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FOREWORD

On behalf of the Editorial Board, I would Kke to make
an acknowledgement to those branches of our military

establishment whose interest and whose financial sup-

port were instrumental in the initiation of this publi-

cation program. It is noteworthy that this assistance

has included all three branches of our Services. The
Department of the Air Force through the Air Research

and Development Command, the Department of the

Army through the Office of the Chief of Ordnance, and

the Department of the Navy through the Bureau of

Aeronautics, Bureau of Ships, Bureau of Ordnance,

and the Office of Naval Research made significant con-

tributions. In particular, the Power Branch of the

Office of Naval Research has carried the burden of

responsibilities of the contractual administration and

processing of all manuscripts from a security stand-

point. The administration, operation, and editorial

functions of the program have been centered at Prince-

ton University. In addition, the University has con-

tributed financially to the support of the undertaking.

It is appropriate that special appreciation be expressed

to Princeton University for its important over-all role

in this effort.

The Editorial Board is confident that the present

series which this support has made possible will have

far-reaching beneficial effects on the further develop-

ment of the aeronautical sciences.

Theodore von Kdrman





PREFACE

Rapid advances made during the past decade on problems associated

with high speed flight have brought into ever sharper focus the need for a

comprehensive and competent treatment of the fundamental aspects of

the aerodynamic and propulsion problems of high speed flight, together

with a survey of those aspects of the underlying basic sciences cognate

to such problems. The need for a treatment of this type has been long felt

in research institutions, universities, and private industry and its poten-

tial reflected importance in the advanced training of nascent aeronautical

scientists has also been an important motivation in this undertaking.

The entire program is the cumulative work of over one hundred

scientists and engineers, representing many different branches of engineer-

ing and fields of science both in this country and abroad.

The work consists of twelve volumes treating in sequence elements of

the properties of gases, liquids, and solids; combustion processes and

chemical kinetics; fundamentals of gas dynamics; viscous phenomena;

turbulence; heat transfer; theoretical methods in high speed aerodynam-

ics; applications to wings, bodies and complete aircraft; nonsteady

aerodynamics; principles of physical measurements; experimental meth-

ods in high speed aerodynamics and combustion; aerodynamic problems

of turbo machines; the combination of aerodynamic and combustion

principles in combustor design; and finally, problems of complete power

plants. The intent has been to emphasize the fundamental aspects of jet

propulsion and high speed aerodynamics, to develop the theoretical tools

for attack on these problems, and to seek to highlight the directions in

which research may be potentially most fruitful.

Preliminary discussions, which ultimately led to the foundation of the

present program, were held in 1947 and 1948 and, in large measure,

by virtue of the enthusiasm, inspiration, and encouragement of Dr.

Theodore von Kdrman and later the invaluable assistance of Dr. Hugh L.

Dryden and Dean Hugh Taylor as members of the Editorial Board, these

discussions ultimately saw their fruition in the formal establishment of

the Aeronautics Publication Program at Princeton University in the fall

of 1949.

The contributing authors and, in particular, the volume editors, have

sacrificed generously of their spare time under present-day emergency

conditions where continuing demands on their energies have been great.

The program is also indebted to the work of Dr. Martin Summerfield who
guided the planning work as General Editor from 1949-1952. The coop-

eration and assistance of the personnel of Princeton University Press

and of the staff of this office has been noteworthy. In particular, Mr. H. S.
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PREFACE TO VOLUME V

Bailey, Jr., the Director of the Press, and Mr. R. S. Snedeker, who has

supervised the project at the Press, have been of great help. The figures

were prepared by Mr. Zane Anderson. Special mention is also due Mrs.

E. W. Wetterau of this office who has handled the bulk of the detailed

editorial work for the program.

Coleman duP. Donaldson

General Editor

PREFACE TO VOLUME V

This volume deals with the interrelated problems of turbulent flow and

heat transfer. It begins with an article on transition from laminar to

turbulent flow. This is followed by a discussion of the problem of shear

flow from the experimental and semi-empirical points of view and of the

statistical theory of turbulence from a deductive point of view. Future

developments in our knowledge should result in the merging of these two

approaches into a comprehensive and unified treatment.

The three modes of heat transfer—conduction, convection, and radi-

ation—are presented in the remaining part of this volume. These articles

are especially oriented toward high speed flows with high temperature

differences. Free convection due to gravitational forces is considered in

this portion of the volume only in connection with boiling heat transfer.

In the sections on the physical basis of radiation and on the method of

engineering calculations in radiant heat exchange, it is an interesting

reflection on the current status of our knowledge in this important field

that these two phases of the problem are presented from somewhat

different points of view.

As originally planned, this volume was to be the second part of a

larger volume comprising the present Volumes IV and V, under the joint

editorship of Lester Lees and myself. The desirability of separating the

material into two volumes soon became clear, on account of both the size

of the articles and the nature of the material involved. Professor Lees had

the major share of the editorial work at the early stages. Unfortunately,

he was unable to continue with his editorship after he moved from

Princeton University to the California Institute of Technology, with the

consequent increase of pressure from his duties. I believe I may speak for

Professor Lees as well as for myself as I express appreciation for the fine

cooperation of all the authors, the General Editor, and the Princeton

University Press.

C. C. Lin

Volume Editor
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SECTION A
m t ^

TRANSITION FROM LAMINAR TO

TURBULENT FLOW
H. L. DRYDEN

A,l. Introduction. The motions of real fluids exhibit phenomena of

a bewildering degree of diversity. The pressure distribution and the re-

sultant force and moment on a body moving through a fluid are but

grosser manifestations of complex motions of the fluid in the surrounding

space. The body is surrounded by a flow field in which the velocity and

pressure vary. There is no single theory adequate to describe this flow

field in its entirety. Progress can be made only by recognizing charac-

teristic phenomena in limited regions of complex flow fields that can be

reproduced and studied in a simpler experimental environment.

Transition is one of these characteristic phenomena of wide occur-

rence. Everyone has observed it in the rising column of smoke from a

cigarette lying on an ash tray in a quiet room, and at the same time has

observed the types of flow which we designate as laminar and turbulent.

For some distance above the cigarette the smoke rises in smooth filaments

characteristic of laminar flow, only to break up into the confused swirling

turbulent motion at a height which is dependent on the quietness of the

surrounding air. If the drafts or convective air currents are strong,

transition occurs close to the cigarette. If the air is very quiet, the fila-

ment may persist to a considerable height. This breakdown of the laminar

flow is transition.

Considerable progress has been made in the study of transition at low

subsonic speeds where the motion may be regarded as that of an incom-

pressible fluid of uniform temperature. While transition has also been ob-

served in localized regions of flow at transonic and supersonic speed, the

information available is less extensive. The effects of heat transfer at

subsonic speed are discussed in Art. 23. Art. 24, 25, and 26 deal with

transition at supersonic speed. Art. 2 to 23, inclusive, deal with low speed

subsonic flow.

A,2. Transition on a Flat Plate in a Stream of Constant Velocity.

Transition is observed to occur in the boundary layer, that region of the

flow fleld near the surface of the body where the steepest velocity gradi-

(3)



A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

ents are concentrated through the action of viscous forces. Hence the

simplest situation for the study of transition is the simplest boundary-

layer that can be investigated both theoretically and experimentally.

This is the flow along a smooth thin flat plate, parallel to the flow in a

stream of uniform velocity and hence without longitudinal pressure gradi-

ent, for which the theoretical laminar flow solution was given by Blasius

120

100

o

X 60

(D

12 16

RexX 10-^

20 24

Fig. A,2a. Velocity distribution in the boundary layer of a plate. Contours of equal
local mean speed as function of x and y Reynolds number. Turbulence of free stream,
0.5 per cent.

in 1908. Many measurements have been made on the velocity distribu-

tion near such a plate and transition is easily recognized by a typical

departure from the Blasius distribution of the type illustrated in Fig.

A,2a. Here for measurements in air [1] contour lines of equal values of

u/ U are plotted on abscissas and ordinates of Rex and Rcx, u being the

local velocity at the point where distances from the leading edge and the

surface of the plate are x and y, U the free stream speed, and Re^ and
Rcy the Reynolds number formed from x and ij, respectively. Transition

accelerates the fluid close to the plate.

(4 )



A,2 • TRANSITION ON FLAT PLATE

For the particular measurements illustrated in Fig. A,2a transition

occurred at Ret = 1.1 X 10^. However, other measurements have yielded

values varying from 9 X 10^ to 2.8 X 10®. The principal variable con-

trolUng transition is the turbulence initially present in the air stream

(V,B and IX, F). For present purposes we will use as the quantitative

measure of the turbulence the quantity

100 VUu'^ + v'^ + w")

u

where u', v', and w' are the root-mean-square values of the three com-

ponents of the turbulent velocity fluctuations. Fig. A,2b shows a plot of

o

X
CD

Dd 1
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

The exact mechanism by means of which the growing oscillations pro-

duce transition is not yet completely understood. It appears, however,

that the laminar instability is not a factor except when all sources of

disturbance are made very small.

When the transition region is investigated with a hot wire anemometer

capable of indicating the instantaneous velocity, it is found that, whereas,

from measurements of mean speed, transition appears to be a gradual

process, it is in fact quite sudden [1]. As the test probe is moved down-
stream, turbulent "bursts" appear, at first infrequently, then more fre-

quently and of longer duration, until finally the flow is continually and

completely turbulent. These observations were interpreted as a wander-

ing of transition back and forth about a mean position.

In 1951 Emmons [3] suggested as a result of observations of the

gravity flow of a thin sheet of water over an inclined flat plate that

turbulence appears in more or less random fashion at localized spots

which grow in size as they move downstream. Mitchner [4] developed an

experimental method of generating local turbulent spots in air artificially

by passing an electrical spark through the boundary layer.

Recently Schubauer and Klebanoff [5] made extensive studies of the

mechanism of transition from amplifying Tollmien-Schlichting waves.

They showed that turbulence did in fact originate as localized spots

in natural transition. They studied the growth of artificial spots by
Mitchner's technique.

Since publication of the cited reference, Schubauer and Klebanoff have

shown that the Tollmien-Schlichting waves exhibit variations in ampli-

tude along a direction parallel to the leading edge of the plate, and that

turbulent spots appear in the regions of maximum amplitude of the wave.

A,3. Effect of Pressure Gradient on Transition on a Flat Plate.

The variation of pressure along the outer edge of the boundary layer has

a marked effect on the location of transition. Many years ago experi-

ments were made by Wright and Bailey [6] on the effect of pressure

gradient on transition in a tunnel in which the turbulence was about

0.2 per cent. Relatively small gradients produced large effects, changing

Ret from 2 X 10^ for zero pressure gradient to 0.7 X 10^ and 2.5 X 10®

for small positive and negative gradients. Schubauer and Skramstad [2]

gave the striking demonstration shown in Fig. A,3 of the stabihzing effect

of a pressure which decreases in the downstream direction and the de-

stabilizing effect of a pressure which increases in the downstream direc-

tion. In those cases where transition results from the instability of laminar

flow at low turbulence levels, transition is hastened by a positive (adverse)

pressure gradient and delayed by a negative (favorable) one. The behavior

of the Tollmien-Schlichting oscillations in a pressure gradient has been

computed [7] and the above-mentioned observations are in qualitative

< 6 >



A,3 • PRESSURE GRADIENT ON FLAT PLATE

agreement with

nondimensional

where du^/dx is

ness defined by
distribution in

yields a critical

the theory. The computed effect is very large. A suitable

measure of the pressure gradient is X = i8^/v){dujdx)
the velocity gradient and 5 is the boundary layer thick-

the Pohlhausen four-term approximation to the velocity

the boundary layer. For -3 < X < 3, stability theory

Reynolds number Res* based on displacement thickness

Ap/q
•0.05-0.10

^'W^Vl%^^'^-'^/'^^

C

o
E
CD
>

CD

Fig. A,3. Effect of pressure gradient on laminar boundary layer oscillations. Oscil-

lograms of u' at y = 0.021 in., C/ = 95 ft/sec. Time interval between dots, -g^o sec.

(see Art. 6 and IV,C) approximately proportional to e°-^^. The actual

values are 160, 575, and 4000 for X equal to —3, 0, and 3, respectively,

corresponding to values of Ret for zero pressure gradient of 8500, 110,000,

and 5,300,000. The critical Reynolds number for transition is, however,

considerably greater than that at which amplification of disturbances

begins and by an unknown ratio which may vary with X.

Liepmann made some measurements of the influence of pressure gradi-

ent on transition [8] on the convex surface of a plate of 20-foot radius of

<7>



A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

curvature obtaining changes in transition Reynolds number from 2.2 X
10« to 0.9 and 3.2 X lO^ for X = 0, -5.7, and +1.9, respectively.

Feindt [9] studied the influence of pressure gradient on smooth and

roughened hollow cylinders with axes parallel to the air stream at a

stream turbulence of approximately 1.2 per cent, the turbulence level

being inferred from sphere measurements. (From the observed value of

Re^, for the smooth cylinder at zero pressure gradient, the turbulence level

derived from Fig. A,2b is 1.0 per cent.) For pressure gradient parameter

X = 0, —4.4, and 3.7, the observed transition Reynolds numbers for the

smooth cylinder were 0.66 X 10«, 0.36 X 10«, and 0.80 X 10«, respec-

tively. The effects of pressure gradient on roughened cylinders were also

large. Thus the influence of pressure gradient has been observed to be

large and qualitatively the same over a wide range of roughness and free

stream turbulence.

A,4. Effect of Curvature of Surface on Transition of a Two-
Dimensional Boundary Layer. Liepmann made a systematic study

[10] of the effect of a uniform radius of curvature of the surface on the

transition of a two-dimensional laminar boundary layer. On convex sur-

faces up to values of displacement thickness b* equal to 0.0026 times the

radius of curvature r, the same Tollmien-Schlichting instability occurs as

for the flat plate and the effect of curvature is negligible. The effect of

turbulence is large as in the case of the flat plate.

On a concave surface, the behavior is the same as for a flat plate,

provided the ratio 5*/r is less than 0.00013. If 6*/r exceeds 0.0013, the

laminar flow is dynamically unstable because of centrifugal forces pro-

ducing three-dimensional disturbances as studied theoretically by Gortler

[11]. Gortler used as a measure of the stability boundary the parameter

Ree \^Q/r, based on the momentum thickness 6 which is approximately

equal to 0.3865*. Liepmann found the Gortler parameter equal to 9.0 in

an air stream of the lowest turbulence available to him (turbulence in-

tensity 0.2 per cent as judged from his flat plate measurements, u'fii^ =

0.0006, v' and w' not measured), whereas at a higher turbulence level

{u'/u^ = 0.003, v'/ue and w'/ue not measured) the value was about 6.0.

For values of 8*/r between 0.00013 and 0.0013 there appears to be a

more or less continuous change from the Tollmien-Schlichting instability

to the Gortler instability.

A, 5. Effect of Surface Roughness and Waviness on Transition of

a Two-Dimensional Boundary Layer. Surface roughness and wavi-

ness are known to influence transition presumably because of the disturb-

ances introduced by their presence. The general nature of the effect of a

single roughness element has been studied in detail by Liepmann [12],

the roughness element being a half cylinder with axis normal to the stream
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A, 5 • SURFACE ROUGHNESS AND WAVINESS

in the boundary layer of a flat plate. In every case tried, the flow separated

from the surface of the roughness element but did not in every case lead

to immediate transition. The results of many experiments suggest that a

single roughness element must be comparable in height with the displace-

ment thickness in order to produce transition. In Liepmann's experiments

an element for which h = 0.765* did not produce immediate transition,

whereas elements for which k > 0.925* did produce immediate transition.

Certain experiments of Fage [13], when analyzed, show that the minimum
height to cause transition on a plate at certain definite locations down-
stream from the roughness element varies from 0.82 to 1.775* for smooth
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

transition, transition did in fact occur earlier when the roughness element

was present than when it was absent.

Systematic experiments by Tani, Hama, and Mituisi [15] have clarified

the effect of a two-dimensional roughness element. Their experiments

were made on a flat plate with zero pressure gradient in a wind tunnel

in which Re^, was about 1.7 X 10^ with cylindrical wires as roughness ele-

ments. In the original paper the data were analyzed according to the con-

cept suggested by Schiller [16, pp. 189-192] that a roughness element
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A, 5 • SURFACE ROUGHNESS AND WAVINESS

so long as transition is forward of the smooth plate position but down-
stream from and not too close to the roughness element. The dotted up-

ward branches in Fig. A,5c correspond to transition at the roughness

element. The location of these branches is determined by the parameter

Xk/k, where Xk is the position of the roughness element.

The results of Fage [13] analyzed in this way are shown in Fig. A,5d;

typical results of Sttiper [19], discussed at some length in [17], are shown
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

values of RCi for the smooth plate from 700,000 to 2.6 million correspond-

ing to free stream turbulence levels (according to Fig. A,2b) ranging from

0.92 per cent to 0.14 per cent. The effects of roughness are present at all

turbulence levels. At k/b* = there is a large variation of Re^ with tur-

bulence level. However, for values of k/b* greater than 0.6, the effect of

turbulence is small. A roughness element for which k/b* is 0.5 has about

the same effect on transition as a turbulence level of 0.6 per cent.
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

Fig. A,5g. Effects of air stream turbulence and single roughness

elements on transition Reynolds number of plate.

Fig. A,5h. Ratio of transition Reynolds number for plate with single roughness

element to that for smooth plate in air streams of different turbulence.

< 14 >



A, 5 • SURFACE ROUGHNESS AND WAVINESS

conditions in which transition occurs downstream from the roughness ele-

ment. Appreciable effects of roughness occur for roughness elements of

height equal to 0.2 to 0.4 the displacement thickness of the boundary

layer at the roughness element depending on the turbulence level. At a

certain value of k/b* which depends on many quantities, including the

speed, location of the roughness element, and air stream turbulence, the

transition position in its forward motion reaches the roughness element

and remains there. The curve of Fig. A,5h does not apply after transition

reaches the roughness element.

Fig. A,5i. Effect of spherical roughness elements on the transition Reynolds num-
ber of a plate. Measurements of Klebanoff, Schubauer, and Tidstrom [2S\.

As contrasted with this behavior of two-dimensional roughness ele-

ments, the data on three-dimensional elements correlate best with the

assumption of a critical Reynolds number of the roughness element. Ex-

periments have been made by Klebanoff, Schubauer, and Tidstrom [23]

on single rows of spherical elements of various spacings at various dis-

tances from the leading edge of a flat plate. The results are shown in

Fig. A,5i and A,5j, showing Re^ vs. fc/6* and Re^, vs. Ukk/v respectively,

where Uk is the velocity in the boundary layer at a distance k from the

wall. There is considerable scatter, but from the results for the smallest

spheres the surface may be considered aerodynamically smooth, i.e. the

( 15 )



A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

roughness element has little effect on transition, if Ukk/v is less than 300.

If the free stream velocity XJ were used, the corresponding value of Uk/v

would be about 800. The numerical values obviously depend on the shape

of the elements, although systematic data are not available.

There are only a few experiments on distributed roughness on a flat

plate, and these are difficult of analysis because of the necessary experi-

mental treatment of the leading edge. Thus Holstein [14], using a "plate"

consisting of a structure of wood about 11 feet long and 1.4 inches thick

with an elliptical nose piece about 7.09 inches long, left the nose piece

100 300 500 700

Ukk/v

900

Fig. A,5j. Relation between Reynolds number of spherical roughness

elements and transition Reynolds number of a plate [23].

smooth and roughened the remainder of the surface by attaching emery

paper of various degrees of roughness. The value of Re^ for the smooth

plate varied with the speed, perhaps because of variation of the turbu-

lence with speed. Furthermore, the plate was not aerodynamically smooth

since fine emery paper often increased the transition Reynolds number.

Holstein believed that the paper covered up the surface waviness. The
average value of Re^ was about 650,000 corresponding to a turbulence

of 1.0 per cent, or more probably to departures from aerodynamic

smoothness.

The emery paper had a thickness of about 0.3 mm and the sharp step

at the leading edge of the paper was smoothed with plasticine over a
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A, 5 • SURFACE ROUGHNESS AND WAVINESS

length of about 1 cm, according to a letter from Holstein. The roughness

height given did not include the paper thickness. It seems probable that

the front edge of the paper is the critical roughness rather than the dis-

tributed roughness. Fig. A,5k shows Re^, plotted against k/b* where k is
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

of the roughness element based on free stream velocity and nominal

roughness height, it appears that Uk/v must be less than about 100 + 50

if the surface is to be considered aerodynamically smooth.

Feindt [9] studied the effect of distributed roughness on a hollow

cylinder, using sand paper. The sand paper cylinder was extended 12 mm
beyond the sharpened leading edge of the supporting cyhnder. The sand

paper was smoothed with shellac for 3 mm from the leading edge, and the

leading edge of the sand paper sharpened. Roughness for which JJk/v was

less than 60 to 100 based on nominal sand grain size had little effect on

transition, the exact value depending somewhat on the pressure gradient,

the lower value applying to an adverse pressure gradient. This value is

approximately the same as that found in Holstein's measurements, al-

though Feindt's measurements show less scatter.

The decrease in Re^ with increasing Uk/v is very rapid. For the case

of zero pressure gradient an increase of Uk/v from 100 to 150 reduces

Re^ to one half its initial value.

Feindt proposed the use of the Gottingen equivalent sand grain rough-

ness, defined as that value of roughness in certain Gottingen measure-

ments of friction coefficients in roughened tubes which gave the same

friction coefficient as his samples. Based on this Gottingen equivalent

roughness height, the limiting value of Uk/v is from 100 to 170.

The applicabihty of these hmiting values of Uk/v to smoother sur-

faces for which k hes outside the range of the experimental values or to

higher Reynolds numbers is somewhat uncertain. Since transition is be-

lieved to arise as a result of eddy production by the roughness elements

in the case of three-dimensional distributed roughness, it appears more

logical to base any extrapolation on Ukk/v where Uk is the velocity in the

boundary layer at the transition position at the height of the roughness

element. A value of Ukk/v of 30 to 50 was found for sand grain roughness

in air streams of relatively high turbulence. For distributed small spheres

in a flow of very low turbulence without pressure gradient, the observed

value was about 300. Since critical Reynolds numbers are usually depend-

ent on air stream turbulence as well as on shape, the difference between

30 to 50 and 300 may be due in large part to the different air stream

turbulence levels (see Art. 17).

In summary, single roughness elements should be limited to heights

less than 0.2 times the displacement thickness of the boundary layer at the

element under the prevaihng conditions of speed, viscosity, and element

location to avoid reduction of transition Reynolds number. Distributed

roughness should be limited to heights for which the Reynolds number

based on nominal roughness height and the velocity in the boundary layer

at the transition position at the height of the element is less than a value

of the order of 30 to 300. The former value applies to sand roughness in a

stream of turbulence of 1.0 per cent; the latter to small spheres in a stream
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A,6 • APPLICATION OF DIMENSIONAL ANALYSIS

of turbulence of less than 0.1 per cent. Favorable pressure gradients in-

crease the permissible roughness height considerably.

A, 6. Application of Dimensional Analysis to Transition of a

Two-Dimensional Boundary Layer. So far we have considered the

study of transition on a flat plate, first without pressure gradient, then

with simple linear variation of the pressure, with uniform curvature, and

with simple roughness, each variable considered singly. However, in the

cases of technical interest, all of the variables may vary simultaneously

along the surface of the body generating the boundary layer. Further

attempts have been made to apply the knowledge gained in the simpler

cases by means of dimensional analysis.

For a series of geometrically similar two-dimensional bodies the po-

sition at which transition occurs depends on the Reynolds number at

which the measurement is made and on the intensity and scale of the

turbulence of the main stream. Dimensional reasoning gives the result

that

^ = F (—, —, ^^
c \ V ' U' cj

where x^ is the coordinate locating the transition point with relation to

a selected system of axes, c is the reference dimension, for example, the

chord of an airfoil, U is the free stream velocity, v the kinematic viscosity

of the fluid, u' the intensity, and L the scale of the turbulence.

Since, as previously noted, transition occurs within the boundary

layer, one would like to relate its occurrence more directly to boundary

layer parameters rather than to the shape of the body. Boundary layers

on different two-dimensional bodies differ only in the variation of pres-

sure to which they are exposed by the flow around the body, and in the

curvature and roughness of the surface on which they are formed. Meas-

uring X along the surface from the stagnation point, x^ is dependent on

the three functions of x describing the variation of the stream velocity

just outside the boundary layer with x (which fixes the pressure vari-

ation), the variation of the curvature of the boundary with x, and the

variation of the roughness with x, as well as on the free stream turbulence.

Since the number of possible functions is indefinitely large, no simplifi-

cation results from this approach. It was for the reason of gaining some

insight into the problem that we considered in Art. 2 to 5 the simplest

types of functional variation, namely constant values of the parameters

independent of x, or linear variations.

Since transition occurs suddenly, another approach is to relate tran-

sition to the local boundary layer parameters, eliminating a: as a variable.

The local situation is usually described by the boundary layer thickness 5,

the velocity u^ at the outer edge and its derivative du^/dx which is a
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TRANSITION FROM LAMINAR TO TURBULENT FLOW

measure of the pressure gradient, and the kinematic viscosity v. To these

must be added the free stream turbulence, and the radius of curvature r

and roughness k of the surface at the selected location. There is no obvi-

ous reason for omitting higher derivatives of u^ or the complete distribu-

tion of velocity within the boundary layer. If, however, the quantities

listed are sufficient, dimensional reasoning yields the result that

(WeA _ „ . 5^ dUe, b k L W
V dx r 8 8 u,

In line with this approach to the problem, it has become customary

to state the location of transition in terms of the local boundary layer
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A, 7 • SHEAR LAYERS IN THE FREE FLUID

of 5 is equal to 1.345* and for the Pohlhausen 4-term approximations to

flows with pressure gradient the NACA value of 5 is 1.28 and 1.325* for

values of X = 12 and — 12. The value of Re^* for transition is often con-

verted to an equivalent flat plate value of Re^, by the approximate relation

Re = ^Re^i*. The values of Re^* at transition on a smooth flat plate with

zero pressure gradient vary from 515 to 2900 corresponding to the values

of Re^ of 9 X 10^ to 2.8 X 10^ previously quoted. A plot of Re^* against

intensity of turbulence is shown in Fig. A,6.

A,7. Transition of Shear Layers in the Free Fluid. Another of

the frequently observed characteristic phenomena in addition to tran-

sition is that of separation of the flow from a solid boundary and we shall

see that there is an interplay between the two phenomena. Separation of

the flow is accompanied by a reversal in the direction of the flow very

close to the boundary behind the separation line and by the formation

of a wake in which the velocity is much reduced. Separation is a boundary

layer phenomenon ; it occurs when the pressure increases in the downstream

direction, or in our previous terminology, when the boundary layer en-

counters an adverse pressure gradient of sufficient magnitude. When the

pressure rises, the flow in the boundary layer is retarded by the pressure

as well as by the surface friction and the fluid near the surface is ulti-

mately brought to rest. When separation occurs, the boundary layer be-

comes a shear layer in the free fluid, sometimes called a vortex layer.

Such shear regions in which the velocity gradient is much larger than

elsewhere are found where discontinuities of velocity, or of the physical

properties of the fluid are introduced, as for example, in the case of a

jet of fluid issuing in a surrounding quiescent fluid.

The flow in such a shear layer may be laminar or turbulent and tran-

sition is observed to occur in shear layers as well as in boundary layers.

An early rule of thumb was that if the Reynolds number formed from the

velocity at the outer edge of a boundary layer and its thickness were less

than about 2000, transition would not occur. However, shear layers are

much more unstable (IV, F) and transition has been observed at Reynolds

numbers less than 100. Thus a laminar boundary layer often exhibits

transition immediately following separation.

If the Reynolds number is sufficiently low a laminar boundary layer

may separate and continue as a laminar shear layer for a considerable

distance. Transition in such a laminar shear layer has been studied in

some detail by Schiller and Linke [24,25]. The shear layer was found in

the flow field around a circular cylinder at Reynolds numbers (based on

cylinder diameter) of 2000 to 20,000. Pitot tube traverses of the wake
showed the existence of a shear layer proceeding from the separating

laminar boundary layer. Its thickness increased relatively slowly and then

much more rapidly at a line which approached the line of separation as
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

the Reynolds number was increased. This behavior is typical of tran-

sition. Fig. A,7 shows the results obtained at three Reynolds numbers.

The boundaries of the shear layer were determined as the point at which

the Pitot pressure "begins to decrease" and the point at which the Pitot

pressure "reaches a constant minimum value." The critical Reynolds

number for transition based on this thickness varied systematically with

the Reynolds number of the cylinder, increasing from 510 at a cylinder

Reynolds number of 3540 to 900 at a cylinder Reynolds number of 8540.

A most important observation was that a disturbance introduced by a

wire of small diameter in the boundary layer of the cylinder moved the

transition closer to the cylinder. Hence the transition of a laminar shear

layer is a function of the initial turbulence as is transition in a boundary

layer.

Re = 5000 Rer= 14,480

Re = 8540

x/D

X = distance from cylinder

Fig. A,7. Free shear layers behind a circular cylinder exhibiting transition.

The shear layer behind the cylinder is subjected to pressure gradients.

However, no accurate static pressure measurements could be made in the

wake. The total pressure along the plane of symmetry of the wake falls to

a minimum at the point where the shear layers from the two sides meet.

The shear layers are not very thin and probably the static pressure is not

constant across them. However, the rising value of the critical Reynolds

number of the shear layer and the more rapid fall of the total pressure

along the plane of symmetry of the wake suggests that transition in a

shear layer may be delayed by a favorable pressure gradient as in the

case of a boundary layer.

Schiller and Linke do not give their data in sufficient detail to permit

an accurate calculation of the displacement thickness which in this case

might be defined by the relation

(i/e — Ua)b* = / {u — Uo)dij

where Wo is the velocity at the inner boundary. As a rough guess 3* is of

the order of 0.3 the thickness defined by Schiller and Linke, and hence

Res* is of the order of 150 to 270 at the turbulence of Schiller and Linke's
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stream which was probably quite high. This compares with an estimated

value of the order of 515 for a boundary layer under similar conditions

(Fig. A,6).

At cylinder Reynolds numbers from about 20,000 to about 200,000 the

laminar boundary layer becomes turbulent immediately on separation.

Since the value of Re^* at any fixed point on the cylinder varies as the

square root of the cylinder Reynolds number, the critical Re^* for the

boundary layer is of the order of \/l0 or 3.2 times that for a shear layer.

This is an independent experimental determination of the relative values

of Rci* for transition. In similar layers with zero pressure gradient and

low turbulence, the distance from stagnation point to transition would be

ten times as great for a boundary layer as for a shear layer.

It is well known that a surface of discontinuity in an incompressible

frictionless fluid is unstable in the sense that any small disturbance in-

creases exponentially in amplitude with time as originally discussed by

Helmholtz and by Rayleigh. Rosenhead [26] attempted to follow the

motion to a later stage and showed that the disturbance becomes un-

symmetrical and tends to concentrate the vorticity at points spaced at

equal intervals. Because of the nonlinear character of the equations, the

final stages cannot be computed by superposition of the effects of separate

wavelengths. Rosenhead believed that the determination of the wave-

length which ultimately dominates cannot be determined except by con-

sidering the effects of viscosity and diffusion. The rolling-up process was

well advanced in the time required for the fluid to travel a distance equal

to one third of the wavelength.

The effect of viscosity is not only to convert a discontinuity into a

shear layer of finite thickness but also to provide a damping effect.

Lessen [27] attempted to compute the stabihty of a shear layer using the

Tollmien-Schlichting theory. His computations are not complete but they

indicate a critical Re^* for the beginning of amplification of about 15 and

a predominant wavelength of approximately 35 times 5*.

Shear layers produced by separation of the flow from a flat plate

normal to the wind have been studied experimentally by Fage and

Johansen [28]. These were, however, turbulent from their origin at the

edge of the plate, the value of Re^* being of the order of 600 or more.

Flachsbart [29] shows some smoke flow pictures of the transition of

free vortex layers behind a flat plate. Reynolds numbers based on the

observed width of the smoke trail at transition vary from 40 to 100, but

it is unlikely that the width of the smoke filament has anything to do

with the usual measures of shear layer width. The values of i^Ct-s based

on distance from separation point to transition are better defined and

from them we infer values of Re^* of the order of 95 to 100. These values

are somewhat less than those found by Schiller and Linke for a cylinder,

perhaps due to different turbulence of the air streams.
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A,8. Transition of Shear Layers with Reattachment Following
Laminar Separation. It has been noted that the laminar boundary-

layer of a cylinder appears to undergo transition immediately following

separation when the cylinder Reynolds number is greater than 20,000.

When the curvature of the body is not large, it is observed that the

turbulent shear layer may reattach to the surface, leaving a localized

region of separation usually referred to as a separation "bubble." The
attached layer continues as a turbulent boundary layer along the surface

to the traihng edge or until separation of the turbulent boundary layer
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Fig. A,8b. Further studies on the same airfoil and on a modified NACA
0010 airfoil were made by Gault [32].

Similar separation bubbles have been observed in the vicinity of the

leading edge of airfoils at relatively high angles of attack [33], and on an

elliptic cyUnder [34]-

Attempts to correlate the observations into a unified scheme have

been unsuccessful, the data for bubbles near the leading edge exhibiting

different relationships than the data for bubbles near or behind the mid-

chord position.

Jacobs and von Doenhoff [35, p. 311] suggested that transition oc-

curred when the Reynolds number i^gx-s formed from the local free stream

speed and the distance along the shear layer from the separation point

attained the critical value of 50,000, according to their fragmentary
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

values of Re,^^ from 150,000 to 260,000 for the shear layer in a separation

bubble at 61 per cent of the chord on an NACA 663-OI8 airfoil, whereas

Gault's values [32] for the same airfoil vary from 160,000 to 380,000.

Thus the values of Re^-^ vary from to 380,000, an even wider range than

observed for the boundary layer on a plate without pressure gradient.

One might assume that the large variation is a reflection of the influ-

ences of free stream turbulence and pressure gradient on transition of

the free shear layer entirely analogous to those demonstrated to exist

for boundary layers. However; the available data do not establish this

assumption conclusively. The difficulties may be illustrated by Bursnall

and Loftin's measurements. Their values of i^et-s vary with the Reynolds

number of the airfoil, yet the pressure distribution is substantially inde-

pendent of the airfoil Reynolds number. The values of Re^^^ are 148,000,

197,000, and 256,000 for airfoil Reynolds numbers of 1.2, 1.7, and

2.4 X 10^, respectively. There is no reason to assume that the turbu-

lence is greatest at the lowest Reynolds number as would seem to be

required if turbulence is the controlling element.

It appears plausible that the thickness of the boundary layer at the

separation point should have some influence on transition, or that a

Reynolds number based on the thickness at transition might be more

suitable than one based on length of the free shear layer. However, no

satisfactory correlation has been established on either basis. Thus in the

experiments of Bursnall and Loftin, the values of Re^* at transition are

2070, 2560, and 2940 for airfoil Reynolds number of 1.2, 1.7, and 2.4 X 10«.

Bursnall and Loftin attempted to correlate the results available to

them by plotting the ratio of x^ — x^ to 5, against the value of Re^ at

separation. (In their paper 5 is the value of y at which u/u^ = 0.707.)

The available data fall approximately into two groups, one for regions of

separation near the leading edge at high angles of attack, the other for

regions of separation near the midchord position at 0° angle of attack.

Hence this attempt does not yield an integrated picture.

Gault [32] attempted further analysis of his measurements and those

of Bursnall and Loftin, but the results are not satisfactory.

Some work on the effect of turbulence was carried out by Gault on

the NACA 663-OI8 airfoil. Increased turbulence moved transition up-

stream for all conditions and completely eliminated the separation bubble

near midchord for all Reynolds numbers from 1.5 to 10 milHon. Separation

bubbles near the leading edge were not eliminated but their size was

greatly reduced. The effect of increasing the turbulence from 0.2 to 1.1

per cent at a Reynolds number of 2 million was approximately the same

as increasing the Reynolds number from 2 to 4 milhon at a turbulence

level of 0.2 per cent.

Whereas the values of Re^* for a completely free layer are from 100 to

300 as noted in the last article, the values for the separated layers in
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bubbles vary from 600 to 2000 for the bubbles near the leading edge and
are of the order of 2000 to 3000 for those near midchord.

It is obvious that there is room for much additional research, but the

turbulence of the air stream and the pressure gradient must be varied and
measured if progress is to be made in understanding the phenomena.

A,9. Breakdown of Laminar Flow vs. Transition. Transition is

often regarded as synonomous with the breakdown of laminar flow but

wider experimental experience shows that finer distinctions must be made.

Breakdown of laminar flow may be followed by a flow varying periodically

with time, exhibiting regular vortex patterns. Such flows can be described

without the introduction of the random element characteristic of that

type of flow for which the name "turbulent" should be reserved. The
more familiar examples of flows of this type for which theoretical treat-

ments are available are (1) the Karman vortex street behind a circular

cylinder
; (2) the Taylor three-dimensional vortex cells between two con-

centric rotating cylinders; (3) the Gortler vortices near a concave surface;

and (4) the vortex cell pattern in a thin layer of fluid heated from below.

These periodic patterns are well defined and mainly laminar in their

motion only at Reynolds numbers not too far above that for flow break-

down. In the case of the cylinder, for example, the beautiful pictures of

Karmdn vortices can be obtained only at Reynolds numbers based on a

cylinder diameter of a few thousand.

Turbulent flow is characterized by the presence of irregular and ran-

dom velocity fluctuations of relatively high frequency, but the experi-

mental detection and measurement of the velocity fluctuations require

equipment not widely available because of its complexity and cost. Tur-

bulent flow is most readily detected by the very high rate of diffusion of

momentum, heat, vapor, and material particles as compared with the

molecular diffusion present in laminar flow. Some of the very large num-
ber of techniques of determining the occurrence of transition based on

diffusion phenomena are described in IX, F. A familiar method used by
Osborne Reynolds depends on the diffusion of dye particles in water, or

of smoke particles in air. In laminar flow, filaments maintain their identity

over great distances whereas in turbulent flow the dye or smoke is dif-

fused laterally very rapidly, destroying the filament.

In many flows, as for example that behind a circular cylinder at

Reynolds numbers from a few thousand to a few hundred thousand, the

flow is of mixed character. The flow in the wake shows a periodic character

with definite frequency but the rapid diffusion of smoke in the wake
shows that the flow there is turbulent. The laminar boundary layer is

shed periodically and alternately from the two sides but immediately be-

comes turbulent on separation. The vorticity in the layers which roll up
into Karman vortices at lower Reynolds numbers is now rapidly diffused
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to give a typical error-law distribution of vorticity across the wake a short

distance downstream from the cyhnder [37].

Accordingly, transition should not be defined as breakdown of laminar

flow but as the onset of the highly diffuse turbulent motion of random
character.

A,10. Tentative Conceptual Picture of Transition. The account

that has been given of the several typical flow situations in which tran-

sition is recognizable and of the influence of many of the controlling

variables suggests that we are dealing with an effect which may have

many causes. Each variable, initial turbulence, pressure gradient, rough-

ness, in the absence of the influence of the other variables, fixes transition

at a definite location for a given Reynolds number of the body. That

variable which gives the most forward location of transition is the one

which will be the controlling one under the given set of circumstances.

Thus any of the variables may be controlling depending on the values of

the other variables. If the initial turbulence and roughness are sufficiently

small, transition will be preceded by regular Tollmien-Schlichting oscil-

lations of increasing amplitude.

There has been considerable progress in understanding the breakdown

of laminar flow as a result of the theoretical and experimental work on

the stability of laminar flow as described in IV,F. There is, however, no

mathematical theory of the transition process itself. A satisfactory mathe-

matical theory most certainly will have to take into account the nonlinear

terms in the equations of motion of a viscous fluid. A great deal of experi-

mental material is available. In most of the experiments essential measure-

ments of the controlling variables were not made; especially lacking are

measurements of the intensity and scale of the initial turbulence of the

fluid stream which is now known to be one of the most important con-

trolling factors. In other cases the surface roughness and waviness are not

known. For the most part the experiments were made in the absence of

any guiding theory. For all these reasons it is exceptionally difficult to

systematize and analyze the data.

During the course of the past 15 years as the experimental data accu-

mulated, new physical aspects of the phenomena have unfolded and sug-

gestions as to a descriptive physical mechanism have come to mind. It has

been suggested that an immediate prerequisite in every case is separation

with the resulting formation of a free shear layer within the boundary

layer or shear layer under observation, the scale of the newly formed

shear layer being an order of magnitude lower than that of the layer

under study. This separation is presumed to occur even when the appar-

ent dominating experimental variables are initial turbulence or surface

roughness. Like the progression of eddies of successively decreasing size

in the modern theory of turbulence bounded at the lower end by eddies
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so small that viscosity quickly damps their motion, this theory of tran-

sition requires a progression of separations with formation of free shear

layers of successively smaller scale until the chain is broken by shear

layers of such small Reynolds number that turbulence is not generated.

This tentative conceptual picture of transition can hardly be said to be

firmly demonstrated, but such a picture may serve, at least for a time,

as a useful guide in the presentation of existing data and as a guide to

future more systematic study of the basic phenomena.

Let us examine the observed experimental fact that transition is

greatly affected by exceptionally small disturbances in an otherwise

steady flow. Fluctuations with time of amplitude as small as one tenth

of one per cent of the mean velocity have measurable effects on the po-

sition of transition. Dryden [1] calculated the effect of a small sinusoidal

1.36

Fig. A, 10. Streamlines for flow in the boundary layer of a plate subjected to peri-

odically oscillating pressure variations beginning at distance Lo from the leading edge.

Amplitude of free stream velocity variation—| per cent of mean value. Wavelength
Lw equal to 0.072 times initial length Lo.

variation of the free stream velocity with distance along the outer edge

of a boundary layer using the Karman-Pohlhausen approximate method

of solution of the Prandtl boundary layer equations. Separation of the

flow was found to occur after three complete cycles of a sinusoidal vari-

ation of amplitude two per cent of the mean velocity. A far more satis-

factory computation was made in Germany during the war by Quick and

Schroder [38] by a step-by-step procedure. A sinusoidal velocity variation

of one-half per cent of the mean velocity and of wavelength of the order

of the boundary layer thickness produced 15 to 20 per cent variations in

displacement thickness with a separation bubble during the third cycle

and complete separation at the fourth cycle. The streamlines for this case

are shown in Fig. A, 10. It is surmised from these considerations that

small disturbances from any source will lead to intermittent separation

and the formation of free shear layers in the fluid. If the Reynolds num-
bers of these shear layers are sufficiently high, small scale turbulence will
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

be generated and spread throughout the boundary layer. Even if the

shear layer does not itself undergo transition, it will roll up into discrete

vortices of a very small scale which diffuse through the boundary layer.

The recent work of Schubauer and Klebanoff [5] shows clearly that

the concept of two-dimensional separation is not applicable to transition

in a boundary layer in an air stream of small turbulence, and raises serious

doubts as to the utility of the separation concept in describing the phe-

nomena involved. The periodic ToUmien-Schlichting waves rapidly lose

their two-dimensional character, their amplitude varying along a direc-

tion normal to the flow. These variations have been shown to be directly

coupled with very small variations of mean velocity across the air stream

on a line parallel to the leading edge of the plate. The boundary layer

parameters, including the amplification ratio, are sensitive to these small

changes, resulting in increasing variations of wave amplitude across the

flow as the wave travels downstream. Apparently no dynamic instability

of a three-dimensional character is involved, at least in the early stages.

Turbulence originates locally in the regions of maximum amplitude as an

essentially three-dimensional phenomenon. The first sign of turbulence in

a hot wire record is a sharp and momentary large increase in wire temper-

ature which is normally interpreted as a momentary large decrease in

velocity. This appears first well out in the boundary layer rather than

close to the wall as would be expected from separation. In the present

state of the experiments it is difficult to believe that the results indicate

a three-dimensional localized separation bubble, whose shear layer may
roll up into a horseshoe vortex as described by Theodorsen [39]. The alter-

nate theory is that vortices of the Gortler type with axes parallel to the

flow develop at the wave amplitude maxima.

A, 11. Theory of the Influence of Turbulence on Transition.

Taylor [40] assumed that transition due to turbulence resulted from

momentary separation of the boundary layer caused by the pressure

gradients within the layer resulting from the fluctuating pressure gradi-

ents of the turbulence. Separation is determined by the parameter X =

{8^/v){dUe/dx) which may also be written as — {d^/v){l/pUe)idp/dx) where

8p/dx is the instantaneous pressure gradient. From the theory of isotropic

turbulence the root-mean-square pressure gradient is proportional to

{u'^/L)i{p/p^). Hence, the root-mean-square value of X is (Uel/vyid^/l-)

{u'/ue)^{L/l)~i where I is a reference dimension. Hence if separation

occurs at a fixed value of X, we have, noting that 8/1 at the transition

is some function of the Reynolds number RCi = {lU/v)^,,

Be, = F

According to this theory transition depends only on this combination of
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A,ll • INFLUENCE OF TURBULENCE

the intensity and scale of turbulence and not on the two properties

separately.

Fig. A, 11a shows the critical Reynolds number of a sphere plotted as

a function of the Taylor turbulence parameter [4I] and Fig. A, lib shows

the location of transition on an elliptic cylinder as a function of the same
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

two screens and the scatter of points is about the same whether Re^ is

plotted against w'/we or the modified Taylor parameter {u'/u^){x/M)^

where M is the mesh of the screen. Nevertheless, the results are not

inconsistent with Taylor's theory.

Experiments on airfoils were made by Drougge [45] and the results

were analyzed to show that the effect of turbulence is related to inter-

mittent separation. Another analysis of this type has been made by

Dorodnitsein and Loitsianskii [44] and applied to published data.

A,12. Schlichting's Procedure for Computing Transition on an
Airfoil. In 1940 Schlichting published a theoretical method [45] for

the computation of the transition position on an airfoil based on compu-

tations of the stability of boundary layers in accelerated and retarded

i-6r
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1.4
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a — 0, Cl =

d/c=r 0.15

Fig. A, 12b. Velocity distribution around Schlichting's Joukowsky I airfoil, s =

distance along surface, c' = distance from leading to trailing edge measured along

surface.
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A,12 • SCHLICHTING'S PROCEDURE

transition occurs when Ee^* reaches the critical value computed for the

local velocity distribution which is in turn determined by the local pres-

sure gradient. The location of transition is then computed by the following

procedure

:

1. Compute the theoretical pressure distribution over the body from po-

tential flow theory. The result is expressed as a plot of u^/U vs. s/c'

where u^ is the velocity at a distance s measured along the surface from

the stagnation point, U is the stream velocity at a great distance, and

10^

(^-f)=^
10-
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

the body Reynolds number Vc/v, plot curves of Re^* vs. s/c' for several

values of Re as in Fig. A,12f and A,12g. On the same diagram plot

{Res*)cT vs. s/c' as computed in 3.

For each value of Re determine the intersection of the Re^* curve with

the {Res*)cT curve and read the value of s/c' which is the location of

transition for this Reynolds number. Plot the values of (s/^Ocr vs. Re

to give the transition position as a function of Re as shown in Fig.

A,12h and A,12i.

10^
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A, 13 -THEORIES BASED ON LOCAL PARAMETERS

Schlichting's approach suggests the investigation of a procedure in

which the critical Reynolds number is taken not from stability calcu-

lations but from experimental values determined under simplified con-

ditions. Let us suppose that {Re^*)^^ could be determined from available

experimental data as a function of air stream turbulence, local pressure

gradient, and local surface roughness. We could then carry out a modified
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

pressure gradient, curvature, and surface roughness; that the critical

Reynolds number is the same as if all of these quantities were constant

and independent of the distance s along the surface. Attempts have been

made to check the adequacy of this assumption by Stephens and Haslam

[47] in actual flight tests. In the flight tests values of {Res*)oT were ob-

served ranging from 1460 to 3240, values of X at the point of transition

between +0.3 and —7.2, values of the curvature parameter 8*/r from

0.06 X 10-3 to 0.86 X 10-^ No correlation whatever of (i^esOer with X

and 8/r was observed. The values of X seem sufficiently far from the

Pohlhausen value —12 to preclude the presence of separation bubbles,

although in view of the shortcomings of the Pohlhausen method it may
not be safe to conclude that this phenomenon was absent in all cases.

No quantitative measures of surface roughness and waviness were given,

and it is now believed that the results obtained by Stephens and Haslam
were controlled by this parameter, whose effect overshadowed the influ-

ence of the other parameters. This conclusion is drawn since in later flight

tests where exceptional attention was given to the smoothness of the sur-

face and more particularly freedom from waviness, values of {Rei*)^^ in

the range of 6000 to 6500 were obtained by both British and United

States investigators as described in Art. 17. We conclude that the question

of the adequacy of theories based on local parameters is not settled by
these measurements.

There is one further bit of evidence resulting from tests on a smooth

low drag airfoil in the NACA low turbulence wind tunnel over a wide

range of Reynolds numbers (from 14 to 58 million). In these tests [48]

the position of transition on both upper and lower surfaces varied from

the 25 per cent to the 50 per cent chord location. The observed values of

{Res*)cT were between 5150 and 6150. The assumption of a fixed value of

6150 gives computed transition positions agreeing with the observed po-

sitions with a maximum difference of 7 per cent of the chord.

We have already seen that a roughness element may introduce a dis-

turbance which produces transition at some distance downstream from

the element. Hence it is clear that the disturbances originating upstream,

which are not indicated by instruments measuring average values, must
be considered in addition to the local values of 8*, X, k, and r. Whether a

theory based on local parameters is adequate or not depends on whether

all the important local parameters are included. So far as disturbances

from upstream roughness elements are concerned, we may consider in-

stead the direct influence of all upstream roughness elements on the

critical Reynolds number for transition. If any upstream value of k/8*

produces a value of {Rei*)„ greater than the value of Res* at the point

under study, its effect is negligible at that point. If, however, the local

Res- equals the {Res*)cT of any upstream roughness element, transition will

occur at that point due to roughness. By this device it may be possible to
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retain the framework of the modified Schhchting method. Much careful

experimental work needs to be done, however, before the adequacy of this

method of predicting transition can be evaluated.

At the Ninth International Congress of Applied Mechanics held in

Brussels in September, 1956, A. M. 0. Smith, in a paper entitled "Tran-
sition, Pressure Gradient, and Stability Theory," advanced the hypothe-
sis that transition occurs when the amplification ratio of the initial dis-

turbances as computed from the Tollmien-Schlichting theory reaches e^

or about 8100, and showed a comparison of experimental data with com-
puted results which indicated reasonably good agreement. It is difficult

to understand how the magnitude of the initial disturbance can be
omitted; certainly the theory cannot deal with the effects of free stream

turbulence on a smooth plate in a flow with zero pressure gradient. How-
ever, in many cases the amplijfication ratio varies so rapidly with increas-

ing distance along the surface because of the effects of pressure gradient

that the computed transition position varies slowly with changes in the

selected value of the initial disturbance amplitude or amplification ratio.

A, 14. Transition to Turbulent Flow in a Pipe of Circular Cross
Section. The nature of the flow in a pipe depends on the value of the

Reynolds number Re = u^d/v where u^a is the mean velocity, d the diam-
eter, and V the kinematic viscosity of the fluid. Since the velocity dis-

tribution in laminar flow is parabolic, the Reynolds number may be

written as u^^jr/v where w^ax is the velocity at the center and r is the

radius. For comparison with transition in boundary layers we note that

the Reynolds number Re^* based on the displacement thickness, w^hich in

this case is the thickness of an annulus bounded by the pipe wall which
would pass all of the fluid at the maximum velocity, is equal to 0.303i?e.

Transition from laminar to turbulent flow depends greatly on the

initial disturbances which in turn depend on the shape of the entrance

to the pipe and the disturbances in the flow in the tank or reservoir

ahead of the pipe entry. The lowest critical Reynolds number for large

initial disturbances has been measured by many investigators [4^, p. 319]

with results lying between 1900 and 2320 for Re or 576 and 703 for Rei*.

At lower values of Re, initial disturbances die out far downstream.
Reynolds was able to increase Re to 13,000 by reducing the initial dis-

turbances. Other experimenters have had greater success, obtaining values

of Re of 20,000 (Barnes and Coker \50\ and Schiller \51\), 32,000 (Taylor

[45, p. 321]), and 50,000 (Ekman \52\). Ekman's value corresponds to

Re^* of 15,150. The values vary by a factor of 26, dependent on initial

disturbances which were not quantitatively measured. It is probable that

the initial turbulence in these experiments varied from several per cent

to less than one hundredth of one per cent.

For comparison with transition measurements in boundary layers it
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should be noted that transition in a pipe actually begins near the entrance

to the pipe. If the entrance is bell-mouthed or rounded such that sepa-

ration does not occur, a thin boundary layer develops on the pipe wall

and grows in thickness until it equals the pipe radius. Because of the

continuity relation the flow near the axis must accelerate and hence the

static pressure falls more rapidly than in the finally developed flow where

the drop in pressure is due only to friction. Transition thus occurs in the

wall boundary layer which is subjected to a favorable stabilizing pressure

gradient and to whatever turbulence is present in the entering flow. For

the same turbulence the critical Reynolds number would be expected to

be somewhat higher than for the boundary layer on a plate with zero

pressure gradient.

With sharp-edged entrances, separation occurs at the entry with the

formation under some conditions of regular vortex patterns [53,54]- These

vortices give very large disturbances and hence low values of the critical

Reynolds number.

For very rough pipes the critical Reynolds number appears to be the

same as for a smooth pipe with very disturbed entry conditions. How-
ever, if the initial turbulence is small, roughness may produce larger dis-

turbances than those already present and reduce the critical Reynolds

number. Depending on the shape of the roughness elements, the maxi-

mum permissible height to avoid disturbance in a smooth pipe has been

estimated to be of the order of 4:/Re^ times the radius of the pipe [49,

p. 311]. The fact that any roughness is permissible is thought to be associ-

ated with the fact that roughness elements also possess a critical Reynolds

number below which they set up no disturbance. For example for a flat

plate roughness element, the critical Reynolds number is about 30. The

above relation corresponds to a critical Reynolds number of 32 and the

assumption that the critical height is small compared to the radius. See,

however, the discussion in Art. 5.

The effect on the critical Reynolds number of curving the axis of

cylindrical pipes of circular cross section has been studied by several

investigators [55,56]. The breakdown of the laminar flow does not in this

case lead immediately to turbulent motion but to a regular type of second-

ary motion under the influence of the centrifugal forces. Turbulence sets

in at a critical Reynolds number which depends on L/d where L is the

radius of curvature of the axis of the pipe and d is the diameter of the

pipe. The values obtained increase as L/d is reduced, from about 2300 at

L/d = 1025 to 7600 at L/d = 7.6.

A,15. Transition in Pipes of Noncircular Cross Section. Transi-

tion has been studied in pipes of rectangular, square, and annular cross

section. Basing the Reynolds number on the hydraulic radius, values of

2100 for the square cross section, 1600 for a rectangular section with ratio
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of sides of 2.43 to 1, 2800 for rectangular sections with ratio of sides

between 104 and 165, and 2400 for an annular section with ratio of radii

of 0.818 to 1, were obtained [49, p. 319]. The disturbances were relatively

large in these measurements, so that the values are comparable with

1900-2320 for a circular cross section.

A,16. Transition on an Elliptic Cylinder. Studies of transition on

an elliptic cylinder of fineness ratio 2.96 have been made by Schubauer

[34] over a Reynolds number range of 21,000 to 160,000, the Reynolds

number being based on the minor axis of the elliptical section. The turbu-

lence of the stream was relatively high, from 0.85 to 4.0 per cent. At a

turbulence level of 0.85 per cent, and Reynolds numbers from 21,000 to

30,000, the boundary layer flow is laminar until separation occurs, and

transition occurs in the shear layer so far downstream that the flow around

the cylinder is not affected by it. From the observed pressure distribu-

tions, transition at higher Reynolds numbers occurs in the free layer and

the boundary layer reattaches. The pressure distribution, position of sepa-

ration, and reattachment change with Reynolds number until a value of

about 120,000 is reached. For still higher Reynolds numbers the flow and

pressure distribution were independent of Reynolds number up to the

maximum value reached of about 160,000. Here transition occurred soon

after separation, as described in Art. 8.

The air stream turbulence was increased by the use of turbulence-

producing screens and the location of transition was measured as a func-

tion of the intensity and scale of the turbulence. The results have already

been given in Fig. A, lib for comparison with Taylor's theory.

Unfortunately the gap between a turbulence of 0.85 per cent and the

lower end of the curve in Fig. A, lib was not covered, but the curve must

turn sharply to the right at a smaller value of the turbulence parameter

to reach values of x/D of about 2.7 as experimentally observed at a

turbulence of 0.85 per cent. The relatively stationary position of tran-

sition at x/D of about 1.53 corresponds approximately to the point of

minimum pressure where the pressure gradient changes from favorable

to adverse.

A,17. Transition on Airfoils. The measurements of transition on

airfoils as reported in the literature constitute a record of the develop-

ment of wind tunnels of lower and lower turbulence and of improved

techniques of producing smooth surfaces free from waviness. At first no

detailed boundary layer measurements were made and the only data

given were drag curves vs. Reynolds number based on the air stream

velocity and airfoil chord. The critical Reynolds number of the airfoil

was taken as that at which the minimum drag coefficient was reached

or at which a perceptible rise occurred. Later the location of transition
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was determined by the surface-Pitot technique, but boundary layer data

were not taken and a small separation bubble might possibly be over-

looked. During the same period the laminar flow airfoils were being de-

veloped, permitting much more extensive runs of laminar flow because

of the extent of the favorable pressure gradient. Both wind tunnel and

flight data give estimated equivalent flat plate Reynolds numbers cover-

ing a range from about 600,000 to about 14,000,000, the high values being

obtained much more recently on laminar flow sections in wind tunnels of

turbulence less than 0.1 per cent and in flight on models in which extreme

care had been taken to remove surface roughness and waviness. In any

particular measurement it is almost impossible to separate the effects of

the many variables.

Fig. A, 17a illustrates wind tunnel data on the chordwise position of

transition on airfoils at approximately zero angle of attack [43,48,57,58,

0.8 r?

Xt/c 0.4

Re X 1

0"^

Fig. A, 17a. Transition position on airfoils as a function of airfoil Reynolds number.

69,60,61]. In every case transition moves forward with increasing Reyn-

olds number but the rate and the value of the Reynolds number at which

the most rapid change occurs are dependent on the type of airfoil section,

the smoothness and fairness of the surface of the airfoil, and on the turbu-

lence of the wind tunnel in which the measurements are made.

The results for the 65215-114 airfoil [48], showing transition as far back

as 25 to 30 per cent of the chord at Reynolds number of 40 to 55 million,

were obtained in the low turbulence wind tunnel of the Langley Aero-

nautical Laboratory in which the turbulence intensity is a few hundredths

of 1 per cent. The results for the Tani-Mituisi airfoil at the extreme left

of Fig. A, 17a were obtained in the FFA wind tunnel at Stockholm [43]

behind a turbulence grid giving a turbulence level of approximately 1 per

cent. Although there is some influence of airfoil shape and surface wavi-

ness in this comparison, the principal differences between these two curves

are believed to be due to effects of wind tunnel turbulence.
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The effect of airfoil shape may be seen by comparing the curves for

the 0012 airfoil [58] and that for the 65215-114 low drag airfoil, although

data at the same Reynolds number are not available. The results for the

0012 airfoil [58] in the NACA 8-ft wind tunnel as compared with the

results on the same airfoil in the NACA low turbulence wind tunnel show

the effect of an increase in wind tunnel turbulence from a few hundredths

to several tenths per cent on a conventional airfoil.

From the totality of information available on airfoils and other bodies,

we may reconstruct the qualitative picture of the influence of Reynolds

number on the location of transition. At extremely low Reynolds num-

bers the boundary layer separates from the surface as a laminar layer

and the separated shear layer remains laminar far downstream. As the

Reynolds number increases, transition occurs in the shear layer nearer

and nearer the point of separation. At some Reynolds number the flow

reattaches to form a separation bubble which decreases in size as the

Reynolds number increases. Over a certain range of Reynolds numbers,

transition remains fixed just beyond laminar separation. With further in-

crease in Reynolds number, transition moves forward, more rapidly while

in the region of adverse pressure gradient and more slowly as the pressure

minimum is passed to reach the region of favorable pressure gradient. At

very large Reynolds numbers, transition approaches closer and closer to

the forward stagnation point. Most of the available data are for the

Reynolds number range in which the transition lies between the laminar

separation point and the leading edge.

When the airfoil is placed at a different angle of attack the pressure

distribution changes and aerodynamically we have to do with a different

body. A low drag airfoil experiences adverse pressure gradients at suf-

ficiently high angles of attack and leaves the low drag region. In general

terms transition moves forward on the upper surface and backward on

the lower surface as the angle of attack is increased. Typical experimental

data are found in the references previously cited.

Fig. A,17b shows the data plotted in Fig. A,17a in a slightly different

form, the ordinate now being {xt/c)Re which is a rough approximation to

the equivalent flat plate Reynolds number at transition. Exact data from

boundary layer computations are shown for the 652X5-114 airfoil for com-

parison; in this case the approximate values are too high by from 2 to

14 per cent. For most of the data plotted the equivalent flat plate Reyn-

olds number of transition increases with the airfoil Reynolds number.

It is believed that this increase is associated with the increased stability

of the boundary layer at the more forward positions of transition corre-

sponding to the higher airfoil Reynolds numbers, where the pressure

gradient is increasingly more favorable.

The available wind tunnel data on roughness effects [13,15,63,63] are

plotted in Fig. A, 17c as transition Reynolds numbers based on airfoil
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A,18 • TRANSITION ON AIRPLANE CONFIGURATIONS

chord as a function of /c/S*. Varying techniques were used for measuring

the transition Reynolds number, principally that of rise in total drag

coefficient and surface tubes. The detector tubes were located in various

positions and correction to a fixed position does not seem practicable.

The effect of shape of the roughness elements is obvious as is the large

influence of air stream turbulence.

Loftin's results [62] refer to three-dimensional roughness elements in

the Langley two-dimensional low turbulence wind tunnel and were ana-

lyzed by him in terms of the Reynolds number of the roughness element

Ukk/v. The observed value was a function of the ratio of the diameter d

of the cylindrical projections to the height k, varying from a value of

about 1000 for d/k = 0.5 to 200 for d/k = 7.0. For d/k = 1.0, the value

of UTck/v was 750. This compares with Klebanoff, Schubauer, and Tid-

strom's value of 300 for spherical elements [23].

Von Doenhoff [63] studied the effect of sand grain roughness elements

on airfoils in considerable detail. His results, also obtained in a low turbu-

lence wind tunnel, give a critical Reynolds number of 250 based on nomi-

nal particle size, or 600 based on maximum particle size. The available

data suggest that the critical Reynolds number of a roughness element is

affected as much or more by the turbulence of the air stream in which the

measurements are made as by the shape of the element (see Art. 5).

In the absence of sufficient data one can only conclude that the tran-

sition Reynolds number on airfoils is a function of air stream turbulence,

pressure gradient, and surface roughness and that all variables have im-

portant effects.

The flight data on transition on airfoils presents as confusing a picture

as the wind tunnel data. While the effects of air stream turbulence are

presumably absent, the angle of attack changes with speed so that the

Reynolds number cannot be systematically varied for a fixed angle of

attack. The largest influence, however, appears to be that of surface wavi-

ness, for increased care to secure smooth and fair surfaces has given higher

and higher values. In the last eighteen years the values of {xJc)Re have

increased from 3.5 X 10^ for conventional airfoil sections in 1938 to

11.4 X 10® and 17.0 X 10^ for low drag sections in recent years. Some
of the more recent work is still classified but the highest observed values

are those given in [64\- It seems impractical to secure the required free-

dom from surface waviness and roughness in normal construction and

operation of aircraft to realize these high values.

A,18. Transition on Airplane Configurations and on Airplanes

in Flight. Additional variables influence transition on three-dimensional

airplane configurations in wind tunnels and on airplanes in flight. The
pressure distribution at wing-body junctures and nacelle-wing fairings is

often such as to bring transition close to the leading edge of the wing.
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Moreover actual airplanes have unavoidable local roughness at access

doors and elsewhere which generates local turbulence. Turbulence so gen-

erated spreads laterally, and this process has been studied by several

authors [65,66]. In practical testing, using surface films for detecting

transition [67], dust particles produce the typical wedges of turbulence

behind them. The observed angle of spread (one half the vertex angle of

the wedge) is 8.8°, the various determinations scattering over a range

from about 8.5° to 11°. If there are a sufficient number of sources of

disturbance and the wing chord is sufficiently large, the turbulence will

cover the entire wing span.

A propeller generates turbulence in its wake and hence transition on

that part of the wing lying within the slipstream will occur at a tran-

sition Reynolds number corresponding to a stream of large turbulence

[68]. A tractor propeller produces a large effect; in the case studied its

operation moved transition from midchord to less than 10 per cent of the

chord from the leading edge. A pusher propeller was observed to have no

measurable effect on transition on the wing ahead of it. Likewise the

vibration due to an operating power plant appears to have little effect;

wind tunnel measurements for vibrations of frequency of 27 cycles per

second and amplitude of 0.1 inches gave no measurable change in the

transition point.

The boundary layer on an airplane in flight is subjected to the noise

emanating from its power plant. Wind tunnel measurements in a low

turbulence wind tunnel [2] show that noise may affect transition under

certain circumstances.

A,19. Transition on Bodies of Revolution. The simplest body of

revolution is a sphere and the effect of the occurrence of transition before

laminar separation in greatly reducing the drag coefficient has been known

for 37 years. That transition on a sphere is greatly dependent on the tur-

bulence of the air stream has been known for the same period and for

many years the critical Reynolds number of a sphere was used as a meas-

ure of wind tunnel turbulence. The relationship is plotted in Fig. A, 11a.

For reasons not fully understood the sphere is not a good indicator of

turbulence when the turbulence level is less than a few tenths per cent.

One hypothesis is that, because of the blunt shape, disturbances are set

up at the forward stagnation point which mask the effects of low turbu-

lence levels.

Gortler [69] has suggested that the concavity of the streamlines in the

neighborhood of a stagnation point in two-dimensional flow leads to an

instability of the type discussed in Art. 4, resulting in vortices with axes

along the flow lines. Calculations for the two-dimensional case have been

made by Hammerlin [70]. Presumably a similar instability would be found

near a stagnation point in three-dimensional flow.

< 46 >



A,19 • TRANSITION ON BODIES OF REVOLUTION

Little work has been done in correlating the sphere data with fiat

plate data in terms of Re^*. Fage [71] gives Re^* = 945 at transition

occurring well ahead of separation on a sphere in an air stream of 0.85

per cent turbulence. The equivalent flat plate Reynolds number of 298,000

is considerably below the curve of Fig. A,2b, but it must be noted that

transition on the sphere occurred in a region of large adverse pressure

gradient (X = — 5 to — 7) in Fage's experiments.

Tomotika [72] computed the growth of the laminar boundary layer

on the surface of a sphere in a uniform stream for an experimental pres-

sure distribution obtained at a Reynolds number of 165,000. Separation

occurred at an azimuth angle of 81° with Rei*/^'Re = 2.72, hence at an

equivalent flat plate Reynolds number of 2.5Re. Thus if the Reynolds

number at which transition occurs just ahead of the separation is known,

the value of Ret may be computed. The critical Reynolds number of a

sphere as usually defined corresponds to a considerably more forward

position of transition and to a considerably modified pressure distribu-

tion. Examination of sphere drag coefficient and pressure coefficient

curves shows a departure from an approximately constant value of the

coefficient beginning at about OARe^^. Hence the values of Re^ are proba-

bly of the same order as Re„. The maximum value observed for a sphere

is about 4 X 10^ as compared with 28 X 10^ for the flat plate in air

streams of low turbulence. For a turbulence of 1.0 per cent the value of

Re^ from a sphere is about 200,000 as compared with 630,000 for a flat

plate. For very high turbulence the values agree; for a turbulence of

3 per cent both sphere and plate give a value of Ret of about 100,000.

The much lower values derived from the sphere at low turbulence are

presumably due to the large adverse pressure gradient at the transition

point on the sphere.

In this discussion the well-known but much smaller effect of the scale

of turbulence has been omitted. The most suitable turbulence parameter

for the generalized case is {u'/u^){df/Ly^ where df is the displacement

thickness of the boundary layer at transition.

The drag of streamline bodies of revolution as a function of wind

tunnel turbulence was studied in 1929 [73] and the observed results were

interpreted as due to the effect of turbulence on transition in the bound-

ary layer. Computations were made on the crude assumption that the

velocity distribution in the boundary layer was linear. It was assumed

that transition occurred at values of Res of 1250, 2000, and 2750 (5 being

the thickness based on a linear distribution) for turbulence levels of 2.3,

1.6, and 1.2 per cent. The corresponding values of Res* are 625, 1000, and

1375, and of Re^, 193,000, 333,000, and 630,000. In view of the crude ap-

proximations in the theoretical computations, and the experimental errors

involved in early hot wire measurements of turbulence, these values are

in satisfactory agreement with Fig. A,2b.
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More recent studies have been made by Fage and Preston [74] in a

water stream using the fluid motion microscope, but these do not agree

so well with the two-dimensional values of Fig. A,2b. One of the bodies

used was a long cylinder 3 inches in diameter with a semi-ellipsoidal

nosepiece 6 inches long, and the water stream was 7 inches in diameter.

Most of the observations were taken with turbulence screens about a

foot ahead of the nose of the body. The turbulence varied considerably

along the length of the body, and if the local value at the transition point

is used as abscissa in Fig. A,2b, the values of Re^ are of the order of

|- to -g- those observed for the flat plate. It is obvious that the higher

turbulence levels upstream are influencing the location of transition.

Even if the average turbulence level from the nose to the transition point

is used, the values still fall below the flat plate values, although the pres-

sure distribution is mildly favorable and should yield higher values. As in

many early experiments on transition it is possible that effects of surface

waviness may have been present. At any rate the values observed for

Rst for a turbulence level of approximately one per cent were of the order

of 300,000 to 400,000 as compared with the 600,000 to 700,000 for the

flat plate shown in Fig. A,2b.

Fage and Preston also studied transition on a second body with the

same semi-ellipsoidal nose shape, a 4-inch cylindrical mid-body section,

and a tail tapering in diameter from 3 to 2 inches over a length of 16

inches. For this body, transition occurred following laminar separation

and the phenomena observed were similar to those described in Art. 16.

The boundary layer on a body of revolution is of course not compa-

rable with that on a plate at the same distance from the stagnation point

because of the three-dimensional character of the flow. Mangier [75] has

obtained a general relationship between two-dimensional and axially sym-

metrical boundary layers. When apphed to compute the relation between

the distance Xi along the axis of the body of revolution and the distance x

along a flat plate at which the boundary layer thickness is identical for

the two bodies, we find

''{x)dx
\x,)

where r{x) is the radius of the body of revolution at axial distance x. Thus

X is less than xx over the forward part of the body, equal at some point

beyond the maximum cross section, and exceeds it near the rear end

where r{x) is diminishing rapidly, causing a rapid thickening of the

boundary layer from continuity considerations. The equivalent flat plate

Reynolds number of transition differs from Rbx^ in the same way.

Measurements of transition on a prolate spheroid of fineness ratio 9

and on a modified prolate spheroid of fineness ratio 7.5, modified to give

more favorable pressure gradients over the nose, were made by Boltz,
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Kenyon, and Allen [76] in a wind tunnel of low turbulence (u' = 0.02

per cent). The observed values of Ret ranged from 3.2 to 3.8 million for

the body of fineness ratio 9 and from 3.6 to 4.3 million for the body of

fineness ratio 7.5, the exact value being dependent on the axial location

of transition.

The effect of local surface roughness in the form of a wire ring on the

surface in a plane normal to the body axis was studied by Fage and

Preston [74]- The results were similar to those already described for wires

on a flat plate. As the speed was increased, transition moved forward

from its original position in the absence of the wire until at some speed

it reached the position of the wire where it remained at higher speeds.

The Reynolds number formed from the wire diameter and the velocity in

0.6
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A • TRANSITION FROM LAMINAR TO TURBULENT FLOW

the streamlines were concentric circles in a general way as dependent on

the velocity distribution; in particular, on the ratio of du/dr to u/r. If this

ratio is —1, the negative sign indicating a velocity decreasing with in-

creasing radius, the resulting motion is a potential flow with constant

circulation which exhibits neutral stabiUty . If the ratio is less than — 1

,

the flow is unstable with respect to three-dimensional disturbances, and

the large cellular ring vortices studied by Taylor [78] make their appear-

ance. If the ratio is +1, the fluid rotates as a rigid body. Laminar motion

is stable for ratios between —1 and +2 as a result of the stabilizing

action of the centrifugal field. For ratios greater than +2, turbulent mo-

tion is expected.

Experimental studies of instability and transition in the flow between

rotating cylinders have been made by Taylor [78], Lewis [79], Wendt [80],

and MacPhail [81]. Let us consider first the case in which the outer cylin-

der is at rest and the inner cylinder rotates. Calling the surface speed of

the inner cylinder u^ the radius of the inner cylinder r-,, that of the outer r^

Taylor found the two-dimensional laminar flow replaced by steady vortex

rings when Wi exceeded the value given by

7r^v^[l -f- (ro/n)] r (k _ A

-f 0.00056 1 - 0.652 ^ -
fe-)r

or if (fo/ri) — 1 is small, when

Wi(ro - O ^ .1 1
r^ + n> 41 1 /^

n)

The experimental values of the critical Reynolds number are in good

agreement with this relation. However, the resulting motion is not tur-

bulent in the accepted sense, consisting of large ring vortices regularly

spaced along the length of the annulus. MacPhail found that transition

to turbulence developed gradually. As the cylinder speed is increased the

regular vortex rings break up and the fragment vortices travel round and

round the inner cylinder. Their axes appear to oscillate about positions

of rough alignment with the cylinder axis. The dimension of the eddies in

the direction of the cylinder axis remains much greater than those in the

other directions, and even at speeds far above that for a laminar break-

down, the turbulence spectrum contains a band of preferred frequencies.

The whole behavior is reminiscent of that of the Kd,rmdn vortex street

behind a circular cylinder at high Reynolds numbers.

When the inner cylinder is at rest and the outer cylinder is rotating,

much higher transition Reynolds numbers are found, and a regular vortex
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system is not observed. To avoid disturbing secondary flows produced at

the end walls, the ratio of height to width of annulus must be as great

as 40, according to Wendt's measurements. The observed values of

Uoiro - r^lv vary from about 2000 for 2{r, - r)/{r, + r-:) = 0.016 to

about 65,000 for 2{r, - ri)/(ro + r,) = 0.3 as shown in Fig. A,20. The

velocity distribution indicates the presence of boundary layers at the

surfaces of the cylinders, and it is probable that the transition mecha-

nism is somewhat similar to that of the boundary layer on a plate. As

2(ro — rO/Cfo + n) increases, the boundary layers occupy a smaller and

10*

10^

> 10^
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A,21. Transition in Flow near Rotating Disks. If a smooth

circular disk is rotated about an axis through its center and perpendicular

to its plane in a large body of fluid, the flow near the disk may be laminar

or turbulent, dependent on the Reynolds number wr'^/v where w is the

angular velocity and r is the radius. From Goldstein's analysis [82] of

Schmidt and Kempf's measurements of the resisting moment, the critical

Reynolds number is found to be about 80,000. Riabouchinsky [83] ob-

served about 230,000.

Theodorsen and Regier [84] obtained a critical Reynolds number of

310,000. Large roughness reduced the value only to 220,000 but the intro-

duction of disturbances from a small high pressure air jet near the center

of the disk reduced the transition Reynolds number to about 125,000.

A hot wire anemometer showed regular fluctuations in the transition

region of frequency of 200 cps on a disk of 1-foot radius rotated at

525 rpm. Transition in this case occurred at a radial distance of 9.6 inches,

the flow being laminar at smaller radii and turbulent at larger radii.

The detailed mechanism of transition in the flow near rotating disks

has been studied by Gregory, Stuart, and Walker [85]. They found that

the laminar flow broke down into a regular vortex system whose axes lay

along the spiral streamlines of the flow. The critical Reynolds number for

the appearance of this instability varied from 180,000 to 200,000; tran-

sition to general turbulence occurred at Reynolds numbers of 270,000 to

299,000, i.e. close to the values obtained by Theodorsen and Regier [84]-

See also [86].

Transition on the rotating disk resulted from amplified waves cover-

ing a certain band of frequencies. Some of the waves were found to be

stationary, relative to the surface of the disk, giving rise to the observed

vortex pattern. Stuart computed the solution of the disturbance equa-

tion for disturbances of zero wave velocity on the rotating disk. The

angle of the spiral was in extremely good agreement with experiment

while the wave number, which gives the spacing of the vortices, was

approximately four times too large. The discrepancy is believed to be

due to the neglect of viscosity in the theoretical computations, only the

inertial forces being considered. Transition in this case also is the end

result of instabihty of the laminar flow and the Reynolds number for

transition is a function of disturbances in the flow field.

A,22. Transition in Flow at Boundary of a Jet. We have pre-

viously discussed in Art. 7 the instabihty of the laminar mixing region at

the edge of a jet or wake. Even when the motion within the jet and

mixing region are fully turbulent, the secondary motions in the surround-

ing fluid are usually laminar in character, certainly so at large distances.

Corrsin [87] has described the annular transition region and the laminar

"collar" in an axially symmetrical heated jet of air. Hot wire anemometer
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oscillograms show the typical transition behavior. Nevertheless there is

some question as to whether the phenomenon is analogous to other cases

of transition described. It seems more likely that the outer boundary of a

turbulent jet is very ragged and constantly changing with time as readily

observed in the smoke stream from a factory chimney. The apparent

transition is then to be interpreted as the intermittent striking of the

hot wire by the turbulent jet.

A,23. Transition at Subsonic Speed as AiFected by Heat Transfer.

When a heated plate is placed vertically in still air, convection currents

are set up. If the temperature difference between the plate and air is not

too large, or more accurately if the Grashoff number gh^{T^ — T^)/v'^T^

is not too large, the motion will be laminar in character. Here g is the

acceleration of gravity, h is the vertical height of the plate, T^, is the

plate temperature, T^ the free air temperature, and v the kinematic vis-

cosity. According to Hermann [88], transition to turbulence occurs at a

Grashoff number of about 10^ for which Re^* is about 300.

The stabilizing and destabilizing effects of gravitational forces pro-

duced by density differences arising from heating and cooUng in forced

air flow are analogous to those of centrifugal forces in curved flow dis-

cussed in Art. 20. According to Prandtl [77] the controlling parameter is

the ratio of —gdp/dy to 2p{du/dyy. When this parameter is greater than

1, the flow is very stable and the critical Reynolds number is infinite.

Schlichting [89] found that the effect of gravity made all oscillations in a

laminar boundary layer stable, provided —gdp/dy exceeded -^p{du/dy)l

where {du/dy)^ is the value of du/dy at the wall. Reichardt's measure-

ments [90] are in fair agreement with Schlichting's result.

Liepmann and Fila [12] investigated the effect of surface temperature

on transition in incompressible flow, for heating only, and under con-

ditions where the effects of gravitational forces were negligible. For the

unheated plate the transition Reynolds number was only about 500,000,

although the free stream turbulence was in one series 0.17 per cent and
in another 0.05 per cent. The low value is attributed by the authors to

lateral spreading of turbulence from the wind tunnel walls. The transition

Reynolds number decreases as the surface temperature is increased, fall-

ing to about 400,000 at 100°C at a turbulence level of 0.05 and to about

250,000 at 100°C at a turbulence level of 0.17. The Reynolds numbers
are based on the free stream value of the viscosity. If the viscosity at the

wall is used, the transition Reynolds numbers at 100°C are 260,000 and

185,000, respectively. The observed effects are believed to be due to the

effect of the variation of viscosity with temperature in producing inflec-

tion points in the velocity distribution curve; not to the influence of

gravitational forces. Velocity profiles with inflection points are much
more unstable than those without inflection points.
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A,24. General Remarks on Transition at Supersonic Speed.

When a body travels at supersonic speed through the air, its surface be-

comes heated above the temperature of the surrounding undisturbed air.

If the body is insulated and there is no transfer of heat by radiation to or

from it, the surface reaches a constant temperature T^ equal to the tem-

perature of the air adjacent to the surface. This temperature is somewhat
less than the local adiabatic stagnation temperature Tl and is known as

the recovery temperature. If the local air temperature just outside the

boundary layer is T^, the ratio (7", — T^)/{Tl — T^) is called the recovery

factor r. For laminar flow the recovery factor is approximately equal to

the square root of the Prandtl number Pr, the name given to the non-

dimensional parameter tiCp/k formed from the viscosity ju, specific heat at

constant pressure Cp, and thermal conductivity A; of the air. For turbulent

flow r = \/Pr approximately.

For the circumstances described there is no heat lost from the body
by convection. Art. 25 discusses the data on transition under these con-

ditions. The indirect effect of aerodynamic heating appears as an effect

of Mach number, since the changes in the density and velocity distribu-

tion accompanying the temperature rise in the boundary layer modify

the stabihty of the layer.

Heat transfer to or from the body exerts a marked influence on tran-

sition as discussed later in Art. 26. Heat flow from the air to the body
(cooling the body) increases the transition Reynolds number, whereas

heat flow from the body to the air (heating the body) decreases it. These

effects are quite substantial and sometimes overlooked. It is very difficult

to reahze experimentally the condition of complete absence of heat flow

to or from the body, especially for experiments in which the relative speed

cannot be maintained for long periods, as in firing ranges and blowdown
wind tunnels. In a firing range, the body is usually initially at free air

temperature. The recovery temperature is much higher and the experi-

mental conditions are those of a cooled body. In a blowdown wind tunnel,

the body is usually initially at or near the stagnation temperature which

is only a little above the recovery temperature. The free stream temper-

ature is very much lower and the experimental conditions are those of a

heated body. These differences account for the commonly observed rise

of transition Reynolds numbers with Mach number in firing range data

(the effective cooling increasing with Mach number because of the rising

stagnation temperature) and the fall with Mach number in blowdown
wind tunnels (the effective heating increasing with Mach number because

of the falling free stream temperature).

Effects of free stream turbulence, pressure gradient, nose shape, and
roughness are found at supersonic as well as at subsonic speed. The effect

of nose shape differs in that a bow shock wave is present at supersonic

speed which modifies the viscosity, density, and speed of the flow near
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the surface. Shock waves influence transition in other ways. A weak shock

wave striking a boundary layer produces a small disturbance analogous

to that of a small roughness element. Stronger shock waves may induce

boundary layer separation followed by transition or produce immediate

transition. The observed values of the x Reynolds number based on free

stream properties range from about 0.5 million to about 90 million but

the analysis of the experimental data to isolate the effects of the several

variables is difficult.

The highest value, 90 million, was observed by Sternberg [91] on a

cone of 20° included angle attached to the nose of a V-2 rocket in flight.

The thickness of the laminar boundary layer on a cone in subsonic flow is

l/\/3 times that on a plate at the same x Reynolds number; hence if

transition is assumed to occur at a fixed value of the Reynolds number
based on boundary layer thickness, the critical x Reynolds number for

the cone will be 3 times that for a plate. There is no reason to expect this

relationship in supersonic flow, and the scanty experimental comparisons

[92] of data taken on cones and plates in the same air stream show httle

differences between transition Reynolds number for plate and cone. In

this and succeeding articles no attempt is made to adjust the values for

cones and other bodies of revolution to give equivalent flat plate Reynolds

numbers.

Various methods have been used to detect transition, the most com-

mon ones being Pitot-tube rakes, surface temperature measurements,

schlieren, and shadow photographs. Transition at supersonic speed is

intermittent [93,94] just as it is at subsonic speed. Hence the photo-

graphic methods require numerous pictures to obtain the average loca-

tion of transition. Since the transition process extends over a certain

range of Reynolds number, the choice of a single value is somewhat arbi-

trary. Wherever possible, the values quoted will refer to the beginning of

transition, i.e. the point where turbulent bursts begin to appear for 5 or

10 per cent of the time or, ehminating the knee of the curve, where the

pressure or the temperature begins to rise. Many authors adopt the value

of the Reynolds number at which the pressure or temperature reaches its

maximum value as that for transition; in these cases the values quoted

herein will be less than those stated in the original papers.

A,25. EflFect of Mach Number on Transition for Bodies without
Heat Transfer at Supersonic Speeds. Art. 2 described the large

effect of free stream turbulence on transition at subsonic speed. There

is a similar large effect at supersonic speed up to a Mach number
of 2, although there are few systematic experiments. The most useful

test object at supersonic speed is a cone of small included angle. At super-

sonic speed there is no pressure gradient, the leading edge effects are

small, and there is no contamination from tunnel wall boundary layers.
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Laufer and Marte [92] made measurements on a 5° included angle

cone in the JPL 20-inch wind tunnel, first with damping screens in the

settling chamber of the tunnel, and then with a turbulence grid. The
turbulence levels u'/U in the settling chamber were 0.6 per cent and

6 per cent, respectively, with little change with Mach number and tunnel

pressure. Unfortunately techniques for turbulence measurements in the

test section at supersonic speeds are not well developed. Tests were run

at Mach numbers of 1.79, 2.55, and 4.50. At ilf = 1.79, increasing the

turbulence tenfold reduced the transition Reynolds number from 4.3

million to 3.3 million; at 2.55 there was no effect of turbulence, the

transition Reynolds number being about 3.0 million. Similarly there was

no effect at 4.50, the transition Reynolds number being about 2.7 million.

Other measurements were made in the JPL 12-inch wind tunnel at

M = 2.6 with similar results.

Measurements of transition on a 10° included angle cone have been

made in numerous NACA wind tunnels [95,96,97]. The values vary from

400,000 to 8 million with no clear pattern of variation with Mach number
or Reynolds number per foot. Turbulence measurements were not avail-

able. The design of the 1 X 1-foot variable Reynolds number wind tunnel

at the NACA Lewis Laboratory has been twice modified to reduce its

turbulence level, raising the maximum value of Re^, for the 10° cone from

700,000 to 1.3 million and then to about 4 million. Apparently the lowest

turbulence wind tunnel in which tests have been made on cones is the

NACA 4-foot supersonic pressure tunnel [97]. Measurements on a 10°

cone at Mach numbers of 1.41, 1.61, and 2.01 and over a Reynolds num-
ber range from 0.8 to 9.5 million per foot give values of Re^ increasing

from 7 to 8 million as the Reynolds number per foot increases from 4 to 9

million with no effect of Mach number. The schlieren technique was used.

Lange, Gieseler, and Lee [98] report values of Re^ for a 5° cone in the

NOL aeroballistics wind tunnel No. 2 decreasing from 3.4 million at a

Mach number of 1.9 to one million at ilf = 4.2.

The effect of Mach number variation alone is indeterminate from the

data available. According to stability theory [IV, F] as developed by Lees

and Lin [99,100] the critical Reynolds number for instability of the lami-

nar layer decreases slowly with increasing Mach number for a body with-

out heat transfer. The experimental picture is complicated by possible

variation of the turbulence level with Mach number, tunnel pressure,

compressor staging, etc. The measurements giving the highest values of

Re^, show no appreciable effect for Mach numbers from 1.4 to 2.0, but

this is a relatively small range of Mach number and the scatter of the

measurements is large. The general trend over a wider range of Mach
number [92,101] in wind tunnels for which the observed values are some-

what lower is a decrease with Mach number to a minimum value near

M = 3.7, followed by an increase with Mach number. Typically from a
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value of Ret of 5 million at ilf = 1.5, Re^, falls to 2 million at Af = 3.7

and rises to about 3 million at ilf = 5.

Only a few scattered measurements have been made on fiat plates at

supersonic speeds. An incidental measurement [102] in the NACA Ames
6-inch heat transfer wind tunnel at a Mach number of 2.4 gave an Re^, of

1.4 million. The authors interpret the data as showing values as low as

560,000 at the lowest tunnel pressure. In another study [103] a crude

analysis of skin friction data gave extrapolated values from 2.6 to 4.4

million. Measurements in the JPL 20-inch supersonic wind tunnel by
Coles [104] gave values decreasing from about 2.25 million at a Mach
number of 2 to about 1.1 million at M = 3.6, increasing to about 1.2

million at ilf = 4.5, the position of minimum shear being taken as the

beginning of transition. Other measurements in the same wind tunnel by
Laufer and Marte [92] give somewhat higher values, but the damping
screen configuration may have been different and the surface temperature

method was used. A single measurement [105] in the GALCIT 5-inch

hypersonic wind tunnel gave a value of at least 5 million at ilf = 5.8.

In addition to cones and flat plates, a hollow cylinder with sharp lead-

ing edge gives a boundary layer with zero pressure gradient. Brinich [106]

made measurements on a hollow cylinder 5.31 inches outside diameter,

4.75 inches inside diameter, 33 inches long, with 5° beveled leading edge

and 0.003-inch leading edge radius in the NACA Lewis 1 X 1-foot varia-

ble pressure wind tunnel at a fixed Mach number of 3.12. The transition

Reynolds number varied with the pressure, increasing from 1.5 to 4 million

as the pressure increased. Brinich attributes this to the variation of the

Taylor turbulence parameter (Art. 11) with pressure at a constant turbu-

lence level. As the pressure increases, the boundary layer thickness de-

creases. Thus the ratio of the scale of the turbulence to the boundary

layer thickness increases and the turbulence has less effect in reducing

the transition Reynolds number. On this view there would be both a

Mach number and a density effect, since the thickness increases with in-

creasing Mach number. In a wind tunnel of constant stagnation pressure

increasing Mach numbers are accompanied by reduced density so that

both effects would combine to reduce transition Reynolds number with

increasing Mach number for a fixed turbulence level when turbulence

effects on transition predominate in determining the location of transition.

Brinich discovered [107] a large downstream displacement of the tran-

sition point when the sharp leading edge was very slightly blunted.

Moeckel [108] gave a theory of this effect, attributing it to the formation

of an inviscid shear layer by the curved leading edge shock wave which

reduces the local Reynolds number at the outer edge of the boundary

layer. Bertram [109] made an analysis of the available data and sug-

gested that the most suitable nondimensional parameter is a Reynolds

number based on leading edge thickness. The transition Reynolds num-
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ber (based on peak surface temperature) rises from about 1 million to

about 4.5 million as the leading edge Reynolds number increases from

200 to 10,000.

There are no data on the effects of pressure gradient and surface

curvature on two-dimensional boundary layers except for measurements

[110] on airfoils, mainly at high subsonic speed. Fig. A,25a shows the

position of transition as a function of Mach number for a slightly modi-

fied NACA 0012 airfoil. This figure indicates a large effect of compressi-

bility, transition moving forward with increasing Mach number up to

M = 0.65, then a slight rearward movement to ilf = 0.7, a forward move-

ment toM = 0.76, and finally a continuing rearward movement up to the

highest Mach number of about M = 0.9.
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2.6 million at a Mach number of 1.86 to 4.4 million at a Mach number of

2.46, then decreased to 1.6 million at a Mach number of 4.51.

A systematic study of the effects of single roughness elements has been

made by Brinich [106] at a Mach number of 3.12. The basic model was a

hollow cylinder with axis along the stream direction as previously de-

scribed and the roughness elements were wires encircling the cylinder.

The diameter and location of the roughness element were varied. The
results were analyzed along the lines discussed in Art. 5, the ratio of the

transition Reynolds number for the rough cylinder to that for the smooth
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that for elements close to the leading edge (closer than 25 times the rough-

ness height) and that for which transition is at the roughness element

itself. There remain systematic variations with roughness location, but

the anomalous features (regions in which the ratio increases with increas-

ing roughness height) of Brinich's figure [106, Fig. 12] disappear.

The data for supersonic flow are displaced to values of k/b* about

3 times those for incompressible flow. This ratio is of the order of magni-

tude of the ratio of the free stream density to that of the air near the

surface striking the roughness element. One might speculate that the

smaller effect is associated with the smaller air density at the element.

Brinich made additional experiments [107] on a cylinder for which the

leading edge radius was 0.001 inch as compared with 0.008 inch for the

earlier measurements. These indicated somewhat greater sensitivity to

roughness, the recomputed points falling at the lower edge of the scatter

band in Fig. A,25c. The Reynolds numbers for the smooth cyUnder based

on maximum surface temperature were 1.7 million and 3.6 milHon, respec-

tively. The leading edge Reynolds numbers were 286 and 2900. The

minimum surface temperature was found at Reynolds numbers of 0.8

milhon and 1.2 million, respectively.

Sinclair and Czarnecki [97] made measurements on a 10° cone at

Mach numbers of 1.41, 1.61, and 2.01 with a single two-dimensional

roughness strip consisting of a |^-inch wide band of 0.003-inch thick cellu-

lose tape at various locations. These tests gave the surprising result that

the decrease in transition Reynolds number was even greater than that

experienced for the same value of roughness height to displacement thick-

ness in low speed tests, i.e. below the low speed correlation curve of Fig.

A,25c. Obviously more data are needed on roughness effects over a wider

range of Mach number, body shape, and roughness element shape. It is

possible that the shock wave configuration and shock-induced separation

are more important than the ratio of roughness height to boundary layer

displacement thickness.

The effects of roughness near the conical tip of cone-ogive-cylinder

models on transition were studied by Luther [114]- He states that an

attempted correlation on the basis of k/b* was unsuccessful. This is not

surprising in view of the effects of pressure gradient produced by the

body shape.

Luther was primarily interested in roughness as a means of fixing

boundary layer transition. He used distributed roughness as well as trip

wires to determine the minimum roughness height needed to produce

transition at the element. Large Mach number effects were found, the

critical heights for a Mach number of 4.09 being about 3 to 4 times that

for a Mach number of 1.64. As in the case of Brinich's data the effect of

the low density in reducing the value of the Reynolds number Ukk/v seems

to account for the Mach number effect.
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The value of Ukk/v may be estimated as follows: In compressible flow

the Blasius formula for velocity gradient near the wall holds approxi-

mately, provided the kinematic viscosity near the wall is used in form-

ing the Reynolds number. Hence du/dy = 0.332 (tZ/a:) 's/Ux/vy, where

U is the free stream velocity and v^ is the kinematic viscosity at wall

temperature. For small roughness Uk = kdu/dy. Thus

^ = 0.332 f^V^") /^
Vy, \Vy,J \xJ\Vy,

This may be written in the form

- = 1.735
X i-Tiyrm'

where v^ is the kinematic viscosity at free stream temperature. The term

(j'm/j'w)~* gives the Mach number effect on the assumption that the critical

value of Ukk/v is independent of Mach number. Luther's data on Mach
number effect are fairly well represented by this relationship. Since the

roughness extended from a; = to a: = 0.1875, the basis for comparison

of the Reynolds number effect is uncertain. If a fixed value of x is used,

the theoretical relation gives somewhat smaller variation with Ux/v^ than

shown by Luther's curves for the value of k at which transition reaches

the downstream end of the roughness.

Detailed studies of surface temperature distributions near roughness

elements are given in [115]. Some effects of distributed roughness on tran-

sition at a Mach number of 3.5 are described in [111]. Some observations

on roughness effects at a Mach number of 5.8 are discussed in [105]. At

this Mach number the boundary layer was markedly insensitive to

roughness.

In summary of this section, there is every evidence that transition at

supersonic speed is a phenomenon of widespread occurrence and that the

factors which affect transition at subsonic speeds also influence transition

at supersonic speeds.

A,26. Effect of Heat Transfer on Transition at Supersonic

Speeds. The theory of the effect of heat transfer on the stability of a

laminar boundary layer developed by Lees and Lin [99,100] is reviewed

elsewhere [IV,F] in this series. This theory yields the important result

that the boundary layer could be completely stabilized by sufficient cool-

ing of the body. There has been much controversy about the validity of

the assumptions on which this theory is based and about the accuracy

of the numerical computations.

For purposes of comparison with experimental data, we shall use the

more recent results of Dunn and Lin [116], although even these compu-

tations are not free from criticism because restricted to small wave
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numbers. According to Dunn and Lin the critical wall to free stream

temperature ratio T^^/T^ required for complete stability with respect to

two-dimensional disturbances is 1.6 at a Mach number of 3, 1.7 for

M^ = 4, and zero at M^ = 7.5. Stability with respect to waves traveling

at an angle to the flow direction varies with this angle. At a Mach num-

ber of 4 the required ratio varies between 1.47 and 1.7 for angles of 0° to

74° to the stream direction and falls abruptly to zero for angles of 75° or

more.

The value of Ty,/T„ at which there is no heat transfer to or from the

body varies with the Mach number. To bring out the heat transfer rela-

tionships more clearly, it is better to use the ratio (Tw — Tj)/Tl where
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A,26 • EFFECT OF HEAT TRANSFER ON TRANSITION

narrow ranges of the variables. Data are included on a flat plate, cone

cylinder, paraboloid cylinder, and the RM-IO body of revolution. The

Mach numbers represented are 1.61, 2.40, 2.87, and 3.12.

The curves of Fig. A,26b suggest that three of the curves are approach-

ing vertical asymptotes at sufficiently small values of {T^ — T,)/Tl. The

Reynolds numbers attainable are always limited by model size and tunnel

characteristics so that complete stabilization to infinite Reynolds number

can never be demonstrated. The asymptote values are compared with the

Fig. A,26b. Effect of heating and cooling on transition

Reynolds number at supersonic speed.

Dunn and Lin theoretical curve in Fig. A,26c. The experimental values

are of the same order of magnitude as those predicted by theory.

There are a number of individual papers giving additional data on the

effects of heat transfer on transition at supersonic speeds. Higgins and

Pappas [117] found that heating a flat plate to a wall temperature 200°F

above the recovery temperature reduced the transition Reynolds number

from 1.25 milHon to 600,000 in the NACA Ames 6-inch heat transfer

wind tunnel at a Mach number of 2.4. Scherrer [118] studied the effect of

heating and cooling on transition on a 20° cone in the Ames 1 X 3-foot

wind tunnel No. 1 at Mach numbers of 1.5 and 2.0. In the absence of

heating, the transition Reynolds number was 4.1 million. Heating to a
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value of (Tw - T,)/Tl of 0.14 reduced the transition Reynolds number

to values of about 3 million. In order to study the effect of cooling, it was

necessary to add artificial roughness in the form of grooves to move tran-

sition forward. Under these conditions the transition Reynolds number

was about 2 milHon. Cooling to a value of {T^ - Tr)/Tl of -0.065 at a

Mach number of 2 increased Re^ to 3.4 milhon and cooHng to —0.10 at a

Mach number of 1.5 to 3.8 million.

Eber [119] found that heating to a wall temperature 125°F above the

recovery temperature on a cone cylinder model (40° cone) in the Naval

Ordnance Laboratory 40-cm wind tunnel at a Mach number of 2.87 de-

creased the transition Reynolds number from 300,000 to 160,000 whereas

coohng by 50°F increased it to 450,000.

H

H^

Fig. A,26c. Comparison of experimental results on stabilization

by cooling with the Dunn and Lin theoretical curve.

Czarnecki and Sinclair [111] made measurements on the RM-10 body

of revolution at a Mach number of 1.61 in the NACA Langley 4-foot

wind tunnel for which the transition Reynolds number of the insulated

body is 11.5 milHon. Heating to a value of (Tw - T,)/Tl of 0.3 reduced

the transition Reynolds number to 3 milhon; coohng to {T^ — T^)/Tl

equal to —0.15 increased it to 28.5 milhon. Roughening the surface by a

cellophane tape at 3 and 25 per cent of the body length reduced the value

from 11.5 to 5 and 7.5 milhon, respectively, and these values could not be

increased by coohng the roughened body to (Tw — T^) equal to —0.15.

Jedlicka, Wilkins, and Seiff [94] investigated transition on small

models fired from a 50 caliber smooth-bore gun at 4000 feet per second

with the aid of a plastic sabot. While the principal object of the investi-

gation was to study roughness effect, the short flight times mean that
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the model temperature remains nearly equal to the free-air temperature

and thus the conditions are those of a cool body to which heat is trans-

ferred from the boundary layer. The models were long cylinders with

tangent-ogival nose, the over-all fineness ratio being 30. They were sta-

bihzed by cruciform fins. Under the test conditions the critical Reynolds

number for the smooth body at 0° angle of attack or on the windward side

was greater than 11|- million.

Van Driest and Boison [ISO] report that cooling a 20° cone in the

North American Aviation S^-inch wind tunnel to (Tw — T,)/T°^ of -0.38

increased the transition Reynolds number from about 2.7 million to a

value greater than 5.4 milhon, the maximum permitted by the length

of the cone.

Jack and Diaconis [121] made measurements on a cone-cylinder and a

paraboloid-cylinder at a Mach number of 3.12 in the NACA Lewis 1-foot

variable pressure wind tunnel. Heating the cone-cyhnder to {T„ — T^)/Tl

equal to 0.53 decreased the transition Reynolds number from 2 million

to 0.86 milhon; coohng to —0.45 increased it to 10.6 milhon. For the

paraboloid-cyhnder the transition Reynolds numbers were approximately

twice as great.

Snodgrass [122] reports the results obtained on a 10° nose cone on a

Viking rocket in free flight. The individual observations of transition are

plotted in Fig. A,26c. They are in fair agreement with the Dunn and Lin

curve.

Bertram [109] reports an exploratory investigation of transition on a

hollow cyhnder in the NACA Langley hypersonic blowdown wind tunnel

at a Mach number of 6.9. Because of the short duration of flow the body

did not reach the recovery temperature. The value of (Tw — T^)/T^ is

estimated to have been —0.27 and the observed transition Reynolds

number was between 4 and 6 million.

The results described in this section include results in wind tunnels

in which Ret for the body without heat transfer varies from L3 to 11.5

million, these differences presumably being due principally to effects of

air stream turbulence. While the absolute changes in Re^ with heat trans-

fer are greatest in those wind tunnels where the highest values are ob-

served for the insulated body, the relative changes for small rates of heat

transfer are of the same order of magnitude. As the cooling is increased,

the curves of Ret vs. (Tw — T^/Tl indicate vertical asymptotes corre-

sponding to values of (Tw — T,)/Tl which are in fair agreement with the

values for complete stabilization computed by Dunn and Lin.

A,27. Present Status and Future Direction. It has been seen

that transition is a phenomenon of wide occurrence in many types of flow

and that its location in the flow is governed by a large number of varia-

bles. The problem of transition is the problem of the origin of turbulence
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and it is not yet clear whether we can recognize a single process as active

in all the varied manifestations of beginning turbulence. Various ap-

proaches have been made by various investigators in the search for a

key principle or idea which will unlock the door leading to understanding.

Controversies have developed as to the adequacy of hnear theories to

contribute to a solution of the problem, especially as to the role of the

linearized theory of the instability of laminar flow. Nevertheless it seems

to me that, although a large amount of experimental and theoretical work

remains to be accomplished, the principal outlines are reasonably clear

and the apparently rival ideas are not contradictory but complementary.

The phenomena are, however, far from simple.

For very small free stream turbulence, small surface roughness, and

bodies of large fineness ratio, transition is preceded by the selective ampli-

fication of the small disturbances present. The process in the early stages,

which is well described by a linear theory, is usually described as an

instability. However, the linear theory describes only the amplification

of disturbances, and if no disturbance is present, no oscillations result.

The oscillations do not continue after their production if the disturbances

are removed. The linear theory gives the result that viscosity produces a

phase shift between the tangential and normal components of the velocity

fluctuations which gives rise to shearing stresses which in turn modify

the original velocity distribution. Hence, some of Munk's criticisms [123]

of the linear theory are not justified; it is true, as will be seen later, that

the linear theory cannot describe the transition process itself. The hnear

theory is well established both theoretically and experimentally as de-

scribing the beginning of the process leading to transition when the dis-

turbances are small.

The initial disturbances to be introduced into the linear theory arise

from several sources; collectively they may be described by a composite

spectrum of intensity and frequency made up of several components, as

follows: (1) the initial turbulence of the air stream, (2) acoustic waves,

(3) the disturbance at the nose or leading edge, and (4) disturbances due

to roughness and shock waves from external sources. Since the wave-

lengths of the most highly amplified waves are much larger than the

thickness of the boundary layer, we may be justified in considering only

the frequency region corresponding to wavelengths longer than the bound-

ary layer thickness and to consider that all sources of disturbance yield a

spectrum of velocity fluctuations superposed on the free stream velocity.

Whether this simphfication is justified or not is a matter for further

investigation.

The initial turbulence of the air stream enters directly as a series of

randomly varying disturbances of the free stream flow. Acoustic waves

produce particle motions which in most cases are comparable with a very

small initial turbulence (a few hundredths of one per cent) and, hence,
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are usually of importance only when all other disturbances are exceed-

ingly small. As the free stream passes around the body under study it is

subjected to a single disturbance corresponding to the mean velocity dis-

tribution around the body. This pulse can be analyzed into a spectrum,

and if the body is of blunt shape yielding a sharp and large amplitude

pulse, there may be sufficient energy in the region of amplified oscillations

to be of importance. Similarly a single small roughness element yields a

single pulse, even though it generates no turbulence directly, which con-

tributes to the disturbance spectrum. Distributed roughness yields a ran-

dom disturbance which can be analyzed in terms of its spectrum. Insta-

bility of the highly curved flow near a stagnation point and vorticity

produced by intense shock waves at the leading edge also contribute to

the spectrum at supersonic speed.

The region of spectrum which is amplified depends on the Reynolds

number of the boundary layer and on the mean velocity distribution as

discussed in IV,F. The linear theory then yields a growing disturbance.

According to experiment the next step is the appearance of turbulent

spots in the flow which grow in size. Since the disturbances arising from

free stream turbulence and distributed roughness have a random charac-

ter, these spots will appear at various points in the flow in a random
manner as described by Emmons [3] and transition will be intermittent

and extend over a considerable area.

The transition process or the real instabiUty of the flow is the result

of the nonlinear character of the equations describing the motion. Be-

cause of the nonlinear character the effects of several disturbances cannot

be obtained by superposition, the concept of analysis into a spectrum is

of limited utility, and it is difficult to conceive a simple typical process

describing the essential features of the phenomenon. Munk [123] has tried

to describe transition as an interplay between the selective aggregating

action of shear flow on vorticity of one sign, the spreading-out of vorticity

of the opposite sign, and the nonselective diffusion of vorticity by vis-

cosity. Other pictures have previously been presented in Art. 10 in terms

of the rolling-up of shear layers arising in flow separation or of the pro-

duction of Gortler vortices in regions of highly curved streamlines. Betz

{12Jf\ has recently described the origin of vortices in a fluid of small vis-

cosity, pointing out several difficulties which can be avoided by assuming

that vortices are formed by the rolling-up of vortex sheets. Progress in

the development of a satisfactory conceptual picture and theory is de-

pendent on progress in the study of nonstationary solutions of the Navier-

Stokes equations.

When the disturbances are large the intermediate stage describable

by linear theory is absent. Large disturbances in this sense are actually

quite small; in the case of initial turbulence of 0.25 per cent or more,

the laminar boundary layer oscillations are not observable, being masked,
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if present, by the large velocity fluctuations induced in the boundary

layer flow by the external turbulence.

If this broad outline of the complex problem of transition is correct,

it seems doubtful that the modified Schlichting approach based on the

notion of a local transition Reynolds number can be anything more than

an empirical engineering approximation. It may well be that its utility

decreases as the disturbances are made smaller, if in fact it turns out to

have any utility. Certainly there is ample room for further investigation

of the transition problem.
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SECTION B

TURBULENT FLOW

G. B. SCHUBAUER
C. M. TCHEN

CHAPTER 1, INTRODUCTION

B,l. Subject Treatment. Since turbulent flows and their effects are

encountered in nearly every case where fluid motion is involved, it be-

comes important to know their behavior. It is also important to under-

stand the reason for their behavior, not only to formulate laws for practi-

cal use, but to satisfy our desire to know and to be able to explain the

phenomena with which we deal.

These dual requirements have been kept in mind in writing this ac-

count, and some degree of balance has been attempted. However, greater

emphasis is placed on the characteristics of mean flow resulting from the

action of turbulence than on the turbulent motions themselves. Since the

effects of compressibility and aerodynamic heating are assuming increas-

ing importance in modern technology, these have been included wherever

possible. The general equations of motion and energy are accordingly ex-

pressed in terms of a compressible fluid, and combined thermodynamic

and aerodynamic formulations are presented in relation to boundary layer

and skin friction effects at high speeds.

Due to the fact that most of the basic concepts by which we attempt

to understand the behavior of turbulent flows are as yet conceived only in

terms of incompressible flow, much of the subject must still be treated in

these terms. Therefore the more penetrating treatment of wall-bounded

flows on the one hand and free turbulent flows on the other are dealt with

in terms of incompressible, isothermal flow. The specific subjects covered

under these general headings are boundary layers, pipe and channel flows,

jets, wakes, and mixing regions. In the case of jets the effects of com-

pressibihty and of temperature and density differences are treated.

It would be misleading to imply that complete coverage can be given

to all of the varied aspects of turbulent flow in the space allotted to it

here. Certain omissions are therefore inevitable. These include much of

the structure of turbulent flow embracing the wealth of information de-

rived from hot wire measurements and its theoretical interpretation. A

(75 )



B • TURBULENT FLOW

bibliography of literature references is however supplied. This omission

may be partially excused on the grounds that the reader may turn for

such material to Townsend's book [1] on this general subject. Statistical

theories of turbulence are likewise excluded, and justifiably so since they

are the subject of Sec. C. Another fruitful source of information is the

book by Batchelor [2].

B,2. Nature of Turbulent Flow. When entering into the subject of

turbulent flow it is essential to understand that the kind of flows with

which we shall be dealing belong to a particular class known as shear

flows. These comprise flow fields in which relative velocities have been

induced by shear stresses, and they are distinguished by having arisen in

this way rather than by the action of pressures. They are therefore ro-

tational flows as opposed to potential flows, and they are usually more

restricted since their extent is governed by the range of action of the

stresses. They may be bounded by solid walls or they may be free. Com-
mon examples are boundary layers, pipe and channel flows, jets, and

wakes.

It is equally important that we know why we restrict ourselves to

shear flow. The reason is that only in such flows can turbulent motions

arise and sustain themselves. When turbulence is found in a stream that

has no measurable mean shear, the turbulent motions themselves repre-

sent the decaying remnant of shear flows that existed somewhere up-

stream. Such a condition is not uncommon where upstream objects have

created wakes. Grids or coarse screens placed across a stream are com-

monly used to create a homogeneous fleld of turbulence for experimental

study. We shall not be concerned with this case.

Our main task will be to describe turbulent shear flows and to examine

their laws of behavior. For the most part we shall be concerned with mean
flows, but we shall have some opportunity as we go along to look into the

flow itself, to find out what it contains, and to see reasons for certain

behavior patterns. Some generalizations which apply to the mechanics of

turbulent flows as a class can be made, and these we now take up. The
more quantitative and precise aspects must be left to later articles on

specific subjects. Since there is much about turbulent flow that has not

been put on a firm theoretical basis, some amount of rationalization is

involved, and this necessarily reflects individual viewpoints. It is hoped
that the following discussion will stimulate thought and show that turbu-

lent flow is a phenomenon that should arouse our curiosity.

We begin first with the somewhat controversial questions: What is

turbulent flow, and why does it exist? When tangential stresses are ap-

plied to a fluid having internal friction, shearing motions are set up in line

with the stresses and in conformity to the shape of the boundaries. Within

this flow field, various kinds of secondary motions become possible. Regu-
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lar ones, when they occur, are readily accounted for in terms of pressure

gradients resulting from the curvature of the main flow, usually imposed

by the shape of the boundaries. Irregular ones, called turbulence, are by
far the more common, and their direct cause is less obvious. Their occur-

rence does not depend on the shape of the boundaries, but hke all second-

ary flows, they must depend on a generating mechanism which produces

motions in directions other than that of the applied shear. We must look

for this mechanism within the flow itself. Our inquiry can be divided into

two parts, the first having to do with how the motions begin, and the

second being concerned with how the motions maintain themselves.

To consider the first part, it is necessary to recall the transition prob-

lem treated in Sec. A. In many important cases a shear flow is laminar

over the initial part of its course and then becomes turbulent and re-

mains so for the remainder of its course. According to present evidence

the initial onset of turbulence occurs suddenly by a breakdown of the

laminar flow in localized regions. The cause of the breakdown is attributed

to instability of the laminar flow under the action of disturbances. While
conditions may be altered by the roughness of a surface or pressure gradi-

ent, a characteristic feature is the completeness of the turbulent state in

the patches which grow following the breakdown. It is now well known
that turbulence is convected downstream in the manner of any other fluid

property, and, except in special cases where the flow is impeded to such a

degree that turbulence can hold its position, it is washed away from the

point where it originates and is followed by laminar flow. Repeated break-

downs are therefore generally required to maintain a continuous supply

of turbulence, and instability of laminar flow is an essential part of this

process.

For the second part of the inquiry we turn our attention to some
section downstream where all isolated patches have grown together and
the flow is continuously turbulent. We now observe that turbulence which

is convected on downstream is followed by other turbulence from up-

stream. A steady state is maintained if the turbulence leaving is as vigor-

ous as that arriving. The question now is whether instability plays a

similar role in this sustaining process as it played in initiating the turbu-

lence originally. Evidently it does not if turbulent motions already present

can reinforce themselves to counteract the damping action of viscosity.

Since turbulent motions produce frictional stresses against which the

mean flow does work, a mechanism does exist by which turbulent motions

capture kinetic energy from the mean flow. This is expressed by the

well-known production term in the energy equations, consisting of the

turbulent shear stress times the mean local velocity gradient. In short,

turbulence carries with it the mechanism for sustaining itself, and this is

sufficient to balance losses or gains by diffusion and convection and losses

by viscous damping and still maintain a steady state at each point.
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Nothing has yet been said about the character of the motions them-

selves. Naturally we should like to know whether the sustaining mecha-

nism dictates some particular form of motion. It is a known fact that

even though the energizing of turbulence is expressible in terms of shear

stresses, turbulent pressure gradients are required, and they must arise

from interactions within the flow itself. These interactions can be im-

agined to take the form of collisions between fluid elements; but since

all streams are connected, the interaction paths are curved and continu-

ous. The resulting motions may best be described as a superposition of

eddies with various orientations. The shearing action stretches the eddies

with axes lying along directions in which the fluid is being strained and

intensifies their vorticity. Some concentrated vortex motions can there-

fore be expected to exist in the complex jumble of motions.

Before we can proceed further we must consider the various scales of

motion encountered in turbulent flow and examine their role. It is gener-

ally assumed that the largest scale is that characteristic of the size of the

mean flow field, such as the thickness of a boundary layer. Next come the

turbulent motions where the superimposed jumble of eddies have various

sizes ranging from near that of the mean flow down to the so-called micro-

scales. All turbulent motions are agents responsible for shearing stress in

the presence of a mean shear, and therefore all extract energy from the

mean flow to sustain themselves. However, this action decreases with

decreasing scale, and from an over-all point of view it is generally assumed

that the energy enters the turbulence by way of the larger eddies. Corre-

spondingly, the damping action of viscosity is assumed to be negligible

in the mean flow and among the larger eddies but to increase progressively

with decreasing size until it finally becomes dominant among the smallest

eddies. The effect of viscosity is the more removed from the larger eddies

as the Reynolds number becomes higher.

It is obvious that if energy enters the turbulence more by way of the

large eddies than by the small ones and leaves more by way of the small

eddies than by the large ones, there must be a transfer of energy from

larger scales to smaller scales. The succession of transfer is generally re-

garded as taking place from size to size down the scale, with the number
of stages increasing with the Reynolds number.

Except for the laminar sublayer next to a wall and its immediate

vicinity, it is an observed fact that if the Reynolds number is sufficiently

high for transition to have occurred, the succession of transfer is already

long. In the usual terms, the turbulent energy spectrum is broad. This

signifies that turbulent flows as a class show comparatively minor effects

of Reynolds number in their over-all character. The mean velocity dis-

tribution, for example, changes little with Reynolds number, and the

mean flow field shows a tendency to remain similar in form as it grows to
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larger sizes. The turbulent velocities which contain the bulk of the turbu-

lent energy likewise tend to maintain a constant ratio to the mean local

velocity. This general condition is termed "Reynolds number similarity."

This and the related property of preservation of form from section to

section, commonly called "self preservation," are very important features

of turbulent flow. They give to the flow a permanence of form and a

continuity of behavior that simplify description and make possible cer-

tain general laws.

B,3. Diffusiveness of Turbulence. It is a well-known fact that

frictional effects, mean velocity distributions, rate of spreading, and other

features of turbulent flow bear little resemblance to those found in lami-

nar flow. These differences can be attributed to a diffusiveness of turbu-

lence that far exceeds molecular diffusion and has a more intimate con-

nection with the mean flow. The mechanism of turbulent diffusion is

commonly compared to that of molecular diffusion wherein a molecule

moves and collides with another and so by a process of random walk

migrates farther and farther from some initial point. Turbulent move-

ments may also be hkened to a random walk, and now bulk currents

wander randomly in generally curved paths producing a cumulative in-

crease in the distance from an initial point.

Except for the region near a wall where turbulent movements are

inhibited, the bulk-lot transfers by turbulent motions so surpass trans-

fer by molecular motions that the latter has little effect other than to

smooth out the spotty condition of properties in their new neighborhood.

Thus, molecular diffusion may often be neglected as far as the rate of

transport is concerned. Where it cannot be neglected, molecular and

turbulent diffusion are assumed to be additive.

When we concern ourselves with mean flow, we intentionally ignore

the turbulent motions themselves and deal in effect with a fictitious

"laminar flow" of a fluid behaving as though it had special properties.

The analogy to laminar flow involves endowing the fluid with properties

called "eddy viscosity" and "eddy heat conductivity," or more gener-

ally, "eddy diffusion coefficient." If we attempt to account for behavior

in terms of an eddy viscosity, our fluid appears to be a very peculiar one.

It might be described as non-Newtonian because of the dependence of

the viscosity on rate of shear. We find further that the viscosity varies

from point to point in one part of the flow and remains practically con-

stant in other parts. Moreover, the numerical value is often hundreds of

times larger than that of ordinary viscosity and bears no definite rela-

tion to it. What is even more unconventional is the fact that eddy vis-

cosity increases with the size of the flow field and increases with over-all

velocity. The fluid flow in a large pipe, for example, behaves as though
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it had a larger viscosity than the same fluid flowing in a small pipe.

Furthermore, at high rates of flow the viscosity appears to be larger than

at low rates of flow.

Our fictitious fluid properties are governed by an intimate connection

to the flow itself, and the apparent anomalies arise because of this fact.

As we know, the transporting agents are the turbulent motions, and taken

as a whole their velocities are proportional to some velocity characterizing

that of the mean flow. This connection between transporting motions and

the flow field stands in marked contrast to the independence of molecular

motions which do the transporting in laminar flow.

In every case we must refer back to the turbulence mechanisms in

order ultimately to understand any kind of property with which we have

endowed the fluid. Phenomenological theories have been employed for

this purpose, of which one of the better known examples is the mixing

length theory proposed by Prandtl. Ideally, of course, we should like to

use the fundamental equations of motion for this purpose, but so far this

has not been possible. These questions are discussed in more detail in

Art. 10.

CHAPTER 2. GENERAL HYDRODYNAMICAL
EQUATIONS FOR THE TURBULENT MOTION

OF A COMPRESSIBLE FLUID

B,4. Equations of Continuity and Momentum. The procedure

introduced by Reynolds [S] and Lorentz [4], whereby equations of motion

and energy balance for an incompressible turbulent flow are obtained, is

well known. Briefly the turbulent motion is regarded as consisting of the

sum of a mean part and a fluctuating part, and the sum is introduced

into the Navier-Stokes equations. The resulting equations give consider-

able insight into the character of turbulent motions and serve as a basis

for attacking mean flow problems and also for analyzing the turbulence

into harmonic components.

We now follow the same procedure for compressible turbulent flow.

The purpose in doing this is primarily to investigate the coupling be-

tween the mean motion and its fluctuations, and to establish the general

fundamental equations from which some general properties become appar-

ent. Later on, these equations may be simplified by approximations retain-

ing the significant terms applicable in a particular problem, such as the

customary boundary layer approximations.

The additional difficulties encountered in compressible turbulent flow

are two-fold : First, the hydrodynamical equations are nonlinear, with the

nonlinear terms not only containing the velocity components and their
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derivatives, such as was the case for incompressible flow, but also con-

taining the product of velocity by density. The latter must moreover

satisfy the conditions imposed by the equation of continuity and the

equation of heat conduction. Second, in an incompressible flow the

Reynolds equations have a form similar to the original Navier-Stokes

equations, provided additional fictitious forces, called Reynolds stresses,

are introduced. These stresses also characterize the turbulent friction

and give the rate of production of turbulence when multiplied by mean
velocity gradients. However, in a compressible flow, such fictitious

stresses are more complicated and involve other roles in addition to the

production of turbulence.

It is well to mention briefly why averages are used and what they

mean. Turbulent motions of fluid elements are so complex that they can-

not be treated individually. By averaging we can obtain mean motions

which include turbulent properties statistically. The average can be

taken at a given point over a certain interval of time, or over a certain

region at a particular instant of time, or finally over a great number of

realizations represented by identical fields at corresponding points and

instants. These are the three kinds of Eulerian mean values, termed

respectively, temporal, spatial, and statistical mean values. Finally we
can follow the motion of an individual particle as a function of time and

find the temporal and statistical mean value of any physical property

associated with the particle. This would be the Lagrangian mean value.

It is beyond our scope to discuss the different mean values. We shall

adhere to the Eulerian description in which any one of the three averages

may be used as far as the formalism is concerned. Commonly used meth-

ods of measurement and observation require the use of the temporal mean
value, and this mean value will subsequently be inferred. The time inter-

val does not need to be considered for present purposes, especially when
we are concerned with steady motion.

The motion of the fluid is decomposed into a mean motion with ve-

locity components Ui parallel to the Xi axis, with the running indices

z = 1, 2, 3, and the superimposed turbulent motions or fluctuations, with

velocity components w^.^ The velocity components of the total motion

will be Ui + Ui. Likewise the scalar quantities, pressure, density, and
temperature are also decomposed into their mean parts and fluctuating

parts, and are respectively

where p denotes the mean pressure and p' its fluctuations, and p and T

^ In this section as well as in Sec. C a departure from the usual notation of the

Series wherein u is used to denote the mean velocity in the x direction and u' the
fluctuation about its mean value has been necessary in order to eliminate the confusion
that would result in referring to the fluctuations that might exist simultaneously at

two points.

<81 >



B • TURBULENT FLOW

are respectively the instantaneous local density and the instantaneous

local temperature. The bars denote mean parts, and the primes denote

turbulent parts. Other physical quantities like viscosity, coefficient of

heat condition, and specific heat are considered to have negligible fluctu-

ating parts compared to their mean parts.

The Navier-Stokes equation for the total motion is written as follows:

Tt + (^'- + «')k(p + p')

Here a-ji is a stress tensor [5, p. 574] defined by

iUi + w.) = ^ fe + <.;,) (4-1)

..= -(^P + |.f)a« + .gf + f; (4-2)

where f = 6(f7jt + Uk)/dXk; f = dUk/dXk; f' = duk/dxk; n is the viscosity

supposed to be variable, but with a negligible fluctuating part; and bji is

the Kronecker delta having the value 1 for i = j and for i 7^ j. In

those equations a summation is understood for repeated indices.^ A similar

expression for o-^ can be written but this is omitted here.

The variables Ui and Ui must moreover satisfy the equation of

continuity

I (P + P') + ^. [(P + p'){Uj + uj)] = (4-3)

With the aid of Eq. 4-3, the equation of motion (Eq. 4-1) may also be

written in the following form

:

^ [(P + p')(Ui + ui)] = -^ [{aj. + <r;,) - (p + p'){U, + ui){Uj + u,)]

(4-4)

One way of obtaining the momentum equations for the mean and

fluctuating motions is to start from Eq. 4-4 instead of Eq. 4-1. By aver-

aging we obtain the following momentum equation for the mean motion:

— (pC/i + Vui) + Q- (pUiUj) = J^
~ Q~- ^P'^''^^ "^ Ujp'ui + Uip'uj]

(4-5)

Similarly by averaging Eq. 4-3, the continuity equation for the mean
motion is

^ + ^(pf/i + A.) =0 (4-6)
01 OXj

Corresponding equations could be written for the fluctuating motion, but

this will not be done.

2 The indicial notations are advantageous in the general discussion of the equations

of motion. However, in the following articles when dealing with properties in two
dimensions the indicial notations will usually be abandoned in favor of x, y, U, and V.
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B,5. Equation of Kinetic Energy. The equation of kinetic energy

for the mean motion is obtained by multiplying Eq. 4-5 by C/,-. We ob-

tain, after some transformation,

(5^^') + 4(^^'^') + ^' I (,'„<) + A (,-„,c/,.)

= — ^ [Uiiphij -\- pUiUj) -{- ^p'ujW,]

+ -T— {p8ij + pU^^j) — <po (5-1)

where

<Po -Ui
dXj

d

2 .-

3

dXj
3Mf5..

dXj
(5-2a)

and f>o is defined by

$0 = — 2-2,1 (dU, ,dU\^ ,_„,

It is remarked that f>o is the Rayleigh dissipation function [5, p. 580].

In deriving Eq. 5-1, use has been made of Eq, 4-6. On the left-hand side

of Eq. 5-1, we have the rate of change of kinetic energy,

l(5^^-)+46^^'^')

and the convection by density fluctuations,

iip'u.)+l^ip'um

On the right-hand side of Eq. 5-1, the term

— [Uiipdij + pUiUj) + IpUjUj]

accounts for the diffusion of energy by turbulence and pressure; the term
p'^ represents the rate of change of energy due to expansion; the term

pUiUjd Ui/dXj is the rate of production of turbulent energy from the energy

of the mean flow, as a result of Reynolds stresses pUiUj] and finally the

term <po, as given by Eq. 5-2a, is the action of viscosity, which takes the

form of a dissipation $0, and a spatial transfer

-i-\Ui
dXj

<83 >
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It is remarked that the Reynolds stresses puiUj which characterize the

important nonhnear mechanism in the turbulent transfer, occur in two

places, namely in the diffusion and in the production.

It is much easier to derive the equation of total kinetic energy,

K = ^{U1 + ul). It suffices simply to multiply Eq. 4-4 by (C7i + Wi) and

obtain, after some transformation,

m (^^') + a^ (^^^'-) = -
It

''^' -
ai".

('''''^' + ^«'-^' + ^'^^'^'

+ Kp'«,)-y,|.-%^.-. (5-4)

where

<p
=
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Then we obtain

'(
dUidUj
dXj dXi

dUidU
dXi dx?)

+|".(g+S-«.) (5-3c)

The last term vanishes if n is taken as constant. The third term is not

important, as can be shown by special examples, for instance, a boundary

layer flow. The other terms are also not important if the effect of the

compressibility is small. Hence $o — (po has predominantly the function

of a spatial transfer. Similar formulas for $ — ^, $ — ^, or <!>' — (p' can

readily be obtained, and so also can formulas for x, x, and %', for example,

3 ^ ^ S""' dxj ^
(dUi dUj dUi dUj\

\dXj dXi dXi dxjj
(5-3d)

B,6. Equation of Energy and Enthalpy. The production and

transfer of heat in a turbulent flow is now considered. The derivation of

the energy equation for the total motion is well known (see [6, p. 603]

and also [7, p. 57]) and need not be repeated here. It is written as follows

for constant specific heat and for variable thermal conductivity and

viscosity:

(P + P') [i + (Uj + uj) 4z
dt dXj_

c^T + T')

-I i + <"' + "'>S,j (p + pO = $ +
dXj ^"l^iT + T') (6-1)

where Cp is the specific heat at constant pressure; k is the thermal con-

ductivity; p, p' are the mean and fluctuating pressures; T, T' are the

mean and fluctuating temperatures; $ is the dissipation function defined

by Eq. 5-2d; and CpT is the mean enthalpy. The energy equation (Eq. 6-1)

can be separated into an equation for the mean motion and an equation

for the fluctuating motion. Since the need for the latter equation is pres-

ently not apparent, only the energy equation for mean motion is devel-

oped and written as follows:

I (P^.^) +A (,,^TU,) -

+ ^ (c,,'T'V,)

ft^l^^-^ + ^ (c,,'T')

ki' D
( - dUk

,
, dUk\ , s ,r, r,\
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Finally, by introducing the mean and fluctuating value of the total

energy content per unit mass E'^, E, E, and E', such that

E' = c^T + ^C/f

E = c^{T + T') + UUi + UiY

E = c^T -\- UU', + ^)

E' = E -E
and adding Eq. 5-1 to Eq. 6-2, we obtain

^ ipE') + U, ^, („%) + ^, (c,p'T') - (f + «, ^)§t(pE') + u4,iyu,) + §i

= — — ip'ujE'^ + UipUiUj + CppT'uj — ^^ ] + pUiUj
—

* + ^0 — <po- I p'ujE^ + UipUiUj + CppT'uj — ^^ )

(6-3a)

where the operator D/Dt on any function / denotes

The left-hand side of Eq. 6-3a expresses the rate of change of quanti-

ties pE'^, Vui, p'T', and p. These rates are the result of diffusion and tur-

bulent energy production expressed by the terms on the right-hand side.

Here we find the production term —pUiUjdUi/dxj which decreases the

energy of mean motion, and diffusion terms within the brackets which

include Reynolds stress terms of transport of mass and temperature along

with the better-known term pUiUj. Here also is the molecular contribution

expressed by $o — (po, which we have already noted in Eq. 5-3 as a spatial

transfer and not an energy dissipation. No molecular dissipation appears

in Eq. 6-3a because the kinetic energy dissipated appears in the form of

heat.

The corresponding equation for E may be obtained by adding Eq.

5-4 and 6-2. Thus

= - -^ (plW + 7^^ +7W + V^ - i^ ) + § - 9 (6-4a)
oXj \ dXj/

As would be expected, Eq. 6-4a, which accounts for both the mean and

the turbulent energy, is of simpler form and does not contain the pro-

duction term pUiUjdUi/dXj.

The diffusion terms in the energy equations (Eq. 6-3a and 6-4a) con-

tain the thermal diffusion with flux kdT/dXj. This may be expressed as an
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energy diffusion dE^/dXj or dE/dXj if we introduce xo according to Eq.

5-3c and x according to Eq. 5-3d. In this way, Eq. 6-3a and 6-4a become

respectively

o
(-S.) + y,.^ (^) + B

(^^^,y,) _ g ^ „^.^

- 4 ("'"''
fc 5^0

= ~ TT (
p''i^j-E'*' + UipUiUj + CppT'uj —

^^p^-O^u + X0 (6-3b)

5 /= --^. [pujE' + p'wy^ + p'ujE' + C7,p'^' - ^^

,

^P OJij/

dXj

1 1^1 i'a^^^^ + ^^^^ + X (6-4b)

where Pr = nCp/k is the Prandtl number. The specific heat Cp is taken as

constant. Eq. 6-3b and 6-4b become much simpler if Pr = 1, and if xo

and X are negligible.

Since in the incompressible case ju = const, Pr = 1 and xo = x = Oj

we can reduce Eq. 6-3b and 6-4b respectively to

Dt dXi

Dt ^'^^ = " a^

^o\
(6-3c)

("^'-^S) («-^«)

Eq, 6-4c is the well-known equation of turbulent heat transfer in an

incompressible flow. Here pUjE' is the flux of energy transported by tur-

bulent diffusion.

CHAPTER 3. TURBULENT BOUNDARY LATER

OF A COMPRESSIBLE FLUID

B,7. Introduction. When a fluid flows past the solid boundary of a

body, a shear flow results. The condition of no-slip requires that the fluid

immediately in contact with the wall be brought to rest. Next to it the

fluid is retarded by the internal shear stresses. The retardation decreases

with increasing distance from the wall and becomes vanishingly small in
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a relatively short distance. The layer in which this occurs is called the

boundary layer. A knowledge of the flow behavior within this layer is of

prime importance, especially when effects associated with compressibility

and aerodynamic heating come into play.

The turbulent boundary layer occurs more generally than the laminar

boundary layer, but is less well understood theoretically. The exceedingly

complex character of turbulent flow and the inadequacy of theories of

turbulence make an exact mathematical treatment of the flow impossible

at present. Therefore a great number of approximations are necessary,

and it is to be expected that the various proposed theories may turn out

different results which are not always reconcilable. In order to clarify

many obscure points in the theories, and to display in a simple manner

the essential physical features governing boundary layer flow, it seems

worthwhile to outline the main approaches of the analytical treatments,

and especially to elucidate the bases and assumptions underlying the

theories. Where possible the theoretical results will be compared with

existing experimental results.

First the fundamental hydrodynamic equations, as developed earlier,

will be simplified in Art. 8 under the special conditions of the boundary

layer. Consequently some simple relations between pressure, temperature,

and velocity can be derived in Art. 9. These will at once show some

features of heat transfer in the boundary layer, and especially of the

recovery factor, without going into the turbulent transport processes.

For a deeper understanding of the problems, some statistical methods of

transport phenomena become necessary. Existing theories make extensive

use of the concept of mixing length as a parameter of the turbulent ex-

change of properties. Since several fundamental questions arise in con-

nection with the application of mixing length to various types of transport

(mass, momentum, and heat) governing the boundary layer, and in the

analogy theories between heat transfer and skin friction (the so-called

Reynolds analogy), the statistical foundation of the transport processes

will be studied in Art. 10. As an immediate application, the Reynolds

analogy can be better understood and will be treated in Art. 11.

Theories relating to velocity profiles in a compressible turbulent

boundary layer do not seem to differ much from the corresponding

theories for the incompressible boundary layer, especially concerning

their basis and method of attack. Therefore we shall reserve these for

Chap. 4 where incompressibility is assumed, and be content here to give

only some experimental data on the velocity distribution.

The skin friction in a compressible boundary layer deserves special

attention, because of its important compressibility effect and its practi-

cal significance. The basis of the theories will be described in Art. 12; the

empirical formulas illustrating the essential behavior of skin friction will

be given in Art. 13; and finally the comparison between theories and
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experiments will be given in Art. 14. Since no unique theory has evolved,

the emphasis will be placed on the description and discussion of the bases

and assumptions underlying the theoretical treatments rather than their

detailed analysis. Experimental data will be compared with theories.

This method of approach seems best to show the present state of the

subject and to serve as a guide to future theoretical and experimental

investigations.

B,8. Fundamental Equations of Motion of a Compressible
Boundary Layer. When applying the hydrodynamic equations of Art.

4, 5, and 6 to the boundary layer developed on a flat plate with steady

free stream velocity, certain simplifying approximations may be made.

First of all, the mean flow is assumed two-dimensional with mean veloci-

ties denoted by U and V in the x and y directions respectively, where x is

the coordinate parallel to the plate, measured from the leading edge, and

y is normal to the wall. The turbulence is still three-dimensional, with

components u, v, and w in the x, y, and z directions.

We now consider the order of magnitude of terms involved in the

hydrodynamic equations. If U is taken as a magnitude of standard order

0(1), and the thickness of the boundary layer 5 is small compared to the

distance x, it follows that d/dt, d/dx, d^/dx^ '^ 0(1), and d/dy ^^ 0(5"^),

d^/dy^ /^ 0(5~^). Also we assume that V '^ 0(5), the mean density p is

0(1), and the total energy content per unit mass E is 0(1). If the viscous

term of Eq. 4-5 is to be at most of the same order as the remaining terms,

then it follows that ju is at most of the order of 6^. By the same reasoning,

the correlations involving M, v, p', T', such as uv, uT'; vT'
;
p'u, p'v, p'T', are

at most of the order of 5, while the triple correlation p'uv will be at most
of the order of 6^.

Retaining the predominant terms of the same order of magnitude, we
can easily reduce the dynamic equations (Eq. 4-5, 4-6, and 6-4a) respec-

tively to the following forms:

(8-1)

-|-4(.^) = (8-2)

t + l (^^) + Ty (^^^ + ty (?^) = « ^«-3>
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Similarly from Eq. 6-3a with the same order of approximations we

obtain

li ipE') + ^ ipE^U) + I-, {-pEW) = A (^M^ - P^ - 7~vE^
dt dx dy dy \ dy

(^-i)f'^.(<=p^)+ ±
dy \_\Pr / dy

+ puv — (8-5)

Except for the production term puvdU/dy, Eq. 8-4 and 8-5 have the same

form. In the following we shall be concerned with Eq. 8-4 rather than

Eq. 8-5.

Eq. 8-1, 8-2, 8-3, 8-4, and 8-5 form a system of basic equations of the

compressible boundary layer. The effects of the density fluctuation are to

contribute an additional Reynolds stress, an apparent source, and an addi-

tional eddy conductivity respectively in the equations of momentum, con-

tinuity, and energy.

B,9. Relationships between Velocity, Pressure, and Tempera-
ture Distributions. Some simple relations are now derived for velocity,

pressure, and temperature by integrating the momentum and energy

equations. This is done here without entering into the mechanism of tur-

bulence in the boundary layer. We consider a steady boundary layer,

with strictly parallel flow (all average quantities depend only on the

coordinate y).

First by integrating the momentum equation (Eq. 8-2) from y to 8,

where 8 is the thickness of the boundary layer, we obtain

P = Pe + PV^

= ^. (l + yMt §.^ (9-1)

since Ml = peUl/ype. Here quantities without subscript are taken at the

coordinate y, while subscript e denotes the quantity at the edge of the

boundary layer. For future reference, superscript " denotes the total or

stagnation value, and subscript w denotes the value at the wall (y = 0).

The assumption of a constant pressure within the boundary layer is valid

if the free stream Mach number is of the order of 0(1), and if the previous

assumption of small turbulence level (jT^/U^ <$C 1) is made.

For the derivation of energy relations, the following conventional

boundary conditions are used

:

Aiy = 0: U = 0, V ^ 0, u = 0, v = 0, w = 0, T = T^ (9-2a)

At 2/
= 5: U = Ue,T = T, (9-2b)
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If Pr = 1 is assumed, the energy equation (Eq. 8-4) takes the form

^(^||_pF-»-£7-.) = (9-3a)

This is similar to the momentum equation (Eq. 8-1), rewritten as follows:

(9-3b)
dy i'

— - puv - Upv] =/yj

Further from the equation of continuity, Eq. 8-3, we have p^ = const.

Therefore a comparison between Eq. 9-3a and 9-3b leads to the following

linear relationship between E and U:

E = c^T + ^U'-\-^{u' + v' + w') = Cj,Tl (1-.)| + . (9-4)

where the constant Tl and 17, as determined by the boundary conditions

(Eq. 9-2a and 9-2b), are

7? = TJTl

Cr,T1 Cpl e [ 2 ^ e

T° is the stagnation temperature a,t y = 8. If we neglect as usual the

turbulent intensity in Eq. 9-4, we obtain the approximate relation

CpT + K f^2 "^P-^ e (1 ''^17: + ^ (9-5)

Eq, 9-5 gives a relation between T and U on the basis that the laminar

Prandtl number is unity. Some authors have derived the same relation

requiring that the turbulent Prandtl number should also be unity (see

e.g. [8]), but the latter condition is superfluous according to the above

considerations.

Eq. 9-5 gives the temperature-velocity relationship including heat

transfer. If the waU is insulated, we must have

but, according to Eq. 9-5,

dy Cp dy Ux ^ dy

(9-2c)

(9-6)

and since in general (dU/dy)^ 9^ 0, the condition (Eq. 9-2c) imposed upon
Eq. 9-6 requires that

n = l

hence Eq. 9-5 simpUfies to the following form

:

CpT + ^f/2 = CpT^ (= const) (9-7)

(91 )



B • TURBULENT FLOW

with an insulated wall. We conclude that for Pr = 1, the relationships

between temperature and velocity in the turbulent boundary layer are

the same as those in the laminar boundary layer, which were first ob-

tained by Crocco [9].

In an insulated boundary layer at low speeds, Squire [10] and Acker-

man [11] have independently deduced the formula

CpTw = CpTe +|Pr*t/2 (9-8)

for Pr 5^ 1 or Pr = 1. Here T^ is the temperature at the wall. When
there is no heat transfer, T^ is sometimes called equilibrium temperature.

This formula may be expected to be not seriously in error at high speeds,

and includes Eq. 9-7 as a special case with Pr = 1. As Pr < 1 in general,

the temperature at the wall is accordingly smaller than the total free

stream temperature.

In the light of Eq. 9-4, a more general formula for the case oi Pr 9^ 1

can be written as follows:

CpTw = CpTe 4- ^uVl (9-9a)

by introducing a factor re, called the recovery factor. The recovery factor

can then be considered as defined by Eq. 9-9a, and it then becomes

^ Tw- Te

Using the adiabatic relation Tl/T, = 1 + (7 - l)Ml/2,

(9-9b)

00 +^-0 - 1

-Ml
(9-9c)

Here M^ is the Mach number at the edge of the boundary layer, and 7 is

the ratio of specific heats. According to Eq. 9-8 and 9-9, the recovery

factor should not differ very much from the value

re = Pr^ (9-10)

The turbulent recovery factor, which shows a close agreement with

Eq. 9-10, has been measured by Mack [12] over the surface of a cone,

in the range of free stream Mach number from 1.33 to 4.50, to be 0.88 ±
0.01, as compared with the calculated value of Pr^ = 0.89, based on the

recovery temperature. Experiments for a flat plate have been made by
Stalder, Rubesin, and Tendeland [13] (re - 0.89 ± 0.01) at Mach num-
ber 2.4. Also the measurements of the laminar recovery factor show a

close agreement with the theoretical value of Pr^. The experimental

results of various investigations are summarized in Fig. B,9a and B,9b.

In general the recovery factor depends on the Reynolds number. In
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the transition region, the recovery factor varies from the lower laminar

value to the higher turbulent value. An increase of the turbulent recovery

factor with the Reynolds number in the fully turbulent region predicted

by the theoretical formula of Seban [14],

fe = 1 - (4.71 - 4.115 - 0.601P/-)i2e-o-2

B = Pr bPr + 7

2 5Pr + 1

and the theoretical formula of Shirokow [15],

re = 1 - 4.55(1 - Pr)Re-°-^

is not systematically detectable from the experimental results of Fig.

B,9a and B,9b. Here Re is the Reynolds number based on the distance

>
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while the laminar recovery factors on plates are higher than those on

cones and other models. These high values of the recovery factor can be

attributed to heat conduction effects in the leading edge region of the

flat plate.

The foregoing relations between temperature and velocity will be

referred to in Art. 12 in connection with the relation between the tem-

perature profile and the velocity profile. If Pr = 1, the relations become
especially simple, as shown by Eq. 9-5 with heat transfer and by Eq. 9-7

without heat transfer. If Pr 7^ 1, the viscous dissipation and the heat

conduction render such a general relationship between temperature and
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0.6
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Fig. B,9d. Total temperature profile across turbulent boundary layer. The free

stream Mach number is 4.93 and there is no heat transfer. The experimental data in

circles are drawn after Lobb, Winkler, and Persh [18] and private communications.
The curve is drawn according to Eq. 9-12, by assuming equal thickness of boundary
layers for U and T.

could then be formulated predicting that T'^/Tl increases as {U/UeY in-

creases. With this in view we shall introduce a variable recovery factor

r{y) and write by analogy to Eq. 9-7,

CpT + My)U' = CpT. + ^rMl ^ c^T. (9-11)

Here it is assumed that the heat conduction through the wall is absent,

i.e. (dT/dy)^ = 0, but Pr may be arbitrary. Eq. 9-11 gives T°{y) in terms

of U{y) as follows:

with

!_- +
-' e

r{y) - 1

0-9^(1) (9-12)
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For a velocity distribution given by Fig. B,9e, the curve in Fig. B,9d

shows the distribution of T^/Tl given by Eq. 9-12 when it is assumed as

a rough approximation that a = 1. On the same figure are shown the

measurements of Lobb, Winkler, and Persh [18]. Fig. B,9e shows the

measurements of van Driest [19] and Spivack [20]. Both figures suggest

that T^/Tl passes through a maximum value in excess of unity, the indi-

cation of this being most pronounced in Fig. B,9e. This phenomenon

cannot be explained from the above considerations unless a proper dis-

tribution of r{y) is taken into account.
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The other approach is to regard the statistical effect of turbulence

on the mean flow as being similar to that of molecular viscosity or heat

conduction, so that the turbulent transport terms can be treated by the

same statistical methods as those applied to transport processes in non-

turbulent motions. To this end, and as a basis of the statistical theory of

transport processes by molecular motions in a gas, we use the Boltzmann
equation

df
, ^ dj _hl

dt
(10-1)

where df/dt is a symbol representing the collision integral, f{t, x; i^dxd^ is

the number of particles in the space and velocity elements dxdiE, at the

instant t; x and ^ are the vectors of position and velocity, X is the external

force per unit mass. The left-hand side of Eq. 10-1 represents the rate of

increase in time of the number of particles in the phase element dxd^

when we move together with the particles in the phase space x, ?. The
right-hand side represents the effect of restoring and direct collisions

which throw the particles respectively in and out of the phase element.

A consequence of the Boltzmann equation is the equation of evolution

of a transferable property ^{t, x) defined by

Ht, x) = / dkct>W

f dkf

(10-2)

where 0(^) is a function of the random velocity ^. As special cases it is

interesting to put (/> = 1, ^i, |^?, thus obtaining from Eq. 10-1 and 10-2

the general hydrodynamic equations

i+4<^^'-^

DUi
Dt

. (dUi J J
dUi\ _„ daij

_ BI dqj

^ Dt dXj
^ij^ij P^ j-^j

(10-3)

Here the density p, the speed Ui, and the internal thermal energy per
unit volume I are defined by the mean values

p = m j fd^ = mn

I = ^C?-^^i

<98)



B,10 • TRANSPORT OF PROPERTIES IN A TURBULENT FLUID

where Ci = ^i — Ui is the thermal velocity and m is mass. The mean
values of high powers of d are

(Tij = —pCiCj = stress tensor

Qi = —^pCiC^ = thermal flux

/ is the internal energy, which is equal to C»T for an ideal gas, and finally

1 (dUi _^
dU\

2 \dXj dXiJ

Eq. 10-3 express the conservation of mass, momentum, and energy re-

spectively. In order to express the quantities (Xij and qi in terms of the

macroscopic quantities p, Ui, and T (or 7) we have to investigate further

the Boltzmann equation (Eq. 10-1). Because it is nonhnear in character,

it can only be solved by approximations. For the detailed calculations,

reference may be made to the textbook of Chapman and Cowhng [21].

As a first approximation it is found that

(10-4)
, dT

where p. and k are found as functions of T and depend on the collision

cross section. With this approximation, the second equation of Eq. 10-3

becomes the Navier-Stokes equation of motion.

In particular, for a transport in the y direction of a property which

either is a scalar, or has a component in the x direction, Eq. 10-4 reduce to

dU

(10-5)

q,= -p^L^Ly = --

or, in general, the laminar flux of the transport J of a transferable

property $, which is the momentum or temperature in Eq. 10-5, can be

written in the following form

:

Jl^m = Aam X"
,

(10-6)

where Aam is a laminar phenomenological coefiicient equal to the coef-

ficient of viscosity in the case of transport of momentum, and to the

coefficient of heat conduction in the case of the transport of heat.

When we deal with turbulent transport, it is necessary to replace the

concept of the molecular colUsions by the turbulent exchanges between
fluid elements. Similarly the thermal velocity Ci is replaced by the ve-

locity Ui of turbulent motions. If the property $ is to be transferred by
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these motions, then it is to be expected, by analogy with Eq. 10-5 and

10-6, that a turbulent flux will result in the form

3$
J = — p^v = D -r-

dy

where J is turbulent flux, v is the turbulent velocity in the direction y,

and D is turbulent coefficient of transport. In general the transport coef-

ficient D may depend upon a number of unknown factors among which

are the property to be transferred, and the intensity and scale of the tur-

bulent motion. For example, its value may vary according to whether

we have a transport of momentum, heat, or matter. A knowledge of its

structure necessitates a detailed investigation of the basis of the tur-

bulent exchange term by a procedure analogous to that which yielded

the exchange coefficients n and k of Eq. 10-4 from the solution of the

complete Boltzmann equation including the collision term. It is hoped

that some insight into the essential structure of the turbulent transport

can be gained by proceeding in this way on a somewhat simplified basis

made possible by adopting an approximate form of the Boltzmann equa-

tion. When applied to turbulent motion, the right-hand side of Eq. 10-1

represents the effects of the turbulent exchanges on the distribution func-

tion. It can be regarded as a forcing term which distorts the distribution

from its equilibrium. Therefore we can write Eq. 10-1 approximately as

follows

:

^=-k(/-/J (10-7)

where / is the nonequilibrium distribution, /eq is the equilibrium distribu-

tion, and K depends on the efficiency of the turbulent mixing. The idea of

writing such a simple relaxation type of exchange term in Eq. 10-7 in the

place of the complete collision integral in Eq. 10-1 is not new. Lorentz [22],

Van Vleck and Weisskoff [23] had initiated such a simplification in their

study of microwave line shapes. Later Bhatnagar, Gross, and Krook [24]

applied an essentially similar simplification for studying the collision proc-

esses in gases. According to Eq. 10-2 and 10-7, we can write

^ = _«($_$) (10-8)

Here ^ — $ is the fluctuation of the transferable property. Eq. 10-8 can

be used to find the evolution of the property $ carried by a lump of fluid

when the latter moves and mixes with its surroundings.

Being given $, the value of <l> at any instant t is given by the integral

of Eq. 10-8 as follows:

$(f) = K f " dre-^'^t - r) (10-9a)
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where $(^ — r) is the mean value of the property <l> when the lump of

fluid carrying # found itself at the instant t — t.H can be expanded into

series as follows:

m -r)= m) -^ j'_^ dtW) (10-9b)

where the integral term is the displacement of the lump of fluid in the

interval of time r. The expansion is valid when the lump of fluid makes

only small displacements and when it is assumed that $ is stationary, but

nonuniform.

After substitution for ^{t — r), Eq. 10-9a becomes

$(^) = $ _ |5 ^ / dre-''
I

dt'v{t')
dy

The double integral is

Thus

K r dre-^' r dt'vit') = K j^ dre-" j^ dt"v{t - t")

= K r di"v{t - t") r dre-'^

= jj dt"e-^'"v{t - t")

$(i) = $(^) - M5 ; dt"e-'^'"v{t - t")
dy Jo

Hence the flux for the transport of $ is:

_ a$(0J = -p^v = -p-^ / dt"e-'^'"v{t - t")v{t) (10-lOa)
dy Jo

Consequently the turbulent coefficient of transport D is found as follows:

D = jj dt"e-'^'"v{t - t")v{t) (10-lOb)

The transport coefficient D in Eq. 10-10 depends on the autocorrelation

function of velocities vijt — t")v{t) and on k. In its turn k depends on a

number of factors among which is the property to be transferred. This

entails that D may differ according to the nature of properties to be

transferred, i.e. heat, momentum, particles, etc.

Now we shall compare this result with the concept of mixing length,

so often used in the study of the turbulent motion. By analogy with the

kinetic theory of gases one may suppose that there is a length I, which

represents the distance traveled by the lump of fluid between the instant

when it was freed from its surroundings carrying with it the mean
property of these surroundings, and the instant when it arrives in a
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new layer where it is supposed to mix with the new surrounding fluid.

In this case, the transport coefficient is vl, which can be written in the

integral form

vl = jj dt"v{t - t")v{t) (10-11)

if the correlation of velocities converges. Eq. 10-11, based on the mixing

length, does not distinguish between the transport of heat, momentum,
and matter, because the same length is intrinsically implied in all cases.

As an illustration, Eq. 10-10 may be applied to the special case of

transport of momentum and heat along the y direction. We then obtain

^ ^ _^uv = pDu^ (10-12)

q = —pCpT'v = pCpDk—

where r is the turbulent shear stress, q is the rate of turbulent transport

of heat, and D„ and Dh are respectively the transport coefficients of

momentum and heat defined by Eq. 10-lOb. The coefficients are com-

monly termed "turbulent exchange coefficients."

The results (Eq. 10-12) can be compared with the Boussinesq formulas

of turbulent transport of momentum and heat, written usually in the

following form

:

dU
dy
1 (10-13)

dT
dy

where e^ is the eddy viscosity and e^ is the eddy heat conductivity, intro-

duced by formal analogy to the corresponding laminar viscosity and heat

conductivity of the Navier-Stokes and Fourier equations. Eq. 10-13 give

neither the structure of the exchange coefficients nor the basis of the

transfer. However, they can be made completely identical in form with

Eq. 10-12, if the following expressions are assigned to e^ and e^

e^j = pDu

€fc = pCpDh

The ratio

is called the turbulent Prandtl number by analogy to the laminar Prandtl

number introduced in Eq. 6-4b. We see that the mixing length theory
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(Eq. 10-11), which imphes Z)„ = Dn, predicts a turbulent Prandtl num-
ber of unity. However, experiments show that Pvi is about 0.7, a value

very close, incidently, to the laminar Prandtl number for air.

The fact that the turbulent Prandtl number, as given by the ratio

Du/Dn, is different from unity is interesting and indicates that Eq.

10-lOb, rather than the mixing length formula (Eq. 10-11), should be

more correct. However, due to the simplification introduced in the trans-

port equation (Eq. 10-7), the parameter k is not determined in terms of

the transferable property, so that the numerical value of the ratio of the

two exchange coefficients cannot be computed from Eq. 10-lOb alone.

An auxiliary equation is needed to determine the transfer of property,

for example, heat or particles, under the action of a turbulent fluid. In

the case of the transfer of particles, such an equation may govern the

motion of a small spherical particle suspended in a turbulent fluid. On
the basis of it, the velocity correlation for the particles can be computed

in terms of the velocity correlation of the ambient fluid or vice versa,

and hence the ratio of the two exchange coefficients can be obtained.

This has been done by Tchen [25], and, for the case of k = 0, it has been

found that the exchange coefficient of particles is equal to that of the

fluid (Eq. 10-11). This case is not surprising, since consistently the relax-

ation is neither involved in the motion of the fluid nor in the motion of

the particles, and no difference in exchange coefficients should exist, as

already revealed by the simple theory of Eq. 10-lOb. The ratio of the

two exchange coefficients for the case of k 5^ has not yet been studied

on this basis. Several authors are concerned with such difficulties of dif-

fusion phenomena, see e.g. [25] and the Burgers lecture on the turbulent

fluid motion [26].

In the integrand of Eq. 10-lOb, the exponential term can be con-

sidered as a retarding effect of the relaxation between the equilibrium

and nonequilibrium distribution in the transport phenomena (Eq. 10-8).

Hence the complete integrand of Eq. 10-lOb can be considered as a corre-

lation corrected for the relaxation by means of the exponential factor.

In the diffusion problem based on the model of a random walk, such an

effect has been considered by Tchen [27] in the form of a more general

memory, which could be either negative or positive, so that the corrected

correlation will contain a factor respectively smaller or larger than unity.

Before leaving the discussion, it is important to remark that the dif-

fusion phenomena, described by the above transport phenomena, are only

valid for irregular movements of small scales, since we have used in Eq.

10-9b a series expansion in terms of a length and some gradient of the

transferable property. Such a diffusion can be called diffusion of the

gradient type. On the other hand, when the irregular movements are of

coarse scales, the bulk property rather than its local gradient must be

the governing factor. The latter diffusion can be called diffusion of the
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hulk convective type, and will be discussed in Art. 29 in connection with

the coarse eddies of free turbulent flow.

The structure of the transport coefficients can be determined by
means of kinetic equations more general than the Boltzmann equation.

This attempt has been made in an article by Tchen published in the

Proceedings of the International Symposium on Atmospheric Diffusion

(1958).

B,ll. Reynolds Analogy between Heat Transfer and Skin Fric-

tion. As an application of the transport processes treated in Art. 10,

let us study the Reynolds analogy between heat transfer and momentum
transfer. Let q = —pCpvT' be the rate of turbulent heat transfer in the

y direction across the unit area normal to this axis, and r = — puv be the

rate of momentum transfer or turbulent shear stress. According to Eq.

10-6 we have _
dT

q = —pCpvT' = pCpDk-—

T = —pUV = pUu-TT-
dy

The following expressions written in nondimensional form may be

compared

:

" T
and -TTTT rr^i (H-l)

pCp{U - t/e)(r - n) p{U - Ue)'

Here Ue and Te are the velocity and temperature at a reference plane,

which, in the present discussion, is taken at the edge of the boundary

layer. The Reynolds analogy is a statement of equality of the two ex-

pressions of Eq. 11-1. Let us investigate this analogy in some detail. Of

special interest are the heat and momentum transfers at the wall, where

the two expressions of Eq. 11-1 become

^^ ^
-p^CpU.iT^ - Te) '

2^' = '^l
^^^"^^

where the subscript ^ denotes the value at the wall, St is the coefficient

of heat transfer or Stanton number, and c/ the coefficient of skin friction.

Then the Reynolds analogy leads to

St = ^Cf (11-3)

This result was first obtained by Reynolds [28] and is also given by Squire

[7, p. 819] and Goldstein [6, p. 654] in their study of heat transfer.

It is easy to see that Eq. 11-3 cannot be valid in general because,

in the compressible case of an insulated boundary layer, we must have

St = and C/ ^ 0, which obviously violate Eq. 11-3. Therefore it is

worthwhile to derive a more general relationship between the heat trans-

fer and skin friction. For this purpose we make use of the relation (Eq.
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9-5) between the temperature and velocity for the case of Pr = 1. By
differentiating with respect to y, we obtain

(fl = ^^^-')^(f).
Thus in terms of {dU/dy)^, we can write St and C/ as defined by Eq. 11-2

in the following form

:

rpQ rp

1 ^ 1 (dU\

'Jl \dyj.

so that

St Dn Tl
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Fig. Bjlla. Analogy theories of turbulent heat transfer;

Me = 0, -Be = 10^ after Chapman and Kester [29].
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the elementary and fundamental transport phenomena by turbulence, as

was done in Eq. 10-12, one could consider a more general shear stress and

heat transfer, by defining them by the right-hand side of the boundary

layer equations, Eq. 8-1 and 8-4 respectively. Then a new coefficient of

skin friction and a new Stanton number are obtained with a rather com-

phcated ratio between them. Such an analogy between shear stress and

heat transfer is called in the Uterature "Modified Reynolds Analogy" [8].

While it is already hard to express a satisfactory analogy between two

elementary transfers, one wonders sometimes whether an analogy between

a complex transfer of different nature (turbulent and laminar combined)

could be expected in a reasonably simple form. The results of some of

those analogy theories and the effects of the Prandtl number are shown in

Fig. B,lla, after Chapman and Kester [29]. The data mentioned in Fig.

B,lla are found in [16,30,31,32]. Fig. B,llb, after Pappas [33] shows how
the skin friction coefficient and the heat transfer coefficient vary with the

Mach number. The data of Fig. B,llb refer to [29,32,33,34,35,36,37,38,

39,40,41,42,43].

B,12. Basis of Skin Friction Theories. For the analysis of the

stresses acting on a body moving at high speeds, a study of the skin

friction in a compressible fluid becomes important. Not only is it neces-

sary for drag calculations, but it is useful for estimating heat transfer by
means of the Reynolds analogy discussed in Art. 11.

Before discussing experimental results and their comparison with

theories, it appears desirable to review in a simple and general way the

main steps, concepts, and approximations underlying the theories which

have been proposed.

According to Eq. 8-1, the turbulent shear stress for a compressible

flow is

T = —puv — Up'v (12-1 a)

The first term of the right-hand side of Eq. 12-1 a represents a momentum
transfer, and the second a mass transfer. The ratio of the second term to

the first is estimated to be proportional to the square of the local Mach
number. Now the theories of skin friction assume, as a first approxi-

mation, a value of r = Tw for Eq. 12-la, where Tw is the total shear stress

at the wall. Any variation of t through the boundary layer is taken into

account only in the higher order of approximations. Since the local Mach
number is small near the wall, the second term of the right-hand side of

Eq. 12-la can be neglected, and we obtain

T = -puv (12-lb)

The next step is to express the fluctuating quantities in terms of the
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mean quantities in accordance with the relations (Eq. 10-11 and 10-12)

as follows:

r = -pvi^ (12-2a)
dy

where, following Prandtl, vl is expressed by

7l = P^ (12-2b)
dy

The mixing length I is now to be expressed in terms of the local mean
flow parameters. This can be done [6, Chap. 8] either by means of the

Kdrmdn similarity hypothesis

dU/dy

or by means of the Prandtl hypothesis

I = K,y (12-4)

where ki and k2 are numerical constants. With the Karmdn hypothesis,

Eq. 12-2a can be written as follows:

,_ {dU/dyY
^ = ''' {d^U/dyr ^ ^^

In boundary layer theories the equations are usually rendered di-

mensionless by introducing a reference velocity

C/, = .P (12-6a)

and a reference length

(12-6b)

where the subscript w denotes the value at the wall.

Using the reference velocity and length, as defined by Eq. 12-6, we
can write the following dimensionless quantities:

(12-7a)

(12-7b)

(12-7c)

* _ P^Ury _ yp^U^
^
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where C/^ is the skin friction coefficient at the wall, defined by

The expression (Eq. 12-7c) is based on the equation of state of a perfect

gas and the constancy of pressure across a boundary layer (compare the

assumptions underlying Eq. 9-1).

In order to formulate the differential equation for U*, it is necessary

to express p* in terms of U*. This is possible by using relations between
the temperature and velocity, such as those discussed in Art. 9. However,

it is more proper to regard the boundary layer as a composite layer, con-

sisting of a laminar sublayer very close to the wall with a superposed

fully developed turbulent layer. Obviously the computation for such a

condition becomes more elaborate, requiring matching of flow conditions

at the interface and consideration of the heat transfer through it. But
the final result of the temperature-velocity relation turns out to be rather

simple and is of the form

P*-' ^-^ = Ao + AiU* + A2U*'' (12-10)
t w

as could be expected from the elementary considerations of Art. 9, al-

though the coefficients Ao, Ai, and A 2 are more complicated functions

of Pr, Cf^, Tl/Ty,, and M^. For the details of the analysis by which these

are found the reader is referred to [44A^]-

When p* in Eq. 12-8 is replaced by Eq. 12-10 there is obtained an
ordinary nonlinear differential equation of second order for U*{y*), with

Pr, Cf^, T^/T^, Me as parameters. The integration gives two constants

to be determined by two boundary conditions taken at the interface be-

tween the laminar sublayer and the turbulent layer. According to experi-

mental data for incompressible flow [46], these are

U* == y* = 11.5

dU*
j^ = 0.218 (12-11)

In principle, Eq. 12-8 and 12-10 with the boundary conditions (Eq. 12-11)

can be solved, with the solutions of the following general form:

U* = U* (y*; Pr, Cf^, ^, M^ (12-12)

In practice the solution is very elaborate and various numerical and
approximate methods must be used.

Now we assume that all the parameters in Eq. 12-12 are constant,

except Cf^ which depends on x. Thus after integration of U*{y*) given by
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Eq, 12-12, according to the formula of momentum thickness,

the momentum thickness 0(c/J must be a function of x. Since the solution

(Eq. 12-12) is vaHd only in the turbulent boundary layer and not in the

laminar sublayer, some error will be introduced in the integration of Eq.

12-13 by using Eq. 12-12. However, since the laminar sublayer is thin,

the error must be very small.

We recall that the coefficient of skin friction C/^ is defined by Eq.

12-9a in terms of density pw, and that the momentum equation in the

integral form, for a fiat plate with zero pressure gradient, is

'^'--j^r^t <i2-9b)

where C/^ is the skin friction coefficient referred to pe, which will be fre-

quently used later on. It is to be noted that Cfjcf^ = T^/T^. After inte-

gration with respect to x, Eq. 12-9b can be rewritten as follows:

T^ h^dd{cfj 1
X = 2-pfr \ —i dCf^

= 2(l+^M^)-| ^^/^.. 02-14)

The value of the integrand of Eq. 12-14 is given by the differentiation of

Eq. 12-13. In Eq. 12-14, the limits of integration are (co, c/^) for C/^,

corresponding to (0, x) for x^ because at a; = the boundary is so thin

that the velocity gradient and the skin friction become infinite. If we
write X in terms of the Reynolds number py,JJ^xl\x^^ the integration of

Eq. 12-14 gives a relation between the skin friction coefficient and the

Reynolds number of the following form

:

^

C/w = C/w (^, ^^ 1^, ^e) (12-15)

Further the heat transfer coefficient may be found on the basis of the

skin friction coefficient by means of the Reynolds analogy as examined in

Art. 11.

Instead of using the Kd,rmdn similarity hypothesis (Eq. 12-3), which

serves as the foundation of the differential equation (Eq. 12-5), we can

use the Prandtl hypothesis (Eq. 12-4) so that Eq. 12-2a now becomes

at/^2 E (12.16a)
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Again by introducing the dimensionless quantities (Eq. 12-7), we can re-

write Eq. 12-16a in tiie following dimensionless form:

r
dy*

= — p (12-16b)

In Eq. 12-16 the assumption is again made that t is constant across the

boundary layer with the value Tw. For p*, the expression given by Eq.

12-10 is again used, and all further steps to compute U* and the skin

friction coefficient are similar to the treatment given above for the

Kdrman hypothesis. It is remarked that the differential equation (Eq.

Fig. B,12a. Comparison of the mixing length and similarity hypotheses of skin

friction. Curve 1 illustrates the Falkner law according to Eq. 13-15, curve 2 illus-

trates the K^rman law (Eq. 12-17), based on the similarity hypothesis, and curve 3

is the Prandtl law (Eq. 12-18) drawn with a coefl&cient 0.472, based on the mixing
length hypothesis.

12-16b) from the Prandtl hypothesis corresponds to the differential equa-

tion (Eq. 12-8) from the Karman hypothesis. However, Eq. 12-16b is of

the first order and needs only one boundary condition, namely the inter-

face condition

U* = 11.5 at ?/* = 11.5

It is interesting to compare the effect of the two hypotheses (Eq. 12-3 and

12-4) on the skin friction. For the sake of simplicity and in order to avoid

as much as possible other assumptions which may obscure the issue, the

comparison is made for skin friction coefficients of incompressible flow.

Fig. B,12a shows that the Kdrmd,n and Prandtl hypotheses do not lead

to an appreciable difference in skin friction coefficients. The curves are

drawn according to the following formulas:
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Karman hypothesis [47],

0.242

vc;,
= log (CfMe)

Prandtl hypothesis [48],

Cf, = 0.472(log i2e)-2-68

(12-17)

(12-18)

As an additional comparison, the power law of Falkner according to Eq.

13-5 with A = 0.0262, n = y is also plotted, and agrees well with the

c,

Fig. B,12b. Compressibility effect on skin friction

(theories), after Chapman and Kester [29].

Kdrmdn and Prandtl hypotheses. The Prandtl law has originally the coef-

ficient 0.472 but Schlichting adopts a coefficient 0.455. Eq. 12-17 is some-

times called the Kdrmd,n-Schoenherr formula, and Eq. 12-18 the Prandtl-

Schlichting formula.

Although the skin friction coefficient at low speeds does not depend

very much on the Karman or Prandtl hypotheses, with the application

of those hypotheses to high speeds there arise many uncertainties. Now
consideration must be given to new exchanges, such as density mixing

and heat transfer, and to the variation of fluid properties across the

boundary layer. An investigation of the theoretical basis of skin friction

as given above will reveal many passages which are uncertain and arbi-

( 112 )



B,13 • EMPIRICAL LAWS OF SKIN FRICTION

trary. Therefore it is not surprising that they yield a great number of

different predictions of skin friction at high speeds. Fig. B,12b shows that

the various theories differ appreciably at large Me. They are based on the

recovery factor ^e = 1, with the exception of the theory of Wilson which

is based on re = 0.89. The viscosity-temperature exponent a covers the

range of a = 0.75 to 1, and the Reynolds number covers the range of

Re = 7 to 10 X 10^ The discrepancies between the values of skin friction

predicted by the various theories increase as the Mach number increases.

At a Mach number of 5, the theoretical values of the skin friction differ

by a factor greater than 3. Only a small portion of the discrepancies can

be attributed to the different values of Re, r^, and a used in the various

theories. Because of their uncertainties, we shall not enter into the detail

of the theories, and the readers who are interested in such details are

referred to [19,38,49,50,51,52,53,54,55,66,57,58,59,60]. In view of the diffi-

culties of such theories of the skin friction coefficient, some empirical

formula of skin friction coefficient may often be more useful in practice.

These will be treated in Art. 13.

B,13. Empirical Laws of Skin Friction. Let us define again the

various skin friction coefficients used in the theories and experiments.

The local skin friction coefficient is defined in its general form by

c/ =^ (13-la)

The wall and free stream values are obtained by writing in Eq.'^13-la,

respectively, p = Pw and p = p^:

c/w = ;^ (13-lb)

which have already been introduced in Eq. 12-13. The local skin friction

coefficient C/ is a function of x. Its average value is called the ''average

skin friction coefficient" Cj

1
[''

Cf = ~ Cfix)dx (13-2)
^ Jo

or inversely

Cf{x) = Cf{x) +x^ (13-3)

Corresponding to C/^ and C/^, we can write their average values C/^ and

Cf^. In the dimensionless form x can be replaced by the Reynolds numbers

Re = J /tCw = } or Ree = (13-4)
M Mw Me

in respective cases.
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The empirical laws of the skin friction coefficient for a compressible

fluid start from incompressible laws, and the compressibility effects are

incorporated by comparison with experiments. The power law

c/. = ARe-- (13-5)

is an example. Here Cf.^ is the skin friction coefficient for the incompressi-

ble boundary layer, Re is defined by Eq. 13-4, A and n are numbers

{A = 0.0262, n = Y, according to Falkner [61]). In order to estimate the

compressible skin friction coefficient (for example C/J, we assume that a

reference temperature Tr can be found so that the compressible skin fric-

tion coefficient C/^, defined by putting pr = p{Tr) into Eq. 13-1, satisfies

the incompressible formula (Eq. 13-5). Then we can write

Cfr = C/XRe.)

= Cf{Reef!lPi\
\ Mr Pe/

= "/.[««•
(I;)

"""] (13-6)

with pr/pe = Te/Tr aud jUe/Mr = (Te/Tr)". Slucc C/j foUows thc power law

(Eq. 13-5), Eq. 13-6 can be rewritten in the following form:

Further, C/^ can be expressed in terms of c/^ by means of the definitions

(Eq. 13-1) which can be rewritten as follows:

C/. = C/e B^ = Cf^

Pr

SO that Eq. 13-6 becomes

(sr

®"CfSRee) /7^^\i-(i+")"

Cf-iRSe)
(13-7a)

The right-hand side of Eq. 13-7a gives the effect of compressibility (or

Me). In a compressible boundary layer T varies between Te and T^. It

can be assumed that the compressibility effect is covered on the average,

if the average temperature

Tr = UTe + T^) (13-8)

is taken as the reference temperature. Then Te/2Tr or T^/iTe + T^) can

be computed in terms of M^ on the basis of Eq. 9-9, so that finally Eq.

13-7a becomes

Cf(Ree)
,p ,

= ^i-(i+«)" (13-7b)
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where

re is the recovery factor defined by Eq. 9-9b, Me is the free stream Mach
number, and 7 is the ratio of specific heats.

Cf
' 0.4

Fig. B,13. Compressibility effect on skin friction (empirical laws), c/e/c/i is the ratio

of average skin friction coefficients respectively at free stream Mach numbers M^, 9^

and Mf. = 0. Curve 1 represents the theory of Frankl-Voishel [44,45]. Curves 2 and 3

represent Eq. 13-7b and 13-11, based respectively on the power law and the loga-

rithmic law of incompressible skin friction coefficient. The experimental results of

Coles [S4] are shown in circles for comparison. A viscosity-temperature exponent
a = 1 is used in plotting curves 1, 2, and 3. Curve 4 is plotted with a = 0.75, according
to Eq. 13-11.

Instead of selecting the power law (Eq. 13-5) on which to base com-

pressibility effect, we may take as an alternative example a logarithmic

law of the form (decimal basis)

:

Cf^ir) = A{\ogRe)-- (13-10)

Then by the procedures of Eq. 13-6, 13-7, and 13-8 we find the following

compressibihty effect:

Cf,{Ree)
1 + (1 +c.)log/3

'

log Ree
^ (13-11)

where jS = Te/Tt is given by Eq. 13-9, when Tr assumes the value given

by Eq. 13-8.

It is interesting to note that the compressibihty effect as given by
Eq. 13-7b, on the basis of the power law (Eq. 13-5), is separated from the
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Reynolds number effect, while the compressibility effect (Eq. 13-11), on

the basis of logarithmic law (Eq. 13-10), includes a Reynolds number

effect.

The two formulas (Eq. 13-7b and 13-11) are illustrated in Fig. B,13,

by taking a = 1, re = 1. The Falkner constants [61]

A = 0.0262, n = i

have been used in Eq. 13-5 and 13-7b, and the Prandtl constants [48]

A = 0.455, n = 2.58

in Eq. 13-10 and 13-11. It is seen that they are in quite good agreement.

Also plotted are the theoretical results of Frankl and Voishel [44,4^],

originally in tabulated form, and the experimental results of Coles and

Goddard [35]. It seems that the empitical formulas (Eq. 13-76 and 13-11)

agree rather well with the theory of Frankl-Voishel and with the experi-

ments of Coles. Although the experiments of Coles are run with a slightly

different Reynolds number {Re^ = 8 X 10®) than the Reynolds number

of the theoretical curves (Ree = 7 X 10®), the correction for such a dis-

crepancy is not significant. The viscosity-temperature coefficient a has

the value between 0.75 and 1.

Eq. 13-11 is also plotted in Fig. B,14b with C/^ vs. Ree, to be com-

pared with experiments, by taking a = 0.75, n = 2.58. C/j is based on

Eq. 13-10 with A = 0.455. It is seen that the theoretical formula (Eq.

13-11) is in good agreement with experiments.

B,14. Comparison between Experiments and Theories. There

exists an extensive history of experiments on skin friction. Because of the

importance of skin friction to naval architecture, experiments on skin

friction were started as early as 1793 by Beaufoy. Schoenherr [4-7] gives a

good review of experiments prior to 1932.

In Fig. B,14a are plotted the experimental values of skin friction in

compressible flow. The ratio Cf^/Cf. or Cf^/c/^ is illustrated. Except for the

measurements of Chapman-Kester and Liepmann-Dhawan, wherein the

incompressible skin friction values are deduced experimentally, all data

points shown are based on the incompressible skin friction formula (Eq.

12-17) of Kdrmdn-Schoenherr. There are two methods of determining the

skin friction coefficient. Liepmann-Dhawan, Coles, and Chapman-Kester

determine the skin friction coefficient by direct force measurements.

Others determine it by surveying the boundary layer and then calcu-

lating the friction coefficient by the usual momentum method. At the

Mach number of 5, the two methods yield a discrepancy of about 5 per

cent.

Since the empirical theories, as given in Art. 13, do not differ very

much according to Fig. B,13, we have plotted the theoretical formula
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(Eq. 13-9) with a = 0.75, and n = ^ based on the power law of incom-

pressible skin friction to compare with experiments. It is seen that more

experiments at higher Mach numbers are needed in order to understand

skin friction better and to formulate better theories. The data of Fig.

B,14a are plotted according to [1 8,29,3£,34,38,39,42,62,63,641

Fig. B,14b, B,14c, and B,14d illustrate the variations of the experi-

mental skin friction coefficients C/ and Cf with the Reynolds numbers,

based on the free stream conditions and the momentum thickness. It is

interesting to see whether the experiments would follow some semi-

empirical laws of skin friction. For this purpose, Eq. 13-11 is plotted for

n = 2.58, A = 0.455, and a = 0.75 in Fig. B,14b, and we see that Eq.

13-11 is in quite good agreement with experiments.

CHAPTER 4. GENERAL TREATMENT OF
INCOMPRESSIBLE MEAN FLOW ALONG WALLS

B,15. Power Laws. In attempting to deal with turbulent flows con-

fined within pipes and channels or bounded on one side by a wall, much
attention was given in the older literature to power laws. These were

found to be very useful in that they could be made to approximate ob-

served mean velocity distributions and to yield resistance laws that were

reasonably correct over a limited Reynolds number range. These laws

are, of course, purely empirical, but they have not lost their usefulness

when one wishes to express the general character of a velocity profile in

a pipe or boundary layer, or wishes to make an estimate of skin friction.

We should, however, be mindful of their limitations.

The power laws stem from the Blasius resistance formula for smooth

straight pipes of circular cross section [68]. They were found, however,

to be transferable to two-dimensional channels with parallel walls and

two-dimensional boundary layers, if the radius of a pipe, the half-width

of a channel, and the thickness of a boundary layer were regarded as

equivalent dimensions, and if velocities were referred to those at the

center or free stream. In all cases the walls are assumed to be smooth.

Since the detailed development is available elsewhere [69], only the main

steps are given here. Because the condition of incompressibility has been

imposed, the physical properties of the fluid are independent of the flow

and constant for any set of conditions. Hence we may simply denote the

density by p, the viscosity by n, and the kinematic viscosity by p.

Since it is not necessary to distinguish among the flows in pipes,

channels, and boundary layers in bringing out the elemental aspects of

power formulas, the distance from the wall is expressed by y, the velocity

at the center or in the free stream by Ue, and the value of y where the

velocity is C/e by 8. The only constraint on the flow considered is the
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shear stress at the wall r^. This means, of course, that the effect of a

pressure gradient is neglected, and we must limit ourselves to cases where

the pressure is constant or changing so slowly in the stream direction

that its effect is minor compared to the effect of r^. The coefficients in-

volved are accordingly:

The local friction coefficient 1-772 ~ ^f (15-1)

The friction velocity -vp = ^r (15-2)

Assuming that the local friction coefficient depends on the Reynolds

number and may be expressed in powers of the Reynolds number, the

relation may be written

const
^/ = /.r .\m (15-3)

("0"

where 11^8/ v is a Reynolds number based on the maximum velocity and
the distance from the wall to the point of maximum velocity. It follows

from Eq. 15-3 and the definitions (Eq. 15-1 and 15-2) that

^ = const (^J^ (15-4)

where Ur8/v is a Reynolds number based on the friction velocity and 8.

Eq. 15-3 and 15-4 are both expressions for conditions near the wall. How-
ever, it may be argued that a formula similar to Eq. 15-4 may be used

to express the velocity at any distance from the wall without appreciable

error because the main increase in velocity takes place near the wall.

Assuming this, the velocity distribution is written

—- = const (-^)^ (15-5)

where U is the mean velocity at the distance y from the wall.

We assume now that all mean velocity profiles are similar, and accord-

ingly that U/Ue is a function of y/d. While this assumption is exactly true

for laminar flow, it is only an approximation for turbulent flow. The
appropriate power-law form of the function is indicated by Eq. 15-5 and

is written

y,-,., (15-6)

By taking to = ^ it is found that Eq. 15-3 expresses the variation of

friction coefficients in pipes over the range 3000 < JJ^b/v < 70,000. With
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the constants also determined from pipe tests, Eq. 15-3, 15-4, 15-5, and

15-6 become

m'Cf = 0.0466 (
^^

)
(15-3a)

-^ = 8.74 (^Y (15-4a)

^^
= S.7,{^J (15-5a)

The foregoing formulas for pipes would not be expected to apply to

other cases. However, they do apply to two-dimensional channels and

flat plates over a limited range of Reynolds number for particular coef-

ficients and exponents. Power-law velocity distributions fit the observed

distributions in an over-all way but not in all detail.

When applied to the flat plate, Eq. 15-3a and 15-6a may be used to

calculate 5 and C/ as functions of x and of a Reynolds number based on x,

provided the boundary layer begins as a turbulent layer at the leading

edge. The loss of momentum flux through any section of the boundary

layer is given by

f^%U{U.- U)dy

The momentum thickness d, which when multiplied by pUl gives this

quantity, is accordingly defined by

'
= ;^ r ^^(^- - ^^"^ ^ r w.

(i - w) "' '''-'^

Since r^ alone accounts for the loss of momentum, it follows that

dd T„ I , .

With the velocity distribution given by Eq. 15-6a, Q = 75/72. By substi-

tuting this and Eq. 15-3a into Eq. 15-8, and integrating with the bound-

ary condition 5 = when a; = 0, the result is

(^T= 0.381a; 1^1 (15-9)

where x is the distance from the leading edge and U^x/v is a Reynolds

number based on x and the velocity of the free stream. From Eq. 15-3a

and 15-9 it follows that

Cf = 0.0592 (^ j
(15-10)
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Again taking B = 75/72 and using Eq. 15-9,

(^1Cf = 0.074 1^1 (15-11)

where Cf is the mean friction coefficient from the leading edge to the

point X. Eq. 15-11 checks the tests on smooth plates for Uex/v up to

about 3 X 10«.

Power formulas should be regarded as interpolation formulas, useful

over a limited range of Reynolds number. For Ue8/v over 100,000, Eq.

15-6a agrees better with measurements when the exponent y is replaced

by I",
and even -g- when the Reynolds number is sufficiently high. Skin

friction formulas may likewise be improved for agreement with measure-

ment over a greater range of Reynolds number by adjusting the exponent.

For example, as we have seen in Art. 13, Falkner [61] uses an exponent of

—Y instead of —§ and gives

Cf = 0.0262 (^)
'

(15-12)

Cf = 0.0306
(J~]

"

(15-13)

It must be remembered that the foregoing considerations apply only

to smooth walls. Except for Art. 23, where the effect of roughness is con-

sidered, and elsewhere where roughness is mentioned, the smooth-wall

condition is implied throughout this chapter.

B,16. Wall Law and Velocity-Defect Law. Two laws that have

gone far toward giving order and meaning to the seemingly confusing

and confficting data on flows bounded or partially bounded by walls are

the "law of the wall" attributed to Prandtl (for example [70]) and the

''velocity-defect law" introduced by von Karman [71]. The first pertains

to the region close to the wall where the effect of viscosity is directly felt

and the second pertains to the bulk of the shear layer where viscous forces

become negligible.

The law of the wall is based on the logical premise that the tangential

stress at the wall r^ must depend on the velocity U at the distance y

from the wall and on the viscosity /x and density p. Assuming that the

stress at the wall is the only constraint on the flow, we may write

F{t^, U, y, tJL,p)=0

This may be expressed in dimensionless form by
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in terms of the characteristic friction velocity Ur and the characteristic

length v/Ur. The functional equation (Eq. 16-1) is the law of the wall.

In the laminar sublayer it takes the special form

which arises from the circumstance that the sublayer is so thin that r

therein is constant and equal to r^. In Eq. 16-2 the density included in

the terms automatically cancels out.

The range of y over which Eq. 16-1 is valid must be established by
experiment. It might be supposed that the range would be severely Umited
by pressure gradient effects when these are present, since, as we have seen,

the pressure acting across an area of unit width and height y has been
neglected. Recent data, to be discussed in Art. 19, show that there re-

mains a considerable range over which the law is valid for both rising

and falling pressures and that the law is not so restricted as to be useless

until conditions of near-separated flow are reached. Thus there is a range,

even though possibly short, beyond the laminar sublayer, where the func-

tional relation (Eq. 16-1) is universally of the same form. This is true

only when there is a laminar sublayer, and therefore true only when the

wall is aerodynamically smooth.

The argument leading to the velocity-defect law is that the reduction

in velocity {U^ — U) at distance y is the result of a tangential stress at

the wall, independent of how this stress arises but dependent on the dis-

tance 5 to which the effect has diffused from the wall. We may then write

U.-U = G{Ur, y, 8}

and in terms of dimensionless ratios

This is the velocity-defect law.

The law (Eq. 16-3), unlike Eq. 16-1, holds true for rough as well as

smooth walls, provided the roughness elements are not so large that y
becomes indeterminate. Data for boundary layers with constant pressure

are found to fall on a single curve within the precision fixed by the

experimentalscatter.-; Thisiis shown by Fig. B,16 which presents various

data collected by Clauser [7S] for different Reynolds numbers and for

smooth and rough walls. Aside from the fact that the law cannot apply

in the vicinity of the laminar sublayer nor at distances comparable to

the height of roughness elements, it appears to exhibit a universality for

constant pressure boundary layers. Clauser has shown, however, by a

formal argument that the law is fundamentally not universal when Ur
varies from one set of data to another, but that the dispersion will gener-
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ally be small and scarcely outside the usual random scattering due to

observational errors.

The function g is affected to degrees that are far from negligible by
conditions imposed on the flow from without. The effect of the pressure

gradient, which will be considered in Art. 19, is of most importance. It is

also affected by free stream turbulence and is therefore different in pipes

and channels than in boundary layers. This sensitivity of the velocity-

defect law to outer conditions stands in sharp contrast to the law of the

wall which is remarkably insensitive in this respect.

I

3
D -10

-20



B,17 • LOGARITHMIC FORMULAS

course to a physical model, the authors feel that this deduction must be

ranked among the major contributions to the subject. A simple way of

arriving at this result is to reexamine Eq. 16-1 and 16-3, written in the

following forms

:

= f

U f/e Jy
m

Ur Ur ^ V5

(17-1)

(17-2)

Since these are two expressions for the same quantity, and since a multi-

plying factor inside a function must have the same effect as an additive

factor outside a function, the functions / and g must be logarithms.

The two formulas are usually written in the form

U 2.3, fUry\
, ,,^o^

tt;
= X i°s (^j + -^^ (17-3)

U, - U 2.3, M ,,, ,.

where K, Ci, and C2 are experimentally determined constants. It follows

from Eq. 17-1 and 17-2, when / and g are expressed as logarithms, that

K must be common to both Eq. 17-3 and 17-4. The constant K is uni-

versal and the logarithmic form of the functions do fit the observations,

but only over a limited range of the variables. More specifically they

have the logarithmic form where they overlap, but not necessarily much
beyond this region. This may be taken as evidence that the empirically

established overlap is not a basic condition and therefore not a sufficiently

strong one to impel a long range validity for the laws deduced from it.

The extent to which these laws fit the data and are influenced by various

conditions will be taken up in Art. 19, 20, and 21.

For the present we direct our attention to Eq. 17-4 in order to call

attention to the fact that the constant C2 is found to be the same for

pipes and channels, but that it has a different value for boundary layers

of flat plates. This is shown in Fig. B,17a in which pipe data have been

omitted. The data are taken from [67,74,75,76,77]. The Reynolds number
Res is in all cases U^b/v. The constant 5.75, corresponding to i^ = 0.40,

is common to both, provided the curves are fitted near the wall. It is

seen that the log law does not fit well for the full range of y/b. This

means only that the logarithmic form of the defect law is at fault, not

the functional form of the law itself. More significant is the fact that the

function g in Eq. 16-3 is different in boundary layers from that in chan-

nels. This difference is evidently due mostly to a sensitivity to conditions

at the outer limit y = b rather than to the presence of a small falling
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pressure in the case of a channel, and a constant pressure in the case of a

boundary layer.

The boundary layer bounded by a free stream of negligible turbulence

is known to have a sharp but very irregular outer limit. This is illustrated

schematically in Fig. B,17b. The phenomenon is common to all turbu-

lent shear flows which are limited only by the extent to which they have

diffused into nonturbulent fluid. There is no such limit for fully developed

turbulent flow in pipes and channels where turbulent motions may freely

cross the center. To a limited extent a similar condition can be produced

in boundary layer flows by introducing turbulence into the free stream

by means of a grid. It has been noted that the profiles then deviate toward

those for the pipe and channel.

B,18. Smooth Wall Incompressible Skin Friction Laws. So far

our laws have been so general that pipes and channels on the one hand

and boundary layers on the other could be treated as one subject. We
may continue in this vein in expressing the general form of the skin fric-

tion law, but shortly it will be necessary to make a distinction.

Since skin friction depends on conditions near the wall, Eq. 17-3 and
17-4 are used to derive a formula for skin friction, as was first done by
von Kdrmdn [71]. If these equations are added, the result is

Ur K
By using Eq. 15-1 and 15-2 and introducing Res = U^b/v, Eq. 18-1

becomes

J^ = ^ log {Rei VFf) + const (18-2)

Eq. 18-2 has been verified by a number of rehable measurements in

pipes. With the constants for pipe flow as given by von Karmd,n [78],

Eq. 18-2 becomes

\= = 4.15 log {ReB Vcf) + 3.60 (18-3)

where Re^ is based on the velocity at the center f7e and the radius of the

pipe. The constant 4.15 corresponds io K = 0.39, this value having been

chosen to give the best all-around agreement.

The Karman skin friction formula for flat plates [78,79] results from
conversion of Eq. 18-3 into terms involving x, where x is the distance

from the leading edge and the assumed beginning of the turbulent bound-

ary layer. It is expressed as

2^ 2 3— = -^ log {Recf) + const (18-4)
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where Re = U^x/v and C/ is again the local friction coefficient defined by
Eq. 15-1. With the constants evaluated from Kempf's measurements on a

flat plate [80], Eq. 18-4 becomes

-y= = 4.15 log (ReCf) + 1.7 (i8-5)

Schoenherr [47] found the coefficient of mean friction over the dis-

tance X to be given by

949^ = log {ReCf) (12-17)

and the relation between the local and the mean friction coefficients to be

0.558 + 2 VCf

Eq. 12-17 is one of the most widely used formulas for incompressible flow

and, as previously mentioned in Art. 12 and 14, is sometimes called the

Kdrman-Schoenherr formula.

As reported by Prandtl [48], SchHchting proposed an interpolation

formula of the form

Cf = 0.455 (log i^e)-2-58 (12-18)

The comparison between Eq. 12-17 and 12-18 is shown in Fig. B,12a. The
corresponding interpolation formula for c/, also given by Schlichting [80],

is

Cf = (2 log Re - 0.65)-2-3 (18-7)

Schultz-Grunow [74] adopted the Prandtl law with constants as follows:

Cf = 0.370 (log i?e)-2-584 (18-8)

While the foregoing formulas are expressed in the form usually de-

sired for engineering purposes, they suffer from the drawback that the

boundary layer is often laminar for a significant distance before transition

occurs. In such cases formulas based on Re cannot be applied without

assuming some fictitious origin for x. A formula like Eq. 18-3, based on

the local parameter Res, does not involve this difficulty. Because of the

indefiniteness of the outer limit of the boundary layer, the momentum
thickness 6 is commonly used in place of 8, and Ree = Ued/u takes the

place of Res. Squire and Young [81] obtained from Eq. 18-4 the approxi-

mate relation

-^ = A log Ree + B (18-9)
VCf

with the constants A and B chosen to give the best agreement with Eq.
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12-18. Their final expression, written in the form most commonly used, is

2

c/
= [5.890 log (4.0752?e9)]2 (18-10)

On the experimental side, measurements using the floating-element

technique, wherein the shear stress on an element of the wall is deter-

mined from a direct force measurement, are now believed to be the most

reliable. The best known examples of results employing this technique

X
u
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dimensional flow where pressure gradients in the x and y directions are

encountered.

Boundary layers are usually so thin compared to the relatively large

distances over which pressure changes occur that the changes across the

layer are so small that they have insignificant effects. The pressure may
change even more gradually in the x direction, but here the boundary

layer extends over the full range of the pressure changes, and cumulative

effects become important. The thickness of the layer is always affected,

and the mean velocity profile will change form as the flow progresses

unless conditions are so arranged that it is held in equihbrium by the

balance between inertial, pressure, and friction forces. Pipe and channel

flows are examples of equilibrium flows in which the pressure drop is

exactly balanced by wall friction. As shown by Clauser [83], a balance is

possible in boundary layer flows under certain conditions, and his con-

tributions to this subject will be taken up in Art. 20. In general, mean
velocity distributions undergo progressive changes when subjected to

pressure gradients—the less so when the flow proceeds toward lower

pressures, and the more so when the flow proceeds toward higher pres-

sures. The latter therefore deserves, and usually receives, the greater

attention.

The importance of flow to higher pressures is emphasized by the

possibility, and often the occurrence, of flow separation. Separation is

the result of flow reversal and an accumulation of stagnant fluid over

which the moving fluid passes without having to follow the contour of a

body. An adverse pressure gradient opposes motion in the direction of

the main flow and can set up motion in the reverse direction when the

fluid has lost sufficient momentum through friction with a wall. Since

the momentum approaches zero at a wall, only the shear stresses between

the faster- and slower-moving fluids can prevent flow reversal. Whether
or not reversal will occur depends on an interplay between the shear

stresses and the pressure gradient. In any case the fluid movement is

retarded, and shear stresses are expended against internal forces on the

fluid arising from the pressure gradient. The maximum shear stress is no

longer at the wall, as it is for constant pressure, but now occurs some

fraction of the boundary layer thickness away from the wall depending

on the state of retardation of the layer. These effects reduce skin friction

and the momentum losses from this source, but only in exchange for even

greater internal momentum losses resulting from shear stresses applied to

pressure-retarded flow.

A classic example of the typical evolution of velocity profiles occurring

when a boundary layer is subjected to a monotonically increasing pres-

sure sufficient to bring about eventual flow separation is the set of curves

compiled by von Doenhoff and Tetervin [84\ shown in Fig. B,19a. Here

I7e is the local free stream velocity just outside the boundary layer, and

< 130)



B,19 • EFFECT OF PRESSURE GRADIENT

d is the momentum thickness. Each curve of the set is characterized by d

constant value of the form parameter H, where H = b*/Q and in accord-

ance with the usual definitions

5* = displacement thickness = / I 1 ~ yr)

6 = momentum thickness =

dy

dy
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pointed out earlier by Clauser about the law of the wall, this feature now
has a simple explanation. If we regard the phenomenon as a sharp drop in

velocity to zero at the wall instead of a rise from the wall outward, we see

that this is simply the region where wall friction becomes predominant

over the pressure effect. In other words, this is the region governed by
the law of the wall. Typical of the agreement with the law of the wall

and of the manner of departing from it are the examples shown in Fig.

B,19b taken from Coles' paper [85]. When the Reynolds number is high

and the pressure is either constant or the adverse gradients are not exces-

sive, the agreement is more as shown in Fig. B,19c given by Clauser [55].
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the adverse pressure gradient on the profile becomes more marked, i.e. as

H is greater. They also occur at lower values of UrV/v as the Reynolds

number decreases. Landweber [86] has shown that the logarithmic part

no longer exists if U^b*/v is less than 725. At the wall side the law begins

to merge into Eq. 16-2 somewhere around UrV/v = 50. The outer limit of

the laminar sublayer is usually taken as 11.5, representing the point where

the curve of Eq. 16-2 and the logarithmic law intersect.

For a number of years there was considerable uncertainty about the

effect of the adverse pressure gradient on the skin friction, and most

methods of treating turbulent boundary layers assumed that the gradient

had no effect. Estimates by means of the momentum equation were un-

reliable and in some cases showed an apparent increase in the skin friction

TOO

U.y/v

Fig. B,19c. Test of the law of the wall, after Clauser [83].

10,000

coefficient in regions of strongly rising pressure. When data based on

more direct methods became available, such as those of Schubauer and

Klebanoff [87] and Newman [88], based on hot wire measurements of

shear stress, and those of Ludwieg and Tillmann [89], based on the heated-

element method, it became clearly evident that C/ was decreased by an

adverse pressure gradient, and was steadily reduced toward zero as sepa-

ration was approached, as logic dictates that it should be. The whole

question has been considerably clarified by the universal character of the

law of the wall which establishes a unique relation between velocity near

the wall and skin friction without explicitly involving the pressure gradi-

ent. The effect of the pressure gradient on the skin friction is thereby

seen to result from its reduction of velocity near the wall.

The relation between the integral characteristics of a two-dimensional

boundary layer and the pressure gradient is obtained by integrating the

equation of motion from y = Q to y = b. The commonly used form,
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obtained from the equation of motion with only first order terms in the

boundary layer approximation, is known as the Karman momentum equa-

tion, and is expressed as

ax 2 2 qdx

where q is the dynamic pressure in the free stream where the pressure is p.

This equation gives a synoptic description of boundary layer development

and is independent of detailed processes. The relation between the various

quantities in the equation does, however, depend on the mechanics of the

turbulent diffusion process.

When the pressure gradient is positive (adverse) and large, the second

term on the right-hand side of Eq. 19-3 may, and usually does, become

large compared to C//2. For this condition the growth of d with x depends

primarily on internal momentum losses resulting from the expenditure of

tangential forces against those portions of the stream which are retarded

by pressure gradient and which, by the action of the force, progress to

higher pressures but do not gain momentum equivalent to the forces ex-

pended. When a boundary layer exists, a pressure rise can be negotiated

only by the loss of momentum. A reduction of c/ by pressure gradient is

not an indication that drag is reduced.

When dd/dx in Eq. 19-3 is due largely to the pressure gradient term,

it is obvious that c/ cannot be accurately determined from measurements

of dd/dx. It is now generally recognized that Eq. 19-3 is unsuited for this

purpose when pressure gradients assume appreciable values. Not only is

the accuracy poor but totally unreahstic values of c/ have been indicated.

Several explanations have been offered having to do with the neglected

terms in the equation of motion, but it now appears in the hght of

Clauser's experience [88] that departures of the flow from two-dimen-

sionality are largely responsible.

The universal character of the law of the wall has suggested itseK as

a useful and reliable means of obtaining local skin friction coefficients

from measured velocity distributions. It seems that the first pubfished

recognition of this occurs in the paper by Clauser [83], who devised the

following procedure and used it in the analysis of his experimental results.

Using Ur = Ue \/cf/2, the following expressions are written:

T Ue\C/ V J/ \ 2

With these and Eq. 19-1 he obtained the family of curves shown in Fig.

B,19d having C/ as the parameter. Application of the figure to a determi-

nation of Cf merely requires the placing of a measured velocity distribu-

tion thereon and reading off the value of C/, interpolating where necessary.

It is still necessary to measure velocities within a short distance of o,
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wall, but the requirement of nearness is considerably relaxed over that

required to derive C/ from the initial slope of a velocity distribution.

Ludwieg and Tillmann [89], who first confirmed the validity of the

law of the wall in a region of adverse pressure gradient by means of their

heated-element measurements of c/, deduced the following formula for

^J J^QCeTSH^^g 0.268 ^^^ ^^

where H is the form parameter and Ree = U^d/v. This formula gives c/

reasonably well where the velocity profiles conform to the i?-parameter

family of Fig. B,19a.

Ue

Fig. B,19d. Chart for experimental determination of turbulent
skin friction coefficient, after Clauser [83].

B,20. Equilibrium Boundary Layers According to Clauser.

Since the velocity profile beyond the immediate region of the wall is

affected by the pressure gradient, a universal representation on the basis

of the velocity-defect law, as shown by Fig. B,16, is not in general ob-

tained. However, by means of an experiment in which long lengths of

two-dimensional turbulent boundary layer could be subjected to various

adverse pressure gradients, Clauser [83] showed that the pressure dis-

tribution could be adjusted to give similar boundary layer profiles when
plotted on the basis of the defect law. The form of the function was
different from that for constant pressure flow and also different for each

separate pressure distribution, but the significant fact was that the same
functional relation applied over an essentially arbitrary number of cross

sections for any one pressure distribution. He termed the resulting bound-

ary layer an "equilibrium boundary layer" on the grounds that the same-

ness of the function g in the case of a pressure gradient implied the same
similarity of major flow characteristics as was maintained in constant
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pressure flow. Constant pressure flows are then just one member of a

family of flows developed under specific kinds of pressure distributions.

With regard to the kind of pressure distribution required to produce

an equilibrium flow, Clauser points out that a gradient parameter like

{8'/T^)dp/dx, where d' represents some effective face area over which the

pressure acts, represents the ratio of forces acting on the layer ; and if this

is held constant, the flow should have a constant history and therefore be

in equilibrium. The choice of the proper quantity, 5', was not known
when the experiments were performed, and the attainment of equilibrium

Fig. B,20a. Equilibrium boundary layer profiles on the

basis of the velocity-defect law, after Clauser [73].

conditions proceeded on a cut-and-try basis. In a later article [72] Clauser

concluded that the proper parameter was (8*/r^)dp/dx. Studies were con-

ducted for two pressure distributions, designated as pressure distribu-

tion 1, corresponding to a mild adverse gradient, and pressure distribu-

tion 2, corresponding to a considerably stronger adverse gradient but not

sufficient to cause separation. The resulting mean velocity profiles are

shown in Fig. B,20a compared to a constant pressure profile.

Due to the uncertainty in defining 5, Clauser sought a more suitable

thickness parameter. Obviously it was required that this be proportional

to 8, since equilibrium profiles correlate on the basis of y/8. The customary

8* and 6 were not suitable because their ratio to 8 could be shown to
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depend on C/. Similarly the customary shape parameter H was found to be

unsuited to equilibrium profiles. He therefore adopted as the thickness

parameter

/: Ur
dy (20-1)

and as integral shape parameter

»-/:(v^)"v/:^"*-f(^)''(i)
Their relations 5*, d, and H are

S* = .feA

^ = /Ki-«a/I-)

H = 1

(1 - (? vV2)

(20-2)

(20-3)

(20-4)

(20-5)

The reader is referred to the original paper for a more detailed dis-

cussion of these parameters. The logarithmic plot of the data in terms of

1

0.001 0.01

y/A
0.10

Fig. B,20b. Logarithmic plot of equilibrium velocity profiles using

the Clauser thickness parameter A, after Clauser [83].

7//A is given here in Fig. B,20b. It is seen that near the wall the defect law

conforms to the logarithmic law, as it must according to the arguments

of Art. 17 if it overlaps the region in which the law of the wall is vahd.

This would be true, however, whether equilibrium existed or not, but
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without equilibrium a family of curves instead of a single curve would be

obtained for any one pressure distribution. The parameters for these

curves are:
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The reader is referred to Clauser's paper [83] for a number of signifi-

cant facts brought to light in his investigation. One of these concerned

the downstream instability of a turbulent boundary layer with a large

adverse pressure gradient. When the pressure gradient was small, no diffi-

culty was experienced in adjusting the pressure distribution to obtain a

desired equihbrium profile; but when it was large, great difficulty was
experienced. He attributes the condition for large pressure gradients to a

downstream instabiUty, meaning that a change, say in the local gradient

or in 6, made at one point would produce further changes downstream

as the layer developed, rather than become damped out. This is an insta-

bility in X, not in time.

B,21. Law of the Wake According to Coles. In the short space of

this article it is impossible to cover adequately the careful and extensive

study which led Coles [85] to propose the law of the wake as an extension

to the law of the wall. After having examined practically all available

experimental data on turbulent boundary layers in terms of the loga-

rithmic form of the law of the wall, expressed by Eq. 19-2, and noting

the universal agreement with the law near the wall and the characteristic

departure from it away from the wall, he concluded that the flow had a

wakelike character, modified in various degrees by wall constraints. He
concluded further that the wakelike form could be reduced to a second

universal similarity law which he called the "law of the wake." A Unear

combination with the law of the wall was then proposed as an over-all

similarity law representing the complete proffie for equilibrium and non-

equilibrium flows alike.

Attempts to generalize the law of the wall and the defect law so as to

fit experimental results are not new. Millikan [73], for example, proposed

forms to fit the distribution in pipes and channels. Others have expressed

and employed ideas bearing certain similarities to the present one, those

known being Lees and Crocco [91], Ross and Robertson [93], and Rotta

[93], Coles, however, appears to have been the first to show evidence of a

universal wake law and to give it a rational physical explanation.

In general form the mean velocity profile in turbulent shear flow may
be expressed as

^=/(-^)+/^(^,2/) (21-1)

For equilibrium flows it is found experimentally that Eq. 21-1 may be

written

Ur

where tt is a parameter which is independent of x and y for a specific

< 139 >



B • TURBULENT FLOW

situation and pressure distribution. The defect law is correspondingly

expressed as ^ = .(.,!) (21-3)

Coles concluded from his survey of existing data that the central

problem was not so much a study of the defect function F as a study of

the original function g{Tr, y/d) which gives the departure of the mean ve-

locity profile from the logarithmic law of the wall. Since the characteristic

departure was obviously not confined to equilibrium flows, the mean-
velocity profile was expressed in the form

U _JUry\ ,
t(x) Jyc7.=n^j+THy ^''-'^

where K is a constant, ir{x) denotes that x is now in general a function

of X, and oiiy/8) is a universal wake function common to all two-dimen-

sional turbulent boundary layer flows.

The term

xCx) fy'
K \8

in Eq. 21-4 gives the departure from the logarithmic law of the wall, i.e.

from

H"^)^ = jlnl^)+c

where, according to Coles, K = 0.4 and c = 5.10 (Eq. 19-2).

From an analysis of experimental data. Coles found the form of co(y/5)

as given in Fig. B,21a, in which co(?//5) has been subjected to the normal-

izing conditions co(0) = 0, co(l) = 2, and jl{y/8)dc>3 = 1. When plotted

against y/8 these curves have a nearly symmetrical S shape; and, due to

the normalization, have the maximum value oi 2 at y/8 = 1. The curves

obtained from Clauser's equilibrium profiles and the one obtained from

Wieghardt's data, which Coles finds to be also an equilibrium flow, are

plotted against the parameter yUj/{8*U^, which is equal to y/A in

Clauser's notation. Included in this set are data from nonequilibrium

profiles and the data of Liepmann and Laufer [94] for a region of turbu-

lent mixing between a uniform flow and a fluid at rest.

The general working form of Eq. 21-4 may be written

J/ _
Ur~ K̂>n(^^)+^ + ^"(|) (2«)

where the constants K and c have the numerical values as given above.

In order to use this formula, 7r(a;) must be known. It follows from Eq.
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21-5, using the normalizing condition co(l) = 2, that

where

Ur
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It is, of course, not uncommon to find empirical formulas with enough

adjustable constants to fit experimental results. In the present case, how-
ever, the formula, with a specified function o}{y/8) and constants previ-

ously specified in the law of the wall, stands the test of a wide variety of

conditions. In addition the present similarity law appears to be based on

meaningful physical concepts, which may be described as follows.

It is easily seen that a wake is a natural consequence of earlier fric-

tional constraints no matter how they may have arisen. There is therefore

coming from upstream a flow of wakelike character, modified obviously

by the remnant of upstream effects which caused it and by the local

effects which distort the profile so that the velocity approaches zero at

the wall. The remarkable thing was that Coles could extract S-shaped

profiles typical of the pure wake component.

Fig. B,21b. Mean velocity profiles of hypothetical

boundary layer, after Coles [85].

No claim is made that the turbulent structure is the same as that of

a real wake. From the limited information available it appears that wake
structure is coarser (has larger eddies) than boundary layer structure.

However, the law of the wake may be interpreted as a manifestation of

a large scale mixing process in which stress-controlling motions are inde-

pendent of viscous effects. The wall effect, as we already know, superposes

a viscous effect which increases in magnitude as the wall is approached.

The concept is best illustrated by the diagram of a hypothetical

boundary layer used by Coles, reproduced here in Fig. B,21b. The figure

shows velocity profiles for various values of a; in a flow proceeding from

separation to separation through a region of attached flow. The dashed

lines denote the wakelike component represented by the function u){y/8).

At points of separation or reattachment we find the wake component
only. In regions of attachment we see the effect of the wall friction, and

the requirement of vanishing velocity at the wall being met by a sharp

drop to zero at the wall.

< 142 >



B,22 • MIXING LENGTH AND EDDY VISCOSITY

B,22. Mixing Length and Eddy Viscosity in Boundary Layer
Flows. As mentioned in Art. 3 and 10, the transport of momentum by
turbulent motions may be regarded as involving an eddy viscosity. We
shall briefly reexamine the associated concepts in the light of certain

known facts about the flow in various parts of the boundary layer.

In turbulent boundary layers three fairly distinct regions are easily

recognized. First there is the laminar sublayer which is typically 0.01 to

0.001 of the total thickness of the layer. Beyond this is a turbulent region

which extends to 0.1 to 0.2 of 5 and comprises the inner part of the layer

where the logarithmic law is valid and the mean flow is virtually un-

affected by pressure gradient. A short time response and rapid adjust-

ment to local conditions are also characteristic of this region (see dis-

cussion by Clauser [72]). Finally, there is the outer 0.8 to 0.9 of the layer

where the eddies are limited in lateral extent only by the confines of the

layer and mixing is relatively free. In the laminar sublayer molecular

diffusion predominates, being exclusively this at the wall. Turbulent dif-

fusion progressively increases as we enter the logarithmic region from the

wall side and soon predominates over molecular diffusion. For virtually

everything except the laminar sublayer the transfer processes should be

governed by a property of the motion. We wish to see whether this

property may be legitimately and usefully expressed in terms of an eddy
viscosity, e^.

Dimensionally, e^, is a product of density, velocity, and length. Ac-

cording to the mixing length theory

e^ = pvl (22-1)

where v is the y component of turbulent velocity and I is the reach of a

turbulent motion while it has the velocity v and is called the mixing

length. Prandtl's assumption is that v = IdU/dy and I = C2y (see Art. 10).

It is implied in this assumption that the correlation between v and I is

absorbed into the value of I.

Using these assumptions and assuming further that r is independent of

y and equal to r^, the value at the wall, we find the well-known expression

cly^

or using Ul = r^/p

\dy/

Ur = c,y^ (22-2)

This expression may be integrated to give the velocity distribution if we
know the lower limits of y and U. These are their values at the edge of

the sublayer, which may be found from Eq. 16-2 and written in terms of
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a free constant: yi = cv/Ut and Ui — cUr. If we now integrate Eq. 22-2

as follows:

1 f''y-ir<iu
C2 Jyi y Ur J Ui

we obtain exactly the law of the wall

U 1 , Ury
,

T^ = — m—- + const
Ur Cl V

where ci has the same numerical value as K.

If we assume at the outset, as Prandtl did also, that v = Uj and again

take I = c^y, we again obtain

This is identical to Eq. 22-2 and again yields exactly the law of the wall.

It is time to examine the consequences of these results. Since the law

of the wall is well founded and is one of the most universal features of

turbulent flow, we cannot escape the conclusion that the above assump-

tions are valid for the region in which the logarithmic law is obeyed.

We know, of course, that we must stay near the wall, if for no other

reason than that r changes with y. More specifically we may express the

eddy viscosity

^ = C2yUr (22-3)
P

in the region where the logarithmic law of the wall is valid.

Turning our attention to the outer 80 to 90 per cent of the layer,

we find that both Townsend [1] and Clauser [72] have explored the possi-

bility that e^j is constant in this region. Townsend employed the rather

straightforward procedure of solving the boundary layer approximation

of the equation of mean motion, considering both constant pressure flow

and equilibrium flow with pressure gradient. We call attention here only

to his treatment of the constant pressure case. When the constants in-

volving ep were chosen for the best fit of experimental results, fair agree-

ment was found for y/8 > 0.05. The principal defect was the usual one,

namely that a constant e^ yielded too slow an approach to the free stream

velocity. Evidently e^ effectively decreases near the outer edge, due no

doubt to intermittency of turbulent flow. The extent and quality of the

over-all agreement was, however, sufficiently good to show that an essen-

tially constant and valid e^ is a physical reality in the turbulent parts of

the flow beyond the logarithmic region.

Clauser employed the novel approach of making laminar profiles re-

semble the outer portion of the constant pressure turbulent profile when
the laminar profiles were reduced to the basis oi (U — Ue)/Ur vs. y/8.
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He noted that the principal difference in appearance between constant

pressure laminar profiles and turbulent profiles was that the turbulent

profiles dropped so abruptly at the wall as to appear to extrapolate to a

nonzero velocity at the wall, whereas laminar profiles went to zero much
more gradually and did not give this impression. The characteristic shape

of the turbulent profile arises from the circumstance that the laminar

sublayer next to the wall and the flow adjacent to it has a lower viscosity

than the eddy viscosity prevailing in the main body of the turbulent flow.

Consequently a large part of the velocity change from the wall to the

free stream occurs in this low viscosity region. If the same situation were

made to prevail in a laminar layer, say by placing a layer of fluid of

lower viscosity next to the wall, a laminar profile could be made to re-

semble a turbulent profile. Clauser therefore proceeded to simulate this

condition in a family of laminar profiles obtained by solving the Blasius

equation for slip velocities Uy, at the wall, U^/Ue amounting to 0, 0.2,

0.4, 0.5, 0.6, 0.7, and 0.8. He then attempted to collapse the family to

a single curve by dividing {U — Ue)/Ue and y/d by suitable factors.

Leaving details to the original paper [72], we merely point out the sig-

nificant fact that exact coincidence proved to be impossible, but that two
procedures each resulted in a narrow band of curves. Clauser concluded

that the same basic dissimilarity would prevent turbulent profiles, which

pertain to different values of Ur, from collapsing to a single curve on the

basis of the velocity-defect law. Accordingly there is an almost-but-not-

quite universal curve.

The next step was to relate the laminar profiles to turbulent profiles

on a velocity-defect-law basis by an appropriate eddy viscosity, e^. The
appropriate velocity and length were chosen by the same reasoning proc-

ess that leads to a reference velocity Ur and a reference length 5 in the

velocity-defect law, and e^ was expressed by

^ = aUA
P

where a is a constant of proportionality to be determined. Since A is

equal to Ue8*/Ur (see Art. 20)

-" = aUeS* (22-4)
P

which is an expression for e^ in readily available quantities.

The original article must be consulted for the details of the fitting

process and the curves showing comparisons with data of Fig. B,16. Best

agreement was obtained with a = 0.018. Considering that a narrow band
of laminar curves is obtained rather than a single curve and that experi-

mental data are expected to show a similar dispersion, the agreement is

excellent for the outer 80 to 90 per cent of the layer. The method pro-
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posed for connecting the outer and inner portions is left to the original

article.

A treatment of the same character was applied to equilibrium flows

involving adverse pressure gradients. Again a good fit was obtained by

assuming a constant eddy viscosity given by Eq. 22-4 even for near-sepa-

ration profiles. Some of the more significant results of this work were:

(1) that {8*/T^)dp/dx proved to be the proper pressure gradient param-

eter which must be constant throughout an equilibrium layer, (2) that

a turned out to be practically independent of pressure gradient (inde-

pendent of the parameter {h*/r^)d'p/dx) and to have the value of approxi-

mately 0.018 in all cases tested.

An interesting outcome of a constant a is a constant eddy Reynolds

number. If such a Reynolds number is defined by

Re, = pUJ*

we find from Eq. 22-4 that Re, = 1/a. Taking a = 0.018, Re, = 56. A
constant eddy Reynolds number is just another way of expressing the

behavior trend of all turbulent shear flows, namely a tendency for the

transferring agents to be proportional to the length and velocity scales

of the flow.

Most important of all is the evidence from these sources that e^ be-

haves in equilibrium flows toward mean-velocity distributions beyond the

range of the logarithmic law as though it were constant. This cannot be

taken as a sweeping generalization, but it furnishes good evidence that

Cf, is likely to have a strong leaning in this direction generally and there-

fore will have only a weak dependence on local conditions. This being so,

there is little foundation for a mixing length theory in such regions, and it

renders of little significance the various arguments about how mixing

length should be expressed. The degree to which e^ is constant and the

exactness with which a gradient type of diffusion is obeyed for coarse

mixing are probably not sufficient to represent more sensitive quantities

like shear stress distributions.

Near the wall the mixing length theory may be applied, and we see

that a valid procedure starts with an expression for e^ that has a striking

resemblance to that for the outer flow. The comparison is

:

Inner flow — = CiijUj; Ci — 0.4
P

Outer flow ^ = aC7,A; a = 0.018
P

In the first case the mixing scale is proportional to the distance from the

wall; in the second case it is proportional to the thickness of the shear

layer.
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The foregoing considerations regarding a constant eddy viscosity are

given more for the physical ideas that they embody than for any possible

expediency in methods of computation.

B,23. Effect of Roughness. The treatment of roughness and its

effects is rendered difficult and somewhat inexact by the varied geometri-

cal forms of roughness and the variety of ways in which it may be dis-

tributed. Again we are confronted with a subject that cannot be treated

adequately in a short space, and the reader can profit by consulting addi-

tional sources of information, such as [95,78,6,96,97].

The pattern of roughness studies was set largely by the extensive work

of Nikuradse [95] on sand-grain roughness in tubes. Sand-grain roughness

has been adopted as a standard in skin friction studies, and is taken to

mean roughness elements consisting of grains, either being sand or like

grains of sand, of nearly uniform size but generally of irregular shape

spread with maximum density on a plain surface. The significant dimen-

sions then reduce to one, this one being the mean height of the roughness

element, denoted by k. It is customary to express the effect of an arbi-

trary type of roughness in terms of an equivalent sand-grain roughness.

For example, the effect of a given distribution of rivets of height k^ is re-

duced to the effect of equivalent sand roughness of height k. A number of

such equivalents are given by Schlichting [96].

It has been found that the onset of an effect of sand-grain roughness

on skin friction and on the flow near the wall depends on k relative to

the thickness of the laminar sublayer. A more precise length, avoiding the

arbitrariness of the sublayer thickness, is v/Ur. Using this, the criterion

becomes a roughness Reynolds number

Urk

V

It has been found that below some value of this number roughness has no

effect. The surface is then said to be aerodynamically smooth. Above
this value an effect sets in, at first as a mixture of smooth-wall and rough-

wall behaviors, involving both the roughness and viscous effects. When
Vrk/v reaches a sufficiently large value, the behavior is characteristic of

the roughness only, becoming independent of viscosity. The final con-

dition is termed "fully rough." When the final condition is reached, the

laminar sublayer no longer exists since the particles themselves induce

turbulent mixing by the flow about them. Broadly speaking, the foregoing

is true of all types of roughness but the limits are different for different

types.

We shall shortly return to these limits and the importance of the

parameter JJrk/v, but first we turn our attention to the fully rough con-

dition where viscosity no longer enters explicitly into the picture. Here
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Tw depends on the velocity U at some small distance y from the wall and

on k and p. By dimensional reasoning similar to that leading to Eq. 16-1

we find

As we have already noted, the velocity-defect law is unaffected by rough-

ness. Since it again develops that there exists a region of overlap where

both laws are valid, a logarithmic function is indicated in Eq. 23-1, and

the law may be written

| = S'°(l) + "™^* ^23-2)

where K is the same as that appearing in the smooth wall law and in the

velocity-defect law.

Just as in the case of the smooth wall law there is a Hnear relation-

ship between U/Uj and In {y/k) only for the region of the wall, not

throughout the whole boundary layer. Obviously there is some question

about a suitable reference point from which to measure y. If y is not

expressed correctly, the region that should be linear becomes curved.

Experimentally this is used to find the origin of y. No cases are known
where the origin did not lie somewhere between the top and bottom of

the roughness elements.

The well-known skin friction law for fully rough walls is obtained by
adding Eq. 23-2 and the defect law (Eq. 17-4) and using the relationship

Ue/Ur = VVcf. The result is

V| = 5'°(l) + --* (23-3)

Since the defect law is affected by the pressure gradient, Eq. 23-3 applies

only to cases where the effect of the pressure gradient is negligible. The
effect of the free stream conditions is also present, but this effect is small

and may be absorbed in the constant.

The effect of roughness is seen to depend on its height compared to

the boundary layer thickness. The effect is independent of Reynolds

number. These two circumstances illustrate in a very direct way an in-

herent characteristic of turbulent diffusion in shear flow, namely that the

length scale in eddy diffusion processes tends to remain proportional to

the thickness of the shear layer. In other words, mixing tends to take

place on a scale of coarseness proportional to the boundary layer thick-

ness, or the radius of a pipe. Ordinarily this rule cannot hold true in the

immediate neighborhood of a wall where the turbulent motions are influ-

enced by the presence of the wall; but if flow about roughness elements

introduces a scale of mixing proportional to the scale of the shear layer,
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then the rule does hold true for the entire layer. This is true when k is

proportional to 5, and at the same time Vrk/v is sufficiently large to make
viscous effects negligible. If we fully grasp the foregoing facts, it does not

seem so strange that a small quantity like k should be associated with a

much larger quantity like 5 and furthermore occupy a position of equal

importance.

An important characteristic of the roughness effect, first pointed out

by Nikuradse [95], is a downward shift of the velocity near the wall from

that corresponding to the smooth wall condition at a given value of Ut.

This is understandable in view of the fact that the mixing action of the

roughness elements increases the rate of momentum transfer, and a lower

velocity near the wall is required to keep Ut the same. In connection with

this downward shift it is necessary to recall that we now have two wall

laws:

Smooth wall jj = -^ In (
^=^^

) + consth^i'f)

Fully rough wall jj- = -^ln(|j + const

Both are dependent on conditions near the wall and both are independent

of stream conditions, such as boundary layer thickness and pressure gradi-

ent. If we subtract the second equation from the first and call the differ-

ence AU/Ut, the downward shift in velocity is found to be

-JJ-
^ X \ I

"^ ^° (23-4)

This equation applied only for values of Urk/v for which the surface is

fully rough.

The behavior of AU/Ur over a wide range of values of Urk/v has been

determined by a number of investigators. A representative summary of

results given by Clauser [72] is reproduced in Fig. B,23a. This figure is

very instructive. It shows the behavior of different kinds of roughness

through the range smooth, partially rough, and fully rough conditions.

The limits of such ranges can be judged from this figure. Where the

roughness elements are of uniform size, as for example uniform sand, the

limit below which the wall is smooth is reasonably definite. It appears to

be Urk/v = 4. However, when the roughness consists of a mixture of

sizes or is not densely packed and a fictitious k is chosen to bring the

curves into coincidence in the fully rough regime, then the lower limit

cannot be specified. The lower limit for the fully rough condition is seen

to be somewhere between 50 and 100.

It is interesting to interpret these limits in terms of k/di^^, where di^^ is

the thickness of the laminar sublayer on a smooth wall. The sublayer is
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inherently an indistinctly defined region, but taking the conventionally

defined sharp limit given by
V

Slan 11.5
Ur

the effect of roughness begins when h/bi^^ = ^ and the fully rough regime

sets in when /c/6iam is between 4 and 8. These figures tell us httle that

could not be inferred, namely that the roughness elements must be well

20

AU
10

Colebrook-White

O 48% smooth, 47% fine grains, 5% large gr

O 95% uniform sand, 5% large grains
97.5% uniform sand, 2.5% large grains

A 95% smooth, 5% large grains
A Uniform sand

Prandtl-Schlichting

sond-grain roughness

• W. L Moore 'xr:^^?^^^^!^^ #Rand (flume)

n F. R. Hama ^^^^|4^ cfSarpkaya (flume)

10 102

Uk/v
103 K

Fig. B,23a. Effect of roughness on universal turbulent

velocity profile, after Clauser [72].

buried in the laminar sublayer to have no effect and must extend well

above it to completely eradicate viscosity effects.

It may be shown rather simply that in order for a surface to remain

aerodynamically smooth the roughness must decrease almost inversely

with the free stream velocity. If the critical value is designated as k„ and

the limit is taken as Urht/v = 4, then

kr.T — 4
Ur

= 4
\Uj\cf

where C/ is the smooth wall coefficient which varies with 17^ but only

slowly. It is also apparent from the slow variation of c/ that the require-

ments on k„ are nearly as stringent on a large body as on a small one.

Returning to Fig. B,23a it is significant that the data conform to the
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law (Eq. 23-4) for the fully rough condition. This means that the linear

portion of the velocity distribution curve for a rough wall parallels that

for a smooth wall but is stepped down by an amount AC7/(7t. With experi-

mentally determined values of bJJIVr, the velocity distribution for a

fully rough wall may be expressed by the aid of the smooth wall formula.

For this we use Eq. 19-1 containing the constants given by Clauser. The
rough wall formula is then

= 5.6 log (^) - (^) + 4.9 (23-5)
_f7

A skin friction formula results at once by subtracting Eq. 23-5 from

the logarithmic form of the velocity-defect law. Clauser [55] has obtained

a universal law applicable to equihbrium flows including the effect of the

pressure gradient by noting, on the basis of Fig. B,20b, that a pressure

gradient also has the effect of producing a step-down in the velocity,

bXIilVj. Accordingly he writes the generalized defect law for equilibrium

flows

ILrJ^.5.61o.(|)-(f-^) + 0.6 (23-6)

Since Eq. 23-5 is unaffected by the pressure gradient, and Eq. 23-6 takes

the effect of the pressure gradient into account, a universal skin friction

law results by subtraction of Eq. 23-6 from Eq. 23-5. The end result may
be written

I
= 5.6 log Re,* -^\ne^^[-l]J^^ (G) + 4.3 (23-7)

where \/cj2 = Ur/U., d* = \/cj2 A, Reu = U^k/v, Re,* = Ue8*/p, and

iAU/Ur){Rek \/cf/2) and {AU2/Ur)(G) denote functions of the argu-

ments. The integral shape parameter G is defined in Art. 20.

In order to put Eq. 23-7 into a more convenient form for engineering

applications, Clauser proposes the introduction of two auxiliary factors

which permit Eq. 23-7 to be written

^~ = 5.6 log (^Re,* p^ + 4.3 (23-8)

Factors Fi and F2 have been determined by Clauser using Prandtl-

Schlichting data for sand-grain roughness for the calculation of Fi and
his own data for equilibrium profiles for the calculation of F2. These are

presented in Fig. B,23b and B,23c. A plot of Eq. 23-8 for Fi and F2 equal

to unity is given in Fig. B,23d. If a fictitious Reynolds number, ReCFi/Fy,

is first obtained, C/ may be found from this figure. Since values of F2 are

based on only two equihbrium pressure distributions, more data are to
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1000

100

Uk/v

Fig. B,23b. Factor for effect of sand-grain roughness on
local skin friction coefficient, after Clauser [83].

1000

100

Fig. B,23c. Factor for effect of pressure gradient on
local skin friction coeflBcient, after Clauser [83].

be desired in order to test the universality of the method. The term

"universal" is here used in the restricted sense of applying only to equi-

librium boundary layers.

The effect of roughness on velocity distribution is reflected in a raising

of the shape parameter H. This effect has been shown by Hama [97] for a

wide range of conditions. Since Clauser's integral shape parameter G is
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not affected, the variation of H may be expressed as a function of C/ by
Eq. 20-5 for both smooth and rough walls.

It is worth noting before we leave the subject that experimental de-

terminations of roughness effect in terms of tJJ[Vr vs. V^klv may be

made optionally in boundary layers, pipes, or channels. Application of

0.012

0.008

Cf

0.004

Fig. B,23d. Local skin friction coefficient for smooth
plates with constant pressure, after Clauser \8S\.

the results then merely requires the introduction of ^JJ/Uj into the

appropriate smooth wall formula.

B,24. Integral Methods for Calculating Boundary Layer Develop-

ment. A number of methods have been proposed for calculating

boundary layer parameters and separation as functions of x for boundary

layers developed on a smooth wall in the presence of pressure gradients.

Most of the attention has been given to cases involving adverse pressure

gradients, and the methods are mostly restricted to two-dimensional flow,

although sometimes the problem is set up so as to include axially sym-
metric flow for the conditions where the boundary layer is thin compared

to the radius of the body about its axis.

It is generally assumed that the boundary layer is so thin that pres-

sure changes across it may be neglected. Then the equations of motion

and continuity for two-dimensional flow reduce to Eq. 8-1, 8-2, and 8-3.

For incompressible flow, and by neglecting viscous stress and turbulent

normal stresses, these become

1 dp

dx dy^

dx dy

1 ar

p dx p dy
(24-1)

(24-2)
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By integrating Eq. 24-1 from y = Qioy = h, using Eq. 24-2 to elimi-

nate V, and Bernoulli's equation to express p in terms of the local free

stream velocity U^, the Karman integral relation is obtained. The inte-

grals turn out to be the well-known expressions for 5* and Q. By intro-

ducing these and their ratio H, the Kdrman momentum equation is ob-

tained. It may be written as follows by again using Bernoulli's equation

to restore p:

M ^ (H + 2) edp T^ . .

dx 2 qdx^ 2q ^ '

where q = ^pUl.

Eq. 24-3 is the starting point for most known methods. These pro-

ceed on the basis of some empirically determined form parameter for

the velocity profile. The earlier methods such as those of Buri [98] and

Gruschwitz [99] seem now to be mainly of historical interest. Gruschwitz's

method and his shape parameter,

= 1

WeA =

found considerable use, but both have now been largely replaced by the

method of von Doenhoff and Tetervin [84], or variations of it, employing

H only.

Von Doenhoff and Tetervin [84] made what appears to be the most

thorough search for a suitable form parameter. This resulted in the

adoption of the parameter H and the single parameter family of profiles

shown in Fig. B,19a. It is now clear from evidence previously cited that

all profiles do not fit this pattern, and that any method based on such

an assumption cannot be expected to give correct results under all con-

ditions. Nevertheless the method of von Doenhoff and Tetervin has had

certain successes and has appeared sufficiently promising to lead others

to attempt to improve upon it.

The method is based on the assumption that it is only necessary to

determine 6 and H in order to establish the boundary layer character-

istics. Since the momentum equation (Eq. 24-3) alone is not sufficient for

this purpose, an auxiliary expression for H was set up. Recognizing that

a sudden change in pressure should not produce a discontinuity in the

velocity profile, it was assumed that the rate of change of H rather than

H itself would depend on local forces, t^ and dp/dx. When the ratio of

these forces was expressed by

edq2q

q dx T^

it was found that ddH/dx was a function of this ratio and also, to some

extent, of H itself, but it was independent of Reynolds number. Using

the Squire and Young formula (Eq. 18-10) for r^, thereby ignoring any
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effect of pressure gradient on skin friction, von Doenhoff and Tetervin

arrived at the following expression for QdH/dx:

JTT
zfL = g4.680(H-2.975)

dx qdx T^
(24-4)

Given dq/dx, the two equations (Eq. 24-4 and 24-3) were solved by
a step-by-step procedure for 6 and i? as a function of x. Starting with

some initial value, Qq and H^, dQ/dx and dH/dx were found. Each when
multiplied by an increment of x and added to the initial values gave the

next value of d and H to repeat the process.

Garner [100] undertook to improve on the method of von Doenhoff

and Tetervin by using different auxiliary expressions for skin friction and

H, again disregarding the effect of pressure gradient on skin friction. The
method, however, remains basically the same.

Tests of this general method have shown a closeness of agreement

with observations sufficient to make it worthy of consideration when con-

ditions are not out of the ordinary ; that is, when profiles can be expected

to have the form of Fig. B,19a. Since adverse pressure gradient domi-

nates the development of the layer, the use of an incorrect expression for

the skin friction apparently has minor consequences.

Tetervin and Lin [101] initiated a fresh attack on the problem, again

built around the JY-parameter family. They set up integral expressions

for momentum, moment of momentum, and kinetic energy in a form suf-

ficiently general to include axially symmetric flow as well as two-dimen-

sional flow, subject to the restriction that 5 is small compared to the

radius of curvature about the axis of symmetry. Their principal objective

was to avoid an empirical expression for H if possible. The moment of

momentum equation was found to be best suited for this purpose, but it

required auxiliary expressions for velocity and shear stress distributions

across the layer. A power-law fitting of the i?-parameter profiles was

adopted as an approximate but reasonable procedure. More serious was
insufficient information about the value and distribution of shear stress.

While the work of Tetervin and Lin fell short of immediate success, it

pointed the way to future progress.

It must be remembered that while r^ may be reduced to small values

by an adverse pressure gradient, r may rise to large values away from the

wall before falling to zero at the outer edge of the layer. Fediaevsky [102]

proposed a method for calculating the distribution of t/t^ with y/b

employing a polynomial expression that would satisfy boundary condi-

tions at the wall and the outer edge of the layer. Certain large discrepan-

cies were observed between shear stress distributions calculated by this

method and those directly measured by the hot wire method by Schu-

bauer and Klebanoff [87]. Ross and Robertson [103] modified the Fediaev-

sky method and obtained some improvement in accuracy.

< 155 >



B • TURBULENT FLOW

Two contributions following the general method proposed by Tetervin

and Lin are those of Granville [104\ and Rubert and Persh [l^t-O]. Gran-

ville's work suggested that the difficulty in using the moment of momen-
tum equation for H might be overcome. By examining a limited amount

of experimental data he showed that the integral of the shearing stress

across the layer in terms oi y/h* was the same in adverse pressure gradi-

ents as in constant pressure flow. Rubert and Persh chose the kinetic

energy equation for the determination of H and hence had to evaluate

the integral of the dissipation across the layer. This they did empirically

using experimental data for a variety of conditions. They also included

the Reynolds normal stress in the momentum equation. Values of d and

H calculated by Rubert and Persh showed reasonably close agreement

with experiment for two-dimensional boundary layers and flow in dif-

fusers. Both of these methods draw on the work of Ludwieg and Tillmann

{89\ for the shearing stress at the wall and the existence of the law of the

wall in an adverse pressure gradient.

Two methods based on dividing the treatment between the inner

part of the boundary layer and the outer part are those of Ross [I4I]

and Spence [142]. Each uses a separate similarity for the inner and outer

parts. Both use the law of the wall for the region next to the wall. Ross

adopts a f-power velocity-deficiency expression for the outer region with

a new parameter D, thus avoiding the use of the shape parameter H.

Spence retains the i7-parameter for the outer region, but evaluates it

by means of an expression for the velocity at the distance d from the wall,

obtained from the equation of motion formulated for the distance y = 6.

The several methods here mentioned show that progress is being

made on this difficult problem. In some cases more tests are needed to

judge the amount of progress. There is general agreement that more

information is needed on the behavior patterns of turbulent flow before

a universally valid method can come within reach.

B,25. Three-Dimensional Effects. It may seem that undue atten-

tion is given to two-dimensional mean flows when in their totality all

flows are three-dimensional. The justification for the convenience of

avoiding the complications introduced by a third dimension is that

motion in the third dimension is in many cases locally absent or so

insignificant that two-dimensionality is an acceptable assumption. This

fortunate circumstance comes about because boundary layers are usually

thin compared to the expanse and radius of curvature of a wall.

Obviously there are many cases where the edges are too close to the

region in question or the boundary layers are too thick for three-dimen-

sional effects to be ignored even under local inspection. Common exam-

ples are flow in noncircular pipes, flow near wing tips, and flow near the
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juncture between a wing and a body. Attention has already been called

to the fact that three-dimensional effects are hard to avoid in regions of

adverse pressure gradient. They become very pronounced in regions of

flow separation. On low aspect ratio wings at large angles of attack,

separation often manifests itself as a curving of the flow in a continuous

fashion to form the large scale trailing vortices. Important as these cases

are, we shall regard them as special problems beyond the scope of the

present treatise.

Some mention will be made of a particular three-dimensionality known
as yawed flow. This is the condition where the leading edge of a two-

dimensional body is at an angle other than normal to the mean flow,

such as might be represented by an infinitely long swept wing. In such

cases deviations from the mean flow direction occur in the boundary layer.

Among the first quantitative measurements to show the effects on swept

wings are those of Kuethe, McKee, and Curry [105].

In the case of laminar yawed flow it is well known, and readily shown

by the equations of motion, that the boundary layer development with

distance normal to the leading edge and the velocity components associ-

ated with this direction are independent of yaw. In other words, bound-

ary layer thickness and velocity profiles, based on the stream component

normal to the leading edge are independent of the flow parallel to the

leading edge. This is known as the "independence principle."

According to the best evidence at hand, the independence principle

does not apply in turbulent flow. The experiments of Ashkenas and Rid-

dell [106] conducted on yawed flat plates show that the thickness of the

turbulent boundary layer at a given streamwise distance from the lead-

ing edge increases with the angle of yaw. A 1-inch strip of sandpaper

glued to the surface near the leading edge made turbulent flow a cer-

tainty from that point on and gave an essentially fixed virtual origin for

the boundary layer. In terms of distance ^ from the virtual origin parallel

to the free stream direction, the displacement thickness 5* was found to

be given by

0.046?

(cos d)iiw
where d is the yaw angle. Except for the factor (cos 6)^, this is the ordi-

nary expression for 5* in terms of wall length traversed by the flow.

According to Ashkenas and Riddell, yawing would have the effect of

decreasing 5* at a given streamwise distance if the independence princi-

ple were to apply. The arguments leading to this conclusion are left to

the original paper.

The above result is in disagreement with that of Young and Booth

[107] who concluded that the independence principle does apply in the
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turbulent boundary layer. Ashkenas and Riddell have noted this dis-

agreement and have pointed out possible causes of error in the experi-

ments of Young and Booth.

Even without putting this case to actual test, it may be seen that

the independence principle would not be expected to apply in turbulent

flow. Let us imagine a wind tunnel experiment in which we have a flat

belt passing through slots in the tunnel walls and running diametrically

across the stream with the stream crossing it edgewise. If the boundary
layers on the two sides of the belt are laminar, running the belt has no

effect on the boundary layer associated with the action of the stream,

unless of course the belt is running so fast that heating effects change

the viscosity and density of the air. If, on the other hand, the boundary
layers are turbulent, then running the belt increases the turbulence be-

cause of the greater velocity relative to the surface. The eddy viscosity

is thereby increased, and this increase affects all motions. To the flow

component normal to the leading edge, the boundary layer now exhib-

its greater eddy viscosity. The friction to air flowing over the belt is

thereby increased and the thickness of the boundary layer is increased

correspondingly.

CHAPTER 5. FREE TURBULENT FLOWS

B,26. Types and General Features. The term "free turbulent

flows" refers to flows which are free of confining walls and exist in shear

motion relative to a surrounding fluid with which they mix freely. The
flows of common technical interest are jets, wakes, and mixing zones

between two uniform streams moving with different relative velocity.

Problems of technical interest are the rate of spreading with distance

from a source of the flow, velocity distributions, and the manner in which

other transported quantities such as heat and matter are distributed and
mixed with a surrounding medium.

A characteristic common to this class of flows is a lack of viscous con-

straints on the mean motion in all parts of the field when the Reynolds

number is sufficiently high. This condition is practically always fulfilled

unless the Reynolds number is so low that the turbulent regime cannot

exist at all. In the case of mixing zones, jets, and two-dimensional wakes
this condition never degenerates; for no matter how feeble the relative mo-
tion may become with increasing distance from the source, the Reynolds

number either remains constant or increases due to the increase in size.

More specifically the Reynolds number increases with distance for mix-

ing zones and two-dimensional jets, and remains constant for axially

symmetric jets and two-dimensional wakes. The axially symmetric wake
is the one exception, for here the rate of decay of mean motion (and
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turbulence) exceeds the growth in diameter, and the Reynolds number
tends toward an eventual zero value.

We are therefore dealing with a class of flows in which the effects of

viscosity are removed from those turbulent motions which control the

mean motion and are relegated to the small scale eddies which take part

in the final decay and the production of heat. In this respect the flow

fields are subject to a controlling mechanism similar to that found in the

outer regions of a turbulent boundary layer, but lacking the influence of

a wall such as prevails to varying degrees in the boundary layer. Once the

flows have attained a fully developed state, they remain similar through-

out upon subsequent development, merely changing scales of length and
intensive properties.

The fully developed state is an asymptotic condition reached only at

some distance from a body in the case of a wake and from a nozzle in

the case of a jet. Since the initial conditions in these two cases are vastly

different, the distance for their effect to disappear is also different. Behind
a body the flow is highly agitated by a succession of eddies comparable to

the diameter of the body, and this coarse scale motion persists for a long

distance. Townsend [108], in his investigation of the plane wake behind

a cylinder, finds that the mean wake flow reaches similarity only after

100 cylinder diameters downstream, and that complete statistical equi-

librium in the turbulent motions is not reached short of 1000 diameters.

At a nozzle the initial jet consists of a potential core of relatively smooth
flow, or a flow characteristic of the internal flow, bounded by a layer in

which free mixing begins. Kuethe [109] finds that the potential core of a

round jet is consumed between 4 and 5 nozzle diameters downstream of

the plane of the nozzle, and that fully developed jet flow is estabhshed at

8 nozzle diameters.

We shall here be concerned mainly with fully developed character-

istics and shall attempt to describe the principal ones, paying most atten-

tion to the plane wake (two-dimensional) and the round jet (axially

symmetric) since these have been investigated in the most detail. Since

little information is available on the wake of a seff-propelled body, this

case will not be considered. A discussion of its laws of spreading and
decay may be found in [110].

B,27. Laws of Mean Spreading and Decay. A certain amount of

useful information can be gathered from the equations of mean motion
without requiring their actual solution. Using the condition that momen-
tum, heat, and matter are conserved and that the flow when fully devel-

oped preserves similarity among mean motions and those turbulent mo-
tions which influence the mean motion, it is possible to obtain the laws of

spreading and decay of mean properties.

The conventional procedure, which will be followed here, is to assume
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constant density. If heat is added or is generated by friction, or if another

gas is added, it is assumed that the amounts are too small to affect the

dynamical problem. The type of problem considered is that of fully devel-

oped rectilinear flow such as applies to the j et in a stationary surrounding

medium and a wake at sufficient distance from a body.

The Reynolds equations in simple form become acceptable approxi-

mations under the conditions that (1) the viscous stresses may be neg-

lected compared to the turbulent stresses, and (2) the mean pressure is

so nearly constant that the gradients have a negligible effect on the axial

motion and momentum. With regard to condition 2, it should be pointed

out that the pressure in jets is slightly different from the ambient pres-

sure [111], but this may be disregarded as far as our present interests are

concerned.

Let X be measured along the axis of mean flow from some suitable

origin, and U denote the mean velocity in the x direction. Let y be the

lateral coordinate for two-dimensional flow and r be the radial coordinate

for flow symmetrical about the x axis, and let V represent the lateral or

radial component of mean velocity in each case. Then for steady mean
flow the equations of motion and continuity are respectively:

[f7^+7^ = i|^ (27-1)
Plane jet and J

^^ ^V P ^V

mixing zone
|

/irr /^t/

^9U SU^l_a^
(27-3)

ax or rp dr

^ +^ = (27-4)
dx dr

Here t is the shear stress.

For wakes, equations corresponding to Eq. 27-1 and 27-3 may be

further reduced because of conditions which apply at the great distances

from the object necessary for similarity to exist. These are that V has

become neghgible, and U is nowhere much less than the free stream ve-

locity Ue. If we express the velocity reduction by

^U = U.- U
and substitute in Eq. 27-1, at the same time dropping the term VdU/dy,
we obtain

,j^ . ^^. dAU 1 dr
-{Ue - AU) -r— = - —

dx p dy

To a sufficient degree of approximation this may be written

Plane wake - U,^ = - ^ (27-5)
dx p dy
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Following a similar procedure for the round wake we obtain

dAU 1 dirr)
Round wake C/e

dx rp dr

The equations for the conservation of momentum are:

(27-6)

Plane jet

Round jet

Plane wake

p /
' UHy = const

2rp / Vhdr = const

(27-7)

p f^^ U{U, - U)dy = const ^ pU.
f^^

AUdy

Round wake

27rp fj U{U, - U)rdr = const ^ 27rpt/e fj MJrdr

The method of employing the foregoing relations to find the laws of

spreading and decay will be illustrated by carrying through the steps for

the plane jet. Then the end results for all cases will be stated. If U^ is

the velocity at the center of the jet and h is any convenient measure of

the width (6 may be the distance from the center to where U is zero or

some fraction of JJ^, then similarity means

and

T

f (27-8)

(27-9)

where / and g are any function whose form may remain unknown. We
now set b -^ a;™ and Uo '^ x~"'. Then the terms in the equation of motion

(Eq. 27-1) become of the following order in x:

U
dx

V
dy

dr

dy

In order that the equation shall be independent of x, we must have

2ri + 1 = 2n + w, or m = 1. The momentum relation

Pl ^"dy const

because of order

and since this must be independent oi x, —2n-\-m = 0. Since w = 1,

n =
I-. Thus it is found that the plane jet spreads hnearly with x and the
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velocity at the center decreases as x~^. A similar procedure may be used

for the other cases, and the results are summarized for all in Table B, 27.

Table B,27
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the round jet this is usually between 0.5 and 1.5 orifice diameters down-

stream from the orifice. The virtual origin appears to be less well defined

for the plane wake and is different for the extrapolated center velocity

than for the extrapolated width (Townsend [1]).

The foregoing relations apply as long as the Reynolds number remains

sufficiently high for similarity to exist. Since the Reynolds number is pro-

portional to x'^~'^, it is seen from Table B,27 that, if the condition is

initially satisfied, it will continue to be satisfied with ever-increasing x

in all cases, with the exception of the round wake. For the latter the

Reynolds number will eventually decrease to the point where the turbu-

lent laws of spreading and decay merge into laminar laws with a new
virtual origin. The distances for this change to occur can be expected to

be very great, and in most cases any practical interest in the wake will

have already been lost.

As already indicated, it is required in the foregoing analyses that

similarity extend to the turbulent motions responsible for diffusion. The
same rules must therefore apply to the scales of length and velocity enter-

ing into the diffusion process. If we adopt the concept of eddy viscosity,

we may compare the behavior of a turbulent flow to that of a laminar

flow in terms of the behavior of a viscosity. Denoting the mean eddy vis-

cosity applicable to the flow by e^, we have, since e^ is proportional to a

length times a velocity.

Referring to Table B,27, we find that e^ is constant for the round jet and

the plane wake. These flows should then behave as laminar flows with

respect to their form of spreading and decay, as in fact they do. It must
be borne in mind that we are here concerned only with the proportionality

rule, not with absolute magnitudes. In the case of the plane jet, e^, in-

creases as x^j and we find, as we should, that the spreading and decay

follow faster laws than those governing laminar flow. In this case the

laminar exponents are

In the case of the round wake, e^j decreases as x~^, and we find, again as

we should, that the spreading and decay follow slower laws than those

governing laminar flow. Here the laminar exponents are

B,28. General Form and Structure. The boundary which separates

the turbulent fluid, of say a jet or a wake, from the nonturbulent sur-

rounding fluid is determined only by how far the motions have pene-

trated the surroundings. While it is self-evident that the boundary must
be irregular, it was not until comparatively recent hot wire studies were
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made that the highly irregular and sharply defined character of the bound-
ary was revealed. An intermittency in the turbulence recorded from a

hot wire probe in the outer regions of a round jet was first observed and
studied by Corrsin [112]. It soon became apparent that this effect was
due to a sharp and irregular boundary convected past the hot wire. The
phenomenon was studied in considerable detail by Townsend [113,114,

115,116] in connection with his studies of the plane wake. Corrsin and
Kistler [117] later made an exhaustive study of free stream boundaries,

and this together with studies in the boundary layer by Klebanoff [118]

has resulted in a reasonably clear understanding of the character and
meaning of the free boundary.

In Art. 17 attention has already been directed to the outer boundary
of a turbulent boundary layer, and the situation has been depicted sche-

matically in Fig. E,17b. The character of the free boundary and the sharp

separation between turbulent and nonturbulent fluid is shown in actual

reality by the photograph of the turbulent wake of a bullet, displayed by
Corrsin and Kistler, and shown here as Plate B,28. No turbulence and
no other property transported by the shear flow, except some energy as-

sociated with potential motions, has penetrated the surrounding medium
beyond the boundary. Moreover, the boundary is a connected surface;

there are no disconnected parcels of fluid. The billows and hollows are,

of course, three-dimensional. All motion in the nonturbulent fluid outside

the boundary is irrotational, and the velocity there is that accompanying
the potential motion of a free stream.

These phenomena are reproduced at all free boundaries, differing only

in degree. An "intermittency factor" has been adopted as one of the

criteria of the irregularity of the boundary. If a hot wire probe, capable

of following the fluctuations, is placed so that, as the flow passes by, it is

alternately in and out of the turbulent fluid, a record of the signal will

show intermittently turbulent and nonturbulent sections. From such a

record, or by other instrumental means, the fraction of the time that the

flow is found to be turbulent may be determined. This is defined as the

intermittency factor. As the probe is moved from the center of the flow

outward, the intermittency factor goes from unity to zero. The custom-

ary symbol for the intermittency factor is 7. This symbol when used here

is not to be confused with the same symbol for the ratio of specific heats

used earlier.

It is instructive to compare 7 distributions for several types of flow

along with their mean velocity distributions. These are given for the

boundary layer, the round jet, and the plane wake in Fig. B,28a and
B,28b. In Fig. B,28a lOebanoff's data for a smooth wall and Corrsin's

and Kistler's data for a very rough wall are compared. While there is

considerable dispersion in the observations of intermittency, the differ-

ence between the curves for smooth and rough walls is believed to be real.
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Comparing the boundary layer and free flow, it is seen that the region of

intermittency occurs where the velocity is not much different from that

of the free stream in the case of the boundary layer, whereas it pene-

trates more deeply into the jet and wake flows. The range of mean ve-

locities occurring in the region covered by the various instantaneous po-

sitions of the boundary is therefore much less for the boundary layer than

for jets and wakes; and while the boundaries may appear superficially

similar in all cases, the bulges and hollows involve the greater portion

of the mean velocity field in free flows. This applies particularly to the

wake.

According to Townsend [1] free flows contain large eddies which have

a relatively small amount of energy, but which nevertheless serve to con-

vect the fluid about in large bulks. He postulates a double structure con-

sisting of the large eddies containing little turbulent energy and a smaller

scale of eddies containing most of the turbulent energy. This would seem

to be a reasonable picture in view of the freedom of motion in the absence

of a wall, but, to the degree that the outer boundary of a wall flow is

also free, the same picture might also apply to the outer region of a

boundary layer.

A statistical measure of the width of the intermittent zone is the

standard deviation of the instantaneous boundary from its mean position

given by [(F — F)^]*, where Y is the instantaneous position and Y is the

average position.

From Townsend's point of view the standard deviation is determined

primarily by the large eddies. Corrsin and Kistler [117] were able to pre-

dict the observed behavior (not the absolute magnitude) of the standard

deviation in the boundary layer, jet, and wake on the basis of Lagrangian

diffusion by continuous movements (Taylor [119]). However, this required

only the assumption of similarity of velocity and length scales to one

another and to the main flow, and therefore does not rule out a possibly

predominant part played by the large eddies. It seems evident that the

contour of a marked surface completely within the turbulent region would

be qualitatively hke that of the free boundary, but that its coarseness

would depend on the scale of the eddies in the neighborhood and on the

presence of turbulence on both sides. The boundary is therefore a marker

which gives us a picture of the eddy diffusion at the extreme limits.

The next question of considerable interest has to do with the mecha-

nism by which the turbulence spreads into fluid which was originally non-

turbulent. This spreading and enveloping of new fluid is the only means

by which the average position of the boundary can migrate laterally.

Given that the outer flow is irrotational, it must become rotational when

it crosses the boundary into the turbulent region. Corrsin and Eastler

have concluded that the change takes place suddenly and wholly within

a very thin laminar superlayer "plastered" over the boundary. Vorticity
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can be transmitted to an irrotational flow only by tangential forces due
to viscosity. The layer in which this takes place is the laminar superlayer.

Corrsin and Kistler have shown that this layer must be very thin, partly

on the grounds that stabihty considerations would not permit it to be

otherwise, and partly on the grounds that the turbulent stretching of

vortex lines increases the vorticity and therefore sharpens up the velocity

gradient. The thickness has been estimated to be less than the dissipation

length X. The presence of the laminar superlayer cannot be detected ex-

perimentally, but the observed sharp demarcation between turbulent and
nonturbulent regimes tends to confirm the thinness of the layer.

The spreading of the turbulent region therefore takes place by viscous

action at the immediate boundary, and the rate of encroachment depends

on the steepness of the laminar gradient and on the surface area, both of

which are increased by the larger-scale, eddy-diffusion process acting from
within. Viscosity is the vorticity-propagating agent, but it plays no con-

trolling role in the spread of the turbulent region. Corrsin and Kistler

point out that heat and matter are transported across the boundary in

exactly the same way; and if the Prandtl and Schmidt numbers are not

much smaller than unity, these scalar quantities should be transported

at the same rate as momentum. The processes at the immediate boundary
therefore do not explain why heat and matter spread faster than mo-
mentum. We shall return to this question in Art. 29.

The phenomena just described require that the fluid everywhere be-

yond the boundary cannot have received any quantity by diffusion. If a

jet is hot, all of the heat is confined within the sharp boundary. The
same is true of all of the axial momentum. The only effect on the outer

fluid is a pressure-induced flow toward the jet and pressure-induced fluctu-

ations. Both are irrotational. The term, turbulence, cannot be applied to

these fluctuations. Relatively slow, potential-type velocity fluctuations

are in fact observed in the outer fluid. Jumps in mean velocity are also

observed in passing from turbulent to nonturbulent regions. Apparently
in some cases these are smaller than would be expected if free stream

velocity prevailed in the nonturbulent regions. Townsend proposes that

the fluid between two turbulent bulges is partially carried along as the

bulges move downstream, but there is some disagreement on this point.

Corrsin and Kistler find jumps in the intermittent region of a boundary
layer of about the order to be expected if the outer fluid is not carried

along.

The sharp boundary is not to be confused with the limits as usually

expressed in terms of mean velocity distribution. It wiU be noted from
the 7 curves that the fluctuations in the sharp boundary generally ex-

tend beyond the mean velocity boundary. A bulge protruding far out

apparently carries so little mean velocity increment or defect that its

effect cannot be detected by the usual methods.
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B.29. Transport Proce??e? in Free Turbulent F1oa\-. In order to

solve tiie equations of moLion and heat iransfer given in Art. 27 and thus

obtain velocity and temperature distributions in i/ or r, it is necessary to

expre^ the quantities on tiie right-hand side of the equations in terms

that can be related to the derivatives of velocity and temperature with

respect to y or r. The auxiliary expressions for this purpose have been

discu^ed in Art. 10. Specifically. Eq. 10-12 or 10-13 are used with the

coefl&cients D^. Di. e^^. or ej specified either by general conditions of the

problem or expressed in terms of local conditions.

The former usually takes the form of an assumption that the coef-

ficients are constant over a given cross section of the flow but vary from

one section to the next. In recent years the following expression proposed

by Prandtl [120] has been extensively used:

D. or D, = K^r^, - r^l (29-1)

where h is the width of the region at a given cross section, V^^^ and

tJaia are the extremes of mean velocity across the section, and K is an

experimentally determined constant of proportionality whose value de-

pends on the quantity D« or D-,,.

Specification of transi)ort in terms of local conditions takes the form

of mixing length theory. This theory has already been discussed in Art. 12.

Its apphcation to free turbulent flows has been so widely discussed in the

literature, for example [6,111], that only a few remarks are called for here.

Much of the discussion has had to do with the relative merits of mo-

mentum transfer theory on the one hand and Taylor's vorticity transfer

theory on the other. Yorticity transfer theory is generally favored on the

grounds that it is consistent with a wider distribution of temperature

than of velocity, but which of the two theories agrees the better with

observed velocity distributions depends on cases.

We shall here concern ourselves with the broader question regarding

the foundation of the foregoing procedures rather than with the details

of their apphcation. The basis for judgment rests largely on the work of

Townsend with the plane wake and that of Corrsin with the round jet.

As mentioned in Art. 28. there is evidence that large eddies operate in

free turbulent flows to contort the whole flow field and thus transport

fluid with smaller scales of turbulence over much of the width occupied

by the flow. The next idea to be introduced is that mixing of aU proper-

ties by large and small scale motions has gone on for a considerable time

over the previous course of the flow. In this connection it is ad^*isable to

restrict the discussion to jets and wakes, for in these cases aU of the

properties in question have been put in at the beginning and through

mixing have covered much of the cross section during their previous his-

tory. Eddies of any scale significant in diffusion will have existed for a

considerable time, and their size and intensity found at a particular lo-
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cation "\;dll depend mainly on their past enTironment and will reflect the

character of the flow as a whole rather than that of any particular locality.

The large-eddy part of the structure helps greatly to promote this general

averaging. The central idea here is that the lengths and velocities enter-

ing into a turbulent transport coefficient are not primarily determined by

local conditions. What has been stated here is true to a degree of aU

turbulent flow, but the greater preponderance of large eddies and the

exposure to mixing from the beginning enhance the enects in jets and

wakes.

We have the picture, then, that any property that has been in the

flow for a considerable length of time should be mixed to a fair degree of

uniformity when it has arrived at a particular cross section. Dilution

occurs at the sharp boundaries, and also new fluid has recently become

turbulent there. Therefore we would not expect complete uniformity

everywhere within the sharp boundaries. Experiments show that turbu-

lent energy, temperature in the case of a heated jet or wake, and concen-

tration of a tracer gas in a jet are nearly uniform over the fully turbulent

core and decrease gradually in the turbulent bulges as the boundary is

approached. The over-all average decrease toward the boundaries is faster

than that in the turbulent parts alone due to the absence of any contribu-

tion from the nonturbulent parts.

The foregoing behavior does not apply in the same degree to the axial

momentum. The mean velocity difference decreases considerably across

the core and continues to decrease in the protruding turbulent bulges.

This is ob-'.i.ously why the mean velocity distribution is less broad than

the mean-temperature distribution, but it is only a superficial explanation

since it leaves unexplained why the momentum should have been given

preferential treatment in the mixing process.

We must now be concerned with the question of how to express the

transfer processes. ^lixuig length theory and Eq. 29-1 both assume a

gradient type of transfer in which the rate can be expressed in terms of

the local gradient. This requires that the diffusing movements shall be

small compared to the distance over which the gradient changes. This

condition may be satisfied as far as the smaller eddies are concerned, but

it is obviously not satisfied for eddies comparable in size to the width of

the jet or wake. Townsend proposes that the total rate of transport is a

combination gradient diffusion by the smaller eddies, which contain most

of the turbulent energy*, and bulk convection by the larger eddies. Since

the gradients in scalar quantities, like heat, matter, and turbulent energy

have been reduced due to the long continued mixing, it would appear

that these quantities have been transported laterally more by the bulk

convection than by gradient diffusion. On the other hand, since mo-

mentum has not been so thoroughly mixed, the prospects for gradient

diffusion are better.
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With regard to the theories in question, three main facts stand out:

(1) only the smaller eddies of this double-structure picture can take part

in the gradient diffusion on which the theories are based, (2) the smaller

eddies are mixed to a state of near uniformity, and (3) the scale and
intensity of all eddies responsible for transfer are determined by general

conditions rather than local conditions.

Fact 1 means that we cannot predict to what extent the theories will

apply. Fact 2 means that we can make a good case for Eq. 29-1 for that

part of the transport which is of the gradient type. Fact 3 means that we
must be skeptical of the kind of local dependence on which mixing length

theory rests. This refers specifically to Eq. 12-2b and 12-13 of Art. 12

which expresses v and I in terms of local mean flow parameters. Some
lessening of local dependence is achieved when I is taken to be constant

over a section of the flow and proportional to the width. This is commonly
done in free turbulent flows. We see that even with this compromise,

mixing length theory is scarcely tenable in free turbulent flows.

Turning to comparisons with measured distributions, we find that

mixing length theory cannot be shown to be definitely wrong, although

the agreement with observations is rather casual, with vorticity transfer

turning out to be better in some cases and momentum transfer being

better in others. The vorticity transfer version of the theory when com-
bined with the heat transfer version does at least yield a broader tem-

perature distribution than velocity distribution [121].

Hinze and van der Hegge Zijnen [122] conducted an exhaustive series

of experiments in which they measured distributions of velocity, tem-

perature, and concentration of small amounts of added gas in a round

air jet. After comparing their results with mixing length theories they

concluded that these theories were unsatisfactory, and so set out to ex-

plore the possibilities of constant turbulent exchange coefficient. From
their measured velocity distributions and the equations of motion and
continuity, Z)„ was determined as a function of radius and axial distance.

It was found to remain nearly constant with increasing r from the center

outward, and then to decrease in the intermittent zone. They concluded,

however, that a constant Du was a sufficiently good assumption to

justify the adoption of the well-known laminar solution. The resulting

velocity distribution formula and the expression for Du are given in Art.

30.

Hinze and van der Hegge Zijnen found that temperature and concen-

tration profiles indicated practically identical exchange coefficients. We
shall denote these by the common symbol Dh and refer to the ratio

Du/Dh = Pvt as the turbulent Prandtl number. (This ratio is known as

the Schmidt number when referring to matter in place of temperature.)

The value of Pft on the axis of the jet was found to be 0.685. How-
ever, Prt increased steadily with r and became greater than unity for
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U/U<, < 0.2. This means that Dh decreased where Z)„ remained con-

stant and decreased more rapidly than Z)„ in the outer regions.

Corrsin and Uberoi [123] calculated values of Pr^ from their measure-

ments in a heated round jet. Their mean values over the cross section of

the jet were very close to the value 0.7. They also obtained an indicated

increase from the center outward, but did not regard their accuracy as

sufficient to be certain of a definite trend. They noted the striking agree-

ment with the laminar Prandtl number for air at the mean temperature

of the jet. Forstall and Shapiro [124] point out, however, that turbulent

Prandtl numbers for jets are about 0.7 for various kinds of fluids irrespec-

tive of their laminar Prandtl number.

Townsend found in his investigations of the plane wake [113] that

both Du and I remained nearly constant in the central portion of the

wake, but fell off rapidly in the outer part. However, Du divided by the

intermittency factor y was not far from constant over the greater part

of the wake.

These pieces of evidence tend to confirm what was conj ectured earlier

in this article, namely that insofar as theories based on gradient transfer

can be applied at all, they should apply better to momentum than to

temperature or concentration. The laminar-type solutions of the equa-

tions of motion based on some appropriate constant value of Du over the

section have consistently given accurate descriptions of the velocity dis-

tribution. Discrepancies occur in the outer part of the flow due to the

fact that Du decreases. Townsend has shown that improvement results

for the plane wake if the eddy viscosity e^ is allowed to decrease with the

intermittency factor, i.e. as 76;^.

The situation with regard to the diffusion of heat and matter is not so

favorable, and transfer based on local gradients is little better than a

crude approximation at best. For the round jet, and presumably for the

plane jet also, Dh is nowhere constant, but the assumption of constant

Prt is beUeved to be acceptable for practical purposes. When Prt is con-

stant, the relation between temperature distribution and velocity dis-

tribution for the round jet is

(temperature\ _ /velocity
V'"*

.„„ 2\
ratio / \ ratio /

While there is some question about the appropriate value of Pr^,, a reason-

able value is Pr^ ^ 0.7.

According to Reichardt [125] Eq, 29-2 should be more generally appH-

cable in free turbulent flow. For a review of Reichardt's inductive theory

of turbulence, reference is made to [96].

For plane wakes it does not seem possible to calculate temperature

distribution on the basis of an exchange coefficient for heat. Paradoxi-

cally, mixing length theory gives reasonably good agreement with ob-
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served temperature and velocity distributions when I is assumed constant

over the cross section. Momentum transfer theory and vorticity transfer

theory give the same results for velocity distribution, but vorticity trans-

fer must be used in connection with the heat transfer equation to get the

proper result for temperature distribution. The results are

r - Te ^ ^
T„- r,

where TJe and T^ are respectively the velocity and temperature of the free

stream, U^ and T^ are respectively the velocity and temperature at the

center, and y^ is the extreme limit in each case, y^ being the greater for

temperature distribution.

We may conclude this discussion by noting that recent findings have

given us a clearer physical picture but little by way of a fundamental

theory. It has not been possible to clarify the question as to why turbu-

lent motions act differently toward heat and matter than toward mo-
mentum. Some discussion of this question is given by Townsend; and

since this cannot readily be taken out of context, the reader is referred to

[1, pp. 164, 165].

B,30. Velocity Distribution Formulas for Jets and Wakes. The
advantage of a constant exchange coefficient is not so much in any marked
improvement in accuracy over mixing length theory, but rather that it

permits the adoption of laminar-type solutions. When similarity exists,

the form of the dependence of the exchange coefficient on x is known,

but the absolute magnitude must be found from experiment. The purpose

here is to give examples of final results based on this method. For the

purpose of comparison a mixing length formula will be shown for one case.

It is assumed that mixing length theory and the resulting formulas have

been given sufficient attention in other literature, notably in [6,111].

A comparison of formulas for the plane wake, made by Townsend

[126], is shown in Fig. B,30. Compared with an observed velocity dis-

tribution curve are

1. Mixing length theory, I constant over the width:

/i = 1.835 1 -

2. Constant exchange coefficient:

/i = 1.835 exp
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3. Modified theory: e^ = (e^)t7, where (€;,)t = constant eddy viscosity

in the turbulent region, y = intermittency factor:

/i = 1.835 exp \ -UA^^

In 1, 2, and 3, /i and | are

Ue - U /x -

1 +
3 V0.35/

(30-3)

fi =
/x — a;oY ?

y

xo)d]^Ue V d / ' " [(X

Xo = virtual origin {xo/d = +90)

d = diameter of cylinder producing the wake

In these cases

= Du = 0.017^Ued (30-4)

It is seen that mixing length theory makes the distribution too narrow

near the axis. The constant exchange coefficient fits in this region but

2.0

+ Mixing length 1.835 [1 - {^/0A8)^f
• Constant shear coefficient 1 .835 e - (5/0.253)'

O Modified theory 1 .835 e - '^-^^^n + i(|/o.35)^j

Mean of observations

fil.O

Fig. B,30. Comparison of velocity distribution formulas
for plane wake, after Townsend [126].

makes the velocity difference approach zero too slowly in the outer region.

In reality e^ is not constant, and an all-over fit is obtained only by adjust-

ing e^, as in Eq. 30-3.

The distribution of axial velocity across the round wake may also be

represented by a Gaussian error function. Such representations are char-

acteristically faulty near the outer edges. The round wake has not been

investigated so thoroughly as the plane wake.
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The mixing zone between two uniform streams of velocities Ui and U%

and the plane jet were treated on the basis of constant exchange coefficient

by Gortler [127]. Since this work has been well reviewed by Schhchting

[96], only selected results are repeated here. The calculated velocity profile

of the mixing zone is in very good agreement with experiment. The calcu-

lated distribution of axial velocity in the plane jet is also in good agree-

ment with experiment except in the outer regions where the calculated

profile approaches zero too slowly. The formula for the plane jet is

C/=^^^(l-tanh^^) (30-5)

where a = a free constant to be determined by experiment,

y
rt = a —

X

/
+ 00

U^dy

The velocity at the center Uc is given by

It must be assumed in these formulas that x is the distance from the

point where the jet appears to originate. Schlichting quotes Reichardt's

experimental value of a as equal to 7.67 and Du as given by

Du = 0m7y^U, (30-7)

where y^ is the value of y where U/Uc = ^.

It follows from Eq. 30-5, 30-6, and 30-7 that

£)„ = ^ 0.037 -^ \/Ki

Du = 0.0102 \/K^ (30-7a)

As mentioned in Art. 29, the adaptation of the laminar-type solution

for the round jet was investigated by Hinze and van der Hegge Zijnen.

Their expression is

^ 1
(30-8)

U. 0+0
where t?, = r/(x -\- xo)

xq = virtual origin which turned out to be 0.6 times the orifice

diameter

{x -i- Xq) = over-all distance from point where jet appears to originate

ao = const = 0.00196
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In this case

D„ = 0.00196(a; + xo)Uo (30-9)

According to Schlichting [96] the velocity at the center may be ex-

pressed by

Uo = i- n /^l ^
(30-10)

Here

Kr = strength of jet = 27r / Wrdr = j DWl (30-11)
Jo 4

where D is the diameter of the nozzle and U^ is the jet exit velocity. By
means of Eq. 30-9 and 30-11, Eq. 30-10 may be written

# = ^^ (30-12)
Ue x^ oco

D'^ D

According to Hinze and van der Hegge Zijnen the numerical constant in

Eq. 30-12 turns out to be 6.39 on the basis of their observed axial dis-

tribution of velocity.

When Uc given by Eq. 30-10 is substituted into Eq. 30-9,

Du = 0.0153 VYr (30-13)

In jets, as in wakes, the constant exchange coefficient makes the

calculated velocity approach zero too slowly in the outer regions. This

discrepancy is tolerated partly because it is in the region where the ve-

locity is low and partly because the reason for it is understood in terms of

intermittency.

Since the exchange coefficient Z)„ is the turbulent kinematic viscosity,

it is interesting to compare it to ordinary kinematic viscosity p. For the

plane wake from a cylinder the ratio Du/v is found from Eq. 30-4 to be

— = 0.0173— (30-14)
V V

where U^d/v is the Reynolds number of the cylinder. A similar expression

may be found for the round jet by replacing Kr in Eq. 30-13 by Eq. 30-11.

The result is

^ = 0.0153 2^EiR = 0.0135 -^ (30-15)

If, in these two examples, d and D are both one inch and U^ in both

cases is 100 ft/sec, the Reynolds number for air at ordinary temperature

and pressure is about 4.9 X 10*. The two values of Du/v are then found

to be 850 and 660 for the wake and jet respectively. These figures serve to
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convey an idea of the order of magnitude of the ratio of turbulent vis-

cosity to ordinary viscosity.

When the spreading is linear, as it is for jets, the angle of spreading

affords a convenient means of visualizing the size. This angle may be

found from Eq. 30-5 and 30-8 in terms of some suitably defined width.

If we take this to be the line along which U/U^ = -|, we find that the

plane jet is a wedge with a half angle of approximately 6|- degrees and

the round jet is a cone with a half angle of approximately 5 degrees.

These angles are independent of the strength of the jet. The spreading

of laminar jets, on the other hand, depends on the strength, becoming

narrower as the strength increases. The plane laminar jet is not wedge-

shaped; the width increases with xi These differences between turbulent

flow and laminar flow are mentioned as additional illustrations of the

effect of an eddy viscosity which is regulated by the flow itself.

B,31. Eifect of Density Differences and Compressibility on Jets

with Surrounding Air Stationary. In jet propulsion the jet is much
hotter than the surrounding air and it issues at a high relative velocity.

Density differences and compressibility are therefore expected to be of

some importance. When we examine the situation realistically, however,

we find that both temperature difference and relative velocity diminish

rapidly with distance, and the jet soon behaves much like the constant-

density, incompressible jet previously treated. When the jet issues rear-

ward from a moving vehicle, it does not emerge into a surrounding me-

dium at rest but rather into a medium with an axial velocity in the same

direction. Under this condition the jet spreads more slowly, and the tem-

perature and relative velocity diminish more slowly with distance from

the orifice. The extent over which density and compressibility effects are

possibly important therefore depends on the velocity of the outer stream.

The effect of an outer velocity will be considered in Art. 32; here the

problem is considered for the surrounding medium stationary with respect

to the nozzle.

The work of Corrsin and Uberoi on the heated round jet [123] has

contributed substantially to what is known about the hot jet issuing into

still surrounding air. They studied the jet issuing from a 1-inch orifice

with velocities ranging from 65 to 115 ft/sec. The initial temperature rise

was made slight when it was desired to study the spread of momentum
and heat without introducing significant effects of density difference, and

was raised to about 300°C when the effect of density was to be studied.

In the latter case the density ratio was pi/po = 2, where po is the density

of the jet at the nozzle and pi is the density of the surrounding air.

The principal effects are illustrated in Fig. B,31a and B,31b taken

from the report of Corrsin and Uberoi. Fig. B,31a shows the velocity and

temperature profiles 16 nozzle diameters downstream. From these it is
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clear that the reduced density corresponding to the higher temperature

causes a more rapid spreading of both the velocity and temperature pro-

files. Again the temperature profile is wider than the velocity profile.

Fig. B,31b shows the decrease of velocity and temperature along the axis.

_5 _4 -3 -2 -1

Fig. B,31a. Radial velocity and temperature distribution in round jet showing
effect of density, after Corrsin and Uberoi [123]. Section 16 nozzle diameters from
orifice. Ta = initial temperature of jet, Tc = temperature at center, Ti = temper-
ature of surrounding air.

Fig. B,31b. Ajdsl velocity and temperature distribution at center of round jet,

after Corrsin and Uberoi [123]. x = distance from orifice, d = diameter of nozzle.

To = initial temperature of jet, Tc = temperature at center, Ti = temperature of
surrounding air.

The decreased density causes both velocity and temperature to fall more
rapidly than for constant density.

No appreciable change was noted in the shape of the profile in the

fully developed jet for pi/po = 2. Corrsin and Uberoi showed definitely

that there was no measurable change in the shape of the total head pro-
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files. However, the density difference was not large after the distance of

7 or 8 nozzle diameters required for the flow to become fully developed.

For example, at 15 diameters pi/pc = 1.3 when pi/po = 2. For a density

ratio of this order there is no essential departure from similarity in any
of the profiles, so that the spread is found to be proportional to x and

the decrease of velocity and temperature along the axis is found to be

inversely proportional to x.

Cleeves and Boelter [128] made measurements of velocity and tem-

perature in a round jet with an initial temperature difference of 650°C.

The jet issued vertically from a pipe 1-g- inches in diameter at velocities

ranging from 13 to 56 ft/sec. They did not detect any difference in the

radial velocity distribution between the isothermal jet and the hot jet.

In short, they found no effect of the decreased density on the rate of

spreading of the jet. This disagrees with the results of Corrsin and Uberoi.

They did, however, find the velocity on the axis decreased more for the

hot jet than for the isothermal jet. The decrease was greater than that

found by Corrsin and Uberoi, as would be expected from the higher tem-

perature, but their isothermal results for the velocity on the axis do not

agree with those of Corrsin and Uberoi. The Corrsin and Uberoi results

should perhaps be given the greater weight in view of the accurate con-

trol over experimental conditions.

Since high relative velocities, and the compressibility and heating

effects associated with them, are generally found close to a nozzle, the

magnitude of these effects is of most interest in connection with the

mixing-zone problem. Abramovich [129] investigated the effects by apply-

ing the vorticity transfer version of mixing length theory to the plane

mixing zone between a stream of uniform velocity and a medium at rest,

restricting the treatment to air speeds up to Mach number unity and

temperature differences up to 120°C. He found that cooling the stream

increased the width of the mixing zone, with the boundary on the stream

side showing practically all of the effect. The effect of increasing the ve-

locity was to decrease the width of the mixing zone, again with only the

boundary on the stream side being affected. However, the predicted

effects were such that practically identical velocity distributions were

indicated if on the one hand a low speed stream is cooled to AT = — 60°C

and on the other hand a stream of Mach number unity has a stagnation

temperature equal to that of the stationary medium (static temperature,

AT" = — 60°C). Thus a jet cooled either by extraction of heat or by adi-

abatic expansion will have a more rapidly diverging mixing region than

a jet having the same static temperature as the surrounding medium.

This would not be consistent with the findings of Corrsin and Uberoi.

Gooderum, Wood, and Brevoort [ISO] measured the density distribu-

tion with an interferometer in the mixing zone of a jet issuing from a

3 by 3-inch nozzle at a Mach number of 1.6. The stagnation temperature
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of the jet was about the same as that of the surrounding air. The jet was

therefore cold, the initial density being 1.5 times that of the surrounding

air. The density and velocity were examined across the mixing zone from

2 inches to 7|- inches from the nozzle. The distributions were similar at

each cross section, and the velocity distribution could be represented by

ToUmien's theoretical curve for incompressible flow [131] in the subsonic

portion of the mixing region. Such distributions have the typical s-shape

of the Gaussian integral curve, and they reduce to a common curve for

different values of x when plotted against a-y/x, where cr is a scale factor.

The width of the mixing region is thus inversely proportional to o-. The

value for incompressible flow is generally around 12. Gooderum, Wood,

and Brevoort found a = 15. The rate of spreading into the jet core and

into the surrounding air was therefore less than that for incompressible

flow. This would appear to disagree with the trends found by Abramovich,

which of course apply to subsonic flow, but is what would be expected

from the density effect found by Corrsin and Uberoi in the round jet.

Similar results were reported by Bershader and Pai [132] from meas-

urements on the discharge from a rectangular nozzle 1 by 2 cm at a Mach
number of 1.7. Density measurements were made with an interferometer

at several closely spaced stations within one nozzle width from the orifice.

The density distributions were found to be similar, and a was found to

be 17. The mixing zone was thus narrower than that for incompressible

flow. The profile of density ratio is in reasonable agreement with a curve

based on Pai's theory [133] which employs the concept of a constant

coefficient of eddy kinematic viscosity of the form of Eq. 29-1.

These experimental results on supersonic jets do not distinguish be-

tween the effect of a denser jet and the heating effect resulting from

internal dissipation. We might assume, however, as pointed out by Pai

in relation to laminar flow, that the greater momentum associated with

higher density causes the stream to carry farther and thus decrease the

divergence of the mixing zone. Evidence to substantiate this assumption

is afforded by the work of Keagy and Weller [134] who found wider ve-

locity profiles for helium jetting into air and narrower profiles for carbon

dioxide. It may be concluded from this that the observed effects are pri-

marily density effects. Taken as a whole, the observations disagree with

the theoretical predictions of Abramovich.

B,32. Effect of Axial Motion of Surrounding Air on Jets. When
a jet is projected rearward from a vehicle moving through the air, it effec-

tively emerges into a surrounding medium in motion in the same direction

as the jet. Some attention is now given to the effect of this motion on the

characteristics of the jet. We do not consider other cases, Hkewise of im-

portance, where the jet is projected forward or at an angle to a moving

stream,
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It appears that no basic investigations have been carried out which

would give us information on the turbulent structure and the boundary-

configuration when the surrounding medium is moving. Corrsin and

Kistler [117] call attention to the limiting case where a turbulent and a

nonturbulent stream are in contact with no mean relative velocity, and

infer that the diffusing mechanism will be much the same as when a rela-

tive velocity exists. If this is so, it follows that mixing again depends on

the velocity and scale of the mixing motions as determined by a relation

of the type of Eq. 29-1. We know that travel of the surrounding stream

along with the jet lessens the divergence and decay of jet velocity. In a

very real sense the jet fluid rides along with the outer stream and reaches

a distance x from the nozzle in a shorter time. Fluid has had less time to

diffuse and as a consequence has traveled a shorter distance laterally.

Correspondingly, it has had less time to mix, and it would be expected

that a greater distance is now required for the similarity regime to pre-

vail. In the absence of any firm knowledge of the turbulent structure,

the usual concepts are applied by investigators in this field, namely that

either mixing length or turbulent exchange coefficient are constant over

a cross section.

Using mixing length theory for momentum transfer, Kuethe [109] in-

vestigated the plane mixing region between streams moving in the same

direction with different relative velocities and also treated the mixing

zone of the round jet from the nozzle to the end of the potential core

for the case where the outside medium is at rest. Gortler [127] later de-

veloped the relations for the plane mixing region between two streams

on the basis of a turbulent exchange coefficient given in the form of Eq.

29-1. Szablewski [136] then extended this method to the core-containing

region of the round jet for the case where the surrounding stream has

different velocities. Squire and Trouncer [136], using mixing length theory,

applied to momentum transfer developed relations for the characteristics

of the round jet for various velocities of the surrounding stream, including

both the initial core-containing region and the fully developed region. In

addition they calculated the inflow velocity in the region surrounding the

jet. All of the methods apply to incompressible, isothermal flow.

All of the methods agree, at least qualitatively, in showing a marked

effect of velocity of the outer stream on the rate of jet spreading and

decay of velocity differences. The effect depends on the ratio Ui/Uo,

where Ui is the outer stream velocity and Uo is the jet exit velocity. As

the ratio increases, the divergence decreases, the core region extends

farther from the nozzle, and the velocity increments decrease more slowly

with X. When Ui/Uo = 0, the core region extends only to about 5 orifice

diameters from the nozzle. When Ui/Uo = 0.5, the distance is increased

to 11 diameters according to Szablewski and to 8.1 diameters according

to Squire and Trouncer. Each of these two methods requires that a single
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constant be evaluated by experiment, and for this purpose existing data

for still surrounding air were used. Szablewski's method indicates some-

what greater effects, but it is difficult to judge the reliability of these

methods due to the basic assumptions and approximations made in the

solutions. No attempt will be made here to reproduce the developments

and final formulas, all of which tend to be cumbersome. Squire and

Trouncer achieved some simplification by arbitrarily adopting a cosine

velocity profile which for the fully developed jet takes the form

^^ = i(l+cos.i:) (32-1)

where Ui is the velocity of the surrounding stream, U^ the velocity on

the jet axis, r the radial distance from the axis, and fi the radius of the

jet boundary.

We turn next to experiment, and here we find a comprehensive in-

vestigation conducted by Forstall and Shapiro [124\ aimed at testing the

analytical formulation of Squire and Trouncer and additionally com-

paring mass transfer and momentum transfer. For obtaining the mass

transfer 10 per cent by volume of helium was added to the jet as a tracer.

Values of Uo up to 225 ft/sec and values of Ux up to 90 ft/sec were used.

Velocity ratios Ui/Uo ranged from 0.2 to 0.75.

Velocity and concentration profiles downstream from the end of the

potential region could be closely represented by a formula of the type of

Eq. 32-1. The assumption of this formula by Squire and Trouncer was

therefore well justified. The profiles remained substantially similar at all

values of x and were independent of the velocity ratio Ui/Uo.

In order to avoid the uncertainty in specifying the extremes of the jet,

the size parameters Vmv and fmi were adopted, where r^v is the radius

where the velocity is the mean of its value on the axis and in the outside

stream, and rmj is the radius where the concentration is |- the concen-

tration on the axis. Expressing these in terms of the diameter of the

nozzle D the rate of spreading with x/D was found to be greater for

concentration than for velocity. A turbulent Schmidt number of about

0.7 was indicated (compare Art. 29). The experiments checked the law

of jet divergence derived by Squire and Trouncer.

Both concentration and velocity were found to decay inversely with

x/D. In general, concentration showed more of a drop than did the ve-

locity, but the difference in behavior was small. The inverse law amounts

to a faster decrease with x/D than that predicted by the Squire and

Trouncer theory, although the theory gives the general order of magni-

tude of the center line properties.

Forstall and Shapiro give the following empirical formulas for the

round jet in a surrounding stream of equal density to serve as rough

rules for the velocity field

:
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Formulas Symbols

r^i ^ — 4- 4- 1 9X
Ui = velocity of surrounding stream

D Uo = exit velocity of jet at nozzle

U. - Ui _ 5 X = Ui/Uo
Uo — Ui X X = axial distance from end of

2r^ _ /^Y~^
nozzle

D \xj Xo = distance to end of potential

(iv)
^ ~ ^1 =-(l + cos

^^
^

^^^^

Uc — Ui 2 \ 2rmv/ Uo = center line velocity of jet for

X > Xo

D = diameter of nozzle

r = radial distance from axis

U = velocity at r

Tmv = radius where U = ' —-

It is noted that formula (i) for the case where X = does not agree

with the one given by Hinze and van der Hegge Zijnen, which is

C/e 6.39

Reference should be made to Pai's book \111, p. 120] for another form of

(ii) and further discussion of the effect of a surrounding stream.

Turning next to the heated jet in a surrounding stream, we have the

problem of the combined effects of a stream velocity and density differ-

ences on the velocity and temperature fields. Some experimental infor-

mation on the temperature field of the round jet in a supersonic stream

was obtained by Rousso and Baughman \1S7\ in connection with an
NACA program on jets aimed primarily at answering certain engineer-

ing problems. The only known account of work attempting to solve the

transfer problem is the paper by Szablewski \1S8\ in which a theoretical

development is given, and the experimental work of Pabst \1S9\ is dis-

played as a test of the theory. The analysis applies specifically to the

round jet and includes large density differences. It does not include the

case where the surrounding air is stationary.

It is left to the reader to consult [i55] for the lengthy analytical

development and the complete results. In brief, Szablewski bases his

development on turbulent exchange coefficients given by the Prandtl ex-

pression (Eq. 29-1). These are introduced into the usual equations ex-

pressed in the form of continuity equations for mass, momentum, and
heat. The ratio of the exchange coefficient for momentum to that for heat

and mass (the turbulent Prandtl number, Fr^ was taken to be 0.5 on
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the basis of Pabst's results. The computed examples cover the range

^ = 0.5, 0.25, 0.05
U

Ti
= 1, 1.75, 2.5

where Ui, Ti = outer stream velocity and absolute temperature respec-

tively

f/o^ Tq = jet exit velocity and absolute temperature respectively.

Pabst's measurements of velocity and temperature distributions in a

round jet were made with C7o = 400 m/sec, C/i = 18, 101, and 188 m/sec,

and To = 300°C (To/Ti ^ 2). Since Szablewski's account of this work

appeared to cover the significant points, the original work of Pabst was

not consulted.

The following are the major conclusions:

1. The theoretical predictions for small density differences agree with

other work regarding the direction of the effect of an outside stream,

namely to decrease the rate of spreading of both velocity and temper-

ature. The predicted asymptotic boundary (jet so far from nozzle that

nozzle size has no effect) varies as x^ for any value of U\ except zero.

2. An outside stream reduces the rate of velocity and temperature fall

along the axis. This is qualitatively confirmed by experiment, but there

is some question about the accuracy of Pabst's temperature measure-

ments. The asymptotic variation predicted by theory is x-^ for any

value of Ui except zero.

3. When Ui 7^ the asymptotic velocity profile is given by

U - Ui
[-(•r)

where U^ is the velocity at the center, ri is the radius of the jet bound-

ary, and c is a shape factor. The temperature profile is

T - T
T..- T 1 \U, - UiJ

where Pn is taken as 0.5. These distribution functions when fitted to

Pabst's measurements at 16, 20, and 24 nozzle diameters downstream

show reasonably good agreement.

4. Reduced jet density, due to elevated temperature, increases the rate

of velocity and temperature fall along the axis. Apparently Pabst's

work does not provide any test of this effect. However, this is con-

sistent with the findings of Corrsin and Uberoi for Ui = 0.

5. Reduced jet density, due to elevated temperature, decreases the rate
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of spreading of both velocity and temperature. The effect of the tem-

perature on the width is given as proportional to [1 + (To — T'i)/T'i]~?.

Pabst's work, as quoted by Szablewski, does not provide any test of

this effect. The effect is opposite to that found by Corrsin and Uberoi

for Ui = 0.

Conclusion 5 appears to be inconsistent with conclusion 4. Conclusion

5 can, however, be made to appear reasonable by following a suggestion

by Squire and Trouncer to the effect that compressibility or heating might

be dealt with in terms of an "equivalent jet." Since the momentum

^i)2pC7o(t/o- U^)

is maintained at all sections, an equivalent incompressible jet should be-

have like a compressible jet when the momentum is the same. Heating a

jet decreases pUo(Uo — Ui) by decreasing p. We should obtain the same

effect without heating by keeping p the same and decreasing Uo{ Uo — Ui)

.

This can be done either by decreasing Uo or by increasing Ui. By either

means Ui/Uo is increased, and this clearly has the effect of decreasing

the divergence of the velocity field. Presumably the divergence of the

temperature field would follow that of the velocity field.

The tentative conclusion drawn from the present information is that

the effect of density on spreading characteristics reverses in going from

the case where t/i = to the case where Ui > 0. More experimental

results covering a greater range of conditions are needed to clarify the

situation.

Not all of the information on jets has been covered in this brief

survey. Pai, for example, gives a mathematical procedure for dealing

with turbulent jets by employing methods analogous to those for laminar

flow. For this, the reader is referred to his book [111]. An extensive

bibliography given by Forstall and Shapiro [134] will be helpful to readers

wishing to pursue the subject of jets further.

CHAPTER 6. TURBULENT STRUCTURE
OF SHEAR FLOWS

B,33. The Nature of the Subject. Dating from about 1925 many
investigators have applied the hot wire anemometer in aerodynamic ex-

periments in an effort to learn something about turbulence through meas-

urement. Over the years these efforts have borne fruit; consequently there

are many separate pieces of information contributing to our present

knowledge of turbulence and the turbulent structure of various flow fields.
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For the most part the measured quantities are the velocity fluctu-

ations, their mean square values, their time derivatives, space and time

correlations, probability distributions, and energy spectra. In a few cases

measurements have been made of temperature fluctuations, including

correlations, spectra, and velocity-temperature correlations. Due to limi-

tations inherent in the hot wire technique, very few measurements have

yet been made in the compressible flow range. Low speed boundary layers,

jets, and wakes have been the principal objects of investigation.

Theoretical studies on the turbulent structure of shear flows are not

abundant because of the difficult nature of the statistical theories of

turbulence and the additional complications arising from anisotropy and

inhomogeneity associated with shear flows. Nevertheless, it becomes a

lengthy task to present and discuss both the experimental and theoretical

sides of the subject. We therefore restrict the present coverage to a listing

of references. Qualitative aspects of structure have been discussed in

previous articles, and the references there cited will be repeated here

only by number. The list covers mainly relatively recent works which

are available to us, and it can by no means pretend to be complete.

Classification is by subject, each being headed by a brief discussion.

Since many works cover topics belonging in different classes, the group-

ing must not be considered as rigid.

B,34. References on Structure of Shear Turbulence.

General considerations on vorticity and structure of turbulence. The

stretching of vorticity and the formation of vortex sheets play an im-

portant role in shear turbulence. Studies of these phenomena are gener-

ally theoretical, and often have to be based on a simple and isotropic

model.

Agostini, L., and Bass, J. Les theories de la turbulence. Pubis, sci. et tech. Ministere

air France 237, 1950.

Betchov, R. An inequality concerning the production of vorticity in isotropic

turbulence. J. Fluid Mech. 1, 497-504 (1956).

Burgers, J. M. The formation of vortex sheets in a simplified type of turbulent

motion. Proc. Acad. Sci. Amsterdam 53, 122-133 (1950).

Corrsin, S. Hypothesis for skewness of the probability of the lateral velocity fluctua-

tions in turbulent flow. J. Aeronaut. Sci. 17, 396-398 (1950).

Djang, F. G. A kinetic theory of turbulence. Chinese J. Phys. 7, 176 (1948).

Liepmann, H. W. Aspects of the turbulence problem. /. Math, and Phys. 3, 321-342,

407-426 (1952).

Lin, C. C. On Taylor's hypothesis in wind tunnel turbulence. Mem. Nav. Ord. Lab.

10775, 1950.

Lin, C. C. On Taylor's hypothesis and the acceleration terms in the Navier-Stokes

equations. Nav. Ord. Rept. 2306, 1952.

Munk, M. M. A Simplified Theory of Turbulent Fluid Motion. Catholic Univ. of

America, 1955.

Pai, S. I. ViscoiLS Flow Theory. II: Turbulent Flow. Van Nostrand, 1957.

Theodorsen, Th. Mechanism of turbulence. Proc. Second Midwestern Conf. Fluid

Mech., The Ohio State Univ., 1952.
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Statistical theories of shear and inhomogeneous turbulence. In statisti-

cal theories of turbulence, it is important to study the structure of corre-

lations and spectral functions on the basis of hydrodynamical equations

of motion. The spectral tensor in anisotropic turbulence has a much
more complicated form than in isotropic turbulence. Exact mathemati-

cal theories are not yet possible. Dimensional arguments and simplifying

reasoning are necessary. If a reasonably simple equation of motion of

one-dimension is used, such as in Burgers' model, the solution can be

obtained exactly, and many characteristics of turbulence can be studied

without introducing simplifying assumptions at an early stage.

Burgers, J. M. Some considerations on turbulent flow with shear. Proc. Acad. Sci.

Amsterdam B56, 125-136, 137-147 (1953).

Burgers, J. M., and Mitchner, M. On homogeneous non-isotropic turbulence con-

nected with a mean motion having a constant velocity gradient. Proc. Acad. Sci.

Amsterdam B56, 228-235, 343-354 (1953).

Kamp6 de Feriet, J. Le tenseur spectral de la turbulence homogene non isotrope

dans un fluide incompressible. Proc. Seventh Intern. Congress Appl. Mech.,

London, 6-26 (1948).

von Kdrmdn, Th. The fundamentals of the statistical theory of turbulence. J.

Aeronaut. Sci. 4, 131 (1937).

Monin, A. S. Characteristics of anisotropic turbulence. Doklady Akad. Nauk.
S.S.S.R. 75, 621-624 (1950).

Parker, E. N. The concept of physical subsets and application to hydrodynamic
theory. Naval Ord. Test Station Tech. Mem. 988, China Lake, Calif., 1953.

Rotta, J. Statische Theorie nichthomogener Turbulenz I, II. Z. Physik 129, 547

(1951); 131, 51 (1951).

Tchen, C. M. On the spectrum of energy in turbulent shear flow. J. Research Natl.

Bur. Standards 60, 51 (1953).

Tchen, C. M. Transport processes as foundations of the Heisenberg and Obukhoff

theories of turbulence. Phys. Rev. 93, 4 (1954).

Structure of turbulence in wall-bounded flow {boundary layer, channel

and pipe) . Turbulent measurements are made on energy, shear stresses,

correlation, spectral functions of energy, and shear stress. In the case of

the boundary layer, the flow is complicated by the fact that there exist

a laminar sublayer near the wall and an irregular outer limit producing

a region of intermittent turbulence near the free edge of the boundary

layer. The intermittencies and the probability of their occurrence are

important for the understanding of the boundary layer, and for the formu-

lation of a realistic theory of the boundary layer structure. Phenomeno-

logical theories are based on transport concepts (such as mixing length)

to express nonlinear turbulent terms. Other theories assume some definite

relation between the fourth and second orders of correlations, and a third

group of theories make some assumption involving physical and dimen-

sional reasoning on the role of the turbulent pressure.

Chou, P. Y. On velocity correlation and the solutions of the equations of turbulent

fluctuation. Quart. Appl. Math. 3, 38-54 (1945).

Chou P. Y. Pressure flow of a turbulent fluid between two infinite parallel plates.

Quart. Appl. Math. 3, 198-209 (1945).

( 186 >



B,34 • STRUCTURE OF SHEAR TURBULENCE

Chou, P. Y. On velocity correlations and the equations of turbulent vorticity

fluctuation. Natl. Tsing-Hua Univ. Set. Rept. 6, 1-18 (1948).

Chou, P. Y. The turbulent flow along a semi-infinite flat plate. Quart. Appl. Math. 5,

346-353 (1947).

Dryden, H. L. Recent advances in the mechanics of boundary layer flow. Advances

in Applied Mechanics, pp. 1-40. Academic Press, 1948.

Eskinazi, S., and Yeh, H. An investigation on fully developed turbulent flows in a

curved channel. J. Aeronaut. Sci. 23, 23-35 (1956).

Fage, A., and Townend, H. C. H. An examination of turbulent flow with an ultra-

microscope. Proc. Roy. Sac. London A135, 656-677 (1932).

Favre, A., Gaviglio, J., and Dumas, R. Nouvelles mesure dans la couche limite d'une

plaque plane, des intensity de turbulence, et des correlations dans le temps;

spectres. Recherche aeronaut. Paris 38, 7-12 (1954).

Favre, A., Gaviglio, J., and Dumas, R. Couche limite turbulente: Correlations spatio-

temporelles doubles; spectres. Recherche aeronaut. Paris 4-8, 3-14 (1955).

Johnson, D. S. Turbulent heat transfer in a boundary layer with discontinuous wall

temperature. The Johns Hopkins Univ. Dept. of Aeronaut. Rept., 1955.

Klebanoff, P. S. Characteristics of turbulence in a boundary layer with zero pressure

gradient. NACA Tech. Rept. 12J^7, 1955.

Laufer, J. Some recent measurements in a two-dimensional turbulent channel. /.

Aeronaut. Sci. 17, 277-287 (1950).

Laufer, J. The structure of turbulence in fully developed pipe flow. NACA Rept.
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Ludwig, H., and Tillman, W. Untersuchungen iiber die Wandschubspannung in

turbulenten Reibungsschichten. Ing.-Arch. 17, 288-299 (1949).

Malkus, W. V. R. Outline of a theory of turbulent shear flow. /. Fluid Mech. 1, 521

(1956).

Mattioli, E. Una formula universale per lo spettro nella turbolenza di parete.

Atti accad. sci. Torino 90, 1956.
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Cited references [73,76,77,87,89,93].
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SECTION G
m I m

STATISTICAL THEORIES

OF TURBULENCE

C. C. LIN

CHAPTER 7. BASIC CONCEPTS

C,l. Introduction. The general concepts of turbulent motion have

been discussed in the previous section. It is recognized that the details

of turbulent flow are so complicated that statistical description must be

used. Indeed, only statistical properties of turbulent motion are experi-

mentally reproducible. The purpose of the present section is to give a

more comprehensive treatment of the statistical theory.

Current literature on the statistical theory of turbulence is mainly

limited to the treatment of the case of homogeneous turbulence^ without

any essential mean motion. Superficially, one might think that there is

little to be known about such fluid motions. Actually, the very absence

of mean motion allows one to go more deeply into the inherent nature

of the turbulent flow itself. Many basic concepts have been developed in

the study of homogeneous turbulence, and these concepts now gradually

find their way into the study of shear flow.

Since there is available an account of the theory of homogeneous tur-

bulence [1] with a complete discussion of the mathematical background,

a somewhat different presentation is adopted in the present section.

Following the historical order, the isotropic case is taken up first. It is

hoped that this will be helpful to those readers who wish to get an idea

of the essentials without going through all the preliminaries required in a

complete mathematical treatment.

In the later parts of this section, other aspects of the statistical theory

and their applications will be treated.^ We have, however, omitted several

other approaches to the problem of turbulence. Among these, the work of

Burgers [3,4] and Hopf [5] should especially be mentioned; nor is any

attempt made to include a discussion of related mathematical studies,

such as that of Hopf [6] and Kampe de Feriet [7].

^ These concepts are explained more precisely in the following pages.
^ For a brief survey of some aspects of the problem of turbulent motion, see [2].
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C,2. The Mean Flow and the Reynolds Stresses. It is generally

assumed that the motion can be separated into a mean flow whose com-

ponents are Ui, Ui, and Uz and a superposed turbulent flow whose com-

ponents are U\, u^, and u^, the mean values of which are zero. In taking

average values, the following principles will be adopted. If A and B are

dependent variables which are being averaged, and 8 is any one of the

space variables x, y, z, or the time t, then dA/dS = dA/dS and AB = AB,
where the bar denotes a mean value.

When the mean flow is not varying, that is, when the average value

defined by

1 r+'
A(x, y, z, t) = lim — / A{x, y, z, t')dt'

is independent of the time t, the time average is the natural mean value

to use. Difficulties arise when the flow is variable, and other types of

averages have to be introduced. For instance, in the problem of turbu-

lent flow near an infinite plate moving with variable velocity, the mean

values could be taken over planes parallel to the plate. In more general

cases, neither the time nor the space mean values can be conveniently

defined to possess all the desired properties. We then consider the sta-

tistical average over a large (infinite) number of identical systems (en-

semble average).

The equation of continuity of an incompressible fluid, when averaged,

becomes

f =

»

(2-1)

The Navier-Stokes equations of motion are

P^ = ^— {<Jij - pViVj), Vi = Ui -f Ui (2-2)
Ot OXj

where aij is the stress tensor due to pressure and viscous forces. If the

mean value is taken, Eq. 2-2 becomes

P -^ = -^ {^ij - pUiUj — pUiUj) (2-3)

This equation has the same form as Eq. 2-2, if Vi is replaced by Ui, and

the stress <Tij is replaced by aij — pU{Uj. Thus, the equations of mean flow

are the same as the ordinary equations of motion except that there are

the additional virtual stresses

Tij = —pUiUj (2-4)

which represent the mean rate of transfer of momentum across a surface

due to the velocity fluctuations. These virtual stresses were first intro-

duced by Reynolds [8], and are known by his name.
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In the case of a turbulent flow with steady mean motion, the time

average is taken at every point, and the above physical interpretation

of the Reynolds stress is clear. In the case of variable mean motion, such

as the case of the infinite plate mentioned above, where mean values

are defined as the averages over parallel planes, the interpretation of

— pUiUj as a local stress is not as direct. In the case of general variable

motion, where the averaging process is the arithmetical mean taken over a

large (infinite) number of unrelated identical systems (ensemble average),

the physical interpretation of an average quantity as an apparent stress

requires even more careful examination, since the average momentum
transfer is not directly associated with any one particular system. More-

over, the time average is usually measured in the case of steady mean
flow. Thus, if the general theory is developed on the basis of statistical

averages, an ergodic hypothesis must be introduced to identify these two

in that case. In this section, the statistical average shall be adopted, and

the vahdity of such a hypothesis shall be implied. Further investigations

of such basic problems are beyond the scope of the present treatment.

C,3. Frequency Distributions and Statistical Averages. One
basic concept in the discussion of statistical averages is the frequency of

occurrence, or the distribution function. For example, in the classical

kinetic theory of gases, one considers a distribution function /(w, y, w, x,

y, z, t) such that

f{u, V, w, X, y, z, t)dudvdwdxdydz

gives the fraction of molecules at time t, having velocities in the range

u, u -\- du] V, V -\- dv; w, w -]- dw and lying in the element of volume

X, X -{- dx; y, y -{- dy; z, z -\- dz. The kinetic theory of gases may then be

based on the law governing the change of this function /(w, v, w, x, y, z, t).

For a homogeneous gas at rest, it is the well-known Maxwellian function.

In the case of turbulent motion, a similar (but different) function

F{u, V, w, X, y, z, t) can be introduced giving, for each point {x, y, z) and

each instant t, the probabihty that the turbulent velocity shall lie in the

range u, u -\- du; v, v -\- dv; w, w -{- dw, or for shortness, Ui, Ui + dui. If

this function is known, then the Reynolds shear is given by formulas of

the kind

— puv = —p
III

F{u, V, w, X, y, z, t)uvdudvdw (3-1)

— 00

for each point x, y, z at each instant t.

To analyze the structure of turbulence one also needs to know the

joint probability distribution for quantities observed at several points.

For example, if we are interested in the correlation of velocities at two

points P' and P", then we must know a distribution function of the form
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F(u[, x[; u[' , x'{\ t). The correlation of the x components of the velocities

at these points is then given by

u{P'MP") =
jj F{u', v'w'; x', y', z'; u", v" , w"; x", y", z", t)

u'u"d{u', v', w')d{u", v", w") (3-2)

Further generaUzation of joint probability distributions involves quanti-

ties observed at more than two points, and quantities other than velocity

fluctuations.

Some experimental information is available regarding the distribution

function F{ui, Xi, t). The Gaussian distribution has been found, in many
cases, to be a fairly good approximation for each component (Fig. C,3a).^

In the isotropic case, i.e. where the statistical properties of the motion

^-x^

.^
_X'

V

X Measurements
(x/M= 16, UM/v = 9600)

Normal distribution

P(u,)

'^--,
X-

U] fluctuation

Fig. C,3a. Probability density function of the velocity component ui in the direction

of the stream for the turbulence generated by a square-mesh grid in a wind tunnel

(after [1]).

are essentially independent of direction, the Maxwellian distribution of

velocity holds approximately [9,10].

There is also some indication that the joint probabihty distribution

at two points in an isotropic field is approximately jointly Gaussian. How-

ever, this is known to be not accurate. To get a quantitative assessment

of the departure from j oint Gaussian distribution, one may introduce the

quantities

and

Sir) =

F(r) =

(W
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called respectively the skewness factor and the flatness factor. Fig. C,3b

and C,3c show the experimental values of these factors as obtained by

Stewart {[11], also as quoted in [12]). For exact joint-Gaussian distribu-

tion, the former should be zero, and the latter should have the value 3.

Thus, the hypothesis of a joint-Gaussian distribution is not exact, but it

may still be used for certain approximations (cf. Art. 16). One should

0.75

r/M

Fig. C,3b. Skewness factor for turbulent fluctuations

behind a grid (after Stewart [11]).

3.6

3.4

3.2

3.0

2.8
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position in the field, and isotropy means that they are independent of

direction.'* For example, if we consider two points P and P' in such a

field, the velocity components Ur at P and u'^ at P', both in the direction

of PP', has a statistical correlation Uru'^ dependent only on the distance r

between P and P' , but independent of the coordinates of the point P and

the direction PP'. In a homogeneous anisotropic field, this correlation

would be unaltered by a translation of the vector PP' but would be

altered by a rotation.

In particular, in a homogeneous isotropic field, the mean square value

of the three components of the velocity are equal to each other and are

the same throughout the field. Thus we have

ul =^ = ^ = u^ (4-1)

where Ui, u^, Us are the velocity components along the coordinate axes

Oa^i, 0x2, and Oxz, and u is the root mean square value.

The statistical properties under consideration may be the spectrum,

the joint probability distributions of velocity and pressure, etc. In many
cases, we shall, however, be concerned with velocity correlations which

are the easiest to measure with hot wire instruments.

The turbulent motion behind a grid in a wind tunnel has been found

to be approximately homogeneous and isotropic in the above sense. An-

isotropy is, however, generally found in the large scale eddies, and becomes

prominent when the Reynolds number is relatively low.

C,5. Conventional Approach to the Statistical Theory of Turbu-

lence. Since a basic theoretical treatment of the frequency distribution

function has not yet been developed to an applicable stage (cf. [5]), cur-

rent statistical theories of turbulence are usually concerned with readily

measurable quantities. This has the advantage that experimental infor-

mation can be easily resorted to when purely theoretical considerations

become uncertain. Instead of dealing with the distribution functions, we
consider correlation functions, which can be more readily measured by

the hot wire technique. These are indeed the moments of the distribution

functions, as one can readily see from the formulas (Eq. 3-1 and 3-2) and

similar ones for correlations of higher orders. As higher and higher corre-

lations are known the over-all properties of the distribution functions are

known with increasing detail. Mathematically, the correlation represen-

tation can be shown to be equivalent to a spectral representation, con-

sidering energy distribution among various wave numbers or scales. The

two types of descriptions, however, exhibit different aspects of the same

physical phenomena. Both of them will therefore be used in the following

developments of the theory.

* Indeed, general isotropy implies homogeneity, but the phrase "homogeneous
isotropic turbulence" is usually preferred as more descriptive.
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CHAPTER 2. MATHEMATICAL FORMULATION
OF THE THEORY OF HOMOGENEOUS

TURBULENCE

C,6. Kinematics of Homogeneous Isotropic Turbulence. Cor-

relation Theory. In this chapter, we shall develop the theoretical

concepts used for the description of homogeneous turbulence. The main

body of the discussion will be limited to the isotropic case. The general

case of anisotropic turbulence will be taken up in Art. 11.

The statistical correlation of velocity fluctuations at two points is the

most commonly used quantity for describing the structure of an isotropic

field of turbulence. Clearly, the larger the size of the eddies, the further

the correlation extends. Velocity correlations are used not only because

they are the easiest to measure, but also because correlations involving

pressure fluctuations are theoretically representable in terms of them.

Experimentally, it is as yet difficult to determine correlations involving

pressure fluctuations. In general, we shall be dealing with the correlation

of quantities at several points and at different instants of time. For ex-

ample, for three points P, P' , and P" in a field of turbulent motion, we
may wish to consider the correlation mi(P)w2(P')p(-P")j where U\{P) and

U2{P') are respectively the components of velocity in the direction of the

Xi axis at the point P and in the direction of the X2 axis at the point P',

and p{P") is the pressure at the point P". Statistical correlations of the

velocity components at one point are exemplified by the Reynolds stresses.

In the order of increasing complexity, we next consider correlations at two

points. As explained above, we now deal with the special case of isotropic

turbulence.

Double velocity correlations. Since there is no preferred choice of the

coordinate system in the isotropic case, it is clear that the correlations

must be basically characterized by the directions of the velocity com-

ponents relative to the vector PP' joining the two points at which the

velocities are considered. It is therefore convenient to consider a longi-

tudinal correlation coefficient /(r) defined by (see Fig. C,6a)^

UrK = u^f(r) (6-1)

Similarly, one may define a transverse correlation coefficient g{r) by

Utu[ = u^gir) (6-2)

for two parallel velocity components perpendicular to PP'. It is obvious

from isotropy that this correlation is independent of the particular pair

^ Here the line PP' lies in the direction of the Xi axis, and the three mutually per-

pendicular components Ut, Ut, Up are Ui, 112, uz.
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of parallel components taken. Now the velocity at a given point may be
expressed as a linear combination of three mutually perpendicular com-
ponents, taken along and perpendicular to PP'. The general velocity

correlation between P and P' can therefore be expressed in terms of the

nine correlations between Ur, Ut, Wp and u'^, u[, u'^, where u^ and u'^ are

components perpendicular to both Ur and Wf By isotropy, correlations hke
Uru[ and u^u'^ are zero, and we see that an arbitrary velocity correlation

can be expressed in terms of the two basic correlations /(r) and g{r).

In fact, if Ui{i = 1, 2, 3) are the components of velocity at P{xi), and

f(r)

U2 U2 g(r)

h(r)

»- k(r)

U2

Ul

q(r)

Fig. C,6a. Diagram illustrating the definition of the principal

correlation functions in isotropic turbulence.

u'j{j = 1, 2, 3) are those at P'{x'^, von K^rman [13] has shown by direct

calculation that

Lb ij U/'i ttj
fir) - gix)

TiTj + g{r)h (6-3)

where r^ = x'i — Xi, and 8ij is the Kronecker delta (da = \\li = j, 8ij =
if ^ 5^ j) . The correlation coefficient UiUj/yr will be denoted by Rij, and

is equal to the expression in the brackets in Eq. 6-3. A derivation of Eq.

6-3, following the method of Robertson [14] will be given at the end of

this article.

By using the correlation tensor (Eq. 6-3), correlations involving ve-

locity derivatives can be conveniently calculated. For example, if one
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wants to calculate the correlation between Ui at P and the derivatives

du'j/dx'k at P' , one has only to use the following identity:

The above transformations are made by using the general rule for aver-

aging a derivative and the definition of ru- Similarly

dUi dUj _ d d 7

dxi dx'k dn dfk ' ^

If we now make use of the equation of continuity bu'Jbx] = 0, we may
obtain from Eq. 6-4

^-^ = (6-5)

By using Eq. 6-3, this eventually gives rise to the single relation

= f + ^% (6-6)

connecting the two correlation functions / and g. Thus, in homogeneous

isotropic turbulence, all the correlation functions of the second order can be

expressed in terms of a single correlation function, say f{r)

.

We shall now show that the correlation tensor (Eq. 6-3) is an even

function of Vi. To do this, it is only necessary to show that f(r) is an even

function of r. It then follows from Eq. 5-6 that g{r) is also an even func-

tion, and the desired result becomes obvious from the formula (Eq. 6-3).

Consider two points P and P' along the x axis at a distance r apart.

Then
u2/(r) = u{x)u{x + r)

Expanding u{x -\- r) into a Taylor series, we obtain

(•/ \ -(I UUx
I

J- UUxx n
I

The coefficients of this power series can be simplified as follows by using

the condition of homogeneity:

UUx = i-(w^)x ^

UUxx = {uUx)x — ul = —III

It can be easily seen that all coefficients of the odd powers of r are zero.

Thus,

fir) = l-^^;r^+ • •
• (6-7)

^ u^

is an even function of r.
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The idea of using the correlation function for isotropic turbulence

was first introduced by Taylor [15], who also gave the above proof that

they are even functions. The correlation tensor was first introduced by
von Karmdn [13], who also deduced Eq. 6-6. Detailed experimental veri-

fication of this relation (Eq. 6-6) seems to have first been made by
Macphail [16], and reconfirmed by later experimenters (see Fig. C,6b).

Fig. C,6b. Experimental verification of von Kdrm^n's relation for isotropic turbu-

lence, after Macphail [16]. Ri = /(r), R2 = g(r). M denotes mesh width, y and z are

distances parallel to the grid.

Triple velocity correlations. Continuing the study of velocity corre-

lation, one would naturally be led to correlations for velocity components

at three points P, P' , and P"

:

Tij,k = u'Tij,k = Ui{P)uj{P')ukiP") (6-8)

This triple correlation tensor is a function of the two vectors PP' and

PP", say, and shows clearly that we are dealing with multiple-point

tensors. Often one needs only the correlation tensor Tij,k for two points

PandP':

Tij.k = u'fij,k = Ui{P)uj{P)uk{P') (6-9)

It then becomes a function of the vector PP'. Such a two-point triple

correlation tensor was first studied by von Karman and Howarth [17],

who showed that, because of isotropy, it can be expressed in terms of
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three scalar triple correlation coefficients h, k, and q in the following

manner :^

Tij,k = ^ ~ ^3~
^^

r.Tjr, + 5,,n ^ + 8,,r,- 1 + Sy.fi | (6-10)

The definitions of h, k, and g are shown in Fig. C,6a. Again, the equation

of continuity leads to

^^ = (6-11)
drk

From this, the following two relations between the three quantities h, k,

and q may be deduced:

k = -2h

, rdh (6-12)

expressing all triple correlation functions in terms of a single scalar

function.

It can be shown, by the method of power-series expansion used above

for the study of the double correlations, that h, k, and q are odd functions

of r, and that their series expansions begin with the third powers of r.

Triple correlations seem to have been first measured directly by

Townsend [10]. The more recent results of Kistler, O'Brien, and Corrsin

[18] are shown in Fig. C,6c.

Higher velocity correlations. Correlation tensors involving one ve-

locity component each from n different points are multiple-point tensors

involving n — 1 positional vectors.

Correlations involving pressure. Correlations involving pressure are

exemphfied by

(1) piP)viP') and (2) vi.P)Ui{P')

The first one is obviously a scalar quantity, which, from kinematical

considerations alone, is not connected with velocity correlations. How-
ever, by making use of dynamical relations, it can be connected with

velocity correlations of the fourth order. This will therefore be taken up

in later sections (Art. 7 and 16). On the other hand, von Kdrman and

Howarth [17] showed that

^. = (6-13)

from the requirements of isotropy and incompressibility alone.

Robertson's invariant theory. As the need for developing more com-

pHcated correlations arises, one must employ some systematic methods

• Derivation of Eq. 6-10 can be carried out by direct transformation of coordinates

and application of the condition of continuity. That is the original method used by
von Kdrmdn and Howarth. The method of Robertson described below yields the

result more readily.
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for their deduction. Robertson [14] gave such a method based on a con-

sideration of invariants. It proved very useful in later developments, par-

ticularly in the study of homogeneous anisotropic turbulence. We shall

give below the development for the double velocity correlation tensor

as an illustration of the method.

Consider two arbitrary unit vectors ai and hi. Then the correlation

between the velocity components Uitti at P and Ujhj at P' is a scalar

quantity Q, independent of rotation of the coordinate system:

Q = UittiUjbj — u-Rijaibj (6-14)

It must therefore be a scalar function of all the scalar quantities involved

in the problems, namely, all the scalar quantities formed with the vectors

Gi, hj, and rk. These invariants are the following:

(i) ttiUi = 1, hjhj = 1, ThTk = r^

(ii) aibi, ttiVi, hiTi

In addition, the determinant formed of these vectors is an invariant under

rotation. This may be written in the form

(iii) eijkaibjVk

where eijk is the alternating symbol : €ijk = 1 if (i, j, /c) is (1, 2, 3) or its cyclic

permutation, eijk = —1, if {i,jj k) is (1, 2, 3) or its cyclic permutation, and

€ijk = otherwise.

We note that Q is a bilinear expression in the vectors a^ and bi. Hence,

Q = Qi{r)aibi -t- Q2{r)airihjrj + Qz{r)eijkaibjrk

since this is the most general bilinear form in ai and hi that can be formed

from the invariants cited above. If one now imposes the further condition

that Q must also be invariant under a reflection, which changes Vk into

— Tk, it is clear that Qs = 0, and hence

Q = (Qi^ij + Q2rirj)aihj

Since ai and hj are arbitrary unit vectors, it is at once clear that

u'^Rij = Qi8ij + Q-iriTj (6-15)

This may be identified with Eq. 5-3 if Qi and Q2 are related to f(r, t) and

g{r, t) as follows:

Qi = u'g, Q2 = y.'^-^ (6-16)

C,7. Dynamics of Isotropic Turbulence. The dynamics of isotropic

turbulence is governed by the Navier-Stokes equations of motion

dUi . dUi 1 dp , .

Ot OXj p OXi
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where p is the density of the fluid, p is the pressure, v is the kinematic

viscosity coefficient, and A is the Laplacian operator. It might be ex-

pected that one could, from Eq. 7-1, derive the equations governing the

behavior of all the statistical properties of turbulent motion, such as the

level of turbulence, the correlation functions, etc. However, as one pro-

ceeds to construct the equations for such purposes, it becomes at once

clear that we are always faced with the difficulty of having fewer equa-

tions than unknowns, caused primarily by the nonlinear terms in the

differential equations. Unless additional assumptions are introduced, de-

ductions from such an approach are quite limited. In this article, we only

discuss the results following the formal construction of the equations for

the change of the correlation functions. The necessary additional assump-

tions will be taken up later (Art. 16 and 17).

To obtain the equation for the change of the double correlation func-

tion, one may multiply Eq. 6-1 by m^ and add to it a similar equation

obtained by the interchange of the role of the points P and P' . The lead-

ing term of the combined equation is then

, dUi . dui d , ..

Upon averaging, this yields an equation for the time rate of change of the

double correlation tensor u^Rij..

However, there are clearly terms of other types appearing in the

equation. The nonlinear term on the left of Eq. 7-1 gives rise to triple

correlations and the pressure term gives rise to a pressure-velocity corre-

lation. It can be easily verified by using Eq. 6-13 that the pressure term

vanishes identically, and the equation finally reduces to

^ {u^Biu) - u'^ ifij,k + fkj,i) = 2pu''ARik (7-2)

The appearance of the triple correlation in Eq. 7-2 would suggest the

attempt to estabUsh a relation governing its time rate of change. This

can be done by combining three equations with leading terms

, „ dUi
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relating the pressure to the instantaneous velocity. One may then ob-

tain, for example, Apu',^ul' in terms of velocity correlations and attempt

to calculate pu'^u'/ by integration.

Thus, one may expect that, in general, a system of differential equa-

tions can be obtained for the correlation coefficients of different orders,

each involving velocity correlations of one order higher. To obtain a de-

ductive theory, it would be necessary to interrupt this process by some
judicious assumption (suggested by experimental information or other

theoretical considerations) connecting higher order correlations with ones

of lower orders. (See Art. 16 and 17.)

Many of the existing investigations involve only the dynamical equa-

tion (Eq. 7-2) for double correlations. The equations for higher corre-

lations have been exploited only recently. Now, Eq. 7-2 represents a sys-

tem of six equations. However, since Rik and Tij,k are each determined by
a single scalar function (Eq. 6-3 and 6-10), it should be possible to re-

duce Eq. 7-2 to a single equation. In fact, von Karman and Howarth [17]

found it to be

6t
^^^^ + 2^ U + yj = 2.u^

(^^ + -
/^j

(7-4)

A direct experimental verification of this equation has been made by
Stewart [11].

If one expands both / and h as power series of r, one obtains a series

of relations among the derivatives of those functions. The first of these is

commonly written in the form

f=-104' (7-5)

where X is Taylor's vorticity scale defined by

p - - (fL
The relation (Eq. 7-5) essentially gives the rate of decrease of kinetic

energy. It was first established by Taylor [16], both theoretically and

experimentally. The equations corresponding to the higher powers of r

will be discussed in connection with the small scale structure of turbu-

lence (Art. 13).

C,8. The Spectral Theory of Isotropic Turbulence. The early

adoption of statistical correlations for the description of isotropic turbu-

lence is at least partly due to the fact that they are relatively easy to

measure. Another powerful method for describing a fluctuating field is to

analyze it into Fourier components, i.e. to adopt the spectral approach.

It is well known that the spectral theory and the correlation theory are
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intimately connected with each other by simple mathematical transfor-

mations. Physically speaking, however, the two methods of description

put different emphasis on the different aspects of the same phenomena.

The spectral theory is often found to give a clearer description of the

basic mechanism of turbulence.

Spectral analysis has long been used for the study of electromagnetic

waves, such as the radiation of heat and Hght. It was first introduced into

the study of turbulence by Taylor [19]. Taylor made spectrum measure-

ments, behind a grid in a wind tunnel, of the velocity fluctuation as regis-

tered by a hot wire fixed in the wind tunnel. This is a fluctuation in time.

But Taylor assumed^ that "the sequence of changes in u at the fixed

point are simply due to the passage of an unchanging pattern of turbu-

lent motion over the point." The variation is then essentially the same
as that in space, and the spectrum he observed corresponds to a one-

dimensional Fourier analysis of the field of turbulence in the direction of

the wind.

The field of turbulence in the wind tunnel is obviously not homogene-

ous in the direction of the wind. However, in developing the theory, we
shall consider a homogeneous field and its Fourier analysis. In isotropic

turbulence, the analysis would be the same in all directions, provided we
are always dealing with the component of velocity in the direction chosen

for the analysis. The transverse component in general has a different

spectrum whether the turbulence is isotropic or not.

In the case of turbulent motion, we may formulate the Fourier trans-

form relations between the power spectrum and the correlation function

as follows. If ^Fi(K)dK is the amount of kinetic energy per unit mass,

associated with the longitudinal component of the velocity, and lying in

the range of wave numbers (k, k -\- dK), then Fi{k) is related to the longi-

tudinal correlation function /(r) by the pair of Fourier transform relations

:

u^fir) = / Fi(k) cos KrdK

r. (8-1)

Fi{k) = -^=-
I

/(r) cos Krdr

It is clear from the first formula in Eq. 8-1 that

u2 =
IJ Fi{K)dic (8-2)

recapitulating the original physical interpretation of Fi{k). To clarify our

concepts, a derivation of Eq. 8-1 will be given in the next section.

^ A theoretical analysis justifying Taylor's assumption was given by Lin [20]. A
thorough experimental investigation, including measurements of velocity correlations

involving both time and space separations, was made by Favre, Gaviglio, and Dumas
(see [21] and the references quoted).
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Taylor made use of Eq. 8-1 to connect the observed time spectrum

with the spatial correlation function by way of his assumption. To do

this, the spatial distance r is replaced by Ut and the time frequency n is

related to k by

kU = 2Trn

Then,

u'^fif) =
J

F{n) cos -^^ dn
/o 'J

(8-3)

Pin) = -g- / fix) cos -jj- dr

These relations were actually well verified, justifying his assumption ex-

perimentally. (See Fig. C,8; after Stewart and Townsend [22].)

From Eq. 8-3 we can calculate the rate of energy dissipation in terms

of the spectrum. It is easy to show that

u^f'iS)) = ^ / F(n)n'dn (8-4)
fJ" Jo

which is proportional to the rate of energy dissipation (cf. Eq. 7-5). This

formula shows that the high frequency components are more important

for the dissipation of energy. In fact, Taylor found from an analysis of

his measurements of spectrum that the dissipation of energy is practically

all associated with such high frequency components which contain a negligible

amount of energy. This has a very important bearing on later develop-

ments (see Art. 13 on Kolmogoroff's theory).

The above spectral considerations do not give a proper representation

of the energy distribution among various scales. For theoretical purposes,

one should then consider spectral functions obtained by a three-dimen-

sional harmonic analysis. As it will be shown in Art. 10, the three-dimen-

sional spectrum F{k) is connected with the one-dimensional spectrum

Fi{k) by the relation [cf. Eq. 10-3],

F{k) =U>^W['{k) -kF[{k)] (8-5)

The kinetic energy per unit volume, for each component of the motion,

lying in the range of spacial frequencies (k, k + dK) is now given by
^pF(K)dK, the functions F{k) and Fi{k) being both normalized to give

w2 = fj F(iK)dK = r FliK)dK (8-6)

It is now easy to obtain the equation for the change of spectrum. We
take the cosine transform of the Kd,rman-Howarth equation and then

apply the operation

if 2'^ _ A
3 y dK^ " dKj
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where

kHi{k) = =^ I h{r) sin Krdr
"" -^0

(8-9)

h{r) = / kHi{k) sin ktcIk

It is clear that the quantity WiK, t) in Eq. 8-7 represents the transfer

of energy among various frequencies. The above formula for W{k, t) also

shows that

WcLk = (8-10)
i:

which means that no energy is generated or lost while it is redistributed

among various scales. The rate of dissipation is obtained from Eq. 8-7 by

integrating it with respect to k from k = to k = oo :

I ^-^dK= -2v f liWdK (8-11)
Jo ot Jo

Exactly as in the case of the correlation theory, one cannot proceed

much further with the basic equation (Eq. 8-7) without a more specific

knowledge of W. However, with the physical interpretation that W{k, t)

represents the transfer of energy among various frequencies, it has been

found possible to obtain certain plausible formulas connecting WiK, t)

with F(k, t) and to make reasonable deductions. (Cf. Art. 17.)

C,9. Spectral Analysis in One Dimension. We shall now develop

briefly the one-dimensional spectral analysis of a field of turbulence and

derive the Fourier transform relations (Eq. 8-1).

In a homogeneous (not necessarily isotropic) field of turbulence, let

u(x) be the velocity at the point x in the direction of the x axis. It re-

mains finite as a; —> + oo . This makes its Fourier analysis more difficult

than that of a function which vanishes rapidly at infinity. For such a

function, <j){x), we have the pair of Fourier transform relations

</)(.t) = /"_" a{K)e-'''='dK

1 ['"

«(«) = -FT / <{>ix)e^'"'dx
Zir J -K

where a{— K) is equal to the complex conjugate a*(K) for real 0(.t), and

|a(K)|'^ is a measure of the energy content associated with the wave num-
ber or spatial frequency k. However, since the velocity fluctuation u{x)

in a homogeneous field of turbulence does not approach zero as x —> ± °o

,

we cannot put u{x) in place of (}){x) in the above relation. Instead we
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first consider

1 r^
a(K, Z) = Pi- / u{x)e'^dx (9-1)

^TT J -X

and then try to adopt a suitable limiting process as X -^ oo
. In fact, we

want to consider first the amplitude not at k but associated with a finite

range of values of k. We integrate Eq. 9-1 between k and k -f A/c, obtaining

LA{k,X) = j^^^^ a{K,X)dK

1 P w(a;)
^ ,

e'^^c^xFe^^^*)^ — 1]
2t J -X X

Here, we may take the limit as X -^ oo , and obtain

AA(/c) = ^ / ^ e"^dx[e'^^''^- - 1] (9-2)
Zir J -co X

since the integral is now convergent.

We now form the expression for the measure of energy AA{k) • AA*(k)

and calculate its statistical average. Then

hr^j-
AA(/c) • AA*{k) =±-i — [6^^^"^== - l]dx

u^R(x' - a;)[e-^(^''^^' - l]dx'

where R is the statistical correlation between u{x) and u(x'). The inner

integral can be transformed by replacing a;' — a; by ^. Then it becomes

and we obtain

AA(k)AA*{k)

n''' C"^ dr /"" p-«f
= ^ ^ [ei(A.)x _ 1] / _1^ i2(^)d^[e-«^'')--«^'')? - 1]

We shall now divide both sides by Ak and replace {Ak)x by a new varia-

ble f. Then we obtain a measure of the "density of energy":

AA(k)AA*(k) _u^ r dt
^^,, _ ,j ^-^ i^(^)d^[e-r-..(.. - 1]

A/c 4x2 7_=, f ^ V-= f + KA/c)

It is easy to see that the right-hand side has a limit as A/c -^ 0. We there-

fore have the interesting situation that AA(k) • AA*{k) is of the order of

A/c and not of the order of (A/c)^. Let the Hmit be denoted by Fi{k)/2. Then
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and

It is clear that Fi{k) must be even when R{^) is real, and the above

equations become the same as Eq. 8-1.

C,10. Spectral Analysis in Three Dimensions. The one-dimen-

sional spectrum, however, does not give an exact representation of the

distribution of energy among the scales. Consider a simple harmonic vari-

ation with wave number k in a direction making an angle B with the x axis

Fig. C,10. Diagram illustrating the relationship between one-dimensional
and three-dimensional Fourier analysis of a field of turbulence.

(Fig. C,10). Its period in the x direction would be longer and the wave
number in a harmonic analysis in the x direction is

Kx = K COS 6 (10-1)

Thus a modified picture is obtained of the energy distribution among the

various scales. In the case of isotropic turbulence, as we shall demonstrate

below, it is easy to establish the relation between the one-dimensional

spectrum Fi{k) and the spectrum function F{k) corresponding to a three-

dimensional Fourier analysis. The relation is

3 ["' dK'

2L k'
^iW = ^ / ^3 («'' - •<')F(>^') (10-2)

or, upon differentiation,

n^) = iW'Fi'iK) - kF[{k)] (10-3)

Note that m^ = j;F{K)dK = J^Fi(K)rf/c.
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The analysis of the y component of the motion in the x direction leads

to a spectrum

F,(k) =ll^^s (x' + ^"M'c') (10-4)

by combining Eq. 10-2 and 10-4, we obtain, after a little calculation,

(10-5)F,{k)+If^{k)

This relation is more convenient for obtaining F{k) from experimental

data. It is numerically more accurate than Eq. 10-3 since only one differ-

entiation is involved.

To estabhsh the relations (Eq. 10-2 and 10-4) let us write^ the three-

dimensional Fourier analysis of the velocity in the following form

:

Ui = Y ^4i(/c;)e«^'"-"^ (10-6)

Then, for a wave in the direction of the vector kj, the equation of con-

tinuity gives

KjAj = (10-7)

This means that all the motion associated with the vector wave number

Kj must be perpendicular to this vector.

Consider now the contribution to the spectrum of a Fourier analysis

in the x direction of a component of turbulent motion with vector wave

number kj. In the first place, the motion appears to have a space frequency

Kx defined by Eq. 10-1. Secondly, the motion has in general all three com-

ponents. ,The X component is (cf. Eq. 10-2 and Fig. C,10).]

ui{kj) = —A{kj) cos 4> sin d, A^ = AiAi

where d is the angle between kj and the x axis, and is the angle which

the velocity vector Ai makes with the plane containing kj and the x axis.

Thus, averaging over the angle 4>, we have (cf. Eq. 10-1)

M^y)!^ = |A(k,)1^^ = \A{KM'l(i-f)

Consider now a distribution of energy in the k space. Let the total

kinetic energy per unit mass and per unit volume of the /c space be ^^(kj)
;

i.e. ^^{Kj)dKidK2dK3 is the energy contained in the range Ki, Ki -f dKi. To
obtain the energy per unit mass ^Fi{ki) lying between /ci, /ci -1- dKi and

associated with one component of the motion, one must multiply this ex-

pression with the factor (1 — Kf//c^)/2 and then integrate for all values of

* The reasoning here is essentially that used by Heisenberg [23].
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K2 and Kz while keeping ki constant. Thus, the one-dimensional spectrum is

Fi(kx) = 11^(^1- fj
HKj)dK2dK,

Now, the three-dimensional spectrum is isotropic, so that

F{k) = ^H>c)

considering all k/s with the same magnitude k. We have finally

00

Fi(ki) = Fx(«0 + F^{-K^) =
jj {^ -

72)^ dK^dK^

— 00

This is easily transformed into Eq. 10-2 by carrying out the integration

in a polar coordinate system in the plane of k2, ks.

C,ll. General Theory of Homogeneous Anisotropic Turbulence.

The above development of the theory of homogeneous isotropic turbu-

lence can be generaUzed to remove the restriction of isotropy. Such a

generalization is necessary because anisotropy of turbulence, particularly

in the largest eddies, does occur in practice. We shall outline here only

the main features of the developments and conclusions, pointing out

especially the difference between the isotropic and anisotropic cases.

The concept of correlation functions requires very little modification,

although it is now obviously impossible to represent the double corre-

lation functions, for example, in terms of a single scalar function. The
spectral function must be replaced by a spectral tensor, which may be

defined as the three-dimensional Fourier transform of the double corre-

lation tensor. Thus,

^ik{Kj) =^zjjj Rik{r^)e'^'"'"'^dr{r^) (11-1)

and

Rij = W
fif

$iy(K„)e-^('''"-")<iT(0 (11-2)

It can be shown that $yy represents the energy density in the wave num-
ber space. In the case of isotropic turbulence,

F = 47r/c2$,.y (11-3)

Because of the condition of vanishing divergence of the correlation tensor,

we obtain

^ijKi = (11-4)
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and ^ij can be expressed in the form

% = ^M{k^ - KiKj) + XiMxfilCm) (11-5)

where i/'(0 is a scalar function of the vector k^, Xiium) is a vector perpen-

dicular to Km, and X* is its complex conjugate. When the turbulence is

isotropic, Xi = 0, and ^(/c™) is a function of the magnitude k only. The
form (Eq. 11-5) is due to Kampe de Feriet [^4]-

The dynamical equations for anisotropic turbulence are more compli-

cated than those for isotropic turbulence, among other things, by the

presence of the pressure terms in the equations of the change of double

correlations. In the correlation form, the equations are

dt

where

^^'' = Pik + Tik + 2v^Rik (11-6)

=U^-^"^.^'^*) ^^^-^^
Pa = -[^

Tik = Y~ (uiUpUk — UiUpU'k) (11-8)

In the spectral form, we have

-^ = Uik + Qik - 2uKWik (11-9)

where 11^ and Qik are respectively the Fourier transforms of Pik and Tik.

Obviously Pa = 0, so that Ilji = 0. Thus the pressure fluctuations have
no effect on the total energy density Fkk', their influence produces a re-

distribution of energy among the various directions. It is not immediately
evident whether the net effect is to make the turbulent field more or less

isotropic, but general evidence seems to indicate that the former is the

case.

The above developments are mostly due to Batchelor [25]. Other

detailed studies of anisotropic turbulence have been by Batchelor [26],

Chandrasekhar [27], and others. The reader is referred to the original

papers.

CHAPTER 3, PHYSICAL ASPECTS OF THE
THEORY OF HOMOGENEOUS TURBULENCE

C,12. Large Scale Structure of Turbulence. In the following

articles, we shall make use of the methods developed above—the corre-

lation and spectral theories—to study the nature of turbulent motion.

As pointed out above, the theory by itself allows us to reach only partial
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results. Some theoretical speculation and assumptions will therefore be

introduced in the following discussions for the purpose of reaching definite

conclusions. We shall begin by considering the large scale structure of

turbulence, which is associated with small values of k in the spectral

representation and large values of r in the correlation representation.

Let us now consider the second equation in Eq. 8-1,

F^{k) = ^ / /(r) cos {Kr)dr (12-1)
TT Jo

and expand cos (kt) into a power series. We obtain

2! ^4!^i« = ^' («^o - ^; K^ + ^; .^ - • • •
) (12-2)

where

Jn = jj f{r)r-dr (12-3)

Such a step is justified only when the function /(r) vanishes sufficiently

rapidly at infinity (e.g. as a negative exponential function) so that the

integrals J„ are convergent. In that case, one may derive from Eq. 12-2

a power series expansion for the three-dimensional spectrum F(k) by
using Eq. 10-3. This gives

FiK)
=^^Jj,.^

. .

)j (12-4)

Similarly, assuming that h{r) also vanishes sufficiently rapidly at infinity,

one can show that the transfer function W{k, t) behaves as k® for small

values of k. The spectral equation (Eq. 8-7) then shows that

dt
(^""^^^ =

dt
y?

I
f{r)rHr = (12-5)

It then follows that

Vi^ j
j{r)r^dr = J, a. constant (12-6)

Thus, the large scale motions are permanent in the sense that the princi-

pal part of F{k) for small values of k remains unchanged.

The above derivation (including exphcit statements of the necessary

convergence assumptions) was given by Lin [S8] for the spectral interpre-

tation of the parameter J, which was first obtained by Loitsiansky [£9]

from the Kdrmd.n-Howarth equation. Indeed, if one multiplies that equa-

tion by r^ and then integrates it with respect to r from zero to infinity,

one obtains
J r /"to

j; u^ / f{r)r'dr = 2m^ lim {r'h) (12-7)
"f I Jo J r-^oo
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provided the integral involved is convergent. If, in addition, h{r, t) van-

ishes sufficiently rapidly at infinity so that

Hm r'h = (12-8)
r

—

> 00

the relation (Eq. 12-5) is obtained.

It must be noted that there is no a priori reason^ for the convergence

of the integrals (Eq. 12-3) and the vahdity of Eq. 12-8. As a matter of

fact, recent investigations of Batchelor and Proudman [31] show that

even if /(r) is exponentially small at infinity at an initial instant, because

of the influence of the long range pressure forces, one can only be sure

that it will be no larger than 0(r^^) when r is large, although the possi-

bility of an exponentially small behavior is by no means excluded. We
are therefore only assured of the leading term in Eq. 12-4 and the existence

of the Loitsiansky 'parameter,

J = u' r f{r)r'dr (12-9)

However, the constancy of J depends on the relation (Eq. 12-8), which is

shown to be not generally true by the analysis of Batchelor and Proud-

man. On the other hand, for low Reynolds numbers based on the turbu-

lence level u, the term on the right-hand side of Eq. 12-7 becomes negli-

gible, and the Loitsiansky parameter is indeed approximately constant.

(Cf. Art. 14 and 15 for the part dealing with the final period of decay.)

From a physical point of view, any prediction of the behavior of the

largest eddies must be regarded with some reserve, since it is expected to

be dependent on the experimental apparatus. If the general scale of turbu-

lence is much smaller than the dimensions of the experimental apparatus,

it would appear that this complication may be avoided by a proper

interpretation of the above results. The integrals (Eq. 12-3) may, for ex-

ample, be considered as extending over a distance much larger than the

scale of turbulence but still much smaller than the scale of the apparatus.

Generalization of the above discussions to the anisotropic case has

been made by Batchelor [25]. The earlier conclusions are again modified

by the work of Batchelor and Proudman [31]. In fact, in the anisotropic

case, the correlation tensor Rij is shown to be in general of the order of

r~^, so that even the existence of a Loitsiansky parameter is in doubt.

C,13. Small Scale Structure of Turbulence. Kolmogoroff's

Theory. We now turn to consider the small scale structure of turbu-

lence. Here the formal relations analogous to Eq. 12-1, 12-2, 12-3, and

12-4 are obtained by expanding cos {kt) into a power series in the first

equation in Eq. 8-1

:

u^fir) =
IJ Fi(k) cos {Kr)dK (13-1)

« Cf. Birkhoff [30].
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We then obtain a power series for j{r) in the form

Kr) = 1 +^^ ,2 +/:^) ,4 + . . . (i3_2)

with

(_l)„^2y(2n)(0) = 72„ =
J^"

K2»Fi(/c)d«, W = 0, 1, . . . (13-3)

In terms of the three-dimensional spectrum, these integrals become

^2n = ,o^ I iWo^ I o^ / X.''-F{K)dK (13-4)
(2n-f- l)(2n-|-3)

Here it is useful to recall that 7o is proportional to the energy, and that

li is proportional to the rate of energy dissipation.

Consider now the dynamical relations in the correlation theory. We
expand both /(r, t) and h{r, t) in power series of r,

(13-5)

i,( A ^0) 3 ,

and substitute them into the Karman-Howarth equation (Eq. 7-4). As
observed before (Art. 7) the terms independent of r give the energy

relation. The terms in r^ give the vorticity equation in the form

^ - 70K"u^ = -10^ (13-6)
at Xi

or

CO

ir-2"."*aJi=-10j;i (13-7)

where coi is the vorticity vector, co^ is the mean square value of one com-
ponent of the vorticity, and X^ is defined by

^ = ^xyj., /." =
@)^^„ (13-8)

The second term on the left side of Eq. 13-7 represents the change of

vorticity due to stretching or contraction of the vortex tube without the

action of viscosity. It is well known that, in a perfect fluid, the circulation

around a vortex tube is permanent and hence the vorticity increases at

a rate in proportion to its rate of stretching. The right-hand side repre-

sents the dissipation of viscosity by viscous forces.

Taylor [SB] suggested that this relation represents one of the basic

mechanisms in the process of turbulent motion. The rotation of the fluid

is being slowed down by the effect of viscosity. This loss is partly com-
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pensated, or even over-compensated, by the stretching of the vortex

tubes, due to the diffusive nature of turbulent motion. (Hence one may
expect more stretching of the vortex tubes than compression.) Taylor

calculated the relative magnitudes of the various quantities by deter-

mining /o' and /j", and he found that all the three terms in Eq. 13-6 are

of the same order of magnitude for his experiments. Such measurements

were more accurately made later by Batchelor and Townsend [33] and by
Stewart [11].

As noted before (Art. 8), in many experiments the dissipation of

energy is practically all associated with the high frequency components

which contain a neghgible amount of energy. Combining this fact with

the mechanism of vortex-stretching just discussed, one can form a reason-

able picture of the process of turbulent motion. There are the large energy-

containing eddies which contribute very Httle to the viscous dissipation

directly. By their own diffusive motion, small eddies are formed, i.e. the

kinetic energy of turbulent motion goes down to smaller scales. It is at

these small scales that viscous forces become most effective and the pre-

dominant part of the energy dissipation occurs. Thus one forms the pic-

ture of an energy reservoir in the large eddies, and a dissipation process

in the small eddies which may be presumed to depend very little on the

structure of the large eddies except to the extent of the amount of energy

supplied to them. This forms the physical basis of Kolmogoroff's theory

of locally isotropic turbulence [34].

Before we go on with the discussion of his theory, it should be empha-

sized that the picture is correct only when the diffusive mechanism is

strong; i.e. when the inertial forces are large compared with the viscous

forces. In other words, the Reynolds number of the turbulent motion

must be relatively large. This is well illustrated by the detailed calcu-

lations made by Taylor and Green [35] on a model of isotropic turbu-

lence. ^^ Indeed, they found that for very low Reynolds numbers of turbu-

lence, defined by

V

the stretching mechanism is not strong enough, so that the magnitude of

the vorticity decreases steadily. On the other hand, if the motion starts

out at a fairly high R\, the mean square vorticity (and hence also the

rate of energy dissipation) first increases to several times its original value

due to the stretching mechanism. The kinetic energy of the motion, how-

ever, decreases steadily. Eventually, it becomes very low, and the stretch-

ing process is so weakened that the vorticity of the motion also decreases

steadily.

Kolmogoroff's theory. In line with the above ideas, Kolmogoroff pos-

tulates that, at large Reynolds numbers of turbulent motion, the local

" See also Goldstein [36].
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property of turbulent motion should have a universal character described

by the following concepts. First, it is locally isotropic whether the large

scale motions are isotropic or not.^^ Second, the motion at the very small

scales is chiefly governed by the viscous forces and the amount of energy

which is handed down to them from the larger eddies. The large eddies

tend to break down into smaller eddies due to inertial forces. These in

turn break down into still smaller eddies, and so on. At the same time,

viscous forces dissipate these eddies at very small scales into heat. In the

long series of processes of reaching the smallest eddies, the turbulent mo-

tion adjusts itself to some definite state. The further down the scale, the

less is the motion dependent on the large eddies.

Furthermore, in line with Taylor's experimental findings, Kolmogoroff

essentially postulates that practically all the dissipation of energy occurs

at the smallest scales when the Reynolds number of turbulent motion is

sufficiently high.

To formulate these concepts mathematically, he introduced the corre-

lation functions of the type

{u-u'Y = y?[\ -/(r)]

which is the mean square value of the relative velocity of turbulent mo-

tion. The introduction of the relative velocity stresses the local nature.

The moments {u — u'Y would then be emphasized instead of the usual

correlations at two points. (In fact, the third moment {u — u'Y is pro-

portional to k{r).)

The second step in the formulation of the theory is to introduce the

assumption that, for small values of r, these correlation functions depend

only on the kinematic viscosity v and the total rate of energy dissipation e.

This is in accordance with the previously discussed physical concepts.

One can then make some dimensional analysis and construct universal

characteristic velocity and length for motion at very small scales. Indeed,

from e and v, one can only construct the length scale

and the velocity scale

We may then write

n = (jj
(13-9)

V = (!/e)i (13-10)

{W - uY = {veY^aai^^j (13-11)

{W -uY = iveY^d,a[^^J (13-12)

where ^dd and ^ddd are universal functions for small values of r.

^^ See Sec. B on shear flows for the experimental confirmation of this fact.
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For very high Reynolds numbers, Kolmogoroff visuahzes that, at the

larger end of the universal range, there is a range of r for which the vis-

cosity coefficient does not play an expHcit role. This range may be con-

veniently referred to as an inertial subrange. The above relation then

implies that

{u' - uY '^ (er)? (13-13)

A definite form of the correlation function is thereby obtained.

The concept of Kolmogoroff can also be introduced into the spectral

formulation. Thus, at high Reynolds numbers the spectrum F{k) at very

high frequencies can be expressed as

F{k) = vSKKfi) (13-14)

where the function fix) has a universal form for large values of x.

For the inertial subrange, the spectral function can again be deter-

mined completely from dimensional arguments. This gives

F{k) ^ e?K-=^ (13-15)

This form was first given by Obukhoff [37]. It has received some experi-

mental support at high Reynolds numbers. ^^ With a spectrum of this

form, it can be expHcitly demonstrated that the dissipation of energy lies

essentially in the universal range of Kolmogoroff (cf. [39]).

The actual form of the spectrum in the universal range is obviously

of basic theoretical interest. By following the general ideas discussed in

this section, Townsend [38] developed a more concrete model giving a

definite form for the spectrum of the small eddies. The results are in

general agreement with experimental observations.

The scales -q and v defined above also occur in the study of the small

scale structure even when the Reynolds number is not high. This cannot

be interpreted on the basis of Kolmogoroff's theory, but follows from

considerations of self-preservation during the process of decay (see next

article)

.

C,14. Considerations of Similarity. As noted above, the general

theory of turbulent motion, as developed in Chap. 2, cannot lead to

specific predictions without auxihary considerations. For this reason,

von Karman and Howarth [17] introduced the idea of self-preservation

of correlation functions. ^^ In terms of the spectral language, this states

that the spectrum remains similar in the course of time. Since the energy

distribution among the various frequencies is changing through the trans-

fer mechanism, this may be reasonably expected provided that there is

enough time for the necessary adjustments. In this article, we shall con-

12 Cf. [99] and [101] for detailed discussions. A different form of the spectrum has

been recently obtained by Kraichnan [100].
13 This article follows closely the treatment of von Kdrmdn and Lin [39, p. 1].
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sider the theoretical aspects. Comparison with experiments will be made

in the next article.

Let us consider the equation (Eq. 8-7) for the change of spectrum

dF^ + T7 = -2vk''F
at

and try to find a similarity solution. If F is a characteristic velocity,

and I is a characteristic length, then, from dimensional arguments,

F = VHrPik), W = VM^), ^ = d (14-1)

Thus, the above equation becomes

y I [^^'(^) + ^m ^Y^~ H^) + w{^) = -% e^k) (14-2)

If the similarity solution is to be valid, one must have

j| = a. (U-3)

Y^^ = a. (14-4)

Y = a, (14-5)

where ai, a^, and as are all constants. Eq. 14-2 becomes

ai?^'(^) + (ai + a^)rP{k) + 2a3eV(^) + w{^) = (14-6)

Besides Eq. 14-3, 14-4, and 14-5, it is evident that the mean square

value w^ and the rate of energy dissipation have to satisfy the relations

(cf. Eq. 8-6 and 8-11)

^2 _ 72 fj ^(^^)d^ (14-7)

-f = 2^]^ mm (14-8)

Finally, if the convergence criteria for Loitsiansky's relation (Eq. 12-6)

are assumed to be valid, we have

iKj)

This system of equations presumes that the transfer term in Eq. 14-2

is considered generally of equal importance with the term expressing the

viscous dissipation. It has been shown by Dryden [40] in the equivalent

problem of self-preserving correlation functions that such a solution is

connected with the statement that the square of the characteristic length

is proportional to the time t and the law of decay is expressed by u^ -^ t~'^.
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Heisenberg [41] indicated an equivalent solution for the spectral problem.

It is easily seen that these solutions are at variance with Eq. 14-9. In

other words, full similarity is only possible when we reject Loitsiansky's

theorem. In addition, experimental evidence clearly indicates that the

law of decay and the behavior of the characteristic length during decay

exclude the possibiUty of adopting full similarity as a generally valid

assumption for all decay processes.

Let us now consider two opposite approaches. In the first approach,

we assume that Loitsiansky's invariant exists and that it plays a role in

the similarity of the spectrum. In the second approach, we assume that

similarity of the spectrum is occurring only in the eddies contributing

appreciably to the dissipation process, and that the largest eddies play

no role in determining the similarity of the spectrum. Clearly, the first

approach will not yield valid results unless Loitsiansky's invariant does

exist. This is definitely known only in the decay of isotropic turbulence

at very low Reynolds numbers (case (a) below). The second approach is

naturally independent of Loitsiansky's invariant.

Let us consider now two opposite specific cases in the first approach

:

(a) the transfer term is negligible for all frequencies, and (b) the influ-

ence of viscous dissipation is restricted to high frequencies whereas for

low frequencies the transfer term is the prevaihng factor.

Case (a), w{^) = 0, leads to a solution of Eq. 8-7 which has full simi-

larity for all frequencies and also satisfies Loitsiansky's relation. One ob-

tains with ^ = d and I = \/Vt

F = const VH^'e-^^' (14-10)

or

F = const VH'K'e-^'^''' (14-11)

By using the definition of J in Eq. 14-9, we write

F = Jk^c-^^'^'' (14-12)

The corresponding correlation function can be easily shown to be

/(r, t) = e-'-^/s^' (14-13)

by using Eq. 8-1 and 10-3. This correlation function was noted by von

Kdrman and Howarth [17], and discussed by Milhonshchikov [4-2],

Loitsiansky [29], and Batchelor and Townsend [43]. Kd,rmd,n and Howarth

also obtained a more general self-preserving solution in terms of the

Whittaker function, with a spectral form F = CK^e"^'"'''. It can be easily

shown that the solution must specialize into Eq. 14-13 if the Loitsiansky

invariant is to be finite. The law of decay in this case is the five-fourths

power law

:

u^'^it - U)-^, X2 = 4:v{t - to) (14-14)

This law of decay and the corresponding correlation function have been
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verified experimentally by Batchelor and Townsend for the final stage

of decay (see Art. 15 for further details).

Case (b) has also been treated in the theory of self-preserving corre-

lations by von Karman and Howarth [17] and later by Kolmogoroff [44]-

The former authors came to the conclusion that any power law for the

decay-time relation may prevail in the decay process. Kolmogoroff

pointed out that if one assumes the validity of Loitsiansky's theorem

the relations

w2 = const t-'^' and X^ = 7vt (14-15)

must apply. ^^ Von Karman [43,4^] dealt with the corresponding spectral

problem in two communications assuming the specific decay law (Eq.

14-15). It should be reiterated, however, that this first approach, especi-

ally in case (b), can only be regarded as tentative because of the un-

certainty in the constancy of the Loitsiansky integral.

Consider now the second approach. Clearly, the idea of complete

similarity, with the rejection of Loitsiansky's relation, belongs to this

case. However, there are physical and mathematical reasons for believing

that the large eddies do not play a significant role in the determination

of the similarity characteristics in the smaller eddies. We therefore con-

sider cases where the similarity requirement is relaxed for an increasing

range of frequencies at the end of largest eddies.

Case (c). We first consider the assumption that similarity extends

over the whole frequency range, with the exception of the lowest. More

specifically, we assume that the deviation from similarity shall occur for

such small values of k that, whereas the contribution of the deviation is

neghgible for computation of e (Eq. 8-11), it enters in the calculation of

energy (Eq. 8-6).

It is easy to see the corresponding assumption in the correlation for-

mulation by using Eq. 13-2 and 13-4 in the following form:

n = l

The above assumptions imply that all the higher moments of F{k) are not

appreciably influenced by the deviation from similarity. Hence, they are

all proportional to F^/"-". Similarity is therefore assumed for ^^[1 — /(r)].

This form of the similarity hypothesis was introduced by Lin [48].

Assuming the self-preservation of

{u - u'y = u^[l - f(r)]

and

{u - u'y = I2u%{r)

1* See Frenkiel [47] for some discussion of the comparison of Eq. 14-15 with some
experiments.
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he derived the law of decay

w2 = a{t - U)-^ + h (14-17)

where a and h are constants, with a > 0. This law can be easily obtained

from the general relations (Eq. 14-3, 14-4, 14-5, and 14-8), which are

valid for any similarity hypothesis. One obtains the positive and nega-

tive half-power laws for the change of the characteristic length and the

characteristic velocity V, and the inverse square law for the rate of dissi-

pation €. To be more specific, one finds that I and V may be identified

with Kolmogoroff's characteristic quantities (cf. Eq. 13-9 and 13-10)

(IT77 = 1-1 and V = (ve)i (14-18)

It can easily be seen by introducing these relations into Eq. 14-3, 14-4,

and 14-5 that the law of decay is of the form of Eq. 14-17.

It is convenient to rewrite the results as follows, with definite physical

interpretations attached to the constants. The law of decay is given by

(14-19)

where u% is the additive constant giving the departure of the energy con-

tent from that in the case of similarity, and Do is the initial diffusion

coefficient

Do = Km ^^ (14-20)

defined according to a formula of the kind suggested earlier by von
Karman [13]. The changes with time of the characteristic velocity and
scale, and of the Reynolds number of turbulence are given by

(-^^')y2 = (io)-|^^^,^-i^ ^2 = (loy.R^.'d, R^ = Rxo 11 - ^yP t
) (14-21)

where R\o is the initial Reynolds number of turbulence

Rxo = lim ^ (14-22)

It is evident from Eq. 14-19 and 14-21 that the solutions obtained

can only be applied to an early stage of the decay process, in which

10^1)^/2) remains small.

Case {d). The above assumption is based on the idea that the low

frequency components do not have the time to adjust themselves to an
equilibrium state. (An investigation of such a concept was made by Lin,

and will be briefly presented in Art. 17.) It is specifically assumed that

e may be calculated by a similarity spectrum. Goldstein [49] further
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relaxed the requirement and assumed that the similarity spectrum might

be adequate only for the calculation of higher moments of F{k). If the

similarity spectrum is accurate only for the calculation of ]QK^F{K)dK and

higher moments, Goldstein shows that the law of decay becomes

u\t -u) = a + hit - to) + c{t - toy (14-23)

This includes one more constant than Eq. 14-17. Further generalization

involving higher powers of t — to is immediate.

Comparison of the laws of decay with experiments will be made in the

next article.

C,15. The Process of Decay. We shall now examine the whole

process of decay and compare the above theoretical laws with experi-

ments, whenever such evidence is available.

0.20

0.16

0.12

0.08

0.04



C,15 • THE PROCESS OF DECAY

For large initial Reynolds numbers of turbulence, von Karman and
Lin [39] made a tentative proposal to divide the process of decay into

three stages: (1) the early stage in which the law (Eq. 14-17) holds,

(2) the intermediate stage, in which the law (Eq. 14-15) holds, and (3)

the final stage in which the Reynolds number is very low and the law

(Eq. 14-14) holds. For estimates of the length of the three periods, we refer

to the original article. Here it suffices to say that there is as yet no ex-

perimental result available to check the theory for the intermediate stage,

and that the recent doubt cast on Loitsiansky's invariant tends to change

the basis for such an assumption.

Detailed discussions will therefore be given only for the early and the

final stages.

Final period of decay. When the Reynolds number of the turbulent

motion is very low, as it must eventually happen in the final period of

decay of a homogeneous field of turbulence, without external supply of

energy, the inertial forces are neghgible and only the viscous forces are

effective. Case (a) discussed in Art. 14 then applies. On the other hand,

the problem now admits of an explicit solution. In fact, if the quadratic

terms are neglected from the equations of Navier-Stokes, we have

dUi 1 dp nc: -i\
-W7

= T^ + v^Ui (15-1)

By the equation of continuity, this leads to

Ap =

Now the only solution of a Laplace equation which is finite throughout the

whole space is a constant. Thus the pressure must be independent of po-

sition, and the equation for Ui becomes the equation for heat conductions^

^ = vAUi (15-2)

The solution of the initial value problem of this equation is well known
to be

.. /"cO /•» /"«

Uiix, y, z, t) = j^^^ J-^j- ' ^'^^' ^' ^' ^^
CO / — 00

exp
(x - xy + {y- YY + (2 - zy

dXdYdZ (15-3)
4:Vt

From this, the properties of the motion can be exphcitiy calculated. In

^^ Reissner [60] was the first to attack the problem of turbulence by using the

explicit solution of Eq. 15-2. He obtained results analogous to the observed laws of

decay. They are, however, more adequate for the discussion of temperature fluctua-

tions, and will be taken up again in that connection. The following development is due
to Batchelor [51].
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particular, it is found that the correlation function is

m,yi,^,t) =j^^^ III Ria,h,c,0)

exp
(^ - ar + iv- b'-) + (r - cv

Svt
dadbdc (15-4)

This last formula can be used to evaluate the asymptotic behavior of the

correlation function for large values of t.

A simpler approach to the problem is to use the spectral tensor. In

fact, Eq. 15-2 shows that the pressure terms Pik must be dropped when
the nonlinear effect represented by Tik is negligible in the spectral equa-

tion (Eq. 11-6), which becomes simply

^ = -2pK'Fij (15-5)

The general solution of this equation is

Fij{K^, t) = FijiKrr,, ^o)^-^-^^'-'") (15-6)

From this, we may calculate the correlation tensor by a Fourier trans-

formation. For large values of t — to, only small values of k are important.

Thus one may try to expand Fik in powers of Km and retain only the

lowest terms.

Following this method, Batchelor and Proudman [31] found that the

longitudinal correlation coefficient /(r, t) is of the form (Eq. 14-13) for

isotropic turbulence and certain very special cases of anisotropic turbu-

lence. Previous to this investigation, Batchelor and Townsend [4-3] com-
pared the experimental curve for f(r, t) with the Gaussian curve (Eq.

14-13) and found good agreement. At that time, this agreement was ex-

plained by assuming Fij{Km, t) to be essentially expandible as a Taylor

series in k™. Since this assumption is now found to be not true in general,

other tentative explanations are suggested by Batchelor and Proudman
[31]. A critical examination of this problem is clearly warranted.

Early period of decay. Much experimental information is available

during the early part of the decay process. Recently, Stewart and Town-
send [22] summarized their results and compared them with some of the

above self-preserving hypotheses. They cautioned against the assump-

tion of complete self-preservation, but did not include case (c) in their

discussion, which seems to fit all their experimental findings.

In Fig. C,15b, the law of decay observed by Stewart and Townsend

[22] is presented. Although the variation of X^ and yr^ both follow the

linear law, as they would in the case of complete similarity, the origin

of time (or x axis) must he taken differently for the two straight fines. It
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can easily be seen that the Reynolds number of turbulence Ry, steadily

decreases in the case shown in the figure, contrary to the law of decay

for complete similarity. The earher experiments of Batchelor and Town-

send [33] also show a definite trend for the decrease of R^. It should be

noted that the curves for X^ and yr'^ versus time both have fairly large

slopes, and it is therefore more difln.cult to detect any shght deviation

6 -
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A more definite verification of case (c) is provided by their measure-

ment of the spectrum, which is reproduced in Fig. C,15c and C,15d.

Fig. C,15c gives the one-dimensional spectrum Fi{k) which shows a large

departure from similarity at low values of k. Fig. C,15d shows that, for
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0.5 1.0 1.5

(X - 0.06)-^ m-1

2.0 2.5

Fig. C,15e. Top, decay of turbulence behind two grids Mi and Mj with mesh widths

5 cm and 1 cm, respectively (Ms downstream from Mi), x is the distance behmdjhe

second grid Mj, Xi is the distance between the grids, U is the mean velocity, and u^ is

the mean square turbulence.JAfter Tsuji and Hama [52].) Data show departure

from the simple law of decay u^ ~ t~'^.

Bottom, same data as presented in Fig. C,15e, upper, replotted to show conformity

with Eq. 14-7 (after Tsuji and Hama [62]).
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can be calculated from a hypothesis of self-preservation. This provides

an experimental basis for Lin's earlier hypothesis [4.8] which was obtained

from general considerations influenced by the theory of Kolmogoroff.

It may be noted here that, at least in these experiments, there is as

yet no need for generalizing the hypothesis further in the line indicated

by Goldstein [Jf.9], although the need for such generalization is not ex-

cluded. (See also Art. 17.) Goldstein also proposed the measurement of

the law of decay of turbulence behind a grid when another grid of larger

mesh is placed upstream. In this case, the large eddies from the first grid

tend to cause the turbulent motion behind the second grid to depart

greatly from similarity. Such experiments were made by Tsuji and Hama
[62], showing strong departure from the law of decay y? '^ t~^ (Fig- C,15e,

upper). On the other hand, the more general law of decay (Eq. 14-17) is

verified with the additive term h 9^ (Fig. C,15e, lower). More recently,

Tsuji [53] examined the spectral distribution of the turbulent motion

behind the second grid and obtained results in agreement with the above

concepts. When the second grid is 70 mesh widths behind the first grid,

the similarity of the vorticity spectrum is not found to be accurate, as

one may also expect from the fact that a well-developed turbulent mo-
tion is not yet formed behind the first grid.

C,16. The Quasi-Gaussian Approximation. As pointed out in

Art. 7, it is possible to obtain an infinite system of differential equations

for determining the correlation functions of all orders. In order to obtain

a "deductive theory," a closed system of a finite number of partial differ-

ential equations is needed. For this purpose, some approximation has to

be made. Now it is known that the probability distribution of the ve-

locity components at a given point is approximately the normal distribu-

tion. If this were true for the joint probability distribution at several

points, the triple correlation function would vanish, while the correlation

functions of the fourth order would be related to those of the second order

by the relation

UiU'jUk'u'i" = UiUj u'kU'i" + UiU'^ u'jU'i" + UiU'i" u'jU'^ (16-1)

It is known that triple correlations do not vanish in homogeneous turbu-

lence, but it is still natural to speculate whether Eq. 16-1 may still be true

or remains a good approximation without the vanishing of the triple corre-

lations." There is some support of such a step from experimental obser-

vations (cf. Fig. C,3a and C,3b).

To give an idea of the application of the hypothesis (Eq. 16-1), let us

indicate how the pressure correlation at two points may be derived. One

" A hypothesis of this type was first introduced into the theory of turbulence by
Millionshchikov U2\.
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first notes that

^P = a^("-^')
(i«-2)

SO that

d
^^^'P' = dndrjdndn

'''''^'''''''^ ^^^"^^

We now break up the quadruple correlation by Eq. 16-1. In this manner,

one finds that

W = 2u^
j^ [^

-
^) WmH^ (16-4)

Eq. 16-4 was given by Batchelor [12] while an equivalent relation in the

spectral formulation was obtained earlier by Heisenberg [23].

An interesting observation may be made here. If the relation (Eq.

16-4) is accepted, it is possible to show that, at high Reynolds numbers

of turbulence, the magnitude of the pressure term in the Navier-Stokes

equations is much smaller in magnitude than either the local acceleration

or the convective acceleration taken individually [20].

With the help of Eq. 16-1, one can derive a system of partial differ-

ential equations with the same number of equations as unknowns. The

equation for the change of double correlation functions involves the triple

correlation functions. The equation for the change of the triple correlation

function involves the fourth-order correlations, which may be reduced to

the double correlations by Eq. 16-1. In this manner, a closed system of

equations is obtained. Such a theory was independently developed by

Proudman and Reid [54] and by Tatsumi [55] for decaying isotropic

turbulence in the spectral formulation. Without giving a detailed account,

a few of the outstanding features are discussed in the following paragraphs.

1. The above reasoning for the establishment of a closed system was

obviously only true for multipoint correlations and not for two-point

correlations alone. While correlations of the fourth order are repre-

sented in terms of two-point correlations by Eq. 16-1, the triple corre-

lations must be kept in the general form of a three-point correlation.

In an isotropic case, there are then three independent space variables,

e.g. the three sides of the triangle with vertices at the points in ques-

tion. In the spectral formulation, the final equations contain three

independent wave numbers.

2. According to the experimental results of Stewart (Fig. C,3b) the

hypothesis (Eq. 16-1) may become poor for small distances. Thus it

would be desirable to examine the behavior of the small eddies accord-

ing to this theory, and to compare it with the Kolmogoroff-Obukhoff

spectrum k~^ in the case of infinite Reynolds number. Such a com-

parison has not yet been carried out.
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3. On the other hand, the theory gives the definite prediction that there

is no permanence of the largest eddies. Thus, there is a definite contra-

diction between Eq. 16-1 and the hypothesis leading to Loitsiansky's

invariant. This led Batchelor and Proudman [31] to the extensive

investigation mentioned in Art. 12.

Chandrasekhar [56] used a different approach. He limited his study

to two-point correlations, but considered a difference in time. Thus Eq.

16-1 is replaced by relations of the kind

Ui{x;, t')uj{x', t')Uk{x", t")ui{x", t")

= QikQji + QiiQjk + QiAO, 0)Qm(0, 0) (16-5)

where

Qij = Ui{x', t')uj{x", t") (1.6-6)

In this approach, the number of space variables is reduced, but another

time variable is introduced. Chandrasekhar then introduced the concept

of "stationary homogeneous and isotropic turbulence," and assumed that

the double correlation (Eq. 16-6) (and similar third order correlations)

depend only on the space vector x" — x' and the time interval \t" — t'\.

In this way, the theory leads to a single partial differential equation in two

independent variables, and a number of deductions were made. In particu-

lar, a discussion is given to show its compatibility with Kolmogoroff's

theory.

C,17. Hypotheses on Energy Transfer. Another method for arriving

at a theory capable of yielding definite deductions is to assume, on the

basis of physical arguments, a relation between the spectrum function

F{k, t) and the transfer function W{k, t). Various hypotheses of this type

were proposed by Obukhoff [37], Heisenberg [S3], von Karmdn [46], and

Kovdsznay [57]. It should be recognized that there is no a priori reason

that such relations should exist. However, the success of these hypotheses

seems to indicate that this type of theory does give a reasonably accurate

description of the physical process.

Heisenberg argued that the transfer mechanism is essentially similar

to viscous dissipation with the smaller eddies corresponding to molecular

motions. This is reasonable provided the smaller eddies are very much

smaller than the eddies from which they take energy. If this point of

view is accepted, the rate at which energy is lost to the smaller eddies is

proportional to

-
1^
r FiKJdK = v + C j^ .y^^ dK" 1^ 2FWyHK' (17-1)
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where C is a constant. The term

e. = C
j^

^^-^dK" (17-2)

represents an apparent kinematic viscosity coefficient associated with the

motions of wave number above k.

Von Karman proposed the form

j^ WdK = C 11^" [F{k')Yk'Hk''^ ' {|^''F(K')«-V^-^d/c'} (17-3)

for the transfer function. It reduces to Heisenberg's form for a = ^,

i8
= —f . It also reduces to a modified Obukhoff form for a = I, 13 = 0.

In the present discussion, we shall restrict ourselves to the Heisenberg

formula and use Eq. 17-1 as the basis for determining the spectrum

F{k, t) at any future time from its present knowledge.

For large values of k, the rate of loss of energy to still larger wave

numbers is expected to be very small. Consequently, the left side of Eq.

17-1 is neghgible. It then follows (see Chandrasekhar [58]) from Eq. 17-1

that

f(M) = constQ'j^^^ (17-4)

where ko is a constant and Ks is inversely proportional to Kolmogorofi's

scale 17. For large values of k, F{k) ^^ kt"^. However, theoretical and ex-

perimental considerations indicate that F(k) probably decreases faster

than kt'' at high wave numbers.

If we now introduce the hypothesis of similarity, we can determine

the spectrum function completely. In fact, if the hypothesis of complete

similarity is used, we have F{k, t) in the form

where ko and ^0 are certain constants. According to Eq. 17-1, f{x) satisfies

j^J{x)dx - \ xKx) = ^-^ j^ yj^ dx" 1^ 2f{x')x'Hx' (17-6)

where R = 1/vkIU. This equation has been solved numerically by Chan-

drasekhar [58] for a series of values of R\ (Fig. C,17). Proudman [59]

computed the correlation function from these spectral functions and

found quite good agreement with experiments.

The spectrum defined by Eq. 17-6 has a relatively long range, at low

values of /c, for which F{k) '^ k. However, an examination of the stability

of the spectrum [60] indicates that this part of the spectrum is not stable.

At the Reynolds numbers obtained in usual experiments, this unstable
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range of wave number* corresponds to about one third of the total energy.

However, the contribution to the rate of dissipation from this range is

neghgible. This agrees with the concept of similarity of the vorticity

spectrum k}F{k, t), and lack of similarity for the energy F{k, t) for low

wave numbers (case (c) of the similarity hypothesis spectrum).

Fig. C,17. The decay spectra for various values of R. The curves marked 1, 2, 3,

4, 5, 6, and 7 are for R'^ = 1.65, 1.34, 0.98, 0.55, 0.22, 10-^, and respectively. The
curve ior R = » is the decay spectrum for infinite Reynolds number and becomes
asymptotic to the Kolmogoroff spectrum f{x) = ix~i for a; ^ <»

.

It should be pointed out that this case has a special bearing with

Heisenberg's formula. If we differentiate Eq. 17-1, we obtain

dF

dt
= -2 V + C

F{k")
dK' kW{k) + 2C

F(/c)
K'WiK')dK'

(17-7)

Thus, the behavior of the spectrum at frequency k depends on the lower

frequencies only to the extent of jlK'W{K')dii'. If this integral can be accu-

rately calculated by the similarity spectrum for high values of k, Eq. 17-7

is consistent with the hypothesis of similarity. Otherwise, there is some

doubt that similarity is possible at all, even at high frequencies, until the

last term in Eq. 17-7 becomes negligible.

CHAPTER 4. TURBULENT DIFFUSION

AND TRANSFER

C,18. Diffusion by Continuous Movements. One of the most

striking properties of turbulent motion is its diffusive property. Obser-

vation of smoke from a chimney stack gives a general idea of such a
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process. Temperature measurements in the wake of a heated wire, such

as those made by Schubauer [61], and more recently by Uberoi and
Corrsin [62], give a more quantitative description of the phenomenon.
A complete theory of the phenomenon of turbulent diffusion is, however,

not available, even in the simplest case of homogeneous isotropic turbu-

lence, because of some inherent difficulties. In the first place, the usual

concept of a diffusion coefficient can in general be at best a crude first

approximation, because the variation of the statistical properties of inter-

est in turbulent diffusion (or transport) occurs over scales comparable to

that of the scale of the turbulent motion itself. The analogy in the molecu-

lar case would be variations at scales comparable to the mean free path.

Secondly, the mathematical difficulty encountered in trying to develop a

detailed theory is extremely heavy. Indeed, a theory of diffusion dealing

with the transport of material particles from one point to another sug-

gests the use of the Lagrangian description. This in itself makes the

theory difficult. On the other hand, the eventual diffusion of a certain

physical property, such as temperature, must be accomplished by the

molecular process, which is more conveniently described by the Eulerian

method. In the face of these difficulties, most of the existing theories are

far from being complete. In the present treatment, we shall therefore

limit ourselves to a brief account of some of the elementary concepts de-

veloped and some of the issues examined. For a more detailed treatment,

the reader is referred to the recent article by Batchelor and Townsend [63,

pp. 352-399].

A fundamental approach to turbulent diffusion was advanced by
Taylor [64] in 1921. While the theory deals with an idealized situation,

it does reveal some of the essential features of the process, and forms the

starting point of many later developments. In the simplest form of this

theory of diffusion by continuous movements, we restrict ourselves to the

idealized case of a homogeneous isotropic field of turbulence which is not

decaying. We consider diffusion from a plane x, z where all the diffusing

particles are concentrated at time f = 0. If F is the coordinate of a

particle at time T, then Y = jlvdt, and

where the average is taken in the statistical sense or over planes parallel

to the X, z plane. We may now introduce the correlation coefficient R{t) by

v{T)v{t) = v^Rir), T = T - t (18-2)

Then Eq. 18-1 becomes

T
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and

175 = u'
f^

dt' // R(j)dT = v" /J
{T - t)Rit)dt (18-4)

In general, we may expect R{t) to decrease with increasing t. Suppose

that, for all times t greater than Ti, R(t) is practically zero. Then

r R{T)dT = r R{T)dr, for t > Tx (18-5)

and Eq. 18-4 gives

The integral (Eq. 18-5) is a measure of the time scale of diffusion, and

D = v-' jj R{T)dT (18-7)

may be regarded as a diffusion coefficient, since for molecular diffusion,

T^ = 2DT. Thus the concept of a diffusion coefficient is justified for

large values of time of diffusion. On the other hand, for small values of

time t {t much less than the time scale defined by Eq. 18-5), R{t) '^ 1,

and Eq. 18-4 gives

72 = y22^2 or VT^ = vT (18-8)

It appears that when T is small, Y^ is proportional to T^ instead of T,

as in an ordinary diffusion process. This is clearly so, because over the

time interval in which R{t) is nearly equal to unity, the velocities of the

particles are nearly constant so that for each particle

Y = vT (18-9)

In this case, therefore, not only is Eq. 18-8 valid, but the frequency dis-

tribution of Y is the same as the frequency distribution of v.

We shall now apply these ideas to the problem of the spread of heat

behind a heated wire. If heat is spread from a concentrated plane source,

after an interval of time t, the distribution of temperature according to the

usual process of molecular diffusion is proportional to t~^ exp [
— y^/4:kt],

where y is the normal distance from the plane source. The temperature

distribution behind a heated wire corresponds to such a problem, if there

is only molecular diffusion. The distribution is given by the above ex-

pression with t replaced by x/U, where x is the distance downstream

from the wire and U is the speed of the wind. In a turbulent stream,

diffusion due to turbulent motion must be superposed on molecular dif-

fusion. In fact, Schubauer has observed the error law for the distribution

of temperature, and it would appear that the phenomenon of turbulent

diffusion can be described by an adequate diffusion coefficient associated

with the turbulent motion. However, the above analysis shows that the
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use of a diffusion coefficient is valid only for large distances downstream

(provided the idealization used is valid). Close to the source, there is no

basis for using a diffusion coefficient. Indeed, Taylor [15] pointed out

that the Gaussian distribution of temperature near the source is not

associated with a usual diffusion coefficient but should be accounted

for by Gaussian distribution of the velocity of fluctuation (cf. Eq. 18-9).

If the frequency distribution of velocities had obeyed some other law,

the distribution of temperature near the source would also have deviated

from an error curve. On the other hand, the temperature distribution

very far from the source must necessarily fit an error curve, whatever

the frequency distribution of velocities may be. In reality, however, the

analysis at very large distances downstream is complicated by the fact

that the turbulence dies away downstream so that the above analysis is

not accurate.

For other approaches to the problem of turbulent diffusion, see

Frenkiel [66], where some semiempirical calculations are given.

C,19. Analysis Involving More Than One Particle. In the above

analysis, we do not consider the joint configuration of a number of fluid

particles. This is of course necessary if we wish to get a more complete

description of turbulent diffusion. Indeed, one may consider a large num-

ber of particles, and their joint statistical behavior during the course of

time would give an almost complete statistical description of the turbu-

lent motion in the Lagrangian scheme.

In practice, one is often limited to the consideration of the separation

of two particles. If Si is the separation between two particles, the rate of

variation of the statistical average s^ is clearly a measure of the rate of

diffusion. We shall now consider a special case where a concrete formula

can be obtained for the variation of s^ as a function of the time of sepa-

ration T = t — U between the initial instant U and the present time t.

If T is sufficiently large, then the influence of the initial separation must

be neghgible. If, furthermore, the separation between the particles lies in

the range of scales of turbulence for which the spectral law (Eq. 13-15)

holds, there is only one parameter—namely the rate of energy dissipation

e—characterizing the properties of the turbulent motion. Thus, dimen-

sional reasoning shows that s^ (which depends only on t and e) must be

of the form

¥^ er^ (19-1)

or

^' ^ er2 -- 6H72)i (19-2)

This means that the dispersive effect becomes larger and larger as the

particles separate further and further from each other, the diffusion coef-

< 243 )



C • STATISTICAL THEORIES OF TURBULENCE

ficient increasing as the |- power of the separation. ^^ The law (Eq. 19-2)

was obtained experimentally by Richardson [66] and deduced theoreti-

cally by Batchelor [67] in a somewhat different manner. However, the

agreement is partly fortuitous since the length scale involved in Richard-

son's data does not fulfill the requirements imposed in the theory.

More detailed analyses of the magnitude of separation can be carried

out when the distance of separation is small. Such analyses can be used

to examine the deformation of a fluid element—material lines, surfaces,

and volumes. An interesting question is whether a material volume will

eventually be stretched into a needle-shaped line or a disk-shaped surface.

For the details of such investigations, the reader is referred to the original

articles of Batchelor [68] and Reid [69] or to the article of Batchelor and

Townsend [63].

C,20. Temperature Fluctuations in Homogeneous Turbulence.

The above concepts can be extended to a continuous distribution of

sources. The results are particularly instructive when the distribution

has a uniform gradient. Following Corrsin [70], let us consider a dis-

tributed heat source in the plane x = with a hnear distribution in the

y direction:

T = T^-i-ay (20-1)

Consider the flow of fluid with nondecaying isotropic turbulent motion

past these sources with a uniform mean speed U which is much higher

than the velocities of the turbulent motion. If molecular conduction is

omitted, the instantaneous temperature at any point downstream is de-

termined by that of the fluid particle present at that instant. This in

turn depends on the location where the particle crossed the plane x = 0.

Since a point may be reached by a fluid particle from above and from

below with equal probability, it is clear that the mean temperature dis-

tribution (Eq. 20-1) persists downstream.

Consider now a fixed point a: > in the plane y = (which is in fact

a typical plane), and the particle occupying that point at any instant.

If the level of turbulence is low, this particle passed by the plane x =

at the time t = x/U earher. The position of the crossing point is given

by — Fo, where

Fo = /"' v{t')dt' (20-2)
Jt-T

t being the time under consideration. This introduces a temperature

deviation

9 = -aYo (20-3)

»» This result can also be obtained by formally using Heisenberg's formula (Eq.

17-2).
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The statistical average rate of temperature transfer is therefore

-7d = (wYo (20-4)

The value v Yo can be evaluated in a manner very similar to that used

in Art. 18. We obtain in this manner

Wo = r v{t)v{jt')dt' = ^ j^ R{r')dr' (20-5)

It should be noted that although this formula is very similar to Eq. 18-3,

the physical interpretation is different. The rate of temperature transfer

may now be written in the form

-7d = D'^, D' =7'
I

R{r')dT' (20-6)
ay Jo

where D' is a "diffusion coefficient" in that it gives the rate of increase

of the mean square deviation (Art. 18). It is proportional to x at first,

and approaches a constant value D after a sufficient distance downstream.

Similarly it can be shown the standard deviation is given by

T^ = ^2y2 n
(^ _ r)R{T)dr (20-7)

and that it becomes infinite as the first power of t or the distance down-

stream. In reality, this will be limited by molecular diffusion.

In contrast to the above problem of heat transfer, an analysis of tem-

perature fluctuations in a statistically homogeneous field can be carried

out in much the same way as for homogeneous velocity fields. This was

done by Corrsin [71], who found that in the final stage of the decay process

the mean square of the temperature fluctuation decreases as the inverse

| power. This is different from the case of velocity fluctuations, and the

reason for this difference is the absence of the equation of continuity in

the present case (cf. Art. 15). Such a law was first obtained by Reissner

[60] in his asymptotic solution of the heat equation.

C,21. Statistical Theory of Shear Flow. Although studies of

turbulent flow with shear date back further than studies of isotropic tur-

bulence, a complete statistical theory has not yet been developed. The
classical ideas of Reynolds still stand out as the best description of the

basic mechanism of turbulent shear. The mixture length theories, ^^ while

useful for practical purposes, are obviously not adequate statistical theo-

ries. Deviations from the classical concepts are especially evident near

the edge of the turbulent boundary layer and in turbulent jets and wakes.

Intermittency of the turbulent motion appears to be quite predominant

in such phenomena. It appears from these intermittent phenomena that

^^ For details, see Sec. B.
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a statistical theory of shear flow can be developed only after adequate

descriptions are obtained, both for motions on a small scale and for

motions on a scale comparable with that of the mean flow. The fact that

turbulent transfer is most effectively carried out by such large scale mo-
tions is in direct contrast to the phenomenon of molecular transfer. In

that case, the mean free path is much smaller than the scale of the mean
motion, and a definite coefficient of transfer is established. The difference

in scales of the random motion responsible for the transfer mechanism
in the two cases makes the analogy imperfect, and is at the root of the

difficulties in developing a theory of turbulent transfer.

For steady flow through pipes and channels, the phenomenon is sim-

pler in the sense that intermittency is not apparent. Attempts to develop

a statistical theory, based on the use of correlations, have been made by
Keller and Friedmann [72], von Kdrmdn [IS], Chou [73], and Rotta [74]

.

While the theory predicts the mean velocity and turbulence level in

reasonable agreement with experiments, the presence of arbitrary con-

stants shows their weakness. In the following, only an indication of the

approach is given; the reader is referred to the original papers for the

details.

The equations of motion for the turbulent fluctuations can be ob-

tained by subtracting the Reynolds equations (Eq. 2-3) from the com-
plete equations of motion (Eq. 2-2),

dUi ^j dUi dUi dUi 1 dp 1 dnj mi ^\-^ -^ Uj- \- Uj- 1- wy -— = —

^

5— + vAUi (21-1)
ot dXj dXj oxj p dxi p oXj

where p is the fluctuation of pressure, and Ty are the Reynolds stresses.

The velocity fluctuations w,- also satisfy the equation of continuity,

^ = (21-2)
dXk

Instead of dealing with the velocity fluctuations themselves, one may
attempt to deal with the statistical correlation of the velocity fluctuations

in analogy with the study of homogeneous turbulence. To simplify mat-

ters, one may also eliminate the pressure fluctuation by using the Poisson

equation obtained by taking the divergence of Eq. 21-1

:

and solving it under appropriate boundary conditions. However, the fun-

damental difficulty encountered in the homogeneous case—that higher

correlations are invariably brought into the picture when an equation is

constructed for dealing with correlations of a given order—also occurs

here. Approximations are therefore introduced by the various authors at

this stage, and the theory is not entirely free from arbitrariness.
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Because of the difficulties encountered in the development of the

statistical theory of shear flow, several authors studied the more special-

ized problem of homogeneous turbulence in a field of uniform velocity

gradient. Application of the concepts of Art. 17 was made by Reis [75]

and later by Burgers and Mitchner [76] with almost identical assump-

tions and results, although the work appears to have been done inde-

pendently. Application of the concepts of Art. 16 to this case has recently

been carried out by Craya [77].

An entirely different approach to the problem of turbulent shear flow

has been proposed by Malkus [78]. The reader is referred to his original

paper for the details.

CHAPTER 5. OTHER ASPECTS OF THE PROBLEM
OF TURBULENCE

C,22. Turbulent Motion in a Compressible Fluid. When a com-

pressible gas is in turbulent motion, there are density and temperature

fluctuations as well as velocity fluctuations. At any instant, the velocity

fluctuation may be decomposed into two parts,

Ui = w^i> + uf^ (22-1)

such that

div u(i) = 0, curl u^^) = (22-2)

The rotation of the fluid is given by the first part u'-^^ and the com-

pression is given by the second part u'-p.

In general, there is a continuous conversion between the rotation

component and the compression component of the velocity fluctuations.

This additional degree of freedom in the compressible case naturally

makes the theory of turbulence much more difficult. In the case of small

disturbances from a homogeneous state these modes are separable from

each other. 20 The study of small disturbances superimposed on a shear

flow is treated in connection with the instability of the boundary layer

at high speeds.

Attempts have been made to extend directly to the compressible case

the various approaches to the theory of turbulence in the incompressible

case: e.g. the study of isotropic turbulence by Chandrasekhar [80], and
the consideration of von Karmdn's similarity theory by Lin and Shen [81]

for shear flow. The method discussed in Art. 21 can also be extended to

a compressible gas. Obviously, such approaches cannot go beyond the

limitations in the incompressible case. It is therefore natural that the

more fruitful theoretical results on turbulent motion in a compressible

fluid are obtained in connection with the study of the influence of com-

*" See [79] for a detailed discussion of this case.
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pressibility on turbulent motion, principally for small Mach numbers of

turbulence. It is then plausible that the chief influence of compressibility

is that acoustic energy is constantly being radiated, causing the turbulent

motion to dissipate faster than in the incompressible case.

Lighthill [82] has shown that, in the absence of solid boundaries,

turbulent motion acts as quadrupole sources of sound. He also showed
that the amount of energy radiated per unit volume of turbulence is

proportional to pV^/aH, where p is the density, F is a typical velocity

of the turbulent motion, a is the acoustic speed, and I is a typical linear

scale. Since the rate of energy conversion in turbulent motion is propor-

tional to pV^/l, the acoustic efficiency is proportional to the fifth power
of the root mean square Mach number. At low Mach numbers, this

would be a very small amount indeed, if it were not for a numerical factor

of proportionality of the order of 40, as shown by Proudman [83]. In the

cases where the theory is applicable, the experimental results bear out

the general theoretical conclusions.

If solid boundaries are present, such as in the problem of the noise

from the boundary layer of a flat plate, Phillips [84] found that dipole

sources are present if the plate is semi-infinite. Acoustic sources are again

of the quadrupole type if the plate is infinite and the motion is statisti-

cally the same along the plate.

The scattering of energy due to the interaction of turbulence with

sound or shock waves has been considered by Lighthill [85] and others.

All of the above results are for low Mach numbers of turbulent mo-
tion. At the present time, only speculation can be made for the cases of

higher Mach numbers where shock waves may appear.

C,23. Magneto-Hydrodynamic Turbulence. In astrophysics, one

important problem is the turbulent motion of an electrically conducting

gas in the presence of magnetic fields. One is then dealing with the con-

version of energy from the mechanical form to the electro-magnetic form.

There is an extensive and rapidly growing literature on this subject, and
it is perhaps inappropriate to try to survey it at the present time in a

volume on high speed aerodynamics.

One of the central problems at issue is the partition of energy between
the two modes. Batchelor [86] noted that the equation for the magnetic

field is exactly the same as that for vorticity, and suggested that the

energy spectrum of magnetic energy is proportional to kW{k). This would
mean that there is little magnetic energy in the large scales. Other authors,

however, contended that there should be equipartition of energy of the

two modes. Recently, Chandrasekhar [87] undertook a systematic de-

velopment of the theory of turbulent motion for magneto-hydrodynamics
along the lines of Art. 16 and 17, and found solutions which are in agree-

ment with the latter opinion. However, since his assumption limited him

< 248 >



C,24 • SOME AERODYNAMIC PROBLEMS

to moderate and small wavelengths, the former opinion is not yet ruled

out. For a more detailed discussion of the arguments for and against the

two standpoints, see [88, pp. 93-98]. Work decisively distinguishing be-

tween them is clearly needed. In this connection, it would perhaps be

worthwhile to obtain some special solutions in magneto-hydrodynamics

analogous to those obtained by Taylor and Green [36] in the ordinary

case to get an idea of the validity of the existing arguments.

C,24. Some Aerodynamic Problems. There are a number of aero-

dynamical problems associated with turbulent motion in which its dif-

fusive nature takes on a secondary role. The random nature of turbulent

motion still makes it necessary to use statistical treatments. In this cate-

gory of problems, we briefly discuss (1) the dynamical effects of turbulent

motion, (2) the effect of contraction on wind tunnel turbulence, and (3)

the effect of damping screens.

Dynamical effects of turbulent motion. Dynamical effects caused by
turbulent motion are often treated by statistical methods. For example,

in the case of a pendulum suspended in a turbulent wind, the spectrum

of the motion of the pendulum can be calculated in terms of that of the

turbulent motion and the dynamical characteristics of the pendulum [89].

Recently, Liepmann [90] tried to apply these methods to the buffeting of

airplanes moving through a turbulent stream.

Effect of wind tunnel contraction. The effect of wind tunnel contrac-

tion on the intensity of turbulence has been studied by Prandtl and
Taylor [91, p. 201]. Recently, Ribner and Tucker [92] apphed Taylor's

ideas to the study of the influence of the contraction on the spectrum.

The combined effect of damping screens and stream convergence have
also been studied by Tucker [93]. The reader is referred to the original

papers. An experimental investigation of the detailed behavior of the tur-

bulent fluctuations during contraction has been made by Uberoi [94\-

Effect of damping screens on homogeneous turbulence. Damping screens

have long been used for the reduction of turbulence level in the wind
tunnel. While these screens no doubt act also as a grid in producing turbu-

lence, the scale of such turbulent motion is usually so small that it damps
out at a comparatively small distance behind the screen. The resistance

of the screen to the flow, on the other hand, tends to reduce the large

scale turbulent motion already existing in front of it.

The characteristics of a damping screen are usually described in terms

of two force coefficients Ke and Fe. If the screen is placed with its normal
at an angle Q relative to a stream of speed U, there is a drop of pressure

across it, given by

V2-Vi = Ko-kpU' (24-1)

where pi and p^ are the static pressure upstream and downstream of the
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screen. At the same time, there is a side force in the plane of the screen

per unit area, given by

S = Fe-lpU^ (24-2)

Experiments by Schubauer, Spangenberg, and Klebanoff [95] at the

National Bureau of Standards (NBS) show that the coefficients Fe and

Ke are related for usual wire gauze screens. Dryden and Schubauer [96]

proposed the relation

Fl> 4:Ktt

T =OT (24-3)

which agrees with experiments for Ke < 1.4. Taylor and Batchelor [83]

fitted the NBS data with the empirical formula

^ = 2 - /-^ (24-4)
B V^ + Kg

which appears to be a reasonable approximation for 0.7 < Kg < A.

Schubauer, Spangenberg, and Klebanoff also found that Kg/cos^ 6 can

be uniquely related to R cos 6, where R is the Reynolds number. This

means that the pressure drop depends essentially on the normal compo-

nent of the velocity.

Theoretically, it is useful to introduce a "refractive index" a. If the

departing stream makes an angle with the normal to the screen, then

a = (t)/d. For small angles,

S©
This leads to

a = l-lim(^:) (24-5)

-^K
S- K

1.1

V^+K

for K < 1.4

(24-6)

for 0.7 < K <4:

Dryden and Schubauer [96] found that the kinetic energy of turbu-

lence is reduced by the factor (1 + K)~'^ after passing through the screen.

This result does not distinguish between the longitudinal and lateral com-

ponents of the velocity. It has been verified by the more careful measure-

ments of Schubauer, Spangenberg, and ICebanoff for flow Reynolds num-
bers above a certain critical value. For lower Reynolds numbers, the

reduction factor is found to be lower.

A theory developed by Taylor and Batchelor [97], however, predicts

different reduction factors for the longitudinal and the lateral compo-

nents. They also predicted a reduction of the turbulence level immedi-

ately in front of the screen.
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Townsend [98] performed experiments to check the theoretical predic-

tions and reached the following conclusions

:

1. The reduction of turbulent intensity on the upstream side of the gauze

is described by the Taylor-Batchelor theory with adequate accuracy.

2. The reduction of the total turbulent intensity in passing through a

gauze is consistent with the theory except for small values of k, when

the observed reduction is greater than predicted.

3. As predicted by the theory, the turbulence emerging behind the gauze

is anisotropic, with the intensities of the lateral components exceeding

that of the longitudinal component. The degree of anisotropy is less

than the theory predicts.

The smaller degree of anisotropy is ascribed by Townsend to a

possible rapid initial adjustment toward isotropy in the zone of influ-

ence of the gauze. Downstream of the gauze, Townsend found that the

recovery of isotropy is very slow, but local isotropy is valid within the

range of observation in the sense that

\dx) 2 \dx)

There is some obvious disagreement between the results of Townsend

and the NBS data. Such differences are, however, not unexpected in view

of the experimental difficulties attending such measurements. While the

effect of damping screens has probably been determined with sufficient

accuracy for practical appHcation, further experiments are desirable for

checking the theory.

The NBS data show that the scale of turbulence is not changed by

the screen. No extensive experimental results are yet available on the

change of spectrum. Some of the results obtained by Townsend do not

agree with the theoretical predictions. In making such a comparison, it

should be borne in mind that the theory is hnear and the change of

spectrum downstream of the screen is not considered in the theory.
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SECTION D

CONDUCTION OF HEAT

M. YACHTER
E. MAYER

CHAPTER 1. INTRODUCTION

D,l. General Remarks. The mathematical description of tempera-

ture distributions, which arise in jet engine walls and other jet engine

elements subjected to severe heat transfer rates, is of importance in the

development of rational procedures for designing such elements. Owing

to uncertainties in numerical data on thermal properties and heat trans-

fer rates, it is usually sufficient in practice to calculate the temperatures

for somewhat idealized geometric representations of the jet engine ele-

ments and for idealized heat transfer conditions, which nevertheless repre-

sent in good approximation the actual physical conditions. Thus the repre-

sentative geometric models of particular interest are plane parallel slabs,

cylinders, and cyhndrical shells, in which heat flow is principally one-

dimensional. Heat transfer rates across the boundaries are assumed to be

of the Newtonian form; i.e. proportional to the difference between the

temperature at the boundary and the temperature of the surrounding

medium. Insofar as heat transfer through the boundaries occurs primarily

by convection, rather than by conduction or radiation, the use of the

Newtonian form appears justified. Radiation rates, governed by the

Stefan-Boltzmann law, are of some importance in rocket chambers where

they may contribute up to one third of the total heat transfer rate, and

therefore they are only crudely represented by inclusion in the Newtonian

form.

The problems discussed in this section have been selected on the basis

of their immediate applicability to heat flow in combustion chambers and

nozzles, in skins of high speed aircraft, turbine blades, etc. Emphasis is

placed on simple, yet representative, model problems leading to analytic

results, which allow an insight into the role played by geometry, heat

transfer coefficients, and thermal properties, and which therefore lend

themselves to generalizations not readily inferred from the complicated

results of more difficult problems. Attention is focused on transient tem-

perature problems which are of importance in uncooled combustion
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D 2 • MATHEMATICAL FORMULATION

chamber walls. In regard to steady state problems which are important

in cooled units, it is merely noted that, on the one hand, their solutions

correspond in general to limiting cases of transient heat flow for long

times; on the other hand their solutions may be obtained by special,

elementary methods abundantly illustrated in the literature [1,2,3,4,5].

In the paragraphs below we summarize the general mathematical

formulation of the heat conduction problem with emphasis on those

features of the solution which have a special bearing on the particular

problems presented in this section.

D,2. Mathematical Formulation. For our purposes it is sufficient

to consider the differential equation of heat conduction in an isotropic

two-dimensional domain G without internal heat sources or sinks [6] :

In this equation T is the temperature, p, c, and k are the density, specific

heat, and thermal conductivity of the medium in domain G, while x, y,

and t are, respectively, the two rectangular coordinates and the time.

As stated in Art. 1, we shall consider heat transfer only by conduction

and approximate radiation described by the Newtonian form with a heat

transfer coefficient h independent of the temperature or time. Thus

k^ + h(x, y)[T - T^] = Q on the boundary r of the domain G (2-2)

where, under the conditions stated, either Tg = flame or gas temperature

when h ^ or otherwise h = 0. A derivative with respect to the (outer)

normal to the boundary is represented by dT/dn.

The initial condition is

T(x, y, to) = Fix, y)

where, without loss of generality, we may write

to =

Actually we are interested primarily in the cases where F(x, y) = const,

corresponding to ambient temperature. The conductivity k, the density p,

and the specific heat c may be functions of position as well as of the tem-

perature T. The boundary condition may be even more general, as in the

case of surface melting. In that case a term involving the heat energy

absorbed in the change of state will also appear in the boundary con-

dition, while the boundary T itself will be changing with time (cf. [7]).

It is seen that the general differential equation and boundary con-

ditions are nonlinear and, except for some special cases, cannot be dis-

cussed in any general manner. We shall discuss below at some length
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only two nonlinear problems: (1) The problem of surface melting as a

factor in erosion and (2) the problem of heat conduction in a material

with thermal properties ik and c) which vary with the temperature.

Finally, among the linear problems we shall discuss primarily those which

involve only one space coordinate.

In order to reduce the boundary conditions to homogeneous form we
make the transformation

^ - 1

Then the linear problems to be discussed are included in the following

formulation

:

d_

dx \ dxj dy \ by)
pc

dQ

dt

dQ
+ 6 =

mG

on r
(2-la)

dy,

^

m
dn ' k

e = H{x, y) at i = J

where s is the arc length on V measured from a reference position and

k, p, and c are functions only of position. Detailed discussion of the

mathematical system represented by Eq. 2-la is given in texts dealing

generally with the theory of partial differential equations. Here we merely

summarize what may be considered as the most important characteristics

of the system, particularly so in relation to analysis of heat conduction in

solid mediums.

1. It is always possible to eliminate the time either by separation of

variables or by the Laplace transform [6]. Thus by the method of sepa-

ration of variables, if we write

e = <p{x)m
then

pCcp

d_

dx

dcp

dx
+

dy (4:)
1#
\p dt

-X2

X must be independent of x, y, and t, i.e. a constant, since the left-

hand side is independent of t while the right-hand side is independent of

X and y. Moreover, it can be shown that X^ is positive [8, Vol. 1, p. 252],

We obtain firstly

and secondly the eigenvalue problem

d_

dx (4r)+f,H:)+^v.=o i„G

k ^+ h<p = on r
dn

(2-2)
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In general, the eigenvalue problem leads to an infinite set of eigenfunc-

tions (fn with a corresponding infinite set of eigenvalues X„ which are ob-

tained by satisfying the boundary conditions.

2. The eigenfunctions ^„, when multiplied by \^, form an orthogo-

nal set. Since this is perhaps the most important property of the eigen-

functions we shall indicate briefly the proof of this important result: If

k, p, and c are continuous with continuous derivatives in the domain G,

we have by a generahzed Green's formula [8, Vol. 1, p. 239]:

^^--<pj-$^ds (2-3)// [iPnL{iPm) — (pmL{(pn)]dxdy = / k iifn
dn dn

where ds is an element of arc on T, and

Substituting the differential equation and boundary condition (Eq. 2-2)

into Eq. 2-3, we get

Hence

{K - K) II
pc^m<Pndxdy =

1^ h{<pm'Pn - <Pn(Pm)ds = (2-4)

G

// pccpmiPndxdy = for m 9^ n, \m ^ Xn

so that the functions

^n = \^ <Pn (n = 1, 2, .)

form an orthogonal set.

It often happens that the thermal properties k, p, and c are continu-

ous in different subdomains Gi, G2, etc., but are discontinuous across the

boundaries Ti, r2, . . . separating the domains,

as is the case in composite rocket walls. In

this case the general Green's formula must be

applied to the subdomains Gi, G2, etc., sepa-

rately and the results added. Suppose for the

sake of simplicity that the total domain G is

thus divided into only two subdomains, Gi and

G2, separated by the boundary Fi (see Fig. D,2) •

Let the wth and nth eigenfunction in G be

(fim, <pin in Gl

<P2m, <P2n lu G2

Then, applying Green's formula in both do-

mains separately and adding, we have

(p =
Fig. D,2. Division of the

domain G into the subdo-

mains Gl and G2 by the

boundary Fi.
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(Xn — Ki) (jj PlCl(plm<Plndxdy + // P2C2<P2m<p2ndxdyj

Gi Gi

[[if <Plm d(pin\ , / d(p2m ^ d(p2n \\ ,

— <Plm

the integrands on the exterior boundary vanishing identically as in Eq.

2-3, n being a normal to the boundary.

Hence the function set

$n = Vpc (fn (n = 1, 2, . . .)

will be orthogonal if

, difln
J

d(p2n ^ -n ro K\
<P\n = (fin ki -r— = K2 -^ on Ti (2-5)

Now, the above conditions represent the physical requirements of con-

tinuity of temperature and heat flux through any internal boundary, and

therefore the above relations represent the boundary conditions which

must be used in internal boundaries separating domains of different

mediums. It is seen, therefore, that by the imposition of the physical

requirements, the orthogonality property of the function set -y/pc ^„ is

always automatically assured.

A particular solution is then

Qnix, y, t) = <pn{x, y)e-^'^

and, since the system is linear, the complete solution is a linear sum of

particular solutions:

e{x, y,t) =
Yj

^"^" = E ^"'^"^~'"' (2-6)

71= 1 n = 1

e{x, y,0) =
Yj

^n^Pnix, y) = Fix, y)

n = l

The amplitudes An still remain to be determined.

3. Now, a further theorem [8, Vol. 1, p. 319] states that if F{x, y) is a

continuous function in the domain G with continuous first and second

derivatives and in addition satisfies the boundary conditions of the problem,

then F{x, y) can be expanded in an absolutely and uniformly convergent
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series in terms of the eigenfunctions

F{x, y) = Yj ^"^''*^^' y^

n=.l

where, in view of the orthogonaHty property,

// pcFcpndxdy

G
An = ^. (2-7)

jj
pdpldxdy

G

Actually, the function F{x, y), representing the initial temperature dis-

tribution in the domain, seldom satisfies the boundary conditions, the

usual form being F{x, y) = const. However, this is not a serious diffi-

culty, for there always exists a function F{x, y) which satisfies all con-

ditions of the theorem and is, nevertheless, arbitrarily close to F{x, y).

This can be seen immediately if ^ = F{x, y) is regarded as the equation

of a surface. The only consequence is that, in general, there will not be

uniform convergence but rather convergence "in the mean," that is:

n

Y\m jjyY AmiPm{x, y) - F{x,
y)J

dxdy =
G m = l

which is sufficient for all practical purposes (cf. [8, Vol. 1, p. 43]).

The practical use of the Fourier series solution (Eq. 2-6) for transient

temperature calculations is contingent on rapid convergence of the series,

which is assured for sufficiently large times t by virtue of the decreasing

exponential factors e"^-'. At small times, however, the convergence may
become slow and calculations with Eq. 2-6 may become cumbersome. In

this case, special approximate procedures, based on Laplace transform,

source and image methods, etc. [6], prove to be more convenient. We shall

have occasion to employ such procedures in the limit of small times when
use of the Fourier series is not practical (cf. Art. 5).

It is seen then that the general problem reduces to the solution of the

eigenvalue problem, or what is usually known as the third boundary-

value problem in mathematical physics. It may be worthwhile to mention

that the boundary-value problem can always be formulated as an equiva-

lent isoperimetric problem in the calculus of variations, designated by
Riemann as Dirichlet's principle (cf. [8, Vol. 2, Chap. 7]). In problems

of vibration of beams, membranes, and plates, in aeroelastic problems, etc.,

this principle, also known as the Rayleigh-Ritz method, is a very powerful

tool of analysis. However, in the case of heat conduction this method does

not prove to be so useful.

< 259 )



D • CONDUCTION OF HEAT

D,3. Thermal Property Data and Range of Heat Transfer Coefl&-

cients. For purposes of orientation, Table D,3a below lists some
thermal properties of typical materials employed in the construction of

experimental and practical rocket engine walls. The listed data represent

averaged properties between temperatures at ambient and 2000°F, as ob-

tained from various sources.

Table D,3a

Material



D,4 • SLAB OF FINITE THICKNESS

In accordance with the remarks in Art. 2 the boundary conditions (see

Fig. D,4) are:

^^ = h{T, - T)k
dx

=

The initial condition is T = at f = 0.

Introducing a transformation to nondimensional variables

:

T X kt Kt
(4-2) p =x O =3 X

I

I

at ^ =

where k is the thermal diffusivity of the material,

K = k/pc, we obtain the differential equation and

boundary conditions in nondimensional form:

a^e _ ae

W^ ~ dr

d^~ k

= ) at 1=1
with the initial condition

= -1 at T =

When the system is solved by separation of

variables as discussed in Art. 2, we obtain the

following results: The eigenfunctions are

<Pni^) = COS M7^(l - (n = 1,2, . . .)

(4-3)

(4-4)

(4-5)

3-

H

Fig. D,4.

where the eigenvalues fin are the roots ^ of the eigenvalue equation

hd
n tan jLt = -7- (4-6)

The complete solution is

ei^, r) = ^ = 1 + e(^, r) = 1 -^ £ A„ cos M»(l " Oe-<^ (4-7)

«.= 1

where the amplitudes, determined from the initial condition 6(^, 0)

are

An —
4 sin iin

-
j^

cos m™(1 - ^)d^

j^ cos^ m™(i - m^ ~2i^^:T^^^%u

1,

(4-8)

It is seen from the nondimensional formulation (Eq. 4-3, 4-4, and 4-5)

1 The first six roots of this transcendental equation, for ^ hd/k ^ 00 , are given

in [6 (Appendix IV, Table 1)].
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that the problem involves only one essential parameter, namely, the

Biot number

AT = y (4-9)

In the solution (Eq. 4-7) the Biot number enters via the eigenvalues which

depend on A'', according to Eq. 4-6.

Except for small values of r, corresponding to <<C 1, the series in

Eq. 4-7 converges rather rapidly and one or at the most two terms (in

case of large A'') are sufficient for practical purposes. When the conver-

gence of the series is slow, good approximations of the temperature dis-

tribution in the slab can be obtained by application of results for the

semi-infinite solid discussed in the next article.

D,5. The Semi-Infinite Solid. The heat flow problem for this case

is formulated by the differential equation (Eq. 4-1) with its initial and

boundary conditions for d-^ oo . Its solution [6, Chap. 2] can be put in

the form,

e{N., T*) = erfc -^ - e(^^+^*> erfc f^= + V^\ (5-1)

where erfc z is the complementary error function,

erfc z = I — —=. / e~'''dz

Vtt Jo

while the dimensionless variables are

= i ^- = T ^* = B (5-2)

Curves of 6(Nx, t*) vs. vt* with Nx as parameter are shown in Fig. D,5.

In application to slabs of thickness d, the significant feature of these

curves is that 6 at x ^ d in the semi-infinite solid is close to zero, until

some time t* when the temperature at the position represented by Nx=d

begins to rise rapidly. For shorter times t* < t*, the temperature dis-

tribution in the slab is approximately represented by that in the semi-

infinite solid with increasing accuracy as x = ^d approaches the flame

side (^^0).
However, as ^ —> 1 the slab temperature given by Eq. 4-7 rises above

that for the semi-infinite solid at Nx^^d, given by Eq. 5-1, owing to the

influence of the boundary at x — d where heat flow is blocked in accord-

ance with the boundary condition dT/dx = for the slab. The effect of

this thermal barrier can be represented by supposing that, in addition to

the heat source of strength h{Tg — T) at x = 0, the region defined by

^ a; ^ d in the semi-infinite solid receives heat from an image source
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of this strength located at a: = 2d, i.e. a distance x = {2 — ^)d from the

plane at a: = ^d. It can be shown that, with two such sources located sym-

metrically about X = d, the conduction of heat in the region ^ x ^ dis

governed by the same differential equation and initial and boundary con-

ditions as in the slab during a time t* < t*^, when the temperature rise

1.0

0.5

CD



D • CONDUCTION OF HEAT

damping due to the factor e~'^n^ as the mode number increases. Insofar as

the fundamental mode n = 1 is the dominant term in the Fourier series,

the physical role of the material and heating parameters {h, T^) in the

development of temperatures in the slab can be deduced from the ex-

pression for this mode.

If only the fundamental mode is retained in the Fourier series of Eq.

4-7, the space average of the temperature ratio d{^, r) is

Kr) = r ei^, T)dk = 1 + Ai^^5^ e-v + •
• (6-1)

Jo Ml

For small Biot numbers N <Kl the eigenvalue equation yields

N ^ HI tan Ml = Ml = y
and therefore the exponential time term becomes

2
_hd d _ ht

^"^ ~ Td^~ '^

while the amphtude in the mean temperature formula (Eq. 6-1) is

_ i^f^ ^ _i (6.2)
Mi(2mi + sm 2iu0

Hence for N <^1, the mean temperature is given by

u_

e(j) = 1 - e p"^ (6-3)

showing that, for low Biot numbers, the slab has a time constant

U = ^ A^ «

1

(6-4)

which, in contrast with time constants of vibratory mechanical or electri-

cal systems, depends not only upon the system structure (thermal proper-

ties and thickness) but also upon an external factor, namely the heat

transfer coefficient.

For larger N the amplitude given by Eq. 6-2 is still approximately — 1,

and a more general expression, analogous to Eq. 6-4, is obtained for the

time constant:

d^
k = —, (6-5)

where the heat transfer coefficient enters t^ via the Biot number implicit

in n\. The dependence on A^" becomes weak for A^ > 2 as ^i approaches its

asymptotic value of 7r/2 for large N.

In appUcation to rocket wall design, Eq. 4-7 is useful in determining
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the thicknesses of relatively thin cylindrical elements in which heat flow

is principally in the radial direction (cf. Art. 7). The design problem usu-

ally consists of the determination of d for given material constants and

heat transfer parameters h and Tg, subject to the condition that, at the

end of a specified duration time U, a given critical temperature T„ shall

be attained at a position x„. Thus T^, might be the melting temperature

and the position might be at the flame boundary x„ = 0.

In thin-walled rocket chambers, T„ usually corresponds to a space

average temperature at which the strength of the material begins to de-

crease appreciably. From Eq. 6-1 and 6-2 we obtain for this case the

following expression for t^ in terms of U and d„ = T^/T^:

ta = k In r^ (6-6)

For small Biot numbers the above criterion yields from Eq. 6-4

d = ^^^^^ (6-7)

and for greater Biot numbers we have from Eq. 6-5

d^n, '\ (6-8)

-V In
1 - ^cr

The latter is applicable in the approximation that the temperature drop

across the slab at the time t^ as computed from Eq. 4-7 is small com-

pared with T„:

no, Q - T{d, Q « r„ (6-9)

Under many conditions the inequality (Eq. 6-9) cannot be well satis-

fied by use of the criteria, represented by Eq. 6-7 and 6-8, based on the

mean temperature formula (Eq. 6-1). Thus when h and T^ are sufficiently

large, there may be large temperature drops across the wall at the time t^
;

then Tcr is usually specified at (or near) the flame side. Here either one or

two terms in the Fourier series of Eq. 4-7 or the use of Eq. 5-3 may
suffice to determine d. It may happen, however, that the desired duration

time ti is so large with given large heat transfer parameters {h, Tg) that

0cr will be exceeded regardless of the thickness d, i.e. Eq. 4-7 or Eq. 5-3

cannot be solved for d. This can be ascertained by noting that the flame

side temperature transient for the semi-infinite solid 0(0, r*) in Eq. 5-1

rises slower than that of any finite slab with the same h, Tg, and material

constants. In other words, when the following condition,

OiO, r*) = 1 - e^d erfc V^ > d,,
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h%
kpc

holds, then the desired duration time t^ cannot be attained for any slab

thickness whatever.

CHAPTER 3. TRANSIENT RADIAL HEAT
CONDUCTION IN A HOMOGENEOUS

HOLLOW CYLINDER

D,7. Classical Results for Newtonian Heat Transfer. Let the

inner and outer radii of the hollow cylinder be a and h, respectively, as

Fig. D,7.

shown on Fig. D,7. The temperature distribution T{r, t) satisfies the dif-

ferential equation in polar coordinates,

k
/d^T 1 dT\
\dr^ r dr

/

pc
dT
dt

(7-1)

We consider a Newtonian heat input at r = a from a flame at temper-

ature Tg

k^ = hiTia, t) - 2\)
or r = a

and no heat transfer through the boundary at r = 6
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The initial condition is, as usual, T{r, 0) = 0. The dimensionless varia-

bles appropriate to the cylinder problem are

9 = ^^-1, . =
^, ., =

^,
(7-2)

by which Eq. 7-1 and its initial and boundary conditions become

^20 1 ae ^ ae

d(ji^ CO doi dTa
, +-^ = ^ (7-3)

= (t)l^ ^[-]Q at w = 1

-— = at CO = -
oco a /

(7-4)

e = -1 at Ta = (7-5)

From this nondimensional form it is seen that the solution depends

essentially on only two dimensionless parameters, namely a type of Biot

number, Na = ha/k and the ratio h/a, which we shall designate as 0,

the thickness number. When the system is solved by separation of varia-

bles as discussed in Art. 2, the results are expressed in terms of the

following combinations of Bessel functions J and Neumann functions Y:

Riinco) =

JiifjiQ) Yiiix^)

JlilJLUl) Fl(/XC0)

^1(^1 12) Fi(iufi)

where the general eigenvalue fx satisfies the characteristic equation [9],

-11 = ^" (^-«)

the eigenfunction corresponding to the nth root Hn of Eq. 7-6 is:

^„(co) = jRo(MnCo)

with the orthogonaUty condition in this case (i.e. polar coordinates)

/ (pnio})<pm{o})iodo} = {m ^ fl) (7-7)

The complete solution in nondimensional variables is:

00

0(co, T„) = |^= 1 + e(co, r„) = 1 + ^ AnRoilJ.nC»)e-'^> (7-8)
* n = l
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where the amphtudes [9] determined from the initial condition 6(03, 0) =
— 1 are

r J2

ji^ ^ — 11 = (7_9)

1^" Rl{fXnOi)c^dc^ {Hn^yRlifJ-n^) - (nl + Nl)RIM
Analogous expressions for temperature transients due to Newtonian

heat input at the outer radius of the shell, r = h, are given in [10]. All of

the above results can be readily deduced from the somewhat more general

result, i.e. the heat transfer through both boundaries, obtained in [6,

p. 278].

It is seen that the formal expressions for the hollow cylinder are con-

siderably more cumbersome than those for the slab. It is therefore of

practical importance to ascertain the range of wall thickness to radius

ratio, so that the problem can still be treated in a good approximation

by expressions for an equivalent slab. This point will be discussed in more

detail in the next article.

D,8. Applications. Thermal Stresses. For a hollow cylinder of

rather large thickness number 12 = 2 and a slab of thickness d = h — a =
(U — \)a = a, the flame side temperature transients are shown in Fig.

D,8 for hd/k = h(b — a)/k = 1. Initially, the temperatures rise at the

same rate in both structures; subsequently, as the larger heat capacity of

the cylinder is utilized by the heat flow, the temperature falls below that

in the slab. Thus, in relatively thick (refractory) cylinders, use of the slab

formula may lead to considerable error in the calculation of temperatures.

However, for relatively thin cylinders (metallic walls), the heat capacities

of the cylinder and slab of same thickness are approximately equal, in

the ratio

pc^^^^^^^:pc(6 - a) =
^ (12 + 1) (8-1)

It is to be noted further that the effect of the larger heat capacity on the

temperature is to some extent counteracted by the Newtonian type of

heat input, which is greater at lower wall temperature. By detailed studies

of temperature distributions based on Eq. 7-8, it is found [9,11] that the

equivalent slab solution is applicable within the approximation with

which h and the material data can be specified in practice, provided the

thickness number 12 does not exceed 1.2. This result justifies the use of

slab formulas in application to thin-walled cylindrical structures, such as

rocket chambers, metallic nozzle walls, etc.

Larger thickness numbers 12 occur for refractory shells used as inserts

in rocket chambers and nozzles. With such refractory liners the problem

of thermal stresses becomes important in design considerations. In the

approximation that the material behaves elastically in the temperature
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range of interest, the transient thermal stresses in the cyUnder can be

calculated by use of Eq. 7-6 in the thermoelastic equations [12], relating

the stresses to instantaneous temperature distributions. This has been

done in [ii] with the following principal results for the long hollow cyhn-

der heated by Newtonian heat transfer through the inner boundary.

At any instant t > the transient hoop stresses (j{r, t) have extreme

values at the boundaries, there being maximum compressive stress <Ta{t) =

<T{a, t) at the inner boundary and maximum tensile stress (rb{t) = a{h, t)

at the outer boundary. Similarly, axial stresses also have extreme values

1.0

H
P
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where v, E, and /3 represent Poisson's ratio, Young's modulus, and the

coefficient of thermal expansion, respectively.

By the use of Eq. 7-8, the mean dimensionless temperature in the

cylinder is

-.) =
^(j,. L a') /^ 2.rfr = j^ f^

e{., r,)^e{

Accordingly, solving the thermoelastic equations for the heated cylinder

[11] we obtain:

Va = ^^igj^
= ^W - ^(1, r.) (8-2)

v^ = ^^%^ = ^W - ^(«. ^») (8-3)

Thus the dimensionless stress on the boundary is numerically equal to the

difference between the mean dimensionless temperature and the boundary

temperature, with i? ^ indicating compression and tension, respectively.

In the course of heating from initially uniform temperature, the bound-

ary stresses rise from zero, pass through respective maxima, and subse-

quently decrease toward zero as the shell approaches thermal equihbrium

at d = 1. These maxima depend only on the Biot and thickness numbers.

Analogous expressions for thermal stresses in a cylinder with Newtonian

heat flux at the outer radius r = 6 are given in [13].

D,9. Remarks on Thermal Shock. A serious difficulty in the use of

refractories under rapidly varying temperature conditions is their tend-

ency to crack, chip, or spall due to the presence of thermal stresses set up

by large spatial variations of the temperature within the material. The

phrase "thermal shock" is commonly employed to describe the failure of

the material under transient stress conditions associated with large tem-

perature gradients. In the literature on the subject, various criteria have

been proposed to express the resistance to thermal shock in terms of

material properties and size factors. Recently [I4] an attempt has been

made to include the effect of heating parameters in the criterion for resist-

ance to thermal shock. On this basis it can be shown that previously pro-

posed criteria are special cases corresponding to various regimes of the

heat transfer coefficient h.

The physical role of material and heating parameters in the occurrence

of thermal shock can be described, assuming that the material behaves

elastically, by comparison of transient thermal stresses with maximum
stresses such as, say, the yield stress of the material.

This has been done in [I4] on the model of a slab of thickness 2d

heated (or cooled) symmetrically by Newtonian heat transfer through its
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boundaries. The results given below from [i^] can also be deduced from

Eq. 8-2 and 8-3 for the hollow cylinder, ^ in the limit S2 —> 1.

At any instant i > the thermal stresses have maximum values at

the boundaries (compression on heating) and the midplane (tension on

heating). Let the dimensionless stresses at the boundaries and midplane

be denoted by 77o(r) and ^7^(7-) respectively. As functions of r these have

absolute maxima, |77o|max and |77mlmax, the magnitude of which depend only

on the Biot number A^" = hd/k as shown in Fig. D,9. If S^ and St denote,

1.0
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the ratios

fl'compression I I
•'I'tension !„

I

V^ "^Z

PJO max |'/m|inax

which involve, in addition to material properties, the heat transfer param-

eters h and T^. On symmetric cooling of the slab, analogous relations

are [14]

J? — ^*
7? = ^^ ('Q-2')

fl'tension — I I
-l^compression I I V*^ ^J

I^Olmax \Vm\max

Comparisons of experimentally rated values of resistance to thermal

shock with analytically deduced values show a one-to-one correlation of

intension Ih Eq. 9-2 wlth experimental data [I4]. It is conjectured therefore

that, under the usual test conditions of alternate heating and cooling of

refractory bricks, failure should be expected primarily in tension. Some

evidence supporting this conjecture is provided by experimental data in

[15, p. 16].

The appearance of the Biot number in the above thermal shock re-

sistance formulas shows the varying importance of thermal conductivity

and size factor in different regimes of the heat transfer coefhcient h. De-

tailed discussion of the resistance formulas (Eq. 9-1 and 9-2) is given in [I4.].

For further treatments of thermal shock based on the use of transient

temperature formulas substituted in available thermal stress equations

see [16,17].

CHAPTER 4. TRANSIENT HEAT CONDUCTION
IN A UNIDIMENSIONAL COMPOSITE SLAB

D,10. General Results for Newtonian Heat Transfer. The

problem of heat flow in a composite rocket wall may be treated approxi-

mately on the basis of heat conduction in a composite slab (Fig. D, 10) con-

sisting of an inner layer between x = —di and a; = 0, possessing uniform

thermal properties (distinguished by subscript 1) and an outer layer be-

tween X = and x = di with uniform thermal properties (distinguished

by subscript 2). The inner material usually serves as a thermal shield of

low inherent strength (refractories) preventing excessive temperature

rises in the outer material (metals, Fiberglas at low temperatures) which

must withstand the combustion pressures developed during the operation

of the rocket engine.

In accordance with the results in Art. 2, we formulate the problem

for the dimensionless temperature defect 9 = (T/T^) — 1 as

e = cp(x)^Pit) ypit) = e-^'' e = -1 at t =
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\ I
I

X = X r= daX = — di

Fig. D,10.

where the eigenvalue differential equation for (p{x) is

A; ^ + pcX'^ip =
dx

ki
k = ki pc = piCi K = Ki = -—'- ip = <pi(x)

p\Ci

k = k^ pc = P2C2 K = K2 = (f = <P2ix)
P2C2

with exterior boundary conditions

d<pi
ki -r^ = h<pi X = —d\

dx

d(p2

dx

and interior boundary conditions

(fl = (p2 X =

k,^ = k2^ x =
dx dx

(10-1)

-di ^ X ^0

^ X ^ d2

(10-2)

(10-3)

(10-4)

(10-5)

The eigenfunction obtained from Eq. 10-1 is

<p{x) =
{

, . \x , ., . \x
<P2{x) = a2 cos —= -\- 62 sm —-=

VK2 VK2

(P\{x) = ai cos —-^ + 61 sin —^ —diSx^O

^ a; ^ ^2

(10-6)
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Substituting the expression for ^ in the four boundary conditions, we get

four homogeneous Hnear algebraic equations for the constants of inte-

gration ai, a2, 61, and h^:

—7= )
- 61 1 1 H—TV" ^^'^ ^~r«i Vv^ - tan ^^ - 61 1 + Vt^ tan -^ = (10-2a)

a2 tan —= — 62 = (10-3a)

ai — a2 = (10-4a)

foi -^ - 62^ = (10-5a)
V/Cl V«2

These equations possess nontrivial solutions if the eigenvalue X is a root

of the characteristic equation:

^Han^ + 1J^ ^ tan^ - 1-^ .P = (10-7)

—j-^ tan —^

This characteristic equation yields, of course, an infinite set of eigenvalues

X =-. X„ (n = 1, 2, . . .)

For each eigenvalue X„ there exists a set of integration constants (ain, azn,

hin, ?>2n) and the ratios of any three to the fourth one can be determined

from the boundary conditions, Eq. 10-2a through 10-5a. Thus

Clin -, Oln ki \k\
, \ndl 02n ,

X„a2
,
— =

Y- \\— tan —T=j — = tan —-= (10-8)
ftln flln r^X \ K-1 '\/k2 '^^'^ 'VK2

The particular solution corresponding to X„ is

[Oln = ^\n{x)4/niS) = ( COS —^ + 61 slu —7= )
g"''"'

e„ = ^„(a;)^„(0 =
<^

^ ^^ Xa:\ .

62n = <p2n(a;)i/'„(0 = (cos -^ + 61 sin -^) e~^»'

(10-9)

where, without loss of generality we have set ai„ = 1, since this constant

can always be included in the amplitudes An which appear in the general

solution (cf. Eq. 2-6),

e(a:, t) =^AnQn = ^ An^n{x)e-^'r^^

T{x, t)

T,
= e{x, = 1 + Q{x, t)
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By the results of Art. 2 we determine the ampHtudes An upon expansion

of Q{x, 0) = —1 in terms of the eigenfunctions <pn{x). Thus we obtain

from Eq. 2-7

/ pCifndX PlClcpindx + / P2C2<P2ndx

A-n —

j
pc^\dx

J_^^
piCKpl^dx + f '

p2C2<plndx

At this point it is convenient to introduce the following nondimen-

sional quantities:

di di d\ dl

iAnTl = 2 .2 //^2n di \kx\

Then the characteristic equation for jui (or /X2) is

1 tan Ml + Ml . ^1 ii2 ,r Ml /'iA'7„\tan iJ-2 = 1- J-> Ni = -J- (10-7a)
1 — /ii tan jLti K2\Ki K\

and the expression for the amplitude in Eq. 10-6 becomes

plClHln -f- P2C2n.2n

where

Gin = — [sin llln + hln (cos Mln " 1)]
Mln

J

(72n = — [sin ll2n " 62n (cOS M2n " 1)]
M27I.

^In = TT^ [(1 + &lrt)Mln + (1 " &ln) slu /Xl„ COS /il„ - 2&in Slu^ /ii„]

^Mln

H2n = ?r^ [(1 + 61jM2n + (1 " &2n) slu JLi2ri COS JLt2n + 2&2n slu^ /Li2n]

^M2n

Thus we obtain for the temperature distribution:

T{x, t) = e(^, r)

cos Min^i + bin sin Min^Oe""'"''' — 1 ^ 6 ^ 0"

(10-11)

1 + 2j ^" (cos /X2n^2 + &2n sin M2n?2)e-''L^^ ^ ^2 ^ 1

where the pun's iti2n's) are computed from the eigenvalue equation (Eq.

10-7a), the amplitudes An are determined by Eq. 10-10, and the 6„'s

are computed from Eq. 10-8 for ain = 1. The first two eigenvalues satisfy-

ing Eq. 10-7a are obtainable from curves in [18].
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Computation of temperatures from Eq. 10-11 are generally rather

cumbersome. However, for two limiting cases of importance in rocket

engineering, i.e. thin and thick shielding layers, computations based on

Eq. 10-11 can be considerably simplified, as shown in the next two

articles.

D,ll. The "Thin" Shield. In practice, some thermal shielding of

rocket walls is effected by very thin refractories or protective paints on

the inner boundary under conditions when, while Ni> \, the thickness

di is sufficiently small to give rise to the following relations in Eq. 10-7a:

Min < M2«, Mil ^ tan /xii, jLifi « ATi = --i (11-1)

When these relations are satisfied, Eq. 10-7a leads to an approximate

equation for /i2i

X .^ hdi/ki /-, -, ON
^" *'«' "" -

1 + M./fc.
("-2)

Furthermore, upon substitution of these approximations into the formula

for A\ in Eq. 10-10, it is found that the expression

^l(C0S M21^2 + &21 sin M21^2)

reduces to

4 sin M21

2jU2i + sin 2/i2i
cos jU2i(l - ^2)

Hence, when the higher Fourier terms in Eq. 10-11 are negligible, the

temperature of the shielded material given by this equation reduces to

the simple slab formula (cf . Eq. 4-7 and 4-8)

:

d{^„ r2) ^ 1 - o ^X^^O cos M2l(l - ^2)6-"^^.- (11-3)
-^^21 ~r sm Z)U2i

where, in view of the eigenvalue equation (Eq. 11-2), the effective "Biot"

number is

i.e. the shielding reduces the heat transfer coefficient to the shielded

material to an effective value

K, = j^ (U-4)

It is thus seen that the problem of the composite slab reduces, in this

limit, to the case of the simple slab with a reduced effective heat transfer

coefficient. Furthermore, Eq. 11-4 shows that even a thin thermal shield

can cause a large reduction in the heat input rates if h is large, which is
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indeed the case for rocket nozzles. For example let the allowable temper-

ature be ^er
= T„/T^ = 0.5 at the flame side boundary of a low carbon

steeP wall of thickness 6,2 = 0.25 in. = 0.0208 ft with heat transfer coef-

ficient at the nozzle throat A = 1500 (BTU/hr)/ft2°F. The Biot number

is iV = A''2 = hdi/ki = 1.56, and the duration time t^ = dlrjKi, computed

with two terms in the Fourier series for the simple slab equation (Eq. 4-7)

in this case

0(0, Td) = 0er = 1 - 0.625e-i-""^d - 0.095e-i--«^<i = 0.5

is id = 1.25 sec. If a zirconia layer of thickness dx = 0.02 in. = 0.0017 ft

shields the steel, the effective Biot number is l^ilW + (Mi/fci)] = 0.50.

Eq. 4-7, in this case,

0(0, r^) ^ B^^=\ - O.SSOe-^-^^r; _ o.086e-^°-«^d = 0.5

gives for the duration time t'^ = 7.1 sec.

The expression for h,u in Eq. 11-4 can be deduced from steady state

considerations given in [6, p. 15] in a discussion of thin layers of oxide,

grease, or scale. The apphcation to transient states is justified in the

approximations of Eq. 11-1.

D,12. "Thick" Thermal Shields. Another important limiting case

arises when the temperature in the shielded material has no appreciable

gradients either because of large conductivity in the latter, k^ » ki, or

because of large insulation thickness rfi » (i2. By a limiting procedure for

ki-^ oo (i.e. iU2-^0, hin^ iJ.in{p2C2d2/piCidi), etc.) Eq. 10-7a can be re-

duced to an eigenvalue equation for ^ini

where 7 is the ratio of heat capacities

_ p2C2d2

^ ~
piCidi

The temperature distribution (Eq. 10-lOa) becomes

f
1 + y A„(cos Mm^i + &in sin Mm^Oe""-'' - 1 ^ ^1 ^

= i
^

(12-2)

( 1 -f ^ Ane-''> =1+11 Ane-'^l'^ ^ ^2 ^ 1

3 Material data and units are given in Table D,3a.
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where An, in this Umiting case, is

2(sin Mln 4- TMln cos jUln)
A-n —

[1 + (7Mln)^]Mln + [1 — (TMln)^] Sin JLH„ COS Mln + 2yHxn COS^ jUln

(12-3)

Eq. 12-2 shows that the shielded material is at a uniform temperature

equal to the interface temperature 0(0, r) at any instant. It is to be noted

that the result (Eq. 12-2) represents, for — <ii ^ ^i ^ 0, the solution of

the simple slab problem with Newtonian heat input through one boundary

ki^ = h(T - T^) at re = -di
ox

and heat transfer through the other boundary governed by

/ci -T- = P2C2a2 -^ Sit X =
dx dt

In view of the latter boundary condition the shielded material behaves

essentially as a thermal capacity of magnitude p2C2d2 per unit area of

the slab.

D,13. Design Criterion for Minimum Weight. The considerations

of the preceding article can be applied to the design of uncooled com-

posite rocket chamber walls in which the outer material (envelope) pro-

vides structural strength, while the inner material acts as a thermal shield

to prevent the attainment of excessive temperatures in the envelope dur-

ing the firing period t^, which may be of the order of a minute in duration.

In the approximation that the composite thickness di + c?2 is small com-

pared with the chamber radius, and k^di ^ kid2, the envelope temper-

ature T2 is given by the interface temperature in Eq. 12-2

^ = ^^ = e(0, r) (13-1)

Because of strength requirements, the hoop stresses in the envelope must

not exceed a critical stress >S2, say the yield stress of the material, which is

specified as a function of T2, i.e. S2 = S2{T2). This requirement is ex-

pressed by
pR ^ S2iT2)d2 (13-2)

where p is the combustion pressure in the rocket chamber and R is the

chamber radius. A second requirement is that the composite weight per

unit area of the wall,

w = pidi + p2d2 (13-3)

shall be a minimum. Now, S2iT2) generally diminishes as T2 increases

and therefore it diminishes also as t increases during the firing period.
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For any desired duration time td, however, it is possible to select an infi-

nite set of thicknesses {di, d^) large enough to assure that the inequahty

in Eq. 13-2 holds up to t^. In the set {di, d^) there is, in general, a particu-

lar pair of dimensions which makes the weight w a minimum. The prob-

0.0500

g 0.0450

a

'cu

_o
to

O

£
oU

0.0400

0.0350
0.10

Metal thickness 62, in.

Fig. D,13. Weight per unit area of composite slabs (zirconia-metal)

vs. metal thickness [19]. (Cf. Art. 13.)

lem of optimum design is to determine, for specified materials and heating

parameters, the pair of dimensions (di, ^2) which minimize w and lead to

equality in Eq. 13-2 at the time U.

Fig. D,13 shows curves of w vs. di for combinations of zirconia shield-

ing aluminum and molybdenum envelopes with the following data:
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h = 300 (BTU/hr)/ft2°F

Tg = 4500°F

pR = 1400
(j^,)

in.

U = 60 sec

The critical stress vs. temperature curves employed for aluminum 24ST

and molybdenum are given in [20] and [SI] respectively.

It is seen from Fig. D,13 that for certain combinations of metal and

refractories there exist rather sharp minima, so that a considerable weight

saving can be achieved by the optimum choice of thicknesses. For other

combinations, however, as in the case of zirconia and aluminum, the

choice of thicknesses from the point of view of minimum weight is not so

critical.

D,14. Remarks on the Composite Hollow Cylinder. On the basis

of the discussion in Art. 8, the transient temperature distribution in a

relatively thin shell (Q ^ 1.2) can be computed from an equivalent slab

formula. This rule appears justified for composite media also, and there-

fore the results of Art. 10, 11, 12, and 13 can be applied in many com-

posite cylinder problems which arise in rocket engineering. For cylinders

of greater thickness number {Q, > 1.2) the use of these results leads to

conservative estimates from the design point of view, since these results,

based upon the composite slab, predict higher temperatures than would

actually occur in cylinders. Accordingly the solution for the latter case is

not discussed here because of its complexity. For related problems the

interested reader is referred to [22,23].

It may be noted further that, for the combination of a thin refractory

with a thick metal shell, a reduced effective heat transfer coefficient can

be computed from Eq. 11-4 and this h^u applied in the formula for the

temperature transients in a simple cylinder as given by Eq. 7-8.

CHAPTER 5. SOME SPECIAL PROBLEMS

D,15. Variable Thermal Properties. In metals, c increases while k

may decrease or increase with temperature. In the latter case the effect

of the variation of the thermal properties is at least partially neutralized,

as can be seen from the expression for the time scale (i.e. the conversion

factor from the dimensionless to the physical time t = tj),

_ pcd} _ d^
^^ ~ "F ~ 7
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In the former case, however, the effect on temperature ti

considerable. Accordingly we shall discuss only the form

To a first approximation, c and k may be considered

with the temperature,

T T
k = ko — ki-pjT pc = Co -i- ciy^ {0 < ki < ko), (0|

The differential equation and initial and boundary conditions for a homo-

geneous slab (unidimensional) are

dx

, dT\ dT
dx

dT h

ex=k^^-^^^ -' ^ =
(15-2)

dT
dx

T =

at x = d

at t =
Let

^
=

d'

t
J _ Co + Cl .2 r, _ T

(15-3)

Substituting Eq. 15-1 and 15-3 into Eq. 15-2 we obtain after some alge-

braic manipulation

d'h(e)
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In Fig. D,15a the graphs of /i, f^, and /s vs. are shown in the entire

range — 1 ^ 9 ^ 0. These graphs are drawn for pt = i and pc = t-

These values correspond to 66|-per cent increase in c and 33|-per cent

decrease in k from their initial values up to the melting point, on the

basis that the melting temperature T^ is | of the flame temperature Tg.

These values represent a rather wide range of variation in thermal

properties.
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It will now be observed from Fig. D,15a that in this range the curves

can be approximated rather closely with straight hnes. If this is done,

then the differential equation and boundary conditions become linear and

the solution can be written immediately on the basis of the simple slab

solution with constant thermal properties. The essential feature of this

method of linearization is the fact that now there exists at least a quali-

tative criterion whereby one may judge the accuracy of the solution; in

general, the closer the fit between the straight hnes and the curves in the

range — 1 ^ 6 ^ Gm the more accurate the solution. However, it is not

necessary to carry out the solution by this Hnearization method because

of the following result.

0.8

0.6
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representing /i, f^, and f^iQ) and observing further from Fig. D,15a that

these fits appear to be quite reasonable, it follows that the method of

average thermal properties cannot lead to excessive errors.

Indeed this conclusion can be verified exactly in the case of small Biot

numbers, for in the latter case it is easy to obtain an exact solution. In

Fig. D,15b a comparison is shown between the exact solution, in a range

^ r ^ Tm = -f^g, and the solution based upon an average value of c

at T = -gTg with pc = \. The variation of conductivity does not matter

in this limiting case.

As seen from Fig. D,15a, somewhat better results might be obtained

by the use of line B instead of line A in relation to the curve representing

iziOf). However, on the basis of the above results and in view of the in-

accuracies involved in the given data it is concluded that the method of

average properties is adequate.

D,16. Surface Melting and Erosion. The phenomenon of erosion in

rocket nozzles, occurring usually in the immediate neighborhood of the

throat, is of much importance but is rather complex and does not lend

itself readily to analysis. There are many causes at the root of this phe-

nomenon but it appears that surface melting may be a major one. With

respect to the latter, the problem of interest is the rate of melting. Thus,

in the case of nozzle inserts, say of the plastic type, the latter begin to

disintegrate at a rather low temperature and the problem of rate of

destruction is of importance in design, in estimating the duration time.

The following is an approximate expression for the rate of surface

melting, as given in [7,24,25]

:

Let V = rate of melting (velocity of surface recession)

L = latent heat of fusion or, more generally, the heat energy ab-

sorbed during a change of state.

H = a constant heat input rate at the flame side wall or the sur-

face which just begins to melt.

At the surface just defined, the boundary condition representing the

heat energy balance is

H = —k-T-r before melting
ot

= —k-rr-\-pL-T: after melting
ot at

where ds/dt = V(t) is the rate of melting. Then the steady state rate of

melting is given by

H
V

p[L -t- c{T^ - To)]
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where T^ and To are the melting and initial temperatures respectively.

The above expression is approximate in several respects. Firstly, this is

a limiting expression corresponding to the final, or steady state, rate of

melting. The actual rate of melting is less, so that the above formula

yields conservative results. Graphs for more exact values of the melting

rate are given in [7]. Secondly, the result is based upon heat propagation

in a semi-infinite sohd. Finally, the boundary condition, up to melting,

is not of the convective type and corresponds approximately to the latter

only in the case where the melting temperature is small as compared to

the flame temperature. Thus the whole nature of the boundary condition

is such that, up to melting, the temperature gradient at the flame side

wall is constant. With the exception of the limiting case just referred to,

this type of boundary condition does not appear to correspond very well

to the usual boundary conditions (convection and radiation) resulting

from actual types of heat inputs.

Another drawback in the use of the above expression for the melting

rate is the fact that data for values of L for plastic materials, such as

bakelites, are not readily available at present. Nevertheless the result is

of importance in that it yields an insight into the role of the physical

parameters affecting the rate of surface melting. For more detailed results

the reader is referred to the references cited above.

Finally it may be added that the same type of boundary conditions

may be used in the study of heat conduction phenomena with general

changes of state, not necessarily surface melting (cf. [26]).

D,17. Axial Heat Conduction in Nozzle Walls. Along a nozzle

wall, the heat transfer coefficient varies with axial position, as shown in

Fig. D,17a. It is known, both experimentally and on the basis of approxi-

mate theoretical results [2,27,28,29], that the variation in h in the neigh-

borhood of the throat is rather large.

Now, to within a good approximation the problem of heat conduction

in the nozzle wall reduces to the problem of heat flow in a slab with a

variable coefficient h. The differential equation is now
'

d'-T d^T\ ^ ar
,dx^

'^
dy^ J

~ ^'^
~dt

while the boundary conditions are (see Fig. D,17b)

k^ = hix){T - T,) y =

= y = d

with the initial condition 7" = at i = 0. The principal difficulty arises

from the boundary condition, a problem discussed at length in [30]. It

appears that it is difficult to obtain an explicit continuous solution in the
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y = o

Fig. D,17b.

h(x)

Fig. D,17c.

case when /i is a rapidly varying function of x, and this is indeed the

case in practice.

On the other hand, a reasonable approximate solution can be obtained

on the basis of the following simplified, yet representative, model: The
actual /i-distribution is approximated by a rectangular symmetric dis-

tribution as shown in Fig. D,17c, while the slab is assumed to extend to

± =0
.
It is shown in [30] that this ideahzation is a reasonable one. Finally,
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in the approximate solution, continuity of temperature and temperature

gradient at the h discontinuity is satisfied only in the mean. The solution

thus obtained is not valid in the immediate neighborhood of the h dis-

continuity (say within one thickness) but is reasonable outside such a

neighborhood. This is analogous to, say, the Saint Venant principle in

elasticity. The results are rather lengthy and cannot be given here in full

detail. The interested reader is referred to [30] where the detailed results

are given.
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SECTION E

CONVECTIVE HEAT TRANSFER AND
FRICTION IN FLOW OF LIQUIDS

CHAPTER 1. TURBULENT HEAT TRANSFER
AND FRICTION IN SMOOTH PASSAGES

ROBERT G. DEISSLER

E,l. Introduction. When turbulent flow occurs in a passage, macro-

scopic portions of fluid move about in an apparently random fashion.

Inasmuch as the mean velocity varies with distance from the wall, some
of the portions of fluid move into regions of different mean velocities.

Momentum is then transferred from one portion to another, and a shear

stress in addition to that caused by molecular action is produced.

If heat transfer takes place between the passage wall and the fluid,

a temperature (or enthalpy) gradient occurs across the passage, and some

of the portions of fluid move into regions of different mean temperature.

This motion produces heat transfer in addition to that caused by molecu-

lar conduction.

E,2. Basic Equations. Using the method of Reynolds, the instan-

taneous velocities, temperatures (or enthalpies), and fluid properties in

the equations of momentum, energy, and continuity [1, pp. 49, 50, 55]

can be divided into mean and fluctuating components. If time averages

are taken, the following equations for shear stress r and heat transfer q,

applicable to flow in a passage or boundary layer, are obtained:

r = ^i^ - pW (2-1)
ay

q=-k^ + pW (2-2)

In these equations u is the mean velocity in the x direction, u' and v' the

fluctuation in velocity in the x and y directions respectively, while p, ju,

and k are the density, the viscosity, and the thermal conductivity of the

fluid. The enthalpy fluctuation h' rather than the temperature fluctuation
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appears in Eq. 2-2 when variable specific heat is considered. Frictional

heating is small except at very high velocities and is neglected.^

Eq. 2-1 and 2-2 indicate that the molecular and turbulent contribu-

tions to the shear stress and heat transfer are additive, and that the

turbulent components are both proportional to the density p. However,

they contain the unknown quantities u'v' and h'v', so that it appears that

additional assumptions must be made before solutions can be obtained.

For making these assumptions, it is convenient to introduce Boussinesq-

type relations as follows [2]

:

—!—, du ri-i dh

dy dy

where e„ and en are known as the eddy diffusivities for momentum and

heat transfer, the values for which are dependent upon the amount and

kind of turbulent mixing at a point. Inasmuch as the pressure is essenti-

ally constant across the passage dh/dy = CpdT/dy. Eq. 2-1 and 2-2 be-

come, when these relations are introduced,

r = (m + peu) -^ (2-3)

q= -{k^pc,en)~ (2-4)

The physical significance of e„ and eh lies in the fact that eu/{iJ,/p) is the

ratio of turbulent to molecular shear stress [3], and eh/{k/pCp) is the ratio

of turbulent to molecular heat transfer. The use of Eq. 2-3 and 2-4 may
be preferable to that of Eq. 2-1 and 2-2, inasmuch as the former imply

the physical requirement that r and q should be zero when the velocity

and temperature gradients are zero. Eq. 2-3 and 2-4 can be written in

dimensionless form as follows

:

T

Tw



E • CONVECTIVE HEAT TRANSFER AND FRICTION

Probably the first attempt to predict heat transfer from Eq. 2-5 and

2-6, or Eq. 2-3 and 2-4, was made by Reynolds [4, pp. 81-85]. He assumed

constant properties, that t/tw = q/q^, that the molecular shear stress and

heat transfer terms in the equations are negligible compared with the

turbulent terms, and a = I. With these assumptions, Eq. 2-5 can be

divided by Eq. 2-6 and integrated to give T* = u*. If the temperatures

and velocities are weighted in the same way to calculate bulk temper-

atures and velocities, T* = u*, or

q^ = ^p(^- - ^b)rw
^2-7)

Eq. 2-7, which relates the heat transfer to the shear stress, is usually

called Reynolds analogy. It applies reasonably well to gases, which have

Prandtl numbers close to one, but fails for liquids. In fact, Eq. 2-7 follows

from Eq. 2-5 and 2-6 if Pr = 1, even if the molecular terms are not

neglected.

A number of refinements of Reynolds' original analysis to make it

more general are given by various authors. Prandtl and Taylor [5, pp.

110-113] introduced a laminar layer near the wall and obtained better

agreement with the data for fluids with Prandtl numbers close to 1.

Von Karmdn [6] added a buffer layer between the laminar layer and the

turbulent core and thus extended the analysis to somewhat higher Prandtl

numbers, i.e. to liquids. Further improvements in the theory are given in

[3,7,8,9,10,11,12,18,14,15].

It is desirable to obtain relations for the heat transfer which do not

contain the shear stress or friction factor, as does Eq. 2-7. This is especi-

ally true in the case of variable fluid properties, where the friction factors

may be no better known that the heat transfer coefficients. In order to

obtain such relations it is necessary to make an assumption for the eddy

diffusivity €„, in Eq. 2-5 and 2-6.

E,3. Expressions for Eddy Diffusivity. Several assumptions to

relate the eddy diffusivity in Eq. 2-5 and 2-6 to the mean flow have been

made by various investigators [7,11,13,15,16,17,18]. Reasonable assump-

tions for the variation of e„ follow. For purposes of analysis, the flow is

divided into two portions termed the "region away from the wall" and

the "region close to the wall."

Region away from wall. In the region away from the passage wall,

it is assumed that the turbulence at a point is a function mainly of local

conditions, that is, of the relative velocities in the vicinity of the point

[W, p. 351]. This is probably not a good assumption near the passage

center where considerable diffusion of the turbulence occurs [SO]. How-
ever, in that region the velocity or temperature gradients are so small
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that the error in calculated velocities or temperatures should not be large.

A Taylor's series expansion for w as a function of transverse distance

(changes in the axial direction neglected) then indicates that e^ is a func-

tion of du/dy, d^u/dy^, d^u/dy^, etc. If, as a first approximation, we con-

sider Cu to be a function only of the first and second derivatives, and

apply dimensional analysis, there results

_ fdu dhA _ 2 Jdu/dyY ,^ ^.
'" ~ '" \dy dyy ~ " {d'^u/dy'^y

^^^

where k is an experimental constant. This expression was obtained by
von Kdrman in a somewhat different manner and is generally known as

the Karm^n similarity hypothesis [18]. A critical examination of the

Kdrmdn hypothesis from the point of view of statistical turbulence theo-

ries is given by Lin and Shen [SI]. Eq. 3-1 can be written in dimensionless

form, as

^"
K^ ^^I'V^fll (3-1')

Mw/Pw {d'uVdy^'^Y

Region close to wall. In the region close to the wall it is assumed

that eu is a function only of quantities measured relative to the wall u

and y, and of the kinematic viscosity. This assumption includes, to a

first approximation, an effect of the derivatives of u with respect to y.

Since the flow becomes very nearly laminar as the wall is approached,

the first derivative approaches the value u/y, and hence may be omitted

since u and y already appear in the functional relation. The second deriva-

tive approaches the constant value zero as the wall is approached. The
kinematic viscosity is included, inasmuch as the ratio of viscous to inertia

effects is high near the wall where the turbulence level is low. The eddies

in that region are small, so that the shear stresses between the eddies

and the viscous dissipation of the energy in the eddies are large. With
these assumptions, and dimensional analysis.

= ^"(^'^'p)=^'^^^(^)

The form of the function F cannot be determined by dimensional analysis.

On the basis of simplicity, and the fact that F should approach zero at

the wall (effect of ju/p large) and should approach one asymptotically as

uy/{p./p) becomes large (effect of ju/p small), it is assumed in reference [15]

that

F =^ I - e
'^

{ 291 )



E • CONVECTIVE HEAT TRANSFER AND FRICTION

or
n^uy

e„ = n''uy{\ - e"^ (3-2)

where n is an experimental constant. ^

Eq. 3-2 becomes, in dimensionless form,

p '^w

= n2w*^*(l - e""'^";^"^"*''*) (3-20
Mw/Pv

Eq. 3-1 and 3-2 for e„ can be considered as reasonable first approxi-

mations. Whether or not these approximations are adequate can, at pres-

ent, be determined only by experiment.

E,4. Analysis for Constant Fluid Properties. Velocity distribution

data for flow without heat transfer have been used to evaluate the con-

stants K and n in Eq. 3-1 and 3-2.

Velocity distributions. Eq. 2-3, with Eq. 3-1 or 3-2, was integrated

numerically or analytically for constant properties for the regions close to

and at a distance from the wall in [15] and [22]. The integration was

carried out for both a constant and a linearly varying shear stress (r =
at passage center) with similar results for Reynolds numbers > 10,000,

so that the effect of variation of shear stress is neglected in most of the

following calculations.^ In the region at a distance from the wall the

molecular shear stress is neglected because it is small compared with

the turbulent shear stress [llf., Fig. 12]. The familiar Karman-Prandtl

logarithmic equation is obtained in the region away from the wall

:

M* = - In ^ + M*

where y* is the lowest value of y* for which the equation applies and

uf is the value of u* at yf. In obtaining this equation, one integration

constant was set equal to by using the usual condition that du*/dy* =
00 for y* = [18]. This assumption can be avoided by including the

molecular shear stress and heat transfer in the region away from the wall

and evaluating the constant by assuming a continuous velocity derivative

at y* [14, Fig. 12]. This assumption gives essentially the same numerical

results as that made above.

^ The quantity in parenthesis in Eq. 3-2, which represents the effect of kinematic

viscosity on «„, becomes important only for heat or mass transfer at Prandtl or

Schmidt numbers appreciably greater than one. For Prandtl or Schmidt numbers on
the order of one or less, or for velocity profiles, «« = n'^uy (the value of n differs

from that in Eq. 3-2) is a good approximation for the region close to the wall [13].

* The variation of shear stress is neglected only for the purpose of simplifying the

calculations, and as shown in [14, Fig. 11], this neglect has little or no effect on the

results, even for variable properties.
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Fig. E,4a shows, on semilogarithmic coordinates, velocity profile data

from [20,22], together with the analytical curves obtained. The data are

for fully developed adiabatic flow in tubes. The constants k and n in Eq.

3-1 and 3-2 were found, from the data, to have values of 0.36 and 0.124

respectively. The relation for €„ from Eq. 3-2 applies for ^* < 26, and
that from Eq. 3-1, for ?/* > 26. In matching the two solutions it was
assumed that the velocity is continuous at the junction of the two regions.

The velocity distribution is often divided into three regions rather

than two: the laminar layer, where turbulence is supposed to be absent,

the buffer layer, and the turbulent core [6]. The use of Eq. 3-2' for €„ close
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An analysis by Einstein and Li [£4] assumed that the laminar sub-

layer is basically unsteady; that is, the sublayer grows until it becomes

unstable and then collapses, the cycle repeating itself. This model gave a

velocity profile agreement with data for the region close to the wall.

Temperature distributions. For extending the analysis to heat trans-

fer an assumption must be made for a, the ratio of eddy diffusivities for

heat transfer to momentum transfer, in Eq. 2-6. The relation for a has

not been clearly established. It is a fact that analyses based on an a of one

agree closely with experiment [6,14]. However, some attempts to measure

a directly indicate values which, in general, are somewhat greater than

one [25; 26, pp. 122-126], except in the case of low Peclet or Prandtl

numbers where values of a less than one may occur [14; 27, pp. 405-409;

28]. The direct measurement of a is difficult, especially in the important

region close to the wall, because it involves the measurement of velocity

and temperature gradients. Reichardt [3] proposed the hypothesis that

a is one at the wall and increases as the distance from the wall increases.

For turbulent flow the important changes of velocity and temperature

take place close to the wall for Prandtl numbers on the order of one or

greater, so that the assumption of a = 1, in general, gives good results.

It is of interest that the Prandtl mixing-length theory [16], which assumes

that an eddy travels a given distance and then suddenly mixes with the

fluid and transfers its heat and momentum, gives a value of a equal to 1

.

Although the actual turbulence may be more complicated than indicated

by that theory, it does indicate that a value of a on the order of one is

not unreasonable.

As was the case with the shear stress, the variation of heat transfer

per unit area with distance from the wall has but a slight effect on the

temperature distribution, except for liquid metals [14, Fig. 11]. With

q/q^ = a = \, and constant fluid properties, Eq. 2-6 can be integrated

numerically for the region close to the wall (e from Eq. 3-2) to obtain a

relation between T* and y* [15]. For the region away from the wall

iy* > 26), where the molecular shear stress and heat transfer are neg-

lected, it is easily shown from Eq. 2-5 and 2-6 that

T* - T* = u* - wf (3-3)

where T^ and wf are the values of T* and u* at yf = 26 (Fig. E,4a).

Calculated temperature distributions are shown in Fig. E,4b on log-

log coordinates. The temperature parameter T* is plotted against y* for

various Prandtl numbers. The curves indicate that the temperature dis-

tributions become flatter over most of the passage cross section as the

Prandtl number increases. From Eq. 2-6, dT*/dy* = Pr at or very near

the wall, so that the slopes of the curves at the wall increase with Prandtl

number. The slopes of the curves in Fig. E,4b near the wall appear
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equal, because the curves are plotted on log-log coordinates (c?(log T*)/

d{log y*) = 1 at the wall).

Included for comparison is the temperature distribution for a Prandtl

number of 300, calculated by assuming e„ = n'^uy (n = 0.109) close to

the wall rather than Eq. 3-2. This expression is a good approximation

for velocity profile but, as indicated in the figure, is not accurate at high

Prandtl numbers. Somewhat better results were obtained in [11], where it

was assumed that e„ = const u'^/{du/dy), but the analysis is again in-

accurate at very high Prandtl numbers. The sensitivity of the temper-

ature profile at high Prandtl numbers to various assumptions for the
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that the Nusselt and Reynolds numbers for a tube are given by

2r* Pr

Re = 2w*r*

where r* = r^ Vtw/pw/ ii^^/pw) , r^ being the tube radius,

/rr* Jo

and

//" w*(r* - y*)dy'

u*{r* — y*)dy*

(3-4)

(3-5)

(3-6)

(3-7)

The Nusselt number in Eq. 3-4 is based on the difference between the

wall temperature and the mixed mean or bulk temperature T*. The relation

10,000

1000

Q

100

1000 1 0,000

Re

100,000

pUbD/jji

1,000,000

Fig. E,4c. Predicted fully developed Nusselt numbers plotted

against Reynolds number for various Prandtl numbers.

among Nusselt, Reynolds, and Prandtl numbers can be obtained from

these equations and the generalized distributions given in Fig. E,4a and

E,4b. The parameter r* appears in all the equations and is assigned arbi-

trary values for plotting the curves.

Predicted Nusselt numbers for fully developed heat transfer are

plotted against Reynolds number for various values of Prandtl number
in Fig. E,4c. Examination of the curves indicates that the slopes of the
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various curves are approximately equal on a log-log plot. This result

justifies the usual practice in heat transfer investigations of writing

Nu = /{Re, Pr) as f{Re) X f{Pr) (usually as Re'^Pr^). The same result

does not hold for very low Prandtl numbers where the slopes change

considerably.

A comparison between predicted and experimental results is given in

Fig. E,4d. Fully developed mass transfer as well as heat transfer data are

included, inasmuch as an analogy exists between heat and mass transfer

when the concentration of the diffusing substance is small. The Stanton

number is plotted against the Prandtl or Schmidt number for a Reynolds

number of 10,000. Similar results were obtained for Reynolds num-
ber, of 25,000 and 50,000 [15]. The predicted Stanton numbers were
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terms of the series result in

-^ = n'y*^ (3-8)
M/P

In connection with this equation it is of interest that Reichardt [3] as-

sumed €„ proportional to y^ for moderate Prandtl numbers and to y^ for

higher Prandtl numbers. Also, an analysis by Hama [4.I] assumed an ex-

pression for e„/(M/p) similar to Eq. 3-8, except that the right-hand side

was multiplied by du*/dy*. For small values of y*, where du*/dy* = 1,

his expression therefore reduces to Eq. 3-8. Eq. 3-8 is also consistent with

exact information obtainable from the continuity relation and the con-

dition that the fluctuating velocity components are zero at the wall. It is

shown by Elrod [42] that u'v' at the wall cannot be proportional to less

than the fourth power of y. Inasmuch as du/dy approaches a constant

at the wall, the same result holds for e.

Substituting Eq. 3-8 in 2-6 and integrating gives [15]:

St = ?^^ (3-9)

where the friction factor / can be calculated from

and n has the value 0.124, as determined in Fig. E,4a. Eq. 3-9 is indi-

cated by the dotted line in Fig. E,4d and is seen to be in good agreement

with the predicted hne obtained previously for Prandtl numbers greater

than 200.

A comparison of analyses by various investigators is given in Fig.

E,4e. It can be seen that they all more or less converge at the lower

Prandtl numbers. At the high Prandtl numbers, the analysis described

herein [15] and the analyses from [7,12] are in fair agreement, whereas

those from [6,11] diverge considerably. The present analysis and that

from [12] represent the experimental data about equally well. The analy-

sis in [12] modifies that of von Karman, which utilized a laminar layer,

a buffer layer, and a turbulent core. A small amount of turbulence was

introduced into the laminar layer in order to give better agreement with

experiment at high Prandtl and Schmidt numbers.

The entrance region. Most of the results given so far are for fully

developed flow or heat transfer, that is, for the region at a large distance

from an entrance, or from the point where heat transfer begins. In the

region close to an entrance, the heat transfer coefficients and shear stresses

are higher than those for fully developed flow, because of the thin bound-

ary layers and consequently severe temperature and velocity gradients

at the wall near the entrance. One of the first studies of turbulent heat
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transfer in an entrance region was made by Latzko [4-3]. His analysis was

for a Prandtl number of one and was based on an assumed ^-power ve-

locity profile and the Blasius resistance formula. More recent develop-

ments are given in [15,44,4^A6A'^]-

For analyzing heat transfer and flow in an entrance region, integral

methods will be utilized here. The usual boundary layer assumptions used

with integral methods are made; that is, it is assumed that the effects of

heat transfer and friction are confined to fluid layers close to the surface

(thermal and flow boundary layers, respectively). The temperature and

velocity distributions outside the boundary layers are assumed uniform,

and the temperature and total pressure are constant along the length of
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on an annulus of fluid of differential length of dx [4-7]. This gives, for a

tube, the equation shown:

q^r^dx = d
^J^^'

CpTpu{r^ - y)dy~^ - CpT.d ^j^^' pu{r^ - y)dij~^ (3-10)

where the differentials of the integrals indicate changes in the x direction.

The temperature outside the thermal boundary layer T^ does not vary

with X inasmuch as it is assumed that no heat penetrates the region out-

side the boundary layer. For uniform heat flux at the wall, and constant

properties, Eq. 3-10 can then be integrated to give, in dimensionless form,

This equation gives x/D as a function of 5*, or dimensionless boundary
layer thickness, and of r*, which is a kind of Reynolds number. A similar

equation can be obtained for the growth of the flow, or velocity, bound-
ary layer, whose thickness in general differs from that of the thermal

boundary layer [47]. In order to solve these equations, the relations be-

tween u* and y* and T* and y* must be known. These relations were

already obtained from Eq. 2-5, 2-6, 3-1, and 3-2, and are plotted in Fig.

E,4a and E,4b. Those values of w* and T* are to be used ior y* ^ 5* and
y* ^ 5* respectively. Outside the flow and thermal boundary layers, u*

and T* are assumed uniform.

The relations for the Nusselt and Reynolds numbers given by Eq.

3-4, 3-5, 3-6, and 3-7 can be used in the entrance region as well as for

fully developed flow. It is necessary, of course, that T* = T*{8h) for

y* ^ dt and u* = u*{8u) for y* ^ 6*. If the velocity profile is fully

developed, 5* = r*.

Fig. E,4f shows predicted values of local Nusselt number over the

fully developed value plotted against x/D for Prandtl numbers of 1, 10,

and 100, and for various Reynolds numbers. The curves are for a uniform

wall heat flux and a fully developed velocity distribution (5„ = r^). A
fully developed velocity distribution at the thermal entrance could be

obtained experimentally by placing a long unheated length of tubing

ahead of the heated section.

In general the Nusselt numbers, or heat transfer coefficients, very

nearly reach their fully developed values in an entrance length less than

10 diameters. These entrance lengths for turbulent heat transfer are much
shorter than those for the laminar case, apparently because of the rapid

radial diffusion of heat by turbulence. The entrance effect also decreases

as Prandtl number increases. This trend is opposite to that for laminar

flow [49]. The heat diffuses through the fluid more slowly at the higher

Prandtl numbers in the case of laminar flow, so that the thermal bound-

ary layer develops more slowly. The same phenomenon also tends to in-
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crease the effect of x/D for turbulent heat transfer. In that case, however,

the shape of the temperature profile within the boundary layer changes

and becomes considerably flatter at high Prandtl numbers. This effect

apparently more than offsets the effect previously mentioned, so that the

entrance region becomes less important at the higher Prandtl numbers.

Fig. E,4g gives a comparison between predicted results and experi-

mental results from [50] for water and for oil flowing in the entrance

region of a tube. The velocity profile is again fully developed and the
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molecular heat transfer term will be important in comparison with the

turbulent term, even in the region away from the wall. Martinelli was
the first to extend the analysis to low Prandtl numbers by retaining the

molecular term in Eq. 2-6, in the region away from the wall [9]. Also,

q/qy, cannot be set equal to one for low Prandtl number fluids, because

the important temperature changes with respect to distance from the

wall do not all take place near the wall, as they do at higher Prandtl

numbers. Martinelli approximated q/q,y by using a linear variation in

Nu 0.9

NUd 1.2

1.0

7.0 (water)

63 (oil)

®"9—

^

X Oil uD/v = 37,000

O Water uD/v = 33,600.

— Predicted

1.1

1.0

0.9

Pr = 1.0

Pr = 7.3 (water)

Pr= 61 (oil)

.^ O o—o-

X Oil uD/v = 46,600

o Water uD/v r= 44,300.— Predicted

•o

10 20 30 40

x/D
50 60 70

Fig. E,4g. Comparison between predicted and experimental Nusselt numbers
in thermal entrance region for liquids. Data from [50].

which q/q^ = at the tube center. More accurate variations of q/q^ were

later used in [28,51].

Most of the data for liquid metal heat transfer fall somewhat below

the original Martinelli analysis (about 30 per cent) although considerable

scatter exists in the data. Several attempts have been made to bring the

analysis into better agreement with the data by making various modifi-

cations of the turbulence mechanism [28,52]. However, the reason for the

discrepancy between analysis and experiment has not been established.

It is possible that the low experimental heat transfer coefficients are due

to a thermal resistance at the interface between the wall and the liquid

metal. It appears that more experimental information will be needed be-

fore any of the existing theories can be verified or an adequate theory

< 302 >



E,5 • ANALYSIS FOR VARIABLE FLUID PROPERTIES

formulated. A review of the present status of research on Hquid metal

heat transfer is given in [53].

Noncircular passages. Although most of the preceding calculations

were for turbulent flow in circular tubes, it is shown in [46] that, except

for liquid metals, the Nusselt numbers and friction factors for round tubes

apply with small error to flow between parallel plates. It is only neces-

sary to use the hydraulic diameter in the definitions of Nusselt number,

Reynolds number, and friction factor. The hydraulic diameter is defined

as 4 times the cross-sectional area divided by the wetted perimeter.

In an analysis in [54] it is found that the results for a tube can be used

with small error for a concentric annulus with a diameter ratio of S^. As
the annulus became eccentric, however, the Nusselt numbers and friction

factors decreased appreciably.

Flow and heat transfer in the vicinity of corners have been analyzed

in [55,56]. It was found that, for uniform heat generation in the passage

wall, the temperature at the corner may be considerably higher than the

average, because the convective heat transfer is zero at the corner. Al-

though average Nusselt numbers and friction factors for passage cross

sections were not predicted in [55,56], experimental results [57] indicated

that the results for tubes apply reasonably well to rectangular and tri-

angular passages when the equivalent diameter is used. That result, again,

would not be expected to apply to liquid metals. Further discussion of

flow and heat transfer in noncircular passages is given in [58,59].^

E,5. Analysis for Variable Fluid Properties. The analysis for

constant fluid properties in the preceding section applies, strictly speak-

ing, only to the limiting case of heat transfer, with infinitesimal tem-

perature difference, inasmuch as the fluid properties of a real fluid are

temperature-dependent. This does not imply that the results of a con-

stant-property analysis are not useful. In many instances, substantial

temperature differences are required before the effect of variable proper-

ties becomes important. Also, in the case of variable properties, it is often

possible to use the results of a constant-property analysis by evaluating

the fluid properties in the various dimensionless groups at a suitable refer-

ence temperature. In order to calculate the required reference temper-

ature, however, an analysis for variable properties is necessary,

Eq. 2-5, 2-6, 3-1', and 3-2' are already in a form suitable for a variable-

property analysis. For a given wall temperature and pressure, the various

property ratios in those equations are functions of T/T^. From the

definitions of /3 and T*

Y^^-^T* (5-1)

See also [86,87].
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where

The property ratios are therefore functions of 1 — jST*, and Eq. 2-5 and
2-6 can be solved simultaneously to obtain velocity and temperature dis-

tributions for various values of jS. As in the case of constant properties,

the variations of heat transfer and shear stress across the passage have

but a slight effect on the velocity and temperature distributions for

Reynolds numbers above 10,000 [i^, Fig- H] so that in most cases t/tw

and g/gw are set equal to one in Eq. 2-5 and 2-6. The quantity |3 is a heat

flux parameter and is a measure of the effect of variable fluid properties.

For constant properties, /? = 0.

Most of the experimental and analytical work on variable properties

has been carried out for air as a fluid. Some of the work for air will there-

fore be considered at this point, even though the present section is mainly

concerned with liquids. The analyses for various fluids differ significantly

only in the assumptions made for the variation of their properties with

temperature.

Analysis for air. In this case the viscosity, thermal conductivity,

and density are considered variable with temperature. The Prandtl num-
ber and specific heat are considered constant, inasmuch as their variations

with temperature are of a lower order of magnitude than those of the

other properties. The viscosity of air and many common gases varies

approximately as the 0.68 power of the absolute temperature for tem-

peratures between and 2000°F. From the assumptions of constant

Prandtl number and specific heat, the thermal conductivity must vary

with temperature in the same way as the viscosity, or

7 / m\ 0.68

i-K = [vJ
=(1-^2-*)"'' (5-2)

From the perfect gas law and the assumption of constant static pressure

across the passage,

P Tw 1

T 1 - jsr*
(5-3)

By substituting Eq. 5-2 and 5-3 into Eq. 2-5, 2-6, 3-1', and 3-2', and

letting t/tw = q/qw = 1, Eq. 2-5 and 2-6 can be integrated numerically or

analytically for the regions close to and away from the wall [14,13]. The
molecular shear stress and heat transfer terms are neglected in the region

away from the wall. The values of the constants n and k are 0.124 and

0.36 as determined from the data in Fig. E,4a. The constants k and n
and the function F in Eq. 3-1 and 3-2 have the same values for variable

properties as for constant properties if the assumptions for e„ in Art. 3
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apply to variable properties; that is, if e^ = €u{du/dy, d^u/dy^) away from

the wall and e„ = eu{u, y, ju/p) close to the wall.

The relations between u* and y* and T* and y* are thus obtained for

various values of /3. The result for u* against y* for a Prandtl number of

0.73 is shown in Fig. E,5a. The positive value of /3 corresponds to heat

addition to the gas, the negative value to heat extraction. Similar curves

were obtained for T* against y* [14]-

For calculating the curves for various values of /3 in Fig. E,5a it was

assumed, somewhat arbitrarily, that the value of y*, which is the point

of intersection of the curves for the regions close to and away from the
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Reynolds numbers with the properties evaluated at the bulk temper-

ature, or at some temperature between the wall and bulk temperatures,

can be calculated by using the relation

S^ = 1 -m (5-4)

Fig. E,5b and E,5c show fully developed experimental and predicted

Nusselt numbers for air (Pr = 0.73) plotted against Reynolds number
for various values of ^. In Fig. E,5b the physical properties including

density, in the Reynolds and Nusselt number, are evaluated at the fluid
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data follow the predicted line very closely for Reynolds numbers above

15,000. For low Reynolds numbers the separation of the data from the

predicted Une is probably caused by a partial transition from turbulent

to laminar heat transfer, which was not considered in the analysis. It

should perhaps be mentioned that, in using the foregoing correlation for

calculating heat transfer coefficients, the same assumptions for the vari-

ation of physical properties with temperature must be made as were made

in the analysis : constant specific heat and both thermal conductivity and

viscosity proportional to T"-^^.
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°F. This differs from the case for gases where the temperatures were

measured in °R. From the definitions of T* and /S,

-^ = (1 - ^T*y

The analysis proceeds similarly to that for air, with the exception that

p/p^ = k/K = 1 in Eq. 2-5, 2-6, and 3-2' [15].

Generalized temperature distributions for a Prandtl number at the

wall of 10 and a d of —4 are shown for various values of the heat flux

parameter in Fig. E,5d. Corresponding curves can be obtained for the

variation of u* with y*. From these curves, Nusselt numbers and Reyn-

olds numbers with properties evaluated at the wall temperature can be
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for heating and cooling of the hquid. In the case of heat transfer, the

reference temperature does not depart greatly from that in the experi-

mental Colburn equation [69, p. 168], wherein the viscosity is evaluated

at To. 5, except at the lower Prandtl numbers. Deviations from the curves

in Fig. E,5e might occur for very high viscosity ratios or for cases in

which the viscosity variation with temperature could not be represented

by a simple power function.

An analysis for liquids with variable viscosity by Rannie [11] utilized

somewhat different assumptions than those in the analysis given here. It
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property variations, it is evident that the property ratios in Eq. 2-5, 2-6,

and 3-2' will be functions of wall temperature T^ and pressure, as well as

of T/Tv,. A separate calculation must therefore be made for each wall

temperature (or wall Prandtl number) and for each pressure and each

value of j8. Calculations with all the properties variable were carried out

for supercritical water at a pressure of 5000 lb/in. ^ (critical pressure «
3200 lb/in.2) [14].

The results of the calculations for heating the water can be sum-

marized as follows [14, discussion by Eckert]: The properties in the

Nusselt and Reynolds numbers in Fig. E,4c are evaluated at the temper-

ature at which the specific heat Cp assumes its maximum value T^, as long

as that temperature remains between the wall temperature and the fluid

bulk temperature. If T^, is higher than Ty, the properties are evaluated at

Tw) if it is lower than T^, they are evaluated at approximately T^,. The
properties in the Prandtl number are evaluated at the wall temperature

in all cases. Although this reference temperature rule correlates the results

for supercritical water, it does not work as well for the results for carbon

dioxide to be discussed later, possibly because the carbon dioxide was

closer to the critical point.

An alternative method of analysis of heat transfer to supercritical

water [61] assumed that the relation between u* and y* for /3 = can be

used for flow with heat transfer if w* is redefined as j^du/y/r^/p and y*

is written as jldyy/r^/p/ (m/p) , where local values of the properties are

used. Although the justification of this assumption is not clear, the results

from that analysis are in reasonable agreement with those in the analysis

given here.

Bringer and Smith recently measured heat transfer coefficients for

carbon dioxide in the critical region [63]. The measurements were for

turbulent flow in a tube at a pressure of 1200 lb/in. ^ abs (critical pres-

sure = 1070) and fluid temperatures between 70 and 120°F (critical

temperature = 88°F). They also calculated heat transfer coefficients by

the analytical method given here, that is, by using Eq. 2-5, 2-6, 3-1',

and 3-2'.

Fig. E,5f, E,5g, E,5h, and E,5i give a comparison between analytical

and experimental results. The Nusselt number is plotted against the

Reynolds number (fluid properties evaluated at the wall) for various

values of ^, the heat flux parameter. The effects of /3 are large, and in

some cases the trends reverse as jS increases. The agreement between

theory and experiment is very good. Inasmuch as these tests represent

extreme variations of fluid properties, they lend considerable support to

the theory given here. When it was attempted to correlate the data by

conventional methods, deviations on the order of 50 to 120 per cent were

obtained.
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Fig. E,5h. — Tw = 130°F. Experimental and theoretical results for heat transfer to

carbon dioxide in the critical region. Pressure = 1200 Ib/in.^ abs. From [62].

2000

1000

Nuw
500

100
20,000 50,000 100,000

Rew

500,000

Fig. E,5i. —Tyf = 150°F. Experimental and theoretical results for heat transfer to

carbon dioxide in the critical region. Pressure = 1200 Ib/in.^ abs. From [62].
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E,6. Concluding Remarks. The calculation of turbulent flow and
heat transfer in passages from the conservation equations of momentum,
energy, and continuity alone has not yet been found practicable. By intro-

ducing physical assumptions to relate the eddy diffusivity to the mean
flow, however, and determining several dimensionless constants by meas-
uring a velocity profile, heat transfer and friction in a number of circum-

stances can be calculated. These cases include heat transfer and friction

for various Prandtl numbers for fully developed flow, for the entrance

region, for constant and variable properties, and for noncircular passages.

In most cases where an experimental check is available the agreement
between theory and experiment is good. A particularly good check for the

case where the fluid properties are variable was obtained for heat transfer

to carbon dioxide in the critical region.

Although considerable progress has been made in turbulent forced

convection heat transfer, much work, both analytical and experimental,

remains to be done. The relation between eddy diffusivities of heat and
momentum should be more clearly established. Experimental work on
heat transfer for liquids with variable properties is desirable. Knowledge
of local heat transfer in noncircular passages is still limited and more
definitive research on liquid metals is needed.

CHAPTER 2. SURVEY OF PROBLEMS IN
BOILING HEAT TRANSFER

R. H. SABERSKY

E,7. Introduction. Boiling heat transfer is defined as the heat

transfer from a surface to a liquid under such conditions that the temper-

ature at and near the surfaces is sufficient to create the vapor phase. The
temperature of the bulk of the fluid is equal to or below the saturation

temperature, and the difference between the saturation temperature and
the actual bulk temperature is usually called the subcooling. The exist-

ence of this type of heat transfer has of course been recognized for a long

time. The first technical discussion of the problem is probably that con-

tained in a paper by Mosciki and Broder [63] in 1926. The interest in

boiling heat transfer has increased, particularly in the last ten years,

during which the problem has become of great technical importance in

connection with the cooling of rocket engines, the construction of rapid

response boilers, and the operation of nuclear power producers.

Boiling heat transfer may be subdivided into problems occurring under

conditions of free convection or forced convection. A typical experimental

apparatus for studying free convection boiling may consist of a vessel

filled with the test fluid into which an electrically heated metal strip is
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submerged [64]. Instead of a strip a wire may also be used [65], although

the curvature of the heating surface must then be counted as one of

the variables. Boihng heat transfer with forced convection may be

studied by pumping the test fluid through an electrically heated section

of metal tubing [66]. If visual observations are to be made, the fluid can,

for example, be made to flow in an annulus formed by an inner heating

tube and an outer Lucite tube [64], or an axial heating strip may be en-

closed in a Lucite duct [67]. Instead of electrical heating, other heating

methods can be used, and some experiments have been performed using a

condensing vapor as a heat source. Most workers in the field have pre-

ferred electrical heating because of its ease of control and its flexibiUty.

Many investigators have also found it necessary to study the vapor for-

mation near the heating surface in detail, making use of high speed

photographs for this purpose. Frame speeds up to 20,000 frames per

second were needed in some of these investigations [67].

E,8. General Results. Typical results obtained from boihng heat

transfer experiments are shown in a graph of heat transfer rate per unit
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transfer increases sharply with the wall temperature until a maximum is

reached at point C. A decrease in heat transfer occurs with further in-

crease in wall temperature and only at very high wall temperatures does

this trend reverse. If electrical heating is used, the part from C to D is

unstable and special care has to be taken to obtain measurements in this

region [64\. If the heat transfer rate is increased beyond the value at C,

the wall temperature has to jump to a value indicated by point F. Since,

in many cases, this temperature is higher than the melting point of the

heating surface, failure of the heater may occur if the heat transfer at C
is exceeded.

Point C is therefore generally

called the "burnout" point. This

name is somewhat misleading since,

depending on the fluid and the

material of the heater, physical

destruction does not necessarily

occur. The existence of a maximum
in the heat transfer curve, however,

is a significant engineering charac-

teristic of boiling heat transfer, since

an abrupt temperature increase oc-

curs if an attempt is made to trans-

fer an amount of heat greater than

that indicated by this point. The
determination of the burnout point

is therefore important for the design

of heat transfer equipment which is

to operate in the boiling range. An
exact knowledge of the shape of the

curve from 5 to C is often not re-

Nucleate boiling

Partial film boiling

,<^MM/'Mmyi
(2)

Film boiling

(3)

Fig. E,8b. Schematic representation of

typical bubble formations.

quired because of the relatively small change in wall temperature which
corresponds to this range.

Visual examination \65fil,6Ji\ of the processes at the heating surface

shows that, at point B, small bubbles appear at the surface (see Fig.

E,8b (1)). These bubbles may grow and collapse without ever leaving the

surface or they may leave the surface, depending on the conditions of the

bulk fluid. As the temperature of the surface is increased, more and more
bubbles appear. When it is increased beyond C, the bubbles become so

numerous that several of them will merge into a larger vapor mass which
may adhere to the surface for some time. Eventually it will detach and float

into the bulk fluid (see Fig. E,8b (2)). Progressively more of the larger

vapor masses are formed as the temperature is increased, until at point D
a rather stable continuous vapor film is formed, which covers the entire

heating surface (see Fig. E,8b (3)). The heat transfer mechanism corre-
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sponding to section BC of the curve in Fig. E,8a is called "nucleate

boiling," that corresponding to section DF (and beyond) is called "film

boiling," and that corresponding to section CD is called "partial film

boiling," in reference to the observed surface phenomena.

In Fig. E,8c, E,8d, and E,8e some actual test results of the type de-

scribed in the foregoing are shown. The test fluid in these cases is dis-

tilled degassed^ water and the pertinent test conditions are noted in the

figures. In Fig. E,8c data for two different temperatures of the bulk fluid

are given and it is seen that the burnout point has increased with de-

creasing fluid temperature. The behavior in the pure convection region

follows the usual heat transfer laws. It is interesting to note that nucleate

50 150 950

Temperature difference between
wall and boiling pointy °F

Fig. E,8c. Effect of subcooling on boiling heat transfer. Distilled degassed water [64]-

boiling begins only at a wall temperature of approximately 30°F above

the ordinary boiling temperature.

Fig. E,8d shows the effect of velocity, which again is to increase the

burnout point. As before, the behavior of the curves at the lower temper-

atures is explained by the usual theory of forced convection. Fig. E,8e

illustrates the effect of fluid pressure. For better comparison, these meas-

urements have been made at constant liquid subcooling (normal boiling

point — liquid temperature) rather than at constant fluid temperature.

The resulting data can be plotted on practically the same curve if the

temperature difference between the wall and the liquid is taken as the

abscissa. As a consequence it has frequently been assumed that the degree

of subcooling rather than the absolute pressure itself was the important

"5 The word "degassed liquid" is used to designate liquids in which the gas content

has been reduced to a value of less than approximately 15 per cent of saturation.
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10 100 1000

Temperature difference between wall

and liquid, °F

Fig. E,8d. Effect of velocity on boiling heat transfer. Distilled degassed water [64]-

00 1000

Temperature difference between wall

and liquid, °F

Fig. E,8e. Effect of pressure on boiling heat transfer. Distilled degassed water [64]

characteristic in boiling heat transfer. On the basis of this assumption

it has often been attempted to simplify the presentation of experimental

data (see, for example, Fig. E,9f). This simplification, however, should be

used with some caution, since it applies only when the pressure changes

are relatively small.
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When the pressure reaches the critical value, the entire boiling phe-

nomenon disappears, of course, and heat transfer is by pure convection.

As the critical pressure is approached, the differences between the liquid

and the vapor phase diminish. The vapor then becomes almost as good a

heat transfer agent as the liquid and the decrease in the heat transfer rate

with the appearance of film boiling should vanish. The curve of "heat

transfer rate" vs. "wall temperature" will then show a continuous in-

crease, and there will be no more temperature jump when the vapor film

forms.

The effect of large pressure changes has been illustrated by a set of

experiments with Freon (Fig, E,8f). In these experiments the burnout

1.2
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D
^ 0.4

0.2

X
o

---. 4r

q, by forced convection on

0.2 0.4 0.6 0.8 1.0

Reduced pressure p/pcr

1.2

Fig. E,8f. Maximum heat transfer to Freon as a function of reduced pressure. The
fluid is Freon No. 114. Mass velocity 6.2 Ib/in.^-sec. Annular cooling passage [68].

point was measured as a function of pressure at constant subcooling and

constant fluid velocity, and the pressure was increased above the critical

value. The resulting curve shows a continuous decrease until finally the

value corresponding to simple forced convection is reached, a result which

should be expected from the foregoing discussion. The disappearance of

the temperature jump in the graphs of the heat transfer rate vs. temper-

ature is well illustrated by a set of curves in Fig. E,8g. The data in Fig.

E,8g were obtained for a "jet fuel" consisting of a mixture of hydrocarbons.

The critical pressure in this case was approximately 600 lb/in. ^ abs. An
extensive set of experiments showing the effect of pressure on the maxi-

mum heat transfer rates of hydrocarbons is reported in [70].

In the following pages the information presently available on nucleate
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eventually be most useful to the engineer is a correlation of the maximum
allowable heat transfer (burnout points) as a function of the fluid proper-

ties. For some special cases a correlation of the heat transfer rate in the

complete region of nucleate boiling may also be required, although this

information is believed to be of lesser importance (see Art. 8). To the

knowledge of the writer, satisfactory correlations of this kind are not

available at present. For future development of such relations it is be-

lieved that an understanding of the detailed processes taking place in

nucleate boiling will be necessary, and for this reason the present con-

cepts of the mechanism of nucleate boiling will be discussed below.

The process of nucleate boiling can, for convenience, be subdivided

into three phases: the nucleation proper (i.e. the generation of the bub-

bles), the growth cycle of the bubbles, and the effect of the bubble motion

on heat transfer.

Nucleation Process. As the name ''nucleate boiling" indicates, it

is believed that the vapor bubbles in question originate from nuclei.

These nuclei are imagined as consisting of small gas or vapor pockets

stabilized on submicroscopic solid particles of low wettability. Upon heat-

ing, part of the vapor (or gas) is forced away from the stabilizing particle.

If the resulting gas or vapor mass is sufficiently large, the inside pressure

overcomes the surface tension forces as well as the outside pressure, and

the nucleus grows into a bubble. If the detached gas mass is too small,

it collapses by the surface tension forces and no bubble forms. If the

initial cavity is spherical, the relation between the surface tension forces

and the pressure becomes simply

V^-Vo = ^ (9-1)

where p, is the pressure inside the initial cavity, y^ is the pressure of the

surroundings, r is the radius of the cavity, and a is the surface tension.

If gas is present in the cavity in addition to the vapor, p, would be the

sum of the vapor pressure and the partial pressure of the gas. In order to

create a bubble, the temperature surrounding the nucleus has to be suf-

ficiently high to create a pressure in the initial cavity larger than that

indicated in Eq. 9-1. By measuring the temperature at which a bubble is

observed and assuming the pressure p-, to be approximately equal to the

vapor pressure corresponding to this temperature, an estimate of the size

of the initial cavity in terms of "equivalent spherical size" can be made.

Nuclei of the kind described are believed to be present throughout

the test fluids as well as on the heating surface. The existing nuclei cover

a certain range of sizes, and a certain distribution curve of number vs. size

can be imagined in each case. Nucleate boiling first becomes noticeable

when the temperature near the heating surface becomes high enough to

cause the growth of a significant number of the largest nuclei. As the
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temperature is increased, smaller nuclei become capable of forming bub-

bles, and the number of bubbles per unit area per unit time increases.

The temperature may be raised until the bubble population becomes so

high that the burnout point is reached. The number of bubbles per unit

area per unit time at the burnout point depends on several conditions,

such as the fluid temperature and velocity. As an example, for water at

a velocity of 10 ft/sec, at a pressure of 25 lb/in. ^ abs, and at 155°F sub-

cooling, a bubble frequency of 16 X 10^ bubbles/in. ^ sec was measured

near the burnout point [67]. According to the concept of nucleation, the

wall temperature at the burnout point should depend on these same con-

ditions. This dependence has also been observed experimentally [66].

The observed bubbles always occur at or in the immediate vicinity of

the heating surface. One should be somewhat hesitant, however, to con-

clude from this that the heating surface is solely responsible for the sup-

ply of nuclei. Nuclei existing in the fluid would also begin to grow near

the surface, because the temperature in this region is the highest. It

is of interest here to cite an experiment in which distilled degassed

water was heated by radiation, in such a way that the walls of the vessel

would be below the bulk fluid temperature [71]. In this case bubbles were

created inside the water at a temperature quite similar to that of the

heating surface in nucleate boiling. It is believed, therefore, that the nuclei

responsible for boiling may come from either source. Whether the sources

are of equal importance, or whether more nuclei come from the fluid itself

than from the surface probably depends on the particular fluid and the

particular surface. It may also be possible that the relative importance

depends on the rate of heat transfer. The surface, for example, may be

able to supply the nuclei for the rather low bubble frequencies required

at low rates of heat transfer but, for the high nucleation rates occurring

at high heat flow rates, the fluid might act as the main nucleation source.

The fact that the surface can influence the results has been demonstrated

by a set of experiments by Farber and Scorah [65]. In these experiments

the heat transfer rates to boiling water were measured for a set of wires

of different materials with results shown in Fig. E,9a.

As mentioned previously, by measuring the wall temperature and

using Eq. 9-1 an estimate of the size of the original nucleus in terms of

"equivalent spherical diameter" can be made. From experiments with

distilled degassed water at 1 atm [64], this size was found to be of the

order of 10~^ inch. Measurements for distilled degassed carbon tetra-

chloride at 1 atm [64\ indicate approximately the same size. The heating

surface in both cases was a strip of stainless steel, type 347. Estimates of

equivalent nucleus size made from cavitation experiments [72] lead again

to the same order of magnitude. There is not, however, sufficient infor-

mation available to draw any general conclusions.

As seen again from Eq. 9-1, for a given nucleus size, lower surface
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tension should lead to boiling at a smaller temperature excess above the

normal saturation temperature. Experiments with distilled degassed water

and a degassed water-aerosol solution [64] tended to verify this result. In

the first case a wall temperature of approximately 30°F above the normal

boiling point was required to initiate nucleate boiling, whereas only about

15°F was required for the aerosol water solution, the surface tension of

which was considerably below that of pure water. The presence of gas in

the initial nucleus according to Eq. 9-1, should have the same effect as

decreasing the surface tension. This fact has also been shown experi-

mentally [64]-

The concept that nuclei are responsible for the boiling as discussed in

this section is the most widely accepted theory at present. The precise
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mechanisms is the essential one, is difficult to obtain, but the results of

the following set of experiments may be pertinent. In these experiments

[75] a vessel containing water and a submerged heating wire was subject

to pressures of the order of 15,000 Ib/in.^ for approximately 10 minutes.

The pressure was then lowered to the atmospheric value and the wire was

heated electrically. It was found under these circumstances that the first

bubbles would form only when the wire temperature was raised consider-

ably above the usual nucleation temperature. Very similar results had

been obtained previously by several investigators [76] who observed that

a body of water, after being subjected to a pressure treatment as described

above, could be heated to temperatures much higher than the normal boil-

ing point before any bubbles would form. This observation was explained

in terms of the theory of pre-existing nuclei. In accordance with this

theory, the pressure treatment causes a decrease in the number and size

of the initial nuclei and the smaller nuclei require a higher temperature

before becoming capable of growing. The observed increase in nucleation

temperature on the other hand would be difficult to explain in terms of

thermal fluctuations. Since the same type of phenomenon was observed

in the experiments with the heated wire, it is reasonable to assume that

the presence of the wire did not change the nucleation mechanism and

that pre-existing nuclei were again responsible for the bubble formation.

In general, therefore, thermal fluctuations are not beUeved to play a

major role in boiling heat transfer. The thermal fluctuations, on the other

hand, are probably of essential importance in determining the maximum
tensile strength of a perfectly pure hquid [73],

Growth and Collapse Process. Bubble motion has been discussed

in detail in [66,67,64] and the concepts given in these references will be

used in this section, since they appear to be the most plausible ones at

this time. In Fig. E,9b the typical stages of the growth and collapse of a

bubble are shown schematically. In Fig. E,9b (1), a nucleus is shown sur-

rounded by superheated hquid. The dotted line indicates the isotherm

which is at the temperature of the normal boihng point. The pressure in

the nucleus is essentially equal to the vapor pressure of the surrounding

hquid plus the pressure exerted by any gas present. If the nucleus is of

sufficient size, it begins to grow (Fig. E,9b (2), (3)). As the size increases,

the surface tension forces decrease rapidly and further motion depends

principally on the pressure inside the bubble. This pressure is a function

of the rate at which vapor can be supplied to the growing bubble, assum-

ing the fluid to be sufficiently degassed so that gas diffusion can be neg-

lected. The rate of this vapor flow is determined by two processes: the

heat transfer from the hquid to the surface of the cavity, and the evapo-

ration from the surface. The temperatures influencing these processes are

the temperature of the superheated liquid and the temperature of the

vapor inside the bubble. The temperature of the bulk hquid should have
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little influence at this stage of the growth. In Fig. E,9b (2) the bub-

ble is shown after some growth has taken place. The isotherm of the

normal boiling point has approached the bubble surface partly because of

the stretching of the hot film of liquid over the bubble and partly because

of the heat transfer from the film. The part of the film which is stretched

over the top of the bubble is further cooled by heat transfer to the sur-

rounding cold liquid. The superheat of the liquid surrounding the upper

part of the bubble is finally removed completely (Fig. E,9b (3)) and

vapor is condensed over this portion of the bubble. The rate of vapor

removal depends on the rate of the condensation mechanism itself, as well

as on the rate of heat transfer to the cold bulk liquid. The significant

temperatures in this case are the temperature of the bulk liquid and the

^7777777777? ^777>7777777}

'
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Fig. E,9b. Schematic representation of bubble growth.

temperature of the vapor in the bubble. As the bubble grows, the evapo-

ration rate over the lower portion of the bubble also changes, because of

changes in the surrounding temperature and configuration. Eventually

the heat transfer from the upper part of the bubble may become suf-

ficiently large so that the condensation overcomes the evaporation. The
pressure inside the bubble then decreases rapidly and falls below the

pressure of the fluid, the resulting force reducing the momentum of the

surrounding fluid. If large enough, it reverses the fluid motion and brings

about the collapse of the bubble at the surface (Fig. E,9b (4 through 6)).

If the heat transfer from the bubble is low, the resulting pressure de-

crease in the bubble may not be sufficient to cause a reversal of the mo-

mentum in the fluid. In this case the bubble will be carried with the fluid,

away from the surface. It will then collapse in the bulk of the fluid, pro-

vided the fluid is subcooled. Fig. E,9b (7 through 9) illustrates this latter
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process. For a particular combination of properties and temperature,

bubbles may also become stationary on the heating surface. The tendency

of the bubble to leave the surface, as well as its shape during the growth

cycle, probably also depends on the contact angle between the fluid, the

vapor, and the surface [77].

In the following, effects of some of the more important variables on

bubble motion will be discussed in the light of the foregoing description.

Comparisons with experimental data will be made whenever possible.

Effect of Variables on Bubble Motion.

Nucleus size and surface tension. As mentioned previously, the nu-

cleus size determines the temperature at which boiling begins. Since this

temperature also influences the initial growth rate (see Fig. E,9b), nucleus

0.020

400 600 800

Time, microsec

1000 1200

Fig. E,9c. Bubble radius vs. time. Distilled degassed water at 1 atm pressure and
78°F. Heat flux 50 per cent of burnout value. Free convection [6Jf\.

size and initial growth should be interdependent. Smaller nuclei should

correspond to higher initial growth rates. In a very similar way, a reduc-

tion in surface tension should lead to a decrease in the initial growth rate.

This latter effect is believed to be principally responsible for the differ-

ence in initial bubble growth rates in water with and without dissolved

aerosol (see Fig. E,9c and E,9d).

Shape of vapor pressure curve. The size of the nucleus and the surface

tension actually determine the pressure which is required to initiate boil-

ing; they only indirectly control the required temperature of the surround-

ing liquid. The temperature, however, is an important factor in the growth

of the bubble, and the relation between vapor pressure and temperature

of the liquid therefore becomes a property affecting this growth. If the

amount of superheat required to produce the necessary pressure in the
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nucleus is large, the bubble is surrounded by a wide region of greatly

superheated fluid. The temperature differential for the initial heat trans-

fer is then large and the bubble is expected to grow rapidly. A steep vapor

pressure-temperature curve, on the other hand, should lead to slow bub-

ble growth. The rate of change of vapor pressure with temperature for

each liquid is a function of the absolute pressure.

Growth rate measurements over a sufficiently wide pressure range,

to indicate the effect of the slope of the vapor pressure-temperature curve

directly, have not been made. The fact, however, that the superheat re-

quired for boiling decreases with increasing pressure has been checked

experimentally [78] and the results are shown in Fig. E,9e. The curve is

200 400 600 800 1000

Time, microsec

1200 1400

Fig. E,9d. Bubble radius vs. time. Distilled degassed water-aerosol solution at 1 atm
pressure and 90°F. Heat flux 80 per cent of burnout value. Free convection [6Ji.]-

partly influenced, of course, by changes in surface tension and possible

changes in nucleus size, but these changes cannot fully explain the large

variation in superheat. The change in slope of the vapor pressure curve is

believed to be the principal factor [64]. Explosive boiUng at very low

pressure, a phenomenon well known to the chemical worker, is another

instance which may be explained by the slope of the vapor pressure curve.

For water at 0.1 atm pressure, e.g., the superheat necessary to produce a

15-lb/in.2 over-pressure would be 100°F. A nucleus, growing in such a

highly superheated liquid, would of course grow very rapidly, which could

explain the observed results. In vacuum work it is often necessary to

make a special effort to introduce large nuclei in order to avoid explosive

processes.

Thermal diffusivity. In the brief description of bubble motion given
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above it was seen that the heat transfer from the hquid to the bubble

played a role in determining the bubble motion. The thermal diffusivity

of the Hquid therefore should be an important property affecting this

motion. A low diffusivity should favor slow bubble growth and collapse.

It is difficult to isolate this effect because changes in other properties are

usually involved when using fluids of different thermal diffusivity, but a

comparison of experimental data obtained for carbon tetrachloride with

those obtained with a water-aerosol solution is probably pertinent. The

surface tensions of the two hquids are quite similar and the thermal

diffusivity for carbon tetrachloride is only about |- that of the water

solution. Measurements under comparable conditions at a pressure of
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transfer from the bubble to the fluid at all. The bubbles will then always

detach themselves from the surface.

Velocity. The effect of the velocity of the bulk fluid on bubble mo-

tion is similar to that of the temperatures of the fluid. Higher velocities,

Hke lower temperatures, improve the heat transfer from the bubble to

the fluid and lead to smaller bubble sizes and faster collapse. It should

also be mentioned that a moving bulk fluid exerts a drag on the bubbles,

so that they have been observed to sHde along the heating surface at

velocities approximately equal to 80 per cent of that of the fluid itself [67].

Heat Transfer in Nucleate Boiling.

Effect of bubble motion on heat transfer. The last phase of nucleate

boihng to be discussed is the effect of bubble motion on the heat transfer.

In early analyses it was suggested that the increased heat transfer could

possibly be explained by the fact that the vapor created near the heating

surface absorbed a large amount of heat and that this vapor was then

carried away with the rising bubbles. For the case in which the bubbles

did not detach from the surface, the increased heat transfer was explained

by the vapor flow from the lower to the upper regions of the bubble.

Numerical estimates of the amount of heat that could possibly be re-

moved in this way [77, Chap. 29; 79; 80], however, showed that this

mechanism could not account for the observed heat transfer.

There are at present two mechanisms which have been suggested as

explanations for the heat transfer improvement. According to the first

concept, which is held by many investigators [64,66,67,80], the improved

heat transfer is caused by the agitation of the bubbles. The transfer proc-

ess is essentially one of forced convection and accordingly it should de-

pend on a characteristic Reynolds number and Prandtl number. The

typical velocity in this case should be the average fluid velocity induced

by the bubbles, and the maximum bubble diameter might be chosen as

the typical dimension. Attempts at verifying this concept have been

made with some success [64], although the available data do not cover a

sufficient range of variables to allow any definite conclusions.

The second concept [81] is based on the following idea: After the

collapse of each bubble, relatively cold fluid is suddenly brought into

direct contact with the hot heating surface at the point of collapse. The

resulting large temperature gradients, momentarily and locally, cause ex-

treme rates of heat transfer. Initial estimates [81] indicate that these rates

could increase the average heat transfer sufficiently to yield the values

observed experimentally.

So far it has not been possible to determine which of the two mecha-

nisms is predominant. From experiments, the heat transfer—and in par-

ticular the burnout point—seems to improve with increased bubble ac-

tivity. Both concepts could serve as an explanation for this observation;

therefore this fact alone is not sufficient to determine the actual process.
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Because of the observed effect of activity on heat transfer, however, it is

possible to make quahtative predictions for the effect of some of the

variables on boiling heat transfer. The factors discussed below, which

lead to increased bubble activity, should also lead to improved heat trans-

fer. This view may be kept in mind when examining the experimental

data that follow.

Experimental Results.

Heat transfer. Having considered a number of the factors which may
influence nucleate boiling, some experimental results as well as references

for additional data will be given. A considerable amount of information

40 80 120 160

Saturation temperature

-

200 240 280 320

liquid temperature.

Fig. E9f. Heat transfer vs. subcooling. Distilled degassed water.

Pressure range from 15 Ib/in.^ abs to 164 Ib/in.^ abs [67].

on water can be found in [66,67,78]. Some results from [67] on the burnout

points for distilled degassed water at various velocities are reproduced in

Fig. E,9f.

The extremely high heat transfer rates observed in some of these tests

are certainly noteworthy. Data on burnout points with free convection

for distilled water, distilled carbon tetrachloride, a water-aerosol solution,

as well as aerated water, are shown in Fig. E,9g and E,9h [64\. An attempt

may be made to give some explanation for the shape and relative position

of these curves.

The increase in heat transfer with decreasing temperature is probably

caused principally by the increase in the temperature differential itself.

The reason that the water-aerosol data is below that for distilled water

may be traced to the difference in surface tension. Lower surface tension
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Fig.

20 40 60 80 TOO 120 140 160

Liquid temperature/F

E,9g. Maximum heat transfer values for distilled, degassed, and aerated

carbon tetrachloride. Free convection, pressure 1 atm [64].

50 70 90 110 130 150 170

Water temperature, °F

190 210

Fig. E,9h. Maximum heat transfer values for distilled degassed water,

aerated water, and a water-aerosol solution. Free convection, pressure

1 atm [64.].
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allows boiling at less superheat, the bubble velocity and agitation is less,

and lower heat transfer results. The values for carbon tetrachloride are

still lower because of its low thermal diffusivity which influences the heat

transfer directly and also leads to lower bubble velocity (see above). As
already stated, the effect of increasing gas content is similar to that of

decreasing the surface tension. In addition, gas diffusion influences bubble

motion to some extent and gas bubbles can rather easily become stable

and adhere to the heating surface [64]- For both of these reasons the
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Fig. E,9i. Heat transfer to red fuming nitric acid. Forced convection-nucleate boil-

ing. Burnout points are indicated. Liquid temperature 80°F. Heat transfer surface

SS347. NO2 content of acid 6^ per cent, water content | to 2 per cent [82].

burnout points of the two hquids, when containing gas, are below the

values which are obtained when they are degassed. Fig. E,9h also con-

tains some burnout points for aerated water which were not caused by

the adherence of bubbles, a random process which generally cannot be

controlled. For design purposes the lower curve would have to be taken.

Further experimental results on boiling heat transfer are given in Fig.

E,9i, which contains information on nitric acid [82]. Burnout points for

Freon have already been given in Fig. E,8f and for "jet fuel" in Fig.

E,8g. For information on the heat transfer to a number of hydrocarbons

under bulk boiling conditions, the reader is referred to [70].
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Friction. There is one other phenomenon applying to boihng heat

transfer with forced convection which should be pointed out. As the heat

transfer improves, the frictional pressure drop increases. Typical results

are shown in Fig. E,9j. The increase in friction is certainly an important

consideration in the design of heat transfer equipment.

With the purpose of studying the inter-relation between friction and

heat transfer, some experiments have been performed [83] in which water

0.2 0.4 0.6 0.8 1.0 1.2

Heat transfer, (BTU/ft^ hr) X 10^^

Fig. E,9j. Frictional pressure drop with boiling heat transfer. Distilled degassed

water. SS347 tube, 0.226 I.D., 25 inches long. Data taken at constant subcooling of

100°F and constant mass flow of 3.81 X lO^ Ib/hr-ft^ [78].

was forced through an electrically heated tube of about |-in. diameter.

Sufficient measurements were taken so that the local Stanton number St,

as well as the local friction coefficient Cj, could be computed. The two

coefficients are defined by the equations

St = -^-

and

pVc^{T

dp

Cf
dx

2pV

d

T.)
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where

q = heat transfer rate per unit area

= local pressure gradient

p = fluid density

V = average fluid velocity (adjusted for bubble obstruction)

Cp — specific heat of fluid

d = effective diameter of unobstructed flow passage

T^ — wall temperature

Tb = bulk temperature of fluid.

It may be pointed out that the average velocity V required in the

above equations is not equal to the ratio of the volume flow rate to the

unobstructed cross-sectional area of the pipe. The vapor bubbles on the

wall may represent a significant reduction of the available flow area and

the velocity V may differ substantially from the above-mentioned ratio,

particularly where the diameter of the tube is small.

The results of the experiments [83] indicated that the relation between

the two coefficients was approximately given by the simple equation

This, however, is the relationship obtained from Reynolds' analogy,

either for the case where a laminar boundary layer at the heating surface

is nonexisting or for the case where the Prandtl number of the fluid is

equal to unity. For the temperatures of the water in the above experi-

ments, the Prandtl number of the water was relatively close to unity,

and any conclusion will have to be limited to that case. For this limited

case, however, the experimental results indicate that the postulate which

forms the basis of Reynolds' analogy for forced convection still applies

in the nucleate boiling region. This would mean that the mechanisms of

heat transfer and momentum transfer are ''similar," within the meaning
of Reynolds' analogy. These results, if verified over a wider range of

variables, would incidentally tend to confirm the point of view that the

improved heat transfer in nucleate boiling is obtained by increased agi-

tation rather than by the creation of periodic steep temperature gradients.

E,10. Film Boiling. In addition to the nucleate boiling region, the

film boiling region is of engineering importance, although considerably

less experimental work has been published concerning results in this region

than in the nucleate region. In film boiling, the heating surface is sepa-

rated from the fluid by a continuous, stable vapor film. The film is in

motion due to free or forced convection, and the flow of the film may be

either laminar or turbulent. The heat from the surface is largely trans-

mitted through the film to the liquid. Some of the heat serves to evaporate
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liquid and to provide vapor for the film, and some may be transmitted

to the bulk fluid. No detailed investigations on the distribution of the

heat or on the stabihty of the film have been carried out, but some calcu-

lations, based on the assumptions that the film is laminar and all of the

heat is used to evaporate fluid, have been performed. For this case the

problem becomes very similar to the familiar one of the condensation on

a surface [77, Chap. 30]. For the heat transfer coefficient h from a

horizontal wire, with some additional simplification, the expression

i

h = 0.6
Bpjpi — p)gL

nDAt
(10-1)

can be obtained [84]. In Eq. 10-1, p is the density of the vapor, pi the

density of the liquid, At the temperature difference between the wall and

the liquid, D the diameter of the wire; k, p., and L are the thermal con-

ductivity, the viscosity, and the latent heat of vaporization of the fiquid

respectively, and g the acceleration due to gravity. Heat transfer rates

predicted from Eq. 10-1 and adjusted for radiation have been compared

with experimental data on film boiling to both nitrogen and water. The
agreement between the measured and predicted values was rather

satisfactory.

E,ll. Closing Remarks. In the foregoing an attempt has been made
to acquaint the reader with some of the problems concerning boihng heat

transfer. The attention of investigators has so far been directed mostly

towards nucleate boihng rather than toward film boiling. The principal

aim of studies in nucleate boiling is to arrive at a method of predicting

heat transfer rates—in particular at the "burnout point"—as a function

of fluid properties. This aim has not as yet been reached.

In order to eventually arrive at a satisfactory method of prediction,

it will first be necessary to determine which of the two proposed heat

transfer mechanisms is essential. Then, it would seem possible, on the

basis of the discussion on bubble motion, to select the significant fluid

properties and to form the dimensionless groups on which boiling heat

transfer should depend. The success of this approach, however, is some-

what in question because the nucleation process plays a key role in boil-

ing and for any predictions, therefore, some information on the nuclei

distribution will be essential. Information of this kind is not available at

present.

It is known that the number and size of nuclei in a fluid depend on

the previous history of this fluid and to some extent on the type and

treatment of the heating surface. If the nuclei distribution should be very

sensitive to outside influences, and if in addition various hquids should

react in a markedly different manner to a given treatment, it may be

practically impossible to predict this distribution. In that case it seems
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doubtful that general rules for the prediction of boiling heat transfer can

be formulated. If, on the other hand, the nuclei distribution is found to

be predictable, a correlation for boiling heat transfer can probably be

developed. Some encouragement for this latter view may be taken from

the fact that results obtained with distilled water by different investi-

gators and at different times have yielded essentially identical results.

Further hope may be derived from the result that the effective nucleus

size found in distilled carbon tetrachloride was about the same as that

found in distilled water under similar conditions. In any case, further

investigations on the problem of nucleation are beheved to be necessary

for a satisfactory solution of the problem.'^
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SECTION F

CONVECTIVE HEAT TRANSFER IN GASES

E. R. VAN DRIEST

F,l. Introduction. Any discussion of convective heat transfer in

gases is essentially a discussion of the characteristics of the boundary
layer in a compressible real fluid subjected to arbitrary wall temperature.

Since the density, viscosity, thermal capacity, and thermal conductivity

of gases vary considerably with the temperature in the boundary layer,

they thereby affect the rate at which heat may be transferred to or from
the adjacent surface. The state of the boundary layer is important; it

may be laminar, turbulent, or mixed, depending upon the Reynolds num-
ber, the Mach number, and the wall-to-free stream temperature ratio.

At high temperatures the gas may dissociate, or even ionize, the result

of which would be a change in the physical properties of the gas. Owing
to the variety of problems brought about by high temperature, a careful

analysis of heat transfer is paramount in the successful design of high

speed aircraft. Performance-wise, a knowledge of the temperature of the

skin of a high speed vehicle is necessary for accurate calculation of skin

friction.

F,2. The Mechanism of Convective Heat Transfer. Convective

heat transfer is heat transfer to or from a flowing fluid. The region of the

flowing fluid which absorbs or gives up the heat is the boundary layer.

Strictly speaking, the heat transfer to or from the boundary layer takes

place by molecular conduction at the wall, whether the flow is laminar

or turbulent; thus the transfer of heat from a wall to a flowing fluid, or

vice versa, is the product of the thermal conductivity and temperature

gradient in the fluid at the surface of contact of fluid and wall. Since,

with fixed wall temperature, the heat transfer at the wall is proportional to

the temperature gradient in the fluid at the wall, any means of increasing

that gradient will increase the rate of heat transfer; and, of course, de-

creasing the temperature gradient will decrease the heat transfer.
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Now the temperature gradient at the wall may be steepened by either

increasing the mass flow external to a given boundary layer or inducing

transition from laminar to turbulent flow. At low speeds, the effect of

increasing the external flow is to thin the boundary layer by inertial force,

thereby steepening the temperature gradient. However, as the external

speed continues to increase, direct compression as at a stagnation point,

or dissipation of energy by internal friction, rapidly increases the temper-

ature of the fluid within the boundary layer, thereby also steepening the

wall temperature gradient; thus the effect of high speed is literally to

cover the wall with a layer of hot fluid, between which and the wall the

heat transfer then takes place. As a practical consequence, for example,

Free stream

Ue

y //y/yy
Fig. F,2. Schematic of boundary layer in a compressible viscous fluid.

increasing the external flow speed will first cool, and later heat, a surface

whose temperature is initially higher than the free stream temperature.

Transition from laminar to turbulent flow effectively thins out the inner

regions of the boundary layer by scouring action, thus greatly increasing

the temperature gradient and consequent heat transfer for low as well as

high speeds.

Since, in high speed flow, the temperature of the boundary layer rises

because of compression or energy dissipation, it follows that for a given

speed there will be a certain wall temperature, above the free stream

temperature, at which no heat transfer will take place. It is proper to

consider the zero heat transfer temperature as the reference temperature.

Thus, at low speeds, the free stream temperature becomes the reference

temperature. When the wall is hotter than the reference temperature,

heat flows from the wall into the boundary layer, whereas, when the wall

is cooler than the reference temperature, the reverse is true (Fig. F,2).
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CHAPTER 1. SURVEY OF THEORETICAL RESULTS
APPLICABLE TO AERODYNAMIC HEAT TRANSFER.

STATUS OF EXPERIMENTAL KNOWLEDGE
LAMINAR FLOW

F,3. Flat Plate Solution. The investigation of the thin laminar

boundary layer (cf. IV,B) in steady state on a smooth flat plate is of

fundamental importance in aerodynamic-heating problems, because of its

practical possibilities and relative simplicity of solution. Typical velocity

and temperature curves across a thin compressible laminar boundary

layer with heat transfer are shown in Fig. F,2. The heat transfer to or

from such a layer in the steady state is obtained upon solution of the

continuity, momentum, and energy equations, viz.

p«I? + P"I^ = ^(m|^)-$ (3-2a)
dx dy dy\ dyj dx

dp

dŷ
= (3-2b)

dh . dh /duV . a A dT\ . dp .„ „.

'-e-x^''dy = '[-3y) ^ey['^)'-^rx ^'''^

respectively.

In these equations, u and v are the x and y components of the velocity

at any point, the x axis being taken along the plate in the direction of

the free stream and the y axis perpendicular to the plate. The symbols

p, n, k, Cp, T, h, and p represent the density, absolute viscosity, thermal

conductivity, specific heat at constant pressure, absolute temperature,

enthalpy per unit mass, and pressure, respectively. Since Cp = dh/dT,

Eq. 3-3 can be written in terms of the Prandtl number Pr = CpiJi/k as

follows

:

dh , dh fduV , d f fi dh\ , dp .^ ..

in which the Prandtl number is variable and a function of temperature.

The equations include the variation of free stream velocity and surface

temperature in the direction of flow.

While the above equations have been studied by many investigators

after Prandtl first announced the concept of the boundary layer in 1904,

a complete solution of the equations is not readily available. However,

under certain restricted conditions, such as constant free stream velocity
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and constant wall temperature, exact solutions can be obtained, and these

have practical application for supersonic flow over cones and slender

ogives, and over wedges and thin airfoils, especially when covered with

thin skins.

The analytical and numerical results of Crocco [1] for the case of con-

stant free stream velocity, wall temperature, and Prandtl number are

singular because of their extensiveness and apphcabihty. Crocco not only

developed an accurate method of numerical solution of the momentum
equation (Eq. 3-2a), but also gave a practical solution of the energy

equation (Eq. 3-4) for Prandtl number near unity. (For a review of the

Crocco analysis and detailed calculations, the reader is referred to [2].)

van Driest [3] in turn has extended the Crocco analysis to include variable

Prandtl number in the solution of the energy equation.

Owing to the importance of the numerical results derivable therefrom,

the extension of the Crocco analysis to include variable Prandtl number

will be outlined here with pertinent formulas. Following the procedure of

Crocco, the independent variables x and y are first transformed to x and u

by w = u{x, y) and x = x. Eq. 3-1, 3-2a, and 3-4 then become, upon

eUmination of v,

(3-5)
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which, when substituted back into Eq. 3-13, gives

Kiu^) = K{Q) - [Km - 1]^ + K S{1)
R{1) - 72K)

(3-17)

S and R will be found to depend upon the free stream Mach number, the

free stream temperature, and the plate temperature (i.e. heat transfer).

When the Prandtl number is constant, *S = PrI and R = PrJ, where

/(w*) =
^*(0)J

duj

and

/( _9^

L^*(0)J

Hence there results Crocco's original formula:

du^du^

(3-18)

(3-19)

K{u^) = K{0) - [KiO) - 1]
J(l) "^^"^Ae /(I)

J{1) - J{u^)

(3-20)

Crocco tabulated / and / for various fixed Pr and the Blasius shear dis-

tribution. Extensive calculations by Crocco had shown that I and J were

approximately independent of Mach number and heat transfer for moder-

ate supersonic speeds, regardless of viscosity-temperature law (i.e. p^/x^

variation) when the Prandtl number was not too far from unity. (Indeed,

this is exactly true for Pr = 1.) Hence it was concluded that the Blasius

(incompressible flow) shear profile, which resulted from the assumption

that^ p^H^ equaled unity, was appropriate for the calculation of I and J
and consequently the approximate enthalpy distribution from Eq. 3-19,

given an average constant Prandtl number. The Blasius shear distribu-

tion is tabulated in Table F,3a. The /'s and J's, calculated by Crocco,

are tabulated in Table F,3b. For moderate Mach numbers, the specific

Table F,Sa. Shear function gf*, when p*ju* = 1.

u*
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heat can be considered constant, whence ul/h^ may be expressed by

(7 — l)Ml, where 7 is the ratio of the specific heat at constant pressure

to that at constant volume and M^ is the free stream Mach number.

It is seen above that the energy equation can be written as an inte-

gral, dependent, however, upon the momentum equation. On the other

hand, the momentum equation can be written as an integral equation,

dependent upon the energy equation. Thus

g^{u^) = du^2 ±^^*^*^cZw,x (3-21)
./«* Jo y*

which can be integrated by the method of successive approximations,

starting with the Blasius solution (Table F,3a), if none better can be

assumed as a first approximation. However, as Crocco pointed out, the

iterative process does not converge upon a single solution in general but

rather yields values of Q:^, which oscillate about the exact value. For, if

an initial value of the shear function gr^i, equal to Ag^^^ in which A is a

constant and g^^ex is the exact value, is substituted into the right-hand

side of Eq. 3-21, the new g^2, obtained upon integration, will be equal to

g^eJA. Resubstitution of g^2 yields gr^s = Afif^ex = fif^i. Therefore it is

seen that the next substitution should be -s/g^ig^z = g^^^. In the iter-

ative process of solving Eq. 3-8 (Eq. 3-21), it follows that successive

values of g^ for resubstitution into Eq. 3-21 should be the geometric mean
of the two previous substitutions.

It is next observed that a singularity exists at u^ = 1, owing to the

boundary condition g^ = at the outer edge of the boundary layer.

Therefore, in the case of Eq. 3-21, numerical integration cannot be carried

all the way across the layer but must stop at some point u^ = 1 — i just

short of w^ = 1, where i is arbitrarily small. Hence Eq. 3-21 becomes

g^iu^) = gM -i)+ du^2
/

"l";^* du^r (3-22)
Ju^ Jo g*\u^)

or, in order to avoid double integration,

/""* f(u ) f^~^ f(u )
g^{u^) = g^O- - i) -1- (1 — u^) \

*\ du^ — i / \*\ du^^*^ * * * Jo g^u*) * Jo gM*)

+ f \l-u^) /%^ du^ (3-23)
J "* y* \ "^* /

where /(m^) = 2m^p^m*-

Since the first term, g^{\ — i), on the right-hand side of Eq. 3-23 is

unchanged by successive iteration, a method to adjust g^il — i) in each

iteration is necessary so that the boundary condition g^ (1) = is more
nearly approached. Following Crocco, one notes that for w^ —> 1, Eq. 3-8
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The ratio i/g^ is plotted versus ^i in Fig. F,3. For algebraic calcu-

lations, Crocco found that the combination {X/\g*\)[{g/i) — 1] can be

represented by the linear expression 0.7828 + 0.0178 |^*| over the practi-

cal range of g'^, between —2.2 and —4 (see Fig. F,3). Thus, to within a

slight error, viz.

bg^ =g^{\ -i) -g^a - i) (3-27)

the laminar boundary layer on a fiat plate can be solved by successive

approximation.

Crocco gives a method of computing the error 8g^ in Eq. 3-27 (see [1]) ;

however, according to the experience of the writer [2], 8g^ was found to be

neghgible for all practical purposes, being of the order of 10~^ for i = 0.02.

Now that the momentum and energy equations can be integrated

separately, it is necessary to iterate between the two integrals in order

to obtain accurate enthalpy and shear distributions. Crocco found it suf-

ficiently accurate for his purposes to calculate the enthalpy distribution

only once using the Blasius shear distribution, whereupon that enthalpy

distribution was introduced in the momentum equation to compute a

new and final distribution.

F,4. Heat Transfer. The rate of heat transfer to the boundary layer

per unit area is

gw =

= --^-/iUO)tw

= — n K(0)t„

where subscript w refers to the wall.

Substitution of Eq. 3-16 into Eq. 4-2 gives

(4-1)

(4-2)

since

1 h l+|_e/2(l)_/,^(0)
S{1) We

1 Tw

S{1) Ui

8(1) 2 VRe I 2

K + 2i2(l) ^ -h.

eWe i

(4-3)

(4-4)

^*(0)
\PeM

—^Tw and Re =
K Me
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Defining

and

St = 1 gJO)

S{l)2VRe

h, = K + 2R{1)

(4-5)

(4-6)

(4-7)

Eq. 4-4 becomes

5w = —StpeUeiK — /iw)

The symbol Re is the Reynolds number.

The dimensionless heat transfer coefficient St is called the Stanton

number. Since heat transfer is proportional to skin friction by Eq. 4-2,

it is sometimes desirable to write the heat transfer coefficient St in terms

of the local skin friction coefficient defined by c/ = 2Tw/peW^, thus

St =
'S(l)2

(4-8)

The factor S{1) is called the Reynolds analogy factor and is denoted by
the symbol s. Hence [3]

s = Sil) = Prexp -
/

Jo L Jg
(1 - Pr)^

'ff*(o) g* J
du^ (4-9)

Now the quantity [K + 2R(l)ul/2] in Eq. 4-4 is equal to the total

enthalpy of the free stream, except for the factor 2/2(1). Furthermore,

when the plate is insulated, i.e. when q^ = 0, it follows from Eq. 4-7 that

h„ = he + 2R{l)ul/2. For these reasons, the quantity [K + 2R(l)ul/2]

will be called the boundary layer enthalpy (or simply) recovery enthalpy,

hj, and the factor 2/2(1) the enthalpy recovery factor r. Therefore [3]

fi r /-ff*

r = 2/2(1) =2 Prexp - (1 - Pr)
Jo L Jg*(0)

dg

exp r* (1 - Pr)
^^*

Jg'g*(0) g* J

Eq. 4-9 and 4-10 reduce to Crocco's results, viz.

s = Pr
L£7*(0).

and

r = 2Pr /
-^^

/

;o LS'*(0)J Jo

du.

g*

lg*iO)

du^ \ du^ (4-10)

(4-11)

duji,du^ (4-12)

when Pr is constant.

It will be found that in general both s and r are functions of speed and

heat transfer. However, for moderate speeds and heat transfer rates,
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Crocco has shown that s = Pr^, approximately, and r = Pr^, closely,

where Pr is constant. Since the variation of the Prandtl number with

temperature is ordinarily not great for common gases such as air [4], the

approximate formulas s = Pr^^ and r = Pr^ can be used for practical pur-

poses for moderate flight conditions when an average Pr is assumed. At
very high speeds where skin temperatures become great, and for accurate

experimentation, the more exact solutions are necessary.

F,5. Numerical Results for Zero Pressure and Temperature
Gradients along the Flow. Results of calculations of friction and heat

transfer coefficients, as well as of recovery and Reynolds analogy factors
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(1) specific heat of air as an ideal gas as given in NBS-NACA Table 2.10,

(2) a viscosity variation made up of Hirschfelder's formula (treating air

as a single-component substance) below 216°R., and (3) the thermal con-

ductivity of air in NBS-NACA Table 2.42. Above 400°R, the Prandtl
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The enthalpy-temperature data for air as an ideal gas (see Fig. F,5b),

necessary for the calculation of density and viscosity in the solution of

the momentum equation (Eq. 3-8), were obtained from NBS-NACA
Table 2.10 which provides data up to 5400°R. The data were extrapolated

to higher temperatures. Since the specific heat is appreciably constant

up to about 1000°R, the greatest effect of specific heat variation is in the

free flight condition where the temperatures are greatest.
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assuming the Blasius shear distributions and constant Prandtl number

are compared with results of Crocco, who used the Blasius shear distribu-

tion with constant Prandtl number in his calculations.

The numerical method of solution utiHzed in [3] was as follows : a mean

constant Prandtl number was first estimated, whereupon an enthalpy dis-

tribution was computed using Eq. 3-19 with the Blasius shear distribu-

tion. A new Prandtl number distribution was then obtained from Fig. F,5a
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iteration beyond Crocco for enthalpy, even for constant Prandtl number,

in order to attain the accuracy desired; this is illustrated in Fig. F,5f and

F,5g where the exact recovery and Reynolds analogy factor are plotted

as functions of Mach number for both a true shear distribution, corre-
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flight with a free stream temperature of 400°R and various wall-to-free

stream enthalpy ratios. The recovery factor when the plate is insulated

is plotted in Fig. F,5j. It is seen that the recovery factor follows Prl, up

to about Mach number 3 after which r overshoots and remains con-

sistently below Pr\,. Fig. F,5k gives the recovery factor for different

wall-to-free stream enthalpy ratios. Fig. F,51 is a cross plot of Fig. F,5k.

Fig. F,5h. Typical shear and Prandtl number distributions

across a laminar boundary layer.

Fig, F,5m gives the Reynolds analogy factor for the limiting case of the

insulated plate, s has the same characteristics as r, overshooting Pr\ in

the neighborhood of M^ = 4. Fig. F,5n and F,5o gives the Reynolds

analogy factor for various wall-to-free stream enthalpy ratios.

Local heat transfer coefficients, recovery factors, and Reynolds anal-

ogy factors for insulated flat plates in heated wind tunnels are presented

in Fig. F,5p, F,5q, F,5r, F,5s, F,5t, F,5u, and F,5v. In particular. Fig.

F,5q and F,5r show the relation of r-,^^ to Pr\ and Pr\„ and of Sins to Prl and
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Sins

0.82

0.81

0.80

0.79

0.78

0.77
2 4 6 8 10 12 14 16

Mach number Me
Fig. F,5m. Reynolds analogy factor for a laminar boundary layer

on an insulated flat plate in free flight. Te = 400°R.
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reduced by means of a simple transformation to equations of the same

form as those for a flat plate. As a consequence, the local coefficient of

heat transfer for the cone is -\/3 times the corresponding coefficient for

the flat plate. In other words, since the local heat transfer coefficient

0.8

0.7

>
<a

+-
in

0.6

0.5

0.4

0.3



F • CONVECTIVE HEAT TRANSFER IN GASES

cone is f -s/S times the mean coefficient for the plate based on the same
slant area. It must be mentioned also that the coefficients for the cone

are based upon the flow condition just outside the boundary layer of the

cone and not in front of the attached shock wave.
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on cones, provided that the Mach number is the local value just outside

the boundary layer. In the case of the local heat transfer coefficient, Fig.

F,5p can be used also for cones except that the ordinate must be multi-

pUed by \/3 in accordance with the above discussion. Fig. F,6d repre-

sents a corrected (by \/3) plot for moderate heat transfer to or from
cones in heated wind tunnels.

F,7. Stagnation Point Solution. Because of its importance in

general missile design, heat transfer at stagnation points of cylindrical

and spherical surfaces should be given a few words at this time. It may be
desirable to round the leading edges of airfoils and the noses of bodies of

revolution at high speeds in order to diminish the local heat transfer rates

at those locations and to allow easier internal cooling, if necessary.

The heat transfer problem for incompressible flow lends itseK readily

to analysis. For the cyhndrical surface, Squire [7, p. 631] used Homann's
solution [8] of the momentum equation near the stagnation point and
found, upon simultaneous solution with the energy equation, that the

local heat transfer coefficient St, defined by

9w = -Stc^pU{T„ - n) (7-1)

may be expressed by the relation

where D is the diameter of curvature of the cylindrical surface and
/3 = {duJdx)x=o where x is measured along the body from the stagnation

point. Subscript « refers to the undisturbed flow. From incompressible

perfect fluid theory, it is found that ^D/u^ = 4. This relationship has

been verified experimentally [7, p. 631].

For the spherical surface, Sibulkin [9] also used Homann's results, and
following the method of Squire [7, p. 631], obtained the formula

in which D is the diameter of curvature of the spherical surface. Also

from incompressible perfect fluid theory, ^D/U = 3.

Eq. 7-1, 7-2, and 7-3 can be used for approximate heat transfer

calculation with supersonic flow about a body when it is remembered that

the problem is strictly a local one and therefore the fluid properties Cp,

k, n, and p in all three equations must now be taken at the stagnation

temperature T" at the outer edge of the boundary layer. Thus, Eq. 7-1

becomes for gases

q^ = St'p'Uih' - K) (7-la)
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with

for the cylindrical face, and

« = o..e3(f)-"Xf)"'(^T

for the spherical nose, where the superscript " indicates stagnation con-

ditions. (Note that U in the equations is arbitrary, because the effect of

speed is already accounted for in Cp, k, n, p, and jS.) However, in terms of

undisturbed conditions, Eq. 7-la, 7-2a, and 7-3a become

(7-2a)

(7-3a)

-St^p^Uih' - K) (7-lb)

«-=- =«-(¥y(=iF)-('^r©"(M)" ™
for cylinders, and—•(vT'(=^)""(fr(£r(£)" "*
for spheres.

With supersonic flow, jS can be approximated upon the assumption

that Newtonian flow prevails between the bow wave and the body. The

derivation goes as follows: In Newtonian flow [10], the pressure p over

the surface of a circular arc of diameter D is given by

P - Poo

But, at the stagnation point.

2 cos^ jY

J23, = _ 1 ^
p dx

Hence, from Eq. 7-4

=#p« D

(7-4)

(7-5)

(7-6)

in which p^ is the density at the stagnation (local ambient) point.

Across a normal shock,

p^ iy + l)Mi \ T - 1 (7 - l)Ml + 2 "

p„ (7 - l)Mi + 2 L
"^ 2 2yMi - (t - 1).

so that, from Eq. 7-6, the nondimensional quantity I3D/U is

7 - 1 (t - l)Ml + 2

1

7-1

^ _ [
8[(7-l)M^ + 2]

f/ -
( (7 + 1)M^

1 +
2 27M^ - (t - 1)
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Eq. 7-8 is plotted in Fig. F,7a. Also plotted in the figure are experi-

mental values of /3 at the stagnation point of a hemispherical nose on the

end of a cylinder in a wind tunnel. The values were obtained by Korobkin

[11] from surface-pressure measurements. The theory seems to follow the

data quite well over the whole supersonic range.

Fig. F,7a. Local velocity gradient at the stagnation

point of a hemisphere-cylinder combination.
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the maximum heat transfer rate occurs at the stagnation point. This

follows immediately from the fact that the terms p°/poo and ii^/ix^ in Eq.

7-2b and 7-3b decrease as the ambient temperature decreases with expan-

sion of the gas about the body. The way in which 8t^ varies over the face

of the body was worked out by Stine and Wanlass [12]. The theoretical

variation as well as experimental data for Pr = 0.7 are shown in Fig.

F,7b, when the properties of the flow are put in terms of local conditions,

i.e. St^ = —q^/Cp^p^uXTe — T^) and Re^^ = p^u^x/ix^.

All of the above formulas are for laminar flow. It is expected that the

flow will be laminar in the immediate vicinity of the stagnation point

owing to the low Reynolds numbers of the local flow.

F,8. Effect of Variable Free Stream Pressure and Variable Wall
Temperature. Thus far, only the basic problem of the heat transfer to

a compressible boundary layer with constant wall temperature and con-

stant free stream velocity, but variable properties, has been discussed.

It is now desirable to make a few remarks about the effects of wall tem-

perature gradient and free stream velocity gradient.

The effect of variation in the free stream pressure (velocity) has been

studied by many authors (e.g. Goland [13], Levy [14], Morris and Smith

[15], to mention only a few), working mainly with integral equations.

The results indicate that falling pressure (accelerated flow) increases the

local heat transfer, whereas increasing pressure (retarded flow) decreases

local heat transfer.

A solution of the momentum and energy equations, including an arbi-

trary analytic distribution of surface temperature but with zero pressure

gradient, has been obtained by Chapman and Rubesin [16] (see also

Lighthill [17]), assuming constant specific heat and constant Prandtl

number. The results show, for example, that for a surface temperature

which is falling in the direction of flow, and which is always less than the

recovery temperature on an insulated wall, the local heat transfer rate

to a plate at a certain point is greater than that for a surface temperature

which is constant and equal to the temperature at the point. This result

is of considerable importance near points of ogives and leading edges of

airfoils.

Other effects. The rate of heat transfer from a laminar boundary layer

to a surface can also be influenced strongly by the insulating action of

fluid injection (cf. Sec. G). The diffusion of a foreign gas into the bound-

ary layer from the wall is discussed by Smith [18], who finds that helium

produces considerable decrease in the rate of heat transfer to a plate.

F,9. Status of Experimental Knowledge. At the outset, it is very

difficult to obtain accurate laminar flow data, because the magnitudes

to be measured are small. Although a number of experimental investiga-
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tions concerned with heat transfer with laminar boundary layers have

been attempted, the results of Eber [19] at the Naval Ordnance Labora-

tory and Shoulberg, Hill, and Rivas [20] at the Massachusetts Institute of

Technology are of particular interest. These experiments were conducted

in supersonic wind tunnels, the NOL facility being intermittent and the

MIT tunnel continuous. Because of the symmetry of flow, and because

the theory for cones is as well developed as for flat plates, Eber used

cones for the experimental determination of recovery factors and heat

transfer coefiicients. The cones were constructed as follows: (1) thin-

walled cones for recovery factor measurement because thin walls immedi-

ately assume the insulated-wall temperature, (2) thick-walled cones for

2 3 4 5 6

Local Mach number Me
Fig. F,9a. Comparison of theory and experiment on recovery factor for

laminar boundary layers on flat plates and cones in a wind tunnel.

heat transfer measurement because of their high heat capacity, (3) solid

cones for average heat transfer measurement, and (4) subdivided cones

for local heat transfer measurement. Inviscid conical flow theory deter-

mined conditions just outside the boundary layer. Shoulberg, Hill, and

Rivas measured recovery factors by means of a flat plate containing

heat-insulated material covered with a sheet of stainless steel.

Experimental data on recovery factors are plotted in Fig. F,9a, which

contains the 0°F, 100°F, and 200°F supply-temperature curves of Fig.

F,5s. It is seen that the NOL data, obtained at an average supply tem-

perature of 67°F, appears to have some correlation with the theory with

respect to Mach number. The MIT data, obtained at an average supply

temperature of 110°F, clusters well about the theoretical 100°F supply-

temperature curve.

The data of Eber for local heat transfer coefficients for cones are plotted
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in Fig. F,9b, where the 0°F and 200°F supply-temperature curves are

taken from Fig. F,6d. The local Reynolds number varied from 2 X 10^ to

1.5 X 10^ Now in the case of fiat plates in wind tunnels, the theory pre-

dicts hardly any effect of Mach number as compared to free flight con-

ditions. Thus, according to Fig. F,9b, the theory seems to be corroborated.

The fact of the matter is that, in the wind tunnel, the density effect is

offset by the nearly Hnear viscosity variation at the lower wind tunnel

temperatures. Indeed, for linear viscosity-temperature variation, there is

no effect of Mach number or heat transfer. It should be pointed out that

according to Fig. F,6a, free flight data with moderate heating or coohng

(nearly insulated cone) would show more clearly the compressibility

effect, although the effect compared to the drag of the entire test vehicle

0)

u^

1.0

0.8

0.6

0.4

0.2

Supply

temperature, °F

200

NOLdata,(67°F)

O 1
0° cone

n 20°

A 60°

O Heat flow into cone

• Heat flow out of cone

1 2 3 4 5

Local Mach number Me

Fig. F,9b. Comparison of theory and experiment on local heat transfer

coefficient for laminar boundary layers on cones in a wind tunnel.

would be difficult to detect, owing to the small proportion of the laminar

flow drag compared to the drag of the whole vehicle. The Reynolds num-

ber effect is certainly verified in Fig. F,9b, since the error in the data is

small compared to the range of the square root of the Reynolds number.

TURBULENT FLOW

F,10. Flat Plate Solution. When the boundary layer is turbulent, the

energy equation can be solved in the same way as for laminar flow. How-
ever, the momentum equation is not amenable to solution, even after

certain assumptions are made concerning the turbulent mechanism. The

integral method will therefore be used in the following paragraphs to

obtain surface friction, based on a velocity profile derived from mixing-

length theory.

It can be shown [21] that the continuity, momentum, and energy

equations for a thin turbulent boundary layer in the mean steady state
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are, respectively,

— du ,
— du d

pu^- + pv— = —
ax ay ay

(m + ^m)

dp

dy

— dh ,
— dh

'"Tx + 'Ty (" + '"'>

^J-y

du

dyj

+

dp

dx

dy
(k + e,)

d̂y

.

_dp
+ u-f

dx

(10-1)

(10-2a)

(10-2b)

(10-3)

where e^ and ej are the eddy coefficients of friction and heat transfer

defined by
du dh

(pvYu' = €^Q- and {pvYh' = ek. ek
dT
dy

(10-4)

respectively. The bars indicate temporal mean values. The ratio

Cp{n + e^)/{k + ek) is designated the mixed Prandtl number Prm, which

reduces to the molecular Prandtl number Pri^^{ = Cpn/k) in the sublayer

at the plate and contains the turbulent Prandtl number Prt(= Cpe^/ck)

of the outer region of the turbulent boundary layer. Thus Eq. 10-3 can

be rewritten as

— dh ,
— dh ,

,
, (du

'''Yx^''Yy=^'-"''^A^y
+

dy

(m + e^) dh

Ptu. dy +4' ('°-5)

Since the above equations have the same form as Eq. 3-1, 3-2, and 3-4

for laminar flow, the independent variables x and y are Ukewise trans-

formed to X and u by the Crocco transformation ii = u{x, y) and x = x.

Hence, Eq. 10-1, 10-2a, and 10-5 become, after eUmination of pv,

d (— )Lt -f- e^\ d'T dp d (p, + €^

dx dii

d_

du

/ 1 dh\

\Pru. du)

= (10-6)

+ (M + O (I + u) % = (10-7)

in which t = {p. -\- e^du/dy. In order to simplify the problem and still

arrive at a practical solution, it is assumed that dh/dx = and

dp/dx = 0. Eq. 10-6 and 10-7 then reduce to

d ( I dh

du \Prjfx du
+ 1

d

dx
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Rearrangement of Eq. 10-9 gives

(0-^(--")^(l;) (10-10)

which is Unear and first order in h^/Prra. as a function of u^ at const x.

Symbols h^ and % denote h/K and u/ue, respectively, and the primes

indicate differentiation with respect of u^ alone. Integration of Eq. 10-10

at const X results in [22]

in which
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laminar Prandtl number, turbulent Prandtl number, and Reynolds num-

ber can be derived.

The general expression for recovery factor is [22]

r = 2R{1) =2 Pr„ exp
/:

dr
(1 - PrJ -

(0) T
.

exp
' (1-PrJ^
(0) T

.

du^ \ du^ (11-4)

with variable Prandtl number. However, before the integral can be evalu-

ated, it is necessary to have information on the shear distribution across

the layer, except for the case of Pr = 1 when r = 1. Now for turbulent

boundary layers, there is no analytical expression for r as there is in the

case of laminar boundary layers. Therefore, with turbulent flow, it is

necessary to assume a shear distribution which conforms with experi-

ment. In the first place, owing to the experimental fact that the sublayer

and transition regions are very small compared to the turbulent part of

the boundary layer, it is certainly sufficient to assume that the total

shear is constant across those subregions. Hence, Eq. 11-4 becomes, for

averaged (constant) Pria^ and Pn,

r = 2Priam /

"* ^"^
u^du^ + 2 /

** Pr^u^du^
Jo yu^lam

+ 2Pn [' r^^^-'du^ r*\i-p^du^ + 2Pn r T^t-^ r* ti-p"^^ du^du^

(11-5)

where w^um indicates the outer edge of the laminar sublayer, %t the inner

edge of the turbulent zone, and r^ = t/t{0).

Experimentally [25], the shear distribution may be well approximated

by a straight line over the turbulent region of the boundary layer, whence

r, = 1 -
I

(11-6)

Therefore t^('u^.) is represented by the ordinate above the y^{= yu^/h)

profile. Typical velocity and shear profiles for a turbulent boundary layer

are plotted in Fig. F,lla. The Blasius velocity and shear distribution for

laminar flow are also plotted in the figure for comparison. It is seen that

the turbulent shear t^ as a function of relative velocity u^ is much fuller

than the laminar shear, and therefore tends to justify the assumption

usually made in turbulent flow analysis that the shear is constant across

the layer. Also, the assumption that the turbulence Prandtl number

Prt is near unity tends further to diminish the shear effect. If the semi-

logarithmic law for velocity is used, then the shear distribution as a
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function of u^ becomes

r^ = 1 - exp 1 - K
^Cf/2

(1 - u^) (11-7)

in which K is the universal mixing-length constant.

The next step in the evaluation of Eq. 11-5 is to place values on the

hmits M^iam and w^f This is done by following von Karman [24\, who
stipulated for the velocity profile: (1) a laminar sublayer between the

hmits ^ ?/* ^ 5 where y* = p \/t(0)/p y/n, whence u* = y*, where

Fig. F,lla. Velocity and shear distributions for laminar and turbulent flow.

u* = u/\/t(0)/p; and (2) a transition or buffer zone between the limits

5 ^ ?/* ^ 30 and following the law u* = 5[1 + In {y*/5)].^ Therefore,

''ilslam

Cf

and

w^t = 5(1 + In 6)
Cf

(11-8)

(11-9)

1 A more significant velocity profile that fits the flow all the way to the wall is

given by van Driest [26].)

Jo 1

in which ^ * = 26. Now

so that for small y*

+ Vl + 4fc2t/*2[l - exp i-y*/A*)]^

IX l(du*/dy*)J

A*2
y*'

Thus the ratio of the turbulent to the molecular momentum transport coefficient

starts out as y*K
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since \/t(0)/p = u^ \/cf/2. Because these velocity profile assumptions

are based on the incompressible flow experiments of Nikuradse [23], the

present development is essentially for incompressible flow of gases, al-

though, as demonstrated later, compressibility will not alter the results

appreciably.

The first term of Eq. 11-5 becomes, with the aid of Eq. 11-8,

Since

and

u^du^ = Pri^^u% = 25 7/ Pr\

Pr^

IJL + €,,

M + Cm M + Cp

Pf\sim Pft

(11-10)

(11-11)

(11-12)
du/dy

it will be found that the second term of Eq. 11-5 may be written, through

the use of Eq. 11-8 and 11-9, as

2 / Pr^u^du^ ^ 2 X25^ Pn In (5?^ + I

+ 2 X 25 ^Pr,
In (yV5) (y'

Pn _^^yl \5
(11-13)

' 1 P't'Um ^

Now, the integral on the right-hand side of Eq. 11-13 cannot be evalu-

ated in closed form; however, it can be expressed accurately, according to

numerical calculation, by
~3 / Pn

In (t/V5)

Pr\

Pru,
1 + y ©.^Kt)^'^'-

\Pru^ )4 \Pn
-1+6

3 / Pn
L4 VPn,,

-1 -f 1

(11-14)

for -1 ^ PrJPn,^ - 1 ^ a,.

Next, Eq. 11-7 is substituted into the last two terms of Eq. 11-5, and

the integrals are obtained by expanding the integrands by means of the

binomial theorem and obtaining the limit of the sum of the integrated

terms. The result can be represented accurately by

Pr,

for Pft -^ 1, and by

1_,|^ + ^| /|^(1_P,0

Pr,U-< + |Jf (1-^n) ^V|(l-Pn)

(11-15)

(11-16)
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for 0.7 ^ Prt ^ 1, where the term f(1 — Pr^ is a numerical approxi-

mation.

Collecting Eq. 11-10, 11-13, 11-14, and 11-16 into Eq. 11-5 gives

finally, for the recovery factor:

= Pr
^ + 1

+ (In 6) In [l + §(^ - l)] - (In 6) In [l +\{^ - l)j}

(11-17)

This formula should be valid for normal gases.

In order to utilize Eq. 11-17 to calculate the recovery factor, one re-

quires numerical values for the molecular and turbulent Prandtl num-
bers. While data on the molecular Prandtl number are readily available

in the NBS-NACA Tables of Thermal Properties of Gases, yet only a

few direct measurements [27,28] of the turbulent Prandtl number have

been made, and the accuracy of such measurements is apparently not suf-

ficient to establish a definitive value for the turbulent Prandtl number.

Since it is much simpler to take temperature recovery measurements

than direct turbulent Prandtl number measurements, Eq. 11-17 might

well be used to determine indirectly the turbulent Prandtl number from

measured turbulent recovery factors. However, it is first necessary to

state that, while the above-derived expression for recovery factor is

essentially an incompressible flow formula, the measurements of recovery

factors are obtained only with supersonic flows on insulated surfaces

[20,29,30]. Certainly, it is only for supersonic flow that the recovery factor

has value. Fortunately, it appears from measurements with air that the

turbulent recovery factor is fairly independent of Mach number and

Reynolds number. Now, it is expected that the turbulent Prandtl num-
ber should also be independent of Mach number and Reynolds number.

Hence, if Eq. 11-17 is correct, there should be one value of Prt such that

r — const. Indeed, it is seen in Fig. F,llb that for r = const, the turbu-

lent Prandtl number must be 0.86, using incompressible flow friction

coefficients. Furthermore, it is of great interest to observe that the corre-

sponding recovery factor has a theoretical value of 0.88, which checks

well with experiment. A laminar Prandtl number of 0.71, corresponding

to 100°F for air, was used in the calculations. Squire's PH is also indi-

cated in Fig. F,llb.

Since the turbulent Prandtl number is a molar characteristic of the

turbulent motion itself, it appears that the value Prt = 0.86 should apply

to all fluids.
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In order to show that Eq. 11-17 gives recovery factors which are also

independent of Mach number, at least in the first approximation, it is

necessary to introduce the Mach number into the friction coefficient.

Thus, assuming that Eq. 11-17 can be used to represent compressible flow

if wall conditions are substituted into the equation, the factor

1 + r Ml

should be multiplied into c//2 wherever c//2 appears. It must then be

remembered that the friction coefficient becomes the compressible flow

coefficient.

0.92

0.90

0.88

0.86

0.84

0.82

i^cAHt^f^t^^

(0.7 1)^

Eq. 11-17, Prt = 0.86

Priam = 0.71

o BRL Me = 2.2 10° cone

+ MIT Me = 3.0 Plate

A NACA Me = 3.8 10° cone

I

JO = 100°F

105 10* 107 II

Ree

Fig. F,llb. Recovery factor for a turbulent boundary layer on a flat

plate as a function of Reynolds number for air. Mg = 0.

That the turbulent recovery factor given by Eq. 11-17 is essentially

independent of Mach number for a flat plate (or a cone) in a wind tunnel

with Re = 10^ is seen in Fig. F,llc, in which some data of MIT and
NACA (1 by 3-ft No. 1 tunnel) are also plotted. The values of c//2 used for

the calculation were obtained from the data of Coles [31]. This apparent

independence further justifies the analysis leading to Eq. 11-17. Fig.

F,lld indicates the turbulent recovery factor variation during free flight.

The difference between Fig. F,llc and F,lld is due to the difference be-

tween the molecular Prandtl number variation in wind tunnel and free

flight. The NBS-NACA molecular Prandtl number variation was assumed

[5]. The laminar flow recovery factors are shown in Fig. F,llc and F,lld

for the purpose of comparison.

Owing to the method of calculation, it is hardly expected that the

curves of Fig. F,llc and F,lld are meaningful at the higher Mach num-
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bers. Indeed, more information on the laminar sublayer and transition

region in supersonic flow is necessary for further progress.

The effect of heat transfer on the turbulent recovery factor can be

estimated by substitution of the factor T^/Te for the above factor

(l+rX^M|)

The same trend as with Mach number is found to appear. Thus r is

essentially independent of Ty,/Te also.

0.90

0.89

0.88

0.87

0.86

0.85

0.84

0.83

0.82

Turbulent rins ^ " x
Re = 107

O MIT plate

A NACAcone

XX -C^

Me
Fig. F,llc. Recovery factor for a turbulent boundary layer on a flat plate

in air in a wind tunnel as a function of Mach number. To = 100°F.

Reynolds analogy factor. Another item that must be known before a

heat transfer calculation can be made is the Reynolds analogy factor, so

called because it was Reynolds who concluded in 1874 that heat transfer

was proportional to fluid friction. The general expression for the Reynolds
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analogy factor is [22]

s = >S(1) = Pr^ • exp I - / (1 - Pr) -
\ 7t(0) t

] du^ (11-18)

in which Pr varies across the boundary layer.

An algebraic formula can be derived for s if the same assumptions

concerning velocity and shear distribution are stipulated as in the de-
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valid for 0.7 ^ Pn ^ 1. This formula reduces to von Karman's formula

when it is assumed that Pn = 1. For Pn^^ = Pn = 1, then s = 1, which

gives the basic Reynolds analogy, viz. St = c//2.

The turbulent Prandtl number of 0.86, obtained above by making

Eq. 11-19 compatible with experiment, should be used in Eq. 11-19.

0.84

0.83

0.82

0.81

0.80

0.79

0.78

0.77
1 2 cJ 4 5

Me
Fig. F,llg. Reynolds analogy factor for a turbulent boundary layer on a flat

plate in free flight in air as a function of Mach number. Te = 400°R.

Fig. F,lle shows the effect of Reynolds number on s for air at low

speed (incompressible flow) , using Prt = 0.86 and Pn^ni = 0.71. Colburn's

[32] Pri is also plotted in this figure.

Fig. F,llf and F,llg indicate that the effect of compressibility on s

for moderate heating or cooUng of flat plates (or cones) in a wind tunnel

and in free flight is small.

It appears that for air a reasonable value for s is 0.825.

Local skin friction coefficient. Analytically, it would be desirable to

obtain from Eq. 10-8 a shear distribution across the turbulent boundary

-^
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layer. However, the situation is complicated by the presence of the eddy

viscosity e^, which is a function of the eddying process itself, rather than

a function of temperature like the molecular viscosity n. As a result, the

simplest procedure to calculate the wall shear is to use the von Kdrmdn
integral method based upon a velocity profile obtained from the Prandtl

mixing-length theory.

Application of the Prandtl mixing-length theory to compressible flow

leads to [21]

(du\
dy)

r = PV
(^^J

(11-20)

in which I is the mixing length analogous to the mean free path in kinetic

theory. Near the wall, one may assume that I = Ky where i^ is a con-

stant equal to about 0.40; however, away from the wall, one might assume

the von Kd,rman similarity law, viz. I = —K{du/dy)/{d}u/dy'^). For in-

compressible flow near the wall, both mixing-length assumptions lead to

the semilogarithmic velocity profile. For compressible flow, on the other

hand, the use of the different assumptions leads to sHghtly different

results. The shear stress t is usually taken as constant and equal to the

wall value Tw
In order to account for the variation of the density of the fluid, it is

first remembered that, owing to the thinness of the boundary layer, the

pressure is constant across the layer. Therefore, from the perfect gas law,

when p'T' is neglected,

^ = ^ (11-21)
Pw y

Next it is assumed that Pr — \ and Cp is constant. Eq. 10-11 then yields

or, upon rearrangement.

7^
^
+

[(i H-^ ^') ^ -
1] S - '-^ ^' k ©' (11-^^)

Hence, upon substitution of Eq. 11-23 in Eq. 11-21, the density relation

becomes

P 1

where
Pw 1 +5(W/-Me)2 - A(M/We)2

^^^ Ml 1 + ^^ Ml

(11-24)
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Finally, taking I = Ky and putting Eq. 11-24 into Eq. 11-20, with t = t,

yields the following velocity distribution result:

1 .
,

We ,
1 . , B

A {B^ + 4:A^)i ' A (B2 + 4^2)^

- £ F + ^m (11-26)

where F is a constant and I'w, the kinematic viscosity at the wall, is intro-

duced because of its influence in the laminar sublayer.

Eq. 11-24 and 11-26 can now in turn be substituted into the von

K^rmdn momentum integral relation for a flat plate with zero pressure

gradient, viz.

- A
' W 7

ax
/ pw(we - u)dy (11-27)

to yield a complicated integral which, however, can be expanded into a

series by means of integration by parts. Upon neglect of terms of higher

order, the resulting series can be approximated by a simple expression

which leads to an engineering formula for the local skin friction coef-

ficient in terms of Reynolds number, Mach number, and wall-to-free

stream temperature ratio when the final constant involving F is adjusted

to reduce the formula to the von Karman friction law for incompressible

flow. In this way van Driest [21] obtained the formula

0.242
(sin-i a -t- sin-i /3) = 0.41 + log (Re Cf)

-g + n)log@ (11-28)

where

2^'-^
and ff

^
(52 -t- 4A2)J "'^" ^ (52 4- 4A2)i

and n is the exponent in the viscosity law ju = const • jT". For air, the

exponent n ranges from 0.76 at ordinary room temperature to 0.5 at

higher temperatures.

If, now, one assumes the similarity law for mixing length, viz.

I = —K{du/dy)/(d^u/dy^), instead of I = Ky, then, following the same

procedure given above, one obtains

242 T

AcHT /T)^
^^^^~' " "^ ^^^~' ^^ ^ ^'^^ "^ ^^^ ^^^ -Cf) - n logY

(11-29)
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to the wall value in both Eq. 11-20 (with I = Ky) and 11-27, i.e. through-

out the entire analysis. One obtains, then, for the heat transfer case,

0.242

c%T^/T.)^
= 0.41 -|- log (Re Cf) — n log (11-32)

which differs from Eq. 11-31 by the factor log (T^/Te). Von Karman also

originally derived his equation for the insulated-plate case, because he

(like Cope later) desired to find the effect of speed, only, upon drag.
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the other hand, Fig. F,llj and F,llk show that Eq. 11-31 and 11-32 yield

friction coefficients independent of Mach number for a constant wall tem-

perature. Since it can hardly be expected that the wall temperature has

complete control over the variation of fluid properties, i.e. that dissipation

can be neglected, it appears reasonable to rule out Eq. 11-31 and 11-32.

For completeness, the results for both laminar and turbulent flow for

near-insulated flat plates are brought together in Fig. F,lll using Eq.

11-2 and 11-29 and s (turbulent) = 0.825.

F,12. Cone Solution. For geometrical reasons, boundary layers are

thinner on cones than on flat plates and therefore it is expected that

turbulent boundary layers will have greater heat transfer coefficients for

cones than for plates. The von Karmdn momentum integral relation for a

boundary layer on a cone in a supersonic stream with zero angle of attack

and attached shock wave is

Tw = :^ /
pu{u^ - u)dy + -

/ pw(We - u)dy (12-1)
ax Jo X Jo

in which the coordinate distance x is measured from the cone apex along

the cone and y is measured normal to the surface. Then, using Eq. 12-1

instead of Eq. 11-27, and following the same procedure as carried

out fin the derivation of Eq. 11-28, van Driest has shown [36] that a

simple rule exists for the transformation of turbulent heat transfer results

from a flat plate to a cone in supersonic flight. The rule states that

the local heat transfer coefficient on a cone is equal to the fiat plate solu-

tion for one half the Reynolds number on the cone, the Mach number

and wall-to-free stream temperature ratio remaining the same; thus the

turbulent flow rule is similar to that for laminar compressible flow where

the cone solution is equal to the flat plate solution for one-third the

Reynolds number on the cone. For turbulent flow, the correction amounts

to only about 10 to 15 per cent, whereas for laminar flow it amounts to

73 per cent.

F,13. Stagnation Point Solution. Although it is expected that the

flow will be laminar in the immediate neighborhood of the stagnation

region of spheres and cylinders, it is possible for the flow to become

unstable and eventually turbulent with increasing distance from that

region, owing to the low Reynolds number of the local flow there.

A theoretical analysis can be made for a fully turbulent boundary

layer near the stagnation point when it is assumed, as in flat plate flow,

that the velocity profile remains similar with distance. Assuming a

y-power law for velocity distribution, the coefficient of heat transfer
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Stx, in the formula

q^ = -St^p^UiK — K)
becomes [37]:

for spheres. For cyhnders, the constant is 0.040.

For an approximate calculation over the face of a sphere, the con-

stant 0.042 may be apportioned linearly with /3 to 0.030 for flat plates,

0.010

Stc

0.005

Stagnation /
solution 1

'/
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0.010

Stco 0.005

Fig. F,13b. Heat transfer on the face of a sphere in air. M„ = 3; Reooi ~ 10*

0.010

St 0.005

Fig. F,13c. Heat transfer on the face of a sphere in air. Ma> = 3; Reo^ = 10^
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F,14. Effects of Variable Free Stream Pressure, Wall Tempera-
ture, Etc. The effects of variable free stream pressure and variable

wall temperature are generally qualitatively the same but relatively less

for turbulent than for laminar boundary layers. Two references are

Rubesin [38] for surface temperature variation and Clauser [39] for

pressure gradients.

Fluid injection in the stream through the wall is effective in reducing

heat transfer to the surface from the boundary layer. For example,

Rubesin [40] has developed a theory for gas injection into a high speed

turbulent boundary layer; comparison of the theory at Mach number

zero with data of Mickley, et al. [41] shows good agreement. (For detailed

discussion see Sec. G.)

F,15. Rough Walls. All of the aforementioned analyses had to do

with smooth walls. However, the following formula, derived in the same

manner as Eq. 11-28, will be indicative of local skin friction (and there-

fore heat transfer) on rough plates [37]

:

0.242

where e is the plate roughness and x is the distance from the plate leading

edge. It is assumed, of course, that the roughness projections are great

enough to disrupt the viscous influence of the wall and that the projec-

tions do not reach the sonic line. As with skin friction, heat transfer rates

for rough plates should be significantly greater than for smooth plates.

F,16. Status of Experimental Knowledge.
Skin friction. Since heat transfer is proportional to skin friction, and

since friction is apparently easier to measure than heat transfer, it is

proper to glean first the experimental data on skin friction so that more

data may be made available to verify the theory.

The data of Coles [31] and Korkegi [42] for local friction on insulated

plates is plotted in Fig. F,16a, The data were obtained by direct force

measurements. Also plotted are Eq. 11-28 and 11-29 for n = 0.76. Ap-

parently both Eq. 11-28 and 11-29 are adequate for engineering purposes.

However, for more precision when more definitive data are available, and

assuming that Eq. 11-28 and 11-29 have the proper form, it may be sug-

gested that an equation be written as follows:

242 Ty,
(sin-^ a + sin-i 13) = 0.41 -\- log (Re c/) — (p -{- n) log

(16-1)

where p is an arbitrary constant to be adjusted to the data.
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The mean skin friction data of Sommer and Short [43] and Chapman
and Kester [44] are plotted in Fig. F,16b. The former data were obtained

from deceleration measurements of hollow cylinders in free flight, and

therefore the wall-to-free stream temperature ratio remained low (ranging

from 1.03 at Mach number 2.81 to 1.75 at Mach number 7). The latter

data were the result of steady state, direct total force measurements of
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tunnel. For example, when the Mach number is zero, Eq. 16-1 becomes

0.242 2 / /Tw\

c){T^/T.)^ B^^^ + ^ - 1) = 0-41 + log {Re-ci) - {p + n) log
(^-

j

(16-3)

in which p = ^ for Z = Ky and p = for Z = —K{du/dy)/{d}u/dy'^), but

may be adjusted by the data. Experimental data under these conditions

are apparently not available as yet.

Heat transfer. The necessary ingredients, viz. r, s, and C/, have now
been presented for the calculation of heat transfer g^ from Eq. 11-1.

Fig. F,16b. Effect of heat transfer and Mach number on mean skin friction

coefficient according to Eq. 16-2 for a Reynolds number of 10'.

They have also been checked against experiment. Therefore, it is ex-

pected that the resulting heat transfer calculations will be adequate for

engineering purposes.

A final check on the theory may be made by measuring the heat trans-

fer rate into or out of the boundary layer, thus obtaining the value of

St directly. In Fig. F,16c, F,16d, and F,16e are plotted some heat transfer

coefficients obtained by Shoulberg and others [Ji.5] at the Massachusetts

Institute of Technology for M, = 2.0 at T^/T, = 2.1, ilfe = 2.5 at

Tw/T^e = 2.7, and M^ = 3.0 at T^/T^ = 3.3. Theoretical curves, derived

from Eq. 11-2, 11-19 (corrected for Mach number and heat transfer effect,

say s = 0.825) and 11-29, are also drawn in the figures. Good agreement
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TRANSITION

F,17. Stability of the Laminar Boundary Layer and Relation to

Transition. That the heat transfer coefficient for turbulent flow is an

order of magnitude (say 10 times) greater than the heat transfer coef-

ficient for laminar flow is evident from Fig. F,llk. This difference is due

to the fact that the velocity gradient at the wall in turbulent flow is con-

siderably greater than the velocity gradient at the wall in laminar flow.

Although the region of development of the boundary layer between

the minimum critical Reynolds number (neutral stability for infinitesimal

disturbances) and the Reynolds number of fully turbulent flow is truly

the transition region, yet in this discussion the expression "transition"

will refer to the beginning of fully turbulent flow. It will be found that

the transition Reynolds number so defined will be many times greater

(again perhaps 10 times or more) than the minimum critical Reynolds

number.

Since the heat transfer coefficients for turbulent flow are much greater

than those for laminar flow, it is desirable to employ ways and means of

delaying transition as much as possible. One method of delaying tran-

sition is to draw heat out of the laminar boundary layer at the wall. By
this means the minimum critical Reynolds number is increased. For two-

dimensional infinitesimal disturbances, it was demonstrated by Lees [49]

that (1) with subsonic free stream flow, cooling the boundary layer was

stabilizing, although the layer would always become unstable for suf-

ficiently high Reynolds number, whereas (2) with supersonic free stream

flow, cooling was again stabilizing, yet it was possible through sufficient

practical cooling to maintain stability for any Reynolds number however

large. When the wall is insulated, an increase in free stream Mach num-
ber is destabilizing for subsonic or supersonic flow. It was next shown by

van Driest [50], through numerical calculation, that the region of complete

stability (infinite Reynolds number) extended from Mach number 1 to 9

for air when the Prandtl number was taken as 0.75 and the Sutherland

viscosity law was used with a free stream temperature of — 67.6°F. The
results are given in Fig. F,17a. The minimum critical Reynolds numbers
other than infinity were computed using an estimation formula given by
Lees in [49].

The cooling required for complete stabilization of the laminar bound-

ary layer for air under various conditions is plotted in Fig. F,17b. The
solid curves (the viscous solution) are the more accurate in that they

include the viscous forces in the stability analysis, whereas the dotted

curves (the inviscid solution) are stability criteria because they include

only the pressure forces and not the viscous forces in the analysis. The
condition {Pr = 0.75, p^fx^ = 1) should be used for ordinary wind tunnel

work because at low temperatures the Prandtl number is approximately

( 396 )



F,17 • STABILITY OF THE LAMINAR BOUNDARY LAYER

0.75 and the viscosity is proportional to the temperature. The condition

(variable Pr (see Fig. F,5a), Sutherland law, T^ = 400°R) would best be

used for slender bodies and thin surfaces in free flight. The condition

(Pr = 0.715, p|m* = 1) is appHcable to cones or blunt bodies where the

23456789
Free stream Mach number Me

11 12

Fig. F,l7a. Minimum critical Reynolds number as a function of free stream Mach
number and wall-to-free stream temperature ratio. Prandtl number 0.75 and Suther-

land viscosity law.
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10

Fig. F,17b. Cooling required for complete stabilization

of the laminar boundary layer for air.

ambient temperature (just outside the boundary layer) is great so that

Pr = 0.715 and ju^ = T|. The calculations resulting in the above curves

were based on analyses of the boundary layer as given in [1,2,3].

Since transition from a laminar to a turbulent boundary layer is a

consequence of instability of the laminar flow, heating the boundary layer
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should promote, and cooling retard, transition. That this is the case has

been shown experimentally by Scherrer [51], Higgins and Pappas [52],

and Czarnecki and Sinclair [53] of the National Advisory Committee for

Aeronautics, Eber [54] of the Naval Ordnance Laboratory, and van Driest

and Boison [55,56] of North American Aviation, Inc. Plate F,17 is a set of

photographs by van Driest and Boison showing the boundary layer when
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F,17c. Effect of surface cooling on transition Reynolds number for

several local Mach numbers on a smooth 10° cone.

it is distorted (magnified) 20 times normal to the flow by means of a cylin-

drical lens built into the Schlieren system [57]. Transition and its delay by

cooling is readily discernible from the photographs. The length of each

photograph represents 16 inches of a smooth 10° (apex angle) cone, cooled

internally with gaseous nitrogen; the left-hand edge of each photograph

is located 4.5 inches from the apex of the cone. The Reynolds number

per inch is 500,000. The effect of surface cooling [56] on the transition

Reynolds number for several local Mach numbers on the cone in a low

turbulence tunnel is indicated in Fig. F,17c. Lines of infinite minimum

critical Reynolds number are also plotted in the figure. The dashed line
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F,18 EFFECT OF TUNNEL TURBULENCE

of Fig. F,17c shows the effect of Mach number on transition for the zero

heat transfer case. It is thus generally seen from the figure that transition

seems to follow the same trends predicted for the stability of the laminar

boundary layer, not only with cooling, but also with increase in Mach
number for an insulated surface.

F,18. Effect of Supply Tunnel Turbulence. The data in Fig.

F,17c are for a smooth model (10-micro-inches) in a wind tunnel with
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Tw/Te

Fig. F,18b. Effect of supply turbulence on transition

with cooling. Me = 2.70; 10° smooth cone.
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Plate F,17. Schlieren photographs showing delay of transition on a smooth
10° cone by surface cooling. M^ = 3.65, Ree/in. = 0.50 X 10 «.
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0.4 per cent turbulence in the supply chamber. Fig. F,18a, F,18b, and

F,18c show the results [56] of increasing the supply turbulence to 9 per

cent for M^ = 1.90, 2.70, and 3.65, respectively. It is immediately con-

cluded that: (1) the effect of cooling in delaying transition decreases with

10

2 6

X
0)

Trip size

O No trip

X 0.0005 in.

D 0.001 in.

A 0.002 in.

ReeQt trip= 1.62 X 10*

Ree/in. = 0.54 X 10*

Te = 312°R

0.5 0.9 1.3 1.7

Tw/Te

Fig. F,19a. Effect of roughness on transition with cooling.

Me = 1.90. Wire trips at Re^ = 1.62 X 10«; 10° cone.

increasing turbulence, (2) the effect of supply-tunnel turbulence in pro-

moting transition decreases as Mach number increases. The second con-

clusion is again drawn from Fig. F,18d, which is a cross plot of Fig. F,18a,

F,18b, and F,18c for zero cooling. The ordinate of Fig. F,18d is the ratio
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F,19 • EFFECT OF SURFACE ROUGHNESS

of the transition Reynolds number with variable turbulence Re^^ to that

with 0.4 per cent turbulence Re^^, and the abscissa is the percentage ratio

of the root-mean-square velocity fluctuation u' to the mean velocity u in

the supply chamber.

F,19. Eflfect of Surface Roughness. Transition promoted by surface

roughness can still be controlled by cooling, depending, however, upon
the roughness size. Data [56] obtained for wire rings 3 inches from the tip

of a 10-degree smooth cone at local Mach number 1.90, 2.70, and 3.65

Trip size

O No trip

X
n
A

0.0005 in.

0.001 in.

0.002 in.

0.004

ReeQttrip=2.0lXl0'5
Ree/in. = 0.67 X 1

0'

Te = 228°R

Xj

Cooling
N

2.3

Fig. F,19b. Effect of roughness on transition with cooling.

Me = 2.70. Wire trips at Re^ = 2.01 X 10^; 10° cone.

are shown in Fig. F,19a, F,19b, and F,19c, respectively. These data show

that: (1) for sufficiently small two-dimensional roughness, cooling can

still delay transition as though the body were smooth, (2) sufficiently

large roughnesses disrupt the flow to such an extent that cooling is no

longer effective, (3) for intermediate roughnesses, a reversal in transition

is apparently possible, during which transition is first delayed and then

promoted by cooling, and (4) the effect of roughness in promoting tran-

sition decreases as Mach number increases. The reversal may be explained

by the argument that cooling first tends to stabilize the flow until the
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2.3

Tw/Te
Fig. F,19c. Effect of roughness on transition with cooling.

Me = 3.65. Wire trips at Re^ = 1.50 X lO^; 10° cone.

Fig. F,19d. Effect of roughness on transition as a

function of Mach number. Zero heat transfer.

boundary layer becomes sufficiently thin that the roughness shows its

effect. The fourth conclusion is again seen in Fig. F,19d, which is a cross-

plot of Fig. F,19a, F,19b, and F,19c for zero heat transfer. The ordinate

of Fig. F,19d is the ratio of the transition Reynolds number with a trip

Re^rj. to that for the smooth cone Re^^, whereas the abscissa is the ratio of

the roughness height k to the boundary layer displacement thickness 5* at

the trip, in accordance with the procedure of Dryden [58].
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CHAPTER 2. APPLICATION OF THEORY TO
ENGINEERING PROBLEMS AT HIGH SPEEDS

F,20. Aerodynamic Heating of High Speed Vehicles. The rise in

temperature of the air in immediate contact with the surface of a vehicle

as a result of high speed causes transfer of heat into the vehicle, thus the

expression "aerodynamic heating." The temperature rise of the contact

air may be caused by direct compression, such as at the nose of a blunt

body, or friction in a boundary layer, or both. The glowing of meteorites

is a manifestation of the high temperatures associated with aerodynamic

heating.

2.5

800 1200 1600

Temperature, °F

Fig. F,20a. Effect of temperature on the weight ratio

for the same tensile load for various metals.

At low speeds, aerodynamic heating is usually objectionable only to

the pilot. However, at high speeds, such heating actually dictates the

design of the vehicle, not only for structural reasons, but also because

of the problem of insulating vital compartments, such as for fuel and

guidance equipment. Indeed, the design of hypersonic missiles, such as

glide or ballistic rockets, awaits further research on boundary layer heat

transfer rates and high temperature insulating and structural materials.

Fig. F,20a and F,20b show the effect of temperature on the strength

of aluminum alloy, stainless steel, and titanium using aluminum alloy at

room temperature as the base [59]. While the loss in tensile yield-strength

with temperature is indicated in Fig. F,20a, a more significant presen-

tation is given in Fig. F,20b, which gives the relative weights of metal
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required to carry the same load for buckling. According to Fig. F,20a

it is apparent, from a tension-load standpoint, that titanium is most

suitable all the way up to about 800°F, above which stainless steel would

be preferable. On the other hand, from a plate-buckling standpoint. Fig.

r,20b shows that aluminum alloy is preferable up to a temperature of

about 600°F, titanium is most suitable up to about 900°F, after which

stainless steel would be desirable. At any rate, regardless of loading con-

dition, it may be concluded that titanium should be the most useful of

the three metals between about 600°F and 900°F. (Mach number ranges,

corresponding to full boundary layer temperature rise from an ambient

400 800 1200 1600

Temperature, °F

Fig. F,20b. Effect of temperature on the weight ratio

for the same buckling load for various metals.

temperature of — 60°F, are also indicated in Fig. F,20b.) At higher tem-

peratures, say 1500°F, other heat-resistant alloys must be considered.

For example, Hastelloy C is a recently developed high temperature,

nickel-base alloy which has good inherent section properties and there-

fore may prove suitable for the design of the main structure of high

Mach number vehicles. Because the temperature of a body is greatest

at the nose as well as at other protruding parts, it may be necessary to

use an insulating material of low structural value, such as a ceramic, in

those regions, especially when such regions may be backed up with suf-

ficient supporting structure. The leading edges of wings may be treated

likewise.

Calculation of skin temperature. In the engineering calculation of the

skin temperature of a high speed vehicle, the usual assumptions are:

(1) the skin is so thin that the temperature gradient in the skin normal
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to the surface is negligible, (2) heat conduction along the skin is negli-

gible, (3) no heat transfer takes place to or from other parts of the missile,

(4) the specific heat of the air in the boundary layer is constant, and (5)

radiation emissivity and absorptivity of the skin are equal. Accordingly,

the differential equation for skin temperature is

"^^^ = Stc,pMT. - TO - e{aTi - G)CwPwS,
dt

(20-1)

where, on the left-hand side of the equation, T^, Cw, Pw, and 5w are the
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Table F,20. Emissivities of a few materials.

Emissivity
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Fig. F,20e. Flat plate flight temperature at point 5 ft

from leading edge. Laminar boundary layer.
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Fig. F,20f. Flat plate flight temperature at point 5 ft

from leading edge. Turbulent boundary layer.

Eq. 20-1 presupposes relatively slow change in motion of the vehicle,

depending of course on how thick the skin really is. Apparently the

method is satisfactory for the boosting of missiles (such as the V-2)

when the skin thickness is of the order -^ inch and the acceleration is

about 5 g's. For highly transient conditions, such as with ballistic dive-ins,

it would be necessary to allow for the variation of temperature across the
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skin. Such a procedure becomes quite laborious because it usually involves

the numerical method of finite differences [62]. Fortunately, it is still suf-

ficiently accurate to consider only the heat transfer normal to the plate.

In the steady state (cruise), the left-hand side of Eq. 16-1 is zero.

The results of typical temperature calculations in the steady state are

shown in Fig. F,20d for a flat plate at zero angle of attack for both laminar

and turbulent boundary layers. The plate was assumed to be moving at

Mach number 3 at elevation 50,000 ft. in the NACA Standard Atmos-
phere. The emissivity was taken at 0.5 and the incident radiation was
assumed to be 200 BTU/ft^ hr. The heat transfer coefficients were ob-

tained from Fig. F,5i for laminar flow and from Eq. 11-2, 11-19, and 11-29
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tour 580°R represents the case where the radiation just balances the

absorption of heat from the sun. This temperature (580°R) is then the

temperature of a body at rest in the atmosphere or in motion out in

space. It may also be the temperature of a body in motion in the atmos-

phere when the speed is such that the boundary layer temperature is

580°Il. The fact that there are lower temperature contours within the
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ferred into the wall from the layer, thereby increasing the wall temper-

ature. The fall and rise in temperature of a flat plate increasing its speed

from subsonic to supersonic speed while remaining at 40,000 ft altitude

is shown in Fig. F,20g. It appears that the solar heat is balanced at about

Mach number 1.5 for 50 per cent of direct solar radiation. The skin tem-
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G and H located on opposite sides of the nose cone and 12 in. from the tip.

The temperatures are plotted up to 61 sec, when the rocket motor

burned out. Stations G and H were chosen for study because station H
was located aft of a strip of two-dimensional boundary layer trip, whereas

station G was not; therefore, the temperature data at those stations

should show the difference between the normal boundary layer and a

fully turbulent layer. For the purpose of comparing the data with the

theory, theoretical temperature curves for laminar and turbulent layers

are plotted in the figures. The heat transfer coefficients for the cone were

obtained from flat plate theory by use of the rules stated above. During

1 2 3

Free stream Mach number Me
Fig. F,20j. Course of V-2 flight data.

the period of the measurements, radiation was practically negligible. Also

shown in Fig. F,20h is the theoretical time at which the laminar boundary

layer becomes completely stable (regardless of Reynolds number) for

infinitesimal two-dimensional disturbances due to cooling caused by skin-

temperature lag. This limit was obtained by following the course of the

wall-to-free-stream temperature ratio in Fig. F,20j and using Fig. F,20k,

which is included to show the variation of pertinent properties neces-

sary in the heat transfer study for station G. The instant of absolute

stabilization seems to correspond to the intersection of the temperature

ratio and the stabilization curve in the figure. However, it is suspected

that stabilization began before that time, as apparently happened in

Fig. F,20h.
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That the theory for turbulent flow follows the data quite satisfactorily

is shown in Fig. F,20i. Perhaps the shght deviation after 45 sec is caused

by the strong stabilization effect of cooling in spite of the boundary
layer trip.

Fig. F,20h is generally interesting because it shows clearly the course

of events which is typical of boundary layer development as a function of

1.35

1.30

1.25

1.20
I-

10 40 5020 30

Time, seconds after take-off

60

1.15

1.10

1.05

1.00

Fig. F,20k. Variation of flow parameters on nose

cone of V-2 rocket in Fig. F,20h and F,20i.

Reynolds number and wall-to-free stream temperature ratio (heat trans-

fer). At first, the Reynolds number soon becomes large enough to make
the boundary layer turbulent; therefore the data follow the turbulent

trend for a while. However, as the speed increases, the boundary layer

temperature increases, thus bringing about heat flow into the missile skin

owing to heat capacity of the skin. The boundary layer cooling then tends

to stabilize the layer; in fact, a rate of cooling is finally reached after

which a laminar boundary layer is stable for any Reynolds number. The
transition from turbulent to laminar flow is clearly seen in Fig. F,20h.
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It is to be emphasized that the strong tendency for stabiHzation exhibited

in Fig. F,20h is caused by the transient heat lag of the skin and not by

radiation, since radiation was almost negligible compared to the heat

absorption of the skin. Thus, transient firings of the above type are of

great importance in the study of boundary layer characteristics at super-

sonic speeds. However, steady state temperature data, when available,

will check radiation rates of cooling and their effect on boundary layer

stability. Reliable data at hypersonic speeds and higher altitudes will be

useful for studying the effect of slip flow on heat transfer. It is of interest

to note in Fig. F,201 that after 70 sec of flight the flow for the one-foot

station of the above-discussed V-2 had already entered the slip-flow

regime defined by Tsien [66\.

234 56 789
Log RCe

Fig. F,201. Flow domain during flight of V-2 rocket no. 27 for 1 ft station.

F,21. Heat Transfer in Rocket Motors. Another important heat

transfer problem is that of the rocket motor in which the metallic walls

must be protected against the high temperatures of the propellant gases.

The problem is essentially the same as in the aerodynamic heating of

high speed vehicles, except that in rocket motors the flow properties

change much more rapidly. The ambient temperatures in the nozzle

are always high, so that the nozzle wall, particularly at the throat,

must be continually protected by either regenerative or film cooling.

Only at hypersonic speeds does the boundary layer temperature on the

outside of a vehicle become comparable to that in the nozzle. Regener-

ative cooling is brought about by circulating some of the fuel in the motor

jacket before injecting it into the combustion chamber. Film cooling is a

( 415 )



F • CONVECTIVE HEAT TRANSFER IN GASES

technique, first used by the Germans in the V-2 rocket motor, by which

small quantities of fluid, say the regenerative coolant, are permitted to

enter the nozzle at many points on the interior surface and spread over

the wall in a thin film. When the coolant is introduced in the nozzle

through the porous wall, the process is called sweat cooling.

Rocket motor

.b 3

3
h-
CQ

O
CD

I

12 16 20

Motor length, in.

Fig. F,21a. Heat transfer distribution in acid-aniline rocket motor.

Experimental investigations. Because of the large variation of flow

properties within the rocket nozzle, theoretical calculation of heat trans-

fer in rocket motors has given way to experiment.

A rather complete experimental investigation has been carried out by
Boden [67] to determine the effect of many factors, including film cooling,

on the heat transfer in a 1000-lb thrust rocket motor using 6^ per cent

red fuming nitric acid for the oxidizer and a mixed fuel of 80 per cent

aniline and 20 per cent furfuryl alcohol. The combustion-chamber tem-

perature was about 5000°F. The rate of heat transfer was obtained at

various sections of the motor, including the combustion chamber, by
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measuring the change in bulk temperature of the jacket coolant. The

film coolant used in these experiments was water.

Fig. F,21a shows a typical distribution of heat transfer through the

walls of the motor using fresh oxidizing acid in the propellant and no

film cooling. It is at once observed that the rate of heat transfer is highest

just upstream of the nozzle throat, probably because in that vicinity the

boundary layer is the thinnest owing to the favorable pressure gradient.

It is also seen that the heat transfer in the combustion chamber is rela-

tively low. In this region where the gases are very hot, radiation from the

gas contributes a good share (up to 30 per cent) of the heat transmitted to

the walls, the remainder being caused by convection. In the nozzle where

ambient temperatures are lower, radiation is considered unimportant.

0.50.1 0.2 0.3 0.4

Film coolant, lb/sec

Fig. F,21b. Effect of rate of film-coolant flow upon heat transfer at nozzle throat.

It was found that fresh acid always produced low heat transfer. Also,

the presence of iron, chromium, and nickel dissolved from the shipping

containers could increase the heat transfer as much as 50 per cent. A
factor which decreased the heat transfer rate was, of course, a decrease in

temperature as indicated by a decrease in oxidizer-fuel mixture ratio. No
significant loss in motor performance was observed with change in mix-

ture ratio. The design of the propellant injector as well as the nozzle

shape were other more or less important factors.

How film cooling affects the rate of heat transfer at the throat section

of the nozzle is shown in Fig. F,21b. Fresh acid was used in the experi-

ments represented in this figure. The upper curve shows the decrease in

heat transfer through the wall when film coolant is injected tangentially

to the circumference of the combustion chamber at the entrance to the
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nozzle. The lower curve indicates an even greater reduction when the

coolant was injected midway between the entrance and throat of the

nozzle where the heat transfer was increasing rapidly. Observations of

the nozzle after the tests showed that film cooling persisted throughout

the nozzle throat. For the particular motor used, maximum cooling was
attained when the coolant flow rate was 5 per cent of the propellant con-

sumption rate. From the results of his experiments, Boden concluded that

film cooling reduces the heat transfer in rocket motors up to 70 per cent,

and that proper control of the operating mixture ratio and the propellant
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u 2 4 6 8 10 12 14 16 18 20 22 24

Temperature, °R X 10"^

Fig. F,22a. Enthalpy of air as a function of

temperature and pressure.

composition would gain an additional 10 to 15 per cent reduction. Al-

though the above results were obtained using water as the film coolant,

other data indicated that fuel was equally effective.

A similar set of experiments was conducted by Greenfield [68] to deter-

mine the coefficients of heat transfer in a rocket motor designed to pro-

duce a 1000-lb thrust with a liquid oxygen-ethyl alcohol propellant. The
experimental procedure for measuring the heat transfer rate utilized the

transient temperature rise of the five uncooled segments which comprised

the walls of the motor nozzle. Two series of tests were carried out: one

series using the liquid oxygen-ethyl alcohol propellant which developed

an estimated 3000°F, the other using high pressure air at 1400°F. No film
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cooling was attempted. The following empirical formula fitted fairly well

the data from the five nozzle-wall segments:

h = 0.029 CpM (21-1)

where h is the heat transfer coefficient in BTU/ft^ hr (°F) and is equal to

the product StCp^peiie- Also in Eq. 21-1, G is the mass velocity (at mid-

point of a segment) in lb mass/ft^ hr, D the inside nozzle diameter at a

segment midpoint in feet, Cp the specific heat of the gas at the insulated-

wall temperature in BTU/lb mass F, n the viscosity of the gas at the

insulated-wall temperature in lb mass/ft hr. It is interesting to note that

in spite of the rapid changes in the flow properties throughout the rocket

nozzle, Eq. 21-1 has the same form as empirical laws for turbulent flow

in straight pipes [59].

F,22. Dissociation EflFects. When the speed of an aircraft becomes

so great that the temperature of the surrounding air (owing to com-
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2

Temperature, °R X lO'^

Fig. F,22c. Prandtl number of air as a function of temperature at 0.1-atm pressure.

12 16 20 24

Mach number Moo

Fig. F,22d. Ratio of stagnation to ambient density across a normal shock for air.
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pression behind shock waves or friction in the boundary layer) becomes

sufficiently high, the air components partially dissociate, and the compo-

sition of the new air will be entirely different from that at low temper-

ature conditions. For example, at a speed of about Mach 20 at 100,000

feet altitude, the composition of the air behind a normal shock would be

12 16

Mach number Mc
20 24

Fig. F,22e. Stagnation temperature behind a normal shock for air.

approximately 50 per cent atomic nitrogen, 24 per cent molecular nitro-

gen, and 26 per cent atomic oxygen, compared to 78 per cent molecular

nitrogen and 21 per cent molecular oxygen at low temperature. The
degree of dissociation increases with decrease in pressure ; hence the result-

ing composition of the air is a function of pressure as well as temperature.

An important effect of dissociation is an increase in specific heat
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resulting from the absorption of energy in the breaking apart of the air

components.

Properties of Dissociated Air. Before any calculation of heat

transfer under conditions conducive to dissociation can be undertaken,

the thermodynamic, as well as transport, properties must be determined.

For example. Fig. F,22a and F,22b give the variation of enthalpy [69]

and viscosity [70], respectively, of dissociated and undissociated air for

20 2412 16

Mach number M«,

Fig. F,22f. Ratio of stagnation to ambient pressure across a normal shock for air.

various pressures. The Prandtl number, however, is not altered appreci-

ably by high temperature, as indicated in Fig. F,22c [71].

Calculation of Heat Transfer near the Stagnation Point

including Dissociation.

Laminar flow. As mentioned in Art. 7, the results expressed in Eq.

7-lb, 7-2b, and 7-3b for laminar flow heat transfer at the stagnation point

of a body at supersonic speed can be applied with some approximation

to hypersonic flow.

In Eq. 7-2b and 7-3b, /3 is again obtained from Fig. F,7a. The Prandtl

number {Cpn/ky is taken from Fig. F,22c where it is seen to remain at a

value of about 0.7 for air. The density ratio pVp=o value of about 0.7 for
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air. The density ratio p^/ p^:, across a normal shock in free flight is plotted

in Fig. F,22d; this ratio was computed through simultaneous solution

of the continuity, momentum, and energy equations, along with the

equation of state in [69]. Out of this calculation also comes the tempera-

ture ratio (Fig. F,22e). From Fig. F,22e and Fig. F,22b is determined

the viscosity ratio /xVm« plotted in Fig. F,22f. The temperature ratio in

Fig. F,22e is of extra interest because it indicates immediately what
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The above simple procedure using Eq. 7-lb, 7-2b, and 7-3b checks

shock tube experimental data of Rose and Riddell [72] very well for the

stagnation point of a sphere as seen in Fig. F,22h. A more elaborate theory

of Fay and Riddell [73], taking into account the effects of diffusion and
atomic recombination, also fits the data well, so that it would seem that

these latter effects do not significantly influence the heat transfer rate,

at least according to the above experiments.

100

E
u

\_
<u

(/)

c
o

o
Q.

c
_o

o
c
en
o
in

12 16 20 24

Flight velocity, (ft/sec) X IQ-^

Fig. F,22h. Comparison of theory and experiment on heat transfer

at the stagnation point of a sphere.

While the above procedure produces good results for the calculation

of heat transfer from a dissociated gas, the actual over-all effect of disso-

ciation on the heat transfer rate for a perfect gas is shown in Fig. F,22i.

The calculation was made for a sphere at 100,000-feet altitude in the

ICAO (International Civil Aviation Organization) atmosphere, and the

wall temperature was assumed to be 2500°R. It is concluded that the

effect of dissociation (real gas) on heat transfer, compared to the perfect

gas solution, is not great.

Turbulent flow. As with laminar flow, it can be shown that for turbu-

lent flow the effect of dissociation, compared to the perfect gas solution,

will also not be very great [74].
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10 12 14 16

Mach number Moo

20

Fig. F,22i. Effect of dissociation on heat transfer at the stagnation point of a sphere

at 100,000-ft altitude in the ICAO atmosphere. Wall temperature at 2500°R.
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SECTION G
m I m

COOLING BT PROTECTIVE FLUID FILMS

S. W. YUAN

G,l. Introduction. One of the most important current problems in

aeronautical engineering is concerned with the flow of high energy gases.

Such flow has been experienced in engines of the turbine or ramjet type,

rocket motors, and nuclear reactors which use gases with high temper-

atures but relatively low velocities to develop power and/or thrust. The
combustion chambers, turbine blades, and afterburners are examples of

components exposed to high temperature gases. Recently, much atten-

tion is being given to the problem of aerodynamic heating in high speed

flight, in which exterior surfaces of aircraft and missiles are exposed to

gases with low temperatures but high relative velocities. In steady flight

at Mach numbers of four or higher, such surfaces become heated to tem-

peratures at which the strength properties of the strongest-known alloys

deteriorate markedly. Moreover, the pilot and such critical cargo as

instruments and explosives must be protectively cooled.

In rocket motors, where combustion temperatures of 4000 to 5000°F

are easily reached, cooling has been used for some time. The conventional

method of cooling rocket motors is to use one of the propellants as a

regenerative coolant which circulates in ducts around the motor and is

then injected into the combustion chamber. This method limits the choice

of many high energy propellant combinations such as the hydrogen-

oxygen and hydrogen-fluorine systems, because they do not possess the

desired physical properties for a satisfactory regenerative coolant. Fur-

thermore, the inherent disadvantage of this method is that it is difficult to

increase the heat transfer coefficient of motor wall-to-coolant to a value

much higher than those values which exist in motors of current design.

This is so because, in order to increase the liquid film coefficient, the

velocity of the coolant must be increased at the sacrifice of increasing

the pressure drop through the motor. Since the allowable value of pres-

sure drop in the cooling jacket of a jet motor is limited, the coolant

velocity and the hquid film coefficient are also hmited.

The heat transmitted from the combustion gas to the chamber wall

can be considerably reduced by placing some thermally insulating mate-

rial on the hot gas surface of the wall. Such an insulation has been tried

in the form of ceramic coating, but the limited lifetime of refractory
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materials so far developed for chamber wall coatings has made it im-
practical for rocket motors. Furthermore, there appears to be a limit to

the improvement in materials. It is generally accepted that, ultimately,

methods^ of cooling exposed surfaces must be used. A method of coating

the chamber wall with a layer of fluid would insulate the wall better than
a ceramic coating because of the much lower thermal conductivity of fluid.

A promising means for controlling the heat flow to the wall of a rocket

motor (first used by Germans in the V-2) is the technique of introducing

small quantities of liquid at many points, distributed uniformly over the

interior surface of the combustion chamber. The liquid so introduced is

spread over the chamber wall in a thin film and eventually evaporates.

The essential advantage of this film-cooling method is that the screening

film of coolant fluid is permitted to vaporize, thus increasing its heat-

absorbing capacity many times over that of a system in which the fluid

remains in the liquid phase. It has a further advantage in that the fluid

will form a heat-resistant layer which separates the hot gases from the

chamber wall surface and in this way diminishes the heat transfer rate

from the hot gases to the wall.

A logical extension of the film-cooling process is to increase the num-
ber of cooling orifices infinitely, i.e. to use a porous wall. The combustion

chamber walls to be cooled can be made porous by powder metallurgy or

the Poroloy process. A coolant in the form of a gas or liquid can be forced

through the pores. Such a technique is often referred to as sweat or tran-

spiration cooling. As the fluid passes through the porous wall in a direction

opposite to the heat flow, heat will be transmitted from the wall to the

fluid, the fluid forming a protective layer on the surface exposed to the

hot gases similar to the case of film cooling. In the method of film cooling,

the fluid film is gradually destroyed by turbulent mixing with the hot

gases so that the effectiveness of the film decreases in the downstream
direction from the point of injection. This disadvantage is eliminated in

the transpiration-cooling method where the coolant is continuously in-

jected along the entire chamber wall. In addition to this advantage, the

method of transpiration cooling provides much greater surface area for

heat transfer. It can be seen that the coolant absorbs heat as soon as it

enters the abundant region of the porous wall. Because of the great sur-

face area available for heat transfer, the method of transpiration cooling

is particularly desirable when nuclear energy is used as the power source

for rocket and jet motors.

The purpose of this section is to present a critical review of the funda-

mental aspects of cooling by protective fluid films. It must be realized

that neither the theoretical nor the experimental aspects of this subject

have been sufficiently developed to permit a logical presentation, starting

from a basic assumption and progressing to the solution for engineering

applications. Instead, it is found necessary to review the progress of this
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demanding subject made along several independent lines of attack which

may serve as basic references for further research and exploration. Since

the basic theories on heat transfer and fluid dynamics problems are

treated at length in other sections of this volume, only the application

of such theories to heat transfer in transpiration cooling is discussed in

detail in the present section.

G,2. Flow through Porous Metal.

Porous metal. The porosity of a specimen may be defined by

Porosity (per cent)

_ specific gravity of the alloy — specific gravity of the specimen~
specific gravity of the alloy

The specific gravity of the specimen can be determined by weighing and

measuring the specimen after sintering. An ideal porous medium is a

medium which is composed of innumerable voids of varying sizes and

shapes termed pore spaces. Pores are interconnected to one another by

constricted channels through which the contained fluid may flow under

the influence of a driving pressure. A clear way to comprehend the porous

medium is to visualize a body of ordinary unconsolidated sand.

Porous metals can be produced by the powder metallurgy process.

A method adopted by German scientists is to sinter the metal powder

in a refractory container without any previous compacting pressure. The

advantage of this method is that porous parts having complicated shapes

which would be difficult to press in dies can be produced. However, the

porosity of the finished product is very difficult to control due to the fact

that only one variable, namely the particle size of the powder, seems to

have a great influence on the porosity after sintering.

An alternative method of preparing porous metals was developed by

Duwez [1] at the Jet Propulsion Laboratory of the California Institute

of Technology early in 1945. This method consists of mixing the metal

powder with a certain amount of porosity-producing agent which is com-

pacted at high pressure and then sintered at a high temperature. The

formation of pores in the compact, interconnected by constricted chan-

nels, is due to the fact that the porosity-producing agent decomposes into

a gaseous state and must escape through the grain of the metal powder.

Because of the shrinkage of the compact during sintering, some of these

channels may close. However, a sufficient number of channels remain

open to make the metal permeable.

The technical details of the methods of preparation of porous metal

have been described in [1]. As an illustration, the technique used for pre-

paring porous stainless steel by the use of ammonium bicarbonate may be

briefly reviewed. The porous specimens were prepared by mixing the metal
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powder with a certain amount of ammonium bicarbonate, compacting the

mixture at 80,000 lb/in. 2, and sintering in an atmosphere of pure hydrogen

for 4 hours at 2300°F. The variation in porosity is from about 18 to

approximately 52 per cent, for a variation of ammonium bicarbonate from

to 15 per cent. According to the results of experiments [1], the main

variable factor is the amount of ammonium bicarbonate which controls

porosity. The tensile strength of the porous specimens varies from 45,000

to 8000 lb/in. 2, with the variation in porosity from about 17 to 54 per

cent. From the viewpoint of strength it is advisable to use the maximum
practical compacting pressure and to adjust the amount of ammonium
bicarbonate in order to produce the required porosity.

Recently a sintered-wire porous metal known as Poroloy was devel-

oped by Wheeler and Duwez [2] at the California Institute of Technology.

The wound-wire porous metal is made by wrapping a very thin and nar-

row ribbon of flattened wire (composed of any sinterable metal) around a

mandrel of any arbitrary cross section. After the wire has been wound on

the mandrel to the desired depth, the mandrel and wire, as a unit, are

placed in a controlled-atmosphere furnace and then sintered. Following

sintering the mandrel is removed and the metallic shape is processed into

a finished form. The porosity is formed by the space between the indi-

vidual strands of wire, and with proper control the pores, of predeter-

mined size, are interconnected and uniformly distributed, and form a

predetermined passage for fluid flow through the metal.

The advantages of Poroloy over ordinary sintered powder-porous

metals are a higher strength for a given permeability because of its wire

construction and a higher ductility because of the continuous strands of

fine wire which bear a large portion of applied loads. In sintered porous

metals, on the other hand, the entire load must be carried by the indi-

vidual sinter bonds between the particles of powder. Furthermore, Poroloy

can be made like plywood, a nonisotropic material having greatest

strength in the direction of the bisection of the acute crossing angle, and

the lowest strength at right angles to this direction. When the wire strands

cross at right angles the material exhibits a uniform strength in all

directions.

Permeahility of porous metal. An important problem in the design of

transpiration-cooled parts is the study of the flow of fluids through porous

metals. In other words, the permeability of the metal of which the parts

are to be made must be known. The permeability of the metal expresses

the capacity of a porous material to pass fluids when pressure differences

exist. As a result of the complexity of the structure of porous metals, a

complete analytical study of the problem of predicting the permeability

is precluded. The following discussion is based on the experimental study

of the flow of gas through porous metals [3,4].
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For low values of velocity, Darcy's law

f = const^ (2-1)

gives the relationship between the pressure difference Ap acting on the

two surfaces of a plain porous wall of thickness L, the viscosity /x, the

velocity v^ of the coolant flowing through the porous wall, and the length d

characterizing the pore openings. This law is valid only if the pressure

drop is the result of viscous shear in laminar flow. It gives a linear rela-

tionship between pressure drop and velocity analogous to Poiseuille flow

in a pipe. For high Reynolds numbers the pressure drop is proportional

to the density of the coolant and the square of the velocity which can be

expressed as follows:

^ = const ?^- (2-2)
L a

In the flow through a porous medium, unlike the flow in pipes, there is

no definite small range of Reynolds number to distinguish the laws given

in Eq. 2-1 and 2-2. The gradual transition from the Darcy regime is due

to the inertia of the fluid contracting and expanding through the pores.

The inertia factor becomes progressively more important with increasing

velocity. Hence, in the pressure drop equation, the loss due to both viscous

shear and inertia effects must be included. The two foregoing equations

can be combined in the following manner if the weight rate of flow G is

introduced to take account of the compressibility effect. It becomes

^ = , f
?P*) G + »

(2po)
(J. (2-3)

in which co is the specific weight of the fluid at a reference pressure po-

The two coefficients, a and i8, defined by Eq. 2-3, are independent of the

nature of the fluid and have only the dimension of some unknown length

characterizing the structure of the porous medium itself.

Fig. G,2a gives typical curves of pressure-squared difference vs. the

weight rate of flow from experimental results made with fine iron and

fine ammonium bicarbonate powders. Fig. G,2b gives the relation between

the strength, the flow rate, the relative density, and the pressure for

Poroloy stainless steel with a 35" crossing angle, where pi and p2 are in

absolute pressure (lb/in. 2) and L is the thickness in inches. The viscous

resistance coefficient a and the inertia resistance coefficient jS of Eq. 2-3

can be determined from these experimental curves. The viscous resistance

coefficient a is found to be inversely proportional to approximately the

seventh power of the porosity. The variation of the inertial resistance

coefficient /3 with porosity is rather complex and the only conclusion to be

drawn is that it decreases with increasing porosity. The relation between
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the coefficients a and /S and the percentage porosity of porous metals can

therefore be estabUshed only for a given metal. A more general correlation

of the measured permeability values obtained from different metals can-

not yet be obtained.

The complexity of the permeability problem of porous metals so far

obtained lies in the fact that not all of the pores or channels are neces-
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results indicate that the fluid leaves a porous surface in the form of a

number of small jets which coalesce almost immediately to form a uni-

form outward-moving layer. On the other hand, there is another type of

flow pattern in which the fluid leaves the porous surface in the form of

isolated jets which maintain their identity and create a very turbulent

10-^ 1
0-3

1
0-2

Air flow (G), Ib/in^ sec

10-'

Fig. G,2b. Relation between strength, flow rate, relative density and pressure

for Poroloy with 35° crossing angle. (From [2].)

boundary layer. However, the uniformity of the flow pattern can be con-

trolled to a satisfactory degree by mechanical means during the fabri-

cating process of a sintered-wire porous metal.

G,3. Physical Nature of Transpiration-Cooling Process. In

discussing the problem of heat transfer inside transpiration-cooled porous

walls, it is desirable to consider the simplest possible case. Since the

pattern of the porous passages is a very complicated three-dimensional

network, the assumption of a network consisting of identical cylindrical

channels running from one end of the specimen to the other is made.

Fig. G,3 shows the variation of the temperature throughout the porous
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wall and through the boundary layers. A cold medium flowing along the

bottom surface of the porous wall is pressed through the pores in the wall

represented by cylindrical channels in Fig. G,3 and leaves the wall on
the upper side. Hot gas with a free stream temperature T^ flows along

the upper surface of the porous wall and builds up a boundary layer which
is usually turbulent. Within this turbulent boundary layer, a laminar

sublayer forms in the immediate vicinity of the surface where the tem-
perature drops rapidly to the value T^ (temperature of the upper wall

surface). The amount of heat flow q per unit of time and surface area

entering the wall through the upper surface is determined by the tem-
perature gradient on the wall. Since the layers adjacent to the wall are

Fig. G,3. Temperature variation between coolant and hot fluid.

at rest, heat is transferred to the surface of the wall, essentially by con-

duction. The heat transfer in the boundary layers is discussed in detail

later.

The investigation of heat transfer inside the transpiration-cooled po-

rous wall was made by Weinbaum and Wheeler [6]. In this study it is

taken that no change of state of cooling fluid occurs and that its direction

of flow is opposite to that of the heat flow through the cylindrical bars of

porous metal. It is further assumed that a steady state of heat flow is

attained. The time rate of heat flow is, in the case of solid metal, given

by the familiar Fourier equation

q = -kA^ (3-1)
dz

where A is the cross-sectional area of the porous wall, fc is the thermal

conductivity of the metal, and t is the temperature of the metal at any
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given point inside the wall. This expression must be corrected to take

into account the fact that the wall consists only partially of solid metal.

If s denotes the porosity of the metal, then Eq. 3-1 can be rewritten as

follows

:

q=-k{l-s)A^^ (3-2)

The rate of heat transfer from metal to fluid is proportional to the

area of contact and to the difference between the temperature t of the

metal and the temperature T of the fluid. Since both t and T vary along

the cylindrical bars, this heat transfer changes continuously along the

width of the porous metal. For an infinitesimally small length dz, the

following expression holds:

dq - -hAirNdit - T)dz (3-3)

where h is the heat transfer coefficient, N is the number of passages per

unit cross-sectional area, d is the diameter of the cylindrical pore, and

irNd is the total circumference at any cross section.

The heat conduction from metal to fluid is used in raising the tem-

perature of the fluid, hence

dq = Qc^dT (3-4)

where Q is the mass flow of the cooling fluid through the cylindrical pores

and Cp is the specific heat of the cooling fluid at constant pressure.

The solutions of the above three simultaneous differential equations

give the temperature of the metal and the fluid at any point within the

porous wall. The prescribed values of the temperature of the cooling fluid

before its entrance into the cylindrical bars and the temperatures of the

metal at both the hot and cold ends are used to determine the constants

of integration. The resulting expressions show that the temperatures of

the metal and the fluid become almost indistinguishable except within a

very narrow range near the cold end of the wall. The temperature dis-

tribution along the width of the porous wall is not linear, as in the case

of a solid metal, but is an exponential function.

The indistinguishable difference in temperature between the cooling

fluid on its flow through the pores and the wall material can be realized

from the fact that the metal surface area in contact with the cooling fluid

is very great in the porous wall. The cooling fluid therefore leaves the

porous wall with the wall temperature T^ and with small velocity normal

to the surface. In passing away from the surface, the cooling fluid picks

up momentum from the gas flow until it finally reaches the outside gas

velocity. At the same time its temperature increases either by conduction

or by turbulent mixing until at some distance the gas temperature is

reached. A counterflow is thus created between the heat flowing from the

hot gas toward the wall and the cooling fluid flowing away from the wall.
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The cooling fluid continuously absorbs heat from the hot gas and in this

process the over-all heat transfer from hot gas to the wall is diminished.

In the foregoing discussion the cooling medium is assumed to be a gas.

If a liquid coolant is used and the mass flow of the coolant is great enough,

then the liquid evaporates from the upper surface of the wall. The heat

transfer from the hot gas to the wall is essentially the same as in the case

when a gas coolant is used. It is evident that cooling with a liquid is more

effective than cooling with a gas since considerable heat is absorbed by the

vaporization process. There is a boundary layer on the coolant entrance

side of the wall within which the coolant temperature increases from the

initial value Tq to the temperature with which the coolant enters the

pores. The thickness of this boundary layer and the temperature increase

within it, however, are much smaller than on the hot side of the wall.

G,4. Heat Transfer in Transpiration-Cooled Boundary Layer.

General Problems. It is well known that fluid flowing along a solid

wall builds up a boundary layer along the surface of the wall. When a

temperature difference exists between the fluid and the wall, a thermal

boundary layer is built up along the wall, which, for gases, has a thick-

ness of the same order of magnitude as a hydrodynamic boundary layer.

The transfer of heat between a fluid stream and wall mainly takes place

within this boundary layer. The boundary layers may be laminar or

turbulent. Since the amount of coolant injection necessary to keep the

same wall temperature is, for the turbulent boundary layer, about twice

that for the laminar one, it is important to study the conditions of flow

for each particular case.

In the combustion chamber of jet motors, due to the rough combustion

process, the flow is certainly of the turbulent type. Considering the high

negative pressure gradient in the flow through the nozzle, the flat plate

solution is assumed to yield some indication of heat transfer in transpi-

ration-cooled turbulent boundary layer in combustion chambers and

nozzles. Furthermore, due to the extremely high accelerations at the

throat of the nozzle, the flow in the nozzle might be laminar in some cases.

In addition to reducing turbulence, a negative pressure gradient tends to

increase the stability of the laminar boundary layer in the nozzle.

On the other hand, the flow along a gas turbine blade is expected to

be laminar in the region around the nose of the blade. Due to the exist-

ence of pressure gradient along the blade surface, the boundary layer

solution for the flat plate can no longer be applied here. Although a

positive pressure gradient in the flow direction would decrease the heat

transfer from the hot fluid to wall, the stability of the laminar layer is

decreased. The exact location of the transition to turbulent flow cannot

be exactly predicted yet by calculation, although a reasonable indication

can be expected from the stability analysis which is discussed later. The
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influence of a pressure gradient in transpiration-cooled turbulent bound-

ary layer theory is still uncertain; however, it is believed that the influ-

ence is less on a turbulent layer than on a laminar one.

Another important application of transpiration cooling is in reducing

the aerodynamic heating problem in high speed flight. Since both heat

transfer and drag coefficients are known to be lower for laminar than for

turbulent flows, it is more advantageous to have a laminar boundary

layer than the turbulent type. The solution of a transpiration-cooled

boundary layer on a flat plate can be employed here with reasonably

good approximation.

The treatments in the subsequent articles are divided into approxi-

mate methods for the solution of the laminar boundary layer, exact solu-

tions of the laminar boundary layer, and approximate solutions of the

turbulent boundary layer. The stream fluid and the injected fluid are

assumed to be homogeneous.

Approximate Methods for the Solution of Heat Transfer in

THE Laminar Boundary Layer. The heat transfer in the laminar

boundary layer of a transpiration-cooled wall in a flow can be solved by
the von Karman momentum and energy equations for the boundary layer.

The basic derivation of these equations is treated at length in Vol. IV.

For two-dimensional compressible flow with a pressure gradient and a

uniform injection (or suction) at the wall, the momentum and energy

equations for the boundary layer are given, respectively, as

(4-1)

pu{ue — u)dy + -^ / (peUe — pu)dy = p^u^v^ '^ \^'^)

-
I pucAT. - T)dy +^^ I u(Pe - ,)dy +

j^
. ^^ dy

= p^v^CpiT. - T^) + (k ^j (4-2)

where the subscript e represents quantities at the outer edge of the

laminar layer and w quantities at the wall. The other symbols are stand-

ard and a sketch of velocity and temperature fields within the boundary

layer along a transpiration-cooled wall is shown in Fig. G,4a.

Incompressible boundary layer on a porous flat plate. It was men-

tioned in the previous article that in many of the applications of heat

transfer the boundary layer is turbulent. Nevertheless, it is interesting

and important to understand the mechanism of heat transfer qualita-

tively, as well as to clarify some physical quantities involved which can-

not be easily interpreted in complicated cases. The following analysis is

made by the investigation of the flow of a hot gas over a porous flat plate

under the condition of uniform gas injection from the bottom of the plate.

The assumptions made in the present investigation are: (1) the mass
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density and viscosity of the fluid are assumed to be constant, (2) the

flow is assumed to be laminar, and the fluid along the wall and the coolant

flowing through the pores are assumed homogeneous, and (3) the wall

temperature in the direction of flow is constant.

In accordance with the above assumptions, Eq. 4-1 and 4-2 can be

simplified considerably by dropping both the second terms on the left-

hand side and taking out p, n, and Cp from the integrals. Furthermore,

both Me and Te are equal to the constant quantities U and T^ in the free

stream. The term giving the heat produced through internal friction in

Eq. 4-2 can be neglected because it is comparatively small at the low

speed considered here.

Fig. G,4a. Boundary layer along a porous transpiration-cooled wall.

In order to solve these two simplified momentum and energy equa-

tions for the boundary layer, polynomials of the fourth degree as approxi-

mations of the velocity and temperature profiles are assumed. The coef-

ficients of the fourth degree polynomials are calculated from the boundary

conditions used by Pohlhausen, except that at the wall the velocity per-

pendicular to the main flow is equal to the injection velocity v^ instead

of zero value. The results are, for velocity profile,

u

U

1 +x
and for temperature profile,

(4-3)

T - T^

T — T

2\h

1 +X;,
(4-4)
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where X = Vy,bu/v and \h = v^8h/v; 5„ and dh are thicknesses of the hydro-

dynamic and the thermal boundary layers, respectively.

With the aid of Eq. 4-3 and 4-4, the analytical solutions of the momen-
tum and energy equations for boundary layers are obtained. The results

can be expressed as follows:

^ = ^ 31.18 + 12X-^+^n ^1+^^
1 -F X ' 2 1 + 3X + 3X2

35 V2 tan-i 2 V3(x +
|)

(4-5)
3

for the momentum equation and

^ = f(Ku, r, Pr) (4-6)

for energy equation where ^ = {Ux/v){Vy,/Uy, f = h/8u and Pr is the

Prandtl number. The complete expression for Eq. 4-6 is much too com-

plicated to be presented here and [7] should be consulted.

For a Prandtl number equal to unity Eq. 4-5 and 4-6 are identical.

It is noted that the changes of Xh for different Prandtl numbers are not

appreciable within the range of ^ which is of interest in the investigation

of transpiration cooling.

The results calculated by Eq. 4-5 and 4-6 indicate that the relation

between ^ and \h is linear except in the region where ^ is less than unity.

In other words, a linear relationship is approached between the bound-

ary layer thickness (5„ or dh) and the length in the direction of flow x

when 8u reaches a certain value depending on the magnitude of Ww. The
Blasius solution reveals, for an impermeable flat plate, that the boundary

layer thickness is directly proportional to the square root of the length

in the direction of flow as well as the viscosity of the fluid. In the case of

flow over a flat plate with injection when 5„ reaches a certain thickness,

the effect of viscosity on the boundary layer becomes negligibly small,

and the formation of the boundary layer is mainly due to the additional

mass fluid injected into the main fluid. Hence the ratio of the boundary

layer thickness to the length in the direction of flow is linearly propor-

tional to the ratio of injected velocity to the main stream velocity. The
instability of the laminar boundary layer may be interpreted from the

inflection points occurring in the velocity and temperature profiles. It is

found that the larger the value of Vy,/U the farther the inflection points

move outward from the plate. A discussion on stability considerations of

the laminar boundary layer is given later on in this article.

The temperature field in the laminar boundary layer described in the

previous paragraphs may be used to determine the amount of coolant

required to cool the wall to a predesignated temperature. From the bal-

ance between the heat flow to the wall from the hot gas and the heat
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absorbed by the coolant, one gets

k [^ = PwywCp(T„ - To) (4-7)

Since the fluid layers adjacent to the wall are at rest, the heat flow from
the hot gas to the wall must be transferred by conduction through these

layers. This is represented by the term on the left-hand side of Eq. 4-7.

The term on the right-hand side of Eq. 4-7 is the heat absorbed by the

coolant. In the case where variation of wall temperature in the direction

of flow is considered, an additional term representing the heat flow in the

metal must be added in Eq. 4-7. Hence the thermal conductivity of the

metal enters into the energy balance equation.

At the suggestion of the author, Ness [8\ made a theoretical investi-

gation of the temperature distribution along a semi-infinite porous flat

plate under the condition of uniform coolant injection. A heat-balance

differential equation of the second order, including a term containing the

physical parameters of the plate, is used in conjunction with the solution

of the equations of continuity, momentum, and energy. The temperature

distribution along the plate is obtained for the respective cases of thermal

conductivity not equal to, and equal to, zero. Results show that the

inclusion of the thermal conductivity term in the heat-balance equation

eliminates the infinite temperature gradient at the leading edge.

The total heat flow to the plate can be obtained by integrating Eq. 4-7

over the entire plate of length I. The relation between the wall temper-

ature and the amount of coolant needed is then determined as follows:

T„ - T^ 105 (vX fUl
T^ - To 2 \U

19 , 5 27 1 (1 + \y
1 + X ' (1 + X)2 2 1 -{- 3X + 3X^

H- 35 V3 tan-i 2 Vs (x 4-
^ j

(4-8)

where X; can be determined from the curve X vs. | for a corresponding

value of ^i, i.e. {Ul/v){v^/Uy. For a predesignated wall temperature and

given Prandtl number and Reynolds number, the amount of coolant re-

quired per unit time can be determined from Eq. 4-8, provided that the

temperature of the hot fluid and of the coolant are known. The expression

in Eq. 4-8 is derived for Pr = 1 and [7] should be consulted for Pr 9^ 1.

In Fig. G,4b the ratio of the temperature difference, {T^ — Tw)/

(Tw — To) is plotted against the coolant velocity ratio v^/U for Pr = 1.

The influence of the Reynolds number on the coolant discharge and the

wall temperature is rather appreciable. As the Reynolds number increases

the coolant discharge decreases for a given wall temperature. The oppo-

site is found to be the case for the Prandtl number. The above phenomena

can be explained by the fact that heat transfer from a hot gas to the wall
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is inversely proportional to the thickness of the thermal boundary layer

adjacent to the wall. Since the thickness of the thermal boundary layer is

directly proportional to the Reynolds number of length in the direction

of flow, the first phenomenon is clear. As mentioned in the previous article

the increase of Prandtl number does not increase appreciably the thick-

ness of the thermal boundary layer. On the other hand, the increase in

fluid viscosity due to the increases in the Prandtl number may give a

sufficiently low Reynolds number of boundary layer thickness to increase

the final heat transfer to the wall.

Tw — To

Fig. G,4b. Temperature ratio vs. mass flow ratio. (From [7,9].)

The film heat transfer coefficient h-, between the hot gas and the wall

can be determined by Eq. 4-8. The ratio of film heat transfer coefficient

hi with transpiration cooling to the film heat transfer coefficient h with

impermeable plate under the same conditions of flow over the plate as a

function of Vy,/U ratio is given in Fig. G,4c. It is interesting to see that

for an injected coolant velocity equal to 1 per cent of the hot gas velocity,

the heat transfer to the wall can be reduced to about one-fifth of the value

without transpiration cooling.

Compressible boundary layer on a porous flat plate. In order to under-

stand the phenomena of heat transfer in transpiration cooling in which

large temperature differences occur across the boundary layer [9], the

physical properties of the fluid must be taken into consideration. The
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assumptions made in the present article are: (1) the inverse proportion

between the mass density and the temperature inside the boundary layer

is used, and the viscosity is assumed to be proportional to both the square

root and three-fourths power of the temperature
; (2) the flow is assumed

to be laminar, and the fluid flowing along the wall and the coolant flow-

ing through the pores are assumed homogeneous; (3) the Prandtl number

is assumed to be equal to unity; and (4) the wall temperature in the

direction of flow is constant.
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h
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coefficients are calculated from the boundary conditions as described pre-

viously. Eq. 4-1 can then be solved upon substitution of the velocity

profile and the expressions for mass density and viscosity. The results

can be expressed as follows:

,.^t^y(x,f:.M-) (4-10)

where

depending on n -^ -y/T or /x '~ T«.

The difference between Eq. 4-5 and 4-10 is that the latter contains the

Mach number and the ratio of the wall temperature to the hot gas tem-

perature which do not appear in the former equation. This is due to the

fact that the variation of the mass density and viscosity as functions of

temperature are taken into account in the solution of the momentum
equation in the present case. The growth in boundary layer thickness

with the increase of Mach number and the ratio of hot gas temperature

to the wall temperature can be easily interpreted from Eq. 4-10. Since

the effect of compressibility is to increase the heat transfer through the

wall, and since the amount of heat produced in the boundary layer in-

creases with speed, the effects of both the increase of Mach number and

the ratio of hot gas temperature to the wall temperature to the boundary

layer thickness are the same. The results as calculated from Eq. 4-10 also

reveal that the temperature gradient at the wall increases as the Mach
number increases, and decreases as Vy,/U increases. This behavior indi-

cates that the heat transfer through the wall increases as the compressi-

bility of the flow becomes more pronounced and decreases as the injec-

tion of coolant increases.

From the balance between the total heat flow to the wall from the

hot gas and the total heat absorbed by the coolant, one obtains

K i^) dx = pw2^wCp(Tw - T,)l (4-11)
\oy /v,

The temperature gradient at the wall can be obtained from Eq. 4-9 and

4-10. The relation between the wall temperature and the rate of coolant

injection is then determined by the following expression:

where
?7^i = Pr-Re, (^ - l) -- I / (x„ ^3, W- ) (4-12)

W~ p^U

The influence of variation in the physical properties of the gas across

the boundary layer to the transpiration cooling can be seen in Fig. G,4b.
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It indicates that for zero Mach number, unless the temperature difference

across the boundary layer is large, say T^/T^ > 3, the increase of the

rate of the coolant injection in order to maintain a predesignated wall

temperature is about 10 per cent over the case in which constant physical

properties of the gas are assumed. On the other hand, an appreciable in-

crease of the rate of the coolant injection for maintaining a predesignated

wall temperature is found between the case of M = 2 and M = 0. This

leads to the conclusion that for a flow of subsonic speed and in which the

temperature difference of the hot gas relative to the wall is not large, the

physical properties of the gas may be regarded as constant in the appli-

cation of transpiration cooling.

As already mentioned, the relation between the rate of the coolant

injection and the wall temperature is based on the average value in a flow

of gas over a plate with a given Reynolds number. It must be borne in

mind that the boundary layer thickness increases almost linearly with the

length in the direction of flow, and the heat transfer to the wall decreases

proportionally from the leading edge of the plate to dov/nstream. This

results in a longitudinal temperature gradient along the transpiration-

cooled wall and, naturally, heat flow through the thermally conductive

plate occurs. For this reason, as far as the laminar flow is concerned, the

efficient method in transpiration cooling is to vary the rate of the coolant

injection along the plate in accordance with the local heat transfer at the

wall [11].

Compressible boundary layer on a porous wall with a pressure gradient.

Flows with pressure gradients (favorable and/or adverse) are of con-

siderable practical importance in connection with the transpiration cool-

ing of turbine blades or airfoil surfaces in high speed flow (aerodynamic

heating problem) [12]. The flow along a gas turbine blade is expected to

be laminar at least in the region around the nose of the blade, while at

supersonic speeds it may be possible to maintain a laminar boundary

layer along aircraft and missile surfaces. Since the presence of an adverse

pressure gradient has an effect similar to that of a normal injection mass

flow, i.e. they both tend to increase the boundary layer thickness, it is the

purpose of this article to determine the net effect of these parameters on

the flow over a transpiration-cooled surface. The present investigation is

based on the assumption that the coefficient of viscosity is linearly pro-

portional to the absolute temperature and the Prandtl number is unity.

In order to solve the momentum equation (Eq. 4-1) and the energy

equation (Eq. 4-2) for the hydrodynamic and thermal boundary layer

thickness 5„ and 8h, respectively, it is convenient to replace the normal

distance y by the variable t, defined as follows

:

. = /'g)d< (4-13)
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Eq. 4-2 can be further simplified if the stagnation enthalpy h^ = {u/2y +
CpT is used instead of the absolute temperature T. If, with the above

assumptions, both the velocity and stagnation enthalpy profiles are

assumed as fourth degree polynomials in t, satisfying appropriate con-

ditions at the outer edge of the boundary layer and at the wall, and these

profiles are substituted into the modified equations (Eq. 4-1 and 4-2),

then two ordinary differential equations in the nondimensional hydro-

dynamic and thermal thicknesses are obtained. On the basis of a uniform

wall temperature, general approximate solutions of these differential equa-

tions for the boundary layer thicknesses are derived. These solutions are

valid for a prescribed external flow as given by u^/U and M^, and for a

given wall temperature and mass flow injection distribution. By this

means the boundary layer characteristics can then be calculated with

comparative ease. The following general conclusions are drawn from the

above analysis: (1) in the region of an adverse pressure gradient, the cool-

ing of the wall tends to delay the separation of the flow, (2) for a fixed

wall temperature, normal mass flow injection tends to promote separation,

although in the absence of an adverse pressure gradient, injection alone

cannot cause separation; and (3) the effect of the wall temperature on

the boundary layer characteristics depends on whether the axial pressure

gradient is adverse or favorable. The skin friction tends to be diminished

by a decrease in the wall temperature (for fixed injection) in a favorable

pressure gradient, but tends to be increased in an adverse pressure gradi-

ent. Similar conclusions hold for the Nusselt number but it is less sensitive

to change in the wall temperature than the skin friction.

In the preceding analysis, the wall temperature and the injection mass
flow have been treated as independent quantities. Actually, however, a

consideration of the heat balance at the wall indicates that the wall tem-

perature and the amount of injection mass flow are related to each other

through the temperature of the coolant. Thus, by considering such a heat

balance, a new parameter involving the coolant temperature is intro-

duced. The details of this analysis can be found in [13,lli].

Exact Solution of Heat Transfer in the Laminar Boundary
Layer. In the preceding articles, approximate methods for the solution

of heat transfer in laminar boundary layers on a transpiration-cooled wall

have been discussed. The solutions obtained by approximate methods
have explained most of the physical phenomena in the transpiration-

cooling problems, even though they satisfy the differential equations of

boundary layer flow only on the average.

The present article considers some exact solutions of the equations of

boundary layer flow. The essential restrictions of the exact solutions are

that they are based on the case in which the velocity outside of the bound-
ary layer is proportional to a power of the distance along the main flow

(wedge flow) and that the velocity of fluid injection is proportional to
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the reciprocal of the square root of the distance from the leading edge

of a flat plate. However, the velocity and temperature profiles obtained

by this method are quite accurate. They can be used in a laminar bound-

ary layer stability analysis.

The equations of the laminar boundary layer for steady state flow of

a viscous compressible fluid with heat transfer may be obtained from

Vol. IV as

Momentum equation:

du , du dpu~ + pv— = —
dx ay ay (^S

dp

dx

Continuity equation:

Energy equation:

d{pu)
_^

d{pv) ^ Q
dx dy

( dT . dT\ d A dT\
, (dliV dp

dy) dx

(4-14)

(4-15)

(4-16)

The boundary conditions are: when y = 0,

and when y = ^

,

u = Q) V = v,,{x); T = T^

u = u.; P = 0; T = T.; ^ =
' dy '

' dy

(4-17)

Incompressible boundary layer with constant fluid properties. In the

case of incompressible laminar boundary layer flow with constant fluid

properties (p = constant and /x = constant) [15], the last two terms in

Eq. 4-16 can be neglected. When the velocity outside the boundary layer

is assumed to be proportional to a power of distance along the wall

from the stagnation point (We = ex™), the transformation methods of

Schlichting [16] and of Falkner and Skan [17] can be applied. With the

following changes in variables:

(4-18)

where u = d^p/dy, v = —d^p/dx and m is the Euler number, the momen-
tum equation (Eq. 4-14) and the energy equation (Eq. 4-16) are trans-
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formed into the following two ordinary differential equations with / and

d as functions of ?? only:

and
(I)'-

= (4-19)

g + P./l^ = (4-20)

With the boundary conditions given in Eq. 4-17 the above transformation

is based on the assumption that the temperature of the wall is constant

and the normal injection velocity at the wall is given by

-F,
— /w = — A — = const (4-21)
2 Ue \j V

and v^ '~ l/v^ foi" a constant u^.

The differential equation (Eq. 4-19) can be solved only numerically

and Eq. 4-20 can readily be integrated if the function / is known from

the solution of Eq. 4-19.

Numerical results for a laminar boundary layer flow on a flat plate

(m = 0) and for flow near a stagnation point (m = 1) were given in [16].

With the aid of these solutions the heat transfer phenomena in the above

two cases for Prandtl number equal to unity were calculated in [15]. The
results can be briefly summarized as follows:

1. In the case of flow on a flat plate, the heat transfer coefficient h de-

creases rapidly for an increase in (v^/ue) -y/Rex. It is reduced to one

tenth of the value without transpiration cooling for an average ratio of

Vw/we = 1 per cent (Rex = 10^).

2. For flow near the stagnation point (w = 1) it is found that the point

of inflection does not appear in the velocity profiles. This is under-

standable because the flow in the neighborhood of the stagnation point

is under the influence of a favorable pressure gradient and therefore

becomes more stable than the case on the flat plate. The heat transfer

coefficient h diminishes practically to zero when the coolant injection

parameter v^l y/Vc reaches 3.2.

3. It appears that the required coolant injection to maintain a given wall

temperature is much less in the present case than the result obtained

in the approximate solution. This result is expected because in the

approximate solution a uniform coolant injection was assumed, whereas

in the present exact solution the coolant injection is proportional to

the reciprocal of the square root of the distance from the leading edge

of a flat plate.

Compressible boundary layer with variable fluid properties. The simul-

taneous effects of pressure gradient in the main stream flow over a porous
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wall and property changes in the fluid due to large temperature differ-

ences between the wall and the free stream [18] will be treated in the

present article. In order to simplify the analysis, the following assump-

tions are made: (1) The Mach number M is small, (2) the Euler num-
ber m is constant, (3) the wall temperature T^ is constant, and (4) the

fluid property variation is expressible as some power of the absolute

temperature.

M ~ T", k'^ T% Cp ^T-, p ~ T-i (4-22)

On the basis of assumption 1, the last two terms in Eq. 4-16 can be neg-

lected and the quantities pw and T^ can be treated as constants.

It was mentioned in the previous article that, for a wedge-type flow,

the transformation methods of Pohlhausen [19] and of Falkner and Skan

[20] can be applied. With the following changes in variables:

/ =

Vy
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A balance between the heat flow to the wall from the hot fluid and

the heat absorbed by the coolant at the wall yields

1 + TO
Pr^

u
(de/drj).

(4-27)

For a predesignated wall temperature and given Prandtl number, Euler

number, and Reynolds number, the amount of coolant required can be

determined from Eq. 4-27 provided that the temperatures of the hot fluid

and of the coolant are known. In Fig. G,4d the ratio of the temperature

difference, (Te —T\)/(T^ — To), is plotted against the coolant mass flow

ratio {Q/W) -y/Rex for Pr = 0.7. It is seen that the influence of the
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main stream, the flow through a porous wall, and the large temperature

variations through the boundary layer {Pr = 0.7, co = 0.7, e = 0.85, and

a = 0.19 were used in Eq. 4-22). A complete tabulation of these calcu-

lations can be found in [21]. An extension of the above wedge-type solu-

tion to the heat transfer in flow around cylinders of arbitrary cross section

for transpiration-cooled surfaces was made in [22].
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layer on an impermeable surface was developed by Tollmien, Schlichting,

and Lin for an incompressible fluid. Lees and Lin [^4] extended the theory

to include the effect of compressibility. By application of the stability

theory it is possible to determine, from the velocity distribution in the

boundary layer, the local Reynolds number at which a flow with such a

velocity distribution becomes unstable. Transition to a turbulent bound-

ary layer may be expected to occur somewhere downstream of the point

of stability. The works of the above investigators indicate that an adverse

pressure gradient in the flow direction destabilizes the boundary layer and

a favorable pressure gradient increases the stability.

In the analyses of the stability of compressible laminar boundary

layers [24,25], the results indicate that stability is greatly influenced by
the heat transfer from the wall to the gas. In accordance with Eq. 4-14

at the wall condition of the fiat plate it follows that the curvature of the

velocity profile at the wall is proportional to a negative product of the

temperature gradient and the velocity gradient at the wall. Then if the

wall is hotter than the free stream fluid the temperature gradient at

the wall will be negative, and in turn, the curvature of the velocity profile

at the wall will be positive. It follows that in the boundary layer on a

heated wall the velocity profile has a point of inflection which is a neces-

sary and sufficient condition for the existence of amplified disturbance,

hence, its instability. On the other hand, in the boundary layer on a

cooled wall, the curvature of the velocity profile at the wall is negative

and consequently the limit of complete stability increases.

It is known that the effect of fluid injection is to destabilize the

boundary layer in a way similar to the effect of an adverse pressure

gradient. It can be seen that fluid injection (1) increases the boundary

layer thickness (a growing boundary layer is more prone to become tur-

bulent) and (2) fluid injection creates a velocity profile which is less stable

than one without injection. Since cooling of the wall and fluid injection

at the wall have opposite effects on the stability of the laminar boundary

layer with coolant injection, it is desirable to determine the simultaneous

effects on transition.

Based on the improved viscous solutions of the stability equations

[26], calculations of the stability of the compressible laminar boundary

layer with coolant injection are made in [23] for the reduction of aero-

dynamic heating in high speed flight. The results apply at moderate

supersonic speeds and indicate the complete stability limits for two-

dimensional disturbances. In Fig. G,4f, the complete stability curves for

several rates of coolant injection are shown. For a given rate of coolant

injection, each of the curves depicts the region of complete stabilit3^ For

any given Mach number, the wall temperature must be below the curve

in order to attain a completely stable laminar boundary layer.

Sublayer Theory in Turbulent Flow. The heat transfer in the
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turbulent boundary layer is of much greater importance than in the lami-

nar because it is more often encountered in engineering problems, yet

little progress has been made in the development of methods for the calcu-

lation of turbulent boundary layer even without transpiration cooling.

The difficulty in this problem is that no precise knowledge of the surface

shear and the shearing-stress distribution across the turbulent boundary

12 3 4 5 6 7

Free stream Mach number Moo

Fig. G,4f. Limiting wall temperature required for complete

stabilization of boundary layer. (From [23].)

layer (essential quantities in connection with the solution of boundary

layer equations) is available.

It has long been recognized that the momentum exchange in turbu-

lent flow is impossible when the fluid stream approaches the vicinity of

a solid wall where a thin laminar sublayer exists and that the transfer of

shearing stress must depend on viscous action. Outside of this thin sub-

layer only the turbulent exchange mechanism is effective while the trans-

fer by molecular action may be neglected. In a like manner, the rate of

heat transfer between a fluid stream in turbulent flow and a smooth wall
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is largely controlled by the relatively high resistance of the laminar sub-

layer next to the wall.

The above concept was used by Prandtl in the investigation of turbu-

lent flow in a pipe. Rannie's extension of the concept [27\ to heat transfer

in transpiration cooling is discussed here.

The assumptions made in this investigation are: (1) steady flow is

assumed and all derivatives with respect to length in the direction of flow

are zero, (2) the physical properties of the fluid remain constant across

the sublayer, (3) the gas flowing along the wall and the coolant flowing

through the pores are assumed homogeneous, and (4) the wall temper-

ature in the direction of flow is constant.

The velocity distribution in the laminar sublayer can be determined

easily by integrating the Prandtl boundary layer equation with the aid

of a continuity equation which may be expressed in the following form:

p-wV-w

-^ =
""'-^

(4-28)
"'lam olam

e ^ — 1

where the boundary conditions at the wall (subscript w) and at the

boundary of the laminar sublayer and turbulent layer (subscript lam)

are applied. Eq. 4-28 indicates that the velocity distribution becomes linear

when Ww = and the wall shear decreases as the rate of injection increases.

In a like manner the temperature profile in the laminar sublayer can

be derived from the energy equation which can be written in the form

T — T e**^— 1" — (4-29)
' lam -* w Olam

e " — 1

Eq. 4-29 reduces to Eq. 4-28 for Pr = 1.

The motion of molecules in laminar flow and the motion of eddies in

turbulent flow by its transport of momentum are the causes of skin

friction; the same motions also transport heat. Therefore a relationship

should exist between skin friction and heat transport. Reynolds used this

approach to obtain the following relation between momentum transfer

and heat transfer across a turbulent stream:

?lam '''lam /'A.Qfl^

^p(-'g 'lam) (Wc Wlam)

where qi^^a and Ti^m are the heat transfer and shearing stress at the bound-

ary between the laminar sublayer and turbulent layer and Tg and u^ are

the temperature and velocity at the center of the pipe. These can be

evaluated from Eq. 4-29 and 4-28, respectively. Upon the substitution

for quantities g-iam, Tum, and Tiam in Eq. 4-30, the relation between the wall
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temperature and the rate of coolant injection is determined as

m n-i —Fr dlam

Cp \Wlam /

(4-31)

Since experimental information on transpiration-cooled turbulent

boundary layers has not been achieved, the variation of laminar-sublayer

thickness with the velocity of injection remains unknown. It is assumed
that the flow in the turbulent case is not affected by the velocity of

injection, and hence that the shearing stress and the velocity Ui^^n. at the

edge of the core are the same as for flow in a smooth pipe. The thick-

ness of the laminar sublayer has been measured in smooth pipe and
found to satisfy the relation

^h^ = y* (4-32)
V

where ul = r^/p and y* = 5.6 is taken by Prandtl after examination of

the velocity profile measured close to a wall. On the basis of Eq. 4-32

the following expressions are obtained

:

5u„ = vy^

(4-33)

Wlam — y \j
\ P

where Tw = Cfpul/2. For the Reynolds number range 5000 < Re < 200,000

the friction coefficient C/ for smooth pipes satisfies the empirical relation

Cf = OMQ{Re)-K
The relation between the wall temperature and the rate of coolant

flow is calculated from Eq. 4-31 and shown in Fig. G,4b. The result

reveals that for a designated wall temperature the rate of coolant re-

quired for transpiration-cooled turbulent flow is almost twice as much
as in the case of laminar flow. For an injected velocity equal to 1 per

cent of the hot fluid velocity, the heat transfer to the wall is reduced to

70 per cent of the value without transpiration cooling. The comparison

of this result with the result obtained under the same conditions in lami-

nar flow is shown in Fig. G,4c.

Approximate Solution of Heat Transfer in Turbulent Bound-

ary Layer on a Flat Plate. The treatment above may be extended

to the case of the effect of coolant injection on the behavior of a com-

pressible turbulent boundary layer [28,29]. In order to simplify the analy-

sis, the following assumptions are made: (1) the coolant fluid is the same

as the boundary layer fluid, (2) the wall temperature in the direction of

flow is constant, and (3) the Prandtl number is equal to unity.
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The basic equations, which represent the principles of conservation of

momentum, conservation of mass, and conservation of energy, for the

compressible turbulent boundary over a flat plate, can be expressed as

follows [Sec. B]:

The momentum equation in the x direction is

The continuity equation is

^M +^ = (4-35)
dx dy

The energy equation is

— d{c^T) -d(c^T) d /, dT —jyjr\ , , , X {duV ,. „„.

^^-^ + ''^ ^T^ = a^ V^ aF " '''' ^)^^^ + ^^) \Ty) ^^-^^^

The quantities with bars represent time-average quantities, while primed

quantities represent instantaneous values of fluctuating quantities. The
specific heat is assumed to be a constant and the fluid properties of

density, viscosity, and thermal conductivity are considered to vary with

temperature. The boundary conditions are

At ?/ = 0; T = T^', u =

(4-37)
Kiy = b;

^ ^
P = Py',
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The bars representing time-average quantities have been dropped since

all the terms in Eq. 4-39 are mean values. The two boundary conditions

are: (1) the shearing stress t = Tw when ?/ -^ 0, and (2) the velocity dis-

tribution from the solution of Eq. 4-39 must reduce to von Karman's

logarithmic velocity distribution law for T^/T^ = 1, M^ = 0, and fw = 0.

The equation of state for zero pressure gradient in y direction leads to

T_
(4-40)

Upon the substitution of Eq. 4-40 and Eq. 4-38 into Eq. 4-39, the solu-

tion which represents the velocity distribution of a compressible turbu-

lent boundary layer with fluid injection at the wall is obtained:

where

/i =
u/U

1.

5u

q(.Ii-DK)

Edz
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where

vV-i'-""'-(s)
2 pwi'w / w

Mw = M« (If)

1 + 5 ^ - AM fr(s)'

(4-48)

(4-49)

and

C^ = 1 / c/da: (4-50)

From the assumption that the Prandtl number is equal to unity it

can be shown that the simple relation between skin friction and heat

transfer is

Ch = ~\ = % (4-51)

and

Ck = ^ (4-52)

Once local or average skin friction is determined from Eq. 4-47, the

appropriate heat transfer coefficients can be determined from Eq. 4-51

and 4-52. In the case where the Prandtl number is not equal to unity

the effect of transpiration cooling on the relation between the coefficients

of skin friction and heat transfer may be found in [29].

In [30] the heat transfer and skin friction coefficients have been ob-

tained from measured data for turbulent boundary layers at very low

Mach numbers. In these tests both suction and injection were applied at

the plane boundary of the stream. Skin friction coefficients were deter-

mined from plots of the momentum thickness against longitudinal station,

where the momentum thickness was determined by obtaining the velocity

profiles at various stations. The heat transfer was determined by direct

measurement. The Reynolds number range of this data was about 9 X 10*

to 3.3 X 10^ and the temperature difference between the wall and the free

stream was about 30°F.

In order to make a comparison between the theoretically derived local

skin friction and heat transfer coefficients and the appropriate data in [30],

the empirical constants K and D in Eq. 4-47 are determined by letting

Cf = Cf, T^/T^ — 1, ilf« = 0, and ^w = and comparing the resulting

expression with the following von Karman incompressible local skin fric-

tion law

4.15 log {cjRe:) + 1.7 = c7^ (4-53)

from which K = 0.393 and D = 6.53.
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2pwVw/p^UCf,=o

Fig. G,4g. Ratio of local skin friction coefficient with and without transpiration-cooled

plate vs. mass flow ratio parameter compared with experiments. (From [28\.)

^fv=0
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Fig. G,4g presents the ratio of skin friction coefficient with fluid in-

jection to the skin friction with zero fluid injection at the same Reynolds

number and wall-to-free-stream mass flow ratio for both suction and in-

jection. Fig. G,4h represents analogous plots of the heat transfer coef-

ficient ratio. It can be seen that the theoretical curves give good quali-

tative agreement with the experimental data [30].

G,5. Heat Transfer in Transpiration-Cooled Pipe Flow.

Laminar Pipe Flow with Coolant Injection at Wall [31,82]. In

Art. 4 the problem of heat transfer in a transpiration-cooled boundary
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In the present treatment, exact solutions of the Navier-Stokes equations,

the continuity equation, and the energy equation in cyhndrical coordi-

nates are obtained. The assumptions made here are: (1) the fluid is in-

compressible, i.e. the mass density and the viscosity of the fluid are

assumed to be constant, (2) the fluid flowing in the axial direction and

the fluid flowing through the porous wall are assumed homogeneous,

(3) the maximum axial velocity at the entrance of the porous-wall pipe

is equal to the maximum axial velocity in the Poiseuille flow, (4) the

fluid flowing through the porous wall is uniform throughout, (5) the free

convection, radiation, and dissipation are neglected, and (6) the wall tem-

perature is constant and changes discontinuously at a; = (see Fig. G5,a).

If a curvilinear coordinate system is introduced (see Fig. G,5a) with

the origin at the center of the cross section of a circular pipe, where x is

taken in the direction of the flow, r in the radial direction, and & the

azimuthal angle, then with axial symmetry of flow the Navier-Stokes

equations become

du du _ 1 dp /d^u I du d'^u\ , ^.

dx dr p dx \dr'^ r dr dx^J

dv , dv I dp
,

/d^V , d^v , 1 dv v\ ,_ ^.

dx dr p dr \dx^ dr^ r dr r^/

The continuity equation: ^ +^ = (5-3)
dx dr

The energy equation:

( dT . dT\ dp
,

.

The boundary conditions are

ld_{ dT\ d^T

r dr\ dr I dx'^
+ 4> (5-4)

r = 0: y = ^ = (5-5)
dr

r < R and x = 0: T = Ti (5-6)

r = R: u = 0, v = —Vy, = const (5-7)

r = R and x > 0: T ^ T^ (5-8)

Velocity distribution and skin friction. For two-dimensional incom-

pressible flow a stream function exists such that

ru = -^, —rv = -^ (5-9)
dr dx

and the continuity equation (Eq. 5-3) is satisfied. For a constant fluid

injection or suction at the porous wall and the given boundary conditions,
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the following stream function is introduced

^ = R' U\ X m (5-10)

where z = {r/Ry.

Introducing the expressions of u and v from Eq. 5-9 and 5-10 into

Eq. 5-1 and 5-2 results in

1 dp _

p dx
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The solution of Eq. 5-14 can be expressed for small values of X (X ^ 1)

by a power series developed near X = as follows:

/ = /o + X/i + X2/2 + • • • + X«/. (5-16)

and

c = Co + Xci -f- X2c2 + • • • + X«c„ (5-17)

where /re's and c„'s are taken to be independent of X. By substituting Eq.
5-16 and 5-17 into Eq. 5-14 and equating coefficients of like power of X,

one obtains the following set of equations:

2/o" + /;' = Co

zf[" + /r - /o^ + un' = ci

zjT + /" - m[ + /o7i + /of/ = C2

The boundary conditions to be satisfied by /„'s are

/n(0) = m) = 0;

for all n

Ml) = \

/n(l) =0 n ^ 1

The second order perturbation solution of Eq. 5-14 obtained by solv-

ing Eq. 5-18, 5-19, and 5-20 is given as follows:

lim V^/;'(2) =
2^0

(5-18)

(5-19)

(5-20)

(5-21)

/(.) = (,
- 1

.2) + X (- ^ + |g
-

1^ + IJ)

,-2/83 19
+ ^ (,5400^-- 7} A- —- z^ — 2* -I — z^ —

540 ^432 144 ^720 10800800 /
(5-22)

(5-23)

It is seen from the foregoing equations that the second order pertur-

bation solution is sufficiently accurate even for X = 1. The velocity com-

ponents in the axial and radial directions are obtained by substituting

Eq. 5-22 and 5-10 into Eq. 5-9 as follows:

u 1

18 ^ 5400

^ ReR
1 -z-\-^(-2-\-9z-9z' + 2z')

+

V

10800

2X

(166 - 7602 + 825^2 - 3OO2* + 75z^ - Qz')

Re^ z - ^z' -\- ^(-4:z + 9z' - 6z' -{- z')

+
10800

(I662 - 380^2 -1- 2752^ - 752^ + 152^ - z')

(5-24)

(5-25)
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The pressure drop in the flow direction can be obtained upon the

substitution of Eq. 5-22 into Eq. 5-11 and 5-12, i.e.

p(0, r) - p{x, r) _ 8

ipu\ Re
i + |x

11

270 /(O)
'^ ReR, R ^^-^^^

The coefficient of skin friction at the wall can also be obtained from

Eq. 5-24, and can be written

Cf
2t„

pul Re
^ 18 ^ 5400

83X2 ^^ EeR
1 4- A _ 1^'

"^
12 540

(5-27)

In a like manner, the solution of Eq. 5-15 can be expressed for large

values of X (X > 1) by a power series developed near 1/X = 0. The com-

plete treatment of this part of the work is given in [31].
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One of the essential parameters in the present investigation is the skin

friction at the wall. In Poiseuille's flow the skin friction coefficient at the
wall Cf has a constant value of ^/Re. The wall friction coefficient as calcu-

lated from this analysis indicates that the effect of injection in a pipe flow

is to increase the wall friction coefficient. In a boundary layer flow on a

0.008

0.007

0.006

0.005

Cf 0.004

0.003

0.002

0.001
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0.01 the wall friction coefficient increases by 85 per cent over the Poiseuille

flow case. A comparison of the variation of local wall friction coefficient

with fluid injection between the case of flow in a porous-wall pipe and on

a flat plate was shown in Fig. G,5c.

Temperature distribution and heat transfer. For an incompressible

fluid, it can be shown that the terms in Eq. 5-4 due to the pressure

gradient and the dissipation ^ can be neglected, and furthermore it is

assumed that the molecular heat conduction in the axial direction may be

neglected in comparison with that in the radial direction. Hence Eq. 5-4

can be simplified in the following nondimensional form:

_v_a0 u^ae _ 1

Ui dr] Ui d^ PrRe
1 d dd

7] dr] \ dri/ _

(5-28)

where ? = x/R, r, = Vz = r/R, and d = (T - T^)/{Ti - T^). Upon
substitution of the velocity components from Eq. 5-24 and 5-25 into

Eq. 5-28, one obtains

1 -̂
+ 4A^

X ^ Re^
18

dd ^ X 1

d^~ Rer{'n)V
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Multiplying both sides of Eq. 5-31 by the appropriate factor, Eq. 5-31

can be written as the following Sturm-Liouville equation

:

^ [m(7,)M;.] + cjp(v)M, = (5-33)

where

m(7j) = 1)6

Viv) = mirj) a-v')+~{77,'-W + 2r,')^
36

Hence Mi(rj, d) and Mj{r], Cj) for i 9^ j are orthogonal functions with re-

spect to the weight function p{r]) ; i.e.

r p{'n)MiMjdr, = (5-34)

The coeflScients of the series expansion, ^y's (Eq. 5-30) are determined

from the boundary condition (Eq. 5-6) applied to Eq. 5-30, which is

Y A,Mj{r,, cj) = 1 (5-35)

y=i

Then multiplying both sides of Eq. 5-35 by p{r})Mj{ri, Cj) and integrating

from to 1

Aj = ^, (5-36)

]^
p{v)M'j(v,cj)dv

From the differential equation (Eq. 5-33), it can be seen that

/%(,)M,-(,,c,)d, = ^.t..(^)^_ (5-37)

and

Thus

Aj = -r-^ (5-39)

' \ dc /c=c„,=i

The heat transfer coefl&cient for the flow in a pipe is usually calcu-

lated with the difference between the mean temperature of the fluid and

the wall temperature. The mean temperature over the cross section con-

sidered, weighted with respect to the axial velocity, may be defined by
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the equation

i:
durdr

Ti
I urdr
Jo

The heat transfer coefficient is then defined by

q = h(Tu - T^)

where heat flow per unit area at the wall is

=-ex -
I (Ti - TJ

\^'7/.;=l

(5-40)

(5-41)

(5-42)

In nondimensional form, the heat transfer coefficient or Nusselt number
Nu is

hD
Nu =

k

+ ^i

4^'-^ M[{1)

"4^'-^M^(l) + (5-43)

The temperature distribution given in Eq. 5-30 may be used to deter-

mine the amount of coolant required to cool the wall to a predesignated

temperature. From the condition of heat balance at the wall, one obtains

'>m. dx = -pv^Cp{T^ - To)l (5-44)

Upon substitution of Eq. 5-30 into the above equation, one obtains the

temperature difference ratio as follows

:

Ti = 4PrX

4Pr\

+ A^M'M

1 - ^2 l-O + ^rJ)'
4PrX (5-45)

4PrX

where

M'jil) =

In Fig. G,5d the heat transfer coefficient or Nusselt number is plotted

against the coolant Reynolds number. It indicates that the Nusselt num-
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ber decreases almost linearly with an increase of the coolant Reynolds

number. This is due to the fact that the range of coolant Reynolds num-
bers considered in the present investigation is rather small (X ^ 1). As

the coolant Reynolds number increases further, the Nusselt number then

decreases more gradually. The above phenomenon was also obtained in

the case of nonisothermal flow over a plate with coolant injection.

Nu

6./

3.6

3.5

3.4
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cate that the heat transfer coefficient decreases with the increase of cool-

ant injection. Thus there is a definite direct relationship between the

friction coefficient and the heat transfer coefficient. On the other hand,

the results obtained here indicate that in a pipe flow the effect of fluid

injection at the wall is to accelerate the main stream velocity. Hence the

velocity gradient at the wall, which determines the wall friction, increases.

This phenomenon indicates that the analogue between the heat transfer

and the momentum transfer does not exist in porous-wall cooling of pipe

flow.

0.12

Fig. G,5e. Temperature difference ratio for various coolant

parameters {{l/PrRe){\/D) = 0.075). (From [32].)

Approximate Solution of Turbulent Pipe Flow with Coolant

Injection at Wall. In the present treatment an approximate analysis

for determining the effect of transpiration cooling on a fully developed

turbulent flow in a circular pipe is given [35]. In order to simplify the

analysis it is assumed that: (1) the fluid is incompressible, i.e. the fluid

properties remain constant, (2) the fluid flowing in the axial direction

and the fluid flowing through the porous wall are assumed homogeneous,

(3) the fluid flowing through the porous wall is uniform throughout, and

(4) the wall temperature is constant.

If a curvilinear coordinate system is introduced with the origin at the

center of the cross section of a circular pipe where x is taken in the direc-

tion of the flow and r in the radial direction and (p is the azimuthal angle,

then with axial symmetry of flow the Reynolds equations for the time-
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average velocities become

du , du 1 dp 115,,
dx dr p ax p r dr

dv , dv Idp
,

I dru— + v~ = ^+-^
dx dr p dr p dx

where r = —fidu/dr — pu'v'. The continuity equation is

d{ru) d{rv)

dx dr
=

(5-46)

(5-47)

(5-48)

The eddy heat transfer equation excluding the dissipation term is

dT
,pc,u— + pc,v^^

The boundary conditions are

r = 0:

^ _ 1 a

r dr



G • COOLING BY PROTECTIVE FLUID FILMS

where ul = —{R/2p)(dp/dx) has the dimension of the square of a ve-

locity. The closed form solution for velocity distribution in a fully de-

veloped turbulent pipe flow with fluid injection at the wall is obtained

from Eq. 5-55 with boundary conditions given in Eq. 5-50. This is

K lni^J-2f
1 - f

1 v^
In

1 + r

1 -f 2r (5-56)

where f = (r/R)^, u^ is the velocity at the center of the pipe, and K is

an empirical constant to be discussed later. For a zero injection velocity

Eq. 5-56 reduces to the form expressing the velocity distribution in flow

through a circular pipe [36, pp. 340-344].
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of fluid injection on the velocity distribution of a fully developed turbu-

lent flow in a circular pipe was shown. The theoretical curves were calcu-

lated from Eq. 5-56. The experimental data were taken from a porous

stainless steel pipe with a 5-inch diameter and a length of 20 inches. The
range of Reynolds numbers was from 10^ to 3 X 10^ The comparison

between the theoretical curve and the experimental data shows close

agreement.

The momentum integral equation for the turbulent flow through a

pipe with fluid injection at the wall is obtained by integrating Eq. 5-46

over the cross section from r = to r = R. This yields

R
Cf

dp

dx d

[ fe) {i)^{i) (5-58)
2t

pul
~

pui uid{x/R) L'

The integral in Eq. 5-58 can be evaluated by substituting the ex-

pression for the velocity profile from Eq. 5-56. After a very tedious inte-

gration, the resulting expression for the skin friction coefficient becomes

Cf 2 -M - d

< d{x/R)

32 w.
+15Z Wc K

+ 2.159

\ul
"^

2 uj
3.235 Up Vy

Wo Uc
(5-59)

Temperature distribution and heat transfer. In order to achieve an

approximate solution for the temperature distribution in a fully devel-

oped turbulent flow in a pipe with coolant injection at the wall it is

necessary to make some simplifications of Eq. 5-49. It is assumed that

V = —Vy,r/R and that in the region close to the wall

dT[ T
dr^^ R

holds. The temperature distribution may be written

According to the mixture length theory, the eddy heat transfer term

vT = -KKR - r)'
dT
dr

(5-61)

Following the above hypothesis and assumptions Eq. 5-49 can be simpli-

fied, after integration, as follows:

ipCp
+ K\{R - r)'

du

dr

dT
dr {i)'^ = 4rlr^' (5-62)

The condition at r = gives the zero constant of integration.
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Upon substitution of the term of the velocity gradient from Eq. 5-56

into Eq. 5-62 it may be integrated to give

T = [e-/o^^f)'^f]/o [JU("<^f] k{^)d^ + r^e-JU(«^f (5. 63)

where

He.

+ Kiii - nr 1

- ^^M'^'T^-^^W
h{^) = 4:A f u _gin_

2— fs

Wo

(5-64)

The term {u^/u^{2/PrRe) is due to heat transfer by molecular conduc-

tivity which is negligibly small in comparison with the eddy heat trans-

fer term except very close to the wall. The empirical constant K\ may be

determined from the measured temperature profiles.

In Fig. G,5g the effect of coolant injection on the temperature dis-

tribution of a fully developed turbulent flow in a circular pipe was shown.

The comparison between the theoretical curve calculated from Eq. 5-63
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and the experimental data show close agreement for small coolant injec-

tion. Since the variation of the fluid properties was not taken into con-

sideration in the theory it might be the main reason for the discrepancy

between the theory and experiment, especially in the case of large coolant

injection.

The rate of heat transfer per unit area radially outwards at the wall

can be calculated by integrating the energy equation (Eq. 5-49) across

the radius of the circular pipe.

1 d

i:
gw = p ^ /

pCpTur dr— p^CpjOy,Tyr (5-65)

From the condition of heat balance at the wall (the heat transfer by the

hot gas to the wall is absorbed by the coolant) one obtains

q^ = p^v^p^{T^ - To) (5-66)

Combining Eq. 5-65 and 5-66, after integrating between two cross sec-

tions, Zi and U, one obtains the temperature difference ratio as follows:

T — T
T, - To y Tjl' 2 1 C,^ Q \W,\uj2 \UJ,

(5-67)

where W = PcU^, Q = pjJx, and the quantities ( )i and ( )% represent

the values at stations, U and U, respectively.

G,6. Comparison with Experimental Results on Transpiration

Cooling.

Experimental Results vs. Theory. The systematic experimental

study of transpiration cooling was initiated at the Jet Propulsion Labo-

ratory by Duwez and Wheeler in 1946 [37,38,39,4.0,41,42]. The experi-

mental investigation was limited to the case of a cylindrical duct made
of porous material through the walls of which the coolant was injected.

The test section containing the porous-wall duct was one inch in diameter

and eight inches long and a gasoline-air flame served as the source of

hot gas. The gas temperature ranged from 1100 to 1900°F with Mach
numbers approaching 1.0 and Reynolds numbers up to 140,000. For the

detailed description of experimental equipment, [38] should be consulted.

The main object of the experiments is to establish a relation between

the surface temperature of the porous material and the weight rate of

coolant flow for different conditions of temperature and velocity in the

main stream of hot gas. Four significant variables were measured in the

experiments, namely the temperature Tg of the main stream of gas, the

weight rate of flow of the hot gas W, the weight rate of flow of coolant Q,

and the surface temperature T^ of the porous wall at several points along
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the tube. For a given porous material and a given coolant, all the measure-

ments can be reduced to the ratio (Tg — T^)/{Ty, — To) as a function of

Q/w.
A comparison of the experimental data with the theoretical results of

[27] is given in Fig. G,6a in which (Tg - T^)/{T^ - To) is plotted against

Q/W. For a given porous material the measured values of {Tg — T^)/

(Tg — To) and Q/W obtained within the range of temperatures and

velocities covered in the experiments fall more or less on a single curve

having the shape of the theoretical curves. But the theoretical curves

indicate there is small dependency on the Reynolds number. This can be

Fig. G,6a. Comparison of theoretical and experimental results on
temperature difference ratio vs. mass flow ratio. (From [27].)

seen in Fig. G,6a. Since the theoretical analysis does not include the con-

ductivity of the porous material, the result shows a fair agreement with

the measured values obtained with a porous ceramic specimen and the

poorest agreement with a porous copper specimen.

Perhaps it should be mentioned that a very good agreement has been

obtained between the experimental results of a stainless steel specimen

and the theoretical curve computed from the laminar boundary layer

theory by Yuan [7] for a Reynolds number of 3 X 10*. This is given in

Fig. G,6b. Although the agreement is for a particular case, it is interesting

to note that qualitatively there is very good agreement between theory

and experiment in transpiration cooling.

An experimental investigation of the isothermal laminar boundary

layer on a porous flat plate (injection begins at a distance parameter
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from the leading edge) was made at the Polytechnic Institute of Brooklyn

[43]. Fig. G,6c shows that good agreement has been obtained between

the measured velocity profiles and those calculated from the theoretical

results given in [7]. The heat transfer theory in the laminar boundary

layer can therefore be considered to have been verified, at least for a low

rate of heat transfer. Due to the roughness and jet effect of the injected

velocity of the porous plate, only qualitative agreement is obtained be-

tween the measured transition Reynolds number and those predicted

from the laminar boundary layer stability theory [25].

I

D

Theoretical curve [7]

Experimental X

Data (CIT)

t-

I
3

^X103
Fig. G,6b. Comparison of measured data in a stainless-steel

specimen with theoretical result [7]. (From [37].)

An extensive experimental study of transpiration cooling of turbulent

pipe flow with injection is being conducted at the Polytechnic Institute

of Brooklyn under the auspices of Project Squid. The investigation has

been guided by the theory discussed in Art. 5. The experimental apparatus

for this investigation was designed and so arranged that fully developed

turbulent flow would be established upstream of the test section. Hence

any change in the flow conditions in the porous test section would be due

to mass injection. The porous stainless steel segment, made by the Poroloy

method, is a five-inch-diameter circular pipe, 24 inches in length. The

velocity and pressure surveys were made at six stations along the axial

direction of the porous-wall pipe. For zero injection at the wall the meas-

ured velocity profiles (10^ ^ Re ^ b X 10^) are in good agreement with

Nikuradse's measurement for the smooth pipe. A comparison of the

measured velocity profiles with various injection velocities to the theo-

retically calculated velocity profiles is given in Fig. G,5f.
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Radial temperature profiles were also measured at six stations along

the axis of the porous-wall pipe. The inner temperature of the porous wall

was measured at six axial stations by thermocouples of the integrating

type. The results of the measured temperature profiles were also used in

a comparison with those of the theoretically calculated temperature pro-

files. This comparison was given in Fig, G,5g. The results of the present

temperature-profile surveys for a fully developed turbulent pipe flow with

coolant injection at the wall will be used to develop a semiempirical rela-

tion of the heat transfer coefficient for transpiration cooling. The study

has not reached the stage at which final results can be presented at this

time.

U

Experimental points §i = 0.497 [43]

Tineoretical curve l\ = 0.497 [7]

Theoretical curve ?i = [7]

10 12 14

Fig. G,6c. Comparison of theoretical and experimental velocity

profiles with injection for J = {v^/UyRcx = 1.0. (From [43].)

Question of Skin Friction and Heat Transfer Coefficient. As
pointed out in Art. 4 the rate of change of momentum in the boundary
layer due to mass fluid injection at the wall has the same effect as the

rise of pressure gradient in the flow direction. Hence it is clear that the

increase of fluid injection at the wall increases the thickness of boundary
layer and decreases the slope of the velocity profile at the wall in the

boundary layer. In the case of laminar boundary layer it is evident that

the wall shearing stress and heat transfer from the hot gas to the wall

decreases as the injected coolant increases. Since the heat flow from hot

gas to the wall can be expressed by the following forms

:

-(a = /ii(T'g — Tw) (6-1)
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and the wall temperature decreases with the increase of coolant injection,

it can be seen that the film heat transfer coefficient h^ decreases as the

coolant injection increases. This is shown in Fig. G,4c.

The above phenomena were also observed in the case of heat transfer

in the turbulent boundary layer on a flat plate with coolant injection at

the wall. This can be seen in Fig. G,4g and G,4h.

The result obtained from the study of laminar pipe flow with fluid

injection at the wall has shown that the effect of fluid injection at the

wall is to accelerate the main stream velocity. Hence the velocity gradient

at the wall, which determines the wall friction, increases. On the other

hand, the result of the study of heat transfer of a laminar pipe flow with

coolant injection shows that the heat transfer coefficient at the wall de-

creases with an increase in the rate of coolant injection. This phenomenon
thus indicates that the analogy between the heat transfer and momentum
transfer does not exist in transpiration-cooled pipe flow.

For turbulent pipe flow the connection between the pressure drop and

the flow volume which, in turn, determines the wall shearing stress must

be obtained from tests. Wheeler [^^] has made some preliminary pressure-

drop studies in a transpiration-cooled pipe. From the test data an empiri-

cal expression is formulated

where W is the weight rate of flow in the main stream, R is the gas con-

stant, Tg is the main stream temperature, g is the acceleration of gravity,

and D is the diameter of the pipe. The first term on the right-hand side

of Eq. 6-2 represents the head loss, which was observed with no coolant

flow where / is the friction factor corresponding to Blasius formula for a

smooth pipe. The second term expresses the additional loss which occurred

when coolant was added. For isothermal flow the exponent n becomes

unity. The parameter B seems to depend somewhat on the initial value

of / and on the nature of the cooling gas, being greater for the less dense

gas. The exact factors which control the parameter B and n cannot be

determined from the present preliminary data.

The importance of Eq. 6-2 is realized when one considers that the

shearing stress at the wall Tw may be determined experimentally by the

measurement of the pressure drop. Once Eq. 6-2 is exactly established

the shearing stress at the wall Tw and the heat flow to the wall from the

hot gas gw can be determined in the transpiration-cooled turbulent bound-

ary layer.

General Discussion on Transpiration Cooling. On comparing

the theoretical curves computed from [27] with the experimental results,

it is seen that the shape of the curves is correct but that the theoretical

wall temperature for a given coolant flow is lower than the measured
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values. The deviation appears to be more pronounced when the coolant

flows become larger. It is believed that the discrepancies between theories

and experimental data can be interpreted by the following discussions.

Assessment of experimental errors. The errors inherent in the measure-

ments of the main stream gas temperature were probably the most serious.

It can be realized that the application of proper thermometric techniques

is difficult without disturbing the velocity profile of the gas stream. The
deterioration of thermocouples at high gas stream temperatures creates

another serious problem. Furthermore the radiation heat loss from the

thermocouple to the straightening-tube wall, the uncertainty as to the

recovery factor of the probe, the error in the location of the thermocouple

with respect to the temperature and velocity profiles, and the changes in

the calibration of the thermocouple due to chemical reaction between the

couple and the gas stream may contribute to error in the measurement of

the true gas temperature.

Next, the error in the measurement of the wall temperature due to

the presence of the thermocouple tends to block off the flow of coolant

between itself and the hot wall of the specimen. Thus the thermocouple

indicates temperatures which are higher than those that would actually

exist on the surface of an undisturbed wall.

Disposition of carbonaceous materials on the specimen surface may
cause the difficulty in obtaining reproducible experimental results. Since

carbon deposition decreases the permeability of the specimen it would
affect the coolant discharge pattern, the thermal conductivity of the

specimen surface, and therefore the measured wall temperature. There is

some radial heat loss from the back of the specimen to the holder which
was not measured. The effect of this loss in general is to decrease the

value of wall temperature for a given value of Q/W.
Error arising from assumptions in the theory. As previously men-

tioned, the theory assumed that there is no wall temperature gradient in

the flow direction and hence no heat conducted along the wall. Actually,

there is an "inlet length" for the porous material where the temperature

distribution changes from that typical of flow in an uncooled pipe to the

final distribution for porous-wall cooling. This inlet length depends on
the conductivity of the porous material and is large for a material of high

conductivity. Hence the theoretical results show a better agreement with

measured values obtained with porous ceramic specimens than a porous

copper specimen. Furthermore the measured data indicates that the dis-

crepancy among various porous materials is reduced considerably when
a longer specimen is used.

In the theory the coolant flow normal to the wall was assumed uni-

formly distributed over the surface of the specimen. It has been found in

experiments that the coolant leaves the surface in the form of a number
of isolated jets. Thus the transpiration-cooling process will be less efficient
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in practice than in theory and the values of measured wall temperatures

are correspondingly higher for a given coolant flow.

It has been found in the experiments that the velocity of a stream of

gas passing through a transpiration-cooled tube increases rapidly along

the length of the tube. The rate of increase depends on the mass flow ratio

Q/W and the density of the gas. The main stream velocity used in the

theory is independent of the length in the direction of flow.

Fundamentally, the influence of the rate of coolant flow to the shear-

ing stress at the wall, to the main stream velocity profiles, and to the lami-

nar sublayer thickness must be thoroughly investigated experimentally

before an accurate theory in transpiration cooling can be realized.

Different Physical Properties Between Coolant and Hot Gas.

When the physical properties of the coolant gas differ from those of the

main stream gas, Eq. 4-31 can also be used to approximate the relation

between the wall temperature and the coolant flow. It can be seen from

Eq. 4-31 that the specific heat is the most important property, with a

secondary effect due to the Prandtl number. The theoretical results com-

puted for nitrogen and hydrogen coolants give a fair agreement with

experimental data.

The results of the experimental investigation of transpiration cooling

by injecting water as a coolant indicate that there is a critical value in

the amount of coolant, above which the surface temperature of the porous

material remains near or below the boiling point of water, and below

which the surface temperature increases very rapidly with decreased flow.

The instability of water coolant flow may be explained by the evapo-

ration of water inside the porous metal just below the hot surface. A film

of vapor rather than a film of water was formed on the surface exposed to

heat. It is undoubtedly true that this phenomenon would occur in the

use of other kinds of liquid coolant. Unless some means of controlling the

evaporation of the liquid coolant inside the porous metal is developed,

a liquid coolant cannot be successfully used in transpiration cooling.

G,7. Film Cooling and Its Comparison with Transpiration

Cooling.

General description. It was mentioned in the introduction that film

cooling is a method of protecting a surface from a high temperature gas

stream by separating the surface and the hot gas stream with a thin con-

tinuous film of a liquid or gaseous coolant. The coolant is discharged by
slots or orifices to the surface where the hot gas is flowing and is carried

downstream by the flowing hot gas. In this way an insulating film is

formed along the surface ; however, the film is gradually destroyed on its

way downstream by turbulent mixing. The coolant film has to be renewed

at a certain distance downstream by injecting a new coolant through
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additional slots, because otherwise the wall temperature would eventually

approach the temperature of the hot gas. The insulating effect of liquid

film layer is better than the gas film layer due to the fact that the liquid

coolant is evaporated by the heat from the flowing hot gas. The heat re-

quired for evaporation keeps the temperatures of the liquid film and the

wall to the evaporation temperature, until a point downstream from the

slot is reached where the liquid is completely evaporated.

In early work in Germany certain scientists employed the method of

film cooling in rocket motors by injecting a coolant through small holes

into the chamber and nozzle walls of a regeneratively cooled motor to

cool the predetermined "hot spots." A series of holes generally uniformly

spaced around the circumference of the wall has been employed if a com-

plete wall is needed to be film-cooled. A different injection method is to

introduce the coolant through inclined holes along the motor walls. This

method has the advantage over the injection through radial holes in that

it retains most of the coolant along the wall that is to be cooled, while

injection through radial holes cannot avoid discharging a portion of the

coolant directly into the main gas stream. Tangential holes which inject

the coolant around the circumference of the motor, thereby taking ad-

vantage of centrifugal force to hold the coolant on the wall, have also

been employed.

An investigation of film cooling based on the injection of the coolant

through a slot around the circumference of the combustion chamber or

nozzle is presented in [45]. The advantages of the radial injection of the

coolant through a slot are: (1) the coolant flow rate may be accurately

predicted in any section of the motor, and (2) a uniform film can be

established at all sections of the motor.

Film-cooling prohlems. The heat transfer process in film cooling is

essentially the same as the process in transpiration cooling. One of the

most important problems in film cooling is to determine the length of the

fluid film along the wall. This depends on the quantity of fluid injected

and the stability of the fluid film. Up to the present time there are neither

theoretical analyses nor experimental investigations which yield a definite

and general answer in regard to this important phenomenon. Hence it is

limited only to particular results which will be presented here. In Fig.

G,7a the wall temperature of a particular liquid-film-cooled tube is shown.

The liquid-film-cooled length is indicated between the points A and C. At

point C the wall temperature reaches the boiling temperature of the liquid

and beyond the point C the liquid is completely evaporated, while the

wall temperature increases rapidly to a value approaching the gas tem-

perature. If a gas coolant is used instead of a liquid the length of the film

would only exist for a short distance between B and C. This makes the

use of a gas coolant in film cooling inadequate since numerous slots would

be required.
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Tsien [46] has indicated that, when the friction drag of a gas passing

over a liquid film is of appreciable magnitude, the flow of a film coolant

on a solid surface can be compared to the flow of the liquid near the wall

of a pipe completely filled with a turbulent flowing liquid. Furthermore,

when the film is of sufficient thickness to include a turbulent layer of

coolant on the gaseous side of the film, instability occurs and some of

the coolant breaks away in the form of droplets. The criterion of the insta-

bility of the coolant film can be completely described by ?/*, a parameter

indicating flow conditions near the wall. The above phenomenon was also

interpreted by Rannie [47]. Knuth [45] has calculated some NACA experi-

mental results on film cooling by Sloop and Kinney [45] and found that a

definite value oiy* exists for the criterion of the instability of coolant film.

J
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The results of the experiments showed that the critical velocity of

injection is increased when (1) the main stream air velocity is increased,

(2) the coolant viscosity is increased, (3) the slot width is decreased, and

(4) the density of the coolant is decreased. It further indicates that in-

clined injection of the coolant increases the critical velocity of injection

considerably more than the case of injection perpendicular to the main

stream flow.

Comparison of the effectiveness offilm and transpiration cooling. Eckert

[50] has made a comparison of the relative effectiveness of film and tran-

spiration cooling which is based on a turbulent flow along a flat plate

with constant gas velocity and temperature. The Reynolds number for

the turbulent gas flow is assumed equal to 10^ and the Prandtl number is

equal to 0.7. Air is considered as the coolant, as well as the outside flow

gas. The parameters used in the comparison are the ratio of the temper-

ature difference, the difference of wall temperature and coolant temper-

ature to the difference of hot gas temperature and coolant temperature;

and the ratio of coolant mass flow to the gas mass flow.

In the transpiration-cooling calculation the relation between the ratio

of the temperature difference and the ratio of the mass flow is derived

from the heat balance equation at the wall. The heat transfer coefficient

used herein is obtained from sublayer theory in the turbulent flow [51].

In the film-cooling calculation the Wieghardt method [5S] is used to deter-

mine the temperature difference ratio in relation to the mass flow ratio

for a single slot. Although the temperature conditions within the bound-

ary layer in [52] are opposite to the conditions found in film cooling, the

results obtained in [52] can be used for the film-cooling process as long as

the temperature differences are small enough to permit the gas property

to be considered constant.

A comparison of the relative effectiveness of the two cooling methods
considered is shown in Fig. G,7b. Transpiration cooling is much more
effective than film cooling with a single slot and gives much lower wall

temperature for a specified coolant flow. In other words, transpiration

cooling requires a much smaller amount of coolant to cool the wall to a

predesignated temperature. It must be borne in mind that in the film-

cooling calculation the wall temperature cannot be made constant as in

the case of transpiration cooling, and it represents the highest temper-

ature occurring within the wall. At smaller downstream distances, the

temperature decreases toward the value To obtained immediately behind

the slot. The effectiveness of the film cooling therefore is increased by
increasing the number of slots along the plate, and it is expected that

the film cooling eventually transforms into transpiration when the num-
ber of slots becomes very large.

There are, of course, other considerations, aside from that of a minimum
of coolant, which influence the choice of the cooling method for a particu-
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lar application. A distinct advantage of film cooling for practical appli-

cations is that it can be very easily adapted in most designs. In addition,

film cooling, as explained above, appears to be a good method for thor-

oughly cooling a specific location. In this connection, further intensive

research on the problems of methods of injection, stability of coolant film.
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SECTION H

PHYSICAL BASIS OF THERMAL RADIA TION

S. S. PENNER

H,l. Introduction. The conventional and most successful approach

to engineering calculations of radiant heat exchange is described in the

following section. Included in the discussion are empirical rules and ex-

trapolation procedures. In order to appreciate the limitations involved in

the use of these empirical rules, it is essential to gain some understanding

of the physical principles which determine emitted and absorbed radiant

energies. Since a fundamental description of the phenomena involved is

particularly simple for the equilibrium radiation of gases, we shall con-

fine our attention to a brief survey of fundamental laws and to a quali-

tative outline of the methods used for calculations on the thermal radi-

ation characteristics of gases.

H,2. Black Body Radiation Laws. A black body is defined as a body

which neither transmits nor reflects any radiation which it receives; a

black body absorbs all of the incident radiation. It can be shown that

the equilibrium energy of radiation emitted from the unit area of a black

body in unit time at a fixed temperature represents an upper limit for the

thermally emitted energy from unit area for any substance which is at

the same temperature as the black body. This definition of a black body

and the quantum mechanics principle of equipartition of energy [1, Chap.

2; S, pp. 546-550; 3, pp. 363-372] are sufficient to establish the Planck

black body distribution law, which expresses the equilibrium rate at which

radiant energy is emitted from a black body as a function of wavelength X

and temperature T. The Planck black body distribution law has been

abundantly confirmed by experiments.

The spectral (or monochromatic) radiancy R^dX is defined as the

energy emitted, per unit time, from unit area of a black body in the

wavelength range between X and \ -\- d\ at the absolute temperature T

(in °K), into a solid angle of 2% steradians. The Planck black body dis-

tribution law is

Ci d\
RldX = P^ _„_,T .

(2-1)

where Ci/tt and C2 are known as the first and second radiation constants,
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respectively. The quantities Ci and C2 may be expressed in terms of the

fundamental physical constants c (velocity of light), h (Planck's const),

and k (Boltzmann const). Thus Ci = 2TC~h = 3.742 X lO"^ erg-cm^-sec"^

and Co = hc/k ^ 1.439 cm-°K. For

XT ^ 0.3 cm-°K, R^dX

is given, with an accuracy of better than one per cent, by Wien's radi-

ation law

For XT' ^ 77 cm-°K, the Rayleigh-Jeans radiation law

iRl).,dx = (^) dx

gives an accuracy of better than one per cent.

For a given temperature the maximum value of R^ is found from
Eq. 2-1 to be

(Ri)^^^ = 2I.2OC1
(Jj

(2-2)

and to occur at the wavelength X^ax determined by Wien's displacement

law

^ra..T = -%- ^ 0.2898 cm-°K (2-3)

The total radiant energy emitted from unit area in unit time by a

black body over all wavelengths into a solid angle of 2ir steradians is

W =
IJ RldX = aT^ (2-4)

where a is known as the Stefan-Boltzmann constant and has the numeri-

cal value 0- ^ 5.670 X lO"'^ erg-cm-2-(°K)-4-sec-i. The quantity W is

variously referred to as the radiant flux per unit area, total emissive

power of a black body, or radiancy. The (normal) radiant intensity is

the radiant energy emitted in a direction perpendicular to the black

body, per unit solid angle, per unit area, per unit time; it is identified by
the symbol J and equals W/ir.

The quantities R^ (ie^)„,„,, RU(Rl)n..., SUl-dX', TF,and (1/T7) JU^^X'
have been tabulated [4] for the wavelengths and/or temperatures which

are likely to be encountered in practice.

The frequency v is related to the wavelength X through the expression

V =
^

(2-5)
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where c is the velocity of Hght (c = 2.998 X 10^" cm-sec~^) ; the wave
number co is the reciprocal of the wavelength, i.e.

CO = i (2-6)

From Eq. 2-1 and 2-5 it follows that the spectral radiancy in the fre-

quency range between v and v -\- dv 2ii the temperature T is given by
the expression

^M^ = -^ ^n.nT _ 1
(2-7)

Similarly Rldw is determined according to the equation

Rldo. = 2-.^^ ^,J^_ ^
(2-8)

H,3. Nonblack Radiators. The (hemispherical) spectral emissivity

ex of a substance is defined as the ratio of the spectral radiancy for the

given substance to the spectral radiancy of a black body. Thus the energy

emitted from a nonblack substance, per unit area, per unit time, into a

solid angle of 27r steradians in the wavelength range between X and X + dX

at the temperature T is

i^x^X = exRldk

if the spectral emissivity of the substance is ex. The nonblack substance

at temperature T is said to have (total hemispherical) emissivity e if the

total emitted energy, per unit area, per unit time, into an angle of 2ir

steradians is

W' = eW = eaT^

The definitions of the spectral and total emissivities apply to dis-

tributed sources of radiation as well as to surfaces. A discussion of the

thermal radiation characteristics of gases (Art. 5) involves essentially

the development of basic procedures for the calculation of ex and e for

equilibrium systems of pure gases and gaseous mixtures.

A simple example for the use of theoretical spectral emissivity rela-

tions is provided by Drude's law [5, Chap. 1] for pure metals, which

holds within a few per cent for wavelengths longer than about 2/x.^ Drude's

law relates the spectral emissivity to the electrical resistivity r (in cm)

and the wavelength X (in cm), viz.

iex ^ 0.365 ^- (3-1)

^ The following wavelength units are often used in discussions of radiant heat
transfer: Angstrom unit A (1 A = 10~* cm) and micron /x (l/j. = 10~^ cm). The wave
number (reciprocal of the wavelength) is customarily expressed in cm~^ The frequency
is given in sec~^
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Since the electrical resistivity is roughly proportional to the first power
of the temperature for many metals, it follows that the total emissive

power of many metals varies as T within the range of validity of Eq. 3-1.

H,4. Basic Laws for Distributed Radiators. For thermodynamic
equilibrium one can deduce Kirchhoff's law, which states that the

spectral radiancy of any substance equals the product of the spectral

absorptivity P'^ and the spectral radiancy of a black body.^ In other

words, the spectral emissivity €„ and the spectral absorptivity P'^ are

identically equal. It is convenient in practice to introduce the product of

two-dimensional parameters for the dimensionless spectral absorptivity

P'^. Following customary procedure we write for distributed radiators

P: = P^dX (4-1)

where P„ is termed the spectral absorption coefficient and is expressed in

cm""^-atm~^ or in ft~^-atm~\ with the pressure referring to the actual

^ dX = pdX [^

X = lp-

Fig. H,4. Schematic diagram for the determination of the basic spectral emission law
for distributed isothermal radiators. (X represents optical density, p equals the partial

pressure of the radiator, and I and dx are geometric lengths.)

pressure of radiators responsible for absorption at the wave number w;

correspondingly, the optical density dX, which represents the product of

a geometric length and the partial pressure of the radiators, must have

the dimensions of cm-atm or ft-atm, respectively.

Consider now a system of isothermal radiators at pressure p dis-

tributed uniformly through a region of geometric length I. The optical

density of a region of infinitesimal geometric length dx is dX = pdx] the

optical density of the region of geometric length lis X = pi. A schematic

diagram is shown in Fig. H,4 in which the abscissa has the dimensions of

optical density. It is desired to obtain an expression for the total spectral

radiancy from the isothermal distributed radiators located in a column
of geometric length I. Let the spectral radiancy incident on the face A be

jRo.- The change in spectral radiancy corresponding to the region of optical

^ The choice of the wave number w for identification of the spectral region is, of

course, arbitrary. Either the wavelength X or the frequency v may be used if desired.

The statement that P^ is independent of the intensity of the incident radiation may
be regarded as an experimentally established fact. This result follows also from
molecular considerations concerning the relation between transition probabilities and
absorption coefficients.
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depth dX is then

dR^ = {PJX)Rl - iP^dX)R^ (4-2)

where the first term on the right-hand side of Eq. 4-2 represents the

emitted spectral radiancy in dX, and the second term measures the

attenuation by the absorbers of radiation in dX. Since i?„ = for X =
it follows from Eq. 4-2 that

R, = R^^(l - e-Po,^) (4-3)

Eq. 4-3 is the basic phenomenological law for the emission of radiation

from distributed sources. It is apparent that if an external light source is

used such that R^ = Rl for X = 0, then Eq. 4-3 should be replaced by
the expression

R^ = Rl{l - e-P.^) + Rle-^o.^ (4-4)

In those cases where the first term in Eq. 4-4 is negligibly small (i.e.

negligible emission of radiation from the region under study), Eq. 4-4 re-

duces to the Bouguer-Lambert law of absorption

R^ = Rle-P<o^ (4-5)

In absorption studies it is customary to choose l/27rco as the unit of length

and to introduce an extinction coefficient k through the relation

K =^ (4-6)

For absorbing liquids (and sometimes also for gases), a specific absorption

coefficient ^ may be introduced through the relation

/3 =^ (4-7)

where c' is the concentration of the absorber. If c' is expressed in mole

cm~* and P^p in cm"^, then (3 has the dimensions mole~^ cm^ and the

absorption law may be referred to as Beer's law of absorption. For ideal

gases, sets of units involving mass absorption coefficients k^ (in cm^-g^^)

are sometimes used; in this case k^ = P^R'T where R' is the gas const

per gram. The quantity Po,X is now replaced by k^pl with p representing

the gas density.

Reference to Eq. 4-3 shows that the spectral emissivity e„ of the uni-

formly distributed radiators is given by the relation

6, = 1 - e-P.^ (4-8)

Similarly, the total emissivity e used in engineering calculations on radiant

heat transfer is

^ = ^ j^ Ria - e-^.^)do: (4-9)
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Theoretical calculations of gas emissivities therefore require determi-

nation of Po, in terms of atomic or molecular parameters, followed by

evaluation of the integral appearing in Eq. 4-9. In this connection it is

of particular importance to note that absorption coefficients P^ for gas

mixtures are additive but that neither spectral nor total emissivities can

be added. As the result of this requirement, neither e„ nor e can exceed

unity for equilibrium radiation.

H,5. Theoretical Calculation of Gas Emissivities. Theoretical

calculations of gas emissivities require evaluation of P^ from atomic or

molecular parameters. The connection with basic theory is made con-

veniently through the Einstein theory [6] of absorption and emission of

radiation, followed by introducing a precise description of the shape of

spectral lines [7,8,9,10]. The details involved in establishing this connec-

tion between P„ and fundamental physical principles are described else-

where [11,12]. In the present discussion it appears desirable to summarize

the physical notions and the conclusions reached as the result of more

detailed studies. For quantitative calculations of gas emissivities the inter-

ested reader is referred to a series of journal articles [13,14,15,16,17] as

well as to several survey papers [11,12,18].

Since gas emits radiation as the result of electronic, vibrational, and

rotational transitions from excited energy levels to lower energy levels,

the emitted radiant energy corresponding to these transitions is dis-

tributed over a well-defined wavelength region. In general, the radiation

emitted as the result of electronic transitions is concentrated in the visible

and ultraviolet regions of the spectrum, whereas vibration-rotation bands

are responsible for the emission of light in the near infrared. Pure ro-

tational transitions give rise to absorption bands at long wavelengths

(i.e. 30jLt or more) in the infrared. As the temperature of the emitters is

raised, the discrete emission lines or bands occurring at progressively

shorter wavelengths make the more important contributions to the

emitted radiant energy, because the black body distribution curve has its

maximum value at progressively lower wavelengths (see below). At the

temperatures of interest in connection with studies of equilibrium radiant

heat transfer in combustion chambers, only the transitions corresponding

to the infrared vibration-rotation bands make significant contributions

to the observed radiant flux.

The physical principles involved in emissivity calculations can be

understood by referring to Fig. H,5a, H,5b, and H,5c, where we have

indicated the positions of the centers of vibration-rotation bands of CO

2

determined from room temperature absorption experiments, and calcula-

ble with great precision from expressions for energy levels derived by

spectroscopists [19,20,21]. The abscissa in Fig. H,5a, H,5b, and H,5c is

the wave number whereas the ordinate represents, in arbitrary units
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which vary from one band to another, the intensity of the vibration-

rotation bands. The customary spectroscopic designation is used to

identify the bands involved. Also shown in Fig. H,5a, H,5b, and H,5c

is the ratio i?V(i2S)max at temperatures of 300, 600, and 1500 °K,

respectively.

Each of the vibration-rotation bands consists of a series of spectral

lines which produce nonzero absorption coefl&cients at wave numbers in

the vicinity of the indicated band centers. The spectral lines have finite

widths [7,8,9,10] which increase with pressure. At sufficiently low pres-

sures the spectral lines may be considered to be completely separated,

whereas at sufficiently high pressures they merge to form a more or less

continuous region in which the spectral absorption coefficient varies

Fig. H,5d. Experimentally observed [23] spectral absorption coefficient Pa as a
function of w for the fundamental vibration-rotation band of CO at a pressure of

700 lb/in.2 abs (CO-H2 mixtures). The "effective bandwidth" and "average absorp-
tion coefficient" are indicated roughly by dotted lines.

roughly as shown in Fig. H,5d. For separated spectral lines simple ana-

lytical procedures [16,16] can be developed for evaluating both e^, and e;

the results obtained are applicable only to such molecules as HCl and HF
at pressures up to several atmospheres for optical densities of the order

of a few cm-atm or less. For the important chemical species occurring in

combustion chambers, a useful analytical procedure [11,12,13,14,17] in-

volves approximating each vibration-rotation band by a rectangular box
of calculable width ("effective band width") with a suitably determined

•'average absorption coefficient" (see Fig. H,5d). For regions of over-

lapping between bands, the average absorption coefficients are added.

It is to be expected that an analysis utilizing average absorption coef-

ficients and effective band widths will become better at elevated pressures.

In general, for fixed values of the optical density, the emissivities increase

with total pressure, approach, and then slowly exceed results calculated

< 498 >



H,5 • CALCULATION OF GAS EMISSIVITIES

on the basis of effective band widths. At sufficiently high total pressures

the calculated emissivities are too low, because the individual spectral

lines become broadened in such a way that their tails "spill" effectively

across the estimated widths of the bands. For overlapping spectral lines,

using the concept of effective band widths, the emissivity e at any tem-

perature is given by an expression of the form

. = ^(l_e-.^)(£if^) (5-1)

where Pk is the average absorption coefficient for the spectral region of

width AcoK.

It is apparent from Fig. H,5a that at 300°K the principal contribution

to € must result from spectral lines in the regions between 600 and 800 cm~^

and between 950 and 1050 cm~^, because the factor {l/W)^^^^Rldw will

be very small for other vibration-rotation bands. Furthermore, for very

small values of X (i.e. X < 0.1 ft-atm), PkX is effectively zero for all

bands except the one identified as OPO —> 00°0; thus, for small values

of X, e is practicallj'' determined by a single vibration-rotation band to

which, however, the isotopic species C^^0\^ makes an appreciable con-

tribution. As X increases, other bands become important and may pro-

duce a comphcated dependence of e on X. On the other hand, as noted

earlier in this discussion, e will be relatively insensitive to total pressure

above a limiting pressure where the spectral lines of a band are prac-

tically overlapping. For CO 2 this limiting pressure at room temperature

is somewhat above 1 atm [22], for H2O about 3 atm, for CO about 10 atm

[18], etc.

Fig. H,5b shows that, for CO2 at 600°K, the major contributions are

made by 600 to 1050 cm-^ and 1800 to 2400 cm"^ regions with, how-

ever, non-negligible contributions arising from the spectral region around

3600 cm-^ Since the important contributions to e are made by differ-

ent vibration-rotation bands at different temperatures, the dependence

of e on T for fixed values of X and total pressure may be complicated,

particularly for polyatomic gases and for gas mixtures. Hence any

extrapolations to temperatures higher than those for which measure-

ments are available lead to questionable results.

Fig. H,5c shows that at 1500°K the region between 1500 and 500 cm-^

makes the important contributions to e, unless as-yet-unobserved com-

bination and overtone bands of sizable intensity occur at larger values

of w.

In view of the apparent dangers inherent in indiscriminate extrapo-

lation of empirical data on gas emissivities, it is of importance to ask to

what extent theoretical considerations can serve as a useful guide for gas

mixtures of the type encountered in combustion devices. In answer to
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this question we may note that theoretical studies on diatomic gases

[11,1^,13,14,15,16,18] and basic spectroscopic studies for a number of

these same gases [£3] have been carried to the point where useful abso-

lute calculations and extrapolations are feasible. For polyatomic gases,

on the other hand, high temperature calculations are possible in principle

but not yet feasible in practice because the required basic spectroscopic

constants are not available [17]. For this reason, and because of the com-

plexity of theoretical calculations for polyatomic gases and gas mixtures,

the most fruitful approach at the present time to the problem of high

temperature emissivity estimates must remain an empirical one. It ap-

pears very likely that the required basic data for radiant heat transfer

calculations in combustion chambers can be obtained by the judicious use

of spectroscopic studies on shock tube experiments. Details concerning

emissivity calculations for such substances as CO, NO, H2O, heated air,

etc. are given elsewhere [24].
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SECTION I

m I m

ENGINEERING CALCULATIONS OF
RADIANT HEAT EXCHANGE

HOYT C. HOTTEL

1,1. Radiating Characteristics of Surfaces. Knowledge on the

reader's part of the general nature of thermal radiation and the laws of

black body radiation will be assumed in this section (see this volume,

Sec. H). Fig. I, la summarizes, for numerical use, the radiating charac-

teristics of a black body in the form of a plot of monochromatic emissive

power^ TFbx divided by the fifth power of the absolute temperature versus

the wavelength-temperature product. The curve may be visualized as an
intensity-wavelength distribution at 1° absolute. An extra scale along the

top permits a determination of the fraction of the spectral energy found

below a given wavelength X. The area under the curve is directly the

Stefan-Boltzmann constant (r[0.1713 X IQ-^ BTU/ft^ hr (°R)4; 5.67 X
10-5 ergs/cm^ sec (°K)4; 4.88 X 10"^ kg-cal/m^ hr fK)^; 1.00 X 10"^

CHU/ft^ hr (°K)4], for use in the relation

TFb = (jT^ (1-1)

where W^ is the total emissive power, throughout a sohd angle of 27r

steradians, of a black body or ''perfect" radiator.

In evaluating radiant heat transfer between surfaces, one could con-

sider monochromatic radiation exchange and integrate throughout the

spectrum; certain advantages would appear. For most engineering pur-

poses, however, it is simpler to formulate total radiation exchange, ex-

pressing it in terms of the 4th power temperature law strictly applicable

only to the black body or perfect radiator, and to let the more-or-less

weak residual temperature function be taken care of by the variable total

emissivity, absorptivity, or transmissivity of the pertinent bodies.

The emissivity e of a surface (more properly the total hemispherical

emissivity, to differentiate it from monochromatic emissivity ex and from

directional emissivity eg, the ratio of radiating powers in a direction mak-
ing the angle d with the normal to the surface) varies with its temper-

ature, its degree of roughness or grain size, and, if a metal, its degree of

^ Emissive power refers to radiation throughout a full hemisphere of 2^7 steradians,

and is irJ where J is intensity (see Art. 2).
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1,1 • RADIATING CHARACTERISTICS OF SURFACES

oxidation. The following generalizations may be made concerning the

emissivity of surfaces: (1) The emissivities of metallic conductors are

quite low and substantially proportional to the absolute temperature;

and the proportionality constant for different metals varies as the square

root of the electrical resistance at a standard temperature [1,2]. Unless

Per cent of total energy found below A, as a

function of AT
85 90

1000 2000 aOOO SOOO 10,000

AT, micron °K

Fig. I, la. Distribution of energy in the spectrum of a black body.

25,000

extraordinary pains are taken to prevent any possibility of oxidation or

imperfection of polish, however, a specimen may exhibit several times

this theoretical minimum emissivity. (2) The emissivities of nonconduc-

tors are much higher, depend on the refractive index, and, in contrast to

metals, generally decrease with increase in temperature. Refractory ma-

terials may be expected to decrease in emissivity one-fourth to one-third

as the temperature increases from 1850 to 2850°F; their grain structure
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and color are more important than their chemical composition [3]. (3) The
emissivities of most nonmetals are above 0.8 at low temperatures and in

the range 0.3 to 0.8 at furnace refractory temperatures. (4) Iron and

steel vary widely with the degree of oxidation and roughness: clean me-
tallic surfaces have an emissivity of 0.05 to 0.45 at low temperatures and
of 0.4 to 0.7 at high temperatures; oxidized and/or rough surfaces, 0.6 to

0.95 at low temperatures and 0.9 to 0.95 at high temperatures. (5) In-

conel, nichrome, and type 310 stainless steel all show a marked increase in

emissivity when maintained at temperatures above 1500°F [4]. Table 1,1,

abstracted from a more comprehensive table appearing elsewhere with a

bibliography [5, Chap. 4], gives the emissivities of various surfaces and
emphasizes the large variation possible in a single material. Although the

values in the table apply strictly to normal radiation from a surface (with

few exceptions), they may be used with small error for hemispherical

emissivity. Well-polished metal surfaces have a hemispherical emissivity

15 to 20 per cent higher, and well-polished nonmetals about 7 per cent

less, than the normal value [6].

The absorptivity a of a surface depends on the factors affecting emis-

sivity and, in addition, especially on the quality of the incident radiation,

i.e. on its temperature. One may assign two subscripts to a, the first to

indicate the receiver and the second, the emitter of the radiation; more
specifically, to indicate their respective temperatures. As seen in Sec. G,

according to Kirchhoff's law, the emissivity of a surface at temperature

Tx is equal to the absorptivity q:i,i which the surface exhibits for black

radiation from a source at the same temperature, i.e. a surface of low

radiating power is also a poor absorber (or good reflector or transmitter)

of radiation from a source at its own temperature. If the monochromatic

absorptivity ax varies considerably with wavelength and much less with

temperature (which is generally the case for nonmetals), it follows that

the total absorptivity a;i,2 will vary more with T2 than with Ti. Data of

Sieber [7] on 0:1,2 at Tx = 70°F for a large group of nonmetals appear in

Fig. I, lb, indicating a decrease, with increase in T2, from 0.8-0.95 at

500°R to 0.1-0.9 at 5000°R. The absorptivity of metallic conductors, on

the other hand, increases approximately linearly with -s/TxT^.

If a\ is a constant independent of X, the surface is called gratj, and its

total absorptivity a will be independent of the spectral-energy distribu-

tion of the incident radiation; then 0:1,2 = ai.i = ci, i.e. emissivity e may
be used in substitution for a even though the temperatures of the incident

radiation and the receiver are not the same.

Radiant interchange between a small nongray body of area Sx and
temperature Tx in black surroundings at To is plainly given by

gi^2 = c7^i(eiT,* - ax.^Tl) (1-2)

It has been seen that over a moderate temperature range 0:1,2 can be
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Temperature/ °K
300 600 1000 3000 6000

l.OrtT-^

Key
1. Slate composition roofing

2. Linoleum, red brown
3. Asbestos slate

4. Soft rubber, gray
5. Concrete
6. Porcelain

7. Vitreous enamel, white
8. Red brick
9. Cork

10. White Dutch tile

1 1. White chamotte
1 2. MgO, evaporated
13. Anodized aluminum
14. Aluminum paint

15. Polished aluminum
16. Graphite
The two dotted lines bound the
limits of data on gray paving
brick, asbestos paper, wood,
various cloths, plaster of Paris,

lithopone, and paper

500 1000 2000 4000 10,000

Temperature, °R

Fig. I, lb. Effect of source temperature on the absorptivity

of surfaces for black radiation.

represented by aoT^T^, with n considerably greater than m for non-

metals, and both negative; and n about the same as m for bright metallic

surfaces, and both positive. Then, since ei = ai.i = aoT'l'+"', the net flux

at Si is

gi^2 = cxSiao{Ti+"'+"- TfTI+^) (1-3)

It may readily be shown that, over a moderate temperature range, this

reduces to

gi-2 = crSi (-j) (^1 - Tl) (1-4)

with €av evaluated at the arithmetic mean temperature. Thus, although

€ approaches a as T2 and Ti approach each other, the emissivity factor
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by which <j{T\ - Tl) should be multiplied is not e, but e[l + (n/4)].

Eq. 1-4 can be used with small error over an absolute temperature ratio

up to 2.

1,2. The View Factor. Direct Interchange between Surfaces.
The relations just given were restricted to radiant interchange when a

surface Si could "see" nothing but surroundings at T2. The more com-
plicated but important case of interchange in a system of several sur-

faces at different temperatures and emissivities involves the concept of

a geometrical view factor F. F12 is defined as the fraction of the radiation

leaving a surface Si in all directions which is intercepted by a surface S2.

Evaluation of this factor is as follows: Visualize, on black surface Si of

total emissive power Whi, a small surface element dSi radiating in all

directions from one side, and on a black surface ^^2 a small surface ele-

ment dS2 intercepting some of the radiation from dSi. Let the straight

line connecting dSi and dS2 have length r, and let r make angles di and 62

with the normals to dSi and ^^§2 respectively. The rate of radiation from
dSi to dSi, called dqi-^2, will be proportional to dSi cos di, the apparent

area of dSi viewed from dS2
',
to dS2 cos 62, the apparent area of dS2 viewed

from dSi] and inversely proportional to the square of the distance sepa-

rating the elements. Calling the proportionality constant Jbi, one may
write

, J (iAi cos 01 c?J. 2 cos 02 ,0 -.x
dgi-^2 = Jhi ^ (2-1)

This equation defines Jbi, the intensity of radiation from a black surface.

By integration of Eq. 2-1 over a receiving surface filling the field of

view of dSi, one obtains WhidSi, the total rate of emission from dSi

throughout the hemisphere. The integration gives irJ^idSi, from which
one concludes that the emissive power Wb of a black surface is tt times its

intensity of radiation Jb- By integration of Eq. 2-1 over finite areas Si

and S2 to obtain the rate of radiation from one to the other and dividing

the result by SiWhi, one obtains Fu, the desired fraction of the radiation

leaving surface Si in all directions which is intercepted by surface S2.

Although the discussion has been restricted to black surfaces, it is ap-

parent that for a nonblack surface Si the emissivity of which is inde-

pendent of angle of emission, F12 calculated by the method above will

continue to represent the fractional radiation from Si intercepted by S2

(though not necessarily absorbed unless ^2 is black)

.

Important and useful concepts in evaluating F's are that

S1F12 = S2F21 (2-2)

(since otherwise there would be a net heat flux between Si and S2 when
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at the same temperature), that

^11 + Fll + ^13 + = 1 (2-3)

and that, of course, Fn = when S\ can "see" no part of itself.

Values of F have been calculated for various surface arrangements

on the assumption that emissivity ee is constant and independent of d

(exact for black surfaces, quite good for most nonmetallic, tarnished, or

rough metal surfaces) . These values of F for a surface element dS and a

rectangle in a parallel plane appear in Fig. I,2a; for opposed parallel rec-

tangles and disks of equal size as lines 1 to 4 of Fig. 1,2b; for adjacent

rectangles in perpendicular planes in Fig. 1, 2c; and for concentric cylin-

ders in Fig. 1,2d [8]. An important class of surfaces exists for which the

L), L2 = sides of rectangle

K = distance from dS to rectangle

F = fraction of direct radiation from dS intercepted

I

by rectangle 1

2.0 3.0 4.0

Dimension ratio K/Li

6.0

Fig. 1,2a. View factor F for direct radiation between an element dS
and a parallel rectangle with corner opposite dS.

view factor F is capable of easy evaluation without a multiple integration

of Eq. 2-1. These are surfaces, infinite in extent in one direction, which

are generated by a straight line moving always parallel to itself. The
surface is then represented by a curve on a plane normal to the gener-

ating line. If a surface S\ is represented by the heavy-line curve AB (Fig.

I,2e) and a surface S2 by the heavy-line curve CD, it may readily be

shown {5, Chap. 4] that, per unit dimension normal to the drawing,

SiFi2{=S2F2i) is equal to the sum of the lengths of dotted lines in the

figure representing crossed strings stretched from the ends of Si to the

ends of *S2, less the sum of the lengths of uncrossed strings stretched be-

tween the ends of Si and the ends of *S2, all divided by 2; or, in terms of

the sketch, by (AD -f- BEFGHC - AJGHC - BEKLD)/2. Values of F
for other arrangements are treated in the literature [9,10,11,12,13,14]-

The rate of radiation from a black surface *Si to a black surface S-2
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Ratio,

3 4 5

side or diameter

distance between planes

Fig. 1, 2b. View factor F and interchange factor F for opposed

parallel disks, squares, and rectangles.
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1,3 • RADIATION FROM FLAMES AND GASES

surfaces which are not heat sinks or sources and for multiple reflection

in a system of nonblack surfaces, will be withheld until the radiating

characteristics of gases have been described, in order that allowance for

the presence of such gases may at the same time be included.

Fig. I,2e.

1,3. Radiation from Flames and Gases. The radiation from a

luminous flame is due primarily to submicroscopic soot particles, of diam-

eters 0.006 to 0.06m before agglomeration, in the case of pulverized coal

to suspended coke or ash particles of diameter 25/x and less, in the case of

heavy residual fuel oils to coked bitumens of initial size 200 to 50/i or

even less, and quite negligibly in all cases to so-called chemiluminescence,

the radiation characterizing the chemical reactions involved. Superim-

posed on this luminous radiation is the important infrared radiation from

combustion products, principally carbon dioxide and water vapor.

Soot luminosity. The first of these, soot luminosity, is important

where combustion occurs under such conditions that hydrocarbon gases

in the flame are subjected to heat in the absence of prior intimate mixing

with sufficient air, producing thermal decomposition. This occurs, for ex-

ample, near the surface of a volatihzing oil droplet or in the fuel-rich

portion of a laminar diffusion flame. Turbulence, consequently, is of pri-

mary importance in minimizing luminosity due to soot; but chemical

differences in hydrocarbons are also important, aromatic compounds

being most prone to produce luminosity, and paraffins least. It is not

possible, in the present state of knowledge, to predict the luminosity of

a flame analytically; reliance must be put on experimental measurement

of flames similar to that of interest. The work of the International Com-

mittee on Flame Radiation in this field is outstanding [15,16,17].

The planning and use of measurements on luminous flames depends

on knowledge of the radiating and absorbing characteristics of a soot

cloud. The monochromatic emissivity ex of such a cloud equals its mono-
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chromatic absorptivity a\, and is given in terms of the monochromatic

absorption coefficient k\ by

ex = 1 - e-^x-^^ (3-1)

in which c is the soot concentration and L is the path length through the

flame. The absorption coefficient k\ varies approximately as an inverse

power function of X [18,19,20,21]. Suppose k-K to be representable by fc/X"

so that ex is (1 — g-^c^/x")^
^j^^j jg^ ^.^i^ y^^ represented by KL, called the

absorption strength of the flame. A little consideration will show that if

KL and the true flame temperature Tf are known, the complete descrip-

tion of the thermal radiating characteristics of an isotropic flame can be

inferred, including the monochromatic emissivity at any wavelength, the

total emissivity €{, the total emissive power of the flame Wf(= ei(xTf),

and the effect of flame size and shape on the emission from its envelope.

It may be shown [5, Chap. 4; 18] that 2 properly chosen optical measure-

ments on the flame suffice to determine these properties. Among the most
useful pairs of measurements are: (1) red brightness temperature T^ (de-

termined with an optical pyrometer) and total emissive power W{ (de-

termined with a total radiation pyrometer; (2) T, for a single and for a

doubled flame thickness, the latter by use of a mirror behind the flame;

(3) red brightness temperature of the flame alone and of the flame backed

by a target of known red emissive power, near that of the flame
; (4) total

emissive power of the flame alone and of the flame backed by a target of

known total emissive power. The method of interpreting these data is

presented elsewhere [5, Chap. 4].

The emissivity of luminous flames varies greatly, and the eye is no
judge; a flame so bright that nothing on the other side of it can be seen

may nevertheless be far from a black body. The total emissivity may
vary from a maximum value near unity in a two-foot depth of a natural-

gas diffusion flame down to the value due only to infrared radiation from

combustion products, in a premixed gas-air flame. (For the latter value,

due to CO2 and H2O, see below, this article.)

Luminosity due to larger particles. Reference here is to the particles

from a pulverized coal or well-atomized residual fuel oil flame—particles

large compared to the wavelength of radiation of interest and therefore

acting simply to block out a beam passing through the flame. It may
readily be shown that for such particles the emissivity of the flame sur-

face, from the direction in which L is the path length through the flame,

is given by

e, = 1 - e-c.iL (3_2)

where c is the number of particles per unit volume, and A is the projected

area of a particle. This may be applied to a heavy fuel oil flame to esti-

mate the degree of atomization necessary to make luminosity of this kind
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significant. Assume a flame temperature of 3000°R, a fuel oil density of 1,

a stoichiometric air requirement of 15 lb/lb fuel, 20 per cent excess air,

and opaque particles which are uniform and of a diameter D equal to

the initial drop size. The concentration of drops can be shown to be

0.0000707/7rZ)3 per f^s. ^y^q projected area of a drop is tD^/4:. Then

ef
= (1 - e-i."xio-5L/o)

For a flame of 2 ft thickness and particles of 50^ (0.000164 ft) initial

diameter, ej is 0.194 initially and decreases continuously as the particles

burn away. This is slightly more than the emissivity due to nonluminous

gases present, and markedly less than the emissivity due to soot in many
flames. Whether the residual particles themselves contribute significantly

to the flame radiation compared to soot luminosity or gas radiation thus

depends on how finely the fuel is atomized.

Gas radiation. CO2 and H2O. Of importance in substantially all

evaluations of heat transmission in combustion processes, whether from

flames or from their cooler products, is the infrared radiation from the

combustion products, water vapor and carbon dioxide, which over-

shadows convection at combustion temperatures. This radiation has its

origin in simultaneous quantum changes in the energy levels of rotation

and of interatomic vibration of molecules and, at the temperature levels

reached in combustion processes, is of importance only in the case of the

heteropolar gases. Of the gases encountered in heat transfer equipment,

carbon monoxide, the hydrocarbons, water vapor, carbon dioxide, sulfur

dioxide, ammonia, hydrogen chloride, and the alcohols are among those

with emission bands of sufficient magnitude to merit consideration. Gases

with symmetrical molecules, Hke hydrogen, oxygen, and nitrogen, have

been found not to show absorption bands in those wavelength regions of

importance in radiant heat transmission at temperatures met in com-

bustion processes. Sec. H of this volume presents the molecular physical

background for thermal radiation from gases.

If black body radiation passes through a gas mass containing CO2 or

H2O, absorption occurs at certain wavelengths. Conversely, if the gas

mass is heated it radiates at those same wavelengths. Consider a hemi-

spherical gas mass of radius L containing carbon dioxide of partial pres-

sure Pc, and let the problem be the evaluation of radiant heat interchange

between the gas at temperature Tg and a small black element of surface

at temperature Ti, located on the base of the hemisphere at its center.

Per unit of surface the emission of the gas to the surface is o-T^e^, where

eg denotes gas emissivity. For carbon dioxide e^ depends on Tg, the product

term p^L, and the total pressure Pf The emissivity of carbon dioxide for

Pt = 1 atm is given in Fig. I,3a, based on experimental data [22,23]. The

line broadening due to pressure may be estimated from Fig. I,3b, which

gives a correction factor C^ by which the values from Fig. I,3a are to be
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multiplied (based on the data of Howard, et al. {2Jf\ and on unpublished

data of HoLeong and Wu [25,26]). The absorption, by the gas, of radi-

ation from the surface is aTla^i, where a^\ is the absorptivity of the gas

at Tg for black or gray radiation from the surface at Ti. Absorptivity is

evaluated approximately by reading the gas emissivity at Tx and at

pJLTi/Te (the value giving the same molal concentration as at the gas

temperature), then multiplying the result by {TJT])^-^^. The same cor-

rection factor Cc applies to ojgi as to €g if the total pressure is not 1 atm.

0.004

0.003
500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Temperature, °R

Fig. 1,3a. Emissivity of carbon dioxide.

For water vapor, the gas emissivity depends on Tg and -p^L and on

total pressure Pt as before, and in addition on the partial pressure of

water vapor pw Emissivity due to water vapor is given in Fig. 1,3c (based

on experimental data [22,28,27,28,29]) as a function of Tg and p^L, for

Pt = 1 atm and for the "ideal" system with pw = 0. Approximate allow-

ance for departure from these special conditions is made by multiplying

eg from Fig. 1,3c by a factor Cw read from Fig. 1,3d as a function of

(pw + Pt) and pwl/. The absorptivity of water vapor for black body radi-
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600°K
(1080°R)

1200°K
(2160"R)

, 1800°K
(3240°R)

2400°K
(4320°R)

PC02 + ^'' ^^"^

Fig. I,3b. Correction factor Co for converting emissivity of CO2
at about 1 atm total pressure to emissivity at Ft atm.
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ation may be obtained like that of carbon dioxide, except for the use of

an exponent of 0.45 instead of 0.65 on {TJT\). The correction factor Cw
still applies.

When carbon dioxide and water vapor are present together, the total

radiation due to both is somewhat less than the sum of the separately

calculated effects because each gas is somewhat opaque to radiation from

the other. The amount Ae by which to reduce the sum of eg for CO 2 and

0.007
500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Temperature, °R

Fig. I,3c. Emissivity of water vapor.

eg for H2O (each evaluated as if the other gas were absent) to obtain the

eg due to the two together is read from Fig. I,3e. The same type of cor-

rection applies in calculating a^.

Recapitulating by the use of subscripts on eg indicating in sequence

the gas (c or w), the temperature on the plot, and the value of pL at

which e is read, one has

fi: = ^c.r^.p.r.C, + e^.rg./viC'w — Aey^ (3-3)

««' — ^,;T,.p^LT,/T. Cc + ^.y,7\.p^.LT,/Tg [rp^
j

Cw — Aay^
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The formulation of radiant interchange between a gas and a black surface

completely enclosing it, when the gas contains CO2 and H2O, is then

= cr(6,T^ - a,,Tf) (3-4)

If the surface is gray, multiplication of the right side of the above by

ei(= a\) would make proper allowance for reduction in the primary beams

from gas to surface and surface to gas, respectively; but some of the gas

radiation initially reflected from the surface has further opportunity for

absorption at the surface because the gas is but incompletely opaque to

the reflected beam. Consequently, the factor to allow for surface emis-

sivity lies between ei and 1, nearer the latter the more transparent the gas

1.8

1.6

(J
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in which eg..^ is the gas emissivity evaluated at the arithmetic mean of

Tg and Tx. Values of a and h, which represent d In ejd In pjj and d In tj
d In Tg, respectively, are given in Fig. I,3f for CO2 and H2O. When a
mixture of the two gases is present, it is recommended that mean values
of a, h, and c be used in Eq. 3-5, the factors for the different gases being
weighted in proportion to their emissivities. (A roughly approximate
value of (a + 6 — c) suffices, however, since an error of 0.1 in it produces
an error of only 2.5 per cent in q/S.) The use of Eq. 3-5 when Tg and Ti
do not differ by a factor greater than 2 leads to results of accuracy com-
parable to Eq. 3-4, and will usually save time as well by eliminating the

necessity for the fairly tedious evaluation of a^i.

Mean beam length. The preceding expressions were formulated for

the case of interchange between a gas hemisphere and a spot on its base,

0.01

0.008

50001000 2000 3000 4000 5000 1000 2000 3000 4000

Temperature, °R Temperature, °R

Fig. I,3f. Rate of change of emissivity with T and p^L, for CO2 and H2O.

i.e. for the case in which the path length L of the radiant beam is the

same in all directions. For gas shapes of practical interest, it is found that

any shape is approximately representable by an equivalent hemisphere

of proper radius, or that there is a mean beam length L which can be

used in calculating gas emissivities and absorptivities from Fig. 1,3a and

1,3c [30,31]. As pL approaches zero, the mean beam length approaches as

a limit the value 4a; (ratio of gas volume to bounding area) . For the range

of pL encountered in practice, L is always less; 85 per cent of the limiting

value is generally a satisfactory approximation [32]. Table 1,3 summarizes

the results of tedious graphical or analytical treatment of various shapes.

Temperature variation along flow path. If gas radiation occurs in a

system in which there is a continuous change in temperature of the gas

or surface, or both, along the gas flow path from one end to the other

of the interchanger, and if the dimensions transverse to flow are small

enough to make radiant exchange in the flow direction relatively un-
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Table 1,3. Beam lengths for gas radiation.
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important, exact allowance for stream temperature variation can be made

by conventional graphical integration. Let the heat transfer surface per

unit length be designated by P, the local gas and surface temperatures

at length x by Tg and Ti, the mass flow rate and heat capacity of the gas

by m and Cp, and the local heat transfer rate—by whatever mechanisms,
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field of view of an element of radiation-receiving surface enormously

complicates the problem; see end of Art. 4.

Application of the principles discussed is illustrated in the following

example: Nonluminous combustion products of a hydrocarbon fuel, con-

taining 10 per cent CO2 and 15 per cent H2O by volume, flow through a

black wall cylindrical chamber 15 inches in diameter at a total pressure

of 5 atm. In the region where the gas temperature drops from 2700 to

2000°F and the wall temperature is substantially constant at 1200°F,

estimate the average heat transfer rate due to radiation from CO 2 and

H2O.

The arithmetic mean gas and surface temperatures are (2700 + 2000)/

2 + 460 = 2810°R, and 1660°E,; 2810^ - 1660^ = 0.548 X lO^^. From
Fig. I,3g, (Tg — T'^/Tg = 0.016. The mean radiating gas temperature is

then 2810(1 — 0.016) = 2765°R. Mean gas and surface temperatures

differ sufficiently little to justify use of Eq. 3-5.

T,, = (2765 + 1660)/2 = 2212°R (3-8)

PeL = 0.10 X 5
( ^ ) X 0.8 = 0.50 (3-9)(S)

(S)p^L = 0.15 X 5
( ^ ) X 0.8 = 0.75 (3-10) =

From Fig. 1,3a and 1,3b,

ee (at T = 2212°R, p,L = 0.5) = 0.119 X 1.15 = 0.137 (3-11)

From Fig. 1,3c and 1,3d,

€, (at T = 2212°R, p^L = 0.75) = 0.167 X 1.6(?) = 0.267 (3-12)^

0.404

From Fig. I,3e, the superimposed radiation correction^ = 0.057

Total gas emissivity, eg = 0.347

From Fig. I,3f, a and h for CO2 = +0.35 and -0.40; for H2O, 4-0.52

and -0.85. For the mixture, a = 0.46, h = -0.7, c = 0.52. Then, from

Eq. 3-5,

(i\ ^ -,^-, r.^o.^ 4 + 0.46 - 0.7 - 0.52'
^ =0.171 0.347 (27.65^ - 16.60

24,500 BTU/ft2 hr

- A smaller factor is used than for an infinite cylinder; the length of the system has
not been specified.

' The pressure correction for H2O is far beyond the end of the plot; the extrapolation

is based on the assumption that the pressure effect levels off above a few atmospheres
pressure.

^ In the absence of a recommendation, in the literature, as to the effect of total

pressure on the correction Ae, it may be assumed to be increased by the average of

Co and Cw The effect is negligible in the present example.
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A convection coefficient of about 22 BTU/ft^ hr °F would produce the

same transfer rate.

Radiation from other gases. Gas radiation plots similar to those for

CO2 and H2O have been prepared for SO2, CO, and NH3 [5, Chap. 4].

Infrared spectroscopic data available on many gases can serve as a basis

for estimating radiant heat transfer although the data, particularly on

the effects of temperature and total pressure, are often found to be in-

adequate. For a discussion of the methods of calculation the reader is

referred to Sec. H,

1,4. Radiant Exchange in an Enclosure of Source-Sink and
No-Flux Surfaces Surrounding a Gray Gas. One of the most complex

problems of heat transmission is the evaluation of heat transfer in a com-

bustion chamber, where all of the mechanisms of radiation so far dis-

cussed are operating simultaneously. Allowance is to be made for the

following: (1) the combined actions of direct radiation of all kinds from

the flame to the heat sink, (2) radiation from flame to refractory sur-

faces, thence back by reradiation or reflection through the flame (with

partial absorption therein) to the sink, (3) multiple reflection of all non-

black surfaces, (4) convection, (5) external losses, and (6) for the fact

that the refractory surfaces take up equilibrium temperatures which vary

continuously over their faces. Allowance for space variation in temper-

ature and emissivity of the gas introduces major complications, and the

problem is here limited to consideration of a gas mass of uniform concen-

tration and temperature equal to some set of mean values (see, however,

the last part of Art. 4). The problem is otherwise capable of a solution

free from seriously limiting assumptions. It will be convenient to group

surface zones into two classes. Source-sink zones, such as a fuel bed, a

carborundum muffle, a row of electric resistors, a liquid- or air-cooled

surface and stock on a furnace hearth are designated by subscripts 1, 2,

3, . . . ; surface 1 has area *Si, temperature Ti, emissivity ei. Completing

the enclosure are the insulating refractory connecting walls, which are

heat sinks only to the extent that they lose heat by conduction through

the walls. If the difference between gas convection to the inside of such

a wall and conduction through the wall to the outside is small compared

to the radiation incident on the wall inside, then the assumption that the

net radiant heat transfer at the wall surface be zero is an excellent one.

It enormously simplifies the problem of source-to-sink heat transfer and

the effect thereon of the refractory surfaces. All such zones will be re-

ferred to hereafter as no-flux surfaces, with the understanding that refer-

ence thereby is to radiant heat transfer alone, and the letter subscripts

R, S, T, . . . will be appended to their properties.

Several restrictions are imposed at this point, some of them to be re-

moved later. (1) All of the sources and sinks, including the gas as well
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as the surfaces, are assumed gray. A gray gas is one which exhibits, for

radiation from whatever source, an absorptivity a equal to its emissivity e.

Its emissivity and absorptivity vary, however, with path length. If the

gas transmissivity r, equal to 1 — a, is established for radiation from one

zone to another, the transmissivity for twice the mean beam length be-

tween zones is r^, a conclusion which can be true only for a gray gas which

does not produce a change in quality of the radiation transmitted by it.

(2) Such reflection as occurs, whether at a source-sink or at a no-flux

surface, must be diffuse reflection, a term describing reflection which, like

black radiation, obeys the cosine principle that appeared in Eq. 2-1 ; and

emission from any surface must likewise obey the cosine principle. Non-

metallic and oxidized metallic surfaces do not depart greatly from this

characteristic. (3) A zone of the no-flux surfaces, or those of the source-

sink surfaces which are not black, must be chosen small enough so that

the intensity of radiation leaving the zone in consequence of irradiation

by some other zone is uniform over the zone. This completes the assump-

tions. The additional nomenclature needed is the representation of trans-

mittance from one zone through the gas to another zone by t with ap-

propriate subscripts to indicate the two zones involved.

Flux between gray source-sink surfaces; the factor 3^i2. The net flux

between *Si and S2 occurs by a complex process involving multiple reflec-

tion from all source-sink surfaces as well as both reflection and reradiation

from the no-flux surfaces; and one might at first consider the contribution

of Sr, Ss, ... to the net flux between Si and *S2 impossible to disen-

tangle, since the equilibrium temperature of Sr, for example, depends on

contributions from Sz, S4, . . . as well as from Si and S2. The new con-

cept necessary here is that the refractory zone Sr can be thought of as

having a partial emissive power due to the presence of each of the source-

sink zones and the gas, and a total emissive power equal to their sum.

Thus the term qi^2 represents net flux between Si and ^2 consequent

solely on their respective emission rates and includes, in addition to direct

interchange SiFueie2cr{Tf — T'2)ti2, the contributions due to multiple re-

flection at all surfaces, as well as such contributions by reradiation from

the no-flux surfaces as are consequent on their partial emissive powers

due to the existence of Si and *S2 alone as net radiators in the system.

This is the necessary meaning of gi-2 if it is to become zero when Ti = T2.

It is apparent that gi^2 must take a form equal to cr{Tf — T^) multiplied

by some factor which depends on the geometry of the whole enclosure,

the emissivity of its source-sink surfaces and the transmittance of the gas,

and that it can be expressed in the form

qi^2 = Si^u<7{Tt - TI) ^ S2^2i<r{Tt - Tt) (4-1)

The problem is to evaluate the new factor JF, called the over-all exchange
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factor. Plainly, it cannot depend on any system temperatures. Conse-

quently, if the gas and all source-sink surfaces except S\ are kept at abso-

lute zero, and 51-2 (which now becomes simply qi-^i) is evaluated and used

to determine 3^ in Eq. 4-1, that value of 3^ will be generally applicable

regardless of the particular combination of temperatures of the source-

sink surfaces. Space does not permit presentation of the detailed deri-

vation here [5, Chap. 4; Sit]- Briefly, there are as many unknown emissive

powers (due to reflection alone at all source-sink zones except one, and to

reflection and/or emission at the no-flux zones) as there are zones; an

energy balance may be written for each zone, thereby permitting a solu-

tion. The evaluation of fF necessitates the use of a determinant D, sym-

metrical about its major diagonal, and of order equal to the total number
of zones into which the enclosing surface has been divided. To simplify

the expression of D and the solution for fF, a shorthand nomenclature is

desirable. Let SiFirtir (which also equals SrFritri) be represented by li^

(or its equivalent Rl, although the convention is adopted of mentioning

small numbers first, and numbers before letters); because reflectivity

(1 — e) appears so often, replace it (except in any final simplification)

by p. Then

D =

11



I • ENGINEERING CALCULATIONS OF RADIANT HEAT EXCHANGE

Then

*Sl5^12 = 0lO2
Pi P2
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Black source-sink surfaces; the factor F12. Further to indicate the tech-

nique of application of the determinant method, let Eq. 4-4 be used to

determine the interchange factor when all source-sink surfaces are black.

The interchange factor for this case has been designated by F, to indicate

that it covers a more complex situation than F but a less general one

than fF. Let the problem be to evaluate F12. Setting into Eq. 4-4 the con-

dition that ei = €2 = es . . . = 1 or that pi = P2 = Ps • • • =0, one can

eliminate all rows and columns containing reference to any source-sink

surface except 1 and 2 as follows.

Cancel Si/pi out of the numerator and multiply the denominator first

columnbypi/^Siwhich, being zero, makes the first column —1,0, 0,0, . . .

and reduces the order of D by one. Similarly, multiply the second column

of the numerator and the second column of the new denominator by P3/S3,

making them become 0, — 1, 0, 0, . . . each. Similarly, eliminate all terms

containing numbers other than 1 and 2. One thus obtains

S1F12 =

l2

TR

IS
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Flux between gas and surfaces; the factor 3^ig. The treatment of the

general problem of radiation in a gas-containing enclosure was not com-

pleted by presentation of Eq. 4-3 giving Sm^mn. In addition to the various

values of g^et for different pairs of source-sink zones, one is interested in

the net transfer between any one of such zones and the gas, which may
well be the primary heat source of the system. The net radiant flux from

the gas is given by

?g,net = Qa-l + q^^2 + • • • (4-9)

and Qe^i is given by

g.^1 = S,^^,a{Tl - Tt) (4-10)

The problem is to evaluate JFig. Let aSi be the only original emitter in the

system; all other source-sink zones and the gas are kept at absolute zero.

S\ radiates at the rate A^iei per unit value of black emissive power at tem-

perature Ti. Radiation streaming away from ^2, Sz, . . . , Sr, Ss, • • •

is due solely to reflection at S2, S3, ... , and to reflection and/or re-

radiation at Sr, Ss, .... Of the total emission Siei, the amount /SiO^n re-

turns to and is absorbed by Si, Si^u goes to and is absorbed by >S2, . . .
,

Si^in is absorbed by Sn- The residue must have been absorbed by the gas

since all other surfaces are nonretaining. Then

Si^u = >Si(ei - J?ii - $Fi2 - • • - ^m) (4-11)

Since it will have been necessary to evaluate all of these 5's except S^n

in fixing the radiant interchange in the system, S^n is the only new factor

requiring evaluation to determine SiUrig. Another approach to the problem

[5, Chap. 4; 36] yields the following direct formulation:

Sr.^n, = ^'^ (4-12)

in which gD„ is obtained by inserting, into the nth column of D
(Eq. 4-2), thejerms -^1 +JT1 -|- 12 + • • • + I^ + • ^, -_^2 +
(21 + 22 + 2S -\- ' - + 2R +•••), , -Sr + (Rl -{- R2 +
' • • -\- RR -\- • • •). Any one of these expressions may be written

— <S„[1 — (FnlTnl + FnlTnl + " " " + F„RTnR + ' ' ")]

the parenthetical term of which equals the weighted-mean transmissivity

or transmissivity for the total radiation arriving at or leaving Sn (and

therefore identifiable with a single subscript, xn) . The complement of t„ is

the gas absorptivity and, because it is gray, the gas emissivity Cgn. Note

that egi and eg2 differ only because the mean path lengths through the

gas to *Si and S2 differ. Eq. 4-12 may of course be shown to be the equiva-

lent of Eq. 4-11.

Temperature of no-jiux zones. Before the use of Eq. 4-11 is discussed,
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the problem of interchange in a gray-gas-containing system requires one

more item for completion. Near the beginning of Art. 4, the concept of

partial emissive powers of a no-flux surface due to the separate effects

of the various sources and sinks was presented. This leads to an evalu-

ation of the equilibrium temperature of a no-flux surface. It may be

shown [5, Chap. 4; 36] that

^ R
iD^Tt + 2D«T^ + + nD«n + + .^RTt

D (4-13)

Since the sum of the D^'s in the numerator can be shown to equal D,

Eq. 4-13 states that T% is a weighted mean of the fourth powers of the

various original emitters present, including all source-sink surfaces and

the gas—as it must of course be. Application of this relation to determine

the equilibrium refractory temperature in a simple system consisting of

a gray gas enclosed by a single heat-sink zone Si and a single no-flux

zone Sr, with all values of eg taken to be the same, yields

^ R — ^ e (Tt - T\)
1

(4-14)

1 +
FriI

1^\/1__
61 JKFriI

+ ^ + 1

; Ol

When /Si is black, the last term in the denominator drops out.

Application of the factor Jig. Returning now to the use of 3^ig, con-

sider the same simple system just used in illustrating the calculation of

Tr. From Eq. 4-11

Si^ig = »Siei — Si^ii

= s

or

oiS^ig
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For this system all direct view factors can be expressed in terms of the

single one Frx as follows

:

\R = SlFlRTlR = SrFritir

TT = SiFnni = Si(l - FiR)Tu = (Si - SrFri)^

RR = SrFrrTrr = Sr{1 — FriJTrr

Substitution of these values in Eq, 4-17 and replacement of t by 1 — e^

gives

Tu = en 1 +

Sr
Si

eii/egfl — eii , en _
1

1 — €ii 1 — en Fri

{Sr/Si)F%,

Fri + eRRil - Fri)
(en + eRR — 2eRi + e|i — eneRR) (4-19)

in which double-subscript e's refer to an evaluation of gas emissivity based

on a path length specific to the two surface elements mentioned. The

problem, simple as it appeared to be, has a solution rather formidable

for engineering use. If the various gas emissivities are assumed to be alike

or if each one is replaced by their average value, called eg, it will be noted

that the second term on the right of Eq. 4-19 will vanish, giving

>SR

Fi. = e,
I

1 + ^
i

(4-20)

1 - e^Fj

Some practical consequences of Eq. 4-18 and 4-20 are these: increasing

the flame emissivity increases the heat transmission, but not proportion-

ately; decreasing surface emissivity ei (and absorptivity) from one, when

the flame is very transparent, produces but little effect on the heat trans-

mission; but decreasing ei from one, when the flame is substantially

opaque (eg = 1), produces a proportional decrease in heat transmission.

The Hmitations on the vahdity of Eq. 4-18 and 4-20 must be borne in

mind. They are restricted to a one-zone sink, a one-zone refractory or

no-flux surface, and a gray gas. The first two assumptions are rigorously

justifiable only when each element of Si (or Sr) shares its "view" of its

own zone and of Sr (or ^i) in the same ratio as every other element; and

this in turn is true only when the two kinds of surfaces are intimately

mixed in the same ratio on all parts of the enclosure, forming what one

might call a "speckled" enclosure. Under those circumstances, the as-

sumption made in going from Eq. 4-19 to 4-20, that the various Cg's are

representable by an average value, becomes valid; and Fri becomes *Si/
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{S\ -\- Sr). If Eq. 4-20 is used as an approximation for a system which

does not have a speckled enclosure, however, use of the true value of Fri

is preferable.

Eq. 4-18 and 4-20 are well-known solutions, available and in use for

many years [5, Chap. 3; 37] before the determinant method of derivation

was available; and their derivation from first principles was perhaps as

simple as the one here presented, but only because of restriction to a

two-zone system. With the new method available, summarized in Eq. 4-3,

the decision as to the number of zones of heat-sink or refractory area into

which the enclosure should be divided can be made to depend, as it should,

on the importance of the particular problem and the time available for

handling it, rather than on whether the engineer can see his way through

a multizone solution.

Allowance for space variation in gas temperature. Many problems of

heat exchange between combustion gases and their enclosing walls may
be satisfactorily approximated by using mean values of gas temperature

and composition. Where an accurate solution to the problem is of suf-

ficient importance, however, allowance can be made for gradients in tem-

perature and gas composition provided that knowledge is available of the

flow pattern and progress of combustion; but the method is time-con-

suming [38]. For orientation as to the need for allowing for radiation due

to gas temperature gradients, a simple solution is available [39,40,4^,4^)

43] for the following special case: When a unidirectional temperature

gradient exists in the interior of a strongly absorbing gas far from its

bounding walls, the radiant flux density q/S is given by

g _ 4 M^ cZr^ ^ _ 16 m! ^j.3 ^ (4.21)a
S 3 k dx 3 k dx

where k is the absorption coefficient of the gas (see Art. 5), and m is the

refractive index of the medium (1 for gases). To minimize the effect of a

wall at distance L from the plane of flux, the value of kL must be greater

than about 3; and to satisfy the condition of strong absorption

dlnr
kdx

«1

Radiation exchange between a plane wall and an overlying gas, the

isothermal surfaces in which are parallel to the wall, has also been treated

[5, Chap. 4].

1,5. Enclosure of Gray Source-Sink Surfaces Containing a Real

(Nongray) Gas. In the derivation of interchange factors for gray gas

systems the single value of transmittance ri2 appUed to all radiation

leaving »Si for S2, whether originally emitted by Si or reflected from it

after any number of passages through the gas. Only for gray gas is this
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true. For a real gas, with its characteristic absorption in certain spectral

regions, the absorbable wavelengths are filtered out after a number of

passages through the gas, and the transmittance of the gas for the re-

mainder of the radiation approaches 1. The gray gas assumption thus

leads to prediction of too large an interchange between gas and sinks,

and too small an interchange between the source-sink surfaces. In ob-

taining a value of *Si?Fig applicable to a real gas, it is desirable to retain

the mechanics of gray gas formulation. Fortunately, this is possible.

For a gray gas the transmittance for the absorption path length repre-

sented by 'pjj is e-'^pg^, where k is the absorption coefficient of the gas,

a constant independent of wavelength and therefore applicable to the

integrated spectrum; and the absorptivity and emissivity equal 1 — e~^^i^^.

The relation of transmittance to pJj for a real gas can be represented to

any desired degree of accuracy by

J = a;e-fc-p^ + ye-''yP^ + ze'^'^^ + • • • (5-1)

and the emissivity relation by

e = a;(l - e-^^^^) + y{\ - e-*"^^) + z{l - e"*'"-^) + • • • (5-2)

with kx representing the absorption coefficient applicable to fraction x of

the total energy spectrum of the gas, and with the condition

x + y + z+ - =1 (5-3)

Representing e-^^p^ by Tx, Eq, 5-1 yields for the transmittance T„g of n

layers of gas each of absorption path length 'pjb:

r„g = XTl + ijt; + 2r? + • • (5-4)

The components of which the total real-gas transmittance is composed

are thus a series of gray body transmittances, each used with a weighting

factor, X, y, . . . .

Consider now an enclosure of surfaces which aid in the transmission

of radiation from the gas to Si only by the process of reflection at the

other surfaces, i.e. a system of gray source-sink surfaces and completely

reflecting, or white, no-flux surfaces. A little consideration will show that

the real-gas solution for *Si3^ig is obtainable as the weighted sum of a num-
ber of gray gas solutions, using successively Tx, Ty, and t^ for the gas trans-

missivity and weighting each solution by the factors x, y, z, etc. ; or

^u = a:5iJ + y^u] + • •
• (5-5)

J based on J based on
use of Tx use of t„

and similarly

0^12 = x^i2\
,

+ y^ii\
,

+ • •
• (5-6)

J based on J based on
use of 7x use of t„
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The reason for the restriction on the validity of Eq. 5-5 or 5-6, that

any no-flux surfaces, if present, must be white rather than gray, needs
consideration. A white refractory surface reflects all incident radiation

without changing its quality, i.e. without changing the fractions of it for

which the gas will exhibit absorptivity 1 — Tx, 1 — Ty, etc. But a gray
refractory surface, to the extent that it absorbs and re-emits, changes the

quality of the radiation. If, for example, a beam of radiation incident on

Sr from the gas has an emissivity of ^ in one half of the energy spectrum,

or a total emissivity and absorptivity of ^, the resulting radiation leaving

Sr would be half absorbed by the gas on next passage through it if it

left Sr by reflection without change in character, and only ^ absorbed

if it left Sr by emission as black radiation. Since the derivation of /SiJFig

when Sr, Ss, . - are present is based on attenuation by the gas in an
amount independent of the history of a beam of radiation, the nongray
gas solution represented by Eq. 5-5 applies rigorously only to systems in

which any no-flux surfaces present are perfect diffuse reflectors. If allow-

ance must be made for the grayness of any no-flux surface, it must be

reclassified as a source-sink surface, say S3, of unknown temperature, the

value of which is obtained by introducing the condition that the sum of

the interchanges of S3 with the other surfaces and with the gas must be

zero.

The point has been emphasized that for gray systems the two terms

each representing one-way flux in the expression

5'l^2 = *SliFl20'T^ — S2'^2l<^Tl

differ only in temperature, that the S^ product may be factored out.

The imposing of the nongray gas condition makes this no longer true.

Gas absorptivity for radiation from a source at Ti is no longer necessarily

equal to gas absorptivity for radiation from a source at T2, except in the

limit as Ti approaches T2. Rather than use sequence of subscripts to indi-

cate direction of the radiation, it is preferable to use an arrow and retain

the equality of Si^u and *S23^2i as a matter of definition; but Si^i^2 does

not now equal Si^i^2 except in the limit. 3^i-.2 is evaluated by use of the

absorptivity of gas at Tg for radiation from a black or gray source at Ti;

{Fi<_2 uses gas absorptivity based on emission from T2. Similarly the net

interchange between gas and surface *Si must now be written

g.^1 = <T(S,^^^Jt - S,^,^,Tt) (5-7)

with Si^i^e based on the gas emissivity and *Si3^i_g based on gas absorp-

tivity for black or gray radiation from Ti. Plainly, however, if Tg ^ Ti,

JFi^g is the term to evaluate rigorously, and it may be used with small

error to represent both-way radiation. If T^ and Ti are not too far apart,

g^ig evaluated by the use of an effective emissivity given by the bracketed

term in Eq. 3-5 will probably suffice for both SJi^g and S'l-^g.
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Although Eq. 5-5 or 5-6 can in principle be used to handle an en-

closure of any degree of complexity as to zoning, and filled with gas of

radiating characteristics producing any shape of curve of eg vs. pj^, a little

consideration shows what an enormous amount of effort is involved if

these expressions for CF contain many terms. A simplification is mandatory

and, fortunately, feasible. If wall reflectivities are not very large, a beam
of radiation from the gas is rapidly attenuated in its succession of reflec-

tions and transmissions, and the fitting of the €g — pju curve is important

only for a few units of yjj. The transmittance r given by Eq. 5-4 can be

made to equal true transmittance at and at two integral multiples of

PgL by assuming the gas gray throughout the energy fraction x and clear

throughout the fraction y-\-z-\-'--=\— x, i.e. by assuming that

all the r's but Tx are zero and that an asymptotic transmissivity of 1 — a;

is approached as pgL = oo
. An examination of Eq. 5-5 now indicates that,

since all values of i?ig on the right-hand side except the first are for non-

absorbing gas and therefore are zero.

ig = .T^Jig] (5-8)
J based on
use of Tx

For source-sink surface interchange, Eq. 5-6 yields

iFi2 = x^rA ^ + (1 - rc)Ji2l ^ (5-9)
Jbased on Jbased on
use of Tx clear gas,

r=l

There remains only the evaluation of x and Tx from a gas radiation

plot such as Fig. 1,3a. Let the objective be to fit the eg, pjj curve at 1 and

2 units of pjj, and call the corresponding e's read from the plot, eg and e2.g.

From Eq. 5-4

1 — eg = Tg = XTx + (1 — x)

and
1 — e2.B = T2.g = XtI -\- {I - x)

Solution of these gives

x = H

—

(5-10)
^eg — eo.g

and

r, = 1 - !? = 1 - ^'^ ~ ^'-^
(5-11)

X Cg

Recapitulating, fFig equals x times a value of 3^ig from Eq. 4-12 (or Eq.

4-18 and 4-20) using a transmissivity of 1 — {ejx) or an emissivity of

ejx, with x defined by Eq. 5-10.

The determination of x and r^ from values of eg at IpgL and 2jpjj is

recommended when *Si has a low reflectivity and/or when yjj is large;

but a small enclosure with heat-sink zones of high reflectivity may make
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the many-times-reflected radiation relatively more important. In that

case some other pair of Cg values may be used, such as eg and es.g, or €2.g and

e4.B. Seldom is it necessary to add an extra term to Eq. 5-5.

1,6. Application of Principles. The procedures discussed above

permit allowance for the effects of factors often casually handled in the

past. The relations presented are not as easy to use as the relations of

convective heat transmission; but this is because the mathematics of

radiation in an enclosure, where every part of the system affects every

other part, is intrinsically more complicated than the mathematics of

heat transfer processes capable of expression in the form of a differential

equation. With a little practice in manipulation of determinants^ the

reader should be able to evaluate JF factors for systems of a considerable

degree of complexity in a reasonable time. If the higher order determi-

nants encountered are evaluated numerically for the specific example of

interest rather than algebraically to obtain results like Eq. 4-19, the time

required for a solution is not prohibitive. Some of the special cases en-

countered are used so frequently, however, that algebraic formulation of

their general solution is desirable. A few such cases are presented here.

Real gas, gray sink Si, and reflecting no-flux surface Sr. The gray gas

solution for this case, simplified by the use of a single path length and

therefore a single Tg for all zone pairs, was given in Eq. 4-18 and 4-20.

Modification to allow for nongray gas gives

Si^i^, = YJl X
1 (6-1)

Sl\ei J
' €e / n .

S

1 +
e^/x

1 - €g/x

with X equal to e^/(2eg — e2.g), and with eg evaluated for a path length

given by Table 1,3. If >SiJFi_g is wanted, agi replaces eg.

Real gas, enclosed hy 2 gray sinks Si and S2, and no Sr. This vari-

ation on the previous case has interest for at least two reasons. Consider

a gas, a primary heat sink Si and a refractory surface, the external loss

from which is so large that it cannot be treated as a no-flux surface (the

term no-flux still refers to radiant heat transmission only), because the

internal gain by convection is so much less than the loss through the wall.

Then the refractory surface becomes a secondary heat sink and is >S2

rather than Sr. Or consider a gas, a heat sink Si and a no-flux surface

which is not justifiably classed as completely reflecting. As the discussion

6 Evaluation of higher order determinants by mechanical computers is of course

feasible. The labor of evaluation with pencil and slide rule has been so greatly reduced

by the method of Crout [44], however, that fifth or sixth order determinants need no

longer be considered formidable by the engineer not equipped with the newer devices.

< 535 >



I • ENGINEERING CALCULATIONS OF RADIANT HEAT EXCHANGE

in Art. 5 indicated, the no-flux surface must be treated as a source-sink

type surface S2. Three S^'s are necessary for a complete solution. Based

on the simplifying assumption that the r's between zone pairs are all

ahke, Eq. 4-12 and 5-8 yield

Ci *Si *S2 \p2Tx / '^1^15
x{l - T,) — ^

— ^-—

^

^ (b-2)
Pi 1 1

Tx Tx
\Pl / \P2

''/

Si SiFyiTj:

9?2g is obtained from the above by the interchange of subscripts 1 and 2

.

Si^i2 is obtained from Eq. 4-4 and 5-6, which yield

€1 ^2

e a: _ ' Pi P2
Olffl2 =

1_J i_J A_.. 1_,
Pi /

I
\P2 / , \Pl / \P2

>Si >Sir 12T1

n — ^ — —

Pi /
I

\P2 /
I

\Pl / \P2

>S2 ^1 S1F12

These three S^'s are for use in the heat transfer equations

q,^i = Si^i,a{Tl - Tt) + hrSr{T, - Ti) (6-4a)

g.^2 = S2^2ATt - Ti) + h2S2{T, - 7^2) (6-4b)

?2^i = Sr^MTI - Tt) (6-4c)

(The difference between 3^j_>y and 'Sfx^y is here ignored for simplicity

of treatment.) If surface ^2 is losing heat to the outside at a rate

S'iU{T2 — To), a heat balance on S2 yields

gg^2 = 52;=^! + S2U{T2 " T q)

or

S.^2ATt - r.1) = Sx^MT'. - Tt) + S2U{T2 - To) - /^-SoCT, - T2)

(6-5)

Assuming the source temperature Tg and the primary sink temperature

Ti to be known, Eq. 6-5 permits a solution for the unknown refractory

temperature T2 (but trial-and-error because mixed in first and fourth

powers).

The other application mentioned for this system of equations was to
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make allowance for grayness of a refractory surface. In this case *S2 is

truly a no-flux surface, with S^UiT^ - To) = h^S^iT, - T^). Then Eq.

6-5 can be readily solved for T^. If this is put into Eq. 6-4a and 6-4b and

the radiation terms of those two equations are added, one obtains

yg. net loss ^1, net gain
by radiation by radiatiot

^1^1. + —j

—
^

—

—] <^t - n) (6-6)

+
*Si3^i2 82^

The bracket, allowing as it does for the radiation from gas to Si with the

aid of S2, is like the term ^lO^ig for the system, gas-*Si->Sie (with ^2 repre-

senting Sr) except that it now allows for the grayness of S2. If, in Eq. 6-6,

S2 is assumed to be a white surface (p2 = 1), it may be shown that the

bracketed term reduces to the »Si?Fig of Eq. 6-1.

Estimation of heat transfer in a combustion chamber. Although rela-

tions have been presented for evaluating radiant heat transmission in

chambers filled with the combustion products of fuels, those relations

have been restricted to idealized cases in which the gas temperature was

uniform or was changing in one dimension along a flow path long com-

pared to the transverse dimensions. Plainly, the average combustion

chamber, in which combustion and mixing are occurring simultaneously

and in a complicated flow path which involves recirculation as well, is far

from typical of the idealized systems discussed. Those systems can never-

theless provide an indication of the performance to be expected and can

in many cases be used for quantitative prediction. The simplest case to

discuss is the limiting one in which all dimensions of the chamber are of

the same order of magnitude, and in which the mixing energy provided

in the incoming fuel and air produces a turbulent gas mixture uniform in

temperature throughout and equal to the temperature of the gas leaving

the chamber. Assume the problem to be the determination of heat trans-

fer in the chamber, given the mean radiating temperature Ti of the stock

or heat sink, the chamber dimensions, and the fuel and air rates. Let the

unknown mean gas temperature (and exit temperature) be Tg. Then the

net heat transfer rate from the gas is given by

g.net = Si^i,a{TI - Tt) + hiS[iT, - Ti) H- Vn&niT, - To) (6-7)

The sink area S[ at which convection heat transfer occurs is indicated as

possibly different from the area ;Si at which gas radiation occurs, because

heat sink surfaces such as a row of tubes covering the gas outlet from the

chamber, and therefore receiving by convection no heat which affects the

mean gas temperature in the chamber, should be included in &x but not

in &[. Convection from gas to S>r has been assumed equal to the loss

through Sr, which replaces it in the equation. With the outside air tem-

perature To known, Eq. 6-7 expresses a relation between two unknowns,
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gg. net and Tg. The other relation is an energy balance, such as

gg.net = i - mCpiTg - To) (6-8)

where i represents the hourly enthalpy of the entering fuel, air, and re-

circulated flue gas, if any, above a base temperature To (water as vapor)

;

and Cp represents the heat capacity (mean value between Tg and To) of the

gas leaving the chamber, at hourly mass rate m. Eq. 6-7 and 6-8 may be

solved, usually by trial and error, to give gg, ^et and Tg. The limitation on

Qg, that it does not include gas convection at area S — S', must be borne

in mind.

The pair of equations just discussed applies strictly to one of two
limiting combustion chamber types—that one in which the assignment

of a mean flame temperature equal to the temperature of the gases leaving

is justifiable. The method consequently predicts the minimum heat trans-

fer of which the system is capable. Better agreement between predicted

and experimental results is obtained on some furnaces when the assump-

tion is made that flame temperature and exit gas temperature are not

the same but differ by a constant amount. In a number of furnace tests

used to determine what value of this difference produces agreement be-

tween experiment and the equations recommended, the difference was
found to be about 300°F.

The other extreme in chamber types is that one in which combustion

occurs substantially instantaneously at the burners (through complete

premixing of fuel and air); the temperature attained is that generally

known as theoretical flame temperature or adiabatic combustion tem-

perature; and the temperature falls continuously as the gases flow from

burner to outlet. When such a chamber is long compared to its cross sec-

tion normal to the direction of gas flow, Eq. 6-7 may be considered as

applying to a differential length, and the remarks in connection with

Eq. 3-6 are applicable. One must, however, be prepared to examine the

validity of the assumption that radiant flux in the gas flow direction is of

secondary significance. Allowance for the improbability of attainment of

adiabatic flame temperature at the hot end of the chamber may be made,

though somewhat arbitrarily, by use of what Heiligenstadt [4-5] calls a

pyrometric efficiency, the factor by which to reduce the adiabatic flame

temperature to obtain the true value. If the gases are assumed constant

at this temperature from burner inlet until, by the calculation method
just outlined, they have lost enough heat to equal the difference between

their entering enthalpy and that at their assumed temperature, and they

are allowed thereafter to cool in step with their heat transfer rate, better

agreement with experimental data can of course be obtained—provided

there is knowledge of what to use for the pyrometric efficiency. It varies

primarily with burner and chamber design and fuel type. A value of about

0.75 has been used in application to steel reheating furnaces. The chief
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function of the pyrometric efficiency concept is its use in fitting heat

transfer theory to heat transfer data on combustion chambers. In other

systems not too different in design, the same pyrometric efficiency can

profitably be used.

The derivation of many of the relations presented in this section has

been prevented by the space limitation. These derivations, together with

an application of some of the principles to the solution of numerical prob-

lems, will be found in [5, Chap. 4].
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