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P. H. ScHOUTE, p. 1. — „On maxima and minima of apparent brightness resulting

from optical illusion". By Dr. C II. Wind (cummunieated by I'rof. II. IIaga) with 1

plate, p. 7. — «On the relation of the obligatous anaërobics to free oxygen". By
Prof. M. W. Beijerinck, p. 14. — „On the inHnenoe of solutions of salts on the volume

of animalcells, being at the same time a contribution to our knowledge of their struc-

ture". By Dr. H. J. Hamburger; p. 26. — „On an asymmetry in the change of

the spaetral lines of iron, radiating in a magnetic held". By Dr. P. Zee.mak, p. 27. —
„The Ilall-etlect in electrolytes". By Dr. E. van Everdingen Jr. (communicated by

I'rof H. Kamerlingh Onnes) p. 27.

The following papers were read

:

Mathematics. — „On the cijdoyruijkic space j-cprescutution ofjud-

chimdhcd's circles.''' By Prof. P. II. Schoute.

1. Ill his „Cyklographie" Dr. W. Fiedler has developed a

theory, in which any circle of the plane is represented in space by

one of two points of the normal, erected in its centre on the plane,

and having on either side a distance from this centre equal to the

radius. The ambiguity of this representation can be useful in the

distinction of the two senses, in which a point can move along the

circle. This is not necessary here.

According to the Fiedlerian representation the right cone, whose

vertex is a point P of the plane of the circles, whose axis is the

normal in P on this plane, and whose vertex angle is a right one,

corresponds to the net of the circles passing through P. Likewise

the pencil of the circles passing through P and Q has as image a

rectangular hyperbola situated in the plane bisecting P Q orthogo-
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nally; of this hyperbola the line common to its plane and the plane

of the circles is the imaginary axis, the intersection of this line

with P Q is the centre, and the normal in this point to the plane

of the circles is the real axis. Or, put more generally: the circles

of a pencil are represented by a rectangular hyperbola, whose real

or imaginary axis is normal to the plane of the circles according

to the points common to the circles being real or imaginary, and

which breaks up into two straight lines, if these points coincide. And
the circles of a general net arc represented by a rectangular hyper-

boloid with one or two sheets, according to the circle cutting the

circles of the net orthogonally being real or imaginary.

In different eases the Fiedlerian theory can give a clear and

concise idea of the position of ranges of circles. So a. o. the circles

having double contact with a given ellipse e. If this ellipse f be

represented by "— +— = 1 , ^ =x 0, the ellipse — + 1- = 1 y =

and the hyperbola ^-f-^=:l, j=0 correspond to the two
a^ — b" a~

ranges of circles having double contact with s. As is easily explained

these curves are transformed into the focal conies of f by inverting

the sign of z""'-

In the following lines we study the surface that forms the image

of the twofold infinite system of Joachimsthal's circles of f.

2. Through any point F of the plane of s can be drawn four

normals to f. The footpoints A^ J5, C, D of these normals may be

called „conormal". If the point diametrically opposite to ^ on « is

indicated by A\ the known theorem of Joachimsthal says that

A\ B, C, D are concyclic, if vt, J5, C, D are conormal.

This non-reversible theorem has been completed by Laguerre

in remarking that the circle A' B C D meets the tangent ^a. in A'

to Ê for the second time in the projection 0»' of the centre of g

on ta'. In other words:

If P describes the normal «« in A to f, the corresponding circles

A' B C D form a pencil, as all these circles pass through ^1' and

Oa- . This pencil being represented by a rectangular hyperbola, the

imao-e in question is the locus of a simply infinite number of rec-

tangular hyperbolae. However, before we proceed to the deduction

of this surface, we investigate somewhat more closely the corres-

pondence between the points P of the normal »/„ and the centres

M on the line /„' bisecting orthogonally the segment A O'a.

3. The relation between the points P and .1/ on «« and /« is a (1,1)

correspondence, i.e. these points describe piojective ranges. If P
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is at infinity on «„, this is also the oas(! with M ou /„-. So the

point at infinit}' common to «a and /„' corresponrls to itself, i. e.

the projective ranges are in perspective. The centre of perspective

la is immediately found as the point common to the joints Pi M^

and FiM^ (fig. 1) of the pairs

4, of corresponding points (Pi.Mi)

and (Po, ^h)- This point being

found, it is possible to indicate

the centre M of the circle of

.ToACHiJiöTHAL corresponding

to any point P of //„.

Analytically the obtained

results are given back as fol-

lows. The coordinates of ^4

being acosrp^ i sw (^, the equa-

tions of the right Hues "a,Za',

P^M^, P2M2 are successively:

J'l ^h

cos (f

ax
- +
cos (f

sin (p

sin (f

2 by

c"-, la'

= c", P2, i/?,

— 2 ax 2 by

V -. = c- .

cos (p sin (p

— 2 ax by

coscp sm (p

So the centre of perspective Ta has the coordinates — — cos (p ,

a

— sin rp and this point describes the ellipse e', the four vertices of
b

which are the four real cusps of the evolute of e. And the joints

A Ta and A' T^ likewise envelope ellipses, etc.

4. The simple relation between the lines «« and U- proves

4 iF" 4 //"^

immediately that /„- is normal to the ellipse — + —^ = 1 and
a^ b^

that through any point M pass four of these normals /„'. In other

words, any normal to the plane of the circles meets four of the

rectangular hyperbolae and so contains eight points of the locus.

As the point at infinity common to all these normals does not lie

on one of the rectangular hyperbolae, the locus is a surface of the

eighth order. We confirm 'his result by the deduction of its equation.

The cones that form the images of all the circles through ^4' and

all the circles through 0"' are represented by

1*
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(x — a cos (p)" -f- (y — b sin (f)'-

ab^ cos tp \- { a% sin (p

+ u —
\ b~ cos^ cp -\- a^ sirfi (pJ V 6^ cos^ (f

-\- o? sin^ (p

So these equations represent together the rectangular hyperbola

projecting itself in /,,' . Putting for simplicity's sake u^ for :t^ + «/^ — ^^

these e(]uations can be reduced to

u- -\- b^ -\- c^ cos'^ (p — 2 ax cos rp =: 2 6?/ sin (p
^

u^ («3— (;2 cggi fp^ — 2 ab^ X cos (p -\- a-b'^ =^2 a^ by sin <p J

So elimination of sin (p gives for cos cp the relation

cos (p \(ifi -\- a^) cos (p — 2 aj] =: ,

which breaks up into

2ajc
cos rp := , cos (p =: — ^ .

M- -|- d"

As (fi is variable, the first condition cannot serve here. It cor-

responds in fact to this, that the two cones with the vertices A^

and 0„, coincide instead of determining together a rectangular

hyperbola, when A' is one of the extremities of the minor axis

of t ;
whilst a similar treatment, in which the parts of cos rp and

sin q> are inverted, leads to the relation sin (p ^ 0, corresponding in

the same manner to the coincidence of these cones, if A' is one of

the extremities of the major axis off. Substitution of the other value

of cos (p in the first of the second pair of cone e(|uations gives the

result in the form

4a2;i;2 4 6^/

which really represents a surfiice of the eighth order.

Inversely this simple equation shows that the surface represented

by it may be generated by rectangular hyperbolae, by considering

it as the result of the elimination of ipi between

2 ax =. {u~ -\- a") cos tp
j

2by — {ifi + 62) sin ip \

'

which represent for any constant value of ip a rectangular liyper-

bola lying in the plane

2 ax 2by _ .,

cos ip sin (p
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For tp = rp ± 180° this equation transforms itself into that of /a'.

5. We signalize here some particularities of the found surface.

a. The intersection of the cone a-- -f y^— s^ = with the plane

at infinity is a fourfoM curve of the surface. For the substition of

X := p -\- £ COS A , y ::zL q -\- z sin X

into the equation 1) yields an equation of the fourtli degree for z.

It is reduced to a cubic equation under the condition

( p cox k -\- (] sin A)^ = a^ cos" X -{- b^ sin" X

and to a quadratic equation for

p cos X -{- fj nin A ^ 0.

So the four tangent planes in the point x ^ z cosX, y ^= z sin X at

infinity are represented by

;r cos X -{- y sin A — z := ± \/a^ cos^ A -j- 6^ siti^ X ,

rf' cos A -\- 1/ sin X — c = ,

the last of these counting twice. The deduction of the envelopes of

these planes for various values of A shows that the surface 1) is

touched at infinity by the developable surface or torse circumscribed

to the tangential pencil of quadrics, to the four quadrics flattened to

conies of which belong the fourfold conic of 1) and the ellipse e;

moreover it is osculated at infinity by the cone x^ -\- y^—z^ = 0.

So this cone intersects the surface 1) in a curve in space of the

sixteenth order to which the fourfold conic of 1) belongs six times.

The completing curve in space lies on the cylinder—--]——=1,
in which 1) is transformed for m^ = ; this cylinder meets the

surface 1) in another curve of the twelfth order, etc.

b. The intersection of the surface 1) with each of the planes

Z X, ZOY consists of four straight Hues and a rectangular hyper-

bola counting twice. So ?/ = yields the four lines x ± z ^ ± a and

the hyperbola x"—z'^ -{- a" = 0, and likewise .^ =; yields the four

lines y ±1 z ^n ±b and the hyperbola y"-— z'^ -\- b~ =i^. So 1) con-

tains besides the fourfold conic at infinity still two double conies;

moreover it bears eight right lines, viz. the four pairs of lines into which

the rectangular hyperbolae of the vertices of « are degenerated.
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c. The surface contains four separate double points, the four vertices

of «. By transporting the axes of coordinates parallel to theiijselves

to one of these points as origin and equalling the terms of the

second order to zero the equation of the corresponding osculating

cone is found.

d. The curve limiting the projection of 1) on the plane of the

circles is obtained by elimination of z between 1) and its differential

quotient according to z. It consists of the intersection of 1) with the

plane of the circles and of the projection of a curve in space. The

first is the locus of the octuples of points common to the corres-

ponding pairs of circles of the two circle involutions

(x ± a sec A)- -j- y^ = a^ tcf^ X )

•'^ + (y ^ ^ fosec /)2 = 6^ coi^ A
]

and as sucli a quadricircular octavic; the isolated double points

in the vertices of f excepted, all its points are imaginary. The
second is found by the elimination of u" between 1) and its diffe-

rential quotient according to ?r, which, v being substituted for u^j

comes to the elimination of v between

4-— ^—- — 1

4a^ x^ A b^ y^

-f—-4-=2r + a2 + 62.

By solution we find

{v -j- a^)^ = 4: a^ c- or
,

(r + ^''^j^ = — Mfi c^ y"

and by elimination of v

{2 a ,f 4- (2 b yf = r-^ ,

. 4 3"'"^ 4 1/^

i.e. the evolute of the ellipse —;r H s"^^^- This result was to
«^ b"

be foreseen. For the normal at the plane of the circles in a point

of this evolute meets two immediately succeeding rectangular hy-

perbolae and is therefore tangent to the surface on either side of

the plane X Y. The curve of contact itself, of which this evolute

is the projection, is of the twelfth order. The cylinder of the sixth



order, of which this evolute is a right section, meets the surface 1)

moreover in a curve in space of the order 24.

6. Tlie found image 1) can be useful in different researches

about the system S of the circles of Joachimsthal. By determining

the number of points common to this surface and a rectangular

hyperbola, a parabola and a straight line, we find that the system

S has the characterizing numbers 4,8,16; in other words, it contains

four circles passing through two given points, eight circles passing

through a given point and touching a given line, sixteen circles

touching two given lines. In the same manner is proved that it

contains sixteen circles touching two given circles, etc.

7. If we are given a parabola instead of an ellipse, all the

circles passing through three conorraal points pass also through the

vertex of the parabola. Here the found surface of the eighth order

is reduced to the right cone .<•'- + :!/^
= '^, of which the vertex of

the parabola y^ = 2 px is the vertex. And the case of the hyperbola

— ^ 1, ^^0 leads to the surftice
a-* h^

4 a2 ;t2 4 62 w2
" = 1

(«2 f«2)2 («2—^2)

and is ([uite analogous to that of the ellipse.

Physics. — „(hi nirixunn and minima of apparent hrkjhlness resul-

ting from optical illusion^ By Dr. C. H. Wind. (Commu-
nicated by Prof. H. Haga).

1. If we see on a surface two zones of different (real) brightness

united by a transition-zone whose brightness decreases continuously

from the brighter down to the darker zone, this transitionzone

seems to be separated from the brighter zone by a still brighter line

(maximum of brightness) and from the darker zone by a still darker

line (minimum of brightness).

2. This phenomenon, which — as will be seen from what

follows — presents itself under very different kinds of conditions was

first observed by me in a drawing carefully and succesfully executed

by Mr. van Grieken, of the firm van de Weyer at Groningen,

by means of lithography. This drawing of which fig 1 is a pho-

tographic reproduction (reduced to V4 of its size), which unsatisfactory

as it is, yet enables us to observe the phenomenon, consists of a great

number of parallel lines of equal thickness drawn at intervals of 1

m.M. in two outer zones, at intervals of 0.4 ni.M. in a middlezone,
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at continuously increasing distances in the transitionzones between

the lastnamed and the two firstnamed. (The law of increase of the

distances has been chosen so tliat the proximity of the stripes in the

transition zones varies as a linear function).

3. This phenomenon may be produced even more obviously and

in a simpler way by means of revolving discs, as are often used

in physiological optics. If we paste a piece of white paper of

suitable shape on a black disc and cause the disc to turn very fast

in its plane we may get on the surface any distribution of light

in which the brightness of tlie observed plane diifers only for points

situated at different distances from the centre of rotation and so we
may compare it with the corresponding distribution of apparent

brightness. We can also photograph tlie discs first in rest, afterwards

in rotation, and then the first photograph gives an auxiliary figure,

from which the real distribution of light on the figure given by

the second photograph may be known.

Fig. 2, 3 and 4 show (reduced to ± Vr, of their real size) some

of the discs used by me ; the outlines of the white parts of thé

discs are partly radii pointing towards the centre of rotation, and

partly arcs of spirals of Archimedes, for wliich, as is wellknown,

the variation of the length of the radius- vector is proportional to

that of its angle of rotation; at a rapid rotating of the discs re-

presented by these figures we get in accordance with these curved

outlines transitionzones in which the apparent brightness varies as

a linear function.

The maxima and minima of brightness on the limits of the tran-

sitionzones as mentioned in 1., are clearly seen especially by direct

observation of the discs while rotating, but also by examining the

photographs taken of them. Fig. 5 and 6 are reproductions of such

photographs ; fig. 5, corresponding to fisj. 3, shows pretty clearly

the maxima and minima, alluded to above (being circles in this

case); fig. 6, corresponding to fig. 4, shows them hardly at all. The

reproductions of several of the photographs made by me proved so

inadequate that I preferred not to have them inserted here at all

;

all those published, without an exception, show tlie phenomena in

question far less distinctly than the originals ^).

4. Now the question arises whether this optical illusion cannot

be classed among phenomena already familiar to us. Although I

dare not give a definite answer to this question I may be allowed

to offer the followina' considerations.

^) Before tlie assembly Prof. Haga lias demonstrated the plienoiiipua described by

me, as well by means of revolving discs as by photographs talken of tliem.
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It Is well known that two areas of different brightness, either

adjoining' each other, or at some distance of each other standing out

against the same background, when viewed in one glance, influence

each other's apparent brightness by contrast, so that the brighter area

causes the brightness of the darker area apparently to decrease and

conversely. Several psychologists Lehmann '), Ebbinghaus '^), Hess

and Pketori ^), Kirschmann *) and others have made this phenomenon

a subject of investigation and have brought to light some regularities

in its occurring; the laws that govern this phenomenon have however

not yet become completely known in spite of the important inve-

stigations of these scientists.

Now we should be inclined to suppose that the maxima and

minima of brightness described above are to be reduced to the

said effects of contrast. But then it would seem strange that

there should be no intensifying whatever of the lines, whenever the

transitionzone disappears between two areas of equal bright-

ness
; for we might expect that especially in this case there would

be a prominent maximum on the one side of the border and a pro-

minent minimum on the other side of it. But as it is, each of the

two zones shows almost uniform brightness (fig. la, which shows

the disc of fig. lb while rotating) although it is not to be denied,

that in both areas there can be detected, towards the limits a slight

variation of brightness in the sense to be expected. Similar changes

appear a little more distinct in a zone of uniform brightness bounded

on the one side by a brighter zone, on the other side by a darker

zone as represented in fig. 8a (corresponding to fig. 8i); but although

in this case the contrasting influence of the neighbouring zones is

more visible, yet the phenomenon observed shows quite another

character than in the case of the presence of a transitionzone.

5. Presently we shall say a few words more about a possible

explanation of the optical illusion ; first however I'll give some

further information about the conditions under which it appears and

about the laws which seem to govern it

:

P. In the case of a transitionzone with constant gradient of

decreasing or iucieasing intensity the maximum and minimum appear

exactly on the borders of the transitionzone ; at any rate the devia-

1) Lkhmann, Wundt's Philosophische Studiën 3, S. 497, 1S86.

2) Ebbinghaus, Berl. Sitzber. 1887, !S. 9!I5.

') Hess a. Pretori, Von Graefe's j^rebiv f. 0|)litlialmologie 40, 4.

*) Kirschmann, Wundt's Ptiylosopliische Studiën 6, S. 417, 1891.
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tions, which might still exist, seem to fall within the limits of

probable error in the determination of the place of those lines.

2". If we examine successively several drawings in which a tran-

eitionzone occurs and which differ only in this regard that the

transitionzone gels narrower and narrower, we see the bright and

the black line growing finer and finer without there being any conti-

nuous increase in their distinctness ; on the contrary the distinctness

diminishes when the iransitionzones are very narrow and it seems

as if the narrowing transitionzone were a zone of almost constant

brightness, with sharply defined limits towards the other zones.

(Besides it seems to me that there is a general tendency to take

the middle part of a transitionzone in the above sense, for a zone

of uniform intermediate illumination). This gradual fading away

of the lines at a narrowing of the transitionzone may easily be

seen by slightly extending (for instance V2 cM.) the opening in

the middle of the rotating disc (fig. lb), by means of which the

disc is mounted on the axis, in the direction of one of the radial

borders ot the white paper and then causing the disc to rotate, it

being mounted on the axis first as excentrically as possible after-

wards with gradually decreasing excentricity. Indeed we get in this

way a gradual narrowing transitionzone and at the same time the

experiment shows very clearly the just mentioned fading away of

the lines.

3^. Not only do the two lines appear when in the transition-

zone the brightness varies in a direction perpendicular to the border

of the zone with constant gradient, but also under quite diffe-

rent laws of intensity-variation as may be gathered from the

fact that also the photographs of the rotating discs show the lines

clearly; they are very prominent for instance when this gradient

is infinite on the brighter border and becomes finite and diminishes

gradually towards the other border, where it attains a minimum

differing from zero.

40. The lines can also be very conspicuous when the gradient

continuously approaches zero on the borders of the transitionzone.

5". Lastly the lines appear in some cases even where the zones

of equal brightness on either side the transitionzone are replaced

by zones of which the brightness gradually decreases (resp. increases)

towards the transitionzone. It may easily be stated by means of

a rotating disc that the brightness between the two transitionzones

still may appear to have two maxima as in fig. 5, two minima as

in fig. 6 the real brightness having even a faint maximum, resp. a

faint minimum, in the middle tietween the two transitionzones.
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6. To return to the explanation of the optical illusion described

above, it seems not impossible to me that we should have to look for

it in the influences by contrast as mentioned in 4., starting for instance

from the hypothesis that each element of the field in general in-

fluences the observed briglitness of any definite element under

consideration, an influence depending in a definite way on the

distance between the two elements and on the brightness both of

the „inducing" and the „reacting" element. But then we are not

allowed, as we might be inclined to do at first sight, to assume that

this influence increases as continually the distance between the inducing

and the reacting element diminishes and as the difterence in bright-

ness between these two elements increases. For the peculiarity of

the appearing of the lines mentioned in 5. sub 2". would be

incompatible with an influence acting in this manner. Moreover

Lehmann's ^) investigations have already brought to light that the

influence by contrast reaches its maximum at a definite value of

the proportion between the brightness of the inducing and the

reacting field. If we may as seems quite natural apply this law to

the contrast between any two elements of the field and if at the

same time further investigations might prove this „critical" propor-

tion between inducing and reacting brightness to decrease as the

distance between these two elements diminishes, it may be con-

ceived that the optical illusion we have described and the ordi-

nary effects of contrast will be found to obey the same laws.

Accurate investigations will however be required^), especially con-

cerning the influence of the distance between two contrasting fields

on the amount of the influence, before we can arrive at exactly

formulating these laws.

7. Among the methods which may be used to produce the optical

illusion described I may still mention a very simple one: we send

a beam of light through a not too narrow slit, so that it falls on a

second slit parallel with the first, and receive the beam on a screen.

If the second slit is tcider than the first, a middle zone on the

screen will be illuminated by all the elements of the first slit; on

either side this middle zone transition-zones will be found illuminated

by continuously decreasing parts of the first slit, and these zones will

pass into other zones not at all illuminated by light through the slit.

1) Lehman 1. c. S. 525.

^) KiRSCHMANN announces in his treatise alhided to above the puljlioation of his

investigations already partly made on this influence of distance; but tjie ])ub]ication

seems not to have taken place yet.
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The image on the screen will show very beautifully the bright

and dark lines mentioned in 1. On photographs taken of' this image,

these lines are very clearly visible too ; fig. 9, a reproduction of

such a photograph also shows them, but much less well-defined.

If the second slit is sufficiently narroiuer than the first, the image

on the screen will not show a part illuminated by the whole of the

first slit, yet there will be again a middle band of maximum
illumination across its whole extent; and for the rest the image on

the screen will show as a whole the same characteristics as in the

preceding case as to both real and apparent brightness. If the second

slit is gradually narrowing towards the lower part we see an image

projected on the screen in which two straight bright lines appear,

these lines, parallel with the edges of the second slit, intersecting so-

mewhere, but remaining clearly visible beyond the point of intersection.

If we cause the light emitted from the first slit to cast a shadow

of a thin needle or thread, we get a silhouette with a middle zone

having over the whole of its breadth uniform minimum brightness

bounded by transition zcmes of uniformly increasing brightness

which on their outsides again are bounded by areas of uniform

maximum illumination. The maxima, and especially the minima

alluded to in 1. are again very clearly visible here, even to such a

degree that in some cases the appearing of the minima might lead

one to speak of a doubling of the shadow cast by the thread.

In all these cases, if only the slits arc wide enough, diffraction

plays no perceptible part.

8. If we illuminate the first slit of 7. by a X-ray tube instead

of by ordinary light, and if the rays are not caught on a screen

but on a sensitive plate we get on developing, negatives of which

the positives are exactly simih^r to the images described in 7.

Fig. 10 shows a reproduction of such a positive, corresponding to a

similar case as fig. 9.

Fig. 10 moreover shows a white rectangle, which covers part of

the drawing. This effect was obtained by covering part of the

negative, of which it is a reproduction, with a slip of paper during

the copying. I did so in order to point out that the disappearing

of the transition zone — which was effected on the spot in ques-

tion, at least for the greater part, by this slip of paper — is suf-

ficient to cause the line corresponding to it to vanish. Indeed the

bright line which in the other parts of the image is still visible,

however mucn it has lost of its clearness by repeated processes of

reproduction is no longer to be traced where the tronsitionzone

has been covered, which sufficiently proves the fictitious nature
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of the line. The same experiment may be made in the case of

fig. 9 by covering somewhere the transitionzone (for the greater

part) with a sharply ontlir.ed piece of paper. That the disappearing

of the line is really due to the disappearing of the transition-zone and

not to ordinary contrast in consequence of the covering piece

of paper will appear if we take first a dark piece of paper and

afterwards a light one, both producing the same eff'ect.

9. Although the optical illusion described above may be produced

especially by the methods given here, yet it may be often observed

in a simpler way. In nearly all cases where we have an umbra

passing into a penumbra we rnay observe a dark and a bright line

as borders of the penumbra, and the optical illusion appears in all

the various forms described above and even more.

1(). Attention has been drawn to the appearing of bright and

dark lines conjointly with a penumbra, as described in 7 and 8 by

Sagnac (Journal de Physique VI p. 169, 1897). Formerly I did

not conclude from, what he said on this subject that he took those

lines for the result of optical illusion only, although now it seems

to me, if not probable, yet possible that this has been the case.

That I feel justified to communicate my observations on this subject

somewhat extensively is owing to the great importance that, in my
opinion, must be attached to this optical illusion.

In the first place it has deluded many a physicist, who thought

that he observed diffraction lines or other important lines in cases

where now it is certain that no real maxima or minima of bright-

ness of any importance existed; so it lias especially caused bright

and dark lines to be observed in A'-rays- shadows the true nature

of which some have tried to explain in various ways, but no one

had yet sufficiently accounted for. (Another time I hope to return

to this subject).

In the second place it seems to me that this optical illusion may
under special conditions lead to the observation of the doubling of

bright or dark lines or l)ands where in leality there is nothing but

a broadening of these lines or bands together with the borders

growing less sharply defined (compare what has been said in 5. sub

5°), a thing that may occur t. i. when the optical system we use in

observing is not accurately adjusted (resp. accomodated). It may
be that in some cases this optical illusion must be held responsible

for doublings which have been observed and which have not yet

been explained in the right manner or not yet been explained at all.

Ill the third place the optical illusion may lead to errors in the

estimation of the place of the maxima and minima of brightness
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in a system of bright and dark lines, as soon as the brightness in

the neighbourhood of tlie lines is not perfectly symmetrical with

respect to their centres.

At any ratc! we may conclude from what precceds that wo cannot

be too critical while observing maxima and minima of brightness,

and that in many cases we shall even have to convince ourselves

of the existence or non-existence of real maxima and minima of

brightness corresponding to the observed maxima and minima.

Bacteriology. — On the. relation of the ohlujutoas anaërobics to

free oxijcjen. By Prof. M. W. Beijerinck.

The relation of the living cell to free oxygen is best to be judged

from the influence of this gas on the growth and on the mobility.

Of course, only the first method is of universal application.

As to the mobile microbes, some time ago I gave the name of

„figures of respiration" ^) to the peculiar groupings, which originate

in preparations destined for the microscope, in consequence of the

access of oxygen only along the edge of the examined drop under

the cover-glass, the microbes being thereby enabled to seek that

quantity of oxygen which is best adapted to their respiration. Three

types may here be distinguished according as the microbes seek the

highest tension of the oxygen along the edge, a middle tension at

some distance of it, or the smallest tension in the centre of the

preparation. These types I called the aerobic, the spirillous and the

anaerobic type.

Further experience has shown that the anaerobic type, charac-

terised by the accumulation of the moving microbes at that spot

of the preparation where the oxygen tension is minimum, — com-

monly near the centre, — does not exist as a special type, but

becomes visible only under particular circumstances, and further,

that when the aeration of the preparation is sufficiently small, all

anaërobics, examined till now, appear to belong to the spirillous

type, that is to say, they not only don't fly those places in the

preparation, where a small oxygen tension still exists, but they even

seek them.

This tension, beneficient for the anaërobics, is however very slight,

whence follows, that by using only a moderate number of microbes,

consuming but very little oxygen, there may enter at tlie edge more

oxygen than is wanted. In such a case the tension, most approaching

1) Centralblatt fur Bacteriologie Bd. U pag. 837, 1893.
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the required optimum, will be found in the centre. The accumu-

lation of the microbes will then also be localised to the centre,

causing' the semblance of an anaerobic type as a special case. It is

clear, that if this is the right explication, the true representatives

of the second type, viz. the spirilli, must under certain conditions

also accumulate at the centre, namely then, when all the spirilli

together cannot absorb the total quantity of oxygen entering along

the edge of the preparation, and this is indeed easily to be observed,

by using a small number of spirilli and a large coverglass.

So, there is no sufficient reason to divide the mobile bacteria

into three types according to their relation to free oxygen, as I

formerly did, but only into two. It also seems to mo that the

names for the types, already mentioned, are not quite applicable, and

that it is preferable to call aërophilous all organisms which seek the

highest oxygen tension ^), and microacrophilous those which require

a lower tension. To this latter group then, belong the obligatous

anacrobics as far as now observed, and the acTobic spirilli with

regard to their mobility.

I am obliged here to speak of „aerobic spirilli", as I have for-

merly shown that there also exists an obligatous anaerobic spiril,

namely the organism of the reduction of sulphates, Spirillum desul-

furicans. Though this kind is very mobile, yet the growth is so

slow, that I have not succeeded in collecting a sufficient number of

individuals to get distinct figures of respiration, — a difficulty which

exists also more or less with other obligatous anaërobics.

The conviction that free oxygen is beneficial to all that lives,

and in the long run probably even necessary, is based on the

relation of the fjrowth of the obligatous anaërobics to this gas,

and here the mobile forms as well as those which are not mobile

may enter into consideration. Before hoM-ever describing the experi-

ments which seem decisive, I must fix the attention on the following

circumstance.

For alcohol yeast and the other facultative anaërobics, it must be

admitted, that the possibility of their temporary anaërobiosis, is

determined by the presence of a provision of oxi/gen in loose com-

bination with the living matter of the eel! itself, by which combination

some cell divisions are rendered possible without the supply of new
oxygen. Consequently there must be a difference between aerated

and not aerated cells.

1) Here is only question of experiments in common air, not in pure oxygen.
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If it is accepted that this relation holds also ^ood for the obli-

gatuus anaerohica, then it is to be expected that their provision of

oxygen will be much smaller than that in the yeastcell, so that it is

necessary to take much more efficacious measures to render the

influence of the oxygen visible in the former than in the latter case.

It is therefon; desirable, in some cases even necessary, to use for

the experiments materials, taken from such cultures as have long

been continued in absence of air, by which the provision of oxygen has

been lessened. So far as I am now able to judge, strongly aerated

anaërobics are, as to their growth, acrophobic, i. e. they grow best

there where the oxygen tension is minimum or zero. As contact

with air is in itself not sufficient to cause aeration, — spores for

instance seem less fit to be aerated than vegetative cells, — there

now and then occur strange incidents which make the experiments

troublesome.

The way in which I arranged my growth experiments is as follows.

Material of the species to be examined, is introduced, in a not

aerated condition, and. if possible, in the state of spores, into the

culture mass still iu fusion, in such a quantity, that the germs,

developped into colonies, may render that culture mass, after solidi-

fication, rather opaque.

If such a culture mass, from which the free oxygen is completely

withdrawn, is contained in a deep experiment-tube, where the air

can only find access from above, then, if the growth is favoured by

a certain oxygen tension, there must result at the very place where

this tension becomes optimum, an opaque and distinctly visible

niveau of colonies, which are greater than the colonies beneath and

above this niveau.

The easiest way for completely removing the oxygen, is to

sow simultaneously an acrophilous species, not acting injuriously on

the development nor disturbing the observation of the anaerobic.

Such an aerobic must have the following qualities : The oxygen

must be completely absorbed, without exciting so much growth iu

the surface of the culture mass, that the colonies of the anaerobic

become indistinct. Besides, an easy recognition in the microscopic

preparation, and a simple separation of the aerobic and the anaerobic

must be possible.

In trying various species of microbes, I found some kinds of

yeast to be most efficient for the research of the anaërobics of putre-

faction and of sulphate reduction, as for these processes no carbohy-

(iiales aic essential, in which case yeast does not grow strongly,

whilst it is distinctly recognisable under the microscope. Besides,
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yeast can easily be separated from the anaiirobics of proteine putrefac-

tion, because it dies at 50° h 60° C, whilst the spores of the latter

can be heated to 90° a 100° C. without dying. For the examina-

tion of those anaërobics whicli require sugar in their food, as for

instance the butyric ferments, it is preferable, for oxygen absorption,

to make use of certain blastomycetes (which grow and reproduce

like yeast, whilst alkohol fermentation is absent) or aerobic bacteria,

which don't i)roduce acid, nor liquefy gelatine. Good results were

obtained with a red blastomycete, isolated from garden-soil, and with

Bacillus fliiorescens non liquefaciens.

It is good (but not always necessary), to place the prepared

experiment-tubes, in an exsiccator which is vacuated. For this vacua-

tion a KoRTiNG-waterjetpump with manometer will suffice, by which

at the same time the pression of the gas used may be measured.

Another very suitable method to state the influence of oxygen

on the growth, is to cultivate in the „humid room" on the object-

bearer under the cover-glass, in a not too small quantity of the

nutritious liquid, but in such a way as to keep the preparation

thin enough for the microscope. In this way it is possible to observe,

in the same preparation, first the figure of respiration and afterwards

the growth.

The species of obligatous auacrobics which I have examined are

the following.

Butyricferment (Granulobacter sacclmrohuttjricuin). This anaci'obic

is extremely common in garden-soil. Fit material for figures of respir-

ation is to be obtained as follows. Water with some kalium phos-

phate and magnesium sulphate and 5 or 10 pCt. glucose is boiled

in a little flask with so much fibrine that a thick paste is formed.

During the boiling an infection with garden-soil is practised, in which

only spores of bacteria remain alive. In the thermostate a vegetation

of aerobics develops first, which, by the absorption of the oxygen,

introduces butyric fermentation. Sometimes this fermentation will follow,

even in absence of aerobics, i. e. notwithstanding the entrance of air into

the mass of fibrine, thus showing that some aeration is certainly no

bar to this process. If perhaps an aerobic grows too strongly, reinfection

in another flask with the same mixture, will suffice to make it dis-

appear and at length still to obtain an almost pare butyric fermen-

tation. If in the infection material there are too few spores,

as well of the butyric ferment as of aerobics, some aerobic bactery,

or a blastomycete must be purposely added for the absorption of

the oxygen.

In this way a cukuie is obtained containing only the „oxygeu-

2
Proceediugs Royal Acad. Amaterdam. Vol. 1.
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form" of butyric ferment, i.e. only mobile staves and no Clostridia.

With them a figure of respiration may be produced consisting of

a single fine line of quickly moving little staves, situated at some

distance from the edge of the cover-glass and the meniscus of the

preparation, which places the microaërophily of this ferment beyond

all doubt.

If to the fermenting mass pure calcium carbonate is added, by

which the acid is neutralised, the growth of the bacteria becomes

much stronger, and the staves give place to Clostridia rich in gra-

nulose, and which at length produce spores. Although the opaqueness

caused by the chalk, spoils in some degree the purity of the figu-

res of respiration, yet the experiment succeeds well enough, and leads

to the same result, i, e. proves that the Clostridia of the butyric fer-

ment are microaërophilous in the same way as the oxygenform. "With

boiled milk, ^) in which a spontaneous butyric fermentation had origi-

nated, the above observations could equally be made. That the same may

be said with regard to the bidijUc ferment {Granulohacter hiitylicum)

formerly described by me "), I need hardly add here, as it was the

continued study of this very ferment, which rendered the here

described relations clearer to me.

Anaërobics of putrefaction of froteids. The most striking instances

of obligatous anaerobics are met with in the putrefaction of pepton,

or, generally speaking, of proteine substances. If one wishes to

isolate the microbes concerned, efficacious measures must be taken

for the exclusion of oxygen, as the quantity of air which these

ferments admit, without their growth being impaired, is certainly

much smaller thaa with the butyric and butylic ferments. Hence

here in particular it was of importance to study their relation to

oxygen.

Before entering upon my immediate subject, I think it necessary

to say something about the different species concerned in the process

of putrefaction, the literature on this subject being quite unsatisfactory.

Bacillui' putrificus coll Bienstock^) is an anaerobic, fouod back

by nobody, so that it cannot be typical for the putrefaction of

proteids. Besides, an exact microscopic examination shows that more

1) Milk, boiled in a not too undeep flask, will sometimes get into butyric fermeu-

tation, even with free entrance of air, without the presence of aerobics.

2) Archives Nc'erlandaises T. 29, pg. 1. As this ferment produces much more

propyl icalkohol than butylicalkohol it would have been better to call it Oranidobader

propyÜQum.

") Zeitschrift fiir klinische Medicin, Bd. 8. pag. 1. 1884.
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than one species must here be active. That however, the number

of typical bacteria should be very great, I think doubtful, for the

following reasons: The course of the process of putrefaction is quite

the same when the material, after infection with soil, is for some

moments heated to 90 a 100° C. as when this is not done. Hence

it follows that only spore-forming microbes are typical for the

process. The experiment shows further that exclusion of air acts

favorably on its course, so that all aerobic microbes appear to be

indifferent, except in so far as by absorption of oxygen, they favor

the development of the properly so-called putrefaction bacteria.

By these two data the process was so much simplified from a

bacteriological point of view, that there appeared some chance of

further unravelling it. Though hitherto I have by no means entirely

succeeded, I think, nevertheless, that what follows holds good.

Three species of obligatous anaërobics are in particular concerned

with the putrefaction of proteids. In the first place Bacillus septicus,

secondly a group of extremely variable forms, related to the tetanus-

bacillus, and to which I will give the name of „skatol-bacteria",

and thirdly, an immobile, well-characterised species, called by me

B. pseudopulcher . For separating these different species, I used a

culture gelatine of the following composition : Destilled water, 10 pCt.

gelatine, 3 pCt. pepton siccum, 0,05 pCt. dinatrium phosphate, 0,05 pCt.

magnesium sulphate, using at the same time yeast or a blastomycete

for withdrawing the oxygen. When put into adeep experimeut-tube,

the anaërobics develop even with free entrance of air.

B. septicus Pasteur, is, according to my experience, one of the

most spread species of bacteria, to be found wherever animal Bub-

stances are tainting, and very common in dust and in the soil.

It is an easily recognisable and well defined species. A virulent

form of it goes in the German literature by the name of -Ö. oe(/ew«^*s

malifjni^). Material of the latter, occurring in the laboratoria,

I compared, also with a view to their relation to oxygen, with cultures

of B. septicus, repeatedly isolated by me from putrefying albumen

solutions, or fibrine, infected with garden-soil, but I could discover

no difference.

The skatol-bacteria are to be known by the globular spores

which are found in proteine putrefactions, in the swollen ends of

thin, commonly long staves. One of the forms isolated retained

1) A bactery, accepted by the medical men cas a particular species, B. Chauveam (of

the French) or B. emphy-sniitulos (of the Germans) is, in my opinion, only a variety of it.

9*
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at first, even in the pure cultures, globular spores, whilst in other

isolations the spore-form proved not to be constant. The dimensions

of spores and staves are most variable. Motion, if present, is slow,

in pure cultures sometimes absent. Glucose, added to the above

mixture, gives rise to the production of gas. The colonies cause the

culture gelatine more to weaken than to liquefy ; they are sometimes

colorless, commonly, however, surrounded with a brownish aureole.

The study of this species is difficult on account of the great vari-

ability in form and functions, which renders the experiments doubtful

and often suggests infection with allied forms, to which their com-

mon occurrence gives particular cause.

While skatolbacteria never fail in putrefying substances, B. septicus

may be absent and its place be taken by B. pscudopulcher. This

name was chosen on account of its resemblance to a common earth-

bactery, related to B. megatherium^ and which I baptised B. pulcher ^).

Motion is never observed in psendopmlcher
]
the spores are oblong,

larger than in B. septicus, frequently to be found in long rows

within the threads, generally, however, tiiey occur in short staves.

The colonies, which liquefy strongly, have a smooth surface, by

which they may be easily distinguished from B. septicus. They are

characterised by a heavy sediment, consisting of staves and spores.

This sediment is different, or wanting in B. septicus. The pure

cultures develop gases but not many stinking products. There is often

a distinct smell of cheese to be observed. The study of this bactery

is still imperfect and I mention it only because it might be taken

for B. septicus.

For the object I have in view, I studied in particular B. septicus,

while I think, that there is not one indication in bacteriological

literature which suggests any benificient effect of free oxygen on the

functions of this bacillus. For the skatolbacteria on the other hand,

such indications exist. It seems at least according to some authors,

that certain varieties of the nearly allied and commonly obi iga tons

anaerobic tetanus-bacillus, are suscept to change into aerobics, a

transformation which I witnessed myself by other varieties isolated

from putrefying albumen. Moreover B. septicus is a „bona species",

i. e. recognisable for everybody.

B. septicus is exceedingly mobile and generally consists of staves,

covered all over with ciliae. Spores grow easily, especially when
there is contact with air. They are more oblong than globular,

') At present in trade by the name of "üliuit.'
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mostly enclosed in the somewhat swollen ends of the staves, and

surrounded by a hollow space. Though this bacillus is evidently

polarically constructed, it moves spore-end or tail-end forward,

and may suddenly change the direction of the movement. When a

little air accedes, the staves may grow out into long threads and

the motion ceases.

With a total withdrawal of oxygen there is a disposition for the

formation of Clostridia, but without a marked difference between

an „oxygenform" and a „clostridiumform" as found in Gramtlo-

bader butijlicum.

If the nutrient matter is merely albumen or pepton, gases are pro-

duced, whose quantity increases more or less by the addition of glucose.

Fibrine and proteids produce volatile sulphides, sometimes in great

profusion
;
production of merkaptan, too, is observed under unknown

circumstances. The colonies liquefy ihe gelatine of the above com-

position; their surface is quite characteristically pointed, evidently

because many small shoots pierce slightly into the gelatine, before

the melting sets in. This may be compared with the behaviour of

anthrax, where, however, there is no melting at all. Commonly

whether spores or vegetative cells are sown out, only few germs

develop, which proves, that the nutrient matter itself, — even the

best I could procure, — acts in a high degree as a „bactericid" in

relation to B. septkus. The growth is slow, even at brooding tem-

perature, when compared to allied aerobics.

Concerning the necessity of oxygen for B. septicus and the skatol-

bactery, I could state what follows.

B. septicus I observed as well with regard to the figures of

respiration, as to the growth. In both ways the microai-rophily

could with certainty be stated. As this bacillus is extremely mobile,

and as the spores render the swarms of bacteria very opaque, the

study of the figures of respiration offers no difficulty.

A small number of bacteria accumulating in the centre of the

preparation, produce the impression of aërophoby. If on the con-

trary, the bacteria are very numerous, a circular accumulation

is formed at some distance from the edge of the cover-glass and

the meniskus, pointing out the place where the tension of oxygen

is optimum. If we examine the inner field, i. e. the part surrounded

by the accumulation and totally deprived of oxygen, there, too, all

is in motion. This morion is however much slower, more staggering

and uncertain, than in the accumulation itself. I think that this

innei- part is continually supplied w^ith individuals from the accu-

mulation, which individuals, after some time return to the latter, to
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take in a now provision of oxygen. Outside the accumulation, ileal'

the edge of the cover-glass, where tlie pression of oxygen increases,

the number of bacteria diminishes quickly, together with the mobility

of the remaining ones. At the edge itself all is in complete rest,

and no motion sets in when the surrounding- is freed from oxygen.

Still 1 have no reason to consider the resting individuals as dead;

I even think they function as an „oxygen filtrum", thus protecting

the more inwardly swarming.

If some grains of fibrine are introduced into preparations of

which the figures of respiration are being studied, and if placed at

c a. 25° C. in a „humid room", a considerable increase of bacteria

may readily occur. Watching the process micros- and macroscopically,

we find the growth almost exclusively limited to the accumulation

parallel to the edge, which accumulation grows more and more dense by

the increase of the spores, whilst the central part continues as clear

as at first. Consequently, it may be taken for granted that 7^..st^j//chs

requires oxygen for its growth, as well as for its mobility.

On this occasion I wish to correct a mistake in my description

of Spirillum desulfuricans. I there stated erroneously ^) that Spi-

rillum ienue, which is typical for microacrophily as to mobility,

is also microacrophilous with regard to growth, so that, when sown

in a fit culture mass, it shows its maximum growth, not at the

surface, but at a certain distance below it.

This has proved to repose on „trophotropy", signifying that growth

is more favored by the influence of the food than by the oxygen.

It occurs only when a bad culture ground is taken for the experi-

ment, and it is by the acrophily of the growing spirilli that it must

be explained. For the intense growth will cause at the surface a

rapid exhaustion, so that, if no abundance of food is pr^'sent, and

if the food can only come up slowly from the depth by the process

of diffusion to the place of consumption, then, not the surface itself,

but a deeper layer will, under the joined action of oxygen and

food, be most favorably situated for growth and increase. Thus in

fact, Spirillum tenue is acrophilous as to growth and mieroaërophilous

as to mobility.

Beside to this peculiar form of „tropliotropy" in the growlh, one

has to pay attention, when studying the figures of respiration, to a

phenomenon of almost the same nature with respect to the mobility,

and which may be called „trophotaxis". It consists in the accumu-

1) Archives Nt'erkiulnises, T. 29, pag. 272.
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lation of the mobile microbes, which are more attracted by the food

than by the oxygen, not in the meniscus and at the edge of the

preparation, but at some distance. I observed this in an aerobic

species, which I have called Bacillus perlibratus^ where trophotaxis

may become so strong, that microaërophily is mimicked, and was

erroneously described by me as such ^).

With abundant food, however, nothing is to be seen of these

phenomena, so that by attentive observation microaërophily may

always distinctly be recognised.

I now return <o the anaerobes of the putrefaction of proteids,

and in particular to the second important form, the skatolbactery.

Of this polymorphous form I examined, as already said, material

closely allied to the tetanus-bacillus, which material is strictly

anaerobic, and perhaps ought to be considered as the most character-

istic for the process of putrefaction in general. I isolated various

varieties and by means of growth experiments I was enabled to state

microaërophily. The mobility of my varieties was too insignificant

to be of use for the production of figures of respiration. "When using

the above mentioned pepton gelatine as nutrient matter and Saccha-

rowyces apicidatus for the absorption of oxygen, most convincing

„niveaus", of a light brown color and with much growth, originate

in deep experiment-tubes at a certain distance from the surface,

in the surface itself the transparent clear colonies of the apicu-

latus-yeast develop vigorously, the skatolbacteria not being able to

develop there.

Tiie spore-formation seems here also to be favored by a small

quantity of oxygen. Certain it is that spores are the most profusely

formed in the niveau, and as their production goes parallel, first

to the weakening and then to the complete liquefying of the gela-

tine, it is clear that also the latter process must begin in the

niveau, to become only much later perceptible in the depth, and

without reaching the surface at all.

I wish to terminate this survey of the obligatous anaërobics,

studied by me, with the statement that the existence of micro-

aërophily could also be proved for Spirillum desulfuricans by means

of growth experiments.

This species is, in opposition to 6'. tenue, strictly anaerobic and

belongs morphologically to quite another group than the butyric-

ferments and the bacteria of putrefaction, which is clearly demon-

1) Centralblatt fur Bacteriologie, Bd. U, pag. 839, 1893.
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strated as well by the vibrio- or spiril-form, as by the absence of

spores *).

If sown in pepton gelatine, with Mohr's salt and an aerobic bac-

tery {B. tenno) for the absorption of oxygen, in deep experiment-

tubes, the microaërüphily becomes visible by a black „niveau"

of ferrosulfid, first formed at some distance beneath the surface

and thence, only slowly, growing towards the depth and upward.

When microscopically examined this niveau proves to be richest

in reducing spirilli, so that evidently not the function of the sul-

phate reduction as such, but the growth of the »S'pnv7//n;?, active in this

process, is furthered by a low oxygen tension.

It is fit here to make a few remarks concerning the I'elation of

facultative anacrobics to free oxygen. By far the greater part of facul-

tatives is aërophilous. I mention for instance Miicor racemosus, all

alcohol yeasts. Bacterium coli commune^ B. ladis ncrogeneSj Granit-

lohader polymyxa, Bacillus tuberculosis, B. prodigiosus. If the pro-

duction of figures of respiration is possible, then the width of the

moving bacteria zone is very great, even in dense swarms, which

indicates a slow consumption of oxygen. This is especially the case

with the fermenting species, as coli and aërogenes, and sometimes,

too, with not fermenting species, such as Bacillus tuberculosis '^).

Microaërophilous are among the facultatives, so far as I think I

can assert now, only the true lactic ferments, which may be brought

to two groups of which the most important representatives are:

Bacterium lactis (of buttermilk), and Bacillus lougus (of cheese and

of the yeast industry).

As these forms have no motion and produce little living matter

in growing, the total quantity of absorbed oxygen is very small,

whence the experiments are difficult and subject to doubt. If

sown, however, in a proper solid culture mass, to which calcium

carbonate is added, in a deep experiment-tube, it may be observed

that, under favorable circumstances, at a certain depth below the

surface, the formation of acid is the most vigorous. This is caused

by the existence of a niveau, very rich in bacteria if compared with

deeper layers where less, as well as with those nearer to the

surface, where more oxygen is present. After some time, however,

so many colonies originate, as well at the surface as in the depth.

') As I think the only well-described instance of a spore-free obligatous anaerobic .

^) The mobility of Bacillus tuberculosis bas first been seen by Mr. Mac Gill.ivry.

The figures of respiration are troublesome to obtain and only with quite young cul-

tures, as for instance of flesh bouillon agar, not older than 24 hours.
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that the microaeropbily grows indistinct, without changing into

aërophily.

Recapitulating, and adding some instances not yet mentioned, I

come to this conclusion :

Jërophilous are: All aerobic bacteria (except some spirilli), most

facultative anaërobics, probably all cells of higher animals and plants,

most infusoria.

Microal'rophilous are: The few hitherto examined ohligatous

anaërobics, to which belong also the chromatia and other sulphur-

bacteria, and Spirillum desulfuricans. Of the facultatives probably

all lactic ferments, besides some (perhaps many) species of monads,

and some infusoria.

Ai'ropliilous ivith regard to c/roicth, niicroacrophilons tvith regard

to motion are/ Some true spirilli, perhaps also some monads.

Though nobody will be surprised that, in reason of the above

observations, I believe that all living organisms known at present,

require free oxygen for their existence, I am far from pretending to

have furnished the entire proof for that belief. It may even be asked

whether there is cause to speak of „want" of free oxygen, and if

„use of it if accessible" were not more adequate.

With regard to the examined obligatous anaërobics I have only

shown that an extremely small quantity of free oxygen is propitious

to their growth and mobility, but not yet that in the long run they

would perish without it
i).

I must however insist on this being positively the case with the

aërophilous facultative anaërobics, such as alcohol ferments, B. coli

comnnme, etc. If these are prevented from laying in a „provision"

of oxygen, on which to live when this gas fails, the growth soon

ceases and, even with the best food, life too*). This fact is very

singular, for the extremely small quantities here concerned, are

nothing as to the development of energy.

Consequently it is not clear why the combined oxygen, which

abounds in the food, cannot here fill the place of free oxygen. With

1) Experiments in this latter direction have not yet given any sure results and
have only proved that, with apparently efficacious precautions, anaërobiosis without

access of air can long go on. So I could, without supply of air, make seven butylic

fermentations go on successively, but at the seventh there arose some doubt whether
the bacteria had varied or that an infection from without with butyric ferment had
occurred.

2) For this reason I formerly proposed to call these organisms //temporary anaëro-
bics", but now that I am more and more convinced that also the //obligates" can
exist only temporarily without free oxygen, I no more attach much value to that term.



(2G )

tlie unknown signification of the latter it is, to be sure, quite

uncertain whether there must exist a minimum limit beneath which

the possibility of life is totally excluded; but as this limit does

certainly exist for the facultatives, one is by analogy inclined to

accept its existence everywhere, consequently for the obligatous

anaërobics, too. That is, for them also, to recognise free oxygen as

a necessity for existence.

This opinion has the more weight now that it has been proved

how easily may be shown that they not only use free oxygen but

if possible, seek it and that it may promote even such important

functions as growth and mobility.

Without doubt, this points to something more than „use", albeit

the term „want" goes perhaps too far. As it is however a fact

that the obligatous anaërobics can produce thousands of new gene-

rations without a renewed contact with free oxygen, the hypothesis

demands the acceptance of a peculiar exciting action of the free

oxygen, stored up as a provision in the body of the bacteria.

This action cannot be compared to that of kalium, or of magne-

sium, or of the other elements necessary for life in small quantities.

In the first place, because the latter must be present in quanti-

ties of another order, quantities gigantic compared to that of the

oxygen provision ; secondly and especially, because these elements

may be withdrawn from the most different chemical compounds.

The very necessity of the oxygen being free, causes the difficulty

of giving a definite representation of its function. Some light would

go up if it could be proved, that in the food a loosely bound

form of oxygen might occur, accessible to the anacrobics, and

Pasteur has indeed supposed that the oxygen, which is found in

beer wort, and cannot be separated from it by pom ping or boiling,

makes the anacrobiosis of beer yeast possible.

Facts are however not in accordance with this hypothesis. Now,

as in the case of beer yeast and the other facultative anaërobics, we

are obliged to admit the existence of a store of free oxygen in

the cell itself, which, in a way hitherto unexplained, makes a

temporary anaërobiosis possible, analogy, supported by the observa-

tions here described, leads to the same conclusion for the obliga-

tous anaërobics.

Physiology. — On the influence of solutions of salts on the volume

of animakeUs, being at the same time a contrihution to oiir

knowledge of their structure. By Dr. H. J. Hamburger.

("Will be published in the Proceedings of the next meeting).
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Physics. — „ On an asymmetry in the change of the spectral lines

of iron^ radiating in a magnetic field'\ By Dr. P. Zeeman.

(Will be published in the Proceedings of the next meeting).

Physics. — The RkLh-effect in electrolytes. By Dr. E. van Ever-

DINGEN Jr. (Communication N°. 41 from the Physical Labo-

ratory at Leiden, by Prof. H. Kamerlingh Onnes).

1. The researches on the HALL-effect and the increase of resist-

ance in the magnetic field for bismuth, communicated to the

Academy in the Meetings of 30 May 1896, 21 April and 26 June

1897 ^), and afterwards treated more at large in my dissertation,

induced me to put the question, whether these phenomena may

justify a choice among various theories about the nature of the

electric current and the resistance of metals. A first step towards

answering this question was the deduction of a formula for the

HALL-efFect in electrolytes, with the aid of simplifying suppositions.

Indeed it is generally assumed that in electrolytes the electric current

consists in a convection of charges by the ions; the velocities of

this motion are known in many cases, hence all the data for the

calculation are present. This research, already begun in Chapter

VIII of my dissertation, being concluded for the present, I wish

here briefly to communicate the results.

2. Several phj'sicists have tried to observe the HALL-effect in

liquids. They succeeded indeed in observing differences of potential,

caused by a magnetic field in solutions of sulphate of zinc and

copper which were traversed by currents, and changing their signs

on the reversal of the magnetic field or of the current. Whereas

however in most metals the HALL-effect is proportional as well to

the strength of the current as to the field, and in all metals the

difference of potential appears immediately on closing the magnetizing

current, in the liquids this difference increases more tiian the current

and less than the magnetic field, and after the applying of the field

it grows slowly towards a maximum. Chiefly on account of the last

named fact RoiTi ^), Florio ^) and Chiavassa *) refused to acknow-

ledge the differences of potential observed also by themselves as

') Commimicntions from the Pliys. linl). at the Univ. of Leiden. N". 26, 37 and lO.

a) Atti della E. Ace. dei Lineei 12 p 397, 1882; Journ. de Pliys. 1883.

') II nuovo Cimeato, Ser. 4, Ï. 4, p. lUC, 189fi.

*) Elettricista 6, 1897.
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proofs of the existence of the HALL-effect in liquids, and attributed

those differences rather to ponderomotive forces, exerted by the mag-

netic force on the particles of salt, to diiTerences of concentration

or to differences of temperature. The two physicists first mentioned

confined themselves to experiments, in which disturbances of this

kind were avoided, and the HALL-effect had really disappeared

;

Chtavassa however also demonstrated the existence of differences

of temperature and of concentration, determined the influence of

these differences on the readings of the electrometer, and proved that

in a non homogeneous magnetic field vortical motions occur in the

liquid, which depend on the strength of the current, the magnetic

field etc. in the same manner as the observed apparent HALL-eftect.

Bagarü ') on the contrary believed to have avoided all distur-

bances in his experiments and was therefore convinced of the reality

of the HALL-effect in liquids.

The observations of Chiayassa were made in the same manner

as those of Bagard; hence the greater part of the difference of

potential observed by Bagard was very liivcly due to disturbances.

In the controlling experiments however, which were to prove that

whithout disturbances no difference of potential appears at all,

strongly concentrated solutions were always used ; so it was still

possible that in the diluted solutions used by Bagard a part of the

observed effect would remain even in the absence of disturbances.

Hence the question has not yet been solved by experiment.

3. We proceed to the theory of the phenomenon and for the

present confine our attention to the state of matters in the inner part

of the liquid, i. e. far from the lateral borders. If we put for the

E. M. F. in the direction of the axis of X Ex, and for the velocities

of the ions caused by a slope of potential of 1 C. G. S. unit per cM.

U and F, then the velocities are

E:,U and E^V

respectively in the directions of the positive and the negative axis

of X. We assume with Lürentz") that an ion, moving with the

velocity v in a magnetic field of intensity B is acted upon by a

force represented by the vector product [v. B.] for each unit of elec-

') C. K. T. 123, p. 77 and 1270, 1896. Journ. de Phys. Slt. 3, T. 5, p. 499, 1896.

") See f. i. Versucli einer Theorie der electrischen und optischeii Krscheimingeu

in bewegten Korpern. Leiden, 1895.
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tricity. In real cases the numerical value of this product is small

as compared with unity; the variation in the direction of motion is

only slight; lience we are allowed to assume this force to be always

perpendicular to the axis of X. If the magnetic force is along the

axis of ¥, the ions will obtain on additional velocity in the direc-

tion of the axis of Z i).

These vclocities will cause difleiences of potential and of concen-

tration. Wiit'u the state of equilibrium has been reached it is not

necessary tliat the velocities should be zero, but it will be suf-

ficient if

P. The velocities of positive and negative ions are equal.

2"^. As much of the dissolved material wanders back by diffusion

in the molecular state as is transported in the form of ions by the

said velocities.

For completing the image formed in this way we ought to ima-

gine at the borders of the liquid, or at all events outside the space

now considered, on one side molecules dividing into ions, on the

other side ions combining again into molecules. For the moment

we suppose the reaction-velocities for these processes to be infinitely

great.

We will now work out the two conditions.

]f we call the E. M. F. in the direction of the axis oï Z E,
^ the

ions obtain velocities in the direction of this axis equal to

{U HE^-\- £-) U and ( VH Ej, — E,) V.

Writing cj for the concentration of both ions and fj for the con-

centration of the salt, we may represent the velocities of diffusion

of the ions by

A dc^ A dc-i

. £/ and . V
Cj dz t'l ds

and that of the salt by . U.
'•2 '/-

Here A is a constant closely related to the diffusion constant of

completely dissociated electrolytes; B has a similar signification for

the diffusion of a non dissociated salt.

') A calculation which takes into account the irregular thermal motion of the ions

leads to the same results.
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The first condition lomls

UHE^-ir E, ^- AUzr^iv IJ E, — E, ^
. ) V . (1)

("l
ds J \

c'l dz J

the second

D dcn ( A dc,\
---"

. Uc,= {UHE, + E, T-j^^'i • • (2)
C2 dc \ Ci dz /

Taking' into account that tlic difference of concentration will be

very small, and that we supposed the reaction-velocities to be infi-

nitely great, we shall put cy = k c^
,
k being a constant.

(2) may now be written

B dci / A dc,\
^ — (UHE,, + E, ^]L

Ci dz \ Ci dz J

SO

1 dci_{UBE^-{- E,)k

c^ dz
~ B -\- Ak

Ak
Substituting this in (1) and wiiting a for

r, . r,
we obtain

(ÜBE^^^E,) (1 —a) U=. \{VHE^ — E,) — a{UHE^-\-Ez)\V.

E,\U+ V—a{U~ V)}^ — E,I1[ U-^ - V'-a{U'-— U V}\

E. f;(i -«)+ V
H(U- V]

'^
E,

' f/(i_„)_j-F(l+a)

and

1 dc, I
U (I — a) 4- V ) a

The limiting cases are /c = and /; = co .

First case (very slightly dissociated) a = 0.

E~ dcc

^ = -H{U- V) -^ = (3)
Ex dz

Second case (completely dissociated) a ^ 1.

5=_£(t,-,o l*i = ^.H.£±Z. . . (4,



( 31 )

Both tliese results may be deduced directly. If cj tends to zero,

uo differences of concentration of the free ions are possible and the

velocities must be equiiliseil by the action of electromagnetic and

electric forces alone.

The equation

(£"., U HAr E,) U r= {E^ VH — E.) V

immediately gives the relation (3).

In a completely dissociated solution on the contrary no molecules

of salt can go back by diffusion, so the velocities of the ions in the

direction of the axis of Z should both become equal to zero ; hence

„ A dc-, A dc-,

E^U H-}-E- i = and E^ V H — E, -^ :=
C] dz Cj dz

from which the relations (4) follow immediately.

As a matter of fact, the reaction-velocities are not infinitely great.

By supposing these velocities to be equal to zero we may however

perceive that the result is not very much altered by this. In this

case no decomposition or combination occur; the concentration of

the molecules of salt is not altered, these have therefore no influence

at all upon the phenomenon. So we then find, whatever the real

degree of dissociation may be, the same result as in the case of

complete dissociation.

Hence it is very likely that the IlALLeffect in liquids may ge-

nerally be represented by

§'=-/.//(f/- V)

f( lying between 1 and ^.

This result gives the rotation of the equipotential lines in the

inner part of the liquid. The question rises, whether this is what

has been observed in the experiments. In these namely the difference

of potential between two electrodes of metal is read ; if these elec-

trodes are immersed in liquids of different concentration, another

difference of potential will appear, the value of which may be
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estimated by means of the formula of Helmholtz ')

2ü„ V
f/+ V

I
—

Here po means the osmotic pressure for a concentration of 1 gram-ion

per cM^., « the charge of a gram-ion in electromagnetic units.

We take a definite case for this estimation, namely a solution of

sulphate of copper with the concentration r^ =z 3.10—5
, the lowest

value we find among the numbers of Kohlrausch ") for this salt.

We shall suppose that, in this case, applies the formula for com-

pletely dissociated solutions.

t/= 218.10-1+ r=373.10-w

so — (C/-F)= 155.10-1*. Taking E^=l volt or IQSC. G.S.,

H=10\ we find £. = 0,78.

This is the difference in C. G. S. units between two points on the

axis of Z, 1 cM. apart.

The difference of concentration is determined by

Comparing our for/uula for the velocity of diffusion with that of

Po J
Nernst"'), it appears that A=z—-^ where — ^. force required to

J U u

move a gram-ion, with migration-velocity it, with the velocity of

1 cM. per second through the solution.

Co / dc^\ dc-,

l± — l[\J^ -1)^-1— . . . .

We retain only the first term, so

Co U-\- V
2A

') Wied. Ann. 3. p. 201, 1878. In this form the forinulii, is given by Nernst, Zeitschr.

f. ph. Chem. 4, p. 129, 1889.

2) Wied. Ann. 50, p. 404. 1893.

^) Zeitschr. f. ph. Chem. 2, p. 619, 1888.
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yet use the phenomena in electrolytes in order to get a better insight

into the nature of the electric current in metals. In this respect

more may perhaps be expected from researches as those published

lately by Riecke ') under the title „Zur Theorie des Galvanismus

und der Warme," where relations are sought between the different

thermic, galvanic, thermo-magnenc and galvano-magnetic phenomena

in bismuth. I. a. Riecke calculates with the aid of certain supposi-

tions U and V for bismuth and finds

£/•— 0,05.10-5 F= 7,21.10-5.

I intend shortly to publish the results of measurements of the

various phenomena in the same plate of bismuth, and to compare

those results with Riecke's theory.

1) Gött. Nachr. 1898.

(June 24 1898).



Royal Academy of Sciences. Amsterdam.

PROCEEDINGS OF THE MEETING

of Saturday June 25th 1898.

(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige

Afdeeling van Zaterdag 25 Juni 1S98 T)i. VII).

Contests: „On chemical and micioscopical examination uf autimouial alloys for axle boxes".

By Prof. H Beheens also in the name of Mr. H. Balcke, p. 35. — „The condition

of substances insoluble in water formed in gelatine". By Prof C. A. Lorky de Bruyn,

p. 39. — 5, On the notion of the Pole of the Earth accordinpr to the observations of the

years 1890—1896". By Dr. E. F. van db Sakde Bakhuyzen (communicated by Prof-

il. G. VAK UE Sande Bakhutzen) p. 42. — „On a ö-cellar quadrant-electrometer and

on the measurement of the intensity of electric cunents made with it". By Prof. H. Hagaj

p. 36. (With 1 plate). — „On the influence of the dimensions of the source of light in

diffraction phenomena of Fbesnel and on the dilTraction of X-rays". (3d communication)

By Dr. C. H. Wind (communicated by Prof II. Haga), p. 65. — „The galvanoniagnetic

and thermomagnetic phenomena in bismuth". By Dr. E. van Everdingen Jk. (com-

municated by Prof H. Kameblingii Onnes), p. 72. — „On the deviation of de Ueen's
e.xperiments from van deb Waai.s' law of continuity." By Dr. J. Vebschaffklt
(communicated by Prof. H. Ka.mehlingh Onnes), p. 82. — „The composition and the

volume of the coexisting vapour- and liquid-phases of mixtures of methylchloride and

carbonic-acid". By Cn. M. A- Hartm.vn (communicated by Prof H. Kamerungh
Onnes), p. 83 . (With 1 plate). — „Considerations concerning the influence of a

magnetic field on the radiation of light". By Prof. H. A. Lorentz, p. 90. — „On an

asymmetry in the change of the spectral lines of iron, radiating in a magnetic field".

By Dr. P. Zeeman, p. 98.

The following papers were read

:

Chemistry. — „On chemical and microscopical examination of

antiraonial alloys for axle boxes." By Prof. H. Behrens
also iu the name of Mr. H. Baucke.

By the direction of the „HoU. IJz. Spoorweg-M'J'' several cushions

of Babbits-metal (82 "j^ Sn, 9 o/^ Sb, 9 o/o Cu) were put aside for

chemical and microscopical examination. Alloys of this kind, when
slowly cooling from a melting heat, will split up into a nearly

amorphous mother liquor, rich in tin, into rectangular crystals (pro-

bably cuboidal rhombohedrons) of an aMoy of tin and antimony and

into a whitish bronze, forming radial clusters of brittle rods, com-

posed of hexagonal plates.

3

Proceedings Royal Acad. Amsterdam. Vol. I.
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The chemical examination of these components has been carried

out by Mr. Baucke, analytical chemist at Amsterdam, partly by

means of analytical, partly by means of synthetical methods, while

I have undertaken the microscopical and mechanical investigation

of the properties of Babbits metal.

For separating the products of liquation I proposed pressing of

the alloys in a semi-liquid state. This suggestion has been adopted

by Mr. Baucke and the method, worked out and perfected by him,

has given very good results. When Babbits metal in a pasty con-

dition is pressed between hot slabs of iron, tin will flow out, con-

taining 3
"/o

of antimony and copper and a hard, brittle cake will

be left, formed principally by the crystals described above. An alloy

composed of 90 % tin and 1 7o copper gave a hard residue, from

which a remnant of mother liquor was removed by treating it with

hydrochloric acid and subsequently with caustic soda ley. Powdery

copper was washed away in a stream of water, and then analysis

gave 35.1 "/o Cu, 64.8 7o Sn for the composition of the cristalline

alloy, while the formula Cu Sn would require 34.9 ö/q Cu and 65.1 Sn.

Repeated heating and pressing will drive out more tin, so that this

alloy may be said to comport itself in a similar manner as some

hydrated salts, e. g. crystallized sulfate of sodium.

In alloys with antimony the tin was found to be more strongly

combined. From an alloy, containing 10 "/^ of antimony, after heating

and pressing thrice, a residue was obtained, resembling closely an

alloy of 70 o/q tin and 30 °/o antimony. Purified by extraction with

hydrochloric acid and washing in a stream of water it was found

to be composed of 33.7 % Sb and 66.3 7o Sn. Calculation from the

formula Sb Sua gave 33.8 «/„ Sb, 66.2% Sn. With 42 "/o
Sb an alloy

was obtained, showing prismatic crystals of higher melting point

between the cuboïd ones of the compound Sb Suj. By hot pressing

and treatment with hydrochloric acid an alloy was isolated, answering

to the formula Sb Sn. Found: Sb 50.35, Sn 49.65 "/ol calculated:

Sb 50.37, Sn 49.63 "/q- Id aWojs, containing 80 7ü of antimony,

this element can be made to crystallize in a nearly pure state. Its

crystals are enveloped by a compound of prismatic form, probably

answering to the formula Sbj Sn. This point has hitherto not been

settled in a satisfactory manner.

Microscopical examination of cushions, that had done duty under

railway cars led speedily to the conviction, that their behaviour

depends on the frequency and size of rectangular crystals. In cushions,

marked as having been unduly heated by running, the rectangular

crystals of the compound Sb Sn2 were found poorly developed or
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absent. By mechauical eng-ineers I was told, that the alloy for

boaiings must not ho heated further than uecessary for giving it

sufficient fluidity, then stirred and cast without delay in moulds

heated to the boiling point of water.

In Babbits metal, heated till its surface becomes smooth and bright

the majority of the crystals is not liquified. Castings, made of such

metal, without previous stirring, consist of tin, with about 4 "/g of

copper and antimony, while at the bottom of the melting pot a

h;ii-d porous mass is found, melting at the same temperature with

zinc. Made quite liquid, and then chilled. Babbits metal becomes

nearly amorphous, sonorous and very smooth when filed or turned.

Nevertheless it will stick to an axle, even when liberally lubricated,

and when heated to softening it is liable to recrystallization, crystals

being formed in a groundmass of liquid tin. Tinning of the axle,

sticking, and as an inevitable consequence heating will occur, when-

ever a heavily weighted axle is run in a box filled with such

metal. Finally recrystallization sets in and liquid tin is squeezed

out, the newly formed crystals accumulating around the axle. In

one case the crystals had formed a compact cylindrical layer, at

first sight puzzling, but now easily explained.

With a view to test this theory, experiments were made with

model cushion blocks, cast under varied conditions. The blocks were

fitted on a mandril of polished steel, running with a speed of 1600

revolutions per minute in a wooden casing. The apparatus was

contrived in such a manner, that the pressure on the mandril could

be varied at pleasure and the temperature observed on a thermometer

fitted into the blocks. The following table gives for some of the

experiments the pressures reduced to kilogrammes on the square

centim. of the longitudinal section of the mandril and the mean

increase of the temperature after a minute of running. Block I was

cast in a mould, cooled by running water, block II in a mould

heated to 100°, block III in a mould heated in molten zinc.
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After the series of experiments with a charge of 8 kgr. block I

presented a running surface scarred by irregular grooves and scratches.

On block II the rectangular crystals stood out in i\ relief, similar

to that, produced by etching with hydrochloric acid. They were

smooth and bright, the interstices deadened by small scars or dimples.

On block III the particulars shown by I and II were found

combined.

An unexpected result was obtained by examining the metallic

sediment from the oil that had been used as lubricant. Mixed with

fine dust (essentially tin) were found: in sediment from block I

shavings, threads and angular fragments; in sediment from block II

spherical and egglike bodies (0.08—0.1 mm.), looking like small

drops of mercury; in sediment from block III spheroids and angular

fragments. A few of the spheroids from block II were subjected to

microchemical tests and found to consist of tin with a considerable

admixture of antimony.

These observations suffice to explain the slow increase of tempe-

rature in block II: the oil has been more evenly spread, owing to

the peculiar relief, developed on the running-surface of this block,

and at the same time a ball cushion has been formed, whereby

rolling has been brought in the place of sliding friction. Spheroids,

similar to those of block II were formed in experiments with mod(d

bearings of magnolia metal (77.8 «/p Pb, 16.3% Sb, 5.9 o/^ Sn) and

of aluminium brass, but not with bearings of common brass and of

grey cast iron. In this way I have been able to trace their origin

to cubical or polyhedric crystals, scattered in a softer metal and

accompanied by smaller crystals of a hard and brittle alloy. In

Babbits metal fragments of the brittle rods of bronze act as a

grinding powder, undermining and rounding the rectangular crystals

of the compound Sb Suj, in the same way, as pebbles are formed

in the bed of a river. The tin comes in as a soft cement, possibly

its powder has also a favourable influence, augmenting the viscosity

of the lubricant. Metal of coarse structure (cast in overheated moulds)

is not evenly eroded; the majority of the rectangular crystals, w^eakened

by cracks, are scarred and crushed, instead of being rounded and

loosened.

Further reasoning would be misplaced, as it may be expected,

that continued experiments and observations in the directions, pointed

out above, will speedily throw more light on the subject.
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Chemistry. — „ The condition of substances insohihle in water

formed in gelatine^ — By prof. C. A. Lobry de Bruyn.

The condition of matter called the colloid, is in many respects a

subject of interest. The physiologist, the physicist, the chemist take,

each in his department, an interest in the peculiar (jualities of the

colloids. For to a great extent the processes of life take place in

a colloidal medium or between colloids; the part taken by colloid

bodies in osmose is generally known ; every chemist knows a certain

number of examples in which some substances appear in a colloid

form, between liquid and solid-amorphous or as so-called colloidal

solutions.

An important study on the qualities of colloidal mixtures or

solutions, especially in a physic-chemical direction, we already owe

for many years to Mr. van Bemmelen. In these important experi-

ments Mr. VAN Bemmelen has studied, besides other qualities, quan-

titatively the changes taking place in a colloidal mixture prepared

with water (a hydrogel) in varying the temperature or the relative

humidity of the surrounding atmosphere.

The observations of which 1 beg leave to give a concise survey,

do not refer in the first place to changes of a colloid mixture itself,

but to the influence exercised by a hydrogel on the physical condi-

tion of amorphous, insoluble substances, created in a hydrogel as a

medium. These observations are partly the result of former expe-

rience gained in the daily practice of the laboratory, as the non-

appearance of precipitates if in a qualitative analysis, say on metals,

there is an admixtui'e of substances like gum ; the non-precipitating

of chromate of silver in a gelatine solution a. s. o. Such observations

are in my opinion not indicated with sufficient accuracy by stating

that the substances formed remain in suspension.

Experiences like those just mentioned were recalled to my memory

by a communication of Dr. Ernst Cohen in a meeting of the

„Amsterdamsch Genootschap." Mr. Gaedicke had asserted in a

photographic journal that if equivalent qualities of AgNOs and KBr
(somewhat more of the latter) are mixed in a gelatine solution of

5%, these two salts are only partially transformed, while this reaction

is complete in aqueous solution in consequence of the excessively

small solubility of Ag Br. This assertion of Gaedicke will appear

strange to no one who performs this reaction; he will namely not

see a precipitate of Ag Br forming itself, but only a mild opal-

escence
; while in aqueous solutions he will notice a strong troubling

arising. Gaedicke rested his assertion on the observation (proved to
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be incorrect by Dr. Cohen) that when placing tlie mixed, solidified

Ag Br-gelatine in water, there appeared in the latter Ag Br-flakes

;

he ascribed their formation to the diffusion of non-transformed K Br

and Ag NO3 from the gelatine into the water, where the reaction

then takes place and the ordinary flaky Ag Br appears.

This opinion of Gaedicke's seemed improbable to Dr. Cohen;
and he has proved it to be incorrect by determining the conducti-

vity of the gelatine solutions before and after mixing. The reasoning

was simple; if the transformation is complete, the conductivity of

the gelatine solution (tested in a liquid slate at 30°) must be equal

to that of K NO3 ; if no reaction has taken place, the conductivity

should be greater and reach the total of the conductivities of AgNOs
and K Br in ratio to the imperfectness of the transformation effected.

The experiment decided in the former sense; the conductivity was

equal to that of K NO3 alone and the hardly visible transformation

had yet completely taken place ; the Ag Br is not dissociated into

ions, does therefore not conduct.

So we have here before us some examples of phenomena that

must strike the chemist; the apparent non-appearance of transforma-

tions and of precipitation when gelatine is present in cases in

which a strong precipitation is observed in water alone. 1 have

furtlicr extended these observations over a long series of reactions

in which precipitation takes place. It has appeared then that what

has been observed in different cases under petiuliar circumtances for

purely aqueous solutions viz. the interesting phenomenon that some

bodies (silicic acid, titanic acid, chrome- and ferrichydrate, arsenious-,

antimony- and coppersulphide, silver, gold, selenium) can remain in

colloidal solution, is a rule for solutions in aqueous gelatine. 'J'he

colloidal medium keeps amorphous bodies which are created in it,

coUoidally dissolved. This holds good for instance for the halogenous

combinations of silver, the sulphides, and many hydrates of the

heavy metals, for metallic silver, gold and mercury, for chromate

of silver, Prussian blue, copper-ferrocyanide, iodide of lead, peroxyde

of manganese a. s. 0. They all give transparent gelatines which solidify

on cooling, preserve their transparency, but often show an internal

reflection or fluorescence. Especially for the coloured bodies, which

1 have cited here in the first place, the phenomenon is still remark-

able in so far as, by the very appearance of the color one need

not be in doubt about the question of the chemical change (as in

the case of Ag CI or Ag Br) and need therefore not convince oneself

of its having taken place by determining the conductivity.

The modus operandi is nearly the same in all cases ; deviations
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in the concentration of some of the salt-solutions, required by the

precipitation of the gelatine itself, betray themselves. I started

with a 10 pCt. gelatine solution, which was filtered through a

sievefunnel ') when warm. By adding to this the same quantity

of the salt-solutions to be mixed (which were generally Vio ^ Vao

normal) I got solutions containing 5 pCt. gelatine with the salt as

V20 or V40 normal. These still liquid solutions (temp. ± 30°) were

mixed under strong stirring and cooled quickly to the point of soli-

dification. I then get a perfectly transparent gelatine, more or less

opalescent according to the concentration and the thickness of the

layer, which reflect a light internally and as it seems to me also

show fluorescence. The formation of colloidal silver, which as we

know, was first made by Carey Lka in an aqueous solution, already

takes place in gelatine with Ag NO3 alone, especially under the

influence of light; it appears in a very concentrated form after the

addition of some formaldehyde; it is then black-brown, still perfectly

transparent in thin layers and homogenous with the strongest mag-

nifying; only on the glass wall it deposes very slowly as a metallic

layer.

Without investigating the diff'erent cases more particularly, I only

wish to observe that I have not succeeded in keeping substances,

that precipitate crystalline or at all events crystallize very quickly,

colloidally soluted in a medium of gelatine. Calcium oxalate, barium

sulphate, ammonium- magnesium-phosphate and some other substances

form in gelatine miscroscopically correct crystals or crystalliue

particles. In general it seems to me that from the many cases I

have investigated, this conclusicm may be drawn that the visible

precipitation of amorphous bodies is prevented by gelatine, that of

crystalline bodies not or not so easily.

Now the question is which is the degree of division of the sub-

stance, the size of the particles which are prevented by their origin

in a colloidal surrounding to join to visible matter? It is here, in

my opinion, not a phenomenon of suspension or emulsion; these

terms are applied to microscopically visible particles; and therefore

I have spoken of colloidal solutions in a colloid. The size of the

particles is undoubtedly far beyond the Hmit of the microscopically

visible and therefore embraces the vast field extending between the

molecules themselves and the particles that are visible under the

strongest magnifier. According to the nature of the substances and

1) The gelatine contains a little chlorine (± 0.1 "/,, H CI) and some sulphuric acid.

This must be taken into account in some reactions f. i. when forming Ago Cr O4.
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tbc modus operandi (concentrution of the gelatine and of the salts)

greatly different dimensions may be expected. Picton and Linuner
who among others have proved the extremely small conductivity of

the aqueous colloidal solution of arsenious sulphide, admit four diffe-

rent „grades" of division of this substance i). It will be found impos-

sible however to make clearly defined distinctions in this respect,

a gradual change in the size of the particles being much more probable.

The study of the phenomenon of the internal light-reflexion and

fluorescence, that shows itself more or less distinely in several sub-

stances formed in gelatine, may perhaps lead to further insight;

these optical phenomena are also found in bodies as milky colored

glass, that also contains invisible, extremely small particles. Others

however of the colloid solutions in gelatine are not only perfectly

transparent, but do not show any reflection of the light or fluores-

cence; it may therefore be admitted that the division of matter in

gelatine approaches that of bodies soluted in water. In view of

phenomena as those stated here, the idea of being soluted seems to

lose its sharpness of outline.

Equally interesting are the chemical reactions, which are the eftbct

of dift'usion, on the substances formed in gelatine and in which one

may be passed into the other. If a Na Cl-gelatine is surrounded by

a kgi Cr O4 gelatine the Na CI diffuses from the former gelatine into

the latter, the colloidal Agg Ci- O4 being not (or very little) diffusable,

while it is known (f. i. by experiments of Graham and Hugo de

Vries) that the salts dissociated into ions diffuse as quickly in

gelatine as in water. Now when the Na CI ions penetrate in the

bright red Agg Cr 0+ the latter is converted into Ag CI which, equally

colloidal in solution, remains transparent and spreads in the form

of a ring.

Astronomy. — On the motion of the Pole of the Earth according

to the observations of the years 1890—1896. By Dr. E. F.

VAN DE Sande Bakhuyzen. (Communicated by Prof. H. G.

A'AN DE SaNDE BaKHUYZICN.)

1. In treating the meridian-observations made at Leiden in the

last 20 years, it was necessary to arrive at a knowledge as exact

as possible of the change in latitude during that period and, before

investigating the Leiden observations in this respect, it seemed de-

») Joi ;. Chem. Soc. «1, 137, «», 63, St, 568,
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sirable first to make endeavours to derive information from other

sources.

Since in 1891 the 14-monthly period in the motion of the Pole

of the earth had been found by Chandler, many computations

have been made on that subject by him. On the other hand the

chief series of observations of the hist 50 years were submitted by

H. G. V. D. Sande Bakhüyzen ^) in 1894 to a searching and

complete examination, in which the result of the Leiden observations

of the years 1864—1874 obtained by Mr. Wilterdikk's ~) elaborate

researches, as compared to those of the other observatories, proved

to be entitled to considerable weight.

Meanwhile a beginning had been made with special series of obser-

vations having expressly in view the investigation of the problem

of the latitude and soon important results were furnished by the

voluntary co-operation of a number of astronomers. More than once

Prof. Albrecht has summarised those results in the reports of the

"International Geodetic Survey" and of late an ample report has

been given by him about the state of the problem in Dec. 1897 ^),

in which he adjusted the whole series of the obtained results by a

continuous curve for the motion of the pole.

But a small part of these results could yet be used by H. G. v. D.

S. Bakhuyzen and though it be true that Chandler has already

made many computations on this subject, yet often there is a lack

of judgment in the treatment of the observations, which in my
opinion justifies a new investigation covering now the whole of the

period of 1890—1897. The results I found being perhaps of some

importance apart from the particular aim for which I undertook

my investigation, 1 take the liberty of making them the subject of

a concise communication.

2. Albrecht could use the observations of 19 observatories, viz

:

of Tokio, the Cape of Good Hope, 10 observatories in Europe, 6 in

America and finally Honolulu, a temporary observatory having been

erected there in 1891—1892. With a few exceptions the observations

have been made according to the Horrebow method. Not in a single

place however do they cover the whole period, so Albrecht had to

undertake extensive computations to derive in successive approxima-

') Report of the Meetiug of the Roy. Acad. Amsterdam, Febr. 1894 aud also

Astr. IQac.hr. vol. 136 and 137.

2) Report of tlie Meeting of the Roy. Acad. Amsterdam, Dec. 1893.

3) Th. Albeecht, Bericht iiber den Stand der Erforschung der Ereitenval-iation

m December 1897.
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tions the mean latitude for each place and to join all the results

to a connected system of co-ordinates, by which the instantaneous

positions of the pole in respect to a mean one are represented.

Albrecht chose as co-ordinate axes the meridian of Greenwich and

one 90° westward, passing centrally over America, and finally he gives,

besides a curve for the motion of the pole, the said co-ordinates x

and y for every tenth of a year from 1890.0 till 1897.5.

The curve of Albrecht is rather intricate and so we may take

for granted that his adjustment, performed undoubtedly with great

care, has strained the observations but slightly. Therefore I thought

myself justified in avoiding for my further computations the prolix

work of falling back upon the original observations, and in making

use of Albrecht's x and y co-ordinates. Finally however I have

also compared my results with the original observations.

It being tolerably certain that the motion of the pole consists at

least in the main of a 14-monthly and a yearly motion, I have

examined.

1". the 14-raontlily motion;

2°. the yearly motion;

30. in how far the observations may be represented by the com-

bination of a constant 14-nionthly and yearly motion.

3. The \^-monthlij motion.

Leaving the results 1897.0— 1897.5 out of consideration for my

computation, I had 70 a- and 70 y- co-ordinates at my disposal.

Assuming for the present 432 days for the length of the period we

find 6 periods = 7 years and 35 days. So the data allow of a good

separation of the two motions, but the mutual commensurability is

not so approximate that an easy determination of the elements

of both at the same time can be founded thereon. So I began by

deriving in P' approximation the yearly motion and proceeded to

to use corrected x- and y- coordinates to determine the 14-monthly

motion.

The computation of the x and y was made quite independent of

each other and, assuming 432 days for the length of the period, I

united in both cases the 70 values to 8 means, which then formed

the basis for the computation of periodic formulae.

So I obtained:

„ , „ f-2412439
.«= + 0".151 COS 2 71

432
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«—2412438
?/ = — O .143 sm 2 71 ^^

in which the epochs are expressed in Julian dates.

By these my 8 means are represented as follows:

X
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The error of the hypothesis of Chandler is thus ah'eady rather

considerable in 1895.

Let us now consider the amplitude. Uniting according to the

weights my results obtained by the a- and by the y and adding to

them some values, formerly found, we obtain

Amplitude

Leiden 1864— 68 Fundaiu. stars. 0".156

» 1864-74 Polaris .158

Pulkowa 1882—92 .139

Fiual result of H. G. B. 1860—92 .168

Result 1890-96 .148

We have to remark here, that the result of Pulkowa is probably

too small on account of the unequal distribution of the observations

of the individual stars, for which Wilterdisk applied a correction

in dealing with the Leiden observations.

So a change in the amplitude since 1860 is no more probable

now than it appeared before to H. G. v. D. S. Bakhuyzen. On
the; other hand we may not, as he already remarked, combine the

observations before 1860 with the later ones, certainly not so far as

the amplitude and perhaps not so far as the phase is concerned.

This might be reconciled with the conception of the 431 day-period

as a time of oscillation proper to the earth, when we assume M that

from time to time sudden causes may change the mutual position

of the axis of rotation and the axis of inertia.

Finally I should like to lay down as most probable elements of

the motion of 431 days since 1860

Time of transit through the posit, axis of x 2408565

Period 431.1 days

Amplitude 0". 155

consequently

X ^z -\- U".155 cos 2 n

= — 0".155 sin 2 n

<—2408565
^431.1

<— 2408565

431.1

') See also Gylden Astr. Nachr. Vol. 132. N". 3157.
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4. Yearly motion.

To the original uh and y's of Albrecht the values according

to the 431 daj'-motion were applied, in order to derive from

the residuals the yearly motion in 2'"^ approxination. I employed

for that purpose however values deviating slightly from those found

above as the most probable. For the amplitude I adopted 0". 151, for

the period 431.0 and for the epoch 2412439 (or 2408560), which is

that found by me from Albrecht's summary only.

Taking the means of the corresponding values for the different

years, I obtained for j; and y 10 mean values, from which periodic

formulae, depending only on the sine and cosine of the single angle,

were derived, just as had been done in the 1st approximation.

The results found for the 7 years together deviated but slightly

from those which the 1st approximation had given, but I had now
also the opportunity of dividing the period into two and of deriving

the yearly motion from each half separately.

This seemed desirable, it being a priori very well possible that

this motion, probably caused by meteorological influences, might dif-

fer considerably in the different years.

So I found

from X from y

«—261 <— 143
1890—96 X zzz -\- V'AU cos 2 n 7/ = + 0".067 cos 2 ti

'

365 •' ^ 365

i— 252
,

<— 126
1890-92 .r = -4- 0".123co«2;i y = + 0".087 cos 2 n^

365 -^ ^ 365

<— 269 „ i— 163
1893—96 .r— + 0".113 cos 2 ;r-——- y = + 0".058 cos 2 ti „^-

365 365

The epochs of maxinrum are expressed here in days from the

beginning of the year ; if they are expressed in dates they are :

«o
= Sept. 18 <o = May 23

Sept. 9 May 6

Sept. 26 June 12

By the formula found for the whole of the period the means

employed are represented as follows:
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ellipse 1890—9G 19" East.

» 1890—92 29° »

» 1893—96 10° »

Further wc find for the components of' the motion in tlie direction

of the principal axes:

«-Sept. 28 „ i-Sept. 28
1890-96 u'= + 0". 121 cos 2 7t //= — 0",057«w2;i^

365 -^ 365

«-Sept. 23 «-Sept. 23
1890—92 ,r= 4- 0".136 cos 2 71— *^ »/= — 0".065mt2;i

'

365
-^

365

«-Oct. 1
,

«-Oct. 1

1893—96 ;* = + 0".114(w2;ï y= — 0".055s»( 2;r
365 ' 365

8o the motion is dircd, like that of 431 days, and the times «g

express the times of ti'aiisit through the positive halves of the

major axes.

The motions found for tlie two half-pcM'iods do not differ so much

that there is any guarantee for a real difference existing. It is my
opinion therefore, that for the present we must assume as the most

probable orbit for the yearly motion of the pole an ellipse, whose

major axis lies 19° east of the meridian of Greenwich and whose

semi-axes amount to 0''.12 and 0".06.

As early as 1894 Chandler had found i) an excentric orbit for

the yearly component ; so on the whole I can fully confirm his result.

His ellipse however has a greater inclination (45° east of the meri-

dian of Greenwich) and also a somewhat greater excentricity (semi-

axes 0".16 and 0".05) than mine.

The results of absolute determinations of zenith distances are so

liable to systematic perturbations of a yearly period, that to my idea

they cannot contribute to a more accurate knowledge of the yearly

term of the motion of the pole.

The results obtained by the Horrebow-method too are certainly not

quite free from these perturbations and particularly there would be

reason to fear for them the influence of the inclination of the strata

of air either in or outside the observing room (see a. o. Albrecht

') Astron. Journal, No. 32-3, 329 and 403.
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„Report etc." pag-e 11— 12). Yet I believe, especially on account

of the good mutual agreement of the results 1890 —92 and 1893—

•

9G, obtained bv the cooperation of observatories partly different for the

two periods, that the results obtained are on the whole trustworthy.

To derive the yearly term H G. v. d. S. Bakiiuyziïx also exi^lu-

sivelv made use of the results then known of the Horrebow-obser-

vations, namely the series of observations of Berlin, Potsdam, Prague

and Strasburg made in 1889—1892. Of course only the ^ co-ordinate

can be derived from these and, computing the corrections for the

small differences in longitude by considering the motion as circular,

the result is :

«-Sept. 12
-j-0".112 fos2 ;i

365

nearlv coinciding with that which has now been derived from so

much fuller data.

Let us finally consider what may be said about the meaning of

the results obtained. In 1890 Raüau i) for the first time drew atten-

tion to the fact that by cooperation of periodic displacements of mass,

depending on the season, with the period proper of the axis of the

earth, then evaluated at about 304 days, motions of the axis of

inertia, caused by the above mentioned displacements, may be trans-

mitted greath' magnified to the axis of rotation. By the relatively

small difference between the period of the perturbing action and the

period proper, we have to do with phenomena which can be regard-

ed as resonance and consequently the possibility arises that the

relatively small displacements of mass which may be brought about

b\ meteorological influences, may cause a rather considerable motion

of the axis of rotation. Shortly afterwards the matter was more

fully investigated by Helmert -) who showed that the general el-

li[)tic motion of the pole of inertia causes motions of the pole of

rotation in orbits, which in the various cases may have every shape

from the circle with direct motion through more and more excentric

ellipses and the straight line, to ellipses with retrograde motion and

finally the retrograde circle. In the most favourable case (a direct

circular motion of the pole of inertia) the motion is transmitted mag-

nified about 6 times, in the most unfavourable case (a retrograde

1) Bulletin astron. T. Ylt, page 352.

2) Astrou. Nachr. Vol. 120, X". 3014.

Proceedings Roya' Acad. Amsterdam. Vol. I.
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circle) reduced to about one half. If the motion of the pole of inertia

is not simply elliptic, but, more generalh, expressible bv a series of

periodic terms, these are transmitted more and more reduced to the

pole of rotation the higher the terms we reach. So in general to

irregularities in the motion of the former will correspond much
smaller ones in that of the latter,

All this remains not only true in principle, when we take the

period proper ol' the axis of the earth to amount to 431 days, but
also the numerical values remain about the same '). So it is pos-

sible and important to consider which motion of the pole of inertia

must be assumed to explain the yearly motion found for the pole

of rotation. Substituting my final results for 1890—96 in the gene-

ral formulae, we find as co-ordinates for the pole of inertia with

respect to the axes finally adopted

:

X = 4- 0".055 cos 2 n

y—-}- 0".084 si7i 2 n

«—Sept. 28

365

<— Sept. 28

365

that is, the motion must be retrograde^ the principal axes have

the same direction as those of the pole of rotation, but the major

and minor axes have changed places, and the motion of the pole of

inertia is but slightly smaller than that of the pole of rotation. "We

would have found a more considerable proportion had the ellipse of

the latter been assumed less excentric.

So after all little has been gained for the explanation of the

phenomenon. Only it is perhaps more intelligible that the yearly

motion of the pole of rotation may be pretty regular, {\\Q\xg\i a priori

the reverse be probable for the pole of inertia.

5. Comparison of the observed motion with the -sum of the two

adopted terms.

In the first place the x and y of Albrecht have been compared

with the computed values. I adopted for the motion of 431 days

the same elements which have served for the derivation of the yearly

motion, and for the yearly motion my final results for the whole

period. So I found the following diflFerences between observation

and computation expressed in hundredths of seconds.

1) See also Newcomb Moiithl. Not. 1892, March.
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J- Albrccht — ./• computed.
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tiou of such a result was computed ; bv Albrecht himself the

comparison of the observations with his curve had already been

made. Moreover for every observatory Albrecht's residuals as well

as mine were united to half yearly means, that is to say means of

these residuals were taken for each summer- and each winter-half year,

and finally from these, mean deviations for those half-yearly periods

were computed. ')

It would take too much space to communicate these comparisons in

extenso, so I shall restrict myself to a few results derived from them.

If we call Aa <ind Ab the mean residuals of the single results

of observation as found by Albrecht and by myself, computed for

each observatory ; A'a and A'b the corresponding quantities for the

half-yearly periods, I find, taking the means of the 27 values of

each of these quantities

:

A^ (mean) = ± 0".O61 A'^ (mean) = i 0".033

Lb (mean) = ± .071 A'^ (mean) = ± .048

Among the 27 series A^ is smaller than A^ in 5 cases. (Pulkowa

2»"^ sei'ies, Berlin \^^ s., Cape of Good Hope, Potsdam 2"^ s. and

Lyons) and larger in 22 cases; for the A' the corresponding numbers

of cases are also 5 and 22.

If I use only the 18 series with the smallest mean deviations

from Albrecht. I find

A^ (mean) = ± 0".051 A'^ (mean) — dz 0".029

A^ (mean) = ± .061 A'^ (mean) = ± .041

The fact that the Lb are in general larger than the A^ may

be attributed to real deviations from my formula aud to systematic

errors of the observations, which for a part will have been trans-

mitted to the curve of Albrecht. As mean values for the sum of

those influences (deviation from my formula and partial influence of

the systematic errors), we find for all observatories together

:

27
'^

27

and for the eighteen most accurate series only :

'^

18
~

18

So it appears: P that the combined influence of both circum-

stances is very appreciable; 2° that influences ai'e at work which

*) Means depending oaly ou a single monthly result were neglected.
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operate in a constant direction for ratlier long periods, 3o. that

in the most accurate series of observations they appear in a less

degree. So it appears certain that systematic errors have been at

work, as indeed had already been found before (see above).

How great however is the share of those systematic errors? In

this respect only the deviations of the various observatories compared

mutually for the same period can give us some indications and we

can use for this end the half-yearly means. If we look into these

more closely we often find considerable differences between observa-

tories situated close to each other, which must thus be due to

systematic error, but side by side with these we sometimes also

find criteria that real deviations from my formula may exist.

To show the first I have derived for the 4 observatories which

have furnished observations during 6 successive half-years (Potsdam,

Strasburg, Carlsruhe and Lyons), by comparing the result of each

one with the mean of the 4, the mean value of the total error of

observation in the half-yearl\' mean of an observatory. The result

found is ± 0''.049, that is a considerable amount and which,

as it agrees exactly with the value of A'b obtained above, would

as far as it goes tend to show that in this case ^) systematic

errors of the observations alone may account for the deviations

from my formula.

On the other hand a case pointing to a real deviation from my
formula is offered by the summer of 1895. Here follow for the

European observatories the deviations from Albrecht as well as

from me:
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Physics. — „0« a 5-ceUar quadrant-electrometer and on the measu-

rement of the intensity of electric currents made ivith it.'' By

Prof. H. Haga.

During the last years I was repeatedly obliged to measure with

accuracy the intensity of a constant current of about ten ampere.

From the many methods which might be used, I chose that by

which the difference of potential is measured between the ends of a

known resistance, inserted in the circuit. As this method is excee-

dingly simple, capable of measuring currents of greatly different

intensities with an accuracy of Vio percent, it seems desirable to

me to draw the attention to this method.

A good quadrant-electrometer is required. In 1893 Himstedt ^)

described a 4-cellar quadrant-electrometer; the needles were sus-

pended by a silvered fibre of quartz; the damping was obtained,

by hanging two vertical magnets at the lower end of the small rod

which bears the needles, the poles to opposite sides, so that they

could move within an annular space in a piece of copper. The

magnets not forming a perfect astatic system, a small directing force

was left , because of which Himstedt was obliged to make the

whole apparatus moveable round a vertical axis.

It seemed to me that tliis dilBculty might be avoided, by rever-

sing the Himstedt method of damping, that is to say by hanging

a hollow copper cylinder movable in a magnetic field ^). A 5-cellar

quadrant- electrometer with this damping was constructed in the

physical laboi'atory at Groninghen. The principal part of this

apparatus is represented by fig. 1 ; the brass cylinder round the

quadrants and the cylindric case round the mirror are removed.

The base of the instrument is a brass plate five mm. thick on

three levelling screws; the four quadrants are placed on the plate,

insulated by glass columns; one of them may be moved micronietri-

cally. The terminals are attached under the plate, in order to protect

them from dust as much as possible. They are perfectly insulated

from the plate by ebonite, glass and shellac.

The whole apparatus for damping also is attached to the under-

side of the plate; it consists of a circular magnet three cm. high

(fig. 2), provided with the armaments a and ó; in the latter not-

ches have been filed, in which the poles of the magnet fit closely;

') AVied. Ann. Bd. 50, p. 752, 1893.

-) Heildiitter, J!d. 19, p. S9G, 1895.
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Fig. 2, 1 3 of the real size.
two brass plates c and d unite the

armaments and the magnet, so that

they form one whole. Another pair

of brass plates e and /' are bent under

a right angle, the vertical parts are

soldered to c and d; the horizontal

parts serve to attach the apparatus to

the under side of the plate. Also the

under sides of the armaments are

covered by a brass plate, in which

a copper tube is soldered, in which the

iron core k fits closely (fig. 1 and 2).

The hollow copper cylinder can move

in the annular space between the outer

part of the iron core and the inner

part of the armaments a and b; in

the middle of the plate is a hole as large as the space between the

armaments, so that a small aluminium tube may be slid over the

lower end of the aluminium rod, to which the needles are attached.

The tube bears an ebonite rod, which is screwed on tlie lid of the

hollow cylinder. In this way the cylinder is suspended exactly in

the centre of the magnetic field, the currents of air being excluded

by the brass plates round the armaments.

Moreover the apparatus bears a torsionhead and an arrangement

to move the needles in a vertical direction without their being dis-

charged. The length of the suspending fibre is 17 cm.; the distance

between the lower and the upper plate is 13.5 cm.

As to the sensitiveness of the electrometer, it depends on the

suspending fibre to a great extent. With a silvered quartz fibre of

55 // diameter a CLARK-cell caused a deviation of 760 mm. by

reversal, the needles being charged at ISO volt; distance of the

scale 2 M. In about half a minute the position of equilibrium was

reached after three oscillations.

As the total weight which the fibre had to bear, was 20 grams
(the hollow copper cylinder weighed 10 grams), a quartzfibre of 24 u
may also be used, through which the deviation would be increased

more than 16 times. The period, however, would be increased to

four times its former value.

If this very great sensibility is not necessary, a platinum wire^)

annealed in a candle -flame is to be preferred because of its

') Hallwachs. Wied. Aun. Bd. 55, p. 170, 1895.
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g'teater convenience ifl use. The elastic hysteresis i) moreover is not

to be perceived, as is proved by the observations mentioned below.

The WoLLASTON wire of 25 /<, supplied by Hera us can bear but 4

grams, a platinum wire of 50 /< more than 30 grams ; most of the

later measurements have been made with this platinum wire. The

time of oscillation (Vg period) is about 12 sec, and as the damping

was so regulated that the needles were in rest after three oscillations,

the observation could already be made after 36 sec.

In order to be able to regulate the damping, the hollow copper

cylinder is so long thinned and shortened, till (the whole iron core

being in its copper tube) the movement is aperiodic. By moving the

core downward, the required damping may be obtained. Every wire

has of course its own hollow copper cylinder which fits it best.

In using the quadrant-electrometer the charging-battery is of great

importance. If measurements are to be made only for a short time,

a Zamboni pile or a battery of water-ceils, consisting of small

test tubes filled with water, in which copper and zinc rods have

been put, is sufficient. If the charging-battery, however, must be

kept ready for use for some months, these arrangements do not

suffice any more; nor have I succeeded in reaching this by

replacing the water by paste of plaster or by gelatine with carbol-

I was very much satisfied with 300 LECLANCHÉ-cells, supplied by

P. J. KiPP AND Sons, J. W. Giltat successor. In the following

measurements the positive pole of this battery was connected with

the needles, the negative one with the earth.

Table I contains the comparison of six Clark-ccHs, constructed

according to the instructions given by Kahle in Wied. Ann. Bd. 51,

p. 203, 1894, with a normal Clark-ccU furnished by R. FuESS,

at Steglitz near Berlin and tested by the Physikalisch-Technische

Reichsanstalt. This cell is called N, while the cells, here constructed

are marked A, B, C, B, E and F.

The negative pole of the cells remained connected with the earth,

the positive one with one of the pairs of the quadrants, while the

other pair of quadrants was kept on zero potential, the position of

equilibrium was determined. By reversal these two connections were

interchanged and this was continued till five observations were made.

') Gekman: Elastische Kacliwirkung.
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TABLE I.

February lltli 1897.

Needles charged by 300 Leclauché cells; distance of the scale two metres.

Clark cell.
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Clark cell.



N.
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As it is, however, of importance to be able to use the rtaino

resistance for currents of different intensity, it was investigated, in

how far the deviation of the electrometer and the difference of

potential between the pairs of quadrants are proportional.

To this purpose the current of two accumulators was conducted

through a resistance of 1050 ohm, viz. 400 + 300 + 200 + 100 +
100 + 30 + 20 ohm of a tested rheostat. By means of the side

plugs the difference of potential could be measured between 500,

400, 300, 200 and 100 ohm, in doing which the plug on one end

was always connected with the earth.

In order to eliminate the difference of the indication of the in-

strument between the positive and the negative potential of the

same absolute value, the current was led in both directions through

the resistance ; the two Clark-ccHs A and B were placed together

in one cylindric glass vessei, filled with paraffine oil ; the negative

pole of A and the positive pole of B were continually in connection

with the earth and the others by turns with the eiectroraeter.

The following table contains the observed positions of equilibrium

and the deviations, the smaller values of the deviation caused by

1 Clark compared with those of table I are to be ascribed to the

gradual weakening of the charging battery ; measui'ed with an

electrometer of Braun the 300 Leclanché cells had no more than

320 volt. Distance of the scale was 2 meters.

TABLE II.

May 5th 189S. t = 15°.!.

Observed position of equilibrium.
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Observed position of equilibrium. Deviation.

400 Ohm
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TABLE III.

Deviatiou.

Difference of potential in volt.

Observed. Calculated.

Inteusity of the

current

iu ampere.

Clark B — 49S.1 1

Clark A + 496.8 ]

I 662.2 1

/ 659.9 j

/ 5?8.4 1

I 529.9* S

/ 397.0
^

600 a

400 il

300 a

200 n

100 n

( 396.1 )

( 264.0
j

\ 264.0 )

( 131.9
I

/ 131.6 . \

—498.5 1Clark B

Clark A -\- 497.0

497.5

661.1

529.2

390.6

264.0

131.8

497.7

1.524

1.143

0.7617

1.905

1.524

1.143

0.7615

0.3810

0.003801

0.003810

0.003811

0.003811

0.003805

Because of the slight difference between the deviation of' 1 Clark
and the difference in potential at tiie ends of a resistance of 400

ohm, the proportionality between the deviation and the difference

of potential was assumed, from whicli 1.524 V. was derived;

accordingly the intensity of the current was 0.003810 ampere;

if we multiply this value with the value of the resistances — taking

the very slight corrections into consideration — we find the „calcu-

lated" differences of potential. Under „observed" differences of

potential the values have been given which are found in the sup-

position of proportionality between deviation and difference of potential.

It will appear that this proportionality ranges within pretty wide

limits. The same fact is also shown in the last column where the

intensity of the current is calculated by dividing the observed diffe-

rence of potential by the resistance. It is a matter of course that

the deviations are reduced to angles.

If care is taken that the angle through which the needles are

moving, does not exceed 7°A, (agreeing with the deviation 529 by

reversal) and that the deviations do not become too small, so that
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the errors of' the readiiigs are less than Viooo of tlie deviation,

very different intensities may be determined witla the same resistance

to at least Vio percent. In this case the current was weak, and it

is clear, how with the quadrant-electrometer we may determine

amoni,^ others the constant of mirror galvanometers without any

difficulty. If on the other hand we have a „Normal Widerstand"

of 0.001 ohm, as it is constructed by Siemens and Halske for

instance, a current of 1000 ampere may be measured with the same

accuracy.

To conclude I shall point out a circumstance which may occur

in some cases with such measurements, and which may cause very

great mistakes, and has rendered a great many of my own experi-

ments worthless. In this laboratory 30 accumulators are coupled

in series, and different groups may be used in different rooms ; in

my experiments the current, which passed also through the resis-

tance, mentioned on page 6, was taken from a group of 5 accumu-

lators; one end of this resistance was connected with the earth,

the other with the electrometer ; when however in another room

another group of accumulators is used at the same time and part

of the circuit is in connection with the earth in that room too, or

is not quite insulated, the end, connected with the electrometer may
be between two points which are in connection with the earth, and

the true difference of potential is not measured. A mistake of this

kind is at once found when we change the direction of the current

;

moreover this mistake may be easily avoided by insulating the

cells used.

Physical Laboratory. Groninghen.

Physics. — T,On the influence of the dimensions of the source of

ligld in diffraction php.nomena of Fresnel and on the dif-

fraction of X-rays." (Third communication.) By Dr. C. H.

Wind (Communicated by Prof. H. Haga).

17. In my former communications on this subject'), I have

pointed out (cf. Arts. 10 and IG) that the theory concerning the influence

of the widening of the illuminated slit, in the simple form at least

in which it was given there, cannot explain the fact that, when
the diffraction slit gradually narrows towards one end, the two

principal maxima continue to appear as two distinct bright or (on

photographic negatives) dark lines, even after the point of inter-

') Versl. K. A. v. W. 5, p. U8 and 6, p. 7'J, 1897.
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scctino'. According to theory there should be soon after the point

of intersection an area of nearly uniform maximal illumination in the

middle of the diffraction image, covering the whole region between

the two places wliere in fact the maxima are seen. This difficulty is

solved by the optical illusion, v^hich I liave described in the Procee-

dings of the May-Meeting. In cases like that mentioned — viz: those,

where a zone of uniform maximal illumination gradually passes on

both sides into zones of continuously decreasing illumination — there

are indeed two separate maxima to be observed on the borders of

the bright zone (of. fig. 9 and 10 in the former communication).

18. This proves already that the optical illusion mentioned may
largely influence our observations of diffraction phenomena. A.S also

appears from some experiments, which I have lately made for this

purpose, this influence may even be so great, that the real distribution

of light in the diffraction images can hardly be deduced from imme-

diate observation in many cases. So, for instance, it has struck me
repeatedly that the diffraction image of a slit still shows the principal

maxima with great distinctness, even when the luminous slit has a

considerable width, whereas theory indicates the excess of intensity

in the maxima, compared with the field round them, to become

smaller and smaller, when the slit is widened more and more. As

we know now, that under the influence of the optical illusion

distinct maxima of brightness are observed even on the borders of

a zone of uniform illumination, provided that it passes into zones of

decreasing intensity, we may by no means wonder, if we see the prin-

cipal maxima apparently continue to be clearly visible, though their

excess of intensity become very small. We may ask however,

whether, because of the optical illusion, the place where we observe

our maxima of brightness be still the same as the place where those

maxima of illumination leally occur. And without any doubt the

answer ought to be: no. Yet it may be presumed and experiments

have confirmed, that, as long as the principal maxima themselves

are of a considerable distinctness (excess of intensity)^ their apparent

place is only slightly influenced by optical illusion, that i. o. w.

the place, where our eye observes a maximum of 6?7'(//isi«ess, is chiefly

determined by the principal maxima themselves. This explains why

some measurements of secondary diftVaction images, mentioned in

my second comnuinication on the subject, may have led to a taxa-

tion of the wave-length of light which was not quite wrong.

19. Another remark relating to my former experiments is this.

The maxima observed in the secondary diffraction images are of a

pure white, though we should expect them to be slightly coloured,
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as their place, as deduced lioin the theory of those diffractiou

images, is not quite iudependeut of wave-length. We now easily

understand this particular to be also due to the optical illusion.

The differences of colour, which should really exist to some extent,

have intensities, which correspond to the real excesses of ///«/«//*«/ /om

in the principal maxima and by no means to the much greater

excesses of brightness^ which our eye perceives there.

20. Whereas our optical illusion leads in this way to tlie expla-

nation of some difiGculties, it compels us on the other hand to give

up our former conclusion (cf. Art. 15), that the analogy between the

shadow images of X-rays and of ordinary light justifies the supposition

that the X-rays consist of undulations. The facts mentioned in my
former communication sufficiently show, that even without a trace of

diffraction the X-rays could produce shadow images, which present to

our eye the well-known bright and dark fringes. The photo a repro-

duction of which is given in that communication as fig. 6 shows in

originali a character which agrees perfectly with the (negative) X-shadow

images, obtained formerly by FojiM and others. Its dark fringes are

by no means less distinct than those of the X-shadow images men-

tioned
;
and on the other hand the latter show very distinct bright

fringes on their outer sides — though there may have been paid

little attention to these fringes hitherto — , these bright fringes being

exactly those corresponding to the bright circular lines in fig. 6.

Moreover it is by no means difficult — as I pointed out in Art. 8

of my former communication — to obtain the X-shadow images

with the characteristic bright and dark fringes by using slits

of a considerable width (cf. fig. 10 of that communication). This

however would contradict with expectations founded on the suppo-

sition of those fringes being caused by diffraction.

21. The optical illusion alluded to leaves, of course, beyond all

doubt the correctness of the theoretical considerations, communicated

before, on the influence of the widening of the luminous slit on

diffraction phenomena. Especially the simple method, developed in

order to take that influence into account, holds quite good as far

as concerns an exact interpretation of the diffractiou images observed

and a calculation of the distribution of light, which may be expected

in diffraction images under given conditions i).

1) It is easy to see that my method for calculating the influence of the widening

of the slit on the distribution of light in difi'raction images also applies, in principle

at least, to other difi'raction phenomena than those of Feesnel, e. g. to those of

FRiUNHOFEH, and it is easy to conceive how this method is to be modified for

being applicable to such cases.

5
Proceediugs Pioyal ,\cad. Amstcrdaui Vol. I.
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The followiug question seemed rather important. What are the

different stadia through which the primary diffraction image^ (pro-

jected by the edge of a screen f. i.), the luminous slit being gradually

widened, passes into the shadow image, belonging to a slit so wide

that diffraction has finished to be of any consequence; and how does

the diffraction image present itself to our eye in the different stadia

under the influence of the optical illusion mentioned. In order to

be able to answer this question I have photographed a series of

fifteen diffraction images of a rather wide slit, the luminous slit

having throughout the whole series an ever increasing width, but

the conditions of the experiment being left quite unaltered in any

other respect. The width of the latter slit ranged between such

limits, that the space through which the primary diffraction curve

must be displaced, in the construction of Art. 5, in order to obtain

a correct geometrical representation of the secondary diffraction image

we should expect, corresponded in the consecutive experiments to

displacements of the starting-point of the effective arch on the

spiral of Corku, as by which the well-known quantity t' of Fresnel

varied from 0,2 (when the slit was narrowest) to 8,4 (when the

slit was widest). Applying the construction alluded to, I have on

the other hand drawn common-type graphical representations of

the distribution of light in the diffraction images belonging to the

consecutive widths of the slit. It is not the place here for a de-

scription in details of the distributions of light expected and of

the distribution of brightness observed on the negatives ; it may
be sufficient to remark that most of the plates of the series

showed a considerable difference between the distribution of light and

that of brightness, a difference even as concerns the general aspect

of the image. There is, however, not a total want of regularity

in these differences. I generally found that the eye perceives maxima

resp. minima of brightness in those places of the zones of continually

increasing intensity (transition zones), where — in consequence of

undulations of the primary diffraction curve — the rate of increasing

of the intensity changes considerably. For the rest the diffraction

appeared to come forth pretty clearly in the first plates of the

series (the luminous slit being rather narrow), so far as concerns

the general aspect of the images, whereas its influence further on

in the series decreases more and more and is at last scarcely

recognised. The latter remark is of some importance especially

with a view to the following considerations.

22. The leading idea of the whole investigation has always been

the desire to get an estimation of the wave-length of X-rays, or
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at least a deterniinatidu of a possibly low upper limit for such a

wave-length. With a view to this purpose Prof. Haga and myself

have continued the experiments begun by Mr. Tiddens ; in the

beginning, however, always with a negative result.

Finally two experiments have been made these last days under

iW following conditions. In both of them the width of the luminous slit

was ty = 49 // and this slit received the radiation of an X-ray tube

(with self-regulating vacuum according to the newest system of MCller
at Hamburg), placed in such a way that the anticathode made a

very small angle with the axis of the arrangement (cf. Art. 1) in

order to procure the greatest possible concentration of the pencil of

X-rays, terminated by the slit.

One of the ends of the diffraction slit was narrower than the

other, the latter being of a width of ± 400 u, the other of a few

microns only. In the experiment A the distances were: « = 293,

b = 29S cM., in the experiment B: a = 605, b = 615 cM.

Both the slits as well as the sensitive plate were attached to

firm -stands, fastened by means of plaster to columns of compact

lime-stone, which were attached with plaster to the pillars or the

stone floor of the building. The time of exposition was a little

more than 8 hours for the experiment A, 40 hours for the expe-

riment B.

After development each of the two plates clearly showed a thin

black line, sharpening towards one end and being the image of the

second slit.

By first observation there is no influence of diffraction to be

perceived on either of the plates, the borders of the black line

mentioned appearing almost absolutely sharp defined and the line

itself ending in a very sharp point. Closer observation, however,

shows on both sides a transition zone limited by a dark line on the

inner side, by a bright one on the outer side. Finally, by looking

carefully at the lines under a microscope, magnifying about 14 times,

I have been led to the following observations.

1°. On plate A the dark and the bright lines are pretty sharply

defined, much like those appearing in transition zones, where there is

no diffraction. The distance between the dark and the bright fringe

has for each of the transition zones an average value of about 67 //

over nearly the whole plate, while on the other hand the width of

the transition zones as calculated from the values of g, a and b

would amount to 50 ,w, in the supposition of rectilinear propagation.

Comparing the plate with the series of images mentioned in

Art. 21. one may feel inclined to assume that the difference between

5*
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those 67 and 50 fx be possibly caused by diffraction ; but at all

events it is certain that the image of the slit on plate A does agree

pretty well in its aspect with the images on those plates of the

series for which v > 2, 3, but does not agree with the other images —
a peculiarity which is quite compatible with the rather small value

of the difference just mentioned. Hence follows, however, as is easy

to calculate, that — If we may speak of a wave-leugih of X-rays —
we may assume

:

Ax < 0,2 n fi .

2^. The dark and the bright lines on plate B are less sharply

defined ; the dark lines seem even to have passed into rather broad

bands with a gradual decay of darkness towards the outer side, the

image beginning in this way to resemble, as far as concerns its

general character, the former plates of the series of experiments

mentioned in Art. 21. It might even be considered, from its general

aspect, as being exactly similar to those of the images of the. series,

for wliich V is about 1,5. If we might take this similarity for

granted, it would follow that

Ax= ± 0,\8ftft.

Influence of diffraction in this experiment is also made probable

to some extent by the fact that there have been found values for

the distance between the dark and the bright fringes in the tran-

sition zones, which range between 76 and 91 fi over nearly the

whole plate and amount to 78 on an average, so as to point to a

distance actually bigger than on plate A; in this respect we should,

however, remember that the measurements could not be effected

with a high degree of accuracy. On the other hand the point of

intersection of the dark fringes on this plate correspond with a lar-

ger width of the ditt'raction slit than on plate A, which also seems

to point out an influence of diffraction. Nevertheless, though all

these particulars may be considered as possibly being caused by

diffraction, we ought to be aware it being by no means impossible

that they might have been caused by continual, though very slight,

vibrations of one or more of the stands, if only the manner in which

these stands have been mounted may have not quite prevented them

from any such continual motion.

30. In the neighbourhood of the point-end of the image of the

slit on piate A, my attention was repeatedly drawn to something,

that in my opinion may possibly be considered as a slight indication
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of a fiiii-likc broadeniug of the iiuaoe of tlie slit, chiefly manifesting

itself in a diverging of the two bright lines of the outer side. If

we might assume, that this fan-like broadening really exists and is

a consequence of diffraction, and further that such a broadening of

the, image does not occur before the diftVaction slit is so narrow as

to correspond at the utmost to a value 2 for the quantity ?;, we

should find by calculation, as the diffraction slit has proved by

measurement to have a width of 2,3 ^/ on the spot where the

phenomenon is seen

:

Ax> 0,12 ^« .

Though on one hand I am aware that what 1 have described as

seeming to be a fan-like broadening of the image of the slit is in

its appearance so utterly mean, that every one might feel justified

in not accepting my interpretation, yet it is on the other hand of

some importance, that this particular presented itself to my eye quite

spontaneously, I having had not the slightest expectation to observe

anything of the kind.

40. After having observed the phenomenon mentioned under 3"

on plate A, I tried to find something of the same kind on plate

B, and indeed I succeeded in finding a place which gave an indi-

cation of a phenomenon somewhat like it. The phenomenon being

even less distinct here than on plate A is in itself not astonishing

at all, as plate B on the whole seems to be much less affected

by the processus of insolation and development than plate A.

The spot where I believed to observe the fan-like broadening lies

higher here than on plate A, viz : on such a height as to correspond

with a width of the diffraction slit of about 30 /<.

If the reality of this phenomenon might be accepted, we might

deduce from it by calculation:

Ax ^ 0,15 1.1 u,

suppositions of the same kind being made as before.

It is in agreement with the above remarks that the image of

the slit extends considerably farther, at the point-end, on plate A
than on plate B and less far on both the plates than would corre-

spond to the real length of the diffraction slit. We may, however,

not attach too much importance to this fact, 1°. because plate B
shows on the whole a less intensive darkness than plate A, as has

already been said, and 2". because the diffraction slit becomes so
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exceedingly narrow on one end, that we could not expect much

effect of the insolation on the corresponding parts of the negative,

even if diffraction were to be excluded from before hand.

I do by no means intend to say that by what precedes the con-

clusion might be justified, that X-rays are diffracted and that they

have a icave-length of about 0.1 a 0.2 /li /u. Yet, as we have arrived

through two or three independent ways at results which agree pretty

well, those results — though each of them, the first excepted, may
separately be of nearly no value at all — if taken together make

me believe, that the conclusion mentioned may possibly be not very

far from truth. Moreover they make a fuither investigation in the

same direction desirable. A.s to the result mentioned under 1°. I

think it may be accepted without any restriction ').

Physics. — The galvanornaynetic and thermomaynetlc phenomena in

bismuth^ by Dr. E. van Everdingen Ju. [Communication

No. 42 from the Physical Laboratory at Leiden, by Prof.

H. Kamerlingh Onnes).

In order to explain the galvanomagnetic and therraomagnetic

phenomena Riecke ^) assumes that a galvanic current is always

accompanied by a current of heat, and a current of heat by a gal-

vanic current. The basis of these hypotheses lies in Weber's theory

of the conduction of electricity and heat in metals; in tliis theory

also the conduction of heat is ascribed to the motion of charged

particles alone.

The velocities of the positive and negative particles are :

for a slope of potential of 1 C. Gr. S. unit per cM. u and — o

for a slope of temperature of 1° per cM. gp and (?„.

In the magnetic field // a positive ion with the velocity U is

acted upon by a force B U for each unit of electricity.

KiECKE assumes further that the velocities in the direction of this

force of the particles aie zero in the state of equilibrium in the case

of the phenomenon of Hall ; the equilibrium is reached by the

combined action of a difference of potential and of temperature

between the sides of the plate.

In this way he finds for the coefficient of the galvanomagnetic

1) With great pleasure I acknowledo-e tlie assistance given by Mr. C. Sctioute in

the measurements, necessary for the experiments.

-) (iüilt. Niichr. 1898.
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rliffereiice of temperature (i. e. the difference of temperature per linear

cM. for a slope of potential 1 and a magnetic field 1)

'' (1)

and for the rotation of the equipotential lines occurring in the

IlALL-effect

u^9n-v'_g^^^
^^^

li 9n +V ffp

In a similar manner he deduces

:

Coefficient of the thermomagnetic difference of potential

9p9n (u + v) _
"S'n -\- vgp

(3)

Coefficient of the thermomagnetic difference of temperature (i. e.

the rotation of the isothermal lines)

U V (go — (Jn)^^ ^^z=d (4)
«</« + " ffp

When these four phenomena have been observed, u, v, g,, and .</„

may be calculated. Proceeding to this calculation, Riecke says : „Eiue

thermomagnetische Teinperaturdifferenz scheint hier (bei Wismuth)

nicht vorhandeu zu sein." Therefore he takes f/^. = ê^h, which consi-

derably simplifies the formulae.

This remark however is not justified. As early as 1887 Leduc')

observed the rotation of the isothermal lines in bismuth ; this obser-

vation was corroborated by the experiments of VOK Ettingshausen").

The rotation iiowever is not very large and hence one might think,

that Riecke's assumption does not remain far behind the truth.

In order to decide this question I have repeated the calculation with

the data used by RiECKE, augmented by von Ettingshausen's

result for the rotation of the isothermal lines. The latter found

with a plate of bismuth, 2,2 cM. broad and probably ^) 4,8 cM.

') C. K. lO-J., p. 178't, 1887.

2) Wied. Ann. 33, p. 135, 1S88.

^) See VON Ettingshausen nnd Nebnst, VVied. Ann. 33., p. 477, 18SS,
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long, when two opposite borders of the plate were maintained res-

pectively at 100° and at the temperature of the room, in a magnetic

field of 9500 C. G. S. a difference of temperature of Vg" between

the two other borders. The slope of temperature in the middle of

this plate was probably no more than 10° per linear cM. Hence d

was about — G.10~'', and the four (juantities must be calculated

from

. a = 2,98.10-i«
i- = — 7,16.10-^ c 1:1.0,132 rf = — 6.10-7

Eliminating gp and g» fi'om the equations 1 to 4, we obtain

v'^ -\- {b -ir (T) V Ar [b d — ac) = . . (5) and u = v -\- {b + d) . . (6)

or

uv = ac — b d and u — v ^^ b -\- d.

Only one of the two sets of values for u and ", furnished by these

equations, satisfies all conditions

« = — 0,005.10-5 1,^7,215.10-^

whence we calculate by means of the relations 3 and 4

.9^=: -0,012 <;„:= 0,133.

It is evident that gjj and g„ are not even approximately equal.

The quantities —and — , which according to Riecke's theory are

proportional to the kinetic energy of positive and negative particles,

appear now to be

.^ = 2,4.10^ i^ = 0,0185.10=
U V

2. An objection which may be raised both against this calcu-

lation and against that of Riecke is, that the various coeflfieients

were not determined all with the same sample of bismuth, and not

all in the same magnetic field. Indeed we know how difterent the

results of experiments upon bismuth from different sources may

prove to be ; and though theoretically all the phenomena are propor-

tional to the first power of the strength of the field, practically this

proportionality is sometimes far from complete; voN Ettinushausen

and Nernst f. i. obtained as constants of the HALL-cttect in mag-
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netic fields from 1650 to 11100 values from — 10,27 to — 4,95.

Moreover in the formulae the value of the resistance of bismuth

must be used, which depends largely on the strength of the mag-

netic field. These considerations induced me to repeat the measure-

ments of the various phenomena with the same plate of bismuth

and in the same magnetic field i).

In order to avoid as much as possible the disturbances which

might be caused in cast plates by irregularities in the cristalline

structure ^), these experiments were made with a plate of bismuth

deposed by electrolysis in a solution of nitrate of bismuth.

During the experiments the plate was fastened on a little wooden

board under two copper strips, soldered to the copper tubes ser-

ving to supply or absorb heat and at the same time as electro-

des for the galvanic current through the plate. The thermo-electric

needles could be introduced between the plate and the wood at three

different, fixed distances from the copper plates, for which purpose

three grooves had been sawn in the wood. In measuring differences

of potential the copper wires of the thermo-electric couples (German

silver-copper) were used. The space between the plate and one of

the poles of the magnet was filled up with cotton.

A similar arrangement of the experiments was used by voN

Ettingshatjsen and Nernst in their research on the phenomena in

pure bismuth and in alloys of bismuth and tin ^), with this diffe-

rence, that as well the copper tubes as the thermo-electric needles

were soldered by them to the plate.

3. Measurements. Dimensions of the plate: length 8,8 cM.,

breadth 1,15 cM., thickness 0,089 cM.

The experiments in which the thermo-electric needles were on the

middle of the plate are indicated by the letter A
; those in wliich

they were placed on the side of the heated tube by B and the third

series by C. The distance between the two copper strips was 2,96

cM; the distances between the heated strip and the 1^*, 2'^ and 8'^

groove were respectively 0,65, 1,53 and 2,37 cM.

In judging the results, entered under B and C we should keep

1) See my communication in the Meeting of May 28, 1898, p. .53. Communications

Phys. Lab. Leiden, N". 11, p. 13.

-) See my communication in the Meeting of April 21, 1897, p. 501 and June 215,

1897, p. 71, 72. Comm. N". 37, p. 17, N". 40, p. S, 9.

'') Wied. Ann. 33, p. 474. If in the course of this research also the rotation of

the isothermal lines had been measured, it would have furnished good data for a

calculation.
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in mind that the proximity of the well conducting copper strips

must cause a decrease of the occurring differences of temperature

and of potential.

Some observations were made in magnetic fields differing a little

from those mentioned below. The communicated numbers were then

obtained by graphical interpolation, just as the numbers of voN

Ettingshausen and J^Jernst, entered under v. E. and N., which are

given for the sake of comparison.

a. GalvanonuKjnetic difference of temperature. The method of ob-

servation was the following : when the current through the plate and

the magnetizing current had been closed during about 15 minutes

and the temperature had become approximately constant, the deflec-

tions with both thermo-electi'ic couples were alternately read at con-

stant intervals, f. i. 4 times that with the first and 3 times that with

the second. Then the magnetic field was reversed, after some minutes

the series of experiments repeated, thereupon the magnetic field

reversed again and a third series of experiments made. Afterwards

this whole series was repeated with the direction of the current

through the plate reversed.

Each series of 7 observations furnishes a mean difference of tem.-

perature between the upper and the lower border of the plate. The

difference between the mean of series 1 and 3 and series 2 gives

double the galvanoraagnetic difference of temperature. Finally the

mean was taken of the results with both directions of the current.

During these experiments water at the temperature of the room

was flowing through both tubes. But for this precaution a difference

of temperature of about 30° might arise between the two borders

where the current entered and left the plate, caused by Peltier-

effect; in consequence of the rotation of the isothermal lines a sen-

sible error might be caused by this difference of temperature.

Current through the plate 3,0 ampères.
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b. }lALh-effect.

The observations

pensation i).

were made by means of the method of com-
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. „ ,
Slope of temp. 14

Masuetic field. 1
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in opposite senses from the bismuth of voN Ettijs'üSHAUSEN and

Nernst; also with respect to c, if we regard only the relation

with the magnetic force, whilst the discrepancy of sign is not found

in the alloys.

That indeed the bismuth of the physicists mentioned was not

completely pure is moreover proved by what follows : the temperature

coefficient of the resistance was found to be negative, wliereas with

the electrolytic bismuth from Hartmann and Braun according to

Fleming and Dewar^) it is positive and just as in other pure

metals; the conductivity was 4,8. lO""" instead of 8,6.10~° with

electrolytic bismuth, and the increase of resistance in a magnetic

field 8400 was 307o against 40o/o with the electrolytic bismuth

according to Henderson ^).

Hence very likely the bismuth used by me was very pure. By

this result the confidence in the results of the experiments is aug-

mented
;
yet I will indicate a possible, though improbable disturbance,

which might account for the change of sign in the transverse effect.

It is namely possible that the thermo-electric needles did not follow

completely the variations of temperature of the plate, and that

therefore the disturbances caused by rotation of isothermal lines was

greater than was calculated. If we consider however, that I found

for that rotation greater values than voN Ettingshausen found

with soldered thermo-electric needles, that after 1 minute the deflections

varied rarely more than one scale-division, and that my values for

the rotation would have to become at least (3 times greater in order

to render the effect positive in all cases, then it will be agreed that

this explanation is very improbable. I intend however to repeat one

of the experiments with soldered electrodes.

5. Before proceeding to the calculation of ?«, v etc. from the new

data I wish to point out a remarkable discrepancy between Riecke's

theory and my observations.

According to formulae 1 and 3 the ratio of the coefficients of

thermomagnetic difference of potential and gal vanomagnetic difference

of temperature is equal to

— and — however are equal to

1) Pi-oc. Roy. Soc. 60, p. 73 and 435, 1896. A similar result I obtained with

bismuth from Oberschlema. (See my dissertation p. 9'.)).

2) Wied. Ann. 53, p. 912, 1894.
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1 1— ///,r/ and —/£'«<•«-

(see § 12 of Riecke's paper) where e denotes the charge in electro-

magnetic units, Up and //„ denote masses and Cp and e„ velocities

of tl.e charged particles. Of course the product of these quantities

can never be otherwise than positive. Now for the galvauomagnctic

difference of temperature always a positive value, for the thermo-

magnetic difference of potential in weak fields however a negative

value was found. The regularity with which this phenomenon showed

itself, appearing f. i. from the graphical representation, proves that

theie can be no question of errors of observation
;
none of the known

thermomagnetic phenomena can cause a systematic error; hence the

negative sign of the thermomagnetic difference of potential in weak

fields is not to be reconciled with Rieckk's theory in its present

form

.

But even if we will not insist upon this negative sign in the

weak fields, the positive value in stronger fields leads in connection

with the other quantities to conclusions, which give rise to the

question whether in the theory everything has been taken into con-

sideration.

For the calcuJatiini 1 chose the magnetic field 6 lOU and the series

of observations A. We find then

a = 1,05.10-1° /, =-8,83.10-^ c = 4,56.10-2 rf=—l, 63.10-0.

In the calculation of a and h for the resistance of the bismutli,

which has not yet been determined by nie, was taken the value

which Fleming and Dewar found in a field of 6100, namely

134.10=5 in C. G. S. units.

The formulae 5 and 6 give

«=—0,157.10-5 ,, = 8,84.10-5

whence we deduce further

g, = - 1,304 g„ = 0,0-16

^=8,3.105 —=0,0052.105
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This result does not appear to me very probable.

6. I wish to defer a comparison between theory and experiments

entering into more particulars until also the longitudinal pheno-

mena: the conductivity for electricity and for heat, the change of

these in the magnetic field and the longitudinal thermomagnetic

effect have been investigated in this plate.

I think it probable that Riecke's theory will have to be modified.

Firstly also the variation in the magnetic field of the conductivity

for electricity and heat might be included in it. The observations

of these phenomena prove that the variation is much smaller for the

thermal conductivity than for the electrical conductivity. This indi-

cates, I think, that the theory wrongly ascribes the whole conduc-

tion of heat to the charged particles ^). It would be desirable to

try whether it is possible, taking this into account, to explain the

phenomena with the assumption that the kinetic energy is the same

for positive and negative charged particles, which seems at first

sight more probable. At the same time it might perhaps be recom-

mended to omit, in the deduction of the formulae for the four trans-

verse phenomena, the condition that the velocities of the particles

in the direction of the electromagnetic force should be zero, and to

replace it by a similar condition as was assumed by me in the

theory of the HALL-effect in electrolytes ^). Finally it will appear

necessary to make some hypothesis in reply to the question, what

happens with the charged particles when they reach the borders of

the metal Riecke himself indeed has observed ^), that it is not

possible to formulate a complete theory of thermo-electricity with

the aid of his hypotheses whithout accounting for the conditions at

the junction of the two metals and forming an idea about the reci-

procal influence of ponderable molecules and electric particles.

Physics. — Oh the deviution of de Heen's experiments from van

DER Waals' law of continuity. By Dr. J. Verschaffelt

(Communicated by Prof. H. Kamerlingh Onnes).

(Will be published in the Proceedings of the next meeting).

1) See my dissertation p. 114.

') See communicatioE of May 28, 181)8, p. 48. Comm. N". 41, p. 6.

*) § 8 of liis paper.
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Physics. — TIte composition and the volume of the coexisting vapour-

and liquid-phases of mixtures of Meihijlchloride and Carbonic

acid. By Ch. M. A. Hartüak {Communication N''. 43 from the

Physical Lahoratory at Leiden^ by Prof.H. Kajieulingh Onnes).

§ 1. Vax der Waals' theory of mixtures has already given rise

to numerous observations. Kuexex f. i. has determined the isother-

mal lines for three different mixtures of methylchloride and carbonic

acid in the gaseous phase in order to construct the «/^-surface up to

the border-curve for different temperatures and to obtain data about

the values of 01,2 and ^1,3. 'J'he phenomena in the neighbourhood

of the plaitpoint have also been investigated by him for different

substances. Through this the shape of the connodal lines in the

neighbourhood of the plaitpoints has become fairly well known.

It was very desirable that now also a first plait crossing the ip-

surface from one side to the other should be traced experimentally

with special indication of the coexisting phases. If at a given

temperature the composition and the density of these phases are

known we may draw the projection of the connodal line in the x-v

plane and in this figure we may draw the projections of the tangents

which unite the coexisting phases on the surface.

To obtain the data required for this has been the purpose of this

investigation. I have chosen methylchloride and carbonic acid for

substances because many data about the mixtures of these two have

already been gathered by Kuexen.

§ 2. Fig. 1 may serve to explain the principle of

the method of investigation that has been followed.

The coexisting phases are contained in a wide reser-

voir B. At the upper end of the reservoir we may
isolate a definite volume of the vapour- phase by

shutting the cock ^i and draw it off by means of the

cock i?2 and receive this above mercury in a common

gas tube. The quantity of this is found by measuring

the volume, pressure and temperature of the gas and

the composition is found by having the carbonic acid

absorbed by potash.

In the same way we may isolate a definite volume

of the liquid-phase at the lower end of the reservoir.

The volumes of the liquid-space A and of the

vapour-space B have been determined by measuring

the volume of oxygen which they can contain at high

pressure.

6

Proceedinors Roval Acad. Amsterdam. Vol. I

51
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The equilibrium between the two phases is obtained by stirring

with the aid of' an electro-magnetic stirring-apparatus, as has lately

been described by van Eldik ') (see § 6). In this manner a perfect

equilibrium must be obtained within the wide reservoir. The cocks

Ai and B\ are wide open during the stirring. Care should be taken

that the composition of the pubstance in the space B should be the

same as that of the rest of the vapour-phase in if', and therefore,

after sufficient stirring (or while carefully continuing the stirring)

as much of tlie vapour as is contained in the space B must be

slowly blown off by slightly opening the cock B^, after which the

cocks Z?2 and Bi are successively shut. In tapping from the liquid-

phase the same is done with respect to the cocks ^i and A^.

The spaces ^J and B are 0,0778 and 3,25 c.c.m., while the volume

of R is about 150 c.c.m. So we may assume that the change of the

composition of the liquid and of the vapour during the tapping may

be left out of consideration, if the tapping be done with the neces-

sary care in the way described above, and that the compositions of

liquid- and vapour-phases, found by analysis, indicate the composi-

tions of coexisting phases at the temperature and under the pressure

at which the tapping is done. I intend to connect with the present

apparatus the compound hydraulic pump for moving coexisting phases

(described in the Proceedings of the Meeting of May 27th 1897 p.

21) by means of which the permanent equilibrium between the phases

may be still better secured.

In order to keep the temperature constant, the apparatus is placed

in a water bath (see § 5).

The pressure of the coexisting phases is measured before and after

the tapping by means of the manometer connected with p (see § 4).

The average of both measurements is taken as the pressure to which

the coexisting phases belong.

When one measurement has been performed we may make a second

determination by tapping once more, and so on, as long as the

quantity of the liquid phase in the reservoir is sufficient. At each

successive determination we find a new value for the pressure to

which the new pair of coexisting phases belongs.

In this way a series of a certain number of successive determina-

tions was generally made at the same temperature.

§ 3. Description of the apparatus (fig. 2— 4).

The reservoir B consists of a drawn brass tube (long 55 cM.

internally) closed at both ends by a plug screwed and soldered in

V. Eldik, Prooeediiigs of the Meeting of May 2'J '97 p. 2U.
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it. The liquid-space ^i is contained between the needle points of

a double cock; the chamber of cock Ai is connected with the reser-

voir by a brass overpipe r/, which is provided with two nuts, and

in which a narrow steel capillary tube has been soldered which is

so long that the lower end of it reaches as far as the chamber of

Jj and the upper end not only goes through the plug but emerges

nearly 5 m.m. beyond it.

Thus has been obtained that the communication of B with A
has as little volume as possible; 'while at the same time at the

lower end of the reservoir an annular space has been formed, in

which may settle particles from the walls or from the packings

which during the distilling of the gas might get into the reservoir.

A rim on the plug protects the capillary tube from being damaged

by the stirring-rod.

In the plug at the upper end of the reservoir three copper ca-

pillary tubes have been soldered.

One of these, />, leads to the cock Z?i ; the vapour-space Z? consists

in a spiral made of a copper capillary tube (long 80 cM.) of the

same diameter. Care has been taken that the channel through which

the vapour streams out has the same diameter over its whole length

in order to prevent as much as possible the condensing of the vapour

by adiabatic expansion.

A second tube c leads to the cock C2 and serves to connect the

purifying apparatus with the reservoir. The third tube d connects

this reservoir with the apparatus for the measuring of the pressure.

§ 4. The measuring of the pressure.

Special care is required for this. By filling the tube which leads

to the closed air-manometer with mercury, we may prevent conden-

sation or evaporation in that tube caused by differences of tempe-

rature between that tube and the water-bath of the apparatus. But

then the mercury-meniscus on which the vapour presses must be

within the water-bath and moreover it must be visible in order to

enable us to read the difference in height with the meniscus of the

closed manometer.

Therefore the tube d has been connected through the cock Cj

with the copper capillary tube e, which ends in the upper part of

the glass reservoir D, which is again connected with the mercury

in the air-manometer through the steel capillary tubes f, g and the

steel cock Dx. With a view to greater accuracy two air-manometers

are used, the one for pressures from 4 to 20, the other for

pressures from 18 to 90 atmospheres, so that their indications may
be compared together.

6*
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The pressure-cylinders of the two manometers are conneeted at

their upper ends with an hydraulic pump; from the latter and from

the tube h they are separated by cocks, so that each of them may

be put out of use separately. By means of the hydraulic pump the

mercury may be forced from one of the pressure-cylinders into the

capillary tubes //, g and ƒ, and so at the required height into D.

The difference in height of the mercury in D and in the mano-

meters is taken into account as a correction for the pressure.

The volume of D is so large that after a change of pressure the

mercury- meniscus in it always remains visible, without the hydraulic

pump being required continually.

§ 5. The water-bath.

A constant temperature is obtained by causing water to flow

through the water-bath in which the apparatus is placed. Whenever

vrater from the main was used the temperature was regulated by

means of the same apparatus which was used by Dr. van Eldik

in his investigations on capillary ascension i).

If the temperature of the water from the main was higher than

was required for the observations it was cooled by means of ice

and a circulation was brought about, on the whole agreeing with

that used by Dr. de Haas in his researches on the viscosity of liquids 2).

The water-bath is made so that the whole apparatus may be put

into it from above. For this the four cocks Z?i, /ij, ()), C'2 are mounted

on a base-plate H, to which the cover K of the water-bath is

fastened. In the centre of this cover is an opening to let thi'ough

the tubes e and ƒ; a rim surrounding that opening serves to fasten

a glass tube L in it. Besides in the four corners of the cover are

smaller openings in which the tubes b' and c', the other end of

and a thermometer are tightly fixed by means of corks. At the

lower part of the base-plate is screwed an anglepiece with sliding

tube supporting the reservoir.

The water-bath itself consists of a rectangular box M, containing

the four cocks and a cylinder i\^, surrounding the reservoir. In the

front of the box are four openings with necks corresponding to the

steel pins of the cocks ; when these have been placed into the water-

bath we apply brass lengthening-pieces to those pins and the ope-

nings are shut water-tight by means of corks. The double cock A
has a water-bath of its own soldered to it; an india-rubber ring

P (high 10 cm.), which can slide along the cylinder, and when it is

1) VAN Eldik, 1. c. p. 32. Comm. etc. N". 39.

') DE Haas. Dis. Leiden 189é, p. 8.
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tightly fixed completes the waterjacket. One of the glass side-walls of the

box M enables us in Ihe case of a leak in the apparatus, to find out where

the gas escapes. As in the water-bath alone there are twelve connections

with overpipes and nuts, this measure is not superfluous.

During my observations at 9 to 10° the temperature in the room

exceeded that of the water-bath. In this case the water flows into the

apparatus through E and can leave it through the pipe F; we may then

expect the temperature of the water when flowing through to rise a

little, but by no means to fall. Thus we prevent the liquid from

distilling from R into D. Yet from time to time a small quantity

of liquid appeared on the mercury in D; however no perceptible

disturbance of the equilibrium between the two phases ensued, at

least the manometer showed no permanent change.

In case the temperature of observation should exceed that of the

room the same result may be obtained by letting the water in

through F and by causing it to flow off through E. G may serve

here to prevent the level from rising too much if F for the time

being does not lead off a sufficient quantity.

§ 6. The Stirring.

The soft iron stining-apparatus consists in a little rod (long

15 m.m.) provided at both ends with a disc (broad 12 m.m.) and

moved electro-magnetically by means of a coil 6', outside the water-

bath. A cylinder T of sheet iron fitting round the reservoir moves

together with the coil and serves to concentrate the lines of mag-

netic force in its axis. The current for this coil is supplied by four

portable accumulators.

§ 7. The analyses.

The composiiion of the gas-mixture, received above the mercury,

is determined by having the carbonic acid absorbed by pieces of

caustic potash (cylindres of 10 to 15 m.m. length). They must not

bo too dry, else we are not sure that all the carbonic acid will be

absorbed. But on the other hand care must be taken that those

pieces are not too moist, as a separate experiment showed that the

methylchloride is dissolved by a saturated solution of caustic potash.

After some practice I soon succeeded in introducing potash in the

desired state of humidity into the gasometric tubes.

For some days the gas is left in contact with the potash. In order

to hasten the absorption the tubes are plunged as far as possible

into deep reservoirs filled with mercury, each consisting in an iron

gaspipe, closed at the bottom and carrying at the top a wide glass

basin. The absorption of the carbonic acid may also be hastened by

moving the tube in the mercury up and down.
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tn determining the quantity of gas in the tube the latter is sunk

into the mercury so deep that the measuring of the volume and of

the pressure of the gas may be done with the same accuracy. Fitting

toünd the tube are elastic cylinders of thin sheet iron, provided

tvith sharp points, which are bent downwards. The needle is pointed

at the mercury surface, and the rim allows to read the divisions on

the glass tube. In doing this an india rubber stopper bearing a

glass water-jacket is fixed round the glass tube. By means of this

simple contrivance we know also the temperature of the gas to be

measured and so the volume may be reduced to 0° C and 1 atmosphere.

In determining the quantity of the liquid-mixture and of the

vapour-mixture drawn off, we also take into consideration the portion

of the mixture which remains in the spaces A and B after the

flowing off under the barometric pressure. Especially for the vapour

at low pressure this should not be disregarded.

As the measuring tubes were filled with mercury in the ordinary

way, there remained a small quantity of air in the theoretical vacuum;

this quantity was determined and taken into account.

§ 8. Results.

The plait on the «/^-surface of carbonic acid and methylchloride
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It is remarkable that the liquid-curve in fig. 5 should differ so

little from the straight line. So it seems that for these mixtures

at the chosen temperature the vapour-pressure of the liquid-phase

may be represented with near approximation by:

P = Pi (l-x) + P^x

in which Pj and P^ represent the vapour-pressures of the compo-

nents. If we compare this with the formula given by van der Waals ^),

it appears that the exponents in the latter differ little from zero.

Physics. — ^^Considerations concerning the Influence of a Magnetic

Field on the Radiation of Light.'" By Prof. II. A. Lorentz.

§ 1. The assumption that every molecule of a source of light contains

a single movable ion, which cau be displaced in all directions from

its position of equilibrium and is always driven back to that position

by the same force, proportional to the displacement, leads to the

elementary theory of the phenomenon disciovered by Dr. Zeeman.

Viewed across the lines of force, a single spectral line must, by the

action of the field, be tripled, and viewed along the lines of force,

be doubled ; besides, the components of the triplets and doublets

must be polarised in a well known manner.

Whilst the first observations of Zeeman were consistent with this

theory, and he soon could confirm the theoretical predictions by the

observation of distinct triplets and doublets, yet it has become ap-

parent that the case is often less simple. Cornu proved, that f. i.

in the case of one of the sodium lines, viewed across the lines of

force, the central component of the triplet is doubled, so that in

reality a quadruplet is seen. Michelson and Th. Preston observed in

many cases not only a far more complicated structure of the central

component, but a similar structure of the outer components of the

triplet. According to these observations, the word „triplet" is

hardly applicable, though there is always an important difference

between the central part of the appearance in the spectrum (the two

central lines, f. i. of Cornu's quadruplet) and the outer parts; the

first is plane polarised, the plane of polarisation being perpendicular

to the lines of force, whcireas in the right and left part the plane

of polarization is parallel to the lines of force.

§ 2. The facts mentioned evidently make it necessary to replace

') Y. L). Wa.vls, Vei-slag- Kou. Aknd, May 28 "'Jl p. 410.
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the elementary theory by a more complete one. Some time ago, I

examined 1) therefore what phenomena are to be expected, if a mole-

cule, having an arbritary number of degrees of freedom and arbri-

tarilv distributed electric charges, is oscillating about a position of

equilibrium.

Before returning to this subject, I will consider the conclusions

which may be obtained by arguments from symmetry, without ente-

ring into the details of the mechanism of radiation.

There can be no doubt, that we may consider the source of light

as a system of extremely small particles, oscillating partly with the

frequency of the light vibrations; in virtue of their electric charges,

these particles must excite in the surrounding aether periodically

oscillating dielectric displacements. These constitute the luminous

motion radiated by the source.

For briefness' sake this entire system will be indicated by 8.

We may now conceive a second system S', which is the image of

8, relatively to a fixed plane P. The meaning of this is as follows.

If A is a particle in S, there is in 8' a particle A', which is

the image of A and of the same physical nature as this particle.

Especially, the mass and the electric charge are the same ; or, to speak

more accurately, in corresponding points of A and A' the same

material density and the same density of electric charge will be

found. Moreover, the particles A' will be at every moment the image

of the particles ^1, or, as we may say, the motion of the ions in

8' will be the image of the motion in .S'. If this is the case, the

luminous motion in the aether in 8' will likewise be the image of

the motion in ,S', in this sense that the vector representing the die-

lectric displacement in (S" is always the image of a corresponding

vector in 8.

Of course ail this will only be possible, if the forces operating

on the particles A' are the images of those to which the particles

A are subjected. So far as the mutual action of the particles is

concerned, we may regard this as a consequence of the supposed

equality in physical nature. In order that the forces, originated by

the external magnetic field, may satisfy the same condition, we will

suppose that the vectors, representing the magnetic force in »S", may be

derived from the corresponding ones in *S' by first taking their ima-

ges, and then reversing the directions of these images*}.

ij Wied. Ann. Bd. 63, p. 278, 1807.

2) If the magnetic field is generated by electric currents, we may imagine the

required field in S' to be produced by currents, which are the images of the currents in ,S',
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It will also be assumed that the properties of tlie image of' the

source of light, as far at least as we are concernerl with them in

really observable phenomena, are the same as those of the source

itself, so that the latter may be substituted for the image. Finally,

we suppose that the entire luminous motion in the aether is developed

by means of Fourier's theorem into simple harmonic motions ; when

the total luminous motions in S and >S" are each other's images,

the same will evidently be true of those parts of the luminous

motions, which have a determinate period T —^ or rather periods

between two definite limits 2' and T -^ d T.

§ 3. Let ^ be a straight line, drawn from any point in the source

of light parallel to the lines of force, and let L denote the luminous

motion iviih a definite period T. existing at a distant point of Q.

By taking the image of the whole system, relatively to a plane

parallel to the line Q, it is easily seen that the image L' is exactly

the luminous motion, that would exist in the point considered, if,

the source of light remaining unchanged, the direction of the field

were reversed. Hence L' may very well difter from L, but, in all

observable properties, L' must remain unchanged, if the reflecting

plane be turned around the line Q as axis.

Whence it follows, that, if all vibrations of L are resolved parallel

to a line i?, perpendicular to Q, the intensity produced by the com-

ponents must be independent of the direction of R. Indeed, Ri and

i?2 being two lines perpendicular to Q, and Tr\ and 1,2 the inten-

sities corresponding to them in the manner indicated, we may give

to the reflecting plane two positions F^ and P^ in such a way

that the image of R^, relatively to Pj, coincides with that of ^2)

relatively to Pj. Indicating by R' the direction of these coinciding

images and by iV the intensity corresponding to this direction of

vibration in L'— this quantity remaining the same, as was remarked

above, for every position of the reflecting plane — we may write

Iri= Tr- and Ir2— J'r' ', heUCC I,.i= Jr2-

In this way we come to the conclusion that the light propagated

along the lines of force, and having a definite period T, or, in other

words, occupying a definite place in the spectrum, cannot be polarised

plane or elliptically, neither com|)letely, nor partially. It can only

be unpolarised, or circularly polarised ; in the latter case the pola-

rization can be partial as well as complete.

The light would be unpolarised, if an influence of the magnetic

field did not exist at all. As far as we know, the components of the

doublets seen along the lines of force are completely circularly pola-
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rised. From the above considerations it however appears that the

radiation might also be partially circularly polarised. We see at

the same time that, if in a given place of the spectrum the polari-

zation is righthanded, it must become lefthanded at the same place

by reversing the magnetization.

§ 4. Arguments of the same kind may be used when the ob-

servations take place across the lines of force. Now, we place the

reflecting plane perpendicular to these lines. The magnetic

field remains unchanged ; consequently, the luminous motion must

have the same properties as its image. Hence the light, observed

in a given place of the spectrum, cannot be circularly nor eliipti-

cally polarised — neither completely nor partially. It must be either

unpolarised light, or plane polarised — wholly or in part — the

plane of polarization being parallel or perpendicular to the lines

of force.

It needs scarcely be mentioned, that all observations are in agree-

ment with this conclusion.

§ 5. A closer examination of the mechanism of radiation gives

us a relation between the light radiated along and the one radiated

across the lines of force. At least one conclusion concerning this

point lies at hand.

Let M be a single molecule ot the source of light, and let three

rectangular axes OX, OY, OZ be drawn, the first along the line

of force. Let e be the electric charge in a point of the molecule,

having the coordinates x, y, z
;

then we may call 2 ex, -^ e y,

— ez — calculated for the entire molecule — the components of

the electric moment of the particle.

These quantities are continually changing, and will perhaps be

extremely complicated functions of the time. By means of Fourikr's

theorem, we may however separate the parts that have a deter-

minate period T. We will confine ourselves to these parts and

denote them by 5)?;», 51?»/, '^Iz.

If now the dimensions of the molecule are very small compared

with the wave-length, then, the observer being supposed at a distance

of a great many wave-lengths, it may be deduced from theory, that

in ail points of OY, liglit is produced merely by the variations of

5Jf,c and 9]i^, 9}f.(; producing vibrations along, and 9ïï« across the lines

of force. Similarly for points of OX and OZ.

Suppose, that, when viewing across the lines of force, f. i. from

a point of OY, in a given place of the spectrum light is seen
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wliieli is entirely plano polarised, the plane of' polarization being'

perpendicular to the lines of force.

Then, at the place in question, there will not be any luminous

motion produced by 3)?^, and, because the molecules are vibrating

independently of each other and hence lig-ht emitted by one can

never be totally destroyed by that orig-inating from another, ^s must

vanish in all molecules. Of course the same argument applies to ?0ï?/
;

hence it follows, that no light can be observed from any point of

OX, that is to say in the direction of the lines of force.

Becquerel and Desla.ndres have found ^) that one of the iron

lines, when viewed across the lines of force, becomes a triplet, the

central and side components of which, as compared with tliose of

the ordinary triplets, have interchanged their states of polarization ^).

The foregoing reasoning entitles us to predict, that only the middle

component of this triplet will be visible, when the phenomenon is

observed in the direction of the lines of force.

§ 6. In the paper cited above, I have established the equations of

motion for infinitely small vibrations of a molecule, having n degrees

of freedom, and placed in a magnetic field. I called ^^i, p2j • • • P»

the general coordinates, chosen in such a manner, that they are

in the position of equilibrium, and that they are principal coor-

dinates as long as there is no external magnetic force. I obtained

for the equations of motion

«IPJ +*^l?'l — (C1.2P3 + <^1.3/>3 + ••• +Cl.„p„) = 0,

«2 P2 + ^3F2 — (fa.! Pi -{- C2.3P3 + . . . + C2.nPn) = 0,

• (1)

etc.

where a and b are constants, independent of the magnetic force.

The influence of the field is expressed by means of the terms con-

taining the quantities c, which are all proportional to the intensity

of the field.

They further satisfy the relations

(2)

To determine the possible periods of vibration, we put, according

to a known method, in (1):

') Coraptes rendus, -l avril 189S.

'j The same plieiiomenon has been observed in the case of some iron-lines by

Ames, Karhaet and Reese, Johns Hopkins Univ. Circular. Vol. 17, No. 13.5.



( 95)

P\ = f'\
<-'"

. Pi = f'2 «''
.

and eliminate //j, //j, • • /<<)i- If

^ - *,2 ^ -
i-

3
'^1 ! "'S 1

«1 flj

Ph = iin e"

— — "n •

and

the result may be put into the form

«n.l ^ <'n.2 ^» t(i.3 ^

«l.n ^

«2.n I

= . (3)

In consequence of the relation (2), the development of the deter-

minant will contain only even povFers of l-. Hence an equation is

obtained, of the «'•> degree in Z-. From the circumstances of the

case it follows, that the roots of this equation are all real and nega-

tive; hence n pairs of imaginary values of I are obtained. If + t^V

and — ik\. are two of those values, there will be a mode of vibra-

tion with the frequency (number of vibrations in the time 2 n) k',-.

Evidently, without the field', the frequencies would become

^'ii ^"ji «'n »

and it is clear that, if there is a magnetic field, each of these

frequencies is modified into a value A-',., differing very slightly from l;-.

In the cited paper I had restricted the development of (3) to

terms containing the products of two factors e. Denoting by 11 the

product

{I' + h') ii' + h') (i^ + h')

and by llr.s the value, got from this by omitting the factors l^ -{- ,(>-

and l'^ -\- k^^y we obtain

n-:El^ er.s es,- 11,. s = 0, (4)
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where the sum is to be extended to all combinations of unequal

indices r and .s.

I inferred from this equation, that a triplet can only be observed,

if three of tlie values k are equal, or, in other words, if the system

has three equivalent degrees of freedom. This will also be clear

when it is considered, that by a continuous decrease of the magnetic

field, the three components of the triplet may be made to coincide,

so that the simple spectral line, as seen out of the field, may be

considered as consisting of three coinciding lines. Applying the same

argument to Cornu's quadruplet, it seems natural to suppose that the

lines, which are apt to undergo this modification, consist already,

under ordinary circumstances, of four coinciding lines, or otherwise,

that now we have four equivalent degrees of freedom, or four equal

values le.

Yet, the origin of a quadruplet cannot be explained by equation (4).

Indeed, if /ti, ^3, ^3, k^ are the frequencies having the same value k,

there are in each term of (4) at least two factors P + k^. Hence,

the equation must still have two equal roots — k^, and besides only

two roots, diifering very little from — k^.

§ 7. It was however brought to the notice of the autiior by

Mr. A. Panxekoek that in this case equation (4) is incomplete,

because some of the terms neglected are of the same order of mag-

nitude as those retained, and that, by returning to equation (3), an

explanation of the quadruplet may be arrived at.

If k^~ ^ h^ =z k^^ = ^/ =r k^, certainly four roots of equation (3),

if not = — k^, will differ only very little from this value.

If l^ is one of these values (we need not occupy ourselves with

the other values of l^}, then the four quantities l^ -\- ^1^, l^ + V»
p ^_ /tgZ^ 12 ^_ ^.^2 yf[\\ \yQ small. On the other hand, the quantities

Z2 + V. i' + h^ . . . P + k,? .... (5)

will have values, which by no means become small. Since all the

quantities el are likewise small, the elements (5) of the determinant

will exceed by far all other elements, and we shall obtain a suffi-

cient approximation, when we take in the development of the

determinant only those terms, which contain all the quantities (5).

Evidently, the equation serving for the determination of the values

of I-, which differ only slightly from — k^, will therefore be
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l^ + k2,
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molecule in tbc Held, the simple spectral liuc must be separated into

a j;-fold liue, in sucb a way, tbat the position of tbe different com-

ponents is symmetrical to the right and left of tbe original line.

From this it follows, tbat if p is odd, one component remains at

the place of the original line.

It seems bowever very difficult to conceive a system, having

really, as is necessary for quadruplets, four equivalent degrees of

freedom, especially if in addition to this, it is required tbat the values

of cc and j'i must be independent of tbe direction of the magnetic

force, relatively to tbe molecule. I have not been able to find out

a system, really fulfilling these conditions. It is true, it might be

argued tbat tbe very existence of a quadruplet proves tbe equality

of four frequencies, when there is no magnetic field, and hence tbat

the above theory of the quadruplet must be true, even though the

mechanism has not yet been found out. However I have some scruples

to be satisfied with this view of the case, for I think, it is not yet

quite certain, tbat tbe vibrations which produce light are really

to be described by equations of tbe form (1).

Physics. — On an Asymmetry in the Change of the spectral Lines

of Iron, radiating in a Magnetic Field. By Dr. P. Zeeman.

1. It is known that in the elementary treatment of the influence

of magnetic forces on spectral lines according to Lobentz's theory

it is sufficient, if only one spectral line is considered, to suppose

tbat in every luminous atom is contained one single moveable ion

moving under an attraction proportional to the distance from its

position of equilibrium. All motions of such an ion can be resolved

into linear vibrations parallel to the lines of force and two circular

vibrations, righthanded and leftbanded perpendicular to the lines

of force. The period of tbe first mentioned vibration remains un-

changed, those of the last are modified, one being accelerated and the

other retarded. Tbe doublets seen along tbe axis of the field, the

triplets seen across it are in this manner simply explained and

also tbe observed polarisation- phenomena. Besides we must expect

according to tbe theory that the outer components of tbe triplet are

of equal intensity and likewise the two circularly polarized com-

ponents of the doublet. Eye observations as well as the negatives

taken by myself and others have always confirmed till now this

most simple symmetrical distribution of intensities. The question arises

cannot the external magnetic forces, sufficient to direct the molecular
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currents assumed in the ionic theory of magnetism ^), favour the

circular vibrations more than those along the lines of force ^). If

this be assumed we are also compelled to admit that the revolving

of the ions takes place more in a given direction than in the

contrary. Hence then there must be a difference of intensity between

the two outer components of the triplet and between the two com-

ponents of the doublet. Although the ordinary magnetism of the

highly-magnetic substances has probably disappeared in the spark,

it seems rather natural to examine in the first place iron, nickel

and cobalt in search of a phenomenon in which the „molecular cur-

rents" of Ampère (or that part of these currents, which is pro-

duced by the motion of the light-ions) would manifest themselves

optically. However it seems to me by no means decided beforehand,

that other substances would not exhibit something of this kind. I

have however investigated in the first place iron.

The first results obtained were much promising. In the field used

several of the iron lines exhibited on the negatives a more intense

component at the less refrangible side of the spectrum. Further

inquiry has however shown that this seemingly positive result seems

to be of no value. I will give the results of my experiments

only in extract. Before describing them, it may be remarked, that,

if a directing influence, as mentioned, exists, we must expect that

the component at the less refrangible side must be intensified and

in the case of the triplet as well as in that of the doublet. The

sign of the charge of the ions cannot have any influence upon

this result.

2. Negatives were taken in the spectra of the third and second

orders obtained by means of a Rowland grating (radius 10 ft.,

14438 lines to the inch). More accurately was studied the part of

the spectrum between 3000 and 4000 A. U., when viewed in the

two principal directions iicross and along the lines of force. The vast

majority of the iron lines were, with the field used, resolved into

doublets, triplets, quartets etc. perhaps only three or four lines seemed

unaffected. Now I found in the case of a few lines inequality between

the outer components of a triplet across and of the corresponding

1) cf. KicHAEz. Wied. Aan. 58, p. 385, 41U. 1894.

2) cf. LoRENTZ. "Versl. Ak. Amsterdam, October '97, p. 213. [It was pointed out

by LoEENTZ in the article referred to, tbat the phenomena observed by EaoROFFand

Georgieavsky can be explained, without any hypotliesis of the kind mentioned by

the absorption, which the rays from the posterior ])art of the flame undergo in the

interior part.]

7

Proceediugs Royal Acad. Amsterdam. Vol. I.
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doublet along the lines of force. On the negative the component at

the red side of the spectrum was darker, independently of a commu-

tation of the current. Of course the difference of intensity is depen-

dant upon the time of exposition. Upon some of the negatives the

difference was for a special line perhaps 50 or 100 percent.

However it was plain enough, that the outer components of the

triplets and also the two components of the doublets were, in the

case of the strong iron lines, of equal intensity. Now in the case

of feebler lines, let L be one of them, perturbations will be possible

due to the overlapping of one of the components of a „normal"

triplet or doublet and a feeble line, say but slightly affected by

magnetism. The latter line can 1" be present near L in the same

spectrum; or 2^* belong to a spectrum of another order as the line

-L ; or 3" by the very presence of the field a special line may become

relatively to other lines more intense or a new line may be ori-

ginated. By taking negatives with different fields it will of course

be possible to evade difficulties from these three causes, at any rate,

if the supposed line is thin. We can however by taking also negatives

in absence of the field exclude 1, and by taking negatives in spectra

of different order or by cutting off any interfering spectrum in using

absorbents 2. Having done this, it appeared that also case 3 some-

times occurs; the intensity of the iron lines relatively to the air

lines varies considerably and the mutual intensity of the iron Hues

appreciably. New lines appear, at least lines absent on negatives

taken with the field off, became distinctly visible, while yet the

intensity of the field was insufficient to resolve the lines in

triplets etc.

The last mentioned perturbation is of course most treacherous.

Using however fields of varying intensities, I could avoid perturbation

3. Excluding however 1, 2, 3, only triplets, doublets etc. remained,

which, I think, can only be called quite symmetrical. Hence till now

there is no evidence for a directing influence of the magnetic field

on the orbits of the light-ions. ^)

') cf. Preston, Phil. Mag. Vol. 45, p. 333. 1898.

(August 9th 1898).
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Contents : „Congealing points and points of transition in mixed crystals of two substances".

By Prof. H. W. Bakhuis Roozeboom, p. 101. — „On the influence of salt-solutions

on the volume of animal cells, being at the same time a contribution to our know-

ledge of their structure". By Dr. II. J. IIambübgeb, p. 103.

The following papers were read

:

Chemistry. — „Congealing points and points of transition in

mixed crystals of two substances". By Prof. H. W. Bak-

huis Roozeboom.

In 1891 the author has laid down a theory on the building of

mixed crystals from solutions. This theory was applied to equili-

brium in systems of three substances.

Up to now no general rules had however been given for the

building of mixed crystals from fused mixtures of two substances.

The investigations in this direction had either been limited to

the influence of small quantities of the second substance on the

fusing-point of the first (van 't Hoff) or, as far as this had been

extended to greater concentrations, it had been done without any

theoretical guide and had led to false conclusions (KüSTER).

It is possible to plan a survey of the different cases of equili-

brium, which may present themselves between the fused mass and

the mixed crystals by making use of the condition of equilibrium

that the thermodynamic potential be a minimum.

Now Van Run van Alkemade has already stated formerly,

how in case of a continuous series of solid mixtures the potential

8
Proceedings Royal Acad. Amsterdam. Vol. 1.
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as a function of the concentration is represented by a similar curve

as that representing the potential values of mixtures of two liquids.

The problem therefore is to find out what cases may present them-

selves when these two curves are made to alter their relative

positions, in passing from higher temperatures to lower.

The result of this investigation is, that where a continuous mixture-

series exists, three cases are possible.

Case 1. The congealing points of mixtures of liquids of the

substances A and B, fall gradually from the congealing point of

B to that 0Ï A, in proportion as the composition of the fused liquid

is shifted in the direction of A. (in case of B's being the substance

having the highest fusing-point).

Case 2. The line of the congealing points shows a maximum.

Case 3, The line of the congealing points shows a minimum.

In all the three cases there is the following connection between

the concentration of the fused and the solid mixtures:

The solid mixture contains, in comparison to the fused, a higher

percentage of that ingredient, at the increase of which the congealing-

temperature rises. In the maximum and in the minimum the two

concentrations are equal.

Important conclusions for the process of congealing and fusing

and for the fractionation of mixed crystals may be deducted from this.

If the mixture-series in the solid state is not continuous, it may

be deducted that two cases are possible.

Case 4. The line of the congealing points shows a break in a

transition temperature, situated between the fusing points of the

two components. At this point occurs a hiatus in the composition

of the mixed crystals.

Case 5. The line of the congealing points shows two descending

branches, meeting in a minimum point, below which temperature

every fusion congeals to a conglomerate of mixed crystals with two

different concentrations.

There may still appear further complications, should there exist

more than one solid modification in either of the components or

in both. Following the same lines that have led to the discovery

of the connection between temperature, concentration of solid mixture

and concentration of liquid, it is equally possible to find in what

manner the transition takes place from one solid state into the

other with different mixing-proportions both in case of homogeneous

and non-homogeneous mixtures. The number of peculiar cases is

here extraordinary, owing to the fact that in both components the

corresponding coaditions may follow each other in dillereat uiauners
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and the transition-temperatures may lie at different distances from

each other.

The method given enables us to deduct the phenomena in each

particular case and promises to be an important expedient in solving

the complicated phenomena that appear in the congealing and the

consequent changes in alloys.

Physiology. — On the influence of salt-solutions on the volume

of animal cells, being at the same time a contribution to our

knowledge of their structure. By Dr. H. J. Hamburger.

My investigations concerning the connection which exists between

the power of salts to attract water and their power to extract

colouring matter out of the red blood-corpuscles, led to the hypothesis

that for every salt a solution might be found in which the cor-

puscles would retain the same volume that they have in their own
serum. This supposition proved to be correct and it could moreover

be shown that those solutions which left the volume unchanged

represented a precisely equal hygroscopic power.

The experiments referred to, made in 1884 and suggested by the

classic analysis of the phenomena of turgescence in plant-cells by

our countryman, Hugo de Vries, have been to me as well as to

others the point of departure for a series of researches which among

physiologists and pathologists have awaijened a constantly increasing

interest in the new doctrine of osmotic pressure. To this result the

theory of electrolytic dissociation of van 't Hoff and Arrhenids

has of late contributed. And in combination with each other these

two theories are on the way to clear up many a dark point in the

domain of physiology. One might have supposed that in the

course of 14 years other animal cells would have been inves-

tigated in the same way as have been the red blood-corpuscles.

This, however, has not been the case. For various purposes in-

deed the hygroscopic power of fluids, such as blood, lymph, serous

fluid, milk, has been studied; to the serous and mucous mem-

branes, indeed, fluids of different osmotic pressure have been offered

for absorption, in order to deduce from the change in this osmotic

pressure data for the knowledge of the resorption process; but

the influence of salt solutions on any other than the red blood-colls

has not yet been investigated. And yet for more than one reason

this is to be desired. In the first place in order to control the

inferences that have been drawn from the observations made with red

blood -corpuscles, and to decide many differences of opinion which

8*
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exist on them ; but also with a view to the questions for the solu-

tion of which the red blood-cells are not serviceable, because they

are known to lose their colouring matter very easily.

For yeai's then it had been my desire to extend my researches in

the above direction, yet, extremely simple as my plan was in prin-

ciple, I was checked by the difficulty of obtaining a sufficient quantity

of isolated cells, which, with the means, then at my disposal, would

have enabled me to determine their volume.

This difficulty has now been overcome by the use I can make of

little tubes which I constructed last year to compare the volume of

bacteria in two cultures, and which admit of experiments with

small quantities '). We have, as yet, investigated four sorts of cells,

white and red corpuscles of different animals, spermatozoa of the

frog and the intestinal epithelium of the horse and the pig.

We shall treat of the intestinal epithelium on some future occasion.

Phenomena of a peculiar natui-e, which have manifested themselves

while studying it, make a further research necessary.

White blood-corpuscles.

These were obtained by leaving horse-blood, in a closed bottle

defibrinated with pieces of glass. The red corpuscles then for

the greater part precipitate, while the white all remain suspended

in the fluid above. Their number is comparatively small. Now in

order to obtain a fluid abounding in white blood-corpuscles, V2 L-

of turbid fluid was centrifugalized, 470 cc. of the clear serum

eliminated and the precipitate equally divided in the remaining

fluid. Of this fluid about V'4 c.c. was measured off' and placed in

test-tubes with 15 c.c. of different salt solutions. After repeated

mixing, and after half an hour or a little longer 5 cc. or more

were placed in the above mentioned little funnel-shaped tubes and

centrifugalized till (the rapidity of revolution of the centrifuge not

varying) the level remained constant for fifteen minutes.

fluids.
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A regular diminution of volume is seen.

Meanwhile among- the whiteblood-corpuscles there were a number

of red ones. In the case under consideration 569 red ones were

counted to 109 white, and the question now was whether, and to

what extent the red ones must be considered reponsible for this

result. In order to get an idea of the share that each had contri-

buted to the volume, let us for a moment suppose that the diameter

of the white corpuscles amounts to double that of the red ones, and

moreover that the latter are not discs but globules. In this case the

red corpuscles would represent a volume of 569, and the white 872.

This calculation tells undoubtedly to the advantage of the red cor-

puscles, seeing that the diameter of the white is more than double

that of the red, while the shape of the latter is a dinted disc and

not a sphere.

In order now to inquire what share in the contraction and

expansion must be assigned to the influence of the red corpuscles,

the above experiment was made Avith red corpuscles only. If we

arrange the figures obtained, and the percentage alterations in volume

proceeding from them, in a table, whicJi at the same time contains

the results just obtained, a striking agreement is evident.
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Na Cl solutions and mixtures of serum and water, considering them

quite sufficient to answer the question which at the outset inte-

rested me most. "Whence arises the equality of expansion and con-

traction of red and white corpuscles? A question which immediately-

led to another, viz., why are the cells expanded by hypisotonic and

contracted by hyperisotonic solutions?

Now we may with Schwarz consider the contents of the cell

(exclusive of the nucleus) as a homogeneous mass, or with Remak,
KuPFFER, Flemmimg, Bütschli and many others, as a protoplasmic

mass intermingled with fluid. "What must happen then in the former

case, if in a Na CI solution of 1.8% we immerse a cell of which the

homogeneous contents corespond in hygroscopic power to a Na CI

solution of 0.<jo/o? This mass will then contract to one half. If it

is placed in a NaCl-solution of 1^ "/g the expansion must amount to

1.5—0.9— X 100 = 66 °!q. If on the other hand, we place it

in a NaCl-solution of 0.7 "/q the expansion must then amount to

'
"~ '' X 100 = 22%. What appeared though? That the con-

traction as well as the expansion amounts to much less, viz., respec-

tively 17.5 and 1 3 % (cf. former table). This leads us to the conclusion

that in the red and white corpuscles there must be a substance,

which has either no part in the hygroscopic power, or a smaller

one than the other ingredient, and the question then presents itself

to us, how are we to suppose these substances to be arranged.

Of the different hypotheses which in this respect have been formu-

lated for cells in general, there is only one which has appeared satis-

factory to us. And this is the hypothesis of Bütschli ^).

According to this hypothesis the cells consist of a protoplasmic

net the closed meshes of which lie close to each other, and

the contents of which is a fluid. From the fact that the percen-

tage of the contents of the cells in hygroscopic matter, notwith-

standing that salt- solutions of different degrees of strength are

brought in contact with it, remains the same, we may suppose that

the protoplasmic net is not permeable to salts, but only to water ^).

"We may further suppose that only the fluid contents represent the

hygroscopic power of the cell.

') Cf. Bütschli, Untersucliungen iiber mikroskopische Schaume nnd das Protoplasma.

-) If the blood-corpuscles are considered permeable to salts, a change in the

isotonic relations must then take place, for by this only is the immutability of the

water-attracting force of the contents of the meshes guaranteed. For what follows,

however, it is indift'erent which of these two conjectures is correct. The one men-

tioned in the text is certainly the simplest.
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It is thus only the fluid contents which produce the expansion and

contraction of the cell by hypisotonic and hyperisotonic solutions.

If this conjecture is correct, then in the amount of expansion and

contraction of the cells there must lie a measure for the compara-

tive volume of the two ingredients, and the result must then depend

to a great extent on the concentration of the salts employed.

Under this impression we began to effect a number of determi-

nations of the volumes of the network-substance in white blood

corpuscles.

The white corpuscles used for this purpose were almost entirely

freed from the red by simply leaving the fluid rich in leucocytes

which was obtained by the method above described at rest for an

hour. The red corpuscles were then precipitated and in the fluid

above were only the white.

Let us discuss tlie first series of experiments somewhat more in

detail. Equal quantities of white corpuscles are mixed with Na CI

solutions of 0.7, Ü.94 (isotonic with the serum) and 1.5°/o. After

centrifugalizing equal quantities of these solutions, the volume of

the white corpuscles respectively amounts to 41, 35.5 and 29.5.

In order to calculate the volume of the protoplasmatic net by means

of these two last figures, we may reason as follows : Suppose p to

be the volume of the protoplasm of the network substance, then the

volumes of intra-cellular fluid amounts respectively to (35.5

—

p)

(29.5

—

p). Seeing we must take for granted that the percentage of

hygroscopic matter in the intra-cellular fluid remains the same, the

following equation must hold.

(35.5—^) 0.94 = (29.5—^j) 1.5

p = \^A

From the following figures obtained with the NaCl solutions 0.7

and l-SVo the equation results

(41-^j)0.7 = (29.5—iO 1.5

p = 1 9.5

It appears, therefore, that the quantity of protoplasmic network

in both cases is nearly equal.

The mean is 19.45.

If we now take into consideration that the total volume of the

white blood-corpuscles in the solution of 0.94 which is isotonic with

serum, amounted to 35.5, we then find a percentage of

-^^^^^5^X100 = 54.570,

taken up by the protoplasmic network.
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The network-volume of the same white blood corpuscles was

further investigated with the aid of mixtures of serum and different

quantities of water.

Volume of white corpuscles

(1) in undilated serum 35.75

(2) in serum mixed with 20 "/^ water 39

3 „ , „ „ 40
„ „ 41.75

^
); n n n ^^' v n ^^-^

From (1 and 2) we obtain the equation :

120 (35.75—j;) = 100 (39-jj)

p = 19.5

From (1) and (3) we obtain the equation

:

140 (35.75—jj) r= 100 (41.75—p)

p = 20.6

From (1) and (4) we obtain the equation.

150 (35.75—|>) = 100 (43.5—jj)

^ = 20.3

It will be seen, that the figures which are found for j^ agree

11 -.1 1 .1 rpi • 19.5 + 20.6 + 20.3 „„„,
very well Avith each other. I he mean is =20.04,

20 04
i. e. caicultated at 35.75 :rrr^^ X 100=56%, a number that cor-

responds well with that obtained by the NaCl solutions.

The observation might be made, that the numbers 54.5 or 56

cannot give the exact volume of the protoplasmic network as by cen-

trifugalizing only the precipitate and not the real volume of blood-

corpuscles is determined. I have, however, convinced myself by

experiments, that this has no perceptible influence on the percentage

of the network substance.

This may be clearly observed inter alia when by means of acce-

lerated velocity of the centrifugal machnie we compress the precipitate

a little more.

The percentage of j) is hardly or not at all changed by it. It

must, moreover be borne in mind, (I) that for one experiment all

fluids are centrifugalized at the same time and (II) that the figures

of the last experiment, 39, 41, 75, and 43.5 are a little greater

than corresponds with the real volume of the cells, because there is

still fluid among the cells, the same is the case with the number

35.75 with respect to which the percentage has been calculated.

A second observation may be made viz, that in the calculation we
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have overlooked the influence of the volume of solid substances

dissolved in the intra-cellular fluid. The figure that has been obtained

for the volume of the protoplasmic net might perhaps by this have

to be a little modified.

It appears difficult to me to state exactly what degree of accuracy

has been attained by our determinations. For our object, however,

the absolute values are of but little moment. Meanwhile, as will be

observed, the correspondence between the ciphers obtained is striking:

I should be surprised if they deviated much from the exact number.

We now subjoin a table, comprising some of the experiments

just described, and in which the percentage volume of^) is calculated

in the way that has been indicated.
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Prom this table it follows:

1. That the volume of the net-work varies between 56.7 and

53.7 pCt. of the whole cell-volume.

2. That, where a solution of NaCl of 0.5 pCt. is employed, a

solution which with horseblood causes colouring-matter to issue from

a portion of the red corpuscles, the figure for the net-work is found

to be greater than where solutions of 0.7 and 1.5 are applied.

What applies to NaCl 0.5, appears to be in a still greater measure

the case, when a NaCl-solution of 0.25 pCt. is employed. In the

table the numbers bearing on this are indicated in small ciphers.

This result may be thus explained

:

By a very weak salt solution the volume of the intra-cellular

fluid increases so considerably that, in consequence of the great

tension, the proto])lasm becomes permeable and allows the contents

to pass through it. Consequently the expansion cannot be so conside-

rable as according to the calculation a NaCl-solution of 0.5 or 0.25

would have to produce, and the equation must, therefore, yield too

great a p. According to this view of the matter there is a perfecit

agreement with what we observe in the red corpuscles ; there the

issue of the fluid contents of the cell is rendered visible by means

of free haemoglobin.

As to the way in which protoplasma and intra-cellular fluid are

arranged in the white corpuscles, we do not learn much from the

experiments communicated. We may indeed explain the phenomena

by considering the cell to consist of a protoplasmic net of closed

meshes; but we may also imagine it to be built up of a closed husk,

within which is a fluid divided among protoplasmic strands, which

do not form closed meshes. In the latter case, however, we must

take it for granted that the external husk is only permeable to water

(cf. note on page lOG).

In order now to make a choice between the two hypotheses, I

measured off two equal quantities of white corpuscles, and for an

hour vigorously shook one quantity with a large (number) of sharp

pieces of glass. By this means a considerable quantity of white

corpuscles were bruised and torn.

When now equal portions of the bruised and not-bruised white

corpuscles were treated with different salt solutions, the conti'action

and expansion appeared for both sorts caeteris paribus almost

the same.

The result obtained, as far as I can see, is not to be otherwise

explained than by taking it for granted, that every average part of

the white corpuscle, again of itself, consists of a closed net of meshes.
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From simple histological experiments into Miiich T do not propose

to enter now, we learn the same.

Bed Corpuscles.

The same experiments that we made with white corpuscles (omitting

of course the bruising experiment) we also made with the red.

It may suffice to give again some of these experiments in a table.

HORSEBLOOD.

I. II. III. IV. V.

Fluids.
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Here too it appears, that in the different experiments the per-

centage rehitiou between protoplasm and intracellular fluid shows

but little deviation, and corresponds in a most striking manner with

what was found in the white corpuscles of the same animal.

We were now interested in ascertaining what results the blood-

corpuscles of a rabbit would yield.

We took some blood from the ear and defibrinated it. After care-

fully filtering off the fibrine, it was mixed with salt solutions in

the same way as the corpuscles of the horse. In the following table

are found some of the results obtained The number of white cor-

puscles after defibrinating is, however, so small, that we are almost

justified in considering the result as proceeding exclusively from the

red corpuscles.

RABBIT-BLOOD.

Fluids.
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FROG-BLOOD.

Fluids.
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provisionally to ascertain whether cells, the nucleus of which con-

stitutes the main mass, would conduct themselves like those we had

examined. An excellent subject happened to present itself viz. imma-

ture spermatozoa of the frog; only a few stirred.

Fluids.
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also exhibit contriictioii by liyperisotunic uiul expau.siou by liypiso-

tonic solutions.

2. The observation, that the amount of this expansion and con-

traction is much less than it would be if the cells in question

consisted of a homogeneous mass, leads to the conclusion, that the

cells must consist of two substances, one representing the hygi-os-

copic power of the cell, the other, which has no share, or only a

slight one in the hygroscopic power.

3. By the quantitative determination of the expansion and

contraction which the cells undergo under the influence of NaCl-

solutions of different concentrations, or of serum, mixed with dif-

ferent quantities of water we have a means of fixing the percentage

proportion between the two constituents of the cells.

From the experiments hitherto made it has appeared, that in the

white blood corpuscles of the horse the volume of protoplasm-sub-

stance amounts to 56.77o—53.7%

For the red corpuscles of the horse 55 %—53 "/^

„ „ „ „ of the rabbit 51 0/^^—48.7%

» « . r,
of the frog 76.47o-72 "/o

„ „ spermatozoa of the frog 79.47o— '73.2"/o

If we injure the white bloodcorpuscles by mechanical means,

the expansion and contraction under the influence of salt solutions

appears to be almost unchanged. The results obtained are with

difficulty otherwise to be explained but by supposing, that these

cells consist of a network of protoplasm, the closed meshes of which

contain a fluid that exclusively represents the hygroscopic power of

the cell.

Consequently BüTSCHLi's theory of the „Wabenstructur" of the

cells receives, at least for the leucocytes, from physiological experi-

ments a powerful support, which seems not to be superfluous in

face of the objections of an histiological nature which have been

urged against the arguments in its favour.

(October 14th 1898).
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CosrESis: Keport on the 2nd International Catalogue Conference. By Prof. D. J. Kobteweg,
p. 117. — „Attention and respiration". By Prof. C. Winkleb, p. ISl.CWithSplates.)—
„A simple deduction of the characteristic equation lor substances with extended and

comi)osite molecules". By Prof. J. D. van der Waals, p. 138. — j.The rate of sub-

stitution of a nitrogioup by an oxalkyl". By Prof. C. A. Lobby de Brvtx and Dr.

A. Stegeb, p. 144. — „On some anomalies in the system of Mendelejeff". By Prof.

Th. U. Beiirens, p. 148. — On the action of methylic alcohol on the imidesofbibasic

acids". By Prof. S. Hoogewerff and Dr. W. A. vax Dobi". p. 151. — „Description

of an open manometer of reduced height". By Prof. II. K.imerlixgu Onkes, p, 154.

—

„Cup-shaped red bloodcorpuscles Chromocraters)". By Dr. M. C. Dekuuyzex (Com-

municated by Dr. P. P. C. Hoek), p. 154. — „Some remarks upon the 14-monthly

motion of the Pole of the Earth and upon the length of its period". By Dr. E. F. van

de Saxde Bakhutzes (Communicated by Prof. II. G. van de Sande Bakhcyzek).

p. 157. — „The influence of pressure on the critical temperature of complete mixture".

By Jlr. N. J. van deb Lee (Communicated by Prof. J. D. van deb Waals), p. 158.

The following papers were read

:

International Catalogue. — Piof. D. J. Koiiti^weg reads the

following Report:

The interest, which many members of our Academy have shown

in the issue of the second International Catalogue Conference, held

in Londen from Oct. 11"^ to 13«'^, as well as the circumstance that

our Academy has declared itself willing to contribute towards the

part, which the Netherlands are to take in tho work, being well

executed (sec the Proceedings of the ordinary meeting of Nov. 28'''

1896), have induced me here to give a short account of what has

been done since the holding of the first conference, in July 1896.

9

Proceedings Roval Acad. Amsterdam. Vol. I,
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To some extent this account is to be considered as a sequel to

ray communication, published in the Proceedings of our meeting of

Sept. 26"' 189G. As I did then I shall now again confine myself

as much as possible to those points that may be considered to be of

more lasting interest to science.

The former conference had addressed itself to the Royal Society

requesting that this Society might appoint a committee for studying

and reporting all questions regarding the Catalogue that still remai-

ned unsettled.

In compliance with this request a copious report, dated March

30* 1898, was sent to the different governments and to the dele-

gates of the former conference. These last were requested to state

their personal remarks in an inofficial manner.

This report, which we will call the Report of the Royal Society-

Committee, contained in the first place further proposals regarding

the international organization to be introduced. One of these con-

cerned the instituting of an International Council and of Internatio-

nal Conventions, besides the Central Bureau in London and the

National or, as they are now called, Regional Bureaux, the esta-

blishment of which had already been resolved upon by the first

conference and which are to do the regular work of composing the

Catalogue.

The International Council, formed by delegates of the Regional

Bureaux, one for each, was to meet at least once in every three

years in London and was to constitute the governing body of

the Catalogue. It has however to submit to the decisions of the

International Conventions, which shall be held in 1905, in 1910

and after that every tenth year, the members being appointed by

the governments participating in the organization.

A further proposal tended to institute for each science an Inter-

national Committee of Referees, consisting of five members, appoiu-

ted by the International Council. It is to this Committee that the

director of the Central Bureau shall have to apply on the arising

of difficulties in the application of the classification-schedule, drawn

up for that particular science. Changes of and additions to the

schedule, which the Central Bureau deems desirable, are submitted

to its approval, while it has the right independently to introduce

such changes and additions.

In the second place the costs of the enterprise were estimated in

this report.

This was done on three different suppositions, firstly, that only
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a Book-Catalcgue shall be issued; secondli/, that moreover a primary

Slip- Catalogue shall be edited, with this restriction however that

but one slip has to be issued for each publication (book, paper etc.);

thirdly, that a secondary Slip-Catalogue shall be composed in which

each paper has to be represented by one slip lor every subject treated

therein, so far as these subjects give rise to different entries in

the Book-Catalogue; every effort being made however to prevent

an excessive extension of the number of slips pertaining to one

paper.

As a result of the committee's estimates and calculations it ap-

peared that on the f,rst supposition the receipts probably will cover

the expenses, if not at once at least after a certain period ; that

this may be the case even on the second supposition; but that it

can hardly be expected on the third supposition.

In the third place the report of tlie Royal Society-Committee

contained classification-schedules, worked out for most of the sciences

that have to be treated in the Catalogue.

In these schedules, the construction of which differs considerably

for the different sciences, according to the particular demands of

each science, ample room has been left everywhere for changes and

extensions, that may be desirable in future. The registration-symbols

and numbers only play a subordinate part. They are technically

indispensable to the work of the Central Bureau and for arranging

the slips of the Slip-Catalogue. Acquaintance therewith however

may be considered as wholly or to a great extent superfluous to him

who uses the Catalogue.

When too many entries should come under the same heading, a

further sub-division may be attained by the introduction of „signi-

ficant words" which may afterwards, if desirable, be transformed

into new headings. In this way a natural growth of the classifi-

cation will be arrived at, keeping up with the development of science.

Taking into account this in my opinion very suitable construction

of the book-catalogue and the circumstance, that the instituting of

Committees of Referees seems to me a sufficient guarantee that the

needs and demands of the real scientific workers in the different

sciences will be decisive, I complied with the above-mentioned

rcijuest of the Royal Society-Committee by stating that my personal

opinion was in favour of the project in general. At the same time

I subjected the mathematical schedule to a closer examination and

added some remarks on the classification-schedules of more general

tendency.

9*
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In the second conference now lield, this Report of the Royal Society-

Committee was made the base of the deliberations, in order to come

as much as possible to a decision on the subjects contained therein.

Amongst the conclusions so arrived at I have to mention in the

first place those concerning the international organization.

The establishment of an International Council and of International

Conventions, constituted as proposed by the Royal Society-Committee,

that is to say as described above, was accepted by the conference.

The instituting of the International Committees of Referees on

the other hand was referred for consideration to the International

Council when constituted.

In the second -place resolutions were passed on the arrangement

of the catalogue.

Notwitlistanding the greater costs that will be incurred by it,

the maintaining of the slip catalogue, besides the book-catalogue, was

uigeutly insisted on from many sides. The resolution taken by the

former conference of editing the catalogue in both forms was unanimously

confirmed. It was however deemed necessary to make the finantial

prospects of the enterprise, which cannot at present be rightly

estimated, decide on the question whether only the primary slip-

catalogue or also the secondary one will have to be issued.

This last course was thought very desirable in itself, as it offers

the only means of collecting and keeping together the complete slips

for each particular branch of science. The hope was expressed that

a suitable arrangement of the secundary slips might greatly reduce

the large difference of cost which, according to the report of the

Royal Society-Committee, would exist between the two forms of the

slip-catalogue.

As to the classification-schedules in the third place, it was resolved

that separate schedules shall be composed for the following sciences:

Mathematics; Astronomy; Meteorology; Physics; Cristallography

;

Chemistry; Mineralogy; Geology (including Petrology); Geography

(only the Mathematical and the Physical part) ; Paleontology ; Ana-

tomy; Zoology; Rotany; Physiology (including Pharmacology and

Experimental Pathology); Bacteriology; Psychology; Anthropology.

For the rest the assembly confined itself to draw up some very

general rules for the construction of these schedules, the further

development of which is left to a provisional International Committee,

which probably shall appoint experts for every branch to assist in

the working out. In many cases certainly the provisional classification-

schedule, added to the Report of the Royal Society-Committee, may
serve as a base.
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Appointed at first to judge of and to fix the classification-scliedules,

the Provisional International Committee has at the same time been

invested with the extensive power of taking resolutions on different

questions left undecided by the conference, regarding the construction

of the catalogue. This committee will have to frame a report, not

later than July 31^* 1899; which will be incorporated in the deci-

sions of the conference.

It cannot be denied that llie task of this International Committee

is a heavy one. In order to render it somewhat easier and to give

to all opinions an opportunity of making themselves heard, the de-

legates have been charged with the formation of local committees,

each in his own country, to consider the questions left undecided

and to report there on to the International Committee within six

months.

In my opinion these committees will indeed be able to do useful

work. For if it might appear that there was but little difterence of

opinion on matters of importance, the decisions of the International

Committee would certainly be facilitated. The clear exposition of the

different questions in the report of the Royal Society-Committee raises

a well founded expectation that such concordances will take place.

I venture to express the hope, that the Committee of our Academy,

which has already formerly occupied itself with the International

Catalogue, will by its cooperation enable me to fulfil this part of

my charge.

Conformable to the above the President pi'omises again to con-

vocate the Committee which has on former occasions given advice

on the International Cataloeue.

Physiology. — Prof. C. Winkler on : „Attention and respiration".

§ 1. Introduction.

The present physiology of the cortex of the brain justly attaches

great importance to the idea of association. Since it has been proved

that different functions may be ascribed to different parts of the

cortex of the brain, it has become necessary on anatomical grounds

to suppose connections between those parts, moreover to assume on

clinical grounds, that in psychical processes these connections are used.
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The physiology of tlie cortex of the brain is compelled to ac-

cept the theory of so-called parallelism between physiological and

psychical processes — for without this theorj all physiology as a

foundation of psychology is impossible — it is therefore required

that a special physiological modification in the central nervous

system correspond to every special psychical process. At once

however, a difficulty arises.

Through self-observation, psychology knows a succession of diffe-

rent conscious states, but no more. It teaches nothing concerning

the way, in which this succession occurs. Physiology, therefore, has

to explain the way, in which this succession takes place.

For this it uses the idea of association. It assumes that a phy-

siological modification in one group of cells can propagate along

fibres to another and bring about a new modification there. If it

is true, that in general only modifications in cells may be accom-

panied by conscious parallel processes, and not the processes pro-

pagating in the fibres, the fact that self-observation knows succession

and no more, is not strange. But the idea of association has a wider

application.

It is its task to point out wiiat special phsysiological modification

corresponds to every special conscious condition.

The characteristics of the former may be determined in different

ways, either by the place occupied by the cell-group which is modi-

fied, or by the combination of two or more co-acting cell groups.

By means of association this combination is possible in numberless

variations.

To physiology taken in this sense, which aims at combining a

succession of conscious conditions with an association of physiological

parallel processes, the name of association-physiology has been given.

It is of course, rigorously a science of matter. It does not suffer itself

to be led astray in its views by the existence of conscious parallel

series. It states their existence, but keeps silent about their nature.

It treats conscious life as the life of an automaton, who perceives

scarcely anything of the processes going on in him, but who reacts

to some, by far the fewest in number, with the corresponding con-

scious parallel series.

At all times a difficulty has presented itself to the association-

physiology. It cannot be contradicted that self-observation, in our wan-

ting to make movements, in our being attentive and in many

other conscious processes gives the impression, as if we were active

agents in the conscious processes. Whence this feeling of b)ing active ?

llow is it to be explained that self-observation misleads the subject
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about the part it plays, thougli to the association-physiology the subject

appears as a passive, successively perceiving and imaginating subject?

A better knowledge of the psychomotor area of the cortex has
solved this question fairly satisfactorily. A number of clinical ob-

servations have shown that perception and remembrance of a once

performed movement of the muscles as well as the movement itself,

depend upon the psychomotor area remaining intact.

A number of physiological experiments have proved, that every

modification of a definite centre in this part of the brain — e.g.

one caused by an electric current, — flows to a special group of muscles

and brings about a special combination of movements.

If the supposition is admitted that the modification brought about

in the cortex of the brain is no other than the one originating

un<ler physiological conditions, the latter, whose conscious parallel

is known to our self-observation as remembrance of the same com-

bination of muscular contraction which is to be performed, will give

rise to the error of the subject. The subject sees that on the remem-

brance of such a combination of movements, the movements them-

selves invariably follow and concludes that the former causes the latter.

The physiological modification, however, remains the cause of the

muscular contraction. Its conscious parallel series, unexplained,

perhaps unexplainable, does nothing. The subject, as long as it is

taught by self-observation only, fancies that it is active, that it

possesses a feeling of effort.

When we speak of a will to move, we mean the remembrance

of a movement of the muscles, which is to be performed, whose

physiological parallel series brings about this same movement, while

the subject fancies that the remembrance is the cause.

Ail remembrances of movements of the muscles have this cha-

racter of activity in common and it is also found in many com-

pound psychical processes.

When many impressions from sources of light bring about visual

perceptions, there is generally but one which we retain, or as

Wilhelm Wundt expresses it, of which we have the apperception,

compared with the many sensations of which we have the perception.

We direct our attention to that one actively, as it seems to us. It

has a chance of being distinctly remembered, while the others pass

by unnoticed, are forgotten.

Here too, a feeling of being active. If we did not possess this

gift of apperception, if we could not, even in appearance, detain an

image actively, our thinking would be a whirl of successive images

(recollections), as may perhaps occur in the brain of a maniac.
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Direction of oui thoughts in one sense, would be impossible.

It is the question if, in this exertion of the attention which ap-

pears so undoubtedly active to the self observation, the remembrance

of movements do not play a similar part, as was the case with

the will to move.

Can the subject actively, by the association of psychomotor cell-

groups with the modifications which are accompanied by conscious

remembrances in the observing regions of the cortex, be made to

fancy, that he fixes his remembrance?

To answer this question, it is necessary to know beforehand,

whether there are contractions of the muscles, and if so what con-

tractions, through which the man who fixes his attention is diffe-

rent from himself, as he is when he is not attentive.

For every modification of the psychomotor area must necessarily

flow to the periferie muscles. Even if it is not very strong, it must

bring about some modification in the corresponding group of muscles,

though it be only a beginning of contraction, an increase of the

tension of the muscles.

It will appear — and this I want to show in my exposition ---

that the attentive man distinguishes himself from one not attentive

in various respects by changes of a motor nature and that this

remarkable combination of movements may be reproduced from one

single point by electric stimulation of the cortex of the brain of

a dog.

§ II. The variations in the volume of the brain during

psychical processes.

Before entering upon my real subject, I must dwell for a moment

on the modifications, which occur in the brain when at rest or

during conscious function. Many years ago Mosso has proved that

the volume of the brain varies continually. Sometimes people have

a defect in the bones of the cranium. Then the brain, covered

only by the membranes on that place, is fit for observation. If the

movements of the brain in half-sleep are registered — movements

visible even to the naked eye — it appears that the brain regu-

larly varies in volume according to the varying quantity of blood

it contains. We see then :

1". Oscillations caused by pulsation, because every contraction

of the heart urges blood in the scull.

2°. Oscillations caused by respiration, because at every expira-

tion the blood can flow less easily from the brain.
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3". Special oscillations of vo-

lume, which are longer and occur at

irregular periods; their cause is loss

clear.

ngj

Oscillations of the volume of the l)nüu

caused by pulsation and respiration

in half-sleep.

a. tracing of the volume of the l)rain.

h. tracing of the respiration. The des-

cending line is that of the inspiration.

c. tuning fork. 2 vibrations per secoiul.

(/. abscis.

(L.4.URENS. June 18th 189S. Defect

of the scull caused by tuberculosis

of the OS parietale.)

Figure I is an example of the two

first mentioned, in fig. II and III the

last mentioned are very clear.

Whenever a sensation of sound

draws his attention, whenever the

person performs an intellectual pro-

cess, e.g. the solution of a sum, the

hyperaemia of the brain increases

;

it decreases as soon as the exer-

tion stops. The long last-mentioned

oscillations continue for some time

afterwards, to be of much greater am-

plitude and of much longer duration

than before the exertion took place (see

fig. III). On the other hand the oscil-

lations caused by respiration become

less visible during the exertion ; after

the exertion, however, they become

very distinct.

At last the oscillation caused by

pulsation changes too. It becomes

quicker. Moreover the long oscillations

are influenced to a certain degree bv

o -a ?i< a

«^
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the oscillation caused by pulsation. At the moment when the curve

of such a long oscillation rises high above the abscis, the duration

of the oscillation of the pulse is long ^). The increase of the volume

of the brain is preceded by acceleration of the pulse, as appears

from the graphical representation in fig. IV and from the figures

in the note.

bot

u
\9^i

h
St
l«

\ \ A ,

Fig. IV. Grnpliical representation of the duration ot the pulsations in seconds,

compared to the elevation of the tracing of the volume of the brain

above the abscis at every pulsation.

A. Height above the abscis of the volume of the brains in niM.

B. Duration of the pulse in seconds, (Gbauzs, see tig. It.)

So it is clear, that in registering the pulsation of an artery, we
must find the same acceleration and retardation, which returns at long

irregular intervals and is not dependent on the respiration.

•) If we measure the height above the

cylinder rotates quickly, and the duration

corresponds to that height, we find :

Height Duration of Height Duration of

above abscis pulsation above abscis pulsation

iu luM. in seconds, in niM

abscis of the long oscillation, when the

of every oscillation of the pulse which

5.00

5.25

5.00

5.25

4.75

0.62

0.62

0.02

0.65

0.675

4.25

3.50

3.00

2.25

1.75

2.00

1.75

in seconds.

0.65

0.725

0.75

0.775

0.77

0.77

0.77

Height

above

abscis.

1.75

2.50

3.

2.75

3.00

3.50

4.25

4.50

Duration of

pulsation

iu seconds.

0.675

0.65

0.625

0.65

0.625

0.625

0.625

0.6

Height Duration of

above pulsation

in seconds.

0.65

abscis.

4.50

4.50

5.00

5.00

4.25

3.75

3.75

3.50

0.625

0.625

0.65

0.65

0.65

0.65

0.65e(,c.
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If we take into consideration that even these single facts prove,

that every increase oi' the volume of the brain is attended bv quick

pulsations, we shall find that a great deal may be learned from

the study of the pulsation of the artery, when the brain is at work.

This will be my first investigation.

§ 3. The influence of the exertion of attention on the hearty

the respiration and the extensor muscles of the hand

and the neck.

If we examine the influence which the exertion of attention has

on the heart and consider it separately for a moment, remarkable

facts will be found.

First a few words about the arrangement of such experiments.

As an example of a strong exertion of attention, which is very

slightly if at all attended by feelings of pain, the solving of a sum

is taken. The intellectual labour which is not attended by feelings

of pain or pleasure as suggested by the French authors is taken as

starting-point. The person used for the experiments is laid on a

couch. When he himself is perfectly calm and all around is quiet,

the pulse and the respiraton are registered. It has been arranged

that a number, generally of two figures, shall be called out to him

at a given moment, and that he shall continue to multiply this

number with itself, till a signal tells him to stop. He is to calculate

without using expedients. He works therefore with visual repre-

sentations, with remembrances of visual representations of numbers.

Generally tlie experiment lasts ± half a minute.

The result, whether right or not right, is not pronounced by the

calculator; it must be dismissed at once from his mind. For many
experiments have proved, that the correctness or incorrectness of

the result is of no importance to my purpose; the rest or unrest

after the labour is.

In such experiments the pulse and the respiration may be registered.

The person to be experimented on lies caUnly, the cylinder rota-

tes quickly. Three levers note down. The pulsation of the arteria

radialis, the respiration and a tuningfork, which makes ten complete

vibrations a second, are registered with air-transport. The latter

enables us to read the time accurately down to the twentieth parts

of seconds, independent of the irregularities of the clockwork of the

cylinder. The tuning-fork is kept in continual vibration by an

electro-magnet.
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In this quiet half-sleep we see what follows:

Towards the end of the respiration, which has become calm, the

pulsations are of a long duration. When the inspiration begins, they

are shorter. Towards the end of the inspiration and during the

beginning of the expiration the pulsations are at the quickest.

When the expiration has reached its maximum, they are very long;

the same thing begins over again just before or after the beginning

of the inspiration.

It is not necessary to dwell on the influence of the respira-

tion on the duration of the pulse and the pressure of the

blood, which is fairly well-known. It appears, however, also, that

the duration of the pulse varies at irregular intervals. Independently

of the respiration, which never loses its influence, the pulsations

become quicker or slower at irregular periods. These particularities

must not be overlooked.

When we have registered long enough to have a sufficiently trust-

worthy starting-curve (see fig. Til) in half-sleep, a number is called

out to the person. Even if he does not calculate, this call is sufficient

to bring about a slight, passing acceleration of the pulse. If howe-

ver, he calculates, the acceleration sets in at once. It increases,

according to the increase of exertion. When after half a minute

the signal „stop" is given, the acceleration of the pulse coutinues

for some seconds. After that, a shorter or longer amphibole stadium

follows, in which there is neither acceleration nor retardation. Finally

Fig. V. Tliree series of pulsations one nbove the otlier.

In all three : a. is the pulsation of the arteria radialis.

h. is the tuning-fork of 2 vibrations per second.

The lowest series, with 28 pulsations in 20 seconds before ,

The middle series, with 29 pulsations in 20 seconds during [ the sum.

The highest series, with 25 pulsations in 20 seconds after '

(J. BE Vye, April 1S98. Reduced to '/a of its size by means of piiotogruphy.)
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and sometimes for a veiy long time, a compensatoiy retardation

follows ^) (see also fig V and VI).

All this occurs by oscillations. The influence of the respiration

1) Here is an example in ligures : Experiment March 1898, J.deVrif.s, Pulse and

respiration noted down during cjuick rotation. Duration of the pulse in seconds.

0.875
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pneunjograpL of Marey. The descending line represents the inspira-

tion, the ascending line the expiration in every curve which has

been obtained in that way. The arrangement of the experiment is

the same as before.

During the sum, the respiration becomes quicker and more super-

ficial, after the sum slower and more extensive (fig. YIII-—XIII).

The first expiration can be lengthened, but it x'eaches rarely

the height of the preceding expirations. The shorter duration of

the next respirations, however, is principally dependent on the

shorter duration of the expiration ^), while the lengthening of the

expiration after the sum is characteristic (fig. IX and X). It exists

even then, when the duration of the respiration is little or not

lengthened, because a slight shortening of the inspiration continues

after the sum.

A tendency to deep inspiration with limitation and specially

shortening of the expirations is characteristic of what happens during

the sum. Not with everybody, though. Sometimes the deeper inspi-

1) The counting fig. 8, 9, 10 shows this clearly:

Before

tl)e sum.

"t
I
a I

&E it'.

1.3sec.j2.5sec.

1.4 w 2.6

1.3 ti

1.3 //

3. ,

3.2 //

Ou an average

l.Ssec. 2.8sec.

Pig. 9.

Duriug
the sura.

g-O ^ » I

P o

6sec.

1 »

5-t=

1 . 9sec.

2.2 //

1.8 ,

1.9 //

1.9 //

2.2 ,

On an average

1 . sec. -2
. sec.

After
the sum.

P o

l.lsec.

1.2 //

1.3 ,

1.3 //

1.5 w

1.2 ,

p o^

3.8sec

3.6 ,

3.3 //

3.6 ,

3.4 „

3.9 //

Ou an average

1 . 3scc. 3 . 6sec.

Before
the sum.

2 . 4sec.

2.4 »

I . 2sec

0.9 ,

l.l ,

1.1 // 12.5 ,1

1.1 //

C o

Fig. 10.

On an average

1. sec. 2 4sec.

Duriug
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Fis?. XI. nurini;- the sum, the expi-

riition, wliich is lono- at first, is conti-

nually interrupted by quicker inspira-

tions. It becomes less and less extensile

and makes place for deeper inspiration.

After the sum lengthened expiration.

(Van der Plaats, July 1898).

Fig. XII. During the sum, nothing-

Ijut exceedingly quick and superficial

respiration. Then slightly longer espi -

ration. Ciphers as above. Sum 88 X 88.

(Dr. EuiTiNGA, Sept. 1898).

Fig. XIII. During the sura the

respiration becomes quick and super-

ficial, with somewhat deeper inspiratiou

than before. After that long expiration

and deep inspiration. Sum 32 X 33.

(Utkrmöhlen, Sept.
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ration is waiitiug and gives place to an enormous acceleration of the

superficial respiration (^see fig. XII). Sometimes there is a form

intermediate between the two (see fig. XIII'.

Sumraa summarum. During the exertion the respiration, specially

the expiration, is shorter and more siqjerficial ; both inspiration and

expiration are diminished in the beginning, but give gradually uay

to a stronger position of inspiration of the thorax. Then a compen-

satory retardation of respiration follows^ specially of the expiration,

with an inclination toirards more extensive expiration and longer

intervals.

During such a sum, however, the lumen of the periferie blood-

vessels changes also. Halliox and Comte have invented a simple

instrument to register the volume of the fingers, the so-called capil-

lary pulse of the fingers. A caoutchouc cylinder is placed firmly

along the fingers in the hollow of the hand, while the whole hand

is covered by a solid glove. Every change in the volume of the

fingers under the influence of the working of the heart or the respi-

ration, is imparted to the caoutchouc and can be registered.

And now, just as Bixet and Courtier have already pointed out,

it ap[ieared also to me, that sometimes after a preceding extension,

the volume of the fingers decreases during the sum (see fig. XV).
BiSET and Courtier think rightly, that this is partly the con-

sequence of a spasm of the blood-vessels in the fingers. In fact,

when we try to find out with Mosso's sphygmomanometer, as they

also did, how it is with the blood-pressure in the capillaria, the

result is, that the pressure of the blood increases in the capillaria

during the sum.

If according to the particular arrangement of this instrument we
start from a very slight opposing pressure (in casu 30 mM. Hg.), a

curve is traced during the sum, which does not only ascend, but

shows increasing deviations (see fig. XYI0)
;
and if we start from the

optimum of the opposing pressure (in casu for myself ± 50mM. Hg.)

the tracing rises, while the deviations decrease (fig. XVK).
So the volume of the finger becomes smaller, the pressure in

its small blood- vessels increases. There is undoubtedly a spasm

of the vessels in the perifery. Besides the spasm of the vessels

another influence works on the volume of the fingers. The deep

inspiration empties the blood-vessels and has certainly some in-

fluence on the descending of the curve which the volume of the

fingers traces during the sum. In the third place it is not impossible

that in tiie arrangement of the experiment as done bv IlALLloy and

10
Proceedings Royal Acavl. Amsterdam. Vol. I.



( 13i)

CoMTE anrl BiNET and Courtier, a slight extension-movement of

the fingers causes a release of the cylinder. If this were the case,

a descending of the tracing registered in that way, would be found.

It was natural to register also the extensor muscles of the hand

and the fingers. This may be very fitly done with an air-cushion.

In this case, the local capillary pulse is of course noted down, but

every local expansion of the muscles will occur as a rising in

the curve.

Such a rising takes place. The influence of the spasm of the vessels,

which exists in the perifery, as we saw before, should be noticeable

here, and the tracing should descend. But on the contrary tiie tracing

very considerably ascends as fig. XVII and XIX show.

The objection, that an air-cushion does not work as a volume-

writer, but as a sphygmomanometer, is not justified. This is also

to be seen on the curve traced. The deviations remain as large as

before in spite of the enormous rise of the curve during the sum

(fig. XVII and XtX).

When an air-cushion is placed at the same time on the flexor-

muscles of the hand and the fingers, and is made to trace the slight

deviations, we see hardly a change, at the utmost an indication of

a slight falling of the line, which is to be regarded as a conse-

quence of the spasm of the vessels.

It is tlien unvariably a volume-pulse which is noted down, and if

we place an air-cushion on the muscles of the calf (fig. XIX),

exactly the same volume-curve is obtained, as we know since Binet

and Courtier for the fingers, and which is represented during

the sum in fig. XV. There is only one explanation left: the

extensor muscles of hand and fingers are conti-acted to some

degree, or rather, for the movement does not manifest itself in

a change of place visible to the eye, the tonus of the extensor

muscles of hand and fingers has become greater. In consequence the

curve which has been traced during the sum by the air-cushion

placed over these muscles rises.

If finally we place the air-cushion on the neck, an observation

like the one on the extensor muscles of the hand can be made. The

curve, which is here of course very much infiuenced by tlie respi-

ration, and which is registered by the air cushion as rising by

inspiration, but falling by expiration, rises during the sum. Some-

times the head is even visibly thrown backwards, (see fig. XX).

Summa summarum. The tonus of the extensor nmsdes of the

hand and neck is augmented.

If we take all this together, the question arises, if all these



1 Fig. XIX. Tracing of the local volume registered with air-cushions above the exten-

sor muscles of the lovfer part of the arm and above the muscles of the calf.

A that on the extensor muscles of the arm,

B that on the muscles of the calf.

During the sum, the air-cushion on the muscles of the calf notes down the usual

volume-curve, as is represented in fig. XV for the fingers. The curve on the ei.tensor

muscles rises as a consequence of the tension of the muscles which takes place.

(WiABDi BECKMiN, Sept. 1898).

'aAA/wA.A.A^/^./uA^^^^-^'^^'^

Fig. XX (Winkler, Sept. 1898). Fig. XXa (Wiabdi Beckman,

Sept. 1898). Fig. XX* (Langelaan, Sept. 1898). Tracings registered

with immovable air-cushions on the muscles of the neck. The tracing

rises at every inspiration, because the head threatens to be thrown a.

little backwards through the tension ot these muscles. This happens

in a far greater measure during the sum.

Fig. XV. Change of the volume of the fingers registered with the

caoutchouc air-cylinder of Hallion and Comte.

During the sum (multiplication : 17 and 19) this curve goes

down after a short slight rising. The volume of the lingers decreases

accordingly (Winkler, June 1898).

Fig. XVI. Change of the pressure of the blood in the capillar ia

registered with Mosso's sphygmomanometer. In fig. XV la the oppo-

sing pressure is i 30 mM. Hg.

During the sum the tracing rises and the deviations increase. In

fig. XVU the opposing pressure is ± 50 mM. Hg., that is the op-

timum, with which the greatest deviations are obtained. During the

sum the tracing rises, but the deviations become smaller. So the

blood-pressure increases during the sum. (Winkler, Sept. 1898).
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Prof. C. WINKLER: „Attention and Respiration.'

Fi-. XX.

Side-view of the scheme of the cortex

of the brain of a dog. The ciphers in-

dicate the squares, which were successi-

vely stimulated with the induction cur-

rent Wheu 15 and 16 are stimulated

we see deeper inspiration or less extensive

expiration, or quicker superficial respi-

ration.

Fiï. XXI.

Fiï. xxn.

Side-view of the scheme of dog's

brain, (as above).

Side-view of the brain of a dog. If

the place, indicated by a circle, is stimu-

lated with *n induction current, the in-

spiration becomes deeper, the respiration

quicker, the expiration less extensive and

the pulsation quicker. After the stimula-

tion the expiration is lengthened, tlie

pulsation slower than before. By stimu-

lation «ith a moderately strong induction-

current we find stretch-movements of the

fore leg and lifting np of the head.

Tig. xxin.

Frout-%new of the same brain of a dog.

The circle agrees with point 1C> of the

schemes above.

Proceedinsrs Boval Acad. Amsterdam. Vol I.
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changes cannot be regarded as consequences of changes of respiration.

In fact, leaving the periferie contraction of the vessels out of

account, there is much to be said in favour of this conception.

Inspiration and acceleration of the pulse, expiration and retardation

of the pulse belong together and it is scarcely possible that the

tendency to inspiration should not be accompanied by acceleration

of pulsation during the sum, whereas the long respirations after it

must be attended by retardation. As to the stretching of the muscles

of hand and neck, every one can observe in himself, that a strong

inspiration is attended by these movements.

So my exposition comes to this, that the popular saying that one

who listens very attentively, listens with suspended breath is not a

very incorrect expression. I know, however, very well, that the

movements here described, are not the only things, which happen

during the exertion of attention.

§ IV. All the movements described here, may he brought

about experimentallij by stimulating a certain area

of the cortex of dog's brains by means of

an induction current.

Wiicn we try to find out whether the movements mentioned above

can be brought about experimentally, it is obvious, that we must

turn to the cortex of the frontal lobe of the brain. We are brought

to this on clinical grounds. Patients suffering of the cortex of the

frontal lobe on both sides show an inability of detaining an image

;

they are often confused maniacs ; they are so no less by their

inability of remembering events. Both phenomena point to a marked

disturbance in the power of apperception.

I began therefore a methodical investigation with Mr. Wl\rdi
Beckmax who will discuss the literature ') on this subject and a

number of details of the experiments. The question was, whether

the functions of respiration could be modified by stimulation of

the cortex of the frontal lobe of a dog's brain.

To this purpose the cortex was stimulated with a secondary induc-

tion current with electrodes, at a distance of two mM. from one another.

Four Leclanche-cells feed the induction coil, a sledge of Dc-Bois

Ret.moxd, and the current can be scarcely felt on the tip of the

*) I leave it to Mr. Würdi Beckmax to point out the agreement and tlie diffe-

rences of our results with tlie investigations of HrrziG, Monk, Kbaise, Se51on,

HoKSLEY and Spencer.

10*
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tonyiie when the .suooiulary coil was 1 1 cM. from euveriug the

primary.

A Desprez-signal indicates the moment of stimuhition on the

cylinder, wliile the respiration is registered with the pneumograph

of Marey and the arteria femoralis with an instrument borrowed

from the tonometer of Talma.

At eight o'clock in the morning the dog gets from 30—50 mi^v.

morphia, depending on its size. In narcose with ether the frontal

lobe is exposed as far as the dura mater, according to the well-

known method.

After a long time of rest and when the respiration is no longer

disturbed by the morphia, the experiment begins about one or two

in the afternoon.

The surface of the brain, representations of which will be found

in fig. XXI—XXIV, is divided into a number of squares, so far

as it is required for our purpose. The size of these squares are

determined by the topography of the cortex.

After having determined the different centres on the cortex by

stimulating a well-known area of the motor region, the animal

breathing calmly, it is first found, that there are a number of centres

from which it is impossible to bring about any change whatever in

the respiration.

It appears however, that constant changes may be brought about

regularly after stimulation of a few points indicated by 15 and 16

in the scheme. This point lies in the transition from the gyrus

sigmoideus (prae-cruciatus) to the frontal lobe and in the second

lateral gyrus near the place, where the fissura coronalis approaches

the fissura praesylvia closely. As soon as we stimulate with an

exceedingly weak current e.g. with 11 cM. distance between the

coils, some quick inspirations are seen to be brought about as in

fig. XXIY. If we stimulate with a current somewhat stronger, the

inspiration becomes somewhat quicker and is accompanied by acce-

leration of pulsation (see fig. XXV). A moderately strong stimulation,

e.g. of cM. distance, causes a stronger spasm of inspiratiou with

strong acceleration of pulsation, whereas the current also irradiates,

and causes stretch-movements of the muscles of arm and neck (see

fig. XXVIj, which were distinctly visible, so that it was unneces-

sary to register them. In fact the respiration (inspiration) centre

mentioned, lies between the centre for stretching the muscles of the

hand and that for lifting the neck.

This acceleration of respiration with deeper inspirations, eventually

restraining and shortening of the expiration is always followed by
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long expirations, nay even by the expiration-position of the thorax,

and at the same time a distinct retardation of the pulse is seen to

follow as a consequence of that stimulation. The influence on the

respiration of electric stimulation of this point 16 is perfectly con-

stant, and can be brought about in all phases of the respiration,

as fig. XXYIII proves. There is always stronger inspiration etc.

Summa summarum. By stimulation of a very small region in

fJie frontal lobe of a dog's brain, acceleration of respiration, ten-

dency to deep inspiration, acceleration of pulsation, contraction of the

extensor-muscles of hand and neck may he brought about, followed

by retardation of pulsation and long expiration.

The movements expressing attention are consequently localized on

a comparatively small area of the cortex of a dog's brain and may
be demonstrated experimentally.

§ V. Conclusion.

Let us now return to the theory of the parallelism between phy-

siological and psychical events.

I have shown in a series of arguments, that any man, fixing

his attention, performs a constant series of movements. I do not

mean to say that these are the only movements, through which

the attentive man differs from himself, as he is in a not attentive

state. I am convinced that there is a great deal to be done in this

direction. But the movements described here form a sharply defined

group. I believe that they ail depend on a modified respiration.

Self-observation teaches us, that we turn our attention actively

to a perception. We are justified in assuming that representations

of movements possess an active character for the self-observation.

We find attentively examined representations also connected with the

representation of movement, and in consequence provided with the

same character.

The physiological process parallel to attention, from the point of

view of the association-physiology may be explained by the existing

complexes of movements. A special complex of movements may be

produced by means of an electric current from the cortex of a dog's

brain. It is on a larger scale exactly the same combination of

movements which is found in the attentive man.

When a physiological change whose parallel series is e.g. a visual

representation, propagates and brings about a new change in the

psycho-motor inspiration centre, there is for the sell-observation, a
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visual represeutatlou -|- ^ representation of a respiratiou-moveraent,

performed iu a special way. Self-observation calls this complex the

apperceived or the attentively observed visual representation.

Though psychology cannot be treated now experimentally, yet the

theory of physiological parallel processes justifies the opinion that

attention and representations of movements originated by special

respiration movements, are closely connected. Closer investigations

on monkey's brains will be necessary. The other movements expres-

sing attention will have to be submitted to a systematical investi-

gation in the same way, to throw further light on the problem

treated in this paper.

Physics. — yiSimplc deduction of the characteristic equation for sub-

stances with extended and composite molecules''. By Prof. J. D.

VAN DER Waals.

If the quantity of substance inclosed in a certain volume is con-

sidered as consisting of material points, which may also be done

with extended molecules, composed of atoms, the equation

cl ^- HIT^ i/„ m T'2 = V, _-^ y,SiX:v +Yy + Zz) («)

holds, provided that the quantities occurring in this equation be

applied to all material points.

If groups of these material points are united to separate systems,

as is the case with molecules, whicli cannot be considered as one

single point, the equation mentioned above, becomes

:

, d^-'2 mrJ^ , , d^ 22 u r,?

2 v. m VJ^ + 22 V. .. T- = V. -.^ + V.—^ -

- 1/2 :^ (X^. + Yy, + Zz,) - '/2 22 (AV, + Yy, + Zz,.) . • {b)

in whicli the index z relates to the centres of gravity of the systems,

aud the value r indicates the value of a quantit\ relatively to the

centre of inertia.

For the stationary condition of the centres of gravity as well as

of the systems themselves, this equation is simplified to:

2 Va m T',^ + 22 '/a ft V,!^ = -'1,2 (X,r, + Yy. + Zz^) -

- V2 ^^ (Xr, + Yy,. + Zz,) (.)
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The condition which is required for considering a group of points

as a system is, that these points keep always together, whatever

may happen and that the quantity ^2 fi r/ keeps constant.

For the term — V2^ (^•''^ + Yy,+ Zs^) we may write ^U i^ + ^^1) i'.

so that the Latter equation may be written

:

2 1/2 '« T'=^ + -^- V2 i" Vr~ = =5/2 (N + iVj) r —

- 1/2 ^^ {X~rr + Yy, + Zzr) .... {<!)

In these equations collisions taking place between material points,

cannot furnish a value, as in every point where a collision takes

place, there are two forces of opposed direction, which, working

at the same point, destroy each other. The forces in the term

V2 — .S" (Ar,. -j- Yi/r "t-
Zz,.) are simply the attractive forces between

the points of the system and possibly also the attractive forces which

are exercised on a system by the surrounding ones.

It is true that in transforming — V2 -^ i^^z + I'»/; + Zz^) to

^2 i^^ -{ ^^1) ^ it has been assumed for these latter forces, that for

a system, which does not lie near the surface 2X is equal to 0,

but from this does not follow that ^Xx,- is equal to 0.

If to the moving systems themselves the virial equation is applied,

we get the equation

^^1/2/" Vr^ =-y, ^^ (X'.r, + r'y, + Zz,) . . )

provided that in X', F'audZ' all forces, also those which exist on

the surfaces as pressures, are taken into account. These systems

move in a space, in which the pressure is A' + -^^ per unity of sur-

face, and if we were justified in considering the pressure as really

exercised on the surface of every system, the value furnished in the

second member of tlie equation would be equal to V2 (-^'^+•^^'1)^1,

if we represent the volume of all the systems together by b^.

As this pressure, however, is transferred on every system by the

collisions with the other systems, in calculating this value, we
must consider that pressure as exercised at a distance twice as

great, so on the surface of a volume, whose lineal dimension is

twice that of the sytem ;
at least for spherical systems. Of the

value obtained in this way, the half is to be taken, because a

pressure exercised by the first system on the second is at the same

time a pressure, which is exercised by the second on the first. The
equation (e) becomes then if we put b^ih^
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r ^ y, K i;2 = ^'c {N + A-,) /' - 'U ^ ^ (^•'V 4 yHr + ^'^r) . (ƒ)

If (ƒ) is subtracted from ('/) the well-know equation is obtained

3/„ (A' f A'l) {v — h) = Vs ^ m T'/.

The equation (ƒ) may be considered to contain the condition for

the stationary state of the molecules themselves. In the form given

it is, however only applicable, if the molecule is supposed to be

composed of material points, whicli do not form again separate

systems. If the latter is the case, the equilibrium of every separate

system will give rise to a new equation, which, however, will not

change the equation ^/j (A" + A"i) (u — h) = V2 ^i"- ^-~-

For a mixture consisting of n-^ + ?(2 molecules, we find the virial-

value of the surface-pressure of all the molecules together through the

observation, that the amount of the pressure ou the unity of surface

for the two kinds of molecules is p)oportionate to the numbers

which are found in unity of volume and therefore also proportionate

to nj and W2- For collisions with a molecule of the first kind, a

surface-pressure amounting to {N -(- N{) must be assumed, and
"1 + "2

for collisions with molecules of the second kind a surface-pressure of

"2

"1 + "2

We find for the quantity with which ^/^ (A' -|- N{) is to bo multi-

plied in order to indicate the value of the viiial of the pressure,

which is exercised on the surfaces of the moving systems, the same

value as Mr. Lorentz (Wiod. Ann. ISSl, lid. XII, TIeft 1) has

found, viz.

:

I
— Vs ^ {"{" "1^ + <'%^ "2" + 2 0^ «1 11-2)

"1 + "2

It is easy to deduce, by the pniccding way of obtaining the characte-

ristic equation that the value oi l> is equal to 4 times the volume of

the molecules only in case of infinite rarefaction, and that it must

be smaller in case of less great rarefaction; it is not even difficult

in that case, to give a first approximation of the way, in which b

depends on the volume of the substance. By the calculation of the

equation (ƒ) we find the value of the virial of the pressure on the

moving systems to amount to half the value of the virial of a pros-

sure A' + Ny
, exorcised on as many surfaces as there are systems,



( 141
)

l)ut tlio systems arc supposcfl to he liinitod by a splioiical surface,

described with a radius, which has twice the length of the radius

of the systems themselves. Let us call these larger spheres: distance-

spheres.

All these distance-spheres are supposed to lie quite outside one

another and to have no points in common. As the volume of all

these spheres together is 8 times as great as the volume of the

molecules, the case that all these spheres lie outside one another is

by no means possible, if tlie volume is smaller than 2 b.

But even if the vohune is so large, that the distance-spheres

would lie quite outside one another, if the molecules are supposed

to be spread in the space at regular distances, a great number of

distance- spheres are sure to cover one another in consequence of the

fact they are spread quite irregularly. Now the question is, in how
far the computation of the value of the virial of the pressure

N -\- N^ is to be modified in conseiiuence of this fact. If we have

some molecules, lying in such a way that the distance-spheres inter-

sect, we have not two entire spherical surfaces on which pressure

is exercised but a surface consisting of two parts of spherical sur-

faces. The pressure within the space enclosed by them, is the same,

as if it consisted of two separate parts, but the value ot the virial

of the pressure for the two molecules together amounts to twice

^/z (^ + A^i) (^- 'S') , if 5 is the volume of a distance-sphere and S
the volume of the segment which is cut off from a distance-sphere

by the plane of ' their intersection. In other words, we must take

into account only that part of the distance-sphere that reaches up

to the plane of the intersection, instead of the whole distance-sphere.

We come, accordingly, to the same result wliich I had obtained

in another way before (Verslag Kon. Ak. van Wetenschappen Am-
sterdam, 31 October 189G).

A second approximation is also mentioned there, and though tlic

determination of the value of that correction leads to such long

calculations, that as yet I have not brought them to an end, yet I

will make some remarks on the way in which this value might be

obtained.

K Aj B and C are taken for the instantaneous position of the

three centres of the distance-spheres and M for the centre of the

circumscribed circle, the mean value of the volume limited by the

surface of the distance-sphere A and the two planes FM and

A M D, will represent the second correction.

If we put AM=a and LAMG — C^ and the radius of the

distance-sphere = R, the value of the vohinic F.UD will be



( 142 )

I = -Is 72- B(i tg \tg C
I

—

— « sin C (R^ —

a shi C a cos C [/{R" — «")

-

j 1^0 iff

/ a

\/(R^ — «2)

+

If C moves on the circle ABC^ tlie centre of which is M, «and

C remain the same and consequently I keeps its value also.

Let provisionally, the distance of A and B remain invariable and

let C move arbitrarily, then M moves along the line FG. If we call

the heigt of M above AB equal to h, I may be considered as func-

tion of h by observing that fr" = /r 4-—'('' the distance ^S) and

sill C=:— . If the wholf
2 «

figure is turned round line AB, and if
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the whole space, in which C may be found is divided into volume-

elements AT', we have to determine

BN
As 1 is known as function of /;, AT^ must also be given as de-

pendent on h.

If we represent the angle which CM forms with FG by (p^ the

annular volume-element, in wicli C lies, is to be represented by

2 It dcp dh {h -\- a cos cpf .

If we take (p between and the value which it has, when Clies

on the distance-sphere of ^1, twice the value of this integral is to

be taken.

As the value of ^ is quite determined by /(, when C lies on the

sphere of A^ the integration must be done with respect to /(, and the

limits are to be determined, between which h is to be taken.

The highest value of h is of course j/ [R~ j; the lowest

value may be found from

^K^^-t)

The lowest value, however, cannot descend below — i/(s*
j

which would be the case if ?•"> 72^/3. This is the cause that the

integration, must be done in two tempo's, and that we have to

calculate

RVS -2 E »/(/^-4)

I
dr j dh + j dr j dh

K RV3 -l/(^ij._^)
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Chemistry. — nThe rale of sKbdifidlon of a nilrof/roiip hij an

oxalkyr'. By Prof. C. A. LoiuiY de Bruyn. Witli roferonce

to Dr. a. Steger's dissertation.

Up to this moment uo investigation had taken phice of the velo-

city of substitution of the atoms or atomgroups, immediately connected

with the benzene molecule by other groups; yet such an investiga-

tion was of importance for the knowledge of the qualities of the

benzene-nucleus and tlie influence of the ditterent places on each

other. A reaction which was excellently fit for this purpose I had

formerly met in a comparative study on the three dinitrobenzenes

viz. the substitution of one of the nitrogroups in ortho- and para-

dinitrobenzene by oxymethyl or oxyethyP) according to the equation:

Co II.
^l]

+ Ka O CH3 (C, II,) = Co H, ^^^^^
^^' ^^'^ + Na NO,.

A preliminary expeiiraent had already shown me that the para-

dinitrobenzene at 0° is more speedily substituted with natrium-

methylate than ortho-dinitrobenzene.

Now Mr. Steger has studied quantitatively the four above

mentioned reactions at temperatures of 25°, 35° and 45° ; besides

the influence of concentration, that of the presence of a natriuniion

and that of the gradual adjunction of water were also examined.

The results of this study, published by Mr. Steger as a dissertation,

are of general interest, to which I think I may draw attention.

In the first place then it is now proved tluit tlie velocity of

substitution is greater with paradinitrobenzene than with ortho-

dinitrobenzene ; for both the transposition takes place more speedily

with natriumethylate than with natriummethylate, a phenomenon

that agrees with the observations of others. The conduct of ortho-

and paradinitrobenzene is not the same for the two alkylates, a

difference that may be brought back to the influence of the two

alcohols that served as solvents. The influence of the temperature

however, being difi'ereut for the two dinitrobenzenes, was equal for

each of them towards the two alcoholates.

The question as to the influence of the concentration on tlie ve-

locity of reaction was important with a view to an investigation by

Hecht, Conrad and Bruckner^) on the vcdocity of acthcnforniation,

1) Kecuoil 13 (1891) Kll, 100.

2) Z. f. phys. Cli. 5 (LS'JÜ) 289.
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coiiso(jiic;ntly uf icuctiuns wliich wuri peiiectly comparable to those

mentioned here; for they run on the equation:

CHa J + Na CH^ = CH, CH3 + Na J, etc.

Said investigators had proved that in tlie process of tlie aether-

formation the reactionconstant increases with the diluiion. To us

it is evident (whicli in 1890 could not yet be the case with H.,

C. and Br.) that we must here think of the influence of the elec-

trolytic dissociation increasing in proportion to the dilution, that is

to the increase of tlie oxalkylious ') and to write the following

equation

:

Clla J + Na + Ü CII3 ^ CII, U CIIs + Na J- J

or, the iiatriumion not taking part in the reaction

C1J;3 J + U CII, = ClI, CII3 + J.

The reaction studied by Mr. Sti-xjer would then be represented by

Co H, (NO.)^ + CII3 = Cü H, NO,. CII3 + NOo.

JJut then it came out, remarkably enough, that in opposition to

the process of actherformation the constant of the last nameil reac-

tion was not changed by the concentration.

The question that now naturally offered itself as a consequence

of this result was this. If a regular influence of the dilution, as

required by the electrolytic dissociationtheory does exist in the aether-

formation and does not exist in the substitution of the dinitroben-

zenes, what is then in both reactions the influence of the addition

of a substance with the same ion? If a sodium salt is added, the

increase of the concentration of the natriumions will keep back that

of the oxalkylions and consequently cause the reactionconstant to

fall. By H., C. and Br. this question had been studied cursorily

and unsatisfiictorily only.

When investigating the velocity of the actherformation while

adding increasing quantities of Na J, it was now shown, that the

reactionconstant, in accordance with the iontheory, decreases in re-

') Neither CH3 J uor CcH4(NÜ2)- eoiidiu't the electric current in alcoholic solutions.
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guliir gradation!?. On the other hand however the experiment showed

that for the transposition of orthodinitrobenzene a change in the

velocityconstant by the addition of a sodium salt is not noticeable.

Consequently we arrive at the conclusion, improbable in itself, that

of two for the rest perfectly homogeneous reactions, one is under the

influence of the electrolytic dissociation while the other is not. More

acceptable seems to be the supposition that the theory of the electrolytic

dissociation cannot be considered as an element of explanation in

all reactions in solutions containing electrolytes and that the trans-

positions between substances, which both or one of which behave as

an electrolyte may still depend upon other causes than the nature

and concentration of the ions.

To the problems to which we are led by this result, one of the

foremost is: what change the conductiveness of alkylatesolutions

undergoes by dilution.

The study of the reaction we treat of here, has still been extended

for orthodinitrobenzene and this has also afforded some results which

are not unimportant. Some 'observations of an earlier date had

shown that the addition of very small quantities of water sometimes

greatly alters the qualities of alcohols. Consequently we resolved

to equally investigate that influence on methylic and ethylic alcohol.

The result was unexpected in many respects. In the first place we

saw the reactionconstants continued to exist, even in mixtures of

alcohol and water with up to 50 pCt. water. Now it is generally

supposed that sodium-alcoholate with only a little water is already

transformed, at least partly, in natron and alcohol. If natron had

been present we might have expected the formation of nitrophenolate

and consequently the two following reactions taking place simulta-

neously :

Cc H4 (i^Oif + Na Co H5 = Co H, NO2 C2 H5 + Na NO2

Co Ih (NOs)^ + Na H = Cb H4 NO. OH + Na NO2.

In the latter case a second mol. natron should have formed the

natriumnitrophenolate and consequently the concentration of the

natron should be equally diminished. In case of the two reactions

running simultaneously an equal velocity might not be expected. With

this difference in velocity the equilibrium between Na OH and

Na OCo H5 had to be equally altered and so, besides the thiee men-

tioned reactions there, should appear a fourth

:

Na C2 H5 + Hg t; Na OH + C2 H5 OH.
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If all these reactions should take place simultaneously, there could

be no question of a constant. And yet, as mentioned above, there

were found constants for the two alcohols, even for alcohols diluted

with an equal weight of water. The explanation proved to be easy.

In opposition to the generally adopted idea, it was shown that the

sodium in methylic alcohol diluted with 50 pCl. of water was mostly

bound to oxalkyl. The same may also be proved by a quantitative

estimation of the natriumnitrophenolate formed , which was pos-

sible along the colorimetric way owing to the yellow colour of that

salt. The quantities formed of it, proved to be very small and

amounted only to a few percent for 50 pCt. and 60 pCt. ethylic

alcohol

.

There also came out another peculiarity viz. this, that the addition

of water causes the reactionconstant in methylic alcohol to rise from

0.0169 to 0.0249, in ethylic alcohol to fall from 0.0261 to 0.0104.

For a percentage of ± 12 pCt of water the constant of the two

alcohols is the same. It was now highly to be regretted that the

constantly decreasing solubility of orlhodinitrobenzene in the diluted

alcohols did not allow to continue the experiment down to water.

The two curves that may be constructed with the constants and the

percentage of water must necessarily meet in one point, the one

that would indicate the reactionconstant for aqueous natron, that

is in absence of the alcohols. Yet we were able to extend our

tests so far that we have shown for the still more diluted alcohols

how much nitroanisol and nitrophenetol and how much nitrophenol

were formed when boiling dinitrobenzene with natron that contained

40, 20 and 10 pCt. of the alcohols. The result of these tests —
see below — shows that even in the strongly diluted methylic

alcohols the formation of the methoxyl-compound forms the principal

reaction, while in ethylic alcohol a considerable quantity of nitro-

phenetol is created nevertheless.

Mctbylic alcohol
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III roiitinuiiii^- tliL'!S(\ oxiiuiimcr.ts it will in tliu first place bo our

j)urpü8c to niiiko out ii'iii the aetlieiloimiitioiis, taking place in alcohols

diluted with water, the same conduct appears as in the transformations

of the dinitrobenzenes treated here. Further we shall try to fiud

substances the transformations of which adapt themselves to a

quantitative study, both in alcohol and water and iu any mixture

of these two solvents, with &imuUuneous estimation of one of the

])roducts.

Chemistry. — „On .wine. anoDudies in the ttijtitein ofMnNDEhEJKVv".

By Prof. Tii. li. Beiiuess.

In his fourth paper on isomoiphism („Beilriige zur Kcnntnis des

Isomorphisnnis", IV, in „Zeitschr. f. physik. Chemie, VIII, 1) Mr.

J. W. RiiTGERS has denied the existence of isomorphism between

tcllurates and sulfates and has given to tellurium a place between

Ru and Os (Fe := 56, Ru = 104, Te = 128, Us = 195). His views

are founded on two facts : on tlie absence of compound crystals, com-

posed of Kn SO4. and KsTeOj, and on the existence of isomorphism

between chlorotellurates, chloroplatinates and chlorostannates. In the

second place the anomaly iu the differences of the atomic weights

of Sb, Te and J is mentioned and likewise the analogy between

H<> Te and Hg S, but the principal weight is attached to the con-

clusion deduced from isomorphism. His first assertion is drawn from

experiments with KjMnOj., a compound, forming green crystals

with K3 Süj. ,
but not with Kg Te Oi. . It has been confirmed by

experiments with AggCrOi. , by which compound growing crystals

of Ag2 SO4 are stained from amber yellow to a fiery red, while it

docs not enter into crystallizing AgoTe04.

Where Mr. Retgers has made use of isomorphism between chloro-

tellurites (he writes: chlorotellurates) and chloroplatinates, to sub-

stantiate his second assertion, his argumentation is less stringent,

as he has not given experiments of his own. The base of his second

assertion must therefore be thoroughly tested.

No compound crystals were obtained with TeCl|. and Pt CI4, the

solubilities of the two compounds K3 Pt Cls and Ko Te CIq differing

too much. With Csg Sn Clc and Cso Te Cle and with Csg Os Clg and

Csg Te CIq better results were obtained. Beautiful compound crystals

were produced by adding Cs CI to mixed solutions of Te CI4 and

lrCl4 strongly acidulated with hydrochloric acid. In this case the

compound crystals were light brown, while the one of the compo-

nents is yellow, tiie olher red-brown.
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To ascertain, if Te comes more near to Bn or to Ir and Os

experiments with several acirls were tried, with a somewhat startino^

result. Tellurium dioxide is dissolved by K HCn O4, forming well

developed microscopical crystals of a double oxalate, resembling

crystals of potassium-zirconium-oxalato in form, dimensions and

manner of formation.

Here the question arose: How far may the isomorphism of tha

compound K2 Sn Clo with analogous compounds of other tetrachlorides

extend ? In the first place the behaviour of Pb CI4 was examined. With
strong hydrochloric acid, cooled l)y ice, Pb O2 gives a yellow solu-

tion, from which Cs CI precipitates dark yellow octaliedrons, while

in a solution, mixed with Sn CI4., bigger crystals of light yellow

colour are foi'med. From mixed solutions of Sn Cli and Pt Cli, no

compound crystals could be produced, while mixed solutions of SnCl^

and Ir C'U gave a complete series, varying in colour from dark red

to a faint reddish yellow. Crystallization of pure chloroiridate is

prevented by means of a strong dose of hydrochloric acid and

heating, before adding rubidium chloride. At ordinary temperature

only a few compound crystals are formed, and these are faint)
j-

tinged. Fractionating by repeated additions of Rb CI is to be recom-

mended; it facilitates the preparation of a complete series. Mixed

solutions of Sn CI4. and Os 04. are not so eas} to manage, besidoB

the variation of colour (from colourless to light brown) is not so

striking. Finally experiments were made with Mn CI4, prepared by

dissolving Mn Oj in cooled hydrochloric acid. From this solution

Cs CI precipitated dark red octahedrons, resembling crystals of the

compound K^ Ir Clo , while from solutions, mixed with Sn Cl^,

compound crystals of all shades between a dai'k red and a faint

reddish yellow were obtained, perfectly imitating the series productxl

from mixed solutions of Sn CI4 and Ir CI4.

These last experiments are particularly suggestive. The isomor-

phism of K Mu O4 and K CI O4 is the principal argument for placing

Mn near CI in the seventh group of Mendelejeff; on account of

the isomorphism between K2 Mn O4 and K3 SO4 it might be placed

in the sixth group; reasoning from the experiments with the tetra-

chlorides of Mn and Sn would bring it into the fourth group; from

this it must be removed to the third group if you start from the

isomorphism between common alum and manganum-alum ; finally,

if you fix your attention to the crystalline forms of manganous

oxalate and of the double phosphate of ammonium and manganuni,

Mn must have its place in the second group, next to Mg. The

compounds of chromium exhibit a ;-imilar protean behaviour.

11

Procccdiugs Uujal Ac;ul Amstcrdani. Vul. I.
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With a view to isomorphism chromium might be placed in the

eventh, the sixth, the third, and on account of chrom-ammonium

in the eig;lith group. For telhirium you have choice between three

groups. If the principal weight is accorded to the analogy between

H3 Te and Hj S, it must be placed in the sixth group; if you

follow Mr. Ektgers, in putting the isomorphism of K3 Te Clo with

K3 Os Cle and Kj Ii" Cle upon the foreground, a place must be

found for it in the eighth group; if the attention is fixed on the

somorphism of Csj Te Cls with Csg Su Clg and on the analogy

of potassium -tellurium -oxalate with potassium -zirconium -oxalate,

it may be put into the fourth group. Meanwhile it may not

be overlooked, that Te owes its place in the sixth group solely

to the analogy of H2 Te and Hj S ; that, to fit into this group,

its atomic weight ought to range below 126 (Sb = 120, Te = 123(?),

J := 12G.5) and that the atomic weight of Te stands likewise

in the way of a migration to the fourth and to the eighth group.

In the fourth group no place is open next Sn for an element

having an atomic weight about 120 (Sn = 117.4, Ce = 141), and

if Te should be placed in the eighth group, between Ru and Os,

search would have to be made for seventeen new elements in this

group. The difference between the atomic weights of two acknow-

ledged membres of this group, taken in a vertical column, amounts

to 45—48; between Ru and Te it would be half as great (Ru= 104,

Te := 126— 128), thus: three unknown elements, filling the gap

between the first and second file, eight between the second and

third (Ru — 104, Os = 195) and six' below the third (Pt = 195,

U = 240). Not impossible, but certainly not probable. Probably,

if IMr. Retgeks had been acquainted with the isomorphism of

Cs2 Mu 01(5 and Cso Sn Clo, he would have stopped at the statement,

that isomorphism between tcllurates and sulfates does not exist,

and would not have proceeded to seek a place for tellurium in

the eighth group with a difference of 22 between two consecutive

atomic weights instead af 45.

The weight of isomorphism in chemical speculations must be

further reduced than has been doue by Mr. Rktukks. The hypo-

thesis, that isomorpliism among a group of compounds does point

to isomorphism of the elements which these compounds have in

common, is abandoned by most chemists, but isomorpliism between

sulfates and chromates, between phosphates, arsenates and vanadates,

stated without restriction, is even objectionable. In alum trivalent

chromium can take the place of aluminium, while sulfuric acid

cannot be exchanged for eliromic acid, and yet this exchange can
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easily be made in sulfates of univalent and bivalent metals, without

altering their crystallization. In double arseniate of ammonium and

calcium phosphoric and vanadic acid cannot fill the place of arse-

nicic acid, while in lead-apatite the thi'ce acids can be exchanged

Avithout any visible change in the form and structure of the crystals.

Here isomorphism is restricted to small groups of compounds, whose

limits are narrow and sharply defined ; in other cases the limits of

isomorphous groups are very wide, wider than generally admitted.

Take for example the double arsenate of ummonium and calcium,

(NH4,)3 Ca As O4 + 6 H3 0. In this compound Ca can be exchanged

for Ba, Sr, Pb, Mg, Mn, Fe, Co, Ni, Zn, Cd and Cu. Nearly 'the

same extension of change is found in triple acetates of the type:

Na Mg (U03)3 (C2 H3 02)9 + 9 II2 0. They form rhombohedral

crystals, imitating the regular (tetrahcdric) crystals of the compound

Na (UO2) (C2 H3 02)3. Speculation on a possible connexion between

the wide range of isomorphism in complicated double and triple

compounds with their constitution leaves the impression, that their

form is ruled and fixed by constantly recurring nuclei of great

volume, or, with other words: that isomorphism and morphotropisra

have a cause in common. The nucleus of the triple acetates is the

compound Na (UO2) (C2 H3 02)3. Morphotropism plays here a pro-

minent part, accompanying isomorphism and producing a striking

imitation of regular forms in rhombohedral crystals. Obviously a

connexion exists between these phenomena and tl)e combination of

isomorphism and morphotropism, found in some families of minerals,

e. g. the pyroxenes, where exchange of Mg for Ca, of Ca for Zn
or Mn does change the system of crystallization, while the general

shape or habitus of the crystals remains unchanged.

Chemistry. — „On the action of mdhjlk alcohol on the unides

of hibitsic ackls'\ By Prof. S. Hoogewerff also in the name

of Dr. W. A. VAN Dorp.

In April of this year we have placed in the Recueil des Tiavaux

('himiques des Pays-Bas et de la Belgique a short account, which

shows that, by heating the imides of bibasic acids with methylic

alcohol containing muriatic acid, the methylic ethers of the amido-

acids, corresponding to the imides, are formed in some cases.

At least this was observed with the phenylimides of succinic acid

and maleic acid, also with those, substituted in the radical of the

acid. For example the pheuylimide of maleic acid with methylic alco-

11*
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hol coutiiiiiing nmnatic acirl forms tlic ctlieroal -alt according to

the equation

CII—CO CH—CO. NHCfitls

II
>NCcH5 + CH3OH =

li

CH—CO CH—CO. OCH3

On a closer study of this reaction we have found that the co-

operation of the muriatic acid may be promotive in some cases to

the formation of the methylic salt, but is not required for it.

Several imides investigated by us are transformed partly in the

ethereal salts of amido-acids, when heated with absolute methylic

alcohol without the addition of meth5'lic alcohol containing hydro-

chloric acid. It is best to work in sealed glass tubes at temperatures

between 150°—200° C. and sometimes higher still; but methylic salt

formation also takes place when the imides are for a long time

boiled with methylic alcoliol.

We could show besides in some cases that these ethereal salts,

when heated with methylic alcohol, are partly transformed again in

imides and methylic alcohol. Perhaps these reactions are reversible:

imide + methylic alcohol ^ methylic salt of the amido-acid.

Tins point will be investigated.

Bekthelot and PÉA.N de St. Gilles in their classic papers on

the formation of ethers from acids and alcohols say, that the maximal

quantity of ethereal salt that can be formed is but slightly depen-

dent on the temperature. This seems equally to be the case, at least

sometimes, in the case of the formation of the ethereal salts of amido-

acids from imides.

We have prepared the ethereal salts of the corresponding amido-

acids from the following imides by heating with methylic alcohol

:

succinimide, succinphenylimide, succinparanitrobcnzylimide, malein-

phenylimide, phtalphenylimide.

CHo—CO
Succinimide

| > NH, when heat(!d for three hours in

CH2—CO
sealed tubes with the octuple weight of absolute methylic alcohol

at a temperature of 170° C, gives the methylic salt of the succiuo-

CHo—CO—NH3
amido-acid

|
in large quantity.

CIL—COOCH3
We prepared this ethereal salt, which we did not find mentioned
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in literature, also bv Icttino- methvlio iodide act upon the silver salt

of succinoamido-acid, and convinced ourselves that both compounds

arc identical. If the imide is boiled with methylic alcohol, ethereal

salt formation takes equally place, though slowly.

CHa—CO
The transformation of the suocinphenvliniide | >NCcH5 in

CII.—CO
CIl,—CO—NHCcH,

the oijiorcal salt of the aniido-acid
| , which takes

CH.-CO-COOCITa
place easily if methylic alcohol containing muriatic acid is used, seems

to be more difficult when this alcohol alone is employed. We had

to heat up to 240° ('. in order to obtain a satisfactory result. We
consider our work witli this imide as not yet finished.

CH.—CO
If the suecinparanitrobenz\limide

| >N CH.^ Co Hi NOo is

CIL—CO
heated with a septuple quantity of methylic alcohol for some hours

CH2 CO. NH. CHp, C(jH,NOo
at 170° C, a small quantity of the ester

|

CH2.COOCH3
is formed. Experiments on ethereal salt formation at lower tempe-

ratures were not made in this case. On the other hand this methylic

salt, when heated to 170° C. with methylic alcohol, is for the greater

part transformed in the imide.

ClI—CO
The maleinphenvlimide || >XCoH-; (1 part), when heated

CH—CO
with methvlic alcohol (7 parts) at 170° C, is transformed partlv in

CH-CO-KIICeHj
the methylic phenylamidomaleinate |1 . The same

CH-COOCH3
reaction takes place already, though slowly, when the phonylimide

is boiled with methvlic alcohol.

/CO
The pbtalphenvlimide 0^11^ >NCgH5, when heated with

^CO
methylic alcohol on a waterbath in a flask connected with an

inverted condenser, or at a higher temperature in sealed tubes,

produces small quantities of the methylic phenylamidophtalate

/CO—NHC, H5
Co H4 . The fact of this ethereal salt being unstable

\C0 CH3
against methylic alcohol we learn at once, when trying to crystallize
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it trorn tliis solvent. The warm solution soon deposits some plie-

nyliniide.

To conclude we have found in comparative experiments that the

imides form the ethereal salts of amido-acids much easier with me-

thylic alcohol, than with aethylic- or propylic alcohol. The greater

ethereal saltforming faculty possessed by the former alcohol ') shows

itself eijually in those experiments.

We herewith tender our best thanks to Messrs. van Breukele-

VEEN and VAN IIaaust, who assisted us with o-reat zeal in the

present investigation.

Delft/Amsterdam, October 1898.

Physics. — „Description of an open manometer of reduced hci(jht'\

By Prof. H. Kamerlingii Onnes.

(Will be published in the Proceedings of the next meetingV

Zoology. — „Cup-shaped red Jiloodcorpascles. (C/iromocraters/'.

By Dr. M. C. Dekiiuyzen. (Communicated by Ur. P. P. C.

Hoek).

The red bloodcorpuseles of the lamprey (Petromyzon fluviatilis)

when examined living or after fixation, exhibit a remarkable shape,

which has escaped the attention of investigators. They are bell-or

cup shaped cells. Their body contains a rather deep cavity which

may be called an „oral invagination". The rather wide opening is

round, but owing to the facility with which the cells change their

shape, may become a split or a triangle.

A second less evident „aboral" invagination is found at the aboral

pole, in a somewhat eccentric position however. Seen from above

one of the poles, the cell is somewhat oval, almost round. No

wonder that such a shape is not recognized, when the blood is

spread out in a thin layer, dried and then preserved.

There is scarcely an object imaginable better calculated to make

the objections evident which must be alleged against the usual

methods of drying for the purpose of investigating the blood.

True amoeboid properties are wanting; some of the damaged cells

') Vid. Menschutkin. Lieb. Aiiii. 195, p. 357.
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however do indeed remind lis of the thorn-apple shapes of the red

blood-corpuscles of mammalia and amphibia.

The nucleus is ellipsoid. It lies in the proximity of the aboral

invagination, and appears to be connected here with the boundary

layer of the body of the cell by means of the microcentrum, the

group of centrosomes.

The retraction sometimes tapers oft' rather sharply. The bottom

of the deep oral invagination also appears to be connected, thougli

much more loosely, with tlie nucleus.

Under injurious influences the mouth may disappear and the cell

become globular, or tlie bottom of the oral invagination be thrust

outwards like a bag turned inside out, so tliat a (clear) vesicle is

extruded from the oral ring, or tlie tiiiclciis may he ejected from

the opening of the mouth. In preparations where the boundary layer

of the body of the cell presents itself as a sharply defined mem-

brane, a ring is visible round the mouth, viz. the oral ring. Round

the aboral invagination we observe in such preparations, thougli

less frequently, an aboral ring. What kind of pcriplieral, oral and

aboral differentiations, preformed in the living cell, lie at the bases

of these images, we cannot as yet say.

These cells may be called ehromocraters, a word derived, by

analogy witli the term chromoeyt in zoology, from the Greek xo/'n^o,

a cup.

The desirability of proposing this new name arises from the

circumstances that the chromocratere proves to be a red blood-corp-

uscle occurring in widely divergent groups of animals. It may

be a thing of importance in phylogeny and in mammalia an inheritance

of great antiquity.

The co>iimo)i red blood-corpuscles of mammalia (rat^ cavia, rabbit)

pass through a stage, in which they are nucleated ehromocraters,

and that as mature erythroblasts or normoblasts, when the nucleus

is already pycnotically degenerated, n:hich cells eject their nucleus

through the oral invagination.

They then become cup-shaped erythrocytodes (known already to

KiNDFLEiscH 1) and Howell-)): e.g. enucleated ehromocraters with

deep oral and less deep aboral invaginations.

In the full-grown red blood-corpuscles of man viz. in the tips of

') EixDFLEiscH, Ueb. Kuocheuraurk uiuL Bliitbildung. Areliiv t'. luikrosk. Anato-

mie. XVII. 1880.

^) II'OWELL, The life liistory of the formed elements of tl\c blond, esppciidly the

red bloodcorpuscles; Jourual of Morphology. IV. 189U.
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tho fingeiv-ï it maj" also be sliown that the two iiivagiiiatJous of the

bi-concave ditics are not morphologically equal. Their chroniocrateric

nature may be rendered visible by „fination" of the out-Howing

lilood in osmic acid (according to an observation by Mr. IT. W.
Blote, assistant at the Lc}den Laboratory of Physiology).

We will by no means assert that all nuclei are eliminated by

ejection ; there seems to be no reason to question the statements

madi' by trustworthy writers of cases in which the nucleus is destroyed

by intracellular degeneration.

In the freshly fixed thighbone-marrow of a Cavia in an advanced

stage of pregnancy, a round corpuscle, corresponding in all respects

to tiie pycnotic nucleus of mature normoblasts, was observed in

nearly all leukocytes next to the polymorphous nucleus.

Moreover the ejection of the nucleus already figured by Rindfleisch,

may be easily observed e.g. in the thighbone-marrow of a rabbit

three weeks old.

Now chroraocraters, corresponding in shape to that described of

the Lamprey, vrere also observed by me in Phoxichilidium femora-

tum^ a Pycnogonid abounding in the port of Nieuwediep. Also just

the same typical exterior of the aboral invagination, sometimes sharply

tapering and pointing to the adjacent nucleus. The ejection of the

nncleus through the oral opening of a somewhat damaged cell has

also been observed.

I myself have observed chromocraters only in mammalia, lampreys,

and the species of Pycnogonid just mentioned. Now we find in

zoological literature descriptions and figures by different writers, who

probably have seen chromocraters but owing to the difficulty of

obtaining living specimens of the sometimens scarce material, their

statements could not as yet be controlled or verified.

Unknown to each other the writers observe with surprise and

more or less incidentally, that they have seen bloodcells which

were cupshaped.

DOHRN in his Monograph of the Pantopoda of the Gulf of Napels

says, that in nearly all Pycnogonids he had seen bloodcells which

he called, „Ballons". „Sieht men sie im Blut circuliren, so erscheinen

sie gefaltet, wie ovale Ballons aus Seidenpapier die nicht mit Luft

voU erfiillt sind."

Griesbach^) has figured the haemoglobine-containing cells of Pec-

tunculus glvcimeris, a Lamellibranch Mollusc. „Sie sehen miitzen-

') GniESiiAcii, Beitriigc zur Ilistolosrie des ISlutes. Arcli. f. iiiikroskup. Anntoiiiie.

XXXVII. IS'Jl.
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förmig aus, sie lassen sich vergleicheu init eiucm eingedrückten

Gummiball, sie alineln dom Hut eines Pilzes und durch die ein-

gedrüekte Stelle sielit man deutlich den Kern hindurchscliiramern."

From the figure I think I may conclude that we can here have

to do with hardly anything else than with chromocratcrs, at least

with colls which have a great many properties in common with

those we have described.

ElsiG in his Monographic dcr CapitelUden has figured at least

dish-shaped red bloodcells in Chaetopod worms (Notomastus). Nor

should wo omit to mention the figures and communications of

CuÉNOT) 1) concerning Cucumaria Planci, an Echinoderm, and of

Sipunculus and Phascalosoma (Gephyreans).

That the same very characteristic species of cell, possessing a shape,

the appropriateness of which is at least very questionable, the sig-

nificance enigmatic (unless the calyxiform bloodcells of the Gephyreans

be congenial with chromocratcrs) should occur among such widely

divergent groups of animals as Pycnogonids, Petromyzontes, Molluscs

(perhaps) and Mammalia, justifies, in my opinion the conclusion, that

the chromocrater is a heritage from the common ancestors of the above

mentioned groups of animals, that is from worms. In the ontogenesis

of the red blood-corpuscles of mammalia the ancestral calyxiform

nucleated blood-cell again appears for a short duration.

This investigation was carried on in the Physiological Laboratory

of Leyden and at the zoological station at tiie Helder.

By the communications of Giglio Tos -) our attention was

directed to the Lamprey.

Astronomy. — „Some remarks upon the Xi-monthhj motion of the

Pole of the Earth and upon the length of its period^'. By

Dr. E. F. VAX DE Sande Bakhuyzen (Comnmnicatod by

Prof. H. G. VAN DE Sande Bakhuyzen).

(Will bo published in the Proceedings of the next meeting.)

1) CuÉNOT, Etudes sur le sang etc. Arch. d. Zool. expcriraentale et générale.

IX. 1891.

-) E. GlGLlo Tos, Sulle cellule del saiigue della lampreda. Accad. r^^ale della scienze

di Torino. 1896.



( 158 )

Physics. — „ Tlie influence of pressure en the critical temperature

of complete mixture". By Mr. N. J. van der Lek. (Com-

niunicated by Prof. J. D. van der Waals.)

Ia 188G (Wied. Ann. Bd. 28) Mr. Alexejew published investi-

gations, undertaivon to find out the influence of temperature on the

mutual solubility of two liquids which are but partly soluble in

each other. A temperature proved to exist, above which mixture in

all proportions takes place (critical temperature of complete mixture).

The existence of this temperature had been already supposed before.

In 1880 (Verb. Kon. Ale), Prof, van der Waals had pointed out,

that the pressure too, must play a part in this phenomenon, and

ho had found that in a mixture of etlior and water, the meniscus,

parting the two phases, becomes flatter by higher pressure. Though

this might be considered as a proof that the two phases approached

each other as far as composition is concerned, complete mixture is

not attained. Mr. Alexejew seems to have been induced tiirougli

this treatise, to examine also the influence of pressure for the mixtures

investigated by him, but with a negative result. (I have not been

able to consult the description of these last experiments. I know

them only from citations). By the theory of the surface ip (J. D.

VAN DER Waals: „Theorie moleculaire d'une substance composée

de deux matières difïérentes. Arch. Néerl. T. 24 or Versl. Kon. Ak.

23 Febr. 1889) the influence of the pressure on the mutual solubi-

lity was also examined. In 1894 Mr. J. de Kowalsky published

the description of his investigations (C. R. T. CXIX p. 512) concer-

ning this theory. No influence of the pressui'e was found — not

even by very high pressures — except for a triple mixture of

aethylalcohol, isobutylalcohol and water. A pressure of 900 atm.

made the liquid homogeneous at a temperature of about 3° below

the temperature of complete mixture. Of late Mr. Klobbie (Zeitschr.

f. phys. Chem. 24. 617. 1S97) has found a perceptible influence of

the pressure for mixtures of ether and water by a pressure of 100

atmospheres, without, however, determining its degree.

The purpose of the experiments which will be described here,

was, to find something about the influence of the pressure on the

mixture of liquids.

Of all the mixtures examined by Mr. Alexejew the pair water

and phenol seemed best fitted for these investigations. The critical

temperature of complete mixture is about 67°. The phenol used

was from Merck & Co. and was tested beforehand by determining

the fusing-point. It was preserved in the dark in sealed glass tubes,
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each containing' about the quantity necessary for one experiment.

The proportion of the mixtures was regulated by putting together

quantities of a given weight of the two substances. As the deter-

minations were made for mixtures whose temperature of complete

mixture was near the critical, the liquids were divided into two

phases at the temperature of the room. Therefore the mixture was

well shaken, so that an emulsion was obtained. A certain quantity

of this was quickly poured into a capillar funnel, with whudi the liquid

was brought into the observation-tube. This tube consisted of a

straight tube of thick glass with about 3 m.M. inside diameter. It

was fused together at one end, widened in one place just as the

CAlLLETET-tubes are, and cemented in a brass mounting. After a

sufficient (juantity of the mixture was poured into this tube, the

stirring-contrivance was applied to the liquid, consisting of a

magnetised needle, round wlilch a closely fitting glass capillar was

slided, which was then fused together on both ends and provided

with glass balls to prevent its sticking to the glass walls. To bring

this bar In motion an electro-magnetic stir-apparatus was used,

like the one described by A. van Eldik (Versl. Kon. Ak. 1897).

After the stir-apparatus had been put in, the air-bubbles were

removed as much as possible, and then the mercury was put in the

tube. For this a not too great quantity was first carefully put in

at the top of the tube. If care was taken that the mercury had but

very little velocity, it kept sticking high in the tube, in consequence

of the capillarity. After that it was easy to make it glide along a

capillar down to a few cM. above the surface of the mixture. Now
mercury could be poured in by means of a caplllar-funnel, in which

air-bubbles could be avoided. At last the whole mercury fibre could

be lowered, till the lower end reached the surface of the mixture.

After the tube had been completely filled with mercury, it could

be turned upside down and placed in a steel vessel, which was in

connection with the forcing-pump. Within this steel vessel a glass

vessel filled with mercury, was placed in such a way, that the lower

end of the glass tube was below the surface of the mercury. The

space was further filled with glycerine, and the glass vessel closed

with a brass nut. To have it hermetically closed, rubber rings

are used.

The pressure could be kept constant with this instrument for a

considerable time and could be read by a metal-manometer, a new
one specially used for these experiments. This manometer had been

tested, before it was received by us. As the influence of the pressure

proved to be very slight, little differences of pressure were not paid
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attention to, and it was not necessarv to use a more accurate in-

strument. Tiiis slight influence, which had been expected beforehand

from the theory and in connection with the experiments before-

mentioned, made it necessary to make the observations near the

temperature of complete mixture. Here the difficulty presented itself,

that the heat which would be developed by compression, might be

the cause that the temperature, which had first been below the

temperatuie of complete mixture, would rise above it. In this case

mixture would not be the direct consequence of tlie pressure. There-

fore it was of great importance to make an arrangement by means

of which it would be possible to keep the temperature round the

glass-tube constant for a considerable time: for in this way it would

be possible to remove the disturbing influence mentioned before. The

attempts to get a suitable thermostat, led to the following arrange-

ment agreeing iu many respects with the one described by "W.Watson

(Phil. Mag. Vol. 44 July 1897): a glass cylinder, 30 cM. high and

with a diameter of 5,5 cM., is closed on both ends with caoutchouc

stoppers. These stoppers are pierced in the middle, so that a glass

cylinder of the same height as the former and with a diameter of

2^ cM., can be placed concentrically with the other.

The annular cylindric vessel obtained iu this way, is placed so

as to have its axis vertical. Two holes made in the higher stopper,

give an opportunity of adjusting two glass tubes. One of these is

closed with a tip and serves to bring the liquid into the vessel.

The other is (the glass tubes being in close contact) connected by

means of a rubber tube with another glass tube placed vertically,

which leads tlirongh a cooling-apparatus, and is bent horizontally

just above it. It leads further to a T shaped piece to which are

fastened 1°. an open manometer 2". another T shaped piece. One

arm of the latter T shaped piece has a rubber tube with a squeezer.

This squeezer is so constructed that by means of a screw the ad-

mission of air can be nicely regulated or entirely stopped. The

other arm leads to two large closed bottles, having together about

40 L. contents, and from there to a rubber tube (with a squeezer),

which brings about the connection with a waterairpump. In this

way the vessel is connected with a lai'ge space, in which the

pressure can be lowered. The regulating of this pressure, read

bv means of the open manometer, can be easily done by the two

squeezers mentioned. Then a small quantity of mercury is first

brought into the vessel, enough to cover the bottom, and to

preserve the caoutchouc in this way, and on it a quantity of aethyl-

alcohol, which can be made to boil under various pressures. The
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heat required was furnished by an alternating- current, easily obtai-

ned by the installation of Electra which is found in the laboratory.

This current is led through a spiral, wound round the inner cylinder

of the boiling-vessel, the ends of which have been sealed through

the glass of the outer cylinder. A necessary condition for the remai-

ning constant of the temperature proved to be that the spiral remained

entirely merged in the liquid.

The glass forcing-tube containing the mixture was then placed

nearly in the axis of the inner cylinder with a thermometer and

the tube of the electro-magnetic stir-apparatus near it. Tlie space

was then closed with wads on both sides. The thermometer was

quite inside that part of the inner-cylinder, where the temperature had

proved to be the same throughout. Therefore correction for the sticking

out of the mercury was not necessary. AVithin the same space the

mixture which was to be examined and the tin tube were placed.

The mixture was now brought to about the temperature of com-

plete mixture, which took about an hour. Then the temperature

was made to rise a little under continual stirring; after a moment's

rest it was made to rise again etc., till the cloudiness (the proof

of the presence of two phases), had quite disappeared. Then the

temperature was read. After that the temperature at which the

cloudiness reappeared was determined in the same way by cooling

the mixture. By repeating these observations a few times, the

temperature of complete mixture could be very accurately determined.

(The thermometer was verified at the Reichsanstalt). In the same

way the temperature of complete mixture by greater pressure was

determined. The results of these observations follow

:

22 7o X — 0.05

pressure: norm. 30 GO 00 120 150 180 atm.

temp, of compl. mixt. :()(;. 7 (iG.T (i(i.!) G7 G7.1 G7.2 G7.3

pressure: norm. 30 60 'JO 105 130 atm.

temp, of compl. mixt. : G7.G G7.G G7.8 G7.8 G8 G8.1

38 7o '• = 0.11

pressure: norm. GO 90 atm,

temp, of compl. mixt. : 67.3 67.5 67.7
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470/0 * = 0.15

pressure: norm. 60 90 1'20 atm.

temp. of compl. mixt. : ()4.8 65.] 65.3 65.3

49 7o *-=:0.16

pressure: norm. 30 60 90 120 150 180 atm.

temp. of compl. mixt. : 65 65 65.1 65.2 65.3 65.5 65.6

55 7o -'^ = 0.18

pressure: norm. 30 60 90 atm.

temp. of compl. mixt. : 61.2 61.2 61.3 61.3

(The percentage of phenol has been given hero. In tlie theory

of the surface ip we suppose that the quantity of one of the liquids

is J/i(l— .() and of the otlaer M^x^ in which My and Ah represent

the molecular weights. Here J/g = Ce H5 OH.)

These observations prove, that increase of pressure causes the

temperature to rise. Considered in connection with the theory of the

surface (//, they show that the longitudinal plait (second plait) has a

plait-point on the side of the greater volumes and that at that plait-

point it turns its hollow side towards the .*-axis. As moreover, it is

possible to prove in general theoretically, that rise of temperature

makes the plait move in such a way that the projection of the

connodal line on the XV plane falls within that of a preceding

connodal line, it follows from this, that the longitudinal plaits

(second plaits) will be moved to the side of the «-axis if the tem-

perature rises. At a certain tempei'ature the two connodal lines

will intersect. Then we have three co-existing phases. When the

temperature rises, the two points of intersection approach each other,

in other words, the phases begin to resemble each other more and

more. At last the two curves touch ; there is only one liquid phase

left, co-existing with the gas-phase. This temperature is called the

temperature of complete mixture. This, however, is but one of the

many critical temperatures of complete mixture, for at a higher tem-

perature it is possible, by increasing the pressure, to get two liquid

phases, which can become perfectly equal in composition and mole-

cular volume. In this case also, there is a critical temperature.

So the critical tenqjeiatuj-e rises through increase of pressure in

the mixture examined.



( 16:5 )

If once more tlie case that two connodal lines intersect is examined,

it is easily seen, that the two intersection-points are nodes of the

longitudinal plait (second plait). When the temperature rises they

approach each other, and when the curves touch, the point of contact

may be considered as two nodes having fallen together. From this

follows, that when two connodal curves touch, the point of contact is

a plait-point of the longitudinal plait (second plait). The spinodal

curve of the longitudinal plait will therefore also touch the spinodal

curve of the transverse plait (first plait). A consequence of this is,

.
dp

that the differential coefficient — (see T. M. p. 15) must be in

this case which points to a maximum or minimum of the line

p=:/i(a-i), that is the curve, which represents the relation between

the composition and the pressure of the saturated vapour of the

mixture.

To test this conclusion experimentally, some pressures of vapour

were measured according to the method denoted by Leiifeldt

(rhil. Mag. July 1898), the results follow:

4.8"/n

T.
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From these figures the following; values were founl by iuterpoia-

tion for the curves p = fi(xi). (The pressures for pure water are taken

from the tables of La>"DOLT. A slight correction ought to be made

in the figures mentioned, which is, however of no influence on the

general course of the pressure curves).

"/!)





KONINILIJKE AKADEMIE VAN WETENSCHAPPEN

TE AMSTERDAM.

riiOCEEDINGÖ OF THE MEETING

of Saturday November 26tii 1898.

(Tijiiislatcd from: A'creliig van de gewone vergadering der Wis- en Naluurkundigo

Afdecling vau Zaterdag 26 November 1S98 UI. VII).

CüSTENTS: ,,IIucmatu)iüiesis in tlie placenta of Tarsi us and other mammals". By Prof. A. A. W.
IIvbhecht, p. 1 67. — ,,0n a Contagium vivum fluidum causing the Spot-disease of

the Tobacco-leaves". By Prof. M. W. Bf.ijeuinck, p. 170. — „On congealing- and

melting-phenomena in substances showing tautomerisni". ]!y Prof. H. W. Baichuis Uoo-

ZKBOOM, p. 176. — „Variation of volume and of pressure in mixing". By Prof. J. D. van

DKR Waals, p. 179. — „Eijuilibriums in systems of three components. Change of the

mixing-temperature of binary mixtures by the addition of a third component". By
Mr. F. A. H. ScHKElXEMAKEKS (Communicated by Prof. .7. SI. TAX Bemmelen J. p. 191.

—

„On the accurate determination of the molecular weight of gases from their density".

By Prof. J. D. vax der Waals, p. 198. — „Some remarks upon the 14-monthly

motion of the Pule of the Earth and upon the length of its period". By Dr. E. F. tan

DE Saxue Bakuuyzen (Communicated by Prof. H. G. van de Saxde Bakhuizek)

]). 201. — „A standard open manometer of reduced height with transference of pres-

sure by means of compressed gas". By. Prof. II. Ka.mermnoh Onnes, p. 213. (With

one plate.)

The following papers were read

:

Zoology. — y^lladnaiopolesis In the placenta of Tdrslus and other

mammals^ By Prof. A.. A. W. Hubrecht.

The various authors who have investigated in the course of the

last thirty years the first origin of the mammalian red blood-cor-

puscles have come to conclusions that are far from unanimous.

This can in part be ascribed to the wish to look upon the red

blood-corpuscles without nucleus of the full-grown mammalia as

morphological elements, that are equivalent with the nucleated red

corpuscles of the lower vertebrates and of mammalian embryos.

12

Proceedings Royal Acad. Amsterdam. Vol.
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Against tliis view Sciiafer, Sedgwick-Minot and Ran vier (vvliose

experimental proof has however a year ago been disposed of by

Vosmaer) protested. The two first-named lock upon the non-nucleated

mammalian blood-corpuscles as plastids, that are formed in cells in

an analogous way as are the chlorophyll-granules in vegetable

cells. The majority of the remaining investigators consider the non-

nucleated mammalian blood-corpuscles as cells from which the

nucleus has either been extruded (Rindfleisch, van der Stricht,

BizzozERO, Saxer, Kostanecki, Howell, Mondino), or in which

the nucleus gradually disappears within the bloodcell (Kölliker,

Neumann. Sakfelice, Spuler, Lowit, Eliasberg, Freiberg, GrCn-

BERG, Israel, Pappen heim). Disse. summarizing the results obtained

up to 1895 writes as follows: „Eine sichere Entscheidung der Frage

nach dem Modus der Entkernung der rothen Blutzellen erscheiut

einstweilen unmöglich, da die directe Beobachtung des Vorganges

der Entkernung im stromenden Blut unthunlich ist."

On comparing the maternal and tlie embryonic blood-corpuscles

as they circulate in each other's immediate vicinity in any section

of the preserved placenta of various mammals in various stages of

development Ave are struck by two facts. Firstly the nuclei of the

embryonic blood-corpuscles differ in many respects from the nuclei

of the very earliest bloodcells that arise in the area vasculosa.

Secondly it is the first-named „nuclei" and it is not the corpuscle

that encloses them, which resemble both in size and very often in

staining properties the non-nucleated corpuscles of the mother, so

that the question imposes itself whether, if indeed the nucleated

embryonic mammalian blood-corpuscles change into non-nucleated

corpuscles by extrusion of the nucleus, it might not much rather

be this so-called nucleus (which differs notably from a normal

nucleus) which will correspond to the definite non-nucleated coi'puscle,

than the vesicle from which it has been expelled.

The observation of quite a different series of phenomena in the

placenta cf Tarsius spectrum leads to a confirmation of this hypo-

thesis. They render it probable that during the development of the

Tarsius-placenta part of the cell-material which is actively concerned

in this development, becomes converted into blood-corpuscles that

are set free in the circulating maternal blood which bathes it. These

bloodcorpuscles, entirely corresponding to those which we encounter

everywhere in the maternal bloodvessels, do not take their origin out

of the cytoplasma but out of the nucjeoplasma and do not consist

of chnnnatin so characteristic for the nucleus, but rather and prin-

cipally of nucleolar matter which plays a part in many cell-nuclei
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by the side of the chromatin. Haematopoiesis occurs in various

ways in the Tarsius-placenta. Every now and then we notice a

nucleolar body (the nuclear membrane surrounding it becoming

partially indistinct and then disappearing) being set free and mixing

up with circulating blood-corpuscles from which it cannot possibly

be distinguished. Besides this simpler mode of origin we find

another in which large-sized, so-called giantcells with lobulated

and gemmating nuclei play a part. Numerous nuclear fragments

are set free from it, the nucleus itself vanishing in the process.

The fragments are of equal size, behave in a corresponding way

towards the most different staining reagents and might bo designated

as „haematogonia". All the intermediate stages between these hae-

matagonia and normal blood-corpuscles were observed and similarly

their development out of the enlarged nucleus and not out of the

cellplasm could be demonstrated .^tIt are not only maternal but also

embryonic trophoblastoells which partake in this haematopoiesis

under similar phenomena of proliferation ; the blood-corpuscles thus

formed are also caught up by the maternal blood and circulate

with it.

A destructive significance cannot reasonably be given to the giant-

cells in the Tarsius-placenta : they are decidedly constructive ele-

ments, which furnish not only blood-corpuscles, but also the walls

of bloodlacunae. This double part is often played by solid strands

of cells in lovser vertebrates.

It deserves attention that the participation of giantcells with

characteristic proliferating nuclei in the formation of blood in the

bone-marrow, the liver and the spleen of mammals was expressly

recognized by Neumann, Kölliker, Peremeschko, Küborn, Saxer,

Eliasberg, Freiberg a. o. Many of them look upon the prolife-

ration of the nuclei of these giantcells (which are perfectly distinct

from those other giantcells, the osteoclasts which occur in their

immediate vicinity in the bone-marrow) as the first step in the

formation of blood-corpuscles, although none of them has expressed

the opinion that these latter should not be looked upon as cells but

as nuclear derivates. As soon as we do this, on account of what

we have observed in Tarsius, light is also thrown on the develop-

ment of the fullgrown non-nucleated corpuscles out of embrvonic

nucleated ones, a phenomenon which as above indicated is undoub-

tedly comparable to it.

Simihir haematopoietic processes are noticed in the placenta of

Tupaja, which differ in detail but agree in general outlines with

what has here been described for Tarsius.

12*
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Whether bluud is also i'urmed in the phaeenla of oilier mammals

must be carefully looked into. Corpuscles are figured, mixed up

with maternal blood-corpuscles, by Nolf for the bat's placenta, by

Maximow for that of the rabbit, by Siegenbeek van Heukelom

for that of man, with which I feel inclined to identity my „haema-

togonia" and of which the first and last-named author decidedly state

that they are distinguished by certain characters from polynuclear

leucocytes.

Neither of them, however, refers what he has observed to hae-

matopoeisis.

In point of fact Masquelin and S^vaen (1880) and Frommel (1888)

have already stated that blood is formed in the placenta respectively

in the rabbit and in the bat. Their observations have up to now

convinced but few and do not correspond in their details with m\

own. AYhat I have myself observed in the rabbit, the hedgehog, the

shrew and the mole has never emboldened me to conclude to the

existence of haematopoietic processes in the placenta: it was not

until I had examined the Tarsius-placenta in which the phenomena

are so extraordinarily lucid that I was forced to draw the con-

clusions of which a rapid sketch was given above, but which is in

no way meant to be a generalisation. Ungulates and Lemurs,

certain Edentates (and probably also the Cetacea) undoubtedly miss

a similar haematopoiesis. Its strong development in Tarsius is

perhaps connected with the unfavourable relation in which the small

and delicate mother finds itself placed with respect to the compara-

tively large foetus, while moreover each parturition is generally

immediately followed by a new pregnancy, a circumstance which

however exhausting its effect may be upon the mother is decidedly

most favourable to the collector of embryologieal material.

This short account will soon be followed by a full description

with plates and figures, which Avill appear in the Report of the

Zoological Congress that was held at Cambridge in 1898.

A discussion followed in which I'rof. Mac Gillavry and Prof.

HunKKCHï took part.

Botany. — „0/t a Contayium vlvain fluidiim caiisin<j the Spot-

disease of the Tobacco-leaves". By Prof. M. W. Beijekikck.

Thg spot-disease of the tobacco plant, also called mosaic-disease,

consists in a discoloration of the chlorophyll, spreading in little

spots over the leaf and afterwards succeeded by the partly or entirely

dying away of the tissue which originally composed the spots. Com-
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monly the discoloration first nianit'ests itself near the nerves of the

leaf by a considerable increase of chlorophyll ; afterwards the inter-

spaces between the dark green spots are affected by a bleaching-

process, which mostly does not go farther than to give a yellow

hue to the sickened parts, but which in some cases, causes variega-

tion. The dark green spots grow in the beginning more intensely

than the rest of the leaf, thus becoming blown-up protuberanc^es

rising from the upper surfiice of the leaf. This, however, occurs

oftener with artificial infection experiments than on the tobacco fields,

where the diseased leaves remain flat. The third phase of the disease

consists in the locally dying of little spots irregularly spread over

the leaf; they get soon brown, are very brittle and even the culling

of the leaf may change them into holes. They make the leaves

valueless as wrappers of cigars.

Professor Adolf Mayer pointed out in 18SG that this disease is

contagious. He pressed the sap out of diseased plants, filled with

it little capillar tubes, put them into healthy plants and after two

or three weeks he found these to be likewise attacked by the disease.

In 1887 I endeavoured to solve the question whether any parasite

might be found as cause of the disease. It was clear that, if this

should really be the case, there could only be thought of bacteria,

for microscopic observations had not indicated the least traces of

microbes. Tiie bacteriologie culture-methods proved that aerobic

bacteria could not come into consideration for they failed as well

in the tissue of the healthy as of the diseased plants, and the

same holds good regarding the anaërobics. So, it was certain that

here was an instance of a disease caused by a contagium fixum.

This consideration induced me in 1897 to conduct new infection

experiments in order to become better acquainted with the charac-

teristics of the contagium. The chief results of these experiments

are the following.

In the fii'st place it was proved that the sap pressed from diseased

plants and filtered through very dense porcelain was absolutely

devoid of bacteria, without losing of its virulence. Attonipis made

to point out in the filtrate ac'robics or anaërobics again did not

give any result.

In order to answer the question whether the virus ought to be

considered as corpuscular or as dissolved or liquid, some parenchyma

of diseased plants rubbed fine was spread over agar-plates and then,

left to diffusion. A virus, consisting of discrete particles, would

needs remain on the surface of the agar and consequently be in

the impossibility of rendering the agar virulent; a virus, really
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dissolved in water would, on the contrary, be able to j)enctrate to

a certain depth into tlie agar.

Alter about ten days' diffusion, a time which I considered suffi-

ciently long in accordance witli that wanted for the diffusion unto

a considerable depth of diastase and trypsine, the surface of the

agar-plate was first cleaned with water and then with a solution of

sublimate; then the upper layer was removed by means of a sharp

platinum spatula. In this way the inner part of the agar might be

reached without its having any contact with the particles adhering

to the surface. Infection experiments performed with these deeper

layers caused as well the disease as the porcelain-filtrate. So, there

seems no doubt left but the contagium must be fit for diffusion and

consequently considered as fluid.

The infection experiments were performed with the expressed sap

by injections with the syringe of Pravaz. The most proper place

for injecting is the stem, and in particular the youngest parts which

are still in growth. The nearer the place of injection is to the

terminal bud, the sooner its consequences show themselves. This is

evident from the experience that only those leaves are susceptible

of infection which are still in growth and in the phase of cell-

multiplication, ineristems being by far the most susceptible. By
maising use of this fact and injecting the virus cautiously quite

near to active meristems, I was of late enabled, three days since

the injection, already to observe the first symptoms of the disease,

whilst otherwise they must be waited for two or three weeks longer.

Full-grown leaves, and even leaves whose cells are still in the phase

of elongation but no more in that of multiplication, are unfit for

infection.

As the quantity of virus, sufficient to produce a large number of

diseased leaves, is extremely small, and as the juice of these leaves

will serve to infect an unlimited number of plants, it is clear that

the virus must increase within the tissues. In accordance with what

is said before, this increase occurs in and with the dividing cells,

the full-grown tissues of the plant not allowing any such incrense.

This quality of the virus reminds, to a certain extent, of the action

of the cecidiogenous substances, which likewise exert their influence

in those p:\rts of plants only, which are still in a state of growth

and cell-multiplication. Out of the plant it seems impossible to bring

tiie virus to increase. This conclusion must be drawn from the fact

that bougie-filtrate mixed and long kept with a certain quantity of

the filtrate of juice of a healthy plant, not only does not increase

but even loses in viiulence in the same degree as if it had been
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diluted with pure water. It is not difficult to convince oneself of

this, for the quantitj' of the virus employed is of great influence

upon the symptoms and the course of the spot-disease. If a consi-

derable quantity of virus is at once introduced into tlie plant, tho

first diseased leaves, which develop from the bud, not only show%

besides the usual symptoms, a remarkable relaxation and suspense

of growth, by which they remain much smaller than normal leaves,

but also deep, irregular pinnate or palmate incisions in the margin

in consequence of some lateral nerves remaining short. As the

chlorophyll-tissue thereby develops very imperfectly and as, especially

near the nerves, the formation of chlorophyll may be quite deficient,

these leaves get a peculiar striped appearance and by theii' shape

belong to the true monstrosities '). AVhen a small quantity of the

sap is used such deformations don't appear at all, so that it seems

to me that an increase in virulence of the sap under the said circum-

stances would not have escaped me.

Consequently I consider it as certain that the virus can onlv be

reproduced in the manner described, with and through cell-multi-

plication of the plant. In my opinion this fact must be related to

the fluid or dissolved state of the virus, for, with regard, to a

contagium fixum, were its particles ever so small that they escaped

all m.icroscopic observation, there is no plausible reason why it

might not augment, like parasitical bacteria, out of the fosterplant.

It does not even appear impossible that a microscopically invisible,

but notwithstanding corpuscular contagium, might occasion visible

colonies on culture gelatine. A fluid virus, fit for diffusion like that

of the spot-disease, would penetrate into tiie gxdatine or the agar

and, if it were fit for reproduction, it would then alter the chemical

nature of the nutritive substances, which might perhaps be observed

by a change of colour or of refrangibility in the plates. When
„sowing" the virus on malt-extract gelatine, and on plates obtained

from some plant-infusion with 2"/^, cauesugar and 10''/o gelatine, —

•

according to my experience excellent culture masses for t)acterja com-

monly occurring on plants, — such alterations could in no way be

observed. Moreover, though reproduction or growth of dissolved matter

is not quite inconceivable, yet, it is difficult to imagine in what way
such a process might be achieved. A division-process in the molecules

causing their multiplication, meets, to my mind, with great difhculties
;

even the conception of „molecules which take food", would seem to

me vague, if not inconsistent. The increase of the contagium now, is

*) Oil one of my plauts sucli a leaf liiul taken the form of an ascidium.
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on the contrary, partly oxplaiiiwl liy tlio circuinsfaiice that it must

first be bound to the protoplasm of the living' cell itself, and so

carried on into tlie reproduction. In any case, two enigmas seem

by this fact to a certain degree to be reduced to one ').

If the ground in which the tobacco-plants grow is infected with the

virus, one sees, after some time, the disease appear in the terminal bud.

The time of the incubation varies very much and depends on the

size of the plants. In smaller plants I remarked the first symptoms

of the disease in the new-formed leaves of the terminal bud two

weeks after the infection ; in bigger ones after three to six weeks.

Root and stem are in tliis case obliged to convey the virus often

to considerable distances. Yarious observations prove that this con-

veyance goes, by way of exception, along the xylem, which conducts

the water; usually, however, it seems to follow the so-called descending

sap, and then it probably goes along the phloem.

That the first mentioned way may be followed, must be concluded

from the order of succession in which the symptoms of the disease

appear when a great quantity of the contagium is introduced into

the stem, for in this case those parts of the young leaves get first

diseased which are exposed to the strongest evaporation, such as

the tops and margins which reach freely out of the bud. The con-

veyance of the virus along the phloem may be concluded from the

following observation.

If one infects the middle-ribs of full-grown leaves, or of leaves

whose cells are in a state of elongation but no more of cell-division,

the leaves themselves continue healthy, but the virus turns back to

the stem, thence, in the usual way, to infect the meristems of the

buds and the youngest leaf-rudiments. This return of the virus from

the leaf down to the stem must undoubtedly be by the way of the

descending sap, that is along the phloem.

') Perluips, basins^ on these considerations, one may fliink of tlie possibility that

enzymes, in a manner agreeing with tbat of the contaginm flnidum, are reproiiiiced

in tbe cells, and migbt tbns, to a certain extent, be considered as independently

existing. Concerning tbis point I wisb to observe tbe following. Pressed yeast, culti-

vated in nutriment containing diastase, takes from it a notable quantity of diastase

wliich it is difficult completely to remove from it by washing. If, however, tbis yeast

continues growing in a medium free from diastase, then the diastase soon totally

disappears. That this might be attributed to incongruence between tbe protoplasm ot

the yeast-cell and the diastase-molecule, so that a persistent union might possibly be

effected by other microbes or by means of the tissue-cells of higher organisms, is not

probable, the yeftst-cell being not absolutely free from diastatic substances, contiiining,

for instance, some glucase. For the moment, therefore, I nuist consider such a con-

(dusiou as unavaihible.
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Prom nut the root, infeetion is possible even with plants of two

or more decimeters in height. If for this purpose woundings of the

root aie necessary, is not yet clear; probably roots may absorb the

virus from the ground even througli their unhurt surface. As infec-

tion only occurs in the buds and meristems, the number of healthy

leaves found at tlie bottom of the pUmt, indicates in some way the

date of the infection, in case the virus lias entered through the root

Without any loss of virulence the virus may be dried andintlia.

state exist through the winter, for instance in the ground
;
part,

however, gets lost then, just as is the case with many bacteria and yeast

species. The leaves, too, keep their virulence when dried, so that

the dust of the brittle leaves helps, no doubt, to spread the disease.

Precipitating the virus with strong alcohol from its solution and

drying the precipitate at 40° C, it remains virulent.

As was to be expected, the virus in moist state is rendered in-

active, not only by boiling temperature, but already at 90° C. The
lowest deadly temperature I have not been able to fix; I think it

will be found between 70 or 80° C.

Above I alluded to the formation of characteristic leaf-monstrosi-

ties when a large dose of the virus is injected. Another, but rarer

effect of artificial infection, is variegation or albinism. Hitherto I

obtained this effect in too few plants, than that I should be able

to point out how it may be expected with certainty; but I have

some hopes that furtlior experiments will enable to produce it

at will.

That albinism, or at least one of the forms in which it appeal's,

shows a certain I'clation to the leaf-spot disease, may be allowed

already at a superficial view of tlie latter. However, until now, we
are obliged to admit that an important difference exists between

them as to the way of transferring the infection. In so far as may
be concluded from the relatively few experiments concerning this

point, infection for albinism requires a direct uniting, by means of

grafting or budding of the variegated with the green plant. In-

fection, on the contrary, of green plants with the crushed tissue of

variegated varieties, seetns never to produce any results. My above

mentioned plants, however, indicate thai there must exist another

way along which variegation may be called forth, namely by a virus

existing outside of the plant.

Probably there are various other plant-diseases, which originate

in a manner alike to that of the spot-disease of the tobacco. The

disease of the peach-trees in America, described by Erwin Smith

under the name of „Peach Yellows'' and „Peach Rosette" (Ü. S.
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Departm. of Agriculture, Farmers' Bulletin N". 17, Washington 1894)

are, according to the description, undoubtedly caused by a conta-

gium fluid um, but it is still dubious whether the infection is only

transferred by grafting and budding, or, — which is more pro-

bable, — also by a virus existing outside of the plant.

Chemistry. — „0« congealing- and jneUing-pJienomcna in substances

sJioiring tautomerism". By Prof. H. W. Bakhuis Roozeboom.

The latest discoveries on tautomerism, which have shown, that

tautomeric substances in the liquid state must be considered as

mixtures of two kinds of molecules of different structure, have raised

the problem how to explain the complicate congealing- and melting-

phenomena of such substances, in case both forms or one of them

can appear in the solid state.

Some remarkable investigations on this subject have of late been

made by Bancroft and his disciples, wdiich were a continuation

of a theory of Duhkm.

At an attempt to unravel the investigations of Claisen on this

subject, the reader had come to the same conclusions, which may
be united to a perfectly clear graphic sketch.

Bancroft having already published this, there would be no reason

to revert to the subject, if not all examples chosen by him, referred

to cases in which all the melting- and congealing-points were found

in the region of temperatures in which equilibrium is still obtained

between the two forms in the liquid state.

In such a case we generally have the disadvantage of there being

no certainty about the mixing-proportion of the two substances at

the moment of melting or congealing. Consequently it is impossible

to give quantitative representations.

To arrive at a good understanding of the phenomena, it is there-

fore desirable to begin with a deduction of the conduct of tautomeric

substances, the congealing temperatures of which are below the

temperature-limit where in the liquid state transformation between

two forms is still possible.

If we call the two forms « and /?, we may build up a sketch

in which the mixing-proportion of « and /:? is measured on the

horizontal axis of — 100 and the temperature on the vertical axis.

According to the supposition made above, the congealing appears

in the ordinary and simplest form of the congealing of mixtures

of two sub&tances i. e. starting from the melting points A and B
of the two modifications, we have two melting-lines AC' and BC
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meeting in the point C, below

which evenj liquid Qiixture

congeals entirely to a conglo-

merate of cc and /? crystals.

We now suppose that at

higher temperatures not all

mixing-proportions in the liquid

state are possible, but equili-

brium appears, giving at each

temperature a definite mixing-

proportion of a and ft. Wo
represent these mixing-propor-

tions by the line F G which

is arbitrarily drawn as rising

from left to right, representing

the case in which the transition

E a-^ ft takes place with absorp-

tion of heat.

The reverse is also possible,

-^ or it may be a vertical lino if

the heat is zero.

On the left of the line FG
is the region in which the

transformation a —*•
ft takes

'' place, on the right that of the

transformation a •e- ft.

Now in case both transformations do not take place at lower

temperatures, the supposition naturally occurs to us — on analogy

of many other phenomena of recent date — that the transition from

the region of reciprocal equilibrium to the region of no equilibrium is

formed by two regions of one-sided equilibrium^ as may be represented

by splitting up the line GF into two lines F Jj and F E which

end below certain temperatures on each of the axes.

If I now heat the solid modifications only a little above their

melting point, they will be in a condition to congeal again at the

same temperatures at which they melted. But if I heat them to a

higher temperature, keeping them for some time at a temperature

belonging to the region of one-sided or reciprocal equilibrium, a greater

or less transformation in the liquid will take place between the two

modifications, varying afterwards according to the velocity of cooling.

The manner of proceeding of the congelation after return to this

region will depend upon all these circumstances.

concentration
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From the skotcli the following conclusions may bo drawn

:

Case I. The substance a or ft is heated tor a considerable time

after melting at a temperature situated ((hove that of point F. Then

the liquid is sloidy cooled.

No matter what the heating-temperature was, and whether we
started from « or from /?, the congelation now begins in point //

'),

deposing solid «, until it is completed in C', deposing solid « + ft.

Case II. The substance « is heated for a cousideralde time after

melting at a temperature situated heloiv F^ being afterwards slowh/

cooled.

The first melting poiut is now variable, always lying above //,

and that the more so in proportion to the heating having taken

place to a lower temperature. The first deposit is solid a, tiie con-

gealing ends in C.

Starting from ft, and in proportion to the heating having been

lower than ^, the first congealing point will be at first below ƒ/,

deposing a, then falling to C, then rising along CB deposing ft.

C remains the final congealing point.

Case III. The substance a or ft is heated for a considerable

time after melting at a temperature above F, but afterwards quicldy

cooled.

The first congealing point is situated to the right of //, no matter

whether « or ft be the st;irting point, and this the more so in

proportion to the heating having been greater and the cooling quicker.

The starting point of the congelation may even move past 6',

so that ft becomes the sul)stance first deposed, provided the line

FG running sufficiently to the I'ight. C remains tiie final con-

gealing point.

Case IV. The su!)stance u or ft is heated for a considerable

time after melting at a temperature beloio i'" being afterwards ^^^/c/V//

cooled.

The results both for (c and ft are the same as in Case II.

Case V. If the heating does not last long enough to reach the

final equilibrium in the liquid state, the same result as in Case II

') Tlie point II lies vertically luuler F, or better jtill iiiuler tlie ])oiiit of FE
wiiieli a vertieal taiiyeut may be drawn to (bis curve.
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will bc ubtaiiK'd in case of a quick cuuliiig — iii(lcpciKlciit ul' the

situation of the beating- temperature.

The velocity of cooling as mentioned in Case III—V, is supposed

to be such that the liquid finds no occasion to alter its mixing-

proportion ajft acquired at a higher temperature. Should the VGlocity

of cooling be less, this only results in the differences between the first

acquired congealing-point and point H being smaller than in a case

of very quick cooling. The deviations remain however in the same

direction.

It is therefore possible to determine with perfect accuracy the

apparently curious phenomena of congelation, with a knowledge of

the lines G F^ F D and F E. On the other hand it would be pos-

sible, from observation of the congealing temperatures, after the

substance « or
I'j

having gone through a sharply defined way, to

conclude to the situation of different points of these lines, conse-

quently to determine their direction, if this were not possible along

other ways.

The phenomena described here, may appear not only in tautomeric

substances, but in all substances which in the liquid state, give two

modifications that are apt to transformation.

Consequently many optic isomers that show equilibrium at higher

temperatures, come under this head. There however the matter can

often become complicated, it being possible that after the transfor-

mation of the d or the ^form, the racemic form deposes in the solid

condition. It is however easy to take this into account.

Physics. — ^Variation of volume and of jjra^nKre in niixuKj'.

By Prof. J. D. VAi^^ der Waals.

The supposition of Mr. Ajiagat (C. K. 11 Juillet IS'JN), that in

a mixture every gas can be considered to occupy the volume which

it would occupy separately under the same pressure and at the

same temperature, comes to the same thing as supposing, that

mixing under a constant pressure does not cause variation of

volume, and that there would be no question of either positive or

negative contraction. As at great densities (of liquids), mixing is

generally accompanied by contraction, the thesis, also in case of

slight densities, can only be meant as an approximation. For slight

densities this thesis can be tested by means of the characteristic

equation of a mixture.



( 180 )

For a molecular quantity of a mixture, ooiLsi^ting of m, (1—j)

and m„:f unities of mass, the equation holds :

V Uxpv—MRT —

—

V—bx V

or bv approximation

1

po^3IRT {ac — b:,MRT) (1)
V

For each of the components

2)v. = MRT («, — h^ ilR'l ) (2)

would hold for a molecular quantity, and

pv^ — MRT {a., — b,MRT) (3)

If wc put V == r, (1 — a) + ^'i* + Ay, and take into consideration

that «r — a, {I— .v)- + 2 ff, „ ^' (1 — ;c)
-f- a. x'

aud k, ^b^{l - ;()' + 2 ^, .' (1 - ^^ + &,
»=

we get

pLc = {":c— b, MRT) + '^ >- '- +

w{a, —K MRT)

by subtracting the sum of (1— .») times equation (2) and .* times

equation (3) from equation (1).

As po as well as pi\ and pi-\, are eijual to MR'T by approxima-

tion, we may put

MRT Lv =
\
", (l—r) + «. ' - ["> (!—')' + 2 «,, .6- (l-.r) + <^, .<-]

j

— MRT\ b, (1— .r) -i- i.„ .c — [A, (1—^0' + 2 i-,., ,r (1-,;) + b„ x']
\

or

MRTL,, ^ - X. (1-,-)
{
[2 cr,^ - a, -oj - [2 /,,.: — ^ — ?'J

^^«2'!

or
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(
a, + «„ — 2 a,

,

J

P\om this equiitiou (-i) follows: 1". tliat the absolute value of

the variation of volume at a given temperature is independent of

the pressure, under which the mixture takes place, of course only

as long as it does not surpass the limit, below which the calcu-

lations mentioned are sufficient approximations; 2°. that the maximum
value of this volume variation is found for *•== ^ ; so if the sub-

stances to be mixed have the same volume. For air, which is

composed of oxygen and nitrogen, the volumecontraction will amount

to no more than ^Vas of the value, found when equal volumes of

oxygen and nitrogen are mixed. The quantities must, of course, be

chosen in such a way, that in both cases the total volume of the

components is the same; 3". that it depends on the value of the

expression

:

I -]- Ut
{b, +i,^_2/,„) (5)

whether negative or positive contraction takes place.

As in the characteristic equation the volume, occupied by the

molecular quantity under the pressure of one atmosphere and at 0°,

has been taken as unity of volume, the quantity A» is also expressed

in that unity.

It is true that the unity of volume in the three equations (1),

(2) and (3) is not absolutely the same, on account of their different

degree of deviation from the law of Boyle, but the influence of

this fact may be neglected in these calculations, as the deviation

it causes, is a small quantity of higher order.

If we proceed to the discussion of the expression (5), we see in

the first place that &, -\- h — 2^>,,, = comes to the same thing as

assuming the co-volume of a mixture equal to the sum of the co-

volumes of the components.

The circumstance, that it is easier to arrange arbitrarily formed

bodies, which take up together a certain volume, in a given space,

when the bodies are different in size, than when they are all of

the same size, makes it probable, that the co-volume of a mixture

of molecules of different sizes will be smaller than 4 times the real

volume. In the deduction of the characteristic equation, in which,

however, the molecules are thought as spheres, this has been proved.
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uud ^/ii^h-'^^'l'iy (t^"^. +>'"'^) ^) li-s been fuiiiid for the value

of ^1 + ^2 ~ 2
''is?

''" expression which is always positive. On the

other hand, this expression, which is equal to 0, when ^i =ü'3,and

which is positive, as well when i, > b„ as when ^i < ^'^ , shows

that for a small difterence in size the value of ?', -{- b„ — 2Z'j3 is

very small. If we might neglect it, it would only depend on the

sign of 2c7,2 — a,

—

a.,
^ whether mixture would cause contraction

or not.

When 2a,2 — «, — «„ is positive, mixing is favoured by the mo-

lecular forces. For if we suppose the two gases before the mixing

separated by a mathematic surface, —^- and —=- are the forces which
r,

-
r,

=

2 rt „ .

ü])pose mixture, and — '"-
is the force, which draws the two sub-

stances through the bounding surface. In this case we may put

I'j =v„, and the sign of 2a,„ — «,
— a^ proves to be decisive.

In general we are justified in expecting, that when mixing is

favoured by the molecular forces, and when in consequence of the

mixing a smaller molecular volume must be subtracted from the

external volume, both circumstances cause positive contraction (ne-

gative value of ^v).

If (rt, + <^'3
~" 2 0|„) and C'l + ''^j — - ''12) Jii'e both positive, a

temperature exists, below which Ao is positive and above which

Ay is negative, just as is the case for the deviation from the law

of Boyle for a simple substance. But in general we may expect

that — Aw (volume contraction) will be small and that the thesis

of Mr. Amagat will hold true with a high degree of approximation,

at least in all cases, in which the properties of the components

differ little. In the first place because a, + a,, — 2 a,„ and i, -\-h„ — 2 6,„

are both equal to 0, if the substances are the same, and we may

therefore put, that when the difference is small, the value of these

quantities will be small, compared to each of the terms, of which

they consist, e.g. a^ -j- «„ — 2 a,„ is small as compared with a, orff„,

and /'i4-i„ — 2&,2 is small as compared with i, or ^^.3. Secondly

on account of the factor .((l— .i') ; for air this factor amounts to no

4
more than -— .

25

Our equation cannot be tested at the values wliich Mr. Amagat
gives for air of the ordinary temperature and which begin at a

') TliL-une Muléc. Arch. Xc'erl. Tuiu. XXI\'.
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pressure of 100 atm., as the equation is not sufficiently approxima-

tive, and because Mr. Amagat himself comes to the conclusion,

that the deviation found does not exceed the possible errors of

observation. It were desirable that similar experiments were made
with equal volumes of substances which differ much in physical

properties. In testing, the equation (4) should be replaced by another

which would hold with a higher degree of approximation. If

the volumes j^, ,
i\^ and v show a marked difference, the term

a, 4- «3 — 2
«J ^ should be replaced by

:

v.v.
9 ~1 21 2

an expression, which at a feeble density may be considered as equal

to a^ |- a„ — 2aj„, but which approaches

if the density increases.

We have no right to expect, that the value of Ay will remain

perfectly constant at various degrees of density (which would follow

from the approximative equation), and at any rate the reservation

is to be made, that always either two gas-phases or two liquid-

phases are to be mixed. We may however expect, that the value

of Lo will keep within certain finite limits, and that therefore, that

which may seem large as compared to two small volumes (liquid

volumes), may be neglected if compared with very large gas volumes.

Mr. KuENEN (Dissertation 1892, Leyden) has made observations

from which the quantity Au may be determined for mixtures of

of CO, and CH3 CI and has found it positive. It is to be regretted

that he has not tried to determine the value of Ay, but that he

gives the increase of pressure, which is to be applied, in order to

reduce the volume of the mixture to the sum of the volumes of

the componeuts. Intricate calculations are necessary for findinf our

result confirmed, namely that Au is not 0, but that it has a value

of the same order of greatness all tiirough the course of the isotherme.

If he had restricted himself to the determination of Ay, he would
undoubtedly have come to the conclusion, that Ay is quasi-constant

and he might have given an approximative rule, which I now feel

obliged to ascribe to Mr. Amagat, though Amagat's rule Ay =
must be replaced by Ay is nearly constant.

13
Proceediugs Rovnl Acad. Auiaterdaui. Vol. I,
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I sliall not carry out the intricate calculations, wliiclt would be

necessary to calculate Ac from Mr. Kuenen's observations of the

increase of pressures, but I shall restrict myself to an approxi-

mation, sufficient to conclude that the different values of Lv in

Mr. Kuenen's experiments must have been quantities of the same

order.

From

follows

MRT
V—b

and

dp a (a~2b MRT)— MRT ^ = »"- ^ '-

dv

by approximation.

bo we can calculate the quantity Au irom Ay =

Variation of pressure in mixinc).

auosph.
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p— iO . . . . hv = 0,0010

p = 30 A. = 0,0014

p = 50 Ay = 0,0026

Also from Mr. Kuenen's values, about which he himself remarks,

that they show but little regularity, we get the impresyion, that

the exact determination touches the limit of the errors of observation.

From the observation at 433° we find if .« = V4

p = 10 A„ = 0,00095

p = 50 A« = 0,00118

pz=50 A„=: 0,00152

According to thci formula (-1) A» must be smaller at a higher

temperature, which is also confirmed by the calculated values; for

the rest the increase is not so quick at 433° as at 403°. But I

repeat, what I said before, that though the approximative formula

gives a constant value for Ay, we want more accurate formulae, to

indicate the real course.

Let us compare, in order to judge about the degree of approxi-

mation, with which the thesis of Mr. Amagat holds true, the cal-

culated quantity A« with the value of A;,. By A^ we represent the

difference between the pressure of a mixture and that pressure,

which we should find if the law of Dalton held good.

If we take in a volume v first I — x molecules of the first sub-

stance and if we call p^ the pressure, after that x molecules of the

second substance, with the pressure p^ ;
and finally a mixture with

pressure p, then Aj> = p — {Pi -{-p.;,).

V
In the first case the molecular volume is ; in the second case

1

—

£

V— , and for the mixture i'. So we have the three following equations :

x

13*
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MR2
P = T-

MRT{l—x) ö, (1— .<)'

and

V 6j (1

—

x)

MRTx a^x'
P2

V— 6j X v^

and from this by approximation

2 MRTb,, X n—x) — 2a,„ x (1 —x)
^P^v- (ft + ft) = -"-^—

i^
^^ ^

(1 + at) b,„ — «,„
Lp = 2 \" ^ ^- (1-^)

.

If we first restrict ourselves, when discussing- the value of A/j,

to this approximative formula, which is sufficiently accurate under

a small pressure, we see 1". that Ap varies greatly with the density,

that it is even proportional to the square of the density; 2°. that

Ap depends on the composition of the mixture in the same way

as A« , and 3°. that the sign of A;, depends on the sign of

{I -\-at) b^^ — Oj^. This expression cannot be considered as small,

and does by no means disappear, when the two components are

the same.

In this case b^^ = Z», and «,2 =^ a^ and the value of A,, is also

of the same order as the deviation of the pressure in the investigation

of the law of Boyle, and varies also inversely as the square of

the volume. Also for Ay, there is a temperature, at which it is 0,

just as is the case with p — />', if />' is the pressure according to

the law of Boyle and p the observed pressure. Below this tempe-

rature Ap is negative, above it, on the contrary it is positive. The

agreement of the course of Ap with that of />—/>', when the volume

gradually decreases, is nearly perfect.

When the volume is continually decreasing, a maximum value

for p — p' is found in those cases, in which this difference is

negative foj' a large volume, and in this case a volume may be
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reacheil, at which p — p' has descended again to 0, reversing its

sign when the volume is still more diminished. The same holds

true for Ap ^).

In order to show this, the approximative value of equation (5)

does not suffice. A more accurate value of Ap is:

A on ^(; /I I ^n /^ ("-/) (1 + «0 «.W
A;, == 2ir ( 1— .r) &, „ ( 1 -{- C7 j:) ( 1— Z.^)

r ("-M L^-h (1-^)] i«-f>:^^) «'

if we represent by ƒ the quantity

[hx — h(l—x)y
(b, + b,) . (1 -.r) + "-^ -^ ^ •

If we calculate /? — p', we find

{]+a)(l—&)&(! + «0 «
P — P=-

V {v— b)

If a > (I + a) (1 — '')^'(1 + «0, ;'— ;>' is negative, when the

volume is large, but positive when

«<
l--(l+«)(l-i)(l-«0

Z\^ has, it is true, a more intricate form than p — p\ But this

is more in appearance than in reality.

If «-,„ > Z-ij (1 + «x) (I — M (1 +«<), Ap is negative, when the

volume is large, but positive when v does not differ much from b^.

It has in reality no significance that the sign would be again re-

versed for other values of v also, e.g. between bx and i, (I

—

ip)

,

because in a volume smaller than i.t the mixture could not take place.

A series of values for Ap, which Mr. Kuenen gives from his

observations on mixtures of C0„ and CH3 CI and which we repro-

duce here, may be used to test the properties of Ap pointed out here.

') These results have already been deduced by Margules from the observations

of Andrews. Wien Sitz. Ber. 1889, Band XCVIII, Seite 885. See also B. Gautzine.

Wied. Ann. Band XLI.
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JJi'.viatioit from the law of Dalton.
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in general more perfect than in the case of the last volume. The

rule that /\p is proportional to a* (1—
'^O involves that for .;• ^ V, a

value must be found that is V3 times larger than that for .r = '/^ or

Vj. From Mr. Kuen^n's value a greater proportion is generally found

for it. At r=:403°,3 the proportion found in the case of the four

, ,
0,89 1,52 3,2 ^ 9,9

before-mentioned volumes is , , and ; so values
0,555 0,954 2,05 7,1

'

varying between 1,6 and 1,4.

. rr. o , , . ,
11'9 3,7 1,78 , 1,04

At T= 878 , the values tound were , , and :
'

8,875 2,55 1,19 0,68'

so they are varying between 1,5 and 1,35.

But at T= 343°, we may consider the proportions found as

equal to V3.

According to the remarks, deduced from equation (6), the depen-

dence of hp on the volume must be expected less great than pro-

portional to the squares of the density. This may be considered as

being confirmed by the values, given by Mr. Kuenen. So Mr. Kuenen
finds, if v= 0,Q A;, = 0,81 and if i- = 0,03 A„ = 2,9 and if

v=z 0,045 hp= 1,38 etc.

The dependence on the temperature, for w'hich according to equa-

tion (5)

{-Ap)j,-{-Ap)^=2—^--^ ^^f(l-.r)

would hold, and according to which formula for the same value

of X and V the differences of the observed values of A;, would be

proportional to the differences of temperature, is not confirmed by

Kuenen 's figures. But in all this we must not overlook the fact

that the Lp's are already difTerences of observed quantities and not

the observed quantities themselves, while \{—Ap)T2 — {— A;))r,! are

again differences from these differences. It is therefore to be regretted,

that there are so few observations, which may be used for this

investigation, and specially that Mr. Amagat has not been able

to continue his investigation of the mixture C0„ and N^ ').

If we try to calculate a value for o,„ from the observed value of

hp, e.g. from the observation with v r= 0,06,, .« ^ %, 1*= 373
which gives Ap = — 0,7, this can of course, only be done by

') C. E.. Acad, des Sciences. 11 Juillet 1898.
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assuming a value for l>,.. If we assume 0,0024, a value which lies

between &,= 0,0020 and i„ — 0,0029, while an error in this value

will have comparatively little influence on the value of «,2, we find

a,, = 0,7 X 0,0036 X 'A + 0,00328 = 0,010 .

From Mr. Kuenen's values for the variation of pressure (— A;)),

we find the following value for 0,3, which has been calculated by

means of the approximative equation.

T= 343
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u'.o doubt, and that is, that according to thfi results obtained by

me formerly (Yerslag Kon. Akad. 27 Nov. 1897) «, + t»» — 2 «,,

would be negative for CO, and CH^ CI or o,, /* ~
, and this

would require a greater value for a,., than would be found from

Mr. Küe>'En"s values for — Ap. In order that a,„ >^ should

hold good, e.g. at rr=343°, o,, would have to be greater than

0.00126, while from the calculation of — A^, a,, is found to be

at the utmost 0,0116. That from Mr. Kuenen's observations

«,5 <. -Ï ^ follows, is confirmed by the observation, that mixing

of CO, and CH, CI gives increase of volume.

If this is really the case, it would prove that I ought to have

expressed myself with still greater reserve than I did in my: "Ap-

proximative rule for the course of the plait-curve of a mixture" ^).

Though I have drawn the attention to the fact, that the real plait-

curve will deviate from the curves drawn, jet I had thought, that

the deviations would not be so great, as to make the different types

no longer to be distinguished. Yet so great a deviation really

occurred in this case.

If we look back on the two rules discussed here : A» = and

A,) ^ 0, we are induced to qualify the first rule as an approximative

law. Throughout the course of the isotherme, from an infinite volume

down to the smallest possible volume of the substance, there may

be deviation, but the deviation remains within finite limits. The

second rule holds perfectly good for infinite rarefaction, but it

would be utterly impossible to apply it also to liquid volumes.

Such a law may be qualified as a loi-limite. Considered from this

point of view, the law of Boyle too is not an approximative law,

but only a loi-limite.

Chemistry. — Prof, tax Bemmelen reads a paper of Dr. F. A.

H. SCHKEINEMAKERS On : ^Equilibriums in systems of three

components. Change of the mixing-temperature of hinary mix-

tures by the addition of a third component."

Among the different systems composed of the components A^ B
and C we suppose the case, that iu two of the binary systems f.i,

A — B and A—C two liquid phases can appear, but not in the system

Ji—C. An example of this we find f.i. in the system formed of:

1) Verslag ton. Akad. Nov. ib97.
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water, alcohol and suecinonitrilo, two liquid layers only appearing'

in the binary systems water-siiccinonitrile, and alcohol-succinonitrile

but not in the system water-alcohol. A second example, which Dr.

SCHKEINEMAKERS has now Subjected to an investigation is the system :

water, phenol and aniline
;

in the system phenol-aniline there do not

appear two liquid layers, in the systems water- phenol and water-

aniline there do. Yet the isotherms acquired in both systems are

entirely different as shown in figures 1 and 2. In fig. 1 the letters

W, A, N indicate the components water,

alcohol, succinonitrile
; in fig. 2 the com-

ponents are water, aniline and phenol,

indicated by the letters W, An and Ph.

In both systems we shall only consider

part of the appearing equilibriums viz the

appearing liquid phases that can be in

e(iuilibrium with each other ; the equili-

briums in which solid phases appear are

not considered here.

Let us begin with the system : water,

alcohol, succinonitrile ; at temperatures

above 5G°5 only homogeneous liquids are

possible and no separation into two layers

can appear. The ^-surface in fig. 1 above

the triangle W A A^ is consequently in

every point convex-convex downwards.

Here and in future we only consider the

sheet of the ^-surface that belongs to the liquid phase ^). When
the temperature falls there appears at 56°5 a plaitpoint and at

lower temperatures a plait is developed ending on the plane W N ^

and continually extending in case of a fall in the temperature. In

fig. 1 d is the projection of the plaitpoint at 56°5
; the different

lines drawn, each of them ending in two points of the line W N
are the connodal lines at the different temj)eratures

;
they are all

situated in such a way, that those belonging to lower temperatures

lie outside those of higher temperatures. In case of a fall in the

temperature the plait from the side W N extends more and more.

At ± 32° there appears however a second plait on the ^-sufrace, origi-

nating in the plane A N ^^ iu a point, the projection of which is

indicated by e
;

consequently we now get at a lower temperature

') Vid. J. D. VAN DEii Waals, Proceedings of the lioyal Ac.idemy of Amsterdam

1897, 209.
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besides the conuodal lines enrliug on the side l^l^ iV^ also counodal lines

ending on the side A' A. Both plaits extend more and more when
the temperature falls and the two connodal lines approach each other

continually
; the crosses on the dotted line d e indicate the plait-

points of the different connodal lines. We are therefore led to

suppose that in the end the two plaits merge into each other
;
yet

it was imposible to demonstrate this experimentally, because, in

consequence of the appearance of the solid phase succinonitrile, the

left connodal line below iir 5°5 and the right one below ^ 4°5

indicate only less stable equilibriums.

Quite different are the phenomena in the system water, anilin and

phenol in fig. 2. Here there appears namely but one plait on the

^-surface. Above 1G7° a separation of a liquid in two layers can

never occur in this system; the ^-suiface is in every point convex-

convex downwards. At 167° there appears a plait-point on the side

W An ^, its projection being e. As the temperature falls the

plait extends and we get connodal lines as in fig. 2, in which

the crosses again indicate the plaitpoints. The plait continues to

extend and reaches at 68° the plane TF Pk ^ in a point, the projection

of which is indicated by d] the connodal line has a form like the

one which in fig. 2 touches the side Ph W in point d. At still lower

temperatures the plaitpoint on the ^-surface disappears; the plait

extends from one side to the other, so that two entirely separate

convex-convex parts are formed. The connodal line now has fallen

into two parts, separated from each other, both ending on the sides

Ph W and An W. At further lowering of the temperature the con-

nodal line keeps its form; the two parts move however continually

farther from each other and at last some of the points represent

less stable states, as solid phases, viz phenol and a combination of

phenol and aniline are formed.

The preceding investigations have led to a theoretical and expe-

rimental investigation of different curves ; in these pages a survey is

given of some of the experimental investigations.

Let us take the connodal lines of fig. 2 ; below 68° no plaitpoint

appears on them ; at 68° it appears in point d and the temperature

rising it moves along the line de from d to e where it disappears

at 167°. It is however very difficult to realize these plaitpointcurves

experimentally; neither has this been done in the different systems

investigated by Mr. Schkeinemakees. He has however determined

^another curve, which will not much deviate from it in the two

systems mentioned above. It is the line of the critical mixingtem-

peratures which coincides with the former in at least 2 points,
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viz. in the points d and c : the critical mixing-tcmporatuics of the

binary systems.

If' we start with a mixture of phenol and aniline, adding water

to this binary mixture, two liquid phases are formed, passing into

one when heated ; this mixing-temperature depends upon the quan-

tity of water added. The highest mixing-temperature we are able to

reach by the addition of water, may be called the critical mixing-

temperature of water with the said binary mixture. In varying

the proportion of phenol and aniline in the binary mixture, another

critical mixing-temperature

will be obtained by the ad-

dition of water.

In fig. 3 is shown on the

X-axis the composition of the

binary mixture; on the F-axis

the critical mixing-tempera-

ture of this binary mixture

with water. We then get the

line de in which c? indicates

the critical mixing-tempera-

ture of jthenol with water,

and e that of aniline with

water. The line de may be

drawn according to the table

given below.

Critical mixingtemperature

after the addition of

water.

.... 68°

.... 95°

Molec. anilin on 100 Moleo. phenol

Composition of the biuaiT mixture

in Molec. aniline on

100 Molec.

Plicnol 4- Auiliuo.

. . . .

11.58 . . . .

25.4 1U°— 115°

37.3 127°

50 139°— 140°

62.8 148°

76.07 155°5

87.66 163°

100 167°

For each of the binary mixtures of phenol and aniline, given iu the

above table the mixing-temperature is determined by the addition of dif-

ferent quantities of water and the critical temperature deducted from it.

We see therefore that the eiitical mixing-temperature of the binary

mixtures increases in proportion as they contain more aniline —
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decreases on the contrary in proportion as they contain more phenol.

The extreme limits are 68° and 167°.

Dr. ScHREiNEMAKERS has also investigated how the critical mixin»-

temperaiure of water with phenol is changed by the addition of

sodiumchloride. In the following table the results are o'iven.

Compositiou of the binary mixture

ia Moleo. NaCl on lOOMoleo.

(H., O + Na CI).

"

. . . .

0.304 . . . .

Critical mixingtemperatures

after the additiou of

pheuol.

. . . 68°

... 78°

1.579 123°

2.084 144°

If we now indicate in fig. 3 on the X-axis the binary mixture

viz. Molec. Na CI on 100 Molec. (Na CI + HjO), and on the F-axis

the critical mixingtemperature of those mixtures with phenol we
get the dotted line dj\ rising very quickly. A similar line also

exists in the system investigated by Schreinemakeks of water-

succinonitrile and sodiumchloride.

By the addition of aniline or Na CI we therefore get a rise in

the critical mixingtemperature of phenol with water; the same
occurs also if the pressure is augmented, as lately shown by Dr.

N. J. VAN DEE Lee '). A fall in the critical mixingtemperature can

also occur, as Dr. Schkeinemakers found with alcohol.

A line quite different from that in fig. 3 is found bv Scukeine-

MAKER8 in the system: water, alcohol and succinonitrile.

If we start from the bi-

f-ic^A

Moke, akolwl on 100 Molec. iraler -|- tilcohol.

nary mixture water and
alcohol, we can again get

two liquid layers by the

addition of succinonitrile.

In fig. 4 the composition
3i's of the binary mixture:

water and alcohol is read

on the ;r-axis, while on the

y-axis we find the critical

mixingtemperature by the

addition of succinonitrile.

The course of the line dd'c'e

is known from the followino-

table:

') Dissertation. Tlie infl\ieiice of pressure on the critical mixiugtemperature. Am-
sterdam 1898.
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Composition of the biuar.v mixture iu Critical mixiugtempcraturc

Molec. Alcohol ou 100 Molec. after the addition of

Alcohol + '.vater. succinonitrile.

Point d 56=

5.7 41°5

12.1 30°5

25.9 12°

30.1 Point d' 7°5

66.G Point e' 8°5

70.4 11°

84.6 21°

100 Point e 3r5

Of the doited line d' e' only a small part could be realized ; the

greater part it is however impossible to determine. Yet we are led

to suppose that the line d' e will run as drawn in the figure viz.:

with a minimum-temperature at ± 3° coinciding with the point in

which in fig. 1 the two connodal lines merge into each other. The

difficulty of determining the course of the curved line lies iu the

fact of the two liquid-phases presenting there less stable equilibriums
;

the few cases iu which Dr. Schreixkmakers succeeded in obtaining

them, were insufficient to deduct the critical mixingtemperatures

from.

Besides the question of the critical mixingtemperatures of ter-

nary systems, we can set ourselves many other problems one of

which T shall discuss.

Take a binary mixture viz. one of water and phenol ; the mixing

temperature of such a mixture depends upon its composition ; f.i. the

mixingtemperature of a mixture containing 10.9 pCt. of phenol is

=t 46°. This mixingtemperature is altered not only l)y pressure,

but also by the addition of a third component ; it may be raised or

depressed. An example of a rise Dr. Schreinemakrrs has determined

experimentally by taking as a third component aniline; he found

that the mixingtemperature began by rising from 46° to about

163°, to fall again after a further addition of .aniline. In order to

draw this line in fig. 3, only the components phenol and aniline

of the ternary mixture are considered. Owing to the proportion of

water and phenol being constant in all the mixtures, the entire

composition is known. "We have

:
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Molec. auiliue ou 100 Molro.

phenol -1- aniline. Mixiugteniperaturo.

O 46°

46.57 127°

67.68 148°

79.99 157°

86.18 160°

89,9 162°

93.6 161°5

95.66 ± 157°

97.47 ± 142°

If in fig-. 3 the number of Molec. aniline on 100 Molec. Phenol

+ aniline is indicated again on the X-axis, and on the F-axis the

mixingteinperature, we get a line ghk as is drawn in fig. 3 which:

1" starts from j/ to a higher temperature, 2" touches the line de

3" reaches its maximum temperature in h and 4^ furthei' on bends

down to lower temperatures.

The preceding line ghk is for a mixture containing 10.9 pCt.

Phenol and 89.1 pCt. water; for mixtures of other compositions wc

also get other lines. F. i. if we take a mixture of 63.7 pCt. phenol

and 36.3 pCt. water, it has just like the former its mixingtem-

perature at ± 46°. When adding aniline we then get the following:

Molec. aniline on 100 Molcc.

phenol + aniline. Mixiugtempcrature.

46°

21 64 .... • 90°

29.58 97°

43.72 107°

51.93 109°

60.48 108°5

71.97 102°

78.35 92°

These values are indicated in fig. 3 by glm^ which like ghk
begins at g. reaches its maximum temperature at ^, and then bends

down to lower temperatures.
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So we have now got two liucs, both starting from point <j in

fig. 3. From eacii point below d two more sncli lines may be

drawn; but from d itself but one. To find this we must set out

from the critical solution of water and phenol. But this is not

exactly known. Dr. Scheeinemakehs took a solution, containing-

35.77 pCt. phenol wich certainly lies near the critical one. He

found

:

Molec. auiliue ou ]00 Mol.

phenol + aniline. Mixiugteniperature.

±68°
20.46 105°5

23.83 120°

50.68 135-°

68.69 144°

76.88 145°

80.18 144°

87.20 ± 137°

The line that may be deducted from this table is however not

given in fig. 3; as far as it is continued, it is entirely above ylm

but intersects i/A/; in a point situated between ,^ and the intersection

of the two curves g h k and d e.

Physics. — „Oil. the accurate dcfenninatioii uf the inolecal<ir weiijht

of (jnses from their dem^ity." By Prof. J. D. van der Waals.

From the equation

:

follows

and
Z Va m N «2 = po ^0 (1 + «) (1-^) (I + «0 •

If the quantity N is cfpial for two different gases, it follows

from the thesis that at the same temperature Vs »" «^ is the same,

that for the two gases iOp i'o(l +a)(l-Z') has also the same value,

and therefore also «„(I + a) (1— /<).
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If th(j whole (iiiantity of the substance is equal to the molecular

weiyiit, Cy =: — -
,
so that tlie cijuality ot' i'u(l -h")(^~~^') '"ii.v be written

or

(1 + a) (1 -b) (1 + a) (I - Ö')

The nuautitv is the normal density, which would
J

' (1+r.) {\-h)
also have been found at 0°, if the law of Boyle had been true.

Let us represent it by </« .

If we determine the density of a gas at 0° and under the pressure

;<(, (at which the quantities a and b have been determined), we have

only to divide this density by (1 -{-a) (1 — ^), to find the normal

density, and to this the molecular weights are proportional.

If the density is determined at another temperature and under

another pressure, a volume t'o' is calculated from the pressure, the

temperature and the volume read, making use of the formula:

p V

1 +««

Bv means of this volume a density (</„)' = — is fouml, and we

have to investigate in what proportion it stands to d„ .

Let us calculate for this purpose tlie proportion of t'g and v^' ,

From

Po I'o (1 + «) (1 — ^) (1 + "0 « Po ^0^

P = 7 5—
V — b Vq V

follows

(1 + a) (1 - b) V
**

1 + «t />o
-^ % — 6

1'o
l+ca " V

or

t'n
'

V I I ~\- at V

If we restrict ourselves to very large volumes only, so to obser-

vations under a small pressure, we may put

14
Troceediugs Kojal Acad. Amstevdaiu, Vol. I.



( 200 )

or

^_
j

PJ^
j

« /

'^'o

~
Po 'o (l + «)(!- ^) (1 + «O KI 4 «) (1 - I') (1 + «O S

^=1 ^?
i ^

^!
.

d'o po{l+a)(\-b){li-at)i[\+a){l-b){l+cci)
)

If we tnke for p a ceitaiu fraction of tlie critica] pressure e.a'.

(as Leduc tlocs „Aunales de chimic et de physique, Sept. 1898"),

then

71 1 a Pq p la
^^ ~

7(3
"~

70 27 b^
°^

f7
~~

7(3 27 b^

and

(f„ 1 1 a I a

rf'o 76 27 b{[-{- a) {I— b) {I + at) (b {I + a) {I—b)i].+ at)

By means of the critical temperature

1 + «</.
27 6(1 +ö)(l — i)

we find

^> ^ J _ _J ?)^/27 71. _ ^

rf'o

~
76 X 8 T \ 8 r

or

^=1- 0,001645 ^^:r^ "^^-iV
d'o T\8 T J

^ n s
For = — the correction is and tlie density tuuiid is the

T 27
^

normal density. At this temperature a gas follows the law oi

Boyle, of course only under a slight pressure.

Th 8 27
^ . .

For — <" ^— or r^ — Ti the correction is negative, as is the
T 27 8

» '

case with hydrogen at 0". In this case f/„ > (</u)'. Then the value

dn

'

. ^27,,
of has a maximum for 7 = — 7'/.. Imu' Indrnoeu at 0° the

K)' 4 ^"
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value of T las alixady sinpassed this limit. The fact that such a

maximum value exists may be understood, if we consider that a

gas under a constant pressure is ever more rarefied, when the

temperature rises — so that at 2'= infinite, a pressure = -'—
' ^ 76

would require an infinite volume, and correction would bo un-

necessary.

The condition for the observation under a pressure of— , without
^

76 '

the vapour being' saturated is, that T must not descend below a

Tk
certain limit, which we shall put at .

' ^

1,6

For -— r=l,6 we find -—, r= 1—0,0116, so that the normal density

is more than 1 pCt. smaller than that which is furnished bv the

observation.

If the assumption of cu = « - agrees better with the observations,

than the su])position that a is constant, we should have to put:

-^ = 1—0,001645 -—) — (_A) _i

rr

in which case for —^=1,6 the normal density would be more

than 2 pCt. smaller than would follow from the observations.

Astronomy. — y,Some remarks upon the li-monthhj motion of the

Pole of the Earth and upon the lencjth of its period". By
Dr. E. F. VAN DE Sande Bakhuyzen (Communicated by

Prof, H. G. VAN DE Sande Bakhuyzkn).

(Read in tlie Meeting- of October 29'!^ 1898).

1. In the recent N"^. 440 of the Astronomical Journal another

essay is given by Dr. Chandler on the motion of the Pole of the

Earth, in which he discusses the observations performed in the years

1890— 1898 and employs the older series to investigate anew the

length of the 14-mouthly period. On this last point he contends the

opinions formerly emitted by H. G. van de Sande Bakhuyzen
and recently by me (Proceedings of the Royal Academy, Amsterdam.

June 1898). To this latter paper he devotes a note running as follows

:

„The memoir last referred to did not arrive until the present

14*
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„article was written, but I interpohitc this statement with regard

„to it in order to enable astronomers to decide as to tlie justness

„of the views therein set forth. Both of the gentlemen of the Leiden

„observatory strenuously maintain that the mean period is more than

„431 days, and that it is invariable. The formula Y" (that is the

result given by E. F. v. d. S. B.) „is deduced by a peculiar and

„arbitrary treatment of the results of observation, its initial epoch

„being based on the Leyden observations alone, on the alleged

„ground that its errors are far smaller than those of all other series,

„which are rejected. T must however deny the propriety of assigning

„a weight of zero, relative to Leyden, to the extensive and precise

„series at Pulkowa between 1863 and 1882 with the Vertical Circle

„and Prime Vertical Transit."

I shall now take the liberty to add on my part some remarks to

these opinions of Dr. Chandler. At the same time I shall make

use of the opportunity to consider the problem of the length of the

14-monthIy peiiod somewhat more closely, which consideration will

natui'ally lead to the discussion of the results on this point arrived

at by Chakdler in his last paper.

2. In the first place in i egard to the grievances raised by

Chandler against my manner of treatment I will grant at once

that, by not using the results obtained at Pulkowa in the years

1863 to 1882, I would have committed a gross error, if it had been

my purpose to include in my investigations, in an independent way,

the observations before 1890. This however was in nowise the case.

It was simply my intention to submit to a discussion only those

obtained in the period 1890 to 1897; but as from these alone the

length of the 14-monthly period could naturally be derived with

but slight accuracy I had recourse to the results formerly deduced

and compiled by H. (i. v. D. Sande Bakhuyzen. It seemed unde-

sirable however to use all these results. In the first place, for

reasons to be stated hereafter, I thought it necessary to exclude

those of an epoch before 1860. Further consideration then led me

to restrict myself, in the deduction of a j^rocw/o?»?/ result, as far as

concerns the observations between 1860— 1880, wholly to the Linden

results. 1 determined on this course because these proved to have much

smaller mean errors than all others of the same time, in as far as

they had been treated by H. G. v. D. S. Bakhuyzen, whilst moreover

these Leyden results proved to lie about midway between the others;

so that by including these the final result could not be modified

to any considerable amount.

I might peihaps have pointed out still souunvliiit iiKirc clearly the
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èntirelv preliminarv character of niy result for the length of the

period, if I had not thought luy meaning sufficiently evident. At all

events I assuredly think that, in formulating my result, I have not

lost sight of the prudence necessary under these circumstances. Thus

I give, beside my result of 431.11 days, also the one which would

follow if the mean epoch found by H. G. v. D. S. Bakhctzex

"were combined with mine, viz. 430.36, whilst finally I observe that

for the last 35 years the length of the period cannot have differed

considerably from 431 days and that such a great variabilitij as

Chandler assumes, is now already contradicted by the observations.

So I believe I may state that the words of Dr. Chaxdler: „stre-

„nuously maintain that the mean period is more than 431 days,

„and that it is invariable" show but very inaccurately the stand-

point taken up by me ^).

Let this suffice to answer Chandler's observations about the

treatment followed by me ; his remarks concerning the facts themselves

will be presently coosidered.

3. Before discussing the results furnished by my later computations

on the length of the period, I will concisely state the results arrived

at by Chasdlek in 1S94 (Astr. Joura. X". 322) and those lately

deduced by him. His formula of 1S94 gave as Epochs of minimum
in the 14 -monthly motion :

T= 2402327>» + 428'».6 E -\- 55-^ sin W
|

in which, with a sufficient approximation ' (1)

W — (/— 1865.25) . 5°.48 = EX 6°.43
|

From this there results for the length of the period, osculating

for the epoch E:

P — 428>i.G -L 61.2 COS {E X ö°.43) (2)

So the length of the period may vary from 434'*.8 to 422'^.4 and

the cycle of this change embraces 56 periods or 66 years. The
maximumlength would have been reache<l in 1865, the minimum-

length would take place in the present year 1893.

In his last paper Chandler starts with this formula and tests it

by the observations of 1890 to 1897. He does not use the ^ and y of

Albrecht, but values derived by himself, which however agree with

') Neither are his words accurate, whsre they coacani H. G. v. d. S. BiKfioifZEN.

See a. o. Astr. Xacbr. N". 32'ó, page lö3 at the top.
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the former in their general course. The length of the perioil with

which he starts thus amounts to about 423 days and from the

observations a correctiou is found for it of -j- o days, which however,

as Chandler observes, must be quite uncertain, it not being sure

that the length of the yearly period is exadbj a year. Meanwhile,

later on, a correction of + 4 days for the length of the period is

assumed beside such a one of -}- 8 days for the mean epoch and,

as Chandler thinks it proved that the length of the period is

variable, he accounts for the correction by a quadratic term added

to the formula of the epochs which thus becomes:

T=: 2412640'! + .127'i.0 7i/— 0-1.08 7^^ (3)

where the initial epoch is placed 24 periods later than that of the

preceding formula.

Tested by the older observations this formula proved to satisfy

fairly those since 1835, but not at all those of Pond, which leave

for the epoch a deviation of 166 days. Although formerly Chandler

set great store by Pokd's observations, it yet seems that he desires

io have the elements of formula (3) regarded as „the revised elements"

he wished to determine. It is true that a doubt about this conclu-

sion arises by reading in the „conclusions" which, in another part

of the paper (p. 107), are derived from „substantially all the competent

„testimony available" {b) „that the mean period since 182.5 is 428 days

„within a small fraction of a day", whilst formula (3) gives us for

this quantity 43P'.G, and {d) that the hypothesis of a change in the

period uniform with the time is incompatible with the observations

before 1860, whilst in conclusion (e) a change per saltum between

1830 and 1860 is called also incompatible with the facts. Leaving

this for what it is, I shall in what follows, indicate formula (3) as

Chandler 1898.

The differences between the epochs computed according to this

formula aud to that of 1894 are rather small between 1870 and

1894, but increase rapi^lly beyond these limits. So we find for

Ch 98—Ch 94 in 1830^— i2G d., in ISGO + 38 d., in 1808

+ 25 d. and in 1900 + 32 d.

4. In the first place I investigated more closely what the obser-

vations from 1890—97, taken by themselves, can teach us about

the length of the 14-miOuthly period. In my former paper I examined

the X of the three last years only; now I did the same for the tliree

first years and then I acted in the same way for the //.

1 thus obtained the following rosalts for the mean epochs of

i
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maximum, to which I add those for the whole of the period 1890—96.
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Period
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time, and wliicli follow below. Here and there I have inserted the

results of two different treatments of the same series of observations.

Series of Obser\
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This summary shows pretty clearly that the ampliturle was

found to be considerably smaller in the years 1836—1858 than in

ihe following period. For a number of series the mean errors have

been deduced (see A. N. 3261) ami the consideration of these

strengthens the conclusion which admits as probable the reality of

the observed difference. On the other hand no variability of the

amplitude is to be found after 1860 and we may conclude at least that

the observations make a more or less sudden change between 1850

and 18G0 much more probable than a periodic or continually in-

creasing one. Now the dynamical theory of the rotation of a sphere

not absolutely solid, either as a whole or in some of its parts, leads

to tlie same result. It teaches us,i) that with slow secular displace-

ments of mass the axis of the greatest moment of inertia is entirely

followed in its motions by the axis of rotation ; that with periodic

displacements the axis of rotation will get a motion of the same

period as that of the axis of inertia, whicli is added to its own

motion, but that in the case of sudden displacements of mass the

axis of inertia is the only one to shift its position, so that the

opening of the cone, described by the axis of rotation around it,

changes, introducing thereby a discontinuity in the motion of the latter.

The amplitude changes and in general also the phase, but after that

the motion continues in its old period.

May we however be led in this problem by a dynamical theory?

Chandler denies this strenuously. He thinks it has proved itself

a blind guide in this case, and that he who would follow it would

betray reprehensible conservatism.

It is a fact that misplaced conservatism has frequently delayed

the development of science and, if it were still necessary, the

beautiful discovery of Chandler himself of the motion of the Pole

named after him, would prove once again that an unprejudiced in-

vestigation of the observations, without being guided by any theory,

can lead a problem in the right paths and render an important

service to science.

Bat on the other hand we are justified I think in not granting

the conclusion that the most simple theory is erroneous or incom-

plete, before such a theory is shown to be decidedly incompatible

with the observations.

At the same time a theory, even a somewhat imperfect one, if it

be only based in general on correct foundations, is certainly entitled

1) See a. o. Helairht. Die nuitli. luid plivs. 'J'lieorieiMi der li")lieren geodiisie.

Vol, II page 417.
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to some consideration in those cases, where the observe tiotis cannot

as yet furnish the necessary information. Such a case being- before

us we are justified in not wholly disregarding what it teaches.

6. According' both to observation and theory therefore a more or

less sudden displacement of the axis of rotation between 1850 and

1800 must be regarded as possible and so I think that for the

present only observations after that time may be employed to deduce

the length of the period.

In the following table all the epochs of maximum after 1858, that

have been determined, are brought together, at least those which were

accessible to me and which seemed more or less trustworthy. In the

first place all the results of H. G. v. D. S. Bakhuyzen have been

inserted, together with those of ^YILT^:RDINK for Leyden ; further

several ones deduced by Ciia>:dler, then my result from the obser-

vations 1890—1896 and finally an epoch of maximum deduced by

me from all the observations with the vertical circle at Pulkowa

1863— 1875, as they have been treated by Ivanoff.

Series of observations.
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For tlint purpose I employed liis table on page 269 of the „Re-

cherches détiiiitives" and resolved the 14 equations founded there-

on without paying' regard to the weights assigned. The epoch

obtained by me agrees entirely with the epoch deduced from a

curve by Ivanoff himself.

The column E contains the rotation-numbers of the maxima ; for

the initial epoch was taken the mean maximum epoch of my prece-

ding paper. The following column contains the epochs of

maximum reduced to Greenwich and against these the weights have

been inserted which I assigned to those results. It was difficult to

determine these weights accurately on account of the evidently con-

siderable systematic errors. It was not allowed to take as their

exclusive measure the mean errors derived from the agreement of

the observations of a single observatory inter se ; so they have been

determined according to a rough estimation. I adopted the values

assumed by H. G. v. d. S. Baehuyzen, and for the remaining

series I acted in an analogous manner. The column Obs.—E. B. I.

contains the deviations from my formula deduced in the preceding

paper and the last contains the authorities from which the several

results were borrowed.

I at once omitted the series of Greenwich finally not included by

H. G. V. D. S. Bakiiuyzen in his computation, their results being

already contained in those of the other series. On the other hand

I have inserted, besides the epoch deduced from Ivanoff's results

for all the observations with the Vertical Circle at Pulkowa 1863

—

1875, also those deduced by H. G. v. D. S. Bakhuyzen, from Polaris

only, as observed resp. by Gyldén and Nyrén. True, the former

result is founded on a much greater number of observations, but it is pos-

sible that the mixing up of the results of both observers has done

more or less harm, a point which Ivanoff himself also discusses

in his first paper page 516.

I have now tried to correct my first formula with the aid of the

results compiled in this way, and have rigorously resolved for that

purpose all the equations they furnished, having due regard to their

weights. At first sight the differences Obs—E.B.I seem to betray a

non-linear course, but on closer examination this proves to be only

apparent, at least for the greater part, and on account of the occasio-

nally considerable differences between close-lying epochs I thought

I was not allowed to depart even now from the simple supposition

of a constant length of the period. I made two solutions: including

the first time the result accordin»- to Ivanof and omitting those of
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the Pülaris-ubseivatioDS of Gyldén and Ntkén and tlie second time

including the two hitter results instead of the former ').

So I obtained

:

P' aohdion : A epoch + O'M

A length of tlic period + .00

2"<i solution: A epoch + 4'^7

A length of the period — .45

We see that it makes I'ather a considerable difference whether we

Obs-E.13.IIa. Obs—E.BlIb. Obs—Cb.O-t Obs—Ch.'JS

Greeuwicb Munil C
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follow one way or tlio other in reference to the observations of

Pulkowa.

For the initial epoch and the length of the period itself we obtain

in the two cases:

Ila 2408565 431.17 days.

m 2408570 430.6t) „

Although after all the first solution seems preferable, I have given

below the deviations of the observations from both, besides those from

Chandler's two formulae of 1894 and of 1898. In order to show in

what relation the results of the observations before 1858 stand to

those of later years I also include the former.

The consideration of the deviations for the observations 1858—
1896 shows that the agreement for Chandler's formulae, notwith-

standing their greater intricacy, is not better than that for mine.

If, in order to compare in this respect E.B. Ila with Ch.94 and

Ch.98, we omit, as is only just, the two Polaris-series of Pulkowa,

we shall find that the sum of the squares of the residuals multiplied

by the weights is even smallest for E.B. Ila. The distribution of

weights, however is of very great influence on these results.

With regard to this period (1858— 1896) therefore I should like

to give as the results of my investigation :

1". For the present there is no sufficient reason to assume in the

14-monthly motion since 1860 a non-uniform velocity.

2°. The length of the period in these years has not deviated

much from 431 days.

These results clash entirely with those of Chandler's last paper

and little change has been brought about in the conclusions, at

which I arrived in my previous communication agreeing in the

main with the anterior results of H. G. v. D. S. Bakhuyzen.

The epochs according to both solutions Ila and lib coinciding about

1893 and no reason existing not to adopt for the length of the

period the round number of 431.0 days, lying between both solu-

tions, I assume for the present as final result:

Elements II of Hie \i-montlihj motion since 1860.

Epoch of maximum for Greenwich . . . 2412446

Length of the period 431''.0

Amplitude 0."156
1)

') Mean viilue deduced from tlie previous suminai-y.
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In the Eecord place with regard to the period before 1858, I

think as yet little can be said about it. Whilst the much smaller

amplitude found in this period makes it fully justifiable in ray

opinion, not to connect the results for that period with the later

ones, I dare not deduce anything from the observed epochs them-

selves. The results 183G— 1858 are very uncertain on account of

the small amplitude and I cannot give an opinion about the

certainty of the results of the observations of Pond.

Physics. — Communication No. 4-1 from the Physical Laboratory

at Leiden by Dr. II. Kameullxoii Onnks. „A filandard open

niajionieler of reduced linirjht ivith traiitifercnce cf pressure by

means of cowprcssed e/cis."

(Read iu the mcctiug uf Uctober 2'Jtli tiOS),

§ 1. 'T/ie Principle. In order to make accurate determinations

of high pressures to about 100 atmospheres, open mercury-mano-

meters are indispensable. If we deduce the pressure from the com-

pression of any kind of gas in a closed manometer by making use

of the equation of condition of this gas, determinations with open

manometers form the basis of the measurements and in making

accurate measurements it will prove desirable to test if possible the

indications of the closed manometer by comparing them with those

of the open manometer. But wherever we want to determine the

pressure with greater accuracy than is secured by the equation of

condition of the gas with which the closed manometer is filled, there

is no other way than making the measurements by means of au

open manometer, and tliat Avith an apparatus which admits of a

high degree of accuracy.

The frequent use made of closed manometers ') for the experiments

in the Leiden laboratory and the necessity to measure the pressure

with great accuracy in the case of some determinations (especially

') If we can measure a range of pressures in a comparatively short time with great

accuracy the graduating of closed manometers after we have filled them becomes so

simple that we may omit the measurements from which in other cases the value

of the scale is deduced. In principle a closed manometer graduated iu this way, as

a measuring-apparatus is e(|ual to the metal-manometer, but it is preferable to the

latter in so far as its indications when the necessary corrections are applied, are

perfectly reliable and probably much more sensitive. The graduating of the closed

manometer after its construction relieves the observer from those determinations timt

take up much time and are very uncertain. The accuracy which can be attained iu

closed manometers to 100 atmospheres is sufficient for the gauging of ordinary metal-

mauonieters, which iu order to be reliable must be tested repeatedly and which are

specially used as indicators of operations when employed in accurate measurements.
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to piesi-urt'S of alout 60 atiiiosplicris), made an al solute nuiiiomcter

a real want for a long time past. It it impossible to place there

open large manometers "with a single continuous mercury-column fol-

lowing the example of Regnault, Cailletet and Amagat. Only in

special cases there will be an opportunity for doing this and generally

one will have to have recourse to the principle (first applied by

EiCHAKDS in 1845 and afterwards by others) to shorten the open

maEcnieter by dividing it into several not very high manometers placed

side by side in which the pressure to be measured causes the column

of mercury in the first manometer to rise, while a pressure is applied

above the mercury which pressure again is measured by transferring

it to the second manometer where it causes the mercury to rise

under an excess of pressure which is measured by the third mano-

meter, etc. Richards and his followers have the pressure transferred

by water. This means is also given by Thiesen ^) and his design

has been taken as a basis in constructing the normal-manometer of

the Physikalisch-Technisehe Reichsanstalt, an apparatus which though

made after the principle of those formerly mentioned fulfills far

higher conditions by its whole construction.

In the (diagrammatic) serpentine syphon of upright and reversed

U's when in equilibrio the upper D parts contain water, the

lower U parts contain mercury and if a pressure is applied to

one end, all the menisci are set in motion at the same time, so

that the pressure might be deduced from the moving of one of

the menisci. Adjustments however are made on all the menisci sepa-

rately, and in this way only, as Wiebe rightly remarks ^), a

standard instrument is obtained. Yet the moving of all the menisci

together has been one of the difficulties which checked the operations

with the standard-manometer in the Phys. Techn. Reichsanstalt.

For there, although the apparatus was intended also for determinations

of higher pressure, they have contented themselves with attaining

20 atmospheres, a limit not even high enough for testing the mano-

meters of the Government Survey of Steam Boilers in this country by

direct comparison with the absolute manometer. (Among the manometers

which I have tested by means of the open manometer for the Chief

Government Surveyor of Steam Boilers, there were some to 30 atmo-

spheres ;
among those tested by me for the Chief Constructors of H. M.

Navy there were some to 60, and others even to 100 atmospheres).

') Zeitsclirift f. Instrumeutenkuude. 1881, p. 114.

-) Compare his interesting im])ev in the Zeitsolirift I'iir ('ompriiuirte üase 1S97,

p. '.)8, 25, S2, 101.
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Another defect of the Reichsanstalt-apparatus is that both tlie

weaker and the gi'eater pressures are indiscriminately measured in

tubes of such a size of bore as is required to resist the greatest pressure

that those pressures whether great or small are deduced from the and

equilibrium of one and the same number of columns of liquid of

the same length, and adjustments on one and the same number of

mercurv-menisci. And so in the case of low pressures the uncertainty

resultirg from the correction for capillary depressions and for the

temperature and the reading error are unnecessarily great. For the

purpose mentioned in the beginning, this apparatus which for the

rest serves to test metal-manometers is of no value.

When I reflected for the first time upon the problem how to

measure regularly with an absolute manometer pressures, even greater

than those determined by Regxault on the tower of the College

de France, at the Leiden laboratory where I could not dispose of

a great height, the shoi'tened manometers mentioned above were

unknown to me. I have considered the transference of pressure by

means of a liquid which allowed of contact with steel and mercury,

yet after all I did not make use of this means. At first sight it

seems that tlie division of the manometer into separate manometers,

in which the pressure is transferred from the one to the other by

means of compressed gas offers more difficulties than the transference

of the pressure by water so simple in its principle. Yet it seemed

to me that these difficulties, at least there where the experimentalists

are accustomed to work with gases under high pressure, could be

easily surmounted. Especially the ordinary steel bottles filled with

gas under high-pressure may bo utilized to bring the required tension

into the space between the two succeeding columns of mercury, by ad-

mitting gas into the counecting-tube of the manometers and this with

great accuracy with the aid of finely-regulating high pressure-cocks.

By adhering to this idea I have already succeeded so far that in

a room of the laboratory pressures to 60 atmospheres can be deter-

mined by one direct measurement with an apparatus constructed

according to this principle and consisting of 15 partial manometers

connected together. Seven of the partial manometers connected

together may be used as a differential manometer of 28 atmospheres

under a pressure of 100 atmospheres, so that after having deter-

mined at once directly the pressure of 60 atm. one can, with this

pressure as a basis by means of a second determination with a

column of mercury of 28 atm. attain a pressure of 88 atm. and

again proceeding from this pressure attain 100 atm. by means of a third

determination. This apparatus (represented in fig. 1) is constructed

15

Prooeediu's Rovjtl Acad. Amsterdam. Vul. 1.
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by tlie oidiuai y means offerer! by the laboratory. It can easily be taken

to pieces and cleaned, leakages can easily be detected and repaired

and it admits of a high degree of accuracy in reading. Even in use

it answers expectations better than I dared to expect. It now seems

to me that a shortened manometer consisting of a tube of every-

where equal bore which is alternately filled with water and mercury

would offer more difficulties and admit of less accuracy than this

apparatus consisting of parts which each can be used either as

manometer or as differential manometer, of which each has a size

of bore agreeing with the pressure te be determined therein, and to

which more partial manometers for higher pressures can be added

without any alteration being made in those which exist already.

2. The separate manometers. At first I had thought of using

tubes of 12 atmospheres length and to fasten these on a wall of a

staircase. On nearer consideration of several sources of error in the

observations it seemed to me desirable however to arrange the whole

apparatus at least to pressures of 60 atmospheres in one and the

same room along the wall. Quick reading, so desirable in many

respects, was only possible when the single tubes were not longer

than 3.14 M. so that the height of the mercury in the tubes could

be 3.04 M., corresponding to 4 atmospheres.

Every separate manometer consists of one single piece of glass,

made of tubes sealed together, which can be properly cleaned and

dried. The mercury once brought into the manometer-tube remains

there and has contact only with the carefully cleaned glass and the

dry gas which causes the pressure. Where a meniscus is to be

adjusted the manometer-tube should be wide enough for sufficiently

obviating the uncertainty resulting from the capillary depression,

and for the rest so wide as the pressure which the separate

manometer shall have to resist will admit of. The manometer is

on both ends provided with suitable contrivances by means of

which it may be connected with the other parts of the apparatus,

and the tubes of which it consists are bent in such a way that

these joints together with the others can be brought very near to

each other at the bottom of the apparatus near the stopcocks.

I used three different types of glass tubes. The first type is repre-

sented by tube A in fig. 1. One leg of the U-shaped wider tube

(12 m.m. diameter) is half the length of the other, to both legs

capillary tubes have been sealed on which are bent downwards and

reach below the lower part of the U. Tubes of this kind A may
generally be used where we want to read a whole range of positive

pressures from to 4 atm., (from o to m^'

—

m^ on tlie same tube.
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One might construct a manometer entirely with tubes of that type,

each for r atmospheres, in which the additional pressure above n r

atmospheres might be read on a tube proof against n r atmospheres,

while each of the n preceding tubes were adjusted on a difference of

pressure of r atmospheres but this manometer when adjusted to a

high pressure, would contain more compressed gas than is necessary.

This is not desirable, for with unaltered section of the tubes at

the place of the mercury-menisci, and with unaltered distance

of the latter, change of temperature in the gas confined between

the two columns of mercury, will bring about a displacement of the

menisci which will be the stronger as the volume of the confined

gas is larger. So we must try to limit as much as possible the volume

of the space filled with gas. This is also desirable in order not to

waste any gas during the operations; which gas, with a view to the

preservation of the apparatus and in order to enable us to apply the

corrections with exactitude must be perfectly dry and pure; finally

because the effect of a possible explosion of a tube filled with gas

at a high pressure, is in proportion of the (juantity of the gas

compressed therein.

In order to economize gas we use the second type represented

by the tubes B^^B^ in figure 1, which is also easier to be handled

than .1. These tubes consist of a wider upper cylindrical vessel,

h and a lower cylindrical vessel, a, in which the mercury-menisci

are adjusted, of a capillary ^z, (comp. fig. 2) through which the mercury

rises and of the connecting capillaries /, and /t, bent downwards.

The diameter of both vessels is such as would be chosen for a

manometertube of class ^1, intended for the same pressure and

smaller in proportion to the augmentation of the pressure for which

it is destined. The following are the diameters of manometers for:

Outer cliamctcr

12.8 mM.

13.5

13.5

15.5

In order to be able to take the lower cylinder as short as possible

we choose a narrow capillary for the ascension of the mercury, in

doing this however we must take into account that this has a

great influence on the motion of the mercury and makes that the

adjusting requires more time. As the co-efficient of friction of mer-

15*

Atmospheres
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cury ia much greater than that of gas, one might take the capilUiry

through which ouly gas flows, narrower than tliat through which

mercury flows, without causing thereby considerable delay in adjust-

ment. As the dimensions of those capillary tubes however do not offer

any difficulties, aud it is not desirable to take them narrower than

is stiictly necessary (comp. § 7) I used capillaries of nearly the same

section both for gas and mercury.

The section of the capillary tubes is from 0,75 m.m^. to 1.37 m.nr.

The length of the upper cylindrical vessel is 8 cm. This length

leaves more than sufficient room in adjusting the meniscus, without

the accurate determination of the height of the mercury being damaged.

The cylinder may not be shorter because when the mercury rises,

danger might arise for the mercury to overflow which would cause

all the other manometers to overflow likewise. The whole apparatus

would temporarily become unfit for use and even the joints on the

board to which the stopcocks are fixed might be endangered.

The length of the lower cylinders is calculated after the available

capillaries aud the upper cylinders. It has been taken into account

that when the lower cylinder contains so much mercury as necessary

to fill the whole capillary and the whole upper cylinder, a space

of 4— 5 cm. long remains above the mercury. If this precaution

had not been taken, gas bubbles that might rise (in blowing off

the manometers) would cause the mercury to overflow, which as

mentioned above must be prevented carefully.

An open manometer cannot consist of tubes of the type B only

as in these we can only adjust at a fixed difference of pressure

(position of the mercury nearly in the middle of the upper cylinder).

With n of these tubes, each measuring a difference of pressure of »

atmospheres one can adjust accurately at nr atmospheres only. For

adjustment at the additional pressure above nr atmospheres we want

another tube, viz. the tube ^, the first in the plate.

In constructing shortened manometers we can very succesfully

avail ourselves of tubes of the third type, C (comp. fig. 1). These

are distinguished from the type A by their having the two branches

of the U equal in length so that we may adjust both positive and

negative diiferences of pressure, according as we adjust either at

rj on the left and rj on the right or conversely at r-^ on the right

and at rg on the left. Suppose that we have adjusted the tubes

A and B-^ to B^ together at 35 atmospheres and that we want to

measure the pressure of 34.8 atmospheres, this can be obtained, (the

adjustment in all preceding tubes remaining unaltered), by adjusting

the mercury in tube C at — 0.2 atmospheres difference of pressure.
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The tube sliown in fig. 1, sorves to adjust at positive and negative

differences to within V2 atmosphere.

§ 3. The connections and the stop coch hoard. In tlie appnialus

represented liero, tube A at one end has eonfaet with tlie atmospheie

by means of a drying tube Q, coated with P^ O5 by which it is protected

from moisture. And so in this ease an india-rubber tube is suffi-

cient connection. At the other end however the ordinary contrivance

which is found at both ends of all other separate manometers has

been fjistcned. To the tliiek-walled glass capillary (comp. fig. 4) p, a

steel capillary </ has been cemented which carries an overpipe U'

with a nut U. This nut is screwed (comp. fig. 1) on the eorrespon-

diug' tap (of 7"i) of the stopcock board; the steel capillaiy gives

elasticity to this joint. The communication between the other

manometers is also obtained by screwing the connection-nut on to

the T-picces, 'l\ on the stop-cock board. The horizontal branches

of the T-pieces form the connection between the successive

manometers, the steel stop-cocks in the veitical branches of the

T-pieecs form the communication of the sjiace between the lower

meniscus in one manometer and the upper meniscus in the next

iranometer with the main feeding tube //, from which when brought

lo a sufficient pressure, gas can be admitted in that space in oi'der

to fipply the desiieil pressure on the columns of mercury.

This main feeding tube (of copper with brazed on branches)

is filled by the bronze stopcock X through the steel cioss- piece N
from a cylinder with gas compressed at a sufficient piessure — dry

air or oxygen or hydrogen, for lower pressures sometimes diy

carbonic acid — which gas passes over P2O5 (in the drying tube

J>) before entering the apparatus. The cross piece A' enables us at the

same time to make communication between the maii()mct(!r and the

apparatus in which we want to measure the pressure; such an apparatus

in the drawing being a metal-manometer as repiesented by M. This

metal-manometer and the stop-cock Z are also used to measure the

pressure in an apparatus which is joined to ^, before causing com-

munication between this apparatus and the open manometer by means

of the stop-cock Y.

4. The adjustment at a given pressure. The admission of the

compressed gas in the diflerent spaces in the manomelers must be

performed with the greatest caution. In the first place we have to

prevent the overflowing of mercury from one manometer into the

other; we have alluded already to the disagreeable consequences of

this. Then we must remark that when we cause mercury to rise in

one of the manometer-tabes -ög f. i. and admit tliei'efore (keeping the
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stop-cock A'2 simt) pressure into tlie lower cylinder, the gas in the

closed space between the upper meniscus in i'o and the lower meniscus

in the preceding manometer will be compressed and consequently

the lower meniscus in By will be further depressed. A similar

displacement is repeated in all preceding manometertubes at the

adjustment of each following manometertube. If finally we want

to get the desired adjustment in all cylinders we must begin because

the spaces between two manometers are not provided with separate

stop-cocks for drawing off so as not to add unnecessarily to the num-
ber of stop-cocks and connecting pieces, by causing the mercury to

rise in the manometer to less than the required height i.e. only so

far that it will be brought to the required height by tiie following

adjustments iu the other tubes. In order to facilitate the filling these

heights have been indicated by distinct marks (comp. s-j, x^ in fig. 1).

In order to bring the apparatus to a given pressure, (at 46 V*

atmospheres f.i. as in the drawing) we must find out which multiple

of the whole height is nearest to that pressure, how many tubes

of the type B we shall have to use therefore and which additional

pressure has to be adjusted in A.

Then all stopcocks except -A'q, KA and X, are opened wide and

gas is carefully admitted through X until the difference of level in

A has the required amount (in this case 2V4 atmospheres) within

about C C.M., after which X is shut. In all the other manometer-

tubes the pressure rises to the same height, but the position of the

mercury remains unaltered during this process. Then shut A'l ami

open X carefully until the mercury in 7?i has reached :', ; shut

K^ {x is shut) and admit gas through X until the mercury in 7>j

has reached ;ro, etc. until the mercury in i?i„ has reached ^j^, shut

X and /fji and admit pressure through X till the topsurface of the

mercury in D^^ in this special case is just in the middle of the

upper cylinder. Then the menisci in all the preceding manometer-

tubes are in a proper pcsition.

A given pressure can always be adjusted accurately within a

small fraction of an atmosphere.

If differences should remain or arise between the pressure adjus-

ted and the pressure we want to determine, we can take away these

differences by means of the differential tube C which in the

case represented here was not used. K^^ to /vjs are left open,

A'jc is shut and more gas is admitted through X, but at the same time

we draw off through KA just as much as to leave the menisci in ^11

in the same position, and then the desired difference of pressure in

C is adjusted. After this X and K A are shut.
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In orrlor to stick to the principles of the coustruction nf our ap-

paratus we should have at hand C tubes of different sections and we

should always have to join on such a tube as agrees most with the

pressure to be measured.

From what preceeds it appears that when we have adjusteil at a

certain pressure and we want to pass to another this can be done

easiest by 4 atm. at a time. In order to rise 4 atmospheres we must

lot the last tube S^ go back to the mark ^Tu by drawing off' through

A'yJ, shut K A and K^^ and admit gas through X until the required

adjustment in B^o is attained. In order to let the mercury fall 4

atra. we must act conversely, viz. draw off through KA till the

mercury in B^^ has fallen; shut KA and open isTjo and again admit

gas through X until the mercury in -Bn has reached the middle of

the upper cylinder.

If we want to pass over to pressures higher by a fraction of 4

atm. say 2 atm. then we must proceed more cautiously; as a rule one

should work with all stop-cocks shut, because all menisci will vary

at a higher adjustment in A, but it will often bo sufficient to bring

A almost to the desired new pressure through the stopcock A'j and

to bring the other menisci to a proper position by admitting a higher

pressure through A', if only we have left unimpaired the reserve

space in the upper cylinders. In none of these cases the adjust-

ment will offer any difficulties.

It is however more difficult to let the pressure fall by differences

of less than 4 atm. We then must first adjust at 4 atmospheres lower

nnd must raise the pressure to the desired pressure by adding the

remaining difference, if the position of the mercury in tube A per-

mits. If not, we shall have to empty the main tube, to blow off" the

manometers, and to raise the pressure anew from to tiie desired

pressure. For in the tube A we can only adjust at a rising j)ressure,

because at a falling pressure mercury would overflow from the upper

receptacle Bj.

If we should want an apparatus in which we can adjust with

the same rapidity at rising as at falling pressures, this should

consist entirely of A tubes and we should have to read the addi-

tional pressure above the multiple of 4 atmospheres on the tube

containing the highest pressure. Or we should have to add to a

manometer consisting of Jy-tubes a differential tube C of 2 atmospheres,

or two tubes C of 1 atmosphere each to which as in the case of

the separate manometers a special supply-stopcock has been joined.

The remarks made previously concerning the diameter apply to

t;hese tubes unless one should be satisfied for all pressures with
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reading 2 (or 4) menisci in lubes calculated for tlie liigliest ])ressure.

The standard- manometer as a matter of' course is used to determine

pressures, that arc carefully kept constant for a long time, and by

prefeience by repeated readings from one and the same adjustment.

And so there was no reason for using the above-mentioned auxi-

liary means.

5. The readw(). The position of the menisci is read on tubular

measuring rules, suspended between the manometer tubes in rings

of Cardanus cq' ^1 , which rules besides promoting the

accuracy of the measurements, hav<i the advantage of being easily

applied to the apparatus and removed from it. The measuring-

rule used with the manometer of type A in which adjustments are

made at different heights is a brass tube graduated in ra.m. over its

whole length. The measuring rules used with tubes of the type i? are

ordinary brass tubes to which only at both ends short graduated

scales u are fixed. We adjust at the menisci in the tubes B^ all of

which are at an elevation of nearly 1 M. or nearly 4 M. above the

ground with the aid of two theodolites. One of these is placed on

an isolated observation pillar in the room, 4 M. in front of the

wall against which the apparatus is fixed. Vertically above this

one a second theodolite is placed on a table (3.5 M. high) resting

on the same pillar. Next to this isolated elevation or observation-

tower stP|)S provided with a platform, such as are generally used

for observing purposes in the laboratory, are placed.

In this our cafe it was very difficult to make the menisci clearly visible

in the way in which it is generally done viz. by sliding along the tubes

a piece of black paper tubing until the rim of this piece of tubing

almost touches the meniscus and the meniscus stands out as a dai'k

reflection against the bright background (white pa pei'), especially because

in order to protect the observer when he opens or shuts stopcocks, or

looks for leaks and his eye is very close to the apparatus, sheets of

plate glass P (fig. 1) have been placed in front of the manometer
receptacles. The sheets of plate glass are supported l)y clamps fixed

to beams r which are screwed on to the wooden strips / fixed every-

where along the walls of the laboratory for fastening purjjoses.

Mr. J. C. Schalkwijk, assistant at the laboratory to whom
I am much indebted for ihe care bestowed upon the apparatus,

has hit upon the idea to place behind the meniscus a drawing of

black teeth against a white surface (comp. fig. 2 and 3) which is

reflected on the meniscus. The coming together of the reflection

of the teeth on the meniscus with the drawing of the teeth enables

us to determine accurately the place of the top of the meniscus.
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Tlie nietlKxl of adjustniont of Mr. Schalkwijk will prove very useful

in many other cases.

Tlie illumination is obtainerl by means of incnndoscents lamps

•which are moved along at a suitable distance of the apparatus.

In order to read the position of the mercury in the tube A or in

the small tube C, we can, if perfect precision is not necossary and we

therefore need not take the readings by means of a levelling teles-

cope, utilize indicators 6xed to pieces of tubing, which can be moved

to and fro round the glass tube.

§ 6. Remnrls on the constructing of the manometer. The appa-

ratus is constructed by Mr. G. J. Flim chief of one of the instru-

mentmakers workshops of the laboratory, whose able help was of

great value. Although the single pieces of manometer-tubes are

very large the constructing and handling especially of the type

JB did not offer great difficulties. But it need hardly be men-
tioned that all the operations have to be done very carefully

and cautiously, if so complicated an apparatus as the manometer

is not to have any leak or other defect. To persons who want
to construct such an apparatus the following remarks mav be

useful. In order to make a tube of the typo 7? the separately blown

cylindrical vessels with short capillary tubes (about 15 c.M.) bent

in the proper form (comp. fig. 2) are put together with the other

parts either suspended from pulleys or phiced on stands, provided

with pioper india-rubber tubes in which we can blow, and sealed

together by means of the hand blow-pipe (fed by a water blow

pump). In this way tubes of any lengtii can be sealed together. As
the mauonietertubc of the type 13, consists principally of capillarv

tubes it forms a very elastic whole. It is mounted on a loose boanl

between cork by means of clamps, cleaned with boiling, and dried

with the same precautions as the glass used for the thermometer

describe.] in the Proceedings of Mai 30*1' '96, p. 40 'j. During the

boiling the tube with the auxiliary board are placed in a sloping po-

sition, entirely filled and with both branches plunged into small basins,

and heated by means of a BuNSEN-flame regularly over its whole

length. After the drying the ends are provided with the steel caps,

/', (prepared beforehand) to which the steel capillaries (treated as

the thermonieter capillaries comp. Proceedings May 30'!' '9G, p. 41)-')

with the overpipo H' have been fastened (fig. 4). The steelcapillary

(comp. Proceedings Dec. '94, p. 168)^) (long 35 cM.) has been

') Comm. of the Pliys. Lab. at Leydeii IS'JG, u". 27 p. 8.

2) Ibid. p. 9.

') Coiimi. of tlie riiys. I-ab. at, Leydeii 1S'J4, u". 14 p. 8.
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scrowerl as ]. e. p. witli marino-olne into tlie cap aiul into the ovor-

pipe, and ai'tor lljis the joint has been soldered with tinnians solder

in order to shut up the soft marine-glue firmly while the seam is

protected from the action of the mercury.

The fastening' of the steel caps to the glass capillaries which are

widened towards the ends requires special care (comp. the cementing

of thermometer-capillary, Proceedings May 30tli 1896, p. 41)'). It is

done as then by means of red sealing-wax, that answered the pur-

pose better than several other mixtures that have been examined

since that for this puipose. In addition to the precautions in the case

mentioned 1. c. we had to prevent the sealing-wax from having

contact with the steel capillary until all the air has escaped, as

else the passage for the air would be blocked up. which would

cause a defective closure.

"We continued the pushing on of the cap under moderate heating

as when cementing the volumenometer cap (1. c. p.) until the sealing

wax became visible between the steel capillary and the glasswall.

In this way we succeeded in getting perfectly tight connections,

only the joint between the glasscapillary and the steelcapillary

would sometimes give rise to defects and as the reliability of this

joint is of great importance to the usefulness of the manometer

Ave are still trying to get a better connection. After the joints

have been maile the manometertube is ready to be tested by pres-

sure in order that we may detect leakages. In order to fill the

manometertube with mercury we cement a small thin-walled glass-

capillary the point of which has been scaled, on the end of the

steelcapillary which projects beyond through the overpipe, then we

exhaust the manometer by means of the mercury pump and the

point is broken off under mercury. By admitting air we then can

expel as much mercury as is desirable.

Each manometertube is fastened on a separate board /^i by means

of 4 clamps k (comp. fig. 5) between cork and this boaid is screwed

on to a board /?2 which is fastened to the wall by means of fixing

it to a strip I.

The T-pieces on the board on which the stopcocks are fastened, are

forged of steel and have been pierced afterwards. The high-pressure

stopcocks (the ordinary Leiden pattern) are also entirely made of steel

in order not to be attacked by the mercury which might accidentally

get into the horizontal connection-canals of the T-picces; they have

1) Comm. of the Pliys. Lul), at Leiden ISÜO. N". 27, ]). S.
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been placed hia'her than these connection-canals so as to make it

more difficult for the mercury to get into them. The footplates of

the stopcocks are fastened by means of wood-screws on the stopcock-

board. The connection of the stopcocks with the steel T-pieces is

obtained again by marine-glue fastened by soldering-work ; al those

parts and the coupling by nuts and taps proved perfectly reliable.

After the manometertubes have been coiuiected, the whole apparatus

is exhausted through the stopcock Kq (at the same time coupling

the left side of A to the airpump) and is filled with gas from the

main feeding tube.

When there are still leakages in the apparatus after this has been

performed, these are shown by the motion of the mercury columns

when the manometer is brought to pressure. They are then detected

by passing a pencil with soap-water or oil along the suspected

seams, and generally they can easily be repaired without removing

any of the separate manometers from the apparatus (which however

would not offer the least difficulty owing to the elasticity of the

glass capillaries, the flexibility of the steel capillaries, the mobility

of the boards and the suitable position of the joints).

7. Corrections. In computing the pressure from the read height

of the mercury the ordinary corrections for open manometers must

be applied.

I need not dwell upon the well-known small corrections which

the theodolite-readings (conip. § 5) might require, from the telescope

being not perfectly level in the way of reading which is followed

here; I will only suggest that the correction for the capillarity may
be applied by determining the height of the meniscus by means of

the reading telescope. We have however not yet much experience

about that correction and till now we tried to equalize the two

menisci in one and the same tube as much as possible by knocking.

There are however two corrections resulting from the peculiar con-

struction of the apparatus on which I shall have to make a few

remarks.

The first correction is that for the difference of pressure in the

compressed gas near the lower meiiiscus in the one and near the

upper meniscus of the next manometertube. If the corrections must

be very small we might use for the supply of pressure compressed

hydrogen, this may be of advantage for very high pressure, at GO

atmospheres or 45600 m.m. the correction for all hydrogen columns

together is not more than about 9 m.m., at 100 atm. or 7G000 m.m.

not more than 21 m.m. so that these corrections have only to be

applied to measurements, which are very accurate. But as the slightest
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contamination of the Lydrogon has a great influence on the coriection,

this gas can only be applied when one disposes of a compression-

puinp as constructed at the Leiden laboratory (Proceedings, Dec. '94,

p. 168)^) by means of which the hydrogen can be re-com[)ressed without

its becoming impure. Compiessed air at GO atm. (about 120 m.m.)

gives a correction which can be applied with perfect certainty.

In the case of lower pressures we can use commercial carbonic

acid from cylinders, if only one takes good care to dry it. At a

comparison at about 48,6 atm. we read on the manometer, after

having applied all the corrections except those fur the connecting

tubes between the separate manometers, a total column of mercury

of 36943,3 m.m. The correction for the carbonic acid columns was

but to — 144^8 mm.
After the correction for the columns of compressed gas in the mano-

meter has been applied we must still take into account the column

of the gas between the level of the last meniscus of the manometer

and the level of the place at which we want to measure the prcssui'c

in the apparatus. The determination mentioned above referred to

the pressure in apparatus which were placed in a distant room

;

these were connected with the manometer by a conduit (40 M.

long) filled with carbonic acid; the difference of level amounted to

0,65 M. and the correction was -f 6,2 m.m.

A second correction peculiar to this apparatus, must be applied

when the mercury in the manometertubes stands not perfectly still, as

even the slowest motion of it through the narrow tubes requires a

measurable pressure. If a velocity of 0.1 m.m. in a minute is ob-

served at the menisci in one of the separate manometers, this agrees

with an excess of pressure and with a correction of about 0.1 m.m.

For ihe streaming of the gas this correction would be uncertain as gas

may oveiflow without this being perceived at the movement of the

menisci. Theiefore the tubes along which the gas flows from the one

manometer to the other may not be too narrow. The diameter of the

steel capillaries is 0.6 m.m. They don't add to the friction more than

the glass capillaries and these are taken comparatively wide (comp.

§ 2) so that when the apparatus is in a good condition we need

not pay attention to the motion of the gas.

Usually thy filling of the tubes is done very slowly, the filling of

each tube takes about 4— .5 minutes. Each time at the closing of the

stop-cocks the equilibrium is fairly well attained. If however a small

') ('ominun. fr. the Plivsic-il J.Ml)or:itory at Leiden, 189J-. N". M pg. 7.
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excess of piessure lui'1 to be applied it appeared that even iu the

remotest tube the mercurv soon stands still. After the adjustment

is made we usually wait 10 minutes to make sure that no further

change occurs. During that time several readings can be prepared

or taken, amongst others those of the 8 thermometers, indicating

the temperature.

As the temperature during the observations is kept as equable as

possible, and as the cylindrical vessels have been taken as short as

possible (comp. § 2) the movement of the menisci of the mercurv-

columns through the alteration of temperature of the gas, after the

adjustment has been made, is very slight.

(December 21ih, 1898.)





KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN

TE AMSTERDAM.

PROCEEDINGS OF ÏHE MEETING

of Saturday December 24tb 1898.

(Tiniislatud l'roiu: Veisljig vmi de gewone vergadering der Wis- en Natuurkundige

Afdeeling van Zaterdag 24 December 1898 Dl. VII).

Context» : ,,Un mixed crystals of nitrate of kalium and nitrate of thallium." By Prof. H. W.
BakhtjIs Roozeboom, p. 229. — „Variation of volume and of pressure in mixing (II)."

By Prof J. D. tak der Waals, p. 232. — „Measurements on the course of the isotherms

in the proximity of the plaiipoint and particularly on the course of the retrograde

condensation in a mixture of carbonic acid and hydrogen." By Dr. J. Vekschaffislt.

(Communicated by Prof. H. Kajieklisou Osnes), p. 243. — „Measurements on the

magnetic rotatoiy dispersion of gases." By Dr. L, H. Siertsema. (Communicated by

Prof H. Kamerlingh Onxes), p. 243.

The tbllowing papers were read

:

Chemistry. — „On mixed erijduls of nitrate of kalium and nitrate

of thallium". Dissertation written by Dr. C. van Eijk and

presented by Prof. H. W. Bakhuis Roozeboom who reads

on this subject as follows :

Some time ago (vide Proceedings of the meeting of the Acuideniy

of 24 Sept. last, page 101) speaker has given a tlieoretical develo[)-

ment of the course of congealing of a molten mixture of two sub-

stances, from which mixed crystals are deposited when cooling and

of the course of transformation of such crystals, in case one of the

two components or both of them pass into another solid modification.

Nitrate of kalium and nitrate of thallium now are the first

examples of a system of two substances, of which we have acquired

a general survey of the course of these two phenomena over the

entire field of concentration, and in which the observations agree

in all respects with the course deducted theoretically.

1(5

Procccdiugs lloyal Acad. Amsttrdiuu. Vol. I.
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Let US first con-

sider the congelation

(see figure).

The congealing

temperature falls in

mixtures of 0—31.3
mol.pCt. K NOo from

206° (melting point

of TINO3) to 182°

(^If). From these

liquids mixed crys-

tals are deposited,

containing more

TINO3 than the

liquid, namely —20

pCt. KNO3 {AD).

These are heavier

than the liquid.

Starting from KNO3
the congealing tem-

perature falls equally

from 33!J°— 182°

(BC) while from the

molten mass of 100

—

31.3 pCt. K NO3
mixed crystals are

deposited containing

100—50pCt.KNO3
(BE) being therefore

richer in K NO3.

These crystals are

specifically lighter

than the molten mass.

The congealing

both in points of

AC and of -BC takes

place in such a tem-

perature-interval, as

comprised between

the points of AC
and AD or BC and

-B^'showins: the same
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coucentration. At the minimum cougealing-point C the liquid of

31.3 pCt. KNO3 solidifies to a conglomerate of two kinds of mixed

crystals, one with 20 pCt. aud the other with 50 pCt. K NO3.

Notwithstanding both kinds belong to the rhomboedric system, the

mixing series is not continuous.

Below 182° three dirt'erent conditions are therefore possible in the

solid state: homogeneous mixed crystals (a) of — 20 pCt. K NO3,

homogeneous of 50— 100 pCt. K NO3 (a') and conglomerates of the

limit-crystals of 20 and 50 pCt. in variable relations, in accordance

to the composition of the fused mass, taken as a starting point.

The mixed crystals, either homogene or conglomerate undergo iu

case of further cooling, transformations from the rhomboedric to the

rhombic form.

For KNO3 that transition was known at 129°.5 {G).

For TINO3 Dr. van Eijk found for the transition temperature

\U° (/'•).

The determination of these temperatures for these two substances,

and for their mixed crystals, was effected either by observing the

delay in the rise or fall of the temperature, effected by the heat of

transformation, or by determining the temperature at which the

transformation becomes noticeable by the refractive power or the

exterior of the crystals. These latter observations are made both

microscopically and with the naked eye.

Between 182° and 144° no transformation takes place; we have

only found, from the course of the transformation at a lower tem-

perature, that the limits of the homogeneous crystals cc and a'

diverge somewhat more at a falling temperature. At 133° these

limits have become: 20 pCt. and 69 pCt. K NO3.

The transformation-temperature of the homogeneous «-crystals falls

with increasing K NO3 proportion from 144°— 133° (line FII)-^ the

correct position of line Flh-, indicating the rhombic /^'-crystals

formed, is however not known. The transformation temperature for

all conglomerates of a and a' mixed crystals is at about 133° and

from the fact that this temperature remains constant between 20

pCt. and 69 pCt. K NO3 the situation of the points Ü and Ui is

deducted aud the course of the lines DH and EH^.

At 133° all the rhomboedric «-crystals of the conglomerate are

transformed in rhombic /^-crystals.

Below 133° the conglomerate consists therefore of /:?- and «'-

crystals. The limits of these two kinds are proved equally to change

iu case of a further fall iu the temperature (lines Ho Jo and Ih J)

16*
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namely both to a higher K NO3 proportioa so that these limits have

become at 108°.5 : 40 pCt. and 84 pCt.

The homogeneous rhomboedrie «'-crystals only begin below 129°.

5

to be transformed in rhombic mixed crystals ft'.

For crystals of 100—84 pCt. K NO3 the transformation tempe-

rature falls from 129°.5— 108°.5 {GJ). At 108°.5 the composition

is attained, also possessed by the «' mixed crystals, which were

already present in the conglomerate with /^-crystals from 133°. Below
108°. 5 all the «'-crystals in the conglomerates are now transformed

in rhombic ones. The transformation is completed at this tempe-

rature.

In consequence of the discontinuity of the mixing-series there

remain however below 108°. 5 still 3 mixing-types of rhombic crystals

viz. homogeneous ft and ft' crystals and conglomerates of both

limit-crystals.

The limits of mixing and consequently the composition of the

two component parts in the conglomerates, being at 108°.5 ± 40

pCt. and 84 pCt. K NO3, diverge still more with falling tempera-

ture, so that they have become at 10°: 15.5 pCt. and 96.5 pCt.

{Jr,K and J^K^).

At the lower temperatures these limits are easily found, by deter-

mining the limits of the mixtures in the crystals that are deposited

from aqueous solution.

Physics. — ^]^ariation of voliune and of pressure in mixing {ÏÏ):"

By Prof. J. D. van der Waals.

For a simple substance we may calculate how much its volume

under a given pressure and at a given temperature differs from that

which it would have occupied, if it had perfectly followed the law

of Boyle.

Let us call the real volume v, and that which it would occupy

according to the law of Boyle v\ then the quantity to be examined

is v' — V. Let the quantity of matter be equal to the molecular

weight.

From
MET MRT a

P — v—b

follows

1 +
-b (1 +a)(l —b){l +«0 V
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If we put = o'. we find
^ (1 + .) (1 _ b) (1 + at)

V
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Two cases, however, are possible, if beginnino' with ?> =^ c6 we

diniiuisli the volume gradually.

When diminishing t;, the value of v' — v may either decrease

continually down to 0, or it may first increase to a certain maxi-

mum, and then decrease. Which of the two cases occurs will depend

on the value — . If we put by first approximation

..-, = (.'-*--)(, + -^)

or

a' {a'— 2 b)
V — V = a' — h +

we see, that when o' > 2 /*, v' — v will begin to increase and vice

7), 16 27
versa. The condition n > 2 i leads to —> • When T^ — T^.^

v' — V will begin to increase and vice versa. The condition for the

27
limiting value of v' — v being positive, is «' > Z> or T^—Tt.

Our result is therefore that for half of the temperatures, at which

V — Ü is positive, this quantity will begin to increase still more.

This result will be modified to some extent, if we take also the

variability of h with the volume into account, — for this particular

problem it is sufficient to know the first correction term — but as

long as the accurate value of b is not known, it may be better to

consider b as invariable — , also because the laws found in this

supposition are generally much simpler. Not before a sufficient

number of reliable observations are at our disposal, at which the

result of this and similar calculations may be tested, it will be

possible to investigate, whether this and the following calculated

correction-terms of b can account for the deviations.

If we consider b as independent of the volume, we find by diffe-

rentiating v' — V. that a maximum is found at

b a' — 2h

In order to find v positive, a' must be greater than 2 b^ which agrees

with the preceding result.
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If we substitute this value of— iu v' — v we find for the maximum
b

'

value of V — V

h b
{v' — t')max.

4 6 32 T
—r — 1 1
a' 27 T,,

As a matter of course it is better to restrict ourselves to tempe-

ratures above the critical. Below this temperature v' — r is not

single-valued and the incpiiry after the value of v' — v for such

points on the theoretical isothermal as for which the pressure

would be negative, has no sense. If we take as utmost case T=r 7)-,

27
the maximum value v' — v has risen to -— h.

5

For the value of the proportion of the maximum amount of »' —

v

and tlie initial value, we find

,B2r_ w27n_ .

V27 .7}, J\S T J

27
T to be taken between — 7), and 7},. This proportion which at

27T= —- Ti- is equal to unity, reaches the value of 2.27 at T^ Tj;.

Now we can imagine the course of v' — v at all temperatures

above the critical.

27
1°. for 7'> — Tj, the limiting value of v' — ?> is negative and equal

o

to b (— -^ _ 1 ) so contained between — h and 0. For decreasing

value of V, the quantity descends to the value — h at v:=b. There

is neither maximum nor minimum.

27 27
2°. for T between — 7), and —-, 11 the limiting value is positive

8 10

and keeps between and b. For decreasing value of v, v — c

descends down to — b. So there must be a value of v, at which

V — V changes its sign. This value of v has been calculated above,

a' b
and has been found to amount to -;

, for which we may write
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b

8 7'

1

27 7/.

Tliis valiio for v lies betwoon od aiirl 2 />.

As in tlio precedin.o' caso tlioro is no quostioii of a maximum
value.

27
. . , .

?>". for T between — Tj. anrl 7) , the limiting value of r — v is

eontained between h and 2^/3 &. Wiien the volume decreases, v' — v

begins to increase, till a certain maximum value is reached, which

amounts, however, at the utmost to 2.27 times the limiting value.

It decreases afterwards, reaches the value and ends with — b.

4°. for values of T ^ Tj^ only those values of v have to be con-

sidered, which lie beyond the limits of coexisting gas- and liquid-

volumes, and v' — V loses even its theoretical signification for such

volumes for which the pressure on the theoretical isothermal is nc-

27
gative. For T= — 7). the isothermal touches the ;>-axis at v = 2b.

There the quantity v'—v is infinite, because if ;^=:0, ?;' is also infinite.

But this does not mean at all that for the volumes which may be

realized at that temperature, v' — v will increase to a high amount.

27
Let us take e.g. Tz=z— TV. In order to find the highest value for=•32
v' — V, we have to determine the value of v for saturated vapour and

to sul)stitutc that value of r in the formula

V V =z

Let — be taken equal to — , — and as at this temperature a' ^ ib
V 25

we find

4
3

25

,
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we follow the border-ourve from T^ Ti dowu to very low tompe-

ratures, at which the vapour volumes are very large, a lar^-o pro-

portion may be found in the beginnino-, but very soon that proportion

must become nearly equal to unity.

By means of the knowledge of v' — v^ we may conclude to the

course of A,,, the increase of volume when two substances mix under

constant pressure. If we call the molecular volume of the first

component under a given pressure vj, of the second component t>2

and of the mixture », then r'l and )•'., and v' are equal to

P
and so equal to each other.

For Ai- = r — (1 — -r) vi — x v„ we may therefore write

A,.- = (1 — -r) (i''i — fi) + r (w'o — ro) - (y' — v)
,

and so we find A,- from the values of r' — v for each of the sub-

stances.

For t'l = I'jj = r zir 00 wo find

A. = (1 - X) {a\ - h{) + X (a'o - h) - {a!^ - 6,) .

If we put (1 + a,) (1 — h,), (1 + «,) (1 -ij) en (1 +«,) (!-/<,)

equal to 1, we obtain equation (4) of my former communication

(Proceedings Xov. 1S9S, p. 181). There also the same approximation

is applied in equating pv\, pvn and pv. But from the result now

obtained, it appears clearly that

(a, 4- a.i — 2 a-in i

f 1 + «' )

is only the limiting value of Ay for infinite rarefaction and we are

led to the question, whether something further may be deduced with

regard to the course of Ad under increasing pressure, and whether

it may be possible to account for the fact that the values for A«

which may be deduced by means of Kuenen's observations, do not

show that symmetry which follows from the factoT x {I — x) and

which appears so clearly from this observations of A^,.

If we substitute the values found for v\ — vi, «'g — r^ and v'— v

we find



( 2:is
)

, J
a\bi

, a'a ^2 , , a'x hx
a 1 — 0\ — a 2 — og — öx — "x

—

1 . «'i ^1 - a's «'2 ^3 «1 «'* ^x
_ _|

-_ 1 1_,—_ 1 ,_^ _—

in whieli r'i, «2 and « represent the volumes, occupied by the com-

ponents anil by the mixture under the same pressure. As long as

we restrict ourselves to large volumes, we may take vi, «2 and v as

being equal to each other, and then we find for the second term

of A,' (whicli must be divided by v) the value:

(1 — .r) a{ (o'l — 2 h{) + X a', {a'o — 2 to) — a'^ («':, — 2 h,) .

The sign of this quantity for the different values of a- will decide

whether Zi^, when the value of v is decreasing, will decrease or

increase and the value which this quantity possesses, will be decisive

as to the degree of this variation. This quantity disappears for

US = and x= 1, and must therefore have as {I — 0) as a factor. If

the remaining factor were independent of a-, there would again be

symmetry in the values of A», also when the volume decreases. If,

however, this factor depends on ^, there remains symmetry in the

limiting value of An, but this symmetry must disappear sooner or

later, when the pressure increases. The remaining factor has the

following intricate form, which I shall give in the five parts, into

which it may be divided:

(3 _ 3 a' + a^) a\ {a\ — 2h{) («)

4 (1 + a' + .x"-) o's (ff'2 — 2 bo) (./?)

- 2 (1 - .r)2
j «',2 («'1 - 2

/--i) + a'l («',2 - 2 /,j2) } . . (7)

— 2 ,r2 \r'\Aa2--h) + a'.2{a\2 — 2by.^\ . . {d)

- a: (1 - .r)
j
4 a'i2 (a'12 - 2 b^o) + a\ («'2 - 2 62) + a'2 (a', -2b,)

\
{f)

If we put a'l + «'2 —2 a']o = Art' and ij + 63 — 2 b,^ = A6, the

sum of these five terms may bo brought under the following form

:
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(a'2-a'i)
j
ia:-h)-{a\-bi)

}
+ 2 A,r |(l-.^) («'i -^-i) + .^«'2-^-2)

j

"

— 2 Ai
j

(1 - -r) n\ 4- ,r rt'o
j
— 2 .r (1 — .7-) Ar,' (A„' - 2 Ai).

.r(l — a)
So this quantity taken times represents the first eorree-

tion of A,> , wliereas .« (1 — r) (Arc— A;,) represents the limitino-

value of this quantitj' — so tliat for •'• near zero tlie value of

Aw is equal to

(a'2-a'i)
j
(rt'a-is) - («'i-^i) j

+ 2 A„' (a
I -bi)-2 Ai (i\) >

41-.') (Ar/-A/,)+ ^

)

and for t near 1 equal to

(«'2-a'i)
i

(aW'2) - («i-Z»!)
j
+ 2 A„' (a'a -^ - 2 Ai «'3

;r(l_.r) (Aa'-Ai)+—
I «2

So there is a distinct asymmetry, as soon as a'2 — ^'3 is sensibly

greater than a'l — Z»i, but the different cases that may occur are so

numerous, that it is better for the present not to enter into a fiirtlier

discussion, as the experimental data are wanting.

Yet it should be observed that the asymmetry is not so great as

to account for tlie circumstance that Mr. Kuenen's values for (A/,)' ')

at A' = ^/4, •(• = V2 and r = 1/4. differ so little, while with scarcely

an exception the highest value is given at a; = ^/^.

As, however, the accurate value of A» requires too intricate cal-

culations to draw general conclusions from them, we shall have

recourse to the graphical representation, in order to give at least

an idea of the course of this quantity.

Let us consider for this the formula :

A« = (1 — .«) {v'l — vi) + X {v'2 — t'n) — {v'x — v),

from which appears, that A« may be considered as resulting from

three separate quantities, viz. v'l — vi, v'^ — v^ and v' — v. Each of

these quantities, which have been discussed before, may be repre-

sented by curves as have been drawn in the following figure.

') Proc. Nov. 2üth 1S98, p. 18i.
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In this figure v and v'— v have been taken as axes. The origin

is in point 0. At T:=co v'—v is equal to — b for all values of v.

In the figure this has been represented by a line parallel to the

ïj-axis. If the variability of b with the volume could also be taken

into account, this straight line would naturally have to be changed

into a curve, which approaches asymptotically the position given

here when the volume is large and which has come sensibly closer

to the v-axis at the smallest volume possible. But then every curve

had to be modified, specially in the region of the small volumes.

Under an infinite pressure the value of v'— v is equal to —b at

all temperatures. Hence all curves pass through the sxme point.

According as the temperature falls the curves begin higher at

27
? = 00 . The curves drawn are those for 2'= — 7), (the temperature

at which a substance obeys the law of Boyle, if the volume is

27 ... . ,

infinite); for 7= — ?),• (the limiting temperature at which v — v

begins to show a maximum value), for 7':=^/s 71- and T =z Tk.

The maxima lie on an equilateral hyperbola, which has v =z2h
and v'— V = 6 as asymptotes.

"When the volume is rather large, the different curves do not

differ sensibly from straight lines parallel to the r-axis.
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As soon as T descends below Ti , the quantity v'—v can become

very great; this happens, however, between such values of r, as lie

within the border curve, and which therefore cannot be realized.

If for the two substances, of which the mixture is to be composed,

such curves are construed, whoso dimension and form will depend

on b and — , a point of the mapping of (1— .?) (r/— I'l) + '«(f/—
''a)

b

may be found by connecting two points of those curves by a

straight line, and by dividing that straight lino into parts which

are in inverse ratio to .» and 1

—

.v. The two points chosen must

always belong to values of vi and v-z , which occur under the same

pressure. The curve obtained in this way will approach I'l'

—

v^ the

nearer, the smaller *• is, and may to some extent be considered as

a mean curve. "When v'—v has been construed, Lu may be found

bv taking the difference of the ordinate of the resulting curve of

the two first mentioned and of the last mentioned, always for such

values of v, as occur at given }).

Though it is true that the course of A» does not follow in parti-

culars from this way of construing, yet some general rules may be

derived from it. As has been observed before, we find for u =: qo

again the former value, viz. « (1 — .«) \Aa — Ah]- For the limiting

value on the other side we find:

— Av = bi (1— .r) + bo x-b^ = X {\—x) Ah ,

SO a contraction. In all these cases, in which An—Ah is positive,

a pressure must exist, under which mixture without variation of

volume takes place. It the volumes are very great so that ^i'— I'j,

fj'

—

V.2 and v'— V remain invariable, Ay too will not vary much in

absolute value. The variation may however be considerable relative

to the limiting value. But it appears at any rate, that if none of

the three substances, viz. the components and the mixture, remain

considerably below the critical temperature '), the absolute value of

Ao remains within finite limits throughout the course of the iso-

thermal.

If we try to calculate (A^,)' directly, viz. the increase of pressure

on the mixture, in order to keep the volume equal to the sum of

') By the criliciil temperatiire of u iiiixtui-e is iiiulerstood (luit temperature wliicli

is c.ilculated from «, and Li in the same way as for a simple substance.
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the öcpariitc volumes, we fiiul for it the t'ollowiiig expression

:

.r(l-.r)

(^'1 - h) (1 - ^) + ("2 - *2).^

«1 h «2 2 ai3

Uj (1 — X) + «2 X

For volumes which are not too small, whicli do e. g. not descend

below 0,03, we might put by approximation

(4') =
r „ , ,

-.0 («1 - + «3 -^ - 2 «13) -

- (61 + i-2 - 2 ij.) (l + «o{-

If i>i and i'3 are left the same and only the value of j' is changed,

{Ln)' is a maximum if -, =— . This leads to the rule, that

the maximum value of (AyO', which for small values of p is found

in mixtures for which * = V2
,
passes, when the pressure increases,

towards mixtures, in which that component is in excess which is

most compressible. As A„ reverses its sign, when the volume is

very small, this must also be the case for (A;;)' •

If aj—ij (1 + « t) = , the first component follows the law of

Boyle. In the same way the second component, if 03— ^3(1 + «0= 0'

If «13—ii3(l + at) = the law of Dalton holds good. And finally

if (ai + 02—2 «io) — (Z»i + ^3 — 2 ^12) {V-\- at)z='d
, there is no

variation of volume, and the law of Amagat holds true. All this

only in the supposition of large gasvolumes. Let us call the tempe-

ratures, at which these four relations are fulfilled : ta, h, tc and t^.

If ta"^ tb~^ ic , then td > tc . The supposition «a> ^6

>

tc is fulfilled,

if the two components can form mixtures, the critical temperature

of which lies below that of the components '). Then t^ is the lowest

of these four special temperatures.

1) Moleculurtlieorie, Pbys. Cbem. V. 2, p. 149.
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On the other hand t^ is the highest of these four temperatures,

if there should exist mixtures, the critical temperature of which is

higher than that of the components. In general the following rela-

tion exists between these four temperatures:

bi ia + ^2 «i = 2 bi. t, + (6i + ^2 — 2 ?.j2) td .

If wo call t,n the temperature that fulfils the condition that

(6l + b^) t,n = i] «a + ^2 h ,

tm lies always between t^ and ij, while the distance between <«

and tc is smaller than that between <„, and t^

.

Physics. — „Measurements on the course of the isotherms in the

proximity of the plaitpoint and particiilarhj on the course of

the retrograde condensation in a mixture of carbonic acid and

hydrogen." By Dr. J. Verschaffelt (Communication N°. 45

fro7n the Physical Laboratory at Leiden, by Prof. II. Kamek-

LINGH Onnes.^

(Will be published iu the Proceedings of the next meeting.)

Physics. — „Measurements on the magnetic rotatory dispersion of

gases." By Dr. L. II. Sieutsema (Communication A'". 46

from- the Physical Laboratory at Leiden^ by Prof. Kamer-

LiNGH Onnes.)

(Will be published in the Proceedings of the next mectingV

(January Kjtli 1899.)





KONINKLIJKE AKAUEMIE VAN WETENSCHAPPEN

ÏE AMSTERDAM.

PROCEEDINGS OF THE MEETING

of Saturday January 28'^ 1899.

(Traiislatutl from: Yei'slag van de gewone vergaacriiig der Wis- cii Naluiirkunclijjp

Afdecling van Zaterdag 28 Januari 1S99 Dl. VII).

CoKTESTS: „Brackish water deposits of the Jlëlawi in the interior of Borneo". By Prof. K. Martin
p. 245. — „On Hydrogel of oxide of iron (ferric-oxide"). By Prof. J. 51. van Bem.melen

]). 249. (With one plate.) — „The ei|uilibrium of systems of three substances, in wliidi

two liiiuids occur". By Mr. }i. de Brlyn. (f'oramunicated by Prof. J. M. van
Bkm.melen), p. 253. — „Tlie representation uf the screws of B.vll passing through a

point or lying in a plane, according to the method of CArOKAi.i". By Prof. J. Car-
DINAAL, p. 258. (With one plate.) — „On the vibrations of electrified systems, placed

in a magnetic field. A contribution to the theory of the ZEEMAN-effect". By Prof.

H. A. LoREXTZ, p. 2G3. — „On trinodal Quartics". By Prof. Jan de Vkies, p. 263. —
„Calcidution of the second correction to the nuautity b of the etniation of condition ur

TAN DER Waals". By Mr. J. J. van Laab. Communicated by Prof. J. D. van der
Waals), p. 273. — „Measurements on the system of isothermal lines near the plait-

|)uint, and especially on the process of the retrograde condensation of a mixture of

carbonic acid and hydrogen." By Dr. .1. Vi'.RSCiiAFi-.iLT. (Communicated by Prof.

II. Kamerlingh Onnes), p. 288. (With one plate.) — „Measurements on the magnetic

rotatory dispersion of gases". By Dr. L. II. Siertse.ma. (Communicated by Prof.

H. Kamerlingh Onnes), p. 296. (With one i)late.)

The t'ollowing papers were read

:

Geology. — „On Brackish-watcr deposits of the Mduwl in lite

interior of Borneo". By Prof. K. Martin.

It is more than forty years since the mining engineer R. Everwijn's

geognostical expeditions in the „Wcster-Afdeeling" of Borneo. Since

that time several explorers have been occupied with the geology of

that country and nevertheless all our present knowledge of the geolo-

gical formation of West-Borneo is still based on incoherent data only

of which we do not even possess a rough geognostical sketch map.

During the last years the mining engineer N. Wikg Easton has

been intrusted to make a closer investigation o this country and

IT
'

Proceedings Royal Acad. Ainsterdaiii.^Vül
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from tli(! ('Xiuniiialidii o{ the fossils forwanJetl by him to Leyilcii it

was iKissilile to point out inter alia tlie existence in Borneo of a

Jurassic system ').

His last consignments from the basin of the Kapoeas contained

sedimentary rocks with hundreds of fossils upon wiiich I wish to give

some preliminary information. Of the objects to which I wish parti-

culaily to draw attention only a few have been collected at the

main river somewhat below the mouth of the Melawi whereas ihc

greater portion were found in the region of the last named impoitant

left branch of the Kapoeas. The localities are situated either on the

said Melawi or on its tributaries the S. ~) Kajan and the S. Tebidah

whieh flow into the Ö. Kajan. Taken altogether the fossils have been

collected in ten different places and an examination of important

material containing numerous organic remains from most of these

localities was possible. This examination however proved to be rather

difficult, the objects being as a rule exceedingly brittle thus requiring

to be prepared with the greatest care which could only be done

with the aid of a needle.

The fossils are embedded in clay some of which contains calcium

carbonate and turns into marl ; in some cases they also form the

oi'ganic centres of marl concretions. In other cases the clay becomes

sandy and often it serves only as the cementing material which keeps

the thick mass of fossils togetlier. Shell-breccia are numerously

represented.

Among many liundred specimens of shells and periwinkles obtained

from this material, only seven species can be named viz. Area mela-

vieiisis spec, nov., Cijrena snhtrigonalis P. G. Krause, Cyrena sub-

rotumlata P. G. Kkause, Corbula dajaceusis P. G. Krause, Melunia

melavk'Hsis spec, nov., Pahalonius (jrncilis P. G. Krause spec, and

Paladomus crassa P. G.Krause spec, but the greater part of these

species vary so much as to render the determination very difficult.

The material collected by G. A. F. Molengraaff at the upper

Kapoeas especially at the S. Pinoh and the S. Lekawai (also branches

of the Melawi) on being examined by P. G. Krause was found to

contain also the above mentioned species; but the material at his

disposal for his researches being defective in several respects, he has

not been successful in giving a coniplcte determination of some species

{Area and Me/aiiia) while to others he has given different generic

names {Paludotniis).

Having comi)ared the petrifactions of the ditferent localities in the

>) See: Saiumlg. d. Geol. R. Museums in Lciilon. Lid. V. (Kualsh, M.vifirN, Vogel).

') S = Soeugiii, Miiltiyau u;une for river.
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cuUoetions of MoLiiNGRAAFL-" aiul Wing Easton it becomes ovidont

that ill tlie basin of tlie Mchiwi a deposit occurs which taken as a

whole is of the same age. This deposit evidently corresponds with the

formation stated by Eveuwijn to be tertiary, his statement however

was not sufficiently proved. The fauna of these beds exhibits diffe-

rent facies which is due in all probability to the quantity of salt

having vai'ied during the process of formation and also having been

present in greater or lesser quantities in different localities. A num-

ber of species {Melania and Paliidonuis) living in fresh water have

been found amalgamated with the species of Ci/rena and Corhiila

which are prevalent amongst these fossils and were inhabitants of

brackish water as also the species of Area which may have lived

in close proximity to the sea. This amalgamation would chiefly take

place during the rainy season.

It is exceedingly difficult to settle the age of the strata in regard

to the character of the fauna as sketched above. A direct determi-

nation based solely on the occurrence of the species is impossible as

none of the above mentioned species corresponds with anj described

species either from India or the Malay Archipelago. Neither is it of

any use to compare these fossil species with the terrestrial shells of

Nias described by Woodward and which up to the present time

have been considered by others to be tertiary. During a recent visit

to London I have had an opportunity of studying these Xias forms

and feel assured that they decidedly are not tertiary but are, as

Woodward supposed, of a more recent date.

A comparison W'ith the „intertrappean beds" of India, which con-

stitute a connecting link between cretaceous and tertiary, seems to be

of tlie greatest importance. Their fauna still allows relations to be

traced to the Larainie-group of North America and similar relations

also exist between the Laramie-group and the upper cretaceous of

Ajka in Hungary ; consequently this fauna was not from a geographical

point of view so well differentiated in those days as at the present

time. The fauna of tlie Melawi beds does not show any features to

correspond with that of the „intertrappean beds" the Laramie-group

etc., on the contrary containing only still living Indian genera amongst

which is the genus Paludoiiiii.i it resembles very closely in character

that of the present day.

Separating from Paludonuts the genera FijrijiiUft'ra Meek and

Cosinia Stache which certainly do not belong to it, there remains

only a single group which must be considered one of the most

characteristic of the Indian fauna. The occurrence of the genus Pa-

bidoiniis is restricted to this area, being found in India, Further

17*
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India, Sumatra and especially in Ceylun and IJorneo. Aniungst the

still living Bornean forms there arc found some species closely allied

to the fossil ones; /-•, gracilis in particular closely resembles /-*.

Everetti Smith from Sarawak.

Setting on one side its dissimilarity to the fauna of the „inter-

trappean beds" and on the other its resemblance in one highly

characteristic point to the fauna of the present day we may conclude

that the Mclawi deposit must be of more I'ecent date than the said

Indian strata, which constitute a transitional formation between

cretaceous and tertiary. For the above reasons the Mclawi deposit

cannot be older than tertiary but may be of eocene age as, not one

of the seven aforesaid species is known to belong to the present

fauna and may be considered as extinct, the habitus of two of

these species {Melanin mclaviensis and Cijrena suUrigonalis) is more-

over somewhat aberrant when compared with still living forms.

Meanwhile a more exact determination of its age than „tertiary"

cannot be given with any certainty and it is for this reason and to

avoid all misunderstandings that I propose to call this deposit by

the generalizing name of „Melawi group" in reference to the region

where it has originally been found.

From the material which has been examined, the Mclawi-group can

be traced from the S. Tempoenak below Sintang eastwards along

the Mclawi as far as the S. Lekawai and also on the S. Kajan to a

certain point somewhat above Maboek i). This tertiary (eocene?)

brackish-water sediment can only liave been formed with the assis-

tance of rivers and brooks which perhaps belonged to the same river

system that is now represented by the Melawi and its tributaries and

accordingly the beds of these streams may have been out out of

the sediments which they themselves have contributed to form.

1) At present it is impossible to trace a further extentioii ol' the MClawi-gnnip. I can

only state that I have also received tlirougli the agency of Wing Easton a consignment

of petrefactions from the river Silat (flowing into the Kapoeas near Silat above Sintang)

which contains a fauna differing from that of the Mclawi-group.

Tarticularly nnraerous amongst which are the remains of Vivipara which is repre-

sented liy at least two di Herent species and there also occurs a species of CViw/« (s. str.).

The latter seems to be quite distinct from 6'. dajucemis

while amongst the species of Fivijiunt, a highly characteristic

form is found which 1 propose to name f. Eculoni. Tlie

figures of two specimens of this new species are inserted here.

A very remarkable characteristic of this species is the pre-

sence of sharp and prominent keels, one of which situated at the angle of the whorls

projects very strongly.

It is possible that this deposit of the river .Silat is older than the Mclawi-group,

but certainlv it is not older than cretaceous.
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Chemistry. — „ On IIi/drof/d of oxide of iron (ferric-oxide
)''\

By Prof. J. M. van Bkm.mklen.

In the Rocueil dcs Travaiix Chimi(]iics des Pays-bns ^) Mr. Spring

stated some time ago that he had prepared a liydrate of oxyd of

iron : d'une eomposition définic. He had got it by allowing to dry —
by exposure to the air — the gelatinous precipitate produced by

ammonia in a diluted ferri-solution and that after having washed

it out. After 72 days the equilibrium became stable, and after 5

months it was found to be unchanged. It answered to the composi-

tion FcoO;;. 4TToO. Above sulphuric acid it lost water so that after

3 days the composition was Fcj O3 1.78 Hj (calculated by me).

Formerly, in 1S88~) and 1892, I have communicated, that the

gelatinous oxide of iron had do stable composition, but was an

absorption-alloy of Fcg 0... with water. I had also found the number

± 4,0 H2 in one of my preparations, but I considered it as an

alloy, that only answered to a whole number by chance. The opinion

that a fixed hydrate had been obtained, is contrary to the nature

of hydrogels. For the composition is continuously dependent on: 1".

the structure of the colloid, which in its turn depends upon tlie

circumstances of the gel-formation; 2'"'. the modifications that th(!

structure has undergone by the further ireatment; 3"'. the concentration

of the gaseousphase, with which the gel co-exists; 4"'. the temperature.

Owing to my having determined the composition only with a few

vapour-tensions, Spring's communication led me to determine the entire

isotherm at 15° viz. of dehydration of rehydration and of rede-

hydration and to examine carefully how the Hydrogel behaves when

exposed to the air, the vapour-tension of which is continually changing.

Accordingly I prepared again a Hydrogel from a higldy diluted

ferric-solution •') and worked with it at once, while it was still

(juite fresh. Besides I determined the same curves for the prepara-

tion already investigated by me in 1882, which had now grown

IG years older (III); and in the third place for a preparation made

in 1891, which had been under water for seven years (II). These

determinations were made in the same n anner as formerly for the

hydrogel of Si 0^ and of Cu O ';. On the graphic sketch I have

Ï) 18.222 (1898).

-) liecueil VK 100— U-i. J. f. pvakt. Ch. 40-529.
') 1 Part Fej O^, on 66 p. water — 1 Mol. IVj 0^ on 585 p. water.

*) Vide Verslag Kon. Akad. of 28 Janr. 189.3 mul 29 .lune 18Ü5. At present tlio eqiiili-

brinuis are determined at vapour-pressures of 12"

—

II"— 10"— 10— 9' — 81— 7'-— (J-—

5

— 4'— 2— 0'^ ui.ra. both for A and for Z ^ and Z j".
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made use of the same sions (sec lii;-.) viz. A | tor the curve of'

dehvdnition of water, / | fur that of tlie reliyilration of water

and Z I for tliat of the rcdehydrafion of water. Tlie eqiiilil)riiim

at a certain vapour-tension was only gradually approximated on

A I, tlie more slowly in proportion to the latter's differing less

from the tension of saturated vapour (12.7 m.m.). At 122m.m. aloss

in 1 mouth's time was still noticeable after 5 months; at 9 m.m.

the loss in 1 month's time was no longer noticeable after 3 months

;

and at 0° m.m. after one week. On the contrary the equilibrium

in Z I and Z | was obtained within 1—2 days, except on part of

Z I (from point to ()j) where the phenomenon of Hysteresis

showed itself again.

From the figure we see that the curves agree with tiiose for the

Cu 0- and the Si Oo-hydrogel.

The proportion of water at 15" is greater tlian that of these two

(I only give here that at 12' and at in.ni. vapour-tension).

CuO
Si Oo

122 ni„^
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on the immersion in water is mily ol)serveil in a sliglit degree ').

It must therefore be inferred that but few cavities are formed during

the dehydrations on the brancli —0„. Tliis phenomenon is how-

ever much better noticed in the gel II (see below). The final cuvwc

of the rehydration Z f again has the points Oj and Oo, wiiicli

appear at the redehydration of water as in the case of silicic acid.

For the rehydration curve Z I does not converge, neither with

Z 1 nor witli A ],. It is true tliat the difference for the branches

O3 0.1 and Oi Oq is slight, but just as with silicic acid, the branch

O2 is vastly divergent from Oj Oo. The same hysteresis-phenomenon

appears. Line Z f, especially the brancli Oi 0^ can only bo realized

in the direction | (rehydration), the line Oi in the direction

I (dehydration). An intensified power of absorption is created on

Z I, that leaves its influence on Z ],. At the redehydration (Z [)
a point appears, showing the Siinie phüuomena as in silicic acid.

Starting from this point Oi the rcpiilibrium is obtained very slowlv

on the branch OOj; a weakening of the power of absorption takes

place, that leaves its influence behind, so that at the rehydration

it is not the branch Oj that is run back, but the branch Oi Oj.

As a result, here as with silicic acid return-curves may be realized

within the figure OOi OoO, if rehydration or redehydration

takes place, starting from a point on the line 0^ or on the line

Oi On. Two of these intermediate curves, one of the dehydration

I and one of the rehydration |, are indicated in the figure liy

dotted lines.

Modifjciitinns. The modification caused by time, by which tlie

power of absorption is weakened, is also the same as with silicic

acid. The figure shows this for a Gel, that has grown 10 3-ears

older (curve A \ of III). The proportions are lower again than

were found before, when the same substance was seven years older

tlKin at the first determination. The fact of tiie Gel having been

under water for seven years has also weakened the power of ab-

sorption (curve A ], of II). Fur the sake of clearness the curves

Z \ and Z \ have been omitted. They differ very little from the

A [ line, and only diverge from it at higher vapour-tensions (at

about 10—-11 num.), as is shown in the following table:

') In silicic acid mniiy cavities are formed, wliicdi coiidensafe a considcraMp vo-

hmie of air. Yide Verslag Kou. Akad. of April ii, 1898, p. 498—500.



( 252
)



( 253
)

proportion bad fallen to 4,04 IL. 0, and for the next three months

this proportion varied according to the vapour-tension of the air,

between 4,64 and 4,55 IlaO. unaltered weight, rising or falling

were found to agree with the indications of the hygrometer (of

Klikkerfues). Meanwhile a little decline was observable. If the

vapour-tension of the air, which in that time varied between 10

and 8 m.m. had fallen to 7 ni.ni. and had remained stationary

for some time, the composition ± 4 HjO would have been

attained. For this amount has been obtained in the Gel I after

some months at that vapour-tension. That composition would have

risen but little if the vapour-tension of the air had become again

greater.

That the composition depends on the temperature, that the power

of absorption is weakened by heating to higher temperatures, and

is destroyed at incandescence, all this I have already communicated

before ^).

Dr. Klobbie and I have only succeeded in observing the transition

of colloidal ferric oxide to a crystalloidal chemical hydrate in case of

monohydrate-), by the influence of water at 15° on the hexagonal

crystals of the chemical compound FeoO;;. Na^O, in which Na^O is

gradually replaced by ITo without the crystalline structure (form,

tiansparency, power of polarisation) being modified. Nature provides

us with the crystalline Monohydrate: Göthit, that can bear heating

to ± 280° without losing v/ator and without passing into the amor-

])hous state ^).

Chemistry. — Mr. van Bkmmklen presents in the name of

Mr. B, de Bruijn a paper on an investigation held in the

Inorganic Chemical Laboratory of the University of Leydon,

concerning : „ T1t,e equilihrhim of sijstenis of Ihn'o siibsfnnrcsj

in irltich two liquids occur".

In systems of three components, in which two licpiid phases

occur, the following cases may be distinguished :

PK the components A and B form together two liquid phases;

equally so the components A and C and B and C.

2'«i. the components A and B and A and C form two liquid

phases, but the components B and C do not, at least in stable

conditions.

') Eecueil ?. 111—113. Zeitsclu-. ;ni(irii-. Cli. 18. 24..

-') J. f. pr. Ch. »«. 523— 52'J.

') J. f. pi'. Ch. 4e. 521.
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.'!"'. only llie phases A a ml 1» !i>riii l\V(t li(nii(l pliascs
; A iiiul

13 or B and (J do not do so, at least in stable conditions.

4"'. the coniponenis in pairs never give two liquid phases at

least in a stable condition.

Examples of the first three cases have been investigated by

SciiREiNEMAKERS ')
;

purpose of this investigation was to examine

also an example of the last mentioned case. Not until the inves-

tigation vk'as nearly finished, did there appear an essay by Snell

on potassiumchloride, acetone and water, by which an example of

the fourth case is given ~).

Mr. DE Bruijn examined the equilibriums in the following- systems

:

Ammoniumsulphate, ethylalcohol and water.

Potassiumcarbonate, methylalcohol and water.

Potassiumcarbonate, ethylalcohol and water.

Sodiumsulphate, ethylalcohol and water.

Guided by the tlieory of Sciireinemakers on equilibriums in

systems of three components, in which two liquid phases occur, ho

succeeded in making a sketch of the equilibriums in the systems

examined. The composition of the phases is represented in the

usual manner by means of a triangle; if the temperature-axis is

placed vertically on the phne of th<i t iangle, we get a represen-

tation in space.

I. The si/sf(')ii : (Dnnioiiiiini.'nilpJiaU'j cUttjMcoliol and Viifer.

Above ±8° the general form of the isothcrinals is as given in fig. 1.

The isothermal consists nacnely of three parts : RO, OPB and BQ,

meeting in and B in an angle. RO and BQ indicate all possible

solutions, that can be in equilibrium with the solid (NITj)2 SO4.

OPB is the connodal line with the plait-point P ; it indicates

therefore the solutions that coexist; the points and B arc the

two liquid phases which are not only in equilibrium with each

other, but also with solid (lsIT<)„S0^. Jn case of a change in the

temperature the difterent parts of the isotherm are displaced ; at a

liigher temperature /^ 0/B increases ; at a fall in the temperature

^ OZB diminishes till at ± S" the lines OZ and ZB coincide.

Tiie points 0, B and P coinciding at this temperature, the iso-

thermal consists at this and lower temperatures of only one curve

KO and BQ coming in each other's prolongation
;
there remain

therefore only the equilibriums of solid salt with solution. Mr. DE

Bruijn has determined such an isothermal at 6,°5. Two li(iuid

') Zeitschr. f. pliys. Clieiii. 85 5t3 SC i-il 8? jr, (IS'.IS) 83 111 (IS'J?).

-) Jourii. of phy». Chem. 8 457 (IS9SJ.
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pliasGü; are no longer possilile in a stable cquililiriuni. It is true

that Mr. de Bkuijn has noticed them several times, hut they

(]i sap pea red fit the appeai-ance of the solid phase.

Mr. DE Bruijx has also deter-

mined several isothermals at higher

temperatures, where the isothermals

have forms as in fig. 1. As to

the connodal linos for the dilFe-

rent temperatures, it was proved,

that they intersect each other in

different manners or cover each

other within the limits of the faults

of analysis. In order to further

investigate this point several sec-

tions were determined, in v.liich the proportion of water and alco-

hol was the same, but the (piantity of (NH4)., SO4 varied. In accor-

dance with the situation of the connodal linos with respect to each

other Mr. de Bruijn found the following facts. If the proportion

of (K 114)2 SO4 is taken for the ordinate and for the abscis the

temperature at which two liquid phases become homogeneous or a

homogeneous liquid phase is divided into two others, we get, with

a greater proportion of alcohol, lines rising with the temperature

;

with a smaller proportion of alcohol, lines falling with the tempe-

rature, between the two, lines showing a maximum, which moves

toward a higher temperature with a greater proportion of alcohol.

From these different sections follows in accordance with the iso-

thermals given, that it is possible to have solutions of (Nll4)2Bn-'

in water and alcohol that are homogeneous at a certain temperatuie,

but divide into two layers both in case of a rise and of a fall in the

tomporaturc. Mr. pe Bruijn has made several of those solutions.

II. The sijslctii: Pulds^/'iniicarljDiialc, victlnjlalkoliol and water.

Xoxt to the two liquid phases

there appears in this system as

a solid phase the hydrate (KjC(>.).,

(IIoO), (at lower temperatures per-

haps a still higher hydrate). The
isotherm has here the form of fig.

2. RO and BS indicate the solu-

tions that can be in equilibrium

with (KnC0...\(Il20)„ ; SQ the

solutions in equilibrium with
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Kj COs ;
OPB is tlic coniKuliil liiic with the pliiit-poiiit P; with each

liquid phase of part OP one of PB can be in equilibrium. Mr. df,

BuuiJN has determined the situation of the connodal line OPB at

different temperatures. Just as in the preceding system the points

and E approach each other when the temperature is lowered ; in

the preceding system they met at :t8°; in this system however no

earlier than at ± — 33°.

III. Tlie ftystcm : rotansnunearhoiinle^ efhijJaJlvlrjl and iratcr.

The isotherm has hei'e the same form as in the preceding system.

The composition of the two liquid phases in equilibrium witb the

hydrate was determined at temperatures of— 18° to 75°. The propor-

tion of salt rises with the temperature, that of alcohol changes less

than the amount of the faults of analysis. That a change in the composi-

tion of the two liquid phases does however decidedly take place when

the temperature is changed may be deducted from the observation, that

such homogeneous solutions divide into two liquid phases at a change in

the temperature. Different pairs of conjugated points were determined

on the connodal line at 17° and at 35°. The connodal lines for dif-

ferent temperatures intersect here too. Sections, as in the case of

ammoniumsulphate are not determined here; from a single observa-

tion made by Snell it may be deduced that these sections will not

show a maximum here but a minimum.

A great difference in the conduct of methyl- and ethylalcohol is shown

by what follows. At 17° the upper layer contains in equilibrium with

tlie solid phase 91,5 pCt. ethylalcohol and 0,OG pCt. KoCO;;; the lower-

layer 0.2 pCt. ethylalcohol and 55.2 pCt. K2CO3. The ethylalcohol and

the potassiumcarbonate form therefore each of them, with part of the

water, a liquid in which the other component hardly occurs. In the

system KoCOsjClIgOH and H3O the upper layer contains however at the

same temperature 09,6 pCt. incthylalcohol and 0,25 pCt. KoCOg. the

lower layer 5,7 pCt. methylalcohol and 48,4 pCt. K3CO3. Another great

difference in the conduct of m.ethyl- and etiiylalcohol in these systems

is the following. In the system with ethylalcohol the temperature has

hardly any influence on the position of the points and B; the

projjortion of water and alcohol remaining in two liquid phases, that

are in equilibrium with the solid hydrate of K^ CO:;, nearly unal-

tered from — 18° to + 75°. In the system with methylalcohol the

temperature has on the other hand a great influence on the propor-

tion of water and methylalcohol, the latter being more miscible in

presence of the solid salt than water and etiiylalcohol.
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lY. TIic sijslcin HodiiiHisiiljale^ cl/ii/lalcohul (did iratcr.

In this system Mr. UE Bkuijn

investigated besides the stable

equilibriums also some less stable

ones. Fig. 3 indicates the gene-

ral form of the isothermals below

32°5
; the drawn curves RS and

SQ show the stable equilibriums,

the dotted curves LU and MN
the less stable ones. KS indicates

the solutions that can be in equi-

librium with solid NaoSOilOlIoO; SQ the solutions in equilibrium

witii Naj, ÖO4.S is the solution in equilibrium with Nai;S04 lOlIoO

and Na2S04. At a rise in the tem|jerature the point S moves to the

left and upwards and at 32°.") joins R in V, this point indicating

the composition of the aqueous solution that can be in equilibrium

with solid Na£S04 lOHjO and NaoÖÜ4. When the temperature rises,

the line RS therefore dwindles, while St^ is prolonged ; at 32°5

RS disappears and only SQ is left, while S falls on the line WZ.
Mr. DE Bruijn has determined these isothermals for different tempe-

ratures experimentally.

Besides the stable equilibriums mentioned above viz. Na2S*)4 lUlfJ)

4- solution and Nao SO4 + solution Mr. de Buuijn also determined

the less stable system Na2 SO4 7 HgO + solution. The solutions

in equilibrium with the hydrate Nag SO4 7 HjO are represented by

line LU (fig. 3). The latter being situated entirely above the curve

RS, the solutions pass into a solution of RS, if the less stable con-

dition ceases to exist.

If it was possible for two liquid phases in stable condition to

appear in the systems of equilibrium mentioned above, this is no

longer the case here. But on the other hand it is easy to get

these systems, if care is only taken that neither Na^ SÜ4 nor

Nao SO4 7 Ho 0, nor Isa^ SO4 10 ILO can come in contact with the

two liquid phases. Consequently Mr. dk Bkuijn has succeeded in deter-

mining the connoJal lines for different temperatures; care being

however taken to pi event the iicjuid phases to come in contact with

the air. It the latter happened or if only a particle of Na2S04 .

10 HoO was introduced, the crystallisation of ^33804 . 10 HgO fol-

lowed at once, and the two layers passed into one. That this must

necessarily be the case is shown by fig. 3, the connodal line MN,
determined by Mr. de Bruijn being situated not only above RS,
but even above LU.



( 258 )

Mathematics. — " The rcprescnlatujn of Ihe Scrcic-i vf B VLL pns-

aiiKj iliroiKjh (t point or hjliuj in a plane, aceonlinfj to the

method of ('AroKAM." By I'rof. .1. Cakdinaal.

1. This comuiuiiication must bo rogarJefl as a contiiuiatioii and

onlai'gemeiu uf a lecture delivered at the TO''' Congress of the ''Cie-

sellscbaft deutschcr Naturforscher und Acizte" at Dusseldorf (Sept.

1898) and published in the last "Jahresbcricht dor Deutschen Ma-

Ihematiker-Yoieinigung". There the method applied in the tbllowinu;

pages has been considered in its relation to the "Theory of Screws"

by Sir R. St. Ball, so I think I can sutfice by beginning with a

few brief indications indispensable fur the undcistaiiding uf the pur-

pose of the communication.

2a. The motion of a body considered iiere is tlic motion with

freedom of the 4''' degree ; the screws about which motion is possible

form a quadratic complex, consisting of all screws reciprocal to a

given cylindroid C^.

b. We construct the screws passing through a point P and be-

longing to the complex by drawing perpendiculars through P to

the generatrices of C^; each of these perpendiculars moreover inter-

sects two generatrices of C^, equidistant from the middle plane (con-

jugate lines). The locus of these screws is the cone P".

('. In a similar manner we construct the screws situated in a

plane n. They envelop a parabola Ji~.

3. The representation of the ra\s of a (juaiiratic complex has been

treated among others by R. Stukm and CArOKALl. Wc Knd it inserted

at large in Mr. Stdkm's "Liniengeometrie", III, pages '272 - 282.

The special complex formed by the screws alluded to belongs to the

type treated on pages 438— 444. Although the results laid down in

the following correspond with those obtained there, as could bo

expected, there is a great diifereuce in the investigation; tiiis diffe-

rence can be circumscribed as follows :

p' . The proofs are here deduced immediately from the theoi'y of

Ball, whereas with Sturm they follow as special cases out of the

complex.

2"'^'. The constructions, more particularly a principal construction,

are rtally executed.

4. Fig. 1 represents the axonometrieal projection uf a cylindroid,

whose construction is understood to be known. The nodal line (/

coincides with the axis OZ-^ we suppose further tliat the rotation
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of the generatrices has begun in the plane ZOV-^ on the line

— the maximum pitch >j has been measured out; on the foHowing

lines I— 1, //— 2, etc. the succeedino' pitches are now continually

measured out from the nodal line, the measuring ceasing in the

position where the lotation amounts to 180°, thus the whole

height of the cylindroid having been described on both sides of the

centre 0. To explain this we make use in the first place of the

circle, wliich has served to find the length of the pitch of any

generatix, drawn on half the scale of the principal figure, where the

length of any generatrix (e. g. II— 2) is indicated with its corres-

ponding angle of deviation.

In the second place we sec axonometrically constructed tlie pitch

curve projected on XOY with the projections O^O, 0—1 etc. of

the generatrices. Further is drawn the perpendicular ^1 S to 11—

4

passing through A on a^l— 7. According to 2b this is a screw,

so it meets tiie line «'^7—5 conjugate to 1— 7.

Remarks, a. The projection of the above mentioned pitch curve

lies entirely on one side of the axis Y. Evidently this is lialf the

figure we obtain in constructing the curve with tlie equation :

n ^z a -^ 2r COS' 0. It is merely a consequence of our peculiar manner

of measuring that by the followed construction only half the figure

is obtained.

h. In the constructed figure all the pitch values have the same

sign : if tliis were not the case, the figure of the projection would

be changed, the curve half drawn, half Jotted wouhi show a double

point, so the entire projection a fourfold point. This last has now
become isolated.

•j. Fig. 2 represents the parallel projection of the principal curve

of the representation of CaPOUAli and must be considered in con-

nection with fig. 1. On the generatrix a of C^ a point A has been

fixed. Through -1 the screw A A' B has been diawn, being one of

the rays of the pencil through the centre -4 in the plane A a'^ a.

J, as pole of «, determines with (c a linear system of the iJ'i order

of linear complexes.

With these figuies we suppose that C^ lies in the space .^, the

principal curve in the conjugate space JS", . To any linear complex

in .^ a plane in -S^j corresponds, to any screw i point. The prin-

cipal curve is the locus of the points in J^i to which corresponds

in .y not only a single screw but a pencil of screws. Ac-

coidinn' to these conventions and to the indication sub N'\ 1
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wc can puss to tlie analysis of liie principal curve. It consists of

tlie following parts:

a. The conic K-d in plane t>\ , locus of the points corresponding

to pencils of screws having a ray in common with the pencil (^, a)

and whose planes ar^ parallel to the nodal line </.

h. The conic lOa in plane I'l , locus of the points corresponding

to pencils of screws having in conmion a ray with (.1,«) and con-

sisting of parallel rays.

c. The line li^DuD,,, intersecting K~,i and K"u ,
locus of

the points corresponding to pencils of screws whose vertices lie on

a' and whose planes pass through «.

Both conies have two imaginary points in common; the planes

ö^ and vi are the loci of the points cori'csponding to screws pa-

rallel to d and to those in the plane at inhnity. They have not

been indicated here.

In the figure have further been constructed the vertices 7',, and 7)n of

the two quadratic cones, determined by A'-j and K\ . The line

connecting 7'^ , 7^ meets ^\ and r^ in J\Jd and 7l/„

.

G. Now the forms of JE^ Curresponding to the cones and parabolas

of ^ can be found. It is evident that we shall get curves in ^i-
Let us take a vertex P and construct a cone of screws F^. The

construction gives rise to the following remarks:

a. Let us imagine through (A, a) a zero system, formed by two

reciprocal systems of points and planes with the property that any

point lies in its corresponding polar plane ("Nullsystem" of MüEBiüs),

with a linear complex o situated in it; the polar plane of P inter-

secting cone P^ in two generatrices, the corresponding plane '^i inter-

sects in two points the curve Pj'-^ cori'csponding to P^; so Pj^ is

a conic.

b. One screw of 7^^ intersects a and o'; so Pj- meets /i in one point.

c. One screw of 7^^ is parallel to d-^ so P^' intersects Si in one

point not situated on A'^,; .

d. It is very important to determine how many screws of P'

belono' to the pencils of parallel screws having one screw in common

with {A, a). Let us bring a plane parallel to a through 7^; two

screws of P^, m and »', are parallel to the screws m' and it' of

pencil {A, «); from this we conclude that m and m' are perpendi-

cular to the same generatrix of C^ ; so they belong to the same

pencil of parallel screws, viz. to a pencil having with {A, a) one

screw in common. The same can be said of « and »i'; so 7^1^ inter-

sects the conic A'«- in two points.
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e. Further wo must (ietermine how many screws of F- belong

to pencils of screws, whose planes are parallel to d, having with

(.], u) a screw in common. Therefore it is necessary to determine

the points common to screws of P^ and the screws of {A, a) lying

at the same time on a generatrix of C^. Let us first consider the

section of plane « with C^; it consists of the line a' and a conic

A ". In the second place we must notice that the feet of the per-

pendiculars through P on the generatrices of C^ form a conic JB^,

lying in a plane having moreover with C^ a right line b in common.

Both degenerated cubic curves A'^ + a', B'^ -{- b, intersect in three

points. As the lines a' and ö cannot intersect, those points lie in

such a manner that a' meets once B'^, h once A~ and A^ once B'^.

Now the last point L is the only point of intersection satisfying

the above condition; so P^- intersects K-d in one point.

7. Tlie curves corresponding in — i with the screws, enveloping

the parabolas in the planes ti, are determined in the same way.

We shall show this briefly.

a. Out of the pole of n with regard to the zero system through

{A, a) two tangents can be drawn to the parabola n~. So the cor-

responding curve n{~ is a conic.

b. One screw in tti^ meets <' and a'; so n-^^ intersects /j in one

point.

c. One screw in n lies at infinity; so /rr meets the plane i\

in one point, not situated on K'^^.

d. One screw of pencil {A, a) is parallel to the plane ji ;
both

belong to the same pencil of parallel screws; so jiy' has one point

in common with K'^^ •

e. The line « tt common to « and ?i meets C^ in its point of inter-

section with a' and moreover in two points # and 2V. Through J/ pass

two tangents of n'^. One of these tangents contains a point lying

on the generatrix m' of C^, conjugate to that on which M is situated;

the other one is perpendicular to m itself. The latter tangent deter-

mines with the screw A M a plane perpendicular to m
; consequently

in that plane there is a pencil having a screw in common with

(.J,«); this pencil belongs to those, whose plane is parallel to d.

The same reasoning can be applied to N. Consequently the corres-

ponding conic jr," intersects the conic K'^j, in two points.

8. So the conies Pj^ and .ij^, having four points in common
with the curve K^^. + K-d + /], their number in .Zj would amount

to CO •
; there being however in .^ only x ^ cones and curves of the

18
Proceedings Royal Acad. Amsterdam. Vol. I.
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complex, there must be a closer defiuition of the conies. This is

also evident from the following. All cones P- of the complex belong

to zero systems of a special kind. The line connecting P and A
defines such a special linear complex of rays ; it consists of all rays

intersecting PA. All these systems have the point A in common;

the net of rays through A contains the rays common to these

systems and finally the screws common to all consist of the pencil

{A, a) and the pencil through A perpendicular to «. Hence it

follows

:

All zero systems in which the screws of the cones of the complex

are situated have in common the pencil through A perpendicular to

a, to which in .^i a point O on K'^d corresponds (compare Sturm,

III p. 276).

In a similar manner is proved that the pencil of screws common

to all zero systems of the curves of the complex is the pencil of

parallel screws lying in «, to which pencil a point C„ in -^i on

K^u corresponds.

9. Now a construction will be deduced to find the points Q
and Cu. It is evidently sufficient if we consider the point of inter-

section of a plane, in which one of the conies Pj^ or tii^ is lying,

with K'^j and K\ ;
specially that point of intersection which is not

at the same time a point of F^" or n^^, for which we can choose

in ^ a special cone or conic.

Let us take P on the nodal line d in the point where the

generatrices with maximum and minimum pitchy and A meet. Cone P =2

breaks up into two planes through d] one plane is perpendicular to

ff,
in which a pencil of screws lies with P as vertex, all screws

having a pitch equal to that of k; the second is perpendicular to

I; which also contains a pencil of screws having a pitch equal

to that of (/. To each of these pencils a right line corresponds in

^i; the first belongs to the cone T^^t; the second to the cone T'^g
;

further a screw of the degenerated cone P~ coinciding with </, the

corresponding plane of ^i passes through J^d T,, 7),; so it intersects

K^d still in a point, the point Q that was to be found.

10. From the preceding we easily deduce the construction of the

point C'u. Let us bring plane n through (/ and k. The parabola

71^ breaks up into two pencils of parallel screws consisting of

rays perpendicular to g and of rays perpendicular to k, the first

having the pitch k^ the second the pitch ƒ/. So the corresponding

plane in .^i passes through two generatrices of the cones 2-^- and
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1",, ar.d both pencils contain at the same time the ray at infinity

of the plane ~JI7 1 he latter is a line through which the bitangen-

tial planes of C^ pass; the point in 2^ corresponding to it is /)„. So

the point Cu is found by constructing the plane T'^ ^T-i; D^ and

determining its point of intersection with K-\, .

Physics. — „On the vihraiions of electrified systems, placed in a

magnetic field. A contribniion to the tltcory of the Zeeman-

rffect". By Prof. H. A. Lorentz.

(Will be published in the Proceedings of the next meeting.)

Mathematics. — „On Trinodal Qnartics". By Prof. Jan de Vkies.

1. If we consider the nodes 7),, D„, D.^ of a trinodal plane

quartic as the vertices of a triangle of reference, that curve has an

equation of the form :

r^ = «n ^2^ ^•3''^ + ^22 '•3^ •'•1* + «33 -^'l-
•^2® +

+ 2 3-1 3-2 .rg («12 'T-i + «23 '«l + «31 ^2) = . . (1)

The equations

02= ^'1 -''2 '6 + h -'S
^'1 + ^-3 a'l .'s = , . . . . (2)

W.2 = c'l .12 .fg + C.2 x-i .i'l + f3 .Ci .r.2 = (:5)

then represent two conies passing through the nodes.

If the coefficients of these equations satisfy the conditions

^1 <] = "11 1 ^2 ^2 = «22 ) ^3 «'s = «33 1 • • • (4)

it is evident from the identity

that the two new couples of points common to F^ and each of the

two associated conies (f>„ and 'f2 ^^^ situated on the right line

corresponding to the equation

-(^'l'-2 + ^'2''l-2«io).'-3 = ((3)

IS*
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Eliminatiiif;' with the aid of (4) the coefficients cj, r.-,, c^ we shall

find for the chonl cumiiion to </>2 and F^ the equation

^ (an 632 - 2 «J3&ii3 + «22^2)^3 ^3 = ... (7)

2. ff the coefficients b and c are submitted to the two conditions

^2 '3 — «22 ' ^'3 '3 = «33 (^)

only, it results from

*2 ^^2 - A = ^2 ^3 -^4 (»)

that it is possible to bring a conic throuo-h the nodes P2 ' -^3 ^"'^

the couples of points B^ , B.^ and Cj , Co common to F4 and each

of (Pci and W^.

The equation of this conic is

£2, = (b, c-i - «ii) ^2 .^3 + '•! ^ it', ''2 + /'2 q - 2 <'io) .^-^ = . (10)

AVe shall call (p^ ^^^^^ ^\ conqjlenieidarij with regard to Dc^, JJ.^.

Tf Cj , C2 are fixed and the conic 12^ varies, the variable pair

jÖj , B.2 describes an involution l^' determined on it by the pencil

Evidently the variable chord B^ Be, is represented by (7), where

in connection with (8) only b-^ is variable. Substituting ba, to find

^3 cg for «22 and 033 into (7) we shall find for öj B^ the new equation

((•3 To, + f2 rf'a) t-i^ + [ (^3 02 + ^-3 Cq — 2 f<23) .J'j — 2 ai3 .(-2 — 2 «12 a's] ^1 +

+ a„ (^3 .-.2 + 62 ^3) = , . . (11)

which is quadratic with regard to b^. So the curve of involution is

a conic S^-2 w'ith the equation

4 a„ (62 .'3 + b., x„) (C2 x^ + .3 ,7-2) --=
[ (62 ^3 4- ?,3 <.)

.'i
- 2 ^ «,3 ^3]^ . .(12)

From the symmetry of (12) w. r. to the quantities b and c it is

now evident that Sp^ is at the same time the envelope of the joining

lines of the pairs C^ C\ of the involution Ic' which is generatod

when By, B.2 are fixed and SI^ is variable. These two complementari/

involutions are characterised moreover by the property that each

pair of 7^- oan be joined to each pair of A' by a conic containing
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also B„_, D^ 1). In particular everv cliord B-^ B^ determines one pair

of the Ic^ and reversely.

3. In connection with (8) the curve of involution jpo is fully

determined by the value of (^j 'o + Z»3 cj) • Substituting 2 k for this

parameter we can represent S^-i by the equation

«11 («33 '2" + 2 't .('o .rg + 022 .rjï) = (^ «23 »'l
— ^ ^\f ' • (13)

which is q'ladratic w. r. to the parameter k\ therefore the conies -p.^

form a system witli index two.

Generalizing' for shortness the equation (13) to

Pk"- -\-2 Qk-\-R = (i (14)

where P, Q, R denote known quadiatic forms, the envelope of tlie

system is given by

PR— Qi — (15)

By mere reckoning this equation proves to be identical with (1);

so the envelope of the system (14) is the given trinodal F^.

Out of the identity

{Pk''' -Y2Qk-\- R)R — k"~{PR— q~) = {Qk + Rr . (16)

follows, that each conic .^2 touches the curve F^ in the points

common to S^o and Q^-f 72=0, or, what comes to the same, in

the points common to the conies Q ^- 4- 7? = and Pk -{- Q =^ Q. So

the four points of contact of 7"^, with the conic .(^2 indicated by

ki are also situated on

^•2(^^-1 + Q) + (QX-i + 7?) = (17)

The equation (17) being symmetrical in the parameters ki and

k.2 the conic represented by it will also contain the points of con-

tact of the conic
.'qz

indicated by k^ .

Hence we raav conclude that each conic of the net

1) In n paper published in Vol. XIV of the //Nieuw Archief voor Wiskunde"

(pages 193

—

2U0) I have pointed out that suchlike comjilementary systems of pairs of

points present themselves on the binodal qnartics. Likewise the special involutions

of ^ 5 have th?ir analoara on these curves.
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).P^tinJ^yR = {} (18)

contains two quadruples of points of contact of four times touching

conies ^2-

The corresponcing parameter-values follow out of:

V hi k.2 = X anrl r {k\ -\- /-o) =^ /' •

4. To determine the pairs of line belonging to the system we

substitute y.:X for k into the condition that the discriminant of (13)

disappears. After reducing we find

(«23 A — ;^)2 A3 (fl„2 «33 A3 — ;f2) ~ .... (19)

Evidently for A=:0 we have the right lines D^D^ to be counted

twice; for y. = l[^a2^^a^^ we have the four times touching conic

(«23 — l/«23 «33) •'•] + «13 '^2 + «13 -''3 = =t
(-'C t^ «11 «33 + *.. ^'^«H «22) • (2^)

breaking up into two double tangents.

Likewise y. = — A 1/ «22 «33 gives two double tangents.

Finally y = a^^X produces the conic

(«11 «23— «12") -'S^ + - («11 «23—«12 «13) ^2 -'s + («11 «33— «13*^) ''2^ = 0, (21)

composed of the two tangents drawn through D^ to the curve F^.

On any right line I the conies ^2 determine a (2,2) - correspon-

dence
; the point of section of I with D^ D^ belonging to the coin-

cidences of Uiis system, there are three curves -C>2 touching a given

right line. These agree with the three manners in which the points

common to I and F4 can be divided into two pairs. Each of these

pairs determines an involution, i. e., a curve Sp„. This contradicts

in appearance only the fact that an 73 jg determined by 2 pairs,

for the two points lying in />j form a pair common to all 7^3.

Evidently a system of four times touching conies is conjugated to

each pair of nodes of F^.

5. If the conies f/>2 and W^ alluded to in § 2 are identical, it

follows out of the equation

</>23 - r, = .ra rg .Qj (22)

that the conic .Qo drawn through Dc, and D-. touches the curve Fa
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in both points common to £2^ and the conic <i>n passing through the

three nodes.

It is therefore rational to put

b.2= ± \/'^ en 63 = l/ör~ (23)

Of the two systems pointed out hereby we shall consider only the

system determined by the upper sign. All conies (p^ belonging to

this are defined by

03 = J-i ,r2 l/(^+ .'! .'3 \/a^+ A 3-2 j-g l/a^= . . . (24)

So we get

S2o = (1— A-) an .1-0, .ro + 2 («12—/ l/au «22) ''i ''3 +

+ 2 («13-A 1/ «n 033) .ri .r2 + 2 («„3 - 1/ «22 «33) •''i'^
= , (25)

which proves that these conies drawn through P^ and D.^, touching

two times elsewhere, form a system with index two.

For the connecting line of the points of contact B^, B^ we find

with the aid of (G)

(1 + A^)
(./-J l/aii «33 + .^3 l/a„ 022) =: 2 A (^ ai2 .r^-x^ [/ a.^ «33) • (26)

So these chords of contact form a pencil whose vertex is the

point common to the lines

:r.y i/o^ (7o3 + ^'3 l/aii a22 = , 2 a^^
-'"a
= -^1 ^ "i-z «33 • (27)

Each ray bears two pairs of the involution formed by the pairs

i?i , B.2. The values of A corresponding to the pairs borne by the

ray

,« (•'•2 l^«ii 033 + •'3 y^'n «22) + (-^ «J3 -^3 — '«1 1^022 033) = • (23)

are found out of

A2 + 2 /< A + 1 = (29)

For ^< = ± 1 we get two rays (/g and d-^, on which the two pairs

coincide
J
so these are double tangents.

Likewise is proved that the negative sign in (23) produces a
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system oi' couics of double contact drawn through Dj, Z).,, wliose

chords of contact pass through the point of intersection of the

remaining double tangents d^ and d.y

6. The conies through i>2, D^ touching r,^ in B^ determine an

ƒ'-. Of its two double points one, B^^ is joined with B^ by means

of a ray passing through the point {d^ d-^)^DQ^; the second Bn
lies with By on the ray through D^o ^ (d^ d^). Now B^ is a double

point of the complementary Z^; let us indicate the second double

point by B^ . As any pair of the first involution can be united to

any pair of the second by a conic containing D^, D^, there are two

twice touching conies fij, touching F^ in Bi , B^ and Bi , Bu.
Hence Bi Bo passes through X'gg and Bi Bn through Z^oj.

So in r^ an infinite number of quadrangles may be inscribed,

one pair of opposite sides passing through Dqi, the other through Z>23.

Their vertices form the groups of a biquadratic involution.

Each couple of pairs of the involution {B^, B„) coUinear with

i>oj lies in a conic containing the nodes D.^, D.^. This follows readily

from the equation

«11 A — (^1 ^2 1/«33 + «'1 '^S l/«22 + ^1 •''•2 ••':! l/«n) (''l •^2 '/«33 + '^l «'S '/«22+

+ ^2 ''Y^S l/«l])= «11 ''2'''3
I
2 (flog — l/a23 «gg) X-y^ +

+ [2 «13 — (^1 + ^2) l/«ll "33] •'1 ''2 +

+ [2a]2—(Ai+A2)l/On022l-''l-'3+ (J—'^1^2K'»3l/«22«33} • • (30)

To find the equation of the conic joining D^ and i^g with the

vertices of one of the above mentioned quadrangles B^ B^ Bi Bn
let us consider the following identity

(,y(Ti;'-2l/n33+ '''l'''3l/«22+ ^l'''2'''3l/«]l)0''r'2l/"33+ '''l«"3l/«22+ ^2'''2'''3l/«ll)+

+ O (J'l .'2 1/033— •«! 's l/«22+ /'l •''2 '•3 l/«ll) ('''1 •'-'2 1/033— -^I^'S 1/ «22 +

4-/'2-'^2''''3l/«n) = «ii(^«]i-''2"-'»'3^ + 2^ai2,r, .r2,J-32) . , . (31)

We easily find that this is satisfied if we put

(y = (l/a22f'33 + «23) : 2 l/ajjOgg and <7 =r (l/ooj «gg — «23) = 2 l/agj O33.

By substituting the value of Aj + X^ following out of (HI) into

the equation of the conic indicated in the part on the right side of
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(30), we find that the conic {D.^D.^B^^B^yBiBii) is represented by

Jjj .Tj- — ^]2 -fl •';; — -I 13 •''! -''3 + '' ^2 .^^3 = . . . (32)

Here j/ is a new parameter dependent on Aj X^i whilst A ,/. denotes

the minor corresponding to o,t in the determinant formed by the

quantities «,x-.

Of the biquadratic involution formed bv the points B (he qua-

druple r = is the only one, the points of which are collinear.

So the right lino T^gi /?23 has the equation

^11 ^1-^12 •'•2-^13^3=0 (33)

By remarking that the third diagonal point A of quadrangle

i?i B.^ Bi Bu is the pole of D(^^ D... with respect to the conic (32),

we easily find that the coordinates of A are determined bv

yi 2/2 ^3
(34)

2^12^13 — ^11'' ^11^13 ^11^12

Thus the locus of A is the right line

A^.2.T.z=Ay^ir. (35)

7. The relation

"11 (-011^2" ^3" + 2^i.r2 3-3 ^ö„3a-i) = ((7iiJ-o:r3-f al2''l^3 + «]3•^l•'2)''4-

+ •'"1" [(«11 «33— ai3-)-^2^ + 2 («11 «23— «12 «13) •'^2 ^3 + («11«22—ai2')^3-] • (36)

proves that the tangents of r^ passing through D^ are represented by

^22 .'•2- — 2^23^2-^3 + ^33^3^ = 0, .... (37)

whilst their points of contact R^, 7?i are determined by the conic

(*i EE «*h ^2 •''3 + «12 ^1 ''"3 + «13 '^1
-''a = . . • (38)

Out of tlie equation

Q., = «13 .rg 5-3 + f722
•'^l

•'•3 + «23 •'''l
^2 = . . . . (39)



( 270
)

of tbc conic {0^ D.^ I\ /P^ Ru) is fouml (accoiding to § 2) the

equation

A .<-3 «3 + fl23 -^1 ''3 + «33 XyX^ — O . . . . (40)

for the pencil of conies complementary to ^g ^'i'^'^ respect to D.,, D^.

Consequently to this pencil belongs

C3 = «13 '2 ''^ + "33 -''l ^3 + "33 •''1 '''2 = . . . (41)

The points D^, Do, E^, Bu, B^, Bm can be Joined by a conic.

By applying (10) we find that this conic is indicated by

(^23 ^ ^ ]] •'^1^ — ^^ 12 ^l •'"2 — ^13 •'! ^S + ^23 '2 ''3 = • (^2)

So it belongs to the pencil represented by (32). This was easy

to forest e, the pairs of tangents through .Pji -^^3 furnishing one of

the inscribed quadrangles alluded to in § 6.

In a similar manner by considering the pencil complementary

to
(>i

we deduce that D.2, D^, A'j and Ei lie in a conic with the

pair of points C", C" determined by

"11 "23 •''2 •'3 + "22 «31 •'3
*'l + "33 "12 «I •'•2 = . . . (43)

Hence out of the symmetiy of this equation follows that C', C'

are also joined by conic -i with the quadruples D-^, P^,
/j's, h'm

and y)i, Z>3, R.2, Rn.
For tiie conic {Do, D^ R^ Ri C' C") the equation

7l = («12 ^ll2 + «13 ^^ 13) ''l' + ("13 -•'23 — «12 ^123) •'j •'^2 +

+ ("12 -^-3 — «13 ^33) -''l -'s + «11 ^^23 ''2 ^3 = • • (44)

is furnished by (10).

According to a wellknown property the six antitangential points

R lie in a conic. This is confirmed by the identity

^23^ A — (J-Zi 7l ^ -^1^ (^123 1 (45)

where /^jja
represents a quadratic form.

But moreover (45) proves that this conic has still the points C'

and G" in common with r^.
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8. According to the identity

^4 = (^33 .T.^ + 2 «23 ^2 •''S + "J2 ^Z~) -^1 + («11 ^2 -^3 +

+ 2 «12 .ci .^s + 2 «13 ^1 3-2) .rj ,r3 (46)

the tano-ential points T^ and Ti of />! lie on the conic

Ti ^ «11 .rj ƒ3 + 2 «,2 ;r; .r, + 2 «13 .ri .''j = . . . (47)

It Is complementary to the conic (43); so there is a conic fj

passing ihrough D.2, D-i, Ti, Tj^ C', C"

.

It is similarly proved that A, A, T's, Tn, To, Tm lie in a

conic Tos-

And now again we can form an identity

X r* + ro3 fi = ,ri2 ri23 (48)

out of which follows that C' and C" are also connected with the

six points T by a conic t^.2s •

Thus the conic Tjog of the six tangential points and the conic

Ci23 '^'f
^^'^ ^*^ antitangential points intersect in two points tying

on r^.

Mr. Brill has pointed out that also the six points of inflection

are connected by a conic « (Math. Ann. XII, 106), intersecting

r^ still in two points belonging to the conic T123 (Math. Ann.

Xlir, 182).

Out of the preceding follows that the complementary points are

lying on three remarkable conies «123, r^j and co

.

9. Evidently there are four conies <^P^, coinciding with their

associates, each determining the points of contact of a double tangent.

They are represented by

^0— -^a^sl/^ll + ^3 '«^ll/^SZ + ^'l ^2^^033 = 0, \

^1 ^ —^2 •'3 V^an + -'s '^1 \^"i2 + •''i -^2 l^'^ss — 0, I

} • (49)

^2 = -^2 '•3 l/Oll — ••'3 -^1 I'
'«'22 -h •''! •'"2 V/«33 =0, I

(\ = :'2 .Ts j/flu + .rg Ty l/'«22
— .«1 •'-2 1/^33 = 0. /
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By applA-ing (G) the equations of the double tangents J,j, Jj, d^^d^

can be easily found. Of course they can also be deduced from (26).

There are two identities of the form

A — (^0 f% = 2 .ïi .('2 lo3 . j

1 (50)

A — f^l ^2 =^ 2 .rj X2 è]2 ' 1

^0 and ^3, ^1 and S^ being oomplementaiy w. r. to D^ and D^]

hence it follows that />, and Bo are connected with tlte points of

contact of d^ and <l.^ bij a conic
èo?,
= and irith the points of con-

tact of (/j and d^ by a conic §12= 0.

Furthermore the identical equation

«33 J4 — lo3 I12 = ^3^ f^* (51)

furnishes the proof of the wellknowu property that the eight points

of contact of the four double tangents lie in a conic

»9 = ^ ^n «'i^
— 2 -^ ai3 «23 3'i

.rj = . . . . (52)

We easily see that the points of contact of di and d^ determine

with the node D^ a conic with the equation

'?12 = '^1 (k — («13 + l/«ll "22) §12= («12 + y'cn O22)
(-'s
—

-(/lllV-2^]2-^l.^'2 + ^'l2-2^2')= . (53)

Out uf the second form of jjjj now follows that it also contains

the antitangential points of D^,.

In the same way we can show that D^ is joined by a conic to

its antitangential points and the points of contact of d^ and d^.

The six points R lying in a conic (>j23, whilst Z?o3^(R] Z?ii, iïgiïi),

Z>(,2^ (^3 -^i ' -Si^^iii)3.nd2^i^(ii2 /?iii , i?3-Sii), the inscribed hexagon

R] Rii R2, Ri Tti}, Rni lias the double tangent tZg for its line of

Pascal. Similarly is proved that the remaining three double

tangents are lines of Pascal for three other hexagons formed out

of points R.
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Physics. — ^Calculation of the second correction to the quantity b

of the equation of condition of Yk'S dee Waals. " By

^{v. J. J. VAN Laar. (Communicated by Prof. J. D. van dee

Waals.)

In a paper, published in the Proceedings of the Meeting of the

Section for Mathematics and Physics of the Royal Academy of

Sciences 29* of Oct. 1898 (appeared Nov. 9"' 1898), Prof, van

DEE Waals has pointed out among others how a second correction

to the quantity b of his equation of condition might be found. The

integrations necessary to it, proving to be extremely tedious and

lengthy, have not been calculated at full length.

I then tried to Avork out these integrations ; I shall communicate

in short the results found, referring, with respect to the various

mathematical developments which led to my results, to a more

extensive treatment that will shortly be published elsewhere (in the

"Archives du Musee Teyler").

The form to be integrated ') ran as follows (see pages 142— 143

of the cited Proceedings)

:

ƒƒ-
N

. 2 71 (/*-(- a cos Oy dh dO X P^i"'- "f segment,

ill which that part of segment is found to be:

V:j a" sin (f cos cf y'R^ — «^^ + ^/s
-^^ tan~^ ( tail (f

—
J

—

— a sin q) {R~ — ^/-^ a~ sin^ (p) tan~^ .

a cos (p

If we now first perform the integration with respect to between

the limits and öj, where 0-^ is given by the circumstance that the

centre C of the third sphere cannot lie within the two spheres A
and B (see fig. on page 142), we have to integrate:

I |(/i + acosdf 10,

') The angle AMG indicated as C by Prof. v. d. Waals has here been called u~,

whilst the angle indicated as <p has here been called 5.
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2 r(/,3 4- 1/2 „2) 0^ _^. (2 a h sin 0^ + '/o a" sin 0^ cos ö,)] •

If we now call the angle CM A, point C lying on the sphei'e A,

2 ip, we have evidently, O^ being ^ 180 — g) — 2 ip:

sin Oi = sin (go -j- 2 j/y) = sin (f cos 2 ip -\- cos cp sin 2 ip ,

cos Oi=i — cos [ff ~\- 2 ijj) =. — cos (f cos2 \p \- sin cf sin 2 ip )

or as

sin 7= cos (fi =^ — tan cp = —;

—

a a h

sin ip = -^— sin 2 U/ = — i/a^ — V4 ^^ cos 2 ip z= — (a^—V3 ^^j

.

a «^ ö"*

also sin Oi^j [V2
'• («' - V3 R') + h R [/a^ - \, R"-

]

cos ^1 = 4 I"

- /' («' - Vs-K') + V2 r ii ^/«2 _ 1/4 /1:' 1 ;

«'* L -

so, taking into consideration the relation

h- = a" — Vj, r",

after reduction, we find :

2ah sin Oy + 1/3 "2 «>' ^1 CO-' ^i = 7^^. [Vs »• l/«2 — 1/4 «-^ (3 a^ - V3 «*) 4-

+ R y/a^ - 1/4 /i""- (3 a* + 1/3 «=^ (R' - '') - V4. R'' '')] • • (1

)

^1 being equal to (180 — c/i) — 2 <//

.

Now the form to be integrated is

471 i^
1 Y^^

+ ^-)] ^ part of segment y^dh.
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To simplify still further we put:

Vo r =z n R a -^^ 1/ R,

SO that

h = R [/i/ — n^

and

^'^ = '^^^77=,

The above mentioned expression for the part of segment passes into

:

1/3 Jl^
|^„

l/(l-y^)(2/'-«-) +2 ia„-^ (^nK ^^) -

- ?! (3— ?t-; to«-i ]/ „"-'^ 1-

y— n" J

(1) becomes

(2) becomes

SO that uur integral is now, writing everywhere .« for y°^ trans-

formed into

:

where (paying attention to dh being equal to 1/2 R —-=
) ;

-,-—[« (3.r2_ 1/2) , g-, 3i-2+Vo.;'(l-4«2)-M2A^nyX- '
I

^-^^;^ "- \/r - n"' + ^^^^-^^^ l/^^-V,

B — w (3 .r — 2 w'-^) 1/1 — *• [<an-i -
~ " — 2 toi-i

^''

1

« (3 fi'2 — V3I ,
3 ^2 + V3 a^ (1 — 4 «2) _ if-x/^a- — V4

]+—'—^^~,—'—V —1 X

X [2 iaw-i (n y^^ ^) - „ (3 -«2) tan-' K "^ 1
L v x—n^ J X— n" J
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^ 3 ^ — 2 ?r r — n Vo 1D= , ==\tan-^
, ;

— 2tot-' -=^== X 1

X [2 «öH-i
f H K ^—^, ^ _ „ (3 — «2) tau-^ Y ~

'^o 1
L \ IC— n-' J x — rri 1

In the integrations following now wc shall for the present not

pay attention to the limits for A (or a-). To simplify the notation

I still propose the following abridgments

:

(3)

p/(l _ a:) {X — h2) =p \/{i—x){x— V4) = p'

"We then easily find for the five parts of the integral I A ch:

A^ = 3 «2 fp civ = 3/^. «2 [ ^2 u:— (1 + n") ) p— (l—n~f tan-^ z
j

A, = — ^U n" 14- ''* = Vo «2
I

— — 2 tcm-^ z + _+^ ia„-i „~ 1

J x^ "
I

X

n J

^3 - 3 « fp' J.r = 3/4 n [(2 .^-Vi)p'-7i6 «««"^ -']

Ai= 1/3 «(1-4 «2) |i^cfa= Vow(l-4«'-) |^p'_ryjj„«-V^toi-i 1/2^'] >, (4)

^5 — _ „3 p! ,-;,, _ „3 f— — 2 tmi-^ z + V2 <««^^ V2 s'l

as is to be verified by means of the relations.

dp = - V3 ^ ^ c/..- c/p' = - 1/2 ,— ^-^

P P

cZ «an-i 2 = — V2 '' *""~ ^ = — 73—

T

« '^'^
, 11/1 M '^^

dtarr 1 ne = dtan—^ H%i = — U T
2 rf-p «ï»
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Fiu'tliermoro, as

[{S ,<.—2 H-)l/l-x d.v = - 2 1^(1-2/3 ,i"~) (l-,f/2--^/, (l_.r)=/.j

—n n dx , , Va , ,
^'^

d ian—'^ —=^= =- ^z^ d tan—^ —== = — Vi

we find for both parts of I Bdx;

i?i = — 2 « [(1— 2/ü ,fl) (1— ,r)'''2 — 3/3 (1— .r)=/c1 <c,K-i -^^-
L J l/.r— m=^

3 7 13 \ /3 3 , 13r/3 7 13 „\ /3 3 ^ ^-^ \

LVlO 20 60 y^ V4 2 ^ GO /
^

4/1 In
-f-
—

(
"7" ""

I
'"'i~' "^

»j N 5 3 y

^0 = 4 « [(l— Vs «=) (1—*)''^- — % (1— .r)'/^] Can-i ^ —

I

r/3 19 2 N
, /271 11 N 1-

" [(ï^ ' - ^ - ^ '"
J

^^ - (¥2"^ - IT '^V
'"""^ ^* +

The integration of the four parts of I C dx is ah-cady more diifleuU,

Comparatively easy are Cy and Co,:

„ r3.(:2— Vo .

L\ = — «- (3— «2) I __^ i^,„_i .
_ J,,
_

j

L "
/ 2,c " ) 2m J

f3 .«2— 1/3

r.i ==: 2 ?i I tav^ nz , dx =
./ X-'

= 2n \-^ 3 H tan-'^ c 4- ( S x -{
^^'] tMu-hi:]

lA n X ^
V ^ 2,;; 4 «2 ,/ J

19
Proceedings Roval Acad. Amsterdam. Vol. I.
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To intcgi-ato C3 we add to this integral :

— n (3— «^)
I V ~—-^ tun-^ z . dx

,

wbicli ai'terwards will l)e subtiMcted from Do. So Cj becomes

:

Ci —-n (3—rr} ~ y ^ <«" ^ ~ • £?•'

But now we find

:

4^2
]/ d.c = d V{x-^/i) i-i-n^) ,

x'" x—n'' X J

so that we get (the varions developments — as was said before —
will be published elsewhere)

:

Cg' = —n {'i—n~)\— —V(j;~Hi) (.i— n-) tnu-^ z —

Likewise to the integral C.^ is added

:

2 f 1/ ''-ILh ia, -1 n: . dx
,

J x—n-

whieh shall direetly bo subtracted from D^. For

C.' — 2
I

5 K ^ tan 1 «c . (/,(•

J x^ x—n-

we find in (luite the same way as for Cj'

:

r4C,. 1/1

Ci — 2 -^^ — l^ix—^li) {x—n"~) tan-^ nz +
L a;

+ 2 « - ^ — 2 ia«-i ~ + -^ <««-' V2
--'J

. (S)
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3 .(—2t ö .(— j: v^
^'^

I
.,

d^ is ooual to 2 x \/x—n-, wo shall find after va-^ Y X—71.''

rioiis reiluctiunö successively tbr the -t parts ut' 1 D lü- :

B^r^ — n (3— »-) toi-' /««- ' 5 . cü: =
«-^ l/a;— 7i" \/x—n^

= — h(3— «-)
I 2 j|/;i,-_„2i„,4— 1 — ^a?i-' 2 —

[/x—ifi

- V3(-'-+2) 1/ l^^ton-i -J^+ VG"io-"(-ï-%-Vo«2) iöH- L-Vs <ü"-'"5
1 .(9)

V x-iv^ J

Likewise

:

ƒ' o ;(— 2 n~ —n-—r ~ tun- 1 —^ «a/l- I « - . Jj; ==
yx—n- l/a:—n^

r — 7t
ji— 2 2.t]/x— n~ta7i-^—^=^ta?i-< vz~2n^\ — x lan-'^ +

L Vx—rr' \/x—n^

+ 3 7*3 ia«-i 2 _ ,i (.,.. -|- 2) fa«-i w^ 1 . . . . (10)

The integral -Cg, viz.

.; \/x—ni l/^'— V4

can first be reduced to

/>a = 2 n io-,^) [2 .* l/x=r,,Ti,„,-i ^ ia»-' c +
^ l/*-Vi

+ V3 I V -—^ <(!«-' z.(.lx-\-\ ^jL^tcm-^

r 1 /'x—ri-'
i)Ut as I |/ — tan—^ z . dx can be transformed into

/ '«— li

1/^

dx

19*
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wc subtnict i'rnm A, tho [)art 2w(3-w2)X-V3 f 1/ ^^—

f

" «a?i-i ^ . (Z.i- ,

which part, as we saw above, was already added to C-y After

various lengthy developments we find at last:

D^ = 2« (3— «2) ["2
,(• i/;^~;^te?i-i - - to-i 5 —

]/

- % (•' 4- 2) 1/ l-,r<a«-i -== + l/(,r-V4.) (^— «-) '««-' ^ -

2 , 11 4 -1

And in the same way for

3;r— 2

after transformation of the inteo-ral Vn I 1/ ««?i— ' n^ . (/;r into

^'2 [— j
V

'[^rZr^
^"-"-"^ "'• '^''' + 2 l/(.'-— '/j)Oc—n^)««w-' n~ —

and subtraction of the integral already added to Q

:

r 1
/''^^^

2
I )/ — tan~^ nz . dx

,

J .r— ?4-

we find

:

r Vo 'A
]>x = — 4 2.7;i/ a'—H-üaM-i—=r;^=to«-i //>— 2/m '1— .r tot-' -—=^=+

L I/.'— 'A l/j-— Vi.

-|-l/(;^l/7)(,i.-l„2)^„,-l ,^;— 2«<aM-l z'y-'lontan-^ V2~'l-(12)

If we now join all the similar terms, we shall find for

UA + i; -[- C + ])) J.r
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the folloM'ing:

ri +«2 -,

|__- 1- <!/. „2 _r -\- -/r, 71- (4—3 7i"~) 1/(1— .r) (.r- «-) +
\

rn (1 4- 71^) 1

+
[ J + "/5 « ^' + Vs " (0-10 '/.2)

j
l/(l_,,) (,,— '/,)+

-I- " (3-"=) (- - 2) i/(,._7.,)(,— „•^;] ta„-^ y -—^ +

\ (13)

- 2 (^1 -2)1 (.r-'/O (.*-»-)
]
^«n-i(^„ 1/

J-^^)
-

21 -I /"iiz^ 39 1 /"r=^
5 r— V+ 10 -^ a'— V+

+ 2«|/1—;r(— 2/.4-(4/._,,2^^._|_3/.,^,2yja„-l_i;!L _2<flH-I---iL.^

+ 2 .1'
I ' :,Z:^z ( tnn-^ ^^— 2 <aj<-i _/^,_ ) X

\ \ x—n^ l/x—V/

X [2 to«-i ("« y ^,V n (3 - «2) <«;.-• 1/ ^ 1

Let us uow introduce the Ihiiits for h. These are (see the paper

of Prof. V. D. Waals) for values of »• lying- between R and R\ Z:

and ^/7?2_Y^^2 ^

whilst for values of r between RyS and 2 72 they are:

— l//?2— V+ and l/i^s— V^/-^^

So with our notations we get (/; =: R [^x— ?*'-')
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For n — 1/3 to V2I/3:

\~2n"- / 1
[/iV—n- from 7^

—

^
to J/ 1—n- [x from —7, ^ to 1

2l/l— n'-2 V 4(1— w^)

For n = 1/0 1/3 to 1

\/if~7i'^ from — l/l— 7*2 to l/l—?r (.<: from 1 to 1). i

Substitution of these limits in (13) gives, paying attention to the

circumstance tliat wliw'cver ^''a:

—

n^ appears in <a«— ^
, the value of

tan—^ is equal to n for l'^*—n^ = — l/]

—

ifi , when at the same

time l/l

—

X (which becomes 0) appears in the numei'ator:

7„ (n — Va to 1/0 1/3) = — (Va + % n^ — % "') 1^3—4 n^ +

1— 2 n-* ?A2 10 / 1— an-

21 1/3— 4 n2 39 V/3—4?i3|
; ia»(~' n tarc^

n 10 2n
'

(14)

h {n = 1/3 1/3 to 1) -- ;r 71 A n^ n^' A n'' +'
\.2n 10^2 2 ^ 5 J

^

+ Vo 71
I
3 (2— 3 n + «S) t/i_^„^ _^

+ 2 ;i (2—3 « + n^) \/\—n^ (tan~^
l/l— «••2

Here I have also availed myself of the circumstance that

—n 1'-

tan~^
.

— 2 tan—'^
I/..'—«2 V/^_l/,

1 , 1_2 n^
disappears for x =

^^ (
Vx—m- =:

4(1— «2) V 2i/l_n2,

The expressions found for /„ and Ii have been verified by me in

various ways and every time found true. The\ are both still to be

multi})lic(l by ^'o, n 11'' — _- . Befoi'c passing to the second integration

with I'ospect to n, we must calculate a compktneiifarij term, for the cases
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(not mentioned in the cited paper) in which point M falls outside the

segment and an ciitin' segment is included by a third sphere. It is

easy to see that that eoniplcmentary term is obtained out of

7'i = 2
I

I ^- 2 ;r (A + « cos Of dh >W X sogmcnt

,

whii-h ])roduces after some reductions,

Segmont boiiig equal to '/n n (2 R^—^j^ -K" r + '/s ''"J
= Vs '^ ^' (2—3 v -f ;/')

:

. .^ r fw (3 ^i--Vo)
7', = V:3

^" n' y (2-3 n + .^Oj
[ ^,

-^ +

3^.2+1/2^(1 -4«^)-«"l/^^^, 3.r-2«2/
, -« „

,
'1.2 W

Of this integral we mention only the ivsult taken betwccMi the

,. . , r l-2ni
limits l/.C — ll'^ — ^-—==:r to

l/a-- .„2 _. — . / J — ,j2 / _;. f,.Q^j to 1 )

A 4(i-„2) ;

It is evident that this integral relates only to the second ti^npo

(« = 1/2 i/3 to 1) .

We find

:

iS' r
I\ = I/3

7i3 iJG (2 _ 3 n + n3j 1/, ,, _ 1/^, ^/3 (i _ „2^ _

-2l/'ï"^^(^«--^^7Y=-V3^)], . .
(IÖ)

by which most remarkably the above named value of 7^ is

considerably simplified and, with the omission of the factor

iV
1/3 n R'' -p.-, passes into :

h + /",_, = .T

J—
__ „ -f 7 n^ - 4 ?.' + —,,«

j
. . (IG)
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If wo now multiply by

4 71
1"

f/r X 77 = 32 .Tt 7Z3 X rfi dn.

we havo still to intogTate:

7 = ^ 7i2 TZ» "^^

[
ƒ/« rfi dn -^rj{h + I'l) v"~ </«j

This intoo-ration we break up into parts again.

7j — ƒ(_ V, m" - -Vo "* + Vn «") l/a — 4"^^ f'«

furnishes

:

IV 735 89 , 83 3 N --^
^ lUl92 J024 320 ^ 40 7*^

2205
, 1/ 3 _ 4 „2-1

^ 1(5384 2n J

as is to be verified by means of the relations:

_i/,l/3

"I-
u

— Andii
, , v/ 3 — 4 ?i- — 2 rfw

Introduetion of the limits gives further:

^1 - 5 X 1^384
^ 10384

In the second place, see (14) and (10):

V=l/3 ; }

i/„ V» 1/3
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As taiir-^ takos for n = '/o i/3 tlio valiio ^t, wo find 1)v1—2 «2 '-^ '

means of

, t/a — 4 ji^ 2 n dn
I)—

1

— — — -d tav-
1 _ 2,1^ 1 —n^yS — 4 7*2

'

ami, paying attention to the relation fan~'^ 2 \/2 z= tt— 2 tav-'^ \/2 ;

,
5719 127 \ / 1G9 In

\15.25u 7.32 / ^ V 15.128 7.1(57

V. 1/3

—^^ '^ ^ ^-' -dn . . (18)

In the third place

7,1/3

T Cf^
^'^ A, 7,, 1/3 -4 «3 ,

,
f/^l 47 ,\

' j\-j. 10 7 1 — 2 7(2 V V 2 10 y

V. V2I/3

w^l 7, ,«1/0 — 4 71- 3 — 2 7t2 dn
With dtaii—^ ;— =: 7

—

—

,

we easily nnd :1-27*2 1 _„2 j/a — 4 7*2

,,./, 3 „ 161 47 ,
V.l/3 _„2 ,j4 J ^G

37 7
, „ r 4 40 ^ 20

7.5= 71 H tan-^\'2~\ — — dn . (19)
40 ^ G40 J (1 -7*2)1/3- 4 «2) "^

^(1-7*2)
v.

For

>/,i/3

rr2l „ i/a-4 7*°- 39 i/3_4„2n
* J L5 71 10 2 7* J

we find by means of

,
1/3 — 4 7*2 —dn 1/ 3 _ 4 „ü — 2 f/«

n (1—7*2)1/3—4 7*2' 2 7* 1/3- 4 «2
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21 21 \ 39

•*

V :i20 ^ IGO y^ü40 ^

'/2l/

21 39

'• 20 20
^

\
(1 — n") 1/3 — 4 «••'

wliorc again in the first pait I iiiado use oi' tlio iclatioii

to/-i 2 1/2 = 71—2 to/-' 1/2.

If we tlien join tlie tei'nis oblained, we shall get Ix'sides tlie lore-

most; factor

2169 / 383 127 \
1= 1/2 + 71 +

5.1G384 ^ ^ \3.25C 7.32 / '

2205 559 In
, „ ,

^' 16384 ^ 15.128 7.16 J } (20)

-j

''^_ 3/^ „2 _^ 25/^ „4 _ IG/. ,,C _|_ 8/,^ ,^8 _ 4y^. „10

(1 — n2)l/3 — 4n2

For the integrating of tliis last integral we again refer to the

more lengthy jjaper; it is sufficient to mention the result for I.

I only draw attention to the fact that after having successively

determined

2/^- dnC n

4 «2

where 1=1, 2, 3, 4, besides

/n" dn

(1 — «2 1/3-4 «2 /^ ' '

all the above-named integrals ai'e found by parts. So is e. g.

r* »(* d7i _ r «2 ^^ r rfi dn

J (T- «2)»/3—lf«2 ~J (1 _ „2) v/3 _ 4 „2 ~J »/3 _ 4 „2 '

etc. The result now becomes, after nniltiplieation by the foremost
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tiictor and bv -A' tbr all N spheres:

A^3r 73 153 153 n

jj2ii9 \ ^/2 n -] <n«-i 1/2 .(21)
FH7.45.64 7.5.25G ^ 7.5.64 y

\
\

f

If for a moment we call the expression between brackets eo, this

may be written :

/4 \3 iV3 9 w
(— TiR-' ] -^X — —\3 J V^ '^

2 71

For the double volume of tlic iV spheres of distance remains

also, after paying attention to the 1'^ and 2"'^ corrections:

N . V, n R' - n. n my '1 'il + CV, , R'f . I f f : =

L 64 V^ 2 n 1'3 J

iV . V3 Ti li^ being equal to 8 h. If now 4 i =r h^ , then in

17 i^ .. CO fhr 17 bcc CO fl
2/'oo 1 °^ +1S_(-

the 2"'^ correction sought for evidently becomes equal to 18 — , so:
n

or

this being our definite result. The value of this is, exact in 4

decimals,

ft = 0,0958,

so almost 1/ q, whereas the P' correction was fully Vs-
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Physics. —
• „Measurements on ihe system of isothermal lines near

the plaitpoint^ and especially on the process of the retrograde

condensation of a mixture of carbonic acid and, hydrof/en^\

By Dr. J. Vekschaffelt. (Comraunieatioii W. 45 from

the Physical Laboratory at Leiden by Prof. TT. Kamer-
ling n Onnes).

(Road in tlio Meetinn- of Dpcoiiil)Pr 24"' 189S).

§ 1-

In one of liis first comniunications on the process of the retrograde

condensation Kuenen has given some measurements, from which the

course of the ratio of the volume of the liquid-pliasc to that of tlie

vapour-phase along one definite .r-line (van der Waals' y/surface)

may be deduced. It was desirable to get a general view of the

process of condensation along different *-lines on one and the same

«//-surface (especially between the ;(• at the critical plaitpoint and the

,r at tlie critical point of contact) or, what comes to the same in

this case, to get to know, for a definite composition of the mixture,

the process of the condensation along lines belonging to i//-surf:xces

for different temperatures, near and especially between the tempera-

ture of the plaitpoint and that of the critical point of contact for

this definite iv.

An opportunity for making measurements on this subject was

offered by a more ample investigation on isothermals of mixtures of

carbonic acid and hydrogen which was undertaken by myself^).

§ 2. Method.

The pure hydrogen was prepared by means of the apparatus used

in filling the hydrogen-thermometers for the measurement of low

temperatures, and formerly described ^).

The pure carbonic acid was obtained from the commercial liquid

gas, following the method first applied by Kuenen ^) and now re-

gularly used in the Physical Laboratory at Leiden. The way of

preparing the mixture and the apparatus used were mainly the same

as those formerly used bij Kuenen in a similar investigation (see

the annexed figure).

') Compare Kamerlingh Onnes, Versl. Kon. Akad., Dec. 1894, pg. 179.

2) Kamerlingh Onnes, Versl. Kon. Akad., May 30tb 1896; June 27tli 1896. Coram

I'r. the Phys. Lab. of Leyden, N". 27.

^) Diss. Leiden, 1892.
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l<'is. T.

Even small quantities of liydrogon, added to the carbonic acid

cause a great increase ut' pressure when the latter gas is condensed.

In order that the end of the condensation can be reached without

danger to the glass tube, the experiments were made with a mixture

containing 5 mol. h3'drogen on 100 mol.

The volumes of the mixture were measured in a m.anometer-tube

of about 0,05 c.m.^ in section, on which a graduated scale in m.m.

had been etched tested carefully by a kathetometer. The calibration

Avas made by filling the tube with mercury and by causing this

liquid to flow out in small quantities; the columns of mercury thus



( 21)0 )

run out were weiglied and afterwards measured by tlie kathetometer.

Perfect equilibrium of the phases was secured by stirring with

an electro-magnetic stiri'ing apparatus, first used and described by

KuENEN ^), afterwards applied bv van Eluik ~) and Hartman^).

In measuring the volumes, the contents of the stirring-rod had to

be taken into account. This volume was calculated from the shape

of the stirring rod ; this was very ri'gular, and consisted in an

almost perfectly cylindrical part 28,5 m.m. long and on an average

of 1,45Ü m.m. in diameter, and two globules, one on each end, of

2,300 m.m. and 2,383 m.m. diameter respectively. From these data

the volume of the stirring-rod was found to be 60.4 m.m.".

The compressibility of the mixture was compared with that of

pure hydrogen. To this end the experimental tube was connected

with another manometer-tube on which, like on the former, a gra-

duated scale in m.m. had been etched. The scale was tested by a

kathetometer and the manometer was carefully calibrated. This tube

however was much iiarrowei- than the first, its section being only

about 0,000 cm.". It was filled with a known quantity of pure

hydrogen.

From the specific volumes of the hydrogen, the pressures were

calculated by means of the formula

2J {«;—0,000690) = 1 + 0,00370 t
i)

borrowed from Amagat's latest observations on the compressibility

of hydrogen ').

Volumes and pressures were carefully calculated to within Viooo,

as in these experiments no higher degree of accuracy wa» to be

expected.

The two glass manometers were screwed in the usual way into

two steel cylinders, which were partly filled with mercury, and for the

rest with glycerine which transfered the pressure from a compres-

sion-pump. The lower ends of the cylinders were connected by a

steel tube filled with mercury ; at their higher ends they communi-

cated by means of a brass tube with T-piece for joining on to

the compression-pump.

By connecting the cylinders at their lower ends, a contrivance

1) he. cit.

'^) Versl. Kon. Akad., 2'J May 1897; 21 June 1897. Comni., N». 39.

") Versl. Kon. Akad., 35 June 1S9S. Comm., N". -ta.

•) For explanation see a following communication.

') Annates de Cliim. et de Phys., 6e série, t. XXIX.
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recently introduced by Hartman ') a difference of the levels of' the

mercury in the two cylinders is avoided, a difference which we

should have to take into account without being able to determine it

with sufficient certainty. The only thing now left to be taken into

account was the hydrostatical difference of pressure caused by a

different height of the mercury in the two tubes, and of the diffe-

rence in capillary depression caused by the difference in diameter

of the two tubes. An experiment made on purpose showed this

difference to be about 7 m.m., a quantity which could be neglected

as being smaller than the possible error of observation in the mea-

surement of the pressures.

Suitable temperatures ranging between that of the room to a

little above the critical temperature of carbonic acid, were obtained

by means of an apparatus first used by van Eldik, and at the same

time with me by Hartman. The bath was constructed in a way
as described by me in a former paper and as it was used afterwards

by VAN Eldik. Whenever small fluctuations of temperature occurred

the observations were reduced to one and the same mean temperature

by making use of an approximated coefficient of temperature which

could be deduced from the uncorrected experiments.

§ 3. TJie isotliermah.

In table I the results of the determination of isotherinals arc

communicated. The pressure is expressed in atmospheres, the

volumes have been measured by taking as unit the theoretial volume,

viz. : the volume that would be occupied by the same quantity

of the mixture at a temperature of 0° C. and under a pressure of

1 atm., if it followed the laws of a perfect gas-;.

The reduction to 0° C. was made by means of the coefficient of

expansion of carbonic acid 0,00371 ^), the reduction to 760 m.m.

by means of Boyle's law which in the range of pressures here

coming into account was sufficiently accurate.

') loc. dt.

2) For rurl.liur explaiiatiuii see a fullowiiig üoiiunuiUL'atiou.

^) See u i'ollüwiii"- commuiiiciitiou.
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Mixture 0,049*. Isotliermals.

Temp.
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Fig'. I shows the system of isotliermal lines '). At temperatures

below 27^.50 I observed separation into two phases; 27.50 is the

temperature of the critical point of contact of the mixture. The

isothermals of 15°.30 and 21".50 show distinctly a discontinuity in

slope resulting' from the separation into two phases.

In the diagram the points where condensation begins and ends

are connected by a curve, which forms the limit between the area

where there is only one phase and the area where there are two.

The common tangent to the border-curve and the isothermal is

not horizontal as in the case of a pure substance. As for the

course of the border-curve at still smaller volumes, it is bound

to show a point of inflection somewhere and to be reversed

finally towards the axis of the volumes. In the figure however the

convex side is turned towards this axis, so that the reversing will

probably occur only at a very high pressure. I observed that at a

temperature of 27°. 10 at a decrease of volume the meniscus became

more and more indistinct and disappeared at last in the middle of

the tube as a mist when the volume 0,004063 and the pressure

91.85 atm. were reached. And so this point is the plaitpoint for the

composition .('^0,0494. The critical point of contact cannot be deduced

with accuracy from the experiments themselves; the best way is to

find out from the figure the point of contact of the critical isothermal

and the border curve. In doing so we find with pretty great certainty

the elements of the critical point of contact for the composition

,rz= 0,0494; < = 27°.50; v = 0.0048; p =87.4 atm.

The value of the coefficient of pressure for different volumes can

be determined from the isorhermals above the critical isothermal. These

coefficients of pressure within the narrow limits of the temperature

may be considered as constant, and the observations at large volumes

point to this fact. These coefficients of pressure are:

V = 0.0338 (—) — 0.13S
\dUv

281 0.170

225 0.216

203 0.245

180 0.283

158 0.336

conimunicatioii, the iiumbers here given and others occuriug m this coiiiiniiniL-atiou

do not exactly agree with tliose published in the dutch communicatiou. The volumina

uuderliued are those where separatiou in two phases takes place.

1) Fig. 1 has been constructed at an arbitrary scale. The exact one we oljtaiii by

multiplying the abscissae by I,i2'i7, and the ordinates bv 0,99.

20
Proceediugs Roval Acad. Amsterdam. Vol. 1.
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TABLE IL

Mixture .v z^ 0.0194. Condeusatioii liucs.

Temp.
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Physics. — „Mcasi(re)H(iits on fhe iiiu(/neiic rotatory dispersMii of

gases.'' By Dr. L. H. Siertsema. (Communication W. 4G

from tlie Physical Laboratoi'v at Leiden by Proi'. II. KaMER-

LiNGH Onnes.}

(Eead in tlie meeting of December 24"' 1898.)

1. Description of the apparatus. Tlie figures given licre are intenrleil

to complete and to illustrate the description ') of the apparatus used

in the investigation.

Fig. 1 shows a general view of the whole apparatus and of the dif-

ferent electric circuits, fig. 2—5 show the two nicolbearers in section.

For the description of these I refer to the communication of March

189G, for the coils to that of June 1893, for the optical apparatus

and several other details to that of January ]8V)5. The description

of the mirror-reading of which fig. 6 gives a general view, and

fig. 7 and 8 represent some details, may also be found in the latter

communication. Fig. 9 represents the high-pressure tubes with the

manometer, fig. 10 shows one of tlie high-pressure stopcocks that

have been used. Fig. 11 represents a section of the system of tubes

for the cir(!ulation of water together with the thermometers.

EXPLANATION OF THE FIGUEES.

Fig. ]. General arrimyement of the cqjparatiis. A collimator, B smaller nicol-

liearer, C and 1> coils, Ji greater nicol-liearer, TF experimental tnlie,

G screw for the rotation of the smaller nicol-bearer, which is connected

with it by the steel wire RH, guided by the pulley 0; / weight for

pulling back the nicol-bearer. L vertical graduated glass scale on which

the rotation of the mirror N is read in the telescope K by means of

the intermediate mirror M, P prism and Q telescope of the spectro-

meter, X switchboard where the currents are supplied, y arc-lamp, the

motor of which is fed through a thinner wire originating from terminal 3,

a resistance and /3 amperemeter in the arclamp-circuit, e switch for trans-

ferring the current from the coils to the resistance Y or for breaking the

current, J commutator for reversing the current in the coils, Z switch

by means of which the whole apparatus can be switched out except

the shunt T, which sends a derived current to the galvanometer V
with the stop-commutator U.

Fig. 2— 5. Section of the two mcol-bnirers. a nicol, mounted in a cylinder q, and

kept in its place in the nicol-bearer m by means of a ring i with adjusting

screws, f experimental-tube, on to which the tube with flange n has

been soldered and which is fastened to the nicol-bearer by the nut g
with the stuffingriug t, e connecting nut for the high-pressure conduit,

// level, flange with six bolts and nuts ;;, c glass plate with nut d

and leaden-stufting ring r, which is prevented from being forced out by small

rings «, // handle to wliich the steel wire //. (comp. H tig. 1) is fastened.

1) Verslag Kon. Akad. 1893/9-t, p. 31; 189-1/95 p. 230; 18'J5/9G p. 294, 31 7;

1S9C,97 p. 131, 132; Comm. Phys. Lab. Leideu N", 7, 15, 24, 31.
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Pig. C. General arraitgeitu-nt of the mirror-readbig. K telescojie, L graduated

glass scale, illuminated by the minor-strips Q, M intermediate mirror,

-A'' reading mirror.

Fig. 7 and S. Ilomding of tlic mirror on the mit in the flange of the smaller nicol-

bearer. rl nnt, X and J' two rings, Z tastening-screws, .V reading-mirror.

Fig. 9. High-pressure conduit. J" cylinder with compressed gas, ^ high-pressure

stopcock for closing the former, B stopcock for closing the mano-
meter, C and J) stopcocks for drawing oft' the gas, T connection T\itli

the experimental tube.

Fig. 10. High-presivre Hapcoch. See J, B, C and 1) of the preceding figure.

Fig. 11. Sections of the tides for the circulation of water together with thermo-

meters, i i tubes in sections, /-j supply, I.:^ outlet, l^ and 7; thermo-

meters, z'i, and »«2 nuts.

Fig. 12. Curves of the rotaton/ constants. See furtlier on.

2. Formulae for interpolation of different forms. It has been

stated in a previous communication ^) that the different theories of

tlie magnetic rotation lead to two forms of formulae for the rotatory

constants of «, viz.

« = § +^+ (H)

With a view to the fact that in the case of oxygen we obtained with

the first form a better accordance with the rotatory constants ob-

served than with the second form ~), we have published in the later

communications only formulae for interpolation of the form (I) with

two terms. In the nieantime the continuation of the calculations

showed that for nearly all gases the form (II) with two terms was

more satisfactory. The contiary proved to hold only for oxygen and

for the mixtures of oxygen and niti'Ogen, among which we may
mention in the first place air, further a mixture with 87.8 percent

oxygen, on which some observations have been made in the be-

1) A'ersl. Kon. Akad 1S9-1/95 p. 237; Comm. Phys. Lab. at Leiden IS'». 15, p, 27.

') " " " '/ p. 238; /' r „ " ^•^ 15, p. 2S.
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ginning i), and a mixture with 26.0 percent, on which only a few

observations have been made not published hitherto. For these

mixtures form (II) required three terms, as was the case with

oxygen.

For judging of the accordance of the formulae we have always

calculated the probable error of an observation of the weight one,

according (o the rules of the method of least squares. In the

two first columns of the following table these probable errors are

to be found. They are computed by taking three terms in the form

II for oxygen and mixtures containing oxygen as said above, and two

terms for the other gases, and belong to the rotatory constants

expressed in minutes, multiplied by lO*^ ami for the pressure and

the tempeiatiire mentioned in the observations.

P 11 O B A B L E ERRORS.

'onu of fürmula for iutei
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«=-« + -^ (HI)

which gave tlie errors given in tho third column of the table.

3. Laiv of mixtures. "When we wish to apply the corrections

for impurities in the gases investigated, we have to assume a law,

from which the magnetic rotatory constant of a mixture can be

calculated from the constants of its constituents. Tn a former com-

munication 1) a simple law has been assumed, without any conside-

ration of its theoretical basis.

We can deduce this law from the supposition that the magnetic

rotation is an additive property^ and that the rotatory constant of

a mixture is therefore equal to the sum of a number cf terms, to

which each molecule contributes one. Let the condition of the mix-

ture be determined by the pressure p, by the temperature t and for

the rest by assuming that in the unit of volume «iVgrammolecules

of one component are mixed with (I — //)iV of the other. Let

(Jp.Uv^ ^^ t'le amount which a grammolecule of the first component

contributes to the rotatory constant, and ^"/>,f,i_^ the same for the

other component and let ^^(Ji>,t,i^ he the rotatory constant of the

mixtuie, then we find that

^V
i>j)^ t,i^^ 3' ," (j'p, M^ + A' (1 — a) ()'),^ ,_ i_^

and therefore

(>P- 1,1^ =^ ft (/'p, (, K + (1 — /') i'"p, 1. 1—c •

The quantities (Jp,t,^ , introduced here, which we might call

molecular rotatory power, will depend on the condition of the

molecules determined by />, t and fi. The way in which they depend

on these variables cannot be deduced from the observations without

the aid of a molecular theory, except in the case when u = and

we have therefore to deal with simple substances.

In applying this law we assume these quantities (v to be constants

and then we can deduce them from those for the simple gases. Let
)•' and r" be the rotatory constants for the two gases at the pressure

p and the temperature t. Let further .c and y be the volumes of

the two substances which we should have to mix in order to obtain

the unit of volume of the mixture, all these volumes being measured

») Verslag Kon. Akacl. lS9i/95, p. 230. Coram. Pliys. Lub. Leiden \". 15 p. 36.
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at the i^ressure p and the temperature t. Then we may deduce

from the foregoing law that

r ^ X r' -\- y r"

which expression agrees with the one assumed before. It may be

remarked that the quantities », )', »•", x and y are taken at one and

the same presfjure p and one and tiie same temperature i, and moreo-

ver that on account of discrepancies from Daltou's law x-{-y may
differ from 1.

This law of mixtures deduced for gases, agrees, if the molecular

rotatory power is considered to be constant, with that which has

been adopted l)y Jahn ^), Wachsmuth ^) and oUiers for mixtures of

liquids and saline solutions.

4. Bemlis. Bij applying the above-mentioned law of mixtures

we can calculate the rotatory constants cf the pure gases, as has

been shown before. The following table gives the coefficients of

the formulae

_ ^1 4_ A - ^V 1 ^ "^M (I)

^2
I

^4
= ^(' + F (H)

which represent the rotatory constants «, expressed in minutes, and

multiplied by 10''.
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The luimLiers given differ slightly from those communicated before i)

on account of a general revision of the calculations.

The law of mixtures may further be applied, as has been done

before ^), to the mixtures of oxygen and nitrogen and the observed

rotatory constants may be compared witli those computed from the

components. This comparison will prove very satisfactory in the

case of air, but less so in the case of the two other mixtures.

In fig. 12 curves are given showing the relation between

magnetic rotatory constant and wave-length, which are drawn by

making use of the values calculated from some of the communicated

formulae for interpolation. They prove clearly that the dispersion

of the magnetic rotation for all gases, oxygen excepted, is pretty

much the same. If we consider the large coefficient of magnetisa-

tion of oxygen, it becomes evident ^) that the magnetic rotatory

dispersion depends on the magnetic properties of the substance, a

fact to which H. Becquerel has drawn the attention *).

It is a striking fact that the order of the gases examined, when
they are arranged according to the values of the coefficients di and

rfn, should be the same as the one found for the coefficients of

magnetisation. This appears from the annexed table :
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The fact that d^ is almost the same I'oi' all ^^ases v.irh small

coefficients of' magnetisation seems favourable to Mascart's formula

which leads to a formula for interpolation of the form (I) ; coeffi-

cient ;' in this form is related in a simple way to (/j, and is acc(U"-

diug to Joubin's investigation ^) in a high degree dependent on the

coefficient of magnetisation.

If we express the rotatory constants in circular measure instead

of minutes, we obtain the following coefficients

UVO,,=.^+^^ 1 +
(h

(I)

10.1" 6/ ^ -^ + -^
/2 A* A3

1 4- (11)

pressure
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A
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does not agree with our Bumber; neither is our value of No to

be composed from Perkin's atomic values.

If following Perkin we take in COo for 1 atom carbon 0.515,

we find O3 = 0.323, which would be more agreeable to the value

0.39, which HiNRlCHS^) deduced from organic acids. Taking everything

together the agreement is fairly well, except for nitrogen.

') HiXKiciis. C. E. 113, p. .500 (1S91).

(February 28«l 1899.)



KONINXLIJXE AKADEMIE VAN WETENSCHAPPEN

TE AMSTEKDAM.

PROCEEDINGS OF TPTE MEETING

of Saturday February 25tii 1899.

fïranslatcd from: Verslag van de gewone vergadering der Wis- en Natuurkundige

Afdeeling vau Zaterdag 25 februari 1S99 Dl. VII).

CojiTESTS: ,,0n the oithoptical circles belonging to Unear systems of conies." By Prof. Jan de
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p. 321. — „On a simplified theory of the electrical and optical phenomena in moving
bodies." By Piof. H. A. Lorektz, p. 323. — „Stokes' aberration theory presupposing

an ether of inequal density." By Prof. II. A. Lorektz, p. 323. — „Measurements on
the system of isothermal lines near the plaitpoint, and especially on the process of the

retrograde condensation of a mixture of caibonic acid and hydrogen." (Continued). By
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one plate). — „Measurements on the change of pressure by replacing one component
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(Communicated by Prof. H. KAMERLixoa Okxes), p. 328. — „On the velocity of electrical

reaction." By Dr. Ernst Cohes, (Communicated by Prof. H. W. Bakhuis Roozebocm),
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Electrified systems, placed in a Magnetic Field." By Prof II. A. Lorektz, p. 340.

The following papers were read

:

Mathematics. — „O/i the oytlioptical circles belongliKj to linear

systems of conies." By Prof. J. de Vries.

1. The locus of the points through which we can draw ortho-

gonal tausents to the conic

A ^ B
21

Proceedinss Roval Acad. Amsterdam. Vol. I.
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is the circle represented by

a^ + y^ = iA+B) C.

This orthoptical circle (Monge's circle) is real for the ellipses

and the hyperbolae situated in the acute angles of their asymptotes,

and imaginary if the hyperbola lies in the obtuse asymptote-angles;

it degeneratos into a point for the rectangular hyperbola {A-\-B=0)

and for the system of two right lines {C=0). With the parabola

it is represen<:ed by the directrix.

The orthoptical circle being concentric with the conic to which

it belongs, the centres of the orthoptical circles « of a pencil of

conies lie on the conic 7, containing the centres of the pencil.

If now, following Mr. Fiedlek, we represent each circle by the

vertices of the two right cones of which it is the base-circle, the

system (0) is represented by a skew curve of the 4'^^ order £2i.

Indeed, each plane perpendicular to the plane V of the orthoptical

circles intersects the conic in two points and bears two pairs of

points representing orthoptical circles.

The skew curve £2i being intersected in four points by a plane

parallel to T', there are in («) four circles with given radius.

So the system («) contains four point- circles; it is evident that

we find these in the double points of the three degenerated conies

and in the centre of the orthogonal hyperbola belonging to the

pencil.

2. The system («) contains two orthoptical right lines, viz. the

directrices of the two parabolae in the pencil. Each of these lines

is represented by two planes inclined to the plane V at angles of

45°, i.e. parallel to four generatrices of each rectangular cone //j

having its vertex in a point P of V and placed symmetrically with

respect to this plane.

The cone 11^ bearing the images of all the cii'cles through P, and

the above named four points at infinity )'epresenting two right lines

not passing through P, the remaining four points of intersection

of Hi with £2i will represent two circles (w) intersecting in P.

Therefore

:

The orthoptical circles of a pencil of conies form a system with

index two.

This can also be shown as follows. The tangents through P to

the conies of the pencil are arranged in a (2,2)-correspondeuce,

each ray through P being touched by two curves. Tnis system his
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two pairs of rays in common with the involution of the lines,

intersecting in P at right angles ; so through F pass two circles (o.

Two planes intersecting the plane V in the right line I at angles

of 45° have four pairs of points in common with the curve 124,

This shows that I is touched by four orthoptical circles. Their

points of contact are the coincidences of the (2,'2)-correspondence,

determined on I by the system («).

a. If we represent the form

^" +r + «•' + ^'j + <•

by C, the system (w) is represented by the equation

Ci + 2 A C3 + A2 Cg = 0.

The power of the point (.r, </) with regard to the circle indicated

by a definite value of A is then represented by

Ci + 2 A C2 4- A2 Q
1 + 2 A + A2

This expression becomes independent of A if we assume the radi-

cal centre of C], Cj,,, C3 for (j-, y). So all the circles (o have a com-

mon radical centre or, in other words, all orthoptical circles cut a

fixed circle 1 at right angles.

As ^f must bear the point circles of (w) we may conclude to the

following theorem:

The circle throayh the diagonal points of a complete quadrancjle

contains the centre of the orthogonal hyperbola determined by the ver-

tices of the quadrangle. Through its centre pass the directrices of

the parabolae ivhich can be drawn through those vertices.

Considering the obtained results as a property of the rectanguhir

hyperbola it can be expressed in the following terms

:

The diagonal points of each complete quadrangle inscribed in a

rectangular hyperbola can be connected by a circle with the centre

of that curve.

4. All circles « being orthogonal to the fixed circle yj their

images lie on the orthogonal hyperboloid of revolution with one

sheet cutting V in yl at right angles.

So the image £2^ is the section of this hyperboloid with the cylin-

der, which is orthogonally cut by V in the conic ;'.

21*
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When the base points of' tlie circle form an orthocentric group i)

all the conies are rectangular hyperbolae ; so the system (a) consists

entirely of point-circles.

The orthogonal circle y/, bearing them, passes through the diago-

nal points of the complete orthogonal quadrangle and coincides with

the circle of Feuerbach (nine-points circle), containing as is known

the centres of all the orthogonal li^perbolae through the vertices and

the orthocentre of a triangle.

5. According to the method of Fiedler the orthoptic circles

of a net of conies will be represented by a surface, intersecting the

plane V of the net in the locus of the orthoptical point-circles.

Any point P determines a pencil belonging to the net, one of

the base points of which is -P ; so through P passes an orthogonal

hyperbola. From this follows, that the orthogonal hyperbolae form

a pencil situated in the net. As was said above the orthoptical

point- circles of this pencil lie on the circle y/, passing through the

diagonal points and the middle points of the six sides of the qua-

drangle of the base points.

The remaining point-circles « are centres of pairs of lines and

form the cubic curve, called the PIessian of the net.

Three pairs of lines of the net belong to the pencil of orthogonal

hyperbolae and consist of orthogonal i-ight lines. The double points

must lie on the Hessian as well as on the circle yl; so these curves

must touch each other in three points.

Both loci of point-circles forming together a curve of the 5* order,

the image of the system of orthoptical circles is a surface of the b^^

order .S'j.

Each right line of V is touched in each of its points by owe conic

of the net; each right line determines the direction of the axis of

a parabola belonging to the net. From this follows, that the point

at infinity of each right line cutting V at angles of 45° is to be

regarded as the image of an orthoptical right line.

So the points of contact of the asymptotes of the rectangular

hyperbola representing all the circles through two points belong to

the ten points common to S^ and that hyperbola. The remaining

eight points of intersection representing four circles it is evident

from this that we can draw four orthoptical circles of t/ie system

through any two points.

') That is to say: four points, each of which is the orthocsntre of the triangle

havino' the others for vertices.
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6. If Z7r and Vy represent tlie differential quotients of the qua-

dratic function U with regard to x and y, the centres of tlie conies

of the net

f/ + A T' + ^ T-F =

are indicated by the reUitions

So in general any point (.c, ?/) is the centre of one conic. On the

other hand any of the four points determined bv

U^: U^= V, : T'^ = W^ : Wy

is the common centre of an infinite number of conies. For each of

these points the above mentioned linear equations are dependent of

each other, so that A and // are connected by a linear relation ; so

in this way a pencil of conies is characterized.

Conseqitently the surface Sr, contains four right lines perjjendi-

cular to V.

7. Let us now consider the orthpptical circles belonging to the

conies with four common tangents. Any right line through the point

P determining a conic of the tangential pencil, the tangents through

F form an involution. This contains only one pair of rectangular

rays; so P lies on one orthoptical circle.

The wellknown property accoi'ding to which the centres of the

tangential pencil lie in a right line, also proves that the orthoptical

circles of a tangential pencil form a pencil.

According to the circles of that pencil passing through two fixed

points or intersecting a fixed circle orthogonal or touching each

other in a fixed point, the system (co) will be represented by a rec-

tangular hyperbola with its real axis perpendicular to V or situated

in Fj or by two right lines cutting V at angles of 45°.

So the system («) contains no more than two point-circles or, in

other words, the tangential pencil can contain only two rectangular

hyperbolae.

A conic of the tangential pencil degenerating into two points, the

line joining these points is the diameter of the corresponding m. In

connection with the statement above the wellknown property results

from this:

The circles described on the diagonals of a complete quadrilateral

as diameters belong to a pencil.
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8. Finally we consider a tangential net.

Two right lines through P which intersect at right angles are

touched by one conic of the net. If the right angle included by

these lines turns about the vertex P the pairs of tangents drawn

through Q to the variable conic form an involution. For every ray

s, drawn through Q, determines a tangential pencil belonging to the

net, having the pairs of an involution (r, r-') in common with the point

P. The conic touched by the orthogonal pair (r^ r') has a second

tangent s' through Q, forming with s a pair of the involution indi-

cated above. The orthogonal pair (s, s') determining a conic for

which r and r' are at right angles to each other, we can draw but

one orthoptical circle through the points P and Q.

According to the circles (ro) possessing an orthogonal circle or

intersecting a fixed circle in two diametrically opposite points or

passing through a fixed point, the obtained net of circles is repre-

sented by an orthogonal hyperboloid of revolution with one or two

sheets or by an orthogonal right cone.

Chemistry. — "Oh solubility and meltingpoint as criteria for

distinguishing racemic combinations^ fseudoracemic mixed crystals

and inactive conglomerates." By Prof. Bakhuis Roozkboom.

Though several times attention has been drawu to the phenomena

of solubility and melting in order to distinguish between the types

mentioned above, no certainty has been attained as yet.

1. Solubility. "We only get a clear insight in the phenomena of

solubility by drawing attention to the number of solubility curves

obtainable at a given temperature.

If (Ja is the proportion of the

saturated solution of the dextrosub-

stance D, and Ob the same for the

laevosubstance L, these two are equal

at the same temperature.

By adding L to the Z)-solution

and vice-versa we now get, if no

racemic combination appears at the

temperature used, nothing else than

two solubilitycurves, starting from

^ a the points a and b and meeting in

Fig. 1. c. Their precise direction depends on

the manifold actions that can take place in the solution. From

the perfect equivalence of L and D it results however necessarily

that c must always lie on the line OB, which halves the angle of
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the axes, so tliat the solution which is equally saturated with L
and with D is inactive, no matter how great the excess of L or D
with which it is in contact.

If at another temperature a racemic combination is possible, we
get three solubility-curves de, efy and gh. The second regards the

solutions of the combination; here ƒ represents the pure solution, c

and f/ those which are acquired in presence of an excess oi D or L.

At the transition temperature the curve in the middle disappears

(point ^1). Here too the solution is always inactive. If therefore an

inactive substance is a conglomerate (by which I mean a solid mix-

ture in which the components lie side by side separately) of L and

D, we shall never get as a saturated solution anything else than

point c] if the substance is a combination we can get three solu-

tions, as we dissolve it alone or with an excess of L or D.

Phenomeva observed at evaporation. On this subject experiments

have lately been made by Kippikg and Pope. From the figure of

the solubility-curves it is easy to deduct, in the graphic manner first

instituted by Schreinemakers, 'that in case of the evaporation of a

solution containing an excess of D or L, the solution arrives at last

in point c — that is to say becomes inactive — in case no racemic

combination exists at the temperature used. If on the other hand

this combination does exist — we arrive with an excess of D to

a final point in e, with an excess of L in y.

In this manner it would be equally possible to make out what is

deposited : conglomerate or combination — if in these evaporation

experiments care were always taken that the necessary crystallisa-

tionnuclei were present — a circumstance to which K. and P. have

paid no attention.

Partialli/ racemic combinations. These have lately been discovered

by Ladenburg and been studied with a view to the solubility in

D- and Lstrychninetartrate.

The symmetry of fig. 1 disappears in that case owing to the

unequal solubility of the two components. Consequently point A
will generally lie no longer on OB. It results therefrom that the

combination, even before its transition-temperature is reached, already

possesses a temperature-interval of partial decomposition. So Mr. Laden-

burg is wrong in the opinion that this combination in its transition-

temperature must furnish a solution, containing an equal amount of

D- and L-tartrate.

At temperatures situated in the decomposition interval, we now
only get two kinds of solutions in case the combination is dissolved

alone and with an excess of D or L.
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Pseudo-raccmk mixed cnjdals. As I dcuionstrated on a former

occasion, mixed crystals must be considered as one solid phase. For

mixed crystals formed of optical antipodes, if they exist, it will per-

haps be possible to appear in every proportion. In such a case we

should only get one solubility-curve in fig. 1, connecting the points <<

and h and being symmetrical again.

If at lower temperatures, a racemic combination should appear,

the continued mixing-series would be broken by it. The sketch of

the solubility curves would consequently be altered in so far that

the lines KA and CA would pass into one continnous curve. The

evaporation phenomena would equally be altered.

11. Melting points. The opinion exists

that a higher melting point is a proof of a

racemic combination when compared with the

melting point of the antipodes. Uncertainty

exists when the melting point of the inactive

substance is equally high or lower.

Here too,' it is only the study of the

melting- and congealingcurves along their

entire lengths, that can give us sufficient

certainty.

If no combination, nor mixed crystals exist,

fig. 2 must give the groundplan for the

congelation. The mixing proportions of L
and D are indicated on the horizontal axis,

B the temperature on the vertical. A and B
are the melting points of L and I). AC is

K^ the congealing-line for liquids depositing L,

BC for such as deposit D. Every mixture

congeals at last in C to an inactive conglo-

merate of L and D. If on the other hand

there is a racemic combination, two types

are possible, represented by fig. 3 and 4.

In these C is the melting point of the com-

bination, which is higher or lower than the

melting points A and B. Independent of

this fact, the congelation now leads to three

curves, the one in the middle representing

the case that the combination is deposited.

It has two branches.

If, to end with, there is a continual mixing-

series, there will be but one congealing

curve. But the latter need not be, inarepre-

(
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sentatiüu as the one used here, a horizontal line connecting A and

B-as was the opinion of Kipping and Pope, but may quite as well

show a maximum or a minimum, which then however lies at 50

pCt. I even suspect such to be the case in camphersulfonic chlorid

and carvontribromide.

Accordirg to these views, neither a higher nor a lower melting-

point furnishes a proof on the nature of an inactive substance, but

the stud}' of the entire melting-line does.

A single curve serves in case of mixed crystals, two curves in

case of an inactive conglomerate, three in case of a combination.

Other remarkable phenomena may still present themselves, in

case transformations of the combination, mixture or conglomerate

appear after the congelation.

Mathematics. — ".4 geometrical interpretation of the invariant

11 {ah)" of u binari/ form a^" of even degree". By Prof.
n+l
P. H. SCHOUTE.

With regard to the creation of the beautiful theory of the in-

variants undoubtedly very much is due to Sylvester as well

as to Akonhold, Boole, Brioschi, Caylry, Clebsch, Gordan,

HerMITE and others. As early as 1851, indeed, he developed in his

treatise: "O/i a remarkable discovery in the theory of canonical forms

and of hyperdeterminants" {Phil. Mag., Vol. II of Series 4, p.

3f)l—410) the foundation upon which the theory of the canonical

forms is based. The principal contents consist of the proof of two

theorems. According to the first the general binary form of the odd

degree 2n— 1 can always be written in a single way as the sum

of the 2n— 1«' powers of n binary linear forms; according to the

second the binary form of the even degree 2 n can be written as

the sum of the 2 «"^ powers of n binary linear forms — and in

that case in a single way too — only when a certain invariant

vanishes. For this invariant witli which we shall deal here compare

a. 0. Gundelfinger's treatise in the '^Journ.
f.

Math.", Vol. 100,

p. 413—424, 1883, and Salmon's "Modern higher algebra", A^^ eA.,

p. 156, 1885. So the theory of invariants of a certain form of any

kind is ruled by the question about the minimum number of ho-

monymous powers of linear forms by which it can be represented.

(Compare a.o. Reye in the "Journ. f.
Math.'\ Vol. 73"^ p. 114—122).

With this the theory of involutions of a higher dimension and order

are closely allied. Likewise theorems pre deduced from it relating to
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liypergcometry. For all this we refer to two important papers by

Mr. W. Fe. Meyer. The first, published at Tubingen 1883, is entitled

;

^^Apolaritat und Bationale Ctirven^^ ; the second, inserted as '^Bericht

iiher den (jegemvartigen Stand der Tnvariantentheorie" in the 1^' Vol.

published in 1892 of the ^^Jahrcsbcn'clit der Deutschoi Mathematiker-

Ve)-eini(jiing\ is an invaluable report about this branch of Mathematics.

On page 365 of the former work a theorem appears under /.j.

which is closely connected with our subject.

It goes without saying that it must be possible to reach con-

verfely the above quoted theorems of Sylvester and the higher invo-

lutions connected with them starting from the theory of poly-

dimensional space. Indeed, Mr. f'LiFFORD has stated already in

1878 in his important treatise "0« the classification of loci'' {Phil.

Trans., Vol. 169, part 2°^, p. 663—681) that in this direction a

geometrical interpi'etation of any invariant of a binary form is to be

found. So in trying to determine a certain locus in space with an

even number of dimensions I have fallen back upon a geometrical

interpretation of the invariant of Sylvester; however examining

the above mentioned literature I soon discovered that this interpre-

tation had already been found.

Yet I wish to publish my study. In the first place because it may

prove that the geometrical way is at least equally simple as the

algebraical. Secondly on account of its containing a method of eli-

mination I have as yet nowhere met with in this form. Tiiirdly

because it is not quite impossible that entirely corresponding inves-

tigations may lead to a geometrical interpretation of other general

invariants ^).

1. A curve allows of a twofold infinite number of chords, con-

taining together a threefold infinite number of points. If this curve

is situated in the space S'^ with three dimensions these points will

fill the whole space and one or more of these chords will pass

through any given point. If the curve is situated in the space 'S'^'

with four dimensions the locus of the points through which chords

pass, i.e. the locus of those chords themselves, is a curved space of

the thii'd order. The point from which we start here is the investi-

gation of this curved space for the simplest possible case, namely

*) I think e. g. of tlie invarinnt (aJ)"" {cdf" (ac) [id) of a general binary form a^"'*'^

of odd degree (compare Salmon 1. c, p. 129, problem 2""^) forming an extension of

Ibe discriminant of at'', of wliicb as yet no general algebraical interpretation seerag

known.
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that of the uormal curve of the space S^' that is of the rational 64 of

the fourth order, represented by the equations

:

A2

where j-q, rf-j, .rj, .r^, .^4 are the homogeneous coordinates of tho

point L of the curve belonging' to the parametervalue A.

2. If Ai and A^ are the parametervalues of any two points ^i

and ij on C4
, the coordinates of any point A of tlie line joining

-^1 and Z/2 are given by the relations

^'o = ^'i + Pi

a^ =pi>.i + Pi h

''3 = Pi ^1' + P2V / (1)

''•3 = P\ h^ + Pi h^

Xi = pi A,* + Pi A2* ;'

and now by eliminating the four quantities Aj, A^, pi, p.^ we find

the equation of the locus required.

The result of this elimination is the cubic curved space

For if

P\K +Pih

**'o '^1 ^^

.Tj a-3 arj

*2 H iJ"*

P\ Al + Pi Ao Px Xi" + P2 ^2'

P\ ^1" 4- P2 ^2" Pi ^1^ + ^2 ^2^

(2)

P\ h^ + i02
^^2- P\ ^l^ + Pi h^ Pi ^1* + Pi h*

is written down, it is immediately evident that every combination

of partial columns vanishes after easy simplifications, two of the

three columns being equal to each other ^).

1) As I already stated above, I nowhere met with this simple deduction of the

invariant of Sylvf.steh which can be pursued through all spaces S~". In the original
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3. Tlie osculating space belonging to tlie point L of C4 has for

equation

3-0 A* — 4 3^1 A3 + 6 .7-2 A3 — 4 3:3 A + «-4 = . . . (3)

So the coordinates .rg, .ci , xo,, xo, x^ are the coefficients of the form

«0 (- If + 4 .ri (- If + 6 .r^ (- If + 4.3 (- A) + -u

of the fourth order in (— A) , bare of the binomial factors.

So the result (2) can be written as j = and represented symboli-

cally by {hcf {caf {ahf z= (i (see a. 0. Clebsch-Lindkmann's '^]^orle-

sumjen ilber Geometvié'\ I, page 229). From this ensues at the same

time that any point of the obtained locus is distinguished moreover

from any point taken at random in the space 'S* by the property that

the four osculating spaces of C4 passing through it belong to four

harmonic poiuts of the curve. We shall point this out more directly.

We suppose in the formulae (1) the (juantities Xi,'k2^P\iP2, to be

given ; then by substituting in (3) the values ensuing from this for

n. we shall find

Pi{^-hf^P2Q^-hf = ^ • (4)

as the equation which gives us the parametervalues of the four

points L of C4
, whose osculating spaces intersect in the point A

of the line L] L^ given by(l). If for convenience' sake we take the

points Li and Lj as base points with the parametervalues and 00,

this equation can be reduced to A*— 1=:0 and the roots 1,-1,
V— 1, — V— 1 show immediately that the pairs of points belonging

to (1,-1) and \y—1,-1^— 1) separate each other harmonically,

whilst each of these pairs behaves in tlie same way with reference

to the pair of base points L-^ Z3 belonging to (0, co). By this, not

only the harmonic position of the four points (4) has been indicated

but moreover the following theorem has been proved:

"Any two points L^ , L^ on Ca determine on this curve a qua-

"dratic involution I^ of which they are the double points. If ot

"this 12 we join two pairs separating each other harmonically we

"get the biquadratic involution /} represented by the equation (4)

work [Phil. Mag. 1. c.) first a binary form of odd degree is discussed and tlie

invariant belonging to forms of even degree are reached at the end by a round-about

way. In Salmon (1. c.) and otherwhere the determinant is regarded as an extension

of the covariant of Hesse built up out of second differentialquotients, here differen-

tialquotients of the éth order, etc.
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"characterized by the particularity that each of the two points

"7/1 , L^ counted four times represents a quadruple of it. The oscu-

"lating spaces belonging to the points of any quadruple intersect in

''a point A of LiL^. And if this quadruple describes /^ , the point

"^ generates on Li L^ a series of points in projective correspondence

"with li."

Moreover we easily find ')

:

"If J[ and A' are two points of the line L-^L^ harmonically sepa-

" rated by Lj and Z-g, the quadruple of /^ belonging to A has the

"combination of ij and ig with the quadruple of Jj, belonging to

"^1' for its sextic covariant T. And combination of the quadruples

"belonging to yl and ^' generates an involution of the eighth order."

The indicated h is represented by the equation

so it is characterized by the particularity that each of the two points

L^ and L^ counted eight times represents an octuple of it.

4. We now pass to the space 5" and there we determine the

locus of the planes having three points Zj L^ L^ in common with

the normal curve Q,

A»

of that space.. This is obtained by eliminating the six quantities

Aj, Aj, Ag, pi, p2i Pi between the seven relations

't = Pi h'' + P2 h^ + ;^3 ^-3^ (5)

where k must take the values 0, 1, . . . 5, G. In quite the ?ame way

as above we find here the curved si)ace >^^' with five dimensions of

the fourth order represented by

— 0.

In fact, the form T of .r/ ± xJ is x^ x^ (.t'l* =F «2*).
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Tbc first member of tbis equation is again an invariant of tbe sextic

a; (- A)G + G ri (- If+lb X, (- Xf + . . . + 6 .r, (_ A) + .r^,

whicb made equal to nougbt indicates tlio osculating space belonging

to tbe point L.

Now we find in the ordinary manner by passing to the use of

symbolic coefficients and by noticing their mutual equivalence tbat

tbe indicated invariant may be represented by (a&)2(rtc)2(a(Pj(6c)2(6c?)2(crf)-.

Naturally if tbe invariant i) vanisbes there is a connection between

tbe six points of Cg whose osculating spaces pass through the point

A of tbe plane L\ L^ L^ indicated by the formulae (5), for substi-

tution of the values following out of (5) for tbe seven coordinates

•n in the equation of tbe osculating space of the point L gives

Pia-^if+p2i>^->^2f+P3i^-h)' = ^ ... (6)

So we have tbe following theorem :

"Any tbree points L-^, L^, L^ on Cg determine on tbis curve an

"involution -?o" of tbe second dimension and tbe sixth order of which

"eacb of tbe three points counted six times represents a sextuple.

"Tbe osculating spaces belonging to the points of any sextuple inter-

"sect in a point A of tbe plane L^ L^ L-^
;

if tbe sextuple describes

"7e^, the point A generates in tbe plane L-^ L^ L^ a plane system in

"projective correspondence with /e*-"

The considered invariant of a^^ is indicated by Sylvester as

"catalecticant" because its vanishing is the condition under which

aj^ can be represented as the sum of three sextic powers; in con-

nection with this an aj^ allowing tbis reduction is called a "meio-

catalectic" sextic [Pliil. Mofj. I. c. page 408).

5. Finally we examine in the space S^" tbe locus of the linear

space S"-i baving n points Lj, L^, . L„ in common with the

normal curve C2n represented by

1) If according to tlie common notation /= US'' and /• =
(ƒ, jy — (« 0}' lu- bz^ =

tlie t'ourlh transvectant of f with itself, tlien the indicated invariant is the fourtli

transvectaut (/.-,
/••)'' of k with itself (see Gordan-Kirschensteiner " ForlumiiffeH über

Itwaricmtmitheorie", Vol 2, page 3S6).

For the following case ƒ=«/ we have got to deal with an iuvariaut of the fifth

order in the coeflicients. There being (see a.o. von Galj/s two papers in the "Math.

Aim." Vol 17, p. 31—51 and 139—153, 1S90 on "Das volhtamlit/e lormuimyüem mier

biniiren Form adder Ordnnwf) hul one invariant of this kind, our invariant must in

this case correspond to the one indicated by the sign /i, t.
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1
~

A

''an— l •''an

For this the 2 n quantities Aj, A3, . . . A„, p^, p^, . . . /j„ must be

eliminated between the 2n -j- I equations

(7)

where successively 0, 1, . . . 2><— 1, 2» has to be substituted for /:.

In the indicated wav we shall "-et the result

X.2

H

•'»—

1

J'k+ I

^«+1

. (8)

^;i—

1

^n •'(1+1 • • ^2n—2 ^2n^l

Xn a*„+i a-,, +2 • • '''2»— 1 «"a/i

Likewise in this general case the Ici't hand member of this equa-

tion represents an invariant of the binary form of the 2/*^^ degree

in (— A), which made equal to nought indicates the osculating space

belonging to the point L of A. In symbols this invariant is indica-

ted by n {alif where 11 is the general sign of multiplication and
'>+i

where the index « + 1 points to the fact, that the multiplication

must be extended to the i « (« + 1) factors {ahf which can be

formed of « + 1 set of coefficients a, b, <,... i).

By substituting the values (7) in the equation of the osculating

'space we find

(9)

that is to say

') Probalily the ü;eueral uot-atioii n {nljf makes its first appearance liere. At

least I t'ouiul everywhere the notation in the form of a determinant and nowhere
a symbolic representation nor a reduction to trausvectauts.
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"By takiug on the normal curve Co,, the n points ij
, //o,...L„

"arbitrarily we determine on it an involution J^ of the dimension

"«— 1 and the order 2», of which each of those n points taken 2n

"times forms a group. The osculating" spaces belonging to the 2n

"points of any group of that involution intersect in a point A of

"the linear space S^ , containing the n given points; if this group

"describes the involution I^^^ the point A generates in S
^

a linear

"system in projective correspondence with 1^^^
."

As far as I am aware of up to now a polydimeusional interpre-

tation suiting all values of n is known of three general invariants,

namely of the discriminant 2?, of the invariant {ab)^", and of the

invariant of Sylvester dealt with here. If a" ^ is again the equa-

tion of the osculating space of the normal curve a- =r A'', {k — 0,\,...n)

in the space with n dimensions, corresponding to the parametervalue

A, then i> = represents as is known the curved space \( _,.^

with )i— 1 dimensions of the order 2 {n— 1) which is enveloped by the

osculating space if A varies; leaving alone the supposition n = 2, which

has no sense, we get that n^3 gives in the ordinary space the develo-

pable surface having the cubic normal curve of that space as cuspidal

line. According to Clifford (1. c.) (ab)-" = is in the space S'"

the quadratic curved space -S'^ with 2»— 1 dimensions repre-

senting the locus of the point lying in a space S"" with the points

of contact of the 2n osculating spaces of the normal curve of that

space 'S' " passing through this point; whilst the corresponding inva-

riant (a?>)2"-' of the normal curve of the space S'"~ vanishes iden-

tically and the indicated particularity presents itself there, compare

the case of the skew cubic in our space, for any point.

For the case «= 4 the invariant (a&)'''= is identical with «=
(Clebsch-Lindemann I.e.) and at the same time the condition that

the four points of contact of the osculatingspaces through any point

of the locus form an equianharmonic quadruple. Moreover D is a

linear combination of i-^ and ƒ, from which finally ensues that any

plane cuts the space 7? = according to a curve of the sixth order,

having the six points of intersection with the surface of intersection
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of both spaces i=0, j =0 for cusps ; in each of these points the

section of the phine with the osculating space of j = form the

cuspidal tangent. As is known the space i> =r 0, also by the aid of

its double surface i = Q , j = 0, divides the space 6* into three parts

containing the points for which the number of the real osculating

spaces passing through them is successively 4, 2 and 0.

Physics. — Prof. Haga made, both on behalf of himself and Dr.

C. H. Wind a communication: „On the deflexion of X-rays".

Deflexion of X-rays was proved on the experiment being arranged

as follows

:

The RöKTGEN-tube was placed behind a slit 1 cm. high and

14: microns wide; at 75 cm. from the latter was the diffraction slit,

which gradually diminished in width from 14 to about 2 microns.

The photographic plate was placed at 75 cm. from the diffraction

slit. Time of exposure from 100 to 200 hours. The image of the

slit first became narrower and then showed an unmistakable broa-

dening. From the width of the part of the diffraction slit corres-

ponding to this broadening and the character of the broadening au

estimination can be made of the wavelength. It appeared that X-rays

exist of about O.l to 2V3 Angstrom units, comprissing 4 octaves.

(A detailed paper will appear in the Proceedings of the next meeting).

Physiology. — Prof. Stokvis presented for the Library the

inaugural dissertation of Dr. G. Bellaar Spruyt: „On the

physiuhgical action of metlujlnitramine in connection with its

chemical constitution."

At different occasions our member Prof. Franchimont exposed

in our meetings his views about the chemical structure of nitra-

mines, especially of methylnitramine. Till yet the question about

the intimate chemical constitution of these compounds, in reference

to the manner, in which their nitrogen is linked with the other

elements, is an open one. Whereas some authors believe, that the

nitrogen of nitramines is linked with hydroxyle, so that the whole

compound is a species of nitrite: H— — N = 0, Prof. Fran-

CHiMONT rejects this view, and considers it linked in a cyclical

/O ^0
way, for instance H — X | or H— X . As Prot. Franchi-

MONT considered it of some value to study the physiological action

of nitramines, to the aim of throwing more light on the open

22
froceediugs Royal Acad. Amstcalam. Vol. I.
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cliemical question, Dr. Spruyt took the matter in hand in the

Pathological Laboratory of Amstordam. In applying to nitramines

and nitrites the well known law of the relation between chemical

constitution and physiological action, which is best expressed in

this formula: "compounds of homologous chemical structure possess

homologous physiological action," we may conclude, that if nitra-

mine should belong really to the group of nitrites, its physiolo-

gical action must be also that of a nitriteeompound. The physiolo-

gical action of nitrites is a well known one. They are all toxic

substances. Dr. Spruyt considered it as a first step in his researches

to state the physiological effects common to all nitrites without

exception, to the nitrites as well derived from alcoholic radicals,

as to the simple alkali-nitrites. As such he found invariably:

1*' the formation of methaemoglobiue out of the haemoglobine of

the blood in the living body as well as in the blood "in vitro";

2°<^^ dilatation of the arteriolae, and rapid sinking of the arterial

bloodpressure;

S'"^ injurious effects on the intensity of the contraction of the

isolated frog's heart, as fast as the nitrites circulate with the blood

through it

;

é^^ paralysis of the nervous system in frogs, convulsions in

mammalians.

In experimenting on frogs and rabbits with methyluitramine-

natrium, dissolved in a physiological salt-solution. Dr. Spruyt never

found one of the essential phenomena, which are produced by

nitrites. The methyl-nitramine-natrium compound behaved itself in

the animal body and its liquids on the contrary as a fast indiffe-

rent substance.

If we consider, that nitrite of amyle C^ H*— —N= is one

of the best known nitrites, with an eminent toxic action, in which

all the physiological effects of nitrites are represented in the most

typical way, and if we pay attention at the same time to the

remarkable fact, that Schadow in his study of the physiological

action of nitropentan, which is an isomeric compound of nitrite of

amyle never met with one of the essential phenomena, produced

in animals by nitrites, the conclusions, which Dr. Spkutt arrived

at, are easily conceived. These conclusions are : that the study of

the physiological action of methylnitramine makes highly probable

the opinion of Franchimont about its chemical structure (nitrogen

linked in a cyclical way), and is in direct contradiction with IIantscu's

hypothesis, that it should contain nitrogen linked to hydroxyle, and

belong to the nitrite-group.
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Physics. — ^On a simplified theory of the electrical and optical

phenomena in moving bodies". By Prof. H. A. Lorentz.

(Will be published in the Proceedings of the next meeting).

Physics. — „Stokes' aberration theory presupposiny an ether of

inequal density''. By Prof. 11. A. Lorentz.

(Will be published in the Proceedings of the next meeting).

Physics. — „Measurements on the system of isothermal lines near

the plaitpoint, and especially on the process of the retrograde

condensation of a tuixtnre of carbonic acid and hydrogen^'.

By Dr. J. Verschaffelt. (Continued). (Communication n". 47

from the Physical Laboratory at Leiden by Prof. H. Kamer

LINGH ONiNES).

§ 5, The course of the plaitpoint curve.

Two other mixtures *•= 0,0995 and ir = 0,1990 were investigated

in the w^ay described in § 2. But in the case of these two

mixtures the investigation could not be made so completely as in

the case of the first mixture. For * = 0,0494 we could trace the

isothermals pretty far above the plaitpoint-pressure; but for .t = 0,0995

the plaitpoint was situated towards the end of the series of observations,

and for a- = 0,1990 the observations could only be made till near

the critical point of contact. B\' means of these observations, the

results of which are communicated in the tables III and IV, we

can derive some information regarding the course of the plaitpoint

curve in mixtures of hydrogen and carbonic acid in the neighbour-

hood of pure carbonic acid.

22=*
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TABLE III.

Mixture .r=; 0,0995. Isothermal lines.

n,
i

Volume. T>lemp. „ „ rressure. Temp.
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T ABLE IV.

Mixture .r= 0,1990. Isothermal Hues.

Temp.
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T A 15 L E V.

Border- curves.

Begiu. condensation. End condensation

Temp .

Volume. ' Pressure. ' Volume. Pressure.

.,• = 0,0494

15°.30l 0.01111

2P.S0| 0.008545

26°. 8o' 5850

5625

540

27°. 10

(ïl.p.t.)

27°.30i

27°. 50'

cr.p.ofcont,;

temp.)

48

57.20

67.90

81.75

83, CO

84.6

87.4

0.002543
I

102.9

2892 100.0

3833
! 93,20

4063

427

48

91.85

90.5

87.4

.r = 0,0995

10°. 90



Dr. J. VERSCHAFFELT, Measurements on the system of isothermal

lines near the plaitpoint, and especially on the process of the

retrograde condensation of a mixture of carbonic acid and hydrogen.

>OiJ
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shaped border-curves of the mixtures which touch the plaitpoint

curve in the plaitpoint. In the critical point of contact the tangent

is parallel to the p-axis.

In this figure I have also drawn the vapour-pressure curve

of pure carbonic acid, as determined bj- Amagat i). By con-

necting the plaitpoints with the critical point of carbonic acid

:

< = 31°,35, /) =: 72,9 atm., we obtain a part of the plaitpoint curve.

This plaitpoint curve rises steeply. It is probable that it also rises

steeply from the critical point of hydrogen: t = — 234°,5, p = 20

atm. 2).

The course of the plaitpoint curve found thus agrees with Kundt's^)

observations on the influence of the pressure of compressed hydrogen

on the surface-tension of liquids in contact with it, if they are

understood as van Eldik *) has explained in his doctor-paper. Van
Eldik points out that the pressure at which the surface-tension

would become zero is the plaitpoint pressure which corresponds to

the temperature of observation. Moreover he has investigated the

law of the surface-tension as a function of the pressure. He con-

cludes that the plaitpoint pressure for hydrogen and ether at the

ordinary temperature would be no less than 750 atm , from which

follows a steep rising of the plaitpoint curve for ether and hydrogen

on the etherside.

The experiments communicated in this paper are not the first

that have been made on the critical phenomena in mixtures of hy-

drogen and carbonic acid. Cailletet '") has made experiments with

a mixture containing about 5 mol. of CO^ on 1 mol. of H^. They

were undertaken in order to show, with a view to Jamin's expla-

nation of the critical phenomena, that by increase of hydrogen-pres-

sure the carbonic acid is bound to disappear. Cailletet has found

that this really occurred and this at a higher pressure as the tem-

perature was lower; for instance at 245 atm. at 15°, and at 153

atm. at 25°. But when we have to construct the border-curves and

the plaitpoint-curve we can set no value upon these observations,

as Cailletet did not secure the equilibrium of the phases by

stirring ; and only since Kuenes '^) has avoided the appearing of

') Coiuptes rendus, 114, p. 1Ü'J3, 1893.

*) See Olszewski, VVied. Ann., 56, p. 183, 1893.

') Ber. d. Kön. .\cad. v. Wiss. Berlin, il Oct. 1880.

^) Van Eldik, Dissertation, Leideu 1S98. Communie. Leiden N». 39.

') Comptes rendus, 96, p. 1448, 1883.

"j KuENLN, Dissertation, Leiden 1892. Communie. Leiden N". 4.
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phenomena ol' retardation, the experimental investigation of tlie critical

phenomena in mixtui-es has led to reliable results. That phenomena

of retardation give rise to important deviations is shown by the fact

that Cailletet has observed condensation at 2r>°, whereas my expe-

riments show that the critical point of contact of his mixture after

equilibrium of the phases has been obtained, ought to be found at

about 23°.

Physics. — „Measurements on the change cf pressure by suhstiiution

of one component bij the ether in mrxtuies of carbonic acid and

hydrogen". By l)r. J. Verschaffelt. (Communication N". 47

from the Physical Laboratory at Leiden by Prof. H. Ka-

meelingh Onnes. (Continued.))

§ L Change of pressure by substitution.

Tables VI—X contain the results of the determination of isotherraals

in mixtures with a still larger quantity of hydrogen than those

treated of in the former communications. In these mixtures no conden-

sation-phenomena appeared in the area observed ; and so they cannot

reveal to us anything more about the fui'ther course of the plaitpoint-

curve, but in connection with the results communicated before, they

show us in what way, at a given temperature and a given volume,

the pressure of the mixture depends on its composition.

With the aid of all the determinations communicated we have

first calculated the coefficients of pressure, the values of which for

different compositions and volumes are given in Table XL Then

we have calculated for one and the same temperature (18° C.) the

isothermals of the different mixtures and represented them in a new

diagram, the p-v-a- diagram. On this diagram we have read the

pressures belonging to one and the same volume for different mixtures

:

table XII contains the values read in this way for some volumes.

As will be explained in § 2 we have chosen the units of volume

for the different mixtures so that 1 c.m.^ of each mixture contains

the same number of molecules, when the volumes of these mixtures

expressed in the units accepted for this purpose, have the same

value. Table XII therefore shows the change in pressure when,

starting from one of the two substances in pure condition, we gra-

dually substitute the molecules of this substance for an equal number

of molecules of the other substance.
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'Jlio character of this „change

of pressure by substitution" is il-

lustrated in the annexed figure : in

this diagram the abscissae repre-

sent the compositions, and the

ordinates the pressures for the

volume 0,020 and at the tempe-

rature 18° C. From this figure it

appears that this change of pres-

sure is not proportional to that of

the composition, the pressure is

always greater than would follow

from a linear relation ; if only a

small fraction of the number of

hydrogen molecules is substituted

by an equal number of carbonic acid molecules hardly any change

in the pressure takes place.

Table XII shows clearly that neither the coefficients of pressure

undergo any material change, when the number of hydrogen mole-

cules substituted by carbonic acid molecules is only a small fraction

of the whole number of hydrogen molecules.

-1
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Waals for a—b (Contimiiteit p. 91) from Regnault's observations.

And so he obtained in KG. M. S. the equation

p J^ —)(v—b)= 2262000 (l-J^ut)
,

Avhich he thouglit fit for detorniinint;' the deviation of the gases

from Ayogadro's law ^).

In tlie ease of hydrogen we sliall however use Amagat's obser-

vations below 200 atm., which we have also used in determining

the pressures. With sufficient approximation they yield for the

isothermal of 0" C.

p{v — 0,OOOG90) = 0,99931 2),

when the normal volume is chosen as unit. Hence in order to

obtain the theoretically normal volume we must multiply the volume

at 0° and 1 atm. by 0,99931.

From the weight of 1 liter of hydrogen : 0,08955 gramme at 0°

and 760 m.m. mercury, 0° C. and 45° latitude and the molecular

weight of CO3 : 43,89, we deduce the weight of a liter carbonic

acid to be 1,9652 gramme under the same circumstances ; Regnault

found for this 1,9771, which mc;ins a deviation of 0.0060 from the

theoretical value with respect to hydrogen. The density of carbonic

acid is therefore 0,0053 higher than the theoretically normal density,

so that in ordo' to find the theoretically normal volume of pure

carbonic acid we must multiply the volume at 0° and 1 atm.

by 1,0053.

An observation made by Bkaun ^) gives us some information on

the deviations of Ayogadro's law shown by mixtures of carbo-

nic acid and hydrogen. He has found that when we mix two

equal volumes of hydrogen and carbonic acid under a pressure

of about 71 cm. mercury, the pressure rises 0,097 cm. thus

0,0014. And so we may accept that when taking two equal

volumes of hydrogen and carbonic acid we obtain by mixing a

1) The problem in general hiis been treated by v. u. Waals in his conmiiinications

"On the accurate determination of the molecular weight of gases from their density.'*

Proc. Nov. '98 and "Variation of volume and of pressure in mixing II.'" Proc. Dec. '98

") See Kamkrlikgh Onnes. Verh. Kon. Akad. v. Wet. ISSl. Algemeene theorie

der vloeistotien, p. 5— 7. Abstract: Arch. Neerl. t. XXX.
^) Wied. Ann., 34, p. 9i8, 1888. Kuj-;nen has pointed out a similar change of

pressure in mixing compressed gases by stirring.
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(lüuble volume uiiilei' ii pressure of 1.0014 atiu. Let « bc the nuiubei'

of molecules which one Yolume of a perfect gas would contain at

0° and 1 atm., so that 0,99931 n is the number of molecules of

hydrogen and 1,0053 n the number of molecules of carbonic acid,

then it is easy to see that one volume of the mixture at 0° and

1 atm. must contain 1,0009 n mol. And so in order to find the theo-

retically normal volume of a mixture consisting of an equal number
of molecules of hydrogen and carbonic acid w^e must multiply the

volume at 0° and 1 atm. by 1,0009.

Let, as in v. d. Waals's paper, x be the proportion of tlie number
of hydrogen-molecules to the whole number of molecules, tlien avo

can represent the deviation from Avogadro's law by the numbers:

1,0053 for x= <d, 1,0009 for a;= 0,5, and 0,99931 for *=1. The
deviation for intermediate mixtures can be found with sufficient ap-

proximation by applying a parabolic formula of the form ?/ =: a -j- ^.r-j-cr^j

and then we find that the deviation may be represented by

I/ — 0,99931 + O.OOGO {\—xf .

According to this formula the influence of small admixtures of

carbonic acid with the hydrogen is very small, a fact to which the

attenticm will be drawn later on.

For the reduction to 0° C. we had to use the coefficients of

expansion of the mixtures. As a first approximation I might have

calculated the coefficients of expansion with the aid of a linear

formula from the coefficients of expansion of the pure substances:

0,00366 for Hj, 0,00371 for COa- But led by the previous result

regarding the deviations from Avogadro's law I thought it probable

that the dependence of the coefficient of expansion on the compo-

sition it would show the same characteristics; and so I was obliged

to put it thus

:

0^ = 0,00366 + 0,00005 (1— ,r)2 .

\\\ determining the theoretically normal volume of hydrogen it was

mentioned that by starting from different experimental data we
arrive at diÖerent deviations from Avogadro's law.

This is even more so in the case of carbonic acid. If by the side

of the number 0,99950 for hydrogen formerly accepted by Kamerlingii

Onnes we alst) borrow from v. D. Waals's Continuïteit (p. 76) the

number 1,00646 for carbonic acid (deduced from Regnaült's iso-

thermal lines) and if wo substitute this for Regnault's determination
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of the density of carbonic acid we should find for the mixture '/2

hydrogen— Vj carbonic 1,00158, whence:

y = 0.99950 + 0,00136 (1— ,r) + 0,00560 {l—xf .

From the point of view of a consistent application of VAN der

Waals's law a calculation of the theoretically normal volume of

the carbonic acid from the normal volume and the compressibility

would be preferable to the method of calculation followed by me.

But then the proportion of the weights of one volume of carbonic

acid and hydrogen in the state of perfect gases and the molecular

weights would be discordant, and it are the latter which we want as a

basis for our choice of units of volume (with a view to v. d. Waals's

theory of mixtures). The influence of the differences yielded by the

calculations from the different data is not such as to render doubtful

the character of the change of pressure when substitution takes place,

but still in my determinations the discrepancies differ little from the

errors of observation. From this we see once more the necessity of

accurate observations with perfectly pure substances in order to make
progress in the knowledge of the laws which govern the gaseous state.

TABLE VI. .r= 0,3528. TABLE VIL .T= 0,4993.

Volume

0,0 Pu°-V)

2810
i

34.441 36.85

2585
1
37.17

I

2442
j

39.15

2299 41.38

2159

2014

1869

1724

43.77

46 54

49.70

53.35

39.80

41.96

44.38

46.95

49.99

53.45

57.40

15S7
1
57.351 61,80

1480

1340

J207

1067

09255

60.90, 65.75

71.75

78.45

66.35

72.40

80.3(ii 87.25

^

89.90 98.30

07940:101.60112.0

06510115.3
I

Vülume

0,0
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TABLE Vlil.

i— 0,6445.

Volume

0,0
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TABLE XII. Pressures at 18°.

Volnme
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Electrode, rever- i Saturated solution of the
i

Electrode, rever-

sible with respect
[

salt S in presence of the sible with respect

to the anion. ;
metastahle solid phase of the ' to the cathion.

! salt.

are coupled up in opposition to each other, a transition element of

the third kind ^j is obtained.

If the salt (S' is zinc sulphate, the combination in question may
be composed of two Clark-ccHs; in the one Zn SO4.. 7 H3O, in the

other Zn SO4 . 6 H2 forms the solid phase provided that the tem-

perature lies between the crj'ohydratic temperature of ZnS04.6H20
and the transitionpoint (39°).

2. Tlie electromotive force E of this transition element is the

measure of the maximum work which the reaction occurring in the

element at the temperature T can perform.

In a later communication I shall show how E may be calculated

by thermodynamics.

Experimentally, E may be directly determined or it may be cal-

culated from the measurements of Jaeger^), who has measured the

E. M. F. of CLARK-cells at different temperatures, Zn SO4 . 7 Hj

(the stable phase) or Zn SO^ . 6 H3 (the metastable phase) being-

present as the solid phase between 0'' and 39°.

In this way the following numbers are obtained :

EJI F. of the trausition elemeut.Temperature.
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transition element proceerls at the temperature 2 is represented by

the equation

EK= (1)

where 2{iV) is the sum of the internal resistances (at T*^') of the

elements of which the transition element is composerlj and E the

electromotive force of the transition element at T^.

I have shown ^) that the internal resistance of a CLAKK-cell at

2'° is proportional to that of the zinc sulphate solution, saturated

at r«.

Let the measured resistance of a saturated solution of

Zn SO4 . 7 Hs = ^1

and that of a saturated solution of Zn SO4, . 6 H3 at the same

temperature = W^. Then

^ ( W)to= (p, W,)to + {p, W,)to ,

where pi and p^ are constants depending on the capacities of the

CLARK-cells used and of the vessels in which the resistances of the

saturated solutions were determined.

If the same vessel is used for all the measurements, the equation

may be written

^{W)r, = piW,+ W,) .

If we call i2i and il^ the specific resistances of the saturated

solutions of Zn SO4 . 7 H3 and Zn SO^ . 6 Hs at TO and ü the

resistance-capacity of the vessel employed in measuring W^ and TFj,

then

and K =

Q, = y. W^

E

Or K^ ^ E
il, + n.

1) The paper reliitiug- to this will appear shortly in the Zeitschrift lür physikalische

Chemie.
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The values uf' the electrical reaction vclücitij conatant, ifj, are

placed in the hist column of the following table, which contains

the results of the observations.

A',-I'
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From this it is clearly seen that starting Iroiu 39° the velocitij of

electrical reaction rapidly increases, reaching a maximum at about 9"

and then diminishing again.

It is worthy of note that the curve, which here represents the

velocity of' electrical reaction at different temperatures, possesses the

same form as that representing the rate of crystallisation of many
substances at temperatures below the melting-point '). I shall take

up this subject more fully later, as also the study of the velocity

of the following reactions:

Zn + CuSOi =Cu +Zn804 (I)ANlELL-elenient).

Zu + Ilga SO.i = Hg-o + Zn SOj, (Cl AUK-elcnient).

Zn + 2x\gCl ^Ago + ZnClo (Wakkkn de la RuE-clement).

Zn + 2 Hg Cl — Ug2 + Zn CU (Hklmiiültz clenicnt).

Amsterdam, February 1899.

Chemistry. — Prof. Fkanchimont presents to the library of the

Academy the dissertation of Mr. L. T. C. Schey entitled :

„C« syntheticaUij prepared neutral (jlyceryl-ethereal salts —
triacylins — of saturated monobasic acids with an even fiumber

of C-atoms'" and elucidates it in the following words :

Since Chevreul's experiments in the first quarter of this century,

fats, at least animal fats, are considered as mixtures of glyceryl-ethcreal

salts, on account of the products formed by them after treatment with

solutions of bases; but it is extremely rare that a glyceryl-ether has

been extracted from it in a pure form. The difficulties attached

to such separations have as yet not been sufficiently overcome.

About the middle of this century some of these glyceryl-ethereal salts

have been made synthetically by Berthelot and others, but generally

they did not obtain them in a pure condition. Now Mr. Öchey has,

with a view to the acids said to have been obtained from butter, made

synthetically eight glycerides, called by him, in order to prevent

confusion with polyglyccrindcrivatives, triacylins and Ikjs determined

') See (iEliNKZ, Joiinijil de |iliysi(|iic (2) +, (18S5) p. öl'.i. 'J'amman, Zfitsdirift

fiir ]ili)'s. Chemie, u. ;i. X'.'J, "H't (1888). v "t IIokk, \'(iiiesiiii^cii ulier tlieur. uiul

plivs. Chemie (1898). b. Hu.
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their deusity, refructive power and meltingpoiiit. Ut' tliese eight, three

were entirely unknown viz caproin, caprylin and caprin
; three: buty-

rin, pahnitin and stearin had formerly been prepared synthetically,

but the former two certainly not pure ; two : laurin and myristin had

only been obtained from natural products, but neither quite pure.

The method of preparation adopted by Mr. Sciiey consists simply

in heating glycerin with an excess of the acid up to a temperature

at which neither the glycerine, nor the acid, nor the ethereal salt

suffer decomposition and under circumstances in which the water

formed is immediately drawn off as completely as possibly e.g. by a

slight current of air and under diminished pressure in the apparatus,

this being followed by fractional distillation in vacuo or crystalli-

zation from diiferent solvents, until one of the properties mentioned

underwent no further noticeable alteration by this treatment. This

fact led to the conclusion of the purity of the product; Mr. Schey

attaching little value to elementary analyses in these cases, they

have not been made.

The determination of the specific gravity was always done by

weighing a certain volume of the substance and an equal volume of

water at the same temperature; the exactness acquired in this way

holds good up to one or two unities of the 4"^ decimal.

The refraction-index was determined for sodium light with a refrac-

tometer of Pulfrich with which generally the 4"' decimal is certain.

The determination of the meltingpoint has not been so exact, but

that differences of one or two tenths degrees may occur.

Mr. ÖCI1EY has not only determined the three properties of his

products, but also of the original substances (the acids), which were

purified to the highest possible degree, except the two highest acids,

which Dr. L. E. 0. de Vissee of Schiedam had kindly procured

him in a veiy pure condition. Of the eight triacylins prepared,

tricaprin offers the highest guarantee of purity because it crystallizes

best of all and was obtained in great, clear, well-formed crystals ; the

lower terms are at the ordinary temperature liquids of whicli tribu-

tyrin alone has an intensely bitter taste.

Finally Mr. Schey treats of the methods by which it is possible

to calculate, approximatively at least, density and refractive power

of these substances. The calculation with the numbers determined by

others for the atomicvolumes (even Trauce's with the co-volumes)

and for the atomicrefractions, gives results differing pretty much from

those found by liim. He here points out the little certainty offered

by the generally accepted values for atomicvolumes and atomic-

refraction.

23*
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Another method of calciihitioii ulrciulv iuilii'utL'd hy Bekthklot

ill 185(i viz. from the moleouhir-volumes and tlie niulecuUir-refrac-

tions of the substunces that have interacted, at equal temperatures,

led to better results. It has alread\- been remarked by others, that

the ethereal salts of the fatty acids in general often seem to be formed

without great change of volume and this seems equally to be the

case with triacvlins. For capriu the result of this calculation of the

molecular-volume even perfectly agrees with the one really found

;

it does not result therefrom that this should necessarily be the case

with the other terms as well, and in the subjoined table given by

Mr. ÖcilEY their deviations are shown.

A third method of calculation starts from what is found for one

of the terms and as all of them rise or fall with an equal diffe-

rence of composition, it takes into account the average value of this

difference. Starting from capriu, as the purest product, the values

calculated on this base and those for molecular-volumes and molecu-

lar-refraction concurred pretty well, as will be seen from subjoined

tables.

As to the melting-points it was found that they were quite or

nearly quite equal for capric acid and for tricaprin, while for the

lower terms of the Iriacylins the meltingpoint is below that of the

acid, for the higher ones on the other hand above it, which does

not agree with what Bektiielot thought to have found.

This work will be published in the Keoueil des ïravaux Chimiijues

des Pays-Bas et de la Belgique.

Physics. - y,Uit. the- \"thr(iiionn of' Electrified Systems^ /ihiccd In a

MiKjiictic FiehV'. By Prof. 11. A. Lokentz.

(Rend in the lueetiiis of Jaiiiuiry ~'8"' IS'J'J).

t^ 1. Many spectral lines show the ZEEMAN-effcct according to

till' well known elementaiy theory, and are tiius changed into

triplets or, if viewed along the lines of force, into doublets, yet thcie

are a rather large number of cases, in which the phenomena are more

eonqilieated. CoiiHU ') found that the line />i becomes a quartet,

whose outer and inner components are polarized, the first parallel

and tiic latter perpendicularly to the lines of force. Similar quartets

have been observed in other cases. Sometimes^), in triplets and (piar-

1) CoRNU, Comptes reiidiis, T. \Hi.

'^) JjiJcmJKKiiL ;iiid DissLANDKiis, (Viuipte? ii'udus, T 127, p. 18.
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tots, tlu! iiiiKM' lUid Diitcr lines have inlcrcliaiincil tlicii' oiiliiiary

states of polarization. Finally Miciiklson, Pueston ') and otlior

physicists bavo seen a division of some lines into ,">, (! or oven more

oomponents.

I shall examine in this paper, to what extent such multiple lines

may be explained by appropriate assumptions concerning the way in

which light is emitted. Of course I am perfectly aware of the possi-

bility that my interpretation of the facts will have to be replaced

by u more adequate one. Tiie special form of my hvpothescs has

the less value, as in the only case in which I have endeavoured

to account for all the peculiarities of the phenomena, I have suc-

ceeded but poorly, at the best.

§ 2. Since the components, into which a line is broken up bv

the magnetic force, are in many cases as sharp as the original line

itself, it must be admitted that the periods of all the luminous par-

ticles of the source i>f light are modified in the same way. This is

only possible in two ways. P^ither, in the magnetic field, all the

particles must take the same direction, or the modification of the

periods must remain unchanged, into whatever position the particles

may be turned. The firet assumption leads however to some diffi-

culties '-). I shall therefore suppose the luminous particles to be

spherical bodies, having the same pioperties in all directions. This

may be true, even though the chemical atoms be of a much less

simple structure; indeed, the vibrating spherical ion may very well

be only a part, perhaps a very small part, of the whole atom "').

It has been shown in a former paper +) that a triplet may be obser-

ved if, among the principal modes of vibration of the sysiem, there

be three, for wliich, outside the magnetic field, the time of vibration

is the same, or, as we may say, if the system have throve equiva-

lent degrees of freedom. Afterwards Mr. Pannkkoek "') remarked

that a quartet may appear if there be, in the same sense, four equi-

valent degrees of liberty, and in genei'al, a ?(-fold line, if n df the

principal modes have ecjual periods.

Now, spherical systems, vibrating in one of their higher modes,

have indeed more than three cfjuivalent degrees of freedom.

') MlCHELSON, Phil. Mag,, ^'ol. 15, 1). 348. PkesTon, ibidem, p. 525,

") See LoEENTZ, Versing der Verg, Akiid, van VVeteiistdi. V [, p. l',)7, iind Arch,

iirerl., Sér. 2, T. 2, p, .5,

') See LoHENT/,, Vershig der Verg. Akiidemie van Weteiischnppeu Yl, p. .514.

*) Wied. Ann. Bd. 63, p. 27s.

') Yershig der Verg. Akademie van Wetensehappeii VII, p. 120, Procpedings lidv.d

Acad. Vol. I, p. 'JO
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§ 3. T shall consider in the first place an infinitely thin spheri-

cal shell of radius a, charged, in the state of e(]uilibrium, to a

uniform surface-density u. The surface-density of the ponderable

matter itself will be denoted by g. We shall suppose that the points

of the shell can only be displaced along its surface, that the elements

carry their charge along with them, and finally that, after a displa-

cement, each element is acted on by an elastic force, which is

brought into play merely by the displacement of the element itself,

and not by the relative displacement of adjacent elements.

When the motions are infinitely small, the elastic force may ho

taken proportional to the displacement a. Lot it be

— /c~ a

per unit area, the constant /- having the same value all over the sphere.

The only connexion between the different parts of the shell will

consist in their mutual electric forces. If the wave-length of the

emitted radiations be very large in comparison with tlie radius of

the sphere, we have merely to consider the ordinary electrostatic

actions, depending solely on the configuration of the system. Ilence

there will be no resistances proportional to the velocities, and con-

sequently no damping. In fact, it is well known that the damping

which, in some degree, must always be caused by the loss of

energy, accompanying the radiation, may be neglected when the

wave-length is vciy much larger than the dimensions of the vibra-

ting system.

§ 4. In the ahsence of magnetic forces the shell can vibrate in

the following way.

Let i/, be a suiface haimonic of oider //. Then the displaecniciit

of a point of the sphere is

^ T/
• ^'^

Here / is the direction in the surface in which )'/, increases most

raiiidh, and is to be reoardcd as a vector in this direction I.

The coefficient p is the same all over the sphere; it has the form

q cos {vkt + () , (2)

so that ?//, is the frequency of the vibrations.
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111 ciiiiiïc^jiK'iicc dl' the (lis|il;ir;'nu'iits (1), tat' clectiie ilciisity will

havo (•lianj^od l'nun r, to

a ~

Heiuo, thoro will ho an clcctrir hiroo

2 A + 1 a ' d.l

(F = vftlofity (if light) along tlic suiracc ami, as the iK'iisity

(lifl'crs from & by an iiiHnitoly small aiiKmnt, \V(> may write im'

the force per unit area

,,/,(/, + !) o-^ an
2 /i + 1 a ' dl

'i'lic i'(iiiatl(ni nt' motion licconies

.. Yi, ,„ 8 n
, ^,., //(/, + !) <;2 9 Yi.

^ ' d / 3 / 2 A + 1 rt ' 8 /

ami the fivi|iieiu'y ni, is (Ictormincd by

^
2 A + 1 «

Thus, we see that the fiequency is tlie same for all motions

corresponding to a harmoiiic of order //, no matter what particular

harmonic of this order may be chosen.

If we put /' = 1, we ot)tain tlie frecjuency of the slowest vibra-

tions; A= 2 corresponds to the first of the higher types of motion,

and so on. However each of the difj'erent types includes a certain

number of difK'erent modes of motion.

In the motion we have considered there is a kinetic energy

V i',

r=u.r^{^yu..,

d 01 being an element of the sphere, and the integration extending

all over the surface.

In virtue of the properties of spherical harmonics we may also

write
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Thf potential eiiorgy is givoii by

r /i-(/( + ly- <f~ 1 1 r
L 2 /i -|- 1 cv' «- J ^/

If WO put

2 /) --j- 1 cc a-

and

Bu = h (/< + 1) -^V ,

tlicse formulae may be replaced by

and

§ 5. AVe shall now take for h a determinate number and consider

only vibrations corresponding to harmonies of this order. These

motions of the common frequency «/i iH'^y differ from one another by

the position of the poles of the harmonic Yj,. Moreover, vibrations

depending on ditferent functions Y/, may be superposed with any

amplitudes and phases we like.

However, not all of these modes of motion are mutually independent.

Since any surface harmonic of order h may be decomposed into

2 /' + 1 particular harmonics of the same order, there are only

2 /t + 1 equivalent degrees of freedom, for which the frequency is

w/r As for those 2 A + 1 fundamenial haimonics, as we shall call

them, they need only satisfy the condition that none of them can be

expressed in terms of the other ones. After having chosen these

functions, which I shall denote by

i'/i] . J'as , J'a.'i etc.,
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We may write for the displaceiiicut in tlie most general case We sliall

liave to consider

3 n,
,

a no
,

3 y,,,
,

where each term represents a vector ahing the surface in the manner

indicated in § 4, so that Hias different meanings in the different terms.

The potential and the kinetic energy will now be found to be

U= k flu pi~ + i 022^2^ 4- i 033^32 + etc. . . +

+ ^hiPiPi + «i3Pi?>5 + etc.,

^' = Ï hi h' + h hih' + 4 hs i':^ + etc. . . +

+ ^12 i'l h + ^13 P\ P-i + etc.,

where

Cfi,.= -'h, I y~L^dfo, a^, = A,, i y,,^ Y,,, do),

bi,^ = Bi, I Y~^^ (ho, h^, = /?/,
I
Yi,^ Y,,, d(o .

As long as we limit the investigation to tlie vibrations of order /i,

we may ignore tlie other degrees of freedom ; we may then consider

the 2 /* + 1 coefficients pi, p-x, p-.i ... as the general coordinates.

The equation of motion for the coordinate /^ will be

-1 flL\ - _ 1£

.

dt \ 3/v / 3/v

it w'ill take the form

d /a7'\ dU

dt \ d/'iM / 3,0^
Q., (0)

if, besides the forces which we have considered thus far, there are

other forces whose general components are Q^-

§ G. If an electrified system be vibrating in a magnetic field, its

parts will be acted on by electromagnetic forces proportional to the
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charges. Per unit oharoe tliesc forcos are givoii liy the voetor jtroiluft

of the velocity and the inaaiietio fmci' in the lieM.

Let there be a mode of motion A. with freqiKMicy ", before theie

is any magnetic force, and let F be the (ïlectromagnetic forces arising

from this motion as soon as the field is produced. The direction of

these forces will obviously chanj^e witli tiie frequency -', and to deter-

mine their action on the system is a pioblem of „resonance" or of

„forced vibrations". In general, tlie system will respond to the forces

F by a motion in several of its other fundamental modes. In fact,

anv particular motion B will ceitainly be excited if only the forces

-F do a positive or negative work in an infinitely small displacement

corresponding to that mode B.

Since the electromagnetic forces are perpendicular to the velo-

cities, the forces F will do no work if the infinitely small displa-

cement belong to the mode A itself. A direct influence of the forces

F on the motion A which gave lise to them is thereby excluded.

As to the other modes, all depends on their frequency. If the

frequency n' of a motion B be considerably different from «, the

forced vibration B, if it exist at all, will be very insignificant, for

experience shows the forces F to be very feeble as compared with

the other forces acting in the system. As well as the forces F
themselves, the amplitude of the forced vibrations B will be pro-

portional to the strength H of the field. Hence, the electromagnetic

forces F'j which exist in consequence of the vibration B, will be

of the order JJ^, and it will be permitted to neglect their reaction

on the original motion.

The case is quite different as soon as the frequency of B is

equal to that of A. The amplitude of the new motion B will then

rise to a much higher value; as may be deduced from the equa-

tions of the problem, it will reach the same order of magnitude as

the amplitude of A itself. The influence of the forces F' on the ori-

ginal motion will likewise be much greater than in the former case.

One mav see by a simple reasoning that this influence will

consist in a modification of the period. Since the forces F have

the same phase as the velocities in the motion A, there will be a

difi'erence of phase of ^/4 period between them and the displacements

A. On the other hand, the displacements in the motion B have

the same or the opposite phase as the forces F, and the phase of

the forces F' will differ by V4 period from that of the displacements

B. These latter forces will therefore have the same or the oppo-

site phase as the displacements A, and this is precisely what is

required, if they are to change the frequency of A.
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We see at the same time tliat the simultaneous motions A and

B will differ in phase by V4 period. This is the reason why cir-

cularly polarized light can be omitted in the direction of the lines

of force.

§ 7. The foregoiiiu- reasoning shows that, in the magnetic field,

the vibrations of order /, will never be perceptibly modified by

the vibrations of different orders. We may therefore continue to

consider them by themselves. Now, the meaning of the term Q^

in equation (5) is this, that Q^ lip^ is the work of the electromag-

netic forces corresponding to the infinitely small displacement deter-

mined by (Jpi^. But the electromagnetic forces are linear functions

of the velocities; consequently, Q^ will take the form

Qu = :^. K (Ö)

The coefficients a are easily calculated. Let the centre of the

shell be the origin of coordinates, the axis of z having the direction

of the magnetic force //. Then, if r be the distance to the

centre, and

the solid liaimonic of degree //, corresponding to the surface har-

monic Yhu, I find

Ha r

^1 Ih -.

or 9y 3s

3 w,., 3 w,., 3W^
3.I.' 3^ ' "ès

d fo (7)

I shall suppose that the axis of j/ points to the place the observer

occupies when viewing the phenomena across the lines of force.

It will sometimes be found convenient to distinguish the funda-

mental harmonics by suffixes, indicating the position of their poles.

Thus Fi will be the surface harmonic of the first order whose pole

is determined by the intersection of the axis of x with the sphere;

I'ly the harmonic of the second order, having its poles on the axes

of x and ?/, Yxx the zonal harmonic, whose poles coincide on the

axis of U-. If these notations be used, the suffix which indicates

the order of the harmonic may be omitted.
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By (7) we see that

These relations would hold for all electrified systems, vüiratino'

in the magnetic field.

§ 8. We shall begin by examining the viliralions, (lepcniliiig on

harmonies of the first order.

Let the fundamental harmonics be

i^n ^^ ^ '• > -^i~* ^= -^ .'/ '
^'

13 ^^ ^ : »

Then

:

aji = «23 = «33 = Vs ^ «^ ^1'

fljo = «23 = «o] = 0,

?-H =: Z<22 = ^33 = V'i Jia~ By = % 71 (J,

''J2 = ^23 = ^31 = 0,

h2 = V-i n Ha , fi3 = «23 = ,

and, if we rei)lace «ii, ^'ii and '12 by «1, />i, f
1

,

/^l7M = — «l/'l + 'l/'2' (8)

/'A i"2 = — «j/'i — '^l/'l ' (^)

ft\ ï'z = — "\Pi'

From these equations we conclude that, for // r= and f 1 = 0,

all vibrations have the frequency «1, given by

which follows also from (3).

When there is a magnetic field, the vibrations corresponding to

r, will still have this frequency »*], but besides these there will be

two motions with a modified time of vibration. In order to find

them, wo may suppose that p^ and pc, contain the factor e'»' multi-
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plied by quantities iiiflepeudeot uf the time. Tiien, iieglectiug

quantities of the order uf //', we may satisfy (8) and (9), by as-

suming either

P% = + ipu « — "1 + "'i

or

Pi = — i-Pi > >' — >h — «'i •

In these fuiniuhie

- _ ^1 _ ^^^

ur, writing e fur tlie tutal charge 4 /kï^o-j and m fur the tutal

mass 4 na-f/j

,
^e
4 m

la the two modes of motion, which correspond to pa— +*Pi) ^^^

P2 = — ipi , and the expressions for which are got in the ordinary

way by taking only the real parts of the complex quantities, the

coexisting Vx- and rj-vibrations will show a difference of phase of

V4 period. This difference will have opposite signs for the two modes.

The vibrations corresponding to surface harmonics of the first

order may be roughly described as oscillations of the entire charge

in the direction of one of the axes of coordinates, or, to speak more

correctly, in these vibrations there exists at every instant an „electric

moment" parallel tu one of the axes. Thus it appears that the mode

of motion we have now examined closely resembles the one tliat is

assumed in the elementary theory of the ZEEMAN-effect and it is but

natural that we should again be led to the triplets and doublets of

this theory. Only, for equal values of e and m the change ?j'i of

the frequency is half of what it would be in the elementary cx{)lanatiun.

§ 9. In investigating the vibrations of the second order we shall

introduce two new axes OX' and 01'', which are got by rotating

OX and OY in their plane and the first of which bisects the angle

XOV. \Vc shall take fur the fundamental harmonics :

r,i=r.,„ y..^- ¥,-,/, Yos = y,,, r-2i=Yy,, y^^^y,,.

We ni;iy really du so, because any harmonic of the second order
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nitiy bc rlecoiDposcd into these five t'mictious. Nuw we have the

o lowing solid harmonies

'^'25 = ^h (- ^2 _ ^C _!_ 2 c2)
,

and, putting

Va JT a~ /Jo = «o, ^/j n a~ B^ == /^g' 'Va n 11 a ^= to, ,

the following values ut' the eoetticieuts :

öj^ = «22 ^^ ":j3 ^^^ "44 ^^ ^ (f o- "j5 ^= 4 «j

i/j 1 = b... = h;^ = ^44 = 3 /?2, ^ i, = 4 /?2

f j2 = + 2 fo, f21 = - 2 f2

^31 = + fC' f4a = — f-z-

All coefficients that have not been mentioned here have the

value 0.

The equations of motion become

3/V2^>i = -3«2/'i + 2f2/'c (10)

3/^o>2 = -3«3po-2f2Al (11)

3/^2/;3 = -3«2Ps + f2/'4 (12)

3/'2i'4 = — 3 «2^)4 — fg/'a (13)

ftih = — t^ 2 Po-

li appears that, in the absence of a magnetic force, ail vibrations

of the second order will have a common frequency n.^
,
given by

When the shell is placed in the magnetic field, it will be only

for the F-,-vibrations that this ficquency I'emains unchanged, and

there will be fonr motions with a slightly increased or diminished

frequency.
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Operaring agaia with expressions that contain the factor «'"', we

can satisfy (1Ü) and (11) bv the values

P2 = -\- i Pl , I'. z= 11-2 -j- n^'

,

and likewise bv

/)j = — i pi , n =: /i; — «-.'
,

the change in the frequency being given by

, _ fe _ ^ ^ _ ^^
3 ji, 6 o 6 m

'

III both eases we have to do with a combination of a Yxy- and

a I'xY -vibration, the two vibrations having equal amplitudes, and

differing in phase by ^/^ period.

From- (12) and (13) we deduce the possibility of two similar

combinations of a i'xc- and a i.,-vibration ; the frequency is

for one combination, and

for the other.

§ 10. Similar results are obtained by supposing that a charge

is distributed with uniform volume-density o over a spherical space

and that each element of volume, after having undergone a dis-

jilaeement a from its position of equilibrium, is acted on by an

elastic force, proportional to the displacement. Let kr a be this force

per unit volume, (t the uniform volume-density of the ponderable

matter, and let us suppose that this density is invariable and that,

besides the charge 0, the sphere contains an equal charge of opposite

sign that is iminoaible. Then, outside the magnetic field, a motion

reproseuted by

(U)

may take place.

By / I have now indicated the direction in space in which the

solid harmonic H^t increases most rapidly, and the differential coefl&-

cient is to be understood as a vector in that direction. The factor n

is still ot the form (2), and lor the frequency I find



( 352 )

h ü^

(j ni^~ =r. k" -\- \ n V"
2/t + l

This formula is of some interest in connection witli an important

phenomenon that presents itself in the series of spectral lines. If,

namely, the number A is made to increase inrlefinitely, the frequency

)ih approaches to a determinate limit.

It appears from (14) that in the present case, as well as in the

former one, each type of motion corresponds to a certain spherical

harmonic. Hence, all the rcasonino-s of the foregoing articles may

be repeated with only a slight modification.

I shall not dwell at length on this subject; suffice it to say, that

in the magnetic field the vibrations of the first order have the

three frequencies

He
«1 and it]^ ± ,

2 m

whereas the frequencies of the motions of the second order are

II e 11 e

7(3 , /(n dz and ii^ =t .

~ 2 m 4 m

In these expressions e again denotes the total charge, and m the

total mass.

§ 11. The fundamental electromagnetic equations for the sur-

rounding ether enable us to determine the vibrations emitted by

the systems whose motion we have examined. The expressions for

the components of the dielectric displacement will contain terms

inversely proportional to the distance r, but also other terms varying

as the second and higher powers of »—'
. Now, it is clear that

only the terms of the first kind are to be taken into account when

we treat of the emission of light. If these terms are calculated for

the vibrations of the first and the second ordei', they are found in

a
the latter case to contain the factor — , « being again the radius

of the sphere, and X the wave-length of the emitted radiations. If,

therefore, the displacements on the sphere itself in the J'o-vibratious

were of the same order of magnitude as those in the I'l-vibratious,

the light produced by the first would be very much feebler than that

which is due to the latter. All determinations of molecular dimeu-
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a,
?iüns tend to sliow taat — is au excessively small fraction

;
if it

A

were otherwise, there woukl be so much damping- tliat the spectral

lines could not be as sharp as they are.

Now one might believe that on the sphere itself the amplitude of

the -Ta-vibrations were so much greater than that of tlie I'l-vibrations,

that the motions of the second order could produce a perceptible

amount of light, notwithstanding the smallness of the fiictor ^-. As-

suming this for an instant, improbable though it seemed, and deter-

mining by my formulae, for the shell as well as for the solid sphere,

the properties of the emitted rays of light, I was led precisely to

CoKNu's quartet if I supposed the observations to take place across

the lines of force, the middle line of the quintet vanishing alto-

gether. This seemed very promising at first sight, but, considering

the radiation along the lines of force, I found that in this case it

ought to be the two inner lines of the quartet that remained, and not

the outer ones, as observation has shown to be the case. This suffices

to banish all idea that the influence of the factor — might be com-

pensated by a large amplitude in the sphere. We cannot but take for

gi'anted that the vibrations corresponding to harmonics of the second

order are incapable of radiating. This is due to the circumstance

that in adjacents parts of the sphere there are equal and opposite

displacements of equal charges.

Of course, the vibrations of still higher orders will be equally

incapable of producing rays, and similar remarks will apply to sys-

tems of a totally different nature. Thus, the higher tones of a

sounding body whose dimensions are very much smaller than the

wave-length, will be very feebly heard, and it is for a similar

reason that the tone of a tuning fork has to be reinforced by a

resonance case. After all it seems very probable that the light of a

flame is in every case caused by vibrations in which there is a

variable electric moment in a definite direction, and which may in

so far be called of the first order, thougli they need not depend

precisely on a spherical harmonic. If this principle be admitted, it

may be shown that, along the lines of force, only those components

remain visible which are polarized in the direction of these lines
,

when viewed across the field.

§ 12. Seeking for some means by which the vibrations of the

second order might be made to reveal themselves in the spectruui,

24

I'roccediugs Royal Acad. Amstei'dam, Vol. I.
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and by which therefore the multiple lines in the ZEEMAN-effect migh

perhaps be explained, I have been led to the assumption that in a

source of light there exist not only the primary vibrations we have

so far considered, but also secondary vibrations which are produced

in the way of von Helmholtz's combination tones. This assumption is

by no means a new one. Many years ago, Mr. V. A, Julius ^) has

remarked that the many equal differences existing between the fre-

quencies of different lines of a spectrum, seem to indicate the presence

of such secondary vibrations. Indeed, it seems difficult to conceive

another cause for the constancy of the difference of frequencies

which is found e.g. in the doublets of the alkali metals. It ought to

be remarked that secondary vibrations, the word being taken in its

widest sense, may arise in very different ways. The displacements

may be so largo that the elastic forces — and in our spheres also

the electric forces — are no longer propoi'tional to the elongations.

Or, perhaps, the vibrations will cause the superficial density of the

charged shell to vary lo such a degree, that the convection current

cannot be reckoned proportional to the velocity and the original

density. Moreover, two vil)rating particles may act upon each other

and each or one of them may tlius be made to vibrate as a whole.

This case would present itself e.g., if there were hvo concentric

spherical shells, each of them capable of vibrating in the way we

have examined. They might have different frequencies, or even one

of them might have the frequency 0; i.e., one sphere might be

charged to an invariable density proportional to some surface harmonic.

It is not necessary to make any special assumption concerning the

mechanism by which the secondary vibrations are produced. It will

suffice to assume that the system is perfectly symmetrical all around

the centre of a particle and that, if in one primary vibration we

have to do with expressions of the form

:

(j cos {)it -\- c), (15)

and in a second one with similar expressions :

q' cos {n't -{- c')

,

(16)

the derived vibrations will depend on the product

') V. A. Julius, De lineaire spectra der elementen. Verli. der Kon. Akad.

Weteusch., Deel 26.



( 355 )

q q' cos (nt -{- c) cod (71't -\- c') =z ^ q q' cos [{n — ti') t -\- {c — c')] -{-

+ i
y 7' co« [ (n + 7i') i + (c + c')].

Of the two vibrations, I shall only consider the one whose fre-

quency is n—n'.

§ 13. It is easily seen, and may be verified by working out some

example, that we can obtain a secondary vibration of the first order,

i. e. one which really emits light, by combining a vibration of the

second order with one of the first order, these primary motions being

executed either by the same sphere, or by two concentric shells.

Let us now imagine the three vibrations corresponding to the

functions Yx, Yy and Yz, and the five vibrations determined by Y^y,

yxy= ^{Yyy— Yxx), Yxj) ^i/3) ^2-- Let the factor p that has been intro-

duced in § 4 be of the form (15) for one of the former vibrations, and

of the form (16) for one of the latter. By considering the symmetry

of the system, it may be shown that a secondary vibration in the

direction of one of the axes of coordinates can only be produced by

the combination of these two, if, among the three indices of the two

harmonics, the one that corresponds to the axis considered, appear

an uneven number of times. Thus the mutual action of a Vj-y- and

a Fj -vibration will call forth only a vibration in the direction of OF.

Another question is to determine the amplitudes of the derived

vibrations taking place along OX, OT and OZ. In every special case

the amplitude must be proportional to qq' ; we may therefore denote

it by multiplying qq' by a certain amplitude factor.

These factors are not independent of one another ; they may all

be expressed in terms of one of them. To understand this, it must

be kept in mind that, if the first of the two combined primaries

a and b be decomposed into some components, say into aj, aj, etc.,

the secondary vibration [a, b| may be considered as the resultant

of |ai, b}, {aj, b}, etc. If we denote the amplitude factors by

[I'.r.v, Yx]-K, etc., the last index indicating the direction of the

secondary vibration, we shall have

and

The last formula is a consequence of the relation

Yxjc + Tyy + y,, = .
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Let us put

Then

SO tliat the amplitude factor is now known in all cases in whicli the

harmonic of the second order is a zonal one whose pole coincides

with that of the other harmonic or is 90° distant from it. All other

cases may be reduced to these two by suitable decomposition of the

harmonics. In this way I find the values of the amplitude factors

inscribed in the following table ; the letters x, y, z again serve to

indicate the direction of the secondary vibration.

^xy ^ x'y' ^ xz ^ yz J^zz

Yx +^Uy.{l) -^Uy.{^) +3/4^(z) -\y.{y.\

Yy +=^/4^(x) +^Uy.{y) +3/4;i(z) -hy{i)

^z +V4;^(x) +3/4x(y) +;.(z)

§ 14. In the magnetic field there are three modes of motion of

the first order, whose frequencies are

«] + w'l , «1 — n'l , «1 (17)

We shall call the amplitudes of the variable pi (§ 8) in the first

two motions, and that of the variable ;?3 in the last one

Then there are five motions of the second order, having the

frequencies

?io -|- n\ , Jig — n\
, «2 -j" \ 'ï'z ) ''2 — è "'2 ) "2 • • (^^)

Let

respectively be the amplitudes of pi (§ 9) for the two first motions,

of P3 for the third and fourth, and of ^^5 for the last vibration.

We shall now take as an example the combination of the first

of the vibrations (17) with the first of (18).

The motion of the second order consists in a Y„,- and a F.v'^-

vibration for which we may respectively write
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)

q'l cos [ («3 -|~ "'2) ' 4" ^"'J

anti

g\ cos [ («3 + w'2) « + c' + I 7i].

On the other hand, there are at the same time a l>vibratiün

(/, cos [(?ii + ?i/) <+(],

and a ]',-vibration

1-i cos [(wj + «i')< + < + i ?i] .

ConsuUing the small table of the last Art., I find a vibration

3/4 y- qi q\ cos [ (;;3 — n^ + «3' — "1') < + <;' — c— ^/r] —

— ^/i y- q\ q\ cos [ («2 — «1 + ^i' — «1') < + c' — c + i?i] =

= ^/2 ^ 91 ïl' cos [ (??3 — «1 + ??3' — 7ii') i + c' — C — ^7l]

parallel to OX, and a vibration

^/4 y- qi ii' cos [(?i3 — 111 + «2' — «1') * + c' — c] +

+ *^/4 >f qi q\ cos
[ (»2 — ni -\- n^' — «i') t -\- c' — c] =

=; % /< "71 9l' fOS [()'o — Hi + «2' — "1') t -\- c' — c)

in the direction of OY. Hence, across the lines of force we shall

see light whose vibrations are perpendicular to the lines of force and

9
whose intensity may be put proportional to — ;<^ ^i^5'i'~. Since there

4

is a difference of phase of V4 period between the two secondary

vibrations, both together will produce circularly polarized light along

the lines of force.

By similar reasoning it is found that the second of (17) and

the second of (18) do not produce any secondary vibrations.

Examining all the 15 combinations, I find the following results,

as regards the radiation across the lines of force.

A. There will be seen in the spectrum the following lines, whose

vibrations are parallel to the lines of force.

1. A. central line whose frequency is n^— nj , and whose in-

tensity is proportional to

q,' q'-o' [12] .
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2. Two side line*, each at a distance of ^ n^'—^i trom the

preceding one. Their intensities are

J<Ii^%" L9] and ~q,^qr~ [9] .

B. The following lines will be produced by vibrations perpen-

dicular to the lines of force.

1. Two lines at distances )i.2
— n-^' from A,l. Intensities:

^qi'qi'" [9] and ^^ rj,^ g,'^ U^] .

2. Two lines at distances | «'o from A^l. Intensities:

9
. o r9l 9 ,

, „ [9]
-y3^y3-[yJaBd-y3^.yr [-\.

3. Two lines at distances n'l from -^,1. Intensities:

-yi^y,"[-Jand-9,~,,-|_-J.

In the observations along the lines of force, the lines B only

will be seen, with the same relative intensities. 'J'hey will then be

circularly polarized.

Of course, the source of light will contain innumerable molecules

for which the quantities q and q' will have widely different values.

Assuming that both the vibrations of the first and those of the

second order take place indifferently in all directions, and that even

a particular vibration of one kind may be equally accompanied by

vibrations of the other kind in all possible directions, I find for

the relative intensities the numbers inclosed in brackets.

Perhaps the way in which the ions are made to vibrate will be

unfavourable to the existence at the same time of certain particular

vibrations of the first and the second order; some of the derived vibra-

tions would then have a smaller intensity than the one indicated.

As to the middle line .^,1, it must always be weakened by ab-

sorption in the exterior parts of the source. Yet, in the case of

luminous particles of a symmetrical structure, it seems impossible

that this central line should ever vanish altogether.

§ 15. If there were no ZEEMAN-efi'ect for the vibrations of the

first order, we should have n\ = 0, and the lines B, 3 would form
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a siugle line in the middle, whose intensity would be 3. If in this

case, for one reason or another, this line -C, 3, and the lines A^ 1

and B, 2 were to disappear or to become imperceptible, we should

only see A^2 and -S, 1 and this would bo a quartet as has been

observed by CoRKU.

The case n'^ = Vs '*'i (§ 9) is likewise of some interest. i>, 1 and

B,2 would then form a single pair, each of whose components would

have the intensity -^2- The distance of these strong lines would be

half that of the lines A^ 2, and, if it were not for A, 1 and -B, 3 we

should have a quartet, the outer components of which would be

polarized perpendicularly to, and the inner components in the direc-

tion of the lines of force. Quartets of this kind have been really

observed.

§ IG. The following remarks remain to be made.

1. Since the frequency of the secondary vibrations is wholly

determined by that of the primary ones, we need not trouble our-

selves about a direct ZEEMAN-effect in these secondary vibrations.

2. Any explanation of the spectral lines must account for their re-

versibility. Consequently, the foregoing theory, which attributes some

lines to derived vibrations, will hold only, if a system can be made

to vibrate by the action of forces, whose period corresponds not to

a primary, but to a secondary vibration of the system. I believe

this to be really possible, but for want of space, I shall not now

insist on this point.

3. If one wishes to apply the above considerations to vibrations of

an order, higher than the second, one soon perceives that it is

impossible to obtain a motion of the first order by combining these

higher modes with vibrations of the first order.

Vibrations that are capable of radiating may however be derived

from two vibrations whose order diifers by unity. If now the priraai'y

motions showed the peculiarity that has been mentioned in § 10

and has been observed in the series of spectral lines, this peculiarity

would also present itself in those derived vibrations whose frequency

is the sum of the frequencies of the primaries ; it would not exist

in the secondary vibrations corresponding to the difference of these

frequencies. I must acknowledge however that this conception of

the series of spectral lines seems hardly reconcilable to the fact of

so large a number of lines becoming simple triplets in the magnetic

field.

(March 32tü, 1899.)
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The following' papers were read

:

Physiology. — " T/ie effect produced upon Respiration by faradic

excitation of some nerve-tracts'\ By C. \Yixkler and J.

Wiardi Beckman.

In one of the previous meetings ') of the Academy, we made a

communication about the results of our experiments upon the chan-

ges of respiration, occasioned by faradic excitation of the cortex of

the frontal brain in dogs. We then demonstrated, that a defined spot

(our point 16)-) answers to that excitation by increasing the func-

') C. WiNKLEE, Attention and respiration. Proceedings of the royal Academy of
Sciences. Amsterdam. Saturday, October 3t)th 1S9S. p. 121.

=) Ibidem, cf. Kg. XX—X.\:ni.

25
Proceedings Royal Acad. Amsterdam. Vol. I.
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ions of the inspiratory centre?, which are supposer] to exist in the

medulla oblongata.

Strong currents call forth a forced permanent inspiration (occa-

sionally a deep inspiration followed by lengthening (suppression) of

the expiration). Weak currents cause acceleration of respiration.

Often, both these effects, may be observed combined.

So with respect to this problem, we todk the side of MUNK i)

and Spencer -) against Hitzig -") and Frakcois Franck *).

During our experiments we found that a regular respiration was

to be considered extremely rare, with the animals at our disposal.

Acceleration of rhythm, variation of amplitude, superficial inspi-

ration alternating with a deep or a very deep one, all these appa-

rently spontaneous disturbances were often observed, and may occur

without any electric stimulatiou of the coitex. They were a hin-

drance to our experiments.

Two circumstances could be considered to be the cause of the

irregularity in the respiration of our animals
;
the naixnsis, which

could not be dispensed with, as a painful operation had to be per-

formed, and the serious operation^ necessary for the exposure of the

cortex of the brain. Both influence the respiration, increasing the

action of the inspiratory functions.

The influence of morphia-narcosis.

All the animals experimented on, were operated in ether-narcosis,

after the injection of a small quantity of murias morphici

(dt 0.005—0.010 Gr. pro kilogramme weight of the animal).

It mav be true, and we also stated the fact, that the irregular

respiration may be made into a regular one, in rhythm and in amplitude,

bv means of ether, but we did not dare make use of this poison, con-

sidering the uncertain influence exercised by it on the excitability of

the psycho-motor centres of the cortex.

On the other side it is a well-known fact, that ether-narcosis passes

') Herman Hunk. Ueber die Fiuictioiieu der Gros/.hirii-Riiide. Elfte Mittheilung.

1890. S. 131). (Geleseii in dei- Gesamuit-Sitzung der Königlichen Akademie der Wis-

seuscliüfteii zn Berlin, am 20 Juli 1882).

-) VV. G. Spencer. Philosopliical Transactions of the Ivoyal Societ\'. London 1S'.I5.

Vol. 1S5. p. 609. The effect produced upon Respiration by faradic excitation of the

cerebrum in the monkey, dog-, cat and rabbit.

') Edu.^rd Hitzig. Untersuchungeu ueber das Gehirn. Berlin 1871 S. SI.

^J
FK.^Nfois Franck. Lemons sur les fonctions du cerveau. Paris 1887. p. 126—162.
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off quickly and our experiments began at the earliest, an hour after

the cessation of the narcosis.

As for our experiments, a discussion of the influence of ether can

therefore have no value.

It was a different case, with the small quantity of morphia which

we injected four hours before the beginning of our experiments.

Our reason for doing so was partly to keep the dogs a long time

quiet (insensible to pain), partly to use its influence for the stimu-

lation of the cortex as morphia increases the irritability of the psy-

cho-motor centres to a certain extent.

The influence of morphia on the respiration was evident in all

the tracings we obtained of our animals. In consequence of the very

moderate dose of morphia which was used, the respiration may be

somewhat slower and deeper than before, but (and this is a charac-

teristic feature in the tracing of the respiration in morphinised dog:?),

every now and then, in some cases frequently, the regular tracing

is interrupted by a quick and very deep inspiration, followed by a

slow and prolongated — a suppressed — expiration (Fig. 1).

This long and deep sigh which we called the morphia-sigh, we

always met with in the tracing of the respiration of morphinised dogs..

Sounds in the neighbourhood, e. g. the clapping of hands, the

rattling of the hammer of the induction- apparatus, may call it forth.

Often, in the majority of cases even, it seems to come, without any

exterior influence.

Another irregularity, which is closely connected with the typical

one we described, is the following:

Short inspirations, not very deep, but quick, are noticed in the

tracing, during the prolongated expirations, characteristic to the sigh.

They change the aspect of the sigh. It seems, as if a secundary type

of respiration with a quick rhythm, is superimposed upon the ordinary

type. This superposition may be seen at the very first in the expiration-

phase of the morphia-sigh, but often the quick respirations appear in

the expiration-phase of several respirations, sometimes even in every

one of then. (Fig. 2.)

Both changes, the deep inspiration with lengthened expiration,

and the quickened respiration, at first only noticeable during the

period of expiration, speak in favour of increased inspiratory functions.

They are of the same nature as the inspiratory effects, observed

during the excitation of our point 1(5 of the frontal part of the

cortex '). As we mentioned before, it is known that morphia increases

ij
(;. Winkler 1. o. p. IDS and ti'r. XXV, XXVII ;iiid XXVIII.

25="
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somewhat the excitability of the psycho-motor centres -). We stated,

that ether, in diminishing the irritability of those centres ^), causes all

those irregularities to disappear.

"We also observed that acoustic and optic impressions were in many

cases the perceptible causes of these sighs, and it is known in human

pathology, that a general stimulation of the human cortex (menin-

gitis, tumour of the frontal lobe) may occasion similar sighs.

So there is room for the opinion, that morphia exercises the same

influence on the point IG of the frontal cortex as on the other

psycho-motor centres, and that our experiments were made on dogs,

whose inspiratory functions were increased by a tonus, proceeding

from the cortex of the brain. "We notice at the same time two diffe-

rent effects upon those inspiratory functions, 1° the deep inspira-

tion, 2" the quickening of rhythm.

The inflnence of the operation.

Of still greater importance is the effect of the operation on the

animal, after the increasing (by morphia) of its sensibility to influences

which promote inspiratory effects.

Nerves (the optic Nerve and two branches of the trifacial Nerve)

are exposed and cut through, and so are stimulated mechanically.

This stimulation changes the respiration.

Effect of the faradlc excitation of the optic Nerve

upon the Bespiration.

The tracing of the respiration registered during the faradic excita-

tion of the optic Nerve (fig. 3 N. opt.) is a very characteristic one.

"When stimulating with a very weak current (12 cm. distance

between the two coils) a quick and very deep inspiration is pi edu-

ced, immediately followed by a lengthened, suppressed expira-

tion. The stimulus not being of too long duration, the suppression

of the expiration ksts as long as the stimulation, and sometimes

even longer.

After stimulating with moderate currents (10— 6 cm. distance

between the two coils) the tracing of respiration is that which is

reproduced in fig. 3. A series of quick respirations is superimposed

1) HiTZiG 1. c. p. 38.

2j HiTziG 1. c. p. 39.
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upon the tracing of the deep, sigh-like respiration, mentioned above.

Always the deep inspiration sets in at the beginning, the suppression

of the expiration lasts till the stimulus ceases. Usually the stimulation

causes also stretching of the neck.

It proves that it is necessary to control the tracing of the thoracal

movements (registered with the pneumograph of Marey) by the

tracing of the changes which the pressure of the air in the trachea i)

undergoes. The quick respirations then appear as violent gasps,

causing very extensive movements of the lever, inspiratory as well

as expiratory.

The stimuh^tion ceasing, the inspiratory effect still continues. After

a strong stimulus a few quick respirations take place followed by

deep inspiration.

The effect of the excitation of the N. tricjeminiis upon

the, Bespiration.

Equally charactei-istic is the effect of the excitation of the first

branch of the N. trigeminus upon the respiration.

"We examined tlie N. frontalis and the N. lacrymalis of the ramus

ophthalmicus Nervi trigemini (Fig. 3 r. lacr. N. V.). As yet we
will not speak of the N. ethmoidalis and the N. naso-ciliaris.

Even the weakest currents (12 cm. distance between the coils)

cause quick, violent gasps, inspiratory as well as expiratory, such

as we mentioned previously, in speaking of the optic Nerve. The first

of the quick respii'ations may be an expiration, in general this is

not the case. The tracing now obtained, forms however a perfect

contrast to that of the respiration produced by the excitement of the

optic Nerve; the effect is not characterised by the sigh, the maximal

inspiration followed by suppressed expiration does not exist. On the

contrary, the inspiratory position of the thorax slowly increases. The

stimulus having ceased, the slowly extended, but now distinctly inspi-

ratory position of the thorax changes suddenly and makes place for

a forced expiratory position, though the quick respiration continues

') For this purpose the vertical tube of a hollow T-canule is iutroduced into the

trachea. The air enters freely through one horizontal arm, the other is connected with

Marey's drum. The tracings show only the quick changes of pressure of the air

in the trachea. Continuous conditions, such as a permanent inspiratory or expiratory

condition of the thorax are registered as zerolines, and slow variations of pressure,

even if they are noticeable, are registered (one of the legs of the T-canule being open)

in an incomplete manner.
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somewhat the excitability of the psycho-motor centres -). "We stated,

that ether, in diminishing the irritability of those centres ^), causes all

those irregularities to disappear.

"We also observed that acoustic and optic impressions were in many

cases the perceptible causes of these sighs, and it is known in human

pathology, that a general stimulation of the human cortex (menin-

gitis, tumour of the frontal lobe) may occasion similar sighs.

So there is room for the opinion, that morphia exercises the same

influence on the point 16 of the frontal cortex as on the other

psycho-motor centres, and that our experiments were made on dogs,

whose inspiratory functions were increased by a tonus, proceeding

from the cortex of the brain. "We notice at the same time two diffe-

rent effects upon those inspiratory functions, 1" the deep inspira-

tion, 2° the quickening of rhythm.

The influence of the operation.

Of still greater importance is the effect of the operation on the

animal, after the increasing (by morphia) of its sensibility to influences

which promote inspiratory effects.

Nerves (the optic Nerve and two branches of the trifacial Nerve)

are exposed and cut through, and so are stimulated mechanically.

This stimulation changes the respiration.

Effect of the faradic excitation of the optic Nerve

upon the Respiration.

The tracing of the respiration registered during the faradic excita-

tion of the optic Nerve (fig. 3 N. opt.) is a very characteristic one.

When stimulating with a very weak current (12 cm. distance

between the two coils) a quick and very deep inspiration is piodu-

ced, immediately followed by a lengthened, suppressed expira-

tion. The stimulus not being of too long duration, the suppression

of the expiration lasts as long as the stimulation, and sometimes

even longer.

After stimulating with moderate currents (10— 6 cm. distance

between the two coils) the tracing of respiration is that Avhich is

reproduced in fig. 3. A series of quick respirations is superimposed

1) HiTziG 1. c. p. 38.

^) Hjtzig 1. c. p. 39.
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Always the deep inspiration sets in at the beginning, the suppression

of the expiration lasts till the stimulus ceases. Usually the stimulation

causes also stretching of the neck.

It proves that it is necessary to control the tracing of the thoracal

movements (registered with the pneumograph of Marey) by the

tracing of the changes which the pressure of the air in the trachea i)

undergoes. The quick respirations then appear as violent gasps,

causing very extensive movements of the lever, inspiratory as well

as expiratory.

The stimulation ceasing, the inspiratory eft'ect still continues. After

a strong stimulus a few quick respirations take place followed by

deep inspiration.

The effect of the excitation of the N. tricjeminiis upon

the Respiration.

Equally charactei'istic is the effect of the excitation of the first

branch of the N. trigeminus upon the respiration.

"We examined the N. frontalis and the N. lacrymalis of the ramus

ophthalmicus Nervi trigemini (Fig. 3 r. lacr. N. V.). As yet we
will not speak of the N. ethmoidalis and the N. naso-ciliaris.

Even tlie weakest currents (12 cm. distance between the coils)

cause quick, violent gasps, inspiratory as well as expiratory, such

as we mentioned previously, in speaking of the optic Nerve. The first

of the quick respii'ations may be an expiration, in general this is

not the case. The tracing now obtained, forms however a perfect

contrast to that of the respiration produced by the excitement of the

optic Nerve; the effect is not characterised by the sigh, the maximal

inspiration followed by suppressed expiration does not exist. On the

contrary, the inspiratory position of the thorax slowly increases. The

stimulus having ceased, the slowly extended, but now distinctly inspi-

ratory position of the thorax changes suddenly and makes place for

a forced expiratory position, though the quick respiration continues

') For this purpose the vertical tube of a hollow T-canule is introduced into the

trachea. The air enters freely through one horizontal arm, the other is connected with

Marey's drum. The tracings show only the cj^uick changes of pressure of the air

in the trachea. Continuous conditions, such as a permanent inspiratory or expiratory

condition of the thorax are registered as zerolines, and slow variations of pressure,

even if they are noticeable, are registered (one of the legs of the T-canule being open)

in an incomplete manner.
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for a time. Then generally one or more sighs follow, after which

normal respiration is restored.

The N. infra-orbitalis rami supra-maxillaris N. trigemini answers

to the excitation by a change of respiration different from that

produced by stimuhitiou of the N. opticus, but also differing

at least in some measure, from the effect of the excitation on the

first branch of tliis Nerve. The effect, even when but very weak

currents are used, is always the same, a strong permanent inspi-

ratory situation of thorax, accompanied by very quick respiration

(Fig. 4). The tracing of the respiration differs, in this case, from

the maximal sigh-like inspiration produced by stimulating the optic

nerve, by its permanence, and by the after-effect, which is a forced

expiration and long duration of the quickened rhythm. It differs also

from the tracing produced by excitation of the first branch, the

quickening here taking place in a more marked manner and during

permanent deep inspiratory position of the thorax, and the after-effect

also being more marked and lasting longer.

These facts prove, that the effect of excitation of the N. opticus and

of the N. trigeminus on respiration cannot be so simply formulated

as CHRibTiANi 1) did by saying that excitation of the optic Nerve

produced an inspiratory, that of the N. trigeminus an expiratory effect.

Faradic excitation of the three nerves mentioned, always accelerate

the respiration, that is to say, each of them exercises the same

influence on the second of the inspiratory effects above mentioned,

but each of them lias a somewhat different effect on the first of

the so called inspiratory effects i. e. on the deepening of the inspiration.

The faradic excitation of tlie optic Nerve calls forth the maxi-

mal deep inspiration, directly followed by lengthened expiration,

suppressed as long as the stimulus lasts — what we have called

sigh — , that oi the first branch of the N. trigeminus produces none

or Ycry little effect, it increases slowly the inspiratory position of

the thorax, that of the second branch of this Nerve maintaina the

thorax in a permanent and maximally extended state.

The different tracings of respiration, obtained during excitation of

the nerves, make it advisable to suppose that two different inspira-

tory effects, acceleration of rhythm and deepening of amplitude, exist.

The deepening of the amplitude however may appear in two forms 1",

as the quick, maximally deep inspiration followed by a suppression

') Arthue Christiani. Ueber Athmungscentra und centripetale Atlimiiugsnerven.

Monatsbericlite der königlich preussischeu .\kade;iiie der VVissenscliafteu zu Berlin.

1&82. (Sitz. 17 Febr. 1881). S. 213.
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of the expiration — our sigh — , 2° as a permanent and maxi-

mal inspiratory position of the thorax (Spencer's ovor-inspiratcry tonus).

The excitation of these nerves makes it possible to distinguish and

separate the two inspiratory effects. The optic Nerve, when excit

od with a very weak current only produces the rise of the sigh,

the excitation of the first branch of the fifth Nerve in that case

quickens respiration. Somewhat stronger currents generally call

forth both effects (Spencer's over-inspiratory clonus) together. A
very strong current may give in both cases a permanent inspiratory

effect. At the same time the tracing of respiration during the exci-

tation of the optic Nerve, can in no case be confounded with one,

written during the excitation of the first branch of the fifth Nerve.

If the cortex of the brain is excited at the point 16 of our dia-

gram the same order of effects is produced. Weak currents cause

acceleration of rhythm, i) moderate currents deep inspiration, length-

ened and suppressed expiration, often with a quick rhythm of res-

piration superimposed in the tracing, ^) strong currents may produce

an over-inspiratory tonus. '•')

The same effect is produced as soon as the side wall of the

third ventricle is stimulated. We fully confirmed Christiani's

results on this subject, as opposed to those of Knoll ^), Tlie

excitation of a spot in the side wall of the ventricle, situated under

the commissura posteiior, produces inspiratory effects. Again weak

currents cause acceleration of rhythm, moderate currents cause deepe-

ning of inspiration combined with acceleration, strong currents pro-

duce a forced, permanent inspiration (Fig. 5). It seems probable too,

that in this case, no centres are excited, but nerve tracts ori-

ginated from the cortex cerebri in the region of point 16 of our

diagram.

Our operation often causes the accelerated type of respiration, by

mechanical excitation of the Nerves. This is nearly always the case, if

it is necessary to remove the contents of the orbita, in order to make

room for the exposure of the frontal and basal parts of the brain.

The ophthalmic artery and the ophthalmic vein must bo tied and

often it is impossible to tie the ligature, without taking the optic

') Winkler 1. c. fig. XXIV.

=) Winkler 1. c. fig. XXV and fig. XXVIII,

') Winkler 1. c. fig. XXVI and fig. XXVII.

*) Prof. Ph. Knoll. Beitriige zur Lehre von der Athraungs-Innervalion. 6'<' Mitth.

Zur Lehre vom Einflusz des centralen Nerveusystems auf die Athmuug. Sitzungsber.

d. K. Ak. d. Wissensch. in Wien. Bd. XII. Abth. III. S. 283.
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Nerve and the first braiicli of the N. trigemimis into it. If this

happens, one n.ay suddenly see the regular rhythm whicli existed

before quickened not only, but the acceleration of I'hythm may be

superimposed upon the existing rhythm (Fig. 6).

Then a very typical tracing of resjiiration is obtained. Not always

the superposition of the quick rhythm takes place so completely, often

the acceleration covers the former type partially, and if the sighs,

nientioned before, interfere Avith the two rhythms of respiration des-

cribed, the tracing may become of an extreme irregularity. In such

cases it is impossible to experiment on the changes, which respira-

tion undergoes during the stimulation of the cortex.

T/ie effect of (he excitation of bulbns, tractus and lohiis

olfactorius upon respiration.

If the consequences of the narcosis and the operation are known,

and the tracings obtained in such abnormal conditions understood,

it may be possible to study tlie strange effects, which the excitation

of the bulbus, the tractus and the lobus olfactorius produces upon

respiration

.

MuNK, Danilewsky, ^) Unveuricut ") and others obtained expira-

tory effects on stimulating different parts, principally the basal parts

of the brain. Spekcer mentions the effects after stimulating the

lobus olfactorius in a most accurate manner.

Our results differ in many points from the results reported by these

authors. In a single point our experiments agree with, and confirm

the view of Spekcer viz. with regard to the existence of a well

defined spot on the lobus olfactorius, stimulation of which produces

slowing of respiration and arrest of the respiration in expiration,

even if weak currents are used.

In our diagram (Fig. 9) this point is indicated by tlie letters

/ and
(J.

It is found on the lobus olfactorius, on the border of

the fissura rhinica, exactly behind the place where the fissura prae-

sylvia touches the fissura rhinica.

But our experiments teach us more. The same effect may be

obtained from the tractus and also from the caudal end of the bulbus

olfactorius. However, we can state, that it can only be produced

from the basal surface of the olfactory bulb, and from the basal

') Danilewskï. Experimentelle Beitriige zur Physiologic des Geliirus. Pflüüek's Arch,

f. Phys. Bd. XI. 1875. p. 128.

^) Unverricht. Experimentelle Untersuchungen iiher die Innervation der Athmungs-

bewegungen. Verlumdlungen des Conoresses fur Innere Medicin. Wiesbaden 1888.
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parts of the tractus. Theiefore it is easier to find it at the points

f and
(J

of our diagram, where the tractus and lobus olfactorius

reach each other, instead of exposing the basal surface of the brain,

which is much more difficult.

Perhaps this is the reason why Spencer does not state, that the

expiratory effect, we now shall describe, may be produced by exci-

tation of the olfiictory bulb.

There is still another point, wherein our results differ from those

of ÖPENCER. This author obtains "arrest" (and it sometimes takes

place in inspiration, sometimes in expiration) at the beginning of

the excitation with rather strong currents, and as soon as the sti-

mulation stops, the "arrest" ends.

We observed, that even weak currents (10 cm. distance between

the two coils) and even better currents of moderate strength (8— 6 cm.)

exciting the points /', g^ or the basal middle part of the tractus and

the bulbus olfactorius, produce the following effects.

The respiration may become slower (Fig. 7). In general however,

after a few slow lespirations, the thorax gains the position of expi-

ration, and at last "arrest in ex2)iration" takes place. This arrest

may occur before the stimulus (during 10 seconds generally) ceases,

but more often this arrest begins only a few seconds later. It may

then last half a minute and longer. The current not being stopped,

the arrest sets in, and may last for 1 or 2 minutes; ultimately

deep inspirations set in.

If the currents last 10 sec. only, the arrest often begins after

they have ceased, is prolonged 15 to -15 seconds, and then a few

superficial respirations appear (often only visible in the tracing of

the trachea-respiration), the thorax meanwhile taking an inspiratory

position. This period may be indicated by a few inspirations only,

(Fig. 9) at other times the thorax abruptly takes an inspiratory

position and remains a long time in it, some irregular and super-

ficial respirations coming between (Fig. 10), and often the thorax

reaches its inspiratory position only very slowly after a greater

number of irregular, superficial, gradually deepening respirations

(Fig. 11 upper tracing). At the end one or two deep sighs appear,

followed by very deep and slow respirations. 15 minutes and more

may elapse before all has returned to the normal condition.

The arrest and the described mechanism of compensation of the

arrest — as we have called this after-eftect, because it may be supposed

that deepening of the inspiration, compensates the arrest in expira-

tion — may be called forth, by exciting the points /"and (/ with the

utmost constancy. With no greater constancy are the movements in



( 370 )

the opposite fore-log caused by faradisation of the psyclio-inotor

centre of the foreleg.

Occasionally the compensation-movements may be seen, even

without the pre-existence of the arrest itself (Fig. 11 lower tracing).

Exceptionally, the mechanism of compensation is not brought

forth, and in two cases the dog died from the shock, respiration

being arrested in expiration. In the cases, in which this event took

place, the inspiratory functions had been injured by preceding expe-

riments of long duration.

It is clear, that these expiratory effects are due to the stimu-

lation of the olfactory bulbus, tractus and lobus, consequently of

a nerve-tract, not of a centre. It may be conceived, that the dog,

as soon as strong olfactory impulses reach him, arrests the respira-

tion in expiration, to prevent his smelling more. Then prudently,

with irregular, superficial respirations, the thorax is brought into an

inspiratory position an<l as soon as the danger seems past, he restores

his respiration with deep sighs and long, deep inspirations. The

tractus olfaelorius answers faradic excitation by expiratory effects.

The difference between our results and those of Spencer, which

will make further experiments necessary, may perhaps be due to

the fact, that Spencer worked with ether-narcosis.

DESCRIPTION OF FIGURES.

Fig. 1. Morpliia-sigli of a dog.

1 is the zeroline.

3 is the tracing of a tuning-fork of 3 vibrations per second.

3 is the tracing of the movements of the thorax registered with the pneu-

mograph of Marey.

4 is the tracing of the respiration registered from the trachea.

Fig. 3. Morphia-sigh with quickened respiration superimposed upon the pluise of

expiration.

1 is the zeroline.

2 is the tracing of a tuning-fork of .5 vibrations per second.

3 is the tracing of the movements of the thorax registered with tlie pneumo-

graph of Marey.

4 is the tracing of the pulsation of the arteria femoralis.

Fig. 3. Effect upon respiration during faradic excitation of tiie optic Nerve and

during that of the first branch of the fifth Nerve.

1 is the tracing written b_y the electric signal, noticing the moment of

excitation.

2 is the tracing of the tuuing-fork of 2 vibrations per second.

3 is the tracing of the movements of the thorax registered with the pneumo.

graph of Mabey.

4 is the tracing of respiration registered from the trachea (in all the

following figures, the ciphers 1

—

i have the signification here mentioned).
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At N. opt. the optic Xerve is stimulated, At r. lacr. X. V. tlie firsf

branch of the fifth Nerve. The signal causes the rise of the zeroline as long

as the faradisation lasts. The distance of the coils in exciting the optic

Xerve was 8 cm., in exciting the ;•. lacrymalis it was 12 cm.

fig. 4. Effect upon respiration during faradisation of the second branch of the titth

Nerve.

The tracings 1 and 2, does not exactly part from the same point as the

tracings 3— 4. The rise ot the signal takes place at a moment that the

tracing 3 and 4 have already passed. Tracing 1 and 2 must be read, placed

somewhat more to the right side.

Fig. 5. Effect upon respiration during faradisation of the wall of the posterior end
of the S'l» ventricle.

In I, II, III .lad rV the stimulation takes places with increasing currents

(Distance between the coUs of 9, 7, 5 and (4 cm.).

I'ig. 6. Effect upon respiration of a mechanical stimulation (ligature) of the Nerves,

which reach the orbita.

The slow respiration existing before, immediately varies. There exists a

type of respiration, wherein two different rhythms can be recognised. The
one is slow and the other, quick one, is superimposed upon it.

Fig. 7-11. Effect upon respiration during and after the stimulation of the olfactory

tract and of the lobus olfactorius.

Fig. 7. During the faradisation of the olfactory tract respiration becomes slower.

(Distance between the coils 6 cm.).

Fig. 8. Faradisation of the lobus olfactorius (Distance between the coils 8 cm.) in y.

Arrest in expiration, follows the stimulus. A few irregular respirations bring

the thorax in an inspiratory position. Deep and slow inspirations follow^

Fig. 10. Idem in point e. Slowing of respiration, increasing of the expiratory state,

arrest in expiration. Afterwards arrest in inspiration, deep sighs and finally

deep and slow respiration, lasting a very long time.

Fig. 11. Upper tracing. Idem in point </ (7 em. distance between the coils). Slowing

of respiration, arrest in expiration, afterwards irregular and superficial respi-

rations extending the thorax, sighs, and finally deep and slow respiration.

Lower tracing. Idem in point /; (10 cm. distance between the coils),

A\)thout a precedent arrest in expiration, the described movements of inspiration

appear nearly at the same time after the stimulus, as in the upper tracing.

Fig. 9. Diagram of the brain of a dog, showing the lateral piirts of the rhinencephalon

which were stimulated. After faradisation of the point f and // the expiratory

effects are noticed.

Physiology. — ^ The influence of salt-solnt ions on the volume of

animal cells". (2°'' Communication). By Dr. H. J. Hamburger.

At the Mav-meetiug- of last year was discussed the influence

of salt-solutions of the volume of red blood- corpuscles, white blood-

corpuscles and spermatozoa. We ca'i now communicate the result of

similar experiments made with epithelium-cells, derived from four

different places: the intestines, windpipe, urine-bladder and the

oesophagus.



( 372 )

The epithelium was invariahly obtained by carefully scraping it

from the organ of an animal just killed. The scrapings were distri-

buted in a little fresh blood-serum or in a Na Cl-solution of 0.9%

and afterwards filtered through a small filter of unprepared gauze,

in order to have the cells as far as possible quite free or in small

aggregates. Equal quantities (± V* c.c.) of the fluid thus obtained,

were measured off and inserted in test tubes in which were equal

quantities of the salt-solutions, to the influence of which the epithe-

lium cells were to be exposed. After exposure for half an hour

equal quantities of the mixtures were put into funnel-shaped tubes

to be subjected to the influence of centrifugal force. "When the

level of the sediment had become fixed, the volume of the epithe-

lium-column was considered to be determined. If after being centri-

fugalized for a short time, the small column of cells did not appear

to be quite homogeneous, by far the greater part of the clear fluid

was pipetted off', the small column with the remainder of the fluid

stirred by means of a platina wire into a homogeneous mixture and

again centril'ugalized. ]f this was necessary with one of the tubes,

the same was done with the other three.

I. INTESTINE-EPITHELIUM.

Experiment I.

Epithelium of the small intestine of a horse, at about one meter's

distance from the pylorus.

The epithelium is distributed in a little blood- serum of the same

animal.

Salt-solutions employed |
Volume of the epithelium

NaCl.-sol.
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A priori, another result might have been expected. The intestinal

mucosa may be considered as a resorbing organ par excellence^ and,

as experience teaches us, diluted Na Cl-solutions pass through it with

the greatest facility. Hence it seemed obvious that when scraped - off

intestinal epithelium would be distributed in large quantities of NaCl-

solutions of different concentrations, the cells would be saturated

with these solutions, so that there would soon be no more question

of a difference in osmotic pressure between the contents of the cell

and its surroundings; in other words, it was to be foreseen that the

volume of the intestinal epithelium would not be affected by the

influence of salt-solutions of different concentration.

The following experiment, made in the same manner and with

the same sort of epithelium, was to give results quite different from

those of the first experiment.

Experiment 11.

Epithelium of the small intestine of a horse, at about half a meter's

distance from the pylorus.

The epithelium is distributed in a little blood- serum of the same

animal.

SaltsolutioDS
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ccptiblc iiiÜueiice. This result was obtained not only with NaCl-solu-

tion, but also with grape-sugar and with mixtures of serum and water.

Seeing this difference in the results, obtained with the same

sort of epithelium, (mly two possibilities suggested themselves: either

the method of investigation was not to be relied on, oi' the epithe-

lium, though drawn in the different cases from the same spot, was

not always in the same condition.

The first possibility had to be rejected; 1. because in one and

the same experiment the results with salt-solutions of different con-

centration corresponded, not only two to two, but also mutually, and

that, indifferently whether the result did, or did not, indicate an

influence on the volume ; 2. because the method with the red and

the white corpuscles, the spermatozoa, and also with the bladder-

and oesophagus-epithelium obtained hij scraping, had yielded uniform

results.

There is nothing left but to assume that the epithelium is not

ahvays in the same state of permeabiliti/.

With respect to this we may form two conjectures: we may sup-

pose that it is merely a question of time, in other words, that in

those cases in which the volume of epithelium appears to be influ-

enced by the concentration of the salt-solutions, the cells after half

an hour's immersion are not yet, or but very imperfectly saturated

with the solution, whereas the osmotic equilibrium has already been

established. Under these circumstances more salt-solution might,

after half an hour's action, have penetrated into the cell, and the

concentration of the salt-solution would in a less degree cause its

influence to be felt on the volume of the cells.

This, however, proved not to be the case.

Consequently we must consider the secimd possibility, viz, that we

have to do with a modification in the state of the epithelium which

continues till it is removed by some agent, a chemical one, for instance.

And indeed, we sometimes succeeded in bringing epithelium from

one state into the other; and that, by means of Mg SO4, which is

known to be able to bring about a modification in the resorbing

power of the intestine, and also by the addition of traces of an acid.

I say purposely „sometimes", for now and then we failed.

For the rest, the conditions under which the intestinal epithelium

passes from one state to another and what changes, the cell thereby

undergoes, have hitherto remained uidtnown to us ^).

1) 1 may liere observe that this result is by no means a contradietiou of the views

I formeily exjoressed, viz, that the resorption phenomena, hitherto known, may be

explained physically. At the time I stated emphatically : //I do not think of asserting
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Involuntarily we are reminded here of what Heidenhain observed

in the live animal with respect to the power of the interstitial sub-

stance between the epithelium cells to allow methyleneblue to

pass through it : in the same field he saw amidst cells whose inter-

stitial substance was coloured blue, others whose interstitial substance

had remained absolutely colouiless. ^).

In the most recent times they have tried in the Zurich laboratory

to answer the question, whether in the intestine, besides the inter-

stitial substance situated between the epithelium cells, the cells them-

selves allow dissolved substances to pass through them. ")

The investigations described above have, in my opinion, given an

answer to this question. For, save in those exceptional cases, in

which tiie scraped-off epithelium appears to be in a peculiar condition,

the volumina of cells, influenced by salt-solutions of different concen-

tration for half an hour, exhibit no mutual differences.

Now this phenomena might be explained by the supposition, that

the epithelium cells are quite indifferent to the salt-solutions, that is

to say, that they allow neither water nor salt to pass through them
;

but the supposition that they would not allow water to pass through

them is immediately disproved by the fact that when, imined iatel;/

after mixing them with salt-solutions, we centrifugalize them, and

thus do not wait half an hour before doing so, a difference in volume

is distinctly observed, viz., the volume increases as the concentra-

tion rises.

The cells then, must be permeable to water. Yet the fact, that

the volumina of the epithelium cells alter a longer immersion in

salt-solutions approach nearer and nearer to each other, forces us no

less to conclude that the salt-solution penetrates, as such, into the cell.

Our experiments teach us something, also with respect to the

permeability of the cell-iiiiclens. They teach us that it is most pro-

bable that, beside the body of the cell, the cell-nucleus of the intestinal

epithelium also allows salt solutions to pass through it. For, just

'/that life neitlier can, nor will exercise an influence on the resorption process."

//Under physiological and pathological conditions finely-shaded changes may iinques-

«tionably manitest themselves in living membranes, exercising no small influence

//on the physical process taking place in them, but by which these processes do not

/'cease to be purely physical." (On //The significance cf respiration and peristaltic

for the resorption in the intestine." Verslag der Verg. .Jan. i'.t^, 1896, note).

') Heidf.nhain. 15eitrage zur Anatomie und Physiologic der Diinndarraschleirahaut.

Pfliiger's Arcliiv, Snpplemontheft. 1SS8, S. 49.

") 1{. lloiiEE. Ueber Resorption im Büniulanii. Zweite Mittheiluiii;-. Plluger's

Archiv, B ?4, ï?. 269, ISiJ'.i.
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suppose that the luicleus of the intestinal epithelium was per-

meable exclusivelij to water, its volume ought to be modified

by tlie concentration of the surrounding salt- solution, and the cell

in its entirety would experience the influence. What do we observe,

however? That the total volume of the cells is independent of the

concentration of the surrounding salt-solution. Hence, it follows that,

considering the relatively great share the nucleus has in the volume

of the cell, the nucleus has also allowed the surrounding salt-solu-

tion to pass through it.

However, if the nucleus were quite impermeable, even to water,

the total volume of the cell might still have been independent of

the concentration of the surrounding salt-solutions. Considering howe-

ver all we have seen concerning the influence of salt-solutions on

the volume of spermatozoa, red and white corpuscles, bladder- and

oesophagus-epithelium, the impermeability to water is highly impro-

bable, and can hardly be supposed, if we consider the part, played

by water in the vital processes of the cell.

II. CILIARY-EPITHELIUM.

The second sort of epithelium we have investigated is ciliary-

epithelium from the trachea. The advantage of this is, that during

the whole experiment, we can ascertain whether the object is yet in

a live state. After the cells had been, four hours and even longer,

in contact with the salt-solutions, cilia were or could be set in move-

ment. Also after centrifugalizing ciliary movements could be produced.

Since the experiments were performed in the same manner as

with the intestinal-epithelium, it will suffice to record the results.

Experiment XXI.

Ciliary-epithelium from the trachea of a horse just killed.

The epithelium is distributed in a little Na Cl-solution of O.dJ^.

Immediately afterwards equal quantities of it are brought into con-

tact with 15 c.c. of a solution of Na CI 0.77o and 1.27o. After

half an hour's immersion, 8 c.c. are centrifugalized.

Salt-solulioDS employed.

NaCl 0.7°/o

" 1.2%

Volume of the epithelium.
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If we compai'O the numbers, obtained after an immersion in NaCl

0.7",'o and 0.9%, it appears, that the difference in concentration ha?

exercised no influence on the vohime of the cells, but it has with

respect to the Na Cl-solutions 0.9% and I.So/q.

It was possible that the Na CI- solution 0.9% and 1.2 «/o had

therefore caused some contraction, as half an hour's immersion had

been insufficient to effect a complete exchange between the contents

of the cell and its surroundings.

Under this supposition it seemed to us recommendable to ceutri-

fugalize the now remaining, but already two-hours old mixtures.

Salt-solutions employed.

NaCl-soI. of 0.7Vo

* // // 0.9V„

« . ; 1.20/„

Volume of the epithelium.

While thus after half an hour's immersion the difference in volume

of the epithelium, lying in 0.9 °/o and 1.2 "/u Na Clsolution amounted to

——— X 100 = 1 S^/o, this difference, after two hours amounts only to

86—83
X 100= ±40/0.

86

It appears thus, that after a sufficiently long immersion of the

epithelium in salt- solution, the difference in concentration exercises

no influence on the volumina.

Of the many experiments, made in this direction, I will add two.

Experiment XXII.

Epithelium from the trachea of a horse just killed, distributed in

serum and afterwards in salt-solutions.

Salt solutions
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It will be seen that the longer the epithelium is left in contact

with the salt-solution, the less is the difference in volume. In this

case a contact even of two hours is not sufficient to effect a complete

exchange between the contents of the cell and its surroundings. At
the end of the experiment, we can, by putting a preparation in a

gas-camera and passing CO2 through it, still set the cilia in movement.

Experiment XXIII.

Salt-solutions
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As is well known, the urine-bliidder is lined inside with a fourfold

layer of epithelium cells. In a pig- bladder these may be easily elimi-

nated. It proved however to be necessary to wash the bladder out

well, because not infrequently in the pig, and commonly in the

horse, sediment is found on the mucous membrane.

Experiment XXXI.

a pig just killed: distributed in a littleBladder epithelium of

Na Cl-solution of 0.9%.

Equal quantities of this are left for half an hour in contact with

Na Cl-solutious of 0.7'Vo, O.90/0, 1-2% and I.5O/0. After being cen-

trifugalized for about two hours, the contents of the tube are well

stirred up by means of a platina wire, left an hour to themselves

and again centrifugalized.

Salt- sol utious
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substance. And the figures obtained with tlio same species of cell

by meaus of different salt-solutions agreed well with each other.

If we calculate this proportion also here (l^t column), considering

the Na Cl-solution of 0.9% as the physiological one, we find for

the volume of the protoplasmatic substance with respect to that of

the whole cell

from a and d . . . . 57.8%

from a and c . . . . 58.2%

from b and d . . . . 57.1%.

These figures correspond well to each other and, joined to other

experiments yielding the same results, which wo must omit however

to describe here, justify the same conclusion which, at <he time, we
ai'rivcd at with respect to blood -corpuscles and spermatozoa.

But not only is there considerable agreement among the figures

obtained for the volume of protoplasmatic substance of the bladder

epithelium of different pigs and horses, but it struck us that these

figures deviated so little from those, which we had found with the

red and the white corpuscles of the latter animal (Proceedings Royal

Academy Amsterdam, May, 1898).

Hence the idea occurred to us that we should once more try

simultaneously with the same unlnial to determine the volume of

protoplasma- substance in bladder-epithelium and blood-corpuscles.

As will appear from the following experiment, the agreement was

striking, indeed.

Experiment XLI.

Bladder-epithelium of a pig and defibrinated blood of the same

animal are mixed with Na Cl-solutions of 0.7'7o and 1.57o, ""^^^ ^^'^'^

an hour afterwai'ds both pairs are simultaneously centrifugalized.

Volume of Coutraction by

sediment I NaCl 1.5°L

«. KaCl-sol. of 0.7°/o 1

i. , » " 1.5°/„ )

c. KaClsol. of 0.7°/o 1

Bladder-epitliclium

Red corpuscles.

9G

69

134

X]00:;z88.1°/o

134—96
-^3^X100 = 88.4%
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Consequeutly there is a very strikiug agreement between the

contraction of the Madder epithelinm (containing the nucleus) and the

red blood-eorpuselos (void of nucleus), effected by the same salt- solution.

Influence of Urea.

Considering the above-described behaviour of bladder-epithelium with

respect to Na CI, it appeared further of importance to me to ascer-

tain whether this applied to urea, a substance which is present in

large quantities in the urine of omnivora, and which according to

determinations of the freezing-point made by me, constitutes in man
more than a third part of the hygroscopic power of the whole of

the urine.

The question interested me, especially from a general physiological

point of view. As is well known, Grijns and Köppe observed that

red blood-corpuscles let urea easily pass through them. And I should

not be surprised if that were the case with most of the other cells

too. It could not but appear fitting to us, that the cells should be

able to get rid of urea, the principal final product of albumen analysis.

But it would certainly appear unfitting, if the urea should be able

as easily to penetrate through the wall of the bladder. In that case

the bladder would answer very badly to its purpose as a reservoir

for the refuse products, of which the urea constitutes an important

part, and one not without danger to the organism.

The question then arose : does the bladder-epithelium, in contrast

with the red-blood corpuscles possess the power of refusing a pas-

sage to the urea? In order to answer this question we prepared

urea-solutions, isotomic with NaCl 0.7, 0.9, 1.2 and 1.5%, caused

them to act on the bladder-epithelium, but obtained only a compa-

ratively slight influence on the volume. On a longer action the

difference between the volumina was ; in other words, in four

different solutions the epithelium exhibited the same volume; the

urea-solutions had thus penetrated as such into the cells,

Formerly we had observed that red-blood corpuscles are destroyed

in pure urea- solutions i)
;
perhaps the epithelium was injured too by

such solutions. We, therefore, resolved, instead of pure urea-solu-

tions to take mixtures of Na CI and urea-solutions, which were, two

and two, isotonic with each other, the more so, because in the urine

there is much Na CI besides urea.

Here is an experiment that speaks distinctly.

') Archiv. f. Anat. u. Physiol. Physiol. Abth. 1896. S. 4S1.
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Solutions eniploved.
Volume of the

epitbelium

a. A'aCl-solutiou of 0.7°
<,

b. 75 cc NaCl-sol. of 0.7°/o + 25 cc ur. sol. isat. vitli NaCl 7°/o

c. IS'aCl-solution of 1.5°/,,

(/. 75 cc NaCl-sol. 1.57o + 25 cc ur. .sol. isot. with NaCl. ].5°/o

85.5

102

61

70

Had flic Na Cl-urea-solution h acted like the Isa Cl-solution a,

with which it was isotonic, the volume would then have become,

not 102, but 85.5. And had the Na Cl-urea-solution d acted like

the Na Cl-solutiou c, with which it was isotonic, the volume would

have become, not 70, but 61.

But the volume of b corresjionds exactly to what would have

been found, if 75 cc. Na Cl-solution 0.7% had been diluted with

25 cc. of water, instead of with 25 cc of urea-solution.

The same applies to d with respect to c.

The urea has thus distributed itself equally over the cell and its

surroundings^ without curtailing the power of the epithelium to

resist Na CI. Foi' the calculation of the volume of protoplasma-

substance from a and b (supposing the urea-solution added, be con-

sidered as water) and from c and a give the same figures.

We are, therefore placed before this question : What is the reason

the urea so easily enters the scraped - off epithelium, whereas the

intact wall of the bladder appears to exhibit if not an absolute, yet

but a very slight permeability to urea.

With the answering of this question I am now engaged.

IV. OESOPHAGUS-EPITHELIUM.

We now Avish to examine another species of epithelium of which,

as was the case with bladder-epithelium, an impermeability to salt

was to be foreseen.

For this purpose we tried the epithelium of the oesophagus, which

for resorption has no more significance than has the bladder. What
we scrape off here consists of great flat cells in which are found

no inconsiderable number of round and oval grains which make the

impression of being bacteria, and which may also be deeply stained

with alkaline coloring matter.

The experiments performed in precisely the same way as those
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with the other species of epitheUum, taught us that there is, as is

the ease with bladder-epithelium, a regular connection between the

volume of the cells and the concentration of the salt-solution used.

There was. however, considerable difference in the amount of the

alterations of volume under the influence of salt-solutions in different

oesophagi of the same species of animal.

On studying our notes, however, it was soon obvious that a slight

dilation or contraction was always accompanied by the presence of

many grains in the cell.

And so the idea occurred to us that these grains were answerable

for the relatively slight changes in volume.

"With this hypothesis in view, we made some comparative deter-

minations with oesophagus-epithelium and blood-corpuscles of the same

animal, and we found a striking correspondence between the mag-

nitude of the changes in volume of the two cells produced by the

same salt-solutions ; but only in the case that the microscope showed

a small cjuantity of grains in the epithelium.

As an instance of this we communicate the following experiment

:

Experiment LII.

Oesophagus-epithelium of a pig and defibrinated blood of the

same animal are mixed with Na Cl-solutions of 0.7o/(, and 1.5%,

and both pairs are simultaneously centrifugalized half an hour

afterwards.

Volume
of epithelium.

Contraction of NaCl
of 1.5=/^

a. NaCl-sol. of 07°/o^ oesophagus-

epithelium.

c. NaCl.sol. of 0.7»/,^ ^^^^,^^^.

d. „ . ,1 1.5°, \
t^OfPuscles.

82.5

59

90

64.5

2.5—59

82.5
X100= 88.8°/o

90—64.5

90
X 100 = 88.3%

The change of volume of the oesophagus-epithelium corresponds

in a striking manner to that of the blood- corpuscles.

The experiments, then, have successively taught us that in tvhite

blood-corpuscles, spermatozoa and oesophagus-epithelium the proportion

of the volume of the protoplasmatic substance (including the chro-

matine-threads of the nucleus) to the volume of the intracellular
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(indudiiirj the inlranuclcar) substances, is the same as in the cor-

responduuj red blood- corpuscles.

We may ask ourselves wlietlier we have not here to do with a

general phenomena which, consequently, also applies to the other cells.

Before we are justified to answer in the aifirmative, we should

of course have to investigate a number of the other cells. Most of

them however don't admit of this. Cells such as the intestinal and

the trachealepithelium, which allow salt-solutions of all concentra-

tions to pass through them and thus neither contract nor dilate, are,

as is obvious, excluded.

Sunniiarij.

The pi'ineipal results to which the preceding investigation has led,

are as follow.

T. Of the four kinds of epithelium examined, the intestinal-epithe-

lium and the ciliary epithelium of the trachea undergo no modification

of volume under the influence of Na Cl-solutions of different concen-

tration ; they allow the Na Cl-solutions easily to pass through them.

And this is the case, not only with the body of the cell, but pro-

bably also with the nucleus.

II. The fixct, that the ciliary-epithelium, at the end of the expe-

riments, is found to be still alive, increase the value of the results,

not only with respect to the ciliary-epithelium itself, but also with

respect to the intestinal-epithelium.

III. In contrast with the intestinal and the ciliary -epithelium, the

bladder- and oesophagus-epithelium exhibit a contraction by hypcr-

isotonic and a dilation by hypisotonic Na Cl-solutions.

IV. From the amount of this contraction and dilation may be

calculated the proportion between the volume of protoplasma substance

and the intracellular contents.

This proportion, for the oesophagus-epithelium as well as for the

bladder- epithelium, appears to correspond to that in the red blood-

corpuscles of the same animal.

V. Urea- solutions, in contrast with Na Cl-solutions, leave the

volume of the isolated bladder-epithelium unaltered. From mixtures

of urea- and Na Cl-solutions indeed only the urea makes its way through
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the cells, whereas exclusively the Na Cl-solution exercises an in-

fluence on the volume in consequence of its concentration.

This does not seem to be in accordance with the function of

the bladder as a reservoir for the refuse products, of which the urea

constitutes an important, and for the organisation a very injurious part.

There must be factors then, which counteract the resorption of

urea in the wall of the bladder.

Physics. — "An anomahj in the coarse of the plaitpointcurve in

a mixture of anomalous substances." By Prof. J. D. van
DER Waals.

In the „Zeitschrift fur physikalische Chemie XXYJII Heft 2"

KuENEN and Robson have couimunicated observations on the mutual

solubility of liquids, which give occasion for a short remark. In

mixtures of ethane and ethylalcohol or one of the following alcohols

they found, that the plaitpointcurve consists of two isolated bran-

ches, which intersect, and end on the curve which indicates the

pressure of the three phases. In the following figure their result

has been represented schemetically.

P

Let Ci be the critical point of ethane, Cj that of alcohol, then

C'4 indicates the point, in which the plaitpoint, originating in Cj

can be observed no longer and it seems to serve as terminating point

of the pressure of the three phases. Then C3 indicates the point,

in which the plaitpoint, originating in C^ cannot be observed any
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longer, because it disappears there above the triangle of the three

phases-pressure. It appears then as the beginning point of the three

phases-pressure.

Led by the thought that if the temperature rises a plaitpoint can

onlv appear on the surface ip^ if a plait splits into two parts or can

disappear, if two plaitpoints fall together, and that therefore a branch

of a plaitpointcurve can never end in any other point than in the

critical points of the components or in a point at an infinite dis-

tance. I have occupied myself with the question how the two sepa-

rate branches can be joined into one curve. The simplest way of

doing this is by joining the two branches, as is indicated by the

dotted line in the figure.

The vertical lines, between which the closed part of the curve lies,

represent then a maximum and a minimum temperature. The mini-

mum temperature is the temperature at which the transverse plait

splits into two parts and from which a plaitpoint starts to the

rio-ht and to the left towards the critical point of the components.

The greatest irregularity of the point, going towards Cg, the critical

point of alcohol, is that in its course it approaches a little nearer

to the side of the small volumes. But the point, describing its way

to Cz has greater irregularities. At the maximum temperature it

meets another, which has come from the opposite direction, starting

from C'l and at their meeting its movement ends. The three branches

mentioned however, form a continuous curve on the w-pltine.

At a given temperature, between the minimum and the maxi-

mum temperature, the projection of the spinodal curve consists of

two separate parts. One part forms a small closed curve round the

point where the meeting will take place; the other part has an

almost regular form.

But the two plait-points, which belong to the first part, are quite

covered by the ruled surface of the connodal curve of the second

part. Moreover the peculiarity presents itself that there is a great

distance between the spinodal and the connodal curve- a distance

great enough to contain the closed branch of the spinodal curve.

After I had convinced myself that an exact description of the pheno-

menon has been given in what I have said before, the question was

to be solved, how this would agree with the fact, which I had

remarked before. I have remarked (Molekulartheorie Y 2) that for

a mixture of two substances there can only be question of a maxi-

mum or of a minimumtemperature, but that the existence of the

two at once is excluded. I think that we must look for the expla-

nation of this in the fact that in the experiments of Kuknkn and



( 387
)

RoBSON one of the components is an anomalous substance. It is

almost orenerally accepted, especially because they do not follow

the law of the correspondent states, that alcohols when in the liquid

state possess complex molecules. At j-= 1, i. e. for pure alcohol,

the association into complex molecules is perfect or maximum. But

when jr is very small the dissociation into simple molecules is

nearly perfect. Under these circumstances the critical temperature

"x
is not determined by the course of — alone.

The critical temperature would be proportional to this quantity,

if the molecules of alcohol also in a rarefied solution continued to be,

what they were in the dense state when the substance is taken pure.

Now in general the critical temperature of smaller molecules will

be lower than that of more complex molecules. Starting from ethane

the temperature would have to rise considerably till it reached that

of alcohol according to the course of — . In consequence of the dis-

sociation of the alcohol molecules the course will be determined by

f — , where f is smaller than unitv. If x is near unitv this factor

too will not differ much from unity. For values of x which do not

exceed \, an idea of the value of this factor is obtained by equating

it to . Now it is easy to see that even if — had no mini-
1 + .<•

^
h,

mum or maximum, there would be numerous cases, in which the

factor f causes such a maximum, and this would involve that there

was also a minimum.

If the true interpretation of tlie phenomenon is to be found in

this, a course such as Kuenen and RoBSON have found for mixtures of

alcohol, can never be found if the substances do not associate. But

the reverse may not be stated. What appeared as a longitudinal plait

in KuENEX and Robson's experiments, was in reality nothing but

a somewhat modified transverse plait. The following phrase already

refers to such a modification : (Mol. Theorie p. 172) „Es zeigt sich

dann aber, dass in diesem Falle die beiden Falten auf ihre Bildungs-

weise anders angesehen werden mussen u. s. w." In the figure on

p. 173 the spinodal curve has, however, not been traced correctly.

The bulging to the right of P should not be there. It should be

replaced by a small isolated closed curve, which has separated from

the other parts at the minimum temperature.

It is not without interest to remark that the mixture of ethane

and methylalcohol behaves so differently. To find the probable cause
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of this deviatiou 1 have construed the locus of the point for which

— and —^ = 0, as has been done in "Een benaderde loop voor de
dv dv
plooipuntslijn van een mengsel" (Verslag der vergadering Kon. Akad.,

27 Nov. 1897). Now we had also to take into consideration, that

one of the substances is abnormal. The influence of this property

can only be calculated in a very incomplete manner, because the

way in which association of the molecules takes place in such an

abnormal substance, is not known. In consequence the result which

I have obtained by this wholly approximative calculation may only

be accepted with great reserve.

The locus mentioned may occur in two different forms, which

depend on the fact whether in the gaseous state the molecules of the

abnormal substance are larger or smaller than the molecules of the

substance with which they are mixed. If they are larger the curve

has a loop which hangs down as in the figure (1). That the

molecules of C2 He 0, C^ Hg 0, etc. are greater than that of

C2 Ho will not be doubted. If on the other hand the molecules

of the abnormal substance in the gaseous state are smaller, the loop

is turned upwards. To all probability, however, the molecules of

C H4, will be smaller than those of C2 Ho- In this case the follo-

wing schematical figure may make clear the probable course.

i?v.^

Let A be the critical point of ethane, B that of rnethylalcohol.

Let EC be the pressure-curve of the three phases and C the point,

in which the plaitpoint-curve, originating in ^1, meets the three-phase-
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pressure-curve. In this case point D^ which lies on that branch of

the plaint-curve that originates in B above C, is the last of the

plait-poinls thnt may be realized if the phenomena of retardation

are excluded. From this follows, that howe\er much we may lower

the temperature, the pressure of the three phases will continue to

exist. The points between C and D^ marked on the curve, indicate

plait-points of such values of x, at which they lie above the derived

surface, resting on the connodal line which encloses the two separate

branches of the spinodal line. From the phrase of Kuenen and

RoBSON, p. 357 : "Oberhalb 35,37° ist nur eine Falte vorhanden, deren

Faltenpuukt wir bei Methylalcohol nicht erreichen konnten, well Druck
und Tempemtur zu hoch waren" seems to follow, that point D of

our figure 2 must not lie above C, but that it would have to be

taken more to the side of B. As there remain so many uncertain-

ties, it is to be regretted, that in the case of methylalcohol they

have not been able to carry out their investigation. We must not

attach greater value to fig. 2 than that it has led to the supposition

that the cause of the difference in behaviour for mixtures of ethane

and methylalcohol must be found in the smallne&s of the methyl

molecules ^).

I shall avail myself of this opportunity to make the following

remark about what is really properly to be called "longitudinal plait."

In a mixture of normal substances a relation may exist between

the quantities aj, «,3, oj' ^n ^'n and i-a, of such a nature that there

actually exist two plaits, each of which possesses a connodal curve

of its own. At a same temperature both may be proved experi-

mentally. Then the principal direction of the transverse plait is

// u-axis and the principal direction of the longitudinal plait is

// .r-axis. But in this case the plaitpoint of the longitudinal plait

lies on the side of the large volumes. This has been proved

theoretically by Prof. Korteweg in the special case of sym-

metry and a similar case has been worked out experimentally bv

Mr. VAN DER Lee. (Proc. Rdyal Acad. 1898). Theory has not yet

been able to decide whether this plait may be again closed if the

volumes are much smaller still, or whether it continues to diverge,

even when the limiting volumes are reached. If the latter should

tip (Jp-

1) The n-eometrical locus of the roiiits, for which — aud — is equal to 0, cannot
dr> dü-

teach anytbing about the plaitpoiuts of the real longitudinal plait. Moreover I do

not share Mr. Kuenen's expectation that also for methylalcohol the plait is the same

as for the following alcohols. I expect that the course of the plaitpoint-curve of a

mixture of methylalcohol and ethane shows great resemblance to tliat of a mixture

of water and ether.
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be tlie case, a plait, wliich appears as a longitudinal plait, but

which has its plaitpoint on the side of the small volumes, as in

tlie observations of Kuenen and Robson, is not a longitudinal plait,

but a somewhat modified transverse plait. If then in the liquid

state complete mixture does not take place under all circumstances,

the phenomenon is to be ascribed to other causes than in case of

a real longitudinal plait.

If further investigations confirm what has been said, we should

have to find the cause in this case in the fact that at least one

of the substances is abnormal.

Physics. — "0/« variation of volume and of pressure". III. By

Prof. J. D. VAN DER Waals.

In order to be able to judge about the extent of the variation of

volume and of pressure in mixtures of two substances, it will be

necessary, to find for the different proportions of mixing the pres-

sures at which the number of the molecules is the same for the

two substances, if the volume and the temperature are also the

same. If there were no deviations from the law of Boyle, the pres-

sures required would be equal. Assume that for a mixture the cha-

racteristic equation is :

at a given temperature the 2"'^' member of this equation has a con-

stant value for mixtures with the same number of molecules, and

so we may find the pressure which satisfies the preceding condition

in solving the value of p from this equation, if the value of v is

constant. Take as unity of pressure 1 atmosphere and as unity

of volume, the volume occupied by a molecular quantity of the

mixture under that pressure. The value of the second member is then

(1+a,) (1-M (1 4 «0,

for which we may write with a sufficient degree of approximation

(1 +a.,-?^x) (1 +«0-

If we write p^ for the value of the pressure taken as unity, and
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(t'o).,, for the vulume ocoupiofl bv a molecular quantity at 0", the

characteristic equation is

[p + "- Po^] ['—''- (^'oV] = Po (^'c)' (Ho.) {l-h.) i\ +a t) ,

from which we deduce that the conditions that in ] cM^. the same

number of molecules be found are, that we have different mix-

tures with the same value for v, the same value for t and that we
have that value of p, for which the first member and therefore also

the second, is the same. The simple result is that the quantity of

the different mixtures is to be chosen in such a way that

{*'oV (1 + "') (1 — ^'^) has the same value for them all.

As T^o ('^'o^^- (1 + ^•') (^ ~ M (1 + " is the limiting value of the

product pv, the preceding condition is also fulfilled, when this limiting

value is the same for the different mixtures.

In the two preceding proceedings of the Academy Mr. J. Ver-

sciiAFFELT has published observations about mixtures of carbonic

acid and hydrogen. In order to determine the volumes, which contain

an equal number of molecules, the observer has followed a course

which agrees with the determination of (cq)^ (I + o^) (1 — M- He
is of opinion that the investigation of the limiting value ofpo would

not serve the purpose. I think that this conclusion must be drawn

from his remark p. 332. „From the point of view" etc.

Be this as it may, I shall prove that both ways may be followed.

At the same time I shall investigate, in how far his observations

agree with my characteristic equation. But first a remark about the

accurate form of the characteristic equation, or rather about the

value of the quantities c^ and b^.

I have always taken for them the following expressions:

cij. = O] (1 — .c/ + 2 rtj.i X (!—.') + «2 -f^"

and b^ — b^ (1 —.if + 2 bj^ x ( I —•>•) f 63 j"
.

It is easy to see that if we want to be perfectly accurate we

must put

:

0.r ("0)^ = "1 ("o)ï
(!—•')- + 2 «12 (l'u)l (('0)2 '*• (I— «•) + «3 ("0)2

>'"

and b, (.g. =. b, (r„)i (l_.r)3 + 2 b,, ^(^öhT^h^ (I--'') + b, (v,), x^ .

If we were allowed to equate {vi^\ ,
{t\^.2 and (i'o)j-, there would
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bo no difference between the two values of Oj. and 6^; and at any

rate the difference will be scarcely noticeable, if the observations

on the mixtures do not reach the highest degree of accuracy. But

to know the accurate form is necessary in the first place for the

sake of perfect accuracy of the theoretical considerations, and in the

second place in his observations Mr. Verschaffelt seems to have

aimed at and perhaps reached that high degree of accuracy, at

which differences between the two sets of values of a.^ and bj, might

be of influence.

Let us now proceed to investigate in how far Mr. Verschaffelt

has succeeded in determining the volumes which contain an equal

number of molecules under a pressure of 1 atmosphere.

He puts for this :

ij = 0,99931 + 0,000 {1—xf .

From this formula we obtain the value 0,99931 for hydrogen

(iP =z 1)^ the value 1,0053 for carbonic acid (x = 0) and the value

1,00081 for iT = i. By means of these three values, taken from

observations, he has calculated his formula, assuming that y might

be put under the form a -\- hu' -\- cx^.

According to the theory the factor, with which {vq)x is to be

multiplied in order to obtain (he volume, which contains the same

number of molecules, must be equal to:

(1 +a^) (1 _;,,)— 1 + a, _^,^.

If we take the latter form, viz {1 ~\- a^- — ^x), we make already

use of an approximation. But even with this approximation we find

:

r öi(l-*)^ a-(l-a;) x^ "l

= \-\-{li-0:,-b:t'n-— -- + 2fl,2 -— —-j-j r^ + «27n T^
L(l+«l-^l)-' (l+fll-^l)(l+«3-M (l+«2-^2)-l

L 14-ai-/'i 1/(1 +«1-61X1+02-^^2) l-|-«2-^2 J

so that we must make use of another approximation to get a form

like »/ = o + b.v + cx\ All this may cause deviations, but the error

which is committed by assuming this form, will remain butiusigni-

ficant. My objection to the formula:

y = 0,99931 + 0,000 (1—,tf
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has aiiotlier giuuiid. Mr. Veksciiaffelt himself rcmarkts, that if he

liad niaflo use of other experimental data to determine the values

of «, h and c, he would have found the following formula:

y — 0,9995 + 0,00130 (1—,') + 0,005G (1— .t)2 .

But he uses the former — and now I shall show that the latter

agrees to a great extent with what his own experiments teach, and

tliat the former certainly cannot be true.

When two gases are mixed in different proportions — and one

of the gases (carbonic acid) deviates in one direction from the law

of Boyle, whereas the other gas (hydrogen) does so in the other

direction, we may expect the existence of a mixture, which follows

the law of Boyle. What may be brought about by change of tempe-

rature in case of a simple gas, occurs here by change of the mixing

proportion. For such a mixture i/
= !• From the formula

1 =0,99031 + 0,006(1— j-)^

follows .(• = ± -/y. From the formula

1 = 0,9995 + 0,00130 (1— .i) -f 0,005(3 (1— ic)-j

follows .( = 0,8.

Mr. Yekschaffelt has made observations for ;(• = 0,7963 and

X = 0,6445. The products jiv for x = 0,7963 are respectively

1,0740, 1,0750, 1,0704, 1,0749, 1,0748.

At y = 0,02 pv has still the value of 1,0750, and not before

V — 0,01 it has reached the value of 1,0960.

From these values of pv we may conclude that the mixture has

nearly that composition, in which it would follow the law of Boyle
in great volumes. From the long series of larger volumes, in which

actually constancy of this product has been found, we might deduce,

that the mixture deviates still in the direction of carbonic acid —
and that therefore x should have a somewhat greater value in order

to form a mixture, which follows the law of Boyle only in verv

large volumes, but yet shows an increasing product from the be-

ginning.

If we take the value of pv that belongs to the mixture, in which
.(•= 0,6445, we find

:

1,0431, 1,0425, 1,0413, 1,0411, 1,0413, 1,041,

27
Troceediugs Royal Acad. Amsterdam. Vol. I.
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while ut I' = 0,002 the product is diiuiuishcd to \
/)'>('> and at

tj^OjOl it descends still niofo down to 1,021. From the formci'

series of values we might still be in doubt whether this mixture

also possibly follows the law of Boyle, but the value at r==0,01,

which has perceptibly decreased, decides, and shows convincibly,

that this mixture still deviates in the direction of carbonic acid.

My conclusion is therefore that for the mixture for which ^i ^= 1

the value of .r cannot descend below 0,8.

In such a mixture the product pv =^ {1 -{- a t) , or (t^l8°)

py= 1,01)606. For this value we found above 1,074. This would

lead to the conclusion that if Mr. Yjjrschaffelt equates the volume

to 0,03, it is in reality no more than 0,02983. As a similar diffe-

rence is also found for the following volumes, it would point to

the fact that he has taken the unity of volume in this mixture

± V2 pCt. too large, an error which surpasses the amount of the

above discussed corrections. If Ave would not acknowledge this error,

wc should have to take as the mixture for which pv:=l-\-at one

for which x is smallei', which is contradicted by the experiments

on compression, as has been shown before.

Put 35,80 as the value of the pressure, which a gas would exer-

cise, if it should follow the law of Boyle. For every series of

observations if the volume .(• = 0,02983, we find in Table XII,

p. 334 indicated the pressure which is to be subtracted from 35,8,

to find the influence of the deviations.

If we put

(35,8 — ;j) = ,

the value of «.r—fé(l+«0 may be calculated for every mixture from

this approximated equation. If we calculate öj— ^^(l + ai) (for

carbonic acid) we find 0,00614 and —0,000454 for «3— i-^Cl +«<)
(hydrogen). By means of these values we may determine the

constants for ij ^ a -\- b.v + «"^ if we make also use of the circum-

stance that the value of //= 1 is to be found for .(-= 0,8. Then
we find:

y — 0,999546 + 0,001189 (1— .r) + 0,005405 {l—sf ,

an equation which closely resembles that one, which Mr. Versciiaf-

FELT thought, that he ought not to make use of, and which yet

has been deduced from his own observations only. In the following

table we find the value of y for values of ;t=:ü,l, 0,2 etc.
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i- = o y ^ J.OOCVI.

0,1 1,004Ö'J

0,2 l.OOSÜG

0,:j 1,00303

0,4 1,00220

0,5 1,00149

(»,() 1,000S9

0,7 1,Ü003'J

0,8 1

0,9 0,99972

1 0,99954

By application of tlie approximated t'onmila

(35,8 — i)) f^ z=. üx — hi{\ A^ at)

we fiad from the series of observations

X = 0,0995 y = 1,C04S3

e = 0,1990 1,00398

X — 0,3528 1,00270

X = 0,4993 1,00177

X = 0,6143 1,00093

X = 0,79G3 1

X ~ 0,8972 0,99965

Only at x = (j,5 a deviation of imjiortauce is found.

For « = 18° we may calculate from

cix—bx (1 4- cct) z= — 0,000454 + 0,0011«9 (1—^) + 0,005405 {l—x)"

the value «12—^12(1 +«0 — ^.0001375 and

«1 + «2 — 2 «12 — (^1 + ^2 — - ^12) (1 + « = 0,005404 .

According- to this value of «n— ii2(l + «0 the deviation i) from

the law of Dalton would be in the usual direction, i. e. in such

a way that the pressure of the mixture at larger volum.es is smaller

than the sum of the separate pressures, whereas at smaller volumes

the sign of the deviation is reversed. In consequence of the small

value of «12— ijn (1 + «0 = 0,0001:375, the deviation will be but

slight. We may examine whether this is confirmed by the observa-

tions of Mr. Veuschafi'elt (table XII), if .f = ^V So for v = 0,03

') See Proceedings of Nov. 1898.

27*
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/)j =: 28,9 and /^^ =^ '^''i'^l- If ^" equal iiuiiiber ui' iiioloculet) of car-

bonic acid and hydrogen so that ;( =\ 2, are mixed in the same volume

r=0,03, the volume contains twice as many molecules, so the same

number in « = 0,015. For this volume Mr. Verschaffelt finds

p := 65. The value of ;>i + i>i — 05,21.

In the same way

al t'=: 0,02s /), = 30,58 ;).= 38,97 ;), +/>; = 00,t5 and ;it (.• = 0,0J4 ;/^C'J,30

// u=: 0,020 ^, = 32,40 i)„
= 42,04 /), +7)2=; 71,41 aud at u = 0,013 ;; = 74,20

n = 0,024 ƒ), = 34,38 ;). = 45,05 />, +^2 = 80,03 ami at f = 0,012 ;;= 80,00

„ » = 0,022 ;;, = 30,55 7)2= 49,94 ƒ), -f/j. = 80,49 aud at ;; = 0,011 ;) = SC,75

, = 0,020 ;), = 39,08 ;)j = 55,10 ;),+/). = 94,18 and at = 0,010 ;; = 94,40

So in the case of carbonic acid and hydrogen, the quantity

«12—^12 (l+«0 is not large and («1 + «3 — 2 «i;) — {h^ -\- bc^ — 2 l^^^)

(1 +«0 small, but the contrary. The latter may be expected for

substances which difier much in physical properties.

In my communications under the same title, in the proceedings

of November and December 1898, I have discussed two rules of

approximation for mixtures, viz. the law of Dalton and that of

AmAGAT. As a third rule of approximation the following rule might be

given : In a mixture a substance exercises the pressure that it would

exercise if the other molecules were substituted by molecules of its

own kind. Let us call the pressure wliich the first mentioned gas

would exercise, if all the molecules were of the same kind p], and

that of the second gas ps >
then this rule of approximation conies

to the same as putting

P —P\ (I — •'^) +P3* •

From the graphical representation of Mr. Verschaffelt p. 329

it appears that for carbonic acid and hydrogen p— [y'i(l— *') + P2''j

is positive.

From the characteristic equation we may deduce for this difference:

„ ,
,, ,(«l + «.-2ai3)-(6i + 63-2612) (l+«0

v — v\i^ -*) — Vi ''' = -Ki— •*)

^^2

b V

for all volumes large enough that we may put 1 H for .

V V—b

So we see that for large volumes this third rule of approximation

is exactly the same as that of Amagat.

At a given volume p is a function of > of the second degree

and the maximum deviation will be found at .* = ^'3 •
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For V = 0,024 the following table gives the calculated and tlie

observed values of the pressure.

In the formula p = p\ (1— ') + p^ x -j- ,1 .?; (1— .r) wo have taken

A as equal to S.

X 0,05 0,1 0,2 0,3528 0,5 0,GU5 0,8 0,9 1

p calculated 34-,38 35,32 30,22 37,91 40,18 42,01 43,47 44,07 45,24 45,65

}, observed 34,38 35,53 30,54 38.04 40,12 41,80 43,33 44,80 45.48 45,05

For the value of A which might have been calculated b\ means of

the relation

(ai + «2 - 2 «is) -{h,+h,~2 h,,) (1 + a t)

A = ,

we should have found about 9,."), if An —^^(l + «0 = 0,005405

(see p. ?)9')).

The value of p ,
putting A = 9,5 , agrees nearly perfectly

for sniali values of j- and 1— .'•, but in this case the differences

are larger again for values of .*• near Ve- From A =: 8 would

follow A„-A6 (1 + «0 = 0,00461 i).

From all this follows that absolute agreement between the theory

and the observations of Mr. Verschaffelt does not \et exist. But

the differences remain below 1 pCt. It would be premature to try

to decide as yet whether the differences are to be ascribed to the

theory or to the experiments. Yet we may say that in these obser-

vations the differences are smaller than in those that I have tested

before. And the fact that up to now the differences giow less as the

observations grow in accuracy, seems to plead in favour of the theory.

') Til calculiitiiif; tlie coefficient in the equation

ff
— 0,999540 + 0,001139 (1—j) + 0,003405 (1—;r)2

we have made use of tlie data for carbonic acid and hydrogen, iiiid of the supposition

tiiat .y=l, if a' =0,3.

If we take ^^^1 for .c= 0,82, the coefficients hecoine

y=^ 0,999346 -f 0,00161S (I—.;) -f- 0,00497 (I— .5')'- •

These values of the coefficients seem more probable to nic; niorcovoi- in liiis case

the values of the two tables on p. 395 agTce still better.

\Vitii these coefficients is

o,„— //,o (1 H- :<0 = 0,000355

and

(», + fl, - 2 r,i,)- (/., + /-, - 2 /,„) (1 + ^0 = ll.tf t'J7 .
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Physics. — Prof, van deu Waals presents for tlie Proceedings

of the meeting a paper of Prof. L. Poltzmann, foreign

member of the Academy,: "0/< the characteristic equation of

V. D. Waals," with an accompanying letter from which the

following extract has been taken.

Vienna, IMarch 2'"i 1899.

Dear Sir,

Mr. VAN Laar has sent me from Utrecht a calculation which he

undertook at your demand. From this I have calculated the next

correction term of your formula in the same way as I have followed

in the second part of my gas-theory, and I take the liberty of sending

the MS. to you. The result will differ in some respects from the one

you obtained, but I should consider a discussion about it very inte-

resting on mathematical grounds ;
not so much on physical grounds,

as the further correction terms are certainly not calculable. Under

slight pressures the observations are too inaccurate for this term to

be useful, while for high pressures more approximation terms would

be required. Moreover no observations have been made on //,7-vapour,

argon, helium, where spherical molecules may be presumed. I should

be pleased if you would lay my MS. before the Amsterdam Academy

of Sciences and I should like it to be printed in its Proceedings,

because I think this the best way to attain my purpose, viz. to

incite those who are interested in this question to a discussion which

mi"'ht be useful to science

Yours truly

LUDWIO BOLTZMANN.

At the demand of Prof, van der Waals, Mr. van Laar has

calculated a formula which may be used for the calculation of a

further approximation term in the former's formula. I shall show

how Mr. VAN Laar's formula may be used for the further deve-

lopment of my calculation relating to this subject, and make use of

the same notations as in the second part of my "Lectures on Gas-

theory", which I shall always briefly quote as 1. c.

L Calculation of the space left for the centre of a new

molecule to he introduced into the gas.

Let F be the volume of a vessel, in which there are found n very
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small, rigid spheres (molecules), all of them having the same pro-

perties and of the mass »i and the diameter g.

We represent hy ^i the first approximated value of the space D
left for the centre of a molecule new added into the gas. This

molecule has the same properties as the others. Then D^ = V. As
a second approximation we must subtract from this the volume of

the distance-spheres of all the ti molecules. The term distance-sphere

stands here for a sphere concentric to the molecule and with the

4 2 ,T g'
radius rx, so having a volume of — n o^. If we put —^—

- = b and
3 3 m

the total mass of the gas m n r= (?, tlien the sum of all the volumes

of all the n distance-spheres is 2öZ) and the second a])proximatcd

value of D is therefore

D,=zV — 2Gh (1)

For the third approximation we must take into account (hat not

the sum of the volumes of all the distance-spheres is to be subtracted

from T", as here and there two distance spheres cover each other

partially, and that then the space which is common to them, is to

be subtracted but once. So we must add to -D^ the sum Z of all

spaces which two distance-spheres have anywhere in common.

"We find the volume Z iu the following way: We construe round

the centre of every one of the n molecules a spherical shell con-

centrical with the molecule, with an innar radius a^ and the very

small thickness dr
^ which spherical shell we shall call .S'. The

volume 7i', which is the sum of all the spherical shells S construed

in such a way, is 4 ,t n x- dr. The number dn of the centres of the

molecules which are found in any of these spherical shells is to

the total number of the molecules in the first approximation as R
is to the volume of the vessel T', so that we get

dn : n — 4 Tin x'- du- : V (2)

or

4 ;t n^ 3!^ dx
dn= ~. {^)

The last expression gives the number of molecules whose centres

lie at a distance between .v and .r + dx from the centre of any

other molecule. The number of the pairs of molecules, whose centra

have a distance between these limits, is \ dn. As soon as .'• is

between a and 2 a, the distance-spheres of the two molecules of
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tlio pairs in question will have a Icns-shaporl space of the volume

2 K= — (16 o'^ — 12 a- :v -\r
:>"') (4)

in common (I.e. p. IGG) '). The sum of all these lens-sha[)eil spaces

which occur with all possible pairs of moiccules, is represented by

Z. Therefore

Z=fKJn =
"^l^j:--

</.,. (IG .3 _ 12 0-- . + .3) =11^ (5)

and

D.^ = V-2Gl> + Z (G)

The value of D, in which the approximation has been worked

out one term further, is called B^. To find it, we must first sub-

tract from /^3 the sums of all volumes which belong to the distance-

spheres of three molecules at the same time, aud which is according

to Mr. VAN Laar

in which /3 is the quantity which he has calculated and which he

has also represented by /:? on the last page of his discussion.

Secondly however we have also to add a correction term to Z, which

we shall represent by ^, so that

\7 GH- ^GH^
n,= V-2Gb+^-y^~^ -2/9 ~-^^ • • . (7)

We get the correction term l. by the fcdlowing consideration. The
proportion (2) is only right as a first approximatiou. If we try to

obtain to a greater accuiacy, the last tei'm of the proportion should

not be represented simply by F, as the whole volume of the vessel

is not at the disposal of all the n molecules. In the same way a

correction term is to be inserted in the last member but one of the

') ('ompaie lilso: VAN ])KR WaaI.s, Ainst. Aciid. «1 0(rt. lSü(i jind 20 Out,, 1898.
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proportion, while also a part of the volume, represented above by 72,

will fall in the ilistance-sphere of other molecules.

Xext we may state the following' rule. According to proba-

bility the relation between the number represented above by dn and

the total number w of the molecules will be the same as between

that part Ei of the space li which is left for the centre of a new-

added molecule and the whole space which is left inside the vessel

for the centre of a new-added molecule, i)

According to formula (1) the last mentioned space is V— 2 Gb.

The last term of the proportion (2) should therefore be represented

by V — 2 Gb instead of by V. 11^ is still to be found. For this

purpose we construe inside each of the above considered n spherical

shells with a radius .r and a thickness dx^ which we have called

the spherical shells S^ a concentrical spherical shell with an inner

radius y and a thickness dy,. The latter spherical shells wc shall

call the spherical shells T. 'J'he sum of the number of the centra

of molecules, which lie in any of the sjihericnl shells T is^ analo-

gous to the equation (3)

4 71 n- ifl du
<^y = y^~ (8)

The part

O" — (X — Iff
n X

y

of the surface lies within the distance spheres of every separate one

of the molecules
;
thence the part

(0 — n X d.r
^^ ~ v-^

~ yy
((,^

!J

of the inner space of the spherical shells in question with a radius

X and a thickness d.v, as an easy calculation shows. That part of

the volumes of all the spherical shells S which is covered by the

distance spheres of all the dy molecules together is therefore « di-.

If no molecules were to be found inside the spherical shells aS,

wc might integrate this expression with respect to y from v — g to

X -\- f7 and

16 n- n^ x"-
o'-^ 2b G ^

CO dy = da- = —T- • 4 .T ?i x- dx . . . (10)
3 T" \ƒ

would follow.

) For ii I'liller cxpnsilion of this riilo coini). 1. i'. § 51,
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Then tlie space of the sum of the volumes R = i n n .v~ d,v of all

the splierical shells S tog-ether, which is enclosed in the distance

spheres, would be to this total space R, as the whole space 2 Gb

occupied by the distance spheres of all the molecules of the gas to

the whole volume of the vessel F, which was to be expected a priori.

In every spherical shell -S, however, a molecule is found, so that

the centre of another molecule cannot come closer than at a distance

a from the centre of the spherical shell. Therefore we have to

subtract from the value (10).

4 jT^ n~ J- (/.r / a^ „ 4o^f 4 jT'' n- J- d.r ( i'' „ 4(7'* \
I CO Jr =

1;;
(^— — ^r e~ + —-j = 4 ;!?( T~ (hr y,

in whicli

Instead of the last term l)ut one in the pro])i)i'linn (2) we have

therefore to put

Anv :v^ d.i' ( 1

2 Gb

('--r + '')-

As we ought to substitute V (\ --j for the last term, it

comes to the sauK! thing as if tl'.e last term were left as it is,

and as if

A n 1^ ;(" (/.' (1 -j- /')

were substituted for the last term but one, at least if terms of still

higher order are neglected.

We obtain therefore for dn the correction term

dy = y dn

and for Z the correction term

2 It

I = j^Ky dr = ^^^-y- p-^ da- (.r3_i2 o"^ ,. + IG o^- =

_ 2357 7iS,i3 ö9_2357 G^ b^
^~ '22CS0 K'' ~ü7lÖ T^ '
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B}' the substitution of' these values, formuhx (7) becomes:

17 GH"- /2357 v GH^
n. = T — 2 GIj-] 1-

( 2/? )

F2

L 32 r ^ V- 13440/ 1- J ^
'

This is therofi)i'e the space left in the vessel for the centre of a

molecule, when terms of four (lifl'dont orrlcrs with respect to —
are considcreil.

ir. Correction of the cr/iialioii of VAX DF.n "NVaals.

The shortest way to calculate this correction by means of formula

11 is that which I followed 1. c. § 61. If we substitute the expression

Di, which has now been found for the expression Z), which has been

used 1. c. § Gl and has been represented by equation 173 thei-e,

we obtain

L ^ 10 t' ^ U720 'J V- i

2}' nth 15 )7^tu-b- /1283 ^\ v^ m^ b^

instead of the first formula on p. 174, and so instead of the formula

which is found for ^' six lines lower

The formula for

djT S)

9 V

which follows on this one in 1. c. is chans'ed to

d{T S)

dv
ïTl +A + l^V (1^ + 3^)1^1

L r «•' ' 8 f« ' V89G0 ^ 2 J v*\



( 404
)

so tbat the corrected equation of yax der Waa.ls would liave the

following form

a (-1 h h b^ /1283 3 /?\ bh

'6 U'' ( 957 3 /y\ b^
v — bA 1- -\ -

' 8 ü \89ü0 2 / »'

In tliis formula is accordiu!? to Mr. van Laar

(12)

3i/'2 + 81.17 {arctg\/1 — ^)
ft = = o.oor.s
'

32.85 .T

Physics. — ^ Tlir (jdlcano-mafjnetic and ihcrmo-mafinetic phenomena

in hisniuth". (Second Communication.) By Dr. E. van Ever-

DiNGEN Jr. (Communication W. 48 from the Physical Laho-

ratory at Leiden, by Prof. H. Kamerlingh Onnes.)

L Li the Proceedings of the meeting of June 25"' 1808 we

have communicated the results of the observations of the four trans-

verse galvano-magnetio and thermo-magnetic phenomena, all of

them made in one and the same magnetic field with one and the

same eloctrolytically prepared plate of bismuth. By means of the

same plate of bismuth we have now observed the decrease of con-

ductivity for electricity and heat and also the longitudinal tbcrmo-

magnctie phenomenon. It has given us much trouble to measure the

two last phenomena with sufficient accuracy, and the variation of

the eonductivitv for heat can only approximately be deduced from

the measurements. Yet I communicate the results for two reasons:

in the first place, for a preliminary theory it is sufficient that the

order of magnitude of the phenomena is known, <and secondly in

consequence of the small dimensions of the plate it is not probable

that further measurements with the same plate would yield a much

more exact result for the absolute value. Moreover the plate during

one of the last experiments has developed a crack and this has

put an end to all further observations under the same circumstances,

even if we had wished to continue them.

Those measurements having been finislicd we liave ol)taincd for
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tliu tirst time results iii une and tlie saiiio plate, in the same

uiaguetic field and at the same temperature, for all the phenomena

relating to the theory of the conduction of electricity and heat in

metals. For a complete theory it would also be necessary to investigate

the variation with temperature of the different phenomena; at the

same time a question would arise about a possible change of the

THOMSON-eftect in the magnetic field. But at this stage I wished to

leave variation with temperature out of consideration. It is true, in

measurements for which a current of heat is required, different tem-

peratures occur, but we will suppose this variation with temperature

small enough to be neglected in a preliminary theory of the phe-

nomena. So far as we can juilge fiom the results obtained, they are

not contradictory to this supposition.

2. I have succeeded in representing variation of resistance and

longitudinal-etfect by means of an empiricil formula of the form

Co i1/-E= 1)

i + rii/37^

in which E represents the phenomenon observed and jV the magnetic

force (in these calculations expressed in the unit 1000 C. G. !S.).

Together with the quanties observed we also give the values ob-

tained by means of this empirical formula. It will be shown that

it represents the observations very satisfactorily; applied to those

made by others, it offers an easy way of comparing their results

with mine. Moreover the formula is of great use in deciding that

variation of resistance and longitudinal-effect are proportional for all

magnetisations, a result which is very important for the theory of

the phenomenon. If for instance, we consider the longitudiual-etfect

as a variation of the thermo-electric power, it follows that we might

deduce the change of the Thomson- effect in the magnetic field from

the variation of the increase of resistance with change of temperature.

3. Varialion of' (he electric resistance.

a. Measiireinents. The observations of this variation are made

1) lu tlie denominator \/ M-, where the root has to be taken with a positive value,

was written in view of Goldiiammer's remark (Wied. Ann. 36, p. 824, 18S9) that

tlie phenomena which do not change sign on reversing tlie field should be functions

of JP.
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f'oliuwiiig' till! method, iloricribed iu the "Vcrshig' der YcrguJ." ü[ April

21^t 1897, p. 493 i).

As resistance- electrodes we used the same therino-elements which

were used in the measurements of the transverse phenomena, the

copper wires of which were again connected with one of the coils

of a dirtereutial-galvanometer. Fig. 1 shows the principle of this

method of observation.

i^':= Element.

P=: Plate of

bismuth.

A' = Rheotan-

wires.

Th := Thermo-elc-

ments.

IFj and Wr. = Resistance-

boxes.

rig. 1.

C\ = 0,258 C„ = l.OOU

Maa-uetic iield.
Ferceutage increase

Observed ! Calculated
Difference.

46aü

GlOO

9200

9.7

14,5

9,8

14,5

25,1

+ 0,1

0.Ü

0,0

From these observations we could also deduce an approximate

value for the specific resistance of this bismuth at about 20°, for

which 182,000 C.G.S was found.

We ueed not be astonished at this number being much larger than

that of Fleming and Dewak, 116,000, which we used in the cal-

culations of the previous communication. For, our method, although

') Colli m. Pliys. Liib; Leiden, N'

doctorate.

37, p. 5. Compare also my thesis tor the
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it shows us verv precisely the pi'oportiun uf (he resistauces in tlie

different magnetic fields, was neither devised nor fit for precise niea-

sureraents of the specific resistance.

First, the distance of the resistance-electrod(;s cannot be accurately

determined, and second, it is not certain that the current-lines are

entirely parallel with the sides of the plate, a supposition which

must be made in the calculation. In order to convince myself that

these circumstances did not intiuence the measuring of the increase

of resistance I have moreover repeated that measurement with another

plate of a very regular shape, electrolytically prepared in the same
way. The specific resistance being found to be here 121,000, the

percentage increase of resistance was almost the same as in the

case of the other plate.

h. Results of otJwr olserccrs.

Henderson

Temp. 18°. C,=z 0,2847 a ==1,798

Ma''netic tield.
Foi-ccutafrc iucreasc

observed calculated.
Difference.

9ÜÜ
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vuN Ettjnusuauökn umi Nkknöt ')

C', = 0,1341 C'i = 0,S8S2

MiiRuetic lield.
Perceutagc iucrease.

observed. 1 calculated.
Difl'cruuc-i'.

1000
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some time that if the plate were moauted between the poles as liad

been done until then, the condition was never steady enough to make

the measurement in this way; the irregular variations of temperature

as compared with the fall of temperature to be measured were too

large. This difficulty was almost entirely removed by using a U-

shapcd water-jacket placed between the poles of the electroinagnet,

through which water was streaming under a constant difference of

pressure, so that the temperature remained constant for several hours

within a few tenths of a degree.

The new mounting of the plate may be seen from fig. 2.

m

P. = Plate of bismuth.

l^l^ If M. ilk T/;. = Thermo-element.

W. — Water-jacket.

K.= Copper tube through which

the steam is driven.

A. B. C. = Grooves for intro-

ducing the thermo-ele-

ments.

B. = Piece of wood for clamping

the plate.

iSPi,

Fig. 2.

The plate having been put into this jacket, the remaining space

was filled with cotton-wool. A test-experiment in which the jacket

was closed on all sides with paper did not yield any different results,

so that we may assume that no errors arise from currents of air.

In inserting the thermo-elements in their places we had to secure

proper contact on the one hand, and on the other, we had to make

28
Proccediugs Royal Acad. Aiuoterdam. Vol. I.
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sure that the copper or the German-silver wires did not separately

touch the bismuth.

The observations were made in the following way

:

1. Observe for five minutes the deflection by the thermo-element

without magnetic field.

2. Observe for five minutes with the magnetic field in one direction.

3. „ „ „ „ without

I

with the

, without

And so on.

other

During the five minutes after interrupting the magnetising current

the temperature returns slowly to its original value.

Mainly by help of the deflections just before applying the mag-

netic field, the remaining variation of the deflection without magnetic

field was represented graphically and from this was interpolated the

value of that deflection at a moment five minutes after the closing

of the current. 'J he difference of this value and the deflection

observed just before interrupting the current gives the fall of tem-

perature we require.

By taking the mean for the two directions of magnetisation the

error is avoided, which would otherwise be caused by the rotation

of the isothermals.

Here follow some of the results obtained. ^1, B and C again

indicate the three fixed places on the plate; the temperatures above

each column give approximately the values as they occurred during

the observations.

Magnetic
field.
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Ueflectiou
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vary; it is probable that the temperature at both ends does also not

remain the same, and only with the aid of three observed tempera-

tures we can calculate a. It is evident that in this way errors of

observation should acquire a great influence, especially as the deter-

mination of the falls of temperature could not possibly be made at

the three places at the same time ; the stationary temperatures were

about the same in each experiment, but small differences could not

be avoided.

For the calculation, the temperatures, observed at the heated

end and in the places ^,J5andC were united in a g-raphical repre-

sentation with 31 as abscissa. From this the temperatures in the

places «=0, 0,6, 1,2, 1,8, and 2,4 were deduced. These must

satisfy the relation.

tn + 1

::^ e— 0,6 o _|_ g + 0,6 o_

Putting e— c'.en =
^i we find k from the equation

i2_ilL±il±^yt + l=0.
^1 + 1

Supposing the mean value of k to be correct, I then calculated

from the set of 5 temperatures the coefficients p and q, and from

these again the temperatures themselves. The result being:

k = 0,626 ;; = 43,16 q — 0,311

X
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For an investigation of the variation in different magnetic fields

the observations are not accurate enough
;
yet they already show

that the increase is more rapid than proportional to the first power

of the magnetic force, but not so rapid as proportional to the second

power ').

b. Results of other observers.

As far as I know it is only Leduc ^), the discoverer, and voN

Ettingshausen 3), who have observed this phenomenon.

From the former's observations follows for 3/ = 7800 - = 1,057.
9

VON Ettingshausen finds numbers varying from 1,052 to 1,021

in a field of about 9000.

In both these cases the bismuth was directly soldered to the

source of heat, and for the calculation use was made of the term

p e—"^ only. As my value, 1,058 in the field 6000 is rather too

large than too small, we can deduce with certainty from the obser-

vations that this change is considerably smaller than of the elec-

trical conductivity.

5. Loiiyltudlnal thermo-magnetic phenomenon.

a. Measurements. This phenomenon may be considered as an

increase of the thermo-electric power of bismuth in the magnetic

field. I therefore wished to measure the variation of the deflection,

observed with the galvanometer, when the copper wires of the thermo-

electric couples were connected to it, in percentage values for diffe-

rent magnetic fields, always with both directions of the magnetic

field, in order to avoid the disturbances caused by tranverse pheno-

mena
; afterwards it would only be necessary to determine the thermo-

electric power outside the magnetic field once for all, in order to

be able to express the longitudinal effect also in absolute measure.

Now it was also desirable to make these measurements with the

thermo-elements at the places B and C; but as the temperatures of

these places vary on applying the magnetic field, a disturbance arises

which reduces the change in the deflection, because the fall oftem-

') A variation of
ff

with temperature, outside or iu tlie magnetic field, oug-ht to

appear from a similar change in A: It is evident that the accuracy of the observa-

tions is not sufficient to draw from them conclusions as to such a variation ; how-

ever the variation cannot be very large.

-) C. 11. 104, p. 17S3, 1887.

'' Wied. Ann. 33, p. 139, 1888.
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perature is greatest at the highest temperature. At first 1 intended

to calculate this disturbance from the measurements of the fall of

temperature mentioned in the preceding part. But I have changed

my mind because it appeared that in spite of accurate placing of

the thermo-elements, deviating falls of temperature occurred with

different measurements. For the most part, these deviations must be

ascribed to the existence of an other slope of temperature. There-

fore of late I have determined the fall of temperature on both these

places before and after the measurement of the longitudinal effect.

If we knew exactly the difference of temperature between the two

places of contact we might have expressed the correction in percen-

tages. Although the temperature of the places of contact between

German-silver and copper is exactly known, there is however no

sufficient certainty that this is at the same time the temperature of

the place of contact of bismuth and copper. The same uncertainty

is the reason that the thermo-electric power of bismuth can also

not be exactly deduced from these measurements; the values of the

difference bismuth-copper, calculated from the results of different

experiments, range from 8400 to 10500 per 1° for temperatures

ranging from 20° to 50°. It should be remembered that in the

place B we find a slope of temperature from 2,5° to 5° per ww.,

while the whole difference of temperature was 20° to 30°. For

these reasons I have for the time being given up a calculation

of the longitudinal effect in absolute measure and have calcu-

lated the correction by taking for the thermoelectric difference

bismuth-copper 10000 per 1°; for the thermo-element German-silver

and copper was found 1590. In the correction there remains an

uncertainty of probably not more than 10°/^ ; the correction itself

amounted at most to 25% of the total effect, so that for tliis there

remains an uncertainty of 2,5%; as moreover the fall of temperature,

as afterwards appeared, shows almost the same variation with the

magnetic force as the longitudinal-effect, the proportion of the phe-

nomenon in different magnetic fields will not be changed by the

error.

A great number of measurements had been made already before

the method of observation described here was applied. In order to

use these in the calculation, I interpolated from all the sets of

observations the percentage variation for the fields 2000 to 6000

;

then I always assumed 10 as the value for the field 6000 which

was the result according to the last method, and changed the other

figures proportionally. The following results were obtained.
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Maguet. field.
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Magnet, field.
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Zn + Hg2 SO4 ;t Ug3 + Zn SO4

at different temperatures.

The reaction represented by the above equation takes place in a

CLARK-cell when its circuit is closed.

When the cell is short-circuited by a short, thick wire (whose

resistance is practically zero) the constant of the electrical velocity

of reaction (see my first communication) at f is

^' = s-

where E is the electromotive force of the cell at t° and S2 the

specific resistance of the saturated solution of zinc sulphate in the

cell at the same temperature.

According' as the solid substance present is Zn S O4. 7 Hg or

Zn S 0,x. 6 Ho 0, we shall find at one and the same temperature, two

values for Ki since both E and SI depend on the nature of the

solid phase.

3. Jaeger i) has found that for an element in which the stable

solid phase is Zn S O4 . 7 Hg 0, the electromotive force at the tem-

perature t° may be represented by:

Et— 1. 400—0, 00152 (<— 39) — 0, 000007 (<— 39)2 Volts.

If, however, the solid phase is ZnSO^,. 6 H3O, we have

E'i — 1. 400 — 0, 00102 (i-39) — 0, 000004 (<— 39)^ Volts.

I have determined the resistance of the different solutions by

raeans of a Kohlrausch dipping-electrode 2) (Taiichelectrode) the

resistance capacity of which, at 18°, was determined by a 0.5 N.KCl

solution, and controlled by a 0.5 N. Na CI solution at the same

temperature.

Table I contains the values of E^ i2, and K^ for the case that

Zn SO4. 7 H2O is present in the element and Table 11, the same

quantities for Zn SO4. 6 HgO.

1) WiEU. Ann. Bd. 63 (1897) 354.

^) Kohlrausch a. Holboen, Das Leitvermögen der Electrolyte. (Leipzig 1898).

p. 18 u. 19.
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wing figure are obtained according as we are dealing with the

modification which is stable, or with that which is metastable

below 39°.

Tenqieraiure.

As ,. to be foreseen, the velocity of reaction at 39° is the

same in both cases ; below this temperature the reaction in the

clement containing the stable phase is always the faster (at the

same temperature).

Phys- ^ — ^Diffraction of Rontoen Bays

and Dr. C. H. Wind.

By Prof. H. Haga

Investigations i) formerly undertaken in the Groningen Laboratory

rendered it already clear that, if X rays are due to vibrations of the

ether, their wavelength can be but a few Angstrom units. In the course

of the further enquiry a phenomenon was observed, indicating traces

of real diffraction and tending to give a wavelength of one or two

Angstrom units. Now it became possible to perform a new series

of ex^^r iments under circumstances more qualified to exhibit diffrac-

tio.i. A simple consideration makes it clear that in order to obtain

great intensity it is better to use narrow slits than to make the

distances great.

1) C. H. Wind, "On the inÜueuce of the dimensious of the source of light in

ditfraction phenomena of Frksnel and on the diffraction of X rays". Kon. Akud. van

Wetenschappen. Proceedings, Jixne 1898.
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All the apparatus could now be mounted on one plate of free-

stone, whereby moreover greater steadiness was secured.

Tlie first slit (X slit), the second (diffraction slit) and the photo-

graphic plate were mounted on heavy metallic stands, resting on

a free-stone plate (200 X 40 X 30 cm.) This plate was supported

by three columns of the same material, resting on the great pillar

of the edifice; stands, plate, column and pillar were united by

plaster of Paris.

Behind the first slit was the Röntgen tube, one of the excellent

tubes made by Muller (Hamburg) with automatic vacuum regu-

lator.

The iuduction coil was an excellent piece of apparatus made by

Siemens and Halske, with a maximum spark-length of 30 cm. aod

a Deprez interrupter with two contacts.

The current for the induction coil was given by 6 accumula-

tors. The tube and the first slit were surrounded at all sides —
except at the backside, where space was kept for the connecting

wires between the coil and the tube — with thick leaden plates;

in the direction of the diffraction slit a small aperture was spared

in order to enable the X rays to reach the photographic plate.

Much pain has been taken to obtain the slits as excellent as possible;

the small platinum plates, thick 1/2 mm., which formed the edges

of the slit, had been very carefully flattened and ground and were

screwed on flattened plates of brass. The width of the X slit was

14, 18 or 25 microns; by means of a leaden plate the height was

limited to 1 cm.

The diffraction slit (height 3 cm.) was 14 microns at the upper

end and gradually narrowing to a width of a few microns.

On one of the sides of the diffraction slit and very near to it

there had been drilled small round holes in the platinum, near to

the upper and lower end and to the centre 0' the slit, in order to

enable us, in a way afterwards to be mentir ned, to know the effec-

tive width of each part of the diftVaction slit. The diffraction slit

ended at the top and at the bottom in a slit of considerable width

(3 m.m), the axis of which was the prolongation of the axis of the

diffraction slit; the Röntgen tube was placed behind the first slit

in such a position that these wider slits cut from the pencil of

X ravs the most intensive, middle part, as could easily be controlled,

from time to time, by means of a fluorescent screen; of course the

rays then passed also in the desired manner by the diffraction slit.

With this arrangement were taken the experiments of which the

results are given in the following table, where signifies
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a : width of the first slit in iiiicrons.

s : ,, „ „ diffraction slit „ „

a : distance between first and diffraction slit in cm.

b : „ ^ diffraction slit and photografic plate in cm.

a = 75 cm. « : 2 a 14 jM.

Time
of exposition

Hours.

NO. of

experiment.

25

•25

U

14

25

18

18

18

1

20

45

75

75

105,5

1

75

75

29

57

60

60

100

150

30

130

200

In the experiment N''. 1 a plate sensitive on both sides was used —
mark B II of the Actiën- Gesellschaft fur Anilin-Fabrikation. The

image on the second side of the plate however was many times

fainter than that on the first side; moreover on account of the

rather strong fog it seemed very desirable to destroy the image on

the second side and to remove the gelatine film; in the other expe-

riments LOMBERG-plates were used. The plates were developed a

very long time (at least half an hour) using rodinal (1 at 35), po-

tassium bromide being added.

In experiments 5 and 8, the photographic plate was pressed against

the brass plate, on which the diffraction slit was mounted. Measu-

rements, in order to give the width of the slit, were made on the

images obtained by these experiments, greater accuracy being attainable

in this manner than by direct measurement of the slit; on account

of the small distance between the plate and the slit, the image could

not be sensibly broadened nor by diffraction nor by the X slit being
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not infinitely narrow. The measurements were made by means of

a microscope made by Zeiss, object-glass D, compensation eye-piece

6 with micrometer; also low powers were used.

The above mentioned small holes in one of the slit sides gave

on 5 and 8 circular and on the other plates — on account of the

height of the X ray source — elongated dark images (cf. fig. 1 and 2).

On all plates the distances between the centres of these images

were divided with the dividing engine in the same number of equal

parts. Whenever for a definite division in one of the diffraction

images the corresponding width of the diffraction slit was wanted,

we could by this way immediately take it from the measurements

of 5 and 8.

If, using small power — object-glass a*, index at 10, compen-

sation eye-glass 6 — plate N". 2 is gradually displaced, one sees

that the image of the slit appears in the broader part as a black

line, dark in the centre and with hazy edges, that however in the

narrower part the darker part — nucleus — ceases and the image

of the slit broadens out somewhat like a plume, showing but little

difference of intensity in a direction perpendicular to the length

of the image. In accordance with the gradual narrowing of the dif-

fraction slit, the image becomes of course weaker, but narrower

alone at a few places, in such a manner that from the point, where

the nucleus seams to disappear, maxima and minima begin to appear

in the width of the image.

The same thing occurs also in the other negatives, most clearly

in W. 2, 6 and 9.

In order to give some idea of the character of these faint broadenings,

which are observed at their best with the microscope, we have made

of the narrowest part of 5 and 2 enlarged photographs by means of

a so called mikroplanar N"'. la made by Zeiss. Figures 1 and 2

are reproductions of these enlargements by means of heliography.

Fig. 1 is enlarged 16 times, fig. 2 14 times.

Identical numbers at the divisions indicate corresponding places.

In fig. 1 is given also the width of the diffraction slit.

In order to be sure that the real cause of the described pheno-

mena is to be attributed to diffraction, we have carefully consi-

dered other different causes whicli might cause a broadening of the

image of the slit. It appeared however, that though photographic

irradiation, local differences in the sensibility of the photographic

film, secondary rays (Sagnac), small motions of the stands durino-

the experiments, often extending over more then 10 days, may have

changed in different degrees the image of the slit, these causes
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cannot explain the broaden! ngs of the image, which as we observed

occur with the narrowing of the diffraction slit.

Tt might however be argued that if the influence of the width of

the first slit is taken into account, also with linear propagation of

the rays, the image of the slit tnight make upon us the impression

of a broadening with the gradually narrowing of the second slit.

In this case however the apparent limits of the image should cit

the idmost diverge at the same rate as the edges of the second

slit approach each other. In our experiments however the diffrac-

tion slit narrows in so slow a manner that a broadening from this

cause would be totally imperceptible.

Hence we can only draw the conclusion, that the broadenings

of the slit image we have observed must be attributed to a Diffrac-

tion of the Röntgen rays. With this hypothesis the different

broadenings of the slit image, which are to be interpreted as mani-

fold formations of plumes, are easily explained, because it is only

necessary to suppose that there are rays of considerably different

wavelengths, rays of some definite wavelengths possessing greater

energy than others; the rays with great energy cause the separate

broadenings resembling plumes, the height of the ray source favou-

ring haziness.

The small intensity of the broadenings resembling plumes, the

haziness of their edges make accurate measurements and hence a

precise determination of the wavelength impossible. We were obli-

ged to make only an estimation of the wavelength of the more

prominent rays.

In Fresnel's diffraction theory is introduced the quantity v
;

in

conformity therewith we now introduce the quantity r^, as given

by the relation

v, = s\/
2(a-\-b)

ibX

This quantity determines, s, a, h and I being given, the kind of

the primary diffraction image to be expected, so that by means of

CoRNu's spiral the intensity curve of the diffraction image can be

constructed. We have done so for the values 2, 1.5 and 1 of the

quantity Vs- The width of the first slit, f>, must however be taken

into account, or which comes to the same thing, from the primuy

the secondary diffraction images must be deduced. ')

') C. H. Wind, //Over deu invloed van de afmetingen der liehtbrün bij FBESNF.L'sche

buigingsverscbijnseleu". Verslag der vergad. April 1897.
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In iinler to obtain a somewhat ;4cneral survev of the diffeient

pojsiblo cases, which wltc tor us of iniportancL', wc havo uiado

concorniuii: the ratio

« + 6

the siguificauce of wliicli will bo clear, three hypotheses, viz.

Ö— 3, <5=1 and d — 0,6.

The tirst slit is with the first hypothesij rather wide, with tlie

third rather iiarrosv as eonipared with the second slit. The intensity

curves for the diHraction iniai^es in the 9 cases are plotted down

in fig. 3 a— i.

Til the same plate are represented also by dotted lines the intensity

curves with the s?nie slits and with rectilinear propagation, using

the circumstance that th(( areas enclosed between the intensity

curves and the axis must he the same with and without diffraction.

From these figures it appears that already with great values of

1%. broadening will be visible, provided that the least perceptible

intensity, is reri/ small as com[)ared with tlie greatest intensity,

which with given width nccurs in the image of the slit.

However in our case of the broadenings resembling plumes tiio

last condition is certainly not fulfilled ;
in the centre of the slit

image the intensity is already small, and a high ratio at the edges

would be necessary in order to be perceptible.

In this case Ave see at once from the curves, that with a vaUu^

v., =: 1 there must be in all cases a distinct broadening, witlirs=:2

probably never, with i-^. = 1.5 only under favourable circumstances

as to the width of the tirst slit, and then only in a small degree.

It is also clear that, though the influence of the value of ö on

the visibility of a broadening exists in general, yet this influence

is not great for values of r, between 1 and 1..5. Taking this into

account we think to be justified to take Vg =^ 1,3 in every case the

slit image is sensibly broadened, that is in the case of every plume.

Hence we find by means of the relation

. _ 1 2 (a + t)
.,

29
Procccdinsrs Roval Acad. Amstecdaiu. Vol. I.
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where .<] is tlie widtli ut' the diffractiuu slit currespuiidiug willi a

broadening", the values in the following table:

N". of

experiment.
S] 111 micra.

A in Angstrom
units.

7
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Physics. — ^Simplifed Theorij of Electrical and Optical Pheno-

mena in Moving Si/sfe>iis'\ By Prof. H. A. Lorentz.

§ 1. Til former investigations I luivo assumed that, in all elec-

trical and optical phenomena, taking place in ponderable matter, we
have to do with small charged particles or ions, having determinate

positions of equilibrium in dielectrics, but free to move in conductors

except in so far as there is a resistance, depending on their velo-

cities. According to these views an electric current in a conductor

is to be considered as a progressive motion of the ions, and a

dielectric polarization in a non-conductor as a displacement of the

ions from their positions of equilibrium. The ions were supposed to

be perfectly permeable to the aether, so that they can move while

the aether remains at rest. I applied to the aether the ordinary

electromagnetic equations, and to the ions certain other equations

which seemed to present themselves rather naturally. In this way
I arrived at a system of formulae which were found sufficient to

account for a number of phenomena.

In the course of the investigation some artifices served to shorten

the mathematical treatment. I shall now show that the theory may
be still further simplified if the fundamental equations are imme-

diately transformed i-i an appropriate manner.

§ 2. I shall start from the same hypotheses and introduce the

.same notations as in my „Yersuch einer Theorie der electrischen uud

optischen Erscheinungen in bewegten Korpern". Thus, b and Jp will

represent the dielectric displacement and the magnetic force, (> the

density to which the ponderable matter is charged, » the velocity

of this matter, and €' the force acting on it per unit charge (electric

force). It is only in the interior of the iotis that the density (j differs

from 0; for simplicity's sake I shall take it to be a continuous

function of the coordinates, even at the surface of the ions. Finally,

I suppose that each clement of an ion retains its charge while it

moves.

If, now, r be the velocity of light in the aether, the fundamental

equations will bu

Divb = (>, (I^)

I)iv.^=zO, (Ila)

Ifot Sp = i 71 i>
V i- i :i't> (Ilia)

4 .1 F2 i?o« b = — .P) , (17^)

^ = 4>7tV^b + lü.^] (Va)

29*
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§ 3. We shall iippl} these equations to ;t svstein ul' bodies,

having a common velocity of translation p, uf constant direction

and magnitude, the aether remaining at rest, and we shall hence-

forth denote by i', not the whole velocity of a material element,

but the velocity it may have in addition to p-

Now it is natural to use a system of axes of coordinates, which

partakes of the translation p. If we give to the axis of ^- the direc-

tion of the translation, so that p^ and \\~ are 0, the etjuations

(la)— (Va) will have to be replaced by

Blrii = n
, (lb)

iJiv.^^ — ^), (lib)

3 .5- 3 .n,/
, , / 3 3 \

3 «._ 8ft ^ ^ ^
/ 3 __ 3 ^

Jd~ 3^ \dt d^i'J
'

dS^;f d-tc .

, ,
/ 3 3 N

*-''"|-3-^^37J = -'^--''

€• = 4 .T F- b + [ V . Jp
I + [ Ü . •') ] • • • • (^'1')

In these formulae the sign Dir, applied to a vector ?l, lias still

the meaning deHi\ed by

n- ..3 31. 3 -Jl,, 3 31.

() X d 1/ OS

As has already been said, » is the relative velocity with regard

to the moving oxes of coordinates. If d =- 0, we shall speak of a

system at rest; this expression therefore means relative rest with

regard to the moving axes.
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III most npplications p wnulil he llio velnrity ol' tlie eurtli in its

yeaily motion.

t; 4. Now, in Older to siniplil'y tlio oqniitions, the following

quantities mn\ he tiikeii ;is imleoendent vaiiiihlos

. (1)

Tlio last, of these is the time, reckoned from on instant that is

not the same for all points of space. i)nt depends on tlie place we

wish to consider. We may call il I he /oral Unit', to distinguish il

from the iinhrrsal time t.

Tf we pnt

T' _

we shall have

A-/. L_/,3 J^ 1_ L-A 1-1 ^-1

The expression

3ülx 3 ia,/ 3 31.

3 X 3 y 3
«'

will he denoted by

Div' 31 .

Wo shall also introduce, as now dependent variables instead of

the components of ö and ^, those of two other vectors %' and Sp
,

which we define as follows

5'^= 4 n: F 2 b^, g',, = 4-Tk V~ b^ — k p^. .fx-, 5'. — 4::ikV~ t>- + J, p^ .p^,

jp'x = k .fix, .fp',/ = k" .^,j -\- in k^ px b:, -0'-- = /'•- -0»= — 4 ;r ^- p^ by.

In this way I find by transformation and mutual combination of

the equations (lb)—^(Vi,)

:
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Div' %' = Jlv\>-^nk p^ (Mv , .... (Ie)

Div' Jp' = O , (lic)

BXp'. a.fp'.
, , ,

A= 35'v

T.'
-^^'"'^^'^"^

i-"ö^"

3rz^_9g',v __3^\
3?/' 3s'

"~
3t'

3g':r 35'.- _ 3JpV

3^' 3/ ~ 3«'

(llle)

(TVc)

3j^' 3'/' 3''

Cv = %\- + A- ^2 (IV 5',, + i>-- 5'.) + (% C-»'--
- IV- J?',/)

€,/ = 1 g'.v
- ^' y. ^- 5',/ + (^y

tv /y. - IV .fV,") ) . . (V.)

<E, =. y 5', - h ^ t.:r 5"'. + (^IV -O y - y % •<> ..

Putting i>= in tlio three lust equations we sec that

%x 1 'T ^yi 'T ^~

aro the components of the electric force that would act on a particle

at rest.

§ 5. We shall l)e»in with an application of the equations to
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electrostatic phenomena. In these we have v>= and S' independent

of the time. Hence, by (lie) and (Illc)

S?' = 0,

and by (IVc) and (Ic)

9 J/' 9 s' 9 s' 9 a;' 9 .v' 9 y

AV g'z=— l^^t>.

These equations show that %' depends on a potential m, so that

d CO 9 « . d fo
(T.' (X-' ft-'

u* — '-, (toy — — ^ 7 1 u - — ;:^ rox' dy as

and

9^ ^. 9^, 4.
(2)

x~ ij~ a s~ />;

Let 6' be the system of ions with the translation p^ ,
to which

the above formulae arc applied. AVe can conceive a second system

''^'n
with no translation and consequently no motion at all; we shall

suppose that •'^ is changed into >',, by a dilatation in which the

dimensions parallel to OX are chang-cd in ratio of 1 to Z^-, the

dimensions perpendicular to OX remaining what they were. Moreover

we shall attribute eqnal charges to corresponding volume-elements

in /S and Sg- if then ('„ be the density in a point P of 5, the

density in the corresponding point 7^^, of % will be

1

Co =
-J

(>

If a',ij,z are the coordinates of P, the quantities •'•', y', s', deter-

mined by (1), may be considered as the coordinates of Fq.

In the system Sq, the electric force, which we shall call Cüg

may evidently be derived from a potential Wq; by means of the

equations

(c. _ 9 '''o «: _ 3 «0
,
- 9 «0

^w — ^—r 1 ^ij'/ — — -1^7 1 'icic — — ^^—r •

> ay OS
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iintl ilii' i'mictloii f.)y itscll' will sntisfy llic i-imilition

^-^ + ^-^ + ^-^ — — 471 I - (y„
— — P - ,>.

Cnnipariiif;- this with (2), wo. wo Hint in onnospondinr;; points

and onnsoqnont]}

Ts'^ — e,.r
, 5V = ^'

»/ '
?'- = ^'>^-

Tn Yirtuc of what, has hoon roniaiked at the end of § 4, the

oompononts of tho ehsotrio loieo in tho syst(>m 'S' will thoioforo be

l^iiallel to OX we have the same electric foroo in -S' and .S',,, hut;

in a direction perpendicular to OX the electric force in S will be

— times the electric force in 'S'^.

By means of this result every electrostatic problem for a moving

system may be reduced to a similar problem for a system at rest;

only the dimensions in the direction of translation must be slightly

different in the two systems. If, e.g., we wish to determine in

what way innumerable ions will distribute themselves over a moving

conductor C', we have to solve the same problem for a conductor

Cq, having no translation. It is easy to show that if the dimensions

of Co and C differ from each other in the way tliat has been indi-

cated, the electric force in one case will be perpendicular to the

surface of C^ as soon as, in the other case, the force ^^ is normal

to the surface of Cg.

Since

exceeds unity only by a (juantity of tlio second order — if we call

-r of the first order — the influence of tho earth's yearly motion

on oh'clrostatic phenomena will likewise be of the second order.
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§ 6. Wo >lia]l iKiw sliow liow our o-onoral oqimtions (T,A— (Y,.)

iimv ho. iipjilitMl to oj)tio:il ))lienoinon:i. For tliis purpose we oonsiilcr

a system of ponderahle bodies, tlie ions in wiiicli are oapablf of

vil)rating fibont determinato positions of ocinilibrium. If the system

be traversed by waves of light, tliere will be oscillations of the

ions, accompanied by electric vibrations in the aether. For cnn-

venience of treatment we shall snppose that, in the absence of light-

waves, there is no motion at all ;
this amounts to ignoring all

molecular motion.

Our first step will be to omit all terms of the second order.

Thus, we shall put /.•^=1, and the electric force acting on ions at

rest will become a' itself.

We shall further introduce certain restrictions, by means of which

we get rid of the last term in (h) and of the terms containing

i\r, i>v' ^-V- in (\c).

The first of these restrictions relates to the magnitude of the

displacements a from the positions of equilibrium. We shall suppose

them to be exceedingly small, even relatively to the dimensions of

the ions and we shall on this ground neglect all quantities which

are of the second order with respect to a.

It is easily seen that, in consequence of the displacements, the

electric density in a fixed point will no longer have its original

value (Jq^ but will have become

(> = t'o
— y- (Co ^:r) — — ((',1 «//) — Y' *-i'n

"--)•

d'' oy o-r

Here, the last terns, which evidently must be taken into account,

have the order of magnitude -^
, if < denotes the amplitude of

rt

the vibrations; consequently, the first term of the right-hand member

of (To) will contain (piantities of the order

Ylllo (3^
a

On the other hand, if T is the time of vibration, the last term

in (Ic) will be of the order

'^, (4)
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Dividing this by (3), we get

Pï_ a

V ' VT'

an extremely small quantity, because the diameter of the ions is a

very small fraction of the wave-length. This is the reason why

we may omit the last term in (Ic).

As to the equations (Vc), it must be remarked that, if the displa-

cements are infinitely small, the same will be true of the velocities

and, in general, of all quantities which do not exist as long as the

system is at rest and are entirely produced by the motion. Such

are -^'x, •')'«/' •^'^- ^^^ '"'^y therefore omit the last terms in (¥<),

as being of the second order.

The same reasoning would apply to the terms containing — ,
if

we could be sure that in the state of equilibriunr there are no

electric forces at all. If. however, in the absence of any vibrations,

the vector S' has already a certain value Sf,\ '^ will only be the

difference %'—Sq', that may be called infinitely small ; it will then

be permitted to replace %)/ and 5'- by S''».'/ and 5'»-

Another restriction consists in supposing that an ion is incapable

of any motion but a translation as a whole, and that, in the posi-

tion of equilibrium, though its parts may be acted on by electric

forces, as has just been said, yet the whole ion does not experience

a resultant electric force. Then, if ^ 7- is an element of volume,

and tlie integrations are extended all over the ion,

I (>, ?i'o)/ (It = j
a^ '^\^, (/ r = . . (5)

Again, in the case of vibrations, the equations (V^) will only

serve to calculate the resultant force acting on iin ion. In the

direction of the axis of ;/ e. g. this force will be

pS.'/'S.d.T

Its value may be found, if we begin by applying the second of

the three equations to each point of the ion, always for the same

universal time t, and then integrate. From the second term on the

rio'ht-hand side we find
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S ;/

'
' ^ 1

or, since we may replace %',j by 'W^^ and (j by (>q,

— ~ V:t
j Qo (S O!/

d
'^ >

which vanishes on account of (5).

Hence, as far as regards the resultant force, we may put £ = g',

that is to say, we may take %' as the electric force, acting not

only on ions at rest, but also on moving ions.

The equations will be somewhat simplified, if, instead of ?s', we

introduce the already mentioned difference §'— g'^. In order to do

this, we have only twice to write down the equations (Tc)—(IVe),

once for the vibrating system and a second time for the same system

in a state of rest ; and then to subtract the equations of the second

system from those of the first. In the resulting equations, 1 shall, for the

sake of brevity, write (V' instead of 5'—
5'o, so that henceforth a' will

denote not the total electric force, but only the part of it that is

due to the vibrations. At the same time we shall replace the valine

of (>, given above, by



( 4^0
)

Siiir(! those oqiiatioiis d) no Idiin'or nxplicitly coutnin tlio volocity

V, , tlu'v will hnlil, without ;iny chniio'C! o!' form, lor ;i syslom that

has no translation, in wliirh easo, ol' rourso, /' wouM hf the sanio

tliino' as tlio nnivcrsal tiino i.

Y(>t, stiicth speakinti-, llicro would ho a sliti'ht diflViviioc in the

foiiuulao, whoii applied to tho two oas(>s. Tn tho systoni without a

translation a,,, af,, a, would bo, in all ])oints of an ion, tho sanio

funotions of t', i. e. of the universal time, whereas, in the niovina;

systoni, these compouents would not depend in the same way on t'

in difterent parts of the ion, just booause tlioy must evorywhero

bo the same functions of /.

However, we may ignore this differonco, of the ions are so small,

that we may assign to each of them a single local time, applicable

to all its parts.

The equality of form of the electromagnetic equations for the two

cases of which we have spoken will serve to simplify to a large

extent our investigation. However, it should be kept in mind, that,

to the equations (Id)— (IVd), we must add the equations of motion

for the ions themselves. In establishing these, we have to take into

account, not only the electric forces, but also all other forces acting

on the ions. We shall call these latter the molecular forces and we

shall begin by supposing them to be sensible only at such small

distances, that two particles of matter, acting on each other, may

be said to have the same local time.

§ 7. Jjot us now imagine two systems of ponderable bodies, the

one -S' with a translation, and the other one >% without such a

motion, but e(]ual to each other in all other respects. Since we

neglect (juantities of the order p^r-/!'", the^ electric force will, by §5

be the same iu both systems, as long as there are no vibrations.

After these have been excited, wo shall have for both systems

the equations (Td)— (IVd).

Further wo shall imagine motions of such a kind, that, if in a

point (x\y',z') of .S'o wo find a certain (]uantity of matter or a

certain electric charge at the universal time /', an equal quantity

of matter or an equal charge will be found in the corresponding

point of S at the local time f'. Of course, this involves that at

these corresponding times we shall have, in the point (.r', y\ z') of

both systems, the same electric donsiiy, the same displacement a,

and equal velocities and accelerations.

Thus, some of the dependent variables iu our equations (Id)— (IVd)

Avill be represented in Sq and *S' by the sanio functions of .c', //', 2;', <',
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wlieiKT we cui'-elucle that the e(iuatiuiis will be tsatisfieil In vahics

of .0
'j ,

p'yj 'P';, S'x, 5'y, As, which are likewise in both case« the saiiie

t'unetions of .c', //', z\ t'. By what has been said at the beginning

of this §, not only a', but also the total electric force will be the

same in »S'o and .S', always provided that corresponding ions at cor-

responding times (i. e. for ecjual values of t') be considered.

As to the molecular forces, acting on an ion, they are conHned

to a certain small space surrounding it, and by what has been said

in § G, the diftereiice of local times within this space may be

neglected. Moreover, if equal spaces of this kind are considered in

Sg and <S, there will be, at corresponding times, in both the same

distribution of matter. This is a consc(|uence of what has been sup-

posed concerning the two motions.

Now, the simplest as&umption we can make on the molecular

forces is this, that they are not changed by the translation of the

system. If this be admitted, it appears from the above considerations

that corresponding ions in >% and (S will be acted on by the same

molecular forces, as well as by the same electric forces. Therefore,

since the masses and accelerations are the same, the supposcil motion

in *S' will be possible as soon as the corresponding motion in N,j can

really exist. In this way we are led to the follow^ing theorem.

If, in a body or a system of bodies, without a translation, a system

of vibrations be given, in which the displacements of the ioas and the

components of 5' ii"<l -'3' are certain functions of the coordinates and

the time, then, if a translation be given to the system, there can

exist vibrations, in wliich the displacements and the components of

5' and -p' are the same functions of the coordinates and the loail

time. This is the theorem, to which I have been led in a much

more troublesome way in my ,,Versuch eiuer Theorie, etc.", and by

which most of the phenomena, belonging to the theory of aberration

may be explained.

§ 8. In what precedes, the molecular forces have been supposed

to be conhned to excessively small distances. If two particles of

mutter were to act upon each other at such a distance that the

ditt'erence of their local times might not be neglected, the theorem

would no longer be true in the case of molecular forces that are

not altered at all by the translation. However, one soon perceives

that the theorem would again hold good, if these forces were changed

by the translation in a doKnite way, in such a way namely that

the action between two quantities of matter were determined, not

by the simultaneous values of their coordinates, but by their values
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at CijHal local limes. If theiefore, we should meet with plienomen.a,

ill which the difference of the local times for mutually acting- par-

ticles might have a sensible influence, and in which yet observation

showed the above theonnn to be true, this would indicate a modifi-

catiou, like the one we have just specified, of the molecular forces

by the influeuce of a translation. Of course, such a modification

would only be possible, if the molecular forces were no direct actions

at a distance, but were i)ropagated by the aether in a similar w^ay

as the electromagnetic actions. Perhaps the rotation of tiie plane of

polarization in the so-called active bodies will be found to be a

phenomenon of the kind, just mentioned.

§ 9. Hitherto all quantities of the order pV^'~ ^^'^^ been ne-

glected. As is well known, these must be taken into account in

the discussion of Michelson's experiment, in which two rays of

light interfered after having traversed rather long paths, the one

parallel to the direction of the earth's motion, and the other

perpendicular to it. In order to explain the negative result of this

experiment Fitzgerald and myself have supposed that, in consequence

of the translation, the dimensions of the solid bodies serving to

support the optical apparatus, are altered in a certain ratio.

Some time ago, M. Liénard^) has emitted the opinion that, ac-

cording to my theory, the experiment should have a positive result,

if it were modified in so far, that the rays had to pass through a

solid or a liqtiid dielectric.

It is impossible to say with certainty what would be observed in

such a case, for, if the explication of Michelson's lesult which I

have proposed is accepted, we must also assume that the mutual

distances of the molecules of transparent media are altered by the

translation.

Besides, we must keep in view the possibility of an influence, be

it of the second order, of the translation (tn the molecular forces.

In what follows I shall shew, not that the result of the experi-

ment must necessarily be negative, but that this might very well

be the case. At the same time it will appear what would be the

theoretical meaning of such a result.

Let us return again to the equations (Ic)— (Vc). This time we

shall not put in them i-=l, but the other simplifications of which

we have spoken in § 6 will again be introduced. We shall now

have to distinguish between the vectors ^ and 5', the former alone

^) L'Eclairage Electi-i(|ue, 20 et 27 aout 18 '.)i
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bein^ the electric force. By both signs I shall now denote, not the

whole vector, but the part that is due to the vibrations.

The equations may again be written in a form in which tlie

velocity of translation does not explicitly appear. For this purpose,

it is necessary to replace the variables a;', }j\ z\ i\ 5', -0', a and Cq

by new ones, differing from the original quantities by certain con-

stant factors.

For the sake of uniformity of nutation all tiiese new variables

will be distinguished by double accents. Let t be an indeterminate

coefficient, ditfering from unity by a quantity of the order vV'/F^,

and let us put

« = y •'") U — f ,'/'» z = tc"
, (6)

>1t = — a r, <\,/ :=z ^ a ,,, il- =: f a'- , . . . . (7)
k

k
„

Co = TT i'u (8)

^ _ 1 ,„ ^, 1 ,, ^^ 1

k h k

f = /cf- I" , (9)

so that t" is a UKidilicii hical time; Ihcii we lind

JMr" .b"=z , (ii;,)

3 •?>"-- 3-P".'/ , „9 «".'•, 1 3a'V
^

^....^

1/ a i d t V ~ d t

3g". dTs",, 9.CV'/
^ -—- = —--

, etc (I Vc)
d y as' ot
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Tliu.sc fuiiiiiilao will alrio liuW lur a sysitcm williout translation
;

iiiilv, in this case we must take /:= 1, and we shall likewise take

i =r 1, thou.oh this is not necessaiy. Thus, j", y'', 2" will then be

the coordinates, /" the same thiut;' as <, i. e. the universal time, n"

the displacement, u^^' the electric density, -0" and A" the magnetic

and electric forces, tins last in so tar as it is due to the vibrations.

Our next object will be to ascertain under what conditions, now

that we retain the terms with \>x^iV~i two systems H and .b'o, the

first having' a translation, and the scc^ond iiaving none, may be in

vibratory^ states that are related to each other in some definite way.

This investigation resembles much the one that has been given in

§7; it may therefore be expressed in somewhat shorter terms.

To begin with, we shall agree upon the degree of similarity there

shall be between the two systems in their states of equilibrium. In

this respect we define ,S' by saying that the system S^ may be

changed into it by means of the dilatations indicated by (6); we

shall suppose that, in undergoing these dilatations, each element of

volume retains its ponderable matter, as well as its charge. It is

easily seen that this agrees with the relation (8).

We shall not only suppose that the system *% nuaj be changed in

this way into an imaginary system <S', but that, as soon as the trans-

lation is given to it, the transformation reallij takes place, of itself,

i. e. by the action of the forces acting between the particles of the

system, and the aether. Tluis, after all, iS' will be the «fl)»6Mnatcrial

system as *S'.

The transformation of which I have now spoken, is precisely such

a one as is required in my explication of Michel.son's experiment.

In this explication the factor i- may be left indeterminate. We need

hardly remark that for the real transformation produced by a trans-

latory motion, tlie factor should have a definite value. I see, howe-

ver, no means to determine it.

Before we proceed further, a word on the electric forces in .S' and

S(^ in their states of equilibrium. If « ^ 1, the relation between

these forces will be given by the equations of § 5. Now e indicates

an alteration of all dimensions in the same ratio, and it is very

easy to see what influence this will have on the electric forces.

Thus, it will be found that, in passing from S,^ to N, the electric

force in the direction of OX will be changed in the ratio of 1 to

-, and that the corresponding ratio for the other components v/ill

1

be as 1 to —

.
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As to the corresponding vibratory motions, we shall require that

at corresponding times, i. e-. for equal values of e", the configuration

of .S may always be got from that of S^ by the above mentioned

dilatations. Then, it appears from (7) that a"x, a"^, a", will be,

in both systems, the same functions of .i",y",z",t', whence we con-

clude that the equations (le)—(IVe) can be satisfied by values of

^"r, .O''^, etc., which are likewise, in Sq and in «S, the same functions

of x", y", z", t".

Always provided that we start from a vibratory motion in 5,, that

can really exist, we have now arrived at a motion in ;S, tliat is

possible in so fai' as it satisfies the electromagnetic equations. The

last stage of our reasoning will be to attend to the molecular forces.

In S^ we imagine again, around one of the ions, the same small

space, we have considered in § 7 and to which the molecular forces

acting on the ion are confined; in the other system we shall now

conceive the corresponding small space, i.e. the space that may be

derived from the first one by applying to it the dilatations (6). As

before, we shall suppose these spaces to be so small that in the

second of them there is no necessity to distinguish the local times

in its different parts; then we may say that in the two spaces

there will bo, at corresponding times, corresponding distributions of

matter.

We have already seen that, in the states of equilibrium, the

electric forces parallel to O.Y, OF, OZ^ existing in S differ from

the corresponding forces in S^ by the factors

1 1

,
— and —,.

From (Vg) it appears that the same factors come into play when

we consider the part of the electric forces that is due to the vibra-

tions. If, now, we suppose that the molecular forces are modified

ill (juite the same way in consequence of the translation, we may

apply the just mentioned factors to the components of the <o^«/ force

acting on an ion. Tiien, the imagined motion in S will be a pos-

sible one, provided that these same factors to which we have been

led in examining the forces present themselves again, when we

treat of the product of the masses and the accelerations.

According to our suppositious, the accelerations in the directions

of OX, OY, OZ in S are resp. — ,
-~~ and —— times what they

30
Proceediugs Royal Acad. Amsterdam. Vol. I.
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arc in S^^. If therefore the required agreement is to exist with

regard to the vibrations parallel to OX^ the ratio of the masses of

the ions in S and S^ should be —
; on the contrary wo find foi'

k
this ratio — , if we consider in the same way the forces and the

accelerations in the directions of OF and OZ.

Since k is different from unity, these values cannot both be 1
;

consequently, states of motion, related to each othcu' in the way we

have indicated, will only be possible, if in the transformation of'%

into S the masses of the ions change; even, this must take place

ill such a way that the same ion will have different masses for

vibrations parallel and perpendicular to the velocity of translation.

Such a hypothesis seems very startling at first sight. Nevertheless

we need not wholly reject it. Indeed, as is well known, the effec-

tive mass of an ion depends on what goes on in the aether ; it

may therefore very well be altered by a translation and even to

different degrees for vibrations of different directions.

If the hypothesis might be taken for gianted, Michelson's expe-

riment should always give a negative result, whatever transparent

media were placed on the path of the rays of light, and even if

one of these went through air, and the other, say through glass.

This is seen by remarking that the correspondence between the two

motions we have examined is such that, if in S^ yve had a certain

distribution of light and dark (interference-bands) we should have

in S a similar distribution, which might be got from that in 'S',, by

the dilatations (6), provided however that in S the time of vibration

be kf times as great as in 'S,. Thi^ necessity of this last difference

follows from (9). Now the number k s would be the same in all

positions we can give to the apparatus; tlierefore, if we continue

to use the same sort of light, while rotating the instruments, the

interference-bands will never leave the parts of the ponderable

system, e. g. the lines of a micrometer, with which they coincided

at first.

We shall conclude by remarking that the alteration of the mole-

cular forces that has been spoken of in this § would be one of the

second order, so that we have not come into contradiction with

what has been said in § 7.
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Physics. — Stokes's TJieonj of Aberration in the Supposition of

a Variable Dcnsilij of the Aether. By Prof. H. A.. Lorkntz.

In the theory of aberration that has been proposed by Prof. Stokes

it must be assumed tliat the aether has an irrotalional motion and

that, all over the earth's surface, its velocity is equal to that of the

planet itself, in its yearly motion. These two conditions are easily

shown to contradict each other, it the aether is understood to have

everywhere the same invariable density.

Prof. Planck of Berlin had the kindness to call my attention to

the fact that both conditions might be satisfied at the same time,

if the aether were compressible and subject to gravity, so that it

could be condensed around the earth like a gas. It is true, a certain

amount of sliding is not to be avoided, but the relative velocity of

tlu! aetlier with legard to the earth may be made as small as we

like by supposing the condensation sufficiently large.

At my request Prof. Planck permitted me to communicate his

treatment of the case ; it is as follows.

Instead of considering the earth moving through the aether w e

shall suppose the planet to be at rest and the aether to flow along

it; this comes to the same thing. Let this motion be steady and

irrotational and let the velocity at infinite distance be <, constant

in direction and magnitude. Let the aether obey Boyle's law and

be attracted by the earth according to the law of Ne"V\'TON.

^Ye shall place the origin of coordinates in the centre of the planet

and give to the axis of z the direction of the velocity c Finally we

shall call the distance to the centre ?•, the radius of the earth ro,

the velocity-potential »/', the pressure p, tiie density /(•, and the poten-

tial of gravity per unit mass V. We shall denote by u the constant

h
ratio — , and by (j the value

P

T" l*" = ''o)

of the acceleration at the surface of the earth.

The motion will be determined by the equations

è('f^)+r,(40+è('-s)=»-- •'"
and

0+'-+l|(55) + (|) + (IOl=- -f^)



( 444 )

The problem becomes much simpler if, in the second equation, we
suppose the variations of the square of the velocity to be much
smaller than those of either of the first terms. We may then write

const.
,

or, since

». 3

Y ^
r

log h — f.t (J
— = const,
r

If k^ be the density at the surface, and

II
(J

r^" = «,

the last equation becomes

lo,jk-logh^-ix[---]=0 (3)

As we see, our simplification consists in this, that the distribution

of the aether is independent of its motion, that is to say that it is

condensed to the same degree as if it were at rest.

Substituting the value of h from (3) in (1), we find a ditterential

equation for the determination of q^. It can be satisfied by

the form of the solution being chosen with a view to the remaining

conditions of the problem. These are

1'^. for r = 00

dcp _ ^(p __ f.
'èf _

9 -c di/ ds

2". for r = u

dr

They give us the following relations between the constants of

integration a and h

:
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— a-\-h = c (5)

«=|-^ + -+l)r^'i (G)

^ *'o '"o
'

The velocity witli which the aether slides along the earth is

found to be

„3 ——
V — . e

''"

h sin , (7)

4V
where d is the angle between the radius of the point considered

and the direction of the velocity c. Now, Prof. Planck remarks

that, by (6), if only — be large enough, a will be very small rela-

''o

tively to 6, so that, as (5) shows, b is nearly equal to c. But then,

the value of v given by (7) will be a very small fraction of c itself.

If the quotient of the pressure and the density had the same

value for aether as for air of 0°, and if the force of gravity acted

with the same intensity on the aether as on ponderable matter, we

should have

— = 800 , approximately.

The sliding would then be absolutely imperceptible, but it should

be noticed that this would be due to an enormous condensation,

the ratio » between the densities for ? = r^ and r :^ cc being by (3)

In order that the aether may follow the earth in its motion in

so far as is necessary for the explication of the phenomena, wc

need not require that the condensation should have such a high

k
value. Of course, it would be less, if either — or g were smaller

P
than for air.

We can easily determine what degree of condensation must

necessarily be admitted. Indeed, the constant of aberration may be

reckoned to correspond to within Vs pCt. to the value given by

the elementary theory of the phenomenon ; consequently, in the theory

of Stokes, the velocity of sliding should be no more than about
u

Vü pCt. of the earth's velocity. Now, putting — = 10 , 1 find for

a
the maximum value of the velocity of sliding 0,011c. If— ^ 11

,
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this value would be 0,0055 c. Thus we are led to the conclusion

(C

that — cannot be much different from 11, so that the least admis-

sible value of the condensation is nearly n = e^^.

Calculations which we shall omit here may serve to estimate the

error that has been committed in simplifying- the equation (2). It

is found that far away from the earth the error may become rather

large, but that nearer the surface, precisely on account ofthesmall-

ness of the velocity in these parts, we need not trouble ourselves

about it. Thus, what has been said about the condensation may
be true, even though the state of n.otion in the rarefied aether, at

great distances, depart widely fi'om the equation (4).

Strictly speaking, the condensation must be still more considerable

than the value we have found to be necessary. If the aether be

attracted by the eaith, it is natural to suppose that it is acted on

likewise by the sun ; thus, the earth will describe its orbit in a

space in which the aether is already condensed. In this dense aether

the earth must produce a new condensation.

Of course it is not necessary that the attraction follow precisely

the law of inverse squares; any law which leads to a sufficient

condensation will suffice for our purpose. To understand the con-

nexion between the condensation and the velocity of sliding, we

may consider a simple case. Let the aether have a constant small

density k outside a certain sphere, concentric with the earth, and

within this sphere a constant density k' > k.

If now the earth were at rest, and the aether flowed along it,

a diametral plane of the sphere, perpendicular to the mean direction

of flow, would be traversed by a quantity of aether, equal to that

which enters the sphere on one side and leaves it on the other

side. If this shall be the case, the velocities inside the sphere must

k
be of the order — c , if outside the surface they are of the order c

If we wish to maintain the theory of Prof. Stokes by the sup-

position of a condensation in the neighbourhood of the earth, it

will be necessary to add a second hypothesis, namely that the velo-

city of light be the same in the highly condensed and in the not

condensed aether. This is the theory that may be opposed to that

of Feesnel, according to which the aether has no motion at all.

In comparing the two we should, I believe, pay attention to the

following points.

1. The latter theory can only serve its purpose if we introduce

the well known coefficient of Fresnel, concerning the propagation
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of ligh( in inoving- mndia. Now, tliis coefficient has been found to

be true by direct ineasuremeuts and may be calculated by means

of well founded theoretical considerations. It might be deemed strange,

if in these ways we arrived precisely at the value that is required

by a wrong theory.

2. If we hope some time to account for the force of gravitation

by means of actions going on in the aether, it is natural to suppose

that the aether itself is not subject to this force.

On these and other grounds, I consider Feesnel's theory as the

more satisfactory of the two. Prof. Planck is of the same opinion.

Nevertheless it will be of importance to consider the question from

all sides, and it is for this reason that the following remarks may
here be allowed.

1. If the large condensation that has been spoken of and the

constancy of the velocity of propagation, whatever be the density,

be taken for granted, one can indeed explain all observed pheno-

mena. At least, I for one have been unable to find a contradiction.

It is true, as has already been stated, that, far away from the

earth, the equation (4) will no longer hold. In considering the motion

in those distant regions, the square of the velocity in the equation

(2) has to be taken into account, and the sun's attraction will have

to be considered. But, after all, I find that there may always exist

an irrotational motion, and this, in addition to a sufficient conden-

sation near the earth, is all that is required.

2. If we apply to the moving aether the equations which

Hertz has proposed for moving dielectrics i) the propagation of light

will obey very simple laws. Suppose the earth to be at rest, and

the aether to flow, and let the axes of coordinates be fixed in space.

Then, if ö be the dielectric displacement, -0 the magnetic force, »

the velocity of the aether and V that of light, and if the electro-

magnetic properties of the aether be supposed to be wholly inde-

pendent of its density, the equation may be put in the form

Div b — ,

di?, dS?, r3^.r 9 d 1
4 .T

I
- . - +— (i\, t».r — IV bv) — TT- (IV b- — IV b-r) ,

etc.

It rill OS J

4 .T- (^ _ |l^=, _ oil _ 9
(,^ .rp..-tv..p,) + ^(.v.rx-vvrp..), etc.

\ 01/ 03 y at oy as

') Wied. Ann. IW. 41, p. 36'.).
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We sliall apply these equations to a steady motion with velocity-

potential <p, without supposing that Bio \> vanishes. We shall how-
ever neglect quantities of tlie order O".

Now if, instead of t, we introduce as a new independent variable

<' = « + — ,

and instead of b and Sp the vectors 5' and ^', defined by

g'., z=4:7i V^ t», + {iu .f-)^ — v^ /p,), etc.,

and
.p'^. = .pj. — 4-1 ('0, by — Vy &,), etc.,

the equations become

Biv d' — ,

Div Sp' =0 ,

9y 3^
"

3<' '

^ '''

These formulae have the same form as those that would hold for

an aether without motion, and this is sufficient to obtain in a moment

the well known theorems concerning the rotation of the wave-fronts

and the rectilinearity of (he rays of light. At the same time we

sec that at the boundary of the different layers of the aether, which

slide one over the other, there is never a reflection of light.

It is curious that in the two rival theories somewhat the same

mathematical artifices may be used.

3. There seems to be nothing against the assumption that, while

the aether may be condensed by gravitation, molecular forces are

incapable of producing this effect. In this way it might be explained

that small masses, e. g. the flowing water in Fizeau's experiments,

cannot drag the aether along with it. In these cases the coefficient

of Fresnel would I'omain of use.

4. A decision between the two theories would be soon obtained,

if the phenomena of the daily aberration were sufficiently known.

Unfortunately, this is by no means the case; even, as Prof, van de

Sandr Bakhuyzen assures me, one has never purposely examined

what the existing observations teach us concerning this aberration.

Mathematics. — "0» reducible hypereUiptk Integra^.'' By Prof.

J. C. Kluyvek.

(Will be published in the Proceedings of the next meeting.)

(April 33tli 1899.)



KONINKLIJKE AKADEMIE VAN WETENSCnAPPEN

TE AMSTERDAM.

TRUCEEDINGS OF THE MEETING

of Saturday April 22tb 1899.

(Translated from: Verslag van do gewone vergadering der Wis- en Naliuirkundigc

Afdccling vau Zaterdag 25 Maart 1S99 Dl. VII).

Contexts: -'On reducible Iiyperclliptic Integrals." By l'rof. J. C. Klcyvf.r, p. 440. — „Meitin;;

points in systems ot' optie isomers." By Prof. H. W. Bakiiuis Roozeeoo.v, p. 4C6. —
,,0u the deduction of tlie characteristic cijuation." By Prof. J. D. vas der Waals —
discussion with Prof. Boltz.makn. p. 468. — „The galvano-magnetic and thermo-mag-
netic phenomena in bismuth (2nd Communication continued)." By Dr. E. tan Eveii-

DiNCEN Jk. (Communicated by Prof. II. Kameslixgu Osnes). p. 473.

The fullowing papers were read

:

Mathematics. — "Ü« reducible lnjperelliptic litU'(jntJs\ By
I'rof. J. C. Kluyver.

(üejïd in the Meeting of March 25"' ISOO).

In some cases an Abelian integral of the first kind and of defi-

ciency p can be reduced to an elliptic integral. According to a

theorem of Weierstrass ^) when such a reducible integral presents

itself, it is possible to transform bv a substitution of order r the

(!>-function of the first order into an other one of order r, so

that the p— 1 constituents r'j^, r'jy, .... r'l^, in the first row of the

period matrix all assume the value zero. If, conversely, it is

possible by a substitution of order / to find a «9 -function whose

period matrix shows this peculiarity, at least one of the integrals

') KowALEVSKi, Jcla Matli. IV, p. 395.

• 31
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of the first kind is reducible, and it is [)Ossibli' to eoiistruet rational

functions on the Riemanx surfticc Ï', which are doubly periodic

functions of this integral.

Let us suppose that in the (^-function of p variables (9(«;7-),

where u denotes the p normal inteo^rals and t denotes the given

period matrix, we make a substitution of oi'der >• associated with

the Abelian matrix

aft'raft\
Wft')

of 2/' rows and 2/> columns of integers, in such a way that the

separate matrices «, ft, «', ft' satisfy the equations

a' = , aft' = ft'a = a'ft' = ft'a = r
, ftft'

— ftft = 0.

According to this substitution the integrals ?« are replaced by

other integrals w determined by the equation

and 0{iijT) of the hrst order becomes a function (?,(«•;/') of

order r with a period matrix t' which can be derived from the

equation

«r' = /? + Tft'.

From the above relations we can immediately calculate the incre-

ments £2, taken by the integrals to, when by describing some closed

curve on T the normal integrals ti are increased by

CO = k -\- T k'

,

where k and k' denote two columnletters.

In the first place we find

a S2 = 0) =z k -\- T k',

and also by multiplying by the matrix ft'

ft'
a 11 = r Si =ft'k-\-ft'T k'.

*) For the notation compare ; ]?akek, Abc-Ps Iheoreui and the <tUkd Ikeunj. Cam-

bridge 1897.



(451 )

From

« T.' = /:? + r ft'

we have

jf T — T a — ft,

so tluit we get for the system of the increments il of the integrals w

rn = ft'k — ftk' + r'ak'.

By supposing tliat in the first row of the matrix t' the constituents

^'is, ^13 • • • • '':/) ïii't' ïi'l equal to zero we shall find that every

increment i2i of the integral wi is expressed by

riii = ftj\k — ftyk' -\- r'li a^k',

where the first columns of the matrices ft\ ft, a are denoted by

ft\, ft\, «1-

Hence the moduli of periodicity of the integral noi corresponding

to any closed circuit are always multiples of 1 and t\i and therefore

this integral must be an elliptic integral.

It may be noticed that in the case /> = 2, the same conclusion

holds for the integral rwo, so that for /j = 2 there exist two redu-

cible integrals or there is none.

Assuming rw^ to be an elliptic integral we can easily find how

many zeros the function 0(rwi] r'n), of the single variable noi

and the period r'n, possesses on the surface T. We have only to

calculate the value of the integral

taken round the boundary of the simply connected surface T\ into

which T is resolved by the customary p pairs of cross-cuts Ah and

Bh . On opposite edges of a cross-cut A^ the variable «o, has values

the difference of which amounts to ft'h\, so that on both edges

dlug {rwi ; r^i) has the same value and the integrals taken in op-

posite directions round these edges, destroy one anotlicr.

31*
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On the ouutrary by crossing' -/->'/, the integral rwi increases by

— Ai + T^'n "hi,

and as

(/ lot/ (rw^— /)'/,! 4" r'u '^/'l 'i ^ll) ^^ '^ '''.'/ '^ ('''"l ' '^'ll) — " -^ ' '''/il '^ '''"l'

we finally get

2m J iT .' h

Consequently the fiuietion {rwi ; t\{) admits r zeros on Ï", so

that any quotient of the squares of two thetas must be a uniform

function of position on the undissected surface T with r double

zeros and »• double poles. Hence as soon as one of the integrals

of the first kind W is reducible, there exist four adjoint curves

Zv'i, i^o, -^^3 iii^<^^ -^H, belonging to a pencil, which each separately,

letting alone any possible common points of intersection with the

fundamental curve ƒ, touch — or at least intersect in two coinci-

dent points — the latter r times. The three quotients Ri : R^,

R^ : li^j i?3 : R^, being quotients of the squares of two thetas save

as to some constant factor, may be taken equal to^jW^

—

h,P^^— ^2?

pW— fy, whence

2

P ^V=^„[/ Ri A'2 Rs Ri.

The function p' W being however likewise uniform on T it must be

possible to replace the product of the four functions R by the square of

a rational function J'\ otherwise said : through the 4r points of contact

of the curves R there can be made to pass an adjoint curve -f,

the order of which is the double of the order of the curves R,

which touches the fundamental curve / in the common points of

intersection v/itli the curves R and which for the rest intersects ƒ
only in the double points. The elliptic integral itself is now given

by the equation

dRi dRi
Ri—^ —R^^J^

da: dv
dW= ^^- dx,

V 4 A\ A'a ^3 R^
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or, vt'hon homngonoous variables ƒ, y, r aro Iiitroilunodj by

J{u\ >/. s) (lx

oiho =
F 3/-

9.'/

where J {x, y, :) donotos the .Taenbian of f ami of tlie pencil of tnc

curves R.

Meanwhile it is clear that when a reducible integral W presents

itself the curves Tt are not yet uniquely determined. The lower

limit of the integral TT' is still ai'bitrary and what is said of the

squares of thetas with the argumeut W is also applicable to the

squares of thetas with the argument W + a. Hence the rmictions II

can be rejjlaced by

I = ~p{ W + a) -e, ,f-= p{ W + a) - f„ , I'
= Ji W + a) - f, ,

'>.!. >4 ^.1.

which functions can be expressed rationally in Ri, R^, R3, Ri and

F. Evidently (he constant « may l)c regulated in such a way that

one of the curves 5, e.g. S^, touches ƒ in a given point i"',
//,

and by the prescription of this point the remaining r— 1 points of

contact of «?! are completody determined. Thus we inter that tlic

existence of an elliptic integral W implies an involutory grouping of

the points of the curve f in such a way, that the r points of any

group may be regarded as the points of contact of some curve <?.

The fact that the system of the curves R depends on an arbitrary

parameter is important when we consider hyperelliptic curves. For

then in the equation of the curve ƒ one of the coordinates, say
;/,

occuis only in the second power and the lational functions contain

no power of // high(n' than the first. So it is always possible to

choose the constant « in such a manner that in the i-atio Sj : S,^^

and then also in the two others «^2 '

^-i and S^ : S^^ the term con-

taining If is wanting. In other words: in the case of an hyperellipiic

curve admitting a reducible integral we can suppose beforehand that

each of the curves R, by means of which tlie reducti(ni has be(^n

effected, breaks up into a group of r light lines, drawn through

the multiple point of the curve.

In the preceding the existence of the funtions R proved to be a

necessary consequence of the reducibility of one of the integrals of

the first kind; conversely, if the existence of the functions 72 is esta-

blished at least one of the integrals is reducible.
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For in this sujipositiou the elliptic integral

^1
Ri,

Ri ' Ri' R^

is an integral of the iirst kind bolongino- to the eurvo, hecansc it

can assume the ibiin

As for rerluoible non-hvperolliptic integrals the case p = 3, »• = 2

has been treated by Sophie Kowalevski. The curve ƒ is here the

general quartic upon which, »• being equal to 2, an involutory

correspondence one to one exists. It can be shown that in this case

the curve can be transformed into itself by a reciprocal projective

transformation of the plane. Consequently four double tangents of

the curve pass through the centre of the transformation , so that its

equation can always be thrown into the form

ƒ= .7;V
{ax + h/j) {ex + chj) — K^=0.

Evidently the four double tangents passing through the origin

can be identified with the curves R. For each of these tangents

touches ƒ in two points, together they belong to a pencil and the

eight points of contact lie on the conic K.

Accordingly we get for the elliptic integral

pW f 1
pW f2 pW fg 1

y ax -j- hij ex -\- dij

d c ex -j- d;/

and the integi'al itself is

"=/r""
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The simplest ease of tlie i'etliicil)le hyperelliptlc iiiteciTal, p = 2,

r =z 2, was already known to Legendre. Again the eurve ƒ is of

the fourth order, but it has now a node from which six tangents

can be drawn to the curve. If there is a reducible integral each of

the first three functions R is made up by a pair of these tangents,

as fourth function R4 we must take one of the two double elements,

counted twice, of the involution which is now necessarily formed

by the three pairs of tangents.

The equation of the curve being

f= xf - (.r - 1) (.. - /•/) (. - /.:) {X - /) =

we get in this way

R^ — X, R,— (:x — 1) (.(• — />•/), /.':; = {x — k) (r — I), 7?,, = {x ± \//cl)^

and the rcilueildi' integral is

' (./• qr [/ Id) dxW -ƒ'
xy

In accordance with what resulted from the theorem of Weierstrass

for the case p = 2 two independent reducible integrals are obtained.

Also the case p = 2, ) =: 3 has been considered from various sides.

As before the integral is relative to a nodal (]uai'tic ƒ the equation

of which we take in the form

(' — «!)('' — '"l) '/ = (•' — "2)0'' — «3)(-i' — ^2)0'' — fy) •

BuRKHARDT^) has pointed out the invariant relation existing between

the binary cubics (.?—aj(.r— «^)(.r— 03) and (.;— ci)(.c— f2)('^— «3) when

one of the integrals is reducible. Previously Goursat ") had treated

a more or less particular case of the reducibility and finally Burn-

side^) indicated in connection with his more general researches a

remarkable form which the reducible integral can always assume.

After the deduction of some of their results a few lemarks will

be added.

The curves fi, each of which breaks up into thr(^c right lines, must

») Matli. Annal, Vol. 36, 1890, p. 410

2) Uoiiipt. Rendus, 100, 1885, p. C22.

') Pioc. Loud. Math. Soc, 23, 1892, p. 173.
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ho roquiroil to toueli — or at least to intersect in two eoincidcnt

points — the curve ƒ three times. From the node six tangents, the

inflexional tangents included, can be drawn to the curve, three of

which (.r — a,), (.r — flo), (.k — a-.) make up tog-ethei- the curve R^; by

joining to each of the remaining tangents i^—ci), {.v—cq), (x—Cg) a

line through the node (^ — ^'i),
{.r — /-o), (.r — hr.)^ counted twice, the

four functions thus obtained

^1 = (•' -Ci){-r - b,f, n, = (,r - r,){.v - b,f,

R, = (.r - C3)(.r - b,f, R, = 0' - «,)(.. - r,o)(..' - «3)

indeed satisfy all the demands, if only we take care to choose the

quantities h in such a way that the four functions are in involution.

With the aid of this condition we can eliminate the Z<'s, after which

still one relation remains between the a's and the c's. Hence of a

reducible integral five branch-points out of six may be chosen arbitrarily.

Reducible integrals of the kind considered here are easy to con-

struct if w'e observe that the four binary cubics belong to the

system of first polars of a binary biquadratic «/. Among these polars

there are four of the form Or — c){^ — />)2, having a double point, so

besides R^, R^, R^ also {> — r^) {.r— ^4)" belongs to the system

and the four quantities b are at once recognised as the roots

of the Hessian A*. Also cj, co. rg, c^ are the rootGi of a covariant,

found b\' the following consideration. The four points y, whose

first pohirs a,/ f/^'^ contain a double point b, are the roots of the

covariant '} 3 i A* — ^jf<.r*, where i and j denote the two invariants

of «/. The result of the elimination of y between this covariant

and r/^ «,/', which result is of the 12* order in .r and of the 8^''

order in the coefficients «, must b(^ a covariant having the quan-

tities b for double roots and the quantities c for single roots. After

division by the square of A* a covariant of the 4"' order in the

coefficients a will remain, necessarily of the form Ai A* +,«,;'«A
the roots of which are c^, co, c^, (4. To determine the coefficients A

and //, wc consider the special case

2i 2
a/ ^ - .,:"• {." - 1 ) , a; = - ~ (2 .H + 1).

In this case a/ has a double ]ioint, the foui' values of /• are

') Cleuscu-Lindemann. Vurh-f:iiiii/i-ii, I, p. 231.
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evidently O and c/:, eaeli taken twiee, and, as

/A* -f 2,;«,'-= — 2i.v" ,

we mnst take A = 1 and ," = 2. So in general the quantities r are

determined liy the equation

As soon as we regard as known o)ie root c^ of this e(iuation we

ean eonstruet a reilncil>l(' int(>gral. For then we ean put

a, a/ = (.r — «i)(.c — Oo)G'- — «3) >

(* a;. + 2i «.') ^ (.< - -,)(' - ''.2)C'-
- '3) .

whenee it follows that

R. —'
-

7?i
^-* = (> Al ,

(/.( (Ij'
^ "t

1/ /,'i
R., n,, h'i = —^ ]/ a, «/ .

—L_ (j ^,* + 2 j «/) ,

so that

(.,- — h^) dx-/

is an integ-nd of the first kind relative to the quai'tic ./', whirli is

transformed by the substitution

p^V — fi
pW — fa

('1 ('• -
''Ol'''

- /'])' ^3 {-^ - '2)(^ - ''2)'

_ pW—t3 1

~
«3 (.r — e.){x — b-if

~
(>i

(.(• — fl'i)(.c — «oX-'' — «.;)

into an elliptic integral with the variable pW.

It is now clear that in this way it is possible to eonstruet the integi'al

out of five assigned bramdi-points. If the five braneh-points "1,02, "31 '"n ^2»
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arc given, a binary biquadratic «.,' must b(3 sought which has a given

cubic y^/ with the roots «i, aj, «3 among its first polars. So there

is an identical equation of tlie form

ii-om which wc deduce

S «0 + ^«'l _ ^ «1 + «3 _ ' «2 + «3 _ - «3 + «4

In the first place these equations determine z, moreover for the

coefficients of a.,* two relations remain, expressed by any two of

the four following equations

6 ylo Ao - 12 /li Ai + 6 Aq A2 = A, i,

2 vis Ao — 6^1 A2 + 4 vlo A3 = ^i«,

4.I3A1— Gvlj A2 + 2 vlo Ai = ^2«.

A. Ao — 12 A. A3 + 6 vli A4 = vlg 2.

There are still two other conditions for a.,*, namely that the fourth and

the fifth of the given quantities are roots of the covariant I A* + 27 «v*.

By the four conditions together the quantic «.v'' is entirely deter-

mined, and thereby the sixth branch-point c, of the integral.

We obtain the cxamj^lo treated by Goursat by putting

^1 = , «1 = 0, «2 = •

Then we have

Ao =0, Ai = «0 «3' ^3 = -5- ^A) ('i^ ^3 = 0, A,4 = — 2 a-i^,

i z= 2 ff„ «4, , j := — G «3~ «D ,

the coefficients « satisfying the equation

A o «„ «3 — A.2 «0 «4 — .'lo U'/" = 0.

Lastly,

I A* + 2 j aJ' = 4 «0 (3 a:i ,r + «+)(— «0 «3 a" + «„ u.^ .r^ — 4 «3-^),

therefore t'l, ("2, cg are the roots of the cubic

Co «2 -j- 3 C^ J 3 _|- (73 — _ f^^ (^3 ijS ^ ^(,jj „^ .J.3
_ 4 „g2^
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and ('4, associated with tlie root /'.i.=oo of the Hessian Aj, is deter-

mined by 3 «4 X -\- a,. = 0.

Ilenee the iutca-ral

J 1/ (A,x^ + 'óA.x+A^)(i{A,xi + 'óA^x+ ^3)CCo .r^ + a C'l
0;=^ + 63)

proves to be reducible under the condition that tlie coefficients

A and C ob(>y the relation

AoC,= A A, C, + 12 A, C,.

The formulae of transformation will be found to be

2)W—Si 'pTF— fj pW—f.^

(>, (.*— Cj) (x—bi)
^

(y, ('•— Co) (*— ^-o)
2

(.^3 (.'— (3) (-f— /^s)
^

1

^„*3 + 3^3... + yl3'

from which we can also d(>duce

kp]V-^^> =
/lo.i'3 + 3/l,.r + ^l3

Wc obtain the second reducible integral by regarding

f'o *''M- 3 Cj .7;
-f- C3 as first polar of the biquadratic «.,*•. In this

supposition the Hessian A* will ailmit the root b^ — 0^ the [)ola,r

(.*•—C4)(,r— ?»4)2 takes the form ,r~ (/Jj.*—^13) and the required integral

itself is

ƒ.1/ (A^ ,ca + 3 yl 2 .-f + A,) (Go .r^^ + 3 6\ .f- + C-3)

The icduction of the integral is obtained by putting

^^(Azx—As)
X2)W -{- jii =z

Cox^ + 5C,.T^-^C,

Another means of constructing reducible integrals is founded on

a peculiar foi-m which can ahvays be given to the invariant relation

between the six branch-points.
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Frnm tho identical equation

Ave derive by tlie successive substitutions ;(• — aj , «o, 03

(«1— ''s)
(«1— ''2)

"" ~ («2— ''a) ("2— ''2) " («3— ''s) («3— ''2)
"

(",-'.,)V^"'^-^ (".-mI/"°'-"' (<.,,-«V^:'=^'-

«1— ^2 ®2— ^2 - '^S
— ''2

After nniltiplyina' numerator and denominator of tliese tliree frac-

tions successively by («2— ";•,), ("n
— «1) niid («1— «o), addition "-ives

4 ("i-"-^(^':'~'>i)]/^'^^^"3— '2

Similarlv by interchanging' ro and c;; we obtain

= ("2~«;i)(«i"^)l/'"-'"-"' + ("3-",) ("2-^) lX"lI-^ +

and havir;g moreover the identity

O 1= («2— frP r<'i— ^'1) + («3— «i) («2—^1) + (ffi
—

«2) ("3— ^'1)'

the quantities («1— &i), («2—^1) and (o-j— ?>,) eau bi> eliminated and

the invariant relation between the branch-points of a reducible inte-

gral takes the form



1
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1

\/ a^—cy y a^— Cj

l 1

=

1 1 1

l/ai— Cg l/oo— Cg l/ög— Cs

the arguments of the nine surds being detei'mined save as to a

multiple of jt. The symmetry between the a's and the c's shows,

that, as soon as there exists the involution we started with, a

similar involution can be found by interchanging the c's and the

a's, so that reducible integrals always present themselves in pairs.

BüRHSIDE stated incidentally that the curve

„ /
,

2K\/
„

2A"\
3-y- = 0«— 1) {.,—m~ u) I a— .v/,- (« + -^) 1 \.t—sn- (u— -))

admits reducible integrals. The form given here to the invariant

relation between the six branch-points readily provides a proof for

this assertion.

Tn order to obtain this proof we introduce elliptic ai'guments in-

stead of the a's and the c's by putting

«1 = «1

,

t^i = pui = p {ii + y,)

,

«2 = «2 , ''2 ^^^ /^"2 ^^^ P {" -\- I'e) 1

«3 = eg , Cg = /;«3 = ^ (« + yg) .

So the invariant relation becomes

=

o 11^
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it Inis several zeros, e.g. n = ~ v^^ honee the equation is ideiitieallv

satisfied, if we choose «j, fj, v^ in such a way that tlie function lias

no poles. There might be nine poles, since each of the denominators

can be made to vanish, Consequently we have to find out whether

it is possible to make the corresponding residues equal to zero. If

wo take e.g. the pole corresponding to «•« «i = 0, that is if we take

" = — «^j + (<}', the residue is proportional to

(Jy «2 ^0 "3 — ö'/S "2 ^7 "3

fjy Ui^ Gji Mo ('7 '*3 ^(3 ''3

The above expression however can be written

?<2 + «3 «2 — "3 «2 + «3 "2 — "3
V - 3/

2 2 2 2
1

Oy ?(o CT^j «3 Oy ?«3 0'/3 M3

and this is zero, if only for « = —
i"i + co:, we have at the same

time i (m2 + «a)^ ^'':,-

This takes place if we have

4(r2 + r3-2.i) = 0,

and the I'csiducs of all nine poles will vanish if moreover we have

simultaneously

i(,j + ,^_2.3) = 0.

As solution of these equations can be taken

_
_ 4i2i _ 4122 _4i23

Pi — -^ , ^'2 — -^ . ^'3 — --^ '

wliere 2i2i, 2i22, 212;? denote periods connected by the relation

Oi + 122 + ^i'6 = 0.

So we find the reducible integral

(*•— ^4.) dx'-ƒ
1
/"

/ ^S,2^ \r 4i2o \/ 4i23
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Every redai'lble integral, with five a«signoil branch-points

«1, a.., «3, cj, Co, can be brought into this funn by a linear substi-

tution. For by means of the equations

rtj Cg
("l

«2

«1— «3 ^1— ag

4 0i
pi"- + -7r)~'

'^i
—

''a

«1— ^3 4/2,

öj— «2 Cg— ag ('j — Cj o

«1— «3 t"2~Ö3
' ' P (« +

-X^-'^3

we can determine the ratios «i : fg • ^3 ''"d the argument «.

A somewhat laborious calculation gives the values of the (juanti-

ties b and the formulae of substitution.

Putting

p ("3— «3) =P («3— «1) = P ("1— "2) = pv,

the following results are obtained

h=— ^P i'+P*-'

•

.

—
r- ' h = — ^pv + p'o. 4- > ' '

P^'i+P «3 P i« + /''«! '

hi-= — 2p V 4- p't
p'H^ -\- p'u.2

^iP"! ''2P"3 ^3p"3

I 1 1

P'H P»i P'h

h h h
1 1 1

Furthermore the formulae of substitution are

('—P»i) (•'^—^1)'^
pW—t^ = (pu, + pu;i + pv)

P ^—f-2 = (P"-.', + /'"i + pi')

'i-'-^—f/iV—ffs

(.>—pu,)ix-b2f

4rf.3—gfg*—grg

(.f—/^Kg) (.r— ^>3)
a

4 .ï=i—
^rg ^•—

j/3
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so that the roots of the ^",-11111011011 uro detcriiiiiiLMl by

>--2— f.i =^ P"i
—

P"J, '
'3— ^1 =^ P"ó^P"'l I *i— ^2 ^ P"i

—
P'^i •

By interchanging the «'s and the o's we can obtain the second

reducible integral.

Proceeding to consider reducible hyporelliptic integrals of deficiency

2)=^^, it is clear that by the same methods also these can be con-

structed without gviint difficulty. If the curve f is given by the

equation

(.(.—«1) {.r—il,) (./•—«;.) //^ = {.v~a.i) (.*•—«J (/•— «s) >

hat is: if the curve ƒ is a quintic with a triple point, from which

eight tangents can be drawn, each of the curves R^, R^, R^, R^ in

the case r^2 is to be made up by a couple of these tangents.

The twofold condition for the reducibility expresses that these four

pairs of tangents ai'c in involution and it is easily verified that

when A.e^ + Bx -\- C defines the double elements of the involution,

the reducible intearal will have the form

ƒ-
Ax~ + Bx + C

dx
{.,: — Oi){,;- — a2){x — a-, )>j

The investigation of the next case p = 3, / = 3, is closely allied

to that of the case /> = 2, r = '0 treated before.

Suppose the equation of the curve to be

(,(.— «,)(•''— «2)0'— «b),r = {'— u\)ix— u'o)ix— a'
^){.i:— Ci){x— C2).

We regard the product of three tangents (.c— ai)(,(-— a2)(*'— «3)

as the curve Ri, in the same way we join the second three

(;j;_a',)(.r

—

a'.i)(x—a'^) to a curve R-i ; the third curve R-^ will be the

product of the next tangent {-c—c^) and of a line through the node

{w—l^), counted twice, similarly the curve R^ is furnished by the

tano'ent (-?— «2) and the double line (x— in).

The twofold condition for the reducibility is that the four binary

cubics

R^ = (.c -ai)(>(.-— a3)(j.'— («a) ,
R2 = {x—a\){x—u'c,){x—a\) ,

R,, = {x-Ci){x-bif , Ri = (.*—(•;:)(.'— ^2)-
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are in involution. This will evidently take place when ' fj and

cg are two roots of the covariant i A* -\- 2j a^'^, where «v* is the

biquadratic which has Tl^ and E^ as first polars. The quantities

hi and Z»2 are two roots of A'*.; if we call the other two Is and Z>4,

^y ,
(x—bs){a'—bi)d.v=ƒ

]/ azaj . a, uj .
i-

({
^* -\-2 j a:,'^)

(.r— Ci) (.-r— fa)

is a reducible integral,

As an example we may point to the following case

cij z= ki"-
j-^' + 4 Z'l

xi + 6 .r2 + 4 hx + k^^,

i = 2 (^-1 L,-l) {ki k, - 3), i = - G (^-1 /.-, - 1)2,

L\, = 2
(/.-i

i', - 1) (2 k, r' + (ki k, + 3) x^ + 2 i-, .)

,

o-.- aJ — /l-jS ;(^^+ 3 ^-1 ^'-+ 3 j'+k., at «..^ = /l-j a^+S ;p24-3 /f-, j'+V.

,-^4 + 2./ «.V* = Q (3 ,r + k^) {x /! + 3) {ki x^ f (3 - Aj k,) u: + ^-j).

The Hessian A'* has two special roots ^3 = 0, bi = 00, the cor-

responding quantities c^ and c^ arc given by 3:c + /t2 = 0, j;i-i -f 3^0,
cj and f2 are the roots of ^1 x' + (3 — k^ kc^) ar -)- ^-^ = and the

resulting reducible integral is

X dx
W:

2a;!*+3/;ia'+3.r+^-2)(^iap»+3A'^+3V+V)('fci'?H(3-i-,yfc2)^+/t2),

where under the radical sign we may replace each of the two cubic

factors by any one of their linear combinations. The reduction of

the integral will be effected by the substitution

ApW + B _ ^ _ *3 ^-1 + 3 :»2

CpW + D~^~ Zx-\-kci '

The case p =: 4, »• =z 3 evidently allows quite a similar treatment.

Seven branch-points of the integral can be assigned arbitrarily; the

triple condition determining the three remaining branch-points is

again readily obtained by the consideration of the cubic involution.

32
Proceedings Royal Acad. Amsterdam. Vol. I.
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Chemistry. — "O?; melting points in systems of optic isomers.'^

By Prof. H. W. Bakhuis Roozeboom.

Ill order to test' the views on melting points of mixtures of optic

isomers, as communicated in the Proceedings of the Meeting of Feb. 25"^

1899, page 312, Mr. Adriaki has now in the first place examined

two examples in which the certainty existed of the inactive substance

being a racemic compound.

The first example is the dimethylic ethereal salt of tartaric acid.

Here the d- and Mbrm have a lower melting point than the racemic

compound.

The second example is the dimethj'lic ethereal salt of diacetyl

tartaric acid, where the d- and ^fürm have a higher melting point

than the racemic compound.

For the present only the melting points of mixtures of d- and

r-forms have been examined in all their proportions. Consequently

we could only get the right half of fig. 3 and 4 (vide page 312).

Yfe found

:

I. Dimethylic ethereal salt of tartaric acid.

Mol^ percent racemic
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II. Dimeihylic ethereal salt of diacetijltartaric acid.

Final ineKing poiut.

104°3

Mol. percent of raceniio componutl

in the mixture.

20

40

60

70

80

90

100

99.8

95.8

90.3

87.4

84.6

83.4

83.8

It' we represent the mimbers grapliiciiUy, we get the followino-

figures.

90°

80°

70°

60°

50°

/
105°

J 00°

05°

90°

85°

80°
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derably so as to run as far as the concentration 3% before meeting

the melting line of the (i-substance. This is connected with the

flat course of the meltingline near tlie melting point of the raceraic

compound, which points to a great measure of dissociation in the

two active components in the liquid state.

In fig. II it is the melting line of the racemic compound that,

owing to the lower melting point, has the smallest extension (final

point near 867o) but this too has a very flat form near the melting

point.

Physics. — "0» the deduction of the characteristic equation." By

Prof. J. D. VAN DER Waals — discussion with Prof.

BOLTZMANN.

In the proceedings of the former meeting Prof. Boltzmann has

inserted a communication, accompanied by a letter. In this letter

Prof. BoLTZMANN has expressed the wish that bis communication

would give rise to a discussion. As the result for Prof. Boltzmann's

values of the coefficients of —
,
— etc., which appear in the cha-

racteristic equation, differs from that which I have obtained, I con-

sider the invitation to discussion as also addressed to me. And

though as a rule I prefer to leave the discussion between different

results, obtained in two different ways, to the gradual development

and extension of our views, which is brought about in course of

time, I will not abstain from complying with his request, in the

hope that this discussion may be „useful to science."

I am perfectly aware of the difiiculties attending this discussion.

Prof, Boltzmann's „Vorlesungeu" form a logical coherent whole,

and the different results agree so well, that we may be sure that

they contain a perfectly correct solution of the problem, as Prof.

BOLTZMAKN conceives it. On the other hand I am convinced, chat

also my solution, leaving same unsolved questions and some minor

points out of account, gives a true explanation of the problem, as

I see it. So I pass by the question whether in equation (11) p. 403

\1 h ^ b^

the factor of 2 Gb is to be put as 1 —\- ft— or whether ft
32 V v^

2357
must possiblv be diminished by , as this is of minor interest.^ ^ ' 13440 '

As our results differ so much, we cannot but have considered

two different problems, and to get some certainty on this point, I
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have looked more closely into one of Prof. Boltzmann's equations,

viz. the equation 1. c. pag. 169

17 b^\ i^" / n b^ \ i^

-which equation is to be applied, when two phases are in equilibrium.

It is well known from thermodynamics that when two phases of

a simple substance coexist, besides p and T, the thermodynamic

potential must also be equal. The preceding equation of Prof.

BoLTZMANN must therefore be the kinetic interpretation of the ther-

modynamic relation

^fff = ,uf

or

f — Tr] 4- pv —t — Tl] -{-pv .

a 3 9 f I J

In a paper (Verslag der Vergadering 26 Januari '95, also published

Arch. Neerl., T. XXX), entitled "de kinetische beteekenis van de

éhermodynamische potentiaal" I have given the kinetic interpre-

tation of this thermodynamic relation. For a fuller discussion I

refer to this paper, and when I compare this result with the equa-

tion of Prof. BOLTZMANN for that equilibrium, it is evident that we

have a different conception of the problem. I do not mean to say,

that our results do not agree at a first approximation. But they

are not identical.

In the first place there is the following difference. According to

Prof. BoLTZMANN the energy required to remove one molecule' from

the liquid phasis is simply the work required to overcome the coher

sion; according to me that work must be diminished by the quantity

which I have called the work of the thermic pressure. In the second

place Prof. Boltzmajin subtracts from the, specific, volume a quantity

twice as large as the quantity which I think must be subtracted

from it.

In my opinion there is no doubt that also the work of the ther-

miö pressure must be taken into account, if we ascribe real dimen-

sions to the molecules. If a molecule leaves a phasis, not only the

increase of its potential energy is. to ,be, taken .into- account, but we

must also pay attention to the fact that the quantity from which

the molecule has escaped, has diminished, tha.t the surface of that

quantity has contracted, and that therefore a quantity of work has
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been performed, equal to the product of the thermic pressure and

the volume which the molecule occupied in the phasis.

And if a priori we should not be convinced of this, it would

appear as soon as the significance of ft = s — Tr])-\-pv is examined.

The quantity, which must be equal for the two phases, we may
denote

E+pv— V+
J,

or according to the notation of Mr. Gibbs :

in which Z is the function which Mr. Gibbs has called „heat

function for constant pressure" (Equilibrium of heterogeneous sub-

stances, p. 148).

To compare it with the equation of Prof. Boltzmann we put

pv — € 2 e

a / a \

If f = ,py — e = r(/>-)- —5-
) .

V \ v~ J

a
The quantity p -\- —-

, the sum of the external and molecular

pressure we call "thermic pressure."

a
If we put p -\ — = r TF not inquiring for the present into the

form of F^ the above formula becomes

2c rFvT-{-2s— Yj -\- r Fv -\ —- ^ — >? +T '
' T

Even in this form we see that the quantity rFTv^ which may

be considered as work of the thermic pressure, is of the same nature

as the quantity 2 e.

This is still more evident, if we put F= and substitute-

b V
rT-\-r T for r T.

V—b V—b
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We may namely diminish the quantity which is to be the same

for both phases, by an arbitrary constant or function of the tempe-

rature, and we put then

2a
rTFb

n +

If

and

a rT f'^^i\
'

p^ — = -, then (— j =

I r db )

rj = r )log{v — b)-]- I^p3^

and the quantity which is to be equal for the two phases, may be

given under this form

:

rT [Fb — (Fdb} ——
log (v—b) —

In my communication to which I have referred before, I have

deduced this formula, starting from the idea that there exists a

thermic pressure, which expels the molecule and is counteracted by

the molecular attraction.

We may write the quantity which must be the same in the two

phases in this way

:

_ ^_^

By comparing it with the formula of Prof. Boltzmann, we find

that he substitutes rlo(/{v — 2 0» etc.
j + C for

do

If the formula under the symbol log. was perfectly accurate,

Prof. Boltzmann should be able to prove, that the entropy could



< 472 )

be calculated perfect!}' accurately from

3»?

/; — V —- = r log (v — 2 b etc.)
dv

Approximativoly thers is equality, but I have not succeeded in

proving that the entropy of Prof. Boltzmann is really identical

with the quantity rj of this relation.

These considerations have suggested the question to me, whether

the problem, the accurate solution of which Prof. Boltzmann gives,

might be the following: In what way do a great number of moving

material points arrange themselves, when they are subjected to an

attractive force, which leads to a surface pressure —;
,
when they

cannot come nearer to each other than at a certain distance (dia-

meter of a molecule). If they are really material points, the work

of the thermic pressure does not exist — and Prof. Boltzmann's

equation for coexisting phases might be defended. But then the

real problem, how do molecules with dimensions arrange themselves,

remains unsolved.

But then there would be no reason to be astonished, that there

is no perfect agreement in the results. I am sooner astonished that

the agreement is as great as it is.

For a full discussion it would of course be necessary to compare

also other equations of Prof. Boltzmann with those I have deduced.

Only if this were done it would be possible to make clear the

difference in the nature of our views. This would be specially

desirable for the calculation in first approximation of the influence

óf the molecular dimensions on the value of the pressure. I.e. p. 7

etc. Here too, the result at which we arrive' is only equal at a

first approximation, without the results being identical.

And the question presents itself, whether the problem which is

treated in Boltzmann's „Vorlesungen", might be formulated still

more accurately than has been done above, by saying: A great

number of moving material points move in spaces which are dimi-

nished by eight times the molecular volume — a conception, accor-

ding to which the material points would move in a space, which

would lie outside the distance spheres, which they themselves form.

It is indeed remarkable that Prof. Boltzmann succeeds in pre-

venting that in this way he would find an influence on the pressure

wbJQh. is -twice too large. By ^T,ssuming a perfectly flat wall, and

^y.;,,U_siiig ,
this wall as a means, to eliminate the;distance spheres
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on one side, he gets in first approximation the same result as I had

obtained from the beginning. But only in first approximation.

All this is the cause that I still prefer the simple direct deduc-

tion of the pressiire, as I have given it. (Proc. of the meeting Nov.

1898) — even though there remain questions whose solution I have

tried to find already for some time, but in which I have not yet

succeeded.

Physics. — n^he galvano-magnetic and thermo-maf/netic phenomena

in bismuth." (Second communication continued). By Dr. E.

VAN EvERDiKGEN Jr. (Communication N°. 48 (continued)

from the Physical Laboratory at Leiden, by Prof. H. Kamer-

LINGH Onnes).

6. In § 6 of my first communication on this subject ^) I men-

tioned that in my opinion Riecke wrongly ascribes the entire con-

duction of heat to the motion of charged particles, and that for the

theory we might perhaps derive some profit from such suppositions

as I have introduced in the theory of the HALL-eftect in electro-

lytes. ^) It certainly is remarkable, that, starting from the supposition,

that the current of heat in metals is a pure current of energy, 7iot

accompanied by a current of ponderable substance, we for all trans-

verse galvano-magnetic and thermo-magnetic phenomena can offer

at least a qualitative explanation. For, we have only to represent

the matter in the following way:

In the electric current the positive and negative charged particles,

which for the sake of brevity we shall call ions, move with different

velocities, while also their numbers may differ.

In the magnetic field the electro-magnetic force causes transverse

displacements and consequently charges which increase until the

currents of positive and negative electricity have reached the same

value. This equalisation may be due to the arising difference of

potential (this is the HxLL-effect) as well as to currents of diffusion

of the ions. (If the latter are accompanied by a perceptible difference in

the number of ions per unit of volume in different places, the diffe-

rence of potential to be observed at the HALL-electrodes might be

') Proceedings Koyal Acad. Amsterdam June 25tli 1898 p. 72. Comm. Pliys. Lab.

Leideu N". 42 p. IS.

2) rroceedings Koyal Acad. Amsterdam May 2Stli 18ÜS p. 27. Comm. Phys. Lab.

Leideu N". 41.
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modified by an electromotive contact force). After tiie condition

lias become stationary, there will still exist a transverse current of

ions, and so on one side free ions must be captivated, a process

by which heat is generated, and on the other side new ions must

be freed, which is accompanied by loss of heat; in this way a transverse

dift'erence of temperature ((/alvano-magnetic difference of temperature)

arises ; together with this a displacement of unelectrified particles

must be brought about.

So far as the free ions are concerned, Ave must imagine the cur-

rent of heat (now that no displacement of substance may be assumed)

to be such, that although across a surface perpendicular to the direc-

tion of the current of heat an equal number of ions goes in both

directions per unit of time, yet the ions have on an average a

greater velocity during a displacement in the direction of the current

of heat than they have during a displacement in the reverse direction.

The electromagnetic force may then cause transveise displacements,

which have opposite directions for positive and for negative ions. In

the same way as with the electric current there will arise in general

a difference of potential (transverse ihermo-maijnctic effect) and a

difference of temperature (rotation of isotJiermals). The answer to

the question in how far these suppositions might lead to a quanti-

tative explanation must be left to further investigations.

7. It is important to inquire whether molecular theories of

thermo-electricity enable us to determine the sign of the variation in

the magnetic field of the thermo-electric difference, for instance between

bismuth and cop[ier, only by means of the hypothesis mentioned in

the previous communication ^) : viz. that the longitudinal phenomena

would be explained by a variation of the number of free ious, due

to the magnetic field. This however appears not to be the case, as

new suppositions must still be introduced.

As an instance 1 choose the formula for the electromotive contact

force, lately published by RiECKK -), which can be put down in

the form :

Vb-Va = c(log^- log-^^

where the quantities with A relate say to copper, and those with

1) Proceediugs Iloyal Acad. Amsterdam. March 25tb. 1899, p. 116 Comiu. Phys.

Lab. Leiden No. 48 p. 20.

-) Wied. Aun. 66, p. 534, 189S.
. .
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B to bismuth, and in which T' represents the potential, C a positive

function of temperature, P and N numbers of positive and negative

ions per unit of volume.

The electric conductivity for bismuth has been represented by

RiECKE by a formula of the form

7 = -Pi? f/) + ^^B Cn

in which Cp and c„ are again functions of temperature. lu the

magnetic field the conductivity decreases. The simplest supposition

is DOW that Pjj and Nji decrease proportionally ; a thing which

would bo self-evident if Pb were equal to iVg, as in electrolytes.

Let us further suppose, which is also very probable, that only

the quantities relating to bismuth vary in the magnetic field, then

a proportional decrease of Pjj and Nb appears to lead to a variation

of the difference V^— F^ with a negative amount, and so to an

increase of the thermo-electric difference between bismuth and copper,

which is negative outside the magnetic field. If on the contrary

w(! should suppose that the variation of A^b is small as compared

with that of Pb, then the variation of F/i— F^ would become positive

and the thermo-electric difference between bismuth and copper would

decrease.

The observations show that the variation of this thermo-electric

difference in the magnetic field corresponds to an increase, and so,

in consequence of the proportionality of increase of resistance and

longitudinal effect found by me, we should have to prefer the former

of the two suppositions.

(May 12tli, 1899.)
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