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POOR LOOK, 

I. Nineteenth Century Clouds over the Dynamical Theory of 
Heat and Light *. By The Right. Hon. Lord Kenvyy, 
7.C, V.O0., CEL LL.D, PRS, Moet, F.. 

[In the present article, the substance of the lecture is 
reproduced—with large additions, in which work com- 
menced at the beginning of last year and continued after 
the lecture, during thirteen months up to the present time, 
is described—with results confirming the conclusions and 
largely extending the illustrations which were given in the 
lecture. I desire to take this opportunity of expressing my 
obligations to Mr. William Anderson, my secretary and 
assistant, for the mathematical tact and skill, the accuracy 
of geometrical drawing, and the unfailingly faithful per- 
severance in the long-continued and varied series of drawings 
and algebraic and arithmetical calculations, explained in the 
following pages. The whole of this work, involving the 
determination of results due to more than five thousand 
individual impacts, has been performed by Mr. Anderson.— 
K., Feb. 2, 1901. ] 

at. agen beauty and clearness of the dynamical theory, 
| which asserts heat and light to be modes of 
motion, is at present obscured by two “clouds. I. The first 
came into existence with the undulatory theory of light, and 

* Lecture delivered at the Royal Institution of Great Britain, on 
Friday, April 27, 1900. 
+ Communicated by the Author. 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. B 



2 Lord Kelvin on the 

was dealt with by Fresnel and Dr, Thomas Young; it 
involved the question, How could the earth move through 
an elastic solid, such as essentially is the luminiferous ether ? 
II. The second is the Maxwell-Boltzmann doctrine regarding 
the partition of energy. 

§ 2.—Cioup I.—RernativE Motion or ErHer anv Pon- 
DERABLE Bovies; such as movable bodies at the earth’s 
surface, stones, metals, liquids, gases; the atmosphere 
surrounding the earth; the earth itself as a whole; meteo- 
rites, the moon, the sun, and other celestial bodies. We 
might imagine the question satisfactorily answered, by 
supposing ether to have practically perfect elasticity for 
the exceedingly rapid vibrations, with exceedingly small 
extent of distortion, which constitute light; while it behaves 
almost like a fluid of very small viscosity, and yields with 
exceedingly small resistance, practically no resistance, to 
bodies moving through it as slowly as even the most rapid 
of the heavenly bodies. There are, however, many very 
serious objections to this supposition; among them one 
which has been most noticed, though perhaps not really the 
most serious, that it seems incompatible with the known 
phenomena of the aberration of light. Referring to it, 
Fresnel, in his celebrated letter* to Arago, wrote as 
follows : 

‘Mais il parait impossible d’expliquer l’aberration des 
“ étoiles dans cette hypothése ; je n’al pu jusqu’a présent 
“du moins concevoir nettement ce phénoméne qu’en sup- 
“posant que l|’éther passe librement au travers du globe, 
“et que la vitesse communiquée a ce fluide subtil n’est 
“‘ qu’une petite partie de celle de la terre ; n’en excede pas 
““le centiéme, par exemple. 

‘“‘(Quelque extraordinaire que paraisse cette hypothése au 
‘“‘premier abord, elle n’est point en contradiction, ce me 
“semble, avec Vidée que les plus grands physiciens se sont 
“ faite de ’extréme porosité des corps.” 

The same hypothesis was given by Thomas Young, in his 
celebrated statement that ether passes through among the 
molecules or atoms of material bodies like wind blowing 
through a grove of trees. It is clear that neither Fresnel 
nor Young had the idea that the ether of their undulatory 
theory of light, with its transverse vibrations, is essentially 
an elastic solid, that is to say, matter which resists change of 
shape with permanent or sub-permanent force. If they had 

* Annales de Chimie, 1818; quoted in full by Larmor in his recent 
book, ‘ Aither and Matter,’ pp. 320-322. 



Dynamical Theory of Heat and Light. 3 

grasped this idea, they must have noticed the enormous 
difficulty presented by the laceration which the ether must 

experience if it moves through pores or interstices among 

the atoms of matter. 
§ 3. It has occurred to me that, without contravening 

anything we know from observation of nature, we may 

simply deny the scholastic axiom that two portions of matter 

cannot jointly occupy the same space, and may assert, as an 
admissible hypothesis, that ether does occupy the same space 
as ponderable matter, and that ether is not displaced by 
ponderable bodies moving through space occupied by ether. 
But how then could matter act on ether, and ether act on 
matter, to produce the known phenomena of light (or radiant 
heat), generated by the action of ponderable bodies on ether, 
and acting on ponderable bodies to produce its visual, 
chemical, phosphorescent, thermal, and photographic effects ? 
There is no difficulty in answering this question if, as it 
probably is, ether is a compressible and dilatable * solid. 
We have only to suppose that the atom exerts force on the 
ether, by which condensation or rarefaction is produced 
within the space occupied by the atom. At present} I 
confine myself, for the sake of simplicity, to the suggestion 
of a spherical atom producing condensation and rarefaction, 
with concentric spherical surfaces of equal density, but the 
same total quantity of ether within its boundary as the 
quantity in an equal volume of free undisturbed ether. 

§ 4. Consider now such an atom given at rest anywhere in 
space oceupied by ether. Let force be applied to it to cause 
it to move in any direction, first with gradually increasing 
speed, and after that with uniform speed. If this speed is 
anything less than the velocity of light, the force may be 
mathematically proved to become zero at some short time 
after the instant when the velocity of the atom becomes 
uniform, and to remain zero for ever thereafter. What takes 
place is this : 

§ 5. During all the time in which the velocity of the atom 
is being augmented from zero, two sets of non-periodic waves, 
one of them equi-voluminal, the other irrotational (which is 
therefore condensational-rarefactional), are being sent out in 

* To deny this property is to attribute to ether infinitely great resist- 
ance against forces tending to condense it or to dilate it—which seems, 
in truth, an infinitely difficult assumption. 

+ Further developments of the suggested idea have been contributed 
to the Royal Society of Edinburgh, and to the Congrés International de 
Physique, held in Paris in August. (Proc. R.S.E. July 1900; vol. of 
reports, in French, of the Cong. Inter.; and Phil. Mag., Ang., Sept., 
1900.) 

B2 
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all directions through the surrounding ether. The rears 
of the last of these waves leave the atom, at some time after 
its acceleration ceases. This time, if the motion of the ether 
outside the atom, close beside it, is infinitesimal, is equal to 
the time taken by the slower wave (which is the equi- 
voluminal) to travel the diameter of the atom, and is the 
short time referred to in $4. When the rears of both waves 
have got clear of the atom, the ether within it and in the 
space around it, left clear by both rears, has come to a steady 
state of motion relatively to the atom. This steady motion 
approximates more and more nearly to uniform motion in 
parallel lines, at greater and greater distances from the atom. 
At a distance of twenty diameters it differs exceedingly little 
from uniformity. 

§ 6. But it is only when the velocity of the atom is 
very small in comparison with the velocity of light, that 
the disturbance of the ether in the space close round the 
atom is infinitesimal. The propositions asserted in § 4 and 
the first sentence of § 5 are true, however little the final 
velocity of the atom falls short of the velocity of light. If 
this unitorm final velocity of the atom exceeds the velocity 
of light, by ever so little, a non-periodic conical wave of 
equi-voluminal motion is produced, according to the same 
principle as that illustrated for sound by Mach’s beautiful 
photographs of illumination by electric spark, showing, by 
changed refractivity, the condensational-rarefactional dis- 
turbance produced in air by the motion through it of a rifle 
bullet. The semi-vertical angle of the cone, whether in air 
or ether, is equal to the angle whose sine is the ratio of the 
wave velocity to the velocity of the moving body * 

* On the same principle we see that a body moving steadily (and,. 
with little error, we may say also that a fish or water- “fowl propelling 
itself by fins or web- -teet) through calm water, either floating on the 
surface or wholly submerged at some moderate distance below ‘the sur- 
face, produces no wave “disturbance if its velocity is less than the 
minimum wave velocity due to gravity and surface tension (being about 
23 cms. per second, or ‘44 of a nautical mile per hour, whether for sea 
water or fresh water) ; and if its velocity exceeds the minimum wave- 
velocity, it produces a wave disturbance bounded by two lines inclined 
on each side of its wake at angles each equal to the angle whose sine is. 
the minimum wave velocity divided by the velocity of the moving body. 
It is easy for anyone to observe this by dipping vertically a pencil or a 
walking-stick into still water in a pond (or even in a good-sized hand. 
basin), ‘and moving it horizontally, first with exceeding small speed, and 
afterwards faster and faster. I first noticed it nineteen years ago, and 
described observations for an experimental determination of the minimuny 
velocity of waves, in a letter to William Froude, published in ‘ Nature” 
for October 26, and in the Phil. Mag. for November 1871, from which 
the following is extracted. “{Recently, in the schooner yacht Lalla 



Dynamical Theory of Heat and Light. D 

§ 7. If, for a moment, we imagine the steady motion of 
the atom to be at a higher speed than the wave velocity 
of the condensational-rarefactional wave, two conical waves, 
of angles corresponding to the two wave velocities, will be 
steadily produced ; but we need not occupy ourselves at 
present with this case because the velocity of the condensa- 
tional-rarefactional wave in ether is, we are compelled to 
believe, enormously great in comparison with the velocity 
of light. 

§ 8. Let now a periodic force be applied to the atom so as 
to cause it to move to and fro continually, with simple har- 
monic motion. By the first sentence of §5 we see that two 
sets of periodic waves, one equi-voluminal, the other irrota- 
tional, are continually produced. Without mathematical 
investigation we see that if, as in ether, the condensational- 
rarefactional wave velocity is very great in comparison with 
the equi-voluminal wave velocity, the energy taken by the 
condensational-rarefactional, wave is exceedingly small in 
comparison with that taken by the equi-voluminal wave ; 
how small we can find easily enough by regular mathematical 
investigation. ‘Thus we see how it is that the hypothesis of 
§ 3 suffices for the answer suggested in that section to the 
question, How could matter act en ether so as to produce 
light ? 

§ 9. But this, though of primary importance, is only a 
small part of the very general question pointed out in §3 
as needing answer. Another part, fundamental in the 

“ Rookh), being becalmed in the Sound of Mull, I had an excellent 
“opportunity, with the assistance of Professor Helmholtz, and my 
“brother from Belfast {the late Professor James Thomson], of deter- 
“mining by observation the minimum wave-velovity with some approach 
“to accuracy. The fishing-line was hung at a distance of two or three 
‘ feet from the vessel’s side, so as to cut the water at a point not sensibly 
“disturbed by the motion of the vessel. The speed was determined by 
“throwing into the sea pieces of paper previously wetted, and observing 
“their times of transit across parallel planes, at a distance of 912 centi- 
‘“‘ metres asunder, fixed relatively to the vessel by marks on the deck and 
“ounwale. By watching carefully the pattern of ripples and waves which 
“connected the ripples in front with the waves in rear, I had seen that 
“it included a set of parallel waves slanting off obliquely on each side 
‘‘and presenting appearances which proved them to be waves of the 
“‘eritical length and corresponding minimum speed of propagation.” 
When the speed of the yacht fell to but little above the critical velocity, 
the front of the ripples was very nearly perpendicular to the line of 
motion, and when it just fell below the critical velocity the ripples 
disappeared altogether, and there was no perceptible disturbance on the 
surface of the water. The sea was “glassy”; though there was wind 
enough to propel the schooner at speed varying between 4 mile and 
1 mile per hour. 
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undulatory theory of optics, is, How is it that the velocity 
of light is smaller in transparent ponderable matter than in 
pure ether? Attention was called to this particular question 
in my address, to the Royal Institution, of last April; and a 
slight explanation of my proposal for answering it was given, 
and illustrated by a diagram. The validity of this proposal 
is confirmed by a somewhat elaborate discussion and mathe- 
matical investigation of the subject worked out since that 
time and communicated under the title, “On the Motion 
produced in an infinite Elastic Solid by the Motion through 
the Space occupied by it of a Body acting on it only by 
Attraction or Repulsion,” to the Royal Society of Edinburgh. 
on July 16, and to the Congrés International de Physique 
for its meeting at Paris in the beginning of August *. 

§ 10. The other phenomena referred to in §3 come 
naturally under the general dynamics of the undulatory 
theory of light, and the full explanation of them all is: 
brought much nearer if we have a satisfactory fundamental 
relation between ether and matter, instead of the old intract- 
able idea that atoms of matter displace ether from the space 
before them, when they are in motion relatively to the ether 
around them. May we then suppose that the hypothesis. 
which I have suggested clears away the first of our two 
clouds? It certainly would explain the “aberration of 
light” connected with the earth’s motion through ether in 
a thoroughly satisfactory manner. It would allow the earth 
to move with perfect freedom through space occupied by 
ether without displacing it. In passing through the earth 
the ether, an elastic solid, would not be lacerated as it would 
be according to Fresnel’s idea of porosity and ether moving 
through the pores as if it were a fluid. Ether would move 
relatively to ponderables with the perfect freedom wanted 
for what we know of aberration, instead of the imperfect 
freedom of air moving through a grove of trees suggested by 
Thomas Young. According to it, and for simplicity neglect- 
ing the comparatively very small component due to the 
earth’s rotation (only :46 of a kilometre per second at the 
equator where it is a maximum), and neglecting the imper- 
fectly known motion of the solar system through space 
towards the constellation Hercules, discovered by Herschel t, 

* Phil. Mag., Aug. 1900. 
+ The splendid spectroscopic method originated by Huggins thirty- 

three years ago, for measuring the component in the line of vision of the 
relative motion of the earth, and any visible star, has been carried on 
since that time with admirable perseverance and skill by other observers, 
who have from their results made estimates of the velocity and direction 
of the motion through space of the centre of inertia of the solar system. 
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there would be at all points of the earth’s surface a flow of 
ether at the rate of 30 kilometres per second in lines all 
parallel to the tangent to the earth’s orbit round the sun. 
There is nothing inconsistent with this in all we know of the 
ordinary phenomena of terrestrial optics ; but, alas! there is 
inconsistency with a conclusion that ether in the earth’s 
atmosphere is motionless relatively to the earth, seemingly 
proved by an admirable experiment designed by Michelsen, 
and carried out, with most searching care to secure a trust- 
worthy result, by himself and Morley *. I cannot see any 
flaw either in the idea or in the execution of this experiment. 
But a possibility of escaping from the conclusion which it 
seemed to prove, may be found in a brilliant suggestion made 
independently by FitzGerald ft and by Lorentz { of Leyden, 
to the effect that the motion of ether through matter may 
slightly alter its linear dimensions, according to which if the 
stone slab constituting the sole plate of Michelsen and 
Morley’s apparatus has, in virtue of its motion through space 
occupied by ether, its lineal dimensions shortened one one- 
hundred-millionth § in the direction of motion, the result of 
the experiment would not disprove the free motion of ether 
through space occupied by the earth. 

§ 11. Lam afraid we must still regard Cloud No. I. as 
very dense. 

§ 12. Croup L1.—Waterston (in a communication to the 
Royal Society, now famous; which, after lying forty-five 
years buried and almost forgotten in the archives, was 

My Glasgow colleague, Professor Becker, has kindly given me the fol- 
lowing information on the subject of these researches : 
“The early (1888) Potsdam photographs of the spectra of 51 stars 

brighter than 25 magnitude have been employed for the determination 
of the apex and velocity of the solar system. Kempf (Astronomische 
Nachrichten, vol. 152) finds for the apex: right ascension, 206° + 12°; 
declination, 46° + 9°; velocity, 19 kilometres per second; and Risteen 
(Astronomical Journal, 1893) finds practically the same quantities. The 
proper motions of the fixed stars assign to the apex a position which 
may be anywhere in a narrow zone parallel to the Milky-way, and ex- 
tending 20° on both sides of a point of Right Ascension 275° and 
Declination + 30°. The authentic mean of 13 values determined by 
the methods of Argelander or Airy gives 274° and + 35° (André, 
Traité @ Astronomie Stellaire).”’ 

* Phil. Mag., December 1887. 
+ Public Lectures in Trinity College, Dublin. 
} Versuch einer Theorie der electrischen und optischen Erscheinungen 

in bewegten Korpern. 
§ This being the square of the ratio of the earth’s velocity round the 

sun (30 kilometres per sec.) to the velocity of light (800,000 kilometres 
per sec.). 
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rescued from oblivion by Lord Rayleigh and published, with 
an introductory notice of great interest and importance, in 
the Transactions of the Royal Society for 1892), enunciated 
the following proposition: ‘‘ In mixed media the mean square 
“molecular velocity is inversely proportional to the specific 
“weight of the molecule. This is the law of the equilibrium 
“of vis viva.’ Of this proposition Lord Rayleigh in a 
footnote * says, “This is the first statement of a very 
“important theorem. (see also Brit. Assoc. Rep., 1851). 
“The demonstration, however, of §10 can hardly be de- 
“fended. It bears some resemblance to an argument 
“indicated and. exposed by Professor Tait (Edinburgh 
rans... vol. 33, p. 79, 1886). There is reason to think 
“that this law is intimately connected with the Maxwellian 
“distribution of velocities of which Waterston had no know- 
“ledge.” 

§ 13. In ,Waterston’ s statement, the “specific weight of 
a molecule”? means what we aow call simply the mass of a 
molecule ; and ‘‘ molecular velocity ’’ means the translational 
velocity of a molecule. Writing on the theory of sound in 
the Phil. Mag. for 1858, and referring to the theory de- 
veloped in his buried paper f, Waterston said, “The theory 

.. -» assumes... . that. if the impacts produce rotatory 
“ motion the vis viva thus iny ested bears a constant ratio to 
“the rectilineal vis viva.” This agrees with the very 
important principle or truism given independently about the 
same time by Clausius to the ‘effect that the mean energy, 
kinetic and potential, due to the relative motion of all the 
parts of any molecule of a gas, bears a constant ratio to 
the mean energy of the motion of its centre of inertia when 
the density and pressure are constant. 

§ 14. Without any knowledge of what was to be found in 
Waterston’s buried paper, Maxw ell, at the meeting of the 
British Association at Aberdeen, in 1859 { gave the following 
proposition regarding the motion and collisions of perfectly 
elastic spheres: ‘‘ Two systems of particles move in the same 
“vessel ; to prove that the mean vis viva of each particle 
“will become the same in the two systems.” This is pre- 
cisely Waterston’s proposition regarding the law of partition 
of energy, quoted in § 12 above ; but Maxwell’s 1860 proof 
was certainly not more successful than Waterston’s. Max- 

* Phil, Trans. A,'1892, p. 16. 
Tt “On the Physics of Media that are composed of Force and Perfectly 

Elastic Molecules in a State of Motion.” Phil. Trans., A, 1892, p. 18. 
{ “Illustrations of the Dynamical Theory. of Gases,” Phil. Mag., 

January and July 1860, and collected works, vol. i. p. 878. 
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well’s 1860 proof has always seemed to me quite inconclusive, 
and many times I urged my colleague, Professor Tait, to 
enter on the subject. This he did, and in 1886 he com- 
municated to the Royal Society of Edinburgh a paper * on 
the foundations of the kinetic theory of gases, which con- 
tained a critical examination of Maxwell’s 1860 paper, highly 
appreciative of the great originality and splendid value, for 
the kinetic theory of gases, of the ideas and principles set 
forth in it; but showing that the demonstration of the 
theorem of the partition of energy in a mixed assemblage of 
articles of different masses was inconclusive, and success- 

fully substituting for it a conclusive demonstration. 
§ 15. Waterston, Maxwell, and Tait, all assume that the 

articles of the two systems are thoroughly mixed (Tait, 
§ 18), and their theorem is of fundamental importance in 
respect to the specific heats of mixed gases. But they do 
mot, in any of the papers already referred to, give any 
indication of a proof of the corresponding theorem, regarding 
the partition of energy between two sets of equal particles 
separated by a membrane impermeable to the molecules, 
while permitting forces te act across it between the mole- 
cules on its two sides +, which is the simplest illustration of 
the molecular dynamics of Avogadro’s law. It seems to me, 
however, that Tait’s demenstration of the Waterston-Maxwell 
law may possibly be shown to virtually include, not only this 
vitally important subject, but also the very interesting, 
though comparatively unimportant, case of an assemblage of 
particles of equal masses with a single particle of different 
mass moving about among them. 

§ 16. In §§12, 14, 15, * particle” has been taken to mean 
what is commonly, not correctly, called an elastic sphere, but 
what is in reality a Boscovich atom acting on other atoms in 
lines exactly through its centre of inertia (so that no rotation 
is in any case produced by collisions), with, as law of action 
between two atoms, no force at distance greater than the sum 

of their radi, infinite force at exactly this distance. None of 
the demonstrations, unsuccessful or successful, to which [ 
have referred would be essentially altered if, instead of this 
last condition, we substitute a repulsion increasing with 

* Phil. Trans. R.S.E., “On the Foundations of the Kinetic Theory of 
Gases,” May 14 and December 6, 1886, and January 7, 1887. (Abstract 
in Phil. Mag. April 1886 and Feb. 1887.) 

t+ A very interesting statement is given by Maxwell regarding this 
subject in his latest paper regarding the Boltzmann-Maxwell doctrine. 
‘On Boltzmann’s Theorem on the Average Distribution of Energy in a 
System of Material Points,” Camb. Phil. Trans., May 6, 1878; Collected 
Works, vol. ii. pp. 713-741. 
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diminishing distance, according to any law for distances less 
than the sum of the radii, subject only to the condition that 
it would be infinite before the distance became zero. In fact 
the impact, oblique or direct, between two Boscovich atoms 
thus defined, has the same result after the collision is com- 
pleted (that is to say, when their spheres of action get outside 
one another) as collision between two conventional elastic 
spheres, imagined to have radii dependent on the lines and 
velocities of approach before collision (the greater the relative 
velocity the smaller the effective radii); and the only as- 
sumption essentially involved in those demonstrations is, that 
the radius of each sphere is very small in comparison with 
the average length of free path. 

§ 17. But if the particles are Boscovich atoms, having 
centre of inertia not coinciding with centre of force ; or quasi 
Boscovich atoms, of non-spherical figure; or (a more accept- 
able supposition) if each particle is a cluster of two or more 
Boscovich atoms: rotations and changes of rotation would 
result from collisions. Waterston’s and Clausius’ leading 
principle, quoted in § 13 above, must now be taken into 
account, and Tait’s demonstration is no longer applicable. 
Waterston and Clausius, in respect to rotation, both wisely 
abstained from saying more than that the average kinetic 
energy of rotation bears « constant ratio to the average 
kinetic energy of translation. With magnificent boldness 
Boltzmann and Maxwell declared that the ratio is equality ; 
Boltzmann having found what seemed to him a demonstra- 
tion of this remarkable proposition, and Maxwell having 
accepted the supposed demonstration as valid. 

§ 18. Boltzmann went further * and extended the theorem 
of equality of mean kinetic energies to any system of a finite 
number of material points (Boscovich atoms) acting on one 
another, according to any law of force, and moving freely 
among one another ; and finally, Maxwell t gave a demon- 
stration extending it to the generalized Lagrangian co-ordi- 
nates of any system whatever, with a finite or infinitely great 
number of degrees of freedom. The words in which he 
enunciated his supposed theorem are as follows : 

“The only assumption which is necessary for the direct 
“proof is that the system, if left to itself in its actual state of 

* “Studien iiber das Gleichgewicht der lebendigen Kraft zwischen 
bewegten materiellen Punkten.”  Svtzb. K. Akad. Wien, October 8, 
1868. 
7 “On Boltzmann’s Theorem on the Average Distribution of Energy 

in a System of Material Points.” Maxwell’s Collected Papers, vol. 11. 
pp. 718-741, and Camb. Phil. Trans., May 6, 1878. 
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“motion, will, sooner or later, pass [infinitely nearly *] 
“through every phase which is consistent with the equation 
‘of energy ” (p. 714) and, again (p. 716). 

“It appears from the theorem, that in the ultimate state of 
“the system the average { kinetic energy of two portions 
‘of the system must be in the ratio of the number of degrees 
“of freedom of those portions. 

“This, therefore, must be the condition of the equality of 
‘temperature of the two portions of the system.” 

I have never seen validity in the demonstration | on which 
Maxwell] founds this statement, and it has always seemed to 
me exceedingly improbable that it can be true. If true, it 
would be very wonderful, and most interesting in pure 
mathematical dynamics. Having been published by Boltz- 
mann and Maxwell it would be worthy of most serious 
attention, even without consideration of its bearing on 
thermo-dynamics. But, when we consider its bearing 
on thermo-dynamics, and in its first and most obvious appli- 
cation we find it destructive of the kinetic theory of gases, of 
which Maxwell was one of the chief founders, we cannot see 
it otherwise than as a cloud on the dynamical theory of heat 
and light. 

§ 19. For the kinetic theory of gases, let each molecule be 
a cluster of Boscovich atoms. This includes every possibility 
(“dynamical,” or “electrical,” or “physical,” or “chemical”’) 
regarding the nature and qualities of a molecule and of all its 
parts. The mutual forces between the constituent atoms 
must be such that the cluster is in stable equilibrium if given 
at rest ; which means, that if started from equilibrium with 

* I have inserted these two words as certainly belonging to Maxwell’s 
meaning.—K., 

+ The average here meant is a time-average through a sufficiently long 
time. 

t{ The mode of proof followed by Maxwell, and its connection with 
antecedent considerations of his own and of Boltzmann, imply, as in- 
cluded in the general theorem, that the average kinetic energy of any 
one of three rectangular components of the motion of the centre of inertia 
of an isolated system, acted upon only by mutual forces between its parts,. 
is equal to the average kinetic energy of each generalized component of 
motion relatively to the centre of inertia. Consider, for example, as 
‘parts of the system” two particles of masses m and m’ free to move 
only in a fixed straight line, and connected to one another by a massless 
spring. The Boltzmann-Maxwell doctrine asserts that the average 
kinetic energy of the motion of the inertial centre is equal to the average 
kinetic energy of the motion relative to the inertial centre. This is 
included in the wording of Maxwell’s statement in the text if, but not 
unless, m=m'. See footnote on § 7 of my paper “On some Test-Cases 
for the Boltzmann-Maxwell Dectrine regarding Distribution of Energy.” 
Proc. Roy. Soc., June 11, 1891. 
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its constituents in any state of relative motion, no atom will 
fly away from it, provided the total kinetic energy of the 
given initial motion does not exceed some definite hmit. A 
gas is a vast assemblage of molecules thus defined, each 
moving freely through space, except when in collision with 
another cluster, and each retaining all its own constituents 
unaltered, or only altered by interchange of similar atoms 
between two clusters in collision. 

§ 20. For simplicity we may suppose that each atom, A, 
has a definite radius of activity, «, and that atoms of different 
kinds, A, A’, have different radii of activity, a, a’; such that 
A exercises no force on any other atom, A’, A’, when the 
distance between their centres is greater than a+a’ orata”™’, 
We need not perplex our minds with the inconceivable idea 
of ‘ virtue,’ whether for force or for inertia, residing in a 
mathematical point* the centre of the atom; and without 
mental strain we can distinctly believe that the substance 
(the “substratum” of qualities) resides, not in a point, nor 
vaguely through all space, but definitely in the spherical 
volume of space bounded by the spherical surface whose 
radius is the radius of activity of the atom, and whose centre 
is the centre of the atom. In our intermolecular forces thus 
defined, we have no violation of the old scholastic law, 
““Matter cannot act where it is not,” but we explicitly violate 
the other scholastic law, ‘‘Two portions of matter cannot 
simultaneously occupy the same space.” We leave to gravi- 
tation, and possibly to electricity (probably not to magnetism), 
the at present very unpopular idea of action at a distance. 
~§21. We need not now (as in $16, when we wished to 

keep as near as we could to the old idea of colliding elastic 
globes) suppose the mutual force to become infinite repulsion 
before the centres of two atoms, approaching one another, 
meet. Following Boscovich, we may assume the force to 
vary according to any law of alternate attraction and repul- 
sion, but without supposing any infinitely great force, whether 
of repulsion or attraction, at any particular distance; but we 
must assume the force to be zero when the centres are coin- 
cident. We may even admit the idea of the centres being 
absolutely coincident, in at all events some cases of a chemical 
combination of two or more atoms; although we might con- 
sider it more probable that in most cases’ the chemical com- 
bination is a cluster, in which the volumes of the constituent 
atoms overlap without any two centres absolutely coinciding. 

§ 22. The word “collision”? used without definition in § 19 
may now, in virtue of §§ 20, 21, be unambiguously defined 

* See Math. and Phys. Papers, vol. iii. art. xcvit. “ Molecular Consti- 
tution of Matter,” § 14. — 
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thus: Two atoms are said to be in collision during all the 
time their volumes overlap after coming into contact. They 
necessarily in virtue of inertia separate again, unless some 
third body intervenes with action which causes them to 
remain overlapping; that is to say, causes combination to 
result from collision. Two clusters of atoms are said to be 
in collision when, after being separate, some atom or atoms 
of one cluster come to overlap some atom or atoms of the 
other. In virtue of inertia the collision must be followed 
either by the two clusters separating, as described in the last 
sentence of § 19, or by some atom or atoms of one or both 
systems being sent flying away. This last supposition is a 
matter-of-fact statement belonging to the magnificent theory 
of dissociation, discovered and worked out by Sainte-Clair 
Deville without any guidance from the kinetic theory of 
gases. In gases approximately fulfilling the gaseous laws 
(Boyle’s and Charles’), two clusters must in general fly 
asunder after collision. Two clusters could not possibly 
remain permanently in combination without at least one atom 
being sent flying away after “iia between two clusters 
with no third body intervening * 

§ 25. Now for the application of the Boltzmann-Maxwell 
doctrine to the kinetic theory of gases: consider first a 
homogeneous single gas, that is, a vast assemblage of similar 
clusters of atoms moving and colliding as described in the 
last sentence of § 19; the assemblage being so sparse that 
the time during which each cluster is in ‘collision is very 
short in comparison with the time during which it is unacted 
on by other clusters, and its centre of inertia, therefore, 
moves uniformly in a ‘straight line. If there are 7? atoms in 
each cluster, it has 37 freedoms to mov e, that is to say, free- 
doms in three rectangular directions for each atom. The 
Boltzmann-Maxwell doctrine asserts that the mean kinetic 
energies of these 32 motions are all equal, whatever be the 
mutual forces between the atoms. From this, when the 
durations of the collisions are not included in the time- 
averages, it is easy to prove algebraically (with exceptions 
noted below) that the time-average of the kinetic energy of 
the component translational velocity of the inertial centre f, 
in any direction, is equal to any one of the 37 mean kinetic 
energies asserted to be equal to one another in the preceding 
statement. There are exceptions to the algebraic proof 

* See Kelvin’s Math. and Phys. Papers, vol. iii. Art. xcvo. § 33. In 
this reference, for ‘scarcely ” substitute “ not. ‘ 
+ This expression I use for brevity to signify the kinetic energy of the 

whole mass ideally collected at the centre ‘of inertia. 



14 Lord Kelvin on the 

corresponding to the particular exception referred to in the 
last footnote to $18 above; but, nevertheless, the general 
Boltzmann-Maxwell doctrine includes the proposition, even 
in those cases in which it is not deducible algebraically from 
the equality of the 32 energies. Thus, without exception, the 
average kinetic energy of any component of the motion of 
the inertial centre is, according to the Boltzmann-Maxwell 

doctrine, equal to = of the whole average kinetic energy of 

the system. ‘This makes the total average energy, potential 
and kinetic, of the whole motion of the system, translational 
and relative, to be 3:(1+P) times the mean kinetic energy 
of one component of the motion of the inertial centre, where 
P denotes the ratio of the mean potential energy of the 
relative displacements of the parts to the mean kinetic energy 
of the whole system. Now, according to Clausius’ splendid 
and easily proved theorem regarding the partition of energy in 
the kinetic theory of gases, the ratio of the difference between 
the two thermal capacities to the constant-volume thermal 
capacity 1s equal to the ratio of twice a single component of 
the translational energy to the total energy. Hence, if 
according to our usual notation we denote the ratio of the 
thermal capacity, pressure constant, to the thermal capacity, 
volume constant, by 4, we have, 

2 
Foes TAC SAE 

§ 24. Ewvample 1.—For first and simplest example, consider 
a monatomic gas. We have 7=1, and according to our sup- 
position (the supposition generally, perhaps universally, made) 
regarding atoms, we have P=0. Hence, k—1=32. 

This is merely a fundamental theorem in the kinetic theory 
of gases for the case of no rotational or vibrational energy of 
the molecule; in which there is no scope either for Clausius’ 
theorem or for the Boltzmann-Maxwell doctrine. It is beau- 
tifully illustrated by mercury vapour, a monatomic gas 
according to chemists, for which many years ago Kundt, in 
an admirably designed experiment, found /—1 to be very 
approximately 3; and by the newly discovered gases argon, 
helium, and krypton, for which also k—1 has been found to 
have approximately the same value, by Rayleigh and Ramsay. 
But each of these four gases has a large number of spectrum 
lines, and therefore a large number of vibrational freedoms, 
and therefore, if the Boltzmann-Maxwell doctrine were true, 
k—1 would have some exceedingly small value, such as that 
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shown in the ideal example of § 26 below. On the other 
hand, Clausius’ theorem presents no difficulty; it merely 
asserts that £—1 is necessarily less than 3 in each of these 
four cases, as in every case in which there is any rotational 
or vibrational energy whatever; and proves, from the values 
found experimentally for £—1 in the four gases, that in each 
case the total of rotational and vibrational energy is exceed- 
ingly small in comparison with the translational energy. It 
justifies admirably the chemical doctrine that mercury vapour 
is practically a monatomic gas, and it proves that argon, 
helium, and krypton, are also practically monatomic, though 
none of these gases has hitherto shown any chemical affinity 
or action of any kind from which chemists could draw any 
such conclusion. 

But Clausius’ theorem, taken in connection with Stokes’ 
and Kirchhoff’s dynamics of spectrum analysis, throws a new 
light on what we are now calling a “ practically monatomic 
gas.” It shows that, unless we admit that the atom can be 
set into rotation or vibration by mutual collisions (a most 
unacceptable hypothesis), it must have satellites connected 
with it (or ether condensed into it or around it) and kept, 
by the collisions, in motion relatively to it with total energy 
exceedingly small in comparison with the translational 
energy of the whole system of atom and _ satellites. The 
satellites must in all probability be of exceedingly small mass 
in comparison with that of the chief atom. Can they be the 
“ions” by which J. J. Thomson explains the electric con- 
ductivity induced in air and other gases by ultra-violet light, 
Réntgen rays, and Becquerel rays ? 

Finally, it is interesting to remark that all the values of 
k—1 found by Rayleigh and Ramsay are somewhat less than 
2; argon ‘64, °61; helium °652; krypton 666. If the devia- 
tion trom ‘667 were accidental they would probably have 
been some in defect and some in excess. 

Example 2.—As a next simplest example let <=2, and as 
a very simplest case let the two atoms be in stable equili- 
brium when concentric, and be infinitely nearly concentric 
when the clusters move about, constituting a homogeneous 
gas. This supposition makes P=43, because the average 
potential! energy is equal to the average kinetic energy in 
simple harmonic vibrations; and in our present case half the 
whole kinetic energy, according to the Boltzmann-Maxwell 
doctrine, is vibrational, the other half being translational. 
We find k—1=2='2222. 

Example 3.—Let i=2; let there be stable equilibrium, 
with the centres C, C’ of the two atoms at a finite distance a 
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asunder, and let the atoms be always very nearly at this 
distance asunder when the clusters are not in collision. The 
relative motions of the two atoms will be according to three 
freedoms, one vibrational, consisting of very small shorten- 
ings and lengthenings of the distance C C’, and two rotational, 
consisting of rotations round one or other of two lines per- 
pendicular to each other and perpendicular to C C! through 
the inertial centre. With these conditions and limitations, 
and with the supposition that half the average kinetic energy 
of the rotation is comparable with the average kinetic energy 
of the vibrations, or exactly equal to it as according to the 
Boltzmann-Maxwell doctrine, it is easily proved that in 
rotation the excess of CC’ above the equilibrium distance a,. 
due to centrifugal force, must be exceedingly small in com- 
parison with the maximum value of CC/—a due to the 
vibration. Hence the average potential energy of the rota- 
tion is negligible in comparison with the potential energy of 
the vibration. Hence, of the three freedoms for relative 
motion there is only one contributory to P, and therefore we 
have P=2. Thus we find s—1=2=" 2857. 

The best way of experimentally determining the ratio of 
the two thermal capacities for any gas is by comparison 
between the observed and the Newtonian velocities of sound.. 
It has thus been ascertained that, at ordinary temperatures 
and pressures, /—1 differs but little from °406 for common 
air, which is a mixture of the two gases nitrogen and oxygen,. 
each diatomic according to modern chemical theory; and the 
greatest value that the Boltzmann-Maxwell doctrine can give 
for a diatomic gas is the *2857 of Ex. 3. This notable dis- 
crepance from observation suffices to absolutely disprove the 
Boltzmann-Maxwell doctrine. What is really established in 
respect to partition of energy is what Clausius’ theorem tells 
us (§ 23 above). We find, as a result of observation and 
true theory, that the average kinetic energy of translation of 
the molecules of common air is ‘609 of the total energy, 
potential and kinetic, of the relative motion of the constitu- 
ents of the molecules. 

§ 25. The method of treatment of Ex. 3 above, carried out 
for a cluster of any number of atoms greater than two not in 
one line, +2 atoms, let us say, shows us that there are three 
translational feeeeiomns: three rotational freedoms, relatively 
to axes through the inertial centre; and 3) vibrational free- 

} vs 1 
“rp and we find (Fis = == BL 4)" 

The values of /:—1 thus calculated for a triatomic and tetra- 
tomic gas, and calculated as above in Hx. 3 for a diatomic 

doms. Hence we have P = 
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gas, are shown in the following table, and compared with the 
results of observation for several such gases: 

Values of /—1. 

Gas. 
According to the By 
B.-M. doctrine. Observation. 

Air 2 = ‘2857 406 

1 bd » 40 

O, be a “41 

Cl, 33 ” "32 

CO % " "39 
NO af ne 39 
CO, ¥ = "1664 30 
N,O A 331 
NU, b= 11th 3li 

It is interesting to see how the dynamics of UClausius’ 
theorem is verified by the results of observation shown in the 
table. The values of k—1 for all the gases are less than 3, 
as they must be when there is any appreciable energy of 
rotation or vibration in the molecule. They are different for 
different diatomic gases; ranging from ‘41 for oxygen to °32 
for chlorine, which is quite as might be expected, when we 
consider that the laws of force between the two atoms may 
differ largely for the different kinds of atoms. The values of 
k&—1 are, on the whole, smaller for the tetratomic and triato- 
mic than for the diatomic gases, as might be expected from 
consideration of Clausius’ principle. It is probable that the 
differences of k—1 for the different diatomic gases are real, 
although there is considerable uncertainty with regard to the 
observational results for all or some of the gases other than 
air. It is certain that the discrepancies from the values, 
calculated according to the Boltzmann-Maxwell doctrine, are 
real and great; and that in each case, diatomic, triatomic, 
and tetratomic, the doctrine gives a value for k—1 much 
smaller than the truth. 

§ 26. But, in reality, the Boitzmann-Maxwell doctrine errs 
enormously more than is shown in the preceding table. 
Spectrum analysis showing vast numbers of lines for each 
gas makes it certain that the numbers of freedoms of the 
constituents of each molecule is enormously greater than 
those which we have been counting, and therefore that unless 
we attribute vibratile quality to each individual atom, the 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. C 
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molecule of every one of the ordinary gases must have a 
vastly greater number of atoms in its constitution than those 
hitherto reckoned in regular chemical doctrine. Suppose, 
for example, there are forty-one atoms in the molecule of 
any particular gas; if the doctrine were true, we should have 
4=89. Hence there are 117 vibrational freedoms, so that 
there might be 117 visible lines in the spectrum of the gas; 

and we have &— 1 == ‘0083. There is, in fact, no 

possibility of reconciling the Boltzmann-Maxwell doctrine 
with the truth regarding the specific heats of gases. 

§ 27. It is, however, not quite possible to rest, contented 
with the mathematical verdict not proven, and the experi- 
mental verdict not true, in respect to the Boltzmann-Maxwell 
doctrine. I have always felt that it should be mathemati- 
cally tested by the consideration of some particular case. 
Even if the theorem were true, stated as it was somewhat 
vaguely, and in such general terms that great difficulty has 
been felt as to what it is really meant to express, it would be 
very desirable to see even one other simple case, besides that 
original one of Waterston’s, clearly stated and tested by pure 
mathematics. Ten years ago*, I suggested a number of test- 
eases, some of which have been courteously considered by 
Boltzmann ; but no demonstration either of the truth or 
untruth of the doctrine as applied to any one of them has 
hitherto been given. A year later, | suggested what seemed 
to me a decisive test-case disproving the doctrine; but my 
statement was quickly and justly criticised by Boltzmann 
and Poincaré; and more recently Lord Rayleigh} has shown 
very clearly that my simple test-case was quite indecisive. 
This last article of Rayleigh’s has led me to resume the 
consideration of several classes of dynamical problems, which 
had occupied me more or less at various times during the last 
twenty years, each presenting exceedingly interesting features 
in connection with the double question: Is this a case which 
admits of the application of the Beltzmann-Maxwell doctrine; . 
and if so, is the doctrine true for it? 

§ 28. Premising that the mean kinetic energies with which 
the Boltzmann-Maxwell doctrine is concerned are time- 
integrals of energies divided by totals of the times, we 
may conveniently divide the whole elass of problems, with 

* “On some Test Cases for the Maxwell-Boltzmann Doctrine regarding 
Distribution of Energy.’ Proc. Roy. Soc., June 11, 1891. 

+ Phil. Mag., vol. xxxii. 1892, p. 356. “ Remarks on Maxwell’s In- 
vestigation respecting Boltzmann’s Theorem.” 
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reference to which the doctrine comes into question, into two 
classes. 

Class I. Those in which the velocities considered are either 
constant or only vary suddenly—that is to say, in infinitely 
small times—or in times so short that they may be omitted 
from the time-integration. To this class belong: 

(a) The original Waterston- Maxwell case and the collisions 
of ideal rigid bodies of any shape, according to the assumed 
law that the translatory and rotatory motions lose no energy 
in the collisions. 

(b) The frictionless motion of one er more particles con- 
strained to remain on a surface of any shape, this surface 
being either closed (commonly called finite though really 
endless), or being a finite area of plane or curved. surface, 
bounded like a billiard-table, by a wall or walls, from w hich 
impinging particles are refidcted at angles equal a the angles 
of incidence. 

(c) A closed surface, with non-vibratory particles moving 
within it freely except during impacts of particles against 
one another or against the bounding suriace. . 

(d) Cases such as (a), (4), or (¢), with impacts against 
boundaries and mutual impacts between particles, sattened 
by the supposition of finite forces during the impacts, with 
only the condition that the durations of the impacts are so 
short as to be practically negligible in comparison with the 
durations of free paths. 

Class II. Cases in which the velocities of some of the 
particles concerned sometimes vary gradually ;_ so gradually 
that the times during which they vary ee be included in 
the time-integration. ‘To this class belong examples such as 
(d) of Class 1. with durations of impacts not negligible in the 
time-integration. 

§ 29. Consider first Class I. (6) with a finite closed surface 
as the field of motion and a single particle mov ing on it. If 
a particle is given, moving in any direction through any 
point I of the field, it oral go on for ever along one deter- 
minate geodetic line. ‘The question that first occurs is, Does 
the aieton fulfil Maxwell’s condition (see § 18 above) ? that 
is to say, for this case, If we go along the geodetic line long 
enough, shall we pass infinitely nearly to any point Q w hat- 
ever, “including I, of the surface an infinitely great number 
of Bins in sith een ? This question cannot: be answered 
in the affirmative without reservation. Tor example, if the 
surface be exactly an ellipsoid it must be answered in the 
negative, as is proved in the following §§ 30, 31, 32. 

C2 
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§ 30. Let AA’, BB’, CC’, be the ends of the greatest, mean, 
and least diameters of an ellipsoid. Let U, U, U; U, be the 
umbilics in the ares AC, CA’, A/C’, C/A. A known theorem 
in the geometry of the ellipsoid tells us, that every geodetic 
through U, passes through U;, and every geodetic through 
U, passes through U,. This statement regarding geodetic 
lines on an ellipsoid of three unequal axes is illustrated by 
fig. 1, a diagram showing for the extreme case in which the 
shortest axis is zero, the exact construction of a geodetic 
through U, which is a focus of the ellipse shown in the 

diagram. U,, C, U, being infinitely near to U2, Catt, 
respectively are indicated by double letters at the same points. 
Starting from U, draw the geodetic U,;QU; ; the two parts 

Fig. 1. 

of which U,Q and QU; are straight lines. It is interesting 
to remark that, in whatever direction we start from U,, if we 
continue the geodetic through U3, and on through U, again 
and so on endlessly, as indicated in the diagram by the 
straight lines U;QU;Q’U,Q"U;Q”, and so on, we come very 
quickly to lines approaching successively more and more 
nearly to coincidence with the major axis. At every point 
where the path strikes the ellipse it is reflected at equal 
angles to the tangent. The construction is most easily made 
by making the angle between the reflected path and a line to 
one focus, equal to the angle between the incident path and 
a line to the other focus. ; 

§ 31. Returning now to the ellipsoid :—From any point I, 
between U, and Us, draw the geodetic IQ, and produce it 
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through @ on the ellipsoidal surface. It must cut the are 
A’C’A at some point between U3; and U,, and, if continued 
on and on, it must cut the ellipse ACA/C'A successively 
between U, and Us, or between U; and U,; never between 
U, and U;, or U, and U;. This, for the extreme case of 
the smallest axis zero, is illustrated by the path 1QQ’/Q’”Q/” 
QQ in fig. 2. 

§ 32. If now, on the other hand, we commence a geodetic 
through any point J between U, and U,, or between U, and 
U;, it will never cut the principal section containing the 
umbilicus, either between U, and U, or between U; and U,. 
This, for the extreme case of CC’=0, is illustrated in fig. 3. 

Bion 2, 

gm" 

§ 33. It seems not improbable that if the figure deviates by 
ever so little from being exactly ellipsoidal, Maxwell’s condi- 
tion might be fulfilled. It seems indeed quite probable that 
Maxwell’s condition (see $$ 13, 29, above) is fulfilled by a 
geodetic on a closed surface of any shape in general, and that 
exceptional cases, in which the question of §29 is to be 
answered in the negative, are merely particular surfaces of 
definite shapes, infinitesimal deviations from which wiil allow 
the question to be answered in the affirmative. 

§ 34. Now with an affirmative answer to the question—is 
Maxwell’s condition fulfilled ?—what does the Boltzmann- 
Maxwell doctrine assert in respect to a geodetic on a closed 
surface ? The mere wording of Maxwell’s statement, quoted 
in §13 above, is not applicable to this case, but the meaning 

"T0545 
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of the doctrine as interpreted from previous writings both of 
Boltzmann and Maxwell, and subsequent writings of Boltz- 
mann, and of Rayleigh *, the most recent supporter of the 
doctrine, is that a single geodetic drawn long enough will not 
only fulfil Maxwell’s condition of passing infinitely near to 
every point of the surface in all directions, but will pass with 
equal frequencies in all directions ; and as many times within 
a certain infinitesimal distance +6 of any one point P as of 
any other point P’ anywhere over the whole surface. This, if 
true, would be an exceedingly interesting theorem. 

39. 1 have made many efforts to test it for the case in 
which the closed surface is reduced to a plane with other 
boundaries than an exact ellipse (for which, as we have seen 

Fig. 3. 
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in §§ 30, 31, 32, the investigation fails through the non- 
fulfilment of Maxwell’s preliminary condition). Hvery such 
case gives, as we have seen, straight lines drawn across the 
enclosed area turned on meeting the boundary, according to 
the law of equal angles of incidence and reflection, which 
corresponds also to the case of an ideal perfectly smooth 
non-rotating billiard-ball moving in straight lines except 
when it strikes the boundary of the table; the boundary 
being of any shape whatever, instead of the ordinary rect- 
angular boundary of an ordinary billiard-table, and being 
perfectly elastic. An interesting illustration, easily seen 

* Phil. Mag., January 1900. 
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through a large lecture-hall, is had by taking a thin wooden 
board, cut to any chosen shape, with the corner edges of the 
boundary smoothly rounded, and winding a stout black cord 
round and round it man times, hegioning with one end fixed 
to any point, I, of the board. Tf the pressure of the cord on 
the edges were ‘perfectly frictionless, the cord would, at every 
turn round the border, place itself so as to fulfil the law of 
equal angles of incidence and reflection, modified in virtue 
of the thickness of the board. For stability, it would he 
necessary to fix points of the cord to the board by staples 
pushed in over it at sufficiently frequent intervals, care being 
taken that at no point is the cord disturbed from its proper 
straight line by the staple. [Boards of a considerable variety 

“Fig. 4 

of shape with cords thus wound on them were shown as 
illustrations of the lecture. | 

§ 36. A very easy way of drawing accurately the path of a 
particle moving in a plane and retiected from a bounding 
wall of any shape, provided only that it is not concave 
externally in any part, is furnished by a somewhat interesting 
kinematical method illustrated by the accompanying diagram 
(fig. 4). It is easily realized by using two equal and similar 
pieces of board, cut to any desired figure, one of them being 
turned upside down relatively to the other, so that when the 
two are placed together with corresponding points in contact, 
each is the image . of the other relative to the plane of contact 
regarded as amirror. Sufficiently close corresponding points 
should be accurately marked on the boundaries of the two 
figures, and this allows great accuracy to be obtained in the 
drawing of the free path after each reflection, The diagram 



94 Lord Kelvin on the 

shows consecutive free paths 74-6-—32°9 given, and 32°9— 
54:7, found by producing 74°6—32°9 through the point of 
contact. The process involves the exact measurement of the 
length (/)—say to three significant figures—and its inclina- 
tion (@) to a chosen line of reference XX’. The summations 
> 1 cos 26 and & 1 sin 20 give, as explamed below, the 
difference of time-integrals of kinetic energies of component 
motions parallel and perpendicular respectively to XX’, and 
parallel and perpendicular respectively to KK’, inclined at 
45° to XX’, From these differences we find (by a pro- 
cedure equivalent to that of finding the principal axes of an 
ellipse) two lines at right angles to one another, such that 
the time-integrals of the components of velocity parallel to 

Fis. 5, 

Cc! 

them are respectively greater than and less than those of the 
components parallel to any other line. [This process was 
illustrated by models in the lecture. ] 

§ 37. Virtually the same process as this, applied to the case 
of a scalene triangle ABC (in which BC=20 centimetres 
and the angles A=97°, B=29°5, C=53°5), was worked 
out in the Royal Institution during the fortnight after the 
lecture, by Mr. Anderson, with very interesting results. The 
length of each free path (J), and its inclination to BC (@), 
reckoned acute or obtuse according to the indications in the 
diagram (fig. 5), were measured to the nearest millimetre and 
the nearest integral degree. The first free path was drawn 
at random, and the continuation, through 599 reflections (in 
all 600 paths), was drawn in a manner illustrated by fig. 5, 
which shows, for example, a path PQ on one triangle con- 
tinued to QR on the other. ‘he two when folded together 
round the line AB show a path PQ, continued on QR after 
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reflection. For each path I cos 2@ and / sin 2@ were calcu- 
Jated and entered in tables with the proper algebraic signs. 
Thus, for the whole 600 paths, the following summations 
were found :—- 

Pi=-3298; >i cos 20= 4 128°8; >! sin 26= —201°9. 

Remark, now, if the mass of the moving particle is 2, and 
the velocity one centimetre per second, 2/ cos 20 is the 
excess of the time-integral of kinetic energy of component 
motion parallel to BC above that of component motion 
perpendicular to BC, and &/ sin 26 is the excess of the time- 
itegral of kinetic energy of component motion perpendicular 
to KK’ above that of component motion parallel to KK’ ; 
KK’ being inclined at 45° to BC in the direction shown in 
the diagram. Hence the positive value of {/ cos 20 indicates 
a preponderance of kinetic energy due to component motion 
parallel to BC above that of component motion perpendicular 
to BC; and the negative sign of 2/sin 26 shows prepond- 
erance of kinetic energy of component motion parallel to 
KK’, above that of component motion perpendicular to KK’. 
Deducing a determination of two axes at right angles to each 
other, corresponding respectively to maximum and minimum 
kinetic energies, we find that LL’, being inclined to KK’ in the 

> 

direction shown, at an angle = 4 tan” a is what we may 

call the axis of maximum energy, and a line perpendicular to 
LL’ the axis of minimum energy; and the excess of the 
time-integral of the energy of component velocity parallel to 
LL’ exceeds that of the component perpendicular to LL’ by 
2394, being /128°3*+2U1'9%, This is 7°25 per cent. of the 
total of %¢ which is the time-integral of the total energy. 
Thus, in our result, we find a very notable deviation from the 
Boltzmann- Maxwell doctrine, which asserts for the present 
case that the time-integrals of the component kinetic energies 
are the same for all directions of the component. ‘Lhe 
percentage which we have found is not very large ;_ and, 
most probably, summations for several successive 600 flights 
would present considerable differences, both of the amount 
of the deviation from equality and the direction of the axes 
of maximum and minimum energy. Still, I think there is a 
strong probability that the disproof of the Boltzmann-Maxwell 
doctrine is genuine, and the discrepance is somewhat approx- 
imately of the amount and direction indicated. Jam sup- 
ported in this view by scrutinizing the thirty sums for 
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successive sets of twenty flights: thus I find / cos 20 to be 
positive for eighteen out of thirty, and >/sin 20 to be nega- 
tive for nineteen out of the thirty. 

§ 38. A very interesting test-case is represented in the 
accompanying diagram, (fig. 6)—a circular boundary of semi- 

Fig. 6. 

| 

circular corrugations. In this case it is obvious from the 
symmetry that the time-integral of kinetic energy of com- 
ponent motion parallel to any straight line must, in the 
long run, be equal to that parallel to any other. But the 
Boltzmann-Maxwell doctrine asserts, that the time-integrals 
of the kinetic energies of the two components, radial and 
transversal, according to polar coordinates, would be equal. 
To test this, I have taken the case of an infinite number of 
the semicircular corrugations, so that in the time-integral it 
is not necessary to include the times between successive 
impacts of the particle on any one of the semicircles. In 
this case the geometrical construction would, of course, fail 
to show the precise point Q at which the free path would 
cut the diameter AB of the semicircular hollow to which it is 
approaching ; and J have evaded the difficulty in a manner 
thoroughly suitable for thermodynamic application such as 
the kinetic theory of gases. I arranged to draw lots for 1 
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out of the 199 points dividing AB into 200 equal. parts. 
This was done by taking 100 cards*,0,1..... 98,99; :to 
represent distances from the middle point, and, by the toss of 
a coin, determining on which side of the midd'e point it was 
to be (plus or minus for head or tail, frequently changed to 
avoid possibility of error by bias). The draw for one of the 
hundred numbers (0... . 99) was taken after very thorough 
shuffling of the cardsin each case. The point of entry having 
been found, a large-scale geometrical construction was used 
to determine the successive points of impact and the inclina- 
tion @ of the emergent path to the diameter AB. The inclina- 
tion of the entering path to the diameter of the semicircular 
hollow struck at the eud of the flight, has the same value @. 
If we cail the diameter of the large circle unity, the length 
of each flight is sin@. Hence, if the velocity is unity and 
the mass of the particle 2, the time-integral of the whole 
kinetic energy is sin @; and it is easy to prove that the time- 
integrals of the components of the velocity, along and per- 
pendicular to the line from each point of the path to 
the centre of the large circle, are respectively @ cos 6, and 
sin@—@cos 6. The excess of the latter above the former is 
sin @—20 cos 8. By summation for 143 flights we have 
found, 

> sin @=121°3 ; 2X0 cos O=108°3 : 
whence, 

> sin 0—226 cos 0=13°0. 

This is a notable deviation from the Boltzmann-Maxwell 
doctrine, which makes (sin @—@ cos 6) equal to £6 cos @. 
We have found the former to exceed the latter bya difference 
which amounts to 10°7 of the whole © sin @. 

Out of fourteen sets of ten flights, I find that the time- 
integral of the transverse component is less than half the 
whole in twelve sets, and greater in only two. This seems to 
prove beyond doubt that the deviation from the Boltzmann- 
Maxwell doctrine is genuine ; and that the time-integral of 
the transverse component is certainly smaller than the time- 
integral of the radial component. 

* Thad tried numbered billets (small squares of paper) drawn from a 
bowl, but found this very unsatisfactory. The, best mixing we could 
make in the bowl seemed to be quite insufficient to secure equal chances 
for all the billets. Full sized cards like ordinary playing-cards, well 
shuffled, seemed to give a very fairly equal chance to every card. Even 
with the full-sized cards, electric attraction sometimes intervenes and 
causes two of them to stick together. In using one's fingers to mix dry 
billets of card, or of paper, in a bowl, very considerable disturbance may 
be expected from electrification, 
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§ 39. It is interesting to remark that our 
present result is applicable (see § 38 above) to 
the motion of a particle, flying about in an 
enclosed space, of the same shape as the surface 
ot a marlin-spike (fig. 7). Symmetry shows, 
that the axes of maximum or minimum kinetic 
energy must be in the direction of the middle 
line of the length of the figure and perpen- 
dicular to it. Our conclusion is that the time- 
integral of kinetic energy is maximum for the 
longitudinal component and minimum for the 
transverse. In the series of flights, corre- 
sponding to the 143 of fig. 6, which we have 
investigated, the number of flights is of course 
many times 143 in fig. 7, because of the 
reflections at the straight sides of the marlin- 
spike. It will be understood, of course, that 
we are considering merely motion in one plane 
through the axis of the marlin-spike. 

§ 40. The most difficult and seriously trouble- 
some statistical investigation in respect to the 
partition of energy which I have hitherto 
attempted, has been to find the proportions of 
translational and rotational energies in various 
cases, in each of which a rotator experiences 
multitudinous reflections at two fixed parallel 
planes between which it moves, or at one plane 
to which it is brought back by a constant force 
through its centre of inertia, or by a force 
varying directly as the distance from the plane. 
Two different rotators were considered, one of 
them consisting of two equal masses, fixed at 
the ends of a rigid massless rod, and each 
particle reflected on striking either of the 
planes ; the other consisting of two masses, 1 
and 100, fixed at the ends of a rigid massless 
rod, the smaller mass passing freely across the 
plane without experiencing any force, while 
the greater is reflected every time it strikes. 
The second rotator may be described, in some 
respects more simply, as a hard massless ball 
having a mass = 1] fixed anywhere eccentric- 
ally within it, and another mass = 100 fixed at 
its centre. It may be called, for brevity, a 
biassed ball. 

) OU 
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§ 41. In every case of a rotator whose rotation is changed 
by an impact, a transcendental problem of pure kinematics 
essentially occurs to find the time and configuration of the 
first impact ; and another such problem to find if there is a 
second impact, and, if so, to determine it. Chattering col- 
lisions of one, two, three, four, five, or more impacts, are 
essentially liable to occur, even to the extreme case of an 
infinite number of impacts and a collision consisting virtually 
of a gradually varying finite pressure. Three is the greatest 
number of impacts we have found in any of our calculations. 
The first of these transcendental problems, occurring essen- 
tially in every case, consists in finding the smallest value of @ 
which satisfies the equation 

d—i= = (L—sin 0d). 

where @ is the angular velocity of the rotator before collision; 
a is the length of a certain rotating arm ; 7 its inclination to 
the reflecting plane at the instant when its centre of inertia 
crosses a plane I’, parallel to the reflecting plane and distant a 
from it ; and v is the velocity of the centre of inertia of the 
rotator. This equation is, in general, very easily solved by 
calculation (trial and error), but more quickly by an obvious 
kinematic method, the simplest form of which is a rolling 
circle carrying an arm of adjustable length. In our earliest 
work we performed the solution arithmetically, after that 
kinematically. If the distance between the two parallel 
planes is moderate in comparison with 2a (the effective dia- 
meter of the rotator), ¢ for the beginning of the collision with 
one plane has to be calculated from the end of the preceding 
collision against the other plane by a transcendental equation, 
on the same principle as that which we have just been con- 
sidering. But I have supposed the distance between the two 
planes to be very great, practically infinite, in comparison 
with 2a, and we have therefore found z by lottery for each 
collision, using 180 cards corresponding to 180° of angle. In 
the case of the biassed globe, different equally probable 
values of 2 through a range of 360° was required, and we 
found them by drawing from the pack of 180 cards and tossing 
a coin for plus or minus. 

§ 42. Summation for 110 flights of the rotator, consisting 
of two equal masses, gave as the time-integral of the whole 
energy, 200°03, and an excess of rotatory above translatory, 
42°05. This is just 21 per cent. of the whole; a large deviation 
from the Boltzmanr-Maxwell doctrine, which makes the time- 
integrals of translatory and rotatory energies equal. 
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§ 48. Inthe solution for the biassed ball (masses 1 and 100) 
we found great irregularities due to ‘runs of luck” in the 
toss for plus or minus, especially when there was a succession 
of five or six pluses or five or six minuses. We therefore, 
after calculating a sequence of 200 flights with angles each 
determined by lottery, calculated a second sequence of 200 
flights with the equally probable set of angles given by the 
same numbers with altered signs. The summation for the 
whole 400 gave 555°55 as the time-integral of the whole 
energy, and an excess, 82°5, of the time-integral of the 
translatory, over the time- integral of the rotatory energy. 
This is nearly 15 per cent. We cannot, however, feel great 
confidence in this result, because the first set of 200 made 
the translatory energy less than the rotitory energy by a 
small percentage (2° 3) of the whole, while the second 200 
gave an excess of translatory over rotatory amounting to 
35°9 per cent. of the whole. 

§ 44. All our examples considered in detail or worked out, 
hitherto, belong to Class I. of § 28. Asa first example of 
Class II., consider a case merging into the geodetic line on a 
closed surface 8S. Instead of the point being constrained to 
remain on the surface, let it be under the influence of a field 
of force, such that it is attracted towards the surface with a 
finite force, if it is placed anywhere very near the surface on 
either side of it, so that if the particle be placed on § and 
projected perpendicularly to it, either inwards or outwards, 
it will be brought back before it goes farther from the surface 
than a distance 4, smallin comparison with the shortest radius 
of curvature of any part of the surface. The Boltzmann- 
Maxwell doctrine asserts that the time-intezgral of kinetic 
energy of component motion normal to the surface, would be 
equal to half the kinetic energy of component motion at right 
angles to the normal; by normal being meant a straight line 
drawn from the actual position of the point at any time per- 
pendicular to the nearest part of the surface 8. This, if true, 
would be a very remarkable proposition. If h is infinitely 
small, we have simply the mathematical condition of constraint 
to remain on the surface, and the path of the particle is exactly 
a geodetic line. If the force towards S is zero, when the 
distance on either side of S is +h, we have the case of a 
particle placed between two guiding surfaces with a very 
small distance, 2h, between them. If S, and therefore 
each of the ouiding surfaces, is In every ‘normal section 
convex outwards, and if the particle is placed on the outer 
‘guide-surface, and projected in any direction in it, with 
any velocity, great or small, it will remain on that guide- 
surface for ever, and travel along a geodeti> line. Jt now 
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it be deflected very slightly from motion in that surface, 
so that it will strike against the inner guide-surface, we may 
be quite ready to learn, that the energy of knocking about 
between the two surfaces, will grow up from something very 
small in the beginning, till, in the long run, its time-integral 
is comparable with the time-integral of the energy of com- 
ponent motion parallel to the tangent plane of either surface. 
But will its ultimate value be exactly half that of the tan- 
gential energy, as the doctrine tells us it would be? We are, 
however, now back to Class I.; we should have kept to 
Class II., by making the normal force on the particle always 
finite, however great. 

§ 45. Very interesting cases of Class II., § 28, occur to us 
readily in connexion with the cases of Class I. worked out in 
§§ 38, 41, 42, 43. 

§ 46. Let the radius of the large circle in § 38 become 
infinitely great: we have now a plane F (floor) with semi- 
circular cylindric hollows, or semicircular hollows as we shall 
say for brevity; the motion being confined to one plane per- 
pendicular to F’, and to the edges of the hollows. For defi- 
niteness we shall take for F the plane of the edges of the 
hollows. Instead now of a particle after collision flying 
along the chord of the circle of § 38, it would go on for ever 
in a straight line. To bring it back to the plane F, let it be 
acted on either (a) by a force towards the plane in simple 
proportion to the distance, or (8) by a constant force. This 
latter supposition (8) presents to us the very interesting case 
of an elastic ball bouncing from a corrugated floor, and 
describing gravitational parabolas in its successive flights, the 
durations of the different flights being in simple proportion to 
the component of velocity perpendicular to the plane F. The 
supposition («) is purely ideal; but it is interesting because 
it gives a half curve of sines for each flight, and makes the 
times of flight from F after a collision and back again to F 
the same for all the flights, whatever be the inclination on 
leaving the floor and returning to it. The supposition (8) is 
illustrated in fig. 8, with only the variation that the corru- 
gations are convex instead of concave, and that two vertical 
planes are fixed to reflect back the particle, instead of allowing 
it to travel indefinitely, either to right or to left. 

§ 47. Let the rotator of §§ 41 to 43, instead of bouncing 
to and fro hetween two parallel planes, impinge only on one 
plane F, and let it be brought back by a force through its 
centre of inertia, either (#) varying in simple proportion to 
the distance of the centre of inertia from F, or (8) constant. 
Here, as in § 46, the times of flight in case (2) are all the same, 
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and in (8) they are in simple proportion to the velocity of its 
centre of inertia when it leaves I* or returns to it. 

Fig. 8. 

Le 

“yw \> 

§ 48. In the cases of §§ 46, 47, we have to consider the 
time-integral for each flight of the kinetic energy of the 
component velocity of the particle perpendicular to F, and of 
the whole velocity of the centre of inertia of the rotator, 

@} a] 
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which is itself perpendicular to F. If q denotes the velocity 
perpendicular to F of the particle, or of the centre of inertia 
of the rotator, at the instants of crossing F at the beginning 
and end of the flight, and if 2 denotes the mass of the particle 
or of the rotator so that the kinetic energy is the same as the 
square of the velocity, the time-integral is in case (a) $9°T 
and in case (8)4,°T, the time of the flight being denoted 
in each case by T. In both (a) and (8), § 46, if we call 1 
the velocity of the particle, which is always the same, we have 
gq’ =sin’ 0, and the other component of the energy is cos’ @. 
In § 47 it is convenient to call the total energy 1; and thus 
1—q’ is the total rotational energy, which is constant 
throughout the tlight. Hence, remembering that the times 
of flight are all the same in case (a) and are proportional to 
the value of g in case (8); in case (#), whether of § 46 or 
§ 47, the time-integrals of the kinetic energies to be compared 
are as 32g” to =(1—q’), and in case (8) they are as $%q’ 
and 2q(1—g’). 

Hence with the following notation— 

J Time-integral of kinetic energy perpendicular to F,=V, 

al L 7” ” ” parallel to FjW= UC 

” translatory energy=V, 

- sary ” rotatory A ‘ hy 

we have 

~2GP-)) ; 
V-—U 2(1—$4q?) in case (2), 

V+U ) 244-9) 
X(q- 29°) ” (8), 

_ =($9?—1) 
v-k | 30-14) ” 
V+R $(42— 

ie ane 

§ 49. By the processes described above, g was calculated 
for the single particle and corrugated floor (§ 46), and for 
the rotator of two equal masses each impinging on a fixed 
plane (§§ 41, 42), and for the biassed ball {central and 
eccentric masses 100 and 1 respectively, §§ 41, 43). Taking 
these values of g, summing q, q”, and q” for all the flights, and 
using the results in § 48, we tind the following six resulis : 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. D 
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Single particle bounding from corrugated floor (semicircular 
hollows), 143 flights :— 

—U f =+°197 for isochronous sinusoidal flights. 
V+uU | =+'186 for gravitational parabolic >) 

Rotator of two equal masses, 110 flights :— 

= — ‘179 for isochronous sinusoidal flights. 
ae oe = —'150 for gravitational parabolic 99 

Biassed ball, 400 flights :— 

= +°025 for isochronous sinusoidal flights. 
vit = —‘014 for gravitational parabolic 9? 

The smallness of the deviation of the last two results from 
what the Boltzmann-Maxwell doctrine makes them, is very 
remarkable when we compare it with the 15 per cent. which 
we have found (§ 438 above) for the biassed ball bounding free 
from force, to and fro between two parallel planes. - 

§ 50. The last case of partition of energy which we have 
worked out statistically, relates to an impactual problem 
belonging partly to Class I., § 28, and partly to Class II. 
It was designed as a nearer approach to practical application 
in thermodynamies than any of those hitherto described. It 
is, in fact, a one-dimensional illustration of the kinetic theory 
of gases. Suppose a row of a vast number of atoms, of equal 
masses, to be allowed freedom to move only in a str aight line 
between fixed bounding planes L and K. Let P the atom 
next K be caged between it and a parallel plane C, at a 
distance from it very small in comparison with the average 
of the free paths of the other particles ; and let Q, the atom 
next to P, be perfectly free to cross ae cage-front C, without 
experiencing force from it. Thus, while ( gets freely into 
the cage to strike P, P cannot follow it out beyond the cage- 
front. The atoms being all equal, every simple impact would 
produce merely an interchange of velocities between the 
colliding atoms, and no new velocity could be introduced, if 
the atoms were perfectly hard ($16 above), because this 
implies that no three can be in collision at the same time. 
[ do not, however, limit the present investigation to perfectly 
hard Attias. But to simplify our calculations, we shall 
suppose P and Q to be infinitely hard. All ‘the other 
atoms we shall suppose to have the property defined in § 21 
above. They may pass through one another in a simple 
collision, and go asunder each with its previous velocity 
unalter ah if the differential velocity be sufficieatly great ; 
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they must recoil from one another with interchanged veloci- 
ties if the initial differential velocity was not great enough to 
cause them to go through one another. Fresh velocities will 
generally be introduced, by three atoms being in collision at 
the same time, so that even if the velocities were all equal to 
begin with, inequalities would supervene in virtue of three or 
more atoms being in collision at the same time ; whether the 
initial differential velocities be small enough to result in two 
recoils, or whether one or both the mutual approaches lead to 
a passage or passages through one another. Whether the 
distribution of velocities, which must ultimately supervene, 
is or is not according to the Maxwellian law, we need not 
decide in our minds ; but, as a first example, I have supposed 
the whole muititude to be given with velocities distributed 
among them according to that law (which, if they were 
infinitely hard, they would keep for ever after); and we 
shall further suppose equal average spacing in different 
parts of the row, so that we need not be troubled with the 
consideration of waves, as it were of sound, running to and 
fro along the row. 

51, For our present problem we require two lotteries, to 
find the influential conditions at each instant, when Q enters 
P’s cage—lottery I. for the velocity (v) of Q at impact ; 
lottery II. for the phase of P’s motion. For lottery [. (aiter 
trying 837 small squares of paper with velocities written on 
them and mixed in a bowl, and finding the plan unsatis- 
factory), we took nine stiff cards, numbered 1,2.... 9, of 
the size of ordinary playing-cards, with rounded corners, 
with one hundred numbers written on each in ten lines of 
ten numbers. The velocities on each card are shown in the 
following table. The number of times each velocity occurs 
was chosen to fulfil as nearly as may be the Maxwellian law, 

v2 

which is Cdve * =the number of velocities between v+4dv 
and v—jdv. We took k=1, which, if dv were infinitely 
small, would make the mean of the squares of the velocities 
equal exactly to °5 ; we took dv=*1 and Cdv=108, to give, 
as nearly as circumstances would allow, the Maxwellian law, 
and to make the total number of different velocities 900. 
The sum of the squares of all these 900 velocities is 468°4, 
which divided by 900 is 52. In the practice of this lottery, 
the numbered cards were well shuflled and then one was 
drawn ; the particular one of the hundred velocities on this 
card to be chosen was found by drawing one card from a 
pack of one hundred numbered 1, 2... 99, 100. In lottery 
II. a pack of one hundred cards is used to draw one of one 

D2 
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hundred decimal numbers from ‘01 to 1:00. The decimal 
drawn, called a, shows the proportion of the whole period of | 
P from the cage-front C, to K, and back to C, still unper- . 
formed at the instant when Q crosses C. Now remark, that | 

TABLE SHOWING THE NUMBER OF TIE DIFFERENT VELOCITIES ON THE . 
DIFFERENT CARDS. 

Velocity. | ‘1 | -2/°3 | A/F 156 eles soa eIeOs alla te? | 13 va | 15 | 16 | i | ey) IS) | 2°0 | 21 | 2:2 | . : 

| | 

Card 1 100 | 

eee 798 
» 8 |.|10|90 | 
ee | | 9ign | 
Bt | 1/8415, | | 

Aan | 60,40 | | 
eT 26/57|17 eM | 
Bi 8 | 31) 40 | 29 Be ie 

9 3/26/19/15/11/9/ 6/4/38} 2 L | 1 | 20] 

Berea 107|103/99 92/84|75 coe 40|82|26/19}15/11|/ 9/6] 4 | 3/12 tak | 1 ‘900 

if Q overtakes P in the first half of its period, it gives its 
velocity, v, to P and follows it inwards ; and therefore there 
must be a second impact when P meets it after reflexion 
trom K and gives it back the velocity v which it had on 
entering. If Q meets P in the second half of its period, Q 
will, by the first impact, get P’s original velocity, and may 
with this velocity escape from the cage. But it may be over- 
taken by P before it gets out of the cage, in which case it 
will go away from the cage with its own original velocity v 
unchanged. This occurs always if, and never unless, u is 
less than va; P’s velocity being denoted by uw, and Q’s by v. 
This case of Q overtaken by P can only occur if the entering 
velocity of Q is greater than the speed of P before collision. 
Except in this case, P’s speed is unchanged by the collision. 
Hence we see, that it is only when P’s speed is greater than 
Q’s before collision, that there can be interchange, and this 
interchange leaves P with less speed than Q. If every 
collision involved interchange, the average velocity of P 
would be equalized by the collisions to the average velocity 
of Q, and the average distribution of different velocities | 
would be identical for Q and P. Non-fulfilment of this | 
equalizing interchange can, as we have seen, only occur when 

ee ee 
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()’s speed is less than P’s, and therefore the average speed 
and the average kinetic energy of P must be less than the 
average kinetic energy of Q. 

§ 52. We might be satisfied with this, as directly nega- 
tiving the Boltzmann-Maxwell doctrine for this case. It is, 
however, interesting to know, not only that the average 
kinetic energy of Q is greater than that of the caged atom, 
but, further, to know how much greater it is. We have 
therefore worked out summations for 300 collisions between 
P and Q, beginning with u?=*5 (w='71), being approxi- 
mately the mean of v’ as given by the lottery. It wouid have 
made no appreciable difference in the result if we had begun 
with any value of w, large or small, other than zero. Thus, 
for example, if we had taken 100 as the first value of wu, this 
speed would have been taken by Q at the first impact, and 
sent away along the practically infinite row, never to be 
heard of again; and the next value of « would have been the 
first value drawn by lottery for v. Immediately before each 
of the subsequent impacts, the velocity of P is that which it 
had trom @ by the preceding impact. In our work, the 
speeds which P actually had at the first sixteen times of Q’s 
Smrerme the cage were °71, °5, "3, °2, °2, °1, °1, °2, 2, °5, °7, 
*2, *3, °6, 1°5, *5—from which we see how little effect the 
choice of *71 for the first speed of P had on those that follow. 
The summations were taken in successive groups of ten ; in 
every one of these }v? exceeded Sw?. For the 300 we found 
Xv? =148°53 and Yu2=61°62, of which the former is 2°41 
times the latter. The two ought to be equal according to 
the Boltzmann-Maxwell doctrine. Dividing =v? by 300 we 
find *495, which chances to more nearly the ‘5 we intended 
than the *52 which is on the cards (§ 51 above). A still 
greater deviation (2°71 instead of 2°41) was found by taking 
Yv* and Xwv to allow for greater probability of impact with 
greater than with smaller values of v ; wu’ being the velocity 
of P after collision with Q. 

§ 53. We have seen in § 51 that Su? must be less than 
Xv, but it seemed interesting to find how much less it would 
be with some other than the Maxwellian law of distribution 
of velocities. We therefore arranged cards for a lottery, 
with an arbitrarily chosen distribution, quite different from 
the Maxwellian. Eleven ecards, each with one of the eleven 
numbers 1, 3.... 19, 21, to correspond to the different 
velocities 1, *3 ... . 1:9, 2°1, were prepared and used 
instead of the nine cards in the process described in § 51 
above. In all except one of the eleven tens, }v? was greater 
than wu”, and for the whole 110 impacts we found }v? = 179-90, 
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and Su?=97°66; the former of these is 1°84 times the 
latter. In this case we found the ratio of Sv? to Sw'v to 
be 1°87. 

§ 54. In conclusion, I wish to refer, in connexion with 
Class 1I., § 28, to a very interesting and important application 
of the doctrine, made by Maxwell himself, to the equilibrium 
of a tall sphmin of gas under the inert of gravity. Take, 
first, our one-dimensional gas of § 50, consisting of a straight 
row of a vast number of equal and similar atoms. Let now 
the line of the row be vertical, and let the atoms be under 
the influence of terrestrial gravity, and suppose, first, the 
atoms to resist mutual approach, sufficiently to prevent any 
one from passing through another with the greatest relative 
velocity of approach that the total energy given to the 
assemblage can allow. The Boltzmann-Maxwell doctrine 
(§ 18 above), asserting as it does that the time-integral of 
the kinetic energy is the same for all the atoms, makes the 
time-average of the kinetic energy the same for the highest 
as for the lowest in the row. ‘This, if true, would be an 
exceedingly interesting theorem. But now, suppose two 
approaching atoms not to repel one another with infinite 
force at any distance between their centres, and suppose 
energy to be given to the multitude sufficient to cause 
frequent instances of two atoms passing through one another. 
Still the doctrine can assert nothing but that the time- 
integral of the kinetic energy of any one atom is equal to 
that of any other atom, which is now a self-evident pro- 
position, because the atoms are of equal masses, and each one 
of them in turn will be in every position of the column, high 
or low. (If in the row there are atoms of different masses, 
the Waterston-Maxwell doctrine of equal average energies 
would, of course, be important and interesting. ) 
§ 55. But now, instead of our ideal one- -dimensional gas, 

consider a real homogeneous gas, in an infinitely hard vertical 
tube, with an infinitely hard floor and roof, so that the gas 
is under no influence from without, except gravity. First, 
let there be only two or three atoms, each given with sufficient 
velocity to fly against gravity from floor to roof. They will 
strike one another occasionally, and they will strike the sides 
and floor and roof of the tube much more frequently tian one 
another. The time-averages of their kinetic energies will be 
equal. So will they be if there are tw enty atoms, or a thousand 
atoms, or a million, million, million, million, million atoms. 
Now each atom will strike another atom much more frequently 
than the sides or floor or roof of the tube. In the long run 
each atom will be in every part of the tube as often as is 
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every other atom. The time-integral of the kinetic energy’ 
of any one atom will be equal to the time-integral of the 
kinetic energy of any other atom. This truism is simply and 
solely all that the Boltzmann-Maxwell doctrine asserts for a 
vertical column of a homogeneous monatomic gas. It is, 
I believe, a general impression that the Boltzmann-Maxwell 
doctrine, asserting a law of partition of the kinetic part of 
the whole energy, includes obviously a theorem that the 
average kinetic energy of the atoms in the upper parts of a 
vertical column of gas, is equal to that of the atoms in the 
Tower parts of the column. Indeed, with the wording of 
Maxwell’s statement, § 18, before us, we might suppose it to 
assert that two parts of our vertical column of gas, if they 
contain the same number of atoms, must have the same 
kinetic energy, though they be situated, one of them near the 
bottom of the column, and the other near the top. Maxwell 
himself, in his 1866 paper (‘The Dynamical Theory of 
Gases”) *, gave an independent synthetical demonstration of 
this proposition, and did not subsequently, so far as I know, 
regard it as immediately deducible from the partitional 
doctrine generalized by Boltzmann and himself several years 
after the date of that paper. 
§ 56. Both Boltzmann and Maxwell recognized the ex- 

perimental contradiction of their doctrine presented by the 
kinetic theory of gases, and felt that an explanation of this 
incompatibility was imperatively called for. For instance, 
Maxwell, in a lecture on the dynamical evidence of the 
molecular constitution of bodies, given to the Chemical 
Society, Feb. 18, 1875, said : “I have put before you what 
‘“‘T consider to be the greatest difficulty yet encountered by 
‘‘the molecular theory. Boltzmann has suggested that we 
“are to look for the explanation in the mutual action between 
“the molecules and the ethereal medium which surrounds 

“them. Iam afraid, however, that if we call in the help of 
“this medium we shall only increase the calculated specific 
“heat, which is already too great.” Rayleigh, who has for 
the last twenty years been an unwavering supporter of the 
Boltzmann-Maxwell doctrine, concludes a paper “ On the Law 
of Partition of Energy,” published a year ago in the Phil. 
Mag., Jan. 1900, with the following words: ‘ The difficulties 
‘connected with the application of the law of equal partition 
“ of energy to actual gases have long been felt. Inthe case of 
“argon and helium and mercury vapour, the ratio of specific 
‘heats (1°67) limits the degrees of freedoms of each molecule 

* Addition, of date December 17, 1866, Collected works, vol. ii, p. 76. 
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“to the three required for translatory motion. The value 
‘¢(1-4) applicable to the principal diatomic gases, gives room 
“for the three kinds of translation and for two kinds of 
“rotation. Nothing is left for rotation round the line joining 
“the atoms, nor for relative motion of the atoms in this line. 
‘Even if we regard the atoms as mere points, whose rotation 
‘““means nothing, there must still exist energy of the last- 
‘“‘mentioned kind, and its amount (according to law) should 
“not be inferior. 

‘““We are here brought face to face with a fundamental 
“difficulty, relating not to the theory of gases merely, but 
“rather to general dynamics. In most questions of dynamics, 
“a condition whose violation involves a large amount of 
“ potential energy may be treated as a constraint. It is on 
“this principle that solids are regarded as rigid, strings as 
“inextensible, and so on. And it is upon the recognition 
‘of such constraints that Lagrange’s method is founded. 
‘‘ But the law of equal partition disregards potential energy. 
“However great may be the energy required to alter the 
‘“ distance of the two atoms in a diatomic molecule, practical 
“rigidity is never secured, and the kinetic energy of the 
“relative motion in the line of junction is the same as if the 
‘tie were of the feeblest. The two atoms, however related, 
“remain two atoms, and the degrees of freedom remain six 
‘in number. 

‘“ What would appear to be wanted is some escape from 
“the destructive simplicity of the general conclusion.” 

The simplest way of arriving at this desired result is to 
deny the conclusion; and so, in the beginning of the twentieth 
century, to lose sight of a cloud which has obscured the 
brilliance of the molecular theory of heat and light during 
the last quarter of the nineteenth century. 

Il. The Absorption of the Ionized* Phosphorus  \ : 
umanation in Tubes.—II. By C. Barust. ME 

ib. 4 OR reasons of both theoretical and practical import it 

Is next necessary to ascertain the precise conditions 

under which the phosphorus nucleus vanishes on passing 

* Whoever writes on subjects relating, like the present, to certain 
features of ionization is obliged to make free use of the admirable work 
(Thomson, C. T. R. Wilson, Townsend, Rutherford, Zeleny, and others), 
which has been sert out bythe Cavendish Laboratory under the direction 
of Prof. J. J. Thomson. These researches, like those of Chattock, Elster 
and Geitel, and others (ef H. Becquerel in ‘ Nature, Feb. 21st, p. 396, 
1901), are so recent and well known that detailed reference would be 
cumbersome ; but I desire to make my acknowledgments here. 

+ Communicated by the Author. 
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through tubes at a definite velocity; or, in general, on being 
retained in any vessel, or put in contact with any barrier in a 
definite way, for a definite time. The experiments of the 
present paper thus relate to the absorption of condensation- 
producing atmospheric nuclei by surfaces or by suspended 
particles. They show, I think, that such absorption takes 
place as though each nucleus of a nearly saturated region 

Sectional Elevation of the Colour-tube C, the Absorption-tube ¢ and 

ae Qa 

appurtenances. Scale +4. 

travelled in the entire absence of an electric field, with a 
velocity of about 3 millims. per second; or, if it be put 
roughly that 4 of the total number travel in a given cardinal 
direction, as though each nucleus had a velocity of about 
a centimetre per second. It is curious to note how close this 
lies to the velocity of the ion in a unit electric field. 
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2. The method of experimentation has been indicated in my 
first paper *, and is based on colour criteria obtainable with the 
steam-jet. Here I need only recall that a current of mode- 
rately dry air is furnished by a gasometer-train (Mariotte 
flask, volume-flask, pressure-gauge, desiccator), terminating 
in the fine screw-stopcock F. On opening the latter, this 
passes through the phosphorus-tube P (containing pellets of 
phosphorus between strips of wire-gauze), where it is highly 
charged with the ionized emanation. This saturated air is 
conveyed into the colour-tube C C’ (old pattern of which 7 is 
the simple jet), through the absorption-tube ¢, of the length, 
diameter, and material to be examined. The tube ¢ is sealed 
into P, while the other end dips slightly into the lateral influx- 
pipe C’ of the colour-tube. The arrangement of C (length, &c.) 
has very little, if any, effect on the results, as was pointed 
out in my last paper. The draft due to 7 is sufficient to 
capture all the nuclei from the open end of the absorption- 
tube ¢, and the whole of it is impressed on the jet. 

3. To illustrate the method of work, an example of the data 
for a single tube is given in the following table (I.). The other 
results are briefly semmarized (Table II.) or expressed in the 
chart. Length w and radius 7 refer to the absorption-tubing 
employed. The volume (V litres per minute) of charged air 
passing ae P is the amount needed to produce a definite 
colour (full blue) in the field of the colour-tube C. The 
velocity of the air-current through ¢ is given under v in 
centimetres per second. ‘The constant & in the final column 
is the absorption velocity, computed from the equation 

k=2°65(V/rz) log (V/Vo), 

where V, is the volume in litres per minute giving the iden- 
tical blue colour when the absorption-tube ¢ is removed, and 
the phosphorus-tube conveys its contents directly into CO’. 
The other data (p, the pressure of the steam issuing from the 
jet, always low, and @ the temperature of the air at influx 
measured by the thermometer T) are of little immediate 
interest. 

In most cases many observations (often four or five) were 
made for each tube-length « in each series given, the difficulty 
being to select the same standard blue. The table contains 
only the mean values. 

* Phil. Mag. [6] vol. i. p.572 (1901).; preliminary results in ‘ Science,’ 
vol. xi. p. 201 (1900) ; Amer, Journal of Science, March, 1901. 
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Taste I.—Absorption of the Ionized Phosphorus Hmanation 
in Tubes of Grey Rubber. Diameter 2r=°64 centim., 
p=4 centim., 9=26°. 

Volume | Computed. . 
Series, | Length, per (Velocity, k. 

Fil. minute, uv. 

| V. LQ. 

cm. |litr./min. em./sec. | em./see. jlitr./min.| cm. 
i, 0 Tf | poses ‘28 ‘60 0 

125 31 RGR oe 1:00 15 

295 4°7 pg 2 an ee | 2:00 71 
455 65 a ee eee 3°00 142 

0 ae Mice .ae ee tian 4:00 222 

2 0 swam, Wh. aeons 509 309 

85 0 aa Us SE Re 700 504- 

125 - 2°8 147 

295 5:2 271 

455 6-9 360 | | | 

A brief summary of the chief results is appended for 
reference. 

Tas.E I].—Summary of Data for Absorption Velocity k. 

Mabe of: |S" Tenaths presi para leaned ee 

or | em. | om. | °O, ite gain! om. /seo. | em./seo. | 
|Grey rubber.| -64 | 0-455 | 4 26 | 7-70 | 40-360] 28 

iegeeter.| “35 | 0-300 | 6 24 | 5-42 | 80-740] -32 

Dem a. :34-. 3 | 0-300| 5 o7 | 5-46 | 30-250 25 

Meath. =: 32 | 0-150 | 9 27 | 7-20 140-410] 30 

Glass ......... 29 | 0-150 | 8 27 | -8-2:0 | 200-480] -27 

These results are entered in the chart with greater fulness, 
where the abscissas are the lengths of the absorption-tubes, 
the ordinates the volumes per minute producing the fiducial 
blue, The curves drawn through the points are computed 
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from the theory presently to be given. For the wider tubes 
and greater lengths the higher volumes sometimes show a 
break in the curve (cf. lead), meaning, I think, that the 
phosphorus ionizer is being overtaxed by the quantity of 
charged air demanded. 

Cuart showing the litres per minute of air saturated with phosphorus 
emanation, needed to produce a full blue field in the colour-tube for 
different leneths of absorption-tube. 

i 

In view of the difficulty * of observing, subject to colour 

criteria, the widely different values of the velocity with which 

the ionized air traversed the absorption-tubes, the high 

velocities employed, and the marked difference of material 

* Add to this the variable ionizing intensity of phosphorus, the most 

baffling of discrepancies. 
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(conducting and insulating) which makes up the absorbing- 
walls, the proximity of the values of & is particularly 
noteworthy. No relation to diameter is apparent. In case 
of glass, of impure grey rubber, of pure brown rubber, and 
of lead, this velocity &, so far as observation warrants, is the 
same. 

4, In contrast with these results with tubes of relatively 
small bore, I shall now add data for wide tubes. They were 
5 centims. in diameter (2-inch drain-pipe of tin plate), and 
they may be regarded as direct prolongations of the influx- 
pipe C’ of the colour-tube. The air passing through these 
tubes is moved by the suction of the steam-jet, and is inde- 
pendent of the ionizing current through the gasometer. The 
velocity of the air-current through the tubes (often 50 feet 
long) was about 100 centims. per second, and was determined 
by the time it takes the “ dust,’ suddenly injected into one 
end of the tube, to show itself at the other end by colouring 
the steam-jet. The phosphorus emanation (V_ litres per 
minute) was introduced into the current at distances 150 and 
1400 centims., respectively, from the jet, as the data show. 
The table gives but a single series among many. The velocity 
is here computed from 

k=(rv/2(#—~2')) log (V/V’), 

where the volumes V and V’ correspond to the tube-lengths 
z and 2’, 

Taste I[IJ.—Absorption of Phosphorus Emanation in Tin 
drain-pipe. Diameter, 2r=5 cm., p=4 em., @=28°. 

Field of the Length, paren Velocity, | 
v. Colour-tube. om P Paw k. 

aan dt cue litr./min. eer a /sec. 
Blue-green......... 150 ‘70 (100) 05 

ES ee 150 140) Fee oe ‘06 

Hire Blue ......... 150 L-Qb:* es "06 

Blue-green......... 1500 115 (100) 

(21 1500 2°00 

Dark blue ......... 1500 2-00 

These results have also been constructed in the chart on 
the same scale as the other curves, the data selected being 
those showing the maximum effect of length. In fact, these 
results are liable to be very variable, as the colours for the 
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long tubes become dull, and are unsuitable for sharp com- 
parisons. One may state that more dust is required for long 
than for short tubes, but that the difference is a relatively 
vanishing quantity and out of all proportion with the data 
for small tubes. The difference between the present and the 
preceding experiments with tubes is this, that whereas in the 
latter case (small bore) the saturated air is conveyed in the 
undiluted condition through the tubes, in the case of wide 
tubes (5 cm.) the saturated dust is necessarily diluted on 
being introduced into the tube, having its own independent 
current of air. The present series shows the remarkable 
preservative tendency of this operation of dilution, and points 
out a reason for the constancy of behaviour of the colour- 
tube itself after the nuclei have once been captured. 

5. In the endeavour to frame at least a working hypothesis 
for these phenomena two possible occurrences are prominent: 
the first is the decay of the particle so far as its activity in 
producing condensation is concerned. This may be due to 
growth and loss of charge, to the action of ordinary dust par- 
ticles floating in the air, or any similar cause whatever. It . 
constitutes a loss within the ionized medium itself. The second 
relates to losses at the boundary, to the motion of the ionized 
particle, whether stimulated by an electric field, or a diffusion- 
gradient, or not, occurring in the latter case as a mere ionic 
velocity. Since electric field is absent, it would at the outset 
be natural to treat the motion as a case of diffusion, and due 
to a concentration gradient. It seems hardly probable, how- 
ever, that in a swift turbulent current of air diffusion can be 
recognized. Ihave therefore thought it best to regard the 
nucleus as moving with a definite (absorption) velocity k 
independent of direction and (for a given class of experiments) 
independent of concentration. So circumstanced, the swarm 
of nuclei are transferred by the air-current. As the nucleus 
impinges upon but does not rebound from a barrier, k may 
still be regarded as an external diffusion coefficient, corre- 
sponding to the constant in Newton’s law of cooling. 

Let dx be the thickness of an infinitesimal right section of 
the absorption-tube of radius 7, traversed at velocity v by an 
air-current charged with nuclei. Let x be the number per 
cubic centim., and & the number absorbed per square centim. 
per second if n=1. Hence & is the absorption velocity * 
discussed. 

* If, as in cases considered elsewhere, the absorption-tube were a con- 
denser with the field acting radially outward, & would be replaced by 
UeH/(R,—R,), where e is the charge of an electron, U the velocity of 
the ions relatively to each other, E/(R,—R,) the potential gradient, 
R, being the axial and R, the circumferential radius of the condenser. 
1 mention this here for future reference. 

yy eee oe 

ie eg ee ee ee ee a ee 
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Let k’ be the number of particles decaying by mutual 
destruction, &c., per cubic centim. per second, if n=1, so that 
k’n? is the number vanishing for the density of distribution n. 

Sig. 2g 
Hence the number of particles accumulating per second in 

the element is —7r?v(dn/dz)dx; the number absorbed per 
second by the walls of the tube, kn2ar.dx; the number de- 
caying per second within the element, k’n?arr?dx. Thus 

—(v/k’)(dn/da) = 2kn/k'r + v2. 
This equation is integrable in finite form, and putting nas 

the concentration at “o, the equation becomes 

n=Dknof/(e*e—70) "(2k + k’rn) —K’ rng). 

The direct discussion of this equation is cumbersome. Its 
bearing on the present results is best shown by evaluating 
the two special cases in which k=0 and k’=0, respectively. 
The former case is incompatible with the observations, and 
may be dismissed. 

Let then k/=0, so that decay within the element from any 
causes whatever is absent. The only loss of nuclei is at the 
surface of the absorption-tube. 

Hence ees Med 

if is the concentration at 7)=O0, 7. e. in the absence of the 
absorption-tube. But v=1000V/6077?, if V litres per minute 
produce the velocity v centims./sec. 

Hence nner Or, 

The total number of nuclei injected into the colour-tube is 
thusnV. Let these produce the fiducial clear blue field. In 
the same manner let »’V’ nuclei produce the same field when 
the dimensions of the absorption-tube are 7’ and 2’, and the 
air passing V’ litres per minute. Then, since nV=n’V’, 

V er hr2/2"65V — Wl g—kr'2!/265.V 

If V, be the volume per minute when the tube-length is x’ =0 
and the field the identical blue, 

k= 2°65(V/rx) log (V/Vo), 



48 Prof, C. Barus on the Absorption of the 

an equation from which the value of 4, the absorption velocity 
of the nucleus, is computed at once in centim./sec., supposing 
decay (k’) to be a vanishing quantity. 

Waiving the more refined methods of the kinetic theory of 
gases, if but } of all the nuclei wander in a given direction, 
the term expressing absorption of the wall of the tube in the 
differential equation would be A(7/3) 2ardz, or k/3 replaces k. 
Hence the data in the above tables should be increased three- 
fold to meet this point of view, as stated in the first paragraph 
of this paper. 

The value of & is given for each series in the tables, com- 
puted from three points of the observational data corresponding 
to «=0 and the maximum and mean lengths. It will be 
noticed that V)=°60 litre/min. is nearly the same for all the 
absorption-tubes, as it should be for initially saturated air, and 
kas been so taken. From the value of & found for each tube 
I then computed the corresponding curves, these being given 
in the last columns of Table I. The computed curves are 
constructed in the chart to show the distribution of the obser- 
vation with respect to them. The agreement is throughout 
surprisingly good; it would be impossible to get a better 
interpretation of the observations in view of the difficulty of 
colour experiments. If we compare the nuclear velocities & 
with the radii of the absorption-tubes, with which they were 
obtained, we find that they vary for the wide tubes (grey 
rubber and lead) as much as for the narrower tubes (lead, 
pure rubber, and glass). Hence & must be regarded as 
independent of r ; and the variations found are observational 
errors. 

I conclude, therefore, that the proposition which considers 
decay (k’} to be relatively negligible and the absorption 
effect of the tubes of velocity k, or an ionic velocity 3k, 
to be real, is one of great probability. The whole ionized 
region is under volume expanding stress, much like an osmotic 
pressure. 

6. The case of the wide tubes of tin plate (27=5 ems.) is 
different in character; for here the different lengths corre- 
spond to different initial densities my and n’, while the radius 
of the tube and the velocity of the air-current are the same. 
One may assume that the initial densities are to each other as 
the litres per minute (V) of air saturated with phosphorus 
emanation put into the tube at distances 2 and 2’ from the 
jet. Thus 

| Nel pea NN, 
and therefore 

k=(rv/2(2~ 2’)) log (V/V). 
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Since 7v/2(2—2’) is about :093, the volume ratio, V/V’, should 
be between 15 and 20. The observed values rarely exceed 2, 
often falling much below this. The coefficients * are thus 
too small as compared with the preceding set. 

It is interesting to compare the degree of dilution here with 
the above cases. The volume of saturated air added rarely 
exceeded 1 or 2 litres/min. The volume of air traversing the 
tube and due to the jet is 120 litres/min. The dilution is thus 
from 50 to over 100. The above cases of dilution with narrow 
tubes would be given by 

n [Ng = eae AG 

while in the tube. Otherwise, since mVo=nV for a given 
colour, the chart gives n/n) at once. The range of values 
does not exceed 11 (grey rubber), the other maxima being 
7 (lead, rubber), 4 (lead, glass), terminating with 1. Hence 
the orders of dilution in the two experiments are very 
different. 

The results for the tin tube are naturally much less certain, 
because the colours become dull after the dust has passed 
through great lengths (50 feet) of tube, or they flicker, and 
because v is not easily found. Stillthe preservative qualities 
of dilution are undeniable; and my observations again lead 
me to disbelieve that diffusion within this wide, eddying current 
(tested) can be in question, Ignoring it, it seems most pro- 
bable to adopt recent suggestions (J.J. Thomson, Rutherford, 
Townsend) that new ions are being continually reproduced 
from neutral molecules by collisions. From the present 
experiments with wide tubes, it would then follow that when 
the ionized air is markedly diluted, the new ions produced 
are in excess of the old. From this one may argue that their 
velocity must diminish, for a corresponding excess of energy 
is being potentialized. Admitting the delicate nature of this 
speculation®, it is certain, unless I have misunderstood the 
difficult observations with wide tubes, slow currents, and weak 
ionization; / here in all my experiments has never exceeded 
+, and often fallen below j,, of the very definite values for 
small-bore tubes, swift air-currents, and nearly saturated 
ionization. 

Brown University, 
Providence, U.S.A. 

* Another way out, possibly, would be the introduction of the above 
coefficient of decay &'. Observations of a different character, which [ will 
communicate in the next of the present series of papers, seem to justify 
the position taken in the text. 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. EK 
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Ill. On the Velocity of Reaction before Complete Equilibrium 
and before the Point of Transition, &c. Part I. By 
Meyer WitpEekman, Ph.D., B.Sc. (Oxon.) *. 

[Plates I. & II.] 

CoNTENTS. 

Part I. 

I. J. W. Gibbs’s general thermodynamic principles concerning equili- 
brium of heterogeneous systems. he general principles concerning 
velocity of reaction. Extension of the same for components with 
several potentials. Gibbs’s rule of phases. 

II. Experiments on the velocity of reaction before complete equilibrium 
and the point of transition are reached : 

(a) The results achieved from earlier experiments. 
(6) The later research at the Davy-Faraday lee bo rest 

III. The method employed. 
IV. The results cbtained. The general law concerning all velocities of 

reaction before complete equilibrium and before the pom of trans- 
ition of the system are reached. 

Part I. 

I. J. W. (bbs’s General Thermodynamic Principles con- 
cerning Kquilibrium in [Heterogeneous Systems. The 

General Principles concerning Velocity of Reaction. 
Hxtension of the same for Components with several 
Potentials. Gibbs’s Rule of Phases. 

N his classical work “ ‘Graphical Methods in the Thermo- 
dynamics of Fluids” (Transactions of Be Connecticut 

Academy of Arts and Sciences, 1873, vol. ii. p. 309) and 
“On the Equilibrium of Heterogeneous Salve ? (1875— 
1878, vol. i. pp. 108, 343), J. Willard Gibbs gave us a very 
detailed theoretical investigation of all kinds of chemical and 
physical equilibrium. 

Since my investigation concerns in the first instance com- 
plete equilibrium, the velocity of reaction before complete 
equilibrium, &c., I would first recapitulate some of the results 
of his work with which the present paper is connected. 

Gibbs gives us “ the criterion of equilibrium and stability ” 
thus :—“For the equilibrium of any isolated system it is 
necessary and sufficient that in all possible variations in the 
state of the system, which do not alter its entropy, the 
os, of its energy shall either vanish or be positive, 7. e. 
(e), 2.9,” where e denotes the energy and 7 the entropy of 
the system. Hquivalent to this is the theorem that (67).<0 

* Communicated by the Author. 



On the Velocity of Reaction before Complete Equilibrium. 51 

(vol. ili. p. 109). On p. 110 of the same volume he dis- 
tinguishes the different tide of equilibrium in respect t» 
stability (having regard to the absolute values of the vari- 
ations”: it is sufficient and necessary 

for stable equilibrium that (An) .<0, 7. e. (Ae), >0 ; 
for neutral equilibrium that (An).=0, i.e. (Ae), =0 ; 

while in general (An).<0, i.e. (Ae),Z.0 ; 
for unstable equilibrium that (An). >0, i.e. (Ae),<0 ; 

while in general (An), <0, 2. e. (Ae), 70. 
A more detailed consideration and proof of the above 

theorem is given in the same chapter. On page 116 Gibbs 
gives us “‘the conditions relating to the equilibrium between 
the initially existing homogeneous parts of the given mass” 
thus :—‘ Let us first consider the ener gy of any homogeneous 
part of the given mass and its variation for any possible 
variation in the composition and state of this part. (By 
homogeneous is meant that the part in question is uniform 
throughout not only in chemical composition but also in 
physical state.) If we consider the amount and kind of 
matter in this homogeneous part as fixed, its energy eis a 
function of its entropy 7 and its volume v, and the differentials 
of these quantities are subject to the relation 

de=tdn—pdr, 

t denoting the (absolute) temperature of the mass, and p its 
pressure. For ¢dn is the heat received, and pdv the work 
done by the mass during its change of state. But if we 
consider the matter in the mass as variable, and write 
M,, Mz... m, for the quantities of the various substances 
S,, 8....8, of which the mass is composed, e will evidently 
be iuotion of n,v, my, My... m,, and we shall have for the 
complete value of the differential of e 

de=tdn —pdv + py, + pgdmg ... +h, . (12) 

#41, yg -  - f&, denoting the differential coefficients of e taken 
with respect to m,, m....m,.’ Gibbs then passes to hetero- 
geneous systems (p. 118) :—* We will now suppose that the 
whole mass is divided into parts so that each part is homo- 
geneous, and consider such variations in the energy of the 
system as are due to variations in the composition and state 
of the several parts remaining (at least approximately) homo- 
geneous, and together occupying the whole space within the 
envelope. We will at first suppose the case to be such that 
the component substances are the ch for each of the parts, 
each of the substances 8), S....8, being an actual com- 
ponent of each part (2. e., each of the masses m,, my... m, in 

K 2 
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each part of the heterogeneous system may be either increased 
or diminished). If we distinguish the letters referring to the 
different parts by accents, the variation in the energy of the 
system may be expressed by de +de’+ ...,and the general 
condition of equilibrium requires that 

Si 4+8e’4+ ... de. 20 
for all variations which do not conflict with the equations of 
condition. ‘These equations must express that the entropy of 
the whole given mass does not vary, nor its volume, nor the 
total quantities of any of the substances 8,,S,...S,. We 
will suppose that there are no other equations of condition. 
It will then be necessary for equilibrium that 

td! —p'dv! + py'diny! + py'dig’ . 2. + po,'dm,! 

+ td!’ —pl"dv + pol'dmy” + ps"ding! .. © + g!!'dm!ln 

GeO ee Me ln ge ea 

for any values of the variations for which 

dy! +d! +dn + &. =0, . . ey 

dv’ +dv"4+ del" + &. =0, .) 3 aa 

dm! +d! + dm" + &e.=0, 
ding! a dm,!" in dmg" +&e.= 0, 

(18) 
dim! +dmuil!! + dm!" + &. =0. 

For this it is evidently necessary that 

fae Ske TO eee 

=o So So: ; (20) 

Hquations (19) and (20) express the conditions of thermal and 
mechanical equilibrium, viz. that the temperature and the pressure 
must be constant throughout the whole mass. In equations (21) 
we have the conditions characteristic of chemical equilibrium. 
It we call a quantity w, as defined by such an equation as 
(12), the potential for the substance m in the homogeneous 
mass considered, these conditions may be expressed as 
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follows :— The potential for each compen substance must be 
constant throughout the whole mass’ 

These are the general conditions deduced by Gibbs as 
necessary and sufficient for thermal, mechanical, and chemical 
equilibrium in heterogeneous systems. There is also another 
region of phenomena not touched upon in Gibbs’s work on 
equilibrium, namely, the region of thermal, mechanical, and 
chemical reaction which takes place when the system is not in 
equilibrium, This region of phenomena is of the deepest 
interest not only because the state of equilibrium of a system 
is never actually reached in nature, and reaction is the only 
real phenomenon in nature, but also because the true con- 
ception of one region is so very deeply connected with the 
conception of the other. 

The above generalizations of Gibbs’s give evidently also, 
although indirectly ,the general condition which is necessary in 
order that reaction should take place in a system: there is no 
thermal, or mechanical, or chemical equilibrium in the hetero- 
geneous system; there is a thermal, or a mechanical, or a 
chemical reaction going on in the system when the temperature 
or pressure or the chemical potential is in the different parts 
of the heterogeneous system different. It is also evident that 
not only in the different parts of the heterogeneous system, 
but also in each of the homogeneous parts of “the system, the 
condition of the thermal, mechanical, and chemical equilibri ium 
is that temperature, pressure, and chemical potential should 
be everywhere the same. It can be shown that this is not 
restricted to homogeneous systems when they form parts 
of a heterogeneous system. If we divide a homogeneous 
system into very thin layers, and assume at first that de or 
tdn—pdv + pdm... + et ae is in different layers different we 

get, since the condition of equilibrium will be that de 7 0 for 

all variations for which Sdyn=0, Sdn=0, Sdny=0 
Ydm,=0, that at equilibrium t, p, by. +. fn must be constant 
through the whole system. We may formulate the same from 
another aspect: at equilébrium the state of the homogeneous 
system in respect to its thermal, mechanical, and chemical eneray 
as everywhere the same. So also in homogeneous parts or 
systems the general condition for thermal, mechanical, and 
chemical reaction is that the temperature, pressure, and chemical 
potential are not everywhere the same. 

In a more general form the last-mentioned principle was 

* Tt should be noted that this does not explicitly cover the case of 
superficial tension, external forces such as gravity, and other causes that 
would make pressure different in different: places, 
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formulated by Helm (die Lehre von der Energie, Leipzig, 
1887) and by Ostwald (in his different publications ; see 
Lehrbuch der allgemeinen Chemie, 1893, pp. 46-49) on the 
basis of their general conception of the intensity and capacity 
factors of each kind of energy, thus :—‘‘ Each kind of energy 
strives to pass from the place in which it is of a higher intensity 
(or potential) to places in which it ts of a lower intensity (or 
potential) ,” presuming that there are no factors counteracting 
to this passage of energy (Helm) ; also in this more defined 
form :—‘‘ In order that something should happen in nature tt 
ts a necessary condition that the intensity of the energy present 
should be in different places different. This condition ts, how- 
ever, only sufficient when the difference of the intensity of the 
given energy is not compensated or balanced by the difference of 
intensity of another kind of energy’ (Ostwald). As we see, 
this is an attempt to make the most general application to all 
kinds of energy of the principle contained in the second law 
of thermodynamics ; ‘as first formulated by Clausius, ‘‘ heat 
can only pass from a higher temperature to a lower.”’ 

1 now wish to show that the second law ot thermodynamics 
as applied to the potentials of all kinds of energy is super- 
seded by another more general law, when one and the same 
variable of composition in the equation (12) or (15) is 
affected by more than one potential. It is not difficult to 
show that this can be the case. In the above equation of Gibbs 
it is assumed that the system is under no influence of gravity, 
that no external energy—such as light or electrie waves— 
is passing through it, and that it has no magnetic properties, 
&e. Now it is evident that if the element of the mass of the 
homogeneous system be Dm, if h be its height over the hori- 
zontal plane, and g the constant of gravitation, the element Dm 
will not only have a chemical potential wu, but also a potential 
under the influence of gravity gh; if it has magnetic properties 
it will have a potential v, to account for this kind of energy 
connected with matter; if light or electric waves are passing 
through the system—as will be seen later on from a research 
on light by Dr. Ludwig Mond and myself—the element 
acquires a new additionai kinetic potential A. Now let Dm 
be an element cf the homogeneous system, consisting of the 
substance 8), S.,...Sa. Then 

Dm=Dm,+ Dm... +Dm,, 

where my, m... m, are the independent components of the 
system. Let the energy of the element Dm independently of 
gravitation &c. be De, its gravitation energy ghDm, its 
kinetic energy produced by the exposure of the system to 
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light or to electric waves XADm, its magnetic energy vDm. 
Then the total energy of the mass is 

\De +\ghDm + {xD +\vDm. 

The condition of equilibrium will be that 

8\ De + 8\ghDin =E 8)xDm - §\yDin 0. 

Let Dy and Dv be.the entropy and: volume of the element 
Dm. Then we have according to (12), 

SDe=t8Dy— pSDv + w,8Dmy + o5Dmg wee $pMndDim. 

The condition of equilibrium will be 

§{De+8\ghDm+8\XDm + 8\vDin 
={15Dy—|pdDe + \u,dDm, + | m8Dm, aha! + ndDmn 

+\gdhDm +\ghSDm, +Jgh8Dm, ae +\gh8Dm 

+) 5Dm, + JrASDm- 8 +§r5Dmn 

+\,8Dm, +) 18D, bese +\r.8Diny 20. 

Now the different parts of the general condition of equilibrium 
are dependent upon separate equations of condition, so that 

JisDy must be 70, when jéDn=0 sa! £5446 ikea 

Jyh Dm—J pSDr must be 70, when the envelope containing 
the system is assumed to be fixed and rigid: . . () 

\u.8Dm, +\ghdDm, +) 5D, +)%48Dm, 

must be 70, when J8Dm,=0, 

| 25D, +\gh8Dm, +JA8Dm, +)125Dm, 

must be 7.0, when \SDm_=0, 

Ve Mew Eee eS Se eee teste eRe eKteveanrsenvaasesene 

\ pndoDin +\gh&Dm, of JAnbDiren + \v8Din 

must be 70, when \8Dm,=0. ETE (ey) 

Equation (a) gives the condition of thermal equilibrium 

under the conditions mentioned here : t=constant, the tem- 

perature must be the same through the whole system. 
Equation (8) gives the condition of mechanical equilibrium 

when the system is under the influence of gravity. It can 



36 Dr. Meyer Wilderman on the Velocity of 

be further shown that dp=—gydh, if y is the density, 7.e.,_ 
that the pressure is a function of the height alone. 

Equations (y) give the condition of chemical equilibrium 
and with it of all other forms of energy connected with matter ; 
for this it is necessary and sufficient that 

fy tgh+r,+v,=const. 

fy+ gh +Az+ ¥,= const. 

seeereereeese eee eee eee sere ere eee 

bin + gh +, + yn = Const.” 2). 9) 

i. e., the sum of all the potentials of one and the same inde- 
pendent variable must be through the whole system constant. 
As can be perceived, this is not restricted to the further 
condition that each potential taken separately should be through 
the whole system constant, which would mean nothing else than 
again the conclusion drawn from the second law of thermo- 
dynamics in reference to the potentials when taken separately. 
Because the potential of gravity gh cannot possibly be every- 
where the same, changing with the height or distance from 
the horizontal plane, and so also the kinetic energy created 
by light or electric waves in the system, depending as it 
obviously does upon the intensity of light and its composition, 
cannot be in the different layers of the system the same, the 
light being changed in its intensity and composition on 
passing through the different layers. It is further evident 
from (D) that whenever the independent component will 
contain the potential gh or A, or both, w and v must also 
change at the same time. Thus we arrive at the tollowan 
very remarkable and most general results :— 

1. If one and the same “component is affected by two or 
more potentials at the same time, the condition of equilibrium 
is that the sum of .all the potentials of the same component 
should be the same through the whole mass, while each of the 
potentials separately may change in a different direction or 
directions. 

2. If one and the same component is affected by two or 
more potentials, unless they can by themselves be separately 
constant through the whole system (u, v), the values of each of 
the potentials, including (u,v), is no constant quantity, but a 
changeable quantity, conditioned in its value by the presence 
and value of the other potentials. 

3. From this the quantitative connexion between the different 
potentials and the different kinds of energy connected with one 
and the same component of the system (e. g. m,) follows : 

The difference between the values of one or more of the 
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potentials pw, gh, X, v of one and the same component of the 
system (mM, or Mz... + OF Np) In the point or place A and those 
in the point or place B, as well as the difference between the 
values of one or more of the energies—the chemical energy, 
gravitation energy, magnetic energy, Sc.—of the unit of one 
and the same independent component of the system in the 
same two different points or places of the same, A and B, 
is equal to the difference between the sum of the rest of the 
energies of the unit of the given independent component (m, or 
Mz...0r My) in the place B, and the sum of the rest of the 
energies of the same unit in the place A. Thus (#,+,+¥,) in 
A—(#;+2, +7) in B or also (wy+A,+7,)m, in the horizontal 
plane A—(w, +, +¥,)m, in the horizontal plane B, when 
my4=1, is equal to the + work which will be done by gravity, 
when the unit of the mass m, will be brought from the 
horizontal plane B to the horizontal plane A. 

From the above we also get the condition necessary that a 
reaction should take place in the system, when its independent 
components are affected by more than one potential. For this 
at is necessary that the sum of all the potentials of each of the 
independent components should not be constant through the 
whole system, or that the condition (a) or (8) should not be 
Juljilled. 

If we pass to heterogeneous systems we are evidently able 
to show, in the manner employed above by Gibbs, that at 
equilibrium the sum of all the potentials of one and the same 
independent component, the temperature &c. must be constant in 
all parts and through the whole mass of the heterogeneous 
system, and that a reaction takes place in the system when 
this condition is not fulfilled. 
What interests us most is to have a substantial knowledge 

about the ways and the velocities with which these thermal, 
mechanical, and chemical equilibria are reached. Provided 
no other phenomena interfere, we have for the velocity of 

; : lt ; 
cooling the law of Newton : =C(t,—t), ze. the velocity 

with which the heat passes from places of a higher tem- 
perature to places of a lower temperature is directly pro- 
portional to the difference of temperature, C being directly 
proportional to the specific thermal conductivity of the given 
substance. In application to heterogeneous systems this 

: : it “Ee aR ee 
equation will assume the form = = CX (t,—t),2.e. it is directly 

proportional to the difference of temperature of the parts 
between which an equalization of temperature takes place 
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t,—t, and to the surface of contact of these parts }; Cis a 
specific constant. 

An analogous law no doubt exists for the velocity wit 
which mechanical equilibrium is established in a homogeneous 

or heterogeneous system C'X(p.—p). Provided no other 

phenomena interfere *, it will be directly proportional to the 
difference of pressure in the different parts of the homogeneous 
system, and directly proportional to the difference of pressure 
and to the surface of contact of the different parts of the 
heterogeneous system, when an equalization of pressure takes 
place between them ; Cisa specisic constant. 

Passing now to the velocit y of chemical reaction, we find 
that this region is exceedingly complicated and, experi- 
mentally, very difficult. It is “enough to mention that alter 
a period of about 40 or 50 years = research we have been 
successful only in the determination of the laws concerning 
the velocity of reaction in homogeneous systems (as far as 
gases or solutions are concerned), but our attempts to obtain 
a knowledge of the velocity of reaction in heterogeneous 
systems, one may well say, remained theoretically and ex- 
perimentally unsuccessful. 

The object of this paper is to furnish a solution of this 
problem, guided and helped in the first instance by carefully 
executed experiments. 

Before passing to the subject of this paper a few words 
should be added concerning Gibbs’s rule of phases, as the 
present work has much to do with it, and this will introduce 
order in the different subjects dealt with here. 

Gibbs’s rule of phases is oe in the Transactions of the 
Connecticut Academy, 1874-78, pp. 152-156. The quint- 
essence of the rule can he Foauthbited thus :— 

(.) If the system consists of n kinds of molecules, and the 
number of parts or phases in the heterogeneous system 
r=n-+2 (experience shows that 7 can never “be greater than 
u+2), no variation is possible in the parts of the system 
which are capable of coexisting, because the concentration of 
each kind of the molecules, as well as temperature and 

* Prof. FitzGerald was kind enough to draw my attention to the fact 

that the equaticn - =C'( po—p) well expresses the law of equalization of 

pressure only when the resistances to motion due to viscous causes are so 
great that the inertia of the masses set in moticn can -be neglected 
owing to the small velocities generated ; for example, owing to inertia a 
body may move against the pressure, as in the case of air in a tube 
expanding and rarefying itself to a "lower pressure than the external 
atmosphere. 
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pressure, can have in every part of the system in this case 
only one definite value. ‘here is therefore only one point 
at which equilibrium is possible (van’t Hoff’s “ pont of 
transition ”’) 

nicht the number of parts or phases in the heterogeneous 
system +=n+1, all variables up to one are determined : t 
each temperature corresponds also a definite pressure and 
a definite concentration of each of the substances in the parts 
of the system, 2. e., we have not only one point of equilibrium 
but a continuous series of them, a curve. This kind of 
equilibrium is called ‘* complete.” 

(il.) Lastly, if the number of phases r=n, at a given 
temperature or pressure the values of the concentration of 
each kind of molecules in the phases remain undetermined, 
2. é., each part or phase may contain different concentrations 
of Pach kind of the molecules, and the system may remain in 
equilibrium. This kind of equilibrium is called “ incomplete.” 

The object of the author’s experimental investigations was 
in the first instance to find the law concerning the velocity of 
reaction in the system before “ complete equilibrium ” or its 
“point of transition” is reached. For this systems were 
investigated on the freezing-point and the solubility-curve, 
where n=2, r=n+1=3, e.g., systems consisting of pure 
solid solvent, solution and vapour, or systems consisting of 
solid salt, the saturated aqueous solution and vapour. Again, 
systems were investigated where n=1 or 2 and r=n+2 
1.¢.=3 ow 4, e.g. Sy stems consisting of ice, water, and vapour, 
or consisting of ice, solid salt, saturated solution, and vapour. 

I]. Velocity of Reaction before Complete Equilibrium and 
the Point of Transition are reached. 

The velocity of reaction before complete equilibrium has 
formed the subject of my investigation since 1895. In the 
Zeitschrift fiir physikalische Chemie, January 1596, [ pub- 
lished a short communication on the velocity of separation of 
ice from overcooled water and from aqueous solutions. I 
have had, however, to repeat my experiments more carefully, 
with a more sensitive thermometer. Herr Gdotze, at Leipzig, 
has constructed for me an exceedingly sensitive 1/100° mer- 
cury-thermometer. The mercury- -bulb of the thermometer 
is very thin and long, and the glass wall of the bulb is as 
thin as the skill of Herr G6tze allowed him to construct. 
The time was read with accuracy to 4+ second, and in this 
Mr. Still, of Christ Church, Oxford, assisted me. The 
arrangements of the experiments were those which I used in 
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the experimental proof of van’t Hoff’s constant, &e. (Zeit- 
schrift fir physikalische Chemie, 1894-1896 ; Phil. Mag. 
December 1897 ; Proc. Roy. Society, 1896). In the equation 
for the velocity of cooling of the investigated liquid by the 

surrounding medium Sea) the value of C was 

0:0032 x 2°3026 min.—!, the difference between the real and 
apparent freezing-point was 0°:00002 to 0°-00006 (see Phil. 
Mag. Dec. 1897, p. 484), and also other sources of error were 
here avoided, as in the case of the very accurate freezing-point 
experiments. The velocity with which my mercury-ther- 
mometer assumed the temperature of the liquid was never- 
theless only about 20° min.~!. By this method I investigated 
the velocity of separation of the solidified solvent from over- 
cooled liquids or solutions, the velocity of separation of salts 
from supersaturated solutions, and the velocity of melting of 
cubes of ice in water and aqueous solutions ; the results of 
this investigation were published in the Report of the British 
Association, 1896, in Sections III., 1V., and V. Besides 
this, I investigated the velocity of solidification of overcooled 
liquids or solutions : (1) cases in which pure solvent separates, 
anc (2) cases in which a solid solution separates. The results 
of this investigation were published in the same Report, in 
Sections I. and I1., and are here given in a little more detail. 

1. Velocity of Solidification of Overcooled Liquids 
and Solutions. (Phenol and Solutions of Water in Phenol.) 

The method used was that of Gernez-Moore. In the glass 
U-tube, however, one of the arms was replaced by a tube of 
very thin platinum, the diameter of the tube being about 
5 mm., for reasons which are given below. The tube was 
filled with the liquid to be investigated, and a small, very 
sensitive mercury-thermometer was immersed in the liquid, 
enabling the temperature to be read to 0°1. The U-tube 
was placed in a tall glass jar containing about 8 litres of water, 
and the temperature of the water was kept constant to 0°05. 
The temperature of the water was successively arranged at 
lower and lower temperatures below that of the freezing-point 
of the liquid contained in the tube. The time was read to 4 of 
a second. If the freezing-temperature of the pure liquid or 
of the solution in the tube be T., the temperature of the bath 
and of the liquid in the U-tube Tp (read directly on the small 
thermometer before the reaction of the solidification was 
started), and the temperature of the liquid in the U-tube 
during the process of solidification T’ (the maximum tem- 
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perature read on the small thermometer, while the solidifying 
mass is passing its bulb), then the rise of temperature of the 
liquid from its initial temperature Tg—T” is found to be =40 
per cent. and more of the total value Tp—T,. ‘The investigation 
was carried out as near to the melting-point as possible 
(7. e. as far as the abnormalities in the crystallization, which 
appear near the freezing-point, did not hinder the investi- 
gation), and again, so far from the melting-point, until 
spontaneous crystallization set in; in other words, the whole 
length of the curve accessible for the investigation has been 
studied. Ifthe undercoolings T,—T’ (as read on the small 
thermometer) be taken as the abscissse, and the velocities of 
crystallization (or the reciprocal values of time which are 
necessary for the solidifying mass to pass from the lower end 
of the platinum tube to its upper end) as ordinates, straight 
lines are obtained, which on continuation pass the freezing- 
point. If, on the contrary, I calculate my results so that 
I assume the temperature of the liquid at the surface of 
contact with the solid to be that of the surrounding bath, the 
curves become less regular, and on continuation they cut the 
abscissee, not at the freezing-point, but considerably below it, 
since a shifting of all the points of the curve by about 
40 per cent. is thus caused. This leads either to the im- 
possible conclusion that overcooled liquids cannot freeze 
below the freezing-point, or to the result that the other- 
wise more or less straight lines finish up irregularly on 
approaching the freezing-point. The obtained result is, 

therefore, = O(T,.—T), where 7 is the time, T, the 

melting-point, T the temperature of the liquid in contact 
with the solid while the reaction is going on. 

No capillary tubes were used for the investigation since I 
found in my investigation of mercury thermometers that the 
velocity with which the mercury thread moves in the capillary 
tube, when the thermometer assumes the temperature of a 
liquid, is about 40 per cent. greater when it rises than when 
it falls. Consequently there is no free movement of the 
liquid in a capillary tube, even when this liquid is mercury, 
and still more in the case of other liquids which adhere to: 
the glass or platinum when they are crystallizing out. 

A tube of very thin platinum was used instead of a glass 
tube, as it is necessary that the heat capacity of the mass of 
the tube should be so very small in comparison with that of 
the liquid that it may be neglected, and also that the con- 
ductivity for heat of the tube should be very great. We 
must otherwise take into consideration the tube as well. In 
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that case the conditions become very complicated and the 
necessary data cannot be experimentally determined with any 
degree of accuracy, since the velocity with which the tube 
assumes the temperature of the bath and of the liquid which 
it contains cannot be investigated. 

Under the conditions of my experiments the following re- 
lations hold good (though only approximately) : — The velocity 
with which the liquid in the U-tube (and therefore also the 
liquid at its surface of contact with the solid) is cooled by the 

Sy Gal 
bath is ()=c,—1), where T is the temperature of the 

upper layer of the liquid in contact with the solid while the 
reaction is going on. The velocity with which the tempera- 
ture of the liquid is raised during the reaction by the latent 

: ei ees Og 
heat of melting is ia =('(T,—T), i.e. is directly pro- 

portional to the velocity of reaction (T, is the melting-point 
of the liquid). Therefore the total rate of variation of the 
temperature of the liquid at the surface of contact with the 

solid is, during the reaction, = =C(T,—T) + C0’, —T). If 

we assume that the temperature of the liquid in contact with 
the solidified mass remains constant during the reaction (this 

cannot, however, be strictly correct), we get “*=0, and 

ret ins tant phere a 2 th Pons Oa, OT ee ae a 

moteness of the temperature of the liquid in contact with 
the solidified mass T from the melting-point T, is, for all 
values of the undercoolings, the same fraction of T,—T, (T 
cannot be =T, during the reaction, since at the point of 
equilibrium T, no more reaction, 7. e. no solidification, is 
possible). I found, however, that this does not strictly hold 
true, if the maximum temperature indicated by the small 
thermometer in the platinum tube be taken as the true tem- 
perature of the liquid at the surface of contact with the solid. 
I concluded from this that the maximum temperature indi- 
cated by the small thermometer T is still removed by about 
0°-1 or 0°2 from the real temperature of the liquid at 
the surface of contact with the solid. At the end of the 
curve a diminution in the proportion between velocity of 
reaction and the value T,—T! was found. This I attributed 
partly to the incomplete indications of the temperature by 
the small thermometer, partly to the variation of temperature 
of liquid in contact with the solid as the reaction is proceed- 
ing, partly to the expected variation of the velocity constant 
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with variation of temperature, and partly to the variation 
with temperature in the form of the crystals, and therefore 
of the surface of contact of the solid with the liquid. Since 
all these unavoidable complications exist and prevent our 
arriving at the true nature of the phenomenon, and since the 
reaction cannot be investigated at all for several degrees near 
the melting-point ,—just in the region which is of the greatest 
theoretical interest,—this method of investigation had to be 
given up and replaced by another free from all the above 
sources of error (see §III.). One point has still to be mentioned 
here : we must always make a distinction between the region 
of Crystallization and that of Solidification. 

If the latent heat of melting of 1 kilogram of the solvent 
or of the solution be X, the specific heat of the liquid =C’’, 
of the solid =C*, then the maximum number of degrees which 

are Pate? M(1—n,) 
the liquid can rise is Om, +0" =n)’ As long as 

A(1—7,) ; 
T —T< V7 Ete a P ie, SOG se) it the time 7, 

the system transforms itself into one in which the solid, liquid, 
and vapour are in equilibrium. When, on the contrary, 

T,—T became > ca on the system becomes one in 

which the solid and vapour only are in equilibrium. In the 
first case we have the phenomenon of crystallization, the 
velocity of reaction is directly proportional to T;—T, and the 
point of equilibrium is always the same T,. In the second 
we have the phenomenon of solid¢jication, and since the solid 
and vapour can be in equilibrium at all temperatures, the 
point of equilibrium (T.) is by successive undercoolings con- 

A(1—n-) 

Cn + CO¥(1—n,) 
from the temperature of the liquid at the surface of contact, 
while the reaction is taking place ; in other words, the velocity 
of solidification is independent of the amount of undercooling. 
Moreover, since the value > decreases with the fall of tem- 
perature, we have to expect, assuming the values of .C’’’, C'’ to 
remain the same, that the velocity of reaction may even 
become smaller with the decrease of temperature. 

tinuously lowered, beingalways at a distance 

2. The Velocity of Reaction before equilibrium between the liquid 
solution and the solid solution takes place. (Solidification of 
Phenol and Metacresol.) 

It was found that phenol and metacresol form solid solu- 
ions, v. @. the metacresol is partly dissolved in the liquid and 
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partly in the solidified phenol, following the laws of van’t 
Hoff. The velocities of reaction have been investigated as in 
the case of (1), and I arrived here at the same equation as 
above for (1). The same complications have been observed 
here as in the case of (1). 

3. The Velocity of Crystallization of overcooled liquids and 
solutions. (Equilibrium between the solidified and the liquid 
solvent or solution: Water and Aqueous Solutions, Acetic 
Acid and Solutions in Acetic Acid.) 

The method employed is based on the principle that the 
heat set free during the reaction is completely absorbed by 
the liquid. The reaction consists in the separation of the 
solidified solvent from the overcooled liquid. This reaction 
goes on until the latent heat ot melting has warmed up the 
system to its point of equilibrium. From the results observed 
I find that the equation 

log(t2—t,,) — log (t; — tov) + log (to —t,) 

—losG,; aa ty) = C(t. Tipo te), 

especially =k(t2—7,), holds good. From this equation the 
differential equation 

dt 
Jey de — (Fe oe C(t t..) (t, —t) 

follows, in which ¢,, is the temperature to which the system 
was overcooled, ¢, is the point of equilibrium or the freezing- 
point, ¢ is the temperature of the liquid at the time 7, 2. e. the 
velocity of crystallization is directly proportional to the re- 
moteness of the system from the point of equilibrium, t, —é, 
and to the surface of separated solid in contact with the 
liquid, t—¢,,, atthe time t. The condition for this equation is 
that ¢—t,,>0, 2. ¢. the system must be heterogeneous not 
homogeneous. 

4, The Velocity of Melting of the solidified solvent in the liquid 
solvent er solution (e.g. of Ice in Water or Aqueous Solu 
tions). 

I succeeded in proving that the equation 

dé 
7 =C_(t,—t) 

holds good, where CG, is the surface of the solid in contact 
with the liquid at the time tr. Cubes of ice were used. Their 
surface was directly measured at the beginning and the end 
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ot the reaction (the ice was also quickly weighed for the same 
purpose) ; the surface at the time 7, 7,, &e. was calculated 
from the temperature of the liquid at the respective times. 

The velocity of ice melting cannot be investigated with the 
same accuracy as that of ice separation. J¢ zs absolutely im- 
possible to get an equation for the velocity of ice melting, if ice 
separated from overcooled liquids (in small crystals) be used for 
the experiment : there is no possibility of warming the liquid 
by any means, without having a very important part of the 
separated ice melted at the same time, and so also we cannot 
transfer without loss separated ice to another liquid which is at 
a temperature above 0° C. Under such conditions we cannot 
know the initial temperature of the liquid ¢,,’ nor the surface 
of the solid ice in contact with the liquid ¢,—t,,. Further, 
every individual crystal is partly melting away, and we have 
no possibility of getting any knowledge as to the variation of 
the surface of the | ice-crystals with the: change of temperature 
of the liquid. It will be seen later on that even small errors 
in the determination of the values of ¢,, are quite sufticient to 
make the value of the constant C incorrect by 100 per cent. ; 
speaking more exactly, the constant cannot be evaluated. 

The cubes of ice were first cut out of an ice block and then 
melted away and polished on heated plates of thick iron with 
a perfectly smooth surface, and this was continued until they 
received the desired accurate form of a cube. After having 
been quickly weighed they were placed in an iron cage (the 
rods of the cage were covered with thick indiarubber tubes to 
prevent the formation of any grooves in the ice), which was 
fixed to the stirrer; this prevented the cube of ice from 
rotating, and always kept it below the surface of the liquid. 
It was tound that in this way a considerable portion of the 
ice can be melted away without any essential change in the 
dorm of the cube being produced by it. 

5. The Velocity of Crystallization of supersaturated solutions. 
(Equilibrium between the separated salt and the salt solu- 
tion.) 

I find that the nee on 

log (to— —log g(t aa) + log (t, ae ty) a log (¢, = ty) 

scaly ii es): peepee), 
holds good, where 7 is the temperature of equilibrium, ¢,, is 
the temperature at which the crystallization is started, ¢,, t, 
are the temperatures of the liquid at the times 7,, 72. The 
method employed is the same as that of § 3. These reactions 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. FE 
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can be investigated very much better than those given under 
§3, owing to the fact that their velocity is considerably smaller. 
Supersaturated solutions of NO;K and of NH,Cl were chiefly 
investigated since the latent heat of separation is sufficiently 
great and the phenomenon is not complicated by the forma- 
tion of hydrates. Therefore our differential equation 1s again 

dt 
dt rae C(t t.) (t t), 

i. e. the velocity of reaction is directly proportional to the 
surface of the solid in contact with the liquid and to the 
amount of supersaturation (temperature below temperature 
of saturation), not the total quantity of the salt dissolved. 
This is a remarkable fact, which throws an interesting light 
upon all the phenomena belonging to the region of perfect 
equilibrium. 

As is to be seen from the above equation, the reaction must 
completely cease at the point of equilibrium when ¢ becomes 
=t,. At the same time I arrived then at the general 
conclusion that before the point of equilibrium only one of 
the two opposite reactions can take place, and that complete - 
equilibrium is of a static not of a dynamic nature. Thus, at 
the point of equilibrium, no molecules are exchanging con- 
dition in the different parts of the heterogeneous system, 
2.e. the state of the system is not, as is generally assumed, 
such that the velocity of ice-melting of one part becomes 
equal to the velocity of ice-separation in the other, or that 
the velocity of evaporation of the liquid becomes equal to the 
velocity of condensation of its saturated vapour, but such that 
reactions in every part of the heterogeneous system com- 
pletely cease. In the same report the conclusion was drawn 
that since all the reactions before perfect equilibrium which 
were investigated proved to be represented by the same 
equation, this equation must contain the general law which 
governs the velocity of reactions of all other kinds of reaction 
before perfect equilibrium as well. 

More recent Experiments. 

It was found that the reactions described in the above 
Report under.3, 4, and 5 could not be investigated through 
the whole length of the curve. The middle part only of the 
curve, not its beginning and end, could be experimentally 
tested for the following reasons:—We have to consider that 
when we are measuring the temperature of a liquid by means 
of a mercury-thermometer the same assumes the temperature 
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of the liquid only with a certain speed ; the velocity of this 
is to be given by the equation 

dt 
—— C( t liquid —— t ihesmbitciee 3 
Oh 

where éjiquia 18 the temperature of the liquid, ¢ thermometer 18 the 
temperature of the mercury-thermometer. Now the value of 
C is found to be different for all mercury-thermometers ac- 
cording as the mercury-thread is rising or falling. It is 
considerably greater when it is rising. The above equation 
gives no constant when t therm. becomes very near to jig, 2. 2 
just where such a constant must exist. For instance, we get 
when accurate measurements of time are made in the region 
between Z tig. —étherm.=0°5 and hig. —t therm. =0°05 for C 
values which drop from 120° min.—! to 20° min.—. As- 
suming even that such an equation would exist down to 
t therm, —¢ liquia=0, still we find that even for a thermometer 
of such sensitiveness as mine C can only be less than 

. / 

20° min.?. Thus, when ¢ tig,—? therm.= dp > - ==0"2 “per 
aT 

minute, i.e. the velocity with which the thermometer assumes 
the temperature of the liquid becomes very small even if the 
value of C itself be very great. On the other hand, many of 
the above reactions, such as ice-melting or ice-separation, 
take place with such a great speed that the whole time of the 
reaction, from the beginning to the end, often lasts only 
about 15 seconds, the velocity constant of these reactions 
being about 15 x 2°°3026 min.~!. It is, therefore, quite evident 
that the temperature indicated by the mercury-thermometer must 
be during the time of the reaction essentially different from the 
actual temperature of the iquid. Now the nature of the curve 
allows us to calculate approximately the actual temperature 
of the liquid from those read on mercury-thermometers only 
for the middle part of the curve which can approximately be 
assumed to represent a straight line. At the beginning and 
the end of the curve, on the contrary, only very rough cor- 
rections for ¢ jig. —? therm. can be applied, and the absolute values 
of these corrections prove to be so great in comparison with 
the total value observed that we are not entitled to make any 
use of them. Since the velocity constant varies considerably 
with small variation in the values of ¢,—# or f—t,,, one can 
get here almost any values one likes, so that we cannot get 
to the knowledge of the real nature of the phenomenon. To 
this chief source of error we have to add some others, e. y. 
those which arise from the beaker and stirrer. If these are 
of glass or of porcelain (as it was in the case of the above 

F 2 
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experiments) they do not assume the temperature of the liquid 
during the reaction simultaneously, and since their heat 
capacity is in comparison with that of the liquid by no means 

-anegligible quantity, this constitutes a source of error. So 
ae is it with the reading of time. It is very difficult to 
make accurately several readings during a time of 15 seconds, 
if no special arrangements are made for the purpose. 

Now if the equation for the velocity of reaction is to claim 
that it represents a law of nature it must satisfy two very 
essential points: first, it must hold good for the w ‘hole curve, 
and, secondly, it must be general, and it must be based on a 
simple clearly conceivable rational basis. It must be further 
remarked that it is just the end of the curve which has great 
theoretical interest, since the physico-mathematical theory of 
freezing-points, vapour-pressures, solubility, &c. is very deeply 
connected with this part of the curve. It was, therefore, of 
importance to ascertain beyond any doubt whether the equa 
tions which I used in the theory of freezing-points (see ‘ On 
Real and Apparent Freezing-points and the Freezing-point 
Methods,” Phil. Mag. Dec. 1897 and Zeitschrift fiir physika- 
lische Ohomie, 1899, p p- 577) are correct, and if so whether, 
in the case of all other kinds of perfect equilibrium, we also 
have to distinguish between “apparent”? and “real” points 
of equilibrium. 

The splendid arrangements of the Davy-Faraday Labora- 
tory and the kind assistance given to me by Dr. Ludwig 
Mond in procuring for me all the expensive instruments: 
necessary for this investigation, enabled me to resume the 
same research in January 1896, under very much more 
favourable experimental conditions of which a detailed account 
is now given. 

The method employed is first described fully, as upon this. 
the value of the whole research greatly depends. 

III. The Method of investigating the Velocities of the Separation 
of Ice from Water and Solutions cooled below their Jreezing 
temperature, of the Separation of Salts from Super- 
saturated Solutions, and of the Melting of Icein Water and 
Aqueous Solutions, &c. 

All the above reactions take place with very great speed, 
most of them Jasting only a fraction of a minute, and as many 
observations have to be made during this time in order to get 
the curve for the velocity of reaction, the method described 
below is the only one which enables us to investigate the 
problem successfully, Advantage has been taken of the fact. 
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that all the above reactions take place with evolution or 
absorption of heat. 

To get a successful experiment the following arrangements 
proved to be necessary :— 

A. An instantaneous registration of temperature with an 
accuracy of one or two ten- -thousandths of a degree, and of 
time to about 1/50 of a second has been ane 

B. The point of the obtained apparent equilibrium has 
been so arranged that it differed from the real one only by 
0°-00001 to 0°-0001. This was absolutely necessary since 
the equations for the velocity of reaction proved to be de- 
pendent upon the points of equilibrium. 

C. The equalization of temperature throughout the liquid, 
thermometer, beaker, and stirrer has been made instantaneous, 
so that the thermometer gave true indications of the tempe- 
rature of the liquid at any moment. 

D. The amount of heat given off or taken up by the liquid, 
&e., from the surrounding medium during the time of the 
experiment has been made so small that it could be safely 
neglected. 

A. The Platinum-Thermometer for Measurement of Boiling- 
and Freezing-points, Solubilities, and Velocity of Reactions. 

The object of this part was to adapt the platinum-thermo- 
meter for the special purpose of investigating freezing- and 
boiling- points, solubilities, and the velocity of reaetiona. As 
in my investigations an accuracy in the registration of the 
thermometer of 0°-0001 or 0°:0002 had to “be ensured, and 
instantaneous indications of temperature were required, the 
chief object was to arrange the method so as to avoid the 
necessity for the multitudinous corrections of other methods, 
2. e. to reduce these corrections to the smallest values possible, 
so that the aggregate error, when they are neglected, does 
not exceed the above value of 0°-0001-0°-0002. We must 
always bear in mind that the application of a correction 
never completely removes the error, and that it depends upon 
the absolute values of these corrections how far we are able 
to ar results of the desired degree of accuracy. 

Fig. 1 (p. 70) gives the general : arrangements of the appa- 
ratus “Lemploy. B is the resistance- box, containing manganin 
coils 20 ohms (1st arm of the Wheats tone-bridge), 20 ohms 
(2nd arm), 20, 10, 5, 3, 1, 1, 0°5 ohms (3rd arm) ; A, B, C, 
D, d, a are terminals, A and a are connected with the 
Callendar-Griffiths compensating-leads ; C and D!'—e with 
the leads of the platinum-thermometer (4th arm of the 
bridge). D (or d when the 0°5 ohm is not used) and D! 
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are connected with the bridge and rheostat; A and C with the 
battery, b and B with the galvancmeter, K is a reversing- 
key, Z is a contact-maker for battery and galvanometer. 
Plate I. gives the outlines of a photograph taken from the 
actual experimental arrangements of the method. 

I pass now to the description of all essential parts :— 
The Resistance-Box.—Prof. Callendar and Mr. Griffiths, 

who, as known, have considerably advanced the subject, use 
for their coils german-silver, which has a temperature- 
coefficient of 0°00026 between 15° and 25° in terms of the 
resistance at 20°. 

Mr. Harker (Proc. Royal Society, 1896) uses manganin 
coils suspended in air, the temperature of which is indicated 
by a mercury-thermometer. The Berlin Reichsanstalt 
found the temperature-coefficient of manganin to be about 
0°00002. Messrs. Crompton and Fisher found that some 
samples of manganin can be brought by repeated annealing 
to a temperature-coefiicient of a few ina million at about 20°, 
The temperature-coefiicient of my manganin coils Messrs, 
Crompton and Fisher found to be 0°:0000025 between 15° 
and 25°. I found it somewhat higher, about 0:0000035, 
i.e. the temperature-coefficient of my coils is about 100 times 
smaller than that of german-silver. I presume the tem- 
perature-coefticient of Mr. Harker’s coils was also very 
small *. 

The error arising from the coils is thus arranged: the 
two arms A-B and B-C are practically equal (20000 and 
20°0004 ohms), and do not come into consideration, so that 
the third arm only has to be considered. Since the tem- 
perature-coefficient of the platinum coil is about 0°0036, that 
of my manganin coils 0°0000035, the variations of the regis- 
tered temperature due to the manganin coils is 0°:0001 if 

* The values of my coils were found with the potentiometer of 
Crompton to be, when again measured January 1896 :— 

it re 20-000 
20 (BO) ee a0008 

ra ee ee fs 
AC Ie 5-0001 
eee 3-0000 
hk oe 999% 
7 Ci | enna 1:0003 
ae > ens 0:5000 

On comparison of the above data with those obtained by myself by 
means of Wheatstone’s bridge, using the standard of the Berlin Reichs- 
anstalt, I found that the absolute values of the standard used by 
Mr. Crompton are all somewhat (but proportionately) smaller than those 
of the Reichsanstalt. 
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their temperature varies 0°1, and is 0°:00001 for a variation 
of 0°01. As long as the coils are immersed in a homogeneous 
liquid—not in a heterogeneous system, where the warming of 
the liquid e.g. is prevented by the very rapid process of 
melting of the solid solvent, &.—the coils cannot by simply 
stirring the liquid be kept constant more than to a few 
hundredths of a degree. In my paper (Phil. Mag. Dec. 1897) 
I have shown that in one of the most developed freezing- 
point methods lately published even the equilibrium of ice 
and water is affected by errors which amount very nearly to 
0°01, so that we must not overrate the result we can obtain 
by bath-regulation only, unless quite extraordinary arrange- 
ments are made. 

The Berlin Reichsanstalt conducted currents of different 
intensity from a thermopile through a coil, and measured the 
deflexion of the galvanometer, rapidly reversing the current. 
The results obtained were :— 

eh TT =u. E. 

TAIT cas oo eee 1 watt ed) 000037 
In petroleum ...... ve heel 0:0022 
Be so Ok ee 10 oar 00035 
Weed 1 ekg oper eee oO 25°0 00048 

100 44*() 0°0055 

Here Q is the transformed energy in watts in T—T,=d, 
T is the temperature of the wire, T, of the surrounding 
medium (air or petroleum), EH is the quantity of heat given 
up through 1 cm.?, when T—T,;=1°., They also found that 
in petroleum the wire acquires a constant temperature within 
about a minute, whilst 1m air only after half an hour to 
an hour had elapsed. In some of my publications of 1896 I 
have already shown that a beaker with 1250 ec.cm. water 
is cooled down in a liquid bath about twenty times more 
quickly than in the air. 

To keep the coils at a constant temperature, and to avoid 
the heating effect of the current, the coils of the resistance- 
box have been immersed in 6 litres of petroleum, contained 
in a double-walled copper vessel with an air-space between 
them. The copper vessel could be heated by flame or kept in 
a thermostat if required. The coils have been covered with 
shellac, repeatedly annealed, and all placed by Mr. Fisher in 
the same plane so as to secure equality of their temperature. 
For the same reasons, my platinum coil, as will be shown 
later, is always immersed in the liquid itself. Prof. Callendar 
and Mr. Griffiths have the coils of their resistance-box also 
immersed in petroleum, their platinum coil, however, still 
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remains suspended in the air; Mr. Harker keeps his man- 
ganin coils and the platinum-thermometer suspended in the 
air. 

Care was taken to avoid corrections for thermoelectric 
effects altogether, as these may always influence the results and 
constitute In our case a serious source of error. Since no 
manganin blocks could be procured, advantage was taken 
of the observations made by the Berlin Reichsanstalt, that 
copper and manganin give no thermoelectric effects, at any 
rate at ordinary temperatures, The whole circuit consisted 
of copper and manganin only. In the resistance-box the 
manganin coils were soldered to rods and thick blocks of 
copper. The manganin leads were fastened to large flat 
pieces of copper galvanized with tin (to secure good contact). 
The blocks to lah the manganin wires of the bridge were 
fastened and the two contuact- ee were also of copper. As 
to the thermoelectric effects of platinum-manganin junctions 
in the platinom coil, these were nullified by the compensating 
leads, and by taking vreat care to secure the equality of the 
temperature of the junctions (see below). 

The Bridge.-—My bridge was constructed differently from 
those of Callendar, Griffiths, and Harker. It consists of 
copper and manganin only, so that the thermoelectric effects 
due to the bridge are av aed. In Callendar and Griffiths’ 
arrangements 1 or 2 em. indicate 1°C., and for more 
accurate readings a microscope is used. In my arrangements 
two thick manganin wires, each 100 em. long, are stretched 
in the air, and 98 em. of their length equal 00909 ohm and 
0°0955 ia. One tenth of a ali aici e of my bridge indicates 
00002 ; the readings can be made with the eye ‘simply and 
with certainty. The expansion of the wire under the un- 
avoidable changes of the temperature of the room makes 
readings with the microscope to O-OL mm. futile, and such 
readings seem not to be of much use where greater ace uracy 
is required, as long as the scale itself does not expand to the 
same extent as the wire. A scale cut on a flat strip of 
manganin and gilt could serve very well the purpose of more 
accurate re ading. For our purpose it sufficed to have a 
wooden scale. A wooden millimetre scale instead of a metal 
one was fixed to the wooden box in order to diminish 
the variation of its length under the influence of the 
temperature of the room. ‘lwo metal strips were fixed to the 
two narrow sides of the wooden scale, and were connected 
inside of the box to the terminal 4, the carriage with two 
contact-makers sliding on them. ‘The temperature-coetticient 
of the thick wires after repeated annealing was found by 
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Crompton and Fisher to be 0°:000005. If the temperature of 
the room varies only 1 to 2 degrees during the whole series 
of experiments, which is commonly the case with all labor- 
atories, no correction for the bridge-wire is required. When 
we investigate dilute solutions the whole series is carried out 
within 3 or 4 cm. of the bridge; for the velocity of reactions 
15-20 cm. are required. If we arrange the resistances so that 
the freezing-point of the solvent comes very near to the middle 
of the bridge, even greater variations in the temperature of 
the room wii! not affect the results, for the expansion of the 
wire and the exceedingly small change in the resistance of 
the two parts of the bridge compensate each other. Another 
great advantage gained by it is that the calibration of the 
wires on the scale can be made more accurately and more 
easily. To calibrate a wire to 0°01 mm. entails much tedious 
difficult work, and in the end it cannot be relied upon as if it 
had been made only to0°1 mm. The results of the calibration 
can also be relied upon for a longer period than in the case 
of a thinner wire. To prevent oxidation of the manganin 
wires, they were gilt on the proposal of Crompton and 
Fisher ; however, oxidation does not occur at ordinary 
temperatures, and becomes apparent only at 100° C. Besides 
the two thick manganin wires used for the measurements of 
temperature, a thin manganin wire, LOO em. long, the length 
between 10 and 90 of the scale being equal to 0-451 ohm, 
was stretched in the air and used as a rheostat. The tem- 
perature-coefficient of it is 0°0000035 (Mr. Fisher found 
0-0000025), and only a relatively small part of it is inserted 
in the circuit. Its purpose is to bring the indication of the 
point of equilibrium on any desired place of the thick wires, 
so that 7 plays the part of the upper chamber in the Beckmann 
mercury-thermometer for freezing- and boiling-points. It was 
found necessary to clamp the thin wire between two grooves 
3°81 cm. long, cut on the copper carriage 8, and to keep it 
so during the whole series of experiments to ensure accuracy 
of the resus. The thin wire must not be used for delicate 
measurements of temperature by moving its sliding-carriage, 
for the reason that on moving the copper carriage and 
bringing it back to the same place, quite the same result 
cannot be obtained. On the two thick wires only we are 
able to investigate all problems concerning freezing-point 
depressions or elevations of boiling-points, &., to the limits 
of 10°, and during the whole series of observations we need 
not change any plug, or move the sliding-carriage on the 
thin wire, or make new contacts. Thus we ensure that no 
errors arising from these sources can possibly affect the results. 
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The Thermometer (Pt.).—In the pyrometers now in use 
the platinum resistance-coil is inclosed in a glass or porcelain 
tube, the walls of which are about 1 to 2 mm. thick, and the 
coil is suspended in air. Air, glass, and porcelain being very 
bad conductors of heat, it assumes the temperature very 
slowly, especially the last thousandths or ten-thousandths ot 
a degree. The pyrometer, being a long tube, is never com- 
pletely immersed in the liquid. Hence the temperature of 
the air in the tube must necessarily be different from that 
of the liquid under investigation. 

In these investigations it was absolutely necessary that the 
thermometer should indicate instantaneously the temperature 
of the liquid. For this reason the pyrometer was constructed 
in the way shown in figs. Pt, and Pt,. In fig. Pt, the 
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platinum wire is wound on a mica plate placed diagonally in 
the gilt copper case A, the two opposite sides of the case being 
4 mm. apart. The four copper tubes 1, 2, 3, 4 contain glass 
tubes in which pieces of gilt manganin wire of equal lengths 
and of a temperature-coefficient 0°0000085 are fused to short 
lengths of platinum wire melted into the bottoms of the glass 
tubes. The four copper tubes have been fixed in the lid of 
the copper case. After the four short pieces of platinum 
wire were fixed to the top of the mica plate, two of the wires 
were fused to the ends of the platinum coil on the mica ; the 
other two were fused together, and formed the compensating- 
leads. The copper case containing the platinum coil, a great 
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part of the tubes, and the four joints of platinum and 
manganin are immersed in the liquid and kept at the same 
temperature. Though the thin copper case assumes the 
temperature of the liquid very readily, having a very large 
surface of contact, and the air-space is only 4 mm., direct 
investigations have shown that the velocity with which it 
assumes the temperature of the liquid is only sufficient for 
the investigation of freezing-points and _ boiling-points, but 
not for the velocity of reaction. Better results are obtained 
when the platinum wire is covered with a thin layer of 
shellac, and the copper case is filled with liquid parafin, 
space being allowed for the expansion of the coil. 

Fig. Pé, shows the most sensitive pyrometer ; the platinum 
spiral @ is drawn on two pieces of mica which are fixed 
perpendicularly to each other, and the platinum wire directly 
immersed in the liquid. The compensating-leads and the 
current-lead were made each of four thin wires of manganin, 
soldered to four large flat pieces of copper, and their resis- 
tance at 23°2 was 0°6607 and 0°6601 ohm. The resistance of 
the pyrometer was, directly after the annealing, 19°3002 ohms 
(at 23°°2 ?). Itwas standardized for the range of temperature 
for which it had to be subsequently used (—5° to about + 60°), 
readings on my bridge of zero deflexion having been taken, 
while the thermometer was immersed in 43 litres of water, 
which were allowed gradually to cool, and the temperature was 
simultaneously read on a standard mercury thermometer. 
The rest of the construction is seen from the diagram. The 
thermometer is protected from the stirrer by a glass jacket C, 
consisting of four U-shaped rods fixed to the piece of ebonite 
on the top of the thermometer, as given in Pl. I. To avoid 
leakage of electricity the platinum. coil was coated with a 
solution of indiarubber in chloroform until tests with a very 
good conducting hquid showed that the coil was sufficiently 
insulated. Thus one experiment gave the following results:— 
The obtained deflexion was, on my galvanometer, when the 
Pi-coil was immersed in a concentrated NaCl solution con- 
nected with one lead of two dry cells, and brought near the 
other lead of cell—a copper wire—0°5 cm. for each of the 
two leads of the Pé-spiral, and 0:2 em. for each of the two 
leads forming the compensating-leads ; the deflexion is here 
the greatest ; oo ampere gives on my galvanometer a 
deflexion of 9°5 mm. ‘The velocity with which this thermo- 
meter assumes the temperature was measured on a photo- 
graphic curve, and found to be not smaller than the velocity 
with which the galvanometer-mirror approaches its point of 
rest when once deflected. 
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Galvanometer (G.).—For determinations of freezing- and 
boiling-points an astatic Kelvin galvanometer is very con- 
venient. As velocities of reaction were to be measured 
where the indications of the galvanometer ought to be, if 
possible, instantaneous, and as it was desired to avoid 
magnetic effects, a sensitive Ayrton and Mather was used. 
The resistance of the coil is 12°2 ohms. Lovato ampere gives 
at a distance of 1 metre a deflexion of 9°5 mm. 

The speed with which the galvanometer reaches the point 
of rest has been photographed. “This velocity is C=ca. 103 em. 
per minute, when the mirror is removed 1 cm. from the 
point of rest t., and when for the calculation of C the equation 

dt 
dt 
evident that the velocity with which my P¢-thermometer 
assumes the temperature of the liquid must be greater than 
103° C. per minute when its temperature is removed 1° from 
the temperature of the liquid, because the same equation, 
a6) 
ar 
indicate the degrees of temperature.) One or two dry 
cells have been used so as to get for 1 mm. of the bridge 
about 1 mm. deflexion on the scale. A great deal of 
trouble was experienced in steadying the galvanometer, 
owing to the great trafic in the adjacent str eets, and to the 
machinery alw: ays at work close by. An iron plate of about 
7 or 8 mm. thick was fixed to two iron strips, one of them 
holding the lamp and scale ; the centre of gravity is in the 
middle of the plate, The galvanometer is suspended in the 
air by indiarubber bands in a wooden box (gy), and this is so 
placed on the iron plate that the centre of gravity of the 
whole system (iron plate, wooden box, and galvanometer) 
coincides with the suspension of the coil and mirror. The 
whole is floating on mercury in the wooden trough (T), which 
again rests on “sheets of indiarubber. These arrangements, 
however , did not suffice to reduce the vibration of the mirror 
to the desired limit. This was only achieved when the thin, 
flexible, copper piece on which the coil is suspended was 
replaced by a solid inflexible one. In this way the vibrations 
on the scale were reduced to the limits of almost +2 or 3 
tenths of a millimetre, and the reading could be made with 
accuracy to one or two tenths of a millimetre. There can be 
no doubt that under more favourable conditions the results 
obtained with these arrangements would have been much 
better. 

=C(t,—t) is used; and to—t indicates centimetres. (It is 

\(to—t), is used, and the centimetres of the scale 
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In case of freezing- or boiling-points being measured, a 
simple incandescent-lamp can be used for getting the spot of 
light on mirror and scale. As, however, the velocity of 
reactions of a very great speed were to be measured, the 
results were photographed by means of the arc. Two images 
of the spot of light are then obtained from the glass and silver 
surface of the mirror. One of these was suppressed by 
sticking a properly chosen flat mirror to that of the galvano- 
meter, and a lens of 14 metre focus to the glass of the 
galvanometer. The silver mirror was _ protected from 
moisture by placing a small dish with calcic chloride in the 
galvanometer. 

Recording the Results.—The principle upon which measure- 
ments of the velocity of reactions are based is, that while 
a reaction of melting or separation of ice, or a reaction of 
separation or solution of salt is going on, heat is evolved or 
absorbed. If no heat is taken up by the system from the 
surrounding medium, or given to it, the rise or fall of tem- 
perature is a true indication of the amount of ice melted or 
separated, &e. Advantage has been taken of the fact that 
the variations of temperature can be speedily recorded by 
the deflexion of the galvanometer. This enables us to 
measure reactions of the greatest speed with certainty. 
A chronograph (chr.) of the best make of Richard and 

Frere was procured. On the revolving drum “ extra rapid ” 
bromide-paper was fixed, protected from light by the case 
of theinstrument. A thin horizontal slit, about 0°5 mm. wide, 
20 em. long, removed about 5 mm. from the bromide-paper, 
allowed the light to pass to it. A very sensitive Breguet’s fly 
(with two springs) effectually regulated the clock, eliminating 
small variations of the spring. The drum of the chronograph 
is 60 cm. in circumference, about 20 cm. long, making 
one revolution per minute (592 sec.), so that 1 cm. indicates one 
second. The drum can be stopped or set in motion at once. 
To procure the best results, however, the clock should be 
wound up before each experiment, and the recording only 
begun after two or three revolutions of the drum have been 
made, as no spring has the same power throughout the whole 
length of its parts used. A wooden screen is placed before 
the slit, which can be opened or shut at any moment, and 
allows recording to begin at the proper time. 

To get the record true, the light of the arc is focussed on a 
plate containing an adjustable vertical slit, whence the spot of 
light passes to the mirror of the galvanometer and, reflected, 
falls as a vertical line on the horizontal slit of the chronograph, 
and is focussed on the bromide-paper. At first the zero- 
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deflexion is brought to the desired place on the bridge, and 
the spot of light to the beginning of the slit, while the 
platinum-thermometer is in the meantime immersed in the 
overcooled or supersaturated liquid, which is quietly stirred. 
The contact on the thick wire of the bridge is then fixed, 
the screen opened, anda line parallel to the edge of the paper 
is obtained, indicating T,,. The process of separation of ice 
or salt, &c.,is then begun by bringing into the liquid a crystal 
of ice or salt, the regular stirring of the liquid being 
continued. The contact-maker remaining fixed, while the 
temperature of the liquid is changing, the galvanometer- 
mirror is deflected, and describes a curve, which again passes 
over into a straight line, parallel to the edge of the paper, 
when the point of equilibrium T, is reached. After the 
oint of equilibrium has been attained the curve is calibrated 

by shifting the point of contact on the thick manganin wire, 
opening and shutting the screen; the results are thus made 
independent of variation in the electromotive force of the 
cells, being expressed in terms of the resistance of the bridge- 
wire. 

B. The Arrangement of Equilibrium. 

In my paper “ On Real and Apparent Freezing-Points and 
the Freezing-Point Methods” (Proc. Roy. Soc. 1896, Zeit- 
schrift fiir physikalische Chemie, 1896, and especially Phil. 
Mag. Dec. 1897 and Zeitschrift fiir physikalische Chemie, 
1899, p. 577), I gave the physico-mathematical theory of 
freezing-points. 

The essence of the results arrived at by it was: ‘Assuming 
that all investigators have an absolutely perfect instrument for 
registration of temperature, and that sources of error uncon- 
nected with the method do not exist, the results obtained by 
different freezing-point methods are still affected by error 
according to the conditions of the established equilibrium.” 
“When the convergence-temperature is above or below the 
freezing-temperature the point of equilibrium is not the real 
temperature T,, but only an apparent one T’, which lies above 
or below T,. The apparent freezing-temperature 
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where T,—T,, is the amount of over-cooling of the liquid 
below the freezing-temperature before it was brought to 
crystallization by an ice crystal, and is directly proportional 
to the quantity of ice present at the equilibrium, T, is the 
convergence-temperature (7. e. the temperature which the 
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liquid would ultimately assume at the given temperature of 
the surrounding medium, when no ice is present and the 
liquid is stirred), C is the velocity constant of cooling by the 
surrounding medium, C’ is the velocity constant of crystalli- 
zation or of the melting of the ice.” It was further shown 
how to arrange the conditions of the experiment so that 
the observed apparent point of equilibrium T’ may differ 
from the real point of equilibrium T, only by 0°:00002 o1 
0°-00004. It was shown that even in one of the most deve- 
loped methods the error arising from the arrangement of the 
equilibrium was already 160 to 200 times greater than in the 
method given, that is, it amounted to several thousandths of 
a degree. To geta correct point of equilibrium the values 
of T,—T, C, T.—T.., K, C’ must be properly investigated, and 
every one of them correspondingly arranged by the conditions 
of the experiment. In a paper “On Real and Apparent 
Equilibrium,” which will be shortly published. the investi- 
gation is extended to boiling-points, solubilities, vapour- 
pressures, sublimation, &e.—in a word, to all kinds of 
“perfect ?’ equilibrium. As this part of the research consists 
in the consideration of a very great number of details, the 
reader is referred to the above-mentioned publications, and 
the results only are here given. 

Four and a half litres of liquid were always used for an 
experiment. The velocity of cooling of the liquid, beaker, 
and stirrer in the air-bath, when the stirring and other con- 
ditions were the same as in an experiment on velocity of 
reaction, was first measured and the values of C in Newton’s 

equation for cooling - =(C(T,-—T), and T, were determined. 

The value of C was foal to be 0°°004 per minute for pure 
water. The temperature of the air-bath was kept constant 
during the time of the experiment, within 0°'1 or even 0°05. 
The rate of stirring was 36 per minute, and was done by an 
electromotor or by hand. Experiments were then carried 
out for different temperatures of the air-bath and for different 
temperatures of the room. The values of T, for different 
conditions of the air-bath and room were thus obtained. 
For further particulars concerning the determination of C 
and T, see the above-mentioned publications in Phil. Mag. 
Dec. 1897, and in the Zeitschrift fiir phystkalische Chemie. 
From the photographed curves of the different reactions 
which form the subject of this paper, the values of C, C’ and 
of T,—T.., K are known in each individual case. Having 
thus C’, T—T., K, C, T,—T’ or T,—T., the difference 
between the apparent and the. real point of equilibrium can 
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be calculated for each case. A few examples only are given 
to make the subject clear. 

Example 1. Ice separates from water or an unsaturated 
solution that has been over-cooled 1° below the freezing- 
temperature. The point of equilibrium obtained T’ differs 
from the real one T, by 

ae) 0/005 x0" | 
C"(to—t,, + K) 30 x1 

for each T,—'I’ made =0"'1. 
Example 2. Salt separates from a supersaturated solution ; 

T' differs from T, by 

Borat), 422 0004 x01 
C"(t.—t,, + K) 3x1 

for each T,—T’=0°1 and for an over-saturation (t,—¢t,,+ K) 
= 1° rise of temperature. 

=0" 000073 

= 0°°00073 

C. All parts, i. e. the iguid, beaker, stirrer, and thermometer, 
must instantaneously assume the same temperature, while 
heat ts evolved or absorbed as a result of the reaction. 

The glass beaker and porcelain stirrer of my previous expe- 
riments were replaced by a very thin nickel-plated copper 
beaker of about six litres capacity and of 235 ers. weight, and 
by a nickel stirrer (strong enough to overcome the resistance 
ot the liquid) of 238°5 grs. weight. This had to be done in 
spite of the fact that the liquid cools more quickly in a beaker 
of thin metal than in a glass beaker, because the heat-capacity 
of the glass beaker and stirrer is by no means so small in 
comparison with the heat-capacity of the liquid that the 
error arising from their small conductivity could be neglected. 

To provide for the instantaneous equalization of tempe- 
rature through the liquid, beaker, stirrer, and thermometer, 
while the reaction was going on, very cffective arrangements 
for stirring were necessary. <A double stirrer (St) with two 
parallel circular plates in which a number of round holes were 
cut was used, and the plates were so placed that the holes of 
the upper and lower plates did not coincide. Currents were 
thus obtained in all directions while the stirrer was moved up 
or down. ‘The stirring of the liquid was so effectual that 
when the stirrer moved at the bottom of the beaker the liquid 
still moved very perceptibly in its uppermost layers. ‘The 
photographing of the results nevertheless showed that when 
during the reaction the solid separates throughout the whole 
liquid (e. g. when ice separates from over-cooled liquids or 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. G 
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salt from supersaturated solutions) 36 movements of the 
stirrer per minute more than amply provided for the instanta- 
neous mixing of the liquid: a perfect curve was obtained. On 
the contrary, when the reaction took place only ina few planes 
of the liquid, e. g. when an ice cube melted in the warmer 
water, there was no possibility of getting a regular curve, 
however rapid and energetic the stirrmg might be. Every 
time the stirrer comes to the top or to the bottom it stops for 
a great part of a second; and since the stirrer alone provides 
for the equalization of temperature, the photographic curve 
indicates all these interruptions of stirring. The curve con- 
sists of a series of smaller curves, every one belonging to one 
movement of the stirrer up or down. ‘To get these curves as 
-mall as possible, and so to approximate to the curve which 
is the true one, the process of ice melting had to be investi- 
gated first of all at lower temperatures, where the velocity of 
reaction is considerably slower, and then a more rapid and 
effectual stirring had to be used*. 

The upper part of the rod of the nickel stirrer was covered 
with a thick layer of asbestos, notably a very bad conductor of 
heat, and through this either fastened to the guide (g) moved 
by the electrometer or held by hand. The rate of stirring was 
kept at 36 per minute. 

D. During the experiment the heat taken by the liquid from 
the surrounding medium or given to it can be neglected. 

To reduce the velocity of cooling or heating of the liquid 
in the metal beaker by the surrounding medium, 44 litres of 
liquid instead of 1250 c.c. and an air-bath were used. The 
velocity constant, C, in the equation of cooling, when the 
liquid is removed one degree from the convergence-tempe- 
rature is about 0°004 per minute. The experiment was 
always so conducted as to get the point of equilibrium removed 
trom the convergence-temperature only by about 0°1. The 
photographic curves show that after a few stirrings the tem- 
perature of the liquid becomes constant at T,, (the line runs 
parallel to the edge of the paper), so that even at T,,, where 
the liquid is most removed from the convergence-temperature 
and the heating or cooling of the liquid by the surrounding 
medium is the greatest, the effect of the latter during the 
photographed minute cannot be clearly established. As now 

* These observations explain to a great extent the reason of the known 
failure in getting good concordant results for almost all chemical reactions 
in heterogeneous systems. ‘This failure is chiefly due to the difficulty in 
getting a sufficiently rapid equalization of the concentration throughout 
the liquid and on the surface of the liquid in contact with the solid. 
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most of the reactions begin and finish in a fraction of a 
minute, the slowest not lasting longer than a very few 
minutes; and as the temperature of the liquid during the 
reaction passes from T—T,=about 1° to T—T,=about 01, 
it is evident that under these experimental arrangements the 
heat evoived or absorbed can be safely neglected. We 
arrive at the same conclusion by a calculation of the total 
heat absorbed or given off by the liquid in each individual 

é . at F 
case, using the equation iE =C(T,—t), given above. ; 

EK. Some Further Details. 

a. A large copper bath (Ba) with double walls was used 
for the investigation of the separation of salts from super- 
saturated solutions. The space between was filled with 
petroleum and the outer walls were covered with sheets of 
asbestos, a circle below being left uncovered for the burner. 
One thermometer (1) was in the petroleum, the other in the 
air-chamber (2). The beaker with the liquid and stirrer were 
placed in the inner chamber on thick felt. The rod of the 
stirrer was then fixed to the guide (g) which was moved by 
an electromotor, separated from it by a ring of asbestos, in 
order to bring to a negligible quantity the heat passing from 
the stirrer to the guide during the time of the reaction. The 
number of ups and downs of the stirrer was 36 per minute. 
The temperature of the inner chamber being kept as far as 
possible constant, the velocity of cooling of 44 litres of a 
solution, almost saturated at the temperature of the air- 
chamber, was measured and the convergence-temperature for 
the given experimental conditions determined. (In this case 
the conditions were :—36 stirrings per minute, temperature 
of room T, temperature of the petroleum T’, of the air- 
chamber T", 44 litres of liquid, &.) A solution saturated 
above the convergence-temperature was then prepared, so 
that the temperature of the liquid after the separation of the 
salt should be as near to the convergence-temperature as 
possible, 43 litres of it were poured into the beaker, and the 
separated crystals dissolved by stirring the liquid and warming 
it a few degrees above the temperature of the solution. With 
this solution the final experiment was made. The beaker 
with the solution was replaced in the air-chamber and stirred. 
As the temperature of the liquid appreaches the point of 
saturation stirring must cease, and the liquid be allowed to 
cool without any disturbance. A very slow and cautious 
movement of the stirrer may be occasionally made to equalize 

G 2 
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the temperature of the liquid. Even with such precautions 
salt crystals e easily separate from the solution, and it becomes 

necessary to redissolve them. Sometimes half a dozen expe- 
periments must be made, before a solution sufficiently super- 
saturated (without cr ystals, or with so few crystals that they 
may be neglected) is obtained. For this reason it is always 
absolutely necessary to examine the liquid by illuminating it 
in the inner chamber from time to time, and to begin the 
experiment as soon as a few crystals have separated. The 
crystals seem not to separate so readily from the supersaturated 
solutions when the inside of the beaker and the stirrer are 
covered with a thin layer of indiarubber, which was easily 
done by means of an indiarubber solution. 

b. This difficulty does not exist at any rate for some over- 
cooled liquids, e. g. water and unsaturated aqueous solutions 
from which the solvent (e. g. ice) ts to be separated. We can 
easily overcool water or un aqueous solution one degree, or 
even more, below the freezing-point without any ice separating, 
if the necessary precautions. be taken. On the other hand, it 
is very difficult, with some solvents like benzene, to get a 
sufficiently oveat overcooling. The investigation of such 
liquids presents great difficulties; the velocity of separation 
being here very great, so that it can only be carried ont 
between smaller limits of overcooling. The precautions to 
be taken in overcooling water and aqueous solutions are the 
following:—The liquid bath in which the liquid is cooled 
down must not be too cold, and a continuous stirring of the 
liquid must be kept up to prevent the formation of too cold 
layers at the sides of the beaker,—the stirrer should not 
touch the sides of the beaker. The general arrangements of 
the experiment are those described in the paper of the late 
P. B. Lewis ‘On the Freezing-Point Method ” (Chem. Sce. 
Trans. 1894). The number of stirrings was 36 per minute. 
The convergence-temperature and other constants were deter- 
mined by the methods given given in the paper already 
tae (Phil. Mag. Dec. 1897). 

The investigation of the velocity of ie melting was 
Sarit out with the arrangements used for ice separation (0). 
Cubes of ice were used. A cage in the form of a cube was 
fixed to the stirrer, each side of it consisting of three rods, 
covered with indiarubber tubes to prevent the formation of 
grooves in the ice. The ice cube was placed in the cage, 
closed up in it by the upper lid, and was taken of such a size 
as not to be able to rotate, and kept under the surface of tke 
water while stirring was going on. They were prepared in 
the following way:—A cube of ice was cut by a saw froma 
pure transparent block of ice which had been exposed for some 
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time to the temperature of the air. Holding the cube with a 
thick perfectly smooth sheet of indiarubber, it was polished on 
a heated thick smooth iron plate, and measured by a wooden 
em. ruler until the correct shape was obtained. The ‘cube 
was then quickly weighed on a sufficiently sensitive balance 
(placed on very smooth and thick sheets of indiar ubber) 
and rapidly brought into the cage for the experiment. From 
its weight we know very accurately its surface at the beginning 
of the reaction, and from the quantity of the liquid, the weight 
of the beaker ial stirrer and their initial temperature Too, ae 
their temperature ¢ at the time 7, the surface of the ice cube 
at the time 7 can be calculated. At the end of the reaction 
the ice was again weighed. It was found that a considerable 
part can be melted before the ice loses its cubic shape. 
Experiments were at first made, without success, with a view 
of obtaining the ice in the form of a sphere, either by com- 
pressing pure ice, or by freezing water in two Magdeburg 
hemispheres or in glass balls, allowing the water from the 
inside to escape through a tube, or by turning the ice on a 
lathe, &c. The number of stirrings was about 60 per minute. 

IV. The Results obtained. 

By the method given above the velocity of ice separation, 
ice melting, and of the separation of salts from supersaturated 
solutions were investigated, and the equations concerning the 
total length of the curves were found. All these reactions 
prove to ‘be regulated by one and the same general law, which 
1S given in the following differential equation : 

& Sale — it) (isré pK) oe ees CE) 

Since all reactions were investigated within limits of less 
than one degree, we can very w ell assume that the velocity 
eonstant K! ee aaee during the reaction the same. 
“In Plate II. two photographic curves (reduced to half 
ai: size) are given—one representing the velocity of sepa- 
ration of ice from an NO,K_ solution, the other the velocity 
of separation of solid NO3K from a supersaturated NO 3K 
solution. The velocity of reaction is very different in the 
two cases, being very much slower in the case of the separation 
of salt. The fare of the curve, however, is in both cases 
the same, as is to be seen from II, which represents LL. when 
instead of the actual 1 em.=1 second, 1 em.=10 seconds is 
taken. The same result was found in the case of about sixty 
other curves, to be published later. The results obtained 
from these curves are given in the following Tables I. and II, 
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[It should be remarked that the values of K’ and K’. 10 
have been calculated in the above tables for smaller intervals 
(taken from the beginning to the end of the curve), since 
only in this way can it be seen whether the curve follows the 
same law over allits length. Naturally the experimental error 
in the calculation of K is through this considerably greater. ] 

Hach of the curves changes its curvature, has a point of 
at . . ‘ 

jnflexion, 7. e. where Te =( the curve changes its sign from 

positive to negative; the curves approximate asymptotically 
to the ie. Goran AXIS (i. e. not to the T,, axis, but to one which 
is parallel to it and is removed by K) as well as to the T, 
axis. The concave and the convex parts of the curve seem, as 
far as one can judge, to be logarithmic; but the total curve 
evidently cannot be a simple logarithmic one. Tables L. 
and IT. show that the following equation holds good for the 
above curves :— 

log (ty — toy + K) —log (4, —t,, + K) + log (t,—1,) 

—log (t,—t2) = K’(t,—7)). 

From this the differential equation (1) given above follows, 
which means: the velocity of the reaction at the time T is 
directly proportional to the remoteness of the heterogeneous 
system from the point of equilibrium, T,—T, and to the surface 
of the solid (ice or salt) in contact with the liquid T—T,, (or 
generally to the surface of contact of the reacting parts of the 
heterogeneous system) +the constant K, which we shall call the 
anstability constant. 

If we integrate (1), we get 

1 t—t,,+K (log*aint 8 Ota ) + const. 
aa 
i 
“ 

to—toy + K t,—t 

At the beginning of the reaction, when T=0, T=T,,, we 
have 

1 K 
(eee Popes poy + const., 

0. la iain Sa atone ee 
tears ar (oe nce ees ae 

i.e. T 18 finite, the reaction can take place at any temperature, 
Should there be no instability constant K in the onan ae: we 
should have instead of (1) 

sh a =K"(t,— 8) (t-te). 
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Integrated, this bil sl 

Wie ae K r= =e log *— ay *” + const. 

At the beginning of the reaction, when tr=0, T=T,,, we 
have 

Q=—~x» +constant; 

i. ¢. constant =x, and 

1 t—t,, 
K”r= —— log = 

to— lop es 1 — 0 

+n =O 

7. e. the temperature can at no value of T rise ina finite time, 
and this isan evident impossibility. It is true, we could avoid 
this difficulty by making the assumption that the equation 

dt 
— = K” (t, —t) (t — tov) 
dt 

is to hold good only for heterogeneous systems; 4. ¢. that T 

cannot be put =T,,, since in this case the solid part of the 
system =(), and the system becomes homogeneous. This, 
however, would scarcely be quite satisfactory and justifiable 
in view of the fact that overcooled or supersaturated solutions 
always crystallize out by themselves after a certain limit of 
overcooling or of supersaturation has been reached, though 
no solid is present in the system. On the contrary, the insta- 
bility constant K shows that there is always an iter nal force 
present 1 in an overcooled ora supersaturated solution (generally 
in all heterogeneous systems which are removed from the 
point of equilibrium) which is striving to drive the oie 
from a state of instability into a state “oe reaction, which i 
ultimately to bring it to a state of equilibrium, This force is 
the greater the further the system is removed from the point 
of equilibrium. In the above equation K is taken as directly 
proportional to the remoteness of the system from the point 
of equilibrium T,—T. Since, however, the value of K_ is 
small, it cannot be decided with certainty whether the real 
form oF variation of K with the amount of overe ‘ooling is ina 
another one. It is the passive forces in the system which 
hinder the force represented by K from setting the same into 
a state of reaction; as, however, K increases with the 
amount of overcooling or supersaturation, &e., K ultimately 
arrives at a value greater than those counteracting passive 
forces, so that after a certain limit the system must crystallize 
out by itself. 
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If we put in the his equation (2) T=T, we have 

ae 
Kis = os (log — log 

eat di, the temperature of the 7“ cannot vary in any 
finite time, the systemis in equilibrium. If we differentiate (1) 
a second time we get 

t, — bon 

a’t ut 
7 =C(t,+t.»—K)—2Cé; 

dt tot toy —K 
2. €. age = 0s when | a ORE: 

the point of inflexion is in the middle between T, and i =e 
(not between T, and T,,; this enables us to determine K 
graphically). Before 

- . to +ty—K d*t 
or =0, tis < ago aie and 7 1s positive; 

after 
2 aa 2 
= ==) es = yo ee and ~ is negative. 

It should be remarked that in the above equation (1) 
T, means the real point of equilibrium. Since our apparent 
point of equilibrium 1’ differs from the real point of equi- 
librium T, only by 0°:00002 or 0°:00004, and the point T’ 
can be further brought as near to T, as desired, it is clear 
that it is T,, and not the variable T’ which Hee comes into 
consideration. This follows also directly from the meaning 
of the equation (1), which requires that when T,—T’=0 no 

more reaction should be going on in the system. When 
T’ becomes constant it means, not that no reaction is going on 
in the system any more, but that the variation of temperature 
of the system because the reaction becomes equal and of 
opposite sign to the variation of its temperature under the 
influence ot the surrounding medium. Only when the effect 
of the surrounding medium is =0 we have the real T,, 7. e. no 
more reaction is possible in the system. 

As to the velocity constant K’ in (1), it is a function of 
many factors—of the nature of the reaction, of the nature of 
the solvent, of the nature of the dissolved substance and of 
its concentration, of the temperature, of the velocity of 
stirring, possibly also of some other factors, such as the 
velocity of supercooling of the liquid before the reaction is 
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started, &c. The constant usually decreases with the increase 
of concentration. The velocity constants of ice separation 
and of ice melting are very great also in the case of cane- 
sugar; and we can very well assume that the constant remains 
the same in dilute soluiions. 

Some very interesting experiments have been made by 
Stephan. Though he did not arrive at the law of velocity of 
evaporation itself, he made the very interesting observation 
that the velocity with which the same quantity of liquid 
evaporates at constant temperature and surface varies with 
the pressure of the air or gas resting upon the liquid :— 

V=C.z. nat - 
P—p, 

here V is the velocity of evaporation, p, is the partial pres- 
sure of the vapour, P—p, the partial pressure of the air or 
gas. The equation must evidently hold good for the velocity 
of condensation of the saturated vapour to a liquid when the 
pressure of the air or gas resting upon the liquid varies. 
Quite an analogous law is also to be expected for the velocity 
of separation of salts from supersaturated solutions, or for 
the solution of a solid in a liquid if an indifferent substance 
be dissolved in the solvent. In the latter case P—p, will be 
the concentration or osmotic pressure of the indifferent sub- 
stance and p, the solution pressure of the solid at the given 
temperature. ‘The constant C, as is evident, must vary with 
the solvent. Moreover, we can say that Stephan’s law and 
others analogous exist only because the velocity constant 
varies with the solvent of the gas or of the dissolved sub- 
stance, and that pure water, e. g., and water containing an 
indifferent substance in solution are no longer the same solvent. 
(This also explains the deviations from Henry’s law of 
absorption observed when indifferent substances are dissolved 
in the solvent.) 

The analogy between the evaporation of «a liquid or the 
sublimation of a solid, on the one hand, and the solution of a 
solid salt, on the other, allows us to establish the following 
relation, one not very well admitting experimental proof :— 
The velocity of condensation of oversaturated vapour to a liquid 
or « solid is, at a constant surface of the liquid or of the solid, 
directly proportional to the degree of supersaturation. The 
velocity of evaporation of aliquid and the velocity of sublimation 
of a solid are,at a constant surface of the liquid or of the solid, 
directly proportional to the remoteness ot the system from 
the point of equilibrium, or from the point of saturation. If 
the surface varies during the reaction, the velocity of reaction 

q 
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at the time 7 is further directly proportional to the surface of 
contact of the reacting parts at the time 7,+ the instability 
constant K. Ata constant surface of contact of the reacting 
parts of the heterogeneous system we have >+K= constant, 
2. é. the instability ‘constant does not become evident from the 
form of the equation. 

Davy-Faraday Laboratory 
of the Royal Institution. 

IV. Damping of the Oscillations in the Discharge of a 
Leyden-jar. By H. Brooxs, B.A., Tutor in Mathematics, 
Royal Victoria College for Women, Montreal *. 

aL method employed in the investigation of this subject 
depends on the partial demagnetization of a magnetized 

steel needle when placed inside a solenoid through which a 
leyden-jar discharge is passed. 

The action of a rapidly alternating current on a magnetized 
steel needle has been investigated by Prof. Rutherford (Trans. 
Roy. Soc., June 1896), who. has shown that the method can 
be employed as a simple means of comparing the intensities 
of high-frequency currents, and also asa means of determining 
the damping. 

Erskine (Wied. Ann. vol. lxii. Oct. 1897) has employed 
such magnetized steel needles for measurements of the resist- 
ance of metals and electrolytes for rapidly alternating currents, 
and also for the determination of specific inductive capacities. 

The object of this investigation was to examine in detail 
the damping of the electrical oscillations in leyden-jar circuits 
under varying conditions of spark-length, capacity, and 
pressure. 

The appearance of an air-break in the circuit connecting 
the outer and inner coatings of the jar when the discharge 
was passing, was examined by Feddersen by means of a 
rotating mirror in which the spark was reflected. He found 
that the image consisted of a series of bright and dark bands 
rapidly decreasing i in breadth and intensity: and when a large 
resistance was placed in the circuit the image became a broad 
band of light gradually fading away in intensity. 

This method was used by Trowbridge (Phil. Mag. vol. xxx. 
1890, and vol. xliii. 1897), who photographed the image of 
the electric spark drawn out by the rotating mirror and 
measured the distances between the successive oscillations 
shown by the dark bands on the photograph. In this way he 
was enabled to make a comparison of the damping ina few 

* Communicated by Prof. E. Rutherford. 
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eases; but so complicated are the arrangements for these 
photographic experiments that no great range of observations 
could be made; and this is very necessary in order to make 
any reliable generalizations from so variable a phenomenon 
as the spark under consideration*. 
If two small oppositely-wound solenoids A and B are placed 

in the discharge-circuit of a leyden-jar and two exactly similar 
steel needles, both magnetized to saturation, be pl: iced one in 
each, with their north poles facing in the same direction, then 
on the passage of a discharge it will be found that the re- 
duction of the magnetic moment is not the same in the two 
cases. Let a, 5, a3, &c., be the half-oscillations of the 
discharge in one direction, and §;, 82, 83, &e., the half- 
oscillations in the other direction. Suppose that «, tends to 
magnetize the needle in A still further, no effect is produced, 
since it is magnetized to saturation, @, demagnetizes the 

 surface-layer, a, tends to remove the effects of Bi, and so on. 
In the solenoid B, a, demagnetizes the needle, 8, tends 
to remagnetize it, 4 to undo the effects of B, and so on.. 
Since the maximum value of the current a, is greater than 
that of 8, the needle in B will be more demagnetized than 
that in A. If, however, the number of turns per centimetre 
on the solenoid A is increased until the effects on the two: 
needles are exactly the same : then, assuming that the value 
of the current decreases in geometrical progression, the 
maximum value of the magnetic force due to the oscillation 
8, acting on A is equal to the maximum value due to a, acting 
on B. ‘Then if y,, y: are the maximum values of the first 
and second half-oscillations respectively, and n, and n, the 
number of turns on A and B; then, since 

Atrnyyo=47n,) 

rs Y2 =— wry 

Ym 1 

The ratio of the second to the first half-oscillation is therefore 
known, and the damping determined. 

The method of two solenoids was not adopted in practice 3. 
but one theoretically equivalent was employed, in which it 

* Since finishing this investigation my attention has been drawn 
to a paper by Cardacei (Physikalische Zeitschrift, i. p. 23) on the resist- 
ance of the electric spark. The value there given for the ohmic resistance: 
of the spark corresponds very closely, as nearly as I can judge by the 
data given, with that which I have “obtained ; but his results show an 
increase of resistance with decrease of pressure in air; while all my 
results in air, hydrogen, and carbonic acid gas show a decrease of resist- 
ance with decrease of pressure, 
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was necessary to use only one detector-needle. The accuracy 
of the experiments depends to a very great extent upon the 
nature of this needle. Prof. Rutherford (Trans. Roy. Soe. 
1896) has shown that the effect on a magnetized steel needle 
differs in any given circuit according to the length of the 
needle, the fardaes of the steel, and the thickness ne the wire 
used in its construction. An examination of a needle after it 
has been partially demagnetized by a discharge, shows a 
surface-layer magnetized in a direction opposite to the internal 
magnetization. Since a leyden-jar in general gives several 
complete oscillations before it is greatly damped down, it 
would be expected that the surface-layer of a uniformly 
magnetized steel needle would be either completely demag-, 
netized or show evidence of several oscillations in opposite 
directions. The effect may be explained when the demag- 
netizing force of the ends of a needle on itself is taken into 
account. The first half-oscillation that tends to demagnetize 
the needle has the demagnetizing force of the ends of the 
needle assisting it, while the return oscillation has it in 
opposition. The return oscillation will not therefore be able 
to remagnetize entirely the surface-layer already affected, but 
a thin layer will be left in the interior; this layer is added to 
with every oscillation, until the final effect will be that the 
surface of the needle will be magnetized in the opposite 
direction to the interior. The shorter the needle, the greater 
is the demagnetizing force of the ends upon it. The length 
found by experiments with a number of needles of different 
lengths to be most suitable for the conditions of the investi- 
gation was about 13 centim. 

A most important point to be considered is the thickness 
of the wire. The detector did not consist of a single wire, 
but of several of the same length made up in the form of a 
compound magnet, and the several wires insulated from one 
another by parathn-wax to prevent eddy-currents. Witha 
rapidly alternating current, each effect lasts for so short a 
time that the needle does not become demagnetized to any 
depth, and the outer layer then acts as a metallic screen for 
the interior. In such a rapidly alternating field as the 
leyden-jar circuit under consideration, where the alternations 
are of the order 10° per second, the demas netization is confined 
to a very thin layer on the surface. ‘Thick wires are affected 
to a less depth than thin ones. Hrskine (Wied. Ann. vol. lxii. 
1897) has found that the screening effect on the needle in the 
solenoid B, where the first, third, and fifth half-oscillations 
demagnetize the needle, is less than on that in A, where the 
even oscillations are in opposition to the original magneti- 
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zation ; therefore the ratio yo/y;, 2. e. the damping, will appear. 
greater than it really is. The effect decreases steadily with 
the decrease in the diameter of the wire, and with very fine 
wires it is almost negligible. The detector used in all the 
experiments was composed of 55 hard steel wires ‘(0015 cm. 
in diameter, very carefully insulated and made up into a 
compound magnet 1°5 cm. in length. With such a needle, 
in a circuit where from theoretical considerations the damping 
could be shown to be very small, a damping of about 2 per cent. 
could be measured, so that any correction due to magnetic 
shielding in such a case must have been trifling. 

The following arrangement, which is theoretically equivalent 
to that of the two solenoids described above, was adopted in 
practice. 
A strip of brass was taken and bent into an almost complete 

circle (see fig. 1) which was fixed on a block of ebonite. At 
the centre of the circle an ebonite tube projected which served 

Pie: I. 

as the axis of a metal arm which pressed against the circum- 
ference of the circle, and could be moved about it. The 
detector was fixed in the end of a glass tube which could be 
easily slipped in and out of the central ebonite tube. A scale 
dividing the circle into 120 divisions was placed about its 
circumference, and the whole fixed in position before a mirror- 
magnetometer. The circle was placed in series with the 
discharge-circuit, one wire being connected to one extremity 
of the circle and the other to the movable arm, so that any 
desired portion of the circumference might be included in the 
circuit (fig. 1). This arrangement is practically a form of 
the tangent-galvanometer with a single coil, the intensity of 
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‘the current being measured by the deflexion of the magneto- 
meter due to the demagnetization of the detector-needle, 
instead of by the direct deflexion of a magnet at its centre. 

Fig. 2. 

The discharge-circuit is shown in fig.2. A and B are leads 
from the terminals of a large Wimsburst machine which sup- 
plied the current. Cis a key by means of which the direction 
of the discharge could be reversed; and at D is an air-break 
whose terminals were brass balls 2°1 cms. in diameter, and 
whose distance could be varied at will. i is the leyden-jar, 
to the outer coating of which a wire is led from one terminal 
of the air-break, while the other terminal is connected through 
the circle to the inner coating of the jar E. 

The magnetic field due to the wires leading out from the 
circle was found to affect the results. To prevent this 
the wires were carried out for some distance. parallel to the 
needle and enclosed in a glass tube, which was in turn sur- 
rounded by a brass cylinder connected to earth, so that all 
magnetic effect due to this field was done away with. The 
remainder of the circuit was at too great a distance from the 
needle to have any effect on it. In this way it was ensured 
that the demagnetization of the needle was entirely due to 
the current through the are of the brass circle. Since the 
magnetic field at the centre of a circle due to an arc of 

re l : 
length / is given by H= = where y is the current, we see 
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that the magnetic force acting on the needle is proportional 
to the length of the arc traversed by the discharge. 

The circuit was rectangular in shape and measured 145 by 
125 ems. The wires forming it were of copper ‘035 cm. in 
radius, and the self-inductance of such a circuit calculated by 
the formula 

L=4wy/ log. - 

where /=length of wires, 6=distance between them, and a 
is their radius, was found to be about 10* C.G.S8. units. The 
capacity of the leyden-jar employed was 2500 H.S. units ; 
therefore assuming R=0, we get time of oscillation 

T=29r VLC 

2 
= i08 approximately ; 

eee 
a 

If ¥1, ¥2 be the maximum currents for first and second half- 
oscillations respectively, then since the current at any time y 
is given by 

pall Ee or heen 
‘ar ca JL’ 

ee 
then V1 = pOrye 2L 4 ’ 

where p=1/” LC, 
a ee 

and Yo =pCne ar 

R 
the damping y2/y,=€ 75°2. 

The observations were made in the following way:—The 
needle was magnetized to saturation in a solenoid which had 
a fixed iron core extending through part of its length. 
Against this core the needle was pressed so that it was 
thoroughly magnetized, and could be replaced in exactly the 
same position every time it was to be remagnetized. The 
needle was then placed in position at the centre of the circle, 
and the deflexion compensated by a neighbouring magnet. 
If the arm of the circle was at C (fig. 1), when a discharge 
passed no effect was produced on the needle; but if any part 
of the arc was included there was a deflexion due to the 
partial demagnetization of the needle. ‘The deflexion was 
noted, the needle removed, completely demagnetized, and 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. H 
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then magnetized again to exactly the same amount as before, 
and replaced in its position at the centre of the circle. The 
direction of the discharge was reversed, and the arm of the 
circle moved until the deflexions in the two cases were the 
same. When thisis the case, the ratio of the maximum values 
of the first and second half-oscillations is given by the ratio 
of the ares traversed by the discharge. 

The amount of demagnetization of the needle is approxi- 
mately proportional to the magnetic force measured by the 
length of the arc of the circle through which the discharge 
passes until the needle is more than half-demagnetized, after 
which the magnetization falls off more slowly, and the curve 
representing the relation becomes concave with respect to the 
axis along which the arcs are measured (fig. 3,a). The circuit 
was always so arranged that the magnetic moment of the 
needle was not reduced to more than half its value by the 
passage of the discharge, and the measurements were thus 
always made on the straight part of the curve. When the 
current was very large, the part of the circuit containing the 
needle had to be shunted. Repeated experiments with and 
without the shunt when the current was just at its limiting 
value for use without it, showed that it made no difference in 
the final relations of the observations. 

It was found rather troublesome in practice to adjust the 
ares to give exactly the same deflexion for the two directions 
of the discharge, and a slight change was made in the method 
of making the observations which simplified them. The 
observations made in this way could be reduced by means of 
a calibration-curve to the exact equivalent of those obtained 
in the manner described before. 

The needle was magnetized to saturation and placed at the 
centre of the circle as before, and the discharge passed in the 
direction in which the second half-oscillation demagnetized 
the needle ; the deflexion was read, and then, without re- 
moving the needle or changing the arc of the circle, the 
discharge was reversed and the increased deflexion noted. 
By means of the curve (fig. 3. 6) showing the relation between 
the arc and the deflexion, the ares corresponding to these 
deflexions were determined, and the damping found, as 
before, much more accurately than by the first method, 
where it was necessary to make a number of trials to find 
the exact are which would give the required deflexion. 

The first discharge which passes through the cireuit causes 
a reduction of the magnetization, the amount depending on 
the are, the period of oscillation, and the resistance. A few 
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successive discharges in the same direction slightly increase 

the amount, but the needle soon reaches a steady state so 

that the passage of any further number of discharges has 

no further effect. Care was taken to have a sufficient 

number of discharges in one direction to reduce the magneti- 

zation to a steady state before the direction of the current 

was changed, and the same number of discharges took place 

in the reversed direction. 

= = — 

for) ~1 a0 © - ho Se = ae ee oe > © 

Deflexion of Magnetometer. 

or i=) 

40 

0 10 20 30 40 50 60 70 80 90 ~=100 

Length of Are of Circle. 

The damping increases steadily with the length of the 

spark, all the other conditions of the circuit remaining the 

same. The amount of this increase for a given range of 

spark-lengths was found to differ according to the amount of 

moisture in the atmosphere: the greater the moisture the 

more uniform was the damping. The following table gives 

the means of a large number of results on sparks varying 

from 1 to 13 mm. in a moderately dry atmosphere. 
H 2 
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Spark-length. Vol Vue 
1 mm "90: 
DO iige .88 

Des 885 
Fgee "865 

oD res °36 

1d 845 

13 “845 )) 

With smaller capacities the increase in the damping with 
increase of spark-length was much more rapid. The fol- 
lowing values were obtained with a capacity of 725 C.G.S. 
units. 

Spark-length. V/V 

YY 

eC 
ee 
aes 

oe Pleaee ss 
Ea eas 

Daiping. 

0 1 2 3 4 5) 6 7 8 9 10 11 12 13 

Spark-length in millims. 

The curves showing the relation between the spark-length 
and damping in these two cases are given in fig. 4. 
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A very small percentage of this damping is to be attributed 
to the resistance of the leads, for if R=resistance of the leads 
for an alternating current of frequency 10° per second, then 
the damping due to this resistance is given by 

pee E 
By 2 

Yo/V1=€ 

Now R=,/ ; pelRo, where /=length of wire in the 

circuit, and R, its resistance for direct currents. The circuit 
measured 125 cms. by 145 ems., therefore /=540 cms. and 
diameter of wire ='7 mm. 

Then ; 

1 BOs FELON Ran /2 x26 x10 1640 5 % 2a x10" x 540'x mx (035)? x jos ohms 

=o om. 

LUE aE ot ieee Te 
Then the damping due te R=e™ 2x104 * 9x106 * 19-9 

— g—0145 

='985 approximately, 

which is a small damping. The damping in all the cases 
investigated is quite large compared with this, so that the 
expenditure of energy to which the damping is due must 
take place in the spark-gap. The dissipation of energy due 
to the excitation of electrical waves is very small in a leyden- 
jar circuit, and may be neglected. 

The ohmic resistance corresponding to the absorption of 
energy by the spark-gap was deduced by inserting in the 
circuit a known electrolytic resistance. If Ris the resistance 
of the air-break and leads, then since 

wel R . t 

Y2/V1=€ 2L 2 =p), say 

Lame 
then logai=— 5, - ) 3 

and if R+~, is the total resistance when the known resistance, 
consisting in the present instance of a solution of zinc 
sulphate with zine electrodes, is inserted, the damping will 
be given by _Rir T 

po=€ 2h 2 

d see R+r T 

co eee Se 
id Soo Nes 
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Ris therefore determined in terms of the known resistance. 
The value of R determined from a number of observations in 
which different values of + were used was about 2 ohms for 
a spark of 6mm. From this of course is to be subtracted 
the resistance of the leads, which is small in comparison with 
the total resistance. 

When the resistance of the air-break is known, any un- 
known resistance 7, can be determined in a similar manner ; 
for if p, and p, be the dampings without and with the 
unknown resistance respectively, then | 

logp, R+r 
logp, 

and 7, is therefore determined in terms of R. 
This gives an accurate and practicable method of deter- 

mining the values of resistances in rapidly alternating helds. 
By inserting a series of increasing electrolytic resistances 

in the circuit, a curve showing the relation between the 
damping and the resistance was obtained. This experimental 
curve corresponded very closely with one found by calculating 
the values of the damping from the formula 

pa=e x 
different values being substituted for 79, and R being deter- 
mined from one of the points on the experimental curve. 
The two curves are shown in fig. 5. 

The damping remained unchanged whatever the diameter 
of the copper wire employed in the circuit, the small increase 
of resistance with decrease of diameter was not sufficient to 
have any appreciable effect. When leads of iron wire, 
however, were substituted, the oscillations were greatly 
damped down, owing to the circular magnetization of the 
iron which prevents the current from sinking to any depth, and 
thus greatly increases the resistance. An iron wire ‘7 mm. 
in diameter gives a damping of °72 for a spark of 11 mms., 
while the damping for a copper wire of same diameter in 
the same circuit is ‘85. This increase of the damping for iron 
wires has been frequently noticed before, but by this method 
an exact measurement of the increase of resistance of an iron 
wire for any given rapidly alternating current can be obtained 
in a manner similar to that used to determine any other 
unknown resistance in the circuit. The damping was found 
to increase as the diameter of the iron wire decreased. 

Diameter of wire in mms.... °50 ‘65 1:2 2 
| LET ay Oh Ck capa ata MMR TP mer 2» 10) 12 19. Bee 

Se Se 
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A very thin coating of copper deposited on the iron wire 
served to bring the damping back to its value for a copper 
wire. 

5 a 
__ SERRE ee 

Ane Se 
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|S 

SRR EERE Ae 
. JSR eee 

Bec eea 
SRE Annee 

Be geet 

"75 65 

ne g. 

Instead of the brass balls at the air-break, balls made of 
iron and aluminium were substituted, but no difference in 
the damping could be detected. The balls were always kept 

30 
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in a high state of polish, as the spark shows a disinclination 
to pass from any point on the ball which has become rough- 
ened or tarnished. It prefers to leap a longer distance from 
a smooth place. 

To investigate the effect of increase of capacity on the 
damping, several jars were connected in parallel and placed 
in the circuit. The damping was found to be practically the 
same for one, two, four, eight, or twelve jars. The relation 
for smaller capacities than that of the leyden-jar employed 
in the first experiments, 7. ¢., less than 2500 H.S. units, was 
obtained by means of an ebonite condenser whose capacity 
could be varied as desired by removing or adding to the 
tinfoil coating. It was found that the damping changed 
very slightly for capacities over 1000 C.G.S. units, but below 
that point the damping increased rapidly with decrease of 
capacity (see fig. 6). 

This points to the same conclusion as that indicated by the 
curves for spark-length and damping with different capacities, 
that the damping reaches a comparatively steady condition 
when the current is large. 

Change of pressure at the spark-gap had a very noticeable 
effect on the damping. The terminals of the air-break were 
enclosed in an air-tight glass bulb, which was connected to 
an air-pump. ‘The air was thoroughly dried before entering 
the bulb. | 

The damping for any given spark-length decreases as the 
pressure becomes less. An exactly similar effect was ob- 
served when hydrogen and carbonic acid were introduced 
into the bulb instead of air. For a given spark-length and 
pressure the damping in hydrogen is less than in air. In 
fig. 7 is given a curve for pressure and damping with a spark 
of 1 cm. in air, and also for a spark of 3 ems. in hydrogen. 

Observations point to the existence of a critical pressure 
depending on the spark-length and the nature of the gas, 
below which the damping begins again to increase, evidently 
with great rapidity, for the resistance soon becomes so great 
that no discharge at all is obtainable. This point has not 
been very closely investigated, as the arrangement employed 
was not sensitive enough to be sufficiently affected by these 
very small currents. With a more sensitive arrangement 
accurate measurements might easily be made. a 

Ii has been shown that a very small part of the damping 
is due to the resistance of the leads, and in a leyden-jar 
circuit the loss of energy from radiation is also very small, so 
that by far the greater part of the dissipation of energy must 
take place at the spark-gap. | 
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Consider the amount of energy required to dissociate the 
gas at the terminals into ions sufficient to carry across the 
currents. We will suppose that the ions are the same as are 
produced by X-rays, and that the energy required to produce — 
them is independent of the temperature. This will give a 
maximum expenditure of energy, since the energy required 
to produce the ions probably diminishes with rise of 
temperature. 

Pressure in millims, of Mercury. 

Damping. 

Maximum quantity of electricity conveyed over the air- 
break in the first half-oscillation =CV) approximately. 
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Suppose spark-gap =1 cm., 

then V,=10'x 4 volts, 

and C=25 x10? E.S. units for one jar ; 

29 X10" x 4x 10%... 1 F : 
e= Tart aiGaade oF 3 x 10° E.S. units. 

Now the charge on an ion has been found by J. J. Thomson 
to be equal to 6x 10-1° E.S. units, and the energy required 
to produce an ion (by H. Rutherford and R. K. McClung, 
Proc. Roy. Soc. vol. lxvii.) to be =1°9 x 10-" ergs; 
therefore energy required for the dissociation of 1 H.S. unit 

Eee coe 
= Gxi0-8 — 7 °S> 

therefore energy required to carry across a quantity Q 

1 
== x10°x “= = 10° ergs. 

Now the total E.S. energy of the charge 

=50ve 

1 hee Coa =) 
=a % 25% 107X ee ergs 

= 22 x 10° ergs. 

therefore 

Ratio of energy required to dissociate sufficient no. of ions 
total energy of charge 

a 
~ 22x 10° ~ 220’ 

a damping of about 1-2 per cent. 
If Vj>=10,000, 2. e. for a spark-gap of 5), inch, the ratio is 

1:55, a damping of about 2 per cent. 
Thus we see that the expenditure of energy required to 

produce a sufficient number of ions to carry the discharge 
across is not enough to account for the damping. We are 
therefore driven to the conclusion that a much greater 
number of ions are produced than are sufficient to convey the 
discharge. The path of the discharge is very narrow and 
confined, and the ions so numerous and close together that 
recombination is very rapid. ‘To these recombinations is 
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probably due the high temperature of the spark. This high 
temperature in turn is favourable to the production of fresh 
ions, and to this fact the comparatively steady state of the 
damping in circuits with large capacities may probably be 
attributed. In such a case the current is so great that a 
large number of ions are produced, the recombination of 
these produce a high temperature by means of which fresh ions 
are formed to take the place of those that have recombined, 
and the field is thus kept comparatively uniform. 

I wish to express my obligation and gratitude to Professor 
Rutherford for his kind assistance at every stage of the 
investigation. 

Macdonald Physics Laboratory, McGill University. 
Feb. 12th, 1901. 

V. A Further Note on van der Waals’ Equation. 
By Haroup Hinron*. 

ip a previous note ft I collected. the various mathematical 
facts connected with the family of curves obtained 

by considering the temperature a variable parameter in 
van der Waals’ equation (the Isothermals); in the present 
note I propose to complete this work by doing the same for 
the curves of constant volume and the curves of constant 
pressure. 

We take the same equation as before, 

dyu®—(y+86)a?+97—38=0.. . . . (a) 

We will first consider the family obtained by considering 
zas an arbitrary parameter. The family isa series of straight 
lines such that two consecutive members meet in the point 

Lou ie (32—1)? 
Re ie ee 

BHliminating # from these two cous, we have as the 
equation of the envelope 

(y+ 80—9)?+ 81(y—4043)= 

which has a cusp at the point (1, 1), the tangent to the cusp 
being 2 y—40+3=0; cuts the axis of @ where ts and 

touches it where 6=0; cuts the axis of y where y=0, and 
touches it where y= —27; and goes off to infinity in the 
direction of y+ 80—9=0. A series of points on it are given 
in Table I. 

* Communicated by the Author. 
+ Phil. Mag. May.1901.. 
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TABLE I. 

x 3a—1 oF | 3(32—1) (82-2) | (8a—1)* | 
x 82" x? 4a | 

20 BE, NONE he | 008| —-116 | 
210 SSI, ie ae a eg 032| +240 | 

5 —160 120 | — -240 136) —512 | 
ay | —14°5 4S.) 20g8 
eH, |: 13-0 -187 | — -304 ‘219| ---660 
5 | 11-5 41 | — +352 

=a | —100 ot i ney cae ‘407| .— -926 
= 65 | — 8d 480 | —- -510 608 |- —1:156 
aye | — 7-0 750] 2. -666 1:000! —1:531 
Ee tS — 55 1333 | — ‘917 1926) —2:241 
= 10 a 20) 3000 | — 1500 5:000' —4-000 
meme | 9-5 12: — 3°750 28:000 | —12°500 | 
es || — 2-9 18-750 | — 5:157 50000) —18:906 | 

‘] oe 300:000 | —26-250 |—1700:000 122500 
“i | = 35 -| 133-333 | — 9-167 | 
ae 75000 | — 3750 | —175-000 5000 | 
25 | — -25 48:000 | — 1:500 | — 80-000 1:000 | 
3 Ae he 33-333 | — -417 | — 40°741 093 
4 2 18-750 ‘469 | — 12500 156 | 
‘45 BD 14-815 648 | 
‘5 5 12-000 750 —4-000 ‘500 | 
‘BD ‘65 9-917 806 —2°104 | 635 | 
6 8 8-333 833 | — -926| 741 | 
"65 ‘95 7-101 843 | | | 
7 11 67122 842 | 
‘75 1°25 5333 833 “593 ‘926 
8 14 4:688 ‘820 ‘781 ‘957 
‘9 17 3°704 787 | | 

- 10 20 3-000 750 | 1000) = 1-000 | 
11 2°3 2-479 713 
1-2 26 2-083 677 
13 2:9 1775 643 
14 3:2 1°531 612 — | 
15 3°5 1:333 583 ‘74] ‘907 
16 3:8 1172 ‘5B7 
1°7 4°) 1-038 582 | | 
18 4°4 926 509 | 
1:9 4:7 31 ‘488 
2:0 50 750 ‘469 | “500 781 
2°5 65 480 390 | 352 676 
3:0 8-0 333 33 ‘259 594 
35 9°5 241 286 | | 
4:0 11-0 187 257 156 473 
45 12:5 148 231 | 
5°0 140 120 210 | 104 392 
6:0 eC! Ca a a | 074 335 

10-0 Sc NO ed id RSet 028 210 
20°0 OL ball vere ae Leet | 007 109 | 
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The orthogonal trajectory of the family is 

(1- BV (ye 7 +0)— a1 =0. 

The integral of this is the result of ee) p between 

7" p (1—8p)? 
and 

Op: 1 dlp sinh- Tae Tce Cp 
g=as2f WG 27) ae 

845 (1—8p)? 4995 /65(1+p2) V1+p 
Any member of the family may be put in the form 

LA het | 
a(a7—1) 3 

82? 2? 

The values of the denominators for different values of « are 
given in Table 1.; it will be noticed that the point where the 
line cuts the axis of y travels from zero to —«# as & goes 
from o to 0, and from —o to zeroas # goes from 3 to —% ; 
while the point where a line cuts the axis of @ travels 

from zero to 3 as x goes from « to 3 

from = to —oo as x goes from = to 0, 

and from — to zero as &@ goes from 0 to —x. 

When «=; the line is 9=0, and when «= the line is 
=e 
In fig. 1 the lines of the family are drawn for various values 

of x (in some cases for the sake of clearness only the extre- 
mities are shown), together with the envelope and another 
curve discussed later. 

Again, let us take the equation 

3yx? — (y+ 80)e?+9x—3=0,. . . « (a) 

and consider y as a variable parameter. 
The equation now represents a family of curves each of which 

is of the 3rd degree and class, has one cusp and inflexion, no 
double points or bitangents, and is of deficiency zero. The 
cusp is in each case at infinity, the tangent being c=0; and 

; ; 3 
the inflexion being where v=1, p=" the tangent at the 
inflexion being 

(6— °7")=Sy-D(e-D, 
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Hach member has also an asymptote = = : =1, which lies 

Oe 
below the curve when a>s; crosses it when n=5 , and lies 

above the curve when v< 3. 

The asymptotes all pass through the point (3, 0). 
A curve of the family (@) for which y is positive has a branch 

running to one end of eS Ae 1, with an inflexion where «=1, 

oo U8 
crosses the axis of # where I=) and runs down to the 

negative end of the axis of @ as asymptote; it has alsoa 
branch for which « and @ are always negative; the curve for 
which y=0 is similar, but has @=0 as its asymptote ; a curve 
for which y is negative has two branches as before, one for 
positive and one for negative values of «, but in this case each 

branch cuts the axis of w in a real point ( where #= + \/ — °); 
go 

these points lie further from or nearer to the origin than 
“=z as y= —27; the curve for which y= —-27 touches the 

e iI 2 e 

axis of x, where «=, and the corresponding branch lies 
wholly below the axis of x (¢/. fig. 3); the various curves of 
the family lie so close to each other between B=s and «=0 

that they cannot well be distinguished in a diagram. The 
1 parts of these curves lying between c= 3 and #=5—the parts 

most interesting from a physical point of view—are given in 
fig. 3, together with another curve discussed later; fig. 2 
ives a more complete tracing of two of the curves (y=5 and 

—2°5) together with the curve (8) (see below). 
Tables IJ. and III. give a series of values of @ for different 

values of y and w, from which the figures are drawn, putting 
(a) in the form 

a 2 3(32—1) 
C= 8 (8¢a—1) + cr ae 

The values of 32—1 and Spee) are given in Table I. 
Oiee 

The orthogonal trajectory of the family is 

CY 
4a? (3a—1) Fre 1202 + 3(3a—1)?. 
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Fig. 2. 

7) &.- 

-2: 

= 9259 G +5 

The radius of curvature at any point is 

[640° + 9(yx?—3a+2)?]2. 
11522°(#—1) 

if this point is one where @ for the curve has a maximum or 

ini flue, this reduces to ——"— minimum value, this reduces to 7 ety 

Phii. Mag. 8. 6. Vol. 2. No. 7. July 1901. I 
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TABLE III. 

Values of @ for Different Values of 7. 

LX 

5. —2°5, SAG 

\ 625. — 3125. (|  =5 

25 Tene 2 t-409: | ae 
2 = AO yes 625 FO 
“15 — 9511 — 8-995 — GAIT 
“J —26°687 | —26-031 — 27a | 

ae FA. — 6532 | — 4:470 | 
— 5 = has. | | = 2-969 | 
—1-0 — 4000 aa, 250 | 
1 — 4354 “82 
2-0 = FORb | 1531 
ane — 5822 2146 | 
_3-0 — 6667 | 2708 | 
—3°5 — 7539 | 3-241 
_40 — §429 | 3°758 
4:5 HEE? a8 Sahat 4°263 

Le eee | 4-760 

The area between the curve and the lines c=w,, v=., 
@=0, is 

9 V2 cael Oe 3 i] 
= ‘— até \—y— . 

5 L2 (t it Lot J 

d 

Differentiating («), we have 

dO a7 2 =i} 

dz ey y= ale 

dé ' a ae 
Hence where —— =0, 7. e. tangent is parallel to axis of «, 
3-9 da | ; a 341 — and eliminating y between this equation and (a) 

we fs e 
eG 3a — 1)" 

Aa? 

on 46x? = (dw — Lx *) 2a aa (B) 

Table I. gives a series of points on the curve. 
Differentiating (8) we have 

db 3 : w =— 3, Be—1)e—), 
Ce a = 55 (30”—6a +2). 

12 
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_ 

.. It has a tangent parallel to the axis of « when #=,' 
and has two inflexions where 

plata te. L577 and °423, approx.; 

(4) 

22-5 

* 

It is of degree and class 4, has two cusps and a double point 
all at infinity along v= 0, has one double a (the axis 
of 2, which fonelies it at Rane and where =, ), and is of @ 

zero deficiency. Its radius of curvature at any point is 

[162° + 9(382—1)?(¢—1) lal, 

86a (A wv — Ga +2) 
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the area enclosed between it and the lines z=.rg, v= ,, and 
P= 0 is 

J 9 Vy , &y— ky 
A log * as SaPae (12003 — 2 — a’). 

It is shown in fig. 2. 
As in the case of the isothermals, so in the two families 

treated of here, we have confined ourselves to a mathematical 
discussion, and have left out physical considerations; as 
before, the only part of the curves which has any physical 
meaning is that for which e>5, 9>0 (and «. y>—27), and 
the only part for which the physical interpretation of the 
equation necessarily holds is that for which 2>, 0>0 (and 

i 27 
2: Y Es rrr 3 

In-tead of considering van der Waals’ equation as repre- 
sented by three families of curves, we may consider it 
represented by the surface of the fourth degree, 

sya —(y + 80)2?+92%—-3=0, 2. 2 2. « (2) 

This is a ruled surface traced out by lines, parallel to the 
plane of @, y. 

The line of striction is the intersection of (a2) with the 
cylinder 

(y+ 8@—9)?+ 81l(y—464+3)?=0. 

The plane «=0 meets the surface in no finite point; the 
plane.c=~ meets the surface in a line parallel to the axis of y. 
‘Two sheets of the surface touch one another along the line at 
infinity in z=Q, which is parallel to y+80=0; the surface 
also contains the line at infinity in the plane y=0 which is 
parallel to «=0; and the line at infinity in the plane «=, 
which is parallel to y=0. The normal at the point 2’, 7, 0 is 

y—-y _0-F _ au! 
a Gd—1) — — 8a Slava BPI 

@(se—l) 

The tangent plane is therefore parallel to the axis of « when 

Ae = (32 —1} 
and 

2. yw =3a'—2 and (/ +86’—9)? + 81(y'—40 +3)? =0. 

At the point (1, 1, 1) the principal radii of curvature are 



118 Mr. H. Hilton on van der Waals’ Equation. 

equal and opposite (+ 4%); the tangential plane at that point 
is y—40+3=0. 

The border-curve may be considered as a yet” curve 
lying on this surface ; it starts om the point (;, 0, 0), where 
it tonches the line y=0, «— ==0; it fou bee the line 

y=—o0—\.at the point (ipa. 1). and concn the axis of x at 
infinity. 

We discussed in the previous paper the equation of this 
curve, and the practical method of obtaining points on it, 
such a series of points is given in Table ‘v: (owing to the 
method of obtaining them, the values are only approximate). 

TABLE LV. 

Points on the Border-Curve. 

| 1 ¥. 0 

to a8 Oe i ee 

| , ois ‘048 500 

| Sears “090 625 | 

| eS, ADD eae “281 750 | 

| 3310, 2525 us| “486 “844 

27530, O13 587 S75 

1840. 600 773 | 937 

| 1000, 1-000 1-000 1-000 

It is the projections of this curve on the aes perpen- 
dicular to the axes which are shown in figs. 1 and 3 of the 
present paper and fig. 2 of my previous paper. The projection 
in fig. 1 touches the axis of @ where 6=0, and the line 
y—40+3=0 at the point (1, 1); the projection in fig. 3 
touches that ae of the family there shown me which y=0- 
at the point (;, 0) (and makes an angle tan-1% with the axis 
of « there); it also touches the line 0=1 at (1, 1), and is 
asymptotic to the axis of x. 

a ee a 
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VI. The New Spectrum. By 8S. P. Lanciry *, 

[Plate III. ] 

pet writer (at the concluding meeting of the National 
Academy of Sciences on April 18) remarked on the 

disadvantages i in the matter of interest of the work of the 
physicist, which he was about to show them, to that of the 
biologist, which was concerned with the ever absorbing 
problem of life. He had, however, something which seemed to 
him of interest, even in this respect, to speak of, for it included 
some indications he believed tc be new, pointing the way to 
future knowledge of the connexion of terrestrial life with 
that physical creator of all life, the sun. | 

He had to present to the Academy a book embodying the 
labour of twenty years, though at this late hour he could 
scarcely more than show the volume with a mention of the 
leading captions of its subject. What he had to say then 
would be understood as only a sort of introductory description 
of the contents of the work in question, which was entitled 
“Volume I. of the Annals of the Astrophysical Observatory 
of the Smithsonian Institution.”’ 

In illustration of a principal feature of this book, the 
Academy saw before them on the wall an extended solar 
spectrum, only a small portion of the beginning of which, on 
the left, was the visible spectrum known to Sir Isaac Neato. 
This was the familiar visible coloured spectrum which we all 
have seen and know something of, even if our special studies 
are in other fields. 

It is chiefly this visible part which has been hitherto the 
seat of prolonged spectroscopic investigation, from a little 
beyond the violet, at a wave-length of somewhat less than 
0-4", down to the extreme red, which is generally considered 
to terminate at the almost inv isible line A whose wave-length 
is 0°76". On the scale of the actual wave- ‘length of light, 
then, where the unit’ of measurement (1") is one one- thou- 
sandth of a millimetre, the length of the visible spectrum is 
0°36". 

The undue importance which this visible region has assumed, 
not only in the eyes of the public, but in the work of the 
spectroscopist, is easily intelligible, being due primarily to 
the evident fact that we all possess, as a ‘oft from nature, a 

* Abstract of a paper read before the National Academy of Sciences 
at its Washington meeting, April 18, 1901. | From an advance proot 
communicated ‘by the Author. We are indebted to the author for the 
plate accompanying this paper. 
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wonderful instrument for noting the sun’s energy in this part, 
and in this part only. : 

While, then, this part alone can be seen by all, yet the idea 
of its undue importance is also owing to the circumstance 
that the operation of the ordinary prism gives an immensely 
extended linear depiction of the really small amount of energy 
in this visible part. There is also a region beyond the violet, 
most insignificant in energy and invisible to the eye, and the 
association of this linear extension due to the prism, with the 
accident that the salts of silver used in photography are 
extraordinarily sensitive to these short wave-length rays, so 
that they can depict them even through the most extreme 
enfeeblement of the energy involved in producing them, also 
makes this part have undue prominence. This action of the 
prism and of the photograph is local, then, and peculiar to 
the short wave-lengths ; and owing to it, all but special 
students of the subject are, as a rule, under a wholly erroneous 
impression of the relative importance of what is visible and 
what is not. The spectrum has really no positive dimension, 
being extended at one end or the other according to the use 
of the prism or grating employed in producing it. Perhaps 
the only fair measurement jor displaying a linear representa- 
tion of the energy would be that of a special scheme, which 
the writer had proposed, in which the energy is everywhere 
the same *; but this presentation is unusual and would not 
be generally intelligible without explanation. 

The map before us (Pl. III.) will be intelligib'e when it is 
stated that it is, as to the infra-red, an exact representation 
of that part of the spectrum given by a rock-salt prism. The 
visible and ultra-violet spectrum given here is not exact, for 
the reason that it would take nearly a hundred feet of map to 
depict it on the prismatic scale, though this is caused by but 
a small fraction of the sun’s energy ; so monstrous is the ex- 
aggeration due to the dispersion of the prism. 

Jooking, then, at the map: First, in the spectrum on the 
left and beyond 0:4" is the ultra-violet region, in fact almost 
invisibly small, but which in most photographs shows almost 
au hundred times larger than the whole infra-red. It really 
contains much less than one hundredth part of the total solar 
energy which exists. Beyond it is the visible spectrum, con- 
taining perhaps one fifth of the solar energy. 

As the writer has elsewhere said, “the amount of energy 
in any region of the spectrum, such as that in any colour, or 
between any two specified limits, is a definite quantity, fixed 

* American Journal of Science [3] xxvii. p. 169 (1884). 
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by facts, which are independent of our choice, such as the 
nature of the radiant body or the absorption which the ray 
has undergone. Beyond this Nature has no law which must 
govern us.” 

Everything in the linear presentation, then, depends on the 
scale adopted. In other words, if we have the lengths pro- 
portionable to the energies, the familiar prismatic representa- 
tion enormously exaggerates the importance of the visible, 
and still more of the ultra-violet region, and similarly the 
erating spectrum exaggerates that of the infra-red region. 
Now he had given, on the map before them, and through the 
whole infra-red, the exact rock-salt prismatic spectrum, but 
for the purpose of obtaining a length which represented 
(though insufficiently) that ot the visible spectrum, he had 
laid the latter down on the average dispersion in the infra- 
red, which was perhaps as fair a plan as could be taken for 
showing the approximate relation of the two fields of energy 
in an intelligible way, though it gave the visible energy too 
small. 

L t us recall, then, at the risk of iteration, that in spite of 
the familiar extended photographic spectra of the hundreds 
of lines shown in the ultra-violet, and in those of the coloured 
spectrum, it is not here that the real creative energy of the 
sun is to be studied, but elsewhere, on the right of the draw- 
ing, in the infra-red. Looking to the spectrum as thus 
delineated, next to the invisibly small and weak ultra-violet, 
comes the visible or Newtonian spectrum, which is here some- 
what insufficiently shown, and on the right extends the great 
invisible spectrum in which four-fifths of the solar energies 
are now known to exist. 

Of this immense invisible region nothing was known until 
the year 1800 *, when Sir William Herschel found heat there 
with the thermometer. 

After that little was done + (except an ingenious experi- 
* Philosophical Transactions, vol. xe. p. 284 (1800). 
T It should, however, be mentioned that an important paper by Draper 

(Lond. Ed. & Dublin Phil. Mag., May 1843) was published in 1843, in cP 2 ‘ 

which he appears to claim the discovery of the group here called por and 
which is now known to have a wave-length of less than 1". (Its true 
wave-length was not determined till much later.) Later, Fizeau seems 
to have found further ire_ularities of this heat as long ago as 1847, and 
of its location, obtaining his wave-lengths by means of interference-Lands. 
His instrumental processes, though correct in theory, were not exact in 
practice : and yet it seems pretty clear that he obtained some sort of 
recognition of a something indicating heat, as far down as the great 
region immediately above Q on our present charts. Mouton (Comptes 
Rendus, 1879) confirmed this observation of Fizeau’s and contrived to get 
at least an approximate wave-length of the ;oint where the spectrum (to 
him) ended, at about 1°8". 
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ment by Sir John Herschel * to show that the heat was not 
continuous) till the first drawing of the energy curve by 
Lamansky +, in 1871, which, on account of its great import- 
ance in the history of the subject, is given on the map. It 
consists of the energy curves of the visible spectrum, and 
beyond it, on the right (and in illustration of what has just 
been said it will be seen how relatively small these latter 
appear), of three depressions indicating lapses of heat in the 
infra-red. It is almost impossible to ‘tell what these lapses 
are meant for, without a scale of some kind (which he does 
not furnish), "but they probably indicate something, going 
down to near a wave-length of 1". It is obvious that the 
detail is of the very crudest, and yet this drawing of Laman- 
sky’s was remarkable as the first drawing of the energy 
spectrum. It attracted general attention, and was the 
immediate cause of the writer’s taking up his researches in 
this direction. 

It seems proper to state here that the true wave-lengths 
were at that time most imperfectly known, but that in 1884, 
and later in 1885 {, they were completely els ne by i 
writer as far as the end of what he has called “the new 
spectrum ” at a wave-length of 5:3". 

The upper portion of the infra-red is quite accessible to 
photography, and the next important publication in this 
direction was that of Captain (now Sir William) Abney §, 
which gave the photographic spectrum down to about 1°1", 
much beyond which photography has never mapped since. 

From the time of seeing Lamansky’s drawing, the writer 
had grown interested in this work, but found the thermopile, 
the instrament of his predecessors, and the most delicate then 
known to science, insufficient in the feeble heat of the grating 
spectrum, and about 1880 he had invented the bolometer 
and was using it in that year for these researches. This may 
-perhaps seem the place to speak of this instrument, though 
with the later developments which have made it what it is 
to-day, it has grown to something very different from what it 
was then. 

It has, in fact, since found very general acceptance among 
physicists, especially since it has lately reached a degree of 

id Philosophical Transactions, vol. cxxx, p. 1, 1840. 
+ Monatsberichte der k. Akademie der Wissenschaften zu Berlin, 

December 1871. 
¢t American Journal of Science, March 1884, and August 1886. 
§ Philosophical Transactions, vol. clxxi. p- 653, 1880. 
| Actinic balance, American Journal of Science, 3rd series, vol. xxi. 

p. 187, 1881. 
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accuracy, as well as of delicacy, which would have appeared 
impossible to the inventor himself in its early days. 

It may be considered in several relations, but notably as 
to three: (1) Its sensitiveness to small amounts of heat ; 
(2) the accuracy of measurement of those small amounts 
and (3) the accuracy of its measurements of the position ot 
the source of heat. 

As to the first, it is well known that the principle of the 
instrument depends on the forming of a Wheatstone bridge, 
by the means of two strips of platinum or other metal, nak 
narrow width and still more limited thickness, one of w eee 
only is exposed to the radiation. In some bolometers in use, 
for instance, the strip is a tenth of a millimetre, or one two- 
hundred- Pan. fiftieth of an inch in width ; and yet it is to be 
described as only a kind of tape, since its thickness is less 
than a tenth of this. 

The use of the instrument is then based on the well-known 
fact that the heating of an ordinary metallic conductor in- 
creases its resistance. and this law is found to hold good in 
quantities so small that they approach the physically infini- 
tesimal. In the actual bolometers, for instance, the two arms 
of a Wheatstone bridge are formed of two strips of platinum, 
side by side, one of which is exposed to the heat and the other 
sheltered. The warming of the exposed one increases its 
resistance and causes a deflexion of the galvanometer. 

It was considered to be remarkable twenty vears ago that 
a change of temperature of one ten-thousandth of a ‘degree 
centigrade could be registered ; it is believed at present ‘that 
with the consecutive improvements of the original instrument 
und others, including those which Mr. Abbot, of the Smith- 
sonian Seditiution Observ atory, has lately PA iat into its 
attendant galvanometer, less en one one-hundred-millionth 
of a degree i in the change of temperature of the strip can be 
registered. This indicates the sensitiveness of the instrument 
to heat. 

As to the second relation, some measures have been made 
on the steadiest light source obtainable. With ordinary 
photometric measures of its intensity one might expect a 

probable error of about 1 per ceut. The error with the bolo- 
meter was insensible by any means that could be applied to 
test it. It is at any rate less than two one-hundredths of 
1 per cent. If we imagine an absolutely invisible spectrum, 
in which there deventheless are interruptions of energy similar 
to those which the eye shows us in the visible, then the bolo- 
meter, whose sensitive strip passes over a dark line in the 
spectrum, visible or invisible (since what is darkness to the 
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eye is cold to it), gives a deflexion on the side of cold, and 
in the warmer interval between two lines a deflexion on the 
side of heat; these deflexions being proportionate to the 
cause, within the degree of accuracy just stated. 

The third quality, the accuracy of its measures of position, 
is better seen by a comparison and a statement, for if we look 
back to the indications of the lower part of Lamansky’s 
drawing we may see that at least a considerable fraction of a 
degree of error must exist there in such a vague delineation. 
Now, in contrast with this early record, the bolometer has 
been brought to grope in the dark and to thus feel the 
presence of narrow Fraunhofer-like lines by their cooler 
temperature alone, with an error of the order of that in 
refined aereatsniel measurement ; that is to say, the probable 
error, in a mean of six observations of the relative position of 
one of these invisible lines, is less than one second of are; a 
statement which the astronomer, perhaps, who knows what 
an illusive thing a second of arc is, can best appreciate. 

The results of the writer’s labours with the bolometer in 
the years 1880 and 1881, and in part of his expedition in the 
latter year to Mount Whitney, were given at the Southamp- 
ton meeting of the British Association for the Advancement 
of Science in 1882 *. During these two years very many 
thousand galvanometer readings were taken, by a most 
try ingly slow process, to give the twenty or more interrup- 
tions shown at that time, below the limit of 1-1" of Abney’s 
photographs. The bolometer has been called an eye which 
sees in the dark, but at that time the “eye” was not fairly 
open, and having then not been brought to its present rapidity 
of use, the ear ly results were attained only by such unlimited 
repetition, and almost infinite patience was needed till what 
was inaccurate was eliminated. 

Several hundreds at least of galvanometer readings were 
then taken to establish the place of each of the above twenty 
lines during the two years when they were being hunted for, 
and this patience so far found its reward that they have 
never required any material alteration since, but only additions 
such as the writer can now give. The part below 1:1" he 
then presented (at the Southampton meeting of the British 
Association) as having been mapped for the first time. 
Mouton had two years before obtained crude indications of 
heat as far as 1:8", and Abney had, as stated, obtained 
relatively complete photographs of the upper infra-red 
extending to about this point (1°1"). 

* Report British Association, 1882. Nature, xxvi. 1882. 

Ne ie 
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The writer had already determined for the first time by 
the bolometer, at Allegheny and on Mount Whitney, the 
waye-lengths of some much remoter regions, including, in 
part, the region then first discovered by him and here called 
“the new spectrum,” and was able to state that the terminal 
ray of the solar spectrum, whose presence had then been 
certainly felt by the bolometer, had a wave-length of 
about 2°8", or nearly two octaves below the “ great A” of 
Fraunhofer. 

He stated in this communication of 1882 that the galvano- 
meter then responded readily to changes of temperature in 
the bolometer strip of much less than one ten-thousandth 
of a degree centigrade (as has just been said, it now responds 
to changes of less than one one-hundred-millionth), and he 
added : ‘Since it is one and the same solar energy, whose 
manifestations are called ‘light’ or ‘heat’ according to the 
medium which interprets them, what is ‘light’ to the eye 
is ‘heat’ to the bolometer, and what is seen as a dark line 
by the eye is felt as a cold line by the sentient instrument, 
Accordingly, if lines analogous to the dark ‘ Fraunhofer ’ 
lines exist in this invisible region, they will appear (if I 
may so speak) to the bolometer as cold bands, and _ this 
hair-like strip of platinum is moved along in the invisible 
part of the spectrum till the galvanometer indicates the 
all but infinitesimal change of temperature caused by its 
contact with such a ‘cold band.’ The whole work, it will be 
seen, is necessarily very slow ; it is, in fact. a long groping 
in the dark and it demands extreme patience.” 

At that time it may be said to have been shown that these 
interruptions were due to the existence of something like 
dark lines or bands, resembling what are known as the 
Fraunhofer lines in the upper spectrum ; but, apart from 
what the writer had done, no one then surmised how far 
this spectrum extended nor, perhaps, what these explorations 
really meant. They may be compured to actual journeys 
into this dark continent, if it may be so called, which 
extended so far beyond those of previous explorers that the 
determination of positions by the writer, corresponding 
somewhat to longitudes determined by the terrestrial 
explorer in a new country, was, by those who had not been 
so far but had conceived an inadequate idea of the extent of 
the region, treated as erroneous and impossible. 

A necessary limit to the farthest infra-red was in 1880 
supposed to exist near the wave-length 1". Doctor John 
Draper *, for instance, announced in other terms that the 

* Proceedings of the American Academy, vol. xvi. p 233 (1880). 
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extreme end of the invisible spectrum might, from theoretical 
considerations, be probably estimated at something less than 
the wave-length of 1", whence it followed that the above 
value of 1:8 was impossible, and, still more, that of 2°8". 
If, in this connexion, we revert to our map, where the 
visible spectrum has an extent in wave-lengths of 0°36", 
then, on that same scale, the length of the entire possible 
spectrum, visible and invisible, was fixed by Draper at the 
point there shown near the band pot. In still other words, 
according to him the very end of any spectrum at ail would 
be about 3 on a scale in which the visible spectrum was 1. 
Doctor Draper’s authority was deservedly respected, and 
this citation of his remarks is made only to show tke view 
then entertained by eminent men of science. 

Now, the writer had proved by actual measurement that 
it extended far beyond this point, and had announced, as 
the result of experiment, that it extended at any rate to 
about three times the utmost length then assigned from 
theoretical reasons, by Draper, founded on the then universally 
accepted formula of Cauchy, which was later discredited 
by the direct experimental evidence given of its falsity by the 
bolometer. 

The bolometer, which is wholly independent of light as a 
sensation and notes it only as a manifestation of energy, 
first lays down the spectrum by curves of energy from which 
the linear spectrum is in turn derived. Two such curves 
taken at different times are given to show the agreement. 

There must now be explained, however briefly, the way in 
which these energy curves, which are the basis of all, have 
actually been produced here. 

In making the map of the energy curves, it should be 
remembered that when an invisible band or line is suspected, 
its presence is revealed by the change of temperature in the 
bolometer strips affecting the needle of the galvanometer, 
causing this needle to swing this way or that ; let us suppose 
to the left if from cold and the 1ight if from heat. ‘The 
writer's first method was to have one person to note the 
exposure, another to note the extent of the deflexion, and a 
third to note the part of the spectrum in which it occurred. 
For reasons into which he does not enter, this old plan was, 
as he has already said, tedious in the extreme and required, 
as bas been said, hundreds of observations to fix with 
appropriate accuracy the position in wave-length of one 
invisible line. It has been stated that only about twenty 
such lines had been mapped out in nearly two years of 
assiduous work prior to 1881, and if a thousand such lines 
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existed, it was apparent that fifty years would be required to 
denote them. | 

The writer then devised a second apparatus to be used in 
connexion with the bolometer. This apparatus was simple 
in theory, though it has taken a dozen years to make it work 
well in practice, but it is working at last, and with this the 
maps in this volume of the ‘ Annals’ and that before us 
have been chiefly made. It is almost entirely automatic, 
and, as it is now used, a thousand inflections can be delineated 
in a single hour, much better than this could have been done 
in the half-century of work just referred to. 

Briefly, the method is this: A great rock-salt prism (for 
i glass one would not transmit these lower rays nor could 
they easily be detected in the overlapping spectra of the 
grating) is obtained of such purity and accuracy of figure, 
and so well sheltered from moisture, that its clearness and 
its indications compare favourably, even in the visible 
spectrum, with those of the most perfect prism of glass, with 
the additionai advantage that it is permeable to the extreme 
infra-red rays in question. This prism rests on a large 
azimuth circle turned by clockwork of the extremest precision; 
which causes the spectrum to move slowly along, and in one 
minute of time, for example, to move exactly one minute of 
are of its length before the strip of the bolometer, bringing 
this successively in contact with one invisible line and 
another. Since what is blackness to the eye is cold to the 
bolometer, the contact of the black lines chills the strip and 
increases the electric current. The bolometer is connected 
by a cable with the galvanometer, whose consequent swing 
to the right or the left is photographically registered on a 
plate which the same clockwork causes to move synchronously 
and uniformly up or down by exactly one centimetre of 
space for the corresponding minute. By this means the 
energy-curve of an invisible region, which directly is wholly 
inaccessible to photography, is photographed upon the plate. 

Let it be noted that whatever the relation of the moveme1.t 
of the spectrum to that of the plate is (and different ones 
might be adopted), it is absolutely synchronous—at least to 
such a degree that an error in the position of one of these 
invisible lines can be determined, as has been stated, with 
the order of precision of the astronomical measurement of 
visible things. 

The results were before them in the energy-curyves and 
the linear infra-red spectrum, containing over seven hundred 
invisible lines. This is more than the number of visible ones 
in Kirchhoff & Bunsen’s charts. The position of each line is 
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fixed from a mean of at least six independent determinations 
with the accuracy stated above. 

The reader will perhaps gather a clearer idea of this action 
if he imagines the map before him hung up at right angles 
to its actual position, so that a rise in the energy-curve given 
would be seen to correspond to a deflexion to the right, and 
a fall, to one to the left ; for in this way the deflexions were 
written down on the moving photographic plate from which 
this print has been made. The writer was now speaking of 
the refinements of the most recent practice ; but there was 
something in this retrospect of the instrument’s early use 
which brought up a personal reminiscence which he asked 
the Academy to indulge him in alluding to. 

_ This was that of one day in 1881, nearly twenty years 
ago, when being near the summit of Mount Whitney, in the 
Sierra Nevadas, at an altitude of 12,000 feet, he there, with 
this newly invented instrument, was working in this invisible 
spectrum. His previous experience had been that of most 
scientific men—that very few discoveries come with a surprise, 
and that they are usually the summation of the patient work 
of years. 

In this case, almost the only one in his experience, he had 
the sensations of one who makes a discovery. He went 
down the spectrum, noting the evidence of invisible heat 
die out on the scale of the instrument until he came to the 
apparent end even of the invisible, beyond which the most 
prolonged researches of investigators up to that time had 
shown nothing. There he watched the indications grow 
fainter and fainter until they too ceased at the point where 
the French investigators believed they had fond the very 
end of the end. By some happy thought he pushed the 
indications of this delicate instrument into the region still 
beyond. In the still air of this lofty region the sunbeams 
passed unimpeded by the mists of the lower earth, and the 
curve of heat, which had fallen to nothing, began to rise 
again. There was something there. For he found, suddenly 
and unexpectedly, a new spectrum of great extent, wholl 
unknown to science and whose presence was revealed by the 
new instrument, the bolometer. 

This new spectrum is given on the map, where it-willl We 
observed that, while the work of the photograph (much more 
detailed joa that of the bolometer, where it can be used at 
all) bas been stated to extend, as far as regular mapping is 
concerned, to about 1:1", everything beyond this is due to 
the bolometer, except that early French investigators had 
found evidence of heat extending to 1°8". Still beyond that 
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Ultima Thule, this region, which he has ventured to call the 
“‘ New Spectrum,” extends. It will be found between wave- 
lengths 1:8” and 5:3” on the map. 

The speaker had been much indebted to others for the 
perfection to which the apparatus, and especially the galvano- 
meter, had been brought. He was under obligations 
particularly to Mr. Abbot, for assistance in many ways, 
which he had tried to acknowledge in the volume; but 
before closing this most inadequate account of it, he would 
like to draw attention to one feature which was not represented 
in the spectrum map before them, although it would be found 
in the book. 

During early years the impression had been made upon 
him that there were changes in the spectrum at different 
periods of the year. Some of these changes might be in the 
sun itself. The major portion of those he was immediately 
speaking of, he believed, were rather referable to absorptions 
in the earth’s atmosphere. 
Now these early impressions had been confirmed by the 

work of the Observatory in recent years, and charts given in 
the volume would show that (the sun being always supposed 
to be at about the same altitude, and its rays to traverse 
about the same absorbing quantity of the earth’s atmosphere) 
the energy spectrum was distinctly different in spring, in 
summer, in autumn, and in winter. The lateness of the 
hour prevented him from enlarging on this latter profoundly 
interesting subject. He would only briefly point out the 
direction of these changes, which were not perhaps to be called 
conspicuous, but which seemed to be very clearly brought 
out as certainly existing. With regard to them he would 
only observe, what all would probably agree to, that while 
it has long been known that all life upon the earth, without 
exception, is maintained by the sun, it is only recently that 
we seem to be coming by various paths, and among them by 
steps such as these, to look forward to the possibility of a 
knowledge which has yet been hidden to us of the way in 
which the sun maintains it. We were hardly beginning to 
see yet how this could be done, but we were beginning 
to see that it might later be known, and to see that the 
seasons, which wrote their coming upon the records of the 
spectrum, might in the future have their effects upon the 
crops prevised by means somewhat similar to those previsions 
made day by day by the Weather Bureau, but in ways 
infinitely more far-reaching, and that these might be made 
from the direct study of the sun. 

Phil. Mag. 8. 6. Vol. 2. No. 7. July 1901. K 
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We are vet, it is true, far from able to prophesy as to 
coming years of plenty and of famine, but it is hardly too 
much to say that recent studies of others as well as of the 
writer strongly point in the direction of some such future 
power of prediction. 

VII. On the Practical Attainment of the Thermodynamic Seale 
of Temperature. By J. Rosz-Innus, 1.A4., B.Se.* 

N this paper I hope to develop the theory of the gas- 
thermometer in such a way as to make the readings of 

that instrument readily reducible to the thermodynamic scale. 
As Ihave already written two papers on this subject, it might 
be as well to indicate briefly wherein this paper differs from 
my earlier ones. 

The subject of gas-thermometry has been often investigated, 
but the first theoretical treatment which need be seriously 
considered is that given by Joule and Kelvin in 1862 (see 
Kelvin’s Reprinted Papers, vol. i. pp. 429-431). They 
assumed that the Joule-[homson effect for air varied as the 
inverse square of the temperature at all temperatures, and 
from this assumption obtained the characteristic equation of 
the gas (loc. cié.). The correction for the constant-volume 
air-thermometer obtained from this equation was first given 
by Rowland (Amer. Acad. Arts & Sciences, xv.). 

In my first paper on this subject (Phil. Mag. xlv. pp. 227- 
234), I suggested the use of a different empirical formula for 
the Joule-Thomson effect; this formula suited the experi- 
mental results rather better than Lord Kelvin’s; and it led 
to the conclusion that there is no thermodynamic correction 
for the constant-volume air-thermometer of the kind calcu- 
lated by Rowland. Both Rowland’s result and my own 
suffered from a defect, inasmuch as they assumed that an 
empirical formula which had been found to hold over a 
limited range of temperature necessarily held at any tempe- 
rature however high. But the mere fact that two contra- 
dictory results could be reached from the same data seemed 
to show that the Joule-Thomson results by themselves were 
not capable of leading to the proper correction for the 
constant-volume thermometer. 

In order to avoid the difficulties occasioned by the extra- 
polation to infinity, | proposed in my second paper (Phil. 
Mag. 1. pp. 251-260) to change the independent variable. 
The end aimed at was attained, as the resulting formule did 

* Communicated by the Author. 
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not involve an extrapolation to infinity ; but they laboured 
under the disadvantage of requiring us to know the isothermal 
compressibility for the same range of temperature as that for 
which the Joule-Thomson effect is known. Such knowledge 
is not at present in our possession, and we are not likely to 
obtain it for some time, as experiments on compressibility are 
exceedingly difficult to carry out at temperatures even mode- 
rately high. 

I have accordingly devised a method of treating the dif- 
ferential equations which necessitates our knowledge of the 
Joule-Thomson effect as before, and of the isothermal com- 
pressibility at one temperature only. For this method of 
treating the equations the experimental data at present 
available are sufficient, and yet the extrapolation to infinity 
is avoided. 

Integration of the Fundamental Differential Equation. 

It was first shown by Lord Kelvin that fora gas streaming 
through a porous plug we must have the equation 

(1), P= 9K i 

(‘ Reprinted Papers,’ vol. i. p. 428; see also ‘ Reprinted Papers,’ 
vol. iii. p. 179). The right-hand side of this equation was 
found by experiment to be very small for such gases as 
hydrogen, oxygen, nitrogen, air, and carbonic acid. It was 
also’ found that the difference of temperature was propor- 
tional. to the fall of pressure to a considerable degree of 

, ol 
accuracy; and we may therefore treat JK ap 38 a function 

of the temper ature only if we are neglecting squares of small 
quantities. 

> Ob 
Assume that for our present purpose JK o may be sufhi- 

Ri as 
ciently well represented by an ascending series of powers 

yak 
of —; thus 

i” i of 3 Ap 
y] Op Kips 2. 

where 2 may be zero or positive, but not negative. 
Then 

(a) —ve=>d Son 
Sam 2 dt }» t 

1 /dv er ae 

Oa fe ee 
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Integrate with respect to ¢ along an isopiestic, and we 
obtain 

a Uap seas i wins oe 
t (n+1)etV 

where P is a function of p only. Multiply by pt, and we 
have 

POPE a mea Sore 

Denote pv by the single symbol yy and differentiate with 
regard to p, keeping ¢ constant, 

(“)= {P+ a, aE ae 

dP ) An ; 

Page a Dp + a De 

The quantity s) is found by experiment to be a function 

or 

of t only to the degree of accuracy to which we are at present 
working. Hence the right-hand side of the last equation is 
a function of ¢ only; while we readily see that the ieft-hand 
side of the equation is a function of p only. We infer that 
both sides must be equal to a constant quantity, say e; thus 

The integral of this equation is 

R 
‘P= — +e, 

p 

where Ris an arbitrary constant introduced by the integration, 
Employing this value of P, we obtain 

pov=Rt + ept — p> ——— ce PeunTa 

If v is kept constant while p and tare both made to increase 
together, the term ept will ultimately become more important 
than Rt. As it seems improbable that this can represent the 
true state of things at high temperatures, we ought to try to 
make ¢ vanish. We can secure this result if for a single 
isothermal we can put 

€2\- vi i: 
dp (n+ De" 
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We see, then, that the series LS — must be chosen so as to 

satisfy two conditions oz .) The J ‘chloe effect must 

be represented by os "3 (i1.) the value of ( an a) must be 

represented by — 5 ee @ a De for some single isothermal. 

If we imagine that = = has been chosen so as to eul6il both 

these conditions, we shall have 

po=Re —p2 eat 

Lie ae nis ; 
By writing p= = in the small quantity p= Crain we 

may obtain 

1 Ray 
per = Rt— a (n+ De i° 

Application of the Theory to Niirogen and to Hydrogen. 

The above theory, so far as it has been developed at pre- 
sent, allows us to use any gas as the thermometric substance, 
provided that the Joule-Thomson effect and the deviation from 
Boyle’s law are both small. In practice, however, some gases 
are found unsuitable owing to their chemical properties, and 
others have not had their thermal properties sufficiently well 
examined. ‘The only gases for which these objections do not 
hold are nitrogen and hydrogen. 

Both these gases were subjected to the porous-plug expe- 
riment by Joule and Kelvin (Kelvin’s Reprinted Papers, 
vol. i. pp. 418-425), and their isothermal compressibility has 
been studied by M. Amagat (Comptes Rendus, vol. xcix. 
p- 1153; Ann. de Chimie et de Physique, 5 sér. vol. xxii. 
p. 393). 

It is found that we can reproduce all the experimental 
results sufficiently well by 

An 
2 =ayt 5 fie a 3 

and this formula also answers very well for the case of air. 
This last gas, though not wholly suitable for thermometric 
work owing to its tendency to attack mercury, seems worth 
investigating, as its thermal properties have been studied more 
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thoroughly than those of any other gas. (See Kelvin’s 
Reprinted Papers, vol. iii. p. 183.) 

The following values of the coettcients a, a, a,, have been 
calculated :— 

Hydrogen. Nitrogen. <Ag@, 

hy ......~'0009618 Vy, -—- 002541. V6 =n 20e5mm 
a: 05798 Vy 14281 V, 1:3270 Vy 
Dik Soe 28°94 Vo 105°42 V, 52°365 Vo 

Here V, is the volume of 1 gramme of the gas at standard 
temperature and pressure. 

The following table enables us to estimate the accuracy with 
which the experimental results are reproduced by the formula. 

Hydrogen. 

Joule-Thomson Effect , eee per 100 inches of Mercury. Observed. | Calculated. 

ae So 

ALA; OC. 8 ee —0°100 0-100 
AL OL Cc. 0155 | —0-155 
Wale of (“r) at 50°C. ...| 00078 0007S 

dp }t 

N itrogen. 

Joule-Thomson Effect ; 
per 100 inches of Mercury. Observed. | Calculated. 

At 7° 208 Cy cee eee 1:034 1034 

At 91° :415-C.. cuenta wee 0:576 0:576 

At 91°:965:.\Coy sictenaee eee 0691 O-d7T4 

niiltecor eS at 16°C. ...| "00085 | —-00035 
| apst 

Air. 

Joule-Thomson Effect Z eye per 100 inches of Meet! Observed. | Calculated. 

At Oo 1G. sans aca 92 920 

AG JOC, oo... eee 88 878 

mie oC. To .sice eae 10 713 

AG O27 OO. s,s scaces meen S61 510 

Miatnevdt (), at 16°C. .... —"00041 | ~--00041 
ip 
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The value of (3) at 50° C. employed above for hydrogen 
£ 

is not actually given in this form by M. Amagat. That 
physicist examined the relation of the pressure to the volume 
of various gases when the temperature is kept constant; and 
he exhibited his results by plotting the values of pv against p. 
He found that within the limits of temperature of his expe- 
riments the isothermals for hydrogen could be treated as a set 
of parallel straight lines. This conclusion cannot be accepted 
as being absolutely correct, since hydrogen can be liquefied ; 
and we may rather infer that M. Amagat’s law is only an 
approximation. M. Amagat considers that the value of 

() is ‘00078 when the unit of volume is the volume 
A 

Oscupied by the gas under standard conditions; and we shall 
probably run the least risk of serious error by attaching 
this number to the isothermal of 50° C. 

In the case of nitrogen a difticulty of another kind arises. 
oe notice that the cooling effect per 100 inches of mercury 

576 at 912-415 C. and ‘691 at 91°-965 C. Havi ing regard 
i thie general character of the results obtained by Joule and 
Kelvin, it seems most improbable that so large a difference in 
the cooling effect can be due to so small a change i in the tempe- 
rature of the entering gas. Itseems more likely that we have 
here to deal with a serious experimental error, and that one 
of the two figures just quoted ought to be rejected. I have 
rejected the figure belonging to the experiment at 91°965 C., 
because we find that the entering gas in that experiment was 
not composed of pure nitrogen but contained a large admixture 
of oxygen; andthe figure for pure nitrogen finally ¢ given was 
obtained by a large extrapolation. In the exper riment at 
91°°415 ©., on the other hand, the admixture of oxygen was 
very much smaller, and the resulting figure for pure nitrogen 
is therefore more trustworthy. 

The large number—three—of constants which have been 
found necessary to reproduce the experimental values prevents 
our regarding the resulting formule as being anything more 
than empirical. This is not a drawback of any importance 
as long as we confine ourselves to temperatures lying between 
the freezing-point and the boiling-point of water ; but it 
would be hazardous to try to extend the formula to tempe- 
ratures lying far outside these limits. 

The Absolute Value of the Freezing-Point of Water. 

Suppose that we have a temperature fixed by some definite 
physical phenomenon ; and suppose that we desire to find its 
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numerical expression on the thermodynamic scale. The ques- 
tion of how to do this resolves itself into two minor problems: 
(i.) To find the absolute value of the freezing-point of water ; 
and (ii.) to find the value of the interval between the 
freezing-point of water and the temperature under discussion. 
These two problems are fairly distinct, though not entirely 
so; and the first of them will be investigated in the present 
Section. . 
We start with the equation 

R a aa. 
pos Rt— — al =e 
a Sats ey 

Let us now imagine that we keep v constant; let the suffix 
applied to p and ¢ refer to the freezing-point, and the suffix 

1 to the boiling-point, then 

ees Re, an = («st iF = a = ) 

R Gap 
pws Ry - a («t+ QD + =) 

Multiply the first of these equations by #4, the second by 
t,, and subtract 

R fia Gn ft iu 
(Pti—pit, v= — ee | 3 (¢, — to) + 3 S = ~)} : 

Hence 

R fa Bin eee 
Pito— Pol = ae {3 (teeta) oh ae — he 

R(t, —-t eae 
(Pi— Pojto— (4 to) Po= ( 3 0) {3 + = (- + -)} ‘ 

t;—to RG—h) (a, af 1 ay 
f= Po = + + 
ee Pi Po Ui PR 3 ( iy 

1p, oto a Fo) Sale 3 + 3 ae f- 

The expresssion gives us the “uncorrected 
0 e 

estimate” of t,; that is, the estimate of ¢, that would serve if 
the gas could be treated as a perfect gas. The expression 

L$.) 2 ae =) 

a {4s ae) 

cives us the correction required in the estimate owing to the 
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deviation of the substance in question from the behaviour of 
a perfect gas. 

M. Chappuis has recently investigated the thermal properties 
of several gases; and he has made a careful determination of 
the increase in. pressure under constant volume due to a rise 
of temperature from the freezing-point to the boiling-point. 
(Travaux et Mémoires du Bureau International, tome vi. 
p- 108 and p. 78.) We may take his results as enabling 

us to fix the value of pees (¢;—t)) for hydrogen and 
lace 

nitrogen. In order to obtain ¢, we must calculate the cor- 
rections according to the formula last written; for this purpose 
the values of a, and az, given in the preceding Section, may 
be employed. We thus obtain the following results :— 

Pressure at Uncorrected 
freezing-point estimate of Cor- Corrected 
inM.Chappuis’s temperature of rection. estimate. 

experiment. freezing-point. 

Hydrogen..100 cm. of mercury, 273-034 119 273°153 

Nitrogen .. 99°5em. of mercury. 272°134 ba 273°361 

The two estimates of t, are seen to differ by *208, a quantity 
large enough to be distinctly disappointing when we consider 
the great care which has been taken in observing the experi- 
mental data leading to the two estimates respectively. An 
interesting question arises as to the cause of this difference : 
but at present we do not possess sufficient knowledge to enable 
us to locate certainly the source of error. The wisest plan 
appears to be to admit our ignorance in this respect ; and to 
admit, consequently, that any one of the four quantities which 
go to make up our two estimates of t, may be affected by an 
error approaching 0°°208 C. owing to some unknown physical 
cause. 

Thermodynamic Correction for Constant- Volume 
Gas- Thermometer. 

We have now to consider the second of the two problems 
mentioned in the beginning of the last Section; viz., how to 
find the value of the interval between the freezing-point and 
any temperature fixed by a definite physical phenomenon. It 
is well-known that approximately we may find this interval 
by the use of the constant-volume gas-thermometer. We 
have still to discover the corrections needed to convert the 
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readings of the constant-volume thermometer into tempera- 

tures on the thermodynamic scale. 
We start with the equation 

R Gi Os 
pv=Ri— Ey att oy a 3 is 

As before, let the suffix 0 applied to p and ¢ refer to the 
treezing-point, and let the suffix 1 reter to the boiling-point. 
Then 

Multiply the first of these equations by t;—¢o, the second 
by t—&, the third by f)—¢, and add 

vf p(ty— fe) + po(t—t) + p1(ty—t)} 

Rag Tecan! bai a}. 

Hence 

ply —ty) + pot —t,) + pr(to—t) 

© Ray F (At) ito + t—h)it + (o—D)totL 
a bu" ttoe, J 

(p—po)(t:—to) — (Pi— Po) (Et to) 

— — Rag (tty) (tt) (tt) 
bu ttot, 

Divide by p,;— po and transpose 

P—Po Ra, (t, — to) (t—t) (t— 4) fay oD Ge SO Oe 
: n= ae 1—b) 3v7(P1— Po) ttot 

_ PoP, a eee) 
pio Cn dv blot : 

We see from this equation that the expression 

dy (t— to )(t —t) 

dU tt oty 

gives us the required corrections to the readings of the 
constant-voluine gas-thermometer. We notice also that in 
order to calculate this term we require to know the value of 
t, a quantity not accurately known. Sufficiently accurate, 
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however, for the purpose of calculating this small term, will 
be the value of ¢ found by means of the uncorrected readings 
of the gas-thermometer. 

The tollowing table shows the corrections required for the 
constant-volume thermometer in the case of the gases 
hydrogen and nitrogen. The corrections. are given tor every 
10 degrees between the freezing-point and the boiling-point 
of water, and the initial pressure at the freezing-point is 
supposed to be 1 atmosphere. 

ene Correction for|Correction for Pe Correction for Correction for 
Hydrogen Nitrogen- |, | Hydrogen Nitrogen 

perature. | ormometer.{Thermometer. | P&t'Ure- Thermometer.|Thermoneter. 

OPC, 0 0 60° C.| —-0007 — 0025 

10 —-0003 0114, |) 70 —-0006 —-0021 
20 ~0005 .| —0019 || 80 | —-0004 ~-0016 
30 — ‘0007 — 0024 99 — ‘0002 — 0099 

40. — 0007 — 0026 | 100 0 0 

50 — ‘0007 — ‘0027 

1t will be seen that the correction is very small in the case 
of both gases; and it seems quite likely that the correction is 
really smaller than the uncertainties due to-errors of experi- 
ment. We havealready seen that the estimates for ¢, derived 
from the hydrogen and the nitrogen thermometers respectively 
differ by as much as 0°°2C. The source of this difference 
cannot be located with certainty, and it is possibly due to the 
portion of the numerical data contributed by M. Chappuis. 
Any one who has read through M. Chappuis’s paper will be 
struck with the great care and skill he has shown; but there 
may still be unknown sources of error affecting his work, and 
mere repetition of the same experiment cannot lead to 
the detection of an error inherent to the method. If we 
imagine that some such unknown source of error exists, and 
also that it is somewhat irregular in its variation with 
temperature, then mistakes comparable with, though less than 
0°-2 C. might be made in the readings of the gas-thermometer 
at temperatures between the freezing-point and the boiling- 
point. Mistakes due to such a cause might easily overpower 
the small thermodynamic correction we have investigated 
above. 

A careful comparison of the readings given by the nitrogen 
and the hydrogen thermometers respectiyely was undertaken 
by M. Chappuis (loc. cit.) He employed the constant- 
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volume method; the pressure at freezing-point for the 
hydrogen thermometer was 100 centim. of mercury, and the 
pressure at freezing-point for the nitrogen thermometer was 
99°5 centim. of mercury. The following table gives the 
difference in the readings of the two thermometers (1.) as 
observed bv M. Chappuis, and (ii.) as calculated by the theory 
given in this paper. 

sonal (i.) (ii.) ae (i.) (ii.) 

One: 0 0 60° C: 005 "0024 

10 006 0010 70 001 "0020 

20 010 0018 80 — ‘002 ‘0015 

30 O11 0023 90 — 003 0008 

40 010 0025 100 0 0 

50 “009 0025 

It will be remarked that the differences observed by 
M. Chappuis are considerably larger than the differences 
predicted by the theory. Even making allowance for the 
great difficulty in observing the experimental data required 
for the calculations, it seems hard to believe that the theory 
here put forward can be subject to such an enormous per- 
centage error as would be implied in accepting M. Chappuis’s 
figures. It seems more probable that M. Chappuis’s measure- 
ments are subject to some unknown source of error ; and, 
as suggested above, this may be very well due to the same 
physical cause as that producing the difference of 0°2 C. in 
the estimates of the freezing-point. In order to exhibit the 
plausibility of this notion we may have recourse to a graphical 
method. Let us imagine that the 0°2 C. in question is due 
to a slight excess of pressure in the hydrogen measured at the 
boiling-point ; not that there is any evidence to render this 
supposition more likely than others that could be suggested, 
but it serves to give definiteness to our construction. ‘Then, 
if this excess of pressure is introduced quite regularly as the 
gas is heated from the freezing-point to the boiling-point, 
there would be no interference with the reduced reading of 
the thermometer : this state of things is represented by the 
straight line in the subjoined diagram. But if this excess 
of pressure is introduced somewhat irregularly, as represented 
by the curved line in the subjoined diagram, we should have 
accounted for M. Chappuis’s observations. 
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It is by no means essential to the success of this explana- 
tion to suppose that the whole of the error 0°2 C. should be 
attributed to M. Chappuis’s experiments. Even if so small 

 S2Sn Shane SA oe 
BEE eer 

eats eat | 
See eee Beer et 
(oe 

0% a 10 70 100 

a fraction as 0°05 C. be attributed to M. Chappuis, and the 
remainder to the Joule-Thomsun experiments, the above 
method of reasoning would still apply. 

Theory of the Constant-Pressure Gas- Thermometer. 

We have discussed the theory of the constant-volume gas- 
thermometer first, because this instrument has been largely 
used by phy sicists in their thermal researches. The constant- 
pressure thermometer is also employed sometimes, but it is 
not generally deemed so trustworthy an instr ument. Recent 
improvements have gone iar to remove the practical objections 
that were formerly attached to its use ; and we accordingly 
propose to discuss its theory in this section, 
We start with the equation 

po= Re—p} a,+$ i we aa 

Let us now imagine that we keep p constant ; let the suffix 0 
applied to v and ¢ refer to the fr eezing-point, and the suffix 1 
to the boiling-pcint, then 

ay ) 

pr=Riy—p4 ao 9 Te? 

Pri= Ry—p{ ats +f 342 ae 

Multiply the last equation by ¢,, and the last but one by 4; 
we then obtain by subtraction 

t t ae) t t PCrrfo— tot) =p a(4.—6) + 2 we Te ) $3 3. (7 ai ae 
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‘Hence 

d ay (1 ] Al i fi i 
4»—v,)t,—e(t, —t,) = (44 —¢t —[{- == as || oe — = 

aT t; —lo ay iL 1 Ap 1 I =) 

1 Be [tot at 5 ie s Ala 3(i3 4 itt tp i 0 

Sen e ° ve teri ay, 00 Sives us the ‘uncorrected estimate” of 
— 0 

¢) on the constant-pressure thermometer ; we may obtain the 

value of this quantity for hydrogen and for air by using 
Regnault’s experimental results. The remaining terms 

t,—t ik iL 1 
aoe Yao Sh a ~)+ (= ote = af =3)} 

0 Oa 1 (Ea aa Vo 2, to ty 3) 

constitute the necessary correction to the value of t); and we 
may calculate the value of this correction since ap, a,, and az 
are all known. We thus obtain the following results :— 

Uncorrected estimate Gu 
of temperatnre of - Correction. orrected 
freezing-point. eebanane: 

Pydrocenee sai 273°13 —'13 273°00 

Cs |. yer eee 272-44 12 Va) 

The final results do not differ sensibly from those obtained 
by Lord Kelvin for the same gases (see Reprinted Papers, 
vol. iii. p. 177); the first column of figures is taken trom 
Lord Kelvin’s paper (loc. cit. ). 
We will next discuss the corrections needed in order to 

convert the readings of the constant-pressure thermometer 
into temperatures on the thermodynamic scale. 

Let us take the equation 

sea Gp as Ye 
put a acai ee 

Employing the same notation as before we may write 

ay Ay i ee irs) 2 A 
Pr Reo p{ a+ Pi at aie 5 3 

a ly bees a: peal jo) ee 
p= Rh PY a+ 25, + se}. 

Multiply the first of these equations by t;—%, the second 
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by t—t,, the third by t)—t, and add 

prlti—to) + pry{t—h) + pri(to—!) 
ay ‘ty —to t—i, nt) as h—t t—t, ty—t 

=—p— a — +s a ae a) eee ae ) 
Hence 

w(t; —to) + p(t —t)) + v1 (t,—F) 
Meee) tat), Gey 6a, ae 
i ( aaa iy ; eT B+ S(F +e+e 

(v—%) (4 —t))— (vj —t% \(¢—t) 

we (t, —ty) (t—to) (t—Z7,) ay en) 5 il 1 

= eae 7 elke ee arable: 
Divide by v;—v» and transpose, 

v — Uo (t;—to)(t—to)(t—t1) J a a 1 i ~ty= ty—t) + ~ aa : a ea, o) 4 aan ttot, Bt Th ek i i =) } 
v —U —to)(t—t,) {, ay 2 ( ye Bk = —_°(t,-¢ a (= +: 
4 — Uy (t 0) oe tt, 2v% IV a be +r t; ) 

From this equation we see that the expression 
(to)li—t) [ a... Oe ee ey eo 

tt, 2% a3 3v9 = im 2 ae t 

gives us the required corrections to the readings of the 
constant- -pressure gas-thermometer. The value of t, which 
we require for the purpose of calculating these corrections, 
is only known approximately ; but an approximate value is 
sufficient for our present purpose. 

The following table gives us the corrections required for 
the constant-pressure thermometer in the case of the gases 
hydrogen and nitrogen. ‘The values are calculated for every 
10 degrees between the freezing-point and the boiling-point 
of water, and the constant pressure is supposed “to be 
1 atinosphere. 

. : d | ; 
Correction for|Correction for rena Correction for Correction for! 

Tem- | 

pereare ered Mercer | Theres: T ea. 

o°c.| 0 0 | 60° c.| —-0023 — (202 
10 —0ul1 20801.) {70 —@u19 =|. —0171 

20 —-0018 0188: .)-80 |S ee~ 5) 2 orae 
30 ~ +0023 —0196 || 902 | .--0008 .| —-nos9 
40 — +0025 aatige, 1/100, |.)c0 fare 
50 —-0025 — 0217. | | 
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It will be readily seen that the corrections for a yvas- 
thermometer when the pressure is kept constant and equal to 
1 atmosphere are considerably larger than the corrections for 
a thermometer employing the same gas on the constant- 
volume method with an initial pressure of 1 atmosphere. We 
also notice that two gas-thermometers constructed with two 
different gases will differ in their readings more when used 
according to the constant-pressure method with a constant 
pressure of 1 atmosphere, than when used according to the 
constant-volume method with an initial pressure of 1 atmo- 
sphere. This result is quite in accordance with the experiments 
of Regnault on the subject. 

VIII. On the Magnetic Effect of Electric Convection, and on 
Rowland’s and Cremieu’s EHxperiments. By Haroun A. 
Witson, D.Se., M.Sc. B.A., Clerk-Mazxwell Student, 
Cambridge University * 

FYXHE object of this paper is chiefly to point out that 
Cremieu’s failure ¢ to observe both the magnetic effect 

of electric convection and its converse, the electrostatic 
effect of magnetic convection, is to be attributed rather to 
the methods employed than to the non-existence of these 
effects. 

So many phenomena are known of which these effects 
afford a simple explanation, that it is very difficult to believe 
that their non-existence is possible. The magnetic deflexion 
of cathode-rays and the Hall-effect in gaseous electrolytes 
may be mentioned as examples of such phenomena. 

I shall first consider Cremieu’s experiment for detecting 
the electrostatic effect of a varying magnetic field. In this 
experiment (fig. 1) a circular disk AB “attached to a rectan- 
gular frame ACDB was suspended by a wire HE. The disk 
surrounded a vertical bar-electromagnet NS, and was charged 
by means of a battery through the wire H. During an expek 
riment, the magnetizing current and the charge on the dis- 
were alternately reversed; and it was expected that the 
electrostatic effect of reversing the magnet would cause the 
charged disk to turn against the torsion of the suspending 
wire H. No such rotation, however, was observed; and 
Cremieu concluded that the effect in question does not exist. 

It is easy to calculate the impulsive couple on the disk 
when the magnet is reversed. If dQ is an element of the 

* Communicated by Prof. J. J. Thomson. 
+ Comptes Rendus, cxxx. pp. 1544-1549 (June 5, 1900) ; exxxi. pp. 578- 

581 (Oct. 1900), pp. 797-800 (Noy. 12, 1900).. 
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charge on the disk at a distance r from the centre, and H 
the total magnetic induction through the magnet, then the 
impulsive couple on the disk when the magnet is reversed is 

ie Dar ee {fan .dQ= — 

where Q, is the total charge on the disk and Hy the total 
induction through the magnet when the current is steady in 
either direction. 

Fig. 1. 

E 

C D 
N 

A B 

Ss 

When the charge on the disk is reversed, there isa current 

through the suspending wire and frame ; and since these are 
in His magnetic field of the magnet, there will be an impulsive 
couple on. “the frame when the pian ge is reversed *. 

Consider an element of the frame of length dS anywhere 

in ACDB. Let dH be the number of magnetic lines of force 
cut by this element when the frame sal disk are turned 
through one complete revolution. 

Then since the magnet is symmetrical about the vertical 

* I am indebted to Dr. Larmor, F.R.S., for the suggestion to take into 

account the effect of the charging current. 

Phil. Mag. S. 6. Vol. 2. No. 7. July 1901. L 
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e 1H 

axis the element will be in a field of strength ; “=~ normal 
O°) 2aTras 

to itself. The force on the element is therefore 

CdH 

Qrrr’ 

where © is the current in the element. But C=; a 

Q being the charge on the disk, and half the current going 
down each side of the frame. 

The impulsive couple on the frame when the charge is 
reversed is therefore 

atl or AQ ay Miele 
Qrr 2 rics a 

(For all the lines of force going through the middle section 
of the magnet are cut by the frame when it makes halt a 
revolution.) 

This effect therefore is equal and opposite to the impulsive 
couple when the magnet is reversed. 

Consequently, when the char ge and magnet are alternately 
reversed the total average couple on the disk should be zer 0, 
as Cremieu found. 

Since the force on a current in a acon field is well 
known to exist, it follows that this experiment of Cremieu’s 
may be regarded as indirectly proving the existence of the 
equal and opposite electrostatic eftect of the reversal of the 
magnet, for if the latter effect did not exist then Cremieu 
ought to have observed the former. 

I shall now consider Cremieu’s experiments made with 
the object of detecting the magnetic field due to electric 
convection. 

In these experiments a charged ebonite disk, coated with 
gold-leaf divided into sectors, was rotated inside a brass 
drum. The ends of the drum which were parallel to the 
disk were lined with mica, also coated with gold-leaf divided 
into sectors. With this arrangement no external magnetic 
field could be detected, but on removing the ends of the 
drum, but leaving the mica in position, a small effect was 
detected, which was attributed by Cremieu to impulsive 
currents induced in the sectors on the mica by the passage of 
the sectors on the disk. 

It is, however, easy to show that the brass ends ot the 
drum ought to cut off the desired effect, for currents will be 
produced in the sectors and drum-ends by the rotation of the 



Magnetic Effect of Electric Convection. 147 

disk which will amount to a current equal and opposite to 
that carried on the disk. Also, if the drum-ends are removed, 
the full effect will not be observed unless the insulation of 
the sectors on the mica and on the disk is good. Rowland, 
with a similar apparatus, obtained the full effect, whilst 
Cremieu obtained only asmall part of it. This may be taken 
to indicate that the insulation of Rowland’s sectors was good 
enough, whilst Cremieu’s sectors were not well insulated. 

In fig. 2, A is the drum-end, B,, B,, &c. are the sectors on 
the mica, and Q;, ©, &. the sectors on the rotating disk. 
Some of the lines of force are also drawn. Consider the 

Fig. 2. 
x engi? 5 Be ety Hic 
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sectors C,, B,, and B, As C, moves along trom left to 
right, the lines of force have to get across the gap between 
B, and B,. To do this, each line will curl upwards and join 
on to the drum-end A, so that two lines will be formed, cne 
starting on ©, and ending on A, and another starting on A 
and ending on B,. The line trom C, to A will then move 
on and form two more, one from (Q, to B,, and another from 
B, to A. The short lines from A to the sectors B,, B,, &e., 
will move along between the sectors B,, &c. and the drum- 
end A, and those from the one end of a sector will neutralize 
those from the other end. 

The motion of these short lines will not produce any 
magnetic field, because their positive and negative ends move 
along together. Also the positive and negative ends of the 
long lines from A and B,, &c., to C,, &e., move along 
together, so that they constitute two equal and opposite 
parallel currents, and should produce very little magnetic 
disturbance outside the drum. Thus in this case there 
should be no magnetic field outside the drum, which is what 

~ Cremieu found to be the case. 

Fig. 3. 
B,- Bo tf} Tf Bs fl Be 

7 Ce-2 Co C3 Cy Cs Cé 

Now consider the case where the drum-ends are removed 
(fig. 3). In this case the lines of force can only get across 
the gaps by leaving short lines, e.g. from B, to By. These 
short lines will disappear by neutralizing each other behind 

— 
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the sectors B,, &c., and will therefore produce a current equal 
and opposite to that produced by the negative ends of the 
long lines between the two sets of sectors. As the sectors 
C,, &e. move from left to right, the lines of force will tend 
to get sheared over towards the right, so that a line going for 
example from C, to B, will ultimately strike B, and form two 
lines, one from B, to B,, and one from C, to By. Thus, at 
every gap between the sectors there will be a continuous 
production of lines going from one sector to the next across 
the gap. One end of each sector will therefore continually 
tend to get positively charged, and the other end negatively 
charged. These opposite charges will of course continually 
neutralize one another, which will constitute a current equal 
and opposite to that produced by the motion of the negative 
ends of the lines of force along the sectors B,, &c. This 
process of neutralization is shown more in detail in fig. 4, where 
only these “ short’ lines and their charges are represented. 

Fig. 4. 

eae btn. Ee me mane 

It is evident that what really happens is that the moving 
sectors carry round their charges while a circulation of elec- 
tricity is produced in the other sectors. Such a circulation 
of course cannot produce a magnetic field, because as much 
electricity must pass across each sector in one direction as in 
the opposite direction. Thus, in this case, the motion of the 
disk should produce a magnetic field. Cremieu, however, 
only obtained a small field, which he supposed was a spurious: 
effect. 

It is assumed in the above that the insulation between the 
sectors is perfect. If this is not the case, then the lines of 
force between the two sets of sectors will slip across the 
gaps instead of forming the short lines which produce the 
compensating currents. Since the actual currents in these 
experiments are in any case very small, whereas the electric 
intensity between the two sets of sectors is very large, it is 
easy to see that unless the insulation of the sectors is very 
good, the lines of force will nearly all slip across the gaps 
where the insulation is bad, so that there will merely be two 
nearly equal and opposite parallel currents, and consequently 
very little magnetic field. 

It seems therefore probable that in Cremieu’s experiments 
without the drum-ends, the insulation of the sectors was not. 
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good enough, and consequently he failed to obtain the caleu- 
lated magnetic field. 

Rowland & Hutchinson, in their experiments*, used an 
arrangement which is equivalent to Cremiew’s without the 
drum-ends. It is shown diagrammatically in fig. 5. Two 

Fig. 5. 
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charged ebonite disks, carrying metal sectors, were rotated 
on the same axis GH. ‘Two glass plates, C and D, were 
fixed between them, and carried the opposite charges to those 
on the disks. These plates also carried metal sectors. The 
magnetic field was measured by means of an astatic needle 
system EH, placed between the plates so that the lower needle 
was on the axis of rotation of the disks. This needle system 
was enclosed in a metal tube. The observed field agreed well 
with that theoretically predicted. 

It is evident that this arrangement is practically the same 
as Cremieu’s without the drum-ends, so that we may conclude 
that the insulation between the sectors in Rowland & 
Hutchinson’s apparatus was good enough to prevent the lines 
of force slipping across the gaps, which was probably not the 
case in Cremieu’s apparatus. 

It may be worth while to point out that the drum-ends in 
Cremieu’s apparatus ought not to stop the magnetic effect 
except when they are close up to the gaps between the sectors 
on the mica. For if they are some distance away, then the 

* Phil, Mag. xxvii. p. 445 (1889). 



150 Notices respecting New Books. 

lines of force will get across the gaps without striking the 
drum-ends, so that the magnetic field should be produced just 
as if the drum-ends were not there at all. Thus the metal 
tube round Rowland’s astatic needle system was too far 
away from the gaps between his sectors on the glass plates to 
catch the lines of force, so that it could not prevent the field 
being produced. 

The conclusions arrived at in this paper are :— 
(1) That in Cremieu’s attempt to detect the electrostatic 

effect of a varying magnetic field, the effect of the steady 
magnetic field on the charging currents was left out of 
account, and that this Jatter effect is equal and opposite 
to the former. 

(2) That, consequently, Cremieu’s negative result constitutes 
an indirect proof of the existence of an_ electrostatic 
effect of a varying magnetic field, of the amount usually 
predicted theoretically. 

(3) That in Cremieu’s attempt to repeat Rowland’s experi- 
ment, his addition of a metallic screen placed close up to 
the fixed sectors should cause a current to be produced 
which should almost entirely compensate the desired 
effect. 

(4) That Cremieu’s partial failure without the additional 
screen, 1s quite possibly due to defective insulation of 
his sectors. 

In conclusion I wish to say that my best thanks are due to 
Prof. J. J. Thomson and to Dr. Larmor for advice and 
encouragement during the preparation of this paper. 

IX. Notices respecting New Books. 

Magnetic Induction in Iron and other Metals. By J. A. Ewiye, 
M.A., F.RS., Mdnst.C.H. Third Edition, revised. London: 
‘The Electrician’ Printing and Publishing Company Limited, 
LOO, 

she elee need be said in praise of a book which has on all hands 
been acknowledged to be the treatise in the English language 

on the subject of magnetic induction, and the comparatively rapid 
exhaustion of the first two editions of which is sufficient evidence 
of the thoroughness with which its distinguished author has 
accomplished his task. The additions to the original work which 
appear in the present edition consist mainly of a chapter on 
“Practical Magnetic Testing,” and of references to the more 
recent investigations, such as those of Dr. Morris on the effects 
of temperature, and those of Mr. S. R. Roget on the “ageing ” 
of iron by prolonged exposure to various temperatures. The only 
criticism which we venture to offer is a suggestion that in future 
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editions the new matter should be worked up in such a manner as to 
become capable of being incorporated with the older portion of the 
book, to maintain homogeneity of treatment. One cannot help . 
feeling, for instance, in reading the practical hints on the ballistic 
method of measurement contained in the last chapter, that the 
most logical arrangement would have been to append these hints 
to the account of the ballistic method given in Chapter III. As 
it is, a reader desirous of information regarding this method of 
measurement naturally turns to Chapter III., and in the account 
there given he fails to find what are—from the experimenter’s 
point of view—exceedingly useful practical hints, such, ¢.¢., as 
the one regarding the extreme convenience of using a ballistic 
galvanometer of the D’Arsonval type. We trust that in future 
editions this suggestion may be adopted. 

La Rivista Tecnica delle Scienze, delle Arti applicate all’ Industria é 
dell’ Insegnamento Industriale. Anno I. Fascicolo 3-4. Editori 
Roux e Viarengo: Torino. 

THis very readable periodical contains a number of interesting 
articles dealing with various technical-and scientific subjects. The 
first article is devoted to a discussion of alternating currents ; 
this is followed by another in which the scientific foundations of 
electro-chemistry are dealt with. Next comes one on the subject 
of toothed gearing, and the remaining articles deal with a large 
variety of topics interesting from an industrial standpoint. Most 
of the articles are well illustrated, and are not too technical to 
be beyond the understanding of a reader with a moderate 
knowledge of the practical applications of science. The new 
periodical should appeal to a wide circle of readers. 

X. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 

(Continued from vol. 1. p. 670. | 

December 19th, 1900.—J. J. H. Teall, Esq., M.A., F.R.S., 
President, in the Chair. 

TIXHE following communications were read :— 
1. ‘On the Igneous Rocks associated with the Cambrian Beds 

of the Malvern Hills.’ By Prof. T. T. Groom, M.A., D.Sc., F.G.S. 

The Cambrian beds of the Southern Malverns are associated with 
a series of igneous rocks which have commonly been regarded as 
volcanic, but are probably all intrusive. They consist of a series 
of bosses, dykes, sills, and smail laccolites intruded into the Upper 
Cambrian Shales and into the Hollybush Sandstone. The dykes 
appear to be confined to the sandstones, the sills and laccolites 
chiefly to the shales, while the bosses are found in both. The rocks 
consist of a series of ophitic olivine-diabases, a related series of 
porphyritic olivine-basalts, and a series of porphyritic amphibole- 
bearing rocks of andesitic habit, but probably to be classed with 
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the camptonites. The three types have a different distribution, and 
do not appear to be connected ‘together by intermediate gradations ; 
the amphibole-bearing and the olivine- bearing rocks differ i in their 
mode of occurrence. According to existing analyses, the former 
range in chemical composition from sub- basic to basic, and the 
latter from thoroughly basic to ultrabasic. All the rocks have 
a local stamp, but are probably most nearly related to the camp- 
tonitic rocks of the Central English Midlands. Intrusion took place 
at a period not earlier than the Tremadoc, and probably not later 
than that of the May Hill Sandstone. 

2. ‘On the Upper Greensand and Chloritic Marl of Mere and 
Maiden Bradley in Wiltshire” By A.J. Jukes-Browne, Esq., B.A., 

F.G.S., and John Scanes, Esq. 
The district dealt with is on the borders of Wiltshi re and Somerset. 

The general succession is as follows :— 
Feet. 

Lower Chalk, with Chloritic Marl at the base ... 200 
Sands with caleareous concretions .................- 3 to 8 
Do. with siliceous concretions (cherts) ............ 20 to 24 
Coarse: Greensand tin. se ee ke ecm aie 15 
Fine prey and ibuifi sands) oe. -en 5 spac 5 about 120 
Nandy maarlstome (ees. neaacntcce eoe coe eens 15 
Grey marl and’clay (Ganlt) <2 2.3. ce cases caee eee 90 

The chert-concretions and the sands in which they occur consist 
very largely of spicules of lithistid sponges. One of the sandstone- - 
beds: has yielded several species of NVecrocarcinus, and may be the 
chief source of the crustacea which have been quoted from the 
Warminster Greensand. Above the chert-beds, and below the horizon 
at which Stawronema Carteri comes in, is a variable set of beds which 
include a layer of concretions known as cornstones or popple- 
stones. These beds are very rich in fossils, and include at Maiden 
Bradley a layer of phosphatic nodules. They contain the Rye Hill 
fauna of the Warminster Greensand, and it is proposed to call them 
the zone of Catopygus columbarius. In Southern Wiltshire 
there is usually a complete passage from this zone into the Chloritic 
Marl; and as the cephalopoda of this zone are all Chalk-Marl 
species, the natural inference from the local evidence would be 
to place the plane of separation between the Selbornian and 
Cenomanian stages at the base of the C.-columbarius beds. In 
Dorset, however, the break above these beds is so very marked and 
strong that the authors think that the beds with the Rye Hill fauna 
must be retained in the Selbornian. It is one of those cases in 
which the paleontological and the stratigrapbical breaks do not 
coincide. 

January 9th, 1901.—J. J. H. Teall, Esq., M.A., F.R.S., President, 
in the Chair. 

The following communications were read :— 

1. ‘ The Geology of South-Central Ceylon.’ By John Parkinson, 
Esq., F.G.S. 

In this communication the author endeavours to give some 
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account of the relations between the various granulitic rocks of 
Ceylon. A series of more or less isolated sections were studied, 
the rocks in each considered under separate heads, and conclusions 
put forward relative to the whole. Two sections are described to 
the west, and one to the north, of Kandy, in which the rocks are of 
a well-marked type. As a rule they are strongly, often coarsely, 
banded; and the relation of the light and dark bands is such as to 
lead the author to conclude that this structure arose ‘ through the 
streaking together of the component parts of a magma which had 
undergone differentiation.’ The darker parts are characterized by 
the presence of green hornblende in varying quantity, associated 
with brown mica. Locally garnets are abundant, and pyroxene is 
found in some slides. A fourth section, south of Matalé, is of 
importance, since it is believed that here a granulitic rock resembling 
some described under the section which follows (Section V) is in- 
trusive in a crystalline limestone. Modifications in the intruder 
are described, which are supposed to have arisen through the local 
incorporation of some of the older rock. Under Section V rocks 
from Newara Eliya, Ohiya, and Bandarawella are grouped together. 
These are often banded and vary considerably in coarseness, but are 
distinguished, with few exceptions, by a greenish colour accom- 
panied by a greasy lustre, and usually by the presence of garnet. 
Hornblende, magnetite, and biotite are associated with this mineral, 
and a pleochroic augite is not uncommon. ‘The structure of all the 
rocks described is granulitic; that is, characterized by the irregularity 
in the outlines of the grains which build up the rock, and by the 
inclusion of one mincral by another. Porphyritic felspars are 
recorded from several localities. 

The author concludes that the rocks of Section V are nearly related 
to those described in the earlier part of the paper, and points out 
the close resemblance of the whole to the Charnockite Series of 
Southern India. 

2. * Note on the Occurrence of Corundum as a Contact-Mineral at 

Pont-Paul, near Morlaix (Finistére). By A. K. Coomdra-Swimy, 
Pei, 50.7). L.8.,F.G.8. 

The intrusive granite of Pont Paul, near Morlaix, contains highly 
altered fragments of sedimentary rock. The minerals found in 
them are biotite, muscovite, corundum (first recorded by Prof. Barrois 
in 1887), plagioclase, andalusite, pyrite, magnetite, sillimanite, green 
spinel, and zircon. The corundum forms sharply idiomorphic 
tabular hexagonal crystals, striated and slightly stepped on the 
basal plane, and blue in colour. ILron-oxide is a constant inclusion. 
The inclusions have probably been to some extent injected with 
felspathic material. ‘The original sediment was probably poor in 

~ silica and rich in alumina, and there has been sufficient molecular 
freedom for the formation of well-shaped crystals of corundum, 
comparatively free from inclusions, Suillimanite and zircon are 
the only other minerals which exhibit crystalline form. 
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February 6th.—J. J. H. Teall, Esq., M.A., F.R.S., President, 
in the Chair. 

The following communications were read :— 
1. ‘On the Structure and Affinities of the Rheetic Plant Naiadita.’ 

By Miss Igerna B. J. Sollas, B.Sc., Newnham College, Cambridge. 

2. ‘On the Origin of the Dunmail Raise (Lake District). By 
Richard D. Oldham, Esq., F.G.S. 

The author considers that the gap through the Cumberland hills 
is a natural feature whose remarkable character has not attracted 
the attention which it deserves. In form it is an old river-valley, 
now occupied by much smaller streams than that which formed it. 

A windgap of this character cannot have been formed by recession 
of watersheds or capture through erosion, for, in such a case, the 
stream on one side or the other of the watershed must necessarily 
fit its valley, while in the Dunmail Raise there is a misfit on both 
sides. The gap was in existence before the Glacial Period, and 
consequently cannot have been formed by ice. So, by a process 
of exclusion, the explanation is arrived at, which fits in with the 
surface-forms, that the gap of the Dunmail Raise was formed by a 
river, which flowed across the hills from north to south, and cut down 
its channel pari passu with the elevation of the hills. The final 
victory of upheaval over erosion, whereby this river was divided 
into two separate drainage-systems and the barrier of the Dunmail 
Raise upheaved, may have synchronized with a diversion of the 
head-waters and consequent diminution of volume and erosive 
power. It is pointed out that this explanation comes into conflict 
with previously published theories of the origin of the drainage- 
system of the Lake District, inasmuch as the elevation postulated 
seems too slow to be explicable by the intrusion of a laccolite ; and 
that the existence of a large river crossing the area of upheaval, and 
the maintenance of its character as an antecedent river-valley for a 
loug period, show that the surface was originally a peneplain 
of subaerial denudation, and not a plain of marine sedi- 
mentation or erosion. From this it follows that the course of the 
main drainage-valleys may not have been determined by the original 
uplift, but, with the exception of those which are old river-valleys, 
whose direction of flow has been reversed on the northern side of 
the uplift, may have been formed by the cutting-back by erosion 
into the rising mass of high ground—in other words, that the 
principal valleys of the Lake District may be subsequent, not 
consequent in origin. 

February 20th.—J. J. H. Teall, Esq., M.A., V.P.R.S., President, 
in the Chair. 

The following communication was read :— 

‘The Geological Succession of the Beds below the Millstone Grit 
Series of Pendle Hill and their Equivalents in certain other Parts 
of England. By Wheelton Hind, M.D., B.S., F.R.C.S., F.G.S., and 
J. Allen Howe, Esq., B.Sc., F.G.S. 

Part J. of this paper consists of a detailed account of the ground. 
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Many detailed sections are given, showing in each case the exact 
fossiliferous horizons. The geological succession between the massif 
of limestone and the Millstone Grit Series on Pendle Hill is shown, 
by various sections, to contain a characteristic limestone series, 
easily distinguished by paleontological and lithological characters 
from the White or Clitheroe Limestone. The calcareous series is 
found to be very constant over a certain definite area, and to 
contain a zonal fauna. 

By various sections the extent of the deposit is shown, and it is 
demonstrated that the deposit: occupies a basin, of which the Pendle 
district occupies the maximum area of deposit, for the sequence thins 
out rapidly north-west and south. But although the beds thin out, 
a calcareous series with a typical zonal fauna is always present. 
Beds containing this fauna are traced from County Dublin, the Isle 
of Man, Bolland, Craven, the Calder and Mersey valleys, to Derby- 
shire and North Staffordshire. It is shown that this series, for 
which the term Pendleside Series is proposed, occupies a basin 
about the size of the area indicated above, and that the beds are 
lithologically distinct from the Yoredale Beds of Wensleydale, and 
contain a different fauna. 

Part II. discusses the question in detail, from a paleontological 
point of view. Several goniatites and Posidonomya Becheri are 
shown to be characteristic of the lower part of the series, while 
Aviculopecten papyraceus, Posidoniella levis, and certain goniatites 
have a wider distribution in the series. 

The faunas of the Yoredale Beds of Wensleydale and the Pendle- 
side Series, generally mapped as Yoredales, are shown to be entirely 
distinct; and the Yoredale Series of Wensleydale is shown, on 
paleontological and stratigraphical grounds, to be the equivalent of 
the upper part of the massif of limestone. 

The migration of certain families of fossils from the north to the 
south, brought about by a slow change of environment, is shown by 
tables, and lines called ‘ isodiectic lines * are drawn to represent this 
distribution. It is shown that the Nuculide are found in the lowest 
Carboniferous beds in Scotland, but come in at successively higher 
horizons as the beds range southward. 

These facts and comparative thicknesses are the basis of an 
argument as to the local distribution of land and water in 
Carboniferous times; and it as shown that the peculiar change in 
type which Carboniferous rocks undergo in passing from north to 
south is due entirely to physiographical conditions, and not to any 
theoretical assumption of contemporaneous faulting. It is shown, 
moreover, that the Craven Faults per se have had nothing to do 
with this change of type. The correlation of the limestoue-knolls 
of Craven with the Pendleside Limestone is demonstrated to be no 
longer tenable. 



156 Geological Society :— 

March 6th.—J. J. H. Teall, Esq., M.A., V.P.R.S., President, 
in the Chair. 

The following communications were read :— 
1. ‘ Recent Geological Changes in Northern and Central Asia.’ 

By Prof. George F rederick Wright, F.G.S.A. 
The present paper is the outcome of a journey made by the 

author in company with Mr. Frederick B. Wright in 1900-1901. 
In North America an area of about 4,000,000 square miles was 

brought under the direct influence of Glacial ice during the Glacial 
Epoch. The result of six weeks spent in Japan was to show that 
there are no signs of general glaciation in Nippon or Yesso. Neither 
is there any sign of glaciation along the border of the Mongolian 
Plateau, where the general elevation is 5000 feet, but the whole 
region is covered with less. This has usually accumulated like 
immense snow-drifts on the south-eastern orlee-side of the mountains, 
and in it houses and villages are excavated. In the mountainous 
region, strata of gravel and pebbles are so frequent in the loess, that 
it is necessary to invoke both wind and water in order to explain 
fully the origin of the deposit. At the present time the loess in the 
interior is being washed away by streams much faster than it is 
being deposited by the wind. The journey across Manchuria from 
Port Arthur along the Lao-Ho and Sungari rivers was through valleys 
choked with alluvium, and there was no evidence that the drainage 
of the Amur had ever been reversed by ice, like that of the 
St. Lawrence; nor was there any other evidence of glaciation. 
The lower course of the Amur indicates subsidence. Again, there 
are no signs of glaciation on the Vitim Plateau. 

Lake Baikal appears to be of recent origin; it is 4500 feet deep 
and has not been filled by the great quantities of sediment brought 
down by the Selenga and other rivers. Although glaciers could 
frequently be seen on the mountains which border the Central 
Asiatic Plateau to the north-west, there was no evidence that the 
glaciers had ever deployed on the plain. The leess-region of 
Turkestan, and indeed the whole area from the Sea of Aral to the 
Black Sea, appears to have been recently elevated, in some places as 
much as 3000 feet. Desiccation took place at the same time, so that 
the larger lakes are only brackish or still fresh. Direct evidence of 
this in the form of deposits is given. The author thinks it likely 
that the absence of glaciation in Northern Asia may have been due to 
the rainlessness of the region, and that while America was elevated, 
Asia was depressed during the Glacial Epoch. 

‘The Hollow Spherulites of the Yellowstone and Great Britain.’ 
By. John Parkinson, Esq., F.G.S. 

A recent journey to the National Park of the United States, 
resulting in a study of the obsidians and rhyolites in the field 
and at home, suggested a direct comparison between the hollow 
spherulites characteristic of these rocks and those of the rhyolites 
of Shropshire, Jersey, and elsewhere. 

The first part of the paper is concerned with the spherulites of 
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the Yellowstone region. A brief description is given (i) of the 
small bluish-grey solid spherulites common in the obsidian of 
Obsidian Cliff, and (11) of a hollow variety in which radial 
structure is barely discernible. In the latter, the spherulitic 
part is represented by a whitish, rather crumbly material con- 
sisting of felspar, tridymite, and quartz. 

The hollow spherulites proper are divided into two groups— 
(i) those containing cavities without definite form, and (i1) those in 
which the cavities are related to the shape and structure of the 
spherulite. The latter include the well-known lithophyse. The 
manner in which these occur, and the relation of the cavities 
to the enclosing spherulite, are described. Attention is drawn 
(a) to the porous character of the latter, and (6) to the network of 
felspathic fibres, studded with crystals of tridymite, which usually 
distinguish the spherulite near a cavity. 

Hypotheses framed to account for these varying structures would 
take one of two directions :—(i) Hollow spherulites are the result 
of some property of the original magma, or (ii) are due to the 
decomposition of an originally solid spherulite by heated waters. 
Taking the second alternative first, a description is given of the 
effect of solfataric action on the rhyolites of the Yellowstone Canon. 
The conclusion reached is ‘ that the action of hot waters charged 
with silica may be to remove portions of the rock, or to permeate it 
without destroying its characteristic structure; that we obtain, 
however, no evidence to show that the spherulites are most easily 
attacked, but rather the reverse.’ Explanation, therefore, is most 
naturally sought in some property of the original magma, and that 
propounded by Prof. Iddings appears the nearest in accord with 
facts. Exception is taken to certain physical processes postulated 
by Prof. Iddings in a recent memoir, but with his earlier work the 
present writer is substantially in agreement. 

In the second part of the paper direct comparison is drawn between 
the structures exhibited by the hollow spherulites from Obsidian 
Cliff and those of examples from Shropshire, Jersey, and other 
localities. Attention is called to the presence in the latter of 
quartzose amygdaloids, crescentic in shape, and having a relation to 
the edge of the nodule. Sometimes a series of such are found parallel 
one to the other, not infrequently (at Wrockwardine) becoming more 
or less completely circular. Projecting into such an amygdaloid, or 
occupying an end, we find in many instances a network of felspathic 
fibres comparable with the fibrous structure which characterizes the 
American examples. 

A description is given of a series of rocks from Boulay Bay, once 
very vesicular, and containing the remains of crystals—probably 
felspars,—analogous to the crystals found encrusting the cavities of 
lithophysz from Obsidian Cliff. Traces of a mineral which resembles 
the tridymite from the latter locality are described from Wrock- 
wardine. 

Taking into consideration the resemblances between the hollow 
spherulites of the Yellowstone region and those of Great Britain, 
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the conclusion is drawn that the hypothesis of corrosion is as 
inapplicable to the latter as to the former. On the contrary, the 
author believes that the cavities of the spherulites are the result of 
the hydrous state of the magma. 

March 20th.—J. J. H. Teall, Esq., M.A., V.P.R.S., President, 
in the Chair. 

The ilewme communications were read :— 

‘On a Remarkable Volcanic Vent of Tertiary Age in the 
Island of Arran, enclosing Mesozoic Fossiliferous Rocks.’ 

Part I.—‘On the Geological Structure.’ By Benjamin Neeve 
Peach, Esy., F.R.S.L. & E., F.G.S., and William Gunn, Esq., 
G5. 

The rocks which form the subject of this paper cover an area 
of about 7 or 8 square miles, and culminate in Ard Bheinn 
A’Chruach and Beinn Bhreac. They are in contact with formations 
ranging from the Lower Old Red Sandstone to the Trias, and are 
later in date even than the important faults of the area. They are 
made up partly of fragmental volcanic materials, and partly ot various 
intrusive masses, confined within an almost unbroken ring of intrusive 
rocks. In addition to igneous fragments, the clastic volcanic rocks 
contain fragments derived from the surrounding formations ; and 
also masses of shale, marl, limestone, and sandstone belonging to 
formations not now found in situ in the island. One of these is 
several acres in extent, contains fossils, and is in part of Rhetic 
age; a second is a fragment of Lias; and a third is of limestone and 
chert resembling the Antrim C retaceous rocks, and yielding fossils. 
The absence of Oolitic and older Cretaceous seems to indicate a 
resemblance between a former succession in Arran and that now 
seen in Antrim. If these fragments fell into the vent from above, 
the igneous rocks must be of post-Cretaceous age, and they give an 
impressive picture of the amount of denudation which has occurred 
since the period of vulcanicity. 

Part II.—‘ Paleontological Notes.’ 
By E. T. Newton, Esq., F-B.S., F.L.S., F.G.S. 

The masses of Rheetic strata yield Avicula contorta, Pecten 
valonensis, Schizodus (Aainus) cloacinus, etc.; those of Lower 
Lias Gryphea arcuata, Ammonites angulatus, “and new species 
of Nuculana and sip eae edia, which are figured and described. 
Thin slices of the Cretaceous limestones prove to be very like those 
of the Antrim Chalk, and the rocks yield determinable foraminifera, 
Inocerami, sponges, and echinoderms. 

2.*On the Character of the Upper Coal Measures of North 

Staffordshire, Denbighshire, South Staffordshire, and Nottingham- 

shire ; aud their Relation to the Productive Series.’ By Walcot 
Gibson, Esq., F.G.S. 

The Upper Coal Measures of North Staffordshire are capable of 
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a fourfold subdivision, the groups representing a definite sequence 
of red and grey strata :— 

4. The Keele Series. Red and purple sandstones and maris with 
occasional seams of coal, and bands of entomostracan limestone. 

3. The Newcastle-under- Lyme Series. Grey sandstones and 
shales, with four thin seams of coal, and at the base an entomostracan 
limestone. 

2.The Etruria Marl Series. Mottled red-and-purple marls and 
clays, with thin green grits; a thin coal occurs 150 yards above the 
base. 

1. Black Band Series. Grey sandstones, marls, and clays; numerous 
thin seams of coal and Blackband ironstone; one of many thin bands 
of limestone is constant, 36 to 40 feet above the base. 

Spirorbis- and entomostracan limestones attain a maximum in the 
Upper Coal Measures, but are not unknown in the productive 
measures below. Indeed the two sets of measures are closely allied 
lithologically, palzeontologically, and stratigraphically in this region. 
The chief movements are pre-Triassic and post-Carboniferous. 

No attempt has been made to recognize the Black Band Series in 
the Denbighshire, South Staffordshire, and Nottinghamshire coal- 
fields, as they are indistinguishable from the productive measures in 
the absence of Blackband ironstones. In each of these areas there 
are divisions in the Upper Coal Measures which correspond with 
the three highest divisions in North Staffordshire, and in all cases, 
except near the margin of the basin, where overlap occurs, they are 
underlain by ordinary Coal Measures with coal-seams. It is there- 
fore concluded that these higher Coal Measures were deposited in one 
basin which included all the four areas dealt with, and that what- 
ever movements occurred were of a local, and not of a regional 
character. Judging by published descriptions, the higher series of 
Measures appear to be present in other Midland and North-western 
coalfields, and in most of them the Keele Series corresponds to the 
Salopian Permian of Prof. Hull. 

April 3rd.— Horace W. Monckton, Esq., F.L.S., Vice-President, 
; in the Chair. 

The following communication was read :— 

‘The Igneous Rocks and Associated Sedimentary Beds of the 
Tortworth Inlier.’ By Prof. Conwy Lloyd Morgan, F.R.S., F.G.S., 
and Sidney Hugh Reynolds, Esq., M.A., F.G.S. 

It has long been known that igneous rocks occur in the district 
under consideration, but opinions are divided as to their intrusive 
or contemporaneous character. Evidence is here brought forward 
to show that the igneous rocks form two bands, the lower inter 
bedded with Upper Llandovery strata, and the upper overlain by 
Wenlock, and that both bands are probably contemporaneous lavas, 

The igneous rocks appear at two horizons, both in the Charfield 
Green district and also in the district which includes Avening 
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Green, Damery, Micklewood, Daniel’s Wood, etc. At Charfield 
their general run is north-north-west and south-south-east, and the 
upper band is associated with a bed of calcareous ash. The ash 
contains lapiJli, felspar-crystals, quartz-grains, small shaly patches, 
and fossils, cemented by calcareous matter. The fossils, determined 
by Mr. Cowper Reed, probably indicate the Wenlock age of the rock. 
The associated trap would thus seem to be interbedded —a conclusion 
strengthened by its uneven surface and highly amygdaloidal 
character. 

At Daniel’s Wood the higher bed of trap is overlain by limestones: 
which contain Wenlock fossils, and underlain by rocks with Upper 
Llandovery fossils. The dip of the rocks appears to indicate the 
existence of an anticline. The rocks underlying the trap-band of 
Damery Quarry are not seen, but above the trap are rocks bearing 
Upper Llandovery fossils. This trap occupies a large area near 
Woodford Farm. The same band of trap at Middle Mill underlies: 
an ash-bed in which fossils of Upper Llandovery age have heen 
found. The rocks, as a whole, follow the north-eastern and northern 

boundaries of the Bristol Coalfield. 
The microscopic examination of the lower igneous reck shows 

that it is a basaltic andesite containing plagioclase (acid andesine or 
oligoclase), pseudomorphs after enstatite, with chloritic and iron- 
oxide patches. The higher bed sometimes contains fresh augite, 
and both bands frequently contain rounded grains of quartz. In 
other examples the felspars appear in three forms, with augite and 
enstatite, and the rock ranges from an andesite to a porphyritic 
basalt. The quartz-grains present appear to be xenoliths. The 
silica-percentage of the rocks on a moisture-free basis varies from 
61 to 67, while the specific gravities are from 2°74 to 2°99. 

XL. Intelligence and Miscellaneous Articles. 

To the Editors of the Philosophical Magazine. 

Battersea Polytechnic, London, 8. W.. 
GENTLEMEN,— 

ie the June number of the Phil. Mag. there appears a letter 
from W. Rollins commenting on a paper of mine in your issue 

for April. It appears to me to be entirely unnecessary ; as nowhere 
in my paper have I said that he, originally, was responsible for the 
idea that the gas escapes through the walls of a Crookes tube. If 
he had read my paper before writing his letter he would probably 
have noticed this; and, if we may judge from the abstract of his 
own papers which he is good enough to give, he would perhaps 
have found other points of interest in the paper not noticed in 
his own. 

IT am, Gentlemen, 
Yours faithfully, | 

R. 8. WILLows. 
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XII. On Ether and Gravitational Matter through Infinite 
Space. By Lord Keivin*. 

[This is an amplification of Lecture XVI., Baltimore, 
Oct. 15, 1884, now being prepared for print in a volume on 
Molecular Dynamics and the Wave Theory of Light, which I 
hope may be published within a year from the present time. | 

Note on THE PossispLhE Density OF THE LUMINIFEROUS 
Mepium, AND ON THE MECHANICAL VALUE OF A CUBIC 
Mitett oF SuNLIGHT. 

[From Edin. Royal Soe. Trans. vol. xxi. Part I. May, 1854; Phil. Mag. 
ix. 1854; Comptes Rendus, xxxix. Sept. 1854; Art. Ixvii. of Math. and 
Phys. Papers. | 

ef. a, there must be a medium forming a continuous 
material communication throughout space to the 

remotest visible body is a fundamental assumption in the 
undulatory Theory of Light. Whether or not this medium 
is (as appears § to me most probable) a continuation of our 

* Communicated by the Author. 
+ [Note of Dec. 22,1892. The brain-wasting perversity of the insular 

inertia which still condemns British Engineers to reckonings of miles and 
yards and feet and inches and grains and pounds and ounces and acres is 
curiously illustrated by the title and numerical resuits of this article as 
originally published. | 

{ [Oct. 13, 1899. In the present reproduction, as part of my Lec. xvI. 
of Baltimore, 1884, I suggest cubic kilometre instead of “ cubic mile” in 
the title, and use the French metrical system exclusively in the article. | 

§ (Oct. 13, 1899,.—Not so now. I did not in 1854 know the kinetic 
theory of gases. ] 

Plul, Mag. 8. 6. Vol. 2. No. 8. Aug. 1901. M 
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own atmosphere, its existence is a fact that cannot be ques- 
tioned when the overwhelming evidence in favour. of the 
undulatory theory is considered; and the investigation of 
its properties in every possible way becomes an object of the 
greatest interest. A first question would naturally occur, 
What is the absolute density of the luminiferous ether in any 
part of space? I am not aware of any attempt having 
hitherto been made to answer this question, and the present 
state of science does not in fact afford sufficient data. It has, 
however, occurred to me that we may assign an inferior limit 
to the density of the luminiferous medium in interplanetary 
space by considering the mechanical value of sunlight as 
deduced in preceding communications to the Royal Society 
[ Trans. R. S. H.; Mechanical Energies of the Solar System ; 
republished as Art. LX VI. of Math. and Phys. Papers! from . 
Pouillet’s data on solar radiation, and Joule’s mechanical 
equivalent of the thermal unit. Thus the value of solar 
radiation per second per square centimetre at the earth’s 
distance from the sun, estimated at 1235 em.-grams, is the 
same as the mechanical value of sunlight in the luminiferous 
medium through a space of as many cubic centimetres as the 
number of linear centimetres of propagation of light per, 
second. Hence the mechanical value of the whole energy, 
kinetic and potential, of the disturbance kept up in the space 
of a cubic centimetre at the earth’s distance from the sun%, is 
1235 412 

3x10” 10" 
§ 2. The mechanical value of a cubic kilometre of sunlight 

is consequently 412 metre-kilograms, equivalent to the work 
of one horse-power for 5:4 seconds. This result may give 
some idea of the actual amount of mechanical energy of the 
luminiferous motions and forces within our own atmosphere. 
Merely to commence theillumination of eleven cubic kilometres 
requires an amount of work equal to that of a horse-power 
for a minute; the same amount of energy exists in that space 
as long as light continues to traverse it ; and if the source. 
of light be suddenly stopped, must pass from it before the 
illumination ceases +. The matter which possesses this energy 

of a cm.-gram. 

* The mechanical value of sunlight in any space near the sun’s surface 
must be greater than in an equal space at the earth’s distance, inthe 
ratio of the square of the earth’s distance to the square of the sun’s 
radius, that is, in the ratio of 46,000 to 1 nearly. The mechanical value 
of a cubic centimetre of sunlight near the sun must, therefore, be 
1235 x 46,000 

3x 10+ 
+ Similarly we find 4140 herse-power for a minute as the amount of. 

work required to generate the energy existing in a cubic kilometre of* 
light near the sun. 

, or about ‘0019 of a cm.-gram. 
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is the luminiferous medium. If, then, we knew the velocities 
of the vibratory motions, we might ascertain the density of 
the luminiferous medium ; or, conversely, if we knew the 
density of the medium, we might determine the average 
velocity of the moving particles. 
§ 3. Without any such definite knowledge, we may assign 

a superior limit to the velocities, and deduce an inferior limit 
to the quantity of matter, by considering the nature of the 
motions which constitute waves of light. For it appears 
certain that the amplitudes of the vibrations constituting 
radiant heat and light must be but small fractions of the 
wave-lengths, and that the greatest velocities of the vibrating 
particles must be very small in comparison with the velocity 
of propagation of the waves. 

j§ 4. Let us consider, for instance, homogeneous plane 
polarized light, and let the greatest velocity of vibration be 
denoted by v; the distance to which a particle vibrates on 
each side of its position of equilibrium by A; and the wave- 
length by A. Then, if V denote the velocity of propagation of. 
light or radiant heat, we have 

v A 
V a 2Qar x 5) 

and therefore if A be a small fraction of 2, v must also be a 
small fraction (27 times as great) of V. The same relation 
holds for cir cularly polarized light, since in the time during 
which a particle revolves once ‘round in a circle of radius A 
the wavs has been propagated over a space equal tor. Now 
the whole mechanical value of homogeneous plane polarized 
light in an infinitely small space containing only particles 
sensibly in the same phase of vibration, which consists entirely 
of potential energy at the instants w hen the particles are at 
rest at the extremities of their excursions, partly of potential 
and partly of kinetic energy when they are moving to or from 
their positions of equilibrium, and wholly of kinetic energy 
when they are passing through these positions, is of const ant 
amount, and must therefore be at every instant equal to half 
the mass multiplied by the square of the velocity which the 
particles have in the last-mentioned case. But the velocity 
of any particle passing through its position of equilibrium is 
the greatest velocity of vibration. This we have denoted by v; 
and, therefore, if p denote the quantity of vibrating matter 
contained in a certain space, a space of unit volume for instance, 
the whole mechanical value of all the energy, both kinetic 
and potential, of the disturbance within that space at any time 
sjpc?. The mechanical energy of circularly polarized light 

M 2 
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at every instant is (as has been pointed out to me by Professor 
Stokes) half kinetic energy of the revolving particles and half 
potential energy of the distortion kept up in the luminiferous 
medium ; and, therefore, 7 being now taken to denote the 
constant velocity of motion of each particle, double the pre- 
ceding expression gives the mechanical value of the whole 
disturbance in a unit of volume in the present case. 

§ 5. Hence it is clear that for any elliptically polarized 
light the mechanical value of the disturbance in a unit of 
volume will be between tpv* and pv’, if v still denote the 
greatest velocity of the vibrating particles. The mechanical 
value of the disturbance kept up by a number of coexisting 
series of waves of different periods, polarized in the same plane, 
is the sum of the mechanical values due to each homogeneous 
series separately, and the greatest velocity that can possibly 
be acquired by any vibrating particle is the sum of the sepa- 
rate velocities due to the different series. Exactly the same 
remark applies to coexistent series of circularly polarized 
waves of different periods. Hence the mechanical! value is 
certainly less than ha/f the mass multiplied into the square of 
the greatest velocity acquired by a particle, when the dis- 
turbance consists in the superposition of different series of 
plane polarized waves ; and we may conclude, for every kind 

_of radiation of ght or heat except a series of homogeneous 
circularly polarized waves, that the mechanical value of the dis- 
turbance kept up m any space is less than the product of the 
mass into the square of the qreatest velocity acquired by a 
vibrating particle in the varying phases of its motion. How 
much less in such a complex radiation‘as that of sunlight and 
heat we cannot tell, because we do not know how much the 
velocity of a particle may mount up, perhaps even to a con- 
siderable value in comparison with the velocity of propagation, 
at some instant by the superposition of different motions 
chancing to agree; but we may be sure that the product of 
the mass into the square of an ordinary maximum velocity, or 
of the mean of a great many successive maximum velocities 
of a vibrating particle, cannot exceed in any great ratio the 
true mechanical value of the disturbance. 
§ 6. Recurring, however, to the definite expression for the 

mechanical value of the disturbance in the ease of homo- 
geneous circularly polarized light, the only case in which the 
velocities of all particles are constant and the same, we may 
define the mean velocity of vibration in any case as such a 
velocity that the product of its square into the mass of the 
vibrating particles is equal to the whole mechanical value, in 
kinetic and potential energy, of the disturbance in a certain 
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space traversed by it; and from all we know of the mecha- 
nical theory of undulations, it seems certain that this velocity 
must be a very small fraction of the velocity of propagation 
in the most intense light or radiant heat which is propagated 
according to known laws. Denoting this velocity for the 
case of sunlight at the earth’s distance trom the sun by v, and 
calling W the mass in grammes of any volume of the lumi- 
niferous ether, we have for the mechanical value of the dis- 
turbance in the same space, in terms of terrestrial gravitation 
units, 

at 
where g is the number 981, measuring in (¢.6.s.) absolute 
units of force, the force of gravity ona gramme. Now, from 
Pouillet’s observation, we found in the last footnote on § Labove, 
1235 x 46,000 

Vv 
of a cubic centimetre of sunlight in the neighbourhood of the 
sun ; and therefore the mass, in grammes, of a cubic centi- 
metre of the ether, must be given by the equation, 

981 x 1235 x 46000 W= oy ' 

for the mechanical value, in centimetre-grams, 

If we assume v= — V, this becomes 
7 

_ 981 x 12385 x 46000 »__ 981 X 1235 x 46000 
W y3 25> (ox Typo ve 

20°64. 5 
= = Xn° 2M. 5 

and for the mass, in grammes, of a cubic kilometre we have 

bese xn 
10! 

§ 7. It is quite impossible to fix a definite limit to the ratio 
which v may bear to V; but it appears improbable that it 
could be more, for instance, than =, for any kind of light 
following the observed laws. We may conclude that probably 
a cubic centimetre of the luminiferous medium in the space 
near the sun contains not less than 516 x 10—°° of a gramme 
of matter ; and a cubic kilometre not less than 516 x 10-° of 
a gramme. 

§ 8. [Vov. 16, 1899. We have strong reason to believe 
that the density of ether is constant throughout interplanetary 
and interstellar space. Hence, taking the density of water 
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as unity according to the convenient French metrical system, 
the preceding statements are equivalent to saying that the 
density of ether in vacuum or space devoid of ponderable 
matter is everywhere probably not less than 5 x 10-1, 

Hence the rigidity (being equal to the density multiplied 
by the square of the velocity of light) must be not less than 
4500 dynes* per square centimetre. With this enormous 
value as an inferior limit to the rigidity of the ether, we shall 
see in an addition to Lecture XIX. that it is impossible to 
arrange for a radiant molecule moving through ether and dis= 
placing ether by its translatory as well as by its vibratory 
motions, consistently with any probable suppositions as to 
magnitudes of molecules and ruptural rigidity-modulus of 
ether; and that it is alsc impossible to explain the known 
smallness of ethereal resistance against the motions of planets 
and comets, or of smaller ponderable bodies, such as those we 
ean handle and experiment upon in our abode on the earth’s 
surface, if the ether must be pushed aside to make way for 
the body moving through it. We shall find ourselves forced 
to consider the necessity of some hypothesis for the free 
motion of ponderable bodies through ether, disturbing it only 
by condensations and rarefactions, with no incompatibility in 
respect to joint occupation of the same space by the two 
substances.| See Phil. Mag. Aug. 1900, pp. 181-198. 

§ 9. I wish to make a short calculation to show how much 
compressing force is exerted upon the luminiferous ether by 
the sun’s attraction. We are accustomed to call ether im- 
ponderable. How do we know it is imponderable? If we 
had never dealt with air except by our ‘senses, air would be 
imponderable to us; but we know by experiment that a 
vacuous glass globe shows an increase of weight when air is 
allowed to flow into it. We have not the slightest reason to 
believe the luminiferous ether to be imponderable. [ Nov. 17, 
1899. I now see that we. have the strongest possible reason 
to believe that ether is imponderable.] It is just as likely to 
be attracted to the sun as air is. At all events the onus of 
proof rests with those who assert that it is imponderable. I 
think we shall have to modify our ideas of what gravitation is, 
if we have a mass spreading through space with mutual gra- 
vitations between its parts without being attracted by other 
bodies. [NVov. 17, 1899. But is there any gravitational 
attraction between different portions of ether? Certainly 
not, unless either it is infinitely resistant against condensation, 
or there is only a finite volume of space occupied by it. 

* See Math. and Phys. Papers, vol. iii. p. 522; and in the last line of 
Table 4, for “ p=-10-”” substitute “p<107*2.” 
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Suppose that ether is given uniformly spread through space 
to infinite distances in ali directions. Any spherical portion 
of it, if held with its surface absolutely fixed, would by the 
mutual gravitation of its parts become heterogeneous ; and 
this tendency could certainly not be counteracted by doing 
away with the supposed rigidity of its boundary and by the 
attraction of ether extending to infinity outside it. The 
pressure at the centre of a spherical portion of homogeneous 
gravitational matter is proportional to the square of the radius, 
and therefore, by taking the globe large enough, may be 
made as large as we please, whatever be the density. In fact, 
if there were mutual gravitation between its parts, homo- 
geneous ether extending through all space would be essentially 
unstable, unless infinitely resistant against compressing or 
dilating forces. If we admit that ether is to some degree 
condensable and extensible, and believe that it extends through 
all space, then we must conclude that there is no mutual 
gravitation between its parts, and cannot believe that it is gra- 
vitationally attracted by the sun or the earth or any ponderable 
matter ; that isto say, we must believe ether to be a substance 
outside the law of universal gravitation. | 

§ 10. In the meantime, it is an interesting and definite 
question to think of what ‘the w eight of a column of lumini- 
ferous ether of-infinite height resting on the sun, would be, 
supposing the sun cold and quiet, ‘and supposing for the 
moment ether to be gravitationally attracted by the sun as if 
it were ponderable matter of density 5x107'8. Youall know 
the theorem for mean gravity due to attraction inversely as 
the square of the distance froma point. It shows that the 
heaviness of a uniform vertical column AB, of mass w per 
unit length, and having its length in a line through the centre 
of force C, is 

mw _ mw, 9, mw pi cre 
CA UB’ 

where m denotes the attraction on unit of mass at unit distance. 
Hence writing for mw/CA, mwCA/CA”’, we see that the attrac- 
tion on an infinite column under the influence of a force 
decreasing according to inverse square of distance is equal to 
the attraction on a column equal in length to the distance of 
its near end from the centre, and attracted by a uniform force 
equal to that of gravity on the near end. The sun’s radius is 
697 x 10° cms., and gravity at his surface is 27 times * 

* This is founded on the following values for the sun’s mass and radius 
and the earth’s radius :—Sun’s mass=324000 earth’s mass ; sun's radius 
=697C00 kilometres ;, earth’s radius = 6371 kilometres. 
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terrestrial gravity, or say 27,000 dynes per gramme of mass. 
Hence the sun’s attraction on a column of ether of a square 
centimetre section, if of density 5 x 10—'8, and extending from 
his surface to infinity, would be 9:4 x 10— of a dyne, if ether 
were ponderable. 

11. Considerations similar to those of November 1899 
inserted in $9 above lead to decisive proof that the mean 
density of ponderable matter through any very large 
spherical volume of space is smaller, the greater the radius ; 
and is infinitely small for an infinitely great radius. If it 
were not so a majority of the bodies in the universe would 
each experience infinitely great gravitational force. This is 
a short statement of the essence of the following demon- 
stration. 

§ 12. Let V be any volume of space bounded by a closed 
surface, S, outside of which and within which there are 
ponderable bodies; M the sum of the masses of all these 
bodies within S; and p the mean density of the whole 
matter in the volume V. We have 

M=pV ii as 3 

Let Q denote the mean value of the normal component of 
the gravitational force at all points of 8S. We have 

QS = 4M 4mmpV . 002 ee 

by a general theorem discovered by Green seventy-three 
years ago regarding force at a surface of any shape, due to 
matter (gravitational, or ideal electric, or ideal magnetic) 
acting according to the Newtonian law of the inverse 
square of the distance. It is interesting to remark, that the 
surface-integral of the normal component force due to matter 
outside any closed surface is zero for the whole surface. If 
normal component force acting inwards is reckoned positive, 
force outwards must of course be reckoned negative. 
In equation (2) the normal component force may he 
outwards at some points of the surface 8, if in some places 
the tangent plane is cut by the surface. But if the surface 
is wholly convex, the normal component force must be every- 
where inwards. 

§ 13. Let now the surface be spherical of radius 7. We 
have 

S=4Amr" ; Viceep es ee 2h Ge 
3 3 

Hence, for a spherical surface, (2) gives 

4 M 
= = Tp= ow e e ° e ° (4) 
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This shows that the average normal component force over the 
surface 8 is infinitely great, if p is finite and 7 is infinitely 
great, which suffices to prove § 11. 

§ 14. For example, let 

gta, 10°. 206 . 10°=3:09. 10 kilometresy a -(). 

This is the distance at which a star must be to have parallax 
one one-thousandth of a second; because the mean distance of 
the earth from the sun is one-hundred-and-fifty-million kilo- 
metres, and there are two-hundred-and-six-thousand seconds 
of angle in the radian. let us try whether there can be as 
much matter as a thousand-million times the sun’s mass, or, 
as we shall say for brevity, a thousand-million suns, within a 
spherical surface of that radius (5). The sun’s mass is 
324,000 times the earth’s mass; and therefore our quantity 
of matter on trial is 3:24.10 times the earth’s mass. 
Hence if we denote by g terrestrial gravity at the earth’s 
surface, we have by (4) 

63m 1L0® 7 - i Q=3-24. 10! gr i0*) g=1:37.10.9 . (6). 

Hence if the radial force were equal over the whole spherical 
surface, its amount would be 1°37.10-1! of terrestrial 
surface-gravity ; and every body on or near that surface 
would experience an acceleration toward the centre equal 
to 

1°37.10— kilometres per second per second . (7), 

because g is approximately 1000 centimetres per second 
per second, or ‘01 kilometre per second per second. If the 
normal force is not uniform, bodies on or near the spherical 
surface will experience centreward acceleration, some at 
more than that rate, some less. At exactly that rate, the 
velocity acquired per year (thirty-one and a half million 
seconds) would be 4°32.10-® kilometres per second. With 
the same rate of acceleration through five million years the 
velocity would amount to 21°6 kilometres per second, if the 
body started from rest at our spherical surface; and the 
space moved through in five million years would be *17 . 101° 
kilometres, which is only 055 of 7 (5). This is so small 
that the force would vary very little, unless through the 
accident of near approach to some other body. With the 
same acceleration constant through twenty-five million years 
the velocity would amount to 108 kilometres per second ; 
but the space moved through in twenty-five million years 
would be 4°25. 10*° kilometres, or more than the radius 7, 
which shows that the rate of acceleration could not be 
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approximately constant for nearly as long a time as twenty- 
five million years. It would, in fact, have many chances of 
being much greater than 108 kilometres per second, and 
many chances also ol being considerably less. ; 

§ 15. Without attempting to solve the problem of finding the 
motions and velocities of the thousand million bodies, we can 
see that if they had been given at rest * twenty-five million 
years ago distributed uniformly or non-uniformly through 
our sphere (5) of 3°09.10!% kilometres radius, a very large 
proportion of them would now have velocities not less than 
twenty or thirty kilometres per second, while many would 
have velocities less than that ; and certainly some would have 
velocities greater than 108 kilometres per second; or if 
thousands of millions of years ago they had been given at 
rest, at distances from one another very great in comparison 
with 7 (5), so distributed that they should temporarily now 
be equably spaced throughout a spherical surface of radius r 
(5), their mean velocity (reckoned as the square root of the 
mean of the squares of their actual velocities), would now be 
50-4 kilometres per second ft. This is not very unlike what 
we know of the stars visible to us. Thus it is quite possible, 
perhaps probable, that there may be as much matter as a 
thousand million suns within the distance corresponding to 
parallax one one-thousandth of a second (3:09 .10"* kilometres). 
But it seems perfectly certain that there cannot be within 
this distance as much matter as ten thousand million suns ; 
because if there were, we should find much greater velocities 

* “The potential energy of gravitation may be in reality the ultimate 
“ created antecedent of all the motion, heat, and light at present in the 
‘“‘ universe.’ See‘ Mechanical Antecedents of Motion, Heat, and Light.’ 
Art. LXIX. of my ‘Collected Math. & Phys. Papers,’ vol. ii. 
| To prove this, remark that the exhaustion of gravitational energy 
; if +o +0 +0 

i= — | \ R’dx dy dz, Thomson and Tait’s Natural 
; =e —o —o 

Philosophy, Part II. § 549) when a vast number, N, of equai masses come 
from rest at infinite distances from one another to an equably spaced 
distribution through a sphere of radius 7 is easily found to be 3/10 Fr, 
where F denotes the resultant force of the attraction of all of them on a 
material point, of mass equal to the sum of their masses, placed at the 
spherical surface. Now this exhaustion of gravitational energy is spent 
wholly in the generation of kinetic energy; and therefore we haye 

smot= 4 Fr, and by (7) F=1'37.10-Ysm; whence 

Sm a7 1071 y 
=m 9) 

which, for the case of equal masses, gives, with (5) for the value of 7, 

a/ x = J (2 1:37.10-}, 3:09. 10!®)=50-4 kilometres per second. 
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of visible stars than observation shows ; according to the 
following tables of results, and statements, from the most 
recent scientific authorities on the subject. 

From the Annuaire du Bureau des Longitudes (Paris, 1901), 

Doce a 
perpendicula) Magni- = fe from mae Annual — ; i. ee 

de. ame of Star. in million proper arallax. | ht in kilo- 
million motions. =, t a 

Kilometres. Con Ee 
second. 

0-7 | @ Centauri’......... ....-. 43 3°62 G72 23-9 
68 (21185 Lalande ......... 64 4°75 0-48 47°1 
0 70 517 0-44 5br7 

SIPC EPPO UNA TIS 0. , crac rcp dec perce 83 1°32 0:37 17:0 
82 | 18609 Are.-Ciltzen ... 88 2°30 0°35 313 
79 |34 Groombridge ..,.... 99 2°83 0-31 43°5 
fe edae Lacaille.,...:.--->: 110 6:07 0:28 118°5 
SURE TOCY OD (22, ...-0<ces50000 110 1:26 0:27 29-2 
90 | 11677 Arg.-Celtzen .. 119 3°05 0-26 557 
65 | 1643 Fedorenko ...... 123 1:43 0-25 ey te? 
8:5 | 21258 Lalande ...,...... 128 4°40 OF, 4 871 
Ege Wie OGACODIA: ...,+5¢50000- 128 184 0-24 36:5 
3° | » Cassiopeise .....,...+.- 147 1:19 0-21 27-0 
Uo 147 0:43 0-21 98 
9°0 | 17415 Arg.-Eltzen ... 154 ey 0 20 30°2 
De PUIG! sc. cance wees 154 0-64 0-20 15:2 
Cee indion” ......06 Be 154 4-60 0-20 109°5 
oT tO 181 4:05 0-17 i132 
24 | 3 Cassiopeise ............ 193 0-57 0-16 169 
ee 206 0:19 O15 6-0 
7-0 | 1831 Fedorenko ...... 206 0-42 O15 13:3 
24 \@ Ophiuchi ............ 206 113 O15 358 
ME aoc gy ecen sconce sean 206 0:36 0-15 11-4 
2:2 |a Urs. Min. (Polaris) . 440 0:05 007 34 

Stars which have largest of observed Velocities in the Line 
of Sight. (Extract by the Astronomer Royal from an 
Article in the Astrophysical Journal for 1901 January, by 

‘ W. W. Campbell, Director of Lick Observatory.) 

Magnitudes, : R.A. | Dee. Velocity. 

Sa ee ee —S ———_— —  ——— ee 

h m y 
4:6 e Andromecx ...| © 33 +28 46 | —84 km. per. sec. 

p Cassiopeis....... 1 O | +54 20 | —97 ,, 4 
§ Leporis’) 5.< css.) 5 47 —20 54 +95. ,, 7 | 

4:2 § Canis Majoris .| 6 50 —11 55 | +96 ,, - 
a 21 1G eee 1 yl 

41 p Sagittarii ...... i8 8 —21 1 —76 ,, - | 

The + sign denotes recession, the — sign approach. 
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Motions of Stars in the Line of Sight determined at Potsdam 
Observatory, 1889-1891. (Communicated by Professor 
Becker, University Observatory, Glasgow.) 

& oo 

5 Velocity 5 Velocity 
Star. 2 relative to Star. v2 relative to 

oe’ | the: Sun. 00 | the Sun. 
= = 

km. km. 
a Andromede ...| 2:0 + 4-5 Ly aCOMIS cp beceibins 2°0 —388'5 
3 Cassivpeix ...... 21 + 52 | 6 Urse Majoris .| 2:3 —29°3 
a Cassiopeiz ...... var. —15°2 | a Urse Majoris .| 2:0 —119 
y Cassiopeiz ...... 20 — 35 @) IESG Sagan ssaes 2°3 —14:4 
$B Andromede ...| 23 +112 (S MLeomlig tase cuz tage 2:0 —122 
a Urs Minoris .| 2'0 —25'9 y Urs Majoris...) 2°3 —26°6 
y Andromedz ...| 2°4 —12:9 e Urs Majoris...| 2:0 —30°3 
@ATIEVISh. ..ecenees 2-0 —14°7 @ ViPeinis os sas seen: 10 —14°8 
(3 Persel see .peceee var. — 15 ¢ Ursee Majoris ...| 2°1 —31:2 
O@ CPSC gi sc teokes 2:0 —10°3 n Urs Majoris...| 2:0 — 26:2 
a aura eee 1:0 +485 @ BOotibescsscs kee 1:0 — 77 
a AUIS weceee ee 10 +245 EBOOKS ped stan seeps 2:0 —16°3 
8 Orionis ......... 1:0 +164 - || 6 Urse Minoris .| 2:0 +142 
y Orionis ......... 2:0 + 9-2 (3 Malonse ee... eae 2:0 — $6 
(SCL aires sean case 20 4+- 80 a Conon 6 ie. 2:0 +32°0 
O1Orionie = 225.5. 25 + 09 a Serpentis ...... 2°3 +22'3 
e Orionis ......... 2:0 +26°5 iS) Elerculishenancn: D —35'3 
GOrionis%, ea ee 2:0 +148 a Ophiuchi ...... 2-0 +192 
avOPionis’ . 252.230: var. +17:2 GOW YRR vansaheaase 10 —15'3 
VAUIPIC ER. Sakae eee 2:0 — 281 a Aquiles. 225 te- 13 — 369 
y Geminorum .,.| 23 —166 VACY GI raion ahonsce 2°4 — 64 
a Canis Majoris .| 1:0 —156 ee ON Casares 16 — 80 
a Geminorum ...| 2:3 —29°7 EEL ASI liis.''d saver 3 + 80 
a Canis Minoris .| 1:0 — 9:2 Pee as t.c.ssacecsee var. + 67 
3 Geminorum ...| 1:3 + 1 N@ePOLASlvcs.cuconnaes 20 + 13 
avleomises 23.025. 13 — 91 

The velocity of the sun relatively to stars in general accord- 
ing to Kempf and Risteen is probably about 19 kilometres 
per second. In respect to greatest proper motions and velo- 
cities Sir Norman Lockyer gives me the following informa- 
tion:—“ The star with the greatest known proper motion 
‘¢ (across the line of sight) is 243 Cordoba=8'"7 per annum. 
“‘ Velocity in kilometres not known. 

‘1830 Groombridge has a proper motion of 7-0 per 
‘“‘ annum and a parallax of 0/089, from which it results that 
“‘ the velocity across the line of sight is 370 kms. per second. 
‘‘ Various estimates of the parallax, however, have been 
“made and this velocity 1s somewhat uncertain. The star 
‘“‘ with the greatest known velocity in the line of sight is 
“* Herculis, which travels at 70 kms. per second. 

“The dark line component of Nova Persei was approaching 
“the earth with a velocity of over 1100 kms, per second.” 
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This last-mentioned and greatest velocity is probably that of 
a torrent of gas due to comparatively small particles of melted 
and evaporating fragments shot out laterally from two great 
solid or liquid masses colliding with one another, which may 
be many times greater than the velocity of either before 
collision ; just as we see in the trajectories of small fragments 
shot out nearly horizontally when a condemned mass of cast- 
iron is broken up by a heavy mass of iron falling upon it 
from a height of perhaps twenty feet in engineering works. 

§ 16. Newcomb has given a most inter esting speculation 
regarding the very great ‘velocity of 1830 Gr oombridge, which 
he concludes as follows:—“If, then, the star in question 
‘* belongs to our stellar system, the masses or extent of that 
“ system must be many times greater than telescopic observa- 
“ tion and astronomical research indicate. We may place 
“ the dilemma in a concise form, as follows :— 

“Hither the bodies which compose our universe are vastly 
** more massive and numerous than telescopic examination 
‘ seems to indicate, or 1830 Groombridge is a runaway star, 
4 « ving on a boundless course through infinite space with 
"such momentum that the attraction of all the bodies of the 
* universe can never stop it. 
“Which of these is the more probable alternative we 

“ cannot pretend to say. That the star can neither be stopped, 
‘nor bent far from its course until it has passed the extreme 
“ limit to which the telescope has ever penetrated, we may 
“ consider reasonably certain. ‘To do this will require two or 
“ three millions of years. Whether it will then be acted on 
*“ by attractive forces of which science has no knowledge, and 
“thus carried back to where it started, or whether it will 
“ continue straightforward for ever, it is impossible to say. 

“ Much the same dilemma may be applied to the past 
* history of this body. If the velocity of two hundred miles 
‘or more per second with which it is moving exceeds any 
“that could be produced by the attraction of all the other 
“bodies in the universe, then it must have been flying for- 
“ ward through space from the beginning, and, having « come 
* from an infinite distance, must be now passing through our 
“ system for the first and only time.” 

§ 17. In all these views the chance of passing another star 
at some small distance such as one or two or three times the 
sun’s radius has been overlooked ; and that this chance is not 
excessively rare seems proved by the multitude of Novas 
(collisions and their sequels) known in astronomical history. 
Suppose, for example, 1830 Groombridge, moving at 370 
kilometres per second, to chase a star of twenty times the 
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sun’s mass, moving nearly in the same direction with a 
velocity of 50 kilometres per second, and to overtake it and 
pass it as nearly as may be without collision. Its own direction 
would be nearly reversed and its velocity would be diminished 
by nearly 100 kilometres per second. By two or three such 
casualties the greater part of its kinetic energy might be 
given to much larger bodies previously moving with velocities 
of less than 100 kilometres per second. By supposing reversed, 
the motions of this ideal history, we see that 1830 Groom- 
bridge may have had a velocity of less than 100 kilometres 
per second at some remote past time, and may have had its 
present great velocity produced hy several cases of near 
approach to other bodies of much larger mass than its own, 
previously moving in directions nearly opposite to its own, 
and with velocities of less than 100 kilometres per second. 
Still it seems to me quite possible that Newcomb’s brilliant 
suggestion may be true, and that 1830 Groombridge is a 
roving star which has entered our galaxy, and is destined to 
travel through it in the course of perhaps two or three million 
years, and to pass away into space never to return to us. 

§ 18. Many of our supposed thousand million stars, perhaps 
a great majority of them, may be dark bodies; but let us 
suppose for a moment each of them to be bright, and of 
the same size and brightness as our sun; and on this supposi- 
tion and on the further suppositions that they are uniformly 
scattered through a sphere (5) of radius 3°09 . 10” kilometres, 
and that there are no stars outside this sphere, let us find 
what the total amount of starlight would be in comparison 
with sunlight. Let » be the number per unit of volume, of 
an assemblage of globes of radius a scattered uniformly 
through a vast space. The number in a shell of radius g 
and thickness dq will be n.47q’dq, and the sum of their 
apparent areas as seen from the centre will be 

2 a ‘ 
; n.4mq°dq or n.47°a'dq. re 

Hence by integrating from g=0 to g=r we find 

nite, + 14k ie) +e 

for the sum of their apparent areas. Now if N be the total 
number in the sphere of radius r we have 

n=N/(r*). . ee 
‘ 2 . 

Hence (8) becomes N. 3n( © ) ; and if we denote by a the 
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ratio of the sum of the apparent areas of all the globes to 47 
we have 

3N /a\? 
a= (2). dict eat Vela G10). 

(1—2)/a, very approximately equal to 1/2, is the ratio of the 
apparent area not occupied by stars to the sum of the apparent 
areas of all their discs. Hence 2 is the ratio of the apparent 
brightness of our star-lit sky to the brightness of our sun’s 
disc. Cases of two stars eclipsing one another wholly or 
partially would, with our supposed values of 7 and a, be so 
extremely rare that they would cause a merely negligible 
deduction from the total of (10), even if calculated according 
to pure geometrical optics. This negligible deduction would 
be almost wholly annulled by diffraction, which makes the 
total light from two stars of which one is eclipsed by the 
other, very nearly the same as if the distant one were seen 
clear of the nearer. 

§ 19. According to our supposition of § 18 we have N=10", 

a=7.10° kilometres, and therefore +/a=4'4.10". Hence 

by (10) 
ak a Be Cy Le eh ye Kah 

This exceedingly small ratio will help us to test an old and 
celebrated hypothesis that if we could see far enough into 
space the whole sky would be seen occupied with discs of 
stars all of perhaps the same brightness as our own sun, and that 
the reason why the whole of the night-sky and day-sky is not 

as bright as the sun’s disc, is that light suffers absorption 
in travelling through space. Remark that if we vary r 

keeping the density of the matter the same, N varies as the 
cube of ». Hence by (10) @ varies simply as 7; and therefore to 
make « even as great as 3°87/100, or, say, the sum of the 

apparent areas of dises 4 per cent. of the whole sky, the radius 

must be 10'*.r or 3°09.107' kilometres. Now light travels at 
the rate of 300,000 kilometres per second or 9°45.10!* kilc- 
metres per year. Hence it would take 3:27.10" or about 
31.10" years to travel from the outlying suns of our great 
sphere to the centre. Now we have irrefragable dynamics 
proving that the whole life of our sun as a luminary is a 
very moderate number of million years, probably less than 
50 million, possibly between 50 and 100. To be very liberal, 
let us give each of our stars a life of a hundred million years 
asaluminary. Thus the time taken by light to travel from 

the outlying stars of our sphere to the centre would be about 
three and a quarter million times the life of a star. Hence, 
if: all the stars through our vast sphere commenced shining 
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at the same time, three and a quarter million times the life 
of a star would pass before the commencement of light 
reaching the earth from the outlying stars, and at no one 
instant would light» be reaching the earth from more than an 
excessively small proportion of all the stars. To make the 
whole sky aglow with the light of all the stars at the same 
time the commencements of the different star: must be timed 
earlier and earlier for the more and more distant ones, so 
that the time of the arrival of the light of every one cf them 
at the earth may fall within the durations of the lights at the 
earth of all the others! Our supposition of uniform density 
of distribution is, of course, quite arbitrary ; and (§§ 13, 15 
above) we ought in the greater sphere to assume the density 
much smaller than in the smaller sphere (5) ; and in fact it 
seems that there is no possibility of having enough of 
stars (bright or dark) to make a total of star-disc-area more 
than 10-” or 10-" of the whole sky. 

§ 20. To understand the sparseness of our ideal distribution 
of 1000 million suns, divide the total volume of the supposed 
sphere of radius 7 (5) by 10°, and we find 123°5.10* cubic 
kilometres as the volume per sun. Taking the cube root of 
this we find °4:98.t0% kilometres as the edge of the corre- 
sponding cube. Hence if the stars were arranged exactly in 
cubic order with our sun at one of the eight corners belonging 
to eight neighbouring cubes, his six nearest neighbours would 
be eat at distance 4'98.10" kilometres ; which is the distance 
corresponding to parallax 0-62. Our sun seen at so great a 
distance would probably be seen as a star of something between 
the first and second magnitude. Fora moment suppose each 
of our 1000 million suns, while of the same mass as our own 
sun, to have just such brightness as to make ita star of the first 
magnitude at distance corresponding to parallax 1/-0. The 
brightness at distance rv (5) corresponding to parallax 0-001 
would be one one-millionth of this, and the most distant of 
our assumed stars would be visible through powerful telescopes 
as stars of the sixteenth magnitude. Newcomb (Popular 
Astronomy, 1883, p. 424) estimated between 30 and 50 
million as the number of stars visible in modern telescopes. 
Young (General Astronomy, p. 448) goes beyond this 
reckoning and estimates at 100 million the total number of 
stars visible through the Lick telescope. This is only the 
tenth of our assumed number. It is nevertheless probable 
enough that there may be as many as 1000 million stars 
within the distance r (>) ; but many of them may be extinct 
and dark, and nine-tenths of them though not all dark may be 
not bright enough to be seen by us at their actual distances. 
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§ 21. I need scarcely repeat that our assumption of equable 
distribution is perfectly arbitrary. How far from being like 
the truth is illustrated by Herschel’s view of the form of the 
universe as shown in Newcomb’s Popular Astronomy, p. 469. 
It is quite certain that the real visible stars within the 
distance r (5) from us are very much more crowded in some 
parts of the whole sphere than in others. It is also certiin 
that instead of being all equally luminous as we have taken 
them, they differ largely in this respect from one another. 
It is also certain that the masses of some are much greater 
than the masses of others ; as will be seen from the following 
table, which has been compiled for me by Professor Becker 
from André’s Traité d’ Astronomie Stellaire, showing the 
sums of the masses of the components of some double stars, 
and the data from which these have been determined. 

} Major axis | 
: f | Period M+M 
in terms of 3 in units 

Parallax. ; : in 
in semi-major | of the 

: a years. oe eae 
| seconds, axis of sun’s mass. | 

earth’s orbit. | 

: | 
a Centauri ...... 0-75 18:17 | 2d 84 2-0 | 
GieOeent......... 0:44 29°43 68 | 783 Od 
a 0:39 831 24 | 6 32 
Procyon ...... 0-27 5°84 + 40 63 

o* Eridani ...... 0-19 5°72 28 176 0-9 
n Cassiopeiz .... O15 8:20 39 190 43 
p Ophiuchi ...... O'L5 4°60 30 83 36 

y Virginis ...... 005* | 399 79+ >| 194 150 | 
y Leonis ......... 0:02 * 1:98 102 t 407 6°5 

22. There may also be a large amount of matter in many 
stars outside the sphere of 3.10"* kilometres radius, but however 
much matter there may be outside it, it seems to be made 
highly probable, by §§ 11-21, that the total quantity of matter 
within it is greater than 100 million times, and less than 2000 
million times, the sun’s mass. 

I wish, in conclusion, to express my thanks to Sir Norman 
Lockyer, to the Astronomer Royal Mr. Christie, to Sir 
Robert Ball, and to Prof. Becker, for their kindness in taking 
much trouble to give me information in respect to astronomical 
data, which has proved most useful to me in §§ 11-21 above. 

* Parallax calculated from dynamical determinations of ratio of 
semi-major axis of double star’s orbit to semi-major axis of earth’s orbit. 

+ From spectroscopic observations by Belopolsky of Poulcowa, com- 
bined with elemeuts of orbit. 

Phil. Mag. 8. 6. Vol. 2. No. 8. Aug. 1901. N 
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XII. A Direct-reading Conductivity-Bridge. 
By Routo APPLEYARD™, 

5 HEN it is required to check the conductivity of several 
: tons of copper wire, of the same nominal diameter, 

the method employed generally resolves itself nto making a 
careful test of the conductivity of the wire of a selected hank, 
and afterwards balancing a length of this on a slide-bridge 
against successive equal lengths of the remaining hanks of 
wire of that diameter. If an ordinary slide-bridge i is em- 
ployed, the scale-readings corresponding to the balance- 
position of the sliding contact are not directly proportional 
to the successive conductivities. To arrive at the conduc- 
tivity a certain amount of arithmetic is necessary. If, 
however, the slide-bridge is arranged somewhat differently, 
the readings of the slider can be made to be directly pro- 
portional to conductivities. 

Let @ be the resistance of the selected wire of known con- 
ductivity k,, and let b be the resistance of any of the remaining 
wires whose conductivity kz; 1s to be determined. The third 
arm of the bridge is a fixed resistance d, and the fourth arm 
is the slide-wire e, the resistance of which can be adjusted to 
balance d by moving the slider. 

ref 

We have therefore, 

* Communicated by the Physical Society: read 8th Mareh, 1901. 
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Or, replacing the reciprocals of b and a by their conductivities 

dk,=ck,, 

ka 
k= al Co 

Hence the required conductivity /, is given in terms of the 
slide-wire reading, multiplied by a constant k,/d. 

It is necessary that the contact between ¢ and d should be 
invariable. The writer finds that the best contact is attained 
by a device resembling a drill-bow: the slider carries a small 
brass bow strung with one or more platinum wires, each of 
which passes once round the slide-wire. Vertical stops fixed 
to the slider prevent the platinum wires from lagging behind 
the bow as it is moved to right or left. 

To graduate the slide-wire scale so that it shall read directly 
in conductivities, two values of b must be determined by any 
of the ordinary methods; these wires can then be put into 
position successively in the conductivity-bridge, and their 
balance positions marked on the scale. The whole length of 
the scale can then be divided in corresponding proportion, in 
equal divisions. The length of the equal divisions into which 
the scale is divided depends upon the diameter of the wire 
under test. It is convenient to be able to vary the length of 
these equal divisions, and also to be able to move the zero to 
right or left along the slide-wire. This can best be done by 
a parallel-ruler arrangement, the straight edges being in a 
vertical plane through the slide-wire. If the top straight- 
edge is then divided into equal parts, plumb-lines from those 
divisions divide the slide-wire into equal parts of any required 
length ; and the parallel-ruler can be moved, as a whole, along 
the wire. The angle at which the straight-edge is set depends 
upon the diameter of the wire under test, the length being 
constant ; the apparatus may therefore be calibrated in dia- 
meters as well as in conductivities. 

XIV. On the Magnetic Effect of Electrical Convection. 
By Harotp PenpER*, 

EXstorical Review. 

lee a series of experiments extending over the last four 
years, M. V. Crémieut has come to the conclusion 

that a moving electrified body produces no magnetic effect. 

* Communicated by Prof. J. S. Ames. 
tT CR. t. exxx. p. 1544 (1900); t. exxxi. p. 578 & p. 797 (1900) ; 

t. cxxxul. p. 827 & p. 1108 (1901). 
N 2 
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The conclusion is in direct opposition to the classical experi- 
ment performed by Professor Rowland * in Beriin, in 1876, 
which was subsequently repeated in this laboratory by Pro- 
fessor Rowland and C. 'l’. Hutchinson + in 1889, and confirmed 
also by experiments performed by Rontgen ¢ and Himstedt § 
in Germany. <A farther investigation of this very important 
question was therefore considered desirable. Accordingly 
in the fall of 1900, under the supervision of Professor 
Rowland, the following research was undertaken. Asa result, 
it has been shown conclusively that electrical convection 
does produce magnetic action. 

The idea that a moving electrified body might produce a 
magnetic effect similar to that produced by an electric current 
first occurred to Faraday || in 1837. The first to perform 
an actual experiment on the subject, however, was Professor 
Rowland. The experiment was carried out in Germany in 
1876, though the idea of it had occurred to him as early as 
1868, and is recorded in a note-book of that date. His 
method was similar to that described by Maxwell in his 
Treatise on Hlectricity and Magnetism (§ 770), written pre- 
sumably in 1872 or 1873. 

In the Berlin experiment, Professor Rowland used a 
horizontal hard-rubber disk (diameter 21 cm.), coated on 
both sides with gold, revolving between two glass plates with 
their inner surfaces also gilded. Hach side of the disk 
formed a condenser with the gilded surface opposite it. The 
condensing plates were earthed; and the disk charged by 
means of a point brought up within 4 mm. from the 
periphery. An astatic needle was suspended above the upper 
condensing plate, so that its lower magnet was nearly over 
the edge of the disk, and perpendicular to a radius of the 
sume. ‘The needle was inclosed in a metal case, so as to 
screen it from electrostatic action. The speed of the disk 
was 61 revolutions per second. On reversing the sign of 
electrification of the disk, a deflexion of from 5 to 7°5 mm. 
was obtained, depending on the conditions. The deflexion 
was the same whether the gilded surfaces of the disk and 
condensing plates were divided into sectors, or left continuous. 
The deflexion as observed and calculated agreed quite well, 
but as the needle was always very unsteady, it was impossible 
to make the readings with any great accuracy. In 1883 

* Pogg. Ann. clvili. p. 487; Am. Journ. Sci. 1878, p. 30. 
+ Phil. Mag. xxvii. p. 445 (1889). 
} Ber. d. Berl. Akad. 1885, p. 195, 
§ Wied. Ann. xxxviil. p. 560 (1889), 
|| Exp. Res. vol. 1. art. 1644. 
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Lecher* repeated Rowland’s experiment, but obtained nega- 
tive results. Only a short account of this investigation was 
published, no details of the apparatus being given. It is 
impossible, therefore, to say why he obtained no effect. It 
may have been because his apparatus was not sufficiently 
sensitive. 

In 1885, in an attempt to detect the existence of displace- 
ment currents, Rontgen t had occasion to use an apparatus 
similar to that employed by Professor Rowland in his Berlin 
experiment. The ebonite disk in this case was not covered 
with gold. Incidentally, the effect on the suspended needle 
of charging the disk, when rapidly rotating, by a brush 
discharge from a series of points, was tried. The Rowland 
effect was readily observed. On reversing the sign of electri- 
fication, a deflexion of from 8 to 10 mm. was noted. In 
1888 { this apparatus was again used to investigate the action 
of a dielectric moving in a homogeneous electrostatic field. 
If the upper condenser-plate is charged negatively (say) 
and the lower positively, then there will be an apparent 
positive charge on the upper surface of the disk, and an 
apparent negative charge on the lower surface. If then the 
motion of an apparent charge due to the polarization of the 
dielectric produces magnetic action, the needle, which was 
nearer the upper than the lower surface, ought to show a 
deflexion on rotating the disk and charging the condenser 
formed by the two stationary plates. After all precautions 
had been taken to prevent the disk from assuming a real 
charge, a deflexion of from 2 to 3 mm. was observed on 
reversing the sign of electrification of the condenser-plates §. 
On increasing the difference of potential between the con- 
denser-plates until a brush discharge took place between the 
upper plate and the disk (the upper plate was °14, the lower 
*25 em. from the disk), the Rowland effect was again readily 
observed. 

In 1889 Professor Rowland and C. T. Hutchinson || re- 
peated in this laboratory the original Berlin experiment, 
employing, however, a different form of apparatus. Instead 

* Rep. d. Phys. xx. p. 151 (1884). 
+ Sttzb. d. Berl. Akad. 1885, p. 95. 
{ Lbid. 1888, p. 23; Wied. Ann. xl. p. 93. 
§ Rontgen gives no calculation of the effect which should be expected. 

On the assumption that the magnetic force due to any element of surface 
is proportional to the quantity of apparent charge passing a given point 
in unit time, I have calculated from the data given in Rontgen’s paper 
that the detlexion should be 2:1 mm. I employed the formule used by 
Rowland in his Berlin experiment (Joc. cit.). 
| Phil. Mag. [5! xxvii. p. 446. 
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of a single disk rotating in a horizontal plane, they used 
two vertical disks rotating about horizontal axes in the same 
line; the needle system, inclosed in a brass tube, was placed 
between the disks, opposite their centres. Each disk was 
surrounded by a guard-ring, both disks and guard-rings being 
gilded on the side facing the needle. Between the disks 
were placed two condensing-plates—glass plates gilded on 
the surfaces facing thedisks. Between the condensing-plates 
was suspended the needle. This arrangement permitted of 
accurate calculation of the effect which should be expected. 
The condensing-plates were charged, from a Holtz machine 
and battery of leyden-jars, to a potential of about 5000 volts ; 
the disks were earthed by means of metal brushes bearing 
on studs fixed in the periphery of the disks. The speed of 
the disks was about 125 revolutions per second. The deflexion 
of the needle on reversing the electrification was from 5 to 
8mm. This experiment offers a means of determining the 
ratio of the two systems of electrical units. ‘The mean of 
all their determinations gave for this 3°19 x10"; the deter- 
minations which differed from this the most being 3°74 x 10” 
and 2°26 x 10”. 

During the same winter of 1889 Himstedt* carried out 
a series of experiments on this subject in Giessen. In his 
first experiments he employed the same apparatus as had 
been previously used by Rontgen, with some modification in 
details. Later, an apparatus was constructed similar to that 
used by Rowland and Hutchinson, but considerably more 
sensitive. Two disks of ground-glass, 20 ems. in diameter, 
were mounted so as to revolve about horizontal axes in the 
same line. A strip on the edge of both sides of the disks 
was made conducting by rubbing into the ground surface a 
thin coat of graphite. On both sides of each disk were placed 
condensing-plates, and between the two inside plates was sus- 
pended an astatic needle, properly shielded, the upper needle 
being just above, the lower just below the conducting strip. 
The disks were charged by an induction-machine and a battery 
of leyden-jars by means of a sliding contact. With a speed 
of 117 revolutions per second and disks charged to 5000 volts 
(condenser-plates earthed), a deflexion of 100 mm. on a scale 
3 m. distant was obtained on reversing the sign of electri- 
fication of the disks. This apparatus did not permit of ready 
calculation of the deflexion to be expected, so no absolute 
measurements were made, Himstedt, however, showed that 
the deflexion was in the direction to be expected, reversed 
with the direction of rotation of the disks, was proportional 

* Wied. Ann. xxxviil. p. 560 (1889). 
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to the speed of rotation, and for the disk at potentials of from 
400 to 4000 voits, was proportional to the surface-density of 
the charge on the disk. Above 4000 volts this latter pro- 
portionality ceased to exist, the deflexion remaining approxi- 
mately constant up to the highest petential tried—14,000 volts. 
(The distance between disks and condensing-plates is not 
given.) Himstedt explains this by assuming that there is a 
limit to the amount of charge which a moving bedy can carry 
with it. Hor these high potentials, however, the leakage was 
considerable; in one minute the potential dropped from 14,000 
to 40U0 volts. Any theoretical cenclusien of the above nature 
must therefore be accepted with reserve. 

So stood the question as to the existence of a magnetic 
action due to electric convection in 1897, when Crémieu 
began his experiments. The first problem * attacked was 
the reverse ef the above experiments, viz., the detection of 
the mechanical force exerted on a charged body by a rapidly 
changing magnetic field. This quantity is extremely small, 
varying as the reciprocal of the square of the ratio of the 
two systems of electrical units. Cremieu attempted to detect 
this force by the rotation of a charged aluminium disk sus- 
pended between the poles of a strong electromagnet. No 
deflexion of the disk was observed, though the calculated 
deflexion, as read by means of a telescope and mirror on « 
scale 11 m. distant, was 100 mm. This is in direct opposition 
to Lodge’s experiment f on the same subject performed in 
1889, though Lodge’s experiment is not altogether satisfactory, 
as the observed deflexion was only from 2 to 3 mm. Crémieu 
has published enly a short note on this experiment, with no 
details of the apparatus, so that it is impossible to discuss 
the work further. 

The negative results ebtained from the reverse experiment 
led Crémieu to investigate once more the magnetic action of 
a moving electrified body ft. A very ingenious method, dis- 
tinctly different from any of those previously employed, 
was used. A solid aluminium disk, 37 cm. in diameter, was 
mounted on an insulating hub of hard rubber turning on a 
horizontal axis. Concentric with this disk was placed a coil 
of 13,000 turns of copper wire ‘15 mm. in diameter, connected 
in series with a sensitive galvanometer. The diameter of 
the coil was 44 em. The coil was inclosed in a brass ease. 
The disk revolved between two thick iron condensing-plates. 
These plates also served to decrease greatly the reluctance of 

* C. #. exxxi. p. 578 (1900). 
+ Phil. Mag. [5] xxvii. p. 469 (1889), 
~ C. R, exxx. p. 1544 (1900). 
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the magnetic circuit through the coil. The whole distance 
from plate to plate was Ss mm., the disk revolving in the 
eentre of this opening. A brush rubbing on a brass ring 
mounted on the insulating hub and connected to the metal 
disk, served to connect the disk with one terminal of a high 
potential battery (5000 volts), the other terminal of which 
was earthed. On charging or discharging the disk, the 
condensing-plates being earthed, on the assumption that a 
moving char ge produces a magnetic action, a current should 
be induced in the coil, and the needle of the galvanometer 
deflected. The calculated effect of a sin gle charging or dis- 
charging was too small to be detected, : so that a combined 
interrupter and commutator was employed. ‘This instrument 
served to charge and discharge the disk a number of times a 
second, and at the same time to commutate any alternating 
current which might have been induced in the coil. The 
galvanometer should therefore have shown a permanent 
deflexion when the commutator was kept running at a con- 
stant speed. No such deflexion was observed, though the 
calculated deflexion was from 20 to 50 mm. 

Four series of experiments were performed. In the first 
was used a solid aluminium disk 0°5 mm. thick. This was 
charged to 5000 volts, but it immediately discharged itself by 
sparks across the small gap between the disk and condensing- 
plates. To prevent this, the latter were covered with glass- 
plates, lacquered, 2 mm. thick. This, however, left a space 
of only 1:75 mm. between the disk and glass surface. It 
was suggested by Pellat that perhaps the charge brushed 
across from the disk to the glass surface, thus leaving the 
disk uncharged. This was tested by Crémieu for the disk at 
rest, and found not to be the case. But it is impossible to 
make a disk of aluminium only 0°5 mm. thick and 37 cm. in 
diameter run perfectly true at a speed of 100 revolutions per 
second. Consequently, when the disk was rotating the interval 
between it and the glass surface must at certain points have 
been considerably less than 1:75 mm., and therefore the 
above objection still holds. This is the explanation of the 
negative results of Crémieu’s experiments which was given 
by Professor Rowland. 

In his second series of experiments Crémieu used an alu- 
minium disk 1 mm. thick covered with a thin coating of 
caoutchouc, the condensing-plates being left bare. Again 
negative results were obtained. When it is remembered that 
the distance between the disk and the condensing-plates was 
only 3°5 mm., and that an aluminium disk of the diameter 
used, even though 1 mm. thick, will not run perfectly true, it 
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seems by no means improbable that there may have been a 
brushing over of the charge from the condensing-plates to tke 
caoutchoue surface. The magnetic action of this charge 
would then just neutralize that of the charge on the disk. 
This same objection applies to the third series of experiments, 
in which was used an ebonite disk 2 mm. thick, gilded on 
both sides in three sectors and covered with caoutchouc; and 
to the fourth series, in which the iron condensing- -plates were 
covered with sheets of mica, over which was pasted tinfoil in 
six sectors, covered with a thin layer of caoutchouc. (The 
object of the third and fourth series was to see if the negative 
results were due (1) to the slipping of the charge with respect 
to the disk, or (2) to the movement of the charge induced 
on the condensing-plates with the inducing charge on the 
disk. ) 

During the past winter Crémieu has continued his inyestiga- 
tions*, replacing the coil and galvanometer by an astatic 

eo 

needle, and again with negative results. The rotating appa- 
ratus consisted of the same ebonite disk mounted in a bronze 
frame of the same dimensions as the iron frame previously 
used. To this frame were screwed brass plates, covered with 
mica, and over the latter was pasted tinfoil in six sectors, 
connected to the earth. The astatic needle was placed out- 
side of these, with the lower needle opposite the upper edge 
of the disk. ‘To this experiment applies the same objection 
as to those previously performed, viz. the rotating disk 
probably did not keep its charge. It is ‘interesting to note 
that i a second series of experiments with this apparatus, 
in which the tinfoil was mounted on ebonite plates, and these 
screwed directly to the bronze frame, so that between the 
needle and disk there was only one metal plate, a deflexion 
was obtained, in the proper direction and reversible with the 
sien of the electrification of the disk and the direction of 
rotation. This Crémieu states was suppressed by the intro- 
duction of a brass plate between the needle and the 
condensing-plates. Without a more detailed account of the 
exact conditions under which this effect was obtained than 
is given by Crémieu, it is difficult to say exactly what this 
means, 

Believing that the deflexion observed by previous investi- 
gators might have been due in some way to the condensing- 
plates, a different arrangement was then employed f. The 
same ebonite disk, with the three sectors completely insulated 
jrom one another, was again used, but the condensing-plates 

* Clk. txxxi, p. 797 (1906). 
+ Ibid, exxxii, p. 327 (1901). 



186 Mr. H. Pender on the Magnetic 

formed by tinfoil on ebonite were each divided in half. The 
lower half of each was put up close to the disk (how close 
Crémieu does not state); the upper halves were 10 mm. distant. 
The foil covering a sector of 60° on each of the upper halves was 
removed. The needle, inclosed in a copper tube with walls 
‘4 mm. thick connected to the earth, was placed directly over 
the edge of the disk opposite this break in the condensing- 
plates. Hach sector of the disk was charged when immedi- 
ately between the lower halves of the eondensing-plates. 
When it came under the needle it was completely insulated 
from the other two and from the charging apparatus. With 
this apparatus Crémieu again found that no deflexion of the 
needle was produced on charging or discharging the rotating 
disks, so long as the needle was properly screened against 
direct electrostatic action. If, however, the copper tube 
above mentioned was replaced by a tube of some less perfect 
conductor, e. g. graphite-paper, a deflexion could be obtained, 
which had all the characteristics expected of an effect due 
to electric convection. But this effect could be obtained 
equally well when the magnets forming the astatic needle 
were removed, and only the mica vanes on which they were 
mounted were left. Here are Crémieu’s final conclusions :— 

‘ Enfin, toutes les fois que le systeme suspendu, quel qwil 
soit, est protégé par un éeran électrique trés conducteur, on 
ne peut obtenir aucune déviation. 

‘* De plus, il arrive souvent qu’au moment ot Von change 
le signe de la charge du disque, une étincelle, ou méme une 
sorte de pinceau de décharge a peine lumineux, se produit 
entre le disque et les plateux fixes. 

“Ceci cause, sur l’aiguille aimantée, des impulsions réver- 
sibles a la fois avee le signe de la charge et le sens. de la 
rotation; le peu de stabilité du zéro de systemes aussi sensibles 
fait quwil peut résulter de ees impulsions des déviations 
permanentes faibles.”’ 

According to Crémieu’s explanations of these slight de- 
flexions there is no reason why they should reverse with the 
direction of rotation of the disk. In all probability, however, 
these deflexions were really caused by electric convection, 
and should have reversed as observed. Though in the short 
note which Crémieu has published concerning this experiment 
there is no mention made of a caoutchouc coating over the 
disk, the disk was undoubtedly thus covered, as in all the 
previous experiments. The sparks observed were then due 
to the passage of the charge from the condensing-plates to 
the caoutchouc surface. A slight charge might still have 
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remained ou the condensing-plates, so that the charge taken 
by the caoutchouc surface was less than that on the surface of 
the disk. The sli ght deflexion observed was then really due 
to the difference in magnetic action of these two surfaces. 
It is also seen why a deflexion of the magnitude expected 
was not obtained. 

If Crémieu’s conclusions are true, then “‘ open currents ”’ 
can exist. Crémieu has tested this deduction by the following 
experiment *:—An ebonite disk, 37 cm. in diameter and 
2°5 mm. thick, was gilded (presumably on one side, if one 
may judge from the diagram given) in 25 sectors, the distance 
between sectors being 1 cm. This disk turned about a 
horizontal axis between two fixed ebonite plates. One of 
these plates (presumably the one facing the side not gilded) 
carried a sector of tinfoil twice as wide as the sectors on the 
disk. On the second plate, opposite this sector, was fixed a 
brush which made contact with the sectors on the disk when 
immediately under the fixed sector. This brush was also 
connected to a second brush on the same plate, about 60° 
ahead of the first brush. According to Crémieu, if the fixed 
sector is connected to a source of electricity, and the disk set 
rotating, each sector, as if comes under the fixed sector, will 
receive a charge by induction ; when this sector makes con- 
tact with the second brush, the charge on it will be neutral- 
ized. There will then be a conduction-current flowing in the 
wire connecting the brushes, which circuit is completed by the 
charge carried convectively between the two brushes by the 
rotating disk. An astatic system was suspended with its 
lower needle near the edge of the disk between the two 
brushes. The conduction-circuit between the two brushes 
contained a galvanometer. The fixed sector was charged to 
a potential of 190 to 130 c.a.s. electrostatic units, its distance 
from the rotating disk was*5 cm. When the disk was set 
rotating the galvanometer indicated a current of from 10~* to 
2x 10-4 amperes. The astatic system, however, remained at 
rest ; though a conduction-current of 10-* amperes in a 
circuit occupying the mean effective position of the charged 
disk caused a deflexion of 15 mm. on a scale 4 metres 
distant. Crémieu therefore concludes that the electricity 
carried convectively between the two brushes is without 
magnetic effect ; 7. ¢. that the current in the wire connecting 
the two brushes is an ‘ ‘open current.” 

There is, however, a possible explanation of this experiment 
which requires no such conclusion. As was stated above, the 

* C. R. exxxii. p. 1108. 
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potential of the fixed sector was from 100 to 130 c.c.s. elec- 
trostatic units or 30,000 to 39,000 volts, while its distance 
from the disk was only 5 em. According to J. J. Thomson 
(Recent Researches), the sparking-distance between planes 
at a difference of potential of 100 c.a.s. electrostatic units 
is "95 em. LHbonite is not a perfect insulator, especially 
for such high potentials. Hence the charge from the fixed 
sector may have brushed across to the surface of the ebonite 
facing the disk. This charge would be of opposite sign to 
that induced on the metallic sectors, and the magnetic etfect 
of the rotating disk would therefore be approximately null. 

Present Investigation—Method and Apparatus. 

The method which has been employed in the present re- 
search to put in evidence the existence of the magnetic action 
of electrical convection is identical in principle with that used 
by Crémieu in his first experiments, viz., the measurement of 
the current induced in a coil, on reversing the convection- 
current due to a rotating charged disk. 

All experimenters who have worked on this problem have 
been met by three difficulties, which have required no little 
patience and considerable experimenting to overcome suc- 
cessfully. These difficulties are: (1) the mechanical jarring 
caused by the rapidly rotating disks ; (2) direct electrostatic 
effects due to the charged disk; and (3) external magnetic 
disturbances. The present instance has been no exception to 
this rule. In the first place, the galvanometer which it was 
found necessary to employ was so sensitive, that it was 
impossible to make any observations whatever except between 
1.30 and 5 a.m., when the electric cars in the vicinity of the 
laboratory had hone making their regular trips. 

It is needless to describe the succession of trials which 
were made to eliminate first one disturbing factor and then 
another, and the various modifications made from time to 
time in different parts of the apparatus. . I shall describe the 
apparatus only as it was used in the final quantitative 
measurements. 

The Disk Apparatus.—This part of the apparatus was con- 
structed several years ago under Prof. Rowland’s direction, 
shortly after his experiment in 1889, but had not been 
previously used. A drawing of it is given in fig. 1 (p. 190). 
Two micanite disks D D, °356 cm. thick and 30°4 cm. in 
diameter, gilded on each side, and mounted on ebonite cores, 
rotate about horizontal axes in the same line. On each side 
of the disks are condensing-plates, formed by rings of tinfoil 
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on ebonite plates cc ec 40 cm. square. The external dia- 
meter of these rings is 40 cm., internal diameter 10 cm. By 
means of adjusting-screws it is possible to vary the distance 
between the disks and condensing-plates, and to adjust the 
latter accurately parallel to the disks. Fixed to the frame 
of the apparatus is a test-coil T, through which a conduction- 
current can be sent at will. The frame carrying each disk is 
fixed separately to the base-plate of the apparatus, so that the 
two disks can be placed at any desired distance apart. ‘To 
each disk is attached a speed-counter tormed by a cog-wheel 
with 199 teeth, gearing directly with a worm on the shaft of 
the disk. The bed-plate was bolted to a heavy sandstone 
block 40 x 40 x 75 cm., placed at one end of a stout table. 
At the other end of the table was placed a counter-shaft 
driven by a 1 H.P. motor 5 metres distant. From large 
pulleys on the counter-shaft ran small belts to the pulleys on 
the shafts of the disks. 

On the side of the ebonite cores next the frame are fixed 
brass rings, diameter 6 cm., width 5 cm., making contact with 
the gilded surfaces by strips of tinfoil. Contact is made 
with these rings by brushes of thin brass mounted on the 
ebonite plates ccec. The brushes nowhere come within 
14 cm. of the frame or the tinfoil condensing-plates. 

At first ebonite disks were employed, but even though they 
were 3°5 mm. thick they soon became so badly warped that 
their use was extremely unsatisfactory. Besides the ex- 
cessive jarring produced when they were set in rapid rotation, 
it was impossible to make accurate measurements of the dis- 
tance between disks and condensing-plates. ‘The micanite 
disks have served admirably. They are as plane and run as 
true now as when first put up two months ago. 

In the first experiments, the disks were charged by points 
brought up close to their edge. The effect sought could be 
observed with this arrangement, but the needle of the galyano- 
meter, when the latter was connected in series with the coil, 
was exceedingly unstable when the disks were being charged 
and discharged, and often even became demagnetized, so that 
it was frequently necessary to take the galvanometer apart 
and re-astatize the needle. After weeks of experimenting it 
was found that this was due to the sparking at the points, 
unavoidable in this method of charging. On charging b 
means of the brushes and rings above described, so that there 
was no sparking at the disks, the spot of light, though it 
never remained perfectly steady, rarely oscillated over 
10 mm. 
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Fig. 1. 
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The Coil_——The constants of the coil, the induced current 
in which was to be measured, are as s follows : — 

Mean diameter Sia» s .oU) arene 
Width. ciate thas © es) one 
Thickness .)).susiie ates <0 ade ae 
Number.of turigeeeto. «8295 
Resistance...) 40 eee oe el 20 oni 
Size of wire ee See boaieoas 

This coil (I, fig. 1) was suspended between the two inside 
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condensing-plates, the distance between which was just great 
enough so that the coil hung perfectly free. With regard 
to this coil, two things were found absolutely necessary : 
first, to have it completely shielded from all direct electro- 
static action, and secondly, to have it so suspended as to be 
perfectly free from mechanical jarring. The following 
arrangement, finally adopted after considerable experimenting, 
has proved entirely satisfactory. 

Two brass hoops, 1°5 em. thick, were placed around the 
coil, one hoop outside, the other inside. The coil had been 
previously wrapped with insulating-tape. The space between 
the two hoops was then carefully covered with tinfoil. In 
this way was formed a closed metal case only slightly wider 
than the thickness of the coil. The terminals of the coil 
were brought out from this case and were carefully wrapped 
in tinfoil. The metal case and foil were connected to earth. 
To the outside hoop were soldered two heavy brass strips, U, 
fixed to the wooden block W provided with levelling-screws. 
This frame containing the coil was stiffened by a brass rod 
connecting the strips just above the coil. The block W rested 
ona heavy marble slab suspended from the ceiling by four spiral 
springs. To prevent the air-currents generated by the rapid 
motion of the disk from setting this system in vibration, 
cardboard strips were screwed down over the openings 
between the condensing-plates, so that each disk was com- 
pletely boxed in, 
_ The Galvanometer.—As has already been stated, the gal- 
vanometer employed was an extremely sensitive one. It is 
an astatic instrument of the ordinary four-coil form, with a 
low resistance, 584 ohms. The needle, which together with 
its mirror weighs only 2-5 mg.,is suspended by an extremely 
fine quartz fibre, invisible almost in ordinary light. The 
period of the needle when vibrating in the earth’s field was 
trom 3 to 5 seconds, depending on how perfectly the needle 
was rendered astatic. The period was usually increased to 
about 25 seconds by cutting down the earth’s field by means 
of control magnets. With this period a current of 1 x 10-” 
amperes gives a deflexion of 1 mm. on a scale 1'1 metres 
distant. The deflexion of the needle was read by the deflexion 
of the image of an incandescent light filament reflected from 
the needle mirror, on a ground-glass scale 11 metres distant, 
The needle was absolutely dead-beat. 

A heavy marble block resting on a bed of excelsior on a 
marble slab bracketed to the wall formed a support for the 
galvanometer which rendered it entirely free from mechanical 
jarring. The galvanometer was also shielded magnetically by 
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three coaxial cylinders of soft iron, closed at the bottom and 
top by soft-iron plates. With this shield on, the needle was 
fairly steady during the period above mentioned. The acci- 
dental deflexions ot the spot of light with the disk uncharged 
rarely amounted to over 5 mm. during the time required for 
a single determination of a deflexion ; 2. e. about one minute, 
though there was at times a considerable shift of the zero. 

The expression “ sensibility of the galvanometer ”’ will be 
frequently used in what follows. By itis meant the deflexion 
in millimetres on the scale 1:1 metres distant trom needle, 
reduced to an infinitesimal are, produced by a current of 
2x 10-8 amperes flowing through the galvanometer. This 
value of the current was used simply because it gave a 
convenient deflexion. The scale remained fixed with reference 
to the galvanometer throughout the experiment. ‘To obtain 
a constant testing current a Clark ceil was connected in 
series with 101,648 ohms. Around 1648 ohms of this was 
a shunt circuit with a resistance of 10,000 ohms. Around 
101 ohms of this a second shunt circuit containing the gal- 
vanometer was formed, the total resistance of this circuit 
being 10,000 ohms. This arrangement gives a current of 
2x10-% amperes through the galvanometer. A _ simple 
mercury key served to throw the galvanometer in or out of 
this circuit. 

The Reverser and Commutator.—The reverser was similar 
in construction to an ordinary rotary interrupter. Connected 
to the shaft of the reverser was an eccentric 1 mm. off centre, 
which operated a commutating device in the circuit between 
the coil and galvanometer. To the eccentric was attached a 
lever carrying at one end a small silver rod 1:2 cm. long. 
When the shaft of the interrupter was turned this rod was 
given a slight up and down motion between two flat silver 
springs, between which also was fixed a second silver rod. 
When the moving rod was at its highest point it made contact 
with the upper spring, the fixed rod making contact with the 
lower spring. When the moving rod was at its lowest point, 
the contacts were reversed. This special form of commutator 
was tound necessary in order to avoid thermo- electric currents. 
The two rods were connected to the terminals of the coil, the 
two springs to the galvanometer terminals. The commu- 
tator was entirely inclosed in a metal shield connected to 
earth. 

The Charging Apparatus.——The disks were charged by 
means of a large Voss machine—diameter of revolving plate 
50 em.—and a battery of six gallon leyden-jars. Each 
pole of the Voss machine was connected to the inside 
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coating of three of the jars. The outside coatings were 
earthed. It was found convenient to drive the reverser at 
a speed of from 3 to 5 revolutions per second. The charge 
on the disks was therefore reversed 12 to 20 times a second. 
As the disks and condensing-plates formed a condenser of 
considerable capacity, it was therefore found necessary, in 
order to keep up the potential of the battery, to keep the 
Voss machine running at a considerable speed, in fact as 
fast as the construction of the machine permitted. This 
was accomplished by means of a small electric motor, the 
speed of which remained admirably constant. When the 
disks were being charged the potential seldom varied over 
3 per cent. 

Fig. 2. 
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General Arrangement of the Apparatus.—This is shown in 

fig. 2. The letters indicate the following :— 
Hi, an absolute electrometer. 
D, disk apparatus and coil. 
M,, motor driving disks. 
M,, motor driving Voss machine, 

Phil. Mag. 8. 6. Vol. 2. No. 8, Aug. 1901. O 
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M;, motor driving commutator. 
Voss machine. 
leyden-jars. 
commutator. 
a high potential reversing switch. 
key in galvanometer circuit. 
resistance-boxes and cell torming test circuit. 
galvanometer. 
scale of same. 
counter shaft. 
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The advantage of this galvanometer method of detecting 
the existence of the magnetic action of electrical convection 
over the magnetometer methods, is clearly seen in this possible 
arrangement. Instead of having the delicate magnetic 
detector which must be employed, up close to the rotating 
disks, where it is subject to all kinds of disturbing elements, 
as is necessary when a magnetometer is used, it can in this 
method be placed as far as one may desire from all the rest 
of the apparatus. The three motors M, M, M; were so placed 
as to reduce their action on the coil and galvanometer to a 
minimum. When placed as shown, there was no appreciable 
action on the coil; but on turning the current on the large 
motor M,, the zero of the galvanometer was changed about 
15mm. As the speed of the motor was kept constant, how- 
ever, during a series of observations, this was a perfectly 
steady deflexion, and consequently of no particular dis- 
advantage. The disks were set up at right angles to the 
meridian, for convenience in placing the rest of the apparatus. 
There was no appreciable effect due to their thus cutting the 
lines of force of the earth’s field ; 72. e., there was no effect on 
running the apparatus with the disks uncharged. 

In the figure all connexions are omitted for the sake of 
clearness. These, however, can be readily described in con- 
nexion with the various figures. 

Galvanometer Circuit.—This circuit was completely in- 
closed in a continuous metal shield throughout its entire 
extent. This shield was connected to earth. The lead wires 
from the galvanometer lead first to a specially constructed 
mercury-switch K, inclosed in a wooden box, lined with tin- 

_foil—the switch was thus protected both from thermal and 
from electrostatic effects. One of the leads was connected 
to the earth. From the switch ran two lead wires to the 
springs of the commutator. The rods of the commutator 
were connected to the terminals of the coil. 

Charging Connexions.—All high potential wires were sus- 
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pended by silk threads. From the two poles of the Voss 
machine ran two wires to two terminals of the reversing 
switch S. From the other two terminals ran two wires to the 
reverser, ‘The brushes of the reverser could be arranged so 
that at any instant the two disks could be charged either 
alike or oppositely, as desired. 

If the disks are set rotating in the same direction, the 
commutator and Voss machine also set rotating so as to charge 
the disks at any instant with the same sign, then on throwing 
the galvanometer in series with the coil, the spot of light on 
the galvanometersscale should move off a distance D from its 
position on open circuit. If the order of charging with respect 
to the commutation is reversed, as can be done by reversing 
the high potential switch 8, then the spot of light should 
move off a distance D cn the other side of its position on open 
circuit. Hence, on reversing the high potential switch 8, 
keeping everything else unchanged, the spot of light should 
change its position by an amount 2D. This was the deflexion 
always observed. This deflexion varied from 30 to 80 mm., 
depending upon the conditions. Its direction always reversed 
with the direction of rotation of the disks, and was always 
such as should be expected from Ampére’s rule. This latter 
was determined by comparison with the deflexion preduced 
by a conduction-current, reversed in the same manner as 
the charge on the disks, flowing in the test-coil T on the disk 
apparatus. 

Under the conditions first employed, the deflexion 2D 
expected was therefore 20 mm. A deflexion, apparently of 
this order of magnitude, was first unmistakably observed as 
early as December 22. At this time, however, the accidental 
deflexions, due to extraneous effects not then eliminated, were 
considerably greater than this, so that it was impossible to 
make quantitative measurements. However, there was un- 
mistakably a deflexion obeving the reversing of the switch, 
and also reversing with the direction of rotation of the disks. 
On January the 16th and 17th, the conditions were so far 
improved that a series of quantitative measurements was 
attempted. The mean of a number of determinations of 2D, 
with the disks running positively, was 18°4, with the disks 
running negatively 25:0. The direction in the two cases 
reversed, and was as should be expected from Ampére’s rule. 

The time from the middle of January to the middle of 
March was spent in making various improvements in different 
parts of the apparatus. There was never any difficulty in 
observing the effect sought, though it was only gradually 
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that the conditions became so far improved that any attempt 
at accurate quantitative measurements was deemed worth 
while. | 

At times a deflexion was noticed on reversing the switch § 
with the disks at rest, but the other parts of the apparatus 
running. This, however, was invariably traced to the tem- 
porary failure of the insulation either of the ebonite cores of 
the disk or of the ebonite between the brushes and the tinfoil 
condensing-plates, due to the surfaces becoming greasy. By 
cleaning the surfaces with benzine and then with alcohol, 
this deflexion was always completely suppressed. The insula- 
tion was usually thus cleaned at least once every night, and 
frequently oftener. No readings were ever taken when there 
was any perceptible deflexion with the disks at rest. 

Calculation of the Effect. 

The strength of the convection-current produced by the 
rotation of an elementary annular surface of radius r and 
width dr, carrying a charge of surface-density o is 

di= amrdr 2 

where N is the number of revolutions per second, and v the 
ratio of the two systems of electrical units. The quantity 
induced in the coil I (fig. 1) connected with the galvanometer, 
by reversing this, 2.e. by reversing the sign of a, is 

No M’ 
dq=Anrdr—~ a 

where M’ is the coefficient of mutual induction of the ring 
and the coil I, and R the total resistance of the circuit con- 
sisting of coiland galvanometer. Let the charge o be reversed 
C times a second, and the induced current be commutated as 
above described. The value of the rectified induced current 
will be 

Ye / 

pe id x a 
v aay 

and the steady deflexion of the spot of light from its equili- 
brium position will be 

dD =4rr x drat x WK, 

where K is a factor depending on the resistance of the circuit, 
ihe number cf reversals per second, and the sensibility of the 
galvanometer, or 2M’K is the deflexion given by a unit 
current reversed in the ring C times a second under the same 
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conditions. Hence the total deflexion due to one surface of 

R 
pe =| “or MW dr. 

Since there are four surfaces the entire effect due to them all 
can be written 

ne aun 

Ri 

~ the disk is 

orMdr, 

where M is the mean value of M’ for the four surfaces. 
Considering D the observed deflexion, we have 

R 
o= at ; aorMdr. 

D Rt 

The value of v thus determined is a test for the accuracy of 
the assumption that a convection current is magnetically 
equivalent to a conduction current. 

The surface-density of the disks is uniform except on the 
edge and at the centre opposite the opening in the tinfoil 
condensing-plates. The uniform surface-density over the 
main body of the disk is . 

~ 25(B=B) 
where V is the potential of the disk, the condensing-plates 
being earthed, B the distance between the conuensing-plates, 
and 8 the thickness of the disk. 

The excess on the edge of each side is (Maxwell, Elec. & 
Mag. § 196) 

q= InRyo log . (2085) 

=p 5 = Owe, (2 cos a). 

The effect of this excess can be calculated by considering 
it as concentrated in a circle of slightly smaller radius R’ than 
that of the disk. The lack of uniformity opposite the internal 
edge of the condensing-plates may be allowed for by taking 
for R; a value somewhat less than the radius of the opening 
in the tinfoil, and considering the surface-density uniform. 
This last correction is Jess than one per cent., since the 
velocity of this portion of the disk is very small and its effect 
on the coil also very slight. We then have 

oe RB a ee} 
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M and \Mrdr can be calculated from the dimensions of the 
apparatus by means of elliptic integrals, provided the coil I is 
pertectly uniform. However, there were considerable varia- 
tions in the dimensions of the coil from point to point; so 
that this method was not deemed sufficiently accurate. 
Hence the following scheme, which amounts practically to 
an experimental determination of M and a graphical caleula- 
tion of \M rdr, was adopted. Twelve concentric coils of one 
turn each were mounted on a plane board. This board could 
ke clamped in turn up against each surface of each disk. 
The radii of the coils varied from 4°3 to 16:0 cms. Bya 
simple device, any one of these coils or the test-coil T 
could be connected at will to two leads from the reverser, 
The lead wires from the Voss machine to the switch 8 were 
disconnected and the terminals of a storage-battery, 110 
volts, in series with 150 ohms’ resistance substituted in their 
stead. In this manner a current of ? of an ampere could 
be sent at will through the reverser and any one of the coils 
on the disk, and the current induced in the coil I on 
running the reverser measured. Instead of employing for 
this purpose the sensitive galvanometer above described, an 
ordinary D’Arsonval about 1000 times less sensitive was used. 
(Hence the large value of the inducing current.) The 
D’Arsonval was employed because it could be used during the 
day; also its readings were much more reliable than those 
of the astatic instrument. The “calibration of the disk 
apparatus” then consisted in sending a given current through 
the test-coil T, with the reverser running, and noting the 
deflexion of the D’Arsonval connected in series with the coil 
I. The same current was then sent through coil No. 1, on 
the disk, the deflexion noted; then again through coil T, the 
deflexion noted, and so on for each of the twelve coils when 
clamped up in turn against each face of each disk. The 
deflexion, due to the coil T was determined before and after 
every determination for a coil on the disk, in order to elimi- 
nate any error due to the variation in speed of the commutator. 
The ratio p of the deflexion due to the given current in each 
coil to the deflexion due to the same current in coil T was 
determined from these readings. To find the value of the 
factor 2MK it is then necessary to know only the deflexion 
of the astatic galvanometer produced by a unit current in coil 
T. with the reverser running. Call this A. Then 2MK=Ap. 
(This of course depends on the sensibility of the galvanometer 
and the number of reversals per second ; see below.) It is 
hardly necessary to state that the relative positions of the 
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disks, coil I, and coil T remained fixed throughout the 
experiment. 

It was found that the values of p for any one coil in 
corresponding positions on the two disks were very nearly 
the same, within about one per cent.; thus showing that the 
two sides of the apparatus were very nearly symmetrical 
with respect to the coil. The values for the two sides of the 
same disk differed about 5 per cent. The mean of the ratio 
for the four positions of each coil was then plotted as 
ordinates to the radii of the coils as abscisse. ‘he curve 

thus found represents ae Multiplying the ordinate of 
A 

each point by ils abscissa, we get a curve representing 
5 - C (Re 

aes . The area of this from R, to R, is al Mradr. 
A A JR, 

, 2KR, 
Call this ~. The value of re My is also given from the 

first curve. Call this vy. Then 

— _AnKA | -- vB loge 2 cos at 

maa Lo. ar. ( "OB)S° 

Two independent “calibrations” of the disk apparatus 
were thus made, the first after set 7, the second after set 17. 
Table J. gives the radii of the coils, the corresponding values 
of p for each calibration, and the mean of the two sets. 

3 

TABLE [. 

Radii. ee Po. Mean p. | 

4:39 "146 143 "145 
5-98 ae 284 
7 87 B05 504 "DOD 
9:04 678 “682 ‘680 

10°02 "845 "848 SAT 
ii-ts it | 1:070 1-071 
12:00 1:293 1:294 1:294 
12°82 1°522 1501 1-512 
13°57 1-692 1°697 1695 
14°34 1°880 1885 1883 
15°21 2:036 2-065 2-051 
15°96 2°159 2°162 2-161 

The factor A is equal to the deflexion of the galvanometer 
due to the current, commutated, induced in the coil I on 
reversing a unit current in the coil T, as above described. 
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This quantity therefore depends on the number of reversals 
of the current per second, and the sensibility of the gal- 
vanometer. The first idea which suggested itself was to 
arrange a test-circuit, so that the deflexion produced by a 
given current thus reversed in the test-coil T could be 
determined alternately with the deflexion produced by 
reversing the charge on the rotating disks, keeping the speed 
of the reverser and the sensibility of the galvanometer 
unchanged. This, however, was not practicable. In order 
to insure a steady contact between the brushes of the reverser 
and the brass sectors, it was necessary that the brushes bear 
with some little pressure on these sectors. With the brushes 
thus adjusted, howeyer, the particles of brass gradually 
rubbed off soon formed a thin metallic bridge across the 
intervening ebonite sectors, thus destroying the insulation for 
high potentials. When the reverser was being used to 
reverse the charge on the disks, it was therefore necessary to 
have the brushes so adjusted that they barely touched the 
brass, in which case the contact for the test-current was 
destroyed. Moreover, when the brushes were adjusted first 
one way and then another, the speed of course changed. 
Hence another method of procedure was adopted. 
By a series of preliminary experiments it was found that, 

on reversing a given current in the coil T as above described, 
the factor A was directly proportional to the sensibility of the 
galvanometer and to the number of reversals per second, 
at least within the limits used,—8 to 20 reversals per second. 
Consequently, instead of determining A directly for each set 
of readings, the sensibility of the galvanometer S, and the 
number of reversals per second C, were determined instead. 
Writing 

Au, 

the above formula for v becomes 

_ 4r7NASC vB Tore \) 
o= (BaD p+ “log, (2008 Fp ) F. 

The factor A was determined from time to time throughout 
the experiment as follows:—The sensibility of the gal- 
vanometer S was first determined. The brushes were then 
properly adjusted, a known current 7 sent through the coil 
and reverser, and the reverser and commutator set running. 
The deflexion due to the current induced in I by this current z 
in T was then determined ; also the number of reversals per 
second C. The double deflexion 2D was the quantity measured 
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directly. We have the formula 

D 

a= ote 
The current ¢ was obtained from an ordinary commercial cell 
in series with several thousand ohms. The E.M.F. of this 
cell was determined by comparison with a standard Clark cell. 
The total resistance of the circuit was measured by a standard 
bridge. The internal resistance of the battery was less than 
an ohm. In some determinations a Daniell cell was used in 
place of the commercial cell. Table II. gives a series of 
determinations of A, for various values of the quantities 
involved. 7 is given in C.G.s. electromagnetic units. The 
value of A is seen to be constant within the limits of error of 
observation. After using the commutator for these determi- 
nations it was always necessary to thoroughly clean the 
reverser with emery-cloth and to reset the brushes, before it 
could again be used to reverse the charge on the disks. 

TABLE I]. 

| S. | 2D. C. i. A. 

153 158 746 | -628xi0| -1101x10! 
205 107 7-34 ‘317 ‘1122 
197 200 14-7 317 ‘1089 
172 Hi6....) 142 ‘317 | *1136 
177 158 12:8 ‘317 ‘1100 
17] 318 134 632 -1098 
214 245 16:8 314 1085 
867 88-2 165 ‘276 ‘1117 
io | 198 20°3 276 1105 
mh | (217 16'8 ‘276 "1089 

Meancixck.k *1104 

The quantities to be measured in conjunction with the 
deflexion dune to the rapid reversal of the charge on the 
rotating disks are the following :— 

(1) The number of reversals per second. This was deter- 
mined by a velocimeter attached to the shaft of the commu- 
tator. The time required for 200 revolutions was determined 
by a stop-watch. One turn of the shaft corresponds to four 
reversals. 

(2) The speeds of the two disks. The time required for 
20 complete turns of each of the speed-counters was deter- 
mined by a stop-watch. Each counter has 199 teeth, so that 
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this corresponds to 39,800 turns of the disk. The speeds of 
the two disks agreed very well. The average speed of the 
two is the quantity recorded below under N. 

(3) The sensibility of the galvanometer. This was deter- 
mined as already described. 

(4) The difference of potential between the disks and the 
condensing-plates—the condensing-plates were always earthed. 
This was determined by means of an absolute guard-ring 
electrometer, the same instrument as that used by Rowland 
and Hutchinson in 1889. The disk attached to the balance- 
arm and its guard-ring were earthed. The lower plate was 
connected to the disks through the reverser. By a simple 
device it was so arranged that this connexion was made only 
when the disks were charged in one way—positively, say— 
so that the disk of the electrometer did not fluctuate up and 
down as it would have done had the lower plate been con- 
nected permanently to the disks. Had the lower plate been 
connected directly to a pole of the Voss machine, the potential 
measured would have been higher than that of the disks, 
since in the interval during which the disks were disconnected 
from this pole, its potential would have risen, in consequence of 
the storing of the charge in the leyden-jars, as the Voss machine 
was kept rapidly rotating all the time. The potential then 
measured by the electrometer was that to which the disks 
were brought when charged positively (say). By reversing 
the switch 8, the potential to which they were brought when 
charged negatively was similarly determined. The mean of 
the positive and negative values of the potential thus deter- 
mined is the quantity recorded below under V. 

The difference of potential between the two plates of the 
electrometer is 

SagM 
vay / A. 

In this laboratory g=980:1. A, the area of the disk, cor- 
rected for the annular space between it and its guard-ring, is 

30°11. Hence V=17°56V/M. 6 is the distance apart of the 
plates, read from a scale attached to the lower plate. M_ is 
the mass on the scale-pan ; 6 and M are the quantities deter- 
mined for each measurement, 

A series of measurements was made as follows :—First one 
observer determined the sensibility of the galvanometer. The 
zero was noted, the test-current 2x 10~% amperes sent, 
through, a reading made, the connexion broken, and a zero 
again noted. This was usually done three times, and the 
mean deflexion taken as the sensibility, The commutator 



Effect of Electrical Convection. 203 

and Voss machine were then started, and a test made to see 
that there was no effect when the disks were at rest. The 
disks were then set in rotation, and when they had obtained 
a constant speed, a second observer noted the speed of each, 
and also of the commutator, while the first observer measured 
the potential of the disks, with the switch 8 first thrown 
north, and then south. The deflexion produced by the con- 
vection-current was then determined by the first observer as 
follows :—With the switch 8 thrown north, the galvanometer 
was thrown in circuit, and a reading taken. The switch was 
then thrown south, a second reading taken, then north again, 
and a third reading taken. The difference between the second 
and the mean of the first and third readings was taken as the 
value of 2D. The switch was then thrown south, then north, 
then south, a reading taken each time. Again the difference 
between the second and the mean of the first and third was 
taken. In this way variations in the zero were largely 
eliminated. The above operation was repeated twice. The 
speeds and potentials were then determined, a similar set of 
readings taken, and the speeds and potentials once more 
determined. This usually required the greater part of one of 
the forty minute periods during which the galvanometer 
could be used. During the next period the direction of 
rotation of the disks was reversed, and a similar set of read- 
ings made. It is hardly necessary to state that with appar- 
atus as complicated as that used, accidents were frequent, and 
often a whole night was spent without obtaining a satisfactory 
set of readings. 

There are two ways of employing the disk-apparatus to 
put in evidence the effect sought. The two disks may be 
rotated in the same direction, and, at any instant, charged 
alike ; or, they may be rotated in opposite directions, and, 
at any instant, charged oppositely. Both methods have been 
employed, but the majority of readings were taken with the 
disks charged oppositely and rotating in opposite directions 
as the needle of the galvanometer was much more steady 
under these conditions. 

Table III. gives an example of a complete set of readings, 
taken under these latter conditions. The first four columns 
give the readings for the sensibility, the next three the read- 
ings for the potentials, the next eight the readings for the 
defexion, and the last three the speeds. S is the sensibility 
of the galvanometer, M the mass on the scale-pan of the 
electrometer, 5 and 6’ the distance apart of the electrometer- 
plates, less *26 cm., the zero-correction of the scale of the 
electrometer, when the disks are charged positively and 
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negatively respectively ; N and 8S indicate the position of the 
handle of the reversing-switch ; C’ is the time required for 
200 turns of the commutator-shaft, N, and N, the time re- 
quired for 20 complete turns of the speed-counters on the 
two disks. 

This table is a fair example of the general run of readings. 
The large variations in the separate determinations of 2D are 
due to the fact that the spot of light was always unsteady 
when the charge on the disks was being rapidly reversed, 
oscillating over from 10 to 15 millimetres. This unsteadiness 
was probably due to the fact that the metal case inclosing 
the coil is not a complete shield against rapidly varying 
charges. It will also be noticed that at times there was a 
change of the zero. This was due to variations in the field 
at the galvanometer due to outside causes. 

In Table LV. are given the mean values of the various 
factors of a number of sets of determinations, taken between 

TABLE LV. 

meme) tii) sx | ve} oO } oN | aD. v, 

‘1 | 2008 | +] —| 240 | 1052| 108] 99:0! 65:3) 28410 
12 | ,, |—|+| 240 | 1010] 109] 99.4} 58-7 | 3:05 

3 |, |—| +1 192 | 851] 121 | 906) 422] 2-90 

4a.) |} —| +| 214 | 9:55] 195 |1091 | 565 | g-t6 
5 | | | 41) —| 210 | 11-20] 135 |1023 | 778] 284 

6 | , |+1—| 202 | 981] 132] 991) 63:3} 2-82 

7 | , |—|—| 174 | 930] 11:7] 835] 363 | 297 

if 2-047} — | + | 189 | 1035! 15-4 | 976] 63-7 | 3-19 
9 |, | 4 |—| 189 | 1083] 150] 776 | 532 | 3-09 

i0 | , |—|—J| 171 | 930] 134] 899] 41-0] 3:24 

1 | ,, | +1+/ 165 | 11-40] 198] 865] 691 | 323 

f12 | 2304] -—] +4] 98 | 10-41| 191] 932| 29:2] 293 
‘13 | , |+{|—| 99 | 1012] 176] 897 | 338 | 275 

us » | +|—| 195 | 9:56] 220] 756! 63-7 | 283 
1 | . | —~| +1 193 | 990] 21:2] 823] 683 | 287 

(8 , |-|—| 190 | 996! 206! 879} 662)! 3:00 
i7 | . | + | +] 201 | 1031| 208 | 783 | 620) 3:17 

Mean ...... 3°05 x10" 
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the middle of March and the Ist of May ; also the value of v 
calculated for each set in the manner above described. 
Observations were attempted only on those nights when the 
atmosphere was comparatively dry. A bracket in the table in- 
dicates that the sets included under it were taken immediately 
following one another on the same nigit. 

In connexion with sets 14 and 15, a further series of 
readings was made, which may be looked upon as an additional 
proof of the existence of the effect sought. The disks were 
charged oppositely throughout. First was taken a complete 
set of readings on reversing the switch 8S while the disks 
were at rest, the remainder of the apparatus running as usual. 
The disks were then set rotating, both positively, and a second 
series of readings taken ; then one of the belts from the 
counter-shaft to the disk was crossed, so that I rotated + 
and Il —, and a third series taken; then the main belt from 
the motor was crossed, so that I rotated — and II +, a fourth 
series taken ; finally, the belt from counter-shaft to disk was 
put straight again, so that both disks rotated negatively, and 
a fifth series taken. In connexion with sets 16 and 17a 
similar series of readings was made, except that here both 
disks were charged alike. Here are the observed and cal- 
culated values for the deflexion for the various cases :— 

TaBue V. 

Speeds. Charged. Deflexion. 

iE II I II Obs Cale. 

0 0 os 42 0-0 
+832 +889 a + + 20 + 21 

+784 —73°4 str Ss —63:7 —60:1 

—79'3 —7142 a =" + 2:3 2d 

— 83:0 +81°9 aa = +68-2 +65-0 

0 0 le ale “Fl 0-0 

— 86:9 —88'8 an 36 — 66:2 —68°2 

+88:0 —89°6 ae a -- 10 — 4 

—88:0 +89°6 ae 2p + 20 + 4 

—718'3 +783 ale ae +620 +650 

In all of the preceding the surfaces both of the disks and 
of the condensing-plates were uniform. A series of experi- 
ments early in the winter had shown that the qualitative 
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effect was the same under these conditions as when the 
surfaces of the disks were divided into a number of separate 
sectors, and charged at the periphery by a point. To see if 
the quantitative etfect was also the same, the following experi- 
ment was performed. The conducting surfaces of both the 
disks and the condensing-plates were each divided into six 
sectors by radial scratches ? mm. wide. ‘The internal edges 
of the condensing-plates were connected by a ring of tintoil 
1mm. wide. The sectors of the disks were connected only 
by the charging-rings on the ebonite cores. If, then, the 
effect observed was in any way due to conduction-currents 
in the metal surfaces, this arrangement should certainly 
greatly alter its magnitude. Observation, however, showed 
that this was by no means the case. In Table VJ. are given 
the results of four series of measurements. The values of v 
calculated from these lie well within the range of accuracy of 
the experiment. 

TaBLE VI, 

No. | B. Btn i Ss ve OF hy anes 7 Fagg. v, 

18 | 2994; + — | 159 | 1199 | 169 | 900] 58:7) 2:89 

19 24 - + | 218 | 1360 | 171 | 81-4} 8201] 2-96 

20 a ve + | 218 | 1245 |172 | 769] 767)| 2-75 

21 M - — | 19% | 1400 | 153 |1063 | 8031 3:93 

Mean...... 2:96 

The above results therefore show beyond any doubt that 
electric convection does produce magnetic action, or, more 
exactly, that, within the errors of observation, the current 
induced in a coil by reversing a conyection-current in its 
vicinity is equal to the current induced in this coil by re- 
versing a conduction-current of the same strength as the 
convection-current in a circuit coinciding with the path of 
the convection-current. 

The conditions of the experiment above described are still 
capable of considerable improvement. A number of alter- 
ations are to be made next winter, and it is hoped that much 
more consistent results will then be obtained. Crémieu’s 
recent experiments will also be repeated, with the view of 
seeing if the explanations above offered will bear experimental 
test. There also remain a number of questions in regard to 



208 Mr. J. Rose-Innes and Dr. S. Young on the 

the effect of moving electrified hodies still unanswered, at 
least satisfactorily ; for example, the motion of a dielectric in 
a uniform field ; also the reverse of the above experiment. 
These problems are also to be attacked. 

It is a source of great satisfaction to me that the above 
investigation was practically completed before the death of 
Prof. Rowland. His advice and criticism throughout the 
work were invaluable. 

To Prof. Ames also I am indebted for much valuable 
advice. I also take this opportunity of thanking Mr. N. H. 
Gilbert for his valuable assistance in the early part of the 
work, and Messrs. J. T. Barrett and Jas. Barnes for their 
help in taking the final readings. 

Physical Laboratory, 
Johns Hopkins University, 

June 10, 1901. 

ae 

XV. The Thermal Properties of Isopentane compared with 
those of Normal Pentane. ByJ. Rosu-Innzs, I.A., B.Se., 
and SypnEY Youne, D.Se., F.RS.* 

[Plate IV.] 

| hae a paper read before the Physical Society in December 
1898, attention was drawn to the great interest attaching 

to the comparison of the isothermals of two isomeric sub- 
stances (Phil. Mag. xlvii. p. 366). An experimental investi- 
gation of the relations between the temperatures, pressures, 
and volumes of isopentane had been carried out by one of us 
some time previously ; and in the paper above referred to 
the restilts of a similar investigation into the thermal properties 
of normal pentane were given. A preliminary comparison was 
instituted between the thermal data belonging to the two sub- 
stances respectively, and the conclusions provisionally arrived 
at were stated (loc. cit. pp. 366-367). We have since under- 
taken a more exhaustive examination of the experimental 
results, and the conclusions now reached form the subject of 
our present paper. 

If we could treat normal pentane and isopentane as perfect: 
gases, we should be able to write pv= RT, where all the letters 
have their usual signification. In practice it is found that pu 
changes as p diminishes along any isothermal, in such a way 
that the limiting value of pu for p=0 is equal to RT; but any 
actual value of pv lies below RT within the limits of tempe- 
rature of the experiments. The quantity RT—pv, which 

* Communicated by the Physical Society ; read May 10, 1901, 
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should be zero if Boyle’s law were correct, may be considered 
as measuring the error of Boyle’s law, and we may term it 
“ the departure from Boyle’s law ”’ for the particular volume 
and temperature in question. It then appears that the 
departure from Boyle’s law in the case of isopentane bears a 
constant ratio to the departure for normal pentane at the same 
volume and temperature*. This simple law is found to yield 
numerical results so nearly in accordance with the experimental 
facts that the error incurred by assuming the law as entirely 
correct is comparable with the errors of experiment. 
We will next proceed to describe our method of testing the 

Jaw. ‘Take any volume and temperature, v and T say ; and 
let p, and p, denote the pressures of normal pentane and of 
isopentane respectively at the said volume and temperature. 
Then the departure from Boyle’s law for normal pentane is 
RT — p,v, while the departure from Boyle’s law for isopentane 
is RI—p,v. The proposed law tells us that 

ies, = a constant 

= A, say. 

Hence we easily obtain 

pw = Ap wt (L—A)RT. 

By examining the experimental data in the neighbourhood 
of the critical point of normal pentane, it was concluded that 
X might conveniently be put equal to ‘9463. By the last 
formula it was then possible to calculate pv tor any volume 
aud temperature whenever p,v for the same volume and 
temperature was known. In this way a large number of 
values of ».v were found for the isothermals 280° C., 240° C., 
200° C., 160° C., 120°C. These were plotted in a diagram 
against v—%, and the dots so drawn distinguished by means of 
across, The values of pv found by direct experiment for the 

. ene Of 
same temperatures were also plotted against v~*, and the 
resulting dots distinguished by means of a small circle. As 
both sets of dots were very numerous, and occurred at small 

intervals of v—?, we were well able to judge by the eye whether 
the curve determined by the one set might be considered as 

* The connexion between chemical problems and the departure from 
Boyle’s law has also been investigated by M. Daniel Berthelot. (See 
Comptes Rendus, 1898, exxvi. pp. 954, 1030, & 1415.) His immediate 
object, however, was different from ours. He confined himself to 
studying how the departures from Boyle’s law might be allowed for in 
deducing the true molecular weights of substances by physical methods ; 
and he nowhere pays special attention to isomeric bodies. 

Phil, Mag. 8. 6. Vol. 2. No. 8. Aug. 1901. Ly 
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comeiding with the curve determmed by the second set. The 
diagram is reprodueed on PI. ITV. Only the volumes above 
3-4 were taken into consider ation, for reasons stated in our 
former paper (loc. cit. p. 364). 

It will be seen that on ithe whole the two sets of dots agree 
very well. In places, however, there is a diserepancy between 
the two sets: e.g., at small volumes on the isothermal of 
240° C. the calculated values of pw differ from the experi- 
mental values by shghtly over 1 per cent. ‘This error is 
partly to be accounted for by onr not having chosen the most 
suitable value of %; by choosing a rather smafler value 
we could easily diminish thé error spoken of. But we eannot 
diminish the error indefinitely in this way, since we are 
hampered by the condition that we must mot introduce more 
serious error into fresh places by our changesin A. Hence 
there will necessarily be some small outstanding differences 
between the two sets of dots whatever value of A be chosen. We 
have not thought it worth while to draw a fresh diagram with 
a more suitable value of X, as a slight correction in the diagram 
corresponding to a slight change in 2 is easily allowed for by 
the eye. 

As to whether the outstanding differences referred to above 
indicate the necessity for a correction in the law we have 
proposed, or whether they can be considered as due to errors 
of experiment, we are unable to decide with any confidence 
at present. But it seems certain that by far the greatest part 
of the difference in the behaviour of normal pentane and of 
isopentane can be attributed to the action of the law we have 
mentioned. We are therefore confirmed in the conclusion 
stated by us in a former paper “that the difference of pressure 
between two isomeric substances at the same temperatureand 
volume involves the same power of the density as the first 
deviation from Boyle’s law, z.e. the second power” (Phil. 
Mag. slviii. p. 214). 

XVI. Dependence of the Current through Condusting Gases 
onthe Lrrection of the Electric Field. By HK. RUTHERFORD, 
M.A., Macdonald Professor of Physics, MeGull University, 
Montreal *. 

& the conduction of gases under the influence of Ronutgen 
and Beecquerel rays, it has generally been considered that 

the magnitude of the current between the electrodes is 
independent of the direction of the electric field, except in 

* Communicated by Prof. J. J. Thomson. 
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the case of potential-differences of the order of one volt*, 
when the contact-differences of potential between the elec- 
trodes may cause inequalities in the currents. In the general 
case, however, of gas-conduction, | have found that there is, 
in most cases, a difference between the values of the current 
with the reversal of the electric field. This difference is due 
to the inequality of the velocities of the positive and negative 
ions. 

It is only in certain special cases that the current is 
independent of the direction of the electric field. 

These cases are :— 
(1) When the ionization of the gas is symmetrical with 

regard to the electrodes. 
(2) When the electric field is so great that the current is a 

maximum, 2.e. when all the ions reach the electrodes 
before recombination occurs. 

(3) When the number of ions present is so small that their 
movement between the charged electrodes does not 
appreciably disturb the potential-gradient. 

(4) When the positive and negative ions have equal 
velocities. In all other cases the positive and negative 
currents are unequal in value, the difference depending 
upon the distribution and intensity of the ionization, the 
distance apart and shape of the electrodes, and the 
potential-difference applied. 

In many of the experimental arrangements of previous 
observers, by means of which the equality of the current in 
the two directions was observed, one or more of the above 
conditions was fulfilled. 

The essential conditions for obtaining unequal currents 
are :— 
(1) Ionization unsymmetrical with regard to the electrodes. 
(2) Disturbance of the potential-gradient due to the move- 

ment of the ions in the electric field. 
(3) Unequal velocity of the ions. 
A few simple cases will now be considered, in which the 

difference between positive and negative currents is strongly 
marked. 

The difference between the currents in air is most readily 
shown when the gas is dry, and when the ionization between 
the electrodes is powerful and confined mainly to the surface 
of one electrode. This condition can readily be fulfilled by 
allowing a thin stratum of strong Réntgen-rays to - pass 
between two parallel plate-electrodes, but nearer one plate 
than the other, or by using a powerful radio-active substince, 

* E. Rutherford, egy Mag. Jan. 1899, 
2 
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like radium, where the ionizing-power due to the radiation is 
mainly confined to within a few centimetres of the active 
surface. Some experiments with Réntgen-rays will be given 
later, but, on account of the inconstancy of a Réntgen-tube, 
it was found more convenient and accurate to experiment 
with radio~active substances. 

Fig. 1 shows the general arrangement of the experiment 
with radio-active substances. 

Two parallel circular insulated plates of lead A and B, 

Pye 

EARTH EARTH 

19 centims. in diameter, were fixed horizontally inside a tin 
vessel C. The lower plate was covered with a layer of 
tinfoil on which a thin layer of radium was lightly sprinkled. 
The upper plate was also covered with tinfoil and rigidly 
attached to the lid of the vessel. The central portion D of 
the upper plate was separated from the outer by a narrow 
air-gap and insulated from it, so that the outer served as a 
guard-ring. The electrometer was connected to the central 
plate in the usual manner; the guard-ring and vessel were 
connected to earth ; the lower plate to one terminal of a 
large battery of sinall accumulators, the other terminal of 
which was to earth. The crossed lines in the figure represent 
insulators. The current between the plates was measured 
by noting the deflexion of the electrometer-needle in a given 
time. 

The quadrants were separa and the connexion with the 
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plate D broken after a definite interval by two keys operated 
at a distance. 

The following results were obtained on the difference 
between the positive and negative currents with variation of 
potential-difference between the plates. 

Diameter of centre plate D 7 centims. Air dried over 
P.O; for one day. 

Current. / 
P.D. between Ratio between 

Plates in volts. | Currents. 
Lower Plate+. | Lower Plate—. 

6 1 1:10 1:10 
12 pig | 2°5 1:20 
26 49 6°2 1:26 
53 12°5 15°8 1:27 

104 S17 41‘7 1°32 
157 51-7 70:4 1:29 
211 84:7 109 1:29 
310 130 157 $2] 
460 Tit 190 it | 
610 190 206 1:08 

Each division of arbitrary scale is 2°310-" amperes. The 
results are plotted graphically in fig. 1 a (p. 214), where the 
ordinates represent current and abscissze volts. 

It will be observed that the current when the lower plate 
is negative is always greater than when it is positive. The 
maximum ratio observed is 1°32 for 104 volts. Another 
peculiarity is that the current increases much faster than the 
potential-difference. For an increase of P.D. of 4 times 
irom 26 to 104 volts, the currents increase 6°7 times and 
6:5 times respectively. When the plates were brought closer 
together, the same general results were obtained for low 
voltages; but the currents approached to approximate 
equality sooner for the high voltages. For example, with 
the plates 3 centims. apart, the ratio of currents was 1°20 for 
27 volts, but for 300 volts the currents were nearly equal. 

In this case most of the ions are produced near the lower 
plate, and are then separated by the electric field. In con- 
sequence of this, when the current is passing, nearly all the 
ions near the upper plate are of one sign. 

A special experiment, after the manner described in a 
previous paper*, showed that the intensity of the ionization 
rapidly diminished from the surface of the radio-active plate. 

* FE. Rutherford, Phil. Mag. Jan. 1899. 
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Using a thin layer of radium chloride, the intensity of the 
radiation was found to be about 1/10 of its value at the 
surface after passing through a distance of air of 3 centim., 
and diminished approximately in G.P. with the distance. 

200 

"175 

25 

50 
Poa ge. 

150 + 300 4 

Potential-Gradient between Plates. 

J.J. Thomson * has worked out the mathematical theory 
ot gas-conduction, due to distributed ions, under certain 
special conditions. He has shown that inthe case of uniform 
ionization, the equation is not integrable in the practicable 
case when the ions move with different velocities. The 
present case is still more complicated than the one con- 
sidered ; for, in addition, the rate of production of ions is 
not uniform between the plates. Some light is, however, 

* Phil. Mag. March 1899. 
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thrown on the question by examiuing the potential-gradient 
between the plates when a steady P.D. is applied. 

In the present case, where the plate on which the radio- 
active substance was spread was horizontal, it was not con- 
venient to use a water- or mercury-dropper to determine the 
potential at any point between the plates. Recourse was had 
to the methed used by Zeleny, in which an insulated wire 
connected to the electrometer takes up the potential of the 
gas in which it is placed. The wire W, shown in fig. 1, was 
bent into a circle in a horizontal plane, and connected to a 

_vertical rod inside an insulated glass tube, so that the potential 
to which the wire was raised was not im any way influenced 
by the vertical support. The wire and all the metal surfaces 
ot the vessel were of tin, and in this way contact-differences 
of potential were to a large extent avoided. The wire takes 
up the potential rapidly ata point where positive and negative 
ions are plentiful, but more slowly at points near the upper 
plate where the ions are nearly all of one sign, and not nearly 
so numerous. 

Unless special precautions are taken, there is a danger that 
near the upper plate the average potential may not be 
indicated. Suppose, for example, iu the present case, that the 
lower plate is positively charged and the upper plate earthed. 
The ions near the upper plate are nearly all of positive sign, 
and the wire will continue to receive a positive charge and 
rise in potential until it has reached the potential correspond- 
ing to the gas in the neighbourhood of the wire where the 
potential is highest. Since there are no negative ions present, 
any aceidental excess of charge on the wire cannot be got rid 
of, and the indicated potential may be too high. A mercury- 
or water-dropper has the advantage that it takes up the 
potential at a point rapidly whether the ions of one or both 
signs are present. The wire, however, gives accurate results 
if care is taken, and is often more convenient to use than 
the mereury- or water-dropper™*. 

In determining the potential-gradient the method shown in 
fig. 2 was employed. 

The insulated battery of small accumulators was connected 
to the terminals of a Thomson- Varley slide R of 100,000-ohms 
resistance. By means of the movable earth connexion E 
the potential-difference at the terminals of the resistance was 
divided in such a ratio that the potential of the air was zero 
close to the potential wire. When this is the case, the electro- 
meter shows no deflexion on separating the quadrants. This 

* This point has been discussed in a recent paper by C. D. Child, 
Phys. Rey. March 1901. 
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Fig. 2. 

ZARTH 

method was found in practice to be rapid and accurate. The 
following are results obtained for different voltages :— 

Distanee between plates 10°5 centims. Upper plate charged, 
lower plate earthed. 

Distance in ems. 

from Lower 
Upper Plate | Upper Plate | Upper Plate | Upper Plate 

Pikte, 107 volts +.| 107 volts —. 214 +. 214 —. 

Ul 1:55 “91 4-50 2°44 
2 3°32 a 14 9:03 5:84 
3 6-01 4-20 16:1 12-0 
4 9°79 711 26:2 22°3 
5 16°38 15:3 44-4 38 6 
6 27:0 25'1 67°8 63:1 
7 41-2 40-1 99:5 97°3 
8 59-4 58:3 131 127 
3) 76:5 76:0 167 164 * it 

The ratio of the two currents through the gas was 1:27 
for 107 volts, and 1:20 for 214 volts, ~ 

Fig. 2a shows the results graphically. 
It will be observed that the potential-gradient, near the 

radio-active surface, is very small compared with that near 
the upper plate, and that, near the upper plate, the potential- 
gradients are very nearly the same whether the top plate is 
positive or negative. The potential-gradient near the lower 
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plate is considerably greater when the upper plate is positive 
than when it is negative. 

Fig, 2 a. 3 

Vo.rs PD. BETWHEN PLATES. 

L Ee 3 4 5 6 a 8 9 10 

The results given in the table for 107 volts show that the 
rate of change of potential per centim. from about 6 centims. 
upwards from the lower plate is numerically very nearly the 
same for both directions of the electric field. 

If this holds accurately, it can be readily shown that the 
currents through the gas in the two directions for the same 
P.D. are directly proportional to the ratio of the velocities of 
the positive and negative ions. 

For let V be the P.D. between the plates. Let us suppose 
that the lower plate is positively charged, and that positive 
ions only are present near-the upper plate. 
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Let n, be the number of + ions perc. c. ata distance « 
from lower plate. 

Let K, K, be the velocities of the + and — ions for unit 
potential- gradient. 

The current 7, per sq. centim. through the gas is every- 
where the same between the plates, and near the upper 
plate is given by 

dV 
21 = Kynye ars 

da? 

where ¢ is the charge on an ion, and = the potential-gradient. 
e 3 . 

By Poisson’s equation, 

aV 
dg me 

We therefore have 
ok WKY a, dey, 

~ 4a da *dax?* 

In exactly the same way it may be shown that 2,, ihe current 
when the lower plate is negatively charged, is given by 

wi ae We a 
2 Agr da’ da? 

Since the potential-gradient near the upper plate is the same 
for both directions of the electric field, 

dx dx? 

are numerically the same for both currents at the same point. 
Therefore 

eee 

or the currents are directly proportional to the velocities of 
the ions. | 

Since the current is greater when the lower plate is nega- 
tively charged, these results are in agreement with the fact, 
first observed by Zeleny, that the negative ion moves faster 
than the positive. 

In the experimental case, there is always a small number 
of ions produced by the radio-active substance near the upper 
plate. For small voltages, the current near the upper plate 
is then not altogether carried by ions of one sign. The 
general effect of this is to bring the currents in the two 
directions more nearly to equality. When high voltages are 



Conducting Gases on the Direction of the Electric Field. 219 

applied, the current must also tend to equality, since the 
maximum current through the gas for a P.D. sufficient to 
remove all the ions to the electrodes, before appreciable 
recombination takes place, depends only on the number of 
ions present and not on their velocity. 
We should thus expect in the present case to obtain a 

maximum ratio of the currents for a certain P.D., and this 
ratio to diminish when the P.D. was raised or lowered. 

The potential-gradient, near the radio-active surface, is 
much greater with the lower plate negative than positive. 
The reason of this is easily seen. Since the current through 
the gas is greater when the lower plate is negative, more 
positive ions have to reach the lower plate than negative 
ions when the lower plate is positive. The positive ions 
also move more slowly than the negative in the dry gas, and 
both causes assist in requiring a steeper potential slope to 
force the number of positive ions, necessary to carry the 
current, towurds the lower plate. 

Effect of Moisture and Vapours on the Ratio of the Currents. 

Zeleny * has directly measured the velocity of ions pro- 
duced by Rontgen-rays, and found that the ratio of the 
velocity of the negative to that of the positive ion for dry air 
is 1°375, and for moist air 1°10. Townsend f, by comparing 
the rates of diffusion of ions, determines the ratio of the 
velocity for dry air to be 1°54 and 1°09 for moist air. 

If the ratio of the currents in the experimental case con- 
sidered depends on the ratio of the velocities of the ions, we 
should thus expect to obtain wide differences between the 
ratios of the current when the air is dry or moist. This is 
fully confirmed by the experiments. 

The maximum ratio of the currents observed for air which 
had been left over P,O; for a week was 1°45. The ratio ob- 
served for air standing over water at a temperature of 18° C, 
was 1:12. For intermediate stages of dryness the ratio of 
the currents took intermediate values. 

The effect of alcohol-vapour on the ratio of the currents is 
more marked than in the case of water-vapour. 

With fairly dry air in the apparatus, the ratio observed for 
the currents was 1°37. On introducing alcohol through a 
side tube into the closed apparatus, the ratio of the current 
with the lower plate negative rapidly diminished, while the 
current in the other direction was not appreciably affected. 
After a certain stage, however, the currents in both directions 
decreased. 

* Trans. Roy. Soc. 1900, + Ibid. 1900, 
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The ratio observed for air saturated with alcohol-vapour 
at 18° C. was 1°04. 
We thus see that, since the currents are proportional to the 

velocity of the ions, the negative ion at first moves more 
slowly with the addition of aleohol-vapour, while the velocity 
of the positive ion is unaffected. This is probably due to the 
condensation of alcohol round the negative ion. The final 
slow decrease of the currents in both directions is probably 
due to the disturbance of the current of ionization at various 
points, and alteration of the velocity of the ions in conse- 
quence of moving through air mixed with alcohol-vapour, 
rather than to a condensation of alcohol on both positive and 
negative ions. 

If the air was only partially dry, the effect of aleohol-vapour 
was not nearly so marked. The ratio of the currents for air 
with some moisture present was observed to be 1:19. On 
addition of alcohol-vapour the ratio fell to 1:12 ; while if the 
air had been completely dried, it would have fallen to 1:04, or 
even less. It thus appears that if the two vapours are present, 
the water condenses on the negative ion more readily than 
alcohol. 

Since alcohol has a smaller value of surface-tension than 
water, it was thought that possibly surface-tension determined 
the amount of condensation in the negative ion. Tor this 
reason the vapour of ether was tried, which has a smaller 
surface-tension than alcohol. Hther-vapour, however, was 
found to occupy an intermediate position between alcohol- 
and water-vapour. ‘The reduction observed was from 1°35 
for fairly dry air, to 1°23 for air saturated with ether-vapour 
at 18° C. 

The introduction of the vapour of methyl-iodide reduced 
the ratio of velocities from 1°37 te 1:11. 

These results can only be considered as approximate ; but 
they serve to show in a simple manner the eftect of these sub- 
stances in altering the velocity of the negative ion. 

It is intended to continue the investigation of the effect of 
vapours and other agents in affecting the velocity of the ions 
by this method, which is very simple and convenient. 

To account for the slow velocity of the ions through the gas, 
I have shown that, on the principle of the kinetic theory of 
gases *, the ion behaved as if a cluster of molecules travelled 
withit. This result has been confirmed by later investigationsf. 
Tt has also been suggested that the slowness of motion through 
the gas might not be due to the size of the ions, but possibly 

* Phil. Mag. [5] xliv. p. 422. 
{ Townsend, Trans. Roy. Soc. 1900; Lenard, Drude, Anz. iii. p. 298: 
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to the fact that a small charged body moving through a gas 
would experience a greater resistance than an uncharged body 
of the same size. It does not seem, however, that this expla- 
nation will suffice. 

On introducing water- or alcohol-vapour into the dry gas, 
the velocity of the negative ion decreases by gradual and not 
sudden stages. If the ion were molecular in size, the addition 
of a molecule of water-vapour would greatly alter its velocity. 
The slow and gradual decrease of the velocity of the negative 
ion with the addition of water- or alcohol-vapour, seems to 
point to the conclusion that the ion on which it is con- 
densing is already large, unless it is assumed that only a 
fraction of the number of ions is affected by the presence of 
the vapour. The addition of a molecule of water-vapour to 
an ion of the same dimensions as a molecule would greatly 
lower its velocity, while it would make only aslight difference 
to an ion already much larger in comparison. 

There seems to be considerable evidence that the ion, some- 
where between the pressure of an atmosphere and about 
1 millim. of mercury, alters greatly in size. I have shown 
that the velocity of the negative carrier produced by ultra- 
violet light is about the same as that of an ion produced by 
x-rays; but the results of J. J. Thomson, Lenard, and others 
show that it behaves at low pressures as if it were identical 
with the cathode-ray carrier, which is apparently much 
smaller than an atom. 

Townsend* has also shown that the negative ion produced 
by Rontgen-rays at a pressure of about 1 millim. of mercury 
is very small compared with a molecule. 

Kaperiments with Lténtgen-Rays. 

Fig. 3(p.222) shows the general arrangement. A thin stratum 
of Réntgen-rays was passed near the surface of the plate A but 
not touching it. The current between the vertical plates A 
and B was measured in the usual manner by an electrometer 
with suitable capacity in parallel with it. The plates C and 
D served as guard-plates for the plate B in order to produce 
a uniform electric field between A and B. In order to keep 
a check on the constancy of the rays, the current between two 
standard plates, between which the rays passed, was observed 
at the same time. 

The following results were obtained when astrong stratum 
of rays passed through the fairly dry air of a Canadian 
winter. 

* Phil. Mag. Feb. 19C1. 
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Fig. 3. 

| LARTH 

EARTH 

Plates 10 centims. apart. Mean width of stratum 1 centim. 

P.D. in volts. SON Syaee Os eee” 
Plate A+. | Plate A—. 

eee | ee 
58 1:84 2°35 1:28 

115 57 64. 112 

Further data of this experiment are given in a later calcu- 
lation (pp. 226, 227). 

The same general results are here observed as in the case 
of ionization produced by a radio-active substance. The 
current with the plate A negative is greater than with the 
plate A positive. It -will also be observed that the current 
increases very much more rapidly than the P.D. For an 
increase of the voltage of 3°5 times the current with A positive 
increases nearly 9 times, and with the plate A negative nearly 
8 times; 7. ¢., the current is more nearly proportional to the 
square of the P.D. than directly proportional to it. A general 
explanation of these results can readily be given when the 
movement of charged ions between the plates is considered. 
Imagine a thin stratum of rays producing very powerful 



Conducting Gases on the Direction of the Electric Field. 223 

ionization near the surface of the plate A. Suppose the plate 
A is positive and charged to a potential V, and the plate B to 
earth. 

Let d=distance between the plates ; at all points between 
the parallel plates a short distance from the surface the ions 
are positive in sign. 

Using the same notation as on p. 218, the current 2, per 
sq. cm. through the gas is given by 

, dV 
44= Kine — al ng | dz ? 

where , is the number of + ions perc.c. Also 

a2V 
Dt = Amrnye. 

From these two equations we obtain 

dV PV _ sri 
da dx? K, 7 

If z is measured from the plate A, 

dV a 8721, 2 9 

(j) SS a tee 
/ 

where A is the value of (5) at the surface of the plate A. 

Now the value of A can be made as small as we please, by 
making the ionization very intense near the surface of the 
plate, since the potential-gradient, which will remove a suf- 
ficient number of positive ions from the ionized layer to 
carry the current, decreases with increase of the intensity of 
ionization. 

Let 871, 

Then 

3 

2 A?\$ (A®\S 
— 7 3 qi aes Te * 

gata? [(1+ 77) ead 
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Since A? is very small compared with ad, 
OL) oe: 

V=2ard?, 

or 2 Sri; 3 

oo dn 
and he QV? 

Ky eae 

Similarly, if the plate is charged negatively and 7, is the 
corresponding current, 

ig OG 
K, 327° 

Therefore et Oe 

zie 
or the currents are directly proportional to the velocities of 
the ions. 

If the condition of very intense ionization at the surface is 
fulfilled, so that the potential-gradient is very small near the 
surface, the following results must hold :— 

(1) Currents in the two directions vary directly as the 
velocities of the ions. 

(2) Current varies as the square of the P.D. 
(3) Current varies inversely as the cube of the distance 

hetween the plates. 
(4) There is a limiting current for a given P.D. which 

depends only on the distance apart of the plates and the 
velocity of the ions, and is independent of the ionization at 
the surface, provided it exceeds a certain value. 

These results must hold, whether the ionization is produced 
by the agency of flames, glowing bodies, Rontgen-rays, ultra- 
violet light, or any other means of producing intense ionization 
near the surface of an electrode. 
When this investigation had been completed and was ready 

for publication, a paper by C. D. Child appeared in the 
‘Physical Review’ for March. In the paper Child fully 
develops this same equation in order to utilize it for the 
purpose of measuring the velocity of ions drawn from flame- 
gases. 3 

I had also independently concluded an experimental inves- 
tigation in order to verify the theory, where strong surface- 
ionization was produced at the surface of a plate heated by 
the electric current. These results, which amply confirm the 
theory, will be published shortly. 

Child’s results show clearly that, using a flame as a source 
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of ions near one electrode, the ratio of the velocities is equal 
to the ratio of the currents in the two directions, and that the 
current is proportional to the square of the voltage. 

EKeplanation of the Results. 

The theory given above suffices to offer a general expla- 
nation of the results given when the ionization is produced 
by radium or Rontgen-rays. For the thin stratum of Rontgen- 
rays, the current varies roughly as the square of the P.D. 
between the plates, and the currents vary directly as the 
velocities of the ions. It is probable that with 115 volts 
between the plates the ionization was not sufficiently intense 
to fulfil the condition that the potential-gradient was very 
small near the plate A. 

In the experiments where radium-rays are used to produce 
ions, the ionization is not confined to a definite layer, but falls 
off gradually between the plates. In consequence of this the 
relations between current and P.D. occupy an intermediate 
position between the results obtained in the case of uniform 
symmetrical ionization and those obtained with strong surface 
ionization ; 7. ¢., the current increases faster than the P.D., 
but not so fast as the square of the P.D. 

With a thin layer of intense ionization confined to the sur- 
face of one plate, the value of the velocity K, of the positive 
ion is given by 

K. = 227 a7, 
eee ae "NT? 

Bin V2- 

Since 2, is independent of the intensity of the rays when 
this intensity exceeds a certain limit, it can be accurately 
measured, and the other quantities on the right-hand side of the 
equation easily determined. All that is necessary for deter- 
mination of the velocity of the ion is to send a very strong 
beam of Réntgen-rays close to one plate, and then determine 
the current between parallel plates tor a definite P.D. With 
a bulb giving out strong rays, there is no practical difficulty 
in producing suthciently intense ionization near the surface 
of one electrode, such that with 30 volts between the plates the 
potential-gradient close to the electrode may be small enough 
to satisfy the theoretical conditions. 

Practical Drawbacks of the Method, using Réntgen-Rays. 

The method given above seemed at first sight a very satis- 
factory one for determination of the velocities of the positive 
and negative ions produced by Réntgen-rays in different 

Phil. Mag. 8. 6. Vol. 2. No. 8. Aug. 1901. Q 
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gases and under different pressures. On studying the matter 
experimentally, however, an unexpected source of error dis- 
closed itself, which renders the method inapplicable in the 
ease of ionization by Roéntgen-rays. With a very intense 
beam of rays, the ions produced were not confined only to the 
cross-section of the beam, but were produced far outside the 
geometrical limit of the rays. By means of suitable lead 
screens, with slits cut im them, care was taken that the rays 
did not impinge on the surface of the plate close to which 
they passed, so that the effect was not due to the secondary 
rays emitted by the metal plate. 

The effect appears to be entirely due to the fact that the 
air through which the rays pass becomes a source of secondary 
radiation, which has the power of ionizing the gas im its 
neighbourhood. The experiments of Réntgen and others 
show that such an effect exists; for a fluorescent screen is 
lighted up outside the path of rays. The effect of these 
secondary rays in producing ions between the plates was 
readily examined by allowing the rays to pass near one plate, 
and then measuring the current between a metallic gauze 
placed outside the path of the rays, and a parallel plate placed 
some distance away. The experiment showed that with an 
intense beam of rays, the amount of ionization produced 
between the gauze and the plate was large enough to give an 
error of several hundred per cent. in the determination of the 
velocities, if the ionization was assumed to be confined to the 
surface of one plate. 

This volume ionization, which ts produced outside the path 
of the rays, causes the current for a given P.D. to be much 
Jarger than if the theoretical condition of surface ionization 
only was fulfilled. 

It is possible that by using a bulb giving out soft rays, the 
effect of this secondary ionization may be greatly diminished ; 
butin any case it will always be a very serious source of error 
in the method. 

As an instance of the value of the velocity deduced by the 
application of this method, we will consider a numerical 
example :— 

Distance between plates 10 cms. 
Mean width of stratum of rays 1 cm. 
The distance d lies somewhere between 9 and 10 ems. 
As an approximate value we will take d=9 ems. 

The current per square centim. was experimentally found 
to be ‘0021 E.S. unit per square centim. when the plate A 
was positive, and 32°5 volts between the plates. | 
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_ Substituting in the equation 

ea 32a ai, P 

Th ce, 

and expressing V in E.S. units, we find the value of K, 
1450 cms. per sec., 7. e. K,=4°8 cms. per sec. for 1 volt 
er cm. 
The value found recently by Zeleny was 1°36 for dry air. 
The value obtained from the equation is thus much too high, 

for the reasons explained above. 

Application of Results to Flames. 

In the course of this paper, numerical results have been 
given only for the differences between currents due to reversal 
of electric field, for ions produced by Réntgen-rays and radio- 
active substances. The general explanation, however, applies 
equally well to production of ions by all known agencies. 
Whenever there is strong unsymmetrical ionization and dit- 
ference between the velocity of the ions, the currents in the 
two directions will always be unequal. 

Child’s results show clearly that in the case of ions drawn 
from the flame into a region outside, the currents are unequal, 
on account of a ditference in the velocity of the ions. 

It seems probable that the so-called “unipolar conduc- 
tivity” of flames can in many cases be explained purely on 
the assumption of unequal velocities of the ions. In flame- 
conduction, where the electrodes are unequal, we have all the 
conditions necessary to cause unequal currents; for the 
ionization produced both in the flame itself and at the surface 
of the electrodes is very intense, and the negative ion also 
moves much faster than the positive. The subject is, however, 
a very complicated one, and it is unlikely that the same expla- 
nation willapply for all cases. 

Wilson, Marx, and others have shown that the ionization 
in a flame depends largely on the temperature of the electrodes, 
and is confined mainly to the glowing electrodes. There is 
always, however, a certain amount of volume ionization 
throughout the gas. In the case of unequal electrodes at a 
white heat, the inequality of the currents is probably due 
almost entirely to the greater velocity of the negative ion ; 
for in this case the glowing electrodes produce a numerous 
supply of positive and negative ions. With electrodes at a 
lower temperature, however, the matter is complicated by 
the fact that the electrodes discharge positive and negative 
electricity unequally. For example, Elster and Geitel have 
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shown that for air at atmospheric pressure, a platinum wire 
at a red heat discharges positive electricity, but not negative. 
At a higher temperature both positive and negative elec- 
tricity escape. 

Within certain ranges of temperature, therefore, other 
causes besides unequal velocities of the ions may lead to 
unequal values of the current with reversal of the electric 
field. 

Macdonald Physics Building, 
McGill University, Montreal, 

March 20, 1901. 

XVII. On a Model which Imitates the Behaviour of Dielectrics. 
By J. A. Fiemine, D.Sc., F.RS., and A. W. ASHTON, 
B.Sc., 1851 Lexhibition Scholar *. 

[Plate V.] 
it 2 [ has been shown by Profs. Ayrton and Perry, and by 

the late Dr. J. Hopkinson and others, that the behaviour 
of dielectrics with regard to what are termed their “ residual 
charge” effects is analogous to that of wires subjected to 
mechanical stress. If an iron wire be suspended by one end 
and a weight applied at the other, it is found thatif the appli- 
cation of the weight has only lasted for a fraction of a second, 
the wire assumes its original length immediately the weight 
is taken off, provided the stress has not exceeded a certain 
limit. If the application of the weight is continued for a 
considerable time, it is found that the wire does not assume 
its original length immediately the load is removed ; a small 
elongation still remains which slowly disappears, the wire 
very gradually decreasing in length to its original dimensions. 
In the case of the condenser, if the time of charge is very 
short, the whole of the charge disappears almost immediately 
on the condenser-plates being short-circuited. If, however, 
the charging pressure is kept on for a considerable time, we have 
first a discharge taking place immediately on short-circuiting 
the condenser; and this is followed by a slow giving-up of 
residual charge causing a continually decreasing current 
through the short-circuiting wire. The stress on the wire in 
the mechanical experiment is analogous to the electromotive 
force in the electrical experiment ; the charge of the con- 
denser corresponds to the elongation of the wire. The rate 
of variation of the charge, 7. e. the charging or discharging 
current, is therefore analogous to the rate of change of dis- 
placement of the movable end of the wire, that is the velocity 
of that end of the wire. 

* Communicated by the Physical Society : read May 31, 1901. 
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2. Asimple twisted wire is not, however, able to imitate all 
dielectric effects. Hence an endeavour has been made to 
follow up this analogy more completely, and has resulted in 
the construction of a model from which, by the application 
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Front Elevation of Model, with Cylinder in section. 

of weights, curves of variation of velocity with time can 

be obtained strikingly similar to the curves of current- 

variation with time given by condensers when charged and 

discharged. A simple form of the model can be made by 
taking two short lengths of spiral spring 8), 82, and a metal 
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cylinder slightly larger than the springs in diameter. To 
each spring is attached a piston P,, P, which just slides in 
the cylinder. The two springs with pistons attached are 
placed one above the other in the cylinder, which is then filled 
with oil. The top piston P, must have holes drilled in it 
sufficiently large to allow the piston to slide very easily 
through the oil; let W be a weight just sufficient to compress 
S, and S, to half their original length. If the weight be 
applied momentarily, compression is produced im the upper 
spring 8,; but provided the weight is immediately removed, 
the compression of S, is infinitesimal. If, however, the 
weight is kept on, the upper spring 8, is soon compressed to 
its full extent; but the compression of S, proceeds very slowly 
and with decreasing velocity. If the weight is removed, 8, 
regains its original length almost immediately, but the piston 
P, moves up to its original position very slowly. The 
variation of the displacement of P, is therefore very similar 
to the variation in the quantities absorbed and discharged 
by a condenser when both the charging and discharging 
are continued for a considerable time. 

3. A simple apparatus such as that described above would 
draw curves somewhat similar to those obtained from the 
model about to be described ; but it is evident that these 
curves would not completely represent the behaviour of a 
condenser. For the motion of P, alter the first few seconds 
of discharge is simply a copy of the motion of P,; also the 
motion of P, at any instant depends solely on the amount of 
compression in 8, at that instant. Therefore it follows that, 
the springs having been compressed to a given extent and 
released, the motion of P,, and therefore of P, also after the 
first few seconds, depends only on the amount of the dis- 
placement, and not on the manner in which that displacement 
was produced. ‘Thus it will be seen that only one velocity- 
curve could be obtained from this model, and the equation of 
the curve would not vary with the time of charge. It has 
been found that if as many as six pistons and springs are used 
the curves drawn by the model may be represented, at least 
approximately, by equations which are similar in form to 
those obtained by experiments on dielectrics. In the model 
now described the springs are 2} inches long, made of 
No. 12’s 8.W.G. brass wire, with a pitch of about 3 inches. 
To each spring is fixed a brass disk which forms the corre- 
sponding piston. The piston Pg fits fairly tight in the 
cylinder (see figure), and has no hole drilled init. The 
second piston has no hole bored in it, but fits slacker in the 
cylinder than the first. The third piston has one hole 3; inch 
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in diameter, and each succeeding piston has a greater area 
cut away, the top piston having “just sufficient metal left to 
make the spring come to rest without vibration after being 
compressed. The cylinder is filled with a mixture of machine- 
oil and vaseline. ‘To the top piston is attached a brass tube 
to which is fastened a compound crossbar B. The latter 
is built up of two pieces of soft iron separated by a piece of 
sheet brass. The upper part of the crossbar forms the 
armature of an electromagnet M, the yoke of which has a 
hole drilled in it to form a guide for the rod R. Two 
electromagnets M, and M, carrying weights W, and W, can 
be attached to the lower plate of “the crossbar, and can be 
instantaneously detached by breaking the circuit. The upper 
magnet M, by its attraction of the upper plate of the crossbar, 
keeps the top piston in its zero position. The magnets M, 
and M, being attached, on breaking the circuit ot M the 
crossbar moves downward under the action of the weights, 
and this corresponds to the charging of the condenser. If 
the circuit of M, and M, is now broken, the crossbar moves 
under the action ef the springs alone, and its motion corre- 
sponds to the discharge of the condenser. Jn order to draw 
diagrams of the motion, a pencil which runs in a guide is 
attached to the crossbar. This pencil moves over the surface 
of a clockwork-driven recording-drum which runs in bearings 
attached to the back of the teak framework of the model. 

4, A typical diagram drawn by the model is shown in 
Pl. V., fig. 1; the ordinates represent displacement of the 
crossbar, and abscissee represent time in arbitrary units. On 
applying the weight to the crossbar the latter first moves 
down very quickly, as shown by the steep initial portion of 
the curve in the diagram. This is followed by the more 
gradual compression of the lower springs, the crossbar moving 
with gradually decreasing velocity. At the point B on the 
curve the weights were detached from the crossbar, and the 
subsequent motion which is due to the springs alone corre- 
sponds to the discharge. It can be seen from the curve, that 
a large portion of the compression of the springs is given up 
almost immediately on releasing the weights; the crossbar 
then moves to its zero position with gradually decreasing 
velocity, due to the lower springs recovering their original 
length very slowly. In fig. 3 the velocity-curve obtained by 
differentiating curve I. is given. The general form of this 
curve 1s very “similar to the current-curve one might expect 
to obtain when charging a condenser ; but in the ‘later parts 
of the curves the accuracy with which the model imitates the 
results obtained from actual dielectrics is very striking. In 



232 Ona Model which imitates the Behaviour of Dielectrics. 

figs. 2 and 4 logarithms of the velocity are plotted to 
logarithms of the time of charge or discharge, and in each 
case the points so obtained are very nearly on straight lines, 
showing that the velocity of the pencil both when charging 
and Heder sti is a power-function of the time. Both these 
results have also been obtained by one of us in experiments 
on dielectrics. The three diagrams given in fig. 1 show the 
effect of varying the time of charge. From the equations ob- 
tained for the velocity of the pencil (see fig. 2) it appears that 
the exponent of ¢ in the equations of discharge decreases as 
the time of charge increases, a result which has heen shown 
to hold in the electrical case. The diagram in fig. 6 has been 
given to illustrate the action of the model in imitating the pro- 
duction of a second discharge which takes place when a charged 
condenser, after being once short-circuited and then kept insu- 
lated for a period, is short-circuited a second time. 

5. The production ot successive sparks from a charged 
leyden-jar isa very familiar fact. This can be imitated by the 
model. During the earlier part of the first discharge the 
upper springs extend to their full length, and while the lower 
springs are still considerably compressed and if the crossbar 
is then clamped, a state equivalent to insulation commences. 
The extension of the lower springs, however, still continues ; 
but as the crossbar is fixed this results in the compression of 
the upper springs. When the crossbar is again released a 
second discharge takes place which is weaker than the first ; 
if the operations be repeated, further discharges can be 
obtained until the crossbar returns to its zero position. In 
fig. 5 a diagram is given to illustrate the effect of decreasing 
the charging pressure of a condenser. This was obtained 
from the model by breaking the circuit of the magnet M, 
only, and allowing the pencil to move under the action of Mo. 
It will be seen that the effect of thus lowering the pressure 
is to cause a variation in the discharge to take place, similar 
in form to that in the corresponding electrical cases. It is 
interesting to consider also the effect of temperature on 
the discharge as given by the model. Increased temperature 
would make the mixture of oils in the cylinder become less 
viscous. This would cause the crossbar, when moving under 
the action of any given weight, to have a greater velocity, 
especially at the later portions of the discharge and discharge 
curves. This agrees with the fact that when the temperature 
of a cable increases, the charging and discharging currents 
as given by a oalvanometer also increase. By freezing a 
portion of the oil, the effect of very low temperatures on 
dielectric constants could be imitated. It is ev ident, therefore, 
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that in many ways the characteristic properties of dielectrics 
can be illustrated by experiments with a model of this kind, 
which will, it is hoped, afford valuable help in illustrating 
the behaviour of diclectrics. 

The question may be asked, In what respect the action of 
this model differs from that of a simple twisted wire as an 
iliustration of dielectric effects? The answer is that expe- 
riment has shown that although the current flowing ont of a 
charged condenser is a simple power-function of the time, 
yet the exponent varies with the time of charging. 

In the case of the simple twisted wire, whether the wire 
is twisted quickly or slowly, the twist per unit of length of 
the wire is approximately the same. 

In the case of the model here described, it is evident that 
the effect on the compression makes itself felt first on the top 
piston ; and hence that the amount of total compression depends 
not only upon the compressing force, but upon the time during 
which this acts, and that this compression is propagated gra- 
dually down the chain of pistons. In this respect the model 
imitates closely the electrical behaviour of dielectrics such as 
indiarubber when subjected for various times to different 
electromotive forces. 

In the above model the velocity of return of the upper 
piston to its zero position is very approximately represented 
in terms of the time ¢ reckoned from the instant of release 
by an equation of the form 

V = Ac—*t, 

where A is a constant, and B is a function of the time T during 
which the operation of compression lasted. 

In the ease of the charge and discharge of a condenser, an 
equation of the above form has been shown by one of us to 
connect the value of the discharge-current and the times of 
discharge and charge. 

XVIII. Note on the Electrification of Dielectrics by Mechanical 
Means. By A. W. Asuton, B.Se.* 

| Cage apparatus used consisted of two brass plates P; and P,, 
the upper one, P,, being 6 inches diameter and +25 inch 

thick. These two plates were connected toa quadrant electro- 
meter, HK. The electrometer gave a deflexiou of 4°72 cms. for 
one volt. The sheet of rubber was laid on P,, and P, was laid 
gently on top of the sheet. The first sheet tested was pure Para 
rubler, which had been rolled to a thickness of ‘012 inch, and 

* Communicated by the Physical Society : read May 31, 1901. 
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had not previously been electrically treated. The deflexion 
of the electrometer was about 5 ems., but on joining P, to P, 
this disappeared. A %-lb. weight was then dropped on P, 
from a height of three inches. The spot of the electrometer 

Pa 
MMM 

moved very quickly off the scale to the right, but immediately 
returned and settled down to a fairly steady deflexion to the 
left. The electrometer thus appeared to receive two impulses, 
of opposite sign, one quickly following the other. Itappeared 
probable that the first impulse might be due to the compression 
of the sheet, and the second to the extension of the dielectric 
when it recovers its original thickness. ‘To test this, the sheet 
was stretched transversely and the effect on the electrometer 
neted. A fresh sheet of rolled Para rubber was taken, 
‘022 inch in thickness, and placed on the plate Po. The top 
plate P; was then gently placed cn the sheet of dielectric. 
The electrometer showed a deflexion of 5-Q cms. to the right, 
and the deflexion was slowly increasing. This was due either to 
the compression produced by the top plate, or to the mechanical 
stress to which the dielectric had been subjected during manu- 
facture. The two edges of the rubber sheet were then grasped 
gently in the hands, and the sheet stretched until its length 
increased about 30 per cent. This caused the electrometer- 
spot to fly off the scale to the right, showing a difference of 
potential of at least 7 volts established between the plates, the 
top plate being negative. The condenser and electrometer 
were then discharged for an instant, the sheet being then 
released and allowed to return to its original dimensions. 
This caused the electrometer-spot to fly off the scale to the 
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left, showing the top plate to be positive, the E.M.F. being 
more than 10 volts. The sheet of dielectric was then reversed, 
and exactly the same effect produced, viz. extension made the 
top plate negative, and wice versa. It appears, therefore, that 
polarization of a dielectric may be produced by simple pressure 
or extension, and hence some part of the mechanical energy 
expended on the indiarubber during manufacture may remain 
in the dielectric as electric energy. 

and Crémiews Experiments.’ By V. Criminu, Dr. és 
Sciences *, 

R. WILSON has brought forward two objections of an 
experimental nature to the results obtained by me. 

The first of these bears on the experiment regarding the 
effect which is the converse of the magnetic effect of electric 
convection. 

c 

C D 
N 
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Ss 

_ It may be briefly stated thus : Owing to the construction of 
the apparatus, the field of the magnet NS, which is excited at 

* Communicated by the Author. 
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the moment of charging the disk AB, would produce on the 
charging current circulating in ABCD an electromagnetic 
effect precisely equal and opposite to the effect of the pondero- 
motive induction which the rupture of the circuit of the 
magnet should produce on the charged disk AB. 

The objection would be valid had I used an arrangement 
corresponding to Mr. Wilson’s diagram, reproduced above. 
In this it is, in fact, assumed that a vertical magnet NS is 
employed for acting on the charged disk AB. 

But in the various forms of apparatus which I have used, 
and especially in the last one, of which I have given a detailed 
drawing*, a closed electromagnetic solenoid was always 
employed. 
Now it is known that the external field of such a solenoid 

is zero. Hence no electromagnetic effect on the charging 
current of the disk AB is possible in my experiment. 
Mr. Wilson’s objection on this point thus falls to the ground. 

The second objection relates to my first repetition of 
Rowland’s experiments, in which I used an arrangement 
closely resembling his. 

Mr. Wilson thinks that he has traced the cause of my 
failure to observe the magnetic effect of electric convection 
to the fixed sectors, which he concludes were znsufficiently 
insulated in my experiments, and well insulated in Rowland’s. 

To this I may in the first place reply that since the above 
experiments 1 have carried out two others t, in which the 
fixed sectors were completely suppressed, and the results of 
which have confirmed those of the preceding experiments. 

Mr. Wilson’s second objection has therefore no foundation. 
But this objection is further based on an altogether gra- 

tuitous assumption. 
In studying the papers of Rowland, Rowland and Hutchinson, 

and finally Himstedt, I was led to suspect that they had not 
paid sufficient attention to the insulation of their sectors, 
either fixed or movable. I therefore used especial care in this 
connexion. The insulation of each sector was separately 
tested. In the case of the movable disk, it was tested when 
the disk was both at rest and in motion. I thus made sure 
that no charge was transferred from the previously charged 
sector to the neighbouring sectors on account of rotation. 

Besides, the distance between the sectors was from 8 to 
20 millimetres, according to the experiment ; and the ebonite 
or mica which separated them had been carefully cleaned and 
varnished with shellac dissolved in absolute alcohol. 

* Comptes Rendus, vol. exxxi. p. 578 (1900). 
Y Ibid. vol. exxxii. p. 1108 (1901). 



On the Potential of a Symnetrical System. 237 

In taking my experiments one by one, it is possible to point 
out in each some defect which might account for the negative 
result of that one experiment. But the general conclusions 
which I have stated * are based on the ensemble cf four widelv 
different experiments, and are confirmed by a fifth, a very 
conclusive one, regarding the existence of open currents. 

Hach of these experiments has, besides, been subjected to 
numerous criticisms. Up to the present I have always meta 
criticism by an experiment, and this latter has always con- 
firmed my conclusions. 

While thanking Mr. Wilson for drawing my attention to a 
point in connexion with my first experiment which might 
have been unnoticed by me, I think myself justified in replying 
to him that :— 

(1) Electric convection produces no magnetic effect. 
(2) There is no electrostatic effect on a charged conductor 

due to a variable magnetic field. 
I cannot conclude without tendering to Professor H. 

Poincaré my best thanks for the suggestions received from 
him in the preparation of this brief note. 

XX. Note on the Potential of a Symmetrical System. 
By T. J. VA. Bromwicu +. 

iG was proved by Legendre that if the potential of a 
system (symmetrical about Oz) is known at all points of 

the axis of z, then the value of the potential can be expressed 
at any point of space in terms of zonal harmonics. But it 
does not seem to have been remarked that this method may 
lead in some cases to an apparent discontinuity in the 
otential functions when so expressed. 
To illustrate the point, let us examine the potential of a 

circular disk for all points of space; this is, of course, a 
stock example of Legendre’s method, given in all the 
ordinary text-books. From Thomson and Tait’s ‘ Natural 
Philosophy ’ (1890 edition), Art. 546, we find 

a at a’ 
Vo=2mp( = + Cy Petes 5 Pyt+ Se a (r>a) 

r? yt r< 

Vi=2mp(a—rPi te git saabat s .) (2 Pe 

} 2 = r<a 

* V. Crémieu, Thése de Paris, Gauthier-Villars, 1991. 
+ Communicated by the Author. 
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where p is the surface-density, @ is the radius of the disk, the 
origin is the centre of the disk and its plane is the plane 
of zy. Further, 

rP=x?t+y?+22, z=rcos 8, 

and P, stands for P, (cos @), Legendre’s coefficient of order 
n ; also c, is the coefficient of 2” in the expansion of (1+)? 
in powers of wz, so that 

(A+a)t=eo teeter? +e3@?+.... 

for the future we shall write cos d=, for brevity. 
At the plane of the disk (¢=0) it is easy to see that the 

Ovi 
02 

a fact which agrees with what we know from the general 
properties of the potential. But, apparently, at r=a V4 is 
not equal to V,; and this is the point which I wish to clear 
up, for, of course, there can be no discontinuity in the 
potential and its differential coefficients at any point in free 
space. From the previous results we have at r=a, 

Vo— Vi =27pal(c,—¢) +P,+(e.—¢,)Po+ siete 

+ (ett 0,)Pat .. 

two values of V,; are continuous, but that is discontinuous; 

or 2arpal (cy—Co) —Pi + (@—e%)Pot+ .., 

+ (Cn41—Cn) Pont ee . (w< 0) 

Hence, if there is to be no discontinuity, remembering that 
P,=p, we must have 

+ B= (Com 61) + (C1) Pa + . - ~ + (Cn—Cng1)Pant «++, (u>0)- 

—p=(Cyo—G) + (Gp — co) Pot 2. - + (Cn—Cn41) Pont... (u<0)> 

In order to test this, let us expand /(m) in terms of 
Legendre’s coefficients, where 

fw)=t+e (H>0) 
and =—m (p<). 

We know that, with certain restrictions on the nature of 
7(e), of the same type as Dirichlet’s conditions for Fourier’s 
series, we can write 

(4) = SAWPA(H), 
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where 
+1 

An= 3(2n + i) Te) P,.(»)de. 
= 

Here the necessary conditions for the expansion are satisfied, 

and we find 

Ai 4 (2+ 1) ek P,(u)dp + { (+m )P,(u)du |, 

ip é. A,= (2r+ ¢ HP,(u)dp, (7 even) 
0 

=0. (r odd) 
Now 

(2r+1)eP.(4) = (r+ 1)Prii(u) +rP,-i(e), 

and so, if 7=2n, 

1 

An= | [(2n-+1)Pong (4) + 2nPon1()] dye 
0 

It is easy to prove that 

if oe 

\'u [i+ = WP _ i. Tain 

=F [(L+2)8—(1—1)] H1 + S oh 7) 

and so 

| Pon—i(p)du=cy. 
0 

This gives 
~~ s (22+ 1)en414+2n¢,. 

But from the definition of the c’s it follows that 

Crt 4 PED 2n—1 

eh ee ie 2(n +1)’ 

and thus 

Aon = (Ca —Cng1) + [(2n— Den t+ 2(n4+ Vengr], 

=Cnrn— Cnt+le 

Also 
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It follows that the expansion 

(co— 1) + (G1 —e2)Pet ... + (Cn Cn41)Po + - 

has the value +p if w>0O, and the value —p if w<0. 
Consequently Vo=V, at r=a, by what has been explained 
before. 

Ovi ~ 8) at r=a: this 

should also vanish, since there is no surface-density on the 
sphere. We find that its value is 

Consider next the value oe aa 

Qorp[ —w+e,+ (2c, +3¢2)P.+ oe 

+42nen+ (2+ 1)en4i} Pan + ee] (u>0), 
or 

27p[ +tmt+et(2e4+3e)Po+..- 

+ {2nen+ (2n+ Deny} Py +32] eee 

Hach of these expressions vanishes, according to the value 
found above for As,. : 

Hence 
Vv 
Gey a ede 4 
OF. or 

Now V,, Vo satisfy the same differential equation of the 
second order (Laplace’s), 

ae ats 030" 0a) = 

and, au r=a, heat and on =o" for all values of 0 

between 0 and zw. It follows that V) must be the analytical 
continuation of V, beyond the sphere r=a; and the dis- 
continuity at r=a is only apparent, not real. A similar ~ 
point occurs in connexion with the magnetic potential of 
a circular coil, carrying an electric current; the expressions 
for this are given in the same article of Thomson and Tait. 
The numerical details are slightly different, but the principle 
involved is exactly the same as in the above work. 

S. John’s College, Cambridge. 
26th June, 1991. 
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XXI. Gas Theory Sc. 

To the Editors of the Philosophical Magazine. 

GENTLEMEN, 

NG to a quotation on page 40 of your July 
number concerning the difficulty of reconciling the 

theoretical and actual ratios of specific heats or elasticities in 
the case of a permanent gas with diatomic molecules, I have 
long been accustomed to teach (I hope correctly) that any 
rotational energy possessed by a dumbbell about its longi- 
tudinal axis could have no influence on smooth collisions, and 
accordingly could not be transferred or altered in amount ; 
therefore such rotation ought not to be included in the par- 
tition of energy within the meaning of the Maxwell-Boltzmann 
law when properly stated. The wording of this law should 
contain the phrase effective degrees of freedom; and of these 
there are manifestly 5 in a rigid dumbbell, thus giving at once 
the theoretical and observed ratio 1:4. The question of vibra- 
tional energy is different : that has to be, and to some extent 
has been, dealt with in another manner. 

As I am writing may I take the opportunity of congra- 
tulating Dr. H. A. Wilson on his successfully destructive 
criticism, in the same July number, of the over emphasized 
experiments of M. Crémieu, and of the revolutionary deduc- 
tions too readily promulgated on the strength of them. 

I am, Gentlemen, 
Your obedient Servant, 

Oxtver Lopes. 
University of Birmingham, 

July 13, 1901. 

XXII. Notices respecting New Books. 

Papers on Mechanical and Physical Subjects. By OsBornu 
Ruynoups, F.RS., Mem. Inst. C.E., LL.D., Professor of 
Engineering in the Owens College, and Honorary Fellow of 
Queen’s College, Cambridge. Reprinted from various Transactions 
andJournals. Vol. II. 1881-1900. Cambridge: at the University 
Press, 1901. Pp. xii+740. 

(yk task of grappling successfully with the steadily increasing 
volume of scientific literature is a problem essentially modern, 

a problem which did not trouble our forefathers in the seclusion 

Phil. Mag. 8. 6. Vol. 9. No. 8. Aug. 1901. R 
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of those peaceful days when a man could sit down to a book 
quietly, read it carefully, and thoroughly digest its contents. The 
rush and hurry of modern life have altered all that. The days 
when knowledge was so limited that a single individual could 
master the whole of physical science have long gone by; and one 
of the great difficulties confronting every worker in science 
nowadays is that of keeping pace with the resistless tide of modern 
investigation in only one particular department. The onward 
sweep of discovery and invention imposes a burden on every 
specialist which, however fascinating his subject may be, is at 
times very heavy; and every effort: to lighten it must be gratefully 
welcomed. Most of our scientific societies have already done a 
great deal towards that object, by publishing abstracts of all the 
more important papers appearing in contemporary journals. Not 
less important than this is another method of bringing within easy 
reach of the student the work of our leading men of science—that 
of publishing their collected papers. It would be difficult to over- 
estimate the saving in time and trouble which this method effects. 
Formerly, this was a task which was but seldom undertaken by 
the author himself, and was generally left to the loving care 
of his friends. It seems to us much more satisfactory that 
the author should be his own editor, and this practice has, 
fortunately, become quite common in our time. The names of 
Kelvin, Stokes, Heaviside, and Tait will occur to everybody as 
affording instances of this mode of procedure. And to these may 
now be added that of Osborne Reynolds. 

A truly monumental work is this second volume of Papers, 
which covers the period 1881-1900 of the author’s scientitic 
activity. Many of the papers mark an epoch in the advance of 
knowledge. Although dealing with a large variety of subjects, the 
papers of greatest importance are those which are concerned with 
the motion of fluids—a subject which Professor Osborne Reynolds 
has made peculiarly his own. Of these, the most important are 
the following: “* An Experimental Investigation of the circum- 
stances which determine whether the Motion of Water shall be 
direct or sinuous, and of the Law of Resistance in Parallel 
Channels” [originally published in 1883 in the Phil. Trans.], 
‘On the Theory of Lubrication and its Application to 
Mr. Beauchamp Tower’s Experiments, including an Experimental 
Determination of the Viscosity of Olive Oil” [originally published 
in 1886, Phil. Trans.]; and ‘On the Dynamical Theory of 
Incompressible Viscous Fluids and the Determination of the 
Criterion” [originally published in Phil. Trans. for 1895]. Besides 
these, there are several other papers of minor importance dealing 
with the same subject. A very complete theory of the steam- 
engine indicator and the various errors to which it is liable to give 
rise, with an account of experimental investigations, is contained 
in a joint paper by the author and Dr. Brightmore. Towards the 
end of the volume, on pp. 631-733, we find a very full account of 
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the recent determination, by the author and Mr. Morby, of the 
Dynamical Equivalent of Heat. 

To the student of physics as well as the advanced student of 
engineering, the volume is full of interest and suggestion. But— 
if we except a few of the shorter papers—the reading of it is a 
task demanding great mental concentration, and advanced 
mathematical knowledge; it is not a task to be undertaken light- 
heartedly. 

A word of praise is due to the publishers for the beautiful 
“ vet-up ” of the book. 

Electricité et Optique. La Lumiere et les Théories Electrodyna- 
miques. Lecons professées d la Sorbonne en 1888, 1890 et 1899 
par H. Poincaré, Vembre del Institut. Deuaréme édition, revue et 
complétée por JULES BLONDIN et Evckne Nécuncéa. Paris: 
Georges Carré et C. Naud, 1901. Pp. x+641. 

For elegance and clearness of treatment, French writers of text- 
books are probably unsurpassed, and of these admirable qualities 
the book now under review is not an unfavourable example. Its 
distinguished author has already, by his numerous publications on 
various branches of mathematical physics, done splendid service in 
removing the difficulties and clearing up the perplexities which 
beset the student of the various rival theories whose aim is to 
provide a purely dynamical explanation of all physical phenomena. 
A large portion of the book before us has already been previously 
published, but it now appears in a revised form, and with im- 
portant additions necessitated by recent advances in the subject. 

The book is divided into four parts. Part I. commences with a 
sketch of the earlier electrical theories, the more important 
theorems and formule of electrostatics being established ; this is 
followed by Maxwell’s theory of electric displacement, the short- 
comings and difficulties of which are subjected to a clear and 
searching analysis. Next comes an account of Poisson’s theory 
of dielectrics, and of Maxwell’s theory of the forces exerted 
between charged conductors. The four chapters which follow 
deal with the theory of electric currents in linear and solid con- 
ductors, magnetism, electromagnetism, and electrodynamics. Next 
come two chapters in which the theory of electromagnetic induc- 
tion is developed, and the equations of the electromagnetic field 
are established. The way having been thus paved for it, the 
electromagnetic theory of light is fully considered in the next 
chapter, and this is succeeded by the concluding chapter of Part I., 
which deals with the magnetic rotation of the plane of polari- 
zation. 

In Part II. the author considers the older electrodynamical 
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theories of Ampére and Weber, and compares them with those of 
Helmholtz and Maxwell. 

In Part III. we have a clear and critical account of the theories 
of Hertz and Lorenz. Zeeman’s phenomenon and its connexion 
with Lorentz’s theory are fully dealt with. We notice that on 
p- 422 the author uses the terms ion and electron indiscriminately. 

Part IV. contains a sketch of Larmor’s theory, and explains 
very clearly its position relatively to the other theories. 

To those who, while interested in electromagnetic theory, yet 
feel incompetent to examine critically the mutual relationship and 
relative merits, as well as peculiar weaknesses, of the somewhat 
perplexing tangle of rival theories, we can strongly. recommend 
the perusal of this most suggestive and interesting book, the keen 
critical insight of whose author enables him to pour a flood of light 
on problems which appear obscure, and to state boldly and clearly 
what is only implied or indirectly suggested by other writers. 

Leitfaden der Wetterkunde. Gemeinverstindlich bearbeitet von 
Dr. R. Bornstein, Professor an der Konig]. Landwirthschaft- 
lichen Hochschule zu Berlin. Mit 25 in den Text eingedruckten 
Abbildungen und 17 Tafeln. Braunschweig: F. Vieweg und 
Sohn, 1901. Pp. vii+181. 

Tux subject of meteorology is one which may be rendered either 
most fascinating or exceedingly dry—so much depends on the 
method of treatment adopted. We congratulate the author of the 
little book before us on the amount of interest which he has 
succeeded in infusing into his subject. While strictly scientific in 
his manner of dealing with the complex phenomena with which 
the study of meteorology is concerned, the author has succeeded 
in producing a book which may be picked up at any moment by a 
person of ordinary intelligence, and read with as much interest 
and pleasure as if instruction were not its main object. It is a 
popular book in the highest and best sense of the term. 

The study of the weather involves the consideration of six meteor- 
ological elements: temperature, moisture, cloud-form, rainfall, 
barometric pressure, and wind. The author accordingly deals with 
these in succession, and explains their connexion with the weather 
in a manner which leaves little to be desired, and which practically 
pre-supposes no knowledge on the part of the reader. The more 
important instruments used in meteorological observatories are 
illustrated and briefly described. The beautiful coloured pictures 
of cloud-forms at the end of the book deserve special mention. 
Of considerable interest is the last section of the book, which 
deals with the arrangements adopted in different countries for 
supplying weather forecasts. Copious bibliographical references 
and an index enhance the value of this most useful and interesting 
little book. 
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XXII. The Cause of the Structure of Spectra. 
By WitLiAM SUTHERLAND *. 

eas following inquiry into the cause of the structure of 
spectra brings out the result that the atoms of the 

different elements are all equipped with the same, or nearly 
the same, electrical apparatus, whereby the mechanical energy 
of the atom is made communicable to the zether for radiation. 
The atom with the kinetic energy assigned to it in the kinetic 
theory of matter exercises no direct mechanical effect on the 
ether, but is like a fly-wheel driving the dynamo to which we 
may liken the electrical equipment of the atom. 
The atoms of the various elements are vastly different in mass 

and size, as we know, but as they drive the same or nearly 
the same electrical appliance (arrangement of electrons) 
they have their spectra included in the comparatively limited 
region of vibrations to which the human eye is sensitive, 
comparatively limited, even when extended by bolometer and 
photographic film. It is a very remarkable fact that the 
most energetic part of the spectrum of so many diverse 
elements lies within the one poor octave of human vision ; 
and it must be on account of the great distinctness of our 
colour sensations, that physicists have not realised that really 
the biggest essential fact discovered by the spectroscope is 
that the frequencies of the vibrations of the different atoms 
are so nearly equal. For example, it will be shown that the 
fundamental mechanical period of vibration of the cesium 
atom is six times that of the lithium atom, and yet the ratio of 

* Communicated by the Author. 

Phil, Mag. 8. 6. Vol. 2. No. 9. Sept. 1901. S 
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the periods of the corresponding lines in their spectra is of 
the order 5:4. Now the Cs atom, in addition to its funda- 
mental vibration, has harmonics , including one whose period, 
being a sixth of that of the fundamental, is the same as the 
fundamental of the Li atom. Thus all the elementar y atoms 
have mechanical vibrations of the same or nearly the same 
frequency, and this mechanical vibration of characteristic 
frequency is the one which most efficiently forces the vibration 
of the atomic electrical apparatus. Thus it comes about that 
the spectra of the elements are only differently accentuated 
parts, or slightly modified forms, of ‘the spectrum belonging 
to a certain common standard vibrator. 

As to the nature of the electrical vibrator common to the 
atoms, it will be shown to consist probably of two parts, 
whose relative motion produces the luminous vibration. It 
is on account of this dependence on relative motion that 
spectra do not show simple harmonic relations, but the 
complex harmonic relations implied by Balmer’s formula. 
It will be shown that Balmer’s formula can be generalized so 
as to bring out the principle of harmonics in spectra, and a 
striking harmonic series in the spectrum of magnesium will 
be demonstrated. The laws of the spectrum discovered by 
Rydberg will be discussed and extended. The work will be 
taken in the following order :— 

1. Balmer’s law, and optical harmonics as overtones and 
undertones. 

2. A special series in the magnesium spectrum confirming 
the existence of optical harmonics. 

3. A kinematical analysis of Balmer’s formula. 
4. Rydberg’s laws. 
5. Two supplementary principles. 
6. Demonstration that the atoms of the elements have 

fundamental mechanical periods of.vibration which are har- 
monically related to oneanother. Consequences of this, such 
as vibrations of electrons forced by mechanical vibrations of 
atoms. 

7. Free vibrations of the zether of heme 
8. Further analysis of Balmer’s formula and Rydberg’s 
laws. 

9. Summary. 

1. Balmer’s Law, and Optical Harmonics as Overtones 
and Undertones. 

From the labours of spectroscopists there have recently 
resulted discoveries as to the laws regulating the structure of 
spectra, the most important of which are Balmer’s formula 

ee a 
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(Wied. Ann. xxv. 1885), expressing the wave-lengths of the 
chief lines in the hydrogen spectrum as terms of a simple 
mathematical series, and Hydberg’s relating to the identifi- 
cation of similar series in the spectra of other elements, and 
the existence of beautifully simple relations between the 
series. Kayser and Runge, and Runge and Paschen, besides 
contributing valuable experimental work, have also taken 
part in the ‘important work of identifying the series in com- 
plicated spectra. But the great heartening to theoretical 
spectroscopic students undoubtedly came from Balmer’s 
discovery of his formula for hydrogen 

» 
in 

rn . 5 

Om? —4? 

which, on giving m the integral values from 3 to 15, fur- 
nishes the wave-lengths of the thirteen chief lines in the 
hydrogen spectrum. Ames (Phil. Mag. [5] xxx. p. 48) 
subjected this formula to a strict comparison with his experi- 
mental measurements of the wave-lengths in the hydrogen 
spectrum, using it in the form X=3647- 20 m?/(m?—A4) for the 
wave-length in vacuum, and found that pee the longest 
wave 6564:96 x 10-8 em. to the shortest 3713: 2, the createst 
discrepancy between experiment and Sarai was about 
1 in 10*, and the average discrepancy about } in 10+. 
But in addition to this primary spectrum there is the 
secondary one prov ed by Hasselberg to belong to hydrogen, 
for which Ames gives the wave- -lengths of 63 lines. 

An important fact concerning the relations of the two 
spectra is that brought out by Trowbridge and Richards 
(Phil. Mag. [5] xlii.) by means of their powerful electrical 
appliances, namely, that the two spectra appear together in 
the continuous discharge, but the primary alone in the oscil- 
latory, as though in the latter the primary spectrum is 
enhanced by a sort of resonance which causes the quenching 
of the secondary. 

The simplest step in investigating theoretically the relation 
between the two spectra is to inquire :—What values of m in 
the formula for the primary spectrum would be required to 
give the wave-lengths observed in the secondary spectrum ? 
‘These are found by s solving Balmer’s equation for m, using 
Ames’s values of % reduced to vacuum, and also of A», and 
are given in the second row of the following table, where ee 
fourth row contains the numbers of the form ++1/s, 
occasionally rv +p/s, where 7, s,and p are integers, such as give 
values nearly equal to those of m, the same numbers being 

S 2 
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comparison with the second row. 

Mr. W. Sutherland on the 

given in the decimal form in the third row to facilitate” 

Taste [.— Hydrogen Spectrum. 

656496 
3°000 
3°000 

3 

4877-5 
3982 
3°982 
4—1/55 

4685:35 
4-249 
4-250 
441/4 

4449-15 
ee7ll 
ANTE 
5—2/7 

4178°5 
5-609 
5°600 

6—2/5 

4063'8 
6°247 
6:250 
6+1/4 

3983'9 
6880 

6875 
7-1/8 

3890'4 
7-999 
8-000 
8 

38644 
8:436 
8429 
8+3/7 

3804-3 
9-842 
9:833 
10—1/6 

3771-4 
11-021 
11-020 
11+1/50 

5086°4 
3°760 
3°750 
4—1/4 

4862°93 
4-000 
4000 

4 

4635°51 
4-331 
4-338 
441/38 

4413:65 
4-800 
4-800 
5-15 

41726 
5-636 
5-667 
6-1/3 

3998°4 
6°748 
6°750 
Tf --1/4 

3971°4 
7000 
7-000 

7 

3890°3 
8-001 
8:000 

8 

3862'8 
8466 
8-462 
8+6/13 

3799°1 
10:002 
10-000 

10 

3153'15 
11-904 
11-900 
12—1/10 

5056-7 
3788 
3800 
4—1/5 

4839°7 
4-029 
4:02¥ 
44+-1/34 

4581°4 
AEE ON) 
4429 
443/7 

4341°9 
5°000 
5-000 

5 

4103°1 
6-000 
6°000 
6 

3993°3 
6°793 
6800 
7—1/5 

3964-4 
7:070 
7071 
741/14 

3880'8 
8152 
3148 
8417 

3860:0 
8518 
8500 
8+1/2 

3798°8 
10-012 
10-012 
10+1/80 

3751-25 
12-01 
12:00 
12 

5014°65 
3°830 
3°835 
4—1/6 

4799°3 
4:082 
4-083 
4+1/12 

4536°1 
4518 
4:500 
441/12 

4213°89 
5454 
5454 
5+5/11 

4080:2 
6139 
6143 
6-+1/7 

39931 
6°795 
6:800 
7—1/5 

3963°5 
7-080 
7083 
7+1/12 

3873'6 
8273 
8:250 
8+1/4 

38377 | 
8-977 
8975 
9—1/40 

371979 
10-040 
10-040 
10+1/25 

4974:8 
3872 
3875 
4—1/8 

4765°4 
4-129 
4125 
4+1/8 

4500:05 
4-594 
4-600 
5—2/5 

4206°44- 
5°485 
5500 
5-+1/2 

4071-0 
6:199 
6°200 
6+1/5 

39913 
6-811 
6:800 
7-1/5 

39456 
28 
7250 
7+1/4 

38729 
8286 
8-250 
8+1/4 

3836°7 
8999 
9-000 
9 

371728 
10-961 
10:960 
11—1/25 

4930'3 
3°920 
3917 
4—1/12: 

4720°6 : 
4-194 
4°200 
4+1/5° 

4462-4 
4-679 
4-667 
5-1/3 

4197°14- 
5525 
5500 
5+1/2° 

4068°2° 
6217 
6200 
6+1/5° 

3988: 1: 
6841 

ll 

! 

¢ 

ve 
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‘The values of m just given were calculated out with the 
expectation that they would give evidence of nodal sub- 
division connected with the vibrations. If we consider a 
vibrating circle, we may take a vibration whose wave-length 
is twice the circumference of the circle as the most natural 
fundamental mode, and then its associated harmonics will 
have their nodes at angular intervals 27/s round the cir- 
cumference, where s is an integer. But the circle has still 
another type of harmonic, which we may call undertones, if 
those just given are overtones, because it is possible for 
g times the circumference to be half the wave-length of a 
ermanent vibration of the circle, which may have harmonics P . a 

such that the angular interval between successive nodes is 
o>) 

27g/s, and the expression 27q/s, where q and s have any 
integral values, may be taken as representing all the possible 
modes of vibration of the circle. Now many of these different 
nodes will coincide with one another if the starting-point of 
all the main vibrations in the circle is the same. With this 

gular intervals are 1/s, point as origin, the nodes whose ang 
2r+1/s, 47+1/s.... will coincide, and there will be a 
tendency for the cerresponding modes of vibration to increase 
one another’s stability in comparison with that of modes 
having isolated nodes. On this account the modes of vibra- 
tion which we should expect to find most pronounced in 
a circle under circumstances of perfect freedom would be 
those whose wave-leng eths are represented by such an ex- 

ee ; : FES: m 
pression as r+1/s, where 7 and s are both integers. These 
considerations explain the principle on which the above table 
was originally drawn up, namely, that the fractional parts of 
m. in the table should be mostly of the form +1/s, repre- 
senting the simplest nodal subdivision, and that the re 
s=2 should be of most importance, then s=3 and s=4, and 
soon. Ultimately we shall see how the vibrating circle is a 
helpful model. Let us then select from the table those 
values of m which contain fractions near *5, namely, 

4°518 es ae T7510 8518. 

The fractions in their departure from the exact value °5 
show a certain periodicity, which can be more clearly seen 
if we write the numbers thus :—4°5+°018, 5°5+°018+°007, 
(6°5 +°018) 7:5 +°018—-007, and 8°5 +018. 

At first I was fairly satisfied with the tabulated numbers 
as evidence of nodal subdivision, but in view of the sharpness 
with which the integral values 3-000, 4°000, and so on, occur, 
I had begun to think them less convincing, till on reading 
the recent happy discoveries of HE. C. Pickering and of 
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Rydberg (Astrophysical Journal, v. & vi., 1897) I saw that 
their work removed all doubt in a very interesting manner. 
In the spectrum of the star ¢ Pappis Pickering discovered a 
regular series of lines, and then found that, if the Balmer 
formula for the hydrogen lines is written in the form 

AN=Ao(2m)?/4 (2m)?— 16}, 

his series for the star could be written 

N=Agl( 20+ ie (2m+1)?—16 + 

with the same value of A, as that for hydrogen. But this 
last form can be written 

N=Ao(m + 1/2)?/$(m+ 1/2)? —4}, 

and therefore represents the chief series of harmonics whicla 
we have just been studying. We will give side by side the 
values of Xin air as measured by Ames, by which we found 
our values 4°518 and so on for m, and as discovered as a 
series in the spectrum of § Puppis :— 

m= Ad 5d 6°5 i) 8°5 9°35 10°5 

Aaa 8 AL959 D925. JODO Os tee me 
4201°6 4026°5 3924-9 3858-6 | 3817°2 3783°4 

Thus Pickering’s series for the hydrogen in ¢ Puppis gives 
us the missing values 6°5, 9°5, and 10°5 in our series obtained 
from Ames’s measurements on terrestrial hydrogen in a 
vacuum-tube. It is not to be understood that the € Puppis 
lines give the fraction *5 any more exactly than it occurs in 
our table, but the fact that Pickering found his series quite 
independently of such considerations as we are using, and 
brought it under the Balmer formula for hydrogen by the 
introduction of the °5, with three additional instances of the 
occurrence of this fraction beyond those obtained on earth, 
goes a long way to prove that the departures from °5 in our 
fractions should not cause us any serious misgiving, but 
should be ascribed to subsidiary causes affecting the nodal 
subdivision. 

Rydberg’s procedure with Pickering’s series is in accord- 
ance with the wonderful laws of spectral structure discovered 
by him and to be discussed in Section 4. Denoting 1/d by 
so that n is the number of wave-lengths in a centimetre, he 
developed the formula 

n=ny— B/(m-+p)?, 0 

in which B is supposed to be the same for all substances, 
while 2 and w vary, and m has integral values. For the 

2 A a ee 

; 

: 
. 
: 

| 
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hydrogen lines of Balmer’s formula ~=0. Rydberg takes 
Pickering’s series by itself and calculates from it the most 
probable values of my) and mw that will bring it under his for- 
mula. The result is that n) has the same value as for the 
Balmer series in hydrogen, while w has the value 500737. 
Rydberg then makes a brilliant application of his principles, 
as will be explained later on, to demonstrate that there ought 
to be another series of hydrogen lines, the principal series, 
most of which are of so short a wave-length as to be 
absorbed in passing through our atmosphere, but the chief 
one ought to have a wave-length 4687°88. As Maury and 
Pickering in the spectra of stars of their fifth type give a 
line of wave-length 4688 of much greater intensity than any 
of the known hydrogen lines in spectra of that type, it is 
certain that Rydberg by his reasonings has found the most 
important of all the hydrogen lines in these star-spectra. The 
most significant point about this discovery in the present 
connexion is that Rydberg finds the length 4687°88 when he 
uses the value ‘5 for mw, whereas if he uses *500737 the 
length is altered to 4698°43. Thus, then, we may take it 
as proved cumulatively that ‘5 is the value of the fraction 
under discussion, and that for some unknown reason much 
larger variations in value occur with the values of r+1/s 
than with the purely integral form 7, as, for instance, in our 
series 4°518, 5°525, and so on. 

Returning now to the other nodal series in our table, we 
have under the form 7+1/3 the incomplete series of numbers 

oy RE oa xchange 8°366 

where the departures range from —:031 to +:°033, to be 
compared with the ‘025 in 5°525: under the form r+ 1/4 

See 2a. 5. ne wns 6247, 6748 7273 2. SBToO 

in which the greatest departure from the strict nodal position 
is by °023. Under the form 7++1/6 we have the values 
3°830, 6°841, and 9°842 with a maximum departure of ‘009, 
and under r+ 1/8 the values 3°872, 4:129, and 6°880, with a 
maximum departure of ‘005. 

The strongest lines in the ordinary hydrogen spectrum are 
F and G! for which m=4 and 5, and it is in the neighbour- 
hood of 4 and 5 that we have the values 4+3/7, 5—2/5, 
5—2/7, 5+5/11, 5+ 6/13, 6—2/5 corresponding to the more 
general form 7 +4/s. 

In the next section we get further evidence for the ex- 
istence of harmonics in connexion with atomic vibrations. 
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2. A Special Series in the Magnesium Spectrum, confirming 
the existence of Optical Harmonics. 

The main lines in the Mg spectrum can be well represented 
as two sets of triplets having the following equations of the 
Rydberg type as given in (2), but with B treated as a some- 
what variable parameter, namely, 

39730 ie 
v= oT70 Peed 

39790) (+726)? 

39730 
n= 39770 & — 107250. 

39790 (m-+°8)? 

But amongst the subordinate lines of the Mg spectrum 
there is an exceptional series to which Rydberg drew 
attention, as his type of equation fails to apply to it, and he 
is constrained to use a cumbersome expression for its repre- 
sentation (Wied. Ann. 1. 1893). The wave-lengths A and the 
wave-numbers m of these are 

. 502875 4703°33 4352°18 4167°81 405835 3987-08 
... 18087°27 2126153 22976799 23993°41 24639°95 25081°01 

If we assume that the values of come under our formula 

107250 

and calculate the values of m+p, we get 

2°226 2410 2:°530 , 276106 ~ 2:°606~ Jie 

which, when subtracted from the integer 3, give the re- 
mainders 

‘774 "590 “470 “3894 304° “294 

and these, when multiplied respectively by the successive 
integers from 8 to 8, give the products 

2°322 2°360 2350) = «23364. 2°338 2352... (A) 

of which the mean value is 2°343, and therefore the values 
of m+yp are nearly of the form 3—2°343/s where s has the 
integral values from 3 to 8. This formula gives for m+ p 

2219 “2A 1AS* 2-534" ~ 226095 | 2 G00. 2a 

the maximum departure of which from the original values 
given above amounts to 32 parts in 10,000. If, then, we 
calculate the wave-numbers for this peculiar series of Mg by 
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the formula 
107250 

(3 —2°343/s)?’ 

we find the experimental numbers reproduced with a maxi- 
mum error of 8 in 1000. This of course is a very large 
error in investigations connected with wave-numbers of light, 
but, nevertheless, although our final result is not an accurate 
representation of the peculiar Mg series, our analysis proves 
conclusively enough that we have to do with a phenomenon 
of the nature of nodal subdivision of a vibrating body. The 
series of numbers marked A, above, proves that the modes of 
vibration analogous to harmonics possess the harmonic periods 
1/3, 1/4, 1/5, 1/6, 1/7, 1/8 within one per cent. 

n=39730— 

3. A Kinematical Analysis of Baulmer’s Formula. 

It will simplify the rest of our work if we now investigate 
a theory of Balmer’s formula in the somewhat more general 
form given to it by Rydberg for elements other than hydrogen, 
namely, 

n=ny—B/(m+p)’. 

If X is the wave-length in free ether, where the velocity of 
light is V, then 7 the time of vibration being equal to A/V 

1 { ] “i i! (3) 

2ViJ/ 1 &A/ ry + VY B/(mt pw) Jn ies ae 

and Tt appears as the sum of two times. This suggests the 
following line of thought. Consider the atom simplified to a 
circle which is to represent the closed path round which a dis- 
turbance travels. Let it travel in the two opposite directions 
with angular velocity v for the radius-vector from centre to 
disturbance, and let another radius-vector, which we may 
call the reference-vector, travel! with angular velocity wu, so 
that the one disturbance-vector has an angular velocity v+u, 
and the other v—w, relative to the reference-vector. Now 
the one disturbance meets the reference-vector after time 
Qr/(v+u), and, if instantaneously reflected with the same 
velocity, will meet it again after time 27/(v—u), when it is 
again instantaneously reflected and starts to repeat the 
movement. The other disturbance would meet the reference- 
vector after time 27/(v—w), and on reflexion again after 
time Za/(v+wu), when the whole motion would be repeated. 
Thus, after a time 

274 1/w+tu)t+1/(v—u)}, 

both disturbances would be ready to repeat their movements. 
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The period + of the type of wneven vibration thus established is 

20 1 Jee 

ei (que oe 0 

and on comparing this with (3) we get the relations 

20 1 r 

wv say en sc thee ae 
u B dk 
re —— e e ° e e 6 

v Vee +p’ (6) 

whereby A,/V, which may be denoted by t,, appears as the 
natural period of vibration of the circle when the reference- 
vector is at rest, and also the ratio of the two velocities v 
and w appears to have a series of values depending on m+u. 
It may be noticed that this explanation of the origin of 
Balmer’s formula is kinematical, in accordance with Rayleigh’s 
surmise that that formula must indicate kinematic rather than 
dynamic relations (Phil. Mag. [5] xliv. 1897). Now, as we 
have already seen, the fundamental period of the simple 
harmonic vibrations of a circle being taken as 1, its possible 
periods of vibration are given by 1/(r+p/s), and if we derive 
these harmonic motions by projecting the motions of the ends 
of uniformly revolving radius-vectors on fixed diameters in 
the usual way, the relative values of the periods of revolution 
of these vectors will be given by 1/(r+p/s), so that we under- 
stand equation (6) as giving us the ratio of such angular 
velocities of vectors as we have just been considering. We 
must postpone the further consideration of our formule till 
we have considered Rydberg’s laws. 

4. Rydberg’s Laws. 

In the Phil. Mag. [5] xxix. Rydberg gives a summary of 
the results arrived at in his chief memoir, published in French 
by the Swedish Academy (Svensk. Vet. Akad. xxiii.}. In the 
first place he extends Hartley’s discovery that certain lines 
of the spectra can be grouped in pairs or in threes, such that 
the difference or differences of their wave-numbers is or are 
the same ‘or all the pairs or threes, and makes this an 
important principle in helping to pick out from the bewildering 
number of lines those which form definite series, because the 
pairs or threes so characterized are members of parallel series. 
If one of the series can be expressed by a formula 

n=n,—B/(m+p)?, 

then in the case of pairs the other is given by 

n=n, +v—B/(m+pm)%, 
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where vy is the constant difference of the pairs ; and similarly 
in the case of threes, the two other series are given by 
increasing n, by v, and V2 the constant differences in the threes, 
as in the Me series given at the beginning of Section 2. 
Rydberg connects the values of v or V; and 1 v, for different 
elements by the law that in each group of elements the value 
of vy increases in a somewhat quicker proportion than the 
square of the atomic weight. It will be shown in the next 
section that the relation between the values of v for different 
elements of a group is purely numerical and not directly 
connected with atomic weights. 

Series are divided into three classes—Diffuse, Sharp, and 
Principal. The Diffuse and Sharp series consist of pairs or 
threes of series of the sort just mentioned as specifiable by 
means of one series and the common. difference v or the 
common differences v, and v;, the adjectives Diffuse and Sharp 
describing the appearances of the lines in the two classes. In 
the Principal series, which have hitherto been clearly made 
out only in the alkali metals, the lines are associated in pairs, 
so that there are two principal series running side by 
side, but the differences of their corresponding members are 
no longer constant, the one series cannot be derived from the 
other by adding a constant to n, but by subtracting a constant 
from. It may happen, as is pr -obably the case with hydrogen 
and lithium, that vy and the constant to be added to pu become 
so small that the usual spectroscopic appliances do not resolve 
the pairs of lines, that is to say that the two diffuse series may 
coincide and likewise the two ‘principal series. 

The series can be conveniently named in the following 
manner :—The Diffuse or Sharp series which contains n, is 
the first Diffuse or Sharp series, that which contains n,+v or 
n,+v, the second, and that containing n,+ v2 the third. 

Amongst Principal series, the stronger of ‘the two, which is 
also the more refrangible, is called the first, and the other 
the second. These classifications are expressed by Rydberg 
in a convenient notation which can be most easily explained 
by an example or two. X(D,7) means that line for which 
m=7 in the first Diffuse series of the element X ; Y(824) 
means that line for which m=4 in the second Sharp series of 
the element Y, and so on. 

Between the Diffuse and Sharp series of the same order 
(first, second, or third) there is always this relation, namely, 
that they have the same value of n,, so that they differ only 
in their value of «, Rydberg assuming that a single value 
of B holds not only for all the series of a given element, but 
also for all elements. These facts can be conv eniently 
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summarized simply by defining a notation to express them as 
follows :—In the two Principal series n, has the one value ,n,, 
and pw has the value ,m; 1n the first and ,m, in the second. The 
Diffuse and Sharp series taken together may be called the 
Usual series in contrast to the Principal series, which have 
been clearly shown only in the Alkali spectra. 

In the first Diffuse and the first Sharp series the value of n, 
is nearly the same and will be denoted by ,n,; but if a 
difference has to be expressed, gn, and ,n, will be used. 
Similarly in the second Diffuse and second Sharp series n, 
becomes un, +, and in the third it is yn, +1». 

In all the Diffuse series » has the value zu, and in all the 
Sharp series pw. 

The most important of Rydberg’s laws is that the difference 
between the values of n, for a Principal series and for a 
Usual series of the same order is equal to the wave-number of 
that line which is the first member of the Principal series. 
In symbols this is 

ph, — WN, =, — B/(1 +p)" * > 

af, = B/(L pti), .  ~ 6 rn 

probably we can write similarly ,n,+v=B/(1+ ,u.)’. Ryd- 
berg gives the data establishing this law in Wied. Anz. lviii. 
p. 674 (1896). He holds that there is a reciprocal relation 
to go along with (8), namely, 

pe, = 15) (1 + uft1)"5 Ske 4 iy Oe (9) 

ibut this has not yet been as well established as (8). Rydberg 
compresses (8) and (9) into the following terse expression :— 
The wave-numbers of the Principal and Sharp series are given 
by the formula 

n iL i 

£B~ Gtw) > te 
where for the Principal series m has always the value 1 in the 
first term on the right, while in the second term it has any 
integral value; and for the Sharp series m has the fixed value 
1 in the second term but any integral value in the first. Thus 
a Principal and a Sharp series may be regarded as having their 
first line in common and as being branches of a single series. 
The value of Rydberg’s discoveries can be best appreciated by 
following his reasonings concerning the hydrogen spectra. 
If we write out the wave-numbers for Balmer’s series in 
hydrogen and take the differences of the successive members, 
we get a series of numbers almost the same as the correspond- 
ing differences in the lithium Diffuse series and in the sodium 
Diffuse series, so that probably the Balmer series in hydrogen 
is a Diffuse series, and B fur Li and Na must be nearly the 
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same as for H, and yw in the Li and Na Diffuse series is 0 or 
an integer as in the Balmer hydrogen series. Rydberg takes 
Pickering’s series with w=‘5to be the Sharp seriesin hydrogen, 
whose formula is therefore 

Lai 1 1 

10967 (141)? | (m+-5)” 

and therefore by Rydberg’s law the Principal series for H 
must be 

eae 1 1 

109675 (1+°5)?  (m+1)?: 

With m=1 this gives for the wave-length of the first line 
common to both Sharp and Principal series the value 4687°88,, 
almost identical with the 4688 found by Maury and Pickering 
in certain star spectra for a line which exceeds in intensity all 
the known hydrogen lines in the same spectra. In theoretical 
spectrum analysis this discovery of the chief line in the 
hydrogen spectrum is a worthy analogue to the great astro- 
nomical achievement of the discovery of Neptune. 

As Rydberg points out, we should by analogy expect series 

ie i! dL. (11) 

Bo (m+yy)* (mgt pg)? 
in which while m, has the fixed value 2, m, has all possible 
integral values, while m, is fixed at 3, m, has all integral 
values, and so on, and vice versa. Corresponding to the 2 
modes of vibration of a simple system we seem to have « ? 
modes of vibration in spectra, as we should infer from our 
idea that we have two things whose relative motion causes 
radiation. For if our reference-vector like the disturbance- 
vector rotates in opposite directions and rotates with the 
angular velocities 1, 2, 3, ... n so that the projection of its 
end gives a Fourier series of simple harmonic motions of 
periods 1, 4, ...... 1/n, then each possible motion of the dis- 
turbance-vectorcan be combined with a motion of the reference- 
vector to give a relative motion of the type our analysis shows 
to be the cause of the structure of spectra. If, instead of a 
Fourier series with a general frequency n, we take our more 
general series giving all possible undertones and overtones 
with the general frequency 7+p/s, and if we ascribe to both 
the disturbance-vector and the reference-vector the » * modes 
of vibration given by this, then there will be ©° relative 
motions connected with a spectrum. Thus our conception is 
capable of explaining the great complexity of spectra. 

If we compare (6) and (9) we have 

ear (2 aa ee roy 
v M+ ple M+ ups 
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and then from (5) and (9) 

Pen bse aly 1+ ,p)* 
ik ad (or Te). - +  F 

So Rydberg’s chief law amounts to this, that the principal 
and the Sharp series in the spectra of the alkalis result 
respectively from the fundamental motion of the reference- 
vector with the motions of velocities 1+ ,u, 2+ pp...... 1+ oft 
of the disturbance-vector, and from the fundamental motion 
of the disturbance-vector with the motions of velocities 1+, 
eee a m+, of the reference-vector. 

The study of Rydberg’s Laws will be resumed in Section 8. 

5. Two Supplementary Principles. 

Rydberg has connected the differences v, v,, and vy in the 
usual series with the square of the atomic weight of the 
elements in each natural group ; but the true law of these 
spectral parameters can be seen by a study of the data for 
Zn, Cd, and Hg, nameiy, for v,; 386°4, 1159°4, 4633°3. Three 
times the value for Zn gives 1159-2 the value for Cd, and 
twelve times the value for Zn gives 4636°8, which is within 
one part in 1000 of the value for Hg. This example makes it 
clear that the relations between the values of v in a group of 
elements are purely numerical, and have no direct relation to 
atomic weight. The point is of some importance, because a 
direct relation between v and atomic weight would indicate 
that v depended on dynamical conditions, whereas a numerical 
relation such as that just proved points to the control of v 
resting with kinematical conditions. 

This kinematical relation of v in different elements such as 
Zn, Cd, and Hg, seems to me strong evidence that in the 
atoms of different elements we have practically the same 
electrical apparatus engaged in emitting the radiations. It is 
therefore worth while to investigate the law of v in other 
natural groups of elements. 

In the Li group the value for Li itself is too small for 
measurement so far, but for the others we have the values 
given in the first row of the next little table, while the second 
row gives the values of 1, 3, 12, and 28 times 19-6 with 2 
subtracted. 

Na. K. Rb. Cs. 
Pie Le 568 234°4 D45°0 

17-6 26°8 233°2 946°8 

Here again is clear evidence of a numerical law for v, and 
we have the series 1, 3, 12 of the Zn family repeated with 
the addition of the next member, namely 28, and these are 
the first four terms of the mathematical series whose genera] 
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term is 
bBa+hn®, eon ey a4) 

where vn is 0 or a positive integer. Thus the law of v can be 
written 

P=a(l—3n+in?) +6, .. « . «= i213) 

where « and @ are parameters characteristic of each natural 
family ; for the Zn family 2=386°2, and B=0; for the Na 
family «=19°6, and B= —2. 
We can summarize the values of 2 and £ in the following 

table, where v and vy, denote whether the values belong to the 
difference for a pair of lines y, or the first difference v,; where 
the lines go in threes. 

Na stands for the Na family of metals, Cu for Cu, Ag, and 
Au, while Ga stands for Ga, In, and TI. 

ivene I. 

Na. Mg. Zn. Cu. Ga, 
V. V,. to Vv. Vv. 

eins. 19°6 31 386°2 325 633 
FEE. —?2 10 () — 83 191 

The following numbers give a comparison of the values of 
y, in the Mg series of metals as given by our formula and as 
found by Kayser and Runge (Wied. Anz. xliii.) :-— 

Met) Ca. Sr. Ba. 
formula ...... 41 103 382 878 

40°7 101°6 394 878 

A discrepancy, similar to that which occurs here with Sr, 
oceurs with Ag in the Cu family and In in the Ga family. 

An interesting case appears in the series discovered by 
Runge and Paschen in the difficult spectra of O, 8, and Se, 
where they find the following values of v:— 

| Cae 37 2°08 
ee 18°15 11°13 
Se 103°7 A407 

Of these numbers four out of the six are the first four terms 
of the series whose general term is 3°7 (l—38n/2+7n?/2), 
which are 3°7, 11:1, 44:4, and 103°6, while 18°15 is nearly 
five times 3°7. 

Some values of vy which do not come under this type of 
formula are those for v, in the Zn family, namely, 189°8, 
542, and 1768, which can be expressed as 176 (1, 3, 10) +12 
where the series 1, 3, 10 takes the place of the normal 1, 3, 12. 
For v, in the Mg series we have 15°2 (1, 3, 12, 24)+6:2 
where 24 takes the place of the 28 proper to the normal series, 
Again, in certain pairs of lines in Ca, Sr, and Ba we have 
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y= 63'8 (3, 12, 26)+31'6 where 26 takes the place of the 
normal 28. This finishes the discussion of the first of our 
two principles supplementary to Rydberg’s laws. 

The second principle is derived from a study of the spectral 
parameters of the elements, which we proceed to tabulate. 
The values for H are Rydberg’s (Astrophysical Journ. vi. 
1897) ; for He, Balmer’s (Wied. Ann. Ix.) ; for O,S, and Se 
Runge & Paschen’s (Wied. Ann. xi.) ; and forthe other elements: 
they are the results of my own computations of the observa- 
tions of Kayser & Runge with the aid of their selection of 
serial lines, and also Rydberg’s (Wied. Ann. xli., xliii., xlviil.,, 
l., lii.). In my computations I have not assumed B to be 
absolutely constant at its value 109675 for hydrogen as: 
Rydberg does; but with other computers of spectral para- 
meters I have obtained a value for B independently for each 
element. For details the reader should consult the above 
references. 

Tass ITI. 

Ny. | B. [L. 
= A ee | pe —~ 

Princ. Usual.| Prine. Usual. Prine. Diffuse. Sharp. 
H...| 48744 27419 | 109675 109675 1:0 0-0 5 
He ...| 38471 29238 | 110470 109900 194269 1:99939 1:697 

29229 | 109520 
He ...| 32043 27184 109820 109930 |.2:01195 2:0002 1:8529 

27181 | 109460 

Li ...|) 48506 28600 | 110480 109900 1:965 0-0 1-597 
Na...| 41453 24490 107900 110600 271 0-0 1:66 
K ...| 85009 21966 | 107700 111170 D.| 2:283 ‘80 1°80 

108960 S. 
Rb ...| 338707 20861 | 108600 108800 2°30 1:667 
Cs ...) 31872 19721 | 104570 1138950 2°30 1°60 

Diffuse. Sharp. 
Mg...: 39730 | 107250 104320 “80 "26 
Cay sc 33890 | 103500 100000 0:0 ‘380 
Se 30860 | 96910 96232 0-0 “40 
Ba... 24860 89540 ‘411 

Zn ... 42880 | 110100 110100 ree AON, "186 
OL 40660 | 105500 105500 848 "26 
Hey... 40068 | 103600 103600 "848 196 

AM 48040 | 100600 100600 0-0 ‘101 
inh. 44430 | 118900 105800 “88 “20 
ANY 5% 41500 | 110800 107800 ‘90 198 

O ...| 28208 23201 | 110396 109011 02148 = 24127 
Siecee 20078 | 108868 ‘07945 
Se ... 19287 | 111964 00556 

[N.B.—Where the integral part of » is not known the fractional part only 
is given, or, in the absence of a fractional part, it is returned as 0.] 
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Our second supplementary principle can be seen trom a 
study of the values of w in the Sharp series of the Li family, 
if we take ‘597 for Li to be -6, which is 3/5, and °66 for Na 
to be *667, which is 2/3; we then have for the Li family the 
symmetrical system of values 3/5, 2/3, 4/5, 2/3, 3/5, where 
we have to do with multiples of 1/3 and 1/5, the first two of 
the odd harmonic fractions. The difference of these is °133. 
Now if we take the successive differences in the values of 
in the Principal series for the Li family, we get *135, °133, 
"067, 0:0, two of which are equal to the characteristic 
difference in the Sharp series, and the third is half of that 
difference. Again, we have evidence of purely numerical 
relationships in the values of spectral parameters of different 
elements, pointing to kinematical and not dynamical con- 
siderations as ruling the relations amongst spectra. We shall 
consider this matter again at the end of Section 8. 

The data for other families are not completely enough 
analysed yet to give sure ground for further comparison. 
For example, the Al diffuse series seems to be better repre- 
sented if, instead of unit increments in m+, we give incre- 
ments nearly equal to 1, but with a small periodically ¥ varying 
difference. Again the lar ge variation of B for Sr and Ba 
from the nearly equal values for the other diverse elements 
may be the result of an imperfect understanding of the series 
for these elements. Evidently in B we have a great funda- 
mental constant of nature which may be made to appear to 
vary by the association of some small variable parameter 
with it. 

6. Periods of Mechanical Vibration of the Atoms. 
In “A New Periodic Property of the Elements ” (Phil. Mag. 

[5] xxx.), and in a “ Kinetic Theory of Solids” (ibid. xxxii.), 
I showed that at their melting-points the atoms of the metals 
have periods of vibration which bear simple harmonic rela- 
tions to one another; for example, for the Li family of 
metals they are 1, 2, 3, 4°5, and 6. I had often puzzled 
over the meaning of this striking periodicity, but without 
result, until in investigating “ The Spontaneous Change of 
Oxygen into Ozone anda Remarkable Type of Dissociation ” 
(Phil. Mag. [5] xlii.), and “'The Molecular Constitution of 
Water ” (ibid. Nov. 1900), I found instances of molecular re- 
sonance which suggested that the above periodicity must be 
another result of molecular resonance. As the temperature 
of a metal is raised the interspaces between the molecules 
grow, and each molecule is less completely hemmed in by its 
neighbours. In moving about within its own domain each 

Phil. Mag. 8. 6. Vol. 2. No. 9. Sepé. 1901. i 
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molecule has a certain average period of vibration from one 
encounter with a neighbour to the next. Now if this period 
of intermolecular vibration were to become the same asa 
natural period of internal vibration belonging to the molecule, 
then by resonance the molecules would all be set aswing with 
a fine accord, the translatory vibrations keeping time with 
the internal elastic vibrations. Such a state of affairs is 
favourable to the escape of each molecule from the restraint 
of its neighbours, that is, to melting. Thus it comes to pass 
that the periods of vibration of the molecules of the elements 
of the Li family at the melting-points are as 1, 2, 3, 4°5, and 
6 because the internal periods of vibration stand in these 
harmonic relations to one another. 

_ Now it is possible by the Kinetic Theory of Solids to 
calculate the periods of the elastic vibrations of the metallic 
molecules in the following way. It is shown that these 
molecules are practically incompressible ; but as the rigidities 
are given for a number of metals at the absolute zero of 
temperature, it follows that these rigidities are those of the 
molecules. The molecule of a metal vibrates, therefore, as a 
body which is deformable. but incompressible, and has there- 
fore a fundamental internal mechanical period of vibration 
depending chiefly on the rigidity and linear dimensions of 
the molecule and partly on its shape. 

Let N be the rigidity of a metal at absolute zero as tabu- 
lated (Phil. Mag. [5] xxxii. p. 41), let m be the mass of its 
atom which may be taken to be identical with its molecule, 
and p its density. Then the mean linear dimension of the 
atom is (m/p)3, and the velocity of a deformation in the atom 
is (N/p)2, so that the period of vibration of the atom is of the 
order 

2(m/p)2/(N/p)t.- 0 4 1 

Now (ibid. p. 547) it is shown that if } is the mean coeffi- 
cient of linear thermal expansion of the metal, and c its specific 
heat, 21Nbm/Jemp is approximately the same for all metals 
(Zn and Cd have values double the average). 

Again (Phil. Mag. [5] xxx. p. 319), I have given the 
empirical relation bTm?=0-044, where T is the melting- 

- point measured from absolute zero. Using these two results 
along with our expression (16) for the period of vibration, we 
find this period is proportional to 

3, 1 

ant pST2. 2 Bh 

But the expression originally used to calculate relative 
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periods of vibration of the metallic atoms at the melting- 
points was (ibid. p. 319) m3/p?T2; so that internal period of 
atom given by (17) differs from period of translatory vibration 
at melting-point by the factor mz, disregarding a constant. 
For all the elements this has a range from 1:0 to 1°6, and 
for any natural family from about 1:2 to 1:6. Allowing for 
the empirical and other uncertainties in our train of reasoning, 
which must have introduced this discrepant m2, we take it as 
fairly proved that the singular harmonic relations of the 
periods of vibration of the metallic atoms at the melting-points 
arise from the existence of the same harmonic relations amongst 
the internal mechanical vibrations of the atoms. This is the 
main proposition of this section. 

As to the relations between the periods of different families, 
the table on p. 541 of a “ Kinetic Theory of Solids” (Phil. 
Mag. [5] xxxii.) makes it appear that the period of each 
member of the Be family is nearly one-half of that for the 
corresponding metal of the Li family, and therefore it looks 
as though the periods of all the elements are harmonically 
related to asingle fundamental period or a small group of 
periods. If this isso, then if we remember that each metallic 
atom besides its fundamental vibration has all its harmonies, 
we see that it is possible for all the elementary atoms to have 
some lowest common period and a series of common. higher 
harmonics. I take it that it is the possession of this common 
period, and of the same electrical atomic apparatus, that 
causes the wonderful similarity in the limited range of the 
strongest parts of all spectra, commented upon in the intro- 
duction to this paper. 

In the present connexion considerable importance attaches 
to a second very strange relation that appeared in “A New 
Periodic Property of ra Hlements,” namely, that the period 
of vibration of a compound molecule, such as NaCl or SrBrg, 
at its melting-point, can be got by adding a period charac- 
teristic of the Na atom to a period for the Cl atom, or a 
period for Sr toa period for Bry. In acoustics we know of 
summation-tones wherein the /reguencies of two vibrating 
sources are added together ; but the case of a vibrating mole- 
cule whose period is the sum of the periods of its parts ‘seemed 
also very puzzling at the time when that paper was published. 
And, moreover, tlie relative periods of the metallic atoms of 
the Li family in compounds are nearly the same as for the 
atoms of the uncombined metals, while the periods of F, Cl, 
Br, and Lin compounds with the Li family of metals are as 
1, 2, 3, 4. But when that paper was written it was not pos- 

a2 
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sible, on account of certain factors being unknown, to compare 
directly the period of the Li atom in a compound with its 
period in the metal, although we could say that its relation 
to the period of the Na atom was the same in both cases. 
But by means of facts communicated in “ Further Studies: 
on Molecular Force” (Phil. Mag. [5| xxxix. pp. 19-21) the 
missing factors can be introduced ; so that if m3/p?T? is taken 
to give relative periods of the uncombined metallic atoms as 
in my previous papers, then for compounds of the type NaCl 
we have only to introduce the factor “2, and for the type 
SrBr, the factor “3, to get their relative periods on the 
same basis as the periods for the pure metals. Thus, then, 
the periods given for the combined Li metals and the 
combined halogens in “A New Periodic Property ” are to be: 
multiplied by ”2, and those for the Be family of atoms ini 

combination and for F,, Cl,, and so on, by 4°35, when we 
Oein 

Li. Na. K, Rb. Cs. F. Cl. Br. J. 

106 212 O18 a0) eee 207 “414 ‘621 "828: 

Be. Mg. Cas) F2a8e. Ba. BP Ci. Bee Jie 

Ne 212-318") 580 | “881 662) | Peg mmaii 
Now it is very noteworthy that these periods for the Li 

family of atoms in combination are very nearly one-half of 
the periods for the pure metals, namely, °205, -43, and so on; 
while in the Be family the periods for the combined atoms are 
nearly the same as for the free. Thus it appears that the 
periods of the metallic atoms in compounds are harmonically 
related to their free periods, and we see now why the spectra 
for the pure metals 7m vacuo are the same essentially as the 
spectra of their vaporized compounds; for though the mecha- 
nical period of vibration of an atom may change with its 
change of chemical state, the change beg an harmonic one, 
the combined atom and the free atom have still periods in 
common, just as we saw that the different metals have. 

To look more closely into the compound molecule’s having 
a period which is the sum of periods belonging to its atoms, 
let us consider two pieces of the same iron rod whose periods: 
of longitudinal vibration are p, and p,. Then, if they were 
welded together, the whole rod would have a period p,+p,. 
But if the one bit of rod were iron and the other copper, and 
they were brazed together, we should expect the discon- 
tinuity at the joint to divert some of the energy into other 
modes of motion; but still there would be a fundamental 
period of vibration p,+p.. If p, and p, were to one another 
as two whole numbers, then the two parts would have a 
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common harmonic ; and the effect of the discontinuity after 
union would be to emphasize this harmonic at the expense 
of the fundamental of period p,+p.. That a compound 
molecule should have a period which is the sum of the 
periods of its atoms, implies that two different atoms in com- 
bination are attached to one another in a decidedly intimate 
way. It is to be noticed that the rule does not apply to 
molecules containing more than two atoms. The periods for 
the two halogen atoms in compounds like CaF’, Srl, are not 
double those for the single halogen atoms. The important 
points brought out are the intimate mechanical contact of the 
atoms in chemical combination, and the change of their 
periods of vibration to harmonics of the periods for the 
elementary state. On account of the harmonic relationships 
between the periods of the atoms of different elements and 
between those of the same atom in the elementary and com- 
bined states, it seems likely that there is a mode of motion 
common to all the atoms. 

There remains to calculate the order of magnitude of the 
mechanical period of vibration of some atom such as that 
of Li. This has already been done in an indirect manner in 
“A Kinetic Theory of Solids” (Phil. Mag. [5] xxxii. p. 542), 
for the pericd of external vibration of the Li molecule at the 
melting-point of the metal is there estimated at about 
16x i0— second, representing a frequency 6 x 10!%, while 
the luminous part of the spectrum gives frequencies ranging 
from about 4x 1044 to 8x 10™ per second. ‘To calculate the 
period for Li by (16) directly we use the relations 

21Nbm/Jcomp=4°'6, 

bTmz= °044, 

to find N, which, with the known data for Li, comes out 
7x 10" in C.G.s. units, with p=°59 this gives 35x 104 for 
the velocity VY N/p. Taking Kelvin’s estimate of about 10” 
ordinary molecules to the ¢. c., we have 5 x L0~° for the order 
of the linear dimensions of the Li atom, and then the required 
frequency 35 x 10*+10~° is of the order 3°5 x 10. That this 
comes so near the known periods in the luminous spectra I 
take to be strong confirmation of our principle that the 
mechanical vibrations of the atoms are an important part of 
the cause of their luminous vibrations. 

The substance of this section can be summarized popularly, 
if somewhat loosely, in the statement that the light emitted 
by atoms is simply their sound electrically transformed. 

As we have just proved that the elastic vibrations of the 
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atoms have frequencies of the same order as those known in 
luminous spectra ; and as we shall show in the next section 
that the frequencies of the free vibration of the ether of an 
atom are far higher, we must consider the electromagnetic 
radiation from atoms to be due to a vibratory electrical move- 
ment in the atom which is forced and maintained by the 
mechanical vibrations. Thus the atom which has of late been 
relegated to the background through the prominence of the 
electron must be rehabilitated. In Section 8 an attempt will 
be made to assign to atom and electron their respective shares 
in the production of spectra. 

7. Free Vibrations of the Aither of Atoms. 

By the ether of an atom is meant the ether which takes 
part in the transmission of light through the atom. We may 
regard itas a portion of the ether bounded by the least sphere 
which would inclose the atom, and as having its properties 
altered by the contiguity of the matter of the atom. Now 
the phenomena of the refraction of light make it ciear that 
the order of magnitude of the velocity of light through atoms 
is of the same order as that of its velocity through free ether, 
namely, 3x 10°. But this is about 10° times the velocity of 
a mechanical disturbance calculated for the atom of Li in 
the last section. Therefore the frequency of the vibrations 
of the ether of the Li atom would be about 10° times greater 
than that of the mechanical vibrations of the atom, and there- 
fore the free vibrations of the ether of atoms are of a much 
higher frequency than those belonging to the vibrations in- 
vestigated in ordinary spectroscopy; they may have relations 
to the Réntgen and Becquerel ray-vibrations. Still it is 
interesting to compare the relative frequencies of the free 
vibrations of the atoms of metals belonging to the same and 
different natural families. For this purpose we require the 
velocity of light through the atom and the linear dimensions 
of the atom. In “ Molecular Refraction” (Phil. Mag. [5] 
xxvii.) I have shown, as others had done before, that the 
retraction-equivalent of a substance (n—1)m/p, where n is 
the index of refraction, is the same as the refraction-equivalent 
ofa single molecule of it, which may be denoted by (N—1)m/p, 
where N is the index of refraction of the molecule and m/p 
its volume. This use of the symbol N must not be confounded 
with that of the last section, where it stands for rigidity at 
absolute zero. Here N stands for the ratio of the velocity 
of light in matter-free ether to the velocity through the 
molecule. The refraction-equivalents found for the atoms by 
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numerous experimenters are therefore relative values of 
(N—1)m/p. For the metals the values given in text-books 
and tables of physical data belong to their atoms in the com- 
bined state, atomic refraction for the pure metals being a 
diticult subject, notwithstanding Kundt’s measurements of 
the index for certain metals, because in such very absorbent 
substances as the pure metals the apparent, index of refraction 
may have a different meaning trom the ordinary. But if we 
take the refraction-equivalents of the metals in compounds, 
as given, for instance, in Meyer’s ‘Modern Theories of 
Chemistry,’ and the relative values of m/p the atomic volume 
given in “ Further Studies on Molecular Force” (Phil. Mag. 
[5] xxxix. pp. 24 & 36), we can calculate N. the index for the 
atom, and also 1/N(m/p)2, which gives relative values of the 
frequency of free vibration of the ether of the atom, namely, 
velocity of light through atom divided by linear dimensions 
of atom. The following table contains the data (N—1)m/p 
and m/p, and the derived magnitudes N and 1/N(m/p)*- 

TABLE IV. 

mania. 7a... hb. Cs, Be. Mg. Ca.. Sr. Ba. » Zn. +Gd. 

(N—J)mjp ...38 48 81 140 137 57 70 104 136 15:8 102 136 

BP Penta 20 74 186 344 560 10 56 86 106 166 106 106 

patenaes Sere baa ial 12467 225 221 228 1°95 Lob 226 

UN(m/p) ... 278 313 -262 -218 -211 149 -250 -221 -200 -201 -286 -200 

Now in the Li family these relative frequencies of the free 
vibrations of the ether of the atoms run a very similar course 
tO pM and uny the fundamental frequencies in the principal 
and usual spectral series of these elements, as the following 
comparison shows, where in the last line we have given also 
pM—ur, Which Rydberg discovered to be equal to the fre- 
quencies of the chief lines in the spectra. 

Li. Na. K. Rb. Cs. 
*273. 313 “202. 218. “211. 

plo +... 43506 41453 35009 33707 31372 

BONG teu 28600 24490 21966 20861 19721 

plg—ulg... 14906 16963 13043 12846 11651 

The first point to arrest attention in this table is the close 
parallelism between the first and the last rows, both of which 
pass through a maximum at Na. But this is probably an 
accident, because, from the nature of the calculations involved 
in finding the first row, there is no guarantee that its maximum 
at Na is a genuine fact ; for example, the small value of m/p 
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for Li, namely 2°0, may be aftected with a relatively large 
error. Disregarding, then, the possibly deceptive maximum, 
let us follow the general parallelism of the four rows, and 
remembering the “reat diversity of the data used in caleu- 
lating the first row, with (N—1)m/p ranging from 3°8 to 14, 
and m/p from 2 to 56, we must regard the parallelism as 
significant. It means that though the velocities of light 
through the atoms, that cause the frequencies i in the first row, 
are 10° times those causing pr and ,”,, the former are nearly 
proportional to the latter. “For other metals the corr esponding 
comparison is as follows’: — 

Be. Mg. Ca. Sr. Ba. Zu. Cd. 

"149. “250. “221. ‘200. -201. 286." te 

aps een 39730 93890 30860 24860 42880 40660 

Here the parallelism is not so close, but under the cireum- 
stance it is close enough to have significance. 

8. Further Analysis of Balmer’s Formula and 
_ Rydberg’s Laws. 

To extend the kinematical study of spectra we can use the 
results of Stoney’s important contribution, “‘On the Cause of 
the Double Lines and of Equidistant Satellites in the Spectra 
of Gases” (Trans. Roy. Dublin Soc. iv. 1891). Here he 
takes the electron, which he has done so much to get recog- 
nized as the atom of electricity, as describing an elliptic orbit, 
which may have perturbations of the nature of progression of 
the apse, precession, variation of ellipticity, and soon. By 
a kinematical analysis he shows that such perturbed elliptic 
motion may be regarded as the resultant of two or more 
circular motions of different amplitudes and frequencies. 
Such he takes to be the origin of the doublets and triplets in 
spectra. By an extension of Fourier’s theorem he proves that 
any motion of a point ina plane may be regarded as the co- 
existence and superposition of definite. pendulous elliptic 
motions, and again extends this to the motion of a point in 
space of Hee BP noe If the original motion is periodic 
with irequency F’, then by Fourier's theorem the component 
elliptic motions into which it may be resolved have frequencies 
F, 2F, 3F...... If we simplify these ellipses to circles, 
then the angular velocities of the radius vectors will form a 
series 1, 2,3...... But this gives us only the ordinary 
series of harmonics, corresponding to the . usual musical 
overtones ; whereas for the explanation of spectra we want 
harmonics analogous to what I have called the undertones of 
a vibrating circle. The mechanically vibrating atom supplies 
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these. If its fundamental frequency is 27/0, then it contains 
standing waves of frequencies (p+ 7/s)27/Q. 

Consider an electron travelling round the atom in a nearly 
circular path, with the centre of the path near that of the 
atom, and with the occurrence of periodical collisions between 
the electron and the atom. Then if the frequency of these 
encounters is so adjusted that the electron always meets the 
atom at the middle of a standing wave or internode, it will 
take up a maximum of energy there ; and if the frequency is 
a multiple of that of the standin e wave there will be resonance, 
with a maximum absorption of ¢ energy by the electron. Let 
Qr(1+) be an angular interval between two encounters, 
then an electron can equally well take up energy at each 
encounter if it meets the atom at angular intervals 27(2+ p) 
..+.. 2m(m+m) or generally 27(p+7/s), where r nh s are 
integers and p is any integer. 

The following curves represent three orbits of electron 
round atom, first where w~=0 and the electron makes one 

SSS 

complete revolution between two encounters, second where 
='25 and it makes one and a quarter revolution, and third 

where it makes two revolutions. If the electron associated 
with the atom of an element has a fixed velocity, and if the 
nearly circular paths have all the same radius, the radius- 
vector of the electron has a constant angular velocity w, and 
the periods between successive collisions of atom and electron 
will be (p+7/s)27/o. For resonance these must be a 
multiple of (p+/s)27/Q the corresponding period for the 
standing wave in the atom, or of a submultiple of it; there- 
fore Qa/w the characteristic period for an electron must be a 
multiple of a sabmultiple of 277/Q the fundamental mechanical 
period of the atom. But for different atoms the latter are 
harmonically related, and we may conclude that probably the 
eriod of the harmonic common to the elements is the same 

as that of the electron. As the positive and negative electrons 
have possibly different dynamical relations to the atom and 
different orbits, the values of w giving resonance for a positive 
electron may be different from ‘those for a negative. Thus 
we can write (m+ ,)27/@ and (m+ y)27/@ as simple types 
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of the periods of vibration of the negative and positive 
electron respectively. So far as we have now gone, we could 
represent the motion of an electron Q as compounded of a 
circular motion round P with angular velocity (m+ )27/o, 
while P revolves round O the centre of the atom with 
velocity w. It is the former of these motions that interests us. 

Now it must be the relative motion of negative and positive 
electrons which causes the electromagnetic phenomena of light. 
We can best represent the motions of the two electrons by 
taking their centre of inertia to be travelling in an orbit 
which is nearly a circle with the centre of the atom as centre, 
while the negative electron travels in a cirele round the centre 
of inertia with frequency (m+ ,)27/@, and the positive with 
frequency (m+ py) 27/. The relative motion of the radius-- 
vectors of the two electrons then gives the type shown to be. 
necessary by the kinematical analysis in section 3. From the 
equations (12) and (13) expressing Rydberg’s laws according 
to that analysis it follows, that a series in a spectrum arises 
from the several relative motions obtained from the motion of 
period (1+ 4;)27/q@ of the one electron, and the motions of 
periods (1+ py)27/@, (2+ fe)277/w .... (m+) 2a7/@ of the 
‘other. This carries the kinematical analysis of the Balmer- 

Rydberg formula a stage forward. The positive and negative 
electrons are torced by the ordinary elastic vibrations of the 
atom to execute vibrations of a certain type, and the com- 
binations of two such motions in the relative motions of the 
two electrons produce the series of motions defined by the 
formula. The fundamental angular velocities of the electrons: 
round their centre of inertia are w/(1+ ) and w/(1+ 2). 
But equation (13) must carry us into a fuller understanding 
of the formula. Dynamically it has not yet been directly 
investigated to my knowledge, althoush Zeeman’s discovery 
of the splitting up of spectral lines in a magnetic field has 
elicited important attempts to give a dynamical theory of the 
motion of an electron, which would correspond to Stoney’s 
kinematics and account for the Zeeman effect. In these 
theories (Lorentz’s, Larmor’s, Preston’s) the electron is 
supposed to describe an ellipse under a central force, and the 
elliptic orbit being caused to precess by magnetic force gives 
the doubling or trebling of a spectral line as explained by 
Stoney. But in these theories a single electron or its 
equivalent is studied; whereas if the radiation of atoms is due 
to the relative motion of positive and negative electron, and 
if both motions are independently affected by a magnetic field, 
the theoretical explanation of the Zeeman effect must become 
more complicated, and be capable of yielding the more 
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complicated effects that are now known to constitute the whole 
phenomenon. 

The equation (13) shows that, when we compare different 
elements, w the angular velocity of the electron must be of 
the form A/(1+ ,), where A is an absolute constant of nature. 
Thus @ is derived from A in exactly the same way as our 
angular velocity w/(1+w) was derived from w. To account 
for this we must reconsider the motions of our two electrons 
of opposite sign. We gave each of these a circular motion 
round the centre of the atom, compounded with another 
circular motion. Now on account of these second circular 
motions of periods (1+ ,)27/@ and (1+ ,)27/o, the centre 
ot inertia of the positive and negative electrons together will 
have not only a fundamental circular motion, but a variation 
involving two coexistent motions of periodicities (1+ y,)27/@ 
and (1+ ,)27/w. Thus then we should start with the motion of 
this centre of inertia R, and represent it as caused by the 
revolution of OP with angular velocity A, of PQ 
with velocity A/(1+ 4) and of QR with velocity R 

A/(1+ pe). 
Now on account of the circular motion of 

period (1+ 4;)27/A possessed by the centre of Q 
inertia of the two electrons, and the motion 
of, say, the negative electron relative to the 
centre of inertia, we have to consider a nearly 
circular motion of the negative electron, which, 
in the manner just shown, may be considered to 
consist of a motion of a vector OR, with 
angular velocity A/(1+ ;) round O, and of a 
vector R,R, with velocity A/(1+,)? round Rj, 
where R, represents the negative electron. For 
the negative electron we can also in the same way get derived 
circular motions of velocities 

A/+pi)(2+m))-.---- A/(1+ pr) (1 + a) 
and also of velocities 

A/(1+p2)(1+pi) .----- A/(1 + py) (m+ fa) 

Similarly for the positive electron we get velocities 

oid ae A[(1+ ms) (m+ ma) 
A/(1+py)(L+ pe)... +e. A/(1 + py) (1 + fe). 

The Principal and Sharp series in the Alkalis are caused by 
the relative motion due to the motion of the negative electron. 
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with velocity A/(1+;)? and the motion of the positive with 
velocities 

A/(1+pi)(1+Me) ...--- A/(1+ 41)(m + fe), 

and to the motion of the positive electron with velocity 
A/(1+ #2)? and the motions of the negative with velocities 

AEE (OP ere A/(1 + pe)(m +p). 

The Diffuse series arises in the same way as the Sharp, 
except that the value of w associated with m is 0 or an 
integer. 

Our analysis has brought us to a fundamental constant 
angular velocity A for all electrons round the centre of any 
atom of any element. The electrical apparatus which produces 
all spectra is the same. In free eether the positive and negative 
electron revolving with angular velocity A round their centre 
of inertia form what I have proposed to call the neutron, the 
electric doublet, which gives the ether its chief electric and 
magnetic properties. Near an atom the two parts of the 
neutron have their motions controlled mechanically by the 
atom in the manner just discussed in accounting for Rydberg’s 
Laws. 

It appears from the facts of Section 1 that in the hydrogen 
atom the fundamental period and the harmonics of periods 1/2, 
1/3....1/m up to a certain value of mare all multiples of the 
period of rotation of an electron. Near the hydrogen atom 
an electron has a large number of alternative orbits between 
two collisions with the atom. The chief lines in the ordinary 
spectrum of hydrogen are caused by one electron’s travelling 
round the atom twice between two collisions, while the other 
travels three times .... m times round it between two 
collisions, both having the same angular velocity A. This 
is the primary spectrum of hydrogen or the Ditfuse Series. 
For the Sharp series we have 34... .(2m+1)/2 revolutions 
of the one electron between two collisions to 2 of the other ; 
for the Principal series 14 revolutions of one electron and m 
of the other. The other lines of the secondary spectrum of 
hydrogen are due to two revolutions of one electron between 
two collisions, and p+v7/s revolutions of the other between 
two collisions. 

In the Alkali metals the relations between the values of pw 
in Table III. exhibit some system. In the Diffuse series of Li 
and Na yp is 0 or an integer, so that the atoms of these metals 
have mechanical periods of vibration which are multiples of 
the period of revolution of one of the electrons. With the K 
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atom we do not find this to be the case, while with Rb and Cs. 
the Diffuse series has not been observ ea yet. 

In the Principal series of the Alkalis the values of pu 
when written 1°965 2:1 2°233 2:3 2-3 andthen Siaaiitied 
by 30 give the numbers 59 63 67 69 69 the differences: 
between which are 4 4 2 0. In other words, the value of 
# for Li can be written 2—1/30, and those for the other metals. 
of the family be obtained by adding in succession 4 4 2 and 
0 thirtieths. Moreover the values of ~ in the Sharp series: 
can be derived from those in the Principal series by sub- 
tracting 

Li. Na. K Rb. Cs. 

Sn a ee ee ee 
Concerning pw for the other metals, it may be worth noting’ 

that in many cases the values for the Diffuse and Sharp series 
when added together give a sum near 1:08, the actual values: 
being 

Mg. Zn. Cd. He. Al. In. fle 

Preeerogs  1:108 1:°044 . 1101 L077. F098 

In the special Magnesium series of section 2, where uw has. 
the form —2°343/m, which may possibly be 2°333/m or 
24—m, we have evidence of stationary waves in the atom 
Based by 2) times the circumference being divided into 3, 
ye 8 standing waves, each of which is capable of” 
maintaining a corresponding motion of an electron. 

For the value of 1/A we have VB with V=3~x 10" and B- 
for hydrogen 109675, giving 1/A=33 x 10“ revolutions per 
second. Now this is ‘of the same order as 10” times the 
frequency of the mechanical vibrations of the Li atom and as. 
10 times the frequency of ordinary light. It is therefore 
probable that the frequency of the revolution of the electrons 
in a neutron is the same as that frequency which is common 
to the mechanical vibrations of all the atoms, for w in the Li 
family bears witness to harmonics of frequency 30 times the 
fundamental. Atom and electron by their mutual resonance 
make this frequency of 33x10" the fundamental datum in 
the vibrations of atoms and electrons. 

The reason why solids and liquids in general give continuous 
spectra is that in them the frequency of the collisions of an 
atom with others is of the order of the frequency of the 
internal vibrations of the atom, so that every mode of motion 
has its energy renewed so often with sudden changes of phase, 
that there is no chance for the motions maintained by 
resonance to stand out from the crowd. 
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8. Summary. 

The structure of spectra is traced to the two facts, first that 
atoms vibrate as deformable, but practically incompressible, 
bodies of finite calculable rigidity, so that their surfaces have 
stationary waves corresponding to the fundamental mode of 
vibration and its harmonics, and second that electrons in 
describing nearly circular orbits round an atom, out of an 
infinity of such orbits possible, have orbits of certain 
frequencies made predominant by resonance. An electron 
can make 1, 2,3....m revolutions between two occasions 
when it gets its energy renewed by striking the atom at the 
middle of one of its v ibrating internodes, or it can make 1+ yp, 
2+m....m-+p where p is generally an harmonic fraction. 
The orbits for a positive electron are different from those for 
a negative, and therefore a relative motion between positive 
and negative electron is set up. This is the direct cause of 
the vibrations of light. This relative motion can be represented 
by giving the positive and negative electron different angular 
velocities round the circumference of a circle. By such 
motions Balmer’s and Rydberg’s formulas can be explained, 
and Rydberg’s laws lead to the conclusion that the fundamental 
angular velocity of all electrons associated with all atoms is a 
constant representing a frequency of 33 x 10* per second. 

From the rigidities of the metals at absolute zero the 
mechanical periods of vibration of the atoms are calculated 
and proved to exhibit simple harmonic relations, and probably 
to possess a common harmonic of a frequency of the same 
order as that of ordinary light. It is probable that the 
common harmonic of the atoms and the fundamental mode of 
motion of the electron are identical or harmonically related. 

The spectra of different elements thus appear to be caused 
by practically one and the same form of electrical appliance 
(pair of electrons) which is supplied with energy by the atom 
at various internodes. One spectrum is only a slight 
kinematical variation of another. 

The principles of the kinetic theory of gases and of the 
electromagnetic theory oflightare brought into natural relation. 
Rigidities at absolute zero calculated according to the Kinetic 
Theory of Solids are shown to be connected with the structure 
of spectra, and molecular resonance is shown to play a striking 
part in the melting of the metals. The atums in a compound 
molecule are more intimately united than is usually supposed. 

Melbourne, May 190]. 
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XXIV. Notes on the Zeeman Effect. att y 
By NM. A. Kan, \ 

T has been shown by H. M. Reese f that the separation of 
the external components of the regular Zeeman triplet 

or quadruplet, as seen perpendicular to the lines of force, 
does not vary proportionally with the strength of the magnetic 
field in which the luminous source is placed. This fact was 
established for various zinc and cadmium lines up to a field 
of about 26,000 c.G.s. units. 

Reese also states, in referring to certain lines in the spec- 
trum of iron, that, ‘‘ In comparing the separation of the lines 
between 3900 and 4450 it was at once observed that the lines 
could be broken up into two classes, in each of which the 
separation of the various lines was of the same magnitude. 
These two classes are identical with those for which Humphreys 
found that the shift due to pressure was the same. On these 
plates the separation is very small in all cases, owing to a 
weak field, and no accurate measurements were taken of the 
separation.” 

It appeared then to be a matter of no little interest to 
extend Reese’s investigations on zinc using higher field- 
strengths ; and also to make a more exhaustive investigation 
of the spectrum of iron and measure the separation with care. 
These two primary lines of study suggested others as given 
below. 

The apparatus used was essentially that employed by 
Reese:—A Rowland concave grating, radius of curvature 
13 feet 3 inches, of 15,000 lines per inch, fitted with the 
ordinary slit and camera box ; Seed’s “ Gilt Edge,” Cramer’s 
“ Tsochromatic Fast,’ and the International Colour Photo. 
Co.’s “ Hrythro”’ plates ; an electromagnet giving a maxi- 
mum field of 33,000 c.G.s. units for a 3 mm. gap; as luminous 
source, a spark between terminals of, or containing, the 
‘metals investigated—the spark being produced by an alter- 
nating current, of 133 cycles per second passed through an 
‘adjustable impedance and through a transformer, the secon- 
dary circuit containing a condenser which discharged across 
the spark-gap, the leads to which were short thick wires 
(self-induction was used in the discharge circuit when it was 
desirous to remove the air-spectrum or sharpen the lines of 
the metal under investigation) ; and a dividing engine, whose 

* From the Johns Hopkins University Circulars, vol, xx. no. 152 
(May-June 1901). 

+ Astrophys. Journal, xii. No. 2, Sept. 1900, pp. 120-135. 
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screw was exceedingly accurate, used to measure the Zeeman 
separation. 

Briefly the results of the investigation are as follows :— 
1. The separation of the outer components of the zinc lines 

4680°38, 4722°26, 4810°71 is not proportional to the strength 
of field for values of the latter from 26,000 to 33,000 c.a.s. 
units; that is, Reese’s results for zine are confirmed and 
extended. 

2. Further, for iron lines chosen somewhat at random the 
same is true, and the lines which, in the ordinary iron spec- 
trum, are “nebulous” in character show the least inerease 
in Zeeman separation as the field is increased in strength ; 
or, in other words, the curve plotted between strength of field 
“HH,” and resulting separation “ AX,’ shows the greatest 
droop. 

3. Hence it follows that Becquerel and Deslandres*, who 
used a field of 35,000 c.G.s. units, were unjustified in their 
attempt to discover in the lines of the iron spectrum a law 
governing the separation. No such law as that proposed by 
them is apparent from measurements made on my plates of 
80 lines which appeared in good form for measurement. 

4, As to the pressure shift for iron :—In the spectrum of 
this metal 34 lines were investigated with great care. 26 
show both large pressure shift and large separation, or small 
pressure shift and small separation ; while 8 show either large 
pressure shift and small separation, or small pressure shift 
and large separation. Thus it cannot be said that, if a line 
show large pressure shift, it will show large separation ; or,. 
if small pressure shift, small separation. 

5. Nickel and cobalt were investigated. No law governing 
the separation is apparent. 

6. Preston’s law that ae is constant for homologous lines 

of Kayser and Runge’s spectroscopic series was extended. 
In the expression given, “AX” represents the Zeeman 
separation, “ \ ”’ the wave-length, and “ H ” the field strength. 
Preston deduced this law from measurements upon the lines 
in the 2nd subordinate series of cadmium and magnesium, 
whose waye-lengths are given by putting “n”? equal to 3 in 
Kayser and Runge’s formula :— 

A-!=A + Bn-?+ Cn-4 

where “2.” is the wave-length, “ A,” “B,” and “C” are 
constants, and “nn” has integer values 3, 4, 5, &. The lines 

* Comptes Rendus, No. 129, pp. 18-24 (1898). 
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(4) Field 26,460 c.a.s. units. 
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} TABLE I. 

Lines of Spectroscopic Series Investigated. 

1st Subordinate Series. 2nd Subordinate Series. | 

n=, N=. n=4. 

| Zn. | 3252:42| 3303-03) 3345:62| 4680°38| 4722-26! 4810-71 | 
| Cd.| 3403°74 | 3467-76 | 3613-04| 4678:37| 4800-00] 508606} ......0 |) 0... 325263 

a 4046°78 | 4858-56 | 5460°97 

(i) ee 3838°44 | 5167°55 | 5172°87| 5783-84 

eee, | (Cw- /) ee ee 6122°46| 6162°46) 4425°61) 4435-86! 4456-08 

Sr. | 4832-23 | 4876-35 | | 
I | | Pe cael 

Ax : 
TasueE II.(! so a0". 

( ) WH 

Ist Subor. 2nd Subordinate Series. 

Metal. n=o. 

: n=4, — nian 
Kent’s results. Reese’s (?). Preston’s (°). | 

a. | i KS it om 
Jn ..., 51 85 11:4 1655 | 149) 89] 170 | 158) 113) 17 [148/953] | | 
€a ...|5:0 86 1131164) 146, 91] 17-0 | 15:5! 105 a | ous | gs be 
| see. 167} 147) 8-7 |16-7(4) 10:3 ae 
Me ... 111/161} 141 | 90 | 167 | 149] 105 | | 

eat ee Gree LOPE dens | | +8 8:2 /11-4 

Sr shee a | | | 
| & a ao a es Ree |__| | 

a 51 86 Tt 14:6 88 | 169 | 15:2] 107] 17 148/95 | 48 ai Was 

| | ef 

(7?) Reese’s values calculated from slope of curve on H diagrams. 
() a iaihag mean value given by Preston for the homologous 

lines of Zn, Cd, and Mg. H_=20,000, 
(4) Calculated from data given by Reese. 

tioned, Astrophys. Journ. No. 2, Sept. 1900, p. 129. 
(°®) Excluding strontium as it is irregular, and calcium, the measure- 

ments of which are but approximate, 
quite well with the homologous lines in Zn, Cd, Hg, and Mg. 

. 6. Vol. 2. No. 9. Sept. 1901. Phil. Mag. 8 

See his article before men- 

Note that the calcium lines agree 

U 

| 
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I have investigated are given in Table I. Table II. contains 

in homologous positions the calculated values of oe as ob- 

tained from measurements made on my plates together with 
Reese’s and Preston’s results. Table ILI. is obtained from 
Table I. by making corrections (fully justified*). Owing 
to the fact that, to obtain sufficient separation, it was necessary 
to use a field of over 26,000 c.G.s. units, and that conse- 
quently, as the “droop” in the H-Ad curves before mentioned 
(see sections 1 and 2) is not the same for all lines, a com- 

: AG ; : , ; 
parison of YH is not possible until certain corrections have 

been made. 

Ax 
TasEE VL. eH * 10°, corrected values. 

lst Subordinate. 2nd Subordinate. 

N=d. 

m4. n=4, 

Kent’s results. Reese’s. | Preston’s. 
| 

+| - 

| 

5-2 | 8815-1 [16-9 15-0 12/0 16-9 15-2 |10°7 | 17 148/111, 48| 8-4/14-9 

(st) 

| | 
Spt dian tae 1:}.2 1) 4 oe!) 3 eee 

Table ILI. shows :— 

1st. That Preston’s law, a is a constant for homologous 

lines—established by him for the homologous lines of zine, 
cadmium, and magnesium given by n=3 in the second sub- 
ordinate series—appears to hold for the homologous lines in 
mercury and cadmium. 

2nd. That, within the limits of accuracy of measurement 
An ; 
WH 
the subordinate series for zinc, cadmium, mercury, mag- 
nesium, and calcium. This assumes that the lines not 

is the same for homologous lines given by n=4 in both 

* The necessary corrections were determined by quite a complete study 
of the “ droop” of homologous lines. 
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: . Ax : 
investigated show values of PH which are the same as those 

an assumption which is certainly investigated in each set 
not unjustifiable. 

3rd. That the average value of = —obtained from 

Preston’s, Reese’s, and my determinations—for the third set 
in n=38, or § (12+10°74+11°1)=11°27, is so related to the 
average value for n=4 (as given in the same table, IIT.) in 
the homologous sets of both subordinate series, or $ (15:1 
+ 14:9) =15-00, that 

Ar Ax 
——_ . ee eu “fete ta ~ as gE “)7 = - e . 

os) jag Bt 4s as } (11'27)=3'76, while 
Ax - e 

4(15°00)=3°75. Thus, if we assume ER Proportional to a 

where “e” is the amount of electricity carried by the particle 
of mass ‘‘ m,” we may say that the ratio of the charge to the 
mass of the particle varies directly with “‘ ~”’ for the third set 
of lines in the second subordinate series where “x” has either 
the value 3 or 4. 

(The first subordinate series shows no lines for n=38. The 
value 15:1 was averaged with 14°9 because of the probability 
of obtaining thus a more correct mean.) 

Ath. That there appears to be no relation between sets 1 and 
2, n=4, and 1 and 2, n=3, or, taking total mean values, 
between 

169, Lr) for n=, and 

5:0,) 18°6: for. n=4, 

However, inasmuch as the wave-lengths of the three lines 
forming the spectroscopic triplet are so related to each other 
that, given the wave-length of one of them, those of the other 
two can be calculated —thus forming a connexion between the 
members of the triplet-—we would not expect that here again 
a relation would appear between the first, second, and third 
lines of the triplet in any one series unless, indeed, it were a 
relation equivalent to that just mentioned, namely, the 
possibility of the calculation of the wave-lengths of any two 
lines of the triplet given that of the third. 

U 2 
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XXV. Acoustical Notes.—VI1. 
By Word Rayueics, F.R.S.* 

Forced Vibrations. 

F free vibrations be represented by cos nf, and if the 
forced vibration due to a force acting ina very long 

period be cos pt, then the actual forced vibration will be 

n? cos pt 
ne pe 

It is here implied :— 
(1) That in all cases the forced vibration takes its period 

from the force, whatever may be the natural period. _ 
(2) That if the forced vibration be the slower, viz. if p<n,. 

the phase is the same as if the vibration were infinitely slow, 
in which case the vibrator would be situated at any instant 
of time in the position where the momentary force would 
permanently maintain it. | 

(3) That if the forced vibration be the quicker (p>n),. 
the phase of the actual vibration is the opposite of that defined! 
in (2). 

(4) That if the force have nearly the period of the free 
vibrations, the effect is much enhanced. Indeed, according 
to the formula it would become infinite, which means that 
forces of a viscous character, never really absent, must now 
be brought into the reckoning. 

So far as lam aware, illustrations of this important theory + 
have usually been wanting in lecture demonstrations, except 
as regards (4). I have found that if we employ as vibrator a 
magnet with attached mirror, as used for example in Thomson 
galvanometers, the whole may readily be brought before a 
large audience. 

With the aid of an external magnet, whose distance could 
be varied, the frequency of (complete) vibration was adjusted 
to 10 per minute, the vibrations being manifested by the 
motion of a spot of light reflected from the mirror on toa 
scale in the usual manner. The force brought to bear upon 
the vibrator had its origin in the revolution of a rather long 
permanent magnet, situated at some little distance, and so 
mounted as to be capable of rotation. No particular situation. 
is necessary, but the action of the magnet is simplest in certaim 
special cases, as when its centre is at the level of the sus- 
pended magnet and in the direction of the screen. The plane 

* Communicated by the Author. 
+ Young’s Lectures on Natural Philosophy, p. 578 (1807). 
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of revolution being horizontal, the deflecting action is then 
greatest when the revolving magnet points towards the sus- 
pended magnet. In one of these positions, say when the spot 
is deflected to the right, a bell rings automatically. Uniform 
rotation at any desired speed is maintained by hand with the 
aid of gearing, diminishing the speed in the ratio of 5: 1, and 
of a metronome set as required. 

To illustrate propositions (1) and (2) the long magnet is 
caused to rotate with a frequency of 8 per minute, 7. e. with a fre- 
quency somewhat less than that natural to the suspended system. 
At first the phenomenon 1s complicated by the interaction of 
natural and forced vibrations; but the former soon die away. 
It is then recognized that the vibrations observed upon the 
screen are isochronous with the revolution of the magnet, 
and that the bell rings at the moment when the spot of 
light attains its greatest elongation towards the right. 

In the next experiment the speed of revolution is altered 
to 12 per minute, so as to bring about the condition of things 
contemplated in (3). After a little interval of settling down 
the bell rings always at the moment when the spot is most 
deflected to the /e/t, showing that the phase has been altered 
by half a period. 

To illustrate (4) the speed of revolution may now be 
adjusted to 8 per minute. The arc of vibration is seen gra- 
dually to increase until it reaches a large value, the bell now 
ringing, not at either extreme elongation, but as the spot 
passes from left to right through its position of equilibrium. 

Vibrations of Strings. 

At the Royal Institution itis usual to illustrate this subject 
by experiments after the method of Melde and Tyndall. 
The string is connected with a large tuning-fork, whose prongs 
stand vertically, and the vibrations are maintained electrically 
in the well-known manner. The electric contact is between 
solids (of platinum), one attached to the prong, the other 
forming the point of an adjustable screw carried by the 
framework. 

The string, 10 feet long, is stretched horizontally and the 
tension is adjusted until a vigorous vibration ensues, which 
happens when one of the modes of vibration has a period in 
simple relation to that of the fork. There is here an im- 
portant distinction according as the length of the string is 
parallel or perpendicular to the motion of the point of 
attachment. In the latter case the vibrations are of the cha- 
racter commonly classified as forced, and the period is the same 
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as that of the fork. But if the fork be so situated that the 
motion of the point of attachment is along the length of the 
string, the vibrations are of an entirely different character, 
and are executed ina period the double of that of the fork. 
The theory of vibrations of this class was discussed in a paper 
on Maintained Vibrations * published many years ago, refer- 
ence to which must here suffice. 

A convenient device for demonstrating the relationship of 
periods is to illuminate the string by sparks synchronous with 
the vibrations of the fork itself. For this purpose an induc- 
tion-coil is included in the cireuit by which the fork is driven, 
so that every break at the fork causes a spark between the 
secondary terminals, to which a small jar is connected in the 
usual manner. If then the vibrations of the string be iso- 
chronous with the fork, and therefore with the sparks, the 
intermittent illumination exhibits what is ordinarily seen as a 
gauzy spindle resolved into the appearance corresponding to 
a single phase of the vibration ; thatis, the string is seen appa- 
rently fixed (in a displaced position) and single. But if, as 
when the point of attachment moves parallel to the length of 
the string, the vibrations are only half as fast as those of the 
fork, the string is found in two (opposite) phases at the 
moments of illumination, and is consequently seen double. 
The effect is improved by a piece of ground glass, which may 
be held either between the sparks and the string, or between 
the string and the eye. In the latter case it is a shadow that 
is seen. It is desirable to retain enough continuous light to 
allow the form of the gauzy spindle to remain visible. in this 
way the difference between the two kinds of vibration may be 
exhibited to many persons at once. 

A detail of some importance relates to the use of the 
condenser, associated as usual with the primary circuit of the 
coil. If its poles be connected simply with the outer terminals 
of the fork apparatus regarded as an interrupter, the secondary 
sparks will be inferior or may fail altogether. The expla- 
nation is to be sought in the self-induction of the magnet 
associated with the fork, which apparently interferes with the 
suddenness of the break. The poles of the condenser should 
be connected as directly as possible with the two pieces of 
metal between which the break takes place. In the apparatus 
at the Royal Institution it makes all the difference on which 
side of the small electromagnet the pole of the condenser is 
attached. 

* Phil. Mag. vol. xv. p. 229 (1888); ‘Scientific Papers,’ vol. 11. 
p. 188. 
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Beats of Sounds led to the Two Ears separately. 

When two approximately pure tones, of equal intensity 
and of approximately equal frequency, are conveyed to one 
ear, beats are perceived according to a well-known elementary 
theory, the frequency of the beats being the difference of 
the frequencies of the tones. When the beats are somewhat, 
slow, the phase of silence is distinctly recognizable, and indeed 
the moment of the occurrence of this phase is capable of being 
fixed with great accuracy. 

The question whether the beats are still audible when one 
sound is led to one ear alone, and the second sound to the 
second ear alone, is of great importance. A careful expe- 
riment of this sort is described by Prof. 8. P. Thompson*, 
in which the sounds were conveyed to the ears by rubber tubes ; 
and the conclusion was that in spite of all precautions the 
beats were most distinctly heard, although there was no phase 
of “silence,” such as is perceived when both sounds are 
conveyed to the same ear. 

I have lately tried a somewhat similar experiment, using 
telephones and electrical conveyance, by which perhaps the 
risk of the sounds reaching the wrong ears is reduced toa 
minimum. Two entirely independent, electrically driven, 
forks of about 128 vibrations per second were the sources of 
sound. Near the electromagnet of each fork was placed a 
small coil of wire in connexion with a telephone. The higher 
harmonics were greatly moderated by the interposition of 
thick sheets of copper; but the sounds were doubtless no 
more than rough approximations to pure tones. Both forks 
were placed at a great distance from the observer; and in one 
case the doubled connecting wire was passed through a hole 
in a thick wall specially arranged many years ago for this 
sort of experimenting. When the telephones were pressed 
closely to the ears, the utmost possible was done to secure 
that each sound should have access only to its proper ear. 

The results depended somewhat upon the frequency of the 
beats. When this exceeded one per second, the beats were 
very easily audible. When, on the other hand, the frequency 
was reduced to 4 or + beat per second, the beats were not 
easily perceived at first. After a little while the attention 
seemed to concentrate itself upon the variable element in the 

- aggregate effect, and the cycle became clear. But even after 
some practice neither Mr. Gordon nor I could hear slow beats 
during the first 10 or 15 seconds of observation. 

* Phil. Mag. vol. iv. p. 274 (1877). 
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The general results of the experiments do not appear to me 
to exclude the view that the comparatively feeble beats heard 
under these conditions may be due to the passage of sound 
from one ear to the other through the bones of the head or 
perhaps through the Eustachian tube. 

Loudness of Double Sounds. 

Observations upon the double syrens (with separate horns) 
used by the Trinity House have given the impression that as 
heard from a distance the two syrens are no better than one, 
even though the horns are parallel, and the observer situated 
in the direction of the axis. Dr. Tyndall’s experience was 
similar. In his Report of 1874 he remarks (June 2), “ There 
was no sensible difference of intensity between the single horn 
and the two horns ;” and again (June 10), “ Subsequent com- 
parative experiments even proved the sound of the two horns 
to be more effective than that of the three.” 

These conclusions are rather startling, suggesting the 
query as to what then can be the use of multiplying pipes in 
an organ or voices in a chorus. In order to clear the ground 
a little, I have recently tried some small-scale experiments 
with organ-pipes. 

Two stopped pipes of pitch about 256 were mounted near 
the window of a room on the ground-floor. When the window 
was open the sounds could be heard (over grass) to about 
200 metres ; but when the window was closed the range was 
much less. Some difficulty was experienced in getting equal 
effects from the two pipes. According to the instructions of 
the observer, one or other supply-pipe was more or less 
throttled with wax. 

With approximate equality of intensities and with such 
tuning that the beats were at the rate of about two per second, 
the results were very distinct. The beats were much more 
easily audible than either of the component sounds. Doubtless 
part of the advantage was due to the contrast provided by the 
silences ; butit was thought that, apart from this, the swell of 
the beat was distinctly louder than either sound alone. 

The result of the experiment is, of course, just what was to 
be expected from a mechanical point of view. According to 
theory the intensity (reckoned according to energy propa- 
gated) at the loudest part of the beat should be four times 
that of the (equal) component sounds heard separately. 

In another set of experiments the pipes were mistuned until 
the interval was about a minor third, no distinct beats being 
audible. In this case the intensity of the compound sound 
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might be expected to be double of that of the (equal) com- 
ponent sounds. The impression upon the observer hardly 
corresponded to this anticipation. It was difficult to say that 
the compound sound was decidedly the louder ; although the 
accession of the second sound as an addition to the first could 
always be distinguished, and this whether the higher or the 
lower sound were the one added. It may be remarked that 
the question involved in this experiment is partly physiological, 
and not merely mechanical as in the case of sounds nearly in 
unison, 

Terling Place, Witham. 

XXVI. The Electromagnetic Effects of Moving Charged 
Spheres. By Evwin P. Apams*. 

HE magnetic effects due to moving charges were first 
shown experimentally by Professor Rowland f in 1876. 

Dr. E. Lecherf, in 1884, thinking that the importance of the 
experiment made it desirable to repeat, it did so, but with 
negative results. Insufficient data regarding his experiment 
make it difficult to point out the cause of his failure to 
obtain the effect. Since then, Professor Rowland’s results 
have been fully confirmed by Professor W. C. Réntgen § in 
1885, by Rowland and Hutchinson || in 1889, and by Pro- 
fessor I’. Himstedt {| later in the same year. 

The next experimental attack upon this problem was by 
M. V. Crémieu ** at Paris in 1900-01. His experiments 
were originally undertaken to determine whether a changing 
magnetic field exerts a mechanical force upon an electrically 
charged body. The negative results obtained led him to 
undertake a series of experiments on the magnetic effect of 
moving electric charges. The results of these experiments 
are apparently all opposed to the results obtained by the 
above observers. ‘The data which have thus far appeared do 
not give sufficient details to render it certain that positive 
results should have been expected. Crémieu himself states 
that he is convinced that the effect does not exist. 

The great importance of the experiment would seem to 

* Communicated by Prof. J. Trowbridge. 
+ Am. Jour. Sci. (3) xv. p. 380 (1878). 
{ Rep. d. Phys. xx. p. 151 (1884). 
§ Sitz. d. Berlin. Akad. p. 198 (1885). 
|| Phil. Mag. [8] vol. xxvii. p. 445 (1889). 

 ¥ Wied. Ann. xxxviii. p. 560 (1889). 
** Comptes Rendus, cxxx. p. 1544; cxxxi. pp. 578, 797 (1900) ; cxxxii. 

p- 327 (1901). 
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render further investigation desirable, and the present paper 
contains a description of an experiment with this end in 
view. 

All previous experiments have been made with rotating 
disks. With one exception, the direct effect of a charged 
rotating disk upon a magnetic needle has been examined. 
The exception referred to is the method employed by 
Crémieu in one of his experiments, where he sought to 
observe the inductive effect of charging and discharging a 
rotating disk upon a neighbouring coil of wire in circuit with 
a sensitive galvanometer. 

The use of charged spheres was suggested by Professor 
J.J. Thomson* in 1881, and he gives a calculation of the 
magnetic force which would be produced by the motion of a 
sphere charged to the highest possible potential. In many 
respects this seems the most natural method of procedure and. 
was adopted in this experiment. The description of the 
apparatus employed follows. 

_ A hollow brass shaft, A A (figs. 1 & 2), is separated into 
two portions by the hard-wood bar B. The shaft turns in 
fibre bearings, and the pulley and belt at D communicate 
power from the countershaft FF. The spheres which carry 
the electric charges are spun out of sheet copper into hemi- 
spheres, soldered together. There are two sets of spheres, 
sixteen in each set. Brass rods pass through the hollow 
spheres, and are soldered to them. These brass rods are 
screwed into collars carried on the axle. The two sets of 
spheres are thus insulated from each other by the hard-wood 
bar, 8 cms. in length. The electricity is communicated to 
the two portions of the axle by the copper brushes CC, 
and the spheres, being connected with the axle, thus become 
charged themselves. 

The speed-counter, H, is directly attached to one end of 
the axle. The gearing is so proportioned that one revolution 
of the crown-gear and dial I corresponds to 500 revolutions 
of the axle. | 

The magnetic system upon which the direct effect of the 
moving charged spheres is observed, is inclosed in the brass 
tube H, closed on the bottom bya glass plate coated with 
tinfoil. This tinfoil is cut into strips parallel to the axle 
for the purpose of preventing conduction-currents flowing 
in it in a direction in which they could cause a deflexion of 
the needle. The needle-system is carried on a piece of 
mica 7°35 cms. long and 1°25 ems. wide. Pieces of well- 
hardened magnetized watch-spring are cemented at the lower 

* Phil. Mag. vol. xi. p. 236 (1881). 
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edge and near the upper edge of the mica, so as to form an 
astatic system. The needles are placed perpendicular to the 
axle. The mirror is alse cemented to the mica a little above 
its centre, and is observed through an opening in the brass 
tube at 8, covered with a thin glass plate. The whole needle- 
system is suspended by a quartz fibre 32 cms. in length. 

Fig. 2. 

The magnetometer-tube H is carried in a brass collar P 
which is screwed to the brass plate M. This plate is pro- 
vided with leyelling-screws, and rests on the board-shelf N, 
supported at its ends on two brick piers. Underneath the 
levelling-screws are placed pieces of felt, to take up any 
mechanical vibrations. By means of control-magnets placed 
on the brass plate M, any required degree of sensitiveness can 
be given to the needle-system. All metallic parts of the 
magnetometer-tube and supports are earthed. A single turn 
of wire at K serves to determine the needle-constant. The 
deflexions are read by means of the telescope and scale T, 
placed at a distance of 3 metres from the mirror. 
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Power for driving the spheres is furnished by a 4 horse- 
power motor, at a distance of 7 metres from the magneto- 
meter. A heavy iron casting L, in front of the motor, gives 
additional screening of magnetic disturbances due to the 
motor. The motor is belted to the steel countershaft, F F, 
which turns in hangers placed along the cement floor. A 
rigid wooden framework is built up from the floor to carry 
the revolving spheres. The axle A A is at a distance of 
1 metre from the floor. The brick piers which support the 
magnetometer are entirely separate from the floor and from 
the framework which carries the spheres. 

The electricity for charging the spheres is furnished by 
the storage-battery of 10,000 cells used by Professor Trow- 
bridge in investigations in spectrum analysis &c., which has 
been described by him in this journal. The battery is on 
the third floor of the laboratory, while the apparatus for this. 
experiment was set up in the basement. The wires leading 
down from the battery are well separated from each other 
and from surrounding walls, except for a short distance, 
where they are carried in thick-walled glass tubes. A com- 
mutator is inserted to reverse the sign of the charges of the 
spheres. 

A good deal of difficulty was met with due to the wind 
_ produced by the revolving spheres. These have a velocity ot 
about three miles a minute, and the wind was sufficient to 
shake the shelf supporting the magnetometer so that it was 
impossible to take readings owing to the continual vibra- 
tions of the needle-system. This made it necessary to build 
a shield around the spheres, to keep the wind from blowing 
directly on any part of the magnetometer support. In order 
to bring the needles as close as possible to the spheres, the 
top board of the shield has a hole cut in it into which the 
lower end of the magnetometer-tube is placed. The hole is 
closed on the bottom by a very thin glass plate which the 
spheres just clear when revolving. 

Not the slightest movement of the needle could be ob- 
served when the motor alone was run, or when the motor and 
steel countershaft along the floor were run. But the cutting 
of the earth’s magnetism by the brass axle and spheres was 
sufficient to produce a deflexion of several centimetres. As 
long as the speed remained perfectly constant, this gave no 
trouble. But if the speed varied by even a small amount, 
this was very troublesome, and was one of the principal 
sources of error in the experiment. 

The two sets of spheres are charged oppositely, one being 
connected to the positive pole of the battery, and the other 
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to the negative pole. On charging them while at rest a very 
small deflexion was observed. This was not due to direct 
electrostatic effect, but to the rush of current flowing in to 
charge the spheres. It is only an instantaneous effect, the 
needle coming back to its original position of equilibrium 
almost immediately. The deflexion was entirely gotten rid 
of by inserting a large water-resistance in series with the 
battery. With this resistance in, and the spheres at rest, no 
effect could be observed on the needle when the spheres were 
charged, or when the charge was reversed in sign. 
When the spheres were set revolving, and the electrifi- 

cation was reversed, a distinct deflexion of the needle was 
produced. It was difficult always to get satisfactory readings 
of this deflexion, due to slight changes in the speed and the 
consequent change of the zero-point. But the qualitative 
effect was unmistakable. The deflexions were in the direction 
to be expected; that is, a positively-charged sphere gives rise 
to a magnetic force in the same sense as a current flowing in 
the direction of motion. 

At first sight, there seems to be a possible alternative 
explanation of this effect. It may be that the charges are 
continually swept off from the rapidly-moving spheres by 
their motion through the air, and that thus a continual flow 
of electricity is produced in the wires which connect the 
battery to the spheres. But the strength of such a current, 
if it existed, would be far too small to produce the observed 
effects, owing to the very large resistance of the water in 
series with the battery. With this consideration, and the 
absolute regularity with which the effect was observed, there 
appears to be no reasonable doubt that this is an actual 
magnetic effect due to moving charges. 

All observations were made between the hours of 1 and 5 
in the morning. It was impossible to get any satisfactory 
readings in the day-time, owing mainly to the magnetic 
disturbances produced by the electric cars. Furthermore, 
the speed of the motor was more constant at that time 
than during the day, since the load on the mains of the 
power-plant varied less. It was found most satisfactory to 
have the sensitiveness of the needle such that deflexions of 
5-15 millimetres were produced on reversing the electri- 
teation. Much greater sensitiveness could easily have been 
obtained, but the zero-point varied so much that readings 
were less reliable. The speed used was about 50 revolutions 
per second. At this speed no trouble was experienced from 
wind or from vibrations communicated directly to the mag- 
netic system. But when the speed became much higher, the 
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needle began to vibrate sufficiently to make observations 
difficult. 

The following is the method used in taking a series of 
readings :—The motor was started, and the time of 2500 
revolutions of the axle determined. ‘The spheres were then 
charged ; two elongations of the needle on one side of the 
zero-position were read, and one on the other side; the 
electrification was then reversed, and similar readings taken. 
Sometimes the readings were not taken untii the needle 
had come nearly to rest, and its new equilibrium position 
estimated. This was repeated until about ten reversals bad 
been made. ‘The speed was then again determined. ‘The 
average of the deflexions, and the average of the two values 
of the speed were taken as representing the series. The 
needle-constant was determined before and after a number 
of series. 

- An attempt will be made in the following to compare the 
results obtained with the results expected from theory. From 
reasons which will appear later, this comparison can be 
regarded only as approximate, and is given merely to show 
that the observed results are of the right order of magnitude. 
Rowland’s method of using the experiment to determine », 
the ratio of the units, will be used. 

The magnetic force produced by a moving charge, 4, 
travelling at velocity v, is* 

gv sin € 

aa 
H= 

where p is the radius-vector drawn from the charge to 
the point at which H is measured, and e¢ is the angle 
between p and the direction of motion. This expression 
holds only in case the velocity v is small compared with 
the velocity of light. This may also be taken as the mag- 
netic force produced by a moving charged sphere, the charge 
being supposed concentrated at its centre. The force acts 
in a direction perpendicular to p and to the direction of 
motion. 

The magnetic force at either the upper or lower needle, 
due to one of the spheres at any point in its path, is found as 
follows :— , 

The two sets of spheres revolve in two parallel circles, 
distant ) from each other. ‘The plane of revolution is taken 

* J. J. Thomson, Phil. Mag. xi. p. 236 (1881); Heaviside, ‘ Electrica] 
Papers,’ vol. il. p. 505. 
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perpendicular to the plane of the paper (fig. 8). The needles 
lie in one of the planes of revolution. The force at P due to 
the sphere at A is required. 

p—thioe 
b= Ob: 
ad=PB. 
e=OC=OA=radius of revolution. 
e=angle between p and tangent at A. 
@=angle between vertical eo eere and radius to A. 

p?>=d? +624 2&—2¢ Vd? + 0? cos P ; 

d 
cos 6=cos 8 VEL? 

p?=d?+b?+c?—2de cos 6; 

fe 
COS €= 

Chea a (d cos O—c)?+0% — 
— M d?+0?+¢?—2de cos 0° 

The force acts in a direction perpendicular to p and the 
tangent at A. The component of this force in the direction 
of the normal to the plane of revolution is required. Let 
be the angle between the direction of the force and the 
normal to the plane of revolution. 

sore dcosP—e 

V/ (dcos 6—c)? +b” 

v=2neN, 

where N is the number of revolutions per second. 
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Hence 
2mNcq (d cos @—c) 

V[d? +6? +0? —2dc cos 0]? ° 

X is the component of the force at P in the direction of the 
axle due to the sphere at A. V is the ratio of the units. 
The capacity of the spheres and their potential are measured 
in electrostatic units. 

X= 

Fic, 4. 

| SSR ROE 
eee yIN Pa eee 
Se A TAT ee 

ERP eRe 
SDR REND 

JRE GRRE 
peppy pp ft 

|| aa RRR 
eet tT A LP re 
Reece 

2 SD OR eR ee 

ey tt TN 
eee HH +A 
ee | | Nee 
 _ .) SERRE RRR ANSEES 
Sa aaa Se 
See tt San 

RR SRE ee fT 

Fig. 4 is plotted from this expression, and shows how the 
force varies with the position of the spheres. The upper 
curve gives the resultant force at the lower needle due to 
both sets of spheres, and the lower curve, which is nearly a 
straight line, gives the force at the upper needle. Let the 
mean value of the force at the lower needle obtained by 

Phil. Mag. S. 6. Vol. 2. No. 9. Sept. 1901. Xx 
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time-integration of the curve be 

2aNq ar 

and the mean value of the force at the upper needle 

2arNq 
ESV: ips 

Then the effect on the needle-system will be the same as 
if constant forces of these magnitudes acted uponit. The 
same result could be obtained by imagining two coils of 
wire passing through the centres of the two sets of spheres, 
through which a current was sent in opposite directions of 
such magnitude that the same amount of electricity passed at 
any point per second as in the case of the charged spheres. 

The force at the lower needle due to the calibrating-coil is 

Qa lh? 

(h? + a”) 

h being the radius of the coil, and «x its distance from the 
plane of the needles. 

The force at the upper needle due to the calibrating-coil is 

Liveye ey 6 ony 
ant| =(<) Ps (cos @) —- 5(;) P,(cos@)+... . | =27ID, 

r being the distance of the centre of the coil to the upper 
needle, and @ the angle between the axis of the coil and ». 

Let M be the moment of the lower needle, and H the 
earth’s horizontal magnetic force at its centre ; M' and H! 
the corresponding values for the upper needle. Let @ be the 
angular deflexion of the needle-system produced by the 
current in the calibrating-coil, and @ the angular deflexion 
produced by the moving charged spheres. 

Equating the couple acting on the needle-system due to 
the earth’s field to the couple acting on the needle-system due 
to the current in the calibrating-coil, and putting M/M'=], 
we have 

= 271, 

Mw 2a OS) 
M ee waranty are 

Similarly, equating the couple acting on the needle-system 
due to the earth’s field to the couple acting on the needle- 
system due to the revolving charged spheres, we have 

MM Za Nga ©) 
M a Nidan 
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Hence | 
v= A—B Ng tan 0 

~ C=—D I tang’ 

Let 6 be the scale-deflexion on reversing the current I in 
the calibrating-coil, and A the scale-deflexion on reversing 
the charges of the spheres. Then 

dand d’, the distances of the centres of the lower and 
upper needles respectively from the centre of the axle, were 
determined by means of a cathetometer, the distance of the 
mirror from the centre of the axle being directly measured, 
from which d and d’ were obtained. 

The current sent through the calibrating-coil for deter- 
mining the needle-consiant was measured by a Weston 
milliammeter. The value found was accurate to within at 
least one-half of one per cent., which is sufficient for this 
purpose. 

The charge of the spheres is the most uncertain element in 
the quantitative determination, and it is this uncertainty 
especially which makes the method of revolving spheres far 
less suitable for quantitative work than the method of rotating 
disks, particularly as employed by Rowland in his second 
experiment. If a single set of spheres had been used, 
charged to the same potential, an equal opposite charge 
would have been induced on neighbouring conductors which 
would have travelled with the charges on the spheres. It 
would have been difficult to determine just what the resultant 
effect should be. For this reason two distinct sets of spheres 
were used, charged oppositely, the spheres always keeping 
the same relative positions. It was then assumed that the 
only moving charges were those carried on the moving 
spheres. The capacity of the spheres was calculated on the 
assumption that they were the only conductors present. The 
charge on any one sphere was calculated by the method of 
images, the charges on all the other spheres being regarded 
as concentrated at their centres. We then have (Maxwell, 
vol. i. section 159) 

+ g=charge of each sphere. 
+ P=its potential. 

a=its radius. 
ts, Jo, &e.=the distances of the centres of the spheres from 

one another. 
xX 2 
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Then the charge on any sphere is given by 

g=Pa-ga(= + 4 ee )+9a(G tet : = 

where the odd subscripts refer to spheres of the same set, and 
even subscripts to spheres of the other set. 

Numerous determinations have shown that the potential of 
the individual cells making up the battery averages almost 
exactly two volts when freshly charged. On this basis, 
assuming perfect insulation, the potential of the 10,000 cells 
was 20,000 volts. It was thought best, however, to get a 
closer estimate of the potential, since the insulation was not 
perfect. This was measured by means of a guard-ring 
electrometer. If the radius of the movable disk is R, the 
inside radius of the guard-ring R’, D the distance between 
the movable disk and the fixed disk, W the weight required 
to balance the attraction of the two disks, and g the acceler- 
ation of eravity *, 

R? = R” 

RY = 167033 
g =930 

The following determinations were made :-— 

D. G. sigh 

EU 2:078 64:0 
2°) 2°780 62-0 
2°0 A505 63:0 

These values of the potential are in electrostatic units. To 
convert into volts, multiply by 300, and the potential as 
measured by the electrometer is 15,900 volts. 

Asa further check the maximum sparking distance between 
two metallic spheres was measured. With polished brass 
spheres, 2°6 cms. in diameter, this distance was found to be 
0°58 cm. According to the observations of Baillet, this 
corresponds to a potential . 

Poor 

* Maxwell, vol. i. section 217. 
+ J. J. Thomson, Recent Researches, p. 77. 
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Baille’s observations were with spheres of different sizes. In 
the region of a spark-length of this magnitude, he found 
that spheres of 3 cms. diameter gave nearly the same results 
as spheres 1 cm. in diameter, so that his results for spheres 
of 3 cms. diameter can be used with very smal] error for 
spheres 2°6 cms. in diameter. 

From these determinations, the cali 

i — ne 

in electrostatic units is taken as the potential of the spheres. 
The great advantage in using a storage-battery as the source 
of electricity is that one measurement is sufficient to deter- 
mine the potential. The battery when used was always 
freshly charged, and the variations in its potential from one 
experiment to another were very small. 

Substituting the following numerical values : 

Radius of spheres . . 1°35 
ats ae el, VaR Oe 
By A) ian cm it; se 
Ea ek ight) ae 
Be atald. de F i. BabG 
Wea ee hia gt 2 LOGO 
Pe ee ay ae 

we find : 
eee ee 6 | EAL 
tee sk 6, 000232 
q Maia aie om, \ bee Go 

Below are given the successive equilibrium positions of 
the needle in six series of reversals, as an illustration of the 
results that have been obtained : 

No. 1. No. 2. No. 3. 

63 165 130 

60 66 173 178 109 132 

64 %6 188 223 t23 ** tae 

Fk... 200 220 Pigs pat 

69 76 213 424.4, 446 

69 1446 =: 156 

164° «1G1 

162 
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The needles were then moved a little closer to the spheres, 
giving : 

ips ena, mer eee 
A eee aie Th Cen Die DBP ea hot 
AB ou, che aba oe 

No. 4. Now 5: No. ‘6: 

OF nate: 164 108 84 

TOG: <5) 148 *» 156 113. 001s 

120-335 1485 149 108 © 155 

142 AS [525° 343 $25 SS 

164°. 492 LO) me 

147 

In all these cases, the first column gives the readings when 
the spheres directly under the magnetometer are positively 
charged, and the second column when they are negatively 
charged. In No.1, the successive deflexions are: 3, 6, 2, 12, 
5,8, 10,7, 7; giving an average of 6°7. In No. 4 they are: 
21,13, 0, 8, 18, 18, 9, 19, —6,10, —8, 7,9; giving an average 
of 9°0. It is evident that with variations such as are present 
here the measurements can be regarded only as a rough 
approximation. But the most important fact to be observed 
is that when the spheres directly under the magnetometer 
are changed from negative to positive a defiexion towards. 
the small figures of the scale takes place; and when changed 
from positive to negative a reverse deflexion takes place. 
When on account of changes in the zero-point some of the 
deflexions do not apparently follow this rule they are entered 
with a negative sign in finding the average deflexion. There 
has invariably resulted a positive deflexion on taking the 
average. 

Earlier experiments were made with four spheres in each 
set. With this number it was possible to get much higher 
speeds—75-85 revolutions per second. Similar qualitative 
results were observed, but when comparison with theory was 
attempted it appeared that fair agreement could be obtained 
if the maximum value of the magnetic force were used instead 
of the average. This was largely an accidental result, a 
sufficient number of reversals not having been made. 

It would have been desirable to have made a larger number 
of reversals in each series, but after the apparatus had been 
running for some time the bearings became so much heated 
that it was impracticable. 



Lifects of Moving Charged Spheres. 299 

The following table gives the values of the ratio of the 
units obtained from the above readings :— 

No. NG A. E 6. V. 

os 0 ant 42 6-7 00364 26 2-6 10% 

AM ata ec Hsicacae 59 10°5 00335 3l 2°6 

c. US eee 5d 9-0 00355 31 31 

BMA Eck) cca. 49 113 00298 29 2-9 

Ge 41 55 ‘00280 15 oa 

i 48 70 00280 15 2°6 
| 

Average ...... 2:8) 10% 

These results may be taken as fairly representing all that 
have been obtained. The agreement between theory and 
experiment is fully as good as could be expected when all 
the uncertain elements in the determination are taken into 
consideration. 

These uncertain elements are :—{1) The actual charges 
carried by the spheres and the effect of surrounding bodies, 
especially the plate coated with tinfoil covering the lower 
end of the magnetometer-tube. This tinfoil is cut into 
strips about 1 millimetre in width, and its effect must be 
small. (2) The non-uniformity of distribution of electricity 
upon the spheres so that the charges cannot be regarded 
accurately as concentrated at their centres. (3) Krrors 
in reading the deflexion of the needle due to outside dis- 
turbances. 

Experiments have also been made with the direction of 
motion of the spheres reversed. The results obtained are 
similar in every respect to those given above, except that 
they are reversed. Experiments using only a portion of the 
10,000 cells of the storage-battery gave results which agree 
fairly well with the preceding. The deflexions were too 
small, however, to expect very close agreement. 

Jefterson Physical Laboratory, 
Harvard University, Cambridge, Mass. 
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XXVITI. On the Electrical Resistance of Bismuth to Alternating 
Currents in a Strong Magnetie Field. By Guorce C. 
Smupson, B.S&c., Scholar of the Victoria University*. 

yy of the many anomalous properties of bismuth is the 
change which the resistance of a filament undergoes 

when placed perpendicular to the lines of force in a strong 
magnetic field ; not only does its resistance: very much 
increase, but, as discovered by Lenard, its resistance to alter- 
nating currents under these conditions is apparently different 
from its resistance to direct currents. Many experimenters 
have studied this difference, and although nearly ali are agreed 
as to the way in which it varies with the strength of the field 
—the frequency remaining constant—each experimenter seems 
to have arrived at a different conelusion as to the way it varies 
with the frequency—the field remaining constant. 

Lenard + (who measured the resistance of the bismuth by 
means of a Wheatstone-bridge, using an induction-coil to 
supply the alternating current, and a telephone in place of 
the galvanometer) concluded that the resistance of bismuth 
in a strong field is the same for alternating as for direct 
currents until frequencies of the order of magnitude of 
10,000 per sec. are used. 

On the other hand M. Sadovsky tf, working at St. Peters- 
burg, showed that with the bismuth in a strong field, an 
alternating current having a frequency of three or four 
alternations per second produced a change in the resistance 
of the bismuth. 

In M. Sadovsky’s apparatus an alternating current from a 
dynamo was supplied to a Wheatstone-bridge containing the 
bismuth. On the shaft of the dynamo three segments of 
brass, each extending over 60° of the circumference, were 
fixed. By pressing a spring into contact with the first 
segment, the galvanometer-arm was closed for } of an alter- 
nation ; on pressing another spring, the galvanometer arm 
was closed for the next 4; and a third spring closed it for 
the next 3 of an alternation. In this way the galvanometer 
was connected to the bridge, Ist, when the current was rising 
in the bismuth; 2nd, when it was at the crest of a wave 
(current maximum) ; 3rd, when it was decreasing. M. Sa- 
dovsky did not aim at quantitative results, but he obtained 

* Communicated by Prof. A. Schuster, F.R.S. 
+ Wied. Ann. xxxix. p™619 (1890). : 
t Journal de la Société Physico-Chimique Russe, vol. xxvi. no. 2 

(1894). 
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the following qualitative ones :—If R,, R,, Ra, and R, are 

the resistances of the bismuth to a rising, maximum, de- 
creasing, and constant current respectively, then 

Rei R.> Re. 

More recently R. Wachsmuth and C. Bamberger * found 
the resistance in strong fields to be quite independent of the 
frequency. 

As these results are so mutually contradictory, Dr. Schuster 
suggested that I should undertake a research on the subject ; 
my aim being to find how the resistance of bismuth to alter- 
nating currents depends on the frequency of the current if 
the field is kept constant and large. 

In all my experiments a Hartmann and Braun bismuth 
spiral (having a resistance of 17°88 ohms at 21°C. in zero 
field) was placed perpendicular to the field produced by a 
large electromagnet, the field-strength being about 17,000 
lines per sq. cm., so that the resistance of the bismuth in the 
field was double its value outside. The alternating current 
used was generally obtained from a small dynamo which gave 
a current curve approximately sinusoidal in shape. 

The method of experimenting was based on the following 
considerations :—As any small change in the resistance of a 
wire carrying a current may be considered as the result of 
an H.M.F’. set up in the wire, whatever the changes in the 
bismuth may be due to they can be regarded as arising from 
an electromotive force set up in the bismuth itself. If on 
examination this E.M.F. (called in this paper the “ bismuth 
H.M.F.”) should prove to be opposite in phase to and of the 
same wave-form as the—say simple harmonic—current 
causing it, it may safely be inferred that the change in the 
bismuth is really a change in the resistance pure and simple. 
But if the “bismuth E M.F.,” while still possessing the 
proper wave-form, should be displaced 90° ahead or 90° 
behind, it would be necessary to conclude that in the one 
case there exists something of the nature of capacity, in the 
other something of the nature of self-induction in the bis- 
muth. There is the further possibility of the “ bismuth 
H.M.F.” having a different wave-form from that of the 
current. 

Two methods of experimenting were used. A direct 
method of obtaining the wave-form of the.“ bismuth E.M.F.” 
and of the current producing it will be first described. 

* Physikalische Zeitschrift, I. ii. p. 127 (1899). 
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A Wheatstone-bridge (fig. 1) containing the bismuth, §, 
was balanced for steady currents, and then an alternating 
current supplied instead. The ‘bismuth EH.M.F.” which 
this alternating current set up caused an alternating difference 

Pips, 

1 DANI ELL: 
CELL 

of potential across the galvanometer-arm AB in phase with, 
and of the same wave-form as, itself. An adjustable contact- 
maker, M, on the dynamo-shaft closed the galvanometer-arm 
for an instant at any required phase of an alternation ; the 
result being a deflexion of the galvanometer which varied in 
magnitude and sign with the phase of the “make.” The 
‘make’ having been set at a known phase, a potentiometer, 
connected to the ends of the galvanometer-arm, AB, was then 
adjusted until there was no deflexion of the galvanometer, 
in which case the potentiometer-reading gave the value of 
the “bismuth E.M.F.” at the instant of the make. 

Curve I. (fig. 2) shows the form of the “ bismuth H.M.F.” 
obtained in this way. 

In order to compare this “bismuth E.M.F.” with the 
curve of the current producing it, the bismuth spiral was 
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replaced by a non-inductive resistance S and the bridge 
balanced, after which the resistance R was increased by 
2 per cent. ; the difference of potential across the galvano- 
meter-arm caused by this increase being balanced as before 
by means of the potentiometer. 

SUHREK?SEPAn 

an: 
CENCE 
ok EN er 

Curve IT. (fig. 2) is the current curve corresponding to the 
“bismuth E.M.F.” shown in curve I. On comparing these 
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curves, it will be seen that within the limits of experimental 
error they are of the same wave-form, but that the H.M.F. 
curve lags about 120° behind the current curve. 

These experiments having shown that an alternating cur- 
rent with a frequency of 20 passing through bismuth in a 
strong magnetic field produces an effect which may be repre- 
sented by an alternating H.M.F. in the bismuth 120° behind 
the current, it remained to examine how the magnitude and 
phase of this “ bismuth E.M.F.”’ depend on the frequency of 
alternation. 

For this purpose a different method of experimenting was 
adopted, the theory of which is as follows :-— 

Let an alternating E.M.F. be applied to a Wheatstone- 
bridge ADBC (fig. 8) containing the bismuth spiral in the 

Fig. 3. 

arm BD, and previously balanced for steady currents, so that 
the E.M.F. across BD is of the form Hsin@. Then the 
‘bismuth H.M.F.” produced in the spiral, lagging @° behind 
the current, will be of the form e sin (@—a)—the largest 
value of e obtained in the experiments being only 3 per cent. 
of E, the current through the bismuth is practically in phase 
with the E.M.F. applied to Band D. There will now bea 
current through the galvanometer-arm AB, which being pro- 

am (0~«). K depending porticnal to e may be written K 

on the resistances in the bridge. 
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This current is represented by OM in fig. 4. 
If now a small resistance 7 be added to the resistance R 

‘i 

R 
sented in fig. 4 by OL—will pass through the galvanometer- 
arm. ‘These two currents will have a resultant the magnitude 
and phase of which is given by OT. 

This resultant current being alternating will produce no 
deflexion of the galvanometer; but let a two-part commu- 
tator, attached to the dynamo-shaft making one revolution 
per alternation, be introduced into the galvanometer-arm, 
and so arranged that the brushes can be set to commutate at 
any desired phase, ¢, of the current supplied to the bridge— 
d is represented by the angle LON in fig. 4. In general 

in AC, a second current having the value K | sin 6@—repre- 

Fig. 4. 

the galvanometer will now show a deflexion, but there will 
be one position of the brushes which will completely com- 
mutate out the galvanometer current, and reduce the de- 

flexion to zero. This will clearly happen when commutation 
takes place a quarter of a period ahead of or behind the 
galvanometer current, that is when the line ON in the diagram 
is perpendicular to OT. When this is the case it is at once 
seen from the diagram by projecting MT on OL that 

i 

k= 7 (cos a+ sina tan ¢). 

It having been found by experiment that for a given fre- 
quency é is proportional to H, this equation shows that if the 

e Te , 
frequency—and therefore E and a—be fixed, ;, 1s a linear 

LY 

function of tan ¢; so that if a series of corresponding values 
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of z and , for which the galvanometer deflexion is reduced 

to zero, be obtained experimentally, and ~ be plotted against R 
tan ¢, a straight line such as ABC (fig. 5) will be obtained ; 

Fig. 5, 

and since 

cota =AOQ, 
and 

e OB 

E~ cos a’ 

the values of a and % can at once be deduced for that par- 
H 

ticular frequency, and for other frequencies in a similar 
manner. 

In order to carry this theory into practice it was necessary 
to balance a Wheatstone-bridge containing the bismuth by 
means of a steady current; then to substitute an alternating 
current, put a commutator into the galvanometer-arm so as 
to commutate any current through the galvanometer, and 
to reduce the consequent deflexion of the galvanometer to 
zero by means of a change in the resistance of one of the 
ratio arms. When this was attempted practical difficulties 
were met with, chiefly due to the fact that the real resistance 
of the bismuth was continually undergoing a slight change 
owing to fluctuations in the temperature of the room and in 
the magnetic field. Although these changes were only small 
they were quite sufficient to mask the effect looked for if 
many seconds were required to readjust the bridge. 

This difficulty was overcome by having a switch so arranged 
that when it was in one position a steady current from a cell 
was applied to the bridge, and the galvanometer connected 
straight across AB; while when it was in another position 
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the cell was replaced by a dynamo; a commutator, on the 
dynamo shaft, was introduced into the galvanometer-arm, 

and a shunt was connected to the ratio-arm. When this had 

been done it was quite easy to keep the bridge balanced for 
steady currents, the necessary change in the resistance of 
the ratio-arm being made by means of the shunt. 

Fig. 6 

 § 
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Two series of experiments were made: the first dealing 

with frequencies between 10 and 70 per sec., in which the 
alternating current was obtained from the dy namo mentioned 
above; and the other dealing with frequencies between 3 and 
10 per sec., the alternating current in this case being obtained 
from a liquid commutator which gave a current having an 
accurate sine wave form. 

In performing an experiment it was found best to set the 
brushes of the commutator in the galvanometer circuit to 

S| 

commutate at a known angle ¢, and then to find the ratio z 
for different frequencies. R 

The results from such a series of experiments are shown in 
fig. 6; from these curves another series was drawn, figs. 7 

& 8,in which the values of = for a given frequency are 
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plotted against tan @. These latter are straight lines as ex- 

plained above, and give at once the values of @ and ~ for 

Figs. 7 & 8. 
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each frequency. he is also interesting, having obtained the 

values of a and < Oe to spit the “ bismuth E.M.F.” up into 
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two components, one 90° and the other 180° behind the 
current, for the former component may be considered as due 
to something i in the nature of self-induction, and the latter. 
to a real rise in the resistance of r Sp me: 

Table I. shows ia values of a, a _ 

component), and " sina (the self-induction component) for 

cosa (the resistance 

different frequencies. 

Taste I. (See figs. 9 & 10.) 

| 

Angle of lag of c : é 
ee “ Bismuth E.M.F.” 2 —. COS. — SiN a. 

queney: | behind the current E K E 
producing it. 

fe} i | 

3 100 13 ‘0040 ‘0007 ‘0039 
4 102 28 ‘0047 ‘0010 ‘0046 
5 104 35 ‘0052 ‘QU13 ‘0050 
6-- 106 20 | *0054 ‘0015 ‘0052 

10 110 20 ‘0075 0026 ‘0070 
20 118 20 ‘0112 0053 ‘0098 
30 122 40 ‘0148 ‘0080 ‘0125 
40 123 50 ‘0194 ‘0108 ‘O161 
50 125. 45 0230 ‘0135 ‘0188 
60 126 30 0269 ‘0160 ‘0215 

Phil. i, S. 6. Vol. Z. No; 7 Sept. 1901. 
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The results of these experiments, although they do not 

indicate what really takes place in the bismuth, show that, 

whatever it is, it may be represented by an alternating K.M. F. 

Fig. 10. 

al ee aaene eee 
Te 

ze PT Todecke | |) aa 
set up in the bismuth, mt magnitude and phase of ane rab 
frequencies between 10 and 60 per sec. is very nearly given 
by the equations 

Fj Sin 2= 10035 +-0003 n, 

and ~ cos a= ‘000266 n, 

so that tan a= 1° Tes 

and = =°0035 + 00039 n. 

On studying Curve I. (fig. 2) it can at once be seen that 
these conclusions explain the results obtained by M. Sadovsky. 
For, on closing the galvanometer-arm of a bridge, which has 
been balanced for steady currents during the 60° of rising 
current, a current represented by the area ADBC would pass 
through the galvancmeter ; this would appear to be due to 
a rise in the resistance of the bismuth. On closing the 
galvanometer-arm for the next 60° a current, represented by 
the area CDE, would pass through the galvanometer ; this 
current would be less in value, but of the: same sign as the 
previous one: hence, again, the resistance of the bismuth 
would appear to have been raised. This, then, accounts for 
the apparent fact that 

R, >Re ie: 
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But when the galvanometer-arm is closed during the next 
60°, the current through the galvanometer is in the opposite 
direction, for it is represented by the area EFG; thus 
Rz would appear less than R,. 

These experiments were made in the New Physical Labo- 
ratory of the Owens College, Manchester: where, in order to 
complete the research, I hope to be able to investigate the 
relations between the magnitude and phase of the “ bismuth 
E.M.F.” and the field-strength ; also to investigate the whole 
effect at the temperature of liquid air. 

XXVIII. Note on the Spark-discharge. 
By Sincrr. Guecenvemmer, Ph.D.* 

hee interest in the phenomena accompanying the spark- 
discharge in gases has been revived recently by a dis- 

cussion between Mr. Swyngedauw+ and Prof. Warburgf. 
The complete discordance between the opinions of these 
authors led me to undertake the experiments described below 
with the view eventually to decide the question at issue. I 
may at once say that the result of my experiments and 
theoretical considerations is to confirm the views of Prof. 

. Warburg. 
1. The fact that the spark-potential is independent of the 

nature of the radiation employed to shorten the time of re- 
tardation (Warburg’s Verzdgerung) made it seem probable 
that this potential depends upon the momentary state, 7. e. 
upon the degree of ionization of the gas. Therefore it was 
to be expected that the “ Verzégerung” would also be de- 
stroyed, or at least shortened, if, instead of using direct 
radiation, we introduce a sufficient number of ions in the 
space containing the sparking system. The experiments 
confirmed this expectation. 

2. In the sides of a brass tube 20 cm. long and 3 cm. 
interior diameter were fitted two ebonite plugs facing one 
another. Through each of these plugs passed a brass wire 
terminated inside the tube by a brass ball of 7 mm. diameter. 

* Communicated by Prof. J. J. Thomson, F.R.S. 
+ R. Swyngedauw, Journ. de Phys. ix. p. 488 (1900); Bichat & 

Swyngedauw, Rapports of the Paris Congress, ii. p. 164 (1900). 
t E. Warburg, Verhandlungen der Deutsch. Phys. Gesell. ii. p. 212 

(1900). Hs 
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Opposite these electrodes was an aluminium window over 
which a brass cover could be placed. One end of the tube was 
eonnected to a U-tube filled with calcium chloride and thence 
to a wash-bottle containing concentrated sulphuric acid. 
The other end of the tube was connected by means of a glass 
tube (from 8 mm. to 2 cm. diameter and 10 em. length) to a 
second brass tube of 20 cm. length, and of the same diameter 

Fig. 1. 

as the first one. This second tube was connected at the 
other end by means of a U-tube containing calcium chloride 
to a blowpipe. In the side of this brass tube was an opening 
8 cm. long and 2 cm. broad, which was closed by thin 
aluminium-foil. A a, | os 

One part of the electric circuit comprised the one pole of a 
Wimshurst machine, the inner coating of a leyden-jar, one 
of the spherical electrodes, and the indicating portion of a 
Braun electrometer; the other part of the circuit consisted 
of the other pole of the Wimshurst, the outer coating of the 
leyden-jar, the other sphere, and the cage of the electrometer, 
and was generally put to earth. ey 3 : 

The observations were carried out in the following order:— 
(1) The discharge-potential was measured without exposing 
the sparking system to radiation, and without introducing 
ions into the tube A. Then (2) from an X-ray bulb placed 
near the aluminium window of the tube B, strong X-rays 
entered B, and the ions thus produced were driven by a 
strong current of air into the tube A, and the potential was 
measured whilst this operation wenton. (3) A third measure- 
ment was then made whilst X-rays fell directly through the 
aluminium window in A upon the electrodes. The current 
of air was also blown through the apparatus during the 
operations land: 3. Sheets of lead protected A when B was 
exposed to radiation, = : ; 

I give below the results of two particularly striking series 
of experiments. 
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Distance of the spheres (roughly) =1 mm. 
Potential V in Volts. 

Vis \p x. 

Without radiation ........ 4500 5500 5500 

Radiation iy B ..éccccecss..-: 3500 3500 3000 

3 10 aoe 3500 3400 3200 

Distance of spheres (roughly )=2'1 mm. 

Without radiation ......... | 7500 8000 8000 

ARAGON. In) B i....-cvcecess | 6000 5500 5800 

As A a cadeuitias. | 6000 6100 5900 

I am compelled to observe that the observations do not 
always give such concordant results for the cases of the 
radiation in B and A as shown in the above tables. If the 
electrodes are not freshly polished, and if the radiation in B 
is not strong enough (so that fewer ions are produced), then’ 
halle obtained are of the type shown by the following 
table :— 

Distance of the spheres=2°1 mm. 

V Ve V 

Without radiation ......... 8500 8000 8500 

Radiation in B........... -.. 7000 | 6800. | 7000 

” J. St! Oe 6000 6100 6000 

Here one sees the discharge with radiation in B taking 
place at potentials lying between the potentials obtained for 
discharges without introduction of ions or without direct 
radiations, and the potentials measured in exposing the 
sparking system to direct radiation. But the potentials 
necessary to produce the discharge were always about 1000 
to 1500 volts lower than those measured without employing 
any means to destroy the retardation. 

3. It might be permissible to insert here a few words with 
a view to a theoretical explanation of these results. There 
are, in my opinion, mainly two points to be considered which. . 
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so far as | am aware, have not vet been taken into conside- 
ration in the various attempts that have been made to explain 
the phenomena of retardation and of the spark-discharge in 
general. These two points are—(1) The fact discovered by 
Geitel* and by C. T. R. Wilson f, that the air always con- 
tains ions, and that there is a continuous production of ions 
connected naturally with the re-combination of these ions. 
(2) The principle first established by Prof. J. J. Thomsont, 
and also brought forward and strengthened by experiments 
executed in the Cavendish Laboratory by Prof. Townsend §, 
viz., the principle of the production of new ions by the col- 
lisions of negatively charged corpuscles moving under the 
influence of strong electromotive forces with the molecules 
of the gas. 

A careful comparison of the results of experiments under- 
taken from different standpoints, shows that the electromotive 
force per cm. which is required to give to the negative ions 
a velocity such that they can produce new ions by collisions 
with the molecules of the gas, zs very nearly the same as the 
electromotive force required to produce spark-discharge in 
the gas at the same pressure and with the electrodes at the 
distance of 1 cm. 

Prof. Thomson illustrates this, in the paper mentioned 
above, by a small table taken from a paper by Skinner (Phil, 
Mag. [5] 1. 1900). Here X (the potential-gradient per cm. 
in the positive column) means the above described minimum 
E.M.F., and p is the pressure. The table is as follows :— 

| foe eee 
pp. 1) Kfemiin Volts. ie 

) P 

Inm. 

0-6 27 45 

10 | 40 | 40 

1eSrt 56 38 labeeasee 
Liebig (Phil. Mag. [5] xxiv. p. 106) found the value 

required for a spark-discharge at a distance of 1 cm. in air 

* H. Geitel, Phys. Zeitschrift, ii. p. 116 (1900) ; J. Elster & H. Geitel, 
ibid. p. 560 (1901). 

+t C. T. R. Wilson, Proc. Roy. Soc. Ixviii. p. 151 (1901). 
t J. J. Thomson, Phil. Mag. [5] 1. p. 278 (1900); ibid. [6] 1. p. 361 

(1901). 
§ J. S. Townsend, ‘ Nature,’ August 1900; Phil. Mag. February and 

June, 1901, 
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at atmospheric pressure to be 31,000 volts. This gives 

— =40°8. The fact that the values of — are nearly coinci- 

dent seems to entitle one to draw the above conclusion. L 

hoped to be able to calculate the values of = for a wider 

range of pressures from the recent observations of Orgler*, 
but I was prevented from so doing as his numbers and curves 
do not apply for greater distances of the electrodes than 0°5 
and 0°6 em, respectively. Paschent, also, in his well-known 
paper, does not give enough observations for a spark-length 
of 1 cm. at different pressures to enable me to calculate the 

values of — in a sufficient number of cases. 

Starting from the fact already mentioned, that even air at 
atmospheric pressure always contains ions, and that ions are 
continuously produced, it seems possible to obtain a fairly 
clear idea of what happens before a spark passes, as well as 
what happens during the spark-discharge. 

If, for instance, one subjects two electrodes to slowly in- 
creasing electromotive forces, there will be formed immediately 
a very feeble current, as observed by Warburg and other 
experimenters. This current will, so long as no external 
agents are acting, remain constant within very wide ranges 
of the E.M.F.; but its intensity will increase very quickly 
and tend to a maximum, as soon as the E.M.F. attains the 
value necessary to give to the ions the velocity required to 
produce new ions by impact. 

It seems to me that the experiments of Kreuslert prove 
this very decidedly. It ought to be observed that in all his 
experiments (the final ones) the electrodes were exposed to 
ultra-violet light, but nevertheless when he approached the 
discharge-potential, a change in the value of the H.M.F. of 
1:7, 1:7, and 1°3 per cent. (he used Pt, Cu, and Fe elec- 
trodes) corresponded to an increase in the intensity of the 
current of 337°2, 243°1, and 392 per cent. The theory 
strongly demands that just as the spark-potentials are approxi- 
mately the same, so also these last numbers ought to be the 
same; but it seems that here secondary circumstances of the 
experiments exert a certain influence. 

Let us assume, for instance, the intensity of such a satu- 
ration current between the two electrodes to be only 745 

* A. Orgler, Ann. d. Phystk, i. p. 159 (1900). 
+ F. Paschen, Wied. Ann. xxxvii. p. 69 (1889). 

Kreusler, Ver. Phys. Ges. Berlin, 1898, p. 86, especially table, 
p. Yl. 
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of the intensity of the maximum current observed by Mr. 
Kreusler; thus let I (intensity) be 10—!° ampere. . Then a 
simple calculation by means of the formula by 

I=ge 
gives 

g=2x 10° approximately, 

where 9 equals the number of ions per unit-volume. Com- 
paring this value with Loschmidt’s number, we see that only 
about the 10-" part of the molecules become ionized. If 
no external ionizing agents are acting, then the transforma- 
tion of the 20 ions contained in unit volume according to 
C. T. R. Wilson (if I is greater then, of course, there is a 
correspondingly greater number of ions) into about 2.10° 
ions must take place by collisions. The time which is neces- 
sary for this transformation is what Prof. Warburg calls the 
period of retardation. It is obvious that this time is con- 
siderably shortened if we produce by radiation a new set of 
ions whose number is large compared with the number of 
ions originally present, which new ions are also put in motion, 
thus producing still more new ions by collisions with the 
molecules of the gas. 

It will be easily seen that the above considerations explain 
fairly well Prof. Jaumann’s results. 

The following is a new definition of Maxwell’s “ electric 
strength” of a gas based on this view of the nature of the 
spark-discharge :—“‘ The electric strength of a gas at a pres- 
sure p ts defined as the electric intensity required to give 
to the negative tons a velocity sufficient to enable them to 
produce other ions by collisions with the molecules of the gas.” 
According to this view, the determinations of the spark- 
potential under the action of radiation made by Prof. Warburg 
and his pupils are to be regarded as giving the normal spark- 
potential, as Prof. Warburg maintains. It foilows also that 
when working without radiation one ought to obtain the same 
normal potential, provided sufficient time is allowed for the 
electric intensity to act. | 

I hope soon to be able to publish further experimental 
results in support of these views. 

The spark itself appears to amount practically to a short 
circuit between the electrodes. In addition to the production 
of ions by collisions, the following causes help to explain 
this :-— 

1. The ionization resulting from the high temperature of 
the spark. 

2. The presence of hot metal vapour. 
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' 3, The emission of cathode rays by the cathode due to the 
influence of the ultra-violet light given out by the spark. 

~ In conclusion I wish to say that my heartiest thanks are 
due to Prof. J. J. Thomson for the kind and liberal hospi- 
tality with which he received me at his laboratory, and for 
the continuous interest he has taken in my work. 

Cavendish Laboratory, Cambridge. 

XXIX. The Anomalous Dispersion of Cyanin. By Privat- 
docent Dr. A. Pritcrer, University of Bonn, Germany*. 

[* several papers Woodt has communicated a new method 
of making prisms of solid cyanin, and also a repetition of 

the measurements of the dispersion-curvye, as I made and used 
them severai years ago for the proof of the Ketteler-Helmholtz 
dispersion-formula f. 

Using my photographic method, Wood finds that cyanin 
has a strong absorption-band in the ultra-violet, beginning at 
the wave-length A=372 wy. He says that in this part of the 
spectrum it makes the measurements of the refractive indices 
impossible, since the strong absorption prevents any impres- 
sion on the photographic plate, even with a five-hours’ 
exposure. He continues$: “ Pfliiger found no traces of this 
band, and gives values for the refractive index within its 
limits. It seemed at first that the reason of this might be 
found in the difference in the optical properties of fused 
eyanin and that obtained by the evaporation of an alcoholic 
solution, but we have found that films prepared in the same 
way as those by Pfliiger show the band also.” 

My measurements of the refractive index [after the manner 
accurately explained ||jin this part of the spectrum were made 
on photographs, some taken with an exposure of 25 minutes, 
others with 40 minutes. The plates show plainly the double 
image of the iron lines used for the purpose of the measure- 
ments. 

Furthermore, I have made photographs of the whole 
ubsorption-spectrum, which show plainly the absorption-band 
in the visible part of the spectrum, but not the faintest trace 
of an absorption in the ultra-violet. In these experiments 
the light of an iron spark passed through a quartz plate 

* Communicated by the Author. 
+ Wood and Magnusson, Phil. Mag. [5] xlvi. pp. 380-886; [6] i. 

pp. 36-45, January 1901. Wood, Phil. Mag. June 1901, pp. 624-627. 
t Pfluger, Wied. Ann. lvi. pp. 412-482; Ixv. pp. 173-228. 
§ Phil. Mag. Jan. 1901, p. 41. || Wied. Ann. Ixv. p. 199. 
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covered with a cyanin film, and spread to a spectrum of the 
length of 23 cm., extending from 7X=650 uy to A=240 up*. 
An examination of my plates taken quite recently gives the 
same results. 

To my thinking the explanation of this seeming dis- 
crepancy is very simple: Wood has used cyanin of a different 
chemical constitution. Kundt and Wernicke found the 
absorption-bands of Fuchsin to vary, and in a former paper 
I already have attributed+ this fact to the same cause. I 
therefore have always given the exact chemical constitution of 
the preparations used by me. This opinion is corroborated 
by the fact that the dispersion-curve of Wood’s cyanin is 
quite different from mine, beyond the faults of observation. © 

Wood greatly undervalues the perfection of my prisms 
(not Wernicke’s as Wood says). It is not at all as impossible 
as he thinks to make prisms with perfect optical surfaces, or, 
at least, perfect enough for the purpose. This can be easily 
seen in my different determinations of the an gle of the prisms ; 
their greatest error, for the three last prisms, Is + 0°25 second. 
Besides, the principal fault of the method is not this, but the 
broadening of the image of the slit in the region of the 
absorption-band, caused by the decline of the dispersion- 
curve, and the narrowness of the transparent part of the 
prisms. This fault is the same in Wood’s measurements as 
in mine. ‘That his measurements really are not more accurate 
than mine, is to be seen by a comparison of the errors of the 
observations. Nevertheless Wood’s thick prisms, which are 
not transparent for the light in the region of the absorption- 
band, seem to be very suitable for demonstrations. 
My endeavour to apply the refraction- and extinction- 

coefticients, found after my method, to a proof of the Ketteler- 
Helmholtz dispersion-formula, has given very satisfactory 
results{. Greater accuracy, especially the exact determination 
of the constants of the formula, will only be possible, as I 
have shown (l.c.) if we can determine the third decimal of 
the above coefficients. This is impossible with Wood’s prisms 
as well as with my own. Furthermore, there is no doubt, as 
J have shown (l.c.) that the indirect methods, based on 
Cauchy’s formulas for metallic reflexion, are simpler and more 
rational, and equally accurate for further investigations of 
this subject. 

* Wied. Ann. lxv. p. 198. + Ibid. lvi. p. 424. 
{ Ibid. |xy. p. 228. 
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XXX. The Magnetic Effect of Electric Convection. 

To the Editors of the Philosophical Magazine. Z 

Trinity College, Cambridge. 
GENTLEMEN, Aug. 6, 1901. 

| EFERRING to Dr. Crémieu’s reply in your August 
number to my article in your July number, I have to 

apologize for having (owing to an oversight in reading his 
short note in the Comptes Rendus) represented Dr. Crémieu as 
using a vertical bar-magnet merely, whereas he actually 
used a rectangular iron circuit with magnetizing coils on one 
of its sides. 

I cannot agree, however, with Dr. Crémieu in thinking that 
my objection to his first experiment falls to the ground in 
consequence of this oversight on my part. 

It is easy to show, using Dr. Crémieu’s data, that nearly all 
the magnetic lines of force in his apparatus must have passed 
through the air and not round the iron rectangle as he supposes. 
Consequently my objeciion to his experiment still bolds good ; 
and in fact this experiment, if it proves anything, proves that 
the electromotive force due to varying magnetic induction 
does act on a static charge. I think thatif Dr. Crémieu were 
to repeat this experiment, using merely a bar-magnet instead 
of his rectangle, he would still obtain no effect ; whereas if he 
is right and the effect in question does not exist, he ought to 
obtain a deflexion due to the action of the magnetic field on 
the current when the disk is charged. 

With regard to the rest of Dr. Crémieu’s reply, I do not 
think that what he says in any way affects my objections. 
My suggestion that the insulation of his sectors was not good 
enough, is only a very small part of my criticism of his 
experiments with rotating disks. 

Since [ wrote the article in the July number, Dr. Crémieu 
has published an account of an experiment which he supposes 
proves very conclusively that “ open currents” can exist. 

In this experiment a disk of ebonite 2°5 millimetres thick 
carrying sectors on one side was rotated rapidly. Near the 
other side of the disk a charged metal sector was placed so as 
to induce charges on the sectors as they passed by it. The 
motion of these induced charges constituted the “‘ open ” part 
of the current. The charged sector was 2°5 millimetres distant 
from the disk, and its potential was about 115 electrostatic 
units. 

This potential is sufficient to produce a spark 1 centimetre 
long, so that of course a brush-discharge would occur to the 
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ebonite, so that it would get a charge on the side next the 
fixed sector equal and opposite to that induced on the nioving 
sectors. Consequently the total charge on the disk would be 
zero, and so no magnetic field would be produced. 

I am, Gentlemen, 
Your obedient Servant, 

Haroip A. WILSON... 

XXXII. Notices respecting New Books. 

Rapports Présentés au Congrés International de Physique, 1900. 
Rassembleés et publiés par Ch.-Ed. Guititaume et L. Porncanrs, 
Secrétaires généraux du Congrés. Paris: Gauthier-Villars, 1901. 
Tome I. pp. xvi+698; Tome IIL. pp. 570; Tome ILI. pp. 620. 

HE dawn of a new century forms a fitting occasion for retrospects. 
Of such retrospects we have had abundance, but surely few 

subjects can be considered more appropriate to the occasion than 
the scientific progress which undoubtedly forms the most striking 
characteristic of the century which we have just left behind us. 
The extraordinary, almost miraculous spread of the spirit of 
scientific inquiry, and the consequent rapid advance of science, 
are not only unparalleled in the world’s history, but constitute a 
development which nobody at the commencement of the 19th 
century would probably have been bold enough to predict. We 
have been advancing by Jeaps and bounds, until at the beginning 
of the new century we find ourselves in the possession of know- 
ledge, and means of applying that knowledge to practical enils, 
which far transcend the wildest dreams of enthusiasts in bygone 
ages . 

It was therefore a peculiarly happy suggestion on the part of the 
organisation committee of the first International Physical Congress 
held at Paris in connexion with the 1900 Exhibition, that the 
occasion of its meeting should be rendered memorable by the 
publication of a work of more than passing interest—a sort of 
résumé of the state of physical knowledge up to the end of the 
nineteenth century. In order to obtain trustworthy and authori- 
tative accounts, the committee invited the co-operation of a number 
of eminent specialists in various branches of physics. The results 
of this effort are embedied in the three volumes before us, and it 
must be confessed that, so far as physical science is concerned, no 
more valuable or interesting mode of commemorating the close of 
the nineteenth century could have been found. 

Vol. I. deals with General and Molecular Physics, and opens 
with a most interesting paper by M. H. Poincaré “‘ On the Relations 
between Experimenta] and Mathematical Physics.” The subjects 
which are discussed in this volume are: standards of length, 
national physical laboratories, thermometric scales, pyrometry, 
dynamical equivalent of heat, specific heat of water, velocity of 
sound, Bjerknes’s theory of hydrodynamic actions-at-a-distance, 



Gevlogical Society. 321 

elasticity of crystals, deformation of solids, constitution of alloys, 
properties of solids under pressure, fusion and crystallization, 
rigidity of liquids, capillary phenomena, diffusion of gases, osmosis. 
kinetic theory of gases, critical constants and specific heats of 
gases. 

Vol. II., which opens with a paper by Lord Kelvin “On the 
Motion of an Hlastic Solid traversed by a Body Acting on it by 
Attraction or Repulsion,” is a collection of memoirs on Light, 
Electricity, and Magnetism, and contains papers on radiation, 
dispersion, velocity of light and electromagnetic waves, mode of 
energy propagation in the electromagnetic field, Hertzian waves, 
coherers, electrolytic dissociation, standards of E.M.F., electro- 
chemical equivalents of silver, copper, and hydrogen, hysteresis, 
magnetostriction, and physical changes due to magnetization. 

Vol. IIL. is devoted to physical problems of comparatively recent 
origin, and deals with a wide range of subjects of surpassing 
interest, among which may be mentioned recent theories of 
magneto-optic phenomena, theory of dispersion in metals, radio- 
active substances, cathode-rays, J. J. Thomson’s suggestions re- 
garding the constitution of matter, counter-E.M.F. of electric arc, 
polyphase currents, oscillographs, constant of gravitation, glaciers, 
atmospheric electricity, solar physics, biological physics. 

‘A mere enumeration of the subjects dealt with is sufficient to 
show the importance of the work under review; and since all the 
papers have been contributed by specialists of acknowledged 
eminence, the work is one which probably few students of physics 
would care to be without. Asa work of reference it is bound to 
find a place in every physical library worthy of the name. 

XXXII. Proceedings of Learned Societies. 

GEOLOGICAL SOCIETY. 

{Continued from p. 160. ] 

April 24th, 1901.—J. J. H. Teall, Esq., M.A., F.RS., 
President, in the Chair. 

HE following communications were read ;— 
1. *‘ Notes on two Well-Sections.’ By the Rev. R. Ashington 

Bullen, B.A., F.L.S., F.G.S. 

The well-section at Southwark passes through sand and gravel, 
etc. 34 feet, London Clay 75 feet, Woolwich and Reading Beds 
56 feet 9 inches and Thanet Sand 36 feet 6 inches, into Chalk which 
was bored to a depth of 148 feet. 

The well-section at Dallinghoo Post-Office, near Wickham 
Market (Suffolk), penetrated 53 feet of blue Chalky Boulder-clay, 
into 29 feet of Sand and Gravel, water being found at a depth of 
79 feet. Liassic and Oxford Clay fossils were found in the Boulder- 
clay and stones, one of which is considered by Prof. T. Rupert Jones 
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to have probably come from the Carboniferous rocks and one from 
the Bunter. The Sands contain no Crag fossils. Mr. F. Chapman, 
A.L.S., determined fossils from some of the boulders, from the 
fragments of stone found in the Sands, and from the Sands themselves. 
The last consist of Cretaceous foraminifera. 

2. ‘On the Geological and Physical Development of Antigua.’ 
By Prof. J. W. Spencer, Ph.D., M.A., F.G.S. 

Antigua and Barbuda rise from the bank which occupies the 
north-eastern portion of the chain of the Lesser Antilles. The part 
of the bank on which these two islands are founded is submerged to 
the very uniform depth of about 100 feet, but from other island- 
groups it is separated by depressions of 1800 to 2500 feet. The 
margins of the bank are abrupt and precipitous, and are indented by 
deep valleys extending to the more profound depressions. The 
igneous basement-rocks of the island form the south-western 
mountain-belt. They are porphyritic andesites or porphyrites, with 
breccias and ashes which dip north-eastward. Associated with 
these rocks, and probably overlying them, are limestones which have 
not yet yielded fossils. The second and median belt of the island 
consists of stratified tuffs, with included marine and freshwater 
cherts. From the evidence of fossils these rocks may be Upper 
Eocene or Lower Miocene, and they manifestly are closely related to 
the rocks which follow them. ‘he succeeding formation consists of 
earthy marls associated with beds of white limestone, and is appa- 
rently conformable to the underlying tuffs. A list of fossils is 
given, from which it is concluded that the beds are of Upper 
Oligocene age. Next follows a creamy-white, calcareous sand- 
stone, and then the Friar’s Hill Series of conglomerates and marls, 
resting unconformably on the white limestones, and considered to be 
of late Pliocene or early Pleistocene age. These are succeeded by 
the Cassada Garden Gravels, recent marls containing land-shells 
some of which are extinct, and coral-reefs, none of which are 
raised. 

An account of the erosion-features of the region is given, and 
from this the following conclusions are drawn :——The region was an 
extensive land-surface, probably at least 2000 feet higher than now, 
during the Mio-Pliocene period, and was reduced by denudation to 
a comparatively low elevation before the close of that time. This 
was followed by a submergence (the Friar’s Hill) to a depth of 
200 feet below the present altitude. At the close of the Pliocene 
period there was another elevation to an extent probably exceeding 
3000 feet, as shown by the channels on the submarine plateau 
between Antigua and Guadeloupe. This did not continue sufliciently 
long to complete the dissection of the tablelands, and consequently 
the Antigua-Barbuda mass remains intact. Then followed a sub- 
sidence culminating in a 75-foot submergence, a re-elevation to 
100 feet above the present level, when the shallow channels in the 
submarine bank were formed, and possibly one or two other small 
movements. 
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3. ‘On the Geological and Physical Development of Guadeloupe.’ 
Ry Prof. J. W. Spencer, Ph.D., -M.A., F.G.S. 

The Guadeloupe group is separated from the Antigua and 
Dominica groups by depressions 2000 feet deep. Much of Guade- 
loupe itself consists of eruptive rocks, evidently as old as the igneous 
base of Antigua. The lowest beds of Grande Terre are yellow tufa, 
surmounted by 75 or 80 feet of volcanic sand of early Tertiary age. 

A calcareous formation conformably follows, dipping north-east- 
ward. These two formations seem to correspond with the Oligocene 
rocks of Antigua. ‘The Lafonde Gravel and Marl succeeds them 
unconformably, and it is possible that the limestone of the Usine 
of Pointe 4 Pitre is of about the same general age. In addition to 
these formations there are raised coral-reefs, consolidated calcareous 
sands, alluvia, the loams and gravels of the Petit Bourg Series, and 
various fragments of calcareous groups. The tooth of a small 
Elephas, allied to the Maltese type, and found in Grande Terre, is 
mentioned. 

The land-surface during the Mio-Pliocene period appears to have 
been 2000 feet above the present level, but it was submerged 
200 feet at the close of the Pliocene period during the accumulation 
of the Lafonde and Lower Petit Bourg gravels and loams. There 
was a re-elevation of about 3000 feet in the early Pleistocene 
period, and during this epoch Hlephas could have crossed from the 
continent. This was followed by a depression to 1V0 feet or more 
below the present level, a re-elevation to 150 feet, submergence below 

‘the present level with growth of corals, and the elevation of these to 
6 or 8 feet above the sea. 

4. ‘On the Geological and Physical Development of Anguilla, 
St. Martin, St. Bartholomew, and Sombrero.’ By Prof.J.W. Spencer, 
Ph.D., M.A., F.G.S. 

Deep channels, not less than 1800 feet deep, separate the bank on 
which this group is founded from the banks to the north and south. 
The oldest rock of St. Martin and St. Bartholomew consists of 
greenstone or dioritic porphyry usually much decayed, followed by 
altered limestones, and volcanic ashes and breccias. The calcareous 
divisions are associated with chert and deposits of manganese. 
Fossils found in these rocks in St. Bartholomew determine the age 
as equivalent to the Middle Eocene of Europe. A white limestone- 
formation, which appears to correspond with the limestone-series of 
Antigua, follows unconformably. The limestone is partly phos- 

phatized at the surface and is pitted by caverns. It is apparently 
succeeded by upper strata, with a modern fauna, similar to that of 
the Pointe 4 Pitre Limestone of Guadeloupe. The limestones are 
unconformably covered by mantles of breccia, gravels, and sand, 
which may be regarded as the equivalent of the Columbia formation 
of the American Continent. The St. Martin plateau was a land- 
surface throughout the Mio-Pliocene period, during the earlier part 
of which it appears to have stood 2500 feet above its present level, 
and was probably connected with the now neighbouring insular 
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masses, from which it was disconnected by denudation during a very 
long period of atmospheric activity, followed by a subsidence, so as 
to bring the present surface of the submarine banks to a level So 
low that the undulating features of a base-level of erosion could be 
formed on them; for, during the period when the deep and broad 
depressions on the Antillean chain were being fashioned, the now 
isolated island-groups stood out as table-mountains, which were 
slowly being eaten away by atmospheric agents. There was next a 
subsidence to about 200 feet below the present level, about the close 
of the Phocene period, followed by a re-elevation to 3000 feet, as 
shown within the area, but in reality much more. It was during 
this early epoch of the Pleistocene that the great rodents described 
by Prof. Cope reached here from South America, but the race con- 
tinued to live here sufficiently long to give rise to distinct species. 
The submergence of the mid-Pleistocene period was to the extent 
of about 200 feet, and the subsequent elevation was marked by 
moderate denudation with the production of shallow watercourses, 
traceable across the sunken banks to depths of 150 or 180 feet. 
Again there was a moderate depression sufficient to bring the 
surface a few feet below the present level, succeeded by a rise during 
which the low shell-bearing sands were formed. 

5. ©On the Geological and Physical Development of the St. Christ- 
opher Chain and Saba Banks.’ By Prof. J. W. Spencer, Ph.D., M.A., 
F.G.S. 

The St. Christopher (St. Kitt’s) ridge rises from 2000 to 2800 feet 
above the submarine Antillean plateau, and is for the most part 
covered with shallow water, except between St. Kitt’s and Mont- 
serrat, where a depression reaches 2592 feet, and between Statia 
(St. Eustacius) and Saba, where it reaches 1200 feet. Relics of 
old igneous formations are found on the islands, but in most places 
they are covered by more recent volcanic formations. 

The Brimstone Hill Limestone is the succeeding formation, which 
appears to be newer Pliocene or Pleistocene, and to correspond with 
the Upper Marls of Anguilla and those at the Usine of Pointe a 
Pitre in Guadeloupe. 

The St. Kitt’s Gravels succeed, and in beds of apparently the 
same age shells of living species have been found at an altitude of 
300 feet. The main volcanic activity belonged to the mid-Pleistocene 
period. It is inferred that the group underwent the same physical 
history as the neighbouring groups of islands. First there was 
elevation, followed by subsidence. Then came the second great ele- 
vation to about 3000 feet and erosion of the region, when the deep 
valleys and cirques indented the margins of the tablelands, and at 
the same time the great volcanic ridges were built. Next followed 
another subsidence to about 300 feet below the present level, and during 
this epoch the volcanic domes of Brimstone Hill and the ‘ Quill’ of 
Statia were formed. The succeeding upward movement carried the 
land 60 feet or more above the present level, when ravines and small 
channels in the sunken shelf were excavated. Another depression 
to 40 or 50 feet filled up these ravines. Then came final re-elevation, 
and it is possible that a downward movement is now in progress. 
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XXXII. The Thermomagnetic and Thermoelectric Properties 
of Crystalline Bismuth. By Louis Lownps, B.Sce., 1851 
Exhibition Research Scholar, Univ. Coll. Nottingham *. 

9 1. {OR the development or verification of a theory of 
the Thermomagnetic Phenomena discovered by 

A. v. Httingshausen and W. Nernst + in 1886, it appears 
necessary to determine for one plate the several quantities 
which come inte consideration. EH. van Everdingen ft has 
already determined for a plate of electrolytic bismuth the 
several data, but the observations were made within very 
narrow limits of temperature and no experiments were 
carried out at low temperatures where the effects strongly 
increase. 

A plate of crystalline bismuth was placed at my disposal 
by Prof. Groth of Miinchen, to whom my best thanks for the 
specimen are due. This plate was cut from a large crystal 
in his possession so that the chief crystallographic axis lay in 
the plane of the plate and parallel to its length. It is 
intended to measure the several quantities for this plate 
within limits of temperature and field-strength as large as 
possible. The present paper deals with the Longitudinal and 
Transversal Thermomagnetic Phenomena and the thermo- 
electric force with relation to copper. 

§ 2. Small irregularities on the surface and edges of the 

* Communicated by Prof. &. Warburg. 
y+ A. v. Ettingshausen and W. Nernst, Wied. dan. xxix. p. 343 (1886). 
{ E. van Everdingen, Comm. Phys. Lat. of Leyden, No. 42 (1898), 

No. 48 (1899). 

Phil. Mag. 8. 6. Vol. 2. No. 10. Oct. 1901. Z 



326 Mr. L. Lownds on the Thermomagnetie and 

crystalline plate were removed so far as possible by careful 
rubbing on a fine emery surface. In the end there remained 
but a slight fracture at one corner. The dimensions of the 
plate were: length 16 mm., breadth 13°5mm., and thickness 
4 se A chemical analysis of the bismuth has not yet been 
made. 

Fig. 1. 

x 
§ 38. Suppose in figs. 1 and 2, OX, OY, OZ are the co- 

ordinate axes, OABC the crystal and OA the direction of the 

chief crystallographic axis. Consider throughout the lines of 
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force to be at right angles to the current of heat, the former 
being in the direction of the X axis, the latter in the 
direction of the Z axis. The following cases may then be 
investigated :— 

I. For the Longitudinal Effect. 

1. The chief crystallographic axis OA in the direction 
of the current of heat (fig. 1). No new case 
appears on turning the crystal round OZ through 
90° (1a). 

2. The chief axis OA at right angles to the current of 
heat but perpendicular to the lines of force (fig. 2). 

3. The chief axis OA at right angles to the current of 
heat but parallel to the lines of force. This is 
obtained by turning OABC (fig. 2) about the Z 
axis through 90°. 

Il. For the Transversal Effect. 

Although 1, la, 2, and 3 are here different cases, only 
1 and 2 can be investigated since the plate admits of the 
effect being measured only in the direction of its breadth and 
not in the direction of its thickness. 

Il. For the Thermoelectric Force. 

Along and at right angles to the direction of the chief 
crystallographic axis. 

§4. The Apparatus.—The apparatus was constructed so as 
to avoid soldering to the crystal. Fig. 3 shows diagram- 
matically a vertical longitudinal section through the centre at 
right angles to the plane of the crystalline plate. A isa cylin- 
drical brass vessel, 10 cm. high and 3-7 cm. diameter, covered 
on the outside with felt, and serves to contain the freezing 
mixture. To its base is soldered a rectangular piece of 
copper B, 1:5 cm. long, 3°5 em. wide, and 6 mm. thick. 
©, D, and E are pieces of copper of the same dimensions as 
B.  F is of copper, and is 3°5 em. wide, 1°6 cm. square cross 
section ; through it is bored a hole G, 5 mm. radius, which 
serves to carry a current of water at the ordinary temperature. 
The piece C is soldered to F. Screws pass through the piece 
of wood H into the coppers B and ©, and maintain them in the 
position shown in the figure (p. 328). The pieces D and E are 
each provided with three screws a, b, ¢; a’, b’,c’; shown in 
fig. 4, which is a view in the direction of the arrow fig. 3. 
b, c; b’, c’ screw into corresponding holes in the coppers B 
and C. By this means the crystal plate K could be clamped 
between D, B, and H, ©, the screws a and a’ adjusting the 

ZL 2 
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level so that there was also good contact between D and A, 

and E and F. Finally, to improve the contact of the jaws 

Fig. 3. 

Wi 

LSJ 

with the plate, and to prevent fracture of the crystal, narrow 
strips of tinfoil were placed between the crystal and the 
coppers before screwing firmly down. The coppers D and H 
served as electrodes for measuring the longitudinal effect and 
the thermoelectric force. The fall of temperature in the 
plate was obtained by placing in A either liquid air, a mixture 
of carbon dioxide, snow, and ether, ice or boiling water. 
Water at room-temperature flowed through G. It is necessary 
to know the temperatures at the upper and lower edges of the 
crystal, and for this purpose small screws d and d’ passed 
through D and E, and pressed the junctions of thermocouples 
of iron and constantan firmly on the face of the plate. The 
temperatures given by these thermocouples were taken as 
those of the contacts of the copper with the crystal. 

The electrodes for measuring the transversal effect were 
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two small copper screws e and / (fig. 4) 6 mm. apart, passing 
through a plate of ebonite L which fits exactly between the 
coppers D and E. The electrodes were made to press firmly 
on the plate by means of two brass screws g and h (fig. 4), 
passing through the ebonite into the wooden base H. A 
third thermoelement / of iron-constantan was also pressed on 
the centre of the plate by means of this ebonite piece. This 
couple was made by drilling a hole through the centre of a 
small iron screw, which was carried in the centre of the 
ebonite plate, and passing through this hole a vulcanite- 
covered constantan wire, the constantan wire being soldered 
to the iron at the extreme point of the screw. ‘The three 
thermo-elements d, , and d! were in the same vertical straight 
line, the distances between d and &, and & and d! being each 
65mm. The line joining the electrodes e and / was exactly 
midway between the thermo-elements at d and k. 

The whole was carefully packed round with cotton-wool 
and placed between the poles of the electromagnet, so that 
the lines of force cut the plate at right angles. 

The electromotive forces were measured by the ordinary 
compensation method. 

The field-strengths were measured by the observed change 
of erence of a previously calibrated bismuth spiral. 

The Longitudinal Ejffect—The longitudinal effect was 
eee by means of the formula used in my former paper * 

viz. p=(te—t)n: 

where p is the electromotive force excited by the field between 
two points whose temperatures are ¢; and ¢, respectively. 
p is reckoned positive or negative according as it is opposed 
to, or in the direction of, the current of heat. The electro- 
motive force between the two points was measured (1) with- 
out field e,, (2) with field in one direction e, (3) with field in 
the opposite direction e, (4) without field e,. The absolute 
value of n is then (ey bey = (6; +e) 

2 (t2—t,) i 
the electromotive forces being expressed in microvolts and the 
temperatures in degrees centigrade. 

Case 1, § 3. The chief crystallographic axis is parallel to 
the current of heat and the magnetic lines of force per- 
pendicular to the plane of the plate. The results for mean 
temperatures 53°°3, 4°°8, —36°5, and —94° are given in 
Table I., and plotted as the full-line curves in fig. 5. The 
field-strengths Hare abscissze, the corresponding values of n 
ordinates. 

* Louis Lownds, Ann. d. Physik, iv. p. 776 (1901). 
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Case 2, § 3. The chief crystallographic axis is at right 

angles to the current of heat, and the magnetic lines of force 

perpendicular to the plane of the plate. The results for 
mean temperatures 53°7, 4°-4, —41°9, and —94°7 are 

given in Table IL., and plotted as the broken-line curves in 
fig. 3. 
“It will be noticed from the tables that there is a dissym- 

metry for the two directions of the field which is more 
marked in the case in which the current of heat runs at right 
angles to the chief axis. The values for the two directions of 
the field vary with the setting up of the crystal, although the 
mean values are of the same order. The dissymmetry 1s 
probably due to the current of heat not flowing exactly in 
the direction indicated. Such a deviation would introduce a 
transversal component which would change its sign with the 
field, and would therefore disappear on taking the mean of 
the two values. 

t Pe | eee i me 
_ 2000” t=—30p AO 7 T20B5 "FSO — 

. Se 

i~ 

From an examination of fig. 5 one sees that :— . 
1. The curves connecting field-strength and longitudinal 

effect are of a similar form to those for electrolytic 
bismuth, but the negative values are obtained at 
much higher temperatures. 
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2. For the case in which both the current of heat and 
the lines of force are at right angles to the chief 
crystallographic axis, positive values are only 
obtained for the highest temperature and very small 
field-strengths. 

Case 1a, §3. Although this does not differ from Case 1, it 
was thought worth while to take measurements with the 
crystal in this position. The dimensions of the apparatus 
did not admit of an extended series of observations. It was 
necessary to increase the distance between the magnetic poles 
to 82 cm., and the strongest field then obtainable was 4,400 
c.a.s. units. Table ILI. gives the results, and side by side 
are the corresponding data for Case 1, obtained from the 
curves of fig. 5. The two sets of results, as was to be expected, 
are in fair agreement. 

TABLE IIT. 

Case 1a, §3. | Case 1, § 3. 

ais ai : 

Temperature.) nN. Temperature. nN. 

4400 i (ican sal +6°70 
51° | | 53° 

2540 || 43:36 43:30 

4400 (| —485 ~5°70 
ai — 36° 5 | 

2540 — 0-40 | —0-40 | 

Tasue IV. 

Case 3, § 3. | Case 2, § 3. 

i, 

Temperature. | nN. Temperature. n. 

4400 (|  -+0-60 —0°75 
51° | 53°°7 

2540 | | -+—-0°43 —0:05 

4400 | | —5'°9 —15:7 
— 38° | | | 490 

2540 —2°7 — 78 

Case 3, § 3. The results are given in Table IV., and side 
by side the corresponding values for Case 2 as obtained from 
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the curves, fig. 5. The latter values are very different from 
the corresponding values of the former. 

R. Defregger * has already made some observations of the 
longitudinal phenomena with crystalline plates. The mean 
temperature is not given, but was probably about 50°, since 
the fall in the plate was obtained by application of steam and 
water at room-temperature. He describes the phenomenon 
as change of thermoelectric force by the magnetic field, and 
records the percentage change. 

For purposes of comparison I have reduced the results for 
two field-strengths to this form. The following are the 
data :— 

Crystallographic Axis L Lines of Force. Cie 1 ee 
Crystallographic Axis Il Current of Hoty ase Liles 

Percentage change of 
Thermoelectric Force. 

13h = S = 
Defregger. Lownds. 

2379 2°26 2°35 

6100 6°95 8°54 

Crystallographic Axis L Lines of Force. 
Crystallographic Axis L Current of Hes} Case 2, § 3. 

Percentage change of 
Thermoelectric Force. 

Sees a HH. 
Defrege er, ‘onal. 

2375 1:00 0-5 —0°07 

6100 0°69 —0:06 —3°50 

In this case two specimens were used by Defregger. The 
dissymmetry with reversal of the field was noted by him, and 
the values given above are the means for the two dir ections 
of the field. 

Crystallographic Axis Il Lines of Force. 
Crystallographic Axis L Current of Heat. base 3, 93. 

Percentage change of 
Mberunelectic Force. 

1505 Se — 

Deft egeer. Lownds. 

2540 0°58 0:35 0°62 

44.00 0°85 0°60 0:97 

* R. Defreeger, Inaug.-Dissert., Miinchen, 1897. 
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§6. The Transversal Effect—This was calculated in 
accordance with the formula used by Yamaguchi*, viz. :— 

where the positive X-axis is the direction of the current of 
heat, 7 the electromotive force between two points on a line 
at right angles to this direction and distant 8 apart, and ma 
quantity depending upon the field-strength and temperature, 
but in the first approximation independent of the fall of tem- 
perature. The direction of g as found by v. Ettingshausen 
and Nernst + can be determined by means of the following 
rule :—‘‘ Suppose one placed in the direction of the lines of 
force so that they enter at the feet and leave at the head, and 
to be looking at the same time along the direction of the flow 
of heat, then the electromotive force is directed from left to 
right.” In the following an electromotive force in this 
direction is reckoned positive, as both vy. Hverdingen and 
Yamaguchi have observed forces directed in the opposite 
direction. In the measurement of the transversal effect it is 
to be noted that copper electrodes were used. It is impossible 
to place these exactly upon an isothermal line (the fall of 
temperature is In some cases as much as 124° C. per em.). 
Hence there exists a thermoelectric force between the points 
before the magnetic field is excited. On putting on the field 
there will be a rotation of the isothermal lines and a cor- 
responding change of the thermoelectric force. The readings 
were taken quickly in order to avoid this error as much as 
possible. Yamaguchi used electrodes of electrolytic bismuth. 
This diminished the thermoelectric force considerably, but 
the error due to rotation of the isothermal lines was 
unavoidable. 

The results for both Cases 1 and 2 of §3 are given in 
Tables V. and VI., and represented in the curves fig. 6. 
The full-line curve represents the results when the crystallo- 
graphic axis is parallel to the current of heat, and the broken- 
line curve when the axis is at right angles to the current of 
heat. The abscissxe are field-strengths, the ordinates cor- 
responding values of m. 

* KE. Yamaguchi, Ann. d. Phys. i. p. 214 (1900). 
A a A. von Ettingshausen & W. Nernst, Wied. Ann. xxix. p. 343 
(1886). 



Mr. L. Lownds on the Thermomagnetic and 336 

rue (cT)} LG 064 

18 

() 

61g 

LG 

L6 

(FI) 

986 

G98 

G-OL 

(OL) 

2g¢ 

966 

6-01 

(6) 

699 

188 

#9 

(G) 

PSP 

OLF 

"ut 

oe 

As 
i VCE 

| 
| 

1g—(Sb)| 
cOI—(Z1)) 

2L1—(9T) 

G.
08
 

—(
E1
)1
G-
10
1 

—(
Z1
)1
¢-
L4
1 

— 
(1

1)
 

@-
66
—(
8)
 

|
 

ZO
I—
(L
) 

1¢
-6
41
—(
9)
 

G-
18
—(
¢)
 

|¢
-g
01
—(
@)
 

|
 

o
s
t
—
(
)
 

(e
) 

(e
) 

(0
) 

‘P
 

"Y
 

‘p
 

3-
86
 

(8
) 

F-
81
 

(L
) 

PG
T 

(9
) 

1-
01
 

(4
) 

0-
4 

(F
f)
 “U
b 

Ons) O1—(€) 

“iP 

‘S
UO
TJ
VA
LO
SY
O 

OY
} 

JO
 

Ao
pt
o 

oY
 

07
 

aJ
oa
 

“o
w 

(Z
z)
 

(T
) 

8h
9 

18
6 

66
9 

06
9 

1é
g 

6g
¢ 

69
6 

16
8 

GL
T 

O8
T 

—
P
 

<
—
 

T
A
C
O
 G.

g¢
~(
O1
) 

¢.
92
—-
(6
) 

8¢—(Z) 

'e
 

§ 
‘T
 

as
eg
 

'
 

[ "$}UOLUO[9-OUL.LOY] T, 

otf} JO 
|
 

son 
ered m

9
 7, 

“* ganyeroduey, 

4-
01

 
(8

)|
 

¢.
9¢

 
9¢

 
G-
O+
(8
)}
 

Og
 

Al
e 

e
i
)
 

sa
e 

Ge
 

.
 

c8
0—

()
)"

 
@ 

(e
= 

9G
 

(9
) 

13
 

SI
 

60
—-

(9
)|

 
#e

- 
c
P
 

9.
 

(@
)]

 
—
 

eT
 

Ka
ll
 

LT
—(
@)
 

1e
=—

 
Sh

— 
PL
 

(f
F)

 
6G
 

to
) 

Ci
l—

@)
 

Si
 

l
e
k
 

—
>
 

<
—
—
 

—
_
>
 

<
—
.
 

“U
L 

Ae
: 

Si
e 

a:
 

"a
1 

e
e
 

a
e
 

A
W
 

‘
A
W
 

8.
c 

|
 

9.
69

 

68
 

(I
D!
 

$-
¢ 

OL
) 

8
-
1
)
 

|
 

8-
81
 

(L
D 

L-
e¢
 

CO
D!
 

2-
F6

 
(6
) 

€.
8 

(€
) 

|
 

GG
 

(2
) 

|
 

@1
 

(1
) 

|
 

ee
r 

(g
) 

16-
19 

@
 

|
 

@-
86
 

(1
) 

(e
) 

fe
) 

ie
) 

(e
) 

fe)
 

ay
e 

"y
 

p 
p
 

‘y
 

‘p
 

‘O
RR

 
0.
 

eL
 

(e
) 

(e
) 

‘q
vo
yy
 

fo
 

yu
od

in
sy

) 
|p

 
st
xy
 

or
gd
ea
so
rp
ey
sk
ag
 

‘9
01
0,
 

JO
 

so
ur
y 

T
 

st
xy
 

or
yd
ea
so
yp
ey
sk
ay
 

"p
af
iy
T 

[o
sL
aa
su
vs
y 

—'
 

\
 

T
A
,
 



337 the tSNVUU B ne t Crystalli 2€8 O Thermoelectric Propert 
‘SUOTJVATOEYO 

9
}
 
JO 

LOpLO 
otf) 

OF 
Aojou 

“OI 
(Z) 

(1) 

j 
| 

| 
GFP 

(ID) |
 

9GFE 
LGZE 

[-8¢ (F1)| 
6661 

QOIS 
||\82(8)| 

SCET| 
GFL 

| ¢6(s) 
|
 
29 

F6L 
00T9 

P-GP (6) 
OLEE 

Fe0k 
=
|
 GIS(ST)} 

«= BFAT 
e981 

| 9-98(2)| 
GOL 

|
 
@2éT 

|| 9-91 
(2) |

 
Tee 

189 
OFG6P 

| 
0.0F 

(¢) 
FOOSE 

0966 
||G-0F(9) 

|
 

OTFT 
GOST 

13-26 (9) |
 
6
4
 

G-16 
||€-I1 (9) 

|
 
668 

6c 
oeas 

| 
9-F& 

(OL) 
|
 

¢9G% 
oses 

|| 1-08 (¢) |
 

Tgof 
9811 

|| 1-61 
(@) 

LG 
19 

||GL 
(G) |

 
96 

G6% 
GLES 

| 
8-46 

(F) 
I6LT. 

e6st 
|| 491 

()| 
gee 

O19 
«|| 46 

©) 
6G 

pS 
19-8 

() 
|
 

8al 
LoL 

| 
CCB 

| 

—
>
 

t
e
 

—
—
 

e
e
 

| 
S
m
 

<
—
 

>
 

<
_
—
 

"
U
h
 

o
A
,
 

a
:
 
4
 
e
T
 

a
e
 

“
U
b
 
C
a
S
 

h
a
b
e
 
s
e
e
 

erl|| 
“UL 

7 
“UW 

F 
‘
H
L
 

T
W
H
 

| 
‘
T
W
 

‘
W
e
 

| 
T
W
H
 

S
S
S
 

S
S
S
 

S
S
S
 
S
S
S
 

at 

|
 

{
|
 

| 
\| 

|
 

u
p
 

Fel 
|
 

CE.6C 
£.G 

|
 

$.29 
a
r
e
s
 
{
 

i 
iV

 
* 

ee
e 

(i
er

 
|
 

a
a
n
 

i
 

|
 

|
 

e
e
 

@-
16
--
(F
1)
| 

@6
—-
(€
T)
 

lo
-e
ar
 

(@
1)
 

6 
a
 

6¢
—(

9T
) 

Gh
h—

 
(e

T)
 

LL
(I

D)
 

94
 

(O
D)

 
1-

16
) 

£9
1 

(T
D)

 
6.

06
 

(O
D)

 
8-
16
 

(6
) 

| {
 

‘s
yu

ow
er

a-
ou

ms
en

, 
Ga

me
r 

(e
))
| 

Ga
r)

. 
ap
a 

dy
s)

 
Pe

e 
Gu
) 

B
e
n
 

O
e
 

| 
| 

+ 

2 ; 2 HAO TE==\Oy > Gee &-\4) || 2. (e) | 9.4 (z) | &: 9.cT (¢ 0G (z) | Z-Z6 (1) |- sainjecod tay, 

» 
'—(8) 

| 
g6—(@) 

|g 
oLt—(D 

| OT—G) 

|¢-8e—(@) 

| 
84-() 

| 
%s 
See 

see 

nee 

een 

: 

if 

| 
| 

'P 
Y 

(ae 
ee 

Be 
et 

lel 
agian 

et 
eerie P 

3
9
 =
 

|
 

'O 
6:6 

|
 

‘O 
F
I
L
 

* 
g
a
n
j
v
i
e
d
m
a
 y, 

o 
| 

1 
° 

\
 

° 

‘quozy Jo JUoLINY) 
T
 
sexy 

orydessoypeyséty) 
‘9010 7

 Jo 
soury 

T
 
stxy 

o1ydvasor[eysAty) 

‘poafliy 
josuaasunly 

—
T
A
 
A
A
V
,
 

"E
 

9 
‘G
 

as
e 



338 Mr. L. Lownds on the Thermomagnetic and 

The following points may be noted :— 

i. The tamer ersal effect is smaller when the current of 

heat is parallel to the crystallographic axis than when it is at 

right angles. 

60 

50 
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2. In the first case negative values are obtained at a mean 

temperature of 73° C., similar to those found by v. Hver- 
dingen and Yamaguchi for electrolytic bismuth. 

3. Whereas Yamaguchi found the transversal effect for 
electrolytic bismuth to increase continuously as the tempe- 
rature sank, I find for crystalline bismuth for low tempera- 
tures and large field-strengths a diminution of the effect. 

§ 7. The Thermoelectric Force.—The potential-difference 
between the two coppers D and E (fig. 3) gives the thermo- 
electric force for copper-bismuth for a “temper ature-difference 
shown by the iron-constantan thermo-elements d and di. 
These temperatures were determined before and after the 
measurement of the electromotive force, the difference of 
temperature being produced in exactly the same way as 
described in § 4. 
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Tables VII. and VIII. contain the results for the range 
0° to —70°, parallel and perpendicular to the chief crystal- 
lographic axis respectively. The thermoelectric force is 
reckoned positive when the current flows from the bismuth 
to the copper through the junction at the higher temperature. 

Taste VII.—Iil Chief crystallographic axis. 

~ a > _ a=130°. B=0°3504. ¢=—~— =—185°8. 

by: t,. e (observed) my. e (calculated), 

__ A See — sada 
° ° 

—2°3 =—578 5988 | 6057 

Eos, |. 668 6737 | 6644 

—24-7 —67°8 4183 | 4207 

— 32-2 —69'8 3523 | 3551 

Taste VIII.—L Chief crystallographic axis. 

a 
a=48°32. B=0°2988. t=— ~=—80°9. 

oe bo. e (observed). e (calculated). 

fo} @] 

—4] —63 | 1663 1665 

—37'5 —66°7 506 503 

—37'°9 — 666 496 491 

~423 | —72-2 Alt 429 

The results can be represented by the formula 

e=a(t;—ty) + R(t -t,”), 

where 7,¢, are the temperatures of the two junctions in 
degrees centigrade, e the corresponding thermoelectric force 
in microvolts. a and @ were calculated by the method of 
least squares. From the calculated values of a and B 
neutral temperatures should occur at —185°°8 aud —80°°9 
respectively. 

From determinations, however, at temperatures produced 
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by the application of liquid air the curve appears to be dis- 
continuous, as will be seen from the following data :— 

Il Crystallographic Axis. 

if te | Ce (observed): )y/ yaa game 

fe} (e} 

—13°8 —160°2 7851 my. 10135 mv. 

—13:3 —157-2 | 8012 _,, 10139 __,, 

1 Crystallographic Axis. 

Cae es é (observed). lee eae 

(e) @) 

Ser —145°9 397 mv. O mv. 

—15°4 —146'1 432 ,, Ores 

Data for temperature-intervals between —80° and —160° 
were sought by stopping the current of water in G and 
observing the thermoelectric force as the temperature of d’ 
fell. The fall of temperature was, however, too rapid for 
one to commute accurately the curve between these limits 
(the temperature changing in some cases by as much as 3° 
during the time of observation of the thermoforce). The 
results are given below; they serve at least to show that the 
neutral temperature in the first case is higher than —185°8. 

I! Crystallographic Axis. 

Ay tae é (microvolts). 

—80 164 966 
~90 ~166 372 

—~100 Bete —205 
me acl ee te 747 
“4115 ~170 — 754 
2 69 —745 
ae —170 922 
SEM Were —951 
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L Crystallographic Axis. 

bis | t. | é (microvolts). 
| 

[en oe Ree 
Oo oO | 

—65 i=. | 1166 | 

—108 —163 | — 1507 | 
) 

=e = 167 | — 1383 | 
122 —168 — 1243 
~136 mie | = 166 

\ \ 

The discontinuity in the curve at low temperatures was 
found by Fleming and Dewar* for both pure and commercial 
bismuth. Their sample of pure bismuth was not obtained, 
however, by electrolytic deposition; and Iam not aware of 
any determination of the thermoelectric force for an electro- 
lytically prepared specimen of bismuth. It would be of 
importance to know this, as the discontinuity may be due to 
impurities. 

Perrott has already determined the thermoelectric force 
in the same directions with relation to the axis, as in this 
work, the range of temperature being from 10° to 100°. 
For purpose of comparison the thermoelectric force for the 
present crystal was determined over a similar temperature 
range. 

The results were :— 
1. Parallel to the crystallographic axis: 

aay ae tp=91°; e=9267 microvolts, 
or 11835 mv. per 1°. 

2. Perpendicular to the crystallographic axis : 

fio a: t7=85°°9; e=4377 microvolis, 
or 61°94 my. per 1°. 

i 
iiswo > =1°91. 

L 
Perrot found the ratio to vary from 1°85 to 2°10 for the 

several prisms used by him. The specimens he considered 
the best gave the ratio 2°00. 
My best thanks are due to Prof. Warburg for suggestions 

and encouragement during the progress of this work. 
Physical Institute, Berlin University. 

* J. A. Fleming and J. Dewar, Phil. Mag. xl. p. 95 (1895). 
t+ Perrot, Arch. des Scien. phys. et nat. Aug. 1898. 

Phil. Mag. 8. 6. Vol. 2. No. 10. Oct. 1901. 2A 
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XXXIV. On the Laws of Viscosity. By Lavisuas NATANSON, 
Professor of Natural Philosophy at the University of 
Cracow™. 

HE fundamental conception on which the _ present 
investigation is based is due to Poisson}. Consider a 

fluid, originally in equilibrium, which is subjected to a 
deformation. According to Poisson, the fluid, in order to 
adapt itself to the deformation impressed upon it and arrive, 
even approximately, at a new state of equilibrium, requires a 
certain time which, for different substances, is of very different 
duration. The period of transition is characterized by 
inequalities of pressure which, called into play by the 
deformation, tend to disappear of their own accord, but a 
complete disappearance of which does not take place until the 
new state of equilibrium has become fully established. Thus 
Poisson succeeded in bringing into prominence an intricate 
phenomenon, termed selaxation, which is only one example 
of that fundamental property possessed by matter but not by. 
the luminiferous «ther, of the “constraint” of perturbations 
produced in its interior £, 

The reality of the phenomenon of relaxation has, after 
Poisson, been admitted by Sir G. G. Stokes §, as well as by 
Clerk-Maxwell, who, in his memoir || on the kinetic theory of 
gases, has made a detailed study of it. Maxwell, however, in 
the course of some general considerations which serve as an 
introduction to the memoir to which we have just alluded, 
has shown how the conception of Poisson may be reduced 
to its essential features. In our studies on this subject, we 
have tried to develop this method of Maxwell’s, which is 
purely descriptive and independent of any hypothesis. On 
account of this method, Poisson’s ideas regarding the nature 
of the fluid state appear to us to be destined to play an 
important part in the dynamics of viscous bodies. It will be 
seen, in fact, from what follows that they lead to a generalized 

* Translated from the Bulletin de ? Académie des Sciences de Cracovie, 
February 1901. Communicated by the Author. 

+ Mémoire sur les Equations Générales de l Equilibre et du Mouvement 
des Corps solides élastiques et des Fluides, lu 4 Académie des Sciences 
le 12 Octobre, 1829. Journal de ?Ecole Polytechnique, xx. Cahier, 
tome xill., Février 1831. 

t Bulletin international de 1 Académie des Sciences de Cracovie, Année 
1893, p. 348; Année 1894, p. 295; Année 1896, p. 117; Année 1897, 

155. 
a § Transactions of the Cambridge Philosophical Society, vol. viii. 
p- 287 (1845) ; ‘ Mathematical and Physical Papers,’ vol. i. p. 75 (1880). 

| Philosophical Transactions, vol. clvii. p. 49 (1867). Scientific Papers, 
vol. il. p. 26 (1890), 
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theory of viscosity, of which the accepted theory is a particular 
case. 

1. Let us consider an isotropic and perfectly continuous 
fluid. Let the co-ordinates of a given point of it be a, y, z 
at the time ¢. Let &, , € be the components of the apparent 
displacement impressed on the fluid in a deformation. In 
what follows, these components will be supposed infinitely 
small. We shall have to consider a number of variables, 
which are enumerated below:— 

The components of the deformation or distortion: 

a €; — == See on ke (1a) 

Oi ee Ola OG. | ay ; ale ak Rmermer (0a) 

OG 2k Oe): oe ; a a ee ar) (1 ¢) 

The components of the velocity of displacement: 

BE aat s de 
eae, ae) $k aan 

The components of the velocity of deformation : 

Oe =e: ort So ay (3a) 

Caf 4 Hs; (35) 

Ow ov _ Ou (30) 

The cubical dilatation and the velocity of dilatation : 

Gregan Bie aah a ies rae eS 

Ce Ge ee eur mer ora) 

It may be remarked that de/dt=e; dp/dt=f &c.; and 
finally: dA/dt=o. The quantities ¢, $, W, a, B, y, u, v, w, 
€, Js Jy 4, 6, c, A, » are all infinitely small. 
§ 2. Ata given instant t=0 let us impress on the fluid a 

deformation whose components are, at the point (a, y, <), as 
follows: ©°, 6°, wW°, 2°, 8°, y°. Let it be assumed that at this 
instant the properties of the medium are those of an isotropic 
perfectly elastic solid. Let n stand for the modulus of rigidity, 

2A 2 
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and k for the modulus of compressibility; these will be ideal 
values which determine the elastic properties of the medium at 
a certain instant—that corresponding tot=0. Let p” be the 
pressure (normal and equal in every direction) which, at the 

- instant considered, would exist at (2, y, z) had no deformation 
taken place there. The classical theory teaches us that the 
inequalities of pressure which, at the instant t=0, are ealled 
into play by the distortion are given by: 

Pong —po= —2ne—(k—3n) As... (La) 
Py P= 2G — (kaye; ee 

P2— p= —2ny —(k—sn) A; 

pe ne; er 

in ee - 6 | ee 

Pray = any. Se 

Nevertheless, this state of affairs will not persist. Beyond 
the instant ¢=0, two phenomena appear. In the first place, 
we notice modifications which depend on external influences. 
In the second, as the distortion becomes feebler and the 
inequalities of pressure tend to disappear, the system under- 
goes what has been called “ relaxation,’ as explained above. 

§ 3. The simplest hypothesis w hich 1 may be made regarding 
the action of external influences consists in supposing that 
this action is, like the initial state, subject to the laws of ideal 
elasticity. Adopting this supposition, it is easy to see that 
the effects due to external forces may be expressed as follows: 

thet) — _2ne—(k—2n)o, ne 
1 dt 

Pu) = —Inf—(k—-3nyo, - - . (LY) 

(Be) = —2ng—(k-3n)o, . . . (Le) 

(Be) =—na, | eh? sion rr 

(22) ——n, eo 5 a 

Upay\ _ (2) = ne. x A Ss A ee (2c) 
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The effects of external influences, represented by these 
equations, are generally reversible. 

§ 4. Let us now endeavour to study somewhat more in 
detail the progress, essentially irreversible, of the phenomenon 
of relaxation. Let p be the value towards which the pressures 
Prx» Pyy> Pzz tend by the effect of relaxation; the value 
gradually approached by the pressures py:, Per, Pry 18 Zero. 
If at any point (2, y, z) of the fluid at a given instant ¢ the 
impressed distortion is zero, then there exists a pressure py at 
this point equal in every direction. Consider the state of the 
fluid at (w, y, z) at the moment ¢, this state being determined 
Peeonervalues €, db, Yr, a, 8, 5 Pex, Pyyy Pees Pye, Pers Pry, aNd Po 
of the components of the deformation and the pressures. 
Suppose that from this instant, and during a sufficiently long 
period, the fluid is free from the action of any external forces. 
The pressure p (equal in every direction) ultimately reached 
by the fluid being necessarily determinate under the given 
conditions, may be represented by 

p=ple, >, %,%, 85% Po) - - »- + CH) 
It remains to formulate some hypothesis regarding the 

precise form of the law of relaxation. Let T denote the 
“time of relaxation’; this is a constant characteristic of the 
medium. We shall suppose that the following equations 
represent the law of relaxation considered by itself : 

“ BD nx \ ay ey Le A py: 2g Pige , oy . (2) <=? ($e) ate. . Ge 
dt dt 

Apyy\ ___ Pw—P. eC =) ay Le 2 
{2 b) . (2), = a ae 3 dt : =e T ° ° (3 b) 

ee OS cael ae (=) nek 
(2c) ° ( dt aut mM 4 dt /e ae r (3¢) 

\ 

They resemble the equations found by Maxwell in the 
kinetic theory of gases. Similar relations are applicable to 
various other cases of “constraint,” for example to that of 
electromagnetic disturbances in conducting bodies. 

§ 5. If to the variation (d/dt}, due to the action of external 
forces of any variable quantity we add the variation (d/dt), 
which results from relaxation, we find the total variation of 
the quantity in question. Let d/d? stand for the total variation 
so defined. By its very nature, the pressure p cannot change 
except by external action ; thus 

(2 ae and (S) =a oe Pte ae 
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Referring to equation (1), § 4, we see that 

dp _ opde , Opdb , Opdy , Opda , op dB , dpdy (9) 
dt dedt apdt Owdt dadt OBdt dydt- 

By well-known considerations which are always applicable 
to the case of an isotropic substance, the form of this equation 
is easily simplified. We find : 

| 
pe ol alll 

Let —A be the value of the first three expressions; using 
equations (3), equation (2) becomes 

P d — 5 E ss 4 
he =—ho. . . ° ( ) 

The simplifying hypothesis which we have made use of 
may also be derived from another hypothesis, resembling that 
adopted by Sir G. G. Stokes in his theory of viscosity. Let 
us suppose, in fact, that the pressure p does not vary when 
the sum e+f+g remains =0 

o=et+f+o=0. 2 eo 

Thus 
Op. 
== J. . se 

for all values of the variables e, f, g, a, b, ¢ which satisfy 
equation (5). If, for example, 

e=—(f+9)-  « . ot 2 ee 
then 

ees OP — OP) 74 (22 OP), 4 Wa 4 Pas Op), 25 
Ob ode Ov Oe oe | 08 Oy am 

and in this equation the values of 7, g, a, b, c are quite arbitrary; 
thus the proposition under discussion (which is expressed by 
equations (3) and (A) ) is proved. 

The hypothesis which we have made use of is equivalent to 
saying that the pressure p cannot change unless the density 
of the fluid changes. In order to develop our analysis 
further, we shail assume the correctness of this proposition to 
be a consequence of the following two hypotheses: (1) the 

(8) 
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final pressure p is a function of the final density p and the 
temperature 6; (2) the density and the temperature of a given 
portion of the fluid do not vary as a result of the phenomenon 
of relaxation pure and simple. We have, then, 

Be: _ ap_d op, de op 
P=p(p, 9); di. ae 8G dé Op. on te 

Neglecting variations of temperature, we get 

OB ah Hee) es) Sieh di 9, San 

dp = —ko, ° . e e e . ° (11) 

if we put 

Re prcas oi sts ah sac 

Now equation (12) is in agreement with the definition, 
given above in $§ 2 and 3, of the constant k characteristic of 
the medium; but it involves a complementary hypothesis, viz.: 
the deformation which persists (if, in general, it does persist) 
when the final state is reached is incapable of giving rise to 
fresh inequalities of pressure. This deformation is defined 
by the following values of the variables : 

e=hG=p=3A; p= b= ; y=0. eare (13) 

The equation (11) found above is included in the general 
case of equation (4) given previously and is identical with 
it if the equality h=k be admitted; it appears probable that 
this equality holds for all fluids in nature, either as an absolute 
law or as a close approximation. 

§ 6. From what has been said it follows that the equation 

dp 
a, oe ko . « ° e e e °° 1 dt O) 

may be regarded as an expression of the hypothesis regarding 
the existence, for fluids in equilibrium, of a characteristic 
equation, since this hypothesis consists in supposing that for 
the final state of a fluid there exists an equation of the form 

p= ptp. GB). dao se leas oa 0 A 

In generalizing equation (1) it is therefore possible to 
enlarge the commonly accepted idea of the characteristic 
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equation. Now equation (1) appears to be capable of an 
immediate generalization. From the definition of the pressure 
p it is evident that the differential coefficient dp/dt must 
necessarily be expressed by a function which is an invariant 
for all orthogonal transformations. The quantity , in fact, 
belongs to this series of invariants. Let 

ee EPR Smee ae pe ein Oe on pare ae OtyietfPrteP+tsh(C+0?+e) +707}, . (3) 

where 7 and 7 denote two new constants. Now dp/dé still 
possesses the properties of an invariant, but the law of 
variation of pressure ceases to be the same for an increasing 
as for a decreasing pressure; we have a sort of hysteresis 
phenomenon. 

It would not be difficult to push the attempt at generalization 
still further. However, the choice of a particular form for 
dp/dt has—as will be evident from the sequel—no serious 
influence on the progress of our calculations. This is why 
we shall confine ourselves, in the present study, to the simple 
hypothesis explained above, in § 5. 

§ 7. The quantities 

En, C3 & , 3 a, By ys Ag Us vjws O7593 2,0, Coe 

which have up till now entered into our discussion relate to 
the apparent deformation of a fluid, z.e., to one which our 
senses enable us to perceive. For this reason, we shall apply 
the term apparent to these quantities. A reference to 9 3 
will explain the function of these quantities: they serve to 
define the influence exerted by external forces on the 
inequalities of pressure. 
We shall now introduce analogous (but essentially different) 

variables whose consideration naturally presents itself in the 
study of the phenomenon of relaxation. By the action of this 
phenomenon, the true state of a material element is, in general, 
very different from the apparent state which we attribute to 
it in making use of the testimony of our senses. Let 

EEC ® 3s Chis Apt aioe dae, oye aN ents acces 

eh fh ig*; ak, OX, oF; ok 
be quantities which define the true state of an element in the 
same way in which the quantities (1) define its apparent 
state ; we shall say that they are the true (or absolute) com- 
ponents of the deformation. Their mutual relations are the 
same as those to which the apparent variables are subject. 
Bat what sharply distinguishes them from the apparent com- 
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ponents is the fact that they are affected by the phenomenon 
of relaxation, whereas the apparent components have no con- 
nexion with this phenomenon; this difference is an immediate 
consequence of our definitions. 

In order to find, by the aid of these new variables, the 
analytical expression of what takes place in the interior of an 
element of the fluid, let us formulate three new hypotheses ; 
these will constitute, in our new course of thought, the exact 
analogue of the suppositions made formerly and enunciated 
above, §§ 2, 38, 4, and 5. We shall in the first place suppose 
iat the quantities <*, b*, y*, a*, @*, y* vary for two 
reasons. ‘hey come within the action of external forces, and 
their variation on this account may be expressed by the manner 
in which the apparent deformation is changing. They further 
vary on account of relaxation ; by the effect of this, e*, }*, 
and w* tend towards a common limit which is 4A*, whereas 
a*, B*, and y* converge towards zero. Thus, denoting by T 
the same characteristic period as that considered in § 4, we 
have 

qe aie. 6 2A" 
dk = dt MS aaa Wie: 7 ae . . ° . (3 a) 

do* db _ o*—1A* 
Se 2: SG ale mee 
dye _ dy _ tha" f ea Tos eae 
Ger + da —'2* 

eon eT ow) 
dp* __dB _ B* 
ja cea an rrr aed (47) 

dy* dy 4* rae 

aca To. che ee 
By equations (3) we have 

dA® > dX 
oa gy ones: hat ee 

We shall suppose, in the second place, that the inequalities 
of pressure are always connected with the components of the 

true deformation by the simple law of proportionality. For 
elastic solids in the ideal theory the notion of true deformation 
becomes identical with that of apparent deformation ; but we 
know that such is not the case for fluids. Thus our actual 
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hypothesis consists in supposing that the law of Hooke extends 
to the case of fluids, but has to be applied not to the com- 
ponents of apparent deformation, but to those of actual 
deformation. Assuming this hypothesis, we have : 

Prx— Po= — 2ne* —(k—2Bn)A*; , . . (6a) 

( 

Pzz— Po= — 2n* — (k—3n) A*; 

Pye nas Ae 

P2= —np*;. 
( 

Dag BY bn fad, 44 9 ee 

In the equations (6), yo is the pressure which corresponds 
to zero deformation. 
We shall thirdly assume that the limit towards which the 

relaxation tends is attained when the quantities e*, ¢*, w* 
become reduced to $A* and the quantities 2*, 6*, y* to zero; 
at the same time, the pressures Pre, Pyy, Pzz assume a definite 
value which we shall call », and the pressures p,z, p22, and 
pzy vanish. Let us suppose that this state of final equilibrium 
has been reached ; we have, by equations (6), 

p— pos kA. de ws 
Therefore 

dp dA* i a) ih 
dt dt +) e e e e s e e (9) 

and by equation (5) we may write 

= = =k = Kho. 7 2 eee 

The equation so obtained assumes the particular form, that 
namely which corresponds to the relation h=k. ‘This is 
easily explained. In order to define the pressure denoted 
by p, we had to assume, in the course of our reasoning, not 
only equality of the pressures in the final state of equilibrium 
(as in § 4), but, over and above this, perfect uniformity of the 
deformation in this state of equilibrium. Now this latter 
hypothesis involves the equality of A and &, as has been said 
mot Say 

§ 8. Adding, term by term, equations (1), § 3, and (2), § 4; 
and adding similarly equations (2), § 3, and (3), § 4, we have 
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for the total variation of the pressures (see § 5) the values 

Daa eo: Pa? | i ee hn )o= ar - . eutta) 

Div = — Inf —(k—3n)o— PUP ee sic) 
dt : 

Wes = —Ing— (km $no—PE—P, . . . (Le) 

Pye. Pyz S a na Eee eee 2s oo ee (2a) 

di Zr Per oP = —nb — 1, Meo 2 ae ee 

Apr _ _, _ Pry ¢ Se re a (2c) 

To these equations must be joined equation (4) of § 5, as 
well as the probably verified equation h=k. ‘These consti- 
tute the equations to which our first method of reasoning 
leads us (§§ 2, 3, 4, and 5). 

The same equations may be arrived at by the second 
method, indicated in § 7. Equation (6a), for instance, of 
§ 7 gives 

dprx de aon ex 
a C3 ee 

which, by equations (3a) and (5) of the same paragraph, may 
be written 

Aprr eo \ 2n * _1A* 4. aha. 2ne—(k gn )o+ ar (¢ x"). ee 

Noticing that, by (6a) and (8), § 7, 

2n(e* —4A*)= — Prat po —k*, Dalc lon cae (5) 

=P—Prr ge ah ae ae 

we see that equation (4) becomes identical with (1a) of the 
present paragraph. Similarly, equations (1b), (le), and 
equations (2) may be established. 
The quantities e, 7, g, a, b, c, w, as obviously also the quanti- 

ties (Puz—P), (Pyy— P) (Pz: —P) > Pyzs Pzrs Pry, are infinitely small. 
Hence, making use of equation (4) of § 5 in equations (1) 
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and (2) of the present paragraph, and neglecting all terms of 
higher order, we get 

O (Px =P) _ 2ne—(k—h—2n)o— PP 2 eG Of Ty 
o(Pw—?) =—2nf—(h—-h—3n)o—P— =, 

ole?) = —2ng—(k-h—4gn)o— PF, OG (Ze) 

Obre ea na— FE, Ne 

oe =a —fe) (84) 

Sb ee ee 

Thus, strictly speaking, the whole of our formule only 
apply to the case of extremely slow movements of the fluid. 
It is easy to see that every chain of reasoning which, like 
ours, starts from the fundamental ideas of the theory of 
elasticity, must necessarily be subject to the same restriction. 
It is, besides, known that among the theories of viscosity 
hitherto proposed there is none perfectly general or rigorous. 

Equations (7) and (8) give by integration :— 

Pax p= Cre~7T —e- 47 ja E/T 32ne+(k—h—2n)o}, . (9a) 

Pig — P= Oye? eA | det tT L9nf-+ (k—h—Zn)o}, . (9B). 

Pz —pa Cnet et" | a e/TS2ng +(k—h—3n)o}, : (9c) 

Pyz= yee ad eds. jot det 6 Nae en 

Per One? — la tend, 2) 

Pry = Crees = tae e/T ne, . . : ° © ° ° (10¢) 

In these equations, e« stands for the naperian logarithmic 
base’; ‘Cz, ‘Cy, Coz Cyzy Oz, ©, are functions or a eee 
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independent of the time ¢. Let, for the sake of brevity, 

ae ele E, 3 ° 5 : ° (11a) 

—t/T dt t/T ey Take 1 i jie ° ° ° 2 S (11b) 

sal rel = G, x = - : ° (11c) 

ea sf ea A eee 

a = e/Th = B, oe : . - ( 126) 

dt —t/T meres, I te MS Fa Set (12c} 

et/T 7 E/T =—l (5) ; : 3 : ~ ( ] 3) 

Further, let 
Oo eT ED aCe, aaa 2 (14) 

a one) M Oe 

equation (14) was given by Maxwell in 1867. Using these 
abbreviations, equations (9) and (10) may be written :— 

Prr—p=Cwe-"F—2uH—AO, . . . (16a) 

Pyy—P=Cye "TF —2pF—-AO, . . . (16d) 

Pez — p= Cz? — 2G —rO, ee NS 

Perr ye pA, 2 i 8 a) 

P2= eet! — pb, a) Pas eee Ss (170) 

ety eC. re Se 

These equations have, in our theory, the same significance 
as that which, in the classical theory *, is possessed by the 
known equations which give the quantities (p,,—p) Xe. as 
functions of the components é, J, 9, a b,c of the velocity of 
deformation. They contain its ferrite C..et/ &e., which do 
not appear in the ordinary equations. Further, in these 
equations, the functions HE, I’, G, A, B, C, ©, defined by (11), 

* Stokes, ‘Mathematical and Physical Papers,’ vol. i. P- 90, eq. (8) ; 
“ane: 1880. Basset, ‘A Treatise on Hydrodynamics,’ vol. 11. p. 241, 
q. (16): Cambridge, 1888. Lamb, ‘ Hydrodynamics,’ p. "512 , eq. (4) & 
(3): Cambridge, 1895. 
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(12), and (13), take the place occupied in the ordinary 
equations by the components e, f, g, a, 6, c, w, and play 
precisely the same part. 

§ 9. The constants X and yp, defined by equations (15) and 
(14) of the preceding paragraph, are the two coefficients of 
viscosity in our theory. Authors who have dealt with the 
problem of viscosity have generally used two constants which 
they have often denoted by the same symbols: A, w. Poisson, 
in the memoir already quoted *, introduces two constants 
which, at least in the general case, are independent of each 
other. In 1843, Barré de Saint-Venant f, and in 1845, with 
clearness and precision, Sir G. G. Stokes{, pointed out the 
considerations which led to the conclusion that 

N= — Sp... 

This is the relation arrived at in 1867 by Clerk-Maxwell §, 
who was guided by the kinetic theory. We find the same 
relation adopted by Kirchhoff ||, Basset], Lamb **, and many 
other writers; nevertheless, in 1874, O. E. Meyer ff proposed 
a totally different relation. Lastly, Voigt ff has quite recently 
called into question the existence of any relation whatever 
connecting the two constants of viscosity. 

One may hope to find some indications regarding the value 
of the ratio A/w by calculating, for a fluid, the quantity 
(already considered by Stokes and by Helmholtz) which has, 
after Lord Rayleigh, been called the dissipation function. 
This is the method which was suggested, apparently for the 
first time, by Jacobi in the theory of elasticity; it has been 
followed by Duhem §§ in the theory of viscosity of fluids. 
In this latter case there undoubtedly exists a dissipation 
function, and it is always positive. This condition is easily 

* Journal del’ Ecole Polytechnique, 20 Cahier, tome xiii. (1831). 
+ Comptes Rendus, tome xvii. p. 1240 (1848). 
{ Transactions of the Cambridge Philosophical Society, vol. viii. 

p- 287 (1845) ; ‘ Mathematical and Physical Papers,’ vol. i. p. 75 (1880) ; 
see §§ 3, 4, & 18. 

§ Philosophical Transactions, vol. clvii. pp. 81-82 (1867). Scientific 
Papers, vol. 11. p. 69 (1890). 

|| Vorlesungen tiber die Theorie der Warme, p. 193 (1894). 
q ‘A Treatise on Hydrodynamics,’ vol. ii. p. 242 (1888), 
** ¢ Wydrodynamics,’ p. 512 (1895). 
tt Crelle’s Journal f. reine u. angew. Mathematik, Bd. lxxviii. p. 130 

(1874). Kinetische Theorie der Gase, II. Auflage, Mathem. Zusiitze, 
pp. 112-114 (1899). 

{ti Kompendium d. theoretischen Physik, Bd. i. p. 462 (1895). 
§§ Théorie thermodynanuque de la viscosité, du frottement et des faux 

équilibres chimiques, Paris 1896, p. 52. 



~~ Pl 

the Laws of Viscosity. 3090 

shown to be equivalent to 

Me En ois) ee A) 

provided we suppose pu s. 0, which is legitimate. 
Let us now return to the study of “the two constants of 

viscosity introduced into our theory by means of equations 
(14) and (15) of the preceding paragraph. These equations 
teach us that the relation A= —2y, proposed by Stokes and 
accepted by the majority of scientists, is an ¢mmediate con- 
sequence of the equation h=k, of which we have given a 
detailed discussion above. If, on the other hand, we suppose 
that h and & may be unequal, then 

9 k—h 4 et). ae 
1d 

and the relation connecting > and w will depend not only on 
the ratio k/n, but also on that of the new constant / to the 
rigidity n. 

As to the inequality (2), the only consequence which may 
be deduced from it is that 

gh og? Le ae 
and this new inequality is certainly verified in the case of 
actual fluids. 

In conclusion, we may say that the equation h=k, and 
Stokes’s relation, A=~—4y, agree perfectly with the whole 
of our hypotheses ; but there is nothing to ‘lead us to regard 
them as necessary corollaries of our theory. 

§ 10. Let X, Y, Z be the components, per unit of mass, 
of the external force which acts on an element of volume at 
the point (#, y, z). Then we have three equations, the first 
of which is 

sper ee ee 
From this, taking into account equations ih and oie 

of § 8, 

Ou Ou Ou Ou uy ’ 287, 

Wee 855 * St” 52) 
: 

=oX Op —¢e-T eo ce OCyx =e 2) | . (2a) 
om Of ..'02 

+ irl de eit 4 nu +(k—h+d4n) got J 

In this equation the symbol V7? represents the well-known 
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operator of Laplace, and » has the meaning which we have 
assigned to it in § 1; similarly two analogous equations are 
found. These three equations are obviously the equations of 
motion of the fluid, which it was our object to study. 

In a future contribution we hope to be able to give some 
applications of the theory which we have developed. 

XXXV. On the Breaking of Waves. 

By W. G. Frassr, I.A., Queen’s College, Cambridge*. 

N the ordinary theory of the reflexion of waves at a fixed 
barrier, it is shown that an incident train of waves gives 

rise to a reflected train of the same type and amplitude, the 
two trains combining to forma system of standing waves. 
Now the theory claims to be no more than a first approxima- 
tion, applicable only to small disturbances ; but it is a matter 
of everyday knowledge that waves which, if left to themselves, 
would proceed for a considerable distance without sensible 
change of type, may nevertheless be too high to be reflected 
at a wall according to the ordinary theory ; instead of this, 
they break into spray against the wall. Thus it appears that 
the theory of progressive waves is a better eee to 
fact than the theory of reflected waves. 

An attemptis here made to find part, at least, of the reason 
for this in the friction of the wall. It appears ‘that, i in deep 
water, if the ratio of the amplitude to the wave-length exceeds 
a certain small amount, the wave will break ; in shallow water 
the breaking amplitude is somewhat less than is indicated by 
this ratio. 

In the ordinary theory, if the incident train of waves have 
a velocity potential @ we ascribe to the reflected train a 
potential ¢’, so adjusted as to bring the water in contact with 
the barrier into a state of motion that is purely vertical; so 
that, if wu, v be the horizontal and vertical components of the 
velocity of an element of liquid close to the barrier due to 
the incident wave, the components due to the reflected wave 
are —u, v. The two velocity systems therefore bear the 
same relation to one another as the velocity of a particle 
before and after impact at a smooth vertical elastic wall. 
Now, while the horizontal motion of the liquid in contact 
with the wall must be annibilated,it is only natural to suppose 
that the wall exerts an appreciable drag on the vertical 
motion. It is proposed, therefore, to take, as the velocities 
in the reflected wave —u, mv, where m is slightly less than 

* Communicated by the Author. 
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unity. This motion is inconsistent with the equation of con- 
tinuity of an incompressible fluid, and if set up must lead to 
instant rupture of the continuity of the liquid, which will 
break up into drops. But liquids appear to be capable of 
resisting a small amount of internal tension, and _ this, 
together with the surface-tension, may suffice, when the 
motion is not too violent, to prevent the rupture, modifying 
the motion in such a way as to render it consistent with the 
equation of continuity. If m does not differ much from unity, 
the difference between this actual motion and the motion 
given by the ordinary theory on the one hand, and that 
obtained on the hypothesis of compressibility on the other 
hand, will be small compared with the motion itself. If then 
we substitute the velocities —w, mv in the equation of con- 
tinuity for a compressible fluid, the variation of density may 
be taken as an indication of the tendency to rupture, and we 
may say that rupture will take place if the maximum density 
exceeds, or the minimum density falls short of the actual 
density of the liquid by more than a certain small amount 
depending on the nature of the liquid. 

Deep Water Waves. 

Taking the origin at the obstacle, and measuring y vertically 
downwards, let the incident waves have a profile given by 

n=sin k(v—ct) 

indicating a train of waves of altitude 9 and length 2a/k 
advancing parallel to the axis of «. The velocity potential 
for such a train is 

d=ce—*"’ cos k(v—ct), 

making se =n when y=0, and oe =0 wheny=oo. Foran 

ordinary reflected wave we should have 

' =ce-*Y cos k(x + ct), 

so that the velocity system at any point of the reflected 
wave is 

ul = —cke— sin k(a+ct) 3 v' = —che—” cos k(a@+ ct). 

In accordance with our hypothesis, therefore, we investi- 
gate the system 

u! = — che’ sin k(x +ct) ; v= —mceke—™ cos k(x + ct), 

and the motion of any element is supposed to be compounded 
of this and the motion due to the incident wave. The latter 

Phil. Mag. 8. 6. Vol. 2. No. 10. Oct. 1901. 2B 
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satisfies the ordinary equation of continuity, and we must 
find the variation of the i p ia means of the equation 

o | J i ay (ov )+ $F 0, 

(Ss + a i pOP 4 . Hd oP : 
NE 

Thus 

a + p{ —ch’e-* cos k(a + et) + mck?e—™ cos k(x + ct)} 

,OP , 00 
he ae ae Oy = (Os 

To find the variation of density in time at a fixed point we 
omit the last two terms, which are in any case small quantities 

' p Op 
of the second order, since w’, v', 2°. Sy ate all supposed small. 

tO" 
Thus we have 

5 ee + (m—1)ck’e~" cos k (x + ct) =0. 

At the barrier, where z=0, y=0, this becomes 

ay + (m—1)ck? cos ket =0, 

so that, if p, be the original density, 
p — poet m= sin ket 

But, at the origin, y= —sin ket, 
dy p= penn 

= pen yemn 

cesta ies le nes 

where is the wave-length, and ¢ the velocity of propagation. 
Thus if 7/A or n/c’? do not exceed a certain amount, the 

cohesive forces may suffice to prevent rupture, but if this 
amount be exceeded, the tendency to discontinuity will pre- 
vail, and the wave will break. 

Waves in Shallow Water. 

When the water is of depth h the velocity potential for a 
train of waves 

n=sin k(a@—ct) 
18 

iy cosh k(y—h) 
ah ee k(«—ct), 
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and for the reflected wave 

a) cosh k(y—h) 

Bese, sinh kh 

Hence we take the velocity system : 

cosk(# + ct). 

cosh k(y —h) 
ul =—ke aman Ei sin k(a+ct), 

sinh k(y—h) | 
v =mke anh kh Co k(@+ct), 

leading at the origin to the equation : 

L oe = (1—m) coth kh . ck? cos ket, 
P 

whence 
pia mk coth kh sin kct 

0 2 f p=p 
a 
Ls m—1)gyjc?. =p,¢' )gni 3 

ar) . coth kh . 2ary/A 
0 

so that the tendency to rupture now depends on ycoth kh/A 
or n/c’. Since coth kh>1 we see that, for a given wave- 
length, waves break more readily in shallow water than in 
deep. 

If we examine the formule, we find that they agree fairly 
well with the behaviour of waves breaking against a sea- 
wall or pier. On a quiet day, the waves meeting the wall are 
reflected in the ordinary way, but when the waves are large 
enough to exceed the critical value of 7, they break. An 
advancing wave causes the water to rise smoothly against the 
wall up to a certain point, when, for no apparent reason, 
it breaks suddenly into spray. This is what the formule 
lead us to expect, for when once the critical value of 7 is 
reached, p/p, increases as an exponential function of 7, so 
that the transition from smooth motion to spray is rapid. 
When the trough of the wave reaches the wall, the water 
sinks quietly to a certain point, and then begins suddenly to 
seethe, the critical value of 7 being again passed. 

Since y is measured downwards it is negative at the crests 
of the waves. Now m—1 is negative, hence p>p, at the 
crests, and the spraying is due to the rapid rise of pressure 
consequent on the inability of the water to contract in 
accordance with the formula. The seething in the troughs 
is similarly due to water running down the slopes of the 
waves to supply the deficiency due to the inability of the 
water to expand, as required by the fact that p <p,. 

The slope of the exponential curve being greater for positive 
2B2 
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than for negative values of the exponent, the action at the 
crests is more violent and sudden than in the troughs. 

Oblique Reflexion. 

When the waves are incident in a direction not at right 
angles to the barrier, the water has a motion parallel to the 
obstacle in a horizontal direction. ‘This will also be subject 
to the drag of the obstacle, and the effect can be investigated 
on the principles laid down. 

Taking the line of the obstacle as axis of z, suppose the 
waves incident at an angle a, so that the ordinary reflected 
wave is reflected at the same angle on the other side of the 
axis of a The advancing train is represented by 

n=sin k(w@cosa+zsina—ct), 

giving in deep water 

d=ce—”’ cos k(x cosa +2sina—ct). 
ioe 

The ordinary reflected wave is given by 

d’=ce—” cos k(x cosa—zsina + ct). 

Thus the velocity system to be investigated is 

u’= —ck cosae—” sin k(v cosa—zsina+ct), 

v’ = — mck e—* cos k(x cos a—z sin a+tet), 

w'=nck sin ae-"Y sin k(@ cos a—zsina+ ct), 

where m and 7 are both nearly equal to unity. The dilatation 
/ / / 

or oF m + on at the origin is thus 

ck?(m—n sin? a—cos? a) cos ket, 

and we have at the origin 

1 ; 
5 oe + ck?(m—n sin? a—cos’ a) cos ket =0. 

Thus the quantity m—1 which occurs in connexion with 
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direct incidence is here replaced by m—nsin®a—cos’ a. 
Since m and n both represent the effect of the drag due to 
the wall, they may be taken to be equal, and the quantity now 
becomes (m—1)cos*a. Thus 

= ger) cos?a. 2n7/A_ 

Consequently the wave will break if 7 cos? a/X exceed a 
certain value. Fora given wave-length the critical amplitude 
will vary as the square of the secant of the angle of incidence. | 

XXXVI. On Rotatory Polarization in Biaxial Crystals. 
By H. C.-Pocxiineron, J.A4., D.Se.* 

it HE only doubly refracting crystals in which a rota- 
tion of the plane of polarization of the transmitted 

light. has been observed are uniaxials, e.g. quartz. It is, 
however, clearly possible for a biaxial erystal to produce this 
rotation, for quartz subject to a uniform stress perpendicular 
to the axis must act as a biaxial crystal without losing its 
rotatory power, and a biaxial crystal must acquire rotatory 
power in a magnetic field. ‘The object of this paper is to 
investigate from a theoretical standpoint the phenomena in 
the second case, assuming that the action of the magnetic 
field may be attributed to a Hall effect into the specification 
of which the anisotropy of the crystal does not enter. The 
formule are afterwards ($7) extended to the more important 
ease of crystals where the rotation 1s due to the mode of 
arrangement, or to the structure, of the molecules. The 
general equations are found in § 2, and the equation of the 
index-surface in §3. The shape of the wave-surface near an 
axis is discussed in § 4, together with the modifications pro~ 
duced by the rotatory power in the conical refraction. In 
§ 5 it is proved that the two waves propagated in any direc- 
tion are elliptically polarized, and that the ellipses are similar 
but with corresponding axes perpendicular. These ellipses 
are completely determined, and also the relative retardation 
of the two waves. 

The case of a plate in convergent polarized light, and also 
that of a pair of such plates of opposite rotator y powers 
(Airy’s spirals) is investigated in § 6. Finally, § 8 contains 
the results of some experiments made with plates cut from 
sugar crystals, which confirm the mathematical investigation. 
2, Let the magnetic force be T+ 79, where T is the variable 

force due to the light-waves, and 7) is the constant field in 
which the crystal lies. Let the electric displacement be o, 

* Communicated by the Author. 
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and let the electric force be do when 7=0. Then when 7 
is not zero, the electric force is the sum of two terms, one 
being that given above, and the other that due to the Hall 
effect, viz. cV(t+7))o=cVtT,¢ if we neglect 7 in comparison 
with 7, in this small term. 

The equations* of the electromagnetic field are now 

Vigc= om 

V.y(¢o4+c¢VrT,c)=—7, 

Syo—0, Sy7=0. 

Iiliminating 7 these give 

o+V.yVy(¢o+eVr,c)=0. 
3. In order to discuss the case of plane waves, let 

o=pexpep(tt Srp), i. . 2 a 

where @ is the scalar quantity ./(—1), and ¢ is the vector of 
any point, so that X is the vector of wave-slowness, and the 
locus of its extremity is the index-surface. The calculations 
will be carried out with this imaginary value of o, and at the 
end we shall, in virtue of the linearity of the differential 
equations, reject the imaginary parts of the various expressions 
found for the electromagnetic forces. 

Pie. i. 

Bou j G 

"s2xp 927d0 

W ave-surface near axis. 

The operators vy and d/dt when the above expression is the — 
operand are equivalent to multipliers —wpd and wp respec- 
tively, hence the vector differential equation satisfied by o 

* Cf. Basset, ‘ Treatise on Physical Optics,’ p. 394. 
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reduces to 

B+EV.AVA(hutopeVry)=0, . . « (2) 

or, writing per,=y and expanding, 

B+ (dutoVyu)=rASA(Gut+oVyp). 

The scalar differential equation satisfied by o reduces to 
SAw=0. Writing 

oe = ge t+adPu + PSap, 
a perfectly general form of the self-conjugate function ¢$, we 
have 

1 : 
RI (2 ty e+ aSBn + ASau+oVew. - (3) 

Operating by V.A() this becomes 

i 
(5 +9) VaAw+ ViaSBu+ VAPSan+ oVAV y=), 

or, remembering that SAw=0, 

= +9)M + VrAaShut VrABSaut+ ouSyrA=0, 

Now we have identically 

pSaBr= VBrASap + VrAaSBut VaBSru, 

where in our case the last term vanishes. 
Eliminating the term VA@Szu by means of this equation 

the previous one becomes on rearrangement 

2VarSBu= (= +9) —pSaBr+ opSynr. 

Multiplying by Vaa and into yp, this gives 

HI Var. [(S ty )A—SaBr-+oSya I, 

\ V. a (ss i ‘) Vat—aSaBrtaoSyr]. (4) 

From the symmetry of (3) in 2 and @ we can at once write 

wiV.a[ (Js +a)VAX+AS28.+20Syr]. (5) 
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Hence \ and the two vectors in [ ] are coplanar, so that 

] 1 S) le +9) Var— a( Saf8r— wr) |[( + g VE 

+ B(SaBr+ oS) | ==(): 

Expanding and dividing by —Sad, the imaginary parts 
vanish, and we have 

1 2 i 9 (5 +9) v8 +98. VaXN OAT A ae 

Solving this quadratic, 

i} raacrAseast Hitech a A a 
ye tI= {S.VarVBA + VVcX.V2BA—D20*yAF/A2, (6) 

the equation of the index-surface. The right-hand side is 
independent of the tensor of ), and the equation gives the 
length of the radius vector in terms of its direction. Since 
d? is negative, the quantity under the radical sign is always 
positive, and cannot in general vanish. 

Thus the index-surface consists of two sheets which 
nowhere meet, but only approach each other at the optic 
axes. If y is small the surface there is approximately a 
hyperboloid of two sheets. Near the axis the surface de- 
viates from Fresnel’s surface by small quantities of the first 
order, while at a distance from the axis the deviation is of 
the second order. 

4, The wave-surface is the polar reciprocal of the index- 
surface with respect to a unit sphere about the origin as 
centre. The interesting parts of the surface lie near to the 
optic axes. We can obtain the general shape of the surface 
there by drawing a cross-section of the index-surface by the 
plane containing the optic axes and obtaining the polar re- 
ciprocal of this by construction. ‘This curve is shown in the 
diagram. The cuspidal edge of the wave-surface corresponds 
to inflexions on the outer sheet of the index-surface. If y 
is small, FG and BC are nearly flat and lie close together, 
and the intensity of their illumination is small. If a point- 
source of light exists at one face of a plate cut perpendicular 
to the axis, and the light emerges at the opposite face into an 
isotropic medium of nearly the same refractive index, the 
wave-front is only slightly altered. The parts HF and CD 
with HG and BA approximately belong to a wave that has 
two focal curves, cne a ring, the other a line perpendicular to 
it. On examining the emergent light by a lens, a ring or a 



Polarization in Biavrial Crystals. 265 

bright point on a darker ground will be seen. These pheno- 
mena are seen equally well in the case of a non-rotatory 
biaxial crystal. The parts FG and BC respectively belong 
to waves diverging from and converging to foci. ‘These foci 
probably cannot be observed, on account of their lying on or 
near to the focal lines of the rest of the wave-surface. 

5). In order to investigate the phenomena exhibited by 
plates in convergent light we must find the directions of 
vibration. Dividing (4) by TVa) and (5) by TVA and adding 
we have 

al (5 i pV .\(UVar + UVBA) + Sa8r.(WVar — UVB) 

eoep(UVal+ VGN) a a 
This is of the form +o”, where & and 7 are perpendicular 
vectors which lie in the wave-front and bisect the angle 
between the intersection of the wave-front with planes con- 
taining the normal to the wave-front and either optic axis; 
i. €., © and 7 are what the directions of vibration would be if 
the crystal had uo rotatory power. 

On substituting in (1) and rejecting the imaginary terms, 
we find that o is of the form 

E cos pt +7 sin pt ; 

and hence the simple vibrations are elliptical, £ and 7 being 
parallel and proportional to the axes of the ellipse. Since 
(6) gives two values for A’, there are two such elliptic vibrations. 
Let Tae=a, T@=b, TA=1, and let the angles that \ makes 
with the optic axes be @), @,, and let the angle between the 
planes of Aw and AB be y. Then on substituting for %* from 
(6) the ratio of the axes is 

—abl sin 0; sin 0,+ V (a°b7/? sin? 6, sin? 65+ S?ynr) 
i= ~ 

: SyAv 

for one ellipse, while the ratio, /,, for the other ellipse is ob- 
tained by changing the sign of the radical. Hence /,4,=—1, 
so that the ellipses are similar, but with the corresponding 
axes perpendicular, and are traced out in opposite senses. 
We have 

1, (al? sin? 6, sin’ 6, + S*yr) 

Let D equal the relative retardation of the two waves. 
Then D varies as the difference of the reciprocals of the velo- 
cities, or, with sufficient accuracy, as the difference of the 
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squares of the velocities. Hence, from (6), 

Da /(V?arV7BA—V?S7yr) 

= A /(a7b? sin? 8, sin? 0,+1-2S*yA), . . (8) 

where A varies as the thickness of the plate. Hence 

1 DI D | 
— 0 nt pA aga pp! ee 

6. We can now aoe the whole of Airy’s work on the 
phenomena exhibited by quartz in convergent polarized 
light to this case. In the case of a plate between. crossed 
nicols, the intensity of the light is 

ae) Ah? — 2 4. sin’ 5 ia D3 (; a) sin ay h, 

where w is the angle that the plane of polarization of the 
incident light makes with the bisector of the angle between 
the planes Aw and AG. There are black curves where 
D=2n7; and from (8) these curves are Cassini’s ovals. 

Since the other factor cannot vanish, the brushis not black. 
For minimum brightness we must have sin 2~~=0, which 
gives the same hyperbola that is obtained when the rotatory 
power vanishes. ‘he intensity at the central line of the 
brush is 

4}2 ee SL 

+e" 27 DD? 

by (9), so that the darkness of the brush rapidly increases as 
we pass from the axis. 

For light propagated along an axis, k=1, the separate 
waves are circularly polarized, and the emergent light is 
plane-polarized with, however, a rotation of the plane of 
polarization equal to half the relative retardation. 

If the polarizer and analyser are not crossed, let the angle 
between them be 7/2—0, then the intensity is 

(sin 6 cos D/2— cos @ sin Dj2) 
2k 

1+? 

ar =! sin? (2 — @) sin? D/2. 
Eee 
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There are black dots given by 

r= 0/2 -+n7, 

D 2 
tan ea — tan 2 

at 
— ing 2p. 

Hence as the analyser is turned round, a black dot makes 
its appearance at the axis when @=[)/2, and then divides 
into two which trace out the curve given by the second 
equation. This curve is (wide infra) the Airy’s spiral for the 
case of biaxial crystals. 

If two plates of equal thickness but of opposite rotatory 
powers are superposed between crossed nicols, the intensity 
is proportional to § 

elk") 27 Qi ae Ly? gt x gS ee Pa sin lise =) ia ee® 2y sin 5 sin 2 cos 5 | ; 

and hence, in addition to the ordinary Cassini’s ovals, we have 
the Airy’s spirals given by 

D_1+k Q 
tan it aa tan 2 

D 
— ¢ -, . Sarr vr 5 

or, if we confine our attention to points near the axes, by 

= Oh+ nT. 

To trace the spirals, we draw the Cassini’s ovals first (it is 
convenient to arrange that the lemniscate be included in them) 
and mark the hyperbola which would be the brushes if there 
were no rotation. The spirals are to be drawn so that they 
cross the brushes or ovals only at their intersection, and so 
that the sense of the rotation is the same in the spirals about 
either axis. Near to an axis the spiral resembles one of the 
two perpendicular spirals seen in quartz ; further off the spirals 
envelope both axes. 

7. We can modify the above work so that it applies to 
bodies where the rotation is due to the structure of the mole- 
cules or to their arrangement. For replace Vroc in the first 
equations by Vys. On proceeding to plane waves, y becomes 
—qwpX, and y becomes a vector proportional to X. This makes 
no other change necessary, and we need only replace y in the 
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final result by cA. In this case the forces causing the rota- 
tional phenomena are the same for all directions of propa- 
gation of the wave, but they only produce a visible effect 
(unless ¢ is much larger than one could expect) on waves 
propagated nearly in the directions of the axes. The two axes 
will possess similar properties. If we replace 7) by a linear 
vector function of y, we must replace y by a linear vector 
function of A, say OA, in the final result. The axes will 
now in general have different properties. If Safe and S808 
have opposite signs, the rotations of plane-polarized beams 
proceeding along the axes will be in opposite senses. 

8. We may expect to find phenomena of the kind discussed 
in this paper in biaxial crystals of substances that possess 
rotatory power when in a state of solution. I have examined 
plates of cane-sugar cut perpendicular to an axis and from *4 
to *8 em. thick. The plates were held between two nicols, 
one of which was provided with a graduated circle and index, 
and examined by sodium light without using a converging 
system of lenses (a better arrangement would be—polarizer, 
plate, object-glass of telescope, eyepiece, and analyser, since 
with the thicker plates used the rings are inconveniently 
small when viewed with the naked eve). The brush was 
not black where it passed the axis; but this part of the brush 
could be made black by turning the analyser in one direction, 
while turning it in the opposite direction made this part of 
the brush fainter. The angle of rotation necessary to make 
the brush black at the centre was read off the circle, and the 
rotation per centimetre calculated. The results are, for that 
axis which is approximately perpendicular to the cleavage- 
plane 22°+2° to the left, and for the other axis 64°+ 6° to 
the right. The same coefficient has values 217° for quartz, 
31° for sodium chlorate, and 10°:2 to the right for amorphous 
sugar (by extrapolation from concentrated solutions); so that 
the rotation ohserved for crystallized sugar is more of the 
order of magnitude of that found in crystais than that found 
in amorphous solids or in liquids. In the former case the 
rotation can only be attributed to some spiral arrangement of 
the molecules in the crystal (cf. Reusch’s artificial quartz com- 
posed of films of mica arranged spirally). In the case of the 
sugar crystal this arrangement is unlikely, from the nature of 
the symmetry of the monoclinic system of crystals. A possible 
explanation both of the greater rotatory power of the crystal 
and of the difference of sign in the case of the two axes, is 
that the sugar molecule acts differently on polarized light 
which falls on it in different directions. These differences 
could be seen when the molecules are arranged in an orderly 
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manner ina crystal; but in solution we have to deal with 
the average effect for all possible directions. This average 
will naturally be much less than the maximum value. 

If the plate of sugar is examined by circularly polarized 
light, a single spiral is seen, resembling one of the two seen 
in the corresponding experiment with quartz. With a plate 
‘17 inch thick, cut perpendicularly to the axis with the stronger 
rotatory power, halfa turn of the spiral was seen, resembling 
the written letter c. Witha thicker crystal a complete turn 
was seen. The spiral can be seen equally well in white or in 
monochromatic light. 

The method with a mirror, often used for the obser- 
vation of Airy’s spirals in quartz, is unavailable without 
modification, for, since the sugar crystal is not symmetrical 
about an optic axis, the two rays, before and after reflexion, 
must pass in the same direction through the plate, not merely 
in directions equally inclined to the axis which is under 
observation. This difficulty can be overcome and the spiral 
observed by the following arrangement of apparatus, the 
pieces being named in order from above downwards :—Nicol 
prism with its axis vertical, glass plate inclined to the hori- 
zontal at the polarizing angle, plate of sugar, lens of about 
1 inch focas, horizontal glass mirror with its plane accurately 
passing through the principal focus of the lens. The plate of 
sugar should be approximately at the other principal focus of 
the lens, and the inclined glass plate and the nicol should be 
as close to the plate of sugar as possible. The course of the 
light is the same as in the Norremberg doubler. The spiral 
was seen with perfect distinctness when a plate ‘17 inch thick 
was used. With a thicker plate the spiral was hardly better 
seen, the decrease in apparent size due to the increased thick- 
ness apparently counterbalancing the improvement due to the 
increased rotation. The phenomenon was equally clear in white 
and in monochromatic (sodium) light. The spiral could only 
be seen inside the first ring, and was like a perverted 8. 
Faint brushes commenced at the first ring. 

This method of observation can with “advantage be used 
with quartz also. The lens mentioned above must be replaced 
by one of shorter focus, or by a converging system of lenses, 
and a new lens (or system) must be placed over the quartz. 
The quartz can then be held in the hand and inclined as 
desired in order to see the various parts of the system of 
spirals to the best advantage. 

Sugar crystals are liable to be irregularly crystallized ; in 
the above experiments crystals that did not show the rin gs as 
complete circles in monochromatic light were rejected. 
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Similar experiments were made with Rochelle salt, and the 
spirals observed with a plate 1°75 cm. thick. Monochromatic 
light was found to be essential. The rotation was 12 deg. 
per cm. to the right. The value calculated from the specific 
rotation of a 20-per-cent. solution is 4 deg. per cm. in the 
same sense. On account of the symmetry of the crystal no 
ditference between the two axes is to be expected. 

XXXVI. Lhe Spectra of Hydroaen, and some of its 
Compounds. By Prof. Joon TROWBRIDGE *. 

[Plate VI.] 

i be a late paper t I expressed the conviction that the so- 
called line-spectrum of hydrogen cannot be considered 

apart from the spectrum of water-vapour; and that one can 
never be sure that one is observing, with a condenser discharge, 
a pure spectrum of hydrogen. Iam convinced from further 
experimentation, that this conclusion is correct; and I am 
also led to the conclusion that a certain amount of water- 
vapour is essential in all electrical discharges through gases. 

Just as aqueous vapour seems to play an important réle in 
most chemical reactions, so, it seems to me, its presence in 
rarefied gases, contained in ordinary glass tubes, enables a 
dissociation to take place which determines the strength and 
character of the electrical discharges. 

I am led, moreover, to the conclusion that pure hydrogen 
is a perfect insulator; and that the passage of electricity 
through a gas depends upon the dissociation of the hydrogen 
and oxygen, by means of which change in the distribution of 
energy the gases are made luminous. Before proceeding 
to an account of my experiments, I will state some of the 
grounds upon which I base my kelief that pure hydrogen is 
an insulator of electricity. 

V. Schuman, in an important paper {, has shown that a 
column of pure hydrogen at atmospheric pressure transmits 
the ultra-violet rays as well as the most perfect vacuum he 
has been able to obtain. Now Maxwell’s electromagnetic 
theory of light demands that the space between us and the 
sun, or, in other words, the vacuum of space, should be a 
perfect insulator, otherwise the electromagnetic waves would 
be completely absorbed, and the earth would remain in 
darkness. This observation of Schuman seems to me one 

* Communicated by the Author. 
+ Phil. Mag. Sept. 1990. 
t Ann. der Physik, 1901. 
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of the most important in physical science; for it proves, 
I believe, incontestably that hydrogen cannot be a conductor. 

Professor Dewar has also shown that liquid hydrogen is an 
insulator. The experiment sometimes shown, in which a 
wire, rendered incandescent by a current of electricity and 
surrounded by an atmosphere of carbonic dioxide, is suddenly 
diminished in brilliancy by supplanting this atmosphere by 
one of hydrogen, can be explained, in my opinion, net by the 
better conductibility of hydrogen for heat, but by the in- 
creased resistance of platinum: due to the occlusion of this 
gas by platinum. A palladium wire increases often as much 
as 50 per cent. by the occlusion of hydrogen; and a platinum 
wire also shows a similar increase of resistance. 

The increased length of the electric spark in an atmosphere 
of hydrogen is not due to an increased conductibility, but to 
a dissociation of water-vapour which is analogous to the 
dissociation which takes place in a voltaic cell. 

These are some of the facts which lead me to believe that 
hydrogen is an insulator, and that water-vapour therefore 
plays a controlling part in the passage of electricity through 
gases. 1am conscious that the conclusions in this paper are 
somewhat radical, and I have, therefore, worked assiduously 
during the past three years to test them in ever y way which 
my mind suggested; for it is not probable that many investi- 
gators have at present twenty-thousand storage-cells which 
would enable them to repeat my experiments. The strength 
of currents and the voltage I have employed have certainly 
reached the limit of glass tubes to withstand such powerful 
discharges. he form of tube figured in my previous article* 
is the only one which I have found capable of withstanding 
steady currents of one-tenth to one-fifth of an ampere, and 
instantaneous condenser discharges of many hundred amperes. 

The great advantage of the use of a storage-battery over 
the employment of a Ruhmkorff coil in the study of the 
ionization and molinization of gases is now generally recog- 
nized. ‘lhis advantage is forcibly seen in the first experiment 
which I will bring forward in support of my view of the 
importance of the réle played by water-vapour in the passage 
of electricity through gases. A wide tube, of the type I have 
referred to, the narrow portion being approximately 1 centi- 
metre, was provided with massive copper ring electrodes, 
1 veh. i in outside diameter and one-eighth of an inch thick, 
which were heavily electroplated with copper in order to 
avoid the impurities of commercial copper. The glass tubes 

* Phil. Mag. Sept. 19C0. 

| 

. 
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were then exhausted and filled with hydrogen made by the 
electrolysis of distilled water and phosphoric pentoxide. The 
gas was sent through tubes filled with caustic potash and 
many drying-tubes filled with phosphoric pentoxide. The 
gas was kept in the drying-tubes many hours, and its flow 
was delayed by partitions of glass-wool: more than a litre of 
the gas was used in the process of flushing out the spectrum- 
tubes, so that the entire pump and connecting-tubes were for 
several hours presumably filled with hydrogen gas. 
When the tubes, having been exhausted to the most lumi- 

nous stage, were excited by a condenser-discharge and were 
examined by a straight-vision spectroscope, the ordinary four- 
line spectrum of hydrogen alone seemed to be present. When, 
however, the invisible portion in tke violet was photographed, 
the bands beginning approximately at wave-lengths 3900 
and 4315 were invariably present, unless the tube had been 
maintained, during the process of filling, at a temperature of 
more than 350°C. After such a process of heating the 
spectrum became that represented in fig. 2 (Pl. VI.), while 
before heating it was that shown in fig. 1. In both figures 
the normal spectrum is above the gaseous spectra. Further 
toward the ultra-violet under all conditions there were also 
faint nitrogen bands. Long heating diminished the strength 
of these bands. This process of experimentation shows that 
mere eye-inspection of glass tubes filled with rarefied gases 
is generally fallacious; we might conclude from this eye- 
study that the presence alone of the four-line spectrum of - 
hydrogen denoted that we had this gas in a pure state; 
whereas the photography of the invisible portion would show 
that this was far from the truth. 
When the glass tubes filled with rarefied hydrogen were 

submitted to the influence of a steady current of electricity, 
it was found that perfectly pure copper was deposited in a 
lustrous state on the glass walls of the tube which surrounded 
the negative terminal, while an olive-green oxide of copper 
covered the walls around the positive terminal. When the 
same tube was excited by a Ruhmkorff coil, no difference could 
be detected in the deposits around both terminals: they were 
both rusty-green, with here and there it may be streaks of 
pure copper. ‘Ihe mirrors produced by a strong, steady 
current at the negative terminal were very lustrous, and 
showed no trace of an oxide of copper. It was evident that 
the current had dissociated water-vapour in the presence of 
an excess of hydrogen, and had reduced the copper at the 
negative pole, and had set free oxygen at the positive pole 
which had, in turn, combined with copper. The rarefied gases 
thus acted like a voltaic cell. 
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When we eae the photograph of the discharge repre- 
sented on fig. 1 (PJ. VI.), we see an interesting exhibition of 
ionization and molinization. The hydrocarbon bands at wave- 
length 4315 show a series gradually decreasing in length of 
waves; while another band, beginning at wave-length 3900, 
due probably to water-vapour, “shows a series increasing 1n 
length of waves. It would seem that the carbon in one case 
endeavoured to throw off the hydrogen from the hydrocarbon 
molecule ; and in the other case the hydrogen became loaded 
with oxygen molecules. ‘This to and fro ionization and 
molinization continues until the oxide of copper at the posi- 
tive terminal has taken up a large share of the oxygen of the 
water-vapour present. ‘There is thus a critical point in the 
tube at which a sudden increase of resistance takes place. 
It is possible to exhaust glass tubes to such a degree by the 
mere passage of a strong steady current, that w-rays begin 
to manifest themselves. 

When a similar tube, filled with hydrogen with great care, 
and prepared by long heating at a temperature a little below 
500° C., is submitted to electrical discharges, the water- 
vapour bands become far less pronounced, and the hydro- 
carbon band at wave-length 4315 entirely disappears ; while 
the light of the tube greatly diminishes in brilliancy. The 
hy drocarbon or eyanogen band at wave-length 3884 is 
present in all the tubes T have employed, and with all gases I 
have submitted to these strong discharges. Strong heating 
does not cause it to disappear, ‘and it seems to be due to car- 
bonaceous matter introduced into the tubes, probably in 
the process of blowing ; for I cannot trace it to impurities 
coming from the pump. Professor Hartley, in a late com- 
munication in ‘ Nature,’ has called attention to the constant 
presence of hydrocarbon spectra in Geissler-tubes. At a 
later point in this paper I shall return to a further study of 
these spectra due to the combination of hydrogen and nitrogen 
with carbon. At present I desire to dwell upon the point i 
wish to make: that all discharges in rarefied gases, contained 
in giass vessels, are conditioned by the amount of water- 
vapour present; and that a steady current passes through a 
gas at comparatively low pressure much in the same manner 
that it does through an electrolyte. 

In an article on the production of the z-rays by a steady 
battery-current*, I dwelt upon the phenomena presented in 
highly rarefied hee. which represent, to my mind, the dis- 
sociation of water-vapour; and | will refer again at this 

* Phil. Mag. July 1900. 

Phil. Mag. 8. 6. Vol. 2. No. 10. Oct. 1903. 2.C 
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point to the phenomena already described. According to 
this hypothesis the rarefied water-vapour is dissociated at the 
surface of the anticathode, which is thus greatly heated ; the 
occluded hydrogen plays a part in this phenomenon. 

The behaviour of large aluminium electrodes in glass vessels 
filled with ammonia-gas is also an interesting example of the 
dissociation of water-vapour. The gas was obtained by 
heating ammonia chloride, passing it over freshly slaked lime 
and through drying-tubes filled with phosphoric pentoxide. 
A sufficient amount of ammonia-gus was thus obtained for the 
purposes of spectrum analysis. | 

When a large condenser charged to a difference of potential 
of twenty thousand volts was discharged through the rarefied. 
ammonia-gas, there being practically no self-induction in the 
circuit, and the main effect therefore was due to the pilot 
discharge, the light of the tube changed from a brilliant white 
to a rosy red, and eye-inspection with a straight-vision spec- 
troscope showed only the line-spectrum of hydrogen. One 
would conclude from this inspection alone that there was pure 
hydrogen in the tube. One might also surmise that the 
oxygen of the water-vapour always present on the walls of the 
glass vessel had combined with the aluminium terminals, 
setting free the hydrogen which then carried the current. 
The pressure, however, in the tube increased : and therefore 
gas must have come from the aluminium. Jn the exhaustion 
of x-ray tubes provided with aluminium cathodes much time 
and long treatment with condenser discharges is necessary to 
drive out the gases from this cathode. The principal gas 
seems, from the experiment with ammonia-gas, to be oxygen. 
The same phenomenon is seenin tubes supplied with magnesium 
terminals, but toa much less extent. It is not seen when the 
terminals are of copper, iron, silver, platinum, or carbon. This 
behaviour of aluminium toward oxygen is very suggestive 
in regard to the ready passage of the x-rays through this 
metal. 

I have been unable, with the conditions under which IJ have 
worked, namely the use of very powerful discharges, to obtain 
the spectra of hydrogen apart from water-vapour and hydro- 
carbons. The study, therefore, of the spectra of hydrogen 
compels one to study carefully the spectra of the hydrocarbons 
and that of cyanogen ; for I am forced to the conclusion that 
the combination of hydrogen with oxygen is a controlling 
factor in all discharges through rarefied gases. ‘The following 
is a preliminary study of some of these compounds, which is 
added at this stage of my inquiry to illustrate this theory. 
When various gases are put in tubes provided with carbon 
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electrodes and these tubes are exhausted to a pressure of from 
one to two millimetres, the resultant spectra are very similar. 
The following gases have been studied in the neighbourhood 
of the great H H lines of the solar spectrum : 

Hvdrogen, 

Oxygen, 
Nitrogen. 

In the hydrogen tube the only lines that appeared in the 
region from 4320 to 3200 were: 

4268 very intense, 
3922 faint. 

The tube was very thoroughly heated while it was being 
exhausted. The above-mentioned lines do not generally 
appear with hydrogen in tubes with metallic electrodes ; but 
with a tube with platinum electrodes, filled with hydrogen, 
and heated for two hours during exhaustion at a temperature 
of 350° C., the same two lines appeared, and in addition the 
following very faint lines: 

3871 
3886 

These same four lines also appear in carbon tubes when 
filled with oxygen. In addition, the following lines are 
present : 

3936 
d971 
4077 

All these lines appear in the nitrogen-tube, and, in addition: 

3883 
3876 
3868 
3856 
3849 
3841 

None of these lines appear in tubes with metallic electrodes 
filled with nitrogen ; and they are, therefore, not nitrogen 
lines. All the lines in the nitrogen-tube are more intense 
than those in the oxygen-tube, and it is possible that with a 
longer exposure these additional lines would come out in the 
oxygen. 

To study the effect of the carbon terminals, the following 
gaseous carbon compounds were put into wide tubes provided 

202 
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with copper terminals and rendered luminous by condenser- 
discharges :-— 

Cyanogen, 
Carbon monoxide, 
Carbon dioxide, 
Acetylene. 

Cyanogen was prepared by heating mercuric cyanide, and_ 
passing the gas over sulphur to remove any traces of mercury- 
vapour. Carbon monoxide was prepared by heating potassium 
oxalate with concentrated sulphuric acid, and passing the gas 
over potassium hydroxide, and collecting over water. Carbon 
dioxide was prepared by treating potassium carbonate with 
dilute sulphuric acid and collecting over water. All of these 
gases were allowed to remain in contact with phosphoric 
pentoxide before introduction into the tubes. 

With acetylene, carbon monoxide, and carbon dioxide, 
condenser-discharges being employed, the results appear to 
be.identical with those obtained with hydrogen in the tube 
with carbon electrodes. With cyanogen, the same lines 
appear ; and, in addition, the bands which are characteristic 
of these gases with continuous currents, which will be described 
later. In general, with condenser-discharges, all these spectra 
are the same; the differences which occasionally appear 
may be due to changes in pressure, time of exposure, &e. 

The line 4268, in “all these cases, 1s by far the most promi- 
nent line present i in the region arched - ; and may be taken as 
characteristic of hy -drogen, oxygen, and nitrogen in tubes 
with carbon terminals, ‘and of gaseous carbon compounds i in 
tubes with metallic terminals. This line does not usually 
appear in hydrogen in tubes with metallic terminals ; ocea- 
sionally it appears very faintly. It appears, however, very 
strongly in a tube provided with platinum terminals which is 
filled with hydrogen and heated for two hours during ex- 
haustion to a temperature of 850°C. The spectrum, in this 
case, appears to be identical with the spectrum of hydrogen 
in a tube provided with carbon terminals. Were it not for 
this fact, it would seem as if this line were due to carbon in 
some form ; but even with this fact, it is possible that there 
was enough foreign carbonaceous matter present in the 
platinum tube to produce the result noted. 

Eder & Valenta * find, among others, the following lines in 
the spectrum of an induction- coil between carbon terminals: 

4268 
og2L 

* Beiblitter, xviii. 1894, p. 753. 



Es sat 

~ 

Hydrogen and some of its Compounds. 3tt 

Apparently these are the same lines found in the tubes 
provided with carbon electrodes; and also in tubes with 
metallic electrodes which are filled with carbon compounds. 
Observed visually, with a straight-vision spectroscope, all the 
above cases appear identical. When, for instance, hydrogen 
was put into the tube with carbon terminals and submitted 
to discharges from an induction-coil, at first the line-spectrum 
of hydrozen appeared. After the discharge had passed for 
some time, this gradually changed into the characteristic 
band-spectrum of carbon. To the eye alone the change was 
equally noticeable; the light being, at first, reddish, and 
then changing to a white. Similar changes were noticed 
when nitrogen and oxygen were used in the carbon tube. 

It seems to me that the following conclusions can be drawn 
provisionally from the above : when various elementary gases 
are introduced into wide tubes with carbon electrodes, and 
exhausted to a pressure of 1-2 mm., and submitted to con- 
denser-discharges, compounds of carbon with the various 
gases are formed. With nitrogen this compound is probably 
cyanogen ; with hydrogen, acetylene ; but when a photo- 
graph of the spectrum in each case is taken, we get not the 
spectrum of the compound nor that of the elementar y gas, 
but a carbon spectrum. This, however, does not mean that 
we get the line-spectrum of elementary carbon; for it is 
certain that there is water-vapour present in the tubes, not- 
withstanding the temperature to which it has been subjected. 
The carbon may then unite with the oxygen of the water- 
vapour, forming either carbon monoxide or dioxide; the 
hydrogen being occluded by the terminals or the glass walls. 

Just as the spectra of gaseous carbon compounds in wide 
tubes with metallic terminals appear identical with the spectra 
ot elementary gases in tubes with carbon electrodes submitted 
to condenser-dischar ges, so we should expect that the spectra 
produced would be the same in the two cases. This is found 
to be true. ‘The general appearance of the photographs 
obtained with continuous currents is very different from those 
obtained with condenser-discharyes. In the former case 
there is a marked band-appearance in addition to a line- 
spectrum. ‘The most prominent of these bands, in the region 
siudied,is the one beginning at 3884, fig. 2 (PI. VI ). With the 
dispersion used this band consists of five prominent lines 
crowding together toward the ultra-violet. A somewhat 
similar band, apparently of six lines, begins at 4216. Another 
band, rather faint, consisting of a large number of fine lines, 
shading off toward the ultra- violet, begins at 4126. The 
bands beginning at 4216 and 3884 appear to be same as the 
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bands which Kayser & Runge* designate respectively as the 
second and third cyanogen bands in the arc-spectrum of 
carbon in air. 

Besides these bands, a number of single lines appear which 
are common to all the gases. Among these, the most promi- 
nent are :— 

3652 
4048 
4080 

4360 

In the tube filled with cyanogen many of the same lines that 
appear in tubes with metallic terminals, filled with nitrogen, 
are present besides the above. This is true to a certain 
extent of the other gases; and it is not surprising, since it 
is to be expected that some atmospheric air is always present 
as an impurity, 

The conclusions to be drawn from these experiments with 
steady currents are similar to those we have deduced from 
condenser-discharges. When elementary gases are introduced 
into tubes with carbon terminals, and exhausted to a pressure 
of 1-2 mm., and are submited to continuous currents, we 
obtain the spectrum of carbon, or some compound of carbon. 
From the above results very little information can be obtained 
as to what this compound is. The same spectrum is obtained 
whatever gas is introduced into the tube; and, moreover, 
this is the same spectrum which is given by gaseous carbon 
compounds in tubes with metallic terminals. What, then, are 
the conclusions to be drawn from the present stage of my 
investigation with gases submitted to powerful electric dis- 
charges? It seems to me that they are as follows :— 

1. Hydrogen is an insulator. 
2. The passage of electricity through hydrogen, nitrogen, 

oxygen, and their gaseous compounds i is conditioned by 
the water-vapour present. 

3. The dissociation of this water-vapour in the case of tubes 
filled apparently with pure hydrogen, under the effect of 
a strong steady current of electricity, shaws an electro- 
lytic action closely analogous to that of the voltaic cell. 
In the case of electrolytic copper terminals in an atmo- 
sphere of hydrogen, pure copper is deposited from the 
negative terminal, and a suboxide of copper at the 
positive terminal. 

4. Under the effect of powerful condenser-discharges, 

* Abhandlungen der Akademie der Wissen. zu Berlin, 1889. 
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oxygen is set free from commercial aluminium and 
magnesium. 

5. Certain carbon bands are always present in glass tubes 
filled with hydrogen, nitrogen, oxygen, and ammonia 
gas, notwithstanding the greatest care which may have 
been taken in submitting them to a high temperature 
during the process of exhausting, when powerful dis- 
charges are employed. 

6. The brilliancy of the light of tubes filled with hydrogen 
diminishes as the process of the dissociation of water- 
vapour goes on and the resistance of the tube increases. 
It is possible to raise such a tube to the w-ray stage from 
a pressure of 1-2 mm. merely by the application of a 
strong steady current. 

. The g-rays excited by the application of a steady 
current are due to the radiations set up by the dissocia- 
tion of highly rarefied water-vapour. 

=] 

Jefferson Physical Laboratory, 
Harvard University, Camb., U.S.A. 

XXXVIITI. On the Complete Emission Function. 
by PB. G. Nurrine*. 

'HE relation between emission, temperature, and wave- 
length, developed theoretically by Wient and by 

Planck t, and empirically by Paschen §, expresses the amount 
of the radiation from a black or perfect radiator, in regions 
of temperature and period in which the emission-period 
function is continuous. Von Kéveslighety || has given a 
function by which the emission of a limited class of substances 
may be represented in the optical region. By means of the 
modern theory of functions, a function more general than 
either may be developed ; expressing the emission of all wave- 
periods, of both complete and partial radiators, as well in the 
lined as in the banded and continuous spectra. The Wien 
formula will be developed by the same method, as a preliminary 
step in the development of the complete function. 

The intensity of the emission from a body, being a function 
of the entirely independent arguments, temperature and 
wave-period, we may construct each function separately and 

* Communicated by the Author. 
+ W. Wien, Wied. Ann. lviii. p. 662 (1896). 
t M. Planck, Berl. Berichte, May 1899. 
§ F. Paschen, Wied. Ann. lviii. p. 491 (1896). 
|| R. v. Koveslighety, dstr. Nachr. No. 2805, exvii. p. 330 (1887) ; 

Math..u. Nat. Berichte Ungarn, xvi. p. 40 (1899) ; Berbl. 1900, p. 1280. 
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then combine them in any manner such that each argument 
shall enter the function of the other as a parameter, without 
affecting its form. Consider first the emission as a function 
of the temperature, the wave-period being a parameter. 
Experimental evidence indicates that this function is finite 
and continuous for all periods and for all substances in all 
conditions, for all values of the argument from zero to 
positive infinity. The only real root of the function is zero. 
The first derivative of the function is always positive and has 
no real roots except zero and infinity, nor has it real maxima 
nor minima, at least when there is no change of chemical 
phase. Neither the function nor its first or second derivatives 
has apparently finite, real roots at temperatures of fusion or 
vaporization. We reject all polygenic and automorphic 
functions, as well as elliptic and circular functions of real or 
complex period, for the function is finite and continuous with 
a derivative, in all finite regions. 

The inverse exponential 

Fig ae Oe og Ls ge 

is a simple function satisfying the above conditions. It is of 
course not the only function satisfy’ ing them, but it is probably 
the simplest in form, and further, it is unrestricted, elastic, and 
easily meets other conditions to ‘be imposed later on. There 
are but few algebraic functions whose only real root is zero 
and whose derivative has no real roots except zero and 
infinity. A limited class of the form 

RAaTyM/A@, 6. 1 2a 
however, do satisfy the conditions, provided 7, and 7, have no 
real roots, m is greater than unity, and the degree of the 
numerator is the same as the degree of the denominator. 
The parameters a and 0 in (1) may be functions of any argu- 
ment whatever except temperature. We do not regard them 
as functions of the temperature, for if we replace either a, 0, 
or T in (1) by f(T), we get an emission which is either not 
zero at zero of temperature, or else has a finite maximum or 
minimum. 

The emission as a function of the period of the emitted 
radiation is a single-valued, continuous function. It has the 
value zero at zero and infinity, and only at these points. For 
a black or perfect radiator, it has a single maximum varying 
with the temperature. lis first derivative has real roots only 
at zero, infinity, and one finite point. -The inverse exponential 
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is probably the simplest and most general function satisfying 
these conditions. In this function, (7) must have no real 
root unless it be zero, and its derivative none except perhaps 
zero and infinity. A class of algebraic functions of the foria 

Heat’ d la) (bol Tha 4.2) 2) Se) 

satisfy the above conditions, provided ¢, and ¢, have no 
real roots and the denominator is of higher degree than the 
numerator. 

For perfect radiators we have then for the complete 
function, combining (1) and (3), 

i 3 
A eB I ee 

(7) 
or, combining (2) and (4), 

H=AT"7’f, (T)h1(7)/fo{T) bo(7)- 4 4 a ae 

The combination of (2) with (3) does not satisty the con- 
ditions imposed upon (1) and (2). 

Another property of the eimission from a perfect radiator 
shown by a number of investigators* to hold well experi- 
mentally is that the product of the absolute temperature and 
the period of the emission maximum is a constant. Mathe- 
matically this means that the derivative of the emission 
function with respect to the period is expressible as a runction 
of the product period times temperature. ‘This condition 
rules out the combination (1)—(4), determines (7) in (5) to 
be 7”, and simplifies (6) to 

K=AT"?r’/(T)¢, (tT) /b.(7T). as Cee 

Paschen and Lummer and Pringsheim (/. ¢.) found also 
that the emission corresponding to the period of maximum 
emission was proportional to a power of the absolute tempe- 
rature. The condition limits f(T) in (7) toa simple power 
of T which may be included in the factor T”. 

Provided then there are no maxima independent of the 
temperature in the emission spectrum of any body, any 
formula representing the emission is probably included in 
one of the two following forms :— 

eS ee OT es ge 

T or B= AT 2p). peony, aa 

* Uf. Paschen, Sitz. K.A.W. Berlin, April 27, 1899; Iummer & 
Pringsheim, Verh. d. D. Ph. Ges. i. p. 227 (1899); Paschen, Ann. Physik, 
iv. p. 294 (1901). 



382 Prof. P. G. Nutting on the 

The parameters A and n in (8) and the parameter B have 
been limited only to positive real quantities, 6; and d, must 
have no positive real roots, m in (9) is real and positive and 
equal to the degree of dy less the degree of ¢;, and v is less 
than n. Both “tanchions show the logarithmic congruency 
observed by Paschen, and both give Stefan’s law as particular 
cases. Function (8) may be easily identified with the formulas - 
of Wien, Planck, and Paschen. Kéveslighety’s function 

1 pe a ele Gece Waar 

is a particular form of (9). It is, however, not in agreement 
with Stefan’s law; for by it the total radiation—the integral 
of Edt from zero to infinity—is proportional to T instead 
of T*. If we extend d, and d, to include exponential as well 
as algebraic functions, as we may without violating the con- 
ditions imposed, the Wien function (8) becomes a particular 
form of (9), in which n=O and vy is negative, since it is less 
than nm. The emission formula of Weber™%, 

E=Ca-2¢2T- 10102, 

and of W. Michelson f, 
E=CT2?y-8e—-oeT, 

are open to objection, for both give infinite emission at very 
high temperatures, even of waves of long period. Also the 
derivative of each is infinite for T= 0, instead of zero of high 
order as it should be. Michelson’s formula, turther, does not 
give the X,,'l'=const. law now so well established. 

Extension to Partial Radiators. 

In order that the complete emission function may express 
the emission of imperfect radiators, such as quartz, carbon 
dioxide, or sodium vapour, we must impose upon it at least 
two other kinds of emission maxima besides that maximum 
varying inversely as the temperature which it already has. 
The complete function must then contain at least three 
distinct types of emission maxima, namely :— 

I. Maxima which vary in position according to the 
Amax.L=const. law. This constant appears to be different 
for different sources, being about 8 x 10- deg. sec. for black 
or inciosed sources and larger for otherst. This class of 
maxima appears to be characteristic of all substances at 

* Weber, Berl. Sitzb. 11. p. 938 (1888). 
+ W. Michelson, Journ. d. Phys. (2) vi. p. 467 (1887). 
¢ Cf Lummer and Pringsheim, Ver. d. D. Ph. Ges. i. p. 222 (1899) ; 

H. Rubens, Wied. Ann. lxix. p. 580 (1899). 
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low temperatures and for long-period waves at all tem- 
peratures. Paschen (J. c.) has noted the possibility of even 
such partial radiators as glass radiating as a black body at 
very low temperatures. This class of maxima is associated 
with the so-called continuous spectra. 

If. A second class of maxima vary only slightly in position 
as the temperature is changed. These maxima are low and 
broad, but yet sharper and higher than the maxima in the 
spectra of perfect radiators at the same temperature. Such 
maxima we find commonly in the infra-red spectra of the 
erystalline salts, glass, water-vapour, and the like. The 
variation in the position of the emission maximum in the 
carbon-dioxide spectrum has been studied by Paschen*. He 
found the wave-length of the maximum varied about 3 per 
cent. as the temperature was raised from about 600° to 1700° 
absolute. We have not yet been able to study the emission 
maxima of the crystalline salts; but the work of Abramezyk f 
on the radiation trom quartz indicates that we might expect 
such a variation in the maximum. The Kirchhoff law should 
hold in this region for this radiation, and if a plate of quartz 
does not absorb all the radiation emitted by a thinner plate at 
a higher temperature—as observed by Abramezyk—may we 
not most easily account for the fact by supposing that the 
positions of the emission and absorption maxima were different 
at the different temperatures? Whatever it is, the law of the 
variation is probably not a simple one; and this quite agrees 
with the mathematical expression developed later on. 

III. A third class of emission maxima do not vary at all in 
position with the temperature, though in the regions of tem- 
perature and period in which they occur the isochromatic 
emission temperature function is probably the same as that 
which holds for perfect radiators. These maxima are, as a 
rule, narrow and sharp, and the emission in the region in 
which they occur is practically all confined to the maxima 
themselves. The emission at the maxima may be regarded as 
infinite in comparison with the emission at a short distance on 
either side of the maxima. This class of maxima (spectrum 
lines) are associated with high temperatures and snort periods. 
Uhey probably never occur in the same period-region with 
maxima of class°I., at least when the radiator is an element or 
a chemically simple compound and when no chemical change 
occurs. We cannot draw such adistinction between maxima 
of types LI. and ILI., nor is such a distinction drawn mathe- 
matically in the complete function. 

* F. Paschen, Wied. Ann. 1. p. 440 (1893). 
+ Abramezyk, Wied. Ann. Ixiy. p. 647 (1898). 
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Maxima of types II. and III. may be introduced into 
functions (8) and (9) by simply applying to them an inverse , 
algebraic polynomial in 7 as a factor. The real roots of this 
factor would give infinite maxima, independent of the tempe- 
rature of type 1II. And near each i imaginary root would be 
a real maximum, finite and rather broad, of type II]. But 
there area number of conditions to be observed in the insertion 
of these maxima. In the first place, the emission-temperature 
function, which determines the isochromatic curves, must 
remain unaltered in form. Again, if all bodies emit lke 
perfect radiators at low temperatures and long periods, and if 
these period-maxima are all of short period and occur at high 
temperatures, then the complete emission-function must return 
to the original form (8) or (9) for perfect radiators when we 
make these maxima zero in the function. And when we place 
these maxima eyual to zero in the function, the form of the 
function must not depend upon the number of these maxima ; 
so that the polar factor in the complete function must consist 
of a summation of simple factors of similar form, rather than 
a polynomial of high degree. 

Atier unsuccessful trial of many possible polar factors, the 
form 

ga Os ease 
————-9 

was found to be satisfactory. This factor assumes that there 
are p maxima of type Il. and g maxima of type III. We have 
then for our complete function, instead of (8) and (9), 

B= Troe Bets Um 
m=1 Tain, 

i) 6 a 

and 

B= AT p(rT) & He oe a ace b) a 

in which we have written as one . two terms of the polar 
factor above and 6 =¢,/¢z. The logarithmic derivatives of 
(10) and (11) give 

Aq? 
ieee —Birl tn. .. 1 4) %) pe 

and 
Aq? 
Pr PHT —F(rT)—-», e e ° e ° (13) 

considering but a single maximum of each type. In (13) we 
have written F(7T) for +.¢(7T)/¢(tT), remembering that 
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7.¢'(tT) is again a function of the product TT. Maxima of 
type Lil. occur when these derivatives (12) and (13) are 
infinite, 7. e. when t=T,, and the negative sign occurs. For 
maxima of type II., these deriv atives must equal zero : such 
a maximum is obtained by using the positive sign and finding 
the real root of an equation of the third degree in tr. For 
the value 7,=0, (12) and (13) give maxima of type L., 
Tmax.| =const., characteristic of perfect radiators. Also for 
Tm=0, (10) and (11) assume the forms (8) and (9), as they 
should. We may note in passing the coincidence of these 
maxima of the emission-period function with those of the 
reflexion-period and absorption-period functions, and that 
the maxima of the refraction-period and electromagnetic 
rotation-period functions are included among them. 

Function (10) agrees well with the scant data at present 
available on the emission of partial radiators. Using the 
values of the constants n and B determined by Paschen and 
by Lummer and Pr ingsheim, g SIVINE Tm a value corresponding 
to the infra-red, (10) gives a curve closely resembling that 
obtained by Rubens and Aschkinass* for carbon dioxide. 
Two maxima, 7, and 72, of different intensity near together, 
give curves similar to those obtained by Rosenthal t for 
quartz and mica. A number of maxima near together give 
the characteristics of an emission-band. For periods con- 
siderably greater than the greatest maxima of type IT. or III. 
the effect of the presence of the several maxima is vanish ingly 
small, and (10) gives the same emission-curve as (8). Nearer 
the greatest Tn, ‘and within a few octaves of it, the emission 
by (10) i is much less than that given by (8). The detect in 
the Wien-Planck-Paschen formula in ‘this region was noted 
by Rosenthal. On the shorter period side of any maximum 
the emission by (: Q) falls off much more rapidly to a much 
smaller value than is given by (8). Thus, in the region of 
the lined spectra, the ‘radiation is practically all confined to 
the lines themselves. 

The polar maxima, 71, Ta, +++ Tm, May per haps be identified 
with ionic, molecular, oratomic period. Mathematically con- 
sidered, they may be functions of any argument except 
temperature. If we consider them hyperbolic functions of 
the time—that is, consider them damped wave-periods—the 
polar factor vanishes at intervals, and the integrated effect is 
that of a short faint continuous spectrum on either side of the 
spectrum-line. If we consider them functions of the ordinal 
numbers, we obtain a simply related series of lines. They 

* Rubens and Aschkinass, Wied. Ann. lxiv. p. 595 (1898). 
+ Rosenthal, Wied. Ann. Lxviii. p. 796 (1899). 
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are known to be functions of the magnetic field, and the 
effect of the field upon their three space-components is well 
known. 

The constants C,, C.,...C,, determine the relative intensities 
of the maxima but not their form or position, since they do 
not occur in the derivatives of the function. Both the position 
and the form of the finite maxima depend on the values of B 
and n, and the latter at least depends upon the distribution of 
the ionic or molecular periods about the mean. Both these 
parameters appear to be a minimum for perfect radiators. 
B and perhaps n also are functions of the pressure when this 
is variable. 

It is hoped that this rather desultory discussion of the 
critical properties of the complete emission function may prove 
useful and suggestive in the further investigation of the 
emission of partial radiators. It may be indicative of the 
possible great practical value of the discussion of physical 
functions from the standpoint and by the methods of modern 
mathematical function theory. The results obtained are of 
course only tentative at best, and liable to be greatly modified 
by new experimental evidence, yet the same may be said of 
elaborate analytical deductions. 
Berkeley, California, 

April 1901. 

XXXIX. The Spectrum of Cyanogen. 
By Hi, C.C. Baty, F.C. and H. W. Syvuns, Ae 

i bas a recent paper in the Philosophical Magazine on the 
Spectra of Carbon ft, Professor Smithells pointed out 

the desirability of observing the vacuum-tube spectrum of 
cyanogen, with particular reference to the presence or absence 
of the spectra of carbon, inasmuch as their absence would 
materially support the explanation he puts forward as to their 
crigin, namely, that the carbon-oxide spectrum is due to 
carbon dioxide, and the Swan spectrum to carbon monoxide, 
while the line spectrum is due to the element carbon. 

One of us in a previous paper ft, some years back, in dealing 
with the stratification of the electric discharge, described 
experiments which had been made on mixtures of hydrogen 
and carbon dioxide and referred to the spectra seen as those 
of hydrogen and carbon dioxide. This has since been criticised 

* Communicated by the Physical Society : read June 28, 190]. 
+ Phil. Mag. April 1901. 
t Baly, Phil. Mag. xxxy. p. 200 (1895), 
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severely *, because in the general opinion of spectroscopists 
carbon dioxide has no spectrum at all. 
A great number of experiments, however, had been 

previously carried out with a view of obtaining a mixture 
of hydrogen and carbon monoxide, or rather a mixture which 
showed only the Swan spectrum together with that of 
hydrogen. This was found at the time to be impossible, as 
the Swan spectrum was at once changed into the carbon- 
oxide spectrum. 

In order to obtain the Swan spectrum in a pure state, it 
was found necessary to fill a vacuum-tube with pure carbon 
monoxide, using the greatest precautions to eliminate all 
impurities, as the smallest trace of oxygen at once changed 
the spectrum to the carbon-oxide spectrum, which itself was 
‘always obtained when carbon dioxide was used. 

These results were not published at the time as they did 
not actually bear on the work in hand; but in view of Pro- 
fessor Smithells’s recent paper, it seems worth while to 
describe them and others more recently carried out, since 
they support very strongly the view he puts forward. There 
seems, indeed, no room for doubt that the true explanation 
of these spectra is that they are due to carbon monoxide 
and dioxide respectively, but at the same time it is easy to 
see how confusion could arise. In the first place, there is 
the extreme difficulty of obtaining a vacuum-tube containing 
pure carbon monoxide; and in the second place, a very 
small quantity of carbon dioxide in a mixture gives a very 
decided spectrum, and can easily mask that of carbon mon- 
oxide. These two facts can account for all the difficulty 
connected with the vacuum-tube spectra of the gases, because 
under ordinary circumstances carbon monoxide is changed 
so far into carbon dioxide that it shows none, or only very 
little, of the Swan spectrum, but practically entirely the 
carbon-oxide spectrum. Naturally, therefore, the carbon- 
oxide spectrum was attributed to carbon monoxide, 

As Professor Smithells has shown, if proper precautions 
are taken, then carbon monoxide gives the Swan spectrum, 
and when pure only the Swan spectrum. The chief difficulty 
lies in removing all the condensed air from the walls of the 
vacuum-tube, and all the occluded gases from the electrodes. 
This can be done quite easily by exhausting as far as possible, 
keeping the discharge passing and heating the vacuum-tube 
with a Bunsen-burner. The carbon monoxide must be made 
from formic acid and sulphuric acid, and should preferably 

* Kayser, Handbuch der Spectroscopie, p. 198. 
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be let into the vacuum-tube directly from the generating 
apparatus. 

Even with the above precautions, the first ediecue of 
the gas often gives no Swan spectrum; but after re-exhaustion 
and re-admission once or twice more, the Swan spectrum is 
seen unmixed with the carbon-oxide spectr um. This experi- 

ment has been repeated very many times in various ways, 
and with always identically the same result. 

It is interesting also to note that, under certain conditions, 
the carbon monoxide deposits carbon under the influence of 
the discharge ; this is always at once accompanied by a change 
in the spectram to the carbon-oxide spectrum. Again, the 
admission of a small trace of oxygen into a vacuum-tube 
showing the Swan spectrum, instantaneously changes it to 
the carbon-oxide spectrum. ‘These facts are strongly con- 
firmatory of the theory. 

As regards the carbon-oxide spectrum, this is invariably 
obtained when the electric dischar ‘ge is passed through either 
carbon dioxide itself, or a mixture of carbonic oxide and 
oxygen. 

‘As Professor Smithells has pointed out, considerable sup- 
port would be gained to the above view of the ‘arbon spectra, 
if it could be shown thata carbon compound such as cyanogen 
gives no Swan spectrum when under the influence of the 
electric discharge. Smithells was unable to satisty himself 
as regards this, owing to the inherent difficulties in working 
with cyanogen 5 but, by taking similar precautions as were 
described above, we have succeeded in filling vacuum-tubes 
with cyanogen which showed no trace of either of the carbon 
spectra, but only a very beautiful and characteristic cyanogen 
spectrum. in these experiments, the first difficulty to be 
overcome was in connexion with the purity of the cyanogen 
itself. This was overcome as follows :—About half a litre of 
the gas was prepared as pure as possible by heating mercuric 
cyanide, and this was then frozen in a small bulb immersed 
in liquid air. The bulb containing the cyanogen was then 
exhausted as far as possible with a mercury-pump, and the 
liquid air being then removed, the cyanogen was allowed to 
boil off into a gas-holder. A second difficulty was the very 
rapid polymerization to paracyanogen, which takes place when 
the discharge is passed through the gas; this was, however, 
surmounted by allowing a slow stream of cyanogen to flow 
into the vacuum-tube. 

The apparatus used is shown in the figure, where A is the 
tube containing the mercuric cyanide, and Ba mercury g@as- 
holder to which was fitted a reservoir and indiarubber fubing 
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on the tube M, while C is the bulb in which the gas was 
frozen. The gasholder B was provided with a three-way 
stopcock D, one arm of which was connected to the cyanogen- 
supply apparatus, and the other to one end of the vacuum- 
tube HE. The other end of the vacuum-tube was connected 
to the pump through the tap F, and the cyanogen supply 
apparatus was also connected to the pump through the tap G. 

On account of the very rapid deposition of paracyanogen on 
the walls of the vacuum-tube when the discharge is passed 
through cyanogen, it was found impossible to examine the 
spectrum of the discharge in the usual way, as the brown 
deposit became rapidly quite opaque, It was necessary there- 
fore to observe the discharge “end on,” and the tube was 
arranged as shown in the diagram. The electrode I was 
made in the shape of a hollow cylinder of sheet-aluminium, 
which fitted tightly into the tube and enabled the spectrum 
of the negative glow to be examined if desired. Connexion 
was made with I by a platinum wire sealed in at L. The 
other electrode was of aluminium wire of the usual design, 
and was sealed-in at H. Connexion was made with a 
mercury-pump through the tube K, and in this way both 
parts of the apparatus could be separately exhausted. 

The first stage of course was to prepare the pure cyanogen, 
which was carried out as follows:—The gasholder B was 
nearly emptied of mercury, which was run into the reservoir 
and the indiarubber tube tightly clipped. The three-way 
tap D was turned so as to connect the gasholder with the 
cyanogen apparatus, and the whole was exhausted as far as 
possible through the tap G. In this way all the condensed 

Phil. Mog. 8. 6. Vol. 2. No. 10. Oct. 1901. 2D 
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gases were removed from the cyanide of mercury and the 
walls of the gasholder. The tap G was then closed, and the 
cyanide in A strongly heated until sufficient cyanogen had 
collected to fill the gasholder. The bulb C was then immersed 
in liguid air, and all the cyanogen frozen therein ; the tap 
G being then again opened, any gas left unliquefied was 
pumped away, it being found that the exhaustion could be 
carried very high, as the solid cyanogen has such an extremely 
low vapour-pressure at the temperature of boiling air. ‘The 
tap G was then again closed, and the cyanogen allowed to 
boil back into the gasholder. 

The second stage was to exhaust the vacuum-tube as far as 
possible, with the discharge passing during the whole time, in 
order to remove every trace of gas from all parts of the tube. 
When this process had been effectively carried out, small 
quantities of cyanogen were admitted and pumped out again, 
the spectrum being examined after each admission. At first 
the carbon spectra were seen together with the nitrogen 
spectra, showing undoubtedly that oxidation of the cyanogen 
was taking place. This, however, became less and less 
evident, and finally we were able to obtain a spectrum 
absolutely free from the carbon and nitrogen spectra. The 
spectrum obtained was extremely beautiful, and differs from 
the flame-spectrum of cyanogen. It presents a series of 
equidistant flutings through the whole ot the red and yellow, 
somewhat recalling those of the positive band-spectrum of 
nitrogen. The cyanogen bands are, however, much wider 
than the nitrogen bands, and do not show the characteristic 
break in the orange seen in the nitrogen spectrum. The 
flutings under higher dispersion are of course split into series 
of very fine lines. 

The polymerization of the cyanogen was so rapid as only to 
allow the observations to last a few seconds after the admission 
of the gas. We succeeded, however, in overcoming this 
difficulty by allowing a constant slow stream of cyanogen to 
pass into the tube, and in this way were able to take careful 
observations. That the brown deposit on the vacuum-tube 
is paracyanogen, can easily be proved by its volatility at a 
high temperature. 

It is worth while also to point out, that the admission of 
oxygen or air into the vacuum-tube during the experiments 
was at once attended by the appearance of the carbon spectra. 

In conclusion, these experiments tend to prove that 
(Ist) The Swan spectrum is not produced by a carbon 

ccmpound which does not contain oxygen; whence 
it follows that 
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(2nd) The Swan spectrum is that of an oxide of carbon as it 
is only produced by carbon monoxide; and as this 
spectrum is changed at once into the carbon-oxide. 
spectrum by admission of oxygen or by intense electric 
discharge, and, further, as the carbon-oxide spectrum 
is invariably given by carbon dioxide, there can be no 
doubt that 

(3rd) The Swan spectrum is that of carbon monoxide, and the 
carbon oxide spectrum that of carbon dioxide. 

We wish to express our indebtedness to Professor Ramsay 
for the great interest he has taken in the experiments. 

Epedtr oscopic Laboratory, 
University College, London, June 1901. /y Zz 
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XL. The Transmission of the Emanations of Phosphorus 
through Air and other Media.—IIl. By C. Barus*. 

L. abe experiments of the present paper are made with 
an electrical method. They relate to the apparent 

decay of the ionization produced by phosphorus, in the lapse 
of time, for fixed distances apart of the condenser-plates ; to 
the transmission of the ionization through layers of air and 
other media and barriers. They are thus preliminary to the 
subsequent experiments, in which the condenser and the 
colour-tube are combined and the coincident effects inter- 
preted. I hope, moreover, to decide whether a form of 
radiation from phosphorus is presumable, or whether the case 
is merely that of an ionized gas exhaled by the slowly 
oxidizing body. I shall venture to treat the results in a 
simple and direct manner, in order to present them more con- 
sistently with my earlier paperst on the same subject, in 
which the attempt was made to arrive at the ion velocity of 
the phosphorus emanation by a non-electrical method, and 
therefore in the absence of an electrical field. Finally, I 
want in particular to ascertain whether, by giving less promi- 
nence to the decay of ions by mutual destruction within the 
element of volume, or otherwise, the phenomena may not be 
reasonably explained. 

* Communicated by the Author. 
T ‘Science, xi. p. 201 (1900) ; xiii. p. 501 (1901) ; Physical Review, x 

p. 257 (1900) ; and the current numbers of this Magazine. The ionization 
of the phosphor us emanation was known to Matteuci, and has been studied 
since by Neccari. It was rediscovered by Bidwell (° ‘Nature,’ Dec., p. 212, 
1893). Cf. ‘Nature,’ ly. pp. 6, 125, 155 (1897) ; also xlix. p. 363 (1894). 
I believe to have been the first to Hes out its remarkable activity in 
ee condensation, and the substance is specially interesting to me 
ecause of this proper ty. Cf. Bulletin N>. 12, U.S. Weather Bureau, 

Washington, 1895, 
2D2 



392 Prof. C. Barus on the Transmission of the 

2. To turn first to the behaviour of phesphorus in contri- 
buting in the lapse of time to the discharge of a simple air- 
sondenser whose plates are at fixed distances apart, the 
following experiments were made. . In fig. 1, B, is a water- 
battery of 48 volts, permanently charging the quadrants of 
an Elliott electrometer, one of which is always earthed and 
controlled by the switch 8. B, is a storage-battery (20 cells 
suffice), one pole of which is kept earthed as determined by 
the switch §,, to be closed momentarily on charging. The 
other terminal charges the two condensers in parallel, M, N 
in the electrometer, and UC, P for the ionization experiment. 
The plates M and P are also permanently earthed. N com- 
municates in the usual way with the needle of the electrometer, 
which is thus at the same potential as the plate C. Pisa 
phosphorus grid, consisting of two sheets of wire-gauze placed 
close together facing each other, so that between them disks 
of phosphorus may be secured. As the air has free access to 
P on all sides, the medium between Cand P is heavily charged 
with phosphorus “dust.” The essential precautions to be 
observed in work of this kind have been given elsewhere. 
Barriers are placed for examination between C and P, quite 
out of contact with the former plate. 

The arrangement of condenser selected is thus essentially 
one in which the air at P is saturated with phosphorus 
emanation at all times. On passing from P to C this satura- 
tion is reduced, depending on the distance apart of the plates. 
The actual form of the condenser is shown in fig. 2, where 
B is a hard rubber base on which the. plates C, P are sup- 
ported on metallic feet at a distance # apart. They are 
secured by spring terminals, a, b, adjusted by clamp-screws. 
The charging key has been drawn in diagram in fig. 1, 
where a, ) are parallel insulated metallic rods, trunnioned at 
c. d, and there put to earth and connected with the condensers 
respectively. ‘The terminals of the charging circuit are e and 

f. The levers are either top-heavy or controlled by springs 
to the effect that contact with one side or the other is always 
made, unless broken by special adjustment. It is frequently 
ditficult to keep these keys free from leakage, so that simple 
devices are sometimes to be preferred. 

3. The computation of the present results of discharge may 
be made in the usual way. The curves are obviously nearly 
exponential. In other words, initially —dV=cVdt, dV being 
the loss of potential in the time dt when the potential- 
difference of the plates is V, and ¢ being a constant. Thus 
cV is proportional to the current flowing between the plates 
and V=V,c-*. The constant c occurring in this equation has 
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for the present either the meaning of —(dV/dt)/V or 
— (dQ/dt)/Q, where Q is the charge of the one condenser- 
plate, the other being kept at zero. The justification of this 
equation is at hand. Let n be the number of ions available, 
e the average charge of each, U their relative velocity, x 
the distance apart of the condenser-plates of area A for the 
potential-difference V. Then 

—(dQ/dt) =U(V/x)Ane= —C(dV/dt), 
where C is the capacity of the condensers conjointly, (dQ/dt) 
being the current. It will be convenient to express the 
data in terms of common logarithms, wheretore 

c!= —log e(dV/dt)/V will be given, and V=V,10-“4 

4, The first question at issue is the behaviour ef phosphorus 
itself’, the object being to throw light on its persistence as an 
lonizing agent in the lapse of time (ageing), change of tem- 
perature, &c. The following tables show results. The leakage 
of the condenser was observed in the lapse of time, the apparatus 
being charged at successive intervals, but not otherwise 
interfered with. The constant c’ (varying with n the number 
of ions per cubic centim.) was found for each two minutes 
after charging. Plate-distances of 1 and 3 centims. occur. 
The data are summarized for the three series of results in 
hand. The limit of sensitiveness of the electrometer was 
about equivalent to dc’=:002. The largest values of ¢’ 
observed were of the order of °500. 

Tas _eE I.— Persistence of the Ionizing Activity of Phosphorus, 
in lapse of time. 

In 10=—(dV/V)/V. 

ianea| Thneot | ¢3¢168, kanes! S| ict: cange:| Tame of fa yet 
te obs. oe ; as obs. 

ems) an em he eam: em. ho am 
La) O20) 390 5) (os) 95 3 2 45 81 

26 390 58 83 56 78 

37 370 22. al 66 i ee 86 

47 340 30 96 48 78 

60 300 40 80 aa Uc) 78 

Th 28 340 57 93 46 70 

ADiae 330 5 23 80 
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The first of these series shows a decrease of conduction 
from °39 to ‘33 within two hours, such as would naturally be 
associated with the waning ionizing power of phosphorus. 
The succeeding series show similar fluctuations, but the con- 
duction of the condenser is retained intact after 2 or even 
3 hours of exposure. It is improbable, therefore, that the 
number of ions (¢’ ==nUe(A/Czx)log ¢) is supplied at a diminish- 
ing rate in the lapse of time by the phosphorus ; it is much 
more probable that fluctuations of temperature and like inci- 
dental causes account for the difference. In the first series 
the decrease of cis most marked, being ‘0007 per minute, 
while the value ‘0009 occurs in instances below. Thus in 
the 15 minutes or less (usually less than 5 minutes) which 
outlasts the time of a single series of observations, appreciable 
diminution of the ionizing potency of the source cannot be 
inferred. 

5. The effect to be ascribed to temperature is much more 
serious. I made the following observations with the same 
condenser, endeavouring to obtain the temperature discrepancy 
by varying the temperature of the room. The observations 
for c’ were completed in the usual way, all being satisfactory. 
Unfortunately the temperature of the air between the plates 
is not identical with the superficial temperature of the phos- 
phorus itself, and it is upon the latter that the ionizing effect 
depends. Hence the data, some of which are constructed in 
the curve (fig. 4), often show curious lag phenomena. The 
observations are difficult, as drafts of air if but slightly too 
warm are liable to kindle the phosphorus. Different parts of 
the grid often respond unequally. Ina cold room (about 9°) , 
phosphorus is nearly inert. It then rises rapidly to the large 
ionizing value between 20° and 80°, but experiments like the 
present merely emphasize the need of a room of constant 
temperature. The relation itself is elusive and yet to be 
found. 

6. After these preliminaries the leakage of the condenser, 
in the course of time, when the air-space is ionized by 
phosphorus, is next to be considered. The method was 
essentially like the preceding, except that longer intervals of 
time were given to each set of observations. Table II. shows 
the leakage through the condenser ©, P (fig. 2) when the 
plates are 4 centims. apart, a relatively large distance. The 
exponential character of the law is clear, but the leakage 
is throughout faster than can be reproduced by a simple 
geometric progression. This might plausibly be ascribed to 
the waning activity of the phosphorus itself, for c’ is necessarily 
a quantity decreasing in the lapse of time with n the number 
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of particles per cub. centim. supplied. Compatibly with the 
direct experiments just discussed, however, the cause is 
probably incidental. 

Prof. C. Barus on the Transmission of the 

TaBeE IT. 

Leakage due to Phosphorus Hmanation. V=V,)10~%. 

: Dis- se. Observed | Computed 
Absorbent tance Potential | Potential c. 
Medium, apart.| Date i Difference. | Difference. 

Air. Gino alan yah ea volts. ‘U007 
47 TO 0 0 40:0 

10 10 39°0 

15 15 ° 39°0 

20 | 20 386 
volts. 

Air saturated A Oe 27 0 39 39 0360 

uae ees Scala eo = 
29 2 32 30 

30 S 29 31 

3l 4 27 28 

32 5 25 26 

393 6 23 24 

34 Tf 21 22 

35 8 20 20 

36 9 19 19 

37 10 17 ae ANE: 

sey la 16 16 

39 12 16 15 

40} 138 ites 13 

46) 19 13 

51 | 24 13 

57 | 380 9 

7. I come now to the main purpose of the present paper, 
namely, to find and to explain the decrease of the leakage ¢’ 
of the condenser, when the plates are separated. This is 
equivalent to finding the change of n the number of particles 
per cubic centim. with the distance between the condenser- 
plates. The farther away the ions move normally from the 
condenser-plate the fewer will have survived, whether this 
be due to mutual destruction or other decay, or to the escape 
of particles laterally out of the condenser. 
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Table III. gives the distance apart, w, of the condenser- 
plates, the current time (date), and the constant c’ is computed 
from V=V,10—“, for the time, ¢, given in minutes. The 
values of V and ¢ themselves are suppressed for brevity. 

TABLE ITI. 

Transmission of the Phosphorus Emanation in Air. Summary. 
c =c log e= —(dV/dt)/V In 10. 

c'’, cotempo- 
Distance | yroan Time. | ¢ Computed | raneous is a connected 
apart, x. directly. values for 

a ey, 

em. h m 
ag it 18 ‘200 “200 “200 

57 22 025 "196 024 

2°5 32 *120 "187 "128 

115 43 ‘002 178 ‘002 

18 12 3 "130 "160 "162 

37 14 ‘033 150 "044 

17 25 "140 "140 ‘200 

* Time correction made lineariy. At x=1'7 cm., the value of c’ fell from 
20 to ‘14 in 67 minutes, 7. ¢., COY per minute. This result is referred to 
above in relation to Table I., § 4. 

It will be noticed, however, that the value of ¢ at e=1°7 
centim. has fallen off considerably during the course of the 
experiment. Its probable value at the successive times and 
e=1°7 is given under c!. For any values of x, the observed 
value, c’,is to be referred to the value c’ (v=1°'7 centim.), 
corrected for the apparent decreased intensity of the phos- 
phoric ionization above referred to. 

8. It will be seen in my next paper that the current 
removes a relatively insignificant number of particles. Hence 
in the condenser (fig. 2) the loss of ions is due either to their 
mutual destruction or decay in the space w between the plates, 
or to their escape laterally out of this space into the sur- 
rounding atmosphere. 

Let » be the number of particles per cubic centim. at a 
distance « from the phosphorus grid P (fig. 2). Let A be 
the area of the condenser of air-space x, and let ax be the 
circumferential area terminating in the edges of the condenser 
(mantel of the cylinder of air). Let k be the (absorption) 
velocity of the ions in the absence of an electric field, when 
passing from a nearly saturated region either into free air, 
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or normally to an absorbing surface. Thus k is the number 
Jost under these conditions per square centim. per second 
when n=l. Let k' n? be the number decaying per cubic 
centim. per second. Then the accumulation in the air-plate 
Adz will be per second, —(dn/dx)Akde—ankdz ; the decay 
in the element will be per second k’n*Adz; and when the 
flow is stationary dn/dt=( ; whence —(dn/dx)=an/A+ k'n?/k. 
If n, be the value of n at x=0, the position of the phos- 
phorus plate, P, this equation admits of integration in finite 
form leading to n/n,= (a/A)/(a/A+n,k'/k) (e/A—n,k'/k). If 
k'=0, the decay within the element is ignored and the 
equation takes the simple form n,=ne7/4, which is specially 
interesting as 7 1s independent of the absorption velocity also, 
depending for a given n and w merely on the circumferential 
area, ax, and the base area A of the cylinder of air-space 
between the plates. 

Thus far no reference has been made to the electric field. 
With the velocity £, moreover, it would not be practicable to 
approach the question of electric conduction at once, for the 
other variables n and e remain undetermined. If n were 
found by Aitken’s method of nuclear condensation, e would 
then be deducible by inferences presently to be indicated ; 
but thus far I have not done this. 

9. Suppose, however, in order to estimate in how far the 
present argument 1s tenable, that the number n=n (/ee/4 just 
found is a correct value: the question is put whether this 
value is in reasonable numerical accord with the usual theory 
of electrolytic conduction. In other words, let the condenser 
be charged, remembering that the additional contribution of 
ions from this cause ls insignificant. Let V be the potential- 
difference at the time ¢. ‘hen, if C is the effective capacity 
of the condenser, U the relative velocity of the ions to each 
other, e the charge of each, 

— (dV /dt)=AU Vne/Cx=AU Vn,e/Caxer/4 
when the above value of n is inserted. 
Now in the data of Table ILI. the leakage of the condenser 

was computed as V=V,10-°’, which when substituted in the 
last equation gives on reduction c'=(AUn,e/Cln10) (1/ae/) , 
remembering that c' refers to minutes. 

This equation may now be tested with the corrected values 
(corrected for loss of potency of the ionizer in tbe lapse of 
time) of c’ in Table III. as related to x the distance apart of 
the plates. These computations are made in the following 
table by choosing the constant K=AUn,e/Cln10 so that the 
first observations (c'="200 and «=1°7) coincide. There is 
no smoothing. j 
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TABLE IV. 

Valueof K=AUn loo e/O;- c=K/ae™; 

—(dV/dt) log e«/V=d. 

: Observed 
Plates. a tee leakage per Computed K. 

apart, &. ; : C. 
nunute, ¢. 

em 
A=132 em.? 1 | “200 ‘200 ‘634 

a= 46cm. 18 162 182 

aJA = °35 25 128 “101 

37 044 044 

57 024 ‘013 

11°5 002 ‘001 

The curve so computed is shown on the chart (fig. 5), and 
the observations are inserted with reference to it. It will be 
seen that the coincidence is surprisingly good, lending to the 
new equation deduced a degree of probability, which becomes 
enhanced when viewed in connexion with the similar result 
of my last paper. 

10. It is even possible to make an approach toward com- 
puting the constant n,. If, conformably with ¢, the value of 
K be taken relatively to minutes instead of seconds, the 
equation becomes K=26AUnje/C. Now if the velocity of 
the ions produced by phosphorus is like that of the other 
ases, U is of the order (say) of 1 centim. per second 

(Thomson, Rutherford, Townsend, Chattock), and e of the 
order of 7/10—° electrostatic units or 2°4 x 10—!° coulombs. 
(Thomson). The ratio of areas in my condenser was 35, 
the area A=132 ecm.’, the capacity C, estimated at 60 centims. 
or °7x10-! farads. Finally, the value of K found in the 
last table is K=:634. ‘Thus the initial saturation, or the 
number cf ions 

earn x (Xx 10-1/26 x 132 x 1x 24 x 10-55 & 107. 

Hence if all the ions which reach and are absorbed by the 
condenser-plates actually convey charge, less than 10° and 
more than 10‘ ions per cubic centim. occur in the saturated 
emanation* contiguous to the surface of the phosphorus grid. 

* If the emanation of phosphorus is ionized air, U=1°5, and n,=38°6 
x 10', agreeing very well with J. J. Thomson’s 4X10‘; ef Phil. Mag. 
[5] xlvi. p. 541 (1893). 
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11. If instead of U=1 cm./sec. for the field of 1 volt per 
centim., the absorption velocity found in my preceding paper 
as 3k='9 cm. approximately, were taken, the number 2, 
would be of about the same order. In such a case, however, 
from the implied absence of an electric field, a special 
mechanism of electrolysis is in question. The following is 
the point of view taken :— 

Let & (replacing 3h) be the ion velocity of the phosphoric 
dust particle, normally to a charged wall, A. The prism of 
charged air (fig. 3) which reaches A will, for any appreciable 
length in the direction of k, be at an average potential zero, 
and its successive layers will on the average show no charge, 
although saturated with the ionized agency stated. Con- 
sidered non-statistically, however, the individual sections at 
molecular distances apart must convey immensely different 
charges successively, the distribution of charge or of potential 
on successive sections following a law something like Maxwell’s 
for instance, in the kinetic theory of gases. ‘l'o deal with the 
problem in this broad form would make it needlessly cumber- 
some, without conducing to the present purposes. It seems 
possible to obviate the question of distribution somewhat as 
follows :— 

Suppose the distribution of potential in the direction & 
is enormously variable, as compared with the potential of A, 
in such a way as to give preference neither to positive nor 
to negative values. A will lose charge if its potential is 
instantaneously greater than that of the section which meets 
it ; it will receive charge in the opposite case. A at potential 
zero neither receives nor loses charge, since the number of 
sections reaching A carry equal and opposed charges in like 
distribution. If the charge on A is positive, there must be 
fewer layers which impart charge to A, and more layers 
which withdraw it, than in the preceding case, since the 
average charge on the layers is still zero. Hence A will be 
discharged in the lapse of time, and this more rapidly as the 
potential gradient is higher. Precisely the reverse will 
happen if A is negatively charged. Hence to avoid the law 
of distribution specified, [ suppose that the charge per square 
centim. on A is relatively so small, that if it 1s increased n 
times, there will be n times more layers to discharge it under 
like conditions than in the initial case. In other words, I 
regard the charge on A small enough to correspond to a linear 
element of the law of distribution of charges along the length 
of the prism &. The rate of discharge of A is then taken 
proportional to V/a. 

It nis the total number of ions per cubic centim., and e 



E'manations of Phosphorus through Air and other Media. A401 

proportional to the average charge (positive or negative) 
carried by each, Akne is the total quantity of free electricity 
of both kinds promiscuously carried to A per second. Thus 
kne is the equivalent of conductivity. The rate of discharge 
of A is thus —dQ/dt=(V/x)Akne, where the constant of pro- 
portionality is contained in e. The potential of the charged 
plate of area A, the other being earthed, is therefore 
V=V,e A't/Cz in the lapse of time after charging to the 
initial potential V,, C being the capacity of the condenser. 

The conveyance of charge into the ionized region would be 
similarly explained, virtually in the way of Clausius. Through 
any interface in the ionized region, two such prisms may be 
imagined travelling in opposite directions. They travel to 
and from a boundary. The motion of the prism & is an 
abstraction, but if I accentuate it here, I do so because in 
the present investigation with phosphorus it may run closely 
parallel to the actual state of things. When the phosphorus 
grid is placed on a smooth clean surface, the position of the 
disks is soon marked by apparent grease-spots due to deli- 
quescing phosphoric oxide which has diffused across. Virtually 
therefore an outgoing current originating in the phosphorus 
is continually kept up, whether electricity is demonstrably 
conveyed or not. 
To summarize: Instead of operating with the velocity 
U(V/a), I have used the constant absorption-velocity k, found 
in the absence of an electric field*. Thereafter I have 
endeavoured to account for the inevitable factor V/z or 
dV/dx, by associating it with the conditions of discharge of 
the plate A. 

The only other explanation which I can suggest would be 
an hypothesis whereby the ions in certain cases like the 
present are released out of nuclei by the presence of a field. 
In fact this is bluntly about the drift of the computations in 
the above paragraphs, 8 and 9. 

12. The remainder of the paper will be devoted to a number 
of promiscuous experiments. I shall endeavour to ascertain 
whether the ionized particles exhaled by phosphorus are 
accompanied by some form of obscure radiation, or whether 
the reaction is restricted to an oxidation, the products of which 
at first escape in gaseous form. This is best done by placing 
barriers of thin material between the plates of the condenser, 
care being taken to prevent the nuclei from passing around 
the barrier, yet allowing sufficient space for access of air. It 
was my plan to fold sheets box-like around the phosphorus 

* Remembering that / is replaced by 3h if but 1 of all the ions travel 
in a given cardinal direction, ruughly speaking. 
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grid kept at potential zero, so that escape around the edge 
would require a passage of 8 to 10 centims. to reach the other 
plate. This suffices, and the plates may then be placed quite 
closely together on opposite sides of the barrier. Hnergetic 
action is secured at a distance apart of about 1 centim. 

The general result obtained was definitely against any 
obscure radiation (1 omit the data). The emanation passes 
with great difficulty and loss in quasi-gaseous form even 
through very thin porous barriers. Itis stopped by impervious 
media however thin. Oiled tissue-paper cuis off the ions 
unconditionally. Negative leakages are sometimes observed 
with such barriers as celluloid, due no doubt to static charges 
produced by friction. One is also easily misled by conduction. 

13. lt was thought that temperature might possibly have 
some discriminating influence on the charge in relation to its 
tendency to pass through paper. No effect was detected. 
Change of the sign of the charge was without appreciable 
result. 

14. In conclusion, I will briefly advert to a few endeavours 
to detect ionization in other dust-producers. The method 
consists in blowing dust-laden air between the plates of the 
condensers, the current entering the centre of the earthed 
plate and escaping at the edges. Thus 86,000 cubic centims. 
of air bubbled through concentrated sulphuric acid in about 
six minutes, produced an electric leakage equivalent to but 
c'='0005, while the leakage of the condenser before the 
experiment was c’='0010. Hence the effect is increased 
insulation to the exclusion of all ionization. The same air 
current tested in the colour-tube gave an intensely opaque 
field, showing a condensation producing potency of high 
order. 

Ammonie polysulphide tested in like manner gave similarly 
negative results. About 80,000 cubic centims. passed in five 
minutes through the condenser showed no leakage whatever, 
whereas the insulation leakage was originally equivalent to 
c'='0006. In this case, however, the current of mixed gases 
produced only just perceptible darkening of the field of the 
colour-tube, evidencing therefore but shght tendency to pro-. 
duce condensation. The effect of this reagent on the colour- 
tube is in general very fleeting. When evaporating from 
the stopper of a bottle it is very active, but only momentarily, 
as a rule. If, however, the current of air is replaced by a 
current of coal-gas (which is itself somewhat “ dust ”-laden, 
as appears when the test is made with the colour-tube), the 
effect is much more persistent. Indeed, if the air of a large 
room is rendered impure in this way, it reacts on the colour- 
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tube for a longer interval than under any easily producible 
conditions which I have found. The fleeting nuclei from 
ammonium polysulphide seem therefore much more stable 
when preserved out of contact with an oxydizing medium 
like air, and the same is true of sulphuric acid in a measure, 
sand for sulphur itself. 

It should be noticed that coal-gas bearing the condensa- 
tionally active sulphide nuclei stated, is just as inert 
electrically as air. 

I conclude, therefore, that neither Kelvin’s nuclei nor 
Aitken’s “dust” particles have yet been downed by the wily 
ion. I admit that an electric field may sometimes stress ions 
out of them, leaving the nuclei to do the condensation. 
Brown University, Providence, U.S.A. 

XLI. Boltzmann’s Law of Distribution e~*x, and 
van der Waals’ Theorem: By 8. H. Bursury*. 

1 SYSTEM of molecules is in stationary motion within 
a space bounded by elastic walls impermeable to heat 

the mean kinetic energy being for each molecule 3/4h. ‘hen 
the above law asserts that the time during which on the 
average of any very long time their coordinates will le 
within the limits 7... #,+dx, &., or, as we may otherwise 
express it, the chance of their being in that configuration, is 
proportional to e~?’xdo, in which y is the potential of all the 
forces acting on the molecules in that configuration, A is 
constant, and do is the continued product of the differentials 
adady. . « dzn. 

2. I follow in substance the proof given in Boltzmann’s 
Vorlesungen tiber Gas Theorie, Parti. p. 184. It is assumed 
that the chance of the molecules having their coordinates 
within the limits aforesaid, and their velocities within the 
limits wy... uy tduy.'. 2. 6. Wy ss Wnt duty 18 

ee OP). Ae nlily s i AW, 

where A is, omitting numerical factors, a function of the 
Soordinates only, and Q=«-*=+"+~) 4 function of the 
masses and the velocities only. Further, the summation 
includes all molecules. Our placing the coordinates and 
velocities in separate factors follows from, indeed expresses, 
Boltzmann’s fundamental assumption of the independence of 
the molecular velocities, which I have elsewhere called 
assumption A. It is not essential to the proof, as we shall 
see later (art. 17). 

* Communicated by the Author, 
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The question now is what is the form of the function A. 

In stationary motion Ae~*® cannot vary with the time. It 

follows that 
3(F ad du ad 

dt dx + dt du 

with corresponding equations for y, v, and z, w. Also for 

each molecule m 

)Actm*=0, ae 

iss =i, = ea hen? = —2hmue—A2mre, 

and by definition of x 

fla ieee 
dE AA Pie: 

We have then 
aA d ; 

Su(F + 2h A) etm ==(), &e., «ie (2) 

which is satisfied if for each molecule 

diog A Tay 

ie wes 
with corresponding equations for y and z. 

The solution is then A =e~?*x, or, as | shall write it, 

eset ee 
x now denoting for any molecule the potential of all the 
forces acting on that molecule. 

3. These forces may be either external forces, independent 
of the positions of the other molecules, or intermolecular forces. 
With regard to the latter, we must assume, until we can find 
a more excellent way, that the force between two molecules, 
My and mg, is a function of the distance, 7y,, between them, 
and acts in the line 7, so that y is evidently a function of 
the 7’s. In fact we assume here instantaneous action at a 
distance, although in other branches of physics we have 
discarded that assumption. Boltzmann does the same thing 

with his force varying as e 

4. The proof above given applies formally to all forces 
which have a potential y, and therefore to the intermolecular 
as well as to the external forces. As, however, some writers 
hesitate to apply the theorem to intermolecular forces, the 
following considerations may remove a difficulty, though 
in my opinion the proof is complete without them. Suppose 
a single centre of force of mass m’, at first fixed at a/y/2z’, 
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and y to be the potential of the force exerted by it on any 
molecule, and no other forces to act. Then the law applies 
with A=e-™x. Now let m! be set in motion with velocities 

dx! ad / ! 

el a eb 
dt dp. 4 ae 

What is now necessary to make the motion stationary ? 
Let A be a function of 2’ 7 z', as well as of the coordinates 

xyz &c. of the molecules, and let Q be a function of w/v’ w’, 
as well as of the velocities uv w of the molecules. Then 
d 
Bae = 0 leads to 

dA ay. dA dQ dul 
es —* \eha 4 pier rower pate Sache gy) Pao ve ee Eu(5 +2hA TX )c Ce noe )e 2=0), 

We might a= & v', wl ar e might assume ae c., Or u,v,w are constants, 

and 
Q=2m((u—w')? + (v—v')P + (w—w')?), A=e-%x, 

and this is a solution provided that for each molecule 

GAs ox) Ge re 
dx we te dz’? C.5 

that is, provided that A is a function of the coordinates, only 
as they are contained in the 7’s. This solution merely states 
that the motion being stationary with A=e-**« and m fixed, is 
none the less so if m and all the molecules have the common 
velocity u’ v’ w’ in space. It is of no use or interest for us. 

Again, if the velocities u’ v’ w’ are constrained in any 
way, solutions may be devised for the constrained system. 
They do not here concern us. If, however, the motion of m! 
be unconstrained, we have by the law of action and reaction 

du’ dy pee. hoe 

mat da! 

And we now find a solution in the form A=e7**x, and 

Q=Sm(u2 +027 + w?) +m (w? +0? +"). 

That is, we get a solution by making m’ itself a molecule. 
We see then that if one molecule of the system is connected 

with each of the others by intermolecular forces of the kind 
assumed, A=e~2x is a solution. Then it is also a solution 

Phil. Mag. 8. 6. Vol. 2. No. 10. Oct. 1901. 2 E 
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when every molecule is connected with every other by inter- 
molecular forces. 

5. It should be noted, however, that for these inter- 
molecular forces the solution A=e7—?"X is not unique. If the 
motion be stationary with A=e~*%, then it is also stationary 
with A=e~—“Xx f(r), where f(r), or f, denotes any function 
of the r’s only, and of the coordinates as these are involved in 
the 7’s. 

For we have = (A f (r)e-*2) 

Ea Gees aX’ + 
=Ef(rju(F +9hA 3 @ 

+A(u df ee af or) eta 4 &e. 
td tis day : ary. Ope 

=i ru(S +2hA X) ta 

igh EN ae df Ge: Ae ren 

V2 arg "pq "Pq 

all the terms derived from differentiation of f(r) being 
reducible to a sum of pairs of this form. 

Now since A=e-”X by hypothesis makes the motion 
Ugh e e- Uu ie so t 

stationary, it makes every factor of the form -~" ——* zero 
PQ 

onaverage. And therefore it makes (a SF (r)e7"2) zero, and 

so A f(r)—*X is also a solution. In the same way, if Q be 
also a function of the r’s, and of the coordinates only as 
contained in the 7’s, the differentiation for w introduces new 
terms, all of which can be resolved into pairs of the form 

or 

ar pg "9 

which vanish on average. 
6. The proof of our law given in art. 2 is not subject in 

any of its steps to any condition as to the density of the 
system. It may, however, be said that the initial assumption 
of Ae—*®, with the coordinates and velocities in separate 
factors for the law of distribution, is true only fora very rare 
gas, and therefore the theorem, fit depends on that assumption, 
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must be confined to such gases. But this separation of the 
factors is the one thing in the proof that is not essential, as 
will be shown later (art. 17). 

@. The Physical Interpretation of the Law.—Our law 
expresses that the distribution of velocities among the mole- 
cules is independent of the coordinates. This, however, as 
above stated, is assumed but not proved, either at p. 134 of 
the Vorlesungen or anywhere else. It comes out as a result 
at the end of the mathematical process, only because it was 
put in as an axiom at the beginning. 

The law determines a certain distribution of the molecules 
in space, which depends on the nature of the forces acting. 

For external forces it expresses the permanent density in 
different parts of space in stationary motion, as, for instance, 
in a vertical column of air under the constant force g; the 
density at height s varies according to our law as e779, 

So also in case of intermolecular forces the law is a law of 
density, in so far as Sy depends on the density, but in this 
case it is the instantaneous density near any point that is 
indicated. We must now distinguish between two cases. 
Case I., the radius of action of a molecule is greater than 
the distance between it and its nearest neighbours all the 
molecules being uniformly distributed through space. Case 
I1., the radius of action is less than this distance. 

8. In case I. no single molecule, and no group of molecules, 
is ever isolated. Sy isa function of the coordinates of all 
the molecules, but cannot be divided into independent parts, 
each relating to a separate group of molecules. 

About a point P conceive a sphere of radius ¢ described, 
and suppose at a given instantit contains z molecules, n being 
a number which, however great, is small compared with N, 
the number of molecules in the system. And similarly the 
volume of the ¢ sphere is small compared with the whole 
space. The potential now consists of (1) x, the mutual 
potential of the x molecules, (2) =x’, the potential of mutual 
action between them and the molecules outside of the ¢ sphere, 
and (3) x”, the potential of these external molecules ¢nter se. 
dy’ is then a function of (cater alia) the coordinates of the 
n molecules within the ¢ sphere. As the radius c becomes 
very much greater than the radius of action, e—?)=X becomes 
a much more important factor than e—"=X', but we cannot 
generally assert that the chance of any configuration of the n 
molecules depends on Xy only. 

9. Case IL. is usually known as that of binary encounters. 
In that case, of the n molecules within the sphere of radius ¢, 
only very few pairs are at any on in encounter. And we 

2H 2 
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neglect the rare cases in which a molecule is in encounter 
with several others simultaneously. For two molecules in 
encounter the mutual potential may at any instant have a 
greater value, say x, or a less value, say y». And our law 
asserts ¢hat x» is more probable than X, in the finite ratio 
e#(xa-Xs). But this result tells us little concerning the 

distribution of the molecules in space. 
Let us, however, form a second sphere of radius ¢ not 

intersecting the first, and let there be at the given instant 7, 
molecules in the first, and n, in the second, ¢ sphere, with 
nm +n=2n. The chance of any given configuration of the 
2n molecules in the two spheres is proportional to 

e "M214 2X) do deo, 

in whieh x, and do, relate to the first, and y, and do, to the 
second sphere. There exists generally an infinite number of 
ways in which n, molecules may be distributed through the 
first sphere, but in order to see the effect of our law let us 
suppose it to be a finite number of ways. That is, suppose 
the volume of the sphere c to be divided into 8 equal spaces, 
S being much greater than 2n, and each space is either 
vacant or contains one of the n, molecules. Were it not for 
our law, all distributions of the n, molecules among the 
S spaces would be equally probable. But in every such 
distribution some pairs of molecules are, let us say, in ad- 
joining spaces, and have sensible mutual potential, but if not in 
adjoining spaces, they have zero potential. In some distri- 
butions there are more, in others fewer of these mutually 
acting pairs. Therefore in some distributions 2y, is greater, 
in others less. And therefore by force of our law some 
distributions are more probable than others. 

If with S constant , increases, the number of pairs of the 
mn, molecules which are near enough to each other to have 
sensible mutual potential increases in greater proportion than 
m1, increases in fact approximately as 7,”, so that, with 
repulsive forces, the mean value of xy, may be written 

Dye and similarly Syo=kn,?, where & is a positive 
constant. Therefore the chance of the 2n molecules being 
distributed between the two c spheres, n; to the first and zz 
to the second, varies as e—?*(m?+72"), It has therefore its 
greatest value when n;=n,=n; and the greater the differ- 
ence 2;~7N», the less generally is the chance. Of two assigned 
distributions, the more uniform distribution is more probable 
than the less in a certain finite ratio. 

10. We see then that our law in case of binary encounters 
with repulsive forces makes indeed for uniform density, but 
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does not produce complete uniformity, because, although the 
more uniform distribution is more probable than the less, yet 
(h being finite) it is more probable only in a finite ratio of 
the form ¢~2&X-X”, (The case of infinite 2 is the case of 
statical equilibrium.) Therefore in stationary motion the 
density is not, and does not tend to become, uniform, because 
all the non-uniform distributions continue for all time to 
oceur, each with its appropriate frequency as given by the 
law. 

11. In the general case where there are many molecules 
within the sphere of action of any one molecule, the same 
reasoning pppltes mutatis mutandis. As the difference ny~nz 
increases, the value of Yy,;+ 2» for repulsive forces increases 
on average, and therefore the probability e—**@%1+=Xa) dimin- 
ishes. So that with repulsive forces, of two distributions of 
2n molecules through two equal portions of space, that in 
which each portion contains n molecules is more probable in 
a finite ratio than the less uniform distribution. In this 
general case, as in that of binary encounters, our law makes 
(the forces being repulsive) for uniformity of density. But 
except in the case mentiuned below (art. 12), it is incom- 
patible with complete uniformity, because all the non-uniform 
distributions continue for all time to occur, each with its 
approximate frequency, as given by the law. 

{f, on the other hand, the intermolecular forces be wholly 
attractive, the more uniform distribution is generally one of 
higher potential than the less, and therefore the less probable 
of the two; and the completely uniform distribution, in 
which the density is the same throughout, being one of 
maximum potential, is according to our law less probable 
than any other distribution. 

12. These inequalities ot density must exist in all substances 
to which the law e~?"* is applicable. If in any case they can 
be proved not to exist, then for that case the law is not 
applicable. And as a consequence of these inequalities the 
mean potential has in case of repulsive forces a greater value, 
in case of attractive forces a less value, than it would have if 
the distribution were uniform throughout. The same is true 
of the virial of the intermolecular forces. 

It will be said that experiment proves the density to be the 
same for all measurable volumes of gas taken at the same 
level of potential of the external forces. That result is quite 
consistent with what I have said, indeed follows from it. 
For if we compare two equal spaces S and 8’, each of which 
should, according to the average of the whole gas, contain 

So 

n molecules, the chance that at a given instant they shall 
contain respectively n1+q and nl—gq, where 0<g<1, 
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according to the foregoing theory approximately 

e—thn? e—4hn2q? | 

The chance that each shall contain n is 

e—fhn? 

Now if n be great enough, the first of these expressions 
vanishes compared with the second so long as g is appreciable. 
But any quantity of gas which we can measure contains a 
practically infinite number of molecules. We should expect 
then, according to the theory, to find the density the same 
for all measurable quantities of gas taken from the same 
level of potential of external forces. Nevertheless inequalities 
of density if they exist, whether we measure them or not, 
have the physical consequences above mentioned, namely, the 
variation in the values of the mean potential or mean virial, 
We cannot measure the velocity which the Kinetic Theory of 
Gases attributes to a molecule; but we assert notwithstanding 
the physical consequences of it. 

13. In the limiting case, when the density attains its 
utmost possible limit, it may be that any inequalities of 
density, even affecting spaces too small for observation, would 
involye an immense increase of potential, and therefore, 
according to our law, cannot occur. In such a limiting case 
perfectly uniform density may exist notwithstanding, or even 
in consequence of, the law e~7*x, I think, however, that for 
the reason to be given later, the law itself ceases to be valid 
before any such extreme density is attained. It is evident 
also that as h increases, 2. e. temperature diminishes, the 
distribution tends to become more uniform. The opposite 
effect follows from increase of temperature. 

14, As the case of binary encounters approaches the limit- 
ing case of ideal elastic spheres, Jet us consider that case 
separately. There being N elastic spheres of equal mass 
moving in the space 8, “with mean kinetic energy for each 
f= 3/4h, what is the chance that at or near a point P within 
S the density shall at a given instant be p, where p> or 
<N/S? 

At a given instant let all the spheres, except one which we 
will call m, have positions a y; 2... ¢y-1 Yy-1 Zy_y- Let 
mbeat # yz. Then let all the spheres, so placed, have 
velocities distributed at haphazard acccording to the law 
e—h2m(ue+0? +0) with mean kinetic energy T. And in this dis- 
tribution let wv w be the velocities of m. So far as regards 

finite forces, = =0. But wu will change by the collisions of 
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m. Let m undergo its first collision at time ¢ after the given 
instant, and let that change u into ut+twu’. We might then 
calculate the chance of ¢ and w having in that haphazard 
oe given values. And so we could find the mean 

value of a as a function of bi and of the coordinates 

ay, 2, &e., and xyz. And if, — vote 5 so calculated, we 
hehe ae 

make 77 ~ : = is a function of A and of the coordinates 

of all the spheres, including 2 y z. The like is true of 
d d aes 
P and “—. And as itis true of m, so also for every other 

at dt” du dv dw. oat hates 
sphere, the mean values of ae a, this distribu- 

tion are determinate functions of f and the coordinates. 

du dv dw 

an sat? “dé? 

2 y z« which at the instant considered satisfies for every 
molecule the conditions 

With this meaning of — let p be a function of 

dp du 
ot.) | iaeaa lat Be pd 2T ote ma, 

ap Cp de 
ee Tar (ein beni tery Ta 

dp d 9 se ao pees 

at mich att ed 

and i) \p dx dy dz throughout S=N. 
Then p is at the given instant a determinate function of 

LY 2. 
Now let us use the same law of distribution of the co- 

ordinates and veiocities as in Boltzmann’s theorem, namely, 

ee Te) da ts « 02 dy. » ¢ Ai0h, 

In stationary motion we have, as in art. 2, summing for all 
the spheres 

1 ad dud 
St RO fabian ge, —hEmu2 — 

dit dx at 5, )se =, 

and substituting its value for Be 

du (= a 2hA 2 2 a i e). —h>mu. =0, 
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which is satisfied if for each sphere 

log A= — 4hTp=—p, 

or AS=e a ses we 6) See 

Now =p means the sum of the values of p, not for all points 
in space, but for all spheres. And from the formation of p, 
there are more spheres where p is greater. If Sp could be 
represented by an integral it would be, not \\) p du dy dz, 

wen hte) 

but at least approximately \\j p’ dx dy dz, with \\\ pda dy dz= 
constant. 

It follows that of two assigned configurations, that one is: 
more probable for which Xp (¢. e. Ws dx dy dz) is the less, 
but it is more probable only in a finite ratio. 

15. The general result of all the preceding cases is that 
whether the mlecules exert on each other finite forces or are 
conventional e'astic spheres, and in the former case whether 
the encounters are binary or not, and whether the forces are 
attractive or repulsive, the distribution of the molecules in 
space is, and continues to be, irregular. In other words, 
even though there be no external forces, if at any instant a 
sphere of radius ¢ be described about a point P as centre. it 
will not generally contain the same number of molecules 
for all positions of P. Deviations from the mean density 
will occur. And this property will hold in stationary motion 
for all time, although, in the absence of external forces, the 
density on average of time is the same at all points. 

16. These deviations from the mean cancel one another if a 
sufficiently great number of molecules be considered. There- 
fore linear funtions of the densities may not be affected by 
the deviations. But functions which depend on squares or 
higher powers of the density, for instance the potential y or 
the virial U, of intermolecular forces, cannot have in the 
irregular system the same mean value which they would have 
were the distribution uniform. 

Extension of Boltzmann’s Theorem. 
17. The law e~*X is not dependent on the fundamenta] 

assumption A on which Boltzmann bases his theory. I have 
above given the proof substantially in the same form as he 
gives it himself, in which the fundamental assumption is ex- 
pressed by the separation of the factors, A being a function 
of the coordinates only, and ¢~*@=¢—*2mu*+e*+u") a function 
of the velocities only. But the law can be proved in a 
slightly modified form if we employ the more general form 

<, % 
_ ; 
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of Q, namely, 

Q= rm (u? + v? + w?) + 2b, (uit, +r, t+ ww,), 

where 0: is a function of the distance 7;, between the two 
molecules to which 7 and k relate. 

I here reproduce the proof given in Chapter VIII. of my 
Treatise on the Kinetic Theory of Gases. Let D be the 
determinant of the coefficients in Q, that is, let 

2m, bis bi, eee 

D= = bie 2m, bys ee @ 

bis bos 2m; eee 

and let D,, D,. &c. be its first minors. 
For any values of the coordinates, we must have, as in 

Boltzmann's theorem, 

af) a ee ee 

In order that this may be true with my value of Q, A 
must contain 4/D as a factor. I will therefore write A /D 

instead of A. Then 4/D and Q are functions of the coordi- 
nates only as contained in the U’s, that is only as contained in 

du 
the v’s. As before, for each molecule of au, and m7, 

penx &e. But in the present case a is not, as “in 
d du, 

d 
Boltzmann’s case, 2mu,, but a = 2m + bya +b, 3u3 + Ke. 

1 
We find, however, taking mean values, that given w, 
l D 
ee wu, where D,, is the first coaxial minor of D. 
du, Dy 

The proof now differs from Boltzmann’s in that we have to 

differentiate according to 2, not only A but also Q and v D, 
But since Q and YD are functions of the coordinates, only 
as these are contained in the +’s, the terms derived from 

a and ev? can, as in Art. 4, be reduced to pairs each 
dz dx 

containing a factor of the form 
UnVy — Ug? 
f+, and therefore 

"pq 
separately yanish. if the motion be stationary. We have 
then to make 

dlog A D dy eae. 
: Be eo Tages rie 
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whence 
DN ee) RN PML oe gee 

if D/m Dy =“, Ke. 

This differs from Boltzmann’s result by the factor wu in the 
index. If all the molecuies are similar, w is a constant and, 
in the limiting case of an infinitely rare medium, unity. The 
physical result is of the same general character as Boltzmann’s. 
In what follows I shall use Boltzmann’s own form e~*X unless 
my proposed modification of it requires special notice. 

18. I ask now, Is not the law, whether in Boltzmann’s, or 
in the modified for m, the characteristic of gas, as distinguished 
from other states of matter? This question leads to 

Van der Waals’ Theory. 

It may be said that the hypothesis here suggested cannot 
be reconciled with van der Waals’ theor Y) which purports to 
prove the continuity of the gaseous and liquid states. I reply 
that the law e—?'X, and the theory of van der Waals’, though 
both doubtless true, cannot be both true of the same substance 
in the same state. For that van der Waals’ theory is of 
necessity based on assumptions which are inconsistent with 
Boltzmann’s law, whether modified as I propose or not. 

19. In van der Waals’ theory we suppose a gas contained 
in a cylinder, in which works an air-tight piston, and the gas 
is compressed slowly, so that stationary motion is always 
attained. If p be the pressure on the piston, @ the volume 
within the cylinder, Clausius’ equation gives 

poe THU, <2 os) 

where T is the kinetic energy of the gas, U the virial of the 
intermolecular forces, which, for the attractive forces alone sup- 
posed to act, is negative. It is now assumed that the density 
is always the same at every point within the gas, and may, 

therefore, be represented by = Also that the resultant of 

all the intermolecular ae is at any point, not very 
near the boundary, zero. On these assumptions U varies as 

= . Hence is derived the factor (p+ 5 a) i van der Waals 

equation 

(p+ Z\o-arT.  . © 
Now if the law e~**x prevails, this uniform distribution 1s 

impossible, except perhaps in the limiting case considered in 
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art. 13, when the density is so great that no distribution 
except a perfectly uniform distribution can exist without 
making x infinite. In every other case local deviations from 
the mean density must occur. ‘These deviations do not affect 
Clausius’ equation (7), but they do affect the value of U 
(art. 16). As wm changes the law of the deviations changes, 

and therefore U cannot generally vary as x ,. Thedaw é-. 
‘ @ 

and yan der Waals’ formula, each true in its own place, 
cannot coexist. 

In the second factor (w—b) of van der Waals’ formula, 
b denotes the diminution of effective volume due to the 
molecules being elastic spheres. As stated, ante art. 15, the 
collisions of these elastic spheres (if such existed) would 
make for uniformity of distribution, but could not produce 
complete uniformity. In like manner if the molecules be, as 
Boltzmann suggests, centres of repulsive force varying as the 
fifth or other high inverse power of the distance, these re- 
pulsive forces make for uniformity of distribution, but cannot 
produce complete uniformity, The attractive force assumed 
by van der Waals, as the only finite intermolecular force, 
not only does not make for uniformity, but has the opposite 
effect. With attractive forces the perfectly uniform distri- 
bution assumed to exist always and everywhere is (if Boltz- 
mann’s law e~**x applies to the substance in question) the most 
improbable of al] possible distributions. 

20. Boltzmann’s law, then, and van der Waals’ equation 
(8), though both true, are not both true of the same substance 
in the same state. Now Boltzmann’s law is true for gases. 
If van der Waals’ theorem is also true for gases, the term 
gas is ambiguous. It represents two different states sepa- 
rated, at least mathematically, by a sbarp dividing line, on 
one side of which the law e—*"x prevails, on the other van 
der Waals’. 

But Boltzmann’s analysis, involving e~*="“°+"+~) for the 
law of distribution of velocities, admits of no abrupt change. 
There is no point, 7. ¢. no state, at which you can with any 
reason draw the line, and say that the theorem ceases at that 
point to hold. It is true, indeed, that the gas being com- 
pressed at constant temperature, an abrupt change must, from 

physical reasons, take place when v =0, or shortly before 

that point is reached. But the change in question is lique- 
faction. And if the law e~X prevails in all non-liquid 
states, then it would seem that van der Waals’ theory must 
be confined to liquids, if in that case it could exist at all, 
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That is the difficulty. And if Boltzmann’s theory of gases is 
to be taken without modification, I see no mode of escape, 
unless conceivably a gas in Boltzmann’s state (e—?’X), and a 
gas as in van der Waals’ theory, though mathematically dis- 
tinct, and each refusing to recognize the other, may exist 
together in the same room. 

21. If instead of Boltzmann’s e—*2™(*+e°+«*) we use my 
form of ( in e~*8, we have a possible limit at which the 
mathematically abrupt change may take place, namely when 
(J=0, Q passing from positive to negative, as for suitable 
values of temperature and volume it will do. As at constant 
temperature we compress the gas, that change will, or may, 

occur before 7 becomes zero, that is before liquefaction 

begins. There will then remain a certain non-liquid con- 
dition in which the law e—?’X% no longer holds. And in this, 
as well as in the liquid condition, the substance obeys van 
der Waals. The “ zweiphasen Raum” of van der Waals 
and Boltzmann remains with all its properties. 

22. The curve p=/f(@) would, according to this theory, 
have the same general form as it has in Boltzmann’s diagram, 
Vorlesungen, Part ii. p. 45, but the “ schief schraffirt’’. 
portion would be bounded on the right, towards the greater 
volume, by the curve Q=0, instead of by the isotherm of 
critical temperature. 

The difficulty exists independently of my. or any, modifi- 
cation of Boltzmann’s theory. All that my modification does 
is to point out a possible escape from the difficulty. 

Concerning the Partition of Energy. 

23. As local variations of density may exist ina gas though 
we cannot observe them, and may have physical consequences, 
so also molecular streams may exist, though they may affect 
only aggregates of neighbouring molecules too small to be 
detected with the means of observation at our command. 
Their existence is a necessary consequence of the inequalities 
of density, and therefore of the law e—*x, And if such 
streams do exist, then it is not true that molecules of unequal 
masses have equal mean energies of translation. The energy 
which is equally partitioned is not the whole energy of trans- 
lation, but only a certain definite portion of it, as shown in 
my paper on the “ Partition of Energy,” Phil. Mag. December 
1900. 

24, With regard to the energy belonging to other modes: 
of motion, of which I did not treat in my forimer paper, 
Boltzmann, in his Vorlesungen, Part ii., gives his proot of 
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the law of equal partition, agreeing in substance with Maxweil 
and Rayleigh. The law may for these modes of motion be 
true, but I think it is ‘not proved, except by the great per- 
sonal authority of the three eminent physicists. pse dixerunt. 
We have for the kinetic energy of any system 

Bay? + eyty bo tant el oe ee CO) 

where 7,7, &c. are Boltzmann’s “ momentoids.” Consider 
those systems, out of an infinite number of systems, at a given 
level of potential, for which the kinetic energy lies between 
EK and E+dE. 

I will now make an assumption C, ‘* All combinations of 
the r’s which satisfy (9) are equally probable.” That being 
assumed, it follows that the mean value of any function, @, 
of the 7’s is given by 

o=\j. ead... ar i\) on ee TBs =) ph Oe erecta 

the limits of integration being given by (9). 
Substituting, as Boltzmann does, E for 7; as one of the 

n variables, we deduce 

b=|\. : g dis ese ara] {\. . dis ce Lae (11) O47} AP} 

and if 6=a,r,’, this leads, as Boltzmann proves, to 

ant=j\ : VB —ayry? —. oa, Tn" drs alete dry/ 

ms 1 
re \ as = — SSS dry ee de. (12) 

WV H—ayr,.?—. .—a,r,” 
E 
7 

3 

which proves the proposition. 
The mathematics are very interesting. But the logical 

process is I think defective. Because the assumption C 
is in no degree more self-evident than the proposition which 
we propose to prove. What is really proved is, not that 
every ar” is in fact equal to every other, but that, in the 
present state of our knowledge, we have no reason for saying 
that any of them, or if any which, is greater than any other. 

It may be said that Boltzmann does not make assumption 
C. It is true he does not expressly make it. But if as- 
sumption C is untrue, the whole reasoning falls to the ground. 
The assumption then is made if not expressly, then by necessary 
implication. Itis an essential condition ; but it is not, I think, 
an axiom. 
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XLII. Notices respecting New Books. 

Elements of Quaternions. By the late Sir Witt1am Rowan 
Hamitron. Second Edition, edited by C. J. Jony. (Longmans, 
Green & Co. Vols. 1 & II.: 1900, 1901.) 
ROFESSOR JOLY is to be congratulated on having accom- 

plished his great task of issuing a new edition of Hamilton’s 
classic work. By virtue of its larger type and broader page, the 
new edition, with its two handsome volumes beautifully printed at 
the Dublin University Press, is an improvement upon the criginal 
book, dear though that was in its very compactness to students of 
quaternions. The distinction which Hamilton himself made 
between the large and small type portions is sacrificed; but 
in other respects, even to the characteristic use of italics and 
capitals, the new edition seems to be a faithful reproduction o 
the earlier. . : 

The position to be assigned to quaternions in the mathematical 
developments of the last century is still matter of dispute. The 
pure mathematician looks askance at it, and will not take the pains 
to master its transformations. Cayley, who himself in the pages 
of this Journal nearly sixty years ago gave the subject some 
attention,seems never to have considered the geometrical significance 
of the Quaternion. After Tait had shown how to extract the 
square root of the linear vector function, that is, of a particular 
matrix, Cayley investigated the matter by his analytical methods 
and expressed surprise that his result agreed with Tait’s! More 
recently he has contrasted coordinates and quaternions as 
geometrical methods and has given his verdict in favour of the 
former. Nevertheless, is there any mathematical treatise that can 
be compared to Hamilton’s Elements for its wealth of geometrival 
applications, or is there any analytical method that is so incisive 
as the quaternionic? As with a search-light Hamilton directs his 
symbols into every region of tridimensional geometry, illuminating 
wherever he touches. There is, we believe, no other single treatise 
from which a student, familiar with ordinary mathematical 
processes in their elementary applications, could gain so wide or 
so deep a knowledge of geometry as from Hamilton’s great work. 
Even familiarity with ordinary mathematical processes might in 
special cases be dispensed with. Tait, the great example of a man 
who got, as Maxwell expressed it, ‘‘ the Quaternton mind directly 
from Hamilton,” used to speculate on the possibility of training a 
mathematically gifted mind wholly along quaternionic lines. To 
such a mind all artificial systems of coordinates would appear in 
their true light, as valuable aids for mathematical countiny but not 
as fundamental necessities for mathematical thinking—these being 
according to Maxwell the two kinds of work of mathematicians. 
There is no doubt as to the necessity of thinking on the part of 
the man who would use quaternions. But surely the thinking is 
well bestowed when two or three lines of appropriate trans- 
formations are the equivalent of a page of Cartesian eliminations. 
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One chief interest peculiar to the new edition is the Appendix 
of Thirteen Notes covering 111 pages of the Second Volume. 
These are the work of Professor Joly, and are intended to show 
the various directions along which Hamilton’s powerful calculus 
has been or may besuitably extended. They include such subjects 
as the theory of screws, finite rotations, the kinematical treatment 
of curves and surfaces, systems of rays, and in particular important 
sections on the linear vector function and on the differential 
operator V7. 

The further development of the theory of the linear vector 
function and its application to strains and stresses constitute part 
of Tait’s important additions to Hamilton’s own labours; and the 
fact is duly acknowledged by Professor Joly. But by far the most 
important of Tait’s quaternion investigations have to do with the 
operator VY. Hamiiton discovered it; but it was left te Tait to 
disclose its full potency and show how to use it. It is nota 
little surprising, therefore, that Professor Joly should not give 
the remotest hint that this whole department of quaternions was 
virtually created by Tait, whom Maxwell named “the chief 
Musician upon Nabla” *. 

When, in 1870, Tait was awarded the Keith Prize by the Royal 
Society of Edinburgh, Maxwell, referring to the papers for which 
the award was given, wrote in November of that year :—‘‘ That on 
Rotation is very powerful, but the last one on Green’s and other 
allied theorems is really great ”*. 

In the same communication Maxwell says further: “‘ No one can 
tell whether he (Tait) may not yet be able to cause the Quaternion 
ideas to overflow all their mathematical symbols and to become 
embodied in ordinary language so as to give their form to the 
thoughts of all mankind. JI look forward to the time when the 
idea of the relation of two vectors will be as familiar to the 
popular mind as the rule of three, and when the fact that j= —ji 
will be introduced into hustings speeches as a telling illustration.” 
It was, no doubt, with this prophetic thought in his mind that 
Maxwell introduced the expressive and compact notation of 
quaternions into his ‘ Electricity and Magnetism.’ In these days 
Maxwell’s example is followed by many workers in electro- 
magnetic theory. Most of them are no doubt content to use 
merely as a notation the particular form of vector analysis which 
they adopt; and with the rectangular space scaffolding ever before 
their eyes they spoil all hope of real quaternionic work by discarding 
the associative principle which makes quaternions workable, and 
without which a vector analysis speedily becomes too complicated. 
“J can work Heaviside’s methods but I don’t understand 

* See Maxwell's Life, p. 634. The name Nabla, which Professor Joly 
introduces almost as if Hamilton himself had given it, was suggested by 
W. Robertson Smith from the resemblance of the symbol vy to an Assyrian 
harp. See Tait, “On the Importance of Quaternions in Physics,” Phil. Mag. 
vol. xxix. p. 91; Scientific Papers, vol. ii. p. 303. 

+ In his ‘Electricity and Magnetism,’ the same paper is characterized as 
“very valuable.” 
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quaternions,” was the somewhat curious remark once made by a 
vector analyst. He might as well have claimed full knowledge of 
Modern Greek and absolute ignorance of Ancient Greek. 

Looking back over half a century of. scientific progress, we 
cannot bat be struck with the remarkable way in which Hamilton 
pr2pared a mathematical method peculiarly suitable to the physical 
theories that find their. source in Maxwell’s great work. It is 
from this point of view that the utility of quaternions is at present 
to be judged. Whatever may be the merits of other similar 
systems, one thing is incontrovertible. Hamilton,in his quaternions, 
gave. to the world the first complete symmetric and workable 
system of analysis. directly applicable to vector _ quantities. 
O’Brien, one of Hamilton’s brilliant contemporaries, constructed 
a vector analysis which has been reproduceil with modified 
notations by Professor Willard Gibbs and Dr. Heaviside. It has 
a certain superficial similarity to Hamilton’s method, and, in so 
far, is effective enough, but it lacks the homogeneity and solidarity 
so characteristic of the latter. In this connection it is well to 

bear in mind the verdict both of Tait and of Professor Joly, that 
any endeavour to improve or modify the calculus of quaternions 
should .be made with extreme caution. 

Surely we. are justified in hoping that, now that Hamilton’s 
Elements has been made accessible to all students, there will be a 
real endeavour on the part both of mathematicians and physicists 
to ‘‘get the quaternion mind.” for certain special types ot 
academic problems the quaternion method has no special fitness — 
it “degenerates ” simply into ordinary scalar coordinates; but for 
taking a direct hold of the essential nature of a general problem, 
whether of tridimensional geometry or of dynamics in the widest 
sense of the term, the quaternion method is facile princeps. 
Take as an example Hamilton’s own treatment of the curvature 
of surfaces, to which in one of his notes Professor Joly has given 
a most interesting extension. 

‘We have already referred to the linear vector function, which 
‘comes to the front at the very outset when the simplest quaternion 
equation is considered.. Hamilton developed its theory with great 
power, and Tait discovered other curious and important properties 
of,it.. One of Tait’s latest utterances was that there was a vast 
deal more in @ than had yet been made out—its depths were not 
yet sounded. Professor Joly devotes five of his notes to various 
aspects of linear vector functions, and materially extends our 
knowledge, especially in regard to their invariants. 

By far the longest of the notes in the Appendix is that on v. 
Professor Joly’s discussion is very instructive, covering a good 
deal of the ground already familiar to readers of Tait’s and 
McAulay’s books and papers, but developing along different. lines. 
A’ comparison of the modes in which these three quaternionists 
“attack the same problem shows well the extraordinary variety in 
detail of the quaternion method. It is a variety which, like that 
of organisms, springs naturally from the fundamental vital 
principle of the whole. 



‘T ‘314 

Phil, Mag. Ser. 6, Vol. 2, Pl. VI. 



wie 

w
a
s
 

+ 
S
O
S
 

o
e
 



THE 

LONDON, EDINBURGH, ann DUBLIN 

PHILOSOPHICAL MAGAZINE 

AND 

JOURNAL OF SCIENCE Cg a 
hy 

[SIXTH SERIE s\o m 
* a 

NOVEMBER 1901. 2 
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the University of Cambridge*. 

§1. | eine paper attempts to give a consistent interpretation 
of a certain class of phenomena by referring them 

all to the same hypothetical view as to the structure of matter. 
As the result of some work on the kinetic theory of gases the 
author was led, rightly or wrongly, to the conclusion that 
the kinetic-theory phenomena of matter compel us to attribute 
certain definite properties to the molecules of which matter is 
composed. The range of view as to the structure of matter 

| could, it was found, be still further narrowed by the help of 
certain optical phenomena. It was then of interest to examine 
to what extent the view arrived at in this way was capable of 
giving an account of the remaining phenomena, and how it 
compared in this respect with other views as to the structure 
of matter. 

To this end, several hypotheses as to the structure of 
matter were examined by the present writer, and it seemed to 
him that the one which is put forward in this paper was 
much more capable of giving an account of the phenomena 
in question than were any of the others tested by him. For 
the sake of brevity, it has been thought advisable to remove 
the scaffolding, by the help of which the theory of the 
present paper has been formed, and simply to submit for 

* Communicated by the Physical Society: read June 14, 1901. 

Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 19C1. 2F 
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judgment the view ultimately arrived at, together with the 
account of the phenomena of matter to which it leads, in so 
far as it has been found possible to examine these phenomena. 

The theory will not, it is hoped, be judged as an attempt 
to attain to ultimate truth. At most the author hopes that 
by attempting a definite and consistent hypothetical interpre- 
tation of certain phenomena, some kind of clue may be 
suggested as to the real significance of these phenomena, and 
perhaps something of the nature of a foreshadowing of the 
real truth arrived at. 

Analytical Hxpression for the Radiation from a Gas. 

§ 2. It will be best to begin by a consideration of the 
veneral question of spectroscopy. 

We shall suppose the radiation emitted by a gas to be the 
aggregate of contributions from a great number of similar. 
vibrators. Hach of these vibrators will be supposed to be 
capable of vibrating with certain definite frequencies of 
vibration, and the disturbances of the ether which are set up 
by these vibrations constitute the radiation. 

Let us, in the first place, consider only the radiation pro- 
pagated along a certain line of sight, say the axis of x, and 
polarized in a certain plane, say that of zy. If the vibrator 
were at rest in space, this radiation might be represented, so 
long as the vibrator was undisturbed by collisions, by 

A cos (pt +e), 

in which A and e would be constants, which would, in general, 
depend upon the orientation of the vibrator. 

If, however, the vibrator is rotating with an angular 
velocity wabout some axis fixed in space, the above expression 
will no longer represent the radiation in question. This 
radiation may, however, be represented by 

A cos pt + B sin pt, 

where A, B are themselves periodic functions of the time, of 
period 27r/w. 

If we expand A and B in Fourier-series, the foregoing ex- 
pression can be at once expressed as a series of simply 
harmonic terms of frequencies 

P» PpxrU, pew, ee . &e. 

Suppose, to take a particular case, that the vibrator is an 
electrical doublet of strength A cos pt, rotating about a fixed 
axis with angular velocity w, the axis of the doublet always 
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making aconstant angle with this line. The direction-cosines 
of the axis of the doublet at time ¢ are each of the form 

a+bcos (wt+y), 

so that the component of the doublet along any axis is of the 
form 

A (a+6 cos (wt+7)) cos pt, 

and this may be replaced by three simply harmonic doublets 
of frequency 

p—v, P, prw 

Hence the radiation in question may be represented by three 
simple harmonic terms of frequencies 

. pw, Pp pr. 

Analysed in a spectroscope, this radiation will show bright 
lines at the points corresponding to the frequencies p, p+w, 
and (in the more general case) p+2w, &c. In adding up 
the radiation from all the vibrators, we must suppose w to 
vary as we pass from vibrator to vibrator, so that the whole 
radiation may be supposed to consist of two parts. 

(2) A bright line at the point of the spectrum correspond- 
ing to the frequency p. 

(8) A band of light, symmetrical about the point p, and of 
which the width depends upon the mean rotation of the 
vibrators. 

§ 3. The complete spectrum is, of course, found by adding 
up the radiation corresponding to every degree of vibratory 
freedom. ‘The condition that the resulting spectrum shall be 
a pure line-spectrum, is that that part of the spectrum which 
has just been denoted by £8 shall be imperceptible. This 
condition can be fulfilled in two different ways :— 

(i.) The intensity of the bands of light may be very small 
in comparison with the intensity of the bright lines. 

(ii.) The breadth of these bands may be so small that they 
are indistinguishable from the lines. 

§ 4. Let us begin by the consideration of the former 
alternative. The aggregate brightness of a band bears to 
that of a line a ratio comparable with unity except when the 
radiation emitted by a vibrator is approximately the same in 
all directions. Now spherical symmetry of this kind would 
be at variance with the fundamental suppositions of the 
undulatory theory, for spherical symmetry could only be 
obtained by supposing the radiation to be specified by a single 
vector, and this vector to be radial at every point ; whereas 
the undulatory theory is such that two vectors are required 

22 
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to specify the radiation, and these vectors, being perpendicular 
to one another, cannot coincide in direction. 

§ 5. We fall back, therefore, upon the second alternative, 
and inquire what is the condition that the bands shall be so 
narrow as to be indistinguishable from the lines. The con- 
dition is obviously that the mean value of w shall be very 
small in comparison with p. 
Now in the case of a molecule of a gas, the mean energy 

of rotation about a principal axis which is not an axis of 
symmetry is equal to one-third of the mean energy of trans- 
lation. If k,, w, are the radius of gyration and the rotation 
about such an axis, 

Kw =sC, 

where cis the velocity of translation, and mean values are 
taken on each side of the equation. We therefore find that 
the mean value of w is of the order of c/k. If, in ©.a.s. 
units, we take c=5 x 104, and 2x=10-°, we get w=10". 

The value of p is of the order of 3x10”, so that in this 
case p and ware of the same order of magnitude, and the 
bands of the spectrum cannot be so narrow as to be indis- 
tinguishable from lines. This shows that the vibrator, at any 
rate in the case of a gas emitting a line-spectrum, is not 
identical with the molecule. 

§ 6. An exception, however, occurs in the case of mon- 
atomic gases, and this seems to supply the key to the situation. 
In a monatomic gas the energy of rotation is known to be 
very small in comparison with the energy of translation, so 
that, in our notation, w is small compared with p. We 
shouid therefore expect a monatomic gas to emit a pure line- 
spectrum. 

In general, the condition that w shall be small in comparison 
with p is, that the rotating body shall be so nearly spherical 
in shape that the rotation never attains to a value comparable 
with that which the Boltzmann law of the partition of energy 
would assign to it. In this case, the energy of rotation is 
proportional to what has been, in a former paper”, designated 
as a “subsidiary ’” temperature. This temperature is given 
by an equation of the formt 

t= pf (I), 
where 7 is the subsidiary temperature, proportional to the: 
mean value of w?, p is the density of the gas, and f(T) is 
a function of the temperature of the gas, of which the value 
is very small. 

* Distribution of Molecular Energy,” Phil. Trans, excvi. p. 397. 
hfe Guy IO: 
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§ 7. We are therefore driven to the conclusion that the 
vibrators by which radiation possessing a line-spectrum is 

emitted, must behave like the molecules of a monatomic gas. 
In other words, we are led to suppose that a line-spectrum is 
emitted only by the dissociated atoms of a gas and not by 
the complete molecules, and, further, that these dissociated 
atoms must be spher ically sy metrical. 

§ 8. On this view, we can see why it is that pure line- 
spectra are emitied only by elements, and not by compounds. 
We can also understand why a gas ‘raised to incandéscence 
by mere heating emits a continuous and not a line-spectrum: 
the vibrations must be those of complete molecules, not of 
dissociated atoms. The same substance placed in a flame 
emits its line-spectrum at a temperature lower than that at 
which it first becomes luminous if merely heated. Hence the 
dissociation and radiation which occur when a substance is 
placed in a flame, cannot be merely the result of the tempera- 
ture of the flame : they must be produced by chemical action, 
a view originally put forward by Pringsheim™*. 

The faint continuous spectrum w hich is often seen to 
accompany a line-spectrum must be supposed to proceed 
from undissociated molecules. 

We have incidentally found a factor tending to increase 
the width of the lines, namely, the rotation of the atoms by 
which these lines are emitted. We must, however, consider 
this question at greater length in a later section (§ 34). 

The Electrical Structure of an Atom. 

§ 9. Let us now leave this train of thought altogether, and 
regard an atom asa collection of negative and positive ions, 
the negative ions each carrying a charge of electricity of 
amount —e,and the positive ions each carrying a charge +e. 

The conception of an atom which we are tempted to adopt 
at first sight, is that of a collection of point charges of positive 
and negative electricity, these charges repelling or attracting 
according to the law of the inverse square of the distance. 
These point charges would be supposed to settle into a position 
of stable equilibrium, and the oscillations about this position 
might be supposed to be the vibrations of definite period 
which result in the emission of a line-spectrum. 

Against this very simple conception of an atom there is 
one fatal objection : Earnshaw’s theorem shows that no position 

* Wied. Ann. xlviii. p. 428; xlix. p. 347. On the luminosity produced 
by heating, see J. Evershed, Phil. Mag. xxxix. p. 460; A. Smithells, 
Phil. Mag. EXXVli. p. 245, and XXxxix. p. 122; A. Paschen, Wied. Ann. 
1, p. 409. 
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of stable equilibrium exists. It is not hard to see that positive 
and negative charges would rush together and annihilate one 
another until there would be nothing left to distinguish the 
point at which a body ought to be from a point in empty 
space. In fact a consideration of the physical ‘“ dimensions” 
of the quantities concerned, will show that there could be 
nothing to determine the linear scale of the atom *. 

§ 10. An escape from this dilemma is for the moment 
made possible by supposing the stability of an atom to be 
kinetic rather than statical, but this seems (to the present 
author at least) to lead to a new and apparently insurmount- 
able difficulty. There will be an infinite number of steady 
motions possible, and a different series of vibrations will be 
possible about each state of steady motion. The periods of 
the vibrations, then, will not form a spectrum of disconnected 
lines, but of continuous bands. We cannot suppose the ions 
in an atom to be oscillating about a state of steady motion 
which is the same for all atoms, for even if the atoms were 
once arranged in this special state, they would rapidly depart 
from it under the influence of collisions. To explain the line- 
spectrum of an element, it would be necessary to suppose that 
the vibrations by which it was produced were not vibrations 
of the ions as rigid bodies, but vibrations internal to the ions, 
and, moreover, vibrations which do not depend on the con- 
figuration of ions in the atom. If this is the true account of 
the origin of the line-spectrum, it is very hard to see why the 
spectra of different elements are not all the same. Further, 
the ratio of the charge of an ion to its mass, which is deduced 
from the magnitude of the Zeeman effect, on the assumption 
that the spectral lines arise from bodily vibrations of the 
negative ions, is in close agreement with the actual value of 
this ratio ; and this fact supplies a powerful argument against 
supposing that the lines of the visible spectrum arise from 
vibrations of units smaller than the negative ion. 

§ 11. A second way of escape from the dilemma of § 9 is 
opened by supposing that the ions are not strict point charges, 
but that in some sense they possess size. In this case the law 
of force will not be that of the inverse square at all distances, 
The law of the inverse square will require correction at dis- 
tances comparable with the size of an ion, so that two 
ions of opposite charge will not necessarily rush together and 
annihilate one another, and the objection of § 9 falls through. 

For this explanation to hold, it is necessary that two ions 
should repel one another at very small distances, independently 
of their sign, and this shows that the force cannot be pro- 
portional simply to the product of their charges. 

* Cf. Larmor, Aither and Matter, § 122. 
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Instead of supposing the complete potential-function to be 

ee! 
9 - 

we are compelled to suppose it to be of the form 

/ a ! i) ee (7) +mm'ps(r), 

where ee’ are the charges, and mm’ the masses of the two 
ions*. When r=0, we must have 

Yolr)=~, and yr(r)/p(r)=2. 
When 7 is very great we must have, in the limit, 

WO=M, Yale) =04. 
This complete potential-function must necessarily contain 

a reference to some fixed length or lengthst, and this will 
determine the scale of the atom. Let us suppose the potential- 
function to be such that some stable configurations of ions exist, 
and examine the consequences of regarding such a configuration 
of ions as our picture of anatom. Seeing that there are several 
hundreds of ions in an atom§, we should naturally expect 
the configuration of stable equilibrium to be such that the 
shape of the atom is very approximately spherical, and this 
conclusion agrees with the result already reached in § 7. 

The Equations of Small Displacements of the Ideal Atom. 

§ 12. To determine the positions of equilibrium and the 
vibrations about these positions, for a dynamical system con- 
sisting of a large number of ions, is obviously impracticable. 
It is, however, known that the number of ions in an atem is 
very large, so that we shall attack the problem in the simple 
case of an “ideal” atom in which the ions are supposed to 
be so small that the number in an atom may be regarded as 
infinite. After the investigation it will be shown how it is 
possible to obtain an approximate knowledge of the spectriun 

* For ions such as we are now considering e=+e’ and m=m’', I 
have, however, stated the law in general terms, 
+ In an exhaustive treatment of zether-force, W.(7) would probably be 

identical with the gravitational potential, but for our present purpose 
gravitational forces may be disregarded. 

{ £.¢. we might have as the potential-function 
a oil 

ee’ — + mm! ry 

and a might be referred to as the “size” of the ion. 
§ Roughly, 700 in the hydrogen atom, and for cther elements In pro- 

portion to the atomic weights of the elements. We here suppose the mass 

of the atom to consist solely of the masses of ions of which it is composed. 

See J. J. Thomson, Phil. Mag. vol. xlviii. p. 547, and earlier papers. 
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of an atom which consists of a number of ions which is very 
great but is not infinite. 

The ideal atom is to consist of a continuous distribution 
of electricity of density p. The corresponding density of 
matter is to be o, so that it will ultimately be necessary to 
put o/p=-+m/e, where m/e is the ratio of the mass to the 
charge, in the case of the negative ions of the cathode rays. 
For the present, however, p and o will be regarded as capable 
of independent variation. To correspond with the condition 
of spherical symmetry for the actual atom, it will be assumed 
that the distribution 1s arranged in spherical symmetry about 
some centre, so that both p and o will be functions of the 
single coordinate 7, the distance from the centre. 

When the atom is at rest, every element is supposed to 
act on every other element with a force which acts along 
the line joining the two elements. The mutuai potential of 
two elements at distance 7 and of volumes dv dv’ will be sup- 
posed to be 

fop'xa(7) + oa'X2(1)}dv de’, 
and for large values of r this must reduce to pp'r—'dv du’. 

When the atom is executing a small vibration, the forces 
may be supposed to be the same as if the atom were at rest 
in the displaced configuration. For in the case of a vibration 
of infinitesimal amplitude, the electromagnetic forces will 
vanish in comparison with the electrostatic, and it is easily 
verified that the velocity of propagation may, without 
appreciable error, be treated as infinite * 

§ 13. Let the whole atom undergo a small continuous dis- 
placement, so that the element of which the spherical polar 
coordinates before displacement were 7, 0, ¢is moved to 
r+u,O+v,¢+w. In rectangular coordinates, which it will 
be convenient to use in conjunction with polars, let the 
element initially at x, y, z be displaced to «+ & y+, z+ 6. 
ee in the first place, the field of force arising from 

the term y,(7) in the piven function. The displacement 
of the element p’ da! dy! dz! is equivalent to the creation of a 
doublet of moment 

(E' p! da! dy' dz', xf p' da’ dy! dz', & p! da’ dy! dz’). 
Hence the potential per unit charge, upon the element 
originally at x, y, z, but now at #«+&, y+, 2+, which 
arises from the Manes of the lice element, will be 

p ‘dal dy!ad + (@ po, + (n'—n) ae gaat ee oy ha (R) 

where R?= (w#—w')? + (y—y')P + ae 

* Larmor, Camb, Phil. Trans. xviii. p. 391. 
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The potential arising from the displacement of the whole 
atom will ae be 

| B=|{|\{e- t) 2 + (q'—9) = ete 2, Y gu(Bpda! dy! de . 

The integration extends over the whole atom, but it will 
be convenient to take the integration throughout all space, 
writing p=0 at points outside the atom. 

This potential may be at once transformed, so that we 
obtain 

B= =|) 1 2601+ 2 ie) + 2 6) baal) delay’ de, 

33 ( es +12 + a J ff
acre' da’ dy’ dz'. 

Returning to polar coordinates, we can write H=H,+ Ey, 
where 

B=-|\\{2 Rap y(7?ulp!) + - ae o5 gi (vp sin 0’) a * 36 Cy p) baa) 

? sin 6’ dr’ d@' dq. 

i,= (« ud + va 9 gt vag 56 oY fen sin @! dr’ d0’ dd’. 

For any ha which is continuous at the poles, 
v/sin@ must be finite at both poles, and we may therefore 
assume expansions in the form 

we 22a" "(erm 

i fo) m pm mae. sn 890 (v sin 0)= >>" P™(w)e 

p= ay" Pa (2) gind i eet (1) 

where yw, as usual, stands for cos @; n has all values from 0 
to ©, and m from —n to +n, P~”(u) being taken equal to 

P”(u). The symbols «”, 8”, y”, denote functions of 7, and 
the letter m is not an index but is written from analogy with 
P(u). The expressions on the r.h. sides of (1) are capable 
ot representing the most general displacements which are 
physically possible. 

Substituting these values, H, can be written in the form 

B= 33 (| [{8, atte") +0! B'e-+in’sy bx(R) 
P” (w’)e'mP'r”? sin O dr’ dd’ dd’. 
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If we write y for the angle between the radii r and 7, 
so that 

cos y=cos @ cos @’+sin @ sin & cos (6—¢’), 

we may expand y,(R) in the form 

¥i(R) = S7.P, (cos y), 
0 

where 7, is a function of r, 7’ and of the coefficients which 
occur in xi(R). When RB is so great that ¥,(R) becomes the 
same as R-!, we have 

= npn or 7/"/7"*1, according as r<.. or S74) em 

We can further expand the biaxal harmonic P,(cos y) in 
the usual form, and so obtain 

N=DO M=N 

yi(R)= > = Crt Pn (“)Pr(u’) cos m(d—¢’), 
n=0 m= 

where OC” = Nas ae or i, according as m is different 

from or equal to zero. 
If we substitute this value for y,(R) in Hj, it appears that 

every term will vanish upon integration, except products of 
pairs of terms which are such that n and m are numerically 
the same for each. Performing the remaining integrations, 
we obtain 

ELL SS Pepa jens, 
where 

Fr? = -5— an \{2 (ral!) + 9/20! (Ble + inet) band (4) 

The integral occurring in E, is that part of the potential 
of the whole atom upon a unit charge at the point 7, @, @, 
which arises from the term y,(7) in the potential-function. 
This is obviously a function of r only; so that if we denote it 
by V,, we have 

The remaining part of the potential-function may be treated 
in a similar way. If we expand y,(R) in the form 

x2(R) => r,P,,(cos 7), 
0 

we find for the potential of the whole displacement upon a 
unit mass initially at r, 0, @ the value E;+ H,, where 

BE, as >>> G™P™(n)e?, 
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where 

GR Ta | gy tata’) +00! (Oe + imy’a) baa 
and 

ne 1 ei) ap? 

where V, is that part of the potential of the whole atom upon 
a unit mass at 7, 0, @ which arises from the term x,(7) in the 
potential-function. 

§ 14. The potential of the whole displacement upon the 
element initially occupying the volume dz dy dz at «, y, z has 
been seen to be 

{o(H,+ H,) +o(E; + Hy) }de dy dz. 

Since the distribution of doublets which gives rise to the 
displacement-potential at x, y, z is of zero strength at «, y, 2, 
the forces arising from the displacement can be calculated by 
differentiation. The differential operators must, however, 
act only upon those parts of the displacement-potential which 
are directly derived from y,(R) and x.(K), so that the term u 
which occurs in EH, and KE, will be exempt from differentiation. 

If, for the sake of generality, we admit externally applied 
forces of amounts L, M, N per unit charge in the directions 
of vr, 8, d increasing, the equations of motion of the element 
initially at 7, 0, @ will be 

= —33 P n(uem?(p oe eae) 

eo) 2 1p, 1h. 

oe = SSE) nth + oG)+Mp, . . (6) 

or sin 67 = —S Pe cn? (oR™ +a") +No.. . (7) 
7 Sill 

The Equations of Free Vibrations. 

§ 15. Let us suppose that there is a normal vibration such 
that the element of which the equilibrium position is at 7, 6, @ 
is found at time ¢ at the point 

rtuc?, O+ve", hb+we'?, 

u, Vv, w being given by scheme (1). 
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We write L=M=N=0 in equations (5), (6) and (7); 
replace d?/dt? by —p?, and substitute for u, v, w from scheme 
(1). The resulting equations must then be identities for all 
values of 7, 0, and ¢. 

To save printing, we shall write 

d?V, avs 

dr? + dr? 

Jn =p. GG, 

W=p 

and 

Odin an 2 dGr 

Orc dm de. 

In this abbreviated notation, the transformed equations (5), 
(6) and (7) are found to be 

Ee tay - +anW) P™(p)em?, . . (8) 

i Dell acuta . dP n (MH) V img no dot ine ig penn) 
opr’ sin? 032 yn Pa (pe™ ==>, Jpumks (hem. ee 

op? D> amP™(w)em? => ( 

opr >> es, Pai — > s 

Equation (8) is expanded on both sides in zonal, tesseral, 
and sectorial harmonics, and is true for all values of 9 and @. 
We may therefore equate the coefficients of the various har- 
monics, and obtain 

ahi Bas og) me, 

In equations (9) and (10) we may begin by equating the 
coefficients of e”¢%; multiply the equation obtained in this 
manner from (10) by im/sin? @ and add the result to the 
equation obtained by equating coefficients of e’ in (9). The 
result is 

opr (Bn + imy'n) Pn (1) 
m§ 1 df. pdPu(p) mPa (#) } 

— S _ CS — ————— ° e 12 

me { sinO d0l~” e do sin 26 ai 

The right-hand member is equal to 

—Xn(n+1)Ir Pr (un), 

and we are now able to equate coefficients of Pr(w). The 
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equation so obtained, and equation (11), may be written 

De on eit 
ey iss Wala ad (13) 

opr’ (Bat imyn) = —n(n+1) (pFr +oGr), . (14) 

while we have (¢/. equation (4), p. 430) 

i= a ele (1? p’an) tr? pe! (Bn + ivy my t Tre 

Gr. m — on + ete (9? 0"a!n) + 7/2 Cds oe ue imy! is ) } Nad. 

Equations (15) to (16) must hold for all values of r, and 
contain only the ae variables an, Bn +imyn, Fr, and Gr, each 
equation being homogeneous and of the first degree in these 
four variables. It is easily seen that there is no solution of 
these equations other than 

Pee oe ey 0 = 0, -Gr=0, «<3 A 

except only when a special relation is satisfied by the various 
constants of the equations. Now m has entirely disappeared, 
so that any such relation may be written in the form 

Oo et ee erent! 

(op? —W) an = 

where the coefficients which determine the functional form 7 
are constants of the atom and of the potential-function. 

Hence the normal vibrations fall into two classes, given by 
the two equations (17) and (18) respectively. In either class 
the displacement exists only for single values of n and m. 

For a vibration of the first Mase am =0, and Bn, yn may 
have any values such that 

Brat imyn = 0. 

The displacement is purely tangential, and no forces of 
restitution are called into play. Hence the frequency is in 
every case p=0 (as is otherwise obvious from equations (9) 
and (10)), and, strictly speaking, the corresponding normal 
degrees of freedom do not give rise to vibrations at all. 

For a vibration of the second class, the frequency is a root 
m 

of equation (L8),and the functions a,, Br +imy,, Fn, Gr are 
determined by equations (13) o (16). These functions do 

not contain m; to determine 7 and yn separately we must 
give to m any one of the (2n+ 1) integral values between n 

m and —n, and determine Bn, y, from equations (9) and (10), 

(15) 

(16) 
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in this way obtaining (2n+1) independent normal vibrations. 
the frequency of each being the same. 

From the manner in which the analysis has been conducted, 
it will be clear that all possible normal vibrations must have 
been taken into account. 

The Spectrum of the Ideal Atom, 

§ 16. For the vibrations of the first class p=0; so that 
these vibrations are not represented in the visible spectrum. 

The frequencies of the second class of vibration are all con- 
tained in equation (18). Solving for p’, this equation can be 
split up into the separate equations 

P wi () ) 

p=fi(n), &e. 

Any one of these equations gives rise to a simply infinite 
series of lines in the spectrum, the wave-lengths of the lines 
in any such series being found by assigning the various posi- 
tive integral values to », In a formula in which n alone varies. 
Such a collection of lines will be referred to as a “ spectrum- 
series.” It has accordingly been shown that the visible 
spectrum of the ideal atom can be sorted out into a collection 
of spectrum-series; and it has also been shown that the nth 
line in each series must be regarded as the superposition of 
of (2n+1) equal free periods. 

Heads of Spectrum-Series. 

§ 17. It can be shown that every spectrum-series tends to 
a definite limit corresponding to n=, and the position of 
the line n= will accordingly be referred to as the “ head ” 
of the series. 

The heads of the various series will be given by (ef. 
equation 18) 

Re, w=. YP 

this equation being the result of eliminating the four variables 
from equations (13) to (16) after putting n=. 

Let us begin with the consideration of the form assumed 
by equation (15) when n=0. We have 

xi(R) => T,Pn(cos Y) ? 
0 

where 
1 1 

Ri V7?—2rr! cos y+ 7? 

wm gt 

> Gari Pa(cos Y); 
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in the case in which 7 >r. Since y,(R) becomes identical 
with R-! except for small values of r, we may assume 

Tata 

Ta= inti (1 = 61), 

when 7 >r, where 6, is a series in descending powers of + 
and ascending powers of r, which is very small except near to 
the value 7 =r. aide we may assume 

Ta= ay alt | == €:). 

when 7/<r, where e, is a similar series in ascending powers 
of r and descending powers of r. At r=r, (1+38;) and 
(1+.¢,) must have a common limit (1+ 4). 

In the identities 

ey A arid = fl) : “78 ef dr’ 
n+ 1) or. rt 

41 . rf | Aer gnar= 40 +21 “hl ) ad, 7 

put 7(7)=9¢(7)(1+6,), ae =¢(r')(1+«) and add. We 
obtain 

| oredr = 2 piney 
+ terms of lower degree i in 7. 

The function >, may be treated in the same way as Tp, 
except that the principal term r*/r'"*) or 7/r**} is wanting. 
We therefore assume 

An= cate between 7 =r and x, 

7™ 
A,= — wari & between 7’=0 and 7, 

where 6,, €: are similar to 6, and e,, and have a common limit 
G& at r=r’. 

Writing Y for 27 and Z for Bn +imyn, We are now able to 
expand equations (15) and J in the form 

m 4irp 2 
r=-— n(n+1) dr #! oY) +p } (148) 

+ terms of lower degreeinn, . . . (20) 

- dro fd 

G;=— n(n+1) Cdr (oY) + 20% bE, 

+terms of lowerdegreeinn. .. . (21) 
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Substituting these values for F; and Gy in equations (13) 
and (14), and putting n=, we find as the equivalent of 
equations (13) to (16) the two equations 

(op?— W) Y=0, ae (22) 

{op? —Amp?(1+¢,) —47o?G}Z=0. . . . (23) 

§ 18. These equations are not difficult to interpret. Cor- 
responding to any value of n, the displacement-potential at r 
of the shell of radius 7’ contains the factor +”/r’"+! or 
7/™/"*1, according asr< or >7”. ‘This shows that in the case 
of n=, the potential created by the displacement of any 
shell will vanish everywhere except in the immediate neigh- 
bourhood of that shell. It is therefore clear that the normal 
vibrations for which n= will split up into the normal 
vibrations of the separate shells. 

This is the meaning of equations (22) and (23). Corre- 
sponding toa given value of p?, the second factors of equations 
(19) or (20) can only vanish over a single isolated shell of 
ions ; hence the first factor must vanish everywhere except 
over this shell. The corresponding displacement and displace- 
ment-potential are limited to the shell in question. 

Corresponding to any specified shell, equations (22) and 
(23) show that there will be two vibrations of order n=o. 
For the first of these Z=0 and op*=W. For the second, 
Y=0 and op?=47rf{p?(i+G)+o7(1+&)}. The displacement 
of the sheli is therefore in the former case purely radial; in 
the latter purely tangential. 

§ 19. This concludes the investigation of the frequency- 
equation for the case of n=0o. Corresponding to each par- 
ticular solution for the case of n= , there will be a general 
solution for all values of n from 0 to ©. Hence the number 
of spectrum-series will be equal to twice the number of shells 
in the atom. The frequencies of the heads of the series are, 
as we have seen, given by 

me SO a 

pra AT +h) +o%}. . 2. (85) 
§ 20. Itis easily verified that all possible degrees of freedom 

have been accounted for. The (2n+1) degrees represented 
by the nth lme of a spectrum-series may be associated with 
the (2n+1) independent spherical surface-harmonics of 
order n; so that a complete spectrum-series may be asso- 
ciated with the most general function of position on any 
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: a fs wd dw 
spherical surface. Writing A for Sai iG sin 9) + de’ the 

tangential dilatation, we see that the two spectrum-series 
corresponding to any single shell may be associated with the 
most general distribution of w and A which is possible over 
the surface of the shell in question. Combining the series 
from all the shells, we find that we can now associate a free- 
period with every degree of freedom implied in the possibility 
of giving arbitrary values to u and A at every point of every 
shell. The remaining degrees of freedom can be accounted 
for by adding to the foregoing distribution of u and A a dis- 
tribution of displacement for which u=0 and A=0 everywhere. 
These are ihe tangential degrees of freedom of the first class, 
for which p’=0. 

Numerical Calculation of the Size of an Atom. 

§ 21. From equation (25) we can form an estimate of the 
size of atom which would be required in order to give vibra- 
tions comparable in frequency with those of light. 

As regards order of magnitude, we may take p?=10* 
p/o=e/m= +10‘, p?(1+&) +07&=p’; and these values sub- 
stituted in (25) give p=10”, as regards order of magnitude. 
The charge on a single negative ion is 6 x 10-9, so that the 
number of ions per cub. centim. is of the order of 2 x 10?2.. In 
an atom of atomic weight , the number of ions is of the order 
of 10°n, so that the radius of the atom will be 2310-9 em, 

The Spectrum of a Real Atom. 

§ 22. It will be convenient at this stage to examine to 
what extent it is possible to deduce the spectrum of a real 
atom (as we are imagining it to be) from the spectrum of the 
ideal atom which has so far been the subject of investigation. 

Let us consider a real atom I consisting of a finite number 
meamnea, BO... ... We are going to compare this with 
an ideal atom I’, consisting of a finite number of elements of 
worume A’, Bi,C'..... These elements can always be chosen 
(since the whole structure of I’ is, up to the present, at our 
disposal) so that the total charge in the element A! is all of 
the same sign, and equal to the charge of the ion A. In this 
case, since we shall suppose the ratio of the charge to the 
mass to be numerically equal to the same constant for both 
atoms, the mass of the element A! will be equal to the mass of 
the ion Al. 

The position of the element A! is as yet undetermined ; but 
the more closely the atom I approaches to spherical symmetry 
of structure the more nearly will it be possible to arrange the 

Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 1901. 2G 
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ideal atom in such a way that, if we imagine the two atoms 
“superposed ” (made to occupy the same space), then the ion 
A will be near to the element A’, B to B’, and so on, while at 
the same time the ideal atom shall satisfy the condition of 
perfect spherical symmetry. 

In order to avoid a discussion of continuity at points at 
which the electrical density changes sign, we may suppose 
elements for which p is of different sign to be separated by a 
thin transition-layer of thickness small in comparison with the 
dimensions of an element. 

Imagine the ideal atom subjected successively to a system 
of displacements finite in number, say 

9957 a, 

or vo A=r5,, 

where A, as in § 20, denotes the tangential dilatation, 8; denotes 
a surface harmonic of order ¢, and s, ¢ have any number of 
integral values. For each of these displacements calculate 
the forces acting upon each of the elements A’, B’,....; these 
will be linear functions of C,, C.,...., the constants which 
may be supposed to enter in the specification of the law of 
force in the ideal atom. In order that the forces calculated 
in this way may be finite, it is necessary and sufficient that 
the forces between elements at a small distance 7 shall be of 

1 . 1 

an order not greater than - in ( = 
I i 

Imagine the real atom to undergo the same system of dis- 
placements, and for each of these displacements calculate the 
forces acting upon each of the ions in terms of the constants 
which occur in the actual law of force between ions (sup- 
posed known). Now equate the forces acting upon A to the 
forces acting upon A’ in the case of the same displacement. 
We see in this way that the forces acting on A, B, C.... can 
be made identical with the forces acting on A’, B’, C’.... for 
the case of any finite number of displacements (the number 
being as large as we please so long as it is not infinite) pro- 
vided that tke infinite number of constants ©), C,.... satisfy 
afinite number of linear algebraical equations. 

Corresponding to any selected system of displacements it 
will be possible to find C,, C,...., so that the forces acting 
upon corresponding elements and ions may be equal in every 
case. Cases of failure (cases in which two or more of the 
equations for © are inconsistent with finite values for C) 
can always be avoided by slightly altering one or more of the 
selected displacements. If the displacements are suitably 
chosen, it will be possible very approximately to expand any 
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normal displacement of the ideal atom as a sum of these 
displacements. Hence the forces acting upon any element 
A’ of the ideal atom when this atom undergoes any one of its 
normal displacements will be very approximately equal to the 
forces acting upon the ion A when the real atom undergoes 
the same displacement. 

But the ion A is very nearly in the position corresponding 
to that occupied by the element A’, and the total mass of the 
element A’ is equal to the mass of the ion A. Hence the 
integral mass-displacement of the element A’ is very nearly 
equal to the mass-displacement of the ion A. 

It follows that the free vibrations of the ideal atom I’ will 
be very approximately reproduced, as regards both frequency 
and displacement, in the real atom I, provided only that we 
select the imaginary law of force for the ideal atom in the 
manner indicated above. Itis easy to see that this imaginary 
law of force must approximate at infinite distances to the limit 
of the real law at infinite distances, namely the ordinary 
electrostatic law. Hence, so long as we make no assumptions 
about this imaginary law except that at infinite distances it 
approximates to the ordinary electrostatic law (the assumption 
which was made in §§ 12, 17), we shall be justified in sup- 
posing that every quantitative result obtained for the free 
vibrations of the ideal atom will be very approximately a 
reproduction of a similar result for the real atom. 

§ 23. It follows that there must be a line of the real spec- 
trum in the neighbourhood of every line of the ideal spectrum. 
Confining our attention to the lines of a single spectrum- 
series of the ideal spectrum, we see that the lines must be 
approximately reproduced, line for line, in the real spectrum, 
until we reach such large values of n that the distance 
between successive lines becomes comparable with the error 
of our approximation : after this it will be impossible to trace 
corresponding lines. This last result is, from another point 
of view, obvious : when the order of an harmonic becomes 
comparable with the number of ions on a great circle of an 
atom, it is impossible to distinguish a displacement of the real 
atom given by an harmonic of order n from one given by an 
harmonic of different order. 
§ 24. For one kind of spectrum-series which oecurs in the 

ideal spectrum (equation (25), p. 436), the value of p? at the 
head is equal to (p?(1+%,) +07&)/o. When the transition- 
layers are supposed to be infinitely thin, this may be regarded 
as a continuous function of ». Hence the heads of these series 
will form a continuous band of light. 

This, however, is not true for lines of the spectrum-series 
other than the head, since it only for n= that p enters 

2G 2 
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the frequency equation through its square, and expressions 
which contain odd powers of p must not be regarded as con- 
tinuous functions of 7. Hence the lines in the spectrum- 
series corresponding to values of n other than n=, cannot 
be regarded as forming continuous bands of light*. 

It will be seen that such a group of lines may be regarded 
as forming two striated bands of light. A line will fall into 
one band or the other according to the sign of p for the shell 
with which it is associated, the dark places in one band corre- 
sponding to the bright places in the other. 

In the case of the real atom, this will give two separate 
groups of spectrum-series. Hach group will consist of a 
number of adjacent spectrum-series, and the two groups will 
have (approximately) a common head. The various series 
correspond to the various shells of ions in the atom; those in one 
group correspond to shells of negative ions, those in the other 
to shells of positive ions. We may imagine the vibrations 
associated with the innermost shells of ions to be of less 
energy than those associated with the outer shells, and in 
this case the lines of a given order (nv) in either group will 
themselves form a series of lines of diminishing brightness, 
until the lines become so faint as to be invisible. 

The spectrum-series of the real atom which correspond to 
the ideal spectrum-series of which the heads are given by 
equation (24) will similarly fall into two groups, but the series 
of any groups will be adjacent only if W varies continuously 
from ion to ion as we pass inwards from the surface of the 
atom. 

§ 25. It will be at once seen that the arrangement of 
spectrum-series just found is sufficiently general to describe 
the arrangement which is known to exist in an actual atom. 
The adjacent series forming a single group may be supposed 
to form the series of triplets, double or single lines which 
occur in observed spectra. The two classes of series corre- 
sponding to equations (24) and (25) will be the principal 
and subordinate (or else subordinate and principal) series of 
the classification of Kayser and Runge. The two sets of 
subordinate series (the first and second according to Kayser 
and Runge ; the ‘ nébuleux’ and ‘ étroit’ according to Rydberg) 
will be the two groups of one of the two classes given by 
(either) equation (24) or (25). It does not seem possible to 
identify the various series of our theory with observed series 
without carrying our theory much further than has been 

* Otherwise thus :—The continuity in the ideal spectrum, in the case 
of every value of n except n=, is effected by the vibrations associated 
with the thin transition-layers, and these have no actual existence. 
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done at present. But enough has, perhaps, been said to show 
that the general arrangement of lines in the spectrum which 
is predicted by our theory is sufficiently general to include 
that which is observed, while being at the same time sufficiently 
definite to afford a test of capability of the atom as we are 
now imagining it to reproduce the phenomena of the natural 
atom. 

§ 26. A comparison between the theoretical and observed 
spectrum suggests that the actual atom may be regarded as 
approximately made up of shells of ions of alternate signs, 
or, still better, of shells of doublets. The same conclusion 
might have been arrived at from a consideration of the con- 
ditions of either equilibrium or stability. The evidence of 
the Zeeman phenomenon—that the predominating vibrations 
are those of negative ions, as well as the experimental result 
that negative ions are dissociated from the atom more readil 
than positive ions (there being no evidence that these latter 
can be dissociated at all), leads to the conclusion that the 
outermost layer of ions is of negative sign. 

§ 27. The class of tangential vibrations of frequency 
p?=0 which was found for the ideal atom ($ 15) will be 
approximately reproduced in the real atom. The correspond- 
ing values of p? will not now be actually zero, but will be 
very small. 

Hence, in addition to the spectrum already discussed, 
which has been shown to consist solely of a collection of 
spectrum-series, there will be a second spectrum, far removed 
from the former, and at the infra-red end of it. It is 
not practicable to investigate the positions or arrangement 
of the lines of this spectrum, since the whole value of p? con- 
sists of a correction arising from the discrete structure of the 
atom. At the same time the existence of this spectrum might 
throw some light on the phenomenon of ‘ electromagnetic 
resonance” discovered by Drude. It is found that resonance 
can be established between matter (in the case of certain 
substances at least) and electromagnetic waves of which the 
frequency is only about a millionth part of the frequencies of 
the visible spectrum*. 

The Zeeman Phenomenon. 

§ 28. Let us return to the general equations of the ideal 
atom, found in § 14, and suppose that u, v, w specify a 
normal vibration under the influence of a magnetic field H, 

* Wied. Ann. lviii. p. 1; lix. p. 17; Ixiv. p. 131. 
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parallel to the axis of the molecule. We must in this case 
write 

L =Hipr w sin? 6, 

M= Hip r wsin @ cos 6, 

N = - Hip (rv cos 0+ usin 6). 

Writing E for pH,+oH; (§ 13) and 

6H/ér for pdH,/dr + cdEs/dr, 

the equations of motion will be (c/ equations 8, 9, 10, 
p- 432) 

opiu= oe +uW—pHiprwsin?@, . . . (26) 

ap rus ae —pHipr? wsin@cos?, . : ame 

, dk 
opr? sin? @w= dé +pHipr sin 6(rv cos 0+ usin). . (28) 

We shall only attempt the solution upon the supposition 
that H? may be neglected, and in this case we obtain from 
(26) and (28) 

_ pHtp dE 

op*r dd 

Equating the various harmonics in this, we obtain (¢/. equa~ 
tion 11, p. 432) 

op u= ee +uWw 

oJ” Hm 
EEN) (ee nN m p m op 8 a ee +a W Toph J7, ere 

Similarly we obtain from (27) and (28), 

ae pile cot gun opty = ai we 

op dp: 
Hquating coefficients of ¢”*, multiplying by sin@, and 

operating with os we get 

LN fanaa ee 
opr =e" Pau) land do (sin 6 ne) 

pHm d + Frain 89 628 9. Pr(u)) be. ; (80) 

From (28), with the help of (26) and (27), 
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dd : dé or 

Equate coefficients of ¢”*, multiply by zm/sin? 8, add to 
(30) and we obtain, after some simplification, 

opr (By + imy”)P™(u) 

opr’ sin? 0w= dk oe roe sin 6 cos gas +r sin? as). 

= =S(n(n xg oe le (u) J” 
op 

pHm 

Go 
We can now equate coefficients and obtain 

: Hm Hmr 6J” — op*r*(Bp-+imyz)= {n(n+1 pee on OB 

$3” 
n pz E 

Sr eB) 

It appears, therefore, that under the influence of a mag- 
netic field, the normal coordinates will fall into the same two 
classes as before. The frequency of the lines of the visible 
spectrum is, however, no longer given by equation (18) but 
by an equation of the form 

Pe 2) Pp Homl Cp; 2) =O. 0s. 2 ee 

§ 29. We see from this that the effect of the magnetic 
field is to separate the (2n+1) lines, which, in the absence 
of a magnetic field, coincide in the nth line of a spectrum- 
series, in such a way that the line m=0 remains in its original 
position and forms the central one of a group of (2n+1) 
equidistant lines. Thus the line n=O will be unaffected by 
a magnetic field, the line n=1 separated into a symmetrical 
triplet, the Jine n=2 into an evenly-spaced quintet, and 
so on. 

§ 30. The lines of the spectrum of the actual atom must 
be influenced by a magnetic field in a manner approximately 
the same as that found for the ideal atom. It may, however, 
happen that some of the side lines will be too faint for 
observation. It may also happen that the (2n+1) lines did 
not originally form a single coincident line, but a doublet or 
even more complex structure. It may thus happen that the 
number of equal periods represented by any single line is an 
even number. In this case it is known that the lines must 
spread symmetrically * so that there will be no middle line left, 
and the separated line will consist of a doublet, quartet, &c. 

* Lorentz, Astrophys. Journal, ix. p. 37. 
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The solution of equation (32) will be of the form 

p=(n)+Hn®(n), 

where ¢@ and ® are the same for the same spectrum-series. 
The separation is therefore directly proportional to the 

strength of the field ; and we can see reasons for expecting 
the remaining factor to be intimately dependent upon the 
spectrum-series to which the line belongs, as well as upon its 
position in this series. 

§ 31. In considering the polarization of the various lines, 
we shall neglect the ratio of the radius of the atom to the 
wave-length. In this case the radiation emitted by the atom 
may be taken to be the same as the radiation emitted by an 
“equivalent particle,’ this particle moving so that its dis- 
placement multiplied by its charge is equal to the vector- 
sum of the displacements of the ions of the atom multiplied 
by their various charges*. 
We have seen that the central line of a Zeeman group is 

emitted by a vibration which is specified by a zonal harmonic, 
having the direction of magnetic force as axis. The orbits 
of the ions are therefore in the meridional planes, and are 
the same in all such planes. The resultant radiation is there- 
fore such as would be emitted by a single particle vibrating 
along the axis. 

The vibrations by which the side lines are emitted may 
each be regarded as composed of two parts :— 

(a) A vibration parallel to the axis of harmonics. 
(8) A vibration in which every ion describes an orbit 

parallel to the equatorial plane. 
The amount of the former will be different in different 

meridional planes. Since this amount will, for the line m, 

* The radiation emitted by a vibrating system of ions can be calculated 
as foilows:—Let the displacement arising from a single vibration be 
such that €, y, ¢(the components along three rectangular axes) are the 
real parts of aejpt, Bert, yePt, and introduce a complex vector C of 
which the components are a, B, y. Then the radiation at an external 
point can be determined from the single vector P which is the real 
part of 

civt \JR- le-iPR/V pC dx dy dz, 

where R is the distance of the external point from the element dx dy dz. 
When we neglect the radius of the atom we may take R—le—ipR/V out- 
side the integral, and this leads to the rule for the vector composit on of 
displacements. The radiation is given by the equations 

ora H-_ld 
Wear. ~~ 7 qe (curl P). 

Cf. Larmor, AAther and Matter, §§ 151-156. 
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contain the factor ¢”%, we see that the aggregate radiation 
is nil, 

The amount of the latter will also be proportional to a 
factor é’"%, and the radiation will be nil except in the case of 
aoe 

In the case of m=1, the radiation is such as would be 
emitted by a single particle describing an orbit in the 
equatorial plane. To investigate this orbit it is only necessary 
to notice that the values of wu, v, w at every point will depend 
on ¢@ and ¢ only through the factor e”?+7), Hence the 
equivalent displacement will depend on ¢ and ¢ through 
the same factor, and will therefore be that of a particle 
describing a circle in the equatorial plane, the direction being 
that of @ increasing or decreasing according as m has the 
value —1 or +1. 

Hence the polarization of the lines m= —1, 0, +1 can be 
accounted for in the manner in which they have already been 
accounted for by Larmor upon the supposition that the 
radiation is emitted by a single ion vibrating in a spherically 
symmetrical field of force. On the other hand, our theory 
does not compel us to expect that every line will be separated 
into a triplet, or that the separation will be of constant 
amount. 

§ 32. It must be remembered that our examination of the 
polarization is subject to two corrections: one arising from 
the finite radius of the atom (which was neglected in com- 
parison with the wave-length), and the other from the discrete 
structure of the actual atom. For this reason we cannot 
expect the polarization of the lines to be absolutely complete, 
and the lines for which m has values other than 0 or +1 
will not actually be invisible, although since the total 
radiation arises solely from two small corrections, they will 
probably be very faint. 

The polarization of the side-lines of a triplet shows that the 
equivalent single ion must be supposed to be of negative 
sign. Itis of interest to notice that on the present theory - 
this does not indicate that the light is emitted solely by 
negative ions, but only that the vibrations of the negative 
ions contribute more to the radiation of the particular periods 
in question than do the positive ions (see § 26). 

The Influence of the Translation and Rotation of the Atom. 

§ 33. There is a purely kinematical result of the trans- 
lational motion of the atom, which shows itself in the well- 
known Doppler effect, and consequent broadening of the 
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spectral lines. In addition to this, the actual periods of 
vibration of the atom are altered by its velocity in space. It 
has been shown by Lorentz that the effect of a uniform 
velocity of translation (w, 0, 0) is to decrease the components 
along the axis of w of all the electrical forces involved, in 
the ratio 1: (1—w?/V?)?, where u is the total velocity of the 
atom relatively to the ether. 

The result of this is that the spherical symmetry of the 
atom is destroyed, and the lines in the spectrum which have 
been supposed to be superposed and indistinguishable will 
become separated. It is, however, easily verified that this 
separation will be much too small to be capable of observation. 

The view which we have taken up compels us to suppose 
that the linear dimensions, not only of atoms, but of complete 
bodies, cepends upon their orientation in space. It has 
been pointed out by Lorentz *, Larmor +, and Walkert, that 
this supplies the only satisfactory explanation of Michelson’s 
aberration experiments. 

§ 34. The influence of the rotation of the atoms will, like 
that of the translation, be two-fold. There is, first, a purely 
kinematical effect, already discussed in § 2, and, second, a 
dynamical effect, as follows :— | 
We can allow for a rotation w, by supposing a force 

wr sin @ to act per unit mass, perpendicular to the axes of 
the atom. The effect of this, regarded as a steady force, will 
be to produce a new equilibrium configuration, each element 
being moved a slight distance from its old position. 

The vibrations will. now be vibrations about this displaced 
position of equilibrium, under the influence, partly of the 
displacement-potential, and partly of the centrifugal force 
which is supposed to act. 

The periodicities will therefore be slightly changed, and the 
amount of change for every vibration will contain w? as a 
factor. 

Remembering that w? varies from atom to atom, it appears 
that the effect upon the spectrum of the whole gas, which is 
produced by allowing for the rotation of the atoms, will be 
to change each line into a band. The centre of the band will 
not coincide with the original line; the position of this line 
will now be occupied by the extreme edge of the band, 
corresponding to w=0Q, and since the probability of zero 
rotation is nil for each atom, this line will be of zero 
intensity. 

* Lorentz, Versuch einer theorte ... p. 120. 
+ Adams Prize Essays, 1900. 
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We have, however, seen that each “line” of the original 
Jine-spectrum ought to be regarded as the superposition of 
several lines. The rotation of the atom destroys the spherical 
symmetry, and therefore separates these lines, each one being, 
at the same time, spread out into a band. 

The resulting “band” will therefore be a more complex 
structure than we have hitherto supposed it to be. It may, 
for instance, spread to both sides of the original line, and 
may show several maxima and minima of intensity. But in 
every case the widening effect ought to remain always 
similar to itself, the amount being always proportional to w’, 
the mean value of ww”. 

Now if the rotation is governed by a subsidiary tempera- 
ture, w* will be proportional to the temperature, and there- 
fore to the density (§ 6), so that the shift and the broadening 
of any line will each be directly proportional to the pressure 
in a pure gas, and roughly proportional to the total pressure 
in a mixed gas*. 

In any single spectrum-series, not only the periodicity but 
also the form of the normal function depends solely upon the 
single parameter n. From this it follows that the amount 
of shift in a single spectrum-series will depend only on 2. 
There will therefore be a similarity between the shift of the 
different lines of the same series, such as does not exist 
between those of different series. 

The broadening effect just found must be added to that of 
§ 8. The broadening due to each effect, aud therefore also 
the resultant broadening, will be proportional to the pressure. 

§ 35. In the case of complete molecules the rotation will 
not be governed by a subsidiary temperature, so that the effect 
of rotation will be much greater than in the case of dissociated 
atoms. There need therefore be no difficulty in accounting 
for the continuous spectrum emitted bya solid ora heated gas. 

The Structure of Molecules. 

§ 36. Let us now pass from the consideration of the phe- 
nomena of spectroscopy to the consideration of the other 
properties of matter which are implied in our provisional view 
of the structure of an atom. 

If an atom consists of m negative and n+s positive ions, 
the total charge on the atom will be se, ands may, by a slight 
extension of tne usual terminology of chemistry, be referred 
to as the valency of the atom. 

* A Summary of Experimental Knowledge is given by W. J. 
Humphreys, Astrophys. Journal, vi. p. 225. 
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It is clear that there will be no atom of which the valency 
sis comparable with n, since such an atom would tend to 
expel the ions of that sign which was in the majority, although, 
when s is small compared with », the corrections which we 
have seen must be applied to the ordinary electrostatic law 
may be sufficient to counterbalance this tendency. 

An atom of valency s behaves at sufficient distances from 
its surface like an electrostatic point-charge of electricity se 
placed at its centre. We may therefore expect that under 
favourable conditions the atoms will combine into larger 
systems, namely molecules, a molecule being now defined as a 
system of ions of which the total charge is zero. 

Thus an atom of valency —2 may combine with another 
atom of valency +2, or with two atoms each of valency +1, 
and soon. Or two similar atoms each of valency +1 may 
combine with two ions to form a neutral molecule, though, 
by hypothesis, a single such atom cannot combine in a stable 
manner with a single ion. So two atoms of valency +1 
may combine and form a neutral body, by ejecting the two 
superfluous ions. 

On this view, a molecule of an element cannot be the same 
as two (or more) atoms, although the molecule of a compound 
may or may not be a sum of atoms of elements. But it 
follows from the definition of a molecule, asa system of which 
the total charge is zero, that no free ions can be liberated by 
chemical change. It follows further that the force exerted 
by a complete molecule at external points will fall off very 
rapidly as we recede from the molecule. 

Electrostatical Forces.—Chenucal Affinity, Cohesion. 
§ 37. We may examine the electrostatic field of force more 

closely as follows. 
With core as origin of coordinates, the potential of an atom 

upon an ion exterior to it (and at a distance so great that 
the unknown part of the potential function may be ignored) 
ean be written 

Ve Ot Cha? Ge 
7. (i ee 

where S,, S,.... are spherical surface-harmonics of orders 
3 eoeheh 
Now 

\ { 3 r? dO sin 9 dé=A4r7 x total convergence of force 
inside atom, 

= —Arse. 



Mechanism of Radiation. 449) 

Substituting for V the value given by equation (33), we 
find that a)/r is the chemical force, a, being proportional to 
the valency of the atom. 

Hence between two atoms there will be a chemical attraction 
or repulsion along the line joining their centres, and also a 
force (proportional to 1/r’ at most) arising from the coarse~- 
grainedness of the ionic structure. Between two molecules 
the latter force exists alone. 

This latter force (force of cohesion) will be vanishingly 
small ina gas, where the distance between adjacent molecules 
is small compared with scale of coarse-grainedness of atoms, 
but may become very large in a solid. 

The force consists of a couple and a radial force. From 
the form of V these are equally likely, if the atoms are 
placed at random, to be in either direction. Butif the atoms 
(or molecules) are permanently near one another, the couple 
will turn them into a position in which this potential is a 
minimum (and therefore, speaking roughly, negative), and 
the radial force dV/dr is now attractive. 

Electrodynamical Forces.— Permanent and Induced 
Magnetism. 

§ 38. In addition to the forces just considered, there will 
be electrodynamical forces arising from the motions of the 
atoms or molecules. 

Each molecule of a solid will, in addition to its internal and! 
translational vibrations, possess a rotational vibration in the 
field of intermolecular force. As we pass to greater amplitudes: 
of this vibration, we shall come to a point at which a vibration 
through a finite angle gives place toa complete rotation. The 
rotation is not of uniform velocity, since irregularities are 
introduced by the field of force. In a rotating atom or 
molecule we have the rotation of a system of charges of 
electricity. The net result is therefore equivalent to a circular 
current of electricity in the direction of rotation. 

Hence, in the case of vibration, tlie result is the emission 
of electromagnetic waves; but the force on the atom or 
molecule varies in direction at each half-phase. 

In the case of complete rotation the current and forces are 
of constant direction : the atom or molecule may be regarded 
as a@ permanent magnet of moment proportional (except for 
irregularities) to the angular velocity, and of axis coinciding 
with axis of rotation. 

In general, the axes of these molecular magnets will be 
distributed at random, so that the solid will exhibit no mag- 
netic properties. 
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If the solid is placed in a magnetic field, there will bea 
couple acting on each such magnet, tending to turn its axis of 
rotation parallel to the lines of magnetic force. Two effects 
can be detected. 

I. The axes of rotation will turn towards the direction of 
the lines of force. Hence, as in Weber’s Theory (Maxwell, 
§ 443), if the axes be a “set,” in a particular direction giving 
the phenomenon of induced magnetism. 

Other things being equal, this set will, for sufficiently small 
values of H, be proportional to H; it will also depend on the 
rotation of the molecule being proportional to 1/w. 

It follows that the curve of induced magnetization will be 
given by the superposition of a number of curves such as 
that given by Weber. 

The discontinuities will occur at different points, so that 
the resultant curve will be continuous. 

Hie ad. 

o MH 

When the magnetic force is removed, the molecules can 
neither continue to rotate in their present condition, nor can 
they return immediately to their original state. An inter- 
mediate state will ensue, and the time required for the induced 
magnetism to disappear will depend on the ease with which 
energy passed between certain degrees of freedom in the solid. 
The field of intermolecular force may be such that some 
molecules retain their set for ever. For it may be that some 
molecules cannot return to their old positions without passing 
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through a position in which their motion is opposed by an 
intermolecular couple greater than the gyrostatic couple 
caused by their angular rotation. In the former and more 
general case, we have residual magnetism; in the latter, 
permanent magnetism. 

II. A further effect of the externa] field H is seen upon 
considering that the rotation of the molecules gives rise, 
virtually, to an electric current. If the current were real, 
the addition of the external magnetic force would give rise 
to an induced current: in the present case it gives rise to a 
retardation of the angular velocity about the lines of magnetic 
force, the velocity being regarded as a vector. It may there- 
fore be regarded as giving rise to a system of magnets of which 
the direction is opposite to that of the magnetic force. 

Hence diamagnetism may be accounted for in the manner 
of Weber (Maxwell, Treatise, § 838). 

§ 39. The great range of values which is known to be 
possible for K, the coefficient of magnetic induction, can 
easily be accounted for. Suppose (for the sake of simplicity) 
that the rotation of a molecule is a “normal” degree of 
freedom. This will be specified by a subsidiary temperature; 
and if a be the mean energy, the law of distribution may for 
illustrative purposes be taken to be 

_E 
° Be? a/b 

where E is the energy of the rotation (proportional to w?). 
Let 6 be the value of H at which the motion changes from 

oscillatory vibrations to complete revolutions. 
In a field of force H a couple acts on this magnet which is 

proportional (as regards H and w) to Hw. If 9 is the angular 
displacement produced, the couple is also proportional to Qw?. 
Hence @ is proportional to H/w. This displacement may be 
regarded as the creation of a new magnet, proportional to 
(H/w) x w, and therefore proportional to H, and independent 
of w. The total znduction is therefore proportional to 

ake Wee i 
x | He «dvi; 

b 

and therefore to the area of the curve 

y= ve, 
which is on the right of the ordinate 

je tne 
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Thus if 6 is comparable with a, the coefficient k, given by 
eo) _¥§ a 

tmk= | Re "dVE 
5 

will vary rapidly with slow changes in b/a. 

Fig. 2. 

Us 

fe) : zx 

Since a is the measure of a subsidiary temperature, a may 
vary enormously from one substance to another. 

Calculation of Specific Inductive Capacity. 

§ 40. Under a steady field of electric force C every ion at 
the surface of any atom is in equilibrium under the force, the 
displacement-potential of the atom to which it belongs, and 
the potential arising from other atoms. Neglecting the latter, 
the displacement-potential at every point of the surface of any 
atom must be Ew ; or if R is the radius of the atom, 

Hip cos O.., - 0) fs on) i 

At all points outside the atom this displacement-potential 
satisfies Laplace’s equation, and it is continuous with (34) 
at r=R,. ‘The general solution is therefore 

Hi cos @R,’/7?. 

If there are Ndv such atoms in a small element of volume dv, 
the total displacement-potential at an external point will be 

NE cos 0R,2dv/r? or 3S ENR,°a/r°. 

The specific inductive capacity of a medium composed of 
such atoms will therefore be given by 

k—1 2 3 
Le pce 
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For a gas this gives 
k=1+96/47, 

where @ is the fraction of the total volume which is occupied 
by atoms. 

It is clear that this is of the right order of magnitude. For 
oxygen, hydrogen, nitrogen at the density of the air the 

refractive index is roughly 1:00025*, giving 

k=1:0005. 
Substituting this value in the formula just found for & (and 

neglecting the difference between atoms and molecules, since 
this will not affect the order of magnitude of the quantities 
concerned), we get @=-0007. 

Now the density of liquid oxygen, nitrogen, &c., is roughly 
1000 times that of air, so that the value of 6 just found will 
be at any rate comparable with the true value. 

Dnelectrics, Conductors, and Electrolytes. 

§ 41. It will be seen that the foregoing theory of the 
specific inductive capacity of a dielectric is virtually that of 
Mossotti +. The atoms or molecules must not be regarded as 
perfect conductors, but they arrange themselves so that their 
external surfaces are equipotentials, and therefore behave like 
conductors to all external points. 

In a solid body each ion will be in equilibrium under the 
forces arising from all the ions in the solid. In the case of 
some substances, the solid may be regarded as a collection of 
atoms, or molecules, each individual atom retaining its identity; 
whereas for other substances the body must simply be regarded 
as a confused mixture of ions which have placed themselves 
in equilibrium. 

The difference is that between a dielectric and a conductor. 
If the former body is placed in an electric field, the molecules 
will arrange themselves so that their surfaces are equipotentials, 
and we have a dielectric of which the theory of Mossotti gives 
a good account. 
When a body of the second sort is placed in an electric field, 

the ions (possibly all ions, or possibly only the ions of the 
outermost layer) will be free to move from one molecule to 
another, and will therefore arrange themselves so that the 
whole surface of the body is an equipotential. In one haf of 
the body there would be an excess of negative ions, in the 
other half an excess of positive ions: the former is the so- 
called ‘‘ induced charge ” of negative electricity, the latter of 

* Preston, ‘Theory of Light,’ p. 187. 
+ Maxwell, Elect. and Mag. § 62. 

Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 1901. 2H 
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positive. Before the ions have taken up their equilibrium 
positions there will be a flow of ions through the body, and 
this is a “ current of electricity.” 

A third class of body can be imagined in which the ions 
are closely bound into atoms, but the bond between the 
various atoms of a molecule is very slight: this is the class of 
electrolytes. A current in this case involves an actual transfer 
of atoms through the electrolyte. 

Consider, for instance, the electrolysis of hydrochloric acid. 
The hydrogen atom has a convergence of force equal and 
opposite to that of a negative ion. Hvery pair of hydrogen 
atoms as they arrive at the cathode will combine with two of 
the negative ions which. have been conveying the current 
through the metal cathode, and will together form a neutral 
hydrogen molecule. So also at the anode, the pairs of 
chlorine atoms combine into molecules, and in doing so 
liberate the ions which are to carry the current away from 
the anode. Faraday’s Laws of electricity follow at once. 

Conclusion. 

§ 42. This concludes the comparison between the phe- 
nomena which are to be expected from our hypothetical 
matter and those which are observed to occur in nature. It 
must be left for individual judgments to decide whether the 
test afforded in this way is sufficiently strict to be worth 
anything ; and if so, to decide what is the measure of pro- 
bability that our hypothetical matter gives a clue to the 
structure of actual matter. 

§ 43. In conclusion, reference may be made to a question 
which demands an answer in the case of this, as in the case 
of every other hypothesis which attempts to place the structure 
of matter on a purely electrical or ethereal basis. The only 
difference which the ezther-equations of electricity can re- 
cognize between a negative and a positive charge of electricity 
isa mere difference of sign ; so that if we regard a negative 
ion as an ether-structure, we are inevitably led to regard the 
possibility of positive ions differing from negative ions only 
by a difference of sign. On the other hand, the predominance 
of the negative ion in most material phenomena, and in the 
emission of light (as evidenced by the Zeeman Effect) seems 
to suggest the view that positive and negative ions differ in 
something more than mere sign. Any attempt to explain 
matter in terms of sether must therefore face the problem of 
reducing what appears to be a difference in quality to a 
difference in sign only. 
We can explain these facts, in terms of our present theory, 

by supposing (§ 26) that the outermost shell of ions in any 
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atom consists exclusively of negative ions, but there still 
remains the question as to why it is that the positive ions 
rather than the negative are excluded from the outermost 
shells of the atom; we have not yet removed the essential 
difference in quality between positive and negative ions. 

We cannot suppose that all atoms with positive ions at the 
surface are unstable ; for corresponding to any stable arrange- 
ment with negative ions at the surface, there must be a stable 
arrangement which is exactly the same except that the sign 
of every ion is changed. If an ordinary atom is referred to 
as a positive atom, this other kind of atom may be referred 
to as a negative atom. 

Let us refer to the atoms of the various chemical elements 
as A, B, C,...., and let the imaginary corresponding negative 
atoms be referred to as A’, B’, C’,.... In order that a system 
of chemical elements A, B, C,.... may have a permanent 
existence it is not only necessary that the individual atoms 
A, B, C,.... shall each be statically stable, but also that when 
any atom A meets another atom B, the atoms A and B shall 
not lose their identity. Now the forces exerted between A 
and B when in proximity will arise mainly from that part of 
the potential-function which represents the divergence of the 
forces exerted by the ions near the point of closest approach 
from those calculated on the ordinary electrostatic law, and 
will possibly depend largely upon the signs of the ions in 
these outermost shells. Thus if A and B do not unite so 
closely as to lose their separate identity, it is not difficult to 
imagine that A’ and B would be drawn together until a 
complete rearrangement of ions had been effected and a new 
atom or atoms formed. If this supposition be accepted it will 
be clear that a condition that a system of elements should 
have a permanent existence is that the outermost layers of all 
the atoms shall be of the same sign. We can imagine a 
number of positive and negative ions initially scattered at 
random in space to condense into matter of both kinds, but 
whenever a collision takes place between two atoms of different 
kinds, the result is a rearrangement of parts, until finally only 
one class of matter is left in the field. 

This last suggestion 1s ot a very speculative kind ; but it may 
be noticed that if matter 1s an ether-structure, and if the 
difference between positive and negative electricity only enters 
in the ether-equations through a mere difference of sign, 
then the observed difference between the relations of the two 
kinds of electricity to material phenomena can only arise 
from a difference in the initial conditions, such as that just 
described. 

oF 2 
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XLIV. A Contribution to the Theory of Magnetic Induction 

in Iron and other Metals —Part Il. By Joun Bucwanay, 
D.Se.(Lond.)*. 

N the Phil. Mag. for March of this year there appeared a 
paper of mine with the above title. It will be referred 

to below as Part I. We are now in a position to discuss in 
more detail the application of the general theory there given 
to some of Dr. Hwing’s experimental results. 

As in all such cases, the question resolves itself into the 
operation of determining constants—in other words, of find- 
ing the form of the graph which represents the initial con- 
ditions, such conditions being expressed by wv=0 in (11) 
Part I. Work of this kind requires the expenditure of a 
good deal of time, so that I am able to give here a first 
approximation only. 
My objects in presenting these approximate results are to 

indicate the nature of the problem involved in the applica- 
tion of the general theory to the experimental facts, to suggest 
the form of the solution, and to compare the values of 
found here with those obtained in Part I. by an entirely 
different method. 

The methods used and the results obtained will be found, 
[ trust, of sufficient interest to justify their publication. 

Curve for Annealed Iron (cf. B. fig. 1, Part I.). 
In the footnote, p. 336, Part I., I have given e=1:2 for 

this curve, whilst the saturation intensity of magnetization 
(c) is given as 0°84, that is 0°84 x 1700=1428 ©.@ 8. units. 

These results were obtained by the determination of the 
constants in the case where the specimen of iron was sub- 
jected to a continuous increase of magnetizing force. 

I propose now to consider that curve of fig. 14, plate 59 
of Dr. Ewing’s paper in the Phil. Trans. pt. ii. 1885, which 
refers to the behaviour of the same specimen when the 
magnetizing force was varied cyclically. 

This curve was subjected by me to harmonic analysis. 
The period was taken as 180 ; 90 readings of I were taken off 
the curve at equal intervals of H. By help of 4-figure mathe- 
matical tables I get as the harmonic constituents of the curve 

1521 sin (5% H—5%0); 
180 

oe er oye 
468 sin (Tg H—14 1); 

Lr Aho Ves 10x —22°3) 273 sin (T55 H—22°3 ), 

* Communicated by the Author. 
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The amplitudes of the octave and the third harmonic are 
inappreciable, as indeed the shape of the curve itself would 
sug gest. 

The presence of the epochs in the harmonic constituents 1s 
of course the indication of hysteresis and of residual magnetism 
in the material. 

Equation (11) Part I. may be written in the form 

as ee Se is T 
a. D,e ve sin( H— WATET A . (15) 

where D,, z, and 6, are constants whose values are to be 
determined. 

For the curve in question it appears that 7 assumes odd 
values only. 

This last condition suggests a modification of fig. 5, Part I., 
as a possible form of the graph for [,29 which would apply 
to such an experimental curve as we have under examination. 

A somewhat prolonged arithmetical study of the matter 
leads me to a general form of graph for I< like that shown 
here in fig. 6. 

Fig. 6. 

To find the equation to this graph, let 

1_j=¢ from H=0 to H=2; 

L,->=c—a(H—n) from H=A to H= a! 

R R 
2 to H= ath 3 

|) aa a iis bie es 2 PEG es - 

j= —¢ irom B= 

By the application of Fourier’s methods, we find as the 
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equation required : 

fe 
Rits2 i rr C 

T,-0= ay > = cos 7A cos one (H— *) 
Sela R R 2 

= a 2m Fy 

4 4c—a(R—2A) > gee. - oie ee 

in which r has only odd values. 
By comparison of the general terms of (15) and (16) with 

one another, we get 

cos 2 — Re sin eULEN he Rees : 
7 R Tr 

: 2a 
D, sin @ = —z,2 008 Tati ut (ahs ee ee (17) 

Thus D, and @, can be expressed in terms of the constants 
of the graph of I<. 

Now, as Dr. Ewing has pointed out*, “the curves (of 
magnetization) ... appear in all cases to start off tangent to a 
line parallel to the axis on which H is measured whenever 
the change of H is reversed in sign.” 

In the notation of (15) and (16) above, such reversal takes 

place when H= - . This would suggest that in (16) a value 

for X about : should give an approximation to the truth. 

Let us then take as an approximate value \= - Bae oS, 

substitution in (17) we get 
aR 

aR TP? ae a 
ee = sa eye! IE : 5 D_ cos ¢.= cae PL opi ene 

: R 
D_ sind, = 5: (18) 

aR .. tan@,= 
aR . 7Tr 

a to—*) +aR sin > 

* Phil. Trans, pt. ii. 1885, p. 533. 



Magnetic Induction in Iron and other Metals. 459 

‘3 tan 0 = itn ofl Sa) ie ae cag LS ')) 
rL— 7wr+2 sin ee 

if we put 7 = OTe 
Sak 

By help of (19) I drew curves on squared paper to show 
the connexion of tan 0, and Z for the values r=1,7=3,r=5; 
the curves are of course hyperbolas. In this way was found 
a value of 0, which, when substituted in (15), enables a value 
for « to be determined such that the epochs obtained from 
the experimevtal curve of Dr. Ewing could be most nearly 
reproduced. 

The nearest approximation I could get was 

eee) 4 O2==2"1, €,=1°1, and z=1°33: 

Thus, when these respective values of « and 6, are sub- 
stituted in (15), we get as the harmonic constituents:— 

y) fan) 

res 4/ © Dar 
180 ero a, 0.7 

1¢€ sin ( Sy 4 i); 

=1:33 4/°™ oe 
180 5 150.2 

-1:33 ,/5™ 
D;€ 180 sin (sn 8 214) 

Moreover, if we substitute in (18) the value of Z just 
given, we can find D,. Thus 

D,=cx 1214 ;¥W 

Do=« x04; 

D;=c x 0°2238. . 

Also, if we identify the calculated amplitudes of the 
harmonic constituents with those found from the experimental 

curve, we have 

D, US 5 Seay. 

D3¢€ oe = 468 ; 

“VBS _ 973, 
5) 
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Or, using the values of D,, D3, and D; given immediately 
above, 

cx 1214 xe ee = 1521, 

*, G=e1495. 
Again, sh 

; 3rr *: 

cx04xe NA = 468, 

*, ¢= L556. 

Lastly, 

6x 0223 xe 7 is = 973, 

c= 1818. 

The value of ¢ obtained from the different harmonic con- 
stituents should obviously be the same. 

On reference to the first sentence in the discussion of this 
curve, it will be seen that the two values of wx, viz. 1°2 and 
1°33, are comparable with one another, whilst the value of ¢ 
there given is only strictly comparable with the first here 
found, viz. 1428 with 1495. 

Curve for Hardened Iron (cf. C and No. 3, fig. 1, Part I.). 

On p. 336, Part I., 1 have given e=4, c=1, that is 
c=1700 C.G.S. units for curve No. 3, which coincides fairly 
well with Dr, Ewing’s curve. 

When the material is subjected to a cyclical variation of 
H, harmonic analysis of Dr. Ewing’s fig. 14, plate 59, loc. cit. 
for the specimen of iron which has been hardened by stretch- 
ing, yields as the harmonic constituents 

Rene Bo. ub, 1235 sin (7 7 H 8 7) 

ous aves 
903 ain (Ges H-31 8); 

at LOgr: is 
78 SsIn (jaa H—55 2). 

The amplitudes of the octave and of the third harmonic 
are again inappreciable. 

With the same assumption regarding the value of ) as was 
made above, I get 

Z=7'2, 0,=18°3, @;=11°%1, 6,=5°1, and e=3-4. 
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By substitution as before in (15) we get as the harmonic 
constituents :— 

—34, fir | 2 
Dye Ve sin Teg 83s 

VE 
D;¢ 168 sin (TH -35°1); 

3: on 
Beg V iisin (jg H-545)) 

Using (18) we get 

Dee x 132: 

D,=ex 0144: 

Or, by identification of amplitudes :— 

cx 1:132~x sees i 1235, 

+ == Lab. 
Again, as 

= 3r 

Maced). os 208, 

sera eeau. 
Lastly, 

ex 0'144x oo = 78, 

Se Loud. 

As in the case of the previous curve, the two values of a, 
viz. 4°0 and 3:4, agree fairly well; of the values of ¢ only 
the first is practically identical with that given above, viz. 
1736 with 1700. 

The results for thesetwo curves, approximate thoughtheyare, 
would appear to suggest the possibility of obtaining the value 
of w and of the saturation intensity of magnetization for a 
material by help of the results of harmonic analysis of the 
curve (I, H) when H is varied cyclically. 

That all the values of c are of the same dimensions I con- 
sider to be sufficiently satisfactory, in view of the approximate 
nature of the harmonic analysis applied by me to Dr. Ewing’s 
curves, and in consideration also of the severity of the test 
which is applied when we extract from any curve by har- 
monic analysis such high period harmonies as the second and 
fourth. 
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Recurring to the heat analogy, let us imagine the terminal 
portion of a very long conducting bar to be subjected to time- 
periodic change of temperature. When the periodic changes 
have become steady throughout the bar, let there be plotted 
the graphs of time-temperature for two sections of the bar 
whose distances from the end of the bar are, say, w, and a. 
In dealing numerically with the data obtained from the ex- 
periment, however, we can only use the value (#,—4a), 
because practically ‘the source of the changes of temperature 
operates not merely at the section x=0 but over a finite 
region in its neighbourhood. Conversely, if all the other 
data were known and we had to calculate the values of # for 
the two sections of the bar, we could only expect to find an 
approximate agreement between the observed and the cal- 
culated values of x The larger the value of a, the more 
close would be the approximation. 

In the corresponding magnetic problem, my attention was 
directed to these considerations by the partial failure of a 
line of attack different from that of this paper, on the problem 
of determining constants. 

How the question really stands is a matter for further re- 
search. Much light could be thrown on the whole subject 
by a systematic series of experiments on a material, such as 
an iron wire, by subjecting it to a cyclical variation of H of 
constant period whilst it is kept under a strain which is 
altered step by step. To make this clear, we might for 
example have 

H varying 0, +90, 0, —90, whilst the load on the wire 
Is zero ; 

H varying 0, +90, 0, —90, whilst the load on the wire 
is 1 kilog. ; 

H varying 0, +90, 0, —90, whilst the load on the wire 
is 2 kilogs.; and so on. 

A similar ees series of experiments could be made 
with different temperatures, instead of with different loads, 
for the same period of H. 

I feel sure that the information obtained by the harmonic 
analysis of the results of such experiments would well repay 
the expenditure of the time and energy involved. 

These suggestions I would take the liberty of recommend- 
ing to the favourable consideration of the Advisory Com- 
mittee of the National Physical Laboratory, in connexion 
with their proposal to experiment on the hysteresis of iron 
and its alloys. 

Gordon’s College, Aberdeen, 
August 1901. 
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XLV. Experiments on the Change in Dimensions caused by 
Magnetization in Iron. By Epvwarp Ruoaps, PAD., 
Lecturer in Physics, Haverford College, Penn., US.A* 

Cie object with which these experiments were undertaken 
was to investigate the relation between the changes of 

length and of width in a long thin specimen due to its 
magnetization. The work of Joule, Barrett, Bidwell, Knott, 
Nagaoka and Houda + bears on the subject; but only the two 
last and Bidwell deal with the case of uniform magnetization. 
Their results are opposite in character, Bidwell obtaining a 
diminution of volume, at least in low fields, while Nagaoka 
and Houda obtain an increase in all fields. In the results of 
neither does any simple relation between the longitudinal and 
transverse changes appear. It seems to me that the lack of 
isotropy { in the metal used may be responsible for this, and 
also that the lack of uniformity in the winding of Bidwell’s 
ring which is necessary to leave space for the connecting 
rods must have differently affected the changes of width and 
length. 
My experiments have not been successful in settling this 

point as yet, the change of width apparatus not giving 
reliable curves, but that for change of Jength, shown in the 
figure, similar to one I used before, worked fairly well ; and 
some of the curves taken with it are interesting as throwing 
light on disputed points, and as illustrating the form of the 
change of length cycle. The specimens consisted of narrow 
strips of thin tinned sheet-iron, 21 centims. long, having a 
ratio of length to mean diameter of about 220 to 1. The 
change of only 7 cm. in the central portion was measured so 
as to avoid the parts near the ends which will not be uni- 
formly magnetized. Two small concentric tubes fitting over 
the specimen were attached one to each end of this length, so 
that when it expanded or contracted they moved relatively to 
each other. The outer tube, which was of course 7 cm. 
longer than the other, had 5 cm. of this length of platinum, 
the rest of this tube and all the other one being of brass. This 
gave temperature-compensation. These two tubes projected 
some distance beyond the end of the specimen, and the 
relative motion of their ends actuated the short arm of 

* Communicated by Prof. J. J. Thomson. 
ft Joule, Phil. Mag. vol. xxx. pp. 76 & 225 (1847); Barrett, Nature, 

vol. xxvi. p. 485; Bidwell, Proc. Roy. Soe. vol. lvi. p. 94(1894); Knott, 
Trans. Roy. Soc. Edin. vol. xxxviii. p. 527, vol. xxxix. p. 457 (1898) ; 
Nagaoka and Houda, Phil. Mag. vol. xlvi. p. 262 (1898). 
t See previous paper, Phys. Rev. vii. p. 65, for the effect that non- 

isotropic condition of the metal may have. 
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a lever, about 1:75 cm. in length, whose long arm, about 
9 cm., “greed two legs of the tilting mirror. The scale 
was placed at a distance such that a movement of 1 mm. 
represented a change of one ten-millionth of the 7 cm. 
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length between the clamps. The specimen with its sur- 
rounding tubes was placed in a coil, water-jacketed on the 
inside, 24 om, long, giving a field of 98 c.e.8. to the ampere, 
constant almost to the ends of the specimen. This coil was 
suspended by indiarubber so that all vibration-effects were 
done away with. The whole was very skilfully made by 
Mr. Pye, instrument-maker of the laboratory. The curves 
obtained are very smooth and free from the effects of tempe- 
rature ; but they are not always quite the same after taking 
down the tubes, &., and putting them up again apparently 
the same as before. The cause of this is not clear at present. 
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The first curve given (fig. 2) serves to illustrate the form 
taken by several change of length cycles going up to different 

Fig. 2. 

wo ee 50 40 30 20 10 1 6 ©6206 50. 40 OS Be 7G 
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field-strengths. Their character was first discovered and dis- 
cussed by Nagaoka. It will be seen that the specimen which 
is lengthening as the field is being increased, continues to 
lengthen when the field is gradually withdrawn (except in the 
very smallest cycle), then a maximum length is reached and 
shortening begins and continues till the field is entirely removed 
and put on in the opposite direction with sufficient strength 
to drive out the residual magnetism. As the field is further 
strengthened the specimen is magnetizedin the reverse direction 
and begins to elongate again. We may roughly distinguish 
four classes of cycles dependent upon the limits between which 
the field is varied. First, in very low fields, two or three v.¢.s. 
units, there is no change of length; so the cycle is simply a hori- 
zontal line. Second, from these fields up to about ten units the 
length begins to decrease on diminishing the field, after having 
remained constant just at first. Thirdly, we have the cycle 
already alluded to in which increase of length takes place on 
reducing the current, even though the length had been pre- 
viously increasing with increasing current. And, fourthly, in 
fields so great that the maximum length has been reached and 
the specimen has then considerably shortened, on decreasing 
the field again there is a loop on the lower side of the original 
curve (not shown in curve given). 

The two curves given in fig. 3 bear on a point that has 
been several times brought up, namely, whether the actual 
thickness of the specimen has any effect on the change of 
length. It is natural to assume that it has not, as these 
curves go to show, provided the condition of “ endlessness” 
in the specimen is fulfilled to a sufficient degree; but refer- 
ence to a paper by Lochner (Phil. Mag. vol. xxxvi. p. 498), 
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will show to what extent this has heen questioned. It is, 
however, important to provide in experiments on this subject 
not only that the magnetization of the part whose expansions 
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Upper curve for specimen 2 mm. wide. 
Lower curve for specimen 1 mm. wide. 

and contractions are measured should be uniform, but also 
that that of the metal adjacent on all sides should be so; for if 
not, its distortions will be communicated elastically to the part 
under consideration. 

The next set of curves (fig. 4, p. 467) bears on the effect of 
annealing. Those which are marked “ hardened by shearing,” 
are for the specimens just as they were cut from the sheet of 
soft iron by adie made for the purpose. Then they were 
annealed in a stream of hydrogen at a full red-heat, though 
this was not hot enough to anneal them completely, as is 
shown by the greater increase of retentiveness obtained in 
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fig. 5 (p. 468), for a specimen of the same kind cf iron heated 
directly i ina flame after being wrapped in asbestos. Mr. Bidwell 
has obtained a diminution of the maximum by annealing: 

Fig. 4. 
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which would not be expected from the intimate relation which 
undoubtedly exists between the change of length and the 
magnetization-curves. The possibility that his specimen may 
have been burned in annealing suggests itself. 

These curves (fig. 4) are also arranged to show the effect 
of the direction in which the specimens were cut from the 
original sheet. 

The apparatus to show the change of width consisted of a 
strip of thin sheet-iron 5 x 36 cm., in the centre of which was 
an arrangement for making the change of width operate a 
lever, parallel to the specimen, on the end of which rested 
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two legs of a tilting mirror, as in the other experiment. This 
was placed ina horizontal coil of elliptical cross-section. The 
demagnetizing force for a specimen of these dimensions is 
considerable, but the field and the magnetization near the 

Fig. 5. 
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No. 1. Cyclic curve in low fields, well-annealed specimen. 
No. 2. Upward curve in high fields of same to +5 horizontal scale. 

middle part are both sufficiently uniform. With this I 
obtained cyclic change of width curves of the reverse cha- 
racter to those for change of length, the changes being about 
half in amount; but the variation with different adjustments 
was so great that they are without value. I hope, however, 
to take up this subject again. 

These experiments were performed in the Cavendish 
Laboratory, and Iam glad to be able to express here my 
most hearty thanks to Professor Thomson for the facilities 
and suggestions he has given me. 
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XLVI. On Double-Refraction in Moving Viscous Liquids. By 
Lavistas Natanson, Professor of Natural Philosophy 
at the University of Cracow*. 

. eee double-refraction is produced in a tran- 
sparent substance by distorting the latter, the double- 

refraction disappearing as soon as the distorting cause ceases 
to act. Observed for well-nigh a century in the case of 
solids, it was discovered, in 1873, by E. Mach? in plastic 
bodies, and—almost simultaneously—by Clerk-Maxwell ¢ in 
the case of certain highly viscous liquids. In 1881 A. 
Kundt§ attacked the problem of double-refraction in liquids, 
and considerably advanced the subject. This physicist sub- 
jected the liquids under study to constantly re-applied and 
hence permanent distortions ; in this way he was able to 
establish the phenomenon of double-refraction (also per- 
manent) for a considerable number of liquids. In the same 
paper Kundt, starting from certain hydrodynamical theorems 
established by Sir G. G. Stokes ||, has attempted to develop 
the theory of the experimental method adopted by him. 
The merit of having carried out the first quantitative 
measurements in connexion with accidental double-refraction 
in liquids rests with G. de Metz, who in his experi- 
ments made use of the principle employed by Kundt. The same 
method has been used by K. Umlauf**, J. H. Almytt, and 
Bruce V. Hilltt, and has enabled them to obtain relatively 
accurate results, in spite of the many difficulties inherent in 
this kind of research. TF inally, in a recent paper by R. 
Reiger §§ will be found an account of some very interesting 
experiments on accidental double-refraction in certain plastic 
substances ; the method adopted by Reiger approaches more 
nearly that which enabled Mach and Maxwell to demonstrate 
the reality of the phenomenon in question. 

In the present communication we propose to discuss the 
theory of accidental double-refraction in liquids ; we shall, 

* Translated from the Bulletin de [ Académie des Sciences de Cracovie, 
March 1901. Communicated by the Author, 

+ Optisch-akustische Versuche, Prag 1878. 
t Proceedings of the Royal Society, No. 148 (1873) ; Scientific Papers, 

vol. ii. p. 379 (1890). 
§ Wiedemann’s Annalen, Bd. xiii. p. 110 (1881). 
|| Transactions of the Cambridge Philosophical Society, vol. viii. 

1845 ; Mathematical and Physical Papers, vol. i. p. 102 (1880), 
4 Wiedemann’s Annalen, Bd. xxxy. p. 497 (1888). 
** Tbid. Bd. xlv. p. 804 (1892). 
tt Philosophical Magazine (5) vol. xliv. p. 499 (1897). 
tf Ibid. vol. xlviii. p. 485 (1899). 
§§ Physikalische Zeitschrift, Jahrg. ii. no. 14, p. 213 (1901). 

Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 1901. 21 
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however, confine ourselves to an examination of that part of 
the problem which one may hope to solve by purely hydro- 
dynamical means; we shall not attempt to enter into con- 
siderations derived from optical theory, which would be 
necessary te render the theory of this phenomenon complete. 

§ 1. Thanks to the investigations of which we have given 
a brief account, the particular case discussed by Stokes and 
realized in the experiments of Kundt has become of the 
greatest importance; it is therefore the case which will 
claim our attention. Imagine a cylinder kept in rotation 
about its axis. At a sufficiently small distance from its 
surface imagine a fixed cylindrical wall having the same 
axis. The annular space bounded by the surface of the 
cylinder and the wall is filled with the liquid which it is 
desired to investigate. Let a=internal, and b=external 
radius of annular space, and r=distance from the axis of any 
arbitrarily chosen point M in the interior of the liquid. Let 
g be the velocity, and 2 the angular velocity of M. Let the 
axis of z be chosen along the axis of the cylinder, the axes 
of x and y being arbitrarily chosen in a plane normal to the 
axis. Let © be the angle between the direction of 7 and the 
x-axis, and s=velocity of rotation of cylinder; this rotation 
will be assumed to be uniform. The motion communicated 
to the molecules of the liquid will evidently be along circles 
whose planes are normal to the axis of z. We shall assume 
that the velocity ¢ of a molecule depends solely on its distance 
ry from this axis: 

q=4(7); QW)=93 gas; - . . . (LY) 

it is independent of the time ¢, so that the motion may be 
called steady. In practice, the actual motion of a liquid can 
only approximately fulfil the conditions of the ideal case 
which we shall be content to discuss here. 

From what has been said, it follows that 

yi ss a a Der ae Jk ee 

and 

Oa Fy in lel eens 

the angle © being reckoned from the instant t=0. The 
sign + has been introduced in order to express the fact that 
the motion of the cylinder, and hence also that of the liquid 
molecules, may take place in two opposite directions rela- 
tively to the co-ordinate axes. 

In our calculations, it will sometimes be convenient to 

| 
| } 
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suppose that the liquid under consideration is incompressible; 
we shall further neglect the effect due to external forces, such 
as gravitation. After all, the part played by these auxiliary 
hypotheses in our reasoning will be a small one. 

§ 2. The component of the velocity of M parallel to the 
axis of zis zero. ‘The two other components are: 

weg sia Os v= --g cos @.)..0 3 ae (Ly) 

The double sign + in these equations has the same mean- 
ing as in equations (2) and (3) in the preceding paragraph ; 
it must, of course, be taken in the same consecutive order 
wherever it occurs. 

Denoting by F any function of the variables 7,@, we have 

Oma! Or 
on 9 ae os | eee (2 a) 

pron ok . £ OF : ee 2 02h al ee 
awe or 7°90) 

The equations (2), along with (1), enable the components of 
the velocity of apparentt deformation to be calculated. 
Among these components, those which we shall have to con- 
sider are the following :— 

e= ai (Z 1) sin © cos ®, 2 oy See 
~ Oa dr 1 

oe a (4 eel ) sin @ cos @ (4) av oe aig i Weed 

ee ae (3 1) $s ty 
C= 3a +- Oy = + ap _— ‘ (sin 3) COs @). - (5) 

§ 3. In a previous paper (to which reference has been 
made) we gave the definition of what we term the true de- 
formation. Let 

or ry a a, Oe Pe ee 

be the components, referred to the axes Ow, Oy, Oz, of this 
deformation. We shall refer the same deformation to three 
new axes O2,, Ov,, Oz; chosen as follows :—the direction of the 
axis Ow, is at every instant the same as that of the velocity g; 
the axis Oy, is coincident with r ; and Oz, coincides with the 
axis of rotation, 7. e. with the axis Oz. Referred to these 
axes, the actual deformation has for its components 

Eg Pry We > rz 5 Bigs Vers cha nh es (2) 

+ For the justification of this term the reader is referred to our pre- 
ceding paper, “‘ On the Laws of Viscosity,” supra, p. 342. 

212 
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Among these components, the only one which we shall 
have to ‘considers is y*,- For calculating its value we use 
the well-known equation 

yt =2e*cos (a,x) cos (yx) + 2* cos (2 y) cos (y1y) + 2p* cos (212) cos (12) 

+ a*{cos (ay) cos (yz) + cos (yiy) Cos (22) 

+ B* {cos (x12) cos (yx) + cos (y1z) cos (2,2) } 

+y*{cos (a2) cos (yy) + cos (yjz) cos (ayy)}. 2 « (8) 

If in this equation we put, in accordance with what has 
been said above, 

cos (2,4) = + sin © ; cos (y,z) =cos @; cos (z,e)=0; (4a) 

cos (#,y) = + cos@; cos (yiy)=sin ©; cos (z,y)=0; (40) 

cos (#2) =0; cos (y,;2) =0; cos (212) = 15 he) 

then it takes the form 

Yor = +2(e* —G*) sin OcosO +y*(sin? @—cos’@). -(5) 

§ 4. The components of the actual deformation are capable 
of being expressed in terms of the components of the velocity 
of apparent deformation. We have, in fact, 

€ *¥_1A*=k,,e-1T + 47 \ dt e/T(e—lw); . . (1) 

p*—A*=hye- + e \ dtc ™(f—1w); . . (2) 
oy Shaye + 4 | dt ere 

where kzz, kyy, kxy denote three constants, e the base of the 
naperian logarithms, T the time of Se ERN GE a the sum 
e+f-+a, A* the sum e*+¢*+y*. These equations may 
be established by the aid of considerations contained in our 
previous communication. Compared with the equations 

Pxr— Po= — An(e*—4LA*)—kA*,. . . (4) 

Pyy— Po= — 2n(p* —ZA*) —kA*,. « « (5) 

Dag ty PS OY 1 
and 

p=po=—hA*, iS \ 2 e e 

which express the generalization of Hooke’s law (as explained 
in the memoir referred to), they lead directly, in the case 
where it is permissible to put h=, to equations (9) and (10), 
§ 8 of the previous memoir. 

In equations (1), (2), (3), let us neglect the terms which 
contain kzr, kyy, and k,,; then, using these equations along 
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with equation (5) of the preceding paragraph, we find 

Yor = +2 sin O cos O e—AT \dt c=) 
+ (sin? O — cos? ©) e—4 | Aiea. eae ae) 

§ 5. Using equations (3), (4), (5) of § 2, as well as (3) of 
§ 1, the preceding equation (8) may be written, after some 
transformation, 

yir = 4 (sin? ©—cos? @)e~™f dt e™(sin*it—co*ht) 

+4 sin © cos © e~4#T Sat e/T sin ht cos ht \ al ag “ (E) 
ldr r 

The integrals entering into this expression are easily 
calculated. We find finally 

De (4¢ _ 9 2 SE pt ¢ 
Yar 14+4h?1? o Z). e s es a (2) 

Let the liquid be traversed by a ray of light whose 
direction is parallel to the axis of rotation. The double 
refraction produced, referred to unit length, is, according to 
F. E. Neumann’s theory, proportional to the value of the 
corresponding component y*y of the actual deformation. 
Thus the observable optical effect will in the first place 
depend on the kinematical conditions of the experiment, such 
as the velocity of rotation, the nature of the function q(r), 
&c. In the second place, it will vary with the duration, for 
the liquid in question, of the time of relaxation T. It will 
finally depend on a purely optical coefficient ; but it would 
be difficult, if not impossible, to advance any definite con- 
clusions as to the nature and exact value of this coefficient. 
Even if it were supposed that its value does not differ greatly 
for different liquids (certain very special cases being ex- 
cepted), the only conclusion which one could arrive at is the 
one already pointed out by Maxwell, viz.: the double refrac- 
tion observed in using different liquids under identical kine- 
matical conditions, depends above all upon the time of 
relaxation T of the liquid. Now the viscosity of a liquid 
does not depend solely on the value of T; it is equally de- 
pendent on the value of an entirely different constant, the 
momentary rigidity of the substance. To sum up, there is 
nothing to justify the assumption that accidental double 
refraction in a liquid depends solely on its viscosity. 

€ 6, Equation (2) of the preceding paragraph contains the 
term 

dq _ 9 et eae a oe (1 
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already considered by Kundt in the Memoir referred to 
above. In order to calculate it, Kundt had recourse to the 
formule given by Stokes for the case of steady motion, of 
which ‘the optical experiment is a realization, Sir G. G. 
Stokes evidently started in his analysis from the classical 
equations of motion of a viscous fluid. In the particular 
case with which we are concerned, it is seen at onee that the 
generalized equations which we have developed in our pre- 
vious communication are incapable of assigning to the term 
(1) a value other than that found by Stokes ; this results 
from our supposition that the motion of the liquid tends to 
become more and more steady. This conclusion is easily 
verified. Let w=0, X=0, o=0 in the first equation of 
motion, § 10 of the previous communication. We then have 

($* uo” St) 
Ot "5 “Oy 

= ORo -7T OCrx OU OCe 

sae ae We aot) 
2 - 

= ip cna ef/T nf on ce ). a) Sais (2 a) 

In this equation, the terms 

Ot Ox Oy Tagea item 
approach, by suppesition, the value zero. By the equations 
given above, § 2, 

uU u non, wtp OM ORD. oe 
Ce 6 r 

lastly, the last term of the second member of equation (2 a) 
has the value 

i ae Ae ee eee OO 
In virtue of these results, equation (2a) teaches us that 

the motion of the fluid, while approaching the limiting case 
of steady motion, must more and more ‘accurately satisfy 
the equations 

+ o( 2 ue ldq_— g\sn0—AT cos 9 (5) 

? ar 

(fg: Pilg @ 7 

de rdr Pr 0). ha 

which are precisely those given by Stokes. On integrating 
and taking into account equations (1), § 1, we find from 

os and -tn(O a4 4 Cue OCs (3). 
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equation (7) 

aa *(b%—a*)? * 
y a2 _ solr) i. 

T (L?—a*) 

§ 7. Let N stand for the number of revolutions of the 
cylinder per unit of time. Let R be an optical coefficient, 
4 the double refraction referred to unit length. Let further 

a 16n%a*(b'—1")" _p (1 

(b?—a*) ; (Lb? —a?)? Bin ST ) 

Using the relations (8) and (9) of the preceding paragraph, 
we find from equation (2), § 5, 

am ANRT 9 
A ates eee (2) 

According to this equation, the quantity 4/N should not be 
constant, as was at one time supposed: it should decrease as 
N increases. 

§ 8. The numerical results given by Umlauf in the paper 
quoted above are probably among the most exact hitherto 
published on accidental double refraction in liquids. But 
the accuracy of the results is not the same for the various 
substances studied. On close examination it is easy to see 
that the most reliable data are those obtained with gum 
tragacanth—a fact which is also confirmed by Unmlauf 
(p. 811 of the cited volume of the Annulen). The following 
are the results of the corresponding series of experiments ; 
we have supplemented them by the numbers contained in 
the last column of the table. In order to calculate this 
column, we have assumed T=0-0014 sec. for this series ; as 
regards the coefficient B, we have calculated its value by 
means of formula (1), § 7, making use of the data supplied 
by Umlauf regarding the dimensions of his apparatus. 

dq we 2 sab? (8) 

N. A. A/N. A(1+BN?T?)/N, 
26°0 74.10-4 285 .10-§ 309 . 10-6 
36°6 97 265 309 

43°5 103 237 293 

54:0 114 211 288 
5081 120 207 295 
65°2 132 202 309 

The way in which the values of A/N and A(1+BN?T?)/N 
vary according to these experiments is in perfect agreement 
with our predictions. It is to be noted that the temperature 
of the liquid was never strictly constant in these experiments; 
it varied from 13°2 C. to 15°7 C. | 

lt is a matter of doubt as to whether the results obtained 
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by Umlauf for a number of other liquids can satisfactorily be 
used in a calculation of such refinement. Nevertheless, here 
is a series of experiments relating to collodion (p. 309 of the 
paper quoted) : 

N. A. AIN. A(1+ BN2T’)/N. 
29 D204 128 .10-4 1524. 10s 

ow 306 118 152°6 

35 387 111 152°5 
The following is another series relating to the same 

substance (p. 314) : 
N. A. A/N. A(1+BN2T°)/N. 
25 Ae Os Stele 108 .10-5 

Be Oe 2 106 

30 261 746 NG 

These two series were obtained with two different forms of 
apparatus ; hence the coefficient B did not have the same 
value in each case. The temperature of the liquid varied 
within about two degrees, the mean being 16°C. In cal- 
culating the figures in the last column we have taken 
T=0:00219 sec. A comparison of the two series has already 
been made by Umlauf himself. The mean of the results 
entered in the last column is 152°5.10-5 for the first table, 
and 110. 10-5 for the second ; the ratio of these two means 
is therefore 1°387. If we calculate the ratio of the values 
which we should have to give to the coefficient A according 
to (1), § 7, in these two series of experiments, we find 17561. 

The reculke of the experiments carried out by G. de Metz 
lend themselves still less readily to this kind of calculation. 
The following is the only series of experiments which we 
have found it possible to utilize. It refers to castor-oil at 
25° C. (de Metz, J. c. p.504). T has been put =0-0013 sec. 

N. A. AIN. A(1+ BN?T2)/N. 
6:90 47.10-8 6810-4 69 .10-4 
8:10 52 64 65 
8°33 53 64 64. 
SD], 519) 64. 65 

8°82 57 65 65. 

7. 78 66 68 
12-00 To 65 67 
13°04 83 64 66 
13°64 82 60 62 

20:00 108 54 58 

20°83 113 54 58 
30°77 150 49 57 
a0) 1 175 49 60 
38°46 18 47 59 
41:66 194 AT 61 

05°0D 249 45 69 
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It would certainly be rash to pretend that the values of 
the time of relaxation T which we have found for certain 
liquids closely approach the true values. Nevertheless the 
order of magnitude which we have been led to assign to them 
does not appear to be impossible. 

XLVII. Simultaneous Volumetric and Electric Graduation 
of the Steam-Tube with a Phosphorus lonizer—lV. By _ 
C. Barus*. ee | oe Sosy. 

f. ao graduating the colour-tube in term’ of ihe 
volume-influx per second of air saturated with 

phosphorus emanation, it is next necessary to investigate 
corresponding data for the degree of ionization of air as 
related to the colour-effect. Indeed both graduations may 
be made simultaneously by passing a known volume of 
saturated air per second through a suitably constructed 
tubular condenser, and observing coincident values of the 
electrical leakage of the latter and the colour of the enclosed 
steam-jet. Clearly the colours of the tube will each corre- 
spond to a definite electrical current passing through the 
condenser. Moreover, while the volumetric equivalent of a 
given colour is dependent on the degree of initial saturation 
of the phosphorus emanation conveyed by the current of air, 
the electric equivalent should be independent of it. The 
final graduation cannot at once be carried out, however ; for 
in the case of the colour-tube constructed and used as below 
the nuclei are injected into the air-current maiatained by the 
steam-jet. An arbitrary element is thus introduced, and the 
results wlll only be comparable when all observations refer to 
a tube the action of which has been left quite undisturbed. 
True, there seems to be no objection to putting a vane- 
anemometer into the influx-pipe (enlarged) of the colour- 
tube, in which case the arbitrary factor would be specified ; 
and other methods of eliminating the factor will be indicated, 
but the data following refer to the earlier methods of 
experiment. 

2. In fig. 1, C C’ is the colour-tube, with the jet 7, the ther- 
mometer T, and the influx-pipe C’, bent for convenience. 
K L is the tubular condenser, consisting (as shown in detail in 
tig. 2) of a brass tube d, ‘6 centim. in internal diameter and 
effectively 50 centims. long, surrounding a steel rod a, 
°318 centim. in diameter, coaxially. Rod and tube are sepa- 
rated symmetrically throughout by the short hard-rubber 

* Communicated by the Author.—See previous communications, Phil. 
Mag. [5] xxxviii. pp. 19-35 (1894); [6] i. pp. 572-578 (1901) ; ll. 
pp. 391-403 (1901). 
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tubes, 6, at each end, fitting over the rod and within the tube, 
snugly. Thus the cylindrical shell (air-space) is but ‘141 
centim. thick and 50 centims. long; and the condenser is 
adapted to bring to bear a high- -potential gradient (the shell 
of air being as thin as admissible in consideration of flexure) 
along a considerable length of air-column conveying phos- 
phorus nuclei. The outside of the condenser (fig. 1) is per- 
manently put to earth, while the rod inside is in metallic 
connexion with the electrometer-needle, as suggested in the 
figure at H. A suitable key is added in order to conv eniently 
charge the rod. Upwards of 300 volts were applied. Not- 
withstanding its slender dimensions, no difficulty attends the 
use of the condenser. 

The air from a gasometer-train, after passing the desiccator 
D, and the stopcock F, is charged with nuclei by the 
ionizer, P, containing pellets of phosphorus between strips of 
wire-gauze. It then traverses the condenser L K, and thence 
enters the colour-tube- The gasometer has already been 
described in the preceding papers of the present series. 

3. The method of observation was as follows:—The two 
sets of data to be obtained, namely the readings at the volume- 
flask and at the electrometer, were taken in consecutive 
minutes, the stopcock F having been previously adjusted to 
show any desired colour in the steam-tube. [rom obser- 
vations at 15 seconds apart at the gasometer, I obtained two 
sets of results for the discharge of air per second, the pressure 
of the jet (p), the temperature of the inflowing air (@, by the 
thermometer T in the figure), the pressure of the air in the 
gasometer, and its temperature. 

Meanwhile the condenser had been charged to its full 
potential, and after breaking the charging-circuit the leakage 
of the electrometer was observed each 15 seconds. This 
furnished two sets of data for the initial electric current. 

4, The experiments with the train of apparatus described 
usually progressed smoothly. The data of two out of four 
similar series are given in Table I., which is divided into three 
parts, referring respectively to the steam-jet, the gasometer 
(volume convey yed per minute, V being the essential datum), 
and the electrometer. It was thought superfluous to reduce 
the air-volumes to normal conditions, as the fluctuation of 
pressure (pressure-excess, p) and temperature (@) are rela- 
tively insignificant in view of the variability of the ionizer. 
For the steam-jet the pressure, p, and temperature, @, are also 
practically constant. Relatively to the electrometer series, 
the two initial potential-differences, EH, are given as obtained 
immediately after, and 15 seconds after charging. These are 
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needed in the reductions. The potential in these experiments 
usually begins with about 40. volts. The table also contains 
the value of E/H’ for observations half a minute apart, two 
of these being available for each colour as specified. The 
current was computed as follows:—For a very short time 
after charging the fall of potential is appreciably logarithmice. 
Hence E/H’=10-7¢-") may be assumed, where E and EH’ are 
the potential-differences at the times ¢ and ¢ in minutes, and 
za constant for a given colour in the tube. Hence 

— C(dH/dt}=CEz. log 10=602, 

if Cis the aggregate capacity of the electrometer and the 
condenser, and 7 the current flowing radially through it. 
Since 

log (E/H’=—a(t—t’), or —z=5 log H/6t, 

the table furnishes these data with E, to compute 7 relatively; 
and it was thought superfluous to supply the factor Clog 10/60, 
sharply. Its estimated electrostatic value is about 230/60, as 
the combined capacity of the electrometer (60 cm.) and the 
condenser (39 cm.) is about 99 cm., roughly. This would 
make the capacity 1:1/10!° farads, and the factor is 4:2/10®. 
The table shows a few values of2 in coulombs; but the quantity 
x, being more immediately derived from the observations, will 
be chiefly discussed below, and has therefore been constructed 
in terms of V, the air-volume per minute, in fig. 3. The 
colours seen in the steam-tube are added to each point, as 
explained in the table. 

5. The effect of the presence or absence of this electrical 
current on the colour-tube is quite inappreciable, no change 
of tint or suggestion of change occurring on charging the 
condenser. I gave the question an additionally severe test 
(up to 800 volts), showing that only an insignificant part of 
the nuclei present take part in the convection of electricity 
radially across the condenser, as detailed in an earlier paper. 

6. On the other hand, however, the current varies with the 
number of nuclei present, no matter how small the relative 
quantity actually promoting electric conduction. This is 
fairly well shown in the chart (fig. 3) already described, 
which graphically reproduces Table I. Finally, in fig. 4 the 
radial electrical currents are given as ordinates, the corre- 
sponding volumes per minute (V) of the air passing longitu- 
tudinally through the condenser as abscissas. The relation 
of saturated litres per minute longitudinally and coulombs 
per second radially is thus apparent for the second and fourth 
series. The other series, if supplied, would add nothing new. 
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TaBLE ].—Coincident Registry of the Gasometer, 
Electrometer, and Colour-tube. o¢=4 minute. 

Sream-JET. GASOMETER, ELECTROMETER. 

Colour. | p. 6. \|\p. 6] Vz BE | HE se ix 10, 

Cline Gel CMs sg litre volts. _}____| amperes. 
YI'-Op.*...|6°5 29 ||5:0 30 | 3:60min. 40-0 64 ‘387 min. 66 

3°80 32°0 “5 ‘519 — 
Violet... 65 — ||\5d — | 2°30 40:0 ‘Td 250 42 

2°30 35°2 ‘73 ‘273 — 
Blue ?...... — 29 ||\58 — | 1:26 40-0 ‘88 “hit 19 

1°30 368 "84 Bf -- 
Bines..5..2 65 — ||56 — | 1:90 40-0 ‘80 "193 32 

1-80 362 a ‘216 — 
Pine — 165 29 159 30 | 1:20 40-0 ‘86 “bat 22 

1:00 374 ‘86 131 = 
Green...... 67 29 ||58 — ‘90 40-0 89 ‘101 17 

‘86 38°1 ‘87 121 =e 
Yellow”.... — -— |} 59 — | ‘60 40°3 ‘91 082 14 

‘70 38°4 “92 ‘072 sas 
Crimson.... — — ||\59 — | 46 40°6 ‘95 ‘OH 8 

‘40 39°4 “94 "054 -— 
Green...... — — 59 30] “76 | 406 ‘90 ‘O91 16 

‘70 || 378 ‘91 082 — 

Another Series. 

Colour. | p. 0. || p. 0. | Vz BE | we’, | SF 2| 4x10, 

2 lem. litre volts. 1 ‘| amperes. 
Viol.-Op 5 25150 24 | 3:40 min 40 = —mn | — 

| 3°40 35°7 — 2 co 
Glu ee 6 —/538 —| 2°60 | 39°8 64 ‘387 66 

2°30 | 382°3 60 443 — 
Blue — 8 25)56 — | 1°60 39°8 74 ‘261 44 

1°50 34-0 i2 "285 ae 
Green...... 10 —|57 —} 1:00 39°8 82 172 29 

1-00 36°4 82 172 
Yellow 10 25/59 — 56 39°8 88 BE 19 

/ 60 37°4 88 "TL =e 
Crimson...| ‘9 25 59 — “40 398 “92 ‘072 12 

"44 38°1 93 063 _— 
Indigo ...,; — —|59 — ‘00 39°8 1-00 ‘000 00 

| 00 39°8 1:00 000 OP 
Blue+ ...); — — | 54 — | 2°30 39'8 ‘70 310 i ea 

| 2°30 34:0 ‘65 ‘374 — 
Opaque ...| — — || — 24] 3°60 39°8 “60 | *443 75 

— 31:3 "52 ‘568 — 

* Y1', Yl" are yellows of the first and second orders respectively. Op, 
denotes opaque. Blue + and Blue — are dark and light blues. The letters Y,. 
O,V, B+, B-, G, Y,, C are used in the chart (fig. 3), 
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Bach series conforms pretty closely to a straight line, but 

these lines differ in inclination for the different series. The 

colours corresponding to the observations are added in a sug- 

gestive way. Their real positions are not the same in all 

series, electrically, but they are more nearly so, volumetrically. 

~ 3°, 

In other words, it is noteworthy that the colours referred to 
volumes of charged air per minute {abscissas, V) are roughly 
in agreement; whereas the electrometer data referred to the 
same colour differ. Some variation of the constant of the 
electrometer, if in question, would have shown itself in the 
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initial potentials; but these (about 40 volts) are aearly 
constant. 

6. Working Hypothesis —I shall next endeavour to account 
in some theoretical way for the observations just described, 
seeing that the data as a whole are very satisfactory when 
the inherent difficulties (fluctuating ionizer, colour criteria, 
&c., as repeatedly detailed) are taken into consideration. ‘The 
method pursued will be alike in principle to that aiready 
applied to tubes in the absence of an electric field, in my 
second paper. The complete equation is to be deduced and 
the numerical reasonableness is then to be tested when the 
decay of the ions within the ionized region is ignored. 

Let & be the absorption-velocity, so that kn particles are 
absorbed per second per square centim. by any barrier, 7 
being the number of particles per cubic centim. As usual, if 
but 4 of the particles travel in any given cardinal direction, 
kis to be replaced by 3h. Let kn? particles decay within a 
cubic centimetre per second, as the result of mutual destruc- 
tion * or otherwise. Let v be the longitudinal velocity of the 
current of air within the tube conveying the emanation through 
the condenser, eventually to discharge it into the colour-tube. 
Finally, let 7, and r, be the internal and external radii of the 
condenser. Consider the element of volume between two 
right sections of the condenser d/ apart. The accumulation 
within the element is —7(r5 *—7,")v(dn/dl)dl; the loss by 
decay within the element is per second h’n?a(r,’—r,?)dl ; the 
absorption at the walls (internal and external) of the element 
is per second kn?a(72+7;)d/. Hence in the stationary con- 
dition 

—v(dn/dl)=k'n? + 2nk/(r72—7). 

This equation is integrable in finite form. ‘To determine the 

constant of integration, let m) be the saturation at the right 
section d of the ondehcer. Then 

2hno/n=(2k + k’'n,(?2—7)) oP door") —k'ng(re—1), 

an equation containing nin terms of the variable / and the 
parameters k, kh’, m, v, 7, %2, &. If r,=0 and r,=7, the 
equation in an earlier paper is again deduced. 

7. Decay ignored.—1 will now continue in the manner 
usual in this investigation, and write k/=0. Then 

n= No/e7#—Fo)/ ("2 ru. 

* Note that if decay is absent, ions may be supposed to be separated 
out of the nuclei by the stress of an electric field, and uot to occur in the 
absence of the field. 

ee See Se 
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where mp) is the number of particles at the right section J, 
of the condenser, and m the number at/. Thus 2 depends 
essentially on k, and is not, asin the preceding and following 
papers, independent of it. Moreover, & is to be replaced by 
3k, as already intimated, the latter being nearly identical, 
in order of numerical value, with U of the next paragraph. 

8. Liffect of an Electric Field.—Supposing this number of 
particles to be actually conveying electric current, or, from 
a different point of view, supposing that one ion is sepa- 
rated in case of the phosphorus emanation from each of 
these nuclei by the stress of the electric field, the current may 
be found as usual. Cr the other theory developed in my 
last paper may be applied, remembering that the effect of 
the presence or absence of the electric field on the number of 
nuclei is inappreciable when tested by the colour-tube. 
Let E be the difference of potential of the faces of the con- 

denser (potential of the inner rod, since the metallic envelope 
is continually earthed), U the velocity of the positive ions 
relative to the negative ions in the unit field, Q the charge of 
the condenser, C its capacity. Then the charge lost per 
second at the element dJ is 

27 HUne (1% = 1") . dl/ (72 ata 

in consequence of radial conduction across the ionized air- 
space. ‘The total loss of charge per second is 

dQ/dt = CdE/dt, 

2m is ial | op ne Mae 
ON di es 

If now the value of n=nge~**C—/0)/%0("2—") just found for k’=0 
is inserted and the integration completed, the result will be 

whence 

0 

—(dB/dt)/E= * ("2 on Eee, (1— 6-24 0—b)/e(r—n), 

It is next necessary to evaluate the velocity v (em./sec.) in 
terms of the volume V (litres/minute), taken out of the gaso- 
meter and passed through the condenser into the colour-tube. 
Since 

V1000/60 = (r.?—1,”)v, 

the datum V, if inserted into the last equation, reduces it 
eventually to 

— (dE/dt)/E= 16°7V Ueny 
(72 = 1) KC 

(1 — ge 278k) )/V) 
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or 
—(dH/dt)/E=KV(1—e-¥’), 

where 

K=16°7Uen/kC(r2—7) and L="376k(l—)jire+r)). 

9, Numerical Comparison—Case of U=k. Instead of 
computing the current <=C(dH/dt), I have considered it pre- 
ferable to deduce 

—(dE/dt)/H = —log 106 (log E)/dt=log 102/60, 

in paragraph 4, Table I., seeing that x there is referred to 
minutes ; for this result is almost at once given by the 
observations. Thus 

2=KV(1—e-") x 60 x log e. 

On consulting the chart (fig. 3), however, z/V is seen to be 
constant in one and the same series, to the extent in which 
the observations are trustworthy. Hence finally 

xv/V =26K(1—e-"V) 

is the convenient quantity * for a general survey. 
Moreover, it will at the outset be. expedient to assume U=k 

for the saturated emanation, where U, the ion velocity in the 
unit field, may be taken as 1°5 centim./sec., and where & is 
equivalent to 3k, admitting roughly that n/3 ions travel in a 
given cardinal direction. In my second paper k=*9 cm./sec. 
was directly found in the absence of an electric field for the 
emanation not quite saturated, however. In my first paper I 
gave experimental evidence showing that & may be looked 
upon as decreasing with the degree of saturation n. Indeed 
it will appear presently that if U=A, it makes little difference 
within certain limits, what its absolate value is ; forin such a 
case it practically vanishes from the equation. Thus either 
of the values given for U and for é& will suffice for the dis- 
cussion ; and in the absence of detailed knowledge as to the 
nature of the phosphorus emanation, whether ionized air or 
not, the stated premise is a convenience. 

Hence the following values make up the constants K 
and L :— 

U=k=1°'5 cm./sec., 72—-7,="14 cm., I—=50 cm., 

EK =40 volts, ro+7,=°46 cm., C=1'1/10" farads, 

e =2°3 x 10-9 (J. J. Thomson), 

Ny=4 x 10* (J J. Thomson). 

* 26K =434Uen,/AC(r7,—7,). All data might have been left in terms 
of minutes as found, but for convenience in other deductions. The colour 
of the steam-tube should depend on V2= Vige—L/V, 

Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 1901. 2K 
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(Together these values follow also from the present series of 
experiments, but from different hypotheses). 

Thus 

26K =484 x 16°7 x 2°3 x L0-!? x 4 x 104/11 x 10-" x :14="260, 

since U=/k cancels out; 

h="al(6x £5 x 00x 46213 0: 

The following table is thus computed from 

x{V =26k(1—e-"%), 

V= i 2 3 4 5 litres/min. 

aiV=. 260x000. “26«1:°00) 26x"99) ~ 263-96) B2Gra 

=-26 = 126 == "207 == 200 == "249 

Hence within the limits of observation (V <4 litres/min.) 
a/V is appreciably linear, compatibly with the evidence of the 
four series contained in the chart (fig. 3). 

10. The slope, x/V, of the computed values is, however, in 
every case definitely above the slopes found by experiment, 
which, as taken from the chart (fig. 3), are :— 

Series. 1,.. 2/V.="13, Series 3, «/V=:10, 

Series 2, #/V= "12, Series 4, #/V='16. 

Quantitatively, therefore, the assumption U=k makes the 
computed data of z/V from 1°6 to 2-6 times too large. To 
improve this result one would thus have to write U<k. Now 
since there is evidence * in my second paper that & decreases 
as the degree of dilution increases ; and since k, when expe- 
rimentally found, comes out smaller than the value assumed 
for U, this inference (U</h) is not tenable, & being simply 
the absorption-velocity for the average concentration in the 

* With me the belief is gradually gaining ground, and will be further 
qualified in my next paper with spherical condensers, that the absorption- 
velocity & is a constant irrespective of dilution, and that the evidence to 
the contrary obtained in my second paper with very wide absorption- 
tubes (2 inches in diameter) must be otherwise interpreted. These 
results were at the outset not very satisfactory (colours dull, indicating 
promiscous condensation) ; and one may reach other conclusions than the 
immediate ones there stated. In speculating on the origin of the velocity &, 
considered as a nuclear constant, one is confronted with this question : 
If the nucleus is larger than the molecule, as I believe it is, it will with 
increasing size be more liable to the bombardment of a number of 
molecules at the same time, promiscously in all directions, whereas the 
molecules themselves collide singly. Therefore, how large must a nucleus 
be made in order that the molecular velocity of, say, 485 metre/second 
may sink to the value of only about 1 cm./sec., both as the result of 
increased inertia, and of the increasingly unfavourable conditions of 
bombardment. 



_ of Air by Phosphorus. A8? 

tube. Again, U>k, though presumable from the earlier 
work, is strongly negatived here. 

Moreover, the variability of the slopes «/V, observed for 
the different series, 1 to 4, clearly with an inherent cause, 
since the slope for a given series is determinate, is additional 
evidence in this direction, as will presently appear. 

Ina colour-tube left entirely without disturbance, the colour 
must depend on Vn, the total number of nuclei entrapped. 
Thus the colour may be reckoned as Vn=Vnye—¥¥. The 
same colour should appear if Vn= V/n'=const., if the satu- 
ration decreases as the volume supplied increases. The ratio 
of the electric current in the condenser, or preferably the 
conduction, z, of the ionized medium to the colour constant is 
thus : w/Vn=434Ue (eX —1/kC lr. —1), 

which is independent of the initial saturation mo, but varies 
with V. Thus although two volumes, V and V’, produce 
the same colour (Vn= V/n’), they will nevertheless correspond 
to different conductions, «, Hence the variable slopes of fig. 3 
for the different series. There is, however, an outstanding 
difficulty requiring further observation ; for singularly enough, 
the volumes alone appear to determine the colours in the chart 
rather than the quantities Vn. 

Solid conductions and other leakages were not found in the 
tests made, in quantity to be menacing. 

11. The Number of Particles—The probable explanation of 
the discrepancy (leaving the ratio U/k in abeyance) is that 
the value nj=4 x10 inserted, is too large ; for the ema- 
nation within the condenser is not saturated to begin with. It 
enters and leaves unavoidably from a certain length of influx 
tubulure, ¢ in fig. 2, insuring absorption at the outset. Un- 
fortunately my notes do not supply the details of adjustment, 
as I did not suspect their importance at the time. But if 
they did, the loss at the elbow at both ends of the con- 
denser would remain as a vague but definite cause of ion 
dissipation. 

On the other hand, the value of x) which the observations 
demand is easily computed from the observed values of 
a/V =26k, nearly; and from these very satisfactory inferences 
may be drawn. 

Solving, therefore, 
pat (2/V)kC(7,—71)) = 

434Ue ; 

-where as before U=k may be assumed for orientation. 

2K 2 
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The extreme values of a/V experimentally obtained were 
«/V ="10 in series 3 and a/V="16 in series 4. Hence the 
values %=1°5 x 10‘ and myp=2°4 x 10* are computed for these: 
extremes. Recalling that 4 x 10* is the number of particles 
per cubic centim. inferred for complete saturation, and that 
NM is the number at the initial section of the condenser con- 
tiguous to the hard-rubber plug, where many ions must already 
have vanished by absorption, I hold the value of 1 stated to 
be in reasonable accord with the theory sketched in §§ 6-8, 
and throughout the course of the present papers. 
Brown University, Providence, U.S.A. 

XLVI. A Study of Growing Crystals by Instantaneous 
Photomicrography. (Contributions from the Chemical 
Laboratory of Harvard College.) By Professor THEODORE 
WiiiAmM Ricuarps, of Harvard University, and EBENEZER 
Henry ArcuipaLtp, A.M, 1851 Exhibition Scholar of 
Dalhousie University*. 

[Plates VII.-IX. } 

pieha ae observers have watched the growth of 
crystals under the microscope. As long ago as 1839 

attempts were made to study also the birth of crystals, in order 
to determine in what manner the new phase makes its entrance 
into the system. With a microscope magnifying 600 
diameters, Link} thought he could detect the formation of 
minute globules at the moment of precipitation—globules 
which soon joined and assumed crystalline form. Schmidt f,. 
Frankenheim §, and especially Vogelsang ||, made similar 
observations some years later, and several more recent 
accounts of this phenomenon have appeared. Modern in- 
vestigators have been more concerned with the speed of 
separation from supersaturated or supercooled liquids than 
with the form of the first separation J. 

* Reprinted from the Proceedings of the American Academy of Arts: 
and Sciences, xxxvi. p. 341 (1901). Froma separate impression commu- 
nicated by the Authors. 

+ Link, Poge. Ann. xlvi. p. 258 (1839). 
~ Schmidt, Lieb. Ann. liii. p. 171 (1845). 
§ Frankenheim, Pogg. Ann. cxi. p. 1 (1860). 
|| Vogelsang, Die Krystalliten (Bonn, 1875). See Lehmann, Mole- 

cularphysik, 1. p. 730 (1888). 
q Gernez, Compt. Rend. xcv. p. 1278 (1882); Moore, Zerts. phys. 

Chem. xii. p. 545 (1893); Friedlander & Tammann, zd:d. xxiv. p. 162 
(1897); Tammann, zbed. xxv. p. 441; xxvi. pp. 307, 367 ; xxviii. p. 96 ;- 
Kiister, abd. xxv. p. 480; xxvii. p. 222; Bogajavlensky, zb:d. xxyii. 
p- 589. | 
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Ostwald, in 1891, accepted the interpretation of these data, 
which assumes that crystallization i is always* preceded by the 
separation of an initially liquid phase, consisting of a super- 
saturated solution of the former solvent in its former solutef. 

This explanation is indeed a plausible one, and undoubtedly 
holds true in cases like those studied by Schmidt and Vogel- 
sang, where a substance separates at a temperature not far 
below its melting-point, and often where a substance soluble 
in one liquid is precipitated by the addition of a consolute 
liquid in which the substance is insoluble. For examples, 
phenol always separates from aqueous solution in the form of 
a liquid, and manganous sulphate forms at first two liquid 
hases when alcohol is added to its aqueous solution. On the 

other hand, the separation of a high-melting salt like baric 
chloride from its solution in pure water is much less likely to 
take place in this way. The admixture of water necessary 
to lower a melting-point from 900° to 25° would be so large 
as to make the new phase, a solution of water in baric 
chloride, supersaturated to an improbable extent. Moreover, 
we have no evidence of the existence of vitreous baric chloride 
at low temperatures. 

It has long been known that an exceedingly small particle 
of solid is capable of starting crystallization {—a fact which 
may not be wholly foreign to the present discussion. 
In any case, the matter seemed w orthy of further experi- 

menting. Ostwald s says :—“ Die erste Bildung der Krystalle 
lisst sich bei Salzlésungen und der eleichen microscopisch 
nicht verfolgen, weil gewohnlich im Gesichtsfeide an einer 
bislang oleichformig gen Stelle plotzlich ein Krystallchen 
erscheint.” While this is true as far as the human eye is 
concerned, instantaneous photography, an art unknown in 
Link’s time, seemed peculiarly fitted for the unprejudiced 
recording of the circumstances attending the genesis of 
crystals. An attempt in this direction is described below. 

The problem resolved itself into the taking of a number of 
successive instantaneous microphotographs of a suitable mix- 
ture at the point of crystallization. This problem presented 
some difficulties, however. In order to secure a sufficiently 
brief exposure, very great illumination 1s needed. The 
greater the magnifying power of the lenses of the microscope- 
camera, the more intense must be the source of light. The 

* This is obviously not the case in crystallization of water or of a 
metal, in freezing.—Ebs. Phil. Mag. 

+ Lehrbuch, i. p. 1039 (1891). 
t Ostwald, Zets, phys. Chem. xxii. p. 289 (1897). 
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difficulty is increased by the fact that most crystals are so 
transparent as to absorb but little light, and reflexion is 
possible only in certain directions. Hence it is hard to 
obtain a distinct image even in a strong light. Moreover, 
the machinery necessary for shifting the plates must be so 
frictionless in construction, and so firmly fixed, as to impart 
no vibration to the camera or the mobile subject of study. 

These difficulties were at least partially overcome by two 
different arrangements; the first of which caused the successive 
impression of a bright image in a dark field, and the second 
registered dark images in a succession of bright fields 
Obviously the former was the more economical as regards 
expenditure of sensitized film, and the more simple in execu- 
tion ; for when the field is dark, successive images can be 
obtained by a very slight motion of either object or film, 
while, when the field is light, the whole previously exposed 
surface must be replaced by a fresh surface before each 
exposure. 

The apparatus consisted of a good compound microscope 
fitted above with a vertical folding camera, which was sup- 
ae by two massive steel pillars on the heavy stand. It 

, in short, the regular photomicrographic outfit made by 
en and Lomb. Between the micr oscope and camera, in 
a suitable light-tight box, was placed a revolving shutter, 
which allowed an exposure equal to one fifth of the time of 
its revolution. Thus, when the shutter made two revolutions 
in a second, the exposure was one tenth of a second. A 
Henrici hot-air motor, combined with speed-reducing double 
pulleys, enabled the experimenter to use any rate of revolution 
desired. The rate was reasonably constant, but no attempt 
was made to make it absolutely so. The sensitive plate or 
gelatine film was held above ina suitable holder, which was 
put in the place of the ground-glass plate used for focussing 
just before each series of exposures. 

In’carrying out the first of the two methods, it was foi nd 
more convenient to move the crystallizing solution than to 
move the photographic plate. For this purpose, the slide 
bearing the drop of liquid was attached by a wire to a point 
just below the centre of a segment provided above with saw- 
teeth. The segment was moved gradually by the oscillating 
motion of a connecting-rod, fastened by a crank to the 
revolving shutter at one end and playing into the saw-teeth 
on the other. In order to make the motion certain, the stroke 
of the connecting-rod slightly exceeded the distance between 
the saw-teeth. The segment was suspended in such a way 

a S 
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that its centre of gravity coincided with its point of support, 
and the friction of its bearings was so adjusted that it would 
move easily, and yet remain stationary during the return 
stroke. The distance through which the observed object was 
moved was easily varied by altering the relative lengths of 
the lever-arms; distances varying from one tenth to one 
fiftieth of a millimetre were usually used. The shutter was 
so arranged that during the exposure the segment and slide 
were at rest, the shift in position being effected during the 
four fifths of the revolution through which the shutter was 
closed. The accompanying diagram will make the arrange- 
ment clearer (see p. 492). 

As a source of light any ordinary combination of incandes- 
cent electric lights proved to be inadequate. A good Auer 
von Welsbach light with a powerful reflector was more satis- 
factory, but the best results were obtained with the help of 
sunlight directed by a suitably arranged mirror and condensed 
by reflectors and lenses. The chief, though not serious, 
difficulty of this arrangement was the ereat “heat caused by 
the converging rays; a difficulty which was obviated partially 
by an absorbent screen in later experiments*. 

The first photographs were taken by reflected light, the 
drop of solution being placed upon a ruby- coloured slide. 
As soon as the crystallization had begun upon one edge of 
this drop, the very sensitive plate was uncovered and the 
shutter and segment were set in motion. The exposure was 
stopped after fifteen or twenty revolutions, so as to avoid 
confusing superpositions. Hyen with the strongest light the 
images were very faint and unsatisfactory ; Ts is ave worth 
the space to reproduce them here. 

Another mode of obtaining light images on a dark ground, 
applicable to all except the isometric system of crystals, i is 
the use of polarized light f. A Nicol prism was placed in 
the barrel of the microscope, and another just below the stage. 
The main body of the light was thus intercepted by the crossed 
prisms, and only that which had been deflected by the crys- 
talline structure was allowed to emerge. It is true that this 
method could not in all probability decide the chief point at 
issue; for the prenatal globular condition of crystals would 
probably have no effect on polarized light. Detinite optical 
structure is of course necessary to pr roduce the required 
deflexion of the plane of polarization, and such definite 

* Hutchins has shown that pure water is as good as a solution of alum 
for this purpose (Am. Journ. Sci. exlii. p. 626, 1892). 

+ This suggestion was kindly made by Professor E. C. Pickering. 
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Fig. 1.—DIAGRAM OF PHOTOGRAPHIC APPARATUS. (+ natural size.) 

tz 

A, sensitive plate or film-holder. 
B, box containing shutter. : 
C, pulley attached to axle of shutter to communicate power from motor. 
D, light rod moved by crank attached to same axle; D is guided by a stout 

support in which it moves loosely. ; 
H, segment provided with ratchet-teeth ; moved gradually by rod D. } 
F,, microscope. 
G, slide for object, moved by wire running to H. 
H, holes to regulate amplitude of object’s motion. 
I, weight, balancing segment. 
J, horizontal projection of revolving shutter in detail. 
The diagram represents the apparatus an instant before an exposure begins. 
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structure might not be possessed by the globules. Never- 
theless, the idea seemed well worth a trial. 
The images were now muchmore clearly defined and striking, 

and with a aon of 30 diameters, ten sharp impres- 
sions, each exposed ;!, second, could be obtained in a second. 
For tnis low power the eyeplece was removed from the micro- 
scope, and an objective with long focal distance alone was used 
to give the image. The degree of enlargement was obtained 
by ee) measuring the image of a micrometer-scale divided 
into ;/; millimetres. The rapidity of exposure was so great 
that many plates were sacrificed, for it was difficult to find 
the precise moment when nascent cr ystals were in the field 
of view. In most cases the crystallization was already well 
started when the exposure began, as in fic. 4; but in some 
nothing but blank negatives were obtained. The best method 
is so to arrange circumstances as to have the crystallization 
begin upon one edge and spread slowly over the drop. 
Another difficulty was the attaining of the exact actinic focus, 
which differed slightly from the visual focus. It was found 
that a definite fraction of a revolution in the fine adjust- 
ment of the instrument, or a definite shift of the position 
of the sensitive plate, could be relied upon to cover this 
difference, when experiment had once found the right spot*. 

Among other substances sodic nitrate, baric chloride, 
cupric sulphate, and ferrous ammonic sulphate were found 
to give satisfactory results. A few photographs chosen as 
being typical examples of many negatives are given here. 
(Plate VII. figs. 2, 3, 4, 5.) 

All the images recorded on these plates are perfectly sharp 
and regular when in focus ; but the magnifying power was 
too low to give important evidence concerning the birth of 
the crystals. The crystals always first appear as points, 
indicating a diameter of less than 31, millimetre. The 
regularity of growth of those already well started is worth 
a passing mention. 

The next objective used gave a magnification of 110 dia- 
meters. With this power the light was so much diminished 
that exposures of less than ,: second became too pale. Three 
examples from among these negatives are given here. It 
will be noticed that in all cases the er ystals have their reoular 
forms when they first appear upon the plate. Another point 
worthy of attention is the fact that the growth in diameter 
at first is more rapid than it seems to be subsequently. This 

* Of course the use of an apochromatic lens would have saved us 
from this minor difficulty ; but our method of working accomplished the 
object with less expense. 
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rapid growth of small particles has already been noticed by 
Ostwald *: it is treated more fully in the following pages. 

The crystals of sodic nitrate grew faster than those “of barie 
chloride or cupric sulphate, and the two latter substances 
evidently appeared at first in very thin plates. It is interest- 
ing to note that the thickening of these plates caused a 
corresponding change in the quality of the emerging light, 
and hence the cry stal-images show a rhythm of dark aun 
light. (Plate VII. figs. 6 and 7, Plate VIII. fig. 9.) 
“At this point the w hole method of pr ocedure was changed 

on account of the probability that a globular condition, if it 
existed at all, would not be visible through the crossed Nicols. 

oO 

The apparatus was now arranged for the exposure of suc- 
cessive portions of a film to unpolarized sunlight emanating 

co) co) 

from a bright field, wpon which the crystals appeared as dark 
spots. The slide and crystallizing solution were allowed to 
remain stationary, and the gelatine film was moved, as it is 
in the common film-cameras. The 23-inch Eastman cartrid ge 
film was found to answer the purpose. At first the turning 
was effected by an automatic electromagnetic arrangement 
which received its current from a make-and-break contact 
attached to the shutter. Since a current of ten amperes was 
needed to secure a sufficiently forcible and speedy action, the 
operation of this device was somewhat troublesome, and when 
the exposures were not much more frequent than one a 
second the film was rolled by hand. A suitable signal 
attached to the shutter axle, which was still turned by the 
Henrici motor, gave the necessary indication of the proper 
moment for renewing the sensitive surface. With this appa- 
ratus it was of course possible to obtain photographs of 
isometric crystals, which could not be examined with the 
preceding arrangement. 

At first a power of 100 diameters was employed, and very 
satisfactory pictures of the growth of crystals of potassic 
iodide were obtained. One of these negatives is reproduced 
here asanexample. (PlateVIII. fig. 9.) They showed nothing 
new, however ; hence a much higher power of 580 diameters 
was applied by combining a “ 2-inch”? eyepiece with an 
““ 3-inch ”” objective. With this contrivance the light was of 
ood se far less intense, and the definition less sharp. Even 
with the brightest sunlight, concentrated by mirrors and an 
Abbe condenser, the exposure could not profitably be made 
less than } second. These plates have been enlarged by usual 
processes to over seven times their original size, so that a 
total enlargement of over four thousand diameters has been 

* Ostwald, Zetts. phys. Chem. xxii. p. 320. 
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attained. Since these larger images are not much more clear 
than the smaller ones, while they occupy much more space, 
the plates herewith given are all ‘from the original negatives. 

A number of good impressions of erystallizi ng potassic 
iodide were taken under these circumstances, but many other 
rolls were sacrificed. The chief difficulty, as before, was to 
secure the right moment; and this difficulty was an course 
much augmented by the limited expanse of the field. Prints 
from a few of the successful negatives are given below. In 
order to give a clear impression in printer’s ink, these were 
much intensified by successive photographic printing and 
intensification ; but of course no attempt was made to remove 
the imperfections of the successive plates, for which allowance 
may easily be made. (Plate IX. figs. 10-15.) 

The study of these photographs reveals several interesting 
points. In the first place, it is noticeable that no image is 
wholly without evidence of crystalline structure. The most 
doubtful cases are those in figs. 9 and 11; but the elongated 
shape of these doubtful images ne to indicate a solid. A 
globule of a new liquid phase, ;,),5 millimetre in diameter, 
would have left an unmistakably circular image on the highly 
magnified plate, for its index of refraction “could not have 
been identical with that of the aqueous solution. The fact 
that we could not find such a globule of course does not prove 
that a globule cannot exist, either for an infinitesimally brief 
period of time, or of an infinitesimal magnitude beyond the 
reach of microscopic observation. Ney vertheless, so many 
scores of photographs were taken as to diminish considerably 
the probability that such globules can ever be seen with sub- 
stances possessing a high melting-point. 
A striking fact to be noticed in nearly all the most highly 

magnified records is the ill-defined appearance of the smallest 
crystals. This appears to be due, not to a lack of structure, 
but rather to the rapid growth in diameter which is manifest 
in the young crystal. The initial rapidity is so great that the 
fifth of a second appears to include several different stages of 
growth, and hence a blurred impression results. It is easy 
to obtain some idea of the rapidity of this initial growth by 
comparing the sizes of the tirst two or three appearances of 
each crystal. 

With this object a few of the series were measured by 
means of an accurate micrometer ; but the conditions of the 
experiments are too uncertain to give the very precise 
measurements much value. Perfect constancy of tempera- 
ture and evaporation, as well as in the rate of the revolving 
shutter, involving graye complications in the apparatus, 
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should uf course be maiatained if great accuracy is attempted. 
Measurements with a fine millimetre-scale afford all the pre- 
cision which it is worth while to attain under present 
conditions. A typical case (fig. 9, largest crystal) gave the 
following measurements in millimetres for the successive 
longest diameters :—2°0; 2°6; 3°0; 3°2; 3:3; 3°53; 3°7; 
3°9; 4:1; 4:2; 4:4. The actual sizes of the crystals were 
of course only a hundredth of these measurements, since the 
enlargement was 100 diameters. 

In spite of the inexact nature of such measurements, it is 
possible to use them as a means of defining approximately 
the law regulating the changes in speed. The following table 
details six series of corresponding diametric measurements 
of six crystals taken at random. The measurements were 
taken directly from the photographs, in millimetres. 

Diameters of Successive Images. 

| | 
| Crystal | Crystal | Crystal Crystal | Crystal | Crystal 

lik 2. | 3. 4. 

First appearance ......... 19 | 20 | 30 |) 30 | 40 | 25 
| 
| Second appearance ...... leas: | ZO oT 6:0 67 35 

Third appearance......... 17, 3°0 | G3). 4 ead 78 4:1 
| 

These all show greater growth in the first interval than in 
the second. In order to reduce them to one standard, the 
diameter of the third appearance was taken in each case as 
unity. The table then becomes :— 

Diameters of Successive Images. 

Cc stal | Crystal | Cr tal | Cr tal | Or tal | Crystal 

aa | | | e 

| First appearance .... 0:59 | 067 | 0-44 0-43 | O51 0°61 0°54 

Second appearance. 0°94 0:87 | 084 | 0:86 | 086 | 085 | O87 
| | 

Third appearance... 1:00 | 1:00 | 1:00} 100°) 1:00° | \1:c0s)) eae 

At the time of the first appearance, the average age of the 
crystal must be about half the time intervening between two 
exposures ; for the crystal must have heen formed since the 
last exposure, and it is as likely to come near the beginning 
as near the end of the interval. Thus in fig. 11 the erystals 

Sw. ee — 

eS ea ee 
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evidently started immediately after the previous exposure, 
while in fig. 9 they were registered while still very young. 
The averaging of a much larger number of observed diameters 
led to the slightly different values given below, corresponding 
to the accompanying times :— 

hime. Diameter=D. 

O interval Diameter 0 

6°50 interval Diameter 0°57 

1°50 intervals Diameter 0°87 

2°50 intervals | Diameter 1:00 

These data are plotted in fig. 16 (see p. 498). 
The inspection of the figure shows at once that the curve 

is similar in general shape { to one represented by the equation 
D?=kt, where D is the diameter of the crystal, ¢ the time from 
the birth of the erystal, and & a constant. The only question 
is as to the magnitude of n. The curves which result from 
the assumptions n=2 and n=3 are given in the figure, for 
comparison with the experimental curve. It is clear that the 
curve with the latter value, n=3, is the nearest, possessing 
the same general curvature, and devi lating from the « average 
less than the individual measurements do. This is equivalent 
to saying that equal increments of time correspond to equal 
increments of volume, instead of equal increments of surface, 
as one might have supposed. Of course a law based upon 
such merely approximate data cannot be considered as 
definitely settled; but clearly the general character or ten- 
dency of the curve is established. It is probable that under 
the necessarily ill-defined conditions of our experiments the 
growth follows no one law with precision ; supersaturation, 
convection, diffusion, and evaporation must all influence the 
result. The crystal which seems to have deviated most 
oor from the average is that depicted in fig. 10; this 
erysta! grew at first less rapidly than usual, and finally came 
almost to a standstill. It is possible that an increasing 
solubility due to increasing temperature may have caused’ 
this delaying tendency. 

It is interesting to compare this average, calculated on the 
assumption that the crystal starts in the middle of the dark 
interval, with a few single cases which appear to have begun 
to crystallize very near ‘the beginning or end of the interval. 
In these cases, the first image of “the erystal will appear 
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Fig. 16.—D1aGRAM REPRESENTING RATE oF INCREASE IN CRYSTAL 
DIAMETER. 
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The substance was potassic iodide. 

either almost as large as the second image, or very small 
compared with it. It will appear almost as large as the 

second image when the preceding exposure has just not 
caught the beginning of the erystal, which has thus had 
a whole interval for growth ; or very much smaller than the 

second image when the first impression has registered a 

crystal only a very small fraction of a second old. Marked 

examples of the former case are to be found in fig. 11, and 

of the latter in the largest crystal in fig. 9, and the smallest 
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crystal in fig. 15. The times of revolution represented by 
figs. 9 and 11 are the same, 1°25 seconds, and the other con- 
ditions also were identical, hence we may compare these with 
accuracy. Careful measurements of the sizes in fig. 9 showed 
the first large impression of the crystals to be about eighty 
per cent. of the diameter of the next impression, and approxi- 
mately the same relationship appears in fig. 11. In order to 
find if this relationship corresponds with the equation D*= ft, 
the larger diameter is assumed to be 0:93, the theoretical 
value corresponding to two intervals of time, if that corre- 
sponding to two and one half intervals is taken as unity. 
‘Hence the smaller one becomes 0°75, corresponding to one 
interval of time ; a value, marked in a circle on the diagram, 
which is surprisingly near the cubic curve. Hence the 
equation D?=ft is confirmed. That the same curve holds 
approximately for the further growth of the crystal is mani- 
fest by a quantitative study of fig. 9 (Plate VIII). 

In this connexion it is interesting to note that the crystal 
seems often to grow at first in the same proportion in all 
directions. Even the very minute image in the centre of the 
second exposure, given in fig. 9, shows itself under the 
microscope to be elongated like the crystal which grows from 
it. In the next exposure this crystal had the proportions 
0:02 mm. x 0°0125 mm., and after four more exposures it 
still had almost exactly the same proportions, being 0:035 mm. 
x 0°022 mm. After two or three more seconds the form 
given in fig. 9 began to change slightly, the crystal becoming 
slightly less elongated in shape ; but by this time the neigh- 
bouring crystals had grown so much as to approach it, and 
hence to alter the conditions. A similar constancy in pro- 
portion may be observed in many other series here given. 

The diagram shows how exceedingly fast the diametric 
growth of the crystal must be in the first tenth of a second of 
its existence. Hence we have an explanation for the sudden- 
ness of its appearance to the eye of an observer, and for the 
blurred edges of its photographic image. It is true that 
another cause may contribute to the blurred effect ; namely, 
the irregular refraction caused by the convection of the 
lighter solution which has just deposited part of its load ; 
but the speedy growth alone is capable of explaining the 
observed indistinetness. 

Interesting as the rapid initial growth in diameter may be, 
it places a serious bar in the way of more precise study of the 
birth of crystals. One clearly needs not only high magnifying 
power, but also great speed ; and these two together require 

. 
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very intense light. Whether or not we shall be able to 
obtain more positive knowledge with the present apparatus, 
is a questionable matter. In the near future the attempt 
will be made here to carry further the work herein described; 
but it is doubtful if any more definite results will be obtained. 
The great speed of initial growth casts a measure of doubt 
over some of the observations of Link and his followers. 
Is is not possible that the subjective effect of the rapidly 
growing crystal might be mistaken for that of a globule of 
liquid? Hven upon the photographic plate there is a slight 
resemblance, and in one or two cases deliberate study is 
needed to detect evidence of structure in the smallest crystals. 

In conclusion, the report of the foregoing pages may be 
summarized as follows :—It has been found possible to take 
very frequent photomicrographs of crystals during their birth 
and growth. An enlargement of over four thousand dia- 
meters was obtained, and both common and polarized light 
were used. Only substances with high melting-points were 
examined, and the crystallization was always from aqueous 
solution. No properly focussed image on any of the plates 
seemed to be devoid of crystalline structure. The growth in 
diameter during the first second of the crystal’s life was found 
to be vastly greater than during the subsequent period. Not 
the diameter itself, but a power of the diameter, was pro- 
portional to the time under the conditions used in our 
experiments. This exceedingly rapid initial diametric growth 
accounts for a lack of definition noticed in the first images,— 
a lack of definition sufficient to have misled the eye, but not 
enough wholly to obscure the photographic evidence of 
crystalline structure. 

Hence we may conclude that whatever theoretical reason 
there may be for believing that crystals always develop from 
a transitory liquid phase, the present experimental evidence 
is inadequate to prove that these globules attain a size visible 
in the microscope, except in the case of substances which 
melt at temperatures not far from the temperature of crys- 
tallization. The present paper is to be regarded rather as 
the suggestion of a mode of study than as a finished treat- 
ment of the subject, however. 

The apparatus might be used to obtain a series of kineto- 
scopic pictures of insects or other small animals or plants, 
and is now being used for the study of the change in structure 
of steel at high temperatures. We are indebted to the 
Rumford Fund of the American Academy of Arts and 
Sciences for some of our apparatus. 

Cambridge, Mass., October 1898 to October 1900, 
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XLIX. On the Resistance of Dielectrics, and the Lifect of an 
Alternating Electromotive Force on the Insulating Properties 
of Indiarubber. By A. W. Asuton, B.Sc., Royal ELxhibi- 
tion Scholar *. 

1 ie undertaking the following research an endeavour has 
been made to ascertain :-— 

First. What relation exists between the resistance of 
different dielectrics and the electromotive force at which the 
resistance is measured. 

Secondly. What form is taken by the curves showing the 
variation of the current with the time when (a) a condenser is 
charged by a battery of given E.M.F., (6) the condenser is 
discharged by placing it direcily on to the terminals of a 
galvanometer. 

Thirdly. What effect is produced on the insulating pro- 
perties of ind‘arubber by the continued application of a high 
alternating pressure. 

2. The question whether dielectrics can be said to strictly 
obey Ohm’s law in regard to electrical conductivity has been 
considered by previous observers, but at present very definite 
conclusions do not appear to have been reached. The varia- 
tion in the insulation resistance of several cables was examined 
by Heim (see ‘ Electrician,’ vol. xxv. p. 751). The method 
of measurement used was that known as the “direct de- 
flexion” method, in which the current is measured by the 
deflexion of a sensitive galvanometer joined in series with a 
battery and the plates of the condenser formed by the cable 
tested. Readings were taken after one or two minutes’ elec- 
trification, and after a reading at any one pressure the inner 
and outer conductors of the cable were connected for one or 
two hours in order to get rid of the slowly disappearing 
“residual charge.” From these experiments, Heim concluded 
that the dielectrics tested showed a decided deviation from 
Ohm’s law, the conductivity being greater at the higher 
pressures. In the discussion on a paper by Preece (see 
Journal Institute of Electrical Engineers, Dec. 1890), some 
results were given by Alexander Siemens of tests taken on 
cables with cores of different. materials, viz., guttapercha, 
indiarubber, and impregnated fibre. ‘The charging pressure 
was varied over a wide range (from 100 to 1200 Leclanché 
cells), and it was found that the resistance calculated from 
the current after one minute’s electrification became less as 
the pressure increased. Leick (Wiedemann’s Annalen, No. 13, 

* Communicated by the Physical Society : read May 31, 1901. 

Phil. Mag. 8. 6. Vol. 2. No. 11, Nov, 1901, 21 
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1898) has tested certain dielectrics, viz., guttapercha, paraffin, 
and sulphur, and has found an increase of conductivity at the 
higher voltages. 

3. In all the above experiments, ihe resistance of the di- 
electrics examined has been calculated from the values of the © 
current obtained at not more than a few minutes’ electrifica- 
tion. Unfortunately these values of the current are those 
which are most affected by the previous electrical treatment 
of the dielectric. Ina paper by Ayrton and Perry, “‘ On the 
Viscosity of Dielectrics” (see Proc. Roy. Soc. vol. xxxvi.), 
it is suggested that more accurate values of the true con- 
ductivity of a dielectric might be obtained by taking read- 
ings of the current when it has become steady. An attempt 
has been made to examine certain dielectrics by this method 
in order to ascertain the conductivity at different pressures, 
In the above paper, Professors Ayrton and Perry also drew 
attention to the analogy existing between the behaviour of 
bodies under mechanical stress and that of dielectrics under 
electrical stress ; it is further pointed out that careful dis- 
tinction must be drawn between that part of the energy 
absorbed by the dielectric which is afterwards recoverable, 
and the portion which is converted into heat, and which 
determines the amount of true conduction taking place. The 
form of the “residual charge” curves has been examined in 
the case of glass by Hopkinson (Phil. Trans. vols. elxvi. & 
celxvii.). In these experiments the condenser was charged 
for a definite time and then discharged for an instant. The 
plates of the condenser were then joined to an electrometer, 
and readings of the residual potential were taken from time 
to time. Amongst other results, Hopkinson found that this 
residual potential was proportional to the exciting potential. 

4, In the experiments which are now described these re- 
sidual charge effects have been examined in the case of 
several dielectrics by means of curves showing the current 
(1) when the condenser is charged with a battery having a 
galvanometer in series with it; (2) when the condenser is 
discharged by connecting directly to a galvanometer. The 
examination of rubber for deterioration in insulating proper- 
ties when subjected to the continuous action of alternating 
pressure, has been suggested by the failures which have some- 
times occurred when rubber has been used as the insulating 
material for alternating-current mains. The dielectrics upon 
which experiments have been made are indiarubber, paraffined 
paper, and mica. The indiarubber tested consisted of three 
different kinds of sheet-rubber called Nos. 1, 2, and 3, and 
an “ Okonite ”’ cable, ; 
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No. 1 consisted of cut sheet ‘0683 cm. thick. This was 
darker in appearance and rather less transparent than Para. 
It cut rather more easily than most pure rubbers and was 
less tenacious. On keeping it has become quite hard and 
almost brittle. 

No. 2 was pure Para rubber ‘051 cm. thick. It was very 
transparent and very tenacious, and has retained these pro- 
perties even after keeping for two years. 

No. 3 was a vulcanized rubber, white on the surface and 
dark when cut. It was -093 centimetre thick. 

The cable tested was a 3/18 in., 2760 feet long, insulated to 
‘208 in. diameter with vulcanized rubber, and having an outer 

_ covering of impregnated braid. The sheet indiarubber was 
made into condensers by fixing tinfoil on each side by means 
of indiarubber solution made with pure benzene. ‘The tinfoil 
sheets were 8 in. x 6 in., the dielectric projecting along each 
edge an inch beyond the tinfoil in order to prevent leakage. 
Hach condenser thus made was placed between two olass 
plates, a strip of tinfoil being brought out from each sheet to 
the upper side of the top olass plate in order to make con- 
nexion. The surface of the glass was coated with shellac to 
prevent leakage by condensation of moisture on the glass. 
The paraffined - paper condenser was made of stout notepaper 
which was first dried in a hot oven and then dipped into 
melted parafiin-wax. Four sheets of this paper 10 in. x 8 in. 
were alternated with five sheets of tinfoil, and placed between 
two glass plates. The condenser was then put between two 
iron blocks heated to about 85° C., and thus the wax was 
heated and allowed to solidify and cool down under pressure. 
The mica used was very pure and transparent, and consisted 
of sheets 2} in. x 434in. An endeavour was made to form 
the plates of the condenser by depositing a film of silver on 
the mica from a solution of silver nitrate and Ruchelle salt. 
By this means, intimate contact would be made between the 
metal and the mica without the introduction of any other 
dielectric in the form of a fixing material, or the inclusion of 
films of air. This, however, was not successful, as out of 
30 sheets silvered not one was obtained which would give 
steady readings when charged with a 100-volt battery. The 
plates of the condenser were therefore formed of sheets of 
tinfoil 1} in. x 32in., which were alternated with the mica 
sheets, and the tinfoil was kept in close contact with the 
mica by pressure alone. This was effected by holding 
the condenser between two brass plates which were bolted 
together by 5/16 in. bolts, the condenser being insulated from 
the frame by sheet ebonite. The mica condenser eventually 

242 
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used consisted of 13 sheets of mica varying from *0009 in. to 
‘001 in. in thickness. 

5. The experiments were carried out in the Pender Elec- 
trical Engineering Laboratory under the direction of Dr. J. A. 
Fleming. The measurements of current were made by means 
of a sensitive Kelvin Astatic Galvanometer of 6057 ohms 
resistance provided with a shunt-box. The E.M.F. of the 
battery of small Lithanode cells was measured during the 
earlier experiments by a Weston voltmeter, but as the current 
taken by this instrument was sufficient to cause the H.M.F. 
of the cells to fall during an experiment, a Kelvin electro- 
static voltmeter was used instead. The battery, condenser, 
and galvanometer were connected up to a three-way key in 
such a way that, with the key in its normal position, the con- 
denser was charged through the galvanometer, and when the 
key was depressed the plates of the condenser were connected 
directly to the galvanometer. The galvanometer was stan- 
dardized by means of a Crompton potentiometer and standard 
resistances. In this way the current corresponding to various 
points on the scale over the whole range used in any parti- 
cular experiment was determined by reference to the Clarke 
cell. The ‘* okonite ” cable was immersed in a tank of water 
3in. x 3in. X 24 in. deep. The two ends of the copper 
conductor were brought out to a block of paraffin-wax having 
four mercury cups. To two of the latter the ends of the 
copper were joined; the other two mercury cups being con- 
nected to a Wheatstone-bridge in order that the resistance of 
the conductor might be measured during an experiment. 
The volume of water was so great that the variation in tem- 
perature was never more than 0°2 C. during the day, while 
the resistance of the copper conductor never varied more 
than 0°2 per cent. ina day. The temperature of the dielec- 
tric was taken as a mean between that of the water and that 
of the copper conductor. To prevent leakage over the ends 
of the cable, the braid was removed to a length of 2 feet and 
the surface of the indiarubber kept clean. A Price’s guard- 
ring was also used to test for end leakage. In the mica and 
paraffined-paper experiments no special precautions were 
taken to ensure constancy of temperature during an experi- 
ment, or to measure the actual temperature of the dielectric, 
as the experiments were only intended to ascertain whether 
equations of similar form to those found for the cable 
would satisfy the curves of charge and discharge for these 
dielectrics. 

6. In the experiments to determine the variation of re- 
sistance with pressure, a battery of cells just sufficient to give 
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a readable current was connected to the voltmeter, and at a 
given time the circuit containing the condenser and the 
galvanometer was completed. The deflexion of the galva- 
nometer was noted at the end of the first minute, and from 
time to time afterwards. The current was found to decrease 
rather rapidly at first, but when electrification had been con- 
tinued for about an hour it became approximately constant, 
especially in the case of the pure rubber condensers. The 
pressure was then raised and electrification continued until 
the current again became steady, when the pressure was 
again raised. This was continued for five or six different 
pressures, and the values of resistance when the current had 
become steady were plotted as ordinates, and the correspond- 
ing voltage as abscisse, giving a curve of resistance with 
pressure. In the case of the okonite cable an experiment 
was also made in which a series of readings of the current 
were taken with the pressure increasing in steps to a maximum, 
and then decreasing in the same steps. 

7. In the experiments to determine the form of the curves 
of charge and discharge from the cable, it was found possible 
to take readings for three different periods of electrification 
in one day, the copper conductor being kept “ earthed ” 
between successive chargings. In this manner a set of curves 
of discharge after 5, 10, 40 minutes’ charge was taken, the 
temperature and charging pressure remaining practically 
constant. The method of procedure was as follows:—The 
cable having been short-circuited all night, the temperature 
was determined by measuring the resistances of the cable and 
the copper thermometer which floated in the tank. Then 
the E.M.F. of the cells to be used was read on the electro- 
static voltmeter, the leads being afterwards disconnected. 
The cable was then charged for five minutes, and at the end 
of that time, as shown on the chronometer, the discharge-key 
was depressed, the galvanometer being short-circuited for the 
first fifteen seconds of discharge. Steady readings could gene- 
rally be obtained after 40 seconds; and these were continued 
by noting on the chronometer the time at which the galva- 
nometer spot passed successive divisions of the scale until the 
deflexion had fallen to one centimetre. The galvanometer 
was then standardized at different points over the whole 
range used, and readings taken of the temperature and 
battery volts. This was repeated at the end of two hours for 
10 minutes’ charge, and again at the end of two and a half 
hours for 40 minutes’ charge. On some days two discharges 
only were taken, viz.: after 20 and 120 minutes’ charge. By 
this means it was found possible to get a set of discharge 
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readings for 5, 10, 20, 40, and 120 minutes’ charge, at 200 volts 
and a practically constant temperature. In these experiments 
readings were generally taken of the current during electri- 
fication ; but separate experiments in which electrification was 
continued for longer periods were also made to ascertain the 
equations representing the charging current. Readings otf 
the current both when charging and discharging the mica 
and the paraffined-paper condensers were also taken in a 
manner similar to that described above. 

8. The curves in fig. 1 show the readings obtained by the 
method described in section 6 from a condenser made from 
the rubber called No. 1. Before this experiment was made, 
the condenser had been dried for some weeks in order to get 
rid of the benzene used in the solution by means of which 
the tinfoil was fixed to the rubber. From the curve of re- 
sistance with pressure given, it will be seen that this dielectric 
shows a considerable decrease in resistance as the pressure is 
increased. A large number of similar experiments, which 
have been made on this condenser and on three other con- 
densers made from the same rubber, all give curves very 
similar to that shown in fig. 1. An endeavour was then 
made to obtain similar curves of resistance from the okonite 
cable. This cable was first put into the tank on June Ist, 
1899, and was kept continuously in the water until the end 
of July. The results of the experiments made during this 
immersion are given in the Tables I. & I., and in fig. 2. 
In the first experiment on July 4th (see Table I.) readings 
of current were taken at five different voltages, increasing 
in steps from 52 to 249 volts. After 75 minutes’ electrifica- 
tion at 52 volts, the resistance was increasing 3 per cent. 
per minute. The pressure was then raised to 100 volts, and 
after 70 minutes’ electrification this rate of increase amounted 
to ;1, per cent. per minute. As the experiment proceeds 
the final reading at each pressure becomes more constant, 
until at the highest pressure the variation is only 3, per 
cent. per minute. It will be seen that the steady resistances 
at the first four pressures do not differ very much, but at the 
highest pressure, viz. 249 volts, the resistance shows a 
decrease of 13 per cent. On July 5th an endeavour was 
made to compare the curves of resistance with time at 51-1 
volts and 197-4 volts. The results are given in fig. 2. Two 
sets of readings at 51 volts were taken, one before and one 
after the experiment at 197 volts, the cable being short- 
circuited for 17 hours between experiments. The mean of 
the two sets of aie at the lower voltage is shown for com- 
parison as the broken line above the curve at 197 volts. It 
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TasBLE 1.—LExperiment on Okonite Cable, July 4, 1899. 
Temperature of Bath 18°°3 C. 

| 

| Time. 
| 

11.0 
ie i 
| 11.3:30 

11.4 
I ts 
| 11.30 
| 11.52 

12.14 
12.15 
12.16 
12.22°30 

Ft feet fee feed pd feed 

sy) =) 

2 DS bE bO LO bO ASIAAE 

Charging | Resistance 
sure 

in volts. 
in 

megohms. 

ee eeee 

1517 

ee eeae 

Time. 

3.0 

“THR bo © Gor 

Mie He pe He Co Go Co Oo Go Co 
oS or 

OP OH O10 On G1 109 DD 

Charging 
Pressure 

147°8 
147°8 
147°8 
147°8 
198°3 
198:3 
198 
197°4 
197-4 
197°4 
19-4: 
197-4 
249 
249 
249 
249 
249 
249 
249 
249 

Resistance 
in 

in volts. | megohins. 

1455 
1483 
1509 
1525 
feeeee 

TasLe I1.—Experiment on Okonite Cable, July 6. 
Temperature of Bath 19° C. 

Charging 
Pressure 

in volts. 
———— 

‘ | 
Resistance | 

in | 
megohms. 

Time. 

| 
| 

| 

_ Charging 
| Pressure 

in volts. 

260 
197°6 
197°6 
197°4 
197°4 
197-4 
197-4 
197-4 
120°9 

50°7 

ON C1 O1 Or Or fmm fe feed ee feed 

| Resistance 
in 

eeceee 

2135 
1934 
1736 
1570 
1536 
1536 

current 

12190. 
4404 
2596 

| 2082 
| 2016 

megohms. 

negative | 

| 
| 

| 
| 
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will be seen that both sets of readings at 51 volts give values 
of the resistance which are higher than those obtained when 
charging at 197 volts. On July 6th, an experiment was made 
in which the pressure was first increased by steps to a maxi- 
mum and then diminished in the same steps. The values of 
the resistance so obtained are given in Table II. It will be 
seen that on dropping the pressure from 197 to 121 volts the 
current increases as electrification at the lower voltage pro- 
ceeds, and after 60 minutes gives a nearly constant resistance 
of 1536 megohms, which is considerably higher than the 
value which was obtained when the pressure was increasing, 
viz., 1329 megohms. On the pressure again falling to 
51 volts, the current for the first few minutes opposes the 
charging battery. The resistance calculated from the current 
after 72 minutes’ electrification was 2016 megohms, while 
the value obtained when first charging at 51 volts was 
1316 megohms. 

9. The cable was again placed in the tank on November 
27th, 1900, and was kept in until the end of the experiments. 
On December 14th, an experiment was made to determine 
the curve of charging current. The pressure was kept on 
for 24 hours, and at the end of that time readings of the dis- 
charge current were taken. ‘The results are given in figs. 3 
and 7. It will be seen that the observed values of the charging 
current lie very approximately on the broken line curve which 
is plotted from the equation 

fee oa ex 10-8 en, 

This equation has been determined by assuming a probable 
value for the constant to be subtracted from “the current 
readings. If the assumed value be too great, the curve log 
(c—a constant) plotted to log “¢” is concave to the origin, 
and vice versa; the correct value of the constant makes the 
curve become astraight line. If logarithms of the discharge 
current be plotted “to logarithms | of the time which has 
elapsed since the cable was short-circuited, the points le on 
the straight line 

log c= —8:060—"343 log ¢. 

The discharge current may therefore be represented by the 
equation 

eee lO Se. 

On March 9th two experiments were made. In the first, the 
cable was charged at 104 volts for 20 minutes, and readings 
of the discharge current taken; in the second the pressure 
was 206 volts, the time of charge being the same and the 
temperature practically constant for the two experiments, 
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The readings obtained are plotted in fig. 8 (p. 513). The 
index of “¢” is ‘594 for the first experiment and 572 for the 
second ; the index being apparently not greatly affected by 
the charging volts. On March 28th and 30th, a series of five 
experiments were made in which the temperature remained 
practically constant, the pressure only varied about 1 per cent. 
and the time of charge varied from 5 to 120 minutes. In 
order to correct for the small variation in pressure, the dis- 
charge current was assumed proportional to the charging 

volts, and the values of log _ were plotted to log “‘¢t,’’ where 

e=current of discharge, E=charging volts, “¢’ =time 
reckoned from commencement of discharge. This is shown 
in fig. 4, and it will be seen that the points from the five 
experiments lie on five straight lines passing through the 
point 

log j= —9-000, log = 1-040. | 

The points therefore lie on the straight lines 

¢ 
log EB + 9:000 = — .x(log t— 1-040) ; 

and the values of the discharge current are given by the 
equation 

Poe ig —10 ae " 

The values of the exponent 2 were found to give a straight 
line when log (#—*415) was plotted to log T, and the equa- 
tion for v was found to be 

a — 415 =4-055 T-3%, 
where T=time of charge in seconds (see fig. 6). From these 
two equations, by substituting the time of charge and the 
charging volts for each particular experiment, the five curves 
in fig. 5 have been drawn, and the points actually obtained 
closely follow these curves. In Table ILI. the readings of 
the current for three. discharges are given, the charging 
pressure being 104 volts and the temperature constant. The 
current is given by the equation 

8°65 
/ 

Cc A age £ —10 as By A = Lh64x 10 ( ) 

where 2—'43 = 6°22T— 9, 
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TaBLE II].—Readings of Discharge from Okonite 
Cable on April 10, 1900. 

5 minutes’ Charge. 

\| 

10 minutes’ Charge. 40 minutes’ Charge. 

Time in | Current in Time in | Current in || Time in Current in | 
| seconds. |Amps.x10—8. seconds. Amps. X10-8.| seconds. |Amps. x 10-8. 

37 3:80 46-5 3:80 | 40 515 
49°5 3°04 |} - 99 3°25 |) S525 4°39 
575 2°66 eal 2°35 67 3°83 
70°5 2°30 85 2°49 ar 3°45 
865 1-955 96 2°31 1005 | 3:07 

|}: 108 2°12 | 112 2°88 
Charging volts 103°6. || 125 1-94 1 aes 75 2°69 

| ‘Temp. 13°83 C. } | 143 2°50 
Charging volts 103-6. | 163 2°32 

| Temp. 13°°83 C. | 189 2°13 

| Charging volts 103°6. 
| Temp. 13°°83 C. 

The equations are similar in form to those obtained from the 
experiments on March 28th and 30th, and the constants are 
of nearly the same value. In fig. 9 are given the readings 
obtained by charging the okonite cable at 104, 206, and 
337 volts. The equations obtained are :— 

(1) at 104 volts: 

o—3'90' x10 2= BE x aoe x LO 

(2) At 206 volts : 

c—6°30 x 10-8 

(3) At 337 volts: 

c—l0 4x10] x oUt x16 

= He ZOD ele Oi 

The values of the quotient obtained when the constant 
part of the current is divided into the charging pressure 
are = 

(1) For 104 volts —3326 megohms. 
(2) For 206 volts.—3270 megohms. 
(3) For 337 volts.—3240 megohms. 

These values are therefore nearly the same for the three 
different pressures ; unfortunately the exact comparison is 
not possible owing to the difference in the temperature of 
the cable. A summary of the results obtained from the 
okonite cable is given in Tables LV. and V. (p. 514). 

; . 
Be se - 5 a ‘ - . 
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Taste LV.—Summary of Results obtained by Discharging 
the Okonite Cable. 

é ¢=time | 

Date. Cee us C of Charge Equations. — 
in Secs. 

[Dec. 14, 1899,} 152:4 | 18:00] 88800 | c=87-1x107% —348 “343 | | 
‘Mar. 9, 1900.| 1039 | 1415] 1200 | c=46-9x10—8 ¢—*% 594 | 4 
Mar. 9. 2061 | 1421} 1200 | c=80-2x1078¢-°? ‘572 
‘Mar. 12. 104-0 | 1421) 1200 | c=426x10—8 47°78 ‘578 a 
‘Mar. 12. 2055 | 1421] 1200 | c=87-9x10—8 4-584 ‘587 | | 

(Mar. 28. 207°9 | 13:09 300 \ | ¢ : 836 
Mar. 28. 2077 | 13:10] 600 | jj, =10x 10-10 TE, 734 
Mar. 28, 2075 | 1314) 2400 |") oe ‘601 | 
Mar. 30. 205°9 | 13:18) 12001 [PO 5 s-osnp—397 G55 | 
Mar. 30. 205°9 | 13:12] 7200) i 584 | | 
Mar. 29. 206-4 12°74) 1200 | c=90-6x10-8 ¢—“641 ‘641 | 
Mar. 29. 2064 | 1266) 7200 | c=67-3x10—8 4-522 ‘22 
April 2. 206:9. 11:88): s0p ee ke “881 g 

April 2. 2069 | 1188} 600] |©_o48,49-10/_4.\—« | “734 | 
April 2. 2069 | 11:88} 2400 f /E— 103) 605 
April 5. 2063 | 13:94] 300 ; 844. 
April 5. 2063 | 13:91} 600 $1¢ 95.10 oat ~ ae 
April 5. 206'3 | 13:90] 2400 J |E 13°9, ‘G4 

April 9. 336-7 | 13°35| 300) |, oft Von ee 
April 9. 336°8 | 13:35| 600} |, =9'82x10— (ise) "752 | 
‘April 9. 3368 | 13:35] 2400 = 549 | 

: 5 CVS | April 30. 103°6 | 13-83] 300} |. =1161x107 (5 789 : 
April 10. 1036 | 13-83 600 | E : 2 5) ‘685 | 
April 10. 103'6 83) 2 where 560 pril 10 03°6 | 13°83} 2400 436-22, T—"500 

Taste V.—Summary of the Results obtained by Charging 
the Okonite Cable. 

Charging Time of : 
Date. | Pressure ue ae Charge Equation. | Hea ! 

in volts. * | in Sees. s 

Dec. 14| 152-4 | 13:00] 88800 |c—1:60x1078=11-7x 10-8 ¢-7*! 9520 

Mar.28| 207°5 | 13:14) 2400 |c—5:64x107°=Ex29:5x1071?¢— 489) 3680 
Mar.29| 2065 | 12°75) 7200 [e—5:20x107°=Ex263x107!°¢-*|_ 3970 
Mar.30| 2059 | 1313} 1200 |c—5:50x147-°=Ex282x10~10¢-*5|_ 3730 
April 6 | 206-2 | 143 | 4020 |c—630x10 °=Ex282x10-2- "| 3270 
April9 | 336-8 | 13-4 | 2400 [e—10-4x10 °=Ex307x 10-07-84) 3240 
April10| 103-6 | 139 | 2400 |c—3:09x10-°=Ex32'2x10-10¢—"4}|_ 3340 
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10. The results of experiments made on the mica con- 
denser are given in Table VI. and fig. 10. 

TasLe VI.—Readings of Discharge-Current from 
Mica-Condenser. 

After 60 minutes’ Charge. After 120 minutes’ Charge. 

Time in | Current in | Time in Current in 
seconds, Amps. X10—%. seconds, Amps. X10 8. 

35 4°45 | 38 3°19 
45 2°97 48 2°56 
55 2:23 58 2°14 
67 1°642 68 1°824 
75 1:347 | 76 1-615 | 

95 1°300 
Charging volts... 204. 112 1091 

Equation : — Charging volts... 97:4 | 
—109x 10—67—1°55, ; 

Equation :— 

| c= 11:48 x 10-74 — 983, 

Two sets of readings of discharge current are given. The 
first after one hour’s charge at 200 volts, the second after 
two hours’ charge at 97 volts. In both cases the current 
may be expressed as a power function of the time. The 
exponent of “¢”? is —1°155 for 60 minutes’ charge, and 
—(°98 for 120 minutes’ charge. The readings of current 
during the charging of the mica condenser are plotted in 
fig. 10. It has, however, not been found possible to repre- 
sent the charging current for mica by any equation of 
form similar to those obtained from the okonite cable. In 
Tables VII. & VIII. (p. 516) the readings obtained from the 
paraffin-paper condenser are given. Both experiments were 
made on June 26th, 1900; the condenser, however, being 
heated after the first experiment and allowed to cool under 
pressure as described in Section 4. The charging current in 
each case is given by an equation similar in form to those 
obtained for the okonite cable, and the readings of discharge 
were also found to satisfy an equation of the form c= Ke, 
The value of « for 20 minutes’ charge is ‘846 in the first 
case, and *849 in the second. 

11. From the first experiments made on the pure rubber 
to determine the variation in the resistance with different 
pressures, it appeared that the current became constant after 
one or two hours’ electrification. If this is so, it is evident 
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Taste VII.—Readings of Current during Charge and 
Discharge of a Paraffin-Paper Condenser, June 26, 1900. 

Charging with 190 volts. Discharge after 20 minutes’ Charge. 

Time in | Current in | Time in Current in 
seconds. Amps. X 10-8, seconds. Amps. x 1078, 

40°5 1-938 33 | 1-726 
60 1514 43 | 1-403 
79 1:303 52 | L197 

165 “868 59 1-089 
270 “720 79 878 

87 ‘773 
Equation :— 
e-SBKID "= 268 x 10g >| auaee 

c=33'7 x 10—8¢— 846, 

TABLE VIII.—Readings of Current during Charge and 
Discharge of Paraffin-Paper Condenser, June 26, 1900. 

Charging with 190 volts. || Discharge after 20 minutes’ Charge. 

| Time in Current in Time in Current in 
seconds. Amps. x1078. seconds. Amps. x 1078, 

i— pa ee eee eon! Bis; | En eneremaes wenremmes oe TE 

| 45 2-78 38 2:46 
| 58 2°46 48 2:04. 

220 : 1°396 55 1:83 
| 300 1:26 | 63°5 1:62 

960 ‘918 75 1:41 
| 82 1304 
Equation :— 90 1-197 
c—60x 108 = 24-0 x ¢—°630 y 19-8, 114 "982 

Equation aa 

o=547%10 ptm 

that the curves of resistance at different charging pressures 
can be relied on. In the case of the okonite cable, however, 
it is evident from the experiments made that the current is 
still decreasing after several hours’ electrification. Therefore 
the final values of the resistance at each voltage, obtained by 
increasing the pressure in steps, cannot be taken as ‘a measure 
of the true conductivity of the dielectric. That the charging 
current is not quite proportional to the voltage may be seen 
from the curves in fig. 2... If we take the mean of the two 
curves obtained with a charging pressure of 51 volts as giving. 
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a result comparable with that at the higher voltage, the 
resistance at 51 volts after one hour’s charge is 8 per cent. 
higher than that after the same electrification at 197 volts. 

12. The further experiments on the cable and the paraffin 
condenser have shown that the charging current may be 

5) 

represented by an equation of the form 

e—e = Ki. 

where c=charging current, K and 2 are constants, and 
¢=time in seconds since electrification commenced. When 
t is very yreat, ¢~*=0, and the current becomes constant and 
equal to ¢. This constant current cy may therefore be a 
current due to true conduction, while the variable part, 
Ki~, may represent the energy which is being slowly absorbed 
by the dielectric, and which is given up on short-circuiting 
the condenser. On this hy pothesis, we may call the ratio 
of the charging pressure to ¢ the true resistance of the 
dielectric. From the results given in Table V., it will be 
seen that this resistance, though as high as 9520 megohms 
on Dec. 14th, 1889, when the cable had been in water for 
17 days, had fallen to 3340 megohms on April 10th, when 
it had been immersed four and a half months. From the 
experiments of March 28th & 30th, it appears that the 
discharge current is given by equations of the form 

Af ye 

c=KE( i) : 

where H=charging pressure, t=time in seconds since the 
commencement of discharge, and K, K, are constants. The 
exponent w varies with the time of charge and is given by an 
equation of the form: v—X=K,T~*, where T=time of 
charge in seconds, and X, Kg, and <are constants. If the 
time of charge be very g great, the term K,T~-* becomes zero 
and «=X, that is, X is ‘the value of the exponent when the 
charging is continued until the current becomes constant. 
The above equations have been found to hold for the discharge 
from T=about 35 seconds, until the current falls to 2 x 10—-° 
amperes, which is the smallest current readable with any 
accuracy on the galvanometer. It does not seem probable 
that these equations would hold for the first half minute of 
discharge, as, if so, the curves of discharge would cross each 
other when T=from 8 to 12 seconds. It appears more 
probable that if readings could be obtained of the discharge- 
currents from a few seconds after discharge, the five straight 
lines shown in fig. 8 would, instead of passing through one 
point, tend to coalesce into one line as that point is reached. 

Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 190%. 2M 
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ABD Ke. 

Duration (in No. of Coulombs. 
seconds) of 

Date. —__—__—_——, Equation for Current. | 

Charge. nS: _ Absorbed. Discharged. 
charge. 

March 28. | 2400 c=61:2x 10—-8¢—"4 | -7-19x 10-5 
66180 | c=87-5x10—8-" | _| 18-4 1075 

March 29. | 1200 | e=62°7x 1078-9! |) 4-55 x LO 
11520:1\cc= 906X105 °by 725x10™ 

7200 c=54-3x10— 82! | 12°96 X10" 

: 66360 | c=67°3x 10-8¢-"522 | 28:4 1075 | 
March 30. | 1200 C= 08 2x10 so 2) 5 Ol KIO ge . | 

11940 | c=98:8x 10-8¢—"5 | 7:30x 10-° 

Total....../ 29°71 «107° | 61:°35x10—% 

13. In Table IX. an analysis of the quantities absorbed and 
discharged by the cable during two days is given. The 
quantity discharged has been calculated by integrating, for 
the whole period during which the cable was short-circuited, 
the equations representing the current. The quantity ab- 
sorbed has been calculated on the assumption that the 
variable part of the charging current represents the energy 
which is being, as it were, “stored up” in the dielectric. It 

will be seen that the quantity discharged is in each case 
greater than the quantity absorbed during the corresponding 
charging. Therefore, if the assumptions made are correct, 
the dielectric, during these experiments, must on the whole 
have discharged twice the quantity it absorbed. On the 
other hand, it may be that all the energy represented by the 
constant current c) is not being converted into heat during 
the early period of electrification; that is, the true con- 
duction-current increases to ¢) as electrification proceeds. 
Again, the apparent discrepancy may be explained by the 
fact that the previous treatment of the dielectric has resulted 
in the storage of a comparatively large amount of energy 
which is being given up while the cable is short-circuited, 
and is augmenting the quantities discharged. In support of 
this hypothesis, it has been found that dielectrics which 
as far as could be ascertained had never been subjected to | 
electric stress, have yet given, when joined to an electro- 
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static voltmeter, an H.M.F. as high as 20 volts (see Note on 
the Electrification of Dielectrics by Mechanical Means ”%*). 
The energy thus existing as electric strain in the dielectric 
is only given up very slowly, especially if the condenser is 
not kept short-circuited ; and it appears possible that the 
discrepancy noticed in the quantities absorbed and given up 
by the okonite cable may be thus accounted for. The deter- 
mination of the true conduction through a dielectric resolves 
itself into finding the rate of conversion into heat of the 
electric energy at any instant during electrification. The 
value of the conduction-current after prolonged electrification 
would be given by the constant cy, assuming the equations 
given above to hold when the time of charge is very great. 
It does not necessarily follow, however, that, out of the whole 
eurrent shown on the galvanometer after a few minutes’ 
electrification, cy) represents that portion which is being 
converted into heat. We might expect that the rate of 
conversion into heat would be proportional to the rate of 
production of strain in the dielectric (see Ayrton and Perry, 
“On theViscosity of Dielectrics,’ Proc. Roy. Soe. vol. xxxvi.): 
from this it would follow that the true conduction current is 
greater than c at the commencement of electrification, but 
decreases to that value as electrification proceeds. 

The Alternating Pressure Experiments. 
14. The experiments on the effect of alternating pressure on 

indiarubber were commenced at the Durham College of 
Science, under the direction of Prof. H. Stroud, and were 
afterwards continued at the Pender Electrical Engineering 
Laboratory under Dr. J. A. Fleming. The material tested 
at Newcastle was a pure rubber very similar to No. 1 (see 
Section 4), and was made into condensers in the manner 
described in that section. The preliminary experiments 
showed that breakdowns under alternating pressure occurred 
generally at the edges of the tinfoil, and that pale lines of 
light could be observed round the edges of the tinfoil when 
under the action of 2000 alternating volts in a darkened 
room. A set of five condensers, called A, B, C, D, and E, 
were then made from the same rubber; of these A and B 
were shellacked round the edges to prevent the discharge 
taking place from the tinfoil. The condensers were then 
kept continuously on a transformer giving 2000 volts. When 
a fault occurred in any condenser, the tinfoil was cut away 
from the place were the rubber was pierced and the condenser 
put to the transformer again. The results obtained are given 

* Phil. Mag. Aug. 1901. 
2M 2 
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in Table X. Only one condenser showed any great de- 
terioration, viz. C, which after 270 hours continually broke 
down. 

TaBLE X.—Results of Alternating Pressure Experiments. 

Treatment. | ‘Total No. Mncalune: 
of edges of of 

Condenser.| whether Hours on Went Remarks. 
shellacked | alternating | | curring. | 
or not. pressure. 8 

A. | Shellacked | 1200 1 ies aieed Seneca 

B. | Shellacked | 1280 0 TE eee tae 

Not Considerable discharge 
C. shellacked 210 7 from edges of tinfoil. 

Not Discharge observed 
a shellacked 1300 2 from edges. 

Not Discharge observed 
ie shellacked em m” from edges, 

15. The experiments were continued in London, the con- 
densers at first being joined up to a transformer in the 
Charing Cross substation of the London Electric Supply 
Corporation, to which Company I am indebted for the gra- 
tuitous use of their alternating pressure. During the third 
year the condensers were subjected to alternating pressure 
at the Northern Polytechnic Institute. The pressure used in 
each case was 2600 volts (R.M.S.), but the frequency in 
the former case was 100 and in the latter case 50. 

Three condensers, F, G, and H, were made from No. 1 
rubber. The resistance of each condenser was measured 
before putting on the transformer : they were then submitted 
to the action of 2600 alternating volts, being only taken off 
at intervals to measure their resistances. The results 
obtained are given in Table XI., from which it will be seen 
that the resistance of these condensers continually increased. 
The total number of faults occurring in these condensers was 
three; and as far as could be ascertained the treatment 
appeared to have no effect on the rubber, with the exception 
that it became somewhat harder and less elastic. Three 
condensers , called K, L, and M, were made of No. 2, 7. e. 
pure Para rubber. The resistance of all three condensers 



Insulating Properties of Indiarubber. 521 

Tabie XI.—Experiments on Indiarubber under the 
Action of Alternating Pressure. 

Effect of Alternating Pressure. Result of 

lo Descrip- eet, treating 

| iseeer pores alternatin with Ozone 
h ‘| Rubber. or Tacciak No. of General for five 

P ; Pe) © Baults, effect. minutes. 

F. | 3000 Increased 0 
from 149Q. 
to 14,000 Q. | 

G. || From 3000 Increased 2 No Apparently 
| from discoloration. 
L) No. 1 1900 Q to not 
| 200,000 Q. No 

H. , | (Pure). 937 Increased 1 deterioration.} attacked. 
from 

| 167 Q to 
) 19,000 Q. 

ee From Hauke Great Violently | 
| No. 2 Et 60. Always uncoye discoloration | attacked. | 

(Pure very high. a around Left in 
M. | Para). oe edges. shreds. | 

No. 3 Faults , : | 
N. | (vulean- | About 60. Gey Fi always Ai phen pedi | 

. very high. 2 discoloration.) attacked. | ized). So" | occurring. 

was very high, being about 200,000 megohms. When 
subjected to 2600 alternating volts, they all broke down 
within three days, and a peculiar discoloration of the rubber 
was noticed round the edges of the tinfoil and the outer 
edges of the rubber. Some chemical action appeared to 
have taken place, the rubber being discoloured, less trans- 
parent, and slightly porous. The tinfoil was cut away from 
the faults in each condenser, and on again connecting the 
condensers to the transformer they broke down almost im- 
mediately. The discoloration appeared to have advanced still 
further from each edge, and also appeared round the edges 
where the tinfoil was cut clear from former faults. The 
condensers were then put on the transformer a third time 
with a similar result; no appreciable change in resistance 
could be detected in condensers K, L, and M. A condenser, 
N, made from vuleanized rubber No. 3, was also subjected to 
2400 alternating volts. This rubber would not stand the 
pressure very long but broke down twice within 24 hours, 
the white surface being slightly discoloured round the edges 
of the tinfoil. All the condensers showed pale lines of light 
round the edges of the tinfoil when the pressure was 
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applied in a darkened room, and a faint odour of ozone could 
generally be noticed. An experiment was therefore made to 
ascertain the amount of decomposition taking place when 
each kind of indiarubber was exposed to the action of ozone. 
This was effected by placing the samples in a glass tube 
leading from an ozone generator through which air was 
forced, each sample being thus subjected to the action of 
ozone for five minutes. It will be seen from Table XI. that 
though No. 1 was apparently not attacked, the pure Para 
No. 2 was left in shreds. 

16. The above experiments having directed attention to the 
probability of the rubber being attacked by ozone or other 
gases at the edges of the tinfoil, a condenser was made in 
which the rubber samples were inclosed between glass plates 
and were not in contact with the tinfoil. This condenser 
consisted of two plates of glass kept apart by glass distance- 
pieces of the same thickness, and having sheets of tinfoil 
6 in. x 8 in. fixed to the outer surfaces. This formed a 
condenser with plates 0°25 in. apart, two thirds of this 
distance being glass, and the remaining third air-space in 
which the samples of rubber were placed. The air-space 
was not sealed up, a limited circulation of air being permitted 
through the spaces between the glass distance-pieces. After 
this condenser had been kept continuously on the transformer 
for a fortnight, a slight discoloration, due to the formation of 
a buff-coloured powder, was noticed round the edges and on 
the surface of the samples of No. 2 rubber. This discoloration 
was also noticed on some samples of pure Para strip such as 
is used for jointing. This condenser was kept continuously 
on the transformer for six months, and although the surfaces 
of samples from No. 2 were almost covered with the buff- 
coloured powder, no change could be detected in Nos. 1 
and 3. Different forms of condenser have been tried for the 
above test, in which each sheet of tinfoil was inclosed 
between two sheets of mica ‘002 in. in thickness. Two sheets 
which have been made thus were fixed one on each side of 
a rectangular framework, cut out of sheet ebonite. In this 
way the gases evolved at the edges of the tinfoil were 
prevented from attacking the rubber, and it was also possible 
to seal up the samples in the air-space. Experiments were 
made with condensers of this kind having ebonite 5 milli- 
metres in thickness, (1) with the air-space sealed up; (2) the 
condenser placed in a sealed bell-jar, the condenser itself not 
being sealed, but having a space left for the air in the bell-jar to 
circulate into the air-space of the condenser; (3) with air 
having free access to the condenser which was not sealed. 
Hach experiment was continued for two weeks, and no action 
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at all appeared to have taken place in experiments (1) and 
(2), but in (3) the samples of No. 2 rubber showed a slight 
discoloration on the surface, similar to that observed before 
with this rubber. 

17. From the above experiments it appears that Para 
rubber, which is the kind generally used in the manufacture 
of cables, is more easily attacked by ozone or other gas 
generated by the action of alternating stress on the air, than 
is the rubber called No. 1. This decomposition bee, how- 
ever, only been detected when there has been comparatively 
free access of air to the rubber. In the case of the rubber 
called. No. 1, although in the condensers F and G it was 
very severely stressed, being kept for 3000 hours under an 
alternating stress having a maximum value of 50,000 volts 
per cm., no deterioration in insulating properties could be 
detected ; but the fact that this rubber becomes harder and 
rather brittle on keeping makes it unsuitable for cable-work. 

18. The principal conclusions which appear to be justified 
by the foregoing experiments are :— 

1) That in the case of the okonite cable the current 
during the first hour’s electrification increases as the charging 
ressure increases. 
(2) That this does not necessarily prove the dielectric not 

to follow Ohm’s Iuaw, since the true conduction-current must 
be considerably less than the total current unless electrifi- 
cation is continued for very lengthened periods. 

(3) That in the case of the okonite cable and the paraffin- 
paper condenser, the charging current is a power function of 
the time reckoned since electrification commenced, and on 
this may be superimposed a current of true conduction. 

(4) That for the okonite cable, the mica, and the parafhin- 
paper condensers, the discharging current is a power function 
of the time which has elapsed since discharge began; the 
currents at any particular charging pressure but varying 
time of charge being given, in the case of the okonite cable 
by equations of the form 

Be files Niree 

c=K (x) » 
where «—X=K,T-*; t=time in seconds since discharge 
commenced ; T=time of charge in seconds; K, Ky, K,, Ks, 
and < are constants, 

(5) That the only deterioration in insulating properties of 
indiarubber due to alternating pressure was in the case of 
pure Para, and appeared to be due, not to any effect of 
alternating stress on the rubber itself, but to chemical action 
taking place between the rubber and gases produced by the 
action of alternating stress on the air. » 
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L. Note on Accidental Double Refraction in Liquids. By 
Bruce V. Hit, A.W., Former Fellow in Physics, Univer- 
sity of Nebraska *. 

rf a former paper + the writer gave the results of a series 
of experiments upon solutions of gelatine and gum- 

arabic in water. These solutions were subjected to a strain 
by being placed between two parallel rotating cylinders. 
When the cylinders were set in motion the liquids became 
double-refracting. In the case of gelatine this double- 
refraction increased to a maximum, then decreased, changed 
sign, and finally increased in the opposite direction. The 
solutions of gelatine were then placed under a static strain, 
and were still found to become double-refracting. This 
strain was maintained by a solution having only °5 gm. of 
gelatine in 100 ¢.c. of water. Although these dilute solu- 
tions when examined in a test-tube seemed as perfectly 
mobile as water, it appeared from the above that they were 
not true solutions, but quasi-solid substances capable of sus- 
taining only very small strains without rupturing, and further 
experiments upon them seemed necessary. 

To examine jellies too dilute to bear their own weight they 
were placed in thin-walled brass tubes. These tubes were 
42°55 cm. in length and 2°77 cm. in diameter. To the ends 
of these tubes glass caps were fastened by slipping short 
pieces of rubber-hose over them. ‘The tubes were strained, 
so that their cross-section was elliptical, by means of clamps. 
The effect of double-refraction decreases so rapidly with rise 
of temperature that at room temperature—-about 23° C.—no 
effect was visible in the dilute jellies. The tubes were then 
surrounded by ice, and the formation of dew on the glass 
ends was obviated by slipping over the tube a second one, 
also having a glass cap and containing a little phosphoric 
anhydride. 

With tubes of this length it was very difficult to make the 
compression uniform throughout, but with shorter tubes the 
distortion had to be carried beyond the limits of perfect 
elasticity of the jellies in order to obtain a measurable 
effect. 

The amount of double-refraction was measured as before 
by means of a half-shade polariscope. With jellies contain- 
ing °3 gm. (or less) of gelatine in 100 ¢.c. of water, the 
optical sensibility was 0°:005 of rotation of the plane of 
polarization or ‘0000282 relative retardation of the two 

* Communicated by Prof. D. B. Brace. 
+ Phil. Mag. Dec. 1899. 



On Accidental Double Refraction in Liquids. 525 

component rays. A number of solutions of gelatine were 
examined. In all cases the tubes were surrounded by ice. 
The following tables give typical results, the light being red, 
781 pp to 639 pp. 

I. ‘5 gm. in 100 c.c. having been on ice for 16 hours. 

Compression in mm. 
SEE Se a! sae. a — 4:48 
i —15:12 
IL Le — 22°12 
2°0 Ae — 33°65 
Lb y ie 8 a ras ? 

The depolarization prevented further observations. 

II. °5 gm. in 100 c.c., after being 18 hours on ice. 

Compression in mm. 
la kee ee +5:°04 

Jl eet oe ee es 8°96 
15 “bead oe 11-20 
0 Moet eae) ee ane 9°25 
ore ea... 2 

III. °5 gm. in 100 c.c., after being 48 hours on ice. 

[520 IM pdb ea -+3°92)? 
i 00 £2 Aiea 11°76 
LS) Gy Rs) ee 16°80 
lee * i ed 25°20 ? 

IV. °3 gm. in 100c.c¢., after being 40 hours on ice. 

Compression in mm. 
Beene PROM. ). .. +448 
1:0 ae 7°28 
[So ts) nn 9°52 
A A OO 8°96 
ere a Ok. eS 1:68 

V. °3 gm. in 100 e.c., after being 48 hours on ice. 

Compression in mm. 
ROS —3'36 
Lt eo. Cae 6°16 
Lo) GDS Serre 6°16 
OE 6°16 
0-0 cs 

A solution of *2 gm. in 100 c.c. showed (only) a trace of 
double-refraction after 48 hours on ice. A solution of -1 gm. 
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in 100 ¢.c. gave no effect after 48 hours. Two tubes con- 
taining ‘1 gm. in 100 ¢.c. were then allowed to stand for 
120 hours on ice with the following results :— 

VA 

Compression in mm. 
ORD Ages ce ees Retails — 4:48 
OO teN irik ao) eer ae + 0°56 
Oe Diine  egete atte omiceame —5°04 
US RS are MeN, — 5°04 
JESUS Meat CR ae es —5'04 
0 mi aie ain Na athe a —*28 

VII. -1 gm. in 100¢.¢., after being 120 hours on ice. | 

Compression in mm. 

5 peameticg neat es ahh —5'°32 
OPUS Ae a ne ee + *a6 
OED er kat eke whe ee te —1°68 
SLA) Gry Ce Se aay — 3°64 
15 — 3°92 
UR OSG) Soe ok Rae ee — 2°24 

As stated previously these solutions behave as if they were 
solids having a low elastic limit. When a stress is applied 
the strain increases to a certain point beyond which no further 
strain is produced, as shown in Tables V., VI., and VII. If 
the distortion be carried further rupture takes place and the 
strain diminishes, as shown in Tables II., 1V., and V. 

The solid structure grows in time though not in proportion 
to it, and not always with the same rapidity for solutions of . 
the same concentration. The growth is more rapid in the 
more concentrated solutions. Frass* found that solutions 
containing more than 7 per cent. of gelatine attained a maxi- 
mum rigidity in from 24 to 32 hours, while the solution 
containing ‘1 per cent. used in this experiment requires a 
much longer time to attaina maximum rigidity. Along with 
double refraction, depolarization also appeared. ‘This was 
very small at first, but in the case of a solution containing 
‘5 per cent. of gelatine it became so great in 24 hours as to 
interfere seriously with the accuracy of observation. After 
24 hours more it was again greatly decreased. This seems 
to indicate that the structure does not grow uniformly 
throughout the liquid, and so, at the end of the first 24 
hours, it was not homogeneous. After the second 24 hours 
there was greater homogeneity, and consequently a more 
uniform strain and less scattering of the light. This may 

* Wied. Ann, vol. li. p. 1074. 



iii 

Dr. L. T. More on Dielectric Strain. aaT 

also suggest a possible explanation of the fact that the plane 
of polarization is not always rotated in the same direction. 
If the growth in the liquids is not uniform it is possible that 
internal strains are set up so that one is really relieving 
rather than producing a strain by compressing the tube. As 
the rate of diffusion of gelatine is very slow, it is also possible 
that the stirring which would produce uniformity in a crys- 
talloid solution fails to do so here. 

Physical Laboratory, 
University of Nebraska, Lincoln. 

LI. Notes on Dielectric Strain. By Louis T. Mors, PA.D., 
Professor of Physics, University of Cinctnnati* 

i & a recent number of the Philosophical Magazine, Dr. 
Paul Sacerdotet has published a critique of a former 

paper by mef, ‘‘ On the Supposed Elongation of a Dielectric 
in an Hlectrostatic Field,” in which I stated that I had been 
unable to notice any change in length in glass and hard 
rubber-tubes when they were subjected to an intense electro- 
static strain after extraneous effects had been eliminated. 
Believing my experiments to have been carefully performed 
I concluded that, if the effect exists at all, it must be exces- 
sively small, and that the results of former investigators were 
perhaps due, for the most part, to extraneous causes. Dr. 
Sacerdote argues that this conclusion is unjustifiable, for, 
“ By the very disposition of his experiments the LULDe should 
not experience any appreciable elongation ; thus the negative 
result of his experiments merely proves that they were care- 
fully performed.” 

At the time I wrote my paper, I unfortunately was not 
able to consult the recent and important work of Dr. 
Sacerdote§ and of Professors Cantone |] and Sozzanif]. It 
is on the experiments of these writers that Dr. Sacerdote 
bases his theory and his criticism given above. He agrees 
with me in this, that the results of Righi, Quincke, and all 
former investigators are inaccurate and much too large. He 
is, however, satisfied that Prof. Cantone’s results are con- 
clusive in proving the existence of the effect and the estab- 
lishment of its law. 

* Communicated by the Author. 
+ Phil. Mag. [6] voi. i. pp. 8357-359 (1901). 
{ Ibid. pp. ‘198- 210, August 1900. 
§ Annales de Phys. et Chem. sér. 7, t. xx. p. 289; Journ. de Phys. 

sér, 3, t. vili. Sept.—Oct. (1899). 
| Rend. d. R, Ace. dei Line. sev. 4, vol. iv. pp. 3-44, 471. 
G Rend. d. R. Ist. Lomb. ser. 2, vol. xxxiil. (1900). 
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At present, the relations between the zether and matter are 
receiving much attention, and this particular one has excited 
such conflicting opinions that it is worth while to bring as 
much discussion as possible to bear upon it. I wish, then, 
to explain my experiments more fully, especially as Dr. 
Sacerdote has certainly misunderstood some fundamental 
statements made in my former paper. 

The main point in his criticism of my paper was that the 
negative results of my experiments prove they were carefully 
performed, since the apparatus was not sensitive enough to 
obtain positive results. ‘This was due to the fact that it was 
designed to measure displacements of the size found by 
Prot. Quincke and not the much smaller ones found by 
Prof. Cantone, whose numerical results can be relied on alone. 

To answer this objection, let us assume Prof. Cantone’s 
results to be correct and apply them to my apparatus. 

iby i be the length of the condenser, 
dl be the elongation for a potential V, and 
d be the thickness between the electrodes, 

then Ol nae 
7 xX yz Ox Or: 

Substituting values found on p. 204 of my paper, we obtain 
a deflexion of 3:5 divisions of the micrometer of the micro- 
scope. Dr. Sacerdote states, *‘ A displacement which evidently 
could not be observed with certainty, since on pp. 202, 203 
of his paper Prof. More mentions displacements of the zero 
of the micrometer which exceed 3 divisions.” 

The displacements referred to occurred while making ob- 
servations for Young’s modulus to test the accuracy of the 
tilting mirror in recording changes of length. They were 
not at all due to inaccuracy of the apparatus or to the fact 
that I could not read less than three divisions, but are simply 
the residual effects which always occur when measuring 
elasticity. For example, when 500 grams were placed on 
the tube the diminution in length was 16:7 divisions; when 
taken off the increase was 14 divisions, leaving a displacement 
of 2:7 divisions, caused not by the fact that I could not detect 
2:7 divisions, but because the glass did not return in the 
given time to its original length. Instead of showing a 
defect these displacements show clearly that much less than 
three divisions could be read. In fact, I distinetly state that 
a deflexion of one division could be read accurately, and that 
the microscope could be set to a quarter of one division. 
These limits have been obtained by others using a catheto- 
meter microscope, so I thought it unnecessary to’ state how 
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the limits were obtained. It was easily done by reducing 
mechanical pressure on the tube until the deflexion could 
just be observed. Later it will be seen Prof. Cantone noticed 
that when his tubes were charged the deflexion was greater 
than when discharged, leaving a permanent displacement of 
the bands. For example, in one case a charge caused a dis- 
placement of 0°95 fringe and the discharge 0°58 fringe. 
Dr. Sacerdote does not assume in his criticism that this dis- 
placement of the zero of 0°37 fringe is due to inaccuracy in 
reading; but [should suppose imagined that the two changes 
of iength were different. He must then either accept the 
limits of reading which I state or else question the reliability 
of all my experiments, and he does just the reverse. 

It is proper here to introduce the limits of the apparatus 
used asa standard. In the paper of Professors Cantone and 
Sozzani, cited above, are given the number of interference- 
bands displaced by the glass tubes when charged. These 
vary from (1°18 to 2°61 bands, and by far the greater number 
are less than one band. I do not believe the writers would 
wish to claim accuracy below a tenth of a band, and it seems 
as if these standard results were theoretically as near the 
limits of observation as mine were. 

The limit at which a change of length could be seen was,. 
for my apparatus, a quarter of one division, and when the 
tube was charged the zero showed no deflexion either on charge 
or discharge ; theoretically it should have moved 3°5 divisions. 

But Dr. Sacerdote has not calculated these results trom the 
highest potentials used. The value taken was for a spark- 
length of 12 mm. between balls 2 cm. in diameter. Now on 
p. 204 of my paper may be found this statement: “ With 
this arrangement higher potentials were not used as the 
electricity leaked from the tinfoil to the base of the apparatus. 
For this reason, still leaving the tinfoil on the glass, the outer 
brass cylinder was put in place and a metallic connexion 
made between the two so that they should be at the same 
potential. On filling the intermediate space with kerosene a 
spark-length of two centimetres was obtained. At this 
potential J stell got no deflexion.” It should be understood 
by this that the distance between the electrodes was, as before, 
2°5 mm., the electrodes being still the tinfoil pasted on the 
glass. The kerosene formed no part of the dielectric, but 
merely acted as an insulator to keep the electricity trom 
leaking from the tinfoil down the glass. The potential equi- 
valent to a 2-centimetre spark is about 140 C.G.S. The 
square of this value used instead of the square of 110 should 
have caused a deflexion of the micrometer of 5:7 divisions 
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instead of 3°5, a displacement certainly within the limits of 
observation. With somewhat higher potentials the tubes 
always ruptured but gave no signs of an elongation. These 
facts make it extremely difficult for me to acquiesce in Dr. 
Sacerdote’s explanation why I should not have expected to 
observe a deflexion. 

I agree with Dr. Sacerdote that an optical arrangement is 
much preferable to any mechanical process of amplification. 
My own apparatus was certainly an optical one, although he 
implies that it was not. As far as accuracy and stability are 
concerned, there is probably little difference between reading 
by a microscope the deflexions of a beam of light reflected 
from a mirror and reading the deflexion of a beam of light 
by its interference-bands. Whether the mirror rests on three 
legs on the tube or is cemented to it, both must record any 
irregular and vibratory motions which the tube may have. 
The use of a tilting mirror has been employed so often and 
with such success that I hardly thought its use would be 
questioned. And I believe I have shown that there was 
about the same ratio between the phenomenon to be observed 
and the magnifying powers in the two cases. But my method 
has this distinct advantage: lateral motions of the glass tube 
are magnified to the same degree and as clearly as an elon- 
gation, and so this most serious source of error can be at once 
detected and eliminated. I have not found that Prof. Can- 
tone noticed this source of error, or took precautions to avoid 
it further than to choose glass tubes as uniform as _ possible. 
But very small differences in thickness and lack of centre in 
position cause such large deflexions as to invalidate all 
results, as my observations and those of Prof. Quincke clearly 
show. 

As evidence of the existence of dielectric expansion and 
of its proportionalily to V?/d?, both Pref. Quincke and Prof. 
Cantone place much weight on the fact that the linear elon- 
gation, as found by them, is approximately one-third the 
volume expansion of the liquid in the thermometer-condenser. 
The value ot this evidence seems doubtful. According to 
the recent theory of Dr. Sacerdote this relation does exist. 
But it should be remembered that this theory is based on 
coefficients whose existence depends on the experiments 
under discussion. On the other hand, Maxwell’s theory of 
stresses in the ether certainly does not point to the above 
relation; a tension along the lines of force and a pressure at 
right angles to them will produce a differential effect on the 
volume, and the volume change will be less than the elonga- 
tion at right angles to the lines of force, instead of greater. 
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In the somewhat analogous case where iron and nickel are 

strained by magnetization, changes in volume are found to 

be much less than changes in linear dimensions, as shown by 

Barrett, Bidwell, and Cantone. The value of this evidence 
may also be criticised from the fact that the proof of the law 

is claimed by both these investigators. Yet the numerical 
results of Prof. Quincke are far larger than those of Prof. 
Cantone, so much so that Dr. Sacerdote considers them of 

no quantitative value. Doubt is thrown not only on the law, 
but on the effect itself where proof is obtained on such other- 
wise discordant results. The same may be said of their law 
of proportionality to V?/d’. ; 

I have written these notes with no intention of attempting 
to prove that because I found no elongation when certain 
glass tubes were electrically charged, the phenomenon does 
not exist, but because I wished to show that my apparatus 
was capable of measuring elongations of the size found by all 
other investigators in this field. Also because the evidence 
of the existence of the effect is very conflicting and, by reason 

of probable errors, doubtful. 
These errors, which may have influenced the results of 

Prof. Cantone, are :— 
1. No adequate precautions seem to have been taken 

against that most troublesome source of error, the bending of 
the tube by electrostatic attraction. On the contrary, a long 
fine tube of glass, with thin walls, suspended from one end is 
peculiarly liable to this error. 

2. The elongations are too close to the limits of the apparatus 
to establish a law when the existence of the effect is in doubt. 

3. The change of length on charging is quite different 
from that on discharging. This difference, or change of the 
zero, varies from nothing to forty per cent. of the total elon- 
gation. The writers assume this difference to be due to heat. 
The amount of the effect seems to be erratic and not propor- 
tional to the total deflexion, though in a general way it is 
said to be dependent on the time of charge. An extraneous 
eftect of such a magnitude must cause doubt as to the amount 
of the effect due to electrostriction, and much more doubt as 
to the establishment of any law in regard to it. 

4, As the delicacy of the measuring apparatus increases 
and greater precautions are taken against errors and extra- 
neous effects, the amount of the elongation constantly de- 

ereases. This, I think, makes one question its existence. 
To conclude, these reasons make me still believe that part, 

if not all, of the effect observed may be due to other causes 
than the one sought. 
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Fundamental Equations. 

§1. A hee ordinary conception of a solid is apt to be that of 
a body whose shape and volume are variable only with 

temperature. Hlastic changes in dimensions are necessarily 
small in most bodies of limited size, and they are often 
negligible even in exact metrological work. The present 
tendency is, however, to aim at an increasing accuracy in 
physical measurements, and it is open to doubt whether the 
steps taken in this direction are always guided by a sufficiently 
lively apprehension that solids are elastic, not rigid. The 
object of this paper is to exemplify the bearing of elasticity 
on physical measurements. Some of the points dealt with 
have met with previous recognition, but so far as my know- 
ledge goes there has been no previous systematic treatment 
of them by an elastician. Many of the mathematical results 
used in this paper depend ultimately on a previous paper fT, 
published in 1892, in which I obtained expressions for the 
mean strains and for the change in total volume of any 
homogeneous elastic solid, acted on by any given system of 
forces throughout its mass or over its surface. 
When the material is isotropic, H denotes Young’s modu- 

lus, x the rigidity, 7 Poisson’s ratio, and k(=4H/(1-2n)) the 
bulk modulus. 

* Communicated by the Physical Society: read May 10, 1901. 
+ “Changes in the Dimensions of Elastic Solids...” Camb. Phil. 

Trans. vol. xiv. p. 313. 
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When the material is aeolotropic but symmetrical with 
respect to 3 planes—supposed parallel to the coordinate 
planes—the suffixes 1, 2, 3 distinguish the directions parallel 
respectively to the axes of 2, y, and 2. Thus H, denotes 
Young’s modulus for tension parallel to the z-axis, while 
M2 (=>) is Poisson’s ratio when the tension and the 
corresponding strain are parallel, the one to x the other to y. 
In all cases v represents the total volume of the solid, p its 
density, X, Y, Z the components of the bodily and F, G, H 
of the surface forces; A is the dilatation, a, 8, y, the elastic 
displacements, and e, 7, g (= da/dx, &c.) the expansion strains. 
Mean values are distinguished by a horizontal line, e. g. e, 
while 6 denotes (elastic) change in a dimension or in volume. 

For an isotropic material the general formule obtained in 
the paper referred to above were of the types : 

- di 
Hug = wl |\% da dy dz 

=((\} Ze—n (Xx + Yy) }dedydz+\\} H-—n (Fat Gy) dS, (1) 

3hdv=({\(Xe+ Vy + Zz) dadydz+{\(Fa+ Gy + H2)d8 ; 
where the triple integrals are taken throughout the entire 
volume of the solid, the double integrals over its whole 
surface or surfaces. The coordinate axes are rectangular, 
the origin being at any convenient point in the solid. For 
aeolotropic solids there are analogous equations, for which 
reference may be made to the original paper. 

Suspended and Supported Solids. 

§ 2. Equation (2) gives the increment 6v in the total 
volume, and thence the change in the mean density ; while 
(1) gives the change in the mean length of a right cylinder. 
Thus, suppose a cylindrical bar of any form of section o hung 
up by an end so that its axis—taken as axis of z—is vertical. 
We then have, measuring z downwards, 

X=Y=0, Z=gp, 
where g is “ gravity.” If we neglect the pressure of the 
surrounding medium, F, G, H vanish everywhere except at 
the top of the cylinder, where H answers to the tension of 
the string or support. We may avoid the necessity of con- 
sidering this tension by simply supposing the origin of 
coordinates in the upper end of the bar; for then z, and so 
Hz, vanishes everywhere where H itself does not vanish. If 

then 6/ represent the mean change of the length / (@. e. the 
Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 1901. 2N 

(2) 
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mean for all the vertical ‘ fibres ”’ constituting the bar), we 
have by (1) 

# } 
ool = | ae ‘(| a) a: 

0) ~ 

1 1 
= 4 | Joes dz dy dz= on gpl’c, 

whence SiS gollQb a se ee 

Similarly from (2) 

dv= (1/ 3h)\\\goz dx dy dz, 

whence Ovjo=apl/Gk 18 +h. '.\ Sete 

Here 8/ and év represent how much the length and volume 
are greater than they would be in the absence of gravity. 

If the bar instead of being suspended were supported in 
the same position, whether on a smooth plane or on a series 
of points lying in one horizontal plane and exercising no 
friction, we should find in place of (3) and (4) 

Si/l='—opl/2H, . <* 2 2 (aie 
du/v= =—gpl/6k. . = 

By taking the arithmetic mean of the lengths or volumes 
of the bar when suspended and when supported, we clearly 
eliminate the action of gravity. 

Even when the bar is kept in a uniform position, its length 
and volume are affected by any change in g such as follows 
change of place on the earth’s surface. Again, as the elastic 
constants E and & will vary in general with the temperature, 
the changes in length and volume which accompany changes 
in temperature are in part—generally of course only in small 
part—of elastic, not of direct thermal origin. 

Pressure of Surrounding Medium. 

§3. The expressions (3) to (6) neglect the pressure of the 
liquid or gaseous medium surrounding the solid. As this 
may vary, it is desirable to estimate its effect. So far as 
change of volume is concerned this is easily done as follows, 
for a body of any shape. The densities p, p’ of the solid and 
surrounding medivm are supposed uniform. ‘Take the case 
when the solid is suspended, and let p denote the pressure in 
the medium at the level of the centre of gravity of the solid. 
Take the origin of coordinates at the centre of gravity, and 
suppose that the axis of zis drawn vertically upwards. We 
know by elementary hydrostatics that the point of suspension 
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must be in the same vertical as the centre of gravity ; it thus 
lies on the axis of z at a height of, say, € above the C.G. In 
the present case Z= —gp, thus by (2) 

3k5v= —\\\gpzdadydz +\\(Fa+ Gy+Hz)dS+Q\Hds, . (7) 

where dS’ is a portion of the infinitesimal surface where the 
suspending cord is attached, while dS is an element of the 
general surface of the body. By elementary statics, 

\\Has' =tension of string= W—W’, 

where W is the weight of the solid in vacuo, W' the weight 
of the displaced medium. Again, if >, mw, v be direction- 

cosines of the outwardly drawn normal at dS, we have 

B/A=G/u= H/v= —(p—gp'z), 
and Act py +vz=B, 

where @ is the perpendicular from the C.G. on the tangent 
plane to the surface at 2, y, z. Also, as the origin is at the 
C.G., the triple integral in (7) vanishes ; thus we have 

3kdv= —pl\adS + gp'\\a-dS + ¢(W—W)). 
But \\ad b==30, 

and {\eedS = 46 

as follows from the consideration that the C.G. lies in the 
plane z=0. 

Thus we have . 
1 1 be= { (W-W'—ape fF, 2 ose 

which may be put in the alternative form 

dv/v= —8p/p={y(p—p )S—3p}/3k . . « (8!) 
The change of volume, or mean density, may thus be regarded 

as composed of two distinct parts, the first representing the 
influence of the “ apparent weight ’”’ of the solid in increasing 
the volume, the second the influence of the pressure of the 
surrounding medium in reducing the volume. The second 
put is the same as if the pressure in the medium were 
everywhere the same as at the level of the C.G. of the solid. 
This result, it will be noticed, is true irrespective of the shape 
or absolute size of the solid. 

If the solid, instead of being suspended, had been supported 
on a horizontal plane, at a depth %& below the C.G., we 
should have got in place of (8) and (8'), p having the same 

2N2 
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meaning as before, 
Su= —{(W—W’)e'+3pv$/3k, . . . (9) 

Sv/u= —8p/p=—{g(p—p')o'+ 3p} /38k. . . . » (9) 
The direct effect of the pressure exerted by the surrounding 

medium is the same in the two cases. 
We can eliminate the influence of the support on the 
volume in three ways, by: 

i. Having the support at the level of the C.G. ; 
ii. Selecting for the surrounding medium a liquid of the 

same density as the solid ; 
iii. Taking the arithmetic mean of results from cases of 

suspension and of support in which ¢’=€. 
§4. The results (8) and (9) have a special interest in 

connection with determinations of specific gravity. The 
ordinary method is to compare the weight of a body in air, 
after making allowance for the weight of air it displaces, 
with the loss of the apparent weight when it is weighed in 
water. 

Now (8) and (9) call attention to the fact.that the volume 
of the solid and so the weight of the medium it displaces 
depend both on the pressure of the surrounding medium and 
on the method of suspension. For instance, when a solid is 
weighed in water its volume, and so the volume of the water 
displaced, is diminished if it is sunk more deeply in the 
water, or if the atmospheric pressure on the surface of the 
water is increased. Again if, as is usual, the body rests on 
its base when weighed in the air, but is suspended by a wire 
when weighed in water, there is a change in its volume 
irrespective of any change in the pressure exerted by the 
medium. 

We see from (8) and (9) that the influence of change of 
pressure on a given volume is independent of its shape, 
whereas the difference between the results in the suspended 
and supported positions increases as the vertica! dimension. 
Ceteris paribus, the influence of pressure on total volume 
varies as the third power of the linear dimensions, whereas 
the influence of the mode of support varies as the fourth 
power. The latter influence thus tends to become relatively 
unimportant when the linear dimensions are very small. 

As numerical examples, consider the effect of transfer 
from ordinary atmospheric pressure to a vacuum on the 
volume of (i.) steel, (4i.) brass, (in.) lead. The elasticity of 
these materials has a pretty wide range, but if we assign to & 
the respective values* (i.) 18 x 108, (ii.) 10 x 10%, (ii1.) 2 x 108, 

* Cf. the tables in Lord Kelvin’s article on Elasticity in the Ene. Brit. 
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in grammes weight per sq. cm., we shall obtain fairly 
representative results. 

The supposed change in p is 13°6 x 76, or 1034, in grammes 
wt. per sq. cm., and we get the following approximate 
results : 

dv/v= —Sp/p=58 x 10-8 in (i.), =103 x 10-* in (ii.), 

=517 x 10-7 in (um 

As a second example, consider what would be the difference 
in the volume of one of the international standard kilograms 
of platinum iridium, if, instead of being supported on its base 
in air, it were suspended from the top. The form is approxi- 
mately a right circular cylinder of height equal to the 
diameter, and the specific gravity is approximately 21°55; 
thus the height must be approximately 3:90 cm. The value 
of EK is given by Benoit* as probably about 19°7 x 10% in 
grammes wt. per sq. cm., and if we suppose 7=1/3 we have 
k=H. The difference in question is thus according to (8) 
and (9), neglecting the weight of the air displaced, 

du= W (6+ 2!) /3k= 10? x 3°9=+ (59 x 108), 
or dv= 66 x 10° c.c. approx., 

dp= —31 x 10-8 approx. 

If ithe kilogram were in water the difference would be 
about 5 per cent. less than the above. If the kilogram were 
transferred from air at atmospheric pressure into a vacuum, 
the increment in volume would amount to about 24 x 10~®c.c. 

In the original work on the prototype kilograms by Marek + 
volumes are recorded to 1x10~° c.c., so that in absolute 
strictness a standard pressure ought to be assigned at which 
a kilogram has its normal volume. Apparently, however, the 
last figure in Marek’s results is treated as ornamental, the 
probable error affecting the previous significant figure. In 
Benoit’s later work on the subject, while the observational 
volumes of the kilos are sometimes recorded to 1 x 10-> e.c., 
the final statement of the accepted results gives two figures less. 
We may thus conclude that for the highest degree of accuracy 
aimed at up to now, the laying down of a standard atmospheric 
pressure, or of a precise type of support, is unnecessary whether 
the kilo be in air or at a moderate depth in a liquid. If, 
however, a kilo were used at a great depth in a heavy liquid, 
or under a high gaseous pressure, the compressibility would 

* Trav.et Mém. Bureau International des Poids et Mesures, tome vii. 
“ Rapport” by Benoit, p.27. [Benoit’s value is given in connexion with 
the meter prototypes, which seem made of the same alloy as the kilo- 

ms. 

ae oie et Mém. du Bureau International, tome iii. 
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require to be taken into account, and no very great increase 
in the accuracy aimed at by Marek and Benoit will be 
possible without making such an allowance. The fact that 
compressibility might come in was not overlooked by Marek, 
who gives (J. c. tome iii. p. D. 80) a formula equivalent to 
dvu/v=—p/k, where p is the pressure at the level of the C.G. 
of the kilogram in a liquid in which it is being weighed. 
He gives, however, no explanation of how the result was 
reached, and it had probably no strict mathematical basis, 
but simply represented an assumption that the change of 
volume was the same as if the pressure over the surface of 
the kilogram had everywhere the mean value for the volume 
of liquid displaced. When the variation of pressure over 
the surface of the solid is relatively small, it is of course 
obvious a priori that an assumption of the kind cannot be 
much in error. 

Solid surrounded ty Varying Medium. 

§ 5. The results (8) and (9) treat the density of the medium 
surrounding the solid as uniform. Strictly speaking, this 
can never be true. Ordinary liquids are much more com- 
pressible than solids ; e. g. the values of & for water and for 
alcohol are of the orders 20x 10° and 12x 10° in grammes 
wt. per sq. cm. Thus increase in the depth to which a solid 
is immersed in a specific gravity experiment may be of most 
importance from its enhancing the density of the liquid. 
If p' and p' represent pressure and density in the liquid at 
depth z, Il’ the atmospheric pressure on z=0, po’ the density 
of ie) liquid if under zero-pressure, we have—neglecting 

(p°/hi)?—: 
dp’ =gp'dz, 

p'=py (L+p'/k'), 
and when z=0, p= TT. 

Proceeding by successive approximations, treating p’/k’ as 
very small, we get 

p'=po {14+ (1 +gpi2)/e ts so. 

pl= Il! + gpdet{ 1+ C/A’) +-.9p0'2/(2k')§- (1) 
Also for the weight of the liquid displaced by the solid we 
easily find 

W'=gpivt 1+ (I +gpd6)/hS, . ~~ (12) 
where v represents the volume of the solid as reduced by the 
pressure to which it is subjected, its density, however, being 
treated as uniform. The formule (8’) and (9’) assumed the © 
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density of the medium uniform. If, however, we assumed 
that p’, instead of being constant, varied according to the law 
(10), we should clearly add to the right-hand sides of (8’) 
and (9°) only terms involving the product (1/k) x (1/k’), and 
unless k’/k were very small, the retention of these terms 
would be open to criticism. "Under ordinary conditions we 
may utilize (8'), supposing the solid is suspended, and replace 

(12) by ye 
W'=ge0'%4 1+ (Wl +98) je - i) +9(po—po )§/3k \. (12) 

Here v%, po, po refer to the ideal state of absolute freedom 
from pressure ; but inside the square bracket the distinction 
between p and pp, or p’ and p,' is negligible to the present 
degree of approximation. In general it would be more 
convenient in practice to have a standard atmospheric 
pressure II. If v, p, and p! refer to this, then (12') becomes 

W'=gp'v} 1+ (U1 +yp'6)( 5, — 7) +9(o—e!)/3k } - 3) 
For the weight W" of air displaced in a weighing in air, 

tak we may ake en: ef , oS a 

W!=gp!v} 14g PS or oe i, - (4) 

where v is the volume of the i unaffected by gravity, 
under standard pressure II, while II” is the atmospheric 
pressure, and p!' the density of the air at the time of weighing. 
II" and p! should be measured at the level of the C.G. of the 
body, which is supposed suspended. In general, the term 
—gp"¢/3k inside the bracket in (14) might be neglected. 
§ 6. When the variation in density of the liquid is taken 

into account, the integrals appearing in the expression for 
the change in volume of the solid would probably prove 
tractable only in particular cases. The case of a right circular 
cylinder or prism with its axis vertical may be treated as 
follows, the law of variation of the density with the depth 
being supposed continuous. 

Let the origin of coordinates be at the upper end of the 
cylindrical axis, z being measured downwards ; and let the 
density of the liquid follow the law p'=/(<). 

Let $(z) =| : f (eae ee ee 
0 

xe) =|) $d fy, aga A NO 
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If the pressure be II at z=0, then at depth zit is given by 

p=litgdle). Ve. Os ee 

For the change in the volume of the cylinder we have 

by (2) : 
3kdv =|\\ gpzdxdydz —{j (Aw + wy) pdS —{j lpdady, 

where / is the length of the cylinder, A, uw, 0 the direction- 
cosines of the outwardly drawn normal to the cylindrical 
surface. The first double integral is taken over the cylin- 
drical surface (or vertical faces, if the body is prismatic), the 
second double integral over the lower face z=. 

If now @ be the perpendicular drawn from the axis of the 
cylinder on the tangent at (x, y) to the horizontal section, we 
have 

(Az+ py)dS=(ads)dz, 

where ds is an element of the perimeter of the cross section. 
Also 

iy ads=2e, 

where o is the area of the cross section ; 

and over the lower face 

Wipdedy =14 1 + 99(l) te. 

Thus we obtain 

Skdv=gp (I/2)v— 20, + gx) § —v i+ 99D}, 
or Sv/u= fgp(1/2)—g(b() + 2x (1) —311t/3k. . (18) 

This is true for all cases of continuous variation of density 
with the depth. In the particular case dealt with in § 5, 
where the change of density arises from the compressibility, 
we have 

f (2) =po {1+ (1 +gpo'z)/kt. 

Thus (2) =polfe(1 + U/l’) + Agedtz*[, 

x (2) =po 4 3e(1 + IT/K') + bgpo'2?/k' ts 
and after reduction we have 

avju= { gp5 31 —gpl(2+2 a + agp a) }/3k. (19) 

Treating as negligible powers of I/k' and gpy,!l/k' above the 
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first, we can put this in the form 

gpol JPo 

Bujo= 5, [905 - FPo (14 Be Gk’ ae ae ae) 
gpo! TT gpo! a ne cease (aa +) el. 

But we have 

gev=W, the weight of the solid, 

9IPo (1+ > 7 ag Po) = W’, the weight of the liquid displaced, 

| 1/2=6, the depth of the C.G. of the solid, 

(1+ Ser “GE )> ee ” ” 2 , liquid displaced, 

II + g9py! (1 + z + ‘) =p, the mean value of the pressure 
between z=0 and z=. 

Thus (19) is equivalent to 

Su=(WL—W't'—3p0)/3k. . . . (20) 
§ 7. As an example of discontinuous variation of pressure, 

ee the case of a cylinder or prism supported on its base 
, surrounded to the height <=(, by a liquid of density p’, 

aula throughout the remainder /, of its height by a liquid of 
density p”. If II be the pressure in the liquid when z=0, 
then the pressure elsewhere is given by 

p=l-—gp'< between z=0 and z=, 

p=UW—gp'l,—gp"(z—l,) between z=1, and z=],. 

Employing these values we easily find from (2) for the 
change in volume of the solid 

L+l : Bibs 
du/u= — \90-- no + 311 —29(p'l, + p"l2) —g(p — PMN als| (i + &) ° [3k. (21) 

For given values of 1;, /,, p;, and ps, the reduction in the 
volume is least when—as is necessary for stable equilibrium— 
the heavier liquid is at the bottom. 

Aeolotropic Soltds. 

§ 8. As an example of an aeolotropic solid, take the case 
of a right prism or cylinder of density p, whose shape is 
symmetrical with respect to three planes of elastic symmetry, 
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suspended with its axis vertical in a homogeneous liquid of 
density p'. In this species of material the gore formula 
for the elastic change of volume is in place of (2) * 

Sv= (4 (L—m.—7n13) (Xa/Ey) + (1-12 — 298) (Yy/Es) 
+ (1—131— M32) (Zz/Es) td dy dz 

+ \\§ (1=m2—ms) (Fa/E,) + (1L—121 22) (Gy/Es) 
+ (L—131~ 32) (He/Hs)} dS. - . . » (22) 

Noticing that the modulus & of resistance to compression 
under unitorm surface-pressure is given by 

1/k=(1—n.—7,) Ey + (1 — Ny —Np;) By see = sso) Bs 

we find without much difficulty 

dv/v=9(p—p’) (1 — 131 — 32) (6/ Es) —pjk;) \) ae 

where ¢ is the depth of the C.G. of the solid below the point 
of suspension, and p the pressure at this depth in the liquid. 
If the cylinder were supported on its base we should get in 
place of (23) 

$u/v= —g (e—p')(1—11— M32) (6'/Hs) — p/h, . . (24) 
where ¢/ is the height of the C.G. above the support, p having 
the same signification as in (23). 

The last terms in (28) and (24) are the same as if the 
solid were subjected to a uniform pressure p; they are inde- 
pendent of the orientation of the axes of elasticity. The first 
terms, however, representing the influence of the apparent 
weight, depend on which of the three principal axes of elas- 
ticity is vertical. 

Ii the body were a cube of side 2a, supported in turns with 
the three principal axes vertical, the corresponding changes 
5v,, dv, ov; in the volume are connected by the elegant 

relation 

> 

dv, + 8v2+ dv3= —{(W—W’)a+Sprp/k, . . (25) 

where W is the weight of the cube, We the weight of the 
liquid displaced. 

The formule (23), (24), (25) apply equally whether the 
surrounding medium be a igud or a gas, but in the latter 
case p'/p, or W‘/W, would usually be negligible. Supposing, 
for instance, a cylinder to be suspended first in air then in a 
liquid of density p’, the barometer remaining steady, the 

* Camb. Trans. /. ec. 
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relative increment dp in its density in the latter case would 
be given by 

Sp=gpp!} (1—nsi—m32) (6/Es) + S/k}. . - (26) 
Here the density of the air is neglected, the axis of z is sup- 
posed vertical, ¢is the depth of the C.G. of the solid below 
the point of suspension, and ¢ its depth below the surface of 
the liquid. 

Cylinder suspended from the rim. 

§ 9. The formule (8) and (9) apply whatever be the shape 
of the body.; thus the change in volume of a suspended or 
supported solid is always ascertainable, neglecting variability 
in the surrounding medium. Changes of linear dimensions 
are, however, less manageable. As we shall see presently, we 
can obtain a complete solution when a right cylinder has its 
axis or a rectangular prism one of its sides vertical; so that 
in that case we cau do better than use the formula (1). In 
many cases probably it would be difficult to make much even 
of (1). The following, however, is a case where it applies 
satisfactorily. 

An isotropic right circular cylinder of density p, radius a, 
and height A, is suspended by a point in its rim, in a liquid 
of density p’, to find the elastic change in its volume. 

_ Take the origin of coordinates at the centre of the upper 
face, the axis of z along the axis of the cylinder, and the 
plane of xz to contain the point of suspension (—a, 0, 0). 
As the O.G. must lie on the vertical through the point of 
suspension, the axis of the cylinder must be inclined to the 
vertical at the angle « where 

gece tah. (21G6/ Fe) 0!) oi Uh a gk 

The data required as to the components of the fluid pres- 
sures are as follows, II denoting the pressure in the liquid at 
the centre of the upper face :— 

Surface. Values of Specified Components. 

Upper plane 1tace, z=0, P=G—, 

Lower. ,, » 2=h, » »H=—{I+gp(hcosa+easina)}, 

Cylindrical surface H=0, F/v=G/y= —a-1{Il+gp'(z cosa+sina)}. 

Throughout the volume X=gp sine, Y=0, Z=gp cosa. 
At the point of suspension z=0, e=—a, and the com- 

ponent of the tension of the supporting string parallel to x is 
given by 

i\) FdS=—a(p—p’)a*hg sin a. 
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It is unnecessary to reproduce the calculation, which pre- 
sents few difficulties. The final result may be put in the 
form 

Sh/h= (1/B) {g(p—p')(4h cos a—gasina)—(1—2n)p}, (28) 
where p is the pressure in the liquid at the depth of the centre 
of gravity of the cylinder. An pent form, see (27), is 

(h/2)?— t UE et/ ew BR isl eee F aa ! 

oh{h= (1/E) {9 (p—p') ayo —(1—2n)p}. . (28+) 

The direct influence of the support on the length thus 
vanishes if 

n= (h/2a)’. 
On the theory of uniconstant isotropy 7=1/4; in a material 

for which this held, the above relation would become 

h=a, 

or the height would be equal to half the diameter. 
If in (28') we suppose a/h vanishingly small, we obtain the 

correct result for the elastic stretching of a cylinder whose 
axis is vertical ; while if we suppose h/a negligible, we get the 
mean elastic reduction in thickness of a thin disk supported 
from a point in its rim with its plane vertical. 

Solid Cylinder or Prism with axis vertical ; Complete Solution. 

§ 10. As already stated, the case of a right cylinder or 
prism with the axis vertical can be solved completely. 

Take the origin at the C.G., the axis of z being drawn 
vertically upwards, and let h denote the length of the axis or 
vertical edges. If p’ be the density of the liquid, and p the 
pressure in : the liquid at the level of the C.G., then the pres- 
sure at a height z is p—gp’z. 

The body stress equations are 

dxx day daz _ day dyy dyz 

da | aypowgen Manninen S 

a dus dyz [Ge 
da * dy * de 9" J 

On the curved surface, or vertical sides, the direction co- 

sines of the normal being as before A, w, 0, we must have — 

(Naar + pay) [A= (day +nyy)/u=—(p—gplz).. . (30) 
The conditions over the flat ends vary nocondlines to the 

special circumstances. | 

(29) 
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The equations (29) and (30) are satisfied by 

we=wy=—(p—ge2), | 
zz=9pz+ U(aconstant), Soto hittin ana, a ere One) 

Pe | ie | 
ty=xrz=yz=0. J 

As to the eaaienehovor the ends :— 
 (i.) If the cylinder has its upper end held—whether sus- 
pended or pushed down—the base being freely exposed to 
the liquid, 
bo y=0 when z=h/2, for, say, z=y=0, 

Bye | | z= —(pt+gp'h/2) when z= —h/2. 

| The latter condition gives 

C=—ptg(e—p')h/2; 
and the complete solution will be found to be 

ea=yy=—(p—ge2), } 
—— F h € 
a= —pt+g(p—p’) °) + 9p2; mide) Tale wel eae Uber hie (32) 

a,/2=B/y= —(1/E) [ 2 2n)p+ng(p—P’) 5 t92fme—(L—n)p"t | ] 

| 
y= — "PD 1 2m)p— 2 8p—2(1 +) ot op 20!) |b (8) 

3 : & (a +y°)inp— (1—n)p’$. | 

The force per unit area exerted at the top of the cylinder 

or prism, 7. ¢. the value of zz when Zale 

geh—(p+gph/2). 
It is thus—as follows from ordinary Hydrostatics—a pull 

or a push according as the weight of the cylinder is greater 

or less than the pressure exerted by the liquid on the base. 

The elastic increment in the height is deducible from (33), 

whence 

Sh/h=g(p-—p’)(h/2E) — (1—2n)p/E. Sy ee 

(ii.) If the cylinder or prism is supported on its base, the 
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upper surface being freely exposed to the liquid, the terminal 
conditions are 

y=0 when z= —A/2, for, say, e=y=0, 

22= —(p—gph/2) when z= +h/2. 

The solution will be found to be 

we=yy = —(p—gp'e), 
ye a (39) 
zz=—p—gle—P') 5 +92; 

afe=B|y=—(1/B) ease —p') 4 + g2tnp——n)o'y |, 
a |a— —2n) p+ 7 m ke 2(1+1)p"} —392(p—2np | (36) 

+ SL (@-+y){np— (L—n)p'}. 
The pressure per unit area exerted at the base of the 

cylinder or prism, 7. e. the value of —zz when z= —A/2, is 

gph + (p—gplh/2). 
The total pressure thus equals, as it ought, the weight of 

the solid plus the total pressure exerted by the liquid on the 
upper flat surface. 

_ Our assumption that the vertical displacement y vanishes 
when #=y=0 over the upper surface z=//2 in case (i.), and 
over the lower surface z= —h/2 in case (11.) is really arbitrary. 
The making a displacement vanish ata particular point is 
merely equivalent to introducing a constant into the expres- 
ae and this is without effect on the strains or stresses. 
Case (i.) includes several sub-cases. Thus if p’=p it applies 
to a cylinder or prism floating x wholly immersed in a liquid 

of equal density. ‘The stress zz at the upper face then be- 
comes a pressure and equals, as it ought, the pressure 
p—ge'h/2 at the same depth in the liquid. if p exceed p 
we have the case of a cylinder supported from above, with 
the whole, or a portion h, of its length immersed. Supposing 
the portion 4 alone immersed, the atmospheric pressure on 

the liquid surface being II, the value of zz over the surface 
z= +h/2 becomes 

g(e—p )a— Il. 
it is thus a pull or a push according as 

g(e—p')k> or <I; 
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i. e. according as the length of the immersed portion of the 
cylinder is greater or less than the barometric height as given 
by a barometer containing a liquid whose density is p—p’. 

If the whole of the cylinder be immersed then the liquid 
must not have access to any part of the upper surface, other- 
wise the stress could not differ from the liquid pressure at 
that depth. 

If p be less than p’ the cylinder may be held down either 
partly immersed, or fully immersed but with its upper surface 
not exposed to the liquid, or it may float with a length A’ 
emergent. , em 

In the latter event zz over z=h/2 must represent the 
pressure exerted on its base by a cylinder of density p and 
height 4’, whose upper surface is exposed to atmospheric 
pressure. Thus, neglecting the variation of atmospheric 
pressure throughout the height h’, we have 

— gph'=gph—gp'h, 
or 

p(h+h’)=p'h, 

in accordance with elementary Statics. 
Case (ii.) in like manner includes various sub-cases. The 

first thing to notice is that unless p=p’ the solution assumes 
that the liquid cannot reach any part of the base ; otherwise 

zz could not have the value assivned to it when z= —h/2. 
This explains why the solution does not in itself introduce 
the restriction p>p'. In practice, a solid lighter than a liquid 
in which it is immersed almost invariably rises to the surface 
of the liquid, but if the lower surface of the solid and the 
bottom of the vessel holding the liquid be both perfectly 
smooth, this need not happen. Usually liquid would force its 
way under the base, so that in practice the solution would 
apply only to a cylinder cemented to the bottom or projecting 
up through it like a pile. When a cylinder or prism rests 
on, or is supported from, a series of isolated supports, the stress 

zz is not uniform over the cross section, and the previous 
solutions do not strictly apply. If, however, the height h be 
great compared to the largest horizontal dimension, the 
solutions will be very approximately true except in the imme- 
diate neighbourhood of the supports. 

Flask containing Liquid. 

§ 11. In obtaining (8) and (9) we tacitly assumed that 
there were no cavities in the solid, or that the liquid pressure 
was the same at all points in the same horizontal plane, 
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When cavities exist complications arise. It is always possible 
to find the change in the volume of the material itself; but in 
the case, for example, of a flask containing liquid, what is of 
most interest is not the change in volume of the material 
but the change in the volume contained by the inner surface. 
The change in volume of the material of the flask may be 
obtained, at least very approximately, as follows :—Take the 
origin in the inner surface of the base of the flask, whose 
bottom is supposed a plane surface <= —t; take the axis of 
¢ vertically upwards, and let h be the height of the liquid 
surface above z=0. The material being supposed of density 
p, the change in its volume is given by (1). Throughout the 
volume 

A= =) do. 

and supposing p! the density of the liquid, we have, over the 
inner surface 8, 

F/A=G/u=H/y=gpl(h—2), 
where A, mw, v are direction-cosines of the normal (above 
the level of the liquid F=G=H=0, neglecting the atmo- 
spheric pressure). Over the outer surface no force is supposed 
to act, except over the lower surface 8’ of the base where H 
alone exists. Thus we have 

Bhdv=—I ll gpzda dy dz+\\gp"(h—z)(Aw + py +v2)d8 + (\(—2) Hd’, 

The values of the several integrals are as follows :-— 

— ii gpzdx dy dz= —gpzv, 

\\ gp’ (h—z) (ke + py +vz)dS =gp'v'(3h—42/), 

i\) (—t) HdS’= —gt(pv+p’r’). 

Here v is the volume of the material of the flask, z the height 
of its C.G. above the upper surface of its bottom ; v’ similarly 
is the volume of the liquid, 2! the height of its C.G. 

In all we have 

Sv= —gpv(z+t)/ (3k) + gpl! (Bh—42!—6)/3k. .  . (87) 

This expression becomes neater if instead of 2, 2',and h we 
use , ¢’, and H, the heights repectively of the two C.G.’s 
and the liquid surface above the lower surface of the bottom 
of the fask (i. e. =2+t, &.). We then get 

dv= —gpvl/ (3k) + gp’v'(BH—46")/3k, .  . (87’) 

du= — WE/(3k) + W’ (83H —42)/38k, . .. (87) 
or 
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where W and W' are the weights of the flask and of the con- 
tained liquid. We have neglected the influence of atmo- 

spheric pressure, which is the same as in (8) or (9). For 

comparative results we may also neglect the influence of 

the flask’s own weight, supposing it supported in an invariable 

way, and confine our attention to the ettect of the weight of 

the liquid, as practically the only variable. For this we have 

pial tar —AC 3k. 4. gt hee 

For given values of W’, H, ¢’, and &, the change in the total 

volume of the flask’s material is the same for all values of that 

volume. A thin-walled flask suffers exactly the same change 

of volume as a thick-walled flask. This seems rather paradox- 

ical at first sight. It simply means, however, that the mean 

expansion per unit of volume varies inversely as the whole 

volume. The thin-walled flask, owing to its smaller volume, 

has the larger expansion per unit of volume, and so the 

larger internal strains and stresses. 

The change 8v refers to the whole flask ; but in such a case 

as that of a litre or 500 c.c. flask filled up to the mark, dv 

would practically apply to the portion below the mark. 

If the flask, instead of being supported, floated immersed 

to a depth H'in the liquid, we should obtain in place of (a7"), 

neglecting atmospheric pressure as before, 

Sy= —We/3k—W" (3H! —46")/3k, . . (39) 

where W" is the weight of the liquid displaced, ¢” the height 

of its C.G. above the base of the flask. 

Ordinarily, internal liquid pressure will tend to increase 

and external liquid pressure to diminish the volume of the 

walls of the flask. If, however, ¢/ exceed 3H/4, and ¢” 

exceed 3H!/4, the reverse will be the case. 

If the inner surface of the flask be cylindrical or cup- 

shaped, &' will be less than 3H/4. The two would become 

equal if the inner surface were a cone vertex downwards, 

and ¢' would exceed 3H/4 for certain cusped forms of 

surfaces. 
Thus, theoretically, a flask whose inner surface was a cone, 

of any solid angle, vertex downwards, would have the curious 

property that the volume of the material would be unattected 

by the pressure of any liquid it might contain. 

Hollow Cylinder containing or surrounded by Liqud. 

12. As already stated, we cannot in general determine 

the effect on the internal capacity of a flask due to the 

pressure of contained liquid. We can, however, obtain this 

Phil. Mag. 8. 6. Vol. 2. No. 11. Nov. 1901. eh) 
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information when the walls of the flask are coaxial right 
circular cylinders, the common axis being vertical. Take 
the origin at the lowest point of the axis, and employ 
cylindrical coordinates 7, 6, <. For generality suppose that 
gravity acts, while pressures I1+Cz and H’/+C’ act re- 
spectively on the outer surface r=a and the inner surface 
y=a’. These are typical of pressures exerted by surrounding 
or contained liquids of uniform density. Employing a 
method of solution given in the Camb. Phil. Trans. vol. xiv. 
pp. 328 et seq., I find for the values of the stresses 

a {Tla?—Tl'a? + (Il! — IT) (aa'/r)? + (Ca? — Cla )2 | 

+ (C—C)e(aal r)*} (a? 0), 
op= — {Wa?— Ta? + (1 — TT) (aa'/r)? + (Ca? — Cla?) z 

+ (C—C)c(aa'/r)?}/(e—a?), 
\ (40 
| Be 

ze= —L—gpl+ gps, 

-— as aaa 

Lo—t2 = Os — 

where Z is a uniformly distributed longitudinal stress sup- 
posed to act at the height z=/. The corresponding values 
of the displacements, wu along rv and w parallel to z, are 

Ila? er “\— (IT — eae i 

—a 2n(a? — a") 

n Ca? Cla & (C—C')a@a’?z/r 

Cea NS ay E(a?— zy vires Te ae : | 
etal (41) 

— bia te ts IP a2 ye = (2/H) ){- Z—gpl + 2n age pa 55 (<7 + 7°) 

Ca?—C'a’ PCa —_ q!? bch Seat 2h 
2 2H (a2—a) * nr? + 22 2n(a? a) Oey )s | 

where 7, is a constant, which can be iste so as to 
make w vanish at any assigned value of » when z=. 

The general form of the solution, when II and II’, C and 
C’ are unequal, implies that the external and internal liquids 
are of unequal densities and do. not communicate at all, or 
only at a level where the pressures are equal. Thus, in 
general, we must suppose that the cylinder is closed at ‘the. 
lower end, or that it is carried liquid-tight on, or through, 
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the supporting solid surface underneath. On either alterna- 
tive, the conditions in the immediate neighbourhood of <=0 
are detarmined partly by the flat base or the supporting flat 
solid ; and if the cylinder be short compared to its diameter, 
more especially if its walls be thick, the solution we have 
obtained above will not be satisfactory. ' If, however, the 
walls be thin, as in an ordinary glass eae the solution 
will, I think, prove in general sufficiently accurate. 

As illustrating the nature of the solution, suppose the outer 
cylindrical surface free of stress, whilst inside there is liquid 
of density p’ toa height h. Then, if I, be the atmospheric 
pressure at the surface of the liquid, the pressure e at a height 
z above the base of the cylinder is Il,+gp'(h—<). As this 
equals by hypothesis II’+ C’:, we have 

Il'=1I,+g9ph, Cl=—ap. 

The law of pressure holds only between the values 0 and h 
of z, and the solution must be similarly restricted. In such 
a case we should take 

lh. 

a (a®—a?)Z=weight of tube above level of liquid. 

§ 13. The internal and external pressure systems in (40) 
and (41) are quite independent, but for brevity we shall 
regard them as coexistent and applic: ible up to the same height 
h above the base. Let pand p!' be the external and internal 
pressures at the height 2/2 above the base, and H+h/2 the 
total height of the cylinder, so that 

Il +3Ch =», 

! SA To Fe I! +4C/h=p’, ee 8 tle eee ee 

Z + 39ph=gpH 

The volumes enclosed by the outer and inner surfaces up to 
a height h in the original unstrained state are 

werk, eae We. 

The elastic increment in the volume within the outer 
surface is given by 

h 
ov, = 2mal er 0 + Tat W,—,— Wz=0}r=a : 

0 

and the corresponding increment dv, of the volume within the 
inner surface is given by an analogous formula. After some 

202 
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reduction we obtain from (41) and (42), noticing that /= 4h, 

12 1/2 
Boece ee ee st =a” 

e(v,—2, SS ce a? — pa” a 
cee ay ibe “Louse, 

J 
The elastic changes in the volumes », and »v,, as well as in the 
volume v(=v,—v,) of the cylindrical walls, are exactly the 

same as if the pressure over each surface had a constant 
value equal to its mean value. 

The term gpH/(3k) depends only on the weight and elastic 
properties of the ale itself, and so may be left out of account 
in considering the influence of the liquid pressures. Omitting 
it, we see that if a circular tube be filled with liquid of 
density p' to a mark at height A, the volume within the tube 
up to the mark is increased to an extent dv; which is given by 

Be,/u,=d9p'hf (a/n) +2(0"/3)}/(@—a") 
= gp'h{ (1+n)a?+(1—2n)a?!$/{E(a@’—a’)}. . (44) 

If the thickness ¢ of the walls of the tube be small compared 
to a, this becomes approximately 

du,f7,= tgp h(a/t)(2—)/H. . . . « (45) 

The increase in volume per unit of volume inside a thin- 
walled tube thus varies directly as the density of the liquid, 
the height of the mark, and the radius of the tube, while it 
varies inversely as the thickness of the wall. We see that 
for exact purposes the cubic capacity of a tube cannot be 
defined without reference to the density of the liquid which 
it is to contain; also all copies of a standard of capacity 
should be identical in height, diameter, thickness, and 
elasticity. 

As a numerical illustration, suppose a tube of glass 1 cm. 
radius, with walls 1 mm. thick, to hold (1.) water, (1. ) mercury, 
to a height of 16cm. This gives a content of about 50 e.c., 
and the increments in the capacity in the two cases are 
approximately, if we assume 7=1/4 and H=6 x 10° grammes 
weight per sq. cm., 

(i,) Ot 1ax LO tees 

(fi.) oo = lex 10 cc 
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In case (ii.) the tube holds fully 2 milligrams more of mer- 
cury than if it were absolutely non-elastic. 

As a second example, take the case of a glass tube whose 
height is 12°7 cm., internal diameter 10 cm., thickness 1°5 mm., 
for which E zat 7 have the values aaa above. ‘The 
internal capacity is approximately 1000 c. c., and the elastic 
increments when the tube is full of (i.) water, (i1.) mercury, 
are approximately 

(507. — 62 x10- ¢.c., 
(i) du. 84 x 107 * ec. 

This tube thus holds about 0°11 gramme more mercury than 
if it were wholly inelastic. 

Spherical Shell containing and surrounded by Liquid. 

§ 14. Another instance in which we can find the changes 
of the volumes enclosed by the outer and inner surfaces of a 
hollow vessel, containing and surrounded by liquid, is that of 
a spherical shell ; but only when it is in equilibrium under its 
own weight and the pressure systems. Thus external pressure 
is necessarily existent, though internal pressure is not. 

Take the origin at the common centre, the outer and inner 
surfaces being respectively of radii a and a’. Draw the 
axis of z vertically downwards, and suppose the pressure to 
be p+ gp’z outside and p’ + gp’’z inside, so that p’, p" represent 
the densities of the liquids. In order that equilibrium may 
exist, the density p of the shell must be connected with the 
densities of the liquids by the relation 

aia —@") =p a'—ple?. 6c 4 = ee 

There is obviously symmetry round the vertical diameter, 
and the displacements u along, and w perpendicular to, the 
radius vector » depend only on + and the inclination @ of 
to the axis of z. The values of the displacements are 

r(pat—p'a®) (aa) p—p) u= — x — 
(38m—n)(a'—al’) An(a®—a’®) 

4 i Dale Sige j foe 8. 

mcs? { 2(m—2n) > ite p* —(5m—n) aes i ae } 
6(m-+n)(3m—n) a°—al? 

epee p jaa)" or “seas! Baa) a 3n(a®—a’*) Y(m+n)(a—a?) ” 

gr’sin 6 { yer ‘a> — pla! ~ ee 
= Fe ea) Cie) (m—n) perce 2(2m-+n) © cn gh 

gr—'sinO(m+ 2n)(p!—p") (aa’)? ~~ gr? sin @(p’ —p”) (aa’)? 48 

—— 6n(m+n)(a—a?) «18 (m+n)(a?—a’*) - (46) 
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As reos 6 =z, all terms in uw which depend on @ change 

sion as we cross the horizontal plane through the centre. 

“The change in the volume z,(= 477*/3) enclosed by any 

spherical surface concentric with the shell (a>7 >a’) 1s 

given by 
a= \72arur sin 0dé@. 

As the integral of sin 6 cos @ between 0 and 7 vanishes, the 
only terms in w which contribute to dv, are those containing 
p or p’; and it will be found that the increments in the 
volumes within the outer and inner surfaces and in that of 
the material are respectively given by 

dvo/Yo= — 4 (pa? — pa’) /(k) + 3(p — p!)a’3/(4n)} (a2 a), 

80; joy= — | (pa? — p'a'®)/(k) HL 3(p—p’)a*/ (4?) } = (a? — a’), (49) 

Sv/y = —{pa?—p'a!} = {k(a—a®)}, 

or Ov= — 47(pa®—p’a®) [3k. 

These changes are the same as if tne outer and inner 
surfaces were exposed to uniform pressures p and p'. They 
do not depend directly on p, p’, or p’’, and at first sight one 
might be tempted to assume that the expressions were 
perfectly general. ‘his, however, is not the case. If, for 
instance, the vessel were wholly or partially supported on a 
horizontal plane, we should obtain from the general formula 
(2) for the change in the volume v of the material of the 
shell 

dvu=—An(pa’—p'a’)/(dk)—Za/ak; .. aa 
where Z = (4/3)m9{p(a —a’®) — (p'a? —p"a’*) } ’ (51) 

is the total upward thrust exerted by the supporting plane. 
This expression for 6v accords with the previous one only 

when Z vanishes, z. ¢. when no part of the weight is borne 
by the plane. 

Another limitation to the generality of the results (49) is 
that the pressures p+gp‘z and p’+gp”z are assumed to hold 
over the whole of their respective surfaces. Thus the shell 
must be wholly immersed, and it must be either quite full or 
quite empty of liquid. 

The results would doubtless be very approximately true 
for a wholly immersed flask consisting of a spherical body 
and narrow cylindrical neck, the contained liquid, if any, 
extending into the neck. Jf necessary an allowance might 
be made, from the data in § 12, for the change in volume of 
the neck. 



, } 

Ellustic Solids to Metrology. 555 

Cylinder under Pressure a Quadratic Function of z. y 

§ 15. The method of § 6 would enable us to calculate the 
change in the total volume of a solid vertical cylinder of any 
form of section when exposed to a pressure which is a 
quadratic functior. of the vertical coordinate z. When the 
section is circular we can obtain, however, what is in most 
cases a satisfactory complete solution for this law of pressure. 
As we have already dealt with the case when the pressure is 
a linear function of z, we need consider in addition only the 
elastic displacements, strains, and stresses due to a pressure 
varying as 2”, Hmploying r, z as in § 12, and making use 
of my solution * in ascending powers of r and z, I find for 
the axial and longitudinal displacements due to a pressure 
q2* on the cylindrical surface r=a, 

u=(q'/E){dqr(@ — 2°) —(1—n)re"}, 

w= (q'/B){4(1—n)2(20°— a) + 32} 
The corresponding stresses are 

(52) 

Sat A ae 1 9 U] 2 2 19 k r=bb—4 7b P= Feder)? | 
ate 

ee —f (9% —q?) ; fs (53) 

— — — 

Pps = h2=0. 

This solution is not altogether complete, supposing no 

forces to act except on the curved surtace ; for, instead of 

making zz vanish at every point of the flat ends, it only gives 

ae¢ iP f Zarzcdr=0. 

According, however, to St. Venant’s theory of equipollent 
systems of loading, this defect is very trifling in a long 
cylinder except in the immediate neighbourhood of the ends. 

As an example, suppose the pressure arises from a liquid 
whose density follows the law p!(1—2qz), where z is measured 
upwards from the base of the cylinder. This includes the 
case of a compressible liquid treated in § 5. The pressure p 
in the liquid follows the law 

p=ll—gp'2(1—-gz), « © 2) + 2 (04) 

where II is the pressure at the level of the base of the 
eylinder ; thus in applying the solution just obtained we 
replace g! by gp'g. ‘The complete values of the displacements 

* Camb. Phil. Trans. vol. xiv. 7. ¢. 
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and stresses are as follows, the notation being as before, and 
the cylinder being supposed suspended :— 

u= —E-'y[(1—2m) IL +-.92{np—(1 —1)p'$] | 
+ E-9p’qr{4n(a’?—71?) — (1—n) 2}, : (55) 

w= —E-2[(1 —2) 1 —3g2(o —2np')] + 4gr*{np —(1—) "S| 
Wistar hii + sen J 

r= bo— oTey ge qr’ = —I+ gp'z(1— 92) | 

1 
4474, 99" =) gee Lee 

ie 41 9P'9 (9,0 92 
come NS pet oie a”), 

Over the base z=0 the mean value of —2z is I], I being 
by hypothesis the pressure at this depth in the liquid. 

If h be the height ie of the cylinder, the suspending forces 
are given by 

ze= — T+ gph + 39p'g(2* —a?)/(1+7), 
the mean value over the cross section being —II+gph. This 
is a puil or a push according as gph or II is the larger. 

The elastic change in the radius at height z is given ae 

Sa/a= — {(1—2n) I + gpnz—gp!(1—n)2(1 — gz) }/E. ( 
The mean AG. in height (7. e. the mean ee 

between the values of w over the cross sections -=hA and z=0) 
is given by * 

Sh/h={2np—(Tl—igph)}/E, . . . (58) 

where p =T—op'h(l—2gh). . . . . (59) 

is the mean value of the liquid pressure throughout the height 
of the cylinder. 

The modification required to adapt the preceding solution 
to the case when the cylinder is supported on its base is 
easily applied. 

General Properties ; Influence of Cavities; Gravitation, §c. 

§ 16. Some general conclusions may be derived from (2) 
as to the influence of cavities in solids exposed only to 
surface forces. If we distinguish the external surface and the 
several internal surfaces limitin g cavities, with their respective 

Pe: 
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force systems, by suffixes, (2) becomes in the absence of bodily 
forces 

3kbv =(\(Fiz + Guy + TI,2) ds, +\\(F« + Goy + H,z) dS, +... (60) 

As each of the surface integrals is self-contained, we see 
that if a given system of forces act over a given surface, 
the total change produced in the volume of the material is 
independent of the existence of cavities. For instance, if 
given forces act over an outer spherical surface, the change 
in the total volume of the material within it is the same 
whether the sphere be absolutely solid, or whether it contain 
a cavity or cavities over whose surfaces no forces act. If 
there is a large cavity, the mean change of volume per unit 
volume is correspondingly greater. 

If a uniform pressure p, act over a surface §,, the 
corresponding change of volume is given by 

Bhdv= —p,\\(A,2 + my +r42)d8, = —3pyr,, 

svu= —pyr,/h, ° ° ° © . e . . . ° (61) 

where v, is the volume of the space enclosed by §. 
If, then, uniform pressure of given intensity be applied 

over the surface of a cavity, the total change of volume in 
the material depends only on the volume of the cavity, and is 
independent of its form or position, or of the extent of the 
solid, supposing it bounded by free surfaces. 

§ 17. There are also some simple general properties de- 
ducible from (2) in the case of isotropic material acted on 
only by bodily forces following the gravitational law. 

Thus, suppose a centre of gravitational force at the origin 
of coordinates, and so 

X/e#@=Y/y=Z/ze= —m/r’, i. See 

where m is a constant. The corresponding elastic increment 
in the volume of the solid is by (2) 

dv== — (m/3hk) RY r—ldex dy dz] : a NEG 

the integral extending throughout the whole solid. 
But the integral, within the square brackets, simply repre- 

sents the potential at the origin answering to a distribution 
of unit density throughout v. Thus the change in volume of 
the solid varies as the value of its potential at the centre 
of force, and can be calculated when the potential can. 
If, for instance, the solid were a sphere whose centre was at 
a distance R from the centre of force, we should have 

dvfv=—m/(3kR). . . . . « (64) 

or 
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It is clear from (63) that the change of volume is unaltered 
by moving the centre of force from any one point to any 
other point which lies on the same equipotential surface of 
the‘ solid. 

In applying (63) it must be borne in mind that in general 
a body cannot be in equilibrium under the action of a single 
centre of force, and that when equilibrium exists under the 
joint action of a number of centres of force it is to a certain 
extent arbitrary to regard the effect of one as independent of 
the others. In the case of a planet, for instance, the “ cen- 
trifugal force”? in the orbital path balances the sun’s 
attraction. If we regarded the planet as an elastic solid 
describing a circular path, and neglected for the time being 
the effects of self-gravitation and otation about an axis, we 
should find its elastic change of volume given by two terms. 
One of these terms would be of the type (64), depending on 
the mass of the sun ; the other would depend on the angular 
velocity in the mee. The persistence, however, of the 
planet in its orbit implies a necessary relation between the 
gravitational and “ centrifugal ” forces, so that the two terms 
in the expression for 6v could be combined into one, con- 
taining as we choose the angular velocity or the gravitational 
constant. 

§ 18. In obtaining (63) we treated the source of the 
gravitational forces as wholly external to the solid. Ina 
self- gravitating homogeneous spherical “earth” of radius a, 
we should have 

A/2= Viy— Zije= —9'p/a, 

where g’ is “ gravity” at the surface. Substituting in (2) 
we easily deduce 

dv/u= —G' pajdk: we. 6) ee 

As I have repeatedly remarked elsewhere, the application 
of such a formula to the actual earth—or other principal 
planet—leads to numerical results which cannot be reconciled 
with the fundamental hypotheses of mathematical elasticity 
unless & be much larger than in known materials under the 
conditions existing near the earth’s surface. 

In small bodies, on the other hand, the effects of self- 
gravitation are very small. For instance, for a sphere of 
iron (p=7°5, k=15~x 108 grammes wt. per sq. cm.) of one 
metre radius we should get from (65) 

dvjvu= —2x 10—", 

or ~ a= —7 x 10- mm. 

'To be continued. | 
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LUI. On Lines and Planes of Closest Fit to Systems of Points 
in Space. By Karu Pearson, .R.S., University College, 
London *, 

(1) e many physical, statistical, and biological investi- 
gations it is desirable to represent a system of 

points in tae three, or higher dimensioned space by the 
“ best-fitting ” ‘straight line or plane. Analytically this 
consists in taking : | 

Y= A +tayt, or s=a,tavt+by, 

OF 2Z=—Aj 4+, L) + AgLy + A3%g 4+... + AnXy, 

where ¥, &, 2, £1, g,.-.#n are variables, and determining the 
“best” values for the constants a, a, b), @,, 41, Go) @3,+.+ An 
in relation to the -observed corresponding values of the 
variables. In nearly all the cases dealt with in the text-books 
of least squares, the variables on the right of our equations 
are treated as the independent, those on the left as the de- 
pendent variables. The result of this treatment. is that we 
get one straight line or plane if we treat some one variable as 
independent, and a quite different one if we treat another 
variable as the independent variable. There is no paradox 
about this; it is, in fact, an easily understood and most im- 
portant feature of the theory of a system of correlated 
variables. The most probable value of y for a given value 
of w, say, is not given by the same relation as the most pro- 
bable value of x tora given value of y. Or, to take a concrete 
example, the most probable stature of a man with a es 
length of leg / being s, the most probable length of leg “for 
man of stature s will not be J. ‘The “ best- fitting » lines afd 
planes for the cases of ¢ up to * variables for a correlated 
system are given in my memoir on regressionf. They 
depend upon a determination of the means, standard-devia- 
tions, and correlation-coefficients of the system. In such 
cases the values of the independent variables are supposed to 
be accurately known, and the probable value of the dependent 
variable is ascertained. 

(2) In many cases of physics and biology, however, the 
‘‘ independent ” variable is subject to just as much deviation 
or error as the “dependent” variable. We do not, for 
example, know w accurately and then proceed to find y, but 
both w and y are found by experiment or observation. We 
observe w and y and seek for a unique functional relation 
between them. Men of given stature may have a variety 

* Communicated by the Author. 
+ Phil. Trans. vol. clxxxvii. A, pp. 301 ef seq. 



560 Prof. K. Pearson on Lines and Planes of 

of leg-lengths; but a point at a given time will have 
one position only, although our observations of both time 
and position may be in error, and vary from experiment to 
experiment. In the case we are about to deal with, we sup- 
pose the observed variables—all subject to error—to be plotted 
in plane, three-dimensioned or higher space, and we endeavour 
to take a line (or plane) which will be the “ best fit” to such 
a system of points. 

Of course the term “ best fit” is really arbitrary; but a 
good fit will clearly be obtained if we make the sum of the 
squares of the perpendiculars from the system of points upon 
the line or plane a minimum. 

For example :—Let P,, Po,...P, be the system of points 
with coordinates #1, Y,); 22) Yo3-++2n Yn, and perpendicular 
distances 71, P2,..- pn froma line AB. Then we shall make 

U=S(p?) =a minimum. 

If y were the dependent variable, we should have made 

S(y/—y)?=a minimum 

(y’ being the ordinate of the theoretical line at the point 
x which corresponds to y), had we wanted to determine the 
best-fitting line in the usual manner. 

a 
A af 

} | a 
Now clearly U=S(p?) is the moment of momentum, the 

second moment of the system of points, supposed equally 
loaded, about the line AB. But the second moment of a 
system about a series of parallel lines is always least for the 
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line going through the centroid. Hence: The best-jitting 
straight line for a system of points in a space of any order goes 
through the centroid of the system. 

Now let there be n points each fixed by qg variables 
#, £2...2,, and let 

Ory) ms hy Oley) |e ae a een ee) 

fix the centroid, or the mean values of the variables ; 

a2, =S(a2)/n—22, ox, =S8(25")/n—2,",... 

O'z,=S(r,7)/n—a2e, 2 Gi) 

fix the standard-deviations (errors of mean square), or in- 
directly the moments of inertia or second-moments about the 
axes of coordinates, through the centroid parallel to the axes 
of the variables 7, #....a@ 9. And, lastly, let 

S (vury) — nd yit'y re 
a on 

NO¢wyTry 

for all pairs of values of wu and v from 1, 2, 3,...q, fix the 
correlations of the variables, or indirectly the products of 
inertia or product-moments about the axes. 
Now let ,, 42, l3...¢g be the generalized direction-cosines 

of a plane at perpendicular distance p from the origin. We 
shall have 

Sele la bees tigi ie ee vg CEES 

Further, if U be the sum of the squares of the perpendicular 
distances of the system of » points from the plane 

Lx + lotg tlgv3+. .-+horg=p, e e ° e (v.) 

we require to make a minimum of 

U = S(l,2, + Lote a Lats + “hens 2 lgtg—p)’, e e (vi.) 

by variation of 7,, l.,...lg, p subject to (iv.). Differentiate 
first with regard to p and we have 

LS (x1) + 2.8 (xe) +138 (a3) +...+1,8 (xq) —np=0; 

pale, t lex. + ee -+lytn, ©: Wg, hepulete (vii.) 

which shows us from (v.) that: the best-jitting plane passes 
through the centroid of the system. 

Now vary (vi.) and add to it Q times the variation of (iv.), 
Q being an undetermined multiplier. We have, by equating 
to zero the coefficient of dl, 

LS(ayau) + ES (voau) +... + yS(eu?) +... + US (eqau) 

—pS(au) + Qiy=0. 
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Or, substituting for p from (vii.) and using (11.) and (il1.): 

2 2 
Lox, Ox, 1x ru == 1,02, Cry? ayty + ate thee, — eee + [pF xgVeul Tul 

f Q v0, 0.2 
n 

is the type equation. 
Now (vi.) may be written :-— 

U=nf{l2o%x, t12o2r, +... +17? orxg + Whew, ox, 12,2, 

+...4+ 21y 11 ,Fay—1F xq? xy—i89$ : (viil.) bis 

Multiplying each type equation by its corresponding lu, 
adding together and remembering (iv.), we find 

Un 
: oS ae =0, or Q=—U,, 

nh i} 

where Um is the minimum value of U. 

Now let }? be the mean square of the residuals, or 

>= (G2, + [5x5 stereos + 
lgxg—py 

Then Q _ 

nr 

and a physical meaning has been given to Q, V —Q/n is the 
“mean square residual, ’—7.¢., the quantity, the square of 
which is the mean square of the residuals. 

The type equation (vill.) may now be written : 

2 2 2 
LOx,Cxu L\Xy + ,0 2,0 aylajen + G6 lu(o Lu — >?) 

+ UpCxrgFeulxgru=O0. . (ix.) 

We can.eliminate the l’s and dividing out row and column 

of resulting determinant by the corresponding o, we have: 

tee = ; =O. 
Cer V2) V2\X3) ++ + Tx xq 

egh 

>? } 
PEC, 1— By Pegi i a ee 

o'r, ona = 

> 

V2 Pxgx C25e 1—-—- g*1) gy 2) gv 3) T* x6 

as a determinantal equation to find %?. We must choose the 
least root of this equation, for the mean square residual must 

| : 

: 
| 
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he as small as possible. ‘Substitute this value of =? in the 
type equations (viil.), and we find the required values of 
L, lo.. «lg; using (iv.): 

This is the complete analytical solution of the problem of 
drawing the best-fitting plane through 7 non-coplanar points. 
We see that it depends only on a knowledge of the means, 
standard-deviations, and correlations of the q variables. 

Whenever we may suppose that variation is due to errors of 
observation or measurement,—. e., is not organic, but there 
exists a unique functional relation between the true values 
of the variables,—-then, assuming it of the first degree, we may 
determine the best values of the constants in the manner given 
above. 

(3) A geometrical interpretation is of course to be found 
from (viii.) bis. Consider the quadric 

E 2 2 4 : 
o72,0y" + O74,02 — s @es — O'xghg _ 202,021 xr,7,L\L5 

) ye , 97 — a _< 

+...+ 40x94 _ Fx VLq_\Xqtq1¥g = E ; . ‘ (xi.) 

where ¢ is any line. Then this quadric will be “ ellipsoidal ”” 
since the coefficients of 7,7...” are all positive quantities. 

ty, 

or perpendicular to the plane from which we are measuring 
the residuals ; then clearly: 

nat R?, 
or Sa e4/ i: we ede 4 a 

Thus the inverse square of the radius of this “ ellipsoid ” 
measures the square of the mean square residual. We shall 
speak of the ellipsoid as the ellipsoid of residuals. Since & is 
to be a minimum, R must be a maximum ; or we conclude: 
that the hest-fitting plane is perpendicular to the greatest axis 
of the ellipsoid of residuals and the minimum mean square 
residual varies inversely as the length of this axis 

A case of failure can only arise if the ellipsoid of residuals 
degenerates into an “ oblate spheroid,” i.¢., when every plane 
through its shorter axis is one of “ best fit,” or into a sphere, 
when every plane through the centroid of the system of points 
is an equally good fit. This sphericity of distribution of 
points in space ‘involves the vanishing of all the correlations 
between the variables and the equality of all their standard- 
deviations. It corresponds to isotropic inertia in the theory 
of moments in dynamics. 

(4) The theory of the best-fitting straight line need not 
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detain us long. Let its equation be 

2,—& _ #,— dy _ &3— 43 Lg — Xq! 
E an Gos: alias Sa ak ie = Pe e (xiii.) 

Draw the plane perpendicular to this line through 2,’, 2", 
Ds tne eg ate ee 

La; + loa + 12s + eeoet [y2q = ED 

where H= hay! + lyag! + lgx3/ +... 4+lgvgq’. 
Then if p be the perpendicular from any point in space on 

the line (xiii.): 

p= (a — ay’)? + (to— 49 )P +... + (@q—2q')? 

—{1, (4, — 2’) + l, (v2— 2’) + ls (t3— ee) +...t+ lg(xg— <q’) Hoe 

Now 2,', @/...2q' and l,, l,... lq, subject to the relation 
L?+l2+02+...+,?=1, are the constants at our disposal. 
Sum p’ and differentiate to find when U=S( p?) is a minimum. 
We have for type equation 

S(eu— au!) — lil S {hei — 27) + G( 2-9!) +». +g (@q—2q')} 1=9, 

whence we see: - 

S (au) — nary’ 
ly 

Or, we must have 

=symmetrical function of 2’s. 

Fane a ; , ald 
vy vy EY ig bon Ug—q 

if : i, —eee lq 9 

which show us that the straight line passes (as we have already 
noted) through the centroid of the system. We can accord- 
ingly take «,',a’... 29° to be that centroid, and we find : 

2 
=O" 2, +077, +. 5 +072, 

— [1,?o%2, + l?orr, +... +0 9072, 

+210, Ox, Cx, 7x, 2, te+-t 21) — gO rq—1F xg" r9-1" 29 | E 

But the expression in square brackets is precisely the square 
of the mean square residual with regard to the plane, 

1, (ay— 21) +1,(ag— 42) +... + ly (qg—%q) =0, 

or >7. Thus we have: 
Ras, a or, +...t OP x9— De 

Now clearly 07, + o” ek, et o’x9 is a constant. Hence 

3/2 will be a minimum when >? is a maximum, or when the 
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plane perpendicular to the best-fitting line is perpendicular 
to the least axis of the ellipsoid of residuals. Thus we find : 
That the line which fits best a system of n points in q-fold space 
passes through the centroid of the system and coincides in 
direction with the least axis of the ellipsoid of residuals. 

The mean square residual (which measures of course the 
closeness of the fit) is given by 

4 

i \/ oe, -+ ox, +...+ Cx, — R se ee (xiv.) 

where R is the least radius of the ellipsoid of residuals. 
The direction-cosines of the line can be found from (ix.) by 
giving >? the least value among the roots of (x.). 

Clearly the plane of best fit passes through the line of best 
fit, and is further perpendicular to the greatest radius, the 
maximum axis of the ellipsoid of residuals. 

(5) While the geometry of lines and planes of best fit is 
thus seen to be very simple from the standpoint of inertia 
ellipsoids,—particularly from the consideration of the surface 
which, for the theory of errors, I have termed the ellipsoid of 
residuals,—they most frequently occur, perhaps, in the case 
of correlated variations or errors, and it is thus of interest to 
consider them in relation to the ellipses and ellipsoids which 
arise as “ contours” in correlation surfaces. 

Now take the case of two variables 2 and y only, the 
type-ellipse of the contours of the correlation surface is, 
when referred to its centroid as origin : 

eg _ Qray xy ey 

oy or Cy 3 

a 

o 2. 

Compare this with the ellipse of residuals 

or x? + ayy? + Qor oy rry y= é4, 

Clearly if we take a'=y, y'= —w, and e¢*=0,x07y the ellipse of 
residuals becomes the correlation type-ellipse. Further, 
a!? + y'*= x? + y?, or the two ellipses have equal rays, but they 
are at right-angles to each other. ‘Thus the best-fitting 
straight line for the system of points coincides in direction 
with the major axis of the correlation ellipse, and the mean 
square residual for this line 

product of standard deviations 

~ semi-major axis of correlation ellipse 

Phil, Mag. 8, 6. Vol. 2. No. 11. Nov, 1901. 2P 
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The geometry of these results is indicated in the accompanying 

diagram :— 

EE! is found by making S(y/—y)? a minimum, 

Lh ” ” S(a'—a2)? ” 

7 AA’ ” 2 S(p”) we 

The equation to EH! referred to C is y= a = P, 

sara ae Yay Ox 
” 2 ee ” ” Li = “Gye 

The angle 6 which AA’ makes with O.x is determined by 

noe eee 
oO Maes OB) 

Farther: 
(Mean sq. residual)? =o? o”y/cot? 0 

=$(e?%2t+07y) — 3 V (@2—-o'y)? + 4r'2y O72 07y. 
QO AX/S OF £- VARIABLE 2. 

Z7¢v/4¢0A be 40 SIX¥ 

Physically the axes of the correlation type-ellipse are the 
directions of independent or uncorrelated variation. Hence 
the line of best fit is a direction of uncorrelated variation, 
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(6) We turn to the correlation type-“ ellipsoid is 5) i 
variables. It is*: 

2,” x Lyx 
ae teas 9 G2, aoe 

| ee 
oa eeee ee +2Ao-19 q t q sale e e (xv.) 

Oxg—19 xq 

where Aj;, Ago, Ayo... Ag—19, Mgg are the minors correspond- 
ing to the constituents marked by the same reer of the 
determinant : 

A =| 1 T12 Ly eee T1q TRAte ce cy a (xvi oe 

Yo 1 T 9B cerece oq 

TQ 1Q2 A t 

Now let us find the directions and magnitudes of the 
principal axes of this ellipsoid. We must make 

Da ni 2 
Uur=P +2, +... +27? 

a maximum. Or if Q be an indeterminate multiplier, we 
have : 

Vy, x xv L 
(Ay, + Qo2e,) oz, hin, nae S -f- eee + Ar —* =0, 

Ly by ? 

Bape ee ee 
x oO 3 

v x 

Ai, a + (Ags + Qo”,,) a + Ags 

Aue + Ae Fs doo +... (Ag + Qo%e,) ae =0(xvii.) 

Multiply the last g—1 of these equations by 19, 743, .. + 71g 
respectively and add them to the first, then we know that : 

Autre Aye +713 Aig+ ... +717 Arg =A, 

and if wu be not 1: 

Ait 12 Aow + 713 Agu + + +171q¢ Agu=0. 

* Phil. Trans. vol. clxxxvii. A, p. 302. 

2P2 
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Hence : | ea 
ax x 2 Bae) 2 2 

(A+ Qo? ) Ge, Tue oe. 

thy Pa MATTE OS Ye Oo) 

—+...4717Qo%xq —* = 0, Cz, 
Ox 

which may be written : 

= 1 
a 

Qao*r at Lyx, == 7 12V9Or, 
+ 113V30 x, + Bee -—- T gq? xq — 0. 

1 

Or system (xvil.) may be replaced by : 

2 
£107, (1 _ AR 

a re . 

AR? 
19k Cx, Tx, + yO" x, (1 —- ) + 1o30302,02, +eo.t Poglgor gor, =0, 

"2, 

! , 26 
TyqU Fr gFr, + Pq %2T 2,79 xq + L3qU30n,0 x, +...¢ Lg o ae — = 2 =) —( 

q 

ol. Tepe Gavan 

For multiplying (xvii.) by 2, %,...aq respectively and 
adding, we find — be Bae 

14+ Qu?=0; 

or if R be a maximum or minimum value of u, Q= —1/R?. 
Now compare these equations with those we obtain for the 

directions and magnitudes of axes of the ellipsoid of residuals: 

g 2 f 9 

ory ay? + oO vb9? + eo e@ + ax aq? + 27 9F x, Tay! a9 + eee 

} + 2rg—19oetg—102,2'g—1td =e". (xix.) 

- These are: 

2 e ! ! ! pe ; eon iy, 
UO x, (1 io2, )4 19% Cx, Fx, + AeA AT qXq FrgFx, =, 

1 

4 
! a PIs ae Lis A) a aes 3G 

VjoV\ Ox, Cx, t oo a3 Ro” eae 2qXy t9Txr,=V, 
ay 

4 € 
19’ Cx, Trg + Toqly Cx,Fxg t+... + nfo%s(1— R272, ie) =? 17 xq 

... 

) Now eliminate the a’s from (xviii.) and the a’’s from (xs. 
and we have precisely the same determinant to find 
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AR? and ¢/R?. Hence for the semi-axes or max.-min. 
values : 7 

Abe diy te he neo! wena 

Equations (xviil.) and (xx.) will now give the same values for 
the ratios of the 2’s and of the 2s, or for any axis: 

a) a = 22/2, =2;/a)= ... =axglad . . (xxii.) 

But (xxii.) combined with (xxi.) gives us: | 
e af e Lol @ 2a! 

— WAR? Ly = “WA R®? Bite »~tg= WA R® (xxiil.) 

In other words, if we define points given by (xxiii.) to be 
corresponding points,—i. e., if corresponding points lie on the 
same line at distances inversely as each other from the origin,— 
then the ends of the principal axes of the two ellipsoids are 
corresponding points. Thus the principal axes of the correla- 
tion ellipsoid coincide with those of the ellipsoid of residuals 
in direction, and a minimum axis of the one is a maximum 
axis of the other and vice versa. We therefore conclude: 

(i.) That the best fitting plane to a system of points is 
perpendicular to the least axis of the correlation ellipsoid, and 
that if 2R,;, be the length of this axis the mean square 

residual = /AxR,,;, where A is the well-known deter- 
minant of the correlation coefticients. 

Gi.) The best-fitting straight line to a system of points 
coincides in direction with the maximum axis of the correla- 
tion ellipsoid, and the mean square residual 

= Voy, +o°2, +072, + tin oF o*z,—A. R?max., 4 (xxiv.) 

where 2 R max, is the length of the maximum axis. 
We have thus the properties of the best-fitting plane and 

line in terms of the correlation ellipsoid, which is the one 
generally adopted for variation problems. At the same time 
our investigation shows us that the g directions of independent 

_ variation and the standard-deviations of the independent 
__ variables may be found from the ellipsoid of residuals, which 

will usually be a process involving much simpler arithmetic. 
(7) Numerical Illustrations. | 
Case (i.). Find the best fitting straight line to the following 

system of points supposed of equal weight : 

x) 

poe. 1) y=o'9 gat y=37 

i y=or4 g=72 y=2°3 

z=1'83 y=tsd : eo y= 2°8 
R= 20 y=4'6 #='6'5 y=2'4 

' &=3'3 i= 3'5 e=T4 y=15 



570 Prof. K. Pearson on Lines and Planes of 

We have at once: 

a= 3°82 y=3°70 
ox=2°3748 oy=1°31225 

trys — "9765 

tan 20= 2rzyoxoy/(o2*— oy?) = — 155385. 

Hence: tan@=—‘54556, or the best-fitting line passes 
through the point 3°82, 3°70 ata slope of —°546. This line 
is shown in the accompanying diagram by AB. The mean 

square residual is ‘2484. Had we made S(y—y’)?a minimum, 
the slope of the “ best-fitting ” line would have been —*5396 
and the mean square residual ‘2828 ; had we made S(#—z2")? 
a minimum, the slope of the ‘ best-fitting ” line would have 
been —°5659, and the mean square residual °5118. These 
lines are of course the regression lines of slopes rayoy/ozr and 
ay/(reyox) to the horizontal and mean square vertical and 
horizontal residuals of sy / 1—r? and or V1—r? respectively. 

Illustration (2).—The following system gives four values 
of a certain function z: 
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Let us find the best-fitting plane, treating these as four 
points in three-dimensioned space. We have at once 

P= 3} yank z =209°5 
ox=1, oy= 5, oz= 50°0275 

VzyFyoe= 182°5, V2ezOrOz= —30°5, Tayocoy=. 

Thus the ellipsoid of residuals is: 

a? + 25y? + 2502°752? + 365yz—6laz=e'. 

The equations to find the direction-cosines are : 

(242°), +0.1,-61-4=0, 

0.1, +(5042 Vl, +865 l,=0 

~611, +3651, + (5005°5 +2 2) i,=0. 

Whence writing 2—=y (n=number of points=4) the cubic 
for x is: . 

C=? + 50575? + 123,440 + 48,050 =0. 

We want the least root: 

y=0, C=+; x=—'5, C=—-; x=—100, CoH +; y= —~™, 

C=—. Thus the required root lies between 0 and —°5. 
It is easily found to be 

X)= —°395,660. 

Thus — = ='197830, and the mean square residual 

ae \ Sifae 4448, 

We easily deduce : 

ee 
aaieier  Ts0820° I 

Thus the best-fitting plane is: 

38°02187 («—3) —7'35823 (y—21) + z—209'5 =0, 
Or: 

z+38-02187 x — 7°35823y—169:03778=0. . (xxv.) 
If we find the values for z for given and y, say those of the 
four points, which are 

211°7, 135°7, 283:3, 207°3, 

we should not be impressed by the goodness of the fit. But 
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the small value of the mean square residual shows how close 
to each of the points the plane really goes when we measure 
its distance from a point not by the vertical intercept, but by 
the perpendicular from the point on the plane. Thus the 
vertical distance from «=4, y=16, z=127, to the plane is 
8-7, but the perpendicular distance is only *1988. 

If y. and x3 be the other two roots of the cubic C we easily 
find : i 

YoV3= 12144265, yYotxX3= —5057°10434. 

Thus we have the quadratic to find y, and x; 

y? + 505710434 + 121,442°65=0, 
or: 

| No= — 2412895, y3= —5032°97445. 

x3 gives the least axis of the ellipsoid of residuals ; hence the 
direction-cosines of this axis are given by 

les wining open Bs 
—*012,125 — -073,249" 1 

We have accordingly for the equation of the best-fitting 
straight line to the four points : 

) io) hie 2a AO 
= 19:125:' 73224959, 2000 

(xxvi.) 

The mean square residual for this line >! is given by (xiv-) 

Wey a ee 
= 7252875 — 25167487225 

3°9018. 

This again is remarkably small, considering how far our 
four points are from being co-linear. 

The reader will easily prove directly that the best line 
(xxvi.) really lies in the best plane (xxv.). 

These two illustrations may suftice to show that the methods 
of this paper can be easily applied to numerical problems ; 
the labour is not largely increased if we have a considerable 
number of points. It becomes more cumbersome if we have 
four, five, or more variables or characters which involve the 
determination of the least (or greatest) root (as the case may 
be) or an equation of the fourth, fitth, or higher order. 
Still, the coefhicients being numerical and all the roots real 
and negative, it is not very difficult to localize them. 
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LIV. The Emission-Function of a Body emitting a 

| Line-Spectrum. By ALFRED W. PoRTER*. 
AN HATEVER the emission-function for the energy 

radiated from such a body may be, it must satisfy 
the following conditions :— 

i. It must vanish for all values of wave-length (A) except 
those which correspond to the spectral lines. 

ii. That part of the function which determines the position 
of these lines must be independent of the temperature. 

__ An attempt has been made by P. G. Nutting (Astrophysical 
Journal, Oct. 1900, and Phil. Mag. Oct. 1901) to supply 
such a function; and he gives a series-form each term of 
which corresponds to a spectral maximum of infinite value. 
It has occurred to me that in the case of Hydrogen the 
following form is preferable, inasmuch as the difficulty of 
infinite values does not enter and, moreover, a single term is 
sufficient to represent al/ the lines in the elementary line- 
spectrum instead of a summation of 13 terms:— 

B=F sin® [Nv]/sin’® », 
where F is a factor to be presently examined ; 

v= ie 
Pos 

where pyp=27418'3 ; N is any large integer, for example 1000 
or 10,000, and p (=oscillation-frequency) may assume any 
value for which v is real. 

The way in which this formula is based on Balmer’s formula 
for the position of the spectral lines will be very evident ; 
while the march of E as v varies may at once be pictured by 
recalling the similar formula which occurs in connexion with 
diffraction- gratings. 

E will be of quite negligible value for most values of p, but 
suddenly mounts to the value N*F for the wave-length of 
each of the lines given by Balmer’s formula: it therefore 
represents the position of the maxima to the accuracy of the 
latter formula, viz. one part in 50,000. 

To represent the fact that the lines are not of equal 
intensity the factor F must depend on X and T; and in the 
absence of sufficient knowledge concerning the probable form 
of F', I can only suggest that these enter in the same way as 
in the expression for the radiation from an absolutely black 
body. Thus adopting Wien’s formula, the emission-function 
will be 

E=C [sin No/sin v|?p° exp. (—cp/T). 
Similar formule may be written down for other substances 

* Communicated by the Author. 
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based on Kayser and Runge’s formule; but now a single 
term will represent only one of the several sERIES of lines 
which accompany one another ; but a summation of not more 
than sew terms will be adequate to include all the known lines 
in their spectra. Thus, making use of Rydberg’s formula 

| aes per (me)? 

and putting vem {a/ A —e} 

PoP 
the formula given above is capable of forming the basis of an 
expression representing the distribution of energy in any one 
series of the majority of spectra. 

I have no suggestion to offer as to the rationale of this 
formula ; but suggest it as an empirical one which may 
possibly be useful in representing the energy distribution in 
a line-spectrum. [Experimental data on the relative intensity 
of the spectral lines are at present too scanty to test its value. 

Physical Department, 
University College, London. 

LV. Notices respecting New Books. 
An Elementary Treatise on Dynamics, containing Applications to 

Thermodynamics, with numerous Hxamples. By BENJAMIN 
Wixttamson, Sc.D., F.RS., Senior Fellow of Trinty College, 
Dublin; and Francis A. Taruuton, Sc.D., LL.D., Fellow of 
Trimty College, and Professor of Natural Philosophy in the 
University of Dublin. Third Edition, Revised and Enlarged. 
London: Longmans, Green, & Co. 1900. Pp. xvi+560. 

WE know of no other work on dynamics in the English language 
which can compare in general usefulness to the student with 

the work before us, now in its third edition. The science of dynamics 
is admittedly one of the most difficult and intricate branches of 
knowledge, and on account of its fundamental character indis- 
pensable to all students of nature. The number of elementary 
books on dynamics published within the last quarter of a century 
is quite appalling, but the gap between the purely elementary and 
the most advanced type of text-book on this subject is far from 
being filled, and we have some difficulty in recollecting many 
satisfactory text-books of the intermediate class. The late 
Professor Tait’s article on ‘ Mechanics” in the Hncyclopedia 
Britannica, now obtainable in book-form as a treatise on 
«« Dynamics,” is a masterly example of clearness and elegance of 
treatment, but it does not meet the wants of the student in every 
respect, as there are no examples by means of which he would be 
enabled to test his knowledge, skill, and ingenuity ; and attempting 
to learn dynamics without working out numerous examples is as 
hopeless as trying to learn pure mathematics by the same method. 
Oue very important feature of the book under review is the 
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copious supply of examples interspersed in the text and given at 
the end of the book. By the aid of these, a student may always 
check his progress and make sure of having mastered each con- 
secutive section of the work. Another highly commendable 
feature is the easy gradation by which the student is led up from 
the comparatively simple to the highly complex parts of the 
subject. The early chapters deal with kinematics, the laws of 
wotion, impact, circular motion, work and energy. Then comes 
a chapter on central forces and orbits, followed by one on con- 
strained motion and motion ina resisting medium. A consideration 
of general dynamical principles precedes the discussion of the 
motion of a rigid body. Then comes what is probably the most 
difficult chapter in the book, that dealing with the general 
equations of dynamics. The problem of small oscillations forms 
the subject of a special chapter, and the book concludes with a 
useful discussion of the principles of Thermodynamics. 

Ausgewahlte Methoden der Analytischen Chemie. Von Prof. Dr. A. 
Crassen. Erster Band. Unter Mitwirkung von H. CLorren, 
Mit 78 Abbildungen und einer Spectraltafel. Braunschweig : 
F. Vieweg und Sohn. 1901. Pp. xx+940. 

THis important work, which is largely the outcome of the author’s 
varied experience, is intended as a guide for the professional 
chemist, and the student who has already mastered the general 
methods of chemical analysis. Special attention has been given 
to the methods for detecting and accurately estimating the 
amounts of a number of elements generally referred to as the 
“rare” elements, many of which have of late years acquired 
technical as well as purely scientific interest. In his preface, the 
author states that the methods described by him have either been 
frequently used by himself, or else critically examined and tested by 
others ; it is therefore no mere indiscriminate collection of methods 
suitable and unsuitable that we have to deal with in this book, 
but, as its title implies, a careful selection of the more important 
and practically useful methods. 

The arrangement of the subject-matter follows one uniform 
plan, and renders it very easy to find any required information. 
The metallic elements, which alone are considered in this volume, 
are arranged in their usual analytical order, silver heading the 
list. The qualitative tests by means of which the presence of the 
particular element considered may be ascertained first receive 
attention. Then come the various gravimetric, electrolytic, and 
volumetric methods of quantitative analysis applicable to the 
particular element in question. Next follow methods for 
separating the element under consideration from those preceding 
it, and the final section deals with the analysis of such compounds 
of the metal as are of commercial importance, At the end of the 
book is given a most useful set of tables for facilitating the 
numerical calculation of the results of an analysis. 

Copious references to original sources of information are given ; 
and the very complete index greatly adds to the value of the book 
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as a highly important work of reference, which should find a place 
in the library of every analytical chemist. 

Entstehen und Vergehen der Welt als kosmischer Kreisprozess. Auf 
Grund des pyknotischen Substanzbegriffes. Zweite umgear- 
beitete und erweiterte Auflage. Von J. G. Voer. Leipzig: 
Ernst Wiest Nachf. Pp. viii+1005. 1901. : 

Tis elaborate book furnishes a good example of misdirected 
energy. Its author has read widely, and evidently belongs to that 
class of thoughtful and philosophically-inclined people who are 
under the impression that they have hit upon an original and 
correct interpretation of the universe, and feel it a bounden duty 
to benefit humanity by publishing the results of their speculations. 
The book strongly reminds us of one or two similar treatises which 
have recently appeared in English. One characteristic of the 
authors of such books appears to be a strong conviction of their 
competence to criticise the teachings of orthodox science. They 
accordingly set about finding all sorts of mares’ nests in modern 
scientific theory, and spend an inordinate amount of energy in 

tilting against windmills. One or twoillustrations of our author’s 
methods will be sufficient to show in how far his wide reading has 
really enabled him to grasp the fundamental doctrines of modern 
science. He severely criticises Newton’s First Law of Motion, 
remarking that if it were true, a body once set in motion by an 
impulse would become a perpetuwm mobile: and is not a perpetwum 
mobile in flagrant contradiction with the law of the conservation 
of energy? Again, he will have none of the theory of a vibrating 
atom. For is not an atom which goes on vibrating for ever 
another example of a perpetuwm mobile, and another violation of 
the principle of the conservation of energy ? 

The teachings of science having been tound wanting, the author 
proceeds to develop a “reale Weltanschauung,’ and, as might have 
been expected, “von durchaus neuen Gesichtspunkten.” The 
series of phenomena now going on in the physical universe form 
the consecutive stages in the descending branch of a cosmical 
cyclic process. The true explanation of most problems is to be 
found in endowing matter with one fundamental property—the 
tendency towards condensation. A nucleus of condensation in 
the primordial substance out of which all the elements have arisen 
is termed a “ pyknotum,” and the author’s theory of the universe 
is founded on the “ pyknotische Substanzbegriff.” This is used in 
accounting for the genesis of the elements, gravitation, chemical 
affinity, heat, light, magnetism, and electricity. Having exhausted 
the regions of physics and chemistry, the author next tackles 
biological and finally ethical problems. He is not sparing of abuse 
in dealing with our present social system, and his remarks in this 
connexion, if not altogether convincing, form piquant and 
interesting reading. He is an avowed pessimist: ali that is most 
sacred to us is founded on‘a lie, and we must ultimately acquiesce 

in the sad conclusion ‘ | 
Nur im Irritum ist das Leben 
Und das Wissen ast der Tod! 
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The pity and pathos of it all! That one of the author's 
undoubted industry should devote his time to writing a volume of 
over 1000 pages which, apart from questions of actual error, 
consist of little better than a mass of fanciful and extravagant 
speculations. 

LVI. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 

.(Continued from p. 324. ] 

May 8th, 1901.—J. J. H. Teall, Esq., M.A., V.P.RB.S., 
President, in the Chair. 

i ion following communication was read :— 
‘The Influence of the Winds upon Climate during the Pleisto- 

cene Epoch; a Palzo-Meteorological Explanation of some Geolo- 
gical Problems.’ By F. W. Harmer, Esq., F.G.S. 

Winds are an important factor in determining the distribution of 
climatic zones. Deviations of the isotherms from the normal are 
generally connected with the direction of the prevalent winds. The 
influence of marine currents is indirect rather than direct. Changes 
of wind cause marked and sudden changes in the weather, though 
the general direction of ocean-currents remains the same. Permanent 
alterations in climate during past epochs would have equally 
resulted from permanent changes in the wind. Anomalous weather 
is due to some unusual arrangement of high and low-pressure areas. 
Former cases of anomalous climate can only have occurred when 
the meteorological conditions were favourable. 

Continental areas tend to be cyclonic in summer and anticyclonic 
in winter, while the reverse is broadly true of the oceans. During 
the Glacial Period ice-covered areas would have remained more or 
less anticyclonic throughout the year, while low-pressure areas must 
have prevailed in regions to the south of them and over the adjoining 
oceans. This would have altered the prevalent direction of the winds 
and the distribution of rainfall; thus the anticyclone of the European 
ice-sheet may have caused cyclonic storms to pass farther south than 
at present, bringing oceanic winds over the Sahara, which formerly 
enjoyed a humid climate. Dead shells are rarely found now on 
the eastern shores of Norfolk and Suffolk, though they are driven 
on to the Dutch coast by westerly gales. Shell-débris in the Upper 
Crag-beds of East Anglia shows that easterly gales were common at 
that period. This may have been due to the altered path of cyclones, 
eaused by the glacial conditions which were becoming established 
in regions to the north of Great Britain. The abundance of 
mammoth-remains along the shores of the Polar Sea, and the 
alternate humidity and desiccation of the basin of Nevada may 
have resulted from allied causes. 

It is difficult, however, to restore hypothetically the meteorological 
conditions of the Pleistocene epoch on the theory that the maximum 
glaciation of the eastern and western continents was contemporaneous. 
In that case an enormous anticyclone would have extended from the 
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pole southward over both continents at the same time, causing 
cyclonic conditions in the Atlantic both in summer and winter. 
Such a condition of things would have flooded Western Europe with 
warm southerly winds. No such meteorological difficulties arise if 
the hypothesis that the more important glacial and interglacial 
periods alternated in the western and eastern continents be adopted. 
Thus persistent and excessive cold in North America during the 
winter of 1898-99 was coincident with abnormal warmth in Europe; 
the winds were northerly and polar in America, southerly and 
strictly complementary in Europe. 

On the other hand, the effect of an ice-sheet anticyclone extending 
from Greenland to Central Europe might have been to force the 
storm-tracks of the North Atlantic to the south-west, producing 
warm south-easterly winds in Labrador, which would have tended, 
moreover, to divert the surface-currents of the North Atlantic from 
the European to the American coast. The glaciation of Great 
Britain could only have happened at a time when the Icelando- 
British Channel was closed. No permanent ice-sheet could have 
existed in Britain and Scandinavia while the influence of the Gulf- 
stream was as it 1s at present. 

It is possible that the shifting of glacial conditions from one 
side of the Atlantic to the other may have been due to differential 
earth-movements. 

The views taken in this paper afford a simpler explanation of 
geological facts than those usually adopted. Instead of supposing 
that the climatic changes of the Great Ice Age, several times 
recurrent at intervals of a few thousand years, were due to 
astronomical or physical causes, it is suggested that the climate of 
the northern hemisphere being, from some unexplained cause, colder 
than that of our era, conditions of comparative warmth or cold may 
have been more or less local, affecting the great continental areas 
at different periods. 

May 22nd.—J. J. H. Teall, Esq., M.A., V.P.R.S., President, 
in the Chair. 

The following communications were read :— 
1. ‘On the Skull of a Chiru-like Antelope from the Ossiferous 

Deposits of Hundes (Tibet).’? By Richard Lydekker, Esq. 

2. ‘On the Occurrence of Silurian (?) Rocks in Forfarshire and 
Kincardineshire along the Eastern Border of the Highlands.’ By 
George Barrow, Esq., F.G.S. 

These rocks occur in three lenticular strips between the schistose 
rocks of the Highlands and the boundary-fault next the Old Red 
Sandstone. The largest is about 20 miles long, and extends almost 
from Cortachy to beyond the Clattering Bridge; it is about 2 mile 
wide at its widest. The rocks are divided into two groups: the Jasper 
and Green-Rock Series below and the younger Margie Series above. 
A section along the North-Esk Kiver is described in detail, and other 
sections referred to it. The lower division consists of fine-grained 
sandstones (bearing microcline), grey slaty shales, jaspers (some- 
times containing circular bodies resembling radiolaria), and a variable 
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series of basic igneous rocks (‘ green rock’) of coarse texture and 
probably intrusive origin. The upper division consists of con- 
glomerates, pebbly grits, dark and white shales, pebbly limestone, 
and grey shale. The age of the series cannot be definitely ascer- 
tained, but the lower division is compared with the Arenig cherts, 
etc. of the Southern Uplands, while the Margie Series is newer than 
this, but older than the Old Red Sandstone. [Both groups have been 
much deformed, but the sediments contain clastic micas and have 
undergone practically no recrystallization, and the igneous rocks are 
never changed into hornblende-schists. ‘The deformation is greatest 
near the junction with the Highland Schists, giving rise to a deceptive 
appearance of an upward succession and an apparent transition in 
crystalline character, but the crushing never extends more than a 
few yards into the Highland Series. A major thrust separates the 
Highland Schists from the Jasper and Green-Rock Series, and a 
minor thrust generally separates the latter from the Margie Series. 
The position of the major thrust and that: of the later great 
boundary-fault skirting the Old Red Sandstone have been deter- 
mined by the outer limit of the aureole of crystallization of which 
the South-Eastern Highlands form a part. ‘The harder crystalline 
schists to the north-west have snapped off from the softer portions, 
now covered by newer rocks to the south-east. 

3. ‘On the Crush-Conglomerates of Argyllshire.” By J. B. Hill, 
Ksq., R.N. 

While the sedimentary origin of the Highland Boulder-bed is 
proved by the foreign boulders contained in it, there occur in 
the Loch-Awe region certain conglomerates, often along definite 
horizons, which may have been confused with it, but which the 
author is able to prove have originated by crushing. The sedi- 
mentary rocks of the area include all the members of the Loch- 
Awe Series, consisting of grits, slates, and limestones, the latter being 
mostly gritty in character. Associated with these is an enormous 
amount of igneous material of Dalradian age, ranging from inter- 
mediate to basic in composition, together with porphyrite-dykes 
probably of Old-Red-Sandstone age, and a plexus of Tertiary dykes. 
The sediments are everywhere folded, the folds being of isoclinal 
type. The Dalradian igneous material consists of epidiorites; and 
evidence is brought forward to prove that these rocks are intrusive, 
while their great apparent bulk is probably to be accounted for by 
repetition due to folding. A petrographical description is given of 
the various types of rocks represented among the epidiorites, the 
minerals of which include hornblende and felspar, with chlorite, 
epidote, calcite, quartz, and iron-ores. There is every gradation in 
texture from a coarse gabbro-like type to the finest schists, and some 
of the rocks are vesicular. The rocks are frequently foliated. 

The crush-conglomerates have been observed in the limestones, 
quartzites, and epidiorites ; but they are most conspicuously deve- 
loped at the junction of rocks of dissimilar character, and especially 
when the limestone and epidiorite are in juxtaposition. The 
junction of the two rocks is intricately folded: folded knobs of epi- 
diorite measuring from a few inches to a foot or more being packed 
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together in a limestone-matrix. In the sections big blocks may be 
seen in process of division by shearing-movements, which have 
succeeded the folding. The limestone seems generally to have played 
the part of a plastic body, and has accommodated itself as a matrix to 
the folded and isolated fragments of epidiorite, between which it has. 
been squeezed. ‘Thus the origin of the conglomerate 1s satisfactorily 
proved by the fact that it contains fragments of rocks newer than 
the sediments in which the crush-conglomerates are embedded. The 
author considers that it would be safer to regard such conglomerates 
in this area as have a calcareous matrix as having been formed by 
crushing. 

June dth.—J. J. H. Teall, Esq., M.A., V.P.R.S., President, 
in the Chair. 

The following communications were read :— 

1. ‘On the Passage of a Seam of Coal into a Seam of Dolomite.’ 
By Aubrey Strahan, Esq., M.A., F.G.S. 

The author was informed by Mr. N. R. Griffith in 1900 that the 
Seven-Feet Seam of the Wirral Colliery had been found to pass into 
stone of an unusual character. For a distance of 1600 yards from 
the shaft this seam was good, and about 4 feet thick. A little farther 
in, bands of stone from 1 to 10 inches thick made their appearance- 
in it, and, gradually increasing in thickness, these bands eventually 
constituted the whole seam, the last traces of workable coal dis- 
appearing at 250 yards from the point where the change first began. 
The boundary of the barren area has been found for a distance of 
1480 yards, and it runs north and south. The stone is at first black, 
but after weathering it becomes grey, and displays curious structures, 
among which are pisolitic, or mammillated structures, the inter- 
vening spaces being filled with coaly matter. One specimen displays 
woody tissue filled with dolomite. Analyses by Dr. W. Pollard yield 

from 18°5 to 13 per cent. of magnesia. The phenomena are not 
those of a ‘ wash-out,’ as there is no sign of erosion, but there is 
proof that the dolomite was formed in almost motionless water, and 
the conditions appear to have been those under which a tufa would 
form. It appears to have been formed on a spot to which clastic 
material scarcely gained access, and which was reached even by 
vegetable matter in scant quantity and in a finely divided condition. 

2. ‘On some Landslips in Boulder-Clay near Scarborough.’ By 
Horace W. Monckton, Esq., F.L.S., V.P.G.S.  _ 

In 1893 Mr. Clement Reid drew attention to a foliated structure 
developed in Drift at Beeston, near Cromer (Proc. Geol. Assoc. vol. xiii, 
p. 66), and soon afterwards the present author noticed examples of 
a very similar character in Boulder-Clay on the Yorkshire coast. 
The Clay forms much of the cliffs, and slips, large and small, are very 
frequent. When the Clay is dry, vertical cracks forming a sort of 
columnar structure occur, and the Clay breaks away in lumps, while 

a moister condition causes flow, producing more or less horizontal 
flow-structure which, as in the Cromer case, has the appearance of 
irregular bedding. The author illustrated his remarks by photo- 
graphs of the cliffs taken by himself. 
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LVII. On the Induction-Coil. Sy Lord Rayueien, F.R.S.* 

LTHOUGH several valuable papers relating to this 
subject have recently been published by Oberbeck f, 

Walter, Mizuno §, Beattie ||, and Klingelfuss{, it can 
hardly be said that the action of the instrument is weil 
understood. Perhaps the best proof of this assertion is to be 
found in the fact that, so far as I am aware, there is no 
@ priori calculation, determining from the data of construction 
and the value of the primary current, even the order of 
magnitude of the length of the secondary spark, I need 
hardly explain that I am speaking here (and throughout 
this paper) of an induction-coil working by a break of the 
primary circuit, not of a transformer in which the primary 
circuit, remaining unbroken, is supplied with a continuously 
varying alternating current. 

The complications presented by an actual coil depend, or 
may depend, upon several causes. Among these we may 
enumerate the departure of the zvon from theoretical behaviour, 
whether due to circumferential eddy-currents or to a failure 
of proportionality between magnetism and magnetizing force. 
A second, and a very important, complication has its origin 

* Communicated by the Author from the Jubilee volume presented to 
Prof. Bosscha. 

+ Wied. Ann, lxii. p. 109 (1897) ; lxiv. p. 193 (1898). 
t Wied. Ann. Ixii. p. 300 (1897); lxvi. p. 623 (1898). 
§ Phil. Mag. xlv. p. 447 (1898). 
|| Phil. Mag. 1. p. 189 (1900). 
q| Wied. Ann. v. p. 837 (1901). 

Phil. Mag. 8. 6. Vol. 2. No. 12. Dee. 1901. 2Q 
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in the manner of break, which usually occupies too long a 
time, or at least departs too much from the ideal of an 
instantaneous abolition of the primary current. <A third 
complication arises from the capacity of the secondary coil, 
in virtue of which the currents need not be equal at all parts 
of the length, even at the same moment of time. If we 
ignore these complications, treating the break as instan- 
taneous, the iron as ideal, and the secondary as closed and 
without capacity, the theory, as formulated by Maxwell *, 
is very simple. In his notation, if w, y denote the primary 
and secondary currents, L, M, N the coefficients of self and. 
mutual induction, the energy of the field is 

Lie? + May+iNy?. . . . 2 ae 
If ¢ be the primary current before the break, the secondary 
current at time ¢ after the break has the expression 

Mi ea 
yao oN", Se 

S being the resistance of the secondary circuit. The 
current begins witha value c. M/N,and gradually disappears. 

The formation of the above initial current is best under- 
stood in the light of Kelvin’s theorem, as explained by me 
in an early paper t. Tor this purpose it is more convenient 
to consider the reversed phenomenon, viz., the instantaneous - 
establishment of a primary current c. The theorem teaches 
that subject to the condition «=c the kinetic energy (1) is to 
be made a minimum ; so that 

Mce+Ny=0 

gives the initial secondary current. In the case of the break 
we have merely to reverse the sign of y. 

Immediately after the break, when «=O and y has the 
above value, the kinetic energy is 

palaces 
Van ° 

SNy, OY 243 N 

Immediately before the break the kinetic energy is $Lc’, so. 
that the loss of energy at break—the energy of the primary 
spark—is 

> UN—M? 
40° al 5 “ a ° ; ° : (3). 

* “Flectromagnetic Field,’ Phil. Trans. 1864; Maxwell’s Scientific. 
Papers, 1. p. 546. 

+ “On some Electromagnetic Phenomena considered in connexion with 
the Dynamical Theory,” Phil. Mag. xxxvii. p. 1 (1869); Scientific 
Papers, i. p. 6. 
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vanishing when the primary and secondary circuits are 
closely intertwined—the case of no ‘‘ magnetic leakage.” 

If we maintain the suppositions as to the behaviour of the 
iron and the suddenness of the break, the above calculated 
secondary current may be supposed to be instantaneously 
formed, even although the secondary circuit be not closed. 
This is most easily seen when a condenser, such as a leyden- 
jar, is associated with the ends of the secondary. Hven 
when no jar is applied, the capacity of the secondary itself 
acts in the same direction and allows the formation of the 
current. Whether partly due to a jar or not, it will be 
convenient for the present to regard the capacity as associated 
with the terminals only of the secondary wire. Under these 
circumstances the secondary current follows the laws laid 
down by Kelvin in 1853, the same in fact as govern all 
vibrations in which there is but one degree of freedom. If 
the resistance is not too high, the current is oscillatory. After 
the lapse of one quarter of a complete period of these 
oscillations, the current vanishes, and the whole remaining 
energy is the potential energy of electric charge. If the 
resistance of the secondary wire can be neglected (so far as 
its influence during this short time is concerned), the 
potential energy of charge is the equivalent of the original 
energy of the secondary current at the moment after the 
break. In the case of no magnetic leakage, this is again the 
same as the energy of the primary current before break. 

On these principles it is easy to calculate a limit for the 
maximum potential-difference at the terminals ofthe secondary, 
or for the spark-length, so far as this is determined by the 
potential-ditterence. Tor if ¢ be the capacity at the secondary 
terminals, V the maximum potential-difference, the energy: of 
the charge is 47V*, and this can never exceed the energy 
of the primary current before break, viz., $Lc?. The limit 
to the value of V is accordingly 

AT AO ) ey ee ee ee 

and it is proportional to the primary current. 
So long as the iron can be treated as ideal, the above 

formula holds good, and upon the supposition of a sufficiently 
sudden break there seems to be no reason why it should not 
afford a tolerable approximation to the actual maximum value 
of V. The proportionality between spark-length and primary 
current was found to hold good in Walter’s experiments over 
a considerable range. 

When the core is very long in proportion to its diameter, 
or when it approximates to a closed circuit, the behaviour of 

2Q2 
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the iron may deviate widely from that described as ideal, and 
the quantity denoted by L has no existence. But the 
principle remains that the energy of charge at the moment 
preceding the secondary spark cannot exceed, though it may 
somewhat closely approach, the energy of the primary 
current before break. 
We have next to consider how the energy of the primary 

current is to be reckoned, and here we encounter questions as 
to which opinion is not yet undivided. The general opinion 
would, [ suppose, be that the bodily magnetization of the iron 
represents a large store of available energy. If this bea 
correct, the inference would be irresistible in favour of a 
very long, or a completely closed, iron core. Some years 
ago *, reasoning on the basis of the theory of Warburg and 
Hopkinson, I endeavoured to show that highly magnetized 
iron could not be regarded as a store of energy—that the 
energy expended in producing the magnetization was re- 
coverable but to a small extent, or not at all. Although this 
conclusion does not appear to have been accepted, perhaps in 
consequence of an erroneous application to alternating current 
transformers, I still see no means of escape from it. The 
available energy of a highly magnetized closed circuit of iron 
is insignificant. Ifthe length be limited, there is available 
energy, in virtue of the free polarity at the ends. 

The theory is best illustrated by the case of an ellipsoid of 
revolution exposed to uniform eaternal magnetizing force 
§! acting parallel to the axis. “If 3 be the magnetization 
parallel to the axis of symmetry (2c), the demagnetizing 
effect of J is NS¥, where N is a numerical constant, a function 
of the eccentricity (¢). When the ellipsoid is of the ovary or 
elongated form, 

a=b=e /(1—e*), 

ih Pe abe 

N=40(4—1)(5,og7=;-1) 
beconting in the limiting case of the sphere (e=0), 

N=477; 

and at the other extreme of elongation assuming the form 

a? 2¢ 
N=4n5 (log =—1). oonidee epee 

‘The force actually operative upon the iron is found by 

* “On the Energy of Magnetized Iron,” Phil. Mag. xxii. p. 175 (1886) ; 
Scientific Papers, 1, p. 543, 
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subtracting NS from that externally imposed, so that 

§=§/-N3; 
and if from experiments on very elongated ellipsoids (N=0) 
we know the relation between § and S%, then the above 
equation gives us the relation between §/ and 3 for any 
proposed ellipsoid of moderate elongation. If we suppose 
that 5 is plotted as a function of $, we have only to add in 
the ordinates NS, proper to a straight line, in order to obtain 
the appropriate curve for $’.” 

The work expended in magnetizing the iron is per unit of 
volume 

JH dJ+4NY, 
if we reckon from the condition of zero magnetization. The 
first part is practically wasted; the second, which in most 
cases of open magnetic circuits is much the larger, is com- 
pletely recovered when the iron is demagnetized. 

If it appear paradoxical that the large integral electro- 
motive force which would accompany the disappearance of 
high magnetization in a closed iron circuit should be so 
inefficient, we must remember that the mechanical value of 
electromotive force depends upon the magnitude of the 
current which it drives, and that in the present case the 
existence of more than a very small current is inconsistent 
with that drop of magnetization upon which the electromotive 
force depends. 

The considerations above explained are of interest in the 
present question as affording a limit depending only upon 
the iron core and the secondary capacity. For 3 cannot 
exceed a value estimated at about 1700 c.¢.s., whatever may 
be the magnetizing force of the primary current. Thus if v 
be the volume of the core, the maximum energy * is 

4N x vx 1700? ; 

and the limit to V is found by equating this to $¢V%, so that 

Rae TOU 4/ (ergs kn. Lane 

I have made a rough application of this formula to a coil 
in my possession, with results that may be here recorded. 
The core had a diameter of 3 cm. and a length of 27 em., so 
that v=180c¢.c. From (5), properly applicable only to an 
ellipsoid, we get by setting 2a=3, 2c=27, N=-30. 

The capacity of the secondary is more difficult to deal with. 

* The energy of the primary current without a core is here neglected. 
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In modern coils the greater part would appear to arise from 
the positive and negative potentials at the ends of the coil as 
opposed to the zero potential of the primary wire. The 
capacity between the primary and secondary wires, considered 
as poles of a condenser, can be calculated and in many cases 
determined experimentally. The axial dimension of the 
secondary of the coilabove referred to is about 18 cm., and the 
external diameter of the primary wire is about 5 em., making 
the area of each of the opposed surfaces 270 sq. cm. The 
interval between the primary and secondary wires is ‘25 em. ; 
so that, taking the specific inductive capacity of the inter- 
vening layer at 3, we get for the capacity in electrostatic | 
measure of the condenser so constituted 

ut 3 270 : 
: 5 ogee 

Only a fraction of this, however, is operative in the present 
ease. On the supposition of a coil constructed in numerous 
sections, the potential in the middle will be zero, the same as 
that of the primary wire, and will increase numerically 
towards either end. The factor of reduction on this account 

e +3 5 

will be he x? dx, or 75, so that we may take as the value of 

g in (6) about 23 em.—probably rather an underestimate. 
Calculating from these data, we get in (6) 

V = 2600. 

This is in electrostatic measure. The corresponding volts are 
79x 10°. If we reckon 33,000 volts to the cm., the spark- 
length will stand at 24 cm. The coil in question is supposed 
to be capable of an 8 or 10 cm. spark, and doubtless was 
capable when new. It is remarkable that the limit, fixed by 
the iron and secondary capacity alone, should exceed so 
moderately the actual capability of the coil. 

The limiting formula (6), in which neither the value of the 
primary current nor the number of secondary windings 
appears, is arrived at by supposing the iron to be magnetically 
saturated. It illustrates, no doubt with much exaggeration, 
the disadvantage of too great a length. If a be given, while 
¢ varies, v and g are both proportional to c, so that V« /N. 
And /N« ct nearly. In somewhat the same way the increase 

* Another coil by Apps, in which the insulation was sufficiently good 
to allow the application of electrostatic methods, was tested experimentally. 
The capacity between primary and secondary wires was thus found to be 
120 em., less than the half of that calculated for the first coil. But in 
this case an ebonite tube separated the two wires. 
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of effective capacity explains the comparative failure of 
attempts to increase spark-length by combining similar coils 
in series, in spite of the augmented energy at the moment of 
break *, 

If the object be a rough estimate rather than a limit, a 
more practical formula will be obtained by substituting for 
%§ in (6) its approximate value §’/N ; so that 

% (D} - v=9'/(<), es) 

§/ denoting the external magnetizing force, due to the 
primary current. The actual magnetizing force, required to 
magnetize the soft iron, is here regarded as relatively negli- 
gible. According to (7) the spark-length is proportional, 
ceteris paribus, to the primary current ; and it increases with 
the length of the coil, since N now occurs in the denominator. 
The application must not be pushed into the region where the 
iron becomes approximately saturated. 

In the above discussion the capacity 7 of the secondary will 
probably be thought to play an unexpectedly important part, 
and the question may be raised whether it is really this 
capacity which limits the spark-length in actual coils. It is 
not difficult, to prove by experiment that capacities of the 
order above estimated, applied to the secondary terminals, do 
in fact reduce the spark-length, though not, so far as I have 
seen, to the extent demanded by the law of g-?, But we 
must remember that this law has been obtained on the 
assumptions, not to be fulfilled in practice, of absolute 
suddenness of break and of entire absence of eddy-currents in 
the iron. If under these conditions secondary capacity were 
also absent, it would seem that there could be no limit to the 
maximum potential developed. The experiments of Prof. J. 
J. Thomson + may be considered to show that even in extreme 
cases, such as the present, the iron, as a magnetic body, would 
not fail to respond, 

As regards the eddy-currents, it may be well to consider a 
little further upon what their importance depends. If there 
were no secondary circuit, the magnetism of each wire of 
the iron core would be continued at the moment after break, 
supposed infinitely sudden, by a superficial eddy-current. A 
secondary circuit, closely intertwined with the primary, would 
transfer these eddy-currents to itself, and so continue for the 
first moment the magnetism of the core. But a little later, 

* I am indebted to Mr. Swinton for the details of some experiments in 
this direction made for Lord Armstrong. 

t ‘Recent’ Researches,’ p. 323. 
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as the magnetism diminished, eddy-currents would tend to be 
formed, and their importance for our purpose depends upon 
their duration. If this be short, compared with the time- 
constants of the secondary circuit, their influence may be 
neglected. Otherwise the electromotive force of the falling 
magnetism lags, and acts to less advantage. The time- 
constant, viz., the time in which the current falls in the ratio: 
e: 1, for the principal eddy-current in a cylinder of radius R 
is given by | 

AmuCR? 
7 (PAosee se Ae) See (8), 

where C represents the conductivity and w the permeability *. 
lf d be the thickness of a thin sheet having the same time- 
constant as the wire of radius R, it is easily shown in the: 
same way that 

ad: R=am: 2°404, 

If we take for iron in C.G.s. measure 

C=1/9611 p= 500, 

we get approximately 
T= 70 I? : ° Pee ee ak hen: & (9): 

so that for a wire of 1 mm. diameter T= 7,95 second. It: 
may be doubted whether this would be small enough to 
prevent the eddy-currents reacting injuriously upon the. 
secondary circuit. 
We will now consider the third of the causes which impose- 

a limit upon the secondary spark, viz. want of suddenness in 
the break, supposed for the present to be unprovided with a 
condenser. After the cessation of metallic contact the primary 
current is prolonged by the formation of a sort of arc, the 
duration of which depends among other things, such as the 
character of the metals, upon the magnitude of the current 
itself. If we again suppose the behaviour of the iron to be 
ideal, we may treat the secondary circuit as a simple vibrator, - 
upon which acts a force (U) proportional to the rate of fall 
of the primary current. The equation of such a vibrator is, as. 
usual, 

d? d 
ae tea +nu=U ; OD 

and the solution corresponding to u=0 (no charge), du/dt=0 

* Brit. Assoc. Rep. p. 446 (1882); Scientific Papers, ii. p. 128.. 
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(no current), when ¢=0, is * 
i t 

“= aa eaten a! (6b) Wide EEE 
0 

where 

P= A (Ne = 2) no nll ep theese 

The various elements of (11) represent in fact the effects at 
time ¢ of the velocities U dt! communicated (t—?’) earlier. 
In the present case we are to suppose that U is positive 
throughout, and that \Uae is given. 

The integral simplifies in the case of «=O, that is of 
evanescent secondary resistance. We have then 7’ =), ane 

E 

ral sina (i—t')). Urdils ). oj ty eee 
0 

It is easy to see that the integral, representing the potential 
at the secondary terminals, is a maximum when U is concen- 
trated at some one time ¢', and ¢ is such that 

sin n (t—t')=1, 

that is, when the break is absolutely sudden and the time 
considered is one quarter period later. If the break be not 
sudden, sinn(t—?’) will depart from its maximum value 
during part of the range of integration, and the highest 
possible value of wu will not be attained. 

The theory is substantially the same if « be finite. There 
is some value of (¢ —¢’) for which 

e~2*@—*) sin n/(t —t’) 

is a maximum; and the greatest value of u will be arrived at 
by concentrating U at some time ¢’, and by so choosing 
t that (¢—?’) has the value above defined. The conclusion is 
that if the primary current tall to zero from its maximum 
value without oscillation, the potential at the secondary ter- 
minals will be greatest when this fall is absolutely sudden, 
and that this greatest value begins to be sensibly departed 
from when the break occupies a time comparable with one of 
the time-constants of the secondary circuit. In the case of 
no resistance we have to deal merely with the time of 
secondary oscillation ; but if the resistance is high, the other 
time-constant, N/S, may be the smaller (see equation (2) ). 

It is here that the character of the secondary coil, especially 
as regards the number of its windings, enters into the question. 

* ‘Theory cf Sound,’ .vol. i. § 66. 
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‘On the supposition of an absolutely sudden break, we arrived 
at the rather paradoxical conclusion that the limit of spark- 
length depended only upon the capacity of the secondary 
without regard to the number of windings—a number which 
could be changed in a high ratio without sensibly influencing 
the capacity.. We-see now, at any rate, that a reduction in 
the number of windings, and the accompanying diminution 
in the time of oscillation, would necessitate a greater and 
greater suddenness of break, if the full effect is to be retained. 

We will now consider the action of the primary condenser, 
a question, the reader may be inclined to think, already too 
long postponed. For itis well known that in most actual 
coils the condenser is an auxiliary of the utmost importance, 
increasing the spark-length 5 or 10 times, even when the 
break is made at pieces of platinum. And, although it has 
been customary to say, no doubt correctly, that the condenser 
acts by absorbing into itself the primary spark, and so in- 
creasing the suddenness of break, it is usual to attribute to 
ita further virtue, and not unnaturally when it is remembered 
that the effect may be not merely to stop, but actually to 
reverse, the primary current. If, however, the theory of the 
foregoing pages is correct, we shall be constrained to take a 
different view. 

The action of the condenser, and especially the most advan- 
tageous capacity, has been studied experimentally by Walter 
and by Mizuno. That there must be a most advantageous 
capacity is evident beforehand, inasmuch as a very small 
capacity is continuous with no condenser at all, and a very 
large capacity is continuous with an uninterrupted flow of the 
primary current. It is more instructive that the former 
observer found the most advantageous capacity to vary with 
the manner of break (whether in air or under oil), and that 
the latter found a dependence upon the strength of the pri- 
mary current, a larger current demanding a larger condenser. 

When a condenser is employed, it is important that it be 
connected as directly as possible with the points between 
which the break is made to occur. A comparatively small 
electromagnet, included between one of the break-points and 
the associated condenser-terminal, suffices to diminish, or 
even to annul, the advantage which the use of the condenser 
otherwise presents *, The explanation is, of course, that the 
current in an electromagnet so situated tends to flow on across 
the break-gap, and so to establish an are, with a force which 
the condenser is powerless to relieve. 

* Phil. Mag, vol. ii. p. 282 (1901). 
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Returning to the theoretical aspect of the question, and 
inquiring whether there is any reason for exnecting a con- 
denser to give an advantage as compared with an absolutely 
sudden cessation of the primary current, it is difficult to see 
ground for other than a negative answer. In the case of no 
magnetic leakage, somewhat closely approached, one would 
suppose, in practice, an instantaneous abolition of the primary 
current throws the whole available energy into the secondary 
circuit, and thus, doing all that is possible, allows no room for 
an improvement. Under such conditions a condenser can 
only do harm. 

In the opposite extreme case of but a relatively small 
mutual induction between primary and secondary, it is indeed 
conceivable that the action of a condenser may be advantageous. 
The two currents would then be comparatively independent 
and, if the resistances were low, they might execute numerous 
oscillations. If the primary current were simply stopped, 
the effect in the secondary would be small; whereas, espe- 
cially if there were synchronism, the vibrations of the primary 
current rendered possible by the condenser might cause an 
accumulation of effect in the secondary. The case would be 
that of “ intermittent vibrations””*, such as may occur when 
a large tuning-fork is clamped ina vice. A vibration, started 
by a blow, in one prong gradually transfers itself to the other. 
Bat it is difficult to believe that anything of this sort occurs 
in an induction-coil as actually used. 

I do not know how far the theoretical arguments here 
advanced will convince the reader that the use of a condenser 
in the primary circuit should offer no advantage as compared 
with a sufficiently sudden simple break ; but I may confess 
that I should have hesitated to put them forward had I not 
obtained experimental confirmation of them. My earlier 
attempts in this direction were unsuccessful. A quick break 
was constructed in which a spring, bearing upwards against a 
stop, could be knocked away by a blow ‘with a staff, ¢ or by a 
falling weight. Although the contacts were of platinum, but: 
little advantage was gained i in comparison with the ordinary 
platinum break of the coil. Thus in one set of experiments, 
where the coil was excited by a single Grove cell, a break 
made quickly by hand gave a spark about 8 mm. long. The 
use of a weight, hung by a cotton thread, and. falling’ 
through about 12 feet w vhen the thread was burned, increased 
the length only to 8 mm. This was without a condenser. 
When the eondensér was applied, the spark-length was 

* ‘Theo-y of Sound,’ vol, i. § 114, 
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14 mm., and it made no perceptible difference whether or not 
the falling weight was employed. Considering that the 
velocity of the weight at impact must have been about 30 feet 
per second and that its mass was large compared with that of 
the spring, these results were far from promising. Witha 
stronger primary current the advantage gained from the con-. 
denser was much greater, and the utility of the quicker break,. 
with or without condenser, seemed to be nil. 

But, in spite of the failure of the quick break, one or two. 
observations presented_themselves which seemed worthy of. 
being followed up. It was noticed that, with one Grove cell 
in the primary, the spark, although very inferior when no 
condenser at all was employed, was improved wken the usual 
condenser (of large capacity) was replaced by a single sheet 
of coated glass (Franklin’s pane). And, what was perhaps. 
more instructive still, when the already weak primary current 
was further reduced by the insertion of one or two ohms extra 
resistance, the spark-length (now very small) was less with 
than without the usual coil condenser. This observation was: 
repeated, with like result, upon another cvil (by Apps) and 
its associated condenser. At any rate in the case of very weak. 
primary currents, the usual condenser did harm rather than: 
ood. 

9 The view, suggested by the foregoing results, that while: 
the ordinary break was quick enough in the case of weak. 
currents to allow a condenser to be dispensed with, the: 
superior arcing power of strong currents demanded a much 
more rapid break, encouraged further efforts. An attempt to- 
secure suddenness by forcibly breaking with a jerk a length 
of rather thin copper wire, forming part of the primary 
circuit, failed entirely, as did also, perhaps for want of suffi-. 
ciently powerful appliances. an attempt to blow up a portion 
of the primary circuit by electric discharge. Another method, 
however, at once allowed an advance to be secured. This 
consisted in cutting the primary circuit by a pistol-bullet ;. 
and it was found that this form of break without condenser: 
was about as efficient as the usual platinum break with con- 
denser, although the primary current was increased to that 
supplied by three or four Grove cells and the spark-length to. 
40 mm., that is, under about the ordinary conditions of 
working. 

A further improvement was effected by cutting away about 
half of the bullet with the intention of raising its velocity. The 
following results were recorded with an Apps’ coil excited by 
three Grove cells. The spark-gap being 50 mm., the usual 
platinum break: and condenser were not able to send a 
spark across. Even with the somewhat more efficient break. 
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provided by a pot of mercury well drowned in oil and con- 
denser, only about one break in fifteen succeeded. On the 
other hand, of three bullets fired so as to cut the primary wire 
(no condenser) two succeeded ; while for the failure of the 
third there was some explanation. The bullet without con- 
denser was now distinctly superior to the best ordinary break 
-with condenser. 

The next step was the substitution of a vi/le-bullet, fired 
from a service rifle. Here again the bullets were radeee to 

about one-half, and after cutting the wire were received in a 
long box packed with wet sawdust. At 60 mm., while the 
mereury-under- oil break with condenser gave only feeble 
brush-discharges, good sparks were nearly uniformly obtained 
from the bullet wor rking without a condenser. At 70mm. the 
bullet without condenser was about upon a level with the 
mercury-under-oil break with condenser at 60 mm. As 
regards the strength of the primary current, if there was any 
difference, the advantage was upon the side of the ordinary 
break with condenser, ‘inasmuch as in the case of the bullét 
the leads were longer and included about 8 cm. of finer copper 
wire where the bullet passed. 

In the next set of experiments upon the same Apps’ coil 
excited by three Groves, the bullet was used each time, and 
the comparison was between the effect with and without the 
usual coil condenser. At 55 mm. the bullet without condenser 
gave each time a fair or a good spark, while with the con- 
ae there was nothing more than a feeble brush scarcely 

visible in a good light. 
The single pane of coated glass was next substituted for the 

usual condenser of the coil, with the idea that possibly this 
might be useful although the lar ger capacity was deleterious. 
But no distinct difference was detected when the bullet was 
fired with this or without any condenser. 

In the last set of experiments now recorded the primary 
current was raised, six Grove cells being employed partly in 
parallel, and the wire was cut each time “by a rifle-bullet. At 
90 mm, no spark could be got when the coil condenser was 
in connexion ; when it was disconnected, a spark, good or fair, 
was observed nearly every shot. 

Altogether these experiments strongly support the view 
that the only use of a condenser, in conjunction with an 
ordinary break, is to seinen it by impeding the development 
of an are, so that when a sutficient rapidity of break can be 
obtained by other means, the condenser is deleterious, ope- 
rating in fact in the reverse direction, and prolonging the 
period of decay of the primary current. It is hoped that the 
establishment of this fact will inspire confidence in the theory, 
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and perhaps suggest improvements in the design of coils. The 
first requirement is evidently the existence of sufficient energy 
at break, and this implies a considerable mass of iron, well 
magnetized, and not forming a circuit too nearly closed. The 
full utilization of this ener gy is impeded by want of suddenness. 
in the break, by eddy-currents in the iron, and (in respect of 
spark-length) by capacity in the secondary. It is to be pre- 
sumed that in a well-designed coil these impediments should 
operate somewhat equally. It would be useless to subdivide 
the iron, or to reduce the secondary capacity, below certain 
limits, unless at the same time the break could be made more 
sudden. It would not be surprising if it were found that the 
tentative efforts of skilful instrument-makers have already led 
to a suitable compromise, at least in the case of coils of mode- 
rate size. The design of larger instruments may leave more 
to be Beotensheds 

LVIIL. Applications of ee Solids to Mien 
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J Je Standards of Length. J, 

§ 19, [' a rectangular prism of horizontal length L be placed 
on a perfectly smooth and hor izontal plane, we find 

from (36) for the elastic increment in the length at a height 

as z above the plane (A being the vertical dimension of 

the prism) the formula 

SL/L= —(1—2n) (p/B) + ng(p — p') (h/2E) — 92} 0p — pe! /H. (66) 
Here p represents, as before, the pressure in taut or 

gaseous medium surrounding ‘the prism at the level of the 
C. G., i.e. at the height h/2 above the plane. This result 
should apply to an ordinary standard yard, and to most 
commercial standards of length, if supported throughout the 
entire length on a perfectly smooth table. It, as in the 
standard yard, the scale is divided on the upper surface 
z=h/2, we have for its elastic stretching 

iar ph im 25 (9 
NEY 2/0) Date AMMEN cl A 

* (Oct. 1901.—A formula apparently equiv alent to this is given with-— 
out proof by Mr, Chaney, on pp. 86, 87 of the Procés Verbaua of the 
International Committee of Weights and Measures for 1€99. It is given 
as applicable to the standard yard, without explicit reference to the 
method of support, and is illustrated numerically. | 
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where P is the pressure in the medium at the level of the 
divided surface, and & is the bulk-modulus. 

When the prism is not of rectangular section, or when, 
being of rectangular section, it is supported on points or 
roller surfaces situated in a horizontal plane, we have to: 
content ourselves with the mean change in the length of the 
longitudinal ‘‘fibres.”” For this we find from (1), H being 
the height of the C.G. of the section above the supports, 

6L/L=—(1—2n)(p/E) +ng(p—p!) (B/E), . (68) 
where p is the pressure in the surrounding medium at the 
height H. 

In the case of the rectangular section, with the base: 
uniformly supported, it follows from (66) that the mean 
change in the length is the change actually occurring at the 
level of the C.G.; but we are not entitled to assume that this 
is true generally. This is a question of some theoretical 
importance in view of the now common practice of dividing 
standards of length along the so-called “ neutral ” surface, 
i. e. the horizontal plane containing the C.G. 
§ 20. To afford a more exact iden “a the problems actually 

arising in metrology, I give in fig. 1 some representative- 

Fig. 1. 
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forms of cross section in standards of length. The sides 
shown vertical in the figure are vertical in ordinary use ; 
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the numerals refer to the dimensions, and are in millimetres. 
A refers to a standard yard, B to the international prototype 
metres of the so-called X-section, © to a working standard 
belonging to the Bureau International, D and E to deflexion- 
bars used in magnetometers. A and C are divided on their 
upper surfaces, B on the neutral plane, D on one of the 
vertical faces ; Ei has holes on its upper surface into whicha 
plug fits. Band C are copied from vol. vii. of the Bureau 
International’s Travaux et Mémoires. Their shape is de- 
vised partly with the object of facilitating equalization of 
temperature throughout the bar. Most modern standards are 
supported not over the whole lower surface but on two 
symmetrical rollers, or on three points, one at one end of the 
bar, and two—in the same cross section—at the other end. 
This mode of support is intended to promote uniformity of 
temperature, the bar being surrounded by lquid, and to 
remove the uncertainty as to the distribution of surface- 
pressure when a bar rests on an ordinary table, and not on 
an ideal smooth plane *. 

An exact solution of the elastic problem presented by a 
heavy bar supported on points or rollers has not yet been 
obtained even for a rectangular section, and the best thing 
to be done is probably to apply the ordinary approximate 
Bernoulli-Euler solution. From the researches of St. Venant, 
Pearson, and others we have grounds to believe that for bars 
like standard yards and metres, whose length is a large 
multiple of their greatest lateral dimension, the Bernoulli- 
Euler solution represents a high degree of accuracy except 
perhaps in the immediate vicinity of the supports. Actual 
observations on standards of the types B and CU by Broch and 
Benoit (Zrav. et Mém. 1. c.) seem to bear this out. The 
Bernoulli-Huler method of solution is so well known that it 
is unnecessary to describe it, and the results which I am now 
about to give are deducible from the solution without much 
difficulty. Some of them have, I find, been given by Airy 
and Broch, /. ¢., and possibly this remark applies to more 
than I am aware of; but I do not think they are generally 
known. 

Applications of Bernoulli-Euler Method. 

§ 21. In figs. 2 to 6, OB represents the half of a bar of 
uniform section » and total length 2/ supported symme- 
trically at two points in a horizontal plane at a distance 2a 

* See Airy (Phil. Trans. for 1857), 
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apart. From the symmetry the tangent at the middle point 
O is horizontal ; this is taken as axis of a, the axis of y being 
drawn vertically downwards. In fig. 2 the support shown, A, 
is comparatively near the centre. In such a case O is the 

eo, 0 
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highest point of the bar bent under its own weight, and 
the curvature is of one sign throughout. In figs. 3 to 6 the 
supports are at a greater distance from the centre, and the 
curvature changes sign between O and A; this is the normal 
condition in modern standards of length. The scale to which 
the ordinates are drawn is the same in all the figures 2 to 6, 
the bending being much exaggerated. 

The notation employed is as follows:—E is Young’s 
modulus, p the density, 2/ the complete length of the bar, 
w the cross section, w(=gpw) the weight per unit length, 
wx? the moment of inertia of the cross section about the 
perpendicular through the C.G. to the plane of bending. 

In the absence of gravity the bar would be strictly hori- 
zontal ; y denotes the vertical displacement, when gravity 

Phil. Mog. 8. 6. Vol. 2. No. 12. Dec. 1901. 2h 
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acts, at the distance x from 0 along the “neutral” line, or 
line of centres of the cross sections. What principally con- 
cerns us at present is the inclination or “slope” and the 
curvature ; so I give the values of dy/d« and d?y/dz? as well 
as y; the ‘results of course are well known. They are as 
follows, y being taken positive downwards. 

Between 0 and A :— 

= (w/Hox*) {$l($1—a)a?+ 552%, | 

‘idee (w/Howx?) {l(tl—a)x+22°}, een 

d?y/ da? = (w/ Hox?) {l(4/—a) +40}. J 

Between A and B :— 

= (w/ Hox?) 3,{4la?— 1 + 4la(? — 3a?) + (l—2)*}, 

dy/dx = (w/Hax?)) {l(? —3a?) —(l— 23}, (70) 

d?y/da? = (w/Ewx*)4 (I— a)’. 

§ 22. On the Bernoulli-Euler theory the elastic extension 
in an element ds of a longitudinal “ fibre”’ at a distance h 
above the neutral plane is (h/R)ds, where R is the radius of 
curvature of the bent neutral line. But if y= tan—!(dy/de), 
we have 

l— 

/— 

1/R=dw/ds, 
and so 

(h/R)ds=hdy. 
Thus the total stretching c, in the portion of a longitudinal 

fibre—distant h from the neutral plane—extending from the 
central section c=0 to the section where the slope is yf, is 
given by 

= | hayanp 
0 

=hdyjdaye 2) Uy 

when (dy/dz)? is neglected compared to unity. 
In fig. 2, dy/dx and d*y/dz? are positive for all values of x 

from 0 to Z; thus a longitudinal fibre is stretched at every 
point of its length, or contracted at every point of its length, 
according as h is positive or negative, 7. e. according as the 
fibre lies above or below the neutral plane. 

In fig. 3, a longitudinal fibre above the neutral plane would 
shorten in its central portion, while lengthening near its ends. 

The ordinary expression for the curvature, viz.: 

1/R= (?y/da®) (1 + (dy/de)?)-3, 
is on the Bernouili-Huler theory replaced by 

1/R=d*y/ dz? ; 
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so that (dy/dx)? is neglected as compared to unity whenever 
the use of this theory is warranted. 

On the theory, the length of the neutral fibres (for which 
A=0) measured along the arc is unaffected by stretching. In 
standards of length, however, it is the horizontal projection 
of the graduated surface that usually concerns us. We thus 
require to know how much shorter 2 is than s, the latter 
denoting the length of a neutral fibre measured from the 
centre of the bar along the are. 

We have in any plane curve 

sam | 4(1+ (dylde)?)) 1}, sal RR en 

As (dy/dz)? is supposed neglected compared to unity, we 
can consistently retain only the lowest power of dy/dz in 
such a formula as (72), and so get 

gS {se@ulaayrae . So ale 
0 

For instance, we have from (69) and (70) for the difference 
between are and chord for the entire length of the bar, 

2(s,-l)= \ (w/Hox*)? { l(—a+4la+ia* da 

l 
1 \ (1v/Bwx?)?} —$1a? +48 —§ (la)? §7dx 

hieebsay:) ean. 8. fa\? 6 eee Z: 4/3 Digpmirste ee teri ae LEY. See ae Paiste. 

eo or) 4 56 (a) + ag() ~ a3 (7) + se0Gh pO) 
An equivalent formula is given by Broch (J. c. formula (16) 

p. B. 67). The right-hand side represents the quantity by 
which the distance between the extreme ends of the bar is 
shortened through the bending which it experiences under 
gravity, when. supported symmetrically at two points at a 
distance 2a apart. 

It will be observed that o, is of the order hdy/dx, or 
h(wl*/E@x?), and s—w is of the order «(wl?/E@x’)’; while by 
the hypothesis made as to the smallness of dy/dx we must 
suppose wl?/Hwx? a small quantity. Thus unless «#/h be 
very big, z. e. unless we have a very long bar, or are consi- 
dering fibres very close to the neutral plane, the difference 
between chord and are is small compared to the direct 
stretching or shortening of the fibre. 

23. Owing to the symmetry, we need consider only the 
half of the bar for which z is positive. In all cases dy/dxr 

2R2 
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vanishes at the centre. It also vanishes at a point (real or 
imaginary) between the centre and support whose abscissa is 
given by 

dtp 19 B(Qafb= 1) 5 Be ses onl, a 
To apply to our problem, # must be real and less than a ; 

this is true only when a/l lies between 0°5 and 3—\6, or 
*5505. Between the support and the end, dy/da# vanishes for 
a point whose abscissa is given by 

ie 1—1(1—SaP7/7)s. a eu 

This applies to our problem only when a// lies between 3— V 6. 
(or 5505) and W1/3 (or 0°57735). 

In all cases d?y/dz? vanishes at the end of the bar. It. 
vanishes at the centre when a/i=1/2. Between the centre 
and the support it vanishes at a point whose abscissa is. 
given by 

=i2Qafl—t pe 
and at this point we find 

(dy/da),, = — (wl? /Eax?) 4 (2,/0)?=— (wl?/Ho*)4 (2a/1— 1)? eee 

These values of « and dy/dwz are real, and apply to our 
problem whenever a// exceeds 1/2. When a//>1/2, we have 
dy/dz negative and d*y/dx* positive at c=2,; and it follows. 
that dy/da, numerically considered, is here a maximum. When. 
a/lis less than 1/2, dy/dz is positive between the centre and 
the support, and its value at the support is greater than at: 
any point nearer the centre. At the support we have 

(dy|de), = (wl*/Eae?)}(a/l) {(a/2)?—6(a/l) +3}. . (78) 
This is positive or negative according as a// is less or greater 
than 0°5505. Beyond the support d?y/ da? can vanish only at 
the end, where we have 

(dy/dx) = (wl?/Ewx?)441—3fa/l)y.. . (79) 

This is positive or negative according as a// is less or greater 
than 1/V3. When aa is positive for a certain ne ol a 
the total length of a longitudinal fibre between the central 
section z=0 and the section considered is increased when 
the fibre lies above the neutral plane ; and the element of the 
fibre answering to this value of « has also its length increased 
1£ d?y/da? ibe positive. If, on the other hand, while dy/dx is. 
positive, d?y/du? is negative, the element is shortened though 
the total iene is still increased. Answ ering to d?y/dx2=0, 
we get, included between the corresponding value of # and 
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the centre, that particular length whose total extension is a 
maximum. If dy/dz# vanishes for two values of , then the 
portion of any longitudinal fibre included between the two 
corresponding transverse sections has its total length un- 
changed by stretching. These remarks will, it is hoped, suffice 
to explain how the conclusions in the next paragraph are 
reached. 

§ 24. The bending of a symmetrically supported bar under 
its own weight may be conveniently dealt with under several 
cases as follows :—- 

Case (1.) Wig. 2, a/f<0°5. 
The upper surface is everywhere convex (stretched). The 

slope vanishes only at the centre, and is greatest at the end. 

Case (ii.) Fig. 3, 0°5505 >a/l>0°5. 
The upper surface is concave (contracted) between c= 

and =a, (where z,<a), and convex (stretched) between 
“=x, andthe end. The “ summit,” where the slope vanishes, 

occurs at =x, (where z,=32,) between the centre and the 
support. 

Between the centre and the summit the steepest slope 
occurs at ~=x,; beyond the summit the slope is steepest at 
the end, and the slope at the end is greater than at v=2. 

Case (iii.) Fig. 4, 0°5654>a/2>0°5505 
This agrees with Case (ii.) except in the following 

respects :— 
The summit occurs at y=; between the support and the 

end. ; 
The slope is greater at =a, than at the end when a//>0°5. 

Case (iv.) Fig. 5, 0°57735 >a/l>0°5654. 
The upper surface is concave (contracted) between x=0 

and w=2, (where 2,<a), and convex (stretched) between 
“=x, and the end. 

The summit occurs at w=x; between the support and 
the end. 

The slope is greatest at z=, between the centre and the 
support, and is greater at the support than at the end or at 
any intermediate point. 

Case (v.) Fig. 6, a//>0°57735. 
‘This agrees with Case (iv.) except that the slope vanishes 

only at the centre. 
What is said above of the “upper surface” applies to all 

longitudinal “‘ fibres ” above the neutral plane. For absolute 
accuracy the decimals 0°5505, 0°5654, and 0°97735 are to 
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be respectively replaced by 83—W6, the positive root of 
22—92°+32+1=0, and W1/3. 

§ 25. Every element of the upper surface is stretched in 
Case (i.). Thus it is impossible to keep the length of any 
finite portion of the upper surface unaffected unless a// exceed 
0'5. By altering a/? we can secure that any symmetrical 
portion we choose of the upper surface shall have its length 
unaffected. We have only to make the slope nil at the ends 
of the portion considered. 

Denoting the symmetrical length to be kept unaffected by 
2b, we have the position of the supports given by one or other 
of two equations, viz. :— 

afl=L pd (O[OA 0 co os er 

when 6/7 lies between 0 and 5505 ; 

aft=[3{1+ (0 —b/D 18). ae ee 
when 6/1 exceeds °5505. 

Any given arrangement of the supports secures the un- 
changeability of only one definite symmetrical portion of the 
length. We may, however, have unchangeability of length 
in an asymmetrical portion. Supposing the unchanged 
length wholly included between the centre and a support, its 
terminal abscissee being &, and &, we find by equating the 
terminal values of dy/da, 

EP HEE PEP =8Qal—P) 21. Le ee 
= 32,7, or @,” by (76) and (74). 

Regarding &; and &, and so 2, as known, we determine 
the position of the supports from the equation 

afl=5+k (EP + Fb + &7)/P =3{14 (a/lyy.. ~ (88) 

This applies only when a// exceeds ()'5. 
Answering to any given value of a// exceeding 0°5, we 

have an infinite number of pairs of values %,, &. The ends 
of the asymmetrical portion necessarily le on opposite sides 
of the point z=, where the slope is a maximum. 

In cases (ili.), (iv.), and (v.) we can have unchanged length 
in an asymmetrical portion whose ends lie on opposite sides. 
of a support, though still on the same side of the centre. 
The abscissee of the extremities of this portion being &, and 
£,, the corresponding position of the support is given by] 3 

a=€,+ {(U—&)— (I—8,)° PS), 7 ae 
or b =, — (7? — 79°)? (3) 73, eee mae (84’) 

where b=l—-a, m=l—-&, m=l—&. 
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These results have a real significance only when a/l 
exceeds 0°5505. 
We can also in cases (ii.), (iii.), and (iv.), have unchange- 

ability of length in an asymmetrical portion which includes 
the centre. 

Supposing the abscissze of the two extremities &, and —&,, 
we require the values of dy/dx answering to +&, and +& 
to be equal and opposite in sign. The points answering to 
+&,and + &, must thus lie on opposite sides of the ‘‘summit,” 
where the slope vanishes. 

Supposing & larger than &,, then in case (ii.) &, must be 
less than a, while in case (iii.) & must exceed a ; in case (iv.) 
both £, and & must exceed a. The position of the support 
is easily found; thus when &, and &, are both to exceed a 
we find 

afl= V {2—(n,/l)?— (n/1)*$/6, . . . (85) 

where 7, (or /—&,) and 7, (or J—&£,) are the distances of the 
ends of the asymmetrical portion from the two ends of 
the bar. 

Bar under additional weight. 

§ 26. In dealing with the bending of a bar under its own 
weight we have assumed it homogeneous, and of uniform 
section, and symmetrically supported. By having the 
supports unsymmetrical one could obtain unchangeability of 
length in an infinite variety of ways, but to discuss this fully 
would require more space than the practical importance of 
she subject seems to warrant. Before passing, however, to 
the practical applications, there is one point requiring notice. 
A bar not infrequently has to carry a weight additional to 
its own. For instance, the deflexion-bar of a magnetometer 
supports a magnet and its carriage on one arm, and unless 
clamped it carries, or at all events should carry, a counter- 
poise on the other arm. It is thus desirable to investigate 
the additional bending due to this cause. We shall suppose 
symmetry as before, the weight carried on one side of the 
centre being W, and its distance from the centre c. As 
before, O represents the centre, A the support, B the end of 
the rod ; also C denotes the position of the weight. The 
notation used is the same asin § 21. The results given by 
the Bernoulli-Euler method are as follows, it being assumed 
that C lies between A and B: 

Between O and A, 
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Between A and C, 

y= (W/Eok’)} (a? — 8a7x + 8cx?— 2° ay 

dy/dx= (W /Hex’)}(—a? + 2cx—2’), . (87) 

d?y/dx? =(W/Hox’)(c— x). aes 

Between C and B, 

= (W/Eox’)t{ae—2 +3(c?—a’)z}, ‘| 

Ayla (Wen!) (2 — a’), . (88) 
d?y/daz? =0 eae 

To take account of the rod’s own weight, we simply add 
the values of y &. given in (69) or (70) to the corresponding 
values given above. 

If the weight W were between the centre and the support, 
(86) would apply to the portion of the rod between the | 
centre and the weight, while (88) would apply to the portion 
between the support and the end. For the portion between 
the weight C and the support A we should have 

y = —(W/Hor’)1 Bar?—v?—3a +c), 

dy/da= —(W/Hax’)k(Qax—2?—’), ». aeaeen 

d?y/dx? = — (W/Eox?) (a—2). 

In these last equations c is less than a. Equations (89) 
are deducible from equations (87) by altering the sign of W 
and interchanging a and c. We have spoken of W as a 
weight depending from the bar. By supposing W negative, 
however, we have the effect of an upward pull, relieving part 
of the weight of the bar. We may suppose this obtained 
from a belt passing over a pulley fixed above the bar. 

§ 27. By the use of symmetrical auxiliary weights, we can _ 
without altering the position of the supports vary the portion 
of the bar whose length is unaffected by bending. Suppose, 
for instance, the bar carried by rollers in the position 
answering to a/l=1/¥3, for which the total length is un- 
affected when the bar is unloaded. Then to secure that a 
symmetrical central portion 26 shall have its length unaffected, | 
we select the auxiliary weights and their position so that one 
of the following three equations holds :— 

W (c—a) + w{iP—al+iet=0,. . . . . . 108) 

W(—a? + 2cb— 24) + 5 {UP —8a?) — (I—)*} =0, (91) 

W (=a?) + 5 {U(P— 3a?) — (I-0)*} =0. 3 



Elastic Solids to Metrology. 605 

The first equation will apply when b<a, or the end of the 
unaffected portion lies between the centre of the bar and 
the support; similarly the second equation applies when 
¢>b6>a, and the third when b>c. In all three cases we 
have supposed c>a. Under certain circumstances it might 
be necessary to have W negative, 7. e. to have not a weight 
but an upward pull from a belt. 

Suppose, as a particular case, that the auxiliary weight is 
applied at the end, and that a?=/°/3, so that the bar when 
unweighted has its whole length unatfected by bending. The 
relations then are :— 
for b>a(>lx 0:5774), 

W=w(l —))3+{2P—3(71—b)} 5... (98) 
for b<a, ry 

We=wj (2 /38—3)?—)?}+{ (6-2 Wa)lt. . (94) 

In both these cases the value of W is always positive. 
As a second example suppose that the bar is supported at 

its centre so that a=0. We then find from (91) and (92) 
W = —Awi{l—(I—b)?} +{e?— (ce—b)*$. . (95) 

or W = —4wi{B—-(l—b)®}+e, 2. 2 ww. (96) 

according as ¢ is greater or less than 0. 
In both instances W is negative and so represents an 

upward pull. If this pull is applied at the extreme end of 
the bar we have 

— W=wl{ lL—(1—0/1)?} ={1-—(1—0/l)7*$s . (97) 

so that the pull (— W) increases from (wi/3) to (wl/2), as 
the portion of the bar to have its length unaffected is reduced 
from being the whole length to being an infinitesimal length 
at the centre. 

Numerical Applications to Standards of Lenyth. 

§ 28. To illustrate the numerical application of the results 
in §§ 19 to 27 we shall consider the types of bars shown in 
fig. 1. Particulars as to the dimensions Wc. of the bars are 
given in Table 1. The data as to the types B and C are 
from the papers by Broch & Benoit already referred to. 
The dimensions of A, D, and E are from measurements of 
bars in the National Physical Laboratory. In the case 
of these bars, and to some extent in the bars B and OC, the 
values ascribed to Young’s modulus and the density are 
derived not from actual experiments on particular standards 
but from records of mean values for the materials of which 
the standards are composed. The letters have the meanings 
assigned in § 21. 
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Tas Le I. 

Types: of Barey..dd. tse Head | ees C. D. | E. 

ANG k ARCO RNG ee | 5-226] 1509 | 2-771 | 1-087 | 1383} 

i Care eae Aen user. | °782| +5218) -9882, 3805] 685) 

E (grammes wt. per cm.?) ...... ‘9x 10° |214 x 107 925 x 10°| 9x 10° 9x 10° 

WUE TALOMIES) 5,82 eee hon eases 44-4 o200 | 24°71 9:24 {11°76 

ee Ie LO asa ie Sie [35 jas | 89 |85 | 8s 
Demi eesti 86 |) GeO he Gk deem tae 

H (=height of CG. above) | gz | 1.09 | 14s | 1-025 | 1075} 
_supports) (cm.). steak | 4 

: fe ae ue ... 067 | 000 | 0882) 50 | 68 

STARA ALEVOY aoe Ue ele ae at aa | 9:00 3°847 3491 | 6:12 1-74 

(wl? [Ftan2)? X 10% ...se0ccceeceeeee- | 811 | 1480 | 1-219 | 375 | 0305 

In Table I. I have taken for E the value given by Broch. 
The value quoted by Benoit, apparently for the same metres, 
is somewhat less, viz. 197 x 10’. Calling a bar of type B but 
of this lower value of Young’s modulus B’, the values of 
10° (wl?/Hwx?) and of 10° x (wl?/Ewx?)’ for B! are respectively 
4-179 and 1°746. 

§ 29. Table I1.—calculated from (67) and (68)—gives the 
increment in the length of bars of the several types due 
respectively to an increase of ] atmosphere in the surrounding 
pressure, and to the reaction of the supports when the 
bars are in air. The minus sign denotes shortening. The 
values of Poisson’s ratio being unknown, 7 is tentatively 
given the values 1/4 and 1/3. 

TaBLE II. (Unit = 0:001 mm. = 1 pz.) 

Types. 

Change of length of bar| A. | Bis ee C. Deo pa 
due to 

1 atmosphere {7 ="25....—0°60 |—025 |~027 |-0-56 |-0-70 | —0-52 | 
pressure. (,—-3 ../-040 —016 |—0-18 |-038 |-0-47 | —0-35 | 

| | 

TeacHonter = "25......|-+ 0017 +0026 +0028 +-0027 +0080 ...... 
BUpROntS iy at +0022 +-0084 +0037 +-0036)/+-0039_...... 
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In the publications of the Bureau International lengths 
of standard metres seem usually recorded to 0°01 and 
occasionally to ‘001. Benoit, however (J. c. p. 81), says: 
“Verreur probable de la détermination d’une regle par 
rapport au Prototype international ....a été trouvé de 
+0°04 uw.” As he is speaking of the highest class of metres, 
and admits an additional source of uncertainty in temperature 
corrections, it would appear that quantities of the order 
0:004 w possess as yet hardly a practical significance. Thus 
the influence of the reaction of the supports in the above 
types of bars possesses as yet only theoretical interest. 

The influence of barometric pressure stands on a somewhat 
different footing. The departure of the barometric pressure 
at a station from its mean value will seldom, it is true, 
exceed 7/100 of an atmosphere ; but the effects of a change 
of pressure of even this amount are shown by the table to be 
comparable with 0°04. Supposing a standard measure to 
be in use at a high level Observatory, the decrease of the 
pressure from that at sea-level would merit closer attention, 
and the same remark is true to a much greater degree in 
the case of a standard subjected to artificial pressures of 
many atmospheres. 

§ 30. We have seen in § 22 that the length of a supported 
bar measured along the are exceeds its horizontal projection 
to an extent given ‘by the formula 

2(s,—D/t= (wl /Hax’)*f(a/l),, . . « . (98) 

where 

F (a/D} —f(a/l)? + 7;(a/l)*—%(a/l)y? +53 (a/l)® (99) 

For values of a/l between 0 and 1, Broch (/. ¢c.) has shown 
that f(a/1) has no maximum and only one minimum. The: 
minimum answers to a//='5594 approx. (more exactly 
(Broch 7. c. p. B. 67) *559380119). The following are 
approximate values for f(a/l) x 10°:— 

afl= 0 025 0:5 0°5594 0:5774 0°6 0:75 1:0. 

10°x f(a/l)=1786 1105 71 8 15 260 868 5397 

tle 

The smallness of f(a/l) when a// lies between 0°5 and 0°5774 
is specially noteworthy. 

Table III. (p. 608) gives the difference between the entire 
length 2/ and its horizontal projection for specified positions 
of the supports, 
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TasBLe If. 

Excess of arc over chord, unity =1u=0:001 mm. 

| 
Asari Rossi etre wc B. i 0, D. 

0 "57 185 159 110-409 

0:5 0301-0054 0063 0044 ~—s-0162 

0:5594 0034 0006 0007 0005 ~=—S-0018 

| o-5774 0064 0011 0013 0009 ~—Ss-0034 

06 110 020 023 016-059 

| 10 2-987 407 481 382 1-985 

Broch (/.c.p. B.70) finds for the minimum difference between 
chord and are in the type B the value *0003 y, or only half 
that given above for the case a/l=0°5594. This is not due 
to his retaining 9 instead of 4 figures in the critical value of 
a/l, but to his use of ‘7486 as the value of wx® instead of 
°5213 as given in Table I. For this I see no justification. 
He agrees with Benoit in recording °5213 as the value of 
wx? for bending about a horizontal diameter (¢.e. in a 
vertical plane) ; and even if he were correct in quoting ‘7486 
(Benoit gives *5444, which looks more probable) as the value 
of wx? for bending about a vertical axis, the result would not 
apply to the actual problem. This discrepancy, however, 
hardly affects the conclusion drawn by Broch, that the 
difference between chord and are is negligible for metre 
prototypes supported so that a//=0°55938% At the same 
time, Table IIL. shows that a comparatively small departure 
of a/l from the best position suffices to increase the difference 
between are and chord tenfold, and for measurements of 
the highest accuracy the point should be borne in mind. 
The rapid increase in the difference between chord and are 
as the supports are moved out to near the ends is specially 
notable. 

§ 31. The absolute difference between the are and its 
horizontal projection is greater for the entire length than 
for any shorter portion ; but the relative difference—z. e. the 
difference per unit length—is considerably greater for some 
short portions. The relative difference is greatest where the 
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slope is greatest, its greatest value being the maximum 
value of 

(ds/dx—1) or 4(dy/da)?. 

We have seen in § 24 that the largest value of dy/dx 
occurs either at the end of the bar or at r=, where 2; is 
given by (76); and equations (77) and (79) supply the values 
of dy/dx at these two points. From these we find the corre- 
sponding values of (ds/da—1) given in Table IV. Of the 
numerical results given, those not in brackets are the 
absolutely largest values met with throughout the bar. To 
avoid decimals as much as possible the factor 10° has been 
applied. 

TABLE IV. 

Largest values of 10° x (ds/dx—1). 

Bre iai= 0 2 4 5 5 3174 6 8 10 

Ss ioe: eo wen) G6) 17. 36. 993. ene 
edie 1126 872 305 70 6 [0] [7] [953] 4504 | 

Bit - (oj) 11, 80.) 7 178) B22 | 
206 159 #56 13 11 [0] [13] [174] 9822 | 

eh a. ee Ss Mops!) ge oy ai toe ome 
17 a 242 188 66 I5 13 [0] [15] [205] 970) 

et oe ey i609 225 5 148. | eee 
(sea | 169 131 “46 1 09 [0] [1-1] [143] 67 | 

A isthe only bar of the four in which the difference between 
a short are and its horizontal projection can exceed one part 
ina million. So far as Table LV. is concerned, the standard. 
yard compares unfavourably with modern types. 

§ 32. As the angle of slope may be more easily grasped! 
than the difference between the arc and its horizontal pro-. 
jection, I give in Table V. (p. 610) the particulars as to 
the slope corresponding to the data in Table 1V. A plus 
sion means that the slope is downwards in the direction of 
wv increasing, or towards the end of the bar, a minus sign 
implies the reverse. To avoid decimals the angles are 
measured in seconds. 
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TaBLE V.—Largest values of slopes. 

Bar, Yate oj 0 2 4 5 5 SI74 +6 8 ae 

" fa 320 x 3 (0) —93° 4387) 265 aga 
pea +310. 4272 +161: +77. 423 [0] [—25] [—285) aman 

fee ! ® (0); —10 —16  —94 ° “—195 See 
yar uis +132 +116 +69 +33 +10 [0] [—11] [—122] —264 

Pee eu uNse pa lesee eae [0] —11 —17 —9¢ —i3egeee 
(eee | +144 +126 +75 +436 411 [0] [—12] [Teg 

fees Rear re <4 fo) —9 —15 —91 11g 
Rane +120 +106 +62 +430 49 [0] [—10] [—110] —240 

For the value *5 of a/l the slopes at the end and at r=a, 
are always numerically equal but of opposite sign. 

Also, as may be seen from formula (79), the slope at the 
end, numerically considered, is exactly twice as great when 
the bar is supported at the ends: as when it is supported 
at the middle. 

Even in bar C the slope at the ends changes (algebraically) 
to the extent of 6’ as the supports are moved from under the 
centre to under the ends. 

§ 33. Table VI. gives for some of the typical bars the 
values of wv,/l and of x,—. e. the distance from the centre 
of the points where the largest slope is found—for repre- 
-Sentative values of a/l. 

TABLE VI. 

Values of x,/l, and also of 2; (in centimetres), 

ajl=°5 NIB 6 ‘3 10 

x /l= 3333 3933 4472 ‘7746 1-0 

ies oo 17-42 20:56 23:37 40°48 52-26 

\B&B. =, = 17-00 20-06 22-81 39-51 51-00 

C. Seed thee 19°85 22-57 39-09 50:46 

| D. 2, a 20-38 23-99 27-28 47-25 61-0 | 

When a// is less than ‘5 the greatest slope, it will be remem- 
bered, is found at the end of the bar. 
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§ 34. In the metre prototypes B or B’ the divisions occur 
on the neutral surface, and on the Bernoulii-Euler theory 
their distance apart is unaffected by stretching of the material. 
In the other types, stretching is a much more important 
factor than the difference between the arc and its horizontal 
projection. As shown in § 22, the stretching in any sym- 
metrical central portion of a “ fibre’? in the upper half of 
the cross section is 2idy/dz, where h is the height of the 
“‘ fibre” considered above the C.G. of the section, and dy/dz 
is the tangent of slope at one end of the portion considered. 
When a/l is less than 0°5 the stretching is greater for the 
whole length of the bar than for any shorter symmetrical 
part ; when, however, a// exceeds 0°5 the stretching is less for 
the whole than for the central length 2,, for which it is a 
maximum. 

Table VII. gives the stretching in the divided upper 
surface for the whole length 2/, as well as for the central 
portion 2z, The sign is + or — according as the upper 
surface is lengthened or contracted. , 

TABLE VII. 

Stretching of upper (divided) surface (unity = 14 = 0-001 mm.). 

Length le aN 2, a . A —— ad 
Bar. eamidwad, |" ? : De» v1/3. 6. 8. 

4 El panthedak +2011 +1770 +1046 +5035 +1°49 ‘00 —161 —18°50 

a a 00 -149 —245 —360 —1869 

C OS ae +1026 +9038 + 534 +257 +0°76 ‘(00 —0°'82 — 9-44 

ic. a 00 —076 —1:25 —184 — 954 

The values of #, will be found in Table VI. 
As an illustration, take the case of bar A when a/J=0°6, 
Between the centre and the point «=a ,(=23°37 cm.) the 

upper surface is all contracted, the total shortening in this 
portion amounting to 4 of 3°60 or 1:8. Between v=«, and 
«=i, i. é. in the 28°89 cm. nearest the end, the upper surface 
is all extended, the total lengthening in this portion amounting 
to 1:0u. Thus in the entire half length of 52°26 cm. there is 
a shortening of O°8u in the upper surtace. 

When a//= J 1/2, the contraction of the upper surface 
between v=0 and w=2, is exactly balanced by the extension 
between w=2, and «=/; the fact, however, remains that 

10 

—40°22 

—40°22 

— 20°53 

— 20°53 
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there is appreciable shortening of one part of the upper 
surface and appreciable lengthening of another. Even in the 
bar C when a/l = 1/3 we have in the central 2a,, or 39°7 cm., 
a shortening of 1°25p. 

If our object is to ensure that the numerically greater of 
the two changes, contraction of the central portion and 
extension of the terminal portions, shall be a minimum, then 
we must select not “1/3 but 0°5 as the value of a/l. For 
a/t=0°5 we have #,=1/3; thus, if the bar be supposed divided 
into three equal portions, the central portion has its upper 
surface all under contraction, while the two end portions have 
their upper surfaces all under extension. Further, the total 
shortening of the upper fibre in the central portion is exactly 
equal to the total lengthening of the upper fibre in either of 
the end portions. 

The mathematical equivalent to this physical property 
is the fact that for the value 0°5 of a/l the slope at the 
end 53 exactly equal but opposite to the slope at the point 
t= 3, ; 

Another interesting fact is that when a/J=0°5 the point 
other than the centre where the tangent is horizontal is 
given by 

§ 35. As illustrating some of the other results, we may 
take the case of the Kew standard yard. The actual yard 
length refers to the distance between the centres of two gold 
plugs let into the bar so that they lie flush with the upper 
surface. These plugs are not at exactly equal distances from 
their respective ends, but the difference in the distances may 
be neglected for our present purpose ; so that we may treat 
the distance between the plug centres as representing a central 
portion 91:44 cm. long in a bar 104°52 cm. long. To keep. 
this length unstretched we must select for a/l.a value such 
that #3 in (75) is 45°72, while 7 is 52°26. The answer to this 
problem will be found to be 

a/l=0°5768, or wa=80°14 cm. 

Again, the standard yard has its upper surface graduated 
into 40 inches, the inch numbered 0 being approximately 
1:55 cm. from one end of the bar, and the inch numbered 36 
about 11°53 cm. from the other end. To secure thatthe yard 
0 to 36 inches shall be unaffected by stretching, we determine 
a/l from (85), substituting 1°55 for 7, 11°53 for 2, and 52°26 
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for 7. In this way we find 

a/l=0°5765, or a=30°125 cm. 

The interval between the two supports is approximately 
only -03 cm. less in the second instance than in the first. 

Application to: Deflexion-Bars of Magnetometers. 

§ 36. In A, B, B’, and C it is the length of the bar itself 
that has to be considered. D and E are representatives of a 
different class. They serve to support a carriage holding a 
magnet. The carriage may have a groove fitting on the bar, or 
a projecting pin fitting in one of a series of holes in the upper 
surface. In either case, supposing the adjustment perfect 
and the bar strictly horizontal, the centre of the magnet— 
which is the fundamental point—will be vertically over a 
certain graduation on the bar, and at a constant height h 
above the neutral plane. In actual use, however, the bar 
bends under its own weight and that of the magnet and 
carriage combined. This is illustrated diagrammatically in 
fig. 7, supposed to be a vertical section containing the 

Fig. 7 

‘ 
' 
i] 

F = oe 

aecr . N c’ ; a 

0) i 
A ' 

Cc 

magnetic axis NS and the line of centres OAC of the bar. 
The arrangements are such that NS is parallel to the tangent 
at C, while the normal at C passes through C’ the centre of 
the magnet. F in fig. 7 represents the centre of a second 
magnet whose suspension is \vertically over O, and whose 
height is altered until F appears central, as seen through 
a sighting-tube, temporarily substituted for NS. The mag- 
netic reductions suppose NS horizontal, in the same horizontal 
plane with F, and at a distance from it equal to OAC, 
orc. In reality NS is inclined to the horizon at an angle 
tan! (dy/dx),-. ; and if we suppose—which is not strictly 
true—that the sighting-tube is as heavy as the magnet, the 
true distance of U’ from F is not ¢ but 

cf1+4(dy/dx)*,=c$ +h(dy/da) r= 

Phil. Mag. 8. 6. Vol. 2. No. 12. Dec. 1901. 25 
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The bar D rests throughout its central 29 cms. on a hori- 
zontal plate, to which it is bolted at two points each 14 cm. 
from the centre. Thus the half on one side of the centre is 
practically a rod of 61—14, or 47, cms. length, clamped at 
one end so that y and dy/dx vanish with #. The bending 
and stretching are thus the same as in the half of a bar 
94 cms. long supported at its centre. 

The bar E rests on horizontal pins which pass through two 
holes drilled through the bar at the level of its neutral line. 
It may thus be regarded as supported, the distance of the 
supports from the centre being half the distance (6 cm.) 
between the pins. Consequently for KE we have /=45, a=3. 
The magnet with its carriage weighs approximately 122 
grammes in the case of D, and 390 grammes in the case of H. 

Commonly the magnet is used at two fixed distances, its 
centre being either 30 or 40 cms. from the centre of the bar. 
What we want to know in the present case is the slope at the 
particular point where the additional weight acts. As already 
explained, this is the precise point where the Bernoulli-Huler 
results are likely to be least exact; still, the uncertainty is 
hardly likely to be serious. Employing the values given for 
w, &, in Table I., I find the following data for the slope 
and for the quantities on which the distance C’F in fig. 7 
depends :— 

Tas_E VIII. 

| Bar D. Bar E. 

Magnet at. .......,. 30 cm. 40 cm. 30 cm. 40 cm, 

Angle of slope rem So us" 113? 1a 

hdy/dx .cms.)=| 00189 00273 ‘00379 00537 

6 6 8 4c (dy/dx)? (oms.)=| 2x10 ° | 6x10° | 5x10 ° | 18x10 

§ 37. So far as concerns the effect on the magnetic obser- 
vations, the departure of the magnetic axis from horizontality 
is negligible, and the value of (¢/2)(dy/dz)? is wholly insig- 
nificant. It is otherwise, however, with hdy/dz, especially in 
the case of bar EK, where the error introduced is almost 
exactly twice as great as with D. In both bars the value of 
hdy/dz varies pretty closely as the distance c. This is so far 
fortunate, as it minimises the indirect effect on a certain 
correction supplied by magnetic theory, whose accuracy is 
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sensitive to errors in the assumed values of the distances 
between the deflecting and deflected magnets. To calculate 
the direct effect on the calculated value X of the horizontal 
magnetic component we may employ the formula 

MS Nr, 

where N isa function of certain observed quantities, including 
time of vibration and sine of deflexion-angle, while 7 is the 
distance between the centres of the two magnets, The cor- 
rection 6X to X, necessitated by a correction 6r to the 
received value of 1, is given by 

26X/X= —36r/r. 

For bar E, on the average of the results at 30 and 40 cms., 
we have 

ér/r= + 00013, 

whence 6X/X=—-000195. 

At London, where X=°184 C.a.s. approximately at present, 
this would give 

dX = —*000036 c.a.s, 

Near the magnetic equator— e.g. in parts of India—X is 
twice as large as in London, so that the error introduced by 
the flexure of bar E under gravity might attain to +°00007 
©.a.s. As it is usual to attempt to measure X—or at least 
to record its value—to ‘00001 c.a.s., the source of error 
now indicated possesses more than merely theoretical interest, 

Concluding Remarks. 

38. A common remark applies to all our investigations 
into the effects of flexure on length. So long as a bar is 
always used at a fixed station, in one exactly specified way, 
and its length is measured, or defined as holding, under the 
exact conditions of use, it is immaterial whether flexure 
affects its length or not, Ifa standard yard, for instance, is 
supported in an absolutely uniform way on rollers, the mere 
fact that the distance between the centres of the gold plugs 
would be altered by shifting the rollers cannot be said to 
constitute an unmistakable mark of its inferiority as com- 
pared to the Bureau International’s type B. There may, 
however, be practical objections to particular forms of stan- 
dards of lengtbs, and to particular positions of the supports. 
It is undesirable, for instance, ae a small accidental variation 

28 2 
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in the position of the supports should appreciably affect the 
length. Thus in the case of a standard yard the ends of 
the bar seem a much less advisable position for the supports 
than the points answering to a/t= /1/3. This, of course, 
has been recognized since Airy’s time. Again, the type B 
has, at least theoretically, the conspicuous advantage that 
even large variations in the position of the supports are of 
secondary importance. It is not, of course, impossible that 
there may be some compensating disadvantages, apart from 
mere expense or difficulty of construction. Ina bar of rect- 
angular section there would seem less grounds for fearing 
difference in elastic property or density between the material 
above and below the neutral plane than in a bar of unsym- 
metrical section like B or C. In the event of differences of 
elasticity between the material in the flange and in the upper 
and lower limbs, the plane of unstretched fibres might not 
coincide with the horizontal plane through the line of centres.. 
If heterogeneousness of this kind existed to any appreciable 
extent, it would militate against the advantages claimed for 
the type B. 

LIX. On the Conditions controlling the Drop of Potential at 
the Electrodes in Vacuum-Tube Discharge. By CLARENCE 
A. Skinner, Adjunct Professor of Physies in the ies 
of Nebraska*. 

T is.a fact with which those investigating the passage of 
electricity through rarefied gases are well acquainted, 

that it requires a very high potential to force a discharge 
directly across the space between the electrodes, when these- 
are brought within a certain small distance of each other. 
This phenomenon has been studied by several investigators T. 
The writer, conceiving that the relatively high potential 
required to produce the discharge under these tonditions 
should be of the nature of a “drop” at the electrodes, sought 
to decide the point by experiment. The experimental results 
supported this view, and, bringing some new facts to light, 
led to a more complete investigation of the conditions con-. 
trolling the drop of potential at the electrodes. The results. 
of this investigation form the subject-matter of this paper. 

* Read before the American Association for the Advancement of 
Science, August 1901. Communicated by the Author. 
t See J. J. Thomson, Recent Researches in Electricity and Magnetism,. 

p- 160; E. Wiedemann, Wied. Ann. xx. p. 767 (1883); Ixill. p. 242 
(1897); A. Wehnelt, Wied. Ann. lxv. p-. 511 (1898). 
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Apparatus. 

A diagram of the discharge-tube (diam. 4 cm.) is given: in 
fig. 1. In order to force the discharge be- | 
tween the opposing faces of the circular disk Fig: 1. 
electrodes (diam. 18 mm.), each was inlaid in Ret) 
guttapercha with its stem sheathed in glass 
tubing. One electrode, as also the exploring 
wire used to obtain the potential of the 
gas, was movable along the axis of the 
discharge-tube, each being carried by an air- 
tight U-tube passing in from the outside 
through a barometer column. Through these 
U-tubes the necessary electrical connexions 
were carried. This arrangement allowed the 
difference of potential between the electrodes. 
and any position in the gas along the axis of 
the tube to be measured. The discharge- 
tube was jointed in the middle, thus allowing 
the electrodes to be changed and the explor- - 
ing wire to be adjusted. 

Potentials were measured by means of a » 
Thomson quadrant electrometer—those of the- 
magnitude of the cathode-drop being mea- 
sured by charging the quadrants bya standard 
cell and the needle with the potential sought. 
The current was furnished by a battery of 
600 accumulators, regulated by a resistance 
consisting of a solution of cadmium iodide in 
amylic alcohol, and measured by a Weston 
millimetre (scale-divisions in tenths). Ob- 
servations were confined to atmospheric 
nitrogen, purified and dried by the usual means. This 
was stored in an absolutely air- “tight drying-chamber and 
drawn at will. The pressure of the gas was ” observed on a 
mercury-manometer by means of a cathetometer. 

Variation in the Drop at the Electrodes with Distance Apart. 

An effect, at first thought surprising, is obtained when the 
drop at the ‘anode is observed at various distances from the 
cathode. As the anode is made to approach the cathode it 
gradually consumes the positive column, while the dimensions 
of the negative glow and the F. araday dark space remain 
constant. Pr oceeding through the Faraday dark space there 
is simply a thick luminous disk on the anode; the appearance 
is then that of the so-called dark discharge. Arriving in the 
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negative glow, all luminosity disappears from the face of the 
anode, and does not reappear again to an appreciable extent 
as it is advanced toward the cathode. When the anode is 
brought very close to the cathode and the current passed, 
the discharge changes to the form of a positive column con- 
stricted to a diameter of two or three millimetres bursting 
out at some point into the surrounding gas, and the negative 
glow spraying out into the space behind the cathode as if 
reflected out by the anode. 

The drop at an anode of steel in these various positions is 
given in ‘Tables I. and II., and in the form of a curve in 
fig. 2. In the figure the ordinates represent the drop in 
volts ; the abscissas, the corresponding distance of the anode 
from the cathode in millimetres. Along the positive column 
the drop at the anode remains constant ; entering the Faraday 
dark space it increases to a certain maximum value, then falls 
rapidly to a value approaching zero in the negative glow. 
Throughout the negative glow this zero value holds; but, 
entering the cathode dark space, the drop increases very — 
rapidly, as indicated by the curve changing quickly to a nearly 
vertical direction. Two curves are given to show the effect 
of gas-pressure—one at 0°5 mm., the other at 0°7 mm.—both 
with a current of 0:5 milliampere. 

TABLE I. 

Variation in Drop of Potential at the Anode with Distance 
from Cathode. 

Gas-pressure 0°7 mm. Current 0°5 m.a. 

Distance in Drop at Anode in Position of Anode 
Millimetres. Volts. in Discharge. 

80 29 Positive column. 
60 33 Faraday dark space. 
53 38 i 5 
45 35°5 * 
38 ol - 

33 29 ” ” 

24 26 9 99 

19 105 rd s 
15 9°8 
12 4°5 Negative glow. 
10 10 : 
6 | 23 
4:5 102 Cathode dark space. 
3°5 168 : “a 
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. TaBue II. 
Bocap s in Potential at the Electrodes with Distance apart. 

Gas-pressure 0°5 mm. Current 0°5 m.a. 
| 

Distance in Drop at Anode | Drop at Cathode} Position of Anode 
Millimetres. in Volts. | in Volts. in Path of Discharge. 

Payers AAR AB AN. BEY Ed Positive column. 
23 Bac oc ” ” 

75 es ee Ey Oe Faraday dark space. 
98 eeeces ” 9 

een Man DMS 2d 
PUTAS (Oise hh oi fas 5 
5 At TE ee 
ee , ncaees 
See PE | Or AE! 
Ce! SE VOW eee 
LO ORS! ie Tanne SS 5 
<2 adi sit} a ee Negative glow. 
1 ae ade AMA LEMP one 3 ” 
1-2 425 
LL ey ae ee 
SD 8 Eh bs We 

= 430 
ee ee ar Ren ata 2 Cathode dark space. 
61 485 ” ” 

ai 605 
800 

Fig. 2. 

JS aaa RRR 
| ERR 
pd tt = | a mn 
BCE Ee re pe 
SSE REE oe 
HSE Daeee 

“2a 

| saa (ttt tty 
PINDER isos bist ne cae Pata 
CA Acacia tae CR 

These curves exhibit re same thay of form, ee 

ccmpared to the potential gradient in the gas under the same 
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conditions, as do H. A. Wilson’s curves of cross-conductivity™*. 
While the constant potential-gradient of the positive column 
decreases through the Faraday dark space to a minimom 
value in the negative glowf, and (as will be shown) may 
possess a zero value also in the cathode dark space, Wilson 
found the cross-conductivity of the gas yreater in the luminous 
positive column than in the Faraday dark space, greatest in 
the negative glow, and very low in the cathode dark space. 
The drop at the anode being smaller in the luminous positive 
column than in the Faraday dark space, least in the negative 
glow, and greatest in the cathode dark space, we conclude 
that the conditions which increase the cross-conductiyity of 
the gas at the anode, lower its drop. If the cross-conductivity 
depends simply on the degree of ionization, then, other con- 
ditions being the same, the drop at the anode is lowered by 
increased ionization. This is in harmony with Professor 
J.J.Thomsn’s theory, that the drop at the anode is necessary 
to ionize the gas in its immediate vicinity{. If the gas be 

Taste ITT. 

Drop of Patetinl at Kilectrodes with Distance apart. 

-Gas-pressure 2°0 mm. Current 1-0 m.a. 

Distance in Drop at Anode pe at Cathode | Drop between 
Millimetres. in Volts. | in Volts. _ Electrodes i in Volts. | Rainer 

“CT RR Seg Ts aE 2S | 65 | 
ie ae ee: a lee : 265 | 

C2) ties ie eee mie Pe 265 | 

2-5 45 275 | 
1°5 75 485 | a 

ionized from some external cause the drop should be reduced, 
or should vanish, according to the degree of ionization. The 
question however arises: Why is the ionization less in the 
Faraday dark space than in the luminous positive column, 
while the potential gradient is greater in the latter? In the 
case of the anode drop, it cannot be due to an additional 
ionizing effect of the luminosity in the positive column over 
that in the dark space, as suggested by Wilson to explain the 
difference in cross-conductivity. For, as stated above, the 

* H. A. Wilson, Phil. Mag. June 1900, p- 505. 
t See W. P. Graham, Wied. Ann. Ixiv. p- 69 (1898). 
t J. J. Thomson, Phil. Mag. April 1901, p. 361. 
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anode as it moves through the Faraday dark space is covered 
with a thick luminous disk which is. simply, so far as lumi- 
nosity is considered, the positive column shortened. This 
luminosity should have the same ionizing effect in the Faraday 
dark space as in the positive column itself. : 

As previously suggested by the writer*, another factor 
probably enters to cause a difference in conductivity of the 
gas along and across the main stream in the Faraday dark 
space, namely, the higher velocity of the negative ions in 
this space (imparted to them by the drop of potential at the 
cathode) over that maintained by them in the luminous 
column. In the luminous column the current is maintained 
solely by the electric intensity at the point considered. If, 
in the Faraday dark space, it is maintained partially, or 
wholly, by the inertia of the ions driven into it by forces 
without, the electric intensity necessary in that space will be 
correspondingly smaller. At the same time, owing to the 
motion of the ions along the stream, the conductivity across 
the stream will be less (for the same ionization) than at points 
where the velocity of the ions is less. 

We may explain in the same way the difference in the 
drop at the anode in the two spaces referred to: Other con- 
ditions being the same, the greater the velocity of the dis- 
charging ions the greater the drop at the anode. If the velocity 
of the discharging ions be zero, as in the highly ionized gas 
of the negative glow, the drop at the anode vanishes. It 
will be seen that a number of phenomena may be explained 
from this standpoint. 

The effect of increased ionization in decreasing the drop at 
the anode may in this case be explained as due to a decreased 
velocity of the discharging ions, in that, for the same current, 
an increase in the number of ions in unit volume necessitates 
a proportionate decrease in their velocity. 

Further observations on the drop at each electrode as the 
anode is moved into the cathode dark space indicate, that, at 
the cathode as at the anode, the drop of potential between 
metal and gas may be attributed to the velocity of the dis- 
charging ions. In Tables IL. and III., values of the drop 
at both electrodes under the same conditions are given. The 
exploring wire was placed as near the stationary electrode as 
possible. By passing the current first in one direction, then 
reversing it, the drop at anode and at cathode could be 
successively and rapidly measured. In Table II. the anode, 
placed in the negative glow and possessing a drop of 1*2 volts, 
had no effect on the drop at the cathode ; but when moved 

* Phil. Mag. December 1900, p. 568. 
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into the cathode dark space where its drop rose to 61 volts, 
the drop between the cathode and the adjacent gas increased 
from 425 to 485 volts. As the anode was brought nearer, 
the drops increased until the battery of 1200 volts could not 
maintain a current. These values were obtained with .a gas- 
pressure of 0°5 mm. and with a zero gradient in the cathode 
dark space. In Table III., observations of the same kind 
with a gas-pressure of 2 mm.are given. For the same effect: 
on the drop the electrodes must be brought closer than at. 
the lower pressure, but in quality the results are the same: 
there is a simultaneous increase in the drop of potential at 
the two electrodes when they are brought near together. 
That it is solely a drop at the electrodes that makes the 
increase in the discharge-potential is proved in Table III., 
where the total potential-difference observed between th« 
electrodes is just equal to the sum of the drops. This also 
shows that the gradient in the gas is an inappreciable quantity. 
Such, however, is not always the case, as shown by the follow- 
ing observations taken at another time :— 

Drops in Volts between 

Anode and Gas. Cathode and Gas. Anode and Cathode. 

65 755 835 

where the drop in the gas is found to be about 15 volts, 
which value, however, is small compared with the total differ- 
ence of potential. - 

It seems difficult to conceive the forces required to produce 
ionization at the electrodes as increased by decreasing the 
space between them. On the other hand, attributing the drop 
at the electrode to the velocity of impact of the discharging 
ions, it is obvious that, when the velocity with which the ion 
reaches the second electrode is increased by increasing the 
velocity with which it leaves the vicinity of the first, the 
variations at the two electrodes will be simultaneous and 
mutual. 

Furthermore, a drop of potential at the electrodes is ob- 
served in conducting gases in general, even when ionization 
only takes place some distance from them. In general, the 
drop is reduced by producing the ionization at the surface of 
the electrodes. Ina vacuum-tube Hittorf found that when 
the cathode was raised to a temperature of incandescence (so 
that the surrounding gas was ionized) a current could be 
passed by a comparatively small difference of potential between 
the electrodes*. Child has observed that in gases conductive 

* W. Hittorf, Wied. Ann. xxi. p. 183 (1884). 
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under the influence of Réntgen rays, the drop at the electrode 
is reduced when the rays play upon its discharging surface”. 

The phenomena seem to indicate that, to give up its charge 
to the electrode, the ion in gases must first be brought to 
rest. ‘The fact that cathode rays may be reflected from a 
metallic surface t shows that the negative ion does not dis- 
charge in the time (or condition) of elastic impact. The 
experiments of Cady on their heating effect{ prove that 
cathode rays give up their kinetic energy with their charge. 
These observations furnish direct evidence that the velocity of 
impact tends to prevent the discharge of the ions. 

If then, the ion must come to rest before giving up its 
charge, unless the electric force at the electrodes be as great 
as the force of elastic reaction it will vibrate back and forth, 
giving up its kinetic energy in setting the molecules of the 
gas and the electrode in a state of greater agitation, that is, 
in raising the temperature of both. By increasing the number 
of molecules of gas in a given volume we should expect to 
facilitate the discharge, in that by increasing the number of 
collisions in a given time the ion will more quickly reach 
that state which, in reference to an electric current, is looked 
upon as a zero-velocity. We have, in this conception of the 
discharge, the ion giving up its kinetic energy acquired in 
the electric field, in imparting by impact increased velocity 
to the surrounding molecules, the same being evidenced 
as heat. 

Variation in Drop at the Electrodes with Current and 

Gas-pressure, 

It is important to know the variation in the drop at the 
electrodes with the velocity of impact of the discharging ions. 
For the same gas it would be expected that the velocity of 
the ions would vary with the current. Though we cannot, 
without a further knowledge of the number of ions in motion, 
gain from the magnitude of the current a definite knowledge 
of the velocity of the ions, yet, in lieu of direct measurements, 
some interesting relations between the drop at the electrodes, 
current, and gas-pressure have been observed. 

At the Anode.—Other conditions remaining constant, the 
drop at the anode (for disk-electrodes) is, as found by the 
writer §, at least with moderate current-densities, constant. 
The velocity of the negative ions as they arrive at the anode 

* C.D. Child, Wied. Ann. Ixv. p. 152 (1898). 
+ H. Starke, Wied. Ann. lxvi. p. 49 (1899). 
t W. Cady,.Ann. d. Phys. i. p. 678 (1900). 
§ Wied. Ann. lxviii. p. 752 (1899). 
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must, then, be constant; and therefore, in consequence, the 
number in unit volume proportional to the current. 

The drop at the anode increases with gas-pressure, that is, 
it increases with the potential gradient in the positive column. 
In other words, the drop at the anode increases with the foree 
with which the negative ion is driven against the anode. 
This increase is not as rapid as that. of the gradient*, due 
partly at least to: the decreased heer ets of the ion with in- 
creased gas-pressure. 

Two casual observations made by the alitae add strength 
to the conclusion that the drop increases due to the increased 
foree with which the ion is driven up to the anode ; namely, 
with increased current the drop: at the anode decreases by a 
very slight quantity, simultaneous (and comparable in magni- 
tude): w vith the decrease in the potential gradient. in the 
positive column observed by Herz:+; also, as the luminous 
discharge changes. to: the dark, accompanied by an increased 
gradient near the anode{, the drop at the anode increases 
(from a drop of about: 25 to one: of 40 volts, for instance). 

At the Cathode.—Warburg § and others have studied the 
drop of potential at a cathode in form of a wire placed in the 
axis of the discharge-tube.. They have found the drop to be 
constant for all gas-pressures so long as the discharge is not 
restricted to a definite: area; it increases with the current, 
however, when restricted. G: C. Schmidt || has observed 
with a similar cathode that the drop for a restricted discharge 
is a linear function. of the current.. 

If the drop be due to the velocity of impact of the positive 
ions on the electrodes, we should expect somewhat different 
results with a disk electrode discharging alee the axis of 
the tube. 

There is a: distinction between the phot designated 
as ‘‘anode”’ and as “ cathode ?? drop, which must first be 
noted. The “anode” drop is an immediate drop of 
potential between anode and gas, so far at least as experiment 
CT determine. The “ cathode drop,” as defined and measured 
y Warburg, is the difference of potential between the ‘cathode 
fa the highly conductive negative glow. It is the drop 
between metal and gas plus the drop in ae — dark 
space. 

“* Compare potential gradient at different gas-pressures (Phil. Mag. 
Dec. 1900) with drop at anode at different gas-pressures (Wied. Anz. lviii.). 

+ A. Herz,(Wied. Ann: liv. p. 244 (1898). 
t Phil. Mag. 2. c. Tables I. and Wi. 
§ E. W arburg, Wied. Ann. xxxi. p. 545 (1887) ; xl..p. 1 (1890). 
[\ Gee Schmidt, Ann. d. Phys. i, p..625° (1900). | 
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The immediate drop at the cathode, aecording to the views. 
expressed above, should be a functionof the velocity of impact 
of the positive ions, and this velocity of impact dependent: 
upon the gradient in the adjacent gas.. Observations made 
on the “ immediate ’’ and the ‘“* Warburg drop ” at the cathode. 
under the same conditions, should throw some light on the 
relation between this gradient and the drop of potential thus 
caused at the cathode., Such observations with a circular 
steel disk as cathode, under various currents and gas-pressures,, 

are given in Table IV. The ‘immediate drop” was obtained 
with the exploring wire as close to the cathode as possible. 
Afterwards, the “ Warburg drop ” was taken by shitting the 
exploring wire into the negative glow. At the close of the 
observations for each gas-pressure, the exploring wire was 
returned to its positions for the “ immediate drop ” (as indi-. 
cated. by the value of the drop), so that comparable results at 
the different gas-pressures were obtained. As shown in the. 
table, they are, at a pressure below one miilimetre, identical 

Teste LV; 

Comparative Values of “* Warburg’? Drop and “ Immediate” P | y” Drop ) 
Drop of Potential at the Cathode at various Gas- 
pressures. 

p=07 mm. | p=1*l mm. | p=1-4 mm: | p=26 mm. ; 
| 
| 
} 

: 
Current) War- | lmme-| War- | lmme-| War- | Imme-| War- | Imme- | 

(Milli- | burg | diate | burg | diate burg | diate burg | diate 
amps.).| Drop. | Drop. | Drop. | Drop. | Drop. | Drop. | Drop. | Drop. 

10 | 445 | 445 | 340° | 320 | 330 | 330 | 280 | 205 

15 | 510 | 510 | sso | 360 

20 | smo | 565 | 410 | 390 | ... | 395 | 300 | 250 
i 2 eer .. | 400 | 325 | 275 

ae “at i ool eto) a0a Vea" Sie 

60 | | 565 | 400 | 375. | 

ee eee aie ae ne i ebis a Suh Aa 
in value for all currents ; the gradient in the cathode dark 
space is, therefore, practically zero. At higher gas-pressures 
they differ for small currents, but approach equality as the 
current increases. Both the ‘‘ Warburg” and the *‘ immediate 
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drop ” increase with increased currents, the latter more rapidly 
than the former. Contrary to the expectation expressed 
above, it is observed that while the drop in the cathode dark 
space decreases, that at the cathode increases. The observed 
“‘immediate drop ’”’ is, however, the drop between cathode 
and gas plus the drop in a certain portion of the gas which 
cannot be eliminated. In fact, the observations of Graham 
(l. c. p. 173) show that with increasing current the gradient 
in the immediate vicinity of the cathode increases, while 
farther away it decreases. It was noticed in this connexion 
that when once the zero gradient in the cathode dark space 
was ushered in by a large current, it held then also with 
smaller currents, indicating that the gradient is influenced by 
the condition of the gas. At the higher pressures (above 
2°5-mm.) it could not be made to vanish entirely. 

It may be noted here that the ‘immediate drop” at the 
cathode for the same current decreases rapidly with increas- 
ing gas-pressure, as might be expected if an increased number _ 
of molecules in unit volume of the gas increase the facility 
for discharging the ions. 

While carrying out these observations, it was found that 
the gas underwent during use a change of somewhat peculiar 
nature. So long as the pressure was not varied by drawing 
off part of the gas (or adding new) consistent results were 
obtained with different fillings of gas, but the presence of old 
gas at the new pressure always lowered, more or less, the 
value of the cathode drop. 

The drop between cathode and the negative glow being 
under certain conditions a [negative] definite quantity, it was 
carefully studied with reference to current and gas-pressure. 
For each new gas-pressure entirely fresh gas was used, and the 
gradient in the cathode dark space made to approach a zero 
value (if possible) by passing first a sufficiently large current, 
Observations were then immediately taken, and, if at the 
close of a series no ‘“time-change’’? was observable, the 
results were considered good. ‘They are given, for a steel 
cathode, in Table V.,and plotted in fig. 3 (p. 628). In the figure 
each line represents for the indicated gas-pressure the relation 
between drop in volts and the current in milliamperes. These 
show that with constant pressure the drop at the cathode is a 
linear function of the current. As the pressure decreases the 
inclination of this line to the axis of abscissas increases. The 
line appears to start from a horizontal position at high gas- 
pressure, and as this is decreased without limit, gradually 
rotates about a fixed point in the second quadrant as centre 
toward a vertical position. Within experimental variations 



at the Electrodes in Vacuum-Tube Discharge. 627 

TABLE V. 

Drop at Cathode (volts) with Current—various Gas-pressures. 
(Steel cathode—Area 2°5 sq. cm.) 

| 

Gas Pressure é 7 ; : ; dg a ana } 36 26 #70) 1} 4 [Jee | eRe liges 

Current 
(milliamps.). 

0°5 ae 305 300 395 415 
0-6 280 a 3a ne 
1:0 ba 285 295 325 340 405 530 
2:0 275 305 330 365 415 505 690 
30 280 325 370 405 480 595 860 
4-0 295 365 410 445 530 
50 = its rr 485 565 
6:0 315 400 460 

this group of lines may, with exception of that for a pressure 
of 3°6 mm., be expressed by the simple mathematical 
equation, 

V=245 + — (i406), 

where V is the drop at the cathode, 7 the current, and p the 
gas-pressure, 

For each gas-pressure, p, the value c is as follows :— 

Sea Or 10 «614 —~6«(«17) 286 OG 
Deets. Go 62 63 8 8658.—lU6! (40 

From the irregularity with which ¢ fluctuates about the 
recurring value 62, we are led to conclude that under ideal 
conditions it is a constant. Omitting that for p=3°6 as 
being exceptional, we obtain a mean value 61. The equation 

V=245+ +056) 

enables us then to calculate the value of the cathode drop in 
nitrogen, for a steel disk, with a discharge surface of 2°5 
sq. cm., placed normal to the axis of the discharge-tube. It 
is observed to be valid for gas-pressures varying from 0°3 to 
26mm. The experimental arrangement did not allow of 
reliable measurements being made at lower gas-pressures. 
At lower pressures (not measurable) it was simply noted that 
the lines continued to radiate from the same central point as 
at the higher, 
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The intersection of each line with the axis of ordinates 
ives the value of the drop, for the pressure given, below 

which the current can no longer be maintained. This value 
increases more and more rapidly with decreasing gas-pressure. 
For very low pressures, at which, according to the observa- 
tions of Graham (1. ¢.) the potential-gradient in the gas is very 
small, and where the drop at the anode is small compared 
with that at the cathode, the above equation should give the 
minimum difference of potential required to maintain a 
eurrent, For 2=0 the calculated value of V is given for 
different pressures * :— 

4 y: aes of Diane 

| millim, | volts. 

| 1:0 280 Unstriated. 

0-1 610 Striated or dark. 

| 0-01 - 3900 Cathode rays. 

| 0-001 37000 Banksen cane 
| 

The writer has not been able to find any direct observations 
with which to compare these results. They are in keeping 
with observation in that, as the pressure decreases without 
limit, the difference of potential required to produce a current 
increases without limit. It is probable therefore that the 
very large potentials required to produce a discharge in high 
vacua are of the form of a drop at the electrodes. As the 
pressure of the gas decreases, the drop of potential at the 
cathode, for the same current, increases. This might be due 
to a decreased density of ionization causing increased velocity 
of impact, or, it might possibly be due to an increased difficulty 
in discharging, in that, as noted before, the presence of a 
Jarge number of molecules in a given space would shorten 
(ty increasing the number of collisions per second) the time 
required to bring the ion to a minimum velocity. 

Effect of the Area of the Cathode on its Drop.—Experiments 
were tried to determine if the rate of increase of potential 
with the current be simply dependent on the current-density. 
For this purpose a first experiment with two steel electrodes, 

* The constants from which these values are deduced are liable to 
considerable variation, so that these results represent at best a rough 
approximation to the actual values. 

Phil, Mag. 8S. 6. Vol. 2. No. 12. Dec. 1901. 2T 
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possessing discharge-areas of 2°5 and 5:0 sq. cm. respectively, 
was performed and the variation in the cathode drop with 
current noted. A second similar experiment was carried out in 
which electrodes of areas 2°5 and 1:25 sq. cm., respectively, 
were used. The observations are given in Table VL., plotted in 
fig. 4. In the second experiment for the same current-density 
the drop is the same, the drop for the smaller electrode increas- 
ing with current twice as rapidly as that for the larger. But in 
the first experiment the larger cathode gives with the same 
current-density a drop five per cent. greater than the smaller. 
This difference may be due to the area of the larger electrode 
being comparable in dimensions with the cross-sectional area 
of the discharge-tube. The difference is not so large but that 
the drop at the cathode may be designated as a linear function 
of the current density. 

TABLE VI. 

Drop of Potential at Cathode with Discharge Surface of 
Different Magnitudes. 

(Cathode of Steel.) 

Gas-pressure ......... 1:0 mm. | Gas-pressure ......... 0-5 mm. 
| 

Dis. Surface Dis: Surface || Dis. Surface Dis. Surface 
| 2'5 sq. cm. 5°0 sq. em. 2°5 sq. em. 1°25 sq. cm. 

ey |Current-| Drop | Current-| Drop || Current-| Drop | Current-| Drop 
Seat density. | (Volts).| density. (Volts). || density. |(Volts). | density. | (Voits). 

OD a sks es re i | bet a 0-4 320 

1:0 0-4 280 0-2 260 0-4 310 08 | 360 

15 0-6 295 0-3 275 0-6 330 1-2 410 

2°0 0:8 315 0-4 280 || 08 355 16 465 

25 B c es a 10 | 365 

3°0 12 845 06 | 304 1-2 405 

ARATE eee 35 

Effect of Kind of Metal on Drop at Cathode.—To study 
this, one electrode was of steel (area 2°5), the other of 
aluminium (area 3 sq.cm.). In the same gas observations 
were made, first with one as cathode, then the other. (The 
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use as anode did not seem to affect the results from either as 
cathode.) The observations of the cathode: drop at various 

Fig. 4. 
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@as-pressures are em bodied in Table VIL. (p. 632) ; cn are 
represented graphically in fig. 5 (p. 633). Owing to insuffi- 
cient care in the prep: aration of the gas, the results, as may 
be seen in the figure, for the different gas-pressures are not 
consistent with each other, in that they do not for the same 
electrode converge at all pressures to the same point. They 
are of greater value, however, in that they show the inclination 
of the line (repr esenting the cathode drop as it varies with the 
current) to be inde pendent of the metal used as cathode in 
impure as in pure gas. 

2T 2 
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TaBe VII. 

Drop of Potential at Cathode, comparing Steel and 
Aluminium. 

Area of Steel Electrode, 2°5 sq.cm. Area of Aluminium 
Electrode, 3:0 sq. cm. 

Further pu Ca ts tw P: p=l8 mm.) p=07 mm. | p=0'45 mm.) p=0-25 mm. | Oya. | reduced. 
Cur- | 
rent. | 

Steel. | Al. | Steel.| AJ. | Steel.| Al. | Steel. | Al. Al. Al. 

Sa] aks > ah bibles thal Seal hades al ORNS eae lat ea 
| yee |i coke Sl cakes baba las Ul ge i ABOe ||) S000 een 

Poker ef acns| betel ocsbaad lhdae Jib aleve] tO 042 it a 
mee Lubes | cee | see, Agel ons. | BOB |” 45001) eee a 
260 | 250 | 305 | 265 | 440 | 400 | 550 | 495 | 670 
280 | 260 | 840 | 285 | 495 | 440 

295 | 280 
810 | 290 wt oSOSO ON © O1S WD Or! LO 

For, expressing the tangent of the angle of inclination of the 
line for steel by c, that for aluminium by c, we find the 
ratio ¢,/c. at the various pressures p: 

Pp. €,/63 
1°8 mm. 1°25 

Grrr. 1°25 
0:45.,, 1:46 
Q:255) LAs 

Means 25.5, 127. 

Were the difference due to current-density alone, this ratio, 
being the ratio of the area of the two electrodes, should have 
been 

ey WY 
2. | 

Considering again the limits of experimental accuracy, the 
indications are that, for the same gas, the rate of increase of 
the cathode drop with the current-density is practically 
independent of the kind of metal used as cathode. On the 
other hand, it depends vitally on the quality of the gas. IL 
have observed that the greater the care taken in purifying 
(especially drying) the gas, the more rapid the increase in. 
drop with the current-density. 

Es 

| 
| 
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From fig. 5 it is also evident that the ordinate of the con- 
verging point depends both on the metal used as cathode and 
on the quality of the gas. For steel, as already given (fig. 3), 

Fig. 5. 
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it has a value of 245. The lines for ay oa igi 5) con- 
verge, at the higher pressures, fairly well to a point (210, —0°6). 
The value of this ordinate represents the limiting value of 
the cathode drop, for a finite current-density, as the gas- 
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pressure is increased without limit. This value with disk- 
electrodes. seems to be the same as the drop found by War- 
burg for wire electrodes, though, the conditions differing in 
the two cases, a rigid comparison cannot be made. 
A Plane Cathode in General.—The foregoing observations 

allow some general conclusions to be drawn with respect to a 
plane cathode when the stream-lines are straight and the 
walls of the discharge-tube sufficiently removed. From the 
observed similarity in the conducting qualities of the various 
gases the observations on the cathode drop may, in quality, be 
extended to gases in general. The relation between drop of 
potential at cathode V, current-density 2, and gas-pressure p, 

_ may be expressed by the equation 

= VEC. S — > ohre 

where C is the limiting value of the drop at the cathode, as 
the gas-pressure increases without limit, depending both on 
the kind of metal and kind of gas used ; ¢ a constant depend- 
ing on the kind of gas used ; and a a constant (approximately 
independent of metal used as cathode). Jor steel and 
aluminium cathodes in nitrogen, the values obtained from the 
foregoing observations are 

c. C. a. 

Dneeliai.. mike csus 245 24-4 —0°6 

Almminiom... 2... 210 24°4 —0°6 

when V is given in volts, 7 in milliamperes per sq. cm., and 
p in millimetres of mercury. 

Our present knowledge of the quantities involved in the 
equation does not furnish us with means for analysing it. If 
the drop of potential at the cathode be a function of the 
velocity of impact of the discharging ion, we conclude at 
least that when the drop is constant with current the velocity 
of the ions approaching the cathode does not change as the 
current increases, and hence, the number in unit volume 
must be proportional to the current. This condition is 
approached as the gas-pressure is increased, so that, at high 
gas-pressure, we conclude that the ionization at the cathode 
is, as at the anode, practically proportional to the current. 
As the pressure is reduced, since the drop increases, the 
velocity of impact must increase, and the ionization at the 
cathode is therefore no longer proportional to the current. This 
conclusion suggests a means of comparing more searchingly 
cathode and anode drops, in that by reducing the gas-pressure 
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and increasing the current-density at the anode sufficiently, 
we should, if like conditions hold at the two electrodes, obtain 
similar results, namely, an increase in the anode drop with 
increased current and decreased gas-pressure. 

Variation in Drop of Potential at Anode with Current- 
) On density. 

An experiment was performed with the aforesaid purpose in 
view. A steel disk-anode, similar to that serving as cathode 
in previous experiments, but having an area of 0:25 sq. cm., 
was used as upper electrode in fig. 1. To prevent its drop 
being affected by the cathode stream, a guttapercha cap was 
placed over the upper surface of the lower electrode, thus 
forcing the cathode discharge to take place down the tube 
away trom the anode. Observations made on the anode drop 
under these conditions are given in Tables VIII. & 1X. Witha 
gas-pressure of 1:2 mm., Table VIII., the drop first decreases, 

TABLE VIII. 

Variation in Drop of Potential at Anode with Current-density. 
Pressure of Gas, 1°2 mm. Area of Electrode, 0°25 sq. cm. 

pyre Current-density eee (Milliamps. per Drop at Anode 
(Milliamps.). eq; om.). (Volts). 

1:0 4 27 
1 2 6 23°7 
2 8 24 
2°5 i0 26 
3°0 12 28 
3°5 14 29°5 
40 16 30 

then increases slightly with increasing current. The decrease 
is probably due to the slight decrease in the potential gradient 
in the positive column as the current increases. The observa- 
tions in Table |X. are plotted in fig. 6 (p.636). The curves are 
slightly concave to the axis of abscissas, while for the cathode 
they are straight lines. I have noticed, however, that, under 
some conditions there is the same tendency at the cathode, 
as may be seen from the observations at a gas-pressure of 
1 mm. in fig. 3. The maximum inclination of the lower 
curve in fig. 6, compared with the cathode drop, gives 
c=0°7, while under the same conditions at the cathode, 
c=24'4. The drop increases then thirty-five times as rapidly 
at the cathode as at the anode. 
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TaBLE I[X.—Drop of Potential at Anode with Current-density, 
at Different Gas-pressures. 

(Steel Anode, Area 0°25 sq. cm.) 

Current Current-density Drop at Anode (Volts). 

(Milliamps.). (Milliamps. per => a
 ne 

sq. em.). p=02 mm. p=0'lmm.(approx.).. 

0°3 1-2 5d | 67 

0-4 16 SEEN te 74 

0-5 2:0 62 | 75 

0-7 2:8 Ger 82 

1:0 4:0 70 | 87 

0:3 milliampere the series of observations on the drop at the anode was 
as follows :— | 

67, 90, 107, 115, 124 volts ; 
the last value corresponding to a total drop between the electrodes of 
1100 to 1200 volts, a large part of which was the drop at the cathode. 

Fig. 6. 

0.2 at 0-6 ry ee 
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Results at Cathode and Anode Compared. 

With the above observations at the anode, the complete 
similarity in conditions existing at the two electrodes seems 
to be established. From the view taken that the drop is 
caused by the velocity of impact of the ions, its striking 
difference in magnitude at the two electrodes calls for a 
special explanation. If this difference in magnitude were 
due simply to a different impact velocity, that of the positive 
jon must be considerably larger than that of the negative. 
Hixperiments of Zeleny* and others on ion velocities seem to 
preclude that possibility. They have found in general that, 
under the same forces, the negative ion moves with a greater 
velocity than the positive. A more plausible explanation 
may be given trom the view that the positive ion possesses a 
much greater mass than the negative. It is evident that for 
the same velocity of impact the greater the mass the greater 
the force of elastic reaction, and in this case therefore the 
greater the electric forces at the electrode necessary to bring 
the ion to rest ina given time. Under such conditions the 
drop at the cathode would be larger than at the anode, and 
likewise, the cathode possess a greater rate of increase in 
drop with increasing current and decreasing gas-pressure. 

Another fact pointed out by the writer (Wied. Ann. I. ¢.) 
demands attention in this connexion, namely: Of two metals 
in the same gas the one showin7 the greater drop of potential 
as cathode possesses the smaller drop as anode. The drop 
of potential at an iron anode is, under the same conditions, 
smaller than at analuminium. In fig. 5, as cathode the con- 
ditions are reversed—aluminium possesses the smaller drop. 
An explanation is suggested by the similarity existing between 
the series of metals arranged according to the magnitude of 
their drop as anode, and the contact-potential series. The 
two series seem to be identical :— 

Series with Series with Increasing 
Decreasing Drop at Attraction for 

Anode. Negative Electricity. 

Aluminium. Aluminium. 
Magnesium. — 
Zine. Zine. 
Iron and Copper f. Iron. 

pena Copper. 
Platinum. Platinum. 

* John Zeleny, Phil. Trans. vol. excv. p. 160. 
+ The extreme sensibility of copper in that its drop at anode increases 

very rapidly with use, raised it to a level with iron, though the contact 
series places it-below. 
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It appears that the metal by its own attraction for the 
charge on the ion tends to neutralize the effect of the velocity 
of impact ; so that, with the current in the steady state, the 
metal exerting the greater attraction for the charge it receives 
possesses the smaller drop of potential. The series of metals. 
arranged according to the magnitude of the cathode drop 
would. be thus the reverse of that for the anode drop. 
We should expect the relatively large variation in both 

cathode and anode drops when the electrodes become tar- 
nished to be due to the same influences ; but here the results. 
are exactly the reverse of what we should predict from the 
contact-potential series. According to Lord Kelvin*, “ dry 
oxide of copper is resinous to copper in contact with it, and 
dry oxide of zine is resinous to zinc in contact with it, 
just-as copper is resinous to zinc in contact with it.’ While 
we would predict then, that, by tarnishing, the drop at the 
anode should decrease, I have found by experiment (J. c.) 
that there is invariably an increase in the drop at the anode, 
Warburg (l.c.) having previously found that the drop at the 
cathode decreases. | 

Physical Laboratory, 
University of Nebraska, Lincoln. 

LX. The Theoretical Evaluation of the Ratio of the Specific 
Heats ofa Gas. By J... Juans, B.A., Fellow of Trinity 
College, and Isaac Newton Student in the University of 
Cambridge ft. , 

Introduction. 

6.1; tha Maxwell-Boltzmann theorem on the Partition 
of Energy leads, as is well known, to a value of y 

which’ is not in accordance with observed values. In a 
recently published paper { I have suggested that an escape 
from the conclusions of this theorem might be found by taking 
account of the interaction between matter and ether; and it 
was shown that evena small interaction might entirely modify 
the conclusions of the theorem. In the present paper an 
attempt is made to work out in greater detail the nature of 
these modifications, and, in particular, to examine whether 
it is possible, in this way, to obtain a theoretical evaluation of 
y which shall be in agreement with observed values. 

* Lord Kelvin, Phil. Mag. July 1898, p. 82. 
+ Communicated by Prot. J. J. Thomson, F.R.S. | 
t “The Distribution of Molecular Energy,” Phil. Trans. cxevi. 

p- 397. 7 ; 
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Experimentally the value of y is best found indirectly by 
observation of the velocity of sound; and this introduces a 
further complication into the question. This complication 
arises as follows. 

In arriving at Laplace’s value for the velocity of sound in 
a gas *, it is assumed that the ratio of the two specific heats of 
a gas has a definite value, y, which depends solely upon the 
nature of the gas. ‘This, as can easily be verified, amounts to 
assuming that the mean internal energy of a molecule bears, 

at every instant, a constant ratio fe saesh to the mean 
energy of translation. 3(¥—1) | 
Now, after the lapse of infinite time, a gas tends to assume 

a steady state in which the two mean energies may, perhaps, 
be legitimately supposed to bear to one another this constant 
ratio; but the case is different with a gas in which the value 
of one of the quantities in question is continually caused 
to vary owing to the passage of a wave of sound. For the 
mechanism by which the balance of energy is adjusted cannot 
be supposed to work with infinite rapidity, so that the ratio 
in question will never have the actual value which must be 
assigned to it in order to.arrive at the Laplacean velocity of 
sound. The question as to whether or not this want of 
steadiness in the ratio of the two energies is sufficient to 
influence appreciably the transmission of sound, is therefore 
seen to be one requiring investigation, 

General Theory. 

§ 2. Let us, for the sake of simplicity, consider a gas of 
which the molecules possess only one kind of freedom in 
addition to the freedom to move in space. Let the mean 
energy of translation in space be denoted by E, and the mean 
total energy by E+F, the energy F arising from the re- 
maining kind of freedom, which may be either a rotation or 
an internal vibration. 

The quantities EK and F will be capable of variation owing 
to the transfer of energy which is effected by collisions between 
the molecules of the gas. In order to obtain sufficiently 
general results we find it necessary to imagine a second path 
for the transfer of energy, namely ether-vibrations. Regarding 
the molecule as an electromagnetic system, the vibrations or 
rotation of the system will send out. electromagnetic waves 
into the ether, and collision of the two molecules will also 
send out a system of irregular electromagnetic waves or 

* Lord Rayleigh, ‘Theory of Sound,’ § 246, 
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* pulses.” The energy of these waves will be either partially 
or entirely absorbed by the other molecules of the gas, either 
by forcing vibrations in them, or by affecting their velocities 
of translation or rotation; and in this way we have a second 
path for the transfer of energy. If this absorption is com- 
plete, the total mean energy H+F will remain constant 
throughout, and a steady state will be possible. If the ab- 
sorption is only partial, a steady state will only be possible if 
we suppose energy introduced into the gas by some external 
agency, of amount sufficient to compensate that which is lost 
by the radiation of waves. 

If the law of distribution of E and F among the molecules 
of the gas is known, it will be possible to calculate the two 
transfers caused respectively by collisions and electromagnetic 
waves. The rate at which F increases owing to collisions 
will be some function of E and F, which will for the present 
be denoted by ¢(H, F); the rate at which F increases owing 
to radiation and absorption may similarly be taken to be 
w(H, F). We therefore have, for the total change in F, 

ak 
dt 

‘There must be at least one steady state; let the corre- 
sponding root of 

o(EyF) +(B, F)=0 3. 1) 2 ae 

PS... a 
When the reaction with the ether is of zero amount, 

equation (3) will reduce to the expression of the Maxwell- 
Boltzmann law; but a very small reaction may, as was 
pointed out in the paper previously referred to, suffice to 
alter entirely the form of this equation. The value of y is 
now given by 

=$(E, F)+¥G,F).. 2. 

be 

dK 
d(e4+r) 2-): 

or = 

y=1t (4) 
a a ; 

where f/(E) stands for df(H)/dE. 
This value of y is not restricted to being one of the series 

given by the formula 1+ 2/n, and is, moreover, capable of 
variation with the temperature. 

§ 3. The right-hand member of equation (1) contains as a 
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factor either F—/(E), or else some power of this factor, or 
else some other function of this factor which vanishes when 
the factor is put equal to zero. In order that a simply 
periodic variation in F and E may be possible (i. e. in 
order that sound may be propagated in the gas) the first of 
these alternatives must be the true one. In this case, assuming 
the values of E and F to vary only slightly trom their equi- 
librium values Ey, Fy, equation (1) may be written in the 
form : 

=—x(G)[F-f)], . . . + ©) 
where x(E)) is some function of HE, which is positive if the 
gas tends to return to the steady state in which HE= Ey, F=F,. 

Assuming as a general solution 

E=E)+ Bye, 

F=f) + Fyer*, 

we find from (5) the equation 

ipF = —x(Bo){F) —y'(Eo) B,J ; 

or, what is the same thing, 

roe, 7... ae 
where 

_ at. | up a B=/"(B) (1+ i). fa 

§ 4. Let a, p be the pressure and density of the element 
of gas under consideration, and let us assume as a solution 
for w, p the values 

mame ee. kk kt lt ee 

py pees a oes ow: 

The quantities a, p, and E are connected by the relation 

ar == N Hips 3 4) | a h4ks eile lel ee 

where \ is a constant. Substituting the assumed values of 
a, p, and H, we find at once the relation 

Se evap oie 

We further suppose that no heat enters or leaves the 
element in question, so that the total energy of the element 
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remains constant. This gives the equation * 

3(8E-+8F) + pES (;) 0; 

in which 6 denotes excess above the mean value. Substituting 
for EK, F, and p, this gives 

3(H, + F,)— os =0; 
0 

or, by equation (6), 

Hy > Pi 

BO +8) Ko Po 

Combining this with equation (11), we find 

| eT oo, On 
ony Po 

where 

(13) 

Se eles 

3 {1+7@/(1+ By) § 

If we had supposed the gas to obey the ordinarily-assumed 
equation for adiabatic motion, viz. — 

EL Py, 

we should have obtained 

Loni Pi 

OF) Y Pc 

§ 5. Comparing this with equation (12), we see that the 
quantity I‘ given by equation (13) is a generalized form of 
the usual quantity Y. When the variation in E is infinitely 
slow (2. e. when p=0), the ratio between F and E is always 
the equilibrium ratio, and I’ becomes identical with y. So 
that we find, in this case, that equations (14) and (5) become 
identical. When, on the other hand, the variation in H is 
of infinite rapidity, the value of F is unaffected by variations 
in EH, and maintains a constant value corresponding to the 
mean value of H. ' For this reason, the gas will behave like a 
gas of which the molecules possess only the three trans- 
lational degrees of freedom, 2. e. like a gas for which y=12. 

* Boltzmann, Vorlesungen tiber Gastheorie, i. p. 56. 
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In accordance with this we find, on putting p= in (14), 
that we obtain I'=12. 

The Propagation of Sound. 

§ 6. Independently of any assumptions about the internal 
energy of the molecules, the equation of propagation of sound 
ig 

ih da dd 
dt? dp da” 

where ¢ is the velocity-potential, and 8, as before, denotes 
excess above mean value. 

Assuming $= qy,¢'"‘, we find 
[2 

(2+ SS i) 1=0, 

or, by equation (12), 

j To, (pee payixa0n = 4. . (5) 

The solution fora wave meoling along the positive axis of 
ais 

| a 

ee = Po where > = oh 

This gives VeavT, 

where a@ is the Newtonian velocity of sound. 
The difference between this solution and that usually found 

lies in the occurrence of terms in ¢p/y¥(E). From equation 
(14) we obtain 

Pay a8) 
where ; ii 

asi eae, : Paes eo) (7 (E) j 

=1—{ yy Laparey toraar eps 
P| T’(B) 

x(E) Sy. +78) )” 
as far as squares of p/x(Hi le 

The functions y(E), /(#) will be positive (cf § 8), so 
that as far as terms in p”, 8 will always be positive, and a less 
than unity. 

* Rayleigh, ‘ Theory of Sound,’ § 244. 
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Equation (16) now becomes 
Be 

Ay ae Ww... 

It appears from this that the value of y deduced from expe- 
riments on the velocity of sound will not be the true y, but: 
will be 7 2 | y/o. 

This, however, only differs from y by terms depending on 
the square of p/y(H). The effect of the first order terms is 
the introduction of a real exponential term into the expression 
for g, corresponding physically to a damping of the sound.. 
The amount of the damping, as also of that due to viscosity, is. 
proportional to p”; so that the effect of the ‘‘]ag ” in the value 
of I may be regarded as an apparent increase in the coefficient. 
of viscosity. 

Lord Rayleigh* shows that corresponding to a small 
coefficient of viscosity w, the coefficient of decay (measured. 
per unit length along the path of the wave) is 

2p” 

3pyV™ 

while the coefficient of decay due to the “lag” in F has been. 
shown to be 

pf (B) 
ByVx(E)((I +B) 

Thus the apparent value of w will be 

f wf (EK) : ’ 

H+ eps (air 
Since a only differs from unity by terms depending on the- 

square of p/x(), we see that at first the apparent value of y 
remains unaltered, being equal to the true value. As soon as 
squares of p/x(E) become appreciable, the apparent value of 
y begins to increase, and ultimately, when p/y(H) becomes. 
infinite, the apparent value of y will be 14, 

The Lag in Rotatory Energy in Air, 

§ 7. As an illustration of the foregoing theory, let us 
examine the effect of the lag in the rotation of molecules of 
air, the molecule being regarded for the purpose as a rigid 
body of which the shape is that of a solid of revolution. The 
quantity F is now the energy of the rotation of the molecule, 

* ‘Theory of Sound,’ § 346, equation (7). 
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the rotation about the axis of symmetry being excluded. We 
have now 

y=14, 

if we assume the rotation to be ike aia ta by reaction with 
the surrounding zether, and 

f(H)=3, 
while equation (5) becomes 

oF = —x(H,) P38). 
There is Re difficulty in forming a reliable esti- 

mate of the value of y(H,). The only case in which I have 
succeeded in calculating such a value is the case in which 
the molecules are supposed to consist of geometrically perfect 
spheres (of radius R and mass m),in which the centre of 
gravity is at a small distance r from the geometrical centre. 
In this case the value is 

(E) fughGi Rp P/ 28 
x ~~  3mk? 3m E 

where & is the radius of gyration*. 
The factor which depends on the geometrical structure of 

the molecule is 7?R?/k?. For a molecule in which the diver- 
gence from spherical symmetry is not small, we may pro- 
bably, without error as regards order of magnitude, replace 
°/k? by unity. This gives, as an approximate value, 

x (KE) = 8 R?ne, 

where n is the number of molecules per cu. centim., and c? 
is the mean-square of their velocity. Taking R=10-° cm., 
n= 10, c=4 x 10*, we obtain 

wc) 3x 10. oe Lek) oe ee 

In the same units as before, we may take »=*00019, 
@,=p,V?/y=86x 10°, and the value of expression (19) 
becomes 

12 b. 

The numerical estimate of y(E) is so vague that very little 
importance can be attached to the actua! result obtained. 

* The calculation is too lengthy to be ee aes here. I have 
indicated the method elsewhere (Phil. Trans. cxcevi. p. 399). 

Phil. Mag. S. 6. Vol. 2. No. 12. Dec. 1901. 2U 
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The result seems, however, to suggest that part of the damp- 
ing of sound in air may be assignable to causes other than 
pure viscosity. 

The value of « is roughly 

=1-){ tp 
Te 200k Ci) 

so that y(E) might vary largely from our numerical estimate 
of equation (20) before any appreciable difference could be 
expected between the true and apparent values of y. 

Subsidiary Degrees of Freedom. 

§$ 8. We have supposed, in dealing with rotatory energy 
in the last section, that the energy of rotation is, in the steady 
state, equal to the value which Boltzmann’s theorem would 
assign to it. In other words, we have assumed that in equa- 
tion (1) the term ¢(H, F) is so large as to outweigh the 
term w(K, F). 

In addition to degrees of freedom of this kind, there may 
be other degrees of freedom, for which ¢(E, F) will be com- 
parable with w(K, F), the transfer of energy being deter- 
mined as much by the eether-reactions as by collisions. It is 
convenient to refer to these two kinds of degrees of freedom 
as “ principal ’’ and ‘ subsidiary ”’ respectively. 

Let us suppose that a molecule possesses, in addition to its 
freedom to move in space, 2 “ principal”? degrees of freedom 
and m ‘‘ subsidiary ”’ degrees of freedom, the energy of each 
of the latter being supposed to have the same mean value F 
Le. g., for a single internal vibration, m=2; for a single 
spectral line which can be separated into s lines, we pro- 
bably have m= 2s]. 

If we ignore the “lag” in the energy of the principal 
degrees of freedom, we may write (¢/. equation 14) 

2 
T=! ate ae. 

. S+n+3ms"(B)|(1+— 2.) » fia) 

| x(H ) 

and the value of y may be deduced by putting p=0. 
We must now try to evaluate /(l) and y(H). 
The transfer of energy due to collisions will be jointly pro- 

portional to the number of collisions, and to the mean transfer 
at each collision. Let us therefore take, in equation 1, 

o(E, F)=—.VE(F—}E), . . . (22) 
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where a is, for the present, supposed to be independent of EH 
and F. 

Suppose that F is subject to dissipation of amount eF per 
unit time, of which a fraction equal to @ times the whole is 
regained by absorption of energy from the «ther. Suppose, 
further, that the pulses at collisions are sent out and absorbed 
in such a way that I increases, from this cause, at a rate 

V B(EF +¢5), 
in which the first factor is proportional to the number ef 
collisions, and the second to the mean intensity of pulses. 

We may now replace equation (1) by 

i ~—2VE(F—1B)—(1—0)F + VB(EF + £8) 

and in the steady state 

hy 4h; in _ Ee(ha+f) 92 BETO ~ a= Bitte) 
Writing 

Ply ie e(1—@) 

~ (a—&) He+e(1—6)’ 
op 

we easily find that 

hace, tek 
x(E) =“ ee -, 

! a -t , 

(hy) = mare 1—w)(1+4w). 

As E increases from () tox, w decreases from unity to 
zero, so that /’(E) starts from zero and continually increases 
to the value (}a+ €)/(e—&). The effect of the “lag” in F, 
when small, may be measured by f"(H)/y(), and therefore by 

v(1—a)(1+42), 

a quantity which vanishes when E=0. 
We therefore see that at low temperatures y will approx- 

imate to the value which would be found for it on the 
assumption that internal vibrations did not exist, namely, 

2 
a 

=|l|+ —— 
7 a Ba 

and as the temperature increases, the value of y will con- 
tinually increase until it reaches the value which would be 

2U 2 
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found for it upon the assumption of e=0. Also as E in- 
creases, the influence of the “lag” in the energy of subsidiary 
vibrations will increase, being nil when H=0, and infinite 
when H=0. 

Summary and Conclusion. 

§ 9. From an inspection of the results which have been 
obtained, the following general conclusions may be drawn :— 

(i.) The value of y is not restricted to having a value 
given by the formula 1+2/n. It will, however, have such a 
value if the internal (2. e. vibratory) energy is vanishingly 
small. 

Gi.) When the value of y is different from a value given by 
the formula 1+2/n, the value will, in general, vary with the 
temperature. In general y will decrease as the temperature 
increases, 
We may conveniently refer to the two kinds of gases 

mentioned in (i.) and (ii.) as “regular” and “irregular.” 
For a completely regular gas, I and y become identical, so 
that the true value of y will be found from sound-observa- 
tions, and there will be no damping of sound caused by the 
“lag” in subsidiary degrees of freedom. 

(ii.) The general value for ¥y is 

2 
3 me mee 33, F F (1) 3 ° ° ° . (24) 

where the summation extends over all subsidiary degrees of 
freedom. 

§ 10. It appears that air is almost completely regular. 
The value of y is almost exactly 12, and this same value is 
found by either method of experiment*. Leduc’s values for 
ry at temperatures of 0° and 100° are f 

Oe: 100°. 

y = 14040 14081. 

y=lt+ 

The value of y it will be noticed is slightly in excess of the 
value 13, whereas we should certainly expect %/'(H) to be 
positive. The explanation probably lies in the fact that the 
rotations of the molecules are not entirely free from reaction 
with the ether, so that m in equation (24) must be slightly 
less than 2. 

As other instances of regular gases may be mentioned 

* Rayleigh, ‘Theory of Sound,’ § 246. 
+t Comptes Rendus, cxxvii. p. 66i. 
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oxygen, hydrogen, nitrogen, and carbon monoxide, all 
diatomic*. 

As an instance of an irregular gas we may take carbon 
dioxide. Leduc’s values f of y are 

Or; LOO: 

y = 1:3190 12827. 

The value of y for this gas has also been determined by 
Capstick{. As a result of six experiments, all at a tempera- 
ture of about 15°, he finds the value y=1°308. The variation 
with temperature is therefore very marked. These results 
are all arrived at by measurements on the velocity of sound. 
As regards the value of y obtained by direct methods we may 
quote Capstick$: “The accepted value of y for carbon 
dioxide obtained by Kundt’s method is about 1°3. Regnault’s 
value for C, between 15° and 100° is ‘2025. Joly’s value 
for C, between 12° and 100° is °1653, and the ratio of these 
is 1:22. Both C, and C, are difficult to measure accurately, 
but 7 per cent. seems to be too much to attribute to experi- 
mental error. It would seem that we have here to do with 
forms of vibration that only take their share of the energy 
when given more time than is afforded by sound vibrations.” 

As other instances of irregular gases may be mentioned 
the gases NO, NH;, C,Hy, and possibly C,H,O and C;H,Qp. 

In many gases the variation of y with temperature is com- 
plicated by chemical dissociation. It is probably for this 
reason that methyl ether and methylal show an increase of ¥ 
with temperature. 

§ 11. It appears that, to reconcile our theory with experi- 
ment, it is necessary to suppose that the numerical values of 
the quantities concerned are such as to make /'(E) very small 
for a subsidiary degree of freedom, at any rate at normal 
temperatures. Hence, from equation (23),e(1—@) must be 
large compared with («—&)”E, and the value of /’(E) be- 
comes 3V K(3a+6)/e(1—@). Ifwe neglect the “pulses” sent 
out at collisions, the radiation is of amount Ie(!1—@) or 
Hi(ja+¢). There is no difficulty in supposing ¢ to be so 
small as to be negligible, but the case is different as regards a. 

* Tables giving lists of values of y will be found in Meyer’s ‘ Kinetic 
Theory of Gases,’ p. 125, and also in a paper by J. W. Capstick, ‘ Science 
Progress,’ iil. p. 10. 
+ Ledue, J. ¢. ante. 
{ J. W. Capstick, Phil. Trans, clxxxvi. p. 581. 
§ J. W. Capstick, ‘ Science Progress,’ iii, p. 19. 
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Moreover, the radiation at a given temperature would be 
proportional to Hi, and this is not in agreement with 
experiment. 
§ 12. Now two molecules must repel one another as soon 

as their centres are at a sufficiently small distance apart. In 
nature, this repulsion must vary continuously with the dis- 
tance apart. Let us, as a first approximation to a represen- 
tation of this, suppose each molecule surrounded by an 
imaginary sphere S, such that an amount of work © must 
be expended in bringing the spheres of two molecules into 
contact. Let us make the assumption that the internal 
vibrations of two molecules are affected by collision to an 
appreciable extent, only when the spheres of the two molecules 
intersect. 

At low temperatures, only a very small fraction of the 
whole number of molecules will possess sufficient energy to 
penetrate at collision to the surrounding spheres of other 
molecules, and therefore the mean energy of internal vibra- 
tion will be affected by collisions only to an infinitesimal 
extent. It can be shown* that our present assumptions can 
be represented mathematicaliy by supposing @ in equation 
(22) to contain a factor of the form e~*°/®, Thus it appears 
that the reconciliation of theory with experiment depends 
mainly on the possibility of attributing to O a sufficiently 
great valuef. If we may regard © as large in comparison 
with the value of E at normal temperatures, then the dis- 
turbance of F at collisions will be infinitesimal. Any internal 
vibrations which may be excited are dissipated by radiation 
into the zther. As soon as we reach temperatures at which 
E becomes comparable with ©, the increase of F caused by 
collisions becomes appreciable, and as a consequence both F 
and the amount of radiation will become appreciable. It 
appears, therefore, that the point at which E becomes com- 
parable with © will be the point at which the gas becomes 
incandescent. 

In equation (23), 2 must now be regarded as a function 
of H. Differentiating this equation logarithmically we shall 

* ¢ Distribution of Molecular Energy,’ § 29. 
+ We must, in fact, suppose the vibratory mechanism of a molecule 

to be sheltered by a field of repulsive force. Thus the “ effective size’ 
of a molecule will be large compared with the dimensions of the vibra- 
tory structure. This view finds a certain amount of confirmation in the 
discrepancy between the two values of the radius of an atom found (i.) 
by kinetic theory methods (10-7 em.), and (ii.) by methods of ionizatien 
(10-9 em.). 
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a additional terms of the form ae or a 

These terms may be very large when E is small compared 
with ©, so that /’(E) may be appreciable for values of E for 
which F is vanishingly small. In other words, the variation 
of y with temperature ought, in general, to be perceptible at, 
temperatures below the point of incandescence. f 

find in 

PP & 

LXI. Note on the Isothermals of Fluids, and in particular of 
Hydrogen. By M. EH. H. Amacar*. af y ) - 

N an interesting paper which Mr. Rose-Innes has recently 
published (Phil. Mag. July 1901) relative to the scale 

of absolute temperatures this author remarks that the iso- 
thermals of hydrogen, which within the limits of temperature 
and pressure of my experiments appeared sensibly straight 
and parallel, should in reality only follow this law ap- 
proximately. 

To avoid any misconception I desire to make a few remarks 
on this subject. The results which Mr. Rose-Innes cites are 
those of my memoir of 1881; the isothermals in this research 
reached only 400 atmospheres; in these limits and at the 
temperatures at which I worked the curvature of these lines 
could not be detected with certainty, but in the much more 
extended research which I published in 1898, and in which 
the superior limit of pressure was raised to 3000 atmospheres, 
I have returned to this point and have insisted at length on 
this fact, viz.: the isothermals for all bodies, including 
hydrogen, show a perfectly distinct curvature, but one which 
can only be determined with certainty by prolonging these 
lines much farther than was done in my previous research. 
The following are the words of the passage referring to this 
point (Annales de Chimie et de Physique):— 

*¢ Lua forme des isothermes au dela de ordonnée minima est 
un des points que je m’étais surtout proposé d’étudier ; ces 
courbes a partir d’une distance d’autant plus petite de 
Vordonnée en question que la température est plus basse, 
m’avaient paru se transformer en lignes sensiblement droites; 
javais remarqué les indices d’une legére concavité, mais a 
peine indiquée et j’avais pensé que le réseau suffisemment pro- 
longé se transformerait peu & peu en un faisceau de droites 
paralléles. Cette hypothese était d’autant pius seduisante, 
que le coefficient angulaire de ce faisceau donnait de suite le 

* Communicated by the Author. 
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volume limite sous une pression infinie et conduisait ainsi a une 
considération trés simple du covolume qui se trouvait ainsi 
determiné directement et avec précision. 

‘“‘ Malheureusement Vhypothése que j’avais faite ne parait 
pas se réaliser du moins dans les limites de pression et 
de température du travail actuel: les isothermes presentent 
toutes du cédte des abscisses une concavité faible mais hors 
de doute; cette concavité se traduisant par la diminu- 
tion du coefficient angulaire de la tangente, j’ai dressé le 

Ply! — Pv 
P/—.P 

les limites de pression indiquées a la premiére colonne verticale 
et a diverses températures. 

tableau suivant des valeurs de ce coefficient entre 

P'v'— Pov 
Se) Uae 
Pi/—P 

Hydrogéne.| Azote. Air. Oxygene. 

0°0 473/020 43°6|070 45°1| 0°0 
de S00! atm: 1a L000 atm. -hOTS2. oe ee lie 1158 

1000 1500 0690 0693/1800 1316|1264 1261 1106 

1500 2000 0658 0648/1213 1233/1190 1206 1054 

2000 2500 0612 0618}1186 1176|1301 1147 1015 

2500 3000 0579 0588)1154 1168|1063 1090 0971 

ee 4 : Acide Hydrogene. Ethylene. Carbonigue. 

ne 0°-°0 99°-25 200°°5) 0°-0 - 100°:0 | 0°-0 100°-0 

| de 200 atm. 4 400 atm. ..., 0725 O727 0730 | 2357 ...... 1715 Bees 

400 600 | 0742 0725 0732 | 2180 2195 | 1607 1635 

600 800 | 0730 0725 0719 | 2080 2157 | 1542 1617 

£00 1000 OTE Orie airs, 2002 2090 | 1490 1550 

On voit que les isothermes présentent bien la legere courbure 
indiquée plus haut; entre les mémes limites de pression le 
coefficient angulaire croit legerement avec la température ; 
cet accroissement correspond a un évasement du faisceau du 
réseau qu’on voit nettement sur celui de l’acide carbonique 
dans la partie relative aux températures inférieures ; cet 
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éyasement disparait graduellement quand la température 
s’éléve ; pour les gaz comme l’hydrogéne, l’air et l’azote, la 
variation avec la température est trés peu sensible. 

“ Si on compare la décroissance de ces coefficients entre les 
mémes limites de pression a différentes températures on ne 
trouve aucune variation assez nettement indiquée pour en 
préciser le sens, d’autant que précisement pour les groupes 
de séries comportant des limites de température assez étendues 
les limites de pression sont restreintes a 1000 atmospheres ; 
il est done difficile de prévoir si le coefficient angulaire sous 
une pression suffisante, ou a une température assez elevée 
tend vers une valeur limite ; dans tous les cas, les plus petites 
valeurs de ces coefficients sont des limites supérieures des 
plus petits volumes possibles; il pourrait étre interessant de 
comparer.....” 

If [ have insisted on the preceding facts itis because several 
physicists in addition to Mr. Rose-Innes have brought them 
forward recently without taking into account my last memoir 
on the subject, in consequence of which I might appear to 
have introduced into science results altogether different from 
those that I have, on the contrary, taken care to describe at 
length, with details, and on which I have insisted many times 
since the publication of my memoir of 1893. (Cf. on this 
subject my Report to the Congrés international de Physique 
held in Paris in 1900.) 

Paris, 23 August, 1901. 

LXII. Note on the Length of the Break-Spark in an Inductive 
Cireut. By R. Beatriz, B.Sc* 

ECENTLY J had occasion to make a few measurements 
of the length of the spark which appears on suddenly 

interrupting an inductive, current-carrying, electric circuit, 
my object being to gain some definite intor satin regar ding the 

influence of the material of the break- poles on the spark-length; 
and as I have been unable to find any reference to experiments 
of a similar kind done elsewhere, it may not be out of place 
to deseribe here, in brief, the main results arrived at. 

In order to Oheain sparks of easily measurable length the 
self-inductance of the circuit was made large—about 1 T henry 
—by the introduction of an electromagnet which, as it 
happened, had a core of somewhat small ross aaeuianal area. 
For the particular purpose in view this was rather a idvantageous 
than otherwise, since it led to the rate of decay of current at 

* Communicated by the Author. 
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break being but slightly affected by secondary actions arising 
from the production of eddy currents in the core. The 
experiments were thus carried out under fairly well-defined 
conditions, especially as the air-gap in the magnetic circuit 
was kept as larze as possible, this having the effect of making 
the reluctance of the magnetic circuit, and therefore the self- 
inductance of the magnet, approximately constant. 

Uniformity in breaking the circuit was secured by using 
the device depicted in fig. 1, which 
represents merely a simple form of Fig. 1. 
quick-break switch arranged so that 
the release of the trigger T allows the 
indiarubber bands J J to pull the rod FR, 
and with it the pole P., quickly away 
from the fixed pole P,;. In use this 
circuit-breaker was placed with its 
length vertical, and from measurements 
of the mass of the moving system and 
the tension of the rubber it was calcu- 
lated that, within the limits of allowable 
motion, the time taken by the moving 
pole to travel a distance / centimetres 
trom the fixed pole would be 

027 V1 

seconds. As the longest sparks observed 
in the experiments were about 7 centi- 
metres in length, their duration was thus 
‘O07 second. — 

The length of the spark, read on a 
scale placed behind it, could be deter- 
mined with considerable accuracy, 
though sparks from certain materials 
like lead, tin, bismuth, were more difficult 
to measure than from others. For each 
pole-material used, a series of observa- 
tions were taken with different current- 
streneths to show the relation of the spark-length to the 
current. The variation of the current—from 1:2 amperes 
to 15 amperes—was produced by altering the electromotive 
force in the circuit, no change being made in its resistance 
which was constantly equal to 3°3 ohms. 

The data thus obtained are given in the accompanying table, 
and from them the curves in figs. 2-6 have been drawn. As 
might be expected, these curves exhibit much diversity 
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Fig. 6.—Zine and Lead. 
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of shape, indicating that the spark-length varies with the 
current in different wavs for different materials so that the 
material which gives the longest spark with a particular 
current does not necessarily give the longest spark with 
‘another current. Thus with a current of 15 amperes the 

spark is longest with carbon poles, shortest with platinum 

ones ; but, on reducing the current to 3 amperes, the easily 
fusible metals bismuth and lead give the longest sparks. 

Perhaps the most interesting point brought out, however, is 
in connexion with the behaviour of the different materials on 

reversal of the current. With the metals iron, copper, tin, 

nickel, zinc, and with carbon, reversing the current produces 
no perceptible difference in the spark-length; but with lead, 

platinum, and aluminium poles the spark-length for the larger 
currents is notably greater when the fixed pole is negative 
than when it is positive. 

Owens College, Manchester. 
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LXILI. Notices respecting New Books. 

Production et emploie des Cowrants alternatifs. Par L. BARBILLION. 
Paris: G. Carré et C. Naud, 1901. (‘Scientia ” Series, No. 11.) 
Pp. 103. 

WE have already had occasion to review briefly some of the 
volumes belonging to the “‘ Scientia” series, which is being 

brought out by the well-known French publishing firm, Messrs. 
G. Carré et C. Naud. The present volume of 103 pages contains a 
digest of alternating-current theory. The title of the book is mis- 
leading, and it seems to us that ‘‘ the theory of alternating currents ” 
would have been a much truer indication of the contents of the 
book than the title selected by the author. The brief discussion 
of continuous-current machines given on pp. 8-14 seems entirely 
out of place, and is, of course, very incomplete. On p. 8 we have 
a diagram (fig. 2) of the magnetic field in a two-pule dynamo 
which would be excusable in a pre-historic treatise on the subject, 
but which it is surprising to find in an up-to-date book; no 
attempt is made to show the true course of the lines and their 
refraction as they pass from iron to air or vice versd. Taken as a 
whole, however, the book is a useful and concise exposition of the 
principles underlying the applications of alternating currents, and 
contains a good account of several interesting developments of 
recent date. 

LXIV. Proceedings of Learned Societies. 

GEOLOGICAL SOCIETY. 

‘Continued from p. 580. | 

June 19th, 1901.—J. J. H. Teall, Esq., M.A., V.P.RS., 
President, in the Chair. 

fPHE following communications were read :— 
1. ‘On the Use of a Geological Datum.’ By Beeby Thompson, 

Ksq., F.G.8., F.C.S. 

A proper interpretation of geological phenomena frequently 
requires that allowance shall be made for differential earth- 
movements that have taken place since the period under con- 
sideration. Present differences of level in rocks of the same age 
may be due to actual differences in depth of the sea-floor on which 
they were deposited ; but they may also be the result of subsequent 
differential earth-movements. The rock selected as a datum should 
combine as far as possible the following characteristics : —It should 
be thin, of considerable horizontal extension, having similarity in 
physical characters and paleontological contents over a large area, 
and situated as near as possible, in vertical sequence, to the reference- 
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deposit. In Northamptonshire three formations meet these require- 
ments—the Rhetic Beds, the Marlstone Rock-bed, and the Corn- 
brash. The author applies the Marlstone Rock-bed as a datum to 
the study of the five chief deep explorations in Northamptonshire, 
with the following results :—While the old land-surface (below the 
Trias) now varies in height by more than 250 feet, the variation in 
thickness of the rocks between it and the Middle Lias only reaches 
564 feet ; and although the old land-surface is actually lowest where 
the Rheetic rocks have not been detected, when compared with the 
position of the Marlstone it is found to be the highest. The 
further application of the same method enables the author to 
recognize Khetic rocks at Northampton, to correct the record of the 
Kingsthorpe shaft, and to explain the presence of Triassic saline 
water in the Marlstone. A revised section of the Kingsthorpe shaft 
is given. Another point proved is that a general levelling-up 
process was going on just before the beginning of the Lower Liassic 
Period, and another at the close of the Middle Liassic Period. 

2. ‘On Intrusive, Tuff-like, Igneous Rocks and Breccias in Ireland.’ 
By James R. Kilroe, Esy., & Alexander McHenry, Esq., M.R.1.A. 

Many fragmental igneous rocks, although resembling tuffs, can- 
not be regarded as ejectamenta on account of their character and 
mode of occurrence in the field. Rocks of this type occur to the 
east of Lough Eake in Donegal, in the district of Forkhill in 
Armagh, at Blackball Head in Cork, in Waterford, near Arklow, 
in Wexford, and elsewhere. Sometimes they consist of partly 
fused and broken-up felspathic mica-schist merging into felsite- 
dykes, at other times of brecciated slate, granite, and felsites 
embedded in a scanty andesitic matrix. At Blackball Head, the 
rocks cross the bedding of the associated sedimentary rocks of the 
region. The authors agree with Prof. Lapworth in considering it 
possible that ‘igneous matter making its way between the moving 
masses may consolidate as sills when the pressure is great..... 
As movement progressed intermittently, we should have the forma- 
tion of subterranean agglomerates, tuffs, and breccias, which would 
be forced sometimes between bedding-planes, sometimes into dyke- 
like fissures.’ A series of sections is exhibited to illustrate how 
tuff-like masses invade black slate of Llandeilo age in the South-east 
of Ireland, generally adhering to the direction of bedding, but fre- 
quently cutting across it and detaching numerous pieces from the 
slate, which are more abundant near the margins of the intrusion 
than elsewhere. The masses frequently assume a tuff-like appear- 
ance. At Arklow Rock tongues of tuff-like rock penetrating black 
slate of Llandeilo ag e coutain pieces of Limestone of Bala age, as well 
as pieces of the slate. The development of vesicular texture in 
lapilli-like, contained, fragments may be due to the simple release 
of pressure. 
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