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MEASUREMENTS OF SOME ACHIEVEMENTS
IN ARITHMETIC

PART I

Section i. INTRODUCTION

The purpose of this monograph is to set forth the results of \/
an attempt to derive a series of scales in the fundamental opera-

tions of arithmetic. Thus the problem is closely related to the

general movement for the measurement of educational products

by means of objective scales. The method followed in the

development of these scales is most clearly related to the methods

used by Dr. Buckingham
^

in the development of his Spelling

Scale and by Dr. Trabue in the Completion-Test Language
Scales.^ In the development of these scales the fundamental

idea was to derive a series of scales which would indicate the

type of problems and the difficulty of the problems that a class

can solve correctly. Accordingly, each of the scales is composed
of as great a variety of problems as the fundamental operations

can well permit. These problems, beginning with the easiest

that can be found, gradually increase in difficulty until the last

ones in each series are so difficult that only a relatively small

percentage of the pupils in the eighth grade are able to solve

them correctly. In the determination of the relative difficulty

of these problems, the relative per cents of correct answers

obtained by submitting them to large numbers of school children

were taken as a basis.

Two distinct series of scales in each of the fundamental opera-

tions have been derived. Series B contains only about half as

many problems as Series A. Series A thus has a greater power
of diagnosing the weaknesses of a class and is recommended

where there is ample time for testing. Series B was derived

1 Buckingham, B. R., Spelling Ability, Its Measurement and Dis-

tribution, 1913.
2 Trabue, Marion Rex, Completion-Test Language Scales, 1916.
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especially for use where the amount of time that can be devoted

to measuring is very limited.

Part I of this monograph is devoted especially to the scales

and their uses. Specific directions for administering the tests

and scoring the results are given in detail. A statement of the

values and limitations of the scales is also given in this part.

Part II deals with the history and the method of the deriva-

tion of the scales. It also includes many tables of crude data

from which the scales were developed.



Section II. THE ARITHMETIC SCALES AND THEIR
USES

I. Directions for Administering the Tests

These scales are useful as measures of achievement in the

fundamentals of arithmetic either of a class or of a whole school

system. Series A is more valuable when the amount of time for

testing is plentiful. Series B was especially constructed for use

in measuring school systems where the amount of time for

testing purposes is limited. Both series of tests are adminis-

tered in the same way.

The Addition and Subtraction Scales can be used in grades

two to eight inclusive; the Multiplication and Division Scales,

in grades three to eight inclusive. These scales may be sub-

mitted in any order to the pupils. They may be given in imme-

diate succession or with such intervals of time intervening as

is most convenient. In the development of the scales subtrac-

tion and multiplication were given in succession on one day and

addition and division on the next day. The writer recommends

that for Series B all tests be given in succession.

If the measurements by these scales are to be valid and com-

parable, it is necessary that the same standard of procedure be

followed in giving the tests and in scoring the results as was

followed in the original development of the scales. The same

individual should give all of the different tests. He should give

the same instructions to every class. He should have the same

manner in each class room. In giving the
"
specific directions

"

to the class he should use as nearly as possible the same emphasis

and intonation. He should not stress one part of the directions

more than another part.

It is highly important that the teacher or the one in charge of

the room remain silent (saying nothing to the children indi-

vidually or collectively during the time of giving the tests).

When ready to distribute the tests, place one face downward

on each desk. Insist that the pupils do not turn the papers

3
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Series A ^

ADDITION SCALE
Name

When is yovir next birthday? How old will you be?

Are you a boy or girl? ^ In what grade are you?

(1) (2) (3) (4) (5) (6) (7) (8) (9

2 2 17 53 72 60 3+1= 2+5+1= 20
3 4 2 45 26 37 10

"" — 30
25

(10) (11) (12) (13) (14) (15) (16) (17) (18)

~
21 32 43 23 25+42= 100 9 199 2563
33 59 1 25 33 24 194 1387
35 17 2 16 45 12 295 4954_ _ 13 _ 201 15 - 156 2065— 46 19

(19) (20) (21) (22) (23) (24) (25)

$ .75 $12.50 $8.00 547 §+i= 4.0125 |+f+|+|=
1.25 16.75 5.75 197 1.5907

.49 15.75 2.33 685 4.10
4.16 678 8.673
.94 456

6.32 393
525
240
152

(26) (27) (28) (29) (30) (31) (32)m i+i+^= i+i= 4f 2h 113.46 f+l+i
62i 2i 61 49.6097

124 5i 3f 19.9

374
— — 9.87

.0086

, 18.253
6.04

(33) (34) (35) (36) (37)

.49 i+l= 2 ft. 6 in. 2 yr. 5 mo. 164
,28 3 ft. 5 in. 3 yr. 6 mo. 124
.63 4 ft. 9 in. 4 yr. 9 mo. 214
.95 5 yr. 2 mo. 32|

1 69 6 yr. 7 mo.
.22
.33
.36

1.01
.56

.88 (38)

.75 25.091+ 100.4+25+98.28+ 19.3614=

.56
1.10
.18

.56

'^The scales are printed in large type, on separate sheets, 84' x 11', with

ample space for the insertion of answers.
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Series A

SUBTRACTION SCALE

Name

When is your next birthday? l How old will you t)e?.. .....;

(1) (2)
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Series A

MULTIPLICATION SCALE

Name

When is your next birthday? How old will you be?

Are you a boy or girl? In what grade are you?

(1)

3X7 =
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Series A

DIVISION SCALE

Name

When is yotir next birthday? How old will you be?

Are you a boy or girl? In what grade are you?

(1) (2) (3) (4) (5) (6)

31^ 9127 4)28 115 9)36 3139

(7) (8)_ (9)_ (10) (11) (12)

4-i-2= 910 111 6X = 30 2113 2 -r- 2

(13) (14) (15) (16) (17)

4 1 24 lbs. 8 oz. 81 5856 \ of 128 = 68 1 2108 50 H- 7

(18) (19) (20) (21) (22)

13 165065 248-^7= 2.1125.2 25 19750 2113.50

(23) (24) (25)
(262

23 1 469 75 1 2250300 24001 504000 12 1 2.76

(27) (28) (29) (30)

I of 624 = .003 1 .0936 3i-^9= i-i-5 =

(31) (32) (33)

5 3 9| ^ 3i == 52 1 3756

4*5

(34)
(35)_ (3_6)

62.50 -5- li = 531 1 37722 9 1 69 lbs. 9 oz.
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Series B

ADDITION SCALE

Name

When is your next birthday? How old will you be?

Are you a boy or girl? In what grade are you?

(1)
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Series B

SUBTRACTION SCALE

Name

When is yoxir next birthday? How old will you be?.

Are you a boy or girl? In what grade are you?

(1) (3) (6) (7)

8 2 11 13
5 17 8

(9) (13) (14) (17)
78 16 . 50 393
37 9 25 178

(19) (20) (24) (25)
567482 •

2J — 1 = 81 27
106493 51 12f

(27) (31) (35)
5 yds. 1 ft. 4 in. 7.3 — 3.00081= 3J — If
2 yds. 2 ft. 8 in.
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Series B

MULTIPLICATION SCALE

Name

When is your next birthday? How old will you be?.

Are you a boy or girl? In what grade are you?

, (1) (3) (4) (5)3X7= 2X3= 4X8= 23
3

(8) (9) (11) (12)
50 254 1036 5096
3 6 8 6

(20)
287
.05

(13)
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Series B

DIVISION SCALE

Name

When is your next birthday? How old will you be?.

Are you a boy or girl? In what grade are you?

il)_
^

(2) (7) (8)_

3)6 91 27 4^2= 9)0

(11) (14) (15) (17)

2 1 13 81 5856 i of 128 = 50 -5- 7 =

(19) (23) (27) (28)

248 -^ 7 = 23 1 469 i of 624 = .003 ] .0936

(30) (34) (36)

i-i-S= 62.50 -?-li= 9 169 lbs. 9 oz.
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over until they are told to do so. When all have their pencils

in hand, say,
" Turn your papers over and answer the questions

at the top of the page." (The number of questions to be an-

swered can be determined by the one giving the tests. It will

take less time and cause less confusion if the one giving the

tests will repeat the question and tell the children what to

write. For example say,
" The first line asks,

' What is your
name?' Write your name," etc.)

When all the questions have been answered repeat the follow-

ing formula of specific directions. If you should happen to be

giving the Addition test say,
"
Every problem on the sheet which

I have given you is an addition problem, an
"
and problem."

Work as many of these problems as you can and be sure that

you get them right. Do all of your work on this sheet of paper
and don't ask anybody any questions. Begin."

For each scale in Series A, allow twenty minutes; for each

in Series B, allow ten minutes. It is important that the time be

kept accurately and that all of the children quit work when the

signal
"
Stop

"
is given. Most of the children will have finished

before that time. Those who do not have done, in all proba-

bility, all they can; at least they have taken as much time as it

takes the average class to complete the test.

The only variation in procedure in giving any of the other

tests is the substitution in the formula of specific directions of

the expressions subtraction or
"
take away problems," multipli-

cation or
"
times problems," and division or

"
into problems,"

for the expression addition or
"
and problems." The expres-

sions
"
and,"

"
take away,"

"
times," and

"
into

"
problems are

used so as to make clear to the children what process is to be

involved. It is possible that teachers use these expressions in

the lower grades instead of
"
addition, subtraction, multiplica-

tion and division problems." There is a great variation in the

names applied to the subtraction process. In giving the original

tests it was necessary to find out how the teacher designated the

process and then use her terminology.

2. Directions for Scoring the Tests

In scoring the tests the standard for marking a problem cor-

rect is absolute accuracy, and, wherever possible, reduction to
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TABLE I : Answers to Problems

PROBLEM
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its lowest terms. If the results are to be comparable with the

results and values established in these scales, only those answers

should be accepted as correct which are found in Table I. These

are the answers which were accepted in the original development
of the scales.

A few incorrect answers are also listed in order to offer less

chance for variation in the scoring of the results.

3, Directions for Determining the Class Score

For the determination of the class score, two different methods

have been derived. The first method was derived especially for

^ use in Series A, where there is no definite attempt to place the

problems on a linear scale with equal steps between them. By
this method, after the problems have been marked as right or

wrong, enter the results on a score sheet similar to the one given

in Table 11. Thus a complete record of the particular problems

solved by each child is obtained.

To complete the class score, find the number of pupils in the

^ class that solved each problem correctly. Divide the number

by the total number in the class so as to get for each problem

the per cent of the class that solved it correctly. Since, in the

development of these scales, that problem which can be solved

correctly by just 50 per cent of the class is taken as the best

^ measure of the achievement of the class, select those five prob-

lems which come nearest to being solved by just 50 per cent of

the class.^ Table III gives the established value for each prob-

lem in the different processes. From Table IV find the amount

that must be added or subtracted to the values given in Table

III for each of these selected problems to find just what difficulty

a problem would need be in order that just 50 per cent of the

class could solve it. Take the average of these five determina-

tions and let it represent the class score. This means that a

problem of that difficulty can be solved by just 50 per cent of

the class in question.

1 The work of scoring may be greatly economized by omitting the

scoring and entering on the score sheet of the problems which will

not figure in the determination of the 50 per cent right point. Thus
in an eighth grade class the first twenty or more problems can most

certainly be neglected. A little experience will teach the scorer what
problems he needs to score for a given class.
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TABLE II

Sample Score Sheet

pupils' names
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TABLE III

Established Value of Each Problem in Each Scale

NO. OF
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^'
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[.)

COMPOSITION OF SCALES IN "SERIES B"

Addition Subtraction MtrLTiPLiCAXioN Division

NO. OF
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TABLE IV

For Use in Estimating the Degree of Difficulty Required
IN A Problem so That Just 50 Per Cent of the Class

CAN Solve it Correctly

SUBTRACT ADD

10%



20 Measurements of Some Achievements in Arithmetic

ing the number of pupils who were unable to solve a single

problem correctly, the number who solved one problem, two

problems, three problems, etc. As examples of this sort of

distribution we may take the following:

TABLE V

Number of Times Each Addition Problem was Solved Correctly
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point is *rj^
of the distance through the 4th step. Hence the

median achievement for this class is 4.6 problems solved correctly.

The distribution for Class III represents a peculiar difficulty

in the calculation of its median. There are 48 pupils in this

class and evidently the median point falls between the 24th

and the 25th individual. However, it happens that 24 of the

pupils solve more than seven problems and 24 of them solve

less than seven. Probably the wisest assumption to make is

that the 4 pupils on step 6 take up all of that step and the 4

pupils on step 8 take up all of that. If this is assumed, then

the median falls on step 7, probably at 7.5 since any given dis-

tance on a scale is best represented by its middle point. Thus

the median achievement for the Class III is 7.5 problems solved

correctly. By similar computations the medians of any dis-

tribution can be obtained. By the comparison of the medians

thus determined, we get a very satisfactory measure of the

achievement of any class on the basis of the total number of

problems correctly solved.

4. Tentative Standards of Achievement

While these new scales have not been used in measuring suf-

ficient numbers of children to warrant the establishment of

definite standards of achievement, it was thought well to indicate

some tentative standards. These tentative standards have been

derived from the actual achievements of the children tested

with the preliminary tests. The fact that these tests were given

during the first part of the school year should be kept in mind

when comparison is made with tentative standards shown in

Tables VI and VII.

Table VI contains the tentative standards for Series A.

TABLE VI

Tentative Standards of Achievement for Series A

SUBTRACTION MULTIPLICATION DIVISION

1.44
2.96 1.89 2.54
4.22 4.05 3.21
5.47 5.53 4.94
6.46 6.72 5.87
7.31 7.26 6.59
7.64 7.93 7.16

grade
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These standards were derived according to the first method

given for the determination of the class score. They are based

upon the degree of difficulty which the problems must possess

in order that just 50 per cent of the class can solve them. Thus,

if a problem in addition has 3.12 units of difficulty it will be

solved by 50 per cent of the second grade; if it has 4.99 ,units

of difficulty it will be solved by 50 per cent of the third grade, etc.

Table VII contains the tentative standards for Series B.

TABLE VII

Tentative Standards of Achievement for Series B

jRADE



Section III. THE VALUE AND USES OF THE SCALES

1. The scales themselves contain 148 problems which in-

volve many of the fundamental principles of arithmetic. A
child who understands and can solve all of these problems

correctly probably knows more arithmetic than the average

eighth grade child.

2. These scales are useful in that the value of each problem
is known, and from these values the value of other problems

"^

can easily be determined.

3. The scales are useful in measuring the achievements of ~^

any class or of a whole school system. Since all the pupils

in all the grades are measured by the same scales, the amount
of progress from grade to grade can be definitely determined.

Comparisons can be made with similar grades in other build-

ings or school systems. If the measurements show, for instance,

that a certain sixth grade class is unable to solve a greater num-

ber of problems correctly than a fifth grade class in the same

school system, the cause of this condition should be investigated.

In such ways the tests should prove useful to those in charge of

school systems.

4.* Perhaps the most valuable use of the scales Hes in the \

diagnosing power of the class mistakes. The writer was con-

vinced during the process of scoring these test papers, nearly

20,000 in all, that the mistakes of a class tend to be grouped
around some central tendency. The great variety of the prob-
lems in these scales and the fact that the problems in each of

the various operations proceed from the simplest to the more
difficult problems aid greatly in locating the weaknesses of the

class. If a large number in a class fail to invert the divisor in

the problems in division of fractions, or if a large number in

a class fail to locate the decimal point properly in the problems
in multiplication of decimal fractions, a teacher should know

immediately that these classes need more practice in these par-
ticular processes. In a like manner, by locating the particular

types of problems missed, one should be able to direct the work
of a class more intelligently.

23



Section IV. LIMITATIONS OF THE SCALES

1. It is possible that with a greater number and variety of

pupils the value of some of the problems might be somewhat

changed. However, the children tested were from widely sepa-

rated districts in Indiana, New Jersey, Connecticut, and New
York. They represent children from many classes of society and

from many nationalities. Moreover, much variation existed in

the methods of teaching and in the school room practices. Thus

the writer believes the values established are well founded.

2. On the scales as now presented the value of some of the

problems may be slightly altered due to the fact that they are

located in different positions from those in which they were

located on the preliminary lists of problems. The exact amount

of this alteration can be determined only by further testing

with the scales.

3. The scales as now presented might be slightly bettered if

two or three more difficult problems were added to each of them.

The scales probably would be bettered if problems could be

found of such difficulty as to make the steps between them

of exactly equal distance. However, for practical purposes,

the effects of these two defects can be disregarded.

4. The value of these scales may be somewhat affected by
their more extended use. As teachers become more acquainted

with them, they may drill especially upon them. Therefore,

it would be much better if several series of such scales of the

same difficulty as these should be developed. 1

5. These scales are not intended to give a definite measure

of an individual child. But, if we can measure approximately

how difficult a problem a child can solve and then supplement

this problem with a large list of problems similar in nature

and in difficulty, we can get a fairly accurate measure of the

achievement of the child.

6. The relative difficulty of these problems was determined

from the achievements of school children in grades two to eight

inclusive. It is probable that for adults and teachers the rank-

ing would be in a different order. Only further testing can

substantiate this point.

24



PART II

Section I. DERIVATION OF THE SCALE

I. History of the Scale

The completed scales as shown in Part I of this monograph
have been developed from about 20,000 test sheets. The first

preliminary series of tests were given to a number of pupils

in the public schools of Indiana and New Jersey. The pre-

liminary series of tests consisted of a sheet of problems in

addition and likewise one in subtraction, multiplication, and

division. In constructing these preliminary lists there was a

definite attempt to select problems of as great a variety as the

fundamental processes would permit. There was also an at-

tempt to begin the series in each process with the easiest

problem that could be found and then gradually to increase

the difficulty of each succeeding problem until the last ones in

the series would be correctly solved by only a small percentage
of the pupils in the eighth grade. By the selection of problems
of such varied types and by giving the same lists of problems
to pupils in all grades, it was thought that the diagnosing power
of the lists would be greater and that the amount and the

nature of the progress of one grade over another could best

be determined.

The preliminary lists of problems in addition were given to

908 pupils, in subtraction to 916 pupils, in multiplication to

868 pupils, and in division to 696 pupils. The results of these

preliminary lists showed that some of the problems were poorly

selected and that they should be discarded. When the prob-

lems were ranked according to the total percentage of pupils

solving them correctly, the results showed large gaps existing

between the problems in particular portions of the series.

Guided by the results of these preliminary lists new lists

were constructed. Only those problems of the original lists

were chosen which were solved by a gradually increasing per-

centage of the pupils as one proceeded from the lower to the

higher grades. If a problem were solved by a higher per-

centage of the pupils in the lower grades than in the higher

25
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grades it was rejected. Wherever there tended to be too large

a step between two consecutive problems in the original series

an attempt was made to interpose two or three problems of

intermediate difficulty.

From the last week in October till the end of the second

week in December, 191 5, pupils were tested with these new
lists of problems. These pupils were from seven different school

systems located in Indiana, New Jersey, Connecticut, and New
York. The addition problems were given to 4,489 pupils, the

subtraction to 4,423 pupils, the multiplication to 3,922 pupils,

and the division to 3,660 pupils. These pupils were distributed

fairly equally from the second to the eighth grades inclusive.

All of the tests were given by the writer himself with the

exception of those given to the pupils in two small school sys-

tems in Indiana.^ The tests were given and the results scored

according to the instructions given for administering the tests

in Part I of this monograph with the one exception that no time

limit for the solution of the problems was used. It was felt

to be highly important, if the difficulty of each problem was

to be firmly established, that each child should have a chance

to solve each problem.

All of the tests were scored by the writer himself and thus

the personal element in scoring was reduced to a minimum.

The standard for marking a protllem right or wrong as pre-
sented in Part I of this monograph was arbitrarily adopted.

It was decided that a problem to be marked correct must be

absolutely accurate and, wherever possible, reduced to its

lowest terms. Otherwise, the problem was marked wrong. How-

ever, before adopting this arbitrary standard an effort was made

to gain from teachers and supervisors of arithmetic the stand-

ards by which they marked a problem right or wrong. It was

almost unanimously agreed that a problem must be absolutely

accurate and reduced to its lowest terms. Thus the arbitrary

standard adopted by the writer is in accordance with the best

practice exercised in the teaching of arithmetic.

The results of these tests were recorded in two ways:
I. The pupils were distributed according to the number of

1 Those giving the tests in these two systems were men who have
had experience in giving tests and who could be trusted to carry out
the writer's directions.
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TABLE VIII

Distribution According to the Number of Addition Problems Solved

GRADE grade GRADE GRADE GRADE GRADE GRADE
II III IV V VI VII VIII

38
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TABLE IX

Number in Each Grade that Solved Each Problem in Addition
Correctly

problem grade grade grade grade grade grade grade
no. ii iii iv v vi vii viu

1



Derivation of the Scale 29

problems solved correctly. Table VIII represents the distribu-

tion for the problems in addition. Beginning at the lower left-

hand corner, Table VIII shows that 25 out of 489 pupils in

the second grade, and 4 out of 615 pupils in the third grade
were unable to solve a single problem, etc. This table also

shows the median achievement of each grade distribution. The
median achievement of a class is ^uch a number of problems

correctly solved that there are just as many pupils who solve

a greater number of problems as there are those who solve

a less number. This table shows the range in the number of

problems correctly solved that will include the middle 50 per

cent of the pupils. It also shows the variability in terms of the

quartile, or, as it is sometimes designated, the
"
semi-inter-

quartile range."

2. The results were tabulated in another method so as to

record the number of pupils who solved each individual problem

correctly. Thus Table IX shows that 388 out of 489 pupils in

the second grade solved problem No. i
; 433 pupils solved

problem No. 2, etc. From these two crude summaries given
in Tables VIII and IX the addition scales have been developed.^

2. P.E. AS A Unit of Measure

It may be said that we have always measured pupils in the

fimdamental operations of arithmetic. It may be said that

schools and school systems have Hkewise been measured. No
doubt this is true. Whenever a teacher says that one boy is

better in addition than another boy, in a certain sense, she

measures him. Whenever we compare one individual with

another individual, one quality with another quality, or one

class with another class, we are measuring. Such standards of

measurements as these are no doubt inaccurate and changeable.

Whenever a teacher measures a class by means of an examina-

tion she tends to have a more constant and more objective meas-

urement. The relation of the different questions of the exam-

1 Similar tables for the problems in subtraction, multiplication, and
division will be found at the end of Part II. In the discussion of
the derivation of the scales I shall show in detail the method by
which the scale in addition was developed, and shall not discuss the
other processes. However, I shall include the final values of each
problem in each of the other processes and the most important
tables of crude data from which the established values were deter-
mined.
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ination to one another, however, is unknown. All the questions

may be of equal difficulty, or one may be several times as diffi-

cult as another. The chief value of a scale as a means of meas-

urement is that it is made up of a number of distinct units

whose value is known and remains constant. Such a scale can

be used by different people in making similar measurement

and the results will be comparable. On the linear rule the unit

of measurement is the inch or centimeter; on the thermometer,

the degree. Everyone knows what is meant when we speak

of an inch, a degree, or any fractional part thereof. These

amounts are very definite and always have the same meaning.
Moreover almost any one can make reliable measurements with

a rule or with a thermometer.

In the building of these arithmetic scales there has been a

definite attempt to approximate as closely as possible the accur-

acy and the constancy of the ruler or the thermometer. The

difficulty of each problem has been established and its position

above a selected zero point determined. The problems have all

been placed in their relative positions on a projected linear scale.

In the scales of Series B a definite attempt has been made to

select problems with equal amounts of difficulty between them.

The unit of measure of difficulty on these arithmetic scales,

which corresponds to the inch on the ruler or to the degree
on the thermometer, is what is called in statistical terms the

Median Deviation or Probable Error. (P.E.)

Before taking up the significance of the median deviation let

us discuss the normal surface of frequency. In the construc-

tion of these scales, it has been assumed that achievement in

the solution of problems in the fundamental processes is dis-

tributed according to the normal surface of frequency. Fur-

thermore it has been assumed that the variability of any grade
from the second to the eighth is equal to that of any other.

These assumptions are based upon the well-established principle

that intellectual abilities are distributed in the same way as are

physical traits. If we should arrange one thousand men, selected

at random, in a row according to their height, we should find

a very large group of men in the center who are about medium

height. On one end of the row would be a few very short men
and on the other end would be a few very tall men. Likewise
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if we assume that achievement in the solution of problems in

the fundamental processes in any grade is distributed normally,

then we should expect to find a large number of the class solv-

ing about the same number of problems ;
furthermore we should

expect to find a few dull pupils who can solve but just a few

problems and a few bright pupils who can solve more than the

average number of problems. The so-called normal curve illus-

trating such a distribution is reproduced in Fig, i. The properties

of the normal curve have been most accurately determined.

Let us assume that Fig. i represents the achievement in the

solution of problems among a large number of third grade pupils.

very few few average many very many
Fig. I. Normal surface of frequency showing the distribution of

achievement in the solution of problems.

The space enclosed between the curve and the base-line repre-

sents all of the pupils arranged according to the number of

problenn solved. The height of the curve above the base-line

indicates the number of pupils in the class solving the relative

number of problems shown on the base-line. Each pupil is

represented by an equal amount of the enclosed area. Thus,

at the extreme left the curve is very near the base, which indi-

cates the small number of pupils who were able to solve only a

very few problems. In the middle the curve is distant from

the base-line representing the large number of pupils who solved

an average number of problems; at the extreme right the curve

is yery near the base, which indicates the small number of

pupils who are able to solve many more than the average num-
ber of problems.

If our assumption with regard to the achievement in the solu-

tion of problems is true, then the graphic representations of the
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tables of distribution according to the number of problems solved

must be similar to Fig. i.

Figs. 2 to 8 inclusive represent graphically the distribution

of the achievement in the solution of the addition problems

throughout the various grades. These figures on the whole

correspond fairly well to the normal curve of distribution. It

will be seen that in the second grade distribution the curve

is somewhat skewed to the left. This is probably due to the fact

that a great number of the teachers were just beginning to teach

the fundamental operations to their classes. It will also be seen

that the distributions for grades seven and eight are skewed

somewhat to the right. This indicates the need for one or two

more difficult problems at the end of the addition series. It

will be noted from the distribution tables in the back of this

monograph that the distributions for the other processes con-

form to the normal curve better than the foregoing figures.

V o=Median Score.
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Fig. 2. Distribution according to the number of Addition Problems
solved in Second Grade.

H It n n It 1^ u i.1 utj t<« tf £t c7 x* zf 3a )i m a >h isn sT^r

Fig. 3- Distribution according to the number of Addition Problems
solved in Third Grade.



Derivation of the Scale 33

iaw J47«1
Fig. 4.
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Distribution according to the number of Addition Problems
solved in Fourth Grade.

y
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Fig. 5- Distribution according to the number of Addition Problems
solved in Fifth Grade.
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Fig. 6. Distribution according to the number of Addition Problems
solved in Sixth Grade.
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Fig. 7. Distribution according to the number of Addition Problems
solved in Seventh Grade.
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Fig. 8. Distribution according to the number of Addition Problems
solved in Eighth Grade.

Having examined the normal curve of distribution, let us

define the Median Deviation or Probable Error, which has been

used as the unit of measure in the construction of these arith-

metic scales. Let us draw a perpendicular to the base of the

surface of frequency so that fifty per cent of all the cases lie

on one side of the perpendicular and fifty per cent on the other

side. The point where the perpendicular cuts the base is the

median point. To the left of the median point, draw a perpen-
dicular f a so that just 25 per cent of the cases lie between it

and the median perpendicular. Draw a similar perpendicular

d c to the right of the median point. The area a c d f cut oflf

by these perpendiculars contains the middle 50 per cent of all

the cases. The distance a m or m c on the base-line of the
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Fig. 9. Normal Surface of Distribution showing the Median and P.E.
distance at each side of the Median Point.

surface of frequency is the Median Deviation or the Probable

Error. The Probable Error or P.E., as it will be called through-
out this monograph, is thus the distance along the base-line

of a surface of distribution from the median point to the per-

pendicular on either side of the median which cuts oflf 25 per

cent of the cases.

Furthermore, it has been established that 2 P.E. is the dis-

tance from the median point to the perpendicular on either

side of the median which cuts off 41.13 per cent of the cases;

3 P.E., the distance which cuts off 47.85 per cent of the cases;

and 4 P.E., the distance which cuts off 49.65 per cent of the

cases. Theoretically the curve and the base-line never meet but

continually approach one another as the distance from the

median point increases. For the purposes of this study we may
consider that they meet at a distance of 4.6 P.E. from the

median point, for a perpendicular erected here on either side

of the median cuts off but o.i per cent of all the cases. These

facts enable us to locate each problem in its proper position

on the base of any grade distribution.

-4 P.E. -3 P.E. -2 P.E. -I P.E. M. I P.E. 2 P.E. 3 P.E. 4 P.E.

Fig. id. Normal Surface of Frequency showing P.E. distances from
the Median Point.
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3. Scaling the Problems in Addition for Each Grade

Since we have assumed that achievement in the solution of

problems in the fundamental processes is distributed according

to the normal surface of frequency and since we have adopted

the P.E. of a grade distribution as the unit of measurement, it

is an easy matter to locate each problem on the base-line of

each grade distribution. It is evident that a problem which is

solved by exactly 50 per cent of pupils in any class represents

the median achievement of the class and that it would be located

at the median point of the base-line. By definition, P.E. is the

distance along the base-line from the median point to the per-

pendicular on either side of the median which cuts off 25 per

cent of the cases. Evidently then a problem that is solved by

75 per cent of the pupils would be i P.E. too easy to represent

the median achievement of the class and would be located at

-I P.E. distance from the median point. Likewise a problem

that is solved by only 25 per cent of the pupils is too difficult to

represent the median achievement and would be located at + i

P.E. distance from the median point. Thus, if we know what

per cent of a class solved any problem, it is easy to find the

deviation of this per cent from 50 per cent or the median achieve-

ment of the class. If this per cent of deviation from the median

achievement is known in terms of P.E., we can locate any

problem with reference to the median of that distribution. Table

X gives the P.E. value for each tenth of a per cent deviation

from the median point of a normal distribution (i.e., deviation

of 0.0 per cent to 49.9 per cent above or below the median).^

Table IX previously given (page 28) shows the number in

each grade that solved each problem in addition correctly. Table

XI shows these numbers reduced into terms of per cents. Thus

in the second grade 79.4 per cent of the pupils solved problem

No. I
;
88.6 per cent solved problem No. 2, etc.

Table XII shows the difference between 50 per cent (the

median achievement) and the per cents given in Table XI.

Table XIII shows the P.E. values for the differences given in

Table XII. These P.E. values represent the position of each

problem on the base-line of the grade distribution with reference

1 Table X is taken directly from B. R. Buckingham's Spelling

Ability (Table XLVII). It is a modification of the table given in

E. L. Thorndike's Mental and Social Measurements (page 200).
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TABLE X
P.E. Values Corresponding to Given Per Cents of the Normal
Surface of Frequency, Per Cents Being Taken from the Median

% .0 .1 .2 .3 .4 .5 .6 .7 .8 .9



38 Measurements of Some Achievements in Arithmetic

TABLE XI

Per Cent in Each Grade that Solved Each Problem in Addition
Correctly

problem grade grade grade grade grade grade grade
NO.
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Derivation of the Scale 39

TABLE XII

Difference Between Fifty Per Cent and the Per Cent in Each Grade
That Solved Each Problem in Addition Correctly

problem grade grade grade grade grade grade grade
NO.
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TABLE XIII

P.E, Equivalent of Difference Between Fifty Per Cent and the Per
Cent in Each Grade that Solved Each Problem in

Addition Correctly

problem grade
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4, Measuring the Distance Between the Grades

Thus far we have located each problem at the proper distance

from the median point on the base-line of each grade distribution.

We can now locate the difficulty of each problem for each par-

ticular grade. We also wish to know how difficult the problems

are in general. We wish to know what will be the average

position of each problem when placed on one linear scale. Before

this can be done, we must determine the distances between the

consecutive grade medians and we must establish a common

zero point.

Three different methods have been used in this study to

determine the interval between the grade medians. After the

determinations derived from the three methods were satisfac-

torily weighted, the average was taken and used as the measure

of the intergrade interval. For convenience these three methods

will be called the
"
problem method," the

"
quartile method,"

and the
"
distribution method."

By the
"
problem method "

the distance between the median

of two consecutive grades is determined by the difference in

position each problem holds with reference to the medians of

two consecutive grade distributions. For example, Table XIII

shows that problem No. 2 is situated 1.788 P.E. below the

median of the second grade and 2.384 P.E. below the median

of the third grade. This makes a difference of .596 P.E. between

the medians of the second and the third grades so far as this

problem is concerned. Each problem will give a similar meas-

ure for the interval between any two consecutive grades. Table

XIV gives the P.E. intervals between the consecutive grades

as determined from each addition problem.

It is interesting to note that as the problems increase in diffi-

culty larger intervals tend to exist between the grade medians.

This fact is most clearly brought out by Table XV. In this

table the determinations of the intergrade intervals from the

various problems are divided into various groups. The group

of determinations which is marked below -1.5 P.E. is the aver-

age of those determinations from Table XIV which came from

values lower than -1.5 P.E. in Table XIII
;
the group marked

-1.5 P.E. to +1.5 P.E. is the average of those determinations

obtained from values between -1.5 P.E. and +1.5 P.E. ; the
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TABLE XIV
P.E. Intervals Shown Between Consecutive Grades by Each

Addition Problem

problem interval interval interval interval interval interval
no.
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TABLE XV
Averages of Groups of Determinations of Intergrade Intervals

AS Measured by the Addition Problems

II-III III-IV iv-v V-VI VI-VII VII-VIII

GROUP inter- inter- INTER- INTER -INTER- INTER-
VAL VAL VAL VAL VAL VAL

Belowl.SP.E 1.695 .842 .675 .508 .131 .347

—1.5 P.E. to

-fl.SP.E 539 .959 .846 1.028 .509 .423

Above 1.5 P.E 2.531 1.456 1.801 1.744 1.522i .600^

Compositve Average. . 1.866 1.099 1.155 .876 .300 .374

Select Group 1.429 1.093 .854 1.011 .456 .437
^ These two values have been estimated.

Table XV shows so far as this list of problems is concerned

that the greatest difference between the medians of the different

grades is brought about by the more difficult problems and that

the least amount of difference is brought about by the least

difficult problems. The one exception to this general statement

is found in group --1.5 P.E. to -I-1.5 P.E. for the interval be-

tween the second and third year. The smallness of this deter-

mination is due to the small number of cases that happened to

fall within those middle limits. These same facts are brought
out in similar tables for the other fundamental processes. These

results are in conformity with the results found by Dr. Trabue

in his measurement with completion-test language scales.

Keeping in mind the fact that the greatest difference between

the medians of any two consecutive grades is brought about by
the most difficult problems and also that the least difference is

brought about by the easier problems, it would seem that the

best measure of the interval would be the average of those

determinations that come from near the median. It seems rather

unfair that those problems at the extreme ends of a distribution

should have equal weight with those near the middle of the

distribution. In order to give more weight to the problems near

the median of the distribution the average of those determina-

tions in Table XIV which were obtained from values -2 P.E.

to +2 P.E. in Table XIII will be used in addition to the com-

posite average in computing the final measure of the intervals

between the grade medians. This last group of determinations

is designated as the
"

select group
"

in Table XV. Thus the

composite average and the average of the determination of the
"

select group
"

are both measures of the intergrade intervals
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and both are derived from the
"
problem method " and will be

used in the final determination of the intergrade intervals.

The second method of determining the distance between the

grades was previously designated as the
"
quartile

"
method.

If we have a normal surface of distribution, as we have assumed,
the quartile of any distribution should be equal to the P.E. of

that distribution. Therefore, if we divide the quartile of a

distribution into the crude score intervals, we will get the inter-

val between the medians of the grades in terms of P.E. Since

for each interval between the grades there are two quartile

measures, the average of the two quartiles is used as a divisor

of the crude score interval between the grades.

Table XVI shows the intervals obtained by this process.

TABLE XVI
Determination of Quartile Intervals Between Grades
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second grade that excel the median achievement of the pupils
in the third grade. On the other hand, there are pupils in the

third grade that do not reach the median achievement of the

second grade pupils. Between the median of the second grade
distribution (6.819) and the median of the third grade (14.509)
distribution lie 46.22 per cent of the 489 cases in the second

grade distribution; between the same medians He 42.16 per
cent of the 615 cases in the third grade distributions. Since

these percentages are deviations from the median or 50 per cent

they can be turned into P.E. values by referring to Table X.

Thus, as determined from the second grade distribution, the

interval between the second and third grade medians is 2.643
P.E. As determined by the third grade distribution the interval

between the third and second grade medians is 2.099 ^-E. Thus
we have two direct measures for this same interval. Similarly,

direct measures can be made for the intervals between each

of the other succeeding grades.

By the same reasoning, between the second grade median and

the fourth grade median lie 49.79 per cent of the second grade

distribution; between the third grade median and the fourth

grade median lie 35.98 per cent of the third grade distribution.

Turning the percentages into P.E. we find that the fourth

grade median is 4.256 P.E. above the second grade median and

1.601 P.E. above the third grade median. If we take the dis-

tance between the third and fourth grade median from the dis-

tance between the second and fourth grade medians, we get an

indirect measure of the distance between the second and third

grade medians. Thus 4.256 P.E. -1.601 P.E. = 2.655 P-E., the

indirect measure of the interval between the second and third

grades.

Table XVII shows the percentage with P.E. equivalent of each

grade lying between the median and the medians of the neigh-

boring grades.

Various other indirect measures can be obtained in a similar

way. Indeed, if one wished he could get a still further remote

indirect measure of this same second and third grade interval

by taking the distance between the third and fifth grade median

from the distance between the second and fifth grade medians.

This latter determination would, in the writer's opinion, be influ-
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enced so much by the extreme ends of the distributions that it

should be given no weight in the final determination of the

grade intervals.

In the final determination of the grade intervals by the
"
dis-

tribution method "
the direct measures were felt to be the best

measures, and hence they were given double weight while the

indirect measures were given but single weight.

TABLE XVII

Percentage with P.E. Equivalent of Each Grade Lying Between the
Median and the Medians of the Neighboring Grades
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Table XVIII shows the interval between the grades as deter-

mined by the distribution method.

Thus we have the results of the intergrade intervals as deter-

mined by the three different methods. All of the determinations

have about the same general characteristics. The writer felt

that the
"
select group

"
of determination, which is based upon

the individual problems not varying over 2 P.E. in difficulty

from the median problem of the grade, was the best measure.

He also felt that the second best measure was the composite

average based upon the difficulty of all the individual problems.

Both the
"
selected group

"
determinations and the composite

averages take into consideration the fact that the problems are

not of the same difficulty. Hence it appeared to the writer that

it might be fair to give these determinations increased weight
in making the final determination of the intergrade intervals.

Thus the
"
selected group

"
determinations were given a weight

of three, and the
"
composite average

"
determinations a weight

of two while the determinations from the quartile method and

those from the
"
distribution method " were given but a single

TABLE XIX
Final Determination of Intervals Between Successive Grades

METHOD
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5. Location of the Zero Point

Having determined the distance between the various grades, it

is easy to locate all of the problems in terms of any grade median.

However, if we wish to know the exact relation of one problem

to another, if we wish to know how many times more difficult

one problem is than another, it is necessary to find the location

of each problem with reference to a common zero point.

Professor Thorndike in his
"
Mental and Social Measure-

S^
'

ments
"

(p. 16) in speaking of the definition of a zero point

^^ says,
" The zero point may be absolute, measuring just not any

\/\,*fj^ of the thing, or arbitrary, meaning a point called zero though
^

jj^ actually designating some amount of the thing. Thus the thing

being temperature, 20° C is 20° above the arbitrary zero—the

melting of ice—and 293° above the supposed absolute zero, just

not any molecular motion in a gas."

The zero point in connection with any one of these scales is

an arbitrary one. It means simply
'^

the inability to solve cor-

/i;" v^rectly a single problem" as presented under the standard con-

ditions for giving these tests. It does not mean that a child has

absolutely no ability in addition or subtraction or multiplication

or division. It is probable that if the problems had been pre-

sented orally to the pupils in the lower grades they would have

solved more problems correctly. Some of the pupils who showed
"

inability to solve correctly a single problem
"

as the test was

presented to them, no doubt would have solved a few problems

if presented orally. Moreover, it should be added that zero

ability in division (i.e., inability to solve a single problem) does

. not mean that a child will have zero ability in addition. It

should also be added that we cannot say, as the scales are in

their present condition, that a problem with a value of i in one

process is equal in difficulty to a problem with the same value in

5^ another process. Each scale has its own zero point. We there-

fore cannot treat values as equal which have been developed

from different zero points.

The method for locating the zero point is the same for all

the fundamental processes, but I shall deal in detail only with

addition,
j
Table VIII shows that of the 489 pupils in the second

r\) grade .44.88 per cent lie between those children who could not

get a single problem and the median achievement for that grade

Af^
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(6.819). Since this represents deviation from the median or 50

percentile, reference to Table X shows that a deviation of 44.88

per cent from the median of a normal distribution represents

a distance of 2.322 P.E. This means then that the median of

the second grade in addition is 2.422 P.E. above no score at all.

Table VIII also shows that of 615 pupils in the third grade 49.34

per cent lie between those children who could not get a single

problem and the median achievement for that grade (14.509).

This would locate the median for the third grade 3.676 P.E.

above the zero point. We have already determined that the

median of the third grade is 1.877 P-E. (Table XIX) above

that of the second grade. By subtracting the distance the third

grade median is above the second from the distance the third

grade median is above the zero point, we get a measure of the

distance the second grade median is above the zero point. Thus

3.676 P.E. minus 1.877 P.E. = 1.799 P.E., another measure of

the distance that the second median is above the zero point.

Table VIII also shows that the median achievement of the

second grade distribution is 6.819 problems and that the quartile

is 2.712 problems. Since we have assumed a normal surface

of frequency, the quartile is equal to the P.E.
;
thus by dividing

the median achievement by the quartile of the second grade we
find that the median of the second grade is 2.514 P.E. above

zero.

Similarly ^he median achievement for the third grade is 14.509

problems and the quartile 2.996 problems. By dividing the

median achievement by the quartile we find that the third grade jr^
median is 4.843 P.E. above zero. Subtracting the distance the —^ ' ^"^

third grade median is above the second (1.877 P.E.y^rom the

distance the third grade is above zero (4.843 P.E.) gives us the

distance the second grade median is above zero (2.966 P.E.)

Thus we have four determinations of our zero point as follows :

From the second grade distribution 2 . 422
"

third
" « 1.799

" " second " achievement 2 .514
"

third
" 2.966

^

Average 2 .425 P^^' aP^

The average of the four determinations probably represents Of^A a
a better measure of the distance than any single measure, so for y^
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the addition scale we shall use the point 2.425 P.E. below the

second grade median as the arbitrary zero point.

Since we have determined the distance between the medians

of the various grades (Table XIX) and know that the second

grade median is 2.425 P.E. above zero it is easy to determine

the distance each grade median is above zero.

TABLE XX
Distance the Median of Each Grade in Addition is Above Zero

1= P.E.

GRADE
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Since we have determined the location above zero of each

problem in each grade we are now ready to determine the gen-
eral value of each problem and to locate it on a linear scale.

In order to do this we must find the position which best repre-
sents the difficulty of each problem.

TABLE XXI
Location Above Zero of Each Addition Problem

problem grade grade grade grade grade grade grade
NO.
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In making this determination it was felt that the truest value

of any problem came from the distribution where the median

achievement was nearest the location of that problem. It was

also felt that those values which came from those distributions

where the median achievements were farthest from the location

of that problem should have little or no weight in the deter-

mination of the final value of the problem.

-3 P.E. -I P.E. M +1 P.E. 4-3 P.E.

Fig. 12. Showing the influence of various parts of a distribution in

determining the general value of a problem.

Thus, as represented by Fig. 12, in computing the general

final value of a problem in these various distributions, that value

from each grade distribution is given double weight if the prob-

lem is less than i P.E. distance from the median achievement

of that distribution; single weight, if it is more than i P.E.

but less than 3 P.E. distance from the median achievement of

the distribution
;
and not considered at all if the problem is more

than 3 P.E. distance from the median achievement of the dis-

tribution. The average of all of these determinations is taken

as the general difficulty of a problem.

Therefore, in making this final determination of the general

value of any problem reference must be made to both Table

XIII and Table XXI. Table XIII is used to determine the

weight that shall be given to the value in Table XXI. For

example. Table XIII shows that problem No. i is located at

.963 P.E. from the median achievement of the third grade. It

also shows that this same problem is located at more than i P.E.

but less than 3 P.E. distance from the median achievement in

grades two, four, and five. With these facts in mind weight

the value given in Table XXI accordingly. The value in the

third grade would have double weight, while the values in the
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second, fourth, and fifth grades would have single weight. The
other values are disregarded. The average of the above deter-

minations represents the difficulty of the problem.
Table XXII gives the general value, i.e., distance above the

arbitrary zero, for each problem in addition. These values are

final and are used in locating the problems on the linear scale.

TABLE XXII

Final Value of Addition Problems

ANK



Section II. TABLES OF CRUDE DATA FROM WHICH
SCALES WERE DEVELOPED

TABLE XXIII

Distribution According to the Number of Subtraction
Problems Solved

grade grade grade grade grade grade grade
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TABLE XXIV
Number in Each Grade that Solved Each Problem in

Subtraction Correctly

problem grade grade grade grade grade grade grade
no. ii iii iv v vi vii viii

1
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TABLE XXV
Location Above Zero of Each Subtraction Problem

OBLEIil
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TABLE XXVI
Distribution According to the Number of Multiplication

Problems Solved

GRADE GRADE GRADE GRADE GRADE
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TABLE XXVII
Number in Each Grade that Solved Each Problem in

Multiplication Correctly

problem grade grade grade grade grade grade
NO. m IV V VI VII VIII

1 372 577 673 660 936 563
2 373 570 671 657 938 561
3 338 545 676 658 936 565
4 281 529 661 652 936 563

5 157 445 644 656 935 559
6 137 421 644 645 937 562
7 139 462 638 648 932 562
8 134 447 651 649 933 562
9 90 349 602 613 898 547

10 82 357 593 615 899 547
11 34 284 571 603 893 548
12 40 273 553 589 868 527
13 18 198 453 526 820 514
14 6 173 433 485 768 506

15 5 149 439 571 880 545
16 8 192 495 555 823 491
17 14 228 430 844 541
18 3 100 408 503 770 501
19 2 85 400 531 801 509

20 3 68 251 330 593 402
21 9 172 398 820 528
22 5 123 418 821 542
23 4 56 248 515 834 547
24 36 195 476 834 539

25 6 110 442 829 534
26 5 100 400 653 454
27 45 304 541 380
28 5 51 348 665 447
29 11 93 296 545 326

30 1 37 253 535 388
31 6 39 296 597 419
32 1 32 210 460 363
33 2 18 76 227 452 349
34 40 179 373 323

35 5 104 271 264
36 3 6 141 377 307
37 1 15 139 406 319
38 2 43 212 182
39 1 39 186 176

No. Tested... 456 604 689 665 943 565
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TABLE XXVIII

Location Above Zero of Each Multiplication Problem

PROBLEM
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TABLE XXIX
Distribution According to the Number of Division Problems Solved

grade grade grade grade grade grade
iii iv v vi vii viii

36 2 6 5
35 9 21
34 7 25 33

33 10 38 47
32 11 48 59
31 1 18 74 51
30 1 29 67 62

29 25 86 63
28 3 42 74 41
27 3 46 77 51
26 2 40 73 30
25 7 45 58 29

24 13 51 58 11
23 1 20 41 60 11
22 1 27 42 38 10
21 1 41 47 28 6
20 3 49 39 29 7

19 2 53 40 26 1

18 4 47 30 8 1

17 4 50 26 19
16 14 48 18 14 1

15 1 10 43 16 8 2

14 5 19 77 13 6
13 14 48 48 9 3
12 7 47 46 11 2
11 4 74 33 4 1

10 12 66 21 2 2

9 12 67 20 1 1

8 13 58 11 1

7 15 44 3 2
6 21 37 2
5 27 25 4 1

4 12 25 4 2
3 12 17 1

2 10 12 3 1

1 21 8 3
32 18 1

No. Tested... 218 605 685 670 940 542

Median 5.815 9.873 16.469 23.781 27.442 30.113

25 Per Cent.. 2.125 7.211 13.401 19.813 23.800 27.519
75 Percent.. 9.042 12.585 19.919 27.489 30.478 32.500

Quartile 3.459 2.687 3.259 3.838 3.339 2.491
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TABLE XXX
Number in Each Grade that Solved Each Problem in Division

Correctly

PROBLEM
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TABLE XXXI
Location Above Zero of Each Division Problem

PROBLEM GRADE
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