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Introduction 

The present state of theoretical knowledge of wind generated 

gravity waves, when studied as a random process in nature, is based ona 

short crested Gaussian sea surface obtained by linearizing the Eulerian 

equations of motion (Pierson [1952], [1955]; Longuet-Higgins [1957]), on 

a second order extension of the Eulerian equations for long crested waves 

in which the underlying linear waves are Gaussian (Tick [1959]), and on 

various results involving wave spectra that do not specify the probability 

structure of the waves, some of which involve nonlinear properties of the 

waves (Phillips [1958], [1961]). 

The short crested Gaussian model has proved fairly useful 

in explaining the angular spreading and dispersion of swell, the marked 

variation in height from wave to wave in a storm sea, wave refraction, 

bottom pressure fluctuations caused by waves passing overhead, and the 

motions of ships in waves (St. Denis and Pierson [1953], Lewis [1955], 

Cartwright and Rydill [1956]). 

These applications are dependent on either the gross features 

of the waves or on natural processes that appear to linearize the system 

even further. For example, the wave profiles are ina sense averaged 

over the length and beam of a vessel at sea, and the nonlinear effects are 

reduced. The higher harmonics ina nonlinear profile and the high fre- 

quency linear components are also attenuated with depth in such a way 

that the application of Gaussian noise theory to the zero crossings of 

bottom pressure fluctuations leads to useful results (Ehrenfeld, Good- 

man, et al [1958]). 

The spectrum of the time process at a fixed point has been 

most frequently studied. Since the actual wave is recorded, more or less, 

the full nonlinear motion is recorded, and the spectrum of this nonlinear 

motion is estimated. The accuracy of computations in a linear theory 

based on spectra estimated from a nonlinear record is open to question. 

In particular, higher moments of the spectra are quite open to question. 

Theoretical developments in the study of the short crested 

Gaussian sea surface require numerous higher moments of the linear part 
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of the process. If computed spectra are used to estimate these moments, 

many of the higher moments are obscured by high frequency white noise in 

the estimate or made questionable by the high frequency nonlinear part of 

the spectrum so that the results predicted from them are doubtful. If the 

various theoretical forms for the spectra that have been proposed are used, 

the fourth or fifth moment of the frequency spectrum becomes questionable 

and the meaning of the second or third moment in the wave number spectrum 

is obscure. 

These problems are further complicated by the fact that sea 

surface slopes depend on the very high frequency capillary waves. With 

capillary waves, breakers, whitecaps and turbulence in the upper layers of 

the water, any results on curvature, as they depend on the higher moments 

of the spectrurn, are highly doubtful for a storm sea. 

The actual sea surface has gross features that are not in accord 

with the short crested Gaussian model. No artist, for example, depicts 

wind waves as irregular sinusoidal waves. Wave profiles along a line as a 

function of distance show sharp crests and long shallow troughs that do 

not occur in the model. This point will be discussed further in a later part 

of this paper. 

Purpose of paper 

The purpose of this paper is to derive three new random sea - 

way models that appear to have some properties of actual seas not illus - 

trated by previous models, to derive a few of these properties and discuss 

other possible properties, and to show how these models appear to be 

more realistic by comparing them with selected observations. These new 

models explain some of the difficulties that arise with the higher spectral 

moments. They may also be capable of giving some information about 

whitecaps, breaking waves, and sharp crested waves. Since all mathe - 

matical models of nature fail in one way or the other when the conditions 

and assumptions in the derivation are not met, these models will provide 

a second choice when observations of waves are to be compared with theo- 

retical results. Some questions are raised that can only be answered by 

additional theoretical work and by precise measurements of waves. The 

theoretical properties of these models can be compared with the theoretical 
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gore 

properties of those models described above in order to design more 

definitive experiments concerning the nature of wind generated waves. 

The Lagrangian equations 

Let a, B, and 5 be the x, y, and z coordinates of a particle 

of fluid. In the Lagrangian system of equations, a solution to the equations 

consists of finding the positions x, y, and z of all of the particles in the 

fluid as a function of time and the initial positions of the particles, a, B, 

and 6. The Lagrangian equations, according to Lamb [1932] are given 

by equations (1) where subscripts denote partial differentiation. 

mati ales igs 8 CIES oe EU = © 

(1) nee Sieg (Arg 8 IA lf) = 

=n0) XeXs * YeeVs + (Ay, + B%5 + Pg /P = 

The equation of continuity is most conveniently expressed by 

(2) da aty.2) | — 0 
dt | 8(a, 8, 6) 

Such solutions need not be irrotational, but, if a function, 

F(a, 8, 5,t) , can be found such that 

(@)i dh = (x, x, +r Yt May 2 z,)da + Coan Ve Yat Z, aay eee (x, X¢ PMs V5 +r (z, z~)dé 

is a perfect differential, there is no vorticity. 

A zero order solution to these equations is given by 

x =a 

yaar 

(4) = 

Po=p, 7 ge 8 

in which all fluid particles are at rest in hydrostatic equilibrium under the 

force of gravity. 

We expand, following the concepts described by Stoker [1957]; 

about the zero order solution in terms of a small parameter,é, as in 

(5) in which Fe is a constant. Here we think of e as equalto ak, 
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but the first order terms must have the dimensions of a length, and so 

a = ¢/k is used in the various solutions that are obtained. The parameter 

€ never appears explicitly. See, for example, Longuet-Higgins [1953], 

and Pierson and Fife [1961] for different ways that e can be interpreted. 
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Equations (6) are linear. A solution of them in turn determines the 

right hand side of (7). Since the left hand side of (7) is linear, in principle 

at least, a solution can be found. Also in principle (though not in practice), 

it is possible to proceed to as high an order as desired by this procedure. 

The Gerstner wave 

A solution to equations (6), applicable to waves in deep water, when 

added to the zero order solution, yields equation (8). 

ak ; i Tice 
sq 5S (el, ap Ex a Coane sin(k,a + kB - wt) 

ak : ! 7 aie 3 Vea aiee ys) am ste © sin(k,a + kB wt) 

k6 (8) z=6+ez,=6tae cos(k,a - k,f - ot) 

P=p +P, =P,- gpd 

aw k4 
=—e FY Sis sin(k,a + k,B - wt) 

In order to impose the condition that p(a, B, 6) = P, at © 0); ake 

is required that 

2 
Ww — 

(9) wes 

The continuity equation imposes the condition that 

2 
2 

The first order solution has no vorticity to first order as FY has 

(10) Kk +k 

been found. 

An alternate form for the solution given by (8) is (ll). 

2 2 
x =a-acos@e” 78 sin( S (a cos 6+ 6 sin 6) - at) 

26) we 
(11) y=Bp-a sin Oe” 8 Sin te cos 6 + & sin 6) - at) 

2 2 

z=&+tae’ 5/8 cos( —— (a cos 8+ B sin®) -at) 
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These solutions (eqs. 8 and 11) are simply disguised versions of 

the Gerstner wave in deep water as described in Lamb. The angle @ is 

the direction toward which the wave is traveling. When the solution is 

periodic, as above, the original nonlinear equations are satisfied exactly, 

but it can be shown that there is some second order vorticity and that 

there is a second order correction to the pressure given by 

2 2 
i ak 2k6aagk 

(12) P=P,-sp5+-5-gpe = =5— ep 

neers : : 2 2k6 
Another possibility also suggests itself. With X> =a wkte cos 6, 

Yo = Pag sin® , and Zo =0, equations (1), (2), and (3) are still 

satisfied to second order but third order complications arise. These two 

terms are the equivalent of the s econd order current found in irrotational 

waves in the Eulerian system of equations as described in Lamb. 

Extension of these results to finite depth would probably follow the 

results of Biesel [1952] who achieved a remarkable representation for 

periodic breaking waves by means of the Lagrangian equations (see also 

Pierson [1955]).* 

A randomized short crested model 

The expressions for X),y),and zy in either (8) or (11) are solutions 

of equations (6). These equations are linear. Therefore, a sum, over dif- 

ferent parameter values, of solutions of the form of XY and zy will also 

be a solution. If it is assumed that each particle has a displacement from 

its rest position, ao: Bo 6 _, that is described by a stationary Gaussian 
fo) 

vector process with specified coherency relationships, a solution to equations 

(1) that is correct to first order is given by equations (13). 

co oT 2 5) 2 

x=a- f fe® ° cos@ sin(=—(a cos 6+ B sind(- at + €(w,0)) J25(w, 6) d6@ dw 
fo) 

= Ti 

eu Oo 6) ee 
(13) y=6- 4 fe 8 sind Sia ae cos0+B sinO) - wt + €(w,6)) V2S(w, 8) dO dw 

re) -T 

T 25 / 2 

z=6+ if (ee 8 cos Cs (acos0+fsin@) -wt + e(w,6)) V2S(w, 6) dé dw 

Oo -T 

*The remarks concerning the Gerstner wave are in error as these results 

six years later show. 
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The notation here is that used by Pierson (1952, 1955) except 

S(w, 6) is the resolution of the variance of the particle motions into fre - 

quency and direction. For some fixed particle, say, one at the surface 

given by a = 0, 6 =0, 6 =0, the motions x = x(t), y = y(t), and z = z(t) 

form a stationary vector Gaussian process such that the spectrum of 

x(t) 1S 

JS(w, @)(cos6)“do , 

the spectrum of y(t) is 

[S(w, )(sine)“ae , 
the spectrum of z(t) is 

[S(w, 6) de , 

the cospectrum of x(t) y(t) is 

[S(w, 0) cos® sin@ dé , 

the quadrature spectrum of x(t) z(t) is 

[S(w, 8) cos dO, 

the quadrature spectrum of y(t) z(t) is 

[S(w, 6) sin® de , 

and all other cross spectra are zero. 

Other notations are often useful. For example, a notation similar 

to that of Longuet-Higgins [1957] would yield (14) as the complete equi- 

valent of (13). 

xX=a-Za EE IS Seal Charles (omy tear) 
many Kan m n mn mn 

Ss k6 
(14) y=B-2 2s Si sin(k a + kp - Oy ea tf coe) 

ké 
Ze OM eae! Or Comix. Garis wow. ea al 1) 

mn m n mn mn 

In (14), added conditions are that 

2 2 2 

(ne) Lay Sa = Kinn 

and that 
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Ww 

(16) mil 2 /je oe 
g Vim n 

The free surface 

Those particles on the free surface are described by the condition 

6 = 0 and (13) becomes 

co oT 2 

x= x(aspst)imiai— 4} fsin(=-(a cos0+B sin@)-wtt+e)cos@ V2S(w, 0) dO dw 

O -7 

oo 6 2 

(i?) ya= yilas8st)= 16 ' — fh Jsin(—a cos0+ 8 sin@) -wt + €) sind V2S(w, 0) d@ dw 
Oo -T 

co oT 2 

Z= 2 (asBet)— el J cos(— (acos@ + Bsin6) - wt + e) rf 2S(w, 6) dO dw 
OT, 

In principle, and perhaps admitting triple values for the inverses 

over limited regions in the x, y,t space, x = x(a,8,t) and y = y(a, 8, t) 

imply inverses of the form 

a=a(x,y,t) and 

B 

so that the free surface can be found from 

(18) 
B(x, y, t) 

(19) PF AGM (oe S418), [Rey e)) = FACS S18) o 

The surface so defined is certainly not the equivalent of the short 

crested Gaussian sea surface. The short crested Gaussian sea surface 

is equivalent to this representation when the amplitude of the particle 

motions becomes so small that a = x and B = y are satisfactory approxi- 

mations to the inverses given by (18). Otherwise, further study suggests that 

z = 2(x, y,t) has many features of actual waves in that the crests can be 

quite sharply pointed and in that the higher nonlinear harmonics that occur 

in the higher order derivations in the Eulerian system are already present 

in this model. 

It is believed that the problems that arise in the adequate probabi- 

listic description of the surface defined by (19) in terms of (17) and (18) 

will be very difficult to solye and that considerable effort will be required. 

All of the problems that arise in the study of Gaussian noise and in the 

study of the short crested Gaussian sea surface have their analogue in this 
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model, 

Second order effects in the short crested model 

For reasons to be discussed later, it may be necessary to proceed 

to second order in this model and determine the effects of equations (7) on 

the wavy surface especially if breaking waves are to be studied. 

The long crested linear model 

If S(w, 8) becomes concentrated at the angle 9 = 0 and degenerates 

to a function of w only, equations (13) become 

a 2 72 
xi= x(a5.0, t)) = a finer 8.8 sin(~—a - wt + €) N2S(w) dw 

fo) 

co 62 2 
Z =eziq,O,1t)i= sont fe° §/g cos(=—a - wt + €) V2S(w) dw 

fo) 

An alternate notation is given by 

k_6 
x=a-Za e ™ sin(k a-wtte_) 

n n n n 
(21) k 6 

z=6-Za e " cos(k a-wtte ) 
n n n n 

For 6 equal to zero, the inverse of the first equation is 

(22) oh et (oll (54,1) 

This implies a free surface given by 

(23) Zaz (ascetic) az (cent) 

Second order effects in the long crested model 

The long crested model is more amenable to an investigation of 

second order effects because it is simpler. We consider the problem of 

two waves, and then generalize to the randomized process. For two waves 

the linear solution is given by 
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k,6 k,6 
x) 77a ,e sin(ka - wa + «) -a,e sin(k,a - wot + €5) 

k, 6 k,6 
(24) Zz) =a,e cos(kja-w t+e))+a,e cos(k,a - wt + €,) 

Pp, = 0 
ao) k,6 AW k,6 

Fy - K e sin(k,a - wt + €)+ iS e sin(k,a- watt t,) 

It is irrotational to first order. For simplicity, we assume that w5 > w)- 

The second order equations to be solved are obtained by substitut - 

ing (24) into (7) where y is set equal to $8 only and all partials with 

respect to B vanish. These equations are given by 

oeeuec2q ibaqe! Pls 0 

3 2 2ks 2k, 6 
224 * 8225 + Pog/p = gla, ke ~ +a, ky e 

(k, +k,)6 
+ 2a,ajk)k,e cos(k, - k))a-(w,-w)t te, -€,)) 

(k,+ k,)6 

[25] [x5 +25 -2a)a,e cos((k, -k,)a-(w,-w,)t+ €5-&) }, = 0 

(AG PANS t6) 2k,6 
= Zz eal 1 2 2: 

SE anlot aoe er ety 
(k) +k, )6 

+ aja,(wk, + w>k)) e cos((k, - k))a- (o, - w,)t + €& -€) ) Jda 

aa (k,+k )6 

Z (w, - @1)(w5%)) e sin((k, - k,)a- (w, - w,)t + €- €,) ]aé + [lzoe7 

In (25), we have four equations inp, z and x. The first three de- 

termine a solution, subject to appropriate boundary conditions, for p, z, 

and x. The last is then used to see if the solution is irrotational and to 

make the solution irrotational if possible. Note that x = x, (6)t can be 

added to (23), if desired, as part of the total solution to the equations. The 

boundary conditions are that Dai O at 6 = 0 and that X> and Z5 approach 

zero as 6 approaches - © 

If the right hand side of the second equation is represented by 

g[F(5) + G(a, 6,t)] and the third equation is written as x, + Zo 6 -G(a, 6, t) =0, 
2a 



‘egal Wah at Bal Wien ty baron tidia. © aneeneae te 
: a ik ” *,, a Ri am, ' t Lae Pi 7 a 5 ve ; 5 cam fe p 

> mae om 

7 ¢ es ae ee f) Rm, o ee a 
hg * 4p - 2 ctl +. niga . oye ¥ 5 Bale of eh ae ; * per: 44 dba 

- ss ar tae - oa 1g at 
reread Kena tort a. oe ae iting: 8 bose ty t * ail aide ah wT ala oy ‘ehaal > ae 7a 

De yt 1 aewee ye ow vytiodancis 20% nadie UnaeEe ul ae 

‘tw igiedye ped Porat f adet ‘aed dice of eT Sie aueh Seb sg Dao> oi wgtT 

Pal ay) ehabIr ae Wi Ane vlan.) 2 leups nd ex Wd seed C7), odiak ea) 

a 7 va wewly ota endincope oaae® NSS Go ae, 

ae kt ie vail ar 

£ ee = “ 
s 3" 4 a" 3e is tae ag" a rs.. 

oe) : 
uy i i H ; Ye } a 

(1.2% oF vf es « i nts ato _ tet joey 7 

Bet Ah. 7, 
: 7 he / oat 

a ye ph pw, af 
ye es ite _ i ; guad”, 6 a eye ae oh 7 oe 

an | LT ar 7 
Bu 7 f i« q” ' A a o gil) ” aT od ‘ ‘ a iy sOO | af 1 Signe a g lee a 

a a ye ae 

ACY | i : 5" wtf pt > ger oe oA Viasat ° _ = mt (ge A o gare. Jt oh t - 

| F ' yi - 1 

<b ett) pork) ott © bite x (dy Ab marci ve UGE oe hd ow. CESS oh 

i vod jequtithass wesbavod sisted race af Soet Chee ye aaeee ake 

ar bac faaairat tts &f RoOkkelae 4 vale YH ove of boast mnt a) sual. ade ™. a, 

af naz: rt yy Rm Seu aut wid wiog 0) Larnihudader puttntoe as ov ere 
7 a i atts 

LY waht up eat alo nod! curity a Assia Ret oi PSH, ee beta iy OY: ‘Weal or bebba| 

Se Otay S 33 RES et Tehy be ie o" 3 3e.0's 4 Pax 9 xm nrvod Scneae pinhead 

. . cere n= amine taas * HE QUAD 

wei k aman ange ot sperthenyen brags emily, Tes. sik feivnt, bik ant x 

ia, = (9) a DS ass + ral we atti te abel seus oka. ait bie Mn. By’ i ide 
Ce A a 

t 



Salelt= 

it is possible by cross differentiating the first two equations, subtracting 

and combining the result with the third equation to obtain the result that 

(2) 72ttaa * 72ttss ~ Sts * 8 S55 

This provides the inhomogeneous solution for Z5(a, 6,t). The 

third equation then determines x5(a, 6,t) and the first two yield the same 

solution for P2: 

However Po does not satisfy the free surface condition, anda 

solution to the homogeneous equations must then be found that when added 

to this solution yields a proper form for Po: 

This provides solutions to the first three equations. When x, and 
2 

Z> are substituted into the last equation, it is seen that the vorticity can 

2 2k,6 2 2k,6 
be made zero by adding ay k),e tta, k, Ws € t to x,. 

The second order terms therefore become 

aja, w pte, (kj +k))6 

a) Se : ———): sin(kk, -k,)a - (w, -w))t + €5-€)) 

Ww, - W 
2 1 

aa, (k,-k,)6 
+ : (o, + wo, e sin((k, -k,)a - (wy - w,)t + €,-€ ) 

2k,6 2k, 6 
2 i 2 2 

ta) wikje tta, wok, e t 

aera (k,+k,)6 
mene a2 2 2 i, 2 z 

(27) Zo = (o, + W1%> + Ws Je cos((k, -k,)a - (5 w,)t + €5 - &) 

aja, (k-k))6 

- w,(w, + 0) e cog(k, - k))a- (w, -w,)t + E> - €1) 

5 2,6 a oe 2k,6 
= Weyl 1 (472 2 1 

Dy SED IG SN) ale =) 

(k) +k, )6 

- 2p aa, 050, € cod(k, - k))a- (w, - 0,)t + €5-€)) 

(k -k,)6 
+ 2p A] a,W,0) € cod(k, -k,)a-(w.) )t +P €,-€)) 

F, = a) a5, e(k2-ky) sin((k, - k)a- (w5 -w,)t + €,-€ )) 

(k,+k)) 

+a,a (a, -w je sid(k, - k,)a-(w,-@)tt€,-€) 
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The full solution is obtained by combining equations (5), (24), 

and (27). This solution satisfies the equations to second order. It is 

irrotational to second order. 

If more terms are added to the linear solution subject to the con- 

dition that w) < W5 < Ww, Kseed wy the terms in the linear solution inter - 

act in a predictable way to generate appropriate second order terms. 

The randomized second order solution for x(a,6,t) and z(a,6,t) are 

given by equations (28). 

k.§ 
x(alont)="ae—= aa. e 7 sin(k.a-w.t + e.) 

i i i i 

a.a, eae (k.+k.)6 
= =z z Talc e J 1 abet (gs Sho ae SG) 

jie jrit g a 

a.a, (k.-k.)6 

+ EEA. tw.)w,e J * gin((k.-k,)a-(w.-w,)t+e,-€.) 
jpii 8s jo Jot Joi Joi 

2k.6 
+Zavu.k.e *t 

(28) 
k,6 

ZA(,O5 6) =) Oates e cos(k.a-w.t +.«€.) 
i i i i 

aia. 9 2 spe 
+ # nares (w; PEEP APs Je eos ( (ess i) aio aa ec een) 

aa. (k,-k,)6 

= pa Oe —J w (w.+w.)e J cos((k.-k.)a-(w.-w.)t+ €.-€.) 
j>i i Sd a) eee J ekesl Ay et Jou 

The solution given by equation (28) has features that are quite 

different from solutions obtained by the assumption of irrotationality in 

the Eulerian system. The trigonometric second order terms involve only 

the difference between two frequencies. One of the second order terms 

dies out rapidly with depth. The other dies out slowly with depth. The 

term that is linear in t is the average drift of the particle, and as a group 

of higher waves passes, the effect of the second order terms is to increase 

the drift. Correspondingly, as low waves pass, the drift is decreased. 

The positions of those particles that are on the free surface are 

obtained by setting 6 = 0, and the result is equation (29). 
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x(a,t)=a- Da. sin(k.a- w.t + €.) 
i i i i 

a.a. w.(w.+w.) 
r a) : 2 f, a : 2 
ea 5 378, sin((k; k,)a (o; ote. €)+ Za, w kit 

(29) 
z(a,t)= Za. cos(k.a-w.t + €.) 

i i i i 

aa. 5 
tes pe eaicy: cos((k,-k.)a-(w.-w.)t + €.-€.) 

oil d i jin rd i} re ia 

The parametric equations, x = x(a,t) and z = z(a,t), imply 

an inverse for x = x(a,t) such that a = a(x,t), and so 

(30) Ze ez (oxsub) eit) 

is the equation for the free surface correct to second order as obtained by 

this solution of the Lagrangian equations of motion. 

Comparison of the Lagrangian and Eulerian models 

Results obtained in the Lagrangian system of equations are 

difficult to compare with results obtained in the Eulerian system of 

equations. In the Eulerian system the fluid velocity at a fixed point below 

the surface will be Gaussian in the linear Gaussian model. The velocity 

at a fixed point in the linear Gaussian model in the Lagrangian system has 

not been found but it involves finding 

w= Gee BX, FARE ON Ore5 F45 1)n 15)) 5 

(31) ai—salcazet)ee and 

OF = 10l(ecsezeat) 

from equations (21), even in the long crested case, and this velocity is 

not Gaussian unless the waves are so low that a = x and 6 =z are suf- 

ficiently accurate inverses of x = x(a,6,t) and z = z(a,6,t). 

However, a higher order model in the Eulerian system of equations 

may well yield velocities comparable to those given by a model to a lower 

order inthe Lagrangian equations. 

The first and second order models in the Lagrangian equations 

appear to have advantages over the comparable first and second order 

models in the Eulerian equations, as will be shown later. Since the 
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resulting free surface is non-Gaussian it may be just as difficult to obtain 

results on the probability structure of the first and second order Lagrang - 

ian models as it would be to obtain results on a much higher order Eulerian 

model. If the problems prove intractable, numerical computation is a 

possibility that should yield some results. 

The real problem is thus to compare the six available random 

models with nature and to devise relevant experiments to see which model 

comes the closest to agreeing with that which is observed. Any linear non- 

Gaussian model that can be devised along with its higher order extensions 

should also be allowed to enter the competition. We suspect that such 

models will not do as well. 

Recapitulation 

So far in this paper, three new random sea surfaces have been obtain- 

ed. They are the short crested sea surface given by (17), (18), and (19) 

based on a linear superposition of the particle motions; the long crested 

sea surface given by (21), (22), and (23) based on a linear superposition of 

the particle motions; and the long crested sea surface given by (29) and 

(30) based on the second order correction to the long crested model. Each 

model is irrotational to the order to which it is carried out. The notation 

chosen to represent the second order long crested model is not as useful 

as the notation used by Tick [1959] in his study of the second order long 

crested model in the Eulerian system. These results, however, show the 

existence of such a model. 

Properties of the models 

The multivariate probability structures of these models have 

not yet been found. Only a few of the properties of the long crested 

linear model have been found. A possible realization of z = z(x) has 

been constructed, and the probability density of z(x) for a fixed x has 

been found. 
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Construction of z = z(x) for the linear model 

With 6 and t equal to zero in (21), the result is 

5 Sh ap oe SS Cho pyc Epbal(e Ghar G)) 
1 n n n 

(32) 
N TT = ar Z1 Zar cos(k_a ce) 

The quantities xy and z, forma vector Gaussian process.* The spectrum 
1 

of x] is S(k), the spectrum of z, is S(k), the co-spectrum is zero, and 

the quadrature spectrum is “aes The coherency is one. 

Tick [1961] has developed procedures for the construction of vector 

Gaussian processes with required spectra, cross spectra, and coherencies. 

A vector process with a reasonable spectrum and with the proper cross 

spectra was available, and it was a simple matter to prepare graphs of 

x(a) and z(a) as a function of a. 

The results are shown in figure 1, where x, (a), z(a), anda + x, (a) 

are all graphed as a function of a. For any value of a inthis figure, a 

pair of values for x and z result that can be plotted as a point in the x, z 

plane as shown immediately below. The points in the x, z plane then trace 

out the indicated curve that represents z = z(x). Only two crests are shown 

intrgure: ll: 

Figure 2 shows the result of preparing much longer graphs of 

x(a) and z(a). Eight crests are shown in the figure. In many ways, this 

artificial record appears to be much more realistic than one that might be 

obtained with a linear Gaussian model. 

These results show that, although the spectrum of the orbital motion 

could be band limited (i.e. , identically zero outside of a certain wave num- 

ber range), the spectrum of z = z(x) could be very rich in higher harmonics 

of the orbital motion spectrum. With one or more simple discontinuities in 

slope, as would be achieved at the sharp crests, the asymptotic form pre- 

dicted by Phillips [1958] would be found as applied to the long crested case. 

However, it would occur at wave numbers much higher than are presently 

capable of being resolved in spectral analyses. 

One of the difficulties with the Eulerian models is that they do not 

indicate within themselves unrealistic wave forms. A spectrum that would 

yield an impossible sea condition does not appear to be different from one 

that would yield a realistic sea condition. The linear Lagrangian model is 

*In fact, Zz is the Hilbert transform of x): 
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Z(x) 

Fig. 1. GRAPHS OF Z(a), X,(a), AND X(a) TO SHOW HOW Z=Z(X) IS OBTAINED 
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already capable of differentiating between completely unrealistic spectra 

and more realistic ones. If the space scale of x) and z, is changed for 

the same vector realization used to construct figures 1 and 2, the result 

is figure 3. Here a is triple valued for a certain range of x, and when 

z(x) is plotted the surface forms a large loop. This may be indicative of a 

very unstable state in the waves that could not be attained in nature be- 

cause breaking waves would form each time such a loop would be initiated 

in the space-time representation and the kinetic energy of the wave motion 

would be dissipated by turbulence in the whitecaps to an extent that the 

particle motion spectra would be modified to a more realistic condition. 

Conditions for a loop in z = z(x) 

A loop occurs in z = z(x) if z is triple valued as a function of x. 

This in turn occurs if x(a) is not monotonically increasing. Thus if 

m <0 where 

a 
2s — - - (33) Wear l Zalk cos(k a w itt c)) 

a loop will form. 

The probability that 

(34) Dawe KmCoOs (kia@i-iwert teem) eal 
nen n n n 

must therefore be investigated. 

The three moments given by 

(35) a = f S(k) dk 
(eo) 

(36) #, = fS(k) k dk 
(o) 

and 

(37) vo = T S(k) mora 
{e) 

need to be considered in this connection, and from (34) it is evident that 

b, must exist and be bounded. 

The probability that m will be less than zero is given by 
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(38) plit< 0) =—————— Ne dt'=)——— { e dt . 

Equation (38) may be interpreted to be the probability that some particle, 

a.) will be found at the top of a loop between the points where z = z(x) is 

vertical for some particular time of observation. Sucha particle is 

surely involved in a breaking wave. Other particles that do not satisfy 

this condition also may be involved in a breaker. 

Since the spectrum S(k) has not as yet been measured, it is 

necessary to investigate possible relationships between S(k) and spectra 

of z(x,0) and z(0,t) before estimating the probability in (38). 

Marginal distribution of z=z(x) 

The graphical construction used to illustrate the generation of the 

random function z = z(x) can be used to obtain the marginal distribution of 

z= 2(x). The joint density of z(a,0) and & m(a,0) is bivariate normal. 

The variance of z(a) is ee the variance of m(x) is bo, and the covariance 

is oT as defined in (34), (35) and (36). 

If f(z,m) is the bivariate normal distribution of z and m, we 

note that 

(39) F(z, m) = f(z, m)m 

nearly has the required properties of a probability density function since 

m is dimensionless and E(m) = 1. Also since x and a have the same 

dimensions, a given number of equally spaced points in a small interval 

of a given length over a produce m times this number of points with this 

same spacing in an interval of a different size on the x axis. 

The function F(z,m) is not a probability density function strictly 

because it is negative for m< 0, but this corresponds physically to im- 

possible configurations of z = z(x), and points on z = z(x) generated when 

m <0 will be shown to have extremely low probabilities. Actually 

even more points on z = z(x) are probably destroyed by the breaking pro- 

cess, and z = z(x) is modified in form long before m becomes zero for 

some sea conditions. 

However, as an approximation, we can truncate F(z,m) at 

m = 0 and renormalize. Thus 
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and 

(51) E(z') = 0 

(52) E(z') = $0 - 4" 

(53) E(z'*) = 9 

(54) RA 2 2 4 E(2'4) = 347 - ob 2 - 3y 1 

pai ianiae is zero and the coefficient of excess is 

-6y Au - 4,2) 

Estimates of Vo Dn 0 and b, 

From (52) the average of z'(x) is zero and the variance is, 

say, Ug s Oe - He. This is the variance that is estimated by a free sur- 

face wave record. 

Since 

9% 2w dw 
(55) S(k) dk = S(T) ey = S'(w) dw 

= SIU) be 

and since (for example) 

oe 4 £7 
(56) S(k) k™ dk = S'"'"(f) lon —> df 

g 

let us assume that 

iK/ie yee Se 
(57) S'"(£) =| q 

0 otherwise 

From equations (35), (36), (37), (55), (56), and (57), one can 

obtain the result that 

(58) ue -¥,*(Tep) 

2 Wales ai 
(59) == Gos)! : — He | (res) sf 

g n- 3 fo) 1 - (£,/f oa SPD) as. 
u 

and 
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4 Lema (60) y. = Len — | feu | 2 ye 
2 Re Ge: ° ee fe (135 a] 

where 

ae [Eve 
Gan. a 

¥ 

For one fairly severe storm at sea We was about equal to 116 £t? 

and f, was equal to 0.046. The results above permit an investigation of the 

sensitivity of the particle motion moments to the values of n and i : 

Tables 1 through 5 give the values of vp Uo 2? 1/Nb, , 

bP /b 5 for various values of n and for f,, = 0.46, 0.92, 4.6 and ©. 

The values of ie correspond to periods of 2.16, 1.08, .216 and zero seconds. 

Table l. 

Values of _ a various values of n and i 

for * = 116 £2 anil @ = Ose BOSS 

ee - 

ne 0.46 0.92 4.6 co 

f 

5 

5) 116.26 116.26 116.26 116.26 

Bait IM6n28 WlGs2'8) | LN6.28°  lle.28 

5s5 IMNGeS. 0) LLGesi0O 6330" 1162310 

Dae! NINA WIG SYA M4 eA WING S72 

Ball LUG BH UNG NNO BS  WilSsse) 

459 16239 6.39 116539) 116.39 

4.7 116.42 116.43 116.44 116.44 

4.5 116.47 116.49 116.50 116.50 
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Table 2. 

Values of by ae various values of n and fis 

for ee Ge ain £, = 0.046 sec”. 

n tu 0.046 0.92 4.6 20 

5.9 0.51 0.51 0.51 0.51 

5.7 0.53 0.53 0.53 0.53 

5.5 0.55 0.55 0.55 0.55 

5.3 0.57 0.57 0.57 0.57 

5.1 0.59 0.59 0.59 0.59 

4.9 0.62 0.62 0.62 0.62 

4.7 0.65 0.66 0.66 0.66 

4.5 0.69 0.70 0.71 0.71 

Table 3 

Values of b, for Reus values of n and f 

for » * = ay ft” and f, = 0.046 sec’ 

f 
nee 0.46 0.92 4.6 oo 

5.9 0034 .0036 .0038 0039 

5.7 0038 .0042 .0046 0048 

5.5 0044 .0049 .0057 0064 

5.3 0051 .0060 .0076 0102 

5.1 0060 .0075 .0105 0290 

4.9 0072 .0097 .0162 2 

4.7 OOSiza aa0li2i 90261 eo 
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Table 4. 

Values of LNG, for various values of n and i 

for ,* = 116 RO Ge ON ee n 
f 

5.9 eZ eG) elGeee elowl 
5.7 16.2 15.5 14.8 14.5 
5.5 IB - WA Te 
5.3 WE | Ay eG Ee) 
5.1 1Ze9 ee eS On88 5.9 
4.9 Wi NOK AS 0 
4.7 10.7 8.9 6.2 0 

4.5 Oe ae BY 0 

Table 5. 

Values of bP Mb for various values 

of n and i for ¥,* = 116 ft” and f, = 0.046 Bae, 

Be 
n 0.46 0.92 4.6 ae 

5.9 0.67 0.63 0.60 0.59 

D6 0.63 0.58 0.53 0.51 

5.5 0.59 0.52 0.45 0.40 

G8) 0.54 0.46 0.37 0.27 

Sell 0.50 0.40 0.29 0.10 

4.9 0.46 0.34 0.21 

4.7 0.42 0.29 0.14 0 

4.5 0.38 0.25 0.10 
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Discussion of tables 

The assumption that the range that has been assumed for the 

values of fi and n for the spectral forms for S(k) must first be questioned. 

The range of ie is probably more than adequate. However, the relation- 

ship between particle motion spectra and free surface spectra is not known. 

Perhaps n can be even smaller than 4.5 and still yield spectra for the 

free surface that behave over a given range like 1/fP where p is greater 

than 5 as wave observations seem to suggest. 

If these assumed values are reasonable, it would follow that 

a loop ina realization, z = z(x), would be a very rare event. The small- 

est value (except the zero) in Table 5 is 4.7 and the associated proba- 

bility is less than lo, If loops were identified with breaking waves, the 

results would imply that waves shorter than 0.2 feet and n's less than 

5 produce such breakers and this does not seem at all reasonable. 

Stated another way, results based on spectra like K/f£ 

depend very strongly on the high frequency tail of the spectrum where the 

waves are less than 3 inches long and on the fact that the exponent is 

exactly 5 and not 5.1. The original conditions correspond to waves with 

a significant height of 42 feet and with representative lengths of 1500 

to 2000 feet. Breakers in sucha sea certainly occur and surely have 

dimensions exceeding 3 inches. Thus although such loops identify un- 

realistic spectra, the limitations on the spectral form appear to be due 

to effects that occur before such loops even have a chance to attempt to 

form. 

The tables also suggest that equation (49) will be approxi - 

mately correct as to general shape, and that the higher moments are 

both difficult to detect theoretically and to measure in practice. 

Equations (45), (46), and (52) are satisfactory approximations, but the 

approximate higher moments and skewness and kurtosis values will be in 

error by large percentages. The distribution of z as given by equation 

(44) when graphed for two conditions, one for which Le = 0.46 

and n = 5.9, the other for which ie = 4.6 and n = 4.5 can hardly be dis - 

tinguished visually from the normal curve. 
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Second order periodic breaker effects 

The Gerstner wave satisfies the nonlinear Lagrangian equations 

exactly. However, a particle never moves far away from its mean position. 

A strong field of vorticity exists. The limiting steepness of a Gerstner 

wave is given by ak =1. For irrotational waves Michell [1893) has shown 

that ee 0.142, and ak = 1 corresponds to <3 = 

much steeper than is possible for irrotational motion. It was mentioned 

0.32 which yields a wave 

above that the Gerstner wave could be made irrotational to second order 

(with third order complications) by adding an appropriate drift current. 

With @ equal to zero, this drift current becomes a wk. 

The parametric representation for the free surface then be - 

comes 

xX = a-a sim(ka - wt) + mae wt 

(62) 
z =a cos(ka - ut) 

for a periodic wave, which can be transformed by solving for a in the 

second equation to become 

li (ha fa 
(63) Cosma - ak sin(cos (z/a)) = kx - wt-a kot 

and therefore the phase speed obtained from the lagrangian equations 

solved for irrotational motion to second order becomes 

(a5, (2 
(64) c=8(ita Ve 

The phase speed obtained by solving the Eulerian equations 

to third order for irrotational motion is given by 

(a 
= & aks (65) C = Ihr 5 

The Lagrangian waves to second order are thus not consistent 

with Eulerian waves to third order. The second order periodic irrotational 

Gerstner waves appear to be traveling as if the linear phase speed had 

been simply added to the drift current. Third order periodic irrotational 

Eulerian waves have a drift current that is the same as the Gerstner 

wave, but the phase speed correction is only half of the phase speed cor - 

rection for Gerstner waves. The discrepancy can be explained by noting 
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that there probably is a residual vorticity field at third order in the La- 

grangian solution that may account for the difference. 

The particle velocity at the crest for the Gerstner wave is 

dx 2 66 = = (66) u(0, 0) Gia 0t=0 aw ta kw, 

and when the phase speed is set equal to the particle velocity, the limiting 

form 

(67) ak = 1 

is still obtained. 

With ak = 1, the second order phase speed and the particle 

velocities at the crest are exactly double that of the linear theory, but it 

is known that the phase speed due to finite height cannot exceed about 1.2 

times the linear phase speed. These results are all indicative of the need 

for different wave models and for measurements of higher order effects 

in waves. 

Construction of z = z(x) for the second order equations 

From recent results of Tick [1961], it may be possible by start - 

ing with equations (28) to construct the vector process given below by an 

appropriate sequence of operations on the linear realizations constructed 

above. 

x(a, 0, 0) 

z(a, 0, 0) 

x(a, T, 0) 

z(a, T, 0) 

x(a, 0, 61) 

z(a, 0, 61) 

(Gh, Sep 61) 

z(a, 7, 5,) 

x(a, 0, 0) 

x,(a, 0,6) ) 
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The construction may even turn out to be considerably simpler 

than that employed by Tick [1961] because only low frequencies are in- 

volved. 

In the above process, T is to be a fraction of a second after 

G =O), 5) is to be a foot or so below the free surface. The first two 

pairs will yield an estimate of the instantaneous speed of acrest. If 

x, (a, 0,0) exceeds this value, then the crest could be considered to be a 

breaking crest. The other terms should yield some information on the 

size of the region of unstable motion. A range of possible spectral forms 

can be used to construct this vector process and some idea of the fraction 

of breaking waves in the total can be gained. 

However, from the results given above on the linear random 

model and on the periodic second order irrotational model, the results 

obtained from such a construction will probably not be quantitatively cor- 

rect as they may yield waves that are too high physically by a factor of 

two, even for irrotational waves to second order. 

Breakers in a random sea 

Whitecaps and breakers in deep water are an integral part of the 

problem of wave generation. Many photographs of waves in deep water show 

such breaking waves. The equations governing the wave motion fail locally 

and a breaker is produced. The water in the breaking part of a wave is 

certainly governed by physical laws that are completely different from 

those that govern the wave motion. A breaker is probably produced when 

the water particle speed exceeds the speed of the crest, but other effects 

such as the wind actually blowing off the crest of a wave before this re- 

quirement is met may also play an important part. 

Moreover, the turbulence produced by a breaking wave, governed 

by eddy viscosity laws, will tend to damp out the higher frequency linear 

components in the spectrum of the wind generated sea. The absence of the 

local chop in the wake of a ship illustrates this effect. 

Whenever a breaker disorganizes the fluid motions, there is 

a mass of water moving forward at the crest of the waves. This effect 

may contribute to both the drift current at the surface and to the growth 

of the lower frequency waves. 
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Also there is a wind drift current in a local sea that is nearly in 

the same direction as the traveling waves. This wind drift current pro- 

duces a field of vorticity in the same sense as the direction of propagation 

of the waves and may well cause breaking to occur for considerably lower 

wave heights than even irrotational theory would predict. 

The work of Longuet-Higgins [1953], [1960] has shaken the con- 

cepts of irrotational motion for gravity waves to their very foundation . 

His results predict that, even in the absence of wind drift currents and 

turbulent effects due to breakers, the mass transport velocity in deep 

water may be considerably stronger than irrotational theory predicts if 

the waves have been running long enough. 

Moreover, as Longuet-Higgins [1953] has pointed out, Duvriel- 

Jacotin has shown that any mass transport velocity can be used as the 

starting point and a wave motion can be superimposed thereon. 

It is also known from classical periodic wave theory that a sharp 

angle at the crest of 120° is another way to define the limiting height of 

a periodic wave of the form z = z(x). It may be possible if the other con- 

cepts discussed above fail, due to the fact that the results are only to 

second order, to study constructions of z = z(x) as a random process to 

see how many waves approach this limiting form. 

With all of these preliminary remarks it would seem that 

equation (29), with perhaps still an arbitrary second order vorticity field 

added, can provide some insight on the growth of a wave spectrum. Con- 

sider two orbital motion spectra with the same variance, one with con- 

tributions with relatively higher frequencies than the other. The mass 

transport at the surface will be stronger for the spectrum with the richer 

high frequency content but at the same time the speeds of the crests will 

be less. The interaction of these effects could conceivably cause the 

higher frequency waves in the spectrum as they are overtaken by and 

ride up on the crests of the longer lower frequency waves (Longuet -Higgins 

and Stewart [1960]) to break and dissipate by turbulent action. At the 

same time the low frequency components can continue to grow and even 

be caused to grow by the breaking of the shorter waves. Considerations 

such as this may explain various wave spectra where forms like Kyoue 

Sow ifasore and Kye have been proposed and where the exponent 
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appears to depend on the heights of the waves that were measured. 

Comparison with observations 

The purpose of this part of this paper is to present the results of 

some observations that suggest that the various models proposed above 

are more nearly in accord with actual waves than models based on the 

Eulerian equations. 

Figure 4 is a copy of a photograph given by Roll [1957] for waves 

a few centimeters high and 8 to 35 cm long. The third photograph from the 

top shows a remarkable similarity to figure 2. For various wave heights 

and apparent lengths, either a rounded crest or a sharp crest occurs. Note 

the marked departure from normality that slopes and curvatures would 

have if they were evaluated from sucha record. 

Figures 5, 6, and 7 show some reproductions of seven selected 

wave profiles obtained by stereo-photogrammetric techniques from photo - 

graphs taken aboarda ship. The height scale is five times that of the 

horizontal scale. The profiles show the presence of sharp crests and 

shallow troughs as these models predict. Note also that the profiles are 

much richer in high wave numbers than corresponding time histories are 

rich in high frequencies. These profiles were kindly furnished the author 

by Dr. Norman F. Jasper of the David Taylor Model Basin. Additional 

information on these records is given by Brooks and Jasper [1957]. 

Figure 8 shows some selected time histories obtained in Buz- 

zards Bay by Harlow G. Farmer [Farmer and Ketchum (in press)]. The 

original records have been reversed, so that time increases from left 

to right, and blackened below the original trace. The wave sensing sys- 

tem consists of a very fine wire (0.015 inch diameter) that appears to 

follow the water elevation more accurately than previous wave poles or 

wave wires. A number of the crests are very sharply pointed. There 

is evidence that a breaker occurred in the top trace where one crest 

shows a nearly vertical rise at the crest. Since these records are much 

richer in high frequency content (sharp crests, and vertical rises), spectra 

computed from them will be richer at high frequencies than spectra pre - 

viously reported for waves in this general range of heights and periods. 

The figures and illustrations in Schulejkin [1960] also suggest 

that the randomized Lagrangian model corresponds well with reality. 
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Summary 

The three models based on the Lagrangian equations proposed 

in this paper show some features of waves that are observed to occur and 

that do not appear to be present in models based on the Eulerian equations. 

The probability structures of the various resulting free surfaces are not 

understood. However, in the simplest model, free surfaces can be con- 

structed that show very interesting properties. There is some hope that 

the effects of breaking waves can be studied by means of these models. 

It is also evident that the measurement of random seas needs to be con- 

siderably refined so as to detect the higher order effects possible in 

these various different models. 
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