cm., where dz is the thickness 
of the layer and n the number of atoms per c.c., with a 
positive charge endz, which obviously must be neutralized 
by the electrons belonging to nuclei enclosed in two layers 
of thickness r on both sides of MM, (the part contributed 
by MM, being negligibly small). 

Take another layer PP, of the same thickness dw at a 
distance «<v from SS,. Half of the positive charge, due 
to the nuclei enclosed in it, is neutralized by the electrons 
belonging to the nuclei which are contained in a layer of 
thickness + on the inward side of PP,; the layer on the 
other side of PP, is narrower («<*) and the electrons 
belonging to its nuclei neutralize but a part of the other 
half, which can be easily calculated. In fact, take a layer 
of thickness dé at distance <a from SS, ; it contains 

ndé. Ese a iis TOOL = ap 

nuclei whose electrons are enclosed within PP,, where ¢ is 
the angle between the line joining the nucleus with the 
corresponding electron and the positive direction of 2, 
determined by the inequality « < rcos@ < «+da. Putting 

: dx 
cos d=u, we find that —du=sin@ddd= — and 

Y 

la i 
Integrating this from £=0 to £=., we find for the negative 

sin il 
n dé . Ne dod= 3 Ve 

: Ts 0 
charge contributed to PP, by the layer PS — 9 ne de, 

whence we conclude that PP, contains an excess of positive 

charge equal to re( i | dx. iz 
Noticing that the negative charge in a layer QQ, on the 

outer side of the surface at a distance «<0 from it, is 
contributed by the electrons belonging to a layer of thickness 
r—(z|=r+2, we find, in the same way, that it is equal to 

|| 1 ee ae 
— ane 1— — Thus, for the mean volume density’ in 

7 

different planes parallel to the surface, we get 

(Wyn Ke | 
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We see that the distribution of electricity in the double- 
Jayer is anti-symmetrical with respect to the surface. 

Tor the total value of the charge inside or outside the 
surface we easily find from (1) 

e— + ener per SQ.ccmieys je) ms ee GS) 

We assume that the mean value of the electric intensity E, 
in a plane at a distance « from the surface may be derived 
from the equation 

dE, 2 
cs 4p, s (3) 

— the condition that E,=0 for c=—r. This gives 

Bee lel lakers 2 lo . 

where |x, is the absolute value of a Hi, is always negative, 
z. e. directed outwards, and reaches its largest value 
Hy=mner=47e on the surface, with respect to which it is 
distributed anti-symmetrically. To find the distribution of 
potential V, in the double-layer, we integrate the equation 

— a - | 
oe = —E,.. with the condition that V,=0 for v=—7r. We 

easily get from (4) 

a ie eS fee) 
where the upper signs refer to the case «>0 and the lower 
to the case c<0. At w2=7, V, reaches its maximum value 
which it preserves throughout the interior of the metal, 
forming what has been called the intrinsic potential V,, 

Bs S| ane ea, aim i) 
of the latter. 

§ 3. The deduction of (4) and (5) was based upon the 
dk, 

approximate equation ee = -=A4mp,, the strict one being 

OL, OH, OL: ane: Se dz) oye! oe 7 Pe 
where I}, and HE, denote the two components of E perpen- 
dicular to the axis x, i being the real value of the electric 
intensity at a given point of the plane «. The lines above 
the differential coefficients indicate that their mean values 
over the whole plane should be taken. We have thus tacitly 
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Oly _ ok. =(0 and Oa OMe 
OY) Fi 2 Oe oem 

solution of the question about the error introduced by such 
an assumption presents great analytical difficulties, but it is 
clear without any calculations that this error is the smaller 
the more tightly the atoms are packed together, —or, in other 
words, the greater is the overlapping of the separate atomic 
fields. If the interatomic distances were large compared 
with the atomic dimensions, each atom would form a closed 
system, not interacting with the others and exerting no: 
influence on the free electrons (if any). Thus there can be 
no question about the intrinsic potential of an ideal gas *. 
In solid and liquid bodies, where the atoms (or molecules) 
are very tightly packed together, the interatomic distances 
being of the same order of magnitude as the atomic diameters, 
the interatomic forces are very intense and the overlapping 

assumed that The exact 

4 

of the atomic fields very complete. This reduces omy and 
DE, OY 
=a inside the double-layer to a negligible value (they are 

equal to zero, as well as = » inside the double-layer where 

Py=0), as clearly seen from the examination of the extreme 
case when e tends to zero and n to infinity (the product ne 
remaining constant). Another important effect of the 
condensation of the atoms is the increase of regularity in 
the surface electric field, the diminution of the deflexions. 
in the value of the intensity H, acting on the free electrons 
in different points of each plane, from the corresponding 

mean value KH. 
Returning to our hydrogen-like atoms, we see that when 

the mean distance between them 2R= == is comparable 
1 

with their diameter 27, the electric double-layer at the 
surface of the solid or liquid body is effective in producing 
the field H, (and consequently the intrinsic potential V.) 

7) 

determined by the equation ——* =47p,, and also that this 
dx 

field is sufficiently regular to absorb from each escaping 
electron an approximately constant amount of energy equal 

to eV... 

* But wheneyer there is some interaction between the gas-molecules, 
there must also exist an intrinsic potential; formula (6) cannot, how- 
ever, hold for a gas with any degree of accuracy. 
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Now every real atom may be considered, from the electro- : 
static point of view, as a superposition of an adequate 
number of such hydrogen-like atoms with a common centre 
containing the nuclei and with different, radii corresponding 
to the different electronic rings. If there are «, electrons in 
the ring of radius 7, they will form on the surface a double- 

ie 
4 

The corresponding portion of the intrinsic potential would 
be V,=27rex,.n.7r’, if these electrons were efficient in 
producing it. It can be easily shown that on account of the 
rapid decrease of the radius of successive rings, the portion 
of the intrinsic potential due to the central electrons—even 
in the case of such a heavy element as Hg—would be of the 
same order of magnitude as that due to the external (valency) 
electrons only. Asa matter of fact, however, these central 
electrons—or rather the portions of the atoms corresponding 
to them in the above sense—are inefficient in the creation of 
intrinsic potential, their radii being small compared with 
the interatomic distances. These central portions of the 
atoms behave like the molecules of a gas, hardly interacting 
with each other and exerting no sensible influence on the 
free electrons (if any). We may, therefore, replace the 
atoms by simplified models, consisting of the external “ valency ” 
electrons only and a corresponding positive charge at the centre. 
In connexion with this it may be mentioned that such 
simplified models of chemical atoms have been very success- 
fully applied by Kossel* to the explanation of the laws of 
chemical action, upon which the central electrons appear 
thus to have no effect save that of reducing the charge of 
the nucleus. We are now prepared to deduce on the same 
principles the laws of phenomena depending upon the 
surface electric double-layer. 

Let the radius of the external ring be 7, the number of 
electrons in it « (x is in general equal to the valency of the 
element). Then, te get the charge on either side of the 
metallic surface and the intrinsic potential V, we need but 
multiply (2) and (6) by «. Thus 

layer of thickness 2r and with a charge e,= + —enr, 

Bae aE eWay) sewn eh iY > hed, EG 
H=| 38 

ia areenr eee eh 2 ea 

* Kossel, Ann. d. Phys. Heft ii. (1916). 
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The same intrinsic potential would result from a doubdle- 
layer consisting of two surfaces with a charge e per sq. cm. 
at a distance 6 from each other, where 6 is given by the 
equation V =47red, or | 

ar 
OS eee es. es 

_ We shall call it the equivalent double-layer. 
It is clear that similar double-layers must, according to 

this theory, exist on the surface of all liquid and amorphous 
solid bodies *, whatever their chemical constitution. The 
latter will determine but the magnitude and the distribution 
of electric charges on both sides of the surface. This distri- 
bution must be calculated upon what we shall call the 
principle of immobilization of weight-centres, consisting in 
neglecting the translatory motion of the molecules compared 
with their relative motion about their own centre of weight. 

In its application to the simple (single-atomic) bodies this 
principle 1s reduced to the immobilization of the nuclei. Its 
fundamental importance may be illustrated by the fact, that 
if the mass of the hydrogen-line atom, considered in § 2, 
was concentrated in the electron and not the nucleus, and 
the latter rotated about the former, then the outer side of 
the double-layer would be positive and the intrinsic potential 
negative. Of course, the intrinsic potential may be negative 
in compound bodies, as we shall presently see. Let each 
molecule consist of 2 nuclei of charge +¢, +é:, ... +e, and 
x electrons of charge —e, situated at a distance 7, 7, ...Tiy 70 
from the immobile centre of weight of the molecule (it is 
self-understood that we refer toa simplified model). Applying 
the principle of superposition, we may consider each electron 
and each nucleus as the free end of a doublet, the other end 
of which is oppositely charged and rigidly fixed in the centre 
of weight. The mean electric density p; in a plane at 
distance « from the surface is equal to the algebraic sum of 
densities corresponding to the separate doublets, and in 

virtue of the equation On = Amp, the same rule holds for 

the electric force E, and the potential V.. We shall thus 
have on the surface of the body a system of 7+1 layers of 
thickness 27,, 272, ...27;, 279, the smaller being enclosed in 
the larger. The outermost charge may be both positive and 
negative, as well as the intrinsic potential. 

$4. Returning to metals and remembering that they are 

* The conditions are somewhat altered in the case of crystals. 
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simple bodies, consisting of single atoms, we immediately 
conclude that (1) the entrinsic potentials of metals are always 
positive. 

This result corresponds to the sign + in formula (8) ; it 
is, as pointed out in § 1, in complete agreement with the 
facts. 

If we suppose that the atomic radii (7) are exactly equal 

to half the mean interatomic distance R= sa then, 
a Te 

putting r=R and n= — we may replace (8) by the 

following approximate formula : 

en tae ek 
Ve ana eel ests ieee aT IE On) 

We notice that the right-hand member of this equation is 
of the same order of magnitude as the ionizing potential of 

2 
the metal, since - = 

required to remove one of the « electrons to infinity : hence 
(2) the intrinsic potentials of metals are of the same order of 
magnitude as the corresponding ionizing potentials. 

It always seemed strange to me that the units invented 
for the measurement of contact electromotive forces (@. e. 
the differences between the intrinsic potentials) should fit so 
well the ionizing potentials, which, indeed, in the case of 
metallic vapours amount to a few volts. On the above theory 
this coincidence receives a very simple and natural explanation. 

Lastly, since V is proportional to «, and since the atomic 
radi r are, probably, less variable than the valency, we see 
that (3) the entrinsic potentials of metals tend to increase with 
ther valency. 

In fact, it is well known that the alkali metals are the 
only ones sensitive to ordinary light: next come the di- 
valent ones (Zn, Mg), &c.; on the other hand, Pt («=8) is 
one of the most electronegative metals *. 
A few examples are collected in the following Table (1.), 

the intrinsic potentials (column V.) being calculated on 
formula (10) ; the atomic volumes (equal to the ratio of the 
atomie weight A to the specific weight 6, column IIT.) have 
been used for the determination of n, by means of the relation 

is approximately equal to the energ 

n= AN; where N=6:06 x 10% is Avogadro’s number. 

* We shall further see (§ 6) that this is but very approximately true 
for pure metals unaffected by absorbed gases. For instance, potassium 
purified by distillation ceases to be sensitive to ordinary light. 



306 Mr. J. Frenkel on the Surface Electric 

TasLE I.—Atomic volumes and intrinsic potentials. 
ink 
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It will be seen that the calculated values of V for Nu and 
Li are in excellent agreement with Millikan’s values (§ 1)”. 
As to the other values (except that for Hg, which also seems 
of the correct magnitude), they are obviously too high, and 
increase too rapidly with «. This cireumstance is easily 
explained by the fact that 7 is, in general, /ess than R and 

that the ratio % 

ference between the external electronic rings of neighbour- 
ing atoms must, obviously, increase with the number («) of 
electrons in these rings; their diameters must, therefore, 
contract compared with the interatomic distances—or rather 
conversely—the distances between the atoms must increase, 
compared with their diameters, as the valency « increases. 

How far these considerations correspond to the facts will 
be seen from the next Table (II.), in which the atomic radu 
are calculated by means of the strict equation (8) from the 
known values of the intrinsic potentials, as derived directly 
from the thermionic effect +. It must be emphasized that 
these values, obtained at very high temperatures after an 
almost complete expulsion of occluded gases, are really 
characteristic of the metal itself, and are, consequently, 
much more reliable than those derived from the photo- 
electric effect. | 

decreases as « increases. In fact, the inter- 

* This close agreement is, probably, merely accidental, because 
(1) Millikan’s values do not relate to pure Na or Li, 7. e. free from 
absorbed gases, (2) » cannot be exactly equal to R. ‘The coincidence of 
the ratios, theoretical and experimental, is, however, very significant. 

Tt H. Lester, Phil. Mag. March 1916, and Baedecker, Elektr. Erschein- 
ungen in metallischen Leatern (1911). 
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apie I1.—Intrinsic potentials and Atomic radii. 

Bes l cckl. i IV. MN: Pana ab VLE VIII. 
| Valency | Atomic Specific , Intrinsic | Atomic 3 inter- ‘ 

Element. i eney | weight weight | potential | radiusr | atomic pane 
as rt FAY Cc. | (observed). (calculated).| distance R. R 

Llp SS A Cae ae me Ne 8 <P RRN POTEe Ts 
Gea ee 12 1:80 455 volis.0°65 107" 105x107") 0°63 
mall Piet’ / 166 | 451 © 07ex 107/124 x10" 7) 0°60 
Mol cis: | Bevis « 96 90 | 4-59 0°67 Xx 10-*\ 121x107") 0:55 

We races | fay), 184 19-1 | 448 06110 °/1:18x107*| 0-52 

Pees | 191: | 225 | | 447 032x107 1183x1075} 0-46 
Prue er | 195 | 214 | Bat (0°57 X107° 116107 "| 0-49 

The values of x in column VI. are of the right magnitude 

and decrease with «, with the exception of that for carbon, 

cae RE 
which is too small; this does not, however, affect the ratios —~ 

R 

(column VIII.), which regularly decrease as « increases, 
being approximately equal to 4. The values of V, calcu- 
lated on the assumption r=R (as in Table J.), w ould have 
been thus about four times larger than the observed ones. 
We have hitherto taken no account of the effect of the 

partial ionization of the metallic atoms, revealed by the 
presence of free elecirons. This effect may be just as well 
negative as positive, depending possibly on the temperature. 
It is clear, however, that it may be considerable only when 
« is small (in the case of mono- and di-valent atoms). But 
as the ionization depends upon the intensity of the inter- 
atomic forces (as proved by the fact that it disappears in 
metallic vapours) it may be much less for the superficial 
atoms, exposed to such forces from one side only, than for 
the internal ones. Whatever it may be, the results of this 
theory, which are equally applicable both to metals and 
dielectrics, seem to support the view that the ionization has 
no sensible effect upon the surface layer (see below). 

§ 5. Let us imagine an equipotential surface, enclosing as 
tightly as possible that of the metal, without, however, 
penetr ating into the double-layer, and call ils potential d, 
the | potential of the Me If there were no double- 
layer, @ would be equal to the potential of the internal 
points. The action of the double-layer consists in increasing 
the latter by a fixed value V, and we shall call the sum 
@+V the internal potential of the body. | 
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Let us take two metals A and B whose external potentials 
are zero, the intrinsic ones being equal to V, and V, 
respectively, and put them in contact with each other, so 
that their surface electric double-layers partly overlap, the 
negative half of the one coinciding with the positive half of 
the other. The electric field in the residual double-layer 
will be directed from A to Bif V,> V,, and will drive from 

B to Aa number of electrons sufficient for its annihilation, 
2. ¢. for the equalization of the internal potential in the 
system AB. Denoting hy ¢, and 3 the variations of the 
internal potential of A and B respectively, we see that they 
will be equal to the external potentials of the metals in the 
final state and will be connected by the equation 

Vito, =Vept op. 

We shall thus observe an external electric field, due to a 
positive charge on B (¢,>0) and a negative charge on 
A ($,<0), corresponding to a potential difference 

d3—$,=V,— Vz, 

as if the latter really existed between the metals. As a 
matter of fact, however, their internal potentials are the 
same and will remain equal after their separation. Measuring 
their mutual attraction we shall obtain the external potential 
difference, which is equal and opposite to the difference of 
the intrinsic potentials. If A and B were connected with 
two other bodies C, and C, of the same material character- 

ized by the intrinsic potential V,, then the internal potentials 
of these bodies being equal to the common internal potential 
of A and B, the external potentials $,, and dp, must be 

equal too. There will be, consequently, no electric field 
between (, and (,, and if the latter are the quadrants 

of an electrometer, there will be no deflexion when A and B 
are disconnected. But if the surrounding gaseous medium 
is ionized, the surface charge of A and B, acquired during 
ihe contact, will be dissipated; the external potential 
difference between them will disappear, while the internal 
one will resume its initial value V,—V,, equal, of course, 
to the difference between the external potentials of C, and 

Cy, which will be measured by the deflexion of the needle. 

This is the principle of the ionization method for the deter- 
mination of contact electromotive forces. It will be noticed 
that the electrometer always measures the internal potential 
difference of the metals considered. 

At ordinary temperatures but very few electrons can 
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escape from the metal. As to the external electrons or 
negative ions (if any), they will be dragged into the double- 
layer each time that they sufticiently approach it, and, 
sticking in the positive side, may diminish the potential fall 
at the surface. But neutral molecules may also stick near 
or in the double-layer, and form additional double-layers of 
the same or opposite sign. In those cases when the formation 
of such extra double-layers is effected at the cost of the 
potential energy of the primitive double-layer, the adsorbed 
molecules must diminish the intrinsic potential of the metal 
in proportion to its original value (but not, of course, beyond 
zero). ‘This appears to be in full agreement with the recent 
experiments on contact electromotive forces *, and explains 
their dependence on minute quantities of occluded (or rather 
adsorbed) gases. 

Tt is clear that the contact electromotive forces, due to 
the presence of surface electric double-layers, have nothing 
to do with the thermo-eleetric forces generated by the 
difference in the concentration and, consequently, the partial 
pressure of the free electrons in adjoining layers. The 
Peltier heat depends upon their kinetic energy and not upon 
the energy of the rotating bound electrons forming the 
atomic double-layer. 

In conclusion a few words must be said about the electri- 
fication of insulators and electrolytes. 

Insulators are distinguished from conductors by the absence 
of tree electrons and not by the absence of intrinsic potentials, 
which in this case may be positive as well as negative, de- 
pending upon the structure of the molecules. A mere 
contact between two dielectrics is insufficient for their 
electrification, which will take place as soon as free electrons 
are liberated near the contact surface. The old means of 
doing this is friction. Indeed, the electrification of bodies 
by friction was the first experimental fact discovered in the 
phenomena of electricity. The exceedingly high potentials 
reached in this way are simply explained by the fact that 
the electric charges remain concentrated in those places only 
where they have been formed (instead of being distributed 
over the whole surface, as in the case of conductors), and 
may be very large, thanks to the large capacity of the 
condenser formed by the adjacent surfaces; this capacity 
enormously decreases when the bodies are torn apart, causing 
a corresponding increase of the potential difference, which 
may be initially equal to the contact electromotive force, 
that is, to the difference of intrinsic potentials of the bodies. 

* See, for instance, Shaw, Phil. Mag. rol. xxv. pp. 255-256 (1913). 
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A more modern and efficient method of liberating free 
electrons would consist in the ionization of the layers 
adjacent to the contact surface by means of Réntgen rays. 
According to this theory, the free electrons would be driven 
by the electric field in the residual double-layer from the 
body with the smaller intrinsic potential to that with the 
larger, until the electromotive force is completely annihilated 
owing to the formation of the condenser above referred to. 
One of the dielectrics may be, of course, replaced by a metal. 
Tam not, however, aware of any experiments having been 
made in this direction. 

The electrolytes, again, differ from the metals not by the 
absence of intrinsic potentials, but by the absence of free 
electrons which are replaced by ions. These ions cannot 
penetrate in the metal, but must form electric double-layers 
near its surface, along with the ions of the metal itself. 
A complete equalization of internal potentials seems, however, 
impossible in this case, since besides the mere electrostatic 
forces there are other forces—especially the osmotic pressure 
of the ions—which now come into play. 

Part Il.—Surface Tension. 

§ 6. When mercury is in contact with an electrolyte, its 
surface-tension is diminished, as compared with its value 
in vacuo, by about one-third of the latter. This value may 
be restored by the application of an external electromotive 
force, balancing the contact potential difference, and is again 
diminished when the balance is destroyed. The phenomena 
of electro-capillarity disclose, thus, an intimate relation 
between the contact electromotive forces and surtace-tension. 
On this theory, both are due to the same cause—the atomic 
(or molecular) electric layer enveloping the surface of solid 
and liquid bodies—the former depending upon its intrinsic 
potential, and the latter upon its energy. 

That a certain portion of the surface-tension must be due 
to this energy immediately follows from the fact that the 
latter is proportional to the surface of the body. The con- 
siderable effect produced upon the surface-tension of mercury 
by the secondary electric layers which are formed when it is 
in contact with an electrolyte, shows that this portion may 
be very large. In order to make an estimate of it, we shall 
compare the surface-tension o, numerically equal to the 
(free) energy of unit surface of the liquid, with the electro- 
static energy W, enclosed per sq. cm. in its surface electric 
layer. Let us, as before, begin with metals. 
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The mean electric intensity in the double-layer of a 
x-valent metal at distance wz from the surface is given by the 

equation 
a TREN , 
B= — —, ay ca ie | 2 aie GN a (11) 

which is derived from the multiplication of (4), $ 2, by «. 
From this W ae be aia by means of the relation 

pel UE dp | Bar, 
| dar, Sz 

which gives 

V = 55 (wen), ey Aeey hala ae gs) 

Pz). and (8), W= Ve Geel pennies bea Neds 
the energy of the “equivalent” double-layer). Putting 

—_ Bo, ? We may replace (12) by the following formula : pa i 
9 V? eich mie UREN) 

which is very convenient for the calculation of W when the 
intrinsic potential V and the atomic radius 7¥ ar known. 

We have seen ee for mercury r= R=1'4x 107° cm. and 

V =4:2 volts, or =~ Cy G.S.E. units(Table I.). Consequently 
am 

9(4°2)? erg. 
y =472 W= 807(300)1-4x 10-8 om 

which corresponds to a surface-tension of 472 dyn. As a 
: ? ea. CEN 

matter of fact, the surface-tension of mercury is 436 ) 
em 

(according to some other measurements even 460). We see 
that W is slightly larger than o. This is simply explained 
by the fact that + is not equal to, but slightly less than, R. 
The surface-tension of mercury may be thus wholly accounted 
for by the electrostatic energy of its surface double-layer. 
There remains, apparently, no room for the hypothetical 
cohesive forces upon which the classical theories of Laplace 
and Gauss were based. We shall assume that in the case 
of all liquid bodies these forces have no direct influence upon 
the surface-tension, and that the latter depends ewclusively 
upon the energy of their electric double-lavers ; expressing 
this mathematically, we get 

CWE Wied Wes eeividag she GED 
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Taking the experimental values of the surface-tension of 
fused metals *, I have calculated, by means of (14) and (12), 
their atomic radii (7), and further, by means of (8), the 
corresponding intrinsic potentials (V). The results are 
collected in the following Table (III.). The numbers («), 
tabulated in the second column, do not, strictly speaking, 
represent the valency, but the probable number of external 
electrons, determined by the position of the corresponding 
metal in the periodic system. As a matter of fact, this 
number may be different. For instance, copper, silver, and 
gold are included in the first group, although cepper is often 
di-valent, and gold tri-valent. It is possible that for silver 
« 1s also larger than 1. 

TasLe IIT].—Surface-tension and intrinsic potentials. 

I. II. ITT. TA V “VE. VII. VIII. 
Surface , vane aD: 

Valonoy | Atomic | Specific} tension | Te |e nall polental 
BR gee | si cs vepn oR eaten) (caicul.) | (eheaeaed) 

| } i lobaerreaht rx 10° em.| V volts. volts. 

Nae 1 23 | 093 | 294 2-4 4-2 131 
Paki 1 39 033 | 415 2-58 9:55 de 

AGH! i 108 | 951 | 784 1-97 6-23 ue 
Vi Nae D) 65 648 | 104(2) 0:58 [24 ce 
Cae D 112 8 815 (?) 1:43 542 a2 
He. 2 201 | 136 | - 436 1:36 4-00 bid 
Salt 4 119 | 694 | 681 099 | 4-21 ee 
Tee 4 207 | 1064 | 536 0:99 3-66 ia 
Sieh: 5 120 | 65 317 0-68 2:30 oe 
Hive 5 208 | 100 | 460 0:83 311 fas 
Re a 8 56 688 | 950 0-42 3-18 nt 
Pee 8 195 | 213 | 1820 0:57 5:10 Bl 

| 

Let us first consider the calculated values of the intrinsic 
potentiais (column VII.). The main fact about them is that 
they are all of the right order of magnitude and le im very 
narrow limits, in spite of the considerable variation of «. 
The only metal for which the direct comparison of the 

* Landolt-Bornstein, Physikalisch-Chemische Tabellen tor 1911, p. 114. 
It must be remarked that the discrepancy between the values of o found 
by different persons does not affect the order of magnitude. 
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theory with experiment may really be effected, is Pt, and 
it happens that the calculated value of V exactly agrees 
with that derived under nearly the same conditions from the 
thermionic effect*. In fact, the latter has been measured 
for very high temperatures, as well as the surface-tension of 
fused platinum, after an almost complete expulsion of 
occluded gases, and is really characteristic of pure platinum. 
This cannot be said about Na, no care having been taken in 
Millikan’s experiments to get rid of occluded gases. There 
are strong indications to the effect that the latter greatly 
diminish the intrinsic potential of the alkali metals t, and it 
is very probable that the calculated value of V (4:2 volts) 
for pure Na is nearer to the truth than Millikan’s value. 

The exceedingly high fusion-point of the other elements 
in Table II. has not allowed hitherto of a determination of 
their surface-tension. Their intrinsic potentials, however, 
are very close to those calculated in Table III., so that at 
first sight it may seem that both are got from the same 
source. | 

Farther, the value of V for cadmium seems too high and 
that for Zn too low. This may perhaps be due to a corre- 
sponding error in the experimental values of o; it is, indeed, 
very strange that the surface-tension of metals so closely 
akin as zine and cadmium should be so widely different. 
Whatever it may be, the Table correctly expresses the fact 
that Zn is, under ordinary conditions, one of the most electro- 
positive metals, highly photo-electric, and positively electrified 
when put in contact with all the other metals except the 
alkali ones. More than that, if we arrange the elements of 
Table IIT. (except Na, K, and Cd) in the order of increasing 
intrinsic potentials, we get the following series : 

(+) Zn, Sb, Bi, Fe, Pb, Hg, Sn, Pt, Ag (—), 

every member of which should be positively electrified when 
put in contact with one of the next. This series (corre- 
sponding to the “‘ Volta series”) is not very different from 
those which were experimentally found. For instance, 
Volta found: (+) Zn, Pb, Sn, Fe, Ag (—); Seebeck : 
(+) Zn, Pb, Sn, Sb, Bi, Fe, Pt, Ag (—); Auerbach : 
(+) Zn, Su, Pb, Sb, Bi, Hg, Fe, Ag, Pt (—). 

Lastly, the theoretical values of the contact electromotive 
forces, equal to the difference between the calculated 

* See Table IT., § 4. 
+ The repeated distillation of potassium in a very high vacuum 

caused its photo-electric effect to disappear completely. See Hughes, 
Phil. Mag. vol. xxviii. p. 3388 (1914). Also Wiedemann & Hallwachs, 
Verh. d. Deutsch. Phys. Ges. p, 107 (1914). 

Phil. Mag. 8.6. Vol. 33. No. 196. April 1917. a 
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intrinsic potentials, are of the right order of magnitude 
(about 1 volt). 

Thus, the agreement of the theory with the facts is, on 
the whole, very satisfactory. 

§ 7. Let us now turn to the atomic radii (column VI. of 
Table II.). The main fact is, again, the right order of 
magnitude of all the values found for different atoms. 
Another striking fact is that the atomic radii regularly 
decrease as the valency increases. This result was antici- 
pated in § 4. It was pointed out there that, “as the inter- 
ference between the rings of neighbouring atoms increases 
with the number of electrons in them, the ratio of their 
radius to their mutual distance must decrease,” and it was 
thought possible to explain by this circumstance the too 
high values obtained for the intrinsic potentials of Zn, Al, 
and Pb, on the assumption that 7, the atomic radius, was 

1 e e . 

equal to Rey where 2R is the mean interatomic 
nN 

distance. (This assumption would give for the intrinsic 
potential of Pt a value about five times as large as that 
calculated from the surface-tension.) The quantitative 
examination of this question from the point of view of Bohr’s 
theory of atomic dynamics leads to the same result. 

If « equidistant electrons of charge —e and mass m rotate 
with an angular velocity @ ina circle of radius r with an 
immobile nucleus of charge xe at the centre, the condition 
of equilibrium between the attraction to the centre and the 
centrifugal force is expressed by the equation 

2 

(«-8,)g= noir) 7 eh an 
hey 01 56° 

where s,= ji Dy eosec ay and the term — “2 corresponds to 
= 

the mutual repulsion of the electrons. According to Bohr *, 
this motion is stationary (unaffected by radiation) then only, 
when the angular momentum of each electron is an integral 

multiple of LD where / is Planck’s constant, that is when 
al 

h ; 
mre =i5— =a 2535 <. .) a: See myo =o « (zwei Gs ks) (B) 

From (A) and (B) we get for the possible values of r, 

ar i Role 

K—S, O 4rem 

* Phil. Mag. vol. xxvi. pp. 1 & 476 (1918). 

=0°55 x 1078, G@=1, 2, 3, -..) (15) 
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where a is equal to the radius of the first stationary circular 
orbit for hydrogen (e=1). If the influence of internal 
electronic rings on the external one is reduced to a simple 
diminution of the effective central charge, as was assumed 
throughout this work, then formula (15) determines the 
possible radii of an atom whose valency is equal to «. It is 
at once clear from this formula that the atomic radii must 
decrease with the valency, provided i is the same for different 
atoms. 

As we shall see, this condition seems to be satisfied in the 
case of many metals in the solid or liquid state, the atomic 
radii being determined by the universal condition 

MURR ac, A? rie Maw ERO) 
in conjunction with (15). 

In the following Table (LV.), some of the values of 7, 
calculated from the surface-tension and taken from Table IT., 
are compared with the values r,, caleulated on Bohr’s theory 
by means of (15) and (16) on the one hand, and with half 
the inter-atomic distances R on the other. The values of s, 
are given in column III. 

Taste LV.—Atomic radii and Bohr’s theory. 

| 

if 17. LET! Tye EN | ee WL: VII. 
Atomic | Atomic x 

3 inter- radius | radius 
Valency| atomic  (cale. |(cale. on 

Hlement. eae: distance from Bohr’s r/o. | 
| Rx 10%. oor V)| theory) 
| TNO? Sia <0: 

s pis . | 

eae 1 0 2:00:5 Ip QS8) 5) 22 jy 9) 
[Eee 5 3014: 2 G25) || dc40e1 Pabieser 264i a-08 | 
Pe eee et 4 | 0-96 1:05 | 065* | 0-73 0-9 

Pies: 4 0-96 149 | 0-99 0-73 135) | 
| } } | 

Rion. ela Beer i P38 1:46 0-68 0-61 TANT 

| aie 5 1:38 120) O7A*<| 061 1-21 

pW seth: 6 1:83) EIS) ye nO-Gies| 0:58") | -15 
jer a 8 2°81 1) 0-425 6 0.43 0:98 

* These values are calculated from the thermionic effect ; all the 
others are calculated from the surface-tension. 

The parallelism between the values in columns V. and VI. 
is obvious, although the former are somewhat larger than the 
latter. 

2 
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It would be of course unreasonable to expect a complete 
coincidence between them, since the equations (A) and (B) 
were deduced for an isolated atom, subject to no external 
forces, while such forces are very intense in a solid or liquid 
body. We should expect the conditions underlying these 
equations to be realized when the metal is vaporized and 
the interaction between its atoms becomes feeble. In fact, 
experiments on the single-line spectra, excited by slow 
cathode rays in the vapours of Hg, Zn, Cd, and other metals 
of the same group, indicate that the frequency and energy 
of the light emitted corresponds to the transition of one of 
the electrons from the fourth stationary orbit on the third 
one * ((=3). The radius of this third orbit 

9a re : . 
3= 5 —— > = 2°83 x 1078 em. (see p. 312), © 

2—0°20 , 
Ms 

is, thus, the normal atomic radius of the di-valent metals in 
the gaseous state. When the metal is condensed, these 
orbits imust contract, being too large compared with the 
inter-atomic distances, and the electrons are forced to remain 
on the second stationary orbits with a radius 

aa i= 12 Genome clans 

This tendency of the eaternal electrons towards stationary 
orbits of higher order (second, third) seems to constitule a 
general, fundamental property of the metallic atoms, distin- 
gushing them from the atoms of dielectrics, which, under 
ordinary conditions, keep their external electrons on the first 
stationary orbit (corresponding to 7=1). 

As the work required to remove an electron from its orbit, 
i.e. to ionize the atom, is inversely proportional to the 
radius, we see at once that the ionizing potentials of metals 
although increasing with the valency, must be much smaller 
than those of the dielectrics, a conclusion which is fully 

* Franck & Hertz, Verh. d. D. Phys. Ges. xv. p. 34 (1913) ; Wigbeaer 
(and others), Proc. Roy. Soc. v. 92, Oct. !1916.—The frequency is 

represented by the formula ele S) —(5, P) , OF approximately 

y=4k (2) , Where « is Rydberg’s constant. This corresponds to 

the energy hv, acquired by an electron moving through a potential 

fall of 300— 4 volts, or (approximately), to the energy necessary to 

remove the electron from the third orbit, as can be calculated by means 
of formula (15), taking «=2 and 7=5. 
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confirmed by experiment™. Further, the ionization of metals 
in the solid or liquid state must be much larger than that 
ot the dielectrics under the same conditions, which accounts 
for the presence of free electrons in the former and their 
absence in the latter. 

Lastly, the surface-tension of metals must be much larger 
than that of dielectrics, since, other things equal, it is pro- 
portional to the cube of the atomic radius. This conclusion 
is in a striking agreement with the facts t. The surface- 
tension of dielectrics does not, indeed, exceed a few tens, 
while that of the metals, as shown above, is measured by 
hundreds and even thousands of dynes per cm. The salts 
(fused) occupy in this respect an intermediate position. 

A few examples, taken from Freundlich’s Kapillarchenue, 
are collected in the following Tabie (V.), illustrating the 
above law. 

TABLE V.—Surface-tension of dielectrics. 

| Temperature | 
Surface-tension.| Substances. 5a (centigr.). | 

| 
| 

| 
| 

| as 
Lh (Sue AR ed Se ie — 259° 2 
ee eae, — 195-9 83 
A este) Sone oes ae — 182-7 13 
PASE Se MMR od a. p.5 atale —186°1 11 
es NEON sis Soe nas — 72 33°6 
Sul pune ub A if a a | +160 60 
RO ait, ats ae ss 25h s + 152 18 
SS SNEED ee -+ 20 30 
|B 7" ESUSE TT TaN gee ea ie a + 54 30 
PESEINZAG 2. Sos ano atne cin + 20 28°8 
MPER NODE uttesteg te seina donee oe - 20 23 
We@OVOLONID . ceeds i sce seco + 20 26 
MER ens Ne kee ce sy i's obs. 820 120 
LTO ERE SAS ee ee 790 100 
= Ca 350 213 
SCO 880 170 

Argon is mono-atomic, as Fe and Pt, and has the same 
number of electrons in the external ring (8), while its 
surface-tension is about 100 times smaller than that of the 
other two elements. On our theory this is simply explained 

* The ionizing potential of Zn, Cd, Mg, Hg, is 3:96, 3°74, 4:28, 4°9 
volts respectively ; that of helium is 20°5 -olts, of neon 16° 0, of argon 12, 
hydrogen 10 volts. 

+ Strictly speaking, it refers only to mono-atomic substances; but, as 
will be shown later, the combination of atoms in molecules usually tends 
yo diminish the surface-tension. 

‘ 
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by the fact that the radius of an A atom is about 6/100=4 6 
times smaller than that of Ie or Pt, 7. ¢.is equal to the radius. 
of the first stationary orbit*. This circumstance also 
accounts for its chemical inactivity. 

To show how far our theory is applicable to compound 
substances, we shall take the simplest one, liquefied hydrogen, 
and calculate its surface-tension, assuming for the molecule 
H, the model so successfully applied by Debye f to the 
calculation of the dispersion of light in hydrogen gas. 

Debye’s model consists, as well known, of two hydrogen 
nuclei at a fixed distance } from each other, and two electrons,, 
situated in two opposite points of a circle whose centre lies: 
at the middle of the line joining the nuclei and whose plane 
is perpendicular to the said line, the radius of the circle 
being a, and the angular velocity of the electrons o. 

The condition of equilibrium for the nuclei is 

e Ane 2¢7h 

(2b) a (a? aie b? 3? ’ or (1+9?7)2=8, whence oe =/3, (A) 

and for the electrons 

Qe .a e . . 
as = Sy = nwa, whence by means of (A), 
(a> + 67)?? (2a) 

mae? 3\/3—1 = Si ee ee aT 

To this Debye adds the ‘quantum condition ” that the 

/ 
angular momentum of each electron should be equal to 1 SS 

nie 

a . 
Mea? =e Ne ee (C) 

The solution of (B) and (C) gives a=0°67 10-5 and 
b=0°46 x 107°. 

According to the general principle outlined in the end of 
§ 3, we shall obtain the whole electric field in the quadruple 
layer on the surface of hydrogen (liquid) by a simple 
addition of the fields due to the separate constituents of the 
H, molecule, considering it as a superposition of two pairs 
af doublets the free ends of which are formed by the nuclei 
and the electrons, the opposite ends being fixed at the centre. 

* The exact calculation gives for argon (A=40, 6=1:42, «=8),. 
O22 10m emt. 

t Ber. Bayer. Akad. p. 1 (1915). 
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According to (11), the electric intensity due to the nuclear 
doublets is equal to 

2mren 

b 

and that due to the electronic doublets, 

Eq, := + Cogs le) 

(a—| zl)”, ot ee ie sate (EH) 

the whole intensity E,, being equal to the sum of Ey,, and 
E., for |2|<b<a, and to E,,, for |xz|>6 (i. e. outside the 
double-layer corresponding to the nuclei). For the energy 
W per sq. cm. we get 

Om yi, 

a. ji a 0 PY is aa ae 
= An}, EK ,dvt+ an EX pda = yy, Hees nee AL. 

Taking for x (the number of molecules per c.c.) 

n= 6°00 X 10% & ; 

where 6 is the specific weight of liquid hydrogen and M its 
molecular weight (6=0:075, M=2) and performing the 
calculations, we find 

+ au a 6p - 1 es 
yy — ~ 4 4 — y : oa We >) LS se \ Ei edz | eS i} Hig OL 0 

% ; 
sar W.u= id { E.,, By,,dx=24, 

27 Jo 

whence W= W,+ Wy— W..n=4, which is very near to the 
experimental value of the surface-tension of liquid hydrogen 
o=2 (see Table V.). 
When the structure of the molecule is known, the calcu- 

lation of the surface-tension presents a very simple problem, 
and I shall not, therefore, dwell upon it any longer. The 
essential feature in this case is the participation of the positive 
nucler in the creation of the surface electric field, causing a 
diminution of its energy. This is why the surface-tension of 
salts is always less than that of the corresponding metals, 
and the surface-tension of dielectrics of any composition less 
than that of the salts. 

In conclusion, it may be mentioned that our theory gives 
the right dependence of the surface-tension upon the density 
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and, consequently, the temperature (for a given substance), 
since o=W is proportional to x”, that is, to the square of 
the density 6. In this, however, it does not differ from the 
older theories. 

§ 8. The fact that the energy of the surface electric 
double-layer is sufficient to account for the surface-tension, 
indicates that the latter does not directly depend upon 
cohesive forces. The existence of these forces becomes, 
however, manifest, when instead of the energy and the 
corresponding tension parallel to the surface we consider 
the stress perpendicular to the surface and measured by the 
attraction between the two halves of the double-layer. ‘The 
existence of an ordinary condenser implies that the attraction 
between the oppositely charged surfaces which form it is 
balanced by some external forces, and the same, mutatis 
mutandis, may be said about the molecular double-layer. In 
the outer half the attraction of the charges is balanced by 
the centrifugal force due to their rotation. The centres of 
the atoms or molecules contained in the other half are 
attracted outwards, and the fact that, nevertheless, they 
remain in equilibrium (statistical) implies the existence of 
cohesive forces pulling them in the opposite direction. In 
the absence of heat-motion, 7. e. at absolute zero, the resultant 
of these cohesive forces P, reckoned per unit surface of the 
double-layer, must be equal to the corresponding electric 
stress F.. To calculate F we have to integrate over one-half 
of the double-layer the product of the electric density p, 
and the electric intensity E,, which in the case of a simple 
body of valency « gives on account of (1) and (4), § 3, 

By 

N = Tm 7 Hh jis Pele du=% (CAE pe a8 Wend (Lz) 
0 LY 

Ry ae > { = oe, r , an bs Ly Ta 2 2 cy tr _ Comparing this with the expresso. ('2) for the energy 
W, we get 

fo, Woidyaics Ae 
k = o) oN. em. ° e e . . e (15) 

Thus, the whole volume of the body ts in « state of stress, 

measured by F. Taking for W=o 100 nee , formalin: 

ae we get H=2°5 x 10° ——., or about tah ee per 

sq.cm. This is of ihe) same order of magnitude as the 
internal pressure of liquids at ordinary temperatures. If, 
neglecting the influence of the heat-motion at these temper- 
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atures, we write the condition of equilibrium in the same 
form . 

| kee LEE RMESR A aa a 8 

and identify P with the internal pressure of the liquid, we 
vet the following relation between surface-tension ¢o=W 
and internal pressure 

lie (20) 

Although this relation should strictly hold only for a simple 
substance, we may, however, expect that, appled to com- 
pound ones, it should yield for »—the mean radius of the 
molecule—a value of the right order of .magnitude. In 
fact, we have for ether, alcohol, and water, c-=19°7, 29°8, 

77-0 oe and P= 1400, 2200, 10,700 Ke. 
cm. em.” 

corresponding values of 7, calculated by means of (20), are 
'3°6x 1078, 3 x 10-8, and 1:7 x10-8em. Unfortunately, P has 
been determined for very few substances. It would he very 
desirable to calculate the internal pressure of liquid metals 
from their vaporization heat (by means of Stefan’s formula 

bo] Or 19 

respectively ; the 

(P—p)v=Q, 

where ( is the latent heat of vaporization, v the specific 
volume, p the vapour pressure). Be 

em,? 
for Na, 72,000 for mercury, 130,000 for Pb, and about 
800,000 for Pt (see Table IT.). 

It must be emphasized that when a neutral atom (or 
molecule) escapes from the liquid, the energy lost in crossing 
the surface layer is equal to the work of cohesive forces only, 
that of the electric ones being obviously equal to zero. The 
electric double-layer does not, therefore, affect the vapor- 
ization heat, but permits us to calculate it, provided the 
above-mentioned connexion between the electric stress and 
the internal pressure is correct. 

T hope to return to this question in a future paper. 

According to our theory, P must be equal to 28,000 

Summary. 

(1) Assuming the atoms to consist of positive nuclei with 
electrons rotating about them, it is shown that these electrons 
constitute over the surface of metals a layer of negative 
electrification with a corresponding layer of positive electri- 
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fication on the inner side of the surface, the electric double- 
layer of atomic thickness, thus formed, preventing the free 
electrons from escaping. The distribution of electric charge, 
intensity, and potential in the double-layer is calculated and 
the results generalized for all liquid and solid bodies. » 

(2) The intrinsic potential of the atomic double-layer is 
calculated for a few metals and shown to amount to a few 
volts and to increase with the valency, the valent electrons 
being the only ones effective in its production. 

(3) The contact electromotive forces of metals and di- 
electrics are shown to be due to the difference of their 
intrinsic potentials. 

(4) The surface-tension of liquids is accounted for by the 
energy of their atomic electric double-layers. The atomic 
radii and intrinsic potentials are calculated for a number of 
metals from their surface-tension. 

(5) The intrinsic potentials thus calculated amount to a 
few volts and permit us to arrange the metals in Volta’s 
series, while the atomic radii are very nearly equal to those 
corresponding, on Bohr’s theory, to stationary orbits of 
second order. 

(6) The small surface-tension of dielectrics, compared 
with metals, is explained and the surface-tension of liquid 
hydrogen is correctly calculated by means of Debye’s 
model. | 

(7) The normal stress in the double-layer is calculated 
and its connexion with the internal pressure of liquids is 
pointed out. | 

In conclusion, I wish to express my thanks to Prof. A. 
Yofté for his kind interest in this work. © 

Physical Institute of the Petrograd University, 
December 6th, 1916. 

XXXI. The Secondury Potential of an Induction-Coil at 
“make.” By HE. Taytor Jonzs, D.Sc., Professor of 
Physics in the University College of North Wales, Bangor™. 

[Plate VII.] 

THXHE chief interest attaching to a calculation of the 

potential at the secondary terminals of an induction- 

coil at “‘make” lies in the means which the resulf may 

suggest for the reduction of this quantity. In several of the 

processes in which induction-coil discharges are used, and 

* Communicated by the Author. 
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especially in X-ray work, it is desirable to suppress the 
*‘inverse current” at make; and evenif one of the usual 
rectifying devices is employed for the purpose—most of 
these are said to be but imperfect rectifiers—it is still im- 
portant to reduce as far as possible the maximum potential 
to which the secondary terminals rise after contact is made 
at the interrupter. It need hardly be said, however, that 
in considering the various methods by which the make- 
potential may be reduced, the importance should be borne in 
mind of maintaining undiminished the potential at break. 
In the following calculation we shall regard the secondary 
circuit.as open, and endeavour to find an expression for the 
make-potential in terms of the various coefficients of the two 
circuits. 

Denoting the primary and secondary currents by 4, 22, 
the coefficient of induction of the primary coil on tlie 
secondary by L;, that of the secondary on the primary 
by Ly,, and with the usual notation for the other quantities, 
the equations are 

li dig Way: 
V5 +L a + Ri, = H, . 5 C 5 (1) 

pce ee Pe a Vine iat) Sachets Ge 1: i, +s, ai + Roig + Vo=0. | (2) 

Ly Ni 8 | 
j= 9 Wee : 5 . = : 5 5 ° (3) 

It will be noticed that there is in these equations no term 
depending upon the capacity of the primary condenser. 
Although there is a very prevalent belief that the induced 
current in the secondary at make depends upon this capacity, 
which is said to “‘ take up and store ” the first rush of current, 
thus retarding the growth of current in the primary coil, itis 
difficult to understand how any such action can take place. 
At make, the condenser becomes short-circuited and, after 
losingiits initial charge C,E—none of which can pass through 
the coil—takes no further part in the proceedings. HExpe- 
riment also shows that the primary condenser does not assist 
in reducing the secondary spark-length at make—at least 
this is certainly the case when the interval between break 
and make is not extremely short, so that the oscillations set 
up at break have time to die away before the following 
make. The condenser might indeed be expected to exert 

* The secondary circuit being open and not connected with a condenser 
the current in it is not uniformly distributed alone the wire. 72, is the 
current in the central winding, and V, is the P.D. at the secondary 
terminals (see Phil. Mag. April 1914, p. 566). 
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some influence on the make-spark—increasing or diminishing 
its length—if the interruptions follow one another with very 
great rapidity, in which case there might .be a considerable 
current flowing, one way or the other, in the primary coil at 
the moment of make. But in working conditions, chiefly 
owing to the fact that the secondary discharge at break 
usually causes rapid damping of the oscillations, this effect is 
not likely to be of importance, and in the present calculation 
we shall suppose that the initial value of the primary current 
at make is zero. 

Denoting 2;— E/R, by 2, and making use of (3), equations 
(1) and (2) become 

ie OR ae 
L, a a lives ae + R eo OE G é - 5 . (4) 

Fi CNG du : 1 dV, gn 

JOAOe de tlio, as Is dt +) gaa, . e (9) 

The solution of equations (4), (5) is of the form «= Ae*, 
V.=Be*, where = is a root of the cubic equation 

ae eat lit.) 9 R (TijLy—Tylny)s? + (LiRa + Let)? + (7! + BR: )e+ GE=0. 
2 ! 2 

(6) 
In_all actual cases this equation will have two roots of the 

form | 
a — hy 2am ot. . echt 
lg —hy—2a7n.... | 

where i= V —1, the third root being real, say 

23 — 6, e . . . e . (8) 

The complete solution of (4), (5) is thus 

v= Aye’ + Angee! + Ages”... . ] 

Vij Bien SB ae ae ne 

where the A’s and B’s are to be determined from the initial 
conditions. These are 7; =0, V2=0, t=0, that is 

aves 
a=—H/Ry, V.=0, Tate whent=0,. . (10) 

al 

(2) 

Thus, by (9) | 

SA =—H/h, ake | 

Diab imma Ue oh cer plea l . | Oe GIT) 
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Since each particular solution satisfies equations! (4) and (5) 
we have, on substituting and adding, 

L,SAc+ Ly2C,>Bz? ah R, A= 0, 

L,C,2B2 + Ly, 2Az+ RoC,EBz+ SB =0, 

which by (11) give | 
L,C y 

and Be 

DAT ee =| 

ee Cy (Li, Lg — yp Lig) ) 

Hh, 
8 Op lay Uae 1) 
=G, say. 

Here & is the coefficient of coupling of the primary and 
secondary circuits, that is, k= Ly:ls,/L,L,. Thus the 
equations for the B’s are 

B, +B, +B; =0....)] 
| Biz, -+ Boz. + Byzg=0..., 4 | 
| 

D 

: (12) 
Biz + Bez B33= G. Sac 

Similarly, for the A’s the equations are 

Ay > Ay + A; — BL, he Ae Y, 2 
<1 <9 =2 ine ; | 

eho ViAL ha | Ab tpl 1 if Se Ry 2 680 Nn) eo r ( 3) 

Ayz, == Az, + Ane, i 

Ly(1—#?)*** J 

Along with (6) equations (13) enable us to find the primary current and equations (12) the secondary potential at any time after make; it is the latter quantity that we are con- 
cerned with here. 

Solving (12) for B,, we find, after reduction, 

B,=— — G 

which by (7) and (8) becomes 

B. = G . e Se 

; 4m 2m + (k,—d) 

G _ 2nn—(hki—S)i 

horn Aq 2+ Cie —6)* ; 
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We may neglect (k;—6)? in comparison with 47r?n? so that 

Get Qan—(k,—6) 
Bye = — 

: Aan Agr? 

D e e 

(cos 2arnt +-2 sin 27nt). 

The real part of this is 
(Ge7*ht 

Sa ce {27m cos 2arnt 4+- (ky — 8) sin 2arnt} a - 

af) Gert 

: 

=~ 5 ggige 008 Cant) 
jas 

where tan @= S 
2a 

Similarly we find that the real part of Bye‘ is also equal 
to the expression (14), while B; is real and equal to G/47’n’. 
Thus the complete solution for Vo is 

G 
ages: 

Now the approximate value of 47?n’, obtained by neglecting 

{et cos (2ant —8) —e-*?, 

the effectiof the resistances on the frequency, is Ly 

that is, the frequency is that of the secondary circuit with 
the, primary closed. Thus G/4a°n?= —EL,,/Ly, and finally 

Woe 2 for ht cos (Zit 0) 5") eee ese 
1 

The wave of potentialin the secondary circuit at make thus 
consists of a damped oscillation superposed upon an expo- 
nentially decaying part, the initial values of the two parts 
being +HL,,/Ly. The greatest numerical value of the 
expression (15) for V. occurs at a time t, somewhat less 
than 1/2n, and will in all cases be less than 2HIi.;/Ly, the 
value of the maximum when &, and 6 are zero. The ex- 
pression 2EL.,/L,; may be regarded as giving the limiting 
value of the maximum potential at make, to which the actual 
value would approximate if £, and 6 were indefinitely re- 
duced. In actual cases, however, &, and 6 are probably never 
so small as to allow the above limit to be very closely 
approached. pss 

According to (15) the secondary potential at make is pro- 
portional to the battery E.M.F. in the primary circuit, but it 
depends to a much smaller extent (only through £, and 6) on 
the resistance in this circuit. These results agree with the indi- 
cations of the secondary spark at make. For example, a certain 
18-inch coil, excited by a slow interrupter worked by hand, 
gave at H=20 volts, R,=10 ohms, a make-spark about 0°7mm. 
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long. With a battery of 98 volts and the same resistance in the 
primary circuit the spark-length at make was4:5 mm. These 
sparks passed between two ball electrodes each 2 cm. in 
diameter, and therefore represent potentials of about 3500 and 
16000 volts respectively. When the primary resistance was 
increased to 50 ohms the spark-length at make (H=98 volts) 
only fell to 3°7 mm. 

Thus the potential at make increases rapidly with the 
battery E.M.F., but only varies slightly with the primary 
eurrent. On the other hand, the potential at break depends 
greatly upon the primary current, being proportional to the 
value of this current at the moment of interruption. Conse- 
quently it is desirable in working an induction-coil, with a 
view to reducing the secondary potential and the inverse 
current at make, to employ the smallest battery that is 
sufficient to produce the required potential at break. Fre- 
quently, however, an induction-coil is for reasons of con- 
venience worked from a source at constant potential, such as 
the 100-volt or 200-volt supply-mains, through a series 
regulating resistance, in which ease there is no possibility 
of adjusting HE. In any case, whatever be the source of 
supply, it is desirable to consider what other means there 
may be for reducing the potential at make. 

The expression (15) for the potential at make contains the 
factor L,,, and the potential may accordingly be reduced by 
diminishing the mutual inductance of the primary and 
secondary coils. This may be effected without causing any 
alteration in L, by withdrawing the primary and the core 
axially from their symmetrical position in the secondary. 
In addition to reducing L,, such a displacement has tho 
effect of diminishing L,C,, and consequently also the period 
of the oscillation. Thus the time ¢, during which the 
damping forces act before the maximum make-potential is 
attained is diminished, and this tends to increase the 
maximum. On the whole, however, the withdrawal of the 
primary is found to have the effect of reducing the spark- 
length at make. On one occasion, for example, the 18-inch 
coil with the primary in the position of maximum mutual 
inductance gave a make-spark 4-4 mm. long (H=98 volts, 
R,=12 ohms). When the primary was drawn out 30 em. 
from this position the spark-length at make was only 1°5 mm. 

It might be thought that the displacement of the primary 
coil would, owing to the decrease of mutual inductance which 
it entails, cause a diminution of the secondary spark-length 
at break, but this is not necessarily the case. By drawing 
out the primary the system may be brought into one of the 
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adjustments which are most favourable to the conversion of 
magnetic energy of the primary current into electrostatic 
energy in the secondary cireuit*. In one of these adjust- 
ments the coefficient of coupling is determined by k?=0°57, 
the primary capacity by L,C,;=0:43 L,C,. If the primary 
is drawn out to this position, andthe capacity of the primary 
condenser adjusted to its optimum value, the electrostatic 
energy generated in the secondary circuit (for a given value 
of the primary current) will be at its maximum. The 
position of the primary which gives maximum secondary 
potential will probably be influenced to some extent by the 
reduction of capacity of the secondary coil due to the dis- 
placement of the primaryf. 

In the case of the 18-inch coil above referred to, whether 
worked by the slow break or by a motor interrupter, the 
spark-length at break is distinctly increased by drawing out 
the primary toa distance of 30 cm. from its symmetrical 
position. {tis worthy of note that if an X-ray tube is con- 
nected to the secondary terminals the mean current through 
the tube, as indicated by a moving-coil miliampere meter, 
is less, but a fluorescent screen on which the rays fall glows 
more brightly, in the displaced than in the symmetrical 
position. 

Thus the process of reducing the mutual inductance by 
drawing out the primary coil to a suitable distance along the 
axis of the secondary not only materially reduces the negative 
secondary potential at make, but also increases the positive 
potential at break. | 

According to (15) the secondary potential at make is, 
other things being the same, inversely proportional to Ly, the 
self-inductance of the primary cireuit, and may be reduced 
by connecting an inductance-coil in series with the primary 
and the battery. Thus the addition of an air-core coil of 
about 0°07 henry to the primary circuit of the 18-inch coil, 
the total resistance of the primary circuit (10 ohms) being 
kept constant, reduced the make-spark from 4:5 mm. 
to 277 mm. The effect is even more marked when the four © 
layers of the primary coil are connected in parallel, L, being 
now much smaller to begin with. The insertion of the air- 
core coil now reduces the spark-length at make from 13:1 
to 1:0 mm. 

* Phil. Mag. Jan. 1915, pp. 1-4. 
+ The same effect—a maximum of secondary potential at break in a 

certain displaced position of the primary coil—is also observed when the 
secondary terminals are connected to a condenser, in which case the 
change of C, due to the displacement of the primary is insignificant. 
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The addition of series inductance to the primary circuit 
exerts a minor influence on the secondary potential at make 
in two other ways, viz.:—(1) Since k? is diminished the 
period 2m/L,.C,(1—4?), and with it the effective time of 
action ¢, of the damping forces, is increased ; this tends to 
reduce the maximum potential Vo,: (2) the ratio R,/L,, and 
therefore also £, and 6, may be altered; e.fg., if R, is kept 
eonstant k, and 6 are reduced; this tends to increase Vom. 
In all ordinary circumstances these two effects are probably 
much smaller than the first. 

The series inductance also increases the secondary potential 
at the interruption of a given primary current, and increases 
the spark-length of the coil for a given mean primary current. 
These effects arise not only from the fact that the magnetic 
energy at break is increased by increasing Ly, but also because 
the coupling may be thus reduced to a certain point without 
loss —and generally with gain—of efficiency of conversion of 
primary magnetic into secondary electrostatic energy*. Thus 
the process serves the double purpose of increasing the 
potential at break and diminishing the potential at make. 

It is a well-known fact, first observed by Duddell +, that 
inverse current through an X-ray tube also sometimes appears 
at break. In this case it appears to be due to a kind of delayed 
discharge, the discharge failing to pass in the first half- 
oscillation after break, but passing in the second, or negative, 
half-oscillation. As far as the writer has observed, this effect 
can be prevented by sufficiently increasing the positive 
potential at break: the higher this is the less likely is the 
discharge to be delayed beyond it. Thus the use of series 
inductance in the primary circuit tends to prevent the 
occurrence of inverse current at both make and break. 

In some coils there is another way in which the primary 
self-inductance can be changed, viz.: by connecting the 
layers of the primary coil in series or in parallel or in other 
ways. If the layers be regarded as all having the same 
magnetic effect (for the same current), these changes of con- 
nexion do not affect the coefficient of coupling, though the 
mutual inductance and the primary self-inductance them- 
selves are greatly altered. For example, if there are four 
layers and the connexion is changed from series to parallel, 
Ly; and Ly. are reduced to one quarter, L, to one sixteenth, 
of their original values. Thus #? is unaltered while L,,/L, 
is increased to four times its original value. If acting alone 
this would, by (15), increase the secondary potential at make | 

* Phil. Mae. Aug. 1915, pp. 233-235. 
+ Journ. Rout. Soc. vol. iv. 17, p. 7 (1908). 

Phil. Mag. 8. 6. Vol. 33. No. 196. April 1917. Z 
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in the ratio 4/1. But if the total primary resistance R, is 
maintained at its original value, the ratio R,/Ii is increased, 
in the ratio 16/1, and consequently the damping facters hy 
and 6 are greatly increased, and this tends to reduce Vom. 
On the whole, however, there is usuallya very marked increase 
in the spark-length at make when the primary connexion 1s 
changed from series to parallel. Thus, with the four 
primary layers of the 18-inch coil in series (H=98 volts, 
R,=10 ohms) the spark-length at make between the ball 
electrodes was 4:5 mm.; with the layers in parallel and the 
same values of E and R, the spark-length was 13:1 mm. 
If, instead of keeping R, constant, the resistance were re- 
duced in the same ratio as Ly, the difference between the series 
and parallel connexions would be still greater, owing to the 
fact that /, and 6 are'then unaltered by the change of connexion,. 

The nature and to some extent the magnitude of the above 
effects may be illustrated by the following numerical results, 
in which the values of », &,, and 6 are calculated from the 
cubic equation (6). It ‘should be borne in mind that the 
coefficients of equations (4) and (5), 2. e. the inductances 
and resistances, are not strictly constant, but are mean 
values for the time-interval ¢, immediately after ‘‘ make,”’ 
and that during this short time the primary current does not 
rise to more than a small fraction of its maximum value, so- 
that the core is not strongly magnetized and its permeability 
is small. The values here assumed are ape of a fairly 
large (18- or 20-inch) coil. 

The expression in the brackets of (15), with sion changed, 
that is, —e~4'cos (Q2ant—@) +e", is denoted by an its: 
maximum value by ¢,. 

The following values are common to all the cases :— 
L.,/Ju,;= 100, [3 NP 76), L,C,= 7-06-10 caer 

C,=0°000053 mfd., R,=40000 ohms, 

EK =100 volts. 

(1.) Ry=13 ohms, L,=0:145 henry, R,/L,=89°6. 

By (6) 2a7n=7220, kj 9, 6=88°5, 

Oy —eooe. Vom = 18830 volts. 

(I1.) Ry=8 ohms, L,=07145 henry, R,/L,=55-2, 

2am = 1223, ties), O= 02508 

,, = 1918, Von = 19180 volts. 

These two examples illustrate the effect of reducing the: 
primary resistance. The difference of 5 ohms causes a con- 
siderable reduction in 4, and 6; but since these quantities 
are already rather small, the alee on dm, and therefore on 

Qn 
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the maximum secondary potential at make, is not great. 
Measurements of the spark-length at make show that if R, 
is reduced from a large value the potential at first increases, 
but it reaches a limiting value after which further reduction 
of R, causes no change. 

(III.) Ry=13 ohms, L,=0°03625 henry, R,/L,=358°4, 

2an=7174, A= EE Desaltne 

ee = 17629, Vom = 32580 volts. 

This case and the first illustrate the effect of reducing L, to 
ene quarter, as by connecting the primary layers in series- 
parallel ‘azy>: Lhe effect is to increase greatly 
k, and 6, and nis appreciably redueed. @¢, is reduced, but 
L,,/L, is doubled, so that there is a considerable increase of 
spark-length. 

(IV.) R,=13 ohms, L,=0-00906 henry, R,/L,=1437, 
27n= 6404, e—Z10e. 6= 1646, 

@—0'86!) Vom = 34440 volts. 
This case, when compared with the first, shows the effect of 
changing from the series to the par allel connexion, L, being 
thus reduced to one sixteenth. 4, and 6 become very great, 
and the effect on n is considerable. gm is reduced to less 
than one-half, but since L,,/L, is quadrupled, V>,, is nearly 
doubled as compared with case I. 

The maximum potentials in cases (III.) and (IV.) are 
not very different in value, the increase of the factor L,,/L, 
being nearly compensated by the increase of &; and 6. This 
relation depends upon the value of R,, as is shown by the 
following measurements of spark-length (Table I.). In each 
ease the battery H.M.F. was 98 volts, the numbers giving 
the spark-length at make, in millimetres, between the ball 
electrodes. TABLE I. 

Spark-length in millimetres. 
R, 

ohms. 
Series-parallel, Parallel. 

OE re Scio 88 14:3 

TOP essences: (i) 9°5 

DD tees seit 6°6 66 

OU SR Temesens 60 4°9 
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Thus when R, is small the parallel connexion gives a longer 
make-spark than the series-parallel. The reverse is the case 
when R, is large. With the coil used in these experiments 
the effects are equal at the value R,=25 ohms. ; 

It may be remarked here that for a given P.D. at the 
primary terminals the spark-length at break is also greatest 
when the primary layers are in parallel. This results, of 
course, from the large value of the primary current. Con- 
sidering, for example, the change from series to parallel, Ly 
and R, are both reduced to one sixteenth, L,, to one-quarter, 
of their “series” values. Thus the primary current at break 

—given approximately by -(l—e-), where T=time of -given app y by & 
contact—is increased to sixteen times, and 1,2) to four times, 
its original value. The coefficient of coupling being un- 
changed, the primary capacity being supposed in each case 
to be the optimum, and the effect of damping being regarded 
as unaltered, the secondary potential is proportional to Jigy%o, 
and is therefore quadrupled. On the other hand, if the coil 
is driven through a considerable series regulating resistance, 
the spark-length at break is greatest when the layers are in 
series. In this case the lowering of resistance due to the 
change from series to parallel is of little consequence, and 
the diminution of Ls reduces the secondary potential. 

The effect on the potential at make of varying the primary 
self-inductance is further illustrated by the three oscillo- 
graph photographs shown in figs. 1, 2, and 3 (Plate VII.). 
In obtaining these the coil was worked by a motor inter- 
rupter, the oscillograph being connected directly to the 
secondary terminals. Each photograph shows a “make” 
followed by a “ break,” the movement being from right to 
left. In each case the 98-volt battery was used, the total 
primary resistance R; being 46°7 ohms. ‘This rather large 
value of Rftwas employed in order to reduce the secondary 
potential at break. If Ry is increased the break-potential, 
being proportional to the primary current immediately before — 
interruption, falls off more rapidly than does the make- 
potential. The break-potential was further reduced by em- 
ploying a large primary capacity—10 microfarads, a value 
far greater than the optimum, The interval between make 
and break isin each photograph 0:00936 sec. The deflexion 
from the zero line is proportional to the square of the 
secondary potential. 

Fig. 1 shows the curve obtained when the primary coil 
was connected in the series-parallel arrangement (cf. case III. 
above). The potential at make is greater than that at 
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break, the maximum value indicated being approximately 
17500 volts. 
In fig. 2 the four layers of the primary coil were all in 
series, and the maximum potential at make is reduced to 
14000 volts. 

In the case of fig. 3 the air-core coil (0°07 henry) was con- 
nected in series with the primary, the layers of which were 
stillin series. The maximum potential at make is now reduced 
to only 9600 volts. In this case the coefficient of coupling 
has approximately the value which, when the primary capacity 
is adjusted to its optimum value, allows the maximum ratio 
of conversion of magnetic into electrostatic energy at break. 
The make-potentiai of 9600 volts would scarcely suttice to 
generate any inverse current through an X-ray tube, and it 
may be remarked that in the case of fig. 3 the make- -potential 
would not be appreciably increased if ‘the primary resistance 
were much reduced for the purpose of increasing the Ae 
at break. 

_ As to the absolute value of the make-potential given by 
the expression (15), if the resistances of the circuits are 
taken at their steady-current values, the calculated value of 
Von is rather greater—about 15 per cent. in the present 
experiments—than the value found experimentally. The 
principal reason for this is undoubtedly that the value of h, 
the damping factor of the oscillation, is greater than that 
calculated from the steady-current resistances. The oscil- 
lation also undergoes decay in consequence of core losses. 
The effect of one other variation of the system may be 
briefly referred to. According to (15) the secondary capacity 
has only an indirect influence on the spark-length at make. 
If this capacity is increased—e. g. by connecting a leyden-jar 
to the secondary terminals—the period of the oscillation, and 
with it the time ¢, of rise to maximum potential, is lengthened. 
The damping forces have therefore a longer time in which to 
act, and a reduction of Vm is to be expected. This reduction 
will be but slight if 4; and 6 are small, that is, if R,/L, is 
small. The effect might be expected to he greater if R,/Ly is 
large. These conclusions are borne out by measurements 
of the spark-length at make with and without a secondary 
condenser. Thus, with the primary layers in series 
(H=82 volts, R,=16 ohms, R,/Li=110), connecting a 
0-001 mfd. jar to the secondary terminals (which causes a 
twenty-fold increase of C2) only reduced the make-spark 
from 3°8 to 3°4mm. When R, was increased to 41 ohms 
the addition of the jar reduced the spark from 3°5 to 2°3 mm. ; 
when Ri was 82 olims the reduction was from 3:0 to 15 mm. 
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Again, with the four primary layers all in parallel and 
R,=13°7 ohms (Ri/L,=1500) the jar reduced the make-spark 
from 9:0 to3°9 mm. With R;=6°85 ohms (R,/L,=750) the 
jar diminished the spark from 13:2 to 6:6 mm. 

The secondary condenser doubtless acts also in another 
way in modifying the secondary potential at make; it alters 
the effective resistance of the secondary circuit, which depends 
to some extent on the frequency of the oscillation. In all 
cases, however, it would appear that the condenser only affects 
the make-potential by altering the effect of the damping 
forces. The action of a secondary condenser in varying the 
secondary potential at break is of an entirely different nature, 
and arises from a different cause. This question will be 
considered on a future occasion. | 

Bangor, February 1917. 
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Je 

1. FN a paper, published in this Magazine in November 
1915, on ‘‘The Application of Van der Waals’s 

Equation to Magnetism” *, Curie’s views ¢ on the analogy 
between the intensity of a paramagnetic material as a 
function of field-strength and temperature and the density 
of a gas as a function of the pressure and temperature were 
discussed and extended, and it was shown that the relation 
of ferromagnetism to paramagnetism may be regarded as 
analogous to that of a liquid to its vapour. In short, just 
as we consider the gas law 

P pr 
Pp 

as a special case of the more general equation 

Tey 
P+ap)(-— —)= RT, (P+ ap’) ( s) 

where P, p, and T are the pressure, density, and absolute 
temperature of the gas, and a, py, and R are constants, so 
we may treat the paramagnetic law 

H pee OY) I aval 

as a special case of a more general equation, 

(H+a'l)(- -;) SHAN ai) ati eibus(h 
Leta (2 

where H, I, and T are field-strength, intensity of magneti- 
zation, and absolute temperature respectively, and a’, Ig, and 
R’ are constants corresponding to the constants a, po, and R 
in the fluid equation. The general equation to fluids applies 
to liquids when the density is large, and to gases or vapours 
when the density is small; and in the same way the genera: 
equation to magnetism applies to ferromagnetism when the 
intensity of magnetization is large, and to paramagnetism 
when it is very small. 

In the paper to which reference has been made, the 
application of these views of the ferromagnetic and para- 
magnetic states was considered in so far as intensity of 
magnetization is dependent on temperature, and values for 
the constants a’, Ip, and R’ were obtained for each of the 

* Ashworth, Phil. Mag. vol. xxx. p. 711 (1915). 
+ Curie, ‘ Guures,’ p. 330. 



336 | Dr. J. R. Ashworth on Magnetic Aysteresis 

ferromagnetic elements—iron, nickel, and cobalt, but con- 
sideration of the relation of intensity of magnetization to 
field-strength was deferred. It is the object of the present 
paper to trace the results of applying the magnetic equation 
to the intensity (1) us a function of the field (H). 

2 In the passage of a vapour to the liquid state along 
an isothermal, below the critical temperature and critical 
pressure, there are three well-marked stages. In the first 
the vapour is of small density, and, until it approaches. 
saturation, it deviates but little from the gas law; in the 
second there is an abrupt and very large increase of density 
in the passage to the liquid state ; and in the third stage the 
density of the liquid increases slowly with pressure, and 
finally approaches a constant value at high pressures. 

Ewing has remarked that the curve of magnetization is 
characterized by three stages. In the first there is a growth 
of magnetism as the field increases which is small and nearly 
proportional to the field ; in the second there is a rapid and 
large increase of magnetic intensity for a very small change 
of ‘field-strength ; and in the third stage the magnetism 
augments very slowly and at a diminishing rate, so that in 
strong fields the intensity becomes nearly constant. 

In fluids, as the temperature rises, the second ube 
becomes shorter and shorter and disappears at the critical 
temperature ; and, similarly, in magnetism, as the tem- 
perature increases, the second stage grows less and less and 
vanishes at the critical temperature. Thus there is a general 
agreement in the manner in which fluid-density increases 
with pressure both below and above the fluid critical tem- 
perature and the manner in which magnetic intensity 
increases with field-strength both below and abeve the 
magnetic critical temperature. 

3. The sudden change of density which takes place when 
a saturated vapour abruptly condenses to a liquid is not now 
regarded a. a discontinuity, but is treated as the passage 
from one state to the other by a continuous path having a 
double inflexion in it as in the figure (fig. 1, ¢ a bce). 
Tracing this isothermal, we have the fluid in the first stage 
from 0 to e’ as vapour ; at ¢' the vapour is saturated, and the 
second stage begins with abrupt transition to e, and from ¢ 
to f and onwards we have the third stage. Under certain 
conditions, particularly freedom from disturbance, the fluid 
may follow the path from e! towards a, and also, on returning ~ 
from liquid to vapour, the fluid may continue along the path 
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from e towards c, but the part abc cannot be experimentally 
realized, as the fluid in that region is in an unstable state. 

Fig. 1. 

rh 

*Q M 

ah 

+ Pressure 

Pressure and density of a fluid. 

For isothermals corresponding to higher temperatures: 
than the one traced, the part between e and e’ diminishes, 
and finally disappears at the critical temperature, at which 
point there is a critical density and a critical pressure, 
For lower isothermals than the one drawn, it is possible for 
the point ¢ to touch the axis of no pressure and even to pass. 
to the other side as at ¢,, and the liquid then exists under a 
negative pressure. 

Tf the fluid were to follow the path e’ a, it would reach the 
limit of stability at a, and would then pass suddenly to /; 
and in the same way, if it were made to traverse the path 
fee, it would reach another limit of stability at ¢ and would 
suddenly change to f’. In such a cyclic change the loop 
f'afcf' would be traced out, and there would be a loss of 
energy as the fluid was made to pass from vapour to liquid 
and back to vapour, giving rise to what may be called fluid 
hysteresis loss ; and, on the other hand, when no precautions 
are taken to preserve the fluid from disturbance, the path 
f' éefis foliowed to and fro, and there is no dissipation of 
energy. The path is then anhysteretic. Van der Waals’s 
equation, which is a cubic in p (the density), represents with 
considerable success the shape cf the fluid isothermals, and 
gives‘a satisfactory account of the critical constants. 
Now the ferromagnetic equation is a repetition of Van der 

Waals’s equation, and it must give to the magnetic iso- 
thermals similar forms to those which have been discussed.. 
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The equation is a cubic in I, the intensity, and, therefore, 
the rapid augmentation of intensity in the second stage may 
be regarded as continuous along a curved path with a double 
inflexion init. It is this double inflexion of the isothermal, 
having two stable parts joined by an unstable portion, which 
gives rise to magnetic hysteresis. 

4, According to these views, we should expect to find not 
only a critical temperature (T,) but also a critical intensity 
(I.) and a critical field (H.), expressions for which are easily 
obtained from the ferromagnetic equation. 

There is ample evidence that a critical temperature (or 
temperature-interval) exists for magnetism, and the evidence 
for a critical intensity is clear if we regard this intensity as 
the point where ferromagnetic qualities change to para- 
magnetic qualities at the critical temperature—in other 
words, where the critical isodynamic changes its curvature. 
The evidence for a critical field is, however, not quite so 
obvious ; but,as Curie pointed out *, there is at low fields an 
abrupt change of direction of the isothermal just below the 
critical temperature from being nearly vertical to being 
nearly horizontal, whilst just above the critical temperature 
the isothermals are straight lines inclined at a small angle 
to the axis of H. Inthe angular space, included between 
the horizontal and inclined isothermals, there must be some 
field for which the abruptly changing isothermal passes to 
the smooth linear isothermal, and this may be treated as the 
critical field. ; 

5. The specific properties of any ferromagnetic body 
depend on the values assigned to the constants a’, Ip, and 
R’; but, by eliminating these quantities, a reduced equation 
can be obtained which gives the relations of I, H, and T in 
their most general form. Such an equation can be written 
by treating I, H, and T as functions of the critical constants 
or of some other well-defined values. Thus let 

(= — m= - and 2n=— 
Hy ay 2 

where I) is the maximum value of the intensity and is equal 
to 3I, ; then the reduced equation is 

(1+27m*)(~ —1) =8n. . shee ies 

We can trace the reduced curve of I=¢(H) from this 

* Curie, Guvres, p. 309. 
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equation (see fig. 2). For example, when n=O then m=1, 
and the intensity has its maximum value ; when /=0 the 
equation is a quadratic in m, and 

org oS \ ‘ 

(o) 

Field for Instabilityelu ° 2 -4 -6 -8 40 
Temperature =n 

“20 “15 “104-5 ,/0, 5 5 All ‘ 

A=:06/ when T= -283Tc 
L= O when T= £7 Fe 

K = | when T= Tc 

Se ae ae em Se we on Gre are we ome om om ah 
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Reduced hysteretic and anhysteretic magnetic isothermals. 

The upper of the two values for m isa stable one, and is 
that of the reduced residual magnetic intensity (m,) ; the 
lower value is on the unstable part of the curve. 

The point where the curve changes from a stable to an 

unstable stage is where a is equal to infinity. 
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dm 1l—m ie , 
vin = 7 ; cio) ul tenis eam (4A) 

27m(1—2m) Tit eats a el 

mM 

Now 

and this is infinity when the denominator is zero. Hence 

L=2imXl—2m,), .  . 2 

1, and m, being values where instability begins. This value 
of J, is negative when m, is greater than 0°5 or 7n less. 
than 27/32. 

From this equation J, can be determined when m, is 
known. Now m, is known when the temperature is chosen, 

for, by substituting 27m,?(1—2m,) for J in the reduced 
equation (2), we get 

4. 
1—m,)?= — 6): m,(1 —m,) 97% (6) 

a relation which allows m, to be calculated for any assigned 
reduced temperature 7. 

6. The curve is traced in fig. 2 for n=0°283, which is 
equivalent to 300° A. or 27° C. when the critical temperature 
is that for iron, namely 785°C. The residual magnetic 
intensity (m,) 1s then 0°905 of the maximum intensity (lp), 
and instability begins when m=0°76. 

The maximum reduced field for instability (/,) is —8-1. 
Below m,=0°76 the intensity is in an unstable state as far 
as m=0°00 (/ being then +0:061), when instability again 
passes to stability and the curve finally descends to the 
origin. The unstable part of the curve crosses the axis at 
m=(092. 

The curve is traced in the figure in a similar manner for 
negative values of the intensity. 

Suppose we follow the path of stable values of the reduced 
magnetic intensity (m), and begin by applying a strong 
positive magnetic field so that m is very large ; then, as the 
field diminishes to zero, m falls siowly to the point D, where 
it has the residual value ; and after that, when the field 
becomes negative, the curve droops more and more rapidly 
to the initial point of instability C. The magnetic intensity 
must then very rapidly pass to the next stable position, if it 
has not done so before, consistent with the existing negative 
field, and this is the point F’ on the negative side of the 
axis of intensity. 3 

As the negative field is brought back through zero to its. 
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former positive value, the negative magnetic intensity passes 
its residual value at D’, reaches a point of instability at C', 
and again rapidly changes to a high positive value at F, 
thus completing a hysteresis loop. 

The reduced field /, corresponding to the point C is the 
same as the maximum reduced coercive force if the magnetic 
intensity falls abruptly at this point through zero to its 
stable negative value. 

7. By means of equations (5) and (6) the variation with 
temperature of /,, the reduced field for instability corre- 
sponding to the point C, can be determined. This has been 
done, and is shown in the inset to fig. 2, from which it is 
seen that the reduced field falls rapidly at first, but at a 
diminishing rate, as the temperature progresses until it 
reaches zero, when the temperature is 27/32T., and the 
residual intensity is equal to $I). 

The hysteresis loop thus shrinks in area with rise of 
temperature. 

If we put /.=H,/H, in equation (5), and write 

then 
Oo lyme ee’ ns ied. ee) 

which shows that the field for instability depends on the 
maximum intrinsic field (a’I)?), and on m;, which isa function 
of the temperature. 

8. If the analogy between fluid and magnetic hysteresis 
is once more recalled, we see that in fluids hysteresis is not 
usually in evidence, and it can only be observed under 
special conditions; on the contrary, in magnetism it is 
always prominent, and it is only under special conditions 
that it can be suppressed. In both fluids and magnetism 
freedom from disturbance is favourable to the exhibition of 
hysteresis, and agitation of any kind reduces it and may even 
annulit. For example, when a ferromagnetic body is sub- 
jected to mechanical agitation or to an alternating current, 
hysteresis is suppressed partly or completely. Under these 
circumstances magnetism is acquired with very great facility 
on the application of a very small field, and the susceptibility 
is then enormously great. In fig. 2 the broken line drawn 
nearly parallel and close to the vertical axis represents 
theoretically an anhysteretic curve of magnetization, and 
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this is the analogue of the straight line in the density- 
pressure diagram of a fluid which represents the sudden 
condensation from saturated vapour to liquid. Thus the 
anhysteretic isothermal finds its place, according to theory, 
side by side with the two branches of the hysteretic loop. 

This view naturally leads to the inquiry whether a latent 
heat exists for magnetism as for fluids. If there is a latent 
heat it is probably very small, for a reason which will be 
given later in discussing the character of the intrinsic 
field. 

9. For the stable parts of the isothermals there will be a 
reduced field-coefficient of magnetic intensity (a), which 
may be written 

ee 
s mal’ 

1l—m 

, (2m? (Veni) ” 

This is applicable to any ferromagnetic substance, and it 
follows that equal reduced intensities ought to be found for 
the same reduced fields at corresponding temperatures. 

Experiments on this subject are in progress. 
A corresponding proposition in the relations of magnetic 

intensity to temperature has been shown to be true at least 
for residual magnetism. 

10. We may add here that the ferromagnetic equation, 
being a cubic in I, shows that there should be hysteresis in 
the relation of intensity of magnetization to temperature as 
there is hysteresis in the relation of intensity of magneti- 
zation to field-strength. It is easy to demonstrate from the 
reduced equation that when /=1 and the temperature is 

the critical temperature, then m= 2 and that for values of n 

and of J less than unity there are on any isodynamic two stable — 
values of m, at two respective temperatures, between which 
there is an unstable region where hysteresis effects are 
possible. Experiments show that there is hysteresis with 
temperature in general *, and it is usually prominent when 
hysteresis in relation to field-strength is pronounced. 

* Honda & Takagi, Sci. Reports Tohoku Univ., Sendai, Japan, vol. i. 
no. 4, p. 218 (1912). 
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Es. 

In this part the relation [=¢(H) will be treated from the 

standpoint of the kinetic theory. we 

Langevin’s equation for a paramagnetic substance ™ 1s 

I/Iy=coth w— *, 98g ame ae (6) 

where c= Rip? 

being the magnetic moment of the molecule, H the field, 

T the absolute temperature, and R the gas constant. 
Weiss supposes the mutual action of the magnetic mole- 

cules in a ferromagnetic body to be equivalent to that of a 
uniform field proportional to the intensity of magnetization f. 
Thus the intrinsic or molecular field H; may be written 
H;=NI, where N is a constant, and if this field be added to- 
H the expression for « becomes 

7 MH+NT) a 
RT 3 . . ° . e . (2) 

oe _RT 4 
which gives rN anne ae ee eR 

a linear equation in I and « for any given temperature. 

2. In fig. 3 the curve OCDFR is the graph of equation 
(1), and the straight lines represent equation (3) for given 
temperatures and fields, the tangent of the inclination of the 

line to the z-axis being given by =i) and the intercept 

which the line makes with the vertical axis being sa! The 

intensity of magnetization for any given temperature and 
field is determined by the intersection of the curve with the 
straight line since the intensity must satisfy simultaneously 
both equations. 

Weiss treats H as negligible in comparison with NI (for 
all but very low values of I), and the straight line therefore 
passes through the origin. By varying the slope of the line 
he traces the relation of intensity to temperature, but he 
leaves the relation of intensity to field-strength out of con-- 
sideration. 

* Langevin, Ann. Chim. Phys. ser. 8, t. v. p. 70 (1905). 
+ Weiss, C. &. t. exliii. no. 26, p. 1136, Dec. 1906. 
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3. Suppose, however, that H is not ignored in equation 
{3), then the straight line representing this equation will not 
in general pass through the origin. 

Fig. 3. 
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Thus, at a given temperature the isothermal for different 
fields would be obtained by tracing the points of intersection 
of a straight line carried parallel ito itself with the curve of 
equation (1), the slope of the line being determined by the 
temperature. 

For example, let a strong field be applied, then the inten- 
sity takes some high value F (fig. 3) ; as the field is reduced 
to zero, by the straight line through F being moved parallel 
to itself until it passes through the origin, the intensity falls 
to D. The point D gives the residual intensity of magne- 
tization. Let the field now be carried to increasing negative 
values, which means that the straight line must be moved 

theoretice 
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parallel to itself on the other side of the origin. When this 
is done the line at some point C becomes tangent to the 
curve, and if there were any further growth of the negative: 
field the line and the curve would part company and there 
would be no positive value of I which would satisfy both 
equations ; the magnetic intensity then enters an unstable 
region. But since I can take negative as well as positive 
values the curve of equation (1) must be continued sym- 
metrically in the opposite quadrant, as in the figure, and it is 
then seen that when the straight line parts company with the 
curve of positive values of I it is cutting the negative branch 
of the curve at FE’, where there is a stable negative value for 

J. Thus, at the point C, the magnetization becomes unstable 
and rapidly passes over to the point KE’ on the negative side, 
and for increasing negative fields it continues along the 
stable path F'’R’. 

Again, as the field is carried from negative to positive 
values, the intensity passes from a high negative value 
through its residual value at D’ to the point of instability O', 
and then suddenly changes to a positive intensity at F. 

Hence, when the field performs a cyclic change from 
positive to negative and back to positive values, the magnetic 
intensity traces out a hysteresis loop. A part of this loop is 

represented for the reduced temperature . =0'3 in the 

upper part of fig. 4, where the negative field is given on an 
arbitrary scale. 

4, Hixpressions can be obtained for (a) the reduced residual 
magnetic intensity at the point D, (b) the reduced intensity 
at the point of instability C, and (c) the negative field which 
gives rise to instability. Let the values of (a), (6), and (c) 
be put m,, m,, and H, respectively where 

mr=I1,/Ip and m,=Iu/Ip. 

_ IE m=1/I, equations (1) and (3) are 

m=coth #— 2 PMA ie! visy hed Saye 
v 

R H : 
m= uNIy Te— NI,’ = SURI BEERS (5) 

(a) When H=O m, is at once determined as the inter- 
section of (4) and (5) for the given temperature T. 

Phil. Mag. 8. 6. Vol. 33. No. 196. April 1917. 2A 
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(6) The tangent to the curve of equation (4) at any 
point is 

adm yal 1 
dx «sin Ra’ (6) 

and this must be put equal to the coefficient of x in equation 
(5), hence 

A ee SE | 
ev, sink?x, pNiy 

where 2, is the value of w for instability. When T is 
chosen 2, is thus determined, and 2, being known, m, is 
found from equation (4). 

(c) The field for instability (H.) is the value of H in 
equation (5) when the reduced intensity is m,; thus 

B= = Te, — mT, a ts | Si en trol ee atone ° (8) 

or Ree 1 Hy= 7 Te —NI,(coth 2,— —), , ie 
LU 

and H, is thus determined when T is given and w, found. 
If T is less than the critical temperature then the first term 
is less than the second and H, is negative. 

(5) We can trace the variation with temperature of this field 
for instability by plotting H,, the intercept which the line 
tangent to the curve cuts off from the vertical axis against 
the tangent of the inclination of the line as it varies with the 
temperature. When this is done we get the curve traced in 
the inset to figure 4, plotted to arbitrary scales, and it is 
seen to be like the one found for the variation of these two 
quantities as deduced from the ferromagnetic equation. 
The remarks made in reference to that curve apply in the 
same way here. 

(6) As both the ferromagnetic equation and the kinetic 
theory have been developed in a general manner, it follows 
that all ferromagnetic bodies should conform to the theory 
of corresponding states both for _ [=/(T) and for l=¢(H). 
There is evidence for the truth of this in the relations of 
residual magnetic intensity to temperature, but the proof is 
not yet complete that corresponding states hold in the 
relations of intensity to field-strength. Experiments on this 
subject are in progress as already mentioned. 
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(7) Weiss considers the critical temperature to be the tem- 

perature at which the straight line of equation (3) is tangent 

to the curve m= coth #— — at the origin, and hence the 

intensity ought to fall to zero at the critical temperature. 
This is only true for residual magnetism when there is no 
external field in action. But if there is an external field in 
action the intensity does not, in fact, become zero at the 
critical point, but diminishes asymptotically, and apparently 
an infinitely high temperature would be required to annul 
the intensity altogether. Weiss meets this latter case by 
supposing that at some very low value of I, H becomes com- 
parable with NI and is no longer negligible in the equation 

er: p(H+ NI) 

v: unre 

and then the theoretical relation of I to T above the critical 
temperature has the appropriate hyperbolic shape. The 
theory in its present form, however, does not lead to a 
definite point where the intensity and field have critical 
values, and the temperature which has been treated as the 
critical temperature is really the temperature of disappear- 
ance of magnetism when the field is zero. 

Uulels 

1. The relation of magnetic intensity to field-strength has 
been treated so far in a general manner and without the 
introduction of specifie values. It remains to give numerical 
values to the constants and to compare the results with 
experimental facts. The expressions for the critical constants 
from the ferromagnetic equation are 

& a i, ih 1 
= cme line 3 lo; A= 5 ally. 

From the equation to the critical temperature a value for @’ 
has been derived *, and by using this value the intrinsic field 
and the critical field can be calculated. Accepting the values 
of a’ derived from the critical temperature, we find 

H,=0°82 x 10° for iron, and H,=0°89 x 10 for nickel. 

If, however, curves of 1=@(H) are consulted the critical 
fields for these metals appear to be less than unity. In the 
same way calculated values for the field for instability and 

* Ashworth, Phil, Mag. vol. xxx. p. 723 (Nov. 1915). 

2 A 2 
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the field-coefficient (¢), which are closely connected with 
the critical field, differ from what are observed by a factor 
of the order 10°. 

(2) In seeking to resolve this apparent discord betweem 
theory and experiment, the following considerations must be 
kept in view. 

The intensity of magnetization, unlike the density of a 
fluid, is a vector quantity. Thus zero intensity does not. 
necessarily imply the absence of an intrinsic field as zero: 
density would imply the absence of an intrinsic pressure. 

With ferromagnetics below the critical temperature zero: 
intensity means that the orientation of the molecular magnets. 
is such that the resultant field for points outside the magnet 
vanishes ; the intermolecular field or intrinsic field is still 
existing and its magnitude may be not very different from 
what it is under a high intensity of magnetization. 

If magnetization is regarded as the orientation into more 
or less complete alignment of molecular magnets moving in 
an intrinsic field, the action of an externally applied field 
must be mainly a directive one. For example, it isa familiar 
fact that an external field of a few units leads to very high 
inductions, and, on the other hand, very high inductions. 
(of as much as 16,000 lines of force per sq. cm.) are easily 
annulled by a reversed field of a few units. It is evident 
in the latter case that the external field does not counter- 
balance the induction, but only controls it directively.. 

The external field, when applied tc an unmagnetized ferro- 
magnetic, may be imagined as acting immediately on a few 
of the molecular magnets, which are more easily affected than 
the majority, and these act on neighbouring molecules which 
in their turn re-act on others, and so the effect of the initial 
stimulus rapidly spreads and an intensity of magnetization is. 
produced which puts in evidence the intrinsic field. Thus a 
small external field does not create but may control a large 
intrinsic field *. 

It was from this point of view that the statement was made 
that a latent heat of magnetization, if 1t exists, must be very 
small, since in magnetism the rapid acquirement of magnetic 
intensity only involves the orientation but not the creation ofa 
magnetic intrinsic field, whereas in fluids the rapid conden- 
sation of a saturated vapour to liquid involves the creation 

* The remarks here made apply equally well to the Kinetic theory. 
The intrinsic tield given by Weiss as NI has a magnitude of the order 
10’ gausses, but it may be controlled bya small external field, and physically 
this small field is not to be neglected. The retention of the external field 
in the treatment of the Kinetic theory in Part II, is thus justifiable. 
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of an intrinsic pressure, and consequently there is a deve- 
lopment of latent heat. 

Where there is a destruction or creation of the ienetie 
intrinsic field, as there is by heat in the vicinity of the 
critical temperature, large thermal effects are to be expected 
such as have been found *. 

3. An attempt may be ie to determine the ratio (y;) of 
that part of the intrinsic field which is put in evidence (H,) 
to the field (H) which is externally applied. 

If H be very small compared to Hj, it may be numerically 
neglected and then the ferromagnetic equation becomes 

Hi(;— r) _RT 

where R! is the paramagnetic constant. Also it has been 
previously shown that the equation to the anhysteretic 
isothermals, 

is approximately true when R, is a constantf, hence by 
division we have 

Now R’ is the reciprocal of Curie’s constant and has the 
value 3°56 for iron and 20°8 for nickel. An estimated value 
of R, deduced from some recent experiments, not yet pub- 
lished, is 0°77 x 10-® for iron and 3°27x 107° for nickel f, 
when the maximum intensities are 1685 and 510 for these 
metals respectively, hence, 

1 a ai ve 6 6 ne TR, = 4:6 x 10° for iron and 6°4 x 10° for nickel. 

4. Using this ratio the external critical field (H.,) which 
corresponds to the critical field (H,) is H..=H-/mi, and 
therefore, inserting numerical values, H,,=0°18 for iron and 
0°14 for nickel. 

From the value for the critical field the external field 

* Hopkinson, Phil. Trans. Roy. oe A. 1889, p. 443; Honda, Sei. 
Reports, Sendai, Japan, vol. ii. no. 2 (1913). 

+ Phil. Mag. xxvii., Feh. 1914. 
{~ These numbers are derived from curves of I=@(I1) constructed from 

eurves of [=f(T) in which hysteresis was suppressed by heating above 
the critical temperature, readings being taken as the met: ale ooled: 
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for instability (H.,.) at air temperature can be calculated 
thus :-— 

lo = ies Uf, x Ee, 

H,, = —8'1 x 0°:18= — 14 for iron, and 

H,,,= —4:9 x 0:14= — 077 for nickel. 

If the magnetic intensity fell abruptly at the field for 
instability this field would be the coercive field at the given 
temperature. In well-annealed pure iron the magnetic 
intensity falls very sharply as a nearly vertical line on a 
hysteresis diagram of [=¢(H), and consequently, —1°4, the 
external field for instability, is approximately the coercive 
field as found by experiment. In nickel, however, the inten- 
sity falls sluggishly, the magnetism behaving like a viscous. 
fluid, and therefore the field for instability cannot be com- 
pared with the experimentally determined coercive field. 

5. In this and the previous paper on this subject * it has. 
been shown that Curie’s paramagnetic law of magnetism may 
be extended to include ferromagnetism in the same way as 
the gas law may be extended to include the behaviour of a 
liquid. The ferromagnetic equation which is analogous to 
Van der Waals’s equation to fluids recognizes two salient facts 
in magnetism, namely, a limit to the magnetic intensity and 
the existence of an intrinsic field. The existence of such a 
field cannot be denied, but its calculated value is so large 
that it calls for some remarks. 

The magnitude of the intrinsic field is derived mainly from 
thermal considerations. It is based on the value of a’, the 
intrinsic constant, which has been obtained from the equation 
to the critical temperature (T,), where 

Bah 
| oT ae 

Now T, and I) are known with considerable accuracy, and 
the experimental value assigned to R’ cannot be seriously im 
error. It may, indeed, be calculated from the gas constant 
and the maximum intensity in the following way. 

The paramagnetic equation 

H if 
==) ee by T Lor K 

is a susceptibility equation, but it may be converted into am 
energy equation by multiplying both sides by $o’. 

jes 

* Ashworth, Joc. cet. 



treated according to Van der Waals’s Equation. 351 

The thermal energy may be written RT, hence 

; 2R 
175R}T=RT, or R/= EP 

0 

where R is the gas constant. When R’ is calculated in this 
way for iron, nickel, and cobalt, it is found to be in 
sufficiently good agreement with experimental values to show 
that it may be safely used in determining a’, and hence in 
determining the magnitude of the intrinsic field (a’J,”) which 
is thus found to be about 10’ gausses. 

There is another consideration which may be cited in this 
connexion. A ferromagnetic substance above the critical 
temperature behaves as a paramagnetic body, and the inten- 
sity of magnetization is directly proportional to the field- 
strength. Let a field now be applied, if possible of 10° 
gausses, then the susceptibility being constant the intensity 
will become as great as the maximum in the ferromagnetic 
state. If,now, the temperature be lowered below the critical 
temperature, the field still being in action, no change occurs 
in the intensity, but the substance has changed from the 
paraminagnetic to the ferromagnetic state, and that without 
any abrupt transition. According to this argument the two 
states are continuous and the magnitude of the ferromagnetic 
field is of the order of 10° gausses. 

Again, the progressive increase of the specific heat of a 
ferromagnetic substance as it is heated up to the critical 
temperature, when a sudden diminution occurs, is quanti- 
tatively accounted for with a high degree of accuracy by the 
gradual loss and final destruction of a field of the order of 107 
gausses*. ‘Thus thermal considerations lead to the conclusion 
that the intrinsic field is of enormous magnitude. This con- 
clusion is borne out also by the results of an electrolytic 
experiment on the electromotive force of magnetization to 
which I have referred in a former paper f. 

On the other hand, if this intrinsic field is a unzform one 
and of magnetic origin, then only a small fraction of its lines 
of force are observable on the outside of the magnetized 
body, and, moreover, there are difficulties in accounting for 
the source of so large a field if the molecular specific mag- 
netism is of the same order as that of the whole mass at 
its maximum. 

For the present, therefore, it may be left an open question 

* Weiss & Beck, J. de Phys. ser. 4, t. 7. p. 249 (1908). 
+ Ashworth, Phil. Mag. vol. xxx. p. 713 (1915) ; Mem. & Proc. Man- 

chester Lit. & Phil. Soc. voi. lviii. part 11. (1914’. 
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whether this intrinsic field is to be treated as altogether a 
true magnetic field, or if it is in part due to other than mag- 
netic forces which are in operation and which, playing the 
part of magnetic forces, have been evaluated in terms of a 
magnetic field. 

In conclusion, the ferromagnetic equation does not claim 
to be a complete statement of the complex facts of magnetism, 
but rather is io be regarded as a limiting law to which ferro- 
magnetic substances tend to conform when the molecular 
magnets are free to move under thermal agitation with no 
other constraints than the external field and the intrinsic 
field, just as the paramagnetic equation is a limiting law to 
which paramagnetic substances tend to conform when the 
molecular magnets are free to move under thermal agitation 
with no other constraints than the externally applied field. 

XXXII. On Discontinuous Wave-Motion.—Part II. 
By ©. V. Raman, .A., and Assutosu Dry *. 

[Plate VII. ] 

PEN a previous communication under the same title pub- 
lished in this Journal (Phil. Mag. Jan. 1916), it has been 

‘shown that by imposing a linear distribution of initial velo- 
cities with a discontinuity at one end upon a stretched string 
in its position of equilibrium, free oscillations may be 
obtained of identically the same type as the principal mode 
of vibration of a bowed string. The experiment furnishes a 
striking confirmation of the analytical theory of the motion 
of bowed strings. In the present paper it will be shown 
that some of the more complicated types of vibration of a 
bowed string may also be investigated by similar methods. 
Figs. 1 and 2 (Plate VIII.) reproduce a few typical records 
from amongst those secured in the course of this work. 

From the mechanical theory, it appears that the most 
general form of vibration of a bowed string obtained by 
applying the bow ata point not coinciding with any node 
of importance approaches in the limit a type defined by one, 
two, three, or more equal discontinuous changes of velocity 
travelling over it. But when the limiting conditions are 
not attained, the mode of vibration may still to a close 
approximation be defined by a finite number of such discon- 
tinuous changes of velocity, these no longer being all equal 
to one another or of ihe same sign. In the present paper we 

* Communicated by the Authors. 
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are concerned only with the casesin which two discontinuous 
changes having the same sign define the form of vibration. 
These cases may be considered in two broad divisions, the 
first comprising the limiting types in which the two discon- 
tinuities are of the same magnitude and sign; and the second, 
those in which they are unequal. We may discuss these 
separately. 

Lwo Equal Discontinuities. 

In this case the velocity-diagram of the string must 
evidently consist of three parallel straight lines, each passing 
through one of the three nodes of the second harmonie, 
namely, the two ends of the string and its centre. At par- 
ticular epochs, however—that is, when the discontinuities 
pass each other or reach an end of the string,—one or even 
two of the straight lines may contract and vanish, leaving 
only two lines or one line on the diagram. For instance, if 
the two discontinuities are at the two ends of the string 
simultaneously, the diagram reduces to one line passing 
through the centre of the string. As the discontinuities 
move in towards the centre, two new lines appear, each 
passing through an end of the string, and the third line 
passing through the centre gradually contracts and finally 
vanishes when the discontinuities both arrive and pass each 
other at the centre. The line then reappears and the form 
of the velocity-diagram then goes back to its initial state, 
passing through the same stages in the reverse order. It is 
obvious that in this case the centre of the string remains 
completely at rest, and that the string vibrates in two seg- 
ments with double the ordinary frequency, the fundamental 
component being entirely absent. In general, however, the 
discontinuities do not cross at the centre of the string, but at 
some other point ; if one such crossing takes place at a point 
distant 1/2+6 from an end (1 being the length of the string), 
a second crossing would take place half a period later at the 
point //2--b. The vibration-curve at either of the points 
1/2+b is readily seen to be a simple two-step zigzag. Hor, 
the velocity of either point remains unaltered when the 
two discontinuities pass over it simultaneously in opposite 
directions, and changes only at the two epochs at which either 
discontinuity passes over it singly. If tana be the slope of 
the lines of the velocity-diagram, the velocity at either point 
changes at the first epoch from tan « to (J/2—8) tana, and 
changes back again to its original value at the second epoch. 
The fraction of the total period of vibration during which 
the larger velocity subsists is given by the ratio 6/21, or by 
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the ratio (J—2b)/l, according as 6 is smaller or greater 
than 1/4. 
The form of the vibration-curve at other points on the 

string in the case considered above may also be found by 
tracing the successive changes of velocity. It is obvious. 
that the curves for points lying outside the limits //2+6 are 
different in character from those for points lying between 
these limits. For, the discontinuities pass any point lying 
outside the limits //2+6 alternately in opposite directions, so 
that the velocity of such point alternates between two, and 
only two, constant values. But within those limits the dis- 
continuities pass any given point, first successively in the | 
same direction, and then successively in the opposite direction. 
The vibration-curves of points lying outside the limits 1/2 +6 
are four-step zigzags, in which alternate lines are parallel to 
each other. The vibration-curves of points within the limits 
/2+6 are also four-step zigzags,in which two of the lines 
are parallel to each other, but the other two are not. The 
most characteristic vibration-curve is that for the centre of 
the string. This point remains at rest for a considerable 
interval, twice in each period of vibration, the two positions 
of rest lying one on either side of the undisturbed position of 
the string. The smaller the distance 6 is, the more closely 
are the two positions of the centre of the string situated. The 
vibration-curve of the middle point of the string thus consists 
of two long horizontal lines which take up a considerable 
fraction of the period of vibration, and are separated by short 
steep lines representing the motion from one position of rest 
to the other, and vice versa. 

Haperrmental Method. 

It is evident that the modes of vibration described above 
would be perfectly reproduced if a string has initially a 
uniform angular velocity about one point, and if in the 
course of this motion two other points on it situated at equal 
distances on either side of the first are suddenly fixed with — 
the result of isolating the string between them. If Aand B 
are the points thus fixed and C is the point about which 
the string has initially a uniform angular velocity, so that 
AC=CB, the mode of vibration elicited would evidently 
depend upon the simultaneity, or otherwise, of the fixation 
of the string at A and B. If the two points are fixed at the 
same instant, the discontinuous changes of velocity travelling 
inwards from A and B meet at the centre, and the string would, 
as already explained, vibrate in two segments. On the other 
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hand, if one of the points is fixed earlier than the other by 
an interval of less than half a period, the discontinuities 
cross at some point on the line A B other than the centre of 
the string, the position of such point being capable of ad- 
justment by a suitable aiteration of the interval of time 
between the fixing of the string at the points A and B. 

The experiment here indicated may be successfully per- 
formed with a steel “ string”? stretched on a light frame 
capable of motion round a horizontal axis at right angles 
to it. The necessary tension is secured and maintained by a 
spring-balance fixed to one end of the frame, which kee})s the 
string taut. A small load fixed to the frame on one side 
causes it to swing into a horizontal position with the angular 
velocity desired. At this position the string comes up 
against two stops, one on either side of it, situated at equal 
distances from the horizontal axis about which the frame 
and string move. If the two stops A and B are exactly in 
line with the string at this instant, the impacts take place 
simultaneously. By putting one of the stops out of line, any 
desired interval between the impacts may, however, be secured. 
It is found (with the arrangements adopted by us) that a 
vertical displacement of one of the stops by a millimetre is 
equivalent to about half a period in the interval between 
the impacts, smaller displacements securing proportionately 
smaller intervals. Just before the impacts take place, the 
dark slide containing the photographic paper is released 
automatically, and moves ina direction parallel to the string, 
recording the initial motion and the vibration of the string 
at any point desired. The optical arrangements are similar 
to those described in the first paper of the series. 

Fig. 1 (Plate VIII.) shows eight records secured by these 
arrangements for various points on the string, and exhibits a 
complete agreement with the indications of theory. Two of 
the records (for 3//8 and 51/8) show a close approach to the 
simple two-step zigzag form for the point at which the discon- 
tinuities cross. The ratio of the two velocities of this point 
or of any other point lying outside the limits //2-+6 is equal 
to the ratio of the distances of such point from the centre 
and the nearer end of the string. The photographs furnish 
a confirmation of this kinematical law. Numerous records 
(not published) have also been secured of the vibration-forms 
obtained for values of 6 ranging from zero to //2. When 
b=1/4, the two sides of the two-step zigzag for the points 
1/2+6 are equally steep, and a vibration of the type con- 
sidered here cannot therefore be elicited by the bow witha 
two-step zigzag motion at the bowed point if b>//4. As 6 
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is increased from 1/4 to //2, the vibration-curve at every 
point on the string approaches the simple two-step zigzag 
form, and finally becomes identical with it. 

\ Two Unequal Discontinuities. 

By setting the axis of rotation of the frame elsewhere than 
at the point bisecting A B, the case of two unequal discon- 
tinuous changes of velocity may be realized experimentally. 
In this case, no line on the velocity-diagram passes through 
the centre of the string. If the discontinuities cross at the 
points //2+6, theory shows the vibration-curves for points 
outside these limits to be four-step zigzags, in whch the 
two lines of small slupe are parallel, but the other two lines 
are not parallel to each other. Between the limits 1/2+bthe 
vibration-curves are four-step zigzags in which none of the 
lines are parallel. J£ b=0, the vibration-curves are every- 
where of asymmetrical type. Otherwise they are everywhere 
unsymmetrical. The vibration-curves at the points ee 
consist of only three lines in each period unless b=0, 
which case there are only two. The most interesting rane 
are those obtained at the centre of the string and those near 
an end. 

Fig. 2 (Plate VIII.) shows some records obtained when the 
axis of rotation of the frame passed through a point of tri- 
section of the length A B. Here again a complete agreement 
with theory is shown. Forms of vibration set up by two 
discontinuous changes of velocity may be obtained by bowing 
a string near one end with pressure insufficient to elicit a 
pre-eminent fundamental *. In this case the discontinuities 
are generally unequal, though in special cases they may 
approach or attain equality. ‘Gener ally, the vibration-forms 
thus obtained are unsymmetrical ; ba they may closely 
approximate to the symmetrical types under favourable 
conditions 7. 

Summary and Conclusion. 

By setting up two discontinuous changes of velocity, 
either simultaneously or in succession, upon a stretched 
string which has initially a uniform angular velocity, 

* “On the Wolf-note in Bowed Stringed Instruments.” By C. V. 
Raman, M.A. Phil. Mag. Oct. 1916. 

+ Some of the sy mmetrical stationary forms with two unequal dis- 
continuities obtained hy bowing were observed and figured by Helmholtz 
(‘Sensations of Tone, Eo ‘nolish Translation by Ellis, page 85). Helmholtz’s 
drawing is, however, not quite correct, as the shorter descent should 
appear in the vibr: ation-curve as less steep than the longer. 
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vibration-forms may be obtained which are identical with: 
(a) the motion of a string bowed with suitable pressure 
close to its centre, or at a distance from it not exceeding a 
quarter of its length; (6) the motion of a string bowed near 
an end with pressure insufficient to elicit the fundamental 
pre-eminent ; and (c) the successive stages of the vibration 
obtained by bowing a string near an end at the “ wolf-note”’ 
pitch, or under certain other circumstances in which cyclical, 
not periodic, vibrations are obtained. 

The photographic records are in complete accord with 
theory, and are an interesting illustration of the experimental 
analysis of discontinuous vibration-forms. 

The experiments described in this note were carried out in 
the Laboratory of the Indian Association for the Cultivation 
of Science. 

Calcutta, 
November 8th, 1916. 

XXXIV. Note on Prof. Anderson's * Focometry of Lens- 

Combinations.” By Ropert Hh. Baynes, M.A.* 

ee ANDERSON’S method (p. 157) of determining 
the focal length of a combination is most interesting, 

but the degree of its exactness requires examination ; for the 
data given in the paper for a particular case, viz. #,=51°0, 
4,=9°0, v= 24°75, yo=9°5, d=26°9, lead to curious results. 
when treated in different ways. 

Prot. Anderson’s formula 

f= d= («1/41 — &2/y2) 

gives f=871, but the distance between the nodal planes 
when calculated from this value of 7 with 2, y; is 8°52 and 
with «2, y2 is 6°58, a difference which cannot be ignored. 

The fact is that there is a definite relation between the 
five given magnitudes, viz. 

UL = yryo/ 12) = (1-31) — (2-92), 

which is not satisfied in the above case and which requires 
d=29-0 with the given values of w,,... With this value 
of d we should have obtained 9°39 for the focal length and 
5:93 for the distance between the nodal planes. 

* Communicated by the Author. 
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One would fancy that, of the measurements given above, 
those of d=26°9, 2,—y,=42°0, #.—y.=15°0 might be taken 
as exact almost to a millimetre. Now the above formule 
lead to 

f= d= {ay/y)—A(yi/y) [| (d+ 2—yo— 1 + yee 

and if we take as exact the above given values of 2 and y, 
with 2—y, and d, we obtain 0:51 for the focal length and 
1:95 for the distance between the nodal planes ; whereas, if 
we assume as exact the given values of x, and y, with x,—y, 
and d (in this case —26°9, with interchange of the sub- 
scripts in the formula), we find —0°25 for the focal length 
and 15:1 for the distance between the nodal planes. 

It would be interesting to know what is the exact focal 
length, found otherwise, of the combination in question and 
the exact reason of these most discrepant results. A method 
requiring the determination of only one centre of rotation 
together with two measurements that can easily be made 
with very fair accuracy would seem a prior? to be more 
reliable than one requiring the determination of a second 
centre of rotation as well. 

It may be noted that the point of rotation of the com- 
bination in any position is the intersection of its axis with 
the line joining a point and its image. 

Christ Church, Oxford, 
Feb. 16, 1917. 

XXXV. On an Automatic Device for charging Electroscopes. 
By L. Kotowrat, Assistant at the Mineralogical Labora- 
tory, Imperial Academy of Sciences, Petrograd *. 

AVING had to construct a set of sensitive aluminium- 
leaf electroscopes for laboratory and field work with 

radioactive minerals, I have fitted them with a special 
charging device which, though somewhat elaborate in 
design, 1s simple and convenient in use, and may therefore 
deserve a few words of description. It consists essentially 
of an ebonite rod a which, whilst being pushed down by 
means of the button 6, is rubbed against cloth placed at ec, 
e.g., in form of a pile of perforated disks. During the 
subsequent motion, the charge thus produced is collected on 
the fixed brass tube d, insulated by the ebonite collar e. 

* Communicated by Sir E. Rutherford. 
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This tube remains, on the other hand, in permanent con- 
nexion with the piece ff, consisting of two coaxial cylinders 
and moved together with a. When the rod is at the end of 
its path, a small finger g lightly touches the support of the 
leaf to be charged. By releasing the pressure on 6, the 

\ 

AG? 

ay Ai) | Oe be 

o\\ 

LITT YP 2 Vea 

A A 

spring h brings the rod to its original position, simul- 
taneously connecting f with the brass disk 7, and con- 
sequently with the electroscope-case. The dimensions being 
chosen consistent with the capacity of the leaf-support, 
things are easily adjusted so as to produce a convenient 
deflexion of the leaf with a single push of the button. A 
good plan is to overcharge the leaf a little and to keep the 
button down until the system has discharged itself to the 
desired point, which is readily attained owing to the leak 
through the ebonite parts of the charging device. 

It is hoped that this device may prove useful not only in 
the laboratory but also for electroscopes in field-work. 

Petrograd, Jan. 1917. 
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XXXVI. A Polarization Flicker Photometer and some Data 
of Uheoretical Bearing obtained with it. By Hersey 
Be lyEs*. 

Synopsis. 
. Introduction. | 
. Theory and Construction of a Polarization Flicker Photomoter. 
. Theory and Construction of a Mixture Photometer. 
. Critical Speed Relations for various relative Brightnesses of Two. 

Compared Fields. 
(a) Mean Brightness Constant. 
(6) Mean Brightness Varied. 

5. Measurementof the Brightness Difference Discrimination Fraction 
for Fluctuating Impressions. 

6. Critical Speed Relations with a Difference of Colour between the. 
Two Fields under Comparison, 

7. Measurement of the Hue Difference Discrimination Fraction for 
Fluctuating Impressions. | 

8. Relative Values of Brightness and Hue Discrimination Fractions 
under Steady and Fluctuating Conditions. 

9. Effect of Choice of Speed on Flicker Photometer Settings. 
10. Summary. 

H> OO bS 

1. Introduction. 

N previous papers by the present writer and Mr. E. F. 
Kingsbury on “The Theory of the Flicker Photo- 

meter” t, emphasis was laid on the desirability, from both 

the practical and theoretical sides, of a ficker photometer in 
which the transition from one field to the other should be 
gradual and according to some simple mathematic relation. 
Practically the advantage is in eliminating mechanical 
flicker, due to dividing edges, which can introduce spurious 
effects. Theoretically the advantage is that this kind of 
transition, especially if it can be represented by the simplest 
periodic function—the cosine curve—can be handled mathe- 
matically f. , 

The theory developed by us was based on a stimulus 
represented by a cosine curve. ‘The verification of the theory 
by experiment, which was sought in work with flicker photo- 
meters with abrupt transition, while very satisfactory, was 
incomplete quantitatively in several details. We gave 
reasons for believing that the outstanding discrepancies 
were ascribable to the difference between the type of 

* Communicated by the Author. 
+ “Theory of the Flicker Photometer,” Ives & Kingsbury. Phil. 

Mag. Nov. 1914, p. 708; April 1916, p. 290. 
t Other transitions can of course be represented mathematically ; the 

difficulty is in solving the equations resulting when the diffusivity 
conditions are introduced. 
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flicker photometer theoretically postulated and that actually 
used. 

In the present paper a flicker photometer is described in 
which the transition from one light to another is exactly of 
the character handled in the theory. It has been possible 
with this photometer to verity accurately the predictions of 
the theory. Measurements of the visual constants have 
been made, and, as a consequence, the complete behaviour of 
this type of equal exposure flicker photometer can now be 
represented quantitatively by a set of equations derived from 
the physical theory of conduction. 

2. Theory and Construction of a Polarization Flicker 
Photometer. 

The polarization flicker photometer is a combination of a 
double-image prism with a rotating Nicol prism. Two 
images of each half of the photometric field are formed by 
the double-image prism, and the dimensions of the apparatus 
are so chosen that the horizontally polarized image of one 
half is superposed on the vertically polarized image of the 
otler. The Nicol prism as it rotates alternately extinguishes 
each image, the one fading gradually into the other, with 
entire absence of any mechanical edge effect. 

Fig. 1. 
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Polarization flicker photometer: N, rotating Nicol prism; W, double- 

image prism; F, and F,, two halves of photometer field. 

Fig. 2. 

Alternative arrangement of polarization flicker photometer. 

Figs. 1 and 2 show two constructions. In fig. 1 the Nicol 

prism is placed at the eye. When so used the nicol must be 

of the type in which the faces are perpendicular to the beam 

Phil. Mag. 8. 6. Vol. 33. No. 196. April 1917. 2 B 
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of light, otherwise the whole field will oscillate with the 
rotation of the prism. In fig. 2 the nicol is placed away 
from the eye and beyond the diaphragm which limits the 
field. In this arrangement the nicol may be of the oblique- 
faced type. The apparatus actually used was arranged as 
in fig. 2, because of the kind of nicol prism available. The 
distances were such that the photometric field had an angular 
aperture of 15 degrees. The artificial pupillary aperture was 
3 mm. in diameber. 

The theory of the polarization flicker photometer is simple. 
Let 21) be the brightness of the image polarized in one 
plane, then the Hauer of the image when the nicol is 
rotated through the angle ¢ from that plane is 

21, cos? o. 

Now 21, cos*@=I, (14+ cos2h) . . . . (I) 

If we put 26=wi, the right-hand member of (1) becomes 
the right-hand member of equation (1) in the first theoretical 
paper, that is, we have exactly the type of stimulus there 
postulated. 

3. Theory and Construction of a Mixture Photometer. 

In the discussion of colour flicker it was shown that the 
action of the flicker photometer is to form a mixture of the 
two colours under measurement. The speed at which it is 
necessary to run the flicker photometer in order that there 
shall be no colour flicker is that at which the hues of the 
extreme mixtures differ jess than the least perceptible hue 
difference. The relationsnip of this hue difference to the 
least perceptible brightness difference and the relationship 
of both of these to the corresponding quantities for steadily 
viewed juxtaposed fields, are crucial points in flicker photo- 
meter theory. 

In order to be prepared for hue difference perception 
measurements the photometer “head,” if it may be so called, 
was made in such a way that the light from the two sources 
under comparison could be mixed in any desired proportions. 
The apparatus is shown diagrammatically in fig. 3. It 
consists of two translucent (flashed opal) glasses, arranged, 
one over the other, to turn by means of gears in opposite 
directions, about a common axis parallel to their faces. 
This device is set up at the intersection of two photometer 
tracks, standing at right angles to each other, and is viewed 
from the rear. If used for equality of brightness obser- 
vations a biprism is employed to juxtapose images of the 
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two glasses. If used with the polarization apparatus the 
divergence of the double-image prism-beams easily clears 
the gap between glasses. A thin metal screen is placed in 
this gap to prevent illumination of one glass by the other, 
and the edges of the glasses are coated with opaque black 
paint. 

Fig. 3. 
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Mixture photometer: O; and O, are opal glasses turned in opposite 
directions by the milled head M. 

With the glasses turned at right angles to each other and 
normal to the two photometer tracks the two glasses form the 
two halves of an ordinary equality photometer field. When 
turned at other angles various mixtures of the two lights are 
obtained. The brightness of each glass at various angles 
due to illumination by each light alone was carefully deter- 
mined by measurements with a portable photometer. In 

2B2 
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fig. 4 is exhibited the brightness of each glass due to illumin- 
ation by a light source on one track alone, as the glasses are 
rotated. The swm of the two is calculated in order to 
facilitate moving the light sources, so that the mean brightness 
of the two glasses may be maintained constant as their 
relative values are changed by their rotation. 

Fig. 4. 

Brightness 

iS) aor ice) ene ae 

Relative brightness of upper and lower glasses of mixture photometer 
due to a single light source, for various angles of incidence of light 
on lower glass. 

Using one light source, this device permits the comparison 
of fields of all degrees of relative brightness, but of the same 

colour. Using two light sources of different colour, but the 
same intensity, the device makes possible the comparison of 
fields of all hues intermediate between the two, formed by 
their mixture. 

As a precautionary measure, the light transmitted by the 
two opal glasses was tested for any difference in polarization 
which would affect the setting of the polarization flicker 
photometer, but nothing of the sort was found. 

4, Critical Speed Relations for various relative Brightnesses 
of Two Compared Frelds. 

(a) Mean Brightness Constant. 

In the second of the papers on the theory the following 
equation is derived for the critical speed of disappearance of 
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flicker between two fields of unequal brightness : 

2 [lows + log dune al 
30) ST +1 

o= 5 te =! Samana on pe) 
xX 
(log e)? 

where w= critical speed, 
6= brightness discrimination fraction, 

I, and I,=brightness of the two fields, 
K= diffusivity, 
X=depth of penetration. 

If we assume that K is a function of the mean brightness, 
we can, by holding the latter constant as I, and I, are varied 
relatively to each other, make a test of the theory, in so far as 
itassumes a diffusivity apart from any question as to how this 
varies with intensity. Fig. 1 of the paper referred to shows 
critical frequencies for various values of I, and I, under 
these conditions, which were not attainable experimentally 
with the apparatus then available. 

With the new apparatus just described the exact conditions 
for this test are met. In fig. 5 are shown the results of two 
extended sets of measurements of critical speeds for varying 
ratios of two fields, with the mean brightness held constant. 
The upper points were obtained at a relatively high, the 
others at a relatively low, illumination. The full lines are 
graphs of the equation (2), with a value 6 of 001, using 

2 
the values of ar solved for from the end points. It is 

clear that the theory is very beautifully borne out. 

(6) Mean Brightness Varied. 

The second theoretical paper gives in equation (6) a 
relation for the critical speeds at different illuminations, 
which upon inserting the complete expressions for the 
constants becomes 

flows + log ime fa} 
o co) 

eee TE Tal tops By vk) 
(log) 

where I, is the mean brightness, and aand 6 are the constants 
{as determined by experiment) applying to the limiting case 
of light alternated against darkness. It follows from this 
equation that, critical. speeds for the limiting case being 
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represented by a straight line when plotted against the 
logarithm of the intensity, critical speeds for other ratios of 
the fields should plot as straight lines lying below and 

Fig. 5. 

Cycles per second 3° 

Critical frequencies for various ratios of brightness of two compared 
fields. Full lines, calculated curves for log 6,= —3:0 

inclined to this at such angles that all will meet at a point 
on the axis of abscissee. In our previous experimental work 
we did not get satisfactory confirmation of this equation. 
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Fig. 6 shows experimental values obtained to test the 
equation, using the new photometer. It will be seen that 
the theory is fully confirmed. Equation (3) is hence the 
general expression, of which the relation for light against 
darkness (I,=0), as found by Porter, is a special case. 

Fig. 6 

Log. brightness 
Critical speed brightness relations for various ratios of brightness 

of two fields. 

The value of 6 called for by these data is about -0001, 
which is much smaller than the figure fitting the data of the 
previous section. The measurement of 6 and its character- 
istic of variability call for separate discussion. 

5. Measurement of the Brightness Difference Discrimination 
Fraction for Fluctuating Impressions. 

A determination of the critical speeds for two different 
ratios of the fields furnishes all the necessary data for finding 
the value of 6. 

Denoting the two different critical speeds and brightness 
ratios by the subscripts a and 6, we obtain from (3) 

| (pee La ; ee | ] ‘ 1 2 aS eas 1 *) 

2 og nen), V eer sn), (4) log 6=log 2— 
Wa 
= 
Ws 
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If for one of the brightness ratios is taken that of light 
against darkness the corresponding logarithmic term drops 
out, being zero. Measurements of the critical speeds for 
the ratios 1:0 and :34:°66 were made by the writer on 
several different occasions during the work, each consisting 
of four to six alternated series of ten settings each, from 
which the following values of log 6 were found :— 

log 6=—3:0 
—4) 

—3'7 

—4°2 
—5°0 

These figures, all obtained for the same mean brightness, 
show that 6 varies over quite wide limits, for these variations 
represent rather bigger differences in the critical speed 
ratios than can be ascribed to the lack of precision of the 
determinations, considerable though this is. There is clear 
indication of a progressive decrease in 6 during the progress 
of the work. 

In order to secure additional light on this point, similar 
measurements were secured from other observers who had 
not been working with the apparatus. 

Their results are as follows :— 

log d= —4°2 (Hi. K.) 

me = ze iy bseveral days apart, 

—3 2 (H.R. M.) 

indicating that the fraction varies from individual to indi- 
vidual, as well as from time to time with any one observer. 

The mean value of all these determinations is 

logd6=—3°74 or 6=-00018. 

Remembering that the Fechner fraction, as ordinarily 
understood and determined for juxtaposed fields, is of the 
order of magnitude of 1 per cent., this value of 6 appears 
extraordinarily low. It is well known, however, that the 
greatest sensibility to small brightness difference is obtained 
when the compared fields are most closely juxtaposed, but 
even then the comparison must be made between impres- 
sions received by different retinal elements. In the case of 
successive impressions the comparison is made of impres- 
sions on the same element, and there is nothing inherently 
improbable in the sensibility to such impressions being higher 
than the greatest sensibility attainable by juxtaposition. It 
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is to be noted, however, that this high sensibility, located 
as it is in the ultimate receiving apparatus, can never be 
utilized to its full value for the detection of small fluctua- 
tions in the stimulus. Because of the damping effect of the 
channel through which the impression of the fluctuating 
stimulus is transmitted, only very considerable fluctuations 
retain any amplitude large enough to be detected. In other 
words, the very small value of the brightness discrimination 
fraction of the ultimate receiver for successive impressions 
is all that makes possible our appreciation of ordinary 
fluctuations in the stimulus. If this had the value of the 
ordinary Fechner fraction we could tolerate much lower 
frequencies of light fluctuation than we now do. On the 
other hand, if we could stimulate the ultimate receiver 
directly, without the interposition of the present trans- 
mitting channel, it would be necessary to use rather high 
speeds of alternation to make flicker vanish. Upon substi- 
tuting different values of 6 in equation (4) of the second 
paper on the theory, the effect on » is given numerically. 
A value of ‘01 for 6 in place of :00018 about halves the 
critical speed. 

6. Critical Speed Relations with a Duference of Colour 
between the Two Fields under Comparison. 

lt follows from the treatment, in the two theoretical 
papers, of colour flicker and of brightness flicker with 
unequally bright fields, that critical speeds should follow 
the same law in the case of two coloured fields as with two 
unequally bright fields, up to the point of the appearance of 
colour flicker. The latter interposes a bar to the progressive 
decrease of speed to zero which occurs at the equal brightness 
point for fields of the same colour. Detailed discussion of 
the statement just made may be avoided by reference to the 
diagrammatic insert to fig. 7. Here the two fields under 
comparison are supposed to be of different colour. The left- 
hand end of the figure represents the condition with one colour 
field alone exposed, and, as indicated below the larger figure, 
the brightness of this field is progressively decreased 
while the other field is increased in such manner that their 
sum remains constant. All points below the two critical 
frequency curves are in the region of brightness flicker. The 
curve which is drawn convex upward, with its maximum at 
the equal brightness point, is taken from the first theoretical 
paper and is the upper limit to the colour flicker region, or 
region in which the hue difference for successive phases of 
the flicker photometer is greater than the least perceptible. 
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No setting can be made at a lower speed than that fixed by 
the intersection of these curves. The actual observation of 
a flicker-limit curve such as that indicated by the small 
diagram, with its very definite truncation of the brightness. 
flicker curves, should constitute a strong argument for the 
correctness of the line of reasoning followed. 

For the experimental test of these relations, red and green 
lights were taken as furnished by two point source 100 watt 
tungsten lamps shining through red and green glasses of 
fairly narrow spectral transmissions. The two lamps were 
operated in parallel, one terminal of each going to the 
battery, the other terminals being connected to the opposite 
ends of a resistance, the sliding middle point of which was 
joined to the other battery terminal. By moving the sliding 
contact the intensity of one lamp increased while the other 
decreased, and vice versa, this constituting the best way of 
operating a flicker photometer, as previously pointed out. 
The first operation in this experiment consisted in finding,. 
by the flicker photometer criterion, the equal brightness 
voltages for the lamps through their coloured glasses, each 
illuminating one of the opal glasses, placed normal to it, and 
these voltages were used throughout the work with them. 

In fig. 7 are shown the critical frequencies obtained on 
carrying through the entire series of comparisons of the two 
coloured fields, the various relative intensities being obtained 
by moving the two lamps to various calculated positions on 
the photometer bar. It will be seen that the points follow 
the curves calculated from equation (2), (6=:0002) right 
down to the sharp intersection of the colour flicker limiting 
curve and then follow this across from one brightness flicker 
limiting curve to the other. As they should be, the critical 
frequencies at the end points are not exactly the same for 
two coloured lights equal by the flicker photometer criterion. 
The experimentally found relationships are in every respect 
in agreement with those indicated by the theory. 

7. Measurement of the Hue Difference Discrimination 
Fraction for Fluctuating Impressions. 

Exact determination of the speed at which colour flicker 
appears, which is made possible by the new flicker photo- 
meter, opens the way to the measurement of the Just 
perceptible hue difference corresponding to the brightness 
difference fraction discussed in section 5. 

In the first theoretical paper it is shown in equation (9) 
and its discussion, that if two coloured fields R and G of 
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equal brightness are alternated in the flicker photometer, the 
ratio of R to G at one extreme phase is given by 

R i i eee) 

i (og 
and at the other phase by the similar expression with the + 
and — signs interchanged. 

Before detailed discussion of this it is desirable to digress 
in order to develop the idea of a hue scale by which a 
numerical value can be given to any hue, and in particular 
the idea of a hue discrimination fraction will be developed 
and used. 

Let us imagine the two juxtaposed fields of the mixture 
photometer illuminated by two equally bright but differently 
coloured light sources R and G. When the two opal glasses 
stand at right angles to each other and normal to each light 
source they are of the colour of these latter, and show their 
maximum colour difference. As they are turned towards 
parallelism they are illuminated by mixtures of the two 
colours and become progressively more like in hue, until at 
the position of exact parallelism they are the same. On 
turning further they diverge in hue until at the end position 
they show the same difference as at first, but in the opposite 
direction. Now if we consider these hues as forming a con- 
tinuous series, they may be described and given a numerical 
value in terms of the proportion of one of the end colours 
present in the mixture forming any hue. If, for instance, 
we identify the hue by the amount of R in it, we have that 
the hue, H, of the mixture in which the two colours are 
present in the ratio Ry : Gyis | 

(5) 

A hue difference H, — H, is then 

1 EOang Geer eee (6) 
Re Guy) Rast Ge. . eae 

and this is the fractional difference 

H,—H, ies eee 
5) 
od 



Polarization Flicker Photometer. 373 

If this hue difference is the least perceptible one, then we 
define the hue difference discrinunation fraction by relation (7). 
We shall use the symbol 6g for this fraction. It will be 
noted that this definition is exactly parallel to the definition 
of the brightness discrimination fraction, which is 

I, —I, Can ein Cr 
ee 

2 

This will be symbolized by 4g henceforth, to avoid 
confusion. 

Applying now (6) and (7) to (5), we have that the hue 
at one phase is 

7 cl By 
_ Ite V2K, 

= ie 

at the other phase it is 

A hte Rage a 
[ee xor N ea 
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Xe | 
ee io CS ease ; 

ERP cielo geen GU? 
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In order to handle this expression we may, as a close 
approximation, take K, equal io Ky, detining it in terms 

of the mean of the critical speeds of the two colours, geen ad! 
by the relation 2 

vs on toa loo e 
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We get then finally 

? 2m 2 
] o 6 =] _2— ae S ae Ta ° e og op=log Penta awe CLP) 



374 Mr. H. EB. Ives on a 

wy being the critical speed for the equality point *. 
Calculation of dy therefore presupposes a knowledge of 63, 
and any error or variation in og will be reflected in the 
value found for 6g t. It must not be overlooked that while 
the brightness difference discrimination fraction has only 
one value, the hue fraction is a function of the colour 
difference constituting the ends of the scale; the larger 
the colour difference the smaller will this fraction be. 

Experimental values of og for the red-green comparison 
used in this test are given in the next section. 

8. Relative Values of Brightness and Hue Discrimination 
Fractions under Steady and Fluctuating Conditions. 

The question of crucial importance in the flicker photo- 
meter is not so much the actual values of the discriminating 
fractions, but whether their ratio is different for fluctuating 
and steady conditions. If this ratio is the same, then the 
mixture by rapid alternation possesses no advantage over 
any other form of mixture photometer, in which each field 
is diluted with light from the other until the colour difference 
is no longer troublesome. 

In order to examine these ratios for both steady and 
fluctuating conditions, it was necessary to arrange for the 
measurement of both discrimination fractions with juxta- 
posed fields under steady conditions. This was simply 
arranged by viewing the mixture photometer glasses 
through a good bi-prism, size of field and brightness of 
retinal image being made the same as for the flicker photo- 
meter work. The procedure in obtaining the brightness 
discrimination fraction was to use one light only, for which 
the green was taken, and turn the two opal glasses relative 
to each other until a difference of brightness was just notice- 
able between the two halves of the bi-prism, when the angle 

* Equation (11) can be used to calculate the critical speeds for all 
hue differences lying between any two for which wy has been deter- 
mined, by noting that halving the colour difference between the 
compared fields is equivalent to doubling the value of 64, &c. Critical 
speed hue difference curves when calculated in this way have the 
general characteristics of the experimental one just published by 
Troland (“Apparent Brightness,” Illuminating Engineering Society 
Convention, 1916). The critical speed for elimination of colour flicker 
between equally bright fields is a measure of their hue difference which 
may prove easier to determine than the present method of stepping off 
just noticeable differences. It should be possible to connect these 
critical speeds with the colour triangle. 

+ oy could also be obtained directly by a similar method to that used 
for 6s by finding the critical speeds for various intermediate hue 
differences. 
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was read. Readings were made in both directions of rota- 
tion, and half the difference taken as the least perceptible 
rotation, which was then translated into brightness dis- 
crimination fraction with the aid of the data of fig. 4. 
The hue discrimination fraction was obtained in an exactly 
similar manner, both lights being used in this case, and the 
glasses being rotated until a difference of hue appeared 
between the two halves of the bi-prism. 
# These two steady observation discrimination fractions will 
be denoted as Agand Ag. Whether these fractions or the 
mean error of setting most nearly compare with the 6’s 
need not be discussed here, for we shall merely use the ratio 
of the two, which will be practically the same whichever 
measure of perception difference is taken. 

The complete investigation of the various discrimination 
fractions and their relationship consists of five sets of 
measurements, which should be performed at one sitting 
in view of the apparent variability of some of them. These 
five measurements are as follows :— 

1. Determination of 63. 
2. Determination of equal brightness condition for two 

colours to be used for hue discrimination test. 
3. Determination of dg by critical speed measurements 

of two colours separately and together. 
4, Determination of Ag. 
5. Determination of Ag. 

Three complete sets as thus outlined were carried through: 
two by the writer and a third by Mr. Kingsbury. The 
results are tabulated below :— 

| | ou 
| en | ae Ox | Au op : 

og dB. Og OH. rm Ap. Au. mei An 

: 
pare aoe Fk —37 | —279 | 81 | 034 | 034 | 10 | 81 
pueda dS My et —42 | —3:09 | 13:0 | -025 | -03 12 | 108 

a TAB SG) | ap ae eg | 2-07 |) 15-5 | 044,08 18 7-4. 

VEC Bes 88 

The last column shows in a very striking manner to what 
the flicker photometer owes its peculiar applicability to 
colour difference work. In the confusion condition caused 
by rapid alternation the appreciation of hue difference fails to 
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keep pace with the appreciation of brightness diference. How 
necessary this eight- to ten-fold difference in the relative hue 
and brightness discriminations for steady and flicker condi- 
tions is, is shown graphically in fig. 7, where the upper 
dashed colour flicker curve (calculated by the aid of equa- 
tion (11)), is the one which would condition the sensibility if 
the two discrimination fractions maintained the same relative 
values they have for steady 1uxtaposed fields. There would 
be no sensibility at all. This was further verified by at- 
tempting to operate the mixture photometer with the two 
glasses turned to the point of just noticeable hue difference. 
Hither light source could then be placed practically any- 
where on the photometer track without altering the bright- 
ness match. 

This breakdown of hue discrimination is, of course, only 
another way of stating the common “ explanation” of the 
flicker photometer, that ‘‘ colour flicker ceases before bright- 
ness flicker.” This is, however, the first time that definite 
measurements have been made of the visual constants whose 
values result in this condition. The explanation now needed 
is one step further back, namely, why does hue difference 
discrimination fail in the ultimate receiving apparatus with 
rapidly alternating impressions ? 

It may be suggested, as a start toward an explanation, that 
colour discrimination is probably a later development than 
brightness discrimination, and that under conditions of con- 
fusion or stress the more primitive function maintains its 
characteristics with less impairment. The supposition may 
be hazarded that in general with the senses appreciation of 
quality differences is much easier disturbed than that of in- 
tensity differences. A close perallel to the action of the 
visual apparatus, as revealed by these measurements, is 
furnished by a flow-meter, such as a gas-meter, to which 
is attached an apparatus for indicating the kind of gas going 
through, the latter being conceived as a more complicated 
device requiring some time to respond. As long as only one 
kind of gas flows through the measurement of rate and the 
indication of composition are equally satisfactory. But let 
two different gases flow through in rapidly varying propor- 
tions. The precision of the gas-meter will be unchanged, 
but the composition indicator will be quite unable to respond 
to each momentary condition. 
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9. Lifect of Choice of Speed on Flicker Photometer Settings. 

In the first theoretical paper the condition which must be 
satisfied when a setting is made on the flicker photometer 
was studied and found to be expressible by the equation 

Sea Ps Leonie Ve 

Bile VI 0 = OTe MAB S08) oD) 

The assumption was then made (assumption 3 of that paper), 
that the position of setting 1s independent of the speed, and 
the relationship of the flicker setting to the equal intensity 
and equal critical speed setting was developed for an assumed 
constant speed. In the light of the more recent work this 
assumption is no longer necessary, nor is it rigidly true. 
Inspection of fig. 7, for instance, shows that the bisector of 
the no-flicker region in the case of two different colours is 
inclined toward the colour of lower critical speed, so that 
the higher the working speed the more this will be 
favoured. 

Introducing the complete expression for the diffusivity 
in terms of the critical speed-illumination relation, (12) 
becomes 

ee, pad Dy) 

Vo log = Vo log = 

ee Se 
Va, log 1, + b; Vaglog Ig+b, ~ 

in which the values of I, and I, which satisfy the equation 
are the ones which will be adjudged equal by the flicker 
photometer criterion, when the alterations occur at the 
speed w. 

This expression shows that the point of setting is different 
for different speeds, and at the same time that the approach 
to equal brightness setting rs closer the lower the speed. This 
emphasizes again the importance of avoiding all mechanical 
flicker and of selecting the speed for each colour difference. 

Obviously w should be the critical speed for the appear- 
ance of colour flicker, which has been called wy above. 
This is given in terms of dg and og in equation (11), which 
transposed is, 

log I, — 

/ 2\ 2 
log — 

OM — 9 2 e e e e ° ( ) 

a 

Substituting this in (13), the complete expression for the 
behaviour of the equal exposure flicker photometer, when 

Phil. Mag. S. 6. Vol. 33. No. 196. April 1917. 2C 



378 Mr. H. E. Ives on a 

operated at the point of just-disappearance of colour 
flicker, is 

2 (a, log I, +6,) + (az log I, + 65) lem alo == 1102 1y + 0} 2102 lo 09 

Salts sa 2(a, log I, +b;) 
2 (az log I, +b.) + (a, log 1, +6,) — | I eer | 2 = ~2 2 1 Dik Uy 

eae. ere ox 2(az log I1,+ 62) 

(15) 
In making this substitution for dg two assumptions figure : 

first, the one leading to equation (11), that the critical 
speed of the mixture of the two compared colours may be 
calculated to a close approximation by disregarding the dif- 
ferent diffusivities of the two colours ; and second, that dg is 
constant over the range of intensities in question. If these 
assumptions are true, then equation (14) states (dp having 
been found constant over wide range, as shown by the data 
of fig. 6) that the plot of wy against log I should be a 
straight line, lying below the mean straight line given by 
the critical frequencies for the two compared colours, and 
inclined to it at such an angle that both intersect the axis of 
abscissee at a common point. 

Fig. 8. 

30 

SCCONA 
N) O 

Cycles per 

0 
lo 9 brightness. 

Upper points, mean critical frequencies for red and green light. Lower 
points, critical frequencies for red and green alternated against each 
other. 

This relationship was tested out experimentally with the 
result shown in fig. 8, where the upper, straight line is 
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the mean of the red and green light critical speed points, 
and the lower line is the critical speed plot for red and 
green alternated (the mean illumination being the same as 
for each alone) at their equality setting. The relationship 
between critical speed and log brightness shows a well- 
marked deviation from the rectilinearity which would result 
were both the above assumptions correct. This is not sur- 
prising, tor hue difference discrimination for steady observa- 
tion varies quite rapidly with brightness, and in the flicker 
photometer the working speed at low intensities will be 
larger than that predicted from these assumptions owing to 
the pronounced lag of one colour impression behind another * 
and the consequent lack of exact dove-tailing. 

In spite of the failure of relation (14) to hold exactly, it 
gives the order of magnitude of wy» so closely that the result 
of using (15) with og as a constant will be correct to within 
the probable errors of any experimental test. When used 
for calculations similar to those made in the first paper with 
® assumed constant, the resultant predicted behaviour of the 
flicker photometer is quite similar, the deviations from the 
equai brightness position of setting being of course smaller, 
but decreasing with increased intensity as before. It may, 
in fact, be questioned whether the calculations made on the 
constant speed assumption do not more nearly represent 
the experimental conditions holding when the data with 
which they were compared were obtained, since some 
mechanical flicker undoubtedly prevented the use of as 
low speeds as the colour differences used would warrant. 
Tt is to be hoped that data of this sort collected in future 
will be made with the polarization flicker photometer. 

lt may be noted, in passing, that the use of a variable 
instead of a constant speed in the calculation of the be- 
haviour of the flicker photometer helps in the discussion of 
the unequal exposure instrument treated in the second paper. 
For by reducing the value of the constant F in equation (14) 
of that paper the relative intensities necessary for a setting 
of the instrument are brought nearer together, in agreement 
with the experimental data. 

10. Summary. 

The results of this investigation may be summarized as 
follows :— 

1. A polarization flicker photometer has been constructed, 
in which the transition from one field to the other is gradual 

* See “ Visual Diffusivity,” Ives, Phil. Mae. Jan. 1917. 
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and follows exactly the cosine curve assumed in the previous 
theoretical discussion of the flicker photometer. : 

2. By the use of this photometer it has been possible to 
verify in exact quantitative manner the relationships be- 
tween relative intensity and absolute intensity of compared 
fields and critical speeds, as previously calculated from 
theory. 

3. Measurements have been made of the brightness and 
hue discrimination fractions for both steady and “fluctuating 
impressions. 

4, It has been found that the applicability of the flicker 
photometer to colour difference comparisons is due to the 
failure of hue discrimination as compared with brightness 
discrimination under conditions of rapid fluctuation, and 
the amount of this failure has been determined by 
measurement. 

5. A complete expression has been worked out for the 
behaviour of the flicker photometer in terms of the critical 
frequency-illumination relations for the two compared 
colours, and the hue discrimination fraction for fluctuating 
impressions. 

I am greatly indebted to Mr. Hi. R. Morton for assistance 
in the construction of the experimental apparatus and in 
making the readings, and also to Mr. Kingsbury and 
Dr. Karrer for the series of observations made by them. 

Physical Laboratory, 
The United Gas Improvement Compy 

Philadelphia, Pa. 
September 13th, 1916. 

XXXVII. Notices respecting New Books. 

Annuaire pour Van 1917 publié par le Bureau des Longitudes. 
Paris: Gauthier-Villars. Price 2 fr. net. 

ITH very little delay appears this useful annual publication as 
thouch the world were at peace. Besides the usual astro- 

nomical tables there appear in this issue chapters on Metrology 
and Meteorology, besides special articles on (A) the Babylonian 
calendar, (B) summer-time 1916 by J. Renaud, (C) determi- 
nation of the metre in terms of wave-lengths of ne by 
M. Hamy. 

The article on sunmer- -time, in particular, is of great ‘Wasteme 
interest in the summary it gives of the debates which took place in 
France and elsewhere prior to making this salutary change. 
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Photographs of vibration-curves showing initial motion and subsequent 

vibration with two equal discontinuous changes of velocity. 
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As in Fig. 1, but with two wnregual discontinuous changes of velocity. 
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XXXVILL. On Periodic [rrotational Waves at the Surface of 
Deep Water. By Lord Rayueten, O.M., PRS * 

VF @NHE treatment of this question by Stokes, using series 
proceeding by ascenuing powers of the height of the 

waves, is well known. Ina paper with the above title it 
has been criticised rather severely by Burnside, who con- 
cludes that ‘these successive approximations can not be 
used for purposes of numerical calculation...”. Further, 
Burnside considers that a numerical discrepancy which he 
encountered may be regarded as suggesting the non-existence 
of permanent irrotational waves. It so happens that on this 
point I myself expressed scepticism in an early paper f, but 
afterwards I accepted the existence of such waves on the 
later arguments ot Stokes, M*Cowan§, and of Korteweg and 
De Vries|| In 19119 I showed that the method of the 
early paper could be extended so as to obtain all the later 
results of Stokes. 

The discrepancy that weighed with Burnside lies in the 
fact that the value of 8 (see equation (1) below) found best 

to satisfy the conditions in the case of «=1 differs by about 

* Communicated by the Author. 
~ Proc. Lond. Math. Soc. vol. xv. p. 26 (1915). 
t Pil. Mag. vol. i. p. 257 (1876) ; ‘Scientific Papers,’ vol. i. p, 261. 
§ Phil. Mag. vol. xxxu. pp. 45, 553 (1891). 
j]) Phil. Mag. vol. xxxix. p. 442 (1895). 
@ Phil. Mag. vol. xxi. p. 183 (1911). 

Phil. Mag 3. 6. Vol. 33. No. 197. May 1917. pe 



382 Lord Rayleigh on Periodic Irrotational 

50 per cent. from that given by Stokes’ formula, viz. 
B=—y'. It seems to me that too much was expected. 
A series proceeding by powers of 4 need not be very 
convergent. One is reminded of a parallel instance in the 
lunar theory where the motion of the moon’s apse, caleu- 
lated from the first approximation, is doubled at the next 
step. Similarly here the next approximation largely in- 
creases the numerical value of 8. When a smaller @ is 
chosen (7/5), series developed on Stokes’ plan give satis- 
factory results, even though they may not converge so 
rapidly as might be wished. 

The question of the convergency of these series is distinct 
from that of the existence of permanent waves. Of coursea 
strict mathematical proof of their existence is a desideratum; 
but I think that the reader who follows the results of the 
calculations here put forward is likely to be convinced that 
permanent waves of moderate height do exist. If this is so, 
and if Stokes’ series are convergent in the mathematical 
sense for such heights, it appears very unlikely that the 
case will be altered until the wave attains the greatest 
admissible elevation, when, as Stokes showed, the crest comes 
to an edge at an angle of 120°. 

It may be remarked that most of the authorities men- 
tioned above express belief in the existence of permanent 
waves, even though the water be not deep, provided of 
course that the bottom be flat. A further question may be 
raised as to whether it is necessary that gravity be constant 
at different levels. In the paper first cited I showed that, 
under a gravity inversely as the cube of the distance from 
tiie bottom, very long waves are permanent. It may be that 
under a wide range of laws of gravity permanent waves 
eXIst. 

Following the method of my paper of 1911, we suppose 
for brevity that the wave- length i is 2a, the velocity of pro- 
pagation unity”, and we take as the expression for the stream- 
function of the waves, reduced to rest, 

p=y—ac/ cos «—Be~*/ cos 2u—ye- cos 34 

—de- cos 4a—ee-Yecos5x, . . (1) 

in which « is measured horizontally and y vertically downwards. 
This expression evidently satisfies the differential equation 

© * The extension to arbitrary wave-lengths and velocities may be 
effected at any time by attention to dimensions. 
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to which W is subject, whatever may be the values of the 
constants a, 8, &e. And, much as before, we shall find that 
the surface condition can be satisfied to the order of a’ 
inclusive ; 8, y, 6, € being respectively of orders «4, a’, a®, a’. 
We suppose that the free surface is the stream-line p=0, 

and the constancy of pressure there imposed requires the 
constancy of U?—2gy, where U, representing the resultant 
velocity, is equal to VW {(dw/dx)? + (dW/dy)?}, and g is the 
constant acceleration of gravity now to be determined. Thus 
when y=0, 

U?—2qy=14+2(1—g)y+a%e-4 + 2B e-* cos 2x 

+4dye*¥ cos 3u + 66e7¥ cos 42+ Bee cos 5x 

+4aBe~*” cos x + Gaye” cos 2u+ 8ade"%cos 38a. (2) 

correct to «’ inclusive. On the right of (2) we have to 
expand the exponentials and substitute for the various 
powers of y expressions in terms of a. 

It may be well to reproduce the process as formerly given, 
omitting 6 ande, and carrying (2) only to the order «5. We 
have from (1) as successive approximations to y :— 

ee et COs, Oe ys Pe La lei ws be Fe. ) 

a 4) cos @— — 5 2? aicos 7 —t a” cos 273) ..13 (4) 

y=a(l—y +47?) cos # 

a Q x? “a 3a’ =—S +a(14° F ) e08 ©— cos 2a + = 5 cs (5) 

which is ccrrect to @’ inclusive, @ being of order a. In caleu- 
lating (2) to the approximation now intended we omit the 
ian in ay. In association with «8 and y we take e~v”=1; 
in association with 8, e~¥=1—2y; while 

awe = a? (1 —2y 4+ 2y?—47’). 

Thus on substitution for x? and 7? from (5) 

oe 9 =a} 1—2y+4+2?—4a? cos w+" cos 2E—2e° Cos ant: 

In like manner 

2B e-*Y cos 22 =28 cos 2v—2aB(cosx+cos 32). 

Since the terms in cosz are of the fifth order, we nay 
replace acos x by y, and we get 

U2—2qy=14 a? +a! + 2y(1—g—a22— 2a4 + £) 
-+-(e*+ 2B) cos 22+ (—se° + 4y—228) cos3e... (6) 

2D 2 
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The constancy of (6) requires the annulment of the co- 
efficients cf y and of cos 2x and cos 32, so that 

= —te', Y=75 a. oe (7) 

and | 
glee as. 

The value of g in (8) differs from that expressed in equation 
(11) of my former paper. The cause is to be found in the 
difference of suppositions with respect toy. Here we have 
taken w=0 at the free surface, which leads to a constant 
term in the expression for y, as seen in (5), while formerly 
the constant term was made to disappear by a different choice 
of ap. 
There is no essential difficulty in carrying the approxi- 

mation to y two stages further than is attained in (5). If 
6, « are of the 6th and 7th order, they do not appear. The 
longest part of the work is the expression of ¢~” as a function 
of «. We get 

Bae Wh 2 Dies Fa aN ya RU AT ceca D3 e-Y=1+4 A ae 64 cos « fa+ 2a°} 

2a | a+ 4a 2 os 3 ae Ax, (9) + cos 2a) G~ + Ge 3 ut tog costa, (' 

and thence from (1) 

Bat 12bat ae 

9a? G2ba i oa 
ee Pfs Le SST ee Y—— se w+cosa| at 3 + {99 9 } 

Act : 3a? O20e a oae 
nee 2 iL hs 4 a RAND a ae Sa cos 2a | $a" 3 B | +e0s 32} ay, 38 5) +7] 

; 125° 
ras 3008 it + ea co LY PEDERI ART NEURO Cb 

When we introduce the values of @ and y, already deter- 
mined in (7) with sufficient approximation, we have 

3 5 

y= — heat too | at Bah Ode } 
Mee 

2 11a, | Ba? ee 
ee VEO DA ya ec 3 4 eos 2 | 5} + 6 f + COS dv 8 128 

4 125° 1 3 C08 Ag+ a COS DL. )0i) 2+ 

in agreement with equations (13), 18) of my former paper 
when allowance is made for the different suppositions with 
respect to yz, as may be effected by expressing both results 
in terms of a, the coefficient of cos z, instead of a. 
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The next step is the further development of the pressure 
equation (2), so as to include terms of the order «’. Where 
8, y, &e. oceur as factors, the expression for y to the third 
order, as in (5), suffices; but a more accurate value is 
required in #e77¥%, Expanding the exponentials and re- 
placing products of cosines by cosines of sums and ditfer- 
ences, we find in the first place 

+2 E o 2 4 1926 U"—2gy=2(l—g—#)y+-lt+tet+a en ame ie: 

a aan Whe Ya? 
+ cos 2 - | 4a + 2ap— Fk ae — 57} 

8) ot 

+ cos a a — 2006 | 

2 43 
+008 32 | — 22 —2aB-+ dy ee EE Sel c edad | 

+ cos 4 | ae + 2a°B—bay+ 63 

37al, 25a | 
+eos5a | — SS — ce EY 1908 + 8c}. (12) 

From the terms in cosw we now eliminate cos 2 by 
means of 

a COS ’= -y(1— S)+$ uM ae 22 
8 2 4 

thus altering those terms of (12) ek are constant, and 
which contain y and cos 2x. Thus modified, (12) becomes 

6 

U?—29yH=1lt+et ats. a ~ 3278 

2 ( 

Cc —g—a?—Po!+4+ B—Ta! eee Sh) 
24 4 

+cos 22 jah es Sas: | 

+ cos dz’ poe B+4dy- ae at WAP 4 3a8y— dad } 

+ cos de (i.e 1: 9g ee 

+ cos Sa | 3s ALE SOO a —12ad + 8e |. (13) 

The constant oe has no ea for our purpose, and 
the term in y can be made to “vanish by a proper choice of g. 
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If we use only «, none of the cosines can be made to 
disappear, and the value of g is 

g=1—e—2a*— fae... eee 

When we include also 8, we can annul the term in ces 2e 
by making 

4 / 29 2 

p=-F(1+=4), . Me 

and with this value of 6 

at) poe: 
g= aril ana 08 Ae aes (16) 

But unless « is very small, regard to the term in cos 34 
suggests a higher value of 8 as the more favourable on the 
whole. 

With the further aid of y we can annul the terms both in 
cos 27 and in cos 3a. The value of @ is as before. That of v 
is given by 

fae 

hn o(1+ cee CU 

and with this is associated 

5at = 1570 
a eo CoD (18) 

The inclusion of 6 and « does not alter the value of g in 
this order of approximation, but it allows us to annul the 
terms in cos4a and cos 5a. The appropriate values are 

oth 
7 7o> © = 780” ee ae) eb fs (19) 

and the accompanying value of y is given by. 

er (+ a") ee a0, 

while @ remains as in (15). 
We now proceed to consider how far these approximations 

are successtul, for which purpose we must choose a value 
for a. Prof. Burnside took a=}. With this value the 
second term of 8 in (15) is nearly one-third of the first 
(Stokes’) term, and the second term of y in (20) is actually 
larger than the first. If the series are to be depended upon, 
we must clearly take a smaller value. I have chosen a=j},, 
and this makes by (15), (18), (20) 

B= —-000,052,42, y=*000,000,976, g="989,736,92. (21) 
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The next step is the calculation of approximate values of y 
from (11), which now takes the form 

y= —°0051+4°101,165,0 cos « 

— ‘005,183,3 cos 24 +°000,399,6 cos 3x 

— °000,033,3 cos 4a +°000,003,3 cos 5a... . (22) 

For example, when #=0, y='091,251,3. The values 
of y calculated from (22) at steps of 224° (as in Burnside’s 
work) are shown in column 2 of Table I. 
We iiave next to examine how nearly the value of y 

afforded by (22) really makes W vanish, and if necessary to 
calculate cerrections. To this 6 and e in (1) do not con- 
tribute sensibly and we find w=+-000,015,4 for r=0. 
In order to reduce yf to zero, we must correct the value of y 
With sufficient approximation we have in general 

Oy =dy (1+ ype! cos a)", 
or in the present case 

000,015,4. 
5g = — 000,014,1, 

so that the corrected value of y for #=0 is :091,237,2. 
If we repeat the calculation, using the new value of y, we 
find ~=0. 

Waves at the Surface of Deep Water. 

éy= — 

Asin I 

ae y from (22). | y corrected, | U?—2gy—1. ee | 

0 +-091,251,3 | +-091,237,2 | -010,104,9 4D 
992 | +4-084,839,7 | +:084,841,9 se 44 
4 +-066,182,8 | + 066,181,8 AS 43 
672 | +-036.913,1 | +-036,915,1 aa am te 
90) +:000,050,0 | +:000,052,4 42 46 
1122 | —-039,782,7 | —-0389,780,2 WA Aaah 47 
135 —-076,316,2 | —-076,317,5 OLS 43 
ey = 102,381,1, | —-102,394,1 Nea 44 
180 —-111,884,7 | —-111,907,9 010,105,1 4G 

In the fourth column are recorded the values of U?—2gy — 1, 
calculated from (1) with omission of é and e, and with the 
corrected values of y. dwy/dx, dvy/dy were first found sepa- 
rately, and then U? as the sum of the two squares. The 
values of 8, y, gemployed are those given in (15). (18), (20). 
The form of yin (1) with these values of the constants vanishes 
when y takes the values of the third column, and the pressure 

* The double use of 6 will hardly cause confusion. 
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at the surface is also constant to a high degree of ap- 
proximation. The greatest difference is (‘000,001,0), which 
may be compared with 4, the latter amount representing 
the corresponding statical difference at the crest and crough 
of the wave. According to this standard the pressure at the 
surface is constant to 24 parts in a million. 

The advantage gained by the introduction of B and y will 
be better estimated by comparison with a similar calculation 
where only @ (still equal to 5) and g are retained. By (2) 
in this case 

U?—2qy—l=ae%+4+2(1—g)y. . . . (28) 

Table II. shows the values of y and of #e¢7*” corresponding 
to the same vaiues of was before. The fourth column gives 
(23) when g is so determined as to make the values equal at 
O° and 180°. [t appears that the discrepancy in the values of 
U?—2oy is reduced 200 times by the introduction of 8 and y, 
even when we tie ourselves to the values of 8, y, a prescribed 
by approximations on the lines of Stokes. 

Jurerora, WUE. 

| De | y. | are 2y, | U2—2gy—-1. | 
| | } 

| 
0 + -091,276,5 | -008,381,4 4/ :010l20ia 
22% 084,870,5. |. -008,4388.8 | 5 lisom 
45 066,182)4 |) -008,760,2°) |). Roe 
672 036,882,6 | -009,2889 | .. .0471 
90 | 0 §  +Q10.000,0 -  J06010 

1122 Hl 22039,828.1 1 010 S290 . ONO 
135 —-076,318,5 | -O11,649,0 | Oso 
W572 02344 1 OUD Die eens 
180 —111,832,6 | -012,506,5 | -010,207,7 — | 

A cursory inspection of the numbers in column 4 of 
Table I. suffices to show that an improvement can _ be 
effected by a slight alteration in the value of 8. For 
small corrections of this kind it is convenient to use a 
formula which may be derived from (2). We suppose that 
while « and are maintained constant, small alterations 66, 
dy, og are incurred. Neglecting the small variations of 
8, y, g when multiplied by a? and higher powers of a, 
we get 

dy = 68}cos 2a —3 a cos x—3 2 cos 3x} 

+ dy{cos3u—2acos2v—2acos4at,. . (24) 
and 

6(U?— 2gy) = 2a(d68—6q) cos v 4+ 268 cos 2a 

+2(2dy—«68) cos 3z—badycos4u. . . (25 
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For the present purpose we need only to introduce 66, and 
with sufficient accuracy we may take 

OCU" 209) =268 cos'2e;' Or). es), (26) 

We suppose 68 = — °000,000,2, so that the new value of B 
is —:000,052,6. Introducing corrections according to (26) 
and writing only the last two figures, we obtain column 5 of 
Table I., in which the greatest discrepancy is reduced from 
10 to 4—almost as far as the arithmetic allows—and becomes 
but one-millionth of the statical difference between crest and 
trough. This is the degree of accuracy attained when we 
take simply 

= y— ae cos x— Be-*/ cos 2—ye"*Y cos3x, . (27) 

with a=,,, g and y determined by Stokes’ method, and 
B determined so as to give the best agreement. 

XXXIX. Vhe Application of Solid Hypergeometrical Series 
to Frequency Distributions in Space. by S. D. WicKsELL, 
Dr. Phil., Lund, Sweden*. 

‘ea the number of this Journal issued in September 1914, 
Dr. L. Isserlis, under the above title, published a paper 

on the fitting of hypergeometrical series to correlation 
surfaces. The problem to describe curves of variation by 
aid of hypergeometrical series was treated as long ago as 
1895 by Prof. Pearson in his classical Memoir: ‘Skew 
Variation in Homogeneous Material,” Phil. Trans. vol.clxxxvi. 
Later, in 1899, Prof. Pearson gave a fuller discussion of the 
hypergeometrical series (Phil. Mag. vol. xlvii.). It is this 
paper that is the starting-point and chief place of reference 
of Dr. Isserlis. On the whole, the hypergeometrical series 
and its special case for n=, the binomial series, play a 
dominating part in Prof. Pearson’s celebrated theory of 
variation of one variate. As a consequence hereof, it was 
natural that the attempt should be made to employ solid 
hypergeometrical series as a means to describe also surfaces 
of correlation. Hereby, however, a fact has evidently been 
overlooked that greatly limits the range of applicability of 
any hypergeometrical or multinomial types of correlation 
functions. Of course, there must be some identical relations 
between the moments that should be more or less fulfilled 
in all cases of application. Dr. Isserlis also produces several 
such relations. But it is evident that he has not ascribed 
too much importance to these limitations. In the theory of 
variation of one variate there are similar conditions, but they 

* Communicated by the Author. 
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have proved to be of only little harm to the generality of 
the frequency-curves generated. Now, the writer of these 
lines has reason to think that the limitations in case of the 
application to correlation surfaces is of far greater im- 
portance. The fact which is the ground for the opinion of 
the writer is the following : All surfaces of correlation described 
by aid of the multinonual or hypergeometrical series must 
necessarily have linear regression. With regard to the multi- 
nomial correlation function, which is the coefficient of «*y* 
in the development of (p,vy+pov+p3ytp,)’, the fact has 
already been demonstrated in my paper in Svenska Aktuarie- 
foreningens Tidskrift, Nr. 4-5, 1916 (see also Meddelanden 
fran Lunds Astrononuska Observatorium, 1916). 

In erder to prove our proposition also in case of the solid 
hypergeometrical series, we must first recall the formulation 
of the corresponding chance problem. In Dr. Isserlis’ own 
words it is: a bag contains n balls of which np are white 
and ng are black; r balls are drawn and not replaced ; a 
second draw of r’ balls is made. This is repeated N times. 
If N is a large number, the theoretical frequency of s black 
balls in the first draw and s’ in the second is (in a somewhat 
different notation) 

N.rtol’t (gn) tCpr)t(n—r—r')! 

s!s'l!(r—s)!('—s')! (qn—s—s')!(yn—r—r't+sts') Int 

Calling this function <(s, s'), the moments p';; may be 
deduced either, as does Dr. Isserlis, with the aid of a system 
of differential equations or more directly by performing the 
summations 

DES Das. Sai s's/ 
8, s! 

by which method recursion formulee for the moments are 

easily derived. Especially it will readily be found that the 
mean values of s and s’ are 

Pw="d3 Pu=rg¢: 

Thus it is seen that the means of the number of “lucky ” 
events are equal to the product of the number of trials and 
the probability of a ‘‘lucky” event at the beginning of the 
drawings. Now, itis an easy task to show that the regression 
is linear. Indeed, if from the N sets of drawings we pick 
out all that have given a certain number, say s=S black 
balls in the first 7 trials, they will all have that in common, 
that the second set of 7’ drawings has been extracted from a 
bag that contained n—? balls, of which only gn—S were 
black. Hence, for these samples, if N be a large enough 
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number, the mean of the number of black balls in the second 
sets of trials will be 

1 @aq-8) i o> Naeem ae ee a Ne mca?) 

Thus the mean value of s’ for a given value of s is a linear 
function of s, by which the linearity of regression is proved. 

It will be of some interest to see how the moments of 
the hypergeometrical series, as found by Dr. Isserlis, are 
consistent with the general conditions for linear regression, 
and especially how these conditions are even contained in 
the identical relations between the muments as far as such 
have been deduced. First, we must, however, find the 
relations between the moments that are the necessary 
conditions of linearity of regression. Denoting by & and n 
the deviations from the means s—rg and s’—7r'g, we must 
(as from the above regression formula it is obvious that when 
S=rq we have s',=7r'q) give to the equation of the regression 
line of, for instance, s’ on s, the form 

(fh US nN ae PR EH 0) 

Denoting the coefticient of correlation by p and the standard 
deviations of s and s’ by o and a’, we necessarily have 

/ 

ee ot CU ange yee gar 63)) 

The truth of formula (3) is well known and may be 
demonstrated in the following way. Multiplying (2) with 

ES<(E+rg, 1+7'q) 
n 

and summing for all values of the variable £, we obtain 

2, fg 2 2(E+74- gtrg=lZedeE+rg n+7'9). (4) 
aS: g u 

According to the signification of », as a mean of y for 
constant &, this may be written 

2 > Enx(E+rq, n+ 7'q)=b > Dey, n+r'q) 

7 ail 

or, denoting by »,, the moments about the mean of 2(s, se 

Piu= pro 

As p= seein) we have thus proved the truth of (3). 
V PooPos 

The equation of the regression line is hence 
fou 

GS ee aa gan A 
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In order to derive the general relations between the 
moments thatare a consequence of the linearity of regression 
we proceed thus: Multiplying (5) by 

oe >» e(E+rq, Hat) 
u| 

we find, summing for all values of &, 

! 
On , 

Pa=p o P30 OF PoiPoq—= Ps0Pii- = |» lene 

This formula has been deduced by Pearson in his well- 

known memoir on the skew regression. 

Multiplying further by 

BD Etre, a+7"9) 
y 

and summing’, we obtain =? 

P21 P20 = PioP11; . J cC 0 - ‘ (7) 

and similarly proceeding for higher powers of € and having 
recourse also to the equation of the other regression line, we 
have as conditions of linear regression, 

Po, 1 P29 Pa+1,0 Pi; 

Pilg Pie Poppet Pil (8) 

Dr. Isserlis has not deduced the moments p 3, and p43, so 
we are not in a position to test his formule on linearity 

of regression otherwise than in case of the moments of the 

third order. In case of these moments Dr. Isserlis has found 

the identical relations 

Pai P20 03 = P12 Po2 P30> 

pas Oy. 
Po2 P20 Pa Pig=Pu P03 P30- 

Dividing these relations, we find 

LL AUR ap sa SUL tO eae 
Pa P20 =P30 P11 > 

BaD eke 2 2 
Piz Por =Po03 Pur - 

Taking regard of the fact that according to the results of 
Dr. Tecerli ‘the moments Po and py, as well as the moments 
Pso and po have inverse signs, we see that the identities 
eontain in them the conditions of linear regression 

P21 P20 = P30 Pus 

P12 Po2= Pos Pi: 
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Obviously, as the regression has already been shown to be 
strictly linear. it should be found on deducing the moments 
of higher order than the third that the hypergeometrical 
series is subject to the general identities 

Po, 1 P20 Pav, oP iw 

P), pg Po2= Po, p41 Pu: 

Of course, these are not the ouly relatious possible to find, 
also relations between the pure marginal moments are a 
hand. 
The application of solid hypergeometrical series to 

correlation surfaces must, as we have shown, be confined to 
cases of strictly linear regression. That this has not been 
observed by Isserlis is evident, as otherwise he would have 
mentioned it, or, at least, he would not have attempted. to 
apply the series to a case of decidedly curvilinear regression, 
as in the example of the correlation of the ages of bachelors 
and spinsters at the epoch of marriage. As regards the 
example of the numbers of trumps in whist, the regression 
is linear, but there is an error in the computation of the 
correlation coefficient, which is —0°3305, not —0°2559. 

Note I.—The chance problem that gives rise to the above- 
mentioned multinomial series is the following: A bag contains 
n balls. The balls are either white or black, besides being 
marked by either an even or an odd number. Of the balls 
np, are black and even, np, are black and odd, np; are white 
and even, and np, are white and odd ; + balls are drawn and 
each ball is replaced ajter drawing. This is repeated N times. 
If N is a large number, the theoretical frequency of sets 
with s black balls and s’ even balls is the coetticient of Say 
in the development of 

(pivy + pot + psy + pa). 

The moments of this series are deduced in my memoir in 
the Meddelanden fran Lunds Astronomiska Observatorium 
cited above. The regression is strictly linear. If the balls 
are not replaced there arises a series in which the terms are 
certain sums of the terms of a hypergeometrical series in 
three dimensions. Hereby the regression will still be strictly 
linear, as the even balls in samples of s=S black balls come 
forth as if they had been drawn in S trials from a bag con- 
taining all the black balls and in x—S trials from a bag con- 
taining all the white balls of the initial bag. The mean of 
the number of even balls in samples of S black balls will 
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then be the sum of two quantities, of which the one is 
proportional to 8 and the other to r—S, thus being a linear 
function of 8. 

Note I1.—We have shown above that the condition for 
linear regression is that the following relations between the 
moments are valid: 

ey IO) a) Cater, | O18 

P) sp Po2= Po, ga Pin: 

Introducing the notations 

> = Pij 

OW) oa!’ 

we may write the conditions thus 

a} atet, Oo Da ry PG 

eon ati 212 =P 2p, 41 =U: 

When the regression is not linear the quantities Pi, and 

Po, Or some of them, will not disappear. In another place 
I shall soon lenomshuat: that the equations to the curves of 
regression, when the correlation is only moderately skew, 
may be expressed in a very convenient form with the aid of 
the coefficients p, . and Po, j 

By Pearson’s definition ‘tyere is no correlation when the 
regression is linear and parallel to the axes. Though this 
definition seems to me to be met ne sufficient, as it does 
not necessarily coincide with the definition required from 
the standpoint of the theory of probability, 7. e. that the 
variates should be separated in the correlation function, it is 
any way the best one to have recourse to when we have no 
adequate correlation function available. In the sense of 
Pearson’s definition the variates will be independent of each 
other if all the coefficients p, 30, Poz, P41, Por, HC. are zero. 
p is the usual coefficient of correlation; as the quantities 
30> P03» P40, Pos, &C., are abstract numbers, independent of 
any units, I propose that they be called the coefficients of 
correlation of higher order. The numerical factors are 
inserted for purposes of which I hope soon to give the 
explanation. 
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XL. Results of Crystal Analysis.—IV. 
By lh. VeGard, Dr. phil., University of Christiania”. 

[Plate IX.] 

Part I.—The Structure of Ammonium Iodide and 
Tetramethylammonium Lodide. 

6.1). : ieee substances NH,I and N(CH;),I are the first 
members of a series which show very interesting 

morphotropic relations, and have attracted much attention 
from crystallographersf. 

The crystals of NH,J belong to the cubic system. When 
the four hydrogen atoms, however, are replaced by four 
alkyle groups (four CH; groups, say) the crystal becomes 
tetragonal, with the ratio c/a decreasing with increasing 
number of C atoms. 

Tt would be natural to suppose the tetragonal structure 
to be produced by some tetragonal arrangement of the 
carbon atoms; and an attempt to explain the morphotropie 
relation between NH,I and N(CH;),. has been made by 
LP. Groth f 

According to his assumption, the NH,I crystals should 
have the following structure:—The I atems should be 
arranged in a simple cubic lattice, which is centred with 
a similar lattice of the N atoms. The hydrogen atoms 
should be placed on the cube-diagonals through the N atoms, 
in such a way that the H atoms are placed in the corners of 
a tetrahedron with the N atoms at the centre. 

The structure of N(CH3;),f he simply derives from that 
of its parent substance, by : dee ts the H atoms replaced 
by the group CH; in such a way that the C atoms take up a 
similar position to that previously occupied by the H atoms, 
and the H atoms of the CH; group are supposed to be placed 
in the corner of a tetrahedron with the C atom at its centre. 

Although these hypothetical lattices of Groth show several 
striking points of similarity with those actually found, it 
will be seen that the morphotropic relation between the 
two substances is not quite so simple as that supposed by 
Groth. 

The topic parameters, as calculated by Groth, for the 

* Communicated by the Author. 
t P. Groth, Chemische Crystallographie. 
t See Stefan Kreutz, ELT der Theorre der Krystalistruktur, p. 145 

(1915). 
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four successive members of these substances are given in 
Table I. 

TABLE ee 

v. | X: w. W. Symmetry. | 

NED 57-51 | 3-860 | 3-860 | 3-860 | Cubic. 

IN( CELA sess: 108-70 | 5519 5319 3842 | Tetragonal. 

N(C,H,),1.... | 16291 | 6648 | 6648 | 3-686 

IN(CLEE) ieee 235-95 6-093 | 7-851 | 4-933 # 
t 

Analysis of NHI. 

§ 2. The crystals which were used for the Rontgen-ray 
analysis had the form of small cubes with faces (100), and 
were obtained by gradual evaporation of an aqueous solution 
of ammonium iodide 

The reflexion from the (100) face was easily obtained, 
and that of the face (110) was got from an edge formed by 
two (100) faces. To get the s pectr um from (111), we had 
to grind an artificial surface as Hole as possible parallel to. 
the (111) face. 

The glancing angles and the relative intensities of spectra 
of different orders are given in Table II., and a a ai in 
fie. 1. 

TasueE If. 

Intensities. | 
Face. Glancing angle. 

Order ...| 1. 2 Ae ne 
——_—_-_-—--- “Wh ML eRe ee — i 

(100) 4° 50! | 100 33 11 

(110) 6 51 I LOO! eae 11 

(111) 4 08 b 100) Pango 20 20 
| | 

The spacing diy = 3°60x 10-8 em. In the elementary 
cell there is 1/2 molecule 
We are then naturally led to assume that the atoms are 

arranged in face-centred cubic lattices. The spacings of 
the other two faces are also in agreement with this assump- 
tion, for we find from the observed glancing angle: 

sin 109 SiN Oq39 2 SID Oy = 12/2: 1/2V3. ae (1) 
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From the intensity measurements we easily find that the 
face-centred lattice of N can be made to cover the lattice 
by a displacement a/2 parallel to one of the cube sides. 
Thus the N and I lattices are in the same relative opposition 
as the Na and Cl lattices in rock-salt. 

Fig. 1. 
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If we do not take into account the small reflecting- -power 
of hydrogen, this arrangement mentioned would give a 
normal distribution of intensities for the faces (100) and 
(110) in agreement with observations. 

In the jana face the N atoms are situated in planes 
midway between the I planes, which will produce a 
diminution of the intensity of the first and third order 
spectrum, which is alxo clearly brought out by the experiments. 

With regard to the H atoms, their reflecting-power is 
probably too small to enable any experimental determination 
of their exact position. Most probably the four atoms which 
belong to each molecule are placed in the corners of a tetra- 
hedron with the N atom in the centre, and in such a way 
that the lines from the N atom to any of the four H atoms 
are parallel to one of the diagonals of the cubic lattice. 

Pik, Mag. 8. 62 Voli 3a. Noy 197. May 1917. 2 5 
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The tetrahedron itself has a hemihedral form ; but this 
does not mean that the structure of the whole lattice is 
hemihedral. The structure will be holohedral provided the 
following conditions are fulfilled :— 

(1) The tetrahedra must form two groups. The tetra- 
hedra of each group may be brought to coincidence 
with one another by a translation only, and a tetra- 
hedron of one group may be made to cover one of 
the other one by a translation and a rotation of 90° 
about an axis parallel to one of the sides of the 
cube. 

(2) The centres of the tetrahedra of any one of the 
groups must be arranged with holohedral symmetry. 

We easily see that these conditions cannot be fulfilled if 
we suppose hydrogen to have an elementary lattice of the 
same size as those of I and N. For in that case all the 
tetrahedra belonging to the same elementary lattice of 
N atoms must be parallel. Now the whole structure only 
contains four elementary lattices of N atoms, and one of 

the groups of tetrahedra should lave their centres in two 
elementary lattices; but two elementary lattices forming 
part of a face-centred lattice cannot be arranged with cubic 
symmetry, and thus the second condition cannot be fulfilled. 
If, then, hydrogen has elementary lattices of the same size 
as those of I and N, all tetrahedra must be parallel and the 
symmetry of the lattice will be hemihedral (hexakistetra- 
hedrical) of the class 31. 

A holohedral symmetry we could get if the side of the 
elementary lattice of H was twice that of NandI. Then 
the tetrahedra belonging to each single elementary lattice of 
nitrogen could be arranged in two different positions in such 
a way that the conditions (1) and (2) were fulfilled. 

Thus our considerations have Jed to the result that the 
structure must either be holohedral or possess the symmetry 
of the hexakistetrahedrical class. The latter arrangement, 
which would make the elementary lattice of H equal to that 
of N, is very simple and should seem the more probable. 

Withregard to the symmetry of the crystal, it is supposed 
to be hemihedral ; but the kind of hemihedrism is not quite 
certain. Groth put it down as pentagonikositetrahedrical. 
Which of the two possible arrangements of the hydrogen 
atoms is the one which is able to explain the symmetry of 
crystal, further investigation must decide. There is, how- 
ever, very little hope that the Rontgen-ray analysis can give 
us the exact position of the H atoms. 
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We must be aware that the symmetry properties of the 
crystal need not be expressed in the geometry of the 
lattice. The symmetry of the crystal may also depend on 
the symmetry properties of the centres. We know already 
several instances of this kind. Thus the holohedral lattices 
of KBr, KI, and Cu,0 give crystals of the pentaygonikosi- 
tetrahedric class. 

A stereoscopic reproduction of a model corresponding to 
the hexakistetrahedrical arrangement is given in P|. IX. (a). 

Analysts of N(CH3),1. 

§ 3. The crystals were got by gradual evaporation of 
an aqueous solution of N(CH3),I. The erystals obtained 
were, however, quite small (greatest linear extension about 
5-6 mm.), and had only the faces (111) and (100) deve- 
loped. The reflexions for the other faces were got from 
edges—a circumstance which may to a certain extent 
reduce the accuracy of the intensity measurements for 
those faces. 

Table III. and fig. 1 give the observed glancing angles 
and relative intensities for each face. 

-— Sh 

| Intensities. | | 
Face. Q 

| | n=1 2. 3 4 | 

a 
(100) 4° 25! 100 D4 11 co a 
(110) 3 09 6 100 76 18 

| (001) 3 07 55 35 0(2) | 100 
(101) Be Att 100 24 53 26 
(111) 4 93 100 73 | 20) 5! 

From the observed glancing angles we find 

= 3°94x10-° em. 

and 

dio: doo1 x dy0} 20s ° dio0 — 1°40 5 1-42 < 1°199 : 1:008 = ie 

or,japproximately, 

> ———— : ]. = 2:95: a Tee 

/1+(2) y/2+(2) 
The number of molecules in the elementary cell djo9 doo, is 

found to be 1/2. 

2 

2K 2 
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First of all, we shall notice the form of the elementary 
cell. For the first time during our investigations on the 
tetragonal crystals, we meet with the case that the ratio 
dooifdio9 is not equal to the ratio of the axes c/a, but equal to 
twice this ratio. 

This is a point of great value when we are going to 
determine the arrangement of the atoms. 

Determination of the Lattice. 

§ 4. The determination of the lattice was, indeed, more 
difficult than at first expected. It will at once be apparent 
from a comparison with the lattice found for NH,I that 
we do not derive the lattice of N(CH3),I by a simple 
substitution with CH;. This is evident from the different 
ratios of the spacings dy) and dyo for the two crystals. 

The first question to decide is, What is the size and form 
of our elementary lattice? At first it might seem possible 
that the elementary lattice had the same form as the 
elementary cell. Let the side of the base of the elementary 

lattice be a’ and its height c’; then we might have dja! =7*, 

This assumption, , however, did not lead to any possible 
arrangement, and is also very unlikely from a crystallo- 
graphic point of view: thus a (111) plane of the lattice 
would correspond to a (221) plane of the erystal. 

To avoid such difficulties, we must put 

C C 
mm = a A ° ° . ° . e ° (3) 

Now in the volume of the elementary lattice, which has 
at least one atom at each corner, there must be at least one 
molecule. | 

If we make the simplest possible assumption, we should 
have 

a! = 2d00 7 

and CGT Af 
(4). 

The volume of the elementary lattice, being four times 
that of the elementary cell, must contain 2 molecules. 

Let us first consider the relative position of the two 
lattices. Let us, in the usual way, take cone corner of 
one of the lattices as origin of a rectilinear coordinate 
system with the axes parallel to the sides of the lattice. 

The construction-points of the I lattices must be (000) 
| ! 

and i zu igs zZ), where Z is a parameter to be determined. 
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The (xy) coordinates of the second point are found from the 
condition that dyy)=4a’. 

With regard to Z, two values might naturally sugg2st 
themselves : 

ZL=s and Z=0. 

The first value is excluded because it would give a wrong 
spacing of the (001) face, and the second value is not 
possible because it would lead to a wrong spacing of the 
(101) face. 

We are then led to consider Z as a parameter to be 
determined. 

In order to preserve the tetragonal symmetry, the 
N lattices must be placed in such a way that each of them 
may be made to cover one of the I lattices by a translation 
parallel to the ¢ axis. 

Oonsequently, the construction-points of the two N lattices 
will be 

(0,0, —Z,’) and € Lh"). 

If the arrangement is to give a bipolar tetragonal axis, 
the following relation must hold : 

si ralcraia (CoD) Z,'= —Z," = [paied 

where J is a parameter ; and putting 

Z+l=5—ly 

we get for the construction-points of the I and N lattices : 

For the I lattice: (000), (a/2, a/2, ¢/2—(Iot+ a (6) 

» N 4 (00-2), (a/2, a/2, ¢/2—h. 
The arrangement will be more easily understood when we 

introduce the conception of molecules. 
To each of the two I lattices corresponds one N lattice, 

the position of which is found by a translation along the 
¢ axis a distance J. In this way the atoms are naturally 
divided up into pairs consisting of one I and one N atom. 

The line of length J, connecting the two atoms, we might 
call the molecular axis. 

Now four C atoms and twelve H atoms must be placed in 
tetragonal arrangement round this axis, and we get a kind 
of molecular element. 

The axis of each molecular element is unipolar, or the 
molecule has no symmetry-plane perpendicular to the ¢ axis. 

If, then, the crystal as a whole is going to have a bipolar 
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axis, the two systems of molecules which correspond to the 
two component elementary lattices must have their axes 
turned in opposite directions. This statement is equivalent 
to the condition expressed in equation (5). 
Now we might naturally introduce the middle point 

between the I and N atoms on the molecular axis as point 
of reference for the determination of the position of the 
molecular elements. Choosing one such point as the origin 
of our coordinate system, the construction-points of the two 
molecular systems would be 

(000) and (@/2, 4/2, 6/2—1))., 5 . ee 

Thus the arrangement of the molecules involves the 
determination of the parameter /. 

To this parameter is added those necessary for the deter- 
mination of the molecular element itself. As the molecular 
axes of the two groups of molecules have opposite directions, 
each group of molecules must give tetragonal symmetry ; 
and as each group only forms one simple elementary lattice, 

Fig. 2a. : Fig, 26. 
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the C and H atoms must be arranged in such a way that each 
molecular element shows tetragonal symmetry with respect to 
the molecular axis. Further, in order to preserve the highest 
degree of tetragonal symmetry of the crystal, the planes 
through the axis and parallel to the sides of the lattice 
must be planes of symmetry. This condition considerably 
diminishes the possible arrangements of the atoms. 

Fig. 2a shows the most general arrangement of the 
C atoms round the tetragonal axis. In fig. 26 the atoms 
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are projected on a plane perpendicular to the molecular 
axis. If we choose the position of one hydrogen atom, the 
symmetry conditions will give seven other positions where 
an H atom must be placed. 

If we choose one position quite arbitrarily, we shall get 
eight atoms. If the number is to be reduced to four, we 
must place the H atom on one of the symmetry planes 
through the molecular axis either in position (1) or in 
position (2) (fig. 2 0). 

From these considerations it follows that the most 
general arrangement of the atoms of a molecule involves 
the following parameters :— 

(1) The distance / between the I and the N atoms, or the 
length of the molecular axis. 

(2) The distance /; from a carbon atom to the molecular 
axis. 

(3) The distance l’ from the N atom to the point where 
the plane of the C atoms intersects the molecular 
axis. 

(4) To arrange the twelve H atoms we may either divide 
them into three groups of four, or into one group 
of eight and one group of four as in fig. 26. The 
first possibility means that all H atoms are situated 
in the symmetry planes. As the determination of 
a point in a plane requires two parameters, this 
arrangement would involve six arbitrary parameters. 
The second possibility gives three parameters for 
the determination of the group of eight, and two 
parameters for the determination of the group of 
four. 

A complete determination of the molecular element would 
require the knowledge of eight or nine parameters ; and as 
one parameter is necessary to fix the position of the two 
groups of molecules, a complete knowledge of the structure 
of N(CH3;)I should involve the determination of nine or ten 
parameters. 
We shall see, however, that some of these parameters 

have very simple values, which wiil considerably simplify 
the lattice. 

This type of lattice which we have sketched is a con- 
sequence of the assumption expressed in equation (4) and 
the symmetry properties of the crystal. If the equation (+) 
is right, the lattice must be able to explain the observed 
reflexion max ma. °' First of all, the lattice must give the 
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right spacings for the five faces. We easily find that the 
lattice gives the following spacings :— 

Tut} 7 

ae 3) Ni eM) (8) 

Comparing these values (e) the relations (2), we see 
that our lattice gives just the right spacing. 

iL os 
dy) = 5% dy = av 2, any = 

Determination of the Parameters. 

§ 5. The general procedure for the determination of the 
parameters would be the following :— 
We have first, for each face, to find the distribution 

of point planes within each period equal .to the spacing of 
the face. 

This distribution would be a function of the parameters. 
For a given distribution of planes we can calculate the dis- 
tribution of intensities of various orders. Now we have 
observed relative intensities, or we know the ratio of the 
intensities of the spectra observed. We have observed four. 
orders for each of the five faces, which should give fifteen 
ratios—corresponding to fifteen equations. These cannot.all 
be independent. Thus, in our case, the intensities of the 
faces (100) and (110) only depend on four parameters, while 
they would give six equations. We are not going to carr 
out the calculation in this general way; but we shall 
adopt a procedure similar to the method of successive 
approximation. 

We make use of the fact that the hy dno cet atoms have a 
quite small reflecting power, and as the first approximation 
we can put the hydrogen atoms out of consideration. Then 
we have merely the four parameters 1, J, l’, and J, left for 
determination. 

Now the problem is very much simplified by the fact that 
he intensities of the faces (100) and (110) do not depend on 
the parameters J, /, U’, and we can determine /; separately. 

First of all, we must remark that the molecular element 
may be placed in two different ways. 

Hither the lines OO (fig. 2a) can be parallel to the sides 
or to the diagonals of the base of the lattice. From the fact 
that the reflexion from the (100) face shows a nearly normal 
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distribution of intensities, while the first-order spectrum of 
(110) is very much reduced, we at once conclude that the 
latter possibility is excluded. 

For the sake of convenience, we introduce the following 
new parameters : 

kag Be ey sus 9 a= 7, om; B = 421, Y = 92m; sgh oc (9 a) 

Sometimes it will also be convenient to introduce 

! ai og Nan = oper al see aw 4a COND) 

Fig. 3 

? 4 ; 

CNG! CC CN O : SS tee rig 
! 14 1 ‘ { t 6 

i me tt a ! dria le 
1g-v t an 

os t 

: 
t ‘ 

f + 

' : t 
‘ ‘ / SM. Oa ae) oo CaM Gg 

oe ain! Dole 
' Tt ' inonvan « { 

4 Na a ; 

A pre 4a ; 
@ | : ! 

I : 
1 ‘ t 

1 a { 

J 5 N GCN os q / | N eon o 

am Pita th a Oe ny i a aie oe a 
t ” a. A ‘ f 

B , B SS eo 

i A vex! x : 

ss \ 
{ a t 

INC> ¢ ¢ /NCp 
(100) | 

ne 

Zo 

4 te ev 
«110) | | 

Fig. 3 gives the distribution of point planes for the 
five faces considered, and their position is given in terms 
of the angular parameters. 
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Let I, N, C, and“H dencte the atomic numbers : ; then we 
get, after some reduction, 

For the face (100), 

A, = I4+N+2C(1+ cos 2nz) ; 

For the face (110), 

A,=14+N+4Ccosne; 

For the face (001), 

An= N cosnA +4C cosnB+(—1)"1 cos nC ; 

For the face (101), 

An= N cos n(5—A) + 2C(cos nz+1) cos n ic —B) 

+I cos n(5- OF 

For the face (111), 

A, = (—1)"N cosnA+4C cos na’ cos nB+I1 cos nC ; 

where 

Vee A= re 

B= 13? 4¢, 
y +6 C= oer 

For the atomic numbers, we introduce 

= )3,  N = 7,9 C= 65 eee 

The fact that the atomic number of iodine is large as 
compared with those of the other atoms is of great value 
when we are going to determine the parameters. 

From the faces (100) and (110), we find that the value 
of a must be near to 147°. 7 

Let us, then, introduce the atomic numbers and divide 
by 7; then 

(001) An= cosnA + 3:43 cos nB+(—1)"7°57 cos nC, 

(111) An = (—1)"cos nA + 3°43 cos n 33° cos nB + 7°57 cos nC, | 

(101) A, = cos n(Z—A)+ 1-72(1 + (—1)” cos n 33°) cos n (= - B) .. (12) 

+75 1-eoe (3-°} 
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If we consider the expressions of A, for the two faces 
(001) and (111), and compare them with the observed 
maxima of these faces, we can draw some very important 
conclusions. 

The first point we notice is that the third-order spectrum 
of (111) almost vanishes. Now 

cos (3 x 33) = —cos 81 

is a very small quantity ; and, as the last term of A, will 
be dominating, we must have 

cos 8C nearly equal to 0, or 3C = 90 or 270. 

The last possibility is excluded because it would make 
cosC a very small quantity, and we should not be able to 
explain the very strong first-order spectrum of this face. 

Hence we conclude ,, _ 
C near to 30°. 

Now, also, the third-order spectrum of the (001) face is 
very small ; consequently, as cos 3C is small, 

cos 3B must be nearly equal to zero, 

or 3B nearly equal to 90° or 270°. 

The latter possibility is excluded because the first-order 
spectrum of (001) is to be quite small and cos B must have 
a fairly large positive value. 

Thus we get 
B nearly equal to 30°. 

Thus we find 

B nearly = 30° nearly = C. 

In order to find the best values of A, B, and C, we should 
have to give B and C values near to 30° and determine the 
am plitudes for the faces (111), (101), and (001) for various 
values of A. 

If we carry out such a calculation, we find that we get 
the best possible agreement between calculated and observed 
values when we put 

is — (DOU) soe... so ella 

The amplitudes calculated with this value of A, B, and C 
are given in Table [V., and also the values baleaiened from 
the observed intensities by means of the relation J,=h,A,?, 
where 4,=1, ko=4, k3=4, kg=7q. We see that the agree- 
ment is quite satisfactory. 
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Of course, we cannot prove that these three angles are 
exactly equal, but the difference cannot be more than a few 
degrees. Thus, if we put B=380° and C=40°, or vice versa, 
we find intensities which are very different from those 
opserved. 

Inserting the values of A, B, and C from oo (11) 
equations (13) give 

SEV gut A=B=0=%, 

a 
B=0. 

Thus we find that two of the parameters introduced are 
nearly equal to zero. From equation (9a) we see that 
(=O and io=-0. 

The disappearance of the first parameter /’ means that in 
the molecular element the plane of the C atoms cuts the 
N atom, and />=Q means that the centres of the molecular axes 
are arranged in a “ prism-centred” lattice. Or we might say 
that the N and I atoms are arranged in such a way that each 
elementary I lattice has an N lattice at its centre, and vice versa. 

Thus the simple values found for /' and J, will considerably 
simplify the lattice. 

The arrangement of the I, N, and C atoms is illustrated 
in fig. 4. We notice that the lattice found leads toa very 
simple arrangement of the C atoms. They appear in groups 
of four atoms belonging to four different molecular elements. 
These four C atoms are placed at the corners of a sphenoid 
(deformed tetrahedron) like OPQR. Two of the atoms of 
the group belong to the one elementary lattice of molecular 

(14) 
ee ee 

e 



Results 07 Crystal Analysis. 409 

elements; the other two to the second molecular elementary 
lattice. The sphenoid, drawn on a larger scale, is repre- 
sented in fig. 5, which also shows the dimensions expressed 
in terms of the two parameters «' and y’ and the sides a’ 
and c’ of the elementary lattice. 

Fig. 4. 

@® / atons 

@y , 

® Cc yp 

/ 

The side OP=— a’, and the distance between the lines OP 

and QR is equal to = ed. 

As shown in fig. 5, we can imagine the sphenoid placed 
inside a prism with a square base and with the carbon atoms 
placed at the middle points of four of the sides. The sides 
of the prism are parallel to corresponding sides of the 
lattice. 

The side of the square base of the prism a” is equal to OP 
! 

or at and the height c’’ of the prism is equal to Je. 
; aT 
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Consequently, 

@ C atoms 

@ 7) 

Thus, if we have 

Vee) os ae CD 

the small prism constructed on the © atoms should have 
exactly the same form as the elementary lattice. Now the 
approximate values found for the two parameters give 

/ 

5 =35 and a’ =33°, or the condition (15) is very nearly 
! 

- and «’ is found 

to be so smal] that we may equally well satisfy the obser- 

fulfilled. In fact, the difference between 

vation on the supposition that condition (15) is exactly 
fulfilled, so that we have 

a= = 0722...) eer 

It might be of interest to find the ratio c/a” on the 
supposition that the C atoms were placed at the corners of a 
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real tetrahedron with all sides of equal length. Then we 
should have 

SEES B 707 Ee Glens) VE Se) BY tag See 

On account of the particular value of the ratio c/a, we get 
that, if condition (15) is fulfilled, the C atoms are placed at 
the corners of a sphenoid, which has very nearly the form 
of a tetrahedron. 

The Arrangement of the Hydrogen Atoms. 

§ 6. Wesaw that the positions of the hydrogen atoms were 
not necessarily fixed by symmetry ; but when all require- 
ments of symmetry were fulfilled, there would generally be 
at least five parameters left undetermined. As the reflecting 
power of the hydrogen atoms is very small as compared with 
that of the other atoms, a direct determination of the para- 
meters would be very difficult, if at all possible. 

On the other hand, the H atoms appear in such a great 
number that their reflecting power is by no means negligible; 
and if we have to choose between several quite different 
arrangements, the reflecting power of the H atoms may be 
great enough to enable us to make the right choice. 

Now we have seen that the carbon atoms appear in groups 
of four, placed at the corners of a tetrahedron ; and there 
is a comparatively small number of arrangements of the 
H atoms which should naturally present themselves. We 
shall consider the following three :— 

(1) The three H atoms belonging to a certain C atom are 
placed on the three sides of the tetrahedron which pass 
through the C atom. This arrangement is shown in fig. 6. 
To fix the position of the H atoms on the lines, two para- 
meters should be required, because the distance from the 
C atom O to the one H atom placed on the line OP parallel 
to the base plane may be different from the distance from the 
same atom to one of its two other H atoms. In view of 
the fact that all sides of the sphenoid are nearly equal, 
we should expect that also the three H atoms were placed 
at nearly equal distances from the C aiom. 

If the sides are not equal, the simplest assumption to 
make would be the following :— 

One © atom and its three H atoms are placed at the 
corners of other sphenoids such as O p'g' 7’, and we assume 
that these sphenoids are similar in form to the central one 
formed by the carbon atoms. In this way the positions 
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of the H atoms are determined by one parameter /, repre- 
senting the ratio between corresponding sides of the 
sphenoids at the corners to those of the central one, e. g., 

= ¢€tC. . .  .) Saale 

@ C atoms 
@ H ” 

(2) Another arrangement which would naturally suggest 
itself is shown in fig. 5. Hight of the twelve H atoms 
associated with the four C atoms are placed at the corners 
of the prism which can be constructed round the sphenoid 
OP QR, the other four H atoms are placed at those middle 
points of the sides of the base planes which are not occupied 
by the C atom. In this case the position of the H atoms 
would be determined without the introduction of any new 
arameter. 
(3) We might also construct a prism round the sphenoid 
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in such a way that the C atoms were placed in two opposite 
corners of the base planes (O PA BQRCD,fig. 5). It 
might also be natural to try to arrange the H atoms on the 
three sides of this prism which meet at the centre of a 
C atom. In this case, the positions of the H atoms are fixed 
by means of two parameters. 

It can, however, be shown that the two latter arrange- 
ments do not give any satisfactory agreement with the 

_observed intensities. 
This can most easily be shown by means of the spectra 

from the faces (100) and (110). 

Let us first consider the arrangement (2). 
The amplitudes of the two faces (110) and (100) are given 

by the expressions : 

(110) <A,=60+28 cos na+(—1)"4+4 cos n(2a—m), 

(100) An,=74+22 cos 2n(a7—z). 

The intensity distribution of the (110) face might be ex- 
plained by putting «=140°. But this value of « would make 
the fourth-order spectrum of the face (100) much too strong. 
The amplitudes calculated from the lattice would be 

LOO? CS. 0 SOL 7. 

while those calculated from the observed intensities are 

1000 SD AIS aloe 

The amplitudes of the face (001) would be given by the 
expression 

! 

A, = (43 + (—1)"53) cosn 

In order to get the observed ratio for the spectra of first 
I 

and second order, we should have to put - equal to 

about 40°; but then the fourth-order spectrum would be 
about ten times as strong as that of first order, while the 
ratio actually observed is merely 1: 8. 

As the amplitudes of (110) and (100) only depend on a, 
and those of (001) only on the parameter y’, the test made is 
independent of the relation between the two parameters. 

Phil: Mag, 8. 6. Vol. 33. No. 197. May 1917. 2H 
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In the same way we can show, by a comparison with the 
faces (110), (100), and (001), that the arrangement (38) is 
unable to explain the observed distribution of intensities. 
We are then to consider the arrangement (1) (fig. 6), 

which also, on account of the peculiar grouping of the 
C atoms, might seem the most probable. : 

The position of the hydrogen planes for any face is easily 
found from the assumption of similarity when we know the 
position of the C planes. 

Let Cy, Cy, C3, OC, (fig. 7) be the positions of four C planes 
belonging to the same group of four atoms which are placed 

at ihe corners of the sphenoid, and passing through the four 
C atoms O, P, Q, R, respectively ; then we easily see from 
fig. 6 how the three H planes belonging to any of the 
C atoms are going to be arranged. Let us, for example, find 
the H planes belonging to the C, planes. Let the distance 
between C and one of the other C planes be /,; then a 
corresponding H plane is found on the opposite side of C at 
a distance 

ly ana files 

where / is the ratio given in equation (17). 
The planes of the various atoms which form one period 

are represented in fig. 8 for the five faces in question. The 
arrangement of planes corresponds to the following values 
of the parameters 

y! == 70, | a = 33 ef = 0-64, 

which are values which were found to give a satisfactory 
agreement between calculated and observed intensities. 
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In the way described we easily find the following ex- 
pression for the amplitudes : 

(100) An =1+N+2C(1+cos 2na!) + 2H[1+2 cos 2nfa! 
+2 cos 2ne' CD) oe 

Gi0) A, — (1+ N)(—1)"+4C cos na’ 

+4H]| cos na’ + 2 cosna!(142/)]; 

(001) A, = (N+4C+(—1)"I) cosnZ 

(101) Ay = [(L+4N+2C)(—1)"+4 20 cos na] cos n(Z—T) 

+9H(—1) [cos +cosn(4— fly a’) ) 

+ cos n (3 fy Ae) )] 

+2H | cos n (? +a’ — f(r’ —2!)) 

+cosn ({—2 —f(y' + 2) , | 

| 

| 

| 
+4H| cosnt +2 cos n¥ ne a+) |, 

| 
: 

+H | cos n te + 2fu!) + cos n (5-2'- 2a!) | $ 

/ 

2 

Y 
=° 2H cos n | (4 a’ Ja+2/) | + cos 

n(Y—a' +x’) 

vy, 
y' \ 

! Of] l } 

+eosn(¥ ~« — 2/2!) + 0s n(Y +a ay | 

! ! 

+003(5 +a/+/y')+eosn[(F+a')(1427)] }. | 

Also these formule, which take into account the effect of 
the hydrogen atoms, will give values of y’ and a’ which 
very nearly satisfy the condition (15). The value of a! is 
most easily determined from the (110) face and that of y 
from the (001) face ; ; since for the first face the amplitudes 
only depend on a’ and f, and for the second one only on y’ 
and f. 

‘The amplitudes of these faces are also very sensitive to 

(111)FA, = (1+(—1)"N+4C cos na’) cos nv 
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differences in the position of the hydrogen atoms ; and from 
these faces we can determine the parameter 7 with an 
accuracy which is indeed greater than we might expect, on 
account of the small reflecting power of the hydrogen 
atoms. 

If we would try to determine y' and «’ from the above 
formula, the best values would probably be 

aix= aye Y— 30°; and f= O-5—0°6 ; 

but we may, in fact, get an equally good agreement if 
we put 

Y = 
hoe a eee: 

and then the expression for the amplitudes takes the 
following simpler form : 

(100) A, = 74412 cosnd+2[2 cos n 27642 cosn2(1+/)o 

+cos n 2(1+27)¢] 

(110) A, = 60(—1)”+28 cos n6 + 8 cos n(1+ 2/)¢, 

(001) A, = (35+ (—1)” 53) cos n$+8 cos n(1 +27 )¢, 

(101) An= (72(—1)"+12 cos nd) cos n (3-9) 

2(—1)" [ cos n(F—$) +008 n(5 eal +/)#) 

+08n(5—(1-+:3/)6) | +2 c0 n (5-76) 

+2 cosn G- (2+ 3/)¢) + cos n (7+ 2f) 

+ cosn (E-2d +/)$), 

(111) A, = (53+ (—1)”7+24 cos nf) cos nd + 2 +4 cos 2nfp 

+4 cos 2n(1+/)h+2 cos 2n(1+4+ 27). 

The value of ¢ can be found with a considerable accuracy. 
1 have calculated the vaiues of the amplitudes corresponding 
to various values of @ and /, and from the results of these 
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calculations I should give the following intervals for their 
values : 

oe Sy Sal 

+045 < f < 0°75 *. 

In Table V. are given the amplitudes calculated from (186) 
by putting | 

@— 30 andi —i0: a) 

and, for the sake of comparison, are given the amplitudes 
calculated directly from the observed intensities by means 
of the relation as 

qt, 
An = ki, 

where we have put 

key = IL, ky = 1/3, ks = 1/7, ks = 1/12. 

TABLE V. 

Calculated from the lattice. Calculated trom observations. 

Face. 

A,. A A. IN Ag A,. A,. Jvc A,. 

(100) 100 90 85 73 100 85 98 73 

(110) 46 86 100 54 36 75 100 63 

(001) 18 36 3 100 21 30 O(?)} 100 

(101) 51 33 100 68 52 44 100 72 

(111) 100 49 13 58 100 48 (weak) 72 

When we take into account the difficulty in obtaining 
accurate intensity values and the uncertainty with regard — 
to kn, the agreement between the values given by the 
lattice and those obtained from observation is very good. 
Although small differences may exist, the amplitudes 
calculated from the lattice will give just the typical dis- 
tribution of intensities observed. 

* It is to be remembered that we might also give f negative values, 
which would mean that the hydrogen atoms were placed on the lines 
between the C atoms of a group. But a negative value is unable to 
explain the intensity distribution. 
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The absolute dimensions of the lattice and the parameters 

will be 

Gi (208 x 107" em., 

ee = 69 x 10> * em., 

ee ye em., 
27 

ee alge sen. 2 em: 
2a 

The sides OP or QR of the tetrahedron (I,) : 
/ 

a 

| = Sos 1°53 x 107° cm. 

The distances Op’, Po’’, etc., from the C to the H atom: 

Op fle 07 17 x LO cm. 

The distance between the carbon atom and one of its 
hydrogen atoms may probably be a little greater: perhaps 
the most probable value would be about 10-8 cm. 

For the side of the cubic lattice of NH,I, we found 

7°20 x 10-8 em. | 

Comparing this value with those found for a’ and c’ for 
N(CH;),1, there is apparently no simpie relation. One 
reason is obvious, and is simply this : 

Inside a volume equal to the volume of the elementary 
lattice of N(CH;),I there are only two molecules, while the 
lattice of NH,I contains four. Jn spite of this fact, however, 
one molecule will on an average nearly take up the same space 
in the direction of the C aais. We might find the sides of a 
prism similar in form to the elementary lattice, but only 
containing one molecule; then we should get 

Side of thie; base-).) (5 26:26 x 10~° em, 

Hor Se eae of the prism. 4°52x 107° cm. 

Hor’ aglees. side of the cube...°. 4°54.%107°.cm, 

We see that the height of the prism in the first case 
is nearly equal to the side of the cube in the latter. This is, 
in fact, merely the well-known relation between the topic 
parameters, as shown in Table I. But it is, indeed, quite 
remarkable that a molecule takes up the same space in the 
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direction of the O axis, in spite of the fact that the molecules 
in the two cases are arranged in quite different lattices. 

The analyses of these two substances have given the 
somewhat startling result that a simple relation between 
the topic parameters, such as that given in Table I., does 
not necessarily involve any very simple relation between 
the lattices. 

In fact, the morphotropic relation might be most easily 
explained in the way proposed by Groth, by supposing that 
the I and N lattices were arranged in the same way in the 
two crystals. If the H atoms were substituted by C atoms 
and arranged tetragonally in planes perpendicular to the 
C axis, we should expect the lattice to expand in the direction 
perpendicular to the C axis, while in the direction of this 
axis the dimensions should be left unaltered. 

Contrary to this supposition, the analysis has shown that 
the morphotropic relation is not explained by substitution 
alone; but the I and N lattices are not merely quite 
differently arranged, but the structure in the two cases 
contains a different number of elementary I and N lattices. 

The NH,I lattice is composed of 41, 4N, and 12 H 
lattices; while the number of elementary lattices of 
N( CH;),1 is 

Du ou SO aga Ee 

What determines the arrangement, we cannot at present 
tell; but generally there will be a tendency to form closely- 
packed systems, or that arrangement will be chosen which, 
under the conditions present, gives a minimum of potential 
energy due to the mutual attraction of the atoms. 

Thus it is quite possible that a simple substitution (if such 
a lattice might be formed) would give a larger volume 
of the lattice and not give the observer simple relation 
between the topic | arameters. 

It was found flat in quite a formal way, we could i imagine 
the N(CH;),1 crystals composed of two molecular lattices ; : 
but in this case we must not put too much in the name— 
molecule. It may not be so that the affinity forces are 
mainly engaged to form the molecular element. ‘Thus the 
eroups of (CH;), which we have previously considered 
(fig. 6) may be kept together by forces of the same nature 
anil order of size as those acting between the atoms of a 
single molecular element. This group, however, does not 
belong to a single molecular element, but is equally related 
to four different molecules. 
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The molecular element had four C atoms arranged tetra- 
gonally in a plane perpendicular to its axis, which, as in 
the previous cases of tetragonal crystals, give a natural 
explanation of the fact that the ratio c/a is smaller than 
unity. 

Stereoscopic reproductions of a model of the lattice are 
shown in PI. IX. (4) and (ce). 

Parr I].— Remarks concerning the Structure of Xenotime. 

§ 7. In the previous paper (III.*) I gave the results of an 
analysis of the crystal xenotime (YPO,), and found a lattice 
which in the most satisfactory way would account for the 
spectra observed. 

I mentioned that to get reflexion from this mineral 
was attended by considerable difficulties, on account of an 
internal ransformation of the structure. Fairly good 
reflexions, which permitted a fairly accurate determination 
of the relative intensities, we only got from the faces (110) 
and (101). From the (100) face we only got the first- 
and second-order reflexion very weak ; and from the (111) 
face we merely obtained one single maximum, which we 
took to be that of the fourth-order spectrum. Tor the (001) 
face we did not obtain any reflexion at all. 

More recently I have greatly improved my experimental 
arrangements, partly by using a new Rontgen-ray bulb 
and partly by increasing the sensitiveness of the electrical 
arrangements for measuring the lonization current; and I 
undertook a new series of measurements of the reflexions 
from xenotime under these improved conditions. 

The result was very satisfactory, and we succeeded in 
observing several weak maxima which we had not pre- 
viously been able to detect. Thus we could measure the 
three first maxima of the (111) face and determine the 
spectrum from the base, which previously had given no 
detectable reflexion. 

The spectra of the five faces (100), (110), (001), (101), and 
(111), as we finally found them, are givenin Table VI. and in 
fig. 9. 

Comparing the spectra of xenotime with those of zircon, 
we notice that the analogy between them has now become 
much more marked. 

* L. Vegard, Phil. Mag. xxxi. (1916) p. 505. 
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The new measurements will not produce any alteration 
with regard to the arrangements found for the Y and 
P atoms; but the oxygen atoms must be arranged in 
another way if we are to account for the observed maxima. 

This is clearly seen from the spectrum of the (111) face. 
The arrangement given in my previous paper gives, for the 
amplitudes of the (111) face*, 

An = [2-444 (—1)"(1'94 + cos na)] cos ; 

which shows that the intensity of the second-order spectrum 
should vanish independently of the parameter a. 

The second-order spectrum, however, does not vanish, bu 
is even found to be stronger than that of the first order. 
We must then arrange the oxygen atoms in such a 

way that the second-order spectrum does not disappear. 
Following the same line of argument as in the case of 
zircon f, we find that any tetragonal arrangement of four 
oxygen atoms round one Y or one FP atom will make 
the second-order spectrum of (111) disappear, and we are, 
as in the case of zircon, led to suppose that two oxygen 
atoms are associated with each P atom and two with each 
Y atom. The axis of the molecular elements must be 
perpendicular to tbe C axis. 

To obtain a tetragonal arrangement, the molecular axis 
through one of the face-centred lattices of P or Y must be 
perpendicular to the axis through the other face-centred 
lattice of the same element. But with regard to the 
relative position of the lines through the P atoms to those 
through the Y atoms, there are, as we saw, two possibilities, 
which will be apparent by considering the arrangement 
of lines in a point-plane parallel to the base. If the lines 
through the Y atoms in this plane were perpendicular to 
those through the P atoms, we should get an arrangement 
somewhat different to that of zircon, which would not 
make the second-order spectrum of (111) disappear. This 
arrangement, however, would not make the second-order 
spectrum of this face sufficiently strong as compared with 
that of the first order. 

There seems, indeed, to be no escape from the assumption 
that the atoms of xenotime are arranged in a lattice of the 
zircon type; and we shall see that a proper choice of the 
parameters will give a satisfactory agreement between 

* Loe. cit. p. 510, equation (3). 
+ Phil. Mag. xxxii. (1916) p. 77. 
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the amplitudes calculated from the lattice and those found 
from the observed intensities. 

The arrangement would give a normal spectrum for the 
(001) face, which is in good agreement with observations. 
The expressions for the amplitudes of the other four faces 
are given in equation (12), p. 85, of my second paper. 
Inserting the values of the atomic numbers, and putting 

ay = ae 

ay = (C5). 

we find the amplitudes given in Table VII. 

DPAprE Vile 

C—O crane 

Face... (111). (110). (100). | (101). 
Order. SRT Ura aAlic ‘aaa Tae 

ay Cen a Oe | 

1 19 15 -| .100-| 100.| 100 | “Ico, segenenion 
2 35 30 |. 105 | 12k | 114 |- 18808) Geseaamn en 
3 40 40 | 111 | 182. | 135, |) 197° imate 95 
4 i100 | 100 

A; is the amplitude calculated from the lattice. 

3 ie intensities. 

a 
Ao = ye 

As mentioned in my previous paper, there may be some 
uncertainty with regard to the value /& for the various 
orders. Even for the same crystal, /; may show a different 
variation with the order number for different faces. 

In the previous papers I have put 

ky = i ks = Or2; he = 0:07, i = 0 03. 

In the case of tetramethyl-ammonium iodide, we found 
that the best agreement was obtained by supposing that 
/,, did not decrease quite so rapidly with increasing order. 

Also in the case of xenotime the values above, as already 
stated in my previous paper, would give a much too strong 
first-order spectrum as compared with that of the fourth 

0 2” 
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order. If, however, we let tlie values of k decrease some- 
what less rapidly, we get a very satisfactory agreement 
between the amplitudes calculated from the lattice and 
those calculated from observations. In the present cas: 
we have put 

ky = 1:00, ky = 2/5, he = 1/7, bh, = 1/12. 

When we are going to compare the amplitudes in 
Table VII., we must remember that only in the case of 
the faces (111), (110), and (O01) was the reflexion obtained 
from a fairly plane crystal surface. In the case of (100) 
und (101) we had to measure the reflexion from edges, and 
as a consequence the intensity measurements will be less 
accurate. Usually we find in such cases that the intensity 
of the first order is found too weak, which is also in agree- 
ment with our figures. Thus we arrive at the conclusion 
that the atoms of xenotime are arranged in a lattice of the 
zircon type. 

The dimensions of the elementary lattice are the same as 
given in paper III. Table V. p. 516. We have only to add 
the distances from the central atom of a molecular element 
to one of its oxygen atoms. ‘The distance ly from the 
Y atom to one of its oxygen atoms will be 

EE i = 2°55x 10-8 em. 

And the corresponding distance for the P atoms will be 

ay 2 “ = 1:42x 10-8 cm. 
Aor 

Thus, in a “molecular element” the distance from the 
central atom to one of the two oxygen atoms is much 
greater in the case of yttrium than in the case of phos- 
phorus, similar to the case of zircon. 

§ 8. The fact that the lattice of xenotime is of the same 
type as that of zircon will have far-reaching consequences 
with regard to the question between chemical constitution 
and erystal structure. 

From the fact that in zircon we might associate oxygen 
atoms with each Zr atom, an two oxygen atoms with two 
Si atoms, we were led to suppose that the zircon mineral 
had to be considered as a dioxide, ZrO,Si0,. 

And in a similar way we were from the structure led to 
regard rutile as (Ti02). and kassiterite as (SnQg)>. 

Now, however, we have found that the atoms of xenotime 
(YPO,), in spite of the difference of valency of the elements, 
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are arranged in a lattice of the zircon type; but are we, 
then, to draw the conclusion that also xenotime is to be 
given a constitution formula, YO,PO,? I think not, in 
the usual meaning of the w on although we found * died 
the geometry of the zircon lattice would indicate that in 
a “molecular element ’’ MO, oxygen atoms probably were 
attached to the central atom M in another way to that in 
which they were attached to the other neighbouring atoms. 

Indeed, it will be difficult to prove anything so long as we 
lo not know exactly what realities are to be associated with 
2 constitution formula and with the conception of valency. 

Probably our ideas in this respect will have to be 
fundamentally changed. 
A constitution formula serves to express certain chemical 

properties of the substance, but it may not at all be able 
to express the true relation in space of the atoms which 
constitute the molecule. 

Let us return to our case of xenotime, and assume it is 
to be considered as a phosphate, the constitution formula of 
which should be — 

BNE 

SO 

This formula would put one of the oxygen atoms into a 
singular position ; and if the valency units are to indicate 
forces, the Y atoms would be attached to the P atoms, as far 
as chemical attraction is concerned, only by means of the 
oxygen aloms. 

Comparing the constitution formula with the ots aaee 
found for the atoms in the solid substance, we see that the 
constitution formula does not give any indication of the true 
arrangement. Thus there is no oxygen atom which takes up 
any singular position, and the oxygen atoms seem to be 
associated in a similar way with both Y and P. 
A constitution formula which should express the way in 

which the atoms are arranged in the crystal—or the con- 
stitution of the solid form—should be written YO ,PO,. 

This result may be best expressed by saying that the 
constitution formula of the solid structure and the con- 
stitution formula giving the chemical properties may be 
two different things; and we cannot, from the atomic 
arrangement, find out the ‘‘chemical constitution” of the 
substance. 

* Phil. Mag. xxxil. p. 92. 
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We have previously found that the constitution of the 
solid state of zircon, rutile, and kassiterite should be 
ZrOS8iV», (Ti02)2, and (Sn9O,),; but, from what we have 
suid, we should not from these formule be able to conclude 
that they were adequate expressions. for the chemical 
properties of the substances. 
If we assume xenotime to be a phosphate, we might 
equally well suppose that these substances were to be 
considered as silicate, titanate, and stannate from the point 
of view of chemical properties. 

Another way of putting it would be to say that the con- 
stitution formula varies with the state of the substance. 

The ordinary chemical constitution formula is intimately 
related to the idea of a molecule; but in the crystalline 
state the idea of a molecule as an individual system has lost 
its significance. In certain cases it may be convenient for 
the description of the structure in quite a formal way to 
regard molecular elements, but they must not be supposed 
to be real individual molecules. The forces connecting 
neighbouring atoms of different molecular elements may 
be equally strong and of essentially the same nature as 
those existing between the atoms of the same molecular 
element *. 
And when the idea of molecules loses its meaning, it 

is really no wonder that the chemical constitution formula 
ceases to express the structure of solids. 

In the liquid and gaseous state, however, we have to 
do with individual] molecules, or molecules dissociated into 
ions ; and it may be possible that in these states the atoms 
would arrange themselves more in agreement with the 
chemical constitution formula. This may also be very 
likely to occur, on account of the fact that the chemical 
reactions which determine the chemical constitution mostly 
take place in aqueous or gaseous systems. 

As the result of our reasoning, we might say that the sub- 
stances belonging to the zircon group—xenotime included— 

* If we suppose that in a solid the atoms are not connected up into 
molecules, the whole lattice structure will be kept together by tlie 
same kind of forces as those which are engaged in the chemical binding 
of the atoms of a molecule; in other words, the elastic forces of a solid 
body should be intimately related to the affinity forces which constitute 
the attraction between atoms. 
Now the forces engayed in the binding of the atoms of a molecule are 

much greater than the forces by which the molecules of a liquid are kept 
together, and thus we see that the structure of the crystals gives a natural 
explanation of the great increase in the elastic forces which accompany the 
passage of a substance from the liquid to the sohd state. 
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in the crystalline state have a structure corresponding to 
a formula M,O,M.O., which we might call the constitution 
formula of the solid state; but this constitution formula may 
be quite different from the chemical constitution formula 
of the substances, or from the constitution of the liquid, 
gaseous, or ionic form. Thus the chemical constitution of 
xenotime may be that of a phosphate, and zircon may have 
the chemical constitution of a silicate ; but we must also be 
aware of the possibility that identity of crystal structure 
does not involve identity or similarity of chemical con- 
stitution. Thus, if we regard xenotime as a phosphate, we 
need not regard zircon as a silicate or rutile as a titanate. 

In conclusion, I want to express my indebtedness to 
Mr. H. Schjelderup for his valuable assistance during these 
researches. My thanks are also due to Miss Liv Gleditsch 
for making the models which are reproduced in this paper. 

University of Christiania, 
January 1, 1917. 
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XLI. Osmotic Pressure: its Relation to the Membrane, the 
Solvent, and the Solute. By Frank Tinker, D.Se.* 

T is a noteworthy fact that whereas most of the kinetic 
explanations of the mechanism of osmotic pressure have 

focussed an almost exclusive attention on the solute, the 
thermody namic cycle by which the osmotic laws are derived 
is carried out with the solvent, and with no reference to the 
solute as distinct from the solution +. For this reason it has 
come to be generally recognized, at least by those who 
during recent years have treated the subject thermo- 
dynamically, that the osmotic mechanism is to be explained 
ultimately in terms of the solvent rather than the solute ; 
osmotic flow, for instance, takes place because the potential 
of the pure solvent is greater than the potential of the solvent 
inside the solution. Hxperiment also lends strong support 
to this view. With the exception that moisture travels | 
across a semipermeable membrane in a much more condensed 
conditicn than vapour proper, the phenomenon of osmotic 

* Communicated by Sir Oliver Lodge, F.R.S., being part of a Thesis 
approved for the Degree of Doctor of Science in the University of 
London. ; f 

+ I refer to the process in which the osmotic pressure is first obtained 
RR 

in terms of the vapour pressure by the furmula P= = loge and then 

afterwards in terms of the concentration by combining this formula 

79 N-+n 
with Raoult’s law “ = = A 
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flow is very similar to that of vapour flow; diffusion proceeds 
from pure solvent to solution because the pure solvent induces 
a greater pressure and concentration inside the membrane 
than the solution does * 

In the present paper the subject of osmosis is developed 
quantitatively from the above basis ; and the osmotic pressure 
connected with the conditions inside the pure solvent, the 
solution, and the membrane. But inasmuch as for this 
purpose the Dieterici equation of state is largely employed, 
it is to be noted at the outset that the results obtained by 
the application of this equation are only of value in so far as 
it represents accurately the conditions inside fluids. The 
equation in its various forms has, however, been applied to 
fluids with such a measure of success that the formule 
developed herein are in all probability at least approximately 
accurate fT. 

NoratTIon. 

Liquid pressure (2. e. pressure inside liquid) ..,......... Uy 
“DADOUIT DIG STINE SAU. Sb fering Car ORE Ot ai aera nen as as Dp 
Pressure inside semipermeable membrane .............. p 
PpRCRE Suge PLESSUTC sudan © a eine ocis cul ay ¢ wit eas! Se Vanes II 
WISMIOHIE PLESSULE 5 2).%. 2) eee ee sikMrscoist face A peemeBar ate P 
PPM Teal inv IMS eps) Fa tn hay oi ede poetic sys Biewty eves ain we Ft V 
Work done during evaporation of 1 mol. into vapour phase 

NETIDGIod oa oe ¢ otis eee Sakon ie boas Dione Pichia eieeriois ie earan A 
Work done during evaporation of | mol. into semipermeable 
PEEL ATIC MMe Lm aict. | 4/-ra i ioldhene: Seheclhn etdbe bk nese lciatee re 

Expansion on solution (per solute molecule dissolved) . € 
Wecmeient Of COMIPTESSIDILILY . onc ya d sees ens ores 
emo MOM TOM Mette a Wl se poe ee tbo hve Cadac bale wh Q 
Number of molecules of solv ent in solution......+.....-. N 
Number of molecules of solute in solution .............. n 

In addition the suffix 1 is used for the solvent (e. g. V,=mol. 
vol. of pure solvent) and the suffix 2 for the solute. 

Partial pressures, volumes, &c. (in solution) are indicated by 
dashed symbols. 
When it is necessary to consider the volume as a function 

of the hydrostatic pressure, an additional suffix is used. Thus 
Vi represents the molecular volume of pure solvent under 
the atmospheric pressure @. 

The Dieterici equations employed are :— 

for the pressure in the interior of the liquid 
a(V—6)=RT; 

for the external vapour pressure 
A he eg Oe 

p=me RY = ye 
A 

RT ; 

* Tinker, Proc. Roy. Soc. Contemporary number, 
fF + For the fundamental ideas underlying the Dieterici equation and 
its application to the determination of the vapour pressures of binary 
mixtures, the reader is referred to a a previous paper by the author. 
Phil. Mag. xxxli. Sept. 1916, p. 295. 

Phil. Mag. 8. 6. Vol. 33. No. 197. May 1917. 2G 
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1. Toe PRocESSES OPERATIVE DURING SOLUTION. 

It is obvious that when two fluids are mixed together 
without appreciable total volume change, each component 
of the mixture separates the molecules of the other com- 
ponent from one another. An immediate consequence of 
this fact is that the partial pressures and concentrations of 
the two components are less in the mixture than in the pure 
substances themselves *, and if either component is capable 
of “evaporating” frem the mixture into another phase, its 
partial pressure in that phase is also reduced. It is thus not 
necessary to assume, as some have done f, that the lowering 
of the vapour pressure of the solvent by the process of 
solution is due to solvation, or even to the blocking by the 
solute molecules of solvent molecules which would otherwise 
evaporate [. It is the reduction in the pressure and con- 
centration of the solvent inside the solution which causes 
the lowering of the vapour pressure, whilst solvation and 
other solution effects which also occur are the cause of 
abnormalities in the reduced vapour pressure rather than the 
primary cause of the reduction itself. 

The present section is a development of the theory of 
fluid mixtures from the fundamentals of the kinetic theory. 
The treatment has been made as broad and general as possible 
so that it can be extended to solutions of any strength. The. 
only assumptions made are the following :— 

(i.) The pressure of any component inside a fluid mixture 
is inversely proportional to the free space available 
to each molecule of that component, 2. e. it is 
inversely proportional to the 

total free space in a given vol. ) 

Ge of mols. of the component in the given vol./* 

(ii.) The exact relationship between the partial pressure of 
the component and the free space available to its 
molecules is given by the equation, 

total free space in given vol. 

no. of mols. of compt. in given vol. 
=n. partial pressure ( 

* The simplest and most obvious case is that of mixing two gases 
without total volume change. Thus, if one volume of gas A at atmos. 
press. is mixed with 1 vol. gas B also at atmos. press. to give 2 vols. of 
mixture also at atmos. press., the partial pressures of A and B are only 
half the pressures inside pure A and B. 

+ Poynting, Phil. Mag, (5) xlii. p. 298 (1896); Callendar, Proc. Roy. 
Soc. A. xc. (1908) ; Dolezalek, Zeit. Phys. Chem. 1xxxiii. p. 40 (1913), 
and other papers. 

t{ Lowry, Phil. Mag. (6) xiii. p. 552 (1897). 
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It is to be noted also that these assumptions are only valid 
for the interior of the fluid* ; but it is immaterial whether 
the fluid be the so!ution itself, the vapour phase proper, the 
membrane or any other medium in contact with the solution. 
To prevent the subject from becoming unduly complicated, 
it is also assumed that neither the solvent nor the solute is 
either associated or dissociated, and that no solvates are 
formed. 

(a) The Partial Pressures of Solvent and Solute 
inside the Solution. 

Let N mols. of a solvent X having an internal fluid 
pressure 77, be mixed with m mols. of a solute Y having a 
fluid pressure 77. so as to give a mixture of (N+7) mols. 
having a total fluid pressure 7. During the mixing, both 
of the constituents X and Y will expand into one another 
until the pressure throughout the mixture is uniform, 2. e. 
until “the mean free space F per molecule of either kind ”’ 
is the same for each molecule, whether of X or of Y f. 
Or, using an alternative phraseology, on mixing, the molecular 
volumes V, and V, of the pure solvent and solution both 
alter themselves in such a way that (V,;—0,) and (V.—0,) 
readjust themselves to a common voiume which can be 
represented either by V,'—0; or V,’—6,, or by the letter F. 

* This is, of course, one of the fundamental Dieterici assumptions. 
The Dieterici equation for the pressure in the interior of a pure fluid 
is 7(V—6)=RIT. 

+ For this phrase I am indebted to Prof. A. W. Porter, F.R.S. The 
conditions before and after mixing can be represented graphically, as 
below :— 

| 
\ 

x 

K-X X 

N mols. of pure solvent nm mols. of pure solute 
at press. 771. at press. 7r,. 

x . . J 4 

(N+7) mols. of solution at press. z. 
Mean free space F the same for each molecule. 

2G 2 
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We then have 

Total free space in mixture 

=(N+n)F=(N+n)(V\'—),)=(N+7)(V2'—22). [1] 

Employing the equation postulated in the second assumption, 
we get immediately for the partial pressure 77,’ of the solvent 
inside the solution 

7 SFY PERT, 

and for the pressure 7, inside the pure solvent 

7(V—b,) =RT, 
and hence 

ary Si N V,—)b, 

1 (erm N +n e K e e@ e e e e [2] 

Similarly, for the partial pressure 7.’ of the solute inside 
the solution 

“is n Vi— by 
Ts — N+n ° ees e ° e e [3 | 

The equations [2] and [3] can be developed further by 
considering in detail the volume changes which take place 
on mixing. | 

Let the increase in the total volume™ on mixing be ne 
(e can be looked on as the expansion of the total volume per 
molecule of solute added). We have 

Total volume of solution=NV,+n7V.+n7e, 

Total free space in solution=N(V,—6,) +n(V.—0,) +n. 

But the total free space in solution is also =(N+n)F. 
Hence | 

(N +n) F=N(Vy—))) +2(Vo—02+ €) 

= (N+n)(V;—,) —n{(V,—2,) —(V.—b, + €)}. 

Dividing throughout by (N +7)(V,—4,), we get 

Je as wf} Jeo 4] 
Vi-b, N-+n Vi—), i 

* T. e, the excess of the volume of the solution over the sum of the 
volumes of the two components. It is to be noted that « varies with 
the pressure to which the solution is subjected; and that V,' and V.’ 
are also variable with the pressure. But since in the present paper no 
pressures are ever put on the pure solvent or solute, V, and V, are 
regarded as being constant and equal to the molecular volumes at 
atmospheric pressure. 
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Substituting in equation [2] we have 

mw N+n ae 1 VaTete } 

Tae ee U Weal Vi—), ) 

es Ga Ay (1- “ate 

an N N V,—), z 

Similarly, 

[5] 

re N N : 
a Bibi lar | —-—_._—_——;. . . .. [6] 
TT, n n Vio—b, Sf 

Equations {2], [3], [4], [5], [6] are general, and hold 
whatever volume changes may take place in either the 
partial volumes or the total volume. 

Equations [2] and [3] show that the partial liquid 
pressures of the solvent and solute are determined partly by 
their respective molar fractions and partly by the changes 
in molecular volume which take place on mixing. 

The most important particular case is the one in which 
we get the partial pressure of the solvent given by the 
relation 

* 
<a ya N 

me Neen 

It is evident from equation [2] that the relationship can 
hold only if V,—0,=F=V)/—6),, 7. e. if V,/=V,; in other 

words, the partial vapour pressure ratio Bis for the solvent 

; f N ba 
is equal to the molar fraction ACTA only when the molecular 

volume of the solvent undergoes no change by the process 
of solution. It can be shown, however, that all dilute 
solutions under normal conditions obey the relationship 

Giada 

~ N+n 

e J 1 . . . . 

more or less approximately t. Consider, for instance, a litre 

* As will be shown later, the simple osmotic laws for dilute solutions 
hold only when the above relationship holds. 

+ It is important to note the limitation of ‘‘ normal conditions.” 
The partial pressures, both inside the solution and in the vapour phase 
proper, &c., vary with the hydrostatic pressure placed on the solution. 
It will be shown subsequently that with ideal solutions, for instance, 
at osmotic equilibrium, 7,’ and 7, are equal instead of 7, being greater 
than 7,'-as under normal conditions. 
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of any deci-normal aqueous solution *, and, as an extreme 
case let 

(Vo—b,+€)=10(V\—8,) {cf. equation [5] }. 
We have 
ay ab; ty. : a es o—bote ae 1 

R= 10° N=55 dD, a eat ap approx 

Nie gee 
and Sy =F approx. 

NGA iL ; 
= Ny is thus Bo oO unity, 

or less than 2 per cent. The magnitude of the error is 
evidently determined by the number of solute molecules 
added to the solvent. If not many are added, their influence 
on the mean free space F in the solution is overwhelmed by 
the influence of the solvent, so that the internal conditions 
inside the solvent remain more or less unchanged. 

We must not, however, suppose that because the solvent 
undergoes no appreciable volume change in the case of 
dilute solutions, the solute also undergoes no volume change, 
and also that the total volume change is zero. Both these 
latter hypotheses are in contradiction both to theory and 
experiment f. The solute, for instance, has to change its 
molecular volume in such a way that (V,—6,) alters itself to 

(V,/—},) =F=(V,'—6,) {=(Vi— 6,) for dilute solutions}, 

2. e. on adding the solute to the solvent, in the case of dilute 
solutions, the free space of the solute readjusts itself to that 
of the pure solvent ; whence the molecular volume of the 
solute also alters from V, to (V,;—),+0,). In the same 
way it can be shown by developing the equation [4], that 
the total expansion ne on mixing is given by the relation 

ne=n4{(Vi—},;)—(Va—ba)} —(N+n)(Vi-Vr). [7] 
The total volume change becomes zero in two cases only : 

(a) when (V,—4,)=(V2—6,) and V;'= V, simultaneously, 
i. e. when the original “free spaces” of pure solvent 
and solute are equal and undergo no volume change 
on mixing ; 

(6) when 

(N +n) )(V,— Vy’) =n{(Vi—d1) — (Ve—be) } 

i V,-V,'= way (i) —(V.—b,) }. 

t 
e e T 

The error in counting er 
1 

N 
10° 

T It is well known that a slight total volume change on solution is the 
rule,even with very dilute solutions. Foracomprehensive set of deter- 
minations see Cameron & Robinson, Journ. Phys. Chem. xiv. p. 1 (1910). 

* A solution is usually taken as dilute up to a strength of 
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It is evident that either of these conditions will be satisfied 

but rarely. In the case of dilute solutions (in which V\’=V)) 
equation [7] indicates that the total volume change 

ne = n{ (V; — by) — (V, = by) r 

There will thus be an expansion or contraction on mixing 

according as (V,;—0,) is greater or less than (V.—d,) *. 

(b) Lhe Partial Pressures of the Solvent and Solute 
in the Vapour Phase. 

By combining the Dieterici equation with the foregoing 
resuits we can arrive at the laws obeyed by the solvent and 
solute in any other phase with which the solution is in 
contact and into which either (or both) solvent or solute 
can diffuse. The equation connecting the pressure of the 
solvent and solute in any phase with the pressure inside the 
solution can be written as 

Al 

Be CA ie ane tds cheats OL] 

where p’ and wm’ are partial pressures in the phase and 
solution respectively, and A! is the work done in transferring 
a molecule from the solution to the phase in question. 

We thus have for the partial pressure of the solvent p,' 
in any pliase (say the vapour phase) T 

ee ee {Noe (a Vat) \ oe 
- = tank 

A MON 3. Saset re 
OA, being the excess work performed by “ evaporating” 
ove molecule of the solvent from the solution into the phase 
over the work performed when the solvent is ‘evaporated ” 
from the pure solvent. 

We can extend the applicability of equations [8] and | 9] 
by first proving that QA; is approximately equal to the heat 
of dilution Q of the soluticn. 

Let the pure solvent and the solution be separated from 
one another by the phase in questionf. A moiecule of 
solvent can be conveyed from the pure solvent to the 

* In the absence of solvation and association and dissociation changes 
this deduction should be capable of experimental test. The fact that 
pliysical factors only can cause total volume change invalidates many 
determinations of the formule of the “hydrates” formed during solution 
from the volume changes which take place on mixing. 

+ It is immaterial what this phase is. It may be either a vacuum 
(the vapour phase proper), a colloidal membrane, or another liquid or 
solid in which the solvent and solute are soluble. 
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solution irreversibly, and without the performance of external 
work, in two ways: 

(i.) It can be allowed to diffuse into the phase in question 
first, to then expand inside the phase from the pressure 
p, to the pressure p,’, and lastly allowed to diffuse from 
the phase into the solution. The total heat given out 
by this process is QA,+ U, where U is the diminution 
in the internal energy of the solvent during the 
expansion from 7 to py’. 

(ii.) It can be added directly to the solution, with a total 
heat evolution Q, where Q is the heat of dilution. 

Hence, since the total heat effect is independent of the 
path traversed, we have 9A, + U=Q. 

For the vapour phase proper, at any rate, we can neglect U 
so that 9A, =Q (approx.). 

Equation [9] can thus also be written 

Pie | jo Vass Poets ; = alae N N 1 Tae } ert . [10] 

If the heat of dilution of the solution is small compared 
with RT on it usually is) the equation becomes 

Net By g(1— “at *) Na+ gt). [11] 

aaa - ae its approximate form (equation 11) 
are the general equations for the vapour pressure of a 
solution of any non-volatile solute at any concentration, it 
being assumed that neither the solvent nor the solute is 
associated or dissociated. 

For the dilute solution the equation hee ‘omes * 
a =e a) 

10" 
or / 

Py a JN ( oY 9 
Pi 7 NEY PK Rey aN RN [12] 

(c) Ideal and Non-Ideal Solutions. 

The ideal solution may be defined as one whose partial 
vapour pressure under ordinary conditions is given by the 
equation 

pi coh N + 

Pr = N ne 

7 NCP 
* Supra, the approximate equation fr = = pan given on p. 483. 

+ Cf. Willard Gibbs, ‘ Nature,’ lx. p. 46(1897) ; Van Laar, Zeit. Phys. 
Chem. xv. p. 457 (1894). 
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For this relationship to hold it is evident from equation [9 | 
that (i.) the heat of dilution of the solution must be zero, 
and (ii.) the partial pressure of the solvent inside the solution 
shall be given by the equation 

n11/ N 

Tn Naan 

The latter condition is only fulfilled if the solvent undergoes 
no volume change during the process of solution (vde p, 433). 
As is shown on p. 433, dilute solutions in general satisfy the 
latter relationship. We must not, however, infer that all 
dilute solutions are ideal. Hquation [12] shows that they 
are only ideal if they have no heat of dilution. In the case 
of dilute sulphuric acid solutions, for instance (Q_ being 
positive), the vapour pressures are abnormally low *, whilst 
dilute aqueous phenolic solutions havea partial water vapour 
pressure which is almost equal to that of pure water f. 

Conversely, we may define non-ideal soluticns as those 
which do not satisfy the relationship 

It is evident that departure from ideality in the cases we 
have been dealing with are caused byi}: 

(i.) Volume changes of the solvent during the process of 
solution; these volume changes are caused by the 
fact that the free space (and intrinsic pressure) of 
the pure solute is generally different from that of the 
pure solvent, so that the solvent has to accommodate 
itself to the solute when the two are mixed together ; 
and 

(ii.) Heat effects on dilution. The vapour pressure tends 
to be abnormally high or low according as the solution 
has a negative or positive heat of dilution. 

The general equation for the vapour pressure of non-ideal 

solutions is [10]. 

* Cf. the figures given by Regnault, Ann. Chim. Phys. (3) xv. p. 179 
(1845); Sorel, Zee. angew. Chem. p. 272 (1889). 

+ Schreinemakers, Proc. Roy. Soc. Amsterdam, vol. iii. pp. 1 & 701. 
{ J. e. with soluticns in which the solvent and solute are neither 

associated nor dissociated, and in which there are no solvates formed. 
Evidently these latter effects, if they are present, will cause still greater 
deviations from ideality. 



A438 Dr. FE. Tinker on Osmotic Pressure. 

9. Tae PHENOMENA oF Osmotic FLow. 

Consider a semipermeable membrane having a thickness 
sufficiently great for it to be regarded as a separate phase 
in the osmotic system™. Let the pure solvent be on one 
side of the membrane said the solution on the other. The 
solvent tends to diffuse into the membrane from both the 
pure solvent and the solution ; a pressure p, (say) tending to 
be generated within the membrane by the pure solvent and 
a pressure p,' (say) by the solution. From equation [9] 

tis : 0 
aa given by the equation 
Pi 

ee ee eet) ot | eerie a N N 1 Tle ent cola 

where QB, is the excess of the latent heat of vaporization of 
the solvent from the pure solvent into the membrane over 
the heat of vaporization of the solvent from the solution 
into the membrane f. 

It is evident that the solvent will flow from the pure 
solvent. to the solution if the pressure p; generated in the 
membrane by the pure solvent is greater than the pressure 
pi generated in the membrane by the solvent which is in 
the solution. 

That this will almost invariably be the case under normal 
conditions can be shown as follows. Developing equation 
[13] we get 

ee HON ay (ee Ot 

BON Ne enn 
Y] Vy —b, + E OBi 

= Lea (yay aN Ome) el ale Mai hes< 14 nye Je @pprex.), p14] 
i OB1 

since eRt does not usually differ very much from unity. 
OB) 

Now, in practice, eT is always pusitive, whether OB, is — 
positive or negative, for 6B,, which is usually negligible, is © 
of a much less order ofmas nitude than RT. Also (V.—6.+ €) 
is positive, except in the unlikely case in which the total 
expansion (¢) per solute molecule dissolved is negative and 
actually greater than the free space (V2—0,) of the solute 
itself. Hence p,—p,' will almost invariably be positive, so 

* The actual colloidal membranes satisfy this condition. 
+ The heat evaporation into the membrane is obviously not the same 

as that into the vapour phase proper. It is clear, however, from the 
general nature of the proof on p. 435 that the equations for p are similar 
to those for p. 
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that p; will be greater than p,'. This explains why osmotic 
flow usually takes place from pure solvent to solution. The 
pure solvent generates a greater solvent pressure inside 
the membrane than the solution does. 
We must not, liowever, suppose that the solvent of necessity 

always flows irom pure solvent to solution. It would flow 
the other way if for any reason the partial pressure ° 
generated in either the membrane or the vapour phase 
proper by the solution were greater than the pressure 
generated by the pure solvent itself. It is not unlikely that 
solutions of ordinary phenol, which apparently under certain 
conditions have a te water vapour pressure greater than 
the vapour pressure of pure water itself ft, come under this 
category. Prof. Adrian Brown and the present author have 
proved that the phenolic solutions in general are very 
abnormal in their osmotic behaviour f. 

In this connexion it is also interesting to note the effect 
of compressing the solution whilst leaving the pure solvent 
under atmospheric conditions. It is evident that the 
shrinkage caused by compression will tend to make e 
negative, so that ultimately, by the application of a pressure 
great enough (Vo—bo+e) will yoda negative. When this 
occurs p; will become less than p,' and the solvent will flow 
from the solution to the pure solvent. This is actually what 
happens when a pressure greater than its osmotic pressure 
is applied to the solution. 

Let us now consider the causes for the abnormalities in 
the phenomena of osmotic flow ; and let us confine attention 
in the first place to the case in which two dilute solutions of 
different solutes, having equal concentrations and under the 
same external hydrostatic pressure, are on opposite sides of 
the membrane. If p,’ and pi- are the solvent pressures 
generated in the membrane in each case we have from the 
equation [12] 

gacren vil onQ = .) ; 
Diet aN ma diy! ey ee) me) 

where Q’ and Q” are the heats of dilution of the two 
solutions. Similarly, for the vapour pressures proper, we 
have 

Pu Pi ae! N oe : 
os me mara LF aca ee [16] 

* T, e, ‘Partial pressure of the solvent.” 

T Schreinemakers, loc. cit. p. 14 (footnote). 
t Proc. Roy. Soe. 'B. Ixxxix. p- 119 (1915). 
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From equations [15] and [16] we can derive three 
possible cases :— 

(i.) If both of the dilute solutions are ideal and have 
zero heat of dilution, then p,'/"=p,’ and p,’=p,’. 
Two ideal solutions of equal concentration are thus 
in osmotic equilibrium with one another, and there 
will be no osmotic flow from the one to the other. 

(ii.) If one solution is ideal and the other is not, the 
system is not in equilibrium, although the concen- 
trations of the two solutions may be equal. The flow 
will be from the ideal solution to the non-ideal 
solution, according as to the heat of dilution of the 
non-ideal solution is positive or negative. 

(iii.) If both solutions are non-ideal, osmotic equilibrium 
is possible only when the two heats of dilution are 
equal. In any other case osmotic flow will take place 
from the solution having the lesser heat dilution to 
the solution having the greater. 

By virtue of the relationships which have been established 
in the foregoing pages between the heat of dilution and the 
heat of vaporization, either into the membrane or into the 
vapour phase proper, the above case of osmotic flow for 
non-ideal solutions can be elaborated in somewhat more 
detail. 

Thus, since Q=0A,;=0OB, (loc. cit. p. 12), we can write 
Q” —Q’=A,"—A,'=B,"—B,’. 

Hence, we may also state that the osmotic flow will take 
place from the solution having the lower value of A,’ to 
that having the higher value of A,’. Since Aj’ is a function 
of the intrinsic pressure which increases with the latter * 
and consequently also with the surface-tension +, we arr ive 
at the further result that the flow will take place from the 
solution having the lower intrinsic pressure and surface- 
tension to that having the higher intrinsic pressure and 
surface-tension. Herein comes the application of the 
‘intrinsic pressure ”’ and surface-tension theory of osmosis 
which I. Traube has advocated so vigorously on empirical 
eroundst. The preceding analysis shows that the theory 

* This is an immediate deduction from the Laplace theory of capillarity 
It is in agreement with experiment also, since liquids pee have a 
high intrinsic pressure have also a large latent heat. (Cf. W. C. McC. 
Lewis, Trans. Faraday Soc. April 1911.) 

+ A liquid which has a high intrinsic pressure and latent heat has 
also a high surface-tension. 

ay Journ. Phys. Chem. xiv. p. 452 (1910) and other papers. Traube bas 
correlated surface- tension, vapour pressure, intrinsic pressure, &c., with 
their effect on osmotic flow. 
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must be limited to the case in which two non-ideal dilute 
solutions of equal concentration are placed on opposite sides 
of the membrane. Subject to this limitation Traube’s 
surface-tension theory will no doubt continue to be of great 
value, even as it has proved to be in the past. The scope of 
Traube’s theory, limited as above, would apparently be 
extensive*, for most actual solutions are more or less non- 
ideal. 
We can now sketch briefly the general theory of osmotic 

flow. It is evident that if two solutions (each under the 
same hydrostatic pressure) are on opposite sides of a 
membrane, the solvent will flow from the one which 
generates the greater pressure f inside the membrane, 2. e. 
trom the one which has also the greater partial (solvent) 
vapour pressure. Now, the pressure generated by each 
solution in either the membrane or the vapour phase proper 
is determined partly by the liquid pressure 7,’ of the solvent 
inside the solution and partly by the work factor A,'; so 
that we can regard the magnitude and direction of osmotic 
flow as being caused ultimately by differences in the value 
of a,’ and A,’ for the two solutions. If the differences in 
the value of A,’ are nil, the osmotic flow is thus determined 
entirely by the differences in 7’, the direction of the flow 
obviously proceeding from the solution in which the solvent 
has the higher fluid pressure to the one in which it has the 
lower fluid pressure f. If, on the other hand, the differences 
in 7,’ are eliminated, as by working with dilute solutions of 
equal concentration on opposite sides of the membrane, the 
direction of flow is determined entirely by the differences in 
the value of A,’, 7. e. (and as shown above) by the differences 
in heats of dilution, intrinsic pressure, surface-tension, Kc. 

The problem can be resolved even still further. The 
pressure of the solvent inside a solution is itself determined 
by its molar fraction and also by the change in volume which 
it undergoes during the process of solntion (equation [2] 
p. 432) ; so that in the general case we ean state that the 

* Cf. Macallum, Brit. Assoc. Reports, 1910, p. 740. It is clear also 
that in the case we have been considering the velocity of osmosis will be 
determined largely by intrinsic pressure (and surface-tension) differences 
between the two solutions. In this connexion it is interesting to note 
that Prof. Adrian Brown and the author have found that the rate of 
osmotic flow into barley seeds becomes greater as the surface-tension 
of the outside solution diminishes. (Proc. Roy. Soc. B. lxxxix. p. 119 
1915). 
: 7 > ) partial pressure of the solvent. 
t Tinker, * Nature,’ xcvil. p. 122 (1916). This idea of osmosis 

beine determined by magnitude of the fluid pressure of the solvent 
seems to have been foreshadowed by Porter (Proc. Roy. Soc, A. lxxx. 
p- 467 (1908), Addendum to paper). 
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magnitude and direction of osmotic flow is ultimately deter- 
mined, partly by the relative concentrations of the two 
solutions, partly by their relative heats of dilution, surface- 
tensions, intrinsic pressures, &c., and partly by the relative 
magnitude of the volume changes which the solvent 
undergoes during the process of solution. If, on the one 
hand, we eliminate surface-tension and intrinsic pressure 
differences, &c., by working with two ideal solutions on 
opposite sides of the membrane, the direction of flow is 
invariably from the weaker solution to the stronger one. 
If, on the other hand, we eliminate concentration differences 
and work with two non-ideal dilute solutions of equal 
strength, the direction of flow is (as shown above) from the 
solution having the lower heat of dilution, surface-tension, 
intrinsic pressure, &c., to that having the higher value of 
these quantities; in fact, Traube’s theory of osmosis holds 
good. Whilst if we eliminate both concentration aiid 
surface-tension differences, &., by working with two equally 
strong non-ideal solutions having equal heats of dilution, 
the direction of flow will be towards the solution in which 
the solvent has undergone the greater expansion during the 
process of solution. 

3. Tae Conpitions at Osmotic HQumiBRium. 

Consider again the case in which pure solvent and solution 
are separated by a semi-permeable membrane which is thick 
enough to be regarded as a separate phase in the osmotic 
system *. Let the pure solvent be under the atmospheric 
pressure a, and the solution under such a hydrostatic pressure 
P that the solvent and solution are in osmotic equilibrium. 

(a) Relationship between the Pressure of the Solvent in the 

various parts of an Osmotic System, the latter being at 
Equilibrium. 

It is evident that, when a system is at osmotic equilibrium, 
the pressure (p1' py) generated inside the membrane by the 

solution must be equal to the pressure (p,,,)) generated by 
the pure solvent, just as the vapour pressures proper of pure 
solvent and solution are equal at osmotic equilibrium f. 

* Footnote (*) on p. 488. 
+ Thomson & Poynting, ‘ Properties of Matter,’ p. 191. A. W. Porter, 

Proce. Roy. Soc. A. Ixxix, p. 519 (1907 }, zbed. A. 1xxx. p. 457 (1908). The 

ultimate proof of both the theorems mentioned is very simple. If the 
pressure were not unifoim in either the membrane or in the vapour phase 
proper, a process of diffusion would take place. The fact that work could 
be obtained from the process can be made to contradict the second law of 
thermodynamics. 
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Starting from inside the membrane, and travelling out- 
wards into pure solvent and solution respectively through 
the surface film between the membrane and the liquid in 
each case, let us now apply the Dieterici equation in its 
simplest form. 

For the pressure 7 ,,, inside the pure solvent we have 

By 
Tia) = Pia? BY 

x .. 7'cp, of the solvent inside the solution 

we have 
By! 

/ ths | =i) 

1 (py P1p) e** 

where B, and B,’ have a similar meaning to A, and A,’, 
referring, however, to evaporation into the membrane. 

° , ! ie , y s 

Hence, since p;'p)=P1q) (see above), we get 

! B,’-—B OB Q 
Ty a eal pes a 
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Ta) 
whence 
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From this equation [17] it appears that, if the solution is 
an ideal one with zero heat of dilution, at osmotic equilibrium 
the pressure 7r;'p) of the solvent inside the solution is equal 
to the pressure 77/4) of the solvent inside the pure solvent. 

When therefore the solution has no heat of dilution, we can 
lay down the fundamental generalization that at osmotic 
equilibrium the pressure of the solvent is uni/orm in similar 
phases throughout the whole osmotic system. The pressure of 
the solvent throughout the vapour phase is uniform; it is 
also uniform throughout the membrane ; whilst the pressure 
of the solvent inside the solution is equal to that inside the 
pure solvent. The generalization breaks down, however, in 
the case of non-ideal solutions. Although it is still true 
that the pressure within the membrane and in the vapour 
phase proper is uniform, the pressure inside the solution is 
not equal to that inside the pure solvent. It is greater or 
less than the latter according as the heat of dilution of 
the solution is positive or.negative (¢7. equation [17]). 

* Supra, p. 436. At osmotic equilibrium the relationship 95B=Q 
is absolutely accurate, for the change in internal energy is zero when 
there is no expansion. 
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(b) Lhe Magnitude of the Osmotic Pressure. 

As is well known%*, the application of hydrostatic pressure 
to a solution increases the vapour pressure of the latter, and 
when a pressure equal to the osmotic pressure is put on the 
solution, the vapour pressures of the solvent and solution 
become equal to one another. We may therefore define the 
osmotic pressure as the hydrostatic pressure which, when 
applied to the solution, will raise the vapour pressure up to 
that of the pure solvent, and which incidentally will also 
bring the pressure generated inside the membrane by the 
solution up to that generated by the solvent. This definition 
is, of course, merely a slight extension of the usual definition 
that the osmotic pressure is the hydrostatic pressure which 
(when applied to the solution) stops the osmotic flow. 

Taking the above definition as the basis, we can now 
arrive at the magnitude of the osmotic pressure very simply 
by making use of the relationship between the vapour 
pressure of a liquid and the hydrostatic pressure to which it 
is subjected which was first obtained by Sir J. J. Thomson 
for pure liquids f and extended by A. W. Porter to solutions 
in general f. 

" ee ih, (4% 
Porter’s relationship is Nt te | S| 

Die mS a} 

where II = hydrostatic pressure. 

py = partial vapour pressure of solvent at pres- 
sure II. 

v = sp. vol. of vapour at pressure II. 

s=sp. vol. of the solvent in the solution at 
pressure []. 

(7. e. the loss in vol. when 1 gm. solvent 
is removed from the solution.) 

Multiplying both v and s by the molec. wgt., and assuming 
that the vapour obeys the simple gas law, we have 

MUL Veal 

dp’ if pv Vy; 

where Vj’ is the molec. vol. of the solvent in the solution 

under the hydrostatic pressure [J], whence 

Ra py Maas. 
Vv, P1 

* Supra, also, p. 439. 
+ ‘Application of Dynamics to Physics and Chemistry,’ p. 171, 
t Proc. Roy. Soc. A. lxxix. p. 519 (1907). 
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Putting V,' Ne LEONG (5 where £ is the coefficient of 

compressibility of the solution and V,', is the mol. vol. 
of the solvent at the atmos. press., we get 

yay ai! 
dii(1—f18) = We ° oe 

(a) P1 

Integrating between the limits represented by the osmotic 
pressure P and zero hydrostatic pressure *, and remembering 
that py'p)=Piq), We obtain 

Pp P s ! A an—p( ee Ee dp 

0 4 (@) Py"(a) Pi 

whence 

pe pn Dei ews 0 gy 
Vi (a) P1 (a) 

This is the general equation connecting the osmotic pressure 
with the vapour pressure of the pure solvent and solution 
when both are at the atmospheric pressure. With the 
exception that V,’ is written for Vj, it is identical with the 
equations given by Gibbs, Van Laar, and others. It holds 
for all solutions irrespective of association of the solvent, 
formation of solvates, &., or of abnormalities in latent 
heat, &c. 

Substituting the values of ae given in equation [10], we 
1 

get for the type of solutions we have been dealing with 

opr" 
meee of Naa) a Va7- Obs ei, Q, 
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When the solution is dilute we have V;’=V, (see p. 433) ; 
the compressibility factor becomes negligible; the ex- 

pression in brackets becomes equal <a (pp. 433, 434) ; 

Le lade =x approx. ; so that the expression reduces to 

Ta ee FOO ea 

* I. e, zero mechanical hydrostatic pressure, not counting the atmo- 
spheric pressure. 

Phil. Mag. 8. 6. Vol. 33. No. 197. May 1917. 2H 
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If instead of writing V, (2. e. the mol. vol. of the liquid 
solvent) we write V (the volume of solution containing 

1 gm. mol. of solute = Va) and g for = Q, we get 

PV = RT+¢ at bt Le a [22] 

This is the simple gas equation corrected for the heat of 
dilution which has already been given by Bancroft*. In 
this connexion it is to be noted that the osmotic pressure of 
a dilute solution is given by the simple gas equation only 
when the solution has zero heat of dilution. If the heat of 
dilution is positive the osmotic pressure is abnormally high, 
whilst if it is negative the osmotic pressure is abnormally 
low. Bancroft, for instance, has shown that dilute solutions 
of sulphuric acid in water, sodium in mercury, and resorcinol 
in alcohol have osmotic pressures which are several times as 
great as would be given by the gas law ; whilst Kahlenberg + 
has demonstrated that solutions of cane-sugar, lithium 
chloride, and certain other solutes in pyridine give osmotic 
pressures which are only a fraction of what the simple gas 
law would require them to be. 

It is apparent also from the method of deriving the pre- 
ceding equation | 22] that the abnormalities in the osmotic 
pressure of dilute solutions have their origin in abnormalities 
in the vapour pressure, and hence ultimately in the difference 
in the intrinsic pressures of the solvent and solution. Traube’s 
surface-tension theory is therefore of value in predicting 
abnormalities in the osmotic pressure also. As a general 
rule, if the surface-tension of a solution is low the osmotic 
pressure would also tend to be low; and wee versa. Hence, 
in many cases, the apparent flow of the solvent from the 
region of low surface-tension to high (supra, p. 440). 

(C) Compressibility Relationships at Osmotic Equilibrium. 

It has been pointed out previously that the application of 
hydrostatic pressure to the solution causes both 7’, p,’, and p;' 
to increase, owing to the fact that compression reduces ne and 
brings the molecules inside the solution more closely together. 
We can obtain the contraction at osmotic equilibrium as 
follows :— 

The general equation connecting 7, and 7’ is [5], viz. 

cir AON) SEO cc 1 Sete) | 

ee a) N - Vi- by i 

S Jorn. Rive Chem, = m, Son alga) 
+ Ibid, x. p. 141 (1906). 
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But at osmotic equilibrium, 

(see p. 443). 
Hence, if ep) is the total expansion per solute molecule 

when the solution is under the hydrostatic pressure P * (2. e. 
the osmotic pressure), we have 

N+n_n (1-95) es Sh. 
N N V,—}), RT’ 

whence 

N(V,—2))Q 
RI hay 

Now the contraction due to applying the osmotic pressure 
to the solution is ne,—nep; and if B is the average co- 
efficient of compressibility of the solution} between zero 
pressure and the osmotic pressure, it is also equal to 
PB(NV,'+nV,'). 

Hence 

NEp, = —2(V2—by) — [23] 

PR(NVi’+nVo') = ney—nep, + + + [24] 

where ¢,. and € ») have the values given to them by 
equations [7] and [23] respectively. 

For dilute solutions with no heat of dilution, we can 
neglect nV,'; and substituting the values of ¢,) and ep, 
for such solutions, the equation becomes 

PBNV, = n{(Vi—b,;) —(V2—6,)} —{ —n(V2—b2)} 

= n(V,—),). 

Putting PV.= RT” 
ee ND? 

this becomes RI. NB = n(V,—h) ; 

whence Vib; 

Bane a ON le Peta aa |. a) Eom 

* Supra, p. 4382. The value of e varies with the hydrostatic pressure 
placed on the solution, diminishing with increase of the latter and tending 
to become more and more negative with high pressures. 

+ Defined as the shrinkage of 1 c.c. per atmosphere applied. 
t It is to be remembered that, since P is measured in atmospheres 

and V in c.c., the constant R is measured in c¢.c. atmospheres and is 
equal to 82:07. 
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or in words, the free space within a dilute solution having 
no heat of dilution is equal to RT times the coefficient 
of compressibility. This relationship is important, for it 
enables the “free space” within a dilute solution to be 
calculated very easily. Since the pure solvent is the 
limiting case of a dilute solution, and has perforce no 
heat of dilution, it will be seen that the above relationship 
should hold absolutely for pure liquids. It is to be noted, 
however, that the coefficient of compressibility must be 
taken at atmospheric pressure and not at relatively high 
pressures *, 
We can now use equation [25] for obtaining the general 

equation for the osmotic pressure in terms of the con- 
centrations, volume change on solution, and the coefficients 
of compressibility @,, 8:, and 8 for the pure solvent, pure 
solute, and solution respectively. 

From equation [20], viz. 

PNG (1 =. aP) 

ua gt N+n n ‘pata 
= RP log.) N TN 14Q, 

by substituting 

(V;—d,) = BRT, V2—, rai B,RT, 

and Vy'.) = et earn ((¥ 1-6) — (Ve tae 
eB eat (cf. equation [7]), 

2 | Vier yo (2:-B:— pp) \ { 1 ~5P 

== el Lovo: ' ae (fret) be 

8, and ®, are both usually very small, so that we can count 
8,— > as zero without appreciable error. 

The equation then becomes 

P(V + eo BP) 
1 Nn ig 

_ pr if Nien ma) i 901° = EW loo: iN NZ,RT +Q. [26] 

It is clear also that with all but the strongest solutions we 

* As is well known, the coefficient of compressibility varies con- 
siderably with the pressure. 
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can neclect eres Oo). and also 36P; so that we have 
© +n’ NG, RT’ incase Ana , 

for most moderately strong solutions, 

PV, = RT log. t"+Q. . oh Nae ee 

This equation is similar to that Van Laar and others have 
given for the ideal solution, except that the heat of dilution 
is included. 

Apart from the fact that the method of analysis adopted 
in the preceding pages throws much light on the anomalies 
of osmotic pressure and osmotic flow, still» further con- 
firmation of its intrinsic soundness becomes apparent when 
we consider in detail the fundamental relationship which has 
been deduced between the coefficient of compressibility of a 
liquid and its free space. 

The following table shows the value of (V —6) for various 
liquids, calculated from. equation [20| by means of com- 
pressibility data given in Landolt-Bornstein. The value of 
the pressure inside the liquid is also given, being calculated 
from the relationship 78=1 *. 

Brewin Malirege Will sci | See’ | tn setae 

Here A occas... 13°5 | 169 (at from 8-25 atmos.) | 3°97 5920 

Ethyi Chloride... 152 |153 ,, 884 ,, | 3-60 6550 
Hthylene ...... seal) LOO 68 — _ 1:58 14700 

MtlpWAcstate ..... 13:3) 1)104,. 5, 8-87 440 4 |> 244 9600 
Benzene ..........:. 16:0 90 95 PETONOALE 5 | 213 11100 

Amylene............ SOU UA! BARR Po aeb |) 5810 
Wertario’...4......<. 20:0 | 318 — egcGa. i vekog) 

Hexane ...........- ace A aE? Meaka ke (19 ath aa Mead Ole gall ba 1° 1) 
Heptane............ LEU agy BEN he AC a BI AOE HN Me PT 
Octane eis. 23:0 | 121 OST ane) in 2:08 8270 

The subjoined table gives the figures for ethy] ether at 
various temperatures also, Amagat’s compressibility data 
being used fT. 

The intrinsic pressures calculated from the relationship in 
question are evidently of the usually accepted order of 

* This simple relationship follows immediately from the two 
; V-—é 

relations B= pp and 7= TF: 

+ Ann. Chim. Phys. (6) xxix. p. 505 (1893). 
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Temp. fe 8 | Ae 
at fram 5010Watm Od ine.c. | in atmos. 

, 133 2-98 7520 
20 158 3-79 6400 

40 203 55 4940 

60 252 6°89 3970 

80 315 913 3180 

100 395 12:00 2540 

magnitude of a few thousand atmospheres; whilst, as 
should also be the case, the values for the free space are 
relatively small as compared with the volumes of the 
molecules themselves. 

XLII. Studies of the Ultra-violet Transparency of Certain 
Coloured Media. By H. W. L. Apsatom, B.Sc., A.R.C.S.* 

fears present investigation originated in an attempt to 
find some colouring matter which, while opaque in the 

yellow region of the spectrum, should transmit as far as 
possible into the ultra-violet. Such a material would be of 
great use in developing certain investigations on the fluor- 
escence of sodium vapour which have been made in this 
laboratory (see Strutt, Proc. Roy. Soc. Nov. 1915). 

With this object a number of little-known colouring 
matters were examined, and the subject was afterwards 
pursued for points of interest it was found to possess in itself. 

The coloured metallic salts and the aniline dyes have 
already been well explored (see Uhler and Wood, ‘ Atlas of 
Absorption Spectra’), but few of them possess much ultra- 
violet transparency. Attention was turned therefore to the 
blue rock-salt of Stassfurt, believed to owe its colour to 
colloidalsodium. This was found to be very transparent, and 
the observation led on to investigation of other naturally 
coloured minerals and precious stones as well as to various 
preparations of colloidal metals, such as the solutions of 
alkali metals in anhydrous liquid ammonia. 

I. Gems and Minerals. 

The arc between copper poles was employed as the source 
of radiation. By means of a small quartz spectrograph, 
photographs were obtained of the portion of the spectrum 
between 29000 and X2250. The specimen under exami- 

* Communicated by the Author. 
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nation was fixed with wax over a small hole in a scieen 
of sheet ebonite, in such a way that no radiation could 
reach the slit of the spectrograph save after transmission 
through the specimen. In the case of a cut stone care was 
taken that it was orientated so that the light had the best 
chance of transmission, and in minerals where the distri- 
bution of colour was irregular the convergent radiation was 
in general directed so as to traverse the part of deepest 
colour. Several exposures of varying duration were made 
with each specimen, the maxima ranging from ten to thirty 
minutes according to the nature of the specimen. 

In the following table the wave-lengths denote the point 
at which complete absorption commences. 

r 

WeeWatural. blue rock-salt.. 05. ci. se hes ee Beyond 2250 
2. Natural rock-salt coloured by cathode rays.. Beyond 2250 
Se SOE gI a LCT eae 8 a Ae Cc Beyond 2250 
4. Ditto, coloured blue by cathode rays ...... Beyond 2250 
5. Chili saltpetre, ordinary white variety ............ 3012 
PCC OMIOMOb ae eto ays ie ene oe ¥ Rae ates Ween ass OOS 
rg oS coloured deep violet by cathode Beyond 2250 

oeMrAsOHG se ViE |LOG. | j.3e <a 's aah ceieie eins SB(sa%e ei oe el 3200 
Seite NE ste sao linens 4ps8h OE Lia's wm aig'd gee. e oie ala, 4 5150 

Loo. La NTDTIS SiR eee ae ng LOR a 3050 
Lice, SATIEU SUIT 510 (2 SAAD A Pa ce 4028 
ieee ciecon (liyacinth) red-brown S802. ee 2618 
iemeito, decolonzed by, heat...) <2... floes se ees 2449 
Pe MUL OE CCT et As Shes, hie. t. 5, Sy ele le chai cient gaia dhe se 4023 
22 LUNAR RY GLINC 7a agian 4023 
Mears PAleMeWW 2 6 slop cs Gees vege eds se cbs 2618 
Me CubO. CAT ENyeWOW=. 8 0.04.2 Resa eee 2294 
Pee Ditto; pale prak-brown! bs oes. hE eee en. 2618 
PLO MONG ey tae mite ois eis ee a AS var tle b Alen 2961 
PPE IAAN CHT CR Iho Pre aie in, ss cakshah aye eats e Pao"s (4 0). ahedadey a 3200 
LL LETLNOWS 2 Se hae ile ta ia AORN ico a 5000 
PPEMGTICMIAIINC) OTECN Le eek el be dee bese: 5512 
Peebitto, sreen-yellaw 2... css ens dec vies ewes es 5000 
PEO RR a MI EN ed a ec hac ie MAME aye A. Sy MAL woatts Gah Ae 3064 
PEM NG) oe. bo. eo eye seater Say Ne Neus, di sleuth d Sua eke 6 shed 4023 
PMC EEIEE DIO... 2io oe as eee poss Gal apele ewe .. 3248 
Mer IM. Lot. ow Poe Neda te yes neds ee tes 5000 
Ze. LOWES. ONS ae oe ee 3200 
Pemba: Li pirated aamaiipied eae Meee Le les 5274 
eee eardicrine, Dluc-purple 4352.9. 424 os whe yee ae oe oe 5248 
MeRY ONO gh er 4 era da satis oO a ees asiv dv ss de, OLS 

Notes on the above :-— 

1. This is the natural blue rock-salt of Stassfurt. It is 
said to be found at the boundary of the salt with some of the 
potash minerals, 

2. Ordinary white, rock-salt coloured a deep blue by 
cathode-ray bombardment. This has always been considered 
kindred to the natural blue salt, and is now seen to behave 
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like it in this respect also. The colour is, however, super- 
ficial instead of being diffused through the mass. 

6. This pale violet variety of Chili saltpetre, occurring 
naturally, can be decolorized by heat, like the blue rock- 
salt. The colour may then be restored by cathode-ray 
bombardment. The same colour can be in some measure 
imparted to a piece of the ordinary white Chili saltpetre by 
bombardment, but in this case the coloration is not uniform 
but banded, suggesting that its development depends on some 
impurity. 

7. The specimen was originally greenish in colour, but the 
violet colour imparted by bombardment was very much deeper. 

IL. Solutions of Metals in Liquid Ammonia. 

It has been known for some years that the metals sodium, 
potassium, lithium, rubidium, cesium, barium, strontium 
(and magnesium to a less extent), react with liquid ammonia, 
producing fine blue colorations. The blue colour is not 
permanent ; its duration varies with the metal and with the 
purity and dryness of the metal and the ammonia. It is 
believed that the metal dissolves in the ammonia forming the 
blue colloidal solution, and that then a reaction occurs 
resulting in the formation of an amide with the liberation 
of hydrogen—the disappearance of the colour marking the 
final conversion of the metal in solution into amide. The 
stability of solutions inereases in the order potassium, 
calcium, lithium, sodium. Considerable attention has been 
devoted to the reaction which takes place and to the physico- 
chemical properties of the solutions. (Moissan, Comptes 
Rendus, 1898; Krauss, J. Am. Chem. Soc. 1907, 1908, 1914.) 

Recently Argo and Gibson (Phys. Rev. Feb. 1916) have 
studied the absorption of the blue solutions of sodium, 
potassium, and magnesium by means of the spectro-photo- 
meter. There appears to be no record of observations 
carried out in the ultra-violet region. 

In the present instance attempts were made initially to 
obtain the blue solutions of sodium in liquid ammonia. Some 
‘880 solution of liquid ammonia was heated and the gaseous 
ammonia led through a long tube packed with soda-lime, 
and thence by a very thin drawn-out tube into a silica tube 
surrounded by a freezing-mixture of solid carbon dioxide 
and methylated spirits. When sufficient liquid ammonia had 
collected, a small piece of sodium, as free as possible from 
oxide and moisture, was introduced and the silica tube then 
sealed off. As soon as the tube was removed from the 
freezing-mixture the metal seemed to swell somewhat, and 
the contents of the tube soon assumed a deep blue clotted 
appearance. Similar results were obtained with potassium 
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and calcium. Im all cases the colour persisted but for a 
few days, and sometimes disappeared very rapidly if only a 
small piece of the metal had been used. A white preci- 
pitate remained. The almost opaque nature of the contents 
of the tube rendered the photography of absorption spectra 
difficult. By supporting the tube horizontally and rotating 
steadily it was hoped to obtain a sufficiently transparent and 

uniform film, but the liquid did not 
adhere sufficiently well to the walls of 
the tube. Ultimately attempts to obtain 
photographs were made as the blue 
colour became less dense. The tube was 
fitted tightly into a deep cork. A hole 
at right angles to the former allowed 
light to traverse the liquid. The results 
with a calcium solution were the most 
satisfactory, but even these were not 
altovether consistent. 
More recently solutions of magne- 

sium have been obtained by Cottrell 
(J. Phys. Chem. 1914.) He found that 
with freshlv scraped metal and dry 
ammonia blue solutions resulted which 
were of considerable permanence, per- 
sisting In one case for several years. 

The apparatus in the present case is 
shown. 

CE was of silica, the remainder of 
glass. A tew small pieces of freshly 
scraped magnesium ribbon were intro- 
duced into H, which had been pre- 
viously cleaned and dried. A con- 
striction was made at D and the silica 
tube then joined to the glass by means 
of a sealing-wax joint at C. IF was 
connected to a Gaede pump, and when 
the pressure was very low E was heated 

to disengage any gases. (Cottrell, zbed.) ‘The pump was then 
disconnected, B immersed in liquid air and ammonia collected 
as a solid in the way described above. A few pieces of 
sodium were dropped into B to account for any water which 
may have passed over with the ammonia. The pump was again 
connected and the tube sealed off at A. B was removed from 
the liquid air, and when the ammonia had liquefied E was 
immersed in the liquid air and the ammonia distilled over. 
The liquid contents of E were afterwards washed back into B, 
and then distilled over to Hagain. ‘The silica was sealed off 

Phil. Mag. S. 6. Vol. 33. No. 197. May 1917. 21 
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at D. The blue colour appeared within a few hours, and with 
one solution has lasted to the time of writing—nearly three 
months. 
A piece of black paper was wrapped round the tube and 

pasted along a narrow strip. In it were made two small 
holes diametrically opposite. The diameter of the tube was 
1°5-2 em., so that the light was incident practically normally 
at one hole, and it was impossible for light from the are to 
reach the spectrograph without having traversed the solution. 
“Exposures varying from 10-600 seconds were made with 

both pale and deep blue solutions, and in all cases total 
absorption commenced at 12442. The limit of transmission 
for liquid ammonia is 12393. (In the earlier experiments 
with calcium absorption seemed to commence at 2618. 
Hence the blue solutions transmit for a considerable distance 

into the ultra-violet, but they could not be used for screening 
purposes in flat-sided cells on account of the high vapour- 

pressure of ammonia at ordinary temperatures. Solutions in 
the primary amines which have higher boiling-points would 
be more suitable. 

Lithium and cesium dissolve in methyl-amine (boiling- 
point —6° C.), lithium dissolves in ethyl-amine (19° G.) 
(Moissan, Comptes Rendus, 1899; Rengade, wid. 1905. . 
Solutions in the higher primary amines have not been. 
obtained. 

Attempts to prepare solutions of lithium and magnesium 
in ethyl-amine by the above method proved unsuccessful, 
probably because the ethyl-amine was not properly dry. 

Experiments have also been made on a solution of colloidal 
gold (after Faraday). When freshly prepared the limit of 
transmission was 4.2492. After a day had elapsed it had 
moved to 2767. 

Discussion of Results. 

One gener al result is that transpar ency far into the ultra- 
violet is much more commonly met with in the case of colour 
due to colloidal metals than it has been found to be in 
ordinary coloured salts or aniline dyes. This is clearly 
illustrated by the natural blue rock-salt and the various salts 
and minerals coloured by cathode rays. We cannot, of 
course, expect to find ultra-violet transparency in the coloured 
algae unless it was present. before coloration. Thus the 
violet Chili saltpetre 1 is opaque in the ultra-violet light, but 
this opacity is equally met with in white samples : on the 
other hand, where the uncoloured substance is transparent, 
coloration in the visible region by bombardment leaves this 

unattected. 
The nature of the colouring matter in gems 1s in many cases 
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undetermined, nothing appearing in the analyses to account 
for it. It was thought that colloidal metals might in some 
cases be concerned; and if ultra-violet transparency were 
found, this would be considerable evidence for such a view. 
It has been found that the variety of zircon called hyacinth 
only begins to be opaque at 12617, and one variety of yellow 
topaz at X2294. In these cases the presumption is strong 
that the colouring matter is of the nature of a colloidal metal. 

The extreme ultra-violet transparency of the solution of 
magnesium in ammonia confirms the view that these metallic 
solutions are to be regarded as colloidal. 

The author desires to acknowledge his gratitude to 
Professor the Hon. R. J. Strutt, F.RS., for suggesting 
the work, and for continuous interest and advice. 

Physics Department, 
Imperial College of Science and 

Technology, S.W. 

XLII. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 

(Continued from p. 296. ] 

January 24th, 1917.—Dr. Alfred Harker, F.R.S., President, 
in the Chair. 

Mr. ScoresBy RovurLepGE, M.A., gave an account of Easter 
Island. He said that the Expedition, that he had had the 
honour to command, was organized with the object of carrying 
out a long-standing wish of various bodies interested in anthro- 
pology. This wish was that Easter Island, and other islands most 
near to it, though far distant from it, should be thoroughly 
examined, and that all information and material thereon found 
should be carefully considered on the spot, or, if possible, be brought 
back for comparative study. 

This programme necessitated a vessel being specially designed, 
built, and equipped for the purpose. A schooner with auxiliary 
motor power, the ‘Mana,’ of 90 tons gross register, 78 feet 
on the water-line, 20 feet beam, and drawing 10°5 feet aft, 
was accordingly completed by the end of 1912, and she sailed 
from Southampton in February 1918 with a company of twelve 
all told, of whom four formed the scientific staff. After the 
longest voyage ever made by a yacht under canvas, she sailed 
into Southampton again in June 1916, without having experienced 
accident to man or material. 

The course taken was through the Magellan Straits, and thence 
through the labyrinth of Andean waterways that stretch north 
therefrom, and are known as the Patagonian Channels. 

On reaching Juan Fernandez Island, the ‘Mana’ had to put 
back to Valparaiso because the geologist of the Expedition, the 
late Mr. F. L. Corry, had contracted typhoid fever on the Chilean 
coast. Mr. Corry never recovered sufficiently to allow him to 
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rejoin the Expedition. Hence no formal geological report on 
the island could be submitted to the Meeting. It was thought 
best, therefore, to endeavour to convey the conditions existent on 
Haster Island by means of a series of panoramic and other photo- 
eraphs, specially taken to illustrate geological features. As these 
very largely consist of coast-sections, the opportunity was taken to 
show, and explain, other pictures that were closely associated with 
them. Such were the ruins of the village called Orongo, consisting 
of pecuhar canoe-shaped houses built of imbricated slabs of shale, 
with the roof convex, both longitudinally and transversely, on its 
exterior aspect, and covered with earth. They are romantically 
situated on the rim of the voleano of Rano Kao, with an almost 
sheer drop of 900 feet into the sea, or of 600 feet into the crater- 
lake. At Orongo, too, are found certain large rocks, carved with 
the symbol of a bird-headed man, holding in its hand an egg. A _ 
cult, based on annually obtaining: the first-laid egg of a certain 
migratory sea-bird, was thus gradually brought to light, and. appears 
to be a unique form. A brief outline only could be given of 
some of the knowledge obtained concerning the peculiar routine 
associated with seeking, and taking, the sacred egg, and of the part 
which it occupied in the former religious life of the island. 

Proceeding along the coast, typical examples of the great terraces, 
and their giant stone figures, were shown, and their leading cha- 
racteristies discussed. A submarine freshwater spring, near the 
great image-terrace of Tongariki, and opposite certain typical 
lava-formed caves, gave occasion to the lecturer to explain how 
had arisen the longstanding, and world-wide spread report, that 
man and beast on Haster Island habitually drink sea-water, in the 
place of fresh. 

The old yoleano of Rano Raraku, the centre of the former 
religious life of the island, was then described. A series of 
panoramic pictures, preceded by an accurate survey made by 
Lieut. R. D. Ritchie, R.N., the Cartographer of the Expedition, 
showed a crater-lake surrounded by « rim of tuff which rises to a 
height of 540 feet above the surrounding plain. The plain is 
undulating in surface, formed superficially of hard, dense, but 
nevertheless vesicular, lava, and it rests on compact non-columnar 
basalt. One section of this crater wall, some 600 yards long, 
on both its interior and exterior aspects, was seen to be quarried 
right up to the highest point. On the mountain-face, both inside 
and out, large numbers of statues, in every state of completion, 
were to be seen. The largest of these measured 68 feet in length. 
Some of those excavated by the Expedition exhibited fine details, 
such as the finger-nails, in perfect condition. 

In conclusion, Easter Island might be described as a plateau of 
basalt raised from 50 to 100 feet above the sea. Superimposed on 
this were numerous cones ranging up to nearly 2000 feet. The 
plateau was covered but sparsely with soil, and could only be 
crossed with difficulty in any direct line. The cones, on the other 
hand, were generally smooth of surface, with a good depth of soil. 
Nevertheless the island is practically without trees, bushes, or 
shrubs. 
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XLIV. The Motion of a Particle on the Surface of a Smooth 
Rotating Globe. By FJ. W. Waippie* 

i, ae problem which is discussed in the following notes 
has not received the consideration which its physical 

interest merits. There is no reference to it in the standard 
text-books on Dynamics. 

Sprung considered it from the meteorologist’s point of 
view in a paper published in Wiedemann’s Annalen, vol. xiv. 
1881, and now accessible to English readers in Cleveland 
Abbe’s ‘ Third Collection of Papers on the Mechanics of the 
Karth’s Atmosphere, but he does not go into detail in 
the analysis of the various cases which can arise. He 
confines his attention to motion near the poles, and with 
reference to the wider problem he writes: ‘the solution 
of this problem leading to elliptic integrals does not seem 
to be worth while ....since the notion formerly enter- 
tained, that the particles of air actually follow the ‘inertia 
path’ has been completely refuted by synoptic weather- | 
charts.” The contrary view that the nature of the forces 
which produce the actual paths will be realized more readily 
and more fully if the “‘inertia paths” are known seems to 
be more consistent with general experience. The study of 
motion under no forces should precede the theoretical study 
of motion governed by pressure. 

# Communicated by the Director of the Meteorological Office. 

Phil. Mag. 8. 6. Vol. 33. No. 198. June 1917. 2K 
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2. For many purposes the departure of the earth from a 
spherical form can be neglected, and it is therefore in- 
teresting to approach our problem by considering, in the 
first instance, the motion of a particle on the surface of a 
smooth rotating sphere. The reaction between the particle 
and the sphere is in this case radial and so is the gravita- 
tienal force. Accordingly, the motion of the particle in 
space is the same as it would be if the globe did not 
revolve. The path relative to the centre of the sphere is 
accordingly a great circle. To fix our ideas we take a 
particle starting at relative rest in latitude >. Its velocity 
in space is R@cosd, where KR is the radius and @ the 
angular velocity of the phe The time of revolution of 
the particle in its orbit is 27R/(Re cos 2X) or Tsecd, where 
T is the period of the rotation of the sphere. Let us sup- 
pose that the particle starts from a point in the northern 
hemisphere. The track on the sphere leads southward to 
begin with. To find the angle at which it crosses the 
equator we notice that the relative velocity at the crossing 
is compounded of Rwcosd, making the angle X with the 
equator and of Rw along the equator. The relative velocity 
is therefore Ro sin A, in a direction making an angle )X with 
the meridian. The particle approaches the equator from the 
north-east. | 

At the most northerly and southerly points of the track 
there are cusps. The difference of longitude between con- 
secutive cusps on either side of the equator is (wl sec \— 27) 
or (secA—1)27. If the range of latitude is small, this angle 
is approximately X77 

The track can be specified i in polar coordinates Let A, @’ 
be coordinates relative to axes fixed in space, » being the 
latitude and @’ the longitude reckoned towards the east 
from a meridian which does not turn with the globe and 
which passes through the initial position of the particle. 
The coordinates of this position are Ao, 0. 

The angular distance moved by the particle is wt cos Xo, 
and we have the equations ! 

sin X =SsiN Ag COS (wt COS AQ), 

cos @ =cot), tan 2. 

Let ¢@ be the longitude reckoned towards the west from 
the meridian turning with the globe and passing through 
the initial position of the particle, then 

P+ =wt. 
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Hence the A, @ equation of the track is 

ae Be (=* ee tan X 

Baek cos sin Ag tam Na) 

Other tracks on the rotating sphere corresponding with 

other initial conditions will have similar features, though 

the cusps will not usually occur. In every case the track 

crosses the equator, and the velocity of the particle relative 

to the sphere reaches a value of the same order of magni- 

tude as the velocity with which the surface of the sphere is 

moving itself *. 

Fig. 1.- 

FIG. 

“PARTICLE ON SMOOTH SPHERICAL GLOBE 
45° “Kv. STARTING FROM RELATIVE REST IN LATITUDE 132°N: 

1300 PERIOD 24 HOURS 41 MIN. 

(0° og MAXIMUM VELOCITY 177s 

‘S500 

WAVE LENGTH 137 KM. 
SEQUIVALENT. TO 1023 OF LONG | 

3. Turning to the problem of the motion of a particle on 
a smooth rotating globe bounded by a “level” surface, we 
notice in the first place that every point on the globe isa 
position of equilibrium. As the particle moves on the sur- 
face the relative velocity V remains constant. Owing to 
the rotation of the globe, the track of the particle is curved. 

* The diagram (fig. 1) illustrates motion on a sphere with circumference 
40,000 km. rotating once in 24 hours. 

Ze. 2 
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It can be shown that p, the geodesic radius of curvature, is 
given ™ by the equation 

V?/o=2eV sind, . .7o Mee 

or Vv 
v= DES CHRON ° Be eke) fe (3 2) 

The curvature is to the right in the northern hemisphere, 
to the left in the southern. The equation indicates that if 
the velocity is small, so that variation in latitude is negli- 
gible, the track is a circle which is deseribed in the anti- 
cyclonic sense, 2. e. clockwise in the northern hemisphere, 
anti-clockwise in the southern. 

The time of one revolution is 27r/2@ sin X or 4 cosec A days, 
the length of one (sidereal) day being 27/o. 

At the poles the period is 4 day, in latitude 60° it is 
D8 day, and in latitude 30° it is one day. 

4, The case of motion in the neighbourhood of the pole is 
of special interest. , 

Jt the pole is the centre of the circle, then the velocity of 
the particle relative to the earth being 2wp the velocity in 
space 1s wp, z.e. the particle moves with the same speed 
as the ground over which it is travelling but in the opposite 
direction. The horizontal component of gravity, being suffi- 
cient to maintain in relative equilibrium a particle resting 
on the surface, is also sufficient to maintain in cireular 
motion a particle moving with the same speed in the oppo- 
site direction. Hvidently two such particles pass one another 
twice in the course of a day, so that the statement that the 
period of the relative motion is half a day is verified. 

If the track of the moving particle crosses the pole, the 
motion in space is simple harmonic. The acceleration due 
to the horizontal component of gravity is wr at a distance 7 
from the pole, and the period of this motion is one day. 
The same point of the surface of the globe is, however, 
under the particle at each end of its swing, so that the 
period of the relative motion is again seen to be half a day. 

5. In low latitudes the assumption that the variation in 
X may be neglected is not legitimate. In such latitudes a 
good approximation to the path may be found by writing A» 
for sind, so that p=V/2ar._ Lf we think of a belt near the 
equator as developed into a plane, RA is the ordinate of a 

* Various proofs of this formula have been given. Three of them will 
be found in the ‘ Computer’s Handhook’ of the Meteorological Office. 
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point on the track and the curvature of the track is propor- 
tional to the ordinate. The track is therefore an elastica, 
the curve made by a thin rod strained by forces applied at 
the two ends. The various forms which the elastica can take 
were classified by Euler. An account of these is to be found 
in Love’s ‘ Theory of Elasticity, vol. ii. The most detailed 
study of the subject is that of Hess (Math. Ann. 1885). 

As we wish to obtain numerical results, it is desirable to 
work out our problem without assuming a knowledge of the 
elastica. 

6. Let uw, v be the components of velocity towards the 
east and towards the north respectively. As the velocity 
relative to the earth is a constant V, 

w+e=Ve. 2 www. OD 

The forces acting on the particle are in the meridian and 
therefore they have no moment about the axis of the globe. 
Accordingly, by the Conservation of Angular Momentum, we 
can write down the equation 

R’ cosA[u+R'ocosr]=constant, . . (6°2) 

where R’ is the length of the normal terminated by the 
polar axis. 

If oM be written for the constant angular momentum 

M—R” cos?x 
oie wet Rh! cose meek ee) 

whence __ [R’sin?x—(R?—M) he 
u=o| R’ cosx i (eee) 

This equation holds good in the general case, whatever the 
latitude may be. When dr is fAncill throughout the motion 
1—M/R” is also small, and it follows that we may use the 
approximation 

u=Re[W—(1—M/R)], . . . (6:23) 

where R is the equatorial radius. 
The velocity in the meridian is given by 

dn 
v=Kh_. eee lit: vee ee 
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Hence R2 ($) = v= V2—y?2 

t 

= V?—R’o?/r?— (1— M/R?*) |? 

= R?w?[Ay?—A7] [A740], . . (64) 

where C is a constant, which may be positive or negative, 
and A,» is the latitude in which the particle is moving to the 
east. 

Thus x tol e—rA)O2+0)]2, . eae 

Three cases have to be considered, as C may take either 
sign or vanish. | 

7. Case L—C positive. 

Let C=),7p’, so that 

o dt= — ak Torry ore erp 2 OD 
The northerly component of the velocity vanishes only in 
latitude 7) North or South, so that the track must cross and 
recross the equator. The negative sign is introduced as, if 
the time is measured from the instant at which A=Apj, A will 
be decreasing to begin with. , 

To effect the integration, elliptic functions must be used. 
We write 

N=Apenar 4. 1.) CAC lies 

(Ap? =A?) 2 = Apso . °. ies 

(7g? + 7) VAS (ye? + 1) YA dina ea 

so that the modulus & is given by 

=? + 1)al, ee ee eee 

and the differential equation is satisfied if : 

raAo(p? +1) Mot 2°. | 

Comparison with equations (6°4), (6:23) shows that 

V=TRe(wet Ay ae... eee 

and =) u=RelV+sw—larAg | >. ae 

=Road,?(w?+1)[dn?y~—s].. . . (728) 

The longitude ¢ can be found from the equation 

dd Rae 
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If @ be reckoned from the meridian crossed at t=0 

y 
g=ro(ui +1)", (dn?y~—t)dy.. . (731) 

The longitude 4 of the point A, where the path crosses the 
equator for the first time, is given by writing y= K, where 
K is the quarter period of the elliptic ‘function, and, 
therefore, 

Oa Ao (? EL) — PK) wo C82) 

where, as is usual, We { s dna aye 
0 

Tables of the function zn ~ defined by 

v 
m= ( (dn? yr—E/K)dyy 

a 
have been published. 

In this notation 

Gna (pee Ue [ay+(R -3)¥]. GE) 

The angle « at which the track crosses the equator is 
given by 

ee eS ane? fibre in ara led 

so that cots = p ay ging = he 7 ay 

If the track is regarded as determined by V and «, then Ag 
may be found from equation (7°26), which takes the form 

m= /aesin§. ees Ca) 

From (7°25), (7°26) it follows that the periodic time is 

2K Ro 

2V 

The different subcases which occur as @ is given different 
values will be considered when we come to numerical 
examples. 

8. Case II.—C=0. 

In this case 

daivet deden ts. O21 CEG) 

adr 
HE BN ey 2 Pat hey ae Oe 
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The elliptic functions degenerate into hyperbolic functions, 
and the solution is given by 

N=Apsech we 6. ee Dien eee 

and b=Ay[tanhw—tw], . . 2 . (822) 

where p= Ng@E. er Ga 8 ks ener 

For large values of t, X tends to zero, so that the track 
approaches the equator asymptotically. 

9. Case IIIL.—C negative. 
Let C= —)j?4”, so that 

ok=— a 
[e=V=ae 

(9-1) 

The northerly component of the velocity vanishes for X=Apo 
and also for N=Aou, so that the path consists of loops on one 
side of the equator. 

The integration is effected by taking 

N=Ay dna“... een 

(Np?—AZ)¥2—= (1—p?)¥2rAysny . . . (9-22) 

(A? — Ag a”)? = (1L— pu?) "2 Ag cnr.) eee 

The modulus is given by 

Psl—p 8. ers 

and the.argument by ar=Agot. . . -. Eieieie geen 

Comparison with (6:4) and (6°23) shows that 

V=iRo(l—p ry. ee 

u=Redr,*| dn? w—F(1+p?) |... . (927) 

The longitude ¢ is found from the equation 

1D) =m met {3+ fv]. es 

The period for the velocity is given by w=2K, and the 
change in longitude during the period is therefore 

rAo| (L+y?)K—2EH] towards the west. . (9°31) 

10. Numerical Hxamples. 

In the following examples the velocity of the moving 
particle is taken as 10 metres per second. The dimensions 
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and period of rotation of the smooth level globe are those 
of the earth. Thus we have 

V=10m./s.=864km./day - 5 -(0:1) 

ay 4x 10 lemi/dayer Hock /s. ee GlOea) 

iy ‘ aR 
ara 0216 and AE AG. CLOF a 

Case I.a.—r,)=0. The particle is projected along the 
equator from west to east and continues to move along 
the equator. 

Case I.b.— When yo is small, w is large and k is small. 
The elliptic functions may be represented with sufficient 
accuracy by circular functions, as in the analogous case of 
the pendulum. 

Here 2Vo 
A= COS ae . ‘), 

o= Vit/R. 

a EO areas ae The period =2r py ae = 4°38 days. 

The wave-length =4160 km. 

Case I.c.—As Xp is increased, the angle at which the 
equator is crossed is increased. If the equator is crossed at 

right angles — and therefore w=1, k=1/¥V2. 

The tables give H=1°351, K=1°854, and hence the 
formule (7:6), (7°32), (7°5) show that the period 
=136 hours=5°7 days, the wave-length=2240 km., and 
the amplitude RA)» =935 km. 

Case I.d.—If Xp» is increased still further, the equator is 
crossed in the retrograde direction. The distance between 
successive crossings is reduced. The distance vanishes when 
the relation between the elliptic integrals is H=3K. The 
track is now a figure of eight. The solution of the equation 
H=$K is k=sin65°35=-909. This gives us p='459, 
RA »=1200 km., and the equator is crossed at 1307, 
The period (found by writing K=2°321 in (7°6)) is 
7:1 days or 170 hours *. 

* The solution of E=iK is given by Hess (/. c. p. 27) and Love 
(i. c. p. 53) as k=sin 64°05. Comparison with Legendre’s Tables 
(Fonctions Elliptiques, table viii. p. 290) shows that the correct solution 
is that given above, 
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Fig. 2. 

CASE Ia. 

‘STEADY MOTION ALONG THE EQUATOR. 
EQUATOR 

RS RS SSS SS 

CASE Is. 4 | 

NEAR THE EQUATOR CURVE OF SINES: PERIOD 16 HourRS. WAVE LENGTH=4,160kM: 
10 m/s 

J000 2000 3000 U KM. 

CASE Ic. 

410° jgqg EQUATOR CROSSED AT RIGHT ANGLES. PERIOD 136 HouRS. WAVE LENGTH= 2,240 kM. 
10 M/s: 

6 500 

CASE Ip: 

EQUATOR CROSSED AT 131° PERIOD: 170 Hours. REENTRANT PATH, 

10 M/S 
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Case I.e.—Further increase of \o leads to looped tracks 
in which the motion is, on the whole, from east to west. 
As an example, we take the case in which the equator is 
crossed at 150°. 

it Aube iy ee mee p—cot fo —="268, ro=4 | oe sin 7)°=°201, 

Rea 1280 km., c= sin) 15> = -966. 

The tables give K=2°7681, H=1-0764. 

Hence by (7°6) and (7°32) the period = 203 hr. = 84 days and 
the wave-length =1630 km. 

To determine the size of the loops we require the positions 
of the double points. These are found by solving the 
equation 

on r+ (xR 5) ¥=0, 

obtained by writing ¢=0 in (7°33). 
The root is found to be approximately ~w=2°03. The 

latitude of the double points is given by 

N= Np cn W="208 Ay. 

Henee AR= 266 km. 

The width of a loop can be determined by investigating 
the points where wu, the easterly component of the velocity, 
vanishes. The condition (derived from (7:27)) may be 
expressed in the form 7 

on p= [4(L—n) 2 
This equation is satisfied in this particular case by ~=iK, 
and on substitution in (7°33) we find that the half-width of 
the loop is 368 km. 

Case I1.—As the interval between the loops is increased, 
we approach the limiting case in which the equator is 
asymptotic to the track. 

In this case 7A)= o — +908 (by writing = i (io). 

and therefore A,\R=1324 km. 
To determine the size of the loop, its width and also the 

position of the double point must be found. To find the 
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width we determine the points at which the motion is north 
or south by solving the equation (8°22) 

d 
- = Wz "| sech? yr—4|=0. 

‘Pig. 3. 
CASE Ie: 

EQUATOR CROSSED AT 150: PERIOD-203 Hours. WAVE LENGTH 1,630 Km. 
10 m/s RETROGRADE MOTION IN. 

io 1000 LONGITUDE. 

5 500 ae 

O° ar a 

. 50d 
6 

1000; 

10° : 

Day CASE 
ASYMPTOTIC APPROACH TO EQUATOR. WIDTH OF LOOP 704 xm. 

40° LATITUDE 11-9. TIME ROUND LOOP 70 Hours, 
™ 19000 

10 M/8; 

5° 500 

rai (iste eee i ‘ a 

207 CASE Illa. 
000 APPROXIMATELY CIRCULAR PATH WITH DRIFT TO WEST I50kM.EACH REVOLUTION, 

LATITUDE 16-85° one 
15° Ge ) 
1500 : j; 

LATITUDE (1-97 
Gon 

4006. Ae Dies i fe ea 
; WIDTH OF LOOP 482KmM, E.AND W. FROM N. CURRENT 20 5; 

632KM. FROM S. CURRENT LON, 
5° 500) RANGE N, AND S. 550KM, 

f 
fit eS a ae gt et re rr Ss tt 
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The smallest positive root is yy=°881 and, for this value 
of Ww, tanh p=1//72="707. Accordingly, the half-width 
S 1 

R= RaA,| tanh p—4y ] =1324 x -266 km. 

=352 km. 

The position of the double point is found by solving 

tanh y= 4p. 

The positive root of this equation is Ww=1:915, which 
corresponds with X=*2884),) and RA=382 km. 

The tangents at the double point are inclined to the 
meridian at an angle 

cos”? (2 sinh yr sech? yr), where p=1°915. 

This angle is equal to 56%5. 
The time taken in describing the loop is 2WJAow, or 

2-9 days. 

Case IlI.—If the particle is projected eastwards at 
10 m./s. at a point whose distance from the equator exceeds 
1324 km. the track lies entirely in one hemisphere and 
consists of ‘loops. 

A simple example is found by choosing p in the notation 
of § 9 as 1/72. It follows that 

4 
BAe hy 294, Pry = 208, 

Viv Lot km. and? ei — 1320 kein. 

The last two of these data are the distances from the equator 
of the points where the motion is eastwards and westwards 
respectively. 

‘he period for the velocity is 2K/Ajw or 48 hr. This is 
the time from the north of one loop to the north of the next. 

The change in longitude during this period is 

Aol 1+ hw?) K—2E] towards the west. 

On substitution of the values of EK and K, viz. E=1:3506 
and K=1°8541, we find that the distance between the most 
northerly points of successive loops is 150 km. 

The positions of the double points, which have the 
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same longitudes as the most northerly points, are found 
by solving 

wo(- Bs 
or mn w= "0215p. 

The positive root is w=1'69. 
The distance from the equator of the double point is 

Rvp dn(1°69) =1330 km. 

To find the width of the loop we proceed as in Case II. 
above. From equation (9°27) the most easterly point of a 
loop is given by ~ 

dn? y—2=0. 

This is equivalent to sail 
mee 

and hence from the tables ie a —-896. 

The difference of longitude between the most northerly 
and the most easterly point of a loop, found by substituting 
the value of yf in the formula (9°3) 

Rod=RrA,(zn p—-0215), 
is 241 km. 

It has been shown already that the displacement from loop 
to loop is 150 km. Hence the width of a loop measured from 
a point where the particle is going north to the next point 
where it is going south is 482 km., whilst the distance from 
the latter point to the next one where it is going north is 
632 km. 

11. The formule which have been used in the foregoing 
investigation are only approximate, and it would not be right. 
to use them in higher latitudes. It is evident, however, that 
the loops will become more nearly circular as the poles 
are approached. The classification may be extended to 
distinguish : 

Case III. a.—Loops not passing through or including the 
pole. 

b.—Loops passing through the pole. 
c.— Loops surrounding the pole, pole not central. 
d.—A circle of latitude. 
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12. The classification which has been adopted for the 
tracks of particles moving at 10 m/s. holds good for all 
velocities comparable with wind-velocities and therefore 
of practical interest. It may be noted, however, that for 
sufficiently great velocities the classification would break 
down. Cases III. a, 6, and Case II. become identical for 
the path which crosses the pole and is asymptotic to the 
equator. Such a particle tends to a position of rest relative 
to axes fixed in space, and it follows that the velocity of pro- 
jection from the pole must be equal to the absolute velocity 
of a point on the equator. 

Cases III. ¢ and d are possible when the relative velocity 
does not exceed twice the absolute velocity of a point on the 
equator. For velocities above that limit all tracks cross 
the equator. 

XLV. Notes on the Absorption of X-Rays. 
By Tycuo H:son Aurséy, Dr. phil.* 

I. Introduction. 

2 tha coefficient (~) for the absorption of X-rays is found 
by means of the law 

= ene e : = : = = = (1) 

where J, is the intensity of the incident rays, I that of trans- 
mitted rays, and d the thickness of the sheet of a definite 
material. As the above law only holds under the condition that 
radiation is homogeneous, and a perfectly homogeneous radia- 
tion of sufficient intensity is not easily brought about, there 
arise, already from this cause, serious difficulties as to the 
exact determination of absorption coefficients. Moreover, 
other difficulties are presented by the fact that the intensity 
of radiation in the bulb is continually changing, and that 
the intensity of the rays will be diminished not only by absorp- 
tion but also by scattering. Thus the determinations made, 
up to this date, of absolute absorption coefficients seem to be 
rather uncertaint. Nowadays, the ratio of absorption is 

expressed by the mass-absorption coefficient a which is 

obtained by dividing the absorption coefficients by the 
density (a) of the absorbing material. 

W. H. Bragg and Pierce { have, instead of the coefficient 

* Communicated by the Author. 
7 Compare Bragg and Pierce, Phil. Mag. xxviii. p. 626 (1914). 
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just mentioned, made use of the atomic absorption coeffi- 
cient that expresses the proportion of the energy of an 
X-ray pencil which is absorbed on crossing a surface on 
which les one atom to every square centimetre. This kind 
of expression will in many cases be preferable to the mass- 
absorption coefficient, because the atomic absorption coeffi- 
cient can be more easily than that coefficient compared with 
other characteristic constants of the atom. As the mass of 

an atom can be easily calculated - is obtained by dividing 

the atomic absorption coefficient by the mass of the corre- 
sponding atoms. 

The relation of the absorption coefficient and the wave- 
length (X) can be expressed approximately by the formula 

ee | BN ee 

where A and wz are constants. w# seems to have the same 
value (about 3) in all materials. 

The relation of the atomic absorption coefficient (a) and 
the atomic number is given by Bragg and Pierce in the 
formula 

a= ON, \ 0) en 

where C is a constant and N the atomic number. 
From the formula (2), it follows that the ratio of the 

absorption coefficients of two materials must be constant, 
2. e. independent of the wave-length, and according to the 
formula (3), this ratio might be expressed by the ratio of 
the fourth powers of the atomic numbers of the respective 
elements. The fact that the ratio in question is really constant 
in the case of rays of widely different wave-lengths was first 
pointed out by Barkla and Sadler * and, later on, it has been 
confirmed by Bragg and Pierce f. 

In the following table, the values found by the last-named 
scientists for the ratio of the atomic absorption coefficients of 
a few elements are compared partly with the ccrresponding 
values which I have calculated from the values found by 
Barkla and Sadler of the mass-absorption coefficients, partly 
with the values I have found by means of the method 
mentioned below. In column 1 are noted the average 
values found by Bragg and Pierce by means of the charac- 
teristic rays from Ag, Rh, Pd; in column 2, those found by 
Barkla and Sadler by similar radiation from Ag; and in 

* Barkla and Sadler, Phil. Mag. xvii. p. 739 (1909). 
+ Bragg and Pierce, oc. ct. 

e 
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column 3, those found by the same scientists by character- 
istic radiation from Cr, Fe, and Co; and in column 4, those 
found by myself, by using non-homogeneous rays from an 
X-ray bulb with an anticathode of tungsten which have been 
filtered through an aluminium screen :— 

TABLE I. 

: 2. : 4. 
Bragg and Pierce | Barkla and Sadler Aurén 

Elements. with rays from with rays from with non- 
homogeneous 

Nevoh wkd pl Aes Crake Con) or 

2 15-2 14°3 1-69 13°4 
DG 1°30 1:37 1-22 1:30 
C1 ee 1-17 1:15 1-21 1-10 
iy) Cr eee 1:13 ea 1:22 1:15 
JE iO. Geeta 163 163 Pe hel | 156 
leo 764 7:69 161 1:76 
S10) /:\ oe 1:33 1°37 1:37 1-04 
22 LE ree 1:05 1:10 [1-06] 1:02* 
21), 6) oe 7:28 786 | [11:8] S20" 

* Au=540 from curve, fig. 2. 

The agreement between the various experiments is, on the 
whole, remarkably good, and where sensible changes have 
been observed they may easily be accounted for. Within 
the range of selective absorption, this law does not hold, 
and, from what I have found, neither does it hold when rays 
of greater wave-length (soft rays) are examined. Though 
the agreement between the values of the first, second, and 
fourth columns, in all cases but one, is good, the values of 
the third column differ from those in regard to the combi- 
nations Fe/Al and Pt/Al, which are toolow. As for the com- 
bination Pt/Ag, the values in the first and second columns 
agree between themselves, but these values do not agree 
with the values in the third and fourth columns, which, on 
the other hand, closely agree between themselves. The 
cause of the want of agreement between the said couples 
certainly depends on the fact that one of the constituent 
metals of the combination enters into the range of selective 
absorption in using the radiation in question. As it appears 
from the experiments of Barkla and Sadler, it is not here the 
case that the relation between the absorption coefficients is 
independent of the wave-length. 

The ratio of the atomic and molecular absorption coeffi- 
cients respectively is, in the ensuing pages, expressed by 

Pint. Mag. 8.6, Vol 33.No, 198. June 1917. 2 Ti 
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X.a.k. and X.m.k., and the absorption coefficient of the 
element in question is always compared with the absorption 
coefficient for water. Since, as shown aoove, the relative 
absorption coefficients are independent of the wave-length, 
and so are more easily to be exactly determined than the 
absolute absorption coefficients, and since they, as a rule, in 
different elements, plainiy differ from each other, the relative 
atomic or molecular absorption coefficients may probably: 
very well have the faculty of characterizing different species 
of atoms or molecules. 

In making the inquiries which I am going to describe 
in the following pages I have tried to determine the relative 
absorption coefficients for several elements. As it has been 
found possible to determine tle wanted constants in solutions, 
and as many elements are attainable without difficulty in the 
form of solutions, whereas they cannot at all or only with 
difficulty be obtained in solid or gaseous state, under con- 
ditions to allow the examining of absorption, I have chiefly 
made use of solutions. From the many experiments made on 
the absorption of X-rays, we infer that, “‘ Though the experi- 
ments undertaken in cases of different density, temperature, 
and chemical combination may not nearly possess the required 
degree of experimental accuracy so as to eliminate every 
influence on absorbability, it may be stated as certain that 
the power of absorption is essentially determined by the 
properties of the atom” *. In calculating the relative atomic 
absorption coefficients from the values of the molecular ab- 
sorption coefficients of the elements examined, I have, 
consequently, started from the principle that the absorption 
of the solution is additively determined by the absorption of 
the constituent atoms. 

Il. Method of Investigation. 

In order to exclude errors due to incessant changes in 
hardness and intensity of the radiation, as well as only to | 
have to make null-point-adjustments, my experiments have 
been arranged in the following manner. ‘l'wo pencils of 
rays have been made to pass, one through the element the 
X.m.k. of which is to be determined, and the other through 
a sheet of water the thickness of which could be varied. The 
thickness of the water sheet is regulated so that the intensity 
of both the pencils of rays is equally great. This, on the 
other hand, can be determined by observing when the 
currents of saturation in two ionization-chambers, into which 

* Pohl, Dee Physik der Rontgenstrahlen, p. 91 (1912). — 
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the two pencils of rays are allowed to penetrate, become 
equally strong. By combining the ionization-chambers with 
each other so as to make the two saturation currents 
neutralize each other, the null-point method can be 
used. After determining the thickness of the water sheet 
the relation between the absorption coefficients of the 
element examined and of water is easily found. The experi- 
mental arrangements are more plainly made out by the 

Fig. 1. 

schematic figure (fig. 1) above. The two ionization-chambers 
(A and B), consisting of metallic boxes, in which as elec- 
trodes, insulated from the boxes by sulphur, metal sheets are 
fixed, and each of which is supplied with a mica window 
(2°5 cm. diam.), are, by way of avoiding influence from the 
bulb and from the high-tension wires, placed in a large 
earthed metal box (C), the front of which is a lead screen 
(D). Just in front of the said mica windows, apertures are 
made in the lead screen, and before these, there are two 
absorption vessels (H and I’) at a distance of 4 cm. from 
the respective ionization-chambers. In one of these are the 
parallel walls, bounding the liquid sheet to be examined, 
at a distance of 1 cm. from each other, and made of thin 
mica, whereas the other walls are made of glass. The vessel 

2L2 
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is furnished with two additional pipes, one in the lower and 
the other in the upper part of it. By means of a short 
tubing the lower one is connected with a vessel containing 
the liquid to be examined. The other pipe is applied for the 
purpose of sucking up the liquid into the vessel. ‘The other 
absorption vessel, that in what follows is designated as the 
comparator (I), consists of two parallel brass lamin, pro- 
vided with round apertures (3 em. diam.), covered with thin 
mica, and the borders of these laminze are connected by 
rubber cloth so that a water-tight bag is obtained. To the front 
lamina is applied an additional tube (G), that communicates 
by a rubber tube with a water-cistern, from which the vessel 
is supplied with water. Thetwo brass lamine are firmly fixed 
in a dividing machine (M), so that by the aid of the screw 
of the machine they may be caused to slide on each other, 
and so the thickness of the water be changed, and this change 
be accurately determined. The bulb, consisting of a Siemens 
tungsten tube with fin radiator for cooling the anticathode, 
through which passes a current of 0°5-1 milliampere, is placed 
in a box (1), coated with lead, and furnished with two apertures 
directly in front of the two absorption vessels. For the pur- 
pose of filtering, an aluminium screen (H) 1°25 mm. thick is 
applied. ‘The ionization-chambers are charged up to + 220 
and —220 volts respectively, and the electrodes in thein 
are connected with each other as well as with a string- 
electrometer (K) of Lutz-Edelmann, in which there is a 
Pt-string of 0°:001 mm. thickness. The sensibility of the 
electrometer amounted to about 1 volt for one division of 
the scale. All the conductors are protected by metal tubes, 
which are earthed (J), and the electrometer-string (S) also, 
by means of a simple key (L), can be earthed. As current 
source for the bulb, I have used a high-tension transformer 
of Siemens’ construction. 

The determinations were carried out in the following 
manner. The absorption vessel is first filled with water, 
whereupon this, as well as the water-filled comparator, was 
exposed to radiation. The electrometer-string having been 
momentarily earthed, it is observed to which side the string 
seems to be moving. By augmenting or diminishing the 
thickness of the water-sheet in the comparator, radiation in 
the two ionization-chambers can be made to be equal in 
strength, in which case the currents neutralize each other, 
and the electrometer-string will remain at rest. The position 
of the screw (d,) is read, whereupon the water of the 
absorption vessel is exchanged for the solution whose ab- 
sorption coefficient has to be determined, the comparator is 
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readjusted, and the position (d,) of the screw is read again. 
The change of the thickness of the water-sheet (d2—d;) 
depends evidently on the difference of absorption in the 
solution and of a water-sheet of the same thickness (1 cm.). 
If we suppose the intensity of the incident rays at the 
absorption vessel to be I and at the comparator Al, and the 
absorption coefficients of water and the solution to be wu, and 
4, respectively, then it follows, after the first adjustment, 
that 

fe Pe eliza, 

and after the second adjustment, that 

lets = kle~ Hote, 

whence it follows that 

bes — Pow = fw(d2— dy); 

or, when the absorption coefficient of the dissolved substance 
(Mz) = es Bes 

= =d,—d). 

Now X.m.k. (p) is readily found if the number of molecules 
in one litre is calculated. Since pure water contains 
55°5 gram-molecules H,O, and the solution m gram-molecules 
of the dissolved substance per litre, we obtain 

(dy—d,) 55°5 
mm 

We tids 105 

This formula presupposes that the water quantum of the 
solution is the same as that of pure water, which case 
only can be thought correct when working with diluted 
solutions. When working with highly concentrated solu- 
tions, a correction for the wanting water quantum must be 
made. This correction is readily calculated when the specific 
weight of the solution is known. The value of d, is aug- 
mented by the thickness of the water sheet that should be 
added in order to keep the water quantum of the absorption 
vessel unaltered. Although, no doubt, part of the rays, 
scattered from the absorption vessels, have penetrated into 
the ionization-chambers, no special correction of the fault 
originating from this source has been made. The intensity 
of the scattered rays must needs be thought almost equal, 
because the density of the solutions has very nearly been the 
same as that of water and the mass-scattering coefficients of 
light substances within’ wide limits are independent of the 
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wave-lengths, as shown by the experiments of Barkla. When 
making controlling experiments, the absorption vessels being 
placed at a distance of 16 cm. from the ionization-chambers, 
the same values of p have, within experimental error, been 
observed. 

Although the equation (1) whence /4) is deduced only holds 
when the radiation is homogeneous, this formula, according to 
Barkla’s law, confirmed by various experiments (pp. 472-473) 
must hold as well when non-homogeneous radiation is used, 
supposing that the wave-lengths of the rays are not the same 
or nearly the same as those of the characteristic radiation of 
the element to be examined, and that rays of too great a 
wave-length are not used. 

In the radiation used by the author from a bulb with an 
anticathode of tungsten, and with a spark-gap of at least 
10 cm., the rays have been filtered through an aluminium 
screen 1:25 mm. thick. By the heterogeneous radiation, 
the rays of a greater wave-length have thus been filtered 
away, and the rest must certainly have got a decided 
maximum of intensity. When heterogeneous rays from a 
bulb with a spark-gap of some centimetres are transmitted 
by an aluminium screen sufficiently thick, the passing rays 
may practically be considered as homogeneous*. When 
changing the spark-length at the bulb, there has not in any 
case been observed either in lighter or heavier substances any 
influence on the determinations of the relative atomic ab- 
sorption coefficients. Within the range of the wave-lengths 
used by the author, the determinations of these coefficients 
are independent of the wave-length, and thus Barkla’s law 
must be applicable. 

By determining in the ordinary way the thickness of the 
aluminium sheet necessary to diminish the ionization by 
about half, the absorbability of radiation could, by means of 
formula (1), approximately be determined. Thus the ap- 
proximate wave-length could be evaluated+, and as a mean 
value X=0°35.107% was obtained. Among the substances 
examined certainly W, and probably also Ce and Ba, have 
entered into the range of selective absorption. 

The rays I have made use of have not been homogeneous, 
itis true, but in determining X.a. k., with regard to absorption 
for different sheet thicknesses, they:have behaved in the same 
way as if they had been homogeneous. Indeed, it appears 

* Compare Kaye, ‘ X-Rays,’ London, 1914, p. 103. 
+ Barkla and Dunlop, Phil, Mag. xxxi. p. 229 (1916). 
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from the experiment, exhibited in the following table, that 
X.a.k. for aluminium is independent of the thickness of the 
absorbing screen. 

TaB_e If. 

Thickness of Thickness of X. a. k. 
aluminium screen water sheet in _ (@,—4,) 55°5 

in em. (a). em, (d,--d,). (mm. ae t 

0:06 0°38 3-5 

0:09 0-60 3-7 

O-11 0-71 3°6 

0-25 1-51 33 

Mean 3'5 

In the following table there is exhibited as a proof a 
series of observations, respecting absorption in aqueous 
solutions of KCl of various concentrations. 

Spec. weight. 

1:0897 

1-0740 

1-0540 

1:0396 

10189 

Tasue III. 

Thickness of water sheet 

Number of in em. (¢,—d,). 
gram-molecules X,m. k. 
KCl pr 1.(m.). 

obs. corr. 

359 1-06 1°18 18-2 

2°84 0:98 1:07 20°9 

2°46 0:87 0:94 21°3 

2°02 0:67 0-73 20:0 

168 0°56 0-61 20°1 

1:22 0:49 0°52 23°6 

0-88 0:27 0°29 18°3 

0°43 0°16 ~ 0:18 23°2 

11515 

1:1260 

1:1088 
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The agreement between the values of X.m.k. found in the 
various concentrations (which in other experiments have, as 
a rule, been greater than in the above instance), is, asis shown 
here, rather good. The special values, from which the 
average values of Table IV. are calculated, generally differ 
at the most by 5 per cent. from the average numbers. The 
values of X.m.k., measured after this method, are, as shown 
in Table III., within experimental error independent of 
concentration in the solutions to be examined, apart from 
colloidal solutions. The fact is that for solutions that are 
strongly hydrolyzed, and then partly pass into a colloidal 
state, e.g. FeSO, that has been oxidized by the contact of 
air, Na,HAsQO,, &c., absorption increases with increased 
dilution, about which see further on (p. 485). The concen- 
tration of the examined solutions has mainly been chosen so 
that (d_—d,) has, at the utmost, reached about 1°5 cm. by 
the way of avoiding the correction necessitated if the posi- 
tion of the comparator is too much changed relatively to the 
bulb. 
When elements insoluble in water have been investigated, 

especially organic fluids whose absorption is less than that of 
water, another absorption vessel containing a water sheet of 
1 cm. thickness has been placed before the absorption vessel. 
Then absorption has been examined when this vessel has: 
been empty, as well as when it has been filled with a liquid. 
After reading the thickness of the water sheet (d,—d,) in 
the comparator, we directly find the thickness of the water 
sheet that corresponds to a sheet of liquid in question 1 cm. 
thick. In examining absorption for metals, the procedure 
has been similar. 

III. Results of Experiments. — 

The following table gives a survey of the valuesof X.m.k. 
I have found when examining the solutions named in the 
table. For each substance, as a rule, J have carried out 6-8 
determinations with various concentrations or, if this has not 
proved possible, several determinations for the concentration, 
and the values seen in the table are average values of these 
determinations. 
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TABLE LV. 

Concentration 
Substance. in gram- 

molecules pr 1. 

C,H, (Benzene) 
CH,O (Methyl alcohol) ... 
0,H,,O0 (Buthyl alcohol)... 
C,H,O (Acetone) 
‘HO (Ethyl ether) 
3H,O (Propyl alcohol) .. 
H,),S8i 
EEE S1(CE oy seec acs! « ; 

Creek to 

(C, 
NO. 
4N 

Et NO > (Nitro-benzene). 
,H,N N (Pyridine) 
nai NH, (Aniline) 
Cl 

ye ae hash 

0°25—0:031 
0-2 —0:05 

0:035 
0°125—0:031 

0-125 
0:08—0-02 
0:05—0°013 

481 
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Table V. shows a survey of the values of X.a.k. I have 
found when examining metals ina solid state. 

TABLE VY. 

Thickness of 

Metal. metal sheet Gays le, 
in cm. 

5 TR ee Ne 0:06—0:25 5) 

RILEY SNR: dU SRN 0:005 47°3 

SUE Doh LAL AIO 2 0-01 57:0 

(OLS DT RA 0-006 65°4 

Sie ae Ae 0'0047 3ll 

The relative atomic absorption coefficients of the elements 
that are components of the combinations seen in Table IV. 
have been calculated and brought together in Table VI. In 
these calculations, I have started from the values of X.a.k. 
for oxygen and hydrogen, which are readily obtainable from 
the determinations of X.m.’k. for NaClOs, NaCl, and H,O. 
The difference between the values for the former combinations 
is 2°7; and as this difference depends on 3 atoms of oxygen, 
the X.a.k. of oxygen will be 0°9. Since X.m.k. of water is 
1:0, we likewise find the value of X.a.k. of hydrogen to 
be 0:05. By the intermediary of the values of oxygen and 
hydrogen, we can then easily find X.a.k. for Cl from HCl, 
for S from H,SQ,, for N from HNOs, &., whereupon the 
values of X.m.k. for the combinations X.a.k. for the other 
elements have been calculated in the same way. After 
examining two or more substances, from which the value of 
X.a.k.for a certain element has been calculated, the especial 
values as well as the mean value have been given. The table, 
moreover, gives the so-called atomic numbers, in which case 
I have used the numbers that of late years have been in | 
common practice (Moseley, Rutherford, &c.). 

Apart from the deviations in Co aa W, X.a.k. steadily 
increases along with the increasing atomic weight. 

As to the deviation for W, it certainly depends, as shown 
before, on selective absorption. In relation to, X-rays, Ni 
appears to occupy the place between Co and Cu, accordingly 
not the place due to its atomic weight *, and from a chemical 

* Compare Pohl, Die Physik der Rontgenstrahlen ; Moseley, Phil. 
Mag. xxvi. p. 1031 (1918); Barkla, Phil. Mag. xiv. p. 408 (1907). 
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Substances examined. 

TABLE VI. 

ed Elements. X.a.k. 
number. 

Dike Aaa te H 0:05 
SEE ieee C 0°46 | 

: De N 0°63 

PoP hes JES O 0:9 
Lo Ls gl al Na 19 

Maes aa g2h Os. Mg 3°5 
EE eae Al 34 
EES recess, Si 471 

LH lasek oat ee = 5°68 
LCR Seen ae Ss 7°78 
1 igi hel poh oe Cl 9°5 
| Od ae ree K 111 
ales S358 fy Lee Ca 14°4 
2 Cr 24-1 
C4 ye aa ole Mn 41°4 
BAN sos kde as Fe 45°5 
Ps sul sks Co 53:9 
BM 32 5 ou Ni 59-4 
asc. 6 se Cu 65:1 
2 ea Zn [5:4 

MMs co calcio As 128 
21) Ses Br 154 
26) Stn Sr 173 
BE elo wieis sa. Mo 244 
a ne Ag 300 
215, Oa ern Cd 3U1 
DO 3 Sn 311 
SL oe 28 Se T 315 
7 Np ih ea Ba 334 
BES) Neca eee 3 Ce 327 
7 SR Nk Ne WwW 308 
7 fe aE ee EB Pt 529 
AO Shan Ae Hg 547 
Oe 1 ee Pb 569 
5: eee se 9 Bi 677 
sarap ae U 1123 

Methyl! Alcohol... 0°46 
Buthyl alcohol ... 0°48 
Propyl alcohol ... 0°46 
‘A CELONG) Jacedesbanins 0°46 
Ethyl ether ...... 0-48 
Benzene? 2.8.22 o5e. 0°45 
iAerilinie$ 42 2 Ueeae 0:44 
IP VmiGNG: <.on sae 0°45 
Nitro-benzene 0°45 
PUNO} Seo! eae 061 
NAL INOR ease: 0-64 

NaOH ror ct ssees 1°8 
NACE yf eis ce: 2-0 

(CHE) SIs scusccrs: 39 
(C,H,)S8i(CH,),... 42 

7S Oey: Se Reema TES 
ZENS OU og kG hohe 73°4 

(Metal.) 
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point of view, there seem to be various reasons why the former 
place should be appropriate to Ni in the periodical system. 
X.a.k. for Ni being greater than for Co, is consequently in 
in good agreement with what is hitherto known about this 
metal. For Mg and Al I have found approximately the 
same value of X.a.k., but this certainly depends upon an 
experimental error, and even a slight one can in this case 
be rather mischievous, first because the difference between 
X.a.k. for both metals is a slight one, and again because 
X.m.k. of the respective salts is mainly determined by the 
acid radicals. 

From the Tables V. and VI. it appears that X.a.k. for Al, 
Ni, Fe, and Cu has got very closely the same value, whether 
the values are calculated from the experiments on the re- 
spective elements in the metallic state or in the form of salts. 
From the values for Na and Zn it is clear that X.a.k. is, 
within experimental error, independent of any chemical 
combination the constant may be deduced from. ‘These 
experiments consequently confirm what has been generally 
admitted in regard to absorption of X-rays: that it does not 
depend on any state of aggregation or any way of chemical 
combination. 

In the following table there are given the values found by 
the author for X.m.k. for a solution of FeSO, of different 
concentrations, with the calculated values of X.a.k. for Fe; 
X.m.k. of the SO, ion being, according to the values in 
in Table VI., 114. | 

Tas.Le VII. 

Number of Thickness of 
gram-molecules water sheet 

per l. (d,—d,). 

1:08 1:03 

0°81 0-78 

0°54 0°55 

0°41 0-42 

0°27 0:28 

0133 0°14 

From the table we see that while concentration is de- 
creasing, the value of X.m.k. is continually increasing, 
which seems to be owing to the fact that the salt, being 
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oxidized by the contact of air and hydrolyzed by dilution, 
partly passes into a colloidal state. As I pointed out earlier, 
other solutions, that behave in the same way when diluted, 
display the same property with respect to absorption. The 
cause of absorption being greater in colloidal solutions seems 
to be the fact that, as shown by Galecki*, the number of 
particles irradiating a colloidal solution by X-rays is strongly 
diminished, in which process part of the radiation energy 
is required for the disintegration of the particles. 
When values for bivalent Fe have been found in greater 

concentrations, they seem to be more exact than those found 
at a greater dilution. The mean value, 41°8, of the two 
first determinations is considered to give the probable value 
of X.a.k. for bivalent Fe, this value, however, seems to be in 
reality somewhat too high. The difference between this and 
the value of trivalent Fe, 45°5, found on examination, is 
scarcely within experimental error, and, therefore, bivalent 
Fe is likely to have a lower absorption coefficient than 
trivalent Fe. 
X.a.k. of carbon from cyclic combinations (benzene, aniline, 

pyridine, nitro-benzene) seems to get a lower value than that 
of carbon from the alifatic series, which fact may be traced 
to some difference in the inner structure of the two kinds of 
carbon. Since, however, as it appears from the figures quoted, 
a slight uncertainty with respect to X.a.k. of the elements 
forming combinations with carbon may in a high degree 
influence the results, there cannot, it seems, at present 
be drawn any trustworthy conclusions from the differences 
that have been observed in the measure of the absorption 
coefficients for different organic combinations. By continued 
researches the author hopes to be enabled to elucidate this 
question. As the sensibility of the methods used here can be 
increased, it will be possible to increase the exactness in 
determining the relative absorption coefficients. 

In the same range of ideas, it seems worth noticing that 
the error in the values found for X.a.k. must be regarded as 
greater for the elements calculated from combinations whose 
X.m.k., estimated in percentage, is mostly determined by 
other component parts of the combinations, e. g. Na from 
NaCl and Al from Al,(SO,)3. 

The comparative slightness of the error is made plain by 
the good agreement between the values deduced from the 
above combinations as well as from the same elements in 
other combinations or in form of metals, e. g. for Na from 
NaOH and for Al from aluminium metal. 

* Kolloidal. Z. x. p. 149 (1912). 
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From the different values of X.a.k. I have tried to 
ascertain for different elements, there is evidence for 
believing that there exists a simple relation between the 
above-named quantity for a certain element and the atomic 
weight or atomic number. According to Bragg and Pierce, 
the atomic absorption coefficient is thought proportional to the 
fourth power of the atomic number (3), but after the results 
brought out by my experiments this cannot hold. Since 
Bragg and Pierce have only tested a few elements, the lack 
of agreement in this respect between their results and mine 
will be easily explicable. 

jt 
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Atomic number. 

The connexion between X.a.k. and the atomic number is 

graphically brought out in fig. 2, where the atomic number 

put as abscissa and the corresponding value X.a.k. (Table VI.) 

as ordinate. The curve displays the values of X.a.k., arranged 
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in groups, in which the especial values are proportional to 
the atomic number. Thus the relation between the different 
groups, on the other hand, appears slightly more complicated. 

The elements H—N, O-P, S-Cr, Mn and Fe, Co and Ni, 
Cu—Pd seem to form fairly well-marked groups. A new 
group seems to begin at Ag; the elements Pt-Pb seem to 
belong to a special group, which also seems to be the case 
with the element U. In order to try to determine whether 
the atomic absorption coefficient even under other experi- 
mental conditions, may be arranged into the same groups, 
especially at a radiation more homogeneous than that used 
here, and also with rays of differing hardness, the experiments 
will be continued. 

Stockholm, Nobel Institution 
for Physical Chemistry. 

XLVI. Normal Anomalies of the Mean Annual Temperature 
Variation. By Henryk ARrcrowsk1*. 

pee curves representing annual variations of atmospheric 
temperature are generally derived from monthly means. 

For many stations, belonging to different climates, these 
curves convey the impression of representing a cyclic va- 
riation, reflecting, with different amplitudes and more or 
less retardation, the seasonal changes of solar declination. 

If, in the case of long series of observations, instead of 
monthly means, the averages for each day of the year are 
taken into consideration, the diagrams thus obtained display 
most remarkable anomalies. As typical examples I would 
refer to the curves of Kcenigsberg, Munich, Catania, and 
Valentia, published by Van Rijckevorsel f, and to the curve 
derived from observations made in Melbourne, published by 
R.J.A. Barnard ft. Because of its simplicity, the Melbourne 
curve may be taken as a demonstrative example of the pro- 
blem in view. 

From the highest mean temperature, observed in January, 
the means decrease more or less regularly till the middle of 
March ; then, suddenly, temperature increases about 2° F. 
Another characteristic break occurs between June 15th and 
20th. After the minimum of July the increase of tempe- 
rature is again interrupted in September and also at the end 
of November. 

* Communicated by the Author. 
tf Phil. Mag. ser. 5, vol. xlv. p. 459 (1898). 
{ Phil. Mag. ser. 5, vol. 1. p. 408 (1900). 
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The annual variation for Melbourne may therefore be 
represented by the following diagram (fig. 1). 

Fig. 1. 

~ 
& ™= a wor & é 

Se =o 

This diagram expresses graphically the opinion that the 
seasonal change of temperature in Melbourne is not what it 
should be ; that at given dates of the year (X, Y, Y’, X’) 
the natural course of temperature, due to local conditions, is 
interrupted, just as if the station had been shifted into another 
climate, similar, but colder than it ought to be duriny the 
summer, and warmer than it ought to be during the winter. 

The annual variation proceeds by steps. The steps of 
ascent, occurring while the temperature is decreasing, corre- 
spond to similar steps of descent observed during the other 
half of the year. 

Hach successive stage marks the passage from one phase 
to another. 

In the preceding example the annual variation is composed 
of three phases. 

This opinion seems never to have been advanced, and it is 
astonishing to notice that even the fact of the existence of 
steps during the autumn, corresponding to the steps of the 
spring, has, so far as I know, attracted practically no 
attention; though the frequently recurring temperature 
anomalies for given dates, in May and June, have been | 
very extensively studied. 

Researches of particular interest concerning these anom- 
alies are those of G. Hellmann*, W. v. Bezoldt, Ch. Dufourf, 
W. Martin §, R. Gautier ||, and K. Almstedt. 

* Ann, d. Phys. u. Chem. vol. clix. p. 36 (1876). 
+ Abh. math-phys. Kl. K. Bay. Akad. Wiss. vol. xiv. II. p. 69 (1888). 
{ Bull. Soc. Vaud. Sc. ser. 3, vol. xxix. p. 316 (1898). 
§ Abh. K. Preuss. Met. Inst. vol. 1. No.3 (1902). 
|| Arch. Sc. Phys. et Nat. ser. 4, vol. xxxi. p. 497 (1911). 
4 Meteor. Zeit. vol. xxxi. p. 426 (1914). 
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The principal results gained by these authors may be 
summarized as follows :— 

(1) The temperature depressions are not strictly bound to 
given dates. Their occurrence varies slightly from year 
to year, but on the average, in Central Europe, the 11th- 
15th of May and the 4th—8th of June show a well-pronounced 
deficiency of temperature. 

(2) In all cases, of given years, the comparison of the 
records has shown a progressive displacement of the wave of 
cold. 

(3) A characteristic distribution of atmospheric pressure 
over Hurope is noticeable. On the ocean a high-pressure 
area, extending an anticyclonic tongue eastward, moves 
slowly from the centre of action of the Azores northward. 

(4) The resultants of the observed wind directions change 
radically. 

(5) Considering a long series of observations, groups of 
years may be distinguished for which the temperature de- 
pressions of May and June are well pronounced, while in 
other groups of years they occur only occasionally. 

This fact applies at least to the Paris* and Genevaf 
observations. 

The marked departure of temperature conditions of given 
dates, from the steady seasonal advance, may receive three 
different interpretations which are illustrated by the following 
diagram (fig. 2). 

Curve “A” expresses the hypothesis that temperature is 
below the normal for given dates “‘ K,” and that “‘a'” is the 
continuation of curve “a.” This represents the very gene- 
rally admitted hypothesis. 

Curve “ B” represents the anomaly “p” as being due to 
such more or less sudden change in the distribution of the 
isotherms that ‘‘b” belongs to a curve identical with “a,” 
but shifted downwards. 

Curve “ C ” presupposes a radical modification of the annual 
variation. At “q” the curve “b” is supposed to have a 
greater amplitude than “a”; at “r” the curve “c” is sup- 
posed to have a smaller amplitude than “ b.” 
A careful examination of the available temperature curves 

* EK. Renou, Annales Bur. Centr. Mét. France, vol. i. p. B. 195 
(1887). 
+ R. Gautier et H. Duaime, Arch. Sc. Phys. ser. 4, vol. xv. p. 545 

(1903). 

Phil. Mag. 8. 6. Vol. 33. No. 198. June 1917. 2M 
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shows that curve ““A” may be discarded. On the con- 
trary, curves “B” and “C” must both be taken into 
consideration. 

Fig. 2. 

As atypical example I will cite the temperature curve for 
Warsaw. 

The utilized daily means are those of the years 1826~1880*. 

* Jan Kowalezyk, Pam. Fizjogr., Warsaw, 1881.; 
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The following diagram (fig. 3) gives an interpretation of 
the detailed curve. Fig. 3. 

The variation is composed of phases 1, 2, 3, and 4 belonging 
to four concordant curves. The steps occur approximately 
at the following dates: Jan. 25, March 9, April 22, Oct. 2, 
Nov. 29, and Dec. 16. 

Then, during the summer, on the contrary, from June 9th 
till July 28th, we have practically a straight line of mean 
temperatures increasing from 17°6 to 19°°3 C. This line 6 
is evidently discordant: it cuts all the others. The summer 
maximum is 3° below the maximum which would be observed 
if curve 4 were fully developed. The summer temperature 
may therefore be considered abnormally low. Now, between 
6 and 4 we observe the fragments of a curve 5 extending from 
May 22nd to June 8th and July 29th to Aug. 26th. This 
curve intersects all the others: its amplitude is evidently 
much smaller than the amplitude of curves 1-4. 

Although the temperature curve for Warsaw may be con- 
sidered a most typical example of these normal anomalies 
of the annual temperature variation, the breaks being too 
well accentuated to be ascribed to chance circumstances, it is 
useful to cite a few other examples in order to show how, 
gradually, we pass from one type of variation to another. 

Hellmann has published * a detailed curve of the daily 
means derived from the observations made in Berlin during 
the vest 1848-1907. Referring to the diagram for Warsaw 
(fig. 3), the Berlin curve displays the fragments 1-4, 5 is 
missing, and 6 is a well-developed curve extending ‘from 
June 13th to Sept. 21st, with a maximum on July 22nd. 

* Preuss. Met. Inst., Abh. vol. 111. No. 6, Berlin, 1910. 
2M2 
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From March 13th to April 7th the increase in temperature 
is abnormally rapid, so that 3 is discordant with 2 and 4. 
The drop of temperature between 4 and 6 (June 6-11) 
is 1°5 C. This is perhaps the most characteristic feature of 
the curve. Besides, 4 and 6 are discordant. Phase 6 has a 
smaller amplitude than 4. __ 

Evidently if many curves were available it would be 
interesting to follow the progressive change from station to 
station. That these anomalies do not occur simultaneously at 
different stations but gradually propagate from place to 
place is a well-established fact, at least for some of the tem- 
perature depressions of the spring. The curves for Arcachon, 
Greenwich, Berlin, Lemberg, Penza, and Wologda, published 
by Almstedt *, may serve as examples. 

Without adopting in their integrity the ideas expressed 
long ago by Dovef, let us suppose now that the tempe- 
rature curve for Melbourne, or the curve for Warsaw, or the 

curves for other places, exhibiting similar anomalies, express 
the result of an antagonism between maritime and continental 
climates, respectively characterized by a very smail and a 
very large annual amplitude. 

On the ocean, west of the coast of France, the difference 
between the mean temperatures of the warmest and the 
coldest day of the year is certainly less than 10° C. In Paris 
it is 18°-7 C., in Warsaw 24°°7, in Barnaoul it is 41°°8, and 
the observations of Nertchinsk give 49°-°9 C. I have traced 
the curves for Barnaoul (means of the observations made from 
1838-1882), and Nertchinsk (1839-1881){, and have found, 
to my great astonishment, that from March 15th to No- 
vember lst these two curves are practically identical, whereas 
during the winter months they differ very greatly one from 
the other. The winter in Nertchinsk is very much colder 
than in Barnaoul. The temperatures are :— 

Barnaoul. Nertchinsk. 

October 31 ...... — 3°6 — (oD 
January.) 12 7) 20 ato ees —30°°7 
ere? yr ie —10°8 —13°1 

The maxima of the summer are :— 

Barnaoules..) ee ...  20%2 on July the 4th. 
Nerbelinske. spo... 4. UG atl ha 5 alien 

* Loe. cit. 
+ Abh. K. Akad. Wiss. Berlin, p. 121 (1856). 
} Lepert. f. Meteor. Suppl. 3, St. Petershourg, 1886, 
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The temperature curve of Barnaoul belongs therefore to two 
climates. During the months of April to October it belongs 
to the excessive continental climate of Nertchinsk, while in 
the winter it belongs to a less continental climate. 

The following diagram (fig. 4) gives the daily means of 
temperature in Nertchinsk for the months of May and 
June. 

Fig. 4. 

The diagram shows that the increase of temperature pro- 
ceeds by steps. Going up the curve slides down here and 
there and goes up again. The total depression of the yearly 
amplitude, due to these steps, may be estimated at 17°. 
Admitting this estimate and supposing that a curve of 
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67° (=50+17) amplitude would represent the variation 
corresponding to the coefficient of perfect atmospheric trans- 
parency” at the latitude of Nertchinsk, the lowest tempe- 
rature of January must be considered 65 too high, and the 
highest July temperature 11°°5 too low, since the extreme 
daily mean temperatures should be —37° and +30°. 

Thus it may be that, in this case, the decrease in amplitude 
is in close connexion with the annual variation of atmospheric 
moisture. During the summer months, the greater amount 
of aqueous vapour diminishes the coefficient of atmospheric 
(thermal) transparency very much more than during the 
winter months, and so it is evident that the summer tempe- 
ratures differ more from what they should be than the 
temperatures observed during the winter. 

This leads to the question whether the steps of the 
Nertchinsk temperature curve, and perhaps also the steps ot 
the curves of several other stations, are not partially due to 
a rhythmical transport of atmospheric moisture. 

In the ascending part of the curve of Barnaoul the de- 
oa following the crests generally precede by 2 to 
4 days the corresponding details of the curve of Nertchinsk. 
The inflexions of the isotherms characteristic for these 
changes progress therefore across Siberia from the W. 
towards the B. 

But, as a result of the International Balloon ascents of 
May 13th, 1897, Hergesell has shown that the typical 
decrease of temperature observed then in Central Hurope was 
very much more accentuated at high altitudes than it was 
near the ground?. Similar observations have been made 
since. In consequence, the inflexion of the isotherms must be 
more pronounced at an altitude of 10,000 m. than it is at the 
surface of the earth’s crust. After each step of the ascending 
temperature curve the entire air-mass above the station where 
the step has been observed is changed. The work of the 
progressive heating of the ground by solar radiation and the 
heating of the air-mass above by convection currents, must, 
to a certain extent, be begun anew, and probably under 
different conditions. 

Evidently, to reach a definite conclusion it would be 
necessary to study the records of individual years and the 
weather maps as well. But the real difficulty, and at the 
same time the great interest of the study of these normal 

* A, Angot, Ann. Bur. Centr. Met. France, vol, i. p. B. 121 (1888). 
+ Meteor. Zeit. vol. xvii. p. 1 (1900). 
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anomalies of the mean annual temperature variation, resides 
in the fact that we have to deal with a phenomenon showing 
intimate relationship between very far distant stations. 

On the opposite side of the world, in Baltimore*, the tem- 
perature crests of February 22nd, March 10th, April 14th, 
and May 10th, there observed, belong also to the curves 
of Barnaoul and Nertchinsk. In Barnaoul they occur 
February 18, March 9, April 21, and Mav 10. In Ner ton aus 
February 22, March 12 , April 20 (and May 12). 

Already Dovet noticed the fact that the anomaly occurring 
during the month of May is noticeable in the records col- 
lected in Arctic America and Greenland. On the other 
hand, according to R. C. Mossman {, the cold period of May 
is well pronounced in Argentina and Chile, north of 
40° S. lat., and it was also observed at the winter quarters 
of the ‘ Discovery’ in 1902 and 1903, at Cape Adare in 
1899, at the South Orkneys during all the years of obser- 
vation from 1903 to 1908, with the | exception of 1906. 

Mossman remarks that thus the temperature anomaly of 
May is a bipolar phenomenon, and he adds that the curve 
of mean atmospheric pressure at the South Orkneys, for 
each day of the year, bears a close resemblance to that of 
Edinburgh. 

Forcibly therefore we reach the conclusion that in a com- 
parative study of the anomalies of the annual temperature 
variation, Teisserene de Bort’s conception of the great centres 
of action of atmospheric circulation will find an extensive 
application ; because, although at present it would be pre- 
mature to try to explain why it is that some changes of phase 
may occur simultaneously in Arctic and Antarctic regions, or 
in North America and Siberia, it seems impossible to conceive 
such correlations without supposing some relationship with 
the exchange of pressure between the seasonal and permanent 
centres of action. 

New York City, November 2, 1916. 

* O. L. Fassig, ‘The Climate and Weather of Baltimore,’ pl. 3, 
Baltimore, 1907. 

+ Loc. cit. 
t Symon’s Met, Mag. vol. xliv. p. 1 (1909). 
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XLVII. The Theory of Anomalous Dispersion. 
By Lord Rayuzien, O.1., F.R.S.* 

1 Ge a short note t with the above title I pointed out that 
Maxwell as early as 1869 ina published examination 

paper had given the appropriate formule, thus anticipating 
the work of Sellmeier { and Helmholtz §. It will easily be 
understood that the German writers were unacquainted 
with Maxwell’s formule, which indeed seem to have been 
little known even in England. I have thought that it would 
be of more than historical interest to examine the relation 
between Maxwell’s and Helmholtz’s work. It appears that 
the generalization attempted by the latter is nugatory, unless 
we are prepared to accepta refractive index in the dispersive 
medium becoming infinite with the wave-length in vacuo. 

In the ether the equation of plane waves propagated in 
the direction of x is in Maxwell’s notation 

pd’njdt? = Ed’m/da?, . . . . . (1) 

where 7 is the transverse displacement at any point # and 
time ¢, p is the density and E the coefiicient of elasticity. 
Maxwell supposes “that every part of this medium is 
connected with an atom of other matter by an attractive 
force varying as distance, and that there is also a force of 
resistance between the medium and the atoms varying as 
their relative velocity, the atoms being independent of each 
other ”; and he shows that the equations of propagation in 
tls atts medium are 

d*n ; dé d*n ao 

Bee, | ~Eo" =o(p c+ RO) = — de dé (2) 

where p and o are the quantities of the medium and of the 
atoms respectively in unit of volume, 7 is the displacement 
of the medium, and 7+¢ that of the atoms, op’¢ is the © 
attraction, and oRdé/dt is the resistance to the relative 
motion per unit of volume. 

* Communicated by the Author. 
T Phil. Mag. vol. xlviii. p. 151 (1899); Scientific Papers, vol. iv. 

p. 413. A misprint is now corrected, see (4) below. 
t Poge. Ann. exliii. p. 272 (1871). 
§ Pogg. Ann. cliv. p. 582 (1874). 
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On the assumption that 

N, e— (C, D) Go a CERT 

we get Maxwell’s results * 

1 1 +o on? 27? 

2-Ba- E+E Gear: 
panpee CL NG TI 5 
han i (ue ain wy ee 

Here v is the velocity of propagation of phase, and / is the 
distance the waves must run in order that the amplitude of 
vibration may be reduced in the ratio e: 1. 
When we suppose that R=0, and consequently that J=~, 

(4) simplifies. If v) be the velocity in ether (c=0), and v 
be the refractive index, 

yo eo fie Poe 5° 
p pn yy nie 

For comparison with experiment, results are often con- 
veniently expressed in terms of the wave-lengths in free 
eether corresponding with the frequencies in question. Thus, 
if X correspond with n and A with p, (6) may be written 

(6) 

G+ eX? 
pee ry e 6 e e (7) y=il+ 

—the dispersion formula commonly named after Sellmeier. 
It will be observed that p, A refer to the vibrations which 
the atoms might freely execute when the eether is maintained 
at rest (n=0). 

If we suppose that n is infinitely small, or A infinitely 
great, | 

ag EGO) es oil ont abe afi o0 yO) 

thus remaining finite. | 
Helmholtz in his investigation also introduces a dissipative 

force, as is necessary to avoid infinities when n=p, but one 
differing from Maxwell’s, in that it is dependent upon the 
absolute velocity of the atoms instead,of upon the relative 

* Thus in Maxwell’s original statement. In my quotation of 1899 
the sign of the second term in (4) was erroneously given as plus. 
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velocity of ether and matter. A more important difference 
is the introduction of an additional force of restitution (az), 
proportional to the absolute displacement of the atoms. His 
equations are 

GAG a) wade 

ro Tis dy? 5, 
moe =B(E—2) aay Rn (10) 

This notation is so different from Maxwell’s, that it may be 
well to exhibit explicitly the correspondence of symbols. 

a—§ | BY | m 
¢ | op? | o 

az 

0 
ke 
1/l 

Cc y 
x v 

Helmholtz..| € | «@ | 2 
Maxwell....| 7 | p i 

When there is no dissipation (R=0, y?=0), these inter- 
changes harmonize the two pairs of equations. The terms 
involving respectively R and y? follow different laws. 

Similarly Helmholtz’s results 
1 ke Ra lex Bt mn? —a?— B? (11) 

rm a? an? — a?’ n® (mn? —a? — B?)? + yn” 

74 an aw Ossie i 
 a2n (mn? —a? — 8)? 4h yn?’ 

a (12). 

identify themselves with Maxwell’s, when we omit R and 
y? and make a?=0. 

In order to examine the effect of a®, we see that when 
y=0, (11) becomes 

eh NE? On tonne a 
== a ’ 2~ 2 on? mn?—a? — 8? (13) C 

or in terms of v7 (=c,"/c’), 

B? m—a|n? 

pb mn? —a?— B?’ 
(14) © 

If now in (14) we suppose n=0, or A=, we find that 
y=o, unless a?=0. If a?=0, we get, in harmony with (6), 

y=l— 

2 

praia ORES 5 

* What was doubtless meant to be dé/dy? appears as dé/d2’, 
bringing in x in two senses. 
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which is finite, unless mn’=6§?. It is singular that Helm- 
holiz makes precisely opposite statements :—‘‘ Wenn a=0, 
wird k=0 and 1/e= ; sonst werden beide Werthe endlich 
sein.” 

The same conclusion may be deduced immediately from 
the original equations (9), (10). For if the frequency be 
zero and the velocity of propagation in the medium finite, all 
the differential coefficients may be omitted; so that (9) 
requires c—£=0 and (10) then gives a?=0. 

Wiillner*, retaining a? in Helmholtz’s equation, writes (14) 
in the form 

rn3 

ye=1—PrAP+ Le) RPT Saki) = RELATE (16) 

applicable when there is no absorption. And he finds that 
in many cases the facts of observation require us to suppose 
P=Q. This is obviously the condition that v? shall remain 
finite when X=~x, and it requires that a? in Helmholtz’s 
equation be zero. It is true that in some cases a better 
agreement with observation may be obtained by allowing Q 
to ditter slightly from P, but this circumstance is of little 
significance. The introduction of a new arbitrary constant 
into an empirical formula will naturally effect some improve- 
ment over a limited range. 

It remains to consider whether a priort we have grounds 
for the assumption that v is finite when A=#. On the 
electromagnetic theory this should certainly be the case. 
Moreover, an infinite refractive index must entail complete 
reflexion when radiation falls upon the substance, even at 
perpendicular incidence. So far as observation goes, there 
is no reason for thinking that dark heat is so reflected. 
It would seem then that the introduction of a? is a step in 
the wrong direction and that Helmholtz’s formule are no 
improvement upon Maxwell’s. 

It is scareely necessary to add that the full development 
of these ideas requires the recognition of more than one 
resonance as admissible (Sellmeier). 

* Wied. Ann. xvii. p. 580; xxiii. p. 306. 
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XLVIII. Adiabatic Invariants and the Theory of Quanta. 
By P. ERRENFEST *. 

ContrENTs :—(1) Definition ofa reversible adiabatic transformation of a 
mechanical system. Systems which are adiabatically related to 
each other.—(2) Formulation of an hypothesis on adiabatic trans- 
formations for systems with periodic or quasi-periodic motions.— 
(8) Adiabatic Invariants and their use.—(4) The adiabatic invariant 

27 for periodic motions, and * especially for harmonic motions.— 
4 ; Vv 

(5) Geometrical interpretation of the adiabatic invariant 2 in the 
Vv 

phase-space.—(6) Connexion with the. formule of the Theory of 
Quanta, as proposed by Planck, Debye and others for systems of one 
degree of freedom.—(7) Connexion with Sommerfeld’s formule 
for systems of more degrees of freedom.—(8) Connexion with 
the statistical roots of the Second Law of Thermodynamics.— 
(9) Difficulties which arise by a passage through singular motions. 
Aperiodical motions.—(10) Conclusion. 

Introduction. 

In the treatment of a continually increasing number of 
physical problems, use is at the same time made of the 
principles of classical mechanics and electrodynamics, and 
of the hypothesis of the quanta, which is in conflict with 
them. Through the study of these problems it is hoped to 
arrive at some general point of view which may trace the 
boundary between the “classical region” and the “region 
of the quanta.” 

One fundamental law stands amidst the theory of quanta, 
which is wholly derived from classical foundations: the 
Displacement Law of W. Wien on the change of the distri- 
bution of energy over the spectrum involved by a reversible 
adiabatic compression of radiation. This fact deserves our 
attention. It might be possible that also in more general 
cases, when we do not restrict ourselves to harmonic motions, 
the reversible adiabatic transformations should be treated in 
a classical way, whereas in the calculation of other pro- 
cesses (€. g. an isothermal addition of heat) the quanta 
come into play. 

From this point of view I started in some papers in which 
on the one hand I studied Planck’s hypothesis of energy 
elements 7, and on the other tried to extend this hypothesis 

* Communicated by the Author. Abridged translation of a paper 
published in the Proc. Acad. of Amsterdam, xxv. (1916) p. 412. 
+ P. Ehrenfest, Ann. d. Phys. vol. xxxvi. (1911) pp. 91-118 (quoted as 

paper A). 
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to more general motions *. In these researches I especially 
made use of the following hypothesis, to which Hinstein f 
gave the name “ Adiabatenhypothese.”’ 

Tf a system be affected in a reversible adiabatic way, allowed 
motions are transformed into allowed motions f. 

Suppose that for some class of motions we, for the 
first time, introduce the quanta. In some cases the hypo- 
thesis fixes completely which special motions are to be 
considered as allowed: this occurs if the new class of 
motions can be derived by means of an adiabatic trans- 
formation from some class for which the allowed motions 
are already known (especially if the new motions can be 
derived from harmonic motions of one degree of freedom) §. 

In other cases the hypothesis gives restrictions to the 
arbitrariness which exists otherwise in the introduction of 
the quanta. 

In these applications of the adiabatic hypothesis the so- 
called “adiabatic invariants” are of great importance, 2. é. 
those quantities which may have the same values before and 
after the adiabatic affection. Especially I have shown 
before || that arbitrary periodic motions (of one or more 
degrees of freedom) possess the adiabatic invariant 

at ui ae 
v 

(v, frequency ; T, mean with respect to time of the 
kinetic energy), which in the case of harmonic motions of 
one degree of freedom reduces to 

Swliele. hs etal egies rot 1a 

The object of the considerations of this paper is :— 

(1) To formulate as sharply as possible the adiabatic 
hypothesis, at the same time showing what is wanting 
in sharpness, especially for non-periodic motions. 

* P. Ehrenfest, Verh. d. phys. Ges. vol. xv. (1918) p. 451 (quoted 
as B). P. Ehrenfest, “A Theorem of Boltzmann and its connexion with 
the theory of quanta,” Proc. Acad. Amsterdam (quoted as C). 
+ A Einstein, “ Beitrage z. Quantentheorie,” Verh. d. phys. Ges. 

vol. xvi. (1914) p. 826. 
1 For the definitions of the expressions used here comp. § 1, 2. 
§ Examples: C, § 3; this paper, § 7, 8. 
|| Paper B, § 1. 
4] Comp. A, §2; C,§2. The existence of this adiabatic invariant may 

be considered as the root of ,Wien’s displacement law. 
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(2) To demonstrate the importance of the “adiabatic in- 
variants *? for the theory of quanta. In this respect 

the discussion of the invariant S mentioned above 

gives the connexion between the adiabatic hypothesis 
and the formule by which Planck, Debye, Bohr, 
Sommerfeld and others have introduced the quanta. 

(3) To indicate the difficulties which arise in the application 
of the hypothesis, if the reversible adiabatic trans- 
formation leads through singular motions. 

(4) To indicate the connexion between the adiabatic problaass 
and the statistical-mechanical roots of the Second Law 
of Thermodynamics. Boltzmann’s deduction of this 
law is based upona statistical principle which has been 
destroyed by the introduction of the quanta. At the 
present time we possess a statistical deduction of this 
law for some special systems (e. g. for systems with 
simple harmonic motions) but not for general systems*. 

I take the liberty of publishing my considerations, in the 
hope that others may overcome the difficulties which I could 
not solve. Perhaps on closer examination it will appear 
that the adiabatic hypothesis is not generally valid ; in any 
case, the correctness of Wien’s displacement law seems to 
indicate that the reversible adiabatic processes take a pro- 
minent place in the theory of quanta—it seems that they may 
be treated in a ‘ classical” way. 

1. Definition of a reversible adiabatic affection of a system. 
Motions B(a) and B(a') which are adiabatically related to each 
other. 

Let the coordinates of the system be denoted by q .. - Gn. 
The potential energy ® may contain besides the coordinates q 
certain “ parameters” a, a2..., the values of which can 
be altered infinitely slowly. The kinetic energy IT’ may bea 

homogeneous quadratic tunction of the velocities gq, ..-+ dn, 
the coefficients of which are functions of the g and may be 
of the a, da,..... By changing the parameters from the 
values a, d2...to the values a’, a)’...in an infinitely 
slow way, a given motion S(a) may be transformed into 
another motion @(a’). This special type of influencing 
upon the system may be called “a reversible adiabatic 
ajection,’ the motions @(a) and S(a’) “ adiabatically related 
to each other.” 

* P. Hhrenfest, Physik. Zeitschr. vol. xv. (1914) p. 657 (paper D). 
Also § 8 of this paper. 
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Remarks.—A. If some of the motions considered are 
distinctly non-periodic (e.g. the hyperbolic motion in the 
ease of a Newtonian attraction), the addition “ reversible ”’ 
loses its original meaning. 

B. The definition given above must be generalized in a 
suitable manner, if the system is affected by an (infinitely 
slowly increasing) magnetic field (Zeeman effect), or if the 
mechanical system is replaced by an electrodynamical one 
(reversible adiabatic compression of radiation). 

§ 2. Formulation of the adiabatic hypothesis for systems 
with periodical or quasi-pertodical motions. 

Consider the system first when the parameters have some 
given values dy, 49)... . The theory of quanta will not 
allow every motion §(a), which is possible with these values 
of the parameters according to the equations of the classical 
mechanics, but only some distinct special motions *. Con- 
sequently we speak of the “allowed” motions B{a} 
belonging to the values ayo, dg... of the parameters. To 
any other values a, a, ... belong other “allowed” motions 
Bia}. Now our hypothesis asserts : | 

For general values a,, a)... of the parameters, those and 
only those motions are allowed which are adiabatically 
related to the motions which were allowed for the special 
values ay, Gg ... (2. e. which can be transformed into them, 
or may be derived from them in an adiabatic reversible 
way). 
a Whether it be possible to extend the 

hypothesis to non-periodic motions, and how this should be 
done, | am not able to tell on account of some difficulties, 
which are mentioned in § 9. 

B. Some forms of adiabatic affections may be realized 
physically—for instance, the strengthening of an electric or 
a magnetic field surrounding an atom (Stark and Zeeman 
effect). Others have more the character of a mathematical 
fiction (e. g. the change of a central field of force). 

§ 3. The Adiabatic Invariants and their application. 

Each application of the adiabatic hypothesis forces us to 
look for ‘‘ adiabatic invariants ’’—that is, for quantities which 

* In the newer form of his radiation theory, Planck speaks only of 
“ critical” motions, besides which other motions are “allowed” too. In 
order not to become not diffuse, we will leave this form of the theory of 
quanta out of consideration. The suitable adaptation of the con- 
siderations given in this paper is easily to be found. 
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retain their value during the transformation of a motion 
A(a) into a motion B(a’) related adiabatically to the former. 
Indeed, from the hypothesis follows immediately the 
property : 

If an adiabatic invariant © for the ‘allowed ” motions 
Bfao}, belonging to the special values ay, doy . . . , possesses 
the distinct numerical values 0’, O"” .. . , it possesses exactly 
the same values for the “allowed”’ motions belonging to 
arbitrary values of the parameters aj, a2... 

ryy 

§ 4. The adiabatic invariant for periodic motions and 
v 

especially for harmonic motions ™. 

Suppose that the system under consideration possesses the 
following properties :—For arbitrarily fixed values of the 
parameters a), @..., all the motions that have to be con- - 
sidered are periodic, independently of the phases (giy - - - nos 
Jio- +--+ Gro) the motion starts with. The period P may 
depend in some way or other on the a, a,...andon the 
beginning phase. 

Then the integral with respect to time of twice the kinetic 
energy, extended over one period, is an adiabatic invariant : ; | 

| de 9T=0.. 
0 : 

In this formula 6’ denotes the difference in value for two 
infinitely near, adiabatically related motions of the system. 
(For the demonstration of form. 3 the reader is referred to 
the original paper, Proc. Acad. Amsterdam,xxv. (1916) p. 412. 
Putting the reciprocal of the period P equal to the fre- 
quency v, and denoting the mean of T with respect to the 
time by T, form. 3 expresses : 

a= adiabatic invariant. . . . (4) 

* Comp. paper C, § 1,2. Other instances of adiabatic mvariants: If 
the system possesses cyclic coordinates, the cyclic momenta are in- 
variants. If the rotation of a ring of electrons is affected by an 
increasing magnetic field, the swm of the moment of momentum and of 
the electrokinetic moment is an invariant (Zeeman effect, magnetization). 
Tf an increasing electric field acts on a hydrogen atom of Bohr, then the 
component of the moment of momentum parallel to the lines of force is 
an invariant. For changes of a central field of force it is the moment 
of momentum. 
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In the case of a simple harmonic motion of one degree of 
freedom we know that the mean of the kinetic energy is 
equal to the mean of the potential energy ; hence both of 
them are equal to half the total energv. So here we have 

€ ee Re 5 
F; =<(dhabmwe nuariant... .° <a) 

§ 5. Geometrical interpretation of the adiabatic invariant — 
in the phase-space (q—p space). “ 

To get a connexion with the formule used by Planck, 
Debye, Bohr, Sommerfeld and others to introduce the 
quanta, we will avail ourselves of a transformation of 
the integral of Action, to which Sommerfeld has drawn 
attention *: 

lke Pp ‘ 

nN at. oT=( dit pnon= > (aga -pr=> (| ams dq. c- 0 (6) 
; fy ane n | a Je) 

Hence 

= 2 fdrndan. 2 eNO RTA ah am 

The double integrations at the right-hand side have the 
following meaning: When the system performs its periodic 
motion, its phase-point describes a closed curvet in the 
2n-dimensional g—p space, and its m projections on the 
two-dimensional surfaces (41, P1), (Y2, P2)--+ (Qn) Pn) de- 

scribe n closed curves. \\ dp,dq, is the area of the region 
enclosed by the A“ projection curve. 

Remarks.—A. The numerical value of = is not changed 

if we pass to another system of coordinates for the descrip- 
tion of the motion. Hence also the numerical value of the 
right-hand side of equation (7) is independent of the system 
of coordinates used. 

B. Systems exist possessing the following property : 
with a suitable choice of the system of coordinates not only 
is the total sum at the right-hand side of (7) an adiabatic 

invariant, but each separate integral \j dp, dq» is an invariant. 
Compare the example of § 7. 

* A. Sommerfeld, Svtzungsber. d. bayr. Akad. 1916, pp. 425-500 (§ 7). 
+ This expression must be altered in some way, if any of the co- 

ordinates be angles which increase by 27 in each period. 

Phil. Mag. 8. 6. Vol. 33. No. 198. June 1917. 2N 
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©. For systems of one degree of freedom we have 
according to (7) : 

oe = fag dp = adiabatic invariant. . . (8) 

i. e. for systems of one degree of freedom the area enclosed 
by the phase-curve in the g—p diagram is an invariant (in 
this case there exists no other invariant which is independent 
of the former). 

D. A theorem by P. Hertz (1910) *. Imagine a system 
of n degrees of freedom and consider any motion belonging 
to a set of given values ajg, da). . . of the parameters. The 
corresponding phase-curve in the 2n-dimensional g—p space 
lies wholly on a certain hypersurface of constant energy, 
€(G, P, 4) =€9, Which encloses a certain 2n-dimensional 
volume : 

Vo=|--- fag. - dn AN G3 ae 

An adiabatic reversible affection ay—>a, : firstly, changes 
the value of the energy (by the amount of the work performed 
on the system); secondly, alters the form and position of 
the hypersurfaces e(q, p, a) ==const. Let the volume enclosed 
by that surface of constant energy on which lies the phase- 
curve of the system after the affection be V. Then the 
theorem of P. Hertz asserts that 

V=Ve we 
For systems of one degree of freedom (10) and (8) coincide, 

for more degrees of freedom this is not the case. 

§ 6. Connexion with the formule of the Theory of Quanta, 
as proposed by Planck, Debye and others for systems of one 
degree of freedom. 

Planck’s hypothesis of energy elements (1901) asserts 
that an harmonically vibrating resonator of frequency v 
can contain only the following amounts of energyT : 

6=0, fino, 2hvo. oie). a 

Hence the adiabatic invariant of the resonator may take 

only the values: 

Se | 
f= ={| dqdp=0,h, 2h... (12) 
Vo Vo 

Let us consider a resonator with a non-linear equation of 
motion : : 

G = —(vy gtayq?+aog?...).. - (13) 

* P, Hertz, Ann. d. Phys. vol. xxxiii. (1910) pp. 225, 537, § 11. 
+ Comp. note *, § 2, p. 503. 
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lts vibrations are not harmonical, and the frequency v#% 

does not depend only on the values of the parameters a, d2..., 
but also on the exciting force. For the special values of 
the parameters 

ti 05) ei 

it passes into Planck’s resonator. Hence from the adiabatic 
hypothesis (comp. the formulation in § 3) follows: also for 
non-harmonically vibrating resonators only those motions 
are allowed for which 

t= {lf ayap=0, 1. 2h sae. eh tee (AN) 

So by means of the adiabatic hypothesis we have derived 
Debye’s hypothesis on the values of || dg dp for non- 
harmonical vibrations * from Planck’s hypothesis of energy 
elements. 

An electrical doublet with the electrical moment a,, the 
moment of inertia a, is suspended in such a way that it can 
turn freely about the zaxist. Anelectrical field of intensity 
a3; acts parallel to the axis of 2 As the coordinate q we 
choose the position-angle of the doublet. We will begin 
with very great values of a,, a3, and also of a,; then even 
for great values of the exciting energy we may consider the 
vibrations as infinitely small and harmonical—resonator of 
Planck’s type. By diminishing infinitely slowly the values 
of a and a3 we can pass in a reversible adiabatic way to 
vibrations of finite amplitude, and then make the pendulum 
“turn over”; if now the moment of inertia a, is no more 
changed, but the directing field a3 is diminished to zero, we 
arrive at a molecule which rotates uniformly, uninjluenced by 
any force. For ail the motions considered, which are related 
adiabatically to each other, the adiabatic invariant 

os = |\er dp 

has to retain its original values 0,h, 2h,... If for the 
uniform rotation we identify the frequency v with the 
number of rotations of the doublet in unit of time 

eal 2, a me ete (0) 

ic NF 7 RA a 7 pea a ST CL! 

* P. Debye, Quantenhypothese (Gottinger Vorl. Teubner, 1913). Comp. 
also S. Boguslawski, Physik. Zeitschr. xv. (1914) p. 569. 

+ Comp. the treatment aud the use of this example in papers B and C. 
Comp. especially the diagram given in C, § 3. 

2N 2 

and observe that 
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we must demand that p can take no other values than 

h he a oh, 
Dey. “te yee eS ee ot ta imate GET) 

Remark.—The discussion sketched in the preceding lines 
wants to be developed more sharply, as the adiabatic trans- 
formation passes through a singular unperiodical motion, 
which forms the limit between the oscillatory and the rota- 
tory motions. It is necessary to analyse more precisely the 
connexion between the adiabatic invariants for both types of 
motion. 

§7. Connexion with Sommerfeld’s formule for systems of 
more than one degree of freedom. 

We will show that the quantum formule, which Sommerfeld 
has given for the motion of a point in a plane about a New- 
tonian centre of attraction, satisty the adiabatic hypothesis. 

Let x (7, a1, a...) be the potential of a central attractive 
force. The differential equations‘of the plane motion of a 
point, written in polar coordinates, have the form 

Ht son i a Uh . ee aera 

“ (mr?) =0. . (18 6) 

From (186) we see immediately that the moment of mo- 
mentum is an invariant against a change of the parameters 
Ay, Ag+ +s 1 

mr = p,=adiabatic invariant. . (19) 

Bliminating @ from eq. (18a) with the aid of (19), we get 

0 Do” ad 
mi = 22, a yet Oe cat eae (20) 

This equation has the same structure as the diterentae 
equation for the motion of a point, which oscillates along a 
straight line under the influence of a potential 

= + S44 Gr, a, a) ee 
2mr 

between two limiting values of r (r, >rg>0). But, accord- 

ing to §§ 4 and 5, this periodical motion of one degree of 
freedom possesses the adiabatic invariant 

aay (tz dp, =adiabatic invariant. (22) 
lanl v 
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Note that also eq. (19) may be written in the same form : 

ae = M20, dpy=adiabatic invariant. (23) 
2) ee 

For we have 

aT Pode 

Vo (& 

20 

Now Sommerfeld’s formule are * 

\\dq, ADA OMe at selbst Ps Se cw Coa) 

\\dqe as tine mcpe ai lel EA Ue se ciliate ah eZee) 

So they satisfy the adiabatic hypothesis (comp. its form in §3). 
Remarks.—A. We have seen that the adiabatic invariants 

(22) and (23) exist not only for periodic motions about a 
Newtonian or about a quasi-elastic centre of torce, but also 
for the quasi-periodic motions with a more general pACE CA) 
Only in the former case vy; =v,=v; so there we may combine 
the two invariants into the one 

2S ea 3 “= 

B. It would be of great interest to find the adiabatic 
invariants for more general quasi-periodic motions, and 
especially for anisotropic fields of force, instead of the iso- 
tropic fields, which are treated above. Then at the same 
time we should understand better which system of coordinates 
should be used for the application of Sommerfeld’s formule +. 

2ar : 

= 25 po = Ago » Po = (\. dpg. 
“9 YY 

= adiabatic invariant. 

§ 8. Connexion with the statistical roots of the 
Second Law of Thermodynanucs tf. 

In his statistical mechanical deduction of the Second Law 
of Thermodynamics, and especially of the equation 

A+ A,Aa,+ A,Aag. ., 
iS) 

Boltzmann based himself upon a certain supposition on the 
“ probability a priori” of regions in the g—p space of the 
molecules («% space); he considered those regions as “a 
prior equally probable” which correspond with equal volumes 

[. \ dq, ...dp, in the w space. In other words, Boltzmann 
gave the w space everywhere the same “ weight ” 

Goo) COU Es « et tadis“of neath | Bae CD 

* A, Sommerfeld, Sitzungsber. d. bayr. Akad. 1916, pp. 425-500. 
+ A. Sommerfeld, / c. p. 455 at the foot. 
{ Cf. P. Ehrenfest, Phys. Zeitschir. xv. (1914), p. 657 (paper D). 

= log WG) 
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Planck’s hypothesis of energy elements and its generaliza- 
tions destroy this basis; they introduce, as it may be 
expressed, a weight depending on gq, p, and a 

Gg, Pr @)s ee. rr 

all regions of the ys space have the “ wemght zero” (are 
“‘ forbidden”) with the exception of the discontinuously 
distributed ‘ allowed ”’ regions, the position ef which depends 
on the value of the parameters a*. The latter circumstance 
is of particular importance. 

So we arrive at the following problem: In what manner 
must the choice of the “werght-functrion’ G(q, p, a)—in other 
words, the choice of the “allowed” regions—be limited, espe- 
cially in their dependence on the a, in order that Boltzmann’s 
equation (26) may remain valid? 

I have treated this problem first in a special case +, then 
generally f. 

For molecules of one degree of freedom (harmonically 
and unharmonically vibrating resonators) I could wholly 
solve the question. The result I arrived at § may be expressed 
in the language of this article in the following form : 

An ensemble of such-like imolecules (resonators) will fulfil 
Boltzmann’s relation between entropy and probability uf, and 
only if, the ailowed motions are determined by means of the 
adiabatically invariant condition 

2T a \ dqdp = fixed numerical values 04, Q,... (29)|| 
v 3 | ae 

Planck’s hypothesis on the elements of energy for har- 
monically vibrating oscillators and its generalization by 
Debye satisfy this condition ; in this case 0,, Q,...are taken 
equal to 0, A, 2h, ...4 (comp. $5, equation (14). 

* The form and dimensions of the “allowed” ellipses in the g-p 
diagram of a Planck’s resonator are altered if the inertia and elasticity — 
of the resonator are changed. In an analagous way the “allowed” 
ellipses, belonging to the principal modes of vibration of a “ Hohlraum” 
or of the lattice of a crystal, are altered by a compression, 

+ Paper A, § 5. ea pensD. 
§ Paper D, § 7, remark. 
| Z. ¢. § 7, this invariant is noted by 2z. 
§] That Planck’s hypothesis on the energy elements is in harmony with 

the Second Law (and with the adiabatic hypothesis) has come about in 
the following way: in the deduction of his theory of radiation Planck 
at a certain moment puts the elements of energy (which were not yet 
determined before) equal to Ay in order to make his radiation formula 
correspond with the displacement law of W. Wien (cf. Planck, Vorles- 
ungen tiber Warmestrahlung, 1st edition, 1906, p. 153, eq. 226). Com- 
pare also the other quantum formule, paper D, § 6. 
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As yet | have not been able to tell if also for molecules of 
more than one degree of freedom the same necessary and suf- 
ficient relations hold between the adiabatic invariants on the one 
hand and the fulfilment of Boltzmann’s theorem on the other. 
Remarks.—A. In recent years it has become usual to 

introduce the relations between probability and entropy (or 
free energy) 

raya 9 0 L002 OO PN (0) 

Nyc BY Lo a | a at 

simply asa postulate. It might seem that in this case the 
problem discussed in this paragraph becomes superfluous. 
However, this method of treating only shifts the difficulty 
to another point, as I have shown *. 

Bj. A reversible adiabatic compression transforms black 
body radiation into black body radiation, by which process 
it is immaterial if a little piece of a black body is present 
to act as a “catalyzator”? or not. Similarly Maxwell’s 
velocity distribution in a gas consisting of point molecules 
which exert no forces on each other is transformed into a 
velocity distribution of the same kind by a reversible adia- 
batic compression of the gas (in a rough-wailed vessel), 
independently of the occurrence of collisions between the 
moleculest. Hence we may ask more generally: Does a 
most probable distribution of states in an ensemble of mole- 
cules (resonators) pass always into a most probable distribu- 
tion when the ensemble is subjected to an adiabatic reversible 
affection independently of the occurrence of interaction 
between the molecules during the affection? With the 
exception of special cases, this question must be answered in 
the negative §. 

* Paper D, Introduction. t Cf. paper C, § 4. 
t Both examples have the following property in common: The pressure- 

depends only on the total energy of the system, it is independent of the 
distribution of the energy over the different principal modes of vibration 
or over the molecules. In the cycle compression, catalytic process, 
dilatation, adiabatic process, the same amount of work is given to the 
system asistakenfromit. For general systems this is no longer the case. 

§ Without any calculation this may be shown by means of the follow- 
ing example :—Imagine an ideal gas with rigid ellipsoidal molecules; the 
walls of the vessel are replaced by a field of force which reflects ‘only 
the centre of gravity of the molecules (the reflexion is perfectly elastic) ; 
if the gas is compressed adiabatically, without collisions between the 
molecules taking place, the kinetic energy of the translatory motion is 
increased, but ‘not the energy of the “rotatory motion. If collisions 
between the molecules do take place, this is otherwise. By a short 
calculation it may be shown by the following example :—Point molecules. 
move up and down along a straight line between two fixed points A 
and B, uninfluenced by any force. An elastic field of force is excited 
infinitely slowly, so that in the end the molecules perform harmonic 
vibrations about the centre of the line. 
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§ 9. Difficulties which arise by a passage through singular 
motions. Aperrodic motions. 

One of these difficulties has already been mentioned at the 
end of §6. A difficulty of a slightly different form arises 
when we pass in an adiabatic reversible way from the vibra- 
tions in an anisotropic quasi-elastic field of force to those in 
an isotropic field *. If we begin with an anisotropic field, 
with potential energy 

| P= 4 (V2&/ = V9" &,”) ‘fis acd ven) raga (32) 

it is usual to treat each cf the two principal modes of vibra- 
tion according to Planck’s method ; only those inotions are 
allowed for which the energies of the principal modes of 
vibration satisfy the equations 

€; E< 
ae ee ae (33) 

According to our hypothesis these equations must remain 
unchanged if v, and v, converge infinitely slowly to the same 
value. The field becomes isotropic, and the total energy 
satisfies the equation 

= =(m +m)h. OPM ee) 

At the other hand, an isotropic field of force is a central 
field, hence Sommerfeld’s formule can be applied here. 
These give : : 

. h iz 
Moment of momentum = mip=nz eae te (50) 

Total energy =e=(n+n hvaoi. (ean) 

The motions allowed according to both sets of conditions 
care not the same ; in the first place, we cannot see why the 
moment of momentum (which is not a constant in the aniso- 

tropic case, but oscillates between the values +2 YW nnq.h) 
should converge to one of the distinct values given by (35a). 
for the isotropic case. These oscillations become slower 
and slower if y, and v2 become more and more equal to each 
‘other, hence which value is attained when we have arrived 
at the isotropic case depends on a double limiting process. 
A second discrepancy, to which Epstein has drawn my 
attention, is the following: for a circular motion we must 
have in equation (356) n’=0, in (34), however, n=nzs, 

hence in the latter case - can be equal only to even multiples 

* Comp. a remark made by H. A. Lorentz, Proc. Acad. Amsterdam 
(1912). 

+ The mass of the moving particle is supposed to be unity. 
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of h, whereas in the former it can be equal to every integral 
multiple of h. 

From these considerations it appears that the adiabatic 
hypothesis wants a special complement in order that in this 
case (and also in the analogous cases of a passage through 
singular motions) the double limiting process should lead 
to a definite value. If such a complement could be found, 
it would be possible to deduce the quantum formule for 
arbitrary central forces from the hypothesis of energy 
elements for harmonically vibrating resonators. 

At this place we must also mention the difficulties which 
arise if we try to extend the notions of “reversible adiabatic 
affection,” “adiabatic invariant,” &c., to families of motions 
which are essentially wnperiodic—as, for instance, the hyper- 
bolic motions of a point in a Newtonian field of force. In 
this case, too, the change of the energy and of the moment 
of momentum of the motion depend on a double limiting 
process : the course of the whole motion from t=—o to 
t= +, and the infinitely slow change of the parameters 
1, Ag- ee 

§ 10. Conclusion. 

The problems discussed in this paper show, as I hope, 
that the adiabatic hypothesis and the notion of adiabatic 
invariants are of importance for the extension of the theory 
of quanta to still more general classes of motions (§§ 6, 7) ; 
furthermore, that they throw some light on the question : 
What conditions are necessary that Boltzmann’s relation 
between probability and entropy may remain valid (§ 8) ? | 

Hence it would be of great interest to develop a systematic 
method of finding adiabatic invariants for systems as gener- 
ally as possible. 

The difficulties which arise by the passage through singular 
motions are yet awaiting their solution; perhaps it will be 
necessary to seek for some complement of the adiabatic 
hypothesis. In any case, it seems to me that the validity 
of Wien’s displacement law shows that reversible adiabatic 
affections take a prominent place in the theory of quanta. 

Postscriptum.—The beautiful researches of Epstein (Ann. 
d. Phys. |. pp. 489 & 815, 1916), Schwarzschild (Sttzungsber. 
Berl. Akad. 1916, p. 548), and others which have appeared 
in the meantime, show the great importance the cases which 
are integrable by means of Stackel’s method of ‘‘ separation 
of the variables” have for the development of the theory of 
quanta. Hence the question arises : How far are the different 
parts into which these authors separate the integral of action 
according to Stackel’s method adiabatic invariants ? In the 
problem treated by Sommerfeld this is the case, as is shown 
in § 7. 
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XLIX. Adiabatic Invariants of Mechanical Systems *. 
By J. M. Buresrs f. 

Introduction. 

N the course of the past year the Theory of Quanta has 
made great progress through the study of the so-called 

“ conditionally periodical” systemst. The characteristic 
feature of these systems is that the integral of Action 

W= (20. di 
(T = kinetic energy) can be separated into a sum of inte- 
grals, each of which depends on one only of the coordinates : 

W= 2 (don/Eso) «1 
Generally the motion of each coordinate is a ‘‘ Libration”’ : 
it goes up and down between two fixed limits, the values 
of which are determined by the integrated equations of 
motion §. For these systems the principle which is used to 
introduce the quantum of action h bas the form 

T= 2\dq/ PG) =a) es 

(nz denotes an integral number) 
(during the integration g, goes up and down once between 
its limits). 

Now it has been shown by P. Hhrenfest || that for the 
theory of quanta the ‘ adiabatic invariants” are of great. 
importance. These quantities. are functions belonging to 
the system, which have the property that their value is not 
changed when the system is disturbed adiabatically (see 
the precise definition by Hhrenfest, J. c. and below, § 1). 
Especially he has shown that in the older forms of the 

* This article, Supplement No. 41c—41e of the Communications of the 
Physical Laboratory at Leiden, appeared for the first time in the Proc. 
Acad. of Amsterdam, xxv. (1916), pp. 849, 918, 1055. For those caleu- 
lations which are treated only very shortly here the reader may be » 
referred to the original paper. 

+ Communicated by Prof. H. Kamerlingh Onnes. 
t WK. Schwarzschild, Srtz.-Ber. Beri. Akad. 1916, p. 548. 

P. Epstein, Ann. d. Phys. vol. 1. (1916) p. 490; li. (1916) p. 168. 
P. Debye, Gott. Nachr. 1916, p. 142; Phys. Zeitschr. xvii. (1916) 

pp. 907, 512. 
A. Sommerfeld, Phys. Zeitschr. xvii. (1916) p. 491. 

A general class of these systems was considered for the first time b 
P. Stackel (Comptes Rendus, cxvi. (1898) p. 485; cxxi. (1895) p. 489). 
For an account of the theory, see C. Iu. Charlier, Die Mechanik d. Himmels, 
i. Leipzig, 1902. 

§ Cf. Charlier, 7. c. Compare also note * § 1 (p. 515). 
|| P. Ehrenfest, swpra, p. 600. 
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quantum-hypothesis, as used by Planck, Debye, Bohr, and 
Sommerfeld, the quantity which is put equal to an integral 
multiple of h is always an adiabatic invariant. As has 
already been remarked by HEhrenfest, it would be of great 
interest ‘if this could be proved to be the case with the I, 
mentioned above. In this paper it will be shown that, if we 
leave aside some special cases of degeneration, the Iz are 
really adiabatic invariants. 

1. General considerations on Adiabatic Disturbances of a 
Mechanical System. 

We will consider a mechanical system of n degrees of 
freedom; the coordinates are denoted by g,...g9n3; the 
momenta by p,... pr; the Hamiltonian function may be 
H(q, p,a). We will suppose that none of the coordinates 
or of the momenta can increase indefinitely, and that the 
coordinates move between fixed limits”. (Supposition A.) 
H does not depend only on g and p, but also on certain 

parameters a, e. g. masses, electric charges, intensity of an 
electric field, &&. Now during the motion of the system 
these parameters may be changed by influences from without. 
Such a variation of the parameters will be defined as a re- 
versible adiabatic disturbance of the system, if it satisfies the 
following conditions :— 

4G.) The variation is effected infinitely slowly with 
respect to the motions of the system; more 
accurately: in a time so long that each co- 
ordinate has gone up and down many times 
between its limits, the a have changed by an 
amount infinitesimal of the 1st order. 

3 
(i1.) Approximately the 7 are constants. 

(iii.) During the process the equations 

dy cn Ole ape: a oH 

BET LG 20 ale urbe oN (3) 

remain valid f. 

* In the problems studied by Epstein and others among the co- 
ordinates an azimuthal angle ¢ occurs, which can increase indefinitely. 
The configuration of the system is, however, periodic with respect to 
this variable. An increase of ¢ by 27 takes the place of the libration of 
the other coordinates. With some slight modifications the con- 
siderations given above are valid also for coordinates of this kind. 
+ This is for instance always the case, if only those a which occur in 

the function of forces are varied. 
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If we bring the system from a given state of motion, in 
which the a and the constants of integration of the equations 
of motion have definite values, in a reversible-adiabatic way 
to another state of motion, tke values of the constants of 
integration will change. Let c=/f(q,p,a,t) be a first 
integral of the equations of motion, then, by means of 
condition (i1i.), we can prove that the total change of ¢ 
during the adiabatic process amounts to | 

oye da LO ene 
Nas ae | = og — = dt (4) 

(For the sake of simplicity we have supposed that only one 

of the a is varied.) The dash over — denotes an appro- 

priately determined mean value. According to condition (i1.) 
we may take the mean with respect to the time, while 
according to (1.) we may take the mean with respect to the 
time in the undisturbed motion. 

An adiabatic invariant will now be defined as a function 
of the constants of integration and of the parameters, the 
total variation of which during the adiabatic process is 
zero fT. | 

2. 

Suppose that the equations of motion of the mechanical 
system are integrated. Then it is always possible to express 
the p as functions of the g, the a, and of n (canonical) 
constants of integration a’....«”. The “conditionally 
periodica] ” systems are characterized by the following 
property : each momentum px can be expressed asa function 
which contains only gx together with the a and a : 

ie MV Ge Cee ee eo) Ie | SS emmniee) 

In connexion with supposition A ($ 1) the functions Fx must 

* Cf. the paper in the Proc. Acad. Amsterdam. 
+ Ifan integral c=f is independent of the a, ce will be an adiabatic 

invariant, e.g. the moment of momentum in the motion under the 
influence of central forces. 

{ Geometrical interpretation of this formula: If we draw a q-p- 
diagram for the coordinate g;,, the point (g, p) describes a closed curve, 
the form of which is independent of the values of the other g’s. 
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satisfy the conditions that : 

(a) every equation F;=0 possesses (at least) two con- 
secutive simple roots &, mz, between which F, is 
positive *; 

(6) at a certain instant ‘every coordinate lies between 
the corresponding roots. 

Then it can be demonstrated that the motion of each gq is a 
libration between these roots fT. 

In immediate connexion with the equations (5) we have 
the system of n first integrals : 

a (Oe) « ttre: Wal), Heer altered (6) 

One of the a, for instance a’, is equal to the total energy of 
the system ; then H’ is the Hamiltonian function. 

If now wo consider the ‘‘ phase-integrals ” 

nk nk — 
Te=2| prlqnr=2) dq: JP =le (2! ... 2, a) os MO 

Ek v &k 

it is found after some calculations. that the variation of 
I; during au adiabatic disturbance of the system is 

ea i ) SSH | pe O/T 
ol,=éa. EY dq >q k a are p 2) dn Sam | f é (8) 

ki k 

In order to show that the quantities J, are adiabatic in- 
variants (in other words: that 61;=0), we need a method to 

H” 
calculate the mean values ae . This may be obtained by 

studying the properties of periodicity of the systems under 
consideration, as shown in the next section. 

* The radical sign over F,. has been introduced in order that in the 
common cases the function F, may be rational. Otherwise the condition 
(a) would have had the form: p, has roots of the order 1/2 at the 
points 97,=€;, qx=, ‘Lhe fact, that the motion of g, is a libration, and 
the properties of periodicity of these systems (see § 3) are based upon the 
function p;, (y,) having branch-points at &, and ny. 

+ Cf. Charlier, 7. c. 
{ At the limits of the integration the integrand / F; is equal to zero 

so that we may omit the variations of these limits. In the case of aye 
azimuthal angie @ the variation of the limits has no influence either, ag 
it has the same value for ¢=¢, and ¢=9,+2r. . ‘ 
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oe 

Let us denote ee by f,,3 the determinant of the n? 
a 

functions f,,may be F; its minors, F* ; and f“=F* /F. 
We will introduce the quantities 

t= 3) dg Si a 

During the motion of the system t,...¢, are constants, 
whereas tj=t—t. All phases of our system may be 
characterized by the values of the g and p, or by those of 
the g and «, or by those of the and «. We will study the 
representation upon each other of the following two n-dimen- 
sional spaces (obtained by putting the « equal to constants) :— 

(i.) the g-space (bounded by the surfaces g,=& ; gx=z); 
(ii.) the ¢-space. 
The t are many-valued functions of the g with moduli of 

periodicity w;;*. Here 

Nk 

Whi =f dg. : i oi. he Sa (10) 

aie 

is the increase of F;, if g, goes up and down once between 
&. and ;,, while the other g remain constant t. Hence the 
t-space may be divided into “ period-cells” : to congruent 
points of these cells the same point of the g-space corresponds. 
The representation of a period-cell in the g-space bounded 
according to (i.) 1s uniform; on the other hand, every point 
of the g-space is represented at more than one point of a 
period-cell, in such a way that the positive and negative 
values of p= J By are separated. . 

We will put the determinant of the w,; equal to 0 ; its 
OG 

minors are OQ" ; and ow” = 7 ©, is equal to the volume of 

a period-cell. In the ¢-space the motion of the mechanical 
system is represented by a straight line parallel to the axis 
of t,, which passes through the system of period-cells. If 
we replace each point of the line by its congruent point in 
one of the period-cells it may be demonstrated that in the 
general case the set of points obtained in this cell is every- 

* Cf. Charlier, J. c. 
+ These integrals receive a simple meaning, if gz is regarded as a 

complex variable. Cf. Sommerfeld, Phys. Zeitschr. xvii. (1916) p. 500. 
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where dense*. Now the mean of a quantity Z with respect 
to the time, 7. e. the mean value of Z for all states repre- 
sented by a great length of the ¢-line, may be replaced by 
ap mean value of Z for all the points of one period-cell f. 

ence 
anes Z=G---\da... des. Z fs OAS Gite 

(the integration is effected over the volume of one period- 
cell). 

Transforming from the ¢ to the g as variables, the formula 
becomes 

ie (a (i i 
Lie fan. a 7 ale) SRY Are ve 

xv 

as according to (9) — = 

If we use this formula to calculate the quantities a 
a 

after some transformations we find 

m ai je 
oH = — dY@™ é 2 A ae f ’ (13) = d 
0a l i] a Oa 

Introducing the values found in equation (13) into 
equation (8), we find that 6Iz=0. ‘Thus it has been demon- 
strated that the “ phase-integrals” I, are invariants during 
an adiabatic disturbance of the system. 

4A, Summary. 
For mechanical systems possessing the following pro» 

perties :— ; 
(1) each momentum pz can be expressed as a function of 

the corresponding coordinate gz together with the 
constants of integration of the n first canonical 
integrals and with certain parameters ; 

* This theorem is due to Stickel. It is founded upon theorems by 
Jacobi and Kronecker. See for instance Kronecker, Werke, iii. 1, p. 47. 

A necessary condition is the following: between the quantities w/1 
(the so-called ‘‘ mean motions”) there may not exist any relations of 
the form = mj ofi=0, 

j 

where the m,; are integral numbers. 

+ For a demonstration of this the reader may be referred to the paper 
in the Proc. Acad. Amst. The demonstration is founded upon a 
development of the function Z in a multiple Fourier-series. 

1 Cf. the paper in the Proc. Acad. Amst. 
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(2) the motion of each coordinate is a libration ; 
(3) between the mean motions w/! there do not exist any 

relations of commensurability 
has been demonstrated that the ‘ phase-integrals” 
T=) prdge are adiabatic invariants for infinitely 

slow changes of the parameters, in the sense defined 
by Ehrenfest. 

A separate treatment is necessary a those systems 
between the mean motions of which relations of commen- 

surability exist of the form eile) oJi=0. It may be shown* 

that if we limit ourselves i those adiabatic disturbances 
which do not violate these relations, at least some linear 
combinations of the phase-integrals (with integral co- 
efficients) are invariants. These combinations have the 
form 

Vase, 

where the coefficients r, .. . 7” are a primitive set of integral 
roots of the equations 

=m! 2 =0. 
i J 

As has been shown by Schwarzschild and Epstein J, the 
total energy x’ of the mechanical system when expressed in 
the Ix depends only on linear combinations of these of the 
above form. 

Hence by “ quanticising ” (equating to an integral multiple 
of Planck’s h) the invariants I, in the general case, or Y, in 
the special cases last mentioned, it is always possible to 
obtain a set of determinate values for the total energy. 

University of Leiden (Holland). 

Postscriptum.—In Proc. Acad. Amst. xxv. (1916) p. 1055, 
amore general treatment of adiabatic invariants is given, 
which is based upon the integration of the equations of motion 
by trigonometric series. 

The following difficulty must yet be mentioned: during 
the adiabatic affection the mean motions w/! change, and 
hence their ratios pass through rational values. It has to be 
examined what influence this can have. 

* Proc. Acad. Amst. xxv. (1916) p. 918. 
+ K. Schwarzschild, 7. c.; P. Epstein, Ann. d. Phys. li. (1916) p. 180. 
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L. Molecular Refractivity and Atomic Interaction. Il. By 
L. Smnperstewn, Ph.D., Lecturer at the University of 
Rome*. 

7 what follows, my first paper on this subiect, Phil. Mag. 
vol. xxxili. pp. 92-128, will be shortly referred to as L., 

and, if not otherwise stated, all symbols will have their 
previous meaning. 

1. Atomic Interaction ; Corrigendum. 

By an inadvertence formula (4), p. 100, I., has been 
written for “the whole force” on the i-th electron due 

to the j-th atom (or j-th doublet). That formula repre- 
sents, obviously, that part of the force which is due to 
the axial component alone of the displacement r, The 

mutual distance & of the two atomic centres being large as 
compared with 7,, the j-th atom acts as an ordinary, and 

well familiar, doublet, and exerts on the dispersive electron 
of the i-th atom the total force 

C-e. 
F,= rae [ 3u(ur,) =A 

where u is a unit vector drawn from the i-th to the j-th 
centre, or vice versa t, the charges Cn iG, being now taken 

in rational units. In Cartesians, if &, 7, Care the rectangular 
coordinates of j, with origin in 2, and 7,, r,, r, the components 

of the displacement r,, the components of the bracketed vector 

will have the familiar form r,( an -1) +3r en +37 so etc. R? y R? Zz R? 

Let us write p=er for the electric moment of any doublet. 
Then the above fundamental formula will become 

€; P= reste foutup )— pleat ye sO) 

: A - ‘ e,(p,w) : . 
The axial component of this force is) ps? as in I., while 

the transversal part is given, in size and direction, by the 
vector eu(up,)—p,|/47h*. The latter is, obviously, in 
general, of the same order as the axial component and can, 

* Communicated by the Author. 
+ This is immaterial, since uw enters only through the dyad u.u which 

retains its value on changing the sign of u. 

Pitl<Mag: S10. .V.0l, da. Non 198. June L917. 2.0 
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therefore, by no means be neglected. Thus, all of our 
previous formule for axial oscillations, axial refractivity, ete., 
remain valid, while those associated with transversal oscilla- 
tions have to be corrected in accordance with formula (1). 

The resultant force F, on the 7-th electron due to the 
remaining atoms of the molecule will be the sum of vectors 
of the type of (1), 

F,=2F,,, eae 

Thus F, will be a linear vector function of py, p3,....P,, 

the moments of the second, third, ete., and «-th doublet of 
the molecule, and so on. Let, again, y; be the squared free 
frequency of the z-th electron, and let us denote by @ 
the force, per unit charge, due to the doublets contained in 
the neighbouring molecules and due to the external field E 
(incident light). Then, for monochromatic light of squared 
frequency y, and writing again B,=e?/m,, the equation of 
motion of the z-th electron reduces to 

(y;—Y)P;— [3u(up,)—p,J=BG@ . (2) Trl; 

There are « of such equations ((=1, 2,...4«) for each 
molecule. In the simplest case of a gas in normal conditions 
the perturbation due to foreign molecules is negligible, and 
then we have simply G=E. Tor other bodies the difference 
of these two vectors will be a complicated function of the 
data fixing the arrangement of the molecules, as will be seen 
later on in some concrete examples. The refractive pro- 
perties of the body considered as an aggregate of such 
molecules will follow from (2) and from the usual relation 

(K-DE=2>p, . 32 

where 9} is the number of molecules per unit volume, 
K=p2, as before, and p, the average of p, taken over a 

“physically small’? volume, as in the current electron 
theory of dispersion. 

2. Refractivity of Diatomic Gases. 

Taking up again the care of diatomic molecules, let us 
apply the suffixes 1=1, 2 to all the attributes of the two 
atoms composing each Hp earl. Let the substance consist- 
ing of these molecules be a gas in normal conditions. Then 
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N= 2°76 .10%cm.~%, so that the average distance of neigh- 
bouring molecules is of the order of L=3'3.107’, while the 
critical distance R, of the atomic centres within a molecule 

is of the order 1078, and in some cases even smaller than 
that. Thus the ratio R,/L is a small fraction, like 1/40 or 
1/50, and since all optical perturbations are brought about 
essentially through the variation of the free frequencies, 
the influence of neighbour molecules, being represented by 
(R,/L)=10-°, will ‘be practically evanescent. Under these 

- circumstances we have simply 

G=E, 

and the general system of equations (2) gives, for each 
molecule, the two equations 

B 
(yi—Y) Pi— iB! [ 3u(up,) —Po | = BE, 

Bey (4) 
(2-7) P2— Aa R? [3u(up;) —Pp, | = BLE. 

Here £ is the mutual distance of the two atomic centres, 
and u a unit vector coinciding in direction with the molecular 
axis 12 or 21. 

Consider, first, the ideal case in which the axes of al] 
molecules are parallel to one another. Let a, be the axial, 
and ¢, the transversal component of p, and EH., E, the 

corresponding components of E, the electric vector in the 
incident light. Then (4) will split into 

(m-—Ya- are Sea oe — Bon 4a) 

and 

iy at ae = BE, s (ye—y)te+ re =B,E, . (42) 

At the same time we shall have p,=p,, and therefore, by (38), 

(K,—1)8,=N(a+a2) ; (K,—-1)E,=N(t, +4), (3') 

. cae 2 aks ° 7 > + 2p 1 where K,=z,”, K,=u2; “» », being the corresponding re- 
fractive indices. 

Now, the axial equations (4a) are identical with those 

202 
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given in I., and so are (3’). Thus we have for the axial 
molecular refractivity of the orientated aggregate, 

N=4(e—-}) a 9 

precisely as in I. (with 47R? instead of R’), 

N,+N,+2sN,N, a 

No 1 @NiN, 2g ank? ne 
where V,= ——*— are the atomic refractivities of the 

a(¥;—") : 
constituents and a=3m,/1:008=4:°88.10-*% or. The 
correct transversal equations (4¢), however, differ from the 
original ones (in which the terms Bt,/4ah*® have been 
absent). Thus the transversal molecular refractivity 

A Slt IL) Twill be different from that givenin I. Its 

correct value, however, can be derived without much 
additional trouble. In fact, the left hand members of (4 ¢) 
differ from those of (4a) only so far as —27A? is replaced by 
+47°. In order, therefore, to obtain VV, from V, we have 

only to write, in (5 a), —4s instead of s. Consequently, the 
transversal molecular refractivity will be . 

N, ae N,—sN,N, N= a ee 

Thus, neither the aviai nor the transversal refractivity of 
the compound obeys the additive law. The real departure 
from additivity is, therefore, even more radical than has 
been asserted in the first paper, p. 104. At the same time 
all the free frequencies belonging to the molecule, those 
corresponding to axial as well as to transversal oscillations, 
differ from the atomic ones. The new axial frequencies are 
as in I, and the transversal ones will be given presently. 

Isotropic Gas.—Let now the directions of the molecular 
axes be haphazardly distributed, as is the case in a real 

* The irrelevant constant factor 3, a degeneration of (u,?+2)~‘, is 
inserted only to male the expression vniform with the “ molecular refrac- 
tivity” as usually defined; .W stands for the molecular weight and d 
for the density of the substance, as before. 
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gas. Then the molecular refractivity of the diatomic gas, 

N=}(u?—1) 4) S3(u-1) 4, will be 
Nea 2 
N =3N_+3N,, 

that is, by (5a) and (5t), and writing = for the sum, and 
II for the product of the two atomic refractivities ;, Ne, 

, > + 2sII X—sil 
as es ee eerin en fs N=3 5-97 eerie aa I (S) 

This is the required formula, valid for any diatomic gas. 
The free frequencies belonging to the molecule will be 

obtained by equalling to zero the determinant of the equa- 
tions (4a) and that of (4¢). The former gives for the 
squared free frequencies y,, corresponding to axial oscilla- 
tions, as in I., 

Le AUB Bae ees 
Y.> Vo =3(m +70) 4] (n—)?+ oe | 5 (6 a) 

and the latter gives for y, corresponding to transversal 
oscillations, on simply replacing s by —4s, 

BAB gs 
Ver Ve =3(Y1+-¥2)) + | (ne)? + aac : (6 ¢) 

Thus, none of the original frequencies, and therefore, of the 
atomic bands, will remain in the absorption spectrum of the 
compound. ‘The dispersion curve will be entirely modified 
by atomic interaction, to an extent depending on the value 
of / B,B,/R*. Yet, the sum of the squared new frequencies 
will be equal to that of the original or atomic ones. In fact, 
as has already been remarked in I., yo’ +ya'=y, +723; and 
so also, by (6¢t), ye +y¢'’=y71+%2. Remembering that each 
of the y: counts for two (inasmuch as it belongs to two 
mutually perpendicular transversal oscillations), and denot- 
ing the new frequencies summarily by y’, we can express 
the said conservation of the sum of squared frequencies by 
writing 

yy Ont yey~ to <2 aD 
This invariance with respect to mutual action is a general 
property, valid for any number of interacting atoms. The 
proof is easily obtained by examining the determinant of the 
corresponding system of linear equations. 
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Subcase: Hqual Atoms.—If the molecule consists of two 
equal atoms, that is if the gas is of the type of Hy, we have 
N,=N,=™), say, and y;,=y2=%, 61\=B,=B. The mole- 
cular refractivity of such a gas is, by (5), 

1—IsN, (8) 

(l—sNj)\QtdsNo) 9 ee 

where s=a/27h?, as above. Applications of this formula * 
to ordinary hydrogen, oxygen, and nitrogen gas will be 
given presently. 

The free frequencies (6a), (6¢) are given, in the present 
case, by 

N=2N, 

Bs LLB 
Ya's Vo Se = 8 Ye» Ye =o ie <')''3) Same 

The absorption spectrum will thus consist of four lines or 
bands, all different from the atomic one (yo). Two of these 
bands, ye", Ya'’, will be wltra-yo, and two, yz, ya’, will be 
infra-Yy. In ascending order of wave-lengths we shall have 

Ale Nee (No), me Wa 

Ag being abolished bv interaction. The greatest of these 
wavye-lengths being Wwe corresponding to Yq =yo—-Bs/a, the 
critical Gigtnnnee ee determining the limit of optical stability 
(cf. I.) will be given by 

ee (LT 

and the condition of stability will be s<s.. 
Returning to (8), let us remember that Nj)=B/2(yo—y), 

B=e?/m. If 2% is the wave-length and ie. then 
y=Ar'cu. Writing, therefore, 

: Oe 
bo= sd a Li) 

Amr? me Me Uy’ Jo Uy Jo 

as in Phil. Mag. Feb. 1917, we shall have 

Ni SUM VEU Sui oo (12) 
Uy —- U 

since wp falls into the extreme ultra-violet and since in the 
concrete examples to be treated below w will be limited to 
the visible region of the spectrum. By (11), and writing 

* Which replaces the erroneous formula (2) of the Note published in 
Phil. Mag. for February, 1917, p. 215. The numerical results given in 
that Note will be recalculated, a little further on, by means of the present 
formula (8). 
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e'=e/ 4m for the charge in ordinary (irrational) electro- 
static units, Heo | 

1:008 e’/e e'/e 

37 mM My (11 a) 

Substituting (12) in (8), developing and rejecting the 
second and the higher powers of gow, we have, for the mole- 
cular refractivity of the diatomic gas, 

ko= 

IN Saye ENR ey ae a) amanne gt cei ner decay tmnaM (ES): 
re 1—Jhos i) 

ave aay | 
i (14), 

1 — bos + 2b 7s" 

ae bos )(1— 4b, 252) | 

These are the refraction- and the dispersion coefficient of the 
gas in terms of the atomic coefticients by, g) and the inter- 
atomic distance involved in s. Writing, analogously to ho, 

| ba, 
we have, from (14), 

na (1 —4bd os)? 
an ee bys +3 3b, 3’ 

Qko—h+2 Vk(ky—de) cs ae 
ky— $k 

This is the correct formula to be employed instead of 
formula (12) in a previous Note (Phil. Mag., Feb. 1917, 
p- 218). Asin that Note, let ¢ be the value of the right- 
hand member of (11 a) which would correspond te an electron 
proper, 2. e. 

e=0°107. 1:77. 107. 9650 =1°83 . 10" ae . (16) 

whence 

sho 

and Jet us assume again that any atomic hy is an exact 
multiple of the electronic value, 

a Oe ee oN se ee) IN 

n being the smallest mteger compatible th the conditions 
of the problem. Now, notwithstanding the above correction 
of the transversal part of the interaction, the expression under 
the radical in (15) has remained exactly as before. Thus, 
k being essentially positive and sby real, n will again be the 
smallest integer satisfying the inequality 

erie Petes ca) (HE iy cals eit 21 Wasenaiey i @ilees)) 
The condition of stability, is by (10), in terms of Oo, 

CLP one aN AA ee ners erst ILS) 

by-= == Uae 
was a 

the critical distance PR, being given 
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The ccefficients 6, g, and therefore k, being known from 
the observed refractivity of the diatomic gas, and k, being 
determined by (18), the product sb, will be found by means 
of (15). And inserting sbg in (14) we shall obtain the atomic 
coefficients b), J), and at the same time the value of s and 
therefore also the interatomic distance R. 

3. Hydrogen, Oxygen, and Nitrogen. 
The coefficients for these diatomic gases, as given by their 

observed refractivities, at least within the visible region of 
the spectrum, are (Phil. Mag. Feb. 1917, pp. 219-221), 

b=2'044,; g=127,.10-; k= Gao 268 10, (H,) 

b=3-967; g=2'50 10-2; k =6:295.10, (Os) 
b=4:409; g=1:91 .10-%; k=10-18.10 (N,) 

Thus, by (16) and (18), the values of ko to be attributed to 
the atoms of hydrogen, oxygen, and nitrogen are 

Kole 026, Woe 

respectively. Substituting these numbers and the above 
numerical values of & into (15), I find, for hydrogen, oxygen, 
and nitrogen, respectively, 

sbp>=0°3932, 0°4436, 0°2962, 

each satisfying abundantly the condition of stability, (19). 
Substituting these values of sbo, and the above 0’s, in (14), 
we find the required atomic coefficients bo, w=Ao 7, whence 
also s and therefore R. The atomic attributes thus obtained 
for the three elements are collected in Table I., which, 
besides the coefficients ky and the free wave-lengths A», con- 
tains also the critical distances FP, of two equal atomic centres, 
determined by 27,3 = abo. 

TABLE I. 

Atomic Refractivity Np. Diatomie Molecule. 

Atom.| A,.10°. Ko. | 

H H H Wie NO leer IO, a B y se hes 

H...) 710°8 |e=1°83.10".| 0-936 | 0°945 | 0-950 |) 172225) Weds 

O ...| 688-0 2€ 1-752 | 1:768 | 1-777 || 1-446) bates 

Nolen 2 O€ 27110 | 2:125 | 2-134 || 17704) eae 
| 
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The reader will notice that the interatomic distances R in 
the actual molecules of the gases Hy, Oo, No are considerably 
larger than the corresponding critical values (/?,), thus 
satisfying the condition of optical stability. For the sake 
of future reference in working out numerical examples, the 
values of the atomic refractivities, calculated by means of the 
formula 

NG = ie, UP Seal ra Reged nn ia (3) L/2,) 
uUg—U 

for the first three members of the Balmer series, are given 
under the usual headings H., lely, Jal There is nothing 

surprising in the fact that our atomic refractivities antes 
considerably from those hitherto used by chemists (er. I 
p. 94). 

Comparison with Results of Kinetic Theory of Gases.—It 
may be interesting to Es the above interatomic dis- 
tances, viz., in Hg, "O,, N 2 respectively, 

eno 2) |) 14a T6408) 20 11 20) 
with the semidiameters $o of the corresponding molecules, 
obtained by various methods based on the kinetic theory of 
gases. Let us take for this purpose Jeans’ latest /ree-path 
semidiameters *, 

+o =— 1°34 eS ISO Mae Gg (J.) 

which seem thoroughly well-founded, the more so as they 
represent, at the same time, the viscosity-, the heat conduc- 
tion- and the diffusion- rallies, Drenoll srlines following from 
the free-path phenomena. They differ only, as they should, 
from the Boyle’s-Law values of the semidiameters of the 
corresponding molecules. To avoid confusion, these latter 
will be denoted by top, and the former, free-path ones, 
simply by o. 

The above kinetic semidiameters (J.) are considerably 
greater than our interatomic distances FR. The two sets, 
however, show a marked parallelism, and not only a mere 
agreement in order of magnitude. A geometric interpreta- 
tion of this parallelism may be of some interest. 

* J. H. Jeans, Dyn. Theory of Gases, 2nd edition (1916), p. 341, 
where 7=2°75. 10%, agreeing with the value I have adopted throughout, 
is taken for Tbaselnnreake snumber. In the Ist edition of his work (1904) 
Jeans has adopted the considerably higher value 4.10'°. This I have 
noticed only through the huge contrast afforded by the figures of Jeans’ 
2nd edition (which is only in a small extent due to the replacing of the 
original coefficient 0-44 by ,Chapman’s 0°499). The number 2:75 or 
2-76.10! has been in fairly general use since 1901. 
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At first sight it would seem that, if each atom is a sphere 
of radius », we should have $o=3R+7 (and in the case of 
contact, for example, o=J/’), assuming, of course, that our 
optical centres 1, 2 are the centres of the atomic spheres. 
This relation between & and o, 7 would hold, in fact, if the 
system had a sufficiently rapid motion round the mass-centre 
O with chaotically changing axes of rotation ; for then the 
molecule would behave, for purposes of encounter, as a full 
sphere of radius Jo=3R+,r. But, contrary to the opinion 
of some physicists, this is by no means the case. If there 
is any rotation, it is certainly not rapid enough for the 
rushing neighbour molecules. The radius 40 of the equi- 
valent sphere is not 4+~7 but rather (much the same as if 
the molecule was not rotating at all) equal to the average p 
of the semidiameters p drawn from the centre O of the 
system to its “‘surface ’’ (more rigorously, the semidiameter 
corresponding to the mean area of section of tangential 
evlinders). We shall not be far from truth if we substitute 
for the two spheres * an ellipsoid of revolution, of semiaxes 

=i1R4r, b= 7 2 

The deeper the interpenetration of the atomic spheres the 
more justified this substitution, but it would be sufficiently 
accurate even in the case of contact. The corresponding 
mean p= to is easily found to be 

SN ao b 
Pirie Mo cosY =|. oi ois/a et eee CEO 

where F's is the complete elliptic integral of the first species. 
whose modulus is sin 6. Thus, with the semiaxes (21), and 
writing for the moment 

evan Ie 

we shall have, for the ratio of the (free-path) semidiameter 
of the molecule to the interatomic distance /?, 

Gh eke i 
mR 193 C080 sare | 

If, for instance, the spheres are in contact (v=1), we have 
6=60°, and Jo: R=0°6864. This ratio increases with in- 
creasing depth of interpenetration of the atomic spheres. 
In general, ¢ and & being known, from the kinetic theory 
and from the present dispersion theory, we have in (22) a 
transcendental equation for x, and therefore for the atomic 

(22) 

* The spherical form is assumed for the sake of simplicity only, and 
can later be given up for a more general one. In fact, the circumstance 
that op (Boyle-diameter) differs from o (free-path) even for monatumic 
eases would suffice by itself to show that at least some of the single 
atoms themselves are not spherical, or, that the equivalent force-centres 
are not isutropic. 
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radius r. The equation is of a rather complicated kind. It 
is, however, conveniently solved by the process of successive 
approximations which leads very rapidly to a more than 
sufficiently correct result. In this manner”, and substituting 
for o the values (J.) and for F& the values (20), I find from 
(22), for the atomic radi of hydrogen, oxygen, and nitrogen, 
respectively, 

Bee OO, Fae OM ure — ood. Ome 2a) 

These radii of the atomic spheres are based upon f and the 
free-path diameters equalled, approximately, to 2p. 

Let us still consider the Boyle-diameters of the molecules. 
These diameters enter through the volwme of the molecules 

3 
and will thus be given by a 2 = volume of the two 

atomic spheres mznus that of the lenticular region of over- 
lapping. The latter could be easily calculated. Having, 
however, once replaced the diatomic molecule by the ellipsoid 
of revolution (21), let us keep to this substitute. Thus we 
shall have 

oon — (G0) P= (nt PR) uepee yo 2a) 

By means of this formula, and using the interatomic dis- 
tances fr, we can predict what the Boyle-radii of the 
molecules should be. Let us take for this purpose the set 
(23) of atomic radii r which we have obtained a moment 
ago. Then, with #& substituted from (20), formula (24) 
gives 

Hy 0; Ns 
Orel Oa eCIULe wie(ees Oe 0 yet, 2) Nea 

while the values actually deduced from the deviation from 
Boyle’s law are (Jeans, p. 842, not containing Og) : 

Ng Oe en TTT Oe i. |). any 
The agreement is surprisingly good. Thus the free-path 
values o appear connected with the Boyle-values o, through 
the dispersion theory. 

In view of this result we shall adopt, for the kinetic radi 
of the atoms of hydrogen, oxygen, and nitrogen our above 
set (23), retaining ultimately but two decimal figures, 2. ¢. 

(OU a lee Onno). nS.) ain (a open) 

The reader will have noticed that the interaction-theory 
of dispersion is entirely independent of these radii, and, in 
fact, of any concepts of size or shape of the molecules and 
of their component atoms. For in this theory the atom 
plays only, thus far, the part of an (optical) centre or point, 

* Using a five figure table of log F,. 
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which is converted by external agents into an electric 
doublet, and the molecule is a system of such points. We 
shall, now and then, need the above radii only in order to 
estimate the kinetic dimensions of molecules composed of 
these three and ot other atoms, or sometimes, to guide our 
choice among all the possible configurations of the atomic 
centres. 

A, Mitric Oxide, NO. 

The observed refractivity of this gas is, in normal 
conditions, for 7=0°589 (Landolt-Bornstein’s tables, 1912, 
LOS), 

pw —1=2°94.10-* (Cuthbertson and Metcalfe). 

Observations for other wave-lengths are not quoted. Takin g q 
this value, we have for the molecular refractivity of nitric 

M : 
oxide, V=2 or (u—1), with M=30:01, d=1°342. 10>°, 

Vi — 473 62 Olen 

On the other hand, the atomic refractivities of nitrogen and 
of oxygen for the same wave-length are, by Table I. and 
by formula (12), 

IN ele Olio 

whence, their sum and their product, 

= 3 8, Wa 3 ie 

Substituting these values and the observed V=4°'382 into 
our general formula (5) for the molecular refractivity of a 
diatomic gas, we have the quartic equation for s=a/27R° : 

d,s — a, S° ay Sa = 0 
where 

d= VN == 60:-430;. (a, = 2 ie — Zi oee 

dg=TI(5N—3>)=38'238, ay=4(N—2)=2°044. 

The only positive root of (26), satisfying the condition of 
stability, is, to four decimals *, 

s== 02221. 

This gives, for the interatomic distance in NO, 

R= 4:518. 107" 2 See 

By (23) the atomic radii 7, and 7y are but slightly different 
from one another. Thus we can, with sufficient accuracy, 
take for both atomic spheres the mean 

Pel (P a ayee Naa Jed (is U0) 

* Of the remaining three roots of the quartic equation two are negative, 
viz. s= —0'2822 and —0'5201, and are thus out of question, and one is 
positive, s=1-037, but much to large to satisfy the condition of optical 
stability of the NO molecule. 
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and substitute for the two spheres the ellipsoid 

CS eee 1, coke). LOG s: 

This gives for the semidiameter of the molecule NO, by 

(22), 3:036..10-8 151 za "036. oi 
p=3e= = Ve, cos a=) 

oa) 

20 ty a 

that is, 
Lede B L0G MS hay Nisa ay luagy 2 28 

The free-path semidiameter of this molecule is, according to 
Jeans (loc. cit., p. 341), 

Pee SUT Os any a 
The coincidence is almost perfect. It thus serves also as an 
additional corroboration of the correctness of our atomic 
refractivities of nitrogen and oxygen and of our estimate of 
their atomic radii. 

Substituting the above value of s into (5), the molecular 
refractivity of nitric oxide can be caleulated for any A, within 
the prescribed region at least. Since, however, the only 
observed refractivity is that for sodium light, the calculation 
can be omitted for the present. 

The purpose of this Section has been chiefly to illustrate 
the application of the general formula (5) for diatomic 
gases. In order to be able to treat further, and more vital, 
concrete examples we shall have first to enlarge our meagre 
list of atomic refractivities, preferably by adding to the 
above three (H, O, N) that of carbon which we shall attempt 
to derive, with such rigour as is possible, from the optical 
properties of diamond. But before doing so it will be 
necessary to leave the gases and to investigate the réle of 
interaction in more dense aggregates of molecules, viz. in 
solid crystals. The treatment, to be given in the next 
paper, of the simplest cubic and quasi-cubic arrangements 
of atomic centres will pave the way for some concrete and 
more complicated problems. 

London, April, 1917, 
Research Dept., Adam Hilger, Ltd. 

LI. Notices respecting New Books. 

Science Progress. No. 43. January 1917. 
London: John Murray. Price 5s. net. 

fQ\HIS number contains several articles and reviews of interest 
tothe physicist. Dr. R. A. Houstoun gives a popular account 

of his new theory of colour vision first put forward in the Pro- 
ceedings of the Royal Society for 1916. The popular account is 
hardly so convincing as the Royal Society paper; but this is no 
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doubt owing to the difficulties attending an attempt to express a 
mathematical problem in non-mathematical language. The new 
theory does away with the need of three distinct colour sensations 
(for which there is no histological evidence); and it bears con- 
siderable resemblance to the views which have been advocated by 
Edridge-Green for many years past. The fact that the phe- 
nomena of colour mixture can be described so satisfactorily in 
terms of the three-colour theory is apt to make one ignore the lack 
of microscopical evidence for it ; moreover physicists are usually 
so little acquainted with the subjective phenomena of colour 
vision that the difficulty of explaining these by the same theory 
does not oppress them. This article and the original article are 
well worth careful study. 

The number also contains an appreciatory note by D.O.W. on 
the recipients of the Nobel Physics Prizes for 1915, Professor W. 
H. Brage and his son (with portraits). Also an illuminative essay 
by Dr. H. Bateman on the theory of integral equations and the 
calculus of operations and functions. 

LIL. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 

[Continued from p. 456. } 

February 7th, 1917.—Dr. Alfred Harker, F.R.S., President , 
in the Chair. 

(ee following communications were read :— 

1. ‘The Trias of New Aealand.’ By Charles Taylor Trechmann, 
M.Sc., F.G.S. 

?. ‘The Triassic Crinoids from New Zealand collected by Mr. C. 
T. Trechnavn.’ By Francis Arthur Bather, M.A., D.Sc., F.R.S., 
eGis: 

3. ‘On a Spilitie Facies of Lower Carboniferous Lava-Flows in 
Derbyshire.’ By Henry Crunden Sargent, F.G:S. 

The igneous rocks of Derbyshire form a basic series, consisting 
mainly of lavas and sills, hitherto classed as olivine-dolerites and 
basalts, often associated with tuffs and agglomerates. Alt these 
rocks occur in Lower Carboniferous strata. The lavas were sub- 
marine and contemporaneous. 

Specimens of the lavas from certain localities exhibit a trachytic 
structure, and possess affinities with both spilites and mugearites. 
These specimens are all intensely decomposed, felspar being 
generally the only original mineral that is determinable. ‘The 
alkali-content sometimes exceeds 7 per cent., potash being always 
important and sometimes predominant. The telspar species are 
oligoclase and orthoclase, with generally a more basic plagioclase 
subordinate. Replacement by alkali-felspar frequently oceurs. 

Field-evidence shows that these spilitic rocks, as a rule, underlie 
the basalts. A gradation may be traced between the two extremes 
of the series. ae 

It is suggested that the whole series has been derived from 
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a common magma of normal basaltic type, and that, by the 
upward passage of gases through the magma, a relative con- 
centration of the alkalies took place in its upper part, which 
was the earliest erupted. It is further suggested that the intense 
decomposition of the spilites is a case of auto-metamorphism, 
due to retention of volatile constituents resulting from the physical 
environment of a submarine flow. 

An analogue to the radiolarian cherts and jaspers, generally 
associated with spilites in other localities, is found in Derbyshire 
in the quartz-rock and other siliceous rocks that frequently occur 
in proximity to volcanic vents. 

Since the spilites appear to be differentiates from a normal 
basaltic magma, resulting largely from their physical environ- 
ment, it is concluded that they do not form a separate suite of 
igneous rocks distinct from other alkaline rocks. 

LIL. Intelligence and Miscellaneous Articles. 

ARNOLD LOCKHART FLETCHER. 

gq yN April the 30th Arnold Lockhart Fletcher died at Rouen 
of severe wounds received inaction. He was in the 28th vear of 

his age. During his short life he accomplished work of permanent 
value. 

Arnold Fletcher was educated in various schools in England 
and Ireland, and entered Trinity College, Dublin, in 1906. He 
graduated in Arts and in Civil Engineering, obtaining the latter 
degree in 1909. Shortly atter passing his finals in Engineering 
he was appointed Assistant in the Department of Geology—a 
subject in which he had displayed a keen interest as a student. 
During his tenure of this post the work of research in this 
Department was mainly confined to the distribution of radioactive 
elements. Most of Fletcher’s papers are devoted to this subject. 
Various important materials were examined by him, using, at first, 
the method introduced by Strutt, and, later. the method by fusion, 
When a convenient means of estimating thorium emanation was 
devised, the search for this element was added to that of radium 
emanation. 

Fletcher’s papers on the radioactivity of rocks and minerals show 
him to be an enthusiastic worker: who spared no pains to 
obtain reliable results. His paper on the radium content of 
Secondary Rocks well illustrates his minute care in research 
(Phil. Mag. Feb. 1912). This paper will, in the present writer’s 
opinion, long remain the best work which has been done on these 
materials. Indeed it cannot be superseded, for it is a record of 
natural quantities which enter as essential data into geological 
science, and must retain its value unless some at present unknown 
source of error can be shown to exist. 

This and several of his other papers show Arnold Fletcher ag 
possessed of the most valued quality of the investigator——the de- 
termination to arrive at accuracy. But they also show him to be 
possessed of the inventiveness which continually improves upon 
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apparatus.- His manipulative skill was remarkable, and he seemed 
specially at home in that sort of quick manipulation which involves 
keeping one’s head while making adroit and quick movements. 

He investigated the rocks of the Transandine Tunnel; of the 
Leinster Granite; of Antarctic regions and Secondary Rocks in 
general. He shared in the work of Halo measurement. Later 
(at this time working for a short period in the Royal College of 
Science for Ireland) he published an account of a method of deter- 
mining the radium content of small quantities of radioactive 
minerals. All these papers appeared in the Philosophical Magazine. 
A paper on Sublimates appeared in the Proceedings of the Royal 
Dublin Society. 

In November 1913 he became a Junior Inspector under the 
Department of Agriculture and Technical Instruction. 

He was gazetted Second Lieutenant to the 4th Batt. of the 
Leinster Regiment in April 1915, and was attached to the Machine 
Gun Corps later on in recognition of work on machine gunnery. 
He held the rank of Lieutenant at the time of his death. He had 
been in France since Dec. 1916. 

What honour is too great to pay to these young scientific men ? 
They give up something more than life: a future of high ideals 
and aims. J.J. 

ON THE “‘ WOLF-NOTE ” IN BOWED STRINGED INSTRUMENTS. | 

I wave read with much interest Prof. Raman’s paper under 

this head in No. 190 of this Journal, but I cannot agree 
with what is mentioned there on the cause of the mute-effect. 
Prof. Raman tells us that the frequency of maximum resonance of 
the bridge and associated parts of the belly gets altered by loading 
the bridge, and that “the explanation of the effect of a mute on 
the tone of the instrument is chiefly to be sought for in the effect 
of the loads applied on the frequencies of the principal free modes 
of vibration of the bridge and associated parts of the belly.” 

T suppose that the change of pitch of the note of maximum reso- 
nance of bridge, belly, &c. will practically be the same whether the 
bridge be loaded at its highest part or as low as possible and near 
toits left foot. Yet the difference of tone-quality is very large, as 
the experiments of M. de Haas and the writer of these lines have : 
shown *: in the first case the sound is strongly damped—the 
ordinary mute-effect—,whereas in the second case only a very slight 
damping of the G-string is noticeable. 

Secondly, I think the fall of pitch of the resonance note, caused 
by a mute, might perhaps explain an alteration of timbre for those 
notes whose pitch approaches that of the (lowered) resonance note, 
but I fail to see bow it should explain the great change of tone- 
quality of even the highest notes on the E-string. 

J. W. GILTAY. 
Delft, Holland, 24th March, 1917. 

* Proc. Roy. Soc. Amsterdam, January 1910. 
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