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I. FUNDAMENTAL FORMS.

ax.1. ladx =

2.
I af{x)

dx=:a if(x) dx.

Q rdx I

+.
I a;"*da; =

, when m is different from — 1.J m -h 1

5. \edx = e^.

10.
, _|^- .= yersin -'*. f ^ =• - cS«•^i^X

,.

Ai» I COS a; aa; = sin a;. ^
/

I2» I Uin x dx = — cos x.

86B425
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'FtridAMENTAL FORMS.

15. rtana!seca;(to = seca;.

16.
j

sec'' a; da;= tan a;. y^

17.
)csc'a;da!

= -rtna;. J

I„ the following fo.™nlas. «, ., «-, -d y represent an,

functions of X'.

19a. Cudv=^uv-ydu,



BATIONAIi ALGEBRAIC FUNCTIONS.

II. RATIONAL ALGEBRAIC FUNCTIONS.

A.— Expressions Involving {a-\-bx).

The substitution of y or z for x, where yz=xz = a-^ fee,

gives

21.
j\a-j-bx)'^dx

= ^
Cy^'dy.

22. (x{a-}- bx^dx = -^ fy^'iy
—

a)dy.

23. (iir(a + bx)'^dx = -^^ i y"" {y
—

tiYdy.

J x'^ia + bx)""" a'"+" V 2'"

Wheuce

26. C-^=.\\og(a-^bx),J a-\- bx b

27. r ^^ = ^

J (a + fea;)2 6 (a + 6a;)

28 r ^^
=:

^
'

J (a + &a;)'* 26(a + 6a;)2

29. r_£^ == 1 [a + 6a; - a log(a + bx)\J a-\- bx b^

J {a-hbxy b'l
^^ ^^a + bx]



D RATIONAL ALGEBRAIC FUNCTIONS.

'

J (a -h bxy b'
[_

a + &a; 2(a + bxyj

32. r_^^ = 1

[^(^ + 5a;)2
- 2a(a + bx) + cr log (a + 6a;)],J a -\-bx 0"

S4. r_i^_=_iiog2^t*i^.J ic(a + 6a;) a a;

35
J a; (a+ 50?)- a(a-f-5a;) a^ a;

f__^^___ = _ J_ 4_ A log ^L±_^.J x^(a H- 6a?) ax a^ x
36.

rfa; 1 ^ la;
tan ^ —

c c

^^
=_Llog^

+ ^-

B.— Expressions Involving (a H- 6a!f*)
,

38. I
-

'

J c^ — a;^ 2c ^c — a;

^^- f—7T3 = -^ta'^^'«^\l^' if a>0, 6>0.

*^-
I

,
, 2
=

.) / log-—-i: -^, if a > 0, 6 < 0.

41, C—^^^—— — ^' L JL r rfa
*

J (a + 6a^^)^'~2a(a + 6a;2)"T-2aJ a + 6a;2*

4i>
r <^a; _ 1 X 2m — 1 /

*
(?a?

"'
J (a + 6a:^)"*+i 27)ia (a + 6a;2)«"*" 2ma J(a + 6a2)'

Ja + 6x-2 26 \ hj



RATIONAL ALGEBRAIC FUNCTIONS.

.. C xdx I C dz , -
'*• I 7 , o, ^,

= -
I r-:

—
-,, where z = or.

45, I = — log .

J x{a + ba^) '2 a a + ba^

r oi?dx _ ^ _ « r dx
' J a-\-bx- b hJa-\-ba?

»/
it'^(a + 6.«-')

ax aJ a-^-bx^

48. r '^c^^' _ —^
,

I r dx

J (a + 60^)"*+^ 2?rt6(a + 6a;2^"' 2m6J {a-^-ba?)""

J ay'ia + b3f)'^+' aJ x^{a + bx^ aJ (a + 6a;^)"'+i*

where bk^ = a,

51. r_^=XJiiog/^^lllMil^ + V3tan-^^^^'l
J a-[-ba? ^bk\J \ {k-{-xY J^ h^l ]

where bk^=a.

52. f:._^ = -Llog-^.

r da; ^1 r dx b r ^
'

J {a-^bx'^y-^^ aJ(a-\-bx''y' aJ{a-\-

x^'dx

bx")

'dx

bx''y+^'

•

J (^a-{-bx^y+' bJ {a + bx'^y bJ (a + 6:

r- r <^a; ^i rda; b T dx

J ar^a + bx'^y^^ aJ x'^(a + 6a;'')p aJ xT ""(a + 6a;")
IH-I



RATIONAL ALGEBRAIC FUNCTIONS.
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BATIONAL ALGEBRAIC FUNCTIONS. 1

64 r^dx __ _ 2a4-6g _ b(2n — 1) T^^

65. fA'do^^^-JLlogX + ^ll^l^^r^.J X c 2c'
^

2c^ J X

"^

J X^ cgX qJx

' J A""+^ (2n-m + l)cX" 2n-m4-l'cJ X"+^

'dxm — 1
^
a r^

2n — m-f-1 cJ Xn+l

•Ja;X 2a ^X 2aJ X

rdx ^ b , X L4./'_^_^^^^
'Ja;-X 2a2 ^a^ aa; \2a2 aJJX

70 r__^^_ = \
??. 4-^1 — 1 6 r dx

•

J aj'^X^+i (m - l)ait"»-iX»' m - 1

*

aJ x'^'^X'

2n-\-m — 1
c^
r dx

aJ a

D. — Rational Fractions.

Every proper fraction can be represented by the general
form :

/W ^ 9i ^""'-^ 92 ^''~' + 93 X''-' + - + f7„

F{x) x^ + k^x""
^

-{- ksx""-'^ -i \-k,,

a, 6, c, etc., are the roots of the equation F{x)=0, so

that

F(x) = (X-
- ay (a;

-
6)« (a;

- cr •-,



10 RATIONAL ALGEBRAIC FUNCTIONS.

then /W_ =^4^ + ^^^— + A_+...+-A_F {x) {x
- ay {X- ay

'

{x - ay'' x-a

f—^i— + ^ + ^ 4--+-^
(x- by {x- by-' (x

- by-' x-b
I ^1

_|
Yl

J

^3 _L. ... _J_ ^r
_

{x
— cy (x

— cy-^ {x
— cy^ x—c

Where the numerators of the separate fractious may be

determined by the equations

,^ (.)=«g^^ <^. (-) =^^^J^^ etc., etc.

If a, 6, c, etc., are single roots, then p = g = ?•=••• = 1,

""•^
/(a--) _ ^

,

J?
,

c
P" (a?)

a; — aa; — 6a; — c

where vl — -^ ^^^ B — ^^^' etowhere -^ -
p, ^^y

^ -
p, ^py

^^-

The simpler fractions, into which tjhe original fraction is

thus divided, may be integrated by means of the following

formulas :

r hdx _ rhd(mx-\-n) 7i

J {mx-\-ny J m {mx -\-ny m {1
—

I) {mx -}- ny~^

C hdx h I X
, >,

72. I == — log (mx + n) .

J mx-^n m
If any of the roots of the equation f{x) =0 are imaginary,

the parts, of the integral which arise from conjugate roots

can be combined together and the integral brought into a

real form. The following formula, in which i=:V— 1, is

often useful in combining logarithms of conjugate complex

quantities :

78. log {X ± yi) = i log (x2 + /) ± i tan ' •^.



IKBATIONAL ALGEBRAIC FUNCTIONS. 11

III. IRRATIONAL ALGEBRAIC FUNCTIONS.

A.— Expressions Involving Va -|- hx.

The substitution ,of <a new variable of integration,

y = Va + bx^ gives

74.
(
Va + hx dx =^ ^/{a + bxy.

75. r«V^r+ted.- = -^i?iLz^5MVIH+M!.

J 1056^

J X ^ ^yja-j-bx

r dx _ 2 Vft 4- 6a?
^

C ^d^ '2(2a — bx) / .
,

,

79. I .

=
'^-TTi ^VA + 6a;.

80. f
>-^^^ ^2(8a^-4a6.. + 36^a^)^^^-^:^

81. r_^g^ = -JLlog/:-^'- f\ for a>0.
•^^ a' Va + 6a; Va VVa.+ 6a; + Va/

^^ r da; 2 . _ i la + ^^' i?^ ^ ^ rk \
S2. I =: = tan ^^—'

,
for a < 0.

^

Ja;Vrt + 6a; V — a ^ — «

r (Jx _ Va + 6a; 6 r dx

•^a^Vo^^" <*^ • -«^ -^Va + da;



32 IRRATIONAL ALGEBRAIC FUNCTIONS.

84.
J{a + bx)^'idx =

^Jy'^-dy
=
?-^

hx)

(2 ±71)

85. \ x(a-\-hx)~^dx = —\ ^— ^ ^^—' '-— .

J ^ '

W\_ 4.±7l 2 ±71 J

J
^

x'^dx _ 2x"' Va H- hx 2 7?ict /* x'^-'^dx

^'a + hx~ (27/i+l)& (27?iH-l)6J VoTfe^

/
da; _ _ Va + 5a7 _ (2??.

—
3) & r da?

a'"Va + 6a; 0^-1) «^'"
^

(27i
-

2) aJ a^'^-VoH^

88. f
" +

^;)^

^^ = 6
J(a

4- hx)'^d. + af^^

"^f
^"^^ ^^^

86

87

89./-
da; = 1 C clx -k C- dx

X (a + bx) 2
'^'"

a; (a + 6a;)
2

^""^

(a + 6ic)
2

B. —Expressions* Involving Va.-^ ± a^ and \la-—x^,

90. \^x^± a' dx = i \_x Va;' ± «^ ± a- log (a; + Va;''^±a^) ] .

91.
I
Va'— ar da; =

-J-[a;Va'—a;^ 4- a-
sin"^-]*

92
•J;

dx

^x'±a?

dx

log(

— cir»~l

94

95

1 !« I-COS ^-» —- -i-

Ja;Va2±a;2 a \ a; / jx/iVx- «t »-

I
-—=— dx = Va- ± ar — a log^ \ l=^r^

— ^

Va^ — x^

dx _= -eos -— r=: ~- iec :^
a;Va;2_^2 a a; O- o^

•These equations are all special cases of more general equations given in the next sectioa
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IRRATIONAL ALGEBRAIC FUNCTIONS. 13

J X X

98. f .

^^^ = ± -J'oF±^,
'

100. fx Va^ ± o? dx = 1
V(ar^±a2)S.

101.
I

ic Va"'' — af' dx- = —
J V(ct-

—
a;^)^

102. Cy/(x' ± crydx

= i\ x^ix' ± d'y± ^^\/¥±d' + ^\og{x +y/W±d')^

103. C'\/{a'
— x-ydx

if /7~^
—

i:^Vs I
3a*.r / -i r,

,
oa^ . _ix"l= ^ ajV(a-

—
ar)^ + - va-— :r4-- sin^ .

[_
2 2 aj

104. r ''^ ±"

105,
da; _ a;

V (a-
-

ar'p

~
«' -Ja'-a^

xdx — 1

f—^

^ -slid'

106. f , ,
_

107. r--:^^=.=—i=.

108. rxV(ar^±aO«da;= JV(^^^^

109. CxyJid'-x'Ydx^^ -\\l{a-
—
xy.



14 IRRATIONAL ALGEBRAIC FUNCTIONS.

110.
I
x^^/af± a^dx

= -y/{x'±ay If
- {x\/¥±^' ± a2 log (x + V^T^)),

4 8

111. Ix^y/a^ — x^dx

112. f
^^^ = ^' V^^±^ ^F ^'log (X -t- V^db^n.

113. r ^^^
^_gv,,2i:^+gL%ia-i^.

2 2 a

118

114. I =±
;

115. f
^^ =-:Zg^.

J a- a;

J ay^ X a

r x^dx
_ ^ -X

4_iog(a;-l-V^±^V

119. f
^^^ = ^

-sin-^^.

C.— Expressions Involving Va -\-hx + cx^.

Let X= a + 6a; + ca*^, g = 4 ac — 6", and h=z~ In order

to rationalize the function /(a;, yla + hx -\- ca?) we may put

Va \-hx-\-cx^= yl ±c\lA+Bx ± a;^, according as c is positive

or negative, and then substitute for x a new variable 2, such

that



IRRATIONAL ALGEBRAIC FUNCTIONS. 15

z = V^ -^Bx -h ar — x, if r- > 0.

where a and yS are the roots of the equation

^+jBic-a^2^0, if c<0 and -^<0.— c

By rationalization, or by the aid of reduction formulas, may
be obtained the values of the following integrals :

20. f-^ = J^iogfVX 4- oj Vc +-^\ if c> 0.
^

-^X, Vc V 2Vcy

a-i r da; 1 . _,/— 2ca;~6\ ... ^^21. I-—==-—=sin M . if c<0.

22. r ^«^ ^ 2(2ca; + &)
,

23. f_J^^2(2ca.
+ 6)/l_^^A^ X''\fX 2>q\IX \X J

24. r dx ^ 2(2cx-\-b^/X 2k(n — l) r dx

J yr-^nt (27i-l)oX^ 2n-l J irn-iJY-'X«VX (2n-l)gX" 27i-l J X^-'^X

25. C^Xdx = i^^^±^l^+± f—-J 4c 2kJ ^x

26. fxVXda. = (2-dLaVX/^ AA + 3 T^.

J 12c V 4:k^8ky^lwJ sjx

28. rx-vxda;= (^^^+^>^^^+ ^^+^ r^^.J 4(n + l)c 2(n + l)kJ VX

'-^ ^/x'" c 2cJ Vx'



16 IRRATIONAL ALGEBRAIC FUNCTIONS.

130. C ^^^^ = '^(b^-h'2a)

-^ X" VX (2n- l)cX" 2cJ X"Vx'

r QiTdx ^ {2b'
— 4:ac)x-{-2ab 1 f dx

r x-dx ^(26^-4ac)a;+2a6 4ftc+(2yi-8)6^ T c

'-'X'^VX (2w-l)c^X»-WX (2n-l)cg Jx- v .v

^^v vx~l^~r2'c^ 8^"3^y ^U'^~T^P vx'

1 36. faj VXdoj =^^^- - C-s/Xdx.
J 3 c '2 cJ

1B7. (xXVXdo^ = ^^^ -^ fxVXcia;.J DC 2cJ

'•^ VX {2n + l)c 2cJ Vx
*

J \ 6cJ 4c 16c^ J

V VX 2(n + l)c 4(7i + f)cJ VX
a rX^'dx

2(n4-l)cJ VX
*

141. Ca^y'Xdx=(x--l^^^-^-^'\^:^.J \ 8c 48c2 ScJ DC



IRRATIONAL ALGEBRAIC FUNCTIONS. 17

.„ r c^a; 1 . ^f bx-\-2a \ .J. ^
.43. I

—— = --=sin U— ^
,

if a<0.
^a;VX V-a \xyJb'^-AacJ

^ x^JX bx

45. r_^i__= Vx
^

1 r dx b r dx

/
'

dx _ \/X
b_

r dx

^-</ IT ax 2aJ r.a^Vx ^^ '^^^ x\/X

dx

dx

J X 2J yjx ^ X

'J xyJX (2n-l)VX -^ a?yX 2J VX

'•^ ^' ^ 2-^a;VX ^^WX*

r_^cZa;_ ^ 1 r x^-^dx _ b Px"" ^dx _ a raf'^dx

'-'xWX cJ x«-WX cJx«VX C'^ x»Vx*

ra;"'X"da; ^ a^'^-^X^^VX (2n + 2m- 1) 6 ra7'"-^Y"(Za;

'•^ VX (27i + m)c 2c(27i + m) J ^x
(m— l)rt r o;"* -X"da;

(2?i + 7?i)cJ VX

52 f
^^ _ ^ V^

V arX»VX (m-l)aaf"-^X«

(2yi+2m-3)6 ^ da; (2?i+m--2)c r da;

2a(m— 1) ^ x'"-^X'"\/'X im— \)a J x"'~^X*'\fX



18 IRRATIONAL ALGEBRAIC FUNCTIONS.

153 fX^'dx ^ X^-'VX (2n-l)b rX^-'dx

'Jx""\/X (m — 1)0;"'-^ 2(m — 1) J aj'^-^VX

(2?i-l)c rX^'dx
1 J ^-2^Xm

54. rv2

D. — Miscellaneous Expressions.

2 a

versin"^—
^2ax — x^ «*^ V2ax — „

56. f ^^^ = +J^.

57. f ^^_= = _ J^S.
J

(a;
_ 1)7.^2-1 \a;-l

68.
J Ji±5c?a; == sin-la; - VT=^-™ X — X

+ (a
-

6) log (Va; + a+ Vo;+ 6).

^ ^{x-a)(
2 Sin \ .

\i8-a(fi-x) ^^

61. f ^ = _l,sin-\^i^±M,

62. r-v/a + 6.rda; =— ^/(a + &a?)*.

^„ r dx 3 8/^
—

,
, .^



IRRATIONAL ALGEBRAIC FUNCTIONS. 19

164. r-,-gg^^- ^^^^-f^^) ^(^Tw.

165. I
— =— sec V— •



20 J TBANSCENDENTAL FUNCTIONS.

IV. TRANSCENDENTAL FUNCTIONS.

cos X.07. i sina^'dx*

G9.
I

sin'^it' da; = — | cos x (sin^a; + 2) .

<<). I sm"a:f/.r =
1

I sin" ^xdx.
J n n J

71.
I
cos xdx = sin x.

72. i Qos-xdx=i^^mxQo^x-\-^x.

73.
j
cos^fl7dcc = |^siu.T?(cos-a;-|- 2).

74.
I
cos'*ii'c/a;= cos" ^:); sin.x'-j

—- I cos" ^xdx.

75.
I
sin X cos x dx = ^ sin- ic .

70.
I

sin^ii" iioa-xdx = — g (^sin 4a; — x) .

7.Jsi
77. i sin X cos"* a; fZa; = — COS'"+^T

m + 1

78. I sin"'a;cosa;cfa;
I
sin'" a

S^'
79. I cos"' a; sin" a; da;

m+l
cos"*-^^a; sin""^'a;

m 4- ?i

_^m-^ (cos""
2
a; sin" a; da,

m 4- »<^*^

«QA r m • n 7 sin'*~^^• cos"
180. I cos"* a; sin" a; da; =

J m + n

'^——-
j cos'"a;sin'*"^a!;daj



TRANSCENDENTAL FUNCTIONS. 21

181 r<^'OS'"a:dU-_ cos"'
"^

07 m — n + 2 /' cos'"

.7 sin"a; (?i
—

l)sin'*'^a/* 9i — 1 %/ sin" ^oj

jg2 rcos'^xdx _ cos"*"^ X
,

m — 1 rcos"'~^xdx

J sin" a; (??i
—

?i)sin" '.r m — nJ sin" a;

cos"Y''~a;Vr---^'^

*/ sin*;* cc cos" it*

1 1 . m 4- n — 2 /^ dx1 m + ^? — 2 r (

"^aj.cos"^a; ?<,
— 1 •/ sin'"a;.71—1 sin"* ^aj.cos"^a; ?<,
— 1 •/ sin'" ic. cos" ^x

1 1 7?i + 72 -5- 2 /^ dx72 -r- 2 r
— 1 J sin*"

85

771— 1 sin"*"^ X . cos" ^^• 7?i — 1 J sin'"^^it' . cos" a;

dx

J
^ dx _ 1 coso; m — 2 /^_
sin'" a; m — 1 sin"''\T 7)i — iJ sin'" "a;

' C ^^ — 1 sin a; n — 2 /
*

da;

*./ cos"a; 71—1 cos"^a; n — iJ cos"'~^x

87 .
I
tan xdx = — log cos x.

88.
I
tan^ajda; = tan x — x.

89. rtan"a;da; = ^^^H^^-^- ftan" 2a;c?a5.

J 71 - 1 J

90.
j
ctna;c?a; = logsina!.

91.
I
ctn^a;da;= — etna; — a;.

92. rctn"a;da; = - ^^^^" ^
-- fctn" ^ajda?.

93.
j
seca;da; = log tan f

j +
-

J»

94.
j
sec^a;da; = tana;.



22 TRANSCENDENTAL FUNCTIONa

195. Csec^xdx= f-^.J J cos"* a?

196.
j
csca;da; = log tanja;.

197. i c&c^xdx = — ctnx,

198. I csc'*fl?da;= I —

'Ja + b cosa; ^a^^i^^ \_a-i-b cosccj
J I 4 ««y >^ j c#»

'6 + a cosa.' + V6^ — a^ . sma;~| =^fSn
-^

200. f—^-^

1 , r6 + g cos a.' + Vfe'^ — a^ . sma;
~[

'

!_^2 [^
a + 6 cos a; • J

+ c sin a?

— 1 . _ir 6^4-c^ + <^(^ cosa;H-c sina?) n

Va^ — W — c^ LV6^+ c^ (a + & cosa; + c sina;)J
1

• log;

V6' 4- c2 - a'

[

5^ + c^ + g (& cosa? + c sina;) + V6^ -\- (^ — a^ (b sin a; — c cos a;) "]

V6^ + c^(aH-6cosa; + csina;) J

201.
j

a; sin a; da; = sin a; — a; cos aj.

202.
I
a^sina;cfa; = 2 a; sin a; —

(a;^
—

2) cosa?.

203.
j
x^ sin a;da; = {Sx^

—
6) sin a; — (a;^

~ 6 a;) cosa;.

204.
j

af" sin a;da; = — a;"* cos a; + m
j

a;"*"* cosajda;.

206.
I
X cos a; da; = cos x-j-x sin a?.

206.
j
ar^cosa;da;= 2a;cosa; + (a;^— 2) sina;.

207.
j

a;^ cos a; (Za; = (3 a;^— 6) cosa;-h(a;^
—

Oa;) sinaj.



TRANSCENDENTAL FUNCTIONS.

208.
I

x"" cos X clx = x"' s\n X — m I ic"*"^ sin x dx.

209. f^lBI clx = L_ . !lE^ ^ _i_ f^2^ ax,
J x"" 711 — 1 a;"*

^ m — 1 J a;'"-^

210. CS2^dx= ^— . 2^^ L_ C^^^dx.
J of' m — 1 a?*"

^ m — iJ aj"*"^

211. C^J^dx = x--^ +-^--^ + -^.,.,
J X 3.3! 5.5! 7.7! 9.9!

-^- Cao^x-i , x^
,

X* x^
,

x^
212. I dx = \oa^x ..»J X

^
2.2! 4.4! 6.6! 8.8!

aid. I sin ma; smna/*aa;=—^^ ^ —>^———^—,
J 2{m^n) '2{m-\-n)

214. Ccosmxcosnxdx= ^'"<^ " ""> + "'"^^^ + ">'"

J 2{m — n) 2{m + n)

215. I Bm'^xdx== a; sin^ a; H- V 1 —x^.

216.^
I
cos ^ a; da; = x cos^^a; — V 1 — x^,

217.
j
tan^a;da; = a;tan^^a; — ^log(l +a;^).

218. I ctn~^a;da; = a;ctn~^a;4- Jlog(l -f- a;'0*

219.
I
versin~^a;da;= (a;— 1) versin'^a; + -sj'lx — x^^

220.
j (sin~^a;)2da: = a;(sin"^a;)^

— 2a;4-2Vl — a;^sin"*aj.

221.
j
a;.sin"'^a:da; = :^[(2a.*^— 1) sin^^a; + a;Vl —

a;"^].

««^ r » • -1 7 aj^+^sin-^a; 1 Cx^'^^dx
222. I aj'^sin ^xdx= I

J n-\-l ?i + 1 .
' V I

- Jr

«^.» Cn -1 ^ a;"+^cos"^a;
,

1 /".f"+*da;
223. I X" cos^ a; da; =

1
I — »

./ w + l w +U Vl — a;^

«^. C n, I ^ a;"+Han ^^' 1 fa^^+i*
224. Ia''*tan ^xdx — I

J n-\-\ n + lJ H-
dx

a?'



24 TRANSCEKDENTAL FUNCTIONS.

225.
j log X dx = X log X — .'>;.

220.
ril2g^^c^.:._JL(iog.^)«.i.

227, I

t/ .T logo;

228. (-J X

dx ,= log, logic.

dx

{\ogxY (7i-l)(loga^)"-i

229. i a;™ log ic f/a; = o;-^
i Tl^^ ^—1 ( ^»* L ( * « )- ^'*'

k

230. re"-f?a; =— . i_ [^^

231. Cxe'''dx==^(ax-1).

232. ra;-e-d^ = £l!£!-.!'^.
fo^-^e-t^a^.*^ a aJ

233. r^d^= 1_^+_JL_ C_^a^J xr m-la.—i^m-lJx- 1

234. fe^^ Xo^xdx = ^!!i2S^ _ 1 f^!! ,a-
^^ a aJ X

235. f
V-' ^.-n o^^.. - ^"" (« sina^ - coso;^

^ a^ + l
•

236. fe-cos:crfa; = £l(^LS£i^±_SH^.
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DEFINITE INTEGRALS.

2.S7. f -^^_ =
'', if a>0; 0, if a = 0; -'', if a < 0.

Jo cr + x- 2 2

238.
j

ic"-ie~''da?=
j

log- dx = T{n).

T{n+l) = n'T{7i). r(2) = r(l)=l.

r
(?i -f- 1) = w !, if n is an integer T {^)— ^/tt,

Jo
^

Jo (l-fa;)'"+" r(m + w)
IT IT

240.
j

sin''a;da;=
|

cos'^xdx
Jo Jo

s=__L_:—"•K'^^——;
. ![ jf jj ig ajj gygjj integer.

2.4.6. ..(w) 2

_ 2.4.6...(yi-l) .^ ^^ jg ^^ ^^^ integer.
1.3.5. 7. ..ii

— i /^ V /
, for any value of n,

r-sinmxdx^^^ if m>0; 0,ifm = 0; -
|,

if m < 0.

Jo a; 2 -

r-smx.eosmxdx^^^ if m<-l or m > 1
;

Jo X

^, if m = -l or m=l; ^,
if -l<m<l.

4 ^

241,

242,

2^g r sirrxdx _'7r

\h x" ~2

244. r* cos (a^) da; = f* sin (a;^)
fia; = iJ|.



26 DEFINITE INTEGRALS.

Jo l-{-x' 2

2-«
r'*' Gosxdx _ r°^ sinxdx _ B

Jo ^x ^0 V^ \2

247.
' ^^

Vl — A;'-^ sin^a;

=l[i
+
(i)^^+6:!>'+ (lxlj^^+ ••}

« ^<

= /r.

248.J^
-s/l-k^sin^x.dx

.i[:-<«-*--(HJf-(l±5)-f-...}„^<

249.
Jo 2a^ 2a

^^

Jo a"+^ a''+^

Jo 2"+^ a" \a

252. r.-2c?.=^:!:^.
Jo 2

253. f e-«*cosma;da; = —-^—
-, if a>D.

Jo a^ -f- m^

254.
I e'''^8m'mxdx=

;,,
if a>0.

Jo a- + 7R-

ft2

255. I e-°'''^cos6a;da;= V^-^
""'

.

2a

256. fMf^d^ = -ZL'
Jo 1

- a? 6

267. fM^d^ = -^.
Jo l-{-a? 12
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268. r^^dx = -^.
Jo 1—x^ 8

259. riog/^i±^V- = ^.
Jo \l-xj X 4

261. f '^^

=./i.

262. rVlogAY,^^=^(" + 0.
Jo =\^a;y (TO + !)»+'

263.
I logsina!da!= | logcosac?a; = — - •

log2.

ic . log sin oj da;= — — log 2.



28 AUXILIARY FOKMULAS.

AUXILIARY FORMULAS.

The following formulas are sometimes useful in the reduction

of integrals :

266. logu = \ogcu -\- a constant.

266. log(— ^^)
= logu -f a constant.

- sinWl —u^ + a constant.

267. sin^^w = { —^sin~^{2u^— 1) +a constant.

^sin~^2i* Vl —u^ + a constant.

>
— tan^ + a constant.

268. tan-^?«=^ ^

tan"^—— h a constant.
L 1 — cu

269. log {x ± yi) = ^log {ay^ + ?/) ± itan"^---
X

270. sin~^t^ = cos~Wl — u^ = tan^ = csc~^—
Vl - u- '"

il= sec^^ -271. cos~^?* = sin Vl— ti^ = tan ^\ —

272. tan^^aj ± tan^2/ = tan V-^^—^V
Vl q: xyj

273. sin~*ic ± sin" ^2/
= sin^^ (xy/l —y^±yy/l —x-).

274. cos~^ X ± cos~^y = cos ~^
(xy ^: y/{l

—
x^){l —y^)).

275. sma;= --—
2i

e'* 4- e~*'
276. cosa;= '-

277. sina:/ =^i(e''
— e"*)= isinha;.

278. cos xi = ^ (e^ + g-^^)
= cosh x,

279. log,;r
= (2.3025851) logioa;.



TABLES. 29

The Natural Logarithms of Numbers between 1.0 and 9.9.

N.



30 TABLES.

NATURAL TRIGONOMETRIC FUNCTIONS.

Angle.



TABLES. 31

Values of the Complete Elliptic Integrals, K and E, for Different

Values of the Modulus, k.

sin-iifc



TABLES.

The Common Logarithms ot r(«) ^o'' Values of n between 1 and 2.

n
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