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PROBLEM 

Investigate and report on the nature of internal waves of 2-to-20-minute 

periods at the U. S. Navy Electronics Laboratory (NEL) Oceanographic Research 

Tower. Specifically, study their relation to surface waves. 

RESULTS 

Il Resonant interaction between amplitude-modulated swell and internal waves 

may create internal waves of 2-to-20-minute periods. Internal waves with ampli- 

tudes of 1-3 meters can be produced within an interaction time of 15 minutes if 

the stratification of the water is such that 

— +~—- 2 9 
Ry — k| (oy — Wo)” 

is an eigenvalue of the internal wave equation (Ey, Eo, @ 1, and w2 being wave 

numbers and frequencies of the modulated swell). 

De Internal waves due to amplitude-modulated swell have the same characteris- 

tics as the modulation. Specifically, they have the same wavelength and period 

and travel in the same direction as the amplitude modulation. 
Bo The resonance process is most efficient in the case of a modulation which 

travels in the same direction as the carrier wave (the main constituent) of a 

swell. The creation of internal waves of this type is strongly dependent on the 

stratification of the water. 
4. Preliminary evaluations of temperature and swell records from the NEL 

Tower show good agreement between periods of swell modulation and internal 

wave periods. 
5. It is likely that internal waves are created on the entire continental shelf 

off Southern California during times of favorable stratification. This depends on 

tides and wind. 

RECOMMENDATIONS 

IL. Verify, with additional measurements at the NEL Tower, the theory that 

internal waves are produced by swell. 

De Acquire, for complete analysis, long records of temperature fluctuations and 

surface waves in order to compute spectra with high resolution and statistical 

confidence. 



3. Establish, by measurements of surface waves at two positions, and slick 

observations, that internal waves travel in the direction of the swell modulation. 
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LIST OF SYMBOLS 

If not defined in the article, the symbols have the following meaning: 

A, Amplitude of W 

Acian Expansion coefficients, see equations (58) and (62) 

On, Os See equations (63) and (64) 

ee See equation (57) 

fifo See equations (39) and (40) 

+ . Sav (IRE Ge See equation (52) 

g Acceleration of gravity 

H Bottom depth 

h Horizontal components, used as an index 

R= (Kk 47) Wave number vector 

p Pressure, p mean pressure 

w (u, v, w) orbital current velocity of the waves, with components 

u, U, W in direction x, y, Z 

W (2) Eigenfunction of nth mode, according to equations (46) to (48) 

xX (x, y), horizontal plane 

z Vertical coordinate, pointing downward 

1 dp 
1 (z) — —; V9 = const 

p dz ; 

G Amplitude of a wave 

p Density, p(2) mean density distribution 

co) Gravitational potential 

@ Angular frequency 

@ @ @ 
V =, =, =} del operator 

Ox Oy az 

Ve Diver ivergence 

v2 Laplace operator 
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INTRODUCTION 

It was shown by E. C. LaFond!-3 and O. S. Lee4 that internal waves of 

2-to-20-minute periods are a dominant feature in the thermal structure of the sea 

around the NEL Oceanographic Research Tower. From extensive measurements, 

E. C. LaFond derived that 50 percent of all waves had periods greater than 7.3 

minutes and 50 percent of waves had heights of more than 5.6 feet (170 centi- 

meters). Wave heights of more than 20 feet (6 meters) can sometimes be observed 

in water only 60 feet (18 meters) deep. 

These short-period oscillations are only one part of the entire internal 

wave spectrum. They are superimposed on longer fluctuations of the mean ther- 

mocline, with changes mainly due to internal tides and wind.5 Nevertheless, 

these waves in the 2-to-20-minute range are the most striking fluctuations 

besides the internal tides. Their occurrence seems to depend on several factors. 

There is neither a close relationship to the surface tides nor to the internal 

tides, but the changing stratification due to the tides seems to be of importance. 

Most likely, these waves are long-crested, progressive waves traveling 

toward shore with a velocity of 20-to-40 feet per minute (10-to-20 centimeters 

per second). The measurements by O. S. Lee4 indicate a beamwidth of only 

+15 degrees. This agrees with former measurements by C. W. Ufford,® G. 

Ewing,? and E. C.LaFond.1 C. §. Cox® got similar results. They are supported 

by observations of sea surface slicks, which are often closely related to internal 

waves. According to O. S. Lee,4 the mean speed is 27 feet per minute (13.7 

centimeters per second) and the direction 85 degrees. 

Figure 1 gives an example of these waves measured on 4 October 1966, 

1900-2000. The temperature fluctuations are shown for thermistors 3 to 21. The 

distance between the thermistors is 2.5 feet, thermistor 3 being 5 feet above the 

bottom and thermistor 21 about 20 feet below sea surface. The water depth is 

60 feet. 
After a calm period of several hours the waves start to occur at about 1900. 

The isotherm depth decreases during the next half hour and during that time high- 

amplitude internal waves are present. The period is not quite independent of 

depth. Shorter periods are generally observed near the surface than in deeper 

layers, but all waves are of first mode. This seems typical for the area. 

The origin of these waves is rather obscure. There are no obvious mete- 

orological or tidal forces that could produce the regular wave trains. If there 

were a constant coupling between the tidal phase and the occurrence of these 

waves, one would be inclined to interpret them as an adaptation of the changing 

mean stratification. But this is not possible. The only reason for their creation 

therefore seems to be surface waves. 
F. K. Ball9 has shown that, in the case of a two-layered model, resonance 

is possible for second order interactions between surface and internal boundary 

waves. S. A. Thorpe!0 extended the theory to wave interactions in a contin- 

uously stratified fluid. He showed that a transfer of energy from surface to 

internal waves may occur, and an internal wave generation mechanism will exist. 

The theory has been applied to situations which might be realized in the labora- 

tory, but an application to natural conditions has not been attempted. For tank 

experiments (under somewhat extreme conditions) he found that the internal wave 

amplitude will be equal to that of the surface waves after an interaction time of 

only 28 seconds. 
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Figure 1. Temperature recorded by thermistors 3 to 21 at the NEL Tower (4 Octo- 

ber 1966, 1900-2000). (Each curve represents the variation of the temperature 

from the mean for that numbered thermistor.) 

K. E. Kenyon!! extended the theory to a description of the entire internal 

wave spectrum which may result from the interaction of surface waves in the 

ocean. He gave a computation of scattering of swell energy into internal wave 

energy, using observations from the NEL Tower, from which he concluded that 

this process may be of minor importance for the creation of internal waves. 

The following computations are similar to his, but we do not compute the 

energy spectra, and derive only the equations for the amplitudes of the waves. 

We come to different results, the reason for this being that Kenyon considered 

surface wave spectra only for the case that the directionality of the spectrum is 

given by cos4a. This means that all surface waves are contained within an 
angle of about +30 degrees. From this narrow directional swell spectrum, 

energy is fed to internal waves traveling mainly perpendicular to the swell. 

This, obviously, does not agree with the observations mentioned above. Both 

swell and internal waves travel mainly toward shore in the sea off Southern 

California. 
Kenyon’s conclusion that surface waves with a narrow directional spectrum 

do not feed considerable energy into the internal wave spectrum is supported by 

K. Hasselmann.!2 This agrees with our results, but it will be shown here that 

the process is about 100 times more effective for amplitude-modulated swell, 

which may be described by two surface waves traveling in directions which in- 

clude an angle between 90 and 180 degrees. This still leads to a progressive 

wave, if the two amplitudes differ considerably in magnitude. If these two waves 

are given by 



CG) =A, cos hy: x—0,t) , Ge, =A, cos Ry-x— oot) (A) 

with A, > A,, the resulting wave can be described by 

C(t) =6,(8, 1) + 6%.) = AG, t) cos (hex — at — Hx, ) (2) 

where the amplitude A(x, t) and the phase A(x. t) are given according to 

Ales) =|A_ 22 A 22 OA. eos, Plo" wl @ Me ila oe ay) Silay Soa rreeerar or she 19) ; 

and 

= A. sin Be Bayon = ¢ Bae | 
f(x, t) = arctan —2 ese sole? (4) 

A, fi Ay cos [" Tee: ~ (@;—@o) | 

thus representing a swell which travels in a direction given by the wave vector 

k, with an amplitude changing between A, + Ag and a variable phase. Wave 

measurements at the NEL Tower indicate the reality of such a swell. 

ENERGY TRANSFER FROM SURFACE WAVES 
TO INTERNAL WAVES BY RESONANCE 

The process of resonant interaction is easy to comprehend, but the detailed 

analysis involves a great deal of algebra. A short outline of the main ideas may 

help in understanding the following computations. 

The hydrodynamic equations are nonlinear. They include terms of the form 

wUeVu, u being the velocity vector. In internal wave theory, these equations are 

linearized by perturbation methods. The result is a sum of mutually independent 

waves, each one conserving its own energy if friction is neglected. Many fea- 

tures are adequately described by this linear theory, but there exist circumstances 

under which the nonlinear terms can give rise to significant energy transfer be- 

tween these primary wave solutions. 

Surface waves are zero mode solutions of the internal wave equation. In- 

ternal waves may be of any mode larger than zero. 

The computations in the following sections are based on this idea. Consi- 

der the simple nonlinear wave equation 

d2¢ 

at? 
+ @*6— $7 =0 (5) 
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Applying perturbation methods, ¢ = 6\!) + 6‘2) + - - -, the first-order equation 

reads 

with the solution 

AO) » ae en" (7) 
n 

These are mutually independent waves. The second-order equation is 

9 2g'2) 2 
i Lal?) Spr » aac! m +@,Jt (8) 

™m nN 
at 

The secondary waves ¢‘2) are therefore forced waves with frequencies w,, + w,.- 
As long as these combination frequencies w,, + @n are not the same as a natural 

frequency of the system, the amplitudes of the secondary waves will remain 

small. However, when one of the combination frequencies w,, + @, is the same 

as one of the natural frequencies w of the system, this wave never gets out of 

phase with the forcing wave, and a continuous energy transfer, only limited by the 

available energy in the primary waves, is possible. If this occurs, the solution 

of (8) is of the type 4{2)«t, that is, 62) increases linearly with time. This is the 

resonance case. Its physical meaning is that energy from frequencies w, and w, 

is continuously fed into the frequency range w,, + @,. We will study the problem 

of whether energy from surface waves in the frequency bands w,, and @, can be 

transferred into internal waves in the frequency band @,+@,. Obviously, if am 

and w, are swell frequencies, a transfer to the frequency band @, — wy iS pos- 

sible only because internal waves have a cutoff at the Vaisala frequency, which 

iS considerably lower than the swell frequencies. Additionally, the frequencies 

®m and w, must be very close together in order to feed energy into a frequency 

band corresponding to periods 2 to 20 minutes. 

EQUATIONS AND BOUNDARY CONDITIONS 

The hydrodynamic equations of a nonviscous, incompressible, stably 

stratified fluid in a Cartesian frame of reference with z pointing downward may 

be written as 

i pene 
p ai + pueVu = —Vp — pV (9) 



4 HOV =O (10) at + U p 

Vou = @ (11) 

The symbols have the following meaning: w= (u,v, w) is the fluid velocity, 

p the pressure, ¢ the gravitational potential, and p the density. The effect of 

the earth’s rotation is neglected. The boundary conditions are 

OG as = 
W = -(= + Tove) at the sea surface, z = —C (x,t) (12) 

t 

p= const at the sea surface, z = —C(x, t) (13) 

w = (0 at the bottom, z = H = const (14) 

In order to apply the boundary conditions (12) and (13) at the undisturbed sea 

surface z = 0, we expand them about z = 0. The Taylor series of (12) is 

Om 2 ern ac le uC tu ) 
iL acy Hee b pa se hoy Ah SS poe lo A = LE 7) Sa 5 om ay NG Cae te amo VGcjat z=0 (15) 

equation (13) yields 

dp 2 a2 

p— Ss SEE RE anette (16) 
~ @z 2D @z 

THE PERTURBATION EQUATIONS 

Suppose the variables in (9) to (11) can be written as perturbation series 

ars ; 
ar Ras oo 

CMe ON ee: (17) 

with p‘) — p (z) and pod = p(z), then, entering the equations (9) to (11) and (15) 
to (16), we arrive at the following equations, omitting terms of higher than second 

order. 

Hal 



Oth Order Equations 

dp - 
Es (18) 

dz oe 

with 

p = const at z = 0. (19) 

Ist Order Equations 

_ ae 
8 vp')) +p) yd= 0 (20) 

Eyal) dG 
MOL (21) 
ot dz 

Veu'l) 0 (22) 

with 

9c) 
TOUS ate —0 (23) 

ot 

dp 
oe) a) s =(Oatz=0 (24) 

dz 

We = Ovat 2 = (25) 

2nd Order Equations 

_ Gh) Ep oa ee pews Ve) + p'2yd=—( \)) ee (26) 

42) = 
op of 2 =i) yo) (27) 

at dz 

V:u2 =0 (28) 



with 

Qe? aw? 

BP 22 2 CO SVM a z= 0 (29) 
t Oz 7 

dp ap\)) Gow d2p 

(DQ (SA) = = (OW sae —= fs 2 = 0 (30) 
x ; B : dz DQ dz® 

Wo? =0 ai z= /4l (31) 

The Oth order equations characterize the mean stable conditions; the 1st 

order ones describe linear internal and surface waves in that fluid; and the 2nd 

order.equations give nonlinear effects of these waves, including energy transfers 

to other frequency bands. It is this set of equations which leads to energy flux 

from surface waves to internal waves. 

THE EQUATIONS FOR wx, z, t] 

We intend to eliminate wu, v, p, and p in the left-hand sides of the 1st and 

Ind order equations in order to get equations for w. The procedure is well- 

known.13 For the Ist order equations we get 

a2)? a4w) aew')) 

alee +e. wi), a fe ae = 0) (32) 

where 

- ae 
Mie) = = = 

a tz 

Combining the boundary conditions (23) and (24) together with the horizontal 

components of (20) and the continuity equation (22), we find 

LBV p,pw™ =) a 2=0 (33) 

and (25) remains the same 

w 0 atz=H (34) 

Internal and surface waves of the first order are governed by equation (32) 

with boundary conditions (33) and (34). The problem has been solved analytically 
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for many density distributions p(z) and may be handled numerically for any dis- 

tribution p(z). The result is a surface wave wo!) and a set of internal waves 
co 

,\1’, each one being mutually independent and traveling with a phase w 

ell 

velocity given by the eigenvalues of the problem. 
The same procedure is used for deriving an equation for w‘2) from (26) to 

(28): The operator Vj,* applied to (26) together with (28) yields 

9 42) ; ap) a 
5 a cf Vp-p = jp a a 2 5 DW) (35) 

Zz 

Differentiating with respect to z and t we have 

= | 43,,(2) 44, (2) 2,(2) 2 (1) 
oo Oe = Te V2 oP a9 (0 ana) 

Bp Pee  "aPag® aaa AB; 

Combining the vertical component of (26) with (27) gives 

(1) : = fa) Ow cy 2) = gu!) 7p) ee: tae abet gga) 
2 a2ut2) a2p?) dp 

paronnet ff — = 
(Cte dzat dz at ot 

Pp 

which after applying Nine and substituting p‘2) in both equations above yields 

2 (2 44. (2 23 (2 5 d7w'?) (2) Jw! ? dw! ! 1 Dl Gay i) 
Vir oO glw + =e FSH == Vp gu "Vp 

dt dt~0z ot ~dz D 

2 a (36) 
d aw) iene) ang, OD) x 

( =(1) 1) 7 off Guy) Sela 2 aU sgae CO) 
+ ae 1) 5 a, pu Vw a Asan Vp Pp en + pu Vup, 

Combining the boundary conditions (29) and (23) together with (35) and eliminating 
ay (iL) 

in the inhomogeneous part by means of the vertical component of (26), we 

43, (2) GQ) gt QD gy) 0° w i Cu eh Ou es ae fa) g ow \ ae + EN, wl? = = vn(é ~ 4 TVG) oye (@ ss “(1) 
ot 2dz B dt 5 Ob Js 

ped en 
a + V2 es FO .9,6M Jat z <0 (37) 

a Zz 

and (31) remains unaltered 

w'?) = at 2 = A (38) 



There are two driving forces responsible for second order internal waves: 
(i) The body force f; in the fluid due to the nonlinear terms in the 

equations of motion and the incompressibility condition. It is 

given by the inhomogeneous part of (36) 

<= 1 alls d aw'!? 
(x,z,t) = — — V,24 eu Vo + Af + pur fy 2 z h \é ? ain at p 

1 @ SI | esa om 
+= g Wes (© seal + pu). Vit, 

p dzot dt 

(ii) The surface force fo due to the deviations of the 

L.Viy6 )) 

(39) 

sea surface from 

its mean level, given by the inhomogeneous part of (37) 

ot 

te d OO) Fry Quine dis fy Gz = 0,1) = oo eel +O). VR) te 
7 oat 

eS _) ae 

Sa eS 
Pp oh 

A1)2 5 (1) gl i ow Js a ° | v2 =—- BP-7,6) (40) 

Comparing these equations with the simple example given at the beginning, 

the problem (9) to (14) corresponds to equation (5), and (32) to (34) corresponds 

to (6), and (36) to (38) corresponds to (8). 

THE PRIMARY WAVE FIELD AND THE FORCES f, 
AND f, 

Suppose that the primary waves are progressive waves traveling in a direc- 

tion given by the wave number vector ? = (x, 7). We will use the notation 

k =|hl-yk2 + 72. A set of solutions of (32) to (34) is 

U,)) (%2,t) = S A Ea sin (k.-x —w,t) (41) } ap) ar ae y) hy a 
a n he. dz n Tl 

e= il 

22 > 

w (Xz, t) = s AW cos (Rx = wb) (42) 

p= il 

po?) (2,0) = — » SEV itn cee — a) (43) 
‘e Op 

io= il 
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> e2 @ dW > => 

Diet) =p » fh, =e 2 atin (gk ef) (44) 
k dz 

p= il 

CONG) = » A,—= —"| sin (h_-x— o,) (45) 
g R, Oe || 9 Me 

n=1 eo 

where W_(z) is governed by 

d2W dW k 2 
2 ] aD a TEs + (gC — w,,*) ae V0 (46) 

with 

dW, ek? 
=z W=0 at z=0 (47) 

dz O, 

and 

WK =O a Zee (48) 

and represents either surface or internal waves. From (41) to (45) we can derive 

the driving functions f, and fg according to (39) and (40). This includes a great 

deal of algebra. The final result is 

ee) ee) 

fy (x, z,t) =— 5 » |e « Beets (z) sin (Ro R)X AOm +o,)t| 

+ a = (z) sin | eB) — Cody ~op)t| | (49) 

f (60,1) = ay Slee (0) sin|(k_ +h,)-* —(o,,+0 an 
m= n= 

£C> ManlG =P Je —@, = ont (50) 

where Fie (z) and Ge (0) are given by 

Bobb. dW dW, 
+ 

ieee) = [= as [er 20) ((@)_ 2@),, mee = |e tw, (Om, a0 i) | om c 

1 dp (oto) a). 6 6 aoe ote | WW hee bal 
oO, p digas Om 



aWi. FR awe. dW d2W By of 
G2 @)= | <2 py 2 22 ek ki oll: a (om * o,) 

lane m m y) i 
Om dz Re dz dz d R 

/ ) el —@ ap i I @ i dW aN On dW ; & Te 2 i 

W TU 2 I im ip (Om a Wy) 
@ DB ip - dz apy ® dz 

m m gk. 

_->_l js a Do 1 diy Wy |e > 2 & 
ey gel ee | eT 52 

ar 5 OO, * Om k 2 an ie i ip a) 

Res *m fs n Ana 

THE SECONDARY WAVE FIELD IN THE RESONANCE CASE 

The secondary wave field is given by (36) to (38), which with (49) and (50) 

read 

a2 w! iD a) 462) a3w') 

Wie eee iain elw! ot eS MO ED |’ ——— = ae d Pe ae (z) sin 

at dz“odt * ot Az 

=(@- = ot | (53) 

> => 
b +b (k tR,,) 

RH 2 1 is 

ae +g V 2 wi?) = 5 » Ges (QO) sin [é,, tr By Nose == (Om = + o,)t| (54) 
n 

m n 

at z=0 

2)_Qatz=H (55) 

where either the plus or minus sign holds. If eigenvalues of (53) exist, which 

fulfill the condition 

> => 

k m + al 
v= zi (56) 

(o, as @,) 

if 
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the solution of (53) to (55) is 

+ oat 
@, 3 @.)AS We@) om [@, SS 

\(2) m iO Dupre BE do fh ose — fe t u y || ra are cos| (k,+ h,)-x— (om ta,) 
mnr 

4b W(z) sin [@,, + hk )-x— (oa, to,)t | (57) 

+ : : P 
where F’- (z) has been expanded in an eigenfunction series according to 

R= (2) fee his 
ae) = » Ane We (z) (58) 

r 

and the functions W=(z), we (z), and W= (z) are governed by the following equa- 

tions 

2 wr it 21h eee ali 
d We ap awe x lero, + On) Rm tk, Wt = 0 

dz2 dz @,, 20)" B 

+ Bo 2 
dW, & [Pmt R| Woe hates 0 (59) 

dz (@, Ba JY 

W-=Oatz=H 

wwe 7+ 2 5 2 Ce ce [et (on # on?) [Fn #2, | es 
dz” dz (oa, + w 2 i 

nat + 
= Gi ~ (@. 3 a) GE 

\ r ~~ - Seg at z= 0 (60) 
dz 4a, t @,) i 4g |k,, + F, 

Tr iF 

Oy ° > > > > 

ay, = aie [eP — fon # o,)?) |2,, +, | 2 ce 2 |h th, |eT as 
dz? Ge (Om toe i (@ 2a.) i 

+ hy ay (2 a a ae g|k,, +h,,| uses eres ls NOY (61) 
dz (Gn Beyt Ol ee ae 



The factor (a, ta») Antar Vide IP, Len + +2) in (57) is dimensionless; W (z) 

and we (z) are velocities and W*(z) is an acceleration. 

Krom (57) to (61) we Ronclude that the primary waves create new waves 

of wave number Roy =p and eCeNey @m + my With amplitudes depending on 

the driving forces Fz, (z) and Gx, (0). These new waves grow linearly with 
time if the resonance condition (56) is met. The amplitude factor Az, is given 

according to (58) by 

H Si).— 
ADO 8 (a) = 

f i lp F* (2) W*(z) dz 
Sy en eS ee eee (62) 
mnr 

H 
D) 

fle — (ep, £0,)?|pWe(2) dz 
0 

If more than one internal mode is to be considered, G,=,(0) has to be expanded 
into eigenfunctions, too, jand evaluated at z = 0. Formulas similar to (58) and 

(62) will hold then for @= (0). mn 

FY (z), G*,(0) AND A*_ IN CASE OF AN 
moar 

EXPONENTIALLY STRATIFIED SEA 

In order to evaluate solution (57) of the secondary resonance waves, we 

have to know the eigenfunctions of W(z), which are given by (59). They depend 

on the mean stratification p(z) and determine the amplitude factor A,,7,,, given 
by (62). Equations (59) can be solved numerically for any stable stratified fluid, 

and it is known that the eigenvalues may vary considerably due to density changes. 

However, solving (59) for an exponentially stratified sea, where I‘p= const, may 

be sufficient at the present time where only the magnitude of the effects is of 

interest. Pes 

Using (2) = poe 0* as density distribution, W,, 1S given as Solution of 

(46) to (48) 

SUG DZ 
W, (2) = A e sin a,(z — H) (63) 

where 

19 



and similar equations hold for W_(z). Entering equation (51) and (52), we arrive 

at 

> ni) 

a —I0z [Pm a Ald 2 2 Tae 
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THE SECONDARY RESONANCE WAVE FIELD DUE TO 
SWELL IN CASE OF AN EXPONENTIALLY STRATIFIED SEA 

With reference to observations described in the following section, we eval- 

uated the resonance part of solution (52), using (59), (60), (66), (67), and (68). 

The results are based on the following numerical values: 

The swell frequencies of the two primary waves are @1 = 3.808 - 10-1 see-l 

and @» = 3.900 - 10°! sec -1. The corresponding wave numbers for a water depth 

of H= 18 m are k, = 3.00 - 10-4 em™!, ky = 3.08 - 10-4 cm-!. The density strati- 

fication is given by Ig = 5.811 - 10-7 cm-!. The corresponding periods and wave- 

lengths of the primary waves are 7; = 16.50 seconds, 79 = 16.11 seconds, )j = 

209.4 m, A» = 204.0 m. Furthermore, for surface waves we have a, = 1|k,|, 

An = 0 . The product between the amplitudes A, and A,, of the vertical com- 

ponents of the velocity is supposed to be A; A» = 400 cm? sec-2. The corresponding 

amplitude product of the two swell waves is € ¢5 = 889.76 em2, which may be 

based on ¢, ~ 50 cm and G5 = 17.8 em. 

Because of these swell frequencies we expect an internal wave of frequency 

@9 — w1 = 0.0092 sec"! or period 75_; = 11.38 minutes. The result is shown in 
figure 2, which contains the amplitude of this internal wave after an interaction 

Rm 
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Figure 2. Amplitude (cm) of internal waves due to modulated 

swell after an interaction time of 103 seconds (16.6 minutes) as 

a function of the angle between the two primary waves. 



time of 103 sec (~ 16.7 minutes). The amplitude is given in a logarithmic scale 

as a function of the angle @ between the two primary swell waves. Amplitudes 

of about 13 centimeters are obtained if the primary waves are traveling in direc- 

tions containing an angle of about 60 degrees. The amplitude increases to more 

than 3 meters for angles of more than 150 degrees, and is only a few centimeters 

for angles less than 30 degrees. This seems to support the results obtained by 

K. E. Kenyon!! and K. Hasselmann!2 that a narrow directional spectrum of 

surface waves does not lead to significant internal waves. On the other hand, 

the figure demonstrates that surface swell which can be described by two surface 

waves traveling in different directions may create internal waves very rapidly. 

A swell of that type would be interpreted according to equations (1) to (4) as 

amplitude-modulated and traveling in a direction given by k,, because the ampli- 

tude A, is much larger than Ay and therefore would govern the swell. 

MEASUREMENTS ON SWELL AND INTERNAL WAVES 

In order to test the theory, simultaneous measurements on surface swell 

and internal waves were made in October 1966 at the NEL Tower, running from3 

October, 1130 to 6 October, 1215. Two wave-height sensors were used to derive 

the directional spectrum of the swell — one fixed at the NEL Tower, the second 

at a distance of 39.3 meters toward the west. The voltage output was recorded 

on punch tape. The temperature fluctuations were measured by means of two 

vertical thermistor arrays. The spacing between the thermistors was 75 centi- 

meters, reaching from the bottom up to 2.75 meters below mean sea surface. The 

two arrays were located in positions along a line from southwest to northeast. 

The distance between the arrays was 284.4 meters. The temperature fluctuations 

were recorded on an analog recorder and on punch tape. Simultaneous records 

of swell and temperature fluctuations were obtained. The complete analysis of 

these data will be published later. Preliminary results support the theory given 

above. Figure 3 shows the power spectra of the two wave-height sensors for 

data from 4 October, 1230-1330. The voltage output of the two sensors has been 

used directly for these calculations. This output is different for both, and this 

is the reason for spectrum 2 showing higher intensities than spectrum 1. Other- 

wise, both spectra coincide quite well. The phase difference changes linearly 

with frequency as is to be expected. But there occurs a remarkable hole at 

frequencies of about 0.061 cycle per second, corresponding tow =0.38 sec7! 

or 7 =~ 16.4 sec. The energy decreases in both spectra from about 12 to 1.2 

(arbitrary units), and the phase differences change from 35° to —70°, which indi- 
cates that the swell in this spectral range consists of two waves, one with 

w= 3.910! sec"! traveling in direction 30° and a second one with w, = 3.808x 

10-! see-! traveling in a direction of about 270°. The angle between both is 

about 120°. From figure 2 it follows that within a quarter of an hour these two 

swell waves would create an internal wave of 7 = 11.4 minutes with an amplitude 

of 1.5 meters 

The swell in the vicinity of the NEL Tower therefore seems to be modulated 

as indicated by figure 3. If the stratification is favorable, that is, if |k,, — Rk, |2. 

(om — @y)2 iS an eigenvalue, a very intensive energy transfer from the swell 



frequencies «,, and,,, to internal waves of the first mode occurs, producing 

internal waves of amplitudes of several meters. These internal waves have the 

same characteristics as the swell modulation. Their period coincides with that 

of the modulation, and the wavelength is the same. Additionally, they travel in 

the same direction as the modulation. 

The agreement between internal wave periods and the periods of the swell 

modulations was tested. Data from the wave-height sensors for the time from 4 

October 1966, 1900 to 5 October 1966, 0145, were used to determine the periods 

of the modulations. The internal wave periods were taken from the analog 

records for the time 3 October, 1500 to 5 October, 0300. Histograms of both 
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Figure 3. Swell spectra of wave height sensors | and 2 at positions near the NEL 

Tower, and phase difference between both records (4 October 1966, 1230-1330; 

sampling rate, 1 second); the arrow indicates the 95-percent confidence limit. 



periods are shown in figure 4. They show the number of occurrences of periods 

between 2 and 22 minutes in percent. The number of waves contained in each 

histogram is about 120. The figure is in good agreement with the theory given 

above, both distributions are peaked in the period range of 4-to-10 minutes and 

decrease toward periods larger than 20 minutes. Final conclusions, however, are 

possible only after the spectral analysis of the entire data. A better agreement 

between these histograms cannot be expected because the internal waves are 

strongly dependent on the changing local mean stratification,® whereas the swell 

is governed by quite different sources. 
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Figure 4. Histograms of periods of swell modulations (left) and of internal 

waves (right) at the NEL Tower. 

CONCLUSIONS 

1. Resonant interaction between amplitude-modulated swell and internal 

waves may create internal waves of 2-to-20-minute periods. Internal waves with 

amplitudes of 1-to-3 meters can be produced within an interaction time of 15 

minutes if the stratification of the water is such that 

—_ > 
2y 2} 

lf, ip k| N@, — 9) 

is an eigenvalue of the internal wave equation (Py, ‘ss @ 1, and a» being wave 

numbers and frequencies of the modulated swell). 

2. Internal waves due to amplitude-modulated swell have the same charac- 

teristics as the modulation. Specifically, they have the same wavelength and 

period and travel in the same direction as the amplitude modulation. 



3. The resonance process is most efficient in the case of a modulation 

which travels in the same direction as the carrier wave (the main constituent) of 
a swell. The creation of internal waves of this type is strongly dependent on the 

stratification of the water. 

4. Preliminary evaluations of temperature and swell records from the NEL 

Tower show good agreement between periods of swell modulation and internal 

wave periods. 

5. It is likely that internal waves are created on the entire continental 

shelf off Southern California during times of favorable stratification. This de- 

pends on tide and wind. 

RECOMMENDATIONS 

1. Verify, with additional measurements at the NEL Tower, the theory that 

internal waves are produced by swell. 
2. Acquire, for complete analysis, long records of temperature fluctuations 

and surface waves in order to compute spectra with high resolution and statistical 

confidence. 
3. Check, by measurements of surface waves at two positions, and slick 

observations, the result that internal waves travel in the direction of the swell 

modulation. 
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