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EDITORS PREFACE.

THE volume called Higher Mathematics, the first edition

of which was published in 1896, contained eleven chapters by
eleven authors, each chapter being independent of the others,

but all supposing the reader to have at least a mathematical

training equivalent to that given in classical and engineering

colleges. The publication of that volume is now discontinued

and the chapters are issued in separate form. In these reissues

it will generally be found that the monographs are enlarged

by additional articles or appendices which either amplify the

former presentation or record recent advances. This plan of

publication has been arranged in order to meet the demand of

teachers and the convenience of classes, but it is also thought

that it may prove advantageous to readers in special lines of

mathematical literature.

It is the intention of the publishers and editors to add other

monographs to the series from time to time, if the call for the

same seems to warrant it. Among the topics which are under

consideration are those of elliptic functions, the theory of num

bers, the group theory, the calculus oi variations, and non-

Euclidean geometry; possibly also monographs on branches of

astronomy, mechanics, and mathematical physics may be included.

It is the hope of the editors that this form of publication may
tend to promote mathematical study and research over a wider

field than that which the former volume has occupied.

December, 1905.
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AUTHOR S PREFACE.

IN republishing this short treatise in book form the author
solicits criticism but offers no apology. The type of the book
he has sought to imitate is that shown in the

&quot;

mathematical
tracts

&quot;

of the late Sir George B. Airy. The brevity and the con
crete illustrations of these

&quot;

tracts
&quot; have served very effectively

in introducing students to a number of the more difficult fields

of applied mathematics; and it is hoped that this treatise will

serve a similar end.

The theory of probability and the theory of errors now con
stitute a formidable body of knowledge of great mathematical
interest and of great practical importance. Though developed
largely through applications to the more precise sciences of as

tronomy, geodesy, and physics, their range of applicability extends
to all of the sciences; and they are plainly destined to play an

increasingly important role in the development and in the appli
cations of the sciences of the future. Hence their study is not

only a commendable element in a liberal education, but some

knowledge of them is essential to a correct understanding of

daily events.

No special novelty of presentation is claimed for this work;
but the reader may find it advantageous to know that a definite

plan has been followed. This plan consists in presenting each

principle, first, by means of a simple, concrete example; passing,

secondly, to a general statement by means of a formula; and,

thirdly, illustrating applications of the formula by concrete

examples. Great pains have been taken also to secure clear and
correct statements of fundamental facts. If these latter are

duly understood, the student needs little additional aid; if

they are not duly understood, no amount of aid will forward him.

The passage from the elementary concrete to the advanced
abstract may appear to be abrupt to the reader in some cases.

It is hoped, however, that any large gaps may be easily bridged
and that any serious difficulties may be easily overcome by means
of the references given to the literature of the subject. In any
event the student will find that in this, as in all of the more ardu

ous sciences, his greatest pleasure and his highest discipline will

come from bridging such gaps and from surmounting such diffi

culties.

WASHINGTON, D. C., December, 1905.
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PROBABILITY AND THEORY OF ERRORS.

ART. 1. INTRODUCTION.

IT is a curious circumstance that a science so profoundly

mathematical as the theory of probability should have origi

nated in the games of chance which occupy the thoughtless and

the profligate.* That such is the case is sufficiently attested

by the fact that much of the terminology of the science and

many of its familiar illustrations are drawn directly from the

vocabulary and the paraphernalia of the gambler and the trick

ster. It is somewhat surprising, also, considering the antiquity

of games of chance, that formal reasoning on the simpler

questions in probability did not begin before the time of Pascal

and Fermat. Pascal was led to consider the subject during the

year 1654 through a problem proposed to him by the Chevalier

de Mere, a reputed gambler.f The problem in question is

known as the problem of points and may be stated as follows :

two players need each a given number of points to win at a

certain stage of their game ;
if they stop at this stage, how should

the stakes be divided ? Pascal corresponded with his friend

Fermat on this question ;
and it appears that the letters which

passed between them contained the earliest distinct formulation

of principles falling within the theory of probability. These

* The historical facts referred to in this article are drawn mostly from Tod-

hunter s History of the Mathematical Theory of Probability from the time of

Pascal to that of Laplace (Cambridge and London, 1865).

f
&quot; Un probleme relatif SLUX jeux de hasard, proposS aun austere janseniste

par un homme du monde, a ete 1 origine du calcul des probabilites.&quot; Poisson,

Recherches sur la Probability des Jugements (Paris, 1837).



S PROBABILITY AND THEORY OF ERRORS.

acute thinkers, however, accomplished little more than a correct

start in the science. Each seemed to rest content at the time

with the approbation of the other. Pascal soon renounced

such mundane studies altogether ;
Fermat had only the scant

leisure of a life busy with affairs to devote to mathematics;

and both died soon after the epoch in question, Pascal in

1662, and Fermat in 1665.

A subject which had attracted the attention of such dis

tinguished mathematicians could not fail to excite the interest

of their contemporaries and successors. Amongst the former

Huygens is the most noted. He has the honor of publishing

the first treatise* on the subject. It contains only fourteen

propositions and is devoted entirely to games of chance, but it

gave the best account of the theory down to the beginning of

the eighteenth century, when it was superseded by the more elab

orate works of James Bernoulli,f Montmort,J and De Moivre.

Through the labors of the latter authors the mathematical

theory of probability was greatly extended. They attacked,

quite successfully in the main, the most difficult problems ;

and great credit is due them for the energy and ability dis

played in developing a science which seemed at the time to

have no higher aim than intellectual diversion.] Their names,

undoubtedly, with one exception, that of Laplace, are the most

important in the history of probability.

Since the beginning of the eighteenth century almost every

mathematician of note has been a contributor to or an expos
itor of the theory of probability. Nicolas, Daniel, and John

Bernoulli, Simpson, Euler, d Alembert, Bayes, Lagrange, Lam

bert, Condorcet, and Laplace are the principal names which

figure in the history of the subject during the hundred years

*De Ratiociniis in Ludo Alese, 1657.

f Ars Conjectandi, 1713.

JEssai d Analyse sur les Jeux de Hazards, 1708.

The Doctrine of Chances, 1718.

|j
Todhunter says of Montmort, for example, &quot;In 1708 he published his

work on Chances, where with the courage of Columbus he revealed a new world

to Mathematicians.&quot;
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ending with the first quarter of the nineteenth century. Of

-contributions from this brilliant array of mathematical talent,

the Theorie Analytique des Probabilites of Laplace is by far

the most profound and comprehensive. It is, like his Me-

canique Celeste in dynamical astronomy, still the most elabo

rate treatise on the subject. An idea of the grand scale of the

work in its present form* may be gained by the facts that the

non-mathematical introductionf covers about one hundred and

fifty quarto pages ;
and that, in spite of the extraordinary

brevity of mathematical language, the pure theory and its ac

cessories and applications require about six hundred and fifty

pages.

From the epoch of Laplace down to the present time the

-extensions of the science have been most noteworthy in the

fields of practical applications, as in the adjustment of obser

vations, and in problems of insurance, statistics, etc. Amongst
the most important of the pioneers in these fields should

be mentioned Poisson, Gauss, Bessel, and De Morgan. Nu
merous authors, also, have done much to simplify one or an

other branch of the subject and thus bring it within the range

of elementary presentation. The fundamental principles of

the theory are, indeed, now accessible in the best text-books

on algebra : and there are many excellent treatises on the pure

theory and its various applications.

Of all the applications of the doctrine of probability none

is of greater utility than the theory of errors. In astronomy,

geodesy, physics, and chemistry, as in every science which at

tains precision in measuring, weighing, and computing, a

knowledge of the theory of errors is indispensable. By the aid

of this theory the exact sciences have made great progress dur-

*The form of the third edition published in 1820, and of Vol. VII of the

complete works of Laplace recently republished under the auspices of the

Academic des Sciences by Gauthier-Villars. This Vol. VII bears the date 1886.

f
* Cette Introduction,&quot; writes Laplace, &quot;est le developpement d une Lec.on

sur les Probabilites, que je donnai en 1795, aux Ecoles Normales, ou je fus ap-

pele comme professeur de Mathematiques avec Lagrange, par un decret de la

Convention nationale.&quot;
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ing the nineteenth century, not only in the actual determination

of the constants of nature, but also in the fixation of clear

ideas as to the possibilities of future conquests in the same di

rection. Nothing, for example, is more satisfactory and in

structive in the history of science than the success with which

the unique method of least squares has been applied to the

problems presented by the earth and the other members of the

solar system. So great, in fact, are the practical value and

theoretical importance of the method of least squares, that it is

frequently mistaken for the whole theory of errors, and is

sometimes regarded as embodying the major part of the doc

trine of probability itself.

As may be inferred from this brief sketch, the theory of

probability and its more important applications now constitute

an extensive body of mathematical principles and precepts.

Obviously, therefore, it will be impossible within the limits of

a single condensed monograph to do more than give an out

line of the salient features of the subject. It is hoped, how

ever, in accordance with the general plan of the volume, that

such outline will prove suggestive and helpful to those who

may come to the science for the first time, and also to those

who, while somewhat familiar with the difficulties to be over-

tome, have not acquired a working knowledge of the subject.

Effort has been made especially to clear up the difficulties of

the theory of errors by presenting a somewhat broader view of

the elements of the subject than is found in the standard

treatises, which confine attention almost exclusively to the

method of least squares. This chapter stops short of that

method, and seeks to supply those phases of the theory which

are either notably lacking or notably erroneous in works

hitherto published. It is believed, also, that the elements here

presented are essential to an adequate understanding of the

well-worked domain of least squares.*

*The author has given a brief but comprehensive statement of the method

of least squares in the volume of Geographical Tables published by the Smith-

sonion Institution, 1894.
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ART. 2. PERMUTATIONS.

The formulas and results of the theory of permutations
and combinations are- often needed for the statement and so

lution of problems in probabilities. This theory is now to be

found in most works on algebra, and it will therefore suffice

here to state the principal formulas and illustrate their mean

ing by a few numerical examples.

The number of permutations of ;/ things taken r in a group
is expressed by the formula

(*),
= n(n

-
i)(n

-
2) . . . (n

- r + i). (i)

Thus, to illustrate, the number of ways the four letters a, b,

t, d can be arranged in groups of two 154.3 1 2
&amp;gt;

an&amp;lt;^ the groups
are

cb, bd, db, cd, dc.ab, ba, ac, ca, ad, da
y be,

Similarly, the formula gives for

n = 3 and r = 2, (3),
= 3.2 =6,

n = 7
&quot; r = 3, (7).

= 7. 6. 5 =210,
n 10 &quot; r = 6, (10)6=10.9.8.7.6.5 = 151200.

The results which follow from equation (i) when n and r

do not exceed 10 each are embodied in the following table :

VALUES OF PERMUTATIONS.
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noticed that the last two numbers in each column (excepting

that headed with i) are the same. This accords with the for

mula, which gives for the number of permutations of n things

in groups of n the same value as for n things in groups of

(n i). It will also be remarked that the last number in each

column of the table is the factorial, !, of the number n at the

head of the column. For example, in the column under 7, the

last number is 5040 =1.2.3.4.5.6.7 = 7!.

The total number of permutations of n things taken singly,

in groups of two, three, etc., is found by summing the numbers

given by equation (i) for all values of r from I to n. Calling

this total or sum S^ it will be given by

SP = 2(n),. (2)

To illustrate, suppose n 3, and, to fix the ideas, let the

three things be the three digits I, 2, 3. Then from the above

table it is seen that Sp = 3 + 6 + 6 = 15 ; or, that the number

of numbers (all different) which can be formed from those dig

its is fifteen. These numbers are I, 2, 3; 12, 13, 21, 23, 31, 32;

123, 132, 213, 231, 312, 321.

The values of S, for n = 1,2,... 10 are given under the

corresponding columns of the above table. But when n is

large the direct summation indicated by (2) is tedious, if not

impracticable. Hence a more convenient formula is desirable.

To get this, observe that (i) may be written

if r is restricted to integer values between I and (n i), both

inclusive. This suffices to give all terms which appear in the

right-hand member of (2), since the number of permutations

for r = (n i) is the same as for r = n. Hence it appears

that



COMBINATIONS. 13

But as n increases, the series by which n \ is here multiplied

approximates rapidly towards the base of natural logarithms ;

that is, towards

e 2.7182818 +, log e = 0.4342945.

Hence for large values of n

Sp n\e, approximately.* (3)

To get an idea of the degree of approximation of (3), sup

pose n 9. Then the computation runs thus (see values in

the above table) :

log

9! = 362880 5. 5 597630

e 0.4342945

9\e = 986410 5-9940575

Sp = 986409 by equation (2).

The error in this case is thus seen to be only one unit, or

about one-millionth of Sp.^

Prob. i. Tabulate a list of the numbers of three figures each

which can be formed from the first five digits i, . . . 5. How many
numbers can be formed from the nine digits ?

Prob. 2. Is Sp always an odd number for n odd? Observe

values of SP in the table above.

ART. 3. COMBINATIONS.

In permutations attention is given to the order of arrange
ment of the things considered. In combinations no regard is

paid to the order of arrangement. Thus, the permutations of

the letters a, b, c, d\i\ groups of three are

(abc] (abd) bac bad acb (acd) cab cad

adb adc dab dac bca (bed) cba cbd

bda bdc dba dbc cda cdb dca deb

* See Art. 6 for a formula for computing n\ when n is a large number.

f When large numbers are to be dealt with, equations (i) and (3) are easily

managed by logarithms, especially if a table of values of log (w!) is available.

Such tables are given to six places in De Morgan s treatise on Probability in

the Encyclopaedia Metropolitana, and to five places in Shortrede s Tables

(Vol. I, 1849).



14 PROBABILITY AND THEORY OF ERRORS.

But if the order of arrangement is ignored all of these are

seen to be repetitions of the groups enclosed in parentheses,

namely, (abc), (abd), (acd), (bed}. Hence in this case out of

twenty-four permutations there are only four combinations.

A general formula for computing the number of combina

tions of n things taken in groups of r things is easily derived.

For the number of permutations of n things in groups of r is

by (i) of Art. 2

(n) r
= n(n i)(n 2) . . . (n r + i) ;

and since each group of r things gives I . 2 . $ . . . r = r\ per

mutations, the number of combinations must be the quotient

of ()r by r\. Denote this number by C(ri) r . Then the gen

eral formula is

^ = (*-!)(- 2)... (-r+ I)
(i)

This formula gives, for example, in the case of the four let

ters a, b, c, d taken in groups of three, as considered above,

Multiply both numerator and denominator of the right-hand

member of (i) by (n r)\ The result is

which shows that the number of combinations of n things in

groups of r is the same as the number of combinations of n

things in groups of (n r). Thus, the number of combina

tions of the first ten letters a, b, c . . ./ in groups of three or

seven is

10 !

j

= 120.

The following table gives the values C(n) r for all values of

n and r from I to 10.

The mode of using this table is evident. For example, the

number of combinations of eight things in sets of five each is

found on the fifth line of the column headed 8 to be $6.
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VALUES OF COMBINATIONS.

15
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The second member of this equation is evidently equal to

(i + i)
M

i. Hence

Sc =2C(n) r
= 2-i. (3)

The values of Sc for values of n and r from I to 10 are given

under the corresponding columns of the above table.

Prob. 3. How many different squads of ten men each can be

formed from a company of 100 men ?

Prob. 4 How many triangles are formed by six straight lines

each of which intersects the other five ?

Prob. 5. Examine this statement :

&quot;

In dealing a pack of cards

the number of hands, of thirteen cards each, which can be produced
is 635 013 559 600. But in whist four hands are simultaneously held,.

and the number of distinct deals . . . would require twenty-eight

figures to express it.&quot;

*

Prob. 6. Assuming combination always possible, and disregarding

the question of proportions, find how many different substances

could be produced by combining the seventy-three chemical ele

ments.

ART. 4. DIRECT PROBABILITIES.

If it is known that one of two events must occur in any
trial or instance, and that the first can occur in a ways and the

second in b ways, all of which ways are equally likely to hap

pen, then the -probability that the first will happen is expressed

mathematically by the fraction a/(a-\-b], while the probability

that the second will happen is b/(a -f- b). Such events are said

to be mutually exclusive. Denote their probabilities by p and

q respectively. Then there result

the last equation following from the first two and being the

mathematical expression for the certainty that one of the two

events must happen.

Thus, to illustrate, in tossing a coin it must give
&quot; head

&quot;

or

&quot;

tail&quot; ; a = b = I, and p q = 1/2. Again, if an urn contain

a = 5 white and b = 8 black balls, the probability of drawing

*
Jevons, Principles of Science, New York, 1874, p. 217.
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a white ball in one trial is / = 5/13 and that of drawing a.

black one q= 8/13.

Similarly, if there are several mutually exclusive events-

which can occur in a, b, c . . . ways respectively, their probabil

ities/, q, r . . . are given by
a b c

- q = a
t&amp;gt;+c + . . .

T =
a +&+c+...

r

(2)

+ . .. = -*

For example, if an urn contain a = 4 white, =5 black,

and c = 6 red balls, the probabilities of drawing a white, black,

and red ball at a single trial are
/&amp;gt;

= 4/i5, ^=5/15, and

r = 6/15, respectively.

Formulas (i) and (2) may be applied to a wide variety of

cases, but it must suffice here to give only a few such. As a
first illustration, consider the probability of drawing at randoms

a number of three figures from the entire list of numbers which

can be formed from the first seven digits. A glance at the

table of Art. I shows that the symbols of formula (i) have in

this case the values a = 210, and #-+-:=: 1 3699. Hence
b = 13489, and / = 210/13699 ;

that is, the probability in ques
tion is about 1/65.

Secondly, what is the probability of holding in a hand of

whist all the cards of one suit ? Formula (i) of Art. 3 shows

that the number of different hands of thirteen cards each which,

may be formed from a pack of fifty-two cards is

52.51. 50... 40
i .2.3... 13

= 635Qi3 559 600,

and the probability required is the reciprocal of this number;.

The probability against this event is, therefore, very nearly

unity.

Thirdly, consider the probabilities presented by the case of

an urn containing 4 white, 5 black, and 6 red balls, from which

at a single trial three balls are to be drawn. Evidently the

triad of balls drawn may be all white, all black, all red, partly
white and black, partly white and red, partly black and red, or
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one each of the white, black, and red. There are thus seven

different probabilities to be taken into account. The theory
of combinations shows (see equation (i), Art, 3) that the total

number of

4.3.2
White triads = 4 =

Black triads =

Red triads =

White and black triads =

White and red triads

Black and red triads =

6

6.5-4
6

9-8.7
6

10. 9 . 8

ii 10. 9

= lo = b

20 = C

-( 4+10)= 70 = d

-( 4+20)= 96 = ^

White, black, and red triads = 4.5.6 = 120 = g
Sum = 455

The total number of these triads is 455, and is, as it should

be, the number of combinations in groups of three each of the

whole number of balls. Hence formulas (2) give the seven

different probabilities which follow, using the initial letters

.w, b, r to indicate the colors represented in a triad :

For a triad www
&quot; &quot; bbb

rrr

&quot; &quot; &quot; wwb or wbb
&quot; &quot; &quot; wwr or wrr

&quot; u bbr or brr

&quot; &quot; &quot; wbr

4/455,

io/455,

20/455,

70/455,

96/455,
= 135/455,

v= 120/455.

Prob. 7. When three dice are thrown together, what is the prob

ability that the throw will be greater than 9 ?

Prob. 8. Write down a literal formula for the probabilities of the

several possible triads considered in the above question of the balls,

supposing the numbers of white, black, and red balls to be /, m, n,

respectively.
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ART. 5. PROBABILITY OF CONCURRENT EVENTS.

If the probabilities of two independent events are /, and

/ respectively, the probability of their concurrence in any

single instance is p,pv Thus, suppose there are two urns

U
l
and /

2 ,
the first of which contains a

t
white and

,
black

balls, and the second #
a
white and b

t
black balls. Then the

probability of drawing a white ball from U
l isp l aj(a^ + ,),

while that of drawing a white ball from /
2 is/a

= aj(a^ + ,)..

The total number of different pairs of balls which can be formed

from the entire number of balls is (a l -f- #,)(# + &,) Of these

pairs a^ are favorable to the concurrence of white in simul

taneous or successive drawings from the two urns. Hence the

probability of a concurrence of

white with white = a
1
a

z/(a l -f- b^)(a^ + &,),

white with black = (aj)^+ #A)/(X + ^i)(#a + ^)&amp;gt;

black with black
bJ&amp;gt;J(a^ + ^)(&amp;gt;2 -f &,),

and the sum of these is unity, as required by equations (2) of

Article 4.

In general, if / 15 /2 , p3
. . . denote the probabilities of several

independent events, and P denote the probability of theii

concurrence,
^=AAA-. ( )

To illustrate this formula, suppose there is required the

probability of getting three aces with three dice thrown simul

taneously. In this case/\ =/ =/&amp;gt;3
= 1/6 and

P=(i/6)
3 = 1/216.

Similarly, if two dice are thrown simultaneously the proba

bility that the sum of the numbers shown will be 11 is 2/36;
and the probability that this sum 1 1 will appear in two succes

sive throws of the same pair of dice is 4/36.36.

The probability that the alternatives of a series of events-

will concur is evidently given bv

Q = ?,?,?, . . - - (i
-

A)(i
-

A)(i -A) - ^ (2)

Thus, in the case of the three dice mentioned above, the

probability that each will show something other than an ace is
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#1 = & = ?i
= 5/6, and the probability that they will concur in

this is Q 125/216.

Many cases of interest occur for the application of (i) and

(2). One of the most important of these is furnished by suc

cessive trials of the same event. Consider, for example, what

may happen in n trials of an event for which the probability

is p and against which the probability is q. The probability

that the event will occur every time is/
M
. The probability that

the event will occur (n i) times in succession and then fail is

j&amp;gt;

n ~ l

q. But if the order of occurrence is disregarded this last

-combination may arrive in n different ways ;
so that the prob

ability that the event will occur (n i) times and fail once is

?ip
n ~ l

q. Similarly, the probability that the event will
happei&amp;gt;

( 2) times and fail twice is \n(n i) p
ll ~

Y&quot;5
etc - That is,

the probabilities of the several possible occurrences are given by
.the corresponding terms in the development of (p -j- #)*

By the same reasoning used to get equations (2) of Art.

3 it may be shown that the maximum term in the expansion

of (p -j- q)
n

is that in which the exponent m, say, of q is

the whole number lying between (#-f- i)q I and (n -\- i)q.

In other words, the most probable result in n trials is the

occurrence of the event (n m) times and its failure m
times. When n is large this means that the most probable of

all possible results is that in which the event occurs n nq

= n(i q) = np times and fails nq times. Thus, if the event

be that of throwing an ace with a single die the most probable

of the possible results in 600 throws is that of loo aces and

500 failures.

Since q
n

is the probability that the event will fail every time

in n trials, the probability that it will occur at least once in n

trials is i q
n
. Calling this probability r

t

*

r= \-qn = i -(i -/)&quot;. (3)

If r in this equation be replaced by i/2, the corresponding

value of n is the number of trials essential to render the

* See Poisson s Probabilit6 des Jugements, pp. 40, 41.
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chances even that the event whose probability is/ will occur

at least once. Thus, in this case, the value of n is given by

log 2

log (I-/)

This shows, for example, if the event be the throwing of double

sixes with two dice, for which p 1/36, that the chances are

even (r 1/2) that in 25 throws (n =. 24.614 by the formula)

double sixes will appear at least once.

Equation (3) shows that however small/ may be, so long as

it is finite, n may be taken so large as to make r approach in

definitely near to unity ;
that is, n may be so large as to render

it practically certain that the event will occur at least once.

When n is large

1.2 1.2.3
= e~np approximately.

Thus an approximate value of r is

r = i *-&amp;gt;, log e = 0.4342495. (4)

This formula gives, for example, for the probability of drawing
the ace of spades from a pack of fifty-two cards at least once in

104 trials r = I e~* 0.865, while the exact formula (3)

gives 0.867.

Similarly, the probability of the occurrence of the event at

least / times in n trials will be given by the sum of the terms

of (p -4- q]
n from p

n
up to that in p

t

q
n ~ t

inclusive. This proba

bility must be carefully distinguished from the probability that

the event will occur t times only in the n trials, the latter being

expressed by the single term in p
t

q
n~ t

.

Prob. 9. Compare the probability of holding exactly four aces in

five hands of whist with the probability cf holding at least four aces

in the same number of hands.

Prob. 10. What is the probability of an event if the chances are

even that it occurs at least once in a million trials ? See equation (4).
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ART. 6. BERNOULLI S THEOREM.

Denote the exponents of p and q in the maximum term of

(P + 4)
n
ky /* and ^ respectively, and denote this term by 71

Then

n(n i}(n 2) . . . (p -\-

m\ }A,\mY

As shown in Art. 5, /* in this formula is the greatest whole

number in (n -\- i}p, and m the greatest whole number in

(n + i)q-, so that when n is large, p and m are sensibly equal

to np and nq respectively.

The direct calculation of T by (i) is impracticable when n

is large. To overcome this difficulty the following expression

is used :
*

/ T T \

(2)

log e = 0.4342495, log 27r = 0.7981799.

This expression approaches nn
e~

n V2nn as a limit with the

increase of n, and in this approximate form is known as Stir

ling s theorem. Although a rude approximation to n \ for

small values of n this theorem suffices in nearly all cases

wherein such probabilities as T are desired. Making use of

the theorem in (i) it becomes

That this formula affords a fair approximation even when
n is small is seen from the case of a die thrown 12 times. The

probability that any particular face will appear in one throw is

p = 1/6, whence q = 5/6; and the most probable result in 12

throws is that in wWch the particular face appears twice and

fails to appear ten times. The probability of this result com

puted from (3) is 0.309, while the exact formula (i) gives 0.296.

The probability that the event will occur a number of times

* This expression is due to Laplace, Theorie Analytique des Probabilites.

See also De Morgan s Calculus, pp. 600-604.
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comprised between (/* a) and (yu + a) in n trials is evidently

expressed by the sum of the terms in (p -j- q]
n

for which the

exponent of/ has the specified range of values. Calling this

probability R, putting

p.
= np -f- u, and m = nq u,

and using Stirling s theorem (which implies that n is a large

number),*

nq

very nearly ;
and the summation is with respect to u from

u = a to u = -\- a. But expansion shows that the natural

logarithm of the product of the two binomial factors in this

equation is approximately u*/2npq. Hence

R =
}2nnpq

and, since n is supposed large, this may be replaced by a definite

integral, putting

dz = \/^2npq, and z* = u*/2npq.

Thus

This equation expresses the theorem of James Bernoulli,

given in his Ars Conjectandi, published in 1713.

The value of the right-hand member of (4) varies, as it

should, between o and i, and approaches the latter limit rap

idly as z increases. Thus, writing for brevity

/ = = I e~ z
*dz*

* See Bertrand, Calcul des Probabilites, Paris, 1889, for an extended discus

sion of the questions considered in this Article.
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the following table shows the march of the integral

z
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diminished so long as the ratio of white to black balls is kept

constant. Make these numbers the same for the two urns.

Thus let the first contain 9 white and 15 black, and the second

8 white and 16 black
;
whence the above probabilities may be

written 1/2 x 9/24 and 1/2 X 8/24. It is now seen that there

are (9 -f- 8) cases favorable to the production of a white ball,

each of which has the same antecedent probability, namely, 1/2.

Since the fact that a white ball was drawn excludes considera

tion of the black balls, the probability that the white ball came

from U
l

is 9/17 and that it came from U^ is 8/17 ;
and the sum

of these is unity, as it should be.

To generalize this result, let there be m causes, Clt Ct ,
. . . Cm .

Denote their direct probabilities by q lt qt ,
. . . qm \

their antecedent

probabilities by r
t ,

r
a , . . . rm ;

and their resultant probabilities

on the supposition of separate existence by p^pv /,

That is,

A = & A = qs .../ = qmrm . (l)

Let D be the common denominator of the right-hand mem
bers in (i), and denote the corresponding numerators of the

several fractions by slt s
tt . . . sm . Then

A = sJD, A = VA - - A. = sJD ;

and it is seen that there are in all
(^, -f- s

z -f- . . . sm ) equally

possible cases, and that of these s
l
are favorable to Clt s^ to

C99 . . . Hence, if P
lt P^ . . . Pm denote the probabilities of

the several causes on the supposition of their coexistence,

Thus in general

p
t

= pj^p, P
9
= pjy.p, ...Pm = pm/^p. (2)

To illustrate the meaning of these formulas by the above

concrete case of the urns it suffices to observe that

for U^ q v

= 3/8 and r
l
= 1/2,

for U
9 , q^

= 1/3 and r, = 1/2 ;

whence p l
= 3/16, / = 1/6, /,+/,= 17/48 ;

and ^
As a second illustration, suppose it is known that a white
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ball has been drawn from an urn which originally contained m
balls, some of them being black, if all are not white. What is

the probability that the urn contained exactly n white balls?

The facts are consistent with m different and equally probable

hypotheses (or causes), namely, that there were I white and

(m i) black balls, 2 white and (in 2) black balls, etc

Hence in (i), ^ = ^a
= . . . = i, and

/, = i/m, /3
= 2/m, . . . pn = n/m, . . . pm - m/m.

Thus 2/= (i/2)(w+i),

and P^=
This shows, as it evidently should, that n m is the most

probable number of white balls in the urn. The probability

for this number is Pm = 2/(m -f- i), which reduces, as it ought,

to I for m I.

Formulas (i) and (2) may also be applied to the problem of

estimating the probability of the occurrence of an event from

the concurrent testimony of several witnesses, Xv , X^ . . .

Denote the probabilities that the witnesses tell the truth by
x

l
xv . . . Then, supposing them to testify independently,

the probability that they will concur in the truth concerning

the event is x^x^ . . .
;
while the probability that they will con

cur in the only other alternative, falsehood, is (i #&quot;,)(
I #

a ) .

The two alternatives are equally possible. Hence by equations

(i) and (2)

. . ,

(I -*,)(!-*.)...

P
l being the probability for and P9 that against the event.

To illustrate (3), if the chances are 3 to I that X
l
tells the

truth and 5 to I that JT
2
tells the truth, x^ 3/4, x^ = 5/6, and

P1= 15/16; or, the chances are 15 to i that an event occurred

if they agree in asserting that it did.*

* For some interesting applications of equations (-) -ee note E of Appendix

tO the Ninth Bridgewater Treatise by Charles Babbage (London, 1838).
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It is of theoretical interest to observe that if x lt x^, . . . in

(3) are each greater than 1/2, Pl approaches unity as the

number of witnesses is indefinitely increased.

Prob. 13. The groups of numbers of one figure each, two figures

each, three figures each, etc., which it is possible to form from the

nine digits i, 2, ... 9 are printed on cards and placed severally in

nine similar urns. What is the probability that the number 777 will

be drawn in a single trial by a person unaware of the contents of

the urns ?

Prob. 14. How many witnesses whose credibilities are each 3/4
are essential to make P

l 0.999 in equation (3) ?

ART. 8. PROBABILITIES OF FUTURE EVENTS.

Equations (2) of Art. 7 may be written in the following

manner:

= = (l\

A A / ^P
If A,/,,, . . . pm are found by observation, Plt /&amp;gt;,... Pm will ex

press the probabilities of the corresponding causes or their

effects. When, as in the case of most physical facts, the num
ber of causes and events is indefinitely great, the value of any

p or P in (i) becomes indefinitely small, and the value of 2p
must be expressed by means of a definite integral. Let x de

note the probability of any particular cause, or of the event to

which it gives rise. Then, supposing this and all the other

causes mutually exclusive, (i x) will be the probability

against the event. Now suppose it has been observed that in

(; + n
)
cases the event in question has occurred ;;/ times and

failed n times. The probability of such a concurrence is, by
Art. 5, cx

m
(i x)

n
,
where c is a constant. Since x is unknown,

it may be assumed to have any value within the limits o and I
;

and all such values are a priori equally possible. Put

y = cxm(\ x)
n

.

Then evidently the probability that x will fall within any as

signed possible limits a and b is expressed by the fraction
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so that the probability of any particular x is given by

P = T-*y**.
/ xm(\ x]

udx

This may be regarded as the antecedent probability of the

cause or event in question.

What then is the probability that in the next (r -f- s] trials

the event will occur r times and fail s times, if no regard is had

of the order of occurrence? If x were known, the answer

would be by Arts. 2 and 5

But since x is restricted only by the condition (2), the required

probability will be found by taking the product of (2) and (3)

and integrating throughout the range of x. Thus, calling the

required probability Q,

Cxm+r(\ x)
n+sdx

,\
4

I xm(\ x)
ndx

o

The definite integrals which appear here are known as Gamma
functions. They are discussed in all of the higher treatises on

the Integral Calculus. Applying the rules derived in such

treatises there results *

If regard is had to the order of occurrence of the event
;

that is, if the probability required is that of the event happen

ing r times in succession and then failing s times in succession,

* It is a remarkable fact that formula (5) is true without restriction as to

values of m, n, r, s. The formula may be established by elementary considera

tions, as was done by Prevost and Lhuilier, 1795. See Todhunter s History oi

he Theory of Probability, pp. 453~457-
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the factor (r + s)l/r\sl in (3), (4), (5) must be replaced by

unity.

To illustrate these formulas, suppose first that the event

has happened m times and failed no times. What is the prob

ability that it will occur at the next trial? In this case (4)

gives
i i

Q = fx^dxIfx
mdx = (m + i)/(m + 2).

When m is large this probability is nearly unity. Thus, the

sun has risen without failure a great number of times m ; the

probability that it will rise to-morrow is

which is practically I.

Secondly, suppose an urn contains white and black balls in

an unknown ratio. If in ten trials 7 white and 3 black balls

are drawn, what is the probability that in the next five trials

2 white and 3 black balls will be drawn? The application of

(5) supposes the ratio of the white and black balls in the urn

to remain constant. This will follow if the balls are replaced

after each drawing, or if the number of balls in the urn is sup

posed infinite. The data give

m = 7, n = 3, r = 2, s = 3,

m -j- T = 9, n -f- s = 6, r + s = 5, m + + I =
n&amp;gt;

m -\- n -\-r-\-s-\-i = 16.

Thus by (5)

5 ! 9 !6!n!

Suppose there are two mutually exclusive events, the first

of which has happened m times and the second n times in

m -f- n trials. What is the probability that the chance of the

occurrence of the first exceeds 1/2 ? The answer to this ques
tion is given directly by equation (2) by integrating the nume
rator between the specified limits of x. That is,
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/V(i

/ x ndx

Thus, if m = I and n = o, P = 3/4 ;
or the odds are three to

one that the event is more likely to happen than not. Simi

larly, if the event has occurred m times in succession,

P = I -
(1/2)&quot;+ ,

which approaches unity rapidly with increase of n.

ART. 9. THEORY or ERRORS.

The theory of errors may be defined as that branch of math

ematics which is concerned, first, with the expression of the re

sultant effect of one or more sources of error to which com

puted and observed quantities are subject ; and, secondly, with

the determination of the relation between the magnitude of

an error and the probability of its occurrence. In the case of

computed quantities which depend on numerical data, such as

tables of logarithms, trigonometric functions, etc., it is usually

possible to ascertain the actual values of the resultant errors.

In the case of observed quantities, on the other hand, it is not

generally possible to evaluate the resultant actual error, since

the actual errors of observation are usually unknown. In either

case, however, it is always possible to write down a symbolical

expression which will show how different sources of error enter

and affect the aggregate error
;
and the statement of such an

expression is of fundamental importance in the theory of errors.

To fix the ideas, suppose a quantity Q to be a function of

several independent quantities x, y, z . . .
;
that is,

Q=f(*,y, z--)&amp;gt;

and let it be required to determine the error in Q due to errors

in x, y, z . . . Denote such errors by AQ, Ax, Ay, Az . . .

Then, supposing the errors so small that their squares, prod

ucts, and higher powers may be neglected, Taylor s series gives
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This equation may be said to express the resultant actual error

of the function in terms of the component actual errors, since

the actual value of AQ is known when the actual errors of

x, y, z . . . are known. It should be carefully noted that the

quantities x, yt
z . . . are supposed subject to errors which are

independent of one another. The discovery of the independent

sources of error is sometimes a matter of difficulty, and in general

requires close attention on the part of the student if he would

avoid blunders and misconceptions. Every investigator in work

of precision should have a clear notion of the error-equation of

the type (i) appertaining to his work; for it is thus only that

he can distinguish between the important and unimportant
sources of error.

Prob. 15. Write out the error-equation in accordance with (i)

for the function Q xyz -f x* log (y/z).

Prob. 1 6. In a plane triangle a/b sin A/sin B. Find the error

in a due to errors in b, A, and B.

Prob. 17. Suppose in place of the data of problem 16 that the

angles used in computation are given by the following equations :

A= A
l+$(i*o-A l

- B,- Q, B = B, + I(i8o
- A

l
-B

l

-
C,),

where A lt
j& lt Cl

are observed values. What then is Aa ?

Prob. 1 8. If w denote the weight of a body and r the radius of

the earth, show that for small changes in altitude, Aw/w^= 2Ar/r\
whence, if a precision of one part in 500000000 is attainable in com
paring two nearly equal masses, the effect of a difference in altitude

of one centimeter in the scale-pans of a balance will be noticeable.*

ART. 10. LAWS OF ERROR.

A law of error is, a function which expresses the relative

frequency of occurrence of errors in terms of their magnitudes.

Thus, using the customary notation, let e denote the magni-

* This problem arose with the International Bureau of Weights and Measures,
whose work of intercomparison of the Prototype Kilogrammes attained a pre
cision indicated by a probable error of 1/500 ooo oooth part of a kilogramme.
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tude of any error in a system of possible errors. Then the law

of such system may be expressed by an equation of the form

y = 0(0- (0

Representing e as abscissa and y as ordinate, this equation

gives a curve called the curve of frequency, the nature of which,

as is evident, depends on the form of the function 0. This

equation gives the relative frequency of occurrence of errors in

the system ;
so that if e is continuous the probability of the

occurrence of any particular error is expressed byj/de = &amp;lt;fr(e)de\

which is infinitesimal, as it plainly should be, since in any con

tinuous system the number of different values of e is infinite.

Consider the simplest form of 0(e), namely, that in which

0(e) = c, a constant. This form of 0(e) obtains in the case of

the errors of tabular logarithms, natural trigonometric func

tions, etc. In this case all errors between minus a half-unit

and plus a half-unit of the last tabular place are equally likely

to occur. Suppose, to cover the class of cases to which that

just cited belongs, all errors between the limits a and -\- a

are equally likely to occur. The probability of any individual

error will then be
&amp;lt;f&amp;gt;(e)de cde, and the sum of all such prob

abilities, by equation (2), Art. 4, must be unity. That is,

+a +a

C(f)(e)de
= c Cde = I. (2)

a a

This gives c = 1/20, or by (i) y = i/2#. The curve of fre

quency in this case is shown in the figure,

D AB being the axis of e and OQ that of y.

It is evident from this diagram that if the

errors of the system be considered with

respect to magnitude only, half of them

should be greater and half less than a/2.

This is easily found to be so in the case of

tabular logarithms, etc.

As a second illustration of (i), suppose y and e connected

by the relation jy
= c Vo* e

a

,
where a is the radius of a circle,
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c a constant, and e may have any value between a and 4- a.

Then the condition
+ a

cj de Va 2 - e = i

_ a

gives c 2/(c?7i). In this, as in the preceding case, 0(+ e)
=

0( e), the meaning of which is that positive and negative

errors of the same magnitude are equally likely to occur. It

will be noticed, however, that in the latter case small errors

have a much higher probability than those near the limit ar

while in the former case all errors have the same probability.

In general, when e is continuous 0(e) must satisfy the condi

tion /
&amp;lt;p(e)de

=. I, the limits being such as to cover the entire

range of values of e. The cases most commonly met with are

those in which 0(e) is an even function, or those in which

0(_^_ e) 0(_ e
).

In such cases, if a denote the limiting

value of e,
+ a a

C&amp;lt;t&amp;gt;(e}de

= 2 /V(eXe = I.
(3);

-% o

ART. 11. TYPICAL ERRORS OF A SYSTEM.

Certain typical errors of a system have received special

designations and are of constant use in the literature of the

theory of errors. These special errors are the probable error,

the mean error, and the average error. The first is that error

of the system of errors which is as likely to be exceeded as

not
;
the second is the square root of the mean of the squares

of all the errors ;
and the third is the mean of all the errors

regardless of their signs. Confining attention to systems in

which positive and negative errors of the same magnitude
are equally probable, these typical errors are defined mathe

matically as follows. Let

ep the probable error,

em the mean error,

ea = the average error.
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Then, observing (2), of Art. 10,

(e)de =J*(j)(e)de
=

f&amp;lt;p(e)de =J^(e)de
= .

+
&amp;gt;

ea = 2
f&amp;lt;/&amp;gt;(e)e&amp;lt;te.

(0

The student should seek to avoid the very common misap

prehension of the meaning of the probable error. It is not
* the most probable error,&quot; nor &quot; the most probable value of

the actual error&quot;; but it is that error which, disregarding signs,

would occupy the middle place if all the errors of the system

were arranged in order of magnitude. A few illustrations will

suffice to fix the ideas as to the typical errors. Thus, take the

simple case wherein 0(e) = c = i/2a, which applies to tabular

logarithms, etc. Equations (i) give at once

6?/= -*, em = - VJ, ea = l
-a.

For the case of tabular values, a = 0.5 in units of the last

tabular place. Hence for such values

e,= o.25, em =0.29, ea -=o.2$.

Prob. 19. Find the typical errors for the cases in which the law

of error is 0(e) = ca* e

c being a constant to be determined in each case and e having any

value between a and + a.

ART. 12. LAWS OF RESULTANT ERROR.

When several independent sources of error conspire to pro

duce a resultant error, as specified by equation (i) of Art. 9,

there is presented the problem of determining the law of the

resultant error by means of the laws of the component errors.

The algebraic statement of this problem is obtained as follows

for the case of continuous errors :

In the equation (i), Art. 9, write for brevity
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and let the laws of error of e, e
lt

e
a ,

. . . be denoted by 0(e),

fii( i)&amp;gt; 02(ea)
Then the value of e is given by

=,+ *.+ CO
The probabilities of the occurrence of any particular values

of e
l9

et, . . . are given by 1(
e,Ke i, a(e1)dfea ,

. ; and the

probability of their concurrence is the probability of the cor

responding value of e. But since this value may arise in an

infinite number of ways through the variations of e
lt

e
a ,

. . *

over their ranges, the probability of e, or
&amp;lt;J)(e)de,

will be

expressed by the integral of
1 (e

&amp;gt;

1 )^e
-

1 2(e a)^e
&amp;gt;

a
. . . subject to&amp;gt;

the restriction (i). This latter gives e
l
= e e

a e, . . ., and

de
l
= de for the multiple integration with respect to e

a , e,, . .

Hence there results

or

It is readily seen that this formula will increase rapidly in

complexity with the number of independent sources of error.*&quot;

For some of the most important practical applications, how

ever, it suffices to limit equation (2) to the case of two inde

pendent sources of error, each of constant probability within

assigned limits. Thus, to consider this case, let e
l vary over

the range a to -j- #, and e
2 vary over the range b to -f- b~

Then by equation (2), Art. 10,

^(e,) = i/(2a), 0,(e,) = i/(2b).

Hence equation (2) becomes

(j)(e)de
=

dej*0,(e
-

e,
-

e,
-

.

0(e) = y^e-e, -*,-.. .)&(&**f&

In evaluating this integral ea must not surpass b and

6,
= e e

2
must not surpass a. Assuming a

&amp;gt; b, the limits

of the integral for any value of e = e
l + e

a lying between

(# -f- #) and (a b) are b and + (e -f- a). This fact is

* The reader desirous of pursuing this phase of the subject should consult

Bessel s Untersuchungen ueber die Wahrscheinlichkeit der Beobachtungsfehler;

Abhandlungen von Bessel (Leipzig, 1876), Vol. II.
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made plain by a numerical example. For instance, suppose
&amp;lt;a
=

5 and b 3. Then (a+ b) = 8 and (a b) 3.

Take e = 6, a number intermediate to 8 and 3. Then
the following are the possible integer values of ea and e

a
which

will produce e = 6 :

e e
x

e
a

limits of e
2

- 6 = -
5
-

i,
- I = + (e + a),

= -4-2,
= -3-3, -

3 = - *

Similarly, the limits of e
a

for values of e lying between

(a b) and + (0 ) are b and + &amp;lt;;
and the limits of

e
a
for values of e between 4- (# $) and -\-(fi-\-b) are -j- (e a)

and -- & Hence

for -

for ~ &quot;

~ * &amp;lt; &amp;lt; + a ~

1 f~
^ab I

a
~

- (3)

for -

Thus it appears that in this case the graph of the resultant

&quot;law of error is represented by the upper base and the two sides

of a trapezoid, the lower base being the
IIOII . , 11T 4.U J J1

axis of e and the line joining the middle

points of the bases being the axis of 0(e).
1 J 1 101 ! ! !

(See the first figure in Art. 13.) The prop-
IIIIIOI IIII . r / \ l J ..i J 4 .-

erties of (3), including the determination

of the limits, are also illustrated by the
IIIIIIIOIIIIIII ,. .

, t i ,

adiacent trapezoid of numerals arranged
III II IIIOIIIIIIH , , ,

to represent the case wherein a = 0.5 and

( b 0.3. The vertical scale, or that for 0(e), does not, how-

^ever, conform exactly to that for e.
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Prob. 20. Prove that the values of 0(e) as given by equation (3)

satisfy the condition specified in equation (3), Art. 10.

Prob. 21. Examine equations (3) for the cases wherein a = and

b = o; and interpret for the latter case the first and last of (3).

Prob. 22. Find from (3), and (i) of Art. n, the probable error of

the sum of two tabular logarithms.

ART. 13. ERRORS OF INTERPOLATED VALUES.

Case I. One of the most instructive cases to which formulas

(3) of Art. 12 are applicable is that of interpolated logarithms,

trigonometric functions, etc., dependent on first differences.

Thus, suppose that v
l
and v

9
are two tabular logarithms, and

that it is required to get a value v lying / tenths of the interval

from v
t
towards vf Evidently

and hence if e, e
lt e^ denote the actual errors of v

t v^ v^ ,
re

spectively, = -tfc + te,. (i)

It is to be carefully noted here that e as given by (i) re

quires the retention in v of at least one decimal place be

yond the last tabular place. For example, let v = log (24373)

from a 5-place table. Then ^ 4.38686, z
a
= 4.38703,

z-
2

v
l
= +0.00017, / = 0.3, and v =4.38691.1. Likewise, as

found from a 7-place table, e
l
= 0.45, e.2

=
-|~ 0.37 in units of

the fifth place; and hence by (i) e= 0.20. That is, the

actual error of v = 4.38691.1 is = 0.20, and this is verified by
reference to a 7-place table.

The reader is also cautioned against mistaking the species

of interpolated values here considered for the species common

ly used by computers, namely, that in which the interpolated

value is rounded to the nearest unit of the last tabular place.

The latter species is discussed under Case II below.

Confining attention now to the class of errors specified by

equation (i), there result in the notation of the preceding

article

e
l
= (it)elt e^^=te^ and e = e = e

l -f- 6
2 ;

and since e
l
and e^ each vary continuously between the limits
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0.5 of a unit of the last tabular place, a and b in equations

(3) of that article have the values

a = 0.5(1 /), b =o.$t.

Hence the law of error of the interpolated values is ex

pressed as follows :

0(e) = for values of e betw. 0.5 and (0.5 /),
I

= -for values of e betw. (0.5 /) and -{-(0.5 /),

(
_ fit

f r values of betw +(-5 and

(2)

The graph of 0(e) for t = 1/3 is shown by the trapezoid

AB, BC, CD in the figure on page 40. Evidently the equa
tions (2) are in general represented by a trapezoid, which degen
erates to an isosceles triangle when / = 1/2.

The probable, mean, and average errors of an interpolated

value of the kind in question are readily found from (2), and

from equations (i) of Art. 1 1, to be

for o/ J~
= 1/2

- (1/2X24 -
/) for .1/3 &amp;lt;

/
&amp;lt; 2/3,

= 1/4 for 2/3 &amp;lt;t &amp;lt;
i.

I - (I
-

2t)
for

for

(3)

It is thus seen that the probable error of the interpolated

value here considered decreases from 0.25 to 0.15 of a unit of

the last tabular place as / increases from o to 0.5. Hence such

values are more precise than tabular values
;
and the computer

who desires to secure the highest attainable precision with a

given table of logarithms should retain one additional figure

beyond the last tabular place in interpolated values.
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Case II. Recurring to the equation v = v
l -{- t(vt ^,) for an

interpolated value v in terms of two consecutive tabular values

v
l
and v^ it will be observed that if the quantity t(v^ ^,) is

rounded to the nearest unit of the last tabular place, a new error

is introduced. For example, if v
l
= log 1633 = 3.21299, and

v
z
= log 1634 = 3.21325 from a 5-place table, v^ v

l -\-2^&amp;gt;

units of the last tabular place ;
and if t = 1/3, t(v^ v^) = Sf ;

so that by the method of interpolation in question there results

v = 3.21299 -j- 9 3-2I 38- Now the actual errors of v
1
and

v^ are, as found from a /-place table, 0.38 and -f-o.2i in units

of the fifth place. Hence the actual error of v is by equation

0)&amp;gt; i X 0.38 + -5-
X + 0.21 = 0.52, as is shown di

rectly by a /-place table.

It appears, then, that in this case the error-equation cor

responding to (i) is

t= (i -fy^r &*+* (4)

wherein e
l
and e^ are the same as in (i) and ^

s
is the actual error

that comes from rounding t(v^ v^) to the nearest unit of the

last tabular place.

The error e
a , however, differs radically in kind from e

l
and

e^.
The two latter are continuous, that is, they may each have

any value, between the limits 0.5 and +0.5 ;
while e

3
is dis

continuous, being limited to a finite number of values depend
ent on the interpolating factor t. Thus, for / = 1/2 the only

possible values of e
a
are o -j- 1/2, and 1/2 ;

likewise for / =
1/3, the only possible values of e

3
are o, + 1/3, and 1/3. It

is also clear that the maximum value of e, which is constant and

equal to 1/2 for (i), is variable for (4) in a manner dependent
on /. For example, in (4),

The maximum of e 1/2 + 1/2 = i, for / = 1/2,

&quot;e = 1/2 + 1/3 = 5/6, / = 1/3,

&quot;/= 1/2 + 1/2 = I,
&quot;

/ = i/4,
&quot;

e = 1/2 + 2/5 = 9/10
&quot;

/ = 1/5.

The determination of the law of error for this case presents

some novelty, since it is essential to combine the continuous

errors (i f)el
and te^ with the discontinuous error e

3
. The
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b B

simplest mode of attacking the problem seems to be the fol

lowing quasi-geometrical one. In the notation of Arts. 12 and

13, put in (4) e = e, (l /X =
e,, te^ e

a ,
and e

s
= e

s
. Then

e =r fo + e,) + 6
3
. (5)

The law of error for (e1 -\- e
a)

is given by equation (2) for any
value of t. Hence for a given value of / there will be as many
expressions of 0(e) as there are different values of e

3
. The

graphs of 0(e) will all be of the same form but will be differently

placed with reference to the axis of 0(e). Thus, if t 1/3 the

values of e
9
are 1/3, o, and

-|- 1/3, and these are equally

likely to occur. For e
3

o the

graph is given directly by (2),

and is the trapezoid ABCD
symmetrical with respect to OQ.
For e

3
= 1/3 the graph is

abQd, of the same form as

ABCD but shifted to the left

by the amount of e-
3
=

1/3.

Similarly, the graph for the case

of e
a
= + 1/3 is a Qb d ,

and is produced by shifting ABCD to

the right by an amount equal to + 1/3.

Now, since the three systems of errors for this case are

equally likely to occur, they may be combined into one system

by simple addition of the corresponding element areas of the

several graphs. Inspection of the diagram shows* that the

resultant law of error is expressed by

0(e) = (i/4)(5 + 6e) for - 5/6 &amp;lt;
e

&amp;lt;

-
1/6,

&amp;gt;|

= i for -
i/6&amp;lt;e&amp;lt; + i/6, (6)

= (i/4)(5
-

6e) for + 1/6 &amp;lt;
e

&amp;lt; + 5/6. J

This is represented by a trapezoid whose lower base is 10/6,

upper base 2/6, and altitude I.

* Sum the three areas and divide by 3 to make resultant area = I, as

required by equation (3), Art. 10.
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As a second illustration, consider equation (5) for the case

/= 1/2. In this case e, must be either o or 1/2, the sign of

which latter is arbitrary. For e
3
= o, equations (2) give

0(e) = 2 -L-
4.6 for 1/2 &amp;lt;

6
&amp;lt; o, -\

2 4e for o &amp;lt;
e-

&amp;lt;-[- 1/2. )

This function is represented by the isosceles triangle AQE
whose altitude OQ is twice the base AE.

Similarly 0(e) for e, = -f- 1/2 would

be represented by the triangle ^4&amp;lt;2
dis

placed to the right a distance 1/2 ;
and

if the two systems for e
a
= o and e

3
=

-f- 1/2 be combined into one system,

their resultant law of error is evidently

0(e)= l-\-2e for 1/2 &amp;lt;e&amp;lt; o,
j= i foro&amp;lt; e&amp;lt;+ i/2, t

(8)

= 2-2efor+ l/2&amp;lt;e&amp;lt;i;) ^
the graph of which is ABCD. On the

other hand, if the errors in this combined system be considered

with respect to magnitude only, the law of error is

0(e) = 2(1
-

e) for o
&amp;lt; e&amp;lt; I, (9)

the graph of which is OQD.
The student should observe that (6), (7), (8), and (9) satisfy

the condition /
&amp;lt;p(e)de

= i if the integration embraces the

whole range of e.

The determination of the general form of 0(e) in terms of

the interpolating factor t for the present case presents some

difficulties, and there does not appear to be any published solu

tion of this problem.* The results arising from one phase of

the problem have been given, however, by the author in the

Annals of Mathematics,f and may be here stated without

proof. The phase in question is that wherein / is of the form

i/w, n being any positive integer less than twice the greatest

* The author explained a general method of solution in a paper read at the

summer meeting of the American Mathematical Society, August, 1895.

f Vol. II, pp. 54-59.
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tabular difference of the table to which the formulas are ap
plied. For this restricted form of / the possible maximum
value of e as given by equation (5) is, in units of the last

tabular place, (zn i)/n for n odd and I for n even.

The possible values of e
s
of equation (5) are

I 2 n i

09
n

9

n&quot;- -^T for* odd,

I 2 n 2 i

O, -, -, . . . -^-,
- for even.

An important fact with regard to the error 1/2 for n even

is that its sign is arbitrary, or is not fixed by the computation
as is the case with all the other errors. However, the com

puter s rule, which makes the rounded last figure of an inter

polated value even when half a unit is to be disposed of, will,

in the long-run, make this error as often plus as minus.

The laws of error which result are then as follows :

For n odd.

0(e) = 1 for e between i/2n and -f- i/2n,

(p(e) (
e) for ebetw. ^i/2n and

ft ~~~ I 2TI I

For n even.

0(e) = -. A
ej

for e between o and

n 2n i \
&quot;

)
for 6 betw - ^ l/n and

r(i e) for e between qp (n i/n) and-

2(n
-

By means of these formulas and (i) of Art. 1 1 the probable,

mean, and average errors for any value of n can be readily

found. The following table contains the results of such a com

putation for values of n ranging from i to 10. The maximum
actual error for each value of n is also added. The verifica

tion of the tabular quantities will afford a useful exercise to the

student.
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Prob. 24. Show that the probable, mean, and average errors

for the case of / = 2/5 cited above (p. 43) are 0.261, 0.251,
and 0.290, respectively.

ART. 14. STATISTICAL TEST OF THEORY.

A statistical test of the theory developed in Art. 13 may
be readily drawn from any considerable number of actual er

rors of interpolated values dependent on the same interpolating

factor. The application of such a test, if carried out fully by
the student, will go far also towards fixing clear notions as to

the meaning of the critical errors.

Consider first the case in which an interpolated value falls

midway between two consecutive values, and suppose this

interpolated value retains two additional figures beyond the

last tabular place. Then by equations (2), Art. 13, the law of

error of this interpolated value is

0(e) = 2 -(- 4e for e between 0.5 and o

= 2 45 for e between o and -j~ 0.5.

Hence by equation (i) of Art. 1 1, or equation (3) of Art. 12, the

probable error in this system of errors is ^ () 1/2 = 0.15.

It follows, therefore, that in any large number of actual errors

of this system, half should be less and half greater than 0.15.

Similarly, of the whole number of such errors the percentage

falling between the values o.o and 0.2 should be

+ 0-2 + O.Q

f (f)(e)de
= 2/(2

-
^e)de = 0.64 ;

_0.2

that is, sixty-four per cent of the errors in question should be

less numerically than 0.2.

To afford a more detailed comparison in this case, the act

ual errors of five hundred interpolated values from a 5-place

table have been computed by means of a /-place table. The

arguments used were the following numbers : 20005, 2OC
35&amp;gt;

20065, 20105, 20135, etc., in the same order to 36635. The

actual and theoretical percentages of the whole number of

errors falling between the limits o.o and o.i, o.i and 0.2, etc.,,

are shown in the tabular form following :
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T . . ( v Actual Theoretical
Limits of Errors.

Percentage. Percentage.

o.o and o.i 33.2 36

o.i and 0.2 30.2 28

O.2 and 0.3 19.0 20

0.3 and 0.4 13.2 12

0.4 and 0.5 4.4 4
o.o and o.i 5 51.4 50

The agreement shown here between the actual and theoretical

percentages is quite close, the maximum discrepancy being 2.8

and the average 1.5 per cent.

Secondly, consider the case of interpolated mid-values of the

species treated under Case II of Art. 13. The law of error for

this case is given by the single equation (9) of Art. 13, namely,

0(e) = 2(1 e), no regard being paid to the signs of the errors.

The probable error is then found from

whence ep = i % \/2 = 0.29. Similarly, the percentage of

the whole number of errors which may be expected to lie, for

example, between o.o and 0.2 in this system is

0.2

\J(l e)de = 0.36.

Using the same five hundred interpolated values cited

above, but rounding them to the nearest unit of the last tabu

lar place and computing their actual errors by means of a /-place

table, the following comparison is afforded :

o.o and 0.2 .......... . ........... 35.8 36

0.2 and 0.4 ...................... 27.8 28

0.4 and 0.6 . .................... 1 8.6 20

0.6 and 0.8 ...................... 12.2 12

O.8 and i.o ...................... 5.6 4
o.o and 0.29 ..................... 49.8 50
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The agreement shown here between the actual and theoretical

percentages is somewhat closer than in the preceding case, the

maximum discrepancy being only 1.6 and the average only 0.6

per cent.

Finally, the following data derived from one thousand act

ual errors may be cited. The errors of one hundred inter

polated values rounded to the nearest unit of the last tabular

place were computed
* for each of the interpolating factors

o.i, 0.2, . . . 0.9. The averages of these several groups of act

ual errors are given along with the corresponding theoretical

errors in the parallel columns below:

Interpolating Actual Theoretical
Factor. Average Error. Average Error.

o.i. 0.338 0.320

0.2 0.288 0.303

0.3 % 0.321 0.304

0.4 O.268 0.290

0-5 0.324 0.333

0.6 ... 0.276 0.290

O./ O.32I 0.304

0.8 0.289 0.303

0.9 0.347 0.320

The average discrepancy between the actual and theoret

ical values shown here is O.OI7 It is, perhaps, somewhat

smaller than should be expected, since the computation of the

actual errors to three places of decimals is hardly warranted

by the assumption of dependence on first differences only.

The average of the whole number of actual errors in this

case is 0.308, which agrees to the same number of decimals

with the average of the theoretical errors, f

* By Prof. H. A. Howe. See Annals of Mathematics, Vol. Ill, p. 74.

The theoretical averages were furnished to Prof. Howe by the author,

f The reader who is acquainted with the elements of the method of least

squares will find it instructive to apply that method to equation (i), Art. 13,

and derive the probable error of e. This is frequently done without reserve by
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Prob. 25. Apply formulas (3) of Art. 12 to the case of the sum.

or difference of two tabular logarithms and derive the correspond

ing values of the probable, mean, and average errors. The graph
of 0(e) is in this case an isosceles triangle whose base, or axis of e,

is 2, and whose altitude, or axis of 0(e), is i.

those familiar with least squares. Thus, the probable error of e\ or ft being

0.25, the probable error of e is found to be

0.25 Vi

This varies between 0.25 for t =. o and o. 18 for t = \ ; while the true value of

the probable error, as shown by equations (3), Art. 13, varies from 0.25 to 0.15

for the same values of t. It is, indeed, remarkable that the method of least

squares, which admits infinite values for the actual errors e\ and ez , should give

so close an approximate formula as the above for the probable error of e.

Similarly, one accustomed to the method of least squares would be inclined

to apply it to equation (4), Art. 13, to determine the probable error of e. The

natural blunder in this case is to consider e it ez ,
and es independent, and ea like

fi and &amp;lt;?2 continuous betweer the limits o.o and 0.5 ;
and to assign a probable

error of 6.25 to each. In t .is manner the value

0.25 rai

is derived. But this is absurd, since it gives 0.25 ^2 instead of 0.25 for / = o.

The formula fails then to give even approximate results except for values of /

near 0.5.
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Crehore and Squier s Polarizing Photo-chronograph 8vo, 3 oo
* Davis s Elements of Law 8vo, 2 50
* Treatise on the Military Law of United States 8vo, 7 oo

Sheep, 7 50
De Brack s Cavalry Outposts Duties. (Carr.) 24mo, morocco, 2 oo

Dietz s Soldier s First Aid Handbook i6mo, morocco, i 25
* Dredge s Modern French Artillery 4to, half morocco, 15 oo

Durand s Resistance and Propulsion of Ships 8vo, 5 oo
* Dyer s Handbook of Light Artillery I2mo, 3 oo

Eissler s Modern High Explosives 8vo, 4 oo
* Fiebeger s Text-book on Field Fortification Small 8vo, 2 oo

Hamilton s The Gunner s Catechism i8mo, i oo
* Hoff s Elementary Naval Tactics 8vo, i 50

Ingalls s Handbook of Problems in Direct Fire 8vo, 4 oo
* Ballistic Tables 8vo, i 50
* Lyons s Treatise on Electromagnetic Phenomena. Vols. I. and II. .8vo, each, 6 oo
* Mahan s Permanent Fortifications. (Mercur.) 8vo, half morocco, 7 50

Manual for Courts-martial i6mo, morocco, I 50
* Mercur s Attack of Fortified Places i2mo, 2 oo
* Elements of the Art of War 8vo, 400



Metcalf s Cost of Manufactures And the Administration of Workshops. .8vo, 5 oo
* Ordnance and Gunnery. 2 vols 12010, 5 oo

Murray s Infantry Drill Regulations i8mo, paper, 10

Nixon s Adjutants Manual 24010, i oo

Peabody s Naval Architecture 8vo, 7 50
* Phelps s Practical Marine Surveying 8vo, 2 50
Powell s Army Officer s Examiner i2mo, 4 oo

Sharpe s Art of Subsisting Armies in War i8mo, morocco, i 50
* Walke s Lectures on Explosives 8vo, 4 oo
*

&quot;heeler s Siege Operations and Military Mining 8vo, 2 oo

Winthrop s Abridgment of Military Law i2mo, 2 50
Wcodhull s Notes on Military Hygiene i6mo, i 50

Young s Simple Elements of Navigation i6ino, morocco* 3 oo

ASSAYING.

Fletcher s Practical Instructions in Quantitative Assaying with the Blowpipe.

i2mo, morocco, i 50
Furman s Manual of Practical Assaying 8vo, 3 oo

Lodge s Notes on Assaying and Metallurgical Laboratory Experiments. . . .8vo, 3 oo

Low s Technical Methods of Ore Analysis 8vo, 3 oo

Miller s Manual of Assaying i2mo, i oo

Minet s Production of Aluminum and its Industrial Use. (Waldo.) i2mo, 2 50
O Driscoll s Notes on the Treatment of Gold Ores 8vo, 2 oo

Ricketts and Miller s Notes on Assaying 8vo, 3 oo

Robine and Lenglen s Cyanide Industry. (Le Clerc.) 8vo,

Ulke s Modern Electrolytic Copper Refining 8vo, 3 oo

Wilson s Cyanide Processes : i2mo, i 50
Chlorination Process i2mo, i 50

ASTRONOMY.

Comstock s Field Astronomy for Engineers 8vo, 2 50

Craig s Azimuth 4to, 3 30
Doolittle s Treatise on Practical Astronomy 8vo, 4 oo

Gore s Elements of Geodesy 8vo, 2 50

Hayford s Text-book of Geodetic Astronomy , 8vo, 3 oo

Merriman s Elements of Precise Surveying and Geodesy 8vo, 2 50
* Michie and Harlow s Practical Astronomy 8vo, 3 oo
* White s Elements of Theoretical and Descriptive Astronomy i2mo, 2 oo

BOTANY.

Davenport s Statistical Methods, with Special Reference to Biological Variation.

i6mo, morocco, i 25
Thomd and Bennett s Structural and Physiological Botany i6mo, 2 25
Westermaier s Compendium of General Botany. (Schneider.) 8vo, 2 oo

CHEMISTRY.

Adriance s Laboratory Calculations and Specific Gravity Tables i2mo, i 25
Allen s Tables for Iron Analysis 8vo, 3 oo
Arnold s Compendium of Chemistry. (Mandel.) Small 8vo, 3 50
Austen s Notes for Chemical Students i2mo, i 50
Bernadou s Smokeless Powder. Nitro-cellulose, and Theory of the Cellulose

Molecule i2mo, 2 50
* Browning s Introduction to the Rarer Elements 8vo, i 50



Brush and Penfield s Manual of Determinative Mineralogy 8vo, 4 oo

Classen s Quantitative Chemical Analysis by Electrolysis. (Boltwood.). .8vo, 3 oo

Cohn s Indicators and Test-papers I2mo, 2 oo

Tests and Reagents 8vo, 3 oo

Crafts s Short Course in Qualitative Chemical Analysis. (Schaeffer.). . .i2mo, i 50
Dolezalek s Theory of the Lead Accumulator (Storage Battery). (Von

Ende.) i2mo, 2 50
Drechsel s Chemical Reactions. (Merrill.) I2mo, i 25
Duhem s Thermodynamics and Chemistry. (Burgess.) 8vo, 4 oo

Eissler s Modern High Explosives 8vo, 4 oo

Effront s Enzymes and their Applications. (Prescott.) 8vo, 3 oo

Erdmann s Introduction to Chemical Preparations. (Dunlap.) i2mo, i 25

Fletcher s Practical Instructions in Quantitative Assaying with the Blowpipe.

i2mo, morocco, i 50
Fowler s Sewage Works Analyses i2mo, 2 oo

Fresenius s Manual of Qualitative Chemical Analysis. (Wells.) 8vo, 5 oo

Manual of Qualitative Chemical Analysis. Part I. Descriptive. (Wells.) 8vo, 3 oo

System of Instruction in Quantitative Chemical Analysis. (Cohn.)
2 vols 8vo, 12 50

Fuertes s Water and Public Health I2mo, i 50
Furman s Manual of Practical Assaying 8vo, 3 oo
* Getman s Exercises in Physical Chemistry I2mo, 2 oo

Gill s Gas and Fuel Analysis for Engineers I2mo, i 25

Grotenfelt s Principles of Modern Dairy Practice. (Woll.) i2mo, 2 oo

Hammarsten s Text-book of Physiological Chemistry. (Mandel.) 8vo, 4 oo

Helm s Principles of Mathematical Chemistry. (Morgan.) I2mo, i 50

Bering s Ready Reference Tables (Conversion Factors) i6mo, morocco, 2 50

Hind s Inorganic Chemistry . 8vo, 3 oo
* Laboratory Manual for Students I2mo, i oo

Holleman s Text-book of Inorganic Chemistry. (Cooper.) 8vo, 2 50
Text-book of Organic Chemistry. (Walker and Mott.) 8vo, 2 50

* Laboratory Manual of Organic Chemistry. (Walker.) I2mo, i oo

Hopkins s Oil-chemists Handbook 8vo, 3 oo

Jackson s Directions for Laboratory Work in Physiological Chemistry. .8vo, i 25

Keep s Cast Iron 8vo, 2 50
Ladd s Manual of Quantitative Chemical Analysis I2mo, i oo

Landauer s Spectrum Analysis. (Tingle.) 8vo, 3 oo
* Langworthy and Austen. The Occurrence of Aluminium in Vegetable

Products, Animal Products, and Natural Waters 8vo, 2 oo

Lassar-Cohn s Practical Urinary Analysis. (Lorenz.) i2mo, i oo

Application of Some General Reactions to Investigations in Organic

Chemistry. (Tingle.) I2mo, I oo

Leach s The Inspection and Analysis of Food with Special Reference to State

Control 8vo, 7 50

Lob s Electrochemistry of Organic Compounds. (Lorenz.) 8vo, 3 oo

Lodge s Notes on Assaying and Metallurgical Laboratory Experiments 8vo, 3 oo

Low s Technical Method of Ore Analysis 8vo, 3 oo

Lunge s Techno-chemical Analysis. (Cohn.) I2mo, i oo

Mandel s Handbook for Bio-chemical Laboratory i2mo, i 50
* Martin s Laboratory Guide to Qualitative Analysis with the Blowpipe . . I2mo, 60

Mason s Water-supply. (Considered Principally from a Sanitary Standpoint.)

3d Edition, Rewritten 8vo, 4 oo

Examination of Water. (Chemical and Bacteriological.) i2mo, i 25

Matthew s The Textile Fibres 8vo, 3 SO

Meyer s Determination of Radicles in Carbon Compounds. (Tingle.). .i2mo, i oo

Miller s Manual of Assaying i2mo, i oo

Minet s Production of Aluminum and its Industrial Use. (Waldo.) . . . . i2mo, 2 50

Mixter s Elementary Text-book of Chemistry I2mo, i 50

Morgan s Elements of Physical Chemistry I2mo, 3 oo

* Physical Chemistry for Electrical Engineers i2mo, i 50
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Morse s Calculations used in Cane-sugar Factories i6mo, morocco, i 50

Mulliken s General Method for the Identification of Pure Organic Compounds.
Vol. I Large 8vo, 5 oo

O Brine s Laboratory Guide in Chemical Analysis 8vo, 2 oo

O Driscoll s Notes on the Treatment of Gold Ores 8vo, 2 oo

Ostwald s Conversations on Chemistry. Part One. (Ramsey.) i2mo, i 50
&quot; &quot; &quot; &quot; Part Two. (Turnbull.) I2mo, 2 oo

* Penfield s Notes on Determinative Mineralogy and Record of Mineral Tests.

8vo, paper, 50
Pictet s The Alkaloids and their Chemical Constitution. (Biddle.) 8vo, 5 oo

Pinner s Introduction to Organic Chemistry. (Austen.) I2mo, I 50

Poole s Calorific Power of Fuels 8vo, 3 oo

Prescott and Winslow s Elements of Water Bacteriology, with Special Refer

ence to Sanitary Water Analysis i2mo, i 25
* Reisig s Guide to Piece-dyeing 8vo, 25 oo

Richards and Woodman s Air, Water, and Food from a Sanitary Stand

point 8vo, 2 oo

Richards s Cost of Living as Modified by Sanitary Science i2mo, i oo

Cost of Food, a Study in Dietaries i2mo, i oo
* Richards and Williams s The Dietary Computer 8vo, i 50

Ricketts and Russell s Skeleton Notes upon Inorganic Chemistry. (Part I.

Non-metallic Elements.) 8vo, morocco, 75
Ricketts and Miller s Notes on Assaying 8vo, 3 oo

Rideal s Sewage and the Bacterial Purification of Sewage 8vo, 3 50
Disinfection and the Preservation of Food 8vo, 4 oo

Rigg s Elementary Manual for the Chemical Laboratory 8vo, i 25
Robine and Lenglen s Cyanide Industry. (Le Clerc.) 8vo,

Rostoski s Serum Diagnosis. (Bolduan.) I2mo, i oo

Ruddiman s Incompatibilities in Prescriptions. . 8vo, 2 oo
* Whys in Pharmacy I2mo, i oo

Sabin s Industrial and Artistic Technology of Paints and Varnish 8vo, 3 oo

Salkowski s Physiological and Pathological Chemistry. (Orndorff.) 8vo, 2 50

Schimpf s Text-book of Volumetric Analysis I2mo, 2 50
Essentials of Volumetric Analysis I2mo, i 25

* Qualitative Chemical Analysis 8vo, i 25

Spencer s Handbook for Chemists of Beet-sugar Houses i6mo, morocco, 3 oo

Handbook for Cane Sugar Manufacturers i6mo, morocco, 3 oo

Stockbridge s Rocks and Soils * 8vo, 2 50
* Tillman s Elementary Lessons in Heat 8vo, i 50
* Descriptive General Chemistry 8vo, 3 oo

Treadwell s Qualitative Analysis. (Hall.) 8vo, 3 oo

Quantitative Analysis. (Hall.) 8vo, 4 oo

Turneaure and Russell s Public Water-supplies 8vo, 5 oo

Van Deventer s Physical Chemistry for Beginners. (Boltwood.) i2mo, i 50
* Walke s Lectures on Explosives 8vo, 4 oo

Ware s Beet-sugar Manufacture and Refining Small 8vo, cloth, 4 oo

Washington s Manual- of the Chemical Analysis of Rocks 8vo, 2 oo

Wassermann s Immune Sera : Haemolysins, Cytotoxins, and Precipitins. (Bol

duan.) i2mo, i oo

Well s Laboratory Guide in Qualitative Chemical Analysis 8vo, i 50
Short Course in Inorganic Qualitative Chemical Analysis for Engineering

Students I2mo, i 50
Text-book of Chemical Arithmetic i2mo, i 25

Whipple s Microscopy of Drinking-water 8vo, 3 50
Wilson s Cyanide Processes I2mo, i 50

Chlorination Process I2mo, I 50
Winton s Microscopy of Vegetable Foods 8vo, 7 50

Wulling s Elementary Course in Inorganic, Pharmaceutical, and Medical

Chemistry i2mo, 2 oo
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CIVIL ENGINEERING.

BRIDGES AND ROOFS. HYDRAULICS. MATERIALS OF ENGINEERING.
RAILWAY ENGINEERING.

Baker s Engineers Surveying Instruments izmo, 3 oo

Bixby s Graphical Computing Table Paper 19^X24! inches. 25
** Burr s Ancient and Modern Engineering and the Isthmian Canal. (Postage,

27 cents additional.) 8vo, 3 50
Comstock s Field Astronomy for Engineers 8vo, 2 50
Davis s Elevation and Stadia Tables 8vo, i oo

Elliott s Engineering for Land Drainage I2mo, i 50
Practical Farm Drainage i2mo, i oo

*Fiebeger s Treatise on Civil Engineering 8vo, 5 oo

Folwell s Sewerage. (Designing and Maintenance.) 8vo, 3 oo

Freitag s Architectural Engineering. 2d Edition, Rewritten 8vo, 3 50

French and I /es s Stereotomy 8vo, 2 50

Goodhue s Municipal Improvements I2mo, i 75

Goodrich s Economic Disposal of Towns Refuse 8vo, 3 50

Gore s Elements of Geodesy 8vo, 2 50

Hayford s Text-book of Geodetic Astronomy 8vo, 3 oo

Bering s Ready Reference Tables (Conversion Factors) i6mo, morocco, 2 50

Howe s Retaining Walls for Earth I2mo, i 25

Johnson s (J. B.) Theory and Practice of Surveying Small 8vo, 4 oo

Johnson s (L. J.) Statics by Algebraic and Graphic Methods 8vo, 2 oo

Laplace s Philosophical Essay on Probabilities. (Truscoit acd Emory.) . i2mo, 2 oo

Mahan s Treatise on Civil Engineering. (1873.) (Wood.). 8vo, 5 oo

* Descriptive Geometry 8vo, i 50

Merriman s Elements of Precise Surveying and Geodesy . ^vo, 2 50

Merriman and Brooks s Handbook for Surveyors i6mo, more,... ? oo

Nugent s Plane Surveying 8vo, 3 ~&amp;gt;^

Ogden s Sewer Design I2mo, 2 oo

Patton s Treatise on Civil Engineering 8vo half leather, 7 50

Reed s Topographical Drawing and Sketching 4to, 5 oo

Rideal s Sewage and the Bacterial Purification of Sewage 8vo, 3 50

Siebert and Biggin s Modern Stone-cutting and Masonry 8vo, i 50

Smith s Manual of Topographical Drawing. (McMillan.) 8vo, 2 50

Sondericker s Graphic Statics, with Applications to Trusses, Beams, and Arches.

8vo, 2 oo

Taylor and Thompson s Treatise on Concrete, Plain and Reinforced. 8vo, 5 oo

* Trautwine s Civil Engineer s Pocket-book i6mo, morocco, 5 oo

Wait s Engineering and Architectural Jurisprudence 8vo, 6 oo

Sheep, 6 50

Law of Operations Preliminary to Construction in Engineering and Archi- .

tecture 8vo 5 oo

Sheep, 5 50

Law of Contracts 8vo, 3 oo

Warren s Stereotomy Problems in Stone-cutting 8vo, 2 50

Webb s Problems in the Use and Adjustment of Engineering Instruments.
i6mo, morocco, i 25

Wilson s Topographic Surveying 8vo, 3 SO

BRIDGES AND ROOFS.

Boiler s Practical Treatise on the Construction of Iron Highway Bridges . . 8vo, 2 oo

* Thames River Bridge 4to, paper, 5 oo

Burr s Course on the Stresses in Bridges and Roof Trusses, Arched Ribs, and

Suspension Bridges 8vo 3 So
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Burr and Falk s Influence Lines for Bridge and Roof Computations 8vo, 3 oo

Design and Construction of Metallic Bridges 8vo, 5 oo

Du Bois s Mechanics of Engineering. Vol. II Small 4to, 10 oo

Foster s Treatise on Wooden Trestle Bridges 4*0, 5 oo

Fowler s Ordinary Foundations 8vo, 3 50

Greene s Roof Trusses 8vo, i 25

Bridge Trusses &quot;. 8vo, 2 50

Arches in Wood, Iron, and Stone 8vo, 2 50

Howe s Treatise on Arches 8vo, 4 oo

Design of Simple Roof-trusses in Wood and Steel 8vo, 2 oo

Johnson, Bryan, and Turneaure s Theory and Practice in the Designing of

Modern Framed Structures Small 4to, 10 oo

Merriman and Jacoby s Text-book on Roofs and Bridges :

Part I. Stresses in Simple Trusses 8vo, 2 50

Part II. Graphic Statics 8vo, 2 50

Part III. Bridge Design 8vo, 2 50

Part IV. Higher Structures 8vo, 2 50

Morison s Memphis Bridge 4to, 10 oo

Waddell s De Pontibus, a Pocket-book for Bridge Engineers. . i6mo, morocco, 2 oo

Specifications for Steel Bridges i2mo, i 25

Wright s Designing of Draw-spans. Two parts in one volume 8vo, 3 50

HYDRAULICS.

Bazin s Experiments upon the Contraction of the Liquid Vein Issuing from

an Orifice. (Trautwine.) 8vo, 2 oo

Bovey s Treatise on Hydraulics 8vo, 5 oo

Church s Mechanics of Engineering 8vo, 6 oo

Diagrams of Mean Velocity of Water in Open Channels paper, i 50

Hydraulic Motors 8vo, 2 oo

Coffin s Graphical Solution of Hydraulic Problems i6mo, morocco, 2 50

Flather s Dynamometers, and the Measurement of Power i2mo, 3 oo

Folwell s Water-supply Engineering 8vo, 4 oo

Frizell s Water-power 8vo, 5 oo

Fuertes s Water and Public Health i2mo, i 50

Water-filtration Works i2mo, 2 50

Ganguillet and Kutter s General Formula for the Uniform Flow of Water in

Rivers and Other Channels. (Bering and Trautwine.) 8vo, 4 oo

Hazen s Filtration of Public Water-supply 8vo, 3 oo

Hazlehurst s Towers and Tanks for Water-works 8vo, 2 50

Herschel s 115 Experiments on the Carrying Capacity of Large, Riveted, Metal

Conduits 8vb, 2 oo

Mason s Water-supply. (Considered Principally from a Sanitary Standpoint.)

8vo, 4 oo

Merriman s Treatise on Hydraulics 8vo, 5 oo
* Michie s Elements of Analytical Mechanics 8vo, 4 oo

Schuyler s Reservoirs for Irrigation, Water-power, and Domestic Water-

supply Large 8vo, 5 oo
** Thomas and Watt s Improvement of Rivers. (Post., 44C. additional. ).4to, 6 oo

Turneaure and Russell s Public Water-supplies 8vo, 5 oo

Wegmann s Design and Construction of Dams 4to, 5 oo

Water-supply of the City of New York from 1658 to 1895 4to, 10 oo

Williams and Hazen s Hydraulic Tables 8vo, i 50

Wilson s Irrigation Engineering Small 8vo, 4 oo

Wolff s Windmill as a Prime Mover 8vo, 3 oo

Wood s Turbines 8vo, 2 50

Elements of Analytical Mechanics 8vo, 3 oo
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MATERIALS OF ENGINEERING.

Baker s Treatise on Masonry Construction 8vo, 5 oo
Roads and Pavements 8vo, 5 oo

Black s United States Public Works Oblong 4to, 5 oo
* Bovey s Strength of Materials and Theory of Structures 8vo, 7 50
Burr s Elasticity and Resistance of the Materials of Engineering 8vo, 7 50

Byrne s Highway Construction 8vo, 5 oo

Inspection of the Materials and Workmanship Employed in Construction.

i6mo, 3 oo
Church s Mechanics of Engineering 8vo, 6 oo

Du Bois s Mechanics of Engineering. Vol. I Small 4to, 7 50
*Eckel s Cements, Limes, and Plasters 8vo, 6 oo

Johnson s Materials of Construction Large 8vo, 6 oo
Fowler s Ordinary Foundations 8vo, 3 50
* Greene s Structural Mechanics 8vo, 2 50

Keep s Cast Iron 8vo, 2 50
Lanza s Applied Mechanics . 8vo, 7 50
Marten s Handbook on Testing Materials. (Henning.) 2 vols 8vo, 7 50
Maurer s Technical Mechanics 8vo, 4 oo
Merrill s Stones for Building and Decoration 8vo, 5 oo

Merriman s Mechanics of Materials 8vo, 5 oo

Strength of Materials i2mo, i oo

Metcalf s Steel. A Manual for Steel-users I2mo, 2 oo

Patton s Practical Treatise on Foundations 8vo, 5 oo

Richardson s Modern Asphalt Pavements 8vo, 3 oo

Richey s Handbook for Superintendents of Construction i6mo, mor., 4 oo

Rockwell s Roads and Pavements in France i2mo, i 25
Sabin s Industrial and Artistic Technology of Paints and Varnish 8vo, 3 oo

Smith s Materials of Machines i2mo, i oo

Snow s Principal Species of Wood 8vo, 3 50

Spalding s Hydraulic Cement I2mo, 2 oo

Text-book on Roads and Pavements i2mo, 2 oo

Taylor and Thompson s Treatise on Concrete, Plain and Reinforced 8vo, 5 oe

Thurston s Materials of Engineering. 3 Parts 8vo, 8 oo

Parti. Non-metallic Materials of Engineering and Metallurgy 8vo, 2 oo

Part II. Iron and Steel 8vo, 3 50

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50

Thurston s Text-book of the Materials of Construction 8vo, 5 oo

Tillson s Street Pavements and Paving Materials 8vo, 4 oo

Waddell s De Pontibus. (A Pocket-book for Bridge Engineers.). . i6mo, mor., 2 oo

Specifications for Steel Bridges i2mo, i 25

Wood s (De V.) Treatise on the Resistance of Materials, and an Appendix on

the Preservation of Timber 8vo, 2 oo

Wood s (De V.) Elements of Analytical Mechanics 8vo, 3 oo

Wood s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and

Steel.. 8vo, 400

RAILWAY ENGINEERING.

Andrew s Handbook for Street Railway Engineers 3x5 inches, morocco, i 25

Berg s Buildings and Structures of American Railroads 4to, 5 oo

Brook s Handbook of Street Railroad Location i6mo, morocco, i 50

Butt s Civil Engineer s Field-book i6mo, morocco, 2 50

Crandall s Transition Curve i6mo, morocco, i 50

Railway and Other Earthwork Tables 8vo, i 50

Dawson s &quot;Engineering&quot; and Electric Traction Pocket-book. . i6mo, morocco, 5 oo
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Dredge!s History of the Pennsylvania Railroad: (1879) Paper, 5 oo

* Drinker s Tunnelling, Explosive Compounds, and Rock Drills. 4to, half mor., 25 oo

Fisher s Table of Cubic Yards Cardboard, 25

Godwin s Railroad Engineers Field-book and Explorers Guide. . . i6mo, mor., 2 50

Howard s Transition Curve Field-book i6mo, morocce, i 50

Hudson s Tables for Calculating the Cubic Contents of Excavations and Em
bankments 8vo *

Molitor and Beard s Manual for Resident Engineers i6mo, i oo

Nagle s Field Manual for Railroad Engineers i6mo, morocco, 3 oo

Philbrick s Field Manual for Engineers i6mo, morocco, 3 oo

Searles s Field Engineering i6mo, morocco, 3 oo

Railroad Spiral i6mo, morocco, i 50

Taylor s Prismoidal Formulae and Earthwork 8vo, i 50

* Trautwine s Method of Calculating the Cube Contents of Excavations and

Embankments by the Aid of Diagrams 8vo, 2 oo

The Field Practice of Laying Out Circular Curves for Railroads.

i2mo, morocco, 2 50

Cross-section Sheet Paper, 25

Webb s Railroad Construction i6mo, morocco, 5 oo

Wellington s Economic Theory of the Location of Railways Small 8vo, 5 oo

DRAWING.

Barr s Kinematics of Machinery 8vo, 2 50
* Bartlett s Mechanical Drawing 8vo, 3 oo

* &quot; &quot; &quot;

Abridged Ed 8vo, 150
Coolidge s Manual of Drawing 8vo, paper i oo

Coolidge and Freeman s Elements of General Drafting for Mechanical Engi

neers Oblong 4to, 2 50

Durley s Kinematics of Machines 8vo, 4 oo

Emch s Introduction to Projective Geometry and its Applications 8vo, 2 50

Hill s Text-book on Shades and Shadows, and Perspective 8vo, 2 oo

Jamison s Elements of Mechanical Drawing 8vo, 2 50

Advanced Mechanical Drawing 8vo, 2 oo

Jones s Machine Design:
Part I. Kinematics of Machinery 8vo, i 50

Part II. Form, Strength, and Proportions of Parts 8vo, 3 oo

MacCord s Elements of Descriptive Geometry 8vo, 3 oo

Kinematics ; or, Practical Mechanism 8vo, 5 oo

Mechanical Drawing 4to, 4 oo

Velocity Diagrams 8vo, i 50
MacLeod s Descriptive Geometry Small 8vo, i 50
* Mahan s Descriptive Geometry and Stone-cutting 8vo, i 50

Industrial Drawing. (Thompson.) 8vo, 3 50

Meyer s Descriptive Geometry 8vo, 2 oo

Reed s Topographical Drawing and Sketching 4to, 5 oo

Reid s Course in Mechanical Drawing 8vo, 2 oo

Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 3 oo

Robinson s Principles of Mechanism 8vo, 3 oo

Schwamb and Merrill s Elements of Mechanism 8vo, 3 co

Smith s (R. S.) Manual of Topographical Drawing. (McMillan.) 8vo, 2 50
Smith (A. W.) and Marx s Machine Design 8vo, 3 oo

Warren s Elements of Plane and Solid Free-hand Geometrical Drawing. i2mo,
Drafting Instruments and Operations i2mo,
Manual of Elementary Projection Drawing i2mo,
Manual of Elementary Problems in the Linear Perspective of Form and

Shadow I2mo,
Plane Problems in Elementary Geometry i2mo,
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Warren s Primary Geometry 121110, 75
Elements of Descriptive Geometry, Shadows, and Perspective 8vo, 3 50
General Problems of Shades and Shadows 8vo, 3 oo

Elements of Machine Construction and Drawing 8vo, 7 50
Problems, Theorems, and Examples in Descriptive Geometry 8vo, 2 50

Weisbach s Kinematics ^and Power of Transmission. (Hermann and

Klein.) 8vo, 5 oo

Whelpley s Practical Instruction in the Art of Letter Engraving i2mo, 2 oo

Wilson s (H. M.) Topographic Surveying 8vo, 3 So
Wilson s (V. T.) Free-hand Perspective 8vo, 2 50
Wilson s (V. T.) Free-hand Lettering 8vo, i oo

Woolf s Elementary Course in Descriptive Geometry Large 8vo, 3 oo

ELECTRICITY AND PHYSICS.

Anthony and Brackett s Text-book of Physics. (Magie.) Small 8vo, 3 oo

Anthony s Lecture-notes on the Theory of Electrical Measurements. . . . i2mo, i oo

Benjamin s History of Electricity 8vo, 3 oo

Voltaic Cell 8vo, 3 oo

Classen s Quantitative Chemical Analysis by Electrolysis. (Boltwood.).Svo, 3 oo

Crehore and Squier s Polarizing Photo-chronograph 8vo, 3 oo

Dawson s &quot;Engineering&quot; and Electric Traction Pocket-book. i6mo, morocco, 5 oo

Dolezalek s Theory of the Lead Accumulator (Storage Battery). (Von
Ende.) i2mo, 2 50

Duhem s Thermodynamics and Chemistry. (Burgess.) 8vo, 4 oo

Flather s Dynamometers, and the Measurement of Power I2mo, 3 oo

Gilbert s De Magnete. (Mottelay.) 8vo, 2 50
Hanchett s Alternating Currents Explained I2mo, i oo

Bering s Ready Reference Tables (Conversion Factors) i6mo, morocco, 2 50
Holman s Precision of Measurements 8vo, 2 oo

Telescopic Mirror-scale Method, Adjustments, and Tests. . . .Large 8vo, 75

Xinzbrunner s Testing of Continuous-current Machines 8vo, 2 oo

Landauer s Spectrum Analysis. (Tingle.) 8vo, 3 oo

Le Chateliers High-temperature Measurements. (Boudouard Burgess.) i2mo, 3 oo

Lob s Electrochemistry of Organic Compounds. (Lorenz.) 8vo, 3 oo
* Lyons 5 Treatise on Electromagnetic Phenomena. Vols. I. and II. 8vo, each, 6 oo
* Michie s Elements of Wave Motion Relating to Sound and Light 8vo, 4 oo

Niaudet s Elementary Treatise on Electric Batteries. (Fishback.) i2mo, 2 50
* Rosenberg s Electrical Engineering. (Haldane Gee Kinzbrunner.). . .8vo, i 50

Ryan, Norris, and Hoxie s Electrical Machinery. Vol. 1 8vo, 2 50
Thurston s Stationary Steam-engines 8vo, 2 50
* Tillman s Elementary Lessons in Heat 8vo, i 50

Tory and Pitcher s Manual of Laboratory Physics Small 8vo, 2 oo

Ulke s Modern Electrolytic Copper Refining 8vo, 3 oo

LAW.

* Davis s Elements of Law 8vo, 2 50
* Treatise on the Military Law of United States 8vo, 7 oo

* Sheep, 7 50

Manual for Courts-martial i6mo, morocco, I 50

Wait s Engineering and Architectural Jurisprudence 8vo, 6 oo

Sheep, 6 50

Law of Operations Preliminary to Construction in Engineering and Archi

tecture 8vo 5 oo

Sheep, 5 50

Law of Contracts 8vo, 3 oo

Winthrop s Abridgment of Military Law I2mo. 2 So
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MANUFACTURES.

Bernadou s Smokeless Powder Nitro-cellulose and Theory of the Cellulose

Molecule i2mo, 2 50
Holland s Iron Founder i2mo, 2 50

&quot; The Iron Founder,&quot; Supplement i2mo, 2 50

Encyclopedia of Founding and Dictionary of Foundry Terms Used in the

Practice of Moulding i2mo, 3 oo

Eissler s Modern High Explosives 8vo, 4 oo

Effrent s Enzymes and their Applications. (Prescott.) 8vo, 3 oo

Fitzgerald s Boston Machinist i2mo, i oo

Ford s Boiler Making for Boiler Makers i8mo, i oo

Hopkin s Oil-chemists Handbook 8vo, 3 oo

Keep s Cast Iron 8vo, 2 50
Leach s The Inspection and Analysis of Food with Special Reference to State

Control Large 8vo, 7 50
Matthews s The Textile Fibres 8vo, 3 50
Metcalf s Steel. A Manual for Steel-users I2mo, 2 oo

Metcalfe s Cost of Manufactures And the Administration of Workshops. 8vo, 5 oo

Meyer s Modern Locomotive Construction 4to, 10 oo

Morse s Calculations used in Cane-sugar Factories i6mo, morocco, i 50
* Reisig s Guide to Piece-dyeing 8vo, 25 oo

Sabin s Industrial and Artistic Technology of Paints and Varnish 8vo, 3 oo

Smith s Press-working of Metals 8vo, 3 oo

Spalding s Hydraulic Cement i2mo, 2 oo

Spencer s Handbook for Chemists of Beet-sugar Houses i6mo, morocco, 3 oo

Handbook for Cane Sugar Manufacturers i6mo, morocco, 3 oo

Taylor and Thompson s Treatise on Concrete, Plain and Reinforced 8vo, 5 oo

Thurston s Manual of Steam-boilers, their Designs, Construction and Opera
tion 8vo, 5 oo

* Walke s Lectures on Explosives 8vo, 4 oo

Ware s Beet-sugar Manufacture and Refining Small 8vo, 4 oo

West s American Foundry Practice 1 2mo, 2 50
Moulder s Text-book i2mo, 2 50

Wolff s Windmill as a Prime Mover 8vo, 3 oo

Wood s Rustless Coatings : Corrosion and Electrolysis of Iron and Steel. .8vo, 4 oo

MATHEMATICS.

Baker s Elliptic Functions 8vo, i 50
* Bass s Elements of Differential Calculus i2mo, 4 oo

Briggs s Elements of Plane Analytic Geometry I2mo, oo

Compton s Manual of Logarithmic Computations i2mo, 50
Davis s Introduction to the Logic of Algebra 8vo, 50
* Dickson s College Algebra Large i2mo, 50
* Introduction to the Theory of Algebraic Equations Large i2mo, 25
Emch s Introduction to Projective Geometry and its Applications 8vo, 50
Halsted s Elements of Geometry 8vo, 75

Elementary Synthetic Geometry 8vo, 50
Rational Geometry i2mo, 75

* Johnson s (J. B.) Three-place Logarithmic Tables: Vest-pocket size. paper, 15
100 copies for 5 ob

* Mounted on heavy cardboard, 8X 10 inches, 25
10 copies for 2 oo

Johnson s (W. W.) Elementary Treatise on Differential Calculus. .Small 8vo, 3 oo

Johnson 3 (W. W.) Elementary Treatise on the Integral Calculus. Small 8vo, I 50
11



Johnson s (W. W.) Curve Tracing in Cartesian Co-ordinates lamo, i oo

Johnson s (W. W.) Treatise on Ordinary and Partial Differential Equations.
Small Svo, 3 50

Johnson s (W: W.) Theory of Errors and the Method of Least Squares. 12mo, i 50
* Johnson s (W. W.) Theoretical Mechanics 12010, 3 oo

Laplace s Philosophical Essay on Probabilities. (Truscott and Emory.) . I2mo, 2 oo
* Ludlow and Bass. Elements of Trigonometry and Logarithmic and Other

Tables Svo, 3 oo

Trigonometry and Tables published separately Each, 2 oo
* Ludlow s Logarithmic and Trigonometric Tables .- . .8vo, i oo

Mathematical Monographs. Edited by Mansfield Merriman and Robert

S. Woodward Octavo, each i oo

No. i. History of Modern Mathematics, by David Eugene Smith.

No. 2. Synthetic Projective Geometry, by George Bruce Halsted.

No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper
bolic Functions, by James McMahon. No. 5. Harmonic Func

tions, by William E. Byerly. No. 6. Grassmann s Space Analysis,

by Edward W. Hyde. No. 7. Probability and Theory of Errors,

by Robert S. Woodward. No. 8. Vector Analysis and Quaternions,

by Alexander Macfarlane. No. 9. Differential Equations, by
William Woolsey Johnson. No. 10. The Solution of Equations,

byj Mansfield Merriman. No. n. Functions of a Complex Variable,

by Thomas S. Fiske.

Maurer s Technical Mechanics Svo, 4 oo

Merriman and Woodward s Higher Mathematics Svo, 5 oo

Merriman s Method of Least Squares Svo, 2 oo

Rice and Johnson s Elementary Treatise on the Differential Calculus. : Sm. Svo, 3 oo

Differential and Integral Calculus. 2 vols. in one Small Svo, 2 50

Wood s Elements of Co-ordinate Geometry Svo, 2 oo

Trigonometry: Analytical, Plane, and Spherical 12mo, i oo

MECHANICAL ENGINEERING.

MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS.

Bacon s Forge Practice i2mo, i 50

Baldwin s Steam Heating for Buildings i2mo, 2 50

Barr s Kinematics of Machinery Svo, 2 50

* Bartlett s Mechanical Drawing Svo, 3 oo

* &quot; &quot; &quot;

Abridged Ed &quot;.Svo, 150

Benjamin s Wrinkles and Recipes i2mo, 2 oo

Carpenter s Experimental Engineering Svo, 6 oo

Heating and Ventilating Buildings Svo, 4 oo

Cary s Smoke Suppression in Plants using Bituminous Coal. (In Prepara

tion.)

Clerk s Gas and Oil Engine .Small Svo, 4 oo

Coolidge s Manual of Drawing Svo, paper, i oo

Coolidge and Freeman s Elements of General Drafting for Mechanical En

gineers Oblong 4to, 2 50

Cromwell s Treatise on Toothed Gearing lamo, i 50

Treatise on Belts and Pulleys xamo, i 50

Durley s Kinematics of Machines Svo, 4 oo

Flather s Dynamometers and the Measurement of Power i2mo, 3 oo

Rope Driving I2mo 2

Gill s Gas and Fuel Analysis for Engineers iimo, i 25

Hall s Car Lubrication I2mo, i oo

Hering s Ready Reference Tables (Conversion Factors) i6mo, morocco, 2 50
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Button s The Gas Engine 8vo, 5 oo

Jamison s Mechanical Drawing 8vo, 2 50

Jones s Machine Design:

Part I. Kinematics of Machinery 8vo, I 50

Part II. Form, Strength, and Proportions of Parts 8vo, 3 oo

Kent s Mechanical Engineers Pocket-book i6mo, morocco, 5 oo

Kerr s Power and Power Transmission 8vo, 2 oo

Leonard s Machine Shop, Tools, and Methods 8vo, 4 oo

* Lorenz s Modern Refrigerating Machinery. (Pope, Haven, and Dean.) . . 8vo, 4 oo

MacCord s Kinematics; or, Practical Mechanism 8vo, 5 oo

Mechanical Drawing 4to, 4 oo

Velocity Diagrams 8vo, i 50

MacFarland s Standard Reduction Factors for Gases 8vo, i 50

Mahan s Industrial Drawing. (Thompson.) 8vo, 3 50

Poole s Calorific Power of Fuels 8vo, 3 oo

Reid s Course in Mechanical Drawing 8vo, 2 oo

Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 3 oo

Richard s Compressed Air i2mo, i 50

Robinson s Principles of Mechanism 8vo, 3 oo

Schwamb and Merrill s Elements of Mechanism 8vo, 3 oo

Smith s (O.) Press-working of Metals 8vo, 3 oo

Smith (A. W.) and Marx s Machine Design 8vo, 3 oo

Thurston s Treatise on Friction and Lost Work in Machinery and Mill

Work 8vo, 3 oo

Animal as a Machine and Prime Motor, and the Laws of Energetics . i2mo, i oo

Warren s Elements of Machine Construction and Drawing 8vo, 7 50

Weisbach s Kinematics and the Power of Transmission. (Herrmann

Klein.) 8vo, 5 oo

Machinery of Transmission and Governors. (Herrmann Klein.). .8vo, 5 oo

Wolff s Windmill as a Prime Mover 8vo, 3 oo

Wood s Turbines .- 8vo, 2 50

MATERIALS OP ENGINEERING.

* Bovey s Strength of Materials and Theory of Structures 8vo, 7 50

Burr s Elasticity and Resistance of the Materials of Engineering. 6th Edition.

Reset 8vo, 7 50

Church s Mechanics of Engineering 8vo, 6 oo
* Greene s Structural Mechanics 8vo, 2 50

Johnson s Materials of Construction 8vo, 6 oo

Keep s Cast Iron 8vo, 2 50

Lanza s Applied Mechanics 8vo, 7 50
Martens s Handbook on Testing Materials. (Henning.) 8vo, 7 50

Maurer s Technical Mechanics 8vo, 4 oo

Merriman s Mechanics of Materials 8vo, 5 oo

Strength of Materials i2mo, i oo

Metcalf s Steel. A manual for Steel-users i2mo, 2 oo

Sabin s Industrial and Artistic Technology of Paints and Varnish 8vo, 3 oo

Smith s Materials of Machines i2mo, i oo

Thurston s Materials of Engineering 3 vols., 8vo, 8 oo

Part II. Iron and Steel 8vo, 3 50
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50
Text-book of the Materials of Construction 8vo, 5 oo

Wood s (De V.) Treatise on the Resistance of Materials and an Appendix on
the Preservation of Timber 8vo, 2 oo
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Wood s (De V.) Elements of Analytical Mechanics 8vo, 3 oo

Wood s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and

Steel 8vo, 4 oo

STEAM-ENGINES AND BOILERS.

Berry s Temperature-entropy Diagram I2mo, i 25
Carnot s Reflections on the Motive Power of Heat. (Thurston.) i2mo, i 50
Dawson s &quot;Engineering&quot; and Electric Traction Pocket-book; . i6mo, mor., 5 oo

Ford s Boiler Making for Boiler Makers i8mo, i oo

Goss s Locomotive Sparks 8vo, 2 oo

Hemenway s Indicator Practice and Steam-engine Economy I2mo, 2 oo

Button s Mechanical Engineering of Power Plants 8vo, 5 oo

Heat and Heat-engines 8vo, 5 oo

Kent s Steam boiler Economy 8vo, 4 oo

Kneass s Practice and Theory of the Injector 8vo, i 50
MacCord s Slide-valves 8vo, 2 oo

Meyer s Modern Locomotive Construction 4to, 10 oo

Peabody s Manual of the Steam-engine Indicator I2mo. i 50
Tables of the Properties of Saturated Steam and Other Vapors 8vo, i oo

Thermodynamics of the Steam-engine and Other Heat-engines 8vo, 5 oo

Valve-gears for Steam-engines 8vo, 2 50

Peabody and Miller s Steam-boilers 8vo, 4 oo

Pray s Twenty Years with the Indicator Large 8vo, 2 50

Pupin s Thermodynamics of Reversible Cycles in Gases and Saturated Vapors.

(Osterberg.) I2mo, i 25

Reagan s Locomotives: Simple Compound, and Electric i2mo, 2 50

Rontgen s Principles of Thermodynamics. (Du Bois.) 8vo, 5 oo

Sinclair s Locomotive Engine Running and Management I2mo, 2 oo

Smart s Handbook of Engineering Laboratory Practice i2mo, 2 50

Snow s Steam-boiler Practice 8vo, 3 oo

Spangler s Valve-gears 8vo, 2 50
Notes on Thermodynamics I2mo, i oo

Spangler, Greene, and Marshall s Elements of Steam-engineering 8vo, 3 oo

Thurston s Handy Tables 8vo, i 50

Manual of the Steam-engine 2 vols., 8vo, 10 oo

Part I. History, Structure, and Theory 8vo, 6 oo

Part II. Design, Construction, and Operation 8vo, 6 oo

Handbook of Engine and Boiler Trials, and the Use of the Indicator and

the Prony Brake 8vo, 5 oo

Stationary Steam-engines 8vo, 2 50
Steam-boiler Explosions in Theory and in Practice I2mo, i 50

Manual of Steam-boilers, their Designs, Construction, and Operation 8vo, 5 oo

Weisbach s Heat, Steam, and Steam-engines. (Du Bois.) 8vo, 5 oo

Whitham s Steam-engine Design 8vo, 5 oo

Wilson s Treatise on Steam-boilers. (Flather.) i6mo, 2 50

Wood s Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo, 4 oo

MECHANICS AND MACHINERY.

Barr s Kinematics of Machinery 8vo, 2 50
* Bovey s Strength of Materials and Theory of Structures 8vo, 7 SO

Chase s The Art of Pattern-making I2mo, 2 50
Church s Mechanics of Engineering 8vo, 6 oo

Notes and Examples in Mechanics 8vo, 2 oo

Compton s First Lessons in Metal-working i2mo, i 50

Compton and De Groodt s The Speed Lathe I2tuo, i 50
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Cromwell s Treatise on Toothed Gearing i2mo, i 50
Treatise on Belts and Pulleys i2mo, I 50

Dana s Text-book of Elementary Mechanics for Colleges and Schools. .i2mo, i 50

Dingey s Machinery Pattern Making i2mo, 2 oo

Dredge s Record of the Transportation Exhibits Building of the World s

Columbian Exposition of 1893 4to half morocco, 5 oo

Du Bois s Elementary Principles of Mechanics :

Vol. I. Kinematics 8vo, 3 50
Vol. II. Statics 8vo, 4 oo

Mechanics of Engineering. Vol. I Small 4to, 7 50
Vol. II Small 4to, 10 oo

Durley s Kinematics of Machines 8vo, 4 oo

Fitzgerald s Boston Machinist i6mo, i oo

Flather s Dynamometers, and the Measurement of Power i2mo, 3 oo

Rope Driving I2mo, 2 oo

Goss s Locomotive Sparks 8vo, 2 oo
* Greene s Structural Mechanics 8vo, 2 50
Hall s Car Lubrication i2mo, i oo

Holly s Art of Saw Filing i8mo, 75

James s Kinematics of a Point and the Rational Mechanics of a Particle.

Small 8vo, 2 oo
* Johnson s (W. W.) Theoretical Mechanics 12010, 3 oo

Johnson s (L. J.) Statics by Graphic and Algebraic Methods 8vo, 2 oo

Jones s Machine Design:
Part I. Kinematics of Machinery 8vo, i 50
Part II. Form, Strength, and Proportions of Parts 8vo, 3 oo

Kerr s Power and Power Transmission 8vo, 2 oo

Lanza s Applied Mechanics 8vo, 7 50
Leonard s Machine Shop, Tools, and Methods 8vo, 4 oo
* Lorenz s Modern Refrigerating Machinery. (Pope, Haven, and Dean.).8vo, 4 oo

MacCord s Kinematics; or, Practical Mechanism 8vo, 5 oo

Velocity Diagrams 8vo, i 50
Maurer s Technical Mechanics 8vo, 4 oo

Merriman s Mechanics of Materials 8vo, 5 oo
* Elements of Mechanics I2mo, i oo
* Michie s Elements of Analytical Mechanics 8vo, 4 oo

Reagan s Locomotives: Simple, Compound, and Electric i2mo, 2 50

Reid s Course in Mechanical Drawing 8vo, 2 oo

Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 3 oo

Richards s Compressed Air i2mo, i 50
Robinson s Principles of Mechanism 8vo, 3 oo

Ryan, Norris, and Hoxie s Electrical Machinery. Vol. 1 8vo, 2 50
Schwamb and Merrill s Elements of Mechanism 8vo, 3 oo

Sinclair s Locomotive-engine Running and Management I2mo, 2 oo

Smith s (0.) Press-working of Metals 8vo, 3 oo

Smith s (A. W.) Materials of Machines I2mo, i oo

Smith (A. W.) and Marx s Machine Design 8vo, 3 oo

Spangler, Greene, and Marshall s Elements of Steam-engineering 8vo, 3 oo

Thurston s Treatise on Friction and Lost Work in Machinery and Mill

Work 8vo, 3 oo

Animal as a Machine and Prime Motor, and the Laws of Energetics.

i2mo, i oo

Warren s Elements of Machine Construction and Drawing 8vo, 7 50
Weisbach s Kinematics and Power of Transmission. (Herrmann Klein. ) . 8vo , 5 oo

Machinery of Transmission and Governors. (Herrmann Klein.). 8vo, 5 oo

Wood s Elements of Analytical Mechanics 8vo, 3 oo

Principles of Elementary Mechanics i2mo, i 25
Turbines 8vo, 2 50

The World s Columbian Exposition of 1893 4to, i oo
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METALLURGY.

Egleston s Metallurgy of Silver, Gold, and Mercury:
Vol. I. Silver 8vo, 7 50
Vol. II. Gold and Mercury 8vo, 7 50

** Iles s Lead-smelting. (Postage p cents additional.) i2mo, 2 50
Keep s Cast Iron 8vo, 2 50
Kunhardt s Practice of Ore Dressing in Europe 8vo, i 50
Le Chatelier s High-temperature Measurements. (Boudouard Burgess.)i2mo. 3 oo

Metcalf s Steel. A Manual for Steel-users 12010, 2 oo

Minet s Production of Aluminum and its Industrial Use. (Waldo.). . . . i2mo, 2 50
Robine and Lenglen s Cyanide Industry. (Le Clerc.) .*. . . .8vo,

Smith s Materials of Machines I2mo, i oo

Thurston s Materials of Engineering. In Three Parts 8vo, 8 oo

Part II. Iron and Steel 8vo, 3 50
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50
Ulke s Modern Electrolytic Copper Refining 8vo, 3 oo

MINERALOGY.

Barringer s Description of Minerals of Commercial Value. Oblong, morocco, 2 50

Boyd s Resources of Southwest Virginia 8vo, 3 oo

Map of Southwest Virignia Pocket-book form. 2 oo

Brush s Manual of Determinative Mineralogy. (Penfield.) 8vo, 4 oo

Chester s Catalogue of Minerals 8vo, paper, i oo

Cloth, i 25

Dictionary of the Names of Minerals 8vo, 3 50
Dana s System of Mineralogy Large 8vo, half leather, 12 50

First Appendix to Dana s New &quot;

System of Mineralogy.&quot; Large 8vo, i oo

Text-book of Mineralogy 8vo, 4 oo

Minerals and How to Study Them I2mo, i 50

Catalogue of American Localities of Minerals Large 8vo, i oo

Manual of Mineralogy and Petrography I2mo, 2 oo

Douglas s Untechnical Addresses on Technical Subjects i2mo, i oo

Eakle s Mineral Tables 8vo, i 25

Egleston s Catalogue of Minerals and Synonyms 8vo, 2 50

Hussak s The Determination of Rock-forming Minerals. (Smith.). Small 8vo, 2 oo

Merrill s Non-metallic Minerals: Their Occurrence and Uses 8vo, 4 oo
* Penfield s Notes on Determinative Mineralogy and Record of Mineral Tests.

8vo, paper, 50

Rosenbusch s Microscopical Physiography of the Rock-making Minerals.

(Iddings.) 8vo, 5 oo
* Tinman s Text-book of Important Minerals and Rocks 8vo, 2 oo

MIKING.

Beard s Ventilation of Mines I2mo, 2 50

Boyd s Resources of Southwest Virginia* 8vo, 3 oo

Map of Southwest Virginia Pocket-book form 2 oo

Douglas s Untechnical Addresses on Technical Subjects i2mo. i oo
* Drinker s Tunneling, Explosive Compounds, and Rock Drills. .4to,hf. mor., 25 oo

Eissler s Modern High Explosives 8vo 4 oo
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Fowler s Sewage Works Analyses lamo, 2 oo

Goodyear s Coal-mines of the Western Coast of the United States i2mo, 2 50

Ihlseng s Manual of Mining 8vo, 5 oo
** Iles s Lead-smelting. (Postage QC. additional.) i2mo, 2 50
Kunhardt s Practice of Ore Dressing in Europe 8vo, i 50
O Driscoll s Notes on the treatment of Gold Ores 8vo, 2 oo

Robine and Lenglen s Cyanide Industry. (Le Clerc.) 8vo,
* Walke s Lectures on Explosives Svo, 4 oo

Wilson s Cyanide Processes i2mo, i 50
Chlorination Process i2mo, i 50

Hydraulic and Placer Mining , i2mo, 2 oo

Treatise on Practical and Theoretical Mine Ventilation i2mo, I 25

SANITARY SCIENCE.

Bashore s Sanitation of a Country House I2mo, i oo
Folwell s Sewerage. (Designing, Construction, and Maintenance.) 8vo, 300

Water-supply Engineering 8vo, 4 oo

Fuertes s Water and Public Health I2mo, i 50
Water-filtration Works I2mo, 2 50

Gerhard s Guide to Sanitary House-inspection i6mo, i oo
Goodrich s Economic Disposal of Town s Refuse Demy Svo, 3 50
Hazen s Filtration of Public Water-supplies 8vo, 3 oo

Leach s The Inspection and Analysis of Food with Special Reference to State

Control 8vo, 7 50
Mason s Water-supply. (Considered principally from a Sanitary Standpoint) 8vo, 4 oo

Examination of Water. (Chemical and Bacteriological.) i2mo, i 25

Ogden s Sewer Design I2mo, 2 oo
Prescott and Winslow s Elements of Water Bacteriology, with Special Refer

ence to Sanitary Water Analysis I2mo, i 25
* Price s Handbook on Sanitation I2mo, i 50
Richards s Cost ot Food. A Study in bietaries i2mo, i oo

Cost of Living as Modified by Sanitary Science i2mo, i oo

Richards and Woodman s Air. Wlater, and Food from a Sanitary Stand

point 8vo, 2 oo
* Richards and Williams s The Dietary Computer 8vo, i 50
Rideal s Sewage and Bacterial Purification of Sewage 8vo, 3 50
Turneaure and Russell s Public Water-supplies 8vo, 5 oo

Von Behring s Suppression of Tuberculosis. (Bolduan.) I2mo, i oo

Whipple s Microscopy of Drinking-water 8vo, 3 50
Winton s Microscopy of Vegetable Foods 8vo, 7 So

Woodhull s Notes on Military Hygiene x6mo, i 50

MISCELLANEOUS.

De Fursac s Manual of Psychiatry. (Rosanoff and Collins.). . . .Large I2mo, 2 50
Emmons s Geological Guide-book of the Rocky Mountain Excursion of the

International Congress of Geologists Large 8vo, i 50
Ferrel s Popular Treatise on the Winds Svo, 4 oo

Haines s American Railway Management I2mo, 2 50
Mott s Fallacy of the Present Theory of Sound i6mo, i oo

Ricketts s History of Rensselaer Polytechnic Institute, 1824-1894.. Small Svo, 3 oo

Rostoski s-Serum Diagnosis. (Bolduan.) I2mo, i oo

Rotherham s Emphasized New Testament Large Svo, 2 oo
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Steel s Treatise on the Diseases of the Dog 8vo, 3 50

The World s Columbian Exposition of 1893 4to, i oo

Von Behring s Suppression ot Tuberculosis. (Bolduan.) i2mo, i oo

Winslow s Elements of Applied Microscopy i2mo, i 50

Worcester and Atkinson. Small Hospitals, Establishment and Maintenance;

Suggestions for Hospital Architecture : Plans for Small Hospital . i2mo, i 25

HEBREW AND CHALDEE TEXT-BOOKS.

Green s Elementary Hebrew Grammar i2mo, i 25

Hebrew Chrestomathy 8vo, 2 oo

Gesenius s Hebrew and Chaldee Lexicon to the Old Testament Scriptures.

(Tregelles.) Small 4to, half morocco, 5 oo

Letteris s Hebrew Bible 8vo, 2 25
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