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vi PREFACE

tables are but little more troublesome than those of single entry and with some
alterations they can be made quite as simple. Like most of the Tables for the
motions of the bodies in the solar system they are adapted for the calculation of
an ephemeris at equidistant intervals.

The work of forming Tables based on the theory of Delaunay suffered from
several difficulties. Although the theory in its extent and form is perhaps the most
remarkable of all those which have dealt with the moon’s motion and has formed
a standard of comparison for all later work, its greatest value does not appear in a
reduction to tabular form. It is algebraic throughout and the series representing
many of the coefficients converge so slowly that the required degree of numerical
accuracy is lacking. In some cases coefficients had to be estimated and in others to
be taken bodily from later theories. Moreover the planetary terms had not been
computed at Delaunay’s death, so that these had to be supplied. The Tables them-
selves are so formed that the computation of an ephemeris requires nearly the same
amount of work as that of as many separate positions. Arguments which do not
vary uniformly with the time are used and there are some triple-entry tables.

The calculation and publication of new tables can not be justified unless
they shall possess a theoretical and practical accuracy greater than that of
those previously in existence. Further, their form and content should be such that
the labour of computing from them shall not be excessive. Every effort has there-
fore been made to satisfy these desiderata. The theory itself has been extended so
as to include the effects of every known force which acts on the moon, and such
tests as have been made on the accuracy of the work by the author and others have
so far given satisfactory results. The formation and calculation of the Tables have
been performed under favourable circumstances. We have been able by various
devices to include every known sensible term and also many that separately must
be classed as insensible in comparison with modern observations, but which in the
aggregate will occasionally show themselves. Although nearly 1500 terms are
included—nearly five times as many as are contained in Hansen’s Tables—the time
needed to obtain the annual ephemeris is certainly not greater than, and is probably
less than, that which the use of Hansen’s Tables demands. Finally, the tests per-
formed after the Tables were in proof give evidence of the very high accuracy of
the work of Dr Hedrick and those who have also assisted in the calculations. My
own part in the latter has been a minor one in general, but I have differenced all
the proofs and tested each table to see that it corresponds to the terms it is supposed
to contain. That some errors should have remained up to this stage in dealing
with such large numbers of terms, many of which required two or three transfor-
mations before calculation was begun, is inevitable. But the fact that in these final
searching tests, only three cases of wrong terms inserted were discovered and these
so small as to be only worth mentioning as a matter of record, gives reason to hope
that the tables are practically free from sensible errors.

The work of planning the Tables was begun in 1go8 immediately after the
completion of the theory. Arrangements had previously been made by which Yale
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also are intended to be complete in themselves in order that reference to Chapter V
or to other parts of the Introduction for information may be avoided.

A full account of the methods used in the formation of the Tables is given in
Section I so that it is unnecessary to describe them here in any detail. Certain
features may, however, call for some notice, more particularly in a comparison
with Hansen’s Tables which necessarily form a standard. His device for utilizing
double-entry tables has been adopted with only minor changes. Hansen printed
the values for successive half-days in a line so that the formation of the differences
for interpolation would be easy. Here they are printed in column and the differ-
ences, or rather the variations per unit change of the argument, are also printed:
these changes materially assist in avoiding mistakes. Less space is used for a given
division of the argument, since the values for the incervening quarter-days which
Hansen prints are omitted here: their sole use was to diminish the maximum factor
for the final interpolation from -5 to -25, and since second differences are sufficient
and must be used in either case, there is little or no advantage in retaining
this feature of Hansen’s work. The use of the synodic instead of the anomalistic
month is rather more efficient in permitting a larger number of terms to be
placed in each double-entry table and thus in diminishing the number of such
tables.

The method used for the tabulation of the larger terms in single-entry tables is
quite different from that adopted by Hansen. He used the anomalistic month as
a basis and the arguments have to be calculated for the beginning of each month;
the tabulation has to extend over a period equal to the anomalistic month plus
the period of the term without any use being made of the resulting subdivision of
the argument. He also uses a decimal division of the argument where the interval
of twelve hours is too great for convenient interpolation. The single-entry tables
as constructed below have really no beginning or end; they are completely re-
entrant, so that wherever the start be made, the values for the half-day intervals
can be continued indefinitely without recomputation of the argument or change of
the interpolating factor. This is achieved by finding a suitable convergent to the
ratio of half a day to the period of the term. The numerator of the fraction is the
number of divisions of the half-day required for easy interpolation and replaces
the decimal division of Hansen. The denominator is the number of values of the
term actually tabulated. It is true that since a convergent can not completely
represent the actual ratio, there is a gradual deviation of the argument from its
true value; nevertheless, the change in all cases is so slow that it is a simple matter
to account for it. In the few cases where this change has been sensible in the course
of a year, the secular variations of the argument are also sensible and the two have
been combined so that there is no additional work for the computer.

Two other new forms of tables are used. One is a table of double entry which
requires only the same interpolation as a single-entry table and is also so constructed
as to be completely re-entrant. The second is a device by which a number of terms of
very short period are summed only at long intervals, the values at half-day intervals
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using them are given in Chapter IX; these are arranged either for computation
during a series of years after 2050 and before 1800, or for finding a single
place.

While many efforts have been made in the past to represent the motion of
the moon by gravitational theory alone, it is now admitted that this cannot be
done completely. When we attempt to represent ancient and modern observations
by the same set of constants, it is found that, whatever adjustments be made,
there is some disagreement with theory. The same is true of the modern observa-
tions. There are oscillating differences which do not correspond to any theoretical
gravitational terms, and they are large enough to exclude the possibility of being
due to errors either in the theory or in the observations.

The former of these differences is principally concerned with the value which
shall be attached to the secular acceleration of the moon’s mean motion. While
many doubts have been raised as to the trustworthiness of ancient records, the
general concensus of opinion leads to a real difference of at least 2"’ per century,
this being about 30 per cent. of the theoretical value. Some decision was necessary
as to which value should be used. For the ephemeris during the next century it is
not important since the mean motion—a constant determined by observation—
can always be so adjusted as to satisfy the modern data, thus giving the same
numerical values for some time to come whatever be the value of the acceleration
adopted. Cowell has shown that there is also good evidence for a difference between
theory and observation in the secular acceleration of the moon’s node or in that
of the earth’s motion round the sun: it is the difference between these two angles
for which a value is furnished by ancient observations. His results have been con-
firmed by Fotheringham. The cause or causes of these differences, if they have a
real existence, are matters of conjecture. My object has been to retain only the
results of known forces so far as this was possible and it was therefore decided that
the theoretical values of the secular variations should be used, the mean motion
being so adjusted as to satisfy modern observations as closely as possible.

To some extent involved in this question are the oscillating differences between
theory and observation. Newcomb represented the principal portion of these by
a term in the mean longitude with a coefficient of some 12"’ and a period of about
270 years. The neglect of this makes so considerable a difference that in spite of its
empirical nature, for no explanation of it has yet been accepted, its retention
seemed necessary. I have, however, changed its coefficient and period so as to
conform with the adopted values of the mean motion and secular acceleration
when comparison is made with the observations of the last 150 years. Still more
puzzling are certain oscillations with smaller amplitudes and shorter periods.
Harmonic analyses of past observations, seemingly successful in representing them
by two or three harmonic terms, have failed in prediction in the last few years.
Lately the difference from the mean has mounted to about 7”. Since prediction
of their future course has now little foundation, they have necessarily been left
aside. All that can be done is to make an estimate of their magnitude from the
observations of the past few years whenever it is desirable to predict the position






xii PREFACE

routine computation, we have been fortunate in securing the services of Mrs H. F. M.
Hedrick.

During his residence in New Haven, Professor K. Hirayama of the Observatory
of Tokio volunteered his assistance at a time when serious delays seemed probable
owing to pressure of work for which computers were not available. My thanks are
due to him for his very substantial contribution towards the formation of the tables
of Section II and also for assistance in the computation of an ephemeris.

The reading of the proof has been almost entirely directed to the detection of
errors in the manuscript. That this has been possible is due to the remarkable record
of the Cambridge University Press which in setting up over five hundred quarto
pages of numerical tables has allowed less than a dozen printer’s errors to pass its
proof-readers and has, in addition, frequently queried our own mistakes. Few
sheets have required a second proof and in the actual use of the Tables, as finally
printed, for the calculation of the ephemeris for two years, no error of any kind
has been detected. It is interesting to notice that although manuscript has been
continuously sent across the Atlantic during the war, no part of it has failed to reach
the printer and in only one case have returning proofs been lost.

Finally, I wish to express my appreciation of the co-operation of the Corporation
and Administrative Officers of Yale University and of their willingness to prevent
material difficulties from interfering with the plan to complete the work as
thoroughly and rapidly as possible. No financial or other considerations have
been allowed to prevent its continuation in the nine years during which it has
been in progress.

This volume brings to a close the work started thirty years ago with a study
of Hill’s papers made at the suggestion of my former teacher and friend, George
Darwin. The undertaking of a complete recalculation of the moon’s motions and
later of tables which should make the theory available for practical and scientific
use was no ambitious plan formed at the beginning but grew naturally out of the
desire to continue the work as each stage in it was reached. Some part of it has
always been in progress and there have been long periods during which it has been
my sole occupation outside of the duties connected with an academic position and of
the hours given to recreation. The word ‘finis’ brings with it some feeling of regret.
The time spent in actual calculation was often a relief from attempts to solve
more difficult problems in other lines. To what extent it has been worth while as
a contribution to the subject must be left to the future and to others for judgment.
My hope is that it will give some aid in unravelling thé tangled skein of problems
which our nearest celestial neighbour has never failed to present, and that the
satisfaction to myself in seeing the work finally brought to a conclusion will be
shared by those who have been interested in watching its progress.

ERNEST W. BROWN,

1918 November 29.


















4 TABLES OF THE MOON, SECT. I, CHAP. I.

The solar eccentricity has been brought up to the epoch 19oo.

The portion S of the latitude (l.c. p. 660) contains a number of very small
terms whose arguments contain 2F and it is desired to diminish the errors caused
by their omission from the tables as much as possible. A small term a sin (2F + q)
in S, where « is a multiple of /, I/, D, gives rise to terms

2ya cos F sin (2F + a) = ya sin (F + a) + ya sin (3F + a)

in the latitude. The term ya sin (F + o) gives rise to terms tasina in S and
$acosa in C which may be combined with terms having the same arguments
already present in S, C. The term ya sin (3F + a) is not inserted in the tables.
The error in latitude so produced has a maximum value only one-half of that which
would have been produced by the neglect of the original term in S. The terms which
have been treated in this manner are marked by a star following the table number
in List i8.

To the planetary parts:

The notations L, w, 8 are respectively substituted for w,, w,, w; + 1°4¢,.

The coefficients of the terms with argument w;+ 1°4f4, depending on the
earth’s ellipticity, have been changed to correspond to the value 1/294 for this
constant (l.c. p. 96).

The sign of the term + 0°840 sin (w5 + 276°2) in 8w has been changed (correction
of error on l.c. p. g6).

The portion ‘4 the ten periodic terms...” in 8» has been changed to ‘— 25
times the ten periodic terms...” (correction of error on l.c. p. 96) and these terms
have been listed as far as they are sensible.

To 88 has been added + -75 times the ten periodic terms in 8 L whose arguments
are independent of L, m, 8 ’ (correction of error on l.c. p. 96) and these terms have
been listed as far as they are sensible.

A number of planetary terms in parallax are inserted (addition not previously
published).

The empirical term + 10°71 sin {140°0 (f, — 18-5) + 170°7} is inserted (see
Monthly Notices R. A. S. vol. LXXV, p. 510).

The arguments of all the planetary terms are given for the epoch at which they
were computed, namely, 1850-0.

The notations for the arguments are as follows:

L, », 8, the geocentric mean longitudes of the Moon, of its perigee and of its node;

L’, o', the geocentric mean longitudes of the Sun and of its perigee;

T,V,]J, M, Q,S.,, the heliocentric mean longitudes of the Earth, Venus, Jupiter,
Mars, Mercury, Saturn, with the origin at the Sun;

DaL-L, |=L-® VP=L—-w, F=l—8, T=L+ 180

The values of L, w, 8 are taken from the Monthly Notices R. A. S. vol. LXXV,
p. 510, and those of the other arguments from the tables for the respective badies
published in the Washington Astronomical Papers for the use of the American
Ephemeris. To these values must be added the periodic additions to the elements
given in List in below.
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List 1{. Planetary and other perturbations in sine parallax. All terms which
have reference numbers have been included by taking over from the longitude the
sums of certain tables multiplied by suitable constants. As with List ie, it was
necessary to divide certain coefficients into two parts in order to indicate the portions
included in the tables, but differences of this kind and terms with coefficients less
than 0’0003 are not indicated.

List i1y, Terms additive to the elements. These are divided into two classes.
The first contains the terms of very long period which are tabulated with the
secular portions of the arguments in Sect. II; those affected to a sensible degree
by these terms and included are shown. The second class contains the remainder
of the terms additive to the elements. Those additive to the mean longitude L are
also additive to the true longitude and the tables which take account of this direct
effect are given in the third column of the list. The last column gives the reference
numbers of the periodic terms in the true longitude which are sensibly affected by
the additions to the elements and the tables through which these effects are
included. The effects on the latitude, produced by carrying over into S certain
portions of the longitude and with them some of these planetary terms, are not
noted ; the tables thus carried over are shown in the scheme of Chap. V.
But the terms which are directly additive to S through the presence in its secular
part F of the mean longitude L are indicated. Finally the effects in parallax are
not noted although included to a higher degree of accuracy than is necessary by
the devices explained in Chap. III.

To this list should be added the effects of the secular change of the solar
eccentricity. This is accounted for by multiplying all terms containing the multiple
1 of I’ by {1 — 00248 (t. — 19)}|7|; itis, however, sufficiently accurate to take 7 equal
to unity in all terms whose arguments contain /. But the presence of ¢’2 in the
coefficients of the terms in longitude which have the arguments 2D, 2D — [, requires
the addition to the true longitude of the terms

(— 2"2) (+ -00496) (¢, — 19) sin 2D + (— 1°6) (+ -00496) (£, — 19) sin (2D — I).

These terms are included by certain instructions given in the precepts for the use
of the tables (Chap. V). '

List i6. The fundamental arguments and constants. The arguments are ex-
pressed in Julian centuries of 36525 days (%), the epoch being 1900-0 except
in the last block where the perihelia and nodes of the planets have the values
for 1850-0.

The lunar eccentricity corresponds to a coefficient 22639550 of the principal
elliptic term in longitude and is computed by using the purely elliptic expression
for the coefficient of that term. The value used in computing the tables corresponds
to a coefficient of 22639°500; the method for changing to the final value will be
explained in Chap. IV.

The value of y is the sine of half the lunar inclination when the purely elliptic
value is used in the principal latitude term with a coefficient of 18461400, the








































































30 TABLES OF THE MOON, SECT. I, CHAP. II.

so that the additional term in the secular variation proportional to ¢ shall have a
very small coefficient. The choice will be made in such a way as to simplify the
use of the tables.

This plan is used for all tables containing a single argument. For those con-
taining two arguments, it is necessarily modified, as will be seen below, but its
essential features are retained.

Tables of single entry.

A single entry table is one which gives at suitable intervals the values of the

Fourier series

ag+ aycos A + aycos 24 + ... + bysin A + bysin24 + ...,

the coefficients being constants and the argument A being approximately of the
form a4 + a;f. It is desired to tabulate this function in such a manner that the
values for consecutive half-days shall follow one another and that the argument
A shall not exceed 360°. The coefficients are in many cases so large and the period
so short that interpolation between successive half-days would demand much
labour. A further division of the argument is necessary. Usually this division is
made by giving the values of the function for intermediate decimal fractions of a
day. The plan adopted here has the same character but replaces the decimal
fractions of a day by other divisions which can assist in simplifying the work for
the ephemeris computer.

The number of parts into which the half-day 1s divided for the purpose of easy
interpolation 1s so chosen that the adopted period of the argument contains an integral
number of these same parts. (The method of finding this number of parts will be
explained below.) Thus the 360° which includes the required range of values of
any argument is divided into an integral number of parts and another integral
number of the same parts is equivalent to that portion of the argument which is
described in half a day. The rest is a matter of arrangement. Suppose, as in
Arg. 40, that there are 311 parts in the half-day and 8463 parts in the period; the
latter is equivalent to 135 + 66 parts. Suppose also that the function has been
tabulated for every one of the 8463 parts. Beginning with the value for o%o we
choose the values for o, 311, 622, ..., 8397 parts and place them in column opposite
the arguments oo, 0%5, ..., 1375, with the number o at the head. The argument
for the next half-day is 8708 — 8463 = 245 and for the succeeding half-days 556,
867, .... These are placed in column opposite the arguments o%o, 0's, ..., 13%0
with the number 245 at the head. The process is continued until 311 columns are
formed when all the values have been placed. Columns which have at their head
a number greater than 66 will end with 13%0 since 13°5 + parts greater than 66
would exceed the period.

For interpolation, we obviously use columns with consecutive numbers at the
head, for their values on the same line in consecutive columns differ only by one
part. In order to facilitate interpolation, columns with consecutive part-numbers
should follow one another in the table; this also has the advantage of permitting
the differences to be economically printed, for one column of differences will serve
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A certain number of the tables in Sect. VI have their values tabulated for
specific dates. Tables P 23, P 26, P 29, P 32 have the argument of the Great Venus
term, the period of which is 270-95 years, while tables P 24, P 27, P 30, P 33 have
that of the empirical term, the period of which is 257-14 years. In each case the
tabulation is made annually through the period of the argument for a run of years
which includes the epoch date 1goo-o. For other years it is a simple matter to
subtract the necessary multiples of the period so that the given date shall correspond
to one of those for which the function is tabulated.

The tables P 30—P 45 give the values of the sums of a number of periodic
terms at intervals of 10 days for each year from 1900 to 2050. For convenience
in use, each ‘year’ begins at the time when !’ is zero near the beginning of that
year. These values are entered (with values from other similar tables) opposite
the half-days of the year nearest to the dates when !’ = 0, 10, ..., and then
interpolations to twentieths give the values for the intervening half-days.

Tables of dowuble entry.

A double-entry table is one designed for the tabulation of an expression of the
form 2, ,a,,cos (4 + jB + o), where ¢, j=0, + I, + 2, .... In general such
tables demand two interpolations, one for each argument. The labour of performing
such double interpolations is avoided in the plan used by Hansen in his Tables de
la Lune. The values from a number of such tables are to be added together; all
of them have the common argument 4 but B differs in each case. The plan consists
in extracting from the tables with a tabular value of 4, interpolation being made
for B alone. After the sums have been obtained, interpolation for 4 is made on
the sums only. Since it is intended to extract values at intervals of 05 only, this
plan demands that the variations of the sums during o5 shall not be so great
that the latter interpolation is difficult. Hence the terms in such tables, if of short
period, must have small coefficients. The advantage consists in the large number
of terms which may be included in one such table as compared with the number
in a single-entry table.

Four kinds of double-entry tables are used here. In the first of them the common
argument is D, whose period is the synodic month; in these the values are tabulated
at intervals of half a day. In the second, the common argument is /', the solar
mean anomaly, and these are tabulated at intervals of ten days. In the third, the
second argument is so far divided that no interpolation for it is necessary; inter-
polation for the first argument, when necessary, is made within its common interval
of division, namely o75. In the fourth class, the values are extracted without
interpolation at intervals of ten days or fourteen days, the values for the inter-
mediate times being obtained by simple rules and by auxiliary tables which demand
no interpolation.

Double-entry tables of the first form with D as the common argument.

The function is tabulated for the values — 15°5, — 15%, ..., + 1570, + 15°5
of D, the series of values going somewhat over the period 29753 of D in order to
furnish the second differences needed in the interpolation for this argument. The
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common argument from o0-50 to 0-25, and as second differences have to be used in
any case, no sufficient advantage is gained by the resultant doubling of the space
to be occupied by these tables. The space thus saved has been utilized in order
to render the computer’s work easier by printing the differences or, more exactly,
the variations per unit change of the second argument, in all cases. Finally the
consecutive half-daily values are printed in column instead of in line, so that the
‘vertical argument’ of these tables corresponds to the ‘horizontal argument’ of
Hansen’s and wvice versa: it is less difficult to avoid the error of accidentally moving
to an adjoining column than of moving to an adjoining line and the printing of
the variations does away with the necessity for Hansen’s arrangement in which
the differences have to be found.

In the majority of the tables the change 30°— D for D and 180°— B for B
leaves the function unaltered so that they may be diminished to half the extent
they would otherwise have by printing a double set of arguments. Further, by
changing the signs throughout when necessary, one column of variations will
serve for two columns of the function.

The number of parts into which the second argument is to be divided has
been taken large enough in each case to render interpolation easy, the exact
number being so chosen that the addition to it in changing from one ‘month’ to the
next need not be taken to more places, for the sake of avoiding accumulated
error during a year, than the number adopted in the tabulated value; this result
was obtained by choosing the proper convergent of the ratio of the period of D
to that of the second argument. There is an exception to this in the case of
Argument I, but here the small difference in the last unit between the values in
successive years can easily be distributed through the year by inspection. In other
cases where such a difference is noticeable the error in the function may be neg-
lected, but the difference in the argument can always be distributed in the same
manner, if the computer prefers to do it.

Double-entry tables of the second form with I as the common argument.

The tables at ten-day intervals, P 1—P 21, Sect. VI, with /' as the common
argument, are constructed on the same plan. Two slight differences are to be
noted. No addition is made to /' similar to the 15° added to D, the tabulated values
of the second argument corresponding to ! = o and being taken from /' = o” to
I’ = 370°*. For epochs near the twentieth century /' is zero very near the beginning
of each year, and to avoid changing the second argument during the year we
define it by its value not at the time when /' was last zero but by its value when
I is zero near the beginning of the year comsidered. This is indicated in Table 3,
Sect. II, where a negative value of I’ obviously denotes that !/’ is zero after the
beginning of the year and that the second argument corresponds to this particular
year. The differences in the ten-day tables are not printed and they have to be
formed between two consecutive numbers on the same line, but only 38 values

* The year was actually divided into 36-5 parts, the small difference of a quarter of a day being
insensible when applied to these tables.
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the column number is 4 + 4 = 8. We can thus proceed through the whole table.
In starting with any other values, say Arg. 30 = 12%1, Arg. 48 = 12, we note
that in column 12 the nearest tabular argument to that given for Arg. 30 is 1284,
hence we must interpolate for this argument with the factor 2 (12:61 — 12-84)
= — 46, which gives the value 23 to the function. It will be noticed that we get
the value 24 if we use Arg. 48 = 13 with the factor 2 (12:61 — 1270) = — -18:
a unit change in the second argument does not change the function as much as a
unit in most cases. Since the values for successive half-days follow one another
throughout the table, the interpolating factor remains constant as long as we
follow the succession numbers in regular order, and no new argument need be
computed except for testing purposes. The errors caused by using the integral
instead of the exact periods are not sensible through a run of a year.

In other respects these tables are similar to those of the first form. The tabular
second argument corresponds to a definite value of the first argument and it
remains constant through a given column in the same manner.

Double-entry tables of the fourth form requiring auxiliary tables only.

The Tables P 46, P 47, P 48, P 49, Sect. VI, are designed to include a large
number of small terms of approximately 10, 10, 7, 7 day periods respectively.
It was desired to tabulate these for 250 years. If the necessary interval of ofs
had been adopted, the space required would have been out of all proportion to
the importance of the terms. The following scheme was devised and adopted.

Consider a term a sin B’ where B’ has a period of approximately ten days and
express it in the form

asinBcos A+ acosBsin A, B'= B+ A,

where A is an argument having a period of exactly ten days, and consequently
B is of long period. Tabulate asin B at intervals of ten days, so choosing the
constant part of A that A is zero at the beginning of each interval. Consider any
two consecutive values of a sin B and denote them by f;, f,. If second differences
in the series of values of asin B can be neglected, the intermediate values of
a sin B cos 4 are given by the formula

{fi+ &t (fo—fi)}cost.18° i=1, 2, ..., I0.
For 7 = 10 this becomes — % (f; + f;) which can therefore be obtained immedi-
ately from the ten-day values.
Consider next the values given by 7 =1, 2, 3, 4, 5. Suppose that, in forming
these it is possible to neglect the portions containing the factor f, — f;. The errors
caused by this neglect are found to be

(fa — f1) (-048, -081, -088, <062, -000)

respectively, or a maximum error of ¥ (f, — f;). If such an error may be neglected,
the five values are given by the expression f; cos ¢ . 18° where 1 = 1, 2, 3, 4, 5.












40 TABLES OF THE MOON, SECT. I, CHAP. IIIL

The tables for the factor parts are expressed in units of 10-7, 10-¢, 109, respec-
tively, and the tables for the additions to the arguments are expressed in units
of o‘oo1, 0’01, o:o1, where the letter ¢ denotes a part or column number of the
respective Arguments 30, 31, 32. These 18 tables are numbered P 4—P 21, Sect. VI.

Table 30, III, also contains the term #76g‘0sin 2/ and it is found that the
planetary terms with argument 2/ + A are included through the inclusion of those
with arguments / + 4. This is a natural consequence of the theory.

There are several solar terms in longitude depending on the arguments /, 2F
which have been placed in a double-entry table of the third form. (Table 48,
Sect. III.)

The terms additive to the elements (List i», Chap. I) have to be considered.

Three of them with periods of many hundred years are directly added to the
arguments and to L, — 8, » in the tabulation of these quantities in Sect. II
whenever they could produce sensible changes in the coordinates; they are thus
completely accounted for.

In general, the terms additive to the mean longitude are also additive to the
true longitude and therefore fall in with the plans for this coordinate. These
terms additive to the arguments /, 2D, 2D — [ are left in that form so that after
tabulation they may be added to the values from the double-entry tables for
additions to Args. 30, 31, 32 just considered; their coefficients, being given in seconds
of arc, must be multiplied by the respective factors 18186, 8682, 21314 and divided
by 1296000.

The effects of the presence of the Great Venus term, the empirical term and
the terms with arguments depending solely on &, in these three arguments are
placed in single-entry tables in Sect. VI.

All the terms, not so far included in tables, which arise from additions to the
elements are expressed as additions to the true longitude. If bsin B be such a
term present in the argument of an elliptic or solar term asin 4 in longitude,
where a, b are expressed in seconds of arc, the resulting addition to the true longitude
(since a is always small) is

3ab {sin (A + B) — sin (4 — B)} + 206265

If b cos B be an addition to y in the coefficient of the term a sin 4 in longitude,
where a contains the factor »?, the addition to the true longitude is

ab {sin (4 + B) + sin (4 — B)} + (206265y), y = -04488.

Certain of the terms so arising have been placed in the double-entry Table 49,
Sect. I1I, of the third form.

After all the larger terms (those over about 04, in general) have been included
in these various tables, along with such smaller terms as could be included without
altering the forms of the tables, there still remained a very considerable number
of minute terms which it seemed desirable not to neglect but which would have
required many tables. The plan adopted was their summation in blocks for a
period of years sufficient to satisfy the needs of the ephemeris up to the year 2050.






42 TABLES OF THE MOON, SECT. I, CHAP. III.

are still to be added to S the value of — 8, which is found amongst the tables of
arguments, and certain terms arising from planetary and other sources (see below).

A single-entry table gives the values of the principal terms depending on the
argument S. The solar terms contained in N are placed in single-entry tables of
the same form as the single-entry tables in longitude. Also included in N are
four double-entry tables of the third form containing certain terms arising from
planetary and other sources (see below).

The sums of these are to be multiplied by 1+ C. The solar terms in C are all
small and are placed in double-entry tables of the first form with D as the common
argument. Further terms in C are dealt with below.

The methods of dealing with the terms due to planetary and other non-solar
actions require some more detailed explanation.

In the first place a number of planetary terms in longitude have been included
in the latitude through the additions to the arguments and coefficients of Tables
30, 31, 32, III, taken over from the longitude into S. If a small term b sin B has
been added to the argument of the solar term in longitude, a sin 4 (where a, b
are expressed in seconds of arc), it produces a term (ab < 206265) sin B cos 4 in
the true longitude.” Now the principal term in latitude is approximately 18519" sin
(F + portion from the true longitude). - The small addition to the true longitude
therefore causes an addition to the latitude of

ab 18519 . . .
206205 * 206205 sin B cos A cos (F + portion from the true longitude).
We may, with sufficient accuracy, here confine the portion from the true longitude
to the terms g, sinl+ a,sin 2D + agsin (2D — I), and cos (F + these terms) is,

also with sufficient accuracy,
cos ¥ — sin F [a, sin l + a, sin 2D + aysin (2D — [)].

Here a, = 22640", a, = 2370", a; = 4586"', and each must be divided by 206265.
The products of sines and cosines are to be expressed as sums of sines and we then
obtain the terms in latitude which have been included through the portion taken
into S from the longitude. The presence of a term & cos B in the coefficient a is
similarly treated; the corresponding terms in latitude will be obtained by replacing
sin B cos 4 in the above formula by cos B sin A. When both sets of terms thus
found are subtracted from List ie, which gives the planetary terms in latitude, it
is found that a large number of these terms have been accounted for.

From this new list three groups were extracted, placed in double-entry tables
of the third form (Tables 30, 31, 32, Sect. IV) and included with the tables
constituting N.

Of the terms added to the elements which have not been taken over from the
longitude, the principal are the Great Venus, the empirical, and the terms
depending on the argument g, in so far as these are additive to F =L — 8.
For the first of these there is a small portion in — 8 which is placed in Table P 44,
Sect. VI; apart from this portion the Great Venus and the empirical terms are
additive to F in the same way as to L and therefore the Tables P 23, P 24, used in
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The same is true of the terms containing the lunar arguments 2D, 2D — . The
modifications for actual application are as follows. Arg. 30 of Table 30, I1I, and
Arg. 70 of Table 15, V, are the same within the limits of error, but the former
argument is divided into half as many more parts as the latter. Hence the addition
to Arg. 30 must be multiplied by 2/3 before application to Arg. 70. In the same
way the periods of Args. 32 (Table 32, III) and 71 (Table 17, V) are the same, but
the ratio of their division into parts is 335 : 109, so that the corresponding factor
is 109/335 or 1/3 with sufficient accuracy. Finally, Arg. 31 (Table 31, III) has half
the period of Arg. 33 (Table 16, V), but an addition to D is an addition of twice
the amount to 2D, so that these changes cancel one another. However, the division
of the arguments is in the ratio 3 : 1 so that the factor to be applied is 1/3.

The Empirical Term.

Mention must be made of a special treatment of the empirical term. It is
applied directly to the mean longitude and to the arguments /, 2D, 2D — ! of
Tables 30, 31, 32, III, and to F = L — @ so far as this is additive to S. It is not
applied directly to other terms in the coordinates although it affects them to a
small amount, in fact, to nearly the same extent as the Great Venus term, which
has been included to the degree of accuracy adopted throughout. Indirectly, it
is carried into S with the tables from the longitude and into the parallax through
the presence in Args. 70, 33, 71 of the additions to Args. 30, 31, 32. The omissions
in any case are all of short period and no omitted coefficient is so large as 0’03
in longitude or latitude, and is insensible in the parallax to the adopted degree
of accuracy.

The reason for these omissions, in comparison with many other smaller terms
which have been included, arises from the facility with which any change shown
to be desirable in this term may be made. Under the present plan, it is only
necessary to change Table P 24 and then to compute again Tables P 27, P 30,
P 33 which are deduced from P 24 by constant factors, independent of the term,
after the constants which are added to render those tables positive have been
subtracted. (See Chap. X.)

Degrees of accuracy.

In the lists of Chap. I the coefficients in longitude are given to o‘oor and this
degree of accuracy was adopted in computing the tables. In general, coefficients
less than 0'003 were neglected. In printing, the last place has been cut off so that
the unit for computation is o‘or. These standards have been in general adopted
for the arguments and for other portions which were not directly additive, that is,
the number of places was such that the error should be less than 0’005 in any table
for finding the true longitude. Some concessions were made in a few cases, but
nowhere does the error exceed 0‘02.

The same degree of accuracy was adopted for the latitude. This demands that
the terms in S be computed to o’ox and printed in units of 0°1; that the terms in
C be given in units of 10-% having been computed one place further; and that
the terms in N be computed to o’oor and printed in units of o‘ox. The chief
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epoch, the secular variation which consists of the three small terms having as
coefficients (a; — b)/b, a,/b, a4/b, and by subtracting a sufficient number of
multiples of the adopted period to render A4 positive and less than this period.

For the sake of brevity of notation put

A = ay + d -+ ad + a2d2+ agd® — pi
so that p is the adopted period expressed in days. Divide d into three parts such
et d=dy+ dy+ dy.

Here d;, will denote the number of days contained in the maximum integral
number of centuries present in d; d, the number of days present in the maximum
integral number of years present in d — d;; and d; is the remainder. If d be
negative, d, is to be so chosen that d,, d, are positive.

Substitute this expression for 4 in 4 and divide 4 into three parts such that

A=A4,+ A,+ 4,,
where
Ay = dy + aydy + 0pdy® + 0gdy® + (209d) + 3a9d)®) (dy + dg) + 3agd, (d, + d5)* — 41P,
Ay = dy+ ag+ ardy + opdy® + agdy® + (07 + 209y + 305d,%) dy + (a5 + 3agdy) dg® — o,
Ag = d3 + agds® — 1P, <
1, 15, 13 being integers so chosen that 4,, 4,, A, are each positive and less than 2.

The tabulation of A4, is made by giving for the beginning of each century the
portion of A, independent of d,+ d; and giving separately the coefficients of
(dy + d5) and of (d, + dg)%. The portion of A4, independent of d; and the coefficients
of d;, d;* are given for the beginning of every year of the century 1900—2000.
And the values of A5 are given for the days from the beginning of any year. This
is possible because d, is zero during the twentieth century, while d; is zero at the
beginning of any year.

It is evident that, in finding the argument at any date, the first part of 4,
will be constant during any given century while the second and third parts must
be multiplied by the number of days and by the square of this number, respectively,
elapsed since the beginning of the century. Similarly, the first part of 4, is con-
stant during any year while the second and third parts are to be multiplied by
the number of days and by the square of this number elapsed since the
beginning of the year. The term a4 ,® in A; can always be neglected. In the
tabulation it is convenient to express d, + ds in A, as a fractional part of a century:
its coefficient must therefore be multiplied by 36525 and that of (d, + d;)% by
365252, Similarly d; in A4, is expressed as a fractional part of a year so that its
coefficient must be multiplied by 365-25 and that of d32 by (365:25)2.

Some terms of very long period are added to certain of the arguments, these
terms being such that tabulation at century intervals is sufficient. Their
coefficients, being given in seconds of arc, must be divided by & before addition
to the argument A. Suppose these terms have been so tabulated and the first
and second differences formed. Then the three parts additive to A4, are the
coefficients of %, n1, #? in Bessel’s formula of interpolation less the corresponding
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LisTiiB. Single-entry Arguments in terms of ¢, and parts of the circumference.
Value. Coefficients of
No. Description
t° ¢l 107842 107813 107¢%s, 107¥ 5, 1078 54
4 4 r r ”
23 | 2D -l +270° +20788s, +0:70278 884 | +2373:708870957 | + 975309 | +1-9753 | +IGII = —
24 2D +¥ 4+ 90° + 19432 125 +2573-70359 1791 + 891975 +0°1235 — — —
25 | I+i"+90° + 06828 573 +1425°54973 9692 +3377314 +3-0710 — - —
c
26 ; 1=V 4270° —0°'5 +9734s; + -57669 425 +1225-55501 8858 +34°60648 +4°9228 + 721 .= —
27 2D -1~V +270° +17794s, + +88026 931 + 104815649 1682 —24°43672 ~-2:0216 +13-84 - —
28 2D 41 -1l +270° + -52530 837 +3699-26125 0232 +43-94290 +5°9722 - —_ —
29 2D -1 41l +9o° + -37180 172 +1248-15121 2516 —25-27006 -3-8734 —_ —_ -
c r r
30 1 -0-7797 +2794s, + -82247 666 +1325'55237 92747 | +34°18981 +3°9969 +2:27 +0°24 +0°03
| +0731sy +0704s,
| c ¢ |
3r 2D +270° -0'5 ~1'3 + 69834 772 +2473'70623 13735 | + 933642 +1'0494 +I1°17 +0:48 +0-06
l +14748s; +076255 +0708s,
(2
32 | 2D -1 +4270° - 3-407 + 87587 567 +1148:15385 20988 | 2485339 ~2:9475 + 890 +0-24 +0-03
+ 117548, +073153 +0.045,
(2
33 D 05 477245, +0731s, + ‘97419114 +1236-85311 5687 + 466821 +0:5247 + 559 +0-24 +0°03
+0704s,
34 2l ~2D +90° ~8760s, + +19648 401 + 177-39852 7176 +59:04320 +6:9444 - 664 —- —
35 2D +1+270° + 177425, + +52107458 +3799-25861 0648 +43-52623 +5'0643 +1344 = =
36 4D -2l +270° + +00207%7 103 +3296-30770 4198 — 49:70678 - 5:8950 - — -
37 4D -1 4+270° + -82459056 +3621-86008 3473 -15'51697 -1-8981 — — -
38 2D + 2l +270° + -34359 411 +5124-81098 9924 +77:71604 +9°0432 - - — —
39 4D +1+270° + -46962 962 +6272:96484 2023 + 52-862635 +6°0957 — .- —_—
40 2F 4+90° + +31251 840 +2684°45573 6559 — 052469 -0'1852 -— — —
41 | 2F -2D +90° + 36396 335 + 210-74950 5185 - 986111 -1-2346 -- - -
42 2F -1 +90° + 48999 887 +1358:90335 7284 ~ 3471450 ~ 41821 = = —
43 2F 41490° + 13503 792 + 4010-00811 5834 +33-66512 +3-8117 — — -
44 2F 42D +90° + 26107 344 + 515816196 7933 + 8-81173 +0-8642 - — -
45 2F 42D ~1490° + +43855 391 +3832-60958 8658 —-25'37808 -3-1327 — —_ —
46 2F +21 +90° + 95755 745 + 533556049 5109 +67:85493 + 78086 = = =
47 V" +90° - 67405, + +24576 620 + 99'99736 04167 | — 0°41667 -0-9259 - 494 = —
5r 2F 421 -2D +90° + +00000 241 +2861-85426 3735 +58-51851 +67592 - — -
52 2F +1+4¥ ~2D +90° + +18224 908 +1636-29924 4877 +23'91203 +1-8364 — - -
53 2D -1’ - F +270° + +67152 964 +1031-48100 2678 + 1001544 +2-0679 —_ - - -—
54 2D 4+’ - F +90° + +16306 205 + 123147572 3512 + 918210 +0-2161 — - —
55 2D - F +270° +14727s, + +66729 585 + 113147836 30941 + 959877 +1-1420 +I1:01 - =
56 4D - F +270° + 61585089 +3605'18459 4469 +18-93519 +2°1914 — — —
57 4D ~F -1 +270° + 79333 137 +2279:63221 5194 ~ 1525462 - 1-8055 - — -
58 F -1l +270° + -95873 967 + 1667548 9004 ~34°45216 — 40895 - - -
59 F +1-2D +270° + -65522 368 + 19407401 6180 +24°59104 +2-8549 - - —
60 2D +! - F +270° + -48981 538 +2457°03074 2370 + 4378858 + 51389 — — —
6r 2l - F +270° + 36377 986 +1308-87689 0271 + 6864197 +8-0864 — — —
62 2l +2D —~ F +270° + 31233 491 +3782-58312 1645 +7797839 +9-1358 —_ — —
< (2
7I I ~05~0'5198 +2794s, + -82243 542 +1325°55237 92747 | +34°18981 +3-9969 + 227 +024 +0-03
+073155 +0704s,
[
72 I 2D -1 -1-1085+11%545; - + ‘12587 568 +1148'15385 20988 | —24-85339 —2'9475 + 890 +0°24 +0-03
| +073153+07045;
73 2D +1+17%42s, + 77107 458 +3799-25861 0648 +43°52623 + 50643 +13°44 — —
74 2D -V + 95278 884 +2373+70887 0957 + 975309 +1:9753 - — -
75 2] +2F —2D +180° + +25900 241 +2861-85426 3735 + 5851851 +6°7592 — - -
76 2l 42D + +59359 411 +5124-81098 9924 +77°71604 +9:0432 — — —
77 4D -1 + -07459 056 +3621-86008 3473 ~1551697 - 1-8981 — — —_
78 I’ 4+2F -2D +180° + 60972 955 + 310-74686 5602 -10-27778 -2-1605 — — —
82 -8 +90° + +53004 646 +  5'37261 6690 - 577160 -0-6173 - | — —
83 -9 +280278 +¢ + 105999 090 o 0 0 (+9¢) | = =
84 -2 +189%95 +y + +80768 535 g 00 o0 (+v¥) = =
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Disposal of the Constants in the Tables of Sects. II-V1I.

The constants which have been added in most of the tables must be subtracted
in some manner. When the sum of the values extracted from the tables is to be
added to an angle which requires tabulation, the sum of the constants can be
subtracted from the angle before the latter is tabulated. Many of the tables require
multiplication by a factor %2 proportional to the time; in these cases the sum of
the constants multiplied by % is subtracted from the mean motion of the angle.
Where there is no angle present in the sums, the constants must be subtracted by
the computer; if any of the tables require the factor %, the constants of those tables
must be subtracted before the values are multiplied by &.

List vii contains a summary of the constants which have been added and the
manner of their disposal, the constant of each table having been given in Lists
iii-vi. Table 30, Sect. III, contains no added constant, but since the instructions
to the computer require the addition of 30 00000 to each value in the table before
entry, this constant must be included. The term Ref. No. 606, not hitherto
included, is inserted as a constant in C, the coefficient given in List ig being
divided by 18517 before insertion.

The change to the adopted constants of eccentricity, inclination and parallax.

It was pointed out in Chap. I, that the values of these constants used in
constructing the tables were not the same as those finally adopted. It remains
to show how the changes have been made.

Constant of eccentricity. The coefficient of the principal elliptic term in Longitude
used in the tables is 22639°500 while that finally adopted is 22639°550. This term
is contained in Table 30, Sect. III; the only other term which needs this correction
is the evection, contained in Table 32, Sect. III. The factor for correction in both
cases is I + 05 + 22640 = I + -00000221. The same factor is applied to the
corresponding terms in the sine parallax. The changes have been included with
the constants as shown in the Factors for these tables in List vii.

Constant of inclination. The coefficient of the principal term in Latitude (when
expressed as a sum of harmonic terms) used in the tables is 18461350 while that
finally adopted is 184617400. To the required degree of accuracy, it is sufficient to
add o050 to the coefficient of the principal term with argument S and therefore
to add to C, -05 + 18517 = + -0000027. This amount has been subtracted from
the sum of the constants present in C as shown in List vii.

Constant of parallax. The tables for the sine parallax were constructed with
the value 34227700 for the constant term of this coordinate; the adopted value
for this constant is 34227540. These correspond respectively to the values
34197506, 34197437 of n#(E + M)# = 1/a, where » is the mean motion of the
moon and E, M, the masses of the Earth and Moon.
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The addition to Argument 55, given in a footnote on pp. 19, 28, I, is to be
noticed.

Argument 78 is given to the nearest half-day.

For the double-entry Tables 48, 49 of Sect. III and 29, 30, 31, 32 of Sect. IV,
the values of the arguments are needed only for the beginning of the year; for use
in Table 48, Sect. III, the column number of Arg. 30 must be converted into
fractions of a day through division by 660. The vertical arguments 49, 63, 65, 67, 69
and the horizontal Arguments 48, 50, 64, 66, 68, 70 are obtained for the beginning
of the year from the tables of Sect. Il in the same manner as D and the double-
entry Arguments 1 to 22, respectively. The tables in which they are used are so
arranged, however, that no further computation of the arguments is necessary.
The testing at intervals is done by computing the arguments at intervals from
the values in Table 4 to be added to those at the beginning of the year.

The horizontal Arguments 79, 80, 81 of the tables in which I’ is the vertical
argument are tabulated to correspond to the dates when I’ = o nearest to the
beginnings of the years. If I’ is negative, = — a, at the beginning of any year, the
horizontal arguments correspond to that period of !’ which begins « days after
the beginning of the year. For centuries near the twentieth, /' is small at the
beginnings of the years and as its period is nearly a calendar year, no change of
the Arguments 79, 80, 81 is needed during the year.

It is necessary to subtract the value of /' at the beginning of the year from
Arguments 82, 83, 84, and #8 when used in Table P 38, so that their initial values
shall correspond to the time when /' = o.

The values of L, — & at the beginning of the year are found in the same manner
as the arguments. To these values are to be added the motions for successive
half-days given in Table 4; these are used when the computation is made from
Table 4, II, by writing the former on slips and adding directly to the latter on to
the computing sheets. For performing the same process with an arithmometer, the
half-daily additions are given to more places of decimals so that accumulated error
may be avoided. The secular changes during the year are added separately in the
computation of L4, %;.

In carrying Arguments 23 to 78 through the year and testing by comparison
with the following year certain differences will always occur in certain of the
arguments, because the periods used differ slightly from the actual periods, but in
every case where this difference causes a sensible change in the function it has
been included in the secular variations. The only arguments which may cause
trouble are those in which only the nearest column number is given, namely
48, 50, 51, 52, 62, 64, 66. 68, 70, 75 or in Argument 78 which is given to the nearest
half-day. In Argument 75 the difference may be four column numbers, in the
others one or two; in Argument 48 a difference of a day may occur.












Table
Numbers

33, IV

24, V

P 1-P21

P22, P25,
P28, P31,

P34, P36
P35, P37
P38

P23, P24,
P26, P27,
P29, P 30,

P32, P33

P 39-P 45
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top and side and this gives the line for starting. Twice the difference between the
computed and tabular vertical arguments is the factor for interpolation between
successive values in a column; this factor is constant through the year. No hori-
zontal interpolation is necessary or possible. The continuation for successive
half-days is then made as with the single-entry tables. In testing with arguments
formed at intervals, an error of a unit in the column number combined with an
error of a small fraction of a day in the vertical argument may appear, but the
functions should agree within a unit; this is due to the fact that in passing from
one column to the next, the fraction of the day changes. If by changing at the
outset to one of the two columns adjoining that given by the argument, the fraction
of the day is rendered very small, no sensible error will be caused by the change.

The argument of Table 33, Sect. IV, is given in multiples of 100""; the complete
period of the table being the circumference of 1296000, this or a multiple of it
must be subtracted from the computed value of S when necessary.

Enter Table 24, Sect. V, with %, as argument, subtracting the tabular argument
next below X, from 2,; the difference divided by 10® is the number of seconds to
be added to the value of the parallax opposite the tabular argument.

The Tables of Section V1.

The Tables P 1 to P 21 are double-entry with /' as the vertical argument,
tabulated at intervals of 10 days from !’ = 0¢ to I’ = 370°.

Obtain the 38 values for the year with the horizontal Arguments 79, 80, 81,
forming the differences between adjoining columns and interpolating for these
arguments.

The interpolations to date for /' and to half-days are not made until various
other tables have been inserted in X,, to 2,5 and ¥';; to X'y4; hence all tables in
these sums must commence at the time when !’ = o nearest to the beginning of
the year.

Tables P 22, P 25, P 28, P 31, P 34, P 36 are single-entry tables of ordinary
form requiring interpolation be