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ABSTRACT 

The principal objective of this study was an evaluation of the 
formulas basic to the geodetic inverse solution for distance 
computations used by the U.S. Naval Oceanographic Office 
in loran-type charting. The adequacy of the formulas for past 
requirements was verified but, in anticipation of future re- 
quirements, they were modified to give geodesic distances 
and azimuths between any two points on the reference 
ellipsoid to uncertainties of less than a meter and a second 
respectively. 

During the study, associated geometrical configurations were 
developed or studied: latitudes associated with the auxiliary 
sphere-spheroid configuration; a spherical rectangular coor- 
dinate system on the auxiliary sphere with hyperbolic loci ref- 
erenced to it; and geometrical quantities associated with arc 
distance, such as chord length, dip of the chord, maximum 
separation of chord and arc, and the geographical position of 
the point of maximum separation. The formulas with their 
derivations are presented. 



FOREWORD 

Increased knowledge of tropospheric and ionospheric effects on electromagnetic propagation, 

gained through artificial satellite experiments and related studies, foreshadows an increased 

accuracy requirement in the geodetic parameters involved in computing charts and tables for 

electromagnetic navigational and positioning systems. This report examines some of the mathe- 

matical models involved in these computations, verifying their adequacy for past requirements 

and introducing modifications to improve range and accuracy capabilities. 

O. D. WATERS, Jr. 

Rear Admiral, U. S. Navy 

Commander 
U. S. Naval Oceanographic Office. 
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PREFACE 

Early in World War II, the U. S. Navy Hydrographic Office began publishing charts and tables 

for the new loran system of long-range radio navigation. Loran and similar systems make use of 

radio waves to measure earth distances or distance-differences (hyperbolas) for positioning ships 

or aircraft at long ranges from the shore transmitter stations. The computation of these naviga- 

tional lines of positioning is a problem in geodesy. Because of the irregularities of the shape of 

the actual earth over which radio waves travel, geodesists are forced to use mathematical models 

that approximate the shape of the earth when computing navigational lines of position. 

Various models and co-ordinate systems have been used in making loran-type computations, 

which were originally done by desk calculators within limits of accuracy compatible with the early 

navigation systems. Now, however, improved system accuracies and better information of the 

figure of the earth have made necessary a re-examination of the mathematical formulas to ensure 

their adequacy at very long ranges. 

The inverse distance formula used in loran computations is actually the so-called Andoyer- 

Lambert approximation and is the expansion of the geodesic arc length between two points on the 

reference ellipsoid to first order in the flattening. There are two simple and very similar forms of 

the approximation, one in terms of geodetic latitude and the other in terms of parametric latitude. 

The U. S. Naval Oceanographic Office uses the latter which requires a conversion from geodetic 

latitude. While the parametric form gives slightly more accurate distance computations, the 

objective of this study was to determine whether the latitude conversions are justified and to 

investigate the second-order terms in the expansions and their contribution to the accuracy of the 

computations. 

It was the conclusion of the study that the parametric formulas which have been used are in 

fact adequate to meet present operational requirements but that the conversion to parametric 

latitude is not necessary. In anticipation of future requirements, the geodetic formulas were 

extended to give geodesic distances and azimuths between any two points on the reference el- 

lipsoid to uncertanties of less than a meter and a second respectively, out to ranges of 6000 

miles. 

During the investigation, formulas were developed for the particular quantities involved and 

were transformed in terms of particular computational parameters. Some associated useful geo- 

metrical quantities were included relative to distance computations: chord distance, the dip of 

the chord, the maximum separation distance between chord and arc (surface), and the geographic 

position of the point where maximum separation occurs. Some of these relationships can be found 



in accessible sources, but many are not readily available. Some are new, such as the expansion 

of the geodesic to second order in the flattening in both geodetic and parametric latitudes, and 

conversion formulas between the two forms. 

Since the entire treatment is mathematical, an overall summary of the investigation is first 

presented to allow a quick assay of the topics and accomplishments. This summary is followed 

by a condensation of the formulas developed or included. The details of the actual development 

follow in three sections with computational examples in the Appendices. 

Paul D. Thomas 

Scientific Staff Assistant 

Marine Sciences Department 

U.S. Naval Oceanographic Office 
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MATHEMATICAL MODELS 

FOR 

NAVIGATION SYSTEMS 

OVERALL SUMMARY OF INVESTIGATIONS 

Latitude 

A loran station positioned on the auxiliary sphere of the ellipsoid of reference has as its 

geodetic latitude the angle at the equator made by that normal to the meridian which passes 

through the station of the sphere. Its longitude will remain the same. See Figure 1, page 13. 

Now this is analogous to the geodetic latitude of a subsatellite point, if the trajectory were 

confined wholly to the surface of the auxiliary sphere. It is clearly not one of the three 

commonly associated latitudes as shown in equation (1), page 12. Actually the relationship 

between geocentric latitude on the sphere and geodetic latitude on the ellipsoid is given by 

equation (2), page 12. From these one may find the maximum value of the difference,Ad, and 

the value of d, the geodetic latitude, at which this maximum difference occurs, equations (3) — 

(6), page 14. The expansions of A¢ in series in terms of ¢ were obtained and are given in 

equations (7) — (20), pages 15, 16. 

For computation of ¢ as a function of 0, the geocentric latitude, it was necessary to employ 

the Lagrange expansion formula and the resulting expansion and formulas are given in equations 

(21) — (33), pages 16 to 18. Development of the series expansions for the height, h, of the 

auxiliary sphere above the ellipsoid is given in equations (43)— (48). See Figure 1, page 13 

and pages 19,20. A summary of latitude formulas and a bibliography of pertinent references 

are included, pages 21 —22. 

The great circle track as determined by the geographical coordinates of two given points on the 

auxiliary sphere. Parallels at a given distance from a great circle track. 

As shown in figure 2, page 24, the treatment is somewhat different than the usual one in 

that one works from the vertex of the great circle or the point where the great circle is or- 

thogonal to a meridian. This simplifies computations and provides well balanced triangles 

from which to compute. It also facilitates the computations for parallels at a given distance 

from a fixed great circle track as shown in Figures 3 and 4, pages 26and 27. See also 

equations (1) — (13), pages 23—27. 



A spherical rectangular coordinate system with a great circle base line as an axis. 

Figure 5, page 29, shows, pictorially, this coordinate system developed on the great circle 

base line referenced to the vertex of the great circle base line. The conversion equations are 

developed in equations (14) to (26), pages 28 to 30. 

Derivation of the equations of spherical hyperbolas and their plane equivalents. 

Having established a spherical rectangular coordinate system we are in a position to derive 

the equations of spherical hyperbolas referenced to the system. This is done in both spherical 

rectangular coordinates and spherical polar form, equations (27) to (50), pages 31 to 34. See 

also figures 5, 6, and 7, pages 29, 32,34. 

The plane hyperbola equivalents are developed in equations (51) to (59), pages 35 and 36 

and a comparison table of the spherical and plane equivalents is given as equation (60), page 

37. See also Figures (8) and (9), pages 35 and 36. 

An example of computations using the plane hyperbola approximation is given as Appendix 1, 

pages 99 to 110, 

Distance computations and conversions; Azimuths; Associated geometrical quantities. 

The classical ‘‘inverse”’ problem of geodesy was considered here since it is inherent in the 

electronic navigational systems problem. In the “‘inverse”’ problem, the latitudes and longitudes 

of each of two points are given from which the distance between the points and the azimuths at 

the two given points are to be determined. 

The geodesic on the reference ellipsoid, other than meridians and circular equator, is a 

space curve, and its vertex (the latitude where it is orthogonal to a meridian) is not easily ex- 

pressible in terms of the geographical coordinates (latitude and longitude) of two points on it. 

The actual length involves the evaluation of an elliptic integral, whose modulus depends on the 

latitude of the vertex of the geodesic. Iterative solutions have been devised as Helmert’s, 

based on the earlier work of Bessel. 

Approximations based on plane curves which are near the geodesic in length as the normal 

sections and the great elliptic arc have been devised. An investigation of these was made, 

including some extensions for instance in the series development for the great elliptic arc 

approximation. See pages 48 to 51 and Figure 15, page 50. Also their use and expression in 

terms of common computational parameters with some associated geometrical quantities useful 

in operational applications as the angle of depression of the chord below the horizon, the 

maximum separation between the chord and the surface, and the geographic coordinates of the 

point on the surface where maximum separation occurs. 

An investigation of the expansion of the geodesic length in powers of the flattening was 

made which to first order in the flattening are the well-known, so-called Andoyer-Lambert 



approximation formulas, one in terms of parametric latitude, the other in terms of geodetic 

latitude. Since this Office uses the Andoyer-Lambert form in terms of parametric latitude, in 

which geographic latitudes must first be converted to parametric, an investigation was made to 

see if use of the parametric form to first order in the flattening was justified or necessary in 

terms of operational requirements. This was done in connection with a review of an extensive 

study by USAF (ACIC) of geodetic lines up to 6000 miles in length where the Andoyer-Lambert 

approximation was recommended for such tasks as LORAN computing, since the errors in the 

very near geodetic distances obtained are fairly constant on lines 50 to 6000 miles in length 

and in all azimuths. The comparisons are given in tables 1 — 3, pages 65 to 67- 

Since some of the excursions in the first order form were of the order of 10 meters, the 

problem of obtaining the expansion of the geodesic to second order terms in the flattening was 

examined. By introducing two parameters X and Y, in terms of the latitude of the vertex of the 

great elliptic arc, it was found that the great elliptic arc approximation produced the so-called 

Andoyer-Lambert first order approximations. (See pages 68—69.) Similarly they could be 

produced by modification of the differential equation to the geodesic (See pages 69 to74). 

In review of an 1895 paper by the British Mathematician, A. R. Forsyth, by identifying his 

fundamental approximation parameter as the vertex of the great elliptic arc, it was found that 

he actually had both so-called Andoyer-Lambert first order expansions in the flattening, but 

it had apparently not been recognized. Furthermore, he had an expansion to second order terms 

in the flattening and in terms of geodetic latitude but it had two errors in the second order term. 

After these had been detected and corrected, computations based on the resulting equations 

give distances within a meter on all lines computed from 50 to 6000 miles. See pages 75 to 81. 

Forsyth did not have the expansion to the geodesic in terms of parametric latitude to second 

order terms in the flattening, so his results were extended to second order terms. See pages 

79 to 90. Then transformation equations were developed to convert one form to the other as far 

as second order terms in the flattening, pages 90 to 92, and finally the difference formulas for 

the principal parameters, pages 92 to 93. As a result of this study, distance and azimuth 

formulas are available in terms of easily computed parameters, in terms of either parametric 

or geodetic latitude which will give distances over all lines within a meter and azimuths within 

a second which is adequate for any operational requirement. A more detailed summary of the 

investigations of this section with a bibliography of references is given on pages 93 to 97. 



COLLECTED FORMULAE 

NEW LATITUDE FORMULAS 

If @ is the geocentric latitude of a point P(acos@, a sin@) on the auxiliary sphere, then the 

corresponding geodetic latitude ¢ of P at an altitude h above the ellipsoid of reference as shown 

in Figure 1, is given by 

sin Ag = sin(¢—6) = (e?/2a) Nsin 2¢ = (e? sin dcos ¢) /(1—e? sin?) 

=c,sin 2¢—c,sin 4¢ + c,sin 6¢ — c,sin 84, 

c, = (e?/2) + (e*/8) + (15e°/256) + (35e*/1024) 

c, = (e*/16) + (3e°/64) + (35e°/1024), 

c, = (3e°/256) + (15e°/1024), 

c, = 5e°/2048 

With the same coefficients, 

¢ — 0 = Ad (radians) = (c, + 7/8) sin 26 — (c, + c7c,/4) sin 4d + (c; — c$/24) sin6d 

A¢ (seconds) = (206, 264.8062). Ad (radians). 

To express Ad in terms of 6, we have 

tang = tan 6 + (e*/acos@) Nsing 

= tan 6 + (e?/cos 6) sin /( — e?sin?)¥, 

which, when expanded by the Lagrange expansion formula gives 

Ag = ¢- @=c,sin 20 + c,sin 40 + c,sin 66 + c4sin 80 

c€, = (e?/2) + (e*/8) + (1le°/256) + (31e*/1024) 

c, = (3e*/16) + (5e°/64) + (25e*/1024) 

ce; = (77e°/768) + (59e°/1024), 

c, = 127e*/2048 

The distance h is given by 

h/a = cos Af —a/N = cos Ad — (1 — e’sin?) 7 

= (1 —e*sin?¢)—? {1 —e’sin?(1 + e?cos’) 17? — 1 + e’sin’p} 

h =a(d, —d,cos 24+d,cos 4d ~ d,cos 6¢ + d; cos 8¢) 

, = (e?/4) — (e*/64) — (3e°/256) — (233e°/16384) 

> = (e?/4) + (e*/16) + (7e°/512) + (3e°/2048) 

= (5e*/64) + (1le®/256) + (115e°/4096) 

4 = (9e°/512) + (37e°/2048) 

5 = 53e°/16384 a a (oly eet) a 

w 



STANDARD LATITUDE FORMULAS 

The three latitudes usually associated with the auxiliary sphere ellipsoid configuration as shown 

in Figure 1, are the geocentric, parametric, and geodetic represented here by , 0, and ¢, 

respectively and related through the equations 

tan y/tan 6 = tan 6/tan ¢, = (1—e?)*?, 

where e is the eccentricity of the meridian ellipse. The parametric latitude, 0, is also called here 

the geocentric latitude of points on the auxiliary sphere. 

LATITUDES FOR CLARKE 1886 SPHEROID 

Series representations, accurate to 0.001 second, for the differences in 4, do, 0, & are: 

Ad (seconds) = ¢ — 8 = 699 "2540 sin 26 — 015936 sin 46 + 0"0004 sin 6¢ 

Ad (seconds) = 6 — 0 = 699"2520 sin 26 + 1"'7769 sin 4 6 + 0"0064 sin 60 

A@,, (seconds) = $ — h, = 349"0318 sin 26 + 14796 sin 46 + 0"0061 sin 60 

h (meters) = 10,788.3852 — 10,811.2646 cos 26 + 22.9147 cos 4¢ — 0.0350 cos 6¢ 

, ~ ¥ = 700"4385 sin 24, — 111893 sin 4g, + 00027 sin 64, 

bo — W = 7004385 sin 2 + 111893 sin 4 + 00027 sin Gy 

OS 6 = 35042202 sin 265 — 0"2973 sin 4d, + 0"0003 sin 64, 

do — 6 = 350%2202 sin 20 + 0"2973 sin 40 + 0"0003 sin 60 

6 — Ww = 350"2202 sin 20 — 0!2973 sin 46 + 0"0003 sin 66 

6 — & = 350"2202 sin 27 + 0"2973 sin 4W + 0"0003 sin 6 

GREAT CIRCLE TRACK FORMULAS 

First compute \, and OR from 

en tan 86, cos A,— tan 6, cos A, 
an A, = - - 

5 tan 0, sin A,—tan 0,sinA, 

cot 6 = cot 6, cos (A,— A,) = cot 6, cos (A, — A,). (See Figure 2). 

Then compute a, and a, from 

‘ cos 0 y cos 4, 
sin a, = ——— , sina, = 

cos 0, cos 0, 

Next compute S,and S, from 

tan S,= cos a,cot 6,, tan S, = cos a, cot 0, 

The computations for a,, a,, 5, and S,are checked by 

cos (A, —A,) = cos a,cos a, + sin a, sin a, cos (S, - S,) 



For equally spaced intervals along the great circle track, for instance in 100 nautical mile 

intervals, let S = S,+ 100K, K = 1, 2, 3, -—-—,n. With these values of S one computes 

successively corresponding values of 0’, A’, and a” from 

sin 90’= sin 0,cos S, tan (A, A) =tan S/cos 0, tan a’ = cot 0 /sin S 

and checks by means of sin 9’ tan (A,— A‘) - tana’=1 . 

PARALLELS AT A GIVEN DISTANCE FROM THE GREAT CIRCLE TRACK 

To compute the coordinates (@p, Ap) and (@p ‘4, Ap’) of points at a given distance s from a given 

great circle track and symmetric with respect to it one computes (see Figure 3): 

sin, = AcosSiB when k = p, use + sign 

k =p’, use — sign 
sin (A,— A,) =C sin S/cos OH. 

S and @, are the same as given under the great circle track formulas above and A =C sin 6,, 

B=cos @ sins, C=coss. The computations may be checked by 

cos 2s = sin Op sin Op“ + cos Op cos Op’ cos (Ap “— Ap). 

SPHERICAL RECTANGULAR COORDINATE SYSTEM WITH A GREAT CIRCLE BASE LINE AS 

AN AXIS 

It is assumed that the base line has been established, that is the coordinates (65, Ao) 

of the vertex of the great circle base line have been computed from the coordinates of two given 

points Q,(0,, A), Q.(9,, A»), see Figures 2 and 5. 

Formulas for computing y, S, x from @ and A 

sin y = cos 0 sin 6—sin 0, cos @ cos (A, -— A) 

sin 6) cos 8 sin (A,- A) cos @ sin (A, — A) 

sin x = sin (S—S,) cos y 

Formulas for computing S, 0, A from x and y 

Let C=cos y, D=siny, E=sinx, A=C sin 6,, B=D cos @, then 

S =arc sin (E/C) +S, 

@ =arc sin (A cos S + B) 

d= A, — arc sin (C sin S/cos 6) 



SPHERICAL HYPERBOLA FORMULAS AND PLANE EQUIVALENTS 

Spherical Plane 

A tan 7a (sin 2c — sin?a) is a (c? — a?) 

QP = SS eee ne Geran eD) 
sin°c cos °@—sin“a Cc cos ‘a-—a 

385 sin 7a cos 7c ays ae i a’y” : 
(2) sin x Se sO SS “A Xe i zs, +a 

sin “c — sin “a c-a 

cos 2c + cos 2a AY = OF 
(3) tan R aS” R = __ 

sin 2c cos B+ sin 2a c cos B-a 

sin (c —a) sin (R+c +a) c —a)(R+c+a) 
(4) tan?(8/2) i] tan? (B/2) 

sin (c + a) sin (R—c +a) c +a) (R-c +a) 

In (1) and (2) the origin of coordinates is the midpoint of Q Q, , see Figure 5. Equations (3) 

and (4) are two polar forms with origin at a focus Q,, see Figures (5) and (6). Appendix 1 has 

computations based on the plane equivalent of (3). 

DISTANCE AND AZIMUTH FORMULAS 

Normal section azimuths (Geodetic latitude, ¢) 

[sin d, — (N,/N,) sin bile cos ¢, sec d, + (sin d, cos AA — tan ¢, cos ¢,) 
LOL = pm Lt Se Et Ne ee 

sin AA 

as [sin ¢, —(N,/N,) sin a] e’ cos ¢, sec d, + (sin d, cos AA— tan , cos ¢,) 
cot a = 

BA sin AA 

Normal Section Azimuths (parametric latitude @) 

sin 6, cos AA - cos 6, tan 0, + e? (sin 6, — sin 0,) cos 6, sec 0, 

NE) (l-e? cos76,)"? sin AA 

sin §,cos AA — cos 6, tan 6, + e” (sin 0, — sin 0,) cos 0, sec 0, 
COCR i= = TL aeaatar ola (Les EGS 1] RU URI ER 

(1 -e cos? 6,)'/?sin AX 

Great Elliptic Section Azimuths (Geodetic latitude ¢) 

2) N,? (tan ¢, cos AA — tan ¢,) cos d, 
es eae aE SE SN Cie pees 

: a’ sin AA 

N,” (tan ¢,~—tan ¢, cos Ad) cos ¢, 
colapa = (1 —e) —— PaeG Gh IL 

cot 2aB 

Great Elliptic Section Azimuths (parametric latitude 0) 

(tan 0, cos AA —tan 6,) (cos 6,) 1-& cos? 6, )¥? 
cot = 

“AB sin AA 

(tan 6, — tan 0, cos Ad) (cos @ ) (1 — e” cos? 6, yf 

sin AX 



Great Elliptic Arc Distance 

s/a = (d, + d,) - 4k? [(d, + d,) - sin (d, + d,) cos (d, - d,)] 

- (1/128) k* [6(d, + d,) - 8 sin (d, + d,) cos (d, - d,) + sin 2(d, + d,) cos 2(d, - d,)] 

~ (1/1536) k® [30(d, + d,) - 45 sin (d, + d,) cos (d, - d,) +9 sin 2(d, + d,) cos 2d, - d,) 

- sin 3(d, + d,) cos 3(d, - d,)] 

Where in terms of geodetic latitude ¢, 

k =(eV1—e/a) N, sin do, d, = arc cos (N, sin d,/Ny sin do), 

d, = arc cos (N, sin d,/Ny sin do) 

sin ¢, = [J/(J + sin? Ad), J = tan’, + tan’, - 2 tan f, tan ¢, cos Ad, 

and in terms of parametric latitude 0 

k =e sin 6, d, = are cos (sin 6,/sin 0,), d, = arc cos (sin 9 ,/sin 0) 

sin 6, = [F/(F + sin? Ad)“, F = tan26, + tan, - 2 tan 0, tan 0, cos Ad. 

Also in terms of parametric latitude 6, great ellipticarc distance 

s=a d — (e?/8) (Xd - Y sin d) 

— (e*/512) [((6d—sin2d) X? — 8 (sin d) XY + 2 (sin 2d) Y7] 

— (e°/12288) [3(10d — 3 sin 2d) X* - 3(15 sin d — sin 3d) XY + 18(sin 2d) XY?-4(sin 3d) Y*] 

Geese (sin 0, + sin 6,)? : (sin @ — sin @,)’, 

1+cos d l-—cosd 

(sin 6,+sin 6,% (sin @ —sin 6,)*, d = d,— d,, where d,, d, are spherical distances from P,(0,, 1), 

aioe Memos ee 

P,(@,, A, ) to the vertex Py (A, Xo). 

NOTE: Ife? = 2, the higher order terms in f then ignored, this becomes the so-called Andoyer-Lambert 

approximation in terms of parametric latitude. 

GEODESIC IN TERMS OF GREAT ELLIPTIC ARC, IN GEODETIC LATITUDE WITH SECOND ORDER 

TERMS IN THE FLATTENING 

Given the points P,(,, A,) , P,(d., Az) on the reference ellipsoid, P, west of P,, west longitudes 

considered positive. 

With f = 4(h, + ba)s Abn = ldo — bids AA = Az Ary AX = BAA, 

Let k=sind, cos Adm, K=sin Adm cos bm, 

H = cos*A¢ ,, - sin’, = cos’b, — sin’?Adm, 

L =sin’A¢g,, + H sin?AA,, = sin%(d/2), 1 - L = cos%(d/2), cos d = 1 - 2L, 

t= sintd =41(1)— 11), Ul=\2k7/ Ge — Ih): Via Kee keen Ve Vem Un Vie 



T =d/sin d = 1 + (t/6) + 3(t?/40) + 5(t?/112) + 35(t*/1152) + 63(t°/2816) nL radian = 206,264.8062 seconds 

E=30cosd ,A=4T (8 + TE/15), D = 46 + T’), B = -2D, 

C=T - (A + £), £/4 = 0.000847518825, 7/64 = 0.179572039 x 107° (Clarke 1866) 

S=a sin d [T —(£/4) (TX - 3Y) + (f?/64){ X(A + CX) + Y(B + EY) + DXY3], 

sin (a, + a,) = (K sin AX)/L, sin (a,—a,) = (k sin AA)/(1 -L), 

(Sa, + da) = -(f/2) H (T + 1) sin (a, + a), 4(Sa, — Sa,) = —(f/2) H (T - 1) sin (a, - a), 

Qy-2 =A, + O4,, G2, = a, + Oy. 

Additional check formulae 

X- (sin J, + sin ay ete ¢; — sin d,)? 

1+cosd l-cosd 
= 2 sin’ ¢, = 2F /(F + sin?AA) 

(sin d,+sin ¢,)* (sin d, - sin ¢,)? 
Y = ——_-_ - ———_. = 2 sin *, cos (d, + d,) 

1+cosd l~cosd 

F = tan’ ¢, + tan *f, — 2 tan ¢, tan d, cos AX 

cos (d, + d,) = Y/X, 1 + cos d = 8k?/(X + Y), 1 — cos d = 8K?/(X — Y), 

ket eke 
cosd= 4| ———~——}], 4 

X+Y X-Y 

NOTE: If the second order term is ignored, the resulting equations are the equivalent of the so called 

Andoyer-Lambert approximation in terms of geodetic latitude. 

The quantities H, T, L, k, K enter into both distance and azimuth formulas. Distances are given 

within a meter and azimuths within a second over all lines in all latitudes and azimuths. Other advantages 

are (1) no conversion to parametric latitudes, (2) no square root calculations, (3) for desk computers the 

only tabular data required is a table of the natural trigonometric functions as Peter’s eight place tables. 

(4) the formulas are adaptable to high speed computers. See Table 4 page 81 and Appendix 3, lines 12 

through 16, for desk computer sample computations based on these formulas as checked against 5 Coast 

and Geodetic Survey specially computed lines. The mean difference for the 5 lines between true geodetic 

lengths and computed values was 0.15 meter with a maximum difference of 0.24 meter. The mean difference 

between true and computed azimuths was 0.59 second with a maximum difference of 0.93 second. 

GEODESIC IN TERMS OF GREAT ELLIPTIC ARC, IN PARAMETRIC LATITUDE WITH SECOND ORDER 

TERMS IN THE FLATTENING 

Given on the reference ellipsoid the points P,(0,, A, ), P2(02, 2); P, west of P,, west longitudes 

considered positive. (Geodetic latitudes are converted to parametric by the relation tan 6 = (1 ~ f) tan 

or an equivalent formula). With 6, = (6, + 01), AOm = %4(0, — 6,), AA =A, — Aa, AA = AA/2; 



let k=sin G cos AG.» K =sin AO cos oO 

H= cos’ A6,, - sin’O, = cos’6,, - sin AGrn> 

ei sin*AO_, +H sir AA, = sin d/2, 1-L = cos7d/2, 

cos d=1- 2L, h =sin’d = 4L(1 - L), U = 2k?/(1 - L), 

V = 2K’/L, X=U+V,Y=U-V, 

T =d/sin d = 1 + (1/6)h + (3/40)h? + (5/112)h? + (35/1152)h* + (63/2816)h° +--- - - 

E, = - 2 cos d, D, = 4T?, Ay = -D,E,, By = -2D,, C, = T - 4(A, + Ey), 

S =a sin d [T — (f/4) (TX —Y) + (f?/64) (A,X + BY + C,X? + D,XY + E,Y?)] 

sin (a,+ a,) = (K sin AA)/L, sin (a, — a,) = (k sin AX)/(1 - L) 

(Sa, + Sa,) = — (£/2) TH sin (a, + a,) 

%(6a, - da,) = - (f/2) TH sin (a, - a,) 

Orn S Gh 2 Oth 9 Ga 2 Gat Get, 

Additional check formulae 

(sin 6, + sin 6,)? i (sin 6, — sin 6)? 
X = 4+¥ = 2 sin’, = 2 /(F + sin?Ad) 

l+cosd l-—cosd 

(sin 0, + sin 6,)? (sin 6, — sin 6,)? 
SS  _ = 2 sin’, c08 (d, + d,) 

1+ cos d l-cosd 

F = tan79, + tan 76, — 2 tan 0, tan 6, cos Ad 

cos (d, +d) = Y/X, 1+ cos d = 8k7/(X + Y), 1 —cos d = 8K?/(X - Y), 

k? K? k? K? 
cosd = 4 -~ —J], 4{[—+ —]e=l1 

X+Y X~Y X+Y  X-Y 

NOTE: If the second order term is ignored, the resulting equations are the equivalent of the so-called 

Andoyer-Lambert approximation in terms of parametric latitude. 

TRANSFORMATIONS: GEODETIC TO PARAMETRIC — PARAMETRIC TO GEODETIC 

If primed quantities denote those in geodetic latitude, then the transformation equations are: 

d’ =d-—(f/2) Y sin d + (f?/16) [4Y(X-3) sin d + (2Y? - X?) sin 2d], 

sin d= sin d — (f/4) Y sin 2d 

X’=X{l +f (2 -X)] 

Y’= Y[1 + £ (2 — X)] + (£/2) (X? - Y’) cos d 

d = d’+(f/2) Y’sin d’+ (£7/16) [4Y’ (X’-1) sin d’+ (2Y “?7— X”) sin 2d1 

sin d = sin d’+ (f/4) Y’sin 2d’ 

X = X’[1 -£(2 - XJ] 

Y = Y’[(1 — £(2 — X’)] - (£/2) (X°*- Y”) cos d’ 
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DIFFERENCE FORMULAS TO SECOND ORDER IN THE FLATTENING 

d’—d =- (f/2) Y sin d + (£7/16) [4Y (X — 3) sin d + (2Y? — X?) sin 2d], 

= — (f/2) Y’ sin d’— (f?/16) [4Y’ (X’-1) sin d’+ (2Y?—- X””) sin 2d1; 

Kis Xi = £Xe (2) = XT) 18/2) (B=2 Xs; 

= £X’(2 — X’) {1 — (f/2) (1 — 2X’)}; 

Y’-~Y =fY(2 — X) + (f/2) (X?— Y”) cos d 

15 (2/3 ||AN0 @ 530) @ SM) 

+ (X?-— Y*) {(11 — 5X) cos d+ Y (1 —3 cos?d)} 

= fY¥ “(2 — X’) + (£/2) (X?- Y”) cos d’ 

~ (#/8)[ 4Y’ (2 — X79 (1 — 2X) 
+ (X4?= Y) {2(5 — 3X7) cos di+ Y<(1 = 3 cos7d‘)} 

CHORD DISTANCE, c 

cee [11 = cos , + d,))} {2 —K711 — cos (a, - a.) us 

Where in terms of geodetic latitude ¢, 

d, = are cos (N, sin 4, /N, sin $o), d, = arc cos (N, sin , /N, sin dy) 

k? = [e7(1 — e?)/a? ] N,’sin*¢, 

in terms of parametric latitude 0 

d,=are cos (sin 0, /sin 6,), d, = arc cos (sin 0, /sin 0,), k* =e? sin’? 0. 

ANGLE OF DIP OF THE CHORD, B 

( (estes) [Wesicosn(daecd=)l \ fz 

) 2 = {1 = cos (d,-—d,) 3] dQ -e?+k? cos’ d,){ 

with k, d,, d, expressible in terms of either geodetic or parametric latitude as given above. 

sin B = 
? 

MAXIMUM SEPARATION OF CHORD AND ELLIPTIC ARC, H, 

fy tn Wek ody) Seas MEL SAL), 
where c is the chord length as given above, bo = ay 1 —k’;c, k, dy, d, expressible in either 

Cc 

parametric or geodetic latitude as given above. 

GEOGRAPHIC COORDINATES OF POINT OF MAXIMUM SEPARATION 

tan @ = R/D, or cos 2¢ = (D? — R?)/(D? + R’ ), tan d = (cos 8, sin AX )/(cos 6, + cos 8, cos AA), 

R =sin 6, + sin 0,, D = (0.996609925) (4 cos?%4d-R2)¥2 dis spherical distance between the 

points P,(@,, A,), P, (@,, 2) on the ellipsoid, @ is parametric latitude, AA =A,—A,. See Figure 23 

for sample c omputation. 
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DEVELOPMENT 

SECTION 1. LATITUDE FORMULAE 

The auxiliary sphere, associated with an ellipsoid of reference, is the sphere tangent to the 

spheroid along the equator. If it is desired to work on this sphere with formulae for conversion 

to the spheroidal surface, then a correspondence between geocentric latitude @ on the sphere and 

geodetic latitude ¢ on the ellipsoid is needed. Longitudes will be the same. 

Now there are three latitudes in geodetic usage associated with the auxiliary-sphere ellipsoid 

configuration as shown in Figure 1. The @ as shown, and which we shall call geocentric latitude, 

is called the reduced or parametric latitude since it is the eccentric angle of the meridian ellipse. 

The angle % , as shown, is called in geodetic nomenclature, the geocentric latitude since it is 

the angle measured from the center of the ellipsoid to the point R on the meridian from the equator. 

The angle ¢,, as shown, is a geodetic latitude corresponding to 6. The three latitudes w, 8, Doo 

are related through the equations 

tan yy = \/1 —e” tan @ = (1 —e”) tan dy 

or tan Wy / tan 0 = tan 0 / tan y= Ville 

where e is the eccentricity of the meridian ellipse [1].* 

However, for working directly on the auxiliary sphere and transferring directly to the ellipsoid, 

if @ is the geocentric latitude of the point P(a cos 6, a sin 0) on the auxiliary sphere, then the 

latitude actually corresponding on the spheroid is that found by dropping a perpendicular upon 

the meridian ellipse from P meeting the meridian in Q as shown in Figure 1, the normal making 

the angle ¢ as shown with the equator. The distance PQ =h, and ¢ are needed for the conversion 

where 0 <h <a —b, a and b the semimajor and semiminor axes of the spheroid. We now develop 

the necessary conversion formulas between ¢ and 0. 

The law of sines applied to triangles POT, POK of figure 1, yields 

Negsing wena iene! Ne*cos@ _ h+N(l-e*) _ _a_ @ 

sinAd cos 6 cos d ; sinAd sin 0 sin d 

where N=a/\/1-—e’sin’* ; e, a are the eccentricity and equatorial radius of the reference 

ellipsoid. (Ad = ¢- 9). 
ne 

*[{1] Bracketed numbers refer to the list of references at the end of the section. 
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[IN cos@, N(I- -e2) sin Ja 

his a cos @_ 

Figure 1. Latitude relationships in the auxiliary sphere-spheroid configuration. 
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From the first and last of either sets of equations (2) find 

2 2 . 

Sine Nh oe, PIN sim lene oem (3) 
2a V1l-e’sin*¢ 

To find the maximum value of Ad and the value of ¢ at which the maximum occurs, one 

e’sin 6 cos 
differentiates Ad = arc sin ———————————__ to obtain 

V l-e’sin’*d 

dAd ‘ e* cos’ 2d + 2(2 -e”) cos 26 + e” (4) 
Le SS Sree 

dd (2— e? + e? cos 24) / 2Qne2) — e+ Je? cos I 4 e cos?2d 

neither factor of the denominator of (4) is zero for 0 <d < 90°. Hence to find the maximum from 

(4), place the numerator equal to zero and solve for cos 2¢ to obtain 

cos 2h = We) (cyalnstes = 1/2: (5) 

The flattening, f, of the reference ellipsoid is given by f = (a—b)/a = 1- b/a = 1-y 1-e?, 

whence e?=2f-f?, we can write 

cos 2f = 1- 21-1 —e?)/e? = 1 - 2/(2f - £) = - £/(2-f) 

sin 72¢ = 1 — cos?2¢ = 1 - f7/(2 - f)? = 4(1 - f)/(2 - f)? 
snes eee af at f 1 

=) = == COs Yo SS 
Dio iP) e 2, 2(2-f) 2-£ 

l-e’sin*é = 1 - f{(2- f)/(2- f) =1-f. 

from (3) sin *Ad = os Lous Aga a!) si 
4 l-e’sin’h 4 (aie les 

sin’ Ad = f? 

hence sin Ad, 4, =f = 0.0033900753 (Clarke 1866 ellipsoid). 

cos 2h = — 0.001697914 

dh = 45° 02'55 7106 , 

and Nene = O02 MeO" 05 50 (6) 

6=¢- Ad = 44°51" 15"851. 

Now from (3) and 6 = ¢ — Ad a complete table for corresponding latitudes can be computed 

readily since complete tables for N to 0.001 meter have been computed for most reference 

ellipsoids. [2] 

To develop sin A¢ is a series for computation without the necessity of tables of N, write 

(3) in the form sin Ad = e? sin 6 cos 6 (1-& Grea then expand the radical by the 

binominal formula to get 
; 3 5 

sin Ad =e’? sin d cos (1 in sin? os e* sin*d + a e° sin® d) 
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4 

Flin Ss Nas esi Mart Peau OIE eee =— sin — sin cos +—e sin cos = FF Sho cos 5 

» 2 8 16 

now singdcos d=\% sin2d—*4 sin 4h 

sin °f cos = °/, sin 26-4 sin 46 + *4, sin 6¢ 

sin ’d cos P= "{, sin 26 — 74, sin 46 + °4, sin 66 — */2, sin 84, 

and the values from (8) placed in (7) give 

sin Ag = c,sin 26- c, sin 46 + c;sin 6¢ — c, sin 84; 

2 4 
e where c, = Swe BS eo OP Py ear Shea = of, Oe hoon Bo 

Gg 5 oa Cas hoy Chelate ions e° 

If Ad in radians is desired rather than sin Ad, then in the expansion 

are sinx =x(l1+x{+---) 

let x =sin Ad, whence arc sin x = Ad and 

A¢ = sin Ad (1 + sine. ----), 

from (9) with e? = 0.006768657997, find 

c, = 0.003390074081, c, = 0.000002878029, 

c, = 3.665 x 10°, c, = 5 x 10°’? (negligible). 

For estimation purposes the values in (12) may be written 

6, = 3x 107°, c= 3 x 10-*, c, = 4x 107? 

¢,2= 9 x 107%, c,2= 9 x 107%, c,2 = 2 x 10727. 

With the value of sin Ad from (9) in terms of the estimation coefficients (13) we examine 

the term (sin *A¢)/6 in (11), and find that (11) may be written Ad = sin Ad + 

Che 2 
ee sin * 26 - an sin *2¢ sin 4d. 

since sin'2¢ =% sin 2¢-— 4 sin 6¢ 

sin’2¢ sin 4d = % sin 4d — 4 sin 84, 

equation (14) may be written, with the value of sin Ad from (9), as 
3 2 S| 

Ad (radians) -(« + sin Oe € + =f i dahon Il a sin 64, 

or 

Ad (seconds) = (206,264.8062) Ad (radians), 

where ¢,, €,, C3, are given by the expressions in (9) in terms of the eccentricity of the meridian 

ellipse. 
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(14) 

(15) 
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We now check equations (9) and (17), using again values for the Clarke 1866 spheroid and 

for the maximum value of Ad. 

From (9) and (12) we have 

sin Ad = 3.390074081 x 10° sin 24 — 2.878029 x 10° sin 46 + 3.665 x 10° sin 6¢. (18) 

From (12) and (17) find 

Ad (seconds) = 699.2540 sin 2¢ ~ 0%5936 sin 4¢ + 010004 sin 6¢. (19) 

Now with ¢ = 45° 02 55"106 from (6), find sin 2¢ = + 0.99999856, sin 4¢ = — 0.00339575, 

sin 6¢ = — 0.99998703. 

The values from (20) placed in (18) give 

sin Ad = 0.0033900753 which checks the value found before in the 10th place. (See (6)). 

The values from (20) placed in (19) give Ad (seconds) = 699" 2530 + "0020 - 0004 = 

699" 2546, or 11'39" 255 which is the value of Ad (See (6). 
For explicit computation of ¢ as a function of 0, we obtain the following development. From 

(20) 

max’ 

the second and third of each set of equations (2), find 

he Nac G/es Os Ne Aaah O/sim }, wheres 

tan ¢ = tan 0 + (e/a cos 8) (N sin d) 

or tan d=tan 0 + (e?\/ 1+ tan’ @) (tan 6/1 +(1—e?) tar ). 

(NOTE: Equation (21) also follows directly from (3) by expanding the left hand side and 

(21) 

dividing every term by the product cos d cos 9. sin Ag = sin ¢ cos 0 - cos ¢ sin 6.) 

Now (21) is of the form 

y =x +h (x) g (y) 

and the Lagrange expansion formula may be used, [3]. 

Equation (21) may be written 

y=x+ e(1+x)% . yl1+(1-e?) valine (22) 

Where y = tan ¢, x = tan 0, h (x) = e*(1 + x?)'/? ,e(y)=yl1l+Q- ela. 

By use of the Lagrange expansion formula, a function f(y) which has a power series 

representation may be written 

Nene gies etsy es ys i n (23) (y) = £(x) + a = real f(x) {g(x} 

With y = tan @, f(y) = arc tan y = ¢; x = tan 8, f(x) = arc tan x = 0, f(x) = = cos’6, 
l+x 

equation (23) may be written 

Moa heds s Stele Ue aa ~ 
n=1 n! dx n-l 

Where G(@) = (cos?) (tan 9/1 + (1 - e?) tan?@)", 9 = arc tan x. 

16 



First write G(6) in the form 

G(6) = (cos*6) [sin 6(1 - e?sin?9) 71". 
We wish to retain terms to e®, but no higher. Hence we expand the radical in (25) to 

powers of e° since for n = 1, equation (25) will be multiplied by e* as seen from (24). Using 

the binomial formula for the expansion we can write (25) as 

G(6) = (cos?6) (sin 6 + 4e? sin® 6 + (*f) e* sin ° 6 + (°4,) e° sin’ 6)” 

To retain terms in e® we will need the first four terms of the expansion (24) and hence 

three derivatives of (26). Now 6 = arc tan x, 08 Lefts oe cos’6, mca =-2sin 6 cos*6, 
dx 1+x? dx? 

d°*6 
aa = 2(3 sin?@ — cos’@) cos “6. 

dG dG dé aG 
= ES cos’70 
dx d@ dx dé 

d’G d?G\ / dé\? /dG\ /d% 
ZA (PR pee tee he 

dx? dé? dx dé dx? 

d’G dG 
= cos*9 || —] cos 9-—2\—] sin 9 

dé? dé 

dG /dG =) iF e d?9 | 5) 
i (  ( a) fe) fe) 
dx? dé? dx dé? dx dx? dé dx? 

aG dG dG 
= cos*@ >) cos’@ — 6 ( ) cos 0 sin 0+ 2 (=) (3 sin?@ — cos’6) 

dé? dé? dé 

(25) 

(26) 

(27) 

(28) 

(29) 

Because of the factor e7 " asa multiplier in (24), we can assume the following terms for (26) 

Hoe mi = il, BB, ae 

G(6) 

(cos70)(sin6 + %e? sin 6 + (3/8)e" sin® 6 + (5/16)e sin’ 6) 

(cos?) (sin? 9+ e? sin* @ + e* sin® @) 

(cos?6) (sin® 6 + (3/2)e sin°6) 

(cos’6) (sin*0) a ww & |p 

The terms of (24) are now formed by finding the derivatives of G(@) with respect to 0 using 

the appropriate form of G(6) from (30) and finding 

dG dG dG 
—— by means of (27), (28), and (29), 

ae “Ge Ge 
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Thus it is found that the first four terms of (24) are 

e sin 0 cos 6+ Y%e* sin® 6 cos 6 + (3/8)e° sin @ cos 0 + (5/16)e® sin’ @ cos 0; 

e* sin 0 cos 0 + (2e°— 2e*) sin® 9 cos 6 + (36 — 3e°) sin® 6 cos 6 — 4e* sin’ 6 cos 0; 

6 * 4 35 O._&} . . 
e° sin 0 cos 0 + (5e*—*°{ e°) sin? @ cos 6 + (*f£e° - 774e*) sin® 6 cos 0 + °*fe® sin’ @ cos 6; 

e® sin 0 cos 9 — 12e’ sin® 0 cos 6 + 30e* sin’ 9 cos 6 — 20e* sin’ 6 cos 0. 

Adding corresponding terms of these we have 

Ad = 6-6=(e7 + e* + e° + e*) sin 6 cos 8 — [(3/2)e* +(23/6)e° + 7e® |sin*Acos 6 

+[(77/24)e® + (55/4)e*] sin’ 6 cos 6 — (127/16)& sin’ @ cos @. 

Now sin 6 cos 0 = % sin 20 

sin’ 6 cos 6 = 4 sin 26 — (1/8) sin 40 

sin’ @ cos 0 = (5/32) sin 20 — (1/8) sin 40 + (1/32) sin 60 

sin’ 0 cos 0 = (7/64) sin 26 — (7/64) sin 46 + (3/64) sin 66 — (1/128) sin 80. 

The values from (32) placed in (31) give finally 

6=6-0=C, sin 20+ C, sin 40+ C, sin 60 + C, sin 80 

where C, = %e? + (1/8)e* + (11/256)e° + (31/1024)e* 

C, = (3/16)e* + (5/64)e° + (25/1024)e* 

C, = (77/768)e® + (59/1024)e®, C, = (127/2048)e°. 

Again for the Clarke 1866 spheroid 

e” = 0.006768657997, e* = 0.00004581473108, 

e° = 0.000000310104.2459, e* = 0.000000002098989584, whence from (33) 

C, = 3.390069228 x 107°, C, = 8.614540216 x 107°, 

(Gy = SAA SO, (Cy Ss x Nr 

(31) 

(32) 

(33) 

(34) 

(35) 

We now check (33) directly from the maximum value of Ad, the assumption being that if it 

holds for the maximum it will hold for all Ad. 

From (6) 6 = 44°51" 15! 851, whence 

sin 26 = 0.99998708, sin 40 = 0.01016441, sin 60 = — 0.99988377, sin 80 = — 0.02032777. 

With the values from (35) and (36) find 

C, sin 26 = 0.0033900254283 C, sin 60 = — 0.0000000312085 

C, sin 40 = 0.0000000875617 C, sin 80 = ~ 0.0000000000026 

0.0033901129900 — 0.0000000312111 

Ad (radians) = 0.0033900817789 

Ad (seconds) = (0.0033900817789) (206, 264.8062) = 699"2545611, 

or Admax= 11' 391255 which checks (6). 
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Note that the term C, sin 80 does not contribute to the result. Also, only eight place tables 

of trigonometric natural functions were used, [4]. 

Hence for geodetic latitude ¢ corresponding to geocentric latitude 6 on the auxiliary sphere, 

the following formulas are sufficient for any spheroid of reference to 0.001 second: 

Ad (seconds) = ¢ — 6 = (206,264.8062) (C, sin 20 + C, sin 40 + C, sin 66) 

C, = Ye? + (1/8)e* +(11/256)e° +(31/1024)e°, C,=(3/16)e* + (5/64)e° + (25/1024)e°, (37) 

C, =(77/768)e° +(59/1024)e%e is eccentricity of the meridian. 

Now we have noted that the geocentric latitude 0 as defined here is called the parametric or 

reduced latitude in geodetic nomenclature and has a corresponding geodetic latitude 6, as shown 

in Figure 1. From (1) we see that they are related by the equation tan ¢, = (tan 6)/Jl—e. (38) 

For instance from (6) for 0 = 44° 51" 15!851 find from (38) that ¢, = 44°57' 06!069. Also from 

(6), 6 = 45° 02" 55!'106, whence for 6 = 44°51" 15"'8E1 we have Ady = d — by = 0° 05" 492037. (39) 

Using the values from (34), equation (37) may be written for the Clarke 1866 spheroid as 

A¢ (seconds) = ¢ — 6 = 69922520 sin 20 + 117769 sin 46 + 070064 sin 60, (40) 

Thom ©. & CS, snactal pableation No, Gr, (SIL (nd 
ho — 9 = 350°2202 sin 29 + 0"2973 sin 40 + 00003 sin 60. (41) 

Subtracting (41) from (40) one finds 

Ade = 6 — by = 349"0318 sin 20 + 1"4796 sin 49 + 00061 sin 60. (42) 

With 6 = 44°51" 15"851 and the values from (28), equation (42) gives 

Neon OSonnhichiishwithinOs00lsecondlo! (39). 

From the second and third members of each set of equations (2) find 

h=asin@ csc 6-(1—e*)N=acos @sec 6—-N. (43) 

Ty Aoucllop hh Sn @ powen oodles th Gy fron of Nand @ nee euatings igs 1, I? di 
tangent at O meets OP in P’, then PP’= a — (a’/N) sec Ad, h = PP“ cos Ad, whence 

h/a = cos Af —a/N=cos Af -V1-e? sin’?d (44) 

With cos Ad = 1 — sin? Ad, and the value of sin Ad from (3), (44) may be written 

h/a=(l-e sir dy”? {[] - e? sin? d (1 + e’ cos’ )] 1/2_ +e7 sin? df}. (45) 

The relation (45) may also be obtained directly from equation (2) by eliminating 0 

between the equations a cos 6 = (h + N) cos g anda sin 6 = [h+ N(1 — e”)] sin ¢. 

Expanding the two radicals by the binomial formula, (45) may be written 

h/a = (e7/2 — e*/2) sind + [(5/8)e* — %e® - (1/8)e*] sin “*d 
(46) 

+[(9/16)e° - (1/4)e*] sin’ + (53/128)e* sin °d 
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Now sin? d = % (1 - cos 2¢) 

sin* ¢ = 3/8 — % cos 2¢ + (1/8) cos 4¢ 

sin’ f = 5/16 — (15/32) cos 2 + (3/16) cos 4¢ — (1/32) cos 6 

sin® b = 35/128 — (7/16) cos 24 + (7/32) cos 46 — (1/16) cos 6¢ + (1/128) cos 84 

and these values placed in (46) give 

h =a (d, —d, cos 24 + d, cos 4¢ — d, cos 6¢ + d, cos 8¢) 

= e2/4 - e4/64 -(3/256)e° ~ (233/16,384)e°, By ea) coal re 

d, = e7/4+e*/16 + 7e°/512 + 3e°/2048, 

d, = 5e*/64 + 1le°/256 + 115e°/4096 

d, = 9e°/512 + 37e°/2048, d, = 53e°/16,384 

a, e are the semimajor axis, eccentricity of the reference ellipsoid. 

We now check (47) using the values of a and e for the Clarke 1866 spheroid. From (34) 

and (47) with a = 6,378,206.4 meters one has h(meters) = 10,788.3852 —10,811.2646 cos 2 

+ 22.9147 cos 4¢ - 0,0350 cos 6¢. (48) 

As a check, equation (48) should give 

h = a— b = 6,378,206.4 — 6,356,583.8 = 21,622.6 meters 

when ¢ = 90°. Placing ¢ = 90° in (48) gives 

h = 10,788.3852 + 10,811.2646 + 22.9147 + 0.0350 = 21,622.5995 meters. 

Since we have the values of @ and ¢ for Ad,,,, from (6) we now check the value given by 

(48) against the closed formula (43), 

cos 0 

cos d 

dh = 45° 02' 55"106, cos d = 0.70650624, cos 2¢ = — 0.00169788 

cos 4¢ = — 0.99999423, cos 6¢ = + 0.00509360. 

6 = 44°51' 15"851, cos @ = 0.70890136, N(g) = 6,389,045.266. 

cos 0 

cos d 

h=a _N (¢). 

=a N(¢) = (6,378,206.4) (0.70890136) / (0.70650624) — 6,389,045.266 

= 6,399,829.094 — 6,389,045.266 = 10,783.828 meters 

Equation (48) gives 

h = 10,788.3852 + 18.3562 — 22.9146 — 0.0002 = 10,783.827 meters, 

when @ =0, h = 0 and (48) gives 

h = 10,788.3852 — 10,811.2646 + 22.9147 — 0.0350 = + 0.0003 meter. 

Unless h were required to very high precision it is clear from the above checks that the 

formula (48) is adequate. 
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SUMMARY OF LATITUDE FORMULAE 

If 6 is the geocentric latitude of a point P (a cos 0, a sin 6) on the auxiliary sphere, then 

the corresponding geodetic latitude ¢ of P at an altitude h above the ellipsoid reference, as 

shown in figure 1, is given by 

sin Ad = sin (¢ — 0) = (e?/2a) N sin 2¢ = (e? sin d cos g)/V/1 — e’sin'd 

Hiei/sin)2d'— eysin 4h cy sin 6\—=1c, sin 8d, (49) 

c,= e7/2 + e*/8 + 15e€ /256 + 35e°/1024, 

c, = e*/16 + 3e°/64 + 35e°/1024 

cy = 3e°/256 + 15e°/1024, c, = 5e*/2048 

e = eccentricity of the meridian ellipse. 

With the same coefficients as (49), we have i 

A¢d (radians) = (c, + c,? /8) sin 2¢ — (c, + -- c,) sin 4 +(c, =) sin 6¢ (50) 

and in seconds (51) 

Ag(seconds) = (206,264.8062) [ (c, + c,°/8) sin 26 — (c,+c,7 c,/4) sin 4¢ + (c, — c 3/24) sin 6d]. 

To express Ad in terms of 0, instead of ¢, we have the relation 

tan ¢ = tan 0 + (e*/a cos 6) N sin d 

Which may be expanded by use of the Lagrange expansion formula to give 

Ad =6-0=C, sin 20+ C, sin 46+ C, sin 66 + C, sin 80 

C, = e?/2 + e*/8 + 1le°/256 + 31e°/1024, (52) 

C, = 3e*/16 + 5e°/64 + 25e°/1024, 

C, = 77e°/768 + 59e°/1024, C, = 127e°/2048. 

For checks within 0.001 second, (52) may be written Ad (seconds) = (206,264.8062) 

(C, sin 26+ C, sin 460 + C, sin 60) (53) 

with C,, C,, C, the same as in (52). 

h/a = cos Ap—a/N = (1-e? sin?) *{[] - e? sin? d (1+ & cos? d)]¥#- 1+? sin? d} 

h = a(d,-d, cos 26 + d, cos 46 — d, cos 6 +d, cos 84) (54) 

d, = e7/4 - e*/64 — 3e°/256 — 233e°/16,384 

d, = e7/4 + e*/16 + 7e°/512 + 3e°/2048 0<h<a-—b 

d, = 5e*/64 + 11e°/256 + 115e°/4096 

d, = 9e°/512 + 37e°/2048, d, = 53e°/16,384 

i] 

a = radius of the auxiliary sphere (semimajor axis of the reference ellipsoid). 
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For the Clarke 1866 spheroid of reference we have from the above formulas: 

Ad (seconds) = d — @ = 699"2540 sin 26 — 0"5936 sin 4¢ + 00004 sin 6¢, (55) 

Ad (seconds) = ¢ — 6 = 699.2520 sin 20 + 1"7769 sin 40 + 0"0064 sin 66, (56) 

Ady (seconds) = ¢ — $= 3490318 sin 20 + 1"4796 sin 46 + 00061 sin 60, (57) 

h (meters) = 10,788.3852 — 10,811.2646 cos 26 + 22.9147 cos 4d — 0.0350 cos 64. (58) 

For the Clarke 1866 spheroid, the maximum value of Ad was found to be 11" 39.255 at 

oh = 45° 02' 55"106. 

The value of Ad,, at this maximum of Ad, was found to be 5'49"037. Finally (58) was 

checked at d = 0, 90° and ¢ = 45°02'55"106. At d = 90°, the check was within 0.0005 meter; 

at ¢ = 0, it was within 0.0003 meter; at d = 45° 02" 55"106, it was within 0.001 meter. 

The following latitude formulae are from C & G.S. Special Publication No. 67, [5], 

Where ¢,, w, 6 are shown in figure 1. 

do — & = 7004385 sin 24, — 1"1893 sin 44, + 0"0027 sin 6¢, (59) 

do — W = 7004385 sin 2 + 1"1893 sin 4yy + 010027 sin 6y (60) 

do — 0 = 3502202 sin 26, — 02973 sin 44, + 00003 sin 6h, (61) 

do — 9 = 350'2202 sin 20 + 0" 2973 sin 46 + 0"0003 sin 60 (62) 

6 — Ws = 3502202 sin 20 — 0"2973 sin 46 + 0"0003 sin 60 (63) 

6 — wy = 350"2202 sin 2 + 0"2973 sin 4x + 00003 sin 6yy (64) 

The above are the series expansions for the expressions given as equation (1) page 12, 

that is 

tan y =\/1-e? tan @ = (1 -e?) tand,. (65) 
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DEVELOPMENT 

SECTION 2. SPHERICAL RECTANGULAR COORDINATE SYSTEM; LOCI 

THE GREAT CIRCLE TRACK AS DETERMINED BY THE GEOGRAPHICAL COORDINATES OF 

TWO GIVEN POINTS ON THE AUXILIARY SPHERE 

In figure 2, the two given points are Q,(0,, A,), Q,(@,, A). The great circle track is then 

determined from the spherical triangle PQ,Q,. In order to simplify the computations and to have 

well balanced triangles from which to compute, one finds the point O(0,,A,) where the great circle 

Q,Q, is orthogonal to a meridian X,. One then works from the right spherical triangle POQ’ by 

adding or subtracting increments of distance from S, = OQ, to get the distance S. One always has 

then a strong right triangle POQ’ from which to compute the latitude, longitude and azimuth a 

of the point Q“(@’,X”) on the base line Q,Q,. 

DERIVATION OF FORMULAE 

From right spherical triangle POQ* 

cos (A >— A’) = tan( -6, ot( 2 - 67)= cot 4, tan 0’ (1) 
2 2 

If the points Q, and Q, satisfy (1), we have by substituting their coordinates in (1) 

cos (A,—A,) = cot 0, tan 0,, (2) 

eos Oy = Ap) = oat Q, fan 

By forming the ratios of (2), expanding cos (A,— d,) and cos (A,— Az), dividing the left 

member numerator and denominator by cos A, one derives the formula 

tan 0, cos A, — tan 9, cos d, 
tan A, = — $$ ________— (3) 

tan 9, sin A, — tan 0, sin d, 

Equations (2) may be written as 

cot 0, = cot 0, cos (A, — A,) = cot 6, cos (A,— A,) (4) 

From right spherical triangle POQ’ one has also 

sin( 2 -64 cos 0 
fe ei oe cles (5) 

sin( 2 - 0°) cos 0” 
2 

tan S$ 
bana te = tan S tan 0’, (6) 

tan(S - Om) 

pe) 



Figure 2. The great circle track configuration. 
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sin 0’= cosSsin@, (7) 

( ’ tan S tan S (8) 
Pay OYA oy eee ye ee 8 
ae sin = = 6,) 08 8 

tan (2-96, ) cot 0, 
tan a= pane ACL = (9) 

Bae Ss sin S 

sin 0°= cot (A,—A2’) cot a’ or 

tana’sin 0’tan(\,-A’)=1 (10) 

From the oblique spherical triangle PQ,Q, find 

cos (A, —A,) =- cos (7-a,) cos a,+ sin(z7-a,) sina,cos (S,—S,) or 

cos (A,-A,) = cos a, cos a, + sin a, sin a, cos (S,-S,). (10.1) 

Computations from the formulae 

First compute A, and 0, from (3) and (4). 

tan 0, cos A,-— tan 6, cos A, 
tan Aq 

tan 0, sin A,- tan 0, sin A, 

cot 0, = cot 6,cos (A, — A,) = cot O, cos (Ay— Az) 

Next compute a, and a, from (5), 

! cos 0, cos 0, 
sin a, = >» sin Gy = 

cos 0, cos 0, 

Then S, and S, from (6) 

tan S, = cos a, cot 0,, tan S,= cos a, cot 0, 

The computations for a,, a2; S, and S, are checked by (10.1) 

cos (A, — A,) = cos a, cos a, + sin a, sin a, cos (S, —S,). 

Now for equally spaced intervals along the great circle track, for instance in 100 nautical 

mile intervals, let S= S, + 100k. 

With these values of S one computes successively corresponding values of 0’, \” and a” 

from equations (7), (8), and (9) 

tan S 4 cot A, 
sin 9’= sin 0, cos S, tan (A, — A’) = 

cos 0, sin S 

These last computations are checked by (10) 

sin 9” - tan(\A,—A’)+ tana’=1. 
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Figure 3. Parallels at a given distance from a great circle track. 
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PARALLELS AT A GIVEN DISTANCE FROM A GREAT CIRCLE TRACK 

In Figure 3, the basic great circle track determined by Q, (0,, A,), Q, (0,, A,) is the same 

and the point 0(6,, A) is the same — (vertex of the great circle track). The point P’ is the pole 

of the great circle determined by Q,, Q,. The angle at P’ of the spherical triangle P’PQ‘is the 

distance S = OQ“along the great circle track. If p and p“are points on the parallels at a distance 

s from the great circle track, then the coordinates of p and p’ can be computed from the two 

spherical triangles PP p, PP p, (Figure 4). 

12 

9, 

7 5 a = O P 

Lees 
2 

P- 

Figure 4 

From these triangles one has 

sin Op = cos & sins +sin 9,coss cos S 

sin Op °=— cos 0, sins + sin 0,cos s cos S$ (11) 

cos s usss Op ; cos s _ eS Op’ a 

sin (A, —Ap) sin S sin (A, - Ap’) sin S 

From (11) and (12) one may write 

sin, =A cosS+B 

sin (A,-A ,) =C sin S/ cos 6 (13) 

where A = sin 0, cos s, B= cos 0 sins, C=coss. 

A, B, C are constants for a given s. Whenk =p, the + sign is used in the first of 

equations (13). When k = p’, the — sign is used. 

The computations may be checked as before by means of the equation 

cos 2s= sin Op sin Op’+ cos Op cos Op’ cos (Ap*— Ap). 
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A SPHERICAL RECTANGULAR 
COORDINATE SYSTEM WITH A GREAT 

CIRCLE BASE LINE AS AN AXIS 

Figure 5 is a further elaboration of Figures 2 and 3. M is the midpoint of the spherical 

segment Q,Q,. The section MP’P” is perpendicular to the base line at M. The general point 

Q (0, X) has for the foot of the perpendicular from Q upon the base line, the point Q*(0,A’) as 

shown in figure 2. The great circle arc QQ’ passes through P, and QQ’ is taken for spherical 

rectangular coordinate y. The great circle perpendicular to the section MP’P” and passing 

through Q meets MP’P” in T. The distance OQ’ is S as shown in Figure 5. Note that the s of 

Figure 3 in the y of Figure 5. The great circle arc QT is taken for x. That is the spherical 

rectangular system chosen is x = QT, y = QQ* Spherical polar coordinates are then r and a as 

shown in Figure 5, where r = MQ, and a is the angle between r and MQ zi 

From the right spherical triangles MOT, MQQ’ one finds 

sin x =sinr cosa 

sin y =sinr sina (14) 

whence 

sin r = (sin*x + sin’y) af2 
(15) 

tan aq = sin y/sin x, 

that is (14) and (15) represent the conversion formulas between the spherical rectangular and 

spherical polar systems as given. 

We now develop the coordinates x and y as functions of S and of @ and A. Also 6 and 

as functions of x and y. 

COMPUTATION OF S, x, y, FROM 6 AND A 

Assume that the base line has been established, that is the coordinates 0,, A, of the 

vertex, 0, of the great circle base line have been computed from the coordinates of the two given 

points Q,(0,, A, ), Q,(@,, A,) by means of the equations as given on page 23. ‘Then referring to 

Figure 5, find in spherical triangles: 

PP: cos y sinS=cos @ sin (A,-A), (16) 

sin y = cos 0, sin 0 — sin 0, cos 6 cos (A,- A), (17) 

OPQ: cos f=sin 6, sin 6+ cos 0 cos 0 cos (A,- A), (18) 

OQQ’: cos y cos S=cos f, (19) 

TP: sinx=sindcosy. (20) 
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0(80,A 0) 

R14 

Figure 5. Spherical rectangular coordinate system. 
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Dividing respective members of (16) and (19) find 

tan S=cos @ sin (A, — A)/ cos f (21) 

where cos f is given by (18). 

From (17) and (18) we have sin 6, cos f = sin 0 — cos 0, sin y whence (21) may be 

written 

eee sin 0, cos @ sin (A, — A) (os) 

sin 0 — cos 4) sin y 

Referring now to Figures 1 and 5, it is seen that d = MQ’=S - 1(S, + S,), where 

S, and S, are the distances from O(6,, A,) to Q, and Q, respectively. 

Hence given the spherical curvilinear coordinates 0, X of a point Q(6,A), to find S, x 

and y with 0, Xo, Sy, 5, known, compute y and S from (17) and (21) or (22) and then x from (20), i.e. 

sin y = cos 0, sin 9 — sin 9, cos 6 cos (A, — d) 

Bech sin 0, cos 6 sin (A,— A) z cos 6 sin (A, -— dX) (03) 

sin 0 — cos @,sin y cos f 

cos 6 sin (A, — A) 

sin 9, sin 0 + cos @, cos 6 cos (A, — X) 

sin x = sind cosy = sin[ S- (S, + S, GS sin? y)*/? 

COMPUTATION OF S, 6, 4 FROM x AND y 

From equation (20) one has sin d = sin x / cos y or sin[S— % (S,+S,)]=sinx / cos y 

whence 

S = arc sin (sin x / cos y) + 4(S,+5S,). (24) 

From equations (13) page 27, 

sin @=AcosS+B (25) 

sin (A,—A) =C sin S/cos 0 

where A =C sin 9,, B=Dcos0,, C=cosy, D=siny 

Hence to compute S, 0, A from x and y, first compute S from (24) and then 6 and A from 

(25) i.e.: 

let C=cos y, D=siny, E=sinx, A=C sin @,, B=D cos 4). 

Then 

S = arc sin (E/C) + 4(S,+S,) 

§= arc sin (A cos $+ B) (26) 

d=), — are sin (C sin S/cos 6) 
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DERIVATION OF THE EQUATIONS TO SPHERICAL HYPERBOLAS 

Having established a rectangular spherical coordinate system on a great circle base line, 

we are now in a position to develop the equations of spherical hyperbolas referred to our 

rectangular system. Referring again to Figure 5, we restrict the point Q(0, A) or Q(x,y) to the 

locus defined by demanding that the distances o, and a, from the points Q, and Q, respectively 

satisfy the condition 

0, — 02 = 2c/e = 2a 
ees (27) 

where as before S,, S, are the distances of Q,, Q, respectively from 0(@,, A,); e is a number 

such thate > 1. 

From the spherical triangles MQQ,, MQQ, one has 

cos 0, =cosrcosc+sinr sinc cosa 

cos 0, =cosrcosc —sinr sinc cosa (28) 

Adding and substracting respective members of (28) obtain 

cos 0,+ cos 0,= 2 cosr cose 

cos 0, — cos 0, =— 2 sinr sinc cosa (29) 

By well known trigonometric identities and condition (27), equations (29) may be 

written 

cos 0,+ cos a, = 2 cos 4(a,+0,) cos 4(a,-0,) = 2 cos 4(o,+0,) cos a = 2(cos r) (cos c), 

cos 0,-—cos 02= 2 sin 4(o,+0,) sin 4(q, -o,) = 2 sin 4(o,+0,) sin a = —2(sin r)(sin c) cos a, 

or cos (a, + a2) =cosr cos c/cos a, 
(30) 

sin 4 (o, + o,) = sinr sinc cos a/sin a. 

Squaring and adding respective members of (30), get 

(cos’r) (cos*c/cos7a) + (sin’r cos’a) (sin?c/sin?a) = 1. (31) 

Now in (31) place cos*r = 1/(1 + tan’r), 

sin’r = tan’*r/(1 + tan’r), whence (31) may be written 

pu tangy (Cosgalaicosic) tan’a (sin’c — sin’a) 
Fe SS 8 (32) 

sin’c cos’a-sin’a sin’c cos’a- sin’a 

Now (32) is the polar form of the equation to the spherical hyperbola. 

From conversion formulas (15) we have 

tan’r = (sin*x + sin’y)/(1 — sin*x - sin’y), 

cos’a = sin*x/(sin*x + sin’y) (33) 
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and substitutions for tan*r, cos’a from (33) in (32) give the rectangular equation to the 

spherical hyperbola 

sin’a cos’c 
sin*x = - sin’y + sin7a. (34) 

sin’c -sin’a 

THE POLAR EQUATION OF SPHERICAL HYPERBOLAS WITH ORIGIN AT A FOCUS 

If we choose the given point Q, (6,, ,) of the great circle base line as origin of co- 

ordinates and a focus, then the following figure may be abstracted from Figure 5: 

Olea) 0(6, x) 

The polar radius is now R = o,, f is the angle between R and Q,0% k=Q,Q°=S-S,. From 

spherical triangle Q,QQ, we find cos o, = cos R cos 2c - sin R sin 2c cos B, (35) 

and from (27) a, — R = 2a, whence 

cos (o,— R) = cos a, cos R + sin o, sin R = cos 2a, (36) 

sin (g,—R) = cos o, sin R + sin o, cos R = sin 2a, 

Multiply the first of (36) by sin R, the second by cos R and add respective members to 

solve for 

sin 0, = cos 2a sin R + sin 2a cos R. (37) 

Square and add respective members of (35) and (37) to get 

(cos R cos 2c — sinRsin2c cos8)? + (cos 2a sin R + sin 2a cos R)? = 1. (38) 

Multiply every term of (38) by sec?R, whence it may be written 

(cos 2c - tan R sin 2c cos 8)? + (cos 2a tan R + sin 2a)? = sec’R = 1 + tan’R. (39) 

Expanding (39) and writing as a quadratic in tan R find | 

tan’R (sin?2c cos’@ - sin? 2a) + 2tan R (sin 2a cos 2a - sin 2c cos 2c cosf) (40) 

2 +cos’2c-cos’ 2a = 0. 
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Now equation (40) factors into [tan R (sin 2c cos B + sin 2a) — (cos 2c + cos 2a) |. 

[tan R (sin 2c cos B — sin 2a) — (cos 2c — cos 2a)] = 0. (41) 

Whence 

cos 2c + cos 2a cos 2c — cos 2a 
tan R= | —___ |, tan R = ———________ 

sin 2c cos B + sin 2a sin 2c cos B — sin 2a 

or 

ala cos 2c + cos 2a (42) 

sin 2c cos 8 + sin 2a 

where either the (two plus signs) or (two minus) signs are taken together. 

Equation (42) is the polar equation to spherical hyperbolas referred to a focus as pole. 

We now derive expressions for the spherical rectangular coordinates x, y as functions of the 

polar coordinates R, 8. 

From right triangles WP Q, WQQ,, 0,QQ (Figure 6) find 

sinx =sinRcos £, 

sin y=sinR sin B. 
(43) 

sinx=sinkcosy ; 

cos R =cos k cos y. (44) 

Equations (43) are similar to equations(14)and provide the conversions from polar to 

rectangular coordinates, i.e. from (43) 

sin R = (sin?x + siny) 1/2, (45) 

tan B = sin y/sin x. 

Since moving the origin from M to Q, (see Figure 5) is only a translation along the x-axis, 

there is no change in y, but x is changed. Hence from (44) and the relations (23) and (26) we 

can write when the origin is atQ,,k=S-S,: 

FORMULAS FOR COMPUTATION OF S, x,y, FROM 0 AND A 

sin y = cos 4, sin 6 — sin 0, cos @ cos (A, — A) 

Pentel sin 0, cos 6 sin (A,— A) 4 cos 6 sin (A, — A) (46) 

sin 0 — cos @, sin y cos f 

an cos § sin (A, - A) 

sin 0,sin 0+ cos 9 cos @ cos (A,— A) 

sin x = sink cos y = sin (S—§S,) cos y 

FORMULAS FOR COMPUTATION OF S, 6, A FROM x AND y 

ICs cay, Decay, Madins, NaC ain Gy, = Dons Oy dian 
S =arc sin (E/C) +S, 
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9 =arc sin (A cos S + B) (47) 

\ =A, — are sin (C sin S/cos 6) 

AN ALTERNATIVE EQUATION TO THE SPHERICAL HYPERBOLA WITH ORIGIN AT A FOCUS 

If S = %(a,+ by + c,) in the spherical triangle 

baz 2c 

Figure 7. 

Hetenta <a ame ee tele (49) 
sin S sin (s — ay) 

Referring to figure 6, a, = 9,,b, = 2c, co = R: and from (27) we have the conditions 

go, — R= 2a, o, + R = 2(R ta). 

Hence 

s=4(o,+R)+c=Rtate, 

s-a, = 4(R -o,) +c =c-a, (49) 

si— bs = Ritral—ic,, (Si ica sic thal 

A=7-, tan %A = tan (7/2 - B/2) = cot B/2 

With the values from (49) placed in (48) find 

sin(c — a) sin (R+c +a) 
tan? B/2 = ——____________ ,, (50) 

sin(c+a) sin (R-—c +a) 

which is the desired alternative form, [7]. 

CORRESPONDING PLANE HYPERBOLA EQUIVALENTS 

For the plane case and analogous reference system, Figure 5 becomes 
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Figure 8. 

Given the condition o, — 0, = 2a 

By the law of cosines applied to triangles MQQ, MQQ, 

Gar = 14 es = 2Te COS a, o,4 1 +c. H21c COSsia 

whence o,7 + a2" = 2(r? +c”), 0,7 0° = (tr? + c?)? — 4r? c” cos’a (51) 

Now by squaring both sides of o, - o, = 2a obtain 

0,’ — 20, 0, + 0,” = 4a” whence 

(a,? + 0,7 - 4a’)? = 40,70," (52) 

With the values of o,? +. 0,’, 0,70,” from (51) placed in (52) obtain 

[2(r? + c?) - 4a?}? = 4[(r? + c?)? — 4r?c? cos? a]. (53) 

Expanding (53) find 

lc’ cos a-ar-ac +a =0 

or a*(c? - a’) (54) 
r? = 

2 c* cos*?a-a 

o Q CAs oy 2 2 To transform to rectangular equation we have x =r cosa, y =r sina, orr =x +y, 

tan a = 2. , cos’ a = x*/(x? + y”) and these values of r? and cosa placed in (54) give 

a? 2 

a= y at 
eee (55) 

as corresponding rectangular equation. 
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If the focus Q, is to be the origin and o, = R, the radius for polar coordinates, and B 

the angle which R makes with the positive x-axis, i.e. 6 is the angle QQ,Q% then our plane 

figure is as follows: 

Figure 9. 

By the law of cosines in triangle Q,QQ, 

o,’ = 4c? +R? +4cR cos B (56) 

From the condition o, — R = 2a, o, = R + 2a, and this value of o, placed in (56) gives 

(R + 2a)? = 4c? + R? + 4cR cos B, which when expanded gives 

oe 

c cos B-a (57) 

For the alternative form of (57), we have the well known formula 

et eee EO We ee eae (58) 
s(s — ap) 

Fine by = Gin hy 2th 2 Ie, Mera 

Hence:¥s:-laitic) tants) iasi> Chorals stabi yalrhicals 1c si lalcencEntahts 

(c —a) (R+e¢+ a) 
; (59) 

(c +a) (R-—c+a) 
whence tan? 48 = 

which is an alternative form of (57). 

Now (54), (55), (57) and (59) could have been obtained directly from (32), (34),(42) and 

(50) by replacing correctly the trigonometric functions of lengths by corresponding lengths, i.e. 

tan a= sin a=a, cos a=l, etc. We place them side by side for direct comparison in the 

following table which will also serve as a summary for both: 
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SPHERICAL HYPERBOLA FORMULAS AND PLANE EQUIVALENTS, [7] 

SPHERICAL PLANE 

a) tan’a (sin?c — sin’a) : a?(c? - a’) 
1) tan?r = ———____ r= 

sin?c cos’a — sin’a c?cos*a-a’ 

sin’a cos’c a’y? 
(2) sin?x = —————— ssin’y + sin’a 35 a. +a? 

sin’c —sin’a c?-a’ 

cos2c + cos2a a? -¢? 
(3) tan R= ce. R= eRe 

sin’c cos B + sin 2a ccosB-a 

(4) tan2(B/2) sin (c - a) sin (R + c + a) tan?(B/2) ¢€-a) (R + c + a) 
an = an OMI i Ee SS 

sin (c + a) sin (R-c +a) (cta) (R - c + a) 

In (1) and (2) of equations (60), the origin of coordinates is the midpoint M,, of the segment 

Q,Q,, see Figure 5. (3) and (4) are two polar forms with origin at a Focus Q,, see Figures (5) 

and (6). 

REFERENCES 

[6] Chauvenet, Plane and Spherical Trigonometry, 1871, page 158. 

[7] Equations (32), (34), (42), (50) to spherical hyperbolas are essentially those given without 

derivation in LORAN, Pierce, McKenzie, Woodward, McGraw Hill 1948, pages 173, 175. 
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DEVELOPMENT: DISTANCE FORMULAE; 

SECTION 3. DISTANCE COMPUTATIONS AND CONVERSIONS; AZIMUTHS 

If we are given two points P,(¢,,A,), P,(¢,, A.) on the ellipsoid of reference as shown in 

Figure 10, we may compute distances and azimuths according to known or given elements. That 

is we may compute the geographic coordinates of the point P,(¢,,A,) if we know the geographic 

coordinates of P, (f,,,) the distance between P, and P,, and the azimuth from P, to P,. This is 

the direct problem and the one most important in Geodesy relative to establishing triangulation 

control nets. If the coordinates of both P, and P, are given, the distance between them and the 

azimuths can be computed. This is the inverse problem, and the one concerned primarily in 

electronic positioning systems as Loran. 

Since there are several possible curves connecting the points P, and P, on the ellipsoid 

along which distances would differ very little, for instance — the geodesic, the normal sections, 

the great elliptic arc, the curve of alinement, etc. — criteria for selection would be simplicity in 

computations relative to required accuracy. Also to be considered are other useful geometric 

quantities associated with the configuration and expressible in terms of common computational 

parameters. (See Figure 11). 

The shortest distance is always the geodesic or the geodetic line between P, and P,. It is 

usually a space curve (that is it has a first and second curvature at each point). For instance on 

the reference ellipsoid, the equator and the meridians are the only plane geodesics, [8]. 

Now in Figure 10, the point P,(f,, A.) is the vertex of the great elliptic arc, that is P, is 

the point where the great elliptic arc is orthogonal to a meridian. The goedesic, or geodetic line, 

between P, and P, also has a vertex where it is orthogonal to a meridian. Since the geodesic is 

a space curve and climbs nearer to the ellipsoid pole, T,, than any of the other representative 

curves (if P, and P, were ends of a diameter of the equator, the geodesic would be the elliptic 

meridian through P, and P, since it is shorter than the equator), the vertex of the geodesic is 

closer to T, than is P,. Unfortunately the geographic coordinates of the geodesic vertex cannot 

be expressed simply in terms of the geographic coordinates of P, and P,, hence an approximation 

scheme, usually iterative, is used. [9] The computations are usually quite lengthy for long 

lines. Many schemes and formulae have been devised to approximate the geodesic and studies 

have been made comparing them. [21] The geodetic line is of most interest to the geodesist 

proper, since he is primarily concerned with closure on a particular ellipsoid of reference of large 

arcs and areas of triangulation, hence the geodesic or geodetic line and geodetic azimuths on the 

ellipsoid are consonant with his mathematical model. 
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OPERATIONAL APPLICATIONS 

Requirements, accuracy wise, with respect to geodetic data obviously depend on the particular 

guidance system employing it. If some guidance, particularly external, is to be provided a missile, 

its initial launch requirements are not as critical as say for a purely ballistic missile. Since it 

has yet to be demonstrated that the flight of missiles are geodesic or that the traces of the 

trajectories upon the ellipsoid of reference are geodesics, distances can be computed by any 

method which will give results within the capability of the particular system. Since alinement is 

usually with respect to a local vertical and a “‘bearing”’, the normal section azimuth, the angle of 

depression of the chord below the horizon and the maximum separation between the chord and the 

surface are all useful associated quantities which can be “‘integrated”’ in the computations for 

distance as will subsequently be shown in the discussion of distance computations along the 

great elliptic arc. This configuration is shown in Figure 11 as abstracted from Figure 10. 

HYPERBOLIC MEASURING SYSTEMS 

For Loran systems, the earth must be considered an oblate ellipsoid or spheroid, but the 

nearest hundred feet is probably close enough particularly on long lines. [7], page 170. 

Hence a computational system is desirable which provides modifications to spherical elements, 

i.e. functions of spherical arc lengths so that the auxiliary sphere of the particular spheroid of 

reference can be used since the hyperbolic propagation of systems as Loran may be worldwide 

as base lines are added or extended. Also to be considered is the use of such computational 

systems in local areas as for oceanographic surveying and corresponding adaptation to a local 

sphere of reference. Azimuth computations should be independent, except for dependence on 

spherical arc length, so that one can have readily the Normal plane section azimuths as well as 

geodetic azimuths. Finally the system should be easily adapted to local area work in terms of 

plane coordinates. This can probably best be accomplished through the series of projections, 

all conformal; spheroid to aposphere, aposphere to sphere, sphere to plane. [8]. 

The present investigation will center about the configuration depicted in Figure 12 which 

shows the relationships, exaggerated; between the Normal sections, The Great Elliptic Section, 

The Geodesic, and the Chord between two points Q,, Q, on the ellipsoid. We begin by deriving 

the formulae for the Normal Section Azimuths and the Great Elliptic Arc Azimuths. 

NORMAL SECTION AZIMUTHS 

The normal section azimuths are shown in Figure 13, as extended from Figure 11. The 

spheroid has been referred to its center as origin of rectangular coordinates, with the reference 

plane — xz containing the point Q,(¢,,A,) as shown. The z-axis is the polar axis of the spheroid 
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&=Normal Section Azimuth at Pi (from North) 

S=Arc length-Geodetic distance 

C=Chord length, Pi Pe 

B=Angle of depression of C below horizon at Pi 

Ho=Maximum separation of arc S and chord C 

Figure 11. Relationship between arc length, normal section azimuth, chord length, 

angle of depression of the chord below the horizon, maximum separation 

of are and chord. 
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Qe(2,A2) 
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\ 

EQuATOR 

GEODESIC 

——— — —— NORMAL SECTION [N(2) and Qi (fi, Au] 

—— ———— NORMAL SECTION [N(¢1) and Qa(be,r2)] 

scree GREAT Ele |PilGeSeCmlON 

Figure 12. Relationships relative to the pole on the ellipsoid of reference, of the 
geodesic, normal sections, and great elliptic section. 
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Figure 13. The normal section azimuths. 
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and the y-axis is then in the plane of the equator — the xy-plane is the equatorial plane of the 

ellipsoid. In this coordinate system the points Q, (¢,,A,), Q,(¢,,A,) have the rectangular 

coordinates: 

Q,: x, = N, cos d, Q, : x, = N, cos d, cos AX 

Wa 0) y, = N, cos d, sin AA 

z, = N, (1-e?) sin d, z, = N, (1 - e’) sin 4, 

The rectangular equation to the ellipsoid is 

(1 — e”) (x? + y?) +2? - a7(1 - e”) = 0, 

where a, e are respectively the semimajor axis and eccentricity of the meridian ellipse. 

The tangent plane to (2) at any point (x,, y;, z,) is 

G28) Cs, Sine) 2 vey SEF (Le) = 0: 

Hence the tangent plane at Q, is, from (1) and (3) 

xN, cos¢, + z N, sin gd, - a? = 0. 

The equation of the plane containing the normal at Q, and the point Q, is determined by 

( 1) 

(2) 

Q, and the points (N, e? cos ¢,, 0,0), (0,0, - N,e? sind,), see Figure 13. With the coordinates 

of Q, from (1) we can write the equation as 

x y Zz 1 

N,cos dq, cos AX N,cos ¢, sin AA N,(1-e’) sing, 1 

N,e*cos¢, 0 0 1 

0 0 -N,e*sindg, 1 

which upon expansion may be written 

Ax + By -Cz-D=0 

where A=N, sind, cos d,sin AA 

B =(N, sin d, —N, sin g,) e?cos¢,+ N, (sin ¢,cos ¢,-sind,cos ¢,cos Ad) 

C =N, cos ¢,cos d, sin AA 

D =N,N,e? sin ¢, cos d, cos d, sin AA. 

Now the direction cosines p, q, r of the intersection of two planes A,x + B,y + C,z = D,, 

A,x + B,y + C,z = D, are given by 

p = (B,C, - B,C,)/d, q = (C,A, - A,C,)/d, r = (A,B, — A,B,)/d 

where d= [(B,C, - B,C,)? + (C,A, - A,C,)? + (A,B, - A,B,)?] 2. 

Note from figure 13 that the tangent, t,, to the meridian at Q, lies in the plane y = 0 and 

that defined by equation (4). To apply (6) to these two planes we have respectively 

A, = C, = D, = 0, B, = 1; A, =N, cos ¢,, B, = 0, C, = N, sin d,, D, = a” and (6) gives the 

direction cosines of t, as p, = sin d,, q, = 0, r, = — cos ¢,. 
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(These were apparent from inspection of Figure 13 but illustrate the use of (6)). 

From Figure 13, the tangent t, to the elliptic section lying in the plane (5) is the line of 

intersection of the planes (4) and (5). From (4) and (5) we have respectively A, = N, cos ¢,, 

B, = 9, C, = N, sin d,; A, = A, B, = B, C, = -C and applying (6) find the direction cosines of 

t, to be 

Peal (CBysintcso)/da qa (Atcinisee tO tcontco)/demrs=1(Bucosi¢s)/d 

whee deta (A sadh, o@ Ges 3 FI (8) 

The forward azimuth aq p from Q, to Q,, as shown in Figure 13, is the angle reckoned 

clockwise from south between the tangents t, and t,. Hence from (7) and (8) 

Berar B B 
COS GAB = PiP2 + Giq2 tyl2 = — — sin g, ~—cos*¢, eae (9) 

d d d 

d= [B? +(A sin d, +C cos ¢,)7)'7 

Since cot aap = Cos a\p/(1 -cos*a ap) 2 we have from (9) that 

cotaap=- B/(d? - B?) 1/2, (10) 

Now d? - B? = B? +(A sin ¢, + C cos ¢,)? — B? = (A sin 6, + C cos d,)’, 

so \/ d? - B?= A sin d, + C cos ¢, and (10) may be written 

cot aap =— B/(A sin ¢, + C cos 4,). (11) 

With the values of A, B, C from (5), equation (11) may be written as 

: 2 ‘ A ; a 
acc [sin ¢, — (N,/N,) sin,d ]e*cos f, sec $+ (sin d,cos AA- tan d, cos ¢,). a) 

sin AX 

Referring again to figure 13, it is seen that from considerations of symmetry, we have only 

to interchange the subscripts 1 and 2 and change AA to— AX in (12) to obtain cotpa (the back 

azimuth on the other normal section). We thus obtain from (12) 

[sin J, — (N,/N,) sin ,]e” cos fd, sec ,+ (sin d,cos AA - tan ¢ ,cos ¢,) 
t a5 (13) cot apa 

sin AA 

GREAT ELLIPTIC SECTION A ZIMUTHS 

Figure 14 shows the great elliptic section and azimuths as abstracted from Figure 12. The 

same coordinate system is used as in Figure 13 so that most of the equations developed with the 

normal section azimuths can be used. The angle ayp between the tangents t, andt, is the 

forward azimuth required. We already have the direction cosines of t, see equations (7). The 

tangent t, is the intersection of the great elliptic plane with the tangent plane at Q,, equation (4). 

The equation of the great elliptic plane through Q,, Q,, using equations(1),is given by the determinant 
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GREAT SS ELEIPRIC Sy SEChON TE AAMOMES 

AND) ASSOCIATED GEOMETRY 
P-point of maximum separation, chord and arc 

Ho- maximum separation of chord and = arc 

Figure 14. The great elliptic section azimuths. 
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x y Z 1 

N,cosd, 0 N,( - e’)sing, 1 

N, cos, cos AA N,cos ¢,sin AA N, (1-e) sin d, il 

0 0 0 i 

which when expanded reduces to 

Ax + By — Cz = 0, 

A = (1 —e’) tan gd, sin AA 

B = (1 - e?) (tan df, — tan fd, cos AX) 

C=sin Ad 

(ASA, SRD 

Since equation (11) was developed for generalized coefficients A, B, C we have only to 

substitute the values of A, B, C from (14) in (11) to obtain after some algebraic manipulation, 

N,? (tan d,cos Ad —tan ¢,) cos d, 
cola ni=\ Se) 

a’ sin AX 

By symmetrical interchange of subscripts and replacing AA by — AA, we obtain cot apa from 

(15) as 

N,’ (tan 6,-tan d,cos AA) cos ¢, 

Cove Gare ea os 
cot apa =(1- e’) 

Equations (15) and (16) represent the azimuths of the great elliptic section as shown in 

Figure 14. 

(14) 

(15) 

(16) 

NORMAL SECTION AND GREAT ELLIPTIC SECTION AZIMUTHS IN TERMS OF PARAMETRIC 

LATITUDE 6 

From the transformation equations tan 0 = (1 — e?)1/2 tan d, cos 0= a cos d, 

2) 1/2 _ Aye 

sin 9 = eae N sin ¢, (1 — e? cos’ 6)77= ao N 

applied to equations (12), (13), (15), 16) we have the normal section and great elliptic section 

azimuths in terms of parametric latitude. 

Normal Section Azimuths in terms of 0. 

sin & cos AA— cos @, tan 6, + e*(sin 6, — sin 0,) cos 0, sec 0, 
cot aap =+ 

AB (1 — e? cos?6,)'sin AX 

sin 9, cos AA — cos @, tan 0, + e” (sin 0, — sin 9,) cos 0,sec 0, 
cota a 

BA (1 - e? cos?6,)/ sin AX 
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Great Elliptic Section Azimuths in terms of 0 

(tan 9, cos AX —tan 6,) (cos 0,) (1 - e? cos? 0, )'/7 
cotayp=+ 

AB sin AX 
(18) 

(tan 6, — tan 6, cos AA) (cos @,) (1 — e” cos? @,)'/2 
cot apa =+ 

sin AX 

GREAT ELLIPTIC ARC DISTANCE 

Referring to Figure 9, it is seen that the great elliptic arc is orthogonal to a meridian at 

a point P,(f,, Ao) which is the vertex of the great elliptic arc determined by the points 

P,(¢,,,), P,(¢,, Az) on the ellipsoid. The equation of the great elliptic plane through P, 

and P, is given by equations (14). Now a meridional plane orthogonal to (14) has an equation 

of the form Bx - Ay = 0 and the rectangular coordinates of P,(¢,, A.) must satisfy both planes. 

From (1), the rectangular coordinates of P, (¢,, A.) are X) = Ny cos 6, cos Ady, 

yo =N, cos dyosin Ady, z = N,(1 — e”) sin ¢, and these placed in Bx — Ay = 0 and (14) give 

B cos AA,—A sin AA, =0, 
(19) 

A cos AA,+B sin AA, = C (1 — e”) tan gy. 

From the first of (19) find tan AA,= B/A, whence sin AA,= B/(A*+ B2)!/2 and these values 

placed in the second of (19) give tan Pg=(A + B/C (g=sen)" 

A2 + B2 1/2 

i =t / (1 + tan” Fo cen : (20) sin d, = tan dy an do) A? +B? + C21 23)? 

tan AX, = B/A. 

With the values of A, B, C from (14), equations (20) may be written 

(21) 
: tan?>d,— 2 tan d, tan d,cos AA + tan’ d, if 

tan A), = (cot d, tan fd, — cos AA)/sin AA, 

tan db, = (tan?d, + tan’, — 2tan g, tan f,cos AA)M/sin Ad . 

From the second of equations (19), dropping the subscript zero and differentiating we obtain 

(- A sin AA+Bcos AA) (d AA) =C (1-e”) sec? dd ¢. (22) 

By solving A cos AA +B sin AX=C (1-e?’) tan g with the identity sin 7AX+cos*Ad = 1, find 

BC (1 — e?) tan 6 + A[ (A? + B?) - C2(1 - e”)? tan?” 
sin AX = = — —_ (23) 

A? ae B? 

— AC (1 - e”) tan 6 + B [(A? - B?) - C?(01 - e’)? tan*d] 2 
cos A) = — — Oe 

A? + B? 
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From (23) one has then 

-— A sin AA +B cos Ad = [(A? + B’) - C?(1 - e”)? tan?) 1/2 and this value placed in 

(22) gives 

C(1 -e?) sec? ddd 
(d AQ) = —— 

[(A? + B?) - C?(1 - e)? tan] 7 
whence, by means of relations (20) and trigonometric identities, 

(aA a)? = C?(1 - e”)? sec*dd f” : sec’ ddd’ 

A?+B? - C?(1 - e”)’tan?¢ IN? tp BS tan’ 

ier: 

sec*pdd” sec’ ddd? 

; tan’, — tan’ 5 sec’d,-sec*h 

Now the linear element of the spheroid is, [8] page 62, 

ds? [eee + a (d we cos’ ¢, 

1 -e? 
where R = a(1 - e”)/(1 - e” sin’) ¥2 = N?; N = a/(1 - e? sin’) 2 

a 

Now from (25) and (26) it is seen that we will be able to express the quantity in brackets 

in terms of sec ¢ and sec gy since 

N\* (1 e? sist g)? [(1 —e”) sec?H+e7]? 

() _ (loo )P ; (ies aiseena 
2 

With the values of (dAA)? and (7) from (25) and (27), the linear element (26) may be 
R 

be written 

ds? = 
{(@i = e?) sec? d + e7]? 

2 R?2 2 d 2 

ae as (1 — e”)? (sec*dy - —| Caney 

If the quantity in brackets is given a common denominator, then (28) may be written as 

(1 - e?) sec? [(1 — e’) sec’, + 2e7] + e* 
ds? = (R? cos’ ddd’) . 

(_l- e”)? (sec*d, —sec’d) ep 

ev l-e? 
To bring (29) into manageable form we place k = —————N, sin g,, and 

a 

N sin 
cos d= ee 

N, sin do 

(Note that k = e,, is the eccentricity of the great elliptic arc. See Figure 15.) 
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GnNeAy  SLEIP MIG SieCTION 

Major semiaxis is a 

Minor semiaxis is bo =aVi-e sin?@, 

a,e are semimajor axis and eccentricity of the ellipsoidal meridian 

60 is the geocentric latitude of the vertex Po of the 

Great Elliptic Section 

@€o iS the eccentricity of the Great Elliptic 

€o = (abe)? /a =e SIN Qo = (eVi-e2/a) Nosingo 

Coordinates of Po are Po (a COS Mo COS io,d COS Go Sin Xo, b singo) or in 

terms of geodetic latitude go 

Po (No COS go COS 4 Xo,No COS Po SiN 40,No(I-e2)sin go) 

Figure 15. Elements of the great elliptic section. 
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From the first of (30), placing N, = a/(1 - e? sin’ ¢,) ¥ and solving for sec”, find 

Seen = (=e HEV sey) Gl ole) 

With the value of N, sin g, from the first of (30) placed in the second find 

N sin ¢ = (ak/e 1 — e”) cos d and with N = a/\/1 - e? sin’¢, solving for sec? find 

1 -e* +k? cos’d 

(1 = e?)[1-(k7/e”) cos’d] 
By differentiating N sin ¢ = (ak/e 1 — e”) cos d obtain 

(N sin ¢) dd = — (ak/ey/ 1 — e”) sin d dd 

sec’*d = 

R cos d i : 
Since (N sin d)’= ——— , equation (33) may be written 

-e 

R cos qd tne) 
aes dd = — (ak/ey/ 1 — e’) sin d dd or finally 
lL-@ 

(R? cos? ddd’) = (1 - e) a” (k?/e”) sin’d 5d’. 

Now from (31) and (32) find 

(k?/e?) sin’d 
COO 28 = 

(1 - e”) (1 - k?/e”) [1 - (k*/e?) cos*d] 

and the numerator of (29) becomes 

1 - k? + k? cos7d 

With the values from (34), (35), (36) the linear element (29) becomes 

(1 - e?) sec’@[(l - e”?) sec7d, + 2e7] + e* = 

kare 1-k? + k*?cos7d ; (1 - e?)(1 -k?/e?) [1 -(k?/e?) cos?d | o8). 

(1 - k?/e?) [1 - (k?/e”) cos7d] (k?/e?) sind (1 - e”)? 

a2(k?/e?) sin?d Sd? = a2(1 — k? + k? cos’d) 6d’, 

ds? = a°(1 —k? sin’d) 6d’. 

Now equation (37) is the usual elliptic integral form with modulus k, and we write 

Be [ d, nt i 4 al - k? sin2d) ifr dd, 

0 a) 

where k = (e V1 — e?/a) N, sin dy, the modulus of the elliptic integral, and 

d, = cos * (N, sin d,/N, sin d,), d, = cos * (N, sin G/N, sin do). (k is equal to e, the 

eccentricity of the great elliptic arc — see Figure 15). 

The integrand of (38) may be expanded by the binomial formula and integrated term by 

term to obtain an approximation formula for direct computation. To 6th order terms in 

k: (1 - k? sin?d) fa = 1 -— 4k? sin?d - (1/8)k* sin*d - (1/16)k® sin°d -. 
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Making the identity substitutions 

sin?d = % - % cos 2d, sin“d = (3/8) — %cos 2d+ (cos 4d)/8 

sin’d = (5/16) — (15/32) cos 2d + (3/16) cos 4d — (1/32) cos 6d, in (39) and integrating 

term by term according to (38) one obtains 

s/a = (d, + d,) — 4k?1% (d, +d,) - 4 (sin 2d, + sin 2d,) ] - (1/8)k*[(3/8) (d, + d,) - 

Y4(sin 2d, + sin 2d,) +(1/32) (sin4d, + sin 4d,)]-(1/16)k® [(5/16) (d, +d,) - (40) 

(15/64) (sin2d, + sin2d,) +(3/64) (sindd, + sin4d,) - (1/192) (sinéd, + sin6d,)]. 

By means of the identity sin x + sin y = 

2 sin %4(x + y) cos %(x — y), equation (40) may be written finally as 

s/a = (d, + d,) - 4k? [(d, + d,) - sin (d, + d,) cos (d, - d,)] 

- (1/128)k* [6(d, + d,) - 8 sin (d, + d,) cos d, - d,) + sin 2(d, + d,) cos2(d,-d,)] (41) 

- (1/1536)k® [30(d, + d,) -45 sin (d,+d,) cos (d,-d,) +9 sin 2(d, +d,) cos2(d,-d,) 

~ sin 3(d, + d,) cos 3(d, - d,)], 

a and e are semimajor axis and eccentricity of the meridian ellipse, k = (e y1—e?/a) N, sing, 

(k = eg, the eccentricity of the great elliptic arc), d, is the vertex of the great elliptic arc as 

given by (21). d, = arc cos (N, sin¢,/N, sin ¢,), d, = arc cos (N, sin ¢,/N, sin d,). When 

go = 90°; equation (41) gives a meridian arc of the spheroid. When ¢, = 0, an arc of the 

equator or circle of radius a is given. Formula (41) thus consists of a circular arc and successive 

corrective terms. 

To examine the contribution of the terms in (41) take the case ¢d, = ¢.=0, do= 40% 

d, = d, = 90° which will give the semilength of the great ellipse making an angle of 45° with 

the equator. For the Clarke 1866 spheroid, e? = 6.768657997 x 1073, a = 6,378,206.4 meters. 

From (41) we have then 

lst term a x(d,+d,) = 20,037,773 meters 

2nd term —a x 2.65804 x 107° = — 16,954 meters 

3rd term ~a X 0.17 x 107° = — 11 meters 

4th term —a x 0.24 x 107° = - 0.015 meters 

When d, = 90, 6, = 6, = 0, d, + d, = 7, and (41) reduces to the usual formula for length of 

the semimeridian from equator to equator through the pole s=aa[1—-%e?-(3/64)e? -(5/256)e°---]. 
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GREAT ELLIPTIC ARC LENGTH IN TERMS OF PARAMETRIC LATITUDE 6 

Equation (41) gives the arc length, but the modulus k, d, and d,, and vertex ¢, must be 

expressed in terms of parametric latitude, 0, if the geographic latitudes ¢,, ¢, of the given 

points P,, P, have been first converted to parametric latitudes 6,, 0,. 

SN anny I Bee ee ae 
Ge) #2 a -e)'7 

k = (eV 1 —e?/a) Nosin go; 

d, = arc cos (N, sin ¢,/N, sin 4), d, = arc cos (N, sin d,/N, sin go), and the last 

The relationships tan ¢ = 

of equations (21) give 

e, =k=esin 0, , d, = arc cos (sin 6, /sin @,), d, = arc cos (sin 0,/sin 0), 

tan 6, = (tan?9, + tan’ @,— 2 tan 6, tan 6, cos AA)? /sin AA, 

whence 

sin @, = tan @/(1 + tan’6,) ””, (42) 

: tan’9, + tan 70, — 2 tan@, tan@, cosAX it 

ae SESS 

Equations (41) and (42) give then the arc length along the great elliptic arc when geographic 

latitudes have been converted to parametric latitudes. 

THE CHORD DISTANCE 

The chord distance between the points Q, (x,, O, z,), Q, (x2, yz, Z,) aS shown in Figures (13) 

and (14) is given by the usual distance formula where the coordinates may be expressed in 

terms of either ¢ or 0, that is from (1) 

x, = N, cos dy, y; = 0, z, = N, (1 - e”) sin ¢, (in terms of ¢) 

x, = N, cos ¢, cos AX, y, = N, cos ¢, sin Ad, z, = N, (1 - e”) sin d,, (43) 

or x, = acos 6,,y =0,z=a\V1-—e’ sin 9, (in terms of 6) 

x, = acos 6, cos AA, y, =a cos 6, sin AA, z,=aVl—e’sin 6, . 

Applying the distance formula to each set of formulas in (43) for coordinates one obtains (44) 

C =[(N, cos¢,-N, cos d, cos AA)? +N,?cos’h,sin?A d + (1—e?)?(N, sing,-N, sing,)")'7 

and in terms of 6 

C = al(cos 6, cos AX —cos 0,)? + cos?6, sin 7AA + (1—e?) (sin 6,- sin 0,)?]'7 (45) 

In (45), expand the quantities in the brackets combining terms to obtain - 

C = a[2-2 (sin @, sin 9,+cos 0,cos 6,cos AA) — e? (sin 6, — sin 0,)71” . (46) 

Now cos (d, + d,) = sin 0, sin 6,+ cos 6, cos @,cos AA and with sin 6,= sin 0, cos d,, 

sin 0, = sin 0, cos d,, k? = e’sin’@, from (42), equation (46) can be written 

C = a[2{1—-cos (d, + d,)} — k? (cos d, — cos deal (47) 
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With the identity (cos d, - cos d,)? = [1 - cos (d, + d,)] [1 - cos (d, - d,)], 

we can write (47) finally as 

Ge afi ~cos (d, + d,)} {2 —k?[1 = cos (d, -a.i] 2 

Now (48) gives the chord length no matter which latitude is used, ¢ or 6, since for ¢: 

d, = arc cos (N, sin di /No sin go), dz = arc cos (Nz sin d2/Nosin do), 

k? = [e?(1 — e”)/a@)] N,?sin’¢,; while for 6: 

d, = arc cos (sin 6, /sin 0,), d, = are cos (sin 0,/sin 0,), k*? =e?sin70,. Also (41) and (48) 

make it possible to prepare a computing form in terms of either ¢ or @ with corresponding 

azimuth forms from equations (12), (13), (15), (16), (17), (18). 

THE ANGLE BETWEEN THE CHORD AND THE HORIZON AT A GIVEN POINT OF THE 

ELLIPSOID 

Referring to Figure 13, it is seen that the angle § is determined by a perpendicular, u, 

from Q, upon the tangent at Q, and the chord c. That is sin B = u/c. 

Now the length of u is obtained by normalizing the equation of the tangent plane at Q,, 

equation (4), and substituting the coordinates of the point Q, from (1): 

1 
a [a2 - N,N, cos d, cos d, cos AA— (1 —e”) NN, sin d, sin ¢,]. 

We can express u in parametric latitude, 0, since (1 — e”) N,N, sin d, sin dy = 

a? sin 9, sin 9, N,N, cos d, cos d,= a cos 6, cos 02, N, = (a/V/1— &) V1 — e? cos? 6, , 

i.e. 

1 —(sin 6, sin 0, + cos 0, cos 0, cos Ad) 

Jl — e’cos’6, 

Referring to equation (46) and the discussion there, 

u=ayl —e* 

cos (d, + d,) = sin 6,sin 6, + cos 0, cos 6, cos Ad, 

sin 6, = sin 9, cos d,, k =e sin @ and (50) can be written in the form 

1 - cos (d, +d,) 
UR =P b= pee aE ee 

(1 - e? +k? cos?d,)*7 

Where b = a\/1 — e? is the minor semiaxis of the reference ellipsoid. From (48) and (51) 

we have then 
‘ 172 

ci ( (1 ~e?) [1 - cos (4, + d,)] ( 
sin Be 

c \i2 — k?{1 -— cos (d,-d,)}] (1 — e? + k* cos *,)) 

and thus sin B is expressed in the same quantities as the distance and chord lengths; see 

equations (41) and (48). 
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MAXIMUM SEPARATION OF CHORD AND ELLIPTIC ARC 

In Figure 14, H, is the maximum separation between the great elliptic arc and the chord. 

As shown, this occurs when the tangent to the ellipse is parallel to the chord. Also when 

this occurs the center of the ellipse, the midpoint of the chord, and the point P on the curve 

are collinear, [10]. Hence the geographic coordinates of the point P can be found from the 

intersection of the meridian through Q and the plane of the great elliptic section. 

The coordinates of Q, the midpoint of the chord Q,Q,, are 

“(a/2) (cos@, cos AA + cos 0,) 

Q < (a/2) (cos 6, sin AX) 

(b/2) (sin 6, + sin 6,) 

and the meridian through Q has the equation (cos 6, sin AA) x — (cos 0, + cos 6,cos AX) y=0. (53) 

The equation to the plane of the great elliptic arc in terms of parametric latitude is 

Ax + By +Cz=0, (54) 

A=btan 6, sin AA, B=b (tan 6, -tan 0, cos AX), C= —asin Ad 

(Compare equation (14), where it is in terms of geodetic latitude 4). Now the point P 

(a cos cos X, acos @ sin A, b sin @) on the the ellipsoid must satisfy both equations (53) 

and (54) if it is to be the required point P on the great elliptic arc. This leads to the 

equations cos §, sin AX cos A — (cos 6, + cos 8, cos AX) sin A= 0, 

A cosA+ BsinA+C tan 0=0, (55) 

where A, B, C are those of equation (54), 

Solving (55) for A and 6 find, 

: ( d = arc tan [(cos 6, sin AX)/(cos 6,cos AA + cos 6,)], 
(56) 

] [= 6, sin AX) cosd + (tan @,— tan 6, cos AX) sin “ 
9 = are tan | — AA | , 

sin AA 

ce @, oth hs ten G, fin (A= ) 
dea tn || ———— 

sin AA 

@ =arc tan [(sin 0, + sin 6,)/(cos’0, + cos’@, + 2 cos 0, cos @, cos Ady”). 

We have seen that 

cos (d, + d,) = sin 9, sin 0, + cos 0, cos 0, cos AA 
(57) 

sin 0, = sin 9, cos d,, sin 0,= sin 0, cos d, 

whence we can express 

cos 6, + cos?0, + 2cos 0, cos 0, cos AX = [1+cos (d,+d,)][2—sin70,{1+cos(d,-d,)}] , 

(sin 6,+sin 6,)? = sin’0, [1 + cos (d, + d,)] [1 + cos (d, - d,)] 
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and the last equation of (56) may be written 

sin 0, V1 + cos (d, - d,) 
acta) 

Vy 2—sin?6, [1+ cos (d,-d,)] . (58) 

It is known that H,? = PP’? will be given by H,” = [(y - y,) r - (z - z,) ql? + [(z - z,) p- 

(x - x,)r]? + [(x -x,)q-(y ~y,)pl?, where x,y,z, are coordinates of P; x,, y,, z, are co- (59) 

ordinates of Q, and p, q, r are direction cosines of the chord c = Q,Q,, [11]. See Figure 14. 

From (56) and (58) we can express the rectangular coordinates of P as 

cos 0,+ cos 0,cos AA a 

V2 1+ cos (d, + d,) 

: a cos @, sin AX 
6 Cs. 06m \s SS SS 

V2 V1+cos(d, +d,) (60) 

b sin 7,+ sin 0, 

V2 V1+cos (d,+d,) 

If the coordinates from (1) are converted to parametric latitude they will be Q, (a cos 4,, 

123 x =a cos 8 cos X= 

z=bsin@= 

O, b sin 0,); Q, (a cos 0, cos AA, acos 6, sin AX, b sin 6,) whence the direction cosines of 

the chord c = Q,Q, are 

a 
p =—(cos 0, cos AX — cos 6,) 

c 

a 
q =— cos 0, sin AX (61) 

c 

Pe (sin 0, — sin 0,) 

From (60) and the coordinates of Q, (a cos 6,, O, b sin 6,) we have 

a 
x-x,=— (cos 0, +cos 6,cosAX) —a cos 0, 

V2R, 
y -y, = (acos 9, sin AA)/V/2 R, (62) 

Z-Z,= —. (sin 6,4sin 6,)—b sin 0 VaR, 1 2 ST 

Where R, = \/1 + cos (d, + d,) = V2 cos %4(d, + d,). 

With the values from (61) and (62) the expression (59) is formed to give 

a? ( 9-R )? 

Hee suelo cos’6, cos,[b? (tan 70, +tan7@,—2 tan @,tan@, cosAd)+a’sin *A A] (63) 
c? R,? 
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Where R, = [1+ cos (d, + d,)I*/? = V2 cos %4(d, + d,). 

Using the relationships (42), (48), (57) equation (63) can be solved for H, in any of the 

following several forms: 

te b, (2-1 + cos (d, + d,) ea 

ken pls—Teos (dit=1ds))} 

2 ab, (ie 

c 

-))sn (distids)e 
te) 

2ab, 
= — sin 4(d, +d,) [1 - cos 4(d, + d,)], 

c 

Where R, = V1 + cos (d, +d,) = V2 cos '4(d, + d,) 

b, = V1 ~ k? = avV/1 - e,” = minor semiaxis of the great elliptic arc — see Figure 15. Thus 

H, is also expressed in quantities common with other elements of the great elliptic arc — see 

equations (41), (48), and (52). 

A COMPUTING FORM FOR GREAT ELLIPTIC ARC LENGTH AND ASSOCIATED ELEMENTS 

Since the computations to be discussed with the great elliptic arc approximation and the 

Andoyer-Lambert approximation both involve corrections to spherical elements, the basic spherical 

approximation is reviewed in Figure 16, and basic spherical formulae listed. 

Now from (42) write 

sin’ 0, = K/(K + 1), 

K = (A tan 6, + B tan 6,)/ sin? AX (65) 

A = tan 6, — tan 0, cos AX, B = tan 0, — tan 0,cos AX. (66) 

Azimuth equations (17) become 

cot aap- D, (R, - B), cot apa = D, (A - R,) 

D, = cos 0,/T, sin AA, D, = cos 0,/T, sin AA (67) 

R, = C/cos 6,, R,=-C/cos 4, 

C = e* (sin 6, - sin 0,) 

T, = (1-e? cos20,)/?,, T, = (1 - e? cos6,) 7? 

Equation (41) becomes 

spran (i Wnt Ws ta.) (68) 

where U, =-N, (H - Q,), U, = - N, (6H - 8Q, + Q,), 

U, = - N, (30H - 450, + 90, - Q,) 
k? = e? sin? 4, = e,” (eccentricity of the great elliptic arc). 
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~cos@i tan ge-singi cos A A 
cot A sin AX 

_cos gatangi-singecos AX 
coe sinAr 

cos(di+ dz)=singi singe+cosgicospzcosAA 

sin(di+dz2)=(cosgisinAA)/sin B=(cosgesinA A)/sinA 

singi=sin@ocos di , sin@z= singocos da 

NOTE:Qo may be external to QiQz2,ie.if either 

Aor B is greater than 90° 

Figure 16. Elements of polar spherical triangles. 
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N, = k?/4, N, = k*/128 = 1/8N,2, N, = k°/1536 = (1/3) N,No, 

Q, = sin H cos P, Q,= sin 2H cos 2P, Q, = sin 3H cos 3P, H=d, +d,, P=d, —d,. 

d, and d, are computed from 

cos 2d, = 2(1 - cos’0,)/sin70, - 1 

cos 2d, = 2(1 - cos 70,)/sin 79, - 1 

since cos’, and cos 76, are already needed for T, and T,, (67) above, and the use of sin *0, 

eliminates the computation of the square root of K/(K +1). A check is provided by 

sin (d, +, d,) = sin 0, sin 0, + cos 0, cos 0, cos AX. 

From (48) the equation of the chord may be written 

c = a(VW) ¥, V = (1 -cos H), W= 2-k’R, R = (1 - cos P). 

From (51) and (52) in terms of the symbols used above find 

u=bV/T, sin B=bV/cT, = ee 
1 

From (64) in terms of the above symbols find H, = 

ny Ne ES Ie e? sin 70. 

(69) 

(70) 

V 
pa (71) 
W 

2ab, 
(sin 4H) (1 - cos 4H), (72) 

c 

Figure 17, shows equations (65) through (72) arranged for computing and a computation 

performed on the line Moscow to Cape of Good Hope. On the form find the geodetic distance, 

the normal section azimuths, the chord distance, the angle between the chord and the horizon 

at P,, and the maximum separation of the chord and surface. The following table lists these 

values and gives a comparison with the distances computed by the rigorous Helmert method and 

the Andoyer-Lambert Approximation. Note that the geographic coordinates of the point 

P(,A) where the maximum chord separation from the surface occurs may be computed from (56), 

(58), and already computed quantities in Figure (17). 

MOSCOW TO CAPE OF GOOD HOPE 

DISTANCE AZIMUTHS 

n.m. Method 

10,102,069.91 5454.6814 Great Elliptic 

Meters 

Helmert 10,102,069.06 5454.6809 

10,102,065.28 5454.6789 Amdocs 
ambert 

CHORD DISTANCE 

(MAXIMUM CHORD SEPARATION) 

CHORD DEPRESSION ANGLE 

Forward 

15° 46" 56°744 

15° 49" 57"607 

15° 48° 17"674 

15° 48" 17.518 

meters 

9,068,419.05 

1,906,854.55 

45° 32' 37"462. 
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Back 

190° 39" 27"350 

190° 41° 291799 

Type 

Great Elliptic Section 

Normal Section 

190° 39' 32"208 Geodetic 

190° 39' 32"110 Geodetic 

n.m. 

4896.5546 

1029.6191 
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Figures 18 and 19 show the great elliptic arc formulae for distance arranged with geodetic 

azimuth formulae and the computations for distance and azimuth over the two lines 

(1) MOSCOW TO CAPE OF GOOD HOPE and (2) RAMEY AFB to MOUNTAIN HOME AFB. 

No square roots are involved and only eight place tables of trigonometric functions, as 

Peters, are needed in addition to the constants for a particular spheroid of reference. The 

comparison with the Helmert rigorous and Andoyer-Lambert approximation is: 

Line Distance(meters) Method Forward Az. Back Az. 

(1) 10,102,069.91 Great Elliptic Arc 15° 48" 17519 190° 39' 32"109 

10, 102,069.06 Helmert 15° 48' 17"674 190° 39' 32"208 

10,102,065.28 | Andoyer-Lambert 15° 48° 17"%518 190° 39' 32"110 

(2) 5,304,035.439 Great Elliptic Arc 131° 52" 341985 285° 10' 06"870 

5,304,032.437 Helmert 131° 52' 35%29 285° 10" 06"65 

5,304,030.844 Andoyer-Lambert 131° 52' 35"043 285° 10' 06"869 

REVIEW OF FORMER STUDIES 

The Air Force Aeronautical Charting and Information Center made an extensive study of 

the Inverse Problem of Geodesy (1956—1957), over lines 50 to 6000 miles, [12]. A review of 

this study indicates favorably the use of the so called Andoyer-Lambert Formulae relative 

to requirements for Hyperbolic Electronic Systems since (1) they give very nearly geodetic 

distance with about the same error over all lines from 50 to at least 6000 miles, (2) azimuths 

are within about a second of true geodetic azimuths over all lines, (3) no tabular data for a 

particular spheroid is needed, (4) the only table of mathematical functions required is a table 

of the natural trigonometric functions as Peters eight place tables, (5) no root extraction is 

involved in the computations. The formulae are thus quite adaptable to small electric desk 

calculators or larger high speed digital machines. However, in review it seemed unnecessary 

to convert geographic coordinates to parametric before making the computations, hence a 

series of computations were made over the ACIC chosen lines for direct comparison. A 

representative group from 50 to 6000 miles was selected and additional comparisons were 

made against two lines whose true geodetic lengths and azimuths were known. No lines of 

0° azimuth (meridional sections) were used because this is the trivial or limiting case and 

extensive tables of meridional distances for all reference ellipsoids are available or quite 

simple computation formulae are available for computing meridional arcs. The spherical 

formulae used are: 
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Spherical Formulae (see Figure 16) 

cos d= sin ¢, sin d, + cos gd, cos d,cos AA 

sin A = (cos ¢, sin AX)/sind, sin B = (cos ¢,sin AA)/sin d (73) 

cot A =(cos d, tan f,— sin d, cos AX)/sin AA 

cot B = (cos ¢, tan ¢, — sin ¢, cos AA)/sin AA 

sin d = (cos 4, sin AA)/sin B = (cos ¢, sin AA)/sin A. 

The Andoyer-Lambert correction [13] for distance is: 

sda ieee? (sin d, — sin d,)? + aie i (sin ¢, + sin d,)*| , (74) 
4) 1-cosd lt+cosd 

where d is spherical distance from (73) and s = a(d + 4d), f is the flattening, f = (a — b)/a, 

where a, b are the semiaxes of the reference ellipsoid (a is the radius of the auxiliary sphere). 

Now (73) and (74) are essentially the same as used for several years in Loran computations 

except for the conversion to parametric latitudes which is not required with these formulas. 

The only difference in the appearance of the formulas is in the term 3 sin d in (74) which is 

simply sin d in the formulae for parametric latitude, [14]. 

The corrections to the spherical angles A and B as given by (73) to get geodesic azimuths 

are, [13]: 

f d 
dA =- l cos’¢, sin 2B — cos’ ¢, sin 2A] ; 

2 sin d 
(75) 

f 
5B =— [ cos *$, sin 2B - — cos *d, sin 2a 3 

2 sin 

the geodetic azimuths being then 

= 180°- A+ dA, a = 180 +B + 6B. 
7AB BA 

The formulae as given by (73), (74), (75) were arranged in computing forms to make the 

check computations of the ACIC chosen lines. Note that the azimuths as given in the ACIC 

publications differ by 180° from the usual geodetic azimuths and the forward and back azimuths 

are interchanged from the conventions used in the check computations. The lines chosen are 

shown in TABLE 1, the comparisons are given in TABLES 2 and 3, while the actual computations 

are in Appendix 2. 
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TABLE 1 

LINES COMPUTED 

Terminus Origin Distance 

Lat Long Lat. Long. 

m~ 

Ps 

fo} 

N) I 

oO 

H 

i i 

fo} a " ° i} 

° 

40 18 40 30 37.757 17 19 43.280 

8 9 59 48.349 16 31 55.877 a 

0 8 69 48 ~05.701 9 37 28.637 

18 13 04 12.564 14 51 13.283 | 30 | 

18 73 35 09.206 3 26 35.101 [a0 

een 

tii ii 

= | os on | 

& “a — 

S | S 

50 

100 

200 

300 

400 

44 54 28.507 10 47 43.883 500 

= f=) 

— — 

35 18 45.644N 10202 29.370E] 6000 

4303 19.6 115 52 54.7 18 29 57.9 67 O07 30.3 3000 n.m 

33 5603.55 18 28 41.4E 55 45 19.5N 37 34 15.450E} 5500 n.m. 

1-10 From ACIC Reports 59 (page 39), 80 (page 23). 

45 

45 

45 

50 

10 — i) 

11 Ramey AFB to Mountain Home AFB, AFAC—TN—57—53, Astia Document 135972, 1957 

12 Cape of Good Hope to Moscow 
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INVESTIGATION OF HIGHER ORDER TERMS 

IN ANDOYER-LAMBERT APPROXIMATION 

*“State While either form of Andoyer-Lambert approximation is probably satisfactory in the 

of the art’’ in hyperbolic navigational systems development, the question arises as to the higher 

order terms in the flattening of the Andoyer-Lambert approximation and the possibility of a single 

set of formulae which will give distance within one meter and azimuth within one second over all 

geodetic lines on the spheroid. This would be a practical operational system particularly if it 

maintained the several attributes of the Andoyer-Lambert first order approximation. 

HISTORICAL 

Now Lambert, [13], never published his derivation but had equivalent formulae for a first 

order approximation several years before the publication posthumously in 1932 of Andoyer’s 

sketch, [15], of the derivation of the form as given in equation (74). Andoyer’s derivation 

employs a differential oblique spherical triangle and it is not clear how one would proceed to 

higher order terms in the flattening. It is believed that Andoyer’s derivation is the only 

recognized published one in existence. 

DERIVATION FROM THE GREAT ELLIPTIC ARC 

Independent derivations of the Andoyer-Lambert approximations were sought in the hopes of 

discovering a simple method of arriving at higher order terms in the flattening. It was noticed 

that the computations using the Andoyer-Lambert approximations; the ratios (d — sin d)/(1 + cos d), 

(d + sin d)/(1 — cos d) were being used in forming computational parameters, [16]. It was decided 

to try the ratios 

(sin 9, + sin 0,)?/(1 + cos d),(sin 6, — sin 6,)?/(1 ~ cos d) (76) 

with the hope of relating these to other parameters and identification of the Andoyer-Lambert 

approximations in some other extant series expansion as the great elliptic arc approximation. 

See equations (19) through (42). 

From equations (42) we have 

sin 0, = sin 9, cos d,, sin 6, = sin 9, cos d,. (77) 

From (77), by simple algebraic operations and trigonometric identities, we may express 

(76) as 

(sin 6, + sin 0,)?/(1 + cos d) = 2 sin’ @, cos’ 4(d, + d,) 

(sin 9, — sin 0,)7/(1 — cos d) = 2 sin’@, sin” %4(d, + d,), ; (78) 
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where d = d, — d,. 

From (78) by adding and subtracting respective members, we write 

(sin 0, + sin 9,)? (sin 0, — sin 6,)? 
= + = i, = Dt @ (79) 

1 +cosd l-cosd l 

(sin 6, + sin 0,)? (sin 6, — sin 0,)? 
eae a A goes oe sarc 2[sin76, cos (d, + d,)], 

l+cosd 1—cosd 

where d = d, - d,. 

The Andoyer-Lambert forms can now be written in terms of X and Y of (79) as 

S = ald - (£/4) (Xd - Y sin d)], 

S = ald — (f/4) (Xd - 38Y sin d)], (80) 

where in the second equation, the geodetic latitude, 4, is used in forming the X and Y of 

(79). 

If in the expansion of the great elliptic arc, equation (41), we place d, = to -d,, and then 

d=d,-d,, k =e sin 0,, we obtain as far as sixth order terms in e: 

S=a [d—% ec? sin20,[d— sin d cos (d, +d,)] 

- (1/128)e* sin*9,[ 6d - 8 sin d cos (d, + d,) + sin2d cos 2(d, + d,)] (81) 

— (1/1536)e® sin, E - 45 sin d cos (d, +d,) +9 sin 2d cos 2(d, + fl 

- sin 3d cos 3(d, +d,) 

Using relations (79), equation (81) can be written: 

S=a [d - (e?/8) (Xd - Y sin d) 

- (e*/512) [(6d - sin 2d) X? - 8(sin d) XY + 2(sin 2d) Y7] (82) 

- (e°/12,288) ie = 3 sin 2d) X* - 3(J5 sin d = sin 3d) | 
+ 18(sin 2d) XY? - 4(sin 3d) Y? 

Note in (82) that if all terms above the first power in f are ignored (e* = 2f) equation (82) reduces 

directly to the Andoyer-Lambert form as given by the first of (80). Now it is known that the 

difference in lengths of the great elliptic arc and the geodesic is of 4th order in e, [17], but the 

6th order term will be useful for comparison later in the investigation. 

DERIVATION FROM MODIFIED DIFFERENTIAL EQUATIONS 

The corresponding differential triangles, auxiliary sphere, spheroid, where geodetic latitude 

has been converted to parametric are, as abstracted from Figure (20): 
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aD dd ad@ ds geodesic great 

circle 

parallel] 

A ara GDN a cos OdA 

and since a, = ay (property of geodesics on surfaces of revolution, i. e. r sin a, =r sin Ay, 

r=a cos 6),ds/aDéd = a(1 - e? cos’6)? d0/ad@ = (1 - e? cos?6)'/?, which may be written 

Ba Al R= ae : igen = Patio i pea]. (83) 
1 

If (83) also represents the equator, then 5d = 0, when 0 = 6, = 0. Hence we add to the 

integrand 1 —(l —e’ cos 29,)*?? to get 

S = a(d + &d) = alia + falia - e? cos? @)'/? = (1 - e? cos’0,) 72) Dba | : (84) 

and we note that when 9 = 9, = 0, 6d = 0; when 06= 0,, s=d = Sd= 0; when 4, = 7/2, d, = 0; 

d, = 0,, Déd = dé, d = 6,— 0, then (84) represents the meridian. 

Expanding (84) to 6th order terms in e, find 

S=a d - (e?7/2) (1 + e?/2 + 3e*/8) fee (sin?0, - sin?9) Déd 

+ (e*/8) (1 + 3e?/2) f (sin “6, - sin*) DSd (85) 
1 

_ (e5/16) i (sin 6, - sin°6) Dod 
1 

Now from (77), sin 9 = sin 0, cos d, 

sin76, 
(1 + cos 2d). (86) sin*9 = sin?4, cos’d = 

The value of sin’6 from (86) placed in (85) and the resulting integrations performed with 

respect to d, leads to expressions in powers of the right hand quantities in (79) so that (85) 

may be written finally as 

TAL 

a(1~e?co0s?@)'/2 d@ 



S=a | d-@7/8) (1 + e7/2 + 3e*/8) (Xd - Y sin d) 

- (e*/512) (1 + 3e?/2) [= (10d + sin 2d) X? + 8(sin d) a 
+ 2(sin 2d) Y? 

— (e°/12,288) |3(22d + 3sin 2d) X* - 3(15 sin d - sin 3d) X?Y 

-18(sin 2d) XY? - 4(sin a 

Again if all terms above first order in f (e* = 2f) in (87) are ignored then the first two terms of 

(87) represent the Andoyer-Lambert form as given by the first of equations (80). 

For the case where geographic latitudes, ¢, are not first converted to parametric, but are 

considered spherical, the corresponding differential right triangles are: 

=) 
aq 

great 

circle add geodesic Rdg 

UeIpriaw parallel parallel 

acos ddA N cos ddA 

We have for the approximation 

Rd¢ = ds cos a 
8 

2 20 
Déd 

ds = RD8d = a(1 —e?) (1 - e? sin’*d)-*” D&d. 

? 
Rd¢ = ds aaa 3 placing cos a, = cosa, = 

Cc 

(88) 

If (88) represents the equator, then when ¢ = 0, ds = aDdd. Hence add e” cos, to the 

integrand of (88), to obtain 

(ds/a) = [1 - e?) (1 - e? sin?d)7?7 + e? cosh] DSd. (89) 

Note the following for (89): When ¢ = ¢, = 0, ds = aD&d; when ¢, = 7/2, Déd = dd, 

equation (89) will represent the meridian. 

Expanding (89) to 6th order terms in e get 

(ds/a) =| 1 + (3/2)e* sin’ + (15/8)e* sin*d + (35/16)e° sin°d) Déd (90) 

— e7[1 + (3/2)e” sin’d + (15/8)e* sin*d] + e2(1 -sin¢,) 

which may be written in the integral form 

72 

(87) 



Sea || doj) ie (2 sin *¢, - 3 sin’d) Déd 

d, 
1 

- (5e°/16) ine sin’f(6 - 7 sin’d) Ddd 
1 

(91) 
- (3e*/8) i sin’?¢(4 - 5 sin’d) Déd 

+2 
From (77), with @ replaced by ¢, we have sind = ae (1+ cos 2d), and with the aid of 

trigonometric identities we can find expressions for sin*¢ and sin°d, i.e. 

+2 

sin’*¢ = ual (1 + cos 2d), 

sind, 
sin*d = areae (3 + 4 cos 2d + cos 4d), (92) 

sin’, 
sin’¢ = (10 + 15 cos 2d + 6 cos 4d + cos 6d). 

The values of sin 74, sin* d, sin°d from (92) placed in (91) give (93) 

S=a |d-(e7/4) sin’d, f d, (1 — 3 cos 2d) Déd 
d, 

A Qo 9) d, * 2 - (3e*/64) sin 74, J he - 15 sin’$,) + (16 - 20 sin’d,) cos 2d] Dédd 

: -5 sin *¢, cos 4d 

- (5e°/512) sin*d, ie (72 - 70 sin’d,) + (96 - 105 sin?d,) cos 2d 

+ (24 - 42 sin*g,) cos 4d Déd 

- 7 sin’, cos 6d 

Integration of (93) with respect to d leads to: (04) 

S=a d — (e2/4) {d [sin?¢,] — 3 sin d [ sin’, cos (d, + d,)}} 

- (3e4/128) | 32d [sin?,! — 30d [sin?,]? + 32 sin d [sin’¢, cos (d, + d,)] 

- 40 sin d [sin? 4, ] [sin?¢, cos (d, + d,)] 

- 10 sin 2d [sin2, cos (d, + d,)]? + 5 sin 2d [sin’ 4, ]* 

- (5e°/1536) | 216d [sin?d, ]? — 210d [sin?¢,]*+ 288 sin d[sin’ Jo] (sin, cos (d,+d,)] 

-315 sin d[sin2¢,]? [sin2f, cos (d, +d,)]+72 sin 2d[sin*¢, cos (d,+d,)]” 

~126 sin 2d[sin7¢,] [sin?f, cos (d, + d,)]?~36 sin 2d[sin’ Jo]? 

+63 sin 2d [sin?d,]°- 28 sin 3d [sin “cos (d, + d,)]° 

+ 21 sin 3d [sinf,]? [sin’, cos (d, + d2)] 
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From (79), with 6 replaced by ¢, we have 

(sin fd, + sin ¢,)* (sin d, — sin ¢,)” 
he = 2[sin’*d,], (95) 

1+cosd l-—cosd im 

7 (sin do + sin d,)? (sin d, — sin ¢,)? 
= 2[sin?d, cos (d, + d,)]. 

1+cosd l1—cosd Bp ; ‘ 

Substituting from (95) in (94) we obtain finally 

S=a | d-—(e?/8) (Xd - 3Y sin d) 

— (3e*/512) cs + Y sin d) + (5 sin 2d - 30d) X? (96) 

- 40 (sin d) XY - 10 (sin 2d) Y? 

- (5e°/12,288) (432d - 72 sin 2d) X? +576 (sin d) XY - 144 (sin 2d) Y? 

+ (63 sin 2d - 210 d) X* + (21 sin 3d - 315 sin d) X’Y 

- 126 (sin 2d) XY? - 28(sin 3d) Y° 

If, in (96), we place e* = 2f, ignoring all terms above first order in f, one obtains the second 

of equations (80), or the Andoyer-Lambert approximation in terms of geodetic latitude, ¢. 

Now the Andoyer-Lambert forms can be obtained from other modifications of differential 

equations. For instance if the differential for arc length along the geodesic is taken in the form, 

[8] page 64, 

ds = (N? cos?/N, cos gy) dA, N =a/(1 —e? sin’) /?; (97) 

if the differential of arc length from (84), after converting to geodetic latitude is written 

ds =[(l-e 2 sin’)? - (l-e? sin’¢,)"¥7] Déd; (98) 

and if (97) and (98) are combined with the relationship dA = = (sin a,/cos ¢) Déd = (cos ¢/cos*d) Déd 

from the differential right triangles above with 0 replaced by ¢, one can write 

(ds/a) = Dod + [(1 - e? sin’f )*! (1 - e? sin?) 1 
| Déd 99 

ah —e2)/2 (eres sin?)~ 1/7 (1 -—e?’sin Fave 09) 

Expanding the expressions in (99) to first order terms in f, e* = 2f, equation (99) can be written 

in the integral form 

S=ald-f pe (2 sin’*d, — 3 sin? d) Déd]. (100) 
d 1 

Comparison of equations (100) and (91) (with e? = 2f) shows that (100) will again give the 

second of equations (80) or the Andoyer-Lambert Approximation in terms of geodetic latitude. 
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DERIVATIONS FROM EXPANSIONS OF FORSYTH 

In reviewing the literature on geodetic computation one finds that A. R. Forsyth, [18], as 

early as 1895 had given some series expansions for geodetic arc length in terms of the flattening 

and certain spherical and elliptic parameters. On page 120 of his treatise one finds the expression 

S,,/a =v{—vi- 4c (vy — vy) + (1/8) e(sin 2v7- sin 2v,) . (101) 

Now the correspondences between the parameters as used by Forsyth in deriving (101) and 

those used above in this investigation are to first order in f: 

vz, = d,, vy = d,, vy -v,;=d, —d, =d, c = 2f sin? 6, 

sin 2vy— sin 2v, = sin 2d, — sin 2d, = 2 sin (d, — d,) cos (d, + d,) = 2 sin d cos (d, + d,) 

so that equation (101) becomes equivalently 

S = afd = (6/9) isn] = Sind (SRE, cos Gh dN} 

which in turn by means of relations (79) can be written S = ald — (f/4) (Xd ~ Y sin d)], and 

identified as the first Andoyer-Lambert form of equations (80). 

On page 116 of Forsyth’s treatise one finds the expression 

S,/a = ¥,—v, + &{(3/4) cos? a, (sin 2v, — sin 2v,) — (%4) (v,— v,) cos? a, } 

+ &? |(%) (v.- v,)* cos*a,sin*a,sin dy sin dz/sin 24, 

+ (v, — v,) (1/16) cos* a, + cos ay sina, | (102) 

*2 | 4 (3/8) sin'a, cos?a, (sin 26/ — sin 24/) 

— (3/4) cosa, sin’a, (sin 2v, — sin 2y,) 

*] + (23/64) cos*a, (sin 4v, — sin 4v,) 

Now the equivalent relationships between Forsyth’s parameters as used in (102) and the ones 

used in this investigation are: 

Vd ve = (dos Vz = ds —d, — dy G—= tl) — dis loi do, 

2dho = b, — by = d2- 1 = &» — Ay = AA, cos Gy = cot dp tan d,= cos dg cos d, sec gy 

sin ¢, = sin d, sec ¢,, cos d; = cot dy tan d, = cos dy cos d, sec dy (103) 

sin d, = sin d, sec ¢,, cos v,= cos d,= sin ¢,/sin do, 

cos vy, = cosd,=sin ¢,/sin do, Gina — po, the relationship sin a,sin (1, — 4) 

=cos l, cos 1, sin 24, given on pages 106, 121 of Forsyth, [18], 

becomes cos ¢, sin d = cos ¢, cos d, sin AX in the notation of this investigation. 
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Assurance that Forsyth’s a, is the complement of the geodetic latitude, ¢,, of the great 

elliptic arc is found from his expression, [18] page 106, which is 

tan a) = sin 2 ¢,/ {(tan 1, + tan 1,)? - 4 tan 1, tan 1, cos’, }!”. 

With equivalent substitutions from (103) and some trigonometric identities it will transform into 

tan df, = (tan?, + tan, — 2 tan d, tan d, cos AA)'/?/sin AX 

which defines the vertex of the great elliptic arc. See equations (21) of this investigation. 

A cursory check of the equations just preceding (102) in Forsyth’s treatise revealed that 

the numerical coefficient of the second order term *1 in (102) should be 15/64 instead of 23/64. 

Then by use of relations (103) and (95) it was found that (102) could be written as 

S=a|d- (f/4) (Xd - 8Y sin d) 
5 5 é 2 f (104) 

a8 (2/128) (AXE SB ar OK DIYicate Hp XeVart a EUNeert lax) 

where A = 64d + 16d? cot d, B = 96 sind + 16 d* esc d - 48 sin*AA ese d, C = 30d +15 sin 2d 

+ 8d? cot d + 12 sin? AAcot d, D = 30 sin 2d, E = 48 sin d + 8d? csc d - 36 sin?AA csc d, 

F = 6 sin?AA csc d, G=6 sin?AAQ cot d. 

Note that the first two terms of (104) are exactly the Andoyer-Lambert form given by the 

second of equations (80). But we apparently also have the second order term in the flattening. 

Thus, Forsyth had both so-called Andoyer-Lambert approximation forms as early as 1895 but 

they had not been recognized as such. 

Equation (104) was used to compute several lines of known lengths. On those in which the 

term *2 of (102) was small, an improvement would be obtained by including the second order 

terms. On others, the error introduced would outweigh the first order correction, which could 

mean, since equation (104) is a power series in f, that the coefficient of the second order term in 

f is erroneous. Now examination of the second order terms of equations (82) and (96) shows no 

cubic terms in X and Y as are found in the second order term of (104). Hence Forsyth’s paper 

[18], was reworked from the beginning and it was found that indeed the term *2 in (102) actually 

vanishes and reaffirmation was also made that the numerical coefficient of the term *1 of (102) 

should be 15/64 rather than 23/64. These errors are the result of carrying throughout the 

derivation the numerical factor 9/32 in the last term of the expression for 6, [18], section 17, 

page 98, when it should be 3/32. This affects the approximation equation for tan ®, section 22, 

page 104. In the last term, the factor —7 sin *a should be +5 sin 7a. This continues to be reflected 

through section 27, pages 111 to 115, until the term is actually seen to vanish in collecting the 

terms together on page 115. Also on page 115, omission of a factor % in use of a trigonometric 

identity in the third line from the bottom gave the printed value % for the numerical coefficient of 
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cos “a, sin 4 when it should be 1/8. This leads in turn to the printed value 23/64 as given on 

page 116 when it should be 15/64. 

After the two errors in Forsyth’s second order term in f had been detected, two papers were 

found which are concerned with the Forsyth derivation, Wassef 1948, [19], and Gougenheim 1950, 

[20]. Wassef purports to give the corrected version of Forsyth’s second order term but he includes 

the term *2 in (102) and he gives 15/23 for the numerical coefficient of *1 in (102). Hence Wassef’s 

results are erroneous and useless. Gougenheim, unaware of Forsyth’s work, had developed his 

formulae independently and he has the term *2 in (102) missing in his derivation and the correct 

numerical coefficient 15/64 for *1 of (102). His formula for the second order term is (in the 

notation of Forsyth) 

2 (105) 
(v, — Vy) 

a ee — (1/2) ————___ cosa, sin’ay + (1/16) (v, — 4) (cosa, + 15 cos7aysin’a) 
cot v,— cot 1, 

— (3/4) cos’a, sin’a, (sin 2v, — sin 2v,) 

+ (15/64) cos‘*a, (sin 4v, — sin 4, ) 

Since the last two terms of (105) are the same as the last two of (102), as corrected, we have 

only to show that 

(1/16) cos*a, + cos’a, sin 7a, = (1/16) (cos’a, + 15 cos*ay sin’ ay), 
(106) 

1/(cot v, — cot vz) = (sin ay sin J, sin dz)/sin 2,. 

Writing the right member of the first of (106) as 

(1/16) cos?a, + (15/16) cos7ay sin’a, + (1/16) cos*a, —(1/16) cos*a, (1 - sin *a,) 

= (1/16) cos*a, + (1/16) cosa, + (15/16) cosa, sin “a, 

- (1/16) cos?a, + (1/16) cos’ay sin 7a, 

= (1/16) cos*a, + cos’a, sin7ay. 

From relations (103) we have 

sin a, sin (v, — v,) = cos 1, cos], sin 24, or 

sin a cos l, cos 1, 

sin 2d, i sin (v, — v,) (107) 

: { cos |, sin Jj cos |, sin dy 
sin a) sin @; sin @3 cos l, sing{- cos |, sin dy Tar sine 6 Sine 

Gin Day nulls & GAN yeesraS Goa bh Soy cot v, — cot vz 
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From pages 111, 117 of Forsyth find: 

tan ¢, sin a, = tan 1,, cos ¢, = tan a, tan l,, cos v, cos a, = sin l,, 

tan ¢, sin a,)= tan vz, cos d= tan a, tan |,, cos v, cos a, = sin l,, 

whence 

cos l, sin dy sin |, 
e = ale (108) 

sin yy COS Vy COS Gy 

cos |, sin dy sin |, 
———— - =r 

sin Vv, COS 1, COS ay 

The values from (108) placed in (107) prove the second of (106) and thus Gougenheim’s paper 

provides an independent check of the corrections given here to Forsyth’s second order term. 

Gougenheim also gave formulae for azimuths, convergence of the meridians, and difference in 

longitude between the spheroidal and spherical (elliptical) vertices of geodesics in terms of the 

same variables. The importance of Gougenheim’s work has not been recognized. He has had a 

correct expansion including the second order term in the flattening, in print since 1950. 

THE FORSYTH-ANDOYER-LAMBERT TYPE APPROXIMATION IN GEODETIC LATITUDE WITH 

SECOND ORDER TERMS 

With the corrections to (102), i.e. with the numerical coefficient of *1 as 15/64 and the term 

*2 omitted, equation (102) may be written, with relations (103) and (95), as 

S = ald - (f/4) (Xd - 3Y sin d ) + (f7/128) (AX + BY + CX? + DXY + EY’)], (109) 

where a, f are the semimajor axis and flattening of the reference ellipsoid; d is the spherical 

distance between the points P, (,, A1,), P, (62, Az) on the ellipsoid given by some spherical 

formula as cos d = sin d, sin d, + cos d, cos ¢, cos AX; ¢ is geodetic latitude, d is longitude, 

AX =A,-—A,; A = 64d + 16d? cot d, D = 48 sin d + 8d’ csc d, B = ~ 2D, E = 30 sin 2d, 

(sin J, + sin g,)* | (sin dy - sin 4.) 
= —(30d + 8d? cot d + E/2), X = —————————_ + ——————__ 

1+cosd 1-cosd 

(sin + sin d,)? (sin — sin ¢,)” 
Y= Sen OU EUS = gE ease ; d= d,-d,, where d, and d, are spherical distances 

1+cosd l-cosd 

from the vertex of the great elliptic arc to the points P, (f,, Ax), Pz (da, Az). 

Now by factoring sin d out of every term of (109) and using the azimuth formulae as given by 

Lambert, [13], we can, by means of trigonometric identities, arrange equations (109) in a form 

more convenient for computing as follows: 
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Given on the reference ellipsoid the points P, (f,, A,), P, (¢,,A2), d is geodetic latitude, 

d is longitude, P, is west of P, with west longitudes considered positive. 

With f= (1/2) (hb: + $2), Adm = (1/2) (ha - G1), AX = Ap — Ay, AA, = (1/2) AA; 

Let: k=sin ¢ cos Ad,,, K = sin Ad, cos dy» 

H = cos 7A¢,, - sin 74, = cos *4,, — sin 7A¢,, ; 

L=sin Ad, + H sin *AA | = sin?(d/2), 1- L = cos*(d/2), cos d= 1- 2L, t = sin *d=4L(1-L), 

U2 BEG Slb)s Wis AS Abs We WW WS SW, 

T = d/sin d=1+(t/6) + 3(t7/40) + 5(t?/112) +35(t*/1152) + 63 (t°/2816) +----- ’ 

B= 30 cos d, A = 47 (8 + TE/15), D = 466 + T’), B= - 2D, C= T- (A +E), (110) 

S=asin d(T - (f/4) (TX — 3Y) + (f7/64) {X(A + CX) + Y (B + EY) + DXY 3]; 

sin (a, +a,) =(K sin AA)/L, sin (a, - a,) = (k sin AA)/(1 - L) 

(4%) (Sa, + Sa,) = — (f/2) H (T + 1) sin (a, +a,), (%) (Sa, — 6a,) = —(£/2) H(T— 1) sin (a,~a,), 

Cre Gh WF Oem yp Chen = CH a eo 

Note that the quantities H, T, L, k, K enter into both distance and azimuth formulas. 

Figure (21) shows an arrangement of equations (110) for desk computing using an ordinary 

ten bank electrig desk calculator and Peters eight place tables of trigonometric functions. It 

is arranged to show the contribution of both the first and second order terms in the flattening. 

Table 4 summarizes the results of computations over 17 lines of known lengths and 

azimuths. The computations are given in Appendix 3. Part of these lines were used in the 

computations of Appendix 2. The first 1] lines are from two ACIC publications [12], lines 12 

through 17 are Coast and Geodetic Survey specially computed lines, [22]. 

Note that all distances are within one meter and azimuths are within one second which 

was the objective since this is adequate for any operational requirement. Other advantages 

are (1) no conversion to parametric latitudes, (2) no square root calculation, (3) for desk 

computers the only tabular data required is a table of the natural trigonometric functions as 

Peters eight place tables, (4) the formulas are adaptable to high speed computers, (5) about 

the same accuracy is obtained over all lines in all azimuths and latitudes. 

EXPANSION TO SECOND ORDER TERMS IN f USING PARAMETRIC LATITUDE 

Forsyth [18], gave an expansion of the geodesic to first order in the elliptic modulus 

c = (e? cos?a)/(1 — e? sin?a) where a is the complement of the parametric latitude of the vertex 

of the geodesic. (See pages 118—120 of his treatise). We will follow the Forsyth method and 
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DISTANEE COMPUTING FORM, FORSYTH-ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f?/64 = 0.1795720390 x 107° 

1 radian = 206,264.8062 seconds 

ob GQ V3 B20 ea Mie SEF BLO 

Oy fl. 2b Wb > HAWAULT Vy Mee OL. GSO 

dm= 2h + Po) LE La L097 2. Always west of 1. AA=2,-A, 1 kf 09.0 

Abn = 2(b2- 41) CrP LOD WINGS N= WNP KA LS 

sin bm 4+-£6LZ6L70 sin Adn BM OTIS 2 sin AX Ce GUE GSLOIE 

cos CeO cos Nb, 2 LPF OGEGT sin An, Z: OIL IB FEE _ 

cui hems A eeOO MES LE en beset ee AES) 
H = cos?A¢,,— sin’, = cos’, ~ sin’Ad,, F: MIF IIE 5O T=) Ae2os2785m 
Ty SSS ASEAN RAZ ep lool, eNOS OE 
da A SLI FEZ BBS Ban eo LOSE. PV fl. LOLOL LEEE. 

Ve2k? (11) -LLGIZFELE_\ 02), t. OSTBMBHYOP 39) cog § ELZIIEEBISB 
tie EL OLOILES) paty p BOLE oy Ga) PL GIES 

AqaT(g+ET 154403727803 C7 unre) -LEIIISSIES 3-9 -62. 904 LIFT 
X(A+Cx) tH LELEET GEL Y(B+EY) 7% 165 (3623 DXY +1465 126406 

(Tx-3y) 7-080 73 ZG af = - (£/4) (TX-3y) HE POL EXO 7 
qa asus Va NOT AETACLO) ta S,=a sin d(T+6f) &, 466, OI4. 26 meters 

S =X(A4CX)+Y(B+EY)+DXY 2.968 S7SS pp_.(pjosyy LF. C/ZF KIO 77 
Trat+or tL, I677E5F6 S,=a sin d(T+8!+ 5!) iy A 4 meters 

Sin G een (aha Wty ae 2D SUA a,ta, SIS ° t's" 97 
Bit Gye Sint NN) (SE) teach ee ee ec Pepe Gone Yin OTOL 
M4(8a, + 6a,)=~(E/2)H(T +1) sin (az+a,) 2. PIB OREUEKIO~* 55, - Mel PUTER & tg? 

Vs (Say da,) =~ (f/2) H(T-1) sin (a,—a,) ~2-SSVZCLMWIXO~* 5a, -1,2I93 685298 X10 3 
fo} 

a, (OF SI SH018 Genie 6S 4/ 25179 

ee 280 a A 4.466 
ee LOS EO COKE ne AES EE VO2UE 

@,-2 = a, + Oa, Qz-, = A, + daz 

Figure 21. 
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TABLE 4 

Summary of Computations 

Computed Length 
Approx. True P 6 True Computed 

No. Lat. Az. Length SHO) SOO) SoS Bs Azimuths Azimuths 

S(Meters) Meters Meters Meters Meters’ o ' o} fo} fo} ' 

ol ol oe ie ed na eer 1| 40 | 45| 80,466.49] 67.25| 67.02] + 0.76| + 0.53 

ll ol See El 2| 10 160,932.96 | 32.99] 32.96 | + 0.03 ee 270 0 0 00.02 
97 52 01.06 01.11 

321,865.91| 62.98| 65.64] — 2.93 3] 20 — 0.27] 269 59 59.95 |270 00 00.03 Pall cal loaf oe eae 4 45 | _482,798.87| 94.74| 99.23] — 4.13] + 0.36 a[ me ol al al ER 45 | 643,732.43] 27.96] 32.44] - 4.47| + 0.01 El sfa| ma cael clade 804,664.78} 65.22| 65.10] + 0.44] + 0.32 Cle ne ol oe lee 45 | 804,664.77| 66.62| 64.75 | + 1.95| — 0.02 ed le cee 70 | 45 | 1,609,329.06| 15.61] 29.04] -13.45| - 0.02 

eR A Deo able acersa esi 40 4,827,984.25| 83.17] 85.09| - 1.08] + 0.84 

wl al eared Mises hele eee 10] 40 | 45 | 9,655,969.75| 72.49] 70.13] + 2.74] + 0.38 

10 

5} 70 

10 

a 

159 54 37.21 37.78 

ll 70 | 90 | 9,655,977.15| 63.63] 77.01 | -13.52| — 0.14] 270 00 00.02 00.81 

599, ; 260 17 09.79 09.78 

WA 70) || 600,000.00} 995.26} 000.24 | -— 4.74] + 0.24] 95 0 0 | 94 59 59.93 

> 0 

+ 0.56] + 0.23 

600 

13 50 | 900,000.00] 000.56} 000.23 

al sed ope | 

ff owallnalsal aa fsbenat ae 15 35 | 1,232,647.21| 652.17| 647.21 | + 4.96 

J apa ES 8,466,621.01| 618.26] 621.11 | - 2.75] + 0.10] 265 37 10.59 1G} E2O RO 

15 48 17.67 16.94 

17| 55 J15 |10,102,069.06| 057.93) 069.86 | -11.13} + 0.80] 190 39 32.21 31.45 
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extend the results to second order in c and subsequently to second order in f since c can be 

expressed as a series in f. 

The quantities needed to achieve the approximation are found in or derived from the results 

of Forsyth’s work, pages 86, 97-105. We list them here for reference in the development. 

@=$+5u’secatanall+ (1-6 tan’a)] llla 

u“=p’+eU+c?V 111b 

b=¢°+¢0+c?¥ lllc 

a=a+cAcota,+cB 1lld 

2 

enu=cosu’{l—- ce sin*u’— = sin7u’(7 + 4 cos’u 9} llle 

c = (e? cos’a)/(1 - e? sin’a), e* = 2f — f?, e* = 4f? 

c = 2f cos’a + f? cos’a (3 — 4 cos’a) 111f 

cos 0=cnucosa lllg 

tan ® = tan u’csc a [1+ Ye + (1/64) c? (9 - 2 sin*y“— 4 tan 7a,)] 11lh 

eae (1 - e? sin2a)!” E(u) 
a 

= u’+ 7 [sin Dug (lee 2itance) kul ue 

2 

+= [sin 4du’+ 4 sin 2u’(1 — 2 tan2a) + {8 tan2a (1 + 3 tan’a) ~ 3} u’] 

sina=sina,[l1+cA cot?a, + c? cot a, (B — 4A? cot a,)] 111j 

cos a=cos a, [l1-c A -— cc? tan a (B + %A? cot?a, )] 111k 

tan a =tan a, [1+cA csc 7a, +c? csc’a, (A? + B tana,)] 111m 

seca=seca,[l+cA+c? tana, (B+ A’ cot a {1+ %cot’a,})] 1lln 

esc a=csca,l1—c A cot? a, —c? cot a, {B — 4A’ cot ay (1 + 2 cot ay) §] lllo 

sin u’= sin v’[1+c U cot v’+ c? (V cot v“— U?/2)] 1llp 

cos u’=cos v*[1—c U tanv’-c? (V tan v’*+ U?/2)] lllq 

tan u’=tan v’+ c U sec? v’+c’ sec’ v(V + U’ tanv) 1llr 

sin 2u’= sin 2v“(1 + 2c U cot 2v’) (to first order in c) 

tan #’=tan v’ csc ay, 1 + tan*v’ csc “ay = sec *p” llls 

=—(A cot v’+ (1/8) sin 2v’), A=— (v’/2) tan 4, tan v” 
l1lt 

0. + (v’/2) sin aysec?a, =—A csc7a, cot fd” 
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In these formulas, a, is the complement of the parametric latitude of the vertex of the great 

elliptic arc. To see this, find on page 119 of Forsyth, the expression 

sina, = (tan ¢,)/[(p sec *d,— 1) (p’ sec * dy + vr’, 

where p = sin’ 4(0, + @,)/ sin 0, sin 0, (112) 

p’=cos* (6, + @,)/sin 6, sin 0, 

Now replace Forsyth’s @, and 6, by 90 — 6,, 90 — @, respectively and his 6, by AA/2. 

Then find: 

tan do = tan (AX/2) = (1 — cos AA)/ sin AX 

p sec 7) — 1=[(1 -— cos AA)/sin?Ad] (1 + sec 0, sec 6, — tan 6, tan 6,) - 1 (113) 

p’sec *f, + 1 =[(1- cos AA)/sin* Ad] (- 1+ sec 6, sec 0, + tan O, tan @,) + 1 

The values from (113) placed in (112) give 

sin a, = sin Ad/(tan70, + tan 70, — 2 tan 0, tan 6, cos AX + sin? AA)? (114) 

Now the right member of (114) is cos 0, where 0, is the parametric latitude of the vertex 

of the great elliptic arc [17] . (See also GEODESICS AND PLANE ARCS ON AN OBLATE 

SPHEROID, L. E. Ward, American Mathematical Monthly, Aug.—Sept., 1943 page 427). 

From llla, 111b, 111c, 111m, 111n we have, retaining terms to c” inclusive: 

Boe se (Or sec a,tan ay) (115) 

+c7[W +% sec a, tan a,{U + Av’(1 + esc’a,) + (1/8) v*(1 - 6 tan’ a, )}] 

If R, S are the coefficients respectively of c and c” in (115), then 

tan ® = tan f6’+c sec *f’ R+ c*? sec?d’(S + R’ tan d”) (116) 

With the values of R and S from (115) and the values of 1 + (v“/2) sec a, tan a,and U 

from 11lt, cot ’ from 111s, we can write (116) as 

tan ® = tan d’—c A cot y’csc aysec dp” (117) 

+c? sec*h’ |W+ A cot vy’ csc*a, 

+¥% sin a,sec’a,| Alv’(1 + esc7a,) — cot v* | 

[ (1/8) sin 2v+4 (1 ~ 6 tan 4 

83 



From 111h, 11lo, 111r we write a second formula for tan ®: 

tan ® = tan y’csc a, — cA (csc *v" + cot7a,) tan v’ csc a, 

+c’tanv’csc a | V sec v’csc v’—B cot ay + (9/64) +(1/32) sin?v’ 

+ 2(2 — esc’*v’) — (1/16) sec’a, (118) 

+ A? (cse*v’ esc’ay + cot*a, + % cot 7a,) 

From 1lllg, 1lle, 111k, 1llp, 11lq, 111t we can write: 

cos 8= cosa, cosv’+c-0 (119) 

+c? coS ay cos Vv” - cos 2v’— V tan v’— (5/64) sin’*v “—(3/32) sin* vy” 

— B tan a, — A? (1+ % cot?a, + % cot?v’) 

Now in (119), the coefficient of c was zero as it should be and the coefficient of c” must 

be zero since cos 6 = cos a, cos v’. Placing the coefficient of c? in (119) equal to zero find: 

: A 
-B cot a, = A’(1 + &% cot? a,+% cot?v”) cot?a, — ii cos 2v’ cota, 

(120) 
+ Vtan v’ cot?a, + (5/64) sin?v’ cot? a, + (3/32) sin*v “cot7a, 

With the value of — B cot a, from (120) placed in the second order term of (118) and with 

some manipulation through the identities 111s, we can write (118) as: 

tan ® =tan v’csc a,—c A cot v’csc a, sec *h” 

+c? csc a, sec’*d’ / MX cot v’ (1 + (3/2) cot*a,) + V (121) 

+ = (sin 2 v’— cot v’) + (1/16) sin 2v” 

— (3/256) sin 4v’— (1/32) sin 2v’ tan “a, 

From (117) and (121), since tan f’= tan v’ csc a, from 111s, the coefficients of the terms 

in c and c’ must be respeceively equal. Equating the second order terms in (117) and (121) and 

solving for V we find: 

V=W sina,~%A’ cot v’ cot *ay (122) 

+4 [2v’tan?a,(1 + esc*a,) — sin 2v’+ cot v’(1 — 2 tan7a,)] 

, sin 2v’ 3. sin 4v” tan 7a, sin 2v’ 
ua. tan?q (1-6 tan?a )— + ——— - 

16 16 256 32 

From 111i, 111b, 111m, 111p, 111q, the value of U in terms of A from 111t, and V from 

(122) we may write: 
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S - 

= =v’+e[(1/8) sin 2v°—A cot v’*— me (1 + 2 tan?a,)] (123) 
a 

. A s 4 +c? | W sin a,—%N cota, cot ie (sin 2y’- 2v*) 

+ (1/256) [8 sin 2v’(1 - 3 tan’a,) — sin 4v’] + (3/64) v’(4 tan?a, — 1) 

Referring (123) to the end points of the geodesic arc we have: 

S) 
—=(vi-vy) + ¢ [ (1/8) (sin 2v,- sin 2v/) — A (cot v3— cot vy) — 4(vj—-v 7) (1+ 2tan 7a,)] 
a 

+c? | ~% A? cota, (cot v/— cot vee [(sin 2vf— sin 2p; ) — 2(vj-v{)] (124) 

+ (1/256) [8 (1 — 3 tan’a,) (sin 2vf—sin 2v/) — (sin 4v/- sin 4v,/)] 

+ (3/64) (vy —v,) (4 tana, — 1) 

Note that the term W sin a, vanishes in (124). 

From 111t we have from the expression forA that: 

2 
tan “ay 

(vy-vy), (125) — A (cot vz — cot 17) = 

A=\(vj—v,) tan?a,[cot (v{-—v,) — ese (vi- vi) cos (vf + vy) ] 

We list also for reference the identities: 

sin 2vj— sin 2vj = 2 sin (v{ -v{) cos Wi+ vz), (126) 

sin 4v; — sin 4v/ = 2 sin A(vj—v,) [2 cos*(v{+ vz) -1] 

Applying (125) and (126) to (124) we obtain: 

ST (uf — vf) —(c/4) [ws - vf) -sin (vs - vf) cos (vi + v3) ] (127) 
a 

2 A . , , ? , A , ? ? , 2 +c a sin (v{—-v, )cos(vi+ v; ‘iat (vf, — vy) + (3/64) (vf—v{) (4tan7a,— 1) 

+ (1/16) (1 - 3 tan’a,) sin (Vf—v{) cos (vf+ v/) 

— (1/128) sin 2 (v{- vy) [2 cos*(vi+ vy) - 1) 

Note that the first two terms of (127) are equivalent to Forsyth’s equation, page 120 of 

his treatise. 

Now for the value of c, we find on page 97 of Forsyth, that for approximations involving 

f? (second erder in the flattening) a value of a that is accurate up to f inclusive must be 

substituted in the first term of c. Hence from 111d, 111{, 111k we have 

c = 2f cos? a, + 3f? cos “a, — 4£7 cos* a, (1 + 2A). (128) 

This value of c placed in (127) with the value of A from (125) gives: 
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Ss 
= = (vj- vy) - (£/2) cos’a, [(vj- vy) - sin (vy-v{) cos (vi + vz) ] (129) 
a 

+f | 4(v{—v{)? cot (v{—v,{) cos*a,— 4(v{- v7)? cot (vy - vy) cos*a, 

~VU(vj—-v{)? ese(v; — v,) cos 7a, cos (vi + vz ) 

+U(vj—-v{)? ese (vf— vy) cos*a, cos (vy + vz) 

~(1/16) sin 2 (vf-—v) cos *a, cos? (vi + vy) 

+(1/16) (vf — vf) cos ‘ay + (1/32) sin Avf— 4’) cos*ay 

Now in (129) let a, = 90°- 6, d, =1y,d,=v,, d=d,-d,=v,-—v, and the equation 

becomes: 

S = d — (£/2) [d sin 79, — sin d sin 70,cos(d, + d,) ] (130) 
a 

+f? | d? cot d sin’@, — 4 d? cot d sin “0, 

-\ d? csc d sin’@, cos (d, + d,) 

+4 d? csc d sin “@, cos (d, + d,) 

- (1/16) sin 2d sin “9, cos *%(d, + d,) + (1/16) d sin *@, +(1/32) sin 2d sin *0, 

Since @ is the parametric latitude of the vertex of the Great elliptic arc, we have ( or 

may place) 

in 6,+sin @,)? (sin 0, - sin 6,)? sa CT Cre EET MIMI oy a a (131) 
1 +cosd 1 - cos d 

~ Sein Ge cn Ca GR Sen OTs a 79, cos (d, + d,) 
1+cosd 1 -cosd 

From (131) sin’*@, = X/2, sin7@, cos (d, + d,) = Y/2, and we can write (130) in the form: 

2 = 4 -(E/4) (Kd - Y sin d) 
a 

+ (f?/128) (16d’ cot d) X - (16d? esc d) Y (132) 

+ (2d + sin 2d - 8d? cot d) X? 

+ (8d? esed) XY - (2 sin 2d) Y? 

If we factor sin d out of every term of (132), we can write: 

S = a sin d[T-(£/4) (TX -Y) + (f?/64) (A,X +B,Y +C,X?+D, XY +E,Y2)] 

T = d/sin d, E, = -2 cos d, A, = —- D,E,, C, = T - 4(A, + E,), (133) 

D, = 41’, B, = -2 Dg, d is the spherical distance between the points P,(6,,A,) and P,(6,,A,) 

given by some spherical formula as 

cos d= sin @ sin 0, + cos 6, cos 6, cos AX, AN=A,—Ay- 
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COMPARISON WITH AN EXISTING EXPANSION 

On page 8, GIMRADA Research Note No. 11, E. M. Sodano, April 1963 [23] one finds the 

following formula: 

=- (i #£ +12) 6 al(ivi) sin = 02/2) & coe 

: ( Hae seen ii ( alle J ce 5 d 5 sin d cos 6 + 5 pd cot 2) 134) 

ti 1 f? 2 
+m (— Cia sin ¢ cos ¢ — a Preot b — — sin b cos’s) 

2 f? 

+ am G db’ csc fh + 5 sin d cos) — a’ (f?/2) sin 6 cos } 

Now the correspondence between the parameters as used in (133) and those of Sodano 

are: 

m(Sodano) = X/2, a(Sodano) = 4(Y + X cos d), f(Sodano) = d, b, (Sodano) = a(1—f) (135) 

(a is equatorial radius, f the flattening). 

If we substitute from (135) into (134) , retaining terms to f? inclusive, we can write (134) 

as 

S 
—= d- (f/4) (Xd - Y sin d) 
a 

+ (f?/128) | (16d? cot d) X - (16d? csc d) Y (136) 

+ (2d + sin 2d - 8d? cot d) X? 

+ (8d? esc d) XY - (2 sin 2d) Y? 

Now comparing (132) and (136) find that the equations are identical which gives an 

independent check of Sodano’s inverse formula. 

COMPUTING FORM IN TERMS OF PARAMETRIC LATITUDE 

Given on the reference ellipsoid the points P,(0,,’,), P.(0,,.2); Pz west of P,, west 

longitudes considered positive. (Geodetic latitudes are converted to parametric by tan 0=(1—f). 

tan ¢ or an equivalent formula). Formulas (133) may be used as follows: 

With Oy, = "60, +04), AOg, = 4(O_ ~ 04)s AA = Na — Aas MXgg = 2 

let k = sin O COS A@,n? K = sin A@n cos 6, 

H = cos’ A. — sin? 64 = cos? 6, ~ sin g ACh 

L= sin’A@,, +H sin’AA,, = sin’d/2, 1 - L = cos7d/2, 
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cos d = 1 — 2h, h = sintd = 41,1 = 1), U = 2k7/( = 1), 

V = 2K2/1c X= Us Ve =U SV. 

T = (d/sin d) = 1 + (1/6)h + (3/40) h? + (5/112) h* + (35/1152) h* + (63/2816) h®+.... 

E, = -2 cos d, Aj=—-D.Eo= - 4E,T?, D, = 4T?, B, = - 2D,, Cy = T-4(Ay + Ey) (137) 

S=asin d [T — (£/4) (TX — Y) + (£?/64) (A)X +B, Y+C,X?+D,XY +E, Y7)] 

sin (a, + a,) = (K sin AA)/L, sin (a, - a,) = (k sin AA)/(1 - L) 

(da, + da,) = — (f/ 2) TH sin (a, + a.) 

(da, - da,) =~ (£/2) TH sin (a, - ay) 

Ch = Gh Oi 5 Can = Gh ¥ Gino 

The azimuth formulas of (137) are obtained by manipulation of expressions given on pages 

126-128 of THE DISTANCE BETWEEN TWO WIDELY SEPARATED POINTS ON THE SURFACE 

OF THE EARTH, W. D. Lambert, Journal of the Washington Academy of Sciences, Vol. 32, No. 5, 

May 15, 1942, [13]. Note that in the distance and azimuth formulas of (137), the same quantities 

H, T, L, k, K are used. 

Figure 22 in an example of the arrangements of equations (137) and computations for 

comparison with those of Figure 21, page 80. The results are: 

True distance Geodetic Latitude Parametric Latitude 
meters s Fig. 21 we i. Fig. 22. 

8,466,621.01 618.26 G20 622.30 621.08 

True Azimuths 

OOS S iy Al 16" 86 16". 68 

265° 37' 10°59 10°71 11°37 

As was to be expected both approximations are adequate within any operational requirements. 

The coefficients Aj, B,, C,, Dy, E, of the parametric latitude form, Figure 22, are slightly less 

complicated than those of the geodetic form, Figure 21. But no conversion to parametric latitudes 

needs to be made for Figure 21. For purely geodetic computations further investigation needs to 

be made and it is suggested that computations be made using both forms against the computed 

lines contained in the revised issues of ACIC Reports 59 and 80, Sept. 1960 and December 1959. [12] 
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DISTANCE COMPUTING FORM, FORSYTH-ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

tan 0 = 0.996609925 tan d 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f?/64 = 0.1795720390 x 107° 

1 radian = 206,264.8062 seconds 

©- 0 | a Sey mati 
by 858 95.0 1. PANAMA ns 1434 24.0 
2 21 26 06.0 2. HAWAII r» 158 01 33.0 

On = 200, + 2) 15° 09" 22"644 2. Always west of 1. AdA=A,—A, 78° 27' 09°0 

AO = 202 - 9,) © 1 45.386 Ch 8 Sol 37S258 AX y= 2 AA 39 13 B4bo5 

Ch Bil 2? O8 LOO 

sind, + 0.10821810 

cos AO ny + 0.99412718 

sin AA + 0.97975909 

sin AA, + 0.63238428 

sin 6, _+ 0.26145290 

cos #, + 0.96521623 

k = sin 6, cos Aén + 0.25991743 

H= cos A, = sin’6,, : cos’6., — sin’?A@ 

L = sin’A@,, + H sin*AA 

d + 1.3276078324 

U = 2k7/(1 — L) _+.0.2177857865 

X=U+V + 0.2752704532 

A =-DE = — 4ET?’ + 3.604334620 

m 

X(A + CX) + 0.977503686 

(TX - Y) + 0.216229457 

T + of + 1.367673597 

2 = K(A + CX) + Y(B + EY) + DXY 

T+ 6f+ df? + 1.367673399 

sin (a, + a,) = (K sin AA)/L 

fo} 6 " 

ay 109 56 14.701 

5a, Sl Oe 

aes 109 STL 16.698 

Qy-2 =a, + Oa, 

+ 0.37960074 

+ 0.26959808 

sin (a, — a,) = (k sin AA)/ (1 — L)__+ 0.41047190 

V(Sa, + da,) = — (f/2) H T sin (a, + a,) 

Vo(6a, — 6a,) =— (f/2) HT sin (a, - a,) 

K = sin AG n cos @. + 0.10445387 

+ 0.91993122 1-—L + 0.62039926 m 

cosd=1-—2L + 0.24079852 

T=d/sin d + _ 1.367856856 

E=-—2cosd — 0.48159704 

sind + 0.97057512 

V = 2K’*/L + 0.0574846667 

Y=U-V_ + 0.1603011198 D= 4T? + 7.484129512 

C = T —- 4(A+E) — 0.19351193 B=-2D — 14.968259024 

Y (B+ EY) — 2.411804017 DXY + 0.330245911 

of = — (f/4) (TX -— Y) - 1.83259 x 107* 

S, =a sind (T+ df) 8,466,622.30 meters 

— 1.10405442 df? = + (f7/64) 2 _— 1.9826 x 107” 

S, = a sin d (T + 5f + 6f?) 8,466,621.08 meters 

5 iar , 

375 38 25.266 

iow, 155 45 55.864 

Sa, + _0.300473136 x 107° 

a,+ @, 

— 5.75032185 x 10° 4 

— 8.75505321 x 107* da, - _1.450537506 x 107° 

O 0 " 

a, 265 42 10.565 

Oa, 2 4 Soll 

Q>-4 ASS) Sf MSTA 

Chg Shy te Clay 

Figure 22 
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TRANSFORMATION FROM SECOND ORDER FORM IN GEODETIC LATITUDE 

TO SECOND ORDER IN PARAMETRIC 

In terms of geodetic latitude, the equations corresponding to (132) are: 

s 
= d’- (£/4) (X’d~ 3Y’sin d’) 

a 

GE 198) GAYK as BNE 7 2 GC Fs DK OW “ae LONE?) 

A = 64d’+ 16d’? cot d’, B =~ 96 sin d’- 16d” cse d’, (138) 

C =— 30d’- 15 sin 2d’- 8d*? cot d’, 

D = Asisintdiasedatvesc duh = s0teinnode 

(See Equation (109), page 78. 

Equation (132) is written here in the form: 

© — d-—(£/4) (Xd - Y sin d) (139) 
a 

+ (f7/128) (A,X + B,Y + C,X? + D,.XY + E,Y’) 

A, = 16d’ cot d, B, = — 16d? csc d, C, = 2d + sin 2d - 8d? cot d, 

Dye Ger ese chit, S28 erin wel 

Now we should be able to find transformation equations of the form: 

dlr IGG Ws MS OG, WG GDS Ws YOO 2G, e)) (140) 

which when substituted in (138) should produce equations (139), 

The definitions of X ‘4, Y’ and X, Y are: 

X’= 2 sin*dy, X = 2 sin0, (141) 

Yi7=)2isinl ih, cos) (dig day) a 12) Sam) <Onicos)(dy-tids) 

where ¢,, 9 are respectively geodetic, parametric latitude of the vertex of the great 

elliptic arc. From the equation tan @ = (1 — f) tan d, or equivalent, we find: 

bo = % +f sin G cos @ (14+ cos 76,). (142) 

From the values indicated by Forsyth on page 120, of his treatise, to first order in f, 

extending the results to second order in f we find: 

d’= d ~ (f/2) ¥ sin d + (f?/16) [4Y (X - 3) sin d + (2Y - X’) sin 2d] (143) 

and to first order in f, 

cos (d/+ d{)=cos(d,+d,)+f cosd sin’ 6, — f cos d sin 0, cos’ (d, + d,). (144) 

From (142), to first order in f, find 

2 sin 7h, = 2 sin 76, (1 + 2f cos 70). (145) 
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From (143), to first order in f, find 

sin d’=sin d — (f/4) Y sin 2d (146) 

From (141), (144), and (145) find 

X’=X + 2&X — £X? 

Y’= Y + 2fY — {XY + (£/2) (X? - Y?) cosd. 

Hence the transformations (140) are from (148), (146), and (147) the following: 

d’=d — (£/2) Y sin d + (f?/16) [4Y (X - 3) sin d + (2Y?-X?) sin 2d] 

sin d’= sin d — (f/4) Y sin 2d 

X’=X + 2fX — £X? (148) 

Y’ =¥ + 2fY — XY + (4/2) (X? - Y9) cos d 

(147) 

Substution of the relations (148) into (138) produces equations (139; providing a second 

check of Sodano’s formula for the inverse solution 

The inverse of the transformations (148) which will carry (139) into (138) are: 

d=d’+ (f/2) Y’ sind’ + (f?/16) [4Y *(X—1) sind’+ (2Y’ - X”’) sin 2d7] 

sin d = sin d+ (f/4) Y’sin 2d” 

K = X*= 2§X%+ X7 (149) 

VY = Y— 2tY “+ £X “Y¥ “+ (£/2) (¥°-X~) cosid 

DIFFERENCE FORMULAE FOR THE TWO SECOND ORDER FORMS 

From equation (142) to second order in f, find 

2 sin 7b, - 2 sin 70, (1 + 2f - 2f sin *6, + 3f? - 7f sin 76, + 4f? sin “6,), (150) 

and extending (144) to second order in f 

cos (dy + d,’) = cos (d, +. d,) + f sin 70, cos d sin 7(d, + d,) (151) 

— (f?/2) sin 70, sin *(d, + d,)] 4% sin 70, cos (d, + d,) 

+ sin 79, cos d - (3/2) cos d 

+ (3/2) sin 70, cos 2d cos (d, + d,) 

From equations (148), by factoring sin d out of every term of the expression for d’, we 

can write: 

d’= sin d {T — (£/2) Y + (£?/8) [2Y(X—3) + (2Y? - X’) cos dJ} (152) 

Since we can write X’= 2 sin 76,, X = 2 sin 70,, Y’= 2 sin *f, cos (d/+ d7), 

Y = 2 sin 70, cos (d, + d,) we have from (150) and then combining (150) and (151) 

(multiplying respective members together) 
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X*=X (1+ f(2—X) {1 + (£/2) (3 - 2X)}] 

Y’= Y[1 + f(2 — X)] + (£/2) (X? - Y?) cos d 

+ (f?/8) | 4Y (2 - X) (3 - 2X) 

+ (X? - Y’) {(11 - 5X) cos d+ Y (1-3 cos A 

From Figure 22 we have 

X = 0.2752704532, Y = 0.1603011198, 

sin d = 0.97057512, cos d = 0.24079852, 

T = 1.367856856, f = 0.0033900753, 

£/2 = 0.00169503765, f?/8 = 1.436576317 x 107° 

Using the values from (155) to compute d‘4, X 4, Y’ from (152), (153), (154) find: 

d’ = (0.97057512) (1.367856856 — 2.717164 x 107* — 1.2634 x 107°) 

= (0.97057512) (1.367583876) = 1.327342885; 

X “= (0.2752704532) (1.005871239) = 0.27688663; 

Y “= 0.160301120 + 9.37275 x 10°* + 2.0440 x 10°* + 4.068 x 107°= 0.16126290. 

From Figure 21, d’= 1.327342885, X “= 0.27688668, Y “= 0.16126298 and comparing 

with the values from (156), we have a “‘flat’’ check for d’, 5 in the eighth place for X’ and 

8 in the eighth place for Y*% Now the first significant figure of f? is 1 in the 5th decimal 

place and of f° is 4 in the 8th decimal place. If seven place tables are used, terms in f? 

are sufficient. If eight figure tables are used, as Peters trigonometric functions, there is 

some uncertainty in the 8th place of decimals. 

Now the corresponding formulas for d, X, Y in the terms of d’, X’, Y’ are found similarly 

to be, to second order terms in f inclusive; 

d=sind 447 “+ (£/2) Y¥ 7+ 778) [2 ¥4 (X= 1) 4 QY 7 = X%) cos d7)h 

X= X“[1+f (X’- 2) {1+ (£/2) (2X’- 1)}] 

Y= Vis Xe) OX Yee eosidys 

(Gifs) || ene} .04) (QU 9).¢) 

[ (X“? - Y”){(5 — 3X’) 2 cos d’+ Y’(1 —3 cos i 

From Figure 21 we have 

X’= 0.276886675, Y “= 0.161262981, 

sin d“= 0.97051129, cos d’= 0.24105566 

T’= 1.367673822. 

With the values of X’, Y’4, sin d’, cos d’, T’ from (158) and of f, £/2, £?/8 from (155) ’ 
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we find from (157) that 

d = (0.97051129) (1.367673822 + 2.73347 x 10°* - 3.44 x 1077) 

d = (0.97051129) (1.36794682) = 1.327607833 

X = (0.276886675) (0.994162934) = 0.27527047 (159) 

Y = 0.161262981 — 9.42015 x 10-* - 2.0700 x 10-* + 8.68 x 10~7 = 0.16030113. 

From(155). X = 0.27527045, Y = 0.16030112, and from Figure 22, d = 1.327607832. 

Comparing with (159) we have a difference in d of 1 in the 9th decimal place; in X and Y 

of 2 and 1 in the 8th decimal place respectively, which is within the computational 

uncertainties. 

From (152), (153), (154), and (157) we can express the differences as functions of either 

set of variables: 

Ad = d’—d =— (f/2) Y sin d + (f?/16) [4Y (X — 3) sin d + (2Y? - X’) sin 2d], 

= — (f/2) Y’ sin d’— (£?/16) [4Y “(X“— 1) sin d’+ (2Y’*? - X’”) sin 247]; 

IK 3 7Cs i 3 OK = XO) fl = GY) = Dor, 

SI ?°@Qs 7) (lS GYD) Ga Dx") ts (160) 

AY = Y’-Y = fY (2 — X) + (£/2) (X? - Y”) cos d 

+ (f?/8) 4Y (2 - X) (3 - 2X) 

é (X?- Y?) {GQ1-5X) cosd+ Y (1-3 cal 

= fY “(2 —X 7”) + (£/2) (X - Y) cos d” 

— (f?/8) | 4Y °(2~ X”) (1 -— 2X”) 

L (X?-Y°) {2(5 — 3X) cos d*+ Y°(1—3 bea | 

SUMMARY OF DISTANCE COMPUTATIONS INVESTIGATION 

As long as accuracy requirements remain within the range of the capabilities of the 

Andoyer-Lambert formulae, as exhibited in TABLE 3, they are quite adequate and it makes 

no difference if geographic latitudes are transformed to parametric latitudes first as far as 

accuracy requirements are concerned relative to hyperbolic electronic measuring systems. 

However, the formulae for geodetic azimuths are slightly more complicated in terms of 

geodetic latitude and some of the auxiliary quantities as chord length, dip of the chord, etc. 

are slightly less difficult to compute when expressed in terms of parametric latitude. 

In order to arrange the computing in conformance with the Andoyer-Lambert formulae, 

equations (17), (48), (52), 56)), and (64) have been rearranged as follows to be expressible 

in common computational parameters: 
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(d= 

The spherical length, d, is determined from formulae as given with Figure 16, 

divted-y); 

cot A = (cos 6, tan 0, — sin 6, cos AA)/sin AA 

cot B = (cos 6, tan 6, — sin 6, cos AA)/sin AA 

sin d = cos @ sin Ad /sin B = cos@,sin AX/sin A; 

these will compensate for any unfavorable triangle geometry. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

The Andoyer-Lambert Formulae are taken in the form [13] 

od, = — (£/8) (VQ?/sin? 4d + UR?/cos? '%d) 

s =a(d, + 6d,), Q=sin @ -sin@,R=sin 6, + sin 6,. 

V =d.+sind, U=d,-sind, 

With corresponding geodetic azimuths computed from 

T = (£/2) d’*/sin d, SA’’= T cos 76, sin 2B, 

6B’’=T cos 76, sin 2A; S2ap= 180°— A + 6A; gapa = 180°+ B- 6B 

The Normal Section Azimuths may be written 

cot,a,p =— (cot A)/T, + (e*Q cos 4, )/(sin AX)T, cos 0, 

cot,apa = (cot B/T, + (e*Q cos 6, )/(sin AA)T, cos 0, 

T, =(1-e? cos70,)'” T, = (1 -e? cos70,)¥? 

The chord length becomes 

c = a (4 sin *d/2 - e?Q?)!? 

The angle of dip of the chord may be written 

B = arc sin [2b (sin *d/2)/cT,] 

b = semiminor axis of ellipsoid, c = chord length, T, = (1 - e? cos?6,)¥”. 

The maximum separation of chord and arc becomes 

H = (a?/c) (1 - cos ¥%4d) [4 sin 7d/2 (cos*d/2 - M) - e?Q?]"//cos Yd 

a = the semimajor axis of ellipsoid, c = chord length, M = e? sin 0, sin 6,, 

Q = sin 0, - sin 6,, e = eccentricity of the spheroid. 

The geographic coordinates of the point where maximum separation of chord and arc occurs 

tan \ = (cos @, sin AX)/(cos 6, + cos 6, cos AX) 

tan d = R/(0.996609925) \/ 4 cos? Md — R? 

where R = sin 6, + sin 0). 

Figure 23, shows the above formulae arranged in a computing form and the computations done 

over the line MOSCOW TO CAPE OF GOOD HOPE. See line No. 12, TABLE 1, and Figure 17. 
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Note in Figure 23 that two values of longitude are given, ) and Ag. A is the longitude 

associated with the point where maximum separation of chord and arc occurs but corresponding 

to the rectangular coordinate system as defined in say Figure 14. Xg is the true geodetic 

longitude of the same point and is of course obtained by adding A toA, since A, is negative. 

While a continuous system based on either the great elliptic section as depicted by Figure 

17, or the Forsyth-Andoyer-Lambert approximation, Figure 23, will provide all the information 

as indicated and accurate enough for hyperbolic electronic systems and any present operational 

requirements, the Forsyth-Andoyer-Lambert is probably to be preferred because of computational 

simplicity and existence of programs already operating for high speed computers. Should the 

need arise for accuracy of the order of 1 meter in distance and | second in azimuth over the 

ellipsoid, the extension to second order terms in the flattening provided by equations (110) or 

(137), will suffice. 

Many formulae are available for geodetic lines and differential corrections are available for 

transforming elements such as geodetic azimuths to normal section azimuths, etc. [24]. Usually 

these are complicated, involve tabular material for a particular spheroid of reference, require 

extensive root computation, and accuracy depends on line length. For instance, Bomford says 

Rudoe’s formulae for the reverse problem, are ““Unnecessarily complex for general use,”’ [21], 

page 108. Also they give ‘‘Normal Section’’ distances — not geodetic. The difference between 

the geodesic and the Normal Section distance is of 4th order in the eccentricity of the meridian 

ellipse [24]. 

Finally this investigation has raised the question as to whether either Andoyer or Lambert 

should share any credit for the first order approximation formula in terms of parametric latitude 

recognizable intact in Forsyth’s 1895 paper. While Forsyth had an erroneous second order term 

to the same expansion in terms of geodetic latitude, his first order term was correct and he thus 

had both so-called Andoyer-Lambert formulae. Gougenheim apparently had in 1950 the first 

correct expansion in print in terms of geodetic latitude which included the second order terms in 

the flattening. 
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APPENDIX 1 

Example of 

Computations of Loran Lines 

of Position (Plane Approximation) 
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Intersections of Loran Lines of Position 

(Plane Approximation) 

P. D. Thomas, Mathematician 

Consider the hyperbolic system as shown in Figure 24. The hyperbolic locus with foci F, F’ 

has for equation 

(ce? - a?) x? - a’y? =a’*(c?- a’), (e = e >1) (1) 
a 

As a varies (a <c) all the hyperbolas with the fixed foci F, F’ (which are 2c apart) are 

generated. 

The hyperbolic locus with the fixed foci F’, F ’ when referred to the same coordinate system 

as (1), has for equation 

Ax? + Bxy + Cy? + Dx + Ey + F = 0, (e = d/b>1). (2) 

where one may first compute 7 = b? - d?, p= d cosa, v=d sina, S=7r-— cu, and then 

A =p’ —b?, B= Quy, C =v? - b?, D = A(z -— cA), E = Sv, F = S$? - b’c?, 

As b varies (b < d) all the hyperbolas with the fixed foci F, F “(which are 2d apart) are 

generated. 

The respective pairs of constants c, a; d, b for each hyperbola are related to the fundamental 

constants of a Loran line by 

c = kB,/2, a = kV,/2; d = kB,/2, b = kV,/2 (2.1) 

where v; =t;, t; is the time difference, v; is the difference of light microseconds, B; is the 

length (measured in light microseconds) of the direct line (baseline) between two Loran stations. 

k is the length of a light microsecond in the linear units in which x and y are expressed." 

Since five distinct points determine a conic uniquely, two conics can have at most four 

points in common. For the hyperbolas (1) and (2) there will always be four real points of 

intersection except when F’’, F, F “’are collinear (a = 0) and then there will be two. 

ALGEBRAIC SOLUTIONS 

I. If equations (1) and (2) are solved simultaneously for x one obtains the quartic equation 

x* + Hx? + Jx? +Mx +N =0 (3) 

where one may first compute G = c? - a’, By = CG + Aa’, w = F — CG, 5 = BEG, 

y = a°B? - 2, L = B,? - G B’a?, and then H = 2a” (Df, - 6)/L, J = a? (a*D*+ 28, + Gy)/L, 

Loran; Pierce, McKenzie, Woodward; McGraw Hill, 1948, pages 52, 53, 174. 
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Figure 24. Two plane hyperbolas with a common focus. 
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M = 2a*(Do + 5)/L, N = a‘(w? + GE”)/L. The corresponding values of y are then given by 

y = +[G(x? -a”)}/?/a. 

Equation (3) may be solved by the standard algebraic method? or by any of a number of 

numerical techniques.° 

Il. Again, if equations (1) and (2) are written in the forms x? - Qy? = a’, x? + Uxy + Vy? 

+ Wx + Ry + T = 0, where Q = a’/(c? — a”), U= B/A, V=C/A, W= D/A, R= E/A, T= F/A 

and these forms of the equations solved simultaneously with the line of slope m through the 

common focus F(c,o) whose equation is y = m(x ~ c), one obtains the two equations: 

(Qm? = 1) x? — 2cQm’x + (a? + c?Qm?) = 0, 

(1 + Um + Vm?) x? + [(W+(R—cU)m—2cVm?] x + (c?Vm? - cRm + T) = 0. 

The resultant of the quadratic equations (4) is the condition that they have the same 

solutions or correspondingly that the parameter m will be restricted to those values for the 

points common to the hyperbolas (1) and (2).* 

The resultant of the quadratics a,x” + a,x + a, = 0, b,x? + b,x + b, = 0 is given by 

(a,b, — bya,)? + (b,a, -— a,b.) (agb, -— a,b,) = 0. 

From (4) ay = Qm? - 1, a, = —2cQm’, a, = a? + c’?Qm’, b, = 1+Um+Vm’, 

b, = [W + (R - cU)m - 2cVm’], b, = c?Vm? - cRm + T, and these values placed in (5) lead 

to the quartic equation 

k,m* + k,m? + k,m? + kzm + k, = 0, 

where with G = c? — a”, 0 = (a? +c?) V+ O (c?-T),0,=R + cU, d=c?+cW+T, 

n=R-cU, €=a°U -cR, p=a’-T, p’= a’ +T one finds: k, = (GV + 6Q)? - a7, 

k, = 2[ €9 + 2nca?V + a? RQ - (W + 2c) + c?QU(cW + 2T)], k, = €? - a7? + 29’ + W[4a’cV + 

2cpQ — a7W], k, = 2(p E— a7Wy), ks =p’? — a7W’. 

Again the solutions of (6) may be found by well known algebraic or numerical methods. 

The values of m obtained are of course the slopes of the lines through F(c,o) and the points 

of intersection of the hyperbolas (1) and (2). 

"College Algebra, H. B. Fine, Page 486. 

3Numerical Mathematical Analysis, J. B. Scarborough, Second Edition, 1950, Pages 62—72. 

(The Johns Hopkins Press, Baltimore) 

“College Algebra, H. B. Fine, Page 512. 
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POLAR SOLUTION 

The following procedure involves tables of the trigonometric functions but no root extraction. 

First express the equations of (1) and (2) in polar form both referred to the common focus F(c,o), 

and the corresponding rectangular coordinates in terms of the polar parameters. Find for equation 

(1) 

c? pase ay} 

r= panacea (c>a) (see equation (3) PLANE, page 37 with R = r,» B= 6) 
+a-ccos@ 

x =c+r, cos 6, y=r, sin 0 (7) 

and for equation (2) 

one 2 ads + b fa (d? — b’) [d cos (6 — a)+ b] (d>b) 

d? cos? (9 — a) - b? 

x=C +1, cos 0, y =n sind (8) 

Since (7) and (8) express the two hyperbolas in polar form with respect to the same pole 

F(c,o), a common focus of the two loci, it is clear (see Figure 24) that at a point of intersection 

P“(x,y) the two values r, and nr are equal to a common value r’ for a common value of 6 and 

the distances to P” from F’’ and F'”’ are then given by r, = r*+ 2a, ro = 1+ 2b. 

Equating the values of r,, r, from (7) and (8) one obtains 

c? -a? d? - b? 
0 = ——— 

+a-—ccos 6 d cos (9 — a) +b (9) 

and since c, d, a are constants, (9) is a relation between the parameters a, b, and 0. That is 

given any two of the three the third may be found from (9). 

Consider a and b given. First write (9) in the form 

d cos (9—a)¥b d? - b? 
————— = —— = K, whence 
+a-—ccos@ c?-a 

(d cos a + cK) cos 6 + (d sin a) sin 9 = + aK +b. (10) 

The solution of the trigonometric equation (10) is 

[aa 

tan B = (d sin a)/(d cos a + cK) (i = 1,2,3,4) 

cos y; = (+ aK +b) sin B/d sina. (11) 

From (11) it is seen that in general there will be four angles (y;), and thus four values 
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of 0; , four values of ry from (9) and four sets of rectangular coordinates from xX; = c+rv cos 6:, 

y; = Ff sin 6; (i = 1,2,3,4) (12) 

and for each point of intersection two of the additional distances 

r=, + 2b,r.,4=r; + 2a GS 123.4). (13) 

A procedure for using equations (9) through (13) will be described and used for two 

examples. Since a,b,c,d,a will be given, first compute K = (d’ — b’)/(c? - a’), »=d cos a, 

v=dsina, tanB=v/(y+ cK). 

From tan £, using tables, find B and sin 8. Then compute 

cos y; = (+ aK +b) sin B/v (i = 1,2,3,4), and 

ch = (Saya (i = 1,2,3,4). Next compute 

haa? d2 = b2 

fo 3 Se Sn 
1 +a-c cos 6: d cos (0;—a)+b 

choosing the proper value (with respect to sign) of + a, + b in each member which will make 

them equal and positive for each value of 6;. Now the rectangular coordinates may be computed 

from x; = c + ry cos 6;, y; = 1; sin #;. Useful checks are provided at this point by the relations 

(x;-c)? + y;?= 1,7? and by 2x; =—H from equation (3). H = 2a? (DB, — 5)/L, Bo= CG + Aa’, 

O= BEG, L.= 8,2 = GB’a’, G = c?-a?, A=? —b’, B= Quy, C=? —b?, D = 2Gu — cA), 

-° + 2b, E=2Sv, 7=b?-d’?, S=r-—cy. Finally compute the additional distances r; =r; 

T44= rs +2a. (i = 1,2,3,4). 

Example 1. Let c=d=2,a=b=1,a=45° sina=cosa=\2/2. 

K = (d? - b?) /(c? - a?) = 1. v = p = 2 (0.70710678) = 1.41421356. 

tan B= v/(y + cK) = (1.41421356)/(3.41421356) = 0.41421356. 

B = 22°30', sin B = 0.38268343. 

cos y; = (+ aK +b) (sin B/v) = (+ 1 + 1) (0.27059805) = + (0.54119610), 0. 

0< eS 27. 

Va 57° 14" 05"666, 90°, 122° 45" 54"334, 270° 

0: =B+ Vip 6,= 79° 44' 05'.666, 0, = 1112930" 5.6, = 145°: 15" 54334, 0, = 2927 30! 

3 3 
| 2 eee | (Chooseithe proper valueon = iluinjeachymemberswhien 
u £1-2 cos 0: 2 cos (6; — 45) +1 

will make them equal and positive for each value of 6:. If this cannot be done the values of 

6; may be in error.) The work may be arranged in table form as follows: 
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Table 1. 

79 44 05.666 34 44 05.666 0.98399379| 0.17820275 | 0.82179706 | 4.6613215 

112 30 0.92387953 | -0.38268343 | 0.38268343 | 1.6993635 

145 15 54.334 |100 15 54.334] 0.56978031 |-0.82179706 | -0.17820275 | 4.6613215 

—0.38268343 |12.785918 

2.8306603 4.5867114 r, = 2.6613215 rs = 6.6613215 

1.3496817 1.5700072 r, = 3.6993635 Tt, = 3.6993635 

~ 1.8306603 2.6559292 rz; = 6.6613215 r, = 2.6613215 

6.8929590 -11.812648 r, = 14.785918 rg = 14.785918 

Checks were computed but are not shown here. Figure 25 shows the results ot Table 1 graphically. 

Example 2. Letc =3,a=d=2,b=1,a=30°% sina=%, cosa=v3/2 

K = 0.6, tan B = 1/(V/3 + 1.8) = 1/(3.5320508) = 0.28312164, v= 1, p=/3. 

B = 15° 48" 28"676. sin 8 = 0.27241402, cos y; ar (0.54482804) 

I cos y;=+ (1.1) (0.54482804), + (0.1) (0.54482804) 

cos y; = + 0.59931084, + 0.054482804 

y; = 53° 10" 46%000, 86° 52' 36550, 126° 49" 14"000, 273° 07' 23"450 

6. 
1 

Il B + yz» = 68°59" 14"676, 0, = 102° 41' 051226, 6, = 142°37' 42"676 

5 3 
G, 0288359) 1220 sot: (= iooremermenst sl ipeeerpmemnmmenn y-s Une worl isyarrangedsingeie 

+2-3 cos 0; 2 cos (0;~ 30) +1 

following table: 
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Table 2 

° " fo) @ " 

68 59 14.676 38 59 14.676 | 0.93350166 | 0.35857308 | 0.77728423 | 5.40961166 

102 41 05.226 72 41 05.226 | 0.97559289 | -0.21958714 | 0.29762840 | 1.88057496 

142 37 42.676 | 112 37 42.676 | 0.60698032 |-0.79471687 | -0.38475484 | 13.015729 

288 55 52.126 | 258 55 52.126 | -0.94590914 | 0.32443167 |-0.19198850 | 4.86994806 

- - - 

= . . 6 = iho oe 2 =r + Xe 3 +1; cos 0; re=r, +2 naa rt4 

4.93974111 5.04988146 r, = 3.40961166 r; = 9.40961161 2.60337906 

2.58704992 1.83467556 r, = 3.88057496 Tt, = 9.88057496 - 4.4428508 

— 7.34381941 7.90029135 r, = 15.015729 T= 9 Oliay29 — 0.76376927 

4.57996538 — 4.60652838 r, = 6.86994806 r, = 8.86994806 — 2.91558822 

Checks of the computations of Table 2 were made as follows: 

1. Using (x; - 3)? + y;*=1,? and values from Table 2: 

3.762 59557 25.501 30276 29.263 89833 29.263 89831 

0.170 52777 3.366 03441 3.936 56218 3.536 56218 

106.994 59999 26.414 60341 169.409 20340 169.409 20140 

2.496 29060 21.220 10372 23.716 39432 23.716 39410 

2. From the formulas of (2) and (3) find A = 2, B = 2/3, C = 0, D =~ 6(/3 + 2), E=-6(V3+D), 

F = 9(2,/3 + 3), 6 = BEG = — 60 (/3 + 3), 8B, = aA + CG =8, L = 8,” - a* GB = - 11 x 2" 

H = - 2°[- 48 (./3 + 2) + 60 (3 + 3)] /11 2%, =F (2/11) [26.1961524] = — 4.76293680. 

From Table 2, 2x; = 4.76293700 = — H = 4.76293680. Again computing N from equations (3), 

find N = ~ 429,826515. From Table 2 find IIx, =~ 429.826494 and IIx; = N. 

3. From equation (6), compute the quantities: 

U=B/A = 3, V=C/A=0, W=D/A =- 3 (3+ 2), R=E/A=- 3(/3+1), T=F/A 

= 9(2/3 + 3)/2, 6=c? + cW+T=9/2,0,= R +cU =-3, p’=a?+T = (18/3 + 35), 

Q = a2/(c? - a”) = 4/5, k, = (GV + 6Q)? - a2 0,7 = — 2°3?/57, k, = p’? - a? W?=+(1189 +6843 )/2”. 

Now from equation (6), Im, = I] tan 0; = ky /k, = ~ 5 (1189 + 684 /3)/2° 3? = — 25.756540. 

Now forming I] tan 6; from the values in Table 2, find 

TI tan 0; = — 25.756539. 
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Figure (26) depicts the solution graphically. 

SUMMARY REMARKS (Plane Approximation) 

While the formulas (9) through (13) are convenient for hand computing, since no root 

extraction is involved, the use of trigonometric tables may make it unsuitable for larger machine 

coding and computation, and it may be better to use the algebraic solution, equation (3). If the 

algebraic solution is to be used, the number of significant figures to be retained in the co- 

efficients of the resulting quartic, equation (3), will have to be considered relative to the 

number of significant figures required in the rectangular coordinates of the intersections points. 

If solutions only above the base line, F“ F'’’, are desired (see Figure 24), then in the 

trigonometric solution, equations (9) — (13), 6 should be limited to 7 > 0>a. 

Note that the parameters a and b of the two families of confocal hyperbolas are related to 

the fundamental constants of a Loran line by the relations (2.1). 
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APPENDIX 2 

Computations 

Using Andoyer-Lambert 

First Order Formulae Without Conversion 

to Parametric Latitude 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

o 2) SS SEE IES ye EP BED 
$, #2 00 0.060 2»,  Tearminis yy LE 92 00.000 

sind, - C479 SG72ZZF__—2.. West of 1. Meee 40 fb.fé0 
cos ¢,_< LGOZE TOF sin ¢, 682 OPA EMET Ain W\ 3 OW HM EBA 

tan ¢, -FIS43BVTSI cos ¢, i 7EG OFFAL cos AA _z FG~IBMIE 

tan d,_* LO 65 cos d=sin ¢,sing¢,+ cos ¢,cos ¢,cos AA_2 747 4 FIP P ZOFS _ 

M=cos d, tan ¢,-sin d, cos MA_: PU SEEOF cot A =_M_ ene 7389238 047 
sin AX 

N=cos Ay tants aA ea TACOS cot B = —N SF 1.005976 882 _ 
sin e / W 

sind Ee Ey ek, sin A_# 7104700 A (34 40 46.9/6 

sin B aha aa eS 

_ cos g, sin AA in B_* 70S 70498 B F4 res) Ch +97 
= O12 G22 5/50 oe Be 

= (sin ¢,- sin d,)? 4.6Z Ko Oiiiel H = (d+3 sin d)/(1 -cos d) GIP oSFIGFT _ 

L = (sin ¢, +sin b,° 4S G7OZ3Z75___ ¢- (d - 3 sin d)/(1+cos d) = -O1Z6Z80Z8 | 

5d —(f/4) (HK+GL) ~G~ fH6S X10 -¢ s-a(d+8d) G0, 67% 58B yoters 
d (radians) _¢ O1Z6Z27 2323832 s F. fot FOB? n.m. 

d+ &d (rad) pe ee T =d/sind 7: MOOFES 76 

2A ZEP 21 An 93 EY 46 22.794 
sin 2A_— Cee sin 2B PIGIG LIE 

= (f/2) cos’, sin 2A ~2TPTFELESKIO™, V = (f/2) cos 7, sin pt LIAEE MX 10 af 

VT t+GGATIES x 10-4 UT —F- TS PIF ESIGXKXIO-F 

SA =VT-U +. CO97T#FIAGE sB--UTiV ~%- AOVG7TFIE LZ 
BY ech ae a 47.259 isp Ft G 47.262. 
_a (134 40 BIG 3 tH SS i 

st 180 fo} ’ " + 180 oO ' mn 

ee KOA ot Ae ee) Sr Se ey 
@,—2 = aap = 180°- A+ 6A Given = apa = 180°+ B+ OB 

Line No. 1 (See Tables 1,2 - pages 65,66) 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

ig SINE VTAI Ns NOSIS IAA SIS esc 87 SAEZ 

$000 00-0207, Ternmuwnus sy, 14 O20 

sind, -SALSFZASS 2. West of 1. INE, 2 Neate 7) SI 

BIA SATS Cain od, LDS CVIMSK ata INN «OASCISIS 

eZ ZO LZEIIS ong, GLA GODIE yyy 2 LIP 6 DIGE 
tan b, 2 SIERO FF cos d=sin ¢,sing,+ cos ¢,cos ¢d,cos AA_~_4 2 7 @¢d 7 | FSIS € £1277 

M=cos ¢, tan ¢,-sing, cos AA Fe COH YF 2- en N= p-COF SORA IS 

sin AX 

—~.0dgD / 
N= cos ¢, tan d, -sind, COST NY eel G090900 3 F AGE) — 5 (A, ris ~- 

ESB ILE ge Bk IN ch el IG 
sin 

_ cos ¢,sin MA -92F9269S  f-G9POPOPCP , GO _ PF 27-960 

rr sin A ee a AE fre aed ae 

— 7 
K = (sin $,- sin By eel XZ H = (d+3 sin d)/(1 -cos d) S49 ee —_ Meter omg yas EYE _ (a\_ asa econ) 7 
5d —(8/4) (HK+GL) Se PMO KM HE ga (ds 5a) 468 PES= IVS crore 
d (radians) _* OISIASGIALALZX s_7O- IS FST _ SISA n.m. 

d+ 8d (rad) PAST AFA EFDA pafeina_4¢ POPPE S IFAS 

MAT AG TAG oy TOG aol ase 

U=(£/2) cos’, sin 2474 YO FBT AMMN _ 6/9) cos 24, sin 2B — A LIF X LE Z 
vie 72 FIP X OF ur #46957 X fo — 

+ Q\ cS ee I2F2-I2f7 46B == 23-257 

-,— V9 f4 2427S? .,» +r ¥d GO 923-269 

7 UG A +180 n 

PRG Os  15G RSC C 5 LU IMGON OGs (2O7IAS 

@,—2 = yp = 180°- A+ dA Chen = ap, = 180°+ B+ 5B 

Line No. 2 (See Tables 1,2 - pages 65,66) 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

U ? 

bd, 6F 45 Se 22/ ae Deijudé ec SZ 2F. €57 

¢ F040 22-229 9) Ferny pile , LF 92 _dea.cce 

sin $, 2 7IF -SI2AT 7 9. West of 1. INN NG MeN ER SIC, 
cos ¢, SWS 272? Eoin gg @ PII OFZ EF sin An «SAS os 7 ¥e 

Be a A OER TET OTA re (9 0 ELS NERTOEL 

tan d, 2.747 LLY. Y 2, cos d=sin ¢,sing,+ cos ¢, cos ¢, cos INC DNL IES LETT IS ZEA SF 

MeacostsitanicnainioecasiAN pact OM ASie = ae an! SASSI 22gF72. 
sin AA 

=— - 2900 
N = cos ¢, tang, -sind, cosAA—< 200 G2FO/ cot B= aN PAPA REF AL 

sin AX D y 

sin d —LO8 P18i0 MA H0S02 IF 4» HO, GO SGIOl » 2 09 ¥YI.597 
sin B 

_ cos ¢, sin AA ISOIHES «. B +/.9IOP 9GdCEO B G2 20 St. S42 

sin A ef ie SA S79, IFO 
ie 

= (sin ¢,- sin ¢,)? 4h, Y/EC 22 X/E (G9 cin d/l Seas 6) 24 Bho GIFS 2WE 

L = (sin ¢, +sin d,)?_+2- § Bi LL 7672/7 G = (d-3 sin d)/(1+cos )—29E AIF FFD 

bd —(f/4) (HK +GL) Fe 2204S 9477 (d+ 3d) 224 962-777 S=a meters 

d (radians) 17 OS Of 727537 A SrA ASIEN isk Cian PF - FIA / n.m. 

disibdl ead) stat XSi a G2 PRT a ay en nye eee eee 
os 6 KG SA OE 10 209. OFF 
sin 2A 2277 296¢4/ Bo 3 GID OPP EE s 

= (f/2) cos?d, sin 2A AS: AG164 X00 Bit y = (f/2)ncos 4harsin 2B == aan LEE MEX GLESTS SF CSS A, wa aE i eee a Ae. Ge ae z= Se LEHE <n Velma 

ks My, eee OT ee ay 

Gea ie XIN 7T 9, eee a Soe ea 
+ 180 ° 1 rn +180 ; 2 

ayer ane eS Le IES, aig, RITE EN eee 
@,—2 = Ayp = 180°-A+ 6A Gha4 = ap, = 180°+ B+ 6B 

Line No, 3 (See Tables 1,2 - pages 65,66) 
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COMPUTING FORM, ANDOYER-LAMBERT 

(No conversion to parametric latitudes) 

Clarke Spheroid, 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

aes, OL MACCA Onein MWA Si Bes 
Ze BR ABW ZIOW, Ub sanhane wy OE 00 90,000 

sin SLE nt 2. West of 1. AX =,-A, i IB 46. da 

cos eS O77. sain Py _. 226 S4ET7 sin NWNROSe CoeeS eu 

cos 24, ~ 769 E4OT6 _ cos qd, SA VTAGS ET os We ae eA 

cos 2g, FEE SS EY cos d=sind, sing, +cos d, cos d, cos AA ~99T ME6F 

Gnesi) COR 75587 ore ane 
L =(sin ¢,+ sin ¢,)? 5 RSE KISS d (radians) SOUS, GEL 

He deaeind)/((ecesd) 722 IOS! eS Sind OZER 
Eee eset) Uhecoaias OY SO7DIN Nee A atal, sak IS, AEA AT metors 

Sd =-{(HK +CL)/4_7_ 2: BST SL KIO“? GEDA OTIS inci, 
Resin A\/sind  =%~HO SAIEF Daye wee NOOSLIG/ CG ne 
sin A = R cos dy eA Cae sinB=R cos ¢, Sle EN? 

Eis fe. 551 265188 ed tees ee een 
nw 267 OG S2.276 Pe GE OEE 

sin RS ODODE sin WG GET CE 

U =(£/2) cos *¢, sin 2A Wi (63/) Gos “ay Gin Wea 

Ge) MOS EST I pt) BCS OES 
Ua a ce 
yt -SOl645S47/8 ut _- 93/1 C9706 

Avs VAP Sw eels Le SB Ui Vite BEA VA 
fe) t) " ° ) ined " 

ayp = 180°-A+8A SZ #4 A P7Z = 180°+ B+ BEF ST S3B.6279 

Line No. 4 (See Tables 1,2 - pages 65,66) 
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COMPUTING FORM, ANDOYER-LAMBERT 

(No conversion to parametric latitudes) 

Clarke Spheroid, 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

dy WS SEF FLAZE Mo Origin Ay ZS 26 5S./ol 

bd, [2 COMO. OCO2 lermimnus Oe GYS. CO 60.000 

sin $, -7F57E7Z C2 2. West of 1. AX =A,-A, V4 ASRS) 24. FF: 

cos fx SIZ OBOl# ging, -PSVLPEH gin yy_+ 250 FHC 
cos 7d, - We L773 Be ere 2B SAE Maya Nn UOTE EI EEE 

cos Ai OTT SRST | cos d=sind, sing,+cos ¢, cos d, cos (we EOE 

Ra(Gndneodtney, 222 EAE TLE d es Migesse23) 

L =(sin ¢,+ sin ¢,)” J: LOSIEIIES d (radians)_- OO CVIY S” 

HCAs aAndy Meese) Laas CEE sind «L0CQOZ7LEF _ 
GaGa Myton ee DOO Eek LI IOP. enc 
bd = -f(HK +GL)/4 2 COOB VIFF Be Fe SIN 
R = sin AX/sin oS OLS EB T =d/sin d Le QOlE FOL 

Bi a AE cs MO OCI ZS 
ese ONS BTS. Se 2 2 RE VEO) 
wate 2/ OF.626 p_ BP S77 47-560 
sin ww —88S FZOGO sin ie UGE) 

U = (£/2) cos 7g, sin 2A W 61/2) Gos “Gh, cin PAB oe 

U ead) = IOP SEO BF Py EGA Ca 
ee a ae a Sennen a) RE 
ww tl. 7 F617 x (O-F WN NZOO 16 aS ie 
SNe id OY O25 6938 SB UV e Or OSETL 

Om a " 7 = J - " 

ap = 180°-A +6A_S* SO 50.338 1, = 180°+B+ 6B 22H SZ IIILGOW 

Line No. 5 (See Tables 1,2 - pages 65,66) 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866 a = 6,378,206.4 meters 

f/2 = 0.00169503765, £/4 = 0.00084.7518825 

1 radian = 206,264.8062 seconds 

by 7 eA LEEM Dtiizeer Ne a REE 

br 72 _2O_20-7©° 9, VC AVUMOS Ny i GD Ge PLE 

sin Cees E7277 2. West of 1. Ad=),- = DP Be Be DIY 

PETE ITS gin p, MOM ATT |, Mu ANTRAL 

ML BO COS gk @IOG AMA AH |), AACA 
tan by 2 ISL ZAIN cos d=sin ¢,sing,+ cos ¢,cos ¢,cos AX ~~ GFL PD DH¢/ 

o 
M=cos ¢, tan ¢,—sind, cos AA Hi O47 FIAT SI pee Ns ff. fO5° © SALE 

sin AX 

- BODO FASTO N ee ee 
Con. eye 

sin AA wy 
oO / 

con G.sioN astess97,,,, 20994 ACSIS , FF 5H oF. 87 Gin @| = ——— Ea Sl 

N = cos ¢, tang, -sin gd, cosAA — 

sin B 

_ cos g sin AA , ,2SCSIIY §. p GIF FIFI ee eS YF, C25 

sin A e3 
S$ 

— sin by)? B22 CLE IBIS Me H = (d+3 sin d)/(1 -cos d) 63. SSIOOS OT K =(sin ¢, 

= (ein dy Bete Re OnE CE eee ginaly (scons yaoi Z2S PLYSY 
sd —(f/4) (HK +GL) # C22 S736 S Son U2 COMA ener 
d (radians) _7- 125- GS AIO s S24. + 22S am. 

d+ dd (rad) 72S SK AS T = d/sind 202222 OSE xO 
° () " ° 0 " a 

2A JOG < LA? 7Y 2B LIPO 2 AT 

sin 2A_Z- Lo F DS OES T sin sas tae 

(C/N ce et EG one rane) ee WER SE 

SA =VT-U =e 2202 72S 89 Ae in) =e ee Oe 
i eae poi ¥5-VEF 1393 = © (= re 
a Ayeent WF-5 Cie, Ee gO SS. CIS 

+ 180 ‘ , +180 4 , ‘ 

a 96. Ve he ERO LTS ie eT DD BBo GEE. 
1-2 =) ——= 

@,—2 = ayp = 180°-A+ A C= = ap, = 180°+ B+ 6B 

Line No. 6 (See Tables 1,2 - pages 65,66) 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

ESB LALA OED IN ce 70) SOD 
jv A LEE GLIAL Ss ASIN, NE Zc 

sing, 2 72S FEFHE 9. West of 1. ANSA = oe eA 

cos G, 22 208 EY AIT og 26Y2 PEICS ginny 22 AIS HOPS 
tan he pe LAG ATE DAG cos BRIAR, OBA AA cos AA EA he AAA 

tan bye IS IMOLIG SI). cos d=sin ¢,sing,+ cos ¢,cos d,cos AX 2. IRIS COY 

M=cos ¢, tan ¢,-sin dg, cos AA_— * 706 SOVIFTS ag eS —5 5 SHS QS SSE 

sin AA 
5 Feo 

N =cos ¢, tan¢,-sind, cosAX te LIS F7FSI cot B= N PAE OS CLF EF 
; : : sin AX = Z Ww 

arden Sa ROU LOI PN RIO Gy SIE 
sin aaa oe —_—_——————— 

2 
_ cos ¢, sin MAS FY YOK. Be JaS— SIZIFIDTF 3 Jy SES O- So 

sin A po Aa Se d 7 “3 of6-.- 2902. ens TSB OSEE CERES, 
K = (sin ¢,- sin d,)?_&: GI SIVE ME H = (d+3 sin d)/(1 -cos d)_ 7 6S -FOGO4S_ES 

L =(sin ¢, +sing,)?@_Le FF ¢¥SCF G6 = (4-3 sind)/(1 +008 d) = 2 ZO 47S IA 
bd —(f/4) (HK+GL) = 2 262 O77 Fat € e-ald+ ad) YEH, Cée2673 7), 
d (radians) =» 426 SZ SSIS s ALA AIS AZ _ YES A nem. 

d+ 8d (rad) -7?S SSF 7 GA Da Mei Lee COSI SS 

2A 36m i Des BOGE 2B yr 7 DD 0, PIPL 

in i 2 2 LIE WACO IST ely 0 PG GFF 2D y 

U = (£/2) cos%d, sin 24 = 2. PISS ¥107%, _ (59) cos 24, sin 2B 1 I-27 YGSIAX EK ae ae = 
VT *%- FGF 26S xX 10 UT —%- AEPI TS Xe y 

is re ec SSIS I XL — A 5B--UTiv ~Z& SEES 7S Ned = 

iy ot es Gus LE. 660 hag ee 2 Z VEE 
ESV t# oA SVE gn AH SF f2-27E 

+ 180 ° 7: " + 180 ° ’ " 

Chee SAS sez 44. FTP? 2a sg s 5. SASF 

Q@,-2 = Ayp = 180°-A+ dA Qa,-1 = ap, = 180°+ B+ 6B 

Line No. 7 (See Tables 1,2 - pages 65,66) 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

’ fo} 0 " 

CAI. "Go. 70.051. LLME Nee er OD SOUS 

¢, + 72 
15 go 462-0200 ZW ODP G°P-22ONV), args la JS %, 

sing, - 777 _ $26 FY? 9. West of 1. AAz\,- dye V6 YR 25-567 

os iy DEEL AAAI MR NER AEN RI OD IED LONE” 

nem Gy LOLS oe LE OPI geyy Sy BES ESE, 
tan i 20 OAL VIELE ap d=sin ¢,sing,+ cos ¢,cos d,cos AA — ACS Se Sia 

M=cos ¢, tan ¢,-sin d, cos AN 2 22 L427 VE Y cot A = T rere cd OVS A SFE 
sin AA 

O = N 1.2903 FISD? 
Neteceiiancs Send cos AN 72 eet OS A SETS cot B= = ————_ 

sind oo oes FYI WIGO 5» 2 GIVI SIO NB ES BSS 
sin B 

_ cos ¢sin MA, 299/990...» - Feb 96 SSE AH SH 18. FIO 
sin A z -o jee ee 

Ke Gino nin 5) oS COTY KIN ye ae arain dace ad) ae 
L = (sin ¢, +sin 4 Pea OL IDLE G = (d-3 sin d)/(1+cos )—- PSS S FES 

8d —(£/4) (HK+GL) Le 222 7S 2 SSAA pan ae) A CBZ EIT ras 

d (radians) _< a2 SVS E4AIL¢ Ze s SCS- SECIS Maran 

d+ 6d (rad) “29S 2A IIA TS IST T-d/sind_4 C2625 6HYT7 

2” SO fe ZSECIC OB PEL wd 79-6290 

sin QA ——- G9SOES IS 7/ fin. Bi Ze PIL BO GP 2S 
-¥ 

U = (f/2) cos’, sin 2A = 3-06 29S 310-7, _ (f/2) cos 7g, sin 2B th GFAFIPES HV 

«7? v= GOR ECO oe IC a. fo — : 

SA =VT -U t2- PPE YTI X Jo — Ls rapa 22 DA GD Se UO = 

+ ee AL PGC +8B + of/.02 

fh = 7 ee WR CATES) eee Si. 150 S70 

+ 180 ° ’ " + 180 ° ’ " 

Q,-2 d 9 USES. - of JS Chas 22S KF SY. SIH 

@,—2 = aap = 180°-A + OA Gn =apa= 180°+ B+ 6B 

Line No. 8 (See Tables 1,2 - pages 65,66) 
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COMPUTING FORM, ANDOYER-LAMBERT 

(No conversion to parametric latitudes) 

Clarke Spheroid, 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

Gielen AITON Neg Origin Ze VAG 

b: FOO FO-0002. Terminus » 78 00 00,0004) 
sin jb BBE LE EUOAY.. 2. West of 1. IW ea SO IEA ESI. 

cos ¢, 2 LL6O FAA ing, - 066 FEVER inp _» 776 OPE/4 
cos 76, -SSb6LEFIOS ogg 0 WASATIA — oogyn_- CSO GLOW 

cos 14, «= TELO(AIZ cos d=sind, sing, +cos d, cos df, cos ELL 

= (sin d,-sing,)? 2~CSOSEZIGG 168. 20 25.706 

L=(sin 4,4 sin ¢,)?_ 4 2HASIE/ d (tadians)_ - 7S GEES IGE 

= (d+3sind)/(1-cosd) 7 (Os PL£3 Y2ZVS tg Gls SSeea 

G =(d-3sin d)/(1+cos d)_—- 79 WOSEZLF BARRO ALLO LES ODT cara 
bd = -f(HK +CL)/4_7% 2» COCS 1S 77S 5 BELO GOBE nse 

R =sin Dy LOCO SVE T =d/sin d Le AOZT LPIGRES (KE Zoe 

sin A=R cos ¢, - C26 & ~S66 ZLLI/ sin B=R cos $,—* PIPPTFZO 
A ORNL Ome AT, B__9e 64. 2/0006 

ZOO ee TS LO BB FB222 

sin oh - FES SSOT$Y sin 2B _—_¢ O02 SSO7E 

=\(f/2)¥cosi+e; sinv2 Aven fe es en Vat) Ncostadsnsini2b 

U ee EE V (rad) TBASV7E TF X10 <% 
U i 3 SE WAEi WS ‘ 26. “S19 

VIR eA Miele Hea oo S72 UT 3 ¢ £o-569 
8A = VT-U_= C9 ine SAS ah aay Z¢  2/.383 

ayp = 180°-A+6A fe SK H.596 apa= 180°+ B + 6B ZoP_ ST S57, 6/2 

Line No. 9 (See Tables 1,2 -~ pages 65,66) 
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COMPUTING FORM, ANDOYER-LAMBERT 

(No conversion to parametric latitudes) 

Clarke Spheroid, 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, f£/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

dr FS 18 FS. LAAN. Origin \, JO2 C2 (Z9SIOE 

do 4o Co CO. 0660/2, Terminus ry Vie} 20 20-0004) 

sin ¢, -€42Z 7LTO/ 2. West of 1. ArX=2,-A, 120 O02 243706 

eas) $j,» L660 4444 cin dy «SSI OBIGl sin nO ILS CEBOP 

cos 14, - CPE IEAOS _ cos ¢, WUCODTID LS «0. MO: DCOCGZTOs —__ 

cos 1g, -CESETIIF cos d=sind, sing, +cos ¢, cos d, cos AA ee) PBL: CYA 

= (Gin doom ae Oo4/PZIIGS 4S gv BBO6O 

L =(sin ¢,+ sin ¢,)? Yue LGO4/ S569 al GadRaias) Ze SA2Z/4AE 77 

= (d+3sind)/(1-cosd) +. LET ES PS sin d Ov 978 ZS CES 

G =(d-3sin d)/(1+c0s d) A POOSIBGS s -ald+d) GOSS, MELB meters 
Sd = -(HK +GL)/4_2 CO“ TI IS (SS SOLE in 
Resin A\/eind 4% SOMA SCOOT pL a/jsind SVE TEROS- 
BANE cost Ir TIO ain RUS gf rior BOO Miame 
1) 7 eS BAL Lee O22 25079 
a eS LE. np EGR EVE, Wa OF SIVA 

sin ah $20 GIO ULES sin 2B ae TG. GPIOCO 

U = (£/2) cos 2¢, sin 2A V =(£/2) cos *¢, sin 2B 
U (rad) —2 OOM ZOFEF . V (rad) _# OOO Tie Slath ‘ 

U 3 Seley, Wy Re CESEF 

VT ¢ Ss f0:T. LO UT 5 is 50-228 

8A = VT-U ; / 19-885 58 = -UT+V ES es 

aap = 180°-A+6A 42S #2-B94 4, = 180°+B+ 5B 225 02 00.674 

Line No. 10 (See Tables 1,2 - pages 65,66) 
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INVERSE COMPUTATION 
(Andoyer-Lambert Formula) 

Clarke 1866 Ellipsoid 

40-50-6000 Line 

A, 18° 00' 00"000W 

A, 102 02 29.370K 

AX 120°02' 29370 

d: 40° 00! 00%000N 
d, 35 18 45.644N 

1. Point of Origin 

2. Terminal Point 

Point 1 should be 

west of point 2 

sin AA 0.86566309 

cos AA —0.50062701 

tan 8 = b/a tan d 

tan d, 0.83909963 

tan d, 0.70837174 

tan angle sin cos 
B, 0.83625502 39° 54' 15"203 0.64150618 0.76711787 

B, 0.70597031 35 13 15.443 0.57673115 0.81693401 

cos B, tan B, — sin B, cos AA cos B, tan B, — sin B, cos AA 
lM SS —S—S COR SS a See 

sin AA sin AX 

cot angle sin cos (5 places) 
A 0.99659760 45° 05" 51"495 0.70831073 0.705901 

tan 

B 0.89069853 41 41 29.068 0.66511838 0.746738 

; cos B, sin AA cos B, sin AX sin a0 0,99841720 
aia Ge —_— os 

sin B sin A cosa 0.05624132 

cos o=sin B, sin B, + cos B, cos B, cos AA o 86° 46" 933X271 

Cree 2393.20 

oy 1.51452532 radians 

s =ao—H (MU + NV) 

M-=(sin B,+sin B,)? | _M 1.48410219 
N = (sin B, — sin B,)? U 0.48862709 

o-—sing N 0.00419580 

Ue eee V_ 2.66269606 ao 9659955.089 

ee 00 — H (MU + NV) — 3980.422 

Vt ee a Nbstbalee s 9 655 974 .667 meters 
fo -? 

6A°’=— cos *B, sin B cos B( - ) oA” — 351.593 
sin go 

Oo” 

5B’’=— cos fh, sin A cos A ( : ) 5B” — 312.098 
sin 0 

A 45° (05' ~51"495 B AVS AN 29".068 

oA — 05 51.593 6B - 5 12 .098 

Ag 44, 59 59.902 Be 41 36 16.970 

a, = 180°+ Ap 224° 59! 59902 a, = 180° — Br 138° 23"  43°030 | 

Line No. 10 as computed by ACIC, converting to parametric latitude. 

(From Page 39 of the ACIC Technical Report No. 80 — August 1957) 
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COMPUTING FORM, ANDOYER-LAMBERT 

(No conversion to parametric latitudes) 

Clarke Spheroid, 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

ae ae SZ FCON. Origin Ne OA GB GC2SG®D 

bo. H¥F IF LF EP7P2. Terminus My ZA ere soe FAO 

Breese! 725 ZE aiwest of 1. Ween Mei eh EGE 

cos f, —~~~—_ eFFO EFF SF EN AZ SI NDy SORIA he LEAST pp WN 1 Oh SAAT 

cos *d, SSF _ F/2 TS cos d, 2A FAK FAC ES o55Mr LES 7 SCI S 

cos 15, 2 DIP PITIT cos d=sind, sing, +cos d, cos gd, cos AA NAD SS 2EC 

K = (sin ¢,-sin¢,)? SESE ee dF oO ee: L0G 

L =(sin g,+ sin ¢,)?_ “@ GCCEES “FL Uetten) 0 LI EL 

= (Qs PAC CE LEIS Ewa aes AT 

Cee aah cos Ds LAA IAS nts = a (dep SA ALI 

bd = fHK +¢1)/42F2 SYP ISA DX 7 ICS ASH CI re 
TR idlin ANY SR la ALA he LY Tad/sind 77S YOAS™ 

sin A=R cos be iGI GAD SCS sinB=R cos ¢, 7 $e f SUFI YE 

a a 2 A Dea a UT, OL? 
5)'\ AOA de i ME decay Pe OS Be SL 

vo ES ina ¥ 2S 77 

=ty2)wcose@esine2A ss) ob aie Ve (f/2\eosid sin 2B EE 

WO erotic 5. We) SAAD ONG RTE Le 

V Bie We ok Sry Py 

a EEE, ww | #& 7aeleé X/a-4 
SA = VT-U_— IES IAS A J 7. FF 2- 

Ome ‘ ws one Cp " 

aypeBOO— AON AEA 1ST ICTS o,~ 180° + Be Bee 272. 

Line No. 11 (See Tables 1,2 - pages 65,66) 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT APPROXIMATION 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866 a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825 

1 radian = 206,264.8062 seconds 

db: SS YS7 74. SfW)\. Mbsaow 41-37 PS LS. =39_ 34 ¢s. ¥s0(E) 

2-33 So PFS /8) 2. Czee af Good bhye 2. 1, -4f 2F wl. vyoo(#) 

sind, FAC CYLIS 2. West of 1. Ad=\,- d= LY OS FH¥OSO 
cos b,LeSbRXIREOVS _ sin $, 22 SSF AYVLS sin AX Z-F 27 GDQSFGDS 

tan ¢, Z CS FITS AA OO Cy aie, OZ ILA Ney [ye GAS FFOOF 

@y= OVLIS ISD cos d=sin ¢,sing,+ cos ¢,cos ¢,cos AA 22 = — = © 7 8 G2°97€ VF 2 

M=cos ¢, tan ¢,-sind, cos AA 24757 VITTSIE Cop N= — 3- SYS 7 OLCF 

tan 

sin AA 
2 

N = cos ¢, tan ¢, -sind, bga/ NEALE IE SIE OE 7¥E #2 C SF oo B = oe eS s SSNS ea 235 F3/27 

sin d ee PIGIIV Shain \ PLO P2AEF = 5 fo4 74 FGFS 4 
sin 

_ £08 dy sin AA 9IPPIYSS sin BR! LES SOS0 SF B 42 36 Satie DIAS 

sini ik S_ Gl OF HOS BS _ 
=(sin ¢,- sin ¢,)?*#L. FAT FEE2ZA" Y= (d+3 sind)/(1-cos d) HY: YF IZSISIS 

(Gin Guasch, FeO AEB IGE A (Vea@eson discs ze ~P3I7 AS AAS 

8d —(f/4) (HK+GL) =2 P97 HAS ESO s=a(d+ 8d) 2 2X PTZ HSreters 
diradians) zat KAA C655 FSF s SYSH ODAF GISF nem. 

d+ 8d (rad) *#7. STIS SII AL Ted/sind “S07 LPF 2GL 

A P2L J? SHCSF Ths 43 ot. S66 

sin Ire SHtst LOH ve By Oey 70 3o/ GSES SF yy, 

U = (£/2) cos’, sin 2A =< (oe = (f/2) cos 26, sin 2B ty. 2226 €26X/ Bellis 26 X/ ~ 

VIt#6* 72023 (SX EO UT ~#- oSé6S peed X 70-4 AD 

SA=VT-U4 9-32 MTL Zi poe pa CSI AEA 6 FS ee 

ee ea ee ee OTA S ess tS eee C2 
~~ — 4674 jf FE GPO we $6 Foe FS 

ct SORE 5 . FAGO 6 

ap 1x AS ERAS 4 GO 29 PO. SSS 

Q,—7 = aap = 180°- A + 5A Oe BBS ccenaene 

Line No. 12 (See Tables 1,2 - pages 65,66) 
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APPENDIX 3 

Computations 

Using Forsyth-Andoyer-Lambert Type 

Second Order Formulae 

Without Conversion to Parametric Latitude 

125 



DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f?/128 = 0.0897860195 x 10 °° 

fe ee 2 eae, KAGE OG SPD TE 
bp AO I PND OE Vee Cea OD EES, NI fae 
sin d, it CYS SF F723 2. west of 1. ArX=A =A, Ao” 46 -F7AS 

cos $,22 760 2F POF __ sin ¢, T6SR VITO sin Me C44 F7EFA_ 

tan yen ITA BAGGY cos d, He WCE PSPSPS oo Ar PZ ISS 

tan eae VIL BLT ABT pee d= sin d, sing, + cos ¢,cosg, cos AX V2 FF GLOF 3 

M=cos dg, tan ¢, — sin d, cos Mri Oh SIECS cot u = M/sin Ad =- WII §§ES7 

N=cos @, tan ¢,- sin d, cos AA Ls CW TEA FA og y = N/sin AA tL. COSC SF 2- 

sin d = cos ¢,sinAd/sin v = cos ¢,sin AA /sin urz- GA CAISTZ , “7H vO ve .F/E 

eecd AR PZAGISYSS end FAIAIIIS YS AA 5S AIT 
1 COS ASAI TI Nagas) LO EEE LOT fin, BBY DAI E2 

sin esin yV 2020 2275 (cing sing) ALISA, © 7 Da D0 TI 
K, =(sin d, + sin f,)°/(1+cos d) PIITA OFS K,=(sin ¢,-sin ¢,)7/(1-cos d) Tt SIO P2IASIZ 

X=K,+K, #4 HSA TIFIA y -K,-K, A PSAS AOSTA Ky FG6OCFZE CF 
ERA AAR LE ca CE MITE NF PEDO ISIE 
A=64d,+16d? cot d 7* SAF C6 FFAPIF 1-48 sind +8d? cesed H#- 64S" PAI 
B= 27442 ASIFHY b= 30 sin Wd Fe PEP A ICFO _ gin 94 Ae C28 PATOL 
C= -(30d. +842 cot d+E/2)27 2 FET 4VILO HO3 AX LIGA FOESIST 

BYTAIAS PPFOGS CX? <A SHPECIIPS” yy Fe PAAIPIZA SIA 

gy? 22249 19S ASTA 3 -AX4BY+CX?4DXY+EY? — = AOIFD F OTH 
dd , =-{8/4) (Xd, —3Y sin d) = 6- WEF PIX" 542. (r/198) 3 Fe CE FIF X ZO F 
d pil ees ASE EO TF vbdy+ 8} SRE IST 1 I 
us Save 

TON ACh One IS Si\add he Mae ee Ze ORO 
m 

, T=d/sind_ 4 2220 SIS 7E 

oy a UP i AGS ee ea es 229 - FF 
sinQu 2 FISF GIPLAS Dine <0 FF POLS 
U = (f/2) cos’, sin I — APS PIIIES X10 V =(f/2) cos’, sin 2v 7 F- GSES L/11 X fO id 

VIF: GSD SYS_X fo— 7 UT — 2% FFT CSE VDE 

su-VT-UZ-eLF PFS S CS Sv = -UT4 V2 CLALIT PAE AT 

Ry ace a AP. 259 Hes ees ie é SD: 26 2 

LaF. PE PT EE. PZ mn 
+180 ° ’ " +180 ° ' " 

ay) 2S Ne eG Sy eee SEZ 
a,_, =a, = 180°-u + du a,_, = Gy, = 180° +v + Ov 

f0O Yl. AIO Line No. 1, See Tables 1 and 2. True distance_¢@ =~, 744%" “" 4& meters. 
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, {7/128 = 0.0897860195 x 10 ° 
° fo} 4 " 

bs g SI YSGVF ). Crvecv MLE ESE I DY 
je PO 90-0005, Tersvrqwavs ») ££ Ge of eco 

sin 6, _7< 1495S IIS SS 2. west of 1. Ad=\,-A, 2 22 di , PALL AS 

cos 8 AEG sin ¢, Ze LIF. CFI § sin IN\ eo CEC 

tang, 22 776 ACEPS cos d, Le IL YICIMS cos MN Te FIG 6 WSF 
tan By LAA ed A Gaye d=sin ¢, sing, + cos d, cos g, cos AX pe K ELGG J 

M=cos ¢, tan ¢, — sin d, cos A) NEE CASTE Nott) = Metin YY, Seo AS PO oof Hee AIS 

N =cos ¢, tan ¢,- sin ¢, cos AA = * COO OPCS con v7 aiN/ein Ay Gro eee ee C20 JIAF 3 

sin d=cos ¢,sinAX/sin v = cos ¢,sin Ad /sin u TiC 2S PLS 4S FIL +4 2EASSP 

esc d FIA OSS FI AY op a LIF CIIG) IS Go 62C 297-9060 

i as ee AAAI eta eae AD) LLIERSY, Sin ee SAAD 
(sin ,+sin d,)?72-ZAOS 7E/A (sin g,-sin d,)’ SO OSC IAT 7 sinv 4%7-222 CGeece 

K, =(sin d,+sin d,)?/(1+cos dA GOOA PPEFYAK = (sin ¢,—sin d,)/(1-cos d) BOT BG IVE 

X=K,+K, PeelGLCPIFTEC  Y=K,-K, F-66C2I7IZ2F XY _7%- LCOFKL PSS IDFO/ 

XL. OGCILGGI GEV? P.COK3 YOR ASS |, L6ASPIW/ ADIN? Fs GLE EBESOSESP 

A=64d.+16d?cot d #22%- WIIF HOC F __1)=48 sind +84? csc d FL WLAZ GAGIS 7 
B= D2 ILS SAD WF f= 30 sin 2 TAZIZI fos singd@_7-CSO HSE SF 

C= -(30d, +8d? cot d+E/2) ~ZL DST PEGS AX _ FO.7AL F/ST OAS 
BY=—- SIOP AOS STD CX? —,206 2G GAY/ DXY_Z- COSITE FS GLE 0, 

EY? 2222S AI ISGS DZ 3 SAN ABMS CXS ¢ DAY Mia Macleay sas 4227 TTS 
bd, =-(f/4) (Xd, -3Y sin d) #-?- SIPPASH KIO “SA 2 = + (P/128) 3 2 IP/O2 X O77 

A 2 Si) ee IG RS lee CO A ASE 
r f r f f 

S(ddp) = ald, + 8d) 22, AF2- FFF _ S(adps) = ald, + dy + 54) LEP AIA~ FEZ 

o ‘ T =d/sin ate LOO SES $ 2F e y i 

2u LF AT GEG Np PED ABD ABLE 

sin Meta LAS FPS sin 2v_“—-e COPD IAI96CP 

U =(f/2) cos’6, sin 2u 7A WE PFL AIO SY =(6/2) 00574, sin wW— A-SI X fe ~* 
Wet SIF X foO- 5 OM ABS ICL) 

Su= VT _-U— ZA ZAR X fo 7 See AUN eee I 

+ du= DF. O27 pwns LG.OF7 
nt Miya 44 SI. ASF Fy a DQ G¢f-OCEO 

° 0 " +180 ° ’ " 

ae me LSS She SOC os # SD CO  ge-023 

@,_, = a, = 180°-u + du @,_, = ay, = 180° +v + Ov 

Line No. 2, See Tables 1 and 2. True distance (ZA GAs FS 2 meters. 
A 

127 



DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f/128 = 0.0897860195 x 10°° 

BOG Ne IS GEL 4 OL ye eC 
heme aA GO 98-2 Ferra n¢7s , ZK ee 22-200 

fine eee Ric PeT ce ys ees 
cos $, 2 TAS a? PLP LS sin ¢, 2 PEG CIDE By, M7 t¥S. CSF FO 

tan (ee LY LV AIE SD cos d, 2IYA GUY... MA Ze PFS  FSPFS AAR 

tan bot IAD YIOY S 2 2A Za cos d=sin ¢,sing, + cos ¢,cos dg, cos AX -LIS PIASS 

M=cos @, tan ¢, — sin d, cos MAt 22O KAPHA IE cot u = M/sin A\ Ze AIS 222 9 FE 

N= cos ¢, tan ¢,- sin ¢, cos M2220 229 YIOF _ cot v = N/sin AA sie SA I507 

sin d = cos ¢, sin AX/sin v = cos ¢,sin AA /sin u_ Ze OS SA A re u FA, 227 SZSEF 

ese d LA: FLA OPLLSF cot d 2LF- IS. SL HAG! 2 Ce 4. : 

14cosd AL. GIF GIS SE. jos d Fe-CMAESSF 2 gin - FFOSSE SCO 

2 ne Sn ee sO Sy = 2CCE°R 

(sing, +sind,)?/(1+cos d) 24 26S F2829 K,=(sin ¢,-sin ¢,)7/(1-cos d) _7-2°7 W777 LeCPS [G47 

e K,tK, tL 260 4PYS \-K,-K, tA HESOCLO_ XY HP-MY GS EGE 
YAIME B2GE LPM OU FE d, LCSD U2 PSL? £12 AT GAF PF 
A= 64d, + 16d i cot d LEO? SSF: (2S D=48 pee +8d? ese d yaa "SHE 6ECEGFO 

B=-2) —S6SI SI IC B=30 sin 2d Ie WIE 296 sin 2d_72700 YES 

= - (30d, +84? cot d+B/2) = I-WF FIFO? ax 21. se2 EDF 
BY-Z ASE WG LF CX? Le: G66 AIAY DX 4S VOT SP2ECF 
EY? FAIA SF2ZECE — Y=-AX+BY+CX?4DXY4EV AY CSF SOFC 

bd » =~(f/4) (Xd_-3Y sin d) #2 CODLS C/O FP dp? = + (2/128) 2 Zz 2IIPIA St 

d ele LOCK ECAGIAGS | + Od, + 6d? 2 SOL CFSTSF. 

S(sd) - ne + 3d) S74 FEL, PIO. S(6d2) = ald, + dd + Ody) PIF SES. 6X7 eS Oa 

Ae eScleinnt Gl aA SES ys PIP fa 

rely Ao) eee Af AEE a MN a ER 7-6 FY 
sin 2u EOSIN 8 Fo Y/ sin 2v —e ee wee SS 

= (f/2) cos’, sin Que Se 4¢LE SX IO Boi, =(f/2) cos’, sin 2v —?, 45/4 _X LO = 
65 —2ASf2 KX fO Pv SIS ADB) BY 

Sav gle ere Sv = -UT4V —Se SVE 2X SO-S 
“prOU am Mas - yj AL. FLL, 

cee 7 AR SPD tv tr go gO Yin Pf 2- 

+180 ° Q " +180 ) ’ " 

pee a IN a JMS Er CLE Zee OI ID RDS BO ED 
@,—2 = ay, = 180°-u + du a,_, = Gy, = 180° +v + Ov 

Line No.3, See Tables 1 and 2. True distance 374 IEG JEG nae CLA _meters. 
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, f/4 = 0.00084.7518825, f7/128 = 0.0897860195 x 10 ° 

a de 24 42.5628 1. Ory g/ ip, SA SZ SF- AES 

db, JO 2S _ 20.200 4» TEHLIUACS , LK 92P_G2. E92 

sin ¢, He 226 LSASIT 2. west of 1. AA=)A,-A, JS gs Yo- 2. 

Sora eA ee i AP i eat LAS 2 AN ed le A 
tan aS SEN eat cos d, Ze GIA FCEPIS cos NN Lie LIS + G63 

tan eI ~FACIS oo, d=sin ¢,sin¢, + cos gd, cos g, cos AA Za GG? MEE FY 

M=cos ¢, tan ¢, — sin ¢, cos Mae SS OSE AES cot u =M/sin AX =< 757 GEZAS 

N=cos ¢, tan ¢,- sin d, cos Ad Ti PSS ZH. CTR eas oe IN LOCE SYO3S 

sin d =cos ¢,sinAX/sin v = cos ¢,sin AA /sin u LORS ESTAS”, ZH SS ASAISC 

escdZIIMIAZEEFE er GHATS SEIS AS” A Y FF ADECVE 
ltcosd DAIIFT MIE FS \cosd Fe CCAIEST gin He JlBeSSEIAS 

(sin d,+sin b,)"F7LSG IFS FE _(sind,-sing,)? FeCZLISSHL siny £-9CY¥ PIF 2A/ 

K, =(sin 6, +sin d,)?/(1+cos dD 2AOLIMDSF K, =(sin dy—sind,)*/(1-cos d) 7# FSSC AYS YI -Z 

X=K,+K, 7AO86 ¢2SSAA_\ -K,-K, —-SHHWALE WV —+ FOE ZPPIE 74 
X? tL SPL PLE PS ¥?f-» GOS Ofb G F 4, tO9S-PS OL FL d,? He SESS FOF 

A=64d, +16d2cot d7@-29A CPF FA. N= 48 sind +842 cscd 7% LYS SFOFO 
B= -p- 52 SIF FYEC DH, = 39 sin 94 LHe SAS HOFO gin 94 Le*SA 2 PIAA 

= (30d, +84? cot d+E/2) $2 WI LGIAZD gy HO AIZ SEI ESH _ 
BY A PASIEYL ASD (y2?—- Se SHb6 SISOS Nyy —3F2 ESI FSES 2S 
EY? 7: IST CSCHS — ¥-AX4BY4CX?74DXY+EY? HPZ-FIL ADE ASS 
8d » =-(f/4) (Xd, -3Y sin d) 2@2ILPS TIS IF dd? = +(/128)% 7 F OFF7 X LO =~ Z 

d +d, 2222S 69H YS? + 6d, + bd f FeI2S” GIST SSC 
Tr 

S(sdp = ald, + 84) YI, 274 PAG slsdya) = ald, + 34; + 6p) FR 7277 2AC 
o j T= d/sind 24 COOK EG OUGIN o / a 

on IEF A CRE IU PS, ov LS RES Fu REISS GED 
win OH EE Aa AER Be I gen oc en aa 1 CI 
U = (f/2) cos?¢, sin 2u = + COS/ECE SSU/ V =(f/2) cos’d, sin 2v_7- ELLE SEF 7A 

VI_%e CEST SFIOC UT —-22 62S OG O/ 
sua VT Ue COPRSQZ Gx YL sv = -UT 4 VA -COP 2674 SSF LX 
sn Cath Soe ZIS ao Vie aL Lae PPS 

MP es of FF ws PKC vt oH LE ARO 
+180 ° 9 " s +180 ° 1 " 

a,_, = a, = 180°-u + du ,_, = yy = 180° + v + dv 

Line No. 4, See Tables 1 and 2. True distance VIA, VIF. SE meters. 
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f/128 = 0.0897860195 x 10° 

A, FS AI 

¢, __ 9#@__-9O 90.000), Verpvuyqme7es _), (££ _@9 92.900 
sin by = FSP aIVASVS 2. west of 1. AA=’,-A, 224 SETS fem Sonn A GAS 

cos 6, t2IA> STS OPCF sing, -FPFACFREA sin \N_- SS PYLE 
tan b, ZF-SIA E22O9O b, - SHA CLK, AX -9JE7 FIL SS 

tan by et PEP? SIP GS cos d=sin ¢,sing, + cos ¢,cos d, cos AX ae he te L GF 76S 

M =cos ¢, tan ¢, — sin d, cos AA —-452 P2ASTS7 _ S2 PAST; cot u =M/sin AX 2 ES __ EOS SYS 7 

N=cos ¢, tan ¢,- sin ¢, cos AA etait SIA se72 7 cot v = N/sin AA SS: GEC FFF 72 

sin d =cos ¢,sin AA/sin v = cos ¢,sin AA /sin ut. 129 YOST u—Z 2/ d ve LY-YO 

esc d ASAI St AGLI cot d LG GOR SOLFIA Vv oS xT SALIS 

lecosd 7499" PFGE SF \-cosd LeOOSCCOFA in FoI ES” TOILE 
(sin d,+sin g,)* 69S SEE (sin d,-sin d,)?« LOLLIA IZ siny 2 POE FHS/ 2 

K, =(sin 6, +sin 6,)?/(1+cos d) ZZ LOZSF HPT, = (sin ¢,-sin g,)'/(-cos L272 ASS HA F932 

X=K,+K, 24££I0 9667 _Y =K,-K, FLZIAAMIIP xy FEACL STS ELE 

2 LG SVE PSIOP y2 FA. PIPLESEL | F. 1006 YSZ Y 32 HOCPIAL A 
A= 64d, + 16d? cot d rae D¥6 fOSGF )=48 sind +8d? ese d AS2 GAG AGSAO > 

B = 2) -4-ASVEGVOS (= 49 sin 14 LEA IL? JEY2O gin 04 TA PFI ZG ACS 
C= -(30d, +8d? cot d+E/2)=6- F297 He YA yy FAS ASST ISSEY 
BY 4A SCC COPS" 2 Cy? — AA MIE D2AG OF xy LIF PLO SISTA 
EY? AZ SPFOF IBS $= 4X 4BY +CX24DXY4EY? ZZISSTFA CES 
dd» =-(f/4) (Xd_-3Y sin DA CCALGS/ LF I/ 8d,? = +(f2/128) 3 Jt oe 6CE FOS FE 

d 46d 62 LOO Ft EC7 5 4 491, + 67 2 ee FACS AST 
S(Sd)) = ald, + 8d) GAY 727- FEF S(ddy2) = ald, + Sdy + Sdpp)_ CYS, FIA. A al 

ie PR 9 9.206, Crvgra 

2 De WP dpi (eZ AABL OOD Ae Y 7 v 
bn ttt 2/ LI. FO ov GS s°0 Fe FPO 
sin 2u_—- FP SS_ EVI VE sin 2v Ze Tan LGLISO 

U = (£/2) cos?, sin 2u —/ Le x y =(f/2) cos’, sin 2v 7 F IFA fa x fo-7 

NA Recast ey OY Aa, tay AD LE UT_—% 290 F. BEE 
du= VT -U*#~* SISIA2X LO - Svea Ul Veen Seed SESASAC NC ZI 
+ du eo ype. OS 6 IF ‘e x Sy am of OS. EFL 

Se ee JO £4.78 O DH Boo hd NE NS 0G 
+180 ° ’ " +180 ° ’ " 

7 ST MOUs 296 pi I STA 

@,_2 =a), = 180°-u + du @,_, = ay, = 180° ve ov 

Line No. 5, See Tables 1 and 2. True distance G AS. PTeadae YA meters. 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, f/4 = 0.000847518825, £°/128 = 0.0897860195 x 107° 

1 radian = 206,264.8062 seconds 

1. Origin 2 : 0 
dy 5 09 5 A, LORS Se 4 355154 

2. Terminus 
po 10 0 0 Me 18 0 0 

Pm = 2bit $2)_9 Sd 34.569 E Always west of 1. | AX=)A, - Ay 7 20 16.446 

Agen = 2(d.- 4) 2 25.431 AX mn = % Ar 3. 40 08.223 

sin om + 0.17295377 sin Adm + 0.00070507 sin AA + 0.12772073 

cos dy, + 0.98492994 cos Ad, + 0.99999975 sin AX, + 0.06399152 

k= sin d,, cos Ad,, + 0.17295373 K = sinAd,, cos 6, + 0.00069444 

H = cos*Ad,,— sin’d,, = cosh, sin’Ad,, _+ 0.97008649 1-L 0.99602708 

b= sin’Ad,, +H sin*AX + 0.00397292 cosd=1-2L  0.99205416 

d + 0.1261458534 sind + 0.12581156 T = d/sin d + _1.00265710 

U = 2k?/(1 - L) _ + 0.060064618 V = 2K7/L_ + 0.000242767 E=60cosd _+59.52324960 

X=U+V _+0.060307385 Y=U-V_+ 0.059821851 D=8 6+T7*)_ +56.04257008 

A= 4T (16 + ET/15)_+ 80.12738460 C= 2T -%(A + E) — 67.82000290 B=-2D _-112.08514016 

X(A + CX) + 4.58561299 Y (B + EY) — 6.49212745 DXY + 0.20218475 

(TX — 3Y) — 0.118997925 df = — (f/4) (TX -3Y) — + 1.00853 x 10% 

T+ of + 1.00275795 S, = a sin d (T + 6f) 804,665.223 meters 

= = X(A + CX) + Y(B + EY) + DXY — 1.70432971 of? = + (f?/128) 2 _ — 1.53 x 10” 

T + Sf + df? + 1.00275780 S, = a sin d(T + 5f+ df?) 804,665.102 meters 
aT OR eam al 

sin (a, + a,) = (K sin AA)/L + 0.02232473 a,+a, 361 16 45.188 

sin (a, — a,) = (k sin AA)/Q1—L) + 0.02217789 Coin lity CRs ZS 07 

WA(Gaa Hoe) = -¢/2))H (he sin @, +a) 7.351613 x 10e 5a, — 7.350644 x 107 
¥%(6a, — da,) = —(f/2) H (T-1) sin (a, - ay) — 0.000969006 x 10° da, — 7.352582 x 10° 

@) 0 " o 4 " 

ay 91 16 30.040 Az 270 00 15.147 

da, pubes ee 5 Git OG. ebocines ieeatinn ea DELO ORs 

Ghee 91 16 14.878 Goes anus) GOL SONS OOS Meet 

Gy. =a, + ba, Q,-1 = a, + Oa, 

d=7° 13' 39%450 

Line No. 6, see Tables 1 and2. (Pages 65,66) 
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, £?/128 = 0.0897860195 x 10° 
° 

& YA SA 26,507 |), 1 G12 NW ad Li SE. IETF 

dy Yo GI 2E-8CC 9) FSEC7ILAIS My HR AZ GGZeGP2 

sin $y Fe P25 FE 7 S AX= NN EGIL Le LE LL sO czet CAEN RESO 2. west of 1. 

cos ¢,t2 POF LF AAG sin 6, 22 GA2 PIV sin IN FO LAS KOR _ 

tani Gen AZ cos b, 22 LOE LYVW oo, MN LC2FPASECY IL 
tan ¢,-Z< GF Ao Sme Megs daisin ¢,sin gd, + cos gd, cos gd, cos AX We GFL OSCOS 

M=cos ¢, tan ¢, — sin ¢, cos Ame 2 LOE SEFFF__ cot uw =M/sin Ad = FE A FFTE 

N=cos @¢, tan ¢,- sin J, cos AA Be LAST FPSS GF _ cot v = N/sin AA Se CIS ON LED 

sin d = cos ¢,sinAd/sin v = cos ¢,sin AA /sin u Lees” FF VOS ,, AID 4 ¥ PF SIE 

bse di IMO PAT AIA oud ef TCO Vv ef SF YOIAC 

14 cos d #4 29 2CT OF l-cosd 72 COEFFI A SGC sinu Zz VES woe FT 

(sin J, +sin b,)° A LLU SC FS (sin g,-sin bP: IU IVEY Sing we. FOS” FPFPS 

K, =(sin dg, +sin d,)?/(1+cos NAYS 72227977 K,=(sin ¢,-sin ¢,)7/(1-cos d) SGA LES OFF 

X=K,+K, 274 #S9ICF FSV =K,-K, MOCK EF IF XV _7-SHIVOO ECO 
X? P2003 199 ¥PO L169 GID 4S9 d, 026 (PEEPE 4,2 Lees FE AOTE 
A= 64d, +16d? cot d27¥@-PLPSE/T AC N=48 sind +8d?cscd AZ CSP EAE 7 
B = -2) 214. OSS 275F F = 30 sin WTA VIC CASVO gin 04 Fe 2¥7 EF 77 
C= -(30d, +84? cot d+E/2)-L-SPF-AZW IA ny pth APCS OHEST 
BY -3t TIF P27 HOS CY A OKESEIESS— yy t HGR 2225 5/ 

EY? ALCS 7 YSVCC  ¥_AX4BY+CX?4+DXY+EY? (31 PS HRA IT FE 
bd, =-(f/4) (Xd. -3Y sin d) —/- PF 2ET NO ~~ pa? = (P1298) 2-920 X fo 7 
d+ 8d, 7 VAL AY GA 4 d+ ad, + 6d? fe7LE KIEL CS 

S(Sd)) = ald, +84) LOA 666. Z2F slaps) = ald, + bay + Bd FOL SCH. PSH m 

T=d/sind__7-224 OSS YTS 

Qu #60 FF PF CGR 2 MAES, ep OE 
S02 GC L49CF5 Bin Op Tie SSS FFF >> 

U = (f/2) cos’, sin 2u -S-S FS IES y YORE V =(f/2) cos’, sin VAG» PYEFAA V fO— A 
VIF SA7L2ZECS~X YO UT —£- KOPF FSEX oT 

eS ee a eee ke 
fuOupsdee eee 20 ae Ca eo OTE FU sy can é LEGGE O 

Swe Gee Ae eee tv EFS SF oA 2HF 
+180 ° ’ " +180 ° t] " 

ip ee GAN ee Pe ye ER ey) ite SOS 
@,_, = a, = 180°-u + du a,_, = ay, = 180° +v+0v 

Line No. 7, See Tables 1 and 2. True distanced LOC Cia ZA 
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, £?/128 = 0.0897860195 x 10° 

be 96 0 6 G08 |) Og IN \, 2k 62 8. SCTE 
¢, #%7O 99 .2~N 1 FEernnes }, 22 JO g7-geow 

sing, 7-777 £29672 2. west of 1. AN=N aN Se 2ST. 
cos 6, #22 = 2IEC LS sin d, Fe» PIF CPAC Asin Ay Fe LZ27_ GI EC 2 
tan ie LA de Se cos by FePVACI2N°AG cos Ay 72 FS Fes” 7F 

tan thy C2 ROME 0 d=sin ¢,sin¢, + cos ¢,cos ¢, cos AA Le FEF SAL OS 

M=cos @, tan ¢, — sin ¢, cos AN PGI ASE SY cot u =M/sin AA 2921S ASE 

N=cos ¢, tan ¢,- sin d, cos AX 0 LE. LPSSS cot v = N/sin AA eae LOPS ET) 

sin d = cos ¢,sinAd/sin v = cos ¢,sin AA /sin ELDERAL ALE EE 2s 78-95 F 

AOS 74S SS etd PPG LO GL LIFT 7 YS SIF 45. SCO 

Weecos diel SOS SAY IS 1ee@s Gl Ze CGY IEA ENT a LFS PF FEO 

(sin d,+sin¢,)° £4 LIVES (ain d,- sin &,)? LISICOTHM Sn. Pe ILE POSSE 
K, =(sin ¢, +sin d,)?/(1+cos NAL ISEISGAZ K,=(sin ¢,-sin d,)7/(1-cos d) LOA 7 IAS & J 

X=K,+K, 2LILE LLLG4___Y -K,-K, zL LAP ALLOY 7uP- VIF ESTISY 
X? +52 SYST GALLE VL Le PAYV PALES d, 2e2SAGH EC ILOP 42 CA FIPIFS AHS 

A= 64d, + 16d / cot d422- OPO FIO LP D=48 sin d +8d/ esc d 4 KP- GIS FG L2 LST 

B= -9) -2 2, RI IIASPE_ © =30 sin 0d LYK VEY PSH IS gin 94 72 SIZ LE STAG RL 

C= -(30d, +8d? cot d+E/2) =e P¥Y72O FOF _ _AX 7727. GEE BE OE E> 

BY_-s@ 9LIZIOZF CYS KIA IG/IFI yxy YK PO FIES H7 

EY? + Yf- 2ISf 6 ECS 3 =AX +BY +CX?4DXY+EY?_ teh ie YSIS OLFK FF _ s 

8d» =-(f/4) (Xd_—3Y sin d) #-COCPe2 SHYZ _ Hd? = +(f?/128) 2 A2, (26 2027 X Yo — 

d + Bl pee SAREE ZS + Bd, + 3s Si er SSAC TEINS eta ies 
r ; iP 5 

S(Sd,) = ald, + 5d) 4 GPF SAT GIF S(Sdy2) = ald, + Sdy + Sdpa)_Z G27, SAF. CFS 

T =d/sin d_4 2GLOEASEYT, / 4 

Qu LIE LO LF SOE Qv TF cea 27. 620 

sin 2u__—™-O2S OGE P/ sin 2v 7 Aaa SAF GF A2X = 

U = (£/2) cos, sin 2u —JS-O62 HOF Xf aay =(f/2) cos’, sin 2v Hs LIDS ILS KO 

VI Det. COLLPZOX fe —*% Ul = Se OSI ICO KUO = Ze 

bu = VT -UZA- CE FY, JES Sy = UN are LI PAA KX fs ~ 

+ 6u har sail Pad + OV TE. AL aA 4 

on GO GS 452 ISS na Ue Aes KG F2 FVO 

+180 ° 9 " +180 ° 1 oO 

: 27 MG ISS 2 39 9524 
1-2 ——=—— Se  —  ——————————— 

@,-2 = ayy = 180° -—u + 6u @,_, = Gy, = 180° +v+0v 

Line No. 8, See Tables 1 and 2. True Rotenes A IOS ecm, 

133 



DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, {7/128 = 0.0897860195 x 10 ° 
" a ° ’ " 

or 20 IDB BESO), GILLI. \, Vt SY 172-9 E 
do PLL QP GOC-222 2, Ferrqsanvs »), 24 22 92-20W 

sing, 7:66 F.2fSF 2. west of 1. WON eI IY 

cos Bere EC 6D IGE sin ¢, 7: GA LOA Ewin NN ZOE GGL OFLIF 

PA MeO ILIA TICZ gas yy 6 DOE OLE fos INN (BD BOS EO 
tan dz CIP VES d=sin ¢,sin¢g, + cos gd, cos dg, cos AA 22722 _2IEM 

=cos ¢, tan d, — sin g, cos AA Z- YI7 6E5S 7 cot u =M/sin AA ASDC FAASG 

= cos ¢d, tan ¢,— sin d, cos Mv 22620 _ 9S F FF cot v = N/sin AA MAS 

sin d = cos ¢, sin AX/sin v = cos ¢,sinAA/sin uZ-GLE PPLAF yy 649 AGRI 

Be ae ARACEAE NN ei ex OS GRAM TG aE AE 
1+ cos d th 2292 SEU l-cos d Fi? 22 PHI F sinu 7+ SEE oF 2257 _ 

a ae b:2 L2YLZIPA/_(sing,-sin b,)°A:AIO P62F7F7_ sinyv L-FF7 at Ly ML 

(sing, +sin d,)?/(1+cos d)7- HA 4 FFP. K,=(sin g,-sin ¢,)*/(1-cos d) DAMS SID I6O 

= K,+K, 2. £26 PSP IO) -K,-K, 2. SIP 2OVIR AW GS ale 2 
A 6G2 G60PS\? ISG LISBL }, £-DSEV8I9 D4) ASIA IDV 
A= 64d, +16d* cot dz 5% WSZLEVFS. T= ae saleedceeed LP7.S/ SSE D 

B= 2) 22042 FIPF Wn30 sin 4 L2H FYI CIF3 cin rd LIL F226] 
C= -(30d, +84? cot d+E/2) 242 SUH SS AES aX FHS, PePRPOPIH 
py -<¥4. GF/ bOF TO Cx? —2h, O94 PRISO xy HF. SIL ISTF/ 

EY? £42 ISS~GFPOO 3 =AX+BY+CX?+DXY4+EY? Ae FSS KV ESL 
Sd, =-(£/4)(Xd,-3Y sin d) 2 2ASK-“PIEA G42 = 4(f/128)% 72 PAPCOOFOM 
d+ 5d, 225% GLFIFILYS pea DET A SATS, CATE 

S(sd) = ald, + 8d) 4I29 FSS. 46 S(Sdy2) = ald, + Ody + ddpe) Yo LPF GIS OFF 

e D araieatdi/sin diaz Syed 7EIS-F. : “ 

2u ae QE DBD. Ov VFS ESTE 
sin 2u Li hE. BEHOLE sin QV OIA TSISECF Z 

= (£/2) cos? s sin 2u_e COW LIS FIO 2A V = (f/2) cos’, sin 2v_—= pare MOT 

a —. 20006 29K 2457 UT_#7:- C726 fI2A PAS 
Su= VT —-Us- COL PSO FOMEF oy HUT 4 Ve POZE TPS AG 

+ du SL aS Vip + dv eye f a2 Oe G , 

a = o/ a7 sy eat AP. 2 7+. 2 
+180 fe} , i] " +180 fe} i} " 

NN) 4 ASR eo ALAN Gp) Soe IIT GD. POLLS 
a,-2 = a, = 180°-u + du a,_, = @,, = 180° + v + dv 

Line No. 9, See Tables 1 and 2. True distance cA ATs ILS cl LY, meters. 
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, f/4 = 0.000847518825, £?/128 = 0.0897860195 x 10 °° 

PRM 7868 GV 1, SCIFI GNA. RIE, AA AAI 
Bp I A SE AAA HMR, LT EAL) 

Sine es a AT fice La es 2 westiof il: Av=\yrd, ZIP 22 F390 
cos ¢,2: M6 CE970 sing, LCA PIPES sin M_L2KCS EL FOF _ 

tan, 20K SE SIPFZ cs bd, Fe BLE CES cos MN =SLE EA POL 
tan ¢, L3G OF G6 cos d=sin ¢, sing, + cos ¢, cos gd, cos AX LISS CLYO/ 

M=cos @, tan ¢, — sin ¢, cos Mv 2: I7F OFY KO IIS ahs i = M/sin A\ *A_AASxes Ff YA 

N=cos @, tan ¢,- sin d, cos Ad T:S6Y A S10 DA A- cot v = N/sin AA Le PLES IES LY 

sin d =cos ¢,sinAA/sin v = cos ¢,sin AA /sin uti FG ALIOZF A _ WAL IZA ft LEAL SAID 

ese d LLOWPAAA SF cotd ZeOSS WYFE vy AE 9A SL ECH 

i) eon ee en ee oO ZT Oe DIS 

(sin d,+sin g,)°272YI2WSGF _(sing,-sing,° 724 IPAS AY sinv 2-927 62EOS 

K,=(sin d, +sin },)?/(1+cos d) ZLYA2 £F7H2 K, =(sin g,-sin g,)*/(1-cos d) LAAYAS FS A A 

X=K,+K, 22 Y2PHEGLE —__V =K,-K, PAP ALIS IS XY HL PGA SYS IIE 

X22 GPE ILISGSG V2 th GEGEVIYIL VAL SIEZMAGEISI Ay? Had IESG LL OS 

A=64d.+16d2cot U2 4%. 2S CF6 FIF 1) =48 sin d +8d? esc tobe CY IPAIFS 

B = 2D) AR2- LIFYS FEE &=30 sin 24 FHSAA 294 Joe sin 9d 2 YD 26S FA 

C= -(30d, +84? cot d+E/2)=¥% LELEL TOL NN LEI TOL IA ESSE 

BY ~¥r-PP2A2SPISA CX? IO SGISST EE WIV E LES. FOI EY PAO 
Be eee? ZN. “32K 4 BY 0 GX DAY + NY fms A Se ra a 

dd =-(f/4) (Xd_-3Y sin d) GOO1WS A SEA dd? = + (2/128) 3 = GLPPIO.F FH 

di Ol ELA Le + dd, + Od f eh SUF FIO SHA 

S(6d)) = ald, + 5d) LEST J72- VID | S(ddy2) = ald, + dd; + 6p) ZASSP70s VE | 

o y T= d/sind *AS7F ASICS p Me 
Qu SS Sa OIE oT vy Le 2 SUL 

sin 2u (LO PAGAL CPEES Sin Dy 2 An GFF GF GOL 

U = (£/2) cos’, sin 2u Zz COMA IG6S V =(f/2) cos’f, sin 2v_ #4, G2? 2746 § PF 

eee oe MON GAS A DO UT sx! 54.208 

du = VT -U VENI EGE SE SB SUEY a2! PSV OFF 

yon wes a eS Sov Ta, 
De itn aaa? Y/ SZ LI EME aE a IA AS GA 

+180 ° ’ " +180 o- ' " 

NS Vsti ES YASLIS Oy ee IS 22. 22-67. 

@,-, = ayy = 180°-u + du a,_, =a, = 180° +v + Ov 

Line No.10, See Tables 1 and 2. True distance GOSS FEF. DIS. meters. 
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DISTANCE COMPUTING FORM — ANDOYER-LAMBERT 

TYPE APPROXIMATION WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.00084.7518825, f*?/128 = 0.0897860195 x 10°° 

Dat NAS WLI CEI 
4 20 2a. Of), FErPTIATS \, 2 20 72.200 4/7 
sin OB eO DSB EL 2. west of 1. Ad=A,-\,, ZK SoD FH. SES 

cos ¢, a ESI ZA eet NEN b, ZeLEL CISA sin eae hs ae 

ei ee IE Ne 
tan d, ee d=sin eee + GOS gicos d, cos AA 7? ISALSOATD§ 

= cos d, tan , ~sin d, cos AA 272 7¥4 FE cot u =M/sin Aa te2= PFGF ST FSH 
= cos ¢, tan ¢,— sin d, cos AX PLS IE cot v = N/sin A Se Ee PMS E S7/ 

sin d = cos ¢,sin AX/sin v = cos ¢,sin AA /sin oy, II5 LISI 2d Un Saf. G2) 

escd Z2LIVSIT/SE oot d Le ASS £92 3 Y5 SD OS ao GH 

l+cosdZ74as¥ SYOIS l-cos d7#:- 74S 45774 SF Be YoY DF _ 

“ty #5 us Nea GE AOS 127 (sin 6,—sin d,)?# ALIS S0ISA sinv 2%: GIL ISLG_S 

(sing, +sin d,)?/(1+cos d)t- FIO ZI SII SF K,=(sin ¢,-sin d,)*/(1-cos d) AS ESCOS PLIF 

a K,+K, 24 26CVSO SL =k, -K, HOPWUSOIS WV L-KMLLLFI IZ 
ODP WILLE By? 2 009 GDE IY d, LIEETIMV OLY _ A? Lt ZIG CIPD. 
A=64d, + 16d? cot L2FL ALL IS/IZF N48 sin d +8d? ese d 746-237 II EY. 
B = -2) ~A#2- 6 PF SSCSF B= 30 sin ee ame oe sin ee 

C= -(30d, +8d2 cot d+E/2)— LF -LFOPIEG FT _ ZL EL EES 
BYR SEX PEVIIT CR =LSD 2D AL GIL FIFI AFS— 
EY? 22° A229 YP IAAF S-AX+BY+CX?4DXY+EY? 22S SST PIFIE 
Sy =-(f/4) (Xd, —BY sin d) 22 CAZOAIFISE 542 _ 1 (12/198) 3 He OOOOD2OPEE EL _ 
d on FL SSE RIPS 2S. d+ dd, + 84? +L SAF FO/ 6-2/ 

S(6d, is a + 8d) % CSS, FEF. 6: 5.3 4 S(042) =a(d, + dd, + ddp) LESS PILZ OIF 

T=d/sind tL S0V 2276 , “ 
She ZO sy VASE CIICS Oy LIC PES ed SAE 

sin 2u__*%- CLS SABRES DS Sian OY = DOSS BS 
. P — = 7 . —_ 7 

= ({/2) cos’, sin 2u tH. OB LIFE NSO Sy =(f/2) cos’g, sin 2v_> @: SCS SF A LO 

VI 9 P7RA SSS X LO 77 We ZAI MOLE 

su- VT -U—«CVLOSIS ¥/ Np it ene A ee A 
+ OU = AS. YS. CLO Ry ya SS ols aa Se ee ee 

AEs GTC, F9O 25 EH 
+180 ° ’ " +180 ° ’ " 

m7 ate SS ee OO 
@,_, = @,, = 180°-u + du Cen hs ISOS So ae OY 

Line No.11, See Tables 1 and 2. True distance ow GSI O0e AEM ames 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION 

WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f? /128 = 0.0897860195 x 10 ° 

1 radian = 206,264.8062 seconds 

by — LE EPP, IG. » 
by GLE, HOE Sp ede CTA ICDS Re 

bm=Kldtd)42 ST “£47 2. Always west of 1. AA=A,-A, Z Eo) 

Ad Udo) = 6 4A 2Z Av =4AN ZAP YA IEF 
sin A li SA A TE ty sin IN) er YL Le LES sin A\ Zeat®O SL ILT 7 

cos dm DLS GO cos Ag, 22 227 ZZLLD sin Mn Ze ZIG PAS FD. 

k =sin d,, cos Ad,, F-PPI IPAS 6 K=sin IND COS (a G2 €E 9% CEPLZ27 

H =cos Ad,,—sin dy = cos’ ,—-sin’ Ady SAIL DALE GOR 1-L ZAIN Aa 

L=sin’*Ad¢ +H sin’AA , CBOOLYTUAE GbE 60S Gl SI Mib, sao ISCISOA 

RPMS SOT PSS ain dd si C SEZ, Weaciein ALLEY EGAL 

U=2k?/(1-k) ZA ZO7 AAA SEF VK? Fe AIO WOOL FSCS 
NU SLA CALI WN AOL COIL YS DS EIA 
PSII IIE EI y2 FI PIAAPOLPI/ 60 con ASIII GOODY 
A=4[16T+(E/15)T?] 4GO-LTOYOLY¢Y 8641) 2SEC-ILI AIL SIF 

B=-2) 42-6 PIF CLO C=2T-YWALE) -6 Z. POO YES A 

aX BtIYL, £50 OG(84S py LIZ PIPL DIIGT (x? = 242. ACLS 79 OH 
DXY_ 22S: COBRIF PSIS KY? L/SC-SWVD U1 >, = (5/4) (VX -3Y) LeOG2 PPL LADY 7 
Tt Op eel OE AAI ZA EE Se i Ue) Zea | 

Sy2 = + (£7/128) (AX + BY + CX? ee WINE) Ce SRIEL SS (LO ee 

T + df + df2 A /-O0Y 6S: SG S, =a sin d (T+, +5,2) EO0, OO .- be 

sin (q,+a,) =(KsinAA)/L =~. D2 24 %2@ __ +a, _$SS"_{6__£6.077 
sin (a,— a,) =(k sin INCE SAS EO a,-a, LES LYE PD FEY 4 

V4(Sa,+ 6a,) = —(f/2)H(T+1) sin (a, + a) SEZ LSS TIRE Bay LD IIL ES Zé X/0- 

%4(Sa, — Sa,) = -(f/2) H(T -1) sin (a, — a,) 2 QOTY I XO ~F Nig ae 2 LES g- 7 

ay IE) £7 Oe JEO ay SY S9 SSIS 

Sayer 2° 96 -£2O Say By ee GOODE een 
AO 85717 O90 7 FO Ch AGRE Sa SOZIALE 
a. = +a, + 6a, a. = +a, + da, 

d= es zed: ft True distance CLD OCD IO LA meters 

True Azimuths SYAG 47 ORI FS 20 20.400 

Line No, 12 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION 

WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f? /128 = 0.0897860195 x 10 ° 

] radian = 206, 264.8062 seconds 

GeO ZONA TLZZ Om Ory dA Ra 

By IGA OS SH 7 9. SEF? IES. Ne 

SUA (Gentes) MOM AAPA FOSTAs, Always west of l. AA=\,-A, KSLA DOE C92 

Ad n= o(b,- 4) SSA Be OG AA p= AA 2S 15 2S OFC 

sin ie od! 2). ZW A/D ak cha sin App = 2 2F7 FILLE sin AA 2 ¢ 2ISF ge 

cos bm Tet £227 S_ cos Ad , 5 SPE LA sin A\,,Z= BLP SER SIS 

k = sin ¢,, cos A¢,, iP LSTA TLI SE K = sin Ady cos ¢,, —=—== a 2EIG TOAD 

H =cos’Adg,,-sin’¢,, = cos’ ,—sin’Ag, 2 = 27 ES TFS _ 1-LZ PFS OSHA A™ 

L=sin’Ad¢ +H sin’A),, Pt DOG AD SiS ts Sto Na cos d=1-2LZe LZZOA IES D- 

d+ 2-42 GOL LYS 7 sind + -£4O fL2S EZ T =d/sin d + Yo WES L635 fe 

U=2k?/(1-L) ZL ASG LOK WOM) OILS. BORE 
XeUtV2L WO C2922 Y-U-V ZL 223 SELA3P2 XY LL WS LOLOL 
X? Leo WA MY GEG? LL Do? ZIATITFIE =60 cos ASA LOSS SU 

A=4[16T+(E/15)T?] IAAT PEGOIG  D=8(6+1?) HSG- PSS AST SO 
(ee) PP AI ed ap CRSA NND)) BPA US ST 
AX ZLLG. FILS I6GE YF py = L280 PSH VAR PAY (X? = LIV. SOSSG AAO GT 
DXY LIZ SY Y2AWIO SH _ BY? LDL, PILIHAPFS, = ~ (6/4) (TX -3Y) ZLRLES ILE 

WS = AADLILEYL SLE Sv=a sin d(T+5;) 22 22-557 

By SC 7d) UVC BOOT SIN) are 2 AO PD 

T+8p+8pLZLQ4ARIC/E SS, =a sind (T +5) +52) LZ ed. 2, 

sin (a, +a,) =(K sin AA)/L—=- 49S FE 3 YL a,+a, ZO SE f3S.A2APD 

Sint (as=ra,)h= (ke sine AA)// (Ue) 220 Asie mgr 7 22 SS 
M(50,+ 8a) = -(E/2)H(T+1) sin (a, + an) 2 P22 2236LKLO-* 50,0. GOVTIEIGGXRO-7 
V4(8a, — a,) = -(£/2) H(T -1) sin (a, - a,;) —O- 22.2 SHVE3Z NO — % ba, HX LIL DESMO -7 
ay LF 5 S EPA P7 A a, wt ae "sas 

Ek eg I Pe es 2S Sa, Aap Aa 
aw LD. Sa Mees Ge, WED EDV 
a= +a, + ba, az, = +a, + 6a, 

d= Tey Agile) i.” Mee 122% True distance SLD GLEE OP meters 
F 

True Azimuths S cas 
[2] 7 44 

xO BO J0- 270 HLDY. ar JSF. ot 

Line No, 13 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION 

WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f? /128 = 0.0897860195 x 10 ° 

1 radian = 206, 264.8062 seconds 

2 
° a " 

by LA EE ISA , 
Bb ke AE AER), EAE LAS, Mo 

m= Vy (het) 2222 FL AA IS P- 2. Always west of 1. AA=),-A, BA we w/e 

NSN h ae CA IGF Ar pe4Ar a 72 AS. IX 
sin pueda eZ Si sin Ad pte2¥e  € 2257 2 2250 sind Z A OFF, 

cos b, 2225 FIFI _ cos Ad,, LLeL9S FAFSA sin MA, Ze 2eE | LL ELEG 

k = sin ¢,, cos A¢,, LeBE ACYL FPO K=sin Ad moos Pm AO MISE CUZ Be 

H =cos*Adg,—sin’}, = 0s’b_—sin Ady, 24 ELSL CLE AT oN, Ze LLL OFFS SL 

L=sin’Ad¢ +H sin’Ad,, ti, COS FEO SRS cos d=1-2L 4: FISK LL ~OF 

d+ SS PSOPLYS sin d + WARM T=d/sin d + Yn OS, ISLA 

Wk (ee DIO Va), 72-62% GSA AF 
X-U+V A. G22 DL PIS FY UVNO- GIF PBHLEYS. WH BOIS IE H2O 

XO De PSV SAD SYD 2 Fe OF GES _§-6) «0s ALE AHI HCO 

Aq4[16T+(E/15)1?]_ 2L22-L ISSEY 86472) LIC CLEPZP OOF LF 

Bice DL A ON) aes hes EES 
AX ALS. LIV 224A OCIS BY FILLS IS GIF ASC CK? =S 72 G CHES) SEA 

DXY LF 2YY FOV EVE wy? LE.SIIIAIMS5, = ~(f/4) (TX-3Y) = -LVEFAC FPR 

tera! a7 erste TS) asim Ee at ee 
bye = + (17/128) (AX + BY + CX? + DXY + EY?) #2 OAT Wo — © 
T+; +p 2272 S27 WT SS, = a sin d (T+ 8; + 542) Lille Led i 

sin (Gy Sa) She WN lig 2b AEDST by We LIA FO fot SFL 

sin (a,— a,) =(k sin AA)/(1-L) ASO FS" FAP a,-a, Yat SSA ZESIZ A 

“Sa,+ 8a,) = -(£/2)H(T+1) sin (a, + a) 22 PFS CL GE KLE 3 59, 2? OLS LIIA IMO - J 

M(Sa, — 8a,) =~ (6/2) H(TP=1) sin (ay - a,) 22222 F PISO ~ F G0, 2-65 FFI LSMO- A 

ay Lif f2 ff. 722 ay 72S 4 LL MUST. 3 Za 

Ba cs Les Ze Sy Ree Re aye ee 
oop DEK a ZED bE A ERE 
a. = +a,+ 6a, dz. = +a, + Oa, ph. 

d= ice RAE AIAG, True distance ZITAT en Se meters 

True Azimuths LIF, Iz LE. g f As zi y, gt gs 

Line No, 14 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION 

WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f? /128 = 0.0897860195 x 10 ° 

1 radian = 206,264.8062 seconds 

° t) ° v " 

PES ae i Dri gs77 A 

Oy SZ OP AGG TL), TLIO ESS y 

Pua VA(dutd,) easier AGT 2. Always west of 1. AA=i,-A, Fe SS Ghee 

Ad = Ud, ¢,) =Z YS of-/ Ar = 34 AA SGA ee 

sin bn n»ZZ ble 66 SEL sin Ad po PLAS PF OL _ sin M2222 A% 2 2IA°SF 

cos $, 2O2SGL MPI cosh}, Z2 PIE SECESC sin I, L2OKE ATSC 
k =sin ¢,, cos A¢,, ae S0S SSE St an Ketan Ad, 69S bm — OS? SOLFSF 

H cos*AG. —sintd, = cosh —sin’Ag., 2st ZIPP Sof |g Pe IAA ANTS Ai 
L=sin?Ag +H sin?A\,, 22 C2L2 IT AYIS cos d = 1-2 LHe PIS POSS 
dente Sitesi nde. uct 77 aaa LEE T=d/sin d AGE 2AYSS VIF 

U=2k2?/(1-L) FLIP LE D2? SH _ VK /L HY F4 S2H2 PLA CST 
XeUe VIEL ISI VW NV Le ASS Diet DI SKN pe SACP ARONA 

XY? Pe PYLE CIE IPA 2? L-WSTHCAKCOIPO FR -60 cos d AST ILL FCEVE 

A=4[16T +(E/15)T?) 2 &C-299f222FA 9641) ASC. e2tf SOA _ 
B=-2) —-42+200 YS 7EO2F C=oT_-YWALE) —~O7 S77 4 AFC 

AXGZ VEAP SH/AOl 5 7 BY _— Z4- SISOS E FFF SA GXe SP IK, OG BEAS GIES 

DXY ALE. ZSLSYOSTOS EY? FH¥A2 1O8G0 Fell, . —(§/4) (TX -3Y) 22 2 SDSS I 

WRaS ye 2 A AS (SEE Ce GPA S,=a sin d (T+ 6p) af? CSA LC saa 

Spo = + (£7/128) (AX + BY + CX? + DXY + EY?) —<H ass ess XK fe 
T+ +82 426 FSI2IF SS, ma sin d (T+8; + 8;2) BeeIA EYP PAS 2. 2aS 

sin (a, +a,) =(K sin AA)/L eGR LICL VAD SE Vin eG ZS LE Zt CSE 

sin (a,— a,) =(k sin AA)/(1-L) #- ZY YA FA ie Ga (oh LLM GLEN OF), 

4(50,+ 8a,) = -(E/2)H(T+1) sin (a, + 0,) 2 9-F22ASONLO= 7 ba, FFL ADOVANO 7S 
4(Say - 6a,) = -(f/2) H(T=1) sin (a, - ,) = 2 COL PISO ~* 59, FFD NOT 2 

Qa, <n 206 a, 2o7 aa 22. ALE. 

Sa, 7 ay SEBO Bin Sr ee Le 

ei DY eh 7A MRE 2 eo kn eZ Zia ae 
a) = +a,+ 6a, >. = +a) + da, 

d= win 77, SS Rn 9 ssa True distance £292,647. 27 meters 

True Azimuths Ska YC Ae 07 DE Se ao 

Line No. 15 
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DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION 

WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f? /128 = 0.0897860195 x 10 © 

1 radian = 206, 264.8062 seconds 

By LN SEE DS VS AP Cle Lp Pe eI 
d m= 2(bot hi )4s— 42 “S257 2. Always west of 1. Ad\=)A,-A FZ IF 2 PG 
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PRI) GAN Som sin dh) PIA Se Paden ds ATAL BLS Jeo E 

W=2k?/(I-L) Z2 A/F O7Y GALS Vo2K:/l, 2atseZ ye, Ze 7 
NeW Viet FESO ZA Seee Va Vi» LACIE NN ITAA GIS ASL 

27-ODLLEGATFSOS Y? DOE GOSFYG A _£-60 cos d HLH SESI3 FG 

A=4[16T4(B/15) T1224 TAS 5 OLO D=8(64T?) LE FEY AMSS HEF _ wy, 

Bee OD = Aes GIS SF CLOT -U(AGE) SSH NOP GAZ SSE 
AX Tele LPP TLIAICSY py = 20.7 OFT CDE YEE (N° =F PFE BOF SIC 

DXY #2%¢ SW YSZ F2/ by? PATE ~(§/4) (TX-3Y) Zd2 BZLS Yo 
I) he Ae SISA ap ‘=a sin d (T+) & 466 CLF. 20SF 

By = + (£7/128) (AX + BY + CX? + DXY + EY?) 7% ve SC MELEE, 
Troptip AA LCP7EPISE _S, -a sind (T+; +3) Jee Sa BAL ACA 

sin (a, +a,) =(K sin AA)/L % 2 ZO LLOOL Q> +@; == ZS Sim A 

sin (a,— a,) =(k sin AA)/(I-L) 7 YY GH RAZA a,—- a, 55 Sf S72 LE 

4(Sa,+ 8a,) = —(£/2)H(T+1) sin (a, + ene ee Sa, _—- Zél £21274 V0 -3 
(8a, — Ba,) = ~ (f/2) (1) sin (a, - a, ) + 02S TE IVT _ 5a, =L 2886 $522 XO 3 
ay LES at 2 LOK ay ICS o/ ia L227 

6a,_= 2 o et OMA AIS: 

as-2 cf) 2 Oy pete dn tan) VAN ODES 

Grn S 45 Gh + day az, = +a, + da, 

ee True distance AG af. GL meters 

True Azimuths 2G 7 72.4 sa 3 DoS 

Line No. 16 

141 



DISTANCE COMPUTING FORM, ANDOYER-LAMBERT TYPE APPROXIMATION 

WITH SECOND ORDER TERMS 

(No conversion to parametric latitudes) 

Clarke Spheroid 1866, a = 6,378,206.4 meters 

£/2 = 0.00169503765, £/4 = 0.000847518825, f? /128 = 0.0897860195 x 10 ° 

1 radian = 206,264.8062 seconds 
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