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PREFACE TO THE THIRD EDITION.

IN this edition some 're-aifc'angement has been made between

pages -22 and 25 so as to introduce the text and illustrations of

Arts. 27 and 28 before Examples V. A few more examples,
taken from or suggested by recent examination papers, have

been added in the last section. T have also inserted Tables of

Logarithms, Antilogarithms, Square Hoots and Cube Boots,
which will diminish the labour of solution in many cases.

A Key, giving full solutions with diagrams of all the most

important examples, is in tlfe' press. In preparing this, all the

examples have been worked through again, and in a few in-

stances slight alterations have been made in order to secure

a better graph.
H. S. HAI

March, 1904.

PREFACE TO THE FOURTH EDITION.

IN this edition I have added a section in which the leading

principles of linear graphs have been applied to some mis-

cellaneous problems illustrated by full-page diagrams. A set

of miscellaneous examples illustrative of the types discussed in

previous pages has also been inserted. I have endeavoured to

exclude problems which can be more readily solved by easy
Arithmetic or Algebra, and to retain only those in which a

graphical solution possesses real advantage and interest. The

growing fashion of introducing graphs into all kinds of

elementary work, where they are not wanted, and where they
serve no useful purpose either in illustration of guiding prin-

ciples or in curtailing calculation cannot be too strongly

deprecated.
H. S. HA1.L.

March, 1907,
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GRAPHICAL ALGEBRA.

[A considerable portion of thts chapter may be taken at an early
sta<je. For example, Art*. 1-6 may be read as soon as
the student ha* had sufficient practice in substitutions in-

volving negative quantities. Arts. 7-14 may be read- in

connection with. Ka.sy ftittiultaneons tea nations. With, the

exception of a few articles the rest of the chapter xhould be

postponed until the student is acquainted with quadratic
equations. References to Hall and Knight's Elementary
Algebra are given thus :

" K. A., Art. 100."]

1. J)KFINITION. Any expression which involves a variable

quantity .v, and whose value is dependent on that of .r, is called
a function of x.

Thus 3,i;+ 8, 2./:
2+ 6# -7, .r

1 - 3.r3 + .i
s - 9 are functions of .r of

the first, second, and fourth degree respectively.

2. The symbol /(.r) is often used to briefly denote a
function of .r. If y=f(,)), by substituting a succession of

numerical values for ,r we can obtain a corresponding succession
of values for

// which stands for the value of the function.
Hence in this connection it is sometimes convenient to call jc

the independent variable, and // the dependent variable.

3. Consider the function ^-(9 .//
2
), and let its value be

represented by t/.

Then, when .#=0, y/=0x9= 0,

.r=l, ?/
= ! x8= 8,

=
0,

*=4, ^=4x(-7)=
and so on.
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By proceeding in this way we can tind as many values of the

function as wo please. But we are often not so much concerned
with the actual values which a function assumes for different

values of the variable as with the way in which the value of the

function chL'nges. These variations can be very conveniently

represented by a graphical method which we shall now explain.

4. Two straight lines XOX', YOV are taken intersecting
at right angles in <>, thus dividing the plane of the paper into

four spaces AW, VOX', X'OY', VOX, which are known as the

first, second, third, and fourth quadrants respectively.

Q

Y'

Fig. i.

The lines X'OX* YOY' are usually drawn horizontally and
vertically ; they are taken as lines of reference and are known
as the axis of X and y respectively. The point O is called the

Origin. Values of ,r are measured from O along the axis of a;,

according to some convenient scale of measurement, and are
called abscissae, positive values being drawn to the ryjht of

along <>A', and twiatiw. values to the left of along (>X f

.

Values of
// are drawn (on the same scale) parallel to the axis

of
//, from the ends of the corresponding abscissa, and are

called ordinates. These are positive when drawn above X'X,
negative when drawn below X'X.

5. The abscissa and ordinate of a point taken togetfner
are known as its coordinates. A point whose coordinates are
x and

,?/
is briefly spoken of as " the point (#, ?/)."

The
Coordinates

of a point completely determine its position
in the "plane. Thus if we wish to mark the point (2, 3), we
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take .r.-~2 units measured to the right of '>,# 3 units measured

perpendicular to the .r-axis and above it. 'The resulting point
P is in the first quadrant. The point (

-
3, 2) is found by taking

.tf=3 units to the left of 0, and y= 2 units above the .r-axis. The
resulting point y is in the second quadrant. Similarly the

points ( 3, -4), (5, -5) are represented by R and 8 in Fig. 1,

in the third and fourth quadrants respectively.

This process of marking the position of a point in reference
to the coordinate axes is known as plotting the point.

6. In practice it is convenient to use squared paper;
that is, paper ruled into small squares by two sets of equi-
distant parallel straight lines, the one set being horizontal and
the other vertical. After selecting two of the intersecting lines

as axes (and slightly thickening them to aid the eye) one or
more of the divisions may be chosen as our unit, and points
may be readily plotted when their coordinates are known.
Conversely, if the position of a point in any of the quadrants is

marked, its coordinates can be measured by the divisions on
the paper.

In the following pages we have used paper ruled to tenths of

an inch, but a larger scale will sometimes be more convenient.
Sec Art. 26.

Example. Plot the points (5, 2), (-3, 2), (-3, -4), (5, -4) on
squared paper. Find the area of the figure determined by these

points, nssmning the divisions on the paper to be tenths of an inch.

Taking the points in the
order given, it is easily
keen that they are repre-
sented by P, (?, 7?, in

Fig. 2, and that they form
a rectangle which contains
48 squares. Kach of these
is one-hundredth part of a

square inch. Thus the area
of the rectangle is "48 of a

square inch.

r
jr-~

Fig.57
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EXAMPLES L

[The followit (j examples are intended to be done mainly by actual

measurement on squared paper ; where possible, they should
also be verified by calculation.]

Plot the following pairs of points and draw the line which joins
them :

7. Plot the points (3, 3), ( -3, 3), (- 3, -3), (3, -3), and find

the number of squares contained by the figure determined by these

points.

8. Plot the points (4, 0), (0, 4), ( 4, 0), (0, 4), and find the
number of units of area in the resulting figure.

9. Plot the points (0, 0), (0, 10), (5, 5), and find the number of

units of area in the triangle.

10 Shew that the triangle whose vertices are (0, 0), (0, 6), (4, 3)
contains 12 units of area. Shew also that the points (0, 0), (0, 6),

(4, 8) determine a triangle of the same area.

11. Plot the points (5, ), (
- 5. 6), (5,

-
6), (

-
5,

-
6). If one

millimetre is taken as unit, find the area of the figure in square
centimetres.

12. Plot the points (1, 3), (
-

3,
-

9), and shew that they lie on a
line passing through the origin. Name the coordinates of other

points on this line.

13. Plot the eight points (0, 5), (3, 4), (5, 0), (4, -3), (
- 5, 0),

(0, -5), (-4, 3), (- 4, -3), and shew that they are all equidistant
from the origin.

14. Plot the two following series of points :

(i) (5,0), (5,2), (5,5), (5, -1), (5, -4);

(ii) (-4, 8), (-1,8), (0,8), (3,8), (6,8).

Shew that they lie on two lines respectively parallel to the axis of y,
and the axis of x. Find the coordinates of the point in which they
interseck
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15. Plot the points (13, 0), (0,
-

13), (12, 5), (
-

12, 5), (
-

13, 0),

( -5, -
12), (5, -12). Find their locus, (i) by measurement, (ii) by

calculation.

16. Plot the points (2,2), (-3, -3), (4, 4), (-5, -5), shewing
that they all lie on a certain line through the origin. Conversely,
shew that for ercry point on this line the abscissa and ordinate are

equal.

Graph of a Function.

7. Let f(x) represent a function of .r, and let its value be
denoted by ?/.

If we give to .r a aeries of numerical values we
get a correspond ing series of values for

jy.
If these are set off

as abscissa? and ordinates respectively, we plot a succession of

points. If all such points were plotted we should arrive at a

line, straight or curved, which is known as the graph of the

function f(3r\ or the graph of the equation ty=/(.f). The varia-

tion of the function for different values of the variable ,?- is

exhibited by the variation of the ordinates as we pass from

point to point.

In practice a few points carefully plotted will usually enable
us to draw the graph with sufficient accuracy.

8. The student who has worked intelligently through the

preceding examples will have acquired for himself some useful

preliminary notions which will be of service in the examples on

simple graphs which we are about to give. Tn
particular,

before proceeding further ho should satisfy himself with regard
to the following statements :

(i) The coordinates of the origin are (0, 0).

(ii) The abscissa of every point on the axis of
i/

ks 0.

(iii) The ordinate of every point on the axis of x is 0.

(iv) The graph of all points which have the same abscissa is

a line parallel to the axis of y. (e.g. #=2.)

(v) The graph of all points which have the same ordinate is

a line parallel to the axis of x. (e.g. y ^.)

(vi) The distance of any point P(x, y) from the origin is

given by
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Example 1. Plot the graph oiy x.

When jc=0, // ; thuXthe origin is one point on the graph.

Also, when ,r = l, 2, 3, ... -1, -2,
~

3, ... ,

y-1, 2, .V - -1, -2, -3, ...

Thus the graph passes through 0, and represents a series of points
each of which has its ordinate equal to its abscissa, and is clearly
represented by POP' in Fig. 3.

Example, 2. Plot the graph of y= x-\-%.

Arrange the values of j? and y as follows :

By joining these points we
obtain a line MN parallel to

that in Example 1.

The results printed in

larger and deeper type
should be specially noted
and compared with the

graph. They shew that the
distances ON, OM (usually
called the intercepts on the

axex) are obtained by separ-

ately putting #^=0, y Q in

the equation of the graph.

Note. By observing that in Example 2 each ordinate is 3 units

greater than the corresponding ordinate in Example 1, the graph
of y x+ 3 may be obtained from that of y = x by simply producing
each ordinate 3 units in the positive direction.

In like manner the equations

represent two parallel lines on opposite sides of y=x and equi-
distant from it, as the student may easily verify for himself.
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Example 3. Plot the graphs represented by the following equa-
tions :

(iii) ?/
= 2r-5.

"Here we only give the diagram which the student should verify
in detail for himself, following the method explained in the two

preceding examples.

EXAMPLES II

[hi the following examples No*. 1-18 are arranged in groups of
three ; each group should be represented on the same diagram
so as to exhibit clearly the position of the three graphs rela-

tively to each other.']

Plot the graphs represented by the following equations :

.1.

4.

7.

10.

13.

16.

2.

5.

8. y + ar-=8.

11.

14.

17.

3. y^bx

6. y.= -3x-

9. y+4=^.

12.

15.

18.

19. Shew by careful drawing that the three last graphs have a
common point whose coordinates are 2, 1.

20. Shew by careful drawing that the equations

represent two straight lines at right angles.
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21. Draw on the same axes the graphs of x= 5, ,u= 9, .y
= 3, y 11.

Find the number of units of area enclosed by these lines.

22. Taking one-tenth of an inch as the unit of length, find the

area included between the graphs of #7, x= -3, y -2, y 8.

23. Find the area included by the graphs of

y-x + 6, ?/_^.r-6, y- -,iM-6, y=-x-6.
24. With one millimetre as linear unit, find in square centimetres

the area of the figure enclosed by the graphs of

y^2x -8, ?/--2aMS, y^~'2x-8.

9. The student should now be prepared for the following
statements :

(i) For all numerical values of a the equation y ax re-

presents a straight line through tbe origin.

(ii) For all numerical values of a and b the equation

y ax+b represents a line parallel to ?/
=

,?;, and

cutting off an intercept b from the axis of//.

10. Conversely, since every equation involving
.r and y

only in the first degree can be reduced to one or the forms

y= a.v, y ax+ b, it follows that every simple, equation connecting
two variables represents a straight line. For this reason an

expression of the form a.v+ b is said to be a linear function of ,r,

and an equation such as
t/
= a.v+b9

or ajc+by+ c=(), is said to be
a linear equation.

Shew that the points (3, -4), (9, 4), (12, 8) lie on a

straight line, and find its equation.

Assume y.= ax + b as the equation of the line. If it pusses through
the first two points given, their coordinates must satisfy the above

equation. Hence

.

These equations give a -, b= - 8.
o

Hence y^x-S, or 4#-3y=24,

is the equation of the line passing through the first two points.
Since x= 12, y= 8 satisfies this equation, the line also passes through
(12, 8). This example may be verified graphically by plotting the
line which joins any two of the points and shewing that it passes
through the third.
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Application to Simultaneous Equations.

11. It is shewn [E. A., Art. 100] that in the case of a simple
equation between x and ?/, it is possible to find as many pairs of

values of x and y as we please whj jh satisfy the given equation.
We now see that this is equivalent to saying that we may find

as many points as we please .m any given straight line. If,

however, we have two simulta- leous equations between x and ?/,

there can only be one pair of values which will satisfy both

equations. This is equivalent to saying that two straight lines

can have only one common point.

Example,. Solve graphically the equations :

Q\

Fig^:

If carefully plotted it will he found that these two equations
represent the lines in the annexed diagram. On measuring the
coordinates of the point at which they intersect it will be found that
x 2, y= 3, thus verifying the solution given in K. A. Art. 103, Ex. 1.

12. It will now be seen that the process of solving two
simultaneous equations is equivalent to finding the coordinates
of the point (or points) at which their graphs meet.

13. Since a straight line can always be drawn by joining
any two points on it, in solving linear simultaneous equations
graphically, it is only necessary to plot two points on each line.

The points where the lines meet the axes will usually Jbe the
most convenient to select.
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14. Two simultaner us equations lead to no finite solution

if they are inconsistert with each other. ITor example, the

equations

inconsistent, for the s cond equation can be written

2lj, which is clearly inconsistent with A'+3//= 2. The

graphs of these two equations vill be found to be two parallel

straight lines which have no finit* point of intersection.

Again, two simultaneous equations must be independent.
The equations

are not independent, for the second can be deduced from the
first by multiplying throughout by 4. Thus any pair of values

which will satisfy one equation will satisfy the other. Graphi-
cally these two equations represent two coincident straight lines

which of course have an unlimited number of common points.

EXAMPLES III.

Solve the following equations, in each case verifying the solution

graphically :

2. y-ar + 4, 3. ?/=-4#,

4. 2z-;</^8, 5. 3x + 2y^lG, 6.

4* + %-6. 5ar-3y-14.

7. 2a; + y-0, 8. ar-y = 3, 9.

10. Prove by graphical representation that the three points (3, 0),

(2, 7), (4, -7) lie on a straight line. Where does this line cut the
axis of y ?

11. Prove that the three points (1, 1), (-3, 4), (5, -2) lie on a

straight line. Find its equation. Draw the graph of this equation,
shewing that it passes through the given points.

12. Shew that the throe points (3, 2), (8, 8), (
-

2,
-

4) lie on a

straight line. Prove algebraically and graphically that it cuts the
axis of x at a distance 1 from the origin.
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15. We shall now give some graphs of functions of higher
degree than the first.

Example 1. Plot the graph of 2y= x.

Corresponding values of .r and y ma> be tabulated as follows :

2-5

3-125

1-5

2 1 -125

Here, in order to obtain a figure on a sufficiently large scale, it

will be found convenient to take two divisions on the paper for our
unit.

Fi

If the above points are plotted and connected by a line drawn
freehand, we shall obtain the curve shewn in Fig. 6. This curve
is called a parabola.

There are two facts to be specially noted in this example.

(i) Since from the equation we have x= -tv/2y, it follows that
for every value of the ordinate we have two values of the abscissa,

equal in magnitude and opposite in sign. Hence the graph is sym-
metrical with respect to the axis of y ; so that after plotting with
care enough points to determine the form of the graph in the first

quadrant, its form in the second quadrant can be inferred without
actually plotting any points in this quadrant. At the same time, in

this and similar cases beginners are recommended to plot a few
points in each quadrant through which the graph passes.
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(ii) We observe that all the plotted points lie above the axis of x.

This is evident from the equation ; for since x* must be positive for

all values of x, every ordhJjate obtained from the equation y=^-
must be positive. /

^

In like manner the student may shew that the graph of 2y= -a?2

is a curve similar in every respect to that in Fig. 6, but lying entirely
below the axis of x.

Note. Some further remarks on the graph of this and the next

example will be found in Art. 21.

x2

&rample 2. Find the graph of y 2u?-f -p

Here the following arrangement will be found convenient :

-7 -8

-14 -16

12-25 16

1-75

From the form of the equation it is evident that every positive
value of x will yield a positive value of y, and that as x increases y
also increases. Hence the portion of the curve in the first quadrant
lies as in Fig. 7, and can be extended indefinitely in this quadrant.
In the present case only two or three positive values of x and y need
be plotted, but more attention must be paid to the results arising
out of negative values of x.
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When y=0, we have x -0 ; thus the two values of x in the

graph which correspond to y = furnish the roots of the equation

16. If /(.?:) represent a function of .r, an approximate
solution of the equation f(j-) Q may be obtained by plotting
the graph of y=f(.r\ and then measuring the intercepts made
on the axis of x. These intercepts are values of .r which make
?/ equal to zero, and are therefore roots of

/"(,?') 0.

17. If /(.**) gradually increases till it reaches a value
,

which is algebraically greater than neighbouring values on
either side, a is said to be a maximum value of /(.r).

If f(x) gradually decreases till it reaches a value />, which is

algebraically less than neighbouring values on either side, b is

said to be a minimum value of /(.r).

When #=/(#) is treated graphically, it is now evident that
maximum and minimum values of /(.r) occur at points where
the ordinates are algebraically greatest and least in the im-
mediate vicinity of such points.

Example. Solve the equation .r
2 - 7x + 11 graphically, and find

the minimum value of the function x2 - 7x + 11.

Put y= .r
2 - 7aM- 11, and find the graph of this equation.
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/ 7\ 2
f) / 7\ 2

Again, x2 -1x+\l [.r--)
- -. Now f x -

-,
) must be positipositive

for all real values of x except x- , in which case it vanishes, and

the value of the function reduces to -
7, which is the least value it
4

can have.

The graph shews that when A*= 3 '5, y - 1 "2T>, and that this is

the algebraically least ordinate in the plotted curve.

18. The following example shews that points selected for

graphical representation must sometimes be restricted within
certain limits.

Example. Find the j,'raph of O^H ?/

2 =36.

The equation may be written in either of the following forms :

(i) y= + \/36 - ,r
2

; (ii) x -

Yt-

In order that y may be a real quantity we see from (i) that 36 - jc
2

must be positive. Thus x can only have values between - 6 and + 6.

Similarly from (ii) it is e\fident that y must also lie between - 6 and
+ 6. Between these limits it will be found that all plotted points
will lie at a distance 6 from the origin. Hence the graph is a circle

whose centre is O and whose radius is 6.

This is otherwise evident, for the distance of any point P(x, y)
from the origin is given by OP=\/je-T^2

. [Art. 8.] Hence the

equation j;- + y
2= 36 asserts that the graph consists of a series of

points all of which are at a distance 6 from the origin.
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Note. To plot the curve from equation (ii), we should select a
succession of values for y and then find corresponding values of x.

In other words we make y the independent and x the dependent
variable. The student should be prepared to do this in some of the

examples which follow.

EXAMPLES IV.

1. Draw the graphs of y-a;
2

, and ir=y
a

,
and shew that they

have only one common chord. Find its equation.
x2

2. From the graphs, and also by calculation, shew that y
cuts x - y

2 in only two points, and find their coordinates.

3. Draw the graphs of

(i) 7/2= -4*; (ii) y= 2r-
X
*; (iii) y^ + a--2.

4. Draw the graph of y a + .r2
. Shew also that it may be

deduced from that of y= 'jc
l

,
obtained in Example 1.

5. Shew (i) graphically, (ii) algebraically, that the line y=2x - 3

meets the curve y = -- + .r - 2 in one point only. Find its coordinates.

6. Find graphically the roots of the following equations to 2

places of decimals :

(i)

*2

+ tf-2-<); (ii) aa -2ar= 4; (iii) 4a:
a - lfU? + 9 = 0;

and verify the solutions algebraically.

7. Find the minimum value of a:
2 - 2x -

4, and the maximum
value of 5 + 4a? - 2o?

2
.

8. -Draw the graph of y = (x- \)(x- 2) and find the minimum
value of (x -l)(x- 2). Measure, as accurately as you can, the values
of x for which (a?

-
l)(;c

-
2) is equal to K and 9 respectively. Verify

algebraically.

9. Solve the simultaneous equations

and verify the solution by plotting the graphs of the equations and

measuring the coordinates of their common points.

10. Plot the graphs of a-
2 + .y'

2 ^25. 3a* + 4y
-

2/5, and examine
their relation to each other where they intersect. Verify the result

algebraically.
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19. Infinite and zero values. Consider the fraction -

X
iii which the numerator a has a certain fixed value, and the
denominator is a quantity subject to change ;

then it is clear that
the smaller x becomes tlie larger does the value of the fraction

- become. For instance
x

~ =
10/, -2L^1000a, 2 = 1000000a.

To 1000 iooooob

By making the denominator ,r sufficiently small the value of

the fraction - can be made as large as we please ;
that is, if .r is

made legs than any quantity that can be 'named, the value of -

will become greater than ant/ quantity that can be named.

A quantity less than any assignable quantity is called zero
and is denoted by the symbol 0.

A quantity greater than any assignable quantity is called

infinity and is denoted by the symbol GO .

We may now say briefly

when x =
0, the value of - is oo .

Again if .r is a quantity which gradually increases and finally
becomes greater than any assignable quantity the fraction becomes
smaller than any assignable quantity. Or more briefly

when x= x
,
the value of ~ is 0.

'

x

20. It should be observed that when the symbols for zero
and infinity are used in the sense above explained, they are

subject to the rules of signs which affect other algebraical

symbols. Thus we shall find it convenient to use a concise

statement such as u when ,r= +0, ?/ -f oc
"
to indicate that when

a very small and positive value is given to .r, the corresponding
value of y is very large and positive.

21. If we now return to the examples worked out in Art.

15, in Example 1, we see that when #= oc, y -foo ;. hence
the curve extends upwards to infinity in both the first and
second quadrants. In Example 2, when .r=4-oo, y=+oo.
Again ^ is negative between the values and 8 of x. For all
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negative values of x numerically greater than 8, ?/
is positive,

and when x - oo
, ty= + oo . Hence the curve extends to infinity

in both the first and second quadrants.

The student should now examine the nature of the graphs in

Examples IV. when x and y are infinite.

Kxample,. Find the graph of xy 4.

The equation may be written in the form

4
y^

from which it appears that when .r= 0, //-oo and when #=oe, y= 0.

Also y is positive when x is positive, and negative when x is negative.
Hence the graph must lie entirely in the first and third quadrants.

It will be convenient in this case to take the positive and negative
values of the variables separately.

(1) Positive values :

-3?

10,

Graphically these values shew that as we recede further and
further from the origin on the a?-axis in the positive direction, the
values of y are positive and become smaller and smaller. That is
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the graph is continually approaching the .v-axis in such a way that

by taking a sufficiently great positive value of x we obtain a point
on the graph as near as we please to the .c-axis but never actually

reaching it until x= <x>. Similarly, as x becomes smaller and smaller

the graph approaches more and more nearly to the positive end of

the y-axis, never actually reaching it as long as x has any finite

positive value, however small.

(2) AVf/tt/iiv! value*

The portion of the graph obtained from these values is in the third

quadrant as shewn in Fig. 10, and exactly similar to the portion
already traced in the first quadrant. It should be noticed that as

x passes from \- to - the value of y changes from + <x> to - oo.

Thus the graph, which in the first quadrant has run away to an
infinite distance on the positive side of the ;y-axis, reappears in the
third quadrant coming from an infinite distance on the negative side

of that axis. Similar remarks apply to the graph in itb relation to

the .r-axis.

22. When a curve continually approaches more and more

nearly to a line without actually meeting it until an infinite

distance is reached, such, a line is said to be an asymptote to

the curve. In the above case each of tbe axes is an asymptote.

23. Every equation of the form
?/
= -, or sy c, where < is

constant, will give a graph similar to that exhibited in the

example of Art, 21. The resulting curve is known as a

rectangular hyperbola, and has many interesting properties.
In particular we may mention that from the form of the

equation it is evident that for every point (#, ?/) on the curve
there is a corresponding point (-.r, y) which satisfies the

equation. Graphically this amounts to saying that any line

through the origin meeting the two branches of the curve in

P and /" is bisected at 0.

24. In the simpler cases of graphs, sufficient accuracy can

usually be obtained by plotting a few points, and there is little

difficulty in selecting points with suitable coordinates. But in

other cases, and especially when the graph has infinite branches,
more care is needed. The most important things to observe
are (1) the values for which the function J(x) becomes zero or
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infinite ; and (2) the values which the function assumes for

zero and infinite values of x. In other words, we determine
the general character of the curve in the neighbourhood of the

origin, the axes, and infinity. Greater accuracy of detail can
then be secured by plotting points at discretion. The selection

of such points will usually be suggested by the earlier stages of

our work.

The existence of symmetry about either of the axes should
also be noted. When an equation contains no odd powers of ,r,

the graph is symmetrical with regard to the axis of
?/. Similarly

the absence of odd powers of y indicates symmetry about the
axis of x. Compare Art. 15, Ex. 1.

2,r -f 7
Example. Draw the graph of y= . [See fig. on next page.]

2f-
We have y~ -^

=
, the latter form being convenient for

>r ~ 4
1

I
infinite values of x. x

(i) When //-(), .f-

/. the curve cuts the axis of u: at a distance - 3 f5 from the origin,
and meets the line x = 4 at an infinite distance.

If x is positive and very little greater than 4, y is very great and

positive. If x is positive and very little less than 4, y is very great
and negative. Thus the infinite points on the graph near to the line

,r=4 have positive onlinates to the right, and negative ordinates to

the left of this line.

(ii) When .*;=0, y=- 175, \

/. the curve cuts the axis of y at a distance I '75 from the origin,
and meets the line y= 2 at an infinite distance.

By taking positive values of y very little greater and very little

less than 2, it appears that the curve lies above the line y 2 when
x= +<, and below this line when x= - GO.

The general character of the curve is now determined : the lines

PO'P* (x= 4) and QO'Q' (?/
= 2) are asymptotes ; the two branches of

the curve lie in the compartments PO'Q, P'O'Q'. and the lower
branch cuts the axes at distances -3 '5 and - 1'75 from the origin.
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To examine the lower branch in detail values of u; may be selected
between - oo and - 3*5 and between 3 *5 and 4.

\

The upper branch may now be dealt with in the same way,
selecting values of . between 4 and oo. The graph will be found to
be as represented in Fig. 11.

25. When the equation of a curve contains the square or

higher power of ?/, the calculation of the values of y correspond-
ing to selected values of x will have to be obtained by evolution,
or else by the aid of logarithms. We give one example to
illustrate the way in which a table of four-figure logarithms
may be employed in such cases.
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Example. Draw the graph of y*= sc(Q
- x2

).

For the sake of brevity we shall confine our attention to that ^
of the curve which lies to the right of the axis of y, leaving the ot

half to be traced in like manner by the student.

When x=~ 0, y : therefore the curve passes through the origin.

Again, y is positive for all values of x between and 3, and vanishes
when x= 3; for values of jt: greater than 3, y is negative and con-

tinually increases numerically.

* In taking logarithms of the successive values of y
3

,
the negative

sign is disregarded, but care must be taken to insert the proper
signs in the last line which gives the successive values of y.
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Measurement on Different Scales.

For convenience on the printed page we have supposed
paper to be ruled to tenths of an inch, generally using one

the divisions as our linear unit. In practice, however, it will

'often be advisable to choose a unit much larger than this in

order to get a satisfactory graph. For the sake of simplicity
we have hitherto measured abscissa? and ordinates on the same

scale, but there is no necessity for so doing, and it will often be
found convenient to measure the variables on different scales

suggested by the particular conditions of the question.

#2

As an illustration lot us take the graph of .v=- , given in
2i

Art. 15. If with the same unit as before we plot the graph
of y #2

,
it will be found to be a curve similar to that drawn on

page 11, but elongated in the direction of the axis of y. In fact,

it will be the same as if the former graph were stretched to

twice its length in the direction of the #-a

27. Any equation of the form ?/
= cur2

,
where a is constant,

will represent a parabola elongated more or less according to the

value of a
;
and the larger the value of a the more rapidly will

y increase in comparison with x. We might have very large
ordinates corresponding to very small abscissae, and the graph
might prove quite unsuitable* for practical applications. In
such a case the inconvenience is obviated by measuring the

values of y on a considerably smaller scale than those of x.

Speaking generally, whenever one variable increases much
more rapidly than the other, a small unit should be chosen for

the rapidly increasing variable and a large one for* the other.

Further modifications will be suggested in the examples which
follow.

28. On the opposite page we give for comparison the graphs
of

y=#2
(Fig. 13), and .y^&r

8
(Fig. 14).

In Fig. 13 the unit for x is twice as great as that for y.

In Fig. 14 the #-unit is ten times the #-u

It will be useful practice for the student to plot other similar

graphs on the same or a larger scale. For example, in Fig. 14

the graphs of y=16#2 and y= 2jfl may be drawn and compared
with that of y=8#2

.
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EXAMPLES V.

1. Plot the graph of y x*. Shew that it consists of a con-

tinuous cuive lying in the first and third quadrants, crossing the
axis of x at the origin. Deduce the graphs of

(i) y^-v?\ (ii) y= yf?.

2. Plot the graph of y=x-x*. Verify it from the graphs of

y=.r, and y = x-\

3. Plot the graph of y = -i2 , shewing that it consists of two

branches lying entirely in the first and second quadrants. Examine
and compare the nature and position of the graph as it approaches
the axes.

4. Discuss the general character of the graph of y
~
2
where a

has some constant integral value. Distinguish between two cases

in which a has numerical values, equal in magnitude but opposite
in sign.

5. Plot the graphs of

(i) y=l + i, (u) ?/
=2+-

Verify by deducing them from the graphs of y = , and y~~-x x

6. Plot the graph of y y? - .*te. Examine the character of the
curve at the points (1, -2), (

-
1, 2), and shew graphically that the

roots of the equation ce
3 --&e=0 are approximately -1'732, 0, and

1-732.

7. Solve the equations :

and verify the solution by finding the coordinates of the points
where their graphs intersect.

8. Plot the graphs of

,-x
16 -a?

,... 10-y
2

(i) =-5-. (u) *=-/-
and thus verify the algebraical solution of the equations a;

2
-f#y= 15,
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9. Trace the curve whose equation is y= . shewing that it
x

has two branches, one lying in the first ami third quadrants, ami the

other entirely in the fourth. Find the equations of its asymptotes.

Plot the graphs of

IK 1+.C --
10. * = - - 11. y =

a?-4'

17.

02 v =y

(.r 4- 7) (x-4) (ar-10)
AU * y

27 |
. --*' y 50

*
~

100

29. B.y
s= a-(a?

a
G4). 30. .V= .r

a
(36-a:

2
).

31. Plot the graphs of y = ar, and of
tv~2u:

2 + ar - 2. Hence find
the roots of the equation a,-

3 - SJjc
8 - a? + 2 = 0.

32. Find graphically the roots of the equation

a:
:J

to three significant figures.
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29. Besides the instances already given there are several of

the ordinary processes of Arithmetic and Algebra which lend
themselves readily to graphical illustration.

For example, the graph of ?/ .?;- may be used to furnish
numerical square roots. For since .v= A/i?/,

each ordinate and

corresponding abscissa give a number and its square root.

Similarly cube roots may be found from the graph of y=^ >3
.

Example 1.

decimals.

Find graphically the cube root of 10 to 3 places of

The required root is clearly a little greater than 2. Hence it will

be enough to plot the graph of y-xA
taking it

1 = 2-1, 2 '2, ... The
corresponding ordinates arc 9*26, 10 '65, ...

When x=2, y 8. Take the axes through this point and let the
units for x and y be 10 inches and *5 inch respectively. On this

scale the portion of the graph differs but little from a straight line,
and yields results to a high degree of accuracy.

11

10

I/

2 2-1 2-154 2-2 X
Fig. IS-

When y \(}, the measured value of x will be found to be 2*154.

Example 2. Shew graphically that the expression 4#2 + 4,r - 3 is

negative for all real values of x between '5 and -
1*5, and positive

for all real values of x outside these limits. [Fig. 16.]

Put y= 4#2 -f 4#- 3, and proceed as in the example given in Art. 16,

taking the unit for x four times as great as that for y. It will be
found that the graph cuts the axis of x at points whose abscissae

are '5 and - 1 '5 ; and that it lies below the axis of x between these

points. That is. the value of y is negative so long as x lies between
5 and - 1 '5, and positive for all other values of x.
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Or we may proceed as follows :

Put y 4o?2
,
and y.2

= -4# + 3, and plot the graphs of these two
equations. At their points of intersection y^y^ and the values
of x at these points are found to be */> and - 1 %5. Hence for these
values of x we have

4r2= - 4x -f 3, or 4.r2 + 4x 3 = 0.

Thus the roots of the equation 4ic2 + 4a; - 3 = are furnished by the
abscissae of the common points of the graphs of 4.r2 and - 4x -i 3.

Again, between the values '5 and -1*5 for x it will be found

graphically that y, is less than
y., t

hence yl --y*t
or 4sca + 4at -3 is

negative.

F
\

X'

5V XI 1-5

Fig. 16.

Both solutions are here exhibited.

The upper curve is the graph of y 4x2 ; PQ is the graph of

3 ; and the lower curve is the graph of y 4;r2 4 4o*- 3.

30. Of the two methods in the last Example the first is the
more direct and instructive

; but the second has this advantage :

If a number of equations of the form x2=pv+g have to be
solved graphically, t'/=

== #a can be plotted once for all on a con-

venient scale, and '?/=/u'-f7 can then be readily drawn for

different values of p and q.

Equations of higher degree may be treated similarly.
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For example, the solution of such equations as

x*=pjc+q, or #:J = ax1
H- b.r -f c

can be made to depend on the intersection of #= #3 with
other graphs.

Example. Find the real roots of the equations

(i) x3 - 2-{~i*-3=0; (ii) .!?-&*? + 2=0.

Here we have to find the points of intersection of

(i) y= j?i (ii) y= jc\

Plot the graphs of these equations, choosing the unit for x five

times as great as that for y.

RZ

Q

\ryj

Y

Fig. 17.

It will be seen that y 2'5rr + 3 meets y-a"'
{

only at the point for

which a; 2. Thus 2 is the only real root of equation (i).

Again y3x-2 touches y -a*3 at the point for which a? 1, and
cuts it where x - 2.

Corresponding to the former point the equation xs -Sx + 2 -0 has
two equal roots. Thus the roots of (ii) are 1, 1, -2,
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31. Apart from questions of convenience with regard to any
particular graph, we may observe that in many cases the
variables whose values are plotted on the two axes denote

magnitudes of different kinds, so that there is no necessary
relation between the units in which they are measured.

A good illustration of this kind is furnished by tracing the
variations of the Trigonometrical functions graphically.

Example. Trace the graph of sin x.

In any work on Trigonometry it is shewn that as the angle x
increases from to 90, the value of sin x is positive, and increasing

gradually from to 1. From 90 to 180, sin a? is positive, arid

decreasing from 1 to 0. From 180 to 270, sin x is negative, and

increasing numerically from to -
1 . And from 270 to 360, sin x

is negative, and decreasing numerically from - 1 to 0.

(See Hall and Knight's Elementary Trigonometry , Art. 86. )

We shall here exhibit these variations independently by putting
y= sm x, and plotting the values of y corresponding to values of a:

differing by 30.

By the aid of a table of sines we have :

The graph is represented by the continuous waving line shewn in

Fig. 18.

-35- (Be

Fig. 18.

On the a:-axis each division represents 6, and on the y-axis
divisions have been taken as the unit.

C
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EXAMPLES VI.

1. Draw the graph of y x2 on a scale twice as large as that in

Fig. 13, and employ it to find the squares of 72, 1'7, 3 '4 ; and the

square roots of 7*56, 5'29, 9'61.

2. Draw the graph of y=*Jx taking the unit for y five times as

great as that for x.

By means of this curve check the values of the square roots found
in Example 1.

3. From the graph of y y? (on the scale of the diagram of

Art. 29) find the values of */9 and *'9'8 to 4 significant figures.

4. A boy who was ignorant of the rule for cube root required
the value of Vl4'71. He plotted the graph of y= #3

, using for y
the values 2'2, 2*3, 2*4, 2 '5, and found 2*45 as the value of the cube
root. Verify this process in detail. From the same graph find the

value of #13 '8.

5. Find graphically the values of x for which the expression
x* - 2x - 8 vanishes. Shew that for values of x between these limits

the expression is negative and for all other values positive. Find
the least value of the expression.

6. From the graph in the preceding example shew that for any
value of a greater than 1 the equation a?'

2 - 2x H- a cannot have
real roots.

7. Shew graphically that the expression a:
2 -4u; + 7 is positive

for all real values of x.

8. On the same axes draw the graphs of

?/
= a?

2
, y=x + G, y-x-Q, y=-x + 6, y--x-6.

Hence discuss the roots of the four equations

9. If x is real, prove graphically that 5 - 4# - x2 is not greater
than 9 ; and that 4x2 - 4x + 3 is not less than 2. Between what
values of u: is the first expression positive ?

10. Solve the equation y? 3#2 + 60; - 8
graphically,

and shew
that the function x* - 3x2 - &e + 8 is positive for all values of x
between - 2 and 1, and negative for all values of x between 1 and 4.

11. Shew graphically that the equation x?+px + q= () has only
one real root when p is positive,
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12. Trace the curve whose equation is y=2*. Find the

approximate values of 24
'

75 and 2fl25 . Express 12 as a power of 2

approximately.
Prove also that Iog2 26'9 + log2 38 = 10.

13. By repeated evolution find the values of 10^, 10*, 10*,

By multiplication find the values of 10T\ 1(A 10T\
Use these values to plot a portion of the curve ^=10* on a large
scale. Find correct to three places of decimals the values of log 3,

log! '68, Iog2'24, log 34*3. Also by choosing numerical values for

a and 6, verify the laws

log ab log a + log b ; log j
- log a - log 6.

[By using paper ruled to tenths of an inch, if 10 in. and 1 in. be

taken an unitsfor x and y respectively^ a diagonal scale will give values

ofx correct to three decimal places and values ofy correct to two.]

14. Calculate the values of #(9 -
a:)

2 for the values 0, 1, 2, 3, ... 9
of x. Draw the graph of #(9 --

x)
2 from x=0 to x =9.

If a very thin elastic rod, 9 inches in length, fixed at one end,

swings like a pendulum, the expression #(9 -a*)
2 measures the

tendency of the rod to break at a place x inches from the point of

suspension. From the graph find where the rod is most likely to

break.

15. If a man spends 22*. a year on tea whatever the price of tea

is, what amounts will he receive when the price is 12, 16, 18, 20, 24,

28, 33, and 36 pence respectively ? Give your results to the nearest

quarter of a pound. Draw a curve to the scale of 4 Ibs. to the inch
and 10 pence to the inch, to shew the number of pounds that he
would receive at intermediate prices.

16. Draw the graphs of cos x and tan x, on a scale twice as large
as that in Art. 31.

17. Draw the graph of sin x from the following values of x :

5, 15, 30, 45, 60, 75, 85, 90.

Find the value of sin 37, and the angle whose sine is '8.

18. Find from the tables the value of cos x when
*=0, 10, 20, 30, 40, 60, 60.

Draw a curve on a large scale shewing how cos a? varies as x
increases from to 60.

Find from the curve the values of cos 25 and cos 45. Verify by
means of the tables.

19. Draw on the same diagram the graphs of the functions sin x,
cos x, and sin x + cos x.

Derive from the figure the general solution of sin x + cos x=0.
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20. The range of a certain gun is 1000 sin 2A yards, where A
is the elevation of the gun. Find from the tables the value of

1000 sin 2A when A has the values

10, 15, 20, 25, 30, 35, 40, 45, 50,

and draw a curve shewing how the range varies as A increases from
10 to 50.

21. From the tables find the values of tan lOu: - 2 tan 9x + 1 for

the following values of x: 0, 1, 2, ... 9. Draw a curve shewing
how tan 1 Ore- 2 tan Sx+ 1 varies with x when x lies between and
9. Find to the nearest tenth of a degree a value of x for which the

given expression vanishes.

Practical Applications.

32. In all the cases hitherto considered the equation of the
curve has been given, and its graph has been drawn by first

selecting values of x and ?/ which satisfy the equation, and then

drawing a line so as to pass through the plotted points. We
thus determine accurately the position of as many points as we
please, and the process employed assures us that they all lie on
the graph we are seeking. 'We could obtain the same result

without knowing the equation of the curve provided that we
were furnished with a sufficient number of corresponding values
of the variables accurately calculated.

Sometimes from the nature of the case the form of the equa-
tion which connects two variables is known. For example, if

a quantity y is directly proportional to another quantity x it

is evident that wo may put y aff, where a is some constant

quantity. Hence in all cases of direct proportionality between
two quantities the graph which exhibits their variations is a

straight line through the origin. Also since two points are
sufficient to determine a straight line, it follows that in the
cases under consideration we only require to know the position
of one point besides the origin, and this will be furnished by
any pair of simultaneous values of the variables.

Example 1. Given that 5 '5 kilograms are roughly equal to 12*125

pounds, shew graphically how to express any number of pounds in

kilograms. Express 7 Ibs. in kilograms, and 4 kilograms in pounds.
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Here measuring pounds horizontally and kilograms vertically, the

required graph is obtained at once by joining the origin to the

point whose coordinates are 12*125 and 5'5.

5 -!

5 10 12-125 X
Fig. 19.

By measurement it will be found that 7J Ibs. =3*4 kilograms, and
4J kilograms= 9*37 Ibs.

Example 2. The expenses of a school are partly constant and
partly proportional to the number of boys. The expenses were
650 for 105 boys, and .C742 for 128. Draw a graph to represent

the expenses for any number of boys ; find the expenses for 115 boys,
and the number of boys that can be maintained at a cost of 710.

If the expenses for x boys are represented by y, it is evident
that x and y satisfy a linear equation y ax + b, where a and I are
constants. Hence the graph is a straight line.

800

700

600
100 105

Q

110 120 128 X115

Fig. 20.

As the numbers are large, it will be convenient if we begin
measuring ordinates at 600, and abscissae at 100. This enables us
to bring the requisite portion of the graph into a smaller compass.
The points P and Q are determined by the data of the question, and
the line Pty is the graph required.

By measurement we find that when x =115, y = 690; and that
when y = 710, a;= 120. Thus the required answers are 690, and
120 boys.
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33. Sometimes corresponding values of two variables are

obtained by observation or experiment. In such cases the data

cannot be
*

regarded as free from error ;
the position of the

plotted points cannot be absolutely relied on
;
and we cannot

correct irregularities in the graph by plotting other points selected

at discretion. All we can do is to draw a curve to lie as evenly
as possible among the plotted points, passing through some

perhaps, and with the rest fairly distributed on either side of

the curve. As an aid to drawing an even continuous curve a

thin piece of wood or other flexible material may be bent into

the requisite curve, and held in position while the line is drawn.*
When the plotted points lie approximately on a straight line,

the simplest plan is to use a piece of tracing paper or celluloid

on whicn a straight line has been drawn. When this has been

placed in the right position the extremities can be marked on

the squared paper, and by joining these points the approximate
graph is obtained.

Example 1. The following table gives statistics of the population
of a certain country, where P is the number of millions at the

beginning of each of the years specified.

Let t be the time in years from 1830. Plot the values of P
vertically and those of t horizontally and exhibit the relation between
P and t by a simple curve passing fairly evenly among the plotted
points. Find what the population was at the beginning of the

years 1848 and 1875.

The graph is given in Fig. 21 on the opposite page. The popula-
tions in 1848 and 187.5, at the points A and B respectively, will be
found to be 27*8 millions and 45-3 millions.

Example 2. Corresponding values of x and y are given in the

following table :

14-4

24-8

Supposing these values to involve errors of observation, draw the

graph approximately and determine the most probable equation
between x and y. [See Fig. 22 on p. 36.]

* One of "Brooks' Flexible Curves" will be found very useful.
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After carefully plotting the given points we see that a straight
line can be drawn passing through three of them and lying evenly
among the others. This is the required graph.

20

10

Fig. 22.
10

Assuming y=ax + b for its equation, we find the values of a and b

by selecting two pairs of simultaneous values of x and
//.

Thus substituting ,r 4, y= 8, and a;- 12.
ty = 20 in the equation, we

obtain a~ 1*5, b = *2. Thus the equation of the graph is y l'5*r + 2.

34. In the hist Example as the graph is linear it can be

produced to any extent within the limits of the paper, and so

any value of one of the variables being determined, the corre-

sponding value of the other can be read off. When large values

are in question this method is not only inconvenient but unsafe,

owing to the fact that any divergence from accuracy in the

portion of the graph drawn is increased when the curve is

produced beyond the limits of the plotted points. The follow-

ing Example illustrates the method of procedure in such cases.

Example. In a certain machine P is the force in pounds required
to raise a weight of W pounds. The following corresponding values

of P and W were obtained experimentally :

W

'-
*

.3-08

21

3-9

36-25

6'8 8-8 9-2 T 13-3

66-2 87'5 | 103-75 120 152-5

By plotting these values on squared paper draw the graph con-

necting P and W, and read oft* the value of P when \V 70. Also

determine a linear law connecting P and W ; find the force necessary
to raise a weight of 310 Ibs., and also the weight which could be

raised by a force of 180*6 Ibs.
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As the page is too small to exhibit the graphical work on a
convenient scale we shall merely indicate the steps of the solution,
which is similar in detail to that of the last example.

Plot the values of P vertically and the values of W horizontally.
It will be found that a straight line can be drawn through the points

corresponding to the results marked with an asterisk, and lying

evenly among the other points. From this graph we find that when
^=70, P=l.
Assume P aW + b, and substitute for P and W from the values

corresponding to the two points through which the line passes.

By solving the resulting equations we obtain a = '08, b= l'4. Thus
the linear equation connecting P and W is P '08 W+ 1*4.

This is called the Law of the Machine.
From this equation, when IF=310, />=26'2, and when P=180'6,

JF=2240.

Thus a force of 26*2 Ibs. will raise a weight of 310 Ibs. ; and when
a force of 180'6 Ibs. is applied the weight raised is 2240 Ibs. or 1 ton.

Note. The equation of the graph is not only useful for determin-

ing results difficult to obtain graphically, but it can always be used
to check results found by measurement.

35. The example in the last article is a simple illustration of

a method of procedure which is common in the laboratory or

workshop, the object being to determine the law connecting two
variables when a certain number of simultaneous values have
been determined by experiment or observation.

Though we can always draw a graph to lie fairly among the

plotted points corresponding to the observed values, unless
the graph is a straight line it may be difficult to find its

equation except by some indirect method.

For example, suppose x and
i/
are quantities which satisfy an

equation of the form xy ax+ by, and that this law has to be
discovered.

By writing the equation in the form

a b ^ , T ,-+-= 1, or aw+ = !;
y **

where M= -, v= -, it is clear that u^ v satisfy the equation of a

straight line. In other words, if we were to plot the points

corresponding to the reciprocals of the given values, their linear

connection would be at once apparent. Hence the values of

a and b could be found as in previous examples, and the required
law in the form xy= ax+ by could be determined.
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Again, suppose x and y satisfy an equation of the form xny=cy

where n and c are constants.

By taking logarithms, we have

n log x+ logy log c.

The form of this equation shews that log t>; and logy satisfy
the equation to a straight line. If, therefore, the values of log x
and logy are

plotted,
a linear graph can be drawn, and the

constants n ana c can be found as before.

Example. The weight, y grammes, necessary to produce a given
deflection in the middle of a beam supported at two points, x centi-
metres apart, is determined experimentally for a number of values
of x with results given in the following table :

Assuming that x and y are connected by the equation xny=c>
find n and c.

logic
From a book of tables we obtain the annexed

values of log x and log y corresponding to the
values of x anil y. By plott"

we obtain the graph given in Fig. 23, and its
plotting these

1 -699

1-778
1 -845

1-903

1-954
2-000

2-431

2-176
2-000
1-778

1-672
1 519

observed values of x anil y.
we obtain the graph gi

equation is of the form

n log x + log y = log c.

To obtain n and c, choose two extreme points through which the line

passes. It will be found that \vhen

log x= 1-642, logy=:2-6
and when loga:= 2*l, logy = 1 '21.

Substituting these values, we have

(i),

(ii);

/. l-39-0-458n= 0;
whence ?i= 3'04.

/. from(ii) log c= 6*38 + 1-21

= 7-59;

.*. c= 39 x 106
,
from the tables.

Thus the required equation is x*y 39 x 10.

The student should work through this example in detail on a
larger scale. The adjoining figure was drawn on paper ruled to
tenths of an inch and then reduced to half the original scale.



PRACTICAL APPLICATIONS. 39

2-6

2-4

2-0

1-8

1-6

1-4

1-2

1-O
V6 1-7 1-8 1-9 2-O 2-1

Fig. 23-
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EXAMPLES VII.

1. Given that\6*01 yards 5*5 metres, draw the graph shewing
the equivalent of any number of yards when expressed in metres.

Shew that 22 "2 yards = 20 '3 metres approximately.

2. Draw a graph shewing the relation between equal weights in

grains and grammes, having given that 18*1 grains = 1 "17 grammes.

Express (i) 3 '5 grammes in grains.

(ii) 3*09 grains as a decimal of a gramme.

3. If 3*26 inches are equivalent to 8*28 centimetres, shew how
to determine graphically the number of inches corresponding to

a given number of centimetres. Obtain the number of inches in

a metre, and the number of centimetres in a yard. What is the

equation of the graph ?

4. The foliowing table gives approximately the circumferences
of circles corresponding to different radii :

20-1 31-4

r 2-5 I 3'2

Plot the values on squared paper, and from the graph determine
ic diameter of a circle whose circumference is 1*2 *1 inches and thethe

circumference of a circle whose radius is 2 '8 inches.

Draw a graph to shew the Fahrenheit reading corresponding to

a given Centigrade temperature, and find the Fahrenheit readings
corresponding to 12'5C. and 31 C.

By observing the form of the graph find the algebraical relation

between Fa.na G.

6. For a certain book it costs a publisher 100 to prepare the

type and 2s. to print each copy. Find an expression for the total
cost in pounds of x copies. Make a diagram on a scale of 1 inch to

1000 copies, and 1 inch to 100 to shew the total cost of any number
of copies up to 5000. Read off the cost of 2500 copies, and the
number of copies costing 525.
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7. At different ages the mean after-lifetime ("expectation of

life") of males, calculated on the death rates of 1871-1880, was

given by the following table :

Age

Draw a graph to shew the expectation of any male between the

ages of 6 and 27, and from it determine the expectation of persons
aged 12 and 20.

8. In the Clergy Mutual Assurance Society the premium (P) to

insure 100 at different ages is given approximately by the following
table :

Illustrate the same statistics graphically, and estimate to the

nearest shilling the premiums for persons aged 34 and 43.

9. If W is the weight in ounces required to stretch an elastic

string till its length is / inches, plot the following values of W and I :

W 2 -5 I 3 -75

8-7

6-25

9-1

i "o

9-3

10 11-25

9-7 9-9

From the graph determine the unstretched length of the string,
and the weight the string will support when its length is 1 foot.

10. In the following table P and A (expressed in hundreds of

pounds) represent the Principal and corresponding Amount for 1

year at 3 per cent, simple interest.

Plot the values of P and A on a large scale, and from the graph
determine the Principal which will amount to (i) 329. 12s. ;

(ii) 597. 8,v.
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11. The highest and lowest marks gained in an examination are

297 and 132 respectively. These have to be reduced in such a way
that the maximum for the paper (200) shall be given to the first

candidate, and that there shall be a range of 150 marks between the
first and last. Find the equation between x, the actual marks
gained, and y, the corresponding marks when reduced.

Draw the graph of this equation, and read off the marks which,
should be given to candidates who gained 200, 262, 163 marks in the
examination.

12. A body starting with an initial velocity, and subject to an
acceleration in the direction of motion, has a velocity of v feet per
second after t seconds. If corresponding values of v and t are given
by the annexed table,

plot the graph exhibiting the velocity at any given time. Find
from it (i) the initial velocity, (ii) the time which has elapsed when
the velocity is 28 feet per second. Also find the equation between
v and (.

13, The connection between the areas of equilateral triangles and
their bases (in corresponding units) is given by the following table:

Area

Base

43 10-8-2 15-59

Illustrate these results graphically, and determine the area of an

equilateral triangle on a base of 2 '4 ft.

14, A body falling freely under gravity drops * feet in t seconds
from the time of starting. If corresponding values of ft and t at

intervals of half a second are as follows :

draw the curve connecting s and t> and find from it

(i) the distance through which the body has fallen after 1 '8".

(ii) the depth of a well if a stone takes 3*16" to reach the
bottom.
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15. A body is projected with a given velocity at a given angle
to the horizon, and the height in feet reached after t seconds is

given by the equation h=64t-16t2
. Find the values of h at

intervals of Jth of a second and draw the path described by the

body. Find the maximum value of h, and the time after projection
before the body reaches the ground.

16. The keeper of a hotel finds that when he has G guests a day
his total daily profit is P pounds. If the following numbers are

averages obtained by comparison of many days' accounts determine
a simple relation between P and G.

For what number of guests would he just have no profit ?

17. A man wishes to place in his catalogue a list of a certain class

of fishing rods varying from 9 ft. to 16 ft. in length. Four sizes have
been made at prices given in the foliowine table :cle at prices given in the following

9 ft. 11 ft. 9 in. 14 ft. 4 in.

22* 31s.

16ft.

Draw a graph to exhibit prices for rods of intermediate lengths,
and from it determine the probable prices for rods of 13 ft. and
15 ft. 8 in.

18. The following table gives the sun's position at 7 A.M. on
different dates :

Shew these results graphically, and estimate approximately the

sun's position at the same hour on June 8th.

19. At a given temperature p Ibs. per square inch represents the

pressure of a gas which occupies a volume of v cubic inches. Draw
a curve connecting p and v from the following table of corresponding
values :
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20. Plot on squared paper the following measured values of x and
y, and determine the most probable equation between x and y :

21. The following table refers to aqueous solution of ammonia at

a given temperature ;
x represents the specific gravity of the solu-

tion, and y the percentage of ammonia :

Draw a graph shewing the variations of x and y, and find its

equation.

22. Corresponding values of y and y are given in the following
table :

Supposing these values to involve errors of observation, draw the

graph approximately, and determine the most probable equation
between x and y. Find the correct value of y when x= 19, and the
correct value of x when y = 2*8.

23. The following corresponding values of x and y were obtained

experimentally :

0-5

y 148

1-7

186

3-0

265

4-7

326

r>-7 7-1

436 529

It is known that they are connected by an equation of the form

y= aa? + 6, but the values of x and y involve errors of measurement.
Find the most probable values of a and 6, and estimate the error in

the measured value of y when x= 9 '9.
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24. In a certain machine P is the force in pounds required to

raise a weight of W pounds. The following corresponding values of

P and W were obtained experimentally :

Draw the graph connecting P and W, and read off the value of P
when fF=60. Also determine the law of the machine, and find from
it the weight which could be raised by a force of 31 '7 Ibs.

25. The following values of x and y, some of which are slightly
inaccurate, are connected by an equation of the form y^ax

By plotting these values draw the graph, and find the most

probable values of a and b.

Find the true value of x when y= 4t and the true value of y
when a; =6.

26. The following table gives corresponding values of two variables

x and y :

These values involve errors of observation, but the true values are
known to satisfy an equation of the form xy= ax + by. Draw the

raph by plotting the points determined by the above table, and
nd the most probable values of a and b. Find the correctValues of

y corresponding to x= 3 '5, and x l.

27. Observed values of x and y are given as follows :

g
fi

y

Assuming that x and y are connected by an equation of the form

xy
n

Cj find n and c.

D
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28. The following values of x and y involve errors of observation :

40-36

309-0

37-15

346-7

If x and y satisfy an equation of the form x"y = c< find w and c.

29. In the following table the values of O .and C" represent the

calculated and observed amounts of water, in cubic feet per second,

flowing through a circular orifice for different heads of water repre-
sented by // feet.

Plot the graph of C and // and also that of C' and H, and deduce
the probable error in the observed flow for a head of 120 feet.

30. The following table gives the pressures (in Ibs. per sq. in.)

and corresponding Fahrenheit temperatures at which water boils :

Shew graphically the relation between temperature and pressure
of boiling water.

31. ft is known that the relation of pressure to volume in satu-
rated steam under certain conditions is of the form pv

n = constant.
Find the value of the index n from the following data :

where p is measured in Ibs. per sq. in. ,
and v is the volume of 1 Ib.

of steam in cub. ft.
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32. The following table gives the speed and corresponding indi-

cated horse-power of the engines of a ship :

At what speed will she go when she develops 4000 I.H.P. ?

33. Tn testing a steam-engine when steam was expanded to 4 '8

times its original volume, the following quantities of steam per
indicated horse-power per hour were used :

When the ratio of expansion in the engine was 10 instead of 4 -8,
the steam used was as follows :

At what H. I
3

, will the consumption of steam be the same in the
two cases, and what is the consumption of steam at that H.P. ?

34. The power required to produce a given speed in the case of
each of two ships is given in the following tables :

(ii)

16-7

3500

At what speed will they generate the same H.P. ?
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35. A represents the amount at compound interest of P in n

years at r per cent. ; the following table gives corresponding values
of A and n :

By plotting the values of n and log A, determine a simple alge-
braical relation between them. Thence find the numerical values
of P and r ; also from the graph find in how many years 200 will

amount to 301. 6s-. at 3 per cent.

36. The keeper of a restaurant finas cnaL when he has G guests
a day his total daily expenditure is K pounds, and his total daily
receipts amount to R pounds. The following numbers are averages
obtained by comparison of his books on many days :

By plotting these values find E and R when he has 340 guests.
What number of guests per day gives him (i) no profit, (ii) 6 profit?
Find simple algebraical relations between E and Cfy R and #, P and
G, where P is the daily profit.

37. A manufacturer finds that when he is employing W workmen
his total weekly expenditure (including wages, material, coal, gas,
insurance of premises, etc.

) amounts to E pounds, and his receipts
amount to R pounds. After carefully balancing his books for many
weeks, the following table of average results was drawn up :

From these data determine simple algebraical relations between
E and W, R and W, P and W t where P represents his weekly
profits. Also find graphically (i) the number of workmen necessary
to ensure a weekly profit of 18. 10s., (ii) the smallest number of

men that will enable the manufacturer to pay expenses.
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38. At the following draughts in sea water a particular vessel

has the following displacements :

By plotting log T7 and Iog7i on squared paper, obtain a simple
relation between T and h. If one ton of sea water measures 35
cubic feet find the relation between V and h, if V is the displace-
ment in cubic feet.

39. The following quantities are thought- to follow a law of the
form pv" = c.

Ascertain if this is the case, and find the most probable values

of n and c.

40. In some experiments in towing a canal boat the following
observations were made ; P being the pull in pounds and v the

speed of the boat in miles per hour :

By plotting log/* and logr, shew that P and v approximately
satisfy an equation of the form P=bva , and find the best values for

a and b.

41. In the following table h represents the draught in feet of a
certain vessel when her displacement is D tons.

By plotting the values of log h and log D determine an algebraical
relation between D and h. Find the displacement for a draught
of 8 ft.
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Miscellaneous Applications of Linear Graphs.

36. When two quantities .r and ?/ are so related that a

change in one produces a proportional change in the other, their

variations can always be expressed by an equation of the form

y= tf.r, where a is some constant quantity. Hence in all such
cases the graph which exhibits their variations is a straight line

through the origin, so that in order to draw the graph it is only

necessary to know the position of one other point on it. Such

examples as deal with work and time, distance and time (when
the speed is uniform), quantity and cost of material, principal
and simple interest at a given rate per cent., may all be
illustrated by linear graphs through the origin.

EXAMPLE 1. At 8 a.m. A Htarfx front P to rifle to Q irftich is 48
miles distant. At the name time ft ACft* out,from Q to meet A. If A
ride* at 8 mite* an hour, and rexft* half an hour at tlie end of every
hour, white B walk* uniformly at 4 mile* an hour, find graphically

(i) the time and place of meeting ;

(ii) the distance between A and II at, 1 1 a.m.;

(iii) at what, time they arc 14 miff* apart.

In Fig. 24, on the opposite page, let the position of P be chosen
as origin; let time he measured horizontally from 8 a.m. (1 inch to
1 hour), and let distance be measured vertically (I inch to 20 rniles).

In 1 hr. A rides 8 mi.; therefore the point D (1, 8) marks his

position at 9 a.m. In the next half-hour he makes no advance
towards Q ; therefore the corresponding portion of the graph is

DE. The details of ^4's motion may now be completed by the
broken line PDEFGHKX.

On the vertical axis mark PQ to represent 48 mi. and mark the
hours on the horizontal line through Q. At 9 a.m. R has walked
4 mi. towards P. Measuring a distance; to represent 4 mi. down-
ward* we get the* point R, and QR produced is the graph of /?'s

motion. It cuts A'R graph at X. Hence the point of meeting is X,
which is 28 mi. from r, and the time is 1 p.m.

The distance between A and 13 at any time is shewn by the
difference of the ordinatos. Thus at 11 a.m. their distance apart is

MG, which represents 20 mi.

Lastly, NT represents 14 mi.; thus A and R are 14 mi. apart
at 11.30a.m.
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EXAMPLE 2. A, B, and C run a race of 300 yards. A and C start

from scratch, and A covers the distance in 40 seconds, beating C by
60 yards. B, ivith 12 yards'* start, beats A by 4 seconds. Supposing
the rates of running in each case to be uniform, t

find graphically
the relative positions of the runners when B passes the winning pout.
Find also by how many yards B is ahead of A when the latter has
run three-fourths of the course.

In Fig. 25 let time be measured horizontally (0*5 inch to 10

seconds), and distance vertically (1 inch to (50 yams). O is the start-

ing point for A and (7; take OP equal to 0'2 inch, representing
12 yards, on the vertical axis ;

then P is B's starting point.

-4's graph is drawn by joining O to the point which marks 40
seconds. From this point measure a vertical distance of 1 inch
downwards to Q. Then since 1 inch represents 60 yards, Q is C"s

position when A is at the winning post, and OQ is CTs graph.

Along the time-axis take 1*8 inch to R, representing 36 seconds ;

then PR is B's graph.

Through R draw a vertical line to meet the graphs of A and C in

S and T respectively. Then S and T mark the positions of A and
C when B passes the winning post.

By inspection RS arid ST represent 30 and 54 yards respectively.

Thus B is 30 yards ahead of A, and A is 54 yards ahead of <7.

Again, since A runs three-fourths of the course in 30 seconds, the
difference of the corresponding ordinates of A 's and /?'s graphs after

30 seconds will give the distance between A and B. By measure-
ment we find VW-0'45 inch, which represents 27 yards.

The student is recommended to draw a figure for himself on a
scale twice as large as that given in Fig. 25.

37. When a variable quantity .>/
is partly constant and partly

proportional to a variable quantity ,r, the alitrcbraical relation

between x and y is of the form ?/
= ,*;+ &, vhere a and b are

constant. The corresponding graph will therefore be a straight
line ; and since a straight line is completely determined when
the positions of two points are kno-ri, it follows that, in all

problems which can be illustrated by linear graphs, it is

sufficient if the data furnish for ^acli graph two independent
pairs of simultaneous values of the variable quantities.

Some easy examples of this kind have already been given on

page 33 and in Examples VIT. We shall now work out two
more examples.
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EXAMPLE 1. In a certain establishment the clerks are paid an
initial salary for the first year, and this is annually increased by a

fixed bonus, the initial salary and the bonus being different in different

departments. A receives 130 in hi* 10th year, and 220 in his 19th .

B, in anothfr department, receives 140 in his 5th year and 180 in his

13 th
. Draw graphs to shew their salaries in different years. In

what year do they receive equal salaries ? Also find in what year A
earns the same salary as that received by B for his 21st

year.

In Fig. 2fi let each horizontal division represent 1 year ; and let the

salaries bo measured vertically, beginning at 130, with 1 division to

represent 2.

If the salary at the end of x years is denoted by y, it is evident
that in each case we have a relation of the form y= ax + b, where
a and b are constant. Thus the variations of time and salary may
be represented by linear graphs,

Since no bonus is received for the first year, a? 9, when y=130,
and x= 18, when y= 220. Thus the points P and Q are determined,
and by joining them we have the graph for A's salary. Similarly
the graph for B'a salary is found by joining P' (4, 140) and Q'
(12, 180).

These lines have the same ordinato and abscissa at L, where
a:= 16, y=200. Thus A and B have the same salary when each have
served 16 years, that is in their 17th year. Again 5's salary at the
end of 20 years is given by the ordinate of M, which is the same as

that of Q which represents A's salary after 18 years.

Thus A'a salary for his 19th year is equal to B's salary for his

21 8t
year.

EXAMPLE 2. Two sums of money are put out at simple interest at

different rates per cent. In the first case the Amounts at the end of
6 years and 15 years are 260 and 350 respectively. In the second
case the Amountsfor 5 years and 20 years are 330 and 420. Draw
graphs from which the Amounts may be read offfor any year, and
find the year in which the Principal, with accrued Interest wUl amount
to the same in the two cases. Alsofrom the graphs read off the value

of each Principal.

When a sum of money is at simple interest for any number of

years, we have
Amount= Principal+ Interest,

where 'Principal* is constant, and 'Interest' varies with the number
of years. Hence the variations of Amount and Time may be
represented by a linear graph in which x is taken to denote the
number of years, and y the number of pounds in the corresponding
Amount.

Here as the diagram is inconveniently large we shall merely
indicate the steps of the solution which is similar in detail to that
of the last example. The student should draw his own diagram.
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Measure time horizontally (1 inch to 10 years), and Amount
vertically (1 inch to 40) beginning at 260.

The first graph is the line joining L (6, 260) and M (15, 350). The
second graph is the line joining L' (5, 330) and M' (20, 420). In

each of these lines the ordinato of any point gives the Amount for

the number of years given by the corresponding abscissa.

Again LM, L'lVT intersect at a point P where x= 25, y= 450.

Thus each Principal with its Interest amounts to 450 in 25 years.

When o:=0 there is no Interest; thus the Principals will be

obtained by reading off the values of the intercepts made by the

two graphs on the y-axis. These are 200 and 300 respectively.

Note. To obtain the result y=200 it will be necessary to continue

the y-axis downwards sufficiently far to shew this ordinate.

EXAMPLES VIII.

1. At noon A starts to walk at 6 miles an hour, and at 1.30 p.m.
B follows on horseback at 8 miles an hour. When will B overtake

At Also find

(i) when A is 5 miles ahead of B ;

(ii) when A is 3 miles behind B.

[Take 1 inch horizontally to represent 1 hour, and 1 inch vertically

to represent 10 miles.]

2. By measuring time along OX (1 inch for 1 hour) and distance

along OY (1 inch for 10 miles) shew how to draw lines

(i) from O to indicate distance travelled towards Y at 12 miles

an hour ;

(ii) from Y to indicate distance travelled towards O at 9 miles

an hour.

If these are the rates of two men who ride towards each other

from two places 60 miles apart, starting at noo'i, find irom the

graphs when they are first IS miles from each rUier. Also find (to

the nearest minute) their time of meeting.

3. Two bicyclists ride to meet each other from two places 95

miles apart. A starts at 8 a.m. at 10 niles an hour, and B starts

at 9.30 a.m. at 15 miles an hour. Find graphically when and where

they meet, and at what times they are 37J miles apart.
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4. A and B start at the same time from London to Blisworth,
A walking 4 miles an hour, B riding 9 miles an hour. B reaches

Blisworth in 4 hours, and immediately rides back to London. After
2 hours' rest he starts again for Blisworth at the same rate. How
far from London will he overtake A, who has in the meantime
rested 6^ hours ?

5. At what distance from London, and at what time, will a
train which leaves London for Rugby at 2.33 p.m., and goes at the
rate of 35 miles an hour, meet a train which leaves Rugby at

1.45 p.m. and goes at the rate of 25 miles an hour, the distance

between London and Rugby being SO miles?

Also find at what times the trains are 24 miles apart, arid how far

apart they are at 4.0 p.m.

6. A, #, and C set out to walk from Bath to Bristol at 5, 6,

and 4 miles an hour respectively . C starts 3 minutes before, and B
7 minutes after A. Draw graphs to shew (1) when and where A
overtakes C; (ii) when and where B overtakes A ; (iii) C"s position
relative to the others after he has walked 45 minutes.

[Take 1 inch horizontally to represent 10 minutes, and 1 inch to

the r lile vertically. J

7V X and Y are two towns 35 miles apart. At 8.30 p.m. A starts

to v alk from X to Y at 4 miles an hour ; after walking 8 miles he
rest* for half an hour and then completes his journey on horseback
at 10 miles an hour. At 9.48 a.m. B starts to walk from Y to X at
3 miles an hour ; find when and where A and B meet. Also find

at what times they are 6^ miles apart.

B. A can beat B by 20 yards in 120, and B can beat C by
10 yards in 50. Supposing their rates of running to be uniform,
find graphically how much start A can give C in 120 yards so as to

run a dead heat with him. If A, /?, and (7 start together, where
are A and C when B has run 80 yards?

9. A, B, and C run a race of 200 yards. A gives B a start of
8 yards, and C starts some seconds after A. A runs the distance in

25 seconds and beats C by 40 yards. B beats A by 1 second, arid

when he has been running 15 seconds, he is 48 yards ahead of C.
Find graphically how many seconds O starts after A. Shew also
from the graphs that if the three runners started level they would
run a dead heat.

[Take 1 inch to 40 yards, and 1 inch to 10 seconds.]

10. A cyclist has to ride 75 miles. He rides for a time at 9
miles an hour and then alters his speed to 15 miles an hour covering
the distance in 7 hours. At what time did he change his speed ?
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11. A and B ride to meet each other from two towns X arid Y
which are 60 miles apart. A starts at 1 p.m., and B starts

36 minutes later. If they meet at 4 p.m. , and A gets to Y at 6 p.m. ,

find the time when B gets to X. Also find the times when they arc
22 miles apart. When A is half-way between X and Y, where is B ?

12. The distance from London to Bristol is 1 19 miles ; if I were
to set out at noon to cycle from London, riding 23 miles the first

hour and decreasing my pace by 3 miles each successive hour, find

graphically how long it would take me to reach Bristol. Also find

approximately the time at which I should reach Faringdon, which
is 48 miles from Bristol.

13. At 8 a.m. A begins a ride on a motor car at 20 miles an hour,
and an hour and a halt later 7?, starting from the same point, follows
on his bicycle at 10 miles an hour. After riding 36 miles, A rests

for 1 hr. 24 min., then rides back at 9 miles an hour. Find graphi-

cally when and where he meets B. Also find (i) at what time the
riders were 21 miles apart, (ii) how far B will have ridden by the
time A gets back to his starting point.

14. I row against a stream flowing 1 miles an hour to a certain

point, arid then turn back, stopping two miles short of the place
whence I originally started. If the whole time occupied in rowing
is 2 hrs. 10 mins. and my uniform speed in still water is 4J mil,s an

hour, find graphically how far upstream I went.

[Take 1 '2 of an inch horizontally to represent 1 hour, and 1 inch

to 2 miles vertically.]

15. One train leaves Bristol at 3 p.m. and reaches London at

6 p.m. ; a second train leaves London at 1.30 p.m. and arrives at
Bristol at 6 p. m. ; if both trains are supposed to travel uniformly,
at what time will they meet? Shew from a graph that the time
docs not depend upon the distance between London and Bristol.

16. At 7.40 a.m. tho ordinary train starts from Norwich and
reaches London at 11.40 a.m.; the express starting from London
at 9 a.m. arrives at Norwich at 11.40 a.m. : if both trains travel

uniformly, find when they meet. Shew, as in Ex. 15, that the time
is independent of the distance between London and Norwich, and

verify this conclusion by solving an algebraical equation.

17. A boy starts from homo and walks to school at the rate of

10 yards in 3 seconds, and is 20 seconds too soon. The next day he
walks at tho rate of 40 yards in 17 seconds, and is half a minuto
late. Find graphically the distance to tho school, and shew that ho
would have been just in time if ho had walked at the rate of 20 yards
in 7 seconds.
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18. The annual expenses of a Convalescent Home are partly
constant and partly proportional to the number of inmates. The

expenses were, 384 for 1*2 patients and 43*2 for 16. Draw a graph
to shew the expenses for any number of patients, and find from it

the cost of maintaining 15.

In a rival establishment the expenses were 375 for 5, and 445

for*!5 patients. Find graphically for what number of patients the

cost would be the same in the two cases.

19. A body is moving in a straight line with varying velocity.
The velocity at any instant is made up of the constant velocity with
which it was projected (measured in foot per second) diminished by
a retardation of a constant number of feet per second in every
second. After 4 seconds the velocity was 320, and after 13 seconds
it was 140. Draw a graph to shew' the velocity at any time while
the body is in motion.

A second body projected at the same time under similar conditions
lias a velocity of 450 aftor 5 seconds, and a velocity of 150 after 15

seconds. Show graphically that they will both come to rest at the
same time. Also find at what time the second body is moving 100
feet per second faster than the first, and determine from the graphs
the velocity of projection in each case.

20. To provide for his two infant sons, a man left by his will two
sums of money as separate investments at different rates of interest,
on the condition that the principal sums witli simple interest were
to be paid over to his sons when the amounts wore the same. After
5 years the first sum amounted to 451, and after 15 years to 533.

After 10 years tho second sum amounted to 432, and after 20 years
to 544. Draw graphs from which the amounts may be read off for

any year, and find after how many years the sons were entitled to
receive their legacies.

Also determine from the graphs what the original sums were at

tho father's death.

21. In a certain examination the highest and lowest marks gained
in a Latin paper were 153 and 51. These have to be reduced so that
the maximum (120) is given to the first candidate, and the minimum
(30) to the lowest. This is done by reducing all the marks in a
certain ratio, and then increasing or diminishing them all by the
same number. In a Greek paper the highest and lowest marks
were 161 and 56 ; after a similar adjustment these become 100 and
40 respectively. Draw graphs from which all the reduced marks

may be read off, and find the marks which should be finally given
to a candidate who scored 102 in Latin and 126 in Greek.

Show also that it is possible in one case for a candidate to receive

e(|ual marks in the two subjects both before and after reduction.
What are the original and reduced marks in this case ?
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Miscellaneous Graphs.

1. Plot the graphs of

obtaining at least five points on each graph. Find the coordinates
of the point where they meet.

2. Draw the graphs represented by

and find the coordinates of their point of intersection.

3. By finding the intercepts on the axes draw the graphs of

(i) I&c + 2(ty=r6; (ii) 12st + '21y=14.

In (i) take 1 inch for unit, and in (ii) take six tenths of an inch as

unit. In each case explain why the unit is convenient.

4. Solve y = 10^ + 8, 7a +y-25 graphically.

[Unit for x, one inch ; for y, one-tenth of an inch.]

5. From the graph of the expression llx + 6, find its value
when .E=P8. Also find the value of x which will make the ex-

pression equal to 20.

6. With the same units as in Ex. 4 draw the graph of the

function - s~"* From the graph find the value of the function
o

when #=1'8; also find for what value of x the function becomes

equal to 8.

7. Shew that the straight lines given by the equations

meet in a point. Find its coordinates.

8. Draw the triangle whose sides are given by the equations .

and find the coordinates of its vertices.

9. Shew graphically that the values of x and y which satisfy
the equations

fxr=2y-18, 5y= 6-7ff,

also satisfy the equation x +y^.

10. Draw the graphs of (i) y=#2
, (ii) y Sxz.

In (i) take 0*4" as unit for x, 0*2" as unit for y.

In (ii) ..... 1" ............ x, O'l" ............ y.
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11. On the same scale as in Ex. 10. (ii) draw the graph of y 1

Shew that it may also be simply deduced from the graph of

Ex. 10. (ii).

12. Plot the graph of y= .r
2

, taking 1 inch as unit on both axes,
and using the following values of x.

_0-4, -0-3, -0-2, -O'l, 0, 0-1, 0-2, 0-3, 0'4.

13. Draw the graph of #-?/
2

, from y-=0 to y = 5, and thence find

the square roots of 7 and 3 '6.

[Take 0'2" as unit for .r, 1" as unit for y. ]

14. Draw the graph of y= /> + .* .r
2 for values of .r from -2 to

+ 3, and from the figure obtain appioximate values for the roots of

the equation 5 + x-x* 0.

[Take 1" as unit for .r, 0*2" as unit for
;</.]

15. Draw the graphs of

(i) &* + (ty
= 60, (ii) Gy- 3-^=24, (iii) ae-y = 7;

and shew that they represent three lines which meet in a point.

16. If 1 cwt. of coffee costs 9. 12*. , draw a graph to give the

price of any number of pounds. Read oft* the price (to the nearest

p -nny) of 13 Ibs., 21 Ibs., 23 Ibs.

17. If 60 eggs cost 48., find graphically how many can be bought
for half-a-crown, and the cost of 26 eggs to the nearest penny.

18. If 1 cwt. of sugar costs Cl. 6s. 8rZ., draw a graph to find the

price of any number of pounds. Find the cost of 20 Ibs. How
many pounds can be bought for 4x. KV7. ?

19. Solve the following equations graphically.

(i) a? -I ^= 58, (ii) jP + y
a=lM,

y-x = 5; # + y= 14 ;

(iii) ^2 + //

2
^34, (iv)

2a? + y=ll;

[Approximate roots to be given to one place of decimals.]

20. Solve the equation 3 + 6ar r'
2

graphically, and find the
maximum value of the expression 3 + 6# - x2

.

21. A basket of 65 oranges is bought for 4*. 2r/. Draw a graph
to shew the price for any other number. How many could be

bought for 3ft. 4c. ? Find the price (to the nearest penny) which
must be paid for 36 and for 78 oranges respectively.

E
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22. If the wages for a day's work of 8 hours are 4s. 6d., draw a

graph to shew the wages for any fraction of a day, and find (to the
nearest penny) what ought to be paid to men who work 2, 3J,

6J hours respectively. How many hours' work might be expected
for 2*. lOd. ?

[Take 1 inch to represent 1 hour, and one-tenth 01 an inoh to

represent 1 penny.]

23. Draw the graphs of x2 and 3sr+l. By means of them find

approximate values for the roots of #2 -- 3x - 1 =0.

24. If 24 men can reap a field of 29 acres in a given time, find

roughly by means of a graph the number of acres which could be

reaped in the same time by 15, 33, and 42 men respectively.

25. The highest marks gained in an examination were 136, and
these are to be raised so that the maximum is 200. Shew how this

may be done by means of a graph, and read of!
1

,
to the nearest

integer, the final marks of candidrbes who scored 61 and 49

respectively.

26. Draw a graph which will give the square roots of all numbors
between 25 and 36, to three places of decimals.

[Plot the graph of y-x2
, beginning at the point (5, 25), with 10"

and 0*5" as units for x and y respectively.]

27. I want a ready way of finding approximately 0'866 of any
number up to 10. Justify the following construction. Join the

origin to a point P whose coordinates are 10 and 8 '66 (1 inch being
taken as unit) ; then the ordinate of any point on OP is 0'866 of
the corresponding abscissa. Read off from the diagram,

0-866 of 3, 0-866 of 6'5, 0'866 of 4 -8, and ~^- of 5.

28. A starts from London at noon at 8 miles an hour ; two hours
later B starts, riding at 12 miles an hour. Find graphically at what
time and at what distance from London B overtakes A. At
what times will A and B be 8 miles apart? If C rides after B,
starting at 3 p.m. at 15 miles an hour, find from the graphs

(i) the distances between A, /?, and C at 5 p.m. ;

(ii) the time when C is 8 miles behind B.

29. If O and Y represent two towns 45 miles apart, and if A
walks from Y to O at 6 miles an hour while B walks from O to Y at
4 miles an hour, both starting at noon, find graphically their time
and place of meeting.

Also read off from the graphs
(i) the times when they are 15 miles apart ;

(ii) /?'s distance from Y at 6.15 p.m.
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30. At 8 a.m. A starts from P to ride to Q which is 48 miles
distant. At the same time B sets out from Q to meet A. HA
rides at 8 miles an hour, and rests half an hour at the end of every
hour, while H walks uniformly at 4 miles an hour, find graphically

(i) the time and place of meeting ;

(ii) the distance between A and B at 11 a.m. ;

(iii) at what time they arc 14 miles apart.

31. The following table gives statistics of the population of a
certain country, where P is the number of millions at the beginning
of each of the years specified.

Let t be the time in years from 1830. Plot the values of P
vertically

and those of t horizontally and shew the relation between
P and t by a simple curve passing fairly evenly among the plotted
points. Find what the population was at the beginning of the

years 1847 and 1858.

32. The salary of a clerk is increased each year by a fixed sum.
After 6 years' service his salary is raised to 128, and after 15 years
to 200. Draw a graph from which his salary may be read oft' for

any year, and determine from it (i) his initial salary, (ii) the salary
he should receive for his 21st year.

33. Draw the graphs of y =x2 and 2y = a- + 3 on the same diagram.
Deduce the roots of the equation 2x* -x - 30.

34. Taking 1 inch as unit, plot the graph of y=x*-3jc, taking
the following values of x :

0, f2, '4, '6, rt'8, 1, 1-2, +1'4, 1-6, 1'8, 2.

Find the turning points, and the value of the maximum or

minimum ordinatos between the limits given.

35. From the graph in Ex. 34 find to two places of decimals the
roots of 0^-3^=0.

36. Solve the following pairs of equations graphically :

(i) a + y=15, (ii) #-y=3, (iii) o?
2 + .y

2^13,

#y=36; xy=I8; xy-Q.
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37. An india-rubber cord was loaded with weights, and a
measurement of its length was taken for each load as tabulated.
Plot a graph to shew the relation between the length of the cord
and the loads.

What was the length of the cord unloaded ?

38. A manufacturer has priced a certain set of lathes ; the largest
sells at 176, and the smallest at 40. He wishes to increase his

prices so that the largest will sell at 200 and the smallest at 50.

By means of a graph find an algebraical relation between the new
price (J*) and the old price (Q), and find to the nearest pound the
new prices of lathes originally priced at 150, at 125. 10*., and at
78.

39. The mean temperature on the first day of each month, on an

average of 50 years, had the following values :

Jan. 1, 37 May 1, 50; Sept. 1, 59;
Feb. 1, 38

Mar. 1, 40

April 1, 45

June 1, 57 ;

Julyl, 62;

Aug. 1, 62;

Oct. 1,

Nov. 1,

Dec. 1,

54;
46;
41.

Represent these variations by means of a smooth curve.

[The difference of length of different months may be neglected.]

40. The price in pence of a standard Troy ounce of silver on

January 1st in each of the ten years 1891-1900 was

45, 40, 36, 29, 30, 31, 28, 27, 27, 28.

Draw a smooth curve shewing its value approximately at any time

during these ten years.

41. A manufacturer wishes to stock a certain article in many
sixes ; at present he has five sizes made at the prices given below :

Draw a graph to shew suitable prices for intermediate sizes, and
find what the prices should be when the lengths are 30 in. and 46 in.
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42. A party of tourists set out for a station 3 miles distant and
go at the rate of 3 miles an hour. After going half a mile one of

them has fco return to the starting point ; at what rate must he now
walk in order to reach the station at the same time as the others?

43. A motor car on its way to Bristol overtakes a cyclist at
9 a.m. ; the car reaches Bristol at 10.3O and after waiting 1 hour
returns, meeting the cyclist at noon. Supposing the speeds of car
and cyclist to be uniform, find when the cyclist will reach Bristol.

Also compare the speeds of the car and cyclist.

44. Two trains start at the same time, one from Liverpool to

Manchester, and the other in the opposite direction, and running
steadily complete the journey in 42 min. and 56 min. respectively.
How long is it from the moment of starting before they meet?

45. The table below shews the 1 distances from London of certain

stations, and the times of two trains, one up and one down.

Supposing each run to be made at a constant speed, shew by a graph
the distance of each train from London at any time, using 1 inch to

represent 20 miles, and 3 inches to represent an hour.

Distance
in miles.

London,

5J Willesden, arrive

depart

66 Northampton, arrive

depart

113 Birmingham,
At what point do they pass one another, and how far is each from

London at 5.30? Which of the three runs by the stopping train is

the fastest ?
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A Table of Square Boots and Cube Boots
of Numbers from 1 to 150.
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ANSWERS.

I. PAGE 4.

7. 36. 8. 32. 9. 25. 11. 1 '2 sq. cm.

12. y = 3x. Any point whose ordinate is equal to three times its

abscissa.

14. The lines are #= 5, y = 8. The point (5, 8).

15. A circle of radius 13 whose centre is at the origin.

II. PAGE 7.

21. 32 units of area. 22. 1 sq. in.

23. 72 units of area. 24. 0'64 sq. cm.

III. PAGE 10.

1. ,r =l, .y^5. 2. a:^=2, */=10. 3. #= 3, y=12.
4. #= 3, y= - 2. 5. a?= 4, y= 2. 6. ^ = 6, y = 8.

7. x=-2, y-=4. 8. n-= 0, y- -3. 9. jc=-3, y^O.
10. At the point (0, 21 ). 11. &B + 4y= 7.

IV. PAGE 15.

1. y= x. 2. (0,0), (-4, 2). 5. (2,1).

6. (i) 1 -46,
- 5'4H ; (ii) 3 '24,

- 1 '24
; (iii) 3 '32, 68.

7. -5; 7. 8. -i; 379, -079; 4 '62, 1 '62.

9. o;= 8, or 6; i/
= 6, or 8.

10. The straight line 3x + 4.y=25 fouches the circle oJ
2+y2=25 at

the point (3, 4).

V. PAGE 24.

3. Each axis is an asymptote to the curve, which approaches
the axis of // much less rapidly than it does the axis of jc.

7. *=2,
![!;

?/=5, 3. 8. *= 3, -3; y-2, -2.

9. #=2; y= -1. 31. 1, 1, 2. 32. -2, 4-41, 1-59.

VI. PAGE 30.

1. 0-52, 2-9, 11-8 ; 275, 2'3, 3'1. 3. 2'080, 2'140. 4. 2'4.

5. -2,4; -9. 9. -5andl. 10. -2,1,4.
12. 26-9, 38, 3-58. 13. 0*477, 0'225, 0'350, 1'538.

14. 3 in. from the point of suspension.
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15. 22 Ibs., 16J N>s-i **$ N>s-, 13* K>s., 11 Ibs., 9 Ibs., 8 Ibs.,

7^ Ibs. The curve is a rectangular hyperbola whose equation is

^=22x12.

17. 0-602. 53. 18. 0*906. 0707. 19. x = wr + ~.

20. The range varies from 342 yards, when ^4 = 10, to 985 yards
when A =40. it reaches its maximum of 1000 yards when A =45,
and is again equal to 985 yards, when A =50".

21. 5-9% 7'7.

VII. PAGE 40.

2. (i) 5l'l grains; (ii) 0'2. 3. 39 '3; 91 '6; y= 0-393,1;.

4. 3 -85 in. ; 17 '6 in. 5. 54 -5 F. 86 '9 F. F= 32 + ?!c.

6. y=lUO+j; 350; 4250. 7. 45'96; 39-40.

8. 2. 12*.; 3. 8*. 9. 8'1 in.; 24*375 oz.

10. (i) 320; (ii) C580. 11.
y^|?a;-70. 112; 168; 78.

12. 5 ft. per sec. ; 5| sees.; t>= 5 + 4t. 13. 2'49 sq. ft.

14. (i) 52 ft. ; (ii) 160 ft. 15. max. height =-64 ft.; 4 sees.

16. /'=0 6 G- 14-4 ; 24. 17. 26*.; 36s. U.
18. 93'5 K. 20. iy^O-2la:+l-37.

21. y= 249'8-250.r. 22. y-O'te + 1'6 ; 9*2; 3.

23. a = 45'7, b= 118. Error = 8'43 in defect.

24. 8-6; P^O-14^+0-2; 225 Ibs.

25. a= i
; 6= 3. 2 ; 12. 26. a=3, /> = 2. 7 ; 4'25.

27. n= 3, c = 27 x 1
5

. 28. n = I -5, c =. 79500.

17
29. 1 '3 per cent, in defect. 31. n=^
32. 16 knots. 33. H.P.=6'9. 23 Ibs.

34. 15-15 knots; 2420 H.P. 35. P=-200, r=3 ; 14 years.

36. 22. 10*.; 28. (i) 230; (ii) 350. 1HMX#=:49G' + 8140 ;

550/?= 52# - 2255 ; 20P=0- 230.

37. j0=0-84JF+10-2
(i) 40

; (ii) 28.

38. 7T =36-31/t 6
; K

39. w=0-86, c=207. 40. a=l'78, 6= 31'5.

41. Z)=15*85A18 : 669 tons.
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VIII. PAGE 56.

1. 6 p.m. ; (i) 3.30 p.m. ; (ii) 7.30 p.m. 2. (i) 2 p.m. ; 2.52 p.m.
3. 47 mi. from A's starting place at 12.42 p.m.

11.12 a.m. and 2.12 p.m. 4. 27 mi.

5. 35 mi. from London at 3.33 p.m. 3.9 p.m. ; 3.57 p.m. ; 36 mi.

6. (i) 15 mi. after O's start, 1 mi. from Bath ;

(ii) 45 3 mi ;

(iii) half a mile behind A and B.

7. 9 mi. from Y at 12.48 p.m. 12.18 p.m. and 1.18 p.m.
8. 40 yds. A 16 yds. ahead, G 16 yds. behind.

9. 5 sees. 10. 5 hours from the start.

11. 7.36 p.m. ; 3 p.m. and 5 p.m. ; 19 mi. from Y.

12. 7 hours. 4.47 p.m. 13. 12.12 p.m. (i) 11 a.m. ; (ii) 57 mi.

14. 5 mi. 15. 4.12p.m. 16. 10.4a.m.

17. 400yds. 18. 420. 20 for 480.

19. After 10 sees. 400 ft. per sec. ; 600 ft. per sec.

20. 30 years. 410; 320.

21. 75 in Latin ; 80 in Greek. 74 and 50.

Miscellaneous Graphs. PAGE 60.

1. (2, -3). 2. (1,2). 4. :r=l,y=rl8. 5. 26; l'28(approx.).

6. 9 ; 2'4. 7. (
-

4, 5). 8. (3, 4), (4, 1), (
-

3, 2).

13. 2-65,1-91. 14. 2'79, -1-79. 15. The pt. (6, 5).

16. 22. M. ; 36*., 39*. Rd. 17. 37 ; U 9d. 18. 6s. 2d. ; 20'3.

19. (i) #=2, or -7; 2/^7, or -2. (ii) x= 8, or 6; y= 6, or 8.

(iii) #=3, or -5-8; y= 5, or -0'6. (iv) #= 5'2, or -1'3;

y=-2'9, or 5-7.

20. 6-46, -0-46; 12. 21. 52; 2*. 4d., 5*.

22. U 5d., 2., Jto. 8rf. ; 5 hrs. 23. 3 -.30, -0'30.

24. 18, 40, 51. 25. 90, 72. 27. 2'60, 5-63, 4'16, 577.

28. 6 p.m., 48 mi. from London. At 4 and 8 p.m.

(i) B 4 mi. behind A ; (76 mi. behind B. (ii) 4.21 p.m.
29. 4.30 p.m., 18 mi. from O. (i) At 3 and 6 p.m. (ii) 20 mi.

30. (i) 1 p.m., 28 mi. from P; (ii) 20 mi. ; (iii) 11.30a.m.

31. 29^ and 39 millions. 32. 80; 240.

38. 1 '5,
- 1. 34. Max. ordinates ( =2)at the points (-1,2), (1,

-
2).
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35. -1-73, 0, 1-73.

36. (i) x=12, or 3\ (ii) ^6, or -3\ (iii) #=2, 3, -3, -2\
y=3, or 12J ^= 3, or -6J y=3, 2, -2, -3/

37. 31 -4 cm. 38. P=l'lQ + 6; 171 ; 144; 92.

41. 17*. ; 26s. 6d. 42. 4 mi. per hr.

43. 1.30 p.m. ; 3 : 1. 44. 24 min.

45. At Northampton. 48-4 mi., 84 '8 mi. The quickest run is

from Willesden to Northampton.
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