




















RADIO-FREQUENCY MEASUREMENTS BY

BRIDGE AND RESONANCE METHODS





RADIO-FREQUENCY MEASUREMENTS

BY BRIDGE AND RESONANCE

METHODS
BY

L. HARTSHORN
D.Sc., A.R.C.S., D.I.C.

NEW YORK

JOHN WILEY & SONS INC.

440 FOURTH AVENUE



PRINTED IN THE UNITED STATES OF AMERICA



AUTHOR'S PREFACE

A CELEBRATED experimentalist divides mankind into those who
do things, and those who merely talk and write about the things
that other people do. The distinction is perhaps not as clear-out

as it sounds, but most scientific men know well enough what it

means, and will appreciate my point when I say that this book
is intended for those who are setting out to do things by means
of radio-frequency technique. The things referred to are those

expressible in* terms of resistance, capacitance, inductance,
dielectric constant, and the like. The technique is of obvious

importance to* the radio engineer for the purposes of. precision

testing ; it also provides research workers with a most powerful
means of investigating many electrical, physico-chemical, and

biological problems. With the idea of making the necessary
information accessible to all such workers, the subject has been

developed as far as possible from first principles ; and the aim

has been to present, not an encyclopaedic account of everything
that has been written on the subject, but a systematic account

of the basic principles and general working ideas, that form the

tools of the practising technician.

Radio-frequency measuring devices have a gre&t range of

application, but they have a habit ofresponding to severalvariables

simultaneously ; and it is often easier to measure a quantity
than to know exactly what quantity has been measured. A
knowledge of a circuit diagram and a few equations is not enough
for a reliable measurement. Special attention has on this account

been given to such matters as screening, earth connections, the

physical nature of the quantities measured, and sources of error.

The methods described are for the most part those which my
own experience suggests to be the most generally useful. Many
others are on record, but they are largely of the nature of varia-

tions on a few themes. The aim has been to state the main

themes, and the rules to be followed when making variations,
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with a sufficient number of examples to cover all present-day

requirements.
It would be difficult and probably misleading to assign the

methods to individual authors. They have been gradually
evolved as the result of the work of many investigators, and when
references to original papers are quoted, they are to be regarded

merely as examples, selected aa convenient sources of further

information on special points.

The book was written to fill what appeared to be a definite

gap in the literature of the subject ; for although more general
works are available, there appears to be no previous exposition
from the point of view here adopted ; no systematic treatment
of either radio-frequency bridge methods, or stationary wave
methods

;
and only very general discussions of resonance methods.

I am glad to acknowledge my indebtedness to several present
and former colleagues, particularly Mr. N. F. Astbury, Mr. L.

Essen, Dr. T. I. Jones, Mr. W. H. Ward tod Mr. W. Wilson for

helpful comments and information on particular points.

L. HARTSHORN.
February, 1940.
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INTRODUCTORY NOTE
THE subject of this book is the measurement of certain quantities

arising in the use ofalternating electric currents ofradio frequency,

i.e., of frequencies between, say, ten thousand and a few hundred

million cycles per second. Three kinds of quantities are involved

in radio-frequency technique : (1) those such as current, voltage
and power, which measure in various ways the strength or

intensity of the electrical oscillations ; (2) those such as

impedance, admittance, capacitance, inductance, resistance and

phase, which depend on ratios of the quantities first named, and
which are regarded as measuring in various ways the properties
of the electrical circuit or the path in which the current flows, i.e.,

the properties of the apparatus or materials employed ; (3) fre-

quency, which depends on time alone, and is not essentially

electrical in character.

The accuracy at present attainable in measurements of the

first group of quantities is comparatively low : it is very seldom
as high as 0-1 per cent. The quantities depending on ratios

can be measured with rather greater accuracy, in much the same

way as it is usually possible to compare two quantities with

greater accuracy than can be attained in absolute measurements
of either. The measurement of frequency, which is essentially a
time measurement, can now be made with an accuracy possibly

greater than that attainable in any other kind of measurement.

The present volume is devoted to a consideration of the

measurement of the second group of quantities only. The
methods employed differ considerably from those employed in

other branches of electrical measurement. They are obviously
of the greatest importance to the radio engineer. They also

provide the physicist and physical chemist with a most powerful
means of investigating certain properties of materials, namely
those associated with vibrations, electronic, ionic or molecular,

which fall within the radio range of frequencies, e.g., properties

expressed in terms of dielectric constant, absorption, magnetic

susceptibility, and electrolytic resistance.





CHAPTER 1

IMPEDANCE AND RELATED QUANTITIES

1. Resistance and Inductance. Let an alternating current

of sine wave form, of frequency /, and maximum value f ,
be

passed through a wire of resistance R. Then, provided the

frequency is sufficiently low, Ohm's Law applies, and the potential
difference between the terminals of the wire is given by

= Bt sin 2-rrft
= Ri sin o>f, say

and energy is dissipated in the wire at the rate vi = JSJ2sin2af,

a pulsating quantity, the mean value of which is

where / = C/A/2 is the effective value of the current.

Referring to Fig. 1, the current t sin o>J may be repre-
sented by the projection ON on a fixed axis OF of a vector OP
of length i = /<y/2 rotating about the origin with uniform angular

velocity w. The potential difference v in the above example is

clearly represented by the corresponding projection of a similar

vector OP1 of length $ = R% rotating in phase with that repre-

senting t.

If the frequency is steadily increased a stage is reached at

which the p.d. becomes appreciably affected by the magnetic
field of the current. The current is opposed by an e.m.f. of

self-induction, given by e = L di/dt, where L denotes the self-

inductance of the wire. The total p.d. is now given by

v= *i+L%
= JSf sin cot + wLi cos cof .

+ coLSsin (cut +^
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Thus the p.d. is the sum of two components, the first associated
with the resistance It and represented by the projection of the
rotating vector OP

}
of length Ri already described, and the

second associated with the self-inductance L and represented by
the corresponding projection of a vector 0Pt of length wLt
rotating with the same angular velocity, but w/2 radians or 90
ahead in phase of the vectors representing j and Si. It follows

Fro. 1.

that t; is represented by the corresponding projection of OP.
the vector sum of OPl and 0P8 .

As long as we are concerned only with the relations between
maximum or effective values of current and voltage, we may
ignore the projections of the vectors, and their motion, and
consider only their magnitudes and relative orientations.

It is convenient to adopt the following notation. Rotating
vectors representing alternating currents and voltages will be
denoted by I and ? respectively. The angular velocity of the
vectors, o> = 27r/, will be called the angular frequency of the
current or voltage. Then we see that the voltage VE required
to send a current I through a resistance R is given by

VK = KL
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while the voltage VL required to force the current I against the

action of an inductance L is represented by

where j symbolises the operation of rotating the vector to which
it is attached through a right angle in the positive direction.

The quantity X = Zo> is evidently somewhat analogous to

the resistance R, and is called the reactance.

2. Capacitance and Conductance. Consider now an

alternating voltage $ sin orf applied to two metal plates forming
a condenser, of capacitance C. The charges on the two plates
of the condenser at any instant are given by

g= Ctainwt.

and therefore the currents flowing into these plates are given by

t = dq/dt = wC0 cos o>t = o>C4> sin (o>t*+
?)

.

In vector notation we may say that the voltageV causes a current

to flow into the high-potential plate and out of the low-potential

plate. In effect the current Ic flows through the condenser, but

as the plates are separated by a non-conductor, we must regard
this current as of a special character. Such currents are called

capacitance or displacement currents. It should be noticed that

they lead the corresponding voltage in phase by the angle w/2.

If the medium between the plates is not a perfect non-

conductor, but has a resistance JZ, an ordinary conduction

current IQ will also flow, where

.

The quantity = l/R is called the conductance while the

corresponding quantity o>C for the displacement current is the

susceptanoe.
3. Impedance and Admittance. We have seen that the

relation between the current I and voltageV in a coil of resistance

R and reactance X may be represented by

(1)
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the vectors HI and j-XI being added to form V by the laws of

vector addition, as illustrated in Fig. 1 . Their relative magnitudes
and directions may therefore be represented by the simplified

diagram of Fig. 2, from which we see that the voltage vector

leads the current vector by an angle < such that

(2)

and the amplitudes of the current and voltage obey the relation

?=M (3)

Dividing throughout by V2 we see a^8 that the effective values

V and / obey the same relation. The quantity Z which governs
the relative values of current and

voltage is called the impedance.
It consists of two components, the

resistance 12 and the reactance -X",

the relative values of which deter-

mine the phase angle <f>.

The above considerations show
that if alternating currents and

voltages are represented by rotat-

ing vectors, such an impedance

Flo 2

~
may be represented by the

operator 12 + jX, which acting

on the vector I, multiplies its length by Z = V122 + JCa ,

and rotates it through an angle <f>
= tan-1

(XjR). In an alterna-

tive notation the same operator is represented by Z/<f>.

It is to be noted that equation (1) is analogous to Ohm's Law,
and it follows that this law may be applied to alternating currents

and networks ifwe represent the currents and voltages by vectors

and substitute for resistances impedance operators of the form

R+jX.
Equation (1) may also be written

(*)

from which it follows that the effect of the operator l/(R + jX)
on the vectorV is to multiply its length by l/Z = Y (say) and to
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rotate it through an angle <f>.
This operator may therefore also

be represented by \\Z\-$ or r/~^. The quantity T which is

the reciprocal of the impedance is called the admittance. The
admittance operator Y/-~ <f> may evidently also be represented by
O+jB' where Y = V^2 + J52) and tan< = - B/0 = X/R.
It follows that5/7= -X/Z and ff/r = JZ/Zso that thereUtion
between -current and voltage may be written

Comparing this equation with that obtained for the current

between two plates separated by material of conductance and

capacitance C,

V ...... (6)

we obtain a physical interpretation of the two components of

the admittance operator for this particular case : O represents
the leakage conductance, and B is the susceptance Ca>.

It follows from the above relations that the distribution of

alternating currents and voltages in networks may be determined

in exactly the same way as in the corresponding direct current

problem, i.e., by application of Ohm's Law or KirchhofFs Laws,
but with impedance operators of the form S + jX instead of

simple resistances, and admittance operators +jB instead of

conductances. Algebraic transformations of the operators follow

the rules of ordinary algebra, if j
2 is interpreted as 1,which

follows from the fact that, two successive rotations through a

right angle (i.e., j .j) merely reverse the sign of a vector, i.e.,

multiply it by 1. Thus equation (5) immediately follows

from (4) by multiplying both numerator and denominator by
R jX, and putting 1 for j

2 in the denominator.

4. Effective Values of Inductance, Capacitance, Resist-

ance, etc. Let I be the current passing between any pair of

terminals, and let V be the p.d. between them. Let
<f>

be the

phase angle between current and voltage, (f> being taken as positive

when the voltage leads, and negative when the current leads.

Applying the ideas of the last paragraph, we see that such a

current and voltage determine an impedance operator
= V/I, and therefore a reactance -X", associated with
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a resistance J?
f, given by

*.= sin* ....... (7)

(8)

The same current and voltage also determine an admittance

operator Op + jBp = I/V, and therefore a susceptance J?p asso-

ciated with a conductance Qp , where

J5,= ^8in^
....... (9)

Op = ^cos^
....... (10)

Now impedance operators, like d.c. resistances, are only
additive for circuit-elements in series. Thus the resistance Rt

and the reactance X, must be regarded as in series. Admittance

operators, on the other hand, like d.c. conductances, are only
additive for circuit-elements in parallel, so that the conductance

Op must be regarded as in parallel with the susceptanceBp .

We have seen that an inductance has a reactance X = La>,

i.e., an impedance operator j*>, and therefore an admittance

operator 1/jLto
=

j(l/-ko) or a susceptance B = 1/Lcu. It

follows that the reactance X, is equivalent to an inductance L,
where

L.= I.sin# ....... (11)

and tl\e susceptance Bp is equivalent to an inductance Lp where

Similarly, since a capacitance C has a susceptance B = C<a, an

admittance operator jB=jCw and therefore an impedance

operator 1MB = -j(4) -jtl/^cu) and a reactanceJC= ~-L,
\B/ Cw

the susceptance Bp is equivalent to a capacitance Cp where
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and the reactance X9 is equivalent to a capacitance 0; where

-=*;*-> <"'

The conductance Gp is obviously equivalent to a resistance

B, = I/O,.
These various pairs of quantities are shown diagrammatioally

in Figs. 3 and 4, the series connection being used for those

UwwJ

x)
Fio. 3.

derived from impedances, and the parallel connection for those

from admittances, for the reason already given. Thus all these

diagrams may be used to represent the same circuit-element,

though the inductances and capacitances may be positive or

negative, depending on the sign of
<f>.

In practice, it is found that

L _-'TOT vwv-

&P
- *P
(a)

FIG. 4.

for circuits or material systems of any kind containing no source

ofe.m.f., the angle <f>
is never numericallygreaterthan *r/2, although

it may be either positive or negative. It follows that for such

systems the resistances B9 and Rp axe always positive or zero, but

that the quantities Lp , Ct , Cp may be of either sign, the

inductances being positive and the capacitances negative when ^
is positive, and these signs being reversed when

<f>
is negative.
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The following relations follow immediately from equations (7)

to (14).

- - = . . . .(15)
R,

. (16)

Thus the two resistances Rt and Rp are only equal when < = 0,

while the two inductances Lf and Lp only become equal when
< =

7T/2,
and the same holds for the capacitances C8 and Cp .

These quantities represent in various ways the relative values

of the current and voltage in the circuit-element under considera-

tion. They are called effective or equivalent values of resistance,

inductance and capacitance. In order to distinguish between
the members of the various pairs, they will be called the equiva-
lent series resistance R9 , inductance Lt and capacitance C8, and
the equivalent parallel or'shunt resistance R^ 9 inductance Lp and
capacitance Cp . Hypothetical circuits representing these quan-
tities as in Figs. 3 and 4 are called equivalent circuits.

5. Power Factor, Decrement, and Loss Angle. Consider

now the energy which is supplied to a circuit when the current and

voltage are given by t = I sin cot and t? = tf sin (a>t <). The

power supplied is given by P = vi, which by a simple expansion
becomes

P = tfjcos^sin
2
co$-~sin^sin2arf ..... (17)

* .

Thus the power may be regarded as consisting of two terms.

The first is proportional to sin2 cot or to t2 , and therefore never

becomes negative during the cycle. It represents a pulsating but

unidirectional supply of energy. The second term is proportional
to sin2cctff which becomes alternatively positive and negative
twice during the cycle of current or voltage. This term may
therefore correspond to a flow of energy into the circuit followed

by an equal flow out of it, the transfer occurring twice per cycle.

Alternatively P may be written in the form :

-*) . . . . (18)
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which corresponds to a supply of energy at the constant rate

\$i cos <, together with the supply and return of energy at a rate

given by the alternating second term. In practice energy is

seldom, if ever, dissipated by alternating currents at a constant

rate. The expression \w cos
(f> always represents the mean rate

of dissipation over any whole number of cycles or half-cycles, but
in practice the energy is usually dissipated by resistance in

accordance with Ohm's Law. When the energy is dissipated

wholly by series resistance, i.e., resistance carrying the whole

current i, the power dissipation is proportional to **, and is given

by the first term in (17). The remaining term \fii sin fy sin 2orf

must then represent a reversible flow of energy into and out of

the circuit. The amount of energy transferred can be found by
integrating the term under discussion. Thus :

T17 vi sin J> C* . . ,. tfi sin J> . 9W = E sin 2<*>t . dt = - sin2 cot.

I 2o>
Jo

The amplitude of the expression is (vi sin <)/2co, and we may
regard the circuit as alternately storing and returning this amount
of energy twice in each cycle.

This expression has been derived for the case of energj

dissipation by series resistance. An equally important case is

that in which it is dissipated by parallel resistance, i.e., the

resistive element experiences the full voltage instead of the total

current. This case gives the same result, as may be seen by
merely interchanging i and v in all the equations, the power
dissipation being in this. case proportional to v2 instead of to i2.

The expression for the total reversibly stored energy is exactly
the same as before ; it is only its* phase relation to the current

and voltage that is different.

It is interesting to notice in passing that if by the use of a

suitable non-linear circuit-element the power dissipation could

be made constant then equation (18) would apply, and the rever-

sibly stored energy would amount to <;S/4cu instead of (6i sin ^)/2o>.

This shows that observations of current, voltage and phase
difference alone, give no certain indication of the magnitude of

the energy stored in the magnetic fields of the inductors, or the

electric fields of the condensers of a circuit. Information as to

the law ofenergy dissipation is also required. It is on this account
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that capacitance and inductance as measured by alternating
current methods, have been defined in terms of reactance and

susceptance, instead of in terms of the energy stored in the

magnetic and electric fields. The mean power dissipation is,

however, always given by i

Mean Power Dissipation = VI cos
<f>

... (19)

where / = f/\/2 and V = l/V2 denote the effective values of

current and voltage. On account of this relation cos
<f>

is called

the power factor of the circuit.

In the two important cases of energy dissipation due to series

resistance, and parallel resistance, we have also :

Energy stored per half-cycle = (VI sin <)/o> . . (20)

Denote by A the ratio of the energy dissipated to the energy
stored per half-cycle. Then we have :

. __ Energy dissipated __ VI cos
<f>

to

Energy stored 2f
'

VI sin
<f>........ (21)

The quantity A is often called the logarithmic decrement of the

circuit-element. It was originally defined by reference to the free

oscillations of a system, which diminish in amplitude owing to the

dissipation of its energy. A is equal to the Naperian logarithm
of the ratio of two successive maximum displacements of the

system in the same direction.

By making use of equations (7) to (14), equation (19) for the

mean power dissipation may also be written

P

= V*Cpw cot
<f>
= /* co

It is evident from these equations that cot (, when (f>
is positive

(e.g., for inductors) .or cot
<f>

when
<f>

is negative (e.g., for

condensers) might also be regarded as a power factor, which
becomes zero in the ideal cases when

<f>
=

v/2. It is, however,

usually more convenient to consider the angle 8 by which differs

from the ideal values tf/2.
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The above equations may then be written

P = PR. = V*G, = FV^ ...... (22)
P = /lL,o>tan8 = (Ftan8)/L-a> . . (23)

P= FC',a.tan8 = (/tan8)/C^> . . . (24)

Moreover 8 is in practice often a very small angle so that to a
first approximation 8 = tan 8, and the power dissipation is in

such cases proportional to 8. The angle 8 is called the loss angle,
and tan 8 is called the loss tangent. Since tan 8 = cot

<f>
we have,

by (15)

6. Constants of Typical Circuit-Elements. The relations

established in paragraphs (4) and (5) are applicable to all circuits,

circuit-elements, or current paths, whatever their nature, provided

only that there are two terminals defining the points at which
the current and voltage are to be measured. For the purposes
of measurement it is necessary to have standard circuit-elements,

the constants of which are accurately known. These consist of

resistors, inductors and condensers, either alone or in combination.

In actual practice it is impossible to separate completely re-

sistance, inductance and capacitance ; i.e., no material system is

completely free from any one of these quantities, and all real, as

distinct from ideal, standards must be regarded as possessing in

some measure all these quantities linked together in various ways
equivalent to series or parallel connection, or combinations of

the two. The quantities measured by alternating current methods

are the equivalent values l, Rs , Ct (series), or Lp , Rp , Cp (parallel),

discussed in the previous paragraphs ; and it therefore becomes

necessary to determine the relation between these quantities

and the various possible combinations of real values L, JZ, C.

The equivalent values for any combination may be calculated

by the methods already outlined. Those required most frequently
in practice are summarised in Table 1.

It will be obvious from this table that the measured values

L , Rt, Rp9
C
p9 etc., can only be identified with true values of

inductance, etc., L, JZ, C, when the nature x>f the current path is

known, and it is possible to obtain information as to the values

of a, p and y. Such information is usually obtained by observa-
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tions at various frequencies, i.e., from the variation ofLg9 R,, Ci9

etc., with frequency.
7. Mutual Impedance. We have so far considered only

two-terminal systems, which may be regarded as single isolated

circuits. It is also necessary to consider the actions between

neighbouring circuits. The simplest case is that of the mutual
inductance of two coils. It is well known that the passage of a

current i in one coil induces an e.m.f.M di/dt in any neighbouring

circuit, where M is the coefficient of mutual inductance for the

pair of circuits in question. Thus an alternating current

i= { sin cot produces an e.m.f.E=M wi coswt=M wi sin (a>t + 77/2)

in the other. This e.m.f. is clearly in quadrature with the primary
current, and we may therefore represent it in vector notation by

E=jcoJlfJ[ (26)

In practice this e.m.f. can never be directly observed. We
can only observe the p.d. F, between the terminals of the

secondary circuit. This would be equal to i? if the secondary
circuit were of infinite impedance so that no current could flow

in it. In practice, however, there are always circulating currents

in the secondary circuit, since it is always closed by the capacitance
between its terminals and between neighbouring turns of the

coil, even if there is no other current path. Thus the secondary

p.d. F, differs slightly from E and is usually not quite in quad-
rature with the primary current, and we must therefore write

V,= (a+jcoJf)I=((7+jZm)I .... (27)

which means that V9 possesses a small in-phase component d
as well as the quadrature component jwMI. M, which is not

quite the same as M , is called the effective mutual inductance.

This equation is analogous to (1) so that the quantity represented

by (or + jMw) may be regarded as an impedance, the mutual

impedance ZM of the two circuits, consisting of two components,
their mutual resistance a, and their mutual reactance Xm = Ma>.

Similarly, by taking the reciprocal of Zm we may derive the

mutual admittance, mutual conductance, etc., of the two circuits.

Moreover, these considerations apply to any two circuits, not only
those linked by mutual inductance, but also to those possessing
current paths in common as in Figs. 6, 7 and 8. It is interesting
to note that as far as the values of terminal alternating currents
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and voltages are concerned, the circuits of Figs. 5 (a) and 5 (6) are

identical. Thus the effect of a mutual inductance M between

two coils is exactly the same as if a portion M of their self-in-

ductance was common to both. Similarly two circuits of impe-
dance Zl and Za possessing a mutual impedance Zm may be

FIG. 5. Circuits with magnetic coupling, (a) Indirect. (6) Direct.

represented by Fig. 6, although in practice the circuits may possess

no commencements, but may be isolated as in Fig. 5 (a).

8. Coupled Circuits.* Circuits such as those described

above which possess a finite mutual impedance are often described

as coupled, since electrical oscillations of one of the circuits

generate e.m.f.s in the other, and thereby tend to produce
oscillations in this second circuit,

so that provided the second

circuit is closed the energy of

one circuit is communicated in a

greater or less degree to the

other. When the circuits possess
a common element as in Fig. 5 (6) ,

the coupling is said to be direct,

while circuits such as those of Fig. 5 (a), possessing no common

point, are said to be indirectly coupled. In such cases the

invisible connecting link between the two circuits is provided
either by their magnetic fields, or by their electric fields, the one

being called magnetic or inductive coupling, and the other

electrostatic or capacitive coupling.
We have seen that in any circuit there is a reversible storage

and discharge ofenergy in each half-cycle amounting to F/ sin </o>,

FIG. 6.

* G. W. O. Hows. Wireless Engineer, 1932, Vol. 9, p. 485.
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which, using equations (7) to (14), may be expressed in the

following forgis.

Energy stored per half-cycle =

cu o>
*

from which it is clear that when the reactance is purely inductive

the energy is that of the magnetic field of the inductive coils

(JC
2
L), while when the reactance is purely capaoitive, the energy

is that of the electric field of the condensers ($$
2
C) or of any metal

parts which,
'

being .at different potentials, are equivalent to a

condenser. This energy is to be regarded as located in the

medium surrounding the circuits, and in so far as the electric and

H

S :H
c"

FIG. 7. Direct capacitive coupling. FIG. 8. Indirect capacitive
coupling.

magnetic fields of the one circuit penetrate the other, a portion
of this stored energy is as much linked with the second circuit as

the first, and in suitable circumstances may be discharged in

the second circuit. When only a very small fraction of the total

stored energy may be transferred in this way from one circuit

to the other, the coupling is said to be loose, while when the

fraction which may be transferred is comparatively large the

coupling is said to be tight. The magnitude of the coupling is

measured by the coefficient of coupling, which may be defined as

the geometric mean of the two numbers expressing the fraction

of the stored energy of one circuit which is capable of trans-

ference to the other. Now, since for a given current and frequency
stored energy is proportional to reactance, it will be .clear from

Fig. 5 (b) that the ratio of the common stored energy-to the total

stored energy of circuit 1 is XJXl where Xm is the mutual

reactance, and Xl the reactance of circuit 1. Similarly the ratio
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of common stored energy to the total stored energy of circuit 2 is

The coefficient of coupling k is therefore given by

This expression may be applied to either magnetic or capacitive

coupling, it being understood that when Xm represents mutual

inductance then Xl and JT8 represent the inductive reactance of

circuits 1 and 2, while when Xm represents capacitive linking

such as those of Figs. 7 and 8, Xl and X2 represent the capacitive

reactance of circuits 1 and 2. Thus it is easy to see that for the

circuits of Kg. 5, k = M/V^L* and for that of Kg. 7,

* = VC'1<7a/C
r

m where Cl is the capacitance of Ca and Cm in series,

FIG. 9. Resistive coupling.

and <7S that of C$ and Cm in series. Kg. 8 is more complicated
but it can be shown that in this case k =C^V^ + Cj) (Cm + Ct)

where Cm is the capacitance of C' and C" in series. This diagram
might well represent the case in which the coupling between two
circuits arises, not from condensers, but from the capacitance
between their various components, or their "stray" electric

field, which is represented by the equivalent condensers C' and C".

It should be noticed that the coefficient of coupling is a pure
number which is always less than unity. In general both magnetic
and electric coupling exist between two circuits, and therefore

they will possess a coefficient of electric coupling and one of

magnetic coupling. Usually one of the two kinds of coupling is

made very small compared with the other, and is then neglected.
It will be seen later that electric or capacitive coupling can be

eliminated by screening, i.e., by completely enclosing one circuit
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by a conductor, BO that the whole of the electric field of that

circuit is confined within this conductor, and is therefore unable

to supply energy to the other circuit.

Circuits such as those of Fig. 9 in which Bm is a small resistance

are sometimes described as resistance-coupled, and by analogy
with the previous cases the coefficient of coupling is given as

k = RjVRiRf The analogy is perhaps formal rather than

physical, and probably does no more than provide a convenient

description for an alternative means of energising one circuit by
the passage of a definite current in another.



CHAPTER II

GENERAL PRINCIPLES OF IMPEDANCE
MEASUREMENT: RESONANCE METHODS

1. General Features of High-frequency Measurements.
In measurements of impedance, or quantities derived from it,

we are concerned with the relative values of current and voltage
in an electric circuit, and most methods depend on an application
ofOhm's Law, or some generalisation deduced from it, to a network

carrying current. Resistance to direct current is usually measured

by means of the well-known Wheatstone Bridge network, and
most readers will know how easy it is to obtain very high accuracy
in such measurements. When this method is applied to alter-

nating currents many difficulties arise. The flow of current is no

longer controlled by the single variable, resistance ; e.m.fs. of

self and mutual inductances influence the current in every

conductor, and displacement currents (p. 3 ) flow through all

the insulating materials. These effects may by suitable design
of the circuits be made small or controlled but they can never be

wholly eliminated. The e.m.fs. and displacement currents which

are not localised or controlled are often called stray e.m.fs. and

stray capacity-currents. It should be observed that for a given

voltage the displacement current through the dielectric is propor-
tional to the frequency, whereas the current through a conductor

does not increase with rise of frequency. Thus the higher the

frequency the more does the current tend to leave the conductors

and flow across the intervening media, and therefore the more
uncertain does the current distribution in a network become.

The difficulties arising are analogous to those which would be

produced by immersing a d.c. network into a more or less con-

ducting fluid such as water. The stray e.m.fs. are also propor-
tional to the frequency, so that at radio frequencies the current

distribution is always somewhat uncertain owing to displacement

currents, and the voltage distribution is always somewhat un-

certain owing to stray e.m.fs. It is on this account that so many
18
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radio frequency measurements take the form of simple substitu-
tion of one component for another (the standard) in a circuit of
the simplest possible form, viz,, the

simple resonating circuit.

2. Bridge and Resonance
Methods Compared. Consider

the simple resonating circuit of.

Kg. 10. A coil of inductance L
and resistance R is connected to a

Flo 10 SimpteM801iatingciroilit .

condenser of capacitance C. An
e.m.f. e = sin wt is induced in the circuit and causes a current

7 to circulate in it. The impedance of the network to the circu-

lating current may bfe written

o,-...... (l)

The current may be represented

,_ B _
B
[*-'(

1--
ac

The magnitude of the current vector is

E
(2)

.and if C, L or CD are adjusted until

Lto = orK7o,=l (3)

the current then reaches a maximum'value, and the circuit is said

to be in resonance. The maximum value ofthe current is given by

r E

The earliest and still the most commonly used methods of

measurement of capacitance, inductance and resistance at radio

frequencies depend on the application of equations (3), (4) and (2)

to observations made with this circuit. Thus if L IB known and
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the frequency at which resonance occurs is measured, C may be

deduced from (3). In the same way L may be measured if C is

known, while the value of a resistance may be determined by
adding it to the circuit and noting- the change it produces in the

value of the current at resonance, and then applying equation (4).

Alternatively B may be measured by establishing resonance,

and then varying L, C or co by a known small amount, and

measuring the change of current produced. A simple application
of equations (2) and (4) then gives R. The details need not

concern us here. The point to notice is that the same circuit is

used for all the measurements, the reason being that it is the

simplest possible form of circuit one mesh with no branches.

The current distribution is therefore the simplest possible, one

circulating current only. It is true that displacement currents

must be regarded as flowing from various points on the circuit

to all neighbouring objects, but the circuit is always adjusted so

that the circulating current has its maximum possible value, and
the stray currents therefore tend to become as insignificant in

comparison with the main current as it is possible to make them.

When they are ignored, as they are when the above equations are

applied, the errors introduced are not usually very large, yet it

must be confessed that the method of measurement itself is a

comparatively crude one, although well suited to difficult condi-

tions.

It is interesting to note in passing that the same circuit is

also used in direct current measurements when the difficulty of

uncertainty of current distribution appears. For the measure-

ment of a very high resistance we do not use the Wheatstone

bridge, but a simple circuit including only a battery, galvano-
meter and the high resistance to be measured. In this case the

total current is very small, and the effect of even minute leakage
current is apt to become serious. The simplest possible circuit is

therefore used, special attention being paid to the insulation of

those points at which leakage would be most serious. The simple
method is more satisfactory than the more elaborate bridge
methods when the conditions are very difficult, and similarly
when an investigation is being pushed into the region of the

highest possible frequencies, resonance methods are likely to be

more serviceable than bridge methods. However, the accuracy
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obtainable under suitable conditions by bridge methods is much
better than the cruder methods will ever give. Hie general

superiority of null-methods over defleotional methods is well

known. It is therefore advisable to use bridge methods, when
the conditions are favourable, as in this way accuracies otherwise

unobtainable may be reached. Thus for the measurement of

inductance, capacitance and resistance at low frequencies, bridge
methods are almost universally used, and accuracies of the order

of 0-01 per cent, are readily obtainable at audio frequencies, an

accuracy which is probably unattainable by resonance methods.

In theory, there is no reason why almost any one of these bridges
should not also be applied to radio frequencies. The difficulties

are the practical ones of constructing the apparatus so that

capacitive currents are either confined to the arms of the network

or else diverted into a course that does not affect the balance of

the bridge ; and further of disposing the various conductors so

that undesired e.m.fs. are excluded or balanced.

Further consideration of bridge methods is reserved for

Chapter III. It will now be necessary to discuss in more detail

the phenomenon of resonance in electrical circuits. This pheno-
menon is probably the most characteristic phenomenon of radio-

frequency circuits and is the basis of most applications of radio-

frequency currents.

3. Series Resonance : Current Resonance. We shall

now consider further the values of current and voltage in the

simple resonance circuit of Fig. 10. Let the e.m.f. E be applied
between the points marked E, and let the current / be measured

by some form of amtneter at A. Keeping the applied e.m.f.

constant let the value of the capacitance C be varied. The value

of the current will be given by equation (2),

-1V
Co./

If now the value of the current is plotted against capacitance,
we obtain the well-known resonance curves shown in Fig. 11.

The current reaches a maximum value I,
= E/R when the

capacitance has the value Cr which satisfies the condition of

resonance LCro^ = 1. Thus the smaller the value of R the
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resistance of the circuit; the greater is the maximum value of

the current and the sharper is the peak of the resonance curve.

The curves a, 6, c of Fig. 11 corre-

spond to ascending values of resist-

ance, other factors being the same.

The sudden rise in the value of the

current to a maximum value is

frequently used in radio-frequency
measurements as an indication that

the condition of resonance has been

established. It is important in such

measurements that., the resonance

curve shall rise to a narrow peak.
It is instructive to derive a

quantity which may be regarded as

measuring the sharpness of resonance.

Thus let IT be the maximum value

of the current at resonance when the

value of capacitance is Cr and / the

value of the current corresponding
to the value C of capacitance at a point on the side of the curve.

We have

E* E* 1

FIG. 11. Resonance curves.

!(-L - IVMc> cw

Thus

'I* -

C

Lu>

B (3)

The quantity on the left-hand ride of this equation is evidently
a measure of the fractional fall in the value of /* from the
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resonance value corresponding to a given fractional change of

capacitance. It is defined as the sharpness of resonance. It is to-

be noted that it is equal to the reciprocal of tan 8 or to w/A,
for the inductance L in series with the resistance JR, or for the

capacitance Cr in series with the resistance S, 8 being the loss

angle and A the decrement of the resonating circuit, i.e., the

ratio of energy dissipated to energy stored per half-cycle, the

value being the same for the condition of resonance, whether

the energy stored in the coil or the condenser is taken. Evidently
determinations of loss angle, decrement and resistance can be

made by a measurement of the sharpness of a resonance curve.

There are, of course, two values of C corresponding to any
given value of /, one point being on either side of the resonance

peak. Equation (5) may be written in the form

(C - Cr) _

where q is the ratio /,*/?* and A is the decrement of the circuit at

the resonance frequency o>/27r. Thus the two values of C (say

Cj and <72) corresponding to a given value of q, i.e., of 7, are

given by

.Ci ..... (6)
IT

and - <78 + Cr
= -V? - 1 - C72 ..... (7)

7T

Subtracting, we obtain

f
25 If

and adding (6) and (7) we have

It is important to notice that the values of Cl and C* may always
be observed with greater accuracy than that of C>, since Cl and

C7f are on the sides of the resonance curve where its slope is steep,
while Cr corresponds to the maximum point, where the slope is

zero, so that a small change of capacitance produces a relatively
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small change of current. Equation (9) shows how the decrement A
may be accurately determined from observations of Clt C2 and q.

Equation (8) shows that the value of Cr is not equal to the mean
value of Cl and (72> but differs from it by a quantity, which

becomes small when A, q or (C1 <72) become small, i.e., when
the circuit is* of low decrement, or when the points are taken

near the peak of the curve. The resonance curve is therefore

not strictly symmetrical but broadens out on the right-hand side,

as follows from equations (6) and (7).

4. Voltage Resonance. The phenomenon of resonance in

the simple circuit of Fig. 10 may also be observed by measuring
the voltage between any two points of the circuit, by means of

some form of voltmeter, instead of measuring the current in the

manner discussed in the preceding paragraph. Suppose for

example the voltageV across the condenser of Fig. 10 is observed.

We have in vector notation

R

Thus the magnitudes ofV and E are given by

-
I)

2

If now the e.m.f. E is kept constant while C varies, V will be

found to rise sharply to a maximum -value Vr for a certain value

of 7, in much the same way as the current / did. Indeed, it is

obvious that the very sharp rise in the value of the current at

the resonance point discussed in the last paragraph must be

accompanied by a sharp rise in the voltage. We shall find

however, that the maximum value of the voltage does not occur

at the same value of C as the maximum value of the current, and
that the curve showing the rise and fall of voltage as C is varied

is not quite of the same shape as the curve showing the rise and

fall of the current. We shall therefore distinguish the two cases

by referring to them as cases of current resonance and voltage

resonance respectively.

The value of C at which the voltage V reaches its maximum
value may be found by differentiating with respect to C the
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denominator in equation (10) and equating to zero. This gives
as the condition for voltage resonance

where Cr denotes the value of capacitance at which resonance

occurs. Thus for voltage resonance, we no longer have the

simple relation LCco2 = 1. The resonance point is now affected

by the value of the resistance R. We have

= 1 sin2 8

where
(f>

is the phase angle and 8 is the loss angle of the resistance

Sin series with the inductance L.

The value of the voltage at resonance (Vr) is obtained by
substituting (11) in (10). We find that

JA.2) _ *-- .... (12)

As in the case of current resonance, to any other value of the

voltage F, there will correspond two values of capacitance (7,

one on either side of the resonance peak. Combining equations

(10) and (12), we see that these two values of capacitance are

given by the equation

. F,
2 [JffCW + (I/Ccu*

-
I)

8
] [B* +

F2 q 2

or <fa*(JP + &<**) -2Lw.Ca>- g + 1 =
fir

which is a quadratic in Ceo, the two roots of which are

Denote as before, the two values of C corresponding to a given
ratio q (= Ff /F*) by Cj and Cv
Then Cr

= \(Cl + Ct),
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which means that in this case the curve is symmetrical. Also

This last equation is exactly the same as was obtained for the

corresponding case of current resonance (equation (9) ). In other

respects the two resonance curves are different as we have

seen.

When dealing with voltage resonance it is important to specify
between which two points of the circuit the voltage is measured,

and also at what point of the circuit the e.m.f. is introduced. We
have assumed that the voltage is measured between the condenser

terminals, and that the exciting e.m.f. B is introduced at a point
external to these terminals, e.g., in the coil or the leads to the coil.

If however this e.m.f. were introduced into the condenser leads,

it would be included in the voltage measured, which would now
be given by V E (cf. Fig. 10) so that the equations of resonance

would be modified. It is unnecessary to consider this and other

cases in greater detail, but the fact that coupling is not strictly

localised and that e.m.fs. are frequently introduced into all

points of a circuit should not be

lost sight of in the practical appli-

cation of these equations.
5. Parallel Resonance. A

third method of observing elec-

trical resonance remains to be

considered. Let a coil of resist-

ance R and inductance L be con-

Pro. 12. Circuit for parallel
ncted in parallel with a capacitance

zwonanoe. C across a source of alternating

voltage of constant value V (Fig.

12). Consider the value of the current / flowing into the parallel
circuit where it divides into the two components I I and It .
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We have

R+jLa>

where Z* -

Thus the magnitude of the current is given by

If the capacitance C is varied, the value of the current will

evidently reach a minimum value when

L L
~

Z IP + LW
~

r

The minimum value of the current is given by

(14)

(15)

and it is in phase with the voltage V. If the value of the current

/ is plotted against capacitance C we obtain a curve like that shown

FIG. 13. Curve for parallel resonance.

in Fig. 13, which may be regarded as a resonance curve with a

sharp dip instead of a sharp peak. The equation of the curve,
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i.e., (13) may be written

-7T- --55
-- -

jp
-

Thus the two values of C corresponding to a given ratio /*//,.*
= q

are given by
R
at

or C

Evidently the resonance curve is symmetrical and we have for

the difference of the two values of C

c -c -
1 *

"
JP co

This formula is the same as that obtained for the previous cases.

The only difference is that q represents the ratio of different

quantities in the three cases.

The circuit we have considered in each of these oases of

resonance is the same, but it is to be noted that the value of the

capacitance at which series current resonance occurs is different

from that at which voltage resonance or parallel current resonance

occurs. What we mean exactly by the condition of resonance

is a matter of arbitrary definition, and it is important to recognise
this when making precision measurements based on observations

of resonance. We have assumed that resonance has been obtained

by variation of capacitance in each case. This is the most impor-
tant practical case, but it is also possible to obtain similar

maxima and minima of current and voltage by variation of

inductance or of frequency. Examination of the equations will

show that the conditions of resonance, i.e., maxima and minima
of current or voltage, are different if these quantities are varied

instead of capacitance, but when R is very small compared with

Lai, which is often the case in practice, the condition of resonance

is practically the same whether it is obtained by variation of
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capacitance, inductance, or frequency and whether it is observed
as current or voltage.

6. The Effect of Leakage or Dielectric Loss. In the above
discussion we have assumed that the condenser C is perfect. A
point of some practical importance is the effect of leakage in this

condenser on the condition of resonance. We shall suppose the

capacitance C to be shunted by a conductance (Fig. 14) and
consider its effect on the three

cases ofresonance considered above.

The leaky condenser, i.e., the com-
bination of capacitance and con-

ductance may be represented by
the admittance operator -\-jCa>,

and the vector equations pro-

viously obtained still apply if we

replace jCa> by O + jCa>. Thus considering the case of series

current resonance, the current is given by

E E

E

where 72 = (?2 +
Thus the magnitude of the current is now given by

R2
/* = -

The condition for the maximum value of the current as C is

varied is readily found by differentiating the denominator with

respect to C and equating to zero. We find that it is

LCP = 1 + 2BO + LG*/C
or LCa>*(l

- tan8 8) 1 + 2BO.

It is not necessary to pursue the equations further. It will

be evident that the simple equations holding when the condenser
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is perfect are very considerably complicated by the presence of

leakage.
Consider now the voltage resonance. The voltage across the

leaky condenser is given by

I E

o

E E

where I' represents the vector E/(2Z + jLa>) i.e., the current which

would flow if the coil were short circuited. If now C alone is

varied then I' is constant and evidently the voltage V will reach 9

maximum value when

This maximum value is given by

E(B-jwL)

Its magnitude is therefore given by

EZ E E

cr

The voltage V corresponding to any other value of C is given in

magnitude by

r, "
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or

Consider finally the case of parallel resonance. The total

current 7 produced by a constant applied voltage F is now given

If C alone is varied, the condition for the minimum value of

the current is

L

and the current is then in phase with the voltage F and has the

value

The current I corresponding to any other value ofC is given by

It should be noticed that L and B in Figs. 10 and 14 necessarily

represent the equivalent series inductance L9 and resistance R,
of the whole circuit external to the condenser. If the equivalent

parallel inductance Lp is used, the condition of voltage resonance

becomes ,>* = 1, for Lp = Lt/sin* <f>
= Z1/!^1

(cf. equa-
tions (15), (16), Chapter I).
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An examination of these equations for the three cases of

resonance reveals the following important points :

1. The simple equation of resonance LBCaP = 1 only applies
to the case ofseries current resonance when the condenser

is free from leakage (or dielectric losses which are eoui-

valent to leakage). In this case only is the condition of

resonance independent of the resistance of the circuit.

2. The condition of voltage resonance is the same as that of

parallel current resonance, and is independent of

conductance in the condenser, although it does depend
on the series resistance of the coil. The equation is

which may also be expressed in the form <7fa>
2 = 1.

3. When conductance is present in the condenser, the condi-

tion of series current resonance depends on both the

resistance of the coil and the conductance of the con-

denser.

4. For voltage resonance and parallel current resonance

the equation giving the two values of capacitance on

the resonance curve corresponding to any given value

of current or voltage may be written

or

or

where q denotes the ratio Ff
2
/F

2 for voltage resonance

and /*//r
8 for parallel current resonance. It follows

that the resonance curves in these two cases are strictly

symmetrical even when leakage is present, and that if

Cl and Ct are the two values of capacitance
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and -C.-

It should further be noted that
|j

Rm
f

is

the equivalent shunt conductance of the coil, and
therefore + B9/Z* is the total shunt conductance of

the whole circuit, which may be written O
t
. Thus we

have the most useful equation for the measurement of

conductance,

7 ! - (20)

5. The corresponding equations for the case of series current

resonance when leakage is present are much more

complicated and therefore less suitable for measurement

purposes. When, however, the condenser is free from

leakage the corresponding equation for series current

resonance takes the equally useful form

but it is to be remembered that in this case the capaci-
tance Cr at resonance is not equal to \(Cl + C2).

1. Reaction from a Resonating Circuit. We have so far

confined our attention to the variation ofthe currents and voltages
in the resonating circuit itself. It is also of interest to consider

the reaction of the resonating circuit on the source of oscillations

from which it is energised, for it will be shown that it is possible

to deduce the properties of the circuit by observations of this

reaction, and we may therefore have another group of methods
for the measurement of im-

pedance based on indirect * _ r

observations of resonance. /"~N\^fW M *
v"""*^

In Fig. 15 let the pri- Tp)ff ^ M $*J SSSCj
mary coil LpBp represent a V-*//V*-* O*

J

coil in the output circuit
^

. 4

"

- MI j. 114. FIG. 15. Primary circuit and tuned
of an oscillator, and let

secondary circuit.

the secondary circuit

,8/7. be coupled to it magnetically, the only coupling being

that represented by the mutual inductance M. The current Ip
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in the primary circuit will induce a current /, in the secondary
circuit. Let Vp be the voltage across the primary coil. We shall

consider the variation of these currents and voltages as the

capacitance C, is varied in the neighbourhood of resonance, i.e.,

as the secondary circuit is tuned. We have for the primary coil

and for the secondary circuit

-L)]
-

or ifXp denote the reactance of the primary coil, and X, that of

the secondary circuit,

Substituting the value ofI, given by the second of these equations
into the first we have

Thus the change in resistance &Rp of the primary coil due to the

coupling of the secondary coil is given by

while the change in reactance is given by

*- ---- (2S>

This relation is sometimes useful for determining R9 or X9t

although certain other relations to be derived are usually more
convenient in practice.

Consider the variation of reactance, given by equation (23).

Let the capacitance of the secondary circuit be varied, all the

other quantities remaining constant, i.e., X9 will vary and Jf, w



RESONANCE 35

and -R, remain constant. The resulting variation of Xp may be

represented by Fig. 16, in which the continuous curve shows

AJTj, as a function of JT,, i.e., the change in the reactance of the

primary circuit measured from the value which it has in the

absence of the secondary circuit, as a function of the total

reactance of the secondary circuit. We see that when X, = 0,

i.e., L,w 1/0,0;
= (the condition for series current resonance

of the secondary circuit) the change in reactance of the primary
circuit is zero. When X, = Bt the change of primary reactance

reaches a minimum value, and when X,= R, it reaches

XT Xa

FIG. 16. Effect of secondary resonance on primary reactance.

maximum value, these critical values being given by
M*a>2

/2It9 , so that they are greater the larger the

mutual inductance and the lower the secondary resistance.

When the resistance of the secondary circuit is small compared
with the reactance of its condenser or inductance, which is usually
the case at radio frequencies, the range of X, from + R,to R,
in which the transition from maximum to minimum values

occurs is small, and thus the curve of reactance variation is very

steep in this range, which is as we have seen the region ofresonance

of the secondary circuit. Thus this rapid change of reactance

may afford a very sensitive means of detection of resonance in a

coupled circuit. The means of observing the change will be

considered in a later chapter (p. 169).

The curve of Fig. 16 also provides means for the measurement
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ofS99 the resistance of the secondary circuit. Thus let Xa and Xb

be the values of secondary reactance corresponding to the mini-

mum and maximum respectively. Then

(25)

The change from Xu to Xb has been produced by variation of

capacitance alone. Let C,t
and Cb be the values of capacitance

corresponding to Xa and Xb9 i.e., to the maximum and minimum.
Then

Xa -Xb
= J- -- = 2*,

It is to be noted that (Cb Ca ) is the difference between two

readings of a variable condenser. It may usually be determined

with great accuracy, even when Ca and Cb are not separately
known with very high accuracy.

An alternative method of working is as follows. Let Xc and
Xd be the two values of secondary reactance corresponding to a

given change &Xp of primary reactance. The values Xe and Xd

are the two roots of the quadratic (23), which may be written

The product of the roots is given by

-R.
2 ....... (27)

Now the values of Xc and Xd are not usually known, but it is a

simple matter to observe the corresponding values of capacitance
Cr and Cd and also the value of capacitance Cr corresponding to

resonance AJT,
= and Xr

=
(Fig. 16).

Tta x-z.-^.L-.L
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Equation (27) therefore takes the form

c

v-- *

The quantities on the right-hand side of this equation are all

easily observed. The actual value of &Xp is not required;

merely the two values of capacitance corresponding to the same
value of

A-3T,,.
It will readily be understood that the values of

capacitance corresponding to two points such as c and d which

lie on steep portions of the curve may sometimes be determined

with greater precision than the value corresponding to the

maximum of the curve, and that equation (28) is therefore

sometimes preferable to the simpler one (26).

We have so far considered only the effect on the primary
coil of tuning the secondary circuit by varying the capacitance.
The secondary circuit may also be brought into resonance by
varying the frequency of the 'current in the primary coil, and

equations (21) to (24) apply to this case also. As before, the

change of reactance of the primary circuit will be zero when the

secondary reactance X8 is zero, i.e., when the secondary circuit

is in resonance. As the frequency departs from the value for

resonance, X8 will increase rapidly in the positive or negative

direction, and the resulting variation of primary reactance plotted

against X, will resemble Fig. 16 although the maximum and

minimum points will be slightly displaced from the values

X =
-B* owing to the variation of co in this range of Xs

(usually very small).



CHAPTER III

THE GENERAL PRINCIPLES OF SCREENING AND THE
RADIO-FREQUENCY BRIDGE

1. The General Impedance Bridge. In this chapter the

general principles governing the use of the Wheatstone-bridge

principle at radio frequencies will be considered, and it will be

found that this involves a discussion of the use of screens for

electrical apparatus. A thorough understanding of this matter

is of great importance in most precision measurements at radio

frequencies and it is therefore treated in detail.

Most of the bridges which are suitable for use at radio

frequencies may be represented by the general bridge diagram
shown in Fig. 17 in which OJ)^ OJ)* Z^Oj and DaOa are four

1

FIG. 17. General form of the impedance Fio. 18. Vector diagram for

bridge. the impedance bridge.

current-paths of any form possessing impedances
* ofZ^, Zjfa,

Z3/fa and Z4/^4 respectively. A source of electrical oscillations

is connected to the two opposite junction-points Oa and 2, and
a detector of such oscillations is connected to the other junction-

points D* and Dt. By means of suitable adjustments to the

magnitudes and phase angles of the four impedances, the two
* For the sake of brevity it is often convenient to refer to a conducting path

possessing an impedance operator Z] as an impedance Zjjt.
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points Dl and Z), may be brought to the same potential, and the

bridge is then said to be balanced. The detector D indicates

zero current in this condition.

The conditions of balance may readily be derived as follows.

Let the currents flowing through the four impedances be Ix, I,, Is

and I4 , as shown in Fig. 17. Let the currents Ix and I be repre-
sented by the rotating vectors OPX and OP, in Fig. 18 inclined at

an angle a which represents the phase difference between the

currents. The p.d. between Ol andDl may be represented by OP,,
and that between Ol and D, by OP4 , where

OP, = ZA and
and OP4

= ZA
When the potentials of D^ and D, are the same, these two

p.ds. must be identical and the vectors OP, andOP4 must coincide.

The conditions for this are

and ZJ^ZA or

Similarly it follows that we must also have

&- *4 = /

and Z = ^ or

where j3 is the phase difference between the currents I, and 14.

But since there is no current in the detector when the bridge is

balanced, the currents Ix and I, must be identical, as also must

I, and I4 . Thus the two conditions of balance are

and #1
-

^2 = #3
-

^4 ......... (
2)

These may also be written

Zl==^.Z^pZt ....... (3)
^4

and *i = (&-*4)+& = *2 + 8 .-(*)
where p is the ratio of the magnitudes of the two impedances

Z, and Z4, and 8 is the difference between their phase angles.
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Thus if such a balance can be obtained, and we know the magni-
tude and phase angle of one impedance (the standard impedance)
and also the ratio and phase difference of the other two (called

the ratio-arms), we may readily calculate the magnitude and

phase angle of the remaining impedance which is the quantity
to be measured. In order to balance the bridge we must have two

adjustments, one to vary the phase angle <f>2 or the phase difference

8 so that equation (4) is satisfied ;
and the other to vary the magni-

tude Zj or the ratio p until (3) is satisfied. The two adjustments
are usually operated alternately, always in the direction which

diminishes the current indicated by the detector, until the

condition of perfect balance is reached.

It is to be noted that the ideal bridge we have considered

consists only of two meshes in addition to that required for

supplying the current, and therefore comes next to the single

resonating circuit in order of simplicity. Bridge circuits of more

meshes, such as Anderson's bridge for the comparison of self-

inductance and capacitance, may be worked successfully at low

frequencies, but it is scarcely worth while considering such

networks for radio frequency work, as with three meshes the

difficulties of controlling the current distribution are greatly
increased. 'Indeed, it is not often possible to use the above

simpler network in its most general form ; it is usually advisable

to use for the two ratio-arms Z3 and Z4, two exactly similar

inipedances, so that p is equal to unity and 8 is zero. The bridge
then becomes symmetrical, and under these conditions any stray
currents or e.m.fs. which are also symmetrical will not affect the

balance point. This property will be considered in more detail

later.

2. The Bridge Components. It will now be clear that the

complete bridge circuit consists of the following components.

(1) A source of current of radio frequency. (2) A sensitive

detector of radio-frequency current. (3) Two ratio-arms, consist-

ing of impedances which are as nearly as possible identical. (4) A
standard impedance, which is continuously adjustable for both

magnitude and phase angle, and of which the calibration holds

good at radio frequencies. In general the two quadrature com-

ponents of this impedance are separately adjustable, i.e., the

resistance or the conductance, and the reactance or susceptance
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(inductance or.capacitance). Details of the construction of these

components will be considered in subsequent chapters, but it

will be convenient to consider at this stage certain general
features which they must possess.

3. Screening.* We have seen that stray displacement
currents in our measuring circuits are one of the chief difficulties

we have to contend with at high frequencies. We must now
consider how the flow ofsuch currents may be controlled by the use

(a) Electric field of (6) Capacitive coupling between
coil AB. coils AB and CD.

B
(c) Screening of a coil CD.

FIG. 19. Capacitive coupling and screening.

of electric screens. Let AB (Fig. 10 (a) ) represent a coil carrying

radio-frequency current. There will be a potential gradient along
the coil and therefore the coil will be surrounded by an electric

field which may be represented by the broken lines. As the

potentials are alternating these lines also represent the lines of

flow of displacement current, the displacement current density
at any point being proportional to the potential gradient, the

frequency, and the value of the dielectric constant or permittivity

* CAMPBELL, G. A. Collected Papers, p. 40, or Electrical World, 1904, Vol. 43.

p. 647. SHACKLETON and FBBOUSOK. Bell Technical Journal, 1928, Vol. 7

p. 70. FEBOUSON J. G. BeU Technical Journal, 1929, Vol. 8, p. 560.
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at that point. Supposenow a second conductor, CD (Fig. 19 (6) )

such as a second coil is placed near AB. The electric field becomes

distorted as shown : in other words, the distribution of displace-
ment current is altered. Some of it now flows from the upper
half of AB to the upper part of CD, and from the lower part of

CD to the lower part ofAB. This current flows through a portion
ofCD as a conduction current, and thus creates a small potential
difference in CD. In other words, there is capacitive coupling
between AB and CD.

Consider now a closed hollow conductor placed near the

coil AB as in Fig. 19 (c) . The electric field ofAB is again distorted

and displacement current flows to and from the conductor* as

shown. However, since the potential at any point inside a

closed hollow conductor containing no charge is the same, then

although this potential may alternate as the current through
AB alternates, there will never be a potential gradient inside

the conductor, and therefore there will be no displacement current

inside it. Thus displacement current cannot penetrate a closed

hollow conductor which therefore acts as a displacement-current
screen to bodies contained within it. In radio-frequency work
such a screen is commonly referred to as an electrostatic screen,

though the conditions are anything but static. Still as its action

is explained by laws of electrostatics, the term is convenient.

The above-mentioned facts may also be expressed by the state-

ment that there is no capacitive coupling between two circuits,

one of which is wholly inside, and the other wholly outside a

closed hollow conductor.

Consider now our bridge with its oscillator and detector as

shown in Fig. 17. We have assumed that current from the

oscillator enters the bridge at the two points Ox and 2 only,
and that current passes to the detector m& the two points Dl and
D2 only. But AB (Fig. 19 (6) > may be taken as representing any
coil of the oscillator and CD any arm of the bridge, and we see

therefore that unless steps are taken to prevent it, displacement
current will pass from the oscillator to all four arms of the bridge,

entering the bridge network, not only at the corners but also at

points distributed along the arms. It is desirable to prevent this

by surrounding the bridge by a closed hollow conductor (an
electric screen), the oscillator remaining outside the conductor.
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Similarly, it is desirable to place the detector in its own separate
screen, so that it will receive no displacement current direct from
the oscillator. It will, however, be readily seen that it is impossible
to obtain perfect screening in this simple way, since the oscillator,

bridge and detector must have points in common, and therefore

they cannot be completely separated by screens. However, the

arrangement shown in Fig. 20 may be regarded as an approxima-
tion to the ideal scheme, and it will simplify the distribution of

displacement current to a considerable extent. Each of the three

circuits, oscillator, bridge and detector is completely enclosed in

a conducting screen (represented in Fig. 20 by the broken lines)

and in order to permit the necessary separation of the circuits,

I I r ,_
I 1.1 1^ ^^

FIG. 20. Use of screens to eliminate capacitive coupling between
oscillator, bridge circuit and detector.

the oscillator and detector are coupled to the bridge circuit by
means of transformers Tl and T2 . The primary of the oscillator

transformer is inside the oscillator screen, while the secondary is

inside the bridge screen, and similarly the windings ofthe detector

transformer are separated by screens.

4. The Earth-Connection. The localisation of displace-

ment currents by means of screens surrounding the various units

of the system, as shown in Fig. 20, is in practice seldom perfect.

The conditions required are (1) that the screens shall be equi-

potentials, and completely closed, and (2) that the whole equip-
ment shall be contained within them. With regard to (1) a metal

box is not a true equipotential, for the impedance between any
two points on its walls, although very small, is not usually zero ;

both the resistance and inductance may be appreciable, and

therefore a potential difference may be established by currents

in the screen. The boxes, moreover, may not be completely
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closed, owing to the necessity of providing convenient access to

various parts ; but provided steps are taken to secure good
electrical contact between all the walls, and between the walls

and the cover-plates or lids covering any aperture, metal boxes

form satisfactory screens for most purposes. It is, however, often

by no means easy to satisfy the condition (2), for the complete

equipment may include public power mains. Strictly speaking,
the observer, and all other large objects in the neighbourhood
form part of the electrical system, for they are connected to the

various units by displacement-current paths, which as we have

seen, are equivalent to condensers. Fig. 20 shows in broken lines

examples of such condensers, linking the units together, and to a

large neighbouring object AB. The most satisfactory way of

avoiding difficulties due to such
"
stray capacitances

"
is to short-

circuit them. This means that all the external screens, and all

large neighbouring objects should be connected together by a

conductor of zero impedance. The earth is certainly the largest

object in the neighbourhood, and the earth-capacitances are apt
to be the largest and most troublesome of these stray capaci-
tances. It therefore becomes important to connect the outer

screens and all large neighbouring objects to earth by means of a

path of negligible impedance. Unfortunately the earth is poorly

conducting in parts, and it is not always easy to make good
contact with it. Connection to a network of water pipes covering
a large area is usually the best that can be done, but at very high

frequencies the impedance of a water pipe may be considerable,

for its reactance will be proportional to the frequency. In these

circumstances it is sometimes convenient to use as an earth ter-

minal a large metal sheet above which the apparatus is supported,
the appropriate points of the apparatus being connected to it by
means of short lengths of copper strip. The capacitance between

such a plate and earth may provide at very high frequencies a
current path of a lower impedance than could be obtained by the

use of any actual conductor, for capacitive reactance varies

inversely as the frequency.
The most complete solution of the problem is a screened, i.e.,

metal-lined, room containing the complete equipment, including
the observer, but it is very expensive and usually unneces-

sary. In any actual case the efficacy of the earth connection
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can only be judged by the consistency of the measurements

made.

5. Internal Screens. We have now shown that as far as

possible each section ofthe measuring system should be completely
enclosed in a conducting screen, which should be earth-connected.

The effects of stray displacement currents are then confined

entirely to the section in which they occur. Thus we now may
ignore the oscillator and detector sections of Fig. 20, and confine

our attention to the central section which contains the bridge-

proper and the coupling coils for the oscillator and detector.

Although the currents in this section are now almost completely
unaffected by displacement currents outside, yet there will be

displacement currents passing between all the conductors inside

and in order to restrict the current paths to the simple bridge
circuit of Fig/ 17 a further system of internal screens will be

necessary. A plan which immediately suggests itself is to separate
all the components from one another by a number of conducting

partitions, all of which are in metallic contact with the outer

screen, and therefore earth-connected. This internal screening

cannot of course be quite complete, since it will be necessary to

make small holes in the screens, through which the connecting
leads may pass, but small imperfections of this kind may usually

be made negligible. If this plan is adopted each arm of the

bridge is enclosed in its own screen, which is earth-connected.

Displacement currents from any one component cannot then

enter any other component which is one ofthe conditions required.

We must, however, consider the effects of the displacement
currents which will flow between each component and its earth-

connected screen.

6. Screened Impedance Standards. Let AB (Fig. 21)

represent some form of impedance standard surrounded by an

earth-connected screen S, and forming one component of the

bridge network. We may suppose current of radio frequency ty>

pass through small holes in the screen, IA being the current entering

the terminal A, and /B that passing through the terminal B. As
we shall see, these two currents are not in general of the same

value.

Let V be the alternating p.d. between the terminals A and B.

Then FA the potential of A will at one instant exceed that of B
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by an amount V, and at an instant half a period later, it will be

less than that of B by the same amount. Consider now the rela-

tion between these potentials and that of the screen 8, which is

permanently fixed at the value zero. The simple theory of the

ideal bridge is completely independent of the absolute potential
at any point on the network, i.e., of the p.d. between the various

points on the network and earth, but in practice we find that it is

necessary to fix the potential of one point on the actual bridge,
with reference to earth. (The methods adopted will be discussed

later.) Thus we may imagine that by some means or other the

potential of a point on the impedance AB is fixed at a value

(a) Electric field and lines of (6) Equivalent network for the
flow of displacement cur- screened coil AB.
rent round screened coil

^B '

Fro. 21.

equal to that of the screen 5, viz. zero. Thus when the maximum
current JA passes in the direction AB there is an alternating p.d.

ofvalue FA betweenA and the screen, and one of value FB between
B and the screen. As we pass from AtoO along the wire forming

AB, the alternating p.d. between the wire and the screen steadily

decreases to the value zero, probably also undergoing changes of

phase. As we pass from to B, the alternating p.d. between

wire and screen increases from zero to the value FB , this p.d.

being 180 out of phase with respect to that between A and S.

Thus inside the screen we have an alternating electric field

which may be represented roughly by the broken lines shown
in Fig. 21 (a) . This field will tend to be greatest near the terminals

A and B and will become small near 0, the only component at

this point being one due to the potential gradient in AB itself.

The alternations of this field must be regarded as a flow of displace-
ment current, and we may regard this current as flowing along
lines somewhat similar in distribution to those of Fig. 21 (a) . Thus

during the half cycle when conduction current flows from A to B
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along the wire, displacement current leaves it at all points between

A and 0, and flows to the screen and thence to earth, while at all

points between and B, displacement current from the screen,

i.e., earth, enters the wire. Thus the current passing along the

wireAB itselfsteadily diminishes from the value /A at the terminal

A, to a minimum value / at 0, and then increases as we pass
from O to B, reaching the value /B at the terminal B.

The question now arises : what do we mean by the impedance
of the arm AB?

Impedance is defined as the ratio of p.d. to current, but it is

obvious that in this case, not only does the current vary from

point to point along the coil, but the value at any point depends
on the two terminal potentials Vx and FB as well as on the poten-
tial difference V. The problem is considerably simplified by
confining our attention to the values of the current at the two

terminals, a procedure which is justified by the fact that thess

are the only values of current that can be observed. It may then

be shown that as far as terminal currents and voltages are

concerned, the circuit of Fig. 21 (6) is equivalent to the system of

Fig. 21 (a). Thus the terminal current JA may be regarded as

y
consisting of two components, one 7 = - say, which flows

Zt

directly to B through the coil, and the other a displacement
current JA8 = jcoC'ASFA which flows to the screen. Similarly
the terminal current IB includes the displacement current

JBS == J^Bs^B as well as the current / . This current 7 also

consists in part of a displacement current, and this may be

represented by that in the capacitance CAB , the so-called self-

capacitance of the coil. Alternatively the value of the impedance
Z may be such as to include the effect ofthe shunt capacitance CAE .

We shall call this value the direct impedance of the coil under

the existing conditions, and it should be noted that it is a value

which is independent of the potentials FA and FB and is quite
definite in spite of the fact that the current in the coil varies

from point to point along its length. There is one other value

for the impedance of the coil which is equally definite, and that

is the value, which would be deduced from the terminal currents

and voltage of the coil if observations could be made with the

screen 8 perfectly isolated, i.e., at an infinite distance from all
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other conductors. In such a case all the current entering the

terminal A must ultimately emerge from the terminal B so that

JA8 SB /BS and the impedance is simply the ratio of the voltage
FAB to the common terminal current, I + /A8 or 7 + /B8 . The
condition of perfect isolation can never be realised in practice,

but it is evident that the same current distribution will be obtained

if the potentials FA and FB are so adjusted with respect to the

screen potential that 7A8 = /BS . The condition to be satisfied is

and for this particular potential distribution the value of the

impedance is also quite definite. We shall refer to this condition

as the isolated condition and call this value of tHe impedance the

total impedance. In the case of a symmetrical coil for which
7AS = CBS, the required potential distribution is that in which

FA8 = FBS , i.e., the potential of one terminal is always as

much above that of the screen (earth) as that of the other is below

it. This is known as the balanced condition.

CA8 and CB8 are often called the screen-capacitances or earth-

capacitances of the coil. In practice they must be regarded as

associated with a certain amount of conductance for the currents

to screen are not strictly in quadrature with FA and FB , and

strictly speaking we should use the term screen-admittance.

These two admittances are however largely capacitive in practice.

It should be noted that for any given coil, the values of Z, CAB ,

CAQ and CBs will all depend on the size of the screen and the posi-

tion ofthe coil within it. Similar considerations apply to resistors

of any form, inductors, condensers and any combinations of

these. Thus, if we place an unknown impedance in a bridge in

order to determine its value, we shall obtain a value which will

no longer hold when the impedance is removed from the bridge.

Similarly, the calibration of our standard impedance and the

ratio-arms will only hold good so long as they are in the bridge.

This difficulty may be overcome as follows : Let the impedance
AB be completely surrounded by a conducting screen, .which is

connected to one terminal, say B, as in Fig. 22 (a). The electric

field and the distribution of displacement currents will be com-

pletely altered as shown. All the displacement current leaving
AB must now pass to the internal screen, i.e., to the terminal -B.
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Further, the electric field inside this screen will for a given p.d.
between A and B, be independent of the outer screen. Thus

although the value of CAB may be greatly increased by the

addition of the internal screen, both it and the value of Z will

be made independent of the size, shape and position of the

outer screen. Such a screened circuit-element of any kind may
therefore be removed from the bridge without affecting the value

of its direct impedance. This value is definite for all conditions

M.t ,t ]
t p^ z Caa

A ^"^nl*k **} f\ fi*f\ f\ * -^**.*^~*.~.^~. _

f/i; \ }

TTTTl I ,,.._
CAB

(a) Electric field and displacement (6) Equivalent network,
currents.

Fio. 22. Electric field and equivalent network for a coil AB
with double screens.

of the screened instrument, and in this case we may speak simply
of the impedance of the instrument without any anibiguity.

7. The Elimination of Earth-Capacitances : Multiple
Screens. There is another consequence of the use of double

screens in the manner described above, which is of great import-
ance. Since all the displacement current leaving AB passes to

the internal screen, i.e., to the terminal B, none reaching 8
directly, the value of CAS is reduced to zero by the presence of

the internal screen. The capacitance CB8 will evidently be
increased by the presence of the screen, and this capacitance will

also vary with the position of the screened impedance AB inside

the outer shield S. The equivalent network of the system is now
that of Fig. 22(6).

We now see that the radio-frequency bridge can never be

represented by the simple network of Fig. 17. Provided that the

components (the four arms and the oscillator and detector

coupling coils) are each separately enclosed by earth-connected

screens, we may represent them by equivalent networks of the

form of Fig. 21 (6), and thus arrive at the equivalent network of

Fig. 23 for the whole bridge, where the capacitances O^E, D^E,
OJE, D%E are the sums ofthe various earth-capacitances connected
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to pointsOv a,Dl9
J9a respectively. Ifin addition each component

of the bridge carries its own screen which is connected to one of

its terminals, certain of the earth-capacitances may be reduced

to zero, and in this way we may reduce the system to that shown
in Fig. 24, in which only two of

the earth-capacitances remain,

these two coupling the terminals

of one arm to earth. This net-

work is the nearest approach to

the ideal network of Fig. 17 that

can in practice be obtained. It

is quite impossible to eliminate

all earth-impedances from the

measuring circuit, although, as we
shall see, it is possible to avoid

errors due to their presence.

Fig. 25 shows the arrangement of screens required to produce
the network of Fig. 24. The screens of Zv Z2 and the oscillator

coupling coil are all connected to their common terminal Ol9

the sum of their capacitance to the external screen , forming
the earth-capacitance C of Fig. 24. The earth-capacitance CD

Flo. 23. Equivalent network for a

bridge of four arms each with
an earth-connected screen.

Fig. 24. Simplified equiva-
lent network obtained by
triple screeningas in Fig. 25.

Fio. 25. Arrangement of screens

giving simplified equivalent
network of Fig. 24.

is that between the screen of the detector coupling-coil D (which
is connected to the point D2) and the external screen 8. The
screens of Z8 and Z4 are connected to the point 2 . They thus

may be regarded as one terminal of the coil 0, and in order to

reduce their earth-capacitance to zero, the screen of must be

lengthened so as to surround the two screens. The capacitance
between the screen of and these two inner screens then merely
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increases the self capacitance of 0, i.e., it affects the impedance
of 0, but not the balance-point of the bridge. If the screen of
were extended still further so as to surround that .of D, then C^
of Fig. 24 would also be reduced to zero, but the self-capacitance
of Z2 would be increased, i.e., we should have the system of

Fig. 26, which is an alternative to Fig. 24, that might in some
circumstances possess advantages. In the arrangement of Fig. 26,

the impedances Z8 and Z4 are sometimes said to have triple

screens, but it should be noticed that the three screens serve

different purposes. The innermost screens make the values of

the impedances Z8 and Z4 definite, and reduce the earth capaci-
tances of the other terminals of Z3 and Z4 to zero. The next
screen reduces the earth*capa-
citance of the inner-screens to

zero, while the outermost screen,

which is earth-connected, elimi-

nates any effects due to stray

displacement currents.

From these general considera-

tions it will be clear that each

component of a radio-frequency

bridge should possess at least

one metal screen, which should be

connected to one of its terminals.

Further, if the component is to

be suitable for use in a variety of circuits, it should have two

screens, the outer one insulated from the inner. The insulation

of the screens 'should always be of good quality, otherwise the

problem will be complicated by leakage currents, which will vary

considerably, and in an unknown manner, with frequency.
8. The Potential of the Bridge Relative to Earth : The

Direct Earth-Connection. We have seen that a bridge circuit

which is screened as in Fig. 26 may be represented by Fig. 24,

so that the bridge network of Fig. 17 must be regarded as linked

to earth by the capacitances C and (7D . It is evident that the

potentials of the bridge network with reference to earth will be

determined by the values of these capacitances, and also that the

series-combination of C and CD acts as a shunt across the arm
Z2 , so that the condition of balance of the bridge does not depend

FIG. 26. Alternative form ofsimplified
equivalent network obtainable by
triple screening.
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simply on Zv Za , Z8 andZ4 in accordance with equations (1) to (4).

Za must be replaced by the impedance of Z, in parallel with the

capacitance-combination. The conditions of balance are most

simply expressed in terms of the admittance operators Flf F2> ^s
and 74 of the shielded impedances forming the bridge network

and the capacitance of C and CD in series, i.e., (VW^o + <?D)*

We have for the required condition

The condition of balance may be simplified by connecting either

Ol or 4 to earth, which has the effect of short-circuiting C or CD .

Thus if the terminal O1 of the oscillator is connected to earth the

condition of balance becomes

* '

while if one terminal D2 of the detector is connected to earth the

equation becomes

It should be noted that the capacitance C is the capacitance
between the earth-connected screen and all the screens connected

to the point Olt i.e., it includes the earth-capacitance of the

unknown impedanceZlf and it will vary with the linear dimensions

of the instrument under test. On the other hand, the capacitance

CD is merely the earth capacitance of the screened-detector coil

and is a constant of the bridge network independent of the

unknown impedanceZr Thus it is in general preferable to connect

Ol to earth and then use equation (6). This procedure is of course

only possible when it is permissible to connect to earth the screen

and one terminal of the instrument to be tested.

9. The Measurement of Balanced Impedance. It is

sometimes necessary to measure the impedances of an instrument,

the screen of which is not connected to one of its terminals ; for

example, we may wish to measure the total impedance in the

isolated condition or in the balanced condition for a symmetrical
instrument. In this case let the two terminals of the instrument

be connected to Ol and DI of Fig. 25 and let its screen be connected
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to the outer earth-connected screen of the bridge. Then again
we have the system of Fig. 24, in which the earth-capacitances
of the impedance to be measured (C^, C7B8 of Fig. 21 (6)) now form
part of CQ and <7D . Evidently the balanced condition will be
satisfied if C is made equal to CD (these capacitances are easily

adjusted by means of small auxiliary condensers), while the

isolated condition for an unsymmetrical instrument will be

satisfied if we make the ratio C : CD (Fig. 24) equal to the ratio

of the earth-capacitances of the instrument under test (C7AS : CJ)S

of Fig. 21 (6)). The bridge readings in these cases give us the

required impedance in parallel with the series combination of the

parts of CQ and (7D which are not associated with the instrument

under test. Due allowance must be made for this capacitance.
10. The Measurement of Unscreened Instruments.

The instrument to be tested may be unscreened, and in this case

the accuracy of the measurement is limited by the fact that the

quantity to be measured is indefinite, as we have seen in para-

graph 6. In order to make the bridge readings definite (indepen-
dent of movements of the observer's hands, etc.) some sort of

screen should be provided. The bridge usually possesses a

shielded and earth-connected compartment, into which the

instrument under test is inserted. The bridge readings then give
the impedance under the particular conditions of the experiment,
which may be varied in the manner discussed in the preceding

paragraph.
11. Measurement by Difference. We have seen that the

screened bridge is equivalent to the circuit of Fig. 24, and that

whether we connect to earth Ol or Z>2, or adjust 7 and CD to some

special condition, there will always remain certain unwanted

capacitances contributed by the screens in parallel with one

arm of the bridge. We must now consider how these may be

eliminated from the results. The most generally useful plan is to

work by differences.

For example, in Fig. 25, let Zv Z2, Z, and Z4 be four shielded

resistors, one of which is continuously variable, and let one of

these, say Zv be shunted by a variable condenser Cv If the four

resistors are of the same phase angle, and ifZx
= Z2, it is obvious

that at balance the value of Cl will balance the resultant capaci-

tance across Zs . If now the admittance to be measured is
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connected in parallel with Z8, and the bridge is again balanced by
varying Zx (or Z2) then the difference between the initial and final

admittance values of Zx (or Z2) will be equal to the added
admittance. The screen-capacitances CQ and (7D are present in

both cases, and disappear on taking the difference.

The practice of working by differences also has the advantage
of eliminating errors due to undesired phase differences in the

bridge components. Thus referring again to equation (4), we
find that at balance the phase angles of the bridge arms must

obey the relation

fc
= fc + 8 . (4)

where 8 is the unknown phase difference of the ratio arms Zl and
Z2 . The equation for differences observed as described above

becomes simply

A^ = A#2 (8)

since 8 remains constant. Thus a knowledge of the value of 8 is

not necessary when working by differences.

12. The Symmetrical Bridge : The Screened and
Balanced Transformer. We have seen that owing to the

importance of displacement currents at high frequencies and the

impossibility of avoiding the presence of earth-connected bodies,

the ideal bridge circuit of Fig. 17 can never be realised, and that

in general a simple bridge circuit may be represented by Fig. 23.

We have seen further, how by the use of multiple screens, this

circuit may be simplified to that of Fig. 24, and the undesired

capacitances then balanced by preliminary adjustment, so that

difference-measurements give the
"
correct

"
result, i.e., a result

corresponding to equation (1).

There is an alternative method of working that is specially

applicable to bridges in which the ratio-arms are equal (Z3 = Z4),

so that for the correct condition of balance Z1
= Z2 . It is obvious

by inspection of Fig. 23 that if the two capacitances (77 and C8

are equal, then the whole bridge is symmetrical about Ox and 2 ,

and therefore whatever be the values of the capacitances C* C6,

the balance point indicated by the detector D will be correct.

Thus the condition to be satisfied is that the earth-capacitances
at the two detector terminals Dl and D2 shall be equal. A simple
method of obtaining an approximation to this condition consists
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in the use of a symmetrically constructed transformer for connect-

ing the detector to the points Dl and D2 , as is shown diagram-

matically in Fig. 27. The two capacitances to earth at Dl and
Z>2 are now those of the primary winding of this transformer,
and we may ensure their equality by constructing this winding
in two equal parts, wound on the core in positions which make
the whole structure symmetrical. An electrostatic screen, shown

by the broken line in Fig. 27, is used to shield the primary from

the secondary winding. The screen also must be constructed so

as to preserve the symmetry. It is to be remembered that the

bridge-arms Zl and Z2 may also contribute to the total earth-

capacitance at Dl and
jD2 ,

and it is important
to make these capaci-
tances also either zero,

by shielding as in Fig.

25, or equal ; otherwise

the advantage obtained

by the use of the

screened and balanced

transformer, as it is fre-

quently called, is lost.

The balancing of the

earth-capacitances may
be checked, and
adjusted if necessary by the following procedure. Referring to

Figs. 23 and 27 : disconnect the arms Z1 and Z2 from the bridge
and connect the oscillator lead 1 to E. If now the detector is

silent, the bridge, ED1D2 2 (Fig. 23) is balanced, which is the

condition required. Ifit is not balanced, a small variable condenser

may be connected across DJE orD2E and adjusted until balance is

obtained. If leakage to earth is also significant, the capacitance

adjustment may only give a minimum of sound in the detector.

In order to get a true balance, the leakage must also be balanced.

This may be done by introducing a suitable high resistance across

D^E or DJE.
This system of balancing by adjustment may of course be

applied to bridges with unequal ratio arms, but for reasons which
are discussed later, these are seldom used at radio frequencies.

FIG. 27. Arrangement of a screened and
balanced transformer in a symmetrical
bridge circuit.
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13. The Wagner Earth-Connection.* There is another

general method of eliminating errors due to the effects of the

earth-capacitances (C6, Ce,
C7 andC% of Fig. 23) on the condition of

balance ofthe bridge. This is the Wagner earth-connection, which

is essentially a device for adjusting the potentials of the bridge
circuit relative to earth, so that at balance the two pointsDtD2

and therefore the whole detector system, are at earth-potential.

In this condition, the capacitances C1 and <78 of Fig. 23 carry no

current and may therefore be assumed to be absent. The capaci-
tances C5 and C6 will carry current, but since none of this can

reach Dl or Dt ,
it may be considered as shunted outside the

bridge, and may be

ignored. The condition

of balance is therefore

given by the simple
relation

FIG. 28. Equivalent network of a bridge circuit

with a Wagner earth - connection. The
detector is omitted to avoid confusion.

It is important to notice

that in this relation for

the bridge with the

Wagner earth-connec-

tion, Zl is the direct

impedance between the

terminals Ol D1 ,
and so

on for Zs, Z, and Z4 . This arrangement is therefore peculiarly
suitable for the measurements of direct impedance.

The necessary condition is achieved as follows. The points
Ol and 2 are connected to earth E by two additional impedances
ZsZ6 one ofwhich is variable, and the detector is so arranged that

it may be transferred from D1Z>2 to DE or DJE. We then have
the network of Fig. 28, in which the earth-capacitances 76 and C6

are in parallel with 5 and Z6 respectively. The detector is first

placed across D^ and the bridge Z^^Z^ balanced approxi-

mately by adjusting Z2 say. This will be called for convenience

the main balance. The detector is then transferred to DJS and
the bridge Z^^Z^Z^ balanced by adjusting Z6 say. This will be

* WAGWEB, K. W. ElektroUchn. Zcto.. 1911, Vol. 32, p. 1001.
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called the Wagner balance. These two balancing operations are

then repeated alternately, when it is usually found that a condition

of simultaneous main and Wagner balance is approached by succes-

sive approximations. In this condition 18, Dl and Z>2 must be at

the same potential. It is therefore the condition required.
14. The Conditions for Convergence. It is important that

the number of adjustments required to reach this condition shall

not be unduly large, and it is worth while noting the conditions

favourable to this state of affairs. Referring to Fig. 28, we see

that if the two capacitances C1 and (78 are both zero, then the

balance-point observed when the detector is connected to D^D^
(the main balance-point) is correct, whatever the values of Z5

and Z6 , i.e., however much the potential ofDl and Da may differ

from that of E ; the current path Z6ZB becomes merely a shunt

across the whole bridge or the oscillator. Thus when constructing
a bridge for use at high frequencies it is of the utmost importance
to make the earth-capacitances at the detector-points Dl and D8

as small as possible. The first balance-point, when the earth-

admittances at Dl and D2 are small quantities in comparison
with the admittances of the arms of the bridge, will be nearly

correct, even whenDvD2 andE are at different potentials. There-

fore when JDlf Z>2 and E are brought approximately to the same

potential by the Wagner balance, the currents in DJ8 and DJE
become small quantities of the second order, and the next main

balance-point is the correct one. This condition is, broadly

speaking, more easily satisfied the lower the frequency, and at

telephonic frequencies it is very seldom that more than one

adjustment of the Wagner balance is required.

When the earth-admittances are so high that they may not

be regarded as small quantities, the conditions are apt to become

very complicated. The detailed analysis is on record,* but it is

a case where analysis is of no great practical value, and we shall

therefore limit ourselves to a few general considerations of a

bridge with equal ratio arms (Z8 = Z4), since it is found that at

high frequencies unequal ratio arms are almost unworkable.

Consider then the eymmetrical bridge. As we have noted

previously, when the earth-impedances D^^D^E are equal the

whole network becomes symmetrical about Ol and
S9 so that

* OGAWA, K. Research** Ekctrotech. Lab. Tokyo, Japan, 1929, No. 204.
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the main balance is correct, whatever the potential of D^D^.
Thus we should make the capacitances <77 and C8 not only small

but also as nearly as possible equal. Then the first main balance

will be approximately correct, whatever the potentials of Dv D2

and E ; the first Wagner balance will diminish the error, and so

on : the successive bridge readings will rapidly converge to the

condition of simultaneous balance. The necessary symmetry
may be obtained by the means discussed in ( 12).

It is interesting to note that even when the bridge has

unequal ratio arms, it is possible to adjust the earth-capacitances
C1 and (78 , so that they will cause no error, whatever the potential
of D^D2 . Thus if the balance is correct we must have

and

where II is the current through Zl9 and so on.

"Is /.-/ /'

and since the potentials across C1 and (7g must be equal,

1 = ** = % = ?*"
C* /4 ^3 *l

which is the condition required. This condition may be obtained

very simply by disconnecting Z and Z2 , transferring the oscillator

lead from Ol to E, and adjusting the capacitance <77 or C8 until

the detector indicates the balanced condition.

Consider finally a badly constructed bridge, viz. one in which
the earth-capacitances D^E and DJE are of the same order as
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those ofZx , Za; etc., and also different in magnitude, e.g., in Fig. 28
let the capacitance C1 be large and <78 small.

For the first main balance the detector is connected to/W
Obviously the balance will be incorrect since it will be affected

by the inequality of Cf and C8 . For the first Wagner balance the

end of the detector connected to 2 is transferred to E, and this

must diminish <78 , since part of the capacitance D^E is supplied

by the detector in the case of the first balance : C1 however, will

remain unchanged. Evidently the effect of the transference of

the detector will be to upset the first balance, so that although
the first Wagner balance will bring Dl to the potential of E, it

will leave Z>a at a different potential. Therefore current will

pass through CQ even when the first Wagner balance is obtained,

and when the detector is transferred back to D:D2 , the first

Wagner balance will be upset. There is evidently no certainty
that the second main balance will be more nearly correct than

the first, and indeed it sometimes happens that the second main

balance-point is farther removed from the correct balance-point
than the first, so that the successive bridge readings do not

converge to those corresponding to the condition of simultaneous

balance, but get further and further away from these values.

The deciding factor is the extent to which the first main balance

and the first Wagner balance are controlled by the currents

flowing from D and D2 to E. The successive adjustments only

converge to the correct value when this control is relatively small.

We have seen that two conditions favourable to rapid convergence
are (1) smallness of C7 and Cs , and (2) equality of <77 and Cs .

Another favourable condition is that for the first main balance

Z6 and Z6 shall be such that the common potential of D D2 is

nearly equal to that of Ey i.e., Z6 and Z6 should be so set in the

first instance that

*iS = !!j
za z. z\

approximately, where Z' 6 and Z' 6 are the resultant impedances
between Ol and E, and a and E respectively. This is not always
so easy as may be imagined, because Z' 6 and Z' 6 must be influenced

by the unknown earth-capacitances (?6 .
and C6 which may be so

large that they entirely control the values of Z' 5 and Z'6 , in which
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oa4ae the nominal values of the components used to construct

the Wagner arms OJE, OJE, i.e., Z5 and Z6 , are totally different

from the actual resultant values. For this reason it is desirable

to make the earth-capacitances (76, Ce as small as possible, and
to make the admittances of Z6 and Z6 fairly large, so that the

effects of the unknown capacitances are relatively small. Then

by setting the nominal values of the various bridge components
before the first balance is made, so that ZtZ%

= ZjZ6 , the required
condition is immediately established. It is often convenient to

make Zl
= Za and Z

= ze.

In difficult cases the

following modification

of the usual procedure

possesses advantages.

Having obtained the first

main balance-point as

usual, transfer the

detector to DE, and
also connect Dl and D2

FIG. 29. Equivalent network for a modified together. We then
Wagner balance in which C7 and CB cause obtain the network of
noem)r'

Kg. 29. The earth-

capacitance Cs is merely added to C1 to form a shunt across

the detector, and it will therefore cause no error in this form of

the Wagner balance. The first Wagner balance becomes free

from error except that due to the incorrect adjustment of Z2 in

the first main balance. The errors in successive balances cannot

therefore become cumulative, and the convergence must be
more rapid.

15. Stray Mutual Inductance : The Wiring of Bridge
Circuits. All the foregoing considerations of bridge circuits are

based on the assumption that there exists no mutual inductance

between the arms of the bridge, the source of current and the

detector system. We have previously pointed out that the induced

e.m.f. arising from the existence of mutual inductance is propor-
tional to the frequency of the inducing current, and that therefore

such e.m.fs. are apt to be of great importance at radio frequencies.
We must therefore bear in mind the fact that the current in any
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one arm of the bridge will induce e.m.fe. into every other arm,
and that such e.m.fs. will invalidate the ordinary equations of

balance, unless they can be made either negligibly small, or of

such magnitudes as to balance one another. At low frequencies
it is usually possible to make these e.m fs. negligibly small, but
at radio frequencies it is desirable to arrange the connecting
leads of the bridge circuit, so that the stray mutual inductances

are not only small but also of constant value and balanced. It is

on this account that the symmetrical bridge with equal ratio

'arms has such very great advantages for radio-frequency work.

We have seen that it is convenient in other reapects, but whereas

it is possible to overcome the other difficulties connected with

unequal ratio arms, the existence of unavoidable finite but

unknown mutual inductances between the various circuit

elements sets a rather low limit to the frequency at which any
bridge except a symmetrical one may be successfully used. For

any radio-frequency work therefore a symmetrical bridge should

be used, and the wiring should satisfy the following conditions :

(a) The leads should be rigidly fixed so as to make the mutual

inductances of the system definite.

(6) No arm of the bridge should be allowed to form an open

loop, and similarly the meshes of the circuit should not

be allowed to form open loops, as in Figs. 23 to 29.

There would obviously be considerable mutual induct-

ances between any such loops. The loops formed should

be as small in area as possible, and they should as far

as possible be set with their planes at right angles,

positions in which the mutual inductance is zero.

(c) Where possible, go and return leads should form a con-

centric pair ; the e.m.fs. induced into such leads by
currents in outside conductors will be practically equal
but opposite, and will therefore balance. A pair of wires

twisted together is almost equally good, but it must be

remembered that their capacitance is usually greater.

A pair of parallel wires, as close together as is permissible

from considerations of capacitances comes next in order

of preference/

(d) When inductive coils are employed they should wherever

possible be of toroidal form, thereby ensuring that their
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mutual inductance with any external conductor is

practically zero.

(e) The various arms of the bridge should be symmetrically

disposed in pairs with respect to the source and detector

circuits which should be placed at a sufficient distance

apart to ensure that there is no mutual inductance

between them.

Bearing these conditions in mind, we see that the wiring of a

bridge to be used for measurements at high frequency should

resemble Fig. 30 rather than

the preceding diagrams.
Thus the four bridge corners

OH 2 D
i> -2 must be

placed near together and
the leads symmetrically

disposed in pairs. The leads

to the oscillator and detector

may well be at right angles
to the plane of the four

arms Zlf Z2 , Z8 ,
Z4 (the

horizontal, say), and these

leads may be concentric or

twisted pairs. The leads to

the Wagner arms Z5 and

Z6 should also be a twisted

or concentric pair. It is

easy to see that any e.m.f.

induced in the detector

leads would be liable to make the attainment of the condition

of simultaneous main and Wagner balance very difficult, for the

successive balance-points would always be false ones.

Mutual inductance between the coils in the oscillator system
and those of the detector system should be minimised by placing
the oscillator and detector at a considerable distance apart, their

leads proceeding from the
"
bridge centre

"
lf 2, 3 , 4 in opposite,

directions. If toroidal coils are used the external magnetic field

of the oscillator will probably be negligible even at points fairly

near to it, but open coils are so much more easily constructed

that it is often expedient to use them and to eliminate the stray

FIG. 30. Disposition of leads in order to

avoid errors due to stray mutual
inductance.
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mutual inductance associated with them by electromagnetic

shielding.

16. Electromagnetic Shielding. An electromagnetic shield

consists essentially of a metal wall separating an inductive

circuit and a generator of alternating magnetic fields. In the

absence of the shield an e.m.f. is induced in the inductive coils of

the circuit by the alternating field, but when the shield is present

eddy currents are induced in the metal in such a direction as to

oppose the field producing them ; and provided the metal shield

is of such a form and thickness that the eddy currents are not

unduly restricted, the resultant field on the side of the shield

remote from the generator becomes negligible, and the mutual
inductance between the generator and the coil is therefore reduced

almost to zero by the metal shield. A shield in order to be

efficient must obviously have a very low resistance in all direc-

tions. It should therefore completely surround the coil system
to be shielded, and should be of metal of high conductivity and

sufficiently thick. The eddy currents in the metal are produced

by an induced e.m.f., which increases with rise of frequency, so

that the eddy currents tend to increase in strength with an increase

of frequency, and electromagnetic shielding therefore tends to

become more efficient the higher the frequency.
The factors involved in electromagnetic shielding are best

understood by considering the simple case of an infinite mass of

metal bounded by a plane face. Let currents be induced in the

metal by an external source near the plane face, and consider the

simple case in which the current has the same value and direction

in any plane parallel to the surface. Then application of the

fundamental electromagnetic equations* to any element of

volume of the metal shows that, if the current at the surface is

iQ
= jQ cos wt, then the current at a distance x from the surface

(measured perpendicularly) is

i = itfr* cos (tot mx)

where m

p,
= magnetic permeability of the metal,/ = frequency, a = con-

ductivity of the metal.

* THOMSON, J. J. Elements of Electricity and Magnetism, 4th edition, p. 428.

Cambridge University Press, 1909.
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Also the currents are associated with a magnetic field, which

in this case is parallel to the surface ofthe metal and perpendicular

to the current, and is given by

Thus both the current and the magnetic field decay exponentially

with distance from the surface, and with the coefficient m, which

increases with frequency, permeability and conductivity. It

follows that as the magnetic field is propagated through the

metal its amplitude diminishes exponentially, a continuous wall

of thickness x reducing the magnitude to a fraction e*1** of its

original value. For efficient shielding this fraction must be made

equal to say 1 per cent., or perhaps 1 part per million, depending
on the conditions of the experiment in hand. It is impossible
to lay down any hard and fast rule and it must be remembered
that in practice the magnetic field is not always parallel to the

surface of the shield. However, experience shows that the above
relations form a useful guide to the use of shields for the more

complicated cases occurring in practice, and it may be said that

in general the thickness of metal required to provide a given

degree of shielding is roughly inversely proportional to the

coefficient m. Calculation of m from the values of frequency,

permeability and resistivity shows that at a frequency of 100 c/s

a thickness of 4 cm. of copper is required to reduce the field to

about 0-2 per cent, of its original value, while at 1 Mc/s a thickness

of only 1 mm. of copper reduces the value to 1 part per 6,000,000.

Iron has a resistivity about ten times that of copper, but its

permeability for weak fields at high frequencies is about 100 as

against 1 for copper. Thus m for iron is from 3 to 4 times that for

copper, and the thickness of iron required for efficient shielding
is therefore only about one-quarter of that of copper. For certain

purposes, therefore, iron shields have considerable advantages
at the lower radio frequencies. It must be remembered, however,
that their high permeability is liable to affect the inductance of

any coil in the neighbourhood. At high radio frequencies the

thickness of either copper or aluminium required for adequate

shielding is so small that it presents no difficulty. It should be

remembered that any joints of relatively high resistance in the
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shield will disturb the flow of eddy currents, and therefore reduce

the shielding action. It is sometimes necessary to solder all

joints, or to seal them with mercury.*
It has been shown that a metal screen must be used in order

to limit the flow of displacement currents, and this screen may also

act as an electromagnetic shield in the way just described. The

electrostatic screen usually only produces the required result

when it is connected to some definite point of the system, as

explained in previous paragraphs. The electromagnetic shielding

is, on the other hand, quite independent of any such connection.

17. Effects of Leads : Measurement by Substitution.

We have seen that when the conditions discussed in the previous

paragraphs are satisfied, the relation ZtZ4
= ZJZ^ may be used

to determine any one ofthese quantities in terms ofthe other three.

It is however important to notice that in the equation Zl is the

resultant direct impedance between the junctions and Dv and
so on for the other arms of the bridge. Then the value of the

impedance must include the effects of any leads which may be
used to connect the corresponding instrument to the terminals

Ol and Dv It is often necessary to make separate measurements

or calculations of the resistance, inductance and capacitance of

such leads, and to calculate the correction which must be applied
to any bridge reading in order to allow for them. When, however,
a standard variable impedance of the same phase angle as the

one under test is available, it is possible to avoid all errors due to

connecting leads by using a substitution method of measurement.

The instrument to be measured is connected to the bridge by
means of suitable leads ;

the bridge is balanced and the readings
noted. The variable standard is then substituted for the instru-

ment under test in the bridge circuit (i.e., it is connected to the

same leads) and it is adjusted until balance is again obtained.

The reading of the standard then gives the value for the instru-

ment under test, quite free from errors due to leads. This proce-

dure also has the great advantage that it eliminates any residual

errors, due to imperfectly balanced mutual inductances, or earth-

capacitances and leakage, or phase difference of the ratio-arms

(cf. paragraph 11) for the conditions are exactly the.same before

and after the substitution, so that all the errors are the same for

* Smith-Rose, R. L. Proc. Phys. Soc., 1922, Vol. 34, p. 127.
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both measurements. The value of the instrument under test is

therefore the same as that of the standard, and the fact that the

finite impedance of the connecting leads is added to this value in

each case is of no consequence for the calibration of the standard

gives the value minus the effect of the added leads. In some

cases the effect of the connecting leads varies with the impedances
to earth as well as the direct impedance of the instrument to which

they are connected, and in such cases the earth-impedances of the

standard must be adjusted also if the substitution is to be perfect.

When the instrument under test and the standard are perfectly

screened and the screens are connected to one of the terminals,

the most satisfactory plan is to connect both screens permanently
to one of the leads, and to make the substitution by connecting
thfe other lead, first to the remaining terminal of one instrument,

and then to that of the other. The total earth-capacitance (that

of both screens) then remains constant the whole time.

The method of substitution is applicable to all methods of

measurement, provided a suitable standard is available, and it is

advisable to use it for radio frequency measurements whenever

possible ; for it so frequently happens that all the sources of

error have not been recognised, and this is the only method of

avoiding errors of unknown origin.



CHAPTER IV

GENERATORS

1. Thermionic Valves and their Circuits. This chapter
and the one following will be devoted to a discussion of generators
and detectors of radio-frequency currents, suitable for measure-

ment purposes. The generators consist exclusively of thermionic

oscillators of various forms, and the detectors also consist very
largely of thermionic valve circuits. It will therefore be convenient
to outline the essential features of these devices.

Fig. 31 shows a typical triode circuit. The valve itself

consists of (1) the filament F, which when heated by current

from the battery Bv
becomes a source of free

electrons, and acts as the

cathode of the valve.

(2) The anode A, which in

virtue of its high potential,

produced by the battery
J52, collects the electrons

emitted by the cathode,

the effect being to cause

the passage of current from
Fl - 3L The ^P^ **d output circuits of

A to F through the valve.

(3) The grid situated between the cathode and anode, so that its

potential controls the rate at which electrons pass from cathode to

anode, i.e., the anode current. This current will obviously depend
on the potential of both and A , but since is the nearer to the

cathode, variations of its potential have the larger effect. A
variation V

g
in the potential ofO has the same effect as one of jiVg

in that ofA , where p is the amplification factor of the valve. The

grid is maintained at a suitable potential with reference to that of

the cathode by means of the battery JS8. When this potential is

negative the grid collects very few electrons, and the current Ig
in the grid circuit is very small, while that in the anode circuit Ia
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may be large. Confining our attention to the alternating

components of these currents and voltages, the complete system

may be seen to consist of (1) the input or grid circuit, including
an external impedance ,,

in series with the input impedance z
g

of the valve, which is mainly due to the small capacitances
between the electrodes ; and (2) the output or anode circuit,

including an external impedance Za (which may be described as

the load on the valve) in series with the impedance of the valve za

between F and A, which consists of a resistance ra corresponding
to that of the electron stream (usually of the order of a few

thousand ohms), in parallel with a very small inter-electrode

capacitance C&.
The grid circuit being always of high impedance, a small

voltage applied to the input terminals produces only a very small

current /, in the grid circuit, but a large current Ia in the anode

circuit. The valve therefore acts as an amplifier. However, a

voltage applied to the anode circuit causes practically no current

in the grid circuit, so that these two circuits have practically no

coupling. It should be noticed, however, that the very small

capacitance C^ between Q and A does give rise to capacitive

coupling, and although this is in many oases negligible, it is

sometimes important ; so much so that in certain types of valve

an electrostatic screen in the form of an additional grid is inserted

between O and A so that when this screen-grid is maintained at

constant potential, Cga
is reduced almost to zero. Such valves

are called screen-grid tetrodes. It should be noticed that the

screen also shields the cathode from the effects of changes of

anode voltage, with the result that these valves tend to have very

high amplification factors and high resistances. Typical values

are p,
= 500, ra = 300,000 ohms, Cga

= 0-003 ppF. The screen-

grid is always maintained at a positive potential, otherwise

excessive anode voltages would be needed in order to obtain the

emission current required for satisfactory operation. Valves of

this type are excellent for the amplification ofvery small voltages,
but for fairly large voltages their properties are complicated by
the fact that when the anode voltage is increased beyond a
certain point, the electrons acquire such a high velocity that their

impact with the anode liberates other electrons from it (secondary

emission) and these electrons being attracted by the positive
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screen-grid, axe lost by the anode, so that the anode current

decreases with increasing voltage over a certain range (a condition

of negative resistance). The characteristic curve of the valve,

representing Ia as a function of F
fl ,

shows sharp bends and

changes of slope in this region, and oscillations covering this

range of voltage have distorted current waves. This effect may,
however, be avoided by inserting yet another grid, the suppressor-

grid, between the anode and the screen-grid, thereby forming a

pentode. The suppressor-grid is connected to the cathode, so

that the electric field near the anode is always in such a direction

as to drive all the electrons in this region towards the anode.

The secondary electrons are therefore driven back to the anode,
and the curve connecting anode voltage and current is free from

irregularities. Pentodes may have values such as
/u,
= 100,

ra = 25,000 ohms or even less, Cga
= 1 /x/JP ; or, on the other

hand, values of the order of those given for tetrodes. They are

very useful when a large power output is desired.

Some valves are
"
indirectly heated," i.e., the cathode carries

no heating current, but consists ofa separate electrode &, insulated

from the filament / by which it is heated (Fig. 34). Alternating
current may then be used for the heating, and the cathode being
free of connections to batteries, need not be connected to earth.

The grid can then be given a negative potential with respect to

that of the cathode without using a battery 8 . An example is

given later (Fig- 38). The batteries shown may of course be

replaced by any other convenient source of d.c. power, of constant

voltage and low impedance.
2. The Thermionic Oscillator. Nearly all thermionic

oscillators consist essentially of amplifying systems with a definite

mutual impedance or coupling between their output and input
circuits. Any small alternating current arising in the input
circuit causes a larger one in the output circuit, and this, in virtue

of their mutual impedance, introduces a p.d. into the input
circuit. If now this p.d. is in such phase as to increase the initial

current, the whole process is cumulative, and the currents steadily

increase in value, until the power dissipated in the circuits just

balances the power taken from the batteries. This stationary
state persists as long as the batteries supply the necessary power,
and continuous oscillations are therefore produced. The frequency
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of the oscillations is fixed by including in one of the circuits a

resonator of the required frequency. This resonator may take

the form of a simple tuned circuit, or it may be a mechanical

resonator, such as a tuning fork, a piezoelectric crystal, or a

magneto striction resonator. It is merely necessary that its

frequency of resonance should be well defined, and that it should

be capable of electrical excitation. The electrical disturbance

produced by switching on the amplifier will always set up minute

oscillations at the resonant frequency, and these then build up
as previously explained. Such oscillators take many forms,

since the necessary coupling may be obtained in many ways, and
the amplifier may include either a single valve or two or more
valves in cascade. Perhaps the simplest oscillator is that obtained

by using a single valve, with a simple tuned circuit (inductor L
and condenser C in parallel) for Za (Fig. 31), and another coil for

Z
ff

, the necessary coupling being provided by mutual inductance

between the two coils, which, being reyersible, can always be

made to provide coupling of the appropriate phase. This is

the well-known
"
tuned-anode

"
oscillator. Alternatively the

"
tuned-grid

"
oscillator has a tuned circuit for Z

gy
and an addi-

tional coil for Za , with mutual inductance between them. Other

oscillators avoid the use of two coils by employing a single-tuned

circuit, a portion of which is made common to both grid and
anode circuits so as to provide the necessary coupling between

them, by making connection to a tapping on either the coil or the

condenser. As these are perhaps the most generally useful

oscillators for the purposes of measurement, they have been

selected for more detailed consideration in the following paragraph.
3. The Hartley and Colpitts Circuits. Fig. 32 shows a

simple oscillator of this type. The frequency is mainly controlled

by the tuned circuit L1CV The impedance ofthe grid circuit, and
therefore the magnitude of the coupling, is controlled by the

small variable condenser C2 . The tapping connection on the coil

is usually made at the middle of the winding, but the position is

not critically important. El is a resistor of fairly high value

(10,000 ohms to 1 megohm) which shunts the grid circuit and
fixes the negative potential of the grid. This potential tends to

become strongly negative owing to the passage of electrons to the

grid in the course of the oscillations, and if the grid were perfectly
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insulated, its potential would soon fall to a value which would so

reduce the emission current that oscillations would cease. The
"
grid leak

"
resistor Bl provides a leakage path by which the

electrons may return to the

cathode. Its value will evi-

dently be one factor controlling
the mean grid potential. The

large condenser Cb shunting the

battery B2 acts as a by-pass of

very low impedance for the

high-frequency current, while

the resistance Rg still further

diminishes the dissipation of

high-frequency power in the

anode voltage SUDplv. Fl - 32 - Hartley oscillator ;

A 14. 4.- A fed. Typical values, (?!== 500 f*/4FAn alternative arrangement LI ^ time to frequency required.
is shown in Fig. 33. Here the #1 j=

0-5
MQ^

ct
= 100 wF,

anode-voltage supply is in po^ty^e,^ = 7,T= 2000*0*

parallel with the output circuit,

instead of in series with it ; and in order to exclude the oscillations

from this supply circuit, a choke coil Ch is included in it. A modi-

fication containing an indirectly heated valve is shown in Fig. 34.

FIG. 33. Hartley circuit, shunt fed. Typical values, C1
= 500

L l to tune to frequency required. C, = 100 ppF, Ch = choke of

high impedance at working frequency.

It should be noticed that in this form one end of the coil and one

bank of condenser plates is at earth potential. The tapping point
on the coil should for this arrangement be rather nearer the earth-

connected end, so as to minimise the effect of the capacitance



72 RADIO-FREQUENCY MEASUREMENTS

between the cathode and its heater on the tuning of the circuit

L-f}^ The condenser Cb forms a connection ofvery low impedance
between tuned circuit and anode, and also acts as a by-pass

11 ' 4

-* -If"

FIG. 34. Hartley circuit with indirectly heated valve and
" cathode tap.**

for the anode-voltage supply. Corresponding components are

similarly lettered in the diagrams of these valve circuits.

When the tapping is on the condenser side of the tuned circuit

we have the arrangement of Fig. 35 (a). It should be noticed,

however, that the valve capacitances C& and C
gk

in series form a

Rs Ch

(<2 LOW-RADIO me0ueN&es. FOR Ht<sH

FIG. 35. The Colpitts oscillator.

shunt across the tuned circuit, and that the cathode necessarily
forms a tapping connection to this shunt. At low frequencies the

impedance of the shunt is so high that the tapping is ineffective,

but for frequencies greater than, say, 10 Mc/s, it becomes so

effective that no additional tapping is required, and the circuit

takes the very simple form of Fig. 35 (6).
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These simple circuits with an ordinary small valve and a

suitable range of coils and condensers for the tuned circuit will

generate oscillations of any frequency from a few hundred cycles

per second to about 100 Mc/s.
4. Push-Pull Oscillators. In order to increase the amount

of power available it is sometimes necessary to use two valves.

These may be simply connected in parallel, but this doubles the

valve capacitances, and for the higher frequencies it is preferable
to use the connection of Fig. 36. If either valve is disconnected

this circuit is simply that of Fig. 32. Each valve generates
oscillations in the tuned circuit L^O^ and the cross connection of

the grids and anodes ensures

that the oscillations are in

opposite phase in the valves

themselves, and therefore in-

phase in the tuned circuit. It

is an advantage of the arrange-
ment that there is no high-

frequency current in the "t

common battery leads, as in

these leads the oscillations

produced by the two valves

are out of phase and annul one

another. The two valves

should have as far as possible

the same characteristics. The oscillations of potential are all

balanced with respect to earth, a feature which is desirable

for some measurements. For this circuit a true centre tapping
on the coil is important. If the tapping is made at a point which

is not the electrical centre of the coil, an unsymmetrical arrange-

ment leading to loss of power is obtained. This may be improved

by including a small high-frequency choke in the lead to the

tapping, thereby allowing the variation of potential at this point

which is necessary for symmetrical operation.

5. The Stability of Oscillators.* The properties of most

importance in oscillators for measurement purposes are constancy

of frequency and amplitude, and purity of wave-form. We shall

* COLBBBOOK, F. M. Valve OeciUators of Stable Frequency Radio Research

Special Report, No. 13. 1934.

FIG. 36. Push-pull oscillator.
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now consider briefly the means by which these properties may be

secured. We have seen that the frequency is controlled by that

of the resonator, and therefore the first essential is that the

resonator itself shall be of high stability. In the above examples
the coil L: and condenser Cl should be of rigid construction and
low temperature coefficient. It is then desirable that the condi-

tions of operation shall be such that the oscillations are maintained

at a frequency as nearly as possible equal to the natural frequency
of the resonator. The factors which cause the angular frequency
of maintenance o> to depart from that of the resonator o>r ,

are

capacitance in the valves, phase-change in the amplifying system
and distortion of the wave-form. Obviously capacitance between

the electrodes of the valve is added to C
lt

and as this valve

capacitance is apt to vary with the operating conditions, it should

be made small relative to Cv
The effect of the amplifying system is best understood by

considering the conditions for maintenance of oscillations. Let

the amplifying system possess a voltage amplification factor

M(1 + j tan ^), and an output impedance 2 . Then
</> represents

the phase displacement associated with the amplification. Let

the load Z on the output circuit consist of a tuned circuit with

equivalent shunt values of L, G and R respectively. An initial

input voltage Vi will produce an output current J where

and an output voltage F = I^Z. In virtue of the coupling, a

fraction of this, say VQ/Mk , is supplied to the input circuit, and if

this is equal to the initial value V
i9
then the voltages are main-

tained even when the initial stimulus vanishes. Thus the condition

of maintenance is

_
Mk M,. 'z + Z i

or

If now the valve capacitance is included in (7, z becomes a pure
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resistance r
, and equating real and imaginary terms we obtain

the conditions

1;
. (2)

By making use of the relation LCa>r
2 =

1, equation (2) may be
written

o>

Thus the fractional displacement of the frequency from cur , being

usually small, is given by

Sf a)-a>r M. . 1 R+rQ I , . /A .

JL = r = tan d> = ! 2 . . tan 6 . (4)
/ a), Mk 2r <7o>r 2r RC<ar

Now we have seen that lfRCwr
=

A/TT where A is the decrement

of the resonator. Thus

A ' "
' --<-

(5)

It follows that the frequency displacement is zero when
<f>
= 0, or

when there is no phase displacement in the amplifier ; and if

phase displacement occurs, the frequency displacement is mini-

mised by using (a) a resonator of low decrement, (6) one of small

L/C ratio, and (c) an amplifying system of high output resistance

r . It should be noticed that this output resistance may be

increased by inserting resistance between the anode of the output
valve and the resonating circuit, and some oscillators are
"
stabilised

"
in this way.

The above argument takes no account of the existence of

harmonics, which are another cause of frequency displacement.
Oscillations consist essentially in the reversible transference of

stored energy from the coil to the condenser of the resonator,

and it is a condition of maintenance that the energy stored in

these two components shall be equal. When no harmonics are

present the required condition is satisfied when the reactance of

the two components are equal, which occurs at the resonance
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frequency. At the harmonic frequencies, the reactance of the

condenser is much the lower, and therefore harmonics are mainly
confined to the condenser branch, and tend to increase its stored

energy. The balance can only be restored by a fall in frequency,

which reduces the reactance of the coil, and therefore increases

the energy stored by it for a given applied voltage. Harmonics

should therefore be avoided. They are obviously associated with

curvature of the characteristic curves of the valves over the range

of currents and voltages covered by the cycle of the oscillations ;

and they can be minimised by choosing the mean electrode

Fio. 37. The Yatee-Fish oscillator: a two-stage amplifier with a
tuned circuit LC common to both input and output circuits. The

large 'condensers C& provide connections of very low impedance,
but high d.c. insulation resistance. The potentiometer P controls

amplitude and therefore wave-form. The valves may be triodes

or pentodes.

potentials so that the mean operating point occurs at the

straightest'part of the characteristic, and by reducing the ampli-

tude of the oscillations to the smallest possible amount. This

can be done by increasing the coupling factor Mk until the

condition (1) for maintenance is satisfied for very small amplitudes.
Mk is usually controlled by inserting an impedance of a suitable

kind between the resonator and the valve. Many examples will

be found in'the literature of the subject. The condenser 7a in the

circuits of Figs. 32 and 33 provides the required adjustment for

the Hartley oscillator. For other circuits it is usually not difficult

to find a suitable adjustment by trial. Note that decreasing M
ha the same effect as increasing Mk . Yates-Fish* has devised a

very useful oscillator employing a two-stage amplifier, in which

* YATES-FISH, N. L. Proc. Physical Soc., 1936, Vol. 48, p. 125
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the amplitude is controlled by varying -if, the overall voltage-

amplification factor, by a potentiometer P controlling the input
to the second valve. His circuit has the advantage of requiring
no tapped coils or condensers (see Fig. 37). This circuit has the

advantages of the more familiar dynatron with a wider range of

operating conditions.

6. The Crystal-Controlled Oscillator. We have so far

considered only oscillators, the frequency of which is controlled

by a simple tuned circuit or electrical resonator. It is, however,

possible to control the frequency of a valve circuit by means of

mechanical resonators, such as tuning forks, stretched wires,

vibrating reeds and' the like ; and as mechanical resonators

usually possess decrements very much smaller than those of

electrical resonators, they provide oscillators of greater stability.

The most perfect type of mechanical resonator so far discovered

is a piece of quartz. Plates, rods, or rings may be used, and they
may be made to vibrate in many ways, i.e., transversely, longi-

tudinally or torsionally. The elastic properties of the quartz are

so good that the decrement is usually of the order of 1 x 10~*,

whereas the decrement of a tuned circuit is often 100 times larger
than this. As, moreover, quartz is a particularly stable material,

with small temperature coefficients of length and elasticity, it

possesses all the qualities required in a resonator to be used for

frequency control. It is of course necessary to provide some form
of coupling between the mechanical oscillator and the electrical

circuits. With tuning forks magnetic coupling is the simplest, but

with quartz crystals it is most convenient to make use of the

piezoelectric properties. It is not necessary to consider these in

detail, but it may be recalled that when a piece of quartz crystal

is compressed or elongated in certain directions it develops electric

charges on its surface, and conversely if an electric field is applied
to the quartz in these directions, it contracts or elongates according
to the direction of the field. Accordingly an alternating voltage

applied to a quartz crystal will throw it into a state of mechanical

vibration, and resonance will occur if the frequency of the applied

voltage is equal to the natural frequency of the mechanical

vibrations. Conversely, mechanical vibrations of a quartz crystal

will produce an alternating voltage of the same frequency in

electrodes suitably placed on or near the surface of the crystal.



78 RADIO-FREQUENCY MEASUREMENTS

Thus the necessary coupling is easily obtained. It is possible to

cut pieces of quartz with natural frequencies of almost any value

from 1,000 cycles to, say, 30 megacycles per second, so that for

the production of stable radio frequencies, the combination of

quartz resonator and amplifying valve is almost ideal. The
combination is usually called a quartz oscillator.

Several forms of quartz oscillator are available, but we shall

consider only one, which will be found to meet all ordinary

laboratory requirements. The circuit is shown in the left-hand

portion of Fig. 38. The crystal X is connected to the grid and
filament of the valve and virtually forms the whole of the input

OUTPUT

J I 4-
HT+I HT+2 HT+3

Fio. 38. Crystal-controlled oscillator with amplifier valve.

circuit outside the valve. In order to secure the maximum

stability the grid is maintained at a definite negative potential.

This may be done by means of a battery and choke connected

between grid and cathode. Alternatively, a "
grid leak

"
of high

resistance may be used as shown in Fig. 38. Sometimes the

leakage resistance of the grid circuit is sufficiently constant to

serve this purpose. The output circuit of the valve is closed by
a tuned circuit LC together with the usual arrangement for

applying a high potential to the anode. The necessary coupling
between the input and output circuits is provided by the grid-

anode capacitance of the valve. Now this coupling is only

regenerative so long as the load in the anode circuit is inductive,

*'.., so long as the capacitance C is smaller than the value required
to tune the circuit LC to the frequency of the oscillations. Also
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the amplification and therefore the retroaction (for a given value

of C
ga )

is greater the larger the value of the impedance of this

load. The consequence is that as the capacitance is increased

from a very small value to a value very near to that required to

tune the circuit to the frequency of the resonator, the amplitude
of the oscillations increases, slowly at first, and afterwards more
and more rapidly, until the critical value is passed, when the
oscillations cease abruptly as shown by the curves of Fig. 39.

We have here ignored the resistance

of the tuned circuit. It is obvious that

the greater its decrement the smaller

will be the amplitude. The upper
curve of Fig. 39 corresponds to an

anode circuit of very low decrement :

the lower curve corresponds to a circuit

of the same inductance but higher
decrement. For the mathematical

theory and further details of this circuit,

the reader should consult the mono-

graph of P. Vigoureux.* In practice

the capacitance is adjusted to give

oscillations of small amplitude corresponding to the condition of

maximum stability. Oscillators of this type can be made to give
a stability of frequency of the order of 1 part in 1C8

. Oscillators

controlled by tuned circuits are so much less stable that they are

often described as "uncontrolled." Nevertheless they will

remain constant in frequency to a few parts per million over

periods of a few hours, and are adequate for most purposes.

They have the great advantage of providing a continuous range
of frequencies instead of, at the most, a few isolated frequencies.

7. Amplifier and Buffer Valves. When oscillators such as

those already described are used to energise a measuring circuit,

e.g., by arranging a coil in the measuring circuit so that it is

magnetically coupled to one in the oscillatory circuit, the power

dissipated in the measuring circuit virtually alters the constants

of the oscillatory circuit, usually increasing its decrement, and

therefore altering its frequency and amplitude. It follows that

* VIGOUBEUX, P. Quartz Resonators and Oscillators, H.M. Stationery
Office, London. 1931.

c
FIG. 39. Variation of output

of crystal oscillator with

capacitance in tuned circuit.
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unless the coupling between the oscillator and measuring circuits

is extremely loose, adjustments of the measuring circuit are likely

to affect the stability of the oscillator in a manner which causes

considerable errors in certain types of measurement. Sufficiently

loose coupling may often be obtained by placing the oscillator and

measuring circuits very far apart, or by using a very small

coupling coil, but another plan which is very useful when the

power generated by the oscillator is very small as it is in most
"
stabilised

"
circuits, is to use the oscillator merely to control the

input circuit of an amplifying valve, and to take the power from

the anode circuit ofthat valve. Changes in this anode circuit have

usually no appreciable effect on its grid circuit, so that the

frequency ofthe oscillator remains constant in spite ofconsiderable

changes in output power. Fig. 38 shows an amplifying valve of

this kind coupled to the crystal oscillator. A large output,

together with the minimum amount of coupling between the

output and grid circuits is obtained by using a pentode for the

amplifying valve. An indirectly heated valve is shown. Note
that the grid is at earth potential, and that the p.d. between

grid and cathode is that between the terminals of the resistor Rb ,

which is in series with the cathode, and therefore carries the whole

emission current J . Thus the grid bias = I^Rb . The condenser

Cb is a by-pass for the high-frequency current, and eliminates

the resistive coupling between grid and anode circuits, which would
otherwise be established by Rb . Arrangements of this kind may
be used with any form of oscillator, and the additional valve may
be desirable even when no amplification is called for. In such

cases it is called a buffer valve. The oscillator itself, which
controls the frequency but delivers almost no power, is called a

master oscillator.

8. Modulated Oscillators. We have so far considered only
circuits for the production of oscillations of constant amplitude.
It is sometimes desirable to be able to vary the amplitude of the

oscillations in a regular manner, e.g., to make the variations of

amplitude a periodic function of audible frequency. The oscilla-

tions are then said to be modulated. It is possible to produce
such oscillations by means of a single valve, but the use of two

valves, one for the radio-frequency oscillations and one for audio-

frequency, is more straightforward, and also more flexible, and
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therefore more generally useful. We shall therefore limit our
considerations to one such .circuit, shown in Fig. 40. The two
oscillators are series-fed Hartley circuits. The output voltage
from the audio-frequency oscillator is impressed on the anode
of the radio-frequency oscillator by transformer coupling. Thus
the anode voltage of the radio-frequency valve fluctuates at an

audio-frequency and therefore the amplitude of the oscillations

it generates, also vary at this frequency. The extent of the

FIG. 40. Modulated oscillator. Typical values : Bl 1 Jbf^, JJ, =
0-5 Af!?, Cj = 0-01 /iJ?

1

, (7,
= 0-005 ftP, C8 500 uuF, C74

100 niF9 C6
= 0-001 /^, Cb = 1 ^F, Jl

ft
- 1,000 fi,P = 4,000 turns,

say, centre-tapped, on small laminated iron core (e.g. audio-

frequency inter-valve transformer type). 5 = 50 to 200 turns on
same core. Valves : power type, low impedance.

fluctuations of amplitude, usually referred to as the depth of the

modulation, may be readily controlled by varying the output of

the audio-frequency oscillator*

9. Miscellaneous Oscillators. Many other oscillators

have been devised, but the examples given illustrate sufficiently

well for our purpose the most important principles. Further
details of quartz oscillators are given by Vigoureux,* while the

monograph of H. A. Thomas f contains a full account of con-

* VIOOUBEUX, P. Quartz OteiUaton and their Applications. H.M. Stationery
Office, London. 1939.

t THOMAS, H' A. Theory and Design of Valve OaciUator*. Chapman & Hall,
London. 1939;
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tinuously variable oscillators. Crystal-controlled oscillators serve

as primary standards of frequency, while stable oscillators of the

continuously variable type form convenient wavemeters. It is

only necessary to calibrate the scale of the condenser in the tuned

circuit by reference to standards of frequency. The oscillators

described in this chapter will cover all ordinary requirements at

frequencies up to about 150 Mc/s. Some account of oscillators for

higher frequencies will be found in Chapter XII.



CHAPTER V

DETECTORS
. i

1. General. In this chapter we shall consider instruments

suitable for the detection or measurement of currents of radio

frequency, such as are employed for measurement purposes.
Two classes of detector are required : those suitable for use in

null-methods (bridge methods) and which are therefore merely

required to indicate the presence of the smallest possible current

or voltage ; and others for use in resonance methods, which must

give an indication of the magnitude of the current or voltage.

In these measurements it is not usually necessary to know the

absolute value of the current or voltage ; relative values only are

required.

2. Thermal Detectors. It is obvious that any instrument

which depends for its action on the thermal effect of a current

will detect currents of radio frequency as well as currents of

low frequency or direct currents, and there can be little doubt

that the simplest possible detector for radio frequency measure-

ments is the well-known combination of heater, thermojunction
and d.c. galvanometer. The current to be measured passes

through a heater consisting of a thin wire, the temperature of

which is thereby raised. A thermopile or single pair of junctions
is mounted on or near the heater, so that the temperature of one

junction follows that of the heater, while the other remains

constant. The junctions are connected directly to the d.c.

galvanometer, the deflection of which id proportional to the

thermo-e.m.f. developed, and is therefore a measure of the current

in the heater. The combination of heater and thermojunction
is often regarded as converting an alternating current into a

direct one, and it is therefore called a thermal-converter. In

order to obtain the highest possible sensitivity it is necessary to

provide the thermal-converter with the best possible thermal

insulation. It is therefore often mounted in an evacuated glass

bulb, and is then called a vacuum thermojunction. These

83
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instruments are made by several firms, and are very useful for

radio-frequency measurements ofmany kinds. The active junction
is generally attached to the heater by means of a minute bead of

glass, which insulates the d.c. galvanometer circuit from the

a.c. circuit, but at the same time provides the good thermal
contact required for high sensitivity. Such instruments may be
calibrated with direct current, and as the heater is made very
thin, the change of resistance due to

"
skin-effect

"
only becomes

important at very high frequencies, and the d.c. calibration

therefore holds good up to these frequencies. Even when the
"
skin-effect

"
is appreciable, the same calibration may be used

for relative values at any one frequency. Generally speaking the

instrument possesses a "square law" scale, i.e., the deflection

of the d.c. galvanometer is approximately proportional to the

mean square of the current through the heater. If the thermo-

junction is not insulated from the heater it is necessary to calibrate

with alternating current of low frequency, as in this case there

is a p.d. across the junction, due to the resistance (small but not

usually negligible) common to both heater and junction, and
this p.d. will be of different sign with respect to the thermo-e.m.f.

for the two directions of current in the heater. The magnitude
of this effect is of course very simply checked by reversing the

current in the heater when calibrating.

The thermal-converter and galvanometer is one of the most
useful of all detectors. Its most serious disadvantage is its very
small overload capacity. There is also usually a tendency for

the deflection corresponding to a definite current to increase

very slowly with time for several seconds before the final steady
value is reached. This

"
creeping

"
action may limit the accuracy

and rate of working. If the heaters are made thicker, not only
is the sensitivity diminished, but the instrument becomes

sluggish in its action, and measurements become tedious and less

accurate.

Another form of thermal detector is the bolometer. This

consists of a very fine platinum wire mounted in an evacuated

glass bulb and arranged to form one arm of a Wheatstone bridge,
which is balanced with direct current. The current of radio

frequency is passed through the platinum wire, thereby heating
it, and altering its resistance. The change of resistance, which is
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measured by means of the Wheatstone bridge, may be used as

an indication of the magnitude of the radio-frequency current.

The bolometer wire is connected to the bridge network by suitable

chokes, which- exclude the high-frequency current from the other

arms of the bridge. The arrangement is obviously less simple in

operation than the thermojunction, but is capable of giving

higher sensitivity, and is therefore valuable in extreme conditions.

3. The Crystal Rectifier. Another very simple form of

detector of high-frequency oscillations consists of a combination

of crystal rectifier, condenser and galvanometer, as shown

diagrammatically in Fig. 41. It is not necessary for our purpose
to consider the mechanism of the action of the crystal rectifier :

it will be sufficient to recall the fact that the contact between
certain crystalline substances, e.g., zincite (ZnO) and chalcopyrite

(FeS . CuS) ; carborundum and steel, possesses the property of

rectification, i.e., of passing current

more easily in one direction than the

other, so that when an alternating p.d.

is applied to such a contact the pulses
of current in one direction are very _,.,... A .1S

, , . , . , , i_ , t FIG. 41. Simple rectifier as
much larger than those in the other. detector.

The resultant current is therefore of

very unsymmetrical wave-form, and may be regarded as con-

sisting of two components, one an ordinary direct current

and the other an alternating current of symmetrical wave-form.

The d.c. component may be measured by means of a d.c. galvano-
meter G (Fig. 41). The condenser C may be regarded as a by-pass
for the a.c. component*. It avoids any considerable high-frequency

p.d. across the galvanometer, and therefore allows the full alter-

nating p.d. to be applied to the crystal. The condenser may
sometimes be omitted, as the self-capacitance of the galvanometer
and its connecting leads are often large enough to provide the

necessary low impedance. This arrangement may be very

sensitive, much more so than the thermal-converter, but un-

fortunately the sensitivity is very variable, and the device is

now only used in special circumstances, e.g., for the detection of

very short waves, owing to the large amount of time it demands
for adjustment to high sensitivity and calibration.

There is, however, one form of crystal rectifier which is free
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from the trouble, and although it does not give a sensitivity

equal to the best obtainable with crystals of the above types, it

is quite reliable, and is very useful as a substitute for a thermal

converter, being cheaper and very much more robust. It is the

well-known copper-oxide rectifier, which consists of a plate of

copper, the surface ofwhich has been oxidised at high temperature
to cuprous oxide. The contact between the cuprous oxide and
the copper, which is quite permanent and requires no adjustment,

possesses the property of rectification. Rectifiers of this type are

sold commercially in various forms suitable for use at the lower

radio frequencies, and a combination of such a rectifier with a

small mica condenser and a d.c. microammeter, in the arrange-
ment of Fig. 41, forms an extremely convenient portable detector

of high-frequency currents.

4. The Thermionic-Valve Rectifier. It is a well-known

fact that the thermionic valve is a rectifier, and indeed that in its

simplest form, the diode, it was at first devised solely for use as a

detector of high-frequency currents. Thus the rectifier shown in

Fig. 41 may take the form of a simple diode, one electrode

consisting of an electrically heated filament or cathode, which

emits electrons, and the other, the anode, a cold plate which

serves to collect these electrons. The rectifying action then arises

from the fact that one only of the electrodes is a source of

electrons, and that therefore the current can pass in one direction

only. This form of rectifier may therefore be regarded as an
alternative to the crystal rectifier already discussed. Diodes of

very small linear dimensions are now obtainable and are valuable

as indicators of voltage at very high frequencies.
The triode possesses the property of amplification, in addition

to that ofrectification, and the combination ofthese two properties

gives it great advantages as a detector, so that it is probably
the most widely used of all detectors for measurements requiring

high sensitivity.

The rectifying action is not usually of the simple type described

above, due to the passage of electrons in one direction only, but

of the more general type which occurs whenever the relation

between current and voltage is not linear. As a result of this

condition a certain change of voltage in one direction causes a

greater change of current than the same change in the opposite
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direction ; so that when an alternating voltage of symmetrical
wave form is applied, the resulting pulses of current in the one
direction are greater than in the other. The resultant current

therefore has a mean value which is not zero, i.e., it may be
divided into two components, one a d.c. component equal to

this mean value, and the other an alternating component. The
d.c. component is regarded as the rectified current. Its magnitude
is controlled by that of the applied high-frequency voltage, and
therefore measurements of this current serve to detect and
measure the high-frequency oscillations. It is quite difficult,

when using thermionic valves, to avoid a rectifying action of

this kind, since the relation between current and voltage is never

strictly linear, but it will be obvious that the rectifying action is

greatest under conditions in which the valve-characteristic (the

curve showing the relation between current and voltage) is most
327

sharply bent, i.e., the curvature and - are greatest. Rectifica-

tion of this nature may occur in the anode circuit of a valve due

to the non-linear character of the relation between anode current

and voltage. It may also take place in the grid circuit due to the

non-linear relation between grid current and grid voltage, when
the conditions are such that the grid current is appreciable, i.e.,

when the mean potential of the grid is positive. There are

therefore several ways of arranging a triode as a detector of

oscillations. We shall limit our discussion of the matter to two
or three of the circuits which are found to be most generally
useful in laboratory measurements. These will be found to cover

almost any requirement.
5. Single Triode with Anode-Circuit Rectification.

Fig. 42 shows a triode arranged for anode-circuit rectification.

The grid potential is negative, so that there is practically no

grid current, and the input impedance is very high : the arrange-
ment behaves almost like an electrostatic voltmeter in this

respect. The rectified current is measured by the d.c. indicating
instrument (?, which may be a microammeter or reflecting

galvanometer, depending on the sensitivity required. With a

sensitive galvanometer a full-scale reading may correspond to

say 0*1 volt or even less, while a pointer microammeter may give
full-scale reading for perhaps 1 volt. For the higher voltages it is
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necessary to increase the grid bias in order to keep the grid of

the valve always at a negative potential. The condenser Cb is a

by-pass for the alternating component of the current. The

potentiometer arrangement Bv J22,
R9 shown is not essential, but

in its absence the instrument O will pass a current even when the

input p.d. is zero, and it is the change of this current which

measures the applied voltage. The potentiometer sends an

adjustable current through the galvanometer in the opposite
direction to the initial anode current, so that the galvanometer

FIQ. 42. Thermionic voltmeter with single triode working with
anode-circuit rectification.

reading may be reduced to zero, for zero input p.d. and any
subsequent reading is then a direct measure of the input p.d.

Many variations of this circuit are possible. Thus three

batteries are not essential. It is possible to supply the three

potentials from a potentiometer fed by a single battery of say
6 volts. The well-known Moullin* portable voltmeter is a

simple version of this circuit. The reader should have no difficulty

in adapting this circuit to any particular problem. It is to be

noted that a conducting path between the input terminals is

essential, otherwise the grid will not be maintained at the required

negative mean potential. It is of course possible to provide a

conducting path by connecting a high resistance (a
"
grid leak ")

across the terminals, but since this diminishes the input resistance

of the instrument it is not in general desirable.

6. Triode arranged for Grid-Circuit Rectification. The
triode voltmeter described above may readily be arranged for

grid-circuit rectification. It is only necessary to make the

* See Ref. 12 of Bibliography.
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mean grid potential positive, and to provide a "grid teak" R
and condenser C as shown in Fig. 43. The anode current flowing
when the input p.d. is zero will in this case be much larger than

for the previous arrangement, and as the input p.d. increases, this

current will be found to diminish, the actual diminution being a
measure of the applied p.d. As before, the initial current through
the galvanometer may be adjusted to zero by means of the

potentiometer arrangement. The action may be explained as

follows. The grid current is always appreciable and follows a

curved characteristic. When an alternating p.d. is applied, the

resulting pulses of current in the positive direction are therefore

greater than those in the negative direction, and the mean grid

FIG. 43. Triode voltmeter arranged for grid-circuit rectification.

current is therefore increased. This current must flow from the

battery OB through the high resistance JR, and the mean p.d.

across R therefore increases as the mean grid current increases.

But an increased p.d. across R produces a corresponding fall of

mean grid potential, which causes a diminution of anode current

which is indicated by O. The condenser Cl serves to insulate the

grid from any source of potential (d.c.) other than OB and 12,

but at the same time transmits alternating potentials. It should

be large enough to be of low impedance at the working frequency,
and its leakage conductance should be negligibly small.

This form of voltmeter is sometimes found to be more sensitive

than the form previously described, but it suffers from the

disadvantage that its input resistance is much lower, i.e., it

absorbs more power from the circuit under test. It is also likely

to be less stable in calibration, and is in general less satisfactory

for measurement purposes than the anode-circuit rectifier. Under
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suitable conditions and for small applied voltages, the scale of

both instruments will obey the
"
square law," i.e., the deflection

will be proportional to the square of the input voltage. The

calibrations may be made at low frequency.

7. Compensated Voltmeter of High Stability. The

sensitivity of the thermionic voltmeters described above may be

increased by increasing the sensitivity of the d.c. galvanometer

of Figs. 42 and 43, but in practice a limit is set to the sensitivity

obtainable, by the fact that the various battery voltages are

FIG. 44. Thermionic voltmeter compensated for battery fluctuations

#.=, = 5,000 , Cb
= 2 i*F, but lower values for very high

frequencies. P 1,000 Q potentiometer, R9
= 20,000 Q. Valves :

small power type. It is sometimes better to transfer the earth-

connection to the lower input terminal.

always subject to fluctuations, and the anode current is therefore

also subject to corresponding fluctuations, which cause an
"
instability of zero

"
of the voltmeter. Clearly the p.d. to be

measured must produce a deflection at least as large as the random

variations of the zero, if measurement is to be possible. It follows

that any increase of stability will permit the use of a more sensitive

galvanometer, and therefore give a higher sensitivity. Some of

the devices for the attainment of stability have been discussed by
the author elsewhere.* Here we shall consider only one example
of a voltmeter,

"
compensated

"
for battery fluctuations. This

will "be found to form an excellent general-purpose voltmeter of

*
Reports on Progress in Physics. The Physical Society, 1934, Vol. 1, p. 325.
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high sensitivity. The arrangement is shown in Fig. 44. It will

be observed that two valves are used. Of these only Fx is a
rectifier. Fa is a dummy, chosen to have as nearly as possible
the same properties as Vv The three batteries are common to

the two valves, which are arranged in the form of a Wheatstone-

bridge network, with two equal resistance ratio-arms Rl and R2,

supplied with current by the H.T. battery, and having the

galvanometer G as detector of balance. The p.d. to be measured
is applied to the grid-circuit of valve Vv but suppose in the first

instance that this p.d. is zero, that the valves are accurately

matched, and that the grid-potential of F2 is equal to that of Fr
Then the anode-currents of the two valves will be equal, the

bridge circuit will be balanced, and there will be no deflection of

O. Further, although each of the three voltages H.T., L.T. and
G.B. may fluctuate, the galvanometer will remain undeflected, for

the anode currents of the two valves will always vary in exactly
the same way, and the balance will hold good : fluctuations in

the valve Vl are always exactly compensated by similar ones in

F2 . When, however, the applied p.d. is not zero, the mean anode

current of Vl is changed, the balance is upset, and the galvano-
meter is deflected. The arrangement constitutes a thermionic

voltmeter of very high zero stability, so that a galvanometer of

very high sensitivity may be used and great sensitivity attained,

e.g., a p.d. of 0-01 volt can be made to give a deflection which

may be read with an accuracy of better than 1 per cent. In

practice it is .not possible to obtain valves which are perfectly

matched, so that the compensation is never perfect. It is there-

fore necessary to provide a potentiometer P arranged so that the

grid potential of F2 is capable of fine adjustment over a small

range. This potentiometer is adjusted until the deflection of

is zeto when the input terminals are short-circuited.

It may be noted that any voltmeter with a condenser in series

with it will measure alternating voltage only, and may therefore

be used to measure an alternating voltage superimposed upon a

direct voltage.

8. Rectifier with Telephone as Null-Detector. The

detecting devices we have so far considered are most suitable as

detectors of resonance, for in every case the deflection is approxi-

mately proportional to the square of the current or voltage, so
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that a higher sensitivity is obtained, the larger the quantity to

be measured ; and the greatest sensitivity is obtained at the

resonance peak. For the same reason these detectors are not very
suitable for null-methods of measurement, for the sensitivity

vanishes as the balance-point is approached. It is therefore

necessary to consider by what means a higher sensitivity may be

obtained.

The use of an amplifying valve in series with a thermionic

voltmeter immediately suggests itself, and indeed a two-stage
voltmeter of this kind may be found useful. We have, however,
seen that fluctuations in the emission current of a valve set a

limit to the sensitivity of any galvanometer, or detecting-device
sensitive to d.c., that may follow the valve, and the sensitivity

obtainable with any such combination is always limited in this

way. This limitation may, however, be overcome to a very
considerable extent by the use of a telephone as indicator, instead

of a d.c. galvanometer. For the ear is able to discriminate

between one sound and another, and is therefore often able to

detect indications of one particular kind (notes of a characteristic

frequency) in the presence of random disturbances. We therefore

find that the combination of amplifier, rectifier, and telephone

may be made to act as an extremely sensitive detector of radio

frequency oscillations, and is used for most null-methods requiring

very high sensitivity.

In order that a telephone may be employed in this way it is

necessary that the current delivered to it shall be periodic and of

audible frequency. A radio-frequency voltage of constant

amplitude applied to a combination of amplifier, rectifier, and

telephone, would of course only produce in the telephone a

constant rectified current, which the ear would not be able to

detect. It is therefore necessary to add some device for making
the rectified current periodic, and easily recognisable by the ear.

Perhaps the simplest possible arrangement consists of an inter-

rupter, or contact vibrating at an audible frequency, in series

with the telephone, but although this method was used to a

considerable extent at one time, it has now given place to the

heterodyne method, or to the use of modulated oscillations.

9. Modulation Detection. We have already described a

modulated oscillator and have shown that the amplitude of the
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oscillations which it generates, varies at an audible frequency.
When these oscillations are rectified, the rectified current must
also vary at this audible frequency, and may therefore be detected

by means of a telephone. Thus if for any measurements a
modulated oscillator is employed, a rectifier-amplifier and tele-

phone may be used as detector without modification or addition.

10. Heterodyne Detection. The essence of the heterodyne
method of detection consists in the use of an auxiliary oscillation

of a frequency differing from that of the oscillation to be observed

by a value falling within the audible range. The two oscillations

are combined and thereby give rise to beats analogous to those

obtained from two musical notes. In both cases the beats are

merely fluctuations of amplitude which occur at a frequency equal
to the difference between those of the component oscillations,

but whereas in the acoustic case the oscillations are audible and

the beats therefore perceived by the ear, the electrical oscillations

are inaudible, and therefore the electrical beats are also inaudible,

and have no audible effect on a telephone. If, however, the

electrical oscillations are rectified, the beats or fluctuations of

amplitude, produce corresponding fluctuations of rectified current.

The frequency of this current is that of the beats, viz. the differ-

ence of those of the component oscillations, an audible frequency ;

and therefore its effect on a telephone is to produce an audible

note, often called a beat-note.

The following alternative method of considering the matter

will be found instructive. Consider the mathematical identity

(A+B smpt) sin wt A sin a>t +
\B cos (o>

-
p)t

- \B cos (CM + P)*

The left-hand side may be regarded as representing an electrical

oscillation of frequency cu/2?r, and of amplitude A + BBmpt.
Thus the amplitude fluctuates at a frequency p/2-rr, between a

maximum value A+B and a minimum value A jB, i.e., it is

a modulated oscillation, the depth or ratio of modulation being

B/A. The right-hand side, on the other hand, represents three

oscillations, each of constant amplitude and sine wave form. The

frequency of the first is equal to that of the modulated oscillation,

while those of the other two differ from this value by the modula-

tion frequency, one being greater and the other less than the fre-
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quency of the modulated oscillation. It follows that a modulated

oscillation may be regarded as consisting of three unmodulated

components (often called the carrier wave and the two side bands) ;

alternatively we may write

a sin a)t + b cos (wp)t = (a + 26 sin pt) sin cut + b cos (a> +'p)t

and

a sin cot 6 cos (o> +p)t m (a + 26 sin^) sin wt 6 cos (co p)t

Let a sin cut represent a heterodyne oscillation acting on a receiver,

and let 6 cos (o> p)t represent an incoming oscillation whose

frequency (<o p)/2rr differs from that of the heterodyne oscilla-

tion a>/27r by the audio frequency p/Z-rr. Evidently this combina-

tion is equivalent to a modulated oscillation, of a frequency equal
to that of the heterodyne oscillation, and of a modulation-fre-

quency equal to the frequency-difference p/2ir, together with a

second unmodulated oscillation of frequency slightly differing

from those of heterodyne and received oscillations. Thus the

heterodyne oscillation is another device for the production of a

modulated oscillation, which as we have seen may be readily
detected by a combination of rectifier, amplifier, and telephone.
The additional unmodulated oscillation has no audible effect. It

will be clear from the above two expressions that the frequency
of the received oscillation may be either slightly greater or

slightly less than that of the heterodyne oscillation. The resulting

modulated component-oscillation is the same.

It may be useful to consider a few points concerning the

relative sensitivity of the modulated-oscillator and heterodyne
methods of detection. We have mentioned that all the rectifiers

we have considered possess characteristics such that for small

applied alternating voltages the rectified current is approximately

proportional to the square of the applied voltage, and therefore

that the sensitivity becomes smaller the smaller the voltage to be

detected. When, however, the applied voltage is large, the

rectified current usually becomes approximately proportional

to the voltage, and this feet has some bearing on the present

question. For with heterodyne detection, the modulated compo-
nent of the oscillation applied to the rectifier, viz. (a + 26 sin pt)

sin tat has a maximum amplitude a + 26 and a minimum amplitude

(a 26), and since in null-methods of measurement a may be
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considerably greater than 26, the detector is always working
with a comparatively large applied p.d., so that the rectified

current is approximately proportional to the voltage, i.e., propor-
tional to (a + 26 sin pt). Thus the alternating component of

the rectified current is proportional to 26 sin pt and has an

amplitude proportional to 26. If, on the other hand, the oscillator

is modulated, the total voltage applied to the rectifier becomes
smaller as the voltage diminishes, and the rectified current

therefore becomes proportional to the square of the amplitude.
The alternating component of this current will depend on the

depth of modulation, but assuming this to be unity, the current

in the telephone will be proportional to 62 , as against 26 for hetero-

dyne detection. Evidently heterodyne detection will be the more
sensitive in null methods of measurement.

11. Amplifiers : General Considerations. We have

noted already that the sensitivity of any form of detector may
be increased by the use of an amplifier. A detailed discussion of

amplifiers is beyond the scope of this work, but we shall illustrate

with a few examples the principles governing the construction of

detector-amplifiers of high sensitivity.

In the last chapter we saw that an amplifier with regenerative

coupling between the input and output circuits tends to generate
oscillations. The higher the amplification, the smaller is the coup-

ling between input and output necessary to produce oscillations,

and it therefore follows that the more sensitive the amplifier, the

greater the tendency to oscillation ; and indeed the chief difficulty

in the use of highly sensitive amplifiers is the prevention of

oscillations, or the maintenance of stability. It will be imme-

diately obvious that the important condition is the avoidance of

all forms of coupling between the input and output circuits. If,

however, there exists appreciable coupling, it will be a great

advantage if the corresponding e.m.fs. are out of phase, in which

case the coupling is not regenerative.

The coupling between input and output circuits may be of

various typ&s. We may have inductive or capacitive coupling
between the parts of the circuits external to the valve, while

inside the valve there may be coupling due to the capacitance
between the grid and anode, or to secondary ionisation. We
must now consider how these various forms of coupling may be
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eliminated. Capacitive coupling may, as we have already seen

(p. 41), be eliminated by means of electrostatic screens. The

components to be uncoupled should merely be separated by metal

sheets or boxes, which are connected to a point at a fixed potential

either to earth, or to a point linked to earth by a very small

impedance only, e.g., a battery of low resistance, or a condenser

of large capacitance.
External inductive coupling may be eliminated by using

toroidal coils, by setting inductive coils in conjugate positions,

separating them by distances as large as possible, avoiding the

FIG. 45. Detector-amplifier for null methods. First stage, radio-

frequency amplification with screen-grid tetrode. Second stage,
triode rectifier. Third and fourth stages, audio-frequency amplifica-
tion with transformer coupling. L lCl and t<7, to tune to working
frequency, Ct 200 /ifiF, fl x 1 -ftffl, T l and T, inter-valve

transformers ; T* output transformer. Cb = 2 pF, R = 10,000 0,
variable in first stage for controlling sensitivity.

use of coils with large external magnetic fields, e.g., coils of large

diameter. If this form of coupling is present it may sometimes

be made innocuous by reversing one coil and so altering the

phase of the induced e.m.f. It will be obvious that the input and

output sides of the amplifier should be well separated, and it is

often not desirable to aim at great compactness in the design.

Another form of coupling which is often present is resistive

coupling arising from the use of common batteries for the various

valves of an amplifying system. The impedance of any such

battery constitutes mutual impedance coupling all the circuits.

The obvious remedy is to divert the alternating currents from the

batteries. This is easily done by providing each lead to the

common battery with a condenser of low impedance (Cb in
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Figs. 45 and 46), which shunts any a.c. the lead may cany,
outside the battery. A high resistance in series with the battery
will further reduce the a.c. in the battery. For example, see R,
in Fig. 45. Such resistors and condensers are often called

de-coupling resistors and condensers.

Coupling within the valves is minimised by the use of

screen-grid tetrodes and pentodes, which have already been
discussed.

The arrangement of both internal and external screens is

shown in Fig. 45, which shows a detector-amplifier, suitable for

radio-frequency bridge work. The first valve Fx is a screen-grid
tetrode. Both the input and output circuits are tuned to the

frequency to be detected, and it is to be noted that with the

arrangement of screens shown, they are almost completely
screened from one another. The anode circuit is couplied to the

triode F2, which is arranged for anode-circuit rectification. The

heterodyne oscillation (if any) is induced into the tuned circuit

L2C2. The triodes F8 and F4 are arranged for audio-frequency

amplification with transformer coupling, and the output is

supplied to a telephone earpiece T through a suitable output
transformer. The L.T. and H.T. batteries which are enclosed by
the outer screen are common to all the valves. De-coupling
resistors Rt and condensers Cb are therefore used as previously

explained. It will be observed that the input is applied vid a

tuned high-frequency transformer. The desirability of such an

arrangement for bridge measurements has been outlined in

Chapter III (p. 43). The screen between the primary and

secondary coils must of course be electrostatic only. It must
therefore be constructed so as to avoid the formation of eddy
currents, and has for this reason been shown dotted in the

diagram. If the screen is of sheet metal, it must be slit in appro-

priate places. An additional winding of insulated strip or wire

between the primary and secondary coils sometimes forms a

useful screen. It must be left open-circuited, with one point
connected to earth. The coils may be solenoids, or better,

toroids wound one over another.

Fig. 46 shows the circuit for a very sensitive detector-amplifier

employing pentodes V1 and F2 for radio-frequency amplification.

These are followed by a diode rectifier F8, which may be followed
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by one or more stages of amplification of the low-frequency

current obtained 849 a result ofthe rectification . It will be observed

that the load on Fj is resistive, while that on 7a is tuned. This

is a particularly stable

combination.

It must be realised

that the two amplifiers

shown in Figs. 45 and

46 are to be regarded
as typical only. Their

5 {8|"g
various features may
be combined in any
desired way. Thus
diode or triode

rectification may be

applied to any ampli-
fier. This may be

preceded by amplifica-

tion at radio frequen-

cies, by either screen-

grid tetrodes, as in

Fig. 45, or pentodes

(Fig. 46), and followed

by low-frequency am-

plification by triodes,

or again by pentodes.
The coupling in the

low -frequency stages

may be by trans-

formers, as in Fig. 45,

or resistance and capa-
citance (as that
between Vl and Fa in

Fig. 46). In every case

it will be desirable to

screen the various stages as in Fig. 45, although the actual form

of the screens, are capable of considerable variations. Thus H.F.

pentodes are often provided with metal-ooated bulbs, and

therefore carry their own screens. Again, most transformers are
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also made with screens. The actual form of the screen can only
be decided by reference to the actual components ofthe apparatus.
It is often an advantage to

use toroidal coils, since in this

way stray magnetic coupling
is avoided.

12. The Superhetero-
dyne* Receiver as Labora-

tory Detector. It is a com-

paratively simple matter to

design a sensitive detector

suitable for any particular

investigation on the principles
described in the preceding

paragraphs. As a general-

purpose instrument, however,
the modern commercial radio

receiver of th$ communication

type is probably cheaper and
better than one made under

experimental conditions. Such

an instrument will operate at

all frequencies from say
lOOKc/s to 30 Mc/s. It is

well screened, mounted in a

metal case, and the com-

ponents are easily accessible.

It is unnecessary to discuss

the design of such receivers,

but theirmore general features

are worth notice. Fig. 47

shows a typical arrangement
in outline. The first stage
is an amplifier tuned to

the working frequency. In

the second stage, the received oscillation is combined with one

produced by a local oscillator, which is tuned in such a manner

that one of the resultant oscillations, formed by heterodyne

action, is of a fixed supersonic frequency. The major part of the
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amplification occurs at this fixed frequency in the third stage.

The frequency chosen is one at which amplification is most

efficient, and since only one frequency has to be dealt with, it is

possible to include a crystal resonator of very low decrement in

this stage, and thus to obtain very high selectivity. A second

local oscillator is provided at this stage for use when ordinary

heterodyne detection is required. This is unnecessary if the

received oscillation is modulated. A rectifier, audio-frequency

amplifier, and telephones then follow as in Figs. 45 or 46. The
rectified voltage is often used to provide automatic volume

control in ordinary communication work, and a meter indicating

the magnitude of the rectified current is often provided. Observa-

tion of this meter enables the instrument to be used as a sensitive

voltmeter for resonance methods, while the telephones or a loud-

speaker are used for null-detection. The complete equipment is

necessarily somewhat complicated in construction, but it is very

simple in operation, since only the initial stages require adjust-

ment to correspond to any desired working frequency.



CHAPTER VI

STANDARDS OF CAPACITANCE

1. The Physical Nature of Capacitance. It follows from
the considerations outlined in Chapter I, that capacitance as

measured by alternating current methods is essentially a property
of the displacement-current path between two conductors or

equipotential surfaces. The capacitance of such a path may be

regarded as the ratio of the displacement current to the rate of

change of the voltage V, or as the ratio ofthe energy of the electric

field to F2
. A standard of capacitance (a capacitor, or condenser)

is therefore an instrument in which the application of a definite

voltage produces an electric field, the energy ofwhich is accurately
known. It follows that the ideal instrument consists of a portion
of dielectric bounded and completely defined by two perfectly

conducting metal plates.

It is in some respects unfortunate that capacitance is

frequently regarded as a property of a conductor. From our

point of view
"
the capacitance of a sphere

" which is so often

stated to be
"
equal to its radius

"
represents the electric field

round the sphere rather than the sphere itself, which is only one

boundary of the field. The value is only definite if the other

boundary is also stated. It is, of course, usually assumed to be

a second conductor or equipotential surface surrounding the first;

and separated from it by an infinite distance in all directions. It

is obvious, however, that such a system can never form part of a

practical circuit, and the capacitance of a conductor in this sense

is therefore of academic interest only. The practical value which

approaches it most closely is the so-called
"
earth-capacitance

"

ofthe conductor, i.e., the capacitance ofthe dielectric pathbetween

the conductor and all the surrounding earth-connected objects,

which may include the walls of the room.

The point to be emphasised is that no capacitance is precisely

defined unless it is related to two conductors. Further, unless

101
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one conductor completely surrounds the other, the field between

them will be influenced by neighbouring objects. It follows that

any standard of capacitance must consist oftwo or more insulated

conductors, one of which completely surrounds the rest, as shown
hi Fig. 48, in which the conductor completely surrounds

1, 2 and 3.

2. Component Capacitances. It will be obvious that there

must be a displacement-cur-
rent path between each pair

of the conductors shown in

Fig. 48 (a), and each of these

paths can be represented

by a definite capacitance.

Thus, if C12 represents that

between conductors 1 and 2,

and so
'

on, the system
can be represented by the

equivalent network of Fig.

48(6). These capacitances
are said to be the com

ponent capacitances of the

system. The total displace-
ment current entering any
conductor when definite

potentials are applied to

such a system may obvi-

ously be found by adding

together the current received

through the various com-

ponent capacitances linking
that conductor to the

others.

ca)

Fid. 48. Component capacitances of a

system of four conductors.

As mentioned in Chapter III, the effect of interposing an

electrostatic screen between two conductors is to reduce to zero

their mutual component capacitance.

3. The Calculation of Capacitance. The capacitance

corresponding to a given electric field depends on the size and

shape of the field and the nature of the dielectric. The size and

shape of the field may be defined either by means of the tubes
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of force, which are also tubes of flow of displacement current,

or by means of the equipotential surfaces, i.e., the terminal

conductors. Values of capacitance are usually calculated from

the dimensions of the conductors since these are the quantities

directly observed, but it may be noted that the most general

expression is obtained by considering the tubes of force. It takes

the form *

(1)

where I denotes distance along an elementary tube of force, Aa

denotes its cross section, 1 and 2 refer to the terminal equi-

potential surfaces (cf. Fig. 49), and S denotes

the summation of the quantity following it for

all the tubes of force of the field in question.

Thus, the quantity denoted by ?
a purely

geometrical quantity ofunit dimension in length.

For want of a better term it will be called the

geometrical conductance,f The coefficient K FIO. 49. Portion

depends on the nature of the dielectric. It f$^^
is obviously the capacitance of a field of unit nated by equi-

geometrical conductance in the medium in
gjjjfid 2!**"

question. It is analogous to conductivity or, and

might well be called the capacitivity ofthe medium, and expressed

in farads per unit length. It is obvious from these considerations

that capacitance is not a geometrical quantity. It can only be

calculated when the coefficient K for the medium in question has

been experimentally determined, and is on exactly the same

footing as resistance which can be calculated when the resis-

tivity is known. The experimental value of K for a vacuum is

KO
_. o-08856 fifiF per cm. The value for any other dielectric is

most conveniently specified by the ratio */*
=

r, which is called

the dielectric constant or permittivity (relative) of the medium

Thus if lengths are measured in cm., capacitance C is given in

uuJF by the formula
C= 0-08856 fG (2)

* RUSSBLL, A, AUertuUingurr*U8, Vol.1. CambridgeUmvewityPrte. 1014.

t Since the conductivity of the some 'system is given by aO9 where o is the

ihe ne as^rmittivity (.bsolute), ., but - 4c.
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Values of <? corresponding to various arrangements of terminal

conductors have been calculated. The most useful of the formulae

for capacitance so obtained are given below. All dimensions are

in cm., and capacitances in wF.
(a) Parallel Plates, of area A, and distance apart I

O = 0-08856 f4/Z ....... (3)

(b) Concentric Spheres of radii rx and r2
C = 0-08855 r . 47rr1rs/(ra

- rj . . . . (4)

(c) Coaxial Cylinders of radii rl and ra ; length x(r2 )

C = 0-08856 cjirxllo&frtlrj ..... (5)

(d) Parallel Discs of radius r, thickness t, and distance apart 6.

If&rand$ r

(Kirchhoffs formula) ... (6)

(e) Parallel Cylinders, e.g., two wires, of radius r, and length I,

distance between axes d. When I r and I d

(/) Wire Parallel to Plate. For a length 2 of a cylinder of radius r,

and a plate parallel to and at a distance d from its axis

(8)

The formulae (6), (7) and (8) above will be found useful for

estimating the values of capacitance between parallel wires, wires

and instrument cases, terminals, etc. Such values are frequently

required when estimating errors in practical measurements due

to stray capacitances, etc.

4. The Guard Ring. The above formula for parallel plates
is based on the assumption of a uniform electric field between

the plates, while the formula for coaxial cylinders applies so

long as the field is purely radial. In practice, the field near the

edges of plates or cylinders never satisfies the condition assumed,

* RUBSBLL A. Alternating Currents, Vol. 1.
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Fio. 50. Section of disc electrodes with guard-ring,

showing lines of electric force (the broken lines).

and the formulae therefore only apply accurately to the central

portions of the plates or cylinders. Sometimes a correction is

applied to the simple formula to allow for the distortion of the

field at the edges the so-called
"
edge-correction

"
or

"
fringing

correction." Kirchhoff's formula given above includes the edge*
correction for two

parallel discs. Alter-

natively, themeasure-

ments may be con-

fined to the central

portion of the plates

or cylinders by the

use of a guard-
electrode.

The principle may
be understood from

Fig, 50. The central

portion of the upper

plate is isolated from

the remainder, which

is usually termed the guard-ring. Obviously, if the central

electrode and guard-ring are at the same potential, and if the

gap between the two is very small, the field between electrode

and lower plate will be very nearly
uniform and the component capaci-
tance between the two will be calculable

from equation (3), to a much closer

approximation than could be obtained

without the guard-ring. Fig. 51 shows

in more detail the lines of forcemmmmtOmr ^^^ a ^ of electrodes and a
FIG. 51. Enlarged drawing of guard-ring. It will be evident from
cap between central disc and .1 . j 1

.
j* . *

rri r'nr of F'a so tins diagram wi8/c Tu6re must be

a slight fringing effect even when
a guard-ring is used. The lines of force from the central

electrode spread outwards into the gap between it and the guard-

ring, and from considerations of symmetry we see that they will

extend about half-way across this gap as shown in Fig. 51. Thus

if A is the area of the central electrode and 8A the area of the
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gap between electrode and guard-ring, the area of cross section of

the electric field between central electrode a,nd opposite electrode

is approximately A + $8.4, and the geometrical conductance is

approximately (A + J84)/J. We may say that the effective

area of the central electrode is increased by an amount corre-

sponding to an additional strip of width w/2 applied all round its

edge, w being the width of gap between electrode and guard-ring.
The conditions assumed in the derivation of this correction are

that the width of gap w is small compared with the dimensions

of the central electrode ; the thickness of central electrode and

guard-ring is large ; and the width of the guard-ring is large

compared with the distance I between the two electrodes. Rosa *

and Dorsey have shown that a more accurate formula for the

width 8 of the
"
additional strip

" under these conditions is

* w w .
i

w . I
,

4Z2 + w2
/AN

8 == sin-1
/ + -

log.
---

. . (9)
2 n V4Z2 + w* TT W

Provided I is small compared with the dimensions of the electrodes

this formula may be applied as an approximation to condensers

consisting of coaxial cylinders as well as to flat plates. In the

application of the guard-ring principle to cylindrical condensers,

the central portion of one of the cylinders of length x is isolated

from the two end portions by narrow gaps of width w cut in

planes at right angles to the common axis. Evidently each gap
will increase the effective length of the central portion by an

amount 8 which may be calculated from the above formula, I

now being the distance between the inner and outer cylinders

measured radially. Thus the geometrical conductance of a

cylindrical condenser with guard
'

cylinders may be calculated

from equation (5) by taking the effective length as x + 28, 8

being calculated from (9). For the case of flat disc electrodes with

a guard-ring we may use equation (3), taking the radius of the

central electrode as r + 8, where r is the actual radius and 8 is

calculated as above. For this case also Maxwell has given the

Simpler formula

* ROSA, E. B., and DOBSEY, N. E. Bulletin Bureau Standards, 1907, Vol. 3,

p. 517.
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from which we see that the fringing correction is given approxi-
mately by

F~l?(fF5) (U)

As in all these formulae for guard-rings, the electrodes are assumed
to be thick, so that when high accuracy is required thick metal

plates (or tubes for the cylindrical case) should be used, and the
width of the gap w should be kept very small.

5. Fixed Air Condensers. Standards of capacitance which
are required to have the greatest possible permanence of value

S< 32

FIG. 52. Fixed air condenser (after Giebe and Ziokner).

under all conditions usually take the form of air condensers of

fit&d value. We have seen that such an instrument must comprise
two conductors, insulated from one another (by air) ; and in order

that the value may be definite, one conductor should completely
surround the other, or alternatively the two may be entirely

surrounded by a third conductor, in which case the system will

possess three values of capacitance. The conductors usually take

the form of flat plates parallel to one another, or concentric

cylinders, and when capacitances greater than, say, 100 p/iF are

required, it is necessary to use several plates for each conductor,

and to arrange them so that they are separated by a very small

distance, the plates forming the two conductors being inter-

leaved. Many types of mechanical construction have been
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employed for such instruments, but we shall consider in detail

one design only, which may be regarded as typical of the best

modern instruments. This design is that developed at the

Physikalisch-Technische Reichsanstalt,* Berlin, where the pro-

perties of fixed air condensers have been studied in great detail.

The arrangement may be understood by reference to Fig. 52.

We have essentially two conductors insulated from each other,

and from the metal shield which completely surrounds them and
which forms the case of the instrument. Each conductor consists

of a bank of flat metal plates of circular form. Each bank is

supported on a massive base plate Px or P2 by means of three

brass pillars, the plates being maintained parallel by means of

suitable spacing washers, which are slipped over the pillars, and
the whole bank being made rigid by clamping nuts at the upper
ends of the pillars. The pillars of one system pass through

clearing holes in the plates forming the other, so that the two

systems are interleaved. Only one pillar of each system is

shown in the diagram, but it will be obvious that in order to

obtain the maximum rigidity of the whole structure the pillars

should be symmetrically distributed in the plan of the instrument,

each pillar of one system falling midway between two of the other

system. The base plates Pl and P2 of the two systems are

separated by three small cylindrical pieces Q of fused quartz,

which act as distance-pieces and insulators. The lower base

plate Pl is separated from the bottom of the instrument case or

shield by three similar quartz pieces, while a third set of similar

insulators separates the upper base-plate Pt from a massive

clamping-ring R, which is bolted to the base of the instrument

by a number of uniformly spaced bolts, one of which is shown.

These bolts pass through clearing holes in P1 and P2 . Thus the

clamping-ring and the case of the instrument form one conductor

which acts as a shield for two other conductors the two plate

systems. The plate systems are therefore insulated from one

another by three pieces of fused quartz, and each is
(
insulated

from the shield by three similar pieces of fused quartz. The
whole of the quartz is in compression, so that it is very strong

mechanically. The structure is designed for permanence of form

and therefore of capacitance.
* GXBBB, E. and ZIOXNBB, G. ZeUa.f. Inatrum., 1933 Vol. 53, p. 1.
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The instrument is not provided with screw terminals but
connection is made to the two plate systems by means of two
brass pillars Sl and S2 , which are screwed into the base-plates
Pl and Pa respectively, and which pass through clearing holes

in the clamping-ring and the top and bottom of the case, termi-

nating in the form of sockets at each end. Thus we have access

to the plate system by means of one pair of sockets flush with
the top of the instrument, and also through a second pair flush

with the bottom surface. The chief advantage of this arrange-
ment is that a number of such condensers may be connected in

parallel simply by piling them one on the top of another, double-

ended plugs being inserted in the sockets, so as to make the

necessary connections. These plugs are completely enclosed by
the two condensers so that they do not affect the capacitance of

the combination, which is simply the sum of the capacitances of

the various condensers. The bottom condenser rests upon a

special base-plate provided with screw terminals at the side,

connected to a pair of the standard sockets on its upper face.

This base-plate is first connected in circuit, and then any desired

capacitance is added to it by placing the appropriate condenser-

sections in position. Condensers of capacitance from 100 ji/tF.

to 0-1 /xF. are made to this general design, the number of plates,

their diameter and distance apart being adjusted to give the

required capacitance.

By inserting into either of the sockets 8l or S2 a special plug

terminating in a metal disc which makes contact with the case,

it is possible to connect either bank of plates to the case, thereby

converting the condenser from a three-conductor instrument

with three component-capacitances to a two-conductor instrument

with only one value of capacitance.

6. Dielectric Imperfections.* It was shown in Chapter I

that there is no net loss of power when an alternating voltage is

applied to an ideal condenser, i.e., when an alternating field is

established in a perfect dielectric. Such a dielectric therefore

would possess zero conductivity and would allow displacement

currents only to pass through it. All known material bodies,

however, possess a finite conductivity, usually of an electrolytic

or ionic character, and the conductivity of their surface layers is

* HABTSHOBN L. J. Inet. Elec. Eng., 1926, Vol. 64, p. 1152.
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apt to be greater than that of the interior owing to the presence
of adsorbed films of water, or other contaminating material. We
must therefore take into account conduction currents through
and over the solid insulators of condensers as well as the displace-
ment currents. The conduction currents may be regarded as a

drift of ions in the electric field, while the displacement current

corresponds to the elastic displacement of the elementary positive
and negative charges constituting the molecules of the body.
In addition, the body may contain ions or unsymmetrically

charged molecules, not capable either of drifting, or of elastic

displacement, but capable of displacement against the action of

a factional or viscous force. The motion of such charges con-

stitutes an absorption current. It gives rise to the dissipation of

power within the material, to an extent which increases with

rise of frequency, and which is therefore usually of predominating

importance at radio frequencies. Whatever its cause, the loss of

power may be represented by an equivalent conductivity, or loss

tangent, in the manner already discussed, and it follows that the

loss tangent (tan S) of any material is a valuable guide to its

quality as a dielectric for the construction of condensers. Typical
values are given in Table II, which is a collection of values

representing approximately the more important properties of

insulating materials under ordinary working conditions.

7. Variable Air Condensers. In its mechanical construc-

tion, a variable air condenser consists essentially oftwo conductors

whose relative positions can be adjusted in such a way that the

capacitance of the dielectric path (the air-gap) between them

may be varied between certain limits. As in the case of the fixed

condensers already described, the two conductors usually take

the form of parallel flat plates, and when large capacitances are

required, each conductor consists of a bank of several such plates

assembled in some suitable way into the form of a rigid structure,

the plates of the two conductors being interleaved, so that the

dielectric path between them is short but of large total cross-

section the air-gaps between adjacent plates are in parallel.

The variation of capacitance is usually made possible by mounting
one bank of plates on a spindle, which is capable of rotation, and

as the spindle is turned these plates move in their own plane in

or out of the g&ps between the plates of the other bank, which is
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fixed. A typical construction is shown in Fig. 53. The two sets

of plates are parallel so that the length of the dielectric path of

the condenser remains constant, but its cross section, which is

approximately equal to the area of the overlapping portion of the

two plate-systems, multiplied by the number of air-gaps in

parallel, may be varied over wide limits. The angular position

of the moving conductor is indicated by means of a pointer

rigidly attached to the spindle and moving over a circular scale,

which may be either uniformly divided or calibrated to read

micro-microfarads directly. Evidently the capacitance will be

HP.

CLAMP
RODS.

FIG. 53. Variable air condenser (schematic).

very nearly proportional to the overlapping area of the two plate

systems, and by suitably shaping the plates, this area and there-

fore the capacitance may be made to vary in almost any desired

way with the angular setting of the spindle. When the plates are

semicircular, the axis of the spindle passing through the line of

centres, the law of variation of capacitance with angular reading

is linear,

C = a + be.

This is perhaps the most generally useful type ofscale for measure-

ment purposes, but for some measurements the plates are shaped
so as to give scales conforming to other laws.

8. The Design of Variable Air Condensers. Variable air

condensers of the flat plate type differ considerably in the details

of their mechanical design. Omitting all such details, the arrange-
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ment shown diagrammatically in Fig. 53 may be regarded as

typical. We shall now consider the qualities that are desirable

in a precision condenser of this type with special reference to

Fig. 53. Similar considerations may readily be applied to any
other design.

The required conditions are as follows :

(a) Each plate system must form a rigid conductor. In

Fig. 53. the fixed plates are separated by circumferential

spacing rings, and are held together by bolts passing

through both plates and spacing rings, the whole being

clamped by nuts. Such a system approximates to a

single rigid conductor, but it cannot be regarded as

perfect. It is important that the electrical contact

between all the parts shall be good both plates and

spacing rings must be carefully cleaned before clamping

up, and the plates should be accurately constructed and

assembled so that clamping does not set up mechanical

stresses in the system that are not likely to remain

permanent. Plate systems cut from a solid metal

block or even die-cast may be better, but are not

practicable when many plates are required. It must

be remembered that unequal thermal expansion of the

components is likely to set up stresses in the plates,

possibly causing distortion and changes of capacitance.

It is therefore advisable to use the same metal through-

out. The moving plate system is of similar construction

except that instead of a series of bolts spaced round the

circumference, there is a single large bolt the spindle

in the centre, the plates being clamped together by

large nuts screwing on the spindle. Again, good electrical

contact and freedom from mechanical stress is important.

Sometimes the plates are soldered together, and the

improvement in electrical contact so obtained may be

important at very high frequencies.

(6) The bearing must be true. The accuracy ofmost condensers

is probably determined by the quality of the bearing.

In order that a given setting of the instrument may
correspond to a definite capacitance it is obvious that

there must be no wear, and not the slightest trace of
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wobble in the spindle. Also in order that settings may
be made with great precision the motion should be very
smooth. Many condensers are provided with a reduction-

gear or slow-motion device for making fine adjustments.

This, of course, always gives a very open scale, but the

accuracy of the condenser is not correspondingly
increased unless the main bearing is of the necessary

high quality.

(c) The dielectric path of the condenser should be completely
free from power loss. Dry air at ordinary low voltages

may be regarded as sensibly free from power loss. It is

essential, however, for mechanical reasons to use a

certain amount of solid insulating material in the

construction of the condenser. Thus in Fig. 53 the

fixed plate system is supported by six pillars of fused

quartz. Since, as we have seen, no solid material

is completely free from power loss, it is important that

the solid material actually used shall introduce the

minimum of power loss. We have seen that the power

dissipation in any system is given by

W =- V2Cco tan 8,

C being the effective capacitance of the system and tan 8

the loss tangent. We may apply this equation to the

solid insulators of a condenser, and it follows that in

order to ensure that the power dissipation in the insu-

lators has a minimum value, the product C tan 8 for

those insulators must be as small as possible, i.e.,

OQ tan 8 must be as small as possible where GQ is the

geometrical conductance of the insulators, and e the

dielectric constant of the material. Now <? depends

solely on the linear dimensions of the insulators, and e

and tan 8 depend only on the nature of the material.

It follows that in order to obtain the minimum power

dissipation we must choose a material such that the

product tan 8 has the smallest possible value, and
then make with this material insulators having the

smallest possible value of , which means a large ratio

of length to cross section. In Fig. 53 the solid insulators
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take the form of hollow cylinders of fused quartz. It

will be observed from Table II that this material has an

extremely low value of tan 8 at all frequencies, while
the hollow cylinder has very small ratio of cross section

to length, and at the same time provides great mechanical

stability. It should be noted that it is not sufficient

merely to reduce the amount of solid insulating material
to a minimum. If, for example, the pillars of Fig. 53
were shortened to one-tenth of their length the power
dissipation would be increased about tenfold, since <?

would be increased by this amount. The power dissipa-
tion in the arrangement of Fig. 53 could be halved by
omitting the upper three pillars, and sometimes arrange-
ments of this kind are used. However, the symmetrical
arrangement of Fig. 53 has several advantages. It is

more robust, and in spite of unequal thermal expansion
of the insulator and metal, the symmetry is unaltered by
changing temperatures and the temperature coefficient,

of such condensers is usually very small, of the same
order as the coefficient of linear expansion of the metal.

Unequal thermal expansion of insulators and metal is apt
to produce large temperature coefficients of capacitance
in unsymmetrically constructed condensers. Sometimes
the insulators take the form of loaded cantilevers. A
long cantilever, while giving a low value of (7 , is usually
less satisfactory than the arrangement of Fig. 53 from
the point of view of thermal and mechanical stability.

(d) The connections between the plate systems and their ter-

minals should possess the smallest possible resistance and
inductance. The instrument ofFig. 53 is connected to any
circuit by means ofthe terminals Tl and !F2 (not shown),
and in practicewe are concerned with the total impedance
or admittance of the current path from Tl through the

condenser to T2. The terminal Tl is connected to the

fixed plate system by a short thick metal rod, while the

terminal T2 is essentially the metal case of the instru-

ment, which is connected to the moving plate system

through the bearing. It has already been shown that

this bearing must be designed from the point of view of
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providing true turning, i.e., one degree of freedom only.

Good electrical contact between the rubbing surfaces

may or may not be obtained, but usually the electrical

resistance of the bearing depends appreciably on its

state of lubrication, and is apt to vary in use. Accord-

ingly it is usual to provide an additional electrical

connection between the moving plates and the case of

the instrument, i.e., the
"
earthy

"
terminal. This

connection must, of course, be flexible, and it often

consists of a flat spiral of phosphor-bronze strip attached

at one end to the spindle and at the other to the case of

the instrument. This arrangement is free from the

uncertainties of a rubbing contact, and is of low

resistance, but it introduces a variable inductance,

which may be troublesome at the highest frequencies.

Sometimes the connection is made by some form of

brush contact bearing on the spindle. This arrangement
is of constant inductance and although the contact is a

rubbing one, it may by suitable design be made much
more certain than that of the bearing. Whatever form

the connections to the terminals may take they will

possess a finite resistance and inductance and therefore

the instrument will only behave simply as a standard of

capacitance if this resistance and inductance are made

negligibly small.

9. The Series-Gap Condenser. The use of a flexible

connector or rubbing contact, both of which are apt to be very
troublesome at very high frequencies, may be avoided by the use

of a condenser with three plate-systems, arranged as in Fig. 54,

two fixed and one movable by means of a spindle. The terminals

of the instrument are connected to the two fixed plate systems,
while the moving system is insulated from both and so placed
that on rotating the spindle some of the plates pass between

those of one fixed plate system, while the remainder pass between

those of the other fixed plate systems. Thus each of the fixed

plate systems forms with the moving system a variable condenser,

and these two condensers are connected in series between the

two terminals of the instrument. Evidently the capacitance of

such a condenser must be considerably smaller than that which
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would be given by the same number of plates arranged as a
condenser of the ordinary type (parallel gaps) and therefore

the construction is more expensive except when only small

capacitances are required. The law of the scale may, as in

the previous case, be varied at will by using plates of a suitable

shape, for it will be clear that the law is the same as that of the

two constituent condensers. The potential of the moving system
of such a condenser will be mid-way between those of the two
terminals and thus the arrangement is peculiarly suitable for use

in circuits which are symmetrical or balanced with respect to

FIG. 54. Series-gap condenser (schematic).

earth. The moving system may then be in metallic connection

with the case of the instrument and earth. If the condenser is

required for use in a circuit in which one terminal is at earth

potential, then since the moving system is not at earth potential

it must be insulated from the handle and the case of the

instrument.

10. Micrometer Condensers. For certain measurements

a condenser of very low range is required. Condensers of the

types previously discussed are readily made for all ranges of

capacitance between, say, 50-2,000 j*/iF. and 10-50 ppF. The

scale usually covers 180 and with good construction the capaci-

tance reading may be reproduced and read to about 1 part in

5,000, so that with the smallest range changes of capacitance

may be measured to the nearest 0-01 jifiF. with instruments of
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this type. It is, however, sometimes necessary to measure at

least to the nearest 0*001 fi/iF., and for this purpose a condenser

of the cylindrical type is preferable. A simple design
41 which

has been found very satisfactory is shown in Fig. 55. One

electrode of the condenser consists of a hollow metal cylinder.

The other consists of a solid cylinder coaxial with the first and

capable of translatory motion along the common axis. Adjust-

ments of the position of the moving cylinder are made by means

of a micrometer screw. In the arrangement shown the stem of a

micrometer of ordinary size forms the moving cylinder, and any

range up to about 10 /i/xF. may be obtained in this way. The

micrometer is in metallic connection with an outer metal cylinder

^w,,xx~,*'^^;r^.^^^.^W .,,,,,~,,,.^,,,,,/

FIG. 55. Micrometer condenser (Ward and Pratt). There are three

clamping bolts, only one of which is shown.

with acts as a shield for the instrument, the inner cylinder being

insulated from it by specially shaped pieces of fused quartz. The

scale of such a condenser will obviously be linear over the central

portion where variations in the
"
end-effects

"
are negligible.

11. Effective Resistance, Power Factor, and Self-

Inductance of Condensers. The current path between the

terminals of an air condenser may be divided into three parts :

(1) a conduction current in the metal electrodes or plate-systems,

(2) a displacement current across the air-gaps, (3) a current,

including displacement, absorption, and conduction components

in the solid insulating supports. It follows that the electrical

behaviour of the condenser is not merely that of a capacitance of

definite value. The displacement current across the air-gap may

certainly be represented without sensible error by a definite

capacitance, say C in Fig. 56, but in series with this we must

WABD, W. H. and PRATT, B. J. J. fifci. /nafrwm., 1939, Vol. 16, p. 192.
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put a small but finite resistance r and self inductance I to repre-
sent the conduction current in the metal plates and pillars,

while in parallel we must put an

additional small condenser of capaci-
tance Ci and conductance g to

represent the current in the solid

insulators. Thus the complete
condenser may be expected to

behave like the network of Fig. 56.
FlCL

Let C be the total capacitance
of the dielectric path, including air and solid insulators, i.e.,

The impedance operator of the network may be written

= r

g+jCa>

-r - JL"
'

C,w

where r, is the equivalent series resistance of the condenser,

and C, is its equivalent series capacitance. Now g/Cto for any

well-designed condenser is small compared with unity. It

follows that gr
2 is negligible compared with <?2co2, and, therefore,

equating real and imaginary components of the above equations
we have

The loss tangent of the condenser is given by

tan 8 - r,C> =-^ +^ g
_

The conductance g may be represented by the equation

g == g, +O tan 84

where gt represents the surface conductance of the solid insulators

and tan 8 the loss tangent of the material of which they are

composed. Substituting this value of g in the above equation
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we have, for frequencies at which ICuP is small compared with

unity

4
. + .... (14)

Co*

Equations (12) to (14) show the effect of the imperfections of

the condenser on its electrical behaviour. Thus the effect of the

self-inductance is to cause the effective capacitance to increase

with rise of frequency, in accordance with equation (12), while

the resistance of the plate systems and leakage and power loss

in the insulators give the condenser a finite power factor and
effective resistance in accordance with (13) and (14). When using
these equations it must be remembered that Z, r, Ci9

tan Si and

g$ are not necessarily constant with varying frequency (o>/27r) or

capacitance C. Thus rand Z may vary with frequency on account

ofeddy currents (skin-effect), while tan 8< mayvarywith frequency
as shown by Table II, and gs also often increases with frequency,
since it represents the conductance of what is probably a discon-

tinuous film. However, gt, Ct and tan 8{ in a variable condenser

are independent of C, i.e., of the angular settings of the plate

systems, although r and Z may vary with this setting since it

alters the distribution of current in the plates. Further, r and Z

are in most condensers largely due to the comparatively thin

supporting pillars and leads to terminals, and not to the plates

themselves, which are of large cross section and surface area. It

therefore follows that these quantities may often be regarded as

constants of the instrument. A standard variable air condenser

may therefore usually be said to have a definite self-inductance Z,

and its loss tangent is often found to obey an equation ofthe form

C
i.e., its effective resistance is given by

(15)

A comparison of equations (13) and (16) suggests that when

equation (16) is found to hold, r must be the value of the
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resistance of the plate systems, and the surface conductance

gg is proportional to the square of the frequency. From what has

already been said, however, it will be clear that the deduction is

by no means certain. For a laboratory standard air condenser
of good quality with solid insulators of fused quartz, r is likely
to be of the order of 0-01 ohm, while tan 8 at a frequency ofabout
1 Me/sec, is likely to be about 0*5 x 10-*. The value of I is usually
of the order of 0*03 fiH., so that the term ICw2 in equation (12) has

the value 0-3 for a condenser of low-frequency value 100 ftjJ?.,

at a frequency of 50 Me/sec. Thus the effective value of capaci-
tance at such a frequency would be about 30 per cent, greater
than the nominal value.

We have considered only the equivalent series capacitance of

our condenser. It may readily be shown by a consideration of

the admittance operator corresponding to Fig. 56 that the equi-
valent parallel capacitance Cp is to a close approximation given by

C = ~ ..... (17)p V 'p

and since r2C2w2 is almost always negligible compared with unity,
this expression is practically identical with that for Cs (equa-
tion (12) ).

12. The Permanence of Condensers. It is important to

remember that no condenser can be trusted to retain its calibra-

tion indefinitely and that the changes of capacitance are usually

greater the greater the variations of temperature to which the

condenser is subjected. The best mica condensers may vary by
no more than 0*01 per cent, in a year under ordinary laboratory

conditions, and may show no variations greater than 0-01 per
cent, for several years, but many mica condensers will change

by several times this amount, especially the smaller values of

capacitance, less than 0-01 /*F., say. It is sometimes assumed that

fixed air condensers are perfectly stable, but this is by no means
the case, especially for condensers of large capacitance made by
clamping up banks of flat plates. The stresses in the system are

apt to vary owing to temperature fluctuations and other causes,

and the consequent bending of the plates may cause considerable

changes of capacitance, especially when the plates are of large

diameter, and the air-gap is small, conditions which necessarily
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hold in condensers oflarge capacitances. Most clamped condensers

increase in capacitance in the first year or two after their construc-

tion. For condensers of capacitance 0-01 /*F. and upwards the

change may amount to as much as 0*2 or 0*3 per cent., but for

condensers of the order of 1,000 /ijiF. the increase may only
amount to 2 or 3 parts in 1C4 . After this initial period laboratory
standard air condensers of the fixed type may remain constant

to 2 parts in 104 and sometimes even less than this. The best

variable air condensers show a constancy of the same order. A
detailed discussion of the effects of changes of temperature on

condensers is given by H. A. Thomas (" The Theory and Design
of Valve Oscillators," Chapter VII, Chapman and Hall, London,

1930).



CHAPTER VII

RESISTORS

1. General Considerations. The ideal standard resistor

nrould consist of a conductor which under all working conditions

possessed a .constant resistance, a phase angle of zero, and a

power factor of unity. Since the existence of either a magnetic
ield or an electric field necessarily involves the storage of energy,
md therefore a power factor less than unity, such a resistor would

possess neither a magnetic field nor an electric field and therefore

it cannot exist in practice. The properties of all real resistors

iepend in part on their magnetic fields, or their inductances,

md on their electric fields, that is to say their capacitances, or

the displacement currents associated with them. These quantities
are all made as small as possible, but they are seldom completely

negligible at radio frequencies. Moreover, since capacitances are

only definite for a screened instrument, standard resistors should

be completely enclosed in a conducting screen as explained in

Chapter III. Figs. 21 and 22 may be regarded as representing
such standards. Screens may only be dispensed with when the

effects of capacitance can be proved to be negligible.

2. Residual Inductance and Phase Angle. Consider the

simple case of a resistor for which the effects of earth-capacitance
are negligible. We have seen that the resistor must possess a

certain amount ofinductance and capacitance as well as resistance.

Moreover, the inductance and resistance will obviously be asso-

ciated with the same current, viz., that in the actual conductor,

and may therefore be represented by L and R, say, in series, while

the capacitance must be associated with the potential drop on

the resistor, and is therefore most simply represented by a

capacitance C shunting its terminals. Thus the simplest equi-

valent network for a resistor is (10) in Table I. It will be seer

from this table that the general expressions for the effective

series resistance, inductance and phase angle of such a resistoi

128



124 RADIO-FREQUENCY MEASUREMENTS

are somewhat complicated, but it is to be noted that in practice
the quantities a = La>/R, and j3

= RCa> are small compared with

unity for any resistor, and their product o = LCaP is a small

quantity of the second order and usually negligible. We therefore

have the approximate relations ;

R9
^ R(l - B*C*a>* + 2LCu*) .... (1)

L. ^ L(l - JPC*eo* + LCa>*) - C1P . . (2)

and tan < ^ -~ JBCoi ........ (3)R
It is to be noted that in equations (2) and (3) the terms repre-

senting the main effects of inductance and capacitance are of

opposite sign, and that the phase angle may be either positive
or negative, according as one effect or the other predominates.
If the relation L = CR* is satisfied the phase angle has the value

zero for all frequencies for which LCa>2 is negligible compared
with unity. The effect of self-capacitance increases rapidly with

the value of the resistance, and is therefore of special importance
in resistors of high value. Such resistors usually have an effective

residual inductance L, of negative value. Both the residual

inductance Lt , and effective resistance R9 , will be independent of

frequency only so long as the effect of capacitance represented by
the term IPCPaP is negligibly small.

3. The Effect of Distributed Self-Capacitance.* The
above simple treatment of the inductance and capacitance of

a resistor is sufficient for many purposes, but for work at very

high frequencies it is necessary to consider in more detail the

effect of the distribution of capacitance throughout a resistor.

Consider first a conducting path AB (Fig. 57) of d.c. resistance J2

and zero inductance. Let the resistance per unit length be

constant. Suppose, for example, we have a straight wire or rod

of negligible inductance. The lines of electric force connecting

points on the resistor at different potentials must be symmetrical,
and therefore may be represented by condensers, such as Ca

connecting points which are equidistant from the centre of the

rod. Consider the effect of Ca on the properties of the resistor.

Let Ra = aRQ be the portion of RQ spanned by Ca . Then the

* HOWE, G. W. O. Wireless Engineer, 1935, Vol. 12, p. 291.



RESISTORS 125

remainder isBt
=

(1
_ O)JB . The impedance operator is given by

z = *.

Now suppose the resistor is represented by the equivalent network
of Fig. 57 (6). Equating the admittance operator of this network

B
n

O ^NAAAAAAAAAAAAAAA o

Pio. 57.

with the value of 1/Z obtained above, and equating real and

imaginary parts, we have for Rp the effective shunt resistance

i _ i i + B/qyq -
a)

Rp R l + JtfC.VU -
a)

2

and for the effective self-capacitance, Cp ,

C
p

Now 5a
2Ca

2cu2 will in general be very small compared with unity
and we may therefore obtain the approximations

B
p
^ RQ[l

- BJC*uPa(l - a)] e* R9[l
- RJCa*<*>*a*(l-a)] . (5)

and
Cp & a*Ca[l -RSCfr^l -a)2

]
<* a2Ca[l-RQ*Ca*a>*(l -a)a2

] . (6)

In order to obtain the effect of the whole electric field or distri-

buted capacitance of the resistor, we must consider a whole

series of such capacitances as Ca with all values of
" a "

between

and 1. Provided R^C*<tP is small compared with unity, we

may simply add the various small terms in the expressions for

R
p and Cp and obtain the approximation

.... (7)

-c> .... (8)
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Thus both the equivalent shunt resistance Rp and the equivalent
shunt capacitance Cp (often simply referred to as the self-capaci-

tance) of the resistor diminish with increase of frequency, the

diminution being proportional to the square of the frequency,
and to the square of the d.c. resistance for resistors of a given

capacitance or of given size and shape. Moreover, for resistors

of the same shape but different sizes the value ofCa is proportional
to the linear dimensions, and hence the diminution of effective

resistance will be proportional to the square of the linear dimen-

sions. Thus resistors for use at very high frequencies should be

of very small linear dimensions.

The variation of the component of self-capacitance Ca of the

resistor with " a "
will not in general be known. For the case of

two parallel wires (a coil with bifilar winding) the distribution

will be uniform, but for a straight wire or rod, Ca will diminish

with increase of
"
a." Let us write as an approximation for the

general case

O.-Wt-Q ....... (9)

where C
t
denotes the total self-capacitance of the resistor, i.e.,

the value which would be measured if it were cut into two parts
at its electrical mid-point, and treated as a condenser. Then

-
r) . . . . (10)

- C /(3
-

r) = E UD

Also

J
(7.V. <!-)** =

J

C t(

(12)

The phase angle (f>
is evidently given by

'

. . (13)
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For the case of uniformly distributed capacitance we may write

r = 0. It is to be noted that the effective series resistance E9 of

the resistor is different from the shunt value JZ, given above. For

the impedance operator of Fig. 57 (a) may be written

from which we obtain the relation

R. = (1
- c'J

and, integrating as before

Thus the equivalent series resistance R9 diminishes more rapidly
with rise of frequency than the equivalent parallel resistance Rp .

The value required will depend on the measurement to be under-

taken.

4. The Effect of Capacitance to Screen (or Earth). We
have already pointed out, that in order to make the effects of

Fio. 58.

earth-capacitance definite it is necessary for precision work to

enclose each standard resistor in a conducting screen, and that

the screened resistor may be completely represented by an

equivalent network of three impedances or admittances. Some
assistance towards the understanding of the significance of these

impedances may be obtained by a consideration of the following

simple example. Let AB (Fig. 58 (a) ) represent the conducting

path of a resistor. Let us represent a portion of its capacitance
to earth, or to screens, by the capacitance C between S and the
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point P which divides the conducting path into two portions of

resistance pR and (1 p)R. Now it can be shown that three

admittances, a, 6, c, radiating from a common point may be

replaced in any network by a mesh of three admittances F^Fj
joining the open ends of the star abc, the currents and voltages of

the network external to the star being unaffected provided that

Y .

** Y te
-Y

"
Xl a + b + c

2
a + 6+c'

8 a + 6 + c

Yx connecting the open ends of a and 6, and so, on. In this way
we obtain for the admittances in Fig. 58 (6) :

_AS
l+jp(l-p)BCa>

Now it is clear that YAS represents a condenser of capacitance

(1 p)C and of loss tangent p(l p)RCa), while YBs represents
a condenser of capacitance pC and the same loss tangent, while

YAB is equivalent to an impedance

ZAB = 1/YAB = JZ[1 + 1>(1
- p)jRC<] . . . (15)

which corresponds to a resistance R, with a phase angle which is

positive, and equal in magnitude to the loss angle of the above-

mentioned condensers. The positive phase angle is such as would
be caused by a self-inductance Lt in series with R and such that

f =p(l-pK7JP ....... (16)

Thus the direct impedance of a screened resistor may be inductive

even though the current path possesses no true self-inductance.

For a standard resistor RCaj should be small compared with unity,
and in such a case we may calculate the effect of a distributed

capacitance by dividing it into a number of components such as

C in the above example, but with values ofp varying from to 1 .

If we have a total capacitance to screen C, uniformly distributed,

then evidently since the mean value ofp and 1 p is J, each of

the capacitances AS and B8 will be \Ct and since the mean value
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of p(l p) = p pa is i J = ^ the resultant value of ,

will be

4 = tCyP ....... (17)

and the phase angle due to Ct will be given by
tan

<f>
= \BCj . ...... (18)

It is, however, to be remembered that the distributed self-

capacitance also affects the phase angle, and always in the

negative direction. It follows that by suitable adjustment of

self-capacitance, and capacitance to screen, the phase angle can

be reduced to zero. Thus if we have a total self-capacitance Gt9

and a total screen capacitance Ct , we have by (13) and (17), for

frequencies at which the effects considered are small a resultant

phase angle given by

. . . (19)
TJ

If in addition the resistor had a true self-inductance L, we should

have an additional positive term, giving approximately

<20>

It is to be noted that equations (15) to (20) apply only to the
"
direct impedance

"
of the resistor, and are therefore only

applicable to measurements of the bridge type in which the effects

of the capacitances to screen are eliminated. If one terminal is

connected to the screen, the capacitance between screen and the

other terminal is thereby connected in parallel with ZAB , and the

resultant impedance is correspondingly modified.

5. Eddy Current Effects : Skin Effect. When a conductor

or coil carries alternating current of high frequency, the pulsations
of its magnetic field set up eddy currents in all the metallic parts
used in its construction, including the wire, terminals, screen and

any metallic screws or pillars. Such currents must dissipate

energy, and therefore increase the resistance values of the coil.

They also tend to annul the magnetic field producing them, and
therefore to diminish the inductance. It is obviously important
that we should be able to estimate the magnitude of such effects

in standard resistors and inductors, but owing to the complicated

geometry of many coils, the general problem is very complex,
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and it will only be possible here to consider very briefly the more
salient points.

Consider first the eddy currents produced in the wire itself.

The simplest case is that of a long straight wire, the magnetic
field of which consists of concentric circles of magnetic flux, the

planes of the circles being at right angles to the axis of the wire

and the centres ofthe circles lying on this axis. The eddy currents

tend to annul that portion of this circular field lying within the

wire itself, and it is easy to see that they must therefore oppose
the main current in the vicinity of the axis of the wire, but flow

in the same direction as the main current near the circumference.

The resultant current is therefore concentrated in the outer skin

of the wire. It may be regarded as distributed over an annular

cross-section, the outer boundary of which is the circumference

of the wire, and the radial thickness of which diminishes with rise

of frequency. The corresponding increase in the resistance of

the wire is given by the equation

R = RQ(l+F) ..... (21)

and the diminution of inductance by

L = L (l-tf) ...... (22)

where R is the d.c. resistance of the wire, and L is its internal

d.c. inductance, i.e., that portion of its total inductance which

represents the magnetic flux in the wire itself. F and U are two
functions which increase with rise offrequency. The eddy currents

must depend on the resistivity p or conductivity a of the wire,

its permeability /iw , and diameter d, as well as the frequency /,

or angular frequency o> ; and since both F and U must be mere

numbers (of zero dimensions), it is easy to show that they must

be functions of the variable z == dVrrawfji^. It is not possible to

express these functions in simple finite terms valid for all values

of z. Simple approximate forms may, however, be used for

special cases. Thus, if z is small, say less than 1, we have

<"'
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It therefore follows that at low frequencies both the increase of

resistance and the decrease of inductance are proportional to the

square of the frequency.
On the other hand, if 2 is very large, the following approxima-

tions may be used :

1 + JF ~ 2/2V2 . (25)

l-tf~4/V2 (26)

Thus at very high frequencies the resistance increases as the

square root ofthe frequency, approaching infinity as the frequency
becomes infinite. The internal inductance becomes zero at

infinite frequencies (2
= 00). This is obvious since the current

at such frequencies is entirely concentrated round the circum-

ference of the wire, and there is therefore no magnetic field

within the wire. The above expression may be used for values of

z greater than say 5. For intermediate values of z no simple
forms are available. The values ofF and U have, however, been

tabulated. See Table III and Fig. 63.

These values off and U, strictly speaking, apply only to long

straight wires. They may, however, also be applied approxi-

mately to all cases in which the magnetic field in any element of

the wire is almost entirely due to the current in that element,

and not to that in neighbouring turns of the coil, i.e., to coils in

which the turns are widely spaced. The complications arising

with closely spaced windings will be considered in connection

with inductors. For resistors, closely wound coils are only

permissible at frequencies so low that eddy current effects are

negligible, which is not often the case at radio frequencies.

Resistors should obviously be constructed so that the skin-effect

is small and accurately calculable. It is therefore necessary to

ensure that the variable z is as small as possible for the conductor

used, which means that the conductor should be very thin, and
the material of low permeability and high resistivity. Resistors

to be used at the highest frequencies should preferably take the

form of single straight wires or rods, for which the skin-effect is

accurately calculable. In some cases it is necessary to take

account of the variation of residual inductance with frequency,

given by equation (22).
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TABLE III

Values of the functions F, U and O

For copper z = 0*1078dv7 (d in cm., / in cycles/sec.).

6. Fixed Resistors. We have seen that resistors for high-

frequency work should be of small linear dimensions, should not

consist of coils of many turns, and that the conductor should be
of very small cross-section to reduce

"
skin-effect." Further,

any insulating material used in the construction should be of low

power loss, otherwise the effective conductance of this material,

which will certainly increase rapidly with rise of frequency, may
appreciably affect the value of the resistor. A short straight thin

wire of a resistance alloy such as manganin or eureka satisfies the

above requirements to a considerable extent, and a very con-

venient form of resistor for high-frequency work is that shown in

Fig. 59. It consists of a straight wire of length about 6 cm. or

less, terminated by copper links which dip into mercury cups.
The inductance of such a wire is not usually negligible, but if a
series of such resistors is made, identical in every respect except
diameter of wire, it is possible to change the resistance of a

* When calculating the value of zt the values of d, a and p must ail be in the
same system of units, e.g., d in cm., 9 in ohm*1 cm-1

, and p = 10~' Henry/cm.
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circuit without considerably affecting its inductance, merely by
including the mercury cups in the circuit, and substituting one
resistor for another. Since the inductance of a wire varies with

its diameter it may be preferable to use wires ofthe same diameter
and different resistivities, but

even so, there may be differ- B
enoes of internal inductance

"

due to skin effect. The range ( t m A *M
of variation obtainable in this ^ 11

way is somewhat limited, but |E3l)

it is always desirable to have ^ 69 straight.wire
one or two copper wires of

diameters equal to those of the resistors, so that any resistance

may be reduced nearly to zero without change of inductance, by
the insertion of the appropriate copper wire. These thin wire

resistors are apt to become appreciably heated by the passage
of the current through them. They should, therefore, be made
of eureka or manganin as far as possible, and the calibration should

be checked with various values of current. Resistances up to 10

or 20 ohms are easily obtained with resistors of this design, but

higher values demand the use of excessively thin wires, which

are not very practicable.

In order to obtain compact wire resistors giving values of

10 to 10,000 ohms, it is necessary to employ a considerable length
of wire and to wind it in the form of a coil. For the lower values

a single loop of thin wire is satisfactory, and it may well be

immersed in oil to increase the current-carrying capacity. For

higher values the wire is wound on a thin card of mica, bakelite

or similar material. The coil so formed will of course possess

appreciable inductance and capacitance, and the design should

be such that the effects of the two on the phase-angle balance

one another in accordance with equation (2). However, the

capacitance must in no case be large or the effective resistance

will vary in accordance with equation (1). A coil wound on a

thin card necessarily has a fairly small inductance, and it will

usually be found that with coils of resistance greater than say
100 ohms, the capacitance effect predominates. In the smaller

coils the inductance predominates, and it is often minimised by
winding two similar coils in opposite directions on the same
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card and connecting them in parallel. Obviously their magnetic
fields will cancel one another to a considerable extent, and
therefore their combined inductance will be very small. Several

other types of non-inductive winding are possible, but in all

cases it is necessary to balance inductance and capacitance by
trial and error.

Resistors of high value, say 1,000 ohms to 10 megohms or

even more, are now easily obtained in the form of thin films of

graphite or metal, deposited on short rods of glass or other

insulating material . Sometimes solid rods ofa graphitic compound
are employed. The disadvantage of such resistors for measure-

ment purposes is their comparatively large temperature coeffi-

cient, but they may be made of very small linear dimensions,
and therefore of very small inductance and capacitance, and are

particularly useful at very high frequencies.

7. The Coaxial Shielded Resistor. In the above descrip-
tions of resistors no mention has been made of electrostatic

screens although it was shown in previous paragraphs that the

constants of a resistor must be somewhat indefinite unless it is

completely enclosed in a screen, since its associated* capacitances,
will be apt to vary. It has been shown that the effects of

capacitance are least on resistors of low value, and it is therefore

often permissible to use straight wire resistors of low value

without a screen. Again, short rod resistors also, being of low

capacitance, seldom require screens. Indeed, it must be remem-
bered that the presence of the screen generally increases the

capacitances associated with the resistor, and therefore augments
the changes of value due to capacitance. It follows that it is

sometimes preferable to use such small resistors without screens.

However, for the highest precision, screening is essential. The
calculation of the properties of a screened resistor at radio

frequencies is a complicated matter
; so much so that it may be

said that there is only one type of resistor, the performance of

which may be predicted with precision, for work at very high

frequencies, viz., a straight cylindrical conductor (wire or rod),

with a coaxial conductor of negligible resistance, as a screen.

We have already given approximate calculations showing
the effects of distributed capacitance on such resistors when these

effects are small. But for frequencies at which the effects are
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large, more accurate formulae are required. The resistor and its

screen may be regarded as the two conductors of a transmission

line with uniformly distributed resistance, inductance, capaci-

tance, and leakage conductance, R, L, 0, and G being the values

of these quantities per unit length. At any instant the current

and voltage vary from point to point along such a line or resistor

in accordance with well-known formulas 41

involving ZQ the

characteristic impedance of the line, and the hyperbolic functions

sinhyz, coshyz, etc. where x denotes distance measured along
the line, and y is its propagation constant

Z = V(R+jLa>)l(Q+jCa>)

For a standard resistor we are only concerned with the terminal

z,

(a) (6)

Fio. 60. Equivalent networks for a shielded resistor.

values of current and voltage, and with this limitation it may be

shown that such a standard may be completely represented by
the equivalent networks of Fig. 60 in which A and B are the

terminals of the resistor proper, and S is the screen. In the

equivalent T network

Zi = Z (coshyZ
-

l)/sinhyl = Z
tanh^

Za
= Z /sinhyZ

where I is the length of the resistor or line.

For the equivalent 7 network

Z8
= Z sinhyZ

Z4 = Z (coshyl + l)/sinhyl
= Zo

coth^.

*
See, for example, MAIIJETT, E. Telegraphy and Telephony, p. 185. .

Chapman ft Hall. 1929.
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With these formulae, the impedance of the standard at any
frequency and for all working conditions can be calculated.

For example, either of these networks represents the standard

used as a three-terminal instrument for bridge work as explained
in Chapter in,

When a Wagner earth-connection is used, the effective value

of the impedance is Z8, while the value when the potential of the

resistor is balanced with respect to earth is 2ZX . When the

screen is connected to one terminal, so as to form a two-terminal

standard, the impedance takes the value Z3Z4/(Z3 + ZJ =
ZotanhyZ.

In order to determine these three working values for any
given resistor, it is necessary to know the values of I, L, R, C, and
O9 for the working frequency a>/2n. The value of R may be

determined from the d.c. resistance, and the skin-effect correction,

already discussed. The value of L may be calculated from the

linear dimensions of the resistor (see Chapter VIII). The value

of C may also be determined by calculation (Chapter VI), while

Q may usually be reduced to zero by the use of good insulating
material. Alternatively, C and may be measured experimen-

tally (Chapters IX to XI). It is to be remembered that L, R, C
and O all refer to unit length of the resistor, and that uniform

distribution of these quantities has been assumed. Also the

self-capacitance of the resistor is assumed to be negligible in

comparison with capacitance to screen. For a thin wire, this

approximation will almost certainly hold, but the limitation

must not be overlooked. The assumption of uniform distribution

also implies that end-effects are negligible. The approximation
therefore tends to become closer as the ratio of length to diameter

of the resistor increases. End-effects are almost invariably

appreciable on account of the capacitances of terminal fittings,

but these may usually be measured separately and treated as

additional capacitances, external to the resistor.

8. Resistance Boxes. The ordinary resistance box con-

sisting of one or more decades of fixed resistors connected in

series, with switch contacts for controlling the number of resistors

actually in circuit is well known as a satisfactory standard for

d.c. or low-frequency work. Its success depends on the fact that

d.c. resistances in series are additive, and it will be obvious from
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the preceding paragraphs that the effective values at high fre-

quencies will not in general be additive, for the self-capacitance
of the system must vary in an irregular manner as the switches

are operated, and the effective value is a function of this capaci-

tance, as well as the d.c. resistance with which it is associated.

Thus it is not to be expected that resistance boxes will be satis-

factory except at the lower radio frequencies, and moreover, the

higher values of resistance will be less satisfactory than the lower,

since the effect of capacitance increases with the value of the

resistance. The remarks on the construction of fixed resistors

for high-frequency work apply also to resistors used in the

construction of resistance boxes. The switches themselves

should be of small linear dimensions, so as to keep the value of

their capacitance as small as possible. For precision work, the

box must be completely enclosed by a metal screen so as to make
the capacitance definite, and for bridge work it is sometimes

desirable to have double screens, the inner one being connected

to one terminal of the resistor and the other to earth

(cf. Chapter III). Resistance boxes of constant self-capacitance
have been made by mounting on a rotating drum a series of

resistors varying in resistance but of the same linear dimensions.

As the drum rotates each resistor in turn is brought into contact

with two fixed brushes, which connect to the terminals of the

box. This arrangement is specially valuable for high values of

resistance. For low values the effect of capacitance is often

negligible, so that ordinary switches may be used.

9. Continuously Variable Resistors. Resistance boxes as

described above provide resistances which are adjustable in

discontinuous steps. When continuous adjustment is required,
it is necessary to use a resistor of the slide-wire type. It has not

been possible to produce such a resistor with zero phase angle at

all settings, but it is possible to make variable resistors of constant

inductance, and these are valuable for measurements of several

kinds. Since the effect of capacitance on the effective inductance

varies with the value of the resistance, constancy of effective

inductance in spite of variations of resistance, can only be

achieved when the effect of capacitance is negligible, i.e., for low

values of resistance, say values up to 1 ohm. It is then merely

necessary to .ensure that the configuration of the circuit remains
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unaltered as the resistance is varied. This is accomplished by
the use of two metals one of high and one of low resistivity, the

circuit being arranged so that when the resistance is increased a

length of conductor of high resistance replaces an equal length of

the conductor of low resistance. The first resistor of this type
was the constant-inductance rheostat of A. Campbell,* which

consists of two circles of wire placed side by side, one of manganin
and one of copper, connected together by a sliding brush-contact,

which links corresponding points on the circles. The current

flows round the manganin wire as

far as the brush-contact, then

across to the copper wire, finally

completing the circle along the

copper wire. Thus the inductance

is always that of a single circle,

while the resistance varies as the

brush-contact is moved. Wenner
and Dellinger devised a resistor of

this type consisting of a column

of mercury in a glass tube. A rod

or wire of copper pushed into the
rr=rrrr=::r:

tube, short-circuits more or less of

Fio. 61. Slide-wire resistor of the mercury, and therefore alters

^J^f.^
110*111106^111110^18 the resistance without appreciably

affecting the inductance. Another

type used by R. M. Wilmottej consists of similar strips of

copper, and an alloy of high resistivity, connected in series,

and wound on a cylinder of bakelite in the form of a spiral.

Two fixed brushes make contact with the strip so that there

is always a constant length of the spiral in circuit. Rotation

of the drum causes it to travel axially , so that the proportion of the

copper and manganin strip between the brushes is varied, and thus

the resistance is varied while the inductance remains constant. As
in Campbell's instrument, the inductance of the spiral is reduced

as far as possible, by connecting in series with it similar turns of

copper wire wound in the opposite direction and placed as close

to it as possible. Wilmotte's instrument is shown in Fig. 61.

* See Ref. 1 of Bibliography.
t WILMOTTE, R. M. J. Sci. Intirum., 1928, Vol. 5, p. 369.
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Variable resistors of high value may be obtained on the lines

of the Wenner and Bellinger resistor described above, by using
a column of an electrolytic solution of high resistivity, into

which a glass rod may be pushed, thereby increasing the resistance

of the column.

10. The Properties of Typical Resistors.41 The quality of

a coil ad regards phase-angle is best judged by its time-constant

-^ which may be expressed in microhenries per ohm, or micro-
*.
seconds. The values given in Table IV were obtained for the

TABLE IV. Time-constants and Phase-angles of Resistance Coils

separate coils which formed parts of a resistance box of the
"
non-reactive

"
type. The negative sign before certain of the

values means that the effective self-inductance L, is negative ;

in other words, the self-capacitance more than compensates the

self-inductance, and the net reactance of the coil is capacitive.

This usually occurs for the higher values of resistance. For the

lower values, the inductive effect predominates, and it is not

easy to obtain a coil of low resistance and small phase-angle.
For example, the 0-1 ohm coil of Table IV at 1,000 kcs. has a

reactance larger than its resistance, and a phase angle greater
than 45. Of course it would be possible to obtain a very low

inductance by using a very short length of thin wire, but even so,

the inductance of the necessary leads to terminals is apt to pre-
dominate and make the time-constant considerable. It might
be thought that small resistances are therefore quite impracticable

* HARTSHORN, L. World Power, 1927, Vol. 8, pp. 171 and 234.
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for precision radio-frequency wofk, but it is to be remembered
that in some methods of measurement, the reactance of the

resistor is compensated by the tuning of the circuit to resonance,

and it becomes possible to discriminate between the effects of the

resistance and reactance of the resistor, on the rest of the circuit.

The above values of time-constant are for single coils. When
such coils are built into the form of decade dials, the values are

modified by the inductance of the wiring between switches and

terminals, and by the capacitance associated with the switches.

The inductance added by the wiring usually amounts to 0*1 or

0*2 /txH per decade, depending on the linear dimensions of the

box. This inductance will obviously greatly increase the time

constant of the box for low values of resistance. Switch capaci-
tances may vary from 5 to 50 /*/iF. Their effect is greatest on the

resistors of high value.

We have seen that the effective resistance of a resistor tends

to increase with frequency on account of skin-effect, and to

diminish with frequency on account of distributed capacitance.
The effect of capacitance usually predominates for high values of

resistance, but is often negligible for low values, in which case

the frequency variations are those due to skin-effect alone, and

increase with the diameter or thickness of the conductor. As

long as the corrections due to skin-effect and capacitance are

small each is proportional to the square of the frequency, and
when the two opposing effects are approximately balanced, the

net correction is negligible for quite high values of frequency.
For a well-designed resistance box these corrections are

negligible (less than 0-1 per cent.) at frequencies up to 50 kcs.

For the sizes of wire commonly used, the skin-effect amounts to

about 5 per cent, at a frequency of 1,000 kc/s., and this is therefore

the order of the correction on resistors of values less than 1 ohm.
On resistors of the order of 10 and 100 ohms, there is usually

approximate compensation of skin-effect and capacitance effect,

and the net correction is of the order of 1, per cent, or perhaps
less, at a frequency of 1,000 kc/s. On resistors of 1,000 ohms and
over the correction is usually negative, and may vary from 5 to

20 per cent, at a frequency of 1,000 kc/s. At frequencies of

6 Me/sec, and over, the correction on wire-wound resistors of all

values may amount to 20 or 30 per cent.
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Resistors of the short-rod type* may, however, be used

successfully at frequencies as high as 100 Me/sec. The equivalent
shunt capacitance of such a resistor, of length say 1 cm., is likely
to be of the order of 0*1 to 0/5 /x/xF., .and the equivalent shunt

resistance will therefore probably differ from the d.c. value by
less than 5 per cent, at a frequency of 100 Me/sec, for resistors of

1,000 ohms, although the difference is likely to be of the order of

50 per cent, on resistors of value 1 megohm.

* HABTSHOBN, L. and WABD, W. H. J. Sci. Imtrum., 1937, Vol. H, p. 132.

HABTSHOBN, L., Wireless Engineer, 1938, Vol. 15, p. 363.
'



CHAPTER VTU

STANDARD INDUCTORS

1. Inductance, Self-Capacitance and Resistance. A
standard inductor is essentially a conductor possessing a definite

value ofinductance under allworking conditions. The significance

of the quantity inductance in alternating current measurements

was discussed in Chapter I, where it was pointed out that in

practice it is always associated with resistance or power loss,

and that what we measure is not the true inductance characteristic

of the actual magnetic field of a coil, but the equivalent series

value L, defined by the reactance, or the equivalent shunt value

Lp defined by the susceptanoe, these two values being related by
the equation

4-ltrin'* (1)

where
<f>

is the phase-angle of the coil. In practice L9 and Lp are

both found to increase with rise of frequency, the law of variation

usually corresponding to that for a pure inductance shunted by
a pure capacitance, i.e., it is of the form

^ = ^i/(l-^iCico); L
p
= LtKl-L#>*) . (2)

where Ll9 s, Cl and <7t are independent of CM. It follows that a

coil may usually be represented by the equivalent networks of

Fig. 82 (a) and (6), and the quantitiesLl and L2 being independent
of frequency are regarded as true values of inductance, the

variations of LM and Lp being ascribed to the distributed capaci-

tance of the coil, which is represented by the
"
self-capacitance

"

Cl or Ct. It should be noted that the variations of Lg and Lp
may be in part due to eddy currents, and that their effect is

therefore included in the values of Cl and <?t. Moreover, it is

obvious that the values of inductance L^ and Z/t, and those of

capacitance Cl and Ct are not identical, but are related by the

equations
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We may replace the JR2 and L2 in parallel of Fig. 62 (6) by the

equivalent series combination S^L3 of Kg. 62 (c), which is often

preferred as the equivalent network for an inductor, since it

corresponds more closely to the physical facts : for the resistance

and inductance of a coil are mainly associated with the same

conductor, and therefore should carry the same current, as do
JZ8 and If8, while the capacitance currents in a coil are propor-
tional to the terminal voltage, which fact corresponds to the

" """

I

r-L 81 j

Jbu T
*,

(a)
FIG. 62. Equivalent circuits of an inductor.

connection of C3 to the terminals of the coil. The relations

between the various quantities in Fig. 62 (a), (b) and (c), are

readily obtained by the methods of Chapter I. We find

_
'

In precision work it is important to specify which of these

quantities is being measured. Most bridge methods measure L9

and Rt . Methods based on current resonance often give s,

while those based on voltage resonance give L2 . Standard

inductors should be designed so that the resistances E9 and jR8,

and the self-capacitances Cv C2 and <73 are as small as possible.
The quantities RzjL^, JRJL.w, Ir1<?1o>*, 'L2C^} LZCZ(J are then
small compared with unity, while R^C^ and (7afi8

8
/'S are still

smaller, and the values of inductance Llt L, and La differ only by
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small amounts. Also R8 is nearly equal to R3, but Rp is very

large, since Rp/Lpw = L,co/Rt .

2. Magnification or Q value. The ideal inductor, like the

ideal capacitor, would have zero power factor ; and the quality
of a coil may well be judged like that of a condenser by the

smallness of its power factor cos
<f>,

or of its loss tangent tan 8.

Many engineers, however, seem to prefer to deal with the reciprocal
of these quantities, and to judge the quality of an inductor by
the largeness of I/cos <, which is usually denoted by Q 9 and called

the magnification. This term appears to be derived from con-

siderations of voltage resonance. It is shown in Chapter II

(equation 12), that if an inductor L8R8 is tuned by a pure capaci-
tance to voltage resonance, the ratio of the maximum voltage
across the coil, to the induced e.m.f. producing it, is I/cos <f>

= Q.

Thus the coil may be considered as capable of magnifying a

voltage by the factor Q. It should be noticed that

C== JL = _!_ = :?.=
a

(g)
cos ^ sin 8 R, R,

But sin 8 is usually very small, and the following simple approxi-
mation is often used :

0_ JL-i-^l-A (9)v
tan 8 R. R, Lp<*

' * ' " v '

3. Calculation of Inductance. It is well known that the

inductance of a coil made of non-magnetic materials can be

calculated from its linear dimensions, and a few of the most
useful formulae will be noted here. It should be remembered
that the calculation is essentially that of the energy of the

magnetic field of a circuit, and that we can only calculate the

quantity for the complete circuit. If we speak of the inductance

of a wire or any portion of a circuit, we are assuming some parti-

cular distribution of the energy round the circuit, e.g., uniform

distribution. Precision standards of inductance must always for

this reason consist of complete circuits, as far as this is practicable,
and their terminals must therefore always be placed close together.
The formulae necessarily require a knowledge of the inductivity
or magnetic permeability of the materials. For all non-magnetic
media the value is 1 c.g.s. unit, or 10~9 Henries per cm. For

magnetic materials this value must be multiplied by p, the relative
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permeability of the material. In the following formulae /x denotes

the relative permeability ofthe wire, and the surrounding material

is assumed to be non-magnetic. The portion of the magnetic
field within the conductor itself varies with frequency owing to

the skin-effect discussed in the previous chapter. It will be
noticed that some of the formulae contain a term involving /x

and the skin-effect function (1 U). This term represents the

internal inductance of the wire, which is a function of the variable

z (Table III). When z = 0, U = 0, and when z = oo, U = 1,

i.e., the flux in the wire vanishes at infinite frequency.
In the formulae all lengths are to be expressed in cm. and the

inductances are given in henries.

(a) Circular coils, of outside diameter D, length of winding 6,

depth of winding t.

L = LJt*D x 10-9 * (10)

where L is a shape factor given in Table V.

TABLE V. Values ofLQ

(b) Single Layer Solenoid of N turns, radius R, and length I.

L = 47T* x IQ-*KN*K*II (ii)

where K is a factor depending on R(l. (See Table VI).

(c) Toroid of mean radius R, and N turns, each of radius r

L = 47T X 10-Wftf - VR* - r2] (12)

(d) Toroidal Coil of Rectangular Cross-section. Number of

turns N, external radius Rl9 internal radius R2, axial length I,

L = 2 x 10-Wnog^/jg (13)

* BUTTEBWOBTH, S. Wireless Engineer, 1926, Vol. 3, p. 421.
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TABLE VI. Values ojK

(e) Single Turn of Wire. Mean radius of turn = R, diameter

of wire d. Provided that d/2R< 0-2

L = 4rr X 10-9 IZpog, (16B/d) -2 + J/x(l
-

U)] . (14)

(/ ) Straight Wire of diameter d. For a length I

L = 2 X 10-9Z[lo& (4Z/d)
- 1 + fci(l -17)] ... (15)

(0) Parallel Wires (go and return) of diameter d, distance

between axes D. For a length I of the pair .

L = 4 x 10-9 Z[log. (2D/d)
-

D/i + J/*(l
-

17)] . . (18)

Mutual inductance of the same two wires :

M c* 2 x 10-9 Z[lo& (2Z/D)
- 1 + D/q . . . (17)

(A) Wires in Line. Wires of lengths I and m, placed end to

end. Mutual inductance M :

(18)

(i) Coaxial Circular Coils of turns Nl and JV2 , mean radii Rl

and jRa, distance between their planes D. Mutual inductance,M :

M X (19)

= and F and are complete ellipticwhere k

integrals of the first and second kinds respectively to modulus k.

Values of F and E for any value of k may be obtained from

tables. The quantity <f>(k)
=

<|Y|
- k\ F -

|j
I has also been

tabulated.*

* NAGAOKA, H. and SAKUBAI, 8. Scientific Papers, Inst. Phys. and Chem.
Res. Tokyo. 1922, Vol. 1 and 1927, Vol. 2.
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(j) Coaxial Gable. Length / large. Inner conductor of dia-

meter dl and self-inductance L^ Outer conductor thin, of

internal diameter rf2, and self-inductance Lt. Mutual inductance

Jfia.

LI is given by equation (15).

La
= Mlt

= 2 x 10-<7[log.(/dt) - 1]

L =*Li + Li-ZMu=Li-L%

- 2 X lO-'/tlog.^/^) + fei(l
-

17)]

At very high frequencies the second term vanishes and the simple
formula

L = 2 x 10-9Z log^/di)

holds even when the outer conductor is thick.

4. Resistance due to Eddy Currents.* The discussion of

the skin-effect given in the previous chapter applies to inductors

as well as to resistors, and the formulae given enable us to calculate

the variation of resistance and inductance with frequency for

any coil in which the spacing of the turns is very large compared
with the diameter of the wire.

When we come to deal with an ordinary inductor of many
turns, we find that the magnetic field, and therefore the eddy
currents in any turn of the coil, are very considerably affected

by the currents in neighbouring turns. Thus the field will vary

considerably from one turn to another, and the resulting system
of eddy currents becomes very complicated. In circular coils in

which the turns are well spaced (which is normally done for radio-

frequency work in order to reduce the self-capacitance of the

coil), the field in any turn due to the remaining turns may usually
be regarded as uniform over the cross section of the wire and

perpendicular to its axis. The resultant field in every turn

therefore may be divided into two components, (1) the circular

field due to the current in that turn, and (2) a uniform field

perpendicular to the axis of the wire, but varying in magnitude
and direction from turn to turn. Each of these two components

may be regarded as producing its own system of eddy currents,

and it can be shown that if we calculate the power dissipation in

any one turn due to each of these two systems, the sum of the

two gives the actual power dissipation in the turn in question.

* BUTTBBWOKTB. 8. fPtwtow JRipfiMr, 1929, VoL 3, p. 80S.
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It follows that each of these two systems of eddy currents

makes a definite contribution to the resistance of each turn,

and the resultant resistance is the sum of these two contributions.

Now the effect of component (1) has already been discussed. It

is that which would hold for a long straight wire. We may
therefore say that the total resistance of the coil may be expressed

R = R9 +Rh ....... (20)

where R9 is the resistance of the same wire pulled out straight,

and Rh is the component of resistance due to the coiling. Further,
Rh is the sum of a number of terms, one for each turn of the coil,

each representing the power dissipation in a cylindrical wire due
to alternations of a uniform magnetic field perpendicular to its

axis. It can be shown that the power loss in a cylinder of dia-

meter d, and d.c. resistance r
, in an alternating transverse field

of strength H (maximum value) is given by

Wh
= r^*H*GI8 ........ (21)
= r

/t
/2

, say.

where is a function of the variable z already discussed. Values

of the function are given in Table III and Fig. 63. At low

frequencies we have the approximation

z* z4
/
64 for z < I ....... (22)

and at very high frequencies (z > 5)

G~(zV% -
l)/8 ....... (23)

It follows from (21) that RA for the whole coil is the sum of a

number of terms rk of the form rtfP(HII)
2

. G/8. For a coil ofmany
turns the result is somewhat complicated, but it is obvious that

H/I will be proportional to the total number of turns N (other

things being equal), and also that for coils of a given number of

turns and shape, it will be inversely proportional to the linear

dimensions of the coil (e.gr., the external diameter D). It follows

that we may write

where K is a factor which depends only on the shape of the coil

and JB is its d.c. resistance. Butterworth has calculated the

value of K for most of the coil-shapes used in practice, and
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typical values are given in Table VIII. We now have for the total

effective resistance of the ooil

. . (25)

It should be remarked here that this value of R refers to B9 in

1-0

(H

FIG. 63. The functions F, G, and U, representing the effects of eddy
currents. The independent variable Z* is proportional to frequency.

Fig. 62 (c). Equation (25) shows how the effective resistance of'

coils wound with solid wire varies with the frequency, resistivity

and diameter of wire, etc. Equations (25) and (10) are most

useful for designing coils which shall have a large value of Q over

a given range of frequency. It should be noticed that the compo-
nent of resistance Rh always increases with increase of diameter

of wire d, for RrfP is independent of d, while increases with d.

Also Rh is apt to become large whenN is large, and it is therefore

advisable to wind coils of many turns with stranded wire, the

strands being separately insulated and twisted so as to bring each



150 RADIO-FREQUENCY MEASUREMENTS

in turn to the surface of the cable. Alternatively the strands may
be woven into the form of a tape. For coils wound with stranded

wire Butterworth has given the equations

R. = Xt{l+F + k(ndldt)*G} ........ (26)

Bk
= JJR (jrtfnd/jD)G ............ (27)

. (28)

where n = number of strands, d = diameter of each strand,

dQ = overall diameter of conductor, and & is a function of n as

follows :

TABLE VII

F and Q have the same significance as before, but the variable z

is now to be calculated from the diameter of a single strand.

The diameters d, d and D should of course all be measured in

the same units.

TABLE Yin. Value* of the Shape Factor K (Butterworth)

*
Single layer solenoid,

many-layer coils.
f Single layer disc. Other values refer to

5. The Design of Self-Inductors. When designing a
standard inductor we have to decide the size and shape of the

coil, the number of turns, their spacing, and the order in which
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they are to be wound, the diameter of the wire (or more generally
the cross-section of the conductor), and the mechanical construc-

tion of the supports or coil-former. In general the most important
condition to be satisfied is that the resistance of the coil at the

working frequency shall be as small as possible, but it often

happens that other considerations determine the size and shape
of the coil. If for example we wish to induce an e.m.f. into the

coil from a distant source a large turn area may be desirable,

while if we wish to avoid picking up any stray e.m.f. a toroid

may be necessary. Again, the length and diameter of conductor

to be used may be limited by the question of cost, or the space
into which the coil must fit may be limited. However, some of

these factors are usually at our disposal, and it becomes important
to choose them so as to obtain the minimum resistance at the

working frequency. The general question has been discussed in

some detail by Butterworth. We shall consider only a few points
of general interest. Confining ourselves to circular coils with

well-spaced turns, equation (10) gives the relation between the

inductance, the number of turns and the size and shape of the

coil, while (25) and (28) give the relation between resistance, the

above quantities, the properties of the conductor, and the fre-

quency. It follows that the condition for minimum resistance

may be deduced from these equations. It should, however, be

noted that the resistance in these formulae is that due to the-

conductor only. Power losses in the insulating supports may add
to this value, but with modern insulating materials and good

design, these losses are almost negligible in most cases. Neglecting
these losses for the moment, we may obtain the following results

from the above equations.

6. Best Shape of Coil. If we have a given length of wire of

given diameter and wish to wind a coil of a definite inductance,

the formulae show that the shape of coil that will give the minimum
resistance is the single layer solenoid having a winding length

equal to one-third of its diameter. A single-layer-disc coil with a

winding depth equal to one-quarter of its diameter is almost as

good. It is obvious, however, that when the inductance is large,

these single layer coils will become very bulky, and in order to

obtain reasonably compact coils it is necessary to use several

layers. In such cases h/D and t\D may be varied considerably
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without affecting the resistance to any great extent, and provided
that

K + 36 = D,

the resistance will not be greatly different from the minimum
value for multi-layer coils. This value is about 30 per cent.

greater than that for the single-layer coils.

7. Best Diameter of Wire. Having fixed the shape of the

coil and the total length of wire, it is obvious that the diameter

of wire which will give the lowest resistance will depend on the

frequency. At low frequencies, F is negligible compared with

unity and R
t
= JK which varies inversely as d2

, At these

frequencies, O and therefore Rh varies as d*. Thus

whereA andB are independent of d. Differentiating and equating
to zero, we find that the value of d corresponding to the minimum
value of JZ, is given by the condition

R. = 2Rh .

At very high frequencies F and O are both large, and both

proportional to d. Thus we have R = R9 + Rh c* A'jd + B'd,

and the condition for best diameter is

R, = Rh .

It follows from these results that the best size of wire will vary

considerably with the number of turns and shape of coil, as well

as the frequency and resistivity. Coils of few turns should be

wound with thick wire, and indeed for coils of a very few turns

such as are required at very high frequencies, it is advisable to use

copper rod or tube several millimetres in diameter rather than wire.

8. Effect of Size of Coil. We have seen that the best shape
of coil for a fixed total length of wire may lead to a very bulky
coil in some cases. It is therefore advisable to consider the best

shape to adopt when the bulk of the coil, which may be taken as

proportional to its overall surface, is fixed. The overall surface

being fixed, the shape determines D, and the inductance then

determines N, so that the length of wire I is fixed. Thus the shape
of coil now determines the length of wire. The best diameter of

wire must be found as indicated above, and this will vary with
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the frequency. The resistance now depends on length, diameter,

shape and frequency. Calculation for various shapes shows

that the best shape in these circumstances varies somewhat with

frequency, and that it indicates a rather longer coil than that

for a fixed length of wire. The best coil for all frequencies is

still a single layer solenoid, but the winding length should be

between 0*5Z> and 0*75D. Next comes the single-layer-disc coil

with a winding depth of 0*3jD. The best multi-layer coils have a

resistance which is higher than these by about 30 per cent. They
should have a length of winding 6 between $ and |Z>, and the

depth of winding t should be such that

Within these limits the resistances of well-designed coils are

nearly independent of the shape. The resistance is found to

diminish with an increase in the size of the coil. For low fre-

quencies the resistance varies inversely as A/A and for high

frequencies inversely as D, provided the above conditions are

satisfied for each size of coil.

9. Use of Stranded Wire. The above results show that the

improvement obtained by using large coils is less marked at low

frequencies than at high. This refers only to coils wound with

solid wire, and it arises from the fact that at low frequencies Rh

increases extremely rapidly with diameter of wire (a d*) so that

the diameter of wire can only be increased relatively slowly as

the size of coil is increased. However, by using stranded wire,

Rh can be greatly diminished, while retaining the same total

cross-section of copper, and therefore the same B9 at low fre-

quencies. Thus at low frequencies, large coils can be greatly

improved by the use of stranded wire. The considerations

outlined above apply also to the design of stranded-wire coils

provided that equations (26) to (28) are used for R8 and Rh ,

the value of z being calculated for a single strand. Calculation

shows that if the best diameter of strand is chosen for each case,

then at low frequencies the resistance varies inversely as n*, but

that at very high frequencies, such that z becomes large even

for the finest strands available, nothing is gained by the use of

stranded wire, the resistance being almost independent of n.
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In addition to the resistance arising from power losses in

the conductor itself, we must also consider that due to losses in

the coil-former.

10. The Coil-Former and Terminals. We have already
noted that the coil possesses an electric field which may be

represented by its self-capacitance C. If the turns of the coil are

separated by air only this capacitance will be sensibly perfect,

but if the coil is wound on a solid former, such as an ebonite

cylinder, part of the electric field will be located in the solid

dielectric, and if this portion of the electric field be represented

by <x<7, where a is a fraction, depending on the proportion of the

electric field occupied by solid dielectric, it will be associated

with a power loss equivalent to a shunt resistance R
f
where

= a<7a> tan 8 ........ (29)

tan 8 being the loss tangent of the dielectric at the angular

frequency co. This shunt resistance diminishes the value of jR2

(Fig. 62 (6)), and therefore diminishes the magnification L3a)/B3

(equation (9) ), and increases the resistance Bz . The conditions

under which this portion of the resistance may be reduced to a
minimum follow immediately from (29). The solid dielectric

should have a minimum value of tan 8 ; the self-capacitance C
should be made as small as possible, i.e., the turns of the coil

should be widely spaced ; the fraction a of this capacitance that

is located in the solid dielectric should be small, i.e., the amount
of solid dielectric should be reduced to a minimum, especially in

the strongest part of the electric field. When these conditions are

satisfied the part ofthe resistance due to dielectric losses is usually

negligible compared with the conductor resistance. It should,

however, be noted that the dielectric losses are proportional to

the frequency, if, as is usually the case, tan 8 is nearly constant.

Thus the dielectric losses may become appreciable at very high

frequencies, even when they are negligible at lower frequencies.
Ifany metal screws are used in the construction of the former,

it is also necessary to take into account the power losses due to

eddy currents in these screws, and to these should be added
those in the terminals of the coil. Such losses are determined by
an equation similar to (21). It follows that care should be taken

to place such screws or terminals only where the magnetic field H
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is small, and that their diameter d should be as small as is

practicable. Furthermore, it may be noticed that whereas r is

always proportional to the resistivity p of the metal, at low

frequencies O a 1/p*, but at high frequencies <x 1/p*. It follows

that for low frequencies (z < 1) Wh a l//>, and it is therefore

advantageous to use a metal of high resistivity, but for high

frequencies Wh a p*, and it is therefore better to use a metal of the

lowest possible resistivity. Similar considerations apply to the

metal to be used for the construction of screens. For work at

high frequencies it is important that metal of very low resistivity

shall be used.

11. Self-Capacitance. It is well known that capacitance is

of unit dimension in length, and it therefore follows that, other

things being equal, the self-capacitance of a coil will be propor-
tional to its linear dimensions. Capacitance is also proportional to

the dielectric constant of the dielectric. Thus in order to obtain

low values of self-capacitance, coils should be made small, and

the formers should be made of material of low dielectric constant,

the minimum amount of solid material being used. The method
of winding should be such that turns which are near together
should never differ widely in potential, and the separation between

turns should increase as the potential difference between them
increases. Such an arrangement will obviously produce an

electric field of minimum energy for a given applied voltage,

i.e., a minimum capacitance. The single-layer solenoid and

single-layer disc coil satisfy this condition, and are therefore

admirable in every respect (except bulk). When multi-layer coils

are necessary, the winding may conveniently take the form of

either a number of disc coils in series and suitably spaced, or else

a number of coaxial single-layer solenoids, suitably spaced, the

cross-sections of the winding being as shown in Fig. 64 (a) and (6).

For the disc arrangement (axial spacing), the turns are wound in

slots in the coil-former. For the solenoid arrangement (radial

spacing), the turns must be wound on spacing bars, which are

added to the former in turn as the various layers are completed.

Examples of formers are shown in Fig. 64.

It is possible to estimate by calculation the self-capacitance

of coils of certain simple forms. Thus Howe * has shown by an
* HOWE, G. W. O. Jour. I.E.E., 1921, Vol. 60, p. 67.
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approximate method that the self-capacitance of a single-layer
solenoid in writ* is approximately equal to 0-612 where R is the
radius of the coil in cm. Variations in the length I of the coil

have little effect on self-capacitance over the range IfR = 1 to 4.
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The calculation assumes air insulation only. The use of any
solid dielectric will of course increase the value to some extent.

12. Mechanical Design : Temperature Coefficient. It

is of obvious importance that the self-inductance of a standard

coil shall be constant under all working conditions. It follows



STANDARD INDUCTORS 157

that the structure should be rigid, and should vary as little as

possible with changing temperatures. Coils for use at very high

frequencies may with advantage consist of only one or two turns

of thick copper tube, and in such coils the conductor itself may
be sufficiently rigid. In general, however, the rigidity can only
be obtained by the use ofa former constructed ofa solid dielectric.

Probably the best material from the point of view of rigidity and
dielectric losses is fused quartz, and single-layer coils made by
winding copper wire under tension on to fused quartz tubing make
excellent standards. If the wire is under tension the thermal

expansion of the coil is governed entirely by the quartz tube, and
as the coefficient of expansion of this material is very small, the

self-inductance of such a coil varies little with temperature.
The thermal behaviour of most coils is determined partly by the

former and partly by the copper winding. The coefficient of

linear expansion ofthe copper is usually the greater, and moreover,
as the wire is usually stressed during winding, and the stresses

vary as the coil expands and contracts, the changes of inductance

with temperature may be greater than those calculated on the

basis of pure linear expansion. Hence any construction in which
the geometrical form of the coil is entirely controlled by a rigid

former has considerable advantages. This question has been

investigated in detail by Thomas,* who has given a design for a
standard coil compensated for temperature changes. The solid

dielectric he employed was marble, which is also rigid and of

low temperature coefficient. Griffiths f had previously devised

a form of temperature-compensated coil more suitable for general

use, though not capable of the same precision. In Griffiths'

design, the turns are wound in either one layer, or several layers

spaced from one another, on bars of ebonite which are virtually

segments cut from an ebonite cylinder. The wires .are definitely
located in grooves cut in these bars, and therefore the axial

expansion of the coil is determined by the linear expansion of the

ebonite bars. This skeleton ebonite cylinder on which the coil is

wound is held together by cheeks of bakelite to which the bare

are fixed at either end. Thus the radial expansion of the coil is

determined by the expansion of the bakelite. The radial expan-

* THOMAS, H. A. Jour. I.E.E., 1935, Vol. 77. p. 702.

t GRIFFITHS, W. H. F. Jour. Sei. Jnrtrtim., 1929, Vol. 6 p. 354.
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sion increases the self-inductance of the coil, while the axial

expansion diminishes it. Thus by a suitable choice of the two

materials, bakelite and ebonite or similar materials, the coil may
be compensated for temperature changes.

The ceramic insulating materials of the steatite class, having

great rigidity, and low dielectric losses, are excellent for coil

formers. Tubes having a spiral thread moulded on their surfaces

are available in certain small sizes, and good coils may be made

by winding wire under tension in these screw threads. Coils of

relatively few turns may also be made by fusing spiral films of

metal on to the surface of these materials. These films can

then be thickened by electro-plating, or spraying, and thus a

coil of low resistance formed. The dimensions of such coils will

obviously be controlled entirely by those of the ceramic materials,

which have low coefficients of expansion. Such coils are limited

to small sizes. Formers for large coils are usually built up from

materials of the bakelite, ebonite or mycalex types. Ribbed

cylinders of the cross-section shown in Fig. 64 (d) are obtainable

in various materials,' and are valuable for coil construction in

that they provide rigidity with the minimum amount of solid

dielectric in the immediate neighbourhood of the wire. Thus

they give coils of low self-capacitance and low dielectric loss.

The ribs may be slotted in order to locate the turns of the coil.

Toroidal coils (of rectangular cross-section) may be wound on

rings turned from sheets of insulating material ; or if a large

cross-section is required, a former may be built from two such

rings separated by suitable spacing pieces. Toroidal formers of

ceramic materials are also obtainable. Toroidal coils in which

the winding proceeds continuously round the toroid usually have
a rather large self-capacitance, since the initial and final turns

are adjacent, but if the winding is divided into sections which

axe connected together so that turns between which there is a

high p.d. are widely separated, the self-capacitance may be

reduced.

13. Screens. It is often necessary to provide a coil with a

screen, sometimes purely electrostatic, often both electrostatic

and electromagnetic. A wire cage, so constructed that it provides
no dosed paths for eddy currents, may form a good purely
electrostatic screen, but for complete screening it is usual to
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enclose the coil in a copper or aluminium can. Toroidal coils

have no external magnetic field (provided a single turn passing
round the ring in a direction opposite to that of the main winding
is added in order to compensate for the spiral effect ofthe winding)
and therefore the screen of a toroid may fit the coil fairly closely

without introducing appreciable losses due to eddy currents.

The screens of coils of other types must however be kept well

away from the windings in order to minimise eddy current losses.

Eddy currents in the screen will of course cause variations in

effective inductance and resistance, and standard coils are

therefore seldom provided with screens, but are placed when

necessary inside separate screens of large size. It is obvious that

coils which are efficient and at the same time well screened tend

to be rather bulky. There are, however, many applications for

which a compact coil, which is well screened, is required ; and for

such purposes coils with ferromagnetic cores have been developed.
14. Ferromagnetic Cores. Since the inductance of a given

coil is proportional to the magnetic permeability of the surround-

ing medium, a given inductance can be obtained with a coil of

fewer turns and smaller linear dimensions, if the wire is wound
on a core of material of high magnetic permeability. Unfortu-

nately the high permeability facilitates the production of eddy
currents in the core, and these not only diminish the magnetic
flux, and therefore the effective permeability of the material ;

but they also dissipate energy, and therefore increase the effective

resistance of the coil to alternating current. For work at power
frequencies laminated iron is generally employed as core material.

The very high permeability of the iron increases the inductance

enormously, while the high resistance between the laminations is

usually sufficient to prevent an undue increase of resistance due
to eddy currents. As the frequency increases, thinner laminations

become necessary ; and at telephonic 'frequencies even the

thinnest available laminations may be unable to prevent excessive

eddy currents. Very thin iron wire may then be used, but for

telephone loading coils, it is more usual to use a powdered ferro-

magnetic alloy compressed into a solid mass with an insulating

binding material. The same principle may be employed at radio

frequencies, but it is obvious that the higher the frequency the

finer must be the subdivision of the material in order to suppress
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eddy currents. By the use of particles of colloidal size, ferro-

magnetic cores may be used with advantage at frequencies up
to 10 Mc/s., and perhaps even higher. Ferromagnetic nickel-iron

alloys such as mumetal are now available with permeabilities

up to 10,000 or more, but the permeabilities obtainable by the

use of such material in the form of fine powder are only of the

order of 10. If we suppose for simplicity that the particles are

regularly packed cubes ofpermeability /xly embedded in a medium
of unit permeability, and if a is the fraction of the total volume

occupied by the insulating medium, calculation * shows that the

effective permeability is Q

which as /x x approaches an infinite value, approaches the value

(3 2a)/a. Thus if a = 0-1, p,
= 28, or a core containing 90 per

cent, of iron of infinite permeability would have an effective

permeability of the order of 30 only. Nevertheless permeabilities
of the order of 10 are found to be well worth while when very

compact coils are required. It is to be remembered that power
losses in the core due to eddy currents, hysteresis, and also

dielectric losses, will add to the resistance of the coil. On the

other hand, the increased permeability reduces the length of

wire required, and therefore the resistance. The hysteresis loss

will depend only on the amount of iron, the eddy current loss

will vary with frequency, the size of the particles, their resistivity,

and the flux density. The dielectric losses are complicated by
the fact that the material is a complex dielectric, consisting of a

cross-connected network of resistances and capacitances in

series and parallel. The dielectric losses in such composite
dielectrics vary considerably with the shape of the particles, their

resistivity, and the frequency. The whole problem is very

complex, but it is easy to see that any one material is likely to

suit only one particular range of frequencies.
It is important to remember that when ferromagnetic materials

are used, the inductance may vary with the amplitude of the

current or voltage.
* HOWB, G. W. O. WireU** Engineer, 1933, Vol. 10, p. 1.
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Rings moulded in these core materials are obtainable, and
toroidal coils are very simply made by winding the turns directly
on to the ring. Alternatively, more or less closed magnetic
circuits are built up from strips or rods ofthe material, and former-

wound coils are slipped over them. When the magnetic circuits

of the coils are closed, the coils may be mounted in fairly closely

fitting screens, and are therefore very compact. Coils ofmaximum
linear dimensions of the order of 3 cm., made in this way, may
have magnifications Q of the order of 300 over a range of radio

frequencies.
15. Mutual Inductors. Amutual inductor consists essentially

of a pair of coils arranged so that there is a definite mutual induct-

ance between them. The passage of a definite current Ip through
one coil (the primary) produces a definite potential difference Ft

at the terminals of the other coil (the secondary) ; and the

essential function of such an instrument is to provide a voltage

(F,), the magnitude and phase of which is accurately known in

terms of a current Ip . In an ideal instrument, the voltage F,
would be exactly equal and opposite to the e.m.f. induced in

the coil, and therefore F, and Ip would be exactly in quadrature
and we could write

....... (30)

where M is the value of the mutual inductance of the instrument.

The above equation would hold if there were no eddy currents and

displacement or capacity currents in the system, but in practice
these always exist, and F, and Ip are not strictly in quadrature,
and we must write

where a is a small correcting term, usually called the
"
impurity,"

and AJf is a correction, which must be applied to the theoretical

value of mutual inductance. AJf varies with frequency, and is

often- called the frequency correction. Unless the coils are

carefully designed so as to minimise eddy currents and capacity

currents, these corrections may become very large at radio

frequencies, and it is therefore important to design the coils of a
mutual inductor on the same lines as have been discussed for self-

inductors. We must also remember that not only does each coil

possess self-capacitance, but that the two coils are linked by
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distributed mutual capacitance. The mutual inductor is thus
even more complicated than the self-inductor, and should be

used with caution at radio frequencies.
The general case is very complicated, and
it is usually advisable to connect the two

&)> coils together at one point, in order to

make their relative potentials definite.

The 'simplest case is obtained when one

terminal is made common to both. The

system may then be represented by Fig. 65.

It may be shown* by straightforward

applications of KirchhofFs Laws for net-

works, that this system possesses the

following properties :

(a) Impurity. The impurity a is given approximately by

'(32)

(6) Frequency Correction. AJf is given approximately by

It should be noticed that both or and AjJf are approximately
proportional to the square of the frequency. The phase defect

tan S =
jjT-

is therefore approximately proportional to the

frequency.
In these and the following formulae, M is to be taken as

positive when the mutual inductance of the coils adds to the self-

inductance, and negative when it diminishes the self-inductance,
of the two coils in series.

(c) The effective series resistance Ba and inductance La of

coil 1 measured with coil 2 attached are approximately given by
the formulae

+ %*>*{ClLl + Cu(Ll + M)}] .... (34)

. . (35)

and similar formulae give the corresponding values B
ft
and L

ft
for

coil 2.

Proe. Phy*. Soc.t 1926, Vol. 38, p. 303.

8. JVoc. Pkys. 8oc., 1921, Vol. 33, p. 313. HARTSHORN, L.
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(d) The effective series resistance B
y>
and inductance L

y, of
the two coils connected in series, ore given approximately by
J2

y
= Ba + Rf + 2<r

C^ + M) + X t(Lt + M)
+ Clt(R1 + SMI* + Lt + 2Jtf)] (36)

AJf)

= L, + Lt +m + ^{Oj'tL, + Jf) + 0,(Lt+M) +
C'll(L1 +i> + 2Jf)n (37)

Notice that the resistance of the two coils in series is not equal
to the sum of the resistances measured separately.

(e) The effective self-capacitance of coil 1 measured in the

presence of the other is given approximately by

C -C 4-c JLC * miC/a
- Cj + G 2 -^ + C7lt

-
-5 .... (38)

and the effective self-capacitance of the two in series is given by

c-c c (L* + M?
.^ - Cl* + Cl

(fii + L, + 2M?
+

The system may be further simplified by introducing an
electrostatic screen between the two coils, and connecting it to
the common terminal. Evidently a metal box or wire screen

completely surrounding one of the coils would be necessary.
Such a screen must increase the self-capacitance of the two coils,

but it reduces the mutual capacitance <7ia to zero. This simpli-
fication is sometimes useful.

16. Variometers. Variable self and mutual inductors,
sometimes called variometers, usually consist of two coils, one of

which can be rotated about an axis, or displaced, so that their

mutual inductance is varied. A pointer arranged to indicate the

position of the moving coil moves over a scale which may be

graduated to indicate either the mutual inductance of the coils,

or their total self-inductance when connected in series or parallel.
It will be obvious from the preceding discussion that at high
frequencies such instruments may be subject to corrections which
will vary considerably with both scale reading and frequency,
since the capacitances of the system will change with the motion
of the coils. They are therefore of little use as standards except
at relatively low frequencies.



CHAPTER IX

THE MEASUREMENT OF CAPACITANCE AND
INDUCTANCE BY RESONANCE METHODS

1. General. The general principles and formulae utilised in

resonance methods of measurement have been outlined in

Chapter II, and the apparatus used has been discussed in subse-

quent chapters. It now remains to consider the details of the

measurements.

2. Measurement of the Effective Self-inductance and
Self-capacitance of a Coil by Voltage Resonance. The

GENC**WR

FIG. 66. Circuit for voltage resonance method.

measuring circuit, Fig. 66, consists of the coil under test of self-

inductance * L2 , self-capacitance Ca, and conductance G, connected

in parallel with a standard variable condenser C and a sensitive

thermionic voltmeter V . The circuit is magnetically coupled to a

generator, so that a constant, e.m.f. E is induced in the coil, so

long as the amplitude and frequency of the oscillator remain

constant. The capacitance of the standard condenser is varied

until the reading of the voltmeter passes through a maximum
value corresponding to voltage resonance. The capacitance value

corresponding to resonance is determined by taking the mean of

two readings, one on either side of the resonance peak, giving the

same voltmeter reading. The frequency of the generator is then

changed and the process repeated, and in this way a number of

corresponding readings of capacitance C and angular frequency
01 are obtained. In Chapter II it is shown that the condition of

Of. Fig. 62 (6), p. 143.
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voltage resonance is independent of the conductance of the

resonating circuit, and that it is given by, (p. 32)

where Cr is the total shunt-capacitance of the circuit at resonance,
and Lp is the total self-inductance in parallel with C, and
the voltmeter. If Ct is the capacitance of the voltmeter, and C

t

the capacitance of the connecting leads, we have Cf
= C + <72 4-

0, + GI and the condition of resonance may be written :

CI + C. + C
J) ..... (2)

If now is plotted against C, we should obtain a straight line,
o>a

the slope of which is La (Fig. 67). This value of Z/t includes the

FIG. 67. Curve of observations for measurement of self-inductance and
self-capacitance.

self-inductance of the leads connecting the coil to the condenser.

This inductance must be separately determined either by
measurement or calculation, and deducted from the measured

value of L2 . Moreover, when -L = 0, C = - (Cz J- Cr + <7,).
CO*

Thus the negative intercept of the line on the C axis gives the

value of C2 + CV + C
t
. The value of Cv + C

t may sometimes be

made negligibly small, or it may be estimated by calculation, or

measured separately by a bridge or resonance method. It may
be regarded as a correction which must be applied to the apparent
value of self-capacitance determined by the above intercept.
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Thus both the self-inductance and self-capacitance of the coil

can be deduced from the observations.

In order to obtain accurate results it is necessary to make
sure that the conditions assumed in deriving the equations have

been satisfied. As we have seen, power losses or leakage in the

voltmeter, condenser, etc., have no effect and may be ignored, but

in order to ensure that the e.m.f. is induced in the coil only, and
that it remains constant as the condenser is adjusted, several

precautions must be observed. The measuring circuit must be

very loosely coupled to the oscillator so as to avoid changes in

the frequency or amplitude of the oscillator due to reaction of the

resonating circuit. Provided a sensitive thermionic voltmeter is

used, this condition is easily satisfied. The two circuits may be

kept one or two metres apart. The coupling should be entirely

magnetic ; if it is partly capacitive the induced e.m.f. may vary
as the condenser is adjusted. Capacitive coupling is avoided by
enclosing the generator in an electrostatic screen. Electro-

magnetic screening of the coil must of course be avoided. The
screen round the coil therefore consists of a Faraday cage, the

wires of which are connected together at one end only so as to

minimise eddy currents. The screens of the generator and of the

condenser and other components of the measuring circuit are

connected to earth.* The voltmeter must be screened both

electrostatically and electromagnetically, its screen being con-

nected to that of the condenser, and the leads between voltmeter

and condenser must be the shortest possible, as it is essential that

no e.m.f. shall be induced in the voltmeter itself. The coil must
not however be placed near the condenser or any other massive

object, otherwise the eddy currents induced in the metal of the

neighbouring object may affect its properties. Thus the leads

between coil and condenser should be fairly long, say, 20 to 50 cm.,
and they should preferably consist of a coaxial wire and tube.

Such leads have a definite capacitance and inductance, which may
be determined once and for all, and they are free from stray
mutual inductance. Thus the self-inductances of coil and leads

are in this case additive, and subtraction of the leads-inductance

is justified. The wire may with advantage be insulated from the

tube by means of discs of polystyrene. The tube should of course

* But see Chapter III, 4 on Earth-connections.
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be connected to the screen of the condenser and to the screen

terminal of the coil (if any). The whole measuring circuit then

becomes effectively screened. If the coil has no screen the value

obtained for its self-capacitance may change if the connections

to its terminals are reversed. The capacitance is smaller when
the outer turns of the coil are connected to the screen side of the

condenser, voltmeter, etc., for then the capacitance between these

turns and the screen is short-circuited : when the connections are

reversed this capacitance is thrown into the circuit. The apparent
self-capacitance of an unscreened coil obviously depends to some
extent on the rest of the circuit, and therefore can never be deter-

mined with very high precision unless the circuit is also defined.

It should be noted that the inductance determined by the

above procedure is the equivalent self-inductance of the coil Zr8,

which is related to the equivalent series inductance L3 by the
relation L2

= L, (1 + JS8*/<L8
aco2). (See Fig. 62, p. 143).

3. The Method of Current-Resonance. The above
measurements may also be made by observations of current-

resonance. The circuit for -

this method is shown in

Fig. 68. The coil under

test is connected to a

second condenser by co-

axial leads as before, but

instead of the voltmeter

we have a current indicat-

ing instrument. Twopos- p,^ 68 . circuit for current reeona^method.
sible arrangements are

shown in the diagram., A thermojunction T and galvanometer <?T

may be included in the circuit, or, alternatively, a crystal or other

rectifier X, condenser, and galvanometer Gx are connected to a
coil of one or more turns of wire, coupled magnetically to the

circuit. The current induced in this coil and measured by the

rectifier is evidently proportional to the current in the coil rs,

while the current measured by the thermojunction is that flowing
out of the coil and into the standard condenser. We have seen

in Chapter II that the condition for maximum current in the coil

is L8C>8 = 1 where CT is the total capacitance of the circuit.

Thus <7f Ca + < + <? This condition is of exactly the same

1*
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form as that for voltage resonance, and therefore the inductance

8 and the self-capacitance Cz can be determined by the same

procedure as before, the only difference being that the readings
taken are those corresponding to maximum current instead of

maximum voltage.

If the thermojunction is used the condition observed is that

of maximum current in the condenser and this is not quite the

same as that of maximum total current, but provided that the

self-capacitance of the coil is small compared with the capacitance
of the condenser the difference is small and the same procedure
can be employed.

In order to obtain accurate results the same precautions as

before must be observed about coupling and screening. On the

whole the method is less satisfactory than that of voltage reson-

ance, for the proximity of the small coil connected to the crystal
rectifier may modify the properties of the coil under test, while

the thermojunction does not measure the total current but only
that part of it which flows into the external condenser. The

junction is shown connected to the terminal of the coil which is

at earth-potential ; otherwise the leads to the galvanometer GT
may take up a high potential and therefore affect the capacitance
of the system. Chokes axe shown connected in these leads in

order to prevent high-frequency current from reaching GT . If

the crystal rectifier is used it is of course essential that the

detector-circuit shall not be oscillatory with a frequency of the

order of that used for the test, otherwise an appreciable current

might be induced in this circuit by the generator itself. This

condition can easily be checked by removing the coil under test,

when the galvanometer (?x should show no deflection, even when
the coupling ofthe rectifier circuit^ to the generator is considerably
increased.

4. Resonance-Detection by Reaction on the Generator.
It is also possible to detect current-resonance in the measuring
circuit by observations made on the generator, and this has the

great advantage that it is not then necessary to attach any
detecting instrument to the measuring circuit, and there is a

corresponding freedom from unwanted capacitance and induct*

anoe. The theory of the reaction of the measuring circuit on the

generator has been discussed in Chapter II (p. 33), where it is
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shown that the reactance, and therefore the impedance, of a

primary coil undergo characteristic changes as the secondary coil

is made to pass through the condition of resonance. Resonance in

the measuring circuit may therefore be detected by observations of

these changes in the inducing coil of the generator. The reactance

changes are usually measured by the beat-frequency method ;

the impedance changes by the voltmeter and ammeter methods,

(a) Beat-Frequency Method* For this method the generator
must be of a type in which the frequency is determined by a
tuned circuit, and the coupling coil of this circuit is used as the

inducing or primary coil. The measuring circuit is coupled to this

coil and its capacitance varied. When the condition of resonance

is approached the reactance of the inducing coil varies, as shown

by Fig. 16. The frequency of the oscillator suffers corresponding

changes, and if a heterodyne oscillator is also used the changes
in the beat-note provide a sensitive indication of the changes of

frequency. If the two oscillators are initially adjusted to exact

synchronism (the measuring circuit being removed or opened),
then the condition of resonance is indicated by the point of

silence between two beat notes, as will be evident from Fig. 16.

When the highest possible sensitivity is required the two oscil-

lators are adjusted to give initially an audible beat-note, and this

note is made to beat with a standard audible frequency (the so-

called double-beat method). The variations of these beats serve

to detect the changes of frequency with the utmost sensitivity.

This method is ideal inasmuch as the measuring circuit is free

from unwanted leads and components : the resonance frequency
of a coil with no attachments may be measured in this way. But
it is to be remembered that it is assumed that the frequency of

the oscillator depends only on the reactance of its tuned circuit.

The tuning of the measuring circuit also affects the resistance of

the primary circuit, and these resistance changes are liable to

cause small changes of frequency and therefore to introduce small

errors. The use of the Hartley oscillator is recommended for this

method, and it is often possible by varying the grid-coupling con-

denser of this oscillator to make its frequency practically indepen-
dent of small resistance changes in the tuned' circuit.

* COLEBROOX, F. M., and WILMOTTE, R. M. J. Inst. Elec. Eng., 1931,
Vol. 69, p. 497. COLBBBOOK, F. M. Wireless Engineer, 1931, Vol. 8, p. 639.
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(6) Voltmeter and Ammeter Methods. The variation of the

impedance of the inducing coil as the secondary circuit passes

through the condition of resonance follows a curve very similar

to that of Fig. 16, although the resonance point is not in this case

equidistant from the maximum and minimum values. This varia-

tion may be observed by maintaining a constant current in the

inducing coil and observing the voltage across it, which is propor-
tional to the impedance. Mallett and Blumlein * have given a

graphical construction for determining with precision the condi

tion of resonance from such a curve, but when the resonating
circuit is of low decrement the central portion of the curve is so

steep that the departure of the resonance point from its middle

point is negligible. An alternative procedure is to maintain a

constant voltage across the inducing coil and to observe the

variations of current, but the-method is perhaps most widely used

in the approximate form in which the secondary circuit is loosely

coupled to the tuned circuit of a simple oscillator, the anode

current of which is observed, as the secondary circuit is smoothly

adjusted. On passing through the condition of resonance the

sharply defined changes of impedance corresponding to Fig. 16

cause similar changes in the anode current, and the sudden change

corresponding to tl\e middle part of the curve indicates the condi-

tion of resonance.

5. Variation of Self-Inductance and Self-Capacitance
with Frequency. The resonance methods for the determination

of self-inductance L and self-capacitance C , all depend on an

equation of the form :

I = L(C + C )

or

and they only give definite results when the experiments show
that this equation is linear (cf. Fig. 67). We have however seen

that the self-inductance of a coil is apt to vary with frequency

owing to eddy currents, so that even though C may be constant

the linear relation will not in general be exact. As explained in

Chapter VIII, the inductance L diminishes with rise of frequency,
and it follows that the curve connecting l/o>

2 and C will curve

upwards as in Fig. 69. The self-inductance tends to approach a

* MAUJIXT, E.v and BLXTMLBIN, A. D. Jour. I.E.B., 1925, Vol. 63, p. 397.
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constant value as the frequency becomes very high (cf. Fig. 63)

so that the portion A B, say, ofthe experimental curve, is sensibly

straight and yields the correct value of C (Fig. 69). As the fre-

quency diminishes from <u1 corresponding to B to ois correspond-

ing to Z>, say, the inductance increases from the limiting high-

frequency value L to the low-frequency value L , and therefore

the slope of the curve gradually increases in the region B D
reaching a constant limiting value at D. The variation of induct-

ance with frequency can

be determined by carrying
out the measurements

already described over

various frequency ranges
and measuring the slope
of the experimental curve

for each range. However
the value of the true

self-capacitance cannot be

obtained by extrapolating
the various curves. As
shown in Fig. 69 the increase of self-inductance causes a com-

paratively large diminution of the intercept on the C axis, or the

apparent self-capacitance, which may even be negative in some
cases. These smaller values are useful constants representing the

behaviour of the coil over the corresponding range offrequencies,
and they may for convenience be referred +x> as the effective

self-capacitance over the appropriate range of frequency, but they

obviously cannot be identified with the true self-capacitance of the

coil. That can only be obtained if it is possible to make measure*

ments at frequencies so high that the variations ofL are negligible.

The self-capacitance of a coil having no former can also be

measured by tuning it to resonance with a condenser connected

in parallel, then immersing the coil in a medium of known
dielectric constant c, and finding the diminution of capacitance
AC necessary to restore the condition of resonance. Then we
have :

A<7 = (c
- 1)C

6. Measurement of the Capacitance of a Condenser.
If the condenser is placed in parallel with a coil of known self
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inductance and self-capacitance, and the frequency of resonance

is determined by one of the methods outlined above, the capacit-

ance ofthe condenser can obviously be deduced from the equation
of resonance (2). It is however usually much more convenient in

practice to use a standard variable condenser and to adopt the

substitution method, which is as follows. The condenser under

test Cx and the standard condenser Cg are placed side by side

with their insulated terminals quite near together as in Fig. 70.

A pair of coaxial leads is arranged as shown. The outer conductor

being connected to the screen terminals of both condensers, and

the inner wire being arranged so that a very short portion pro-

jecting from the outer tube may be connected at will to the

insulated terminal of either condenser. The inner wire is con-

">ra*

FIG. 70. Connections for measurement of capacitance by substitution.

nected first to Cf and the condition of, say, voltage resonance

established. The wire is then transferred to C,, thereby substitute

ing C, for Cx in the circuit, and the condition of resonance again
established by varying C$

. When the substitution causes no

change in the resonance frequency the capacitance of the two

condensers must be equal, and the value of Cx is given by the

reading ofCt
. The following points should be noted. The screens

of both condensers are connected in circuit the whole time so that

the earth-capacitance of the circuit remains constant. As far as

possible the leads are rigid and symmetrically arranged. The

only movable part of the circuit is made very small and moves

through the shortest distance possible. Thus the changes of stray

capacitance by the motion are as small as possible, and their

effects on the two condensers are similar and the result of the

substitution measurement is not affected by them.

The above procedure is only possible when there is a point on
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the scale of Ct at which its capacitance is equal to that to be
measured. An alternative scheme which is of more general

application is as follows. The standard condenser C, is connected

permanently in circuit, while Cx is arranged exactly as before, i.e.,

screen-terminal permanently connected to the ^screen lead, and
insulated terminal capable of connection or disconnection by a

slight displacement of a short length of the insulated lead, which
acts as a switch of very low capacitance. The condenser C, is set

at a low value, which is noted, Cx is connected in circuit and
resonance is again established. The difference ACt between the

two values of Cg is, apart from small corrections, equal to Cx. A
correction may be necessary, since the displacement of the

insulated lead does not completely remove Cx from the circuit ;

for if C' is the small capacitance between the insulated terminal

of Cx and the insulated lead after disconnection, the series com-
bination of C' and Cz is still in circuit. If Gx is large compared
with C', the capacitance of the series combination is practically

equal to C'. Thus the measured capacitance is too small by this

amount, i.e., Cx
= AC, + C'. The correction C" is generally of

the order of 0*1 /u/tuF.

It is not always convenient to arrange the circuit symmetric-

ally as in Fig. 70 (a). If the arrangement is unsymmetrical, as in

Fig. 70 (6), there may be an error due to the inductance of the

leads. If, for example, the inductance of the leads from the points
A B to <7f is Zt, and that of the leads from A B to C^ is {*, then

the effective capacitance between the points A B are respectively

CJ(l
-

Iflff) a** CJ(l
- lxCj*>*) instead of C. and C,. (cf.

Chapter I, p. 12). The corrections for the inductance of the

leads are apt to become very important at very high frequencies,
and in such cases the appropriate corrections must be applied to

each capacitance reading Ct before calculating A<?t, and then the

apparent value of C% must be corrected for 19. These correc-

tions must also be applied when the procedure described in the

previous paragraph is adopted; they only cancel out when
19

s= lx and C, SB C*, as in the strictly symmetrical version of

Fig. 70 (a). It is advisable to use coaxial leads for the arrange*
ment of Fig. 70 (b) as well as Fig. 70 (a), for not only have such

leads a definite and calculable inductance, but they are also free

from stray mutual inductance to the rest of the circuit and the
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generator. Any such mutual inductance may introduce undesired

e.m.f.8 into the corresponding portions of the circuit and so

introduce errors.

It should be noticed that when measuring capacitance by
substitution the condenser under test is not removed or dis-

connected from both leads. Such a procedure would not only
remove Cx from the circuit ; it would also remove the capacitance
between the insulated lead and the screen terminal of the con-

denser, and this extraneous capacitance would be included in the

quantity measured.

The method of substitution as here described is applicable not

only to all resonance methods, but also to bridge and other

methods. When choosing a method it should be remembered
that the voltage-resonance method is free from error due to the

conductance of the condenser and is therefore a good method
when leakage is suspected.

The measurement of three-terminal condensers will be con-

sidered under bridge methods.

7. Measurement of the Self-Capacitance of a Resistor.

Resistors of low value are usually inductive, but in those of high
value the distributed capacitance usually outweighs the induct-

ance, and the resultant susceptance is capacitive.

In order to measure the self-capacitance of such a resistor the

method of voltage resonance is used. The measuring circuit

having been tuned, the resistor is connected in parallel with the

tuning condenser and resonance again established. The difference

between the two readings of the tuning condenser gives the self-

capacitance of the resistor. The capacitance of the leads em-

ployed for the connection of the resistor can be measured

separately in the same way and allowed for if necessary. The
conductance of the resistor has no effect on the condition of

voltage resonance, but it may destroy the sharpness of resonance

if the frequency is not sufficiently high. The resistor must be

disposed so that no e.m.f. is induced in it by the generator ;

otherwise the conditions for simple substitution, which have been

assumed to hold, are not satisfied.

8. Measurement of Self-Inductance of a Choke. Self-

inductances ofhigh value such as those of chokes can be measured

by a method very similar to that of the preceding paragraph.
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The procedure is exactly the same : the reading of the tuning
condenser C^ corresponding to voltage resonance is first noted.

The choke is then connected in parallel with the condenser and

resonance again established by adjusting the condenser to a new
value C2 . The additional capacitance C2 Ca is obviously that

required to tune the choke itself to resonance, and the inductance

of the choke Lx is therefore given approximately by the relation

1

The method applies only to frequencies at which the choke behaves

approximately as a pure reactance.

9. Methods of Energising the Measuring Circuit :

Couplings. The method of energising the measuring circuit

described in paragraph 1 is that of pure magnetic coupling

COUPLING Cuecutr.

FIG. 71. Arrangement of intermediate coupling circuit.

between the generator and measuring circuits. If neither the

inducing coil of the generator nor the measuring circuit is electro-

statically screened, the electrostatic coupling is usually at least

comparable with the magnetic coupling, and it is then found

that the current in the measuring circuit cannot be reduced to

zero by adjustment of the position of the two circuits. The
electrostatic coupling is apt to be distributed over the whole

measuring circuit, and therefore to be varied when any adjust-

ment of the circuit is made. This state of affairs is obviously

undesirable, and capacitance coupling is therefore best avoided

by electrostatic screening.

When direct magnetic coupling is employed, the generator
and measuring circuit are frequently about a metre or more apart,
and it is therefore difficult to localise the induced e.m.f. in the

measuring circuit. When this is essential, an intermediate

coupling circuit, as shown in Fig. 71, may be used. An inducing
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coil of one or two small turns is placed quite near the coil into

which the e.m.f. is to be induced. This is connected by long
screened leads to a corresponding coil near the oscillator, When
it is necessary that the circuit shall be balanced with respect to

earth, the coils of the intermediate circuit may be connected to

earth at their middle points. Such a potential distribution is not

usually possible when direct coupling is employed.
Another means of applying a definite e.m.f. to a circuit is the

so-called resistance coupling shown in Fig. 72. A measured

current / is passed through
a resistance r very low com-

P^^d ih that of the

measuring circuit of which
it forms a part. The voltage
rl is therefore

"
injected

"

into the circuit at the place

FIG. 72. Resistance coupii^7~ occupied by r. If when the

circuit is tuned to resonance
the voltage across the coil is V, the voltage magnification Q of

the coil is given approximately by V/Ir. This is a good example
of the kind of measurement for which the method of coupling is

most useful.

10. Measurement of the Residual Inductance of a
Condenser.* The significance of the inductance of a condenser
has been explained in Chapter VI, p. 118. The simplest method
of measuring this quantity is undoubtedly to short-circuit the

terminals of the condenser by means of a copper strip or wire of

large diameter, and to determine the resonance frequency of the

oscillatory circuit so formed. This measurement may conveniently
be made by the simple method described in paragraph 4 (6). The
condition of resonance is

(Le + LQ)Ca>* = 1,

where Lc is the inductance to be measured, L that of the short-

circuiting link, which is very small, and can be estimated by
calculation, C is the capacitance of the dielectric path of the con-

denser, which is practically equal to the capacitance of the con-

denser at low frequencies. Thus C and L are known, and a> is

* WAW>, W. H- J. Set. /n*fum., 1036, Vol. 13, p. 251.
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observed ; the inductance Lc can therefore be calculated from
the above equation.

It is sometimes impossible to determine the resonance fre-

quency of the condenser as described above, either because the

frequency is too high or because it is not possible to induce an

adequate e.m.f. into the circuit. In such cases the following
method can be employed. Two parallel wires which can be
short-circuited by a movable

bridge are connected to the ter-

minals of the condenser as in

Fig. 73. The arrangement forms

an oscillatory circuit / with a FIG. 73. Circuit for measurement

rectangular coil ofvariable length den^!
dlial inducfcailoe * a *'

but constant breadth. The
resonance frequency of this circuit is observed for various positions
of the bridge by the method previously mentioned. The condition

.
of resonance is

where L is the inductance of the rectangular coil, CL is its self-

capacitance, C is the capacitance of the condenser, and Le its

inductance, which is to be measured. Thus for a constant value

of C (a constant setting of the condenser), 1/co
8 is a linear function

of L. If therefore l/o>
2 is plotted against L a straight line is

obtained, the slope of which gives C + CL, while the intercept on
the L axis gives Lc . Alternatively, if 1/eo* is plotted against (7,

as in Fig. 67, a straight line is obtained, the slope of which gives
Lc + L, while the intercept on the C axis gives CL . The value ofL
can be obtained by calculation or by a bridge method at low fre-

quency. The adjustable rectangular coil described above is not of

course essential ; a series of circular coils may be used, but the

arrangement of parallel wires is convenient since it gives a series of

values of L, which are a linear function of the length of the rect-

angular loop. Thus if 1lap is plotted against the length ofthe loop,

Z, a straight line is obtained and its intercept on the I axis gives
the length of loop to which the inductance of the condenser is

equivalent. The calculations are therefore simplified.

II. Measurement of the Variation of the Capacitance of

a Condenser with Frequency. It is explained in Chapter VI
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that the capacitance of a condenser nifty
diminifth with rise of

frequency owing to dielectric absorption in any solid dielectric

which may be present, and that it may increase with rise of

frequency owing to the inductance of the plate systems and
internal leads. The latter effect usually predominates and the

inductance of a condenser can therefore be deduced from the

variation of capacitance with frequency. Such measurements
can only be made if a standard condenser of known or negligible

inductance is available. A good condenser for such purposes can

be made from two coaxial metal tubes, which can be insulated

from one another by small wedges of fused quartz or polystyrene,
or any material in which dielectric absorption is negligible. It is

obvious that the inductance of the tubes will diminish as their

diameter increases and as the radial spacing diminishes, and if

tubes of about 7 cm. diameter, with a radial gap between them of

about 1 mm. are employed, the inductance will be found to be

less than 0*001 pJS and therefore negligible for lengths of,,say,

10 cm. The terminals should be placed on the tubes themselves

at one end ; their distance apart can then be adjusted by a

rotation of one tube.

The procedure is as follows. The standard coaxial condenser

is connected to an inductance coil and thermionic voltmeter, and
the circuit so formed adjusted for voltage resonance as previously
described. The coil, voltmeter, and connecting leads should

all be electrostatically screened and all the screens connected

together and to the screen (outer tube) of the condenser, so

that the capacitances between all the screens are short-circuited

and have no effect on the resonance point. The standard con-

denser is then removed and the variable condenser under test

substituted for it, the leads used being the same in the two cases.

The setting C of the variable condenser which restores the condi-

tion of resonance is observed. This procedure is repeated at

various frequencies using different coils. It will be found that

for all fairly low frequencies the value of C is constant and equal
to the value of the standard condenser <7 , the effect of inductance

being negligible. At any high frequency cu/2Tr the effective

capacitance of the variable condenser will be increased by its

self-inductance, and the setting C will correspond to a value

C/(l
- LJOaf) (Chapter VI, equations 12 and 17). It follows
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that the setting C of the variable condenser will diminish with rise

of frequency in accordance with the equation

C -
n ~

Thus the inductance L can be calculated from the value <7

obtained at lower frequencies (say, 1 Mc/s). The above equation
has been obtained on the assumption that the effects of dielectric

absorption and resistance are negligible, which is usually the case.

Even if they are not negligible it is convenient to represent the

observed variation of capacitance with frequency by the same

equation, the value ofL then being the
"
equivalent inductance

"

of the condenser. For standard variable air condensers the value

is commonly of the order 0-03 pH. Experimental details and
values are given by Ward.*

12. Measurement of Very Small Inductances. Very
small inductances of the order of, say, 0-1 pH or less can some-

times be measured by the methods described for the measure-

ment of the residual inductance of a condenser. Thus the small

inductance may be connected to the terminals of a condenser of

known capacitance and inductance, and the resonance frequency
of the circuit determined. The total self-inductance of the circuit

can then be calculated from the equation of resonance and this

value, diminished by the inductance of the condenser, gives the

required added inductance. This calculation assumes that the

mutual inductance between condenser and added inductor is

negligible, and such values are therefore always subject to a slight

uncertainty on this account. It is however to be remembered
that inductance values only apply with precision to complete
circuits, and that the values for small inductors can never be

more than approximate owing to the nature of the quantity to be

measured.

If the coaxial tubular condenser is used for these. measure-

ments the inductance of the condenser is negligible. If the

resonance frequency is then too high for measurement it can be

reduced by adding a suitable length of coaxial lead between the

condenser and the inductor to be measured. The inductance of

* WABD, W. H. J. Set. JTiufnim., 1936, Vol. 13, p. 251.
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this lead can readily be calculated and allowed for, and it will

also be practically free from mutual inductance.

Fortescue* has described a substitution method for very
small inductances. His variable standard inductance consists of

a straight wire in a coaxial brass tube, a movable plunger making
contact between wire and tube. The change of self-inductance

due to a given displacement of the plunger is readily calculated.

This standard is included in a resonance circuit : the inductance

to be measured is added in series with the circuit, and the amount

by which the plunger must be displaced in order to restore the

condition of resonance is measured. Neglecting small corrections,

t

FIG. 74. Arrangement for measurement of very small inductances by
substitution. (Fortescue.)

the corresponding change in the inductance of the standard is

equal to the added inductance. It is to be noted that the resistance

of the circuit changes during the measurement and therefore

current resonance should be employed, since this is independent
of series resistance. The circuit is shown in Fig. 74. It is essential

that the current in the inductor under test and the variable stan-

dard shall be the same : their insulated terminal should therefore

be connected together by the shortest possible link, as in the

diagram. Any capacitance between this link and the screens of

the various instruments will lead to stray displacement currents,

which may cause errors. The inductance under test should be

removed from the circuit when necessary by short-circuiting, so

that the various screen capacitances remain unaltered. Fortescue

has described a special form of mercury switch for this purpose,

* FOBTBSCUB, C. L. J. Sei. Inttnm., 1933. Vol. 10. p. 301.
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and has also given formulae for the corrections which must be

applied when the departures from the above-mentioned conditions

are appreciable. At very high frequencies it is of course necessary
to take into account the distributed capacitance of the coaxial

inductance (cf. Chapter VII, 7, and Chapter X, 13).

13. Measurement of Very Small Capacitances, e.g. of

Valves. Very small capacitances, such as those of valves, can

readily be measured by resonance methods. The conditions

necessary are a very sensitive indicator of resonance and a stan-

dard condenser capable of very fine adjustment. A micrometer

condenser (p. 117) serves admirably for the standard. If one is

not available, a very fine adjustment of capacitance can be

obtained by using a small fixed condenser c in series with a

variable condenser C of the ordinary type. The capacitance of

the combination is given by Cc/(C + c), and it follows that a small

change of capacitance A(7 of the large condenser produces a

change in that of the combination of approximately AC . c2/C
f2

,

and since the ratio c/C can be made very small, it is possible to

produce extremely small known changes of capacitance in this

way.

Perhaps the most sensitive method of resonance detection

is the reaction beat-frequency method (p. 169), and this may be

used provided there is no danger of the changes of capacitance

being accompanied by changes of resistance of sufficient magni-
tude to affect the beat-frequency on their own account.

When such changes of resistance occur, e.g., when the small

capacitance is associated with considerable conductance, voltage
resonance with a thermionic voltmeter as detector may with

advantage be used. The resonance peak itself is necessarily not

very sharp and the mean of two capacitance readings, one on
either side of the peak, giving the same deflection is usually taken.

This however considerably lengthens the number of observations.

Sometimes an additional small fixed capacitance Ca is arranged
so that it can be switched into the circuit at will, and the adjust-

ment for resonance is then made by varying the main condenser

until a point is reached at which the voltmeter reading is un-

changed on Switching in the small condenser Ca . The setting

then corresponds to the point A in Fig. 75, and is evidently much

sharper than that corresponding to the resonance peak itself. It
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is obvious that for substitution measurements this setting is just

as satisfactory as the resonance peak itself. It is to be remem-

bered that the addition of Ca must not cause any change in the

e.m.f. induced in the circuit. The leads connecting this con-

denser to the main condenser must therefore not form an open

loop into which an appreciable
e.m.f. might be induced by
the generator.

Small capacitances can also

be conveniently measured by
their direct effect on the fre-

quency of an oscillator of,

say, the Hartley or the

dynatron types. The capaci-

tance to be measured is added

to the tuned circuit of the

oscillator, and the change of

frequency compensated by the

adjustment of a suitable

standard condenser included

this circuit. Thus the

Fio. 75. Curve illustrating the use of a
small fixed additional condenser Ca to

increase the sharpness of the resonance

adjustment. Setting to the point A is

obviously sharper than to B.

in

measurement is again one of

substitution. The changes of

frequency are detected by the heterodyne method, a crystal-
controlled oscillator of constant frequency being used as the

auxiliary oscillator for the production of the beat-note. When
the highest sensitivity is required the

"
double-beat

" method

(p. 169) of detection may be employed.

Generally speaking, however, the accuracy of measurement of

very small capacities is limited not so much by lack of sensitivity
of the detector as lack of stability of the circuits. Mechanical

rigidity, smoothness of adjustments, and perfection of screening
of the apparatus are usually more important than devices for

magnifying the response of the detector to a given small change
of capacitance.



CHAPTER X

RESISTANCE, POWER FACTOR, DECREMENT, ETC.,
BY RESONANCE METHODS

1. The Resistance-Variation Method. The most direct

method of measuring the resistance of a circuit at high frequencies
is that known as the resistance-variation method, which is

based on the fact that the current / in a circuit which is adjusted
for current resonance, is governed by the simple relation / = EjR,
where E is the e.m.f. induced in the circuit, and R is its resistance.

The circuit used is that shown in Fig. 68, the thermal converter

being used as detector, with the addition of a variable resistor

immediately adjacent to the current-measuring instrument,
which must be calibrated to read relative values of current. If a

thermojunction with sensitive reflecting galvanometer is used,

it is usually sufficient to assume that the deflection 6 is propor-
tional to the value of P. The circuit is first adjusted for current

resonance with no added resistance, and the maximum deflection

m , or value of current Im noted. A known resistance Rx is then
added to the circuit, the resonance adjustment checked, and the

new value of current 7 or deflection noted. We now have the

relation

_j._ /

7 V

from which R the resistance of the circuit is easily obtained.

It is advisable to take several values of Rx and to note the

corresponding values of / or 9. From the relation

. . . . (2)..... ( '

it follows that if l/i/O *& plotted against Rx, a straight line should

be obtained, its intercept on the resistance axis giving R. The
deviations of the observed points from the straight line provide a
valuable indication of the probable accuracy of the result.

183
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It should be observed that the method is only valid so long as

the induced e.m.f. remains constant, and in order to ensure this

constancy, not only must the coupling conditions discussed in

the previous chapter be satisfied, but the changes of resistance

must be made in such a manner that the configuration of the

circuit remains unaltered throughout. Various resistors satisfying

this condition to a greater or less degree of accuracy are described

in Chapter VII. The slide-wire of constant inductance is very
convenient when high accuracy is not essential, and at the lower

frequencies it is possible to use a resistance box with dial switches,

but for the highest accuracy it is almost essential to use straight-

wire resistors. Two mercury cups are included in the circuit

immediately adjacent to the thermoelement, and straight-wire
resistors of constant length are connected in turn between these

cups. Using straight wires of length, say, 2 cm., it is possible to

obtain resistances from about 0*1 ohm to 100 ohms with wires

varying in diameter and material. At very high frequencies the

variations in self-inductance due to variation in diameter of wire

may not be permissible. It is then necessary to use wires of the

same diameter but different material, and even then the variations

of internal inductance among the various wires must sometimes

be considered. The desirability of using several values of Sx

and checking the linear law will therefore be easily understood.

Since fine wire resistors are not usually very stable in value,

their d.c. resistance values should be checked frequently.
2. The Reactance-Variation Method. In the resistance-

variation method discussed in the last section, the resistance of a

resonating circuit is deduced from the reduction of current

produced by the addition of a known resistance. The resultant

reactance of the circuit is always reduced to zero, and therefore

does not affect the measurement. A change of reactance of the

circuit also causes a reduction of current and voltage, and since

a series of known changes of reactance are usually more easily

made than corresponding changes of resistance, it is important
to consider a method whereby the resistance, conductance, power
factor, etc., of a circuit can be deduced from the effect of known

changes of reactance. The method is often called the reactance-

variation method, or since the changes of reactance necessarily

put the circuit somewhat out of tune, the de-tuning method, or
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sharpness of resonance method. The changes of reactance may
be made by changes of frequency or of capacitance, but since

the method of capacitance-variation is the more satisfactory,

we shall confine our attention to it. The governing equation was
derived in Chapter II (p. 26). For a circuit in which the con-

denser (and voltmeter, if any) are free from leakage and dielectric

losses, it may be written

This equation was derived for both current and voltage resonance,

and either may be used provided the condition of negligible

conductance in the condenser, etc., is satisfied. In this equation
Cl and Ct are the two readings of capacitance (one on either

side of the resonance peak) which correspond to a mean square
Current or voltage of one gth of the value at resonance, and for

voltage resonance C1 + C2
=

2(7,. Thus the loss tangent ofthe coil,

or its reciprocal the magnification factor Q, may be deduced from

these readings, and if the inductance is also measured by the

methods already discussed, the resistance can be obtained.

It has also been shown in Chapter II that when leakage, etc.,

is not negligible, the equation of voltage resonance is simpler
than that of current resonance, and this case alone will therefore

be considered in detail. The circuit may be represented by
Fig. 66, in which, in practice, V is a sensitive thermionic volt-

meter, whose deflection is proportional to the square ofthe voltage.
The procedure is as follows. The capacitance is varied until

resonance is obtained and the maximum deflection m and the

corresponding capacitance Cr are noted. The capacitance is then

increased until the deflection is reduced to m/2 (i.e., q = 2) and
the corresponding reading Cl noted. The resonance readings

m, Cf are then checked, and the capacitance reduced until the

deflection is again halved, and the corresponding reading C2

noted. We may then apply equation (20) (p. 33),

co. AC,

which gives the equivalent conductance of the whole circuit in

terms of the capacitance-difference Cl <78
=

AC,, say. The
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value of AC
ff corresponding to other values of q, say 3 and 4, are

also observed, and in this way a few independent values of O
t

are obtained. The deviation of the values from the mean gives a

valuable indication of the accuracy of the result.

It is to be noted that this method is essentially a measurement
of the total conductance (or power loss/F

1
) of the circuit, just as

the resistance-variation method is a measurement of the total

resistance. Values for individual components can only be

obtained if the corresponding values for the remainder of the

circuit are either already known, or determinable by an additional

measurement of the same kind. We have already noted that if

the condenser and voltmeter are known to be free from power
losses, the observations give the magnification factor and loss

tangent of the coil. The losses in coils are never negligible, so

that measurements on condensers, dielectrics, resistors, etc.,

must always be made as a difference measurement, i.e., by a

determination of the change in total conductance produced by
the addition of the component in question to the circuit. In all

cases such as this where two values of conductance are measured,
a valuable additional check on the results may be obtained by
observations of the voltmeter deflections at resonance for the two
conditions of the circuit. For in Chapter II it is shown that the

maximum voltage is given by

E I

Vf ~
R+ja>L

'

G
t

'

where E is the induced e.m.f. and 12 + jtoL is the impedance
operator of the coil, and as long as both of these remain constant

the voltage at resonance is proportional to the total conductance

of the circuit. Thus when a square-law voltmeter is used, the

ratio of the two conductance values Ol and Oz should be equal to

the square root of the ratio of the two maximum deflections

6l and S, the working equation being

(8)

It should also be noticed that when one value of O
t
and the

corresponding maiimnm deflection have been measured, any other

value of Of can be immediately obtained from a single reading of
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the deflection at resonance. As in the previous method care

must be taken to ensure the constancy of the induced e.m.f. E .

3. Measurement of the Effective Resistance, Con-

ductance, and Power Factor of a Condenser. This measure-

ment as previously explained must be made by a measurement
of the substitution type. The condenser under test is included

in a circuit which can be tuned to the required frequency, and
the total resistance or conductance of the circuit is measured by
one of the above methods. The condenser is then removed
from the circuit by a suitable disconnection, and replaced by a

standard condenser of either negligible or known resistance and
conductance. The resistance or conductance of the circuit is

then again measured. The difference between the first and
second measurements obviously gives the required value for the

condenser. If the value for the standard condenser is known, it

must be added to the measured difference. It is essential that

the losses in the remainder of the circuit shall not be affected by
the change of condenser, e.g., the resistance of the leads must not

be changed. The arrangement of Fig. 70 (a) may be used, care

being taken to ensure that the leads to the two condensers Cx

and Ct are exactly similar, and therefore of the same resistance.

We have shown in Chapter VI that ordinary standard

condensers are never quite free from losses, and therefore their

resistances and conductances are always appreciable. At the

lower radio frequencies the losses are mainly due to the solid

insulation, and may therefore be represented by a constant

conductance, which is independent of the setting of the con-

denser. This loss may be eliminated from the measurements by
the use of a difference-substitution method (Fig. 706). In

this case the standard condenser remains in circuit for both

measurements, but its capacitance is increased for the second

measurement. The increase of capacitance may be regarded as

completely free from loss, unless the effect of the resistance of

the plate systems, internal leads, and terminals is appreciable.

This is likely to be the case at the higher radio frequencies, and

therefore for the most accurate measurements it is necessary to

use condensers specially designed to have zero plate resistance *

as well as constant conductance, with varying capacitance. An
* DY, D. W. Proc. Phya. Soc., 1928, Vol. 40, p. 286.
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arrangement used at the National Physical Laboratory is shown
in Fig. 76. It consists essentially of a pair of coaxial copper
tubes of fairly large diameter (7 to 10 cm.) and small radial

separation (say 1 mm.) forming a cylindrical air condenser. The
solid insulation is provided by three hollow quartz pillars which
are clamped between lugs on the bases of the cylinders. The

copper cylinders can be unscrewed from the bases, thereby

removing an almost per-

fectly pure capacitance
from the system, for the

resistance of any length
of the copper cylinders is

negligible at almost all

frequencies at which

capacitances of the mag-
nitude corresponding to

the particular length of

cylinder, are likely to

be used. Several pairs
of copper cylinders are

available, so that capaci-
tance of various values

may be obtained. For

measurements of the

type under discussion, it

is essential that the leads

connecting together the

standard and test con-

denser shall be of negli-

ling a oapaoi-
free from power loss.

gible resistance. The standard coaxial condenser is clamped to

the terminals of the condenser under test, the connection being
made by heavy copper lugs projecting from the base of the

standard. (These are omitted from Fig. 76 in order to avoid

confusion.) The outer tube which acts as a screen for the standard

is of course connected to the screen of the condenser under test.

The reactance-variation method is, in theory at least, the simplest
in this connection.

The procedure is as follows. The base of the standard, which

is permanently connected to the measuring circuit, is clamped
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to the terminals of the condenser under test, and the total equiva-
lent conductance of the circuit containing the condenser is

measured. This may be denoted by L + Ov + Ob + Gx, the

four terms representing the conductances of the coil, voltmeter,

base of the standard, and test-condenser respectively. The
insulated terminal of the condenser Cx is then disconnected, and

tubes of a length required to restore the capacitance to its original
value are screwed on to the base of the standard. The total

conductance of the circuit is then again measured. It is now

equal to L + Ov + Ob and therefore the difference of the two
values gives Qt. It will be clear that this procedure is only

applicable to condensers having capacitances equal to those of

the standard, but if a variable air condenser is calibrated

in this way at the points on its scale corresponding to the

capacitance values which are available, the conductance or

loss tangent may be plotted against scale reading, and
their value for any other setting determined by interpolation.

A variable standard calibrated in this way may then be

employed for measurements on fixed condensers by simple
substitution.

When the resistance-variation method is employed for

difference-substitution measurements, it is necessary to make a

correction on account of the difference between the total capacit-

ance of the circuit (7, and the capacitance Cx of the condenser

under test. For the resistance of the circuit is measured with

respect to the current in the thermo-element, i.e., the current

through the total capacitance (7, which includes Cb, that of the

base of the standard, as well as Cx . In other words, the resistance

measured is that of the two condensers Cx and Cb in parallel,

plus that of the rest of the circuit, R. The value is approximately

given by

G
.

C *

where rx is the value for the condenser under test. For the

second measurement the resistance measured is

C'of
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The difference between the first and second measurements is

therefore

s*i / n \* / xv \ *

... (6)

The value of the power factor of the condenser is of course

easily calculated from either rx or Ox provided that Cx is also

measured. Whatever the method of measurement, the results

can be expressed in terms of series resistance, shunt conductance,

power factor, loss tangent, loss angle, or decrement, at will.

4. Measurement of the Effective Resistance, Con-

ductance, and Magnification Factor of Coils. Having
obtained the values of the resistance and conductance of a
standard condenser by the above procedure, it is a simple matter

to obtain the values for a coil. It is only necessary to form a

resonating circuit with the coil in question and the condenser

and to measure the total resistance or conductance of the circuit

by the methods of paragraphs 1 and 2. On subtracting the values

for the condenser from the total value for the circuit, the values

for the coil are obtained. The conductance of the voltmeter can

be measured separately by the method described for a condenser,

provided a second voltmeter is available as detector, or the values

for the condenser and voltmeter in parallel may be measured at

the same time. If, however, a very small capacitance (say
2 to 5/ifJP.) is placed in series with the voltmeter, its effective

conductance often becomes negligible. The resistance of the

thermoelement may similarly be measured together with that

of the standard condenser, but it is often sufficiently accurate to

use the d.c. value of its resistance.

Particular attention should be paid to the fact that the

resistance-variation method measures the resistance of the coil

with respect to the current in the condenser : the simple theory
assumes that this is the only current circulating in the circuit.

We imagine the coil to be replaced by its equivalent series

resistance Rt > and inductance L,, and it is the quantity R9 which

is measured by the method. On the other hand the reactance-

variation method with voltmeter detection measures the con-

ductance and capacitance with respect to the total voltage.
In other words, the quantity measured is the conductance
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Gp = l/Bp
=

l/jRa [Figs. 3 and 62]. The relations between

these quantities are derived in Chapter VIII. Thus

I? ^B
'
= RC* .... (7)

Methods for the measurement of L2 and JD, are discussed in

Chapter IX. In practice the two values are usually indistinguish-

able, as are also the various values of self-capacitance Cv <78 and
<78. The above equations may also usually be replaced by the

approximations

and JL ........ (10)
-$

and thus the value of JZ8 calculated from R, or R
p

. The error

due to the approximations may then be estimated from the

value so obtained, and a correction applied if necessary. The
value of the magnification Q can be calculated from the exact

equation

% = Q2 ....... (ID
^3

or the approximation

<*<** ....... (12)
1*3

5. Dielectric Constant and Power Factor of Dielectrics.

The process of measuring the dielectric constant (permittivity)
and power factor of a dielectric, consists essentially of three

parts, (i) the construction of a condenser with the dielectric in

question as the insulating medium, (ii) the measurement of the

capacitance Ct and power factor of this condenser, (iii) the

measurement or calculation of the capacitance CQ of a condenser

of the same linear dimensions, but 'with air or a vacuum as the

insulating medium.
The ratio OJC9 is the required dielectric constant, while the

measured value of power factor is that of the dielectric, provided
that the condenser is so constructed that there are no power
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losses in the electrodes. Thus the effect of the resistance of the

electrodes must be negligible, there must be nothing of the nature

of a "
contact resistance

"
between electrodes and dielectric, and

there must be no leakage between the electrodes except that

through the dielectric. The actual measurements of both capaci-
tance and power factor of the condenser can be made by the

methods which have already been described. If the condenser

is of simple geometrical form, and its linear dimensions accurately

measurable, the
"
air-capacitance

" C can be calculated by the

formulae given in Chapter VI. It is therefore only necessary to

consider here the forms of test-condenser suitable for various

classes of dielectrics. The provision of electrodes which, when

applied to a given sample, satisfy the condition stated above, is

often one of the most difficult parts of the measurement.

6. Electrodes for Solid Dielectrics. Solids are usually
tested in the form of flat sheets, and perhaps the most generally
useful form of electrode for such samples consists of sheets of

tinfoil stuck to the faces of the sample with a very thin film of

petroleum jelly used as an adhesive. Tinfoil alone does not make
a sufficiently intimate contact with the surface unless applied
under very great mechanical pressure, and this is seldom per-
missible. In a typical experiment the sample consists of a disc

of say, 10 cm., diameter and 3 mm. thickness. The surfaces are

cleaned, and very lightly coated with petroleum jelly ; a mere
trace is sufficient. Thin tinfoil is then applied and carefully

pressed with the fingers into contact over the whole surface. The
tinfoil is cut to a definite diameter with a sharp knife, the diameter

of the electrodes being made say, 1 cm., less than that of the

sample. Leakage between the two electrodes over the surface of

the sample is thereby usually reduced to a negligible proportion.

Copper discs of the same diameter as the foils are finally placed
over the foil electrodes, and pressed into contact (by weighting if

necessary). The condenser so formed is satisfactory for measure-

ments at all frequencies up to about 10 Mc/s. The copper discs

must of course be regarded as forming part of the electrodes. The
resistance of the foils is only negligibly small to current passing

through it transversely : to currents in its own plane its resistance

may be relatively large. The copper discs must therefore make
contact with the foil over the whole area, so that they act as
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terminals which distribute the current over the whole area and

prevent current from flowing in the plane of the foil. The power
loss in the film of petroleum jelly is negligible, for not only is the

quantity used very small, but the power factor of pure petroleum
is very small at all practical frequencies.

The air-capacitance of such a test-condenser can be calculated

from Kirchhoff's formula for parallel discs (p. 104), but it should

be noted that the edge-capacitance is not located in the solid

dielectric, except to a small incalculable extent. It is usually
best to regard the calculated

"
edge-capacitance

"
in air, as an

extraneous capacitance, which is unavoidably included with the

capacitance C, of the sample. Thus this edge-capacitance is

deducted from the measured capacitance in order to obtain Ct ,

and is not included in the corresponding calculated value of C .

The surfaces of solids which can be strongly heated (e.g.,

mica, glass and ceramic materials) can be silvered by a process
used in .the ceramic industry, and such silver films in intimate

contact with the dielectric, may be used as electrodes instead of

the tinfoil described above. The required area is coated with a
"
silvering solution

" and the material then heated to a tempera-
ture of the order of 300 to 600 C. which results in the deposition
of a metallic film, very firmly attached to the surface. The process
is repeated if necessary until a continuous metallic film is

obtained, and this is then backed with copper plates as before.

Mercury also forms an admirable electrode material, since it

will make intimate contact with a surface in spite of irregularities.

Many forms of mercury electrodes have been developed. An
example will be discussed later in connection with bridge measure-

ments (p. 227), but such electrodes will not be discussed in any
detail here, since they are not very convenient for work at the

highest frequencies and are therefore less general in their applica-
tion than the electrodes which have been described. For measure-

ments at frequencies up to, say, 5 Mc/s. they are probably superior
to any other electrode. For such measurements a flat disc of the

dielectric may be floated on the surface of mercury contained in

a vessel of slightly larger diameter. The mercury then forms an
electrode covering the whole of the lower face of the sample. A
pool of mercury on the upper face of the sample can be used for

the upper electrode. The pool can be confined to a definite area
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by a rim of wax, or by a metal ring out from tubing of a suitable

diameter and laid on the surface. The edge-capacitance of such

a system is not easily calculated, and it should only be used when
the total capacitance is large enough to make the edge-capacitance
of comparatively little importance. Connection to the circuit is

made by wires dipping into the mercury. It is the limitations

arising from the inductance and resistance of such wires which
restrict the use of mercury to frequencies below a certain value.

Material in the form of tube can also be provided with mercury
electrodes. The material is placed so as to be coaxial with two
steel tubes one of larger and the other of smaller diameter.

One end of the system is closed by immersion in molten paraffin

wax, which is then allowed to set. Mercury poured into the

annular spaces between the metal and dielectric tubes forms the

inner and outer electrodes. Edge effects, including that of the

wax, may be eliminated by observing the difference between two
measurements made with the mercury standing at two different

heights in the tubes. The dielectric constant is in this case cal-

culated from the formula for a cylindrical condenser (p. 104).

Solids which can be melted, e.g., waxes, may be tested in two

ways. Flat plates of the material may be prepared by casting on
a mercury surface : the molten material is poured on to the

surface of mercury contained in a large dish and allowed to set.

Plates of almost any desired thickness can be obtained in this

way and then tested with tinfoil or mercury electrodes. Alter-

natively, the molten material may be poured into an air con-

denser (previously calibrated) and allowed to set, thereby forming
the required test condenser. It should, however, be borne in

mind that most materials contract on solidifying, and that there

is a danger that the contraction may give rise to air films between

the electrodes and the material. Such films may cause large

errors in the measurements. It is clearly advisable to freeze such

liquids from the bottom upwards, so as to allow the contraction

to occur at the free surface.

7. Test Condensers for Liquids. Vessels for the testing
of liquids consist essentially of small fixed air condensers which

can be filled with the liquid. A very simple form consists of two
coaxial tubes of copper, brass, nickel, etc. (depending on the

chemical activity of the liquid under test), separated by a small
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radial gap, and fixed relative to one another by six small wedges
of quartz or glass, inserted in the radial gap between the tubes,

three at each end. A strip cut round the rim of each tube and
bent upwards is used for connection to the circuit. Measurements
are first made on this condenser in air, and it is then dipped into

any desired liquid which may be contained in a test tube, etc.

A somewhat more elaborate form used at the National

Physical Laboratory* is shown in Fig. 77. Here the insulation

is provided by a tapered piece of fused

quartz tubing, which is ground to fit the

upper parts of the two electrodes, and thus

also acts as a stopper for the vessel. Note
also that the leads to the terminals of this

condenser are very short and thick -and

therefore of very small inductance. This

condenser is therefore suitable for use at

high frequencies.

When making measurements with such

condensers it is necessary to make allowance

for the capacitance and conductance of the

solid insulators. Their conductance is not

affected by the liquid, so that the difference

between the conductances measured when
the cell is full and empty gives the net

conductance of the liquid. The capacitance
correction is determined as follows. The cell

may be considered as consisting of two parts : FIG.

one which may be filled with liquid, and

which has the capacitance C when filled

with air, and e<? when filled with liquid of dielectric constant ;

and a second part, including the solid insulators, which is never

filled with liquid, and which has a constant capacitance <7
{
. If C

is the total capacitance,

C = <7 + C, (13)

Evidently measurements of C for two different values of c are

sufficient to determine both (7 and C
{
. In practice a measure-

ment is usually made with air and a standard liquid such as

* HABTSHOBN, L. and RTTSHTON, E. J. Sri. Inrirom., 1939, Vol. 16, p. 366.

77. Condenser
for testing liquid
dielectrics.
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benzene, then C and (7< being known, a measurement of C with

any other liquid is sufficient to determine c for that liquid. The

loss tangent for the liquid is then given by QJeC^, where (?/, its

conductance, is obtained by the difference measurement already

mentioned.

8. Test-cells for Electrolytic Resistance. It should be

noticed that the cells described above are also suitable for

measurements of electrolytic resistance or conductivity. Indeed

from the measurement point of view there is no essential differ-

ence between the conductivities of an electrolytic solution and a

dielectric. The conductance O
l
of the liquid is determined as

before by the difference between the measured conductivities of

the cell when full and when empty. The conductivity a of the

liquid is then given by
0, = oeo (14)

where G is the geometrical conductance (p. 103) of the portion of

the cell which is filled with liquid. GQ may obviously be deter-

mined by a measurement with a standard liquid. Alternatively,

it may be deduced from the capacitance value C7 , for

C =0-08856(?

when (7 is in^F and OQ in cm. This method is only applicable

when the liquid occupies the whole electric field between the

electrodes, t.e., for electrodes which like the concentric system
have a negligible stray field.

9. Apparatus for Very High Frequencies. The circuits

required for the resonance methods which have been discussed

may be assembled without undue difficulty from ordinary

standard coils, condensers, etc., provided the working frequency

is not greater than, say, 10 Mc/s. When, however, such circuits

are required for use at frequencies of the order of 50 Mc/s., diffi-

culties arise owing to the fact that even the shortest possible

length of wire which may be used to connect two components in

series or parallel, has an appreciable impedance. It becomes

necessary to make due allowance for the residual inductance,

capacitance and resistance of every piece of connecting lead in

the measuring circuit, and the equations are apt to become very

complicated. For example, a condenser of capacitance C and

conductance O in series with leads of residual inductance V and
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resistance R may be shown to be equivalent to a capacitance Cp
and conductance Gp , where

'
(I + B'O - L'Cw*)* + (KCta + L'Qotf

'

and

_ 0(1 + R'G) + B'C*a>*
*

(1 + S'G - L'Ca>*)* + (R'Cu
'*' m v '

and it becomes necessary to consider the magnitude of all the

various correcting terms in these equations (most of which

increase rapidly with rise of frequency) before they can be neg-
lected. These difficulties are best overcome by the use of circuits,

specially built as self-contained units without connecting leads.

An instrument of this type, devised by the author and W. H.
Ward * for use at frequencies up to 100 Mc/s., is shown in Fig. 78.

It is essentially the circuit for voltage resonance with capacitance
variation. The main tuning condenser consists of two parallel

copper plates A and B, the upper one being adjustable by means
of a micrometer head Mv This plate is connected to the copper

housing H by means of a cylindrical copper bellows of large
diameter (and therefore extremely low resistance and inductance).

The condenser for the fine adjustment is formed by making the

stem of a second micrometer head M2 project into a hole bored

into the copper plate A. These condensers are mounted on the

top of a rigid copper box containing the thermionic voltmeter.

The rectifying valve Fx is mounted immediately below the plate

A, and is connected to it by a short copper rod J integral with A.
The end of this rod rests on a thin sheet of mica which forms the

small series condenser Cly used to reduce the effective conductance

of the voltmeter. The voltmeter is of the type shown in Fig. 44,

and it is to be noticed that the whole of the high-frequency circuit

is compactly mounted immediately underneath A. The housing
H is connected to the screen of the voltmeter by three bolts Ft

one of which is shown, these bolts also serving to damp the

insulating pillars, which are of fused silica. These three bolts in

parallel also have an extremely low resistance and inductance.

* HABTSHOBN, L. and WABD, W. H. J. Inst. Sleet. Eng.. 1036. 79, 597.
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The coil for very high frequencies consists of a single turn of stout

copper rod, inside a coaxial tube attached to one end to serve as

a screen for the coil. The coil is connected to two terminals as

shown, and two similar terminals on the other side of the apparatus
allow any other component under test to be connected in parallel

FIG. 78. Hartshorn and Ward's apparatus for frequencies
up to 100 Mc/s.

with the circuit. The two micrometer condensersMl and M2 are

calibrated at low frequencies, and it is found that with this con-

struction the same calibration may be used with errors that are

only just detectable at frequencies up to 100 Mc/s.
10. Measurements on Dielectrics at Very High Fre-

quencies. The apparatus described above reduces to very small

proportions the errors due to the residual impedance of connecting

leads, and will therefore correctly measure the constants of any
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resistor, condensers, etc., which may be inserted in the circuit.

But in order to measure the power factors of dielectrics it is not

only necessary to measure the power loss in a test condenser, it

is also necessary to allow for the losses in the electrodes. The
resistance of the electrode increases with rise of frequency, and,

moreover, the power factor due to a given resistance also inc

with frequency. It therefore follows that the power losses due
to electrode resistance are apt to become the dominating factor at

very high frequencies, even in condensers in which they are

negligible at moderate radio frequencies. Thus at very high

frequencies, measurements on dielectrics must be made by a

difference method, in which the losses due to electrode resistance

cancel out.

Hartshorn and Ward's apparatus described above was designed
for this purpose. The dielectric sample, in the form of a flat disc,

is inserted between the copper plates A and B, and the micro-

meter Ml is screwed up until the plates make contact with the

disc. The measurement of conductance is then made by operation
of Jf2 . The sample is then withdrawn and the micrometer M^
screwed up until the same capacitance is produced with air

between the plates A and B. Then since the electrodes are the

same, and the capacitance is the same, the losses due to electrode

resistance are the same, and are included in the second measure-

ment of conductance, which follows. Thus the difference between
the two values of conductance gives that due to the dielectric

only Silver film or tinfoil electrodes are applied to the sample
in order to obtain a more intimate contact than copper plates
alone will give, and these films are of course removed from the

apparatus with the sample, so that their resistance is not allowed

for. It is, however, possible to find out whether the film has an

appreciable effect by making a second measurement with the

film removed. The capacitance is then usually smaller owing to

the imperfect contact, which may be considered to be due to the

presence of an air film of zero power factor in series with the

specimen. It follows that the apparent power factor should also

be smaller in the same proportion as the capacitance, and if this

is so the values with the films are correct. If not, the true capacit-
ance value, Cty can be obtained from a measurement with the

film electrodes (at a somewhat lower frequency if necessary) ;
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the apparent power factor tan S and capacitance <7 are then

measured without the films at the higher frequency, and the true

power factor tan 8, then obtained from the relation

tan 8, = J tan 8 (17)
^o

Measurements on liquid dielectrics at frequencies up to 100

Mc/s. may be made in the same way, but in this case the flat

plates A and B are replaced by plates with curved surfaces. The

upper surface of A is concave, and contains the liquid, while the

lower surface of B is convex, the two surfaces fitting so that the

air gap between them is of uniform width.

11. Measurement of the Power Factor of a Ferro-

magnetic Material. The power factor of a ferromagnetic
material such as is used in the construction of inductors for radio

frequency work, can be found by a procedure in some respects

analogous to that employed for the measurement of the corre-

sponding quantity for a dielectric. A toroidal inductor is con-

structed on a core of the material in question, and its equivalent
shunt conductance Gp and inductance Lp are measured by the

methods already discussed. Then by equation (25) (p. 11)

the loss tangent of the coil is given by tan S == GpLpw. The con-

ductance Op may be regarded as the sum of two components, one

Ow equivalent to the power loss in the coil winding, and the

other Gc equivalent to the loss in the ferromagnetic core. Thus
the loss tangent of the ferromagnetic material itself is given by
QcLto, or (Gp Gw)Lu>. The conductance of the winding Gw may
be obtained approximately by a measurement on a similar coil

wound on a non-magnetic former of, say, paraffin wax or trolitul.

The loss tangent finally obtained is only characteristic of the

material itself if the whole magnetic field of the inductor is

located in the material. The toroidal coil approximately satisfies

this condition : in this case Gc varies inversely, and Lp directly,

as the linear dimensions of the core, so that tan 8 = GJL^ is

independent of the size of the core. It must be remembered that

Gw is only likely to be approximately the same for the coil and
the dummy : it should therefore be made small compared with

Gp, by the choice of a suitable wire for the winding, by the methods

explained in Chapter VIII.
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12. Measurements on Resistors, Chokes,* etc. The
methods and apparatus already described can be used for the

measurement of impedance of almost any kind and magnitude.
Thus with the apparatus shown in Fig. 78 measurements can be
made on resistors and chokes as well as on condensers and
dielectrics at all radio frequencies up to about 100 Mc/s. The

component to be measured, if of fairly high impedance, is con-

nected in parallel with the condensers of the measuring circuit

and the total conductance measured in the manner already
described. The component is then disconnected and the measure-

ment repeated. The difference between the two measured con-

ductances is that of the component, while the increase of

capacitance reading of M2 (or MJ required in order to restore

the condition of resonance after removing the component, is

equal to the equivalent shunt capacitance of the component, from
which its susceptance is easily calculated. The conductance and

susceptance together give the complete admittance operator of

the component, from which its impedance operator, and any other

constant such as inductance, resistance, phase angle, is easily

calculable by the methods indicated in Chapter I. Both positive

and negative susceptances can be measured, since the tuning

capacitance can be either increased or diminished when the

component is removed.

The above procedure fails when the impedance to be measured

is small compared with that of the tuning condenser of the

measuring circuit, for in this case the measuring circuit becomes

effectively short-circuited by the addition of the component.
In such cases the component may be placed in series with

a small condenser, which has previously been measured,
and the constants of the combination measured by the same

procedure. The constants of the component can then be

calculated from the results for the condenser and the series

combination.

Resistors, conductors and condensers of very low impedance
are best connected in series with the tuning coil and condenser and
the usual circuit constants measured. The changes in these con-

stants on removing the small impedance permit the value of this

impedance to be determined.

* HARTSHORN, L. and WARD, W. H. J. Sci. Inrtrum., 1937, 14, 132.
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Obviously the same general principles may also be applied
when the resistance-variation method is employed.

13. Measurements on High-Frequency Cables. The
method described in the preceding section for the determination

of the impedance operator of a choke or condenser is equally

applicable to a length of cable, or indeed anything else (such as

an aerial), which may be connected to the measuring circuit at

two terminal points. The impedance operator measured is of

course in all cases that corresponding to the current and voltage
at the terminal points in question. Consider, for example, the

case of a high-frequency cable of the coaxial type, consisting of a

central conductor, and a coaxial screen which forms the^return

conductor, suitably insulated from one another. Let a length /

of such a cable be connected to the measuring circuit, the screen

conductor and central conductor at one end being connected to

the screen and insulated terminals, respectively, of the measuring
circuit. The measurements already described will determine the

input impedance of the cable. If this impedance is measured,
first with the cable open at the far end and secondly with that end

short-circuited, the results obtained are sufficient to determine all

the constants of the cable (attenuation, characteristic impedance,

etc) and therefore its performance in practice.

Formulae for the terminal impedances of a coaxial pair of con-

ductors carrying high-frequency currents have been given in

Chapter VII in the discussion of the coaxial resistor. The formulae

apply also to cables and it follows that if Z
f
is the impedance with

the distant end free or open, and Z
ff
that with the distant end

closed or grounded, we have

Z
f[f . . . .' .(18)

Z,/, ..... (19)

where Z is the characteristic impedance of the cable, and y the

propagation constant. It follows that Z and tanhyZ can be

calculated from the observed values of Z/ and Z
gy using the

relations _ _
Z = ^/Z^Zff

= VZAlHh + h). . . . (20)

tanhyl
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Tanhy/ can now be expressed in the form A +JB,
where

vi
B =

w

^
and yl is then obtained from the equation

It should be remembered that the ratio of the voltages at two

points separated by a distance I on a cable of infinite length is

given by,
= e-(tt' + **> = e-1

. e-*1 = e--BL
Thus, in passing along the length of cable the electric wave
suffers a voltage amplitude reduction in the ratio e- *, or a

voltage reduction of oZ nepers, and a change of phase of ftt radians.

It follows that the attenuation constant a is expressed in nepers

per unit length, and the phase constant ]8 in radians per unit

length. Obviously, the unit of length may be the kilometre, mile,

or any other convenient unit : it is merely necessary to express
the measured length I in the appropriate unit. A voltage reduc-

tion in the ratio e~al

corresponds to a power reduction in the

ratio c~2a/ =
1/JV say. The power attenuation in decibels is

therefore given by 10 Iog10# = 20^/^10 = 8-686aZ, or 8*686a

db
t per unit length.

Having determined Z and y in the manner described above,
it is possible to calculate the resistance R, self-inductance L,

capacitance C, and leakance (?, all per unit length of cable, from

the equation

= ...... (23)

The complete set of calculations is somewhat involved, but the

electrical observations consist essentially of two measurements of

impedance (or admittance), and these are measured by exactly
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the some methods as have been described for condensers, chokes,
and resistors. For example, the method of voltage resonance

with capacitance variation may be employed, and for radio

frequencies up to, say, 5 Mc/s. the circuit may be assembled from

ordinary components. In such cases a length of 10 to 15 metres

of cable would probably be employed, with a capacitance of the

order of, say, 1,000 wF. At higher frequencies, up to say 100

Mc/s., Hartshorn and Ward's apparatus can be used, with a

length of, say, 2 or 3 metres of cable having a capacitance of the

order of 50 /z/JP. At such frequencies it becomes important to

allow for the effective resistance and inductance of the standard

condenser, measured between the two terminals to which the

cable is connected. The methods already described can be

adapted for this purpose. Alternatively a short length ofstandard

cable of calculable performance may be constructed in the form
of a coaxial wire and tube, with practically perfect insulation

(discs of fused silica or polystyrene), and the corrections for the

circuit deduced from the results of measurements made on the

standard. For the standard the value ofL is obtained by calcula-

tion ; that of R from d.c. measurements and the calculated
"
skin-effect

"
; is negligible (the actual value may be obtained

from separate measurements on the insulating discs) ; and C can

be obtained by measurements at a lower frequency.

Nergaard
* has described a standard transmission line, and a

variable air condenser of very small linear dimensions, by means
of which measurements of this kind can be made at frequencies
of the order of 200 Mc/s.

It may be noted that the attenuation or loss of power in the

cable arises from the resistance R and leakance {?, and that the

two loss tangents R/Lw and GjCa> are always made small compared
with unity. In such cases the usual expression for y can be

simplified. Thus

y = a +j]8 = V(R+jLa>)(G+jCa>)
'

*(+)]
NEBGAABD, L. 8. R.C.A. Review, 1938, Vol. 3, p. 156.
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Henoe we have the approximate relation

- <*VLC (26)

- (26)

The last equation shows at a glance how the attenuation constant

of the cable is related to the two loss tangents RjLu and ff/Cco.

Evidently the ratio of the losses in the cable due to conductor

resistance and dielectric losses respectively is given by the ratio

of these two loss tangents.
14. Measurements of Capacitance and Impedance on

Thermionic Valves. The resonance methods which have been

(Oi) MEASUREMENT OF
INPUT JMPGDfiHce "OK

OF

Fio. 79. Circuits for measurements on thermionic valves. (Note, /& k).

discussed can also be applied to measurements on thermionic

valves. The inter-electrode capacitances C
ga (where i, g

and a denote cathode, grid, and anode, respectively), and also the

impedances, may be measured in this way under working condi-

tions. Circuit arrangements suitable for the measurement of both

input and output impedances are shown in Fig. 79. It will

obviously be advisable to choose a method in which the resonance

condition is not affected by conductance, and since the capaci-

tances to be measured are generally small, a very sensitive

capacitance adjustment is necessary. The apparatus of Hart-

shorn and Ward satisfies both requirements. The input imped-
ance is usually very high, and therefore the corresponding
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capacitance (C^ + C
9a)

can be measured without difficulty at

almost any desired frequency. The output impedance is often

low, and thus the arrangement of Fig. 79 (6) is only workable at

very high frequencies. At the lower frequencies the circuit is so

highly damped that the setting for resonance cannot be made
with sufficient precision. The capacitance measured with this

arrangement is Cka + Cga
. If the measurements of capacitance

are repeated with the filament cold, the corresponding electro-

static values are obtained, and in this way it is possible to study
the effect of the emission current on the various capacitances
under working conditions.



CHAPTER XI

BRIDGE METHODS

1 . The Circuits Available. The general principles governing
the construction of radio-frequency bridges have been discussed

in Chapter III, which should be consulted before proceeding to

the details given in the present chapter. It is to be understood

that all the bridge circuits described in this chapter must be

constructed in accordance with the principles laid down in

Chapter III.

Bridge circuits of many types are available for use at low

frequencies. Theoretically they can also be used at radio

frequencies, but at these frequencies, errors due to imperfections
of the standards and circuit components generally, are apt to

become so great that in practice very few circuits are workable.

We have already seen the advantages of symmetrical bridges,
and it follows that two of the most satisfactory bridges for high

frequency work are the symmetrical capacitance-conductance

bridge of Fig. 80 (a), and the symmetrical inductance-resistance

bridge of Fig. 80 (6). In each case the ratio arms Z8 and Z4 are

equal, and it is obvious that the equations of balance are simply,
for (a),

<?l
=

tf2 01 = <?2 (1)

and for (6),

Ji-J&i *! = * (2)

We have seen that as standards for high-frequency work, con-

densers are generally speaking more satisfactory than inductors,

and it follows that the capacitance bridge is the better of the

two. The fact that each of its arms consists ofa single component
rather than two in series simplifies the shielding (cf. Chapter III),

and is itself a great advantage. In either bridge the ratio-arms

Z8 , Z4 may be condensers, resistors or inductors (chokes, say).

The choice will depend on the circumstances of the measurement.

Very high impedances are not desirable, for it is important that

the admittance of each arm shall be large enough to be not unduly
07
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influenced by any stray admittances which may arise from
inevitable slight imperfections in the screening and wiring of the

circuit. Condensers and coaxial resistors of, say, 10 ohms, are

excellent even at very high frequencies, but coil resistors are more

easily adjusted in many cases, while chokes are equally easily

(^CAPACITANCE-CONDUCTANCE (b) INDUCTANCE-RESISTANCE

BRIDGE BRIDGE.

c,

(C) SCHERING BRIDGE (d) RESONANCE BRIDGE,

FIG. 80. Bridges for radio-frequency work.

adjusted, but absorb less power than resistors of the same

impedance, a property which is occasionally useful, e.g., when
the Available power is very small.

The capacitance-conductance bridge requires a variable

resistor and a variable condenser in order that the two conditions

of balance may be satisfied. Variable condensers have the great

advantage that their variation is perfectly smooth : the variation
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of a resistor is always more or less discontinuous and the moving
contact is always apt to give trouble in the course of time. On
this account the Sobering capacitance bridge of Fig. 80 (c) is

often preferred to the conductance bridge of Fig. 80 (a). In both

bridges, arm 1 is a condenser of capacitance Cv loss angle 8V and
conductance Gl

=
C^co tan 8

ly but in the Sobering bridge,
instead of balancing the conductance by a variable conductance

(?2, the difference between the loss angles of arms 1 and 2 is

balanced by varying the phase angle of one of the ratio-arms, by
using for these arms resistors, one ofwhich is shunted by a variable

condenser, so that both adjustments are made by means of

variable condensers. The Sobering bridge is not strictly sym-
metrical owing to the difference in phase angle between the

ratio-arms, but in practice the bridge is only used in conditions

in which this phase angle, and therefore the departure from

symmetry, is small. If the loss angles of the arms 1 and 2 are 8X
and S 2 , and the phase angles of arms 3 and 4 are

<f>z and < 4, the

exact equations of balance are

gj 8 2

and

C72(l + tan2 82)* JB8 (1
-

which provided the S's and <'s are small and R3
= U4 , may be

written with sufficient accuracy

Cl
= C2 (5)

and
tan Sj tan 8a

= tan ^8 tan ^4
h Sat ()

where 8M denotes any residual phase difference of the two

nominally equal resistors J28 and B4 . Equations (5) and (6) ace

those used in ordinary practice.

The only other bridge which is specially suitable for high-

frequency work is the resonance bridge shown in Kg. 80 (d).

Here arm 1 consists of a resistance, inductance and capacitance
in series, or any device which may be tuned to resonance at some

particular frequency, which is the working frequency of the
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bridge. At this frequency the arrangement is equivalent to a

pure resistance, and can therefore be balanced by a single

variable resistor, as shown. In this bridge, the phase adjustment
is that which controls the tuning : it may be variation of the

condenser C or of the frequency. This bridge is also used with

any equal ratio-arms Z8 and Z4 , but is not really symmetrical, as

may be seen by a consideration of the potential distribution.

The potential of the junction of the coil and condenser will rise

to a relatively very high value when resonance is established,

and on this account the bridge must be used with caution, as

stray capacitances at this point may cause large errors. Never-

theless on account of its simplicity the bridge has great advantages
for measurements on systems which are actually resonant in their

working condition. When ZB
= Z4 the working equations are

simply

*! = ** (7)

1W* =1 (8)

It is possible to provide all the above adjustments in a single

instrument, which may be described as a universal bridge, but

such instruments are seldom suitable for accurate work at fre-

quencies much greater than 1 Me/sec. For the higher frequencies
it is important to avoid all complications and to choose the
minimum number of components.

It would be unprofitable to attempt to describe in detail all

the bridge arrangements that have been used. Any individual

worker is guided by the nature of his problem and the components
at his command. The details are therefore seldom of general
interest except as examples of the way in which the necessary
conditions have been satisfied in particular instances. The

following examples are to be regarded from this point of view.

2. The Dye-Jones Bridge.* This is a form of the Sobering

bridge network with a Wagner earth-connection, which has been
used at the National Physical Laboratory for some years for work
at frequencies up to about 1*5 Mc/s. Fig. 81 shows diagram

-

matically the arrangement of the bridge proper KRC, and

Wagner earth-connection JRW(7W , screens being shown dotted.

Heterodyne detection is employed, the auxiliary oscillator being

Dn and JONM. Jaw. In*. Elec. Bng.> 1933, Vol. 72, p. 160.
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similar to the supply oscillator. The condenser arms K consist

of external standard variable air condensers, which are changed
as required to suit the work in hand. They are linked to the

bridge centre by means of rigid leads enclosed in brass tubes

which serve as screens. The connections between condensers

and leads are often made by means of short thick copper Wires

dipping into mercury cups, for it is essential to avoid changes of

resistance, which would have the effect of altering the power
factor of the condenser. The ratio-arms are connected to the

bridge-centre by similar rigid screened leads, the screen being of

large diameter to avoid excessive capacitance to earth. In

3*

s-ftdNCD OSCILLATO*

HP DETECTS*.

Fio. 81. Sobering bridge for radio-frequencies. (Dye-Jones.)

Fig. 81 the ratio-arms consist of subdivided resistors of the coil

type, but for work at the higher frequencies coaxial resistors are

preferred. The arrangement of Kg. 81 is, however, convenient

for general work at the lower radio frequencies, for it permits

the range of the phase angle adjustment to be changed merely by

altering the tapping point on R, to which C is connected. When
the condenser C shunts the whole of the resistance 12, the phase

angle of the arm is - tan-1 RCw. When, however, C shunts only

the portion Rjp the phase angle is only
- tan-1 -RCcu/p

1
. In

practice the tapping points are made such that p
2 = 10, 100,

1,000, etc. These resistors, and the components of the Wagner

arms, are mounted in boxes lined with copper foil. The inductive

coils in the oscillator and detector are all toroids mounted in
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copper screens, and separated by internal screen*. An alternative

arrangement in which the reeuton are of a coaxial type and the
oscillator and detector are interchanged ja shown in Kg. 82.
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3. The Campbell-Shackleton Bridge.* It should be

recognised that almost all high-frequency bridges are based on
the pioneer work of G. A. Campbell, so that his name might with

justice be associated with every bridge of this type. However, it

is convenient to adopt the name Campbell-Shackleton bridge for

an arrangement devised at the Bell Laboratories, and applied by
Shackleton, Ferguson and others to a variety of purposes. The
form described by Shackleton for the measurement of inductive

impedances is shown in Fig. 83, and that describedby Ferguson for

FIG. 83. Shackleton's bridge for inductive impedances.

capacitive impedances is shown in Fig. 84. A comparison of the

two diagrams will show that the system of screening is the same
in both cases, and applying the principles of Chapter III it may
be seen that each bridge is equivalent to the network of Fig. 24,

in which Zl represents the arm containing Z99 the standard

inductor in Fig. 83, and the standard capacitor in Fig. 84 ; Zt

represents the unknown impedance ZXJ and Z9 and 4 represent
the equal ratio-arms JR^R*. H each case there is an additional

variable air condenser Cl which is in parallel with the standard

impedance, or Zl in Fig. 24. This condenser is made to balance

* See References to Chapter III, 3.
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the earth-capacitances shunting the opposite arm by a pre-

liminary adjustment, after which the condition Zl
= Z, may be

applied. For this preliminary adjustment the standard imped-
ance, and of course the unknown impedance, must be dis-

connected from the bridge.
Measurements of two kinds are made, (a) those in which one

terminal of the impedance to be measured may be connected to

screen and to earth, and (6) those in which the impedance to be

measured must be balanced to earth. In case (a) the terminal Ol

FIG. 84. Shackleton-Ferguson arrangement for capacitive admittances.

of the bridge is connected to the earth-connected screen, thereby

short-circuiting C Fig. 24, and the condenser Cl IB then varied

until its capacitance balances the earth-capacitance CD . It is an

advantage if the arms 0-J)V 0<>^ include shunt resistors of high

value, one of which is variable as in Fig. 84, as in this case the

conductance component of the earth-admittance can also be

balanced by the preliminary adjustment. The unknown imped-
ance is then connected in the adb O^D^ and the standard in the

arm O^D^ and the bridge rebalanced. The value of the unknown

impedance is then given by the reading ofthe standard impedance,
or if the standard impedance is not completely disconnected for
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the preliminary balance, from the change in its value for the first

and second balances.

In case (6), in which the unknown impedance must be balanced

to ground, the preliminary adjustment is made in accordance

with the following considerations. The potential difference

between the points Ol and D2 depends on the output of the

oscillator O and the relative values ofZv Z2 , Z,, Z4 , but the actual

potentials of Ol and D2 relative to earth are controlled by the

values of the earth-capacitances <7 and CT which together may
be regarded as a capacitance potential-divider shunting theaimZt.

If <7 and CD are equal, this potential-divider is earth-connected

at its middle point, and the potential of Ol is always equal in

magnitude but opposite in sign to that ofD2, in other words the

required balanced condition is obtained. In order to obtain the

highest accuracy the conductances associated with C and CD
must also be equalised. The procedure is as follows. The standard

impedance and the one to be measured are first disconnected

from the bridge. The point DI is then connected to earth, thereby

short-circuiting CD and connecting the capacitance Co into the

arm O^D2 of the bridge, which is then balanced by adjusting the

condenser Cr The point D2 is then disconnected from earth, and
O1 is connected to earth thereby short-circuiting C , i.e., removing
it from the bridge, and replacing it by CD which may be varied by
adjustment of KD . This adjustment is made, leaving the other

arms of the bridge unaltered, until balance is restored. The two

capacitances C and CD are thereby made equal, and if now both

1 andD2 are disconnected from earth, the
"
balanced to ground

"

condition is established. The bridge must now be balanced once

again, adjusting Cl until it balances the series combination of

GO and C^. The impedance to be measured, and the standard,

are then connected to the bridge, balance again obtained, and

the required impedance .value obtained by difference, as before.

Conductance to earth can obviously be balanced at the same
time as capacitance provided suitable variable resistors are

connected in series or in parallel with the adjustable condensers.

This system of the preliminary balance of earth-admittances

may be regarded as an alternative to the* Wagner earth-connec-

tion. The Wagner scheme in general permits greater accuracy,
since the required condition is checked every time the reading
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of the bridge is taken. This procedure, however, involves a great
deal of extra work which is not always justified, and provided
care is taken that the necessary connections and disconnections

do not alter the earth-capacitances that are being balanced, the

simpler scheme will be found adequate for many purposes. It is

especially valuable for routine measurements, but it is advisable

to make a check measurement with a Wagner system for each of

the types of measurement to be undertaken, e.g., a measurement

on an impedance of the required order at the highest frequency

required. The standards of impedance used in bridges of this

type may take the form of inductors, condensers and resistors,

such as have been discussed in Chapters VI, VII and VIII. The

bridge of Fig. 84 employs a differential condenser as standard,

i.e., essentially two variable condensers with a common rotor, the

movement of which increases the capacitance in one arm and
diminishes that in the other arm simultaneously. The instrument

is calibrated to read the difference of the two capacitances

directly. This is sometimes convenient but not of course essential.

The standard itself must be calibrated by one of the methods
discussed in previous chapters.

4. The Fortescue-Mole Resonance Bridge.* As an

example of a bridge especially designed for work at very high

frequencies, we may consider one of the resonance type developed

by Fortescue and his collaborators and used by them at frequencies
of 10 Me/sec, and even higher. The bridge which is shown dia-

grammatically in Fig. 85 is in principle the same as Fig. 80 (d),

but the resistors are all of the coaxial type, and the variable

resistor is of the potentiometer type. The sliding contact, being
connected to the detector, carries no current when the bridge is

balanced, so that variations in contact-resistance have no effect

on the measurements, a most important feature. It does, how-

ever, mean that the impedance under measurement is always in

series with a portion of this resistor in one arm of the bridge, so

that although a Wagner earth-connection is employed, the earth-

capacitance at one terminal of the unknown impedance may
affect the measurement ; for this terminal does not occupy a

corner of the bridge. This earth-capacitance is made as small as

possible and is allowed for when necessary. The ratio-arms

FOBTESCTJE, 0. L. and MOLE, G. /our. In*. Eke. Eng., 1938, Vol. 82, p. 687.
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being equal, and the impedances of end-connections being small

compared with those of the wire resistors themselves, the equa-
tions of balance may to a close approximation be written

(9)

(10)ico - -L ^ (^-^
where the various quantities are as shown in Fig. 85, Cg being
the earth-capacitance mentioned above. The variable resistor

can be calibrated so as to give JZ4
- JZ8 directly, and since

Fio. 85. Fortescue and Mole's bridge (schematic).

4 L3 is approximately proportional to this reading, the small

correcting term which forms the right-hand side of equation (10)
is very easily obtained. The term involving Cg

is usually negli-

gible in both (9) and (10).

The bridge is of course only applicable when the impedance
to be measured can be tuned nearly to resonance, the slight
deviation from true series resonance being indicated by the
term on the right-hand side of (10). A coil may be tested by
being placed in series with a condenser and vice versd, but it is

important to remember that the junction of such a series combina-
tion may reach a very high potential and that any stray earth-

capacitance at this point may cause large errors. Such capaci-
tance can be eliminated by the system of screening shown in

Fig. 85. A resonance bridge should on this account be used with
extreme caution for measurements on unscreened apparatus.
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These bridges serve primarily for the measurement of resistance.

They can, of course, in virtue of equation (10), be used for the

measurement of reactance, if a standard coil or condenser is

available, but such measurements are essentially resonance

methods, the bridge merely serving as a special form of detector

of resonance.

The form of variable coaxial resistor used by Fortescue and
Mole is shown in Fig. 86, which is taken from their paper. The
slide wire, which is of constantan, of diameter 0-2 mm., is kept
taut by small springs, which are short-circuited by thin flexible

copper strips. The connection to the moving contact passes

through a longitudinal slot in the inner screen surrounding the

SLIDE. WIWK .

Fio. 86. Fortescue and Mole's slide-wire resistor.

resistance wire. The contact is actuated by a steel tape passing
over pulleys, the graduations of the tape indicating the position
of the contact, and the tape itself closing the longitudinal slot

previously mentioned.

5. Measurement of Capacitance and Power Factor of

Two-Terminal Condensers. We have seen that condensers

are on the whole the most satisfactory standards for radio

frequency work, and that substitution methods are the most
accurate methods of measurement. It follows that whenever

possible, measurements of the capacitance and power factor of

condensers should be made by substitution against a standard

condenser. The simplest case is that in which the screen of the

condenser is connected to one terminal, so that we have a two-

terminal instrument. Substitution measurements on such a

condenser by means of resonance methods have already been

described (pp. 171, 187) and exactly the same considerations

should be applied to bridge methods. The arrangements of leads

shown in Fig. 70 (a) and (6) should be adopted and the same pro-
cedure should be followed as regards connections and capacitance
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readings, the only difference being that the standard condition of

the circuit is that of balance instead of resonance, and that the

readings which determine conductance, resistance or power factor

are those appropriate to the particular bridge used. Thus if

r, O and 8 are the sepries resistance, shunt conductance, and loss

angle of the condenser under test, and r,, <?f , 8, are the corre-

sponding known values of. the standard, the equations for the

bridges of Fig. 80 (a), (6), (c) are

......... (6)

S - 8, = tan-1 (R4 . AC4 . co) . . . . (c)

where AJS2 denotes the increment in the reading of R2 produced

by replacing the standard condenser by that under test in the

bridge of Fig. 80 (d), and A(1/J?2) and AC4 have similar meanings
for the other two cases. This method is of course only practicable
when a standard condenser of the appropriate range is available.

This method, when carried out with a bridge of, say, the Dye-
Jones type, is capable of very high accuracy. Capacitances may
be compared with an accuracy better than 1 part in 105 , and phase

angles may be compared with an accuracy of 0*00001 radian.

Indeed, the use of amplifiers in the detector circuit enables

almost any desired sensitivity to be obtained ; the stability of

the bridge components is the limiting factor.

Condensers of larger value than the standard may be measured

by connecting them in series with the standard, noting the change
of capacitance and loss angle or resistance produced, and applying
the formulae for two condensers in series * (p. 7). The accuracy
obtainable is, however, very much less than that obtainable by
direct substitution.

Condensers of very low value may also be measured by a

series method. A condenser of low value c is placed in series

with a variable standard of ordinary range C. The capacitance
of the combination being cC/(C + c), a small change AC in the

standard produces a change in the combination of approximately
AC . c2/(C + c)

2
, which is, for example, 100 times smaller than

AC if C/c = 9. Thus if the small condenser to be measured is

The values of R, and 1/CC are simply additive for a aeries combination.
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added in parallel with such a combination, and the standard

condenser is then diminished until the resultant capacitance is

restored to its original value, the capacitance added is equal to

the change in the reading of the standard divided by 100. This

method is convenient when no standard of low range is available,

but when a standard of the micrometer type is available the

substitution method should be employed, as there is always
some uncertainty in any estimation of the effect of the connect-

ing lead in a series combination, however small the lead may be.

6. The Measurement of Self-Inductance and Effective

Resistance of Coils. If a standard of self-inductance is avail-

able, the self-inductance of any coil within its range can be

measured by substitution on exactly the same lines as the corre-

sponding method for capacitance measurements. A bridge of

the type of Fig. 80 (6) is the most suitable, and the measurement
can be made at any frequency within the limits imposed by the

construction of the bridge and the standard. As in the case of

capacitance measurement, it is important that the coil and
standard shall be connected in turn to the same leads, for it is

essential that both the capacitance and inductance of the leads

shall be the same for both readings of the bridge. It is also

important that the mutual inductance between leads and coil

shall be negligible in both cases, for this quantity is included in

the quantity measured by the bridge. The advantages of

standards of toroidal form for such measurements will be obvious

in this connection. The effective resistance of the coil is deter-

mined by the change in the reading of the resistor in series with

the inductors on making the substitution, together with the

known value of the standard. It is important to remember
that the effective resistance of an open coil may be affected by
the eddy currents which it induces in neighbouring apparatus.
Such coils must be well separated from other instruments of

metallic construction during the measurements.

It is also important to remember that the quantities measured

by the bridge are the effective series values Lt R, y which are

functions of self-capacitance and frequency as well as inductance

proper (p. 143). The value of the self-capacitance can be obtained

from measurements of L, at various frequencies by application of

the formulaLt
= 1^(1 - !*>*) (P- 142)-
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7. Very Small Self-Inductances or other Low
Impedances. The substitution method is applicable to very
small inductances if a standard of very low range, such as that of

Fortescue (p. 180), is available, and adequate sensitivity is easily

obtained at higher frequencies. Such inductances can, however,
also be measured in terms of an ordinary standard condenser

using a bridge of the Sobering type at high frequencies. The
small inductor is connected in series with the standard condenser.

The effective capacitance of such a combination is given by
C/(l LCw*) (p. 119). Thus on short-circuiting the inductor by
a link of negligible inductance, say a short copper strip, the

effective capacitance diminishes, but can be restored to its

original value by adjusting the standard condenser from its

original value Cl to a larger value <72 . Then we have

which reduces to

The values of C and o> are chosen so as to obtain a value for

(C7S Cj) which can be read with the necessary accuracy on the

scale of the standard condenser. The capacitance due to leads

must of course be added to the condenser reading to obtain Ca

and Cs for the product CJD* but this correction cancels out when

obtaining the difference (<72 Cj).

The resistance of the inductor increases the apparent power
factor of the condenser, and the value of the resistance BL may
be deduced from the value of this change, which is given by the

bridge readings in the usual way. In each case the effective

capacitance has the same value Ct, but the series resistance has

the value JZ + -Rci + *L when the inductor is in circuit, and

BQ + jRct when it is out of circuit, where jK is the resistance of

the leads, and UCI, JRCi are the values for the standard condenser.

Thus the value ofRL is obtained by the approximate equation

tan 8A
- tan 8t = (JBL + JBci

-

For most standard condensers the difference UC1 cs is

negligible. The value of tan 8t tan Sa is of course given by
the ordinary equation for the particular type of bridge used (c/

equations (1) and (6) ).
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It will be obvious that this method of measurement is applic-
able to any form of impedance of low value.

8. Large Self-Inductance, Chokes, and High Impedances
Generally. Chokes, and high impedances generally, may be
measured by a somewhat similar process. The high impedance
is placed in parallel with a standard condenser, resistor, or any
standard impedance of convenient value, and the change in

resultant impedance measured by application of the usual bridge

equations.
Thus let a bridge be balanced with a high impedance R + jLu>

connected in parallel with a standard condenser. Now let the

high impedance be removed and the bridge be restored to balance

by adjusting the condenser, and whatever component controls

the phase angle of the bridge. The second reading of the capaci-

tance, <7t say, evidently measures the resultant capacitance in

both cases. Thus we have (see p. 12, Table I, No. 10)

C, = Cl
- ^ where Z* = fl* + #01*

The effective conductance of the choke is given by RjZ
2
, so that

the change of loss angle 8 produced by its disconnection is given

by
tan 8 =

Thus the constants of the choke are easily determined from the

bridge readings C^ Ct and tan 8 by means of the equations,

tan 8 = JZ/Z

9. Three-Terminal Condensers. In the measurements

so far discussed it has been assumed that each condenser is com-

pletely surrounded by a conducting screen which is connected to

one of its terminals, so that the instrument has two terminals

only and one value of capacitance at any given frequency. Some
condensers, however, have their plate systems insulated from

their screens, so that the instrument has three terminals and three

component capacitances, as shown in Fig. 87. We have seen that

when simultaneous balance of a bridge and a Wagner earth con-

nection are obtained, the conditions of balance of the main bridge
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depend only on the direct impedances between the terminals

connected to its corners. It follows that the capacitance between

any two electrodes of a three-terminal condenser can be measured

by connecting those two terminals to one .

arm of a suitable bridge and connecting the ~ I f
third terminal to earth. The Wagner connec- _
tion then eliminates the effects of capaci- /? S$
tanoes to this earth-connected terminal. \^/
The measurement itself is made in exactly V
the same way as for a two-terminal con-

denser, and the conductance or power
]

factor associated with the component
capacitance can of course be measured at the same time by the

usual method.

Similar considerations apply to any multiple electrode system,

e.g., a thermionic valve or a multiple cable with a conducting
sheath. To measure the direct impedance between any two

electrodes, it is only necessary to connect these two electrodes to

one arm of the appropriate bridge with a Wagner earth-connection

and to connect all the other electrodes to earth.
* When measuring three-electrode condensers in this way by

the substitution method at high frequencies, it is very important
to use leads of the lowest possible inductance and resistance to

connect the condenser to the bridge, for such leads carry
the current flowing

through all the capaci-

tances, and not only
that in the one under

measurement. Thus
the effect of the leads

is only eliminated by
the substitution, if the

standardcondenserhas
FIG. 88. Illustrating the effect of leads on .. .

measurements of a three-terminal condenser. *" Its capacitances
made equal to those of

the condenser under test, a condition which is not easily satis-

fied. The arrangement is shown in Fig. 88, in which is the

corner of the bridge connected to the oscillator, D that to the

JONHS, T. I. Jour. liuC. SUc. E*g., 1934, Vol. 74. p. 185.
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detector, and E the earth connection. The leads are represented

by the small impedances Zl and Zt. Denoting the potentials by
FO, FD, etc., and remembering that FD = FK when the Wagner
balance is obtained, it is easy to show that when Zl and Z2

are small quantities we have approximately

whence

which neglecting small terms involving the product Z^2 becomes

Now the current leaving the arm OD of Fig. 88 and entering the

adjacent arm of the bridge is ts, and therefore the impedance
measured is (F FB)/i2

= % where

Thus, in effect, the impedances ofthe leads Zx andZt are increased

to Z^C + Cj/C and Z,((7 + <7a)/C7. If the resistances of the

leads are denoted by rl r, and the inductances by l 12 it follows

that the apparent loss tangent is given by

tan 8 r^C + CJu + rf(0 + Cf

,)o>.

and the apparent capacitance by

Thus the effects of leads on both capacitance and phase angle will

only be correctly allowed for by the substitution, if the quantities

C9 Cl and Ct all remain unaltered. It is obvious that when

possible, the earth-capacitances Cl and Ct should be made small.

When no Wagner earth-connection is available the component
admittances of a three-terminal system can be measured by
short-circuiting each component in turn, and measuring the three

two-terminal admittances so formed in the ordinary way. If the
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three components are Yly Fs, 73, the three values measured are

obviously Tl + F2,
Yl + T9 and Tt + Fs, and from these the

separate values are very easily calculated. Another method
which consists virtually of a measurement of the difference

(Fj + 78)
-

(7j
- 72)

= 27, is described in paragraph 10

(p. 229).

10. Dielectric Constant and Power Factor. Measure-

ments of the dielectric constant and power factor of solid and

liquid dielectrics have already been discussed in general in

Chapter X, in which several forms of electrode suitable for

resonance methods have been described. Such arrangements are

of course also applicable to bridge methods. The condenser

formed by the dielectric sample and its electrodes is treated just

like any other two-terminal condenser and measured by substi-

tution against a standard air condenser. Bridge methods have,

however, the great advantage that they are applicable, as we have

seen, to three-terminal systems ; and it therefore becomes pos-
sible to use electrode systems including guard-rings in addition to

the two electrodes required for the actual measurement. The way
in which guard-rings give rise to electric fields of accurately cal-

culated capacitance has already been explained (p. 104). No
other practicable forms of capacitance can be calculated with the

same precision, and it follows that bridge methods of measuring
dielectric constant and phase angle are, at their best, capable of

higher accuracy than other methods. It must however be remem-
bered that the extra complications of the bridge circuit introduce

errors at high frequencies, and that no advantage is gained by the

use of bridge methods at frequencies at which such errors are as

great as those due to the absence of guard rings.

As the measurement of the capacitance and phase angle of

material in the form of flat sheets is one of considerable import-

ance, we shall consider the bridge method including a guard-ring
in some detail. Fig. 89 shows diagrammatioally the way in which

a flat sample of a solid dielectric A, provided with electrodes H
and L and a guard-ring (?, is connected to a bridge of the Sobering

type. The sample and its electrodes are completely surrounded

by a screen 8, which it will be observed, is connected to the guard*

ring and to earth. The guarded electrode L is connected to a
detector-corner of the bridge, and is therefore brought to earth
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potential when simultaneous balance is obtained. Thus and L
are at the same potential when the measurement is made, so that

the condition necessary for the production of a uniform electric

fieldwithin the portion ofthe sample covered by the innerelectrode

is established. Moreover, with the connections shown, the bridge
measures the constants of this portion of the sample only, for it

is only the current from the inner electrode which flows into the

ratio-arm of the bridge. Thus the
"
air-capacitance

"
correspond-

ing to the measured value of the
"
sample-capacitance

"
is given

with high accuracy by the formula. In the absence of the

screen 8 the electrodes H and L might be linked by lines of force

FIG. 89. Bridge circuit for meaauiemente on a sample of solid dielectric

with a guard-ring.

passing outside the sample and guard-ring, and this extraneous

fringing-capacitance, and any power loss associated with it would
then be included in the quantity measured. Some form of screen

is therefore essential. It should also be noticed that the guard

ring eliminates from the quantity measured, not only the edge-

capacitance, but also surface leakage. The surface leakage
current passes from the electrode H round the edge of the sample
to the guard-ring <?, and, provided this makes good contact with

the material, the current passes into and so to earth, and not

into the bridge circuit. Moreover, since and L are at the same

potential there is no leakage current from G to L. The method
therefore measures the true permittivity and power factor of the

material, independent of surface leakage and edge corrections,

and indeed the only precise method of evaluating such corrections



BRIDGE METHODS 227

is to make a measurement by this method, and also by the method
for which the corrections are desired, on the same sample, and to

deduce the corrections from the difference between the results

obtained.

It should be noticed that the construction of the electrode

system necessitates the use of solid insulating material between

H and the screen, and between L and the screen. The power
losses in this material merely form part of the earth-admittances

from the corners of the bridge, and are therefore eliminated from

the bridge circuit along with the corresponding earth-capacitances,

by the Wagner balance. We have seen, however, that on account

of the finite impedance of the leads there are slight departures

FIG. 90. Mercury electrodes for measurements on solid dielectrics in

sheet form. (T. I. Jones.)

from the ideal conditions, and that it is therefore important to

make the earth-capacitances small, especially for work at high

frequencies. When designing electrodes for such work it is there-

fore important to make the capacitance between H and 8, L and

&, and L and small, and to use material oflow dielectric constant

and low power factor for the solid insulating supports.

A mercury electrode system satisfying these requirements is

shown in Fig. 90.* Here the solid insulation consists of fused

quartz tubing Q ; there is wide spacing between screen S and

electrodes H and L, and the section of the guard ring is shaped
so as to reduce the capacitance between and L, while leaving

only a narrow gap between them on the actual surface of the

material to be measured. The whole apparatus is made of iron,

* JONBS, T. I. Loc. et*., 1984.
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since this is not attacked by mercury. Metals like brass and

copper cause contamination of the mercury, which often leads to

defective contact with the sample and a high apparent power
factor. Mercury is poured into the funnels F and so enters the

electrodes H and L, the displaced air escaping through the outlet

tubes. For this operation the apparatus should be tilted slightly
so that the mercury enters the electrode at its lowest point and

gradually flows up to the outlet at the topmost point, leaving no
air bubbles. The guard-ring contains no mercury. It is carried

by the upper half of the case 8y and is pressed into contact with

the sample when this is

bolted to the lower half.

The bolts, which are dis-

tributed round the rim, are

not shown in the diagram.
The screw X applies pres-

sure between the electrodes

H and L and the sample
and so makes the electrodes

mercury -
tight. It also

serves to centralise the

electrode L. Connection to

the bridge is made by leads

dipping into the mercury
in the funnels. Since these

FIG. 01. Arrangement for testing dielectric

specimen with guard-ring, without using
a Wagner earth-connection.

funnels and leads are separately screened as shown, their capaci-
tances are eliminated from the bridge by the Wagner balance.

Many other forms of mercury electrode have been devised,

but that described above can be taken as typical. Tinfoil may
also be used to make guard-ring systems. The foil is applied in

the manner previously described (p. 192) and the narrow annular

gap between L and cut out with dividers, or a sharp blade fitted

into compasses. Backing with copper plates is required as before.

The method of measurement is of course the same as for mercury
electrodes, and it is obvious that the same method is also applic-
able to cylindrical guard systems used for tubular specimens.

Guard-ring systems can also be measured by means of a simple

bridge with a direct earth connection by the following procedure.
The connections axe arranged as shown in Fig. 91, a bridge with
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a shunt resistance or conductance adjustment for phase angle

being shown as an example. We will suppose that the capacitance
Ct and conductance G%

=
l/JBa alone are varied. The guard-zing

is permanently connected to one detector terminal, while the

guarded electrode L is connected, first to this same terminal, and

secondly to the other detector terminal. In both cases and L
are at the same potential when the bridge is balanced, so that

the guard-ring condition is satisfied. If CB and GQ are the capaci-
tance and conductance required, and C9, Gg those between the

upper electrode and guard system, then the ratio-arms being

equal, the first (C" 2, 0's) and second (C" 2, (?"2) balance readings
are given by

0i + C, + CB = C\

and exactly similar equations for conductance, from which we
have

C"a
- <7"2 = 2OB

and 0'a -0"a =20s

whence

tan 8 = (0' 2
- G

It should be noted that symmetry of the bridge is essential, so

that the earth-capacitance of the screen and guard system must
be balanced with a small condenser Cb, by a preliminary adjust-

ment. It is also important that the moving link, which is used

to make and break the necessary connections, shall be effectively

screened ; so that the changes of capacitance caused by the motion

are only capacitances to screen, and therefore merely a shunt

across the detector, having no effect on the balance-point.
The same principle can obviously be applied to any four-arm

bridge, and measurements of direct impedances of all kinds can *

therefore be made in a similar way. The two electrodes and guard

ring can be replaced by any other three-terminal system. The
admittance required, Tv is first added to arm 1 and then trans-

ferred to arm 2, and the change compensated by adjustments to

one arm of the bridge. Of the remaining admittances, one, Fa,

is a constant shunt on arm 1, and the other, F3, is either short-

circuited or else a shunt on the detector : in both cases it carries
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no current and may be ignored. The first bridge reading is pro-

portional to T2 + 72 and the second to - Yl + F2, so that the

difference between the two gives 271 .

11. Miscellaneous Measurements. The bridge methods
which have been described can be applied to the measurement
of any quantity which is of the nature of an impedance. It is

only necessary that two or more terminals shall be accessible for

connection to the bridge, and that the system to be measured

Earth

FIG. 92. Bridge for measurement of the input impedance of a valve
circuit. (For the highest accuracy a Wagner earth-connection
should be used.)

shall be passive during the measurement, i.e., shall not itself pass
into the bridge any current of the frequency at which the test is

to be made. The result of the measurement will be expressed as a

resistance, capacitance, or inductance according to the phase angle
between terminal current and voltage. Thus measurements can

be made on transformers, antennas, filter circuits, etc., as well as

on the components which have actually been considered. It goes
without saying that bridge methods can also be applied to

measurements on thermionic valves similar to those described in
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the last Chapter. Suitable circuit arrangements
* are shown in

Figs. 92 and 93. The inter-electrode capacitances of valves with

the filament cold can be measured just like any other small

capacitances, and if a Wagner system is employed, each of the

component capacitances can be separately measured. These

circuits are suitable for capacitances down to about 0*01 ppF.

For still smaller values the use of a capacitance potential-divider,

as described by Astbury and Jones,f is more convenient.

The use of the bridge for the study of dielectric properties has

-owj>
I

Fio. 93. Bridge for measurement of the anode circuit impedance of a
valve.

been discussed in some detail. Similar considerations can be

applied to the investigation of magnetic properties. The only
difference: is that in the one case a test condenser is constructed

and measured, and in the other a test inductor must be prepared
and measured. Thus if a toroidal inductor is wound on a core of

magnetic material, and an exactly similar winding is wound on a

non-magnetic core, the ratio of the two inductances gives the

effective permeability of the magnetic material, while the differ-

ence Emy of the equivalent series resistances of the two inductors,

* HABTSHOBN, L. Proc. Phys. Soc. r 1927, Vol. 39, p. 108, and 1929, Vol. 41.

p. 113. JONES, T. I. Jour. Itwrt. EUc. Eng. t 1937, Vol. 81, p. 658.

f ASTBUBY, N. F.,and JONES, T. I. Jour. Sci. Inrtntm., 1936, Vol. 13, p. 407.
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serves to measure that ofthe magnetic material. The loss tangent
of the material is then given by RJLma>, where Lm is the induct-

ance of the coil on the magnetic core.

The application of the radio-frequency method to measure-

ments of electrolytic conductivity, or indeed any form of conduc-

tivity whatever, requires no special discussion, for the electrical

technique involved is essentially the same as that already
described for resistors in general or for dielectrics.



CHAPTER

METHODS FOR VEBY SHORT WAVES

,1. Frequency Limitation of Circuit Methods. All the

methods so far discussed are based on the assumption that the

apparatus consists of circuits in which the application of a definite

p.d. produces a definite current, this current having the same
value throughout the whole of its path. It is however known
that electric currents are to be regarded as manifestations of

electromagnetic waves, which are propagated through dielectrics

with a velocity of the order of that of light. Ordinary circuits

are merely the boundaries of the media of propagation, and the

current in any part ofa conductor is that value which is character-

istic of the magnetic field of the wave in its neighbourhood. It

follows that the current at any instant, like the magnetic field,

varies from point to point in the path of the wave, a variation

from a maximum value to zero occurring in the course ofa quarter

wavelength (A/4). Thus the current can only be regarded as

having the same value throughout a circuit, if the linear dimen-

sions of that circuit are small compared with A/4. It is

impracticable to make apparatus of dimensions less than a few

cm. and it follows that the methods so far described cannot be

employed for wavelengths less than, say, 2 metres, i.e. 9 frequencies

greater than 150 Mc/s. Since waves in the region 200 to 1,000 Mc/s
are steadily increasing in importance both scientifically and

technically, the use of resonance methods in this region will be

briefly considered. Bridge methods are scarcely practicable.

2. Reflection and Stationary Waves in Transmission
Lines. The complications arising when it becomes necessary to

take into account the variations of current and voltage from

point to point in the current path, are so considerable that most
methods of measurement are based on the simplest possible case,

viz., that of a plane wave travelling along a dielectric path of

uniform cross section. In practice such a wave is realised by
288
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the use of either a pair of parallel wires (the familiar Lecher

system) or a length of cable used as a
"
transmission line." The

two conductors of the cable, or the two wires, are boundaries of

the path of the wave, and direct its course. The passage of an
electric wave along such a line is accompanied by currents in the

two conductors, the value at any point depending on the magnetic
field at that point, and being the same but of opposite sign for

the two conductors. The electric field at any point of the path
establishes a p.d. between the two conductors at that point, and
the ratio of the p.d. to the current at any point defines an

impedance. It can be shown that the impedance at the input
end of an infinite length of such a uniform line has a finite value,

the characteristic impedance Z of the line, which can be calcu-

lated from the capacitance and inductance per unit length of

line, quantities characteristic of the electric and magnetic fields

respectively. If a short length of such a line is terminated by
its characteristic impedance, the current-voltage relation is

evidently the same as if the line were infinitely long, and any
wave passing along the line simply disappears into the termination.

If, however, the impedance of the termination differs from Z ,

the wave is not wholly absorbed, but at least partially reflected, a

secondary wave travelling back along the line. If no energy is

dissipated in the termination, which will be the case whenever the

termination is free from resistance and conductance, e.g., an open
circuit, a short circuit, or any pure reactance, the amplitude of

the reflected wave will be equal to that of the incident wave. If

also the loss of energy (attenuation) in the line itself may be

neglected, there will be two trains of waves of equal and constant

amplitude moving in opposite directions along the line and we

may represent them :

Incident wave El
= EQ sin (cut ZirxfX).

Reflected wave J?2
= ^o sinM + 2w&A + <f>)

where
<f> repre-

sents the change of phase on reflection, and x is the distance

measured from the point of reflection.

Resultant

The resultant is a system of stationary waves, the electric field
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having the same phase at every point along the line, but the

amplitude varying with distance according to a cosine law. The

amplitude is zero at points for which 2wa?/A + <f>/2
= (2n + I)rrj2 or

x = : lt_J ?::. These are the voltage nodes, which occur
4 4?r

at regular intervals of A/2 along the line. At points midway
between them (the antinodes) the amplitude reaches the maximum
value of 2E .

The above argument can also be applied to the magnetic
field, or the current to which it is proportional, the only difference

being that the current nodes coincide with the voltage antinodes,

and vice versd. It is to be noted that the distance of the nodes

from the reflecting termination depends on the change of phase on
reflection. At an open-circuit termination, the current must

obviously become zero, and at such a termination there must there-

fore be a current node, and a voltage antinode. At a short-circuit

termination the voltage must be zero, and we must therefore

have a voltage node and current antinode. These two cases are

those of zero and infinite reactance, and the change from one to

the other shifts the nodes through a distance of A/4. Terminations

of reactance of a finite value give nodes in an intermediate

position, and the reactance of a termination may be measured

by the position of the nodes it produces by reflection, or what
amounts to the same thing, the change of phase on reflection. If

the terminating impedance contains a resistive component,

energy is dissipated, and the amplitude of the reflected wave is

correspondingly reduced. If reflection reduces the amplitude by
a factor p and advances the phase by an angle <f>,

the operator

plj>
= K is called the reflection coefficient, and is given by :

K - Z - % - Vr__Ir m*-5T5- "?,-; (1)

Z, being the impedance operator of the termination, V{
and I,

being the vectors representing voltage and current in the incident

waves, and V, and Ir the corresponding quantities for the reflected

wave. Rearranging and putting K in the form p cos
<f> + jp sin ^,

the relation may be written :

* l-K
t l-p-

Z l+Kt l+pi
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It is possible to construct lines so that at very high frequencies

Zo is to the accuracy of measurement a pure resistance, Z , and in

this case ifZt~^+jZc we have:

*- l ~ p> and*'- -2pBinJ

Thus when Z, is a pure reactance JB,
= and p

The expression for X
t
then reduces to

1.

(4)

It follows that ^ is of opposite signs for positive (inductive) and

negative (capacitive) reactances. Fig. 04 represents the voltage

(Jb) R.M.J.

FIG. 94. Waves on line of zero atten
reactance, i = incident wave, r

resultant, (2) and (3) = resultants at later instants when i and r

ation terminated by a pure
reflected wave, (1) = their

have travelled equal distances to right and left respectively.
N = node.

distribution along such a line. Curves (1) and (2) represent the

instantaneous voltage at two instants. Curve (4) represents
B.M.S. voltage, and therefore might be observed by a voltmeter

travelling along the line.

When Z, is a pure resistance, Xt
= and therefore sin

<f>
= 0,

coe<= 1, and
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IfR
t
>ZiQ, the sign must be taken, and

<f>
= TT, while if R

t<ZQ

the + sign must be taken and
<f>
= 0. Thus variations of R

t

confined to. one side of the critical value Z affect only the

amplitude and.not the phase of the reflected wave.

It should be noted that when the amplitude of the reflected

wave is less than that of the incident wave there are no true

nodes, although the interference of reflected and incident waves

fa) INSTANTANEOUS Wuue$.t

(Jb) R.M.< VALUES 3HCMNG
STATIONA*Y MAKiMA 4

FIG. 95. Waves on line of zero attenuation terminated by a pure
resistance, giving no change of phase on reflection, i = incident

wave, r reflected wave, (1) = their resultant, (2) and (3) = resul-

tants at instants later by } period, and J period, respectively.

produces maxima and minima of voltage, more or less as shown
in Fig. 95. When the change of phase on reflection is or TT, the

maxima will obviously occur when the two waves are in phase,
the resultant amplitude being EQ + pEQ

= E (l + />), while the

minima will occur when the two waves are in opposition, the

minimum amplitude being E (l />). Thus, in this case (termina-

tion, a pure resistance), the ratio of the maxima and minima of

voltage F^/F^. = (1 + p)/U
-

p) = W> or Z /l^ by equa-
tion (5), can be used to determine R

t
. The general case is more

complicated, but the method has been developed, the general



288 RADIO-FREQUENCY MEASUREMENTS

scheme being shown in Fig. 96.* We shall not enter into details,

as other methods, which do not involve moving the voltmeter or

other detector, are available. It may be noted, however, that in

t

Fia. 06. Scheme for determination ofimpedanceZt by voltage measure-
ment. (Hempel.) Note that Z t is placed at an antinode of the
stationary waves produced by the reflector. The impedance of the
line to the right of Zt is therefore infinite, and Zt is in effect the

terminating impedance giving rise to the maxima and minima Pm.x
and Fmtn.

the general case the magnitude of the terminal impedance is

given by :

^L '-&*- TV V?

and the reactance by
X

t
= iZ (l

- 6) tan

3. Resonance in Lines. Consider a line on which

stationary waves have been established. The ratio of voltage to

current, i.e., the impedance, varies from point to point along the

line, having a maximum value, infinite in the ideal case of zero

power loss, at the current nodes, and a minimum value, zero in

the ideal case, at the voltage nodes. Let the point at which the

measurement is to be made (the measurement terminals) be
fixed. The position of the nodes with respect to this point may
evidently be varied by adjusting the length of the line, the

frequency and therefore A, or the terminal reactance and therefore

<j>.
Thus by varying any one of these quantities the measurement

terminals may be made a voltage antinode, or a current antinode.

In the first case, ifthe current passed into the line is kept constant,
the measured voltage rises sharply to a maximum value, and the

* HBKPKL, W. EUkfroncuhrichtentech, 1937, Vol. U, p. 33.
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condition is that of voltage resonance as described in Chapter II.

The second case is that of current resonance. It is evident that a
line may be tuned to resonance by variation of length, frequency
or terminal reactance, and it will be found that the conditions of

resonance, and the sharpness of the resonance curves provide
methods of measurement analogous to those of Chapters IX and

X, but applicable to much higher frequencies. The general

equations are apt to become, too complicated for practical use,

and some approximation is inevitable. As a result several more
or less alternative versions of these methods have been published.
Those described below are given as typical. They will probably
cover all present-day requirements.

4. Measurement of Reactance and Resistance by
Voltage Resonance. A useful and instructive arrangement for

FIG. 97. Kaufmann'a
resonance. B = reflector,

(reactance termination) on the

for measurements by voltage
tilel plates forming a condenser

system.

such measurements is that described by Kaufmann,* and shown

in Fig. 97. A transmission line consisting of two brass rods A B
is short-circuited at its input end, and loosely coupled, inductively

to a shielded oscillator. At the far end of the line is a copper
* KAOTKAHN, H. Hoctfrequen*tcc}m. u. Elektroak, 1939, Vol. 53, p. 61.
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disc which acts as a termination of zero impedance, or perfect
reflector. The copper disc is moved along the Une until stationary
waves are established. The detector used for making this adjust-
ment and for locating the nodes and antinodes is a diode voltmeter

capacitively coupled to the line as shown in the diagram. The
diode is connected across an auxiliary Lecher system of length A/4,

perpendicular to the main system, the open end of the detector

system being placed near but not touching the main system. The

sensitivity of the complete voltmeter is easily controlled by

varying the distance of the diode from the open end, or by using
as terminal bridge a parallel plate condenser of variable reactance.

The object under test is connected across the line at a voltage
antinode A.

The measuring circuit proper is the portion of the line between
A and R. It follows from a general principle of networks that the

whole system to the left of A A is equivalent to a generator of

e.m.f. equal to the open-circuit voltage at A A, and of impedance
equal to that measured at the terminals A A. Now A A being
an antinode, this impedance approaches infinity if the losses in

the line are negligible. The impedance is therefore so large that

variations in the impedance of the measuring circuit itself do not

appreciably affect the total impedance, and in effect, a constant

current is applied to the measuring circuit, and the voltage atA A
will therefore be proportional to the input impedance of this

circuit. Now the input impedance Z
t
of a line of length I,

characteristic impedance Z , and propagation constant y=a+j,
closed by a link of zero impedance at the end, is given by :

Z< = Z tanhyJ ....... (6)

Ifthe admittance ofthe test object is Q + jB, the total admittance

T of the measuring circuit is :

Y = G+jJ5+ IcothyZ.Z
If the attenuation in the line is negligible, we may put a = 0, and

y = jfl and obtain :

(7)

The voltage across A A is inversely proportional to T, and will
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therefore reach a maximum value VM as I is varied, when I takes

the value I, such thatB= 1 cot), ....... (8)
o

Moreover, if V and I are any other corresponding values we have :

G+j(\
B- ootjSz Gt+jI(cot/B,-cotj8l)Z

V G G
This equation represents the resonance curve obtained by varying I

and observing V. The magnitudes of the voltages are evidently

given by :

from which we have :

1

(10)

It should be observed that these equations correspond closely
to those given in Chapter III for voltage resonance in concen-

trated circuits. Notice also that at resonance the impedance of

the measuring circuit reaches the maximum value I/O, and if

Vm
'

and Vm
"

are the maximum voltages obtained with two
different test objects, their conductances O' and G" are given by:

V ' O"

Equation (8) provides a method for measuring susceptance, and
therefore capacitance or inductance. First, the value of I is

adjusted until resonance is obtained with the test object removed,

i.e., J? = 0. Let Z represent the length of the measuring circuit

for this condition. Then cot j8i
= 0, jK = 7r/2 and 1 = A/4.

The test object is now added, and resonance restored by adjusting.
I to lr . Then the equivalent shunt capacitance C, of the test

object is given by :

or C?.a,
= tan8(/ -y=tan(/ -W . . (12)
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The reflecting plate R being provided with a micrometer adjust-
ment the difference 1 lr can be measured with high accuracy.
ZQ is calculated from the linear dimensions of the line. Resistance

and conductance in the line being made negligible we have

ZQ
= VL/C,* where L and C are the inductance and capacitance

per unit length of line, quantities which can be calculated from
the formulae in Chapters VI and VIII. When the susceptanoe is

positive Z > l
r) i.e., the addition of capacitance shortens the

resonance length. Conversely, the addition of inductance

increases the resonance length. The method will evidently
measure either quantity.

Conductance or equivalent shunt resistance can be obtained

from the width of the resonance curve, using equation (10), which
can be put in the form :

2ir 2ir T
T (Z -Zr -iA) . (13)

where A is the width of the resonance curve, or l Z8 where ll

and Za are the two lengths, one on either side of lr for which the

voltage V is such that Vm*/V* = q.

Alternatively, conductance can be determined from observa-

tions of resonance voltage, using equation (11), provided one

conductance is known. For all these measurements the procedure
described for the circuit methods should be followed as far as it

is applicable. It must be emphasised that the equations given

only apply when the power losses in the measuring circuit apart
from the test object are negligible. The observations with no
added conductance will indicate the order of error involved.

Kaufmann has given equations for the more general case, but they
become more elaborate than is desirable for general working

* For a pair of twin parallel wires of diameter d, and distance between axes

Z>, (D ^> d), this formula becomes for very high frequencies,

where MO the permeability, and e the permittivity of the medium surrounding
the wires. Inserting the numerical values in practical units we obtain for a line

in air,

Z ~ 276 log10(2Z>/d) ohms.

The corresponding equation for a coaxial line is

Z ~ 138 log^ry/j) ohms.

where rt is the radius of the inner conductor, and r, the internal radius of the
outer conductor.
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equations. In the above discussion it is assumed that the voltage
measured is that across A A. If, however, the line is free from
loss the voltage at the other antinodes will have the same value, so

that the voltmeter may be coupled to the points B B as shown in

Fig. 97, the line of length A/2 and negligible resistance acting as

a 1/1 transformer. This arrangement avoids any change in the

impedance of the test object due to the proximity of the volt-

meter. The voltmeter must obviously be of the highest practic-
able impedance. The capacitive coupling and the use of the

auxiliary line of length A/4 make it possible to satisfy this condi-

tion in a convenient manner.

It should be remembered that measurements of impedance
and admittance on resonant lines by voltage resonance can also

be measured by the methods of Chapters IX and X, provided a

suitable standard condenser is available. Nergaard
* has described

a variable air condenser with electrodes of linear dimensions not

exceeding 1 cm., and such condensers can be used as standards

of capacitance at wavelengths down to 1 metre. The standard

condenser and a voltmeter are connected to the end of the line at

which the impedance is to be measured. The line is loosely

coupled to an oscillator, and voltage resonance established by
varying the condenser. Since the length of line remains unaltered

its effect on the voltmeter and condenser is merely that of a

constant impedance which is measured exactly as described in

Chapter X. Condensers and transmission lines suitable for such

measurements at wavelengths of the order of 1 to 2 m. have been

described by Nergaard.*
5. Measurement of Reflection Coefficients, Impedance,

etc. by Current Resonance.* The scheme of measurements by
current resonance to be considered is that described by R. A.

Chipman. His treatment of the problem is of special value in

bringing out clearly the physical factors involved and in pro-

viding a more general solution in a fairly workable form. As in

the previous case the measuring circuit consists of a line of length
I and propagation constant y terminated by two bridges. The
one at the input end is the test object, and the other is a thermal

* LAVILLE, G. AnmUa de Physique, Paris, 1924, Vol. 2, p. 328 ; NBROAARD,
L. 3. R.C.A. Review. 1938, Vol. 3, p. 156 ; CHIPMAN, R. A. Jour. Applied Physics,
1939, Vol. 10, p. 27.
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current indicator (Fig. 98). The line is loosely coupled to an

oscillator. It is obvious that waves passing along the line will be

reflected at both terminations, and that the resultant is expres-

sible in the form of a series of waves obtained by successive

reflections at the two ends alternately. Thus using the nota-

tion of 2, and using the suffixes 1 and 2 for the two ends, an

incident wave I<fr*> produces at termination 2 a reflected wave

, which on reaching termination 1 has the value

A

Z o_i^ n IK-*
u u

FIG. 98. Ghipman's arrangement for measurement by current reson-

ance. AB = measuring circuit terminated,by impedance Z to be

measured, and thermo-element T, C and D are tandem bridges, and
M is a micrometer adjustment for varying the length of the measur-

ing circuit.

produces a reflected wave 1 2/ e~*T', which on reaching 2 has

the value K^KJtfr**, and so on. The resultant wave at termina-

tion 2 (the detector) has the value :

,

1 -

The effect of the loosely coupled oscillator on the line can be

represented by a constant e.m.f. E in series with the impedance
Zv and the current in the detector can be expressed :

But by (1), (Zj + ZoJ/Zo
=

2/(l + Kj, so that

*~ li-je^J (14)

Now the term in square brackets alone varies with I, so that the

conditions for current resonance with variation of I are determined

by the relative values of this term alone, which will be denoted

/ (1). Putting Kl and JPt in the form p/# or pe** we have :
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KiKt
= Pip^'+w = e-* say

where

r - +#, />*, = r, & + ^t
- - 2*

then

(Z,KJ 2 sinhjiJ + + j(/W + 0}

Thus the magnitude off (I) is given by

2(p1p,)*[8inh(Z + ) + s

Since a is very small compared with
/?,

the denominator will pass

through a minimum value when sin*(/ft + *)
= 0. Thus if

I, is

the length of line at which resonance occurs, we have :

or

Thus the length of line at which resonance occurs determines the

change of phase on reflection at the two terminations.

With given terminations the measured current / is propor-
tional to

| / (1)
|
, from which it follows that if Ir is the current at

resonance, i.e., for the length lr, and / the current for the length
I, we have

/r
2 _ sinhV + a) + sin*(ffl + t) _ n

75
---

sinh*K+s)
-- q ' ' '

which is the equation of the resonance curve. Let 8^ be the

amount by which lr must be increased to reduce the current from
Ir to /, and 812 the amount by which lr must be decreased to

obtain the same value, so that A = 8^ + SZa is the width of the

resonance curve at the height corresponding to q.

Then
sinha[a(Jr + WJ + a] + sin2^ = q . sinh8K + *) . (18)

and

sinh*[oc(Zr
- 8Z8) + a] + sin*j88Za

= } . sinh(Zr + s) . . (19)

When a//? is very small these two equations are very nearly the
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same ; and 8^ = 8J2
= fA, and the resonance curve is symme-

trical. The equation then becomes :

sinhK + )

which, since cdr is very small, may be written

When the reflection is practically perfect we have p^p, = e"2* = 1

and therefore a = 0, and

from which it follows that

If also both bridges are of zero reactance, fa = fa == and lr
=

nA/2, and we have :

anA2 ,-
This equation

*
gives a in terms of the width of the resonance

curve when both bridges are of zero impedance. This value of a

may be used in the general equations (18) and (19), which can
then be used to determine , and therefore p1p8 for any terminal

impedance. Using the known value of a and a fixed value of ?,
the equations may be used to plot a curve giving p^2 iix terms of

0(8*1 + 8Za) or 2rrA/A. Alternatively, when the resonance curve
is symmetrical, the approximate equation (20) can be used.

The procedure for the measurement ofimpedance is as follows.

The factor
/>2/^a is that of the current detector, which may be

unknown but is kept constant. A short-circuit is first used for

the input bridge, so that pl = 1 and fa = 0, and the product of

the reflection factors /// measured as described above. The
unknown impedance is then substituted for the short-circuit

input bridge, and the measurement repeated, the result being, say,

/>"/! Then since P'/
= P^ and /"/f> /W^ + J,

the reflection factor of the unknown impedance is given by
* To avoid misunderstanding it should perhaps be stated that equation (21)

was derived by Laville, Kaufmann, and others, and is not given by Chipman.
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=== ~-~/v
"""* o The value of the impedance can

p
'

then be calculated from equation (2). Chipman has plotted
curves from which values of resistance in the form JR</Z , and
reactance in the form JT$/Z , corresponding to any reflection

factor, may be read directly.

6. Applications of Methods using Waves on Lines. The
use of wave methods for the measurement of the resistance, and
inductance or capacitance, of any component which can be

connected across a line is sufficiently obvious from the above

discussion. The methods are also valuable in investigation of the

electric and magnetic properties of materials of all kinds at very

high frequencies. The followingexamples
* will indicate theirscope.

7. Magnetic Permeability. A transmission line is con-

structed of twin wires of the magnetic material to be investi-

gated. The magnetic permeability of the material at any fre-

quency is then deduced from observations of the wavelength (A)

along the wires, and the attenuation constant (a), by application
of the theoretical equations of 6. Mie. Mie has shown that when
a is small the wavelength (A) along the wires is smaller than that

(Ao) in free space, the difference AA being given by the equations

I - I = or AA tt . . . . (22)
A2 A 2 ir\ 2n

* '

Also that the relation between a and the permeability /*, resis-

tivity p, diameter d, and spacing D of the wires, is when D >> d.

(23)V '

c being the velocity of light, and
jtt

the permeability of the

space between the wires,j When a and A are known /* can be

* For detailed references, see HABTSHOBN, L., Reports on Progress in Physics,
The Physical Society, 1939, Vol. 6, p. 378.

t Equation (23) can also be written in the form

where z is the eddy-current variable for the wire (p. 132), c is the permittivity
of the surrounding medium, and jR is the d.c. resistance per unit length of line

(two wires in series). It is interesting to notice that this can be expressed in the
form .R//2Z , where Rf is the resistance per unit length of line, corrected for

skin-effect by equation (25), Chapter VII, and Z is the characteristic impedance
of the line. The same result can also be obtained from equation (26), Chapter X,
if the conductance G is assumed to be negligible.
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calculated from these equations. A is determined directly from

observations of the distance between successive nodes or anti-

nodes, a can be obtained from the width of the resonance curve

as already explained. For copper wires of diameter 1 mm. or

more, a is usually so small that AA is too small to be observed,
but for thinner wires of magnetic material AA may be large

enough to be observed directly as the difference between the

wavelength along a pair of copper wires, and the wires under

investigation, both coupled to the same oscillator. Details of

experiments along these lines have been published by several

workers.

8. Radiation Resistance. When measurements such as

those described above are made with copper wires, the value of

a deduced from the width of the resonance curve is found to be

very small, but it is usually appreciably greater than the value

obtained by calculation using the formula quoted, which repre-
sents the effect of resistivity of the wire and the skin effect. The
difference Aa is found to increase with diminution of A, and with

increasing separation of the wires, and is to be explained by a

loss of energy by radiation. There is some evidence that Aa
diminishes as the length of line increases, which suggests that the

radiation occurs largely at the ends, and can therefore be repre-
sented as a "

radiation resistance
"

in series with the normal

impedance of the terminations. It may also be necessary to

regard the line as possessing a distributed
"
radiation resistance

"

in addition to its ordinary resistance. Differences in radiation

resistance produced by changes which leave the normal imped-
ances unaltered can obviously be determined by observations

of the changes in a. It should be noted that radiation is a source

oferror in the measurements ofmagnetic permeability, but control

experiments on non-magnetic wires will give an idea of the

magnitude of the error.

9. Dielectric Constant, Conductivity, Absorption and

Dispersion in Dielectrics. If the line is situated in a medium
other than free space the wavelength and attenuation constant

will depend on the dielectric properties of the medium, and these

properties can also be measured by the above-mentioned methods.

Consider plane waves travelling along a line formed by two

parallel conductors of negligible resistance in free space. The
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attenuation constant is zero, and we have for the propagation
constant y , and wavelength constant j3

where LQ is the inductance, and C the capacitance per unit

length of the line. Now let the medium be changed to one of

dielectric constant cr and loss tangent tan 8. The admittance

per unit length of line now becomes jc/70o[l j tan 8], which

can be written in the form :

'

J r tan 8] orjC^fo je'J where e'f
=

*, tan 8,

showing that the effect of conductance or power loss in the

medium may be represented by a complex dielectric constant,

r J r

f = A/-8, where A = vXr2 + */
2
)- Ifthemedium is non-

magnetic the value of inductance jL still holds good, and we
have for the propagation constant y

or

Hence
O \ /I _L -P

(24)
Po A * *

and

* = ?*2 = */
A

""
y

(25)

j3
2* V 2

V '

The quantities AQ A and a can be measured in the manner already

described. The values of the various electrical constants of the

medium are then easily calculated by means of the above equa-
tions. Squaring and subtracting (24) and (25) we obtain the

dielectric constant er,

Also, multiplying (24) and (25), we obtain c/,

'-"Y (27)
TrA
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Then the lose angle is obtained from the relation

tan S = ,'/, ....... (28)

and the conductivity from the relation

a= > = KO . . 2ir/
= 0-1771 . 10~ (ohm-* cm"*) (29)

where * is the capacitivity of free space as defined in Chapter VI,
the value (0-08855 X 10~" F/cm.) for which has been substituted

in deriving the last form of the expression, so that the centimetre

should be used as the unit of length throughout the measurements.

Measurements of this kind are most easily made on liquids.

The parallel conductors may take the form of twin wires,

passing through a horizontal trough or vertical tube, which can

be filled with the liquid. Alternatively coaxial conductors may
be used, the outer conductor also forming the container for the

liquid. This arrangement has the advantage that the waves are

entirely confined to the space within the tubular conductor, so

that external bodies do not affect the measurements. The method
is also applicable to powders and has been used for measurements
on soils.

10. Index of Refraction and Absorption by Reflection.41

Measurements of dielectric properties may also be made by
observations depending on the reflection of waves at the surface

of a material. Suppose, for example, a line is terminated by a

slab of the material. The reflection coefficient
pj*j>

of this termina-

tion can be measured by the method of 5. By means of

Fresnel's formula this reflection coefficient can be expressed in

terms of the complex refractive index n(l jk), which is analo-

gous to the complex dielectric constant er J/, n being the

ordinary refractive index, and k the absorption index, we have :

oc* = 1 ~n(l ~jk) = (1 -n)+jnk
p i+ n(l-jk) (l+n)-jnk*

whence
. (n

-
1)' + n*

2nk
and

* MALSCH. Ann. Phys. Lpz. t 1934, Vol. 20, p. 33.
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Also

f -J r

' = n2
(l

whence

Thus it is possible to calculate n, k, e r and */ from the measured

values of p and
<f>.

Research on these lines is obviously capable
of giving valuable information on the behaviour ofmany materials

with respect to very short waves. The layer of material must
be so thick that the transmitted wave is completely absorbed,

otherwise subsequent multiple reflection within the material will

complicate the measurements.

11. Experimental Details. The apparatus used for wave
methods is apt to vary considerably with the type of measurement

to be made, and the subject has not yet reached a stage where

some arrangements can be recommended to the exclusion of

others. We shall conclude by noting a few of the practical points
raised in the recent literature * of the subject.

(a) Generators. Ordinary valve oscillators form satisfactory

generators for very high frequencies, provided suitable compo-
nents are used. The upper limiting frequency is determined by
the following factors : the finite time of transit of electrons from

cathode to anode, the inductance of the leads to the electrodes,

and the inter-electrode capacitance. Small transit times are

obtained by the use of valves with electrodes separated by very
small distances, with a high anode voltage, conditions which

require an anode capable of high dissipation. The inductance

and capacitance of the valve is minimised by using special types,
in which the leads to the electrodes consist of short straight wires

well spaced. The resonator tor the oscillator is most conveniently
obtained by the use of a line of length nA/4 closed at one end.

Fig. 99 shows a push-pull oscillator of this type, which may be

compared with that of Fig. 36. The tuned anode circuit is

replaced by a tuned line : coupling to the grid circuit is provided

by the inter-electrode capacitances of the valves : and the grid

circuit also consists of an adjustable line, the length of which is

adjusted so that the grid potentials have the suitable values,

* For reference*, see Reports vfi Progress in Physics, The Physical Society,
1939, Vol. 6, p. 388.
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e.jr., the grid line may be of length 3A/4, and the anode line

of length 5A/4, as used by Ghipman. High-frequency chokes

are shown in the leads to all the power supplies. In a per-

fectly symmetrical system these would not be necessary, but

owing to inevitable de-

partures from the condi-

tion of perfect symmetry
it is necessary to make

provision for variations of

potential at these points,

otherwise power will be

lost. Wavelengths down
to about 40 cm. are obtain-

able with this technique.
For still shorter wave-

lengths the magnetron is

available. This consists

Fio. 99. Oscillator with tuned lines for fre-

quencies of a few hundred Mc/s. It is

sometimes advantageous to use tuned lines

for the chokes (Ghipman).

of a diode with a straight wire cathode surrounded by a

cylindrical anode divided axially into two halves, which are

directly connected to the open end of a tuned line. The diode

is mounted between the poles of a magnet so as to establish an

axial magnetic field in the space between the electrodes. Thus
the electrons proceeding towards the anode are deflected by the

magnetic field, and when the field strength reaches a certain

value, they travel round and round the cathode and do not reach

the anode, so that the mean anode current falls almost to zero.

Within a certain range, a decrease of voltage on one anode is

accompanied by an increase of current, i.e., a condition of negative
resistance is obtained ;

and oscillations are established in the

tuned line connected to the anodes at a frequency determined by
the length of the line. Oscillations of wavelengths down to 1 cm.

have been obtained with magnetrons.

(b) Detectors. Bulky detectors are obviously inadmissible,

but provided that the small types of the special valves mentioned

above are used, the simple thermionic voltmeter can be used at

wavelengths down to 50 cm., and for low-range instruments

employing either a diode or a triode, the deflection is proportional
to the square of the voltage, as at lower frequencies. For wave-

lengths of the order of a few cm. the crystal rectifier, e.g., an iron
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pyrites and phosphor bronze contact, appears to be the most
convenient detector. Thermo-elements * form very convenient

detectors of current, and these also obey the square law, a most

important consideration when applying equations (9) and (17).

(c) Adjustable Lines and Bridges. The commonest form of

standard line consists of a pair of brass rods or tubes. Solid

insulating supports are obviously necessary for mechanical

reasons, and these should be placed at the voltage nodes, where

they will cause the minimum of disturbance. The effective length
of line can be varied either by the use of telescopic tubing, and

fixed bridges, or by moving bridges along fixed conductors. A
copper disc sliding along the conductors, which pass through

closely fitting holes in the disc, is often used as a perfect reflector

or bridge of zero impedance. Conducting bridges of small cross-

section are less effective, and are therefore sometimes followed by
additional or

" tandem "
bridges (Fig. 98) placed in the position

which would be occupied by any voltage antinode that might tend

to form on the portion of the wire beyond the bridge, as a result of

incomplete reflection by the latter, i.e., distance between bridges

^A/4. Further details about particular applications of the

methods will be found in the original papers quoted, but each

experimenter will probably find it necessary to arrive at satis-

factory conditions by a process of trial and error, using as a check

the symmetry of the resonance curves, the consistency of the

results obtained for various values of q, and the values obtained

for impedances of calculable value, e.g., thin straight wires and

small condensers.

* STBUTT and KNOL, Proc. Inst. Radio Eng.t 1939, Vol. 27, p. 783.
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ABSORPTION, dielectric, no
index of, 250
of electric waves, measurement of,

248

Admittance, definition of, 5
measurement of. See Impedance

mutual, 13

Aerials, measurements on, 230

Amplification factor, 68

Amplifiers, as components of

oscillators, 69

design of, 95

screening of, 96
use of, to increase output of

oscillators, 79
use of, to increase sensitivity of

detectors, 92

Angular frequency (pulsation or

pulsatance), 2
measurements on, 230

Antinodes, on transmission lines,

235

Astbury, N. F., 231

Attenuation, of waves on lines, 234
effect on wavelength of, 247
measurement of, 246

constant, of lines and cables, 203,
205

measurement of, 202, 246

BALANCED condition (balanced
to ground or earth), 48

measurement of impedance,
etc., in, 52, 215

transformer, 54

Beat-note, 93
use of, for general detection, 93

for resonance detection, 169

Bhimlein, A. D., 170

Bolometer, 84

Bridges, for transmission lines

(Lecher wires, etc.), 241, 253

tandem, 241, 253

Bridge circuits, balancing of earth-

capacitance (or admittance)
in, 215

earth connections for, 51

screening of, 49

symmetry of, 40, 54, 61, 207

Wagner earth connection for,

56

wiring of, 60

methods, comparison with
resonance methods, 19

difference-measurements, 53

Ferguson's, for capaoitive
admittance, 213

for balanced impedances, 52
for capacitance, conductance,

inductance, resistance, 38,
207

for condensers (2-terminal), 218

(3-terminal), 222
for dielectrics, 226, 229
for magnetic materials, 231
for resistance and inductance,

38, 207

very large values, 222

very small values, 221
for valve capacitances and

impedances, 231

Shackleton's, for inductive

impedance, 213

theory of, 38
Buffer valve, 79

Butter-worth, 8., 145, 147, 151, 162

CABLES, calculation of con-

stants of, 204
measurement of constants of, 202

multi-wire, measurement of direct

capacitance of, 223

2M
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Gables, waves on, 28S

Campbell, Albert* IBS

Campbell, G. A., 41, 213

Capacitance. See also Self-Capaci-
tance.

calculation of, 102

component, 102
definition of, 3, 6, 10, 101

earth, 101
effective or equivalent values of,

7,11
inter-electrode (of valves), 68
of cables, measurement of, 203

physical nature of, 101

series and parallel values of, 6
variation of, with frequency, 120,

177
due to dielectric absorption,

178

measurement, bridge methods
for, 207, 218

by beat (heterodyne) method,
182

by resonance method, 171

by transmission line (Lecher
wire) method, 239

of condensers (2-tenninal), 218

(3-terminal), 222
of thermionic valves, 205
of very small values, 181, 219
of very large values, 219
Shaokleton's bridge for, 214

Capacitance-variation method.
See Reactance-variation method.

Capacitivity, 103

Capacitors. See Condensers.
Centimetre waves, measurements

with, 239, 247

generators of, 251
Characteristic curves, 68

impedance, 202, 234
calculation of, 242
measurement of, 202

Chipman, R. A., 243, 252

Chokes, measurement of impedance
of, 201, 222

of self-inductance of, 174

tuned lines as, 252
Circuit elements, formulae for

typical, 12

Coaxial cable, inductance of, 147

measurement ofconstants of, 202

Coaxial condenser. See Cylindrical

inductor, 180

leads, use of, 61, 172
flnfj stray mutual inductance,

173

resistors, as ratio-arms, 211

variable, 218

Colebrook, F. M., 169

Colpitts oscillator, 70
Concentric cable, etc. See Coaxial.

Condensers, calibration of. See

Capacitance measurement,

cylindrical, of negligible induct-

ance, 178

power loss, 188

differentia], 216
effective resistance of, 177, 121

equivalent network of, 118
fixed air, 107
for liquid dielectrics, 195
free from power loss, 187

inductance (residual), 117, 121

and variation of effective

capacitance, 119, 178
in series for very small capaci-

tances, 181, 219

leaky, measurements on, 18 1

measurement of impedance of,

201
of capacitance of* Sec

Capacitance measurement,

mica, 121

micrometer, 117
of negligible resistance and

inductance, 178, 188

permanence of calibration of, 121

power factor of, 118

stability of, 121

standard, data for typical, 121

series-gap, 116

2-termjnal,
measurements on, 218

3-terminal, measurements on, 222
effect of leads, 223

variable, 110

design of, 112
effective resistance of, 120

stability of, 118, 115

series-gap, 116
tan d of (loss tangent), 120

variation of capacitance with

frequency, 120, 177
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Conductance, definition of, 3
effective or equivalent values of, 6

geometrical, 103
width of resonance curve and,

33
measurement. See alto Resist-

ance measurement,

bridge method for, 207
resonance method for, 185
wave method for, 242

Conductivity, measurement of, with
centimetre waves, 248

Convergence, with Wagner earth, 57

Coupled circuits. See also Coupling,
detection of resonance in, 35
effect of secondary on primary

impedance, 34
effect of resonance of secondary,

33

Coupling, 14

capacitive, 14

elimination of, by screening, 41
in resonance method, 166, 175

coefficient of, 15

direct and indirect, 14

electric or electrostatic, 14

inductive, 14
in oscillators, 69

loose, necessity of in resonance

methods, 166

magnetic, 14

resistive, 17, 176

stray capacitive, 41

circuit, intermediate, 175

Crystal rectifier, 85
use of, for resonance methods,

167
for centimetre waves, 252

Current, displacement or capaci-
tance, 3.

resonance, 21

experimental details, 167
of lines (Lecher wires, etc.), 243

Cylindrical condenser, of neglible
inductance, 178

of negligible power loss, 188

D,'ECIBEL, 203
Decimetre waves, measurements

with, 239, 247

De-coupling resistors, 97

Decrement, 5, 23
deduced from resonance curve, 23
measurement of, 183

Bellinger, J. H., 138

Detection, heterodyne, 93

modulation, 92

Detectors, 83

crystal, 85
for centimetre waves, 252

thermal, 83

thermionic, 86

De-tuning (distuning) method
(
=s Reactance-variation method),
184

Dielectrics, conducting, measure-
ments on, 181

for coil-formers, 154, 157

liquid, test condenser for, 195
measurements on, at 100 Mc/s, 197

guard-ring for, 226

permittivity and power
factor, 191, 197, 225.

with centimetre waves, 248

properties of, tabulated, 111

absorption, 178
constant. See Permittivity,
loss, effect of, on resonance

curve, 29
in air condensers, 1 14
in inductors, 154
nature of, 109

Difference method, for bridge
measurements, 53

for condenser calibration, 172
for measurement of resistance,

conductance and power
factor, 187

Diode, as rectifier, 98

voltmeter, for centimetre waves,
240, 252

Direct impedance, capacitance, etc.,

47
measurement of, 223, 229
of resistors, 129, 136

Disconnection, errors due to, in

capacitance measurement, 173

Dispersion, in dielectrics, 248

Displacement current, 3, 18

Dis-tuning method (= Reactance

variation), 184

Dorsey, N. E., 106
Double-beat method, 169
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Dynamic resistance (= equivalent
parallel resistance) of inductors,
142

Dye-Jones bridge, 210

JU/ARTH-capaoitance, 101

distributed, of resistors, 127, 134

balancing of, in bridge circuits,

215. See also Wagner earth-

connection.
Earth (

= ground), and measuring
circuits, 43

Earth-connection, direct for bridge-
circuits, 51

for resonance methods, 166

Wagner's, for bridge circuits, 56

Eddy currents, 129. See alto Skin-
effect.

in inductors, 147
in terminals and screens of

inductors, 154, 159

Edge correction, Kirchhoff's

formula for, 104

in calculationofcapacitance, 105
in tests of dielectrics, 193
measurement of, 226

Effective values, of current, etc.

(R.M.S), 1.

of inductance, capacitance,
resistance and con-

ductance, 5
tabulated formula)

for, 12
Electric strength, of dielectrics,

tabulated values, 111.

Electrodes, for dielectrics, 192

mercury, 193, 227

tinfoil, 192, 2*8

Electrolytes, measurement of con-

ductivity of, 196, 232

Electromagnetic shielding, 63

Equivalent capacitance, inductance,

resistance, tabulated formulae

for circuit-elements, 12.

Equivalent network, 5
of bridge circuit, including

earth-capacitance, 50
of condenser, 119
of inductors, 143
of mutual inductors, 162
of resistors, 123, 135

Equivalent values, of capacitance,
inductance, resistance, 5, 11

tabulated formula for, 12

r ERGUSON, J. G., 213

Ferromagnetic cores for inductors,
155

material, measurements on, 200
Filter circuits, 230
Formers, for inductors, 154, 156

Fortesoue, 0. L., 180, 216, 218

Frequency, angular, 2

Fresnel, formula for reflection co-

efficient, 250

Fringing correction, in capacitance
calculation, 105. See also Edge
correction.

GENERATORS, see oscillators.

Geometrical conductance, 103

Griffith*. W. H. F., 157

Guard-ring, 104

cylindrical, 106
Maxwell's formula for, 106
Rosa and Dorsey's formula for,

106
use of, in bridge circuits, 226, 229

HARMONICS, and the stability
of oscillators, 75

Hartley oscillator, 70
stabilisation of, 169

use of, for resonance methods,
169

Hartshorn, L., 197, 204, 206, 231
Hartshorn and Ward's resonance

apparatus, 198
use of, for cables, 204

for dielectrics, 198
for liquids, 200
for resistors, chokes, etc.

201
for valves, 206

Hexnpel, W., 238

Heterodyne detection, 93

sensitivity of, 94
method for resonance detection,

182

Howe, G. W. O., 124, 155, 160
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IMPEDANGE, 4. Set also

Characteristic,

direct, 47

mutual, 13
of valves, 68
total, 48

operator (complex), 4
measurement, by reflection of

waves, 238

by resonance of lines, 239, 243
method for

"
balanced "

condi-

tion, 215
for

"
direct

"
impedance,

223
for

"
earthed " condition, 214

for large values, 222
for thermionic valves, 205
for very small values, 221

Impurity, of mutual inductors, 13,
161

Inductance, See oho Mutual in-

ductance and Residual induct-

calculation of, 144
effective (or equivalent) and true

values, 6, 13

equivalent values for inductoip,
142

internal, of wires, 145
variation of, with frequency,

130
series and parallel values, 6, 142

measurement, bridgemethods for,

207, 220

by resonance of transmission
line, 239

method for cables, 202
for chokes, 174
for large values, 222
for very small values, 179,

221

resonance method of, 164
Shackleton's bridge for, 213
variation of value with fre-

quency and, 170

Inductors, 142. See alto Mutual
inductors,

as ratio arms, 207
coaxial standard, 180
construction of, 156

design of, 150, 156

Inductors, dimensions and perform-
ance of, 150, 152

ferromagnetic, 159
formers for, 154, 156
inductance values of, 142
in series, 16$
loss tangent of, 144
measurement of. See Inductance

measurement*
of Q value, 190, 220
of resistance of, 190, 220

power factor of, 144

Q value of, 144
resistance values of, 142
self-capacitance of, 155
screens for, 155, 158

Inputcircuit,ofthermionicvalves, 68

impedance, of thermionic valves,

205, 231

Insulating materials. See Dielec-

trics.

j (operator for vectors), 3, 5

Jones, T. L, 210, 223, 227, 231

KAIOJFMANN, H., 238
Kirohhoff, G. B., formula for

capacitance, 104
laws for networks, 5

L<AVILLE, a., 243, 246
Leads, coaxial, avoid stray mutual

inductance, 173
use of, for bridge methods, 61

for resonance methods, 166
effect of, in measurement of

impedance, 65
on inductors, 166
on 3-terminal condensers,

224
errors due to disconnection of, in

capacitance measurement,
173

to inductance of, 173
for condenser calibrations, 172

symmetrical, for resonance
methods, 172

twisted for Abridge circuits, 61

Leakage, effect of, on resonance
curves, 29
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Leakanoo of cables, measurement
of, 204

Leoher wires, 234
for measurement purposes,

253
resonance of, 238

Line. See Tranmission lines.

Liquid dielectrics, test condenser

for, 195

Logarithmic decrement, 10.

Loss angle, 11

Loss tangent, 11. See also Power
factor measurement,

of coils (inductors), measure-
ment of, 190

of condensers, 118

of dielectrics, measurement of,

191, 225, 250
tabulated values of, 111

of inductors, 144

Lumped circuits, linear dimensions
limited by wavelength or fre-

quency, 233

1VLLAGNETIC materials, measure-

ments on, 200, 231

with centimetre waves, 247

Magnetron, 252

Magnification. See Q value.

Magnetostriction resonators, 70

Mallett, E., 170

Maxwell, J. C., formula for guard
ring, 106

Mechanical strength of dielectrics,

111

Mercury electrodes, 193, 227

Mica, properties of, 111

condensers, 121

Micrometer condensers, 117

Mie, G., 247

Modulation, 92

Mole, Q., 216

Moullin, E. B., 88
Mutual admittance, 13

conductance, 13

e, 13

Mutual inductors, 161

effective resistance of, 163

self-capacitance of, 163

reactance, 131

resistance, 13.

NEPER, 203

Nergaard, L. 8., 204, 243

Network, equivalent. See Equiva-
lent network.

Nodes, on transmission lines, 235.

OnM'S Law for alternating

currents, 4

Operators, impedance, 4

Oscillators, 67

Colpitts, 70

conditions of maintenance of, 74

coupling of, to resonance circuits,

crystal controlled, 77, 82

for centimetre waves, 261

harmonics in, 75

Hartley, 70

magnetron, 252

modulated, 80

piezo-electric, 77

push-pull, 73

quartz, 77

stability of, 73

tuned anode, 70

grid, 70

Yates-Fish, 76

Output circuit of thermionic valves,

68

impedance of thermionic valves,

68, 205

PARALLEL resonance, 26

values, of capacitance, con-

ductance, resistance and in-

ductance, 6, 11

wires, 104, 146, 242

Pentodes (five-electrode tubes), 60

use of, 98

.ductanoe, 13

calculation of, 146

effective, 13

variation of, with frequency,
161

Permeability, 144
at radio-frrequencies, 159

of powder cores, 160

measurement, bridge method, 231

by waves on lines, 247
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Permittivity (= dielectric con-

stant), 107

complex, 249
values of, tabulated, 111

measurement, 191, 225
at 100 Ho/a, 197

by waves on lines, 248
test condenser for liquids, 195

Phase angle, 4, 10

equations for circuit-elements,

8,12
of resistors, 123, 139

Piezo-electric resonators, 70
Powder cores, permeability of, 160
Power factor, 8

of dielectrics, tabulated values

of, 111
of inductors, 144

measurement, bridge method
for condensers, 218, 222

of dielectrics, 191, 225
at 100 Mc/s, 197
with centimetre waves,

249
of magnetic materials, 200
resonance methods, 183, 187

Power loss, equations for, 10
in dielectrics, 109
in magnetic materials, 232

Primary circuit, effect of secondary
on impedance of, 33

Propagation constant, 202, 248
Pulsation, or Pulsatance (

= angular
frequency), 2

Q VALUE, of inductors, 144, 160
measurement of, 185, 190

RADIATION resistance, 248

,40,207

tapped resistors as, 211

Reactance, definition, 3
measurement, by waves on lines,

238,246
Reactance-variation method, 184

Reaction, of secondary circuit on
primary circuit, 33, 168

Rectification, anode circuit (anode
bend), 87

grid circuit, 88

Rectifier, crystal, 85

copper oxide, 86
thermionic valve, 86
use of, with telephone as detector,

91

Reflection, of waves on lines, 233
coefficient, 235
measurement of, 243
of dielectrics, 250

Reflectors, for Lecher systems, etc.,

253
Refractive index, for electric waves,

250
Residual inductance of condensers,

118
and variation of capacitance,

178
measurement of, 176
values of, 121

of resistors, 123

Resistance, definition of, 1, 6
due to eddy currents, 130, 147

effective (or equivalent), 6

of condensers, 118, 121

of mutual inductors, 162

radiation, 248
series and parallel values of, 6, 13

for inductors, 142
variation of, with frequency, 130,

147

boxes, 136, 139, 184
coils. See Resistors,

measurement. See also Con-
ductance measurement,

bridge methods of, 207
for inductors, 220
for large values, 222
for small values, 221

deflection method, 186
for cables, 203
for coils, 190
for condensers, 187, 218
for electrolytes, 196
reactance-variation method,

184
resistance-variation method,

183
wave methods, 246

Resistivity, of dielectrics, tabulated

values, 111

Resistors, as ratio arms, 21 1

at 100 Mc/s, 141
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Resistors, box or switch type, 136,

139, 184

coaxial, 134

coil, non-inductive windings for,

134, 139
considered as transmission lines,

135

continuously variable, 137, 218
distributed self-capacitance of,

124
earth capacitance of, 127, 134

fixed, 132

impedance values of, 135
inductance (residual) of, 123, 139
internal inductance of, 133
linear dimensions and properties

of, 126
measurement of impedance of,

201
of self-capacitance of, 174

non-reactive (non-inductive), 139
of constant inductance, 138, 184

self-capacitance, 137

phase angle of, 123, 139

properties of typical, 139
rod type ("metallised*' or

graphitic), 134, 141

screened, 134, 137

self-capacitance of, 124

standard, 123

straight wire, 132, 184
slide wire, 1&7, 218
variation of impedance of, with

frequency, 124, 135

Resonance, current, 21

comparison of series and parallel,
32

of current and voltage, 32
detection of, by reaction, 168

use of auxiliary condenser, 182

equations of, for simple circuit, 19
of secondary circuit, 33
of transmission lines (Lecher

system), 238

parallel, 26

series, 21

sharpness of, 22

voltage, 24

bridge, 208, 216

curves, 22
effect of leakage or dielectric

lost on, 29

Resonance curves, symmetrical, 26,
28

unsymmetrical, 24
width of, a measure of con-

ductance, 33
methods, comparison with bridge

methods, 19
for resistance, conductance,
power loss, etc., 183

for self-inductance, and self-

capacitance, 164
reactance-variation, 184

resistance-variation, 163

Resonators, as components of

oscillators, 70
Rosa and Dorsey, formula for

guard-ring, 106

Rushton, E., 195

OCHERING bridge, 209

Dye-Jones arrangement, 211

equations and balance, 209
Jones arrangement, 213
use of, for small inductances,

221
for dielectrics, 226

Screen-grid valves (tubes), 68, 97

Screening, 41. See also Shielding,

electromagnetic,
double, 45

electrostatic, 41
elimination of mutual capaci-

tance by, 102

multiple, 49
of amplifiers, 95, 99
of balanced transformers, 55
of bridge circuits, 50
of standards of resistance, capaci-

tance, inductance, etc., 45
Screens, connection of, for con-

denser measurements, 172
for substitution measurements,

66
for impedances in series, 217
for inductors (self-), 155, 158

(mutual), 163
for resistors, 134, 137
to avoid capaoitive coupling in

resonance methods, 166

Secondary circuit, resonance of, 33,
168
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Secondary emission, 68
Self-capacitance, distributed, effect

of, on properties of resistors,

124
of inductors, 142, 164, 156, 158
measurement of, 164, 171
variation of, with frequency,

170
of mutual inductors, 163
of resistors, 124, 174

Self-inductance. See Inductance.
Series connection of condensers for

small capacitances, 181, 219

Series-gap condenser, 116
Series values, of inductance, resist-

ance, etc., 6, 11

Shackleton, W. J., 213

Sharpness of resonance, 23

Shielding, electromagnetic, 63
electrostatic. &ee Screening.

Shunt values, of capacitance,
resistance, etc., 8, 11

Silver electrodes, for dielectrics,
199

Skin-effect, in inductors, 144, 147
in resistors, 129, 132.

in wires, 129
variation of resistance and in-

ductance, due to, 129, 145
values of* tabulated, 132

Slide-wires, of constant inductance,
138, 184

Solenoid, inductance of, 145
construction of, 158

Square law, for thermojunctions, 84
for thermionic rectifiers (volt*

meters), 90, 252
at centimetre wavelengths, 252

Stabilisation, of oscillators, 75

Stability, of circuits, importance of,

182
of condensers, air, 107, 113

mica, 121
of inductors, 157
of oscillators, 73

Standard cable (of calculable pro-

perties), 204

condensers, fixed air, 107
variable air, 110
of negligible resistance and

dielectric loss, 188
of negligible inductance, 178

Standards, screening of, 45
of inductance. See Inductors.

Stationary waves, on lines, 234
Stranded (Litz) wire, for inductors

150, 153

Stray e.m.f.s, avoidance of, in

bridge circuits, 61
Substitution methods. See also

Difference methods,
for bridge methods, 174
for condenser measurements,

172, 187
for elimination of effects of

leads, 65
of inductor measurements, 220
of 3-terminal condensers, 224

Superheterodyne receiver as detec-

tor, 99

Suppressor grid, 69
Surface conductance, in condensers,

119

leakage, elimination of, by guard-
ring, 226

resistivity, tabulated values of,

111

Surge impedance. See Character-
istic impedance.

Susceptance, 5

Symmetry, of bridge circuits, 40, 54,
61

of resonance curves, 26, 32, 246

1 ANDEM bridge, 241, 253

Telephone, use of, as bridge
detector, 91

Temperature coefficient, of induc-

tors, 156

compensation, of inductors, 157

Terminals, of inductors, eddy
current losses in, 154

Termination of lines, effects of, 234
Tetrodes (4-electrode tubes), 68
Thermal converter, 84
Thermionic valves, as amplifiers, 68,

95
as oscillators, 67

indirectly heated, 69, 80

input and output circuits of, 67
measurement of capacitances

of, 181, 223
of impedances of, 205, 230
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Thermionic voltmeter, for centi-

metre waves, 240, 252

Thennojunctions (
== Thermo-

elements), 83
use of, for centimetre waves, 253

for resonance methods, 187

Thomas, H. A., 81, 122, 157

Three-terminal instruments, 222,
225

Three-reading method, for compo-
nent impedances, etc., 225

Time-constant, of resistors, 139
Tinfoil electrodes for dielectrics, 192,

199, 228

Toroids, as standard inductors, 220
inductance of, 145
use of, in bridge circuits, 61

Transformers, measurements of, 230
screened and balanced, 54

Transmission lines, effect of attenua-
tion on wavelength, 247

for measurement purposes, 253
formulae for, 135
reflection of waves on, 233
resonance of, 238

stationary waves on, 233

Tubing, dielectric, tests on, 194

Tuned-arm bridge (== resonance

bridge), 207

Triode, as rectifier, 87

ULTRA-SHORT waves, measure-
ments with, 198, 233

V ALVES. See Thermionic.

Variometer, 163

Vector dior diagrams, 2

of bridge circuits, 39

notation, 2

Vigoureux, P., 79, 81

Voltage resonance. See Resonance.

Voltmeter, diode, for centimetre

waves, 240

thermionic, 87

compensated for battery
fluctuations, 90

WAGNER, K.W., 56
earth-connection (ground), 56

convergence of, 57

for direct impedance measure-

ment, 223
modified procedure for im-

proved convergence, 60
use of, for accuracy, 215

with guard-ring, 226

Ward,W.H., 117, 176, 197

Wavelength, limits linear dimen-
sions of circuits, 233

of waves on lines and cables, 247

constant, of lines and cables,

205, 247

Wavemeters, 82
Wave methods of measurement, 233
Waves on wires, 233

stationary, 234
Wheatstone bridge. See Bridge

circuits.

Wenner, F., 138

Wilmotte, R. M., 138, 169

Windings, for inductors, 156

for resistors, 133

Wiring, of bridge circuits, 60
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